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Abstract. Given α ∈ [0, 2) and f ∈ L2((0, T ) × (0, 1)), we derive new Carleman estimates for
the degenerate parabolic problem wt + (xαwx)x = f , where (t, x) ∈ (0, T )× (0, 1), associated to the
boundary conditions w(t, 1) = 0 and w(t, 0) = 0 if 0 ≤ α < 1 or (xαwx)(t, 0) = 0 if 1 ≤ α < 2.
The proof is based on the choice of suitable weighted functions and Hardy-type inequalities. As
a consequence, for all 0 ≤ α < 2 and ω ⊂⊂ (0, 1), we deduce null controllability results for the
degenerate one-dimensional heat equation ut − (xαux)x = hχω with the same boundary conditions
as above.
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1. Introduction. The study of controllability for nondegenerate parabolic equa-
tions has attracted the interest of several authors in the past few decades. After the
pioneering works [14, 19, 20, 37, 38], there has been substantial progress in understand-
ing the controllability properties of nondegenerate parabolic equations with variable
coefficients. In [30], local Carleman estimates for elliptic equations were used to study
the null controllability of the heat equation on a manifold. Finally, a powerful new
approach, based on global estimates of Carleman type, was developed in [26].

The theory has also been extended to semilinear problems (see, for example,
[2, 3, 12, 15, 21, 24, 25]) and to equations in unbounded domains (see, for example,
[13, 33, 34]; see also [31, 41]). For the Stokes and Navier–Stokes equations we also
refer the reader to [4, 10, 11, 18, 22, 23, 26, 27, 28].

On the contrary, few results are known for degenerate equations, even though
many problems that are relevant for applications are described by parabolic equations
degenerating at the boundary of the space domain. For instance, in [5, 32, 8, 9] the
reader will find a motivating example of a Crocco-type equation coming from the
study of the velocity field of a laminar flow on a flat plate.

The goal of this paper is to study the controllability of a simple model of degen-
erate parabolic equation, namely,

ut − (xαux)x = hχω, x ∈ (0, 1), t ∈ (0, T ),

where the control h acts on a nonempty subinterval ω of (0, 1).
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2. Results.

2.1. Statement of the controllability problem. Given 0 ≤ α < 2, define

∀x ∈ [0, 1], a(x) := xα,

and let ω be a nonempty subinterval of (0, 1). For T > 0, set

QT = (0, T ) × (0, 1) ,

and consider the initial-boundary value problem

(2.1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ut − (aux)x = hχω, (t, x) ∈ QT ,

u(t, 1) = 0, t ∈ (0, T ),

and

{
u(t, 0) = 0 for 0 ≤ α < 1,

(aux)(t, 0) = 0 for 1 ≤ α < 2,
t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1),

where u0 is given in L2(0, 1) and h ∈ L2(QT ).

2.2. Well-posedness. Let us recall that the above problem is well-posed in
appropriate weighted spaces. For 0 ≤ α < 1, define the Hilbert space H1

a(0, 1) as

H1
a(0, 1) := {u ∈ L2(0, 1) | u absolutely continuous in [0, 1],

√
aux ∈ L2(0, 1) and u(0) = u(1) = 0},

and the unbounded operator A : D(A) ⊂ L2(0, 1) → L2(0, 1) by{
∀u ∈ D(A), Au := (aux)x,

D(A) := {u ∈ H1
a(0, 1) | aux ∈ H1(0, 1)}.

Notice that if u ∈ D(A) (or even u ∈ H1
a(0, 1)), then u satisfies the Dirichlet boundary

conditions u(0) = u(1) = 0.
For 1 ≤ α < 2, let us change the definition of H1

a(0, 1) to

H1
a(0, 1) := {u ∈ L2(0, 1) | u locally absolutely continuous in (0, 1],

√
aux ∈ L2(0, 1) and u(1) = 0} .

Then the operator A : D(A) ⊂ L2(0, 1) → L2(0, 1) will be defined by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∀u ∈ D(A), Au := (aux)x,

D(A) := {u ∈ H1
a(0, 1) | aux ∈ H1(0, 1)}

= {u ∈ L2(0, 1) | u locally absolutely continuous in (0, 1],

au ∈ H1
0 (0, 1), aux ∈ H1(0, 1), and (aux)(0) = 0}.

Notice that if u ∈ D(A), then u satisfies the Neumann boundary condition (aux)(0) =
0 at x = 0 and the Dirichlet boundary condition u(1) = 0 at x = 1.

In both cases, the following results hold (see, e.g., [7] and [9]).
Proposition 2.1. A : D(A) ⊂ L2(0, 1) → L2(0, 1) is a closed self-adjoint

negative operator with dense domain.
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Hence, A is the infinitesimal generator of a strongly continuous semigroup etA on
L2(0, 1). Consequently, we have the following well-posedness result.

Theorem 2.1. Let h be given in L2(QT ). For all u0 ∈ L2(0, 1), problem (2.1)
has a unique solution

(2.2) u ∈ C0([0, T ];L2(0, 1)) ∩ L2(0, T ;H1
a(0, 1)).

Moreover, if u0 ∈ D(A), then

(2.3) u ∈ C0([0, T ];H1
a(0, 1)) ∩ L2(0, T ;D(A)) ∩H1(0, T ;L2(0, 1)).

Remark 2.1. Most of the results of this paper hold and will be stated for solutions
in the above class (2.2). However, in the proofs, we will assume—often without further
notice—that solutions belong to the stronger class (2.3). This can be done without
loss of generality, since the general result can always be recovered by a standard
density argument.

2.3. Carleman estimates for degenerate problems. In order to study the
controllability properties of (2.1), we need to derive a Carleman estimate for the
adjoint problem. Keeping the notation

a(x) := xα, with 0 ≤ α < 2 , and QT = (0, T ) × (0, 1) for T > 0,

let us consider the parabolic problem

(2.4)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

wt + (awx)x = f, (t, x) ∈ QT ,

w(t, 1) = 0, t ∈ (0, T ),

and

{
w(t, 0) = 0 for 0 ≤ α < 1,

(awx)(t, 0) = 0 for 1 ≤ α < 2,
t ∈ (0, T ),

w(T, x) = wT (x), x ∈ (0, 1),

where wT ∈ L2(0, 1) and f ∈ L2(QT ). Our main result is the following.
Theorem 2.2. Let 0 ≤ α < 2 and T > 0 be given. Then there exists σ :

(0, T ) × [0, 1] → R
∗
+ of the form σ(t, x) = θ(t)p(x), with

p(x) > 0 ∀x ∈ [0, 1] and θ(t) → ∞ as t → 0+, T−,

and two positive constants, C and R0, such that, for all wT ∈ L2(0, 1) and f ∈
L2(QT ), the solution w of (2.4) satisfies, for all R ≥ R0,∫∫

QT

(
Rθxαw2

x + R3θ3x2−αw2
)
e−2Rσ dxdt

≤ C

∫∫
QT

e−2Rσf2 dxdt + C

∫ T

0

{
Rθe−2Rσw2

x

}
|x=1

.

Remark 2.2. The functions p and θ will be explicitly constructed in the proof.
As we shall see, the choice of θ will be

∀t ∈ (0, T ), θ(t) =

(
1

t(T − t)

)4

.

This weight function satisfies the following essential properties:

θ(t) → +∞ as t → 0+ or T− and |θt| ≤ cθ5/4, |θtt| ≤ cθ3/2
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for some constant c > 0 depending on T . Moreover, we will take

p(x) :=
2 − x2−α

(2 − α)2
∀x ∈ [0, 1].

2.4. Observability inequalities. As it is well known, very useful tools for
studying controllability are provided by observability inequalities for the adjoint prob-
lem

(2.5)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

vt + (avx)x = 0, (t, x) ∈ QT ,

v(t, 1) = 0, t ∈ (0, T ),

and

{
v(t, 0) = 0 for 0 ≤ α < 1,

(avx)(t, 0) = 0 for 1 ≤ α < 2,
t ∈ (0, T ),

v(T, x) = vT (x), x ∈ (0, 1),

where vT is given in L2(0, 1). From the Carleman estimate of Theorem 2.2, we obtain
the following observability inequalities for (2.5).

Theorem 2.3. Let 0 ≤ α < 2 and T > 0 be given, and let ω be a nonempty
subinterval of (0, 1). Then there exists C > 0 such that, for all vT ∈ L2(0, 1), the
solution v of (2.5) satisfies

(2.6)

∫ 1

0

xαvx(0, x)2 dx ≤ C

∫ T

0

∫
ω

v(t, x)2 dxdt.

2.5. Application to controllability. For any 0 ≤ α < 2, the following observ-
ability inequality follows from Theorem 2.3 and Hardy’s inequalities (see the proof in
section 5):

(2.7)

∫ 1

0

v(0, x)2 dx ≤ C

∫ T

0

∫
ω

v(t, x)2 dxdt.

The above inequality is well known in the nondegenerate case (α = 0) since it
follows, for instance, from classical Carleman estimates for nondegenerate parabolic
equations.

For α ∈ [0, 1/2)∪[5/4, 2), inequality (2.7) was proved in [9] by means of a different
Carleman estimate that had been obtained using a different weight function p but gave
no information for α ∈ [1/2, 5/4).

Therefore, inequality (2.7) above fills the gap between 1/2 and 5/4 which was
left open in [9]. Thus, we obtain, by standard arguments (see, e.g., [14, 26]), a null
controllability result for degenerate heat equations with initial data in L2(0, 1).

Theorem 2.4. Let 0 ≤ α < 2 and T > 0 be given, and let ω be a nonempty
subinterval of (0, 1). Then, for all u0 ∈ L2(0, 1), there exists h ∈ L2((0, T ) × ω) such
that the solution of the degenerate problem (2.1) satisfies u(T ) ≡ 0 in (0, 1).

Remark 2.3. Let us recall that the above result is optimal since, for α ≥ 2,
problem (2.1) fails to be null controllable (see [8]). Indeed, a standard change of
variable transforms problem (2.1) into the heat equation in the unbounded domain
]0,+∞[, whereas control supports are still bounded. Then a result by Escauriaza,
Seregin, and Šverák [16, 17], which generalizes a result by Micu and Zuazua [33],
ensures that null controllability fails for such an equation.

Remark 2.4. In [9], inequality (2.7) was applied to a Crocco-type equation to
obtain a null controllability result for α ∈ [0, 1/2) ∪ [5/4, 2). Thus, the results of
the present paper also show the null controllability of this equation for all values of
α ∈ [0, 2).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CARLEMAN ESTIMATES FOR DEGENERATE PARABOLIC OPERATORS 5

2.6. Hardy-type inequalities. A major ingredient for the proofs of Theorems
2.2 and 2.3 is the following well-known lemma (see, for example, [35]; for the reader’s
convenience, we recall the proof in section 6).

Lemma 2.1 (Hardy-type inequalities).
(i) Let 0 ≤ α� < 1. Then, for all locally absolutely continuous functions z on

(0, 1) satisfying

z(x) → 0
x→0+

and

∫ 1

0

xα�

z2
x < ∞,

the following inequality holds:

(2.8)

∫ 1

0

xα�−2z2 ≤ 4

(1 − α�)2

∫ 1

0

xα�

z2
x.

(ii) Let 1 < α� < 2. Then the above inequality (2.8) still holds for all locally
absolutely continuous functions z on (0, 1) satisfying

z(x) → 0
x→1−

and

∫ 1

0

xα�

z2
x < +∞.

Remark 2.5. Notice that (2.8) is false for α� = 1.

2.7. Further remarks. In the present paper, we study the case of a degener-
ate operator of the form −(xαux)x with the boundary condition u(x = 0) = 0 when
0 ≤ α < 1 or (xαux)(x = 0) = 0 when 1 ≤ α < 2. The choice of such an operator in
divergence form probably simplifies parts of the computations arising in the proof of
Carleman estimates. Of course, it would be interesting to study, in a next step, other
operators like −xαuxx. On the other hand, the choice of the boundary condition at
x = 0 ensures a relatively simple framework for the statement of well-posedness. Here
again, it would be interesting to study the cases of other boundary conditions. For
example, an interesting problem would be the case of Wentzell boundary conditions;
see, e.g., [6, 39]. The techniques developed here may be useful to treat such problems.
However, both the form of the operator and the boundary conditions play an impor-
tant role in the computations of the proof of Carleman estimates. For this reason,
these other problems have yet to be studied.

On the other hand, let us mention that the ideas of the present paper allow us
to prove similar null controllability results for degenerate semilinear problems using
a classical fixed point method (see [1]).

Next, instead of a distributed control on ω ⊂ (0, 1), one could consider a boundary
control acting at one extreme point of the domain (0, 1). Theorem 2.2 readily implies
a boundary null controllability result if the control acts at x = 1. The case of a
boundary control at x = 0 has not yet been studied.

Finally, another interesting question would be the study of degenerate operators
in higher dimensions. Of course, this opens a lot of perspectives since the study will
depend on the domain where the operator degenerates and the way it degenerates.
This question will be the subject of a forthcoming paper.

3. Proof of Theorem 2.2 (Carleman estimates).

3.1. Notation and reformulation of the problem. We recall that a(x) = xα

for all x ∈ [0, 1] with α ∈ [0, 2) given. Let σ(t, x) = θ(t)p(x), where
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p(x) > 0 ∀x ∈ [0, 1] and θ(t) → ∞ as t → 0+, T−.

For R > 0, define

(3.1) z(t, x) = e−Rσ(t,x)w(t, x),

where w is a solution of (2.4). Notice that,

(3.2) ∀n ∈ N, θnz = 0 and zx = 0 at time t = 0 and t = T.

Moreover z satisfies

(3.3)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(eRσz)t + (a(eRσz)x)x = f, (t, x) ∈ QT ,

z(t, 1) = 0, t ∈ (0, T ),

and

{
z(t, 0) = 0 for 0 ≤ α < 1,

(azx)(t, 0) = −R(aσxz)(t, 0) for 1 ≤ α < 2,
t ∈ (0, T ).

This equation may be recast as follows:

PRz = P+
R z + P−R z = fe−Rσ,

where

P+
R z := Rσtz + R2aσ2

xz + (azx)x,

P−R z := zt + R(aσxz)x + Raσxzx

= zt + R(aσx)xz + 2Raσxzx.

Moreover, we have

(3.4) ‖fe−Rσ‖2 ≥ ‖P+
R z‖2 + ‖P−R z‖2 + 2〈P+

R z, P−R z〉 ≥ 2〈P+
R z, P−R z〉,

where ‖ · ‖ and 〈·, ·〉 denote the usual norm and scalar product in L2(QT ).

3.2. Computation of the scalar product. We now want to compute the
scalar product in L2(QT ) of P+

R z and P−R z. This will be done in two steps.
Lemma 3.1. The following identity holds:

〈P+
R z, P−R z〉 =

∫ T

0

[
azxzt + R2aσtσxz

2 + R3a2σ3
xz

2

+ Ra(aσx)xzzx + Ra2σxz
2
x

]1

0

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(b.t.)

+

∫∫
QT

(
−1

2
Rσtt − 2R2aσxσxt −R3aσx(aσ2

x)x

)
z2

+

∫∫
QT

−R
a

σx
(aσ2

x)xz
2
x −Ra(aσx)xxzzx.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(d.t.)

Then, using the fact that a(x) = xα and σ(t, x) = θ(t)p(x), we compute the dis-
tributed and boundary terms as follows.
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Lemma 3.2. For all 0 ≤ α < 2, we have

(d.t.) = −1

2
R

∫∫
QT

θttpz
2 − 2R2

∫∫
QT

θθtx
αp2

xz
2

− R3

∫∫
QT

θ3x2α−1(2xpxx + αpx)p2
xz

2

− R

∫∫
QT

θx2α−1(2xpxx + αpx)z2
x −R

∫∫
QT

θxα(xαpx)xxzzx.

Moreover, for 0 ≤ α < 1, the boundary terms (b.t.) are given by

(b.t.) for 0 ≤ α < 1 =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

−
∫ T

0

{
Rθa2pxz

2
x

}
|x=0

.

For 1 ≤ α < 2, the boundary terms (b.t.) become

(b.t.) for 1 ≤ α < 2 =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

+

∫ T

0

{
− R

2
θtapxz

2 −R2θtθappxz
2 − 2R3θ3a2p3

xz
2 + R2θ2apx(apx)xz

2
}
|x=0

.

Proof of Lemma 3.1. We have

〈P+
R z, P−R z〉 = Q1 + Q2 + Q3 + Q4,

where

Q1 := 〈Rσtz + R2aσ2
xz + (azx)x, zt〉,

Q2 := R2〈σtz, (aσx)xz + 2aσxzx〉,
Q3 := R3〈aσ2

xz, (aσx)xz + 2aσxzx〉,
Q4 := R〈(azx)x, (aσx)xz + 2aσxzx〉.

First term: Q1.

Q1 =

∫∫
QT

(
Rσtz + R2aσ2

xz + (azx)x

)
zt

=

∫∫
QT

(Rσt + R2aσ2
x)
(z2

2

)
t
+

∫∫
QT

(azx)xzt

=
[∫ 1

0

1

2

(
Rσt + R2aσ2

x

)
z2
]T
0
−
∫∫

QT

1

2

(
Rσt + R2aσ2

x

)
t
z2

+

∫ T

0

[
azxzt

]1

0
−
∫∫

QT

azxzxt

=
[∫ 1

0

(
Rσt + R2aσ2

x

)1

2
z2 − 1

2
az2

x

]T
0

−
∫∫

QT

1

2

(
Rσt + R2aσ2

x

)
t
z2 +

∫ T

0

[
azxzt

]1

0
.
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By (3.2), the terms integrated in time are equal to zero. Hence,

(3.5) Q1 =

∫ T

0

[
azxzt

]1

0
+

∫∫
QT

(
− 1

2
Rσtt −R2aσxσxt

)
z2.

Second term: Q2.

Q2 = R2

∫∫
QT

σtz
(
(aσx)xz + 2aσxzx

)
= R2

∫∫
QT

σt(aσx)xz
2 + aσtσx(z2)x

= R2

∫∫
QT

σt(aσx)xz
2 + R2

∫ T

0

[
aσtσxz

2
]1

0
−R2

∫∫
QT

(aσtσx)xz
2.

Therefore,

(3.6) Q2 = R2

∫ T

0

[
aσtσxz

2
]1

0
−R2

∫∫
QT

aσxσxtz
2.

Third term: Q3.

Q3 = R3

∫∫
QT

aσ2
xz

(
(aσx)xz + 2aσxzx

)
= R3

∫∫
QT

aσ2
xz

(
(aσxz)x + aσxzx

)

= R3

∫ T

0

[
a2σ3

xz
2
]1

0
−R3

∫∫
QT

(aσ2
xz)xaσxz + R3

∫∫
QT

a2σ3
xzzx.

Thus,

(3.7) Q3 = R3

∫ T

0

[
a2σ3

xz
2
]1

0
−R3

∫∫
QT

aσx(aσ2
x)xz

2.

Last term: Q4.

Q4 = R

∫∫
QT

(azx)x

(
(aσx)xz + 2aσxzx

)

= R

∫ T

0

[
azx(aσx)xz

]1

0
−R

∫∫
QT

azx

(
(aσx)xz

)
x

+ R

∫∫
QT

σx

(
(azx)2

)
x

= R

∫ T

0

[
a(aσx)xzzx

]1

0
−R

∫∫
QT

a(aσx)xz
2
x + a(aσx)xxzzx

+ R

∫ T

0

[
σxa

2z2
x

]1

0
−R

∫∫
QT

σxxa
2z2

x.

Consequently,

(3.8) Q4 = R

∫ T

0

[
a(aσx)xzzx + a2σxz

2
x

]1

0

−R

∫∫
QT

a

σx
(aσ2

x)xz
2
x −R

∫∫
QT

a(aσx)xxzzx.

Finally, Lemma 3.1 follows from (3.5)–(3.8).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CARLEMAN ESTIMATES FOR DEGENERATE PARABOLIC OPERATORS 9

Proof of Lemma 3.2. With a(x) = xα and σ(t, x) = θ(t)p(x), the distributed
terms (d.t.) can be computed as follows:

(d.t.) = −1

2
R

∫∫
QT

θttpz
2 − 2R2

∫∫
QT

θθtx
αp2

xz
2 −R3

∫∫
QT

θ3xαpx(xαp2
x)xz

2

− R

∫∫
QT

θ
xα

px
(xαp2

x)xz
2
x −R

∫∫
QT

θxα(xαpx)xxzzx

= −1

2
R

∫∫
QT

θttpz
2 − 2R2

∫∫
QT

θθtx
αp2

xz
2

− R3

∫∫
QT

θ3x2α−1(2xpxx + αpx)p2
xz

2

− R

∫∫
QT

θx2α−1(2xpxx + αpx)z2
x −R

∫∫
QT

θxα(xαpx)xxzzx.

On the other hand, also taking into account the fact that z(t, 1) = 0, the boundary
terms (b.t.) become

(b.t.) =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

−
∫ T

0

{
azxzt + R2θtθappxz

2 + R3θ3a2p3
xz

2

+ Rθa(apx)xzzx + Rθa2pxz
2
x

}
|x=0

.

Now, for 0 ≤ α < 1, use the fact that z(t, 0) = 0 to obtain

(b.t.) for 0 ≤ α < 1 =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

−
∫ T

0

{
Rθa2pxz

2
x

}
|x=0

.

Similarly, for 1 ≤ α < 2, recall that (azx)(t, 0) = −Rθ(t)(apxz)(t, 0) to conclude that

(b.t.) for 1 ≤ α < 2 =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

+

∫ T

0

{
Rθapx

(
z2

2

)
t

−R2θtθappxz
2 −R3θ3a2p3

xz
2 + R2θ2apx(apx)xz

2 −R3θ3a2p3
xz

2
}
|x=0

.

Hence

(b.t.) for 1 ≤ α < 2 =

∫ T

0

{
Rθa2pxz

2
x

}
|x=1

+

∫ T

0

{
− R

2
θtapxz

2

−R2θtθappxz
2 − 2R3θ3a2p3

xz
2 + R2θ2apx(apx)xz

2
}
|x=0

.

3.3. Bounds from below. Let us first define

∀t ∈ (0, T ), θ(t) :=

(
1

t(T − t)

)4

.

Observe that θ satisfies the following properties:

|θt| ≤ cθ5/4 ≤ cθ2 and |θtt| ≤ cθ3/2 ≤ cθ3.
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Next, let us recall that α ∈ [0, 2) and let us choose

∀x ∈ [0, 1], p(x) :=
2 − x2−α

(2 − α)2
.

Then

px(x) =
−x1−α

2 − α
, pxx(x) =

−(1 − α)

2 − α
x−α .

Hence

2xpxx + αpx = −x1−α

and

(xαpx)x =
−1

2 − α
; thus (xαpx)xx = 0 .

With this choice of θ and p, the distributed and boundary terms can be first computed
and then estimated as follows.

Lemma 3.3. For all α ∈ [0, 2), the distributed terms (d.t.) become

(d.t.) = − R

(2 − α)2

∫∫
QT

θttz
2 +

R

2(2 − α)2

∫∫
QT

θttx
2−αz2

− 2R2

(2 − α)2

∫∫
QT

θθtx
2−αz2 +

R3

(2 − α)2

∫∫
QT

θ3x2−αz2 + R

∫∫
QT

θxαz2
x.

For 0 ≤ α < 1, the boundary terms (b.t.) become

(b.t.) for 0 ≤ α < 1 = − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

+
1

2 − α

∫ T

0

{
Rθx1+αz2

x

}
|x=0

.

For 1 ≤ α < 2, the boundary terms (b.t.) become

(b.t.) for 1 ≤ α < 2 = − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

+

∫ T

0

{ Rθt
2(2 − α)

xz2

+
2R2θtθ

(2 − α)3
xz2 − R2θtθ

(2 − α)3
x3−αz2 +

2R3θ3

(2 − α)3
x3−αz2 +

R2θ2

(2 − α)2
xz2

}
|x=0

.

Lemma 3.4. For all α ∈ [0, 2), the distributed terms (d.t.) and the boundary
terms (b.t.) satisfy, for R large enough (depending on α and T ),

(d.t.) ≥ 1

4

R3

(2 − α)2

∫∫
QT

θ3x2−αz2 +
3

4
R

∫∫
QT

θxαz2
x,

(b.t.) ≥ − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

.

Proof of Lemma 3.3. The conclusion follows from the above choice of p and the
expressions of (d.t.) and (b.t.) given in Lemma 3.2.
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Proof of Lemma 3.4. Let us first analyze the distributed terms. Recall that, owing
to Lemma 3.3,

(d.t.) = − R

(2 − α)2

∫∫
QT

θttz
2 +

R

2(2 − α)2

∫∫
QT

θttx
2−αz2

− 2R2

(2 − α)2

∫∫
QT

θθtx
2−αz2 +

R3

(2 − α)2

∫∫
QT

θ3x2−αz2 + R

∫∫
QT

θxαz2
x.

Since the two last terms are nonnegative, we only need to estimate the three other
terms. We begin with the second term: since |θtt| ≤ cθ3/2 ≤ cθ3, we have

∣∣∣∣ R

2(2 − α)2

∫∫
QT

θttx
2−αz2

∣∣∣∣ ≤ cR

2(2 − α)2

∫∫
QT

θ3x2−αz2

≤ 1

4

R3

(2 − α)2

∫∫
QT

θ3x2−αz2

for R large enough. Next, using |θθt| ≤ cθ9/4 ≤ cθ3, we also obtain a bound of the
third term for R large enough:

∣∣∣∣ 2R2

(2 − α)2

∫∫
QT

θθtx
2−αz2

∣∣∣∣ ≤ 2cR2

(2 − α)2

∫∫
QT

θ3x2−αz2

≤ 1

4

R3

(2 − α)2

∫∫
QT

θ3x2−αz2.

Therefore,

(3.9) (d.t.) ≥ − R

(2 − α)2

∫∫
QT

θttz
2 +

1

2

R3

(2 − α)2

∫∫
QT

θ3x2−αz2 +R

∫∫
QT

θxαz2
x.

It remains to bound the first term on the right-hand side above. First let us observe
that the solution w of (2.4) belongs to L2(0, T ;H1

a(0, 1)) by Theorem 2.1. Since
z = e−Rσw, some direct computations imply that z also belongs to L2(0, T ;H1

a(0, 1)).
Next we write∣∣∣∣ R

(2 − α)2

∫∫
QT

θttz
2

∣∣∣∣ ≤ cR

(2 − α)2

∫∫
QT

θ3/2z2(3.10)

=
cR

(2 − α)2

∫∫
QT

(
θx(α−2)/3z2

)3/4(
θ3x2−αz2

)1/4

≤ 3εcR

4(2 − α)2

∫∫
QT

θx(α−2)/3z2 +
cR

4ε3(2 − α)2

∫∫
QT

θ3x2−αz2.

As this point, we separate the case α = 1 from the other ones. This case is peculiar
since Hardy’s inequality (Lemma 2.1) does not hold for α� = 1.

In the case α �= 1, we observe that x(α−2)/3 ≤ xα−2 (since α < 2), and we apply
Lemma 2.1 with α� = α �= 1 (z satisfies the assumptions of Lemma 2.1 for almost
every t since it belongs to L2(0, T ;H1

a(0, 1))) to obtain

(3.11)

∫∫
QT

θx(α−2)/3z2 ≤
∫∫

QT

θxα−2z2 ≤ 4

(α− 1)2

∫∫
QT

θxαz2
x.
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In the case α = 1, we apply Lemma 2.1 with α� = 5/3 and then use the fact that
x5/3 ≤ x to arrive at a similar conclusion:

(3.12)

∫∫
QT

θx(α−2)/3z2 =

∫∫
QT

θx−1/3z2 ≤ 4

(α� − 1)2

∫∫
QT

θx5/3z2
x

≤ 9

∫∫
QT

θxz2
x = 9

∫∫
QT

θxαz2
x.

In both cases, combining (3.10) with (3.11) or (3.12), we deduce∣∣∣∣ R

(2 − α)2

∫∫
QT

θttz
2

∣∣∣∣ ≤ εc′R

∫∫
QT

θxαz2
x +

cR

4ε3(2 − α)2

∫∫
QT

θ3x2−αz2

for some constant c′ > 0. Then, for ε small enough and R large enough, we have

(3.13)

∣∣∣∣ R

(2 − α)2

∫∫
QT

θttz
2

∣∣∣∣ ≤ 1

4
R

∫∫
QT

θxαz2
x +

1

4

R3

(2 − α)2

∫∫
QT

θ3x2−αz2.

Summing up, we obtain by (3.9) and (3.13)

(d.t.) ≥ 1

4

R3

(2 − α)2

∫∫
QT

θ3x2−αz2 +
3

4
R

∫∫
QT

θxαz2
x ≥ 0.

We now turn to the boundary terms. In the case 0 ≤ α < 1, there is nothing else
to do since, by Lemma 3.3,

(b.t.) for 0 ≤ α < 1 = − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

+
1

2 − α

∫ T

0

{
Rθx1+αz2

x

}
|x=0

≥ − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

.

In the case 1 ≤ α < 2, we recall that, by Lemma 3.3,

(b.t.) for 1 ≤ α < 2 = − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

+

∫ T

0

{ (
Rθt

2(2 − α)

+
2R2θtθ

(2 − α)3
− R2θtθ

(2 − α)3
x2−α +

2R3θ3

(2 − α)3
x2−α +

R2θ2

(2 − α)2

)
xz2

}
|x=0

.

Thus, applying Lemma 3.5 below (since z ∈ H1
a(0, 1) for almost every t), it follows

that, for almost every t ∈ (0, T ),

xz2(t, x) → 0 as x → 0 .

Hence,

(b.t.) for 1 ≤ α < 2 = − 1

2 − α

∫ T

0

{
Rθz2

x

}
|x=1

.

Lemma 3.5. Let α ∈ [1, 2) be given. Then, for all v ∈ H1
a(0, 1),

(3.14) xv2(x) → 0 as x → 0+.
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Proof. Let v be given in H1
a(0, 1). By the definition of H1

a(0, 1) in the case
1 ≤ α < 2, we know that v ∈ L2(0, 1) and

√
avx = xα/2vx ∈ L2(0, 1). Then

xv2 ∈ L1(0, 1). Moreover,

(xv2)x = v2 + 2xvvx,

with v2 ∈ L1(0, 1) and with xvvx = (x1−α/2v) (xα/2vx) ∈ L1(0, 1). Hence, xv2 ∈
W 1,1(0, 1). Thus, xv2 → L ≥ 0 as x → 0+. Finally, L = 0 since L �= 0 would imply
v �∈ L2(0, 1). This completes the proof.

3.4. Conclusion. From Lemmas 3.1 and 3.4 we obtain, for all 0 ≤ α < 2,

〈P+
R z, P−R z〉 = (d.t.) + (b.t.)

≥ cR3

∫∫
QT

θ3x2−αz2 + cR

∫∫
QT

θxαz2
x − c′

∫ T

0

{
Rθz2

x

}
|x=1

for some constants c, c′ > 0. By (3.4), we have

‖fe−Rσ‖2 = ‖P+
R z‖2 + ‖P−R z‖2 + 2〈P+

R z, P−R z〉 ≥ 2〈P+
R z, P−R z〉

≥ cR3

∫∫
QT

θ3x2−αz2 + cR

∫∫
QT

θxαz2
x − c′

∫ T

0

{
Rθz2

x

}
|x=1

.

We recall that σ(t, x) = θ(t)p(x) and px(x) = −x1−α/(2 − α). Hence, xασ2
x =

cθ2xαx2−2α = cθ2x2−α. Moreover, w = eRσz. Thus, wx = Rσxe
Rσz + eRσzx. There-

fore,

R3θ3x2−αw2 + Rθxαw2
x ≤ R3θ3x2−αe2Rσz2 + Rθxα

(
2R2σ2

xe
2Rσz2 + 2e2Rσz2

x

)
≤ c

(
R3θ3x2−αe2Rσz2 + Rθxαe2Rσz2

x

)
.

So,

∫∫
QT

(
R3θ3x2−αw2 + Rθxαw2

x

)
e−2Rσ ≤ c

∫∫
QT

f2e−2Rσ + c

∫ T

0

{
Rθz2

x

}
|x=1

.

Moreover zx(x = 1) = (e−Rσwx)(x = 1) since z(x = 1) = 0. It follows that

∫∫
QT

(
R3θ3x2−αw2 + Rθxαw2

x

)
e−2Rσ

≤ c

∫∫
QT

f2e−2Rσ + c

∫ T

0

{
Rθe−2Rσw2

x

}
|x=1

.

4. Proof of Theorem 2.3 (observability inequalities). Theorem 2.2 yields
a Carleman estimate for the solutions of (2.5).

Lemma 4.1. For all 0 ≤ α < 2 and all T > 0, there exist positive constants,
R0, C, c > 0, such that, for all vT ∈ L2(0, 1), the solution v of (2.5) satisfies, for all
R ≥ R0, ∫ T

0

∫ 1

0

(
Rθxαv2

x + R3θ3x2−αv2
)
e−2cRθ dxdt ≤ C

∫ T

0

∫
ω

v2dxdt.
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Let us put off the proof of the above lemma and proceed with the reasoning.
Multiplying the equation in (2.5) by vt and integrating by parts, we get

0 =

∫ 1

0

(
vt + (xαvx)x

)
vt dx

=

∫ 1

0

v2
t dx +

[
xαvxvt

]1

0
−
∫ 1

0

xαvxvtx dx ≥ −1

2

d

dt

∫ 1

0

xαv2
x dx.

Therefore t �→
∫ 1

0
xαv2

x dx is increasing and

∫ 1

0

xαvx(0, x)2 dx ≤
∫ 1

0

xαvx(t, x)2 dx ∀t ∈ [0, T ] .

Integrating over [T/4, 3T/4], we have

∫ 1

0

xαvx(0, x)2 dx ≤ 2

T

∫ 3T/4

T/4

∫ 1

0

xαvx(t, x)2 dxdt

≤ C

∫ 3T/4

T/4

∫ 1

0

θxαvx(t, x)2e−2cRθ dxdt.

Hence, owing to Lemma 4.1,

(4.1)

∫ 1

0

xαvx(0, x)2 dx ≤ C

∫ T

0

∫
ω

v2dxdt.

Proof of Lemma 4.1. Let ω = (x0, x1) with 0 ≤ x0 < x1 ≤ 1 and consider a
smooth cut-off function ψ : R → R, such that⎧⎪⎨

⎪⎩
0 ≤ ψ(x) ≤ 1 ∀x ∈ R,

ψ(x) = 1 for x ∈ (0, (2x0 + x1)/3),

ψ(x) = 0 for x ∈ ((x0 + 2x1)/3, 1).

We define w := ψv where v is the solution of (2.5). Then w satisfies

(4.2)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

wt + (awx)x = (aψxv)x + ψxavx =: f, (t, x) ∈ QT ,

w(t, 1) = 0, t ∈ (0, T ),

and

{
w(t, 0) = 0 for 0 ≤ α < 1,

(awx)(t, 0) = 0 for 1 ≤ α < 2,
t ∈ (0, T ).

Therefore, applying Theorem 2.2 and using the fact that w ≡ 0 in a neighborhood of
x = 1 (hence wx(1, t) = 0), we have, for all R ≥ R0,∫∫

QT

(
Rθxαw2

x + R3θ3x2−αw2
)
e−2Rσ dxdt ≤ C

∫∫
QT

e−2Rσf2dxdt.

Then using the definition of ψ and in particular the fact that ψx and ψxx are supported
in ω′ := ((2x0 + x1)/3, (x0 + 2x1)/3), we can write

f2 =
(
(aψxv)x + ψxavx

)2

=
(
axψxv + 2aψxvx + aψxxv

)2

χω′ ≤ C(v2 + v2
x)χω′ ,
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since the function ax is bounded on ω′. Hence

∫∫
QT

(
Rθxαw2

x + R3θ3x2−αw2
)
e−2Rσ dxdt ≤ C

∫ T

0

∫
ω′

e−2Rσ(v2
x + v2)dxdt,(4.3)

where ω′ := ((2x0 + x1)/3, (x0 + 2x1)/3). At this point, let us apply the following
standard estimate, to be proved later on.

Lemma 4.2 (Caccioppoli’s inequality). For all R > 0,

∫ T

0

∫
ω′

e−2Rσv2
xdxdt ≤ C(R, T )

∫ T

0

∫
ω

v2dxdt.

Let us continue with the proof of Lemma 4.1. The proof of Lemma 4.2 will be
given later. By (4.3) and Lemma 4.2, we obtain a bound for v on (0, (2x0 + x1)/3) of
the form ∫ T

0

∫ (2x0+x1)/3

0

(
Rθxαv2

x + R3θ3x2−αv2
)
e−2Rσ dxdt

=

∫ T

0

∫ (2x0+x1)/3

0

(
Rθxαw2

x + R3θ3x2−αw2
)
e−2Rσ dxdt

≤
∫∫

QT

(
Rθxαw2

x + R3θ3x2−αw2
)
e−2Rσ dxdt ≤ CR

∫ T

0

∫
ω

v2dxdt.

Hence,

∫ T

0

∫ (2x0+x1)/3

0

(
Rθxαv2

x + R3θ3x2−αv2
)
e−2c0Rθ dxdt ≤ CR

∫ T

0

∫
ω

v2dxdt,

where c0 = max {p(x);x ∈ [0, 1]} = 2/(2 − α)2.

Now, to complete the reasoning, one has to recover a similar inequality on the
interval ((x0 + 2x1)/3, 1). But the equation is uniformly parabolic on such a domain.
Therefore, the well-known Carleman estimate for the nondegenerate case (see [26])
yields, for R large enough,

∫ T

0

∫ 1

(x0+2x1)/3

(
Rθv2

x + R3θ3v2
)
e−2c1Rθ dxdt ≤ CR

∫ T

0

∫
ω

v2dxdt

for some constant c1 > 0. Indeed it is sufficient to apply the classical Carleman
estimate to the function ṽ = ρv in the space interval ((2x0+x1)/3, 1), where ρ : R → R

is some smooth cut-off function, such that⎧⎪⎨
⎪⎩

0 ≤ ρ(x) ≤ 1 ∀x ∈ R,

ρ(x) = 1 for x ∈ ((x0 + 2x1)/3, 1),

ρ(x) = 0 for x ∈ (0, (2x0 + x1)/3).

Hence we obtain∫ T

0

∫ 1

(x0+2x1)/3

(
Rθxαv2

x + R3θ3x2−αv2
)
e−2c1Rθ dxdt ≤ CR

∫ T

0

∫
ω

v2dxdt.
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Combining the above estimates and using Lemma 4.2 to bound the integral on
the middle interval, we obtain∫ T

0

∫ 1

0

(
Rθxαv2

x + R3θ3x2−αv2
)
e−2c2Rθ dxdt ≤ CR

∫ T

0

∫
ω

v2dxdt,

where c2 = max (c0, c1).
Proof of Lemma 4.2. Consider a smooth function ξ : R → R such that⎧⎪⎨

⎪⎩
0 ≤ ξ(x) ≤ 1 ∀x ∈ R,

ξ(x) = 1 for x ∈ ω′,

ξ(x) = 0 for x �∈ ω.

Then, for all R > 0,

0 =

∫ T

0

d

dt

∫ 1

0

ξ2e−2Rσv2 =

∫∫
QT

−2ξ2Rσte
−2Rσv2 + 2ξ2e−2Rσvvt

= −2

∫∫
QT

ξ2Rσte
−2Rσv2 − 2

∫∫
QT

ξ2e−2Rσv(avx)x

= −2

∫∫
QT

ξ2Rσte
−2Rσv2 + 2

∫∫
QT

(ξ2e−2Rσv)xavx

= −2

∫∫
QT

ξ2Rσte
−2Rσv2 + 2

∫∫
QT

a(ξ2e−2Rσ)xvvx + ξ2e−2Rσav2
x.

Hence,

2

∫∫
QT

ξ2e−2Rσav2
x = 2

∫∫
QT

ξ2Rσte
−2Rσv2 − 2

∫∫
QT

a(ξ2e−2Rσ)xvvx

= 2

∫∫
QT

ξ2Rσte
−2Rσv2 − 2

∫∫
QT

(√
aξe−Rσvx

)(√
a
(ξ2e−2Rσ)x

ξe−Rσ
v
)

≤ 2

∫∫
QT

ξ2Rσte
−2Rσv2 +

∫∫
QT

(√
aξe−Rσvx

)2

+

∫∫
QT

(√
a
(ξ2e−2Rσ)x

ξe−Rσ
v
)2

≤ 2

∫∫
QT

ξ2Rσte
−2Rσv2 +

∫∫
QT

(√
a
(ξ2e−2Rσ)x

ξe−Rσ
v
)2

+

∫∫
QT

ξ2e−2Rσav2
x.

Therefore,

∫∫
QT

ξ2e−2Rσav2
x ≤ 2

∫∫
QT

ξ2Rσte
−2Rσv2 +

∫∫
QT

(√
a
(ξ2e−2Rσ)x

ξe−Rσ
v
)2

≤ C(R, T )

∫ T

0

∫
ω

v2.

5. Proof of Theorem 2.4 (controllability result). By standard arguments,
the null controllability result stated in Theorem 2.4 follows from (2.7). Hence it
remains to prove (2.7). For α �= 1, we apply Hardy’s inequality (Lemma 2.1) with
α� = α to deduce from (2.6) that∫ 1

0

xα−2v(0, x)2 dx ≤ C

∫ 1

0

xαvx(0, x)2 dx ≤ C

∫ T

0

∫
ω

v2dxdt.
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In the case of α = 1, from (2.6) we deduce that, for all 0 < η < 1,

∫ 1

0

x1+ηvx(0, x)2 dx ≤
∫ 1

0

xvx(0, x)2 dx ≤ C

∫ T

0

∫
ω

v2dxdt.

Now, applying Hardy’s inequality (Lemma 2.1) with α� = 1 + η, we obtain

∫ 1

0

xη−1v(0, x)2 dx ≤ C

∫ 1

0

x1+ηvx(0, x)2 dx ≤ C

∫ T

0

∫
ω

v2dxdt.

In both cases, (2.7) follows.

6. Proof of Lemma 2.1 (Hardy’s inequalities).

First case. 0 ≤ α� < 1. Since z is absolutely continuous on (0, 1), we have

|z(x) − z(ε)|2 =

(∫ x

ε

zx(s)s(3−γ)/4s(−3+γ)/4 ds

)2

≤
(∫ x

ε

zx(s)2s(3−γ)/2 ds
)(∫ x

ε

s(−3+γ)/2 ds
)
,

where we denote γ := 2 − α� ∈ (1, 2]. Letting ε → 0+, we get

|z(x)|2 ≤
(∫ x

0

zx(s)2s(3−γ)/2 ds
)(∫ x

0

s(−3+γ)/2 ds
)
.

Therefore

∫ 1

0

xα�−2z(x)2 dx ≤
∫ 1

0

x−γ
(∫ x

0

zx(s)2s(3−γ)/2 ds
)(∫ x

0

s(−3+γ)/2 ds
)
dx

=

∫ 1

0

x−γ
(∫ x

0

zx(s)2s(3−γ)/2 ds
) x(γ−1)/2

(γ − 1)/2
dx

=
2

γ − 1

∫ 1

0

zx(s)2s(3−γ)/2
(∫ 1

s

x(−γ−1)/2 dx
)
ds

≤ 2

γ − 1

∫ 1

0

zx(s)2s(3−γ)/2 s(1−γ)/2

(γ − 1)/2
ds =

4

(1 − α�)2

∫ 1

0

sα
�

zx(s)2 ds.

Second case. 1 < α� < 2. Denoting γ := 2 − α� ∈ (0, 1), we have

∫ 1

0

xα�−2z(x)2 dx ≤
∫ 1

0

x−γ
(∫ 1

x

zx(s)2s(3−γ)/2 ds
)(∫ 1

x

s(−3+γ)/2 ds
)
dx

≤
∫ 1

0

x−γ
(∫ 1

x

zx(s)2s(3−γ)/2 ds
)x−(1−γ)/2

(1 − γ)/2
dx

=
2

1 − γ

∫ 1

0

zx(s)2s(3−γ)/2
(∫ s

0

x(−γ−1)/2 dx
)
ds

≤ 4

(1 − γ)2

∫ 1

0

zx(s)2s2−γ ds =
4

(α� − 1)2

∫ 1

0

sα
�

zx(s)2 ds.
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OPTIMAL CONTROL OF A CONVECTIVE BOUNDARY
CONDITION IN A THERMISTOR PROBLEM∗

VOLODYMYR HRYNKIV† , SUZANNE LENHART‡ , AND VLADIMIR PROTOPOPESCU§

Abstract. We consider the optimal control of a two-dimensional steady-state thermistor. The
problem is described by a system of two nonlinear elliptic partial differential equations with appro-
priate boundary conditions which model the coupling of the thermistor to its surroundings. Based
on physical considerations, an objective functional to be minimized is introduced and the convec-
tive boundary coefficient is taken as the control. Existence and uniqueness of the optimal control
are proven. To characterize this optimal control, the optimality system consisting of the state and
adjoint equations is derived.

Key words. optimal control, thermistor problem, elliptic systems
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1. Introduction. Thermistor is a generic name for a device made from materi-
als whose electrical conductivity is highly dependent on temperature. The advantages
of thermistors as temperature measurement devices include their low cost, high res-
olution, and flexibility in size and shape. The applications of thermistors include
[11, 13]

(i) temperature sensing and control: thermistors provide inexpensive and reliable
temperature sensing for a wide temperature range;

(ii) thermal relay and switch: voltage regulation, surge protection;
(iii) indirect measurement of other parameters: when a thermistor is heated its

rate of change of temperature depends on its surroundings. This property
can be used to monitor other quantities such as liquid level and fluid flow;
and

(iv) long-wavelength detector.

We consider the two-dimensional steady-state thermistor problem

∇ · (σ(u)∇ϕ) = 0 in Ω,

Δu + σ(u)|∇ϕ|2 = 0 in Ω,
(1.1)

∂u

∂n
+ βu = 0 on ∂Ω,

ϕ = ϕ0 on ∂Ω,
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where ϕ(x) is the electric potential, u(x) is the temperature, and σ(u) is the tem-
perature-dependent electrical conductivity. Here n denotes the outward unit normal
and ∂/∂n = n · ∇ is the normal derivative on ∂Ω. The first equation represents the
conservation of charge and the second equation describes the steady diffusion of heat
in the presence of Joule heating due to the electric current. Boundary conditions
show how the thermistor is connected thermally and electrically to its surroundings.
Throughout the paper, solutions to system (1.1) are understood in the weak sense.
For a more detailed discussion about the physical justification of equations (1.1) the
reader is referred to [7, 9, 15].

It is known that large temperature gradients may cause the thermistor to crack.
Numerical experiments indicate (see [7, 21]) that low values of the heat transfer coef-
ficient β will result in small temperature variations. On the other hand, low values of
the heat transfer coefficient lead to high operating temperatures of a thermistor which
are also undesirable. This motivated us to consider the heat transfer coefficient as a
control in the optimal control problem of minimizing the heat transfer while keeping
the operating temperature of the thermistor reasonably low. These requirements lead
us to the following objective functional:

J(β) =

∫
Ω

u dx +

∫
∂Ω

β2 ds.

Denoting the set of admissible controls by

UM = {β ∈ L∞(∂Ω) : 0 < λ ≤ β ≤ M},

the optimal control problem is as follows:

(1.2) Find β∗ ∈ UM such that J(β∗) = min
β∈UM

J(β).

Henceforth we use the standard notation for Sobolev spaces: we denote ‖·‖p = ‖·‖Lp(Ω)

for each p ∈ [1,∞]; other norms will be clearly marked.
Theoretical analysis of both the steady-state and time-dependent thermistor equa-

tions with different types of boundary and initial conditions has received a significant
amount of attention. See [1, 4, 6, 5, 7, 9, 15, 17, 18, 19] for existence of weak solutions,
uniqueness, and related regularity results in different settings with various assump-
tions on the coefficients. For example, existence of a weak solution to a stationary
problem with Dirichlet boundary conditions was proven by Cimatti and Prodi in [6],
whereas the time-dependent case in two dimensions was first considered by Cimatti
in [4]. This restriction on the space dimension was eliminated by Shi, Shillor, and Xu
in [15]. Asymptotic results for the time-dependent thermistor problem can be found
in [7]. So far, the only known optimal control paper on a thermistor problem is a
time-dependent case by Lee and Shilkin in [12], where the source is taken to be the
control. Thus our work is the first result on optimal control of the thermistor problem
for the steady-state case.

In section 2 we derive a priori estimates under the assumption of small boundary
data. In section 3 we prove existence of an optimal control. Also, in section 3 we
explain why the space dimension is restricted to N = 2. The optimality system is
derived and an optimal control is characterized in section 4. Uniqueness of the optimal
control is proven in section 5. For more details on the estimates in this paper, see
[10].
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2. A priori estimates. Throughout we make the following assumptions:
1. Ω ⊂ R2 is a bounded domain with smooth boundary;
2. σ(s) ∈ C1(R), 0 < C1 ≤ σ(s) ≤ C2 for all s ∈ R;
3. σ(s) is Lipschitz: |σ(s1) − σ(s2)| ≤ K |s1 − s2| for all s1, s2 ∈ R;

4. ϕ0

∣∣
∂Ω

∈ W
1,∞

(∂Ω);
5. ‖ϕ0‖W 1,∞(Ω) ≤ CH is sufficiently small, where CH is derived from formula

(30) in [9].
We will need the following result due to Meyers [3, 14, 16].
Theorem 2.1. Let Ω ⊂ RN be a bounded domain with a smooth boundary and

suppose that A : H1
0 (Ω) → H−1(Ω) is the uniformly elliptic operator with bounded

coefficients

A = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂

∂xj

)
.

Consider the Dirichlet problem

(2.1) Av = f, v ∈ H1
0 (Ω), f ∈ H−1(Ω).

Then there exists r > 2 (which depends on α, the L∞ norm of the coefficients aij’s,

the domain Ω, and the dimension) such that if f ∈ W−1,r(Ω), then v ∈ W 1,r
0 (Ω),

where v solves (2.1) and satisfies

‖v‖W 1,r
0 (Ω) ≤ C‖f‖W−1,r(Ω)

and C depends on the same quantities as r.
To derive a weak formulation for (1.1) we follow Lemma 1 from [9] and the

discussion preceding it. Note that we extend ϕ0 to the whole domain Ω and use the
same notation, i.e., ϕ0 ∈ W

1,∞
(Ω). We say that {u, ϕ} is a weak solution to (1.1) if∫

Ω

∇u · ∇v dx +

∫
∂Ω

βuv ds =

∫
Ω

σ(u)|∇ϕ|2v dx ∀ v ∈ H1(Ω),

(2.2)
∫

Ω

σ(u)∇ϕ · ∇w dx = 0, ϕ0 − ϕ ∈ H1
0 (Ω) ∀w ∈ H1

0 (Ω).

The quadratic term on the right-hand side of the first equation in (2.2) creates a
difficulty because |∇ϕ|2 is only known to belong to L1(Ω). Therefore, for an arbitrary
v ∈ C1(Ω̄), take w = (ϕ− ϕ0)v ∈ H1

0 (Ω) as a test function in the second equation of
(2.2). Then ∫

Ω

σ(u)
{
|∇ϕ|2v − v∇ϕ · ∇ϕ0 + (ϕ− ϕ0)∇ϕ · ∇v

}
dx = 0.

By the density argument, the weak formulation of (1.1) is as follows: Find u ∈ H1(Ω)
and ϕ ∈ H1(Ω) such that∫

Ω

∇u · ∇v dx +

∫
∂Ω

βuv ds =

∫
Ω

(ϕ0 − ϕ)σ(u)∇ϕ · ∇v dx +

∫
Ω

(σ(u)∇ϕ · ∇ϕ0) v dx

(2.3) ∫
Ω

σ(u)∇ϕ · ∇w dx = 0, ϕ0 − ϕ ∈ H1
0 (Ω) ∀w ∈ H1

0 (Ω),∀ v ∈ H1(Ω).
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Now the terms on the right-hand side of the first equation in (2.3) make sense. Indeed,
by Theorem 2.1, there exists r > 2 such that ϕ ∈ W 1,r(Ω). Therefore, since ∇ϕ ∈
Lr(Ω) and ∇ϕ0 ∈ L2(Ω), it follows that there exists s′ such that ∇ϕ · ∇ϕ0 ∈ Ls′(Ω)
and

1

s′
=

1

2
+

1

r
.(2.4)

Since Ω ⊂ R2 it follows that v ∈ H1(Ω) ⊂⊂ Ls(Ω) for s ∈ [1,∞). This implies that
the integral ∫

Ω

(σ(u)∇ϕ · ∇ϕ0) v dx

in (2.3) makes sense, since σ(u) is bounded and (σ(u)∇ϕ · ∇ϕ0) ∈ Ls′(Ω), and s can
be chosen such that

1

s′
+

1

s
= 1.(2.5)

If we denote M̃ := sup∂Ω |ϕ0|, then by the weak maximum principle (see formula
(16) in [9])

sup
Ω

|ϕ| ≤ M̃.(2.6)

Therefore the integral
∫
Ω
(ϕ0−ϕ)σ(u)∇ϕ ·∇v dx in (2.3) also makes sense. Thus, any

solution of (2.2) is a solution to (2.3), and vice versa.
Note that r > 2 is chosen from the Meyers estimate; then s′ and s are determined

and satisfy s′ < 2 < s.
Existence of a solution to (2.3) was proven by Howison, Rodrigues, and Shillor in

[9] using Schauder’s fixed point theorem. It was also shown in [9] that the solution is
unique provided assumption 5 is satisfied. Given β ∈ UM , we denote the solution of
(2.3) by u(β), ϕ(β), under assumption 5 giving uniqueness.

Here we proceed to the derivation of a priori estimates. Note that as a result of
the maximum principle solutions to (1.1) satisfy u ≥ 0 on Ω̄.

Theorem 2.2. Let assumptions 1 through 4 hold and let β ∈ UM be given. Then
u and ϕ solving (2.3) satisfy

‖ϕ‖W 1,r(Ω) ≤ Φ for some r > 2,

(2.7) ‖u‖H1(Ω) ≤ C̃,

where Φ and C̃ are some positive constants.
Proof. We show the estimate for ϕ first. Because of assumption 2 we treat σ(u)

in (1.1) as a bounded coefficient. Consider the following Dirichlet problem with zero
boundary data:

−∇ · (σ(u)∇ϕ̃) = ∇ · (σ(u)∇ϕ0) in Ω,

(2.8)
ϕ̃ = 0 on ∂Ω.

Since the right-hand side of (2.8) is in H−1(Ω), by the standard theory for elliptic
equations in divergence form [8], there exists ϕ̃ = (ϕ−ϕ0) ∈ H1

0 (Ω) that solves (2.8).
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By Theorem 2.1, there exists r > 2 such that ϕ̃ ∈ W 1,r
0 (Ω) and

‖ϕ̃‖W 1,r
0 (Ω) ≤ C‖∇ · (σ(u)∇ϕ0)‖W−1,r(Ω) ≤ C‖σ(u)∇ϕ0‖r ≤ CC2‖∇ϕ0‖r.

Since

‖ϕ‖W 1,r(Ω) ≤ ‖ϕ− ϕ0‖W 1,r(Ω) + ‖ϕ0‖W 1,r(Ω)

and

‖ϕ− ϕ0‖W 1,r(Ω) ≡ ‖ϕ̃‖W 1,r(Ω) ≤ C ′‖ϕ̃‖W 1,r
0 (Ω) ≤ C ′CC2‖∇ϕ0‖r,

we obtain

‖ϕ‖W 1,r(Ω) ≤ C ′CC2‖∇ϕ0‖r + ‖ϕ0‖W 1,r(Ω).

We also have

‖∇ϕ0‖r ≤ C3‖∇ϕ0‖∞,

‖ϕ0‖W 1,r(Ω) ≤ C4‖ϕ0‖W 1,∞(Ω),

whence

‖ϕ‖W 1,r(Ω) ≤ Φ for some r > 2,(2.9)

where

Φ
def
= C ′CC2C3‖∇ϕ0‖∞ + C4‖ϕ0‖W 1,∞(Ω).(2.10)

We show that ‖u‖H1(Ω) ≤ C̃. From the weak formulation (2.3) we get∫
Ω

|∇u|2 dx +

∫
∂Ω

βu2 ds =

∫
Ω

(ϕ0 − ϕ)σ(u)∇ϕ · ∇u dx +

∫
Ω

σ(u)u∇ϕ · ∇ϕ0 dx.

Taking into account that β(x) ≥ λ > 0 we have∫
Ω

|∇u|2 dx + λ

∫
∂Ω

u2 ds ≤
∫

Ω

(ϕ0 − ϕ)σ(u)∇ϕ · ∇u dx +

∫
Ω

σ(u)u∇ϕ · ∇ϕ0 dx

≤ 2C2M̃‖∇ϕ‖2 · ‖∇u‖2 + C2‖∇ϕ0‖∞‖u‖2 · ‖∇ϕ‖2

≤ 2C2M̃C5Φ‖∇u‖2 + C2‖∇ϕ0‖∞C5Φ‖u‖2

≤ C̃1‖u‖H1(Ω),

where we used (2.6), ‖∇ϕ‖2 ≤ C5‖∇ϕ‖r, and C̃1 ≡ max(2C2M̃C5Φ, C2‖∇ϕ0‖∞C5Φ).
It can be shown (for example, see [2, 20]) that the quantity

‖v‖2
∗

def
=

∫
Ω

|∇v|2 dx + λ

∫
∂Ω

v2 ds

defines a norm on H1(Ω) which is equivalent to the ‖ · ‖H1(Ω) norm; then for some
k > 0

k‖u‖2
H1(Ω) ≤ ‖u‖2

∗ ≤ C̃1‖u‖H1(Ω),(2.11)

whence ‖u‖H1(Ω) ≤ C̃1/k.
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3. Existence of an optimal control. Having obtained a priori estimates we
proceed to the proof of existence of an optimal control. For the remainder of the
paper we assume that assumptions 1 through 5 are satisfied.

Theorem 3.1. There exists a solution to the optimal control problem (1.2).
Proof. Using the estimate from Theorem 2.2, we can choose a minimizing sequence

{βn}∞n=1 ⊂ UM such that

lim
n→∞

J(βn) = inf
β∈UM

J(β).

Let un = u(βn) and ϕn = ϕ(βn) be the corresponding solutions to (2.3). By Theorem
2.2 we have ‖un‖H1(Ω) ≤ C, ‖ϕn‖W 1,r(Ω) ≤ C for all n, where C > 0 denotes a
constant independent of n. Therefore, there exist u∗ ∈ H1(Ω) and ϕ∗ ∈ W 1,r(Ω) such
that on a subsequence

un
w
⇀ u∗ in H1(Ω) and ϕn

w
⇀ ϕ∗ in W 1,r(Ω).

Since r > 2 and N = 2, we have W 1,r(Ω) ⊂⊂ C(Ω̄) and W 1,r(Ω) ⊂ H1(Ω) ⊂⊂ Ls(Ω).
Hence, there exists β∗ ∈ UM such that on a subsequence

(3.1)

ϕn
s→ ϕ∗ in C(Ω̄), ∇ϕn

w
⇀ ∇ϕ∗ in Lr(Ω),

un
s→ u∗ in Ls(Ω), ∇un

w
⇀ ∇u∗ in L2(Ω),

βn
w
⇀ β∗ in L2(∂Ω), βn

w∗
⇀ β∗ in L∞(∂Ω),

un
s→ u∗ in L2(∂Ω).

Next, we want to show that u∗ = u(β∗) and ϕ∗ = ϕ(β∗) solve (2.3) with control β∗.
We show that for v ∈ H1(Ω)∫

∂Ω

βnunv ds →
∫
∂Ω

β∗u∗v ds as n → ∞.(3.2)

Indeed, by the trace inequality u∗ ∈ H1(Ω) implies u∗ ∈ L2(∂Ω), and we obtain∣∣∣ ∫
∂Ω

βnunv ds−
∫
∂Ω

β∗u∗v ds
∣∣∣ ≤ ∫

∂Ω

|βnunv − βnu
∗v| ds +

∣∣∣ ∫
∂Ω

βnu
∗v − β∗u∗v ds

∣∣∣
≤ M

∫
∂Ω

|un − u∗| · |v| ds +
∣∣∣ ∫

∂Ω

(βn − β∗)u∗v ds
∣∣∣

≤ M‖un − u∗‖L2(∂Ω) · ‖v‖L2(∂Ω)

+
∣∣∣ ∫

∂Ω

(βn − β∗)u∗v ds
∣∣∣ → 0 as n → ∞.

This proves (3.2). Next, we show∫
Ω

σ(un) v∇ϕn · ∇ϕ0 dx →
∫

Ω

σ(u∗) v∇ϕ∗ · ∇ϕ0 dx as n → ∞.(3.3)

We have∣∣∣ ∫
Ω

σ(un) v∇ϕn · ∇ϕ0 dx−
∫

Ω

σ(u∗) v∇ϕ∗ · ∇ϕ0 dx
∣∣∣

≤ K‖∇ϕ0‖∞
∫

Ω

|un − u∗| · |v| · |∇ϕn| dx +
∣∣∣ ∫

Ω

σ(u∗) v (∇ϕn −∇ϕ∗) · ∇ϕ0 dx
∣∣∣

≤ K‖∇ϕ0‖∞‖un − u∗‖s · ‖v‖2 · ‖∇ϕn‖r +
∣∣∣ ∫

Ω

σ(u∗) v (∇ϕn −∇ϕ∗) · ∇ϕ0 dx
∣∣∣ → 0
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since un
s→ u∗ in Ls(Ω), ∇ϕ

w
⇀ ∇ϕ∗ in L2(Ω), and ‖∇ϕn‖r ≤ C. This completes the

proof of (3.3). Now we show∫
Ω

(ϕ0 − ϕn)σ(un)∇ϕn · ∇v dx →
∫

Ω

(ϕ0 − ϕ∗)σ(u∗)∇ϕ∗ · ∇v dx as n → ∞.(3.4)

Indeed, we can write∣∣∣ ∫
Ω

(ϕ0 − ϕn)σ(un)∇ϕn · ∇v dx−
∫

Ω

(ϕ0 − ϕ∗)σ(u∗)∇ϕ∗ · ∇v dx
∣∣∣

≤
∣∣∣ ∫

Ω

[σ(un) (ϕ0 − ϕn)∇ϕn · ∇v − σ(u∗) (ϕ0 − ϕn)∇ϕ∗ · ∇v] dx
∣∣∣

+
∣∣∣ ∫

Ω

[σ(u∗) (ϕ0 − ϕn)∇ϕ∗ · ∇v − σ(u∗) (ϕ0 − ϕ∗)∇ϕ∗ · ∇v] dx
∣∣∣ def

= A + B.

We deal with the term B first:

B =
∣∣∣ ∫

Ω

σ(u∗)∇ϕ∗ · ∇v [(ϕ0 − ϕn) − (ϕ0 − ϕ∗)] dx
∣∣∣

=
∣∣∣ ∫

Ω

σ(u∗)∇ϕ∗ · ∇v (ϕ∗ − ϕn) dx
∣∣∣

≤ C2‖ϕ∗ − ϕn‖C(Ω̄) · ‖∇v‖2 · ‖∇ϕ∗‖2 → 0 as n → ∞.

Now we look at the term A:

A ≤
∣∣∣ ∫

Ω

(ϕ0 − ϕn)(σ(un) − σ(u∗))∇ϕn · ∇v dx
∣∣∣

+
∣∣∣ ∫

Ω

(ϕ0 − ϕn)σ(u∗)(∇ϕn −∇ϕ∗) · ∇v dx
∣∣∣ def

= A1 + A2,

where

A1 ≤ 2M̃K‖un − u∗‖s · ‖∇ϕn‖r · ‖∇v‖2 → 0 as n → ∞.

For A2 we get

A2 ≤
∣∣∣ ∫

Ω

(ϕ0 − ϕ∗)σ(u∗)(∇ϕn −∇ϕ∗) · ∇v dx
∣∣∣

+
∣∣∣ ∫

Ω

(ϕ∗ − ϕn)σ(u∗)(∇ϕn −∇ϕ∗) · ∇v dx
∣∣∣ def

= A21 + A22.

It is easy to see that A21 → 0 as n → ∞. Similarly,

A22 ≤ C2‖ϕ∗ − ϕn‖C(Ω̄) · (‖∇ϕn‖2 + ‖∇ϕ∗‖2) · ‖∇v‖2 → 0 as n → ∞.

We can also obtain∫
Ω

σ(un)∇ϕn · ∇w dx →
∫

Ω

σ(u∗)∇ϕ∗ · ∇w dx as n → ∞.

Therefore (u∗, ϕ∗) is the weak solution of (2.3) with β = β∗: u∗ = u(β∗) and ϕ∗ =
ϕ(β∗). Using weak lower semicontinuity of J(β) with respect to the L2 norm, it is
easy to show that the infimum is achieved at β∗.
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4. Derivation of the optimality system. In order to characterize an optimal
control, we need to derive an optimality system which consists of the original state
system coupled with an adjoint system. To obtain the necessary conditions for the
optimality system, we differentiate the objective functional with respect to the control.
Since the objective functional depends on u, which is coupled to ϕ through the PDE,
we will need to differentiate u and ϕ with respect to control β. Note that to obtain
this result, ‖ϕ0‖W 1,∞ may need to be smaller than in assumption 5.

Theorem 4.1 (sensitivities). There exists Λ1 > 0 such that ‖ϕ0‖W 1,∞ ≤ Λ1,
and the mapping β �→ (u, ϕ) is differentiable in the following sense:

u(β + ε
) − u(β)

ε

w
⇀ ψ1 in H1(Ω),

(4.1)
ϕ(β + ε
) − ϕ(β)

ε

w
⇀ ψ2 in H1

0 (Ω) as ε → 0

for any β, 
 ∈ UM such that (β + ε
) ∈ UM for small ε. Moreover, the sensitivities,
ψ1 ∈ H1(Ω) and ψ2 ∈ H1

0 (Ω), satisfy

Δψ1 + σ′(u)|∇ϕ|2ψ1 + 2σ(u)∇ϕ · ∇ψ2 = 0 in Ω,

∇ · [σ′(u)ψ1∇ϕ + σ(u)∇ψ2] = 0 in Ω,

(4.2) ∂ψ1

∂n
+ βψ1 + 
u = 0 on ∂Ω,

ψ2 = 0 on ∂Ω.

Proof. Recall that we denoted u = u(β) and ϕ = ϕ(β). Now we also denote
uε = u(βε), ϕε = ϕ(βε), where βε := β + ε
. We present the proof in three steps.

Step 1. First, we derive an estimate for (ϕε − ϕ)/ε in terms of (uε − u)/ε. The
quotients (uε − u)/ε and (ϕε − ϕ)/ε satisfy∫

Ω

∇
(uε − u

ε

)
· ∇

(uε − u

ε

)
dx +

∫
∂Ω

β
(uε − u

ε

)(uε − u

ε

)
ds

= −
∫
∂Ω


uε
(uε − u

ε

)
ds

+
1

ε

∫
Ω

[
(ϕ0 − ϕε)σ(uε)∇ϕε − (ϕ0 − ϕ)σ(u)∇ϕ

]
· ∇

(uε − u

ε

)
dx

(4.3)
+

1

ε

∫
Ω

[
σ(uε)∇ϕε − σ(u)∇ϕ

]
· ∇ϕ0

(uε − u

ε

)
dx,

1

ε

∫
Ω

[
σ(uε)∇ϕε · ∇

(ϕε − ϕ

ε

)
− σ(u)∇ϕ · ∇

(ϕε − ϕ

ε

)]
dx = 0.

Since (ϕε − ϕ)/ε ∈ H1
0 (Ω) it follows from Poincaré’s inequality that it is sufficient to

have a bound on ‖∇(ϕε − ϕ)/ε‖2. The second equation in (4.3) implies∫
Ω

σ(uε)∇
(ϕε

ε

)
· ∇

(ϕε − ϕ

ε

)
dx =

∫
Ω

σ(u)∇
(ϕ
ε

)
· ∇

(ϕε − ϕ

ε

)
dx.(4.4)

Taking into account (4.4) we can write∫
Ω

σ(u)
∣∣∣∇(ϕε − ϕ

ε

)∣∣∣2 dx =

∫
Ω

(
σ(u) − σ(uε)

)
∇
(ϕε

ε

)
· ∇

(ϕε − ϕ

ε

)
dx.(4.5)
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Using (4.4) and (4.5) we obtain

C1

∥∥∥∇(ϕε − ϕ

ε

)∥∥∥2

2
≤

∫
Ω

σ(u)
∣∣∣∇(ϕε − ϕ

ε

)∣∣∣2 dx
=

∫
Ω

(
σ(u) − σ(uε)

)
∇
(ϕε

ε

)
· ∇

(ϕε − ϕ

ε

)
dx

≤ K
∥∥∥uε − u

ε

∥∥∥
s
· ‖∇ϕε‖r ·

∥∥∥∇(ϕε − ϕ

ε

)∥∥∥
2
,

whence

∥∥∥∇(ϕε − ϕ

ε

)∥∥∥
2
≤ K

C1

∥∥∥uε − u

ε

∥∥∥
H1(Ω)

· ‖∇ϕε‖r .(4.6)

Step 2. Now we outline the derivation of an H1 norm estimate for (uε − u)/ε.
From the first equation in (4.3) we obtain

∫
Ω

∣∣∣∇(uε − u

ε

)∣∣∣2 dx + λ

∫
∂Ω

(uε − u

ε

)2

ds ≤
∣∣∣− ∫

∂Ω


uε
(uε − u

ε

)
ds

+
1

ε

∫
Ω

[
(ϕ

0 − ϕε)σ(uε)∇ϕε − (ϕ
0
− ϕ)σ(u)∇ϕ

]
∇
(uε − u

ε

)
dx

+
1

ε

∫
Ω

[
σ(uε)∇ϕε − σ(u)∇ϕ

]
∇ϕ

0

(uε − u

ε

)
dx

∣∣∣
def
=

∣∣∣− ∫
∂Ω


uε
(uε − u

ε

)
ds + C + D

∣∣∣.
We have

|C| ≤
∫

Ω

|ϕ
0
− ϕ| ·

∣∣∣σ(uε)∇ϕε − σ(u)∇ϕ

ε

∣∣∣ · ∣∣∣∇(uε − u

ε

)∣∣∣ dx
+

∫
Ω

∣∣∣ϕ− ϕε

ε

∣∣∣σ(uε)|∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx
≤ 2M̃

∫
Ω

∣∣∣σ(uε) − σ(u)

ε

∣∣∣ · |∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ 2M̃

∫
Ω

σ(u) ·
∣∣∣∇(ϕε − ϕ

ε

)∣∣∣ · ∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ C2

∫
Ω

∣∣∣ϕ− ϕε

ε

∣∣∣ · |∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx
≤ 2M̃K

∫
Ω

∣∣∣uε − u

ε

∣∣∣ · |∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ 2M̃C2

∫
Ω

∣∣∣∇(ϕε − ϕ

ε

)∣∣∣ · ∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ C2

∫
Ω

∣∣∣ϕ− ϕε

ε

∣∣∣ · |∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx.
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Similarly, for D we obtain

|D| ≤ K‖∇ϕ
0‖∞

∫
Ω

∣∣∣uε − u

ε

∣∣∣ · |∇ϕε| ·
∣∣∣uε − u

ε

∣∣∣ dx
+ C2‖∇ϕ0‖∞

∫
Ω

∣∣∣∇(ϕε − ϕ

ε

)∣∣∣ · ∣∣∣uε − u

ε

∣∣∣ dx.
Taking into account the expressions for |C|, |D|, and the trace inequality ‖uε‖L2(∂Ω) ≤
M2‖uε‖H1(Ω) we get

∫
Ω

∣∣∣∇(uε − u

ε

)∣∣∣2 dx + λ

∫
∂Ω

(uε − u

ε

)2

ds

≤ MM2
2 ‖uε‖H1(Ω) ·

∥∥∥uε − u

ε

∥∥∥
H1(Ω)

+ 2M̃K

∫
Ω

∣∣∣uε − u

ε

∣∣∣ · |∇ϕε| ·
∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ 2M̃C2

∫
Ω

∣∣∣∇(ϕε − ϕ

ε

)∣∣∣ · ∣∣∣∇(uε − u

ε

)∣∣∣ dx + C2

∫
Ω

∣∣∣ϕ− ϕε

ε

∣∣∣|∇ϕε|
∣∣∣∇(uε − u

ε

)∣∣∣ dx
+ K‖∇ϕ

0‖∞
∫

Ω

∣∣∣uε − u

ε

∣∣∣|∇ϕε|
∣∣∣uε − u

ε

∣∣∣ dx + C2‖∇ϕ
0
‖∞

∫
Ω

∣∣∣∇(ϕε − ϕ

ε

)∣∣∣∣∣∣uε − u

ε

∣∣∣dx.
For the rest of this paper, when dealing with constants, we only keep track of explicit
dependence on Φ and otherwise use generic constants. Using Hölder’s inequality and
corresponding a priori bounds we have

∥∥∥uε − u

ε

∥∥∥2

∗
≡

∫
Ω

∣∣∣∇(uε − u

ε

)∣∣∣2 dx + λ

∫
∂Ω

(uε − u

ε

)2

ds ≤ C8

∥∥∥uε − u

ε

∥∥∥
H1(Ω)

+
(
C9Φ + C10Φ

2
)∥∥∥uε − u

ε

∥∥∥2

H1(Ω)
.

Due to the equivalence of norms expressed by (2.11) we get

k
∥∥∥uε − u

ε

∥∥∥2

H1(Ω)
≤

∥∥∥uε − u

ε

∥∥∥2

∗
≤ C8

∥∥∥uε − u

ε

∥∥∥
H1(Ω)

+
(
C9Φ + C10Φ

2
)∥∥∥uε − u

ε

∥∥∥2

H1(Ω)
.

Recall that by definition, Φ includes ‖∇ϕ0‖∞ and ‖ϕ0‖W 1,∞(Ω) (see (2.10)). There-
fore, if ‖ϕ0‖W 1,∞(Ω) is chosen sufficiently small such that

k1
def
= k −

(
C9Φ + C10Φ

2
)
> 0,

then

∥∥∥uε − u

ε

∥∥∥
H1(Ω)

≤ C8

k1
,(4.7)

where the constant in (4.7) does not depend on ε. Consequently,

∥∥∥ϕε − ϕ

ε

∥∥∥
H1(Ω)

≤ C11.(4.8)

Step 3. Now we are ready to derive the sensitivity system (4.2). The above
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estimates imply that for a subsequence of ε → 0, there exist ψ1 and ψ2 such that

uε − u

ε

w
⇀ ψ1 in H1(Ω),

uε − u

ε

s→ ψ1 in Ls(Ω),

ϕε − ϕ

ε

w
⇀ ψ2 in H1(Ω),

ϕε − ϕ

ε

s→ ψ2 in Ls(Ω),

uε s→ u in Ls(Ω), ϕε s→ ϕ in C(Ω̄),

∇ϕε w
⇀ ∇ϕ in Lr(Ω),

uε − u

ε

s→ ψ1 in L2(∂Ω),

βε w
⇀ β in L2(∂Ω), βε w∗

⇀ β in L∞(∂Ω) as ε → 0.

Using these convergences we show that the sensitivities satisfy the system (4.2). After
subtracting the corresponding weak formulations and dividing by ε, we obtain∫

Ω

∇
(uε − u

ε

)
· ∇v dx +

∫
∂Ω

β
(uε − u

ε

)
v ds +

∫
∂Ω


uε ds

=
1

ε

∫
Ω

[
(ϕ

0
− ϕε)σ(uε)∇ϕε · ∇v − (ϕ

0
− ϕ)σ(u)∇ϕ · ∇v

]
dx(4.9)

+
1

ε

∫
Ω

[
σ(uε)∇ϕε − σ(u)∇ϕ

]
· ∇ϕ0v dx ∀ v ∈ H1(Ω),

1

ε

∫
Ω

[
σ(uε)∇ϕε · ∇w − σ(u)∇ϕ · ∇w

]
dx = 0 ∀w ∈ H1

0 (Ω).(4.10)

The terms on the left-hand side of (4.9) can be shown to converge by weak convergence.
We write the first term on the right-hand side of (4.9) in the form

1

ε

∫
Ω

[
(ϕ

0
− ϕε)σ(uε)∇ϕε · ∇v − (ϕ

0
− ϕ)σ(u)∇ϕ · ∇v

]
dx

=
1

ε

∫
Ω

(ϕ0 − ϕε)
[
σ(uε)∇ϕε − σ(u)∇ϕ

]
· ∇v dx +

1

ε

∫
Ω

(ϕ− ϕε)σ(u)∇ϕ · ∇v dx

= G + F .

We illustrate the type of estimates by considering terms coming from G. We write

G =
1

ε

∫
Ω

(ϕ0 − ϕε)
[
σ(uε)∇ϕε − σ(u)∇ϕ

]
· ∇v dx

=
1

ε

∫
Ω

(ϕ0 − ϕε)
[
σ(uε) − σ(u)

]
∇ϕε · ∇v dx

+
1

ε

∫
Ω

(ϕ0 − ϕε)σ(u)
[
∇ϕε −∇ϕ

]
· ∇v dx = G1 + G2.

One can show

G2 →
∫

Ω

(ϕ0 − ϕ)σ(u)∇ψ2 · ∇v dx as ε → 0,(4.11)
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and we illustrate terms from G1. Namely, we show the convergence for G1:∣∣∣ ∫
Ω

(ϕ0 − ϕε)
(σ(uε) − σ(u)

ε

)
∇ϕε · ∇v dx−

∫
Ω

(ϕ0 − ϕ)σ′(u)ψ1∇ϕ · ∇v dx
∣∣∣

≤
∣∣∣ ∫

Ω

(ϕ0 − ϕ)
{(σ(uε) − σ(u)

ε

)
∇ϕε − σ′(u)ψ1∇ϕ

}
· ∇v dx

∣∣∣
+

∣∣∣ ∫
Ω

(ϕ− ϕε)
(σ(uε) − σ(u)

ε
− σ′(u)ψ1 + σ′(u)ψ1

)
∇ϕε · ∇v dx

∣∣∣
≤

∣∣∣ ∫
Ω

{
(ϕ0 − ϕ)

[σ(uε) − σ(u)

ε
− σ′(u)ψ1

]
∇ϕε · ∇v

+ (ϕ0 − ϕ)σ′(u)ψ1∇(ϕε − ϕ) · ∇v
}
dx

∣∣∣
+

∣∣∣ ∫
Ω

(ϕ− ϕε)
(σ(uε) − σ(u)

ε
− σ′(u)ψ1

)
∇ϕε · ∇v + (ϕ− ϕε)σ′(u)ψ1∇ϕε · ∇v dx

∣∣∣
≤ ‖ϕ0 − ϕ‖∞ ·

∥∥∥σ(uε) − σ(u)

ε
− σ′(u)ψ1

∥∥∥
s
· ‖∇ϕε‖r · ‖∇v‖2

+
∣∣∣ ∫

Ω

(ϕ0 − ϕ)σ′(u)ψ1∇(ϕε − ϕ) · ∇v dx
∣∣∣

+ ‖ϕ− ϕε‖C(Ω̄) ·
∥∥∥σ(uε) − σ(u)

ε
− σ′(u)ψ1

∥∥∥
s
· ‖∇ϕε‖r · ‖∇v‖2

+ ‖ϕ− ϕε‖C(Ω̄) · ‖σ′(u)ψ1‖s · ‖∇ϕε‖r · ‖∇v‖2 → 0 as ε → 0.

Notice that we need the assumption Ω ⊂ R2 to justify convergence of the integral∫
Ω
(ϕ− ϕε)σ′(u)ψ1∇ϕε · ∇v dx to 0 using the imbedding W 1,r(Ω) ⊂⊂ C(Ω̄).

One can show that the second term on the right-hand side of (4.9) is

1

ε

∫
Ω

[
σ(uε)∇ϕε − σ(u)∇ϕ

]
· ∇ϕ0v dx →

∫
Ω

σ′(u)ψ1∇ϕ · ∇ϕ0v dx

+

∫
Ω

σ(u)∇ψ2 · ∇ϕ0v dx as ε → 0.

Finally, the terms of (4.10) satisfy

1

ε

∫
Ω

[
σ(uε)∇ϕε · ∇w − σ(u)∇ϕ · ∇w

]
dx →

∫
Ω

σ′(u)ψ1∇ϕ · ∇w dx

+

∫
Ω

σ(u)∇ψ2 · ∇w dx as ε → 0.

Letting ε → 0 in (4.9) and (4.10) we obtain∫
Ω

∇ψ1 · ∇v dx +

∫
∂Ω

(βψ1 + 
u)v ds =

∫
Ω

(ϕ0 − ϕ)σ′(u)ψ1∇ϕ · ∇v dx

+

∫
Ω

(ϕ
0
− ϕ)σ(u)∇ψ2 · ∇v dx−

∫
Ω

ψ2 σ(u)∇ϕ · ∇v dx

(4.12)
+

∫
Ω

σ′(u)ψ1∇ϕ · ∇ϕ0v dx +

∫
Ω

σ(u)∇ψ2 · ∇ϕ0v dx ∀ v ∈ H1(Ω),

∫
Ω

σ′(u)ψ1∇ϕ · ∇w +

∫
Ω

σ(u)∇ψ2 · ∇w dx = 0 ∀w ∈ H1
0 (Ω).
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We can show that the limit of any subsequence satisfies (4.12). By uniqueness of
solutions to (4.12), we get convergence of quotients for all ε → 0. Now the weak
formulation for (4.2) is

∫
Ω

∇ψ1 · ∇v dx +

∫
∂Ω

(βψ1 + 
u)v ds =

∫
Ω

σ′(u)ψ1|∇ϕ|2v dx

(4.13)
+ 2

∫
Ω

σ(u)∇ϕ · ∇ψ2v dx ∀ v ∈ H1(Ω),

∫
Ω

(σ′(u)ψ1∇ϕ + σ(u)∇ψ2) · ∇w dx = 0 ∀w ∈ H1
0 (Ω).(4.14)

The quadratic term on the right-hand side of (4.13) is dealt with as before (see [9]).
We use (2.4) and (2.5) to conclude

1

s′
=

1

s
+

1

r/2
.(4.15)

Since ψ1 ∈ H1(Ω) implies ψ1 ∈ Ls(Ω), and taking into account that |∇ϕ|2 ∈ Lr/2(Ω),
it follows from (4.15) that σ′(u)|∇ϕ|2ψ1 ∈ Ls′(Ω). Hence,

∫
Ω
σ′(u)|∇ϕ|2ψ1 v dx makes

sense as v ∈ H1(Ω) ⊂ Ls(Ω). Eventually, (4.13) can be written as

∫
Ω

∇ψ1 · ∇v dx +

∫
∂Ω

(βψ1 + 
u)v ds =

∫
Ω

σ′(u)ψ1∇ϕ · ∇ϕ0v dx

(4.16)
+

∫
Ω

σ(u)∇ψ2 · ∇ϕ0v dx +

∫
Ω

(ϕ0 − ϕ)σ′(u)ψ1∇ϕ · ∇v dx

+

∫
Ω

(ϕ0 − ϕ)σ(u)∇ψ2 · ∇v dx +

∫
Ω

σ(u)∇ψ2 · ∇ϕv dx ∀ v ∈ H1(Ω).

We see that these two weak formulations coincide since
∫
Ω
σ(u)v∇ψ2 · ∇ϕdx =

−
∫
Ω
σ(u)ψ2∇v · ∇ϕdx and ∇ · (σ(u)∇ϕ) = 0 in Ω.

In order to characterize the optimal control, we need to introduce adjoint functions
p and q and the adjoint of the operator L in system (4.2). Imposing the boundary
conditions ∂p

∂n + β∗p = 0 on ∂Ω, q = 0 on ∂Ω gives

∫
Ω

(
p q

)
L
(

ψ1

ψ2

)
dx =

∫
Ω

pΔψ1 dx +

∫
Ω

p σ′(u)|∇ϕ|2ψ1 dx

+ 2

∫
Ω

p σ(u)∇ϕ · ∇ψ2 dx +

∫
Ω

q∇ · [σ(u)∇ψ2] dx +

∫
Ω

q∇ · [σ′(u)ψ1∇ϕ] dx

=

∫
Ω

ψ1Δp dx +

∫
Ω

ψ1σ
′(u)|∇ϕ|2p dx− 2

∫
Ω

ψ2∇ · [p σ(u)∇ϕ] dx

−
∫

Ω

ψ1σ
′(u)∇ϕ · ∇q dx +

∫
Ω

ψ2∇ · [σ(u)∇q] dx =

∫
Ω

(
ψ1 ψ2

)
L∗

(
p
q

)
dx,

where

L∗
(

p
q

)
=

(
Δp + σ′(u)|∇ϕ|2p− σ′(u)∇ϕ · ∇q

∇ · [−2p σ(u)∇ϕ + σ(u)∇q]

)
.
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Thus, the adjoint system reads

Δp + σ′(u)|∇ϕ|2p− σ′(u)∇ϕ · ∇q = 1 in Ω,

∇ · [−2p σ(u)∇ϕ + σ(u)∇q] = 0 in Ω,

(4.17) ∂p

∂n
+ β∗p = 0 on ∂Ω,

q = 0 on ∂Ω,

where the nonhomogeneous term “1” comes from differentiating the integrand of J(β)
with respect to the state u.

Theorem 4.2. Given an optimal control β∗ ∈ UM and corresponding states
u, ϕ, there exists Λ2 > 0 such that ‖ϕ0‖W 1,∞(Ω) < Λ2, and there exists a solution
(p, q) ∈ H1(Ω)×H1

0 (Ω) to the adjoint system (4.17). Furthermore, β∗ can be explicitly
characterized as

(4.18) β∗(x) = min

(
max

(
− up

2
, λ

)
,M

)
.

Proof. The weak formulation of (4.17) is

−
∫

Ω

∇p · ∇v dx−
∫
∂Ω

β∗p v ds +

∫
Ω

σ′(u)|∇ϕ|2p v dx

−
∫

Ω

σ′(u)(∇ϕ · ∇q)v dx =

∫
Ω

v dx ∀ v ∈ H1(Ω),(4.19)

2

∫
Ω

p σ(u)∇ϕ · ∇w dx−
∫

Ω

σ(u)∇q · ∇w dx = 0 ∀w ∈ H1
0 (Ω).

Step 1. First, we show that the solution to the adjoint system (4.17) exists. Define
the map F : H1(Ω) ×H1

0 (Ω) �→ H1(Ω) ×H1
0 (Ω) with F (V,W ) = (p, q) as follows:

Δp + σ′(u)|∇ϕ|2V − σ′(u)∇ϕ · ∇W = 1 in Ω,

∇ · [−2V σ(u)∇ϕ + σ(u)∇q] = 0 in Ω,

(4.20) ∂p

∂n
+ β∗p = 0 on ∂Ω,

q = 0 on ∂Ω.

Standard L2-theory for elliptic problems and the Lax–Milgram lemma imply that this
is a well-defined map. The weak formulation of (4.20) is

−
∫

Ω

∇p · ∇Θ dx−
∫
∂Ω

β∗pΘ ds +

∫
Ω

σ′(u)|∇ϕ|2V Θ dx

−
∫

Ω

σ′(u)(∇ϕ · ∇W ) Θ dx =

∫
Ω

Θ dx ∀Θ ∈ H1(Ω),

2

∫
Ω

V σ(u)∇ϕ · ∇Ψ dx =

∫
Ω

σ(u)∇q · ∇Ψ dx ∀Ψ ∈ H1
0 (Ω).

We use the Banach fixed point theorem. Let F (V1,W1) = (p1, q1) and F (V2,W2) =
(p2, q2). We show the contraction property

‖p1 − p2‖H1 + ‖q1 − q2‖H1
0
≤ δ

(
‖V1 − V2‖H1 + ‖W1 −W2‖H1

0

)
(4.21)
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for some 0 < δ < 1. Let us denote p̄
def
= p1 − p2, q̄

def
= q1 − q2, W̄

def
= W1 −W2, and

V̄
def
= V1 − V2. Taking Θ = p̄, the p1 and p2 equations give

∫
Ω

|∇p̄|2dx +

∫
∂Ω

β∗p̄2 ds =

∫
Ω

σ′(u)|∇ϕ|2 V̄ p̄ dx−
∫

Ω

σ′(u)∇ϕ · ∇W̄ p̄ dx.

Thus, we obtain

∫
Ω

|∇p̄|2 dx + λ

∫
∂Ω

p̄2 ds ≤
∣∣∣∣∣
∫

Ω

σ′(u)|∇ϕ|2 V̄ p̄ dx

∣∣∣∣∣ +

∣∣∣∣∣
∫

Ω

σ′(u)∇ϕ∇W̄ p̄ dx

∣∣∣∣∣.
Estimating the various terms, one obtains

‖p̄‖H1(Ω) + ‖q̄‖H1
0 (Ω) ≤

(
C14Φ

2 + C15Φ
)
‖V̄ ‖H1(Ω) + C16Φ‖W̄‖H1(Ω)

≤ max
{
C14Φ

2 + C15Φ, C16Φ
}(

‖W̄‖H1 + ‖V̄ ‖H1

)
.

Recalling that Φ = c1‖∇ϕ0‖∞ + c2‖ϕ0‖W 1,∞(Ω), where c1, c2 > 0 denote generic
constants (see (2.10)), and choosing ϕ0 such that ‖ϕ0‖W 1,∞(Ω) is sufficiently small,
we obtain

δ = max
{
C14Φ

2 + C15Φ, C16Φ
}
< 1.

This proves the contraction property (4.21), which gives the desired fixed point of the
map and therefore the existence and uniqueness of solutions to the adjoint system.

Step 2. We derive the characterization of the optimal control. Recall that for
variation 
 ∈ UM , with β∗ + ε
 ∈ UM for ε small, the weak formulation of the
sensitivity system (4.2) is given by (4.13) and (4.14). Now we are ready to characterize
the optimal control. Since the minimum of J is achieved at β∗ and for small ε > 0,
β∗ + ε
 ∈ UM , and denoting uε = u(β∗ + ε
), ϕε = ϕ(β∗ + ε
), we obtain

0 ≤ lim
ε→0+

J(β∗ + ε
) − J(β∗)

ε

=

∫
Ω

ψ1 dx +

∫
∂Ω

2β∗
 ds =

∫
Ω

(
ψ1 ψ2

)( 1
0

)
dx +

∫
∂Ω

2β∗
 ds

=

{
−
∫

Ω

∇p∇ψ1 dx−
∫
∂Ω

β∗pψ1 ds +

∫
Ω

ψ1 σ
′(u)|∇ϕ|2p dx

+ 2

∫
Ω

p σ(u)∇ϕ∇ψ2 dx

}
+

[
−
∫

Ω

ψ1 σ
′(u)∇ϕ · ∇q dx−

∫
Ω

σ(u)∇q · ∇ψ2 dx

]

+

∫
∂Ω

2β∗
 ds =

∫
∂Ω


(2β∗ + up) ds,

where we used the sensitivity system (4.13), (4.14) with test functions p and q. Using
a standard argument on the choice of 
, we obtain (4.18).

Substituting (4.18) into the state system (1.1) and the adjoint equations (4.17)
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we obtain the optimality system

Δu∗ + σ(u∗)|∇ϕ∗|2 = 0 in Ω,

∇ · (σ(u∗)∇ϕ∗) = 0 in Ω,

Δp + σ′(u∗)|∇ϕ∗|2p− σ′(u∗)∇ϕ∗ · ∇q = 1 in Ω,

∇ · [−2p σ(u∗)∇ϕ∗ + σ(u∗)∇q] = 0 in Ω,

(4.22) ∂p

∂n
+ min(max(−u∗p/2, λ),M)p = 0 on ∂Ω,

q = 0 on ∂Ω,

∂u∗

∂n
+ min(max(−u∗p/2, λ),M)u∗ = 0 on ∂Ω,

ϕ∗ = ϕ0 on ∂Ω.

Note that existence of solution to the optimality system (4.22) follows from the exis-
tence of solution to the state system (1.1) and Theorem 4.2.

Remarks 1. If we take into account the second equation in (4.22), then the last
equation in (4.22) can be rewritten as

−2σ(u∗)∇ϕ∗ · ∇p + ∇ · [σ(u∗)∇q] = 0.

2. We show that if ϕ0 ≡ constant, then β∗ = λ. Indeed, the maximum principle
for weak solutions implies that ϕ∗ ≡ constant and therefore ∇ϕ∗ = 0. This simplifies
(4.22) significantly. Namely, we obtain

Δu∗ = 0 in Ω,

Δp = 1 in Ω,

∇ · [σ(u∗)∇q] = 0 in Ω,

(4.23) ∂u∗

∂n
+ β∗u∗ = 0 on ∂Ω,

∂p

∂n
+ β∗p = 0 on ∂Ω,

q = 0 on ∂Ω.

Applying the maximum principle to q gives q ≡ 0 in Ω̄, and therefore only the u and
p equations remain in (4.23). Now if we integrate the u equation in (4.23) over Ω and
integrate by parts, we obtain

∫
∂Ω

β∗u∗ ds = 0. Since β∗(x) > 0 and u∗(x) ≥ 0 for all
x ∈ ∂Ω it follows that u∗ = 0 a.e. on ∂Ω. Hence, we can write

Δu∗ = 0 in Ω,

u∗ = 0 a.e. on ∂Ω.

This implies that u∗ = 0 a.e. in Ω. Thus, (4.18) implies β∗ = λ and

Δp = 1 in Ω,

(4.24) ∂p

∂n
+ λp = 0 on ∂Ω.

The solution of (4.24) satisfies the equality
∫
∂Ω

∂p
∂n ds =

∫
Ω
dx, which implies that

−λ
∫
∂Ω

p ds = meas(Ω).
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5. Uniqueness of the optimal control. In this section we prove that the
solution to the optimality system (4.22) is unique under some additional assumptions,
in particular, the boundedness of u and p. We assume that σ′ is Lipschitz with
constant K1 > 0,

(5.1) |σ′(s1) − σ′(s2)| ≤ K1|s1 − s2| ∀ s1, s2 ∈ R.

Theorem 5.1. In addition to all the standard assumptions from section 3, let
(5.1) hold. There exists Λ3 > 0 such that ‖ϕ0‖W 1,∞(Ω) ≤ Λ3, and if in addition λ is
large enough, then the solution to the optimality system (4.22), with u and p compo-
nents assumed to belong to L∞(Ω), is unique, and therefore the optimal control β∗ is
unique.

Proof. Let (u1, ϕ1, p1, q1) and (u2, ϕ2, p2, q2) be two solutions to the optimality
system. Using the weak formulation of the state and adjoint equations and taking
into account that by the Meyers estimate p ∈ L∞(Ω) implies ∇q ∈ Lr(Ω) we get∫

Ω

∇ui · ∇v dx +

∫
∂Ω

βiuiv ds =

∫
Ω

σ(ui)|∇ϕi|2v dx ∀ v ∈ H1(Ω),∫
Ω

σ(ui)∇ϕi · ∇w dx = 0, ϕ0 − ϕi ∈ H1
0 (Ω) ∀w ∈ H1

0 (Ω),∫
Ω

∇pi · ∇ṽ dx +

∫
∂Ω

βipiṽ ds +

∫
Ω

ṽ dx =

∫
Ω

σ′(ui)|∇ϕi|2pi ṽ dx

−
∫

Ω

σ′(ui)∇ϕi · ∇qi ṽ dx ∀ ṽ ∈ H1(Ω),

2

∫
Ω

pi σ(ui)∇ϕi · ∇w̃ dx =

∫
Ω

σ(ui)∇qi · ∇w̃ dx ∀ w̃ ∈ H1
0 (Ω), i = 1, 2,

where βi = min(max(−uipi/2, λ),M).
We set ū = u1 − u2, ϕ̄ = ϕ1 − ϕ2, p̄ = p1 − p2, and q̄ = q1 − q2. Now, taking

w = ϕ1 −ϕ2 in the equation satisfied by u1 and w = ϕ1 −ϕ2 in the equation satisfied
by u2 yields

(5.2)

∫
Ω

σ(u1)∇ϕ1 · ∇(ϕ1 − ϕ2) dx =

∫
Ω

σ(u2)∇ϕ2 · ∇(ϕ1 − ϕ2) dx.

Adding −
∫
Ω
σ(u1)∇ϕ2 · ∇(ϕ1 − ϕ2) dx to both sides of (5.2), one verifies∫

Ω

σ(u1)|∇ϕ̄|2 dx =

∫
Ω

(σ(u2) − σ(u1))∇ϕ2 · ∇ϕ̄ dx.

Hence,

C1‖∇ϕ̄‖2
2 = C1

∫
Ω

|∇ϕ̄|2 dx ≤
∫

Ω

σ(u1)|∇ϕ̄|2 dx

=

∫
Ω

(σ(u2) − σ(u1))∇ϕ2 · ∇ϕ̄ dx

≤ K

∫
Ω

|ū| |∇ϕ2| |∇ϕ̄| dx ≤ KΦ‖ū‖s‖∇ϕ̄‖2,

which implies

(5.3) ‖∇ϕ̄‖2 ≤ KΦ

C1
‖ū‖s .
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From PDEs for u1 and u2, we obtain∫
Ω

|∇ū|2 dx +

∫
∂Ω

β1ū
2 + (β1 − β2)u2ū ds =

∫
Ω

(
σ(u1)|∇ϕ1|2 − σ(u2)|∇ϕ2|2

)
ū dx,

which yields∫
Ω

|∇ū|2 dx + λ

∫
∂Ω

ū2 ds ≤ 1

2
‖u1‖∞‖u2‖∞‖ū‖L2(∂Ω)‖p̄‖L2(∂Ω)

+
1

2
‖p2‖∞‖u2‖∞‖ū‖2

L2(∂Ω)

+

∫
Ω

∣∣σ(u1)|∇ϕ1|2 − σ(u2)|∇ϕ2|2
∣∣ · |ū| dx,

where we used |β1 − β2| ≤ 1
2 |u1p1 − u2p2|. Denoting α1 := ‖u1‖∞‖u2‖∞ and α2 :=

‖p2‖∞‖u2‖∞, we can write∫
Ω

|∇ū|2 dx +
(
λ− α2

2
− α1

4

)∫
∂Ω

ū2 ds ≤ α1

4
‖p̄‖2

L2(∂Ω)

+

∫
Ω

∣∣σ(u1)|∇ϕ1|2 − σ(u2)|∇ϕ2|2
∣∣ · |ū| dx.

We deal with the last term∫
Ω

∣∣σ(u1)|∇ϕ1|2 − σ(u2)|∇ϕ2|2
∣∣ · |ū| dx ≤ ‖σ(u1)|∇ϕ1|2 − σ(u2)|∇ϕ2|2‖s′‖ū‖s

≤ ‖σ(u1)∇ϕ̄ · ∇(ϕ1 + ϕ2)‖s′‖ū‖s + ‖
(
σ(u1) − σ(u2)

)
|∇ϕ2|2‖s′‖ū‖s

≤ C2‖∇ϕ̄‖2 · ‖∇(ϕ1 + ϕ2)‖r · ‖ū‖s + K‖ū |∇ϕ2|2‖s′ · ‖ū‖s
≤ C16Φ‖∇(ϕ1 + ϕ2)‖r · ‖ū‖2

s + K‖|∇ϕ2|2‖r/2‖ū‖2
s

≤ C17Φ
2‖ū‖2

H1(Ω),

where we have taken into account that ‖∇ϕ‖r ≤ Φ, ‖ū‖s ≤ M1‖ū‖H1(Ω), and (5.3).
Consequently, we obtain∫

Ω

|∇ū|2 dx +
(
λ− α2

2
− α1

4

)∫
∂Ω

ū2 ds ≤ α1

4
‖p̄‖2

L2(∂Ω) + C19Φ
2‖ū‖2

H1(Ω).(5.4)

The estimate for p̄ is derived in a similar manner [10], albeit after rather lengthy
calculations, in which condition (5.1) is explicitly used. The result is∫

Ω

|∇p̄|2 dx +
(
λ− α3

2
− α2

4

4

)∫
∂Ω

p̄2 ds ≤ α2
4

4
‖ū‖2

L2(∂Ω) + C20Φ‖p̄‖2
H1(Ω)

(5.5) + C21Φ‖p̄‖H1‖∇q̄‖2 + C22Φ‖ū‖H1‖p̄‖H1 ,

where α3 := ‖u1‖∞‖p2‖∞, α4 := ‖p2‖∞. Note that the estimate for ϕ̄ is given by

(5.6) ‖∇ϕ̄‖2 ≤ C23Φ‖ū‖H1(Ω),

where we have taken into account that ‖ū‖s ≤ M1‖ū‖H1(Ω).
Using q̄ = w̃ as a test function in the equations for q, we have

2

∫
Ω

p1 σ(u1)∇ϕ1 · ∇q̄ dx =

∫
Ω

σ(u1)∇q1 · ∇q̄ dx,

2

∫
Ω

p2 σ(u2)∇ϕ2 · ∇q̄ dx =

∫
Ω

σ(u2)∇q2 · ∇q̄ dx.
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Upon subtracting and estimating the difference, we obtain

(5.7) ‖∇q̄‖2 ≤ C24Φ‖ū‖H1(Ω) + C25Φ‖p̄‖H1(Ω).

Now adding (5.4) and (5.5) gives∫
Ω

|∇ū|2 dx +
(
λ− α2

2
− α1

4
− α2

4

4

)∫
∂Ω

ū2 ds +

∫
Ω

|∇p̄|2 dx

+
(
λ− α3

2
− α2

4

4
− α1

4

)∫
∂Ω

p̄2 ds ≤ C19Φ
2‖ū‖2

H1(Ω) + C20Φ‖p̄‖2
H1(Ω)(5.8)

+ C21Φ‖p̄‖H1(Ω)‖∇q̄‖2 + C22Φ‖ū‖H1(Ω)‖p̄‖H1(Ω).

Using the estimate for ∇q̄ allows us to rewrite (5.8) in the following way:∫
Ω

|∇ū|2 dx +
(
λ− α2

2
− α1

4
− α2

4

4

)∫
∂Ω

ū2 ds +

∫
Ω

|∇p̄|2 dx

+
(
λ− α3

2
− α2

4

4
− α1

4

)∫
∂Ω

p̄2 ds

≤ C19Φ
2‖ū‖2

H1(Ω) +
(
C20Φ + C27Φ

2
)
‖p̄‖2

H1(Ω)

+
(
C26Φ

2 + C22Φ
)
‖ū‖H1(Ω)‖p̄‖H1(Ω)

≤
(
C27Φ

2 + C28Φ
)(
‖ū‖2

H1(Ω) + ‖p̄‖2
H1(Ω)

)
.

Upon properly redefining the constants, we conclude that

A‖ū‖2
H1(Ω) + B‖p̄‖2

H1(Ω) ≤ 0.

Therefore, if λ is large and the boundary data ϕ0 is sufficiently small, then A and
B are positive and ū = 0, p̄ = 0,∇q̄ = 0, and ∇ϕ̄ = 0. Then it follows that q̄ = 0 and
ϕ̄ = 0 (since ∇q̄ = 0, ∇ϕ̄ = 0 and q̄ = 0, ϕ̄ = 0 on the boundary), which gives the
uniqueness of solutions of the optimality system. This implies the uniqueness of the
optimal control.

Remark. The boundedness of σ and the L∞ boundedness of temperature are
quite realistic assumptions since physical quantities are bounded. For homogeneous
media, the Lipschitz condition is also reasonable; in fact, it can be assumed to hold
true even for nonhomogeneous media without sharp interfaces.
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OPTIMAL OUTPUT REGULATION FOR DISCRETE-TIME
SWITCHED AND MARKOVIAN JUMP LINEAR SYSTEMS∗

JI-WOONG LEE† AND PRAMOD P. KHARGONEKAR‡

Abstract. First, three different but related output regulation performance criteria for the linear
time-varying system are defined in the discrete-time domain, namely, the peak impulse response, peak
output variance, and average output variance per unit time. Then they are extended for switched
linear systems and Markovian jump linear systems, and characterized by an increasing union of
finite-dimensional linear matrix inequality conditions. Finally, the infinite-horizon suboptimal LQG
control problem, which aims to maintain the average output variance below a given level subject to the
uniform exponential stability of the closed-loop system, is solved for both switched linear systems and
Markovian jump linear systems; the solution is given by a dynamic linear output feedback controller
that not only perfectly observes the present mode but also recalls a finite number of past modes.

Key words. discrete linear inclusions, dynamic output feedback, H2 control, linear matrix
inequalities, LQG control, linear time-varying systems, semidefinite programming

AMS subject classifications. 49N10, 93B12, 90C22, 93C55

DOI. 10.1137/060662290

1. Introduction. Switched systems and Markovian jump systems are abstrac-
tions of hybrid (or multimodal) systems; they idealize complex interactions between
the continuous state trajectory and the discrete state (or mode) transitions by a finite
number of state-space representations, together with a constraint on the admissible
switching paths among these representations. If the switching path constraint is spec-
ified via a set of autonomous switching sequences, then the resulting abstract model is
called a switched system; on the other hand, if the switching sequences are specified to
be realizations of a homogeneous Markov chain, then the model is called a Markovian
jump system. Many complex control systems today exhibit hybrid and multimodal
dynamics due to the presence of digital computers [30, 7], communication networks
[31, 9, 47], distributed agents [26], etc. Consequently, the study of switched and
Markovian jump systems is becoming increasingly important [36, 45, 38, 12]. In this
paper, we focus on the output regulation performance and establish exact convex con-
ditions for the analysis and synthesis of discrete-time switched and Markovian jump
linear systems via linear matrix inequalities. We make the restrictive, but standard,
assumption that the mode of the system is perfectly observed at each time instant.
There are many real-world applications where this assumption is satisfied: e.g., missile
autopilot via gain scheduling [1] and networked control subject to randomly delayed
but time-stamped measurements [47].

There is a strong link between the properties of switched linear systems and those
of standard linear systems. Indeed, exact convex conditions for the uniform exponen-
tial stabilization and uniform disturbance attenuation (i.e., root-mean-square gain
control) of discrete-time switched linear systems have been obtained [34, 33] using
the operator theoretic �2-induced norm analysis of time-varying systems [24, 19] and
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the semidefinite programming–based H∞ synthesis of time-invariant systems [41, 20];
here, the uniformity is over all admissible switching sequences as well as over all time
instants. In this paper, we continue to exploit this link to solve output regulation
problems. First, inspired by the operator theoretic �2 seminorm analysis of time-
varying systems [25], we define three different performance criteria and establish their
relation in terms of observability and reachability gramians. Different performance cri-
teria lead to different output regulation problems, including the infinite-horizon LQG
control problem, where the average output variance, and hence the average output
root-mean-square value, per unit time is minimized subject to the internal stability
of the closed-loop system. These problems all coincide with the H2 control problem
when the number of modes is equal to one; thus our results build on the semidefinite
programming–based H2 synthesis of time-invariant systems [43, 39]. Similar results
are also established for the output regulation of Markovian jump linear systems sub-
ject to the almost sure uniform exponential stability. These results form an “output
regulation” counterpart to the “disturbance attenuation” results in [33]; except for
stability analysis, key elements of [33] such as a uniformly stabilizing property of the
Riccati inequality and an elegant matrix completion–based linear matrix embedding
technique do not apply here.

Our approach to the infinite-horizon LQG control of switched systems has three
important ingredients. The first is the increasing union of “path-dependent” Lya-
punov inequality conditions first introduced in [34]; this enables a control-oriented
convex characterization of the uniform exponential stability and stabilizability of
switched linear systems. The second ingredient is the “change of variable” argu-
ment in [43] that provides a systematic means of turning dynamic output feedback
requirements into linear matrix inequalities without any assumption on the system
parameters. Finally, the third is the notion of “minimal” switching sequences that
we adopt from [35]; if the admissible switching sequences are defined by a directed
graph of a row-allowable matrix, then we show that, to determine the average output
variance level of the switched linear system, it suffices to check the average output
variance level of the periodic systems associated with the switching sequences that
are minimal with respect to the given directed graph. Putting these ingredients to-
gether leads to a complete solution to the infinite-horizon LQG problem, and other
output regulation problems, for switched linear systems. The solution to each sub-
optimal infinite-horizon LQG problem is given by a finite-path-dependent dynamic
output feedback controller; moreover, in many cases with a reasonable tolerance level,
the optimal controller is still finite-path dependent. There are few results in the lit-
erature that this result can be compared to, mainly because there has not been a
control-oriented convex characterization of the stability, let alone stabilizability, of
discrete-time switched linear systems until very recently. Earlier relevant results in-
clude stability analysis [15, 2, 21, 16, 3], (conservative) stability synthesis [6, 14], and
analysis of problem complexity and decidability [46, 4]; see [5] for the Kalman filtering
result for a class of discrete-time switched systems.

In the case of Markovian jump linear systems, the infinite-horizon LQG control
problem has already been studied with respect to mean square stability (also known
as stochastic stability) in both continuous time [28, 17] and discrete time [27, 13].
Particularly in the discrete-time domain, existing results provide a nice state-space
formula for the solution and extend the well-known separation principle to the Marko-
vian jump system. However, a key limitation of these results is that the restriction
to mode-dependent controllers, and hence to the Markovian filtering, is suboptimal
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compared to the path-dependent controller resulting from the Kalman filtering—see
the numerical comparison in [13]; another limitation is that there is no convex charac-
terization of the mean square “stabilizability” of discrete-time Markovian jump linear
systems [29, 10]. We show in this paper that if the requirement of mean square stabil-
ity is replaced with the stronger requirement of almost sure “uniform” stability, the
infinite-horizon LQG control result for switched linear systems carries over to Marko-
vian jump linear systems without any of these limitations. As in the case of switched
systems, all suboptimal controllers are finite-path dependent, and the optimal con-
troller is often finite-path dependent, too, with a short path length for a reasonable
tolerance level. Moreover, our result can be applied to any Markov chain and any
controlled plant (e.g., nonergodic chains and plants without the standard orthogonal-
ity and rank conditions). To our knowledge, with the exception of [34, 33], the almost
sure uniform stability of Markovian jump systems has not been explicitly dealt with
in the literature. Almost sure uniform stability is a deterministic notion, and hence is
useful when only the sparsity pattern of the underlying transition probability matrix,
but not the individual transition probabilities, is exactly known [34]. Moreover, unlike
the usual stochastic stability–based approaches to controlling Markovian jump sys-
tems, our LQG control framework conforms to the classical stochastic control settings
where deterministic uniform stability is the commonly used stability notion.

This paper is organized as follows. In section 2, we consider three output regu-
lation performance criteria for the discrete-time linear time-varying system, namely,
the peak impulse response, peak output variance, and average output variance per
unit time. In section 3, these performance criteria are extended for switched linear
systems and characterized by linear matrix inequality conditions. Section 4 is devoted
to establishing the synthesis condition for the LQG control problem where the average
output variance is minimized; synthesis conditions for the other two output regulation
problems are only briefly noted. These results are extended to Markovian jump linear
systems in section 5. Finally, concluding remarks on the results and future research
are made in section 6.

Notation. For x ∈ R
n, denoted by ‖x‖ is the Euclidean vector norm ‖x‖ =

√
xTx

of x. If X, Y ∈ R
n×n are symmetric and X−Y is positive definite (resp., nonnegative

definite), we write X > Y (resp., X ≥ Y). The trace of X is denoted by trX, and the
spectral radius of X by ρX. The identity matrix is denoted by I with n understood.
If X and Y are two matrices, then the direct sum X⊕Y denotes the block diagonal
matrix [ X 0

0 Y ], where 0 denotes the zero matrix of appropriate dimension.

2. Analysis of linear time-varying systems. Let

(2.1a) G = {(A0,B0,C0,D0), (A1,B1,C1,D1), . . . }

be an indexed family of matrices At ∈ R
n×n, Bt ∈ R

n×m, Ct ∈ R
l×n, and Dt ∈ R

l×m

over all t = 0, 1, . . . . Let a sequence θ = (θ(0), θ(1), . . . ) in {0, 1, . . . } by

(2.1b) θ(t) = t

for all t = 0, 1, . . . . Then we have (Aθ(t),Bθ(t),Cθ(t),Dθ(t)) = (At,Bt,Ct,Dt), and
the pair (G,θ) defines the discrete-time linear time-varying system

x(t + 1) = Atx(t) + Btw(t),

z(t) = Ctx(t) + Dtw(t).
(2.2)
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Given the initial state x(0) and disturbance sequence w = (w(0), w(1), . . . ), equation
(2.2) determines the state sequence x = (x(0), x(1), . . . ) and output sequence z =
(z(0), z(1), . . . ).

Definition 2.1. The system (G,θ) is said to be uniformly (exponentially) stable
if there exist c ≥ 1 and λ ∈ (0, 1) such that, whenever w = 0,

‖x(t)‖ ≤ c λt−t0 ‖x(t0)‖

for all t0 ≥ 0, t ≥ t0, and x(t0) ∈ R
n.

The set G is said to be bounded if there are a b > 0 and a norm | · | such that
|g| ≤ b for all g ∈ G. The following characterizes the stability of linear time-varying
systems in terms of an infinite-dimensional system of Lyapunov inequalities.

Lemma 2.2. Let G and θ be as in (2.1); let G be bounded. The following are
equivalent:

(a) The system (G,θ) is uniformly exponentially stable.
(b) There exist α, β > 0 and Xt ∈ R

n×n such that

αI ≤ Xt ≤ βI; AT
t Xt+1At − Xt ≤ −αI

for all t ≥ 0.
(c) There exist ε, δ > 0 and Yt ∈ R

n×n such that

εI ≤ Yt ≤ δI; AtYtA
T
t − Yt+1 ≤ −εI

for all t ≥ 0.
Moreover, if either (b) or (c) holds, then one may take X−1

t = Yt for all t ≥ 0.
Proof. The equivalence of (a) and (b) is a special case of [19, Theorem 11]. A

Schur complement argument shows the equivalence of (b) and (c) via the relation
X−1

t = Yt.

Let X
(T )
t ≥ 0 be the unique solution to the backward Lyapunov equation

AT
t X

(T )
t+1At − X

(T )
t = −CT

t Ct

for t = 0, 1, . . . , T , with the terminal condition X
(T )
T+1 = 0. Similarly, let Y

(t0)
t ≥ 0 be

the unique solution to the forward Lyapunov equation

AtY
(t0)
t AT

t − Y
(t0)
t+1 = −BtB

T
t

for t = t0, t0 + 1, . . . , with the initial condition Y
(t0)
t0 = 0. If Φ(t, t0) is the state

transition matrix defined by

Φ(t, t0) =

{
I, t = t0;

At−1 · · ·At0 , t > t0,

for t ≥ t0 ≥ 0, then we have

(2.3a) X
(T )
t =

T∑
s=t

Φ(s, t)TCT
s CsΦ(s, t)

for 0 ≤ t ≤ T , and

(2.3b) Y
(t0)
t+1 =

t∑
s=t0

Φ(t + 1, s + 1)BsB
T
s Φ(t + 1, s + 1)T
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for t ≥ t0 ≥ 0.
The symmetric nonnegative definite matrix X

(T )
t , t ≤ T , is the observability

gramian; that is, under w = 0, any state x(t) = x0 is uniquely determined by the

output sequence (z(t), . . . , z(T )) if and only if X
(T )
t > 0. Similarly, the matrix Y

(t0)
t ,

t0 < t, is the reachability gramian; that is, under x(t0) = 0, associated with any state
xf ∈ R

n is a disturbance input sequence (w(t0), . . . , w(t − 1)) such that x(t) = xf if

and only if Y
(t0)
t > 0. The following lemma summarizes some of the simple properties

of these matrices.
Lemma 2.3. Let G be as in (2.1a); let X

(T )
t and Y

(t0)
t+1 be as in (2.3) whenever

t0 ≤ t ≤ T . The following hold:
(a) We have

X
(T )
t ≤ X

(T+1)
t ; Y

(t0+1)
t+1 ≤ Y

(t0)
t+1

whenever t0 ≤ t ≤ T .
(b) We have

(2.4)
T∑

t=t0

trBT
t X

(T )
t+1Bt =

T∑
t=t0

trCtY
(t0)
t CT

t

whenever t0 ≤ t ≤ T .
(c) If

AT
t Xt+1At − Xt ≤ −CT

t Ct; AtYtA
T
t − Yt+1 ≤ −BtB

T
t

for t0 ≤ t ≤ T , with XT+1 ≥ 0 and Yt0 ≥ 0, then

Xt ≥ X
(T )
t ; Yt+1 ≥ Y

(t0)
t+1

whenever t0 ≤ t ≤ T .
Proof. The proof is immediate from the definitions.
Remark 1. If G is bounded and the system (G,θ) is uniformly stable, then by

(2.4) we have that

lim sup
T→∞

1

T − t0

T∑
t=t0

trBT
t X

(T )
t+1Bt = lim sup

T→∞

1

T − t0

T∑
t=t0

trCtY
(t0)
t CT

t

for all t0 ≥ 0. (Note that the partial sums above are divided by T − t0, not by

T − t0 + 1, because trBT
TX

(T )
T+1BT = trCt0Y

(t0)
t0 CT

t0 = 0.) This is a time-varying
version of the classical result that if At = A, Bt = B, and Ct = C for all t, and if
ρA < 1, then

trBTXB = trCYCT,

where X, Y ≥ 0 uniquely solve the Lyapunov equations

ATXA − X = −CTC; AYAT − Y = −BBT.

A similar relation holds if the time-varying system is represented as a doubly infinite
block matrix [25].
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In the remainder of this section, three criteria for the output regulation perfor-
mance of linear time-varying systems will be formulated in terms of the quantities

trBT
t X

(T )
t+1Bt and trCtY

(t0)
t CT

t . We assume that the family G is bounded and the
system (G,θ) is uniformly stable. Note that if x(0) = 0 and w = (w(0), w(1), . . . ),
we have

z(t) =

⎧⎨
⎩

D0w(0), t = 0;∑t−1
s=0 CtΦ(t, s + 1)Bsw(s) + Dtw(t), t > 0.

Define

(2.5) w
(t0)
k (t) =

{
ek, t = t0;

0, t �= t0,

for t0, t ≥ 0 and 1 ≤ k ≤ m, where ek is the kth standard basis vector in R
m (i.e.,

the kth column of I ∈ R
m×m). Then, with x(0) = 0 and w =

(
w

(t0)
k (0), w

(t0)
k (1), . . .

)
,

the system (G,θ) yields z =
(
z
(t0)
k (0), z

(t0)
k (1), . . .

)
, where

(2.6) z
(t0)
k (t) =

{
Dt0ek, t = t0;

CtΦ(t, t0 + 1)Bt0ek, t > t0.

The first performance criterion is based on this, and defined to be the square root of

sup
{t0,T : t0≤T}

m∑
k=1

T∑
t=t0

∥∥z(t0)
k (t)

∥∥2
= sup
{t0,T : t0≤T}

tr
(
BT

t0X
(T )
t0+1Bt0 + DT

t0Dt0

)
(2.7)

= sup
t0≥0

tr
(
BT

t0X
(∞)
t0+1Bt0 + DT

t0Dt0

)
,

where the second equality is due to part (a) of Lemma 2.3; the limit

X
(∞)
t0+1 = lim

T→∞
X

(T )
t0+1

is well-defined for all t0 ≥ 0 (as long as G is bounded and (G,θ) is uniformly stable).
We shall call the square root of the quantity in (2.7) the peak impulse response level of
the system (G,θ). This is a time-varying extension of the deterministic interpretation
of the H2 norm of linear time-invariant systems, which is defined to be the square
root of the sum of the output energies over impulsive inputs.

The second performance criterion extends the stochastic interpretation of the H2-
norm as the square root of the output variance under zero-mean white Gaussian dis-
turbance. Define

(
w(t0)(0), w(t0)(1), . . .

)
to be an independent identically distributed

random sequence such that each w(t0)(t) is Gaussian distributed with

(2.8) E
[
w(t0)(t)

]
= 0; E

[
w(t0)(t)w(t0)(t)T

]
=

{
0, t < t0;

I, t ≥ t0,

for t0, t ≥ 0, where E[·] denotes the expectation over the probability distribution of(
w(t0)(0), w(t0)(1), . . .

)
. Then, with x(0) = 0 and w =

(
w(t0)(0), w(t0)(1), . . .

)
, the
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system (G,θ) yields z =
(
z(t0)(0), z(t0)(1), . . .

)
, where

(2.9)

E
∥∥z(t0)(t)

∥∥2
=

⎧⎨
⎩

E
∥∥Dt0w

(t0)(t0)
∥∥2

, t = t0;∑t−1
s=t0

E
∥∥CtΦ(t, s + 1)Bsw

(t0)(s)
∥∥2

+ E
∥∥Dtw

(t0)(t)
∥∥2

, t > t0.

From this, we have that

sup
{t0,t : t0≤t}

E
∥∥z(t0)(t)

∥∥2
= sup
{t0,t : t0≤t}

tr
(
CtY

(t0)
t CT

t + DtD
T
t

)
(2.10)

= sup
t≥0

tr
(
CtY

(0)
t CT

t + DtD
T
t

)
,

where the second equality follows from part (a) of Lemma 2.3. The quantity in (2.10)
shall be called the peak output variance level of the system (G,θ).

The third performance criterion draws on the interpretation of the H2 norm
as the square root of the average output variance per unit time. This stochastic
interpretation coincides with the deterministic interpretation of the H2 norm as the
square root of the sum of the average output energies over impulsive inputs. For
time-varying systems, we have the following.

Proposition 2.4. Let G and θ be as in (2.1); let G be bounded. If the system

(G,θ) is uniformly exponentially stable, and if z
(t0)
k (t) and z(0)(t) are as in (2.6) and

(2.9), respectively, then

(2.11) lim sup
T→∞

1

T + 1

T∑
t0=0

m∑
k=1

T∑
t=t0

∥∥z(t0)
k (t)

∥∥2

= lim sup
T→∞

1

T + 1

T∑
t0=0

tr
(
BT

t0X
(∞)
t0+1Bt0 + DT

t0Dt0

)

= lim sup
T→∞

1

T + 1

T∑
t=0

tr
(
CtY

(0)
t CT

t + DtD
T
t

)

= lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(0)(t)

∥∥2
.

Proof. Because of (2.7), (2.10), and part (b) of Lemma 2.3, it suffices to show
that

(2.12) lim sup
T→∞

1

T + 1

T∑
t0=0

trBT
t0X

(∞)
t0+1Bt0 = lim sup

T→∞

1

T + 1

T∑
t0=0

trBT
t0X

(T )
t0+1Bt0 .

Since G is bounded and (G,θ) is uniformly stable, there exist c̃ ≥ 1 and λ̃ ∈ (0, 1)
such that

trBT
t0Φ(s, t0 + 1)TCT

s CsΦ(s, t0 + 1)Bt0 ≤ c̃λ̃s−t0−1,
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so

lim sup
T→∞

1

T + 1

T∑
t0=0

trBT
t0

(
X

(∞)
t0+1 − X

(T )
t0+1

)
Bt0

= lim sup
T→∞

1

T + 1

T∑
t0=0

∞∑
s=T+1

trBT
t0Φ(s, t0 + 1)TCT

s CsΦ(s, t0 + 1)Bt0

≤ lim
T→∞

1

T + 1

c̃(1 − λ̃T+1)

(1 − λ̃)2
= 0.

This leads to equality (2.12), and hence completes the proof.
The quantity in (2.11) shall be called the average output variance level of the

system (G,θ). In general, the three performance measures given by (2.7), (2.10), and
(2.11) are all different for time-varying systems—see Example 1 below. However, as
is well known, they are all equal in the case of time-invariant systems.

Example 1. Let n = m = l = 1. If a linear periodic system is defined by

At = 1/
√

2; Bt = 1; Ct =

{
1 if t is even;

0 if t is odd;
Dt = 0

for t ≥ 0, then

X
(∞)
t =

{
4/3 if t is even;

2/3 if t is odd;
Y

(0)
t =

2t − 1

2t−1

for t ≥ 0. The quantities in (2.7) and (2.10) are computed as

sup
t0≥0

trBT
t0X

(∞)
t0+1Bt0 = max{4/3, 2/3} = 4/3,

sup
t≥0

trCtY
(0)
t CT

t = sup
t≥0

(2t − 1)/2t−1 = 2,

and that in (2.11) as

lim sup
T→∞

1

T + 1

T∑
t0=0

trBT
t0X

(∞)
t0+1Bt0 = lim

T→∞

1

T + 1

{
T + 4/3 if T is even;

T + 1 if T is odd

= 1

or

lim sup
T→∞

1

T + 1

T∑
t=0

trCtY
(0)
t CT

t = lim
T→∞

1

T + 1

{
T − 2/3 + (2/3)(1/2)T if t is even;

T − 5/3 + (4/3)(1/2)T if t is odd

= 1.
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3. Analysis of switched linear systems. In this section, we extend the three
output regulation properties of time-varying systems to switched systems and derive
convex characterizations of the systems that are stable and meet desired performance
levels. Given a positive integer N , let

(3.1) G = {(A1,B1,C1,D1), . . . , (AN ,BN ,CN ,DN )},

with Ai ∈ R
n×n, Bi ∈ R

n×m, Ci ∈ R
l×n, Di ∈ R

l×m for i = 1, . . . , N . Let Ω be the
set of all infinite sequences in {1, . . . , N}, so that Ω = {1, . . . , N}∞. Each member
θ = (θ(0), θ(1), . . . ) of Ω is called a switching sequence, and θ(t) the mode at time
t. If Θ is a nonempty subset of Ω, then the pair (G,Θ) defines the switched linear
system, which is the collection of linear time-varying systems

x(t + 1) = Aθ(t)x(t) + Bθ(t)w(t),

z(t) = Cθ(t)x(t) + Dθ(t)w(t)
(3.2)

over all switching sequences θ ∈ Θ. When the set Θ is equal to the entire set Ω, the
pair (G,Ω) defines the discrete linear inclusion, which is the switched linear system
without switching path constraint; on the other hand, if Θ = {θ} is a singleton, then
the pair (G,Θ) is nothing but the linear time-varying system (G,θ) whose parameters
vary within the finite set G according to θ.

Let us first define the stability and performance criteria for switched linear sys-
tems. If x(0) = 0, w = (w(0), w(1), . . . ), and θ = (θ(0), θ(1), . . . ), then we have
z = (z(0), z(1), . . . ) with

z(t) =

⎧⎨
⎩

Dθ(0)w(0), t = 0;∑t−1
s=0 Cθ(t)Φθ(t, s + 1)Bθ(s)w(s) + Dθ(t)w(t), t > 0,

where

Φθ(t, t0) =

{
I, t = t0;

Aθ(t−1) · · ·Aθ(t0), t > t0.

In particular, as in the previous section, if w =
(
w

(t0)
k (0), w

(t0)
k (1), . . .

)
is an impulsive

input sequence where w
(t0)
k (t) are given by (2.5) for t0, t ≥ 0 and 1 ≤ k ≤ m, then write

z =
(
z
(t0)
k (0), z

(t0)
k (1), . . .

)
. On the other hand, if w =

(
w(t0)(0), w(t0)(1), . . .

)
is an

independent identically distributed random sequence such that w(t0)(t) are Gaussian
distributed with (2.8) for t0, t ≥ 0, then write z =

(
z(t0)(0), z(t0)(1), . . .

)
.

Definition 3.1. The system (G,Θ) is said to be uniformly (exponentially) stable
if there exist c ≥ 1 and λ ∈ (0, 1) such that, whenever w = 0,

‖x(t)‖ ≤ c λt−t0 ‖x(t0)‖

for all t0 ≥ 0, t ≥ t0, x(t0) ∈ R
n, and θ ∈ Θ.

Remark 2. By definition, uniformly stable switched linear systems are asymptot-
ically stable (i.e., ‖x(t)‖ → 0 as t → ∞ for each θ ∈ Θ). The reverse implication
also holds if Θ = Ω: every asymptotically stable discrete linear inclusion is in fact
uniformly stable. See, e.g., [34].
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Definition 3.2. Let γ > 0. The system (G,Θ) is said to satisfy uniform impulse
response level γ if there exists a γ̃ ∈ (0, γ) such that, whenever x(0) = 0,

m∑
k=1

t∑
s=t0

∥∥z(t0)
k (s)

∥∥2 ≤ γ̃2

for all t0 ≥ 0, t ≥ t0, and θ ∈ Θ.
Definition 3.3. Let γ > 0. The system (G,Θ) is said to satisfy uniform output

regulation level γ if there exists a γ̃ ∈ (0, γ) such that, whenever x(0) = 0,

(3.3) E
∥∥z(t0)(t)

∥∥2 ≤ γ̃2

for all t0 ≥ 0, t ≥ t0, and θ ∈ Θ, where E denotes the expectation with respect to
w =

(
w(t0)(0), w(t0)(1), . . .

)
.

Definition 3.4. Let γ > 0. The system (G,Θ) is said to satisfy uniform average
output regulation level γ if there exists a γ̃ ∈ (0, γ) such that, whenever x(0) = 0,

(3.4) lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(0)(t)

∥∥2 ≤ γ̃2

for all t ≥ 0 and θ ∈ Θ, where E denotes the expectation with respect to w =(
w(0)(0), w(0)(1), . . .

)
.

We adopt and extend the notation used in [33] as follows. To help state the
analysis results, introduce a dummy mode 0 and think of each θ ∈ Θ as a two-sided
sequence (. . . , θ(−1), θ(0), θ(1), . . . ) by putting θ(t) = 0 for t < 0. Given a nonnegative
integer L, each element of the set {0, . . . , N}L+1 shall be called a switching path of
length L, or simply an L-path. For θ ∈ Θ and t ≥ 0, let

θL(t) = (θ(t− L), . . . , θ(t)).

Each θ ∈ Θ generates an L-path switching sequence θL defined by

θL = (θL(0), θL(1), . . . ).

Denote the set of L-paths occurring in Θ by LL(Θ), so that

LL(Θ) = {θL(t) : θ ∈ Θ, t ≥ 0}.

If (i0, . . . , iL) ∈ LL(Θ), then write

(i0, . . . , iL)− = (i0, . . . , iL−1), (i0, . . . , iL)+ = (i1, . . . , iL)

for L > 0, and write (i0, . . . , iL)− = (i0, . . . , iL)+ = 0 for L = 0. If L > 0, define
ML(Θ) to be the smallest subset of LL(Θ) such that the following hold: θL(t) ∈
ML(Θ) for all t ≥ L and for all θ ∈ Θ; and, for each j ∈ L0(Θ), there exists a
switching path

(
ij0, . . . , i

j
L−1

)
∈ {0, . . . , N}L such that

(3.5)
(
i
θ(0)
0 , . . . , i

θ(0)
L−1, θ(0)

)
,
(
i
θ(0)
1 , . . . , i

θ(0)
L−1, θ(0), θ(1)

)
, . . . ,

(
i
θ(0)
L−1, θ(0), . . . , θ(L− 1)

)
∈ ML(Θ)
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for all θ ∈ Θ. If L = 0, then let M0(Θ) = L0(Θ). Define

WL(Θ) = {θL : θ ∈ Θ, t ≥ L} = LL(Θ) ∩ {1, . . . , N}M+1.

Then, in general,

WL(Θ) ⊂ ML(Θ) ⊂ LL(Θ)

for all Θ and L. (While the set LL(Θ) contains all the L-paths that occur in Θ, the
set WL(Θ) contains only the L-paths that occur in Θ at or after time t = L. The
L-paths occurring in Θ before time L contain the dummy mode 0, and some of them
are redundant in determining the output regulation performance; the set ML(Θ) is
what remains after removing these redundant L-paths from LL(Θ).) Define

W−
L (Θ) = {i− : i ∈ WL(Θ)},

M−
L (Θ) = {i− : i ∈ ML(Θ)},

L−L (Θ) = {i− : i ∈ LL(Θ)}.

Example 2. Let N = 3. Suppose that Θ is the set of all θ ∈ Ω such that
θ(0) ∈ {1, 2}, θ(t + 1) = 2 whenever θ(t) ∈ {1, 3}, and θ(t + 1) ∈ {2, 3} whenever
θ(t) = 2. Then, writing i0 · · · iL for (i0, . . . , iL) to simplify notation, we have

L0(Θ) = M0(Θ) = W0(Θ) = {1, 2, 3}

for L = 0;

L1(Θ) = {01, 02, 12, 22, 23, 32},

M1(Θ) = {01, 12, 22, 23, 32},

W1(Θ) = {12, 22, 23, 32}

for L = 1; and

L2(Θ) = {001, 002, 012, 022, 023, 122, 123, 222, 223, 232, 322, 323},

M2(Θ) = {001, 012, 122, 123, 222, 223, 232, 322, 323},

W2(Θ) = {122, 123, 222, 223, 232, 322, 323}

for L = 2.
Theorem 3.5. Let G be as in (3.1); let Θ ⊂ Ω be nonempty. The system

(G,Θ) is uniformly exponentially stable and satisfies uniform impulse response level
γ > 0 if and only if there exist a nonnegative integer M and an indexed family
{Xj : j ∈ W−

M (Θ)} of symmetric positive definite matrices Xj ∈ R
n×n such that

AT
i0X(i0,...,iM )+Ai0 − X(i0,...,iM )− < −CT

i0Ci0 ,(3.6a)

tr
(
BT

i0X(i0,...,iM )+Bi0 + DT
i0Di0

)
< γ2(3.6b)

for all M -paths (i0, . . . , iM ) ∈ WM (Θ).
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Theorem 3.6. Let G be as in (3.1); let Θ ⊂ Ω be nonempty. The system
(G,Θ) is uniformly exponentially stable and satisfies uniform output regulation level
γ > 0 if and only if there exist a nonnegative integer M and an indexed family
{Yj : j ∈ M−

M (Θ)} of symmetric positive definite matrices Yj ∈ R
n×n such that

AiMY(i0,...,iM )−AT
iM − Y(i0,...,iM )+ < −BiMBT

iM ,(3.7a)

tr
(
CiMY(i0,...,iM )−CT

iM + DiMDT
iM

)
< γ2(3.7b)

for all M -paths (i0, . . . , iM ) ∈ MM (Θ).
Proof of Theorems 3.5 and 3.6. We will first present a complete proof of Theo-

rem 3.6; the proof of Theorem 3.5 will be sketched only briefly. To show the necessity
part of Theorem 3.6, suppose that (G,Θ) is uniformly exponentially stable and that
there exists a γ̃ ∈ (0, γ) such that (3.3) holds. For ε > 0, consider the augmented
disturbance signal w̃(t) = [w(t)T v(t)T]T with v(t) ∈ R

n, t ≥ 0, and the perturbed

system (G(ε),Θ), where

G(ε) =
{(

A1,B
(ε)
1 ,C1,D

(ε)
1

)
, . . . ,

(
AN ,B

(ε)
N ,CN ,D

(ε)
N

)}
,(3.8a)

B
(ε)
i = [Bi

√
εI] ∈ R

n×(m+n), D
(ε)
i = [Di 0] ∈ R

l×(m+n).(3.8b)

If Y
(ε,t0)
θ,t , t ≥ t0 ≥ 0, are such that

Aθ(t)Y
(ε,t0)
θ,t AT

θ(t) − Y
(ε,t0)
θ,t+1 = −B

(ε)
θ(t)B

(ε)
θ(t)

T

for θ ∈ Θ and t ≥ t0, with Y
(ε,t0)
θ,t0

= 0, then

Y
(ε,t0)
θ,t+1 =

t∑
s=t0

Φθ(t + 1, s + 1)
(
Bθ(s)B

T
θ(s) + εI

)
Φθ(t + 1, s + 1)T.

Hence there exists a sufficiently small ε, and a corresponding η ∈ (0, γ) such that

Aθ(t)Y
(ε,0)
θ,t AT

θ(t) − Y
(ε,0)
θ,t+1 = −B

(ε)
θ(t)B

(ε)
θ(t)

T,

tr
(
Cθ(t)Y

(ε,0)
θ,t CT

θ(t) + D
(ε)
θ(t)D

(ε)
θ(t)

T
)
≤ η2

for all θ ∈ Θ and t ≥ 0. Choose a small Y > 0 such that AiYAT
i < εI and

tr(CiYCT
i ) < γ2 − η2 for all i = 1, . . . , N , and put

Y
(t0)
θ,t =

{
Y, t = t0;

Y
(ε,t0)
θ,t , t > t0.

Then we have that there are ε̃ > 0 and η̃ ∈ (0, γ) such that

Aθ(t)Y
(0)
θ,tA

T
θ(t) − Y

(0)
θ,t+1 ≤ −Bθ(t)B

T
θ(t) − ε̃I,

tr
(
Cθ(t)Y

(0)
θ,tC

T
θ(t) + Dθ(t)D

T
θ(t)

)
≤ η̃2
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for all θ ∈ Θ and t ≥ 0. Since (G(ε),Θ) is uniformly stable, there exist c̃ ≥ 1 and
λ̃ ∈ (0, 1), independent of θ, such that

Φθ(t + 1, t−M + 1)
(
Bθ(t−M)B

T
θ(t−M) + εI

)
Φθ(t + 1, t−M + 1)T ≤ c̃λ̃MI

for θ ∈ Θ and t ≥ M ≥ 0. Choose an M > 0 such that

c̃λ̃M < ε.

Then

Aθ(t)Y
(t−M)
θ,t AT

θ(t) − Y
(t−M+1)
θ,t+1 ≤ c̃λ̃M − Bθ(t)B

T
θ(t) − εI < −Bθ(t)B

T
θ(t)

for t ≥ M . Now, since

Aθ(t)Y
(0)
θ,tA

T
θ(t) − Y

(0)
θ,t+1 < −Bθ(t)B

T
θ(t),

putting

Y(θ(t−M),...,θ(t−1)) =

{
Y

(0)
θ,t , t < M ;

Y
(t−M)
θ,t , t ≥ M,

leads to (3.7a) for all (i0, . . . , iM ) ∈ LM (Θ), where MM (Θ) ⊂ LM (Θ). Also, it
is immediate from part (a) of Lemma 2.3 that (3.7b) holds for all (i0, . . . , iM ) ∈
MM (Θ).

To show the sufficiency part of Theorem 3.6, suppose that (3.7) holds for some
integer M ≥ 0 and for all (i0, . . . , iM ) ∈ MM (Θ). Assume M > 0 without loss of gen-
erality. By the definition of MM (Θ), one can choose

(
ij0, . . . , i

j
M−1

)
∈ {0, . . . , N}M ,

j ∈ {θ(0) : θ ∈ Θ}, such that (3.5), with L replaced by M , holds for all θ ∈ Θ. Put

Yt =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Y(
i
θ(0)
0 ,...,i

θ(0)
M−1

), t = 0;

Y(
i
θ(0)
t ,...,i

θ(0)
M−1,θ(0),...,θ(t−1)

), 0 < t < M ;

Y(θ(t−M),...,θ(t−1)), t ≥ M.

Then, since MM (Θ) is finite, one can choose ε, δ > 0 such that

εI ≤ Yt ≤ δI; Aθ(t)YtA
T
θ(t) − Yt+1 ≤ −εI

for all θ ∈ Θ and for all t ≥ 0. Then the system (G,Θ) is uniformly stable due to
Lemma 2.2. On the other hand, due to part (c) of Lemma 2.3, we have that

tr
(
Cθ(t)Y

(0)
θ,tC

T
θ(t)

)
≤ tr

(
Cθ(t)YtC

T
θ(t)

)
for all θ ∈ Θ. Hence there exists a γ̃ ∈ (0, γ) such that (3.3) holds. This concludes
the proof of Theorem 3.6.

The proof of Theorem 3.5 is analogous to that of Theorem 3.6. In particular, to
show sufficiency involves the solution

X
(ε,T )
θ,t =

T∑
s=t

Φθ(s, t)T
(
CT

θ(s)Cθ(s) + εI
)
Φθ(s, t)
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to

AT
θ(t)X

(ε,T )
θ,t+1Aθ(t) − X

(ε,T )
θ,t = −CT

θ(t)Cθ(t) − εI

for θ ∈ Θ and t ≤ T , with X
(ε,T )
θ,T+1 = 0; for some ε > 0 and some nonnegative integer

M , we may put

X(θ(t),...,θ(t+M))+ = X
(ε,t+M)
θ,t+1

for all θ ∈ Θ and t ≥ 0.
To characterize the output regulation performance in terms of the average output

variance level, we will consider a special but still quite general case where Θ is defined
by the directed graph of a matrix Q with possible starting nodes given by a row vector
q. Let Q = (qij) ∈ R

N×N be a componentwise nonnegative matrix where each row

has at least one positive component; that is, qij ≥ 0 for all i and j, and
∑N

j=1 qij > 0

for all i. Similarly, let q = (qi) ∈ R
1×N be a componentwise nonnegative row vector

with at least one positive component; that is,
∑N

i=1 qi > 0. Then the pair (Q, q) shall
be called row-allowable. Define

Θ(Q, q) = {θ ∈ Ω : qθ(0) > 0 and qθ(t)θ(t+1) > 0 for t ≥ 0},

where qθ(0) = qi if θ(0) = i and qθ(t)θ(t+1) = qij if (θ(t), θ(t + 1)) = (i, j), and write

WL(Q, q) = WL(Θ(Q, q)), W−
L (Q, q) = W−

L (Θ(Q, q));

ML(Q, q) = ML(Θ(Q, q)), M−
L (Q, q) = M−

L (Θ(Q, q));

LL(Q, q) = LL(Θ(Q, q)), L−L (Q, q) = L−L (Θ(Q, q))

for nonnegative integers L.
We need a few definitions adopted from [35]: given a nonnegative integer L and

a row-allowable pair (Q, q), a set N ⊂ WL(Q, q) is said to be a (Q, q)-admissible set
of L-paths if, for each (i0, . . . , iL) ∈ N , there exist an integer K > L and a switching
path (iL+1, . . . , iK) such that (iK−L, . . . , iK) = (i0, . . . , iL) and (it, . . . , it+L) ∈ N
for 0 ≤ t ≤ K − L. Define NL(Q, q) to be the union of all (Q, q)-admissible sets of
L-paths, and write

N−L (Q, q) = {i− : i ∈ NL(Q, q)}.

If the only (Q, q)-admissible set Ñ of L-paths satisfying Ñ ⊂ N is N itself, then N
is said to be a (Q, q)-minimal set of L-paths. It is readily seen that N is a (Q, q)-
admissible set of L-paths if and only if it is a finite union of (Q, q)-minimal sets of
L-paths. Thus the set NL(Q, q) is obtained by taking the union of all (Q, q)-minimal
sets. Whenever N is a (Q, q)-admissible set of L-paths, there is a periodic switching
sequence θ ∈ Ω such that N = WL({θ}) and such that the period of θ is equal to
the cardinality of N ; in particular, if N is (Q, q)-minimal, then such a θ is unique
up to a time shift and shall be called a (Q, q)-minimal switching sequence associated
with N .

Example 3. Let N = 3. If

Q =

⎡
⎢⎣

0 1 0

0 1 1

0 1 0

⎤
⎥⎦ and q =

[
1 1 0

]
,
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then the set Θ(Q, q) is nothing but the set Θ considered in Example 2. We will
consider the cases of L = 0, 1, and 2. The (Q, q)-minimal sets of zero-paths are
{1}, {2}, and {3}, and the minimal switching sequences associated with them are
(1, 1, . . . ), (2, 2, . . . ), and (3, 3, . . . ), respectively. Note that these switching sequences
do not necessarily belong to Θ(Q, q). The (Q, q)-minimal sets of one-paths are {22}
and {23, 32}, and associated with them are the minimal switching sequences (2, 2, . . . )
and (2, 3, 2, 3, . . . ), respectively. Finally, in the case of L = 2, there are three (Q, q)-
minimal sets of two-paths, namely, {222}, {223, 232, 322}, and {232, 323}; the mini-
mal switching sequences associated with them are (2, 2, . . . ), (2, 2, 3, 2, 2, 3, . . . ), and
(2, 3, 2, 3, . . . ), respectively. We have that

N 0(Q, q) = {1, 2, 3},

N 1(Q, q) = {22, 23, 32},

N 2(Q, q) = {222, 223, 232, 322, 323}.

Theorem 3.7. Let G be as in (3.1); let (Q, q) be a row-allowable pair. The system
(G,Θ(Q, q)) is uniformly exponentially stable and satisfies uniform average output
regulation level γ > 0 if and only if there exist a nonnegative integer M and an indexed
family {Yj : j ∈ M−

M (Q, q)} of symmetric positive definite matrices Yj ∈ R
n×n such

that

(3.9a) AiMY(i0,...,iM )−AT
iM − Y(i0,...,iM )+ < −BiMBT

iM

for all M -paths (i0, . . . , iM ) ∈ MM (Q, q), and

(3.9b)
1

NN

∑
(k0,...,kM )∈N

tr
(
CkM

Y(k0,...,kM )−CT
kM

+ DkM
DT

kM

)
< γ2

for all (Q, q)-minimal sets N of M -paths, where NN is the cardinality of N .
Proof. To show necessity, suppose that (G,Θ(Q, q)) is uniformly stable and that

there exists a γ̃ ∈ (0, γ) such that (3.4) holds. For ε > 0, consider the perturbed system

(G(ε),Θ(Q, q)), where G(ε) is as in (3.8). Write the output that (G(ε),Θ(Q, q)) gen-
erates under x(0) = 0 and w = (w(0)(0), w(0)(1), . . . ) as z = (z(ε,0)(0), z(ε,0)(1), . . . ),

and let Y
(ε,0)
θ,t ≥ 0 be the solution to

Aθ(t)Y
(ε,0)
θ,t AT

θ(t) − Y
(ε,0)
θ,t+1 = −B

(ε)
θ(t)B

(ε)
θ(t)

T

for θ ∈ Θ(Q, q) and t ≥ 0, with the initial condition Y
(ε,0)
θ,0 = 0, so that

lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(ε,0)(t)

∥∥2
= lim sup

T→∞

1

T + 1

T∑
t=0

tr
(
Cθ(t)Y

(ε,0)
θ,t CT

θ(t)+D
(ε)
θ(t)D

(ε)
θ(t)

T
)
.

Then it follows from the proof of the necessity part of Theorem 3.6 that, for a suf-
ficiently small ε > 0, there are a nonnegative integer M and an indexed family of
matrices Yj > 0, j ∈ L−M (Θ), such that

AiMY(i0,...,iM )−AT
iM − Y(i0,...,iM )+ < −BiMBT

iM
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for (i0, . . . , iM ) ∈ LM (Q, q), and such that

(3.10) lim sup
T→∞

1

T + 1

T∑
t=0

tr
(
Cθ(t)Y(θ(t−M),...,θ(t))−CT

θ(t) + Dθ(t)D
T
θ(t)

)
< γ2

for all θ ∈ Θ(Q, q). Since MM (Q, q) ⊂ LM (Q, q), we have that (3.9a) holds for
(i0, . . . , iM ) ∈ MM (Q, q). Choose any (Q, q)-minimal set N of M -paths and a
(Q, q)-minimal switching sequence θ associated with N . If τ0 is any integer satisfying
τ0NN ≥ M , where NN is the cardinality of N , then

(3.11)

(τ0+1)NN−1∑
t=τ0NN

tr
(
Cθ(t)Y(θ(t−M),...,θ(t))−CT

θ(t) + Dθ(t)D
T
θ(t)

)

=
∑

(k0,...,kM )∈N
tr
(
CkM

Y(k0,...,kM )−CT
kM

+ DkM
DT

kM

)
.

Since the left-hand side of the established inequality (3.10) is equal to

lim
τ→∞

1

(τ − τ0)NN

τNN−1∑
t=τ0NN

tr
(
Cθ(t)Y(θ(t−M),...,θ(t))−CT

θ(t) + Dθ(t)D
T
θ(t)

)

for the chosen θ, equality (3.11) implies that (3.9b) holds.
Conversely, to show sufficiency, suppose that (3.9) holds for some integer M ≥ 0,

for all (i0, . . . , iM ) ∈ MM (Q, q), and for all (Q, q)-minimal sets N of M -paths.
Then, due to the proof of the sufficiency part of Theorem 3.6, we have that the
system (G,Θ(Q, q)) is uniformly stable. Choose any θ ∈ Θ(Q, q). Then, since the
set LM (Q, q) is finite, there exists an M -path (i0, . . . , iM ) ∈ {1, . . . , N}M+1 that
occurs infinitely many times in θ. Let (t1, t2, . . . ) be a sequence of time instants with
t1 ≥ M such that (θ(tj −M), . . . , θ(tj)) = (i0, . . . , iM ) for j = 1, 2, . . . . Then the set
of M -paths

(3.12) (θ(tj −M), . . . , θ(tj)), (θ(tj −M + 1), . . . , θ(tj + 1)), . . . ,

(θ(tj+1 −M − 1), . . . , θ(tj+1 − 1))

is (Q, q)-admissible for each j. We will show that there exists a γ̃ ∈ (0, γ) such that

(3.13)
1

tr+1 − t1

tr+1−1∑
t=t1

tr
(
Cθ(t)Y(θ(t−M),...,θ(t))−CT

θ(t) + Dθ(t)D
T
θ(t)

)
≤ γ̃2

for all r = 1, 2, . . . , so that part (c) of Lemma 2.3 establishes immediately that
(G,Θ(Q, q)) satisfies uniform average output variance level γ. Let N 1, . . . ,N k be all
the distinct (Q, q)-minimal sets of M -paths, and denote the cardinality of N i by Ni.
Define

ci =
∑

(k0,...,kM )∈N i

tr
(
CkM

Y(k0,...,kM )−CT
kM

+ DkM
DT

kM

)

for i = 1, . . . , k. For each j there are nonnegative integers τ1(j), . . . , τk(j) such that
the set of M -paths in (3.12), counting multiplicity, is the union of exactly τi(j) N i’s
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over all i, so that

tj+1 − tj =

k∑
i=1

τi(j)Ni;

otherwise, the condition (θ(tj − M), . . . , θ(tj)) = (θ(tj+1 − M), . . . , θ(tj+1)), which
implies that the set of M -paths in (3.12) is (Q, q)-admissible, would not hold. Thus
the left-hand side of the desired inequality (3.13) is precisely equal to

1∑k
i=1

∑r
j=1 τi(j)Ni

k∑
i=1

r∑
j=1

τi(j)ci

for all r = 1, 2, . . . . Here, since (3.9b) holds for all (Q, q)-minimal sets N of M -paths,
there exists a γ̃ ∈ (0, γ) such that ci/Ni ≤ γ̃2 for all i. This shows that, indeed,
inequality (3.13) holds for all r.

Remark 3. The semidefinite program that minimizes γ2 over all path lengths M
subject to the linear matrix inequalities (3.6), (3.7), or (3.9) gives the best performance
level that the system satisfies. A potential difficulty is that the computational burden
grows exponentially in M in the worst case. However, the required path length M
that achieves the minimum value of γ up to a reasonable tolerance level is often small.
See Examples 5 and 6; see also the remarks and examples in [34, 33].

Example 4. Let (Q, q), and hence Θ(Q, q), be as in Example 3. The condition
that (3.9b) holds for all (Q, q)-minimal sets N of M -paths, where M = 0 for instance,
reads that

tr
(
CiY0C

T
i + DiD

T
i

)
< γ2

for all i = 1, 2, 3 and for a single Y0 > 0. If M = 1, then the condition reads that

tr
(
C2Y2C

T
2 + D2D

T
2

)
< γ2,

tr
(
C3Y2C

T
3 + D3D

T
3 + C2Y3C

T
2 + D2D

T
2

)
< 2γ2

for some Y2, Y3 > 0. Finally, if M = 2, then the condition becomes that

tr
(
C2Y(2,2)C

T
2 + D2D

T
2

)
< γ2,

tr
(
C3Y(2,2)C

T
3 + D3D

T
3 + C2Y(2,3)C

T
2 + D2D

T
2 + C2Y(3,2)C

T
2 + D2D

T
2

)
< 3γ2,

tr
(
C2Y(2,3)C

T
2 + D2D

T
2 + C3Y(3,2)C

T
3 + D3D

T
3

)
< 2γ2

for some Y(2,2), Y(2,3), Y(3,2) > 0.

4. Control of switched linear systems. In this section, we will give an ex-
act synthesis condition for controlling the average output variance level. Then we
will remark only briefly on the controller synthesis for minimizing the peak impulse
response and peak output variance. Consider the set

(4.1) T = {(Ai,B1,i,B2,i,C1,i,C2,i,D11,i,D12,i,D21,i) : i = 1, . . . , N}

with Ai ∈ R
n×n, B1,i ∈ R

n×m1 , B2,i ∈ R
n×m2 , C1,i ∈ R

l1×n, C2,i ∈ R
l2×n,

D11,i ∈ R
l1×m1 , D12,i ∈ R

l1×m2 , D21,i ∈ R
l2×m1 for i = 1, . . . , N . If (Q, q) is a
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row-allowable pair, then the pair (T ,Θ(Q, q)) defines the controlled switched linear
system represented by

x(t + 1) = Aθ(t)x(t) + B1,θ(t)w(t) + B2,θ(t)u(t),

z(t) = C1,θ(t)x(t) + D11,θ(t)w(t) + D12,θ(t)u(t),

y(t) = C2,θ(t)x(t) + D21,θ(t)w(t).

(4.2)

Given the initial state x(0), disturbance sequence w = (w(0), w(1), . . . ), control se-
quence u = (u(0), u(1), . . . ), and switching sequence θ = (θ(0), θ(1), . . . ) ∈ Θ(Q, q),
this system of equations defines the evolution of the state x(t), controlled output z(t),
and measured output y(t) for t ≥ 0.

We make the standard assumption that the mode θ(t) is perfectly observed at each
time instant t. Also, as in [34, 33], we consider all controllers that have finite memory
of past modes and make perfect observation of the present mode. Fix a nonnegative
integer L. Let

ΘL(Q, q) = {θL : θ ∈ Θ(Q, q)}

be the set of L-path switching sequences generated by (Q, q); let

K = {(AK,i,BK,i,CK,i,DK,i) : i ∈ LL(Q, q)}

with AK,i ∈ R
nK×nK , BK,i ∈ R

nK×l2 , CK,i ∈ R
m2×nK , DK,i ∈ R

m2×l2 for i ∈
LL(Q, q). Then the pair (K,ΘL(Q, q)) defines the L-path-dependent (linear feedback)
controller (of order nK), which determines the control sequence u according to

xK(t + 1) = AK,θL(t)xK(t) + BK,θL(t)y(t),

u(t) = CK,θL(t)xK(t) + DK,θL(t)y(t)
(4.3)

given the initial controller state xK(0) and L-path switching sequence θL ∈ ΘL(Q, q).
Controllers that are L-path dependent for some nonnegative integer L shall be said to
be finite-path dependent ; zero-path-dependent controllers are called mode dependent.
The dependence of these controllers on the past measurements y(0), . . . , y(t) at each
time instant t is encoded in the partition

Ki =

[
AK,i BK,i

CK,i DK,i

]
∈ R

(nK+m2)×(nK+l2)

for i ∈ LL(Q, q).
For our purpose, the set K can be replaced by the smaller set

K̃ = {(AK,i,BK,i,CK,i,DK,i) : i ∈ ML(Q, q)},

and the pair (K̃,ΘL(Q, q)) shall also be called an L-path-dependent controller. The

reason is that one can always recover K from K̃; this point will become clear later in
this section.

Given a finite-path-dependent controller (K,ΘL(Q, q)), where L is the path
length, let

Ãi = ÂiL + B̂2,iLKiĈ2,iL , B̃i = B̂1,iL + B̂2,iLKiD̂21,iL ,

C̃i = Ĉ1,iL + D̂12,iLKiĈ2,iL , D̃i = D11,iL + D̂12,iLKiD̂21,iL
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for i = (i0, . . . , iL) ∈ LL(Q, q), with

Âi =

[
Ai 0

0 0

]
∈ R

(n+nK)×(n+nK),

B̂1,i =

[
B1,i

0

]
∈ R

(n+nK)×m1 , B̂2,i =

[
0 B2,i

I 0

]
∈ R

(n+nK)×(nK+m2),

Ĉ1,i =
[
C1,i 0

]
∈ R

l1×(n+nK), Ĉ2,i =

[
0 I

C2,i 0

]
∈ R

(nK+l2)×(n+nK),

D̂12,i =
[
0 D12,i

]
∈ R

l1×(nK+m2), D̂21,i =

[
0

D21,i

]
∈ R

(nK+l2)×m1

for i ∈ {1, . . . , N}. Let

T K =
{(

Ãi, B̃i, C̃i, D̃i

)
: i ∈ LL(Q, q)

}
.

If we define the closed-loop state by

x̃(t) =
[
x(t)T xK(t)T

]T ∈ R
n+nK ,

then the closed-loop system (T K,ΘL(Q, q)) has the representation

x̃(t + 1) = ÃθL(t)x̃(t) + B̃θL(t)w(t),

z(t) = C̃θL(t)x̃(t) + D̃θL(t)w(t)
(4.4)

for each L-path switching sequence θL ∈ ΘL(Q, q).
If NL is the cardinality of LL(Q, q), then there exists a one-to-one correspondence

f : LL(Q, q) → {1, . . . , NL}. Label each element of LL(Q, q) with its image under
such an f . Then each L-path switching sequence θL = (θL(0), θL(1), . . . ) ∈ ΘL(Q, q)
is mapped to, and hence can be considered to be, a closed-loop switching sequence
belonging to the set of infinite sequences in {1, . . . , NL}. On the other hand, if we set
θL(t) = 0 for t < 0, then there is a one-to-one correspondence g that maps the closed-
loop switching path (θL(t−M), . . . , θL(t)) to the switching path (θ(t−L−M), . . . , θ(t))
of length L + M for each triple (t, L,M) of nonnegative integers. In summary, we
have the following identities for all integers L > 0 and M ≥ 0:

(4.5) MM (ΘL(Q, q)) = LM (ΘL(Q, q)) = LM+L(Q, q).

Here, the first identity is due to the mapping f , and the second identity due to g.
Hence, even if L > 0, the closed-loop system (T K,ΘL(Q, q)) is a switched linear
system, where the closed-loop modes are the L-paths in LL(Q, q), and the closed-loop
M -paths are the (M + L)-paths in LM+L(Q, q) for each nonnegative integer M .

Definition 4.1. Let γ > 0. The controller (K,ΘL(Q, q)) is said to be a γ-
admissible (L-path-dependent) synthesis (of order nK) for the system (T ,Θ(Q, q)) if
the closed-loop system (T K,ΘL(Q, q)) is uniformly exponentially stable and satisfies
uniform average output regulation level γ.
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If (K,ΘL(Q, q)) is an γ-admissible synthesis for (T ,Θ(Q, q)), then it follows
from Theorem 3.7 and identity (4.5) that there exist a nonnegative integer M ≥ L
and matrices Yj > 0 such that

Ã(iM−L,...,iM )Y(i0,...,iM )−ÃT
(iM−L,...,iM )−Y(i0,...,iM )+ < −B̃(iM−L,...,iM )B̃

T
(iM−L,...,iM )

for all (i0, . . . , iM ) ∈ MM (Q, q), and

1

NN

∑
(k0,...,kM )∈N

tr
(
C̃(kM−L,...,kM )Y(k0,...,kM )−C̃T

(kM−L,...,kM )

+ D̃(kM−L,...,kM )D̃
T
(kM−L,...,kM )

)
< γ2

for all (Q, q)-minimal sets N of M -paths, where NN is the cardinality of N . A Schur
complement argument gives that this condition is equivalent to the requirement that⎡

⎢⎢⎣
−Y−1

(i0,...,iM )−
ÃT

(iM−L,...,iM ) 0

Ã(iM−L,...,iM ) −Y(i0,...,iM )+ B̃(iM−L,...,iM )

0 B̃T
(iM−L,...,iM ) −I

⎤
⎥⎥⎦ < 0,(4.6a)

⎡
⎢⎢⎣
−Y−1

(j0,...,jM )−
C̃T

(jM−L,...,jM ) 0

C̃(jM−L,...,jM ) −Z(j0,...,jM ) D̃(jM−L,...,jM )

0 D̃T
(jM−L,...,jM ) −I

⎤
⎥⎥⎦ < 0,(4.6b)

and
∑

(k0,...,kM )∈N trZ(k0,...,kM ) < γ2NN for all (i0, . . . , iM ) ∈ MM (Q, q), for all

(j0, . . . , jM ) ∈ NM (Q, q), and for all (Q, q)-minimal sets N of M -paths. Partition
Y−1

j and Yj , j ∈ M−
M (Q, q), as

Y−1
j =

[
Sj Uj

UT
j ∗

]
, Yj =

[
Rj Tj

TT
j ∗

]
,

where Sj , Rj ∈ R
n×n and Uj , Tj ∈ R

n×nK . Adopting the change of variable
technique in [43], define

(4.7)

[
W11,i W12,i

W21,i W22,i

]
=

[
Si+AiMRi− 0

0 0

]
+

[
Ui+ Si+B2,iM

0 I

]

×
[
AK,(iM−L,...,iM ) BK,(iM−L,...,iM )

CK,(iM−L,...,iM ) DK,(iM−L,...,iM )

] [
TT

i−
0

C2,iMRi− I

]

for i = (i0, . . . , iM ) ∈ MM (Q, q). Let

MX,i+ =

[
I Si+

0 UT
i+

]
, MY,i− =

[
I Ri−

0 TT
i−

]

for all i ∈ MM (Q, q). If nK = n, and if Ui+ and Ti− are both invertible, then the
change of variable given by (4.7) together with the congruence transformation with



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

60 JI-WOONG LEE AND PRAMOD P. KHARGONEKAR

MY,i− ⊕MX,i+ ⊕ I and MY,i− ⊕ I⊕ I on inequalities (4.6a) and (4.6b), respectively,
leads to linear matrix inequalities, and we obtain the following result.

Theorem 4.2. Let T be as in (4.1); let (Q, q) be a row-allowable pair. Suppose
that nK ≥ n and γ > 0. There exists a γ-admissible finite-path-dependent synthesis of
order nK for the system (T ,Θ(Q, q)) if and only if there exist a nonnegative integer
M and indexed families {(Rj ,Sj) : j ∈ M−

M (Q, q)} and {(Zi,Wi) : i ∈ NM (Q, q)}
of symmetric matrices Rj ∈ R

n×n, Sj ∈ R
n×n, Zi ∈ R

l1×l1 and rectangular matrices
Wi ∈ R

(n+m2)×(n+l2) such that

(4.8a) Hi + FT
iMWiGiM + GT

iMWT
i FiM < 0

for all M -paths i = (i0, . . . , iM ) ∈ MM (Q, q),

(4.8b) Ĥi + F̂T
iMWiĜiM + ĜT

iMWT
i F̂iM < 0

for all M -paths i = (i0, . . . , iM ) ∈ NM (Q, q), and

(4.8c)
1

NN

∑
(k0,...,kM )∈N

trZ(k0,...,kM ) < γ2

for all (Q, q)-minimal sets N of M -paths, where NN is the cardinality of N , and

Hi =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Si− −I AT
iM

AT
iM

Si+ 0

−I −Ri− Ri−AT
iM

0 0

AiM AiMRi− −Ri+ −I B1,iM

Si+AiM 0 −I −Si+ Si+B1,iM

0 0 BT
1,iM

BT
1,iM

Si+ −I

⎤
⎥⎥⎥⎥⎥⎥⎦
,

FiM =

[
0 0 0 I 0

0 0 BT
2,iM

0 0

]
, GiM =

[
0 I 0 0 0

C2,iM 0 0 0 D21,iM

]
,

Ĥi =

⎡
⎢⎢⎢⎣
−Si− −I CT

1,iM
0

−I −Ri− Ri−CT
1,iM

0

C1,iM C1,iMRi− −Zi D11,iM

0 0 DT
11,iM

−I

⎤
⎥⎥⎥⎦ ,

F̂iM =

[
0 0 0 0

0 0 DT
12,iM

0

]
, ĜiM =

[
0 I 0 0

C2,iM 0 0 D21,iM

]

for all i = (i0, . . . , iM ) ∈ MM (Q, q). Moreover, if this condition is satisfied, then
given any nonsingular matrices Tj , Uj ∈ R

n×n such that

(4.9) TjU
T
j = I − RjSj

for all j ∈ M−
M (Q, q), and

Wi =

[
W11,i W12,i

W21,i W22,i

]
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with W11,i ∈ R
n×n, W12,i ∈ R

n×l2 , W21,i ∈ R
m2×n, and W22,i ∈ R

m2×l2 , a γ-
admissible M -path-dependent synthesis of order n is obtained by solving (4.7), with
nK = n and L = M , for matrices AK,i, BK,i, CK,i, DK,i, i ∈ MM (Q, q).

Proof. The proof is essentially the same as the change of variables argument in
[43, section IV-B] once we note that

MT
X,i+Yi+MX,i+ =

[
Ri+ I

I Si+

]
, MT

Y,i−Y−1
i−

MY,i− =

[
Si− I

I Ri−

]
,

MT
X,i+ÃiMY,i− =

[
AiM + B2,iMW22,iC2,iM AiMRi− + B2,iMW21,i

Si+AiM + W12,iC2,iM W11,i

]
,

MT
X,i+B̃i =

[
B1,iM + B2,iMW22,iD21,iM

Si+B1,iM + W12,iD21,iM

]
,

C̃iMY,i− =
[
C1,iM + D12,iMW22,iC2,iM C1,iMRi− + D12,iMW21,i

]
,

D̃i = D11,iM + D12,iMW22,iD21,iM .

Remark 4. Since stability and average output regulation performance do not
depend on the change in dynamics during any finite number of time instants, the set
MM (Q, q) in Theorem 4.2 can be replaced with NM (Q, q). However, using the bigger
set MM (Q, q) is convenient because it allows the control objective to be replaced or
mixed with other performance measures such as the uniform output variance level
(in Theorem 3.6) and the uniform disturbance attenuation level (considered in [33]),
where every single time instant matters.

Remark 5. Theorem 3.6 suggests that the synthesis condition for the uniform
output variance level control is similar to Theorem 4.2: let γ > 0, nK ≥ n, and
Θ ⊂ Ω be nonempty; there exists a finite-path-dependent controller for (T ,Θ) such
that the closed-loop system is uniformly exponentially stable and satisfies uniform
output regulation level γ if and only if there exist a nonnegative integer M and
indexed families {(Rj ,Sj) : j ∈ M−

M (Θ)} and {(Zi,Wi) : i ∈ NM (Θ)} of symmetric
matrices Rj , Sj , Zi and rectangular matrices Wi such that (4.8a) and trZi < γ2

hold for all M -paths i = (i0, . . . , iM ) ∈ MM (Θ), and (4.8b) holds for all M -paths
i = (i0, . . . , iM ) ∈ NM (Θ). On the other hand, a condition analogous to this would
lead to a synthesis condition for the uniform impulse response level control; however,
Theorem 3.5 suggests that if M > 0 in this case, the resulting controller would be
required to anticipate future modes as well as observe the present mode.

Suppose that we have obtained a set of controller matrices Ki, i ∈ ML(Q, q),
by applying Theorem 4.2. If L = 0, then it follows from M0(Q, q) = L0(Q, q)
that we have all the matrices Ki, i ∈ L0(Q, q), that define an admissible mode-
dependent controller synthesis. If L > 0, on the other hand, then choose switching
paths

(
ij0, . . . , i

j
L−1

)
∈ {0, . . . , N}L, j ∈ L0(Q, q), such that (3.5) holds for all θ ∈

Θ(Q, q), and put

KθL(t) = K(
i
θ(0)
t ,...,i

θ(0)
L−1,θ(0),...,θ(t)

)
whenever θL ∈ ΘL(Q, q), t < L, and θL(t) /∈ ML(Q, q); then we recover all matrices
Ki, i ∈ LL(Q, q), that define an admissible L-path-dependent controller synthesis.
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Example 5. Let T be with N = 3 and

A1 = 0.5, A2 = 1, A3 = 0.5;

B1,1 = B1,2 = B1,3 =
[
1 0

]
; B2,1 = 0, B2,2 = 1, B2,3 = 0;

C1,1 = C1,2 = C1,3 =

[
1

0

]
; C2,1 = C2,2 = C2,3 = 1;

D11,1 = D11,2 = D11,3 =

[
0 0

0 0

]
; D12,1 = D12,2 = D12,3 =

[
0

1

]
;

D21,1 =
[
1 0

]
, D21,2 =

[
0 1

]
, D21,3 =

[
0 1

]
.

Let

Q =

⎡
⎢⎣

1 1 0

1 0 0

0 0 1

⎤
⎥⎦ , q =

[
1 0 1

]
.

For nonnegative integers M , denote by γM the infimum of γ > 0 such that (4.8) holds
for all M -paths i = (i0, . . . , iM ) ∈ MM (Q, q) and for all (Q, q)-minimal sets N of
M -paths. Then we find by numerical computation that 1.4953 < γ0 < 1.4954 and
1.2395 < γM < 1.2396 for all M > 0. Thus the optimal achievable uniform average
output regulation level for the switched system (T ,Θ(Q, q)) is γ∗ = 1.2396 (up to
the fourth digit below the decimal point). In particular, if we choose M = 1, then

M1(Q, q) = {11, 12, 21, 33},

N 1(Q, q) = N (1)
1 ∪N (2)

1 ∪N (3)
1 = {11, 12, 21, 33},

where

N (1)
1 = {11}, N (2)

1 = {12, 21}, N (3)
1 = {33}

are the distinct (Q, q)-minimal sets of one-paths; solving (4.8) with M = 1 and γ = γ∗

yields

R1 = 1.3335, R2 = 1.3339, R3 = 1.4086;

S1 = 7.5795, S2 = 0.89526, S3 = 0.83913;

Z(1,1) =

[
1.4012 0

0 0.067705

]
, Z(1,2) =

[
1.3335 −0.70268

−0.70268 0.40576

]
,

Z(2,1) =

[
1.3339 0

0 0.000020022

]
, Z(3,3) =

[
1.4513 0

0 0.042656

]
;
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and

W(1,1) =

[
−0.0086375 −6.5753

0 0

]
, W(1,2) =

[
0.10530 −0.10426

−0.70268 −0.067303

]
,

W(2,1) =

[
−1.9995 −5.5798

0 0

]
, W(3,3) =

[
0.30236 −0.18147

0 0

]
.

Plugging Ui = (Si − R−1
i )1/2, Ti = −RiUi, and L = M into (4.7) leads to a γ∗-

admissible one-path-dependent synthesis of order one; the resulting controller matrices
are

K(1,1) =

[
−0.40691 −2.5160

0 0

]
, K(1,2) =

[
0.30141 −0.11534

0.17589 −0.067303

]
,

K(2,1) =

[
−0.29192 −2.1351

0 0

]
, K(3,3) =

[
0.18146 −0.50482

0 0

]
.

If we choose i10 = 1 and i30 = 3, then this controller is implemented as follows: at
t = 0, use K(1,1) if θ(0) = 1, and K(3,3) if θ(0) = 3; for t > 0, use K(θ(t−1),θ(t)).

If, for some reason, a two-path-dependent controller is desired, then the minimal
sets of two-paths are

N (1)
2 = {111}, N (2)

2 = {112, 121, 211}, N (3)
2 = {121, 212}, N (4)

2 = {333},

from which one can obtain controller matrices K(1,1,1), K(1,1,2), K(1,2,1), K(2,1,1),
K(2,1,2), and K(3,3,3) proceeding similarly to the case of M = 1. Choosing (i11, i

1
0) =

(1, 1) and (i31, i
3
0) = (3, 3) yields the following controller implementation: at t = 0, use

K(1,1,1) if θ(0) = 1, and K(3,3,3) if θ(0) = 3; at t = 1, use K(1,1,1) if (θ(0), θ(1)) = (1, 1),
K(1,1,2) if (θ(0), θ(1)) = (1, 2), and K(3,3,3) if (θ(0), θ(1)) = (3, 3); for t ≥ 2, use
K(θ(t−2),θ(t−1),θ(t)).

For the sake of completeness, we conclude this section by presenting a result for
the state feedback control under perfect observation of both the state and mode.

Theorem 4.3. Let T be as in (4.1) with C2,i = I and D21,i = 0 for all i; let
(Q, q) be a row-allowable pair. Suppose that γ > 0. There exists a γ-admissible finite-
path-dependent synthesis of order nK = 0 for the system (T ,Θ(Q, q)) if and only
if there exist a nonnegative integer M and indexed families {Yj : j ∈ M−

M (Q, q)}
and {(Zi,Wi) : i ∈ NM (Q, q)} of symmetric matrices Yj ∈ R

n×n, Zi ∈ R
l1×l1 and

rectangular matrices Wi ∈ R
m2×n such that[

−Yi− Yi−AT
iM

+ WT
i BT

2,iM

AiMYi− + B2,iMWi B1,iMBT
1,iM

− Yi+

]
< 0

for all M -paths i = (i0, . . . , iM ) ∈ MM (Q, q),[
−Yi− Yi−CT

1,iM
+ WT

i DT
12,iM

C1,iMYi− + D12,iMWi D11,iMDT
11,iM

− Zi

]
< 0

for all M -paths i = (i0, . . . , iM ) ∈ NM (Q, q), and

1

NN

∑
(k0,...,kM )∈N

trZ(k0,...,kM ) < γ2
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for all (Q, q)-minimal sets N of M -paths, where NN is the cardinality of N . More-
over, if this condition holds, then a γ-admissible M -path-dependent synthesis of order
zero has

DK,i = WiY
−1
i−

for all i ∈ MM (Q, q).
Proof. Once the inequalities in (4.6) are congruence transformed with Yi− ⊕I⊕I,

the result is immediate from the change of variable Wi = DK,iYi− and the Schur
complement formula.

5. Control of Markovian jump linear systems. In this section, we focus on
the case where the switching sequences are realizations of a finite-state homogeneous
Markov chain. If p = (pi) ∈ R

1×N is a row vector whose entries are nonnegative
and sum to one, and if P = (pij) ∈ R

N×N is a (row) stochastic matrix where each
row of P has nonnegative entries that sum to one, then the row-allowable pair (P, p)
defines the Markov chain with transition probability matrix P and initial distribution
p. Let G be as in (3.1). Then the triple (G,P, p) defines the discrete-time Markovian
jump linear system, which is the collection of the linear time-varying systems (3.2)
over all realizations θ = (θ(0), θ(1), . . . ) of the Markov chain (P, p). The state θ(t)
of the chain (P, p) at time t defines the mode of the system (G,P, p) at time t; the
distribution of the mode at time t is given by pPt. As in the previous section, let Ω
be the space of all infinite sequences in {1, . . . , N}. Let P be the unique consistent
probability measure [44] on Ω such that

P{ θ(t + 1) = j | θ(t) = i } = pij , P{ θ(0) = i } = pi

for all i, j, and t.
If x(0) = 0, and if w =

(
w(t0)(0), w(t0)(1), . . .

)
is an independent identically dis-

tributed random sequence independent of θ such that w(t0)(t) are Gaussian distributed
with (2.8) for t0, t ≥ 0, then write z =

(
z(t0)(0), z(t0)(1), . . .

)
.

Definition 5.1. The system (G,P, p) is said to be almost surely uniformly
(exponentially) stable if there exists a set Θ ⊂ Ω with P (Θ) = 1 such that the system
(G,Θ) is uniformly exponentially stable.

Remark 6. By definition, if a Markovian jump system is almost surely uniformly
stable, and if the transition probability matrix P is irreducible, then the system is
δ-moment stable (i.e., the expectation of ‖x(t)‖δ converges to zero for all x(0) and
for all p) for all δ > 0, and hence is mean square stable (i.e., 2-moment stable).
Moreover, mean square stable Markovian jump linear systems are almost surely (but
not necessarily uniformly) stable [29, 11]. Thus the notion of almost sure uniform
stability is conservative; in particular, a mean square stable system can have an
unstable mode i with pii > 0, but almost surely uniformly stable systems cannot—
see [11, 34] for more details. On the other hand, unlike the usual definitions for the
stability of Markovian jump systems, the almost sure uniform stability is defined here
with respect to the probability measure P , and hence to the given pair (P, p), not to
the family of (P, p) over all p; of course, this distinction becomes irrelevant if P is
irreducible.

Definition 5.2. Let γ > 0. The system (G,P, p) is said to satisfy almost sure
impulse response level γ if there exists a set Θ ⊂ Ω with P (Θ) = 1 such that the
system (G,Θ) satisfies uniform impulse response level γ.
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Definition 5.3. Let γ > 0. The system (G,P, p) is said to satisfy almost sure
output regulation level γ if there exists a set Θ ⊂ Ω with P (Θ) = 1 such that the
system (G,Θ) satisfies uniform output regulation level γ.

Definition 5.4. Let γ > 0. The system (G,P, p) is said to satisfy average
output regulation level γ if there exists a γ̃ ∈ (0, γ) such that, whenever x(0) = 0,

(5.1) lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(0)(t)

∥∥2 ≤ γ̃2,

where E denotes the expectation with respect to θ and w =
(
w(0)(0), w(0)(1), . . .

)
.

Theorem 5.5. Let G be as in (3.1); let (P, p) be a Markov chain. The sys-
tem (G,P, p) is almost surely uniformly exponentially stable and satisfies almost sure
impulse response level γ > 0 if and only if the system (G,Θ(P, p)) is uniformly expo-
nentially stable and satisfies uniform impulse response level γ.

Theorem 5.6. Let G be as in (3.1); let (P, p) be a Markov chain. The sys-
tem (G,P, p) is almost surely uniformly exponentially stable and satisfies almost sure
output regulation level γ > 0 if and only if the system (G,Θ(P, p)) is uniformly expo-
nentially stable and satisfies uniform output regulation level γ.

Proof of Theorems 5.5 and 5.6. The results are immediate from Theorems 3.5
and 3.6: necessity follows from the fact that Θ ⊂ Ω and P (Θ) = 1 implies ML(P, p) ⊂
ML(Θ), and sufficiency from P (Θ(P, p)) = 1.

Label the L-paths in LL(P, p) in dictionary order from 1 to NL, where NL is the
cardinality of LL(P, p). Define the matrix QL(P, p) = (qij) ∈ R

NL×NL as follows:
whenever (i0, . . . , iL) and (j0, . . . , jL) are L-paths labeled i and j, respectively, set
qij = piLjL if (i0, . . . , iL)+ = (j0, . . . , jL)−; otherwise, set qij = 0. Also, define the
row vector qL(P, p) = (qi) ∈ R

NL as follows: whenever (i0, . . . , iL) is an L-path
labeled i, set qi = piL if (i0, . . . , iL)− = (0, . . . , 0); otherwise, set qi = 0. Then the
pair (QL(P, p), qL(P, p)) defines the L-path Markov chain generated by (P, p). If
L = 0, then

(5.2a) Q0(P, p) = Q11, q0(P, p) = q

for some submatrix Q11 of P and some subvector q of p; if L > 0, then it is readily
seen that QL(P, p) is an (L+ 1)-by-(L+ 1) block matrix and qL(P, p) a 1-by-(L+ 1)
block row vector of the form
(5.2b)

QL(P, p) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 Q12 0 · · · 0

0 0 Q23 · · · 0

...
...

...
. . .

...

0 0 0 · · · QLL+1

0 0 0 · · · QL+1L+1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, qL(P, p) =

[
q 0 · · · 0 0

]
.

The matrices Qij and the vector q in general depend on L. The matrices Qij define
the transition probabilities from the L-paths that contain i nonzero modes to those
that contain j nonzero modes; in particular, QL+1L+1 is stochastic.

Lemma 5.7. Let (P, p) be a Markov chain. If we partition QL(P, p) and qL(P, p)
as in (5.2), then for each L ≥ 0 we have

lim
T→∞

1

T + 1

T∑
t=0

qL(P, p)QL(P, p)t =

⎧⎨
⎩
π0(P, p), L = 0;[
0 0 · · · 0 πL(P, p)

]
, L > 0,
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where

(5.3) πL(P, p) =

{
q limT→∞

1
T+1

∑T
t=0 Qt

11, L = 0;

qQ12 · · ·QLL+1 limT→∞
1

T+1

∑T
t=0 Qt

L+1L+1, L > 0.

Proof. Since QL(P, p) is a stochastic matrix, the Cesaro limit

(5.4) lim
T→∞

1

T + 1

T∑
t=0

QL(P, p)t

of the sequence (I,QL(P, p),QL(P, p)2, . . . ) always exists—see, e.g., [8, Theorem
8.2.2]. The Cesaro limit of the sequence (QL(P, p)t0 ,QL(P, p)t0+1, . . . ) is the same
as (5.4) for all t0 ≥ 0. Consider the case of t0 = L in particular: it follows from (5.2)
that, for all t ≥ 0,

qL(P, p)QL(P, p)t+L =

⎧⎨
⎩
qQt

11, L = 0;[
0 0 · · · 0 qQ12 · · ·QLL+1Q

t
L+1L+1

]
, L > 0.

Since QL+1L+1 is stochastic, the limit (5.3) exists, so the result follows.
Remark 7. If P is irreducible, then the stochastic matrix QL+1L+1 in (5.2) is

irreducible and the limit limT→∞
1

T+1

∑T
t=0 Qt

L+1L+1 has all rows equal to πL(P, p),
which defines the unique stationary distribution of QL+1L+1. Moreover, if P is ape-
riodic as well as irreducible (i.e., if P defines an ergodic chain), then πL(P, p) defines
the unique steady-state distribution and (5.4) can be replaced by the usual limit
limt→∞QL(P, p)t. See, e.g., [8, 32].

Theorem 5.8. Let G be as in (3.1); let (P, p) be a Markov chain. The system
(G,P, p) is almost surely uniformly exponentially stable and satisfies average output
regulation level γ > 0 if and only if there exist a nonnegative integer M and an indexed
family {Yj : j ∈ M−

M (P, p)} of symmetric positive definite matrices Yj ∈ R
n×n such

that

(5.5a) AiMY(i0,...,iM )−AT
iM − Y(i0,...,iM )+ < −BiMBT

iM

for all M -paths (i0, . . . , iM ) ∈ MM (P, p), and

(5.5b)
∑

(k0,...,kM )∈WM (P,p)

π(k0,...,kM ) tr
(
CkM

Y(k0,...,kM )−CT
kM

+ DkM
DT

kM

)
< γ2,

where πM (P, p) = (π(k0,...,kM )).
Proof. To show necessity, suppose that (G,P, p) is almost surely uniformly stable

and that there exists a γ̃ ∈ (0, γ) such that (5.1) holds. For ε > 0, consider the

perturbed system (G(ε),P, p), where G(ε) is as in (3.8). Choose a Θ ⊂ Ω such
that P (Θ) = 1 and such that the system (G,Θ) is uniformly stable. Write the

output that (G(ε),P, p) generates under x(0) = 0 and w = (w(0)(0), w(0)(1), . . . ) as

z = (z(ε,0)(0), z(ε,0)(1), . . . ), and let Y
(ε,0)
θ,t ≥ 0 be the solution to

Aθ(t)Y
(ε,0)
θ,t AT

θ(t) − Y
(ε,0)
θ,t+1 = −B

(ε)
θ(t)B

(ε)
θ(t)

T,
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with the initial condition Y
(ε,0)
θ,0 = 0, for θ ∈ Θ and t ≥ 0, so that

lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(ε,0)(t)

∥∥2

= lim sup
T→∞

1

T + 1

T∑
t=0

E tr
(
Cθ(t)Y

(ε,0)
θ,t CT

θ(t) + D
(ε)
θ(t)D

(ε)
θ(t)

T
)
.

Then it follows from the proof of the necessity part of Theorem 3.6 that, for a suf-
ficiently small ε > 0, there are a nonnegative integer M and an indexed family of
matrices Y(i0,...,iM )− > 0, (i0, . . . , iM ) ∈ LM (Θ), such that

AiMY(i0,...,iM )−AT
iM − Y(i0,...,iM )+ < −BiMBT

iM

for (i0, . . . , iM ) ∈ LM (Θ), and such that

(5.6) lim sup
T→∞

1

T + 1

T∑
t=0

E tr
(
Cθ(t)Y(θ(t−M),...,θ(t))−CT

θ(t) + Dθ(t)D
T
θ(t)

)
< γ2.

Since MM (P, p) ⊂ MM (Θ) ⊂ LM (Θ), we have that (5.5a) holds for (i0, . . . , iM ) ∈
MM (P, p). Label the M -paths in LM (P, p) in dictionary order from 1 to NM , where
NM is the cardinality of LM (P, p). Form a column vector c ∈ R

NM such that its ith
component is equal to tr

(
CkM

Y(k0,...,kM )−CkM
− DkM

DT
kM

)
whenever (k0, . . . , kM )

is the ith M -path in LM (P, p). Then we have that the left-hand side of inequality
(5.6) is equal to

lim
T→∞

1

T + 1

T∑
t=0

qL(P, p)QL(P, p)tc.

Now, by Lemma 5.7, we have that
(5.7)

lim sup
T→∞

1

T + 1

T∑
t=0

E
∥∥z(ε,0)(t)

∥∥2
=

∑
(k0,...,kM )∈WM (P,p)

π(k0,...,kM )c(k0,...,kM ) < γ2,

where c(k0,...,kM ) is the component of c associated with the M -path (k0, . . . , kM ).
Hence (5.5b) holds.

To show sufficiency, suppose that (5.5) holds for some integer M ≥ 0 and for all
(i0, . . . , iM ) ∈ MM (P, p). Then, by the proof of the sufficiency part of Theorem 3.6,
we have that the system (G,P, p) is almost surely uniformly stable because the system
(G,Θ(P, p)) is uniformly stable with P (Θ(P, p)) = 1; also, there exists a γ̃ ∈ (0, γ)
satisfying (5.1) because of (5.7).

Let T be as in (4.1), and let (P, p) be a Markov chain. Then the triple (T ,P, p)
defines the controlled Markovian jump linear system represented by (4.2), where θ is
a realization of (P, p). As in the previous section, we make the standard assumption
that the state θ(t) of the chain (P, p) is perfectly observed at each time instant t; we
consider all finite-path-dependent controllers.

Fix a nonnegative integer L. Let

K = {(AK,i,BK,i,CK,i,DK,i) : i ∈ LL(P, p)}.
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Then the pair (K,ΘL(P, p)), with

ΘL(P, p) = {θL : θ ∈ Θ(P, p)},

defines an L-path-dependent controller, whose state-space representation is given by
(4.3). Since the pair (QL(P, p), qL(P, p)) defines the L-path Markov chain generated
by (P, p), the closed-loop system is a Markovian jump linear system given by the
triple (T K,QL(P, p), qL(P, p)), with

T K =
{(

Ãi, B̃i, C̃i, D̃i

)
: i ∈ LL(P, p)

}
,

and represented by (4.4) for each realization θL of (QL(P, p), qL(P, p)).
Definition 5.9. Let γ > 0. The controller (K,ΘL(P, p)) is said to be a γ-

admissible (L-path-dependent) synthesis (of order nK) for the system (T ,P, p) if the
closed-loop system (T K,QL(P, p), qL(P, p)) is almost surely uniformly exponentially
stable and satisfies average output regulation level γ.

Theorem 5.10. Let T be as in (4.1); let (P, p) be a Markov chain. Suppose
that nK ≥ n and γ > 0. There exists a γ-admissible finite-path-dependent synthesis
of order nK for the system (T ,P, p) if and only if there exist a nonnegative integer
M and indexed families {(Rj ,Sj) : j ∈ M−

M (Q, q)} and {(Zi,Wi) : i ∈ WM (Q, q)}
of symmetric matrices Rj ∈ R

n×n, Sj ∈ R
n×n, Zi ∈ R

l1×l1 and rectangular matrices
Wi ∈ R

(n+m2)×(n+l2) such that (4.8a) holds for all i = (i0, . . . , iM ) ∈ MM (P, p),
(4.8b) holds for all i = (i0, . . . , iM ) ∈ WM (P, p), and

(5.8)
∑

(k0,...,kM )∈WM (P,p)

π(k0,...,kM ) trZ(k0,...,kM ) < γ2,

where πM (P, p) = (π(k0,...,kM )). Moreover, if this condition is satisfied, then given any

nonsingular matrices Tj , Uj ∈ R
n×n such that (4.9) holds for all j ∈ M−

M (P, p), a
γ-admissible M -path-dependent synthesis of order n is obtained by solving (4.7), with
nK = n and L = M , for matrices AK,i, BK,i, CK,i, DK,i, i ∈ MM (P, p).

Proof. The result follows from Theorem 5.8 and the proof of Theorem 4.2.
Remark 8. As in Theorem 4.2, it is possible to replace MM (P, p) and WM (P, p)

with smaller sets. However, using these bigger sets is more convenient, as stated in
Remark 4.

Remark 9. The condition (5.8) is weaker than the condition that (4.8c) holds
for all (P, p)-minimal sets N of M -paths. In general, for all γ and M , there exists a
γ-admissible M -path-dependent synthesis for the Markovian jump system (T ,P, p)
whenever there exists a γ-admissible M -path-dependent synthesis for the switched
system (T ,Θ(P, p)).

Example 6. Let T be as in Example 5. Let

P =

⎡
⎢⎣

1/2 1/2 0

1 0 0

0 0 1

⎤
⎥⎦ , p =

[
1/2 0 1/2

]
.

Since the sparsity pattern of (P, p) is the same as that of (Q, q) in Example 5, we
have MM (P, p) = MM (Q, q) for all path lengths M . Moreover, in this particular
example, NM (P, p) = WM (P, p) = MM (P, p) for all M . If M = 0, then Q11 = P
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Table 5.1

In Example 6, γM is decreasing in M and saturates at M = 5.

M 0 1 2 3 4 5 6 7

γM 1.3280 1.1837 1.1815 1.1812 1.1809 1.1808 1.1808 1.1808

and q = p, so

π0(P, p) =
[
π1 π2 π3

]

=
[
1/2 0 1/2

]
⎡
⎢⎣

2/3 1/3 0

2/3 1/3 0

0 0 1

⎤
⎥⎦ =

[
1/3 1/6 1/2

]
.

If M = 1, then

Q12 =

[
1/2 1/2 0 0

0 0 0 1

]
, Q22 =

⎡
⎢⎢⎢⎣

1/2 1/2 0 0

0 0 1 0

1/2 1/2 0 0

0 0 0 1

⎤
⎥⎥⎥⎦ , q =

[
1/2 1/2

]
,

so

π1(P, p) =
[
π(1,1) π(1,2) π(2,1) π(3,3)

]

=
[
1/2 1/2

] [1/2 1/2 0 0

0 0 0 1

]⎡
⎢⎢⎢⎣

1/3 1/3 1/3 0

1/3 1/3 1/3 0

1/3 1/3 1/3 0

0 0 0 1

⎤
⎥⎥⎥⎦

=
[
1/6 1/6 1/6 1/2

]
.

Similarly, we obtain

π2(P, p) =
[
π(1,1,1) π(1,1,2) π(1,2,1) π(2,1,1) π(2,1,2) π(3,3,3)

]
=

[
1/12 1/12 1/6 1/12 1/12 1/2

]
,

and so on.
For nonnegative integers M , denote by γM the infimum of γ > 0 such that (4.8a),

(4.8b), and (5.8) hold for all M -paths i = (i0, . . . , iM ) ∈ MM (P, p). Then semidefi-
nite programming gives us Table 5.1; as expected, γM decreases as M gets larger, but
it saturates at M = 5. Thus, we determine that the optimal achievable value of γ is
approximately γ∗ = 1.1808, and that there exists a γ∗-admissible five-path-dependent
synthesis; the resulting 22 controller matrices are denoted K(1,1,1,1,1,1), K(1,1,1,1,1,2),
K(1,1,1,1,2,1), . . . , K(2,1,2,1,2,1), K(3,3,3,3,3,3).

6. Conclusion. A convex characterization of the output regulation performance
of switched linear systems and Markovian jump linear systems was given by an in-
creasing union of linear matrix inequality conditions. This characterization gives rise
to semidefinite programming–based “offline” algorithms for finding an optimal solu-
tion from (almost surely) uniformly stabilizing dynamic output feedback controllers
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that have finite memory of past modes. Due to the nature of problem, however, the
computational burden can grow drastically in the number of the past modes that
the controller recalls. Although this limitation often allows us the complete freedom
in controlling the conservatism, or suboptimality, of the resulting controllers, some
systems may be better dealt with in practice via, e.g., the dwell-time approaches
[23, 48, 22].

The results presented are not only exact and convex, but also very general. One
should be able to characterize a large class of performance objectives under which
the convexity is preserved in the spirit of [43, 39]. This generality is gained in ex-
change for giving up the closed-form solutions that standard Riccati equation–based
approaches such as those in [18, 42] would yield. However, one could adopt these
standard approaches to enhance and complement our results. Possible topics in this
direction include whether the noncausality of the solution to the impulse response
level minimization problem is due to the nature of problem or not, and a separation
principle for the problems formulated in this paper.

The output regulation problems can be easily extended to the simultaneous design
of the supervisor-controller pair. As is well known in the context of LQG measurement
scheduling [40], the problem of jointly optimizing both the switching sequence and
the output feedback controller is separated into two problems: one is to determine the
optimal switching rule via an algorithm analogous to that developed in [35], and the
other is, given a switching rule, to obtain a path-dependent controller using the results
of this paper. For discrete-time switched systems, existing results in this direction
seem to be limited to the finite-horizon state feedback problem [37].
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SINGULARLY PERTURBED PIECEWISE DETERMINISTIC GAMES∗
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Abstract. In this paper we consider a class of hybrid stochastic games with the piecewise open-
loop information structure. These games are indexed over a parameter ε which represents the time
scale ratio between the stochastic (jump process) and the deterministic (differential state equation)
parts of the dynamical system. We study the limit behavior of Nash equilibrium solutions to the
hybrid stochastic games when the time scale ratio tends to 0. We also establish that an approximate
equilibrium can be obtained for the hybrid stochastic games using a Nash equilibrium solution of a
reduced order sequential discrete state stochastic game and a family of local deterministic infinite
horizon open-loop differential games defined in the stretched out time scale. A numerical illustration
of this approximation scheme is also developed.
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scale analysis, singular perturbations
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1. Introduction. This paper deals with a class of piecewise deterministic sto-
chastic games where the stochastic jump process has a slower time scale than the
deterministic continuous time control systems that are defined between successive
random jumps. These types of games may occur, for example, in imperfect com-
petition models where the deterministic subsystem describes the productive capital
accumulation of the firms competing on a market and where the market conditions are
subject to infrequent random switches that are influenced by the actions of the eco-
nomic agents. Situations where oligopolistic markets can be subject to abrupt modal
changes are observed, for example, in the energy sector or in the new technology or
telecommunication domains. Another interesting domain where this type of paradigm
could be used is the modeling of economic dimensions of climate change. The fast
modes would correspond to the competitive economic growth processes of different
world economies, whereas the slow modes would be associated with different climate
conditions. Indeed the transition from a climate mode to a different one would be
influenced by the global emissions of greenhouse gases from all nations.

The information structure that we consider for these games is called piecewise
open-loop; it has been introduced in [7] and consists in playing open-loop controls
between successive jump times; the open-loop controls are adapted to the history
of jump times and system states observed at jump times. It has been recognized
that these piecewise deterministic games, when played under the piecewise open-loop
information structure, are akin to the general class of stochastic sequential games
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with general (Borel) action and state spaces, considered in particular in [17] and [15],
where existence and approximation of Nash equilibria have been studied. We also
suppose that the players have separated deterministic dynamics and are linked only
through the payoff rewards at that level. This means that between two successive
modal changes each player j = 1, . . . ,m selects a deterministic trajectory xj(·) that
has a given initial state determined by the state at the time of the first jump and
which will be in force until the second jump occurs. We assume that the m state
variables xj , j = 1, . . . ,m, together influence the jump rates of the discrete modal
stochastic process.

The aim of this paper is to develop a theory of approximation for a Nash equi-
librium solution to this class of differential games when the time scale ratio between
the (continuous) deterministic and (jump) stochastic dynamics tends to 0. This is the
realm of singular perturbation theory in control. In [6] one can find a rather complete
theory of singularly perturbed piecewise deterministic control systems and an illustra-
tion of the role played by “turnpikes” (i.e., global attractors for optimal trajectories in
infinite horizon control problems) in the definition of the “limit control problem.” The
initial objective of this paper was to explore the possibility of extending the results
obtained in [6] to the case of piecewise open-loop Nash equilibria. As is often the case
when one passes from a single optimizer control formalism to the context of dynamic
games with a Nash equilibrium solution, these results cannot be readily generalized,
and we obtain substantially different and weaker limit theorems.

In the present paper we consider only the case of infinite horizon hybrid games
with discounted payoffs. In brief the contribution of this paper can be stated as
follows: (i) We define, in the slow time scale, a limit game problem in the form of
a controlled Markov chain. A Nash equilibrium for this limit game, if it exists, will
serve to build an approximate equilibrium solution of the original game. (ii) We prove
that given a Nash equilibrium for the limit game, defined in terms of attractors for the
players xj(·)-trajectories, one can construct a ς-equilibrium for any Gε game, where
ε is small enough by using strategies characterized by a uniform attractor property.
(iii) Having solved the limit Nash game, we can use the associated potential function
to characterize a set of local infinite horizon open-loop games, whose Nash equilibria
satisfy the uniform attractor property. (iv) We thus derive a decomposition principle
for this class of games and illustrate it on a numerical example.

The paper is organized as follows: in section 2 we recall the definition of a piece-
wise deterministic game played with piecewise open-loop strategies; in section 3 we
study the limit game when the time scale ratio ε between fast and slow modes tends
to 0; in section 4 we propose a method to construct a ς-equilibrium solutions for the
hybrid game, using uniform attractor policies; in section 5 we study a class of local
open-loop games for which the Nash equilibrium strategies satisfy the uniform attrac-
tor property; in section 6 we derive from these results a decomposition principle; and
in section 7 we provide a numerical illustration of these limit properties and sketch
an economic model of climate change policies having this two–time scale structure; in
section 8 we summarize what has been achieved.

2. A class of piecewise deterministic games. In this section we define the
class of dynamic games that are considered in this work. They are particular instances
of piecewise deterministic games, as introduced in [7]. We use both a formalism of
control systems and a formalism of calculus of variations, very much in the same way
as in [4], where the so-called turnpike property for open-loop differential games with
decoupled dynamics was established.
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2.1. The dynamics. Consider m players, denoted j ∈ M = {1, . . . ,m}, con-
trolling a system that has p discrete modes denoted i ∈ I = {0, . . . , p−1}. Each player
j ∈ M also controls her own dynamical subsystem with mode-dependent dynamics,

εẋj(t) = f i
j(xj(t), uj(t)),(2.1)

uj(t) ∈ U i
j ⊂ �νj ,(2.2)

xj(t) ∈ Xj ⊂ �nj ,(2.3)

where the control sets U i
j are compacts and the state sets Xj are bounded. The

functions f i
j(xj , uj) are supposed to satisfy the usual regularity assumptions made in

control theory. Here ε is a parameter that will eventually be very small. We denote
x = (xj : j ∈ M) ∈ X and u = (uj : j ∈ M) ∈ U to be the state and control vectors,
respectively.

The “mode” dynamics is represented by a continuous time jump process ξ(·), with
state set I and transition rates

qk�(x(t)) = lim
dt→0

1

dt
P[ξ(t + dt) = � | ξ(t) = k, x(t)], k, � ∈ I, x(t) ∈ X,

that depend on the trajectory choice made by all players. Indeed we assume qk�(x) ≥ 0
if k �= � and qkk(x) = −

∑
� �=k qk�(x). As usual we introduce the notation

qk(x)=̇
∑
� �=k

qk�(x).

Remark 1. The parameter ε represents the time scale ratio. Its inverse 1/ε is
therefore a speed of adjustment factor for the deterministic part of the hybrid system;
when ε → 0 the deterministic part of the system is allowed to adjust much faster than
the stochastic jumps occurrences.

It will be convenient to use a calculus of variations formalism, obtained in the
following way: We assume that at time t the reward rate to Player j, when the mode
is i, is given by a function Li

j(x(t), uj(t)) which is C1 in x and continuous in uj . Let

F i
j (zj , xj) = {uj ∈ U i

j : zj = f i
j(xj , uj)} be the set of controls for Player j that yield

a velocity zj at state xj . We introduce a function Li
j(x, zj) that associates a value in

� ∪ {−∞} with every x ∈ Πm
l=1Xl ⊂ �n, n =

∑
j∈M nj , and zj ∈ �nj as follows:

Li
j(x, zj) =

{
−∞ if xj /∈ Xj or F i

j (zj , xj) = ∅;
sup{Li

j(x, uj) : uj ∈ F i
j (zj , xj)} otherwise.

(2.4)

We can now consider a dynamic game where each player j ∈ M = {1, . . . ,m} controls
an absolutely continuous trajectory xj(·) with state xj(t) ∈ Xj at time t ∈ [0,∞),
where Xj is a compact subset in �nj .

The game is played as follows: at jump times τ0 = 0, τ1, . . . , τν , . . . of the ξ(·)
process the players observe the state of the system, i.e., the pair sν = (ξν , xν), where
ξν = ξ(τν) and xν = x(τν). Then Player j selects an absolutely continuous function
yj : [0,∞) → Xj , with initial condition yj(0) = xν

j . The trajectory for Player j will

thus be defined, between jump times τν and τν+1, by xj(t) = yj(t− τν). We denote
by Xj the class of admissible functions yj : [0,∞) → Xj that serve to define the
action set of Player j. A piecewise open-loop strategy for Player j is then defined as
a mapping γj : (τν , sν) �→ Xj .

At time t the reward rate to Player j is given by Lξ(t)
j (x(t), εẋj(t)) and depends

on the current mode ξ(t), the state vector x(t) = (xj(t))j∈M , and the time derivative
ẋj(·) of Player j’s own trajectory multiplied by the time scale ratio ε.
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2.2. The hybrid game Gε. We call hybrid game Gε the game in normal form
where the players select piecewise open-loop strategies as defined above and obtain
payoffs defined as follows:

Let ρj be the discount rate of Player j. Associated with a strategy m-tuple
γ = {γj : j ∈ M} the payoffs to the players are given by

V ε
j (γ; i, xo) = Eγ

[∫ ∞
0

e−ρjtLξ(t)
j (x(t), εẋj(t)) dt | (ξ(t0) = i, x(t0) = xo

]
j ∈ M, (i, xo) ∈ I ×X,(2.5)

where Eγ is the expectation given the probability measure induced by the strategy
vector γ.

Definition 2.1. (i) A strategy m-tuple γ∗ is a ς-equilibrium, with ς ≥ 0 given,
if

V ε∗
j (i, xo) = V ε

j (γ∗; i, xo) ≥ V ε
j ([γ∗

M−j , γj ]; i, x
o) − ς ∀γj ∈ Γj

j ∈ M, (i, xo) ∈ I ×X,(2.6)

where [γ∗
M−j , γj ] denotes the strategy vector obtained from γ∗ when only Player j

unilaterally changes her strategy to γj.
(ii) A 0-equilibrium is also called a Nash equilibrium.
The reader will note that we distinguish between ε > 0, which is the time scale

ratio, and ς > 0, which is the approximation used in the equilibrium conditions.
Indeed, when ε becomes very small this game will become ill-conditioned. In the

rest of the paper we propose an approach for defining a limit game which is easier to
solve and which can be used to construct approximate equilibria of the original game
when ε is small.

3. The limit game G0. In this section we introduce the so-called limit game
G0, which is defined as a multiagent controlled Markov chain with states in I and
controls in Xi

j , i ∈ I, j ∈ M .

3.1. A discrete-state Markov game. The limit game G0 is defined as a con-
trolled Markov chain on the discrete set I where Player j’s strategy is defined by a
vector x̃j = (xi

j : i ∈ I) with xi
j ∈ Xj , j ∈ M . The controlled transition rates of the

Markov chain are given by qk,�(x
k), where we use the notation xk = (xk

j : j ∈ J).
The payoff for Player j, when the game starts in state i and when the players use the
strategy m-tuple x̃ = (x̃j : j ∈ M), is defined as follows:

Vj(x̃; i) = Ex̃

[∫ ∞
0

e−ρjtLξ(t)
j (xξ(t), 0) dt | ξ(0) = i

]
.(3.1)

3.2. Nash equilibrium in the limit game. We assume the following.
Assumption 1. There exists an equilibrium x̃∗ for the limit game. The equilib-

rium value function for Player j is given by

V ∗j (i) = max
x̃j

Ex̃

[∫ ∞
0

e−ρjtL∗ξ(t)j ([x
∗ξ(t)
M−j , x

∗ξ(t)
j ], 0) dt | (ξ(0) = i

]
,

i ∈ I, j ∈ M,(3.2)

for each player j.
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The Hamilton–Jacobi–Bellman (HJB) system of equations associated with this
equilibrium is

ρjV
∗
j (i) = max

xi
j
∈Xj

Li
j([x

∗i
M−j , x

i
j ], 0) +

∑
k∈I

qik([x
∗i
M−j , x

i
j ])V

∗
j (k), i ∈ I, j ∈ M.(3.3)

Remark 2. The existence of an equilibrium for a sequential game has been proved
in particular in [15] and [17]. A more general theory that covers the class of stochastic
games considered here has been proposed in [2]. These theories could be applied to
prove that a Nash equilibrium exists for the limit game. However, the assumption
is more restrictive since it assumes that the equilibrium can be obtained in pure
strategies.

3.3. Occupation measures. It will be convenient to use occupation measures
to prove the main convergence results in the paper. Introducing the indicator function

δ(i, k) =

{
1 if i = k,
0 otherwise,

(3.4)

we define, for any strategy m-tuple x̃ and state k, given the initial state i, with k, i ∈ I,
the occupation measures

Πk
j (x̃, i) = Ex̃

[∫ ∞
0

e−ρjtδ(k, ξ(t)) dt | ξ(0) = i

]
.(3.5)

For each j ∈ M these occupation measures satisfy the coupled equations

ρjΠ
�
j(x̃; i) −

∑
k∈I

qki(x
k)Πk

j (x̃; i) = δ(�, i), i ∈ I.(3.6)

We can also rewrite the payoff, given in (3.1), as

Vj(x̃; i) =
∑
k

Πk
j (x̃; i)Lk

j (x
k, 0).(3.7)

4. Uniform attractor policies and ς-equilibria. One can make a change of
time scale in the dynamical system (2.1)–(2.3) by introducing a stretched out time
τ = t

ε . We shall assume a uniform reachability condition in this extended time scale.
Assumption 2. In the stretched out time scale (or when ε = 1), for any η > 0

and mode i ∈ I, any target state xf in X can be reached within η by the dynamical
system (2.1)–(2.3) from any initial state xo ∈ X in a uniformly bounded time. We
call θ(η) the uniform bound on the η-reachability time. In summary we assume the
following:

∀η > 0, ∃θ(η) > 0 s.t. ∀i ∈ I, ∀xo and xf ∈ X, there exists a
trajectory x(·) s.t. x(0) = xo, Li

j(x(t), ẋj(t)) < ∞, j ∈ M a.e. and

∀t > θ(η) ‖x(t) − xf‖ < η holds.

We shall further assume that this reachability is achieved through the use of
“admissible decentralized system behavior.”

Definition 4.1. An admissible decentralized system behavior is a family of map-
pings sij(xj) taking values in �nj , i ∈ I, j ∈ J , and such that the differential equa-

tions ẋj(t) = sij(xj(t)) admit a uniquely defined solution in Xj for t ∈ [0,∞), given

x(0) = xo ∈ Xj and such that Li
j(x(t), sij(xj(t))) > −∞ a.e. on [0,∞).
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Assumption 3. The uniform reachability Assumption 2 is achieved by a set of
admissible decentralized system behavior sij(xj ;x

o, xf ) = ẋj such that

Li
j(x, s

i
j(xj ;x

o, xf )) < ∞ and sij(x
f
j ;xo, xf ) = 0.

Remark 3. The notion of admissible decentralized system behavior is closely
related to the concept of decentralized feedback control laws in the state equation
formulation of the dynamical system.

We also make the following continuity assumption, which should be not too re-
strictive.

Assumption 4. The control laws of admissible decentralized system behavior have
the following continuity property:

lim
x→xf

sij(xj ;x
o, x) = sij(x

f
j ;xo, xf ) = 0.(4.1)

4.1. A correspondence mapping. Given a strategy x̃ for the limit game G0,
we associate a strategy γ̃ε = σε(x̃) for the Gε game defined as follows: For any discrete

state i ∈ I and any initial state xo select the trajectory xi(·) : [0,∞) → X, where
each component xj(t) is a solution of sij(xj(t);x

o, x̃) = εẋj(t) with xi
j(0) = xo

j . This
is always possible by Assumption 3, and the following holds:

∀η > 0,∃θ(η) s.t. ‖xi
j(t) − xi

j‖ < η ∀j ∈ M ∀t ≥ θ(η)ε.(4.2)

Define the occupation measures associated with γ̃ε in the Gε game

Πkε
j (γ̃ε; i, xo) = Eγ̃ε

[∫ ∞
0

e−ρjtδ(k, ξ(t)) dt | (ξ(0) = i, x(0)) = xo

]
.(4.3)

For any function g(x) which is continuous the asymptotic reachability condition (4.2)
implies that there exits θ′(η) such that

|g(xi(t)) − g(xi)| < η ∀t ≥ θ′(η)ε.(4.4)

For the sake of simplifying the notation we shall use simply θ instead of θ′(η) when
there is no possibility of confusion. We can now prove the following.

Proposition 4.2. For any i ∈ I and any xo ∈ X the following convergence holds
for the occupation measures:

lim
ε→0

∣∣Πk
j (x̃; i) − Πkε

j (σε(x̃); i, xo)
∣∣ = 0.(4.5)

Proof. The detailed proof, which is straightforward but lengthy, is given in Ap-
pendix A. We summarize here its general development. As δ(i, k) is an indicator
function it is uniformly bounded and one has for any strategy γ for a game Gε

Eγ

[∫ ∞
0

e−ρtδ(i, ξ(t)) dt

]
= lim

T→∞
Eγ

[∫ T

0

e−ρtδ(i, ξ(t)) dt

]
,(4.6)

and this convergence is uniform for all γ and ε. For any realization, the integral∫ T

0
e−ρtδ(i, ξ(t, ω)) dt can be shown to be a continuous function of the sample path

ξ(t, ω) in an appropriate norm d(·) (see Appendix A). Then to establish (4.5) it suffices
to show that the weak convergence limit

Pε[σ
ε(x̃)] ⇒ P [x̃](4.7)
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holds, where Pε[σ
ε(x̃)] and P [x̃] are the probability measures induced on the restric-

tion of the sample space to functions defined over the interval [0, T ] by σε(x̃) and x̃
for the games Gε and G0, respectively.

Applying1 Theorem 15.4 from [1] we can say that the weak convergence property
(4.7) holds if, for any finite set of sample times t1, . . . , tp, the probability measures in-
duced on the p random variables ξ(t1), . . . , ξ(tp) by the strategy σε(x̃) converge weakly
to the probability measure induced by the limit game strategy x̃. We summarize this
by the expression

Pεπ
−1
t1,...,tp ⇒ Pπ−1

t1,...,tp ,(4.8)

where π−1
t1,...,tp is the inverse image of the projection of the ξ(·) process on the p

sample times. This property is shown to hold in the rest of the proof presented in the
appendix.

The next result will establish convergence for the payoff functionals.
Proposition 4.3. For any strategy x̃ of the limit game G0 the following holds

true:

lim
ε→0

∣∣V ε
j (σε(x̃); i, xo) − Vj(x̃; i)

∣∣ = 0 ∀i ∈ I.(4.9)

Proof. Consider the sample paths of the process {(ξ(·, ω), x(·, ω)) : [t,∞) →
I ×�n : ω ∈ Ω} generated by a strategy γ̃ε = σε(x̃). Almost surely any sample path
has a countable number of jump times denoted tl(ω), l = 0, . . . ,∞. The following
holds true:

Eγ̃ε

[ ∞∑
l=0

e−ρjtl

]
≤ M.(4.10)

Therefore we can write

V ε
j (γ̃ε;xo, i) = Eγ̃ε

[∫ ∞
0

e−ρjtLξ(t)
j (x(t), ẋj(t)) dt | x(0) = xo; ξ(0) = i

]

= Eγ̃ε

[ ∞∑
l=0

∫ tl+1

tl

e−ρjtLξl
j (x(t), ẋj(t)) dt | x(0) = xo; ξ(0) = i

]

= Eγ̃ε

[ ∞∑
l=0

∫ tl+1

tl

e−ρjtLξl
j (xξl , 0) dt

+

∞∑
l=0

∫ min{tl+εθ,tl+1}

tl

e−ρjt
(
Lξl
j (x(t), ẋj(t)) − Lξl

j (xξl , 0)
)
dt

+

∞∑
l=0

∫ tl+1

min{tl+εθ,tl+1}
e−ρjt

(
Lξl
j (x(t), ẋj(t)) − Lξl

j (xξl , 0)
)
dt

| x(0) = xo; ξ(0) = i

]
.(4.11)

1For continuous time Markov chains the condition (15.11) in [1] holds as the probability of having
more than one jump in an interval [t, t + δ] tends to zero as δ tends to zero. Furthermore the set of
trajectories that have a jump at t = T has a zero measure. Therefore we can apply Theorem 15.4
from [1].
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As Li
j is bounded in X × Uj , the second term in (4.11) tends to zero as ε tends to

zero. As Li
j is continuous, the last term in (4.11) can be made as small as desired as ε

tends to zero. It remains to show that the first term in (4.11) tends to Vj(x̃; i) when
ε tends to zero, to conclude that (4.9) holds. Since

Eγ̃ε

[ ∞∑
l=0

∫ tl+1

tl

e−ρjtLξl
j (xl, 0) dt | x(0) = xo; ξ(0) = i

]

=
∑
k∈I

Πk(γ̃ε; i, xo)Lk
j (x

k, 0),(4.12)

the result holds true by Proposition 4.2.

4.2. The auxiliary ε-control problems. Given the strategy σε(x̃) in the game
Gε and an initial state xo, we define for each player j ∈ M an auxiliary ε-control
problem as follows:

W ε
j (γε

j ; i, x
o|σε(x̃)) = Eγj

[∫ ∞
0

e−ρjtL
ξ(t)
j (x(t), uj(t)) dt | ξ(0) = i, x(0) = xo

]
,(4.13)

where the Markov jump process ξ(·) is still characterized by jump rates qk�(x(t)) and
the state equations in mode k ∈ I are

εẋj(t) = fk
j (xj(t), uj(t)),(4.14)

εẋ�(t) = sk� (x�(t);x
k, x̃) if � �= j.(4.15)

In the equations above (k, xk) = (ξ(tk+), x(tk+)) is the state of the system right after
the last jump time and sk� (x�(t);x

k, x̃) is the admissible decentralized system behavior
associated with strategy σε(x̃) for Player �. This control problem for Player j is thus
obtained by fixing the dynamics of the other players to their admissible decentralized
system behavior, and therefore the following holds:

W ε
j (γε

j ; i, x
o | σε(x̃)) = V ε

j ([σε
M−j(x̃), γε

j ]; i, x
o).(4.16)

Using these auxiliary control problems we will be able to exploit existing results from
the theory of singularly perturbed systems, in particular those established in [6].

4.3. The auxiliary limit-control problem. For a given x̃ and for a given set
of potential vectors w̃j = (wi

j)i∈I for each player j, define the Hamiltonians

Hi
j(w̃j ; x̃) = max

xj ,uj

{
Li
j([x̃

i
−j , xj ], uj) +

∑
k∈I

qik(x̃
i
−j , xj)w

i
j | s.t. f i

j(xj , uj) = 0

}
.

For each player j we consider then the solution of the algebraic equations

ρjw
i∗
j = Hi

j(w̃
∗
j ; x̃), i ∈ I.(4.17)

Note that these problems, for all j ∈ M , correspond to the solution of the limit game
introduced in section 3, with the HJB equations given in (3.3).
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4.4. Convergence of the auxiliary ε-control problem. These control prob-
lems have been studied in [6], where the following convergence result is established.

Theorem 4.4. Let the assumptions of Theorems 3 and 4 in [6] be satisfied (see
Appendix B for a reminder of these assumptions). Let γε∗

j be the optimal strategy in
the ε-control problem and let v∗j be the optimal control in the limit-control problem;
then there exists a constant C such that∣∣W ε

j (γε∗
j ; i, xo | σε(x̃∗)) − wi∗

j

∣∣ ≤ Cε
α

1+α .(4.18)

Remark 4. Notice that we have wi∗
j = Vj(x̃

∗; i) = V ∗j (i).

4.5. Convergence of the ε-game. We can now establish the following result.
Theorem 4.5. Let x̃∗ be an equilibrium in the limit game G0. Then for all

positive ς there exists ε0 such that for all 0 < ε ≤ ε0, the strategy m-tuple σε(x̃∗)
defines a ς-Nash equilibrium for the game Gε.

Proof. Let x̃∗ be an equilibrium in the limit game. Let γε
j be a strategy for Player

j in the game Gε. Given σε
M−j(x̃

∗), let γε∗
j be the optimal strategy in the ε-control

problem.
Given ς, there exist ε0 such that for ε < ε0 we have

V ε
j ([σε

M−j(x̃
∗), γε

j ]; i, x
o) = W ε

j (γε
j ; i, x

o | σε(x̃∗))(4.19)

≤ W ε
j (γε∗

j ; i, xo | σε(x̃∗))(4.20)

≤ Vj(x̃
∗; i) + ς/2(4.21)

≤ V ε
j (σε(x̃∗); i, xo) + ς.(4.22)

The first equality is valid by definition. The first inequality comes from the fact that
γε∗
j is the optimal strategy in the ε-control problem. The second inequality comes from

Theorem 4.4 and Remark 4. The last inequality comes from Proposition 4.3.
We have thus proved that the correspondence mapping introduced in section 4.1

tends to define an approximate Nash equilibrium when the time scale ratio tends to 0.

5. The local infinite horizon open-loop games. We have established that a
correspondence mapping based on a property of uniform reachability of steady states
defines an approximate equilibrium for the Gε game when ε is small. We can now
go one step further and show that such a correspondence mapping can be obtained
from the equilibrium solutions of a class of local infinite horizon open-loop differential
games (IHOLDGs), with the overtaking optimality criterion.

Let V ∗j (i) : i ∈ I be the potential function associated with Player j in the equilib-
rium solution for the limit game. For any discrete state i and initial continuous state
x(0) = xo define in the stretched out time scale the open-loop differential game with
rewards over the time interval [0, θ) given by

JΘ
j [xo;x(·)] =

∫ Θ

0

{
Li
j(x(τ), ẋj(τ)) +

∑
�∈I

qi�(x(τ))V ∗j (�)

}
dτ, j ∈ M,(5.1)

where each player j selects an absolutely continuous trajectory {xj(τ) : τ ≥ 0} with
xj(0) = xo

j .
Definition 5.1. An overtaking equilibrium for the open-loop game defined by the

payoff functionals (5.1) is an M -trajectory (x∗(τ), τ ≥ 0) such that, for each player
j ∈ M and trajectory (xj(τ), τ ≥ 0) the following holds:

lim inf
Θ→∞

(
JΘ
j [xo;x∗(·)] − JΘ

j [xo; [x∗−j(·), xj(·)]]
)
≥ 0.(5.2)
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Assumption 5. The jump rates qi�(x) are affine in x. The reward rates Li
j(x, zj)

are concave in xj and uj for each j ∈ M and satisfy globally the following condition,
also called “strict diagonal concavity” in [16] and [4]:

∀xa, xb ∈ X, xa �= xb

∀ζaj ∈ ∂xjLi
j(x

a, zj), ζ
b
j ∈ ∂xj

Li
j(x

a, zj),∑
j∈M

(ζaj − ζbj )(x
a
j − xb

j) > 0.(5.3)

Under this assumption we can establish the following.
• An overtaking equilibrium for this game exists and is unique. It is character-

ized by a “turnpike,” which is an attractor for all the equilibrium trajectories
emanating from different initial states xo.

• This attractor corresponds to the equilibrium control associated with i ∈ I
in the limit game.

• From the overtaking equilibrium solutions to these open-loop games defined
for all i ∈ I and all initial state xo we can construct an approximate (ς)
equilibrium for the hybrid game problem.

The existence and uniqueness results with the turnpike property have been proved in
[4]. The correspondence between the turnpikes and the equilibrium solutions in the
limit game is easily obtained in the following lemma.

Lemma 5.2. The turnpike attractor for the IHOLDG defined in (5.1) coincides
with the equilibrium solution to the limit game.

The existence and uniqueness results with the turnpike property have been proved
in Carlson and Haurie [4]. The correspondence between the turnpikes and the equi-
librium solution in the limit game is easily obtained in the following lemma.

Lemma 5.3. The turnpike attractor for the open-loop game defined in (5.1) co-
incides with the equilibrium solution to the limit game.

Proof. Introduce for each player j ∈ M the Hamiltonians Hi : �n × �nj →
�∪ {−∞} defined as

Hi(x, pj) = sup
zj

{
Li
j(x, zj) +

∑
�∈I

qi�(x)V ∗j (�) + pjzj

}
.(5.4)

If x∗(·) is an overtaking equilibrium at xo, then there exists, for each player j ∈ M ,
an absolutely continuous function p∗j (·) such that

ẋj(t) ∈ ∂pjHi(x∗(t), p∗j (t)),(5.5)

ṗj(t) ∈ −∂xj
Hi(x∗(t), p∗j (t)).(5.6)

The turnpike is a solution of

0 ∈ ∂pjHi(x̄i, p̄ij),(5.7)

0 ∈ −∂xj
Hi(x̄i, p̄ij),(5.8)

j ∈ M.(5.9)

Under the strict diagonal concavity assumption there exists a unique solution to (5.7)–
(5.8), and any solution to (5.5)–(5.6) which remains bounded is such that

lim
t→∞

x∗(t) = x̄i, lim
t→∞

p∗j (t) = p̄ij , j ∈ M.
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Now it is an easy matter to check that the conditions (5.7)–(5.8) correspond to the
sufficient optimality conditions for the problem

max
xi
j

[
Li
j([x

∗i
M−j , x

i
j ], 0) +

∑
�∈I

qi�([x
∗i
M−j , x

i
j ])V

∗
j (�)

]
, j ∈ M,(5.10)

which is also the right-hand side for mode i of the HJB equations in the limit game.
Therefore the unique turnpike defines also an equilibrium in the limit game G0.

It is established, in the theory of turnpikes for infinite horizon control or open-loop
equilibrium problems under the overtaking optimality criterion that the uniform ς-
reachability condition is satisfied by the trajectories converging toward their respective
attractors; see the book [5] for a complete discussion of these topics. In order to link
these trajectories with a ς-equilibrium of the Gε game we need this last assumption.

Assumption 6. In mode i, the overtaking trajectories of Player j, emanating
from different initial states xo

j , can be synthesized, i.e., they are obtained as solutions
to a system of state equations

ẋj(t) = f i
j(xj(t), μ

∗i
j (xj(t))); xj(0) = xo,(5.11)

where μ∗ij (·) is an admissible and continuous decentralized feedback law.
We can summarize the developments in the following.
Proposition 5.4. Given the potential functions associated with the Nash equi-

librium of the limit game G0, one can construct a family of IHOLDGs, with payoffs
defined in (5.1). If Assumptions 5 and 6 are satisfied, the Nash equilibria of these
IHOLDGs, under the overtaking optimality criterion, define a piecewise open-loop
strategy for the Gε game which is a ς-equilibrium if ε is small enough.

Proof. It suffices to apply Theorem 4.5 with a strategy m-tuple σε(x̃∗) obtained
from the admissible decentralized system behavior (5.11).

6. A decomposition principle. The result obtained can be interpreted as a
decomposition principle for this two–time scale game. At a higher level one solves the
limit stochastic game G0 and one obtains for each player an equilibrium steady state
x̃j and an equilibrium potential function V ∗j (k)) : k ∈ I. These potential functions
are transmitted to all players. The Gε game is then played as follows:

At a jump time to of the process ξ(·), the players observe the state
(ξ(to+), x(to+)) = (i, xi). Making a time translation to get to = 0,
the players solve an IHOLDG where for each player j ∈ M the payoff
is defined for any Θ > 0 by

JΘ
j [xo;x(·)] =

∫ Θ

0

{
Li
j(x(τ), ẋj(τ)) +

∑
�∈I

qi�(x(τ))V ∗j (�)

}
dτ.

The players find the unique Nash overtaking equilibrium for this open-
loop game and they follow this trajectory, as long as the jump process
remains in state i.

This way of playing the game is close to being a piecewise open-loop Nash equilibrium
when the time scale ratio ε is small.

7. Examples. In this section we provide two illustrations of the application of
the theory developed above. The first one is a complete numerical computation real-
ized on a dynamic duopoly model. In this example one shows how one can easily solve
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the different dynamic games used in this approximation theory. The second illustra-
tion is the reformulation as an hybrid stochastic system of a well-known integrated
assessment model of climate change with noncooperative behavior of the economic
agents (groups of nations). The stochastic jump process represents modifications in
climate modes. The complete development and exploitation of this model would take
too much space and will be the subject of another article. We nevertheless indi-
cate how the theory of approximation developed herein would permit an important
simplification in the type of game to solve.

7.1. A simple numerical example. As a complete illustrative example, let
us first consider a simple but nontrivial model and compute the equilibrium turnpike
values of the limit game and the equilibrium trajectories of the local IHOLDG that
exhibit the turnpike property. We consider a duopoly (M = {1, 2}) with two slow
market modes (I = {0, 1}).

The fast economic dynamics is defined by the state equations that describe the
accumulation of production capacities (xj) through investment (uj) by the two firms

f i
j(xj , uj) = ui

j − xi
j , i ∈ I, j ∈ M.(7.1)

The slow dynamics is described by the two transition rates between market modes

q01(x) = x0
1 + x0

2,(7.2)

q10(x) = 1,(7.3)

and ξ(0) = 0. Typically mode ξ = 0 would represent a “strong” market and mode ξ =
1 would represent a “depressed” market. The transition from strength to depression is
influenced by the total supply on the market. The return from depression to strength
is random and not controlled.

The reward functions are the firms’ profits expressed as Li
j(x, u) = aijx

i
j−(ui

j)
2. A

common discount rate is fixed at ρj = ρ = 0.05. Payoffs are total expected discounted
rewards over an infinite time horizon.

This dynamic duopoly model is similar (it has normalized parameter values) to
the model proposed in [9], where a theory of stochastic duopoly with modal jumps is
developed and a numerical solution method is proposed. We shall solve now the limit
game problem and the local IHOLDGs for this singularly perturbed dynamic game.

7.1.1. Solving the limit game. In that particular case, it is possible to find
an explicit solution to (3.6). Using Maple we obtain the following expressions for the
occupation measures:

Π0
j (0; x̃) =

(1 + ρ)

ρ(1 + ρ + x0
1 + x0

2)
,(7.4)

Π1
j (0; x̃) =

x0
1 + u0

2

ρ(1 + ρ + x0
1 + x0

2)
.(7.5)

Now using the expression (3.7) for the payoffs associated with the strategy x in
the limit game G0, we reduce the search for a Nash equilibrium to the solution of a
variational inequality which can be solved with an algorithm given by Konnov [11].
The results are displayed in Table 7.1, which provides the equilibrium steady state
values for different sets of parameters aij used in the reward function. These steady
state values, provided by the equilibrium solutions of the limit game, indicate the
target production capacity to which the duopolists should aim depending on the
prevailing market mode.
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Table 7.1

Equilibrium policy for different values of aij .

a0
1 a0

2 a1
1 a1

2 x0
1 x0

2 x1
1 x1

2

2.00 2.00 2.00 2.00 1.0000 1.0000 1.0000 1.0000
2.00 2.00 0.50 0.50 0.8325 0.8325 0.2500 0.2500
2.00 2.00 1.00 0.25 0.8665 0.8261 0.5000 0.1250
4.00 2.00 1.00 0.25 1.4865 0.8580 0.5000 0.1250
4.00 2.00 0.25 1.00 1.4572 0.8914 0.1250 0.5000

7.1.2. Solving the local IHOLDG. We also computed an approximation of
the equilibrium trajectories of the local IHOLDG. This is done by discretizing the time
scale and taking a finite, but large, time horizon. Doing so, we reduce the problem to
a variational inequality that can be solved with the same algorithm [11]. Figure 7.1
displays two trajectories with different initial states x, for the state i = 0 and for
the case where a0

1 = 4.00, a0
2 = 2.00, a1

1 = 1.00, and a1
2 = 0.25. Note that in this

case, the potential values (equilibrium payoffs in the limit game) are V1(0) = 26.5682,
V2(0) = 6.2776, V1(1) = 25.5411, V2(1) = 5.9936, respectively.

(a) x1(t) (b) x2(t)

Fig. 7.1. Optimal trajectories for i = 0 when a0
1 = 4, a0

2 = 2, a1
1 = 1, a1

2 = 0.25, and ρ = 5%.
Solid line: x1(0) = 4 and x2(0) = 3. Dotted line: x1(0) = 0 and x2(0) = 0.

As expected, we distinctly see that the trajectories are attracted by the turnpike
values given in Table 7.1.

This provides a complete illustration of the results obtained in this paper. The
limit game equilibrium tells the player what they should do in the “slow” time scale;
the local IHOLDG tells them what they could do in the “fast” time scale in order to
be consistent with the long-term equilibrium solution.

7.2. A model of competitive economic growth with climate change
thresholds. A stochastic control approach to climate change modeling has been ad-
vocated in [8] and applied in [10]. These models extended the formalism proposed by
Nordhaus [12] by introducing a stochastic jump process representing sudden switches
in climate or global environment conditions. Nordhaus and Yang proposed in [14] a
deterministic differential game model which represents the noncooperative behavior
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of different groups of nations involved in the climate change process. We propose here
to extend the model by introducing a description of climate dynamics in the form of
discrete modal changes. More precisely let us assume that there exist different climate
modes, denoted ξ, which correspond to different patterns of the general circulation
which determines climate dynamics. For example, we distinguish the current pattern
(ξ = 0) from a second pattern (ξ = 1) where the thermo-haline circulation has been
stopped and a third pattern (ξ = 2) where, in addition, the West-Antarctic ice sheet
has collapsed (this type of threshold event was considered in the stochastic control
model proposed in [10]).

7.2.1. The model equations. Let us denote the following.

Parameters.

j = 1, . . . ,m the m groups of nations, also called players
μj capital depreciation rate in country j (typically 10% per year)
ν greenhouse gas (GHG) natural elimination rate
ρj long-term discount rate for country j (typically 0.08% per decade)

State variables.

Kj productive capital stock of country j
M GHG concentration
ξ climate mode (discrete value ξ ∈ {0, 1, 2})

Control variables.

Ij investment in productive capital stock of country j
Cj consumption in country j
uj abatement effort in country j
Ej GHG emission in country j

Production and emission functions.

F
ξ(t)
j (Kj , uj) economic output of country; this function is increasing and concave

in Kj , decreasing and concave in uj ; its shape depends on ξ

G
ξ(t)
j (Kj , uj) GHG emissions of country; increasing and convex in Kj , decreasing

and convex in uj ; its shape depends on ξ

State equations.

K̇j(t) = Ij(t) − μjKj(t) capital accumulation process

Ṁ(t) =
∑

j=1,...,m Ej(t) − νM(t) GHG concentration process

Modal jump rates.

qk�(M) = limdt→0
P[ξ(t+dt)=�|ξ(t)=k]

dt transition rate from mode k to mode �

Constraints.

F
ξ(t)
j (Kj , uj) ≥ Ij(t) + Cj(t) the economic output of country j can be consumed

or saved as an investment

G
ξ(t)
j (Kj , uj) ≤ Ej(t) GHG emissions of country j are bounded below by

the emission function

Payoffs.

Jj =
∫∞
0

e−ρjtUj(Cj(t)) dt the long-term welfare of country j; Uj(·) is a utility
function
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Initial conditions.

Kj(0) = Ko
j initial physical capital stock of each nation

M(0) = Mo initial GHG concentration
ξ(0) = 0 initial climate mode

7.2.2. The dynamic game. This model summarizes the situation of economies
where the production activity generates GHG emissions which accumulate and may
trigger a climate modal change. An abatement effort can be made by each country at
a cost represented by a loss of output in the production function. The climate mode
has also a direct influence, also expressed in terms of loss of output, on the economic
production function. In this model the m groups of nations play a noncooperative
dynamic game where the objective of the player is to reach an equilibrium for the
long-term expected welfare,

Vj(γ; 0,Ko,Mo) = Eγ

[∫ ∞
0

e−ρjtUj(Cj(t)) dt

]
,(7.6)

where γ = (γ1, γ2, . . . , γm) is the vector of piecewise open-loop strategies, and the
expectation is taken with respect to the measure induced by γ and the economic
and climate dynamics described above. This model retains the cost-benefit analysis
framework proposed in [13] and [14] and represents climate change as a stochastic
modal switch process.

7.2.3. The limit game. Notice that this model combines decoupled dynamics
(for the Kj capital stocks) and a fully coupled state equation (for the GHG concen-
tration M). However, M is a “passive” state variable which influences only the jump
rates. It could be shown (see the paper [3] for a discussion of differential games with
active and passive variables) that the turnpike property will also hold for differential
games having this structure.

The model proposed here introduces the cost of climate change as a modification
of the economic production function triggered by a random change of climate mode.
The limit game will be a Markov game played over the discrete climate modes and
where the controls are the long-term steady state values of the economies. The lo-
cal IHOLDGs are infinite horizon differential games representing optimal economic
growth with an adapted reward and zero discount rate.

8. Conclusion. We have considered here a class of hybrid games, under the
piecewise open-loop information structure. We have given conditions under which,
when the time scale ratio between the stochastic jump process and the deterministic
part tend to 0, the Nash equilibrium solutions can be approximated by playing a fam-
ily of auxiliary infinite horizon open-loop differential games (IHOLDGs). These local
games are constructed using the potential functions obtained from the Markov Nash
equilibrium of a simplified sequential game. This theory uses the asymptotic stability
properties established for IHOLDGs under the strict diagonal concavity assumption.
These conditions are the usual ones when one deals with Cournot solutions in dynamic
imperfect competition models [16]. The results established in this paper are there-
fore useful for studying dynamic economic competition, when the market conditions
change randomly but relatively seldom, compared with the adjustment speed of the
economic decision variables. As indicated in the introduction we can envision such a
situation in the framework of competitive economic growth with global environmen-
tal impact, like climate change triggered by greenhouse gas emissions, for example.
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The evolution of the environmental state, and therefore the evaluation of the envi-
ronmental damage, is random but evolving slowly. The economies of the world have
the possibility to adjust at a much faster speed than the global environment modi-
fications (see [8] for a discussion of control models with different time scales in the
climate change modeling domain).

Appendix A. Continuity and convergence of the occupation measure.
Let D be the space of functions on [0, 1] that are right-continuous and have left-hand

limits. Adapting results from [1] we prove that the integral
∫ 1

0
e−ρtδ(i, ξ(t, ω)) dt is a

continuous function of ξ(t, ω) in D. Let Λ denote the class of strictly increasing, con-
tinuous mappings from λ(·) : [0, 1] → [0, 1]. For ζ(·) and ξ(·) in D, define d(ζ(·), ζ(·))
to be the infimum of the ε > 0 for which there exists in Λ a λ(·) such that

sup
t

|λ(t) − t| ≤ ε(A.1)

and

sup
t

|ζ(t) − ξ(λ(t))| ≤ ε.(A.2)

We are now ready to prove that under the norm d, the function∫ 1

0

e−ρtδ(i, ξ(t, ω)) dt

is continuous. We know that ξ(·, ω) has at most countably many discontinuities. Say
that ξ(·, ω) has N discontinuities. Recall that ξ(·, ω) takes value in I = {1, 2, . . . , p}.
Therefore, given ξ(·, ω) ∈ D for any ξ(·, ω̃) ∈ D such that d(ξ(·, ω), ξ(·, ω̃)) < ε <
1, both ξ(·, ω) and ξ(·, ω̃) must have the same sequence of jumps since otherwise
d(ξ(·, ω), ξ(·, ω̃)) ≥ 1. Let {t1, . . . , tN} (respectively, {t̃1, . . . , t̃N}) be the jump times
of ξ(·, ω) (respectively, ξ(·, ω̃)). By definition of the norm |tn − t̃n| < ε for all n ∈
{1, . . . , N}. We have therefore∣∣∣∣

∫ 1

0

e−ρt (δ(i, ξ(t, ω)) − δ(i, ξ(t, ω̃))) dt

∣∣∣∣ ≤
∫ 1

0

|δ(i, ξ(t, ω)) − δ(i, ξ(t, ω̃))| dt

≤ N(p− 1)ε.(A.3)

Since p and N are finite and ε can be taken as small as desired, the continuity is
proved.

Proof of Proposition 4.2. For ξ(0) = i, let us consider in the limit game G0 and
for a game Gε, the probability to have no jump in the interval [0, t] induced by P [x̃]
and Pε[σ

ε(x̃)], respectively. For the limit game G0 this probability is given by

P0[t, 0, i, i] = e
−
∫ t

0
qii(x

i) ds
.(A.4)

For the game Gε, under the strategy σε(x̃)] this probability is given by

Pε[t, 0, i, i] = e
−
∫ t

0
qii(x(s)) ds

,(A.5)

which can be rewritten as

Pε[t, 0, i, i] = e
−
∫ t

0
qii(x

i) ds−
∫ min(t,εθ)

0
(qii(x(s))−qii(xi)) ds−

∫ t

min(t,εθ)
(qii(x(s))−qii(xi)) ds

.
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As the jump rates are bounded over X, the second integral in the expression above
converges to 0 when ε → 0. When ε → 0, the absolute value of the integral in the
third term is bounded by ηt, which can be made as small as desired by choosing θ
sufficiently large. Only the first term remains in the exponent, and this corresponds
to (A.5). Therefore this establishes the convergence of Pε[t, 0, i, i] to P0[t, 0, i, i] when
ε → 0.

We can prove similarly that the probability Pε[t, 1, i, k] of having ξ(t) = k and
having exactly one jump in the interval [0, t], induced by σε(x̃) for the game Gε,
converges to the probability P0[t, 1, i, k] of having ξ(t) = k with exactly one jump in
the interval [0, t], induced by x̃ for the game G0. P0[t, 1, i, k] is given by

P0[t, 1, i, k] =

∫ t

0

qik(x
i)e
−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ

ds,(A.6)

whereas the probability Pε[t, 1, i, k] is given by

Pε[t, 1, i, k] =

∫ t

0

qik(x(s))e
−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

ds.(A.7)

For a given t, if ε is small enough we have εθ < t/2 and thus can write

∣∣Pε[t, 1, i, k] − P0[t, 1, i, k]
∣∣

≤
∫ εθ

0

∣∣∣∣qik(x(s))e
−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ−qik(x

i)e
−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ

∣∣∣∣ ds
+

∫ t

t−εθ

∣∣∣∣qik(x(s))e
−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ−qik(x

i)e
−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ

∣∣∣∣ ds
+

∫ t−εθ

εθ

∣∣∣∣qik(x(s))e
−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ−qik(x

i)e
−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ

∣∣∣∣ ds.
The first two terms tend to zero as ε tends to zero, whereas the last term can be
rewritten as

∫ t−εθ

εθ

∣∣∣∣(qik(x(s)) − qik(x
i)
)
e
−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

− qik(x
i)

(
e
−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ − e

−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

)∣∣∣∣ ds
≤

∫ t−εθ

εθ

∣∣qik(x(s)) − qik(x
i)
∣∣ ∣∣∣∣e−

∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

∣∣∣∣ ds
+

∫ t−εθ

εθ

∣∣qik(xi)
∣∣ ∣∣∣∣e−

∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ − e

−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

∣∣∣∣ ds.
When ε tends to zero, the first term on the right-hand side of the inequality above
can be made as small as desired, choosing θ sufficiently big. The second term can be
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rewritten as∫ t−εθ

εθ

∣∣∣∣e−
∫ s

0
qii(x

i) dυ
e
−
∫ t

s
qkk(xk) dυ − e

−
∫ s

0
qii(x(υ)) dυ

e
−
∫ t

s
qkk(x(υ)) dυ

∣∣∣∣ ds
=

∫ t−εθ

εθ

∣∣∣∣e−
∫ εθ

0
qii(x

i) dυ
e
−
∫ s

εθ
qii(x

i) dυ
e
−
∫ s+εθ

s
qkk(xk) dυ

e
−
∫ t

s+εθ
qkk(xk) dυ

− e
−
∫ εθ

0
qii(x(υ)) dυ

e
−
∫ s

εθ
qii(x(υ)) dυ

e
−
∫ s+εθ

s
qkk(x(υ)) dυ

e
−
∫ t

s+εθ
qkk(x(υ)) dυ

∣∣∣∣ ds
≤

∫ t−εθ

εθ

∣∣∣∣e−
∫ εθ

0
qii(x

i) dυ
e
−
∫ s+εθ

s
qkk(xk) dυ

∣∣∣∣∣∣∣∣e−
∫ s

εθ
qii(x

i) dυ
e
−
∫ t

s+εθ
qkk(xk) dυ − e

−
∫ s

εθ
qii(x(υ)) dυ

e
−
∫ t

s+εθ
qkk(x(υ)) dυ

∣∣∣∣ ds
+

∫ t−εθ

εθ

∣∣∣∣e−
∫ s

εθ
qii(x(υ)) dυ

e
−
∫ t

s+εθ
qkk(x(υ)) dυ

∣∣∣∣∣∣∣∣e−
∫ εθ

0
qii(x

i) dυ
e
−
∫ s+εθ

s
qkk(xk) dυ − e

−
∫ εθ

0
qii(x(υ)) dυ

e
−
∫ s+εθ

s
qkk(x(υ)) dυ

∣∣∣∣ ds.
By continuity of the exponential and q(·) functions and (4.2), this expression can be
made as small as desired, when ε tends to zero. We can now extend this approach via
an induction argument. Suppose that for n−1, Pε[t, n−1, i, k] tends to P0[t, n−1, i, k]
when ε tends to zero. We have

Pε[t, n, i, k] =
∑
l �=k

∫ t

0

Pε[s, n− 1, i, l]Pε[t− s, 1, l, k] ds.(A.8)

Using the result proved for n = 1, we can easily conclude that the following also holds:

lim
ε→0

Pε[t, n, i, k] =
∑
l �=k

∫ t

0

P0[s, n− 1, i, l]P0[t− s, 1, l, k] ds = P0[t, n, i, k].(A.9)

We can thus prove, by induction, that for each finite n , Pε[t, n, i, k] tends to P0[t, n, i, k]
when ε tends to zero. Knowing that the probability of having more than n jumps
tends to zero as n tends to infinity, it follows that

Pεπ
−1
t1,...,tk

⇒ Pπ−1
t1,...,tk

,(A.10)

and this establishes the convergence result (4.5), as was indicated at the beginning of
the proof.

Appendix B. Results of [6]. In [6] the single player case is solved and the
convergence result used in this paper as Theorem 4.4 is based on the following as-
sumption.

Assumption 7. For any vector v = {v(i)}i∈I consider the family of deterministic
optimal control problems

Hi(θ, xo, v) = inf
1

θ

∫ θ

0

(
Li(x(t), u(t)) +

∑
i∈I

qik(x(t))v(k)

)
,

dx(t)

dt
= f i(x(t), u(t)),

u(t) ∈ U i,

x(0) = xo.
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One assumes that there exist two constants A > 0 and α ∈ (0, 1], and for each i ∈ I
a function Hi(v), such that for each i ∈ I, xo ∈ X, and v in a bounded set Ω

|Hi(θ, xo, v) −Hi(v)| ≤ 1

θα
.(B.1)

Under this assumption Theorem 4.4 is established.
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The paper we present is devoted to the study of optimal control problems for
state-constrained wave equations with controls as well in state equation as in Dirichlet
boundary conditions. We focus our attention to the following problem (P) governed
by the multidimensional wave equation:

minimize J(x, u, v) =

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz

+

∫
Σ

h(t, z, v(t, z))dtdz +

∫
Ω

l (x (T, z)) dz

subject to

(0.1) xtt (t, z) − Δzx(t, z) = f(t, z, x(t, z), u(t, z)) a.e. on (0, T ) × Ω,

(0.2) x (0, z) = ϕ (0, z) , xt (0, z) = ψ (0, z) on Ω,

(0.3) x(t, z) = v (t, z) on (0, T ) × Γ,

(0.4) u(t, z) ∈ U a.e. on (0, T ) × Ω,

(0.5) v(t, z) ∈ V on (0, T ) × Γ,

where Ω is a given bounded domain of Rn with boundary Γ = ∂Ω of C2, Σ = (0, T )×Γ;
U ⊂ Rm and V ⊂ R are given nonempty sets, V-closed; L, f : [0, T ]×Ω̄×R×Rm → R,
l : R → R, h : [0, T ]× Ω̄×R → R, and ϕ,ψ : Rn+1 → R are given functions; ϕ (0, ·) ∈
L2(Ω), ψ (0, ·) ∈ H−1(Ω); x : [0, T ]×Ω → R, x ∈ W 2,2((0, T )×Ω)∩C([0, T ];L2(Ω));
and u : [0, T ] × Ω → Rm, v : [0, T ] × Γ → R are Lebesgue measurable functions in
suitable sets. We assume that the functions L, f, h, l are lower semicontinuous in their
domains of definitions. Assuming the lower semicontinuity of these functions only, we
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admit that state x may satisfy some pointwise state constraints, e.g., that x(t, z) ∈ C
for a.e. (t, z) ∈ [0, T ] × Ω with C a closed set in R. We call a trio x(t, z), u(t, z),
v(t, z) admissible if it satisfies (0.1)–(0.5) and L(t, z, x(t, z), u(t, z)), h(t, z, v(t, z)) are
summable; then the corresponding trajectory x(t, z) is said to be admissible.

It is well known that optimal control problems with pointwise state constraints
belong to one of the most challenging and difficult classes in control theory. Quite
recently, growing interest in such problems for parabolic equations has been taken in
[1], [2], [11], [13], [25], [26]; see also the references therein. Much less has been done
for wave equations. Some control problems for the wave equation in the presence of
state constraints are considered in [12], [31], [32], [23], [24] for distributed controls.
There are only a few results [23], [24] on boundary control problems for the wave
equation and/or for other partial differential equations (PDEs) of the hyperbolic type.
Note that there are essential differences between parabolic and hyperbolic systems.
Generally, hyperbolic equations exhibit less regularity. This is why in that paper we
assume that system (0.1)–(0.5) admits at least one solution belonging to W 2,2((0, T )×
Ω) ∩ C([0, T ];L2(Ω)). About the existence and regularity problems for that system,
see, e.g., [20] and the extensive discussion of our problem in [23], [24].

The aim of the paper is to present sufficient optimality conditions for problem
(P) in terms of dynamic programming conditions directly. In the literature, there
are no works which study problem (P) directly by a dynamic programming method.
The only results known to the author for the parabolic (as well as abstract) case (see,
e.g., [7], [8], [9], [10], [11], [12], [13], [14], [15], [22], [27] and the references therein)
treat problem (P) first as an abstract problem with an abstract evolution equation
(0.1) and then derive from abstract Hamilton–Jacobi equations suitable sufficient
optimality conditions for problem (P). We would like to stress that the problem with
Dirichlet boundary control is rather difficult to treat by abstract formulation of the
problem as then the abstract space of function on Ω must depend on control also
on ∂Ω, i.e., we need to consider the abstract space depending on control. We refer
the reader to [12], [20] and their bibliographies for more discussions on important
differences between parabolic and hyperbolic systems.

We propose almost a direct method to study (P) by a dual dynamic programming
approach following the method described in [28] for the one-dimensional case and in
[16] for the multidimensional case. We move all notions of a dynamic programming
to a dual space (the space of multipliers) and then develop a dual dynamic approach
together with a dual Hamilton–Jacobi equation and as a consequence sufficient op-
timality conditions for (P). We also define an optimal dual feedback control and
formulate sufficient conditions for optimality in terms of it. Such an approach allows
us to significantly weaken the assumptions on the data. An approximate minimum in
terms of the dual dynamic programming is also investigated.

1. A dual dynamic programming. In this section we describe an intuition
of a dual dynamic approach to optimal control problems governed by wave equa-
tions. Let us recall what is meant by dynamic programming. We have an ini-
tial condition (t0, x0(t0, z)), z ∈ Ω, and for it assume we have an optimal solution
(x̄, ū, v̄). Then by necessary optimality conditions (see, e.g., [23]) there exists a func-
tion p̄(t, z) = (y0, y(t, z)) on (0, T ) × Ω—conjugate function—that is a solution to
the corresponding adjoint system. That p = (y0, y) plays the role of multiplier from
the classical Lagrange problem with constraints (with multiplier y0 corresponding to
the functional and y corresponding to the constraint). If we perturb (t0, x0), then
assuming that the optimal solution for each perturbed problem exists we also have
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corresponding to it a conjugate function. Therefore making perturbations of our
initial conditions, we obtain two sets of functions: optimal trajectories x̄ and corre-
sponding to them conjugate functions p̄. The graph of those sets of functions cover
some sets in state space (t, z, x), say a set X (in the classical calculus of variations
it is called the field of extremals), and in conjugate space (t, z, p), say a set P (in
classical mechanics it is called the space of momentums). In the classical dynamic
programming (see, e.g., [7]) approach, we explore the state space (t, z, x), i.e., the set
X, and in the dual dynamic programming (see [28] for the one-dimensional case and
[16] for the multidimensional case) approach we explore the conjugate space (the dual
space) (t, z, p), i.e., the set P . It is worth noting that in elliptic control optimization
problems there is no possibility of perturbing the problems; however, we can still
apply dual dynamic programming (see [17]). It is natural that if we want to explore
the dual space (t, z, p), then we need a mapping between the set P and the set X,
P � (t, z, p) → (t, z, x̃(t, z, p)) ∈ X, to make it possible at the end of some consid-
eration in P to formulate some conditions about optimality for our original problem
as well as on an optimal solution x̄. (In the classical calculus of variations, when
we form a field of extremals, we do have such a mapping (t, β) → (t, x(t, β)) which
parametrizes by β the field of extremals.) Of course, such a mapping should have the
following property (in calculus of variations (t, β) → (t, x(t, β)) has this property):
for each admissible function x(t, z) lying in X there must exist a function p(t, z) lying
in P such that x(t, z) = x̃(t, z, p(t, z)). Hence, we do all our investigations in a dual
space (t, z, p) (in Young [33] it is done for fields of extremals of calculus of varia-
tions in the space (t, β)); i.e., most of our notions concerning dynamic programming
are defined in the dual space and thus also a dynamic programming equation, which
becomes now a dual dynamic programming equation. We would like to stress that
Weierstrass sufficient optimality conditions which use the field of extremals are only
optimality conditions concerning the relative minimum, i.e., x̌ is an argument of min-
imum relative to all admissible trajectories whose graphs are lying in the set covered
by the graphs of extremals of the field x(t, β). We do exactly the same. Our function
corresponding to the field is now x̃(t, z, p) and we are able also to investigate only the
relative minimum, relative to the set X. In calculus of variations x(t, β) is defined
by a field of extremals; in our case x̃(t, z, p) will be defined by derivative of function
which satisfies a dual dynamic equation and which to some extent corresponds to
a function defining the field of extremals in the classical setting; i.e., if we confine
ourselves to the one-dimensional calculus of variations problem, then that function
will define exactly a field of extremals.

Therefore let P ⊂ Rn+3 be a set of the variables (t, z, p) = (t, z, y0, y), (t, z) ∈
[0, T ] × Ω̄, y0 ≤ 0, y ∈ R, and let c = (c0, c) ∈ R2 be fixed. The constant c is
introduced for practical purpose only, in order to make easier calculations of some
relations stated below for concrete problems (see section 4). We adopt the convention
that cp =

(
c0y0, cy

)
for (t, z, p) ∈ P . Let x̃ : P → R be such a function of the

variables (t, z, p) that for each admissible trajectory x(t, z) there exists a function
p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω̄) ∩ C([0, T ];L2(Ω)), (t, z, p(t, z)) ∈ P , such
that

(1.1) x(t, z) = x̃(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω̄.

Now, let us introduce an auxiliary function V (t, z, p) : P → R being of C2 such that
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the following two conditions are satisfied:

V (t, z, cp) = c0y0Vy0(t, z, cp) + cyVy(t, z, cp) = cpVp(t, z, cp)(1.2)

for (t, z) ∈ (0, T ) × Ω, (t, z, cp) ∈ P,

∇zV (t, z, cp)ν(z) = c0y0∇zVy0(t, z, cp)ν(z)(1.3)

for (t, z) ∈ [0, T ] × ∂Ω, (t, z, cp) ∈ P,

where ν(·) is the exterior unit normal vector to ∂Ω and ∇V (t, z, p) means “∇” of the
function z → V (t, z, p). The condition (1.2) is a generalization of the transversality
condition known in classical mechanics as orthogonality of momentum to the front of
the wave. The condition (1.3) has the same meaning but taken on the boundary. Sim-
ilarly as in classical dynamic programming, define at (t, p̃(·)), where p̃(·) = (ỹ0, ỹ(·))
is any function p̃ ∈ W 2,2(Ω), (t, z, p̃(z)) ∈ P, (t, z) ∈ [0, T ] × Ω, a dual value function
SD by the formula
(1.4)

SD (t, p̃ (·)) := inf

{
−c0ỹ0

∫
[t,T ]×Ω

L(τ, z, x(τ, z), u(τ, z))dτdz

− c0ỹ0

∫
Ω

l (x (T, z)) dz − c0ỹ0

∫
[t,T ]×∂Ω

h(τ, z, v(τ, z))dτdz

}
,

where the infimum is taken over all admissible trios x(τ, ·), u(τ, ·), v(τ, ·), τ ∈ [t, T ],
such that

(1.5) x(t, z) = x̃(t, z, p̃(z)) for z ∈ Ω,

(1.6) x̃(t, z, p̃(z)) = v (t, z) for z ∈ ∂Ω,

i.e., whose trajectories start at (t, x̃(t, ·, p̃(·))) and for which there exists such a function
p(τ, z) = (ỹ0, y(τ, z)), p ∈ W 2,2([t, T ]× Ω̄) ∩C([t, T ];L2(Ω)), (τ, z, cp(τ, z)) ∈ P , such
that x(τ, z) = x̃(τ, z, cp(τ, z)) for (τ, z) ∈ (t, T ) × Ω̄ and

(1.7) y(t, z) = ỹ(z) for z ∈ Ω̄.

Then, integrating (1.2) over Ω, for any function p̃(·) = (ỹ0, ỹ(·)), p̃ ∈ W 2,2(Ω),
(t, z, p̃(z)) ∈ P , (t, z, cp̃(z)) ∈ P , such that x(·, ·) satisfying x(t, z) = x̃(t, z, p̃(z))
for z ∈ Ω is an admissible trajectory, we also have the equalities

(1.8)

∫
Ω

V (t, z, cp̃(z))dz +

∫
∂Ω

∇zV (t, z, cp̃(z))ν(z)dz

= −c

∫
Ω

ỹ(z)x(t, z, p̃(z))dz − SD (t, p̃ (·)) ,

with

(1.9)

∫
Ω

c0ỹ0Vy0(t, z, cp̃(z))dz + c0ỹ0

∫
∂Ω

∇zVy0(t, z, cp̃(z))ν(z)dz = −SD (t, p̃ (·))

and assuming

x̃(t, z, p̃(z)) = −Vy(t, z, cp̃(z)) for (t, z) ∈ (0, T ) × Ω̄, (t, z, cp̃(z)) ∈ P.
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Denote by the symbol Δzh the sum of the second partial derivatives of the function
h : P −→ R with respect to the variable zi, i = 1, . . . , n, i.e.,

(1.10) Δzh(t, z, p) :=
∑n

i=1

∂2h

∂z2
i

(t, z, p) .

It turns out that the function V (t, z, p) as defined by (1.8), (1.9) satisfies the second
order partial differential system

Vtt(t, z, cp) − ΔzV (t, z, cp) + H(t, z,−Vy(t, z, cp), c̄p) = 0,(1.11)

(t, z) ∈ (0, T ) × Ω, (t, z, cp) ∈ P,

∇zV (t, z, c̄p)ν(z) + HΣ(t, z, c̄p) = 0, (t, z) ∈ (0, T ) × ∂Ω, (t, z, cp) ∈ P,

where

H(t, z, x, c̄p) = c0y0L(t, z, x, u(t, z, p)) + cyf(t, z, x, u(t, z, p)),(1.12)

HΣ(t, z, c̄p) = c0y0h(t, z, v(t, z, p))

and u(t, z, p), v(t, z, p) are optimal dual feedback controls, respectively, on (0, T )×Ω
and (0, T )× ∂Ω, and the dual second order partial differential system of multidimen-
sional dynamic programming (DSPDEMDP)
(1.13)
sup
{
Vtt(t, z, cp) − ΔzV (t, z, cp) + c0y0L(t, z,−Vy(t, z, cp), u)

+ cyf(t, z,−Vy(t, z, cp), u) : u ∈ U} = 0, (t, z) ∈ (0, T ) × Ω, (t, z, cp) ∈ P,

sup{∇zV (t, z, c̄p)ν(z) + c0y0h(t, z, v) : v ∈ V} = 0,

(t, z) ∈ (0, T ) × ∂Ω, (t, z, cp) ∈ P.

Let us note that the function x̃(t, z, p) was introduced at the beginning of this section
a little bit artificially; in fact it is defined by −Vy(t, z, p), where V is a solution to

(1.13); i.e., knowing the set P and Vy we are able to know the set Ẋ, where we need
to consider our original problem.

Remark. We would like to stress that the duality which is sketched in this section
is not a duality in the sense of convex optimization. It is a new nonconvex duality,
first described in [28] and next developed in [16], for which we do not have the re-
lation sup(D) ≤ inf(P) (D signifies a dual problem, P a primal one). But instead
we have other relations, namely, (1.2) and (1.8), (1.9), which are generalizations of
transversality conditions from classical mechanics. If we find a solution to (1.13), then
checking the relation (1.2) for concrete problems is not very difficult.

2. A verification theorem. The most important conclusion of a dynamic pro-
gramming is a verification theorem. We present it in a dual form according to our
dual dynamic programming approach described in the previous section.

Theorem 2.1. Let x(t, z), u(t, z), (t, z) ∈ (0, T )× Ω̄, v̄(t, z), (t, z) ∈ (0, T )×∂Ω,
be an admissible trio. Assume that there exist c = (c0, c) ∈ R2 and a C2 solution
V (t, z, p) of DSPDEMDP (1.13) on P such that (1.2), (1.3) hold. Further, let p(t, z) =
(y0, y(t, z)), p ∈ W 2,2([0, T ]×Ω)∩C([0, T ];L2(Ω)), p̄ ∈ L2([0, T ]×∂Ω), (t, z, cp(t, z)) ∈
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P , be such a function that x(t, z) = −Vy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω̄. Suppose
that V (t, z, p) satisfies the boundary condition for (T, z, cp) ∈ P ,

(2.1) c0y0

∫
Ω

(d/dt)Vy0(T, z, cp)dz = c0y0

∫
Ω

l (−Vy (T, z, cp)) dz.

Moreover, assume that

(2.2)

Vtt(t, z, cp(t, z)) − ΔzV (t, z, cp(t, z)) + c0y0L(t, z,−Vy(t, z, cp(t, z)), u(t, z))

+ cy(t, z)f(t, z,−Vy(t, z, cp(t, z)), u(t, z)) = 0 for (t, z) ∈ (0, T ) × Ω,

(∇z)V (t, z, c̄p(t, z))ν(z) + c0y0h(t, z, v̄(t, z)) = 0 for (t, z) ∈ (0, T ) × ∂Ω.

Then x(t, z), u(t, z), (t, z) ∈ (0, T )×Ω, v̄(t, z), (t, z) ∈ (0, T )×∂Ω, is an optimal trio
relative to all admissible trios x(t, z), u(t, z), (t, z) ∈ (0, T )×Ω, v(t, z), (t, z) ∈ (0, T )×
∂Ω, for which there exists such a function p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] ×
Ω) ∩ C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, cp(t, z)) ∈ P , such that x(t, z) =
−Vy(t, z, cp(t, z)) for (t, z) ∈ (0, T )×Ω, v(t, z) = −Vy(t, z, cp(t, z)) for (t, z) ∈ (0, T )×
∂Ω and

(2.3) y(0, z) = y(0, z) for z ∈ Ω.

Proof. Let x(t, z), u(t, z), (t, z) ∈ (0, T ) × Ω, v(t, z), (t, z) ∈ (0, T ) × ∂Ω, be
an admissible trio for which there exists such a function p(t, z) = (y0, y(t, z)), p ∈
W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, cp(t, z)) ∈ P , such
that x(t, z) = −Vy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω, v(t, z) = −Vy(t, z, cp(t, z)) for
(t, z) ∈ (0, T ) × ∂Ω and (2.3) is satisfied. From transversality condition (1.2), (1.3),
we obtain that for (t, z) ∈ (0, T ) × Ω,

Vtt (t, z, cp(t, z)) − ΔzV (t, z, cp(t, z))

= c0y0
[(
d2/dt2

)
Vy0(t, z, cp(t, z)) − (Δz)Vy0(t, z, cp(t, z))

]
(2.4)

+ cy(t, z)
[(
d2/dt2

)
Vy(t, z, cp(t, z)) − (Δz)Vy(t, z, cp(t, z))

]
(since V is of C2, Vy(t, z, cp(t, z)) = −x(t, z), and x ∈ W 2,2([0, T ] × Ω), therefore, by
(1.2), the above derivatives make sense) and for (t, z) ∈ (0, T ) × ∂Ω,

(∇z)V (t, z, c̄p(t, z))ν(z) = c0y0 (∇z)Vy0(t, z, c̄p(t, z))ν(z).(2.5)

Since x(t, z) = −Vy(t, z, cp(t, z)), for (t, z) ∈ (0, T ) × Ω̄, (0.1) shows that for (t, z) ∈
(0, T ) × Ω, (

d2/dt2
)
Vy(t, z, cp(t, z)) − (Δz)Vy(t, z, cp(t, z))

(2.6)
= −f(t, z,−Vy(t, z, cp(t, z)), u(t, z))

and boundary control (0.3) shows that for (t, z) ∈ (0, T ) × ∂Ω,

−Vy(t, z, cp(t, z)) = v(t, z).

We conclude from (2.4)–(2.6) that for (t, z) ∈ (0, T ) × Ω,

c0y0
[ (

d2/dt2
)
Vy0(t, z, cp(t, z)) − (Δz)Vy0(t, z, cp(t, z))

+ L(t, z,−Vy(t, z, cp(t, z)), u(t, z))
]

(2.7)
= Vtt (t, z, p(t, z)) − ΔzV (t, z, p(t, z)) + c0y0L(t, z,−Vy(t, z, cp(t, z)), u(t, z))

+ cy(t, z)f(t, z,−Vy(t, z, cp(t, z)), u(t, z))
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and for (t, z) ∈ (0, T ) × ∂Ω,

c0y0 (∇z)Vy0(t, z, c̄p(t, z))ν(z) + c0ȳ0h(t, z, v(t, z))

= (∇z)V (t, z, c̄p(t, z))ν(z) + c0ȳ0h(t, z, v(t, z)).(2.8)

Hence, by (1.13) and (2.7), we infer that

c0y0
[ (

d2/dt2
)
Vy0(t, z, cp(t, z)) − (Δz)Vy0(t, z, cp(t, z))

+ L(t, z,−Vy(t, z, cp(t, z)), u(t, z))
]
≤ 0 for (t, z) ∈ (0, T ) × Ω(2.9)

and for (t, z) ∈ (0, T ) × ∂Ω,

(2.10) c0y0 (∇z)Vy0(t, z, c̄p(t, z))ν(z) + c0ȳ0h(t, z, v(t, z)) ≤ 0,

and finally, after integrating (2.9) and applying (2.10), that

(2.11)

c0y0

∫
[0,T ]×Ω

[(
d2/dt2

)
Vy0(t, z, cp(t, z)) − (div∇z)Vy0(t, z, cp(t, z))

]
dtdz

≤ −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz.

Similarly, in the set (0, T ) × ∂Ω we have

(2.12)

c0y0

∫
[0,T ]×∂Ω

(∇z)Vy0(t, z, cp(t, z))ν(z)dtdz

≤ −c0y0

∫ 0

[0,T ]×∂Ω

h(t, z, v(t, z))dtdz.

Thus from (2.11), (2.12), (2.1), (2.3), and the Green formula it follows that

(2.13)

c0y0

∫
Ω

[
l (−Vy(T, z, cp(T, z))) − (d/dt)Vy0(0, z, c0y0, cy(0, z))

]
dz

− c0y0

∫
[0,T ]

(∫
∂Ω

(∇z)Vy0(t, z, c0y0, cy(t, z))ν(z)dz

)
dt

≤ −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z), u(τ, z))dtdz.

So by (2.13) and (2.12) we get

−c0y0

∫
Ω

(d/dt)Vy0(0, z, c0y0, cy(0, z))dz

≤ −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz − c0y0

∫
Ω

l(x(T, z))dz(2.14)

−c0y0

∫ 0

[0,T ]×∂Ω

h(t, z, v(t, z))dtdz.

In the same manner applying (2.2) and (2.7) we have for (t, z) ∈ (0, T ) × Ω

c0y0
[ (

d2/dt2
)
Vy0(t, z, cp(t, z)) − (Δz)Vy0(t, z, cp(t, z))

+ L(t, z,−Vy(t, z, cp(t, z)), ū(t, z))
]

= 0,
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and for (t, z) ∈ (0, T ) × ∂Ω,

c0y0 (∇z)Vy0(t, z, c̄p(t, z))ν(z) + c0ȳ0h(t, z, v̄(t, z)) = 0.

Further, we have

−c0y0

∫
Ω

(d/dt)Vy0(0, z, c0y0, cy(0, z))dz

= −c0y0

∫
[0,T ]×Ω

L(t, z, x̄(t, z), ū(t, z))dtdz − c0y0

∫
Ω

l(x̄(T, z))dz(2.15)

− c0y0

∫
[0,T ]×∂Ω

h(t, z, v̄(t, z))dtdz.

Combining (2.14) with (2.15) gives

−c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz − c0y0

∫
Ω

l(x(T, z))dz

− c0y0

∫ 0

[0,T ]×∂Ω

h(t, z, v̄(t, z))dtdz

(2.16)

≤ −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz

− c0y0

∫
Ω

l(x(T, z))dz − c0y0

∫ 0

[0,T ]×∂Ω

h(t, z, v(t, z))dtdz,

which completes the proof.
Remark 2.2. The notion of relative minimum derives from Weierstrass. His

strong relative minimum in the classical calculus of variations is just minimum rela-
tive to all admissible trajectories lying in a set covered by trajectories of his “field of
extremals.” In our case such a set is defined by Vy, i.e., this set equals X = {(t, z, x) :
x = −Vy(t, z, cp), (t, cp) ∈ P}. It is obvious that in general X is not covered by all
admissible trajectories. It depends on the set P, chosen at the beginning, where the
equation DSPDEMDP (1.13) is considered and the solution V of (1.13) (which gener-
ally is not unique). In practice (see the examples below), we choose for P = [0, T ] ×
Ω̄ ×

{
(y0, y) ∈ R2 : y0 ≤ 0, y > 0

}
or even P = [0, T ] × Ω̄ ×

{
(y0, y) ∈ R2 : y0 ≤ 0

}
,

and we assume Vy to be of C1 so then X is not a thin set except for a degenerate case
Vy ≡ 0 (by transversality condition (1.2), then V = c0y0Vy0—a case which does not
occur in mechanics).

Remark 2.3. The requirement in the theorem that V (t, z, p) is a C2 solution of
DSPDEMDP (1.13) on P such that (1.2), (1.3), and (2.1) hold looks very complicated
and difficult to satisfy. However, if we rewrite it in a better form, it is not much
different from known PDE systems. Thus let us assume that l ≡ 0 , put w = Vy, and
rewrite (1.2) to the form Vy0 = 1

c0y0V − y
c0y0w (for y0 < 0). Then we get that V must

satisfy in P the following system of equations:

Vy0 =
1

c0y0
V − cy

c0y0
w,(2.17)

Vy = w,

Vtt − ΔzV + H(t, z,−w, c̄p) = 0
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with initial (end) condition

Vy0(T, z, cp) = 0

and Neumann boundary condition

∇zV (t, z, c̄p)ν(z) + HΣ(t, z, c̄p) = 0,

(2.18) (t, z) ∈ (0, T ) × ∂Ω, (t, z, cp) ∈ P,

where H and HΣ are defined in the former section. If it happens that both H and
HΣ are smooth enough functions and n ≥ 4 (dimension of Ω), then the existence of
continuous and then smooth solutions for (2.17)–(2.18) can be obtained by a standard
fixed point method (compare [24] and the smooth case for Ω = Rn [30]; see also [21]).

3. An optimal dual feedback control. It often occurs that for engineering
and practical applications a feedback control is more important than a value function.
It turns out that the dual dynamic programming approach allows us also to investigate
a kind of feedback control which we call a dual feedback control. Surprisingly it can
have better properties than the classical one: now our state equation depends only on
parameters and not additionally on state constraints in the feedback function, which
made the state equation difficult to solve.

Definition 3.1. A pair of functions u = ũ(t, z, p) from P of the points (t, z, p) =
(t, z, y0, y), (t, z) ∈ (0, T )×Ω, y0 ≤ 0, y ∈ R, into U and ṽ(t, z, p) from a subset P of
those points (t, z, p) = (t, z, y0, y), (t, z) ∈ (0, T ) × ∂Ω, (t, z, p) ∈ P , into V is called
a dual feedback control if there is any solution x̃(t, z, p), P , of the PDE

(3.1) x̃tt(t, z, p) − Δzx̃(t, z, p) = f(t, z, x̃(t, z, p), ũ(t, z, p))

satisfying boundary condition

x̃(t, z, p) = ṽ (t, z, p) on (0, T ) × Γ,(t, z, p) ∈ P

such that for each admissible trajectory x(t, z), (t, z) ∈ [0, T ] × Ω, there exists such a
function p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ]×Ω)∩C([0, T ];L2(Ω)), p ∈ L2([0, T ]×
∂Ω), (t, z, p(t, z)) ∈ P , such that (1.1) holds.

Definition 3.2. A dual feedback control (u(t, z, p), v(t, z, p)) is called an opti-
mal dual feedback control if there exist a function x(t, z, p), (t, z, p) ∈ P , correspond-
ing to u(t, z, p), v(t, z, p)) as in Definition 3.1, and a function p(t, z) = (y0, y(t, z)),
p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), p̄ ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈ P ,
(t, z, cp(t, z)) ∈ P with c = (c0, c), such that dual value function SD (see (1.4))
is defined at (t, p (t, ·)) by u(τ, z, p), v(τ, z, p)) and corresponding to them x(τ, z, p),
(τ, z, p) ∈ P , τ ∈ [t, T ], i.e.,

(3.2)

SD(t, p (t, ·)) = −c0y0

∫
[t,T ]×Ω

L(τ, z, x(τ, z, p(τ, z)), u(τ, z, p(τ, z)))dτdz

− c0y0

∫
Ω

l (x(T, z, p(T, z))) dz − c0y0

∫
[t,T ]×∂Ω

h(τ, z, v(τ, z, p(τ, z)))dτdz.

Moreover there is V (t, z, p) satisfying (1.2) and (1.3) for which Vy0 satisfies the equality∫
Ω

c0y0Vy0(t, z, cp(t, z))dz + c0y0

∫
∂Ω

(∇z)Vy0(t, z, cp(t, z))ν(z)dz = −SD (t, p (t, ·))



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

OPTIMALITY CONDITIONS 101

and Vy satisfies

(3.3) Vy(t, z, cp) = −x(t, z, p) for (t, z) ∈ (0, T ) × Ω̄, (t, z, p) ∈ P , (t, z, cp) ∈ P.

The next theorem is nothing more than the above verification theorem formulated
in terms of a dual feedback control.

Theorem 3.3. Let (u(t, z, p), v(t, z, p)) be a dual feedback control in P . Sup-
pose that there exist c = (c0, c) ∈ R2 and a C2 solution V (t, z, p) of (1.13) on P
such that (1.2) and (2.1) hold. Let p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩
C([0, T ];L2(Ω)), p̄ ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈ P , (t, z, cp(t, z)) ∈ P , be such
a function that x(t, z) = x(t, z, p(t, z)), u(t, z) = u(t, z, p(t, z)), (t, z) ∈ (0, T ) × Ω,
v̄(t, z) = v(t, z, p(t, z)), (t, z) ∈ (0, T ) × ∂Ω, is an admissible trio, where x(t, z, p),
(t, z, p) ∈ P , corresponds to u(t, z, p) and v(t, z, p) as in Definition 3.1. Assume fur-
ther that Vy and Vy0 satisfy

(3.4) Vy(t, z, cp) = −x(t, z, p) for (t, z) ∈ [0, T ] × Ω, (t, z, p) ∈ P , (t, z, cp) ∈ P ,

c0y0

∫
Ω

Vy0(t, z, cp(t, z))dz

+ c0y0

∫
[0,T ]

(∫
∂Ω

(∇z)Vy0(t, z, c0y0, cy(t, z))ν(z)dz

)
dt

(3.5)

= −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz

− c0y0

∫
Ω

l (x(T, z, p(T, z))) dz − c0y0

∫
[t,T ]×∂Ω

h(τ, s, v(τ, z, p(τ, z)))dτds.

Then (u(t, z, p), v(t, z, p)) is an optimal dual feedback control.

Proof. Take any function

p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)),

p ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈ P, (t, z, cp(t, z)) ∈ P,

such that x(t, z) = x(t, z, p(t, z)), u(t, z) = u(t, z, p(t, z)), (t, z) ∈ (0, T ) × Ω, v(t, z) =
v(t, z, p(t, z)), (t, z) ∈ [0, T ] × ∂Ω, is an admissible trio and (2.3) holds. By (3.4),
it follows that x(t, z) = −Vy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω. As in the proof of
Theorem 2.1, (3.5) gives

−c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz

− c0y0

∫
Ω

l (x(T, z, p(T, z))) dz − c0y0

∫
[t,T ]×∂Ω

h(τ, s, v(τ, z, p(τ, z)))dτds

(3.6)

≤ −c0y0

∫
[0,T ]×Ω

L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z))dtdz

− c0y0

∫
Ω

l(x(T, z, p(T, z)))dz − c0y0

∫
[t,T ]×∂Ω

h(τ, s, v(τ, z, p(τ, z)))dτds.
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We conclude from (3.6) that

SD(t, p (t.·)) = −c0y0

∫
[t,T ]×Ω

L(τ, z, x(τ, z, p(τ, z)), u(τ, z, p(τ, z)))dτdz

(3.7)

− c0y0

∫
Ω

l (x(T, z, p(T, z))) dz − c0y0

∫
[t,T ]×∂Ω

h(τ, s, v(τ, z, p(τ, z)))dτds,

and it is sufficient to show that (u(t, z, p), v(t, z, p)) is an optimal dual feedback
control, by Theorem 2.1 and Definition 3.2.

4. Examples.
Example 1. Let us denote the following:

L(t, z, x, u) := t2x−7/6u1/2,

f(t, z, x, u) := t6x1/2u3/2/n,

h(t, z, v) := t4

⎛
⎝n/2∑

i=1

z2
i

⎞
⎠
⎛
⎝v −

(
n∑

i=1

zi

)−2/3
⎞
⎠

6

,

l (x) = 0, ϕ(0, z) =

(
n∑

i=1

zi

)−2/3

, ψ(0, z) = 0,

where (t, z, x, u) ∈ [0, T ] × Ω × R × R+, n-even, Ω :=
{
z ∈ Rn :

∑n
i=1 z

2
i < 1

}
, Y :={

(y0, y) ∈ R2 : y0 ≤ 0, y > 0
}
, c :=

(
c0, c
)
∈ R2, cp ∈ Y , so c0 > 0, c > 0, U = R+,

V = [−10, 10].
The Hamiltonian H : [0, T ] × Ω ×R+ × Y → R

(4.1) H(t, z, x, cp) := max
u∈R+

H(t, z, x, cp, u),

where H : [0, T ] × Ω ×R+ × Y ×R+ → R

(4.2) H(t, z, x, cp, u) := c0y0t2x−7/6u1/2 + cyt6x1/2u3/2
/
n.

From (4.1)–(4.2) and taking c0 = 2/9, c = 4/9 we calculate easily that

(4.3) H(t, z, x, cp) = − 2
√

6n(−y0)3/2
/

27y1/2x2.

Hence the PDE for the same c0 = 2/9, c = 4/9 has the form

(4.4) Vtt(t, z, cp) − ΔzV (t, z, cp) − 2
√

6n(−y0)3/2
/(

27y1/2 (−Vy(t, z, cp))
2
)

= 0.

For c0 = 2/9, c = 4/9, let

(4.5) V (t, z, cp) := −4/3y3/4 −
√
n

(
−2

3
y0

)3/2∑n

i=1
z2
i

/
6n.

Then the function V (t, z, cp) satisfies on P = [0, T ] × Ω × Y the first equation of
DPDEMDP (1.13) and (1.2). Let us take for ν(z) the exterior unit normal vector to ∂Ω
the vector (−z2, z1,−z4, z3, . . . ,−zn, zn−1). Then (1.3) is also satisfied as both sides
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are simply equal to zero for (t, z) ∈ [0, T ] ×∂Ω, (t, z, cp) ∈ P . Moreover for similar
reasons the second equation in (1.13) is also satisfied (sup{c0y0h(t, z, v) : v ∈ V} = 0).

If we take y0 = − (32n/3)
1/3

, then the equation

(4.6) xtt(t, z, y) − Δzx(t, z, y) =
√
n
(
−y0
)3/2/(

(6y)
3/2

(x(t, z, y))
2
)

has the solution

x(t, z, y) = y−1/2
(∑n

i=1
zi

)2/3

on [0, T ] × Ω. We denote that y0 by y0. Moreover, (2.2) is fulfilled by p(t, z) =
(y0, y(t, z)), where y0 comes from (4.6),

y(t, z) =
(∑n

i=1
zi

)8/3

,

and V (t, z, cp) is given by (4.5). It is also seen that

x(t, z) = x (t, z, y(t, z)) =
(∑n

i=1
zi

)−2/3

satisfies x(t, z) = −Vy(t, z, cp(t, z)) for (t, z) ∈ [0, T ] × Ω and

x(t, z) = v̄(t, z) =
(∑n

i=1
zi

)−2/3

for (t, z) ∈ [0, T ] × ∂Ω,

and

u(t, z) = −y0

/(
6t4
(∑n

i=1
zi

)14/9
)

.

Moreover, assumptions of Theorem 3.3 hold. Therefore, by Theorem 3.3 we obtain
that x(t, z), u(t, z, p), v̄(t, z) is an optimal trio.

The next example is linear but with control on the boundary so it cannot be
treated by any classical dynamic programming approach. Moreover it is an applied
example.

Example 2. We shall consider the simple case of a structural acoustic system. Let
Ω = {(z1, z2) : −1 ≤ z1 ≤ 1, − 1 ≤ z2 ≤ 1} be the domain occupied by an acoustic
medium (air). The boundary S of the domain consists of two parts, S1 and S2.
The part S1 corresponds to a thin wall (a shell), and S2 corresponds to a hard wall.
An external acoustic eld, through structural acoustic coupling, leads to high interior
sound pressure levels in Ω. Piezoelectric elements (patches) are used to active control
in order to reduce the sound pressure levels in Ω. Coupled problems for structural
acoustic systems were studied in a series of works; see [3], [4], [5], [6], [18], [19] and
the references therein. The acoustic dynamics is described by the equation

(4.7) xtt (t, z) − c20Δzx(t, z) = 0 in Q = (0, 1) × Ω.

Here c20 is a positive constant and the pressure function q in the acoustic medium
is defined by q (t, z) = ρ0xt (t, z), where ρ0 is the density of the acoustic medium in
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the ground state, and ρ0 is a positive constant. Let us denote

L(t, z, x, u) := 0,

f(t, z, x, u) := 0,

h(t, z, v) :=

(
v − cos

(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

))2

,

l (x(·)) = ρ0

∫
Ω

x (1, z) dz, ϕ(0, z) = 0,

where (t, z, x, u) ∈ [0, 1] × Ω × R × R, n = 2, Y :=
{
(y0, y) ∈ R2 : y0 ≤ 0, y ∈ R

}
,

c :=
(
c0, c
)
∈ R2, cp ∈ Y , so c0 > 0, c ∈ R, U = R, V = R. We have chosen the

simplest case of h so as not to concentrate on technicalities which are not related to
the described dual method itself.

The Hamiltonian H : [0, 1] × Ω ×R× Y → R,

H(t, z, x, cp) = 0.

Therefore the first equation of DSPDEMDP (1.13) has the form

(4.8) Vtt (t, z, c̄p) − c20ΔzV (t, z, c̄p) = 0 in Q = (0, 1) × Ω ×R.

The solutions to (4.7), depending on {aj}, have the form

x(t, z) =
∑
j≥2

aj cos
(
jt− π

2

)
sin

(
1

2c0
jz1

)
sin

(
1

2c0
jz2

)
(4.9)

+
1

2
cos
(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

)
.

We take into account only those solutions (4.9) which belong to W 2,2((0, 1) × Ω) ∩
C([0, 1];L2(Ω)). By controls on the boundary we take only the functions

v = x
∣∣
(0,1)×∂Ω .

Our aim is to minimize the pressure level in Ω and the cost of activations of controls
on the boundary, i.e., we minimize the functional

J(x, v) = ρ0

∫
Ω

x (1, z) dz +

∫
(0,1)×∂Ω

h(t, z, v(t, z))dtdz.

For solution to (4.8) we take

V (t, z, c̄p) = c0y0 sin
(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

)
+ c0y0cyt(4.10)

+ (cy)2 + tcy − cy cos
(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

)
.

If we take c0 = 1, c = 1/2, ȳ0 = −1, then we can easily check that V from (4.10)
satisfies transversality conditions (1.2), (1.3) and boundary condition (2.1). Let us
observe that

−Vy(t, z, c̄p(t, z)) = x(t, z)
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for

y(t, z) = −2
∑
j≥2

aj cos
(
jt− π

2

)
sin

(
1

2c0
jz1

)
sin

(
1

2c0
jz2

)
, ȳ0 = −1.

Let us take for ν(z), the exterior unit normal vector to ∂Ω, the vector

ν(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1, 0) for z = (−1, z2), − 1 ≤ z2 ≤ 1,

(1, 0) for z = (1, z2), − 1 ≤ z2 ≤ 1,

(0, 1) for z = (z1,−1), − 1 ≤ z1 ≤ 1,

(0, 1) for z = (z1, 1), − 1 ≤ z1 ≤ 1.

Then, taking into account (4.10), we see that (∇z)V (t, z, c̄p(t, z))ν(z) = 0 for (t, z) ∈
(0, 1) × ∂Ω. Therefore

(∇z)V (t, z, c̄p(t, z))ν(z) + c0y0h(t, z, v̄(t, z)) = 0 for (t, z) ∈ (0, 1) × ∂Ω

is realized for

v̄(t, z) = cos
(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

)
.

Hence

x̄(t, z) = cos
(
t− π

2

)
sin

(
1

2c0
z1

)
sin

(
1

2c0
z2

)
.

5. An ε-optimization. If we want to solve the concrete problem (0.1)–(0.4)
for particular data, then usually we are not able to solve it exactly, especially if
the problem we consider is nonlinear. Therefore each possibility to approximate our
optimal problem (0.1)–(0.4) may turn out very useful. Below we find a certain type
of such an approximation.

Definition 5.1. Let ε > 0 and c0 > 0 be fixed. A function SεD (t, p (t, ·)) is
called an ε-dual value function if

(5.1) SD (t, p (t, ·)) ≤ SεD (t, p (t, ·)) ≤ SD (t, p (t, ·)) − 2εc0y0
εTvol (Ω)

for any fixed y0
ε < 0.

Definition 5.2. Let ε > 0 and c = (c0, c) ∈ R2, c0 > 0, be fixed and let Ṽ (t, z, p)
be a given C2 function such that (1.2) and (2.1) hold. Let xε(t, z), uε(t, z), t ∈
(0, T )×Ω, vε(t, z), t ∈ (0, T )×∂Ω, be an admissible trio and let pε(t, z) = (y0

ε, yε(t, z)),
pε ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), pε ∈ L2([0, T ] × ∂Ω), (t, z, cpε(t, z)) ∈ P ,

be such a function that xε(t, z) = −Ṽy(t, z, cpε(t, z)) for (t, z) ∈ (0, T ) × Ω. The trio
xε(t, z), uε(t, z), (t, z) ∈ (0, T ) × Ω, vε(t, z), t ∈ (0, T ) × ∂Ω, is called an ε-optimal
trio if

−c0y0
ε

∫
[0,T ]×Ω

L(t, z, xε(t, z), uε(t, z))dtdz − c0y0
ε

∫
Ω

l(xε(T, z)dz

− c0y0
ε

∫
[0,T ]×∂Ω

h(t, s, vε(t, z))dtds

(5.2)

≤ −c0y0
ε

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz − c0y0
ε

∫
Ω

l(x(T, z)dz

− c0y0
ε

∫
[0,T ]×∂Ω

h(t, s, v(t, z))dtds− εc0y0
εTvol (Ω)
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for all admissible trios x(t, z), u(t, z), t ∈ (0, T ) × Ω, v(t, z), t ∈ (0, T ) × ∂Ω, for
which there exists such a function p(t, z) = (y0

ε, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩
C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, cp(t, z)) ∈ P , such that

x(t, z) = −Ṽy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω

and

(5.3) y(0, z) = yε(0, z) for z ∈ Ω.

Theorem 5.3. Let xε(t, z), uε(t, z), (t, z) ∈ (0, T ) × Ω, vε(t, z), t ∈ (0, T ) × ∂Ω,
be an admissible trio. Assume that there exist ε > 0, c = (c0, c) ∈ R2, c0 > 0, and a

C2 function Ṽ (t, z, p) such that for (t, z, cp) ∈ P ,

sup
{
Ṽtt(t, z, cp) − ΔzṼ (t, z, cp) + c0y0L(t, z,−Ṽy(t, z, cp), u)

(5.4)
+ cyf(t, z,−Ṽy(t, z, cp), u) : u ∈ U

}
≤ −εc0y0

ε,

sup
{
∇zṼ (t, z, c̄p)ν(z) + c0y0h(t, z, v) : v ∈ V

}
≤ −εc0y0

ε,

(t, z) ∈ (0, T ) × ∂Ω, (t, z, cp) ∈ P,

Ṽ (t, z, cp) = cpṼp(t, z, cp), (t, z) ∈ (0, T ) × Ω, (t, z, cp) ∈ P ,(5.5)

∇zV (t, z, cp)ν(z) = c0y0∇zVy0(t, z, cp)ν(z)

for (t, z) ∈ (0, T ) × ∂Ω, (t, z, cp) ∈ P.

Further, let pε(t, z) = (y0
ε, yε(t, z)), pε ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), pε ∈

L2([0, T ]×∂Ω), (t, z, cpε(t, z)) ∈ P , be such a function that xε(t, z) = −Ṽy(t, z, cpε(t))

for (t, z) ∈ (0, T ) × Ω. Suppose that Ṽ (t, z, p) satisfies the boundary condition for
(T, z, cp) ∈ P :

(5.6) c0y0
ε

∫
Ω

(d/dt) Ṽy0(T, z, cp)dz = c0y0
ε

∫
Ω

l
(
−Ṽy (T, z, cp)

)
dz.

Moreover, suppose that for almost all (t, z) ∈ (0, T ) × Ω,

(5.7)

Ṽtt(t, z, cpε(t, z)) − ΔzṼ (t, z, cpε(t, z))

+ c0y0
εL(t, z,−Ṽy(t, z, cpε(t, z)), uε(t, z))

+ cyε(t, z)f(t, z,−Ṽy(t, z, cpε(t, z)), uε(t, z)) ≥ 0,

(∇z) Ṽ (t, z, c̄pε(t, z))ν(z) + c0y0
εh(t, z, v̄ε(t, z)) ≥ 0 for almost all (t, z) ∈ (0, T ) × ∂Ω.

Then xε(t, z), uε(t, z), (t, z) ∈ (0, T )×Ω, vε(t, z), t ∈ (0, T )×∂Ω, is an ε-optimal trio
relative to all admissible trios x(t, z), u(t, z), (t, z) ∈ (0, T )×Ω, v(t, z), t ∈ (0, T )×∂Ω,
for which there exists such a function p(t, z) = (y0

ε, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩
C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, cp(t, z)) ∈ P , such that

x(t, z) = −Ṽy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω

and (5.3) is satisfied.
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Proof. Take any admissible trio x(t, z), u(t, z), (t, z) ∈ (0, T ) × Ω, v(t, z), t ∈
(0, T ) × ∂Ω, for which there exists such a function

p(t, z) = (y0
ε, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)),

p ∈ L2([0, T ] × ∂Ω), (t, z, cp(t, z)) ∈ P,

such that

x(t, z) = −Ṽy(t, z, cp(t, z)) for (t, z) ∈ (0, T ) × Ω

and (5.3) holds. Then, from (5.5), we have, for (t, z) ∈ (0, T ) × Ω,

Ṽtt(t, z, cp(t, z)) − ΔzṼ (t, z, cp(t, z))

= c0y0
ε

[(
d2/dt2

)
Ṽy0(t, z, cp(t, z)) − (Δz) Ṽy0(t, z, cp(t, z))

]
(5.8)

+ cy(t, z)
[(
d2/dt2

)
Ṽy(t, z, cp(t, z)) − (Δz) Ṽy(t, z, cp(t, z))

]
,

and for (t, z) ∈ (0, T ) × ∂Ω,

(∇z) Ṽ (t, z, c̄p(t, z))ν(z) = c0y0
ε (∇z) Ṽy0(t, z, c̄p(t, z))ν(z).(5.9)

Since (
d2/dt2

)
Ṽy(t, z, cp(t, z)) − (Δz) Ṽy(t, z, cp(t, z)

= −f(t, z,−Ṽy(t, z, cp(t, z)), u(t, z))

for (t, z) ∈ (0, T ) × Ω, it follows, by (5.9), that for (t, z) ∈ (0, T ) × Ω,

c0y0
ε

[(
d2/dt2

)
Ṽy0(t, z, cp(t, z)) − (Δz) Ṽy0(t, z, cp(t, z))

+ L(t, z,−Ṽy(t, z, cp(t, z)), u(t, z))
]

= Ṽtt (t, z, cp(t, z)) − ΔzṼ (t, z, cp(t, z))(5.10)

+ c0y0
εL(t, z,−Ṽy(t, z, cp(t, z)), u(t, z))

+ cy(t, z)f(t, z,−Ṽy(t, z, cp(t, z)), u(t, z))

and for (t, z) ∈ (0, T ) × ∂Ω,

c0y0
ε (∇z) Ṽy0(t, z, c̄p(t, z))ν(z) + c0y0

εh(t, z, v(t, z))

= (∇z) Ṽ (t, z, c̄p(t, z))ν(z) + c0y0
εh(t, z, v(t, z)).(5.11)

Thus, by (5.4) and (5.10), we get for (t, z) ∈ (0, T ) × Ω

c0y0
ε

[(
d2/dt2

)
Ṽy0(t, z, cp(t, z)) − (Δz) Ṽy0(t, z, cp(t, z))

+ L(t, z,−Ṽy(t, z, cp(t, z)), u(t, z))
]
≤ −εc0y0

ε(5.12)

and for (t, z) ∈ (0, T ) × ∂Ω

(5.13) c0y0
ε (∇z) Ṽy0(t, z, c̄p(t, z))ν(z) + c0y0

εh(t, z, v(t, z)) ≤ −εc0y0
ε,
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and finally, after integrating (5.12), that

c0y0
ε

∫
[0,T ]×Ω

[(
d2/dt2

)
Ṽy0(t, z, cp(t, z)) − (div∇z) Ṽy0(t, z, cp(t, z))

]
dtdz

≤ −c0y0
ε

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz − εc0y0
εTvol (Ω) .

Similarly, in the set (0, T ) × ∂Ω we have

c0y0
ε

∫
[0,T ]×∂Ω

(∇z) Ṽy0(t, z, cp(t, z))ν(z)dtdz

≤ −c0y0
ε

∫
[0,T ]×∂Ω

h(t, z, v(t, z))dtdz − εc0y0
εTvol (Ω) .

Next we obtain

−c0y0
ε

∫
Ω

(d/dt) Ṽy0(0, z, c0y0
ε, cy(0, z))dz

≤ −c0y0
ε

∫
[0,T ]×Ω

L(t, z, x(t, z), u(t, z))dtdz − c0y0
ε

∫
Ω

l(x(T, z))dz(5.14)

− c0y0
ε

∫
[0,T ]×∂Ω

h(t, z, v(t, z))dtdz − 2εc0y0
εTvol (Ω) .

Similarly, we obtain

c0y0
ε[
(
d2/dt2

)
Ṽy0(t, z, cp̄ε(t, z)) − (Δz) Ṽy0(t, z, cp̄ε(t, z))(5.15)

+ L(t, z,−Ṽy(t, z, cp̄ε(t, z)), ūε(t, z))
]
≥ 0 for (t, z) ∈ (0, T ) × Ω,

(5.16)

c0y0
ε (∇z) Ṽy0(t, z, c̄p̄ε(t, z))ν(z) + c0y0

εh(t, z, v̄ε(t, z)) ≥ 0 for (t, z) ∈ (0, T ) × ∂Ω.

Now from (5.15), (5.16), (5.6), and the Green formula we have

−c0y0
ε

∫
[0,T ]×Ω

L(t, z, xε(t, z), uε(t, z))dtdz

− c0y0
ε

∫
Ω

l(xε(T, z))dzdt− c0y0
ε

∫ 0

[0,T ]×∂Ω

h(t, z, vε(t, z))dtdz(5.17)

≤ −c0y0
ε

∫
Ω

(d/dt) Ṽy0(0, z, c0y0
ε, cy(0, z))dz.

Therefore, combining (5.14) with (5.17) yields

−c0y0
ε

∫
[0,T ]×Ω

L(t, z, xε(t, z), uε(t, z))dtdz − c0y0
ε

∫
Ω

l(xε(T, z))dz

− c0y0
ε

∫
[0,T ]×∂Ω

h(t, z, vε(t, z))dtdz

(5.18)

≤ −c0y0
ε

∫
[0,T ]×Ω

L(t, z, x(t, z), u(τ, z))dtdz − c0y0
ε

∫
Ω

l(x(T, z))dz

− c0y0
ε

∫
[0,T ]×∂Ω

h(t, z, v(t, z))dtdz − 2εc0y0
εTvol (Ω) ,

which proves the assertion of the theorem.
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Math. 126, Birkhäuser, Basel, 1998, pp. 223–236.

[27] P. Neittaanmaki and D. Tiba, Optimal Control of Nonlinear Parabolic Systems, Marcel
Dekker, New York, 1994.

[28] A. Nowakowski, The dual dynamic programming, Proc. Amer. Math. Soc., 116 (1992), pp.
1089–1096.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

110 ANDRZEJ NOWAKOWSKI

[29] J. P. Raymond, Nonlinear boundary control of semilinear parabolic problems with pointwise
state constraints, Discrete Contin. Dynam. Systems, 3 (1997), pp. 341–370.

[30] W. S. Strauss, Nonlinear Wave Equations, CBMS Regional Conf. Ser. in Math. 73, AMS,
Providence, RI, 1989.

[31] L. W. White, Control of a hyperbolic problem with pointwise stress constraints, J. Optim.
Theory Appl., 41 (1983), pp. 359–369.

[32] L. W. White, Distributed control of a hyperbolic problem with control and stress constraints,
J. Math. Anal. Appl., 106 (1985), pp. 41–53.

[33] L. C. Young, Calculus of Variations and Optimal Control Theory, W. B. Saunders, Philadel-
phia, 1969.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. CONTROL OPTIM. c© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 1, pp. 111–143

LIMIT TIME OPTIMAL SYNTHESIS FOR A CONTROL-AFFINE
SYSTEM ON S2∗

P. MASON† , R. SALMONI‡ , U. BOSCAIN§ , AND Y. CHITOUR‡

Abstract. For α ∈]0, π/2[, let (Σ)α be the control system ẋ = (F +uG)x, where x belongs to the
two-dimensional unit sphere S2, u ∈ [−1, 1], and F,G are 3× 3 skew-symmetric matrices generating
rotations with perpendicular axes and of respective norms cos(α) and sin(α). In this paper, we
study the time optimal synthesis (TOS) from the north pole (0, 0, 1)T associated to (Σ)α, as the
parameter α tends to zero; this problem is motivated by specific issues in the control of quantum
systems. We first prove that the TOS is characterized by a “two-snakes” configuration on the whole
S2, except for a neighborhood Uα of the south pole (0, 0,−1)T of diameter at most O(α). We next
show that, inside Uα, the TOS depends on the relationship between r(α) := π/2α − [π/2α] and α.
More precisely, we characterize three main relationships by considering sequences (αk)k≥0 satisfying
(a) r(αk) = r̄, (b) r(αk) = Cαk, and (c) r(αk) = 0, where r̄ ∈ (0, 1) and C > 0. In each case, we
describe the TOS and provide, after a suitable rescaling, the limiting behavior, as α tends to zero,
of the corresponding TOS inside Uα.

Key words. control-affine systems, optimal synthesis, control of quantum systems, minimum
time, asymptotics

AMS subject classification. 49J15

DOI. 10.1137/060675988

1. Introduction. Let α ∈]0, π/2[. On the unit sphere S2 ⊂ R
3, consider the

control system (Σ)α defined by

(1) (Σ)α ẋ = (F + uG)x, x = (x1, x2, x3)
T , ‖x‖2 = 1, |u| ≤ 1,

where F and G are two 3 × 3 skew-symmetric matrices representing two orthogonal
rotations with axes of length, respectively, cos(α) and sin(α), α ∈]0, π/2[ (for the
precise meaning of length, see section 2.3). With no loss of generality, we assume that

(2) F :=

⎛
⎝ 0 − cos(α) 0

cos(α) 0 0
0 0 0

⎞
⎠ , G :=

⎛
⎝0 0 0

0 0 − sin(α)
0 sin(α) 0

⎞
⎠ .

In this paper, we aim at describing the time optimal synthesis (TOS) from the north
pole N := (0, 0, 1)T for (Σ)α; i.e., for every x̄ ∈ S2 we want to find the time optimal
trajectory steering N to x̄ in minimum time (see Figure 1).

In particular we are interested in the qualitative shape of the time optimal syn-
thesis in a neighborhood of the south pole S = (0, 0,−1)T , in the limit α → 0. The
interest for that problem stems from quantum control issues. Indeed consider the
population transfer problem for a two-level quantum system driven by a single ex-
ternal field. This model describes the evolution of the z-component of the spin of a
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Fig. 1. Geometric interpretation of the system (Σ)α. The vector fields X+ := F + G and
X− := F −G are two rotations of norm one making an angle α with the axis x3.

(spin-1/2) particle driven by a magnetic field that is constant along the z-axis and
controlled along the x-axis. Equivalently it describes the first two levels of a molecule
driven by an external field without the rotating wave approximation [4, 9]. The
dynamics of such a system is governed by the time-dependent Schrödinger equation
(in a system of units such that � = 1):

i
dψ(t)

dt
= (H0 + Ω(t)H1)ψ(t).(3)

Here ψ(.) = (ψ1(.), ψ2(.))
T : [0, T ] → C

2 denotes the wave function and verifies∑2
j=1 |ψj(t)|2 = 1; i.e., ψ(t) belongs to the sphere S3 ⊂ C

2. The free Hamiltonian H0

and the controlled Hamiltonian H1 are given by

H0 =

(
−E 0
0 E

)
, H1 =

(
0 1
1 0

)
,(4)

where −E and E (E > 0) are the two energy levels and the control Ω(.) is a real
function describing the amplitude of the external field. Here |ψ1(t)|2 (respectively,
|ψ2(t)|2) represents the probability of measuring at time t the energy E (respectively,
−E). The control task consists of inducing a transition from the first eigenstate of
H0 (i.e., |ψ1|2 = 1) to any other physical state. We recall that two states ψ and ψ′ are
physically equivalent if they differ by a factor of phase. More precisely by physical
state we mean a point of the two-dimensional sphere (called Bloch sphere in this
context) S2 = S3/ ∼, where the equivalence relation ∼ is defined as follows: ψ ∼ ψ′

(where ψ,ψ′ ∈ S3) if and only if ψ = exp (iΦ)ψ′ for some Φ ∈ [0, 2π[. The projection
Π : S3 → S2 is called a Hopf projection. A particularly interesting transition is of
course from the first to the second eigenstates of H0 (i.e., from |ψ1|2 = 1 to |ψ2|2 = 1).

In many applications, the external field should have bounded amplitude M (i.e.,
|Ω(.)| ≤ M), and, in order to minimize the unavoidable effects of relaxation and
decoherence [3, 13], the transfer should occur as quickly as possible. Therefore we end
up addressing a minimum time control problem with one bounded control. Sometimes
decoherence is also reduced by taking M small with respect to E: This guarantees
that the energy injected by the control action into the system is close to the minimal
one necessary to induce the transition.
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As was shown in [9], the projection of the minimum time control problem for the
system (3) on the Bloch sphere gives rise, after time renormalization, to the minimum
time control problem for system (1) where (i) the first and second eigenstates of H0

project respectively onto the north pole N and the south pole S, (ii) tan(α) = M/E
and u(t) = Ω(t)/M , and (iii) H0 project on F and H1 on G. The case M << E
corresponds now to the limit α → 0.

Nowadays two-level quantum systems are central in the implementation of the
so-called quantum gates (the basic blocks of a quantum computer); see, for instance,
[12, 18].

The present paper is actually a continuation of [5, 9] in the sense that it answers
questions raised in these papers.

In [5], the purpose was to provide a lower and an upper bound for N(α), the
maximum number of switchings for time optimal trajectories for the left invariant
control system

(S)α ġ = g(F + uG), g ∈ SO(3), |u| ≤ 1,(5)

where F and G are defined in (2). Recall that, for such control systems, it is known
(cf., for instance, [5, 9]) that every time optimal trajectory is a finite concatenation of
bang arcs (i.e., u ≡ ±1) or singular arcs (u = 0). A bang arc is an integral trajectory
corresponding to the rotations

X+ := F + G, X− := F −G(6)

and is denoted by etXεx, t ∈ [0, T ], where ε = ±, x is the starting point of the bang
arc and T is its time duration. Moreover, a switching time—or simply a switching—
along a time optimal trajectory is a time t0 so that the control u is not constant in
any open neighborhood of t0.

To estimate N(α), a suitable Hopf map Π : SO(3) → S2 was introduced to project
(S)α onto (Σ)α. In particular, every time optimal trajectory of (Σ)α is the projection
by Π of a time optimal trajectory of (S)α. It results that, if a time optimal trajectory
on S2 has a certain number of switchings, then this number is lower than or equal
to the maximum number of switchings for the optimal problem on SO(3). The con-
struction of time optimal trajectories of (Σ)α was performed according to the general
theory of time optimal synthesis on two-dimensional (2-D) manifolds developed in
[6, 7, 10, 11, 14, 15, 19, 20] and recently gathered in the book [8].

The question of studying N(α) was first addressed in [1], where, using the index
theory developed by Agrachev, the authors proved that N(α) ≤ [π/α], where [·] stands
for the integer part. That result was not only an indirect indication that N(α) would
tend to infinity as α tends to zero, but it also provided a hint on the asymptotic
of N(α) as α tends to zero. Notice that for α = 0 the systems (1) and (5) are not
controllable. With the techniques developed in [5], enough properties for the TOS
associated to (Σ)α, α < π/4, were identified in order to improve the upper bound of
[1] and to actually show that, for α small,

N(α) ≤ kM + 5, where kM :=
[ π

2α

]
.

In [5], it is proved that, for α < π/4, the extremals associated to (Σ)α (i.e., the tra-
jectories candidate for time optimality obtained after using the Pontryagin maximum
principle (PMP)), starting from the north pole N are bang-bang trajectories, i.e.,
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Fig. 2. The two-snakes configuration defined by the extremal flow. Notice that this set of
trajectories covers the whole sphere, but in principle not all extremals are optimal, and a point can
be reached by more than one trajectory at the same or at different times.

finite concatenations of bang arcs of the type

esfX−ε′ ev(si)Xε′ . . . ev(si)X−εesiXεN,

where the initial time duration si verifies si ∈ (0, π], all of the time durations of the
interior bang arcs are equal to v(si), where the function v is defined in (14) below,
and the final time duration sf verifies sf ≤ v(si). Of particular importance for the
construction of the TOS are the switching curves, i.e., the curves made by points
where the control switches from +1 to −1 or vice versa and defined inductively by

(7)
Cε

1(s) = eXεv(s)eX−εsN, Cε
k(s) = eXεv(s)C−εk−1(s) (where ε = ±1 and k = 2, . . . , kM ).

Since the PMP gives just a necessary condition for optimality, it is crucial to determine
the time after which an extremal is no more optimal. In [5], we showed that the
number of bangs must be lower than or equal to kM + 1 and the extremals cover the
sphere S2 according to the “two-snakes” configuration as depicted in Figure 2. The
two “snakes” correspond to extremal trajectories starting with control +1 and −1,
respectively. For more details, see [5].

However, in [5], we were not able to construct the complete TOS associated to
(Σ)α. In particular, we could not show the optimality of all of the extremals up to
kM − 1 bangs arcs, and we could not complete analytically the construction of the
synthesis in a neighborhood of the south pole S. There, the minimum time front
develops singularities due to the compactness of S2. We provided only numerical
simulations describing the evolution of the extremal front in a neighborhood of the
south pole. As α → 0, these numerical simulations suggested the emergence of an
interesting phenomenon (see Figure 3): Define the remainder

r(α) := π/2α− [π/2α].(8)
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Fig. 3. Conjectured shapes of the synthesis in a neighborhood of the south pole. Switching
curves are C1 curves made by points in which the control switches from +1 to −1 or vice versa.
Overlap curves are C1 curves made by points reached optimally by more than one trajectory. The
curve γk is a bang arc that is also an overlap curve since trajectories having a different history
travel on it at the same time. The singularity appearing at the starting point of γk (called (C,K)1
according to the taxonomy of [8]) is a singularity of the synthesis predicted by the general theory [8],
and it is due to a nonlocal phenomenon (see section 7 for more details).

Then there are three possible patterns of TOS in the neighborhood of the south
pole S, each of them depending on a relation between r(α) and α. See section 2.2
below, where these relations are formulated as well as conjectures.
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In [9], the TOS for (Σα) was studied in the context of quantum control as de-
scribed previously. In that paper, the TOS for α ≥ π/4 was completed, and, in the
case α < π/4, further information was obtained, for what concerns time optimal tra-
jectories steering the north to the south pole (in fact the most interesting trajectories
for the quantum mechanical problem). Such optimal trajectories belong to a set Ξ
containing at most eight trajectories, half of them starting with control +1 and the
other half starting with control −1, and switching exactly at the same times. It was
also proved that the cardinality of Ξ depends on the remainder r(α) defined in (8).
For instance, for α and r(α) small enough, then Ξ contains exactly eight trajecto-
ries (four of them are optimal) while if r(α) is close to 1, then Ξ contains only four
trajectories (two of them are optimal).

The purpose of the present paper consists in studying the TOS associated to (Σ)α
as α tends to zero, focusing in particular on its behavior inside a neighborhood of the
south pole. Roughly speaking, we want to determine, as α tends to zero, what could
be a possible limit for the TOS associated to (Σ)α (as suggested, for instance, by the
patterns depicted in Figure 3) and then to prove the convergence (in some suitable
sense) of the TOS associated to (Σ)α to that limit. To proceed, we embark on the
study of a geometric object F(α, T ) called the extremal front at time T along (Σ)α
and defined as the set of points reached at time T by extremal trajectories starting
from N (see section 3.1 for a precise definition). The extremal front F(α, T ) contains
the minimum time front OF (α, T ), i.e., the set of points reached at time T by time
optimal trajectories. When F(α, T ) = OF (α, T ), we say that F(α, T ) is optimal.

We first prove, in the case in which kM is odd (the other case being analo-
gous), that the extremal front F(α, kMπ) is made up of the union of two curves
Eε(α, ·) : (0, π] → S2, ε = ±, with Eε(α, ·) = Πx3E−ε(α, ·), where Πx3 is the orthog-
onal symmetry with respect to the x3-axis. Moreover, for α small enough, Eε(α, ·)
admits a convergent power series of the type

∑
l≥0 f

ε
l (s, r(α))αl, where the fε

l (s, r)

are real-analytic functions of (s, r) ∈ R
2, 2π-periodic in s with

f+
0 (s, r) =

⎛
⎝ 0

0
−1

⎞
⎠ , f+

1 (s, r) =

⎛
⎝−2rcs

2rss
0

⎞
⎠ ,

(9) f+
2 (s, r) =

⎛
⎝ π

2 (4r + cs)s
2
s

π
4 (3 + 8rcs + c2s)ss

2r2

⎞
⎠ , f−l (s, r) = Πx3

f+
l (s, r) .

As a trivial consequence, we deduce that, for r ∈ [0, 1], s ∈ R, and α small enough,
we have

Eε(α, s) = fε
0 (s, r(α)) + fε

1 (s, r(α))α + fε
2 (s, r(α))α2 + O(α3)(10)

and

∂

∂s
Eε(α, s) =

∂

∂s
fε
1 (s, r(α))α +

∂

∂s
fε
2 (s, r(α))α2 + O(α3),(11)

where |O(α3)| ≤ C̄|α|3, with C̄ > 0 constant independent of (r, s, α).
Then we show that F(α, T ) is actually optimal for T ≤ (kM − 1)π and α small

enough (see Remark 7 below). Moreover, we show that F(α, (kM − 1)π) is a circle
of radius 2(1 + r(α))α up to order α2 (see Remark 6 below). As a consequence of
the optimality of F(α, (kM − 1)π), we get that all of the extremals of the two-snakes
configuration depicted in Figure 2 are optimal up to time (kM − 1)π. In other words,
if Uα is the connected component of S2 \ F(α, (kM − 1)π) containing the south pole,
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we obtain the optimal synthesis on S2 \ Uα. Notice that Uα is a neighborhood of the
south pole of size proportional to α.

In that way we answer the question stated in [5] about optimality of extremals
of the two-snake configuration in the case α small, and it is, of course, of interest for
applications to the two-level quantum system.

The expressions (10)–(11) are central tools to understand the possible asymptotic
behaviors of the TOS associated to (Σ)α, as α tends to zero.

For this purpose we observe that the expressions of f+
1 and f+

2 in (9) depend
explicitly on the remainder r(α). This fact suggests the need to impose particular
relationships between α and r(α) in order to define any asymptotic behavior. In
other words we must let α go to zero only along certain subsequences (αk)k≥0 where
a specific relationship holds between αk and r(αk). The analysis of (9) will help us to
determine such relationships and to prove that the conjectures made in [5] about the
qualitative shape of the synthesis near the south pole were true (see section 2.2 and
Figure 3). In particular we will see that there are exactly three qualitatively different
asymptotic behaviors of the synthesis as α goes to zero, described by the following
cases.

First, we analyze the case in which α is arbitrarily small, with r(α) ∈ (0, 1)
uniformly far from 0 and 1. To further simplify the discussion, it is reasonable to
consider the following:

(C1) For r̄ ∈ (0, 1), let α tend to zero along the subsequence αk :=
π

2(k + r̄)
, so that

r(αk) = r̄.

In this case Eε(α, ·) is approximated, up to order α2, by the expression S+fε
1 (·, r̄). As

a consequence F(α, kMπ) is approximately a circle of radius 2r̄α centered at the south
pole. We are then able to give a qualitative description of the optimal synthesis, as
stated below in Theorem 1. We then deduce that, if α is small enough and r(α) is far
enough from 0 and 1, the synthesis in a neighborhood of the south pole is topologically
equivalent to the limit synthesis obtained, as k tends to infinity, along the sequence
αk above. That synthesis turns out to be exactly the one described in Figure 3 (case
B), as predicted in [5].

It remains then to study the cases in which r(α) can be arbitrarily close to 0
or 1. For this purpose we first consider the case in which r(α)/α remains bounded
above and below by positive constants as α tends to zero. From (9) it is clear that
this is equivalent to saying that fε

1 (·, r)α is comparable to fε
2 (·, r)α2. For simplicity

we consider the following:

(C2) For C > 0, let α tend to zero along a subsequence (αk)k≥0 such that
r(αk) = Cαk.

In this case Eε(α, ·) is well approximated by S+(fε
1 (·, C)+fε

2 (·, 0))α2. If C > π/4, the
synthesis is equivalent to that of the previous case. On the other hand, if C < π/4,
the synthesis is more complicated (see section 5), and it turns out to be exactly the
one described in Figure 3 (case C), as predicted in [5].

If α and r(α) tend to zero, with r(α)/α tending to infinity (respectively, to zero),
it is possible to see that the synthesis is qualitatively equivalent to the one of case
(C1) (respectively, (C2)).

The third interesting case is the following:

(C3) Let α tend to zero along the subsequence αk :=
π

2k
, so that r(αk) = 0.
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In this case the extremal front at time kMπ contains the south pole, and the corre-
sponding optimal front reduces to that point. The optimal synthesis is then described
starting from the extremal front F(α, (kM − 1)π) = OF (α, (kM − 1)π), and it corre-
sponds to the one described in Figure 3 (case A), as predicted in [5].

With similar arguments, one can see that, in the case in which α is small and
r(α) is close to 1, the optimal synthesis is qualitatively equivalent either to that of
case (C1) or to that of case (C3), and this concludes the description of the possible
asymptotic behaviors as α tends to 0.

Remark 1. It is interesting to notice that numerical simulations show that,
for α decreasing to zero continuously, the qualitative shape of the optimal synthesis
described in Figure 3 alternates cyclically in the order BCABCA. . . .

Let us describe the results obtained in case (C1) in more details. Since F(α, kMπ)
is approximated, up to O(α2), by a circle of center S and radius 2r̄α, we are able to
show that it is optimal, so that all of the extremals of the two-snakes configuration
depicted in Figure 2 are optimal up to time kMπ. In other words, if Vα is the con-
nected component of S2 \F(α, kMπ) containing the south pole, we obtain the optimal
synthesis on S2 \ Vα.

As α tends to zero, Vα collapses on S. Hence one must rescale the problem by a
factor 1/α in order to describe the TOS inside Vα. Also notice that since we are in a
neighborhood of the south pole we can project the problem on the plane (x1, x2). We
are now in a position to define a possible limit behavior for the TOS inside Vα. Let Mα

be the linear mapping from R
3 onto R

2 defined as the composition of the projection
(x1, x2, x3) 
→ (x1, x2) followed by the dilation by 1/α. Denote by (Σ̃)α (respectively,

ÕF (α, kMπ)) the image by Mα of (Σ)α (respectively, OF (α, kMπ)). Then (Σ̃)α is a
perturbation by O(α2) of the forced linear pendulum

(12) (Pen) :

{
ż1 = −z2,
ż2 = z1 + u, (z1, z2) ∈ R

2, |u| ≤ 1,

while ÕF (α, kMπ) is a perturbation by O(α2) of C(0, 2r̄), the planar circle of center
(0, 0) and radius 2r̄. As a consequence, the candidate limit TOS inside Vα is the one
associated to the problem of reaching in minimum time every point of the ball B(0, 2r̄)
starting from C(0, 2r̄), along the dynamics of the standard linearized pendulum. To
prove such a result, we first study the above-mentioned optimal control problem and
show that the corresponding TOS is characterized by an overlap curve γo

pen, which is
the set of points z ∈ R

2, with z1z2 ≥ 0, and belonging to the locus (see Figure 4)

z4
1 + z4

2 + 2z2
1z

2
2 − 4r̄2z2

1 + (4 − 4r̄2)z2
2 = 0.

The optimal synthesis inside C(0, 2r̄) is then described by the following feedback,
defined on B(0, 2r̄) \γo

pen: “Above” γo
pen, the control u is constantly equal to −1, and

“below” γo
pen, it is constantly equal to 1 (see Figure 5). Finally, the asymptotic result

we prove in section 4.2 is the following.
Theorem 1. For r̄ ∈ (0, 1), let (αk)k≥1 be the sequence defined by αk := π

2(k+r̄)

for k ≥ 1. Consider γo
pen, the overlap curve of the TOS for the optimal control problem

consisting of starting from C(0, 2r̄), the planar circle of center (0, 0) and radius 2r̄, and
reaching in minimum time every point of B(0, 2r̄) along the control system (12). Then,

for k large enough, the TOS associated to (Σ̃)αk
inside ÕF (αk, kMπ) is characterized

by an overlap curve γo
αk

so that the optimal feedback takes the value −1 above γo
αk

and
the value 1 below γo

αk
. Moreover, γo

αk
converges to γo

pen in the C0 topology, uniformly
with respect to r̄ in any compact interval of (0, 1).
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Fig. 4. The overlap curve for the pendulum problem.
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z
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Fig. 5. Optimal synthesis for the linear pendulum.

The results in cases (C2) and (C3) are described in more details in sections 5 and 6.
Remark 2. Notice that the sequence (αk)k≥1 defined above has been chosen in

order to simplify the previous statement. Indeed the same result could be restated
in a more general way by taking an arbitrary sequence (α̃k)k≥1 converging to zero
and such that r(α̃k) converges to r̄ or by letting the remainder vary on a compact
subinterval of (0, 1).

The paper is organized as follows. In the second section, we collect basic facts,
notations, results, and conjectures of [5]. The third section gathers the detailed de-
scription of the extremal front and the proof of (9). Sections 4, 5, and 6 treat,
respectively, cases (C1), (C2), and (C3). In section 7, we make some final remarks,
and we stress the importance of our result in connection with singularity theory for
time optimal syntheses on 2-D manifolds. In the appendix, we finally prove a technical
result needed throughout the paper.
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2. Notations and previous results.

2.1. Basic facts.
Definition 1. An admissible control u(.) for the system (1)–(2) is a measur-

able function u(.) : [a, b] → [−1, 1], while an admissible trajectory is an absolutely
continuous function x(.) : [a, b] → S2 satisfying (1) a.e. for some admissible control
u(.). If x(.) is an admissible trajectory and u(.) the corresponding control, we say that
(x(.), u(.)) is an admissible pair.

For every x̄ ∈ S2, the minimization problem consists of determining an admissible
pair steering the north pole to x̄ in minimum time. More precisely we write the
following.

Problem (P). Consider the control system (1)–(2). For every x̄ ∈ S2, find an
admissible pair (x(.), u(.)) defined on [0, T ] such that x(0) = N , x(T ) = x̄, and x(.)
is time optimal.

An optimal synthesis from the north pole (in the following optimal synthesis, for
short) is the collection of all of the solutions to the problem (P). More precisely we
write the following.

Definition 2 (optimal synthesis). An optimal synthesis for the problem (P)
is the collection of all time optimal trajectories Γ = {xx̄(.) : [0, bx̄] 
→ S2, x̄ ∈
S2 : xx̄(0) = N,xx̄(bx̄) = x̄}.

For more elaborated definitions of optimal synthesis, see [8, 16], and references
therein. The standard tool to look for optimal trajectories is a first order neces-
sary condition for optimality known as the PMP (cf. [2, 17]) as stated below for our
minimum time problem on S2.

Define the following real-valued map on T ∗S2 × [−1, 1], called the Hamiltonian:

H(λ, x, u) := 〈λ, (F + uG)x〉.

Set

H(λ, x) := max
v∈[−1,1]

H(λ, x, v).(13)

The PMP asserts that, if γ : [a, b] → S2 is a time optimal trajectory corresponding to
a control u : [a, b] → [−1, 1], there exists a nontrivial field of covectors along γ that is
a never vanishing absolutely continuous function λ : t ∈ [a, b] 
→ λ(t) ∈ T ∗γ(t)S

2 and a

constant λ0 ≤ 0 such that, for a.e. t ∈ Dom(γ), we have the following:
(i) λ̇(t) = −∂H

∂x (λ(t), γ(t), u(t)) = −λ(t)(F + u(t)G),
(ii) H(λ(t), γ(t), u(t)) + λ0 = 0,
(iii) H(λ(t), γ(t), u(t)) = H(γ(t), λ(t)).

In the more general case in which the target and the initial datum (also called source)
are two smooth manifolds N0 and N1, the previous statement must be modified by
adding the so-called transversality conditions:

(iv) 〈λ(a), v〉 = 0 for all v ∈ Tγ(a)N0, 〈λ(b), w〉 = 0 for all w ∈ Tγ(b)N1.
Remark 3. A trajectory γ (respectively, a couple (γ, λ)) satisfying the conditions

given by the PMP is said to be an extremal (respectively, an extremal pair). An
extremal corresponding to λ0 = 0 is said to be an abnormal extremal; otherwise we
call it a normal extremal.

Definition 3 (bang, singular for the problem (1)–(2)). A control u(.) : [a, b] →
[−1, 1] is said to be a bang control if u(t) = +1 a.e. in [a, b] or u(t) = −1 a.e. in
[a, b]. A control u(.) : [a, b] → [−1, 1] is said to be a singular control if u(t) = 0 a.e.
in [a, b]. A finite concatenation of bang controls is called a bang-bang control. A
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Fig. 6. Time optimal trajectories for α < π/4.

switching time of u(.) is a time t̄ ∈ [a, b] such that, for every ε > 0, u is not bang or
singular on (t̄− ε, t̄ + ε) ∩ [a, b]. A trajectory of the control system (1)–(2) is said to
be a bang trajectory (or arc), singular trajectory (or arc), or bang-bang trajectory if it
corresponds, respectively, to a bang control, singular control, or bang-bang control. If t̄
is a switching time, the corresponding point on the trajectory x(t̄) is called a switching
point.

2.2. Description of previous results. In [5, 9] it was proved that, for every
couple of points, there exists a time optimal trajectory joining them. Moreover it
was proved that every time optimal trajectory is a finite concatenation of bang and
singular trajectories. More precisely we have the following.

Proposition 1. For the minimum time problem associated to (1)–(2), for each
pair of points p and q belonging to S2, there exists a time optimal trajectory joining p
to q. Moreover every time optimal trajectory for (1)–(2) is a finite concatenation of
bang and singular trajectories.

Notice that the previous proposition does not apply if α = 0 or α = π/2, since in
these cases the controllability property is lost.

In [9] it has been proved that α = π/4 is a bifurcation for the qualitative shape of
the time optimal synthesis; for instance, the time optimal synthesis contains a singular
arc if and only if α > π/4. Since in this paper we are interested in the limit α → 0, in
the following we always assume α < π/4. In this case, using the PMP, the following
properties characterizing the optimal trajectories were established in [5] (see Figure 6):

(i) x(.) is bang bang;
(ii) the duration si of the first bang arc satisfies si ∈ (0, π];
(iii) the time duration between two consecutive switchings is the same for all

interior bang arcs (i.e., excluding the first and the last bangs), and it is equal
to v(si), where v(·) is the following function:

v(s) = π + 2 arctan

(
sin(s)

cos(s) + cot2(α)

)
.(14)

One can immediately check that this function satisfies v(0) = v(π) = π and
v(s) > π for every s ∈ (0, π);

(iv) the time duration of the last arc is sf ∈ (0, v(si)].
Moreover, thanks to the analysis given in [5], one easily gets (always in the case
α < π/4):

(v) the number of switchings Nx of x(.) satisfies the following inequality:

Nx ≤
[ π

2α

]
+ 1.(15)

Conditions (i)–(v) define a set of candidate optimal trajectories. Notice that condi-
tions (i)–(v) are just necessary conditions for optimality, and one is faced with the
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Y1

A: Locally optimal
switching curve

Y1

Y2

B: Nonlocally optimal
switching curve

Y2

Y1

Y2

switching curve

Y1

Y2

C: Optimal synthesis 
for case B

cut locus

Y1

Y2

switching curve
C(.)

C

C(.)

C(.)

C

Fig. 7. Locally optimal switching curves and non locally optimal switching curves with the
corresponding synthesis.

problem of selecting, among them, those that are really optimal. In particular, given
a trajectory satisfying conditions (i)–(v), one would like to find the time after which
it is no more optimal.

Some questions remained unsolved, in particular questions relative to local opti-
mality of the switching curves defined in (7). Roughly speaking we say that a switching
curve is locally optimal if it never “reflects” the trajectories (see Figure 7(A)).1 When
a family of trajectories is reflected by a switching curve, then local optimality is lost,
and some cut loci appear in the optimal synthesis.

Definition 4. A cut locus is a set of points reached at the same time by two
(or more) time optimal trajectories. A subset of a cut locus that is a connected C1

manifold is called an overlap curve.
An example showing how a “reflection” on a switching curve generates a cut locus

is portrayed in Figures 7(B) and 7(C). More precisely the following questions were
formulated in [5]:

Question 1. Are the switching curves Cε
k(s), s ∈ (0, π], locally optimal? More

precisely, one would like to understand how the candidate optimal
trajectories described above lose optimality.

Question 2. What is the shape of the optimal synthesis in a neighborhood of the
south pole?

Numerical simulations suggested some conjectures regarding the above questions.
More precisely, in [5] the following conjectures were made:

C1. The curves Cε
k(s), (k = 1, . . . , kM ) are locally optimal if and only if k ≤[

π−α
2α

]
− 1.

Analyzing the evolution of the minimum time wave front in a neighborhood of
the south pole, it is reasonable to conjecture that:

C2. The shape of the optimal synthesis in a neighborhood of the south pole
depends on the remainder r(α) defined in (8). Notice that r(α) belongs to the
interval [0, 1). More precisely, it was conjectured in [5] that for α ∈ (0, π/4)
there exist two positive numbers α1 and α2 such that 0 < α1 < α < α2 < 2α
and the following:
Case A: r(α) ∈ (α2

2α , 1). The switching curve Cε
kM

glues to an overlap curve
that passes through the origin (Figure 3, case A).

1More precisely consider a smooth switching curve C between two smooth vector fields Y1

and Y2 on a smooth two-dimensional manifold. Let C(s) be a smooth parametrization of C.
We say that C is locally optimal if, for every s ∈ Dom(C), we have Ċ(s) �= α1Y1(C(s)) +
α2Y2(C(s)) for every α1, α2 such that (s.t.) α1α2 ≥ 0. The points of a switching curve on which
this relation is not satisfied are usually called “conjugate points.” See Figure 7.
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Case B: r(α) ∈ [α1

2α ,
α2

2α ]. The switching curve Cε
kM

is not reached by optimal
trajectories in the interval ]0, π]. At the point Cε

kM
(0), an overlap

curve starts and passes through the origin (Figure 3, case B).
Case C: r(α) ∈ (0, α1

2α ). The situation is more complicated, and it is depicted
in the bottom of Figure 3, case C.

For r = 0, the situation is the same as in Case A but for the switching curve starting
at Cε

kM−1(0).
As explained in the introduction, the presence of several cyclically alternating

patterns of optimal synthesis, each of them depending on an arithmetic property
of α, was already confirmed in [9] by counting the number of optimal trajectories
reaching the south pole.

Remark 4. The first conjecture is implicitly disproved by the results of this paper.
More precisely an immediate consequence of our results is that the switching curve
Cε

kM−2 is always locally optimal, while Cε
kM−1 is not, in general. However, for every

fixed r̄ < 1
2 there exists α small enough with r̄ ≤ r(α) < 1

2 such that Cε
kM−1 is locally

optimal too, which contradicts the conjecture. On the other hand, conjecture C2 is
correct and, in light of our main results, is completely proved and clarified.

2.3. Notations. All throughout the paper we use the notation ε = ±1. The set
so(3) of 3 × 3 skew-symmetric matrices is a three-dimensional vector space on which
the bilinear map

〈A,B〉 = −Tr(AB), A,B ∈ so(3),

is an inner product. For A ∈ so(3), ‖A‖ :=
√

〈A,A〉 is the norm (or length) of
A. With the above notations, F and G are perpendicular and normalized so that
‖F‖ = cos(α) and ‖G‖ = sin(α).

Let Id be the 3× 3 identity matrix. We recall that N = (0, 0, 1)T and denote the
south pole as S = (0, 0,−1)T . Set ct := cos(t) and st := sin(t) for t ∈ [0, 2π). Recall
that X+ := F + G and X− := F −G, and we have

X+ =

⎛
⎝ 0 −cα 0

cα 0 −sα
0 sα 0

⎞
⎠ , X− =

⎛
⎝ 0 −cα 0

cα 0 sα
0 −sα 0

⎞
⎠ .

Let Πx3
be the orthogonal symmetry with respect to the x3-axis; i.e., Πx3 is repre-

sented in the canonical basis by Diag(−1,−1, 1). Then we have the following trivial
but useful property:

(16) Πx3Xε = X−εΠx3 .

We next recall standard formulas for a rotation etY of SO(3) in terms of its axis
Y (whose length is equal to one) and its angle t. We have

(17) etY = Id + stY + (1 − ct)Y
2.

Moreover, for t ∈ [0, 2π), we have

eΘ(t)Z−(t) := etX+etX− , eΘ(t)Z+(t) := etX−etX+ ,

where the matrices Z+(t) and Z−(t) are defined by

(18) Z+(t) =

⎛
⎝ 0 −C(t) −B(t)
C(t) 0 0
B(t) 0 0

⎞
⎠ , Z−(t) =

⎛
⎝ 0 −C(t) B(t)

C(t) 0 0
−B(t) 0 0

⎞
⎠ ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

124 P. MASON, R. SALMONI, U. BOSCAIN, AND Y. CHITOUR

respectively, with B(t) :=
sαst/2√

s2t/2s
2
α+c2

t/2

, C(t) := − ct/2√
s2t/2s

2
α+c2

t/2

, and the angle Θ(t) by

(19) Θ(t) = 2 arccos(s2
t/2c2α − c2

t/2).

3. The extremal front.

3.1. Definition and description. As said in the introduction, F(α, T ) the
extremal front along (Σ)α at time T is the set of points reached at time T by extremal
trajectories starting from N , i.e.,

F(α, T ) := {x̄ ∈ S2 : ∃ an extremal pair (x(.), λ(.)) s.t. x(0) = N, x(T ) = x̄}.(20)

Such extremals are parametrized by the length of the first bang arc, the length of the
last bang arc, and the number of arcs:

Ξ+(s, t) =

n terms︷ ︸︸ ︷
eXεteX−εv(s) · · · eX−v(s)eX+s N,(21)

Ξ−(s, t) = eXε′ teX−ε′v(s) · · · eX+v(s)eX−s︸ ︷︷ ︸
n′ terms

N,(22)

where s ∈ (0, π], t ∈ (0, v(s)], the number of bang arcs (n and n′, respectively) is an
integer and

• ε = +1 (respectively, ε = −1) if n is odd (respectively, even), and
• ε′ = +1 (respectively, ε′ = −1) if n′ is even (respectively, odd).

Roughly speaking, we would like to compute the limit, as α → 0, of F(α, T ), when T
is such that the extremal front reaches a neighborhood of the south pole.

The idea is that, once one knows the extremal front F(α, T ) and if it is optimal,
then one can continue to build the synthesis for times bigger than T using F(α, T ) as
a source for the minimization problem.

The identification of the front F(α, T ) is not easy since it requires the computation
of the product of several exponentials of matrices. Moreover, if F(α, T ) crosses some
switching curve, then the number of exponentials in general depends on the point.

This problem is overcome by considering F(α, T ) only at times equal to multi-
ples of π. Indeed, first notice that, for T = π

[
π
2α

]
, the extremal front reaches the

points C±kM
(0), i.e., the points where the last switching curves C±kM

start. Thanks to
Proposition 2 below, at these times, every extremal trajectory has the same number of
switchings. The extremal front at times that are not a multiple of π can be obtained
a posteriori, continuing the extremal front, as explained above.

From the structure of the extremal trajectories it follows that the time at which
the point C±k (s) is reached is Tk(s) = s + kv(s).

Lemma 1. Let k be an integer satisfying 1 ≤ k ≤ Nmon := [ (cot(α)2−1)2

2cot(α)2−1
], and

then Tk(s) is a strictly increasing function of s.
Proof. It holds that

d

ds
Tk(s) =

1 + 2 cs cot(α)
2

+ cot(α)
4

+ k
(
2 + 2 cs cot(α)

2
)

1 + 2 cs cot(α)
2

+ cot(α)
4 .(23)

It is clear that the denominator of the above fraction is never vanishing on [0, π] if
α < π/4. On the other hand, the numerator, as a function of s, reaches its minimum
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at s = π, where it is equal to (cot(α)
2−1)2−k(2cot(α)

2−1), and then the conclusion
follows easily.

As a consequence, we obtain the following important corollary.
Corollary 1. Let k be an integer satisfying 1 ≤ k ≤ Nmon. If an extremal

trajectory is switching at time T = kπ, then the length s of the first bang arc satisfies
s = π.

Since for α small kM ≤ Nmon, then, for T = kπ, where k is a positive integer such
that k ≤ [π/(2α)], we have that all of the extremal trajectories switch exactly k times
(except the trajectories with length of the first switching equal to π that switch k− 1
times). Therefore, the extremal front F(α, kπ) is described by the next proposition.

Proposition 2. Let k be a positive integer such that 1 ≤ k ≤ [π/(2α)]. Then, if
α is small enough, we have

(24) F(α, kπ) =
{
E+(α, k, s), s ∈ (0, π]

}⋃{
E−(α, k, s), s ∈ (0, π]

}
, where :

E+(α, k, s) :=

{
e(kπ−(k−1)v(s)−s)X− e

k−1
2 Θ(v(s))Z−(v(s)) esX+N for k odd,

e(k(π−v(s))−s)X+e
k
2 Θ(v(s))Z−(v(s))esX+N for k even.

(25)

The expression for E− is the same as the expression for E+ after exchanging the
subscripts + and −. As a consequence, E−ε = Πx3

Eε, where Πx3
is the orthogonal

symmetry with respect to the x3-axis.
Remark 5. Notice that Eε(α, k, 0) = E−ε(α, k, π), ε = ± , so that F is described

by a continuous closed curve.

3.2. Description of the extremal front F(α, kMπ) and consequences. As
sketched in the introduction, we must describe the optimal synthesis on S2 deprived
of a neighborhood of the south pole. For that purpose, we will provide the precise
asymptotics of F(α, kMπ), as α tends to zero, and derive, from its topological nature,
the minimum time front at time kMπ.

From now on, for simplicity, we drop the dependence of Eε on kM ; i.e., we set
Eε(α, s) := Eε(α, kM , s), and we assume that kM is odd.

In the following, it will be useful to think of α and r as two independent variables.
For this purpose, define

ψ(α, r, s) :=
( π

2α
− r
)

(π − v(s)) + v(s) − s,

θ(α, r, s) :=

(
π

4α
− 1 + r

2

)
Θ(v(s)),

χε(α, r, s) := eψ(α,r,s)X−εeθ(α,r,s)Z−ε(v(s))esXεN.

It is clear from (25) that

Eε(α, s) = χε(α, r(α), s).

The following result is the key point in order to describe the extremal front at time
kMπ.

Lemma 2. There exists α0 > 0 such that the function χε, ε = ±, defined above,
is real-analytic for (r, s, α) ∈ R

2 × I, where I = (−α0, α0). Moreover, it admits a
convergent power series

(26) χε(α, r, s) =
∑
l≥0

fε
l (s, r)αl,
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where the fε
l (s, r) are real-analytic functions of (s, r) ∈ R

2, 2π-periodic in s (therefore
they are bounded over R × [0, 1]).

As a consequence, the extremal front F(α, kMπ), which is a continuous closed
curve, is piecewise analytic with discontinuities at s = 0, π for derivatives of order
greater than or equal to one.

Proof of Lemma 2. We will prove the proposition only for χ+. Since χ+ is 2π-
periodic in s and r enters in an affine way in ψ and θ, the real issue of analyticity
revolves around the variable α. First of all, it is clear that v(s) is actually a real-
analytic function for (s, α) ∈ R × I, where I = (−α0, α0), with α0 > 0 small enough.

Therefore, one has only to prove the real-analyticity of ψ̃(α, s) := v(s)−π
α and β(s,α)

α ,
where β(s, α) := Θ(v(s)), for (s, α) ∈ R × I, where I = (−α0, α0), for some α0 > 0.

Note that

ψ̃(α, s) =
2

α
arctan(s2

αμ(s)), μ(s) :=
ss

c2
α + s2

αcs
.

The function μ is real-analytic for (s, α) ∈ R × I, with I an open neighborhood of
zero, and thus uniformly bounded over R × I. In addition, arctan(·) is real-analytic
in a neighborhood of zero. Hence the conclusion for ψ̃(α, s).

As for β(s,α)
α , first rewrite (19) as

cos(β(s)) = 1 −G(s, α),

with

(27) G(s, α) := 2s2
α

[
1 +

c2
αs2

αμ
2(s)

1 + s4
αμ

2(s)
+ 2s2

α

(
1 +

c2
αs2

αμ
2(s)

1 + s4
αμ

2(s)

)2
]
.

We first need to determine a convergent power series for β from the expression

(28) β = arccos(1 −G).

Note that |G(s, α)| ≤ 5α2 for α small enough. We first expand arccos(1 − G) in a
power series in G. Starting from the power series

(1 − t)−1/2 = 1 +
∑
m≥1

smtm,

with radius of convergence equal to 1 we get

d

dG

(
arccos(1 −G)

)
= − 1√

2G

1√
1 −G/2

,

and, after simple integration,

(29) arccos(1 −G) = −
√

2G

⎛
⎝1 +

∑
m≥1

sm
2m+1(m + 1/2)

Gm

⎞
⎠ .

Finally, from (27), G can be written as 2s2
α(1 + s2

αH(s, α)), with H(s, α) uniformly
bounded by 3. Then

(30)
√

2G(s, α) = 2sα
(
1 + s2

αH(s, α)
)1/2

.
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Gathering (28)–(30), we get the real-analyticity of β(s,α)
α for (s, α) ∈ R × I, where

I = (−α0, α0), for some α0 > 0 small enough.
We next compute fε

0 , f
ε
1 , and fε

2 and obtain the following proposition.
Proposition 3. For α small enough, the function χε, ε = ±, defined above and

its derivative with respect to s have the following expansion:

χε(α, r, s) = fε
0 (s, r) + fε

1 (s, r)α + fε
2 (s, r)α2 + O(α3) ,(31)

∂

∂s
χε(α, r, s) =

∂

∂s
fε
0 (s, r) +

∂

∂s
fε
1 (s, r)α +

∂

∂s
fε
2 (s, r)α2 + O(α3),(32)

where fε
l , l = 0, 1, 2, are defined as in (9) and |O(α3)| ≤ C|α3|, with the constant C

independent of s ∈ R and r ∈ [0, 1).
Proof of Proposition 3. We will prove the proposition only for χ+. To proceed, we

list the expansions of the form (31) for several quantities, obtained after elementary
computations:

ψ(α, r, s) = π − s− πssα + 2(1 − r)ssα
2 + O(α3),(33)

θ(α, r, s) = π − 2α(1 + r) +
πs2

s

2
α2 + O(α3),(34)

Z−(v(s)) =

⎛
⎜⎝ 0 −αss 1 − s2s

2 α2

αss 0 0

−1 +
s2s
2 α2 0 0

⎞
⎟⎠+ O(α3).(35)

Using (33) and (34), we get that

sin
(
ψ(α, r, s)

)
= ss + πsscsα−

(
2(1 − r)sscs +

π

2
s3
s

)
α2 + O(α3),(36)

cos
(
ψ(α, r, s)

)
= cs − πs2

sα +

(
2(1 − r)s2

s −
π2

2
s2
scs

)
α2 + O(α3),(37)

sin
(
θ(α, r, s)

)
= 2α(1 + r) − πs2

s

2
α2 + O(α3),(38)

cos
(
θ(α, r, s)

)
= −1 + 2α2(1 + r)2 + O(α3).(39)

Using (17), (36), and (37), we obtain

(40) eψ(α,r,s)X− =

⎛
⎝−cs + πs2

sα −ss − πcsssα −(1 + cs)α
ss + πsscsα cs + πs2

sα ssα
−(1 + cs)α −ssα 1

⎞
⎠+R(s)α2 +O(α3),

where

R(s) =

⎛
⎝cs + π2

2 css
2
s + 1 − 2(1 + r)s2

s
ss
2 + 2csss(1 + r) + π2

2 s3
s πs2

s

− ss
2 − 2csss(1 + r) − π2

2 s3
s −2(1 + r)s2

s + π2

2 css
2
s πsscs

πs2
s −πsscs −1 − cs

⎞
⎠ ,

and, using (17), we have

(41) esX+N =

⎛
⎝ sαcα(1 − cs)

−sαss
1 − s2

α(1 − cs)

⎞
⎠ =

⎛
⎝ α(1 − cs)

−αss
1 − α2(1 − cs)

⎞
⎠+ O(α3).
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An easy computation yields

(42) Z2
−(v(s)) =

⎛
⎝−1 0 0

0 −α2s2
s αss

0 αss −1 + α2s2
s

⎞
⎠+ O(α3).

Using (17), (38), (39), (41), and the previous equation, we get

eθ(α,r,s)Z−(v(s))esX+N =

⎛
⎝ α(1 + 2 r + cs) − α2 π

2 s2
s

α ss
−1 + α2

(
1 + 2 r + 2 r2 + cs + 2 r cs

)
⎞
⎠+O(α3).(43)

Applying eψ(s)X− to the previous equation and using (40), we finally get (31) for
ε = +. The expression of the derivative (32) is then an immediate consequence of the
analiticity of the function χ+.

The results for χ− and ∂
∂sχ

− are obtained similarly together with (16).
Since the quantities of the form O(α3) in Proposition 3 satisfy |O(α3)| ≤ C|α3| for

some C independent of r, the expressions (10)–(11) are straightforward consequences.
Hence the shape of the extremal front at time T = kMπ is known for α small. In
particular its image with respect to the map Mα defined in section 1 is approximated,
in the C1 sense, by a circle of radius 2 r(α) centered at the origin.

We finally note that, for kM even, Lemma 2 is still valid, while, with computations
similar to those made in the proof of Proposition 3, it is easy to see that the formulas
for fε

k , k = 0, 1, 2, simply differ, with respect to (9), for the sign of the first two
components.

Remark 6. Repeating the previous computations, we also obtain series expansions
for Eε(s, kM −1, α) and ∂

∂sEε(s, kM −1, α). Indeed, we just have to replace r by 1+r.
In that case the shape of the extremal front F(α, (kM − 1)π), after applying the map
Mα, is approximated, in the C1 sense, by a circle of radius 2(1+ r(α)) centered at the
origin.

4. Case r(α) = r̄ ∈ (0, 1). In this section, we study the case in which α tends
to zero, with r(α) = r̄, for a constant r̄ ∈ (0, 1). More precisely we consider the
decreasing sequence αk = π

2(k+r̄) for k ≥ 1. We first describe the minimum time front

at T = kMπ, then we identify and study the candidate for the limit synthesis, and
finally we prove Theorem 1.

4.1. Description of the minimum time front at T = kMπ. The purpose
of the subsection is to prove the following proposition.

Proposition 4. Fix δ > 0 small. For α small enough, with r(α) > δ, the ex-
tremal front F(α, kMπ) is homeomorphic to a circle. As a consequence, the switching
curves defined inductively in (7) are optimal up to k = kM , and OF (α, kMπ), the
minimum time front at time kMπ, coincides with F(α, kMπ).

Proof of Proposition 4. From Proposition 3 we get that the extremal front
F(α, kMπ) is the union of two arcs E+(α, s), s ∈ [0, π] and E−(α, s), s ∈ [0, π] so
that, for ε = ± and s ∈ [0, π],

(44) Eε(α, s) =

⎛
⎝−2r(α)εαcs

2r(α)εαss
−1

⎞
⎠+ O(α2),
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and

(45)
∂

∂s
Eε(α, s) = 2r(α)εα

⎛
⎝ss

cs
0

⎞
⎠+ O(α2).

Moreover, at s = 0 and s = π, the derivatives of Eε(α, s) are only one-sided, i.e., as
s > 0 tends to zero and s < π tends to π. By a trivial continuity argument, one
can parametrize F(α, kMπ) as a closed continuous curve γ defined on [0, 2π] so that
γ(s) = E+(α, s) for s ∈ (0, π] and γ(s) = E−(α, s − π) for s ∈ (π, 2π]. Moreover,
with the previous computations, it is immediate that γ is in fact piecewise C1 with
possible discontinuity jumps for d

dsγ at s = 0 and s = π.
Since the curve γ is in a neighborhood of the south pole of size proportional to

α (thanks to (44)), it is enough to prove that the orthogonal projection γ1 of γ on
the (x1, x2)-plane is homeomorphic to the circle eis, s ∈ [0, 2π]. Using (44), we see
that ‖γ1(s)‖ = 2r(α)α+O(α2) on [0, 2π], which implies that the continuous function
‖γ1(s)‖ is always strictly positive for α small enough. We can therefore parametrize
γ1 using polar coordinates (ρ, β), i.e., for s ∈ [0, 2π],

γ1(s) = ρ(s)eiβ(s),

where ρ(·) := ‖γ1(·)‖ and the function β(·) are defined on [0, 2π], continuous, and
piecewise C1, with possible jumps of discontinuity for their derivatives at s = 0 and
s = π.

In addition ρ(0) = ρ(2π), β(0) ≡ β(2π) ≡ π (mod 2π), and, from (44), β(s) =
π − s + O(α). To prove Proposition 4, it suffices now to prove that β is a monotone
bijection from [0, 2π] to [−π, π]. The latter simply results from (45). Indeed, from
that equation, we get that d

dsβ(s) = −1 + O(α), where β is differentiable and the
one-sided derivatives at s = 0 and s = π verify the same equation. We deduce that β
is strictly decreasing for α small enough.

We next show that OF (α, kMπ), the minimum time front at time kMπ, coincides
with F(α, kMπ). By the results of [9], we first notice that any time minimal trajec-
tory starting at the north pole reaches the south pole in time T > kMπ. Therefore
OF (α, kMπ) is not empty and is included in F(α, kMπ) according to the PMP. Ac-
cording to Theorem 27 of [8], OF (α, kMπ) is a one-dimensional piecewise C1 compact
embedded submanifold of S2. By an easy topological argument, we deduce from the
above that OF (α, kMπ) coincides with F(α, kMπ).

Remark 7. Thanks to Remark 6, and with arguments similar to those of the
previous proof, one can prove that F(α, (kM − 1)π) is optimal for α small enough,
with no assumptions on the remainder r.

4.2. Optimal synthesis for the linear pendulum control problem. Recall
that Mα : R

3 → R
2 is the composition of the projection (x1, x2, x3) 
→ (x1, x2)

followed by the dilation by 1/α. With the results of the previous subsection, it is
clear that the original control problem on S2 can be reduced, near the south pole,
to a planar control problem on the neighborhood of the south pole delimited by
ÕF (α, kMπ) := Mα(OF (α, kMπ)) along (Σ̃)α, the control system obtained as the
image of (Σ)α by Mα, i.e.,

(46)

(Σ̃)α :

{
ż1 = − cos(α)z2,

ż2 = cos(α)z1 + u sin(α)
α

√
1 − (αz1)2 − (αz2)2, (z1, z2) ∈ R

2, |u| ≤ 1.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

130 P. MASON, R. SALMONI, U. BOSCAIN, AND Y. CHITOUR

It is therefore natural to conjecture (simply set α = 0 in ÕF (α, kMπ) and (Σ̃)α) that
the limit synthesis should be that of connecting the circle of radius 2r(α), C(0, 2r(α)),
to every point of the disk B(0, 2r(α)) along the control system (Pen) given by (12),
which we rewrite as

(Pen) ż = A0z + ub0, with A0 =

(
0 −1
1 0

)
, b0 =

(
0
1

)
,(47)

where z ∈ R
2 and u ∈ [−1, 1]. The control system (Pen) corresponds to a linear

pendulum with a forcing term.
Theorem 1 simply states that the conjecture is correct, and, as a first step for

an argument, we describe, in more detail in this subsection, the conjectured limit
synthesis. Hence we focus on the following problem.

(P). Given fixed ρ ∈]0, 2], for any given ȳ ∈ B(0, ρ) find a time optimal trajectory
connecting the circle of radius ρ centered at the origin to ȳ along the control system
(Pen).

Remark 8. The problem of computing the TOS for the linear pendulum, taking
the origin as a source, is studied in any textbook of optimal control. Here as the
source we take the circle of radius ρ centered at the origin, which is a level set of the
Hamiltonian H = 1

2 (z2
1 + z2

2) associated to the uncontrolled system.
It is easy to see that the solutions of problem (P) must be bang-bang trajectories.

Indeed since (Pen) is a bidimensional linear control system it is well known that this
property is guaranteed by the Kalman controllability condition det(b0, A0b0) �= 0,
which is satisfied by (Pen). To determine the TOS, we first look for the switching
curves. We know that every extremal trajectory for the problem (P) must satisfy the
transversality condition of the PMP stated in section 2.1. Here the source manifold
is the circle C(0, ρ), and the transversality condition essentially translates into the
property that the vector λ(0) (that, without loss of generality, we will assume unitary)
is proportional to z(0) ∈ C(0, ρ) (identifying the cotangent space with the plane R

2).
To determine completely λ(0), it is enough to observe that a necessary condition for
z(.) to be optimal is that ż(0) points inside the disk B(0, ρ); i.e., if we denote by uopt

the corresponding control, then

〈z(0), ż(0)〉 ≤ 0 ⇐⇒ 〈z(0), A0z(0) + uoptb0〉 ≤ 0 ⇐⇒ 〈z(0), uoptb0〉 ≤ 0.

Therefore, uopt = −sgn〈z(0), b0〉. On the other hand, from the maximality condition of
the PMP, we have uopt =sgn〈λ(0), b0〉, and, therefore, one can define λ(0) := −z(0)/ρ.
Finally uopt = −sgn(z2(0)) (except at the points ±(ρ, 0)), while the switching time
tsw must satisfy the condition 〈λ(tsw), b0〉 = λ2(tsw) = 0.

Consider now the adjoint system{
λ̇1 = −λ2,

λ̇2 = λ1.
(48)

If we identify R
2 with the complex plane, so that z = z1 + iz2 and λ = λ1 + iλ2, then

(47) and (48) become

ż = i(z + u) and λ̇ = iλ.

Moreover we can set z(0) = −ρe−iθ and λ(0) = e−iθ for some θ ∈ [0, 2π[, and the
corresponding solutions are{

z(t) = (z(0) + uopt)e
it − uopt = −ρei(t−θ) + uopt(e

it − 1),
λ(t) = λ(0)eit = ei(t−θ).
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The switching curves are determined by the relation tsw ≡ θ (mod π), and this allows
one to conclude that the switching curves are the following two semicircles of radius 1:{

z(θ) = 1 − ρ− eiθ θ ∈ [0, π[,
z(θ) = ρ− 1 − eiθ θ ∈ [π, 2π[.

These switching curves cannot be optimal for ρ < 2 since they are not locally optimal,
as can be easily checked using the definition given in section 2.2. We conclude that
the optimal trajectories are bang arcs and the corresponding control depends on the
sign of the component z2(0) of the starting point.

To conclude the description of the synthesis, it is enough to determine the cut
locus, i.e., the set of points that are reached by two or more optimal trajectories
at the same time. Assume that z ∈ C belongs to the cut locus. Then there exist
s ∈ [0, π), s′ ∈ [π, 2π) and t such that{

z = −ρei(t−s) + 1 − eit,

z = −ρei(t−s
′) − 1 + eit.

(49)

Therefore |z − 1 + eit| = |z + 1 − eit| = ρ. In particular, denoting by z̄ the complex
conjugate to z, we have

(z − 1 + eit)(z̄ − 1 + e−it) − (z + 1 − eit)(z̄ + 1 − e−it)

(50) = −4z1 + 4z1 cos t + 4z2 sin t = 0,

(z − 1 + eit)(z̄ − 1 + e−it) + (z + 1 − eit)(z̄ + 1 − e−it)

(51) = 2z2
1 + 2z2

2 + 4 − 4 cos t = 2ρ2.

From (50) we have that cos t =
z2
1−z

2
2

z2
1+z2

2
, and, substituting in (51), we find that z must

satisfy the equation

z4
1 + z4

2 + 2z2
1z

2
2 − ρ2z2

1 + (4 − ρ2)z2
2 = 0.(52)

The previous computations show that the cut locus is a subset of the set of points
belonging to the locus defined by (52). Actually it is easy to see that this is the proper
subset obtained with the additional condition z1z2 ≥ 0 that corresponds to t ≤ π.
The precise shape of the optimal synthesis, which is now clear, is portrayed in Figure 5
for a particular value of ρ < 2. Notice that, from the previous computations, we have
ρeis

′
= ρeis+2−2eit, and, since ρeis

′
+ρeis = 2ρeis

′−2+2eit and ρeis
′−ρeis = 2−2eit

are orthogonal in the complex plane, we find easily the following equation:

(2 − ρ cos s′)(cos t− 1) − ρ sin s′ sin t = 0.

Consequently, for t ∈ [0, 2π[ and s′ ∈ [π, 2π[, one has along the overlap curve

t = t(s′) = −2 arctan
ρ sin s′

2 − ρ cos s′
.(53)

This expression will be useful in the following. Also, notice that by combining (49)
and (53) one easily finds a parametrization of the overlap curve in terms of s′ and
that in an analogous way it is possible to parametrize it by means of s. From now on
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Fig. 8. Propositions 5 and 6.

we will denote by γo
pen(·) the parametrization of the overlap curve with respect to the

parameter s.
Remark 9. If ρ = 2, the previous reasoning does not apply, and indeed the

synthesis is different. In this case the overlap curve coincides with the switching
curves and with the trajectories reaching the origin corresponding to u = ±1. A
simple way to prove this fact is to study the optimal synthesis starting from the
origin with vector fields with opposite signs and to observe that the extremal front at
time π is a circle of radius 2.

4.3. Proof of Theorem 1. The proof of Theorem 1 is divided in two parts.
Roughly speaking, defining Pα

ε := Mα(Cε
kM

(0)) for ε = ±, we will look separately
at the shape of the synthesis far from Pα

ε and inside neighborhoods of Pα
ε , ε = ±.

Let us call Vα the image with respect to Mα of the neighborhood of the south pole
enclosed by OF (α, kMπ) and Bα

ε (ξ) the ball of center Pα
ε and radius ξ.

Then the previous cases correspond to the following two propositions whose mean-
ing is clarified by Figure 8.

Proposition 5. Let r̄ ∈ (0, 1) and αk := π
2(k+r̄) . Then for any ξ > 0 there

exist a positive integer k̄ and a compact interval I ⊂ (0, π) such that it is possi-
ble to find a curve γo

k, defined on I for k ≥ k̄, verifying the following: γo
k divides

Vαk
\ (Bαk

+ (ξ)∪Bαk
− (ξ)) in two connected components, such that above γo

k the optimal
feedback associated to the synthesis for α = αk takes the value −1, and below γo

k it
is equal to 1, and in particular γo

k is an overlap curve for α = αk. Moreover, γo
k

converges to γo
pen in the C0 topology of I.

Proposition 6. Consider the notations defined above. Then there exist ξ > 0,
τε, ε = ±, with 0 < τ− < τ+ < π and a positive integer k̄ such that, for every k ≥ k̄, it
is possible to find two curves γo

−,k and γo
+,k, defined respectively on [0, τ−] and [τ+, π],

verifying the following: γo
ε,k divides Vαk

∩Bαk
ε (ξ) in two connected components, such

that above γo
ε,k the optimal feedback associated to the synthesis for α = αk takes the

value −1, and below γo
ε,k it is equal to 1, and in particular the γo

ε,k are overlap curves

for α = αk. Moreover, γo
−,k and γo

+,k converge to γo
pen in the C0 topology, respectively,

of [0, τ−] and [τ+, π].
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The choice of studying the synthesis separately in neighborhoods of Pα
ε and far

from Pα
ε is justified by the fact that the proofs of the previous propositions rely on

different implicit function arguments.
It is clear that, by combining Proposition 5, for an appropriate choice of ξ, with

Proposition 6, one almost completes the proof of Theorem 1. We will not prove
explicitly that the convergence of γo

k to γo
pen with respect to the parameter r̄ is uniform

in any closed interval of (0, 1). As explained in Remark 10, this can be done with the
same methods used in the proofs of Propositions 5 and 6.

We will therefore provide only the complete proofs of the propositions. For this
purpose, the first step consists in checking whether the switching curves Cε

kM
, ε = ±1,

are optimal or not. In that regard and similarly to the case of the linear pendulum,
we have the following result.

Lemma 3. Let r̄ ∈]0, 1[. Then, if α is small enough and r(α) = r̄, the switching
curve Cε

kM
is nowhere locally optimal; i.e., all of the extremal trajectories switching

on Cε
kM

lose optimality before reaching it.

Proof of Lemma 3. For simplicity we define S(s) := C+
kM

(s), and we assume kM
odd. As in the proof of Proposition 3, we get the following asymptotic expansions,
after applying the map Mα:

S(s) =

(
2r − 1 + cs

ss

)
+ O(α), S(0) =

(
2r + O(α)

0

)
,(54)

S′(s) =

(
−ss
cs

)
+ O(α), S′(0) =

(
0

1 + O(α)

)
,(55)

S′′(s) =

(
−cs
−ss

)
+ O(α).(56)

Integrating the above equation, we have

S′(s) = S′(0) +

∫ s

0

S′′(τ)dτ =

(
−ss + O(sα)
cs + O(α)

)
,(57)

S(s) = S(0) +

∫ s

0

S′(τ)dτ =

(
2r − 1 + cs + O(α)

ss + O(sα),

)
,(58)

and therefore

1

cα
X±(S(s)) =

(
−S2(s)

S1(s) ± tanα
α

√
1 − α2S1(s)2 − α2S2(s)2

)

=

(
−ss + O(sα)

2r − 1 + cs + O(α) ± (1 + O(α2))

)
.

Here Si, i = 1, 2, denotes the ith component of S. Dividing the above equation by
1 + O(α), we can assume that the first component is identically equal to −ss. The
same can be done with the expression (57), so that it is possible to compare the three
vectors obtained in this way simply by looking at the second components, which are
equal to, respectively, 2r − 1 + cs ± 1 + O(α) and cs + O(α). In particular, the fact
that S(·) is nowhere locally optimal if α is small enough follows from the inequalities
2r − 2 + cs + O(α) < cs + O(α) < 2r + cs + O(α).

A straightforward consequence of the previous result is the presence of a nontrivial
cut locus in the neighborhood of the south pole enclosed by F (α, kMπ). It remains
to clearly define that cut locus, which is the purpose of Propositions 5 and 6.
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4.3.1. Proof of Proposition 5. As usual, we provide only an argument in the
case kM odd, and we fix the remainder equal to r̄ ∈ (0, 1).

Recall that, according to section 4.1, OF (α, kMπ) is approximately (up to order
α2) a circle of radius 2r̄α. To describe the synthesis inside the neighborhood of the
south pole enclosed by OF (α, kMπ), it is more convenient to use the two-dimensional

control system (Σ̃)α, which is rewritten as follows by using (46):

ż = cαA0z + u
sα
α

√
1 − α2‖z‖2b0.

We set X̃α
ε (z) := cαA0z + ε sα

α

√
1 − α2‖z‖2b0 and X̃pen

ε (z) := A0z + εb0 for ε = ±,

and we define ÕF (α, kMπ) as the image by Mα of OF (α, kMπ). Then we know that,

up to order α, ÕF (α, kMπ) is a circle of radius 2r̄. In particular, as in the proof of
Proposition 4, one can construct a piecewise smooth parametrization σα : [0, 2π] →
F̃ (α, kMπ) so that σα(0) = Pα

− , σα(π) = Pα
+ with a loss of regularity occurring only at

s = 0, π (with two-sided differentials at any order). In particular σα(·) approximates
in the C0 sense the function σ : [0, 2π] → C ∼ R

2, defined as σ(s) = 2r̄ ei(π−s), which
is a parametrization of the circle of radius 2r̄.

Taking into account Lemma 3, the cut locus in Vα is contained inside the set of
points Q ∈ R

2, besides Pα
ε , such that there exists (s, s′, t) ∈ (0, π) × (π, 2π) × (0, 2π)

for which Q = etX̃
α
+σα(s′) = etX̃

α
−σα(s).

In view of applying an inverse function result for characterizing this set, we con-
sider the map Φ defined on [0, π] × [π, 2π] × [0, π] by

Φ(s, s′, t) := (s, etX̃
pen
+ σ(s′) − etX̃

pen
− σ(s)),

which takes values in R
3. Similarly, for k ≥ 1 and αk as in the proposition, we consider

the map Φk defined on [0, π] × [π, 2π] × [0, π] by

Φk(s, s
′, t) := (s, etX̃

αk
+ σαk

(s′) − etX̃
αk
− σαk

(s)).

Note that, since the vector fields X̃αk
ε converge uniformly to X̃pen

ε on Vα, it is easy to
see that Φk converges to Φ in the C1 norm.

For (Pen), a point of the overlap curve, besides Pα
ε , is then identified with a

triple (s, s′, t) ∈ (0, π)× (π, 2π)× (0, π) such that Φ(s, s′, t) = (s, 0, 0). In other words,
the overlap curve can be parametrized by means of the map w : [0, π] → R

3 defined
implicitly by Φ(w(s)) = (s, 0, 0), while γo

pen can be obtained as the composition of the

two maps etX̃
pen
− σ(s) and w(s).

Similarly, we would like to define the overlap curve corresponding to (Σ)αk
, for

k large enough, by means of the function wk defined by Φk(wk(s)) = (s, 0, 0). To
proceed, we will apply Theorem 3. The first task consists of computing detDΦ along
the overlap curve.

Lemma 4. Along the set of triples (s, s′, t) ∈ (0, π) × (π, 2π) × (0, π) for which

etX̃
pen
+ σ(s′) = etX̃

pen
− σ(s), we have

detDΦ(s, s′, t) =
4r̄(1 − r̄2) sin s′

(1 − r̄ cos s′)2 + (r̄ sin s′)2
.

Proof of Lemma 4. One has

detDΦ(s, s′, t) = det

(
(etX̃

pen
+ )∗

dσ

ds′
, X̃pen

+ etX̃
pen
+ σ(s′) − X̃pen

− etX̃
pen
− σ(s)

)
.
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By taking into account that Φ(s, s′, t) = 0, the previous determinant is equal to twice

the first component of (etX̃
pen
+ )∗

dσ
ds′ , i.e., detDΦ(s, s′, t) = 4r̄ sin(s′ − t). Using (53),

one concludes.
Observe that detDΦ �= 0 if s′ �= 0, π. In particular, if we consider a closed interval

I ⊂ (0, π), then the set Im(w)|I plays the role of the compact set K in Theorem 3. All
of the assumptions of the theorem are then verified, and therefore we have proved the
existence of a map wk defined on I, satisfying Φk(wk(s)) = (s, 0, 0) and converging

uniformly to w. If we define γo
k as the composition of the two maps etX̃

αk
− σ(s) and

w(s), then, since I was chosen arbitrarily, the proof of the theorem is complete.

4.3.2. Proof of Proposition 6. With the previous notations, let ϕk be the
smooth map defined on [0, π] × [π, 2π] × [0, 2π] by

ϕk(s, s
′, t) = etX̃

αk
+ σk(s

′) − etX
αk
− σk(s).

For the rest of this paragraph, we drop the index k to get lighter notations.
From the Taylor expansion of ϕ around the points (0, 2π, 0) and (π, π, 0), we

derive the asymptotic behaviors of the cut locus close to the points Pα
ε , ε = ±, since

that cut locus belongs to the level set ϕ = 0. We will perform computations only at
(0, 2π, 0) since they are entirely similar at (π, π, 0).

Let us call ϕ(1) and ϕ(2) the two components of ϕ. We use ϕ
(i)
s to denote the

partial derivative of the component ϕ(i) with respect to s evaluated in (0, 2π, 0), and
we define in an analogous way all of the (multiple) partial derivatives evaluated in

(0, 2π, 0). Set s̃ := s′− 2π. Then, after computations, we have ϕ
(1)
s = ϕ

(1)
s̃ = ϕ

(1)
t = 0

and

ϕ
(1)
ss = −2r̄ + O(α), ϕ

(1)
s̃s̃ = 2r̄ + O(α), ϕ

(1)
tt = 2 + O(α),

ϕ
(1)
ss̃ = 0, ϕ

(1)
st = −2r̄ + O(α), ϕ

(1)
s̃t = 2r̄ + O(α),

ϕ
(2)
s = 2r̄ + O(α), ϕ

(2)
s̃ = −2r̄ + O(α), ϕ

(2)
t = 2r̄ + O(α).

We thus get

ϕ(1)(s, s̃, t) = ϕ(1)
ss s

2 + ϕ
(1)
s̃s̃ s̃

2 + ϕ
(1)
tt t2 + 2ϕ

(1)
st st + 2ϕ

(1)
s̃t s̃t + O(|(s, s̃, t)|3)

= −2r̄s2+2rs̃2+2t2−4r̄st+4rs̃t+O(α|(s, s̃, t)|2)+O(|(s, s̃, t)|3),(59)

and

ϕ(2)(s, s̃, t) = ϕ(2)
s s + ϕ

(2)
s̃ s̃ + ϕ

(2)
t t + O(|(s, s̃, t)|2)

= 2r̄s− 2rs̃− 2t + O(α|(s, s̃, t)|) + O(|(s, s̃, t)|2),(60)

where, here, O(·) is uniform with respect to α.
Fix ξ0 > 0 small. We are looking at the cut locus in a neighborhood of Pα

ε ,
and thus we can assume |(s, s̃, t)| < ξ0 for some ξ0 > 0. The purpose of subsequent
computations consists of expressing s̃ < 0 and t > 0 as functions of s, for 0 ≤ s ≤ ξ0,
by using the equations ϕ(1) = 0 and ϕ(2) = 0.

From ϕ(2) = 0, by applying the implicit function theorem, for ξ0 small enough
and |(s, s̃)| < ξ0, we get t = h(s, s̃), with h ∈ C1. Moreover, since h(s, s̃) = O(|(s, s̃)|)
we have

(61) h(s, s̃) = r̄s− r̄s̃ + O(α|(s, s̃)|) + O(|(s, s̃)|2).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

136 P. MASON, R. SALMONI, U. BOSCAIN, AND Y. CHITOUR

Consider now the map

φ(s, s̃) =
ϕ(1)(s, s̃, h(s, s̃))

s− s̃
,

which is well defined and C1 for s > 0, s̃ < 0. Again, it is possible to apply the implicit
function theorem to the equation φ = 0, so that we get s̃ as a C1 function of s, and
this gives the existence of the overlap curve. Moreover, by combining (60) and (61),
we get the following:

(62) φ(s, s̃) = s(1 + r̄) + s̃(1 − r̄) + O(α|(s, s̃)|) + O(|(s, s̃)|2) = 0,

and then |s̃| = O(|s|). Therefore, from this estimate and the above ones, we immedi-
ately obtain that

(63) s̃ = −
(

1 + r̄

1 − r̄
+ O(α)

)
s + O(s2) , t =

(
2r̄

1 − r̄
+ O(α)

)
s + O(s2),

from which we get that the overlap curve converges uniformly to γo
pen.

The proof of Proposition 6 is now complete.
Remark 10. In order to prove that the overlap curve γo

k converges to γo
pen uni-

formly with respect to r̄ in any closed interval I ⊂ (0, 1), it is enough to follow the
lines of the proofs of Propositions 5 and 6 by considering r̄ as an additional vari-
able. For instance, for Proposition 5, one needs to define the maps Φ̃ : R

4 → R
4,

Φ̃(r̄, s, s′, t) := (r̄, s, etX̃
pen
+ σ(s′)− etX̃

pen
− σ(s)) (recall that σ(·) depends on r̄) and Φ̃k :

R
4 → R

4, Φ̃k(r̄, s, s
′, t) := (r̄, s, etX̃

αk
+ σk(s

′) − etX̃
αk
− σk(s)) (where αk = π/(2(r̄ + k))

and σk(·) depends on r̄).
The uniformity with respect to r̄ is then proved by applying Theorem 3 to Φ̃, Φ̃k

with K = {Φ̃−1(r̄, s, 0, 0) : (r̄, s) ∈ I × J}, where I × J is a compact subset of
(0, 1) × (0, π).

5. Case r = Cα.

5.1. Description of the minimum time front at time kMπ. Fix C > 0,
and consider the sequence (αk) such that r(αk) = Cαk, k ≥ 0. As before, we drop the
index k when possible. For αk small enough, one deduces, from the analysis of [9],
that the south pole is not reached at time kmπ = [ π

2α ]π, so that the optimal front at
time kMπ is not empty. The next result provides a description of the extremal front
at time kMπ.

Lemma 5. Define the planar curve L : [0, 2π] → R
2 by

(64) L(s) =

(
cs(−2C + πs2

s/2)
ss(π + 2C − πs2

s/2)

)
.

Then, for s ∈ [0, π], we have

(65) E+(α, s) = (α2L(s),−1)T + O(α3),

and

(66)
∂

∂s
E+(α, s) =

(
α2 d

ds
L(s), 0

)T

+ O(α3).
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At s = 0 and s = π, the derivatives are only one-sided, i.e., as s > 0 tends to zero
and s < π tends to π.

Similarly, we have, for s ∈ [0, π],

(67) E−(α, kMπ, s) = (α2L(s + π),−1)T + O(α3),

and

(68)
∂

∂s
E−(α, kMπ, s) =

(
α2 d

ds
L(s + π), 0

)T

+ O(α3),

with one-sided derivatives at s = 0 and s = π.
Proof of Lemma 5. The proof is immediate from Proposition 3 applied in the case

r(α) = Cα.
For C < π/4, consider θd ∈ (0, π/2), with sin(θd) = 2

√
C/π. The curve L(s)

has two double points D+ = L(s+
1 ) = L(s+

2 ), with s+
1 = θd and s+

2 = π − θd, and
D− = L(s−1 ) = L(s−2 ), with s−1 = π + θd and s−2 = 2π − θd. It also has four cuspidal
points Cpεi , i = 1, 2 and ε = ±, corresponding to the values s = sεcusp,i, where

sin2 s = 2+4C/π
3 .

Finally, let σ be the closed Jordan curve defined as the restriction of L(s) to
[0, s+

1 ] ∪ [s+
2 , s
−
1 ] ∪ [s−2 , 2π]. If C > π/4, we simply define σ to be L.

In light of the previous result, we get that F(α, kMπ), the extremal front at
time kMπ, is contained inside a neighborhood Wα of the south pole of order O(α2)
neighborhood of the south pole. Therefore, in order to understand the shape of the
optimal synthesis inside Wα, we must rescale the whole problem by Nα, the linear
mapping from R

3 onto R
2 defined as the composition of the orthogonal projection

(x1, x2, x3) 
→ (x1, x2) followed by the dilation by 1/α2.
For x ∈ Wα, we first consider (Λ)α, the image of (Σ) by Nα; i.e., (Λ)α is the

planar control system given by

(Λ)α :

{
ż1 = −cαz2,

ż2 = cαz1 + u sα
α2

√
1 − α4‖z‖2.

(69)

Let Lα be the image of F(α, kMπ) by Nα. From Lemma 5, Lα converges to L in the
C1 topology. It is clear that, for C > π/4, Lα : [0, 2π] → R

2 is homeomorphic to
eis, s ∈ [0, 2π]. In the case where C < π/4, the next lemma shows that, for α small
enough, Lα has the same shape as L.

Lemma 6. If C < π/4, then Lα is described by the Figure 9, where Cpεi (α) =
Lα(sεcusp,i(α)), i = 1, 2 and ε = ±, are cuspidal points and Dε(α) are double points,
with

(70) D+(α) = Lα(s+
1 (α)) = Lα(s+

2 (α)), D−(α) = Lα(s−1 (α)) = Lα(s−2 (α)),

where sεcusp,i(α) and sεi (α) tend to, respectively, sεcusp,i and sεi as α tends to zero for
i = 1, 2 and ε = ±. For α small enough, set σα, the closed curve defined as the
restriction of Lα(s), to [0, s+

1 (α)] ∪ [s+
2 (α), s−1 (α)] ∪ [s−2 (α), 2π]. Then it is a Jordan

curve.
Proof of Lemma 6. For i = 1, 2 and ε = ±, the existence of the cuspidal

points Cpεi (α) is obtained by applying the implicit function theorem to the equa-
tion DL(s, α) = 0, where the function DL(s, α) is defined by

DL(s, α) :=
d

ds
Lα(s),
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Cp1
+Cp2

+

Cp1
− Cp2

−
D (  )α−

D (  )α+

Fig. 9. Graph of the function Lα for C < π/4.

in the neighborhood of each (sεcusp,i, 0). We have

∂sDL(sεcusp,i, 0) =
d2

ds2
L(sεcusp,i) �= 0,

and we conclude. The uniqueness of these four points, on [0, 2π], is trivial since
DL(s, α) = d

dsL(s) + O(α).
Similarly, for ε = ±, the existence of the double points Dε(α) follows after apply-

ing the implicit function theorem to the equation DP (s, s′, α) = 0, where the function
DP (s, s′, α) is defined by

DP (s, s′, α) = Lα(s) − Lα(s′),

in the neighborhood of each (sε1, s
ε
2, 0). For the uniqueness, we proceed as

before.
In the case C > π/4, we also define σα to be equal to Lα. As a consequence,

we are able to characterize OF (α, kMπ), the minimum time front at time kMπ when
C �= π/4.

Proposition 7. For α small enough and C �= π/4, the minimum time front at
time kMπ, OF (αk, kMπ) is equal to σ̃α, the inverse image on S2, by Nα, of σα.

Remark 11. As a consequence, we deduce that, for C > π/4 and α small enough,
the optimal synthesis between F(α, (kM − 1)π) and F(α, kMπ) is simply given by
the extremal flow, whereas, for C < π/4, there is a loss of optimality along certain
extremal curves starting at F(α, (kM − 1)π) before reaching F(α, kMπ). The values
of s corresponding to such curves can be deduced from the previous characterizations
of F(α, kMπ) and OF (αk, kMπ).

Proof of Proposition 7. Recall that OF (αk, kMπ) is a piecewise C1 submanifold of
F(α, kMπ). As in the proof of Proposition 4, the result to establish is a consequence
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of the fact that σα = Lα : [0, 2π] → R
2 is homeomorphic to eis, s ∈ [0, 2π], and it can

be achieved by means of simple topological arguments.
In the case C < π/4, σα is a piecewise C1 Jordan curve homeomorphic to eis,

s ∈ [0, 2π]. A simple topological argument yields the conclusion.

5.2. Limit of the synthesis. It remains to describe the limiting dynamics close
to the south pole. In order to take the limit, as α tends to zero, in (Λ)α, one must
reparametrize by the time αt. The limit is then given by the control system

(Λ) :

{
ż1 = 0,
ż2 = u.

We now describe the optimal synthesis for the limit problem, i.e., for the problem
of reaching in minimum time every point inside σ along (Λ) and starting from σ.
Because of the symmetries of σ and because the tangent vector to σ is vertical only at
s = 0 and s = π, there exists a unique overlap curve (Seg)C , defined as the segment
of the z1-axis between the points (−2C, 0) and (2C, 0). Above it, the input u takes
the constant value −1, and, below that overlap curve, the constant value 1. Integral
curves are clearly vertical lines.

We next intend to prove that the optimal synthesis consisting of reaching in
minimum time every point inside σα along (Λ)α and starting from σα converges to
the previous synthesis in the following sense.

Theorem 2. Assume that C �= π/4. As α tends to zero, the time optimal
synthesis associated to (Λ)α inside σα is characterized by an overlap curve (Seg)αC ,
converging to (Seg)C in the C0 topology, and, above (Seg)αC , the control u takes the
constant value −1, and, below (Seg)αC , it is equal to 1. Moreover, there exist only
two time optimal trajectories reaching the origin, and, in the case C < π/4, these
trajectories start from Dε

α, ε = ±, the double points of Lα.
Proof of Theorem 2. Fix C �= π/4. We first notice that, for α small enough,

there are not switching curves inside σα. Therefore, the cut locus may occur only as
images by Nα of points M ∈ S2 such that M = e

t
αX− σ̃(s) = e

t
αX+ σ̃(s′) for t ∈ [0, 2π

α ],
s ∈ [0, π], and s′ ∈ [π, 2π]. Proceeding exactly as in the proof of Theorem 1, we apply
inverse function arguments first in neighborhoods of σα(0) and σα(π) and second in
a region enclosed by σα excluding such neighborhoods. It is then easy to determine
the values of the input u in each connected component of the region enclosed by σα

minus (Seg)αC .
By a continuity argument, it is clear that there exist only two time optimal

trajectories reaching the origin: one above (Seg)αC and one below. Finally, suppose
that C < π/4. In that case, it was proved in [9] that the only extremals starting at a
point Lα(s) and reaching the origin from above the overlap curve (Seg)αC correspond
to values of s verifying one of the following three possibilities as α tends to zero: (a)
s tends to zero, (b) s tends to π/2, or (c) Lα(s) is a double point also associated to
s′ = v(s) − s. In view of what precedes, only possibility (c) is allowed for optimality.
Theorem 2 is proved.

Remark 12. As a consequence of the previous argument and from the results of
[9], we get that, for α small enough and C < π/4,

s+
2 (α) = v(s+

1 (α)) − s+
1 (α), s−2 (α) = 2π + v(s−1 (α) − π) − s−1 (α),

where sεi (α), i = 1, 2 ε = ±, were defined in (70).
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6. Case r(α) = 0. We assume here that r(α) = 0, i.e., αk = π
2k for k ≥ 1.

From Proposition 3, we know that the extremal front at time ([ π
2α ] − 1)π = π

2α − π
encloses the south pole, is optimal, and is approximately (in the C1 sense) a circle
of radius 2r(α)α around the south pole. Moreover, at time [ π

2α ]π, we know that the
extremal front must contain the south pole and is equal, up to O(α3), to (α2L,−1)T

given in (65) and (67) with C = 0. In that case, the minimum time front reduces to
the south pole.

In this case it is interesting to consider the synthesis starting from the extremal
front at time (kM −1)π, and it is natural to compare it with the synthesis of the linear
pendulum studied in section 4.2 and corresponding to ρ = 2. See Figure 10. Let us
first describe briefly that synthesis. Let D2 and C2 be the disc and the circle centered
at the origin and of radius 2, respectively. The overlap curve inside D2 coincides with
the switching curves and with the trajectories, corresponding to u = ±1, connecting
points (±2, 0) to the origin. In particular, it means that an optimal trajectory of the
synthesis starting at any point P ∈ C2 reaches the origin, and thus there exists an
infinite number of optimal trajectories from C2 to the origin.

For α > 0 and r(α) = 0, the situation is rather different. Let us first define
F̃ (α, (kM−1)π) to be the image of F(α, (kM−1)π) by Mα. Then, for α small enough,
it was shown in [9] that the only optimal trajectories starting from F̃ (α, (kM−1)π) and
reaching the origin are those starting at Pα

+ and Pα
− . Let us refer to them as γ+ and

γ−. Therefore, in the case r(α) = 0, the synthesis for α > 0 is rather different than
the synthesis of the limit candidate when α tends to zero. It is a clear indication that
the case r(α) = 0 is more delicate than the cases r(α) positive constant or r(α) = Cα.
However, we are still able to give a partial description of the limit synthesis as the
next proposition shows.

Proposition 8. Assume that r(α) = 0 and α is small enough. Then the switch-
ing curve C+

kM
(respectively, C−kM

) is optimal for some interval [0, s(α)], s(α) < π,
and it is above (respectively, below) γ+ (respectively, γ−) as long as it is optimal.
Moreover, we have

(71) lim
α→0,r(α)=0

s(α) = s̄ := arccos
√

1/3.

u=−1

(−2,0)

overlap curves

switching curves

(2,0)

(−2,0)

(2,0)

u=+1 u=+1

u=−1

Fig. 10. Comparison between the optimal synthesis for the linear pendulum and the optimal
synthesis on the bottom of the sphere in the case r(α) = 0.
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Proof of Proposition 8. We provide only an argument for C+
kM

, the other case being
analogous. To prove the first statement of the proposition, we reason by contradiction.
If the switching curve is not optimal on any interval [0, τ ], τ > 0, we get the existence
of an optimal trajectory starting at F(α, (kM − 1)π) above P+

α and reaching the
origin, which is equal to the concatenation of an integral curve of X− and a piece of
γ+. Therefore, an optimal integral curve of X−, starting above γ+, must either switch
or lose optimality before reaching γ+. If the second possibility occurs, we must have
an overlap; i.e., at that point an optimal integral curve of X+ arrives. Close to P+

α ,
the latter would imply that the optimal integral curve of X+ starts at F(α, (kM−1)π)
above P+

α . This is impossible, because, from every point of E+(α, (kM − 1)π), the
value of the optimal control is −1. Let s(α) ≤ π be the first value of s for which C+

kM

ceases to be optimal. Define

H(s) := det

(
X+(C+

kM
(s)),

dC+
kM

ds
(s), C+

kM
(s)

)

for s ∈ [0, π]. Then s(α) is the smallest solution in (0, π] of H(s) = 0. It is easy to
see that H must take the value zero before π. We deduce that s(α) < π. By taking
the asymptotic expansion of the previous expression as α tends to zero, we get

H(s) =
π

4
ssα

3(1 + 3 cos(2s) + O(α)).

Then s(α) must converge to s̄ as α tends to zero, the smallest solution in [0, π] of
1 + 3 cos(2s) = 0.

7. Conclusion and final remarks. In this paper, we built the time optimal
synthesis for a two-level quantum system driven by an external field, in the case
M << E, where M is the bound on the fields and −E and E are the two energy
levels. In particular, we answered several questions stated in [5, 9], regarding the
locus where extremals lose optimality and the shape of the synthesis at the south
pole. To that purpose we characterized a concept of “asymptotic” optimal synthesis
in the “noncontrollability” limit M/E → 0, and we described it in detail: There are
three main patterns which cyclically alternate as M/E → 0.

Another point of interest of our results lies in the fact that, to the best of our
knowledge, we provided here the first nontrivial example of time optimal synthesis
with one bounded control on a 2-D compact manifold. Indeed, similarly to what
happens in Riemannian geometry, singularities near the south pole appear, as a con-
sequence of the nontrivial topology of S2.

As a byproduct of our studies, we obtain the first not “ad hoc” example of the
singularity (C,K)1 predicted by the general theory [8]. Recall that a singularity of
an optimal synthesis is the intersection between two special curves (i.e., overlaps,
switching curves, singular curves, etc.).

The (C,K)1 singularity has a “nonlocal” character in the sense that the two
optimal trajectories merging at (C,K)1 are projections of extremals which are “far”
in the cotangent bundle (see Figure 3).

Appendix. The following version of the inverse function theorem is used in the
argument of Proposition 5.

Theorem 3. Let Φ : R
n → R

n be a C1 map and K ⊂ R
n a compact set such that

Φ|K : K → Φ(K) is bijective and the differential DΦ(x) is invertible for x ∈ K. Then
there exists an open neighborhood U ⊃ K such that Φ|U is a C1 diffeomorphism.
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Let now (Φk)k≥1 be a sequence of C1 maps converging in the C1
loc sense to Φ.

Then, for every open set Ũ with closure included in U , there exists k̄ such that, for
every k ≥ k̄, Φk|Ũ

is a C1 diffeomorphism and, for every compact subset K̃ of Ũ ,

Φ(K̃) ⊂ Φk(Ũ) and limk→∞Φ−1
k (v) = Φ−1(v) uniformly with respect to v ∈ Φ(K̃).

Proof. Let us define, for k ≥ 0, the following open neighborhoods of K:

A := {x ∈ R
n : detDΦ(x) �= 0}, Ak := ∪x∈KB

(
x,

1

k

)
∩A.

In view of the inverse function theorem, in order to conclude the proof of the first
part, it is enough to show that for k large enough the restriction Φ|Ak

is one-to-one.
We argue by contradiction. Let xk �= yk ∈ Ak such that Φ(xk) = Φ(yk) for all

k. Then, up to extractions of subsequences, we can assume that the two sequences
converge to x̄ and ȳ, respectively. Since x̄, ȳ ∈ ∩kAk = K and Φ(x̄) = Φ(ȳ), we
deduce that x̄ = ȳ. However, since detDΦ(x̄) �= 0, we have that Φ is bijective in
a neighborhood of x̄, which contradicts the assumption Φ(xk) = Φ(yk) for k large
enough.

The proof of the second part is similar. First, fix a subset Ũ of U . By the uniform
convergence of Dφk to Dφ on every compact subset of U , we get detDΦk(x) �= 0 for
every x ∈ Ũ and k large enough. We also obtain that Φk is one-to-one with the same
argument as above. For the remaining results to establish, they simply follow from
the uniform convergence of Φk to Φ on every compact subset of U .
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DUBOVITSKII–MILYUTIN APPROACH IN SET-VALUED
OPTIMIZATION∗

G. ISAC† AND A. A. KHAN‡

Abstract. By exploring the ideas around the Dubovitskii–Milyutin approach, necessary optimal-
ity conditions are given for various optimality notions in set-valued optimization. These optimality
conditions are given by using the contingent derivative and the generalized contingent epiderivative
of the objective set-valued map and the set-valued maps defining the constraints. The notions of
subgradients and scalarized subgradients for set-valued maps are proposed and used to state some
regularity conditions.

Key words. set-valued optimization, contingent cone, contingent derivative, generalized con-
tingent epiderivative, Aubin’s property, Lagrange multipliers, optimality conditions, subgradients for
set-valued maps
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1. Introduction. Let Ξ be a real normed space and let Σi, i = 0, 1, . . . , n+1, be
nonempty convex cones. Let the cones Σi, i = 0, 1, . . . , n, be open. The Dubovitskii–
Milyutin lemma (DM-lemma) asserts an equivalence between the following two state-
ments (see [9]):

(α)
⋂n+1

i=0 Σi = ∅.
(β) There exist functionals li ∈ Σ∗i (dual of Σi), i = 0, 1, . . . , n+ 1, which are not

all simultaneously equal to zero, such that l0 + l1 + · · · + ln+1 = 0.
In optimization theory the relevance of the DM-lemma comes from the fact that

the optimality of a point can be conveniently expressed as the disjunction of certain
sets. Now, if these sets are locally approximated by using suitable tangent cones
so that the disjunction is maintained, then, under suitable convexity assumptions,
the functionals appearing in (β) in fact would give rise to the Lagrange multipliers.
In applications of the DM-lemma, the cone Σn+1 is often an approximation of the
equality constraints, and the cones Σi, i = 0, . . . , n, contain some information about
the behavior of the derivatives of the objective map and the inequality constraints.
The approach based on the DM-lemma is very flexible for many applications and has
been proved to be of great use in dealing with scalar and vector optimization problems
(see [9], [13], [31]).

In this paper, we present an extension of the Dubovitskii–Milyutin approach to
the problems which can be written in the following form:

(∗) minimizeC F (x) subject to x ∈ Q.
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Here X and Y are real normed spaces (unless stated otherwise all the spaces here
will be real), Q ⊂ X, C ⊂ Y is a proper pointed convex cone, the map F : X ⇒ Y
is set-valued, and the minimum is taken in the sense that we seek (x̄, ȳ) ∈ X × Y
such that ȳ ∈ F (x̄) and (

⋃
x∈Q F (x)) ∩ ({ȳ} − C) = {ȳ}. We recall that given a

pointed convex cone C ⊂ Y , the set of minimal points of A ⊂ Y , henceforth denoted
by Min(A,C), is defined as Min(A,C) = {x ∈ A | A ∩ ({x} − C) = {x}}. Being
equipped with this terminology, a minimizer to (∗) is a point (x̄, ȳ) ∈ X×Y such that
ȳ ∈ F (x̄) ∩ Min(F (Q), C), where F (Q) :=

⋃
x∈Q F (x).

The following example explains the above notion of minimality.
Example 1.1. Consider a set-valued map F : [0, 1] ⇒ R

2 defined by

F (x) :=
{
(y1, y2) ∈ R

2 | y2
1 + y2

2 ≤ x2
}
.

Let C :=
{
(x, x) ∈ R

2 | x ∈ R+

}
be the ordering cone and let Q := [0, 1]. Then

F (Q) = {(x, y) ∈ R
2 | x2 + y2 ≤ 1} and the minima of (∗) form the set {1} ×

{(cosφ, sinφ) | φ ∈ [ 34π,
7
4π]}. On the other hand, if the ordering cone is

C :=
{
(x, y) ∈ R

2 | x, y ∈ R+

}
,

then the minima of (∗) form the set {1} × {(cosφ, sinφ) | φ ∈ [π, 3
2π]}.

Notice that if the map F is single-valued, then (∗) collapses to the known vector
optimization problem (see [18]). Additionally, if Y = R and C = R+ = {t ∈ R |
t ≥ 0}, then we recover the framework of classical optimization problems (see [9]).

Problems of the type shown above belong to the realm of set-valued optimization,
a subject which has attracted a great deal of attention in recent years (cf. [3], [4], [5],
[6], [7], [8]). In general, set-valued optimization represents the optimization problems
with set-valued objective and/or set-valued constraints. In recent years set-valued
optimization has emerged as an important generalization of scalar and vector opti-
mization. Moreover, there are many research areas which directly lead to the type of
problem shown above. We illustrate this by depicting the appearance of set-valued
optimization problems in connection with the duality principles in vector optimization
and the gap functions for vector variational inequalities [12], [17].

Example 1.2 (duality principles). Consider the following vector optimization
problem:

(∗∗) minimizeQ ϕ(x) subject to x ∈ Δ1 = {x ∈ Δ | −ψ(x) ∈ Q1},

where Δ ⊂ R
n, Q ⊂ R

p, and Q1 ⊂ R
m are pointed closed convex cones and ϕ :

R
n → R

p and ψ : R
n → R

m are single-valued mappings. Let L be the family of
p ×m matrices Λ such that ΛQ1 ⊂ Q and let L : Δ × L → R

p be the vector-valued
Lagrangian given by L(x,Λ) = ϕ(x)+Λψ(x). We define a set-valued map Φ : L ⇒ R

p

as follows:

Φ(Λ) = Min({L(x,Λ) | x ∈ Δ}, Q).

Then the dual problem associated with (∗∗) is the following set-valued optimization
problem:

maximizeQ Φ(Λ) subject to Λ ∈ L.

Details on the above model are available in [33]. An infinite-dimensional analogue
of this model has been studied by Corley (see the references in [8]).
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Example 1.3 (gap functions). Let X and Y be normed spaces and let L(X,Y )
be the set of all linear continuous operators from X to Y . Let Q ⊂ X be a nonempty
closed convex set, let Q0 ⊂ X be a pointed closed convex cone, and let Γ : X → Y be
a given map.

Consider the following vector variational inequality (VVI): Find x̄ ∈ Q such that

〈Γ(x̄), x− x̄〉 /∈ −Q0\{0} for every x ∈ Q.

We define a set-valued mapping Φ : X ⇒ Y by

Φ(x) = Max({〈Γ(x̄), x−Q〉, x ∈ Q}, Q0).

Then the above VVI is equivalent to the following set-valued optimization problem
(cf. [24]):

minimizeQ0 Φ(x) subject to x ∈ Q.

Another genuine source for such problems is the situation in mathematical pro-
gramming when the objective and the constraint functions cannot be assigned to some
exact values but are allowed to vary in a specified range, hence leading to set-valued
data (for example, in stochastic and fuzzy programming). In fuzzy programming this
fact is usually characterized by a membership function. However, in the general set-
ting of set-valued optimization the use of the membership function can be avoided
as the whole sets are taken into account (cf. [8], [32]). Several other interesting ap-
pearances of set-valued optimization are in sensitivity analysis for vector optimization
problems (cf. [34]).

In recent years a great deal of attention has been given to set-valued optimization.
The starting point for this interesting research domain was the influential paper by
Corley [8], where the contingent derivative and the circatangent derivative were used
to give general optimality conditions. His results were substantially improved by Luc
and Malivert [26] (see also [25]). In the aforementioned works, the derivative notions
revolved around the graphs of the involved set-valued maps. Another useful approach
based on employing the epigraphs of the involved set-valued maps was initiated by
Jahn and Rauh [21], which was further pursued in [3], [11], [14], [19], [20], [23], among
others. An interesting approach for set-valued optimization which is based on the
notion of coderivatives is given in [10].

As already mentioned above, the main goal of this paper is to present some neces-
sary optimality conditions in set-valued optimization by using the ideas surrounding
the Dubovitskii–Milyutin approach. The optimality conditions given here can be di-
vided into two categories. In the first category, we express the optimality of a point
as an empty intersection of certain sets in the domain space. Although this result is
completely analogous to the results in classical nonlinear programming, it is in con-
trast with the results obtained so far in set-valued optimization, where the optimality
conditions of this nature have always been given in the image space. The second
type of optimality conditions which we give here is comparable to the classical KKT
optimality conditions. A special emphasis is given to the case when the ordering cone
may have an empty interior. As concerns the solvability of set-valued optimization
problems, it is known that the notion of a solution in set-valued optimization is not
unequivocal and there are many solution concepts. In this paper we present necessary
optimality conditions for minimality, proper minimality, weak minimality, and strong
minimality. However, keeping in mind the narrow gap among the techniques used
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for deriving these optimality conditions for various minimality notions, we present a
detailed treatment only for proper minimality. For other optimality notions, we either
state the results without a proof or we just mark the differences whenever it becomes
necessary.

The contents of this paper are divided into five sections. In section 2, we briefly
recall some notation and concepts to be used and formulate the problem. Basic no-
tions which we recall include various definitions of tangent cones and derivatives and
epiderivatives for set-valued maps. We devote section 3 to the necessary optimality
conditions for proper and weak minimality. In this section we also introduce several
subgradients for set-valued maps. However, the use of these subgradients is limited
mainly to expressing some regularity conditions. Section 4 is devoted to the neces-
sary optimality conditions for the strong minimality. The final section contains some
remarks concerning the approach.

2. Preliminaries and problem formulation. First we recall the notions of
some tangent cones (cf. [2], [30]). We set P := {t ∈ R | t > 0}. In the following cl(S)
and int(S) will represent the closure and the interior of a set S, respectively.

Definition 2.1. Let Z be a normed space, let S ⊂ Z, and let z̄ ∈ S.

(a) The contingent cone T (S, z̄) of S at z̄ is the set of all z ∈ Z such that there
are sequences (λn) ⊂ P and (zn) ⊂ Z with λn ↓ 0, zn → z, and z̄ + λnzn ∈ S
for all n ∈ N.

(b) The interiorly contingent cone IT (S, z̄) of S at z̄ is the set of all z ∈ Z such
that for any sequences (λn) ⊂ P and (zn) ⊂ Z with λn ↓ 0 and zn → z there
exists an integer m ∈ N such that z̄ + λnzn ∈ S for all n ≥ m.

(c) The Clarke’s tangent cone C(S, z̄) of S at z̄ is the set of all z ∈ Z such that
for every sequence (zn) ⊂ S with zn → z̄ and for every (λn) ⊂ P with λn ↓ 0
there exists a sequence (z̃n) with z̃n → z such that zn + λnz̃n ∈ S for all
n ∈ N.

Remark 2.1. It is known that T (S, z̄) is a closed cone possessing the isotony
property; that is, for subsets S1 and S2 such that S1 ⊂ S2, we have T (S1, z̄) ⊂
T (S2, z̄) for every z̄ ∈ S1. The Clarke’s tangent cone is closed and convex, but
it is not isotone. Moreover, the inclusion C(S, z̄) ⊆ T (S, z̄) holds. On the other
hand the interiorly contingent cone IT (S, z̄) is an isotone open cone. As concerns
the relationship between T (S, z̄) and IT (S, z̄), we have IT (S, z̄) = Z\T (Z\S, z̄).
As a useful implication of this relationship, the cones T (S, z̄) and IT (S, z̄) form an
admissible pair; that is, for every pair of sets S1, S2 ⊂ Z with S1 ∩ S2 = ∅, we
have T (S1, z̄) ∩ IT (S2, z̄) = ∅ for every z̄ ∈ Z. Also for arbitrary sets S1, S2 ⊂ Z
we have IT (S1 ∩ S2, z̄) = IT (S1, z̄) ∩ IT (S2, z̄) for every z̄ ∈ S1 ∩ S2. In general,
this property is not shared by the contingent cones. For some S ⊂ Z, the identities
T (S, z̄) = T (cl(S), z̄) and IT (S, z̄) = IT (int(S), z̄) hold. Moreover, for a convex solid
set S, we have cl(IT (S, z̄)) = T (S, z̄) and int(T (S, z̄)) = IT (S, z̄). For details see [2],
[29], [30].

Now we collect some definitions for set-valued maps. Let X and Y be normed
spaces. Let F : X ⇒ Y be a set-valued map; that is, for each x ∈ X, we have
F (x) ⊂ 2Y (power set of Y ). The (effective) domain and the graph of F are defined
by dom(F ) := {x ∈ X | F (x) �= ∅} and gph(F ) := {(x, y) ∈ X × Y | y ∈ F (x)},
respectively. We shall say that F is strict if dom(F ) = X. We define the weak-inverse
image F [S]− of F with respect to S ⊆ Y by F [S]− := {x ∈ X | F (x) ∩ S �= ∅}.
If Y is partially ordered by a convex cone C ⊂ Y , the profile map F+ : X ⇒ Y is
given by F+(x) := F (x) +C for every x ∈ dom(F ). In this setting, the epigraph of F
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can be defined as the graph of F+, that is, epi(F ) = gph(F+). The map F is called
convex if gph(F ) is convex and C-convex if epi(F ) is convex. We shall say that the
map F is locally C-convex at (x̄, ȳ) ∈ gph(F ) if T (epi(F ), (x̄, ȳ)) is convex. Let BY

be the unit ball of the space Y . The map F is said to have the Aubin property around
(u, v) ∈ gph(F ) if there are a constant L ≥ 0 and neighborhoods U of u and V of v
so that

F (x1) ∩ V ⊆ F (x2) + L ‖x1 − x2 ‖BY for all x1, x2 ∈ U ∩ dom(F ).

This concept is due to Aubin. For several useful features of this notion, see [2], [28],
[32].

The contingent derivative, given by Aubin [1], is at the heart of our approach. We
recall that given normed spaces X,Y and a set-valued map F : X ⇒ Y , the contingent
derivative of F at (x̄, ȳ) ∈ gph(F ) is the set-valued map DF (x̄, ȳ) : X ⇒ Y defined
by

(1) gph(DF (x̄, ȳ)) = T (gph(F ), (x̄, ȳ)).

A related notion where the center of attraction, instead of gph(F ), is epi(F ) is
of the generalized contingent epiderivative proposed in [7] and [4]. We recall that the
generalized contingent epiderivative of F at (x̄, ȳ) ∈ gph(F ) is the set-valued map
DgF (x̄, ȳ) : X ⇒ Y given by

(2) DgF (x̄, ȳ)(x) = Min(DF+(x), C), x ∈ dom(DF+(x̄, ȳ)).

We say that epiderivative DgF (x̄, ȳ) dominates at x ∈ dom(DF+(x̄, ȳ)) if the
inclusion DF+(x̄, ȳ)(x) ⊆ DgF (x̄, ȳ)(x) + C holds. It is known that if DgF (x̄, ȳ)
dominates at all x ∈ dom(DF+(x̄, ȳ)), then

(3) epi(DgF (x̄, ȳ)) = T (epi(F ), (x̄, ȳ)).

Conditions ensuring the existence and the domination of the above epiderivative
are given in [4] and [20]. For example, it is known that if C is regular (see [16])
and DF+(x̄, ȳ)(x) is C-lower-bounded, then DgF (x̄, ȳ)(x) �= ∅ and the epiderivative
dominates at x (see [20]). An important difference between the contingent derivative
and the generalized contingent epiderivative is that in the latter case we concentrate
only on a boundary part of the underlying contingent cone.

Remark 2.2. Replacing T (gph(F ), (x̄, ȳ)) by C(gph(F ), (x̄, ȳ)) in (1), we get
circatangent derivative CF (x̄, ȳ) of F at (x̄, ȳ) (cf. [2]). We define generalized cir-
catangent epiderivative CgF (x̄, ȳ) of F at (x̄, ȳ) by taking CF+(x̄, ȳ)(x) for DF+(x̄, ȳ)
in (2).

Besides the minimality notion defined above, we also need some other related
concepts (cf. [18, 25]). Let Y be a normed space partially ordered by a proper pointed
convex cone C ⊂ Y . Given C, let K be the set of all proper pointed closed convex solid
cones K ⊂ Y such that C\{0Y } ⊂ int(K). Let D ⊂ Y and let y ∈ D be arbitrary.

◦ An element y is said to be a strongly minimal point of D if D ⊆ {y} + C.
◦ Assume that the ordering cone C is solid, that is, it has a nonempty interior

int(C). An element y is said to be a weakly minimal point of D if D ∩
({y} − int(C)) = ∅.

◦ An element y is said to be a properly minimal point of D if for some K ∈ K
we have D ∩ ({y} −K) = {y}, that is, the element y is a minimal point of D
with respect to K.
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The set of all strongly minimal points, weakly minimal points, and properly min-
imal points of D with respect to C will be denoted by SMin(D,C), WMin(D,C), and
PMin(D,C). Moreover, the following chain of inclusions is known to hold:

SMin(D,C) ⊆ PMin(D,C) ⊆ Min(D,C) ⊆ WMin(D,C).

We remark that there are a few more notions of minimal points in set optimization
which we do not explore in this work (cf. [6], [22], [27]).

Let W,X, Y, Z be normed spaces and let the spaces Y and Z be partially ordered
by nontrivial pointed closed convex cones C ⊂ Y and D ⊂ Z. Let Q0 ⊂ X be
nonempty and let h ∈ W be a given element. Let F : X ⇒ Y , G : X ⇒ Z, and
H : X ⇒ W be given set-valued maps.

We are concerned with the following set-valued optimization problems:

(P0) MinF (x) subject to x ∈ Q0.

(P1) MinF (x) subject to x ∈ Q1 := {x ∈ Q0 | G(x) ∩ −D �= ∅}.
(P2) MinF (x) subject to x ∈ Q2 := {x ∈ Q0 | G(x) ∩ −D �= ∅, h ∈ H(x)}.

In the following, we define the optimality for (P2). We set F (Q2) :=
⋃

x∈Q2
F (x).

Definition 2.2. A pair (x̄, ȳ) ∈ gph(F ) is called a (a) minimizer of (P2) if
ȳ ∈ Min(F (Q2), C); (b) strong minimizer of (P2) if ȳ ∈ SMin(F (Q2), C); (c) weak
minimizer of (P2) if ȳ ∈ WMin(F (Q2), C); (d) proper minimizer of (P2) if ȳ ∈
PMin(F (Q2), C).

In view of the definition of the minimal points, (x̄, ȳ) ∈ gph(F ) is a minimizer if
and only if F (Q2)∩ (ȳ−C) = {ȳ}. Similar relations are valid for other kinds of min-
imizers defined above. Observe that (P2) reduces to (P0) if G(x) = 0Z and H(x) = h
uniformly on Q0. In this case the set of constraints Q0 is not explicitly specified. If
additionally we have Q0 = Z, then (P2) is an unconstrained set-valued optimization
problem. The optimality notions given in the above definition are global ones; that
is, the whole set F (Q2) has been taken into account. Their local versions are defined
as follows: The point (x̄, ȳ) ∈ gph(F ) is said to be a local strong minimizer if there
exists a neighborhood U of x̄ such that ȳ ∈ SMin(F (Q2 ∩ U), C). Local minimizers,
local weak minimizers, and local proper minimizers are defined analogously by using
Definition 2.2.

Notice that in the context of Example 1.1, the proper minima of (P0) contain the
set {1} × {(cosφ, sinφ) | φ ∈ [ 34π,

3
2π]}. There is no strong minimizer.

3. Necessary optimality conditions for proper and weak minimality.

3.1. Necessary optimality conditions for (P1). We begin with the following
necessary optimality condition for (P1).

Theorem 3.1. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P1). Assume
that the map F+ (:= F + C) possesses the Aubin property around (x̄, ȳ). Then

(4) DF+(x̄, ȳ)[−C\{0Y }]−
⋂

IT (Q0, x̄)
⋂

T (G[−D]−, x̄) = ∅.

Proof. Since (x̄, ȳ) is a local proper minimizer, there are a neighborhood U1 of
x̄ and a pointed closed convex solid cone K ∈ K such that ȳ ∈ Min(F (Q1 ∩ U1),K).
We claim that

(5) DF+(x̄, ȳ)[− int(K)]−
⋂

IT (Q0, x̄)
⋂

T (G[−D]−, x̄) = ∅.
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Notice that since int(K) contains C\{0Y }, (5) trivially implies (4).
We show that if (5) fails, then a feasible u can be obtained in a vicinity of x̄ with

F (u)∩(ȳ− int(K)) �= ∅, hence violating the local proper minimality of (x̄, ȳ). Assume
that there exists

x ∈ DF+(x̄, ȳ)[− int(K)]−
⋂

IT (Q0, x̄)
⋂

T (G[−D]−, x̄).

Then in view of the containment x ∈ T (G[−D]−, x̄), there are sequences (λn) ⊂ P

and (x̃n) ⊂ X such that λn ↓ 0, x̃n → x, and G(x̄ + λnx̃n) ∩ (−D) �= ∅ for every
n ∈ N.

Since we also have x ∈ DF+(x̄, ȳ)[− int(K)]−, there exists y ∈ − int(K) such that
(x, y) ∈ T (epi(F ), (x̄, ȳ)). Therefore, there are sequences (βn) ⊂ P and ((x̄n, ȳn)) ⊂
X ×Y such that βn ↓ 0, (x̄n, ȳn) → (x, y), and ȳ+ βnȳn ∈ F (x̄+ βnx̄n) +C for every
n ∈ N.

Because (λn) and (βn) are sequences of strictly positive reals, both converging
to zero, there exist increasing sequences of positive integers (kn) and (mn) such
that βmn/λkn → 1 (see [24, Lemma 2.1]). We pick subsequences (βmn) ⊂ (βn),
(xmn

) ⊂ (x̄n), (ymn) ⊂ (ȳn) and set xn = (βmn\λkn)xmn , yn = (βmn\λkn)ymn , and
αn = λkn . Clearly xn → x, yn → y, αn ↓ 0 and we have ȳ +αnyn ∈ F (x̄+αnxn) +C
for every n ∈ N. We also pick a subsequence (xkn

) ⊂ (x̃n) and set x̂n = xkn . No-
tice that x̂n → x and we have G(x̄ + αnx̂n) ∩ (−D) �= ∅ for every n ∈ N. Because
un := (x̄ + αnxn) → x̄ and ũn := (x̄ + αnx̂n) → x̄, there exists n1 ∈ N such that
un, ũn ∈ U for n ≥ n1. Here U := U1∩U2 and U2 is a neighborhood of x̄ which exists,
along with a neighborhood V of ȳ, as a consequence of the Aubin property. Moreover,
since (ȳ + αnyn) → ȳ, there exists n2 ∈ N so that ȳ + αnyn ∈ V for all n ≥ n2. In
view of the Aubin property of F+ at (x̄, ȳ), we get

ȳ + αnyn ∈ [F (x̄ + αnxn) + C] ∩ V (for n ≥ n2)

⊆ F (x̄ + αnx̂n) + C + Lαn ‖xn − x̂n‖BY (for n ≥ max{n1, n2}),
and hence we can choose a sequence bn ∈ BY such that for n ≥ max{n1, n2} we
have ȳ + αnỹn ∈ F (x̄ + αnx̂n) + C, where ỹn = (yn − Lbn ‖xn − x̂n‖) → y. Because
y ∈ − int(K), αn > 0, and ỹn → y there exists n3 ∈ N such that αnỹn ∈ − int(K).
Choose wn ∈ F (ũn) such that ȳ + αnỹn ∈ wn + C for every n ∈ N. We have wn ∈
ȳ+λnỹn−C ⊆ ȳ−int(K)−C ⊂ ȳ−int(K) and consequently wn ∈ F (ũn)∩(ȳ−int(K))
for n ≥ max{n1, n2, n3}.

Finally we notice that because αn ↓ 0 and x̂n → x, the containment x ∈ IT (Q0, x̄)
implies that there is an integer n4 ∈ N such that ũn := x̄ + αnx̂n ∈ Q0 for every
n ≥ n4. Therefore, we have shown that for every n ≥ max{n1, n2, n3, n4} there are
ũn ∈ Q1 ∩ U1 such that F (ũn) ∩ (ȳ − int(K)) �= ∅. This, however, contradicts the
optimality of (x̄, ȳ). The proof is complete.

Remark 3.1. If either G[−D]− is derivable at x̄ or epi(F ) is derivable at (x̄, ȳ),
then the mechanism of choosing subsequences is unnecessary. Here, by the derivability
of S ⊂ Z (normed space) at z̄ ∈ cl(S), we mean T (S, z̄) = A(S, z̄), where A(S, z̄) is the
adjacent cone given by A(S, z̄) := {y ∈ Z | ∀(λn) ⊂ P, λn ↓ 0 ∃(yn) → y : z̄+λnyn ∈ S
∀n ∈ N} (cf. [2]).

In view of the proof of Theorem 3.1 the following useful corollaries are immediate.
Corollary 3.1. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P1). Let

either dom(F ) = dom(G) = Q0 or x̄ ∈ int(Q0) and let F+ possess the Aubin property
around (x̄, ȳ). Then

DF+(x̄, ȳ)[−C\{0Y }]−
⋂

T (G[−D]−, x̄) = ∅.
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Corollary 3.2. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P0). Then

IT (Q0, x̄)
⋂

cl(DF+(x̄, ȳ)[−C\{0Y }]−) = ∅.

Moreover, if either dom(F ) = Q0 or x̄ ∈ int(Q0), then

DF+(x̄, ȳ)[−C\{0Y }]− = ∅.

Remark 3.2. Notice that all the above results remain valid if instead of DF+(x̄, ȳ)
we take either CF+(x̄, ȳ) or DgF (x̄, ȳ). Moreover, we remark that all the above re-
sults in fact will characterize the weak minimality if we replace C\{0Y } by int(C),
provided that int(C) �= ∅. Also notice that for weak minimality, Corollary 3.2 states
that DF+(x̄, ȳ)(x) ⊂ Y \− int(C) for every x ∈ dom(DF+(x̄, ȳ)). In fact, in most
of the available results, this necessary optimality condition is proved by direct ar-
guments, which, primarily because of the definition of the derivative, demands that
dom(F ) = Q0. See [4], [21] for details.

Our above results are suitable when the cone C is not solid and when the set-
valued maps are not necessarily confined to Q0. We illustrate this by slightly modi-
fying Example 1.1.

Example 3.1. Consider again the set-valued map F : [0, 2] ⇒ R
2 defined by

F (x) :=
{
(y1, y2) ∈ R

2 | y2
1 + y2

2 ≤ x2
}
.

Let C :=
{
(x, x) ∈ R

2 | x ∈ R+

}
be the ordering cone and let Q0 := [0, 1] be the set

of implicit constraints. It is easy to verify that the point (1, (0,−1)) ∈ gph(F ) is a
(global) proper minimizer to (P0). For x ∈ dom(DgF (1, (0,−1))) = R, we have

DgF (1, (0,−1))(x) =
{
(y1, y2) ∈ R

2 | y1 ∈ R, y2 = −x
}

and hence DgF (1, (0,−1))(x) ∩ (−C\{0R2}) �= ∅ for every x ∈ P. However, since
IT (Q0, x̄) = −P and DgF (1, (0,−1))[−C\{0R2}]− = P, the necessary optimality con-
dition announced in Corollary 3.2 holds good as

DgF (1, (0,−1))[−C\{0R2}]−
⋂

IT (Q0, x̄) = ∅.

Another approach to prove (4), in fact more akin to the classical Dubovitskii–
Milyutin approach, is to express the optimality as a disjunction of certain sets and
then use some Farkas lemma–type results. In the present setting, the following two
results generalize the Dubovitskii–Milyutin approach and give an alternative proof of
Theorem 3.1.

Lemma 3.1. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P1). Then

(6) IT (Q0, x̄)
⋂

IT (F [ȳ − C\{0Y }]−, x̄)
⋂

T (G[−D]−, x̄) = ∅.

Proof. We claim that U
⋂

Q0

⋂
F [ȳ − int(K)]−

⋂
G[−D]− = ∅, where U is a

neighborhood of x̄ and K ∈ K, both corresponding to the local proper minimality.
In fact, if there exists x ∈ U

⋂
Q0

⋂
F [ȳ − int(K)]−

⋂
G[−D]−, then from x ∈

U
⋂
Q0

⋂
G[−D]− we notice that x is feasible and from x ∈ F [ȳ− int(K)]− we obtain

F (x) ∩ (ȳ − int(K)) �= ∅, which is a contradiction of the optimality of (x̄, ȳ). The
assertion now follows from the properties of the interiorly contingent cones and the
contingent cones stated in Remark 2.1. The proof is complete.
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Besides giving an alternative proof for (4), the following result has its own signif-
icance.

Proposition 3.1. Let X and Y be normed spaces, and let F : X ⇒ Y be a
set-valued map possessing the Aubin property around (x̄, ȳ) ∈ gph(F ). Then for every
K ∈ K we have

DF+(x̄, ȳ)[− int(K)]− ⊆ IT (F [ȳ − int(K)]−, x̄).

Proof. The proof is based on the arguments given in the proof of Theorem 3.1.
Let dom(F ) = dom(G) = Q0, let (x̄, ȳ) ∈ gph(F ), and let z̄ ∈ G(x̄) ∩ (−D).

Then a necessary optimality condition for (x̄, ȳ) to be a weak minimizer to (P1) is
that (cf. [8])

D(F,G)(x̄, ȳ, z̄)(S) ∩ (− int(C) × (− int(D) − z̄)) = ∅,

where D(F,G)(x̄, ȳ, z̄) is the contingent derivative of the map (F,G) := F × G at
(x̄, ȳ, z̄) and S is the domain of this derivative. It is clear that under suitable convex-
ity assumptions these disjoint sets, given in the image space, can be separated and a
multiplier rule can be obtained (see [14]). However, the optimality condition (4) is of
different nature. First, the disjunction in (4) is taking place in the objective space.
Second, in (4) we have not taken into account any derivative of G. To get a multiplier
rule from Theorem 3.1, we need to apply the DM-lemma to (4). For this, among other
things, we need to gather some information about the dual of DF+(x̄, ȳ)[− int(K)]−

and a suitable regularity condition relating the cone T (G[−D]−, x̄) with some deriva-
tive of G at a feasible point. All this is done in the next section.

3.2. Inverse images and subgradients of set-valued maps. Let X be a
normed space, let X∗ be the topological dual of X, and let M ⊂ X. The polar M◦

of M is a subset of X∗ defined by M◦ = {l ∈ X∗ : l(x) ≤ 0 for every x ∈ M}. It
is known that if M1 ⊆ M2, then M◦2 ⊆ M◦1 . The positive dual M∗ is defined by
M∗ = −M◦.

Given a set A ⊂ R and b ∈ R, by the inequality A ≥ b we understand that
a ≥ b for every a ∈ A. Now let X and Y be normed spaces, let C ⊂ Y be a proper
pointed convex cone and let F : X ⇒ Y be set-valued with F+ = F + C as its
profile map. Given A ⊂ Y ∗, we introduce a scalarized subgradient ∂AF (x̄, ȳ) of F at
(x̄, ȳ) ∈ gph(F ) as follows:

∂AF (x̄, ȳ) = {L ∈ X∗ | ∃ y∗ ∈ A : L(x) ≤ (y∗◦DF+(x̄, ȳ))(x) ∀x ∈ dom(DF+(x̄, ȳ))}.

Further, given B ⊂ Y , we define a B-subgradient ∂BF (x̄, ȳ) of F at (x̄, ȳ) ∈ gph(F )
by

∂BF (x̄, ȳ) = {L ∈ L(X,Y ) | (DF+(x̄, ȳ)(x) − L(x)) ∩B = ∅ ∀x ∈ dom(DF+(x̄, ȳ))},

where L(X,Y ) represents the set of all linear and continuous functions defined from
X to Y . We shall use the terms generalized subgradient, proper subgradient, and
weak subgradient if B = −C\{0Y }, − int(K), where K ⊂ K, and − int(C), and we
denote these variants by ∂gF (x̄, ȳ), ∂pF (x̄, ȳ), and ∂wF (x̄, ȳ), respectively. If in the
above definition of B-subgradient we replaced DF+(x̄, ȳ) by DgF (x̄, ȳ), then we shall
replace the term subgradient by subdifferential. In the following the generalized, the
proper, and the weak subdifferential of F at (x̄, ȳ) will be denoted by ΓgF (x̄, ȳ),
ΓpF (x̄, ȳ), and ΓwF (x̄, ȳ), respectively. Sticking to our terminology, the notion of
weak subdifferential was recently studied by Wong [35]. Other notions are new.
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The above notions are motivated by a similar notion due to Baier and Jahn [3].
Recall that, given a set-valued map F : X ⇒ Y and (x̄, ȳ) ∈ gph(F ), the contingent
epiderivative DeF (x̄, ȳ) : X → Y is a single-valued map satisfying (3). By employing
this epiderivative, a notion of subgradients for set-valued maps, given in [3], is as
follows:

∂F (x̄, ȳ) := {L ∈ L(X,Y ) | L(x) ≤ DeF (x̄, ȳ)(x) ∀x ∈ X}.

Though our primary goal is to state some regularity conditions in terms of the
scalarized subgradient, we take a pause to give its relationship with the generalized
subgradient.

Proposition 3.2. Let X and Y be normed spaces, and let F : X ⇒ Y be a
set-valued map locally C-convex at (x̄, ȳ) ∈ gph(F ). Then ∂pF (x̄, ȳ) �= ∅ implies that
∂C∗\{0Y ∗}F (x̄, ȳ) �= ∅.

Proof. Let ∂pF (x̄, ȳ) �= ∅ and let L ∈ ∂pF (x̄, ȳ) be arbitrary. By the defi-
nition of the proper subgradient, there is a cone K ∈ K such that (DF+(x̄, ȳ) −
L)(x) ∩ (− int(K)) = ∅ for every x ∈ S := dom(DF+(x̄, ȳ)). We claim that the set
(DF+(x̄, ȳ) − L)(S) is convex. Indeed, for i ∈ {1, 2}, let yi ∈ (DF+(x̄, ȳ) − L)(S).
There is xi ∈ S such that yi ∈ DF+(x̄, ȳ)(xi) − L(xi) and hence yi + L(xi) ∈
DF+(x̄, ȳ)(xi). This implies that for some λ ∈ (0, 1] we have λy1 + (1 − λ)y2 ∈
(DF (x̄, ȳ) − L)(λx1 + (1 − λ)x2). Since the set S is convex, we conclude that
λy1 + (1 − λ)y2 ∈ (DF+(x̄, ȳ) − L)(S). Now, by employing a separation theorem
we assure the existence of y∗ ∈ K∗\{0Y ∗} ⊆ C∗\{0Y ∗} such that

(y∗ ◦ DF+(x̄, ȳ))(x) ≥ (y∗ ◦ L)(x) for all x ∈ S.

Since L∈L(X,Y ) and y∗∈Y ∗, we have y∗◦L∈X∗ and hence y∗◦L∈∂C∗\{0Y ∗}F (x̄, ȳ).
The proof is complete.

The following is the main result of the section.
Theorem 3.2. Let X and Y be normed spaces, and let F : X ⇒ Y be a set-

valued map locally C-convex at (x̄, ȳ) ∈ gph(F ). Let K be a solid closed convex cone
such that C ⊆ K. Let dom(DF+(x̄, ȳ)) be convex. If DF+(x̄, ȳ)[− int(K)]− �= ∅, then

(7) (DF+(x̄, ȳ)[−K]−)◦ ⊂ (DF+(x̄, ȳ)[− int(K)]−)◦ ⊂ ∂C∗F (x̄, ȳ).

Furthermore, if DF+(x̄, ȳ)[− int(K)]− = ∅, then 0X∗ ∈ ∂C∗\{0Y ∗}F (x̄, ȳ).
We shall deduce the above assertion from the following result.
Proposition 3.3. Let X and Y be normed spaces, let Ω ⊆ X be convex, and let

A ⊂ Y be a solid closed convex cone. Let Ψ : Ω ⇒ Y be an A-convex set-valued map.
If Ψ[− int(A)]− �= ∅, then for every ψ ∈ (Ψ[−A]−)

◦
there exists t ∈ A∗ such that

t ◦ Ψ(x) ≥ ψ(x) for every x ∈ Ω.

If Ψ[− int(A)]− = ∅, then there exists t ∈ A∗\{0Y ∗} such that

t ◦ Ψ(x) ≥ 0 for every x ∈ Ω.

Proof. We begin with the case when the set Ψ[− int(A)]− is nonempty. Then the
polar Φ◦ of Φ := Ψ[−A]− is also nonempty. We choose ψ ∈ Φ◦ arbitrarily and define
a set

E := {(y, ψ(x)) ∈ Y × R | y ∈ Ψ(x) + A, x ∈ Ω}.
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In view of the assumptions that Ω is convex, Ψ is A-convex, and ψ ∈ X∗, we
deduce that E is a convex set. Indeed, let (y1, z1), (y2, z2) ∈ E be arbitrary. Then
by the definition of E, for i = 1, 2, there exists xi ∈ Ω ⊂ X with zi = ψ(xi) and
yi ∈ Ψ(xi)+A. For λ ∈ (0, 1], we have λz1 +(1−λ)z2 = ψ(λx1 +(1−λ)x2). Further,
in view of the A-convexity of Ψ, we have λy1+(1−λ)y2 ∈ λΨ(x1)+(1−λ)Ψ(x2)+A ⊆
Ψ(λx1 + (1 − λ)x2) + A. This, in view of the convexity of the set Ω, implies that
λ(y1, z1) + (1 − λ)(y2, z2) ∈ E.

Next, we claim that E ∩ (− int(A) × P) = ∅. In fact, if this is not the case, then
there exists (x, y) ∈ X × Y such that y ∈ (Ψ(x) + A) ∩ (− int(A)) and ψ(x) > 0. Let
w ∈ Ψ(x) be such that y ∈ w + A. Then w ∈ y − A ⊂ − int(A) − A = − int(A).
This, however, contradicts that ψ ∈ Φ◦. Therefore E ∩ (− int(A)×P) = ∅, and hence
by a separation theorem, we get the existence of (f, g) ∈ Y ∗ × R\{0Y ∗ , 0} and a real
number α such that we have

f(u) + g · v ≥ α for every (u, v) ∈ E,(8)

f(c) + g · v < α for every (c, d) ∈ − int(A) × P.(9)

Since A is a cone, we can set α = 0 in (8) and (9). By taking d ∈ P arbitrarily
close to 0 and c ∈ − int(A) arbitrarily close to 0Y , we obtain f ∈ A∗ and g ≤ 0,
respectively. We claim that g < 0. Indeed, if g = 0, we get f(c) < 0 for every
c ∈ − int(A) and f(u) ≥ 0 for every u ∈ Ψ(Ω) + A. This, however, is impossible
because we have (Ψ(Ω) + A) ∩ (− int(A)) �= ∅. Therefore g < 0. Moreover, from (8),
for every x ∈ Ω we have f ◦ (Ψ + A)(x) ≥ −(g · ψ)(x). By setting t = (−f/g) ∈ A∗

and noticing that 0Y ∈ A, we finish the proof of the first part.
For the second part, we notice that if Ψ[− int(A)]− = ∅, we have Ψ(Ω)∩− int(A) =

∅, and hence by arguments similar to those given above we can prove the existence of
t ∈ A∗\{0Y } such that t ◦ Ψ(x) ≥ 0 for every x ∈ Ω.

The following particular case is worth mentioning. Henceforth we set (T (·, ·))◦ =
N(·, ·).

Corollary 3.3. If in Proposition 3.3 we assume that A = T (B,−w̄), where
B ⊂ Y is a proper solid convex cone with w̄ ∈ −B and Ψ is B-convex, then t ∈ B∗

and t(w̄) = 0.
Proof. To apply Proposition 3.3 it suffices to show that the map Ψ is T (B,−w̄)-

convex. For this, we notice that due to w̄ ∈ −B, we have B ⊆ T (B,−w̄). Now
T (B,−w̄)-convexity of Ψ follows from its B-convexity. By invoking Proposition 3.3,
for every ψ ∈ (Ψ[−A]−)

◦
, there exists a functional t ∈ −N(B,−w̄) which satisfies the

assertion. Since B is convex, we have T (B,−w̄) ⊇ B + w̄ and consequently

(10) t(b + w̄) ≥ 0 for all b ∈ B.

By setting b = 0Y in the above inequality, we obtain t(w̄) ≥ 0. Because B is a cone
and w̄ ∈ −B, we can substitute b = −2w̄ ∈ B in (10) to obtain t(w̄) ≤ 0. Therefore,
combining the preceding two inequalities, we have t(w̄) = 0 and this, in view of (10),
yields t ∈ B∗.

Now we are ready to give the following proof.
Proof of Theorem 3.2. The first inclusion is a consequence of

DF+(x̄, ȳ)[− int(K)]− ⊂ DF+(x̄, ȳ)[−K]−,

and the second inclusion is essentially a restatement of Proposition 3.3 when we notice
that the map DF+(x̄, ȳ) is K-convex and set Ψ ≡ DF+(x̄, ȳ).
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We conclude this section by using the scalarized subgradient to express a necessary
optimality condition for the local proper minimality in set-valued optimization.

Proposition 3.4. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P0).
Let the map F : X ⇒ Y be locally C-convex at (x̄, ȳ) with dom(F ) = Q0. Then
0X∗ ∈ ∂C∗\{0Y ∗}F (x̄, ȳ).

Proof. Since (x̄, ȳ) is a local proper minimizer, by arguments similar to those in
Theorem 3.1 we can show that DF+(x̄, ȳ)[− int(K)]− = ∅ for some K ∈ K. (In fact
this link has led to the proof of Corollary 3.1.) Now by applying Theorem 3.2 we
obtain that 0X∗ ∈ ∂C∗\{0Y }F (x̄, ȳ).

3.3. Lagrange multiplier rule. We begin this section by proposing the follow-
ing notion of regularity for set-valued maps.

Definition 3.1. Let E1 and E2 be normed spaces and let C ⊂ E2 be a convex
cone. Let F : E1 ⇒ E2 be a set-valued map and let (x0, y0) ∈ gph(F). The map F is
called C-regular at (x0, y0) if (F + C) has the Aubin property around (x0, y0) and F
is locally C-convex at (x0, y0).

Remark 3.3. In the above definition, if E2 is finite-dimensional, x0 ∈ int(dom(F)),
and epi(F) is closed convex, then F is C-regular at (x0, y0). This is a consequence of
a known fact that if a set-valued map has a closed convex graph and the image space
is finite-dimensional, then the map is locally Lipschitz at the interior of its domain.
For details see [15, p. 588].

In our next result we give the promised Lagrange multiplier rule. Recall that
G+ := G + D.

Theorem 3.3. Assume that (x̄, ȳ) ∈ gph(F ) is a local proper minimizer to (P1).
Assume that F is locally C-regular at (x̄, ȳ) and there exists an open convex cone
M ⊂ IT (Q0, x̄). Assume that for K ∈ K either IT (F [ȳ − int(K)]−, x̄) is convex
or DF+(x̄, ȳ)[− int(K)]− is open. Assume that DF+(x̄, ȳ) and DG+(x̄, z̄), where
z̄ ∈ G(x̄) ∩ (−D), are strict and the following regularity condition (RC) holds: If
DG+(x̄, z̄)[−T (D,−z̄)\{0Z∗}]− = ∅, then 0X∗ ∈ ∂−N(D,−z̄)\{0Z∗}G(x̄, z̄); otherwise
T (G[−D]−, x̄) is convex and we have

(11) N(G[−D]−, x̄) ⊆ ∂−N(D,−z̄)G(x̄, z̄).

Then there exist (s, t, u) ∈ X∗×Y ∗×Z∗, not all zero, such that s ∈ M∗, t ∈ C∗, and
u ∈ D∗. Moreover the complementary slackness condition u(z̄) = 0 and the following
inequality hold:

(12) t ◦ DF+(x̄, ȳ)(x) + u ◦ DG+(x̄, z̄)(x) ≥ s(x) for every x ∈ X.

If either x̄ ∈ int(Q0) or dom(F ) = dom(G) = Q0, then s ∈ Z∗ can be set to zero. In
this particular case, we have t �= 0Y ∗ if the following regularity condition holds:

(13) DG+(x̄, z̄)(X) + cone(D + z̄) = Z.

Proof. We begin by showing that the assertions would hold trivially if we have ei-
ther DF+(x̄, ȳ)[− int(K)]− = ∅, where K ∈ K, or DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− = ∅.
Indeed, if DF+(x̄, ȳ)[− int(K)]− = ∅, then in view of Theorem 3.2 there exists t ∈
C∗\{0Y ∗} such that for every x ∈ X we have t ◦ DF+(x̄, ȳ)(x) ⊆ R+. By choosing
s = 0X∗ and u = 0Z∗ we get the desired result.

On the other hand, if DG+(x̄, z̄)[−T (D,−z̄)\{0Z∗}]− = ∅, then in view of the con-
dition 0X∗ ∈ ∂−N(D,−z̄)\{0Z∗}G(x̄, z̄) we ensure the existence of u ∈ −N(D,−z̄)\{0Z∗}
such that for every x ∈ X we have u ◦ DG+(x̄, z̄)(x) ⊆ R+. We choose s = 0X∗ and
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t = 0Y ∗ to obtain (12). The proof for u ∈ D∗ and the complementary slackness
condition follows from Corollary 3.3.

Therefore, without any loss of generality, we can assume that

DF+(x̄, ȳ)[− int(K)]− �= ∅

and

DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− �= ∅.

We first consider the case when IT (F [ȳ − int(K)]−, x̄) is convex. Now, by using
Lemma 3.1 and the containment M ⊂ IT (Q0, x̄), we have

IT (F [ȳ − int(K)]−, x̄) ∩M ∩ T (G[−D]−, x̄) = ∅.

The above disjunction, in view of the DM-lemma and Proposition 3.1, ensures the ex-
istence of functionals l1 ∈ M◦, l2 ∈ (DF+(x̄, ȳ)[− int(K)]−)◦, and l3 ∈ N(G[−D]−, x̄)
such that

(14) l1 + l2 + l3 = 0.

Notice that if DF+(x̄, ȳ)[− int(K)]− is open, then since it is a convex cone, we can di-
rectly obtain the above conclusion. Now, because DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− �= ∅,
we have N(G[−D]−, x̄) ⊆ ∂−N(D,−z̄)G(x̄, z̄), and consequently l3 ∈ ∂−N(D,−z̄)G(x̄, z̄).
This observation and Theorem 3.2 ensure the existence of functionals t ∈ C∗ and
u ∈ −N(D,−z̄) such that

t ◦ DF+(x̄, ȳ)(x) ≥ l2(x) for every x ∈ X,

u ◦ DG+(x̄, z̄)(x) ≥ l3(x) for every x ∈ X.

Combining the above two inequalities with (14) yields

t ◦ DF+(x̄, ȳ)(x) + u ◦ DG+(x̄, z̄)(x) ≥ −l1(x) for every x ∈ X.

By setting s = −l1 ∈ M∗ we finish the proof of (11). The remaining proof for
u ∈ D∗ and for the complementary slackness condition u(z̄) = 0 is the same as that
of Corollary 3.3.

Finally, if either x̄ ∈ int(Q0) or dom(F ) = dom(G) = Q0, then we can apply the
above arguments to the disjunction given in Corollary 3.1. Notice that this disjunction
does not take into account the space Z. It remains to show that under the regularity
condition (13) we have t �= 0Y ∗ . For this assume that t = 0Y ∗ and choose z̃ ∈ Z
arbitrarily. Since

z̃ = z + β(d + z̄), where z ∈ DG+(x̄, z̄)(X), d ∈ D, β > 0,

we deduce that for an arbitrary z̃ ∈ Z we have u(z̃) = u(z)+β(u(d)+u(z̄)) ≥ 0. This,
however, implies that u = 0Z∗ , and we have a contradiction of (t, u) �= (0Y ∗ , 0Z∗).
The proof is complete.

As is evident from the above proof, the assumption (RC) is vital to ensure the
existence of the multipliers. In the following we justify this assumption by identifying
the cases under which it holds. We begin with a result justifying the inclusion 0X∗ ∈
∂−N(D,−z̄)\{0Z∗}G(x̄, z̄).
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Proposition 3.5. Besides the notation of Theorem 3.3, assume that T (D,−z̄)
is locally compact and Z is reflexive Banach. Assume that G : X ⇒ Z is locally
D-convex at (x̄, z̄). Then 0X∗ ∈ ∂−N(D,−z̄)\{0X∗}G(x̄, z̄), provided that

DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− = ∅.

Proof. Since DG+(x̄, z̄)[T (−D, z̄)\{0Z}]− = ∅, we have DG+(x̄, z̄)(S)∩T (−D, z̄)
= {0Z}, where S = dom(DG+(x̄, z̄)). Now, by employing a cone separation theorem
(see [6]), we ensure the existence of l ∈ Z∗\{0Z∗} such that

l ◦ DG+(x̄, z̄)(x) ≥ 0 for every x ∈ S,

l(T (D,−z̄)) ≥ 0.

The condition 0X∗ ∈ ∂−N(D,−z̄)\{0Z∗}G(x̄, z̄) now follows from the above inequali-
ties.

As concerns (11), in fact it is motivated by the conclusions in Proposition 3.3 and
Corollary 3.3, and by the condition

(15) DG+(x̄, z̄)[−T (D,−z̄)]− ⊆ T (G[−D]−, x̄) (Q0 = dom(G)),

which is very comparable to the well-known Guignard constraint qualification (cf.
[36]). Since

DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− ⊆ DG+(x̄, z̄)[−T (D,−z̄)]−,

an obvious implication of (15) is the inclusion

N(G[−D]−, x̄) ⊆ (DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]−)◦,

provided that DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]− �= ∅. Hence, if (15) is valid, then in view
of N(G[−D]−, x̄) ⊆ (DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]−)◦, for (11) it suffices to show that

(DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]−)◦ ⊆ ∂−N(D,−z̄)G(x̄, z̄).

For this, we notice that if we choose p ∈ (DG+(x̄, z̄)[−T (D,−z̄)\{0Z}]−)◦ arbitrarily,
we have

(16) Q ∩ (−T (D,−z̄)\{0Z} × −P) = ∅,

where Q = {(y, p(x)) ∈ Z × R | y ∈ DG+(x̄, z̄)(x), x ∈ X}. Now, if int(T (D,−z̄)) =
IT (D,−z̄) is nonempty, we repeat the above arguments by replacing −T (D,−z̄)\{0Z}
with −IT (D,−z̄) and, as in Proposition 3.3, we will get that p ∈ ∂−N(D,−z̄))G(x̄, z̄).
However, notice that the above nonintersecting cones may also be separated by cone
separation theorems or in cases when Q has a nonempty interior. On the other hand,
it can be shown that the condition (RC) becomes superfluous if the cone D is solid
and some convexity hypothesis holds. To show this we first prove the following result.

Proposition 3.6. Let X and Y be real normed spaces, let G : X ⇒ Y be
set-valued, and let (x̄, z̄) ∈ gph(G). Let D ⊂ Y be a solid convex cone. Then

cl(DG+(x̄, z̄)[IT (−D, z̄)]−) ⊆ T (G[−D]−, x̄).

Proof. It suffices to show that DG+(x̄, z̄)[IT (−D, z̄)]− ⊆ T (G[−D]−, x̄). Choose
x ∈ DG+(x̄, z̄)[IT (−D, z̄)] arbitrarily. Then there exists z ∈ Z such that z ∈
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DG+(x̄, z̄)(x) ∩ IT (−D, z̄). Since (x, z) ∈ gph(DG(x̄, z̄)), there are sequences (λn) ⊂
P, ((xn, zn)) ⊂ X × Y such that λn ↓ 0, xn → x, zn → z, and z̄ + λnzn ∈
G(x̄ + λnxn) + D for every n ∈ N. By the definition of IT (−D, z̄), there exists
n1 ∈ N such that z̄ + λnzn ∈ −D for every n ≥ n1. Now, let wn ∈ G(x̄ + λnxn)
be such that z̄ + λnzn ∈ wn + D. Then wn ∈ −D for every n ≥ n1, implying
x̄ + λnxn ∈ G[−D]− for every n ≥ n1. Therefore x ∈ T (G[−D]−, x̄).

In view of the above result we have the following analogue of Theorem 3.1 where
derivatives of both F and G are taken into account.

Theorem 3.4. Assume that (x̄, ȳ) ∈ gph(F ) is a local proper minimizer to (P1)
and assume that D is a solid closed convex cone. Assume that the map F+ (:= F +C)
possesses the Aubin property around (x̄, ȳ). Then

(17) DF+(x̄, ȳ)[−C\{0Y }]−
⋂

IT (Q0, x̄)
⋂

cl(DG+(x̄, z̄)[IT (−D, z̄)]−) = ∅.

Now we are in a position to give the following important particular case of The-
orem 3.3.

Corollary 3.4. The conclusions of Theorem 3.3 remain valid if instead of (RC)
we assume that the map G is locally D-convex at (x̄, z̄) and int(D) �= ∅.

Proof. We can consider two cases, namely, when the set DG+(x̄, ȳ)[− int(T (D,
−z̄))]− is empty and when it is not empty. In the first case by modifying Propo-
sition 3.5 we get the first part of (RC). For the second case we can use (16) and
Proposition 3.3. The proof is complete.

In fact while dealing with the cases when D is solid, we can also cope with the
situation in which IT (Q0, x̄) is not defined. For this the following result is instrumen-
tal.

Proposition 3.7. Besides the hypothesis of Proposition 3.6, assume that the
map G possess the Aubin property around (x̄, z̄). Then

DG+(x̄, z̄)[IT (−D, z̄)]− ⊆ IT (G[−D]−, x̄).

Proof. The proof is based on the arguments given in the proof of Proposition 3.6
and the use of the Aubin property depicted in Theorem 3.1.

The following is an analogue of Corollary 3.4.
Corollary 3.5. The conclusions of Corollary 3.4 remain valid if the hypothesis

that there exists some open convex cone M ⊂ IT (Q0, x̄) is replaced by the requirement
that there exist a closed convex cone M ⊂ T (Q0, x̄) and that G possess the Aubin
property around (x̄, z̄).

3.4. Necessary optimality condition for (P2). We begin this subsection by
the following necessary optimality condition for (P2).

Theorem 3.5. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P2). Let D
be solid and let F+ have the Aubin property around (x̄, ȳ). Then

(18) IT (Q0, x̄)
⋂

DF+(x̄, ȳ)[−C\{0Y }]−
⋂

IT (G[−D]−, x̄)
⋂

T (H[h]−, x̄) = ∅.

Proof. Since (x̄, ȳ) is a local proper minimizer of (P2), there are a neighborhood
U1 of x̄ and a pointed convex solid cone K ∈ K such that ȳ ∈ Min(F (Q1 ∩ U),K).
The disjunction (18) can be obtained from

IT (Q0, x̄)
⋂

DF+(x̄, ȳ)[− int(K)]−
⋂

IT (G[−D]−, x̄)
⋂

T (H[h]−, x̄) = ∅,
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which can be proved by using arguments similar to those given in the proof of Theo-
rem 3.1.

A variant of Theorem 3.5, involving the derivatives of both F and G, is as follows.
Theorem 3.6. Let (x̄, ȳ) ∈ gph(F ) be a local proper minimizer to (P2). Let D

be solid, let F+ have the Aubin property around (x̄, ȳ), and let G+ have the Aubin
property around (x̄, z̄) where z̄ ∈ G(x̄) ∩ −D. Then

IT (Q0, x̄)
⋂

DF+(x̄, ȳ)[−C\{0Y }]−
⋂

DG+(x̄, z̄)[IT (−D, z̄)]−
⋂

T (H[h]−, x̄) = ∅.

Proof. The proof follows by combining Theorem 3.5 and Proposition 3.7.
In our next result we give a Lagrange multiplier rule for (P2).
Theorem 3.7. Assume that (x̄, ȳ) ∈ gph(F ) is a local proper minimizer to (P2)

and z̄ ∈ G(x̄) ∩ (−D). Assume that F is locally C-regular at (x̄, ȳ) and G+ is locally
D-regular at (x̄, z̄). Assume that there are an open convex cone M1 ⊂ IT (Q0, x̄) and a
closed convex cone M2 ⊂ T (H[h]−, x̄) and that for K ∈ K either IT (F [ȳ−int(K)]−, x̄)
is convex or DF+(x̄, ȳ)[− int(K)]− is open. Assume that either IT (G[−D]−, x̄) is
convex or DG+(x̄, z̄)[IT (−D, z̄)]− is open. Assume that DF+(x̄, ȳ) and DG+(x̄, z̄)
are strict. Then there exists (s, t, u, v) ∈ X∗ × Y ∗ × Z∗ ×W ∗, not all simultaneously
zero, such that s ∈ M∗1 , t ∈ C∗, u ∈ D∗, and v ∈ M∗2 . Moreover the complementary
slackness condition u(z̄) = 0 and the following inequality hold:

t ◦ DF+(x̄, ȳ)(x) + u ◦ DG+(x̄, z̄)(x) ≥ s(x) + v(x) for every x ∈ X.

Proof. The proof is similar to the proof of Theorem 3.3.
It is clear that in the above we have not imposed any differentiability assumption

on the map H. For this, it would be of interest to obtain a variant of the well-
known theorem of Lyusternik [18], fitting the present setting, so that the cone M◦2
contains information about some derivative of H. In fact, this is completely true if H
is single-valued and sufficiently smooth [31]. To state this particular case, we recall
the following known result.

Lemma 3.2 (see [31]). Let X and Y be Banach spaces and let H : X → Y be a
single-valued map strongly differentiable at x̄ ∈ X. Let the derivative DH(x̄) : X → Y
be a projection. Then

{h ∈ X : DH(x̄)(h) = 0} = T (H[H(x̄)]−, x̄).

We have the following particular case of Theorem 3.7.
Corollary 3.6. Let the hypothesis of Theorem 3.7 be altered in a sense that

the map H satisfies the conditions of Lemma 3.2. Then there exist (s, t, u, v) ∈
X∗ × Y ∗ × Z∗ ×W ∗, not all zero, such that s ∈ M∗1 , t ∈ C∗, and u ∈ D∗ Moreover
the complementary slackness condition u(z̄) = 0 and the following inequality hold:

t ◦ DF+(x̄, ȳ)(x) + u ◦ DG+(x̄, z̄)(x) + v ◦DH(x̄)(x) ≥ s(x) for every x ∈ X.

Proof. As in the proof of Theorem 3.3, we can show that there exists l4 ∈ A◦,
where A := {x ∈ X | DH(x̄)(x) = 0} is a subspace of X. Clearly, there exists v ∈ W ∗

such that v ◦DH(x̄) = l4. This observation then finishes the proof.

4. Optimality conditions for strong minimality. Recall that a point (x̄, ȳ) ∈
gph(F ) is called a local strong minimizer of (P2) if there exists a neighborhood U of
x̄ such that F (Q2 ∩U) ⊆ ȳ +C. In the following result, we give necessary optimality
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conditions for the local strong minimality. Let the cone C be closed and convex and
let the cone D be solid.

Theorem 4.1. Let X and Y be normed spaces, let F : X ⇒ Y be set-valued, and
let (x̄, ȳ) ∈ gph(F ). Let the map F+ possess the Aubin property around (x̄, ȳ).

(a) If (x̄, ȳ) is a strong minimizer to (P1), then the following holds:

DF+(x̄, ȳ)[Y \C]−
⋂

IT (Q0, x̄)
⋂

T (G[−D]−, x̄) = ∅.

(b) If (x̄, ȳ) is a strong minimizer to (P1), then for z̄ ∈ G(x̄)∩−D the following
holds:

DF+(x̄, ȳ)[Y \C]−
⋂

IT (Q0, x̄)
⋂

cl(DG+(x̄, z̄)[IT (−D, z̄)]−) = ∅.

(c) If (x̄, ȳ) is a strong minimizer to (P2), then the following holds:

DF+(x̄, ȳ)[Y \C]−
⋂

IT (Q0, x̄)
⋂

IT (G[−D]−, x̄)
⋂

T (H[h]−, x̄) = ∅.

(d) Let the map G+ possess the Aubin property around (x̄, z̄) where z̄ ∈ G(x̄) ∩
−D. If (x̄, ȳ) is a strong minimizer to (P2), then the following holds:

DF+(x̄, ȳ)[Y \C]−
⋂

IT (Q0, x̄)
⋂

DG+[IT (−D), z̄)]−
⋂

T (H[h]−, x̄) = ∅.

Proof. (a) Assume that there exists

x ∈ DF+(x̄, ȳ)[Y \C]−
⋂

IT (Q0, x̄)
⋂

T (G[−D]−, x̄).

In view of the inclusion x ∈ DF+(x̄, ȳ)[Y \C]−, there exists y ∈ Y \C such that (x, y) ∈
gph(DF+(x̄, ȳ)). This implies that there are sequences (λn) ⊂ P and ((xn, yn)) ⊂
X × Y such that λn → 0, (xn, yn) → (x, y), and ȳ + λnyn ∈ F (x̄ + λnxn) + C for all
n ∈ N. Also, since x ∈ IT (Q0, x̄), there exists n1 ∈ N such that x̄ + λnxn ∈ Q0 for
n ≥ n1.

Since y /∈ C, yn → y, and the cone C is closed, there exists n2 ∈ N such that
yn /∈ C for all n ≥ n2. Because λn > 0, we have λnyn /∈ C. For un := x̄ + λnxn,
let wn ∈ F (un) be such that for n ∈ N, ȳ + λnyn = wn + cn, where cn ∈ C. Hence
wn + cn /∈ ȳ + C for n ≥ n2. Since C + C = C, we have wn /∈ ȳ + C for n ≥ n2.
As in the proof of Theorem 3.1, we can show that there exists n3 ∈ N such that
G(un) ∩ (−D) �= ∅ for all n ≥ n3.

Therefore, we have shown that for sufficiently large n ∈ N there are wn ∈ F (Q1)
such that wn /∈ ȳ +C. This, however, is a contradiction of the assumption that (x̄, ȳ)
is a strong minimizer. Hence part (a) is true. Parts (b)–(d) can now be shown by
unifying the above arguments with those given in the preceding section.

5. Concluding remarks. New optimality conditions in set-valued optimization
are given by employing the ideas around the so-called Dubovitskii–Milyutin approach.
For inequality constraints our results appear to be satisfactory; however, the treatment
of the equality constraints needs further research. In fact, a generalization of the
theorem of Lyusternik is needed which fits the present setting.

It should also be stressed that although our approach is motivated by the Du-
bovitskii–Milyutin approach, there are significant differences in using the separation
schemes for set optimization and for classical optimization. The main challenge is
in identifying that the Aubin property enables the disjunction (4). Under suitable
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differentiability assumptions such a restriction can be avoided in classical optimization
(cf. [13], [31]). Moreover, in classical optimization, the existence of multipliers can
also be proved without imposing convexity assumptions [18, section 17.4].

Our main objective in this work is to present a detailed treatment of new necessary
optimality conditions. One important question which remained unanswered is whether
these condition are sufficient as well. We strongly believe the conditions stated in
Theorem 3.3 become sufficient when stronger convexity conditions are imposed on the
set-valued maps involved (see [8], [3]). However, since there are many new concepts
of convexity for set-valued maps, a challenging aspect is to choose the most optimal
notion for the sufficient optimality conditions. We plan to address this issue in a
future work. Another interesting aspect of this study is to apply these results to some
concrete problems, for example, those arising in control theory and inverse problems.
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[27] K. Miettinen and M. M. Mäkelä, On cone characterizations of weak, proper and Pareto

optimality in multiobjective optimization, Math. Methods Oper. Res., 53 (2001), pp. 233–
245.

[28] B. Mordukhovich, Complete characterization of openness, metric regularity, and Lipschitzian
properties of multifunctions, Trans. Amer. Math. Soc., 340 (1993), pp. 1–35.

[29] J. P. Penot, On regularity conditions in mathematical programming, Math. Programming
Stud., 19 (1982), pp. 167–199.

[30] J.-P. Penot, Differentiability of relations and differential stability of perturbed optimization
problems, SIAM J. Control Optim., 22 (1984), pp. 529–551.

[31] L. Rigby, Contribution to Dubovitsky and Milyutin’s optimization formalism, in Optimization
Techniques, Lecture Notes in Comput. Sci. 41, Springer-Verlag, Berlin, New York, 1976,
pp. 438–453.

[32] R. T. Rockafellar and J. B. Wets, Variational Analysis, Springer-Verlag, Berlin, 1997.
[33] Y. Sawaragi, H. Nakayama, and T. Tanino, Theory of Multiobjective Optimization, Math.

Sci. Engrg. 176, Academic Press, Orlando, FL, 1985.
[34] T. Tanino, Stability and sensitivity analysis in convex vector optimization, SIAM J. Control

Optim., 26 (1988), pp. 521–536.
[35] S. Wong, A note on weak subdifferential of set-valued mappings, Optimization, 52 (2003), pp.

263–276.
[36] J. Zowe and S. Kurcyusz, Regularity and stability for the mathematical programming problem

in normed spaces, Appl. Math. Optim., 5 (1979), pp. 49–62.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. CONTROL OPTIM. c© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 1, pp. 163–195

REAL TIME SOLUTION OF THE NONLINEAR FILTERING
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Abstract. It is well known that the nonlinear filtering problem has important applications in
both military and commercial industries. The central problem of nonlinear filtering is to solve the
Duncan–Mortensen–Zakai (DMZ) equation in real time and in a memoryless manner. The purpose
of this paper is to show that, under very mild conditions (which essentially say that the growth of
the observation |h| is greater than the growth of the drift |f |), the DMZ equation admits a unique
nonnegative weak solution u which can be approximated by a solution uR of the DMZ equation
on the ball BR with uR

∣∣
∂BR

= 0. The error of this approximation is bounded by a function of R

which tends to zero as R goes to infinity. The solution uR can in turn be approximated efficiently by
an algorithm depending only on solving the observation-independent Kolmogorov equation on BR.
In theory, our algorithm can solve basically all engineering problems in real time. Specifically, we
show that the solution obtained from our algorithms converges to the solution of the DMZ equation
in the L1 sense. Equally important, we have a precise error estimate of this convergence, which is
important in numerical computation.

Key words. nonlinear filtering, DMZ equation, conditional probability density, Kolmogorov
equation
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1. Introduction. In 1961, Kalman and Bucy [Ka-Bu] first established the finite-
dimensional filter for the linear filtering model with Gaussian initial distribution,
which is highly influential in modern industry. Since then filtering theory has proved
useful in science and engineering, for example, the navigational and guidance systems,
radar tracking, sonar ranging, and satellite and airplane orbit determination. Despite
its usefulness, however, the Kalman–Bucy filter is not perfect. Its main weakness
is that it is restricted to the linear dynamical system with Gaussian initial distribu-
tion. Therefore there has been tremendous interest in solving the nonlinear filtering
problem which involves the estimation of a stochastic process x = {xt} (called the
signal or state process) that cannot be observed directly. Information containing x is
obtained from observations of a related process y = {yt} (the observation process).
The goal of nonlinear filtering is to determine the conditional density ρ(t, x) of xt

given the observation history of {ys : 0 ≤ s ≤ t}. In the late 1960s, Duncan [Du],
Mortensen [Mo], and Zakai [Za] independently derived the Duncan–Mortensen–Zakai
(DMZ) equation for the nonlinear filtering theory, which the conditional probability
density ρ(t, x) has to satisfy. The central problem of nonlinear filtering theory is to
solve the DMZ equation in real time and in a memoryless way.

In 2000, we [Ya-Ya] proposed a novel algorithm to do just that. Under the as-
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sumptions that the drift terms fi(x), 1 ≤ i ≤ n, and their first and second derivatives,
and the observation terms hi(x), 1 ≤ i ≤ m, and their first derivatives, have linear
growth, we showed that the solution obtained from our algorithms converges to the
true solution of the DMZ equation. Although the above approach is quite successful,
so far it cannot handle the famous cubic sensor in engineering in which f(x) = 0 and
h(x) = x3. It is well known that there is no finite-dimensional filter for the cubic
sensor [Su].

The purpose of this paper is to show that under very mild conditions (A.2), (A.17),
and (C.3) (which essentially say that the growth of |h| is greater than the growth of
|f |), the DMZ equation admits a unique nonnegative solution u ∈ W 1,1

0 ((0, T ) × R
n)

which can be approximated by solutions uR of the DMZ equation on the ball BR with
uR|∂BR

= 0. The rate of convergence can be efficiently estimated in the L1 norm.
The solution uR can in turn be approximated efficiently by an algorithm depending
only on solving the time-independent Kolmogorov equation on BR. Our algorithm
can solve practically all engineering problems, including the cubic sensor problem in
real time and in a memoryless fashion. Specifically we show that the solution obtained
from our algorithms converges to the solution of the DMZ equation in the L1 sense.
Equally important, we have a precise error estimate of this convergence, which is
important in numerical computation.

The filtering problem considered here is based on the signal observation model

(1.1)

{
dx(t) = f(x(t)) dt + dv(t), x(0) = x0,

dy(t) = h(x(t)) dt + dw(t), y(0) = 0,

in which x, v, y, and w are, respectively, R
n-, R

n-, R
m-, and R

m-valued processes and
v and w have components that are independent, standard Brownian processes. We
further assume that f and h are C∞ smooth vector-valued. We shall refer to x(t) as
the state of the system at time t and y(t) as the observation at time t.

Let ρ(t, x) denote the conditional probability density of the state given the ob-
servation {y(s) : 0 ≤ s ≤ t}. It is well known that ρ(t, x) is given by normalizing a
function, σ(t, x), which satisfies the following DMZ equation:

(1.2) dσ(t, x) = L0σ(t, x) dt +

n∑
i=1

Liσ(t, x)dyi(t), σ(0, x) = σ0,

where

(1.3) L0 =
1

2

n∑
i=1

∂2

∂x2
i

−
n∑

i=1

fi
∂

∂xi
−

n∑
i=1

∂fi
∂xi

− 1

2

m∑
i=1

h2
i ,

and for i = 1, . . . ,m, Li is the zero degree differential operator of multiplication by
hi. (Here we have used the notation pi to represent the ith component of the vector
p.) σ0 is the probability density of the initial point x0.

Equation (1.2) is a stochastic partial differential equation. In real applications,
we are interested in constructing robust state estimators from observed sample paths
with some property of robustness. Davis [Da] studied this problem and proposed some
robust algorithms. In our case, his basic idea reduces to defining a new unnormalized
density

(1.4) u(t, x) = exp

(
−

m∑
i=1

hi(x)yi(t)

)
σ(t, x).
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It is easy to show that u(t, x) satisfies the time-varying partial differential equation

(1.5)

⎧⎪⎨
⎪⎩

∂u
∂t (t, x) = L0u(t, x) +

∑m
i=1 yi(t)[L0, Li]u(t, x)

+ 1
2

∑m
i,j=1 yi(t)yj(t)[[L0, Li], Lj ]u(t, x),

u(0, x) = σ0,

where [·, ·] denotes the Lie bracket. It is shown in [Ya-Ya, p. 236] that the robust
DMZ equation (1.5) is of the form

(1.6)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂u
∂t (t, x) = 1

2Δu(t, x) + (−f(x) + ∇K(t, x)) · ∇u(t, x)

+
(
−div f(x) − 1

2 |h(x)|2 + 1
2ΔK(t, x)

− f(x) · ∇K(t, x) + 1
2 |∇K(t, x)|2

)
u(t, x),

u(0, x) = σ0(x),

where K =
∑m

j=1 yi(t)hj(x), f = (f1, . . . , fn), and h = (h1, . . . , hm).
To simplify our presentation, we introduce the following condition.
Condition (C1).

−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2 + |f −∇K| ≤ c1 ∀ (t, x) ∈ [0, T ] × R

n,

where c1 is a constant possibly depending on T .
Our main theorems are as follows.
Theorem A. Consider the filtering model (1.1). For any T > 0, let u be a

solution of the robust DMZ equation (1.6) in [0, T ] × R
n. Assume Condition (C1) is

satisfied.
Then

(1.7) sup
0≤t≤T

∫
Rn

e
√

1+|x|2u(t, x) ≤ e(c1+
n+1

2 )T

∫
Rn

e
√

1+|x|2u(0, x).

In particular,

(1.8) sup
0≤t≤T

∫
|x|≥R

u(t, x) ≤ e−
√

1+R2
e(c1+

n+1
2 )T

∫
Rn

e
√

1+|x|2u(0, x).

Theorem A above says that one can choose a ball large enough to capture almost
all the density. In fact by (1.8) we have a precise estimate of density lying outside
this ball.

Theorem B. Consider the filtering model (1.1). For any T > 0, let u be a
solution of the robust DMZ equation (1.6) in [0, T ] × R

n. Assume the following:
(1) Condition (C1) is satisfied.
(2) − 1

2 |h|2 −
1
2ΔK − f(x) · ∇K(t, x) + 1

2 |∇K|2 + 12 + 2n + 4|f −∇K| ≤ c2 for
all (t, x) ∈ [0, T ] × R

n, where c2 is a constant possibly depending on T .

(3) e−
√

1+|x|2 [12 + 2n + 4|f −∇K|] ≤ c3 for all (t, x) ∈ [0, T ] × R
n.

Let R ≥ 1 and uR be the solution of the following DMZ equation on the ball BR:

(1.9)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂uR

∂t = 1
2ΔuR + (−f + ∇K) · ∇uR

+
(
− div f − 1

2 |h|2 + 1
2ΔK − f · ∇K + 1

2 |∇K|2
)
uR,

uR(t, x) = 0 for (t, x) ∈ [0, T ] × ∂BR,

uR(0, x) = σ0(x).
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Let v = u− uR. Then v ≥ 0 for all (t, x) ∈ [0, T ] ×BR and

(1.10)

∫
BR

φv(T, x) ≤ ec2T − 1

c2
c3e
−Re(c1+

n+1
2 )T

∫
Rn

e
√

1+|x|2u(0, x),

where φ(x) = e
|x|4
R3 −

2|x|2
R − e−R. In particular

(1.11)

∫
BR

2

v(T, x) ≤ 2(ec2T − 1)

c2
c3e
− 9

16Re(c1+
n+1

2 )T

∫
Rn

e
√

1+|x|2u(0, x).

Theorem B above says that we can approximate u by uR. The approximation is
good if R is large enough. In fact we have a precise error estimate of this approxima-
tion by (1.11).

Theorem C. Let Ω be a bounded domain in R
n. Let F : [0, T ] × Ω → R

n be a
family of vector fields C∞ in x and Hölder continuous in t with exponent α and let
J : [0, T ] × Ω → R be a C∞ function in x and Hölder continuous in t with exponent
α such that the following properties are satisfied:

|divF (t, x)| + 2|J(t, x)| + |F (t, x)| ≤ c for (t, x) ∈ [0, T ] × Ω,(1.12)

|F (t, x) − F (t̄, x)| + |divF (t, x) − divF (t̄, x)| + |J(t, x) − J(t̄, x)| ≤ c1|t− t̄|α(1.13)

for (t, x), (t̄, x) ∈ [0, T ] × Ω.

Let u(t, x) be the solution on [0, T ] × Ω of the equation

(1.14)

⎧⎪⎪⎨
⎪⎪⎩

∂u
∂t (t, x) = 1

2Δu(t, x) + F (t, x) · ∇u(t, x) + J(t, x)u(t, x),

u(0, x) = σ0(x),

u(t, x)
∣∣
∂Ω

= 0.

For any 0 ≤ τ ≤ T , let Pk = {0 = τ0 < τ1 < τ2 < · · · < τk = τ} be a partition of
[0, τ ], where τi = iτ

k . Let ui(t, x) be the solution on [τi−1, τi] × Ω of the equation

(1.15)

⎧⎪⎪⎨
⎪⎪⎩

∂ui

∂t (t, x) = 1
2Δui(t, x) + F (τi−1, x) · ∇ui(t, x) + J(τi−1, x)ui(t, x),

ui(τi−1, x) = ui−1(τi−1, x),

ui(t, x)
∣∣
∂Ω

= 0.

Here we use the convention u0(t, x) = σ(x). Then the solution u(t, x) of (1.14)
can be computed by means of the solution ui(t, x) of (1.15). More specifically, u(τ, x) =
limk→∞ uk(τ, x) in the L1 sense on Ω and the following estimate holds:

(1.16)

∫
Ω

|u− uk|(τk, x) ≤ 2c2
α + 1

Tα+1ecT

kα
,

where

(1.17) c2 = c1e
cT + c1

√
Vol (Ω)ec

2T

√
2c2T

∫
Ω

u2(0, x) +

∫
Ω

|∇u(0, x)|2.

The right-hand side of (1.16) goes to zero as k → ∞.
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In case (1.14) and (1.15) are DMZ equations, i.e., F (t, x) = −f(x) + ∇K and
J(t, x) = −div f − 1

2 |h|2 + 1
2ΔK− f ·∇K + 1

2 |∇K|2, by Proposition 2.1 below (which
is similar to Proposition 3.1 of [Ya-Ya]), ui(τi, x) can be computed by ũi(τi, x), where
ũi(t, x) for τi−1 ≤ t ≤ τi satisfies the Kolmogorov equation

(1.18)⎧⎪⎨
⎪⎩

∂ũi

∂t (t, x) = 1
2Δũi(t, x) −

∑n
j=1 fj(x) ∂ũi

∂xj
(t, x) −

(
div f(x) + 1

2

∑m
j=1 h

2
j (x)

)
ũi(t, x),

ũi(τi−1, x) = exp
(∑m

j=1 (yj(τi−1) − yj(τi−2))hj(x)
)
ũi−1(τi−1, x).

In fact

(1.19) ui(τi, x) = exp

⎛
⎝−

m∑
j=1

yj(τi−1)hj(x)

⎞
⎠ ũi(τi, x).

Therefore theoretically to solve the DMZ equation in a real time manner, we only
need to compute the following Kolmogorov equation off-line:⎧⎨
⎩

∂ũ
∂t (t, x) = 1

2Δũ(t, x) −
∑n

j=1 fj(x) ∂ũ
∂xj

(t, x) −
(

div f(x) + 1
2

∑m
j=1 h

2
j (x)

)
ũ(t, x),

ũ(0, x) = φi(x),

where {φi(x)} is an orthonormal base in L2(Rn). The only real time computation
here is to express arbitrary initial condition φ(x) as the linear combination of φi(x).
But this can be done by means of parallel computation.

The idea of solving the Kolmogorov equation “off-line” for the elements of an
orthogonal basis has a substantial history; see, for example, [L-M-R] and the references
therein. In the Lototsky–Mikulevicius–Rozovskii [L-M-R] approach, the authors used
the Cameron–Martin expansion for the solution of the DMZ equation. Unfortunately,
to determine the coefficients of the expansion, they need to consider a system of
Kolmogorov-type equations which is a recursive system. The advantage of our method
is that we need to deal with only one Kolmogorov equation.

Theorem D. Let uR be the solution of (1.9), the DMZ equation on BR. Assume
the following:

(1) f(x) and h(x) have at most polynomial growth.
(2) For any 0 ≤ t ≤ T , there exist positive integer m and positive constants c′

and c′′ independent of R such that the following two inequalities hold on R
n:

(a) m2

2 |x|2m−2 − m
2 (m+ n− 2)|x|m−2 −m|x|m−2x · (f −∇K)− ΔK

2 − 1
2 |h|2

−f · ∇K + 1
2 |∇K|2 ≥ −c′.

(b) |m
2|x|2m−2

2 − m(m+n−2)
2 |x|m−2 −m|x|m−2(f −∇K) ·x| ≤ m(m+1)

2 |x|2m−2

+ c′′.
(3) − 1

2 |h|2−
1
2ΔK−

∑n
j=1 fj

∂K
∂xj

+ 1
2 |∇K|2 ≤ c1 for all (t, x) ∈ [0, T ]×R

n, where

c1 is a constant possibly depending on T .
Then for any R0 < R,∫

BR0

(e−|x|
m − e−R

m
0 )uR(T, x)

≥ e−c
′T

∫
BR0

(e−|x|
m − e−R

m
0 )σ0(x)

+
e−R

m
0

c′

(
m(m + 1)

2
R2m−2

0 + c′′
)

(1 − ec
′T )

∫
BR

σ0(x).
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In particular, the solution u of the robust DMZ equation on R
n has the estimate∫

Rn

e−|x|
m

u(T, x) ≥ e−c
′T

∫
Rn

e−|x|
m

σ0(x).

In practical nonlinear filtering computation, it is important to know how much
density remains within the given ball. Theorem D provides such a lower estimate. In
particular, the solution u of the DMZ equation in R

n obtained by taking limR→∞ uR,
where uR is the solution of the DMZ equation in the ball BR, is a nontrivial solu-
tion.

In the appendix, we give a priori estimation of derivatives of the solution of the
DMZ equation up to second order. As a consequence we prove the existence of a
weak solution of the DMZ equation. The uniqueness of the weak solution is shown in
Appendix C.

Existence and uniqueness of solutions to the robust DMZ equation (1.6) have
been treated by many well-known authors, including Pardoux [Pa1], [Pa2], Chaleyat-
Maurel, Michel, and Pardoux [C-M-P], Rozovskii [Ro], Bensoussan [Be], Fleming and
Mitter [Fl-Mi], Sussmann [Su], Michel [Mi], and Baras, Blankenship, and Hopkins
[B-B-H]. They all obtained important estimates on the DMZ equation under spe-
cial conditions. For example, Fleming and Mitter [Fl-Mi] treated the case where f
and ∇f are bounded, while Michel [Mi] analyzed regularity properties of solutions
to DMZ equations with bounded f and h. Pardoux’s earlier paper [Pa1] treated
the case f , h bounded using arguments based on coercivity. It also contains many
other interesting ideas. Pardoux [Pa2] has also treated nonlinear filtering prob-
lems with unbounded coefficients (f, h have linear growth). Starting with meth-
ods somewhat like those used by [Pa3], Baras, Blankenship, and Hopkins also ob-
tained important results on existence, uniqueness, and asymptotic behavior of so-
lutions to a class of DMZ equations with unbounded coefficients. However, they
focused on only one spatial dimension and their result cannot cover the linear case.
The Sobolev space setup of Appendices B and C in this paper is quite standard in
partial differential equations and has been used by many people; see, for example,
[Pa1].

The splitting up method has been used extensively by many authors. This tech-
nique is like the Trotter product formula from semigroup theory. Hopkins and Wong
[Ho-Wo] used the Trotter product formula to study nonlinear filtering. The approx-
imation method proposed for the DMZ equation, that of operator splitting, has a
history going back to Bensoussan, Glowinski, and Rascanu [B-G-R1], [B-G-R2]. More
recent articles on operator splitting methods in nonlinear filtering are [Gy-Kr], [Na],
[It], [It-Ro]. Rates of convergence and “true” numerical schemes are developed in
[Fl-Le], [It], and [It-Ro]. As pointed out by Bensoussan, Glowinski, and Rascanu
[B-G-R1, section 4.3, p. 1431] the method bears the serious limitation that h must
be bounded. The numerics of the Kushner–Stratonovitch equations were studied by
many people. Two highly competitive classes of methods are “particle methods” (see,
for example, [D-J-P] and [Cr-Ly]), in which particles move according to the signal
dynamics and are weighted, killed, or duplicated according to their likelihood, and
“discrete state” approximations (see, for example, [Ku] and [Pa-Ph]). These methods
work nicely under the assumption that h is bounded (cf. [D-J-P, p. 348]).

2. Some basic results. In this section, we recall some results from our previous
paper. The following proposition plays a fundamental role in our real time solution
to the robust DMZ equation (1.6) in a memoryless manner.
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Proposition 2.1. ũ(t, x) satisfies the Kolmogorov equation

(2.1)
∂ũ

∂t
(t, x) =

1

2
Δũ(t, x) − f(x) · ∇ũ(t, x) −

(
div f(x) +

1

2

m∑
i=1

h2
i (x)

)
ũ(t, x)

for τ�−1 ≤ t ≤ τ� if and only if

(2.2) u(t, x) = e−
∑m

i=1 yi(τ�−1)hi(x)ũ(t, x)

satisfies the robust DMZ equation with observation being frozen at y(τ�−1):

∂u

∂t
(t, x) =

1

2
Δu(t, x) + (−f(x) + ∇K(τ�−1, x)) · ∇u(t, x)

+

(
−div f(x) − 1

2
|h(x)|2 +

1

2
ΔK(τ�−1, x)(2.3)

−f(x) · ∇K(τ�−1, x) +
1

2
|∇K(τ�−1, x)|2

)
u(t, x).

Proof. Proposition 2.1 is the left-hand version of Proposition 3.1 in [Ya-Ya]. The
proof is a straightforward computation.

We remark that (2.3) is obtained from the robust DMZ equation by freezing the
observation term y(t) to y(τ�−1). We shall show that the solution of (2.3) approximates
the solution of the robust DMZ equation very well in the L1 sense.

Suppose that u(t, x) is the solution of the robust DMZ equation and we want to
compute u(τ, x). Let Pk = {0 = τ0 < τ1 < τ2 < · · · < τk = τ} be a partition of [0, τ ],
where τi = iτ

k . Let ui(t, x) be a solution of the following partial differential equation
for τi−1 ≤ τ ≤ τi:

(2.4)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂ui

∂t (t, x) = 1
2Δui(t, x) + (−f(x) + ∇K(τi−1, x)) · ∇ui(t, x)

+
(
− div f(x) − 1

2 |h(x)|2 + 1
2ΔK(τi−1, x)

− f(x) · ∇K(τi−1, x) + 1
2 |∇K(τi−1, x)|2

)
ui(t, x),

ui(τi−1, ) = ui−1(τi−1, x).

In section 4 below we shall show that u(τ, x) = limk→∞ uk(τk, x) in the L1 sense.
By Proposition 2.1, u1(τ1, x) can be computed by ũ1(τ1, x), where ũ1(t, x) for 0 ≤ t ≤
τ1 satisfies (2.1) with initial condition

(2.5) ũ1(0, x) = σ0(x).

In fact

(2.6) u1(τ1, x) = ũ1(τ1, x).

In general Proposition 2.1 tells us that for i ≥ 2, ui(τi, x) can be computed by ũi(τi, x),
where ũi(t, x) for τi−1 ≤ t ≤ τi satisfies (2.1) with initial condition

(2.7) ũi(τi−1, x) = exp

⎡
⎣ m∑
j=1

(yj(τi−1) − yj(τi−2))hj(x)

⎤
⎦ ũi−1(τi−1, x),
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where the last initial condition comes from

ũi(τi−1, x) = ui(τi−1, x) exp

⎛
⎝ m∑

j=1

yj(τi−1)hj(x)

⎞
⎠

= ui−1(τi−1, x) exp

⎛
⎝ m∑

j=1

yj(τi−1)hj(x)

⎞
⎠

= exp

⎛
⎝−

m∑
j=1

yj(τi−2)hj(x)

⎞
⎠ ũi−1(τi−1, x) exp

⎛
⎝ m∑

j=1

yj(τi−1)hj(x)

⎞
⎠

= exp

⎡
⎣ m∑
j=1

(yj(τi−1) − yj(τi−2)hj(x)

⎤
⎦ ũi−1(τi−1, x).

In fact,

(2.8) ui(τi, x) = exp

⎛
⎝−

m∑
j=1

yj(τi−1)hj(x)

⎞
⎠ ũi(τi, x).

3. Reduction of the problem to the bounded domain case. In this section,
we shall prove that in order to solve the robust DMZ equation (1.6) in R

n, it suffices
to solve the same equation in a bounded ball BR with radius R. The important points
here are that we know how large the R needs to be and that a precise error estimate is
given. These are the essential ingredients for a successful implementation of nonlinear
filters.

Proof of Theorem A. Let φ be a C∞ function on R
n and BR = {x ∈ R

n : |x| ≤ R}.
Let uR be the solution of (1.9), the DMZ equation on the ball BR:

d

dt

∫
BR

eφuR =
1

2

∫
BR

eφΔuR +

∫
BR

eφ(−f + ∇K) · ∇uR

+

∫
BR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
eφuR

= − 1

2

∫
BR

eφ∇φ · ∇uR +
1

2

∫
∂BR

eφ
∂uR

∂ν
−
∫
BR

div[eφ(−f + ∇K)]uR

+

∫
∂BR

eφuR(−f + ∇K) · ν

+

∫
BR

eφuR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)

=
1

2

∫
BR

div[eφ∇φ]uR − 1

2

∫
∂BR

uRe
φ∇φ · ν +

1

2

∫
∂BR

eφ
∂uR

∂ν

−
∫
BR

eφ∇φ · (−f + ∇K)uR −
∫
BR

eφ(−div f + ΔK)uR
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+

∫
∂BR

uRe
φ(−f + ∇K) · ν

+

∫
BR

eφuR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)

=
1

2

∫
BR

eφuR(Δφ + |∇φ|2) +

∫
BR

eφuR∇φ · (f −∇K)

+

∫
BR

eφuR

(
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

)

− 1

2

∫
∂BR

eφuR∇φ · ν +
1

2

∫
∂BR

eφ
∂uR

∂ν
+

∫
∂BR

eφuR(−f + ∇K) · ν,

where ν is the unit outward normal of ∂BR. Choose φ =
√

1 + |x|2. Then φi =
xi√

1+|x|2
, φii = 1√

1+|x|2
− x2

i

(1+|x|2)3/2 . Recall that u|∂BR
= 0 and ∂uR

∂ν |∂BR
≤ 0. It

follows that

d

dt

∫
BR

eφuR ≤
∫
BR

eφuR

[
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

+
1

2
Δφ +

1

2
|∇φ|2 + ∇φ · (f −∇K)

]

=

∫
BR

eφuR

[
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2 +

n

2
√

1 + |x|2

− |x|2
2(1 + |x|2)3/2 +

1

2

|x|2
1 + |x|2 +

x√
1 + |x|2

(f −∇K)

]

≤
∫
BR

eφuR

[
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2 +

n + 1

2
+ |f −∇K|

]

≤
(
c1 +

n + 1

2

)∫
BR

eφuR.

Hence ∫
BR

eφuR(t, x) ≤ e(c1+
n+1

2 )t

∫
BR

eφuR(0, x) ∀ t ∈ [0, T ].

Let R go to infinity. We have∫
Rn

eφu(t, x) ≤ e(c1+
n+1

2 )t

∫
Rn

eφu(0, x) ∀ t ∈ [0, T ],

which implies

sup
0≤t≤T

∫
Rn

eφu(t, x) ≤ e(c1+
n+1

2 )T

∫
Rn

eφu(0, x).

In particular

e
√

1+R2
sup

0≤t≤T

∫
|x|≥R

u(t, x) ≤ sup
0≤t≤T

∫
|x|≥R

eφu(t, x) ≤ sup
0≤t≤T

∫
Rn

eφu(t, x)

≤ e(c1+
n+1

2 )T

∫
Rn

eφu(0, x).
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This implies

sup
0≤t≤T

∫
|x|≥R

u(t, x) ≤ e−
√

1+R2
e(c1+

n+1
2 )T

∫
Rn

e
√

1+|x|2u(0, x).

Theorem A says that we can choose R large enough so that sup0≤t≤T
∫
|x|≥R u(t, x)

is arbitrarily small. For numerical calculation, we can restrict the DMZ equation
to the ball BR. In fact we can prove Theorem B, which states that uR is a good
approximation of u when R is large.

Proof of Theorem B. By the maximum principle (cf. Theorem 1, p. 34 in Fried-
man’s book [Fr]), we have v ≥ 0 for (t, x) ∈ [0, T ]×BR since v|∂BR

≥ 0 for 0 ≤ t ≤ T :

d

dt

∫
BR

ψv =

∫
BR

ψ
dv

dt

=
1

2

∫
BR

ψΔv +

∫
BR

ψ(−f + ∇K) · ∇v

+

∫
BR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
ψv

= − 1

2

∫
BR

∇ψ · ∇v +
1

2

∫
∂BR

ψ
∂v

∂ν
−
∫
BR

div[ψ(−f + ∇K)]v

+

∫
∂BR

ψv(−f + ∇K) · ν

+

∫
BR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
ψv

=
1

2

∫
BR

(Δψ)v − 1

2

∫
∂BR

v
∂ψ

∂ν
+

1

2

∫
∂BR

ψ
∂v

∂ν
−
∫
BR

∇ψ · (−f + ∇K)v

−
∫
BR

ψ(−div f + ΔK)v +

∫
∂BR

ψv(−f + ∇K) · ν

+

∫
BR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
ψv.

Let φ be a radial symmetric function such that φ|∂BR
= R, ∇φ|∂BR

= 0, and φ is
increasing with |x|. Let

ψ = e−φ(x) − e−R.

Then ψ|∂BR
= 0 and ∇ψ|∂BR

= 0. Hence

d

dt

∫
BR

ψv =
1

2

∫
BR

(Δψ)v −
∫
BR

∇ψ · (−f + ∇K)v

+

∫
BR

(
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
ψv

=
1

2

∫
BR

ve−φ(−Δφ + |∇φ|2) −
∫
BR

e−φv[∇φ · (f −∇K)]
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+

∫
BR

(
−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
ψv

=

∫
BR

ψv

[
−1

2
Δφ +

1

2
|∇φ|2 −∇φ · (f −∇K)

−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

]

+ e−R
∫
BR

[
1

2
(−Δφ + |∇φ|2) −∇φ · (f −∇K)

]
v

≤ sup
BR

[
−1

2
Δφ +

1

2
|∇φ|2 −∇φ · (f −∇K)

−1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

]
·
∫
BR

ψv

+ e−R sup
BR

{
e−

√
1+|x|2

[
1

2
(−Δφ + |∇φ|2) −∇φ · (f −∇K)

]}

×
∫
BR

e
√

1+|x|2v.

Observe that 0 ≤ v ≤ u for (t, x) ∈ [0, T ] ×B + R. Let

χ(x) = 1 − (1 − x)2 and φ(x) = Rχ

(
|x|2
R2

)
.

Then

χ′(x) = 2(1 − x), χ′′(x) = −2, χ(1) = 1, χ′(1) = 0,

∇φ(x) =
2x

R
χ′
(
|x|2
R2

)
, Δφ =

4|x|2
R3

χ′′
(
|x|2
R2

)
+

2n

R
χ′
(
|x|2
R2

)
,

sup
BR

[
−1

2
Δφ +

1

2
|∇φ|2 −∇φ · (f −∇K) − 1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

]

= sup
BR

{
−2|x|2

R3
χ′′
(
|x|2
R2

)
− n

R
χ′
(
|x|2
R2

)
+ 2

|x|2
R2

[
χ′
(
|x|2
R2

)]2

− 2

R
χ′
(
|x|2
R2

)
[x · f − x · ∇K] − 1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

}

≤ sup
BR

[
4|x|2
R3

+
2n

R
+

8|x|2
R

+
4

R
|x||f −∇K| − 1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

]

≤ 12 + 2n + 4|x||f −∇K| − 1

2
|h|2 − 1

2
ΔK − f · ∇K +

1

2
|∇K|2

≤ c2.
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Similarly

sup
BR

{
e−

√
1+|x|2

[
1

2
(−Δφ + |∇φ|2) −∇φ · (f −∇K)

]}

≤ sup
BR

{
e−

√
1+|x|2 [12 + 2n + 4|x||f −∇K|]

}
≤ c3.

In view of Theorem A, we have

d

dt

∫
BR

ψv ≤ c2

∫
BR

ψv + e−Rc3

∫
BR

e
√

1+|x|2u

≤ c2

∫
BR

ψv + e−Rc3e
(c1+

n+1
2 T )

∫
Rn

e
√

1+|x|2u(0, x),

d

dt

[
e−c2t

∫
BR

ψv

]
= e−c2t

d

dt

∫
BR

ψv − c2e
−c2t

∫
BR

ψv

≤ c3e
−Re−c2tec1+

n+1
2 T

∫
Rn

e
√

1+|x|2u(0, x).

Recall that v(0, x) = 0 on BR. Therefore we have

e−c2T
∫
BR

ψv(T, x) ≤ e−c2T − 1

−c2
c3e
−Re(c1+

n+1
2 )T

∫
Rn

e
√

1+|x|2u(0, x),

which implies∫
BR

ψv(T, x) ≤ ec2T − 1

c2
c3e
−Re(c1+

n+1
2 )T

∫
Rn

e
√

1+|x|2u(0, x).

Notice that ψ(x) = e
|x|4
R3 −

2|x|2
R − e−R:∫

BR

ψv(T, x) ≥
∫
BR

2

[e
|x|4
R3 −

2|x|2
R − e−R]v(T, x)

≥ (e−
7
16R − e−R)

∫
BB

2

v(T, x)

= e−
7
16R(1 − e−

9
16R)

∫
BR

2

v(T, x)

≥ 1

2
e−

7
16R

∫
BR

2

v(T, x).

Therefore∫
BR

2

v(T, x) ≤ 2(ec2T − 1)

c2
c3e
− 9

16Re(c1+
n+1

2 )T

∫
Rn

e
√

1+|x|2u(0, x).

Theorem B above says that if we replace u by uR, then the error is small when
R goes to infinity. In fact (1.11) gives the precise error estimate.
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4. L1-convergence. In this section, we shall show that our algorithm described
in section 2 will yield an L1-convergence for bounded domains, i.e., u(τ, x) = limk→∞
uk(τk, x) in the L1 sense for bounded domain. We first begin with the following
technical lemma.

Lemma 4.1. Let Ω be a bounded domain in R
n and let v : [0, T ]×Ω → R be a C1

function. Assume that v(t, x) = 0 for (t, x) ∈ [0, T ]×∂Ω. Let Ω+
t = {x ∈ Ω: v(t, x) ≥

0}. Then

d

dt

∫
Ω+

t

v(t, x) =

∫
Ω+

t

dv

dt
(t, x) for almost all t ∈ [0, t].

Proof.

d

dt

∫
Ω+

t

v(t, x) = lim
Δt→0

∫
Ω+

t+Δt
v(t + Δt, x) −

∫
Ω+

t
v(t, x)

Δt

= lim
Δt→0

∫
Ω+

t+Δt

v(t + Δt, x) − v(t, x)

Δt
+ lim

Δt→0

∫
Ω+

t+Δt
v(t, x) −

∫
Ω+

t
v(t, x)

Δt

=

∫
Ω+

t

dv

dt
(t, x) + lim

Δt→0

∫
Ω+

t+Δt−Ω+
t
v(t, x) −

∫
Ω+

t −Ω+
t+Δt

v(t, x)

Δt

=

∫
Ω+

t

dv

dt
(t, x) + lim

Δt→0

v(t, ξ1)Vol (Ω+
t+Δt − Ω+

t )

Δt

− lim
Δt→0

v(t, ξ2)Vol (Ω+
t − Ω+

t+Δt)

Δt
,(4.1)

where ξ1 ∈ Ω+
t+Δt−Ω+

t and ξ2 ∈ Ω+
t −Ω+

t+Δt. Clearly we have limΔt→0 v(t, ξ1) = 0 =
limΔt→0 v(t, ξ2). Therefore it remains to prove that

lim
Δt→0

Vol (Ω+
t+Δt − Ω+

t )

Δt
and lim

Δt→0

Vol (Ω+
t − Ω+

t+Δt)

Δt

are bounded for almost all t.
Let w : A → R be a Lipschitz function, where A ⊂ R

n is measurable. The coarea
formula for Euclidean space, an important tool of geometric measure theory (cf. [Fe],
[Ma]), reads as follows:

(4.2)

∫
A

h(x)|∇w(x)| dx =

∫
R

∫
w−1(y)

h(x)Hn−1
|·| (x) dy,

where Hn−1
|·| denotes the Hausdorff measure with respect to the Euclidean distance

and h : A → [−∞,∞] is a measurable function.

Let A = Ω+
t − Ω+

t+Δt = {x ∈ Ω+
t : v(t + Δt, x) ≤ 0}. Let L be the Lipschitz

constant such that

(4.3) |v(t, x) − v(t + Δt, x)| ≤ LΔt ∀ x ∈ Ω.

Since v(t, x) ≥ 0 for x ∈ A, we have

(4.4) v(t + Δt, x) ≥ v(t, x) − LΔt ≥ −LΔt for x ∈ A.
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Let h(x) = 1
|∇v(t+Δt,x)| and w(x) = v(t+ Δt, x) in the coarea formula (4.2). We have

Vol (Ω+
t − Ω+

t+Δt) = Vol (A)

=

∫ 0

−LΔt

∫
{x∈A : v(t+Δt,x)=y}

1

|∇v(t + Δt, x)|H
n−1
|·| (x) dy.(4.5)

Consider the map Φ: [0, T ] × Ω → [0, T ] × R given by Φ(t, x) = (t, v(t, x)). By
Sard’s theorem, the set of critical values of Φ has Lebesgue measure zero. Therefore
for almost all t, almost all Δt, and almost all y, ∇v(t + Δt, x) �= 0 for all x ∈
{x : v(t + Δt, x) = y}. It follows that limΔt→0

Vol (Ω+
t −Ω+

t+Δt)

Δt is bounded for almost

all t. Similarly one can prove that limΔt→0
Vol (Ω+

t+Δt−Ω+
t )

Δt is bounded for almost all
t.

Remark 4.2. Lemma 4.1 is not true for all t ∈ [0, T ]. As we shall see from the

following example, this is because limΔt→0
vol (Ω+

t −Ω+
t+Δt)

Δt is not necessarily bounded
for all t.

Example 4.3. Let 0 < a < b < c < d < ∞ and Ω = [a, d]. Let v(t, x) =
(x−a)(x−b−

√
t )(x−c−

√
t )(x−d) be defined on [0, T ]×Ω. Then Ω+

t = [b+
√
t, c+

√
t ]

and Ωt+Δt = [b +
√
t + Δt, c +

√
t + Δt ], and

lim
Δt→0

length (Ω+
t − Ω+

t+Δt)

Δt
= lim

Δt→0

√
t + Δt−

√
t

Δt
=

1

2
√
t
,

which is finite except at t = 0.
Proof of Theorem C. Observe that (4.14) and (4.15) imply

∂u

∂t
(t, x) − ∂ui

∂t
(t, x) =

1

2
Δ(u− ui)(t, x) + F (τi−1, x) · ∇(u− ui)(t, x)

+ (F (t, x) − F (τi−1, x)) · ∇u(t, x) + J(τi−1, x)(u− ui)(t, x)

+ (J(t, x) − J(τi−1, x))u(t, x).(4.6)

Let Ω+
t = {x ∈ Ω: u(t, x) − ui(t, x) ≥ 0}.

d

dt

∫
Ω+

t

(u− ui)(t, x) =
1

2

∫
Ω+

t

Δ(u− ui)(t, x) +

∫
Ω+

t

F (τi−1, x) · ∇(u− ui)(t, x)

+

∫
Ω+

t

(F (t, x) − F (τi−1, x)) · ∇u(t, x)

+

∫
Ω+

t

J(τi−1, x)(u− ui)(t, x)

+

∫
Ω+

t

(J(t, x) − J(τi−1, x))u(t, x)

=
1

2

∫
∂Ω+

t

∂(u− ui)

∂ν
(t, x) −

∫
Ω+

t

divF (τi−1, x)(u− ui)(t, x)

+

∫
Ω+

t

(F (t, x) − F (τi−1, x)) · ∇u(t, x)
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+

∫
Ω+

t

J(τi−1, x)(u− ui)(t, x)

+

∫
Ω+

t

(J(t, x) − J(τi−1, x))u(t, x)

≤ c

∫
Ω+

t

(u− ui)(t, x) + c1(t− τi−1)
α

∫
Ω+

t

u(t, x)

+ c1(t− τi−1)
α

∫
Ω+

t

|∇u(t, x)|.(4.7)

Notice that

d

dt

∫
Ω

u(t, x) =
1

2

∫
Ω

Δu +

∫
Ω

F (t, x) · ∇u(t, x) +

∫
Ω

J(t, x)u(t, x)

=
1

2

∫
∂Ω

∂u

∂ν
−
∫

Ω

divF (t, x)u(t, x) +

∫
Ω

J(t, x)u(t, x)

≤ c

∫
Ω

u(t, x).(4.8)

This implies, for 0 ≤ t ≤ T ,

(4.9)

∫
Ω

u(t, x) ≤ ecT
∫

Ω

u(0, x).

In order to estimate
∫
Ω
|∇u(t, x)|2, we need to estimate the L2 norm of u(t, x).

d

dt

∫
Ω

u2(t, x) = 2

∫
Ω

u(t, x)
∂u

∂t
(t, x)

=

∫
Ω

u(t, x)Δu(t, x) + 2

∫
Ω

u(t, x)F (t, x) · ∇u(t, x) + 2

∫
Ω

J(t, x)u2(t, x).(4.10)

Observe that∫
Ω

u(t, x)F (t, x) · ∇u(t, x) = −
∫

Ω

u(t, x) div[u(t, x)F (t, x)] +

∫
∂Ω

u2(t, x)F (t, x) · ν

= −
∫

Ω

u(t, x)∇u(t, x) · F (t, x) −
∫

Ω

u2(t, x) divF (t, x).

This implies

(4.11)

∫
Ω

u(t, x)F (t, x)∇u(t, x) = −1

2

∫
Ω

u2(t, x) divF (t, x).

Putting (4.11) into (4.10), we get

d

dt

∫
Ω

u2(t, x) = −
∫

Ω

|∇u(t, x)|2 +

∫
∂Ω

u(t, x)
∂u

∂ν
(t, x) −

∫
Ω

u2(t, x) divF (t, x)

+ 2

∫
Ω

J(t, x)u2(t, x)

≤ c

∫
Ω

u2(t, x).(4.12)
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This implies

(4.13)

∫
Ω

u2(t, x) ≤ ect
∫

Ω

u2(0, x) ≤ ecT
∫

Ω

u2(0, x).

Now we are ready to estimate
∫
Ω
|∇u(t, x)|2.

d

dt

∫
Ω

|∇u|2(t, x) =

∫
Ω

2∇∂u

∂t
(t, x) · ∇u(t, x)

= − 2

∫
Ω

∂u

∂t
(t, x)Δu(t, x) + 2

∫
∂Ω

∂u

∂t
(t, x)

∂u

∂ν
(t, x)

= −
∫

Ω

(Δu(t, x))2 − 2

∫
Ω

F (t, x) · ∇u(t, x)Δu(t, x)

− 2

∫
Ω

J(t, x)u(t, x)Δu(t, x)

≤ −
∫

Ω

(Δu(t, x))2 + 2

∫
Ω

|F (t, x)|2|∇u(t, x)|2 +
1

2

∫
Ω

(Δu(t, x))2

+ 2

∫
Ω

J2(t, x)u2(t, x) +
1

2

∫
Ω

(Δu(t, x))2

≤ 2c2
∫

Ω

|∇u(t, x)|2 + 2c2
∫

Ω

u2(t, x)

≤ 2c2
∫

Ω

|∇u(t, x)|2 + 2c2ect
∫

Ω

u2(0, x).(4.14)

This implies

d

dt

[
e−2c2t

∫
Ω

|∇u(t, x)|2
]

= e−2c2t

[
d

dt

∫
Ω

|∇u(t, x)|2 − 2c2
∫

Ω

|∇u(t, x)|2
]

≤ 2c2e−(2c2−c)t
∫

Ω

u2(0, x) ≤ 2c2
∫

Ω

u2(0, x).(4.15)

Hence

e−2c2t

∫
Ω

|∇u(t, x)|2 −
∫

Ω

|∇u(0, x)|2 ≤ 2c2t

∫
Ω

u2(0, x)

and ∫
Ω

|∇u(t, x)|2 ≤ 2c2te2c2t

∫
Ω

u2(0, x) + e2c2t

∫
Ω

|∇u(0, x)|2

≤ 2c2Te2c2T

∫
Ω

u2(0, x) + e2c2T

∫
Ω

|∇u(0, x)|2.(4.16)

It follows that∫
Ω

|∇u(t, x)| ≤
√

Vol (Ω)

[∫
Ω

|∇u(t, x)|2
] 1

2

≤
√

Vol (Ω)ec
2T

√
2c2T

∫
Ω

u2(0, x) +

∫
Ω

|∇u(0, x)|2.(4.17)
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Putting (4.9), (4.17) into (4.7), we get

d

dt

∫
Ω+

t

(u− ui)(t, x) ≤ c

∫
Ω+

t

(u− ui)(t, x) + c1(t− τi−1)
α

∫
Ω

u(t, x)

+ c1(t− τi−1)
α

∫
Ω

|∇u(t, x)|

≤ c

∫
Ωt

t

(u− ui)(t, x) + c1(t− τi−1)
αecT

∫
Ω

u(0, x)

+ c1(t− τi−1)
α
√

Vol (Ω)ec
2T

√
2c2T

∫
Ω

u2(0, x) +

∫
Ω

|∇u(0, x)|2

= c

∫
Ω+

t

(u− ui)(t, x) + c2(t− τi−1)
α,(4.18)

where

(4.19) c2 = c1e
cT

∫
Ω

u(0, x) + c1
√

Vol (Ω)ec
2T

√
2c2T

∫
Ω

u2(0, x) +

∫
Ω

|∇u(0, x)|2,

d

dt

[
e−c(t−τi−1)

∫
Ω+

t

(u− ui)(t, x)

]

= e−c(t−τi−1)

[
d

dt

∫
Ω+

t

(u− ui)(t, x) − c

∫
Ω+

t

(u− ui)(t, x)

]

≤ c2(t− τi−1)
αe−c(t−τi−1).

This implies

e−c(t−τi−1)

∫
Ω+

t

(u− ui)(t, x) −
∫

Ω+
τi−1

(u− ui)(τi−1, x)

≤ c2

∫ t

τi−1

(s− τi−1)
αe−c(s−τi−1) ≤ c2

(t− τi−1)
α+1

α + 1
.(4.20)

Hence ∫
Ω+

t

(u− ui)(t, x) ≤ ec(t−τi−1)

∫
Ω+

τi−1

(u− ui−1)(τi−1, x)

+ c2
(t− τi−1)

α+1

α + 1
ec(t−τi−1).(4.21)

Similarly one can prove that∫
Ω−

t

(u− ui)(t, x) ≤ ec(t−τi−1)

∫
Ω−

τi−1

(ui−1 − u)(τi−1, x)

+ c2
(t− τi−1)

α+1

α + 1
ec(t−τi−1).(4.22)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

180 SHING-TUNG YAU AND STEPHEN S.-T. YAU

Consequently, we have∫
Ω

|u− ui|(t, x) =

∫
Ω+

t

(u− ui)(t, x) +

∫
Ω−

t

(ui − u)(t, x)

≤ ec(t−τi−1)

[∫
Ω

|u− ui−1|(τi−1, x) + 2c2
t− τi−1)

α+1

α + 1

]
.(4.23)

By applying (4.23) inductively, we have the following estimate:∫
Ω

|u− uk|(τk, x)

≤ ec(τk−τk−1)

[∫
Ω

|u− uk−1|(τk−1, x) + 2c2
(τk − τk−1)

α+1

α + 1

]

≤ ec(τk−τk−1)ec(τk−1−τk−2)

[∫
Ω

|u− uk−2|(τk−2, x) + 2c2
(τk−1 − τk−2)

α+1

α + 1

]

+ ec(τk−τk−1)2c2
(τk − τk−1)

α+1

α + 1

= ec(τk−τk−2)

∫
Ω

|u− uk−2|(τk−2, x) +
2c2
α + 1

[(τk−1 − τk−2)
α+1ec(τk−τk−2)

+ (τk − τk−1)
α+1ec(τk−τk−1)]

≤ ec(τk−τk−i)

∫
Ω

|u− uk−i|(τk−i, x)

+
2c2
α + 1

[(τk − τk−1)
α+1ec(τk−τk−1) + (τk−1 − τk−2)

α+1ec(τk−τk−2)

+ · · · + (τk−i+1 − τk−i)
α+1ec(τk−τk−i)]

≤ ecT
∫

Ω

|u− u0|(0, x) +
2c2
α + 1

[(τk − τk−1)
α+1ec(τk−τk−1)

+ (τk−1 − τk−2)
α+1ec(τk−τk−2) + · · · + (τ1 − τ0)

α+1ec(τk−τ0)]

=
2c2
α + 1

Tα+1

kα+1
[ec

T
k + ec

2T
k + · · · + ec

kT
k ]

≤ 2c2
α + 1

Tα+1ecT

kα
,

(4.24)

which goes to zero as k → ∞.

5. Lower estimate of density function. In practical nonlinear filtering com-
putation, it is important to know how much density remains within a given ball. In
this section, we shall provide such a lower estimate. In particular, the solution u of
the DMZ equation in R

n obtained by taking limR→∞ uR, where uR is the solution of
the DMZ equation in the ball BR, is a nontrivial solution.

Proof of Theorem D. Let φ = e−ρ(x) − e−ρ(R0), where ρ is an increasing function
of |x|. Observe that φ ≥ 0 for x ∈ BR0 , φ = 0 on ∂BR0 , and ∂φ

∂ν |∂BR0
≤ 0, where ν is
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the outward normal of ∂BR0
.

d

dt

∫
BR0

φuR =
1

2

∫
BR0

φΔuR +

∫
BR0

φ(−f + ∇K) · ∇uR

+

∫
BR0

(
−div f − 1

2
|h|2 +

ΔK

2
− f · ∇K +

1

2
|∇K|2

)
φuR

=
1

2

∫
BR0

uRΔφ− 1

2

∫
∂BR0

∂φ

∂ν
uR +

1

2

∫
∂BR0

φ
∂uR

∂ν

−
∫
BR0

uR div[φ(−f + ∇K)] +

∫
∂BR0

φuR(−f + ∇K) · ν

+

∫
BR0

(
−div f − 1

2
|h|2 +

ΔK

2
− f · ∇K +

1

2
|∇K|2

)
φuR

≥ 1

2

∫
BR0

uRΔφ +

∫
BR0

uR∇φ · (f −∇K)

+

∫
BR0

(
−ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇k|2

)
φuR.

Notice that ∇φ = −e−ρ(x)∇ρ and Δφ = e−ρ(x)(|∇ρ|2 − Δρ). Hence

d

dt

∫
BR0

φuR ≥
∫
BR0

uRe
−ρ(x)

[
−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K)

]

+

∫
BR0

(
−ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

)
φuR.

Let r = |x|. We have

∇ρ =
ρ′(γ)

r
x and Δρ = ρ′′(r) + ρ′(r)

n− 1

r
.

Hence

d

dt

∫
BR0

φuR ≥
∫
BR0

uRe
−ρ(R0)

[
−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K)

]

+

∫
BR0

[
−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K)

− ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

]
φuR

= e−ρ(R0)

∫
BR0

[
ρ

′2

2
− ρ

′′

2
− n− 1

2r
ρ′ − ρ′(f −∇K) · x

r

]
uR

+

∫
BR0

[
−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K)

− ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

]
φuR.(5.1)
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We want to choose ρ such that

e−ρ(R0)

∣∣∣∣
∫
BR0

[
ρ12

2
− ρ′′

2
− n− 1

2r
ρ′ − ρ′(f −∇K) · x

r

]
uR

∣∣∣∣ ≤ ε(R0),

where ε(R0) is small and will be determined later. Then (5.1) implies

d

dt

∫
BR0

φuR ≥ − ε(R0) +

∫
BR0

[
−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K)

− ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

]
φuR.(5.2)

We now take ρ = |x|m. Then

Δρ = ρ′′(r) + ρ′(r)
n− 1

r
= m(m + n− 2)rm−2,

|∇ρ|2 = (ρ′(r))2 = m2r2m−2.

Since f and h are of polynomial growth, we can choose a positive integer m large
enough such that

−Δρ

2
+

|∇ρ|2
2

−∇ρ · (f −∇K) − ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

= − 1

2
m(m + n− 2)rm−2 +

1

2
m2r2m−2

− ρ′(r)

r
x · (f −∇K) − ΔK

2
− 1

2
|h|2 − f · ∇K +

1

2
|∇K|2

≤ − c′ on R
n,

where c′ is a positive constant independent of R and R0. Hence

d

dt

∫
BR0

φuR ≥ − ε(R0) − c′
∫
BR0

φuR

⇒ d

dt

[
ec

′t

∫
BR0

φuR

]
≥ −ε(R0)e

c′t

⇒ ec
′T

∫
BR0

φuR(T, x) −
∫
BR0

φuR(0, x) ≥ ε(R0)

c′
(1 − ec

′T ).(5.3)

We are now ready to estimate ε(R0). Observe that ∂uR

∂ν ≤ 0 on ∂BR, where ν is the
outward normal of ∂BR.

d

dt

∫
BR

uR =
1

2

∫
BR

ΔuR +

∫
BR

(−f + ∇K) · ∇uR

+

∫
BR

(
−div f − 1

2
|h|2 +

1

2
ΔK − f · ∇K +

1

2
|∇K|2

)
uR

=
1

2

∫
∂BR

∂uR

∂ν
−
∫
BR

uR div(−f + ∇K) +

∫
∂BR

uR(−f + ∇K) · ν
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+

∫
BR

(
−div f − 1

2
|h|2 +

ΔK

2
− f · ∇K +

1

2
|∇K|2

)
uR

≤
∫
BR

(
−1

2
|h|2 − ΔK

2
− f · ∇K +

1

2
|∇K|2

)
uR ≤ c1

∫
BR

uR.

Hence

(5.4)

∫
BR

uR(t, x) ≤ ec1t
∫
BR

uR(0, x), 0 ≤ t ≤ T.

In order to estimate ε(R0), we need to determine the upper bound of

e−ρ(R0)

∣∣∣∣
∫
BR0

[
ρ

′2

2
− ρ′′

2
− n− 1

2r
ρ′ − ρ′(f −∇K) · x

r

]
uR.

Recall that ρ = rm. Then for m large enough,∣∣∣∣ρ
′2

2
− ρ′′

2
− n− 1

2r
ρ′ − ρ′(f −∇K) · x

r

∣∣∣∣
=

∣∣∣∣m2r2m−2

2
− m(m + n− 2)

2
rm−2 −mrm−2(f −∇K) · x

∣∣∣∣
≤ m(m + 1)

2
r2m−2 + c′′,

where c′′ is independent of R and R0. Therefore

e−ρ(R0)

∣∣∣∣
∫
BR0

[
ρ

′2

2
− ρ′′

2
− n− 1

2r
ρ′ − ρ′(f −∇K) · x

r

]
uR(t, x)

∣∣∣∣
≤ e−R

m
0

(
m(m + 1)

2
R2m−2

0 + c′′
)∫

BR0

uR(t, x)

≤ ec
′T−Rm

0

(
m(m + 1)

2
R2m−2

0 + c′′
)∫

BR

uR(0, x),by (5.4)

and we can set

ε(R0) = ec
′T−Rm

0

(
m(m + 1)

2
R2m−2

0 + c′′
)∫

BR

uR(0, x).

In view of (5.3), we have

ec
′T

∫
BR0

φuR(T, x) −
∫
BR0

φuR(0, x)

≥ ec
′T−Rm

0

c′

(
m(m + 1)

2
R2m−2

0 + c′′
)

(1 − ec
′T )

∫
BR

uR(0, x),

which implies∫
BR0

φuR(T, x) ≥ e−c
′T

∫
BR0

φuR(0, x)

+
e−R

m
0

c′

(
m(m + 1)

2
R2m−2

0 + c′′
)

(1 − ec
′T )

∫
BR

uR(0, x).(5.5)
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Observe that the second term on the right-hand side of (5.5) tends to zero as R0 → ∞.
Therefore we have∫

Rn

e−|x|
m

u(T, x) ≥ e−c
′T

∫
Rn

e−|x|
m

u(0, x).

Appendix A. A priori estimation of derivatives up to second order. In
this section, we shall give a priori estimation of zero, first, and second derivatives of
the solution of the robust DMZ equation on [0, T ] ×BR.

Theorem A.1. Consider the robust DMZ equation (1.9) on [0, T ] × BR, where

BR = {x ∈ R
n : |x| ≤ R} is a ball of radius R. Let C1 = max0≤t≤T

[∑m
i=1 |yi(t)|2

] 1
2

be the smallest constant such that

(A.1) |∇K(t, x)| ≤ C1|∇h(x)| for (t, x) ∈ [0, T ] ×BR,

where |∇h|2 =
∑m

i=1 |∇hi(x)|2.
Suppose that there exists a constant C > 0 such that for any r ≥ 0

(A.2) min
|x|=r

|h|2 + div f + C√
|f |2 + |h|2 + div f + C + |f |

− C1 max
|x|=r

|∇h| ≥ 0.

Let g(x) be a positive radial symmetric function on R
n (i.e., g = g(r), where r =

|x| = (
∑n

i=1 x
2
i )

1
2 ) such that

(A.3) |g′(r)| ≤ min
|x|=r

|h|2 + div f + C√
|f |2 + |h|2 + div f + C + |f |

− C1 max
|x|=r

|∇h|.

Then, for 0 ≤ t ≤ T ,

(A.4)

∫
BR

e2gu2
R(t, x) ≤ ect

∫
BR

e2gσ2(x).

Proof. Let ρ be any smooth function on R × R
n. Then

d

dt

(
1

2

∫
BR

ρ2u2
R

)
=

∫
BR

ρρtu
2
R +

∫
BR

ρ2uR
∂uR

∂t

=

∫
BR

ρρtu
2
R +

∫
BR

1

2
ρ2uRΔuR −

∫
BR

ρ2uR(f −∇K) · ∇uR

−
∫
BR

ρ2u2
R

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]

=

∫
BR

ρρtu
2
R −

∫
BR

ρuR∇ρ · ∇uR − 1

2

∫
BR

ρ2|∇uR|2

+

∫
BR

ρu2
R∇ρ · (f −∇K) +

1

2

∫
BR

ρ2(div f −∇K)u2
R

−
∫
BR

ρ2u2
R

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]

≤
∫
BR

ρρtu
2
R +

1

2

∫
BR

|∇ρ|2u2
R −

∫
BR

ρ2u2
R

[
1

2
|h|2 +

1

2
div f

+ f · ∇K − 1

2
|∇K|2 −

n∑
i=1

∇(log ρ) · (f −∇K)

]
.(A.5)
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If we set ρ = eg, then we get

d

dt

[
1

2

∫
BR

ρ2u2
R

]

≤
∫
BR

[
gt +

|∇g|2
2

− 1

2
|h|2 − 1

2
div f − f · ∇K

+
1

2
|∇K|2 + ∇g · (f −∇K)

]
ρ2u2

R

=

∫
BR

[
gt +

|∇g|2
2

+
1

2
|f −∇K|2 − 1

2
|f |2

−1

2
|h|2 − 1

2
div f + ∇g · (f −∇K)

]
g2u2

R

=

∫
BR

[
gt +

1

2
|∇g + f −∇K|2 − 1

2
|f |2 − 1

2
|h|2 − 1

2
div f

]
ρ2u2

R.(A.6)

We shall choose g to be independent of t and a constant C > 0 so that

(A.7) |∇g + f −∇K| ≤
√

|f |2 + |h|2 + div f + C.

Notice that (A.6) and (A.7) imply

(A.8)
d

dt

[
1

2

∫
BR

ρ2u2
R

]
≤ C

∫
BR

1

2
ρ2u2

R.

Inequality (A.7) can be achieved if we have

|∇g| ≤
√
|f |2 + |h|2 + div f + C − |f | − |∇K|

=
|h|2 + div f + C√

|f |2 + |h|2 + div f + C + |f |
− |∇K|.(A.9)

Notice that, for 0 ≤ t ≤ T ,

|∇K(t, x)| =

∣∣∣∣
m∑
i=1

yi(t)∇hi

∣∣∣∣ ≤
m∑
i=1

|yi(t)||∇hi(x)|

≤
(

m∑
i=1

|yi(t)|2
) 1

2
(

m∑
i=1

|∇hi(x)|2
) 1

2

.

Let C1 = max0≤t≤T
(∑m

i=1 |yi(t)|2
) 1

2 . Then we have

(A.10) |∇K(t, x)| ≤ C1|∇h(x)|.

Now we shall choose g to be radial symmetric so that

(A.11) |g′(r)| = |∇g| ≤ min
|x|=r

|h|2 + div f + C√
|f |2 + |h|2 + div f + C + |f |

− C1 max
|x|=r

|∇h|.
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Inequality (A.9) implies

(A.12)

∫
BR

e2gu2
R(t, x) ≤ ect

∫
BR

e2gσ(x).

Remark A.2. Notice that from (A.11), if h grows fast, then we can allow g to
grow fast.

We next give a priori estimation of the first and second derivatives of the solution
of the robust DMZ equation on [0, T ] × BR. We first observe that for estimation of
second derivatives it is sufficient to estimate the Laplacian of the solution.

Lemma A.3. Let ρ be a smooth function with compact support in BR. Let uR be
the solution of (1.9). Then

(A.13)

∫
BR

n∑
i,j=1

ρ2(uR)2ji ≤ 4

∫
BR

ρ2(ΔuR)2 + 6 sup |∇ρ|2
∫
BR

|∇uR|2.

Proof.∫
BR

ρ2(ΔuR)2 = −
∫
BR

2ρ(∇ρ · ∇uR)ΔuR −
∫
BR

ρ2∇(ΔuR) · ∇uR

= −
∫
BR

2ρΔuR(∇uR · ∇ρ) −
∫
BR

ρ2
n∑

i,j=1

(uR)jji(uR)i

= −
∫
BR

2ρΔuR(∇uR · ∇ρ)

+

n∑
i,j=1

∫
BR

2ρρj(uR)jiui +

n∑
i,j=1

∫
BR

ρ2(uR)2ji.(A.14)

By the Schwartz inequality, we have∫
BR

2ρΔuR(∇uR · ∇ρ) ≤
∫
BR

2ρΔuR|∇uR| |∇ρ|

≤
∫
BR

ρ2(ΔuR)2 +

∫
BR

|∇uR|2|∇ρ|2(A.15)

n∑
i,j=1

∫
BR

2ρρj(uR)ji(uR)i ≤
n∑

i,j=1

∫
BR

[
1

2
ρ2(uR)2ji + 2ρ2

j (uR)2i

]
.(A.16)

Inequalities (A.14), (A.15), and (A.16) imply∫
BR

ρ2(ΔuR)2 ≥−
∫
BR

ρ2(ΔuR)2 −
∫
BR

|∇uR|2|∇ρ|2

− 1

2

∫
BR

n∑
i,j=1

ρ2(uR)2ji − 2

n∑
i,j=1

∫
BR

ρ2
ju

2
i +

n∑
i,j=1

∫
BR

ρ2(uji)
2

= −
∫
BR

ρ2(ΔuR)2 −
∫
BR

|∇uR|2|∇ρ|2 − 2

∫
BR

|∇ρ|2|∇uR|2

+
1

2

∫
BR

n∑
i,j=1

ρ2(uR)2ji,
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which is equivalent to

1

2

∫
BR

n∑
i,j=1

ρ2(uR)2ji ≤ 2

∫
BR

ρ2(ΔuR)2 + 3

∫
BR

|∇ρ|2|∇uR|2.

Hence ∫
BR

n∑
i,j=1

ρ2(uR)2ji ≤ 4

∫
BR

ρ2(ΔuR)2 + 6 sup |∇ρ|2
∫
BR

|∇uR|2.

Now we are ready to give a priori estimation of the first and second derivatives
of the solution of the robust DMZ equation on [0, T ] ×BR.

Theorem A.4. Consider the robust DMZ equation (1.9) on [0, T ] × BR, where
BR = {x ∈ R

n : |x| < R} is a ball of radius R. Assume that

(A.17)

√
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2 +

C

2
− |f | − |∇K| ≥ 0,

where C is the constant in Theorem A.1. Choose a nonnegative function g̃ so that

(A.18) |∇g̃| ≤
√

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2 +

C

2
− |f | − |∇K|

and

(A.19) e2g̃

∣∣∣∣∇
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

) ∣∣∣∣
2

≤ e2g,

where g is chosen as in Theorem A.1. Then

(A.20)

∫
BR

e2g̃|∇uR|2(T, x) +
1

2

∫ T

0

∫
BR

e2g̃(ΔuR)2(t, x)

≤
∫
BR

e2g̃|∇uR|2(0, x) + T

∫
BR

e2gσ2(x).

Proof. Recall that ∂uR

∂t

∣∣
∂BR

= 0. We have

d

dt

[
1

2

∫
BR

e2g̃|∇uR|2
]

=

∫
BR

e2g̃∇uR · ∇∂uR

∂t

=

∫
BR

e2g̃(−2∇uR · ∇g − ΔuR)
∂uR

∂t

=

∫
BR

e2g̃(−2∇uR · ∇g̃ − ΔuR)

[
1

2
ΔuR − (f −∇K) · ∇uR

−
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)
uR

]
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=

∫
BR

e2g̃

{
−1

2
(ΔuR)2 +

[
−∇uR · ∇g̃ + (f −∇K) · ∇uR

]
ΔuR

+ 2(∇uR · ∇g̃)(f −∇K) · ∇uR

+ uRΔuR

(
−1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

+ 2uR∇uR · ∇g̃

(
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)}
.

This implies

d

dt

[
1

2

∫
BR

e2g̃|∇uR|2
]

+
1

4

∫
BR

e2g̃(ΔuR)2

=

∫
BR

e2g̃

{
−1

4

[
(ΔuR)2 − 4

(
−∇uR · ∇g̃ + (f −∇K) · ∇uR

)
ΔuR

]

+ 2(∇uR · ∇g)(f −∇K) · ∇uR

+ uRΔuR

(
−1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

+ 2uR∇uR · ∇g̃

(
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)}

=

∫
BR

e2g̃

{
−1

4

[
ΔuR + 2∇uR · ∇g̃ − 2(f −∇K) · ∇uR

]2

+
1

4
[2∇uR · ∇g̃

− 2(f −∇K) · ∇uR]2 + 2(∇uR · ∇g̃)(f −∇K) · ∇uR

+ uRΔuR

(
−1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

+ 2uR(∇uR · g̃)
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)}
.(A.21)

Notice that

1

4

[
2∇uR · ∇g̃ − 2(f −∇K) · ∇uR

]2
+ 2(∇uR · ∇g̃)

[
(f −∇K) · ∇uR

]

=
[
∇uR · ∇g̃ − (f −∇K) · ∇uR

]2
+ 2(∇uR · ∇g̃)

[
(f −∇K) · ∇uR

]

=
[
∇uR · (∇g̃ + f −∇K)

]2
(A.22)

and∫
BR

e2g̃uRΔuR

(
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

= −
∫
BR

e2g̃

[
2uR∇uR · ∇g̃

(
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)]
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−
∫
BR

e2g̃|∇uR|2
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

−
∫
BR

e2g̃uR∇uR · ∇
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)
.(A.23)

Putting (A.22), (A.23) in (A.21), we get

d

dt

[
1

2

∫
BR

e2g̃|∇uR|2
]

+
1

4

∫
BR

e2g̃(ΔuR)2

≤
∫
BR

e2g̃|uR|2|∇g̃ + f −∇K|2

−
∫
BR

e2g̃|∇uR|2
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)

−
∫
BR

e2g̃uR∇uR · ∇
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)
.(A.24)

As before, we look for g̃ so that

|∇g̃ + f −∇K| ≤
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2 +

C

2

) 1
2

.

Hence it suffices to set g̃ so that

|∇g̃| ≤
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2 +

C

2

) 1
2

− |f | − |∇K|.

For such g̃, we have

d

dt

[
1

2

∫
BR

e2g̃|∇uR|2
]

+
1

4

∫
BR

e2g̃(ΔuR)2

≤ C

[
1

2

∫
BR

e2g̃|∇uR|2
]

+
1

2

∫
BR

e2g̃|∇uR|2

+
1

2

∫
BR

e2g̃u2
R

∣∣∣∣∇
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)∣∣∣∣
2

.(A.25)

We can choose g̃ so that

(A.26) e2g̃

∣∣∣∣∇
(

1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)∣∣∣∣
2

≤ e2g.

Inequalities (A.25) and (A.26) imply

d

dt

[
1

2

∫
BR

e2g̃|∇uR|2
]

+
1

4

∫
BR

e2g̃(ΔuR)2

≤ (c + 1)

∫
BR

1

2
e2g̃|∇uR|2 +

1

2
ect
∫
BR

e2gσ2(x).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

190 SHING-TUNG YAU AND STEPHEN S.-T. YAU

Hence

d

dt

[
e−(c+1)t

∫
BR

1

2
e2g̃|∇uR|2

]

= e−(c+1)t

[
d

dt

∫
BR

1

2
e2g̃|∇uR|2 − (c + 1)

∫
BR

1

2
e2g̃|∇uR|2

]

≤ 1

2
e−t

∫
BR

e2gσ2(x) − 1

4
e−(c+1)t

∫
BR

e2g̃(ΔuR)2,

which implies

e−(c+1)T

∫
BR

1

2
e2g̃|∇uR|2(T, x) −

∫
BR

1

2
e2g̃|∇uR|2(0, x)

≤ 1

2
T

∫
BR

e2gσ2(x) − 1

4

∫ T

0

e−(c+1)t

∫
BR

e2g̃(ΔuR)2(t, x).

It follows that

e−(c+1)T

∫
BR

1

2
e2g̃|∇uR|2(T, x) +

1

4
e−(c+1)T

∫ T

0

∫
BR

e2g̃(ΔuR)2(t, x)

≤
∫
BR

1

2
e2g̃|∇uR|2(0, x) +

1

2
T

∫
BR

e2gσ2(x),

and (A.20) follows immediately.

Appendix B. Existence of a weak solution for the DMZ equation. Let
Q = (0, T ) × R

n and let L2(Q) be the space of functions that are square integrable
over Q. The scalar product of two elements v1, v2 of L2(Q) is defined by the equation

(v1, v2) =

∫∫
Q

v1v2 dx dt.

The class of C∞ functions in Q with compact supports in Q will be denoted by
C∞0 (Q).

Definition B.1. A locally L2-integrable function is called a generalized derivative
of a locally L2-integrable function v(t, x) in Q with respect to x if for each Φ(t, x) ∈
C∞0 (Q) the equation

(B.1)

∫∫
Q

(
v
∂Φ

∂xk
+ wΦ

)
dx dt = 0

holds. In this case, we write w = ∂v
∂xk

. The generalized derivative with respect to t

and generalized derivatives of higher order are defined similarly (see [So]).
Remark B.2. If the sequence of functions vm(t, x) weakly tends to v(t, x) in the

space L2(Q) as m → ∞ and the norms of ∂vm

∂xk
in L2(Q) are uniformly bounded with

respect to m, then v(t, x) has a generalized derivative ∂v
∂xk

∈ L2(Q) and ∂vm

∂xk
weakly

tends to ∂v
∂xk

[So].
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Definition B.3. We denote by W 1(Rn) the space of functions φ(x) such that
φ(x) ∈ L2(Rn) and ∂φ

∂xi
∈ L2(Rn) for i = 1, . . . , n, with the scalar product

(B.2) (φ1, φ2)1 :=

∫
Rn

φ1(x)φ2(x) dx +

∫
Rn

n∑
i=1

∂φ1

∂xi

∂φ2

∂xi
dx.

We shall denote by W 1,1(Q) the space of functions v(t, x) for which v(t, x) ∈ L2(Q),
∂v(t,x)
∂xi

∈ L2(Q) (i = 1, . . . , n), and ∂v(t,x)
∂t ∈ L2(Q), with the scalar product

(B.3) (v1, v2)1,1 :=

∫∫
Q

v1(t, x)v2(t, x) dt dx +

∫∫
Q

( n∑
i=1

∂v1

∂xi

∂v2

∂xi
+

∂v1

∂t

∂v2

∂t

)
dx dt.

It is known [So] that W 1(Rn) and W 1,1(Rn) are complete. The norms in L2(Q),
W 1(Rn), and W 1,1(Q) will be written ‖v‖0, ‖v‖1, and ‖v‖1,1, respectively.

Remark B.4. It follows from the embedding theorems of Sobolev that a func-
tion of W 1,1(Q) can be modified on a set of measure zero in such a way that it
is L2-integrable on the section of the cylinder Q by any n-dimensional plane or n-
dimensional C1 surface. In particular, such a function is L2-integrable on the section
of Q by any plane t = constant. Moreover, the values of v(t, x) ∈ W 1,1(Q) on suffi-
ciently close n-dimensional planes will differ in mean by as little as we please [So]. In
particular, if v(t, x) ∈ W 1,1(Q) and v(x, 0) = φ(x), then

∫
Q

[v(t, x) − φ(x)]2 dx −→ 0
as t −→ 0.

Definition B.5. The subspace of W 1(Rn) consisting of functions that have
compact supports in R

n is written W 1
0 (Rn), and the subspace of W 1,1(Q) consisting

of functions v(t, x) which have compact supports in R
n for any t is written W 1,1

0 (Q).
Definition B.6. The function u(t, x) in W 1,1

0 (Q) is called a weak solution of
the initial value problem

(B.4)

⎧⎨
⎩
∑n

i,j=1
∂

∂xi

(
Aij(t, x) ∂u

∂xj

)
+
∑n

i=1 Bi(t, x) ∂u
∂xi

+ C(t, x)u = ∂u
∂t ,

u(0, x) = φ(x)

if for any function Φ(t, x) ∈ W 1,1
0 (Q) the following relation is valid:

(B.5)

∫∫
Q

[ n∑
i,j=1

Aij
∂u

∂xj

∂Φ

∂xi
−
( n∑

i=1

Bi
∂u

∂xi
+ Cu− ∂u

∂t

)
Φ

]
dx dt = 0

and u(0, x) = φ(x).
We now recall some facts concerning convergence in Hilbert spaces.
Remark B.7. A sequence {um}, in a Hilbert space H with scalar product (·, ·),

is said to be weakly convergent (to u) if the sequence {(um, f)} is convergent (to
(u, f)) for any f ∈ H. A weakly convergent sequence is bounded. From any bounded
sequence {um} in H one can extract a weakly convergent subsequence. If {um} is
weakly convergent to u, then there exists a subsequence {um′} whose arithmetic means
converge to u in the H norm (see [Fr, p. 273]).

Theorem B.8. Under the hypothesis of Theorem A.4 the robust DMZ equation
(1.6) on [0, T ] × R

n with initial condition σ0(x) ∈ W 1
0 (Rn) has a weak solution.

Proof. Let {Rk} be a sequence of positive number such that limk→∞Rk = ∞.
Let uk(x) be the solution of the robust DMZ equation (1.9) on [0, T ] × BRk

, where
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BRk
= {x ∈ R

n : |x| ≤ Rk} is a ball of radius Rk. Let

uk(t, x)

{
uRk

(t, x) if x ∈ BRk
,

0 if x /∈ BRk
,

σk(x)

{
σ0(x) if x ∈ BRk

,

0 if x /∈ BRk
.

In view of Theorems A.1 and A.4, the sequence {uk} is a bounded set in W 1,1
0 (Q).

By Remark B.7, there exists a subsequence {uk′} which is weakly convergent to u.

Moreover, u(t, x) has generalized derivative ∂u
∂xi

, ∂2u
∂x2

i
∈ L2(Q), and ∂uk′

∂xi
, ∂2uk′

∂x2
i

weakly

tend to ∂u
∂xi

, ∂2u
∂x2

i
, respectively. Now we claim that the weak derivative ∂u

∂t exists and

is equal to the right-hand side of (B.3). To see this, let Φ(t, x) ∈ W 1,1
0 (Q). Then∫∫ [

1

2
Δu− (f(x) −∇K) · ∇u−

(
1

2
|h|2 + div f − 1

2
ΔK

+ f · ∇K − 1

2
|∇K|2

)
u

]
Φ(t, x) dx dt

= lim
k′→∞

∫∫ [
1

2
Δuk′ − (f(x) −∇K) · uk′

−
(

1

2
|h|2 + div f − 1

2
ΔK

+ f · ∇K − 1

2
|∇K|2

)
uk′

]
Φ(t, x) dx dt

= lim
k′→∞

∫∫
∂uk′

∂t
Φ(t, x) dx dt

= − lim
k′→∞

∫∫
uk′

∂Φ

∂t
(t, x) dx dt

= −
∫∫

u
∂Φ

∂t
(t, x) dx dt.

Clearly u(0, x) = limk′→∞ uk′(0, x) = limk′→∞ σk′(x) = σ0(x).

Appendix C. Uniqueness of a weak solution for the DMZ equation. We
are now ready to establish the uniqueness of a weak solution for the DMZ equation.
We shall follow the notation in previous sections.

Theorem C.1. Let Q = (0, T ) × R
n. Assume that for some c > 0,

sup
0≤t≤T

∫
Rn

ecru2(t, x) dx < ∞,(C.1)

∫ T

0

∫
Rn

ecr|∇u(t, x)|2 dx dt < ∞,(C.2)

where r =
√
x2

1 + · · · + x2
n. Suppose that there exists a finite number α such that

(C.3)
∣∣∣ c
2
∇r + f −∇K

∣∣∣2 − 2

(
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

)
≤ α.

Then the weak solution u(t, x) of the robust DMZ equation on Q is unique.
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Proof. We only need to prove that u(t, x) = 0 on Q if u(0, x) = 0. By iteration,
we may assume that αT < 1. Let Φ ∈ C∞0 (Rn). According to the definition of weak
solution (B.5), we have

∫∫
Q

∂u

∂t
Φ dt dx = − 1

2

∫ T

0

∫
Rn

∇u · ∇Φ dx dt−
∫ T

0

∫
Rn

(f −∇K) · ∇uΦ dx dt

−
∫ T

0

∫
Rn

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]
uΦ dx dt.(C.4)

Replacing Φ by Φecr, we have

∫
Rn

u(T, x)Φecr = − 1

2

∫ T

0

∫
Rn

∇u · (ecr∇Φ) − c

2

∫ T

0

∫
Rn

Φecr∇r · ∇u

+

∫ T

0

∫
Rn

ecrΦ(−f + ∇K) · ∇u

−
∫ T

0

∫
Rn

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]
Φuecr

+

∫ T

0

∫
Rn

u
∂Φ

∂t
ecr.(C.5)

Approximating u by Φ in the W 1,1(Q) norm, we get

∫
Rn

u2(T, x)ecr = − 1

2

∫ T

0

∫
Rn

ecr|∇u|2 − c

2

∫ T

0

∫
Rn

uecr∇r · ∇u

+

∫ T

0

∫
Rn

ecru(−f + ∇K) · ∇u

−
∫ T

0

∫
Rn

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]
u2ecr

+

∫ T

0

∫
Rn

u
∂u

∂t
ecr

= − 1

2

∫ T

0

∫
Rn

ecr
{
|∇u|2 +

[
cu∇r − 2u(−f + ∇K)

]
· ∇u

}

−
∫ T

0

∫
Rn

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]
u2ecr

+

∫ T

0

∫
Rn

1

2
ecruΔu−

∫ T

0

∫
Rn

ecru(f −∇K) · ∇u

−
∫ T

0

∫
Rn

ecru2

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]

= −
∫ T

0

∫
Rn

ecr
{
|∇u|2 +

[
cu∇r − 2u(−f + ∇K)

]
· ∇u

}
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− 2

∫ T

0

∫
Rn

[
1

2
|h|2 + div f − 1

2
ΔK + f · ∇K − 1

2
|∇K|2

]
u2ecr

= −
∫ T

0

∫
Rn

ecr
∣∣∣∣∇u− cu

2
∇r − uf + u∇K

∣∣∣∣
2

+

∫ T

0

∫
Rn

ecru2

{∣∣∣∣ c2∇r + f −∇K

∣∣∣∣
2

−
(
|h|2 + 2 div f − ΔK + 2f · ∇K − |∇K|2

)}

≤ α

∫ T

0

∫
Rn

ecru2(t, x).(C.6)

By the mean value theorem, there exists T1 ∈ (0, T ) such that∫ T

0

∫
Rn

ecru2(t, x) = T

∫
Rn

ecru2(T1, x).

In view of (C.5), we have

(C.7)

∫
Rn

u2(T, x)ecr ≤ αT

∫
Rn

u2(T1, x)ecr.

By applying (C.5) successfully, there exists Tm ∈ (0, T ) such that

(C.8)

∫
Rn

u2(T, x)ecr ≤ (αT )m
∫

Rn

u2(Tm, x)ecr.

As αT < 1, we conclude that u = 0.
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Abstract. We present sufficient conditions for robust relay-delayed semiglobal stabilization of
second order systems, which relate the upper bound to an uncertain time delay and the parameters
of the plant. We also suggest an algorithm of delayed relay control gain adaptation for semiglobal
stabilization, which is based on delayed information about the sign of the controlled variable only.
The proposed algorithm suppresses bounded uncertainties in the time delay; that is, being designed
for the upper bound of uncertainty in the time delay, the control law ensures semiglobal stabilization
independently of any variable time delay obeying the given upper bound.
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1. Introduction.

1.1. Statement of the problem. We study the control problem for the second
order system

(1) αẍ(t) = −βẋ(t) + F (x(t), t) + u,

with positive constants α and β and some function F (x, t), satisfying

(2) F ∈ C1(R2), sup

∣∣∣∣∂F∂x
∣∣∣∣ < ∞.

The uncontrolled system

αẍ = −βẋ + F (x, t)

may be unstable, as, for example, in the case F (x, t) = kx, k > 0, and we propose to
stabilize it by a negative feedback of relay type:

(3) u = −K(t) · signx(t− τ),
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with a controllable bounded magnitude K(t) > 0 and a positive variable uncertain
delay τ , assumed to be a measurable function of t obeying the condition

(4) 0 < τ0(t) ≤ τ(t) ≤ h = const, t ≥ 0,

where τ0(t) is a positive nonincreasing function.
Our aim is to design a piecewise constant controller K(t), which provides a robust

semiglobal stabilization of the oscillation magnitude of the solutions to system (1),
(3).

1.2. Motivation. For the motivation, we point out that time delay in control
systems is usually present and must be taken into account. In practice, many systems
with time delay naturally admit relay controllers, in particular,

• systems which can work in switching modes, for example, power converters
(see, for example, [19]);

• systems with measuring devices that work in the switching mode and have
time delay, for example, controllers of exhausted gas in the fuel injector au-
tomotive control systems [15], which act with delay and, moreover, generate
relay signals only;

• sliding mode systems with delayed actuators, for example, the stabilizers of
the fingers for an underwater manipulator [2];

• mathematical biology systems as, for example, those considered in [12, 13].
It has been shown in [5, 6] that, in the simplest one-dimensional relay control

systems with a constant delay, only oscillatory solutions can occur. Moreover, any
such solution becomes periodic after a finite time interval, but only slowly oscillating
solutions are stable. The latter property is used to design an algorithm controlling
the motion amplitudes.

P.I. (proportional-integral) control algorithms for the amplitude control in one-
dimensional relay systems with delay in the input have been suggested in [1]. A Padé
approximation of delay that reduces the relay delay output tracking problem to the
sliding mode control for a nonminimum phase system was suggested in [16]. Delayed
relay control algorithms, suggested in [7, 8], allow one to reach local and nonlocal
stabilization of oscillations amplitudes for MIMO systems, respectively, with the use
of the delayed value of the magnitude of a current trajectory.

In [11], periodic properties of second order systems via relay-delayed controllers
based on the suboptimal control algorithm were investigated, whereas the article [3]
studies oscillations in first order systems, containing external forcing in the relay-
delayed control element.

1.3. The main result. Restrictions to the nonlinear element. Through-
out the paper we impose the following bound of the nonlinear term F (x, t) of (1):

(5) 0 ≤ F (x, t) − F (0, t)

x
≤ k0, x �= 0, t ≥ 0,

with some positive constant k0. Furthermore, we separate between the two situations:

(6) F (0, t) ≡ 0,

and

(7) |F (0, t)| ≤ δ, t ≥ 0, δ = const ∈ (0, 1),
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in which the suggested controller and the respective solutions to (1) and (3) behave
differently.

The initial value problem and the definition of the discontinuous ele-
ment. For system (1), (3), we state the initial value problem

(8) x(t) = ϕ(t), t ∈ [−h, 0], ϕ ∈ C0[−h, 0], ẋ(0) = ϕ̇(0),

by defining the initial data range to be the space C0[−h, 0] of continuous functions
ϕ : [−h, 0] → R, differentiable at the origin. We equip C0[−h, 0] with the norm

(9) ‖ϕ‖ = max
[−h,0]

|ϕ(t)| + |ϕ̇(0)|.

The fact that the functions ϕ ∈ C0[−h, 0] may vanish along intervals raises an
important issue of an appropriate choice of the values of the sign function at vanishing
arguments. From the control theory point of view, sign should be a binary sensor or
actuator; i.e., it takes the only values ±1. So we will define

(10) signx(t) =

⎧⎪⎪⎨
⎪⎪⎩

1 if x(t) > 0,

−1 if x(t) < 0,

ζ(t) if x(t) = 0,

where ζ(t) is any measurable function with |ζ(t)| = 1, and consider the solutions to
system (1), (3) in the sense of Carathéodory (see, for example, [9]).1

Then we have the following.
Lemma 1.1. The equation

αẍ(t) = −βẋ(t) + F (x(t), t) − sign x(t− τ),

satisfying (2), (4), and (7), with initial condition (8) supplied with (10), has a unique
continuous solution xϕ(t), t ∈ [−h,∞). Moreover, xϕ is differentiable in the interval
(0,∞), and its derivative is absolutely continuous and differentiable almost every-
where.

We omit the proof, which basically coincides with the proof of Lemma 1.1 in [17],
and notice only that the lower bound to τ in (4) is needed for an accurate justification
of the existence and uniqueness of the solution xϕ.

Remark 1. (i) The solutions x(t) to system (1), (3) considered in what follows
will satisfy the condition |F (x(t), t)| < K(t) (cf. the combination of bounds (5), (7),
and (20) and of Lemmas A.1, A.2, and A.3 below), and thus, in the same way as
in Lemma 1.1, the zero locus of such a solution x(t) in the interval t ≥ 0 will have
zero measure whatever the zero locus of the initial function ϕ(t) ∈ C0[−h, 0] is, and
hence the results do not depend on the choice of the function ζ(t) in (10) for t ≥ 0.
In particular, shifting the initial interval to [0, h], one obtains the zero locus of zero
measure for the (new) initial function, getting rid of any dependence of the function
ζ(t). In addition, ẋ(t) turns out to be differentiable almost everywhere.

(ii) The Filippov differential inclusion theory [4] commonly used for nondelayed
differential equations with discontinuity and intended to turn solutions into sliding

1The sliding modes cannot occur in the considered class of the systems. That is why it is not
necessary to use more complicated definitions of the solutions for relay systems with delay (see, for
example, [10, 14]).
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modes, i.e., motions along the discontinuity locus (see detailed accounts in [10] and
[14]), is not quite relevant in our situation. Indeed, the motion along the discontinuity
locus should correspond to the zero solution x(t) ≡ 0, which cannot be stable. The
reason is that, in the norm (9), the zero function ϕ(t) ≡ 0 can be approximated by
functions with at most one zero, which in turn generate either unbounded solutions
or solutions with the sup-norm separated from zero (see, for example, [17]). On the
other hand, an attempt to keep the zero level of an eventually vanishing solution leads
to the relation

(sign x(t− τ))
∣∣
x(t−τ)=0

= F (x(t), t),

which is not natural for a controller based on only delayed information.
The statement. We provide here a general statement, solving the stated prob-

lem, and leave the precise formulation for section 3.
Main result. Given system (1), (3) with F (x, t) satisfying (5), under certain

restrictions to α, β, h, δ, and k0, there exist positive constants c, T0,m, and ρ < 1
such that

(i) in the case (6), for

(11) K(t) = ρn, nT0 ≤ t < (n + 1)T0, n = 0, 1, 2, . . . ,

all of the solutions with max{|x(0)|, |ẋ(0)|} < c exponentially decay to zero;
(ii) in the case (7), for

(12) K(t) =

{
ρn, nT0 ≤ t < (n + 1)T0, n = 0, 1, 2, . . . ,m− 1,

ρm, t ≥ mT0,

all of the solutions with max{|x(0)|, |ẋ(0)|} < c come to a neighborhood of
zero, whose size is proportional to δ.

In section 3.1, we provide explicit formulas for all of the parameters α, β, h, δ,
and k0, and in section 5, we make a numerical simulation.

The meaning of main result is that, whenever the parameters of the system (1)
and the controller delay τ satisfy some explicitly written restriction, a control pre-
sented by a step function K(t) with a priori fixed switch moments and amplitudes
brings solutions to a prescribed neighborhood of zero. In other words, we propose an
algorithm for a robust semiglobal stabilization of the oscillation magnitude, based on
a retarded relay switching of the control gain, which requires only the knowledge of
the sign for the controlled variable in the past and allows us to reject uncertainty in
the time delay.

1.4. The ideas behind the main result. The idea of a piecewise constant
control function u(t) can be traced back to [6], where such a controller, acting with
a constant delay, has been used for an exponential stabilization of oscillations in the
first order system

ẋ(t) = F (x(t), t) − signx(t− h),

with F satisfying (5) and (6). The key observation was that, if k0h < log 2, the
solutions starting in a small neighborhood of zero cannot reach some critical value
|x| = M0 during the time interval h and then must return to the zero level, that is,
remain bounded and oscillating. Furthermore, for such solutions, sup |x(t)| < M1 <
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M0, and hence, switching the magnitude of sign from 1 to ρ = M1/M0 < 1 at the
moment t∗, with x(t∗) = 0, and making change x = ρx(1), we come to an equation

ẋ(1)(t) = F (1)(x(1)(t), t) − signx(1)(t− h),

with F (1) again satisfying (5) and (6), which in turn means |x(t)| < ρM0 as t ≥
t∗. Performing inductively the same procedure, one obtains exponentially decreasing
solutions. However, that controller was depending on the term F (x, t) and on the
current solution, which made it hard to realize in practice. This difficulty has been
resolved in [18], where a similar piecewise constant controller acting with a variable
uncertain bounded delay and having a priori fixed switches provided an exponential
decay of solutions with sufficiently small initial values.

In a similar way we obtain the main result for the second order system (1), (3).
The background property, established in [17], states that, under certain restrictions
on the positive parameters α, β, k,K, h, c, the solutions to the equation

αẍ = −βẋ + kx−K · signx(t− h),

which obey the initial conditions x(0) = 0, |ẋ(0)| < c, remain bounded by a constant
M , proportional to K, and, moreover, the derivatives ẋ(t∗) for all t∗ > 0, x(t∗) = 0,
belong to a smaller range (−c1, c1), where c1 < c. Here we extend this fact to the
case of arbitrary functions F (x, t) with bounded values and derivative and a variable
uncertain delay τ(t). So, again after a suitable period of time, we switch the controller
magnitude from K to ρK, with some ρ ∈ (c1/c0, 1), and make change x = ρx(1),
coming to an equation for x(1), analogous to (1), (3) and satisfying the hypotheses,
which provide |x(1)| < M and |ẋ(1)| < c, and, in particular, |x(t)| < ρM for large
t > 0.

To find suitable bounds to the given data, we model the “worst” behavior of
a solution to (1), (3), which means that the absolute value |x| maximally grows
against the negative feedback u intended to bring the solution to the zero level. That
is, if a solution starts at zero with some, say, positive derivative, we assume that
F (x, t) = δ + kx and τ = h, so that the feedback u remains positive on the largest
possible interval of length h. Then we assume that the value of the control undergoes
a switch only after a period of time h has elapsed, and we know that reversing the
sign of the control will eventually force the solution to reach a maximum. When the
maximum value is attained, we take F (x, t) = −δ and wait until the solution reaches
the next zero. We call the pieces of that worst solution majorating functions. They
are treated in the next section in order to precisely state the sufficient conditions for
the existence of the controller proposed in the main result, and these conditions finally
reduce to the claim that the absolute value of the derivative of the worst solution at
its zero is strictly greater than that value at the next zero.

2. Majorating functions.

2.1. Definition of the majorating functions. First, we point out that re-
striction (5) on the nonlinearity F (x, t) comes from the comparison of system (1),
(3) with the equation αẍ = −βẋ + k0x − signx(t − τ), and this makes it natural to
introduce the roots λ1 > 0 > λ2 of the characteristic equation αλ2 + βλ − k0 = 0,
which will play an important role in the further consideration.

In order to deal with uncertainty, we introduce a majorating function for the
actual response x(t). This function is intended to model “the worst type of behavior”
of the stable solutions to (1), (3). As previously stated, such solutions are periodic
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Fig. 1. Actual response x(t) and the majorating functions.

and slow. In Figure 1 we show (as a dotted line) the upper lobe of one of the periods.
Assuming that the distance between the neighboring zeros of x(t) is greater than h,
we can divide the interval between such zeros into three parts:

1. an interval between the current zero and the (first) control switch,
2. an interval between the control switch and the global extremum,
3. the remaining part from the extremum to the next zero.

For the first interval consider the equation

αÿ(t) = −βẏ(t) + k0y(t) + 1 + δ.

We assume that the control switch is delayed by h from the current zero, and, since
we are considering the upper lobe, the initial derivative is positive. Hence we impose

0 ≤ t ≤ h, y(0) = 0, ẏ(0) = a,

where a is a nonnegative parameter.
The family of functions yδ,a(t) (see Figure 1)

yδ,a(t) =
ak0 − λ2(1 + δ)

k0(λ1 − λ2)
eλ1t +

λ1(1 + δ) − ak0

k0(λ1 − λ2)
eλ2t − 1 + δ

k0

are the solutions of the previous equation.
For the second interval we introduce the solution

zδ,a(t) = − 2e−λ1h − 1 − δ − αaλ1

αλ1(λ1 − λ2)
eλ1t +

2e−λ2h − 1 − δ − αaλ2

αλ2(λ1 − λ2)
eλ2t

+
1 − δ

k0
(13)
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of the equation

αz̈(t) = −βż(t) + k0z(t) − 1 + δ, z(h) = yδ,a(h), ż(h) = ẏδ,a(h).

Suppose that 2e−λ1h − 1 > 0,

(14) δ < 2e−λ1h − 1,

and

(15) a <
2e−λ1h − 1 − δ

αλ1
.

This means, in particular, that the coefficients of eλ1t and eλ2t in (13) are negative.
Hence zδ,a(t) is a concave function, which in view of żδ,a(h) = ẏδ,a(h) > 0 has a unique
maximum in (h,∞). The maximum occurs at the time moment

(16) tδ,a =
1

λ1 − λ2
log

2e−λ2h − 1 − δ − αaλ2

2e−λ1h − 1 − δ − αaλ1
,

so for zδ,a(t) we add the restriction

h ≤ t ≤ tδ,a.

To keep the notation simple, we will set

(17) σδ � zδ,a(tδ,a).

For the last interval we introduce the equation

αẅ(t) = −βẇ(t) − 1 − δ.

In what follows, we will be more concerned about the value of the global extremum
σδ, rather than the time of its occurrence tδ,a, so we add

w(0) = σδ, ẇ(0) = 0,

which defines a majorating function which is shifted in time (see Figure 1). The
solution is given by

(18) wδ,σδ
(t) =

α(1 + δ)

β2
(1 − e−tβ/α) − 1 + δ

β
t + σδ,

which has a unique positive root t′ (see Figure 2).
Now we can build the majorating function. For any perturbation with a bound δ

satisfying (14) and an initial derivative a satisfying (15), the function

(19) φδ,a(t) �

⎧⎪⎨
⎪⎩

yδ,a(t), 0 ≤ t ≤ h,

zδ,a(t), h ≤ t ≤ tδ,a,

wδ,σδ
(t− tδ,a), tδ,a ≤ t ≤ t′ + tδ,a,

bounds from above the solutions to (1), (3) and their derivatives. We shall call φδ,a(t)
the worst solution to (1), (3).
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2.2. Properties of the majorating functions. The next property will play a
key role in the argumentation that follows.

Definition 2.1. A function φa(t) ∈ C1 is said to be differentially contractive
(DC) if, whenever it starts at a zero with a derivative belonging to some interval, its
derivative at the next zero belongs to a smaller interval.

Notice that φδ,a is continuous (see Figure 1). Its initial derivative a is taken from
the interval (15), and we want its terminal derivative

ξδ(σδ) � |ẇδ,σδ
(t′)|

to belong to a smaller interval.
To fulfill the DC property, we first use (18) to estimate t′

α(1 + δ)

β2
(1 − e−t

′β/α) =
1 + δ

β
t′ − σδ.

Due to żδ,a(tδ,a) = 0 and z̈δ,a(tδ,a) < 0, we have

(20) σδ =
1 − δ + βżδ,a(tδ,a) + αz̈δ,a(tδ,a)

k0
<

1 − δ

k0
.

Hence t′ ≤ θ, where θ is the positive root of the equation

(21)
α(1 + δ)

β2
(1 − e−θβ/α) =

1 + δ

β
θ − 1 − δ

k0
.

Notice that, given α, β, δ, k0, (21) always has a unique positive root θ, since the left-
hand side is a positive concave function of θ and the right-hand side is an increasing
linear function of θ, negative at the origin. Next, we have that

(22) ξδ(σδ) =
1 + δ

β
(1 − e−t

′β/α) ≤ 1 + δ

β
(1 − e−θβ/α).
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In view of the last inequality and (15) it is easy to see that φδ,a fulfills the DC property
if

(23)
1 + δ

β
(1 − e−θβ/α) <

2e−λ1h − 1 − δ

αλ1
.

To understand inequality (23), consider the equality

(24)
1 + δ

β
(1 − e−θ(k)β/α) =

2e−λ1(k)h − 1 − δ

αλ1(k)

as an equation to the unknown k with fixed α, β, δ. Here the left-hand side is a
bounded positive function of k, whereas the right-hand side drops from infinity to
negative values as k grows from zero to infinity. Hence (24) has positive roots,2 and
the minimal one among them we denote by kmin. So, finally, we reduce (23) to

(25) k0 < kmin,

which guarantees the DC property.
Remark 2. According to (20) the extremum σδ is bounded from above. We shall

call that bound σmax, i.e.,

σδ < σmax � 1 − δ

k0
.

Suppose that the extremum attains the maximum value in the current period; in view
of (20), the extremum at the following period satisfies

σ
(1)
δ � zδ,ξδ(σmax)(tξδ(σmax)) < σmax.

3. Main results in detail.
Definition 3.1. Denote by Φδ,a the set of functions ϕ ∈ C0[−h, 0] such that

either

ϕ−1(0) �= ∅, |ϕ(0)| ≤ yδ,a(−t∗), |ϕ̇(0)| ≤ ẏδ,a(−t∗),

where t∗ = maxϕ−1(0) > −h, or

ϕ
∣∣
(−h,0] �= 0, |ϕ(0)| ≤ zδ,a(t

∗), |ϕ̇(0)| ≤ żδ,a(t
∗)

for some t∗ ∈ [h, tδ,a].

3.1. Perturbations that vanish at the origin. Assume that δ = 0. In order
to simplify the notation, in this case we always skip the subindex δ (i.e., 0) in the
notation for t, ξ, σ,Φ, x, y, z.

Introduce the following parameter. Given

0 < a < b <
2e−λ1h − 1

αλ1
,

set

(26) ρ(a, b) � αa(λ1e
λ1h − λ2e

λ2h) + (eλ1h − eλ2h)

αb(λ1eλ1h − λ2eλ2h) + (eλ1h − eλ2h)
.

2It is an easy exercise to show that a positive root is unique, but we shall not need this fact.
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Clearly, ρ(a, b) < 1. Then introduce

(27) ρ � ρ(ξ(σ(1)), ξ(σmax)).

Notice that ρ is defined properly, since ξ is a strictly increasing function.
Theorem 1. Assume that F (x, t) and τ(t) satisfy (2), (4), (5), (6), and (25) with

δ = 0. Let a constant c satisfy

(28) 0 < c <
2e−λ1h − 1

αλ1
.

Put

K(t) =

⎧⎪⎨
⎪⎩

1 if 0 ≤ t < tc,

ρn if tc + ntξ(σmax) ≤ t < tc + (n + 1)tξ(σmax),

n = 0, 1, 2, . . . ,

where ρ is defined by (27), and tc and tξ(σmax) are the roots of zc(t) and zξ(σmax)(t),
respectively (see Figure 1).

Then any solution xϕ(t) to (1), (3), (8) with ϕ ∈ Φc obeys the restriction

(29) |xϕ(t)| ≤ 1

k0
exp

(
−
(

log
1

ρ

)
t− tc − tξδ(σmax)

tξδ(σmax)

)
, t ≥ tc + tξδ(σmax).

3.2. Perturbations that do not vanish at the origin. In realistic models,
F (0, t) does not vanish identically, so we’ll consider the case δ �= 0, but we’ll maintain
restriction (14). In this case, one can drive the system in a finite time to a neighbor-
hood of zero, proportional to δ. More precisely, we design a set of controllers, which
depend on one continuous and one discrete parameter. The parameters can be chosen
in their range according to the initial magnitude, the required rate of convergence,
and the size of the target neighborhood of zero. We remark only that one cannot
optimize the two latter values simultaneously.

Given δ satisfying (14), the range of a positive parameter ε is defined by the
inequality

(30)
1 + δ

β
(1 − e−θβ/α) +

δ

αλ1
<

2e−λ1h − 1 − ε

αλ1
.

Observe that (30) defines a nonempty interval, since it turns into (23) for ε = 0. Next
we choose any natural m ≥ 1 and put q = q(ε,m) to be the positive root of the
equation

(31)
1

q

(
1 − e−θβ/α

β
+

(1 − q)(eλ1h − eλ2h)

α(λ1eλ1h − λ2eλ2h)

)
+

δ

qm

(
1 − e−θβ/α

β
+

1

αλ1

)

=
2e−λ1h − 1 − ε

αλ1
.

Such a root does exist; furthermore, it is unique and belongs to the interval (0, 1).
Indeed, the left-hand side of (31) monotonically decreases from infinity to the left-hand
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side of (30), whereas the right-hand sides of (30) and (31) coincide. Furthermore,

(32)
1

q

(
1 − e−θβ/α

β
+

(1 − q)(eλ1h − eλ2h)

α(λ1eλ1h − λ2eλ2h)

)
+

δ

qm′

(
1 − e−θβ/α

β
+

1

αλ1

)

≤ 2e−λ1h − 1 − ε

αλ1

for all m′ ≤ m. At last, put

(33) T (ε) =
1

λ1
log

(1 − δ)(λ1 − λ2)

−λ2ε
.

Theorem 2. Under the hypotheses (2), (4), (5), (7), and (25) with δ > 0 satis-
fying (14), let ε obey (30). Put

(34) K(t) =

{
qs if sT (ε) ≤ t < (s + 1)T (ε), s = 0, 1, . . . ,m− 1,

qm if t ≥ mT (ε).

Then any solution xϕ(t) to (1), (3), (8), with ϕ ∈ Φδ,c, where

(35) c =
2e−λ1h − 1 − δ − ε

αλ1
,

obeys the restriction

(36) |xϕ(t)| ≤ qm − δ

k0
as t ≥ mT (ε).

Comments to Theorem 2.
(i) We point out that the parameters of u(t) depend only on h, k0, and the chosen

constants c, ε, m and do not depend on the function τ0(t) from (4); i.e., our feedback
−K(t) · signx(t− τ(t)) is robust with respect to an uncertain variable delay τ(t), as
well as a deviation of F (x, t) in the framework of restrictions (2), (7), (5), (25), (21).

(ii) If m → ∞ and ε → 0 in Theorem 2, then

qm → δ
αλ1(1 − e−θβ/α) + β

(2e−λ1h − 1)β − αλ1(1 − e−θβ/α)
,

and hence, the right-hand side of (36) tends to

(37) K0δ � 2(αλ1(1 − e−θβ/α) + β(1 − e−λ1h))

k0((2e−λ1h − 1)β − αλ1(1 − e−θβ/α))
δ.

(iii) The hypotheses (14), (25), and (30) in Theorem 2 contain restrictions to
the parameters of system (1), (3) in an implicit form. However, one can in principle
extract some explicit conditions from them. First of all, given α and β, the parameter
k0 must satisfy (25) for δ = 0. Suppose now that such α, β, and k0 are fixed, and
describe δ which meet the hypotheses (14), (25), and (30).

Condition (14) is an explicit upper bound to δ.
In turn, kmin = kmin(δ) in (25) is a strictly decreasing function of δ (indeed, when

δ grows, the allowed range for k0 must shrink), and this function is given by (21) and
(24). That is, (25) also can be written as an upper bound δ < (kmin)−1(k0).
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At last, condition (30) after removing ε (which can be arbitrarily small positive)
reduces to inequality (23), where θ comes from (21). It is not difficult to show that
the latter equation defines θ as a strictly decreasing function of δ. Inequality (23)
holds for δ = 0, since this is equivalent to the above assumption k0 < kmin

∣∣
δ=0

. Thus,
the left-hand side of (23) is a positive function of δ, whereas the right-hand side drops
from positive to negative as δ goes from zero to ∞. Equating both sides of (23), we
then obtain the minimal positive root δmin and finally reduce condition (30) to an
upper bound δ < δmin.

4. Control algorithm. We shortly describe how to apply Theorems 1 and 2.
One begins with a few common initial steps:

1. Given system (1), (3), obeying (2), (4), and (7) with known h > 0 and δ ≥ 0,
we start by solving simultaneously the equations

α(1 + δ)

β2
(1 − e−θmβ/α) =

1 + δ

β
θm − 1 − δ

km
,(38a)

1 + δ

β
(1 − e−θmβ/α) =

2e−λ1(km)h − 1 − δ

αλ1(km)
(38b)

with respect to positive unknowns km and θm.
2. Take the solution (km, θm), and verify that the given function F (x, t) satisfies

(5) with certain positive k0 < km; then find the positive root θ of (21).
3. Compute the roots λ1 > 0 > λ2 of the characteristic equation, and check the

validity of (14).

4.1. Perturbations that vanish at the origin. Perform steps 1–3 as de-
scribed above and then do the following.

4. Pick a constant c, satisfying (28), and compute the values of ξ(σmax), tc,
tξ(σmax), and ρ using the formulas of Theorem 1. Verify that the initial func-
tion ϕ belongs to Φc as described in Definition 3.1.

Remark 3. It is possible to set a limit n∗ to the maximum number of allowed
switches of the controller or to the time interval t ≤ t∗, when switches are allowed.
Pick n ≤ n∗ or n ≤ (t∗− tc)/tξ(σmax), respectively. The solution becomes bounded by
|x(t)| ≤ ρn/k0 after t ≥ t∗.

4.2. Perturbations that do not vanish at the origin. Again perform steps
1–3 as above, and then proceed in the following way.

4. Pick a positive ε satisfying (30), and compute T (ε) by (33).
5. For the last step there are three possibilities:

(a) Choose an upper bound m∗ to the number of allowed switches of the
controller, and pick m ≤ m∗.

(b) Set the size t∗ of the time interval when switches are allowed, and pick
m ≤ t∗/T (ε) .

In both cases solve (31) with respect to q. The solution will be bounded
according to (36).
(c) In this case we bring the solution to the δ(K0 +κ)-neighborhood of zero,

where K0 is taken from (37), and κ is a (relatively) small prescribed
positive parameter. Using (31) we compute

q =
B1 + B2

C + B2 − (1 − ε)/(k0(K0 + κ) + 1)
,
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where

B1 =
1 − e−θβ/α

β
, B2 =

(eλ1h − eλ2h)

α(λ1eλ1h − λ2eλ2h)
, C =

2e−λ1h − 1 − ε

αλ1
,

and, finally, put

m =

[
log(δ(k0(K0 + κ) + 1)/(1 − ε))

log q

]
+ 1.

5. Numerical example: Stabilization of an inverted pendulum. Consider
the stabilization problem of an inverted pendulum via a controller with uncertain
delay. The oscillations of an inverted pendulum with unit mass with such a controller
are described by

(39) ẍ + kẋ− p sinx + δ = u(t− τ(t)),

where k > 0 is a friction coefficient, p = g/l > 0, δ is uncertainty, and τ is an uncertain
time delay 0 < τ0(t) ≤ τ(t) ≤ h. Consider the case when k = 1 and p = g/l = 1.4. In
this case (39) takes the form

ẍ(t) = −ẋ(t) + 1.4 sin(x) + δ −K(t) sign(x(t− τ(t))),

with τ = 0.05 + 0.04 sin(t). It is clear that

α = β = 1 and F (x, t) = 1.4 sin(x) + δ

and that the bound

0 < τ0(t) ≤ τ(t) ≤ h = 0.1

holds.

5.1. Application of Theorem 1 (δ = 0). The solution to (38) is km =
2.69518, θm = 1.00498. A possible k0 < km that satisfies (5) is k0 = 1.5. For that k0

we use (21) to obtain θ = 1.42652. The roots of the characteristic equation are

λ1 = 0.82288 and λ2 = −1.82288.

The validity of (14) is easily verified: δ = 0 < 2e−λ1h − 1 = 0.84301.
Now we pick a constant c satisfying (28)

c = 1 <
2e−λ1h − 1

αλ1
= 1.0233.

Next, we have

ξ(σmax) =
1 − e−θβ/α

β
= 0.7599, tc = 5.26, tξ(σmax) = 2.294, ρ = 0.837.

Figure 3 shows the response of the system when the initial conditions are set to
ẋ(−h) = 1 and x(−h) = 0.05.
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Fig. 3. System’s response, δ = 0.
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Fig. 4. System’s response, δ = 0.05.

5.2. Application of Theorem 2 (δ = 0.05). The following parameters were
obtained as in the previous section:

km = 2.2854, k0 = 1.5, λ1 = 0.8229,

θm = 1.0438, θ = 1.3418, λ2 = −1.8229,

δ < 2e−λ1h − 1 = 0.7930.

Now we pick an ε = 0.15 satisfying (30) and evaluate T (ε) = 2.696. For the last
step we choose m = m∗ = 40 and obtain q = 0.9975.

The results are shown in Figure 4. The initial data were ẋ(−h) = 1 and x(−h) =
−0.05.
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6. Conclusions. The dynamics of the second order systems with a delayed relay
control is analyzed. Sufficient conditions for robust delayed relay semiglobal stabiliza-
tion of second order systems are found. Such conditions relate to the upper bound
of an uncertainty in time delay and the parameters of the plant. An algorithm for a
delayed relay control with gain adaptation is suggested. The algorithm is based on
delayed information about the sign of the controlled variable only. The proposed al-
gorithm suppresses bounded uncertainties in the time delay: Once being designed for
the upper bound of time delay in the given system, this control law ensures semiglobal
stabilization for any constant or variable time delay within the given constraint.

Appendix A. Proofs.

A.1. Preliminary estimates. In what follows we always suppose that τ(t) and
F (x, t) satisfy restrictions (4) and (7), respectively.

Lemma A.1. (i) Let

0 < a < b <
2e−λ1h − 1

αλ1
.

Then

ya(t) ≤ ρ(a, b)yb(t), ẏ0,a(t) ≤ ρ(a, b)ẏ0,b(t), 0 ≤ t ≤ h,(A.1)

za(t) ≤ ρ(a, b)zb(t), ż0,a(t) ≤ ρ(a, b)ż0,b(t), h ≤ t ≤ ta,(A.2)

with ρ(a, b) defined by (26).
(ii) Let 0 < q < 1 and a ≥ 0. Put

(A.3) δ1 =
δ

q
, a1 =

a

q
+

(1 − q)(eλ1h − eλ2h)

qα(λ1eλ1h − λ2eλ2h)
.

Then

q−1yδ,a(t) ≤ yδ1,a1
(t), q−1ẏδ,a(t) ≤ ẏδ1,a1

(t), 0 ≤ t ≤ h,(A.4)

q−1zδ,a(t) ≤ zδ1,a1(t), q−1żδ,a(t) ≤ żδ1,a1(t), h ≤ t ≤ tδ,a.(A.5)

Proof. (i) The first inequality in (A.1) follows from the second one, and, re-
spectively, the first inequality in (A.2) follows from the second inequality and from
(A.1).

The second inequality in (A.1) can be rewritten as

ρ(a, b) ≥ max
[0,h]

ẏa(t)

ẏb(t)
.

We have

ẏa(t)

ẏb(t)
=

aαΣ(t) + 1

bαΣ(t) + 1
, Σ(t) =

λ1e
λ1t − λ2e

λ2t

eλ1t − eλ2t
.

Since

d

ds

(
aαs + 1

bαs + 1

)
=

α(a− b)

(bαs + 1)2
< 0, Σ̇(t) = − (λ1 − λ2)

2e−t/α

(eλ1t − eλ2t)2
< 0,
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we obtain in view of (26)

max
[0,h]

ẏa(t)

ẏb(t)
=

ẏb(h)

ẏb(h)
= ρ(a, b).

We start proving the second inequality in (A.2) with the observation that ta < tb.
Then, in particular, ż0,b(t) > 0 as h ≤ t ≤ ta. Again we have to show that

ρ(a, b) ≥ max
h,ta]

ża(t)

żb(t)
= max

[h,ta]

A1(a)e
λ1t + A2(a)e

λ2t

A1(b)eλ1t + A2(b)eλ2t
,

where

A1(σ) = −(2e−λ1h − 1 − ασλ1), A2(σ) = 2e−λ2h − 1 − ασλ2.

Since

d

dt

(
A1(a)e

λ1t + A2(a)e
λ2t

A1(b)eλ1t + A2(b)eλ2t

)
=

(A1(a)A2(b) −A2(a)A1(b))(λ1 − λ2)e
−t/α

(A1(b)eλ1t + A2(b)eλ2t)2

and

A1(a)A2(b) −A2(a)A1(b) = α(b− a)(λ2(2e
−λ1h − 1) − λ1(2e

−λ2h − 1)) < 0,

we derive in view of (26) that

max
h,ta]

ża(t)

żb(t)
=

ża(h)

żb(h)
= ρ(a, b).

(ii) It is enough to establish the second inequality both in (A.4) and in (A.5).
The second inequality in (A.4) can be rewritten as

q ≥ max
[0,h]

ẏδ,a(t)

ẏδ1,a1
(t)

= max
[0,h]

aαΣ(t) + 1 + δ

a1αΣ(t) + 1 + δ1
.

Since

d

ds

(
aαs + 1 + δ

a1αs + 1 + δ1

)
= −1 − q

q
· a + (1 + δ)(αΣ(h))−1)

(a1αs + 1 + δ1)2
< 0

and Σ̇(t) < 0, we obtain

max
[0,h]

ẏδ,a(t)

ẏδ1,a1(t)
=

ẏδ,a(h)

ẏδ1,a1(h)
= q.

The second inequality in (A.5) follows, first, from the fact that the function q−1zδ,a(t)
solves the problem

αz̈ = −βż + k0z − q−1 + δ1, z(h) = q−1yδ,a(h), ż(h) = q−1ẏδ,a(h),

whereas the function zδ1,a1(t) solves the problem

αz̈ = −βż + k0z − 1 + δ1, z(h) = yδ1,a1(h), ż(h) = ẏδ1,a1(h),
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where yδ1,a1
(h) ≥ q−1yδ,a(h), ẏδ1,a1

(h) = q−1yδ,a(h), and, second, from the inequality
tδ,a ≤ tδ1,a1

. In turn, the latter relation is an immediate consequence of (16).
Lemma A.2. (i) Assume that t∗ > 0, t0 ∈ [t∗ − h, t∗], and that a ≥ 0 satisfies

(15). Let a solution xϕ(t) to the equation

(A.6) αẍ(t) = −βẋ(t) + F (x(t), t) − signx(t− τ(t))

be such that

(A.7) 0 ≤ xϕ(t∗) ≤ yδ,a(t
∗ − t0), ẋϕ(t∗) ≤ ẏδ,a(t

∗ − t0).

Then

xϕ(t) ≤ yδ,a(t− t0), ẋϕ(t) ≤ ẏδ,a(t− t0), t ∈ [t∗, t0 + h].

(ii) Assume that t0 ≥ 0 and that a ≥ 0 satisfies (15). Let a solution xϕ(t) obey
the conditions

xϕ(t) > 0, t ∈ (t0, t0 + h], xϕ(t0 + h) ≤ zδ,a(σ), ẋϕ(t0 + h) ≤ żδ,a(σ)

for some σ ∈ [h, tδ,a]. Then

xϕ(t) ≤ zδ,a(t− σ + t0 + h), ẋϕ(t) ≤ żδ,a(t− σ + t0 + h)

for all t ≥ t0 + h such that xϕ(t) ≥ 0.
Proof. (i) Since yδ,a(t) is a strictly increasing function, it is sufficient to consider

the case when ẋϕ(t) ≥ 0, t ∈ [t∗, t0 + h]. Then, in the interval [t∗, t0 + h), we have

αẍϕ(t) = −βẋϕ(t) + F (xϕ(t), t) ± 1 ≤ −βẋϕ(t) + k0xϕ(t) + 1 + δ,

which after a double integration turns into

ẋϕ(t) ≤ ẋϕ(t∗) e−β(t−t∗)/α +
1

α

∫ t

t∗
(k0xϕ(ξ) + 1 + δ)eβ(ξ−t)/αdξ,(A.8)

xϕ(t) − xϕ(t∗) ≤ 1 + δ

β
(t− t∗) +

α

β

(
ẋϕ(t∗) − 1 + δ

β

)
(1 − e−(t−t∗)/α)

+
k0

β

∫ t

t∗
xϕ(ξ)(1 − eβ(ξ−t)/α)dξ.(A.9)

Due to the monotonicity of the right-hand sides with respect to xϕ and ẋϕ, inequality
(A.7), and the fact that the substitution of yδ,a(t) for xϕ(t) turns (A.8) and (A.9) into
equalities, we obtain subsequently that xϕ(t) ≤ yδ,a(t− t0) and ẋ1,ϕ(t) ≤ ẏδ,aa(t− t0),
t ∈ [t∗, t0 + h].

(ii) Let xϕ(t) > 0 in an interval [t0 + h, t1) for some t1 > t0 + h. Since xϕ(t) is
positive in (t0, t0 + h], and τ(t) ≤ h, we obtain

αẍϕ(t) ≤ −βẋϕ(t) + k0xϕ(t) − 1 + δ, t ∈ [t0 + h, t1],
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and hence

ẋϕ(t) ≤ ẋϕ(t0 + h)e−β(t−t0−h)/α

+
1

α

∫ t

t0+h

(k0xϕ(ξ) − 1 + δ)eβ(ξ−t)/αdξ,(A.10)

xϕ(t) − xϕ(t0 + h) ≤ −1 − δ

β
(t− t0 − h)

+
α

β

(
ẋϕ(t0 + h) +

1 − δ

β

)
(1 − e−β(t−t0−h)/α)

+
k0

β

∫ t

t0+h

xϕ(σ)(1 − eβ(σ−t)/α)dσ.(A.11)

These relations are monotone with respect to xϕ and ẋϕ and thereby imply xϕ(t) ≤
za(t− σ + t0 + h), ẋϕ(t) ≤ ża(t− σ + t0 + h), t ∈ [t0 + h, t1], since the replacement of
xϕ(t) by za(t− σ + t0 + h) turns (A.10) and (A.11) into equalities.

Lemma A.3. For any nonnegative a satisfying (15), and any ϕ ∈ C0[−h, 0] such
that

(A.12) ϕ(0) = 0, ϕ̇(0) = a,

the solution xϕ(t) to (A.6) satisfies the following conditions:
• xϕ(t) has an unbounded zero locus;
• the first positive zero of xϕ(t) does not exceed tδ,a;
• if xϕ(t′) = 0 at t′ > 0, then xϕ vanishes at some t′′ ∈ (t′, t′ + tδ,ξδ((1−δ)/k0));
• xϕ(t) obeys the condition

|xϕ(t)| ≤ zδ,ξδ((1−δ)/k0)(tδ,ξδ((1−δ)/k0)) if t ≥ tδ,a,(A.13)

|ẋϕ(t)| ≤ ξδ((1 − δ)/k0) for all t ∈ x−1
ϕ (0) ∩ (0,∞).(A.14)

Proof. Step 1. We first show that xϕ(t) has a positive root. Assume on the
contrary that xϕ(t) > 0 for all t > 0. By Lemma A.2(i), xϕ(t) ≤ ya(t), ẋϕ(t) ≤ ẏa(t)
as t ∈ [0, h], and hence by Lemma A.2(i), xϕ(t) ≤ za(t) as t ≥ h. However, za(t)
becomes negative for large t, and so does xϕ. Furthermore, we obtain that x(t)
vanishes at some point t1 ≤ ta, where ta denotes the positive zero of za(t). The same
argument provides the upper bound |xϕ(t)| ≤ za(ta) in the interval (0, t1).

Step 2. We intend now to estimate |ẋϕ(t1)|. Change sign of xϕ so that xϕ(t) < 0
as t ∈ (0, t1). Let t′ = max{t ∈ (0, t1) | ẋϕ(t) = 0}. Since |xϕ(t′)| ≤ za(ta) < 1

k0
, in

the interval [t′, t1], we have

(A.15) αẍϕ(t) = −βẋϕ(t) + F (xϕ(t), t) ± 1 < −ẋϕ(t) + 1,

which yields

ẋϕ(t) < 1 − e(t′−t)/α < 1, t ∈ [t′, t1].

Furthermore, xϕ(t) is strongly increasing in [t′, t1], and then we can choose it as a
variable and rewrite (A.15) in the form

α
dẋϕ

dxϕ
ẋ1,ϕ + ẋϕ < 1

0≤ẋϕ<1
=⇒

∫ ẋϕ(t1)

0

αẋϕ

1 − ẋϕ
dẋ1,ϕ < −xϕ(t′).
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The latter formula turns into the relation for ξ(1/k0), when replacing “<” by “=”
and −xϕ(t′) by 1

k0
. Hence ẋϕ(t1) < ξ(1/k0).

Step 3. Observe now that (23) is equivalent to

ξ

(
1

k0

)
<

2e−λ1h − 1

αλ1
.

That is, xϕ(t − t1) satisfies the hypotheses of Lemma A.3, and one can proceed
inductively, proving the statements of the lemma for the whole interval [0,∞).

A.2. Proof of Theorem 1. In the interval [0, tc + tξ(1/k0)], we have xu,ϕ(t) =
xϕ(t). Hence the conditions imposed on the set Φc ⊂ C0[−h, 0] and Lemmas A.2
and A.3 yield that |xu,ϕ(t)| ≤ 1

k0
as t ∈ [0, tc] and (xu,ϕ)−1(0) ∩ (0, tc] �= ∅. Further-

more, for any t∗ ∈ (xu,ϕ)−1(0) ∩ (0, tc], we have |ẋu,ϕ(t∗)| ≤ ξ(1/k0). Next we apply
Lemmas A.2 and A.3 to xu,ϕ restricted to the interval [tc, tc+tξ(1/k0)] and obtain that
|xu,ϕ(t)| ≤ zξ(1/k0)(tξ(1/k0)) if t ∈ [tc, tc + tξ(1/k0)], the set (xu,ϕ)−1(0)∩(tc, tc+tξ(1/k0)]
is nonempty, and, for any t∗ ∈ (xu,ϕ)−1(0)∩(tc, tc+tξ(1/k0)], it holds that |ẋu,ϕ(t∗)| ≤
ξ(zξ(1/k0)(tξ(1/k0))).

In the interval [tc + tξ(1/k0), tc + 2tξ(1/k0)], we have

αẍu,ϕ(t) = −βẋu,ϕ + F (xu,ϕ(t), t) − ρ · signxu,ϕ(t− τ(t)).

The variable change xu,ϕ(t) = ρ · x(1)
u,ϕ(t), t ∈ [tc + tξ(1/k0), tc + 2tξ(1/k0)], leads to the

equation

α
d2

dt2
x(1)
u,ϕ(t) = −β

d

dt
x(1)
u,ϕ(t) +

1

ρ
F (ρx(1)

u,ϕ(t), t) − signx(1)
u,ϕ(t− τ(t)).

Observe that the function F (1)(x, t) := 1
ρF (ρx, t) satisfies restrictions (2) and (5).

Put

(A.16) s = max
(
(xu,ϕ)−1(0) ∩ [0, tc + tξ(1/k0)]

)
.

Assume, first, that s > tc + tξ(1/k0) − h. Then by Lemma A.2(i)

|xu,ϕ(tc + tξ(1/k0))| ≤ yξ(zξ(1/k0)(tξ(1/k0)))(tc + tξ(1/k0) − s),

|ẋu,ϕ(tc + tξ(1/k0))| ≤ ẏξ(zξ(1/k0)(tξ(1/k0)))(tc + tξ(1/k0) − s).

Consequently, by Lemma A.1(i) and by the definition of ρ,

|x(1)
u,ϕ(tc + tξ(1/k0))| ≤ yξ(1/k0)(tc + tξ(1/k0) − s),∣∣∣∣ ddtx(1)
u,ϕ(tc + tξ(1/k0))

∣∣∣∣ ≤ ẏξ(1/k0)(tc + tξ(1/k0) − s);

that is, x
(1)
u,ϕ(t− tc − tξ(1/k0)) satisfies the conditions of Lemmas A.2(i) and A.3 with

a = ξ(1/k0).
Now assume that s from (A.16) satisfies s ≤ tc + tξ(1/k0) − h. Then by Lemma

A.2(ii)

|xu,ϕ(tc + tξ(1/k0))| ≤ zξ(zξ(1/k0)(tξ(1/k0)))(σ),

|ẋu,ϕ(tc + tξ(1/k0))| ≤ żξ(zξ(1/k0)(tξ(1/k0)))(σ)
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for some σ ∈ [h, tξ(zξ(1/k0)(tξ(1/k0)))]. Consequently, by Lemma A.1(i) and by the
definition of ρ,

|x(1)
u,ϕ(tc + tξ(1/k0))| ≤ zξ(1/k0)(σ),

∣∣∣∣ ddtx(1)
u,ϕ(tc + tξ(1/k0))

∣∣∣∣ ≤ żξ(1/k0)(σ),

and here h ≤ σ ≤ tξ(zξ(1/k0)(tξ(1/k0))) < tξ(1/k0). Hence x
(1)
u,ϕ(t − tc − tξ(1/k0)) satisfies

the conditions of Lemmas A.2(ii) and A.3 with a = ξ(1/k0).
Under both of the assumptions, Lemmas A.2 and A.3 yield that

|x(1)
u,ϕ(t)| ≤ zξ(1/k0)(tξ(1/k0)), t ∈ [tc + tξ(1/k0), tc + 2tξ(1/k0)],

the set (x
(1)
u,ϕ)−1(0) ∩ (tc + tξ(1/k0), tc + 2tξ(1/k0)] is nonempty, and∣∣∣∣ ddtx(1)

u,ϕ(t∗)

∣∣∣∣ ≤ ξ(zξ(1/k0)(tξ(1/k0)))

as t∗ ∈ (x
(1)
u,ϕ)−1(0) ∩ (tc + tξ(1/k0), tc + 2tξ(1/k0)]. These properties of x

(1)
u,ϕ|[tc+tξ(1/k0),

tc+2tξ(1/k0)] coincide with the aforementioned properties of xu,ϕ|[tc,tc+tξ(1/k0)]. Thus,
one can proceed inductively, defining

xu,ϕ(t) = ρnx(n)
u,ϕ(t), t ∈ [tc + ntξ(1/k0), tc + (n + 1)tξ(1/k0)], n = 2, 3, . . . ,

and deriving

|x(n)
u,ϕ(t)| ≤ zξ(1/k0)(tξ(1/k0)), t ∈ [tc + ntξ(1/k0), tc + (n + 1)tξ(1/k0)].

The upper bound (29) follows immediately.

A.3. Proof of Theorem 2. In the interval [0, T (ε)], we have xu,ϕ(t) = x1,ϕ(t).
The conditions imposed on the set Φc ⊂ C0[−h, 0] and Lemmas A.2 and A.3 yield
that |xϕ(t)| ≤ 1−δ−ε

k0
as t ≥ 0 and that (xu,ϕ)−1(0) ∩ (0, tδ,c] �= ∅.

Indeed, using (13) for the equation zδ,c(tδ,c) = 0, we obtain

2e−λ1h − 1 − δ − αcλ1

αλ1(λ1 − λ2)
eλ1tδ,c <

1 − δ

k0
,

tδ,c <
1

λ1
log

(1 − δ)αλ1(λ1 − λ2)

k0(2e−λ1h − 1 − δ − αcλ1)
=

1

λ1
log

(1 − δ)(λ1 − λ2)

−λ2ε
= T (ε)

(cf. (33) and (35)). Furthermore, we have |ẋϕ(t∗)| < ξδ((1 − δ)/k0) for any t∗ ∈
(xϕ)−1(0) ∩ (0, T (ε)]. That means xϕ(T (ε)) and ẋϕ(T (ε)) satisfy the hypotheses of
Lemma A.2(i) or (ii) with a = ξδ(σδ), σδ being defined by (17). Furthermore, using
(20) and (22), we obtain

a = ξδ(σδ) =
1 + δ

β
(1 − e−t

′β/α) =
β

α

(
1 + δ

β
t′ − σδ

)

>
β

α

(
1 + δ

β
t′ − 1 − δ

k0

)
=⇒ t′ < θ

=⇒ a <
1 + δ

β
(1 − e−θβ/α).(A.17)
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In the interval [T (ε), 2T (ε)), we have K(t) = q, and the variable change xu,ϕ(t) =
qx(1)(t) leads to the equation

α
d2

dt2
x(1)(t) = −β

d

dt
x(1)(t) + F1(x

(1)(t), t) − signx(1)(t− τ(t)), t ∈ [T (ε), 2T (ε)),

where F1(x, t) := q−1F (qx, t) obeys restriction (5) and restriction (7) with δ replaced
by δ1 = δ/q. In view of (A.17) and by Lemma A.1(ii), x(1)(t) satisfies the conditions
of Lemma A.2 with F , δ, a replaced, respectively, by F1, δ1, a1 defined in (A.3).
Moreover,

a1 =
a

q
+

(1 − q)(eλ1h − eλ2h)

qα(λ1eλ1h − λ2eλ2h)
<

1 + δ

qβ
(1 − e−θβ/α) +

(1 − q)(eλ1h − eλ2h)

qα(λ1eλ1h − λ2eλ2h)

≤ 2e−λ1h − 1 − δ/q − ε

αλ1
=

2e−λ1h − 1 − δ1 − ε

αλ1
,(A.18)

the first inequality following from (A.17) and the second one from (32). We obtain
also that

|xu,ϕ(t)| = q|x(1)(t)| ≤ q
1 − δ1
k0

=
q − δ

k0
.

Relation (A.18) allows one to continue the procedure inductively by defining K(t)
by (34) and the functions x(s)(t), t ≥ sT (ε), by the formula xu,ϕ(t) = qsx(s)(t) for
s = 1, . . . ,m. Inequality (36) follows immediately.
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CONTROLLED STOCHASTIC DIFFERENTIAL EQUATIONS
UNDER CONSTRAINTS IN INFINITE DIMENSIONAL SPACES∗
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Abstract. In this paper we study the compatibility (or viability) of a given state constraint
K with respect to a controlled stochastic evolution equation in a real Hilbert space H. We allow
the noise to be a cylindrical Wiener process and admit an unbounded linear operator in the state
equation. Our assumptions cover, for instance, controlled heat equations with space-time white
noise. Our main result is to prove that if K is ε-viable, then the square of the distance from K:
d2
K(x) := infy∈K |x− y|2 is a viscosity supersolution of a suitable class of fully nonlinear Hamilton–

Jacobi–Bellman equations in H. This extends already obtained results into the finite dimensional
case. We use the definition of viscosity supersolutions for “unbounded” elliptic equations in infinite
variables that have been recently introduced by Świȩch and Kelome. We discuss several cases where
the above necessary condition is also sufficient.

Key words. viability, stochastic control
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1. Introduction. We investigate the (approximate) compatibility of the
controlled stochastic differential equations

(1.1) dXt = (AXt + F (Xt, ut)) dt + G(Xt, ut)dWt, t ≥ 0,

with the state constraint

Xt ∈ K for every t ≥ 0.

The constraint set K is a closed subset of a separable Hilbert space H. A com-
plete right continuous filtration F = (Ft)t≥0 is given on a complete probability space
(Ω,F , P ). The process W is a cylindrical Brownian motion on a separable Hilbert
space Ξ. The control ut is an F-progressively measurable process from u : [0,∞[×Ω
into a bounded closed subset U of a given Banach space. We denote by U the set of all
controls. The assumptions on the functions F : H × U → H, G : H × U → L(Ξ, H),
and on the linear operator A : D(A) ⊂ H → H will be discussed later in this section.

A solution Xt of (1.1) is said to be compatible (or viable) with the constraint K
if and only if for all t ≥ 0 we have Xt ∈ K P almost surely. Noticing that a viable
trajectory Xt satisfies

E

[∫ +∞

0

e−Ctd2
K(Xt)dt

]
= 0
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(where dK(x) = infy∈K |x−y| is the distance to K and C > 0 a constant), we say that
the constraint K is ε-viable (or approximatively compatible) for the control system
(1.1) if and only if there exists a constant C large enough such that, for x ∈ K,

(1.2) inf
u∈U

E

[∫ +∞

0

e−Ctd2
K(Xx,u

t )dt

]
= 0,

where Xx,u denotes the solution of (1.1) associated with the initial condition Xx,u
0 = x

and with the control u ∈ U . Remark that, obviously, when the infimum in (1.2) is
achieved, we obtain a viable trajectory Xt.

Our main aim consists of characterizing of K for the control system (1.1).
Since pioneering work of Nagumo [26] for deterministic differential equations,

this problem has been solved for deterministic control systems in various cases (see
[1] and its bibliography). For finite dimensional stochastic control a characterization
of viability has been obtained in [2, 3, 4, 17] through stochastic tangent cones to the
set K. Also in finite dimension, another characterization has been obtained in [7]
through the distance function to the set K. We refer the reader to [8, 9, 10, 28] for
various extensions and applications of this method.

The characterization of [7] is crucially based on the Hamilton–Jacobi–Bellman
equation

(1.3) Ψ(x, V (x), DV (x), D2V (x))〉 = 0, x ∈ R
n,

satisfied by the value function

(1.4) x ∈ R
n �→ V (x) := inf

u∈U
E

[∫ +∞

0

e−Ctd2
K(Xx,u

t )dt

]
.

Indeed, the result of [7] says that K is viable if and only if the map x �→ d2
K(x) is a

viscosity supersolution to (1.3). The proofs relies on Ito’s calculus and on comparison
theorem for sub- and supersolutions to (1.3).

In the infinite dimensional case, we are facing several difficulties we wish to point
out:

• the meaning of solutions to (1.1) (mild solutions see [12, 13]),
• the relation between K and the domain of the operator A,
• the comparison result for a Hamilton–Jacobi equation is not valid in general

(see [24, 30] for a particular case),
• the fact that the Brownian motion is cylindrical forbids a direct application

of Ito’s calculus,
• the lack of compactness and the consequent difficulty in proving existence

of optimal controls for (1.4) (see [18, 19] for some results in the direction of
existence of relaxed controls).

For the viability in Hilbert spaces, we mention the approach of [27] in the uncon-
trolled case and when both K and the coefficients of the state equation are regular
and the Brownian motion is finite dimensional. This approach is based on a tangent
characterization of the viability and on a Wong–Zakai approximation of the noise.
We notice that, for such an approach, the above mentioned smoothness assumptions
seem to be crucial; this precludes, for instance, applicability of the method if the
coefficients of the equation are evaluation (Nemitskii) operators even if the noise is
finite dimensional.

In contrast our method is concerned with the fully controlled case with a cylindri-
cal Brownian motion. Namely, we propose a new criterion for ε-viability of controlled
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systems extending results of [2, 3, 4, 7, 17] in both directions: the case where the state
variable lies in a Hilbert space, and the case where the Brownian motion is infinite
dimensional (cylindrical).

Let us explain how this paper is organized.
In section 1, we set the problem recalling the notion of mild solution and giving

hypothesis on the control system.
In section 2, we provide a necessary condition for ε viability for a closed convex

set K. This condition says that the function x �→ d2
K(x) is a viscosity supersolution

of a suitable Hamilton–Jacobi–Bellman equation. This relies on two different classes
of modification of the original state equation (beside usual approximations obtained
replacing unbounded operator A by its Yosida approximations):

(a) the first modified equation is the stochastic differential equation, which is the
equation satisfied by E[Xx,u

t |Fm
∞], where Fm

t = σ{Wm
s , s ≤ t} ∨ NP is the filtra-

tion generated by the projection Wm of the cylindrical Brownian motion on the m
dimensional space spanned by the m first elements of an orthonormal base of Ξ.

(b) the second equation is obtained by replacing W by Wm in the original (1.1).
The idea of introducing the previous modified equations in due to the following

easy observation: If Xx,u
t is viable in a convex set K, so is E[Xx,u

t |Fm
∞]. It is worth

pointing out that modified equations (a) and (b) are not needed when W is trace
class: in this case we are able to consider (possibly) nonconvex closed sets.

Then we explain how our general necessary condition can be simplified for more
smooth sets as linear spaces, balls.

Section 3 is devoted to cases when the necessary condition of section 2 is also
sufficient. This can be obtained for instance when K is a closed ball. We also prove
that when K is a locally compact linear subset then necessarily K is contained in the
domain of the operator A (we give an alternative proof of the result in Nakayama
[27]). In this last case we again prove that the necessary condition of section 2 is also
sufficient. Finally, we consider the spacial case in which the noise is trace class and
the diffusion has the restrictive regularity properties required in [24]. In that case
we are able to prove that the necessary condition is also sufficient for all sets K (not
necessarily convex) such that the distance d2

K is lower semicontinuous with respect to
weak topology (this is, for instance, the case when K is locally compact). The result
is obtained by a comparison principle for viscosity solutions with an argument similar
to the finite dimensional case; see [30, 24].

Section 4 is concerned with the application of our results to a semilinear heat
equation. The characterization of the ε-viability is deduced for simple sets like balls
and locally compact smooth sets.

2. Statement of the problem. We will be dealing with the following state
equation:

(2.1)

{
dXx,u

t = (AXx,u
t + F (Xx,u

t , ut)) dt + G(Xx,u
t , ut)dWt, t ≥ 0,

Xx,u
0 = x.

We work under the following general assumptions and notations:
• (H, 〈., .〉) , (Ξ, 〈., .〉Ξ) are separable real Hilbert spaces. By L(Ξ, H) we denote

the space of bounded linear operators Ξ → H. Moreover, by L2(Ξ, H) we
denote the subspace of L(Ξ, H) given by all Hilbert–Schmidt operators. We
endow L2(Ξ, H) with its natural Hilbertian norm.

• If φ is a Fréchet differentiable map H → R by Dφ, then we always denote its
Fréchet derivative.
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• (Ω,F , P ) is a complete probability space and F = (Ft)t≥0 is a filtration
defined on (Ω,F , P ) that we assume to be complete and right-continuous.

• W is Ξ valued cylindrical Wiener process with respect to the filtration F.
• A is an unbounded linear operator A : H ⊃ D(A) −→ H and we assume that

A is an m-dissipative operator (that is, 〈Ax, x〉 ≤ 0, for all x ∈ D(A), and
(I −A) is invertible). Consequently, A is the generator of a C0 semigroup of
contractions (Tt)t≥0.

• E is a real separable and reflexive Banach space and U ⊂ E is a bounded
closed subset. The space U is endowed with the Borel σ-field B(U) and
U = L0

F
(R+;U) is the set of all F-progressively measurable processes u :

[0,∞[×Ω → U .
• F : H × U → H, G : H × U → L(Ξ, H) satisfy, for suitable C ∈ R+ and

γ ∈ (0, 1/2) and for all t > 0, u ∈ U, x, y ∈ H,

|F (x, u) − F (y, u)| ≤ C|x− y|, |F (x, u)| ≤ C, |G(x, u)|L(Ξ,H) ≤ C,(2.2)

|TtG(x, u) − TtG(y, u)|L2(Ξ,H) ≤ C(1 ∧ t)−γ |x− y|,(2.3)

|TtG(x, u)|L2(Ξ,H) ≤ C(1 ∧ t)−γ .(2.4)

• For all x ∈ H and t > 0, F (x, ·) : U → H and TtG(x, ·) : U → L2(Ξ, H) are
continuous.

• There exists an orthonormal basis {ei, i ∈ N} in Ξ such that, for all i ∈ N

and all u ∈ U , x, y ∈ H,

(2.5) |G(x, u)ei −G(y, u)ei| ≤ Ci|x− y|,

where Ci ∈ R are suitable constants. The basis {ei, i ∈ N} will be fixed
throughout this paper.

Remark 2.1. We could relax the assumption on dissipativity of A just requir-
ing that A − λI is m-dissipative for a suitable constant λ. This would only slightly
complicate the computations.

We recall that an F-progressively measurable process Xx,u such that E[sups∈[0,T ]

|Xx,u
s |2] < +∞ is a mild solution of (2.1) if P -a.s. for all t > 0:

(2.6) Xx,u
t = Ttx +

∫ t

0

Tt−sF (Xx,u
s , us)ds +

∫ t

0

Tt−sG(Xx,u
s , us)dWs.

The following existence and uniqueness result is standard under the present assump-
tions (see [12, 16]). The convergence result follows by a straightforward application of
a parameter depending contraction argument exactly as in the proof of Proposition
3.2 in [16].

Lemma 2.2. For all x ∈ H and u ∈ U there exists a unique mild solution Xx,u

of (2.1). Moreover, for every p ≥ 1 we can find a constant Cp ∈ R such that, for all
x ∈ H, u ∈ U , T > 0,

E sup
s∈[0,T ]

|Xx,u
s |p ≤ exp(CpT )(1 + |x|p).

Finally, if {un : n ≥ 1} ⊂ U and u ∈ U are such that un → u in measure ds dP , then

E sup
s∈[0,T ]

|Xx,un

s −Xx,u
s |p → 0.
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Our objective is to find conditions on A,F,G under which K is ε-viable for the
above stochastic differential equation (SDE).

Let us now recall the definition of (ε-)viability. We use the notation in dK(x) :=
infy∈K |x− y|, x ∈ H.

Definition 2.3. A closed subset K ⊂ H is ε-viable if there exists a constant C
large enough such that, for x ∈ K,

(2.7) inf
u∈U

E

[∫ +∞

0

e−Ctd2
K(Xx,u

t )dt

]
= 0.

Obviously, if K is viable for (1.1), then it is also ε-viable. The converse is true
if the infimum is achieved in (2.7) for every x ∈ K. In the infinite dimensional case
there are not good conditions on the dynamics ensuring the existence of an opti-
mal control in (2.7); we have only the existence of ε-optimal controls. In contrast,
in the finite dimensional case (H = R

n and A ≡ 0), the existence of such an op-
timal control could be obtained assuming conditions on the right-hand side of the
control system (see [15]) and it is then possible to study the viability instead of
ε-viability [7].

We recall now the following characterization result in finite dimensional space.
Theorem 2.4 (see [7]). Suppose that the spaces H and Ξ are finite dimensional

and A ≡ 0.
Then the closed nonempty set K ⊂ H is ε-viable w.r.t. (2.1) if and only if there

exists C > 0 (large enough) such that d2
K is a viscosity supersolution of the following

HJB-equation:

(2.8) Ψ(x, V (x), DV (x), D2V (x)) = 0, x ∈ H,

where

(2.9) Ψ(x, v, p,X) = − inf
u∈U

(
1

2
Tr〈XG(x, u)G(x, u)�〉 + 〈F (x, u), p〉

)
+Cv− d2

K(x).

In Hilbert spaces, our method will use two different classes of modifications of the
state equation which we introduce now.

For the orthonormal basis {(ei) : i ∈ N} in Ξ fixed above we put βi
t := 〈Wt, ei〉.

By construction {(βi) : i ∈ N} is a sequence of mutually independent 1-dimensional
Brownian motions and Wm

s :=
∑m

i=1 β
i
tei is an m-dimensional Brownian motion.

We set Fm
t = σ{Wm

s , 0 ≤ s ≤ t}∨NP , Fm,M
t = σ{βi

s, 0 ≤ s ≤ t,m+1 ≤ i ≤ M}∨
NP , t ∈ [0,+∞) (here NP is the set of all P -null sets). Moreover, Fm

∞ = σ
(⋃

t>0 Fm
t

)
,

Fm,M
∞ = σ(

⋃
t>0 F

m,M
t ). Finally, by F

m = (Fm
t )t≥0, F

m,M = (Fm,M
t )t≥0 we denote

the corresponding filtrations.
We now define Y x,u,m

t := E(Xx,u
t |Fm

∞). It is easy to verify that Y x,u,m
t satisfies

(2.10)

Y x,u,m
t = Ttx +

∫ t

0

Tt−sE(F (Xx,u
s , us)|Fm

∞)ds +

∫ t

0

Tt−sE(G(Xx,u
s , us)|Fm

∞)dWm
s

or, writing formally, we get
(2.11){

dY x,u,m
t =AY x,u,m

t dt + E(F (Xx,u
t , ut)|Fm

∞)dt + E(G(Xx,u
t , ut)|Fm

∞)dWm
t , t ≥ 0,

Y x,u,m
0 =x.
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Remark 2.5. The idea related to the introduction of the processes Y x,u,m is the
following. Since K is convex if P{Xx,u ∈ K} = 1, then P{Y x,u,m ∈ K} = 1 for all
m ∈ N.

We shall also consider the equation obtained from (2.1) by replacing W by its
projections Wm, namely

{
dXx,u,m

t = AXx,u,m
t dt + F (Xx,u,m

t , ut)dt + G(Xx,u,m
t , ut)dW

m
t , t ≥ 0,

Xx,u,m
0 = x.

(2.12)

As in the case of the original (2.1) we have the following lemma.
Lemma 2.6. For all x ∈ H, m ∈ N, and u ∈ U there exists a unique mild solution

Xx,u,m of (2.12). Moreover, for all p ≥ 1 we can find a constant Cp ∈ R such that,
for all x ∈ H, m ∈ N, u ∈ U , and T > 0,

E sup
s∈[0,T ]

|Xx,u,m
s |p ≤ exp(CpT )(1 + |x|p).

Finally, if {un : n ≥ 1} ⊂ U and u ∈ U are such that un → u in measure ds dP , then
ds dP then

E sup
s∈[0,T ]

|Xx,un,m
s −Xx,u,m

s |p → 0.

Remark 2.7. Observe that if u ∈ U is progressively measurable with respect to
Fm, then Xx,u,m is progressively measurable with respect to Fm as well.

3. Necessary conditions. We will prove our result under two different sets of
assumptions. In the second we require much less on the coefficients but a bit more
on the semigroup generated by A.

Assumption 3.1. For all x ∈ H the mapping u → (F (x, u), G(x, u)) : U →
H × L(Ξ, H) is the restriction of an affine map U → H × L(Ξ, H).

Assumption 3.2. For all x ∈ H, the set {(F (x, u), G(x, u)) : u ∈ U} is a convex
subset of H × L(Ξ, H)) and, moreover, the semigroup {Tt : t ≥ 0} is analytic.

Remark 3.3. Clearly, if Assumption 3.1 holds, U is convex and the semigroup
{Tt : t ≥ 0} is analytic, then Assumption 3.2 holds.

Our necessary condition will be formulated in terms of viscosity supersolutions of
a suitable Hamilton–Jacobi–Bellman (HJB) type equation. The following definition
is taken from [30].

Definition 3.4. Let Σ(H) := {L ∈ L(H) : L selfadjoint} and Ψ : H × R ×
H × Σ(H) → R be a continuous mapping. Just to fix ideas we also assume that
Ψ(x, y, p,X) ≤ Ψ(x, y, p, Y ) for all x, p ∈ H, y ∈ R, X,Y ∈ Σ(H) with X ≥ Y .
A continuous function V : H → R is called a viscosity supersolution of the partial
differential equation (PDE)

(3.1) Ψ(x, V (x), DV (x), D2V (x)) − 〈Ax,DV (x)〉 = 0, x ∈ H,

if for all x ∈ H and ϕ ∈ C2(H) such that
1. ϕ(x) = V (x), ϕ(y) ≤ V (y), y ∈ Br(x), for some r > 0;
2. ϕ(y) = ϕ0(y)+g(y), y ∈ H, where ϕ0, g ∈ C2(H) are supposed to be bounded

on bounded subsets of H together with their first order derivatives and to
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verify
(i) A∗Dϕ0 : H → H is continuous and bounded on bounded sets,
(ii) g(y) = ĝ(|y|), y ∈ H, where ĝ : R → R is a decreasing function,

it holds that

Ψ(x, V (x), Dϕ(x), D2ϕ(x)) − 〈A∗Dϕ0(x), x〉 ≥ 0.

We are now able to formulate the main result of this section.
Theorem 3.5. Suppose that either Assumption 3.1 or Assumption 3.2 holds and

that the closed convex nonempty set K ⊂ H is ε-viable w.r.t. (2.1). Then there exists
C > 0 (large enough) such that for every m ≥ 1, d2

K is a viscosity supersolution of
the HJB equation

(3.2) Ψm(x, V (x), DV (x), D2V (x)) − 〈Ax,DV (x)〉 = 0, x ∈ H,

where for X ∈ Σ(H), p ∈ H, v ∈ R, x ∈ H

Ψm(x, v, p,X) = − inf
u∈U

(
1

2

m∑
i=1

〈XG(x, u)ei, G(x, u)ei〉 + 〈F (x, u), p〉
)

+ Cv − d2
K(x).

(3.3)

The proof will be based on the following lemma comparing the solution of (2.11)
and the solution of (2.12). In order to make this comparison it is crucial to associate
for m ≥ 1 and δ > 0 an appropriately chosen δ-optimal, F-progressively measurable
control process u with an F

m-progressively measurable control process v such that
the estimate (3.5) holds.

Lemma 3.6. Suppose that either Assumption 3.1 or Assumption 3.2 holds and
that K is ε-viable. Then there exist two large enough constants C, c > 0 such that
for all x ∈ H, y ∈ K, m ≥ 1, and δ > 0 we can find an F-progressively measurable
control process u ∈ L0

F
([0,+∞];U) and an F

m-progressively measurable control process
v ∈ L0

Fm([0, 1];U) verifying

(3.4) E

∫ +∞

0

e−Csd2
K(Xy,u

s )ds ≤ δ

and

(3.5) E |Xx,v,m
τ − Y y,u,m

τ |2 − |x− y|2 ≤ ct|x− y|2 + ct(t1−2γ ∨ t1/2)(1 + |x|2 + |y|2)

for all t ∈]0, 1] and all F
m-stopping times τ ≤ t. We stress that constants c and C

depend only on the data of the problem and on m but not on x and y.
Proof. We start by proving the claim in the case in which Assumption 3.2 holds

since it is by far the most difficult. We will comment on the case with Assumption
3.1 at the end of this proof.

Consider for M ∈ N, M > m the class Um,M given by all processes u ∈ U which
are stepwise constant in [0,1], and that verify

u
∣∣
]0,1]

=

N−1∑
i=0

ηiI(ti,ti+1], 0 = t0 < · · · < tN = 1, ηi ∈ Lm,M
ti , 1 ≤ i ≤ N − 1, η0 ∈ U,

where Lm,M
t denotes the family of Ft-measurable simple random variables η of the
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form η =
∑L

i,j=1 αi,jIAi∩Bj
, with αi,j ∈ U , Ai ∈ Fm

t , Bj ∈ Fm,M
t , 1 ≤ i, j ≤ L, s.t.∑L

i,j=1 IAi∩Bj = 1.

Since, as it can be easily proved,
⋃

M>m Um,M is dense in U endowed with the

norm |u|U = E[
∫ +∞
0

e−Ct|ut|dt] and K is supposed to be ε-viable with respect to
(2.1), there exist M > m and u ∈ Um,M such that (3.4) holds.

Fixing m ∈ N and u ∈ Um,M that verifies (3.4) we seek a F
m-progressively

measurable control process v ∈ L0
Fm([0, T ];U) s.t. (3.5) holds. This will be done in

several steps.
Step 1. For all u ∈ U and x ∈ H, let Gm(x, u) := (G(x, u)e1, . . . , G(x, u)em) ∈

Hm and (Gm, F )(x, u) := (Gm(x, u), F (x, u)) ∈ Hm+1. We consider η ∈ Lm,M
t of the

above form. Then

E [(Gm, F )(x, η)|Fm
t ] =

L∑
i=1

IAi

⎛
⎝ L∑

j=1

(Gm, F )(x, αi,j)P (Bj)

⎞
⎠ .

Since
∑L

j=1 P(Bj) = 1 the convexity of {(Gm, F )(x, u) : u ∈ U} (assumed in Assump-

tion 3.2) gives
∑L

j=1(G
m, F )(x, αi,j)P (Bj) ∈ {(Gm, F )(x, u) : u ∈ U}.

From the Jankov–von Neumann measurable selection theorem (see Proposition
7.49 in [6]), there exists a universally measurable mapping 
i : (H,Bu(H)) → (U,
B(U)) s.t.

L∑
j=1

(Gm, F ) (x, αi,j)P (Bj) = (G,F ) (x, 
i(x)) for all x ∈ H.

Then, given ζ ∈ L2(Ω,Fm
t , P ;H) we put Φη

t (ζ) :=
∑L

i=1 
i(ζ)IAi .
We notice that Φη

t (ζ) ∈ L0(Ω,Fm
t , P ;U). Indeed, since 
i is Bu(H) − B(U)-

measurable, it coincides Pζ-a.s. with some B(H) − B(U)-measurable mapping θi :
H → U . Consequently, 
i(ζ) = θi(ζ), P -a.s. But since Fm

t contains all P -null sets,
the Fm

t −B(U)-measurability of θi(ζ) implies that of 
i(ζ).
Moreover, by construction E [(Gm, F ) (ζ, η)|Fm

∞] = (Gm, F ) (ζ,Φη
t (ζ)), P -a.s.

Step 2. We construct now v proceeding by iteration. We recall that we have fixed
u ∈ Um,M , u =

∑N−1
i=0 ηiI(ti,ti+1], 0 = t0 < · · · < tN = 1, ηi ∈ Lm,M

ti , 1 ≤ i ≤ N − 1,
and η0 ∈ U deterministic.

We define, for s ∈ [0, t1], vs := us = η0. Thus v is deterministic in [0, t1] and
Xx,v,m

s is Fm
s -measurable for all s ∈ [0, t1].

Then, for s ∈ (t1, t2], let vs := Φη1

t1 (Xx,v,m
t1 ). Note that (vs, s ∈ [0, t2]) ∈ L0

Fm([0, t2];
U) and Xx,v,m ∈ L2

Fm([0, t2];H).
We proceed by iteration letting, for 0 ≤ i ≤ N − 1 and s in (ti, ti+1], vs :=

Φηi

ti (X
x,v,m
ti ). Note that v ∈ L0

Fm([0, 1];U), Xx,v,m ∈ L2
Fm([0, 1];H) and

(3.6)
E[(Gm, F )(Xx,v,m

ti , us)|Fm
∞] = (Gm, F )(Xx,v,m

ti , vs), s ∈ (ti, ti+1], 1 ≤ i ≤ N − 1.

Step 3. We have now to deduce an estimation similar to (3.6) but for t different
from ti. This will be done by exploiting the analyticity of the semigroup (Tt)t≥0. To

shorten the notation, let X̂t := Xx,v,m
t , t ∈ [0, 1].

For α ∈ (0, 1/2) we put |x|2α = |x|2 + |(I − A)αx|2, x ∈ H. Standard estimates
yield

E|X̂s|2α ≤ C2
α

(
1 +

(
1 +

1

s2α

)
|y|2
)
, s ∈ (0, 1].
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Moreover, for s ∈ [ti, ti+1],

X̂s = Ts−tiX̂ti +

∫ s

ti

Tr−tiF (X̂r, vr)dr +

∫ s

t1

Tr−tiG
m(X̂r, vr)dW

m
r ,

thus

E

∣∣∣X̂s − Ts−tiX̂ti

∣∣∣2 ≤ Cm(s− ti)(1 + |y|2), s ∈ (ti, ti+1].

On the other hand, |Ttx− x| ≤ Cαt
α|x|α and, consequently, for c depending on α

E

[∣∣∣Ts−tiX̂ti − X̂ti

∣∣∣2] ≤ c(s− ti)
2α

E

[
|X̂ti |2α

]
≤ c

(
1 +

(
1 +

1

t2αi

)
|x|2
)

(s− ti)
2α.

This implies for α = 1/4

E

[∣∣∣X̂s − X̂ti

∣∣∣2] ≤ c

(
1 +

(
1 +

1√
ti

)
|x|2
)

(s− ti)
1/2.

Hence, for s ∈ (ti, ti+1], 1 ≤ i ≤ N − 1,

E

∣∣∣E [(Gm, F )
(
X̂s, us

)
|Fm
∞

]
− (Gm, F )

(
X̂s, vs

)∣∣∣2
Hm+1

≤ 3E

∣∣∣E [(Gm, F )
(
X̂s, uti+1

)
− (Gm, F )

(
X̂ti , uti+1

)
|Fm
∞

]∣∣∣2
Hm+1

+3E

∣∣∣E [(Gm, F )(X̂ti , uti+1)
∣∣Fm
∞

]
− (Gm, F (X̂ti , vti+1)

∣∣∣2
Hm+1

(= 0)

+3E

∣∣∣(Gm, F )(X̂ti , vti+1) − (Gm, F )(X̂s, vti+1)
∣∣∣2
Hm+1

≤ cE|X̂s − X̂ti |2 ≤ c

(
1 +

(
1 +

1√
ti

)
|x|2
)

(s− ti)
1/2.

We stress the fact that if s ∈ [0, t1[, then E[(Gm, F )(X̂s, us)|Fm
∞] = (Gm, F )(X̂s, vs).

Consequently, for all 1 ≤ i ≤ N − 1, s ∈ (ti, ti+1]

(3.7)
E

∫ s

ti

∣∣∣E [(Gm, F )
(
X̂r, ur

)
|Fm
∞

]
− (Gm, F )

(
X̂r, vr

)∣∣∣2
Hm+1

dr

≤ c
(
1 +
(
1 + 1√

ti

)
|x|2
)

(s− ti)
3/2,

while the left-hand side is zero for i = 0.
Step 4. We can now conclude the proof. Recall that to shorten notation we have

denoted X̂t = Xx,v,m
t . For the same reason we let Ŷt := Y y,u,m

t . Notice that

(3.8)
X̂t − Ŷt = Tt(x− y) +

∫ t

0

Tt−s

(
F (X̂s, vs) − E [F (Xy,u

s , us) |Fm
∞]
)

ds

+

∫ t

0

Tt−s

(
G(X̂s, vs) − E [G(Xy,u

s , us)|Fm
∞]
)

dW m
s .

Applying Itô’s rule to |n(nI−A)−1(X̂t−Ŷt)|2, and taking into account the dissipativity
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of A, we get that, for every F-stopping time τ ≤ t(≤ T ),

E|n(nI −A)−1(X̂τ − Ŷτ )|2 − |n(nI −A)−1(x− y)|2

≤ 2E

∫ t

0

∣∣∣〈n(nI −A)−1
(
F (X̂s, vs) − E [F (Xy,u

s , us) |Fm
∞]
)
,

n(nI −A)−1
(
X̂s − Ŷs

)〉∣∣∣ ds
+

m∑
i=1

E

∫ t

0

∣∣∣n(nI −A)−1
(
G(X̂s, vs)ei − E [G (Xy,u

s , us) ei|Fm
∞]
)∣∣∣2 ds,

and letting n → ∞,

E|X̂τ − Ŷτ |2 − |x− y|2

≤ E

∫ t

0

∣∣∣F (X̂s, vs) − E [F (Xy,u
s , us) |Fm

∞]
∣∣∣2 ds + E

∫ t

0

∣∣∣X̂s − Ŷs

∣∣∣2 ds
+

m∑
j=1

E

∫ t

0

∣∣∣G(X̂s, vs)ej − E [G (Xy,u
s , us) ej |Fm

∞]
∣∣∣2 ds

≤ E

∫ t

0

∣∣∣X̂s − Ŷs

∣∣∣2 ds + E

∫ t

0

∣∣∣(Gm, F )(X̂s, vs) − E [(Gm, F ) (Xy,u
s , us) |Fm

∞]
∣∣∣2 ds

≤ cmE

∫ t

0

∣∣∣X̂s − Ŷs

∣∣∣2 ds + cm

N−1∑
i=1

(
1 +

(
1 +

1√
ti

)
|x|2
)

(ti+1 ∧ t− ti ∧ t)3/2

+ 2E

∫ t

0

∣∣∣(Gm, F )(X̂s, us) − (Gm, F )(Xy,u
s , us)

∣∣∣2 ds
for a suitable constant cm (from now to the end of the proof its value can change from
line to line). Let us come back to (3.8). Since F and G are bounded, an application
of the standard factorization argument (see [12]) yields

E sup
s∈[0,t]

|X̂s −Xy,u
s |2 + E sup

s∈[0,t]

|X̂s − Ŷs|2 ≤ cm(|x− y|2 + t1−2γ(1 + |x|2 + |y|2),

and plugging this into the above equation we obtain

E|X̂τ − Ŷτ |2 − |x− y|2 ≤ cmt|x− y|2 + cmt2−2γ(1 + |x|2 + |y|2)

+cm

N−1∑
i=1

(
1 +
(
1 + ti

−1/2
)
|x|2
)

(ti+1 ∧ t− ti ∧ t)3/2.

Without loss of generality, we can suppose that ti+1− ti ≤ t2i , i = 1, . . . , N −1 (notice
that ti ≥ t1 > 0 and that we need to add to the partition only points larger then t1;
this will only modify the value of N and the control v in [t1, 1] but not t1 nor v|[0,t1]
or u). Then

N−1∑
i=1

(
1 +
(
1 + ti

−1/2
)
|x|2
)

(ti+1 ∧ t− ti ∧ t)3/2

≤ sup
i=1,...,N−1

[
(1 + 2t

−1/2
i |x|2)(ti+1 ∧ t− ti ∧ t)1/2

]N−1∑
i=1

(ti+1 ∧ t− ti ∧ t)

≤ 2(1 + |x|2)
√
t

N−1∑
i=1

(ti+1 ∧ t− ti ∧ t) ≤ 2(1 + |x|2)t3/2,
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and this completes the proof in the case in which Assumption 3.2 holds.
Finally, let us briefly discuss the case in which Assumption 3.2 is replaced by

Assumption 3.1. It turns out that if we set vt = E[ut|Fm
∞], then instead of (3.7) we

get the stronger relation

E[(Gm, F )(X̂r, ur)|Fm
∞] = (Gm, F )(X̂r, vr), P − a.s. for all r ∈ [0, 1].

This allows us to conclude as in step 4 previously (indeed, even in an easier
way).

We are now able to complete the proof that if K is ε-viable, then d2
K is a viscosity

supersolution of (3.2).
Proof of Theorem 3.5. We fix arbitrarily x ∈ H, m ∈ N, and a test function

ϕ ∈ C2(H) verifying
1. ϕ(x) = d2

K(x), ϕ(z) ≤ d2
K(z), z ∈ Br(x), for some r > 0;

2. ϕ(z) = ϕ0(z)+g(z), z ∈ H, where ϕ0, g ∈ C2(H) are supposed to be bounded
on bounded subsets of H together with their first order derivatives and to
verify
(i) A∗Dϕ0 : H → H is continuous,

(ii) g(z) = ĝ(|z|), z ∈ H, where ĝ : R → R is a decreasing function.
Let y := πK(x)(∈ K) and C > 0 large enough. Moreover, for any ε > 0 let uε and vε

be given by Lemma 3.6 with δ = ε4.
From the convexity of K and, hence, that of d2

K it follows that

E

[∫ +∞

0

e−Ctd2
K

(
Y y,uε,m
t

)
dt

]
≤ E

[∫ +∞

0

e−Ctd2
K

(
Xy,uε

t

)
dt

]
≤ ε4.

To shorten notation let Ŷ ε
t := Y y,uε,m

t (= E[Xy,uε

t |Fm
∞]), X̂ε

t := Xx,vε,m
t , and t ≥ 0.

We observe that X̂ε, Ŷ ε are F
m-progressively measurable and define

τε := inf{t > 0 : |X̂ε
t − x| > δ1} ∧ inf{t > 0 : |Ŷ ε

t − y| > 1}

for some δ1 ∈ (0, r) which will be specified later. Let us also remark that, for all t ≥ 0,

dK

(
X̂ε

t∧τε

)
≤
∣∣∣X̂ε

t∧τε − πK(Ŷ ε
t∧τε)

∣∣∣ ≤ ∣∣∣X̂ε
t∧τε − Ŷ ε

t∧τε

∣∣∣+ dK

(
Ŷ ε
t∧τε

)
,

dK(Ŷ ε
t∧τε) ≤

∣∣∣Ŷ ε
t∧τε − y

∣∣∣ ≤ 1,

from where we get

d2
K

(
X̂ε

t∧τε

)
≤
∣∣∣X̂ε

t∧τε − Ŷ ε
t∧τε

∣∣∣2 + dK

(
Ŷ ε
t∧τε

)(
dK

(
Ŷ ε
t∧τε

)
+ 2
∣∣∣Ŷ ε

t∧τε − X̂ε
t∧τε

∣∣∣)
≤
∣∣∣Ŷ ε

t∧τε − X̂ε
t∧τε

∣∣∣2 + 2dK

(
Ŷ ε
t∧τε

)
(2 + r + |y| + |x|)

≤
∣∣∣Ŷ ε

t∧τε − X̂ε
t∧τε

∣∣∣2 + Cx,y,rdK

(
Ŷ ε
t∧τε

)
.

Hence, for all t ∈ [0, T ],

ϕ(X̂ε
t∧τε) − ϕ(x) ≤ d2

K

(
X̂ε

t∧τε

)
− d2

K(x)

≤
(∣∣∣X̂ε

t∧τε − Ŷ ε
t∧τε

∣∣∣2 − |x− y|2
)

+ Cx,y,rdK

(
Ŷ ε
t∧τε

)
,

and from Lemma 3.6,
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(3.9)

E
[
ϕ(X̂ε

t∧τε) − ϕ(x)
]
≤E

[∣∣∣Ŷ ε
τ∧t − X̂ε

τ∧t

∣∣∣2]− |x− y|2 + Cx,y,rE

[
dK

(
Ŷ ε
t∧τε

)]
≤Ct|x− y|2 + Cx,y,rE

[
dK

(
Ŷ ε
t∧τε

)]
+ cm(t2−2γ ∨ t3/2).

We claim now that for a suitable Cx,y,δ1 that depends only on x, y, δ1, and on the
data of the problem it holds that

P{τε < ε} ≤ Cx,y,δ1ε
4 for all ε > 0.

To prove the claim we recall that

Ŷ ε
t = Tty +

∫ t

0

Tt−sE(F (Xy,uε

s , uε
s)|Fm

∞)ds +

∫ t

0

Tt−sE(G(Xy,uε

s , uε
s)|Fm

∞)dWm
s

and

X̂ε
t = Ttx +

∫ t

0

Tt−sF (X̂ε
s , v

ε
s)ds +

∫ t

0

Tt−sG(X̂ε
s , v

ε
s)dW

m
s .

By standard estimates based on factorization technique (see [12]) we find that for all
p ≥ 1 there exists a constant cp,γ depending on p, γ and on the data of the problem,
but not on t, such that

E sup
s∈[0,t]

[
|Ŷ ε

s − Tsy|2p + |X̂ε
s − Tsx|2p

]
≤ cp,γt

p(1−2γ).

Since the semigroup is strongly continuous, there exists s0 > 0 depending on x, y, and
δ1 such that |x− Tsx| ≤ δ1/2 |y − Tsy| ≤ 1/2 for all s ∈ [0, s0]. Thus for all ε ≤ s0,

P{τε < ε} ≤ P

{
sup
s≤ε

|X̂ε
s − x| ≥ δ1

}
+ P

{
sup
s≤ε

|Ŷ ε
s − y| ≥ 1

}

≤ P

{
sup
s≤ε

|X̂ε
s − Tsx| ≥ δ1/2

}
+ P

{
sup
s≤ε

|Ŷ ε
s − Tsy| ≥ 1/2

}

≤ cp,γ22p(δ−2p
1 + 1)εp(1−2γ),

and the claim is proved choosing p large enough.
Coming back now to estimate (3.9) and taking into account that dK(Ŷ ε

t ) ≤ 1 for
0 ≤ t ≤ τε, we have

(3.10)∫ ε

0

E

[
ϕ(X̂ε

t∧τε) − ϕ(x)
]
dt

≤ Cε2|x− y|2 + Cx,y,rE

[∫ ε

0

dK

(
Ŷ ε
t

)
dt

]
+ Cx,y,rεP{τε < ε} + cm(ε3−2γ ∨ ε5/2)

≤ Cε2|x− y|2 + Cx,y,re
Cε

E

[∫ ε

0

e−CtdK

(
Ŷ ε
t

)
dt

]
+ cm,x,y,δ1(ε

3−2γ ∨ ε5/2)

≤ Cε2|x− y|2 + Cx,y,re
Cεε1/2

(
E

[∫ +∞

0

e−Ctd2
K

(
Ŷ ε
t

)
dt

])1/2

+ cm,x,y,δ1(ε
3−2γ ∨ ε5/2)

≤ Cε2d2
K(x) + cm,x,y,r,δ1(ε

3−2γ ∨ ε5/2),
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where cm,x,y,r,δ1 is a suitable constant depending on the indicated parameters.

We need now to get a lower estimate for
∫ ε

0
E[ϕ(X̂ε

t∧τε) − ϕ(y)]dt.
To this end we consider the usual Yosida approximation Jn = n(nI − A)−1, n ≥

1 (recall that Jn ∈ L(H), Jn : H → D(A), Jnx → x for all x ∈ H), and the
approximating equation

X̂ε,n
t = Tt(Jnx)+

∫ t

0

Tt−s(JnF (X̂ε,n
s , vεs))ds+

∫ t

0

Tt−s(JnG(X̂ε,n
s , vεs))dW

m
s , t ∈ [0, T ].

Exactly as for (2.12) it can be easily shown that the above equation admits a unique

mild solution X̂ε,n ∈ Lp
Fm(Ω, C([0, T ];D(A))), p ≥ 1. Moreover,

(i) E[supt∈[0,T ] |X̂
ε,n
t − X̂ε

t |
p
H ] → 0, as n → +∞;

(ii) X̂ε,n is a strong solution of the SDE{
dX̂ε,n

t = AX̂ε,n
t dt + JnF (X̂ε,n

t , vεt )dt + JnG(X̂ε,n
t , vεt )dW

m
t , t ≥ 0,

X̂ε,n
0 = Jnx.

Thus we can apply Itô’s formula to ϕ(X̂ε
t ) and obtain

(3.11)

E

[
ϕ(X̂ε,n

t∧τε) − ϕ(Jnx)
]

= E

[∫ t∧τε

0

〈Dϕ(X̂ε,n
s ), AX̂ε,n

s 〉ds
]

+ E

[∫ t∧τε

0

〈Dϕ(X̂ε,n
s ), JnF (X̂ε,n

s , vεs)〉ds
]

+
1

2

m∑
i=1

E

[∫ t∧τε

0

〈D2ϕ(X̂ε,n
s )JnG(X̂ε,n

s , vεs)ei, JnG(X̂ε,n
s , vεs)ei〉ds

]
.

Since

〈Dϕ(X̂ε,n
s ), AX̂ε,n

s 〉 = 〈A∗Dϕ0(X̂
ε,n
s ), X̂ε,n

s 〉 + ĝ ′(|X̂ε,n
s |)|X̂ε,n

s |⊕〈AX̂ε,n
s , X̂ε,n

s 〉
≥ 〈A∗Dϕ0(X̂

ε,n
s ), X̂ε,n

s 〉,

and A∗Dϕ0 : H → H is continuous, the dominated convergence theorem allows us to
take the limit n → +∞ in the preceding relation:

E

[
ϕ(X̂ε

t∧τε) − ϕ(x)
]
≥ E

[∫ t∧τε

0

〈A∗Dϕ0(X̂
ε
s ), X̂ε

s 〉ds
]

+ E

[∫ t∧τε

0

〈Dϕ(X̂ε
s ), F (X̂ε

s , v
ε
s)〉ds

]

+
1

2

m∑
i=1

E

[∫ t∧τε

0

〈D2ϕ(X̂ε
s )G(X̂ε

s , v
ε
s)ei, G(X̂ε

s , v
ε
s)ei〉ds

]
.

Now let for z ∈ H,ψ ∈ C2(H),

Lmψ(z)

:= inf
u∈U

{
1

2

m∑
i=1

〈D2ψ(z)G(z, u)ei, G(z, u)ei〉 + 〈Dψ(z), F (z, u)〉 + 〈A∗Dϕ0(z), z〉
}
.

As the infimum over functions which are uniformly bounded on bounded sets and
continuous, uniformly in u ∈ U , the function Lmϕ is continuous and bounded on



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STOCHASTIC CONSTRAINED CONTROL IN HILBERT SPACE 231

bounded subsets of H. Given an arbitrarily small ρ > 0 we choose δ1 > 0 in the
definition of the stopping time τε s.t. |Lmϕ(z) − Lmϕ(x)| ≤ ρ for all z ∈ Bδ1(x).
Obviously,

∫ ε

0

E

[
ϕ(X̂ε

t∧τε) − ϕ(x)
]
dt

≥ E

[∫ ε

0

∫ t∧τε

0

Lmϕ(X̂ε
s )dsdt

]
≥ E

[∫ ε

0

∫ t∧τε

0

(Lmϕ(x) − ρ) dsdt

]
≥ 1/2 · P{τε ≥ ε}ε2 (Lmϕ(x) − ρ) − cε2

P{τε < ε}.

Consequently, from the above estimates and (3.10) we have

1/2 · P{τε ≥ ε}ε2 (Lmϕ(x) − ρ) − cε2
P{τε < ε}

≤
∫ ε

0

E

[
ϕ(X̂ε

t∧τε) − ϕ(x)
]
dt ≤ Cε2d2

K(x) + cm,x,y,r,δ1(ε
3−2γ ∨ ε5/2).

Since P{τε ≥ ε} → 1, by dividing both sides of the inequality by 1/2 · ε2 and taking
the limit as ε ↓ 0, we obtain

Lmϕ(x) − ρ ≤ 2Cd2
K(x).

Finally, letting ρ ↓ 0, we get the wished result.
It is worth pointing out that with the above argument (in simplified form) we

obtain a more precise result when the noise is trace class: in particular the convexity
of K is not needed. This is done in the following remark.

Remark 3.7. Suppose that assumptions (2.3), (2.4), and (2.5) are replaced by
the stronger

|G(x, u) −G(y, u)|L2(Ξ,H) ≤ C|x− y|, |G(x, u)|L2(Ξ,H) ≤ C,(3.12)

and let K be a general nonempty closed subset of H.
The above argument yields that if K is ε-viable w.r.t. (2.1), then there exists C > 0

(large enough) such that d2
K is a viscosity supersolution of the HJB equation

(3.13) Ψ(x, V (x), DV (x), D2V (x)) − 〈Ax,DV (x)〉 = 0, x ∈ H,

where Ψ(x, v, p,X) = − infu∈U
(

1
2

∑∞
i=1〈XG(x, u)ei, G(x, u)ei〉 + 〈F (x, u), p〉

)
+Cv−

d2
K(x) (recall that in this case

∑∞
i=1 |G(x, u)ei|2 +∞). We stress the fact that in this

case the convexity of K is not needed and we can drop Assumption 3.1 (or 3.2).
The proof is the simplified version of the above argument obtained replacing Xx,u,m

and Y x,u,m by Xx,u itself (avoiding projections on Fm measurable processes and ap-
proximations). The reason why this simplification works is that, to obtain the analogue
of (3.11), we can directly apply Itô’s rule to φ(JnX

x,u). Moreover, in the present case
in Lemma 3.6, we can just take v = u and easily prove that

E |Xx,u
τ −Xy,u

τ |2 − |x− y|2 ≤ ct|x− y|2.
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4. Necessary and sufficient conditions.

4.1. Viability of balls. Let us consider here the case in which K = B(0, R) =
{x ∈ H : |x| ≤ R}. We will derive from the general necessary condition in Theorem
3.5 specific conditions and show that they are also sufficient.

We denote by {Jn : n ∈ N} a family of linear bounded operators H → D(A∗)
such that |Jn|L(H) ≤ 1 and Jnx → x, as n → ∞ for all x ∈ H. For instance, we can
define Jn = n(nI − A∗)−1, or, if there exists an orthonormal basis {fn : n ∈ N} of
eigenvectors of A (that, consequently, has to be diagonal), then we can define Jn as
the orthogonal projection on the linear subspace generated by f1, . . . , fn.

Proposition 4.1. Assume that B(0, R) is ε-viable for (2.1). Then for all x ∈
D(A∗) with |x| = R and for all n ∈ N there exists a sequence of controls {u	 : 
 ∈
N} ⊂ U such that for all m ∈ N

(4.1)

lim
	→+∞

〈G(x, u	)ei, x〉 = 0, i ∈ N,

lim sup
	→+∞

{
1

2

m∑
i=1

|JnG(x, u	)ei|2 + 〈F (x, u	), x〉 + 〈A∗x, x〉
}

≤ 0.

Proof. With our choice of K we have d2
K(x) = [(|x|−R)+]2. Let us fix arbitrarily

x ∈ D(A∗) with |x| > R and ρ < |x| −R. Expanding (in Taylor sense) d2
K(x) around

x we get that if |y − x| ≤ ρ, then

d2
K(y) ≥ d2

K(x) + 2

(
1 − R

|x|

)
〈y − x, x〉

+
R

(|x| + ρ)3
〈y − x, x〉2 +

(
1 − R

|x| − ρ
− 2ρR|x|

(|x| + ρ)3

)
|x− y|2.

Choosing ρ small enough we can assume that (1− R
|x|−ρ −

2ρR|x|
(|x|+ρ)3 ) ≥ 0. Consequently,

if we define

ϕ(y) := d2
K(x) + 2

(
1 − R

|x|

)
〈y − x, x〉 +

R〈y − x, x〉2
(|x| + ρ)3

+

(
1 − R

|x| − ρ
− 2ρR|x|

(|x| + ρ)3

)
|J∗n(x− y)|2,

then we get ϕ(y) ≤ d2
K(y) for all y ∈ B(x, ρ) (recall that |Jn| ≤ 1). Moreover, since

x ∈ D(A∗), we have that A∗Dϕ is well defined and continuous (notice that we are
considering ϕ as a function of y). Indeed, we have

Dϕ(y) := 2

(
1 − R

|x|

)
x+

2R〈y − x, x〉
(|x| + ρ)3

x+ 2

(
1 − R

|x| − ρ
− 2ρR|x|

(|x| + ρ)3

)
JnJ

∗
n(x− y).

We now apply Theorem 3.5 with the test function ϕ and then let ρ ↘ 0. This
yields

inf
u∈U

{
m∑
i=1

[
|x| −R

|x| |JnG(x, u)ei|2 +
R

|x|3 〈G(x, u)ei, x〉2
]

+2
|x| −R

|x| 〈F (x, u), x〉
}

+ 2
|x| −R

|x| 〈x,A∗x〉 ≤ Cm[(|x| −R)+]2.
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Now we fix x ∈ D(A∗), with |x| = R, and apply the previous inequality to x	 =

(
− 1)−1x. This yields

2
1



〈x	, A

∗x	〉 + inf
u∈U

{
m∑
i=1

[
1



|JnG(x	, u)ei|2 +

(
− 1)3

R2
3
〈G(x	, u)ei, x	〉2

]

+
2



〈F (x	, u), x	〉

}
≤ Cm

R2

(
− 1)2
.

Thus for all 
 ∈ N large enough, we can find um
	 such that

2
〈x	, A
∗x	〉 + 2
〈F (x	, u

m
	 ), x	〉

+

m∑
i=1

[

|JnG(x	, u

m
	 )ei|2 +

(
− 1)2

R2
〈G(x	, u

m
	 )ei, x	〉2

]
≤ 2CmR2.

Letting 
 → ∞ we then get

lim
	→∞

m∑
i=1

〈G(x	, u
m
	 )ei, x	〉2 = 0,

lim sup
	→∞

{
2〈x	, A

∗x	〉 + 2〈F (x	, u
m
	 ), x	〉 +

m∑
i=1

|JnG(x	, u
m
	 )ei|2

}
≤ 0.

Since both
∑m

i=1〈G(·, u)ei, ·〉2 and 2〈F (·, u), ·〉+
∑m

i=1 |JnG(·, u)ei|2 are continuous on
D(A∗), uniformly in u ∈ U , we immediately get that

lim
	→∞

m∑
i=1

〈G(x, um
	 )ei, x〉2 = 0,

lim sup
	→∞

{
2〈x,A∗x〉 + 2〈F (x, um

	 ), x〉 +

m∑
i=1

|JnG(x, um
	 )ei|2

}
≤ 0.

Choosing, in a suitable way, the sequence {um
	 : 
 ∈ N}, we can assume that

〈G(x, um
	 )ei, x〉2 ≤ 1/
, i = 1, . . . ,m,

2〈x,A∗x〉 + 2〈F (x, um
	 ), x〉 +

m∑
i=1

|JnG(x, um
	 )ei|2 ≤ 1/
.

Then the claim is proved by letting u	 = u	
	.

Corollary 4.2. Assume that B(0, R) is ε-viable for (2.1) and that either U is
compact or the mappings u → F (x, u), u → G(x, u)ei, i ∈ N, are affine and U is
convex; then for all x ∈ D(A∗) with |x| = R there exists a control u ∈ U such that

(4.2) G∗(x, u)x = 0,
1

2
|G(x, u)ei|2L2(Ξ,H) + 〈F (x, u), x〉 + 〈A∗x, x〉 ≤ 0.

Proof. We prove the claim only in the case in which the mappings u → F (x, u),
u → G(x, u)ei, i ∈ N, are affine since the proof in the other case is identical. Let
x ∈ D(A∗) be such that |x| ≥ R. We notice that U is a convex, closed (thus weakly
closed), and bounded subset of a reflexive Banach space. Thus we can assume, for the
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sequence {u	 : 
 ∈ N} got by Proposition 4.1, that u	 ⇀ u∞ (weakly) for some u∞ ∈
U . Since the mappings u → F (x, u) and u → G(x, u)ei are continuous with respect to
the weak topology, we have F (x, u	) ⇀ F (x, u∞) and G(x, u	)ei ⇀ G(x, u∞)ei, and
passing to the limit as 
 → ∞, relation (4.1) yields

〈G(x, u∞)ei, x〉 = 0, i ∈ N;
1

2

m∑
i=1

|JnG(x, u∞)ei|2 + 〈F (x, u∞), x〉+ 〈A∗x, x〉 ≤ 0.

Thus, fixed m ∈ N for all n ∈ N, there exists un ∈ U such that

〈G(x, un)ei, x〉 = 0, i ∈ N,
1

2

m∑
i=1

|JnG(x, un)ei|2 + 〈F (x, un), x〉 + 〈A∗x, x〉 ≤ 0.

Again we can extract a subsequence such that un ⇀ u∞. Then JnG(x, un)ei ⇀
G(x, u∞)ei, 〈G(x, un)ei, x〉 → 〈G(x, u∞)ei, x〉 for all i ∈ N, and 〈F (x, un), x〉 →
〈F (x, u∞), x〉. Thus, letting n → ∞ we obtain

〈G(x, u∞)ei, x〉 = 0, i ∈ N,
1

2

m∑
i=1

|G(x, u∞)ei|2 + 〈F (x, u∞), x〉 + 〈A∗x, x〉 ≤ 0.

The claim follows repeating the same argument for m → ∞.
Remark 4.3. Notice that (4.2) immediately implies (4.1).
We now start to show that condition (4.1) implies ε-viability of the ball. We will

complete the proof under the following additional assumption on A.
Assumption 4.4. A is diagonal and {fi : i ∈ N} is an orthonormal basis of

eigenvectors corresponding to the eigenvalues {−λi : i ∈ N} with 0 ≤ λ1 ≤ λ2, . . . ,
and λn ↗ +∞.

By Jn we denote the orthogonal projection on the space Hn generated by f1, . . . , fn.
Finally, to shorten notation, we assume that R = 1.

For all x ∈ H and u ∈ U we consider
(4.3){

dZn,m,x,u
t =(AZn,m,x,u

t + JnF (Zn,m,x,u
t , ut)) dt + JnG(Zn,m,x,u

t , ut)dW
m
t , t ≥ 0,

Zn,m,x,u
0 =Jnx.

We notice that any solution of (4.3) lives in the finite dimensional space Hn and that
its coefficients are Lipschitz (in Hn). Thus, by totally standard arguments the above
equation has a unique (classical) continuous solution.

Lemma 4.5. Assume that U is compact and that G∗ is strongly continuous (that
is for all h ∈ H the mappings (x, u) → G∗(x, u)h : H×U → Ξ are continuous). Then
for all a > 0 and for all ε > 0 we can find n,m ∈ N verifying

E

∫ a

0

|Xx,u
t − Zn,m,x,u

t |2dt ≤ ε for all u ∈ U .

Proof. For all n ∈ N we consider

(4.4)

{
dZn,x,u

t =(AZn,x,u
t + JnF (Zn,x,u

t , ut)) dt + JnG(Zn,x,u
t , ut)dWt, t ≥ 0,

Zn,x,u
0 =Jnx.

Exactly as (2.1), the above equation has a unique F-progressively measurable mild
solution Zn,x,u satisfying E[sups∈[0,T ] |Zn,x,u

s |p] < +∞.
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Clearly, it is enough to prove that for an arbitrary a > 0, x ∈ H, and the arbitrary
sequence {un : n ∈ N} ⊂ U , we have

(4.5) lim
n→+∞

E

∫ a

0

|Zn,x,un

s −Xx,un

s |2ds = 0

and that, for any n ∈ N and any sequence {um : m ∈ N} ⊂ U , we have

(4.6) lim
m→+∞

E

∫ a

0

|Zn,m,x,um

s − Zn,x,um

s |2ds = 0.

To prove (4.5) we start by noticing that Ax=
∑+∞

i=1 (−λi)〈x, fi〉fi and Ttx=
∑+∞

i=1 e−λit

〈x, fi〉fi. Thus, Tt(x− Jnx) =
∑+∞

i=n+1 e
−λit〈x, fi〉fi and, consequently,

(4.7) |Tt(I − Jn)x| ≤ e−λn+1t|x|.

Let Zt = Zn,x,un

t −Xx,un

t . By trivial computations recalling that Tt and Jn commute

Zt =Tt(Jn − I)x +

∫ t

0

Tt−s(Jn − I)F (Xx,un

s ,un
s )ds

+

∫ t

0

Tt−sJn

[
F (Zn,x,un

s , un
s ) − F (Xx,un

s , un
s )
]
ds

+

∫ t

0

Tt−sJn

[
G(Zn,x,un

s , un
s ) −G(Xx,un

s , un
s )
]
dWs

+

∫ t

0

T(t−s)/2(Jn − I)T(t−s)/2G(Xx,un

s , un
s )dWs.

Thus, exploiting Lipscitzianity and boundedness of F and G we get for all 0 < t ≤ a,
all b > 0, and a suitable constant c that may depend on a but is independent on u,
n, and b

e−btE|Zt|2 ≤ ce−2λn+1t|x|2 + c

∫ t

0

(
1 + (t− s)−2γ

)
e−b(t−s)e−bsE|Zs|2ds

+c

∫ t

0

e−2λn+1(t−s)ds + c

∫ t

0

e−λn+1(t−s)((t− s)/2)−2γds.

Therefore,

supt≤a e
−bt

E |Zt|2 ≤ ce−2λn+1t|x|2 + c

[∫ a

0

(
1 + ζ−2γ

)
e−bζdζ

] [
sup
t≤a

e−btE |Zt|2
]

+c

∫ a

0

e−2λn+1ζdζ + c

∫ a

0

e−λn+1ζ(ζ/2)−2γdζ.

Choosing b large enough, we can assume that c
∫ a

0

(
1 + ζ−2γ

)
e−bζdζ ≤ 1/2 and deduce

that supt≤a e
−bt

E |Zt|2 → 0 as n → ∞. We can, consequently, conclude that (4.5)
holds.
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We now come to (4.6). Let us put Zt = Zn,m,x,um

t −Zn,x,um

t . By trivial computations
recalling that Tt and Jn, commute

Zt =

∫ t

0

Tt−sJn

[
F (Zn,m,x,um

s , um
s ) − F (Zn,x,um

s , um
s )
]
ds

+

∫ t

0

Tt−sJn

[
G(Zn,m,x,um

s , um
s ) −G(Zn,m,x,um

s , um
s )
]
dWs

−
∫ t

0

Tt−sJnG(Zn,x,um

s , um
s )(I − Πm)dWs,

where Πm is the orthogonal projection on the linear space generated by e1,. . . ,em
(recall that {ei : i ∈ N} is the orthonormal basis in Ξ we have fixed in (2.5)). Since
Jn is Hilbert–Schmidt we get

E sup
s≤t

|Zs|2 ≤cnE

∫ t

0

|Zs|2ds + c

∫ t

0

E|JnG(Zn,x,um

s , um
s )(I − Πm)|2L2(Ξ,H)ds,

where cn is a suitable constant depending on n but independent on u, m, and x.
Thus, by Gronwall’s lemma, to get (4.6) it is enough to prove that for all fixed n

(4.8) E

∫ t

0

|JnG(Zn,x,um

s , um
s )(I − Πm)|2L2(Ξ,H)ds → 0 as m → +∞.

We start showing that, fixed r>0, E
∫ t

0
I{|Zn,x,um

s |≤r}|JnG(Zn,x,um

s , um
s )(I−Πm)|2L2(Ξ,H)

ds → 0. Since |JnG(Zn,x,um

s , um
s )(I−Πm)|L2(Ξ,H) ≤ |Jn|L2(Ξ,H)|G(Zn,x,um

s , um
s )|L(Ξ,H),

by the dominated convergence theorem, relation (4.8) follows if we can prove that for
arbitrary sequences {zm ∈ Hn : m ∈ N; |zm| ≤ c} and {vm ∈ U : m ∈ N} it holds that
|JnG(zm, vm)(I −Πm)|2L2(Ξ,H) → 0. Since Hn is finite dimensional and U is compact,
w.l.o.g. we can assume that zm → z∞, vm → v∞ for a suitable z∞ ∈ Hn, u∞ ∈ U .
Moreover,

|JnG(zm, vm)(I − Πm)|2L2(Ξ,H)≤2|Jn [G(zm, vm) −G(z∞, v∞)] (I − Πm)|2L2(Ξ,H)

+2|JnG(z∞, v∞)(I − Πm)|2L2(Ξ,H)

.
= 2I1

m + 2I2
m.

We notice that

I1
m =

n∑
i=1

∞∑
j=m+1

〈fi, [G(zm, vm)−G(z∞, v∞)]ej〉2 ≤
n∑

i=1

|[G(zm, vm)−G(z∞, v∞)]∗fi|2.

Thus, I1
m → 0 by the strong continuity of G∗. In a similar way

I2
m =

n∑
i=1

∞∑
j=m+1

〈G∗(z∞, v∞)fi, ej〉2 → 0

since
∑∞

j=1〈G∗(z∞, v∞)fi, ej〉2 = |G∗(z∞, v∞)fi|2 < ∞. It remains to be proven that

E

∫ t

0

I{|Zn,x,um
s |>r}|JnG(Zn,x,um

s , um
s )(I − Πm)|2L2(Ξ,H)ds → 0

as r ↗ +∞ (uniformly with respect to m). Since Jn is Hilbert–Schmidt and G is
bounded, it is enough to show that P ⊗ λ{|Zn,x,um

s | > r : s ∈ [0, a]} → 0 as r → ∞
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(here λ denotes the Lebesgue measure on R). This last statement is obvious since, as
in Lemma 2.2, we have E sups∈[0,a] |Zn,x,um

s |2 ≤ ca(1 + |x|), where ca is a constant
independent on m (and even n).

We now extend (4.1) holding on the boundary of the ball to its exterior.
Lemma 4.6. Assume (4.1) (with R = 1) and fix m,n ∈ N. Then there exists

a constant c such that, for all ε > 0 and x ∈ Hn with |x| ∈ [1, 2], there exists an
u(x) ∈ U verifying

(4.9)

m∑
i=1

〈G(y, u(x))ei, y〉2 ≤ ε + c[(1 − |y|)+]2,

1

2

m∑
i=1

|JnG(y, u(x))ei|2 + 〈F (y, u(x)), y〉 + 〈Ay, y〉 ≤ ε + c(1 − |y|)+

for all y ∈ Hn with |y− x| ≤ δε, where δε is a suitable constant independent of x and
y. Moreover, the mapping x → u(x) can be chosen to be measurable.

Proof. In the following we denote by c a constant that depends on the data of
the problem and on n and m but not on x, y, and ε; the value of c can change from
line to line. Let us notice that, clearly, Hn ⊂ D(A) = D(A∗).

If x ∈ Hn and |x| ∈ [1, 2], then for all u ∈ U , i ∈ N,

|〈G(x, u)ei, x〉| ≤ |〈G(x/|x|, u)ei, x/|x|〉| + |〈G(x, u)ei, x〉 − 〈G(x/|x|, u)ei, x/|x|〉|
≤ 〈G(x/|x|, u)ei, x/|x|〉| + c|x− x/|x||,

and by (4.1) we immediately have that there exists some u(x) such that

m∑
i=1

|〈G(x, u(x))ei, x〉|2 ≤ ε + c(|x| − 1)2.

Similarly, recalling that A is a bounded linear operator on Hn, we get that there exists
an ũ(x) such that

1

2

m∑
i=1

|JnG(x, ũ(x))ei|2 + 〈F (x, ũ(x)), x〉 + 〈Ax, x〉 ≤ ε + c(|x| − 1)+.

From (4.1) we see that we can choose u(x) and ũ(x) such that they coincide. Moreover
we notice that, for all v ∈ U , the mappings

y →
m∑
i=1

|〈G(y, v)ei, y〉|2, y → 1

2

m∑
i=1

|JnG(y, v)ei|2 + 〈F (y, v), x〉 + 〈Ay, y〉

are Lipschitz on the bounded subsets of Hn with Lipschitz constant independent
on v. This yields (4.9) for all y ∈ Hn with |y − x| ≤ δε, where δε can be chosen
independently of x and y. Finally, the fact that u : Hn → U can be gotten as in a
measurable function of x is a direct consequence of well known measurable selection
results (see, e.g., [5, Theorem 8.2.10, p. 316]).

Lemma 4.7. Assume (4.1) (with R = 1). For all T > 0, m,n ∈ N, ε > 0, and
all x ∈ Hn with |x| ≤ 1 there exists u ∈ U such that

E

∫ T

0

[
(|Zn,m,x,u

s | − 1)
+
]2

ds ≤ ε
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(recall that the process Zn,m,x,u has been introduced in (4.3)).
Proof. For the sake of simplicity we restrict ourselves to the case T = 1. The

proof for the case T > 1 is clearly identical. Let us extend the definition of u given in
Lemma 4.6 by putting u(x) = u0 for all x ∈ Hn with |x| > 2 or |x| < 1. Moreover, we
denote by Zn,m,τ,η,u the solution of (4.3) starting at τ from the random variable Jnη.
More precisely, for all stopping time τ , all η ∈ L2(Ω,Fτ , H), and all u ∈ U , Zn,m,τ,η,u

is the solution of⎧⎪⎨
⎪⎩
dZn,m,τ,η,u

t = (AZn,m,τ,η,u
t + JnF (Zn,m,τ,η,u

t , ut)) dt
+JnG(Zn,m,τ,η,u

t , ut)dW
m
t , t ≥ τ,

Zn,m,τ,η,u
τ = Jnη.

Given x ∈ Hn, we let

τ̃1 =
(
inf{s > 0 : |Zn,m,0,x,u(x)

s − x| ≥ δε} ∨ inf{s > 0 : |Zn,m,0,x,u(x)
s | ≥ 1}

)
∧ 1,

and we define Z

s = Z

n,m,0,x,u(x)
s , u


s = u(x) for s ∈ [0, τ̃1[. We then proceed iteratively
by letting

τ̃	+1 =

(
inf

{
s > τ	 : |Z

n,m,τ̃�,Z
�
τ̃�

,u(Z�
τ̃�

)
s − Z


τ̃�
| ≥ δε

}

∨ inf

{
s > τ	 : |Z

n,m,τ̃�,Z
�
τ̃�

,u(Z�
τ̃�

)
s | ≥ 1

})
∧ 1

and defining Z

s = Z

n,m,τ̃�,Z
�
τ̃�

,u(Z�
τ̃�

)
s , u


s = u(Z

τ̃�

), for s ∈ [τ̃	, τ̃	+1[. By construction

Z
 is the solution of{
dZ


t =
(
AZ


t + JnF (Z

t , u



t)
)
dt + JnG(Z


t , u


t)dW

m
t , t ∈ [0, lim	→∞ τ̃	],

Z

0 =Jnx,

or, with the notation introduced by (4.3), Z
 = Zn,m,x,u�

. Since (4.3) is a SDE on the
finite dimensional space Hn with finite dimensional Brownian noise and uniformly
Lipschitz coefficients, standard arguments from the stochastic control theory show
that

P (∪∞	=1{τ̃	 = 1}) = 1 and in particular τ̃∞
.
= lim

	→∞
τ̃	 = 1, P − a.s..

Indeed, putting

η1 = inf{s > 0 : |Zn,m,0,x,u�
0

s − x| ≥ δε},

η	+1 = inf{s > τ	 : |Z
n,m,τ̃�,Z

�
τ̃�

,u�
τ̃�

s − Z

τ̃�
| ≥ δε}

(notice that η	 ≤ τ̃	 on {τ̃	 < 1}), we have for all 
 ∈ N and all h > 0

P
{
η	+1 − τ̃	 ≤ h

∣∣Fτ̃�

}
= P

{
sup

τ̃�≤s≤τ̃�+h
|Z

n,m,τ̃�,Z
�
τ̃�

,u�
τ̃�

s − Z

τ̃�
| ≥ δε

∣∣∣∣Fτ̃�

}

≤ c
hp/2

δpε
(1 + |Z


τ̃�
|p).
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Consequently, for p > 2,

P (∪	≥0{η	+1 − τ̃	 ≤ h/
}) ≤ c
hp/2

δpε

∞∑
	=1


−p/2

(
1 + E sup

s∈[0,τ̃∞]

E|Z

τ̃�
|p
)

≤ cp
hp/2

δpε
(1 + |x|p)

from where

P (∪∞	=1{τ̃	 = 1}) ≥ P (∩∞	=1{η	+1 − τ̃	 > h/l}) ≥ 1 − cp
hp/2

δpε
→ 1 as h ↘ 0.

Finally, we let ρ = inf{t > 0 : |Z

t | ≥ 2} ∧ 1 and τ	 = τ̃	 ∧ ρ. In this way

P (∪∞	=1{τ	 = ρ}) = 1; moreover, |Z

τ�
| ∈ [1, 2] and

I{|Z�
t |≥1}|Z



t − Z


τ�
| ≤ δε for all 
 ∈ N and all t ∈ [τ	, τ	+1[.

Finally, by construction, we have P -a.s. for all t ≤ ρ,
(4.10)

I{|Z�
t |≥1}

[
m∑
i=1

〈JnG(Z

t , u



t)ei, Z



t 〉2
]
≤ ε + c[(|Z


t | − 1)+]2,

I{|Z�
t |≥1}

[
1

2

m∑
i=1

|JnG(Z

t , u



t)ei|2 + 〈F (Z


t , u


t), Z



t 〉 + 〈AZ


t , Z


t 〉
]
≤ ε + c(|Z


t | − 1)+.

Now let ψε(r) = 2
∫ r

0

∫ s

0
[ε−1(σ−1+ε)]+∧1 dσ ds for r ∈ R+. We notice that ψε(r) ↘

[(r − 1)+]
2
, uniformly on bounded subsets of R+, ψ′ε(r) ↘ 2(r − 1)+, uniformly on

bounded subsets of R+ and ψ′′ε (r) ↘ 2 if r ≥ 1 and ψ′′ε (r) ↘ 0 if r < 1. Moreover,
ψε(r) ≤ c|r|2, ψ′ε(r) ≤ c|r|, ψ′′ε (r) ≤ c for a suitable c > 0 and all r ∈ R+, ε ∈]0, 1].
Finally, ψε(r) is of class C2 and ψε(r) = 0 for all and r < 1 − ε.

If we compute by Itô’s rule dtψε(|Z

t |), integrate between 0 and t∧ρ, and compute

the mean value we get, for |x| ≤ 1,

Eψε(|Z

t∧ρ|) =E

∫ t∧ρ

0

ψ′ε(|Z

s|)

|Z

s|

×
[
〈Z


s, AZ

s〉+〈Z


s, JnF (Z

s, u



s)〉 +

1

2

m∑
i=1

|JnG(Z

s, u



s)ei|2

]
ds + ψε(|x|)

+
1

2
E

∫ t∧ρ

0

[
ψ′′ε (|Z


s|)
|Z


s|2
− ψ′ε(|Z


s|)
|Z


s|3

][
m∑
i=1

〈Z

s, JnG(Z


s, u


s)ei〉2

]
ds.

Note that |ψ′′ε (r)/r2|+|ψ′ε(r)/r3| ≤ c, r > 0. In the above formula and in the following,
c is a constant independent on ε small enough. If we let ε ↘ 0 in the above equation,
then we obtain

E[(|Z

t∧ρ| − 1)+]2

≤ cE

∫ t∧ρ

0

I{|Z�
t |>1}

[
m∑
i=1

〈Z

s, JnG(Z


s, u


s)ei〉2

]
ds + cE

∫ t∧ρ

0

(|Z

s| − 1)+

×
[
〈Z


s, AZ

s〉 + 〈Z


s, JnF (Z

s, u



s)〉 +

1

2

m∑
i=1

|JnG(Z

s, u



s)ei|2

]
ds
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and by (4.10)

E[(|Z

t∧ρ| − 1)+]2 ≤ cε + cE

∫ t∧ρ

0

[(|Z

s| − 1)+]2ds ≤ cε + cE

∫ t

0

[(|Z

s∧ρ| − 1)+]2ds.

Thus, by Gronwall’s lemma

(4.11) E[(|Z

t∧ρ| − 1)+]2 ≤ cε, t ∈ [0, 1[.

Moreover, by dominated convergence, letting t ↗ 1 the above inequality also yields
E[(|Z


ρ| − 1)+]2 ≤ cε. On the other side,

E

∫ 1

ρ

[(|Z

s| − 1)+]2ds ≤ (P (ρ < 1))1/2

(
E sup

s∈[0,1]

|Z

s|4
)1/2

.

Since, as in Lemma 2.6, E sups∈[0,1] |Zn,m,x,u
s |4 ≤ c(1 + |x|4), we deduce that

E

∫ 1

ρ

[(|Z

s| − 1)+]2ds ≤ c

√
P (ρ < 1) ≤ c

√
P ([(|Z


ρ| − 1)+]2 = 1)

≤ c

√
E[(|Z


ρ| − 1)+]2 ≤ c
√
ε,

and the claim immediately follows from the above relation and (4.11).
We can now easily conclude our argument
Corollary 4.8. Assume (4.1) (with R = 1). Then the ball B(0, 1) is ε-viable.
Proof. By Lemmas 4.5 and 4.7 we have that for arbitrary great a > 0 and all

x ∈ H, |x| ≤ 1, ε > 0, the existence of an admissible control u verifying

E

∫ a

0

[
(|Xx,u

s | − 1)
+
]2

≤ ε.

Then it is enough to notice that under our assumptions we have by straightforward
computations E|Xx,u

t |2 ≤ ectc(1 + |x|2) with c independent of x, u, and t.

4.2. Viability of linear spaces. We consider here the case in which K is a
finite dimensional linear subspace of H. As in the previous section we derive from
(4.1) specific conditions and show that they are sufficient. To start with we adapt
the argument in [27] to show that any ε-invariant subset of a finite dimensional linear
subspace of H is a subset of D(A).

Lemma 4.9. Let K ⊂ H be an ε-viable (not necessarily linear) subset of H, and

let K̂ be the linear space generated by K. Then for all x ∈ K there exist sequences
tn ↘ 0, {un : n ∈ N} ⊂ U , {kn : n ∈ N} ⊂ K̂ such that |EXx,un

tn − kn|/tn → 0.
Proof. Let x ∈ H be arbitrarily chosen and Π

K̂
denote its orthogonal projection

on K̂. Then by the ε-viability of K, since dK(x) ≥ |Π
K̂
x|, we know that there exists

a sequence {un : n ∈ N} ⊂ U such that

E

∫ 2n−2

n−2

∣∣∣Xx,un

s − Π
K̂
Xx,un

s

∣∣∣2 ds ≤ 2−2n, n ≥ 1;

thus there exists some tn with n−2 ≤ tn ≤ 2n−2 such that

E

∣∣∣Xx,un

tn − Π
K̂
Xx,un

tn

∣∣∣2 ≤ 2−2nn2.
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Now let kn = EΠ
K̂
Xx,un

tn . We notice that kn ∈ K̂. Finally, by Cauchy inequality,

∣∣∣EXx,un

tn − kn

∣∣∣ ≤ (E

∣∣∣Xx,un

tn − Π
K̂
Xx,un

tn

∣∣∣2)1/2

≤ 2−nn,

and the claim follows.
The following result, needed below, is a straightforward consequence of [14, The-

orem 1.24]. We report the statement for the reader’s convenience.
Lemma 4.10. Assume that y ∈ H is such that there exists a sequence tn ↘ 0 for

which {|Ttny − y|/tn : n ∈ N} is bounded. Then y ∈ D(A).
Proposition 4.11. If K ⊂ H is ε-viable and it is included in a finite dimensional

linear subspace of H, then K ⊂ D(A).

Proof. Fix x ∈ K and again let K̂ be the linear space generated by K. By Lemma
4.9 there exist sequences tn ↘ 0 and {un : n ∈ N} ⊂ U , {kn : n ∈ N} ⊂ K̂ such that

1

tn

∣∣∣∣Ttnx +

∫ tn

0

EF (Xx,un

s , un
s )ds− kn

∣∣∣∣→ 0 as n → ∞.

Notice that, since supn |E
∫ tn
0

F (Xx,un

s , un
s )ds|/tn < ∞, the above convergence imme-

diately yields

(4.12) sup
n

1

tn
|Ttnx− kn| < ∞.

If kn = x for infinitely many indices n, then, along this subsequence, supn(tn)−1

|Ttnx − x| < ∞, and by Lemma 4.10 we obtain that x ∈ D(A). Hence, w.l.o.g., we

can assume that kn �= x for all n ∈ N. Since K̂ is locally compact, we have, at least
along a subsequence (that we still denote by {hn}), that there exists some v ∈ K̂ with
(kn − x)/|kn − x| → v and |v| = 1.

Extracting again a suitable subsequence, if necessary, we can distinguish between
two different cases: the one in which supn |kn − x|/tn < ∞ and the one in which
|kn − x|/tn ↗ ∞. In the second case∣∣∣∣Ttnx− x

|kn − x| − v

∣∣∣∣ ≤ tn
|kn − x|

|Ttnx− kn|
tn

+

∣∣∣∣ kn − x

|kn − x| − v

∣∣∣∣→ 0.

Now let Nn = [t/tn] (where [ a ] means the integer part of a ∈ R+). By direct
computation we get

(4.13)
tn

|kn − x| (TNntnx− x) = tn

Nn∑
	=1

T(	−1)tnv + tn

Nn∑
	=1

T(	−1)tn

[
Ttnx− x

|kn − x| − v

]
.

The left-hand side converges to 0 since tn/|kn−x| ↘ 0. Moreover, tn
∑Nn

	=1 T(	−1)tnv →∫ t

0
Tsv ds. Finally since we know that [(Ttnx − x)/|kn − x| − v] → 0, we have

tn
∑Nn

	=1 T(	−1)tn [
Ttnx−x
|kn−x| − v] → 0. Consequently,

∫ t

0
Tsv ds = 0. But since t has

been arbitrarily chosen this implies that v = 0, which is impossible. Therefore
we can assume that supn |kn − x|/tn < ∞. Together with (4.12) this implies that
supn |Ttnx− x| /tn < +∞, and the claim follows by Lemma 4.10.

For the rest of this section we will restrict ourselves to the case in which K is a
finite dimensional linear subspace of H with K ⊂ D(A).
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As in section 4.1 we will derive from Theorem 3.5 specific necessary conditions
for the ε-viability and show that they are also sufficient.

For this end we make the technical assumption that D(A) ⊂ D(A∗) and we denote
again by {Jn : n ∈ N} a family of linear bounded operators H → D(A∗) such that
|Jn|L(H) ≤ 1 and Jnx → x as n → ∞ for all x ∈ H.

Proposition 4.12. Assume that the finite dimensional linear subspace K ⊂ H
is ε-viable for (2.1). We denote by Π the orthogonal projection on K⊥. Then, for
any n ∈ N, arbitrarily fixed x ∈ K, and y ∈ D(A∗) ∩K⊥ there exists a sequence of
controls {u	 : 
 ∈ N} ⊂ U such that

(4.14) lim
	→+∞

〈F (x, u	), y〉 + 〈A∗y, x〉 ≤ 0, lim
	→+∞

|JnΠG(x,u	)ei|2 = 0, i ∈ N.

Proof. Clearly d2
K(z) = |Πz|2. Moreover, due to Proposition 4.11 and to our

assumption that D(A) ⊂ D(A∗), Π = I−ΠK mappings D(A∗) into K⊥∩D(A∗). We
fix z ∈ D(A∗) and notice that for all v ∈ H

d2
K(v) = |Π(v − z) + Πz|2 ≥ d2

K(z) + |JnΠ(v − z)|2 + 2〈Πz, v − z〉 := ϕ(v).

Since Dϕ(v) = 2Πz + 2ΠJ∗nJnΠ(v − z) ∈ D(A∗) we can apply Theorem 3.5 to the
test function ϕ obtaining

inf
u∈U

{
1

2

∑
i=1

|JnΠG(z,u)ei|2 + 〈F (z, u),Πz〉 + 〈A∗Πz, z〉
}

≤ c|Πz|2.

If we now apply the above to z = x	
.
= x + 
−1y, by proceeding as in the proof of

Proposition 4.1 we can find, for 
 ∈ N large enough, some um
	 such that

lim
	→∞

m∑
i=1

|JnΠG(x	, u
m
	 )ei|2 = 0,

lim sup
	→∞

{〈x	, A
∗y〉 + 〈F (x	, u

m
	 ), y〉} ≤ 0.

Thus, since x	 → x, by choosing a suitable subsequence of {um
	 : 
 ∈ N} we can

assume that

|JnΠG(x, um
	 )ei|2 ≤ 1



, i = 1, . . . ,m,

〈x,A∗y〉 + 〈F (x, um
	 ), y〉 ≤ 1



.

The claim is proved by putting u	 = u	
	.

Exactly as in Corollary 4.2 we also have the following corollary.
Corollary 4.13. Assume that K is ε-viable and that either
1. U is compact,
2. U is convex and the mappings u → F (x, u), u → G(x, u)ei, and i ∈ N are

affine.
Then for all x ∈ K and y ∈ D(A∗) ∩K⊥ there exists a control u ∈ U such that

(4.15) 〈F (x, u), y〉 + 〈A∗y, x〉 ≤ 0, G(x,u)v ∈ K, v ∈ Ξ.
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As in the previous section we prove that conditions (4.14) are also necessary.
Again we assume that A is diagonal and that {fi : i ∈ N} is an orthonormal basis of
eigenvectors corresponding to the eigenvalues {−λi : i ∈ N} with 0 ≤ λ1 ≤ λ2, . . . and
λn ↗ +∞. Moreover, by Jn we denote now the orthogonal projection on the space
Hn generated by f1, . . . , fn and K.

Proposition 4.14. Assume that U is compact and that G∗ is strongly continu-
ous. Moreover, suppose that (4.14) holds. Then the finite dimensional linear subset
K ⊂ H is ε-viable.

Proof. First of all we notice that ΠJn = JnΠ (recall that Π is the projection on
K⊥). Indeed Hn is the space generated by K and Πf1,. . . , Πfn. Therefore both ΠJn
and JnΠ are equal to the projection on Πf1, . . . ,Πfn.

Moreover, since (I − Jn)H is included in the space generated by {fi : i ≥ n + 1}
relation (4.7) still holds.

By (4.14) for all x ∈ Hn with |Πx| ≤ 1 there exists some u(x) ∈ U verifying

m∑
i=1

|JnΠG(ΠKx, u(x))ei|2 ≤ ε/2, 〈F (ΠKx, u(x)),Πx〉 + 〈AΠKx,Πx〉 ≤ ε/2

(recall that ΠK is the projection on K).
Since A is bounded on Hn and F , G are Lipschitz uniformly with respect to

u ∈ U , we have for all fixed m ∈ N

(4.16)
m∑
i=1

|JnΠG(x, u(x))ei|2 ≤ ε/2+c|Πx|2, 〈F (x, u(x)),Πx〉+〈Ax,Πx〉 ≤ ε/2+c|Πx|2.

Moreover, the above functions are continuous on bounded subsets of Hn, uniformly
in u ∈ U . Thus there exists a constant c such that for all ε > 0 and x ∈ Hn with
|Πx| ≤ 1 there exists an u(x) ∈ U verifying

m∑
i=1

|JnΠG(x, u(x))ei|2 ≤ ε + c|Πy|2, 〈F (y, u(x)),Πy〉 + 〈Ay,Πy〉 ≤ ε + c|Πy|2
(4.17)

for all y ∈ Hn with |y − x| ≤ δε. Here δε > 0 is a suitable constant independent of x
and y. Moreover, the mapping x → u(x) can be chosen to be measurable.

Now let a > 0 and x ∈ K be arbitrarily fixed. Using (4.17) and following the
argument developed for Lemma 4.7 we can find u
 ∈ U such that denoting by Z
 the
solution to{

dZ

t =
(
AZ


t + JnF (Z

t , u



t)
)
dt + JnG(Z


t , u


t)dW

m
t , t ≥ 0,

Z

0 =Jnx,

and by ρ the stopping time ρ = inf{t ≥ 0 : |ΠZ

t | > 1} ∧ 1, we have, P -a.s. for all

t ≤ ρ,

(4.18)

m∑
i=1

|JnΠG(Z

t , u



t)ei|2 ≤ ε + c|ΠZ


t |2,

〈F (Z

t , u



t),ΠZ


t 〉 + 〈AZ

t ,ΠZ


t 〉 ≤ ε + c|ΠZ

t |2.

Again similar to Lemma 4.7, let ψε(r) = 2
∫ r

0

∫ s

0
[ε−1σ] ∧ 1 dσ ds for r > 0, ψε(r) = 0

for r ≤ 0. We notice that ψε(r) ↗ (r+)2 and ψ′ε(r) ↗ 2r+, uniformly on bounded
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subsets of R+ and ψ′′ε (r) ↗ 2I]0,∞[(r). Moreover, ψε(r) ≤ r2, ψ′ε(r) ≤ 2|r|, and
ψ′′ε (r) ≤ 2 for all r ∈ R, ε ∈]0, 1]. Finally, ψε is of class C2.

We now compute dtφε(|ΠZ

t |), by Itô’s rule, integrate over the interval [0, t ∧ ρ],

and compute the mean value. Then letting ε ↘ 0, we obtain

E(|ΠZ

t∧ρ|2) =E

∫ t∧ρ

0

[
〈2ΠZ


s, AZ

s〉+2〈ΠZ


s, JnF (Z

s, u



s)〉+

m∑
i=1

|ΠJnG(Z

s, u



s)ei|2

]
ds

and by (4.18)

E|ΠZ

t∧ρ|2 ≤ cε + cE

∫ t∧ρ

0

|ΠZ

t∧ρ|2ds ≤ cε + cE

∫ t

0

|ΠZ

t∧ρ|2ds.

Thus, by Gronwall’s lemma we get E|ΠZ

t∧ρ|2 ≤ cε and taking the limit as t ↗ ∞,

E|ΠZ

ρ|2 ≤ cε. Finally, since again as in Lemma 4.7,

E

∫ a

ρ

|ΠZ

s|2ds ≤ c

√
P (ρ < a) ≤ c

√
P (|ΠZ


ρ| = 1) ≤ c

√
E|Z


ρ|2 ≤ c
√
ε,

we have E
∫ a

0
|ΠZ


s|2ds ≤ c
√
ε. Since a > 0 n and m are arbitrary, the claim follows

by Lemma 4.5.

4.3. Sufficiency of the necessary condition by comparison principle. In
this section we assume that (3.12) holds and, following [24], that there exists a self-
adjoint bounded positive operator B ∈ L(H) with BH ⊂ D(A∗) and a constant
C0 > 0 such that

(4.19) −A∗B + C0B ≥ I

(for instance, if A is selfadjoint it is enough to take B = (−A∗ + I)−1). Condition
(4.19) was first introduced in [11] where many examples are given. Moreover a general
sufficient condition for (4.19) to hold was given in [29].

We define H−1 as the completion of H under the norm ||x||2−1
.
= 〈Bx, x〉 =

|B1/2x|.
Definition 4.15. We say that a continuous function u : [0, T ] ×H → R is B-

lower semicontinuous if u(t, x) ≤ lim infn→∞ u(tn, xn) whenever tn → t and xn ⇀ x,
Bxn → Bx. Clearly, u : [0, T ] ×H → R is B-upper semicontinuous whenever −u is
B-lower semicontinuous.

In this section we obtain sufficiency of the condition for general K (in some cases
for nonconvex K), but the price to pay is that we have to assume, beside the trace
class condition included in (3.12), that the two following restrictive requirements hold:

(4.20) |G(x, u) −G(y, u)|L2(Ξ,H) ≤ C||x− y||−1, for all x, y, inH, for all u ∈ U,

(4.21) d2
K is B-lower semicontinuous.

Proposition 4.16. Condition (4.21) is satisfied, for instance, in the following
cases.

1. K is locally compact.
2. K is convex.
3. K is a linear subspace of H with K⊥ ⊂ B1/2H.
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Proof. To prove the first assertion, we assume that K is locally compact and, by
contradiction, that there exist x ∈ K and α > 0 such that

lim inf
y⇀x

dK(y) ≤ dK(x) − 4α < dK(x).

Consider a sequence yn ⇀ x with lim infy⇀x dK(y) = limn dK(yn) and observe that
there exist ΠK(yn) ∈ K and ΠK(x) ∈ K such that

dK(yn) = |yn − ΠK(yn)|, dK(x) = |x− ΠK(x)|.

So for any n large enough

(4.22) |yn − ΠK(yn)| ≤ dK(x) − 3α < dK(x).

The sequence ΠK(yn) is bounded in the locally compact set K; hence one can extract
a subsequence (again similarly denoted) which converges to some z ∈ K. Hence for
any n large enough

(4.23) |z − ΠK(yn)| ≤ α.

From (4.22) and (4.23), we obtain for n large enough

|yn − z| ≤ dK(x) − 2α < dK(x).

Namely, yn belongs to the closed ball B(z, dK(x)−2α) which is convex and (strongly)
closed, hence weakly closed by Mazur’s theorem. Consequently, x belongs to this ball
because it is the weak limit of yn. Hence

|x− z| ≤ dK(x) − 2α < dK(x) and z ∈ K

which is a contradiction with the very definition of dK(x). As far as the second
assertion is concerned, we remark that if K is convex, then d2

K is convex as well.
Thus the epigraph of d2

K is convex and closed (since d2
K is continuous), thus weakly

closed.
Finally if K is linear with K⊥ ⊂ B1/2H, then we get

dK(x) = |ΠK⊥x| = sup
y∈H, |y|=1

〈ΠK⊥x, y〉 = sup
y∈H, |y|=1

〈B1/2x,B−1/2ΠK⊥y〉.

Since B−1/2ΠK⊥ is bounded it is immediate to verify that dK is continuous with
respect to the norm || · ||−1.

We introduce here a weak (in probabilistic sense) notion of ε-viability.
Definition 4.17. A closed subset K ⊂ H is weakly ε-viable if for all x ∈ K it

holds that

(4.24) inf
U

E

[∫ +∞

0

e−Ctd2
K(Xx,U

t )dt

]
= 0,

where the infimum is computed over all settings U = (Ω, E ,P,F, u), where (Ω, E ,P) is
a probability space; F = {Ft}t≥0 is a filtration in E satisfying the usual conditions:
{Wt}t≥0 is a cylindrical, Ξ-valued F-Wiener process, and u is an F-progressively mea-
surable process with values in U . Moreover, by Xx,U we denote the solution of (4.26)
with respect to the setting U.
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Remark 4.18. Since, as it is stated in Remark 3.7, under assumptions (3.12),
the filtrations F and F

m do not play any role in the proof of Theorem 3.5. Then the
argument of the proof of Theorem 3.5 still yields, taking into account the simplifications
stated in Remark 3.7, that if K is weakly ε-viable, then d2

K is a viscosity supersolution
of the HJB equation (3.13) for a suitable constant C > 0 (large enough).

Proposition 4.19. Assume that (3.12), (4.19), (4.20), and (4.21) hold; then K
is weakly ε-viable if and only if there exists C > 0 (large enough) such that d2

K is a
viscosity supersolution of the HJB equation (3.13).

Proof. We start by noticing that it is easy to verify, just by comparing the two
definitions, that if a function u : H → R is a viscosity supersolution of the HJB
equation (3.13) in the sense of Definition 3.4 and it is B-lower semicontinuous, then
it is a (stationary) viscosity supersolution of the parabolic HJB equation

(4.25)

− ∂

∂t
V (t, x) + Ψ(x, V (x), DxV (t, x), D2

xV (t, x)) − 〈Ax,DxV (t, x)〉 = 0,

t ∈ [0, T ] x ∈ H,

with Ψ(x, v, p,X) = − inf
u∈U

(
1

2

∞∑
i=1

〈XG(x, u)ei, G(x, u)ei〉 + 〈F (x, u), p〉
)

+Cv − d2
K(x)

in the sense of in [24, Definition 2.2].
We fix an arbitrary T > 0 and define

V (t, x) = inf
U

E

∫ T

t

e−Csd2
K(Xt,x,U

s )ds, x ∈ H,

where U = (Ω, E ,P,F, u) is as in Definition 4.17 and Xt,x,U is the solution of

(4.26)

{
dsXs=(AXs + F (Xs, us)) ds + G(Xs, us)dWs, s ∈ [t, T ],

Xt=x,

corresponding to U.
By [24, Theorem 4.1] V is the unique B-continuous viscosity solution of⎧⎪⎨
⎪⎩

− ∂

∂t
V (t, x) + Ψ(x, V (x), DxV (t, x), D2

xV (t, x)) − 〈Ax,DxV (t, x)〉 = 0,

t ∈ [0, T ] x ∈ H,
V (T, x) = 0,

with quadratic growth. Since d2
k is a viscosity supersolution of (4.25) by the compari-

son result in [24, Theorem 3.3] (see also [24, Remark 3.3], notice that in [24, section 3]
it is also shown that the assumptions of [24, Theorem 3.3] are satisfied in the present
case); we get V (t, x) ≤ d2

K(x), t ∈ [0, T ]. In particular V (0, x) = 0 for x ∈ K. Due
to the arbitrarity of T we deduce that for all ε > 0 and all T > 0 there exists some
U = (Ω, E ,P,F, u) such that

E

∫ T

0

e−Csd2
K(Xx,U

s )ds ≤ ε.

The claim follows since, by Lemma 2.2, for an arbitrary C > C2 (see Lemma 2.2),

E

∫ ∞
T

e−Csd2
K(Xx,U

s )ds ≤ e−(C−C2)/(C − C2).
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5. Application. Finally, we briefly show how our results can be applied to a
general semilinear controlled heat equation with multiplicative white noise. Namely
we consider, for t ∈ [0, T ], ξ ∈ [0, 1],
(5.1)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dtX
u(t, ξ) =

∂2

∂ξ2
Xu(t, ξ)dt + f(Xu(t, ξ), u(t, ξ))dt + σ(Xu(t, ξ), u(t, ξ))

∂

∂t
W(t, ξ),

Xu(t, 0) = Xu(t, 1) = 0,

Xu(t0, ξ) = x0(ξ),

where W is a space-time white noise on [0, T ] × [0, 1]. The functions f and σ are
continuous functions defined on R

2 with values in R. Moreover we assume that f and
g are Lipschitz in x and uniformly in u, if u varies on a bounded subset of R.

Finally, we assume that x0 ∈ L2([0, 1]) and that U is a subset of {u ∈ L2([0, 1]) :
|u(ξ)| ≤ δ for almost all ξ ∈ [0, 1]} for a suitable δ > 0.

To rewrite the above problem in the abstract way we set H = Ξ = L2([0, 1]).
We set {Wt : t ≥ 0} to be a cylindrical Wiener process in L2([0, 1]) (that is

formally (∂W/∂t)(t, ξ) =
∑∞

i=1 βi(t)ei(ξ), where {βi : i ∈ N} is a sequence of inde-
pendent, real valued Brownian motions and {ei : i ∈ N} is an orthonormal basis in
H).

Moreover, we define the operator A with domain D(A) by

D(A) = H2([0, 1]) ∩H1
0 ([0, 1]), (Ay)(ξ) =

∂2

∂ξ2
y(ξ) for all y ∈ D(A),

where H2([0, 1]) and H1
0 ([0, 1]) are the usual Sobolev spaces and

F (x, u)(ξ) = f(ξ, x(ξ), u(ξ)), [G(x, u)z](ξ) = σ(ξ, x(ξ), u(ξ))z(ξ)

for all x, z ∈ L2([0, 1]), u ∈ L2([0, 1]) and a.a. ξ ∈ [0, 1].
With this setting and under the above hypotheses, the general assumptions in

section 2 are satisfied; see [13, section 11.2.1] (to ensure that (2.5) holds it is enough
to choose a basis in L2([0, 1]) given by bounded functions). Moreover, it is well known
that the operator A is selfadjoint.

5.1. Viability of balls. Let K be the unit ball in H and U = {u ∈ L2([0, 1]) :
|u(ξ)| ≤ 1 for a.e. ξ ∈ [0, 1]}. Moreover, we assume that f is affine, f(x, u) = f0(x)u+
f1(x) with f0 and f1 continuous and bounded. The coefficient σ is also supposed to
be linear, σ(x, u) = σ0(x)u, where σ0 is a continuous and bounded function R → R.
Finally we suppose that σ0(x) �= 0 if x �= 0.

In this case the first condition in (4.2) takes the form

(5.2) σ0(x(ξ))u(ξ)x(ξ) = 0 for a.e. ξ ∈ [0, 1] and for all x ∈ D(A) with |x|H = 1.

Thus u(ξ)x(ξ) = 0, for a.e. ξ ∈ [0, 1] and for all x ∈ D(A) with |x|H = 1.
Consequently, the second condition in (4.2) becomes

(5.3)

∫ 1

0

f1(x(ξ))x(ξ)dξ −
∫ 1

0

(x′(ξ))2dξ ≤ 0

for all x ∈ D(A) with |x|H = 1. Resuming, (5.2) and (5.3) give the desired necessary
and sufficient condition for the ε-viability of K.
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5.2. Viability of linear spaces. Now let K be a finite dimensional linear sub-
space of D(A) and

U = {u ∈ H1([0, 1]) : |u|H1([0,1]) ≤ r}

for some r > 0 (we notice that U is a compact subset of {u ∈ L2([0, 1]) : |u(ξ)| ≤
δ for all ξ ∈ [0, 1]} for δ large enough).

Moreover, we assume that the functions f and g are convex in u (but not nec-
essarily linear), where σ : R

2 → R is assumed to be of class C1(R2) satisfying
|∂σ(a, b)/∂b| > 0 for all a ∈ R and b ∈ [−δ, δ].

In this case the second relation in (4.15) becomes σ(x(ξ), u(ξ)) = 0 for all ξ ∈
[0, 1]. Indeed, since σ, x, and u are continuous, if we had σ(x(ξ), u(ξ)) �= 0 for some
ξ ∈ [0, 1], then the set {σ(x, u)v : v ∈ L2([0, 1])} would automatically be an infinite
dimensional subset of L2([0, 1]). Thus, taking into account that |(∂σ/∂u)(x, u)| > 0,
the above implies that for all a ∈ R there exists a unique b = h(a) ∈ [−δ, δ] such that
σ(a, h(a)) = 0. Moreover, h ∈ C1(R, [−δ, δ]).

We now observe that the first formula in (4.15) gives

(5.4) f(x, h(x)) + x′′ ∈ K for all x ∈ K.

Resuming K is ε-viable if and only if the following two statements hold:
1. for all a ∈ R there exists a (unique) b = h(a) ∈ [−δ, δ] such that σ(a, h(a)) = 0,
2. for all x ∈ K, h(x) ∈ U and f(x, h(x)) + x′′ ∈ K.

5.3. Nonconvex K. We consider here a state equation with more regular dif-
fusion and finite dimensional noise

(5.5)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dtX
u(t, ξ) =

∂2

∂ξ2
Xu(t, ξ)dt + f(Xu(t, ξ), u(t, ξ), v(t))dt

+
N∑
i=1

σi
(
〈Xu(t, ξ), hi(ξ)〉L2([0,1]), v(t)

)
dβi

t,

Xu(t, 0) = Xu(t, 1) = 0,

Xu(t0, ξ) = x0(ξ),

where β1, . . . , βN are independent real-valued Brownian. The functions f : R
2+M →

R and σ : R
1+M → R are again continuous and we assume that f and g are Lipschitz

in x, uniformly in u and v.
The control is now given by (u, v) with u ∈ L2([0, 1]) and v ∈ R

M . We set
U = {(u, v) : |u|L2([0,1]) ≤ 1, |v| ≤ 1}.

Finally, we assume that hi ∈ H1
0 ([0, 1]), and let K be a (possibly nonconvex)

locally compact closed subset of L2([0, 1]).
As above we let H = L2([0, 1]) and D(A) = H2([0, 1]) ∩ H1

0 ([0, 1]), (Ay)(ξ) =
∂2

∂ξ2 y(ξ).

We notice that A is selfadjoint and we can choose B = (I −A)−1. Thus B−1/2 =
(I − A)1/2 with D(B−1/2) = H1

0 . Moreover, since hi ∈ D(B−1/2) the map x →
〈x, hi〉L2([0,1]) can be rewritten as x → 〈B1/2x,B−1/2hi〉L2([0,1]). Thus if F is defined
as in the previous sections and G(x, u, v) = (σ1(〈x, u〉L2([0,1]), v), . . . , σ

N (〈x, u〉L2([0,1]),
v)), x, u ∈ L2([0, 1]), v ∈ R

M it is easy to verify that the assumptions of Proposition
4.19 are verified. Thus applying Proposition 4.19 we obtain that the set K is ε-viable if
and only if there exists C > 0 (large enough) such that d2

K is a viscosity supersolution
of the HJB equation (3.13).
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Abstract. We consider stochastic optimal control problems in Banach spaces. These problems
are related to nonlinear controlled equations with dissipative nonlinearity and are treated via the
backward stochastic differential equation approach, which also allows us to solve, in a mild sense,
Hamilton–Jacobi–Bellman equations in Banach spaces. We apply the results to controlled stochastic
heat and wave equations with a cost functional that is well defined on continuous functions, and to
delay equations in spaces of p-integrable functions.
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1. Introduction. In this paper we develop an abstract theory for stochastic op-
timal control problems with cost functionals that are defined on a Banach space. This
allows us to treat, for example, stochastic optimal control problems for heat equations
with temperature control in a finite number of points: in an abstract setting this cost
functional is well defined on the Banach space of continuous functions, but it is not
well defined on the Hilbert space of square integrable functions. In many other situ-
ations arising from concrete models, the cost is naturally defined on a Banach space,
but not on a Hilbert space; hence, the novelty of this paper is that we can consider
such optimal control problems in a general framework and extend the results found
in the existing literature. The control problems are treated via backward stochas-
tic differential equations (BSDEs); a similar approach for stochastic optimal control
problems in infinite dimensional Hilbert spaces is studied in [16].

First, we consider a stochastic differential equation, with additive noise, in a
Banach space E:

(1.1)

{
dXτ = AXτdτ + F (τ,Xτ )dτ + GdWτ , τ ∈ [t, T ],

Xt = x.

W is a cylindrical Wiener process in a separable Hilbert space Ξ, A generates a
strongly continuous semigroup of linear operators, F : [0, T ]×E −→ E is continuous,
and there exists η ∈ R such that A+F (τ, ·)−η is dissipative on E, for every τ ∈ [0, T ];
G is a linear operator from Ξ to H, x ∈ E and 0 ≤ t ≤ T . The Banach space is
continuously and densely embedded in another real and separable Hilbert space H.
We make suitable assumptions such that the stochastic convolution

WA(τ) =

∫ τ

0

e(τ−s)AGdWs
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is well defined as a Gaussian process in H. Moreover, we assume that the stochastic
convolution WA(τ) admits an E-continuous version. It is well known that under these
assumptions, (1.1) admits a unique mild solution, i.e., it satisfies P-almost surely (P-
a.s.)

Xτ = e(τ−t)Ax +

∫ τ

t

e(τ−s)AF (s,Xs)ds +

∫ τ

t

e(τ−s)AGdWs, τ ∈ [t, T ];

see, e.g., [11], [12], and [13]. We want to remark that F is well defined only on the
Banach space E, while on the Hilbert space H, F is not even defined: this is a natural
situation arising in many evolution equations, and the problem of solving (1.1) has
been extensively studied, but not in relation to stochastic optimal control problems.
To this end, we have to prove new results on the dependence of the solution X of
(1.1) on the initial datum, in a suitable sense. We prove that if F is differentiable,
then X is differentiable with respect to the initial datum. This result will be used
while proving the so-called fundamental relation via BSDEs.

The controlled stochastic evolution equations that we study have the following
form:

(1.2)

{
dX τ = AX τdτ + F (τ,Xτ )dτ + GdW τ + GR(τ,Xτ , uτ )dτ, τ ∈ [t, T ],

Xt = x,

where R is defined on [0, T ]×E×U , and U denotes the set of control actions. In (1.2),
we notice the occurrence of the operator G in the control term: this is a restriction
imposed by our techniques, but it arises in the abstract formulation of controlled
delay and wave equations. In the particular case R(τ, x, u) = u, the term uτdτ +dWτ

admits a natural interpretation as a control affected by noise.
Following the approach of [15], we consider the control problem in the weak for-

mulation, that is, we have to minimize a cost functional over all admissible control
systems (a.c.s.’s) (Ω,F ,Fτ ,P,W, u,X). Namely, to every a.c.s. (W,u,Xu) we asso-
ciate a cost J given by

(1.3) J(t, x, (W,u,X)) = E

∫ T

t

g(s,Xs, us)ds + Eφ(XT ),

where g : [0, T ] × E×U → R and φ : E → R. The value function of this control
problem is defined by

(1.4) V (t, x) = inf
(W,u,Xu) a.c.s.

J(t, x, (W,u,X)).

In order to solve the optimal control problem, we introduce the BSDE

(1.5) Yτ +

∫ T

τ

ZσdW σ = φ(XT ) +

∫ T

τ

ψ(σ,Xσ, Zσ)dσ, τ ∈ [t, T ];

see, e.g., [22]. The solution of this equation is a pair of predictable processes (Y,Z),
taking values in R × Ξ∗. φ is the final cost, and ψ : [0, T ] × E × Ξ∗ −→ R is the
Hamiltonian function defined in a classical way:

(1.6) ψ(τ, x, z) = inf
u∈U

{g(τ, x, u) + zR(τ, x, u)}.
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We recall that the process X takes values in the Banach space E. It is trivial to
deduce existence and uniqueness of the solution of (1.5). The fundamental relation
via the BSDE is

(1.7) Yt = J(t, x, u) + E

∫ T

t

[ψ(σ,Xσ, Zσ) − ZσR(σ,Xσ, uσ) − g(σ,Xσ, uσ)]dσ.

Thus a control u such that

uτ ∈ Γ(τ, x, z) := {u ∈ U : g(τ, x, u) + zR(τ, x, u) = ψ(τ, x, z)}

is optimal. In order to characterize the optimal control via a feedback law, we need
to identify the process Z with some function of the process X. Namely, we define the
function v(t, x) as Y (t, t, x), where Y (t, t, x) is the solution Y of the BSDE, considered
at time t and depending on the Markov process X, which is a solution to an equation
with the same structure as (1.1), and with initial condition x given at the initial time t.
We prove that the value function V (t, x), defined in (1.4), is equal to v(t, x). Our goal
is to prove that, when v(t, x) is differentiable with respect to x, Zt = ∇v(t,Xt)G. For
such an identification, Y (t, t, x) has to be differentiable with respect to x, and this can
be proved by requiring the final cost φ and the Hamiltonian ψ to be differentiable with
respect to x, and by using the fact that the process X is differentiable with respect to
the initial datum x. Differentiability assumptions on the Hamiltonian and on the final
cost are a genuine restriction; but the identification of Zt with ∇v(t,Xt)G allows us
to characterize the optimal control via a feedback law. When X evolves in a Hilbert
space H, in the more general case of multiplicative noise in (1.1) (that is, G not
necessarily constant), Zt is identified with ∇v(t,Xt)G(Xt) by means of the Malliavin
calculus; see [16]. In this paper we deal with equations evolving in a Banach space,
so we cannot make direct use of Malliavin calculus. By an idea taken from [2], we can
prove that Zt = ∇v(t,Xt)G by avoiding the use of Malliavin calculus.

Moreover, by using the BSDE approach we are able to solve the associated
Hamilton–Jacobi–Bellman equation

(1.8)

{
∂v
∂t (t, x) = −Atv(t, x) − ψ(t, x,∇v(t, x)G), t ∈ [0, T ], x ∈ E,

v(T, x) = φ(x).

We can prove the existence and uniqueness of a mild solution to (1.8), i.e., a function
v(t, x), which is continuous and Gâteaux differentiable with respect to x and satisfies

v(t, x) = Pt,T [ϕ](x) +

∫ T

t

Pt,s[ψ(s, ·,∇v(s, ·)G)](x)ds, t ∈ [0, T ], x ∈ E.

For every t ≤ τ ≤ T , we denote by Pt,τ the transition semigroup corresponding to the
Markov process X(τ, t, x), t ≤ τ ≤ T , which is solution of (1.1), i.e., for a continuous
and bounded function ϕ : E−→ R, Pt,τ [ϕ](x) = Eϕ(X(τ, t, x)). It turns out that
the mild solution v(t, x) of the Hamilton–Jacobi–Bellman equation (1.8) is equal to
Y (t, t, x).

For the solution of Hamilton–Jacobi–Bellman equations via a BSDE, we cite [26],
where the finite dimensional case is treated, and [16], where existence and uniqueness
of a mild solution are proved for a Hamilton–Jacobi–Bellman equation on an infinite
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dimensional Hilbert space. For Hamilton–Jacobi–Bellman equations on an infinite
dimensional Hilbert space, the notion of a viscosity solution has been studied by
many authors; we refer the reader to the general reference [9] and to the fundamental
papers [6], [19], and [20]. The class of equations that can be treated is much more
general than in our case; however, none of the known results guarantee differentiability
of the solution. We are not aware of other results in the literature about the solution
of stochastic partial differential equations of parabolic type in Banach spaces, apart
from the papers [7] and [8], where viscosity solutions are presented for first order
partial differential equations. Here we require more regularity on φ and ψ, and we
solve the equation in a stronger sense.

We apply the results to some specific models: we treat controlled heat equations in
one space dimension with Dirichlet and Neumann boundary conditions, with the cost
functional defined on the Banach space of continuous functions. The stochastic heat
equation is nonlinear, and the nonlinear term is dissipative in the space of continuous
functions, and it cannot be naturally extended to the whole Hilbert space of square
integrable functions. Stochastic reaction diffusion equations have been extensively
studied; we cite [29] as a general reference. In the papers [3] and [4], where more
general reaction diffusion equations are studied in space dimension greater than 1,
even when the equation is solved in the space of continuous functions, the related
costs are defined in the Hilbert space of square integrable functions. We also cite [18]
and [23], where nonlinear reaction diffusion equations with a nonlinear term satisfying
polynomial growth conditions are studied. We remark that it is more natural to
treat nonlinear terms with polynomial growth conditions in the space of continuous
functions rather than in the space of square integrable functions. Indeed, in the first
case the nonlinear term in defined on the whole space, while on the contrary it is
easy to verify that this is not the case in the space of square integrable functions.
We also study stochastic delay equations, with the cost defined on the space of p-
integrable functions, and finally, stochastic wave equations in one space dimension
with the cost functional defined on the Banach space of continuous functions; to this
end we study the abstract wave equation in a Besov space, which is continuously and
densely embedded in the space of continuous functions.

The paper is organized as follows. In section 2 we introduce some notations and
recall some results that are needed throughout the paper. Section 3 is devoted to the
study of the regularity of the solution of (1.1) with respect to the initial datum and
to the identification of Z. In section 4 we study the regularity of the solution of a
forward-backward system with respect to the initial datum in the forward equation.
In section 5 we formulate the stochastic optimal control problem and solve it when
the final cost and the running cost have polynomial growth with respect to x. In
section 6 we solve, in a mild sense, the Hamilton–Jacobi–Bellman equation, and in
section 7 we apply the results to some concrete models.

2. Preliminaries and notations. We list some notations that are used in the
paper. If E and K are Banach spaces, L(E,K) denotes the space of bounded linear
operators from E to K, endowed with the usual operator norm. By E∗ we denote the
dual space of E, and the duality product between E∗ and E is denoted by 〈·, ·〉E∗,E .
We will always deal with real separable Banach spaces.

The letters Ξ and H will always denote real and separable Hilbert spaces with
scalar product 〈·, ·〉. L2(Ξ, H) is the space of Hilbert–Schmidt operators from Ξ to
H, endowed with the Hilbert–Schmidt norm.

We specify in what sense we consider differentiability between Banach spaces.
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Following [16, section 2.2], if E and K are two Banach spaces, we say that a function
f : E → K belongs to the class G1(E,K) if f is continuous and Gâteaux differentiable
on E and if the gradient ∇f : E → L(E,K) is strongly continuous; that is, for every
direction h ∈ E the map ∇f(·)h : E → K is continuous. We say that f : [0, T ]×E →
K is in G0,1([0, T ] ×E,K) if f is continuous and Gâteaux differentiable with respect
to every e ∈ E on [0, T ] × E and the gradient ∇f : [0, T ] × E → L(E,K) is strongly
continuous. If F is another Banach space, we say that f : E × F → K belongs to
G1,1(E × F,K) if it is continuous, if it is Gâteaux differentiable on E × F , and if
∇f : E × F → L(E × F,K) is strongly continuous. If K = R we write, respectively,
G1(E), G0,1([0, T ] × E), and G1,1(E × F ) instead of G1(E,R), G0,1([0, T ] × ER), and
G1,1(E × F,R).

From now on, by (Ω,F ,P) we mean a complete probability space endowed with a
filtration {Ft, t ≥ 0} satisfying the usual conditions. By a cylindrical Wiener process
defined on (Ω,F ,P), and with values in a Hilbert space Ξ, we mean a family {Wt, t ≥
0} of linear mappings Ξ → L2(Ω) such that for every ξ, η ∈ Ξ, {Wtξ, t ≥ 0} is a
real Wiener process and E(Wtξ · Wtη) = 〈ξ, η〉Ξ. In the following, {Wt, t ≥ 0} is a
cylindrical Wiener process adapted to the filtration {Ft, t ≥ 0}. We remember that
the natural filtration of a Wiener process, augmented with the family of P-null sets,
satisfies the usual conditions.

Also, a cylindrical Wiener process can be seen as a Q-Wiener process with values
in another Hilbert space Ξ1. Let us recall an explicit construction that will be used
in the following. Let Ξ1 be an arbitrary Hilbert space such that Ξ is continuously
embedded in Ξ1 and the embedding i : Ξ ↪→ Ξ1 is of Hilbert–Schmidt type with its
image dense in Ξ1. Let Q = ii∗. Q1 is a positive, symmetric trace class operator.
Consider (ηk)k≥1, a complete orthonormal system in Ξ1, and a sequence of positive
real numbers (λk)k≥1 such that

Qηk = λkηk.

Fix ξk = i∗ηk√
λk

as a complete orthonormal system in Ξ. We can consider a Q-Wiener

process W 1
t , t ≥ 0, taking values in Ξ1, which admits the following representation:

W 1
t =

∞∑
k=1

√
λkβk(t)ηk,

where βk(t), k ≥ 1, are real, independent standard Wiener processes. Moreover,

βk(t) =

〈
W 1

t , ηk
〉
Ξ1√

λk

.

For every η ∈ Ξ1 we set

〈W 1
t , η〉Ξ1 = W i∗η

t ,

and for every ξ ∈ Ξ,

W ξ
t =

∞∑
k=1

βk(t)〈ξ, ξk〉Ξ

and βk(t) = W ξk
t , k ≥ 1.
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Next we define a class of processes with values in a Banach space E. For every
0 ≤ t < T , Hp([0, T ], E) is the space of predictable processes (Yτ )τ∈[t,T ] admitting a
continuous version and such that

E sup
τ∈[t,T ]

‖Yτ‖pE < ∞.

We recall some results on BSDEs. Consider a BSDE of the form

(2.1) Yτ +

∫ T

τ

ZσdWσ = η +

∫ T

τ

ψσdσ, τ ∈ [0, T ],

in (Ω,F ,P). {Wt, t ≥ 0} is a cylindrical Wiener process, and the filtration {Ft, t ≥ 0}
is the natural filtration of the Wiener process augmented in the usual way. Y is a
process taking values in R, and Z is a process with values in Ξ∗, the dual of the
separable Hilbert space Ξ. η is an FT -measurable random variable in L2(Ω,R), and
ψσ is an adapted square integrable process satisfying

(2.2) E

∫ T

t

|ψσ|2 dσ < ∞.

Under the previous assumptions, (2.1) admits a unique solution that is a pair of
predictable processes (Yτ , Zτ ), taking values in R × Ξ∗, such that Y has continuous
paths and

E sup
τ∈[0,T ]

|Yτ |2 + E

∫ T

t

‖Zσ‖2
Ξ∗ dσ < ∞;

see, e.g., [25]. In the following we denote by Kcont([0, T ]) the space of such processes.

3. Stochastic evolution equations in Banach spaces. In this section we
collect some results on the existence and uniqueness of mild solutions for stochastic
evolution equations in Banach spaces, and then we investigate the regular dependence
of the solution on the initial datum.

In the probability space (Ω,F ,P), we consider the following stochastic differential
equation with values in a Banach space E:

(3.1)

{
dXτ = AXτdτ + F (τ,Xτ ) dτ + GdWτ , τ ∈ [t, T ] ,

Xt = x,

where x ∈ E and [t, T ] ⊂ [0, T ]. Throughout the paper, we assume that the Banach
space E is separable and it is continuously and densely embedded in a Hilbert space H;
A is a linear operator in E with domain D(A). We will need the following assumptions.

Hypothesis 3.1. We assume that either
1. A generates a C0-semigroup in E, or
2. A is a sectorial operator in E.

We cite [21, p. 33] for a definition of sectorial operator. In both cases we denote
by etA, t ≥ 0, the semigroup of bounded linear operators on E generated by A and
we know that for t > 0 the map t 
→ etA is continuous and there exist M > 0
and ω ∈ R such that ‖etA‖L(E,E) ≤ Meωt for all t ≥ 0; moreover, we assume that
‖etA‖L(E,E) ≤ eωt for all t ≥ 0 and some ω ∈ R. Finally, we assume that etA, t ≥ 0,
admits an extension to a C0-semigroup of bounded linear operators in H, still denoted
by the same symbol, etA.
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W is a cylindrical Wiener process in another separable Hilbert space Ξ. We have
to make assumptions on F , G, and the stochastic convolution

WA (τ) =

∫ τ

0

e(τ−s)AGdWs.

Indeed, the Gaussian process WA(τ) is well defined in H when its covariance operator

Qτ =

∫ τ

0

esAGG∗esA
∗
ds, τ ≥ 0,

is a trace class operator on H.
Hypothesis 3.2.

1. F : [0, T ]×E −→ E is continuous and is bounded on bounded sets, and there
exists η ∈ R such that A+ F (τ, ·)− η is dissipative on E for every τ ∈ [0, T ].

2. G is a linear operator from Ξ to H such that the operator Qτ , which turns
out to be positive and symmetric, is of trace class for every τ ∈ [0, T ].

3. The stochastic convolution WA(τ) admits an E-continuous version.
Throughout the paper, for every x ∈ E, we denote by ∂(‖x‖E), the subdifferential

of the norm at x, the set of functionals x∗ ∈ E∗ such that 〈x∗, x〉E∗,E = ‖x‖E and
‖x∗‖E∗ = 1.

Remark 3.3. By [10, Proposition II.7.4], if a map f : D(f) −→ E is contin-
uous and dissipative, then it is strongly dissipative, and, again by [10, p. 46], this
is equivalent to asking that for every x, y ∈ E and x∗ ∈ ∂‖x − y‖E , we have
〈x∗, f(x) − f(y)〉E∗,E ≤ 0. Thus the map A + F (τ, ·) − ηI : D(A) −→ E is strongly
dissipative.

Remark 3.4. It is well known that WA can be regarded as a Gaussian random
variable in L2([0, T ], H); see, e.g., [12, Theorem 5.2.]. We want to remark that it is a
Gaussian random variable in C([0, T ], E), too. Indeed, let us denote B = C([0, T ], E)
and K = L2([0, T ], H). We have to show that for every Λ ∈ B∗, ΛWAis a real
Gaussian random variable. Since B is continuously and densely embedded in K, for
every Λ ∈ B∗ there exists a net Λα ∈ K∗ weakly* convergent to Λ, i.e., such that Λαx
converges to Λx, for every x ∈ B. By the Banach Steinhaus theorem the family Λα

is uniformly bounded in the norm of B∗. Let us denote M = max(‖Λ‖, supα ‖Λα‖).
Since B is separable, in the dual space B∗ the balls of radius M are weakly* metrizable
(see, e.g., [5, Theorem 5.1]), so there exists a subsequence (Λn)n of (Λα)α such that
Λnx converges to Λx. Since ΛnWA is a real Gaussian random variable, and ΛWA is its
pointwise limit, we conclude that ΛWA is a real Gaussian random variable. Thus, WA

is a Gaussian random variable in C([0, T ], E) and, in particular, it has finite moments
of every order.

Remark 3.5. In Hypothesis 3.2, point 1, we make dissipative assumptions on
F . The theory applies also to the more restrictive case of F Lipschitz continuous.
In general this is a less interesting case also because, as it will be made clear in
section 7.1, when we apply our theory to the heat equation, such nonlinearities are
often well defined not only in the Banach space E, but also in the whole Hilbert space
H, so from the point of view of the evolution equation, a Banach space approach is not
so interesting. Nevertheless, when considering the associated control problem, also in
the case of linear evolution equations or evolution equations with Lipschitz continuous
nonlinearity, it can become necessarily a Banach space approach, e.g., when the cost
is well defined on a Banach space but not on a Hilbert space.

We can state the following theorem; see, e.g., [11], [12, Theorem 7.13], and [13,
Theorem 5.5.13]. In all these references only the autonomous case is treated, but the
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extension to the nonautonomous case is immediate: in [13] Proposition 5.5.6 is applied
in the proof of Theorem 5.5.13, and this proposition is about existence and uniqueness
of a solution for a deterministic equation in the nonautonomous case. Moreover, the
above mentioned theorems deal with a dissipative nonlinearity f : if f is Lipschitz
continuous, on A it suffices to ask that it be the generator of a strongly continuous
semigroup, but if, as in this paper, f is only dissipative, in order to guarantee existence
and uniqueness of a mild solution of (3.1), we need to take A − ωI dissipative; see,
e.g., the proof of Theorem 7.13 in [12].

Theorem 3.6. Assume that Hypotheses 3.1 and 3.2 hold true. Then for every
x ∈ E (3.1) admits a unique mild solution, that is, an adapted and continuous E-
valued process satisfying P-a.s.

Xτ = e(τ−t)Ax +

∫ τ

t

e(τ−s)AF (s,Xs) ds +

∫ τ

t

e(τ−s)AGdWs, τ ∈ [t, T ] .

If Hypothesis 3.1, point 1, holds true, then the mild solution has paths in C([t, T ], E),
P-a.s. If Hypothesis 3.1, point 2, holds true, then the mild solution has paths in
C((t, T ], E) ∩ L∞([t, T ], E), P-a.s.

We denote the solution by X(τ, t, x), x ∈ E, t ∈ [0, T ], and τ ∈ [t, T ]. For τ ∈ [0, t]
we define X(τ, t, x) = x. By the Markov property it is well known that, for every
0 ≤ t ≤ s ≤ σ ≤ T ,

X (σ, s,X (s, t, x)) = X (σ, t, x) .

Now we want to investigate the dependence of the solution on the initial datum.
Proposition 3.7. Let Hypotheses 3.1 and 3.2 hold true. Then the solution

X(τ, t, x) of (3.1) is Lipschitz in x uniformly in τ ∈ [0, T ]; more precisely, P-a.s.

‖X (τ, t, x1) −X (τ, t, x2)‖E

≤ max
(
1, eη(T−t)

)
‖x1 − x2‖E , 0 ≤ t ≤ τ ≤ T, x1, x2 ∈ E.

Proof. Let X1(τ) = X(τ, t, x1) and X2(τ) = X(τ, t, x2), x1, x2 ∈ E. For i = 1, 2
we set Xn

i (τ) = nR(n,A)Xi(τ), where R(n,A) = (nI−A)−1 is the resolvent operator
of A. Since Xn

i (τ) ∈ D(A) for every τ ∈ [t, T ], and

Xn
i (τ) = eτAnR (n,A)xi +

∫ τ

t

e(τ−s)AnR (n,A)F (s,Xi (s)) ds

+

∫ τ

t

e(τ−s)AnR (n,A)GdWs,

we get

d

dτ
(Xn

1 (τ) −Xn
2 (τ)) = A (Xn

1 (τ) −Xn
2 (τ))

+ nR (n,A) [F (τ,X1 (τ)) − F (τ,X2 (τ))] .

Thus, by Proposition II.8.5 in [27], ‖Xn
1 (τ) − Xn

2 (τ)‖E also admits the lower and
upper derivatives with respect to τ , and there exists x∗n(τ) ∈ ∂(‖Xn

1 (τ) −Xn
2 (τ)‖E)

such that the lower derivative of ‖Xn
1 (τ) −Xn

2 (τ)‖E satisfies

d−

dτ
‖Xn

1 (τ) −Xn
2 (τ)‖E =

〈
x∗n (τ) ,

d

dτ
(Xn

1 (τ) −Xn
2 (τ))

〉
E∗,E

.
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Thus we have

d−

dτ
‖Xn

1 (τ) −Xn
2 (τ)‖E = 〈x∗n (τ) , A (Xn

1 (τ) −Xn
2 (τ))

+nR (n,A) [F (τ,X1 (τ)) − F (τ,X2 (τ))]〉E∗,E

= 〈x∗n (τ) , A (Xn
1 (τ) −Xn

2 (τ)) + F (τ,Xn
1 (τ))

−F (τ,Xn
2 (τ))〉E∗,E

+ 〈x∗n (τ) , nR (n,A)F (τ,X1 (τ)) − F (τ,Xn
1 (τ))〉E∗,E

−〈x∗n (τ) , nR (n,A)F (τ,X2 (τ)) − F (τ,Xn
2 (τ))〉E∗,E

≤ η ‖Xn
1 (τ) −Xn

2 (τ)‖E + ‖δn1 (τ) − δn2 (τ)‖E ,

where for i = 1, 2 we have set δni (τ) = nR(n,A)F (τ,Xi(τ)) − F (τ,Xn
i (τ)). We claim

that δni (τ) tends to 0 uniformly in τ ∈ [t, T ]. Indeed,

δni (τ) = nR (n,A) [F (τ,Xi (τ)) − F (τ,Xn
i (τ))] + (nR (n,A) − I)F (τ,Xn

i (τ)) ,

and the convergence to 0 follows by a classical argument (see, e.g., the proof of
Theorem 7.10 in [12]) since Xn

i (τ) tends to Xi(τ) uniformly in τ ∈ [t, T ] and the
maps τ 
→ F (τ,Xi(τ)) and τ 
→ F (τ,Xn

i (τ)) are continuous with respect to τ . By
the Gronwall lemma,

‖Xn
1 (τ) −Xn

2 (τ)‖E ≤ ‖nR (n,A) (x1 − x2)‖E max
(
1, eη(τ−t)

)

+

∫ τ

t

e(τ−s)η ‖δn1 (s) − δn2 (s)‖E ds

≤ ‖nR (n,A) (x1 − x2)‖E max
(
1, eη(T−t)

)

+ max
(
1, eη(T−t)

)∫ τ

t

‖δn1 (s) − δn2 (s)‖E ds.

Letting n → ∞ we get

‖X1 (τ) −X2 (τ)‖E ≤ max
(
1, eη(T−t)

)
‖x1 − x2‖E .

Remark 3.8. If A, F , and G satisfy Hypotheses 3.1 and 3.2, then by Proposi-
tion 3.7 we get

(3.2) sup
τ∈[t,T ]

∥∥∥∥X (τ, t, x + rh) −X (τ, t, x)

r

∥∥∥∥
p

E

≤ max
(
1, epη(T−t)

)
‖h‖pE .

The next step is to show that if F is differentiable with respect to x, then X(τ, t, x)
is pathwise differentiable with respect to the initial datum. We make the following
assumptions on F in (3.1).

Hypothesis 3.9. F ∈ G0,1([0, T ] × E,E) and its derivative ∇F is bounded on
bounded sets.
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Under this assumption, we can state a result on pathwise differentiability of
X (τ, t, x) with respect to x, that is, as a map from E to E.

Proposition 3.10. Assume that Hypotheses 3.1 and 3.2 hold true and that F
satisfies Hypothesis 3.9. Then, P-a.s. and for all 0 ≤ t ≤ τ ≤ T , the map x 
→
X(τ, t, x) belongs to G1(E,E), and ∇X(τ, t, x) is a mild solution to the equation with
values in L(E,E):

(3.3)

⎧⎨
⎩

dYτ

dτ
= AYτ + ∇F (τ,X (τ, t, x))Yτ , τ ∈ [t, T ] ,

Yt = I.

Namely, for every h ∈ E, ∇X (τ, t, x)h satisfies P-a.s. the integral equation

Yτh = e(τ−t)Ah +

∫ τ

t

e(τ−s)A∇F (s,Xs)Yshds.

Proof. For every h ∈ E and for every r > 0, we consider the difference quotient

ΔrX (τ, t, x)h =
X (τ, t, x + rh) −X (τ, t, x)

r

= e(τ−t)Ah +

∫ τ

t

e(τ−s)AF (s,X (s, t, x + rh)) − F (s,X (s, t, x))

r
ds

and we want to show that, as r tends to 0, its limit exists and it is equal to the mild
solution of (3.3) evaluated in h, that is, to Yτh satisfying

Yτh = e(τ−t)Ah +

∫ τ

t

e(τ−s)A∇F (s,X (s, t, x))Yshds.

We evaluate

‖ΔrX (τ, t, x)h− Yτh‖E

=

∥∥∥∥
∫ τ

t

e(τ−s)A
[
F (s,X (s, t, x + rh)) − F (s,X (s, t, x))

r
−∇F (s,X (s, t, x))Ysh

]
ds

∥∥∥∥
E

=

∥∥∥∥
∫ τ

t

e(τ−s)A
[∫ 1

0

∇F (s,X (s, t, x) + w (X (s, t, x + rh) −X (s, t, x)))

ΔrX (s, t, x)hdw −∇F (s,X (s, t, x))Ysh

]
ds

∥∥∥∥
E

≤
∫ τ

t

max
(
1, eω(τ−s)

)∫ 1

0

‖[∇F (s,X (s, t, x) + w (X (s, t, x + rh) −X (s, t, x)))

−∇F (s,X (s, t, x))] ΔrX (s, t, x)h‖E dwds

+

∫ τ

t

∥∥∥eω(τ−s)∇F (s,X (s, t, x)) [ΔrX (s, t, x)h− Ysh]
∥∥∥
E
ds

≤ ε (r) + max
(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x))‖L(E,E) ‖ΔrX (s, t, x)h− Ysh‖E ds,
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where

(3.4)

ε (r) = max
(
1, eω(T−t)

)∫ T

t

∫ 1

0

‖[∇F (s,X (s, t, x) + w (X (s, t, x + rh) −X (s, t, x)))

−∇F (s,X (s, t, x))] ΔrX (s, t, x)h‖E dwds.

By the Gronwall lemma in integral form we deduce that

‖ΔrX (τ, t, x)h− Yτh‖E(3.5)

≤ ε (r) exp

{
max

(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x))‖L(E,E) ds

}
.

By dominated convergence, in definition (3.4) we can pass to the limit as r goes to
0: indeed, by Hypothesis 3.9 ∇F is locally bounded, and by estimate (3.2) ‖ΔrX
(s, t, x)h‖E ≤ c‖h‖E , where c is a constant independent on s and x, so the integrand
is bounded in s and w. It remains to show that x 
→ ∇X(τ, t, x) is strongly continuous.
We note that for every x ∈ E the mapping h 
→ ∇X(τ, t, x)h is continuous from E to
E: For every h, h′ ∈ E,

‖∇X (τ, t, x)h′ −∇X (τ, t, x)h‖E ≤ ‖∇X (τ, t, x)h′ − ΔrX (τ, t, x)h′‖E
+ ‖ΔrX (τ, t, x)h′ − ΔrX (τ, t, x)h‖E + ‖ΔrX (τ, t, x)h−∇X (τ, t, x)h‖E .

For every r > 0 the second term tends to 0 as h′ tends to h, and as r tends to 0 the
first and third terms in the right-hand side tend to 0. Thus, by Lemma 2.3 in [16],
we need only show that the mapping ∇X(τ, t, ·)h : E → E is continuous. In fact, for
every x, x′, h ∈ E,

‖∇X (τ, t, x′)h−∇X (τ, t, x)h‖E

=

∥∥∥∥
∫ τ

t

e(τ−s)A [∇F (s,X (s, t, x′))∇X (s, t, x′)h

−∇F (s,X (s, t, x))∇X (s, t, x)h] ds

∥∥∥∥
E

≤ max
(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x′))∇X (s, t, x′)h

−∇F (s,X (s, t, x))∇X (s, t, x)h‖E ds

≤ max
(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x′)) (∇X (s, t, x′)h−∇X (s, t, x)h)‖E ds

+ max
(
1, eω(T−t)

)∫ τ

t

‖(∇F (s,X (s, t, x′)) −∇F (s,X (s, t, x)))∇X (s, t, x)h‖E ds

≤ max
(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x′))‖

‖(∇X (s, t, x′)h−∇X (s, t, x)h)‖E ds + ε (x, x′) ,
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where in the last passage ε(x, x′) tends to 0 as x tends to x′ in E: we can apply
dominated convergence again since ∇F is locally bounded, and by estimate (3.2),

sup
τ∈[t,T ]

‖∇X (τ, t, x)h‖pE ≤ max
(
1, epη(T−t)

)
‖h‖pE .

By the Gronwall lemma in integral form we get

‖∇X (τ, t, x′)h−∇X (τ, t, x)h‖E(3.6)

≤ ε (x, x′) exp

{
max

(
1, eω(T−t)

)∫ τ

t

‖∇F (s,X (s, t, x′))‖L(E,E) ds

}
,

and this concludes the proof.

We remember that here and in the following, (X(τ, t, x))τ can be regarded as
a process defined in the whole time interval [0, T ] by setting X(τ, t, x) = x for
τ ∈ [0, t]. Next we make assumptions of polynomial growth on F in order for the
process X(τ, t, x) to belong to Hp([0, T ], E). Moreover, we will prove that X(τ, t, x)
is differentiable with respect to x as a map taking values in Hp([0, T ], E).

Hypothesis 3.11. F ∈ G0,1([0, T ]×E,E), its derivative ∇F is bounded on bounded
sets, and there exist an integer k ≥ 0 and a constant c > 0 such that

‖F (τ, x)‖E ≤ c
(
1 + ‖x‖kE

)
for every τ ∈ [0, T ] and x ∈ E.

Lemma 3.12. Assume that A, F , and G satisfy Hypotheses 3.1 and 3.2 and that
F satisfies Hypothesis 3.11. Then the process (Xτ )τ∈[0,T ] belongs to Hp([0, T ], E) for
every 1 ≤ p < ∞.

Proof. Let Yτ = Xτ −WA(τ) so that Yτ satisfies the equation{
dYτ = AYτdτ + F (τ, Yτ + WA (τ)) ,
Yt = x.

We set Y n
τ = nR(n,A)Yτ , where R(n,A) = (nI−A)−1 is the resolvent operator of A.

Since Y n
τ ∈ D(A) for every τ ∈ [t, T ], and

Y n
τ = eτAnR (n,A)x +

∫ τ

t

e(τ−s)AnR (n,A)F (s, Ys + WA (s)) ds,

we get

d

dτ
Y n
τ = AY n

τ + nR (n,A)F (τ, Yτ + WA (τ)) .

Thus, by Proposition II.8.5 in [27], ‖Y n
τ ‖E also admits the lower and upper derivatives

with respect to τ and there exists y∗n,τ ∈ ∂(‖Y n
τ ‖E) such that the lower derivative of

‖Y n
τ ‖E satisfies

d−

dτ
‖Y n

τ ‖E =

〈
y∗n,τ ,

d

dτ
Y n
τ

〉
E∗,E

= 〈y∗τ , AY n
τ + F (τ, Y n

τ + WA (τ)) − F (τ,WA (τ))〉E∗,E

+ 〈y∗τ , nR (n,A)F (τ, Yτ + WA (τ))

−F (τ, Y n
τ + WA (τ)) + F (τ,WA (τ))〉E∗,E



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STOCHASTIC OPTIMAL CONTROL IN BANACH SPACES 263

≤ η ‖Yτ‖E + ‖nR (n,A)F (τ, Yτ + WA (τ))

−F (τ, Y n
τ + WA (τ))‖E + c

(
1 + ‖WA (τ)‖kE

)
.

By the Gronwall lemma,

‖Y n
τ ‖E ≤ ‖x‖E eη(τ−t) + c

∫ τ

t

(
‖δns ‖E + c

(
1 + ‖WA (s)‖kE

)
eη(s−t)

)
ds,

where δns = nR(n,A)F (s, Ys + WA(s)) − F (s, Y n
s + WA(s)). By the same procedure

as in the proof of Proposition 3.7, as n → ∞, δns tends to 0 uniformly in time. Thus,
letting n → ∞, we get

‖Yτ‖E ≤ ‖x‖E eη(τ−t) +

∫ τ

t

c
(
1 + ‖WA (s)‖kE

)
eη(s−t)ds,

and consequently,

E sup
τ∈[t,T ]

‖Yτ‖pE≤ 2p−1

(
max

(
1, epη(T−t)

)
‖x‖pE

+ cE

(∫ T

t

(
1 + ‖WA (s)‖kE

)
eη(s−t)ds

)p)

≤ 2p−1
(
max

(
1, epη(T−t)

)
‖x‖pE + CT,k,p

)
.

In the last estimate we refer to Remark 3.4, where we have deduced that as a process
with values in C([0, T ], E) the stochastic convolution is a Gaussian process and so it
has finite moments of every order. So the process (Yτ )τ∈[0,T ], and consequently the
process (X(τ, t, x))τ∈[0,T ], belongs to Hp([0, T ], E) for every 1 ≤ p < ∞.

Now we are ready to prove a result about differentiability of the process (X(τ,
t, x))τ∈[0,T ].

Proposition 3.13. Assume that Hypotheses 3.1 and 3.2 hold true and that F
satisfies Hypothesis 3.11. Then for every t ∈ [0, T ], the map x 
→ (X(τ, t, x))τ∈[0,T ] ∈
G1(E,Hp([0, T ], E)).

Proof. With the notation of Proposition 3.10 we have to prove that, for every
h ∈ E, the difference quotient ΔrX(τ, t, x)h converges to ∇X(τ, t, x)h in Hp([0, T ], E):
we evaluate

E sup
τ∈[0,T ]

‖ΔrX (τ, t, x)h−∇X (τ, t, x)h‖pE

as r goes to 0. By estimate (3.2) and by Proposition 3.10 we deduce the following
estimate:

sup
τ∈[0,T ]

(‖ΔrX (τ, t, x)h‖pE + ‖∇X (τ, t, x)h‖pE) ≤ 2 max
(
1, epη(T−t)

)
‖h‖pE .

Thus by dominated convergence,

lim
r→0

E sup
τ∈[0,T ]

‖ΔrX (τ, t, x)h−∇X (τ, t, x)h‖pE

= E lim
r→0

sup
τ∈[0,T ]

‖ΔrX (τ, t, x)h−∇X (τ, t, x)h‖pE .
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By estimate (3.5), and since ∇F is locally bounded, we get

lim
r→0

E sup
τ∈[0,T ]

‖ΔrX (τ, t, x)h−∇X (τ, t, x)h‖pE

≤ E lim
r→0

[
ε (r)

p
exp

(
pmax

(
1, eω(T−t)

)∫ T

t

‖∇F (s,X (s, t, x))‖L(E,E) ds

)]
= 0.

It remains to show that the mapping x 
→ ∇X(τ, t, x)h, from E to Hp([0, T ], E), is
continuous. For every x, x′, h ∈ E, we evaluate

E sup
τ∈[0,T ]

‖∇X (τ, t, x′)h−∇X (τ, t, x)h‖pE .

By (3.2) and by dominated convergence, we get

lim
‖x−x′‖E→0

E sup
τ∈[0,T ]

‖∇X (τ, t, x′)h−∇X (τ, t, x)h‖pE

= E lim
‖x−x′‖E→0

sup
τ∈[0,T ]

‖∇X (τ, t, x′)h−∇X (τ, t, x)h‖pE

≤ E lim
‖x−x′‖E→0

εp (x, x′)

× exp

{
pmax

(
1, eω(T−t)

)∫ T

t

‖∇F (s,X (s, t, x′))‖L(E,E) ds

}
= 0,

where in the last passages we have used estimate (3.6).

3.1. Representation of the derivative. In this subsection we consider a func-
tion v : [0, T ]×E −→ R continuous and such that, for every t ∈ [0, T ], v(t, ·) ∈ G1(E)
and the map (t, x) 
→ ∇v(t, x) is Borel measurable. Let t ∈ [0, T ] and x ∈ E be fixed.
We are going to prove the following identification for the process ∇v(τ,Xτ ), where X
is the solution of the forward equation (3.1). For brevity we will write Xτ = X(τ, t, x).
Namely, let Z be a square integrable process and let ψ satisfy

E

∫ T

0

|ψσ|2 dσ < ∞.

Assume that Z and ψ depend on t and x. If v (τ,Xτ ) admits the representation

(3.7) v (τ,Xτ ) = v (T,XT ) +

∫ T

τ

ψσdσ −
∫ T

τ

ZσdWσ, τ ∈ [t, T ] ,

then ∇v(τ,Xτ )G = Zτ for every 0 ≤ t ≤ τ ≤ T .
Remark 3.14. If v is sufficiently regular and E is a Hilbert space, this is an

obvious consequence of the Ito rule; see [12, Theorem 4.17].
Remark 3.15. The identification of Zs with ∇v(s,Xs)G is in fact a result of

the joint quadratic variation between the process v(s,Xs), which turns out to be a
semimartingale if Z is a square integrable process and ψ ∈ L2(Ω × [0, T ]), and the
process W ξ(s) =

∫ s

t
ξ∗σdW σ, where (ξτ )τ is a bounded predictable process with values

in Ξ. Indeed, by (3.7), the joint quadratic variation is equal to
∫ s

t
Zσξσdσ. By the

identification ∇v(s,Xs)G = Zs, we can conclude that this joint quadratic variation
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between v(s,Xs) and W ξ(s) is equal to
∫ s

t
∇v(σ,Xσ)Gξσdσ. An analogous result about

joint quadratic variations is proved in [16], where the process X evolves in a Hilbert
space and G is not necessarily constant. As far as we know, in the literature there
are no results in which X evolves in a Banach space.

As in the previous section, F in the forward equation satisfies Hypothesis 3.11,
and so X belongs to Hp. On A and G we have to require some additional properties:
We cannot guarantee that G(Ξ) ⊂ E, but we can make the following assumptions,
which are verified in most of the applications.

Hypothesis 3.16. There exists a Banach subspace Ξ0 dense in Ξ such that G(Ξ0) ⊂
E and G : Ξ0 −→ E is continuous.

Theorem 3.17. Assume that Hypotheses 3.1, 3.2, 3.11, and 3.16 hold true. Let
v : [0, T ] × E −→ R be continuous such that, for every t ∈ [0, T ], v(t, ·) ∈ G1(E),
the map (t, x) 
→ ∇v(t, x) is measurable, and for every 0 ≤ t ≤ s ≤ T , |∇v(s, x)h| ≤
c(1+‖x‖jE)‖h‖E for some integer j ≥ 0 and for every x, h ∈ E. Assume that v verifies
equality (3.7), with Z a square integrable process and ψ ∈ L2(Ω× [0, T ]), and Z and ψ
depend on t and x. Then, for almost every s ∈ [0, T ], Zsς = ∇v(s,Xs)Gς, P-almost
everywhere and for every ς ∈ Ξ0.

Proof. Let τ = t in (3.7). By the definition of v we can write

(3.8) v (t, x) +

∫ T

t

ZσdWσ = v (T,XT ) +

∫ T

t

ψσdσ.

For t ≤ s ≤ T we consider the process

v (s,X (s, t, x)) = −
∫ T

s

ZσdWσ + v (T,X (T, s,X (s, t, x))) +

∫ T

s

ψσdσ

=

∫ s

t

ZσdW σ −
∫ s

t

ψσdσ + v (t, x) .

Let Fτ be the natural filtration generated by the Wiener process and augmented in
the usual way. We now define a family S of predictable processes with real values.
For every n ∈ N, we subdivide the interval [0, T ] into subintervals[

kT

2n
,
(k + 1)T

2n

)
, k = 0, . . . , 2n − 1.

A predictable process η belongs to S if on[
kT

2n
,
(k + 1)T

2n

)
, k = 0, . . . , 2n − 1,

it has the form

(3.9) ηt = ηk
(
Wt1 , . . . ,Wtlk

)
, t ∈

[
kT

2n
,
(k + 1)T

2n

)
, 0 ≤ t1 ≤ · · · ≤ tlk ≤ kT

2n
,

where ηk is a bounded function in C∞(Rlk ,R), with bounded derivatives of all orders.
In the following we will briefly write ηt = ηt(W·), where by W· we mean the trajectory
of W up to time t. For ς ∈ Ξ0, we set ξt = ηtς.

Let s > t and δ > 0, small enough such that s−δ > t. From now on we identify Ξ
with its dual Ξ∗, and we write ξ for ξ∗. We multiply both sides of (3.8) by

∫ s

s−δξσdWσ
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and we take expectation:

E

[
v (s,Xs)

∫ s

s−δ
ξσdWσ

]
= E

[ ∫ s−δ

t

ψσdσ

∫ s

s−δ
ξσdWσ

]
+ E

[ ∫ s

s−δ
ψσdσ

∫ s

s−δ
ξσdWσ

]

+E

[ ∫ s

t

ZσdWσ

∫ s

s−δ
ξσdWσ

]
.

It is immediate that

E

[∫ s−δ

t

ψσdσ

∫ s

s−δ
ξσdWσ

]
= 0, E

[∫ s

t

ZσdWσ

∫ s

s−δ
ξσdWσ

]
= E

[∫ s

s−δ
Zσξσdσ

]
.

We estimate

E

[∫ s

s−δ
ψσdσ

∫ s

s−δ
ξσdW σ

]
≤
(

E

∣∣∣∣
∫ s

s−δ
ψσdσ

∣∣∣∣
2
)1/2(

E

∣∣∣∣
∫ s

s−δ
ξσdWσ

∣∣∣∣
2
)1/2

≤
√
δ

(
E

∫ s

s−δ
|ψσ|2 dσ

)1/2(
E

∫ s

s−δ
‖ξσ‖2

Ξ dσ

)1/2

≤ Cδ

(
E

∫ s

s−δ
|ψσ|2 dσ

)1/2

.

If we divide both sides by δ and let δ → 0, then we get, for almost every s,

E [Zsξs] = lim
δ→0

1

δ
E

[
v (s,Xs)

∫ s

s−δ
ξσdWσ

]
.

The final step for the identification of Z is to prove that

lim
δ→0

1

δ
E

[
v (s,Xs)

∫ s

s−δ
ξσdWσ

]
= E [∇v (s,Xs)Gξs] .

We proceed as in [2]. For 0 ≤ t ≤ σ ≤ T , we define W ε
σ by

(3.10) W ε
σ = Wσ − ε

∫ σ

t

ξr (W ε
· ) dr ,

where ξr(W
ε
· ) depends on the trajectories of W ε

· up to time r, and the dependence
is given by the definition (3.9) of η. The process (W ε

σ)σ is defined as the solution of
(3.10), which is not considered as a stochastic differential equation, as specified in [2,
p. 476]. Equation (3.10) can be solved step by step in each interval[

kT

2n
,
(k + 1)T

2n

)
, k = 0, . . . , 2n − 1.

As we recalled in section 2, cylindrical Wiener processes can be seen as Q-Wiener
processes with values in another Hilbert space Ξ1. We solve (3.10) in Ξ1. If σ < t,
W ε

σ = Wσ. Let

k = max

(
k : t ≥ kT

2n

)
.
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If

σ ∈
[
t,

(k + 1)T

2n

)
,

then

W ε
σ = Wσ − ε

∫ σ

t

ξk

(
W ε

t1 , . . . ,W
ε
tl

k

)
dr = Wσ − ε (σ − t) ξk

(
Wt1 , . . . ,Wtl

k

)
.

For

σ ∈
[(

k + 1
)
T

2n
,

(
k + 2

)
T

2n

)
,

we have

W ε
σ = Wσ − ε

∫ (k+1)T
2n

t

ξk

(
W ε

t1 , . . . ,W
ε
tl

k

)
dr − ε

∫ σ

(k+1)T
2n

ξk+1

(
W ε

t1 , . . . ,W
ε
tl

k+1

)
dr

= Wσ − ε

((
k + 1

)
T

2n
− t

)
ξk

(
W ε

t1 , . . . ,W
ε
tl

k

)

−ε

(
σ −

(
k + 1

)
T

2n

)
ξk+1

(
W ε

t1 , . . . ,W
ε
tl

k+1

)
,

and by this procedure, (W ε
σ)σ is well defined for every 0 ≤ σ ≤ T . Moreover, W ε

σ is
a function of the trajectories of W up to time σ, that is, W ε

σ = W ε
σ(W·). So we can

write

W ε
σ = Wσ − ε

∫ σ

t

ξr (W ε
· (W·)) dr , 0 ≤ t ≤ σ ≤ T.

Now we define a probability measure Qε such that

dQε

dP
= exp

(
ε

∫ T

t

ξσ (W ε
· (W·)) dWσ − ε2

2

∫ T

t

|ξσ (W ε
· (W·))|2 dσ

)
.

By the Girsanov theorem (see, e.g., [12, Theorem 10.14]), under Qε, W ε
σ = Wσ −

ε
∫ σ

t
ξr(W

ε
· (W·))dr is a Q-Wiener process in Ξ1 and a cylindrical Wiener process in

Ξ. By this construction of (W ε
σ)σ, it is also clear that for every 0 ≤ σ ≤ T , W ε

σ is
pathwise differentiable with respect to ε and d

dε |ε=0
W ε

σ = −
∫ σ

t
ξr(W·)dr ; see also [2,

p. 476].
By (3.7), v(s,Xs) is square integrable; indeed,

Ev2 (s,Xs)≤ c

[
1 + E

(∫ s

t

ξσdWσ

)2

+ E

(∫ s

t

ψσdσ

)2
]

≤ c

[
1 + E

∫ s

t

‖ξσ‖2
Ξ dσ + T 1/2

E

∫ s

t

ψ2
σdσ

]
< ∞.
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So, by the Cauchy–Schwarz inequality, the expectation of v(s,Xs)
∫ s

t
ξσdWσ is well

defined. We are going to prove that

E

[
v (s,Xs)

∫ s

s−δ
ξσdWσ

]

=
d

dε |ε=0
E

[
v (s,Xs) exp

(
ε

∫ s

s−δ
ξσ (W ε

· ) dW σ − ε2

2

∫ s

s−δ
‖ξσ (W ε

· )‖
2
Ξ dσ

)]
.

We evaluate

d

dε |ε=0
E

[
v (s,Xs) exp

(
ε

∫ s

s−δ
ξσdW σ − ε2

2

∫ s

s−δ
‖ξσ‖2

Ξ dσ

)]

= lim
ε→0

E

⎡
⎣v (s,Xs)

exp
(
ε
∫ s

s−δξσdWσ − ε2

2

∫ s

s−δ ‖ξσ‖
2
Ξ dσ

)
− 1

ε

⎤
⎦

= E

[
v (s,Xs)

∫ s

s−δ
ξσdW σ

]
,

where in the last passage the limit goes into the expectation by dominated convergence
since ξ is bounded. So

E

[
v (s,Xs)

∫ s

s−δ
ξσdWσ

]
=

d

dε |ε=0
EQε [v (s,Xs)] .

Moreover, in (Ω,F , Qε), X is a mild solution to equation{
dXτ = AXτdτ + F (τ,Xτ ) dτ + Gεξτ (W ε

· ) dτ + GdW ε
τ , τ ∈ [s− δ, T ] ,

Xs−δ = X (s− δ, t, x) .

Since ξ takes values in Ξ0, and by Hypothesis 3.16 G maps Ξ0 in E, such a mild
solution is well defined as a process with values in E. In (Ω,F ,P) we consider the
process Xε

τ , which is a mild solution to the equation{
dXε

τ = AXε
τdτ + F (τ,Xε

τ ) dτ + Gεξτ (W·) dτ + GdWτ , τ ∈ [s− δ, T ] ,

Xε
s−δ = X (s− δ, t, x) .

Then the process X under Qε and the process Xε under P have the same law, so we
get

d

dε |ε=0
EQε [v (s,Xs)] =

d

dε |ε=0
E [v (s,Xε

s )] .

Finally, we claim that

d

dε |ε=0
E [v (s,Xε

s )] = E

[
∇v (s,Xs)

·
Xs

]
,

where we have set
·
Xs := d

dε |ε=0
Xε

s , P-a.s. One can easily check that
·
Xs is the unique

mild solution to the equation

(3.11)

⎧⎨
⎩d

·
Xτ = A

·
Xτdτ + ∇F (τ,Xτ )

·
Xτdτ + Gξτdτ, τ ∈ [s− δ, T ] ,

·
Xs−δ = 0.
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Such a mild solution exists, and it is unique by Hypothesis 3.9 and since (3.11) is a

linear equation in
·
X. Let us denote

ΔεXτ =
Xε

τ −Xτ

ε
.

We want to show that, as ε tends to 0, its limit exists and it is equal to the mild
solution of (3.11). We set Xn

τ = nR(n,A)Xτ , X
n,ε
τ = nR(n,A)Xε

τ , and Δn,εXτ =
Xn,ε

τ −Xn
τ

ε , where R(n,A) = (nI − A)−1 is the resolvent operator of A. We note that
Xn,ε

τ − Xn
τ is differentiable with respect to τ , and so, by Proposition II.8.5 in [27]

‖Xn,ε
τ − Xn

τ ‖E also admits the lower and upper derivatives with respect to τ and
there exists x∗n,τ ∈ ∂(‖Xn,ε

τ −Xn
τ ‖E) such that the lower derivative of ‖Xn,ε

τ −Xn
τ ‖E

satisfies

d−

dτ
‖Xn,ε

τ −Xn
τ ‖E =

〈
x∗n,τ ,

d

dτ
(Xn,ε

τ −Xn
τ )

〉
E∗,E

≤ η ‖Xn,ε
τ −Xn

τ ‖E + |ε| ‖Gξτ‖E .

Since ξ ∈ Ξ0, by Hypothesis 3.16, Gξ ∈ E. By the Gronwall lemma, we get that P-a.s.

‖Xn,ε
τ −Xn

τ ‖E ≤ |ε| ‖G‖L[Ξ0,E] C (T, ξ) ,

where C(T, ξ) is a constant depending only on the time T and on the norm of ξ(ω),
ω ∈ Ω, in Ξ0, which is bounded uniformly with respect to ω ∈ Ω. Thus

‖Δn,εXτ‖E ≤ ‖G‖L[Ξ0,E] C (T, ξ) ,

and, letting n → ∞, we get

‖ΔεXτ‖E ≤ ‖G‖L[Ξ0,E] C (T, ξ) .

This estimate is used in order to prove that limε→0 ΔεXτ =
·
Xτ . We evaluate∥∥∥∥ΔεXτ −

·
Xτ

∥∥∥∥
E

≤
∥∥∥∥
∫ τ

s−δ
e(τ−r)A

[
F (r,Xε

r ) − F (r,Xr)

ε
−∇F (r,Xr)

·
Xr

]
dr

∥∥∥∥
E

=

∥∥∥∥
∫ τ

s−δ
e(τ−r)A

[∫ 1

0

∇F (r,Xr + w (Xε
r −Xr)) ΔεXrdw −∇F (r,Xr)

·
Xr

]
dr

∥∥∥∥
E

≤
∫ τ

s−δ
eω(τ−r)

∥∥∥∥∇F (r,Xr)

(
ΔεXr −

·
Xr

)∥∥∥∥
E

dr

+

∫ τ

s−δ
eω(τ−r)

∥∥∥∥
∫ 1

0

[∇F (r,Xr + w (Xε
r −Xr)) −∇F (r,Xr)] Δ

εXrdw

∥∥∥∥
E

dr.

By the Gronwall lemma and dominated convergence, we get that limε→0 ‖ΔεXτ −
·
Xτ‖E = 0. Moreover,

·
X is bounded uniformly with respect to time and to ω ∈ Ω. By

an application of the chain rule and of the dominated convergence theorem, which we
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can apply since by hypothesis the derivative of v has polynomial growth with respect
to x and the process X has finite moments of every order, we can conclude that

d

dε |ε=0
E [v (s,Xε

s )] = E

[
∇v (s,Xs)

·
Xs

]
.

We claim that

(3.12)
·
Xτ =

∫ τ

s−δ
∇X (τ, σ,X (σ, t, x))Gξσdσ.

Let relation (3.12) be true. In this case, by the following calculations we conclude
that proof:

E [Zsξs] = lim
δ→0

1

δ
E

[
∇v (s,Xs)

∫ s

s−δ
ξσdWσ

]

= lim
δ→0

1

δ
E

[
∇v (s,Xs)

·
Xs

]

= lim
δ→0

1

δ
E

[
∇v (s,Xs)

∫ s

s−δ
∇X (s, σ,X (σ, t, x))Gξσdσ

]

= E [∇v (s,Xs)∇X (s, s,X (s, t, x))Gξs]

= E [∇v (s,Xs)Gξs] .

So for every η ∈ S, E[Zsςηs] = E[∇v(s,Xs)Gςηs] for almost every s ∈ [0, T ]. By the
arbitrariness of η it follows that for almost every s ∈ [0, T ], Zsς = ∇v(s,Xs)Gς, P-a.s.

Now it remains to prove (3.12). By Proposition 3.10, for 0 ≤ t ≤ s ≤ τ ≤ T ,

∇X (τ, σ, y) = e(τ−σ)A +

∫ τ

σ

e(τ−r)A∇F (r,X (r, σ, y))∇X (r, σ, y) dr.

We multiply both sides by Gξσ and integrate. Taking y = X(σ, t, x) we get∫ τ

s−δ
∇X (τ, σ,X (σ, t, x))Gξσdσ

=

∫ τ

s−δ
e(τ−σ)AGξσdσ +

∫ τ

s−δ
e(τ−r)A

{∫ τ

σ

∇F (r,X (r, σ,X (σ, t, x)))∇X (r, σ,X (σ, t, x)) dr

}
Gξσdσ

=

∫ τ

s−δ
e(τ−σ)AGξσdσ +

∫ τ

s−δ
e(τ−r)A∇F (r,Xr)

{∫ r

s−t
∇X (r, σ,X (σ, t, x))Gξσdσ

}
dr .

This gives the identification

·
Xτ =

∫ τ

s−δ
∇X (τ, σ,X (σ, t, x))Gξσdσ

by the uniqueness of a mild solution of (3.11).
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Remark 3.18. By the previous theorem, for every ς ∈ Ξ0 we have Zsς =
∇v(s,Xs)Gς P-a.s. and for almost every s ∈ [0, T ]. Since Ξ0 is dense in Ξ, for
every ξ ∈ Ξ there exists a sequence (ςn)n ∈ Ξ0 such that ςn −→ ξ in Ξ. For al-
most every s ∈ [0, T ] and almost surely with respect to the law of Xs, the opera-
tor ∇v(s, x)G : Ξ0 −→ E extends to an operator defined in the whole Ξ. For the
sake of brevity, we denote such an extension by ∇v(s, x)G. We can conclude that
Zs = ∇v(s,Xs)G, P-a.s. and for almost every s ∈ [0, T ].

4. Preliminaries on the forward-backward system. In this section we study
a backward equation like (2.1), with ψ depending on the Markov process X, which
is solution of (3.1) with initial condition x given at the initial time t. Namely, in a
complete probability space (Ω,F ,P) let {Wτ , τ ≥ 0} be a cylindrical Wiener process
with values in Ξ, and let (Fτ )τ≥0 be its natural filtration, augmented in the usual
way. We consider the forward-backward system

(4.1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dX τ = AX τdτ + F (τ,Xτ ) dτ + GdWτ , τ ∈ [t, T ] ,

dYτ = −ψ (τ,Xτ , Zτ ) dτ + ZτdWτ , τ ∈ [t, T ] ,

Xt = x,

YT = φ (XT ) ,

where ψ : [0, T ] × E×Ξ∗ → R and φ : E → R satisfy some suitable assumptions.
We want to investigate the existence and uniqueness of a solution of this forward-
backward system and its regular dependence on x. The solution will be denoted by
(Xτ , Yτ , Zτ ) or, to stress the dependence on the initial condition x in the forward
equation given at the initial time t, by (X(τ, t, x), Y (τ, t, x), Z(τ, t, x)). For 0 ≤ τ ≤ t,
we put X(τ, t, x) = x, and the pair (Yτ , Zτ ) is the solution of the corresponding
backward equation.

In section 2, we have already recalled an existence and uniqueness result for a
mild solution of the forward equation,{

dXτ = AXτdτ + F (τ,Xτ ) dτ + GdWτ , τ ∈ [t, T ] ,

Xt = x,

with A, F , and G satisfying Hypotheses 3.1 and 3.2. Moreover, we have studied the
differentiable dependence of this solution on the initial condition x. We are going
to study the dependence of the pair (Yτ , Zτ ) on x ∈ E, where (Yτ , Zτ ) is a pair of
processes which solves the BSDE of the form

(4.2) Yτ +

∫ T

τ

ZσdWσ = φ (XT ) +

∫ T

τ

ψ (σ,Xσ, Zσ) dσ, τ ∈ [t, T ] .

In particular, we recall that Y (t, t, x) is a deterministic function; let us define v(t, x) :=
Y (t, t, x), where v(t, x) is a continuous function; we want to prove that v(t, ·) ∈ G1(E)
for every t ∈ [0, T ]. We make suitable assumptions on ψ such that

E

∫ T

t

|ψ (σ, 0, 0)|2 dσ < ∞.

Thus, for the pair of processes (Y,Z), which are solution of (4.2), the following a priori
estimate holds (see [16, Proposition 4.3]):

(4.3) E sup
τ∈[t,T ]

|Yτ |2 + E

∫ T

t

‖Zσ‖2
Ξ∗ dσ ≤ cE

∫ T

t

|ψ (σ, 0, 0)|2 dσ + cE |φ (XT )|2 .
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In the following we assume that A, F , and G satisfy Hypotheses 3.1, 3.2, and 3.11.
Moreover, we require that ψ and φ satisfy the following assumptions that guarantee
the solvability of the backward equation and the differentiable dependence of the
solution (Yτ , Zτ ) with respect to x.

Hypothesis 4.1. The maps ψ : [0, T ] × E × Ξ∗ −→ R and φ : E −→ R are Borel
measurable and satisfy the following assumptions:

1. There exists L > 0 such that

|ψ (σ, x, z1) − ψ (σ, x, z2)| ≤ L ‖z1 − z2‖Ξ∗

for every σ ∈ [0, T ], x ∈ E, and z1, z2 ∈ Ξ∗;
2. for every σ ∈ [0, T ], we have ψ(σ, ·, ·) ∈ G1,1(E × Ξ∗);
3. there exist L > 0 and m ≥ 0 such that

|∇xψ (σ, x, z)h| ≤ L ‖h‖E (1 + ‖x‖E)
m

(1 + ‖z‖Ξ∗)

for every σ ∈ [0, T ], x, h ∈ E, and z ∈ Ξ∗;
4. φ ∈ G1(E) and there exists L > 0 such that for every x1, x2 ∈ E,

|φ (x1) − φ (x2)| ≤ L ‖x1 − x2‖E .

Under these assumptions we can state a result on the existence and uniqueness
of a solution of the BSDE (4.2) and on its regular dependence on x.

Proposition 4.2. Assume that Hypotheses 3.1, 3.2, and 3.11 hold true and
that ψ and φ satisfy Hypothesis 4.1. Then (4.2) admits a unique solution (Yτ , Zτ ) ∈
Kcont([0, T ]) such that the map (t, x) 
→ (Y (τ, t, x), Z(τ, t, x)) is continuous from
[0, T ]×E with values in Kcont([0, T ]), and for every t ∈ [0, T ], the map x 
→ (Y (·, t, x),
Z(·, t, x)) belongs to G1(E,Kcont([0, T ])). Moreover, the following estimate holds true:
For every p ≥ 2,[

E sup
τ∈[0,T ]

|∇xY (τ, t, x)h|p
]1/p

≤ C ‖h‖E
(
1 + ‖x‖(m+1)2

E

)
.

Proof. We give only a sketch of the proof. By Lemma 3.12 and by |ψ(σ, x, z)| ≤
L(1 + ‖x‖E)m, we get that, defining

ψσ = ψ (σ,Xσ, Zσ) ,

condition (2.2) is satisfied, so existence and uniqueness of the solution of the back-
ward equation follows, e.g., by [16]. The proof of differentiability of the map x 
→
(Y (·, t, x), Z(·, t, x)) substantially follows the proof of Proposition 5.2 in [16]. In that
paper the process (X(τ, t, x))τ∈[0,T ] takes its values in a separable Hilbert space
H, while in our context the process (X(τ, t, x))τ∈[0,T ] takes its values in the Ba-
nach space E; nevertheless, the same arguments apply. Indeed, in Lemma 3.12 we
have proved that (X(τ, t, x))τ∈[0,T ] belongs to Hp([0, T ], E) for every 1 ≤ p < ∞,
and in Proposition 3.13 we have proved that the map x 
→ (X(τ, t, x))τ∈[0,T ] ∈
G1(E,Hp([0, T ], E)). By these two facts and following the proof of Proposition 5.2
in [16], we get that for every t ∈ [0, T ] the map x 
→ (Y (·, t, x), Z(·, t, x)) belongs to
G1(E,Kcont([0, T ])).

Remark 4.3. By standard arguments, Y (t, t, x) is a deterministic function, and
we have set v(t, x) = Y (t, t, x). We notice that v depends on t, x,A, F,G, φ, and ψ
but not on the probability space and not on the Wiener process.
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Corollary 4.4. Assume that Hypotheses 3.1, 3.2, and 3.11 hold true and that
ψ and φ satisfy Hypothesis 4.1. Then the function v(t, x) := Y (t, t, x) is continuous
and for every t ∈ [0, T ], v(t, ·) belongs to G1(E,R), and there exists C > 0 such that

|∇xv(t, x)h| ≤ C‖h‖E(1 + ‖x‖(m+1)2

E ) for all t ∈ [0, T ], x, h ∈ E.
Proof. It is a direct consequence of the previous proposition and of the properties

of the evaluation map.
Corollary 4.5. Assume that Hypotheses 3.1, 3.2, 3.11, 3.16, and 4.1 hold true

and set v(t, x) := Y (t, t, x); then Zs = ∇v(s,Xs)G, P-a.s. and for almost every
s ∈ [0, T ].

Proof. We apply Theorem 3.17 to the case when v(t, x) = Y (t, t, x), where (Y,Z)
is solution to (4.2). By Proposition 4.2 and Corollary 4.4, v(t, ·) belongs to G1(E).
Let τ = t in (4.2). By the definition of v we can write

v (t, x) +

∫ T

t

ZσdWσ = φ (XT ) +

∫ T

t

ψ (σ,Xσ, Zσ) dσ.

For t ≤ s ≤ T we consider the process

v (s,X (s, t, x)) = −
∫ T

s

ZσdWσ + φ (X (T, s,X (s, t, x)))

+

∫ T

s

ψ (σ,X (σ, s,X (s, t, x)) , Zσ) dσ

=

∫ s

t

ZσdWσ −
∫ s

t

ψ (σ,X (σ, s,X (s, t, x)) , Zσ) dσ + v (t, x) .

Thus v(s,X(s, t, x)) admits a representation analogous to the one in (3.7). Then by
Theorem 3.17 and Remark 3.18 the corollary is proved.

5. The optimal control problem. We formulate the optimal control problem
in the weak sense following the approach of [15]; see, e.g., Chapter III. The main
advantage is that we will be able to solve the closed loop equation in a weak sense,
and hence find an optimal control, even if the feedback law is nonsmooth.

As in the previous section, in (Ω,F ,P) we consider a cylindrical Wiener process
{Wτ , τ ≥ 0} in Ξ and (Fτ )τ≥0 is its natural filtration, augmented in the usual way.
We consider controlled stochastic evolution equations of the form

(5.1)

{
dXu

τ = AXu
τ dτ + F (τ,Xu

τ ) dτ + GdWτ + GR (τ,Xu
τ , uτ ) dτ, τ ∈ [t, T ] ,

Xu
t = x.

The control u is an (Fτ )-predictable process taking values in a normed space U ;
we call such control processes admissible controls and we denote by Ad the set of such
admissible controls. R is a map from [0, T ]×E×U to Ξ. The solution of this equation
will be denoted by Xu(τ, t, x), or simply by Xu

τ . X denotes the state, u the control,
and T > 0, t ∈ [0, T ] are fixed. We assume that R satisfies the following.

Hypothesis 5.1. R : [0, T ] × E × U −→ Ξ is measurable and ‖R(τ, x, u)‖Ξ ≤ KR

for a suitable positive constant KR > 0 and every τ ∈ [0, T ], x ∈ E, u ∈ U .
If A, F , and G satisfy Hypotheses 3.1 and 3.2, and if R satisfies Hypothesis 5.1,

then (5.1) admits a solution in the weak sense: Since by Hypothesis 5.1 R is mea-
surable and bounded, we can apply the Girsanov theorem. By the Girsanov theorem
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the law of this solution depends only on x, A, F , and G, and so the weak solution
is unique in law. Notice the occurrence of the operator G in the control term of
(5.1). In the particular case R(τ, x, u) = u the term uτdτ + dWτ admits a natural
interpretation as a control affected by noise. In this case Hypothesis 5.1 holds if U is
a bounded subset of Ξ.

We call (Ω,F ,Fτ ,P,W ) an admissible setup if (Ω,F ,P) is a complete probability
space with a filtration (Fτ )τ≥0 satisfying the usual conditions, and {Wτ , τ ≥ 0}
is a cylindrical Wiener process taking values in a Hilbert space Ξ, with respect to
the filtration (Fτ )τ≥0. We call (Ω,F ,Fτ ,P,W, u,Xu) an admissible control system
(a.c.s.), briefly denoted by (W,u,Xu), if

• (Ω,F ,Fτ ,P,W ) is an admissible setup;
• the control u is an (Fτ )-predictable process with values in U ;
• Xu

τ is an adapted process in E that solves (5.1) in the mild sense.
To every a.c.s. we associate the cost J :

(5.2) J (t, x, (W,u,Xu)) = E

∫ T

t

g (s,Xu
s , us) ds + Eφ (Xu

T ) ,

where g : [0, T ] ×E×U → R and φ : E → R are continuous functions satisfying some
growth conditions with respect to x ∈ E that will be specified in the following. We
define the value function of the control problem as

V (t, x) = inf
(W,u,Xu) a.c.s.

J (t, x, (W,u,Xu)) .

The control problem in the weak sense is to find an a.c.s. (W,u,X
u
) such that

J
(
t, x,

(
W,u,X

u
))

≤ J (t, x, (W,u,Xu))

for every a.c.s. (W,u,Xu). Then (W,u,X
u
) is called optimal. In this case the value

function is given by V (t, x) = J(t, x, (W,u,X
u
)).

For all τ ∈ [0, T ], x ∈ E, z ∈ Ξ∗, we define in a classical way the Hamiltonian
function ψ : [0, T ] × E × Ξ∗ −→ R:

(5.3) ψ (τ, x, z) = inf {g (τ, x, u) + zR (τ, x, u) : u ∈ U} .

We define the, possibly empty, set

(5.4) Γ (τ, x, z) = {u ∈ U : g (τ, x, u) + zR (τ, x, u) = ψ (τ, x, z)} .

We remark that by the Filippov theorem (see, e.g., [1, Theorem 8.2.10, p. 316] if Γ is
nonempty there exists a Borel measurable map Γ0 : [0, T ] ×E × Ξ∗ −→ U such that,
for τ ∈ [0, T ], x ∈ E, and z ∈ Ξ∗, we have Γ0(τ, x, z) ∈ Γ(τ, x, z).

In order to solve the control problem, we will not solve the associated Hamilton–
Jacobi–Bellman equation, but we will use the BSDEs, which turns out to be the
adequate approach in this situation, since the forward equation evolves in the Banach
space E and the cost functional is well defined in the Banach space E.

In this paper we treat control problems related to current and final costs which
can have polynomial growth with respect to x. We assume that A, F , and G in the
controlled equation (5.1) satisfy Hypothesis 3.1, 3.2, and 3.11.

On the cost functional defined in (5.2) we make the following assumptions.
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Hypothesis 5.2. The function g : [0, T ]×E×U → R is measurable, and for almost
all (a.a.) τ ∈ [0, T ], the map g(τ, ·, ·) : E×U → R is continuous. Moreover, for
some j ≥ 0, |g(τ, x, u)| ≤ c2(1 + ‖x‖jE). The function φ : E → R is in G1(E) and

|φ(x)| ≤ c3(1 + ‖x‖jE).
We remark that by this hypothesis on g, the Hamiltonian defined in (5.3) is finite.

Moreover, also by Hypothesis 5.1 on R, there exists L > 0 such that

|ψ (σ, x, z1) − ψ (σ, x, z2)| ≤ L ‖z1 − z2‖Ξ∗

for every σ ∈ [0, T ], x ∈ E, and z1, z2 ∈ Ξ∗. We need that the Hamiltonian ψ satisfies
some regularity assumptions that guarantee differentiable dependence of the solution
(Yτ , Zτ ) with respect to x, the initial datum of the forward equation (3.1). Namely,
the Hamiltonian ψ defined in (5.3) has to satisfy Hypothesis 4.1, points 2 and 3.

Remark 5.3. We clarify why we need the assumptions stated previously on the
running and final costs and on the Hamiltonian. By Hypothesis 5.2, namely, by the
polynomial growth of g, together with Lemma 3.12, the cost is well defined. Differen-
tiability assumptions on the Hamiltonian and on the final cost are quite restrictive but
are essential in the BSDE approach: The value function is defined, as in Corollary 4.4,
by means of the solution of a suitable BSDE. Essential tools are Theorem 3.17 and
Corollary 4.5 applied to the value function. Moreover (see also section 6), by the BSDE
approach, without requiring any regularizing property of the transition semigroup, we
are able to find a unique, Gâteaux differentiable mild solution of the corresponding
Hamilton–Jacobi–Bellman equation. We can achieve Gâteaux differentiability of this
mild solution by taking ψ and φ Gâteaux differentiable.

Example 5.4. Hypothesis 4.1 for the Hamiltonian function can be verified in
some concrete cases. We present a situation where we can directly verify that the
Hamiltonian ψ satisfies Hypothesis 4.1, points 2 and 3. We take R(t, x, u) = u: The
space U coincides with Ξ and the set of admissible controls is given by Ad = {u ∈
Ξ : ‖u‖Ξ ≤ δ} for some fixed δ > 0. Moreover, we consider a current cost given by
g(t, x, u) = g0(‖u‖αΞ) + g1(t, x), where α > 1, g0 ∈ C1(R+,R+) convex, and g′0(0) > 0,
and for every t ∈ [0, T ], g1(t, ·) ∈ G1(E), and there exist L > 0 and m ≥ 0 such that

|∇xg (t, x)h| ≤ L ‖h‖E (1 + ‖x‖E)
m

for every h ∈ E. It turns out also that ψ(t, x, z) is differentiable with respect to z and
so ψ satisfies Hypothesis 4.1, points 2 and 3.

Now let us consider a complete probability space (Ω̃, F̃ , P̃) and a cylindrical

Wiener process {W̃τ , τ ≥ 0} with values in Ξ. In (Ω̃, F̃ , P̃) we consider the following
forward-backward system, where (X,Y, Z) ∈ E × R × Ξ∗:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dX τ = AX τdτ + F (τ,Xτ ) dτ + GdW̃τ , τ ∈ [t, T ] ,

dYτ = −ψ (τ,Xτ , Zτ ) dτ + ZτdW̃τ , τ ∈ [t, T ] ,

Xt = x,

YT = φ (XT ) .

By Remark 4.3, if we define

(5.5) v : [0, T ] × E → R, v (t, x) = Y (t, t, x) ,

v does not depend either on the space (Ω̃, F̃ , P̃) or on the Wiener process {W̃τ , τ ≥ 0}.
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In the following proposition we prove the so-called fundamental relation in terms
of BSDEs.

Proposition 5.5. Assume Hypotheses 3.1, 3.2, 3.11, 5.1, and 5.2 and that the
Hamiltonian ψ defined in (5.3) satisfies Hypothesis 4.1, points 2 and 3. Let v be defined
in (5.5). Then for every t ∈ [0, T ] and x ∈ E, and for every a.c.s. (W,u,Xu), we
have J(t, x, (W,u,Xu)) ≥ v(t, x).

Proof. Let Xu
τ be the solution to (5.1) corresponding to the control u. We define

the process

Wu
τ = Wτ +

∫ τ

t∧τ
R (σ,Xu

σ , uσ) dσ, τ ∈ [0, T ] ,

and we note that Xu solves the equation{
dXu

τ = AXu
τ dτ + F (τ,Xu

τ ) dτ + GdWu
τ , τ ∈ [t, T ] ,

Xu
t = x.

Since R is bounded, we can apply the Girsanov theorem and deduce that there exists
a probability measure P

u on (Ω,F) such that Wu is a Wiener process with respect
to P

u. In (Ω,F ,Pu) let us consider the backward equation for the unknown process
(Y u

τ , Zu
τ ), τ ∈ [t, T ]:

(5.6) Y u
τ +

∫ T

τ

Zu
σdW

u
σ = φ (Xu

T ) +

∫ T

τ

ψ (σ,Xu
σ , Z

u
σ ) dσ, τ ∈ [t, T ] .

Let τ = t in (5.6). It turns out that Y u(t, t, x), which is deterministic, depends on only
t, x, F , G, φ, and ψ and not on the a.c.s. (W,u,Xu); indeed, in (5.6) the dependence
on the control system has disappeared. Thus Y u(t, t, x) = v(t, x), where v is defined

as in (5.5). Now we notice that Wu is not a P-Wiener process, so
∫ T

τ
Zu
σdW

u
σ is not

a P-martingale; nevertheless, we can state that
∫ T

τ
Zu
σdWσ is a P-martingale. Indeed,

we can prove that

E

(∫ T

t

‖Zu
σ‖

2
Ξ∗ dσ

)1/2

< ∞.

We remember that

dP
u

dP
= exp

(
−
∫ T

t

R (σ,Xu
σ , uσ) dW σ − 1

2

∫ T

t

‖R (σ,Xu
σ , uσ)‖2

Ξ dσ

)
.

We denote dP
u

dP
by ρ. We estimate

E

(∫ T

t

‖Zu
σ‖

2
Ξ dσ

)1/2

= E
u

⎡
⎣
(∫ T

t

‖Zu
σ‖

2
Ξ dσ

)1/2

ρ−1

⎤
⎦

≤ E
u

[(∫ T

t

‖Zu
σ‖

2
Ξ dσ

)]1/2

E
u
[
ρ−2

]1/2
.
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It remains to prove that E
u
[
ρ−2

]
is bounded, knowing that

E
u
[
ρ−1

]
= E

u

[
exp

(∫ T

t

R (σ,Xu
σ , uσ) dWu

σ − 1

2

∫ T

t

‖R (σ,Xu
σ , uσ)‖2

Ξ dσ

)]
= 1.

We get

E
u
[
ρ−2

]
= E

u

[
exp 2

(∫ T

t

R (σ,Xu
σ , uσ) dWu

σ − 1

2

∫ T

t

‖R (σ,Xu
σ , uσ)‖2

Ξ dσ

)]

= E
u

[
exp

(∫ T

t

2R (σ,Xu
σ , uσ) dWu

σ − 1

2

∫ T

t

4 ‖R (σ,Xu
σ , uσ)‖2

Ξ dσ

)

× exp

(∫ T

t

‖R (σ,Xu
σ , uσ)‖2

Ξ dσ

)]

≤ exp
(
T (KRKu)

2
)
.

Then, by applying the Burkholder–Davis–Gundy inequality,
∫ τ

t
ZσdWσ is a P-martin-

gale, so the stochastic integral in (5.6) has zero expectation with respect to the original
probability P. If in (5.6) we set τ = t and take expectation with respect to the original
probability P, we obtain

(5.7) v (t, x) = Eφ (Xu
T ) + E

∫ T

t

[ψ (σ,Xu
σ , Z

u
σ ) − Zu

σR (σ,Xu
σ , uσ)] dσ.

Adding and subtracting E
∫ T

t
g(σ,Xu

σ , uσ)dσ, we arrive at

v (t, x) = J (t, x, (W,u,Xu))(5.8)

+ E

∫ T

t

[ψ (σ,Xu
σ , Z

u
σ ) − Zu

σR (σ,Xu
σ , uσ) − g (σ,Xu

σ , uσ)] dσ.

By the definition of ψ, the term in the square brackets is nonpositive, and conse-
quently,

J (t, x, (W,u,Xu)) ≥ v (t, x) .

Relation (5.8) is a version of the fundamental relation in terms of BSDEs. We
immediately deduce the following consequences.

Corollary 5.6. Let t ∈ [0, T ] and x ∈ E be fixed. If, for an a.c.s. (W,u,Xu), we
have J(t, x, (W,u,Xu)) = v(t, x), then (W,u,Xu) is optimal for the control problem
starting from x at time t. If Γ is nonempty, let us denote by Γ0 : [0, T ]×E×Ξ∗ −→ U
a Borel measurable map such that, for τ ∈ [0, T ], x ∈ E, z ∈ Ξ∗, we have Γ0(τ, x, z) ∈
Γ(τ, x, z). If u is an admissible control satisfying

(5.9) uτ = Γ0 (τ,Xu
τ , Z

u
τ ) , P-a.s. for almost every τ ∈ [t, T ] ,

then J(t, x, (W,u,Xu)) = v(t, x), and (W,u,Xu) is optimal.
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If also Hypothesis 3.16 holds true, by Corollary 4.5 relation (5.8) can be rewritten
as

v (t, x) = J (t, x, (W,u,Xu))(5.10)

+ E

∫ T

t

[ψ (σ,Xu
σ ,∇v (σ,Xu

σ )G)

−∇v (σ,Xu
σ )GR (σ,Xu

σ , uσ) − g (σ,Xu
σ , uσ)] dσ.

In order to prove the existence of an optimal control, we say that if there exists a
measurable selection Γ0 of Γ, then we can study the closed loop equation⎧⎪⎨

⎪⎩
dXu

τ = AXu
τ dτ + F (τ,Xu

τ ) dτ + GR (τ,Xu
τ ,Γ0 (τ,Xu

τ ,∇v (τ,Xu
τ )G)) dτ

+GdWτ , τ ∈ [t, T ] ,

Xu
t = x.

(5.11)

We can prove the main result of this subsection.
Theorem 5.7. Let v be defined as in Proposition 5.5. Assume that Hypothe-

ses 3.1, 3.2, 3.11, 3.16, 5.1, and 5.2 hold true and that the Hamiltonian ψ defined in
(5.3) satisfies Hypothesis 4.1, points 2 and 3. For all a.c.s. (W,u,Xu) we have

J (t, x, (W,u,Xu)) ≥ v (t, x) ,

and the equality holds if and only if

(5.12) uτ ∈ Γ (τ,Xu
τ ,∇v (τ,Xu

τ )G) , P-a.s. for a.a. τ ∈ [t, T ] .

Moreover, let us denote by Γ0 a measurable selection of Γ; then an a.c.s. satisfying
the feedback law

(5.13) uτ = Γ0 (τ,Xu
τ ,∇v (τ,Xu

τ )G) , P-a.s. for a.a. τ ∈ [t, T ] ,

is optimal. The closed loop equation,

{
dX∗τ = [AX∗τ + F (τ,X∗τ ) + GR (τ,X∗τ ,Γ0 (τ,X∗τ ,∇v (τ,X∗τ )G))] dτ + GdWτ ,

X∗t = x, τ ∈ [t, T ] ,

(5.14)

admits a weak solution, which is unique in law, and the corresponding a.c.s. is opti-
mal.

Proof. The proof follows from the fundamental relation (5.10) and by Corol-
lary 5.6. The closed loop equation can be solved in the weak sense via a Gir-
sanov change of measure. Namely, we fix an arbitrary cylindrical Wiener process
{Wτ , τ ≥ 0} on a probability space (Ω,F ,P) and with values in Ξ. Let X

∗
τ be the

mild solution to

(5.15)

⎧⎨
⎩dX

∗
τ =

[
AX

∗
τ + F

(
τ,X

∗
τ

)]
dτ + G

(
τ,X

∗
τ

)
dW τ ,

X
∗
t = x.

Let P̂ be the probability on Ω under which

Ŵτ := −
∫ τ

t

R (s,X∗s ,Γ0 (s,X∗s ,∇v (s,X∗s )G)) ds + Wτ
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is a Wiener process. Then X
∗

is the mild solution to (5.14) relative to the probability

P̂ and to the Wiener process Ŵ . The law of X
∗

is unique since it depends on A, F ,
and G. The closed loop equation (5.14) always admits a solution in the weak sense.
So if Γ is nonempty, then by the Filippov theorem a measurable selection Γ0 of Γ
exists, and it is possible to perform the synthesis of the optimal control.

6. Mild solutions of the Hamilton–Jacobi–Bellman equation. In this sec-
tion we find mild solutions of the Hamilton–Jacobi–Bellman equation associated with
this control problem. Hamilton–Jacobi–Bellman equations associated with the control
problem we have already treated are formally given by

(6.1)

{
∂v
∂t (t, x) = −Atv (t, x) − ψ (t, x,∇v (t, x)G) , t ∈ [0, T ] , x ∈ E,

v(T, x) = φ (x) .

The linear operator At is formally defined by

Atf (x) =
1

2
TraceH

(
GG∗∇2f (x)

)
+ 〈Ax,∇f (x)〉E,E∗ + 〈F (t, x) ,∇f (x)〉E,E∗ .

We do not look for classical solutions of (6.1); rather, we want to find mild solutions,
which we are going to define. In Hilbert spaces, the problem of solving (6.1) has
already been treated by an analytical approach in many papers; we cite [17], where
G is such that the Ornstein–Uhlenbeck semigroup is regularizing, namely, in the
finite dimensional case; this is equivalent to asking that the second order differential
operator At be hypoelliptic in the sense of Hormander. We also cite [24], where
the case of G not necessarily constant is treated and where, moreover, less restrictive
regularizing properties on the associated Ornstein–Uhlenbeck semigroup are required.
In [16], (6.1) is studied in the more general case of G not necessarily constant, and
without any nondegeneracy assumptions, via the BSDE approach. As far as we know,
apart from the papers [7] and [8], where viscosity solutions are presented for first
order partial differential equations, there are no results in the literature concerning
mild solutions for (6.1) considered in a Banach space.

In this paper we consider the case when F in the forward equation has polynomial
growth with respect to x, and thus we also can allow the running cost and the final
cost to have polynomial growth with respect to x.

Let X(τ, t, x) be the solution to (3.1) when A, F , and G satisfy Hypotheses 3.1,
3.2, and 3.11. We remember that this solution is an E-valued Markov process. We can
define the transition semigroup on continuous and bounded functions ϕ : E−→ R as

Pt,τ [ϕ] (x) = Eϕ (X (τ, t, x)) .

Moreover, the semigroup is also well defined on continuous functions ϕ : E−→ R with
polynomial growth with respect to x. Indeed, let ϕ : E−→ R such that |ϕ(x)| ≤
c(1 + ‖x‖kE). Then

|Pt,τ [ϕ] (x)| ≤ E |ϕ (X (τ, t, x))| ≤ sup
x∈E

|ϕ (x)|
1 + ‖x‖kE

E

(
1+ ‖X (τ, t, x)‖kE

)

≤ c sup
y∈E

|ϕ (y)|
1 + ‖y‖kE

,

where the last passage follows from the fact that, for every p ≥ 1, X ∈ Hp([0, T ], E).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

280 FEDERICA MASIERO

We look for mild solutions of (6.1), that is, functions v(t, x) satisfying

(6.2) v(t, x) = Pt,T [φ] (x) +

∫ T

t

Pt,τ [ψ (τ, ·,∇v (τ, ·)G)] (x) dτ, t ∈ [0, T ] , x ∈ E.

We notice that this formula is meaningful if v has only the first derivative ∇v(t, x),
and provided φ and ψ satisfy some growth and measurability conditions. Namely,
we give the following definition of a mild solution of the Hamilton–Jacobi–Bellman
equation (6.1).

Definition 6.1. A function v : [0, T ]×E → R is a mild solution of the Hamilton–
Jacobi–Bellman equation (6.1) if the following are satisfied:

1. v is continuous, for every t ∈ [0, T ] we have v(t, ·) ∈ G1(E), and the map
(t, x) 
→ ∇v(t, x) is measurable from [0, T ] × E with values in E∗;

2. there exists C > 0 such that |v(t, x)| ≤ C(1 + ‖x‖jE) and |∇xv(t, x)h| ≤
C‖h‖E(1 + ‖x‖kE) for every t ∈ [0, T ], x, h ∈ E, and some positive integers j
and k;

3. equality (6.2) holds.
In order to solve (6.1) we consider the forward-backward system

(6.3)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dXτ = AXτdτ + F (τ,Xτ ) dτ + GdWτ , τ ∈ [t, T ] ,

dYτ = −ψ (τ,Xτ , Zτ ) dτ + ZτdWτ , τ ∈ [t, T ] ,

Xt = x,

YT = φ (XT ) .

We are ready to prove that there exists a unique solution of (6.1).
Theorem 6.2. Assume that Hypotheses 3.1, 3.2, 3.11, and 3.16 hold true, and

let φ and ψ satisfy Hypothesis 4.1. Then there exists a unique mild solution of the
Hamilton–Jacobi–Bellman equation (6.1), given by the formula

v (t, x) = Y (t, t, x) ,

where (X,Y, Z) is the solution of the forward-backward system (6.3).
Proof. The main ideas of the proof are essentially taken from [16, Theorem 6.2]

and adapted to this different context.
First, we prove existence. We want to prove that the function v(t, x) := Y (t, t, x)

is in fact a mild solution to (6.1). We have already proved in Proposition 4.2 that for
every t ∈ [0, T ], v(t, ·) ∈ G1(E) and that there exists C > 0 such that |∇xv(t, x)h| ≤
C‖h‖E(1 + ‖x‖jE) and |∇xv(t, x)h| ≤ C‖h‖E(1 + ‖x‖kE) for every t ∈ [0, T ], x, h ∈ E,
and some positive integers j and k. It remains to prove that v satisfies equality (6.2).
To this end we evaluate

Pt,τ [ψ (τ, ·,∇v (τ, ·) G)] (x) = E [ψ (τ,X (τ, t, x) ,∇xY (τ, τ,X (τ, t, x))G)]

= E [ψ (τ,X (τ, t, x) ,∇xY (τ, t, x)G)]

= E [ψ (τ,X (τ, t, x) , Z (τ, t, x))] ,

where the last equality is a consequence of Corollary 4.5. In particular, we obtain

(6.4)

∫ T

t

Pt,τ [ψ(τ, ·,∇v (τ, ·)G)] (x) dτ = E

∫ T

t

ψ (τ,X (τ, t, x) , Z (τ, t, x)) dτ.
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Next, the pair (Y,Z) is a solution to the backward equation in the forward-backward
system (6.1),

Y (t, t, x) +

∫ T

t

Z (τ, t, x) dWτ = φ (X (T, t, x)) +

∫ T

t

ψ (τ,X (τ, t, x) , Z (τ, t, x)) dτ.

Taking expectation and applying formula (6.4), we get the integral formula (6.2).
It remains to prove uniqueness. Let v be a mild solution. Since v is a mild solution

to (6.1), then for every s ∈ [t, T ],

v (s, x) = Eφ (X (T, s, x)) + E

∫ T

s

ψ (τ,X (τ, s, x) ,∇xv (τ,X (τ, s, x))G) dτ,

and since X(τ, s, x) is independent of Fs, the expectation coincides with the condi-
tional expectation given Fs; next we can replace x with X(s, t, x), since X(s, t, x) is
Fs-measurable. So we obtain

v (s,X (s, t, x)) = E
Fsφ (X (T, t, x))

+ E
Fs

∫ T

s

ψ (τ,X (τ, t, x) ,∇xv (τ,X (τ, t, x))G) dτ

= E
Fsη − E

Fs

∫ s

t

ψ (τ,X (τ, t, x) ,∇xv (τ,X (τ, t, x))G) dτ,

where we have defined η = φ(X(T, t, x)) +
∫ T

t
ψ(τ,X(τ, t, x),∇xv(τ,X(τ, t, x))G)dτ .

By the representation theorem of martingales (see, e.g., [12, Theorem 8.2]), there

exists a process Z̃ ∈ L2
P(Ω × [0, T ], L2(Ξ,R)) such that E

Fsη =
∫ s

t
Z̃τdWτ + v(t, x).

Thus
(6.5)

v (s,X (s, t, x)) = v (t, x) +

∫ s

t

Z̃τdWτ −
∫ s

t

ψ (τ,X (τ, t, x) ,∇xv (τ,X (τ, t, x))G) dτ.

By Corollary 4.5, equality (6.5) can be rewritten as

v (s,X (s, t, x)) = v (t, x) +

∫ s

t

∇xv (τ,X (τ, t, x))GdWτ

−
∫ s

t

ψ (τ,X (τ, t, x) ,∇xv (τ,X (τ, t, x))G) dτ

= φ (X (T, t, x)) −
∫ T

s

∇xv (τ,X (τ, t, x))GdWτ

+

∫ T

s

ψ (τ,X (τ, t, x) ,∇xv (τ,X (τ, t, x))G) dτ.

By comparing with the backward equation in (6.3), we see that the pairs of processes

(Y (s, t, x) , Z (s, t, x))t≤s≤T

and

(v (s,X (s, t, x)) ,∇xv (s,X (s, t, x))G)t≤s≤T

solve the same equation. By uniqueness of the solution of this backward equation we
have, in particular, that Y (s, t, x) = v(s,X(s, t, x)), t ≤ s ≤ T , and for s = t we get
the desired equality Y (t, t, x) = v(t, x).
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7. Application to some specific models. In this section we introduce some
stochastic controlled equations which have the structure of (5.1) and can be treated
with our techniques. For the sake of simplicity, we consider bounded costs and a
coefficient F in the forward equation with polynomial growth with respect to x.

7.1. The controlled semilinear heat equation: Dirichlet boundary con-
ditions, Neumann boundary conditions. In this subsection we show how our
results can be applied to perform the synthesis of the optimal control when the state
equation is a general semilinear heat equation with additive noise in one space di-
mension. As we will see, we consider the space of continuous functions, where the
heat semigroup with Dirichlet boundary conditions turns out to be analytic but not
strongly continuous. Heat equations, and in general, reaction diffusion equations,
arise naturally in applications; for example, reaction diffusion equations with Neu-
mann boundary conditions arise naturally in chemical reactions, and we think that,
in view of applications, it is interesting to treat optimal control problems related to
them in the Banach space of continuous functions: this allows us, for instance, to
control some variable of the state, say, the temperature, in a finite number of points;
see below for a mathematical formulation of this problem.

We are given a complete probability space (Ω,F ,P) with a filtration (Fτ )τ≥0

satisfying the usual conditions. We consider, for τ ∈ [t, T ] and ξ ∈ [0, 1], the equation

(7.1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dτX
u (τ, ξ) =

[
∂2

∂ξ2X
u (τ, ξ) + f (τ, ξ,Xu (τ, ξ)) + σ (ξ) r (ξ)u (τ, ξ)

]
dτ

+ σ (ξ) Ẇ (τ, ξ) dτ,

Xu (τ, 0) = Xu (τ, 1) = 0,

Xu (t, ξ) = x0 (ξ) ,

where Ẇ (τ, ξ) is a space-time white noise on [0, T ] × [0, 1].
We introduce the cost functional

(7.2) J (t, x, u) = E

∫ T

t

∫ 1

0

l (s, ξ,Xu (s, ξ) , u)μ (dξ) ds+E

∫ 1

0

k (ξ,Xu (T, ξ))μ (dξ)

that we minimize over all admissible setups. Here μ is a finite regular measure on [0, 1].
An admissible control u(τ, ξ) is a predictable process such that u(τ, ·) ∈ L2([0, 1]),
and |u(τ, ξ)| ≤ δ. We denote by U the set of such admissible controls. The cost
introduced in (7.2) is well defined on the space of continuous function on the interval
[0, 1], but for an arbitrary μ it is not well defined on the Hilbert space of square
integrable functions. So this example makes it clear that with this theory we can
treat a larger class of stochastic optimal control problems than the class of problems
covered by the Hilbert space theory. Stochastic optimal control problems for reaction
diffusion equations have been extensively studied in the literature; see, e.g., [18] and
[23]. We cite in particular the papers [3] and [4]. In these works, equations with a
more general structure than (7.1) are treated, but the costs are defined on the Hilbert
space of square integrable functions: In particular, in [3] also the reaction diffusion
equation is studied in this Hilbert space, while in [4] the equation is considered in the
space of continuous functions, and the cost is defined in the space of square integrable
functions.

To satisfy our Hypotheses 3.1, 3.2, 3.11, 5.1, and 5.2 we have to assume the
following.
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Hypothesis 7.1. The functions f, σ, r, l, k are all Borel measurable and real
valued. Moreover,

1. f : [0, T ] × [0, 1] × R −→ R is continuous; for every τ ∈ [0, T ] and every
ξ ∈ [0, 1], we have f(τ, ξ, ·) ∈ C1(R); and there exists c1 continuous on [0, 1]
such that

|f (τ, ξ, x)| ≤ c1 (ξ)
(
1 + |x|K

)
, |∇xf (τ, ξ, x)h| ≤ c1 (ξ) |h|

(
1 + |x|K

)
for every τ ∈ [0, T ], ξ ∈ [0, 1], x, h ∈ R. For every τ ∈ [0, T ], for every
ξ ∈ [0, 1], for every x, y ∈ R, and for every α > 0,

|x− y| ≤ |x− y − α (f (τ, ξ, x) − f (τ, ξ, y))| ;

2. σ ∈ C([0, 1],R);
3. r ∈ L∞([0, 1],R);
4. l : [0, T ] × [0, 1] × R × U → R is continuous and bounded.
5. k : [0, 1]×R → R is continuous and bounded, and k(ξ, ·) ∈ C1

b (R); moreover,
there exists c2 continuous on [0, 1] such that |∇xk(ξ, x)| ≤ c2(ξ);

6. x0 ∈ C([0, 1]).
A classical example of a map f satisfying Hypothesis 7.1, point 1, is f(τ, ξ, x) =

f(x) = −x3.
In the following we denote C0([0, 1]) = {f ∈ C([0, 1]) : f(0) = f(1) = 0}. To

rewrite the problem in an abstract way we set H = Ξ = L2([0, 1]) and E = C([0, 1]):
The generator A in H is given by

D (A) = H2 ([0, 1]) ∩H1
0 ([0, 1]) , (Ay) (ξ) =

∂2

∂ξ2
y (ξ) for every y ∈ D (A) ,

and its restriction to E is given by

D (A) = C2 ([0, 1]) ∩ C0 ([0, 1]) , (Ay) (ξ) =
∂2

∂ξ2
y (ξ) for every y ∈ D (A) .

We set

(7.3)

F (τ, x) (ξ) = f (τ, ξ, x (ξ)) , (Gz) (ξ) = σ (ξ) z (ξ) ,

(Ru) (ξ) = r (ξ)u (ξ) ,

g (τ, x, u) (ξ) =

∫ 1

0

l (s, ξ, x (ξ) , u)μ (dξ) , φ (x) (ξ) =

∫ 1

0

k (ξ, x (ξ))μ (dξ)

for a.a. τ ∈ [0, T ] and ξ ∈ [0, 1], for all x, z ∈ C([0, 1]), and for all admissible controls
u. It turns out that, with Hypothesis 7.1, the assumptions in Hypotheses 3.1, 3.2,
3.11, 5.1, and 5.2 are satisfied.

Also Hypothesis 3.16 is satisfied by taking Ξ0 = C([0, 1]).
With notations (7.3), the heat equation (7.1) can be written in an abstract way

in the Banach space E as

(7.4)

{
dXu

τ = [AXu
τ + F (τ,Xu

τ )] dτ + GRuτdτ + GdWτ , τ ∈ [t, T ] ,

Xu
t = x0,

where {Wτ , τ ≥ 0} is a cylindrical Wiener process in H with respect to the filtration
(Fτ )τ≥0, and it is such that the stochastic convolution admits a version in C([0, T ], E);
see, e.g., [12, Chapter 5]. (Ω,F ,Fτ ,P,W, u,Xu) is an a.c.s.
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Remark 7.2. We remark that, in order to guarantee more generality, in this paper
the nonlinear term F is assumed to be dissipative and not Lipschitz continuous. In
the case of the heat equation, if in (7.1) f(τ, ξ, x) = −x3, the nonlinear term in
(7.4) is dissipative but not Lipschitz continuous. Moreover, in this case a Lipschitz
continuous nonlinearity turns out to be well defined in L2[(0, 1)], while a nonlinear
term with polynomial growth is not well defined in L2([0, 1]) but is well defined in
C([0, 1]).

We consider the Hamilton–Jacobi–Bellman equation relative to (7.4),

(7.5)

{
∂v
∂t (t, x) = −Atv (t, x) − ψ (t, x,∇v (t, x)G) , t ∈ [0, T ] , x ∈ H,

u(T, x) = φ (x) ,

where ψ is the Hamiltonian function defined in (5.3). In order to solve the optimal
control problem and to find mild solutions of the Hamilton–Jacobi–Bellman equation,
we need ψ to satisfy Hypothesis 4.1, points 1, 2, and 3. We state direct hypotheses
on l and k in the definition (7.2) of the concrete cost J when the measure μ is a
combination of Dirac measures, that is,

μ =

N∑
i=1

δξi .

δx denotes the Dirac measure at x, and ξ1, . . . , ξN belongs to the interval [0, 1]. In
this case the Hamiltonian is given by

(7.6) ψ (t, x, z) = inf
u∈U

{
N∑
i=1

l (t, ξi, x (ξi) , u) +

∫ 1

0

z (ξ) r (ξ)u (ξ) dξ

}
.

We make the following assumption.
Hypothesis 7.3. Let ψ : [0, T ] × R

N × Ξ∗ → R be given by

ψ (t, y1, . . . , yN , z) = inf
u∈U

{
N∑
i=1

l (t, ξi, yi, u) +

∫ 1

0

z (ξ) r (ξ)u (ξ) dξ

}
.

Assume that for every t ∈ [0, T ], ψ(t, ·, . . . , ·, ·) : R
N × Ξ∗ → R is differentiable with

bounded derivatives.
If Hypothesis 7.3 holds true, then the Hamiltonian defined in (7.6) satisfies Hy-

pothesis 4.1, points 1, 2, and 3. A case when Hypothesis 7.3 can be checked directly
on the cost functional is when

N∑
i=1

l (t, ξi, yi, u) =

N∑
i=1

l (t, ξi, yi) +

∫ 1

0

u2 (ξ)

2
dξ,

where l : [0, T ] × [0, 1] × R → R is continuous and for every t ∈ [0, T ] and ξi ∈ [0, 1],
l(t, ξi, ·) is differentiable with bounded derivatives. It turns out that

ψ (t, x, z) =
N∑
i=1

l (t, ξi, x (ξi)) + inf
u∈U

∫ 1

0

u2 (ξ)

2
dξ +

∫ 1

0

z (ξ) r (ξ)u (ξ) dξ.

Thus, with our assumptions, ψ(t, ·, ·) ∈ G1,1(E × Ξ∗). Indeed, differentiability with
respect to x is straightforward, and differentiability with respect to z can be proved
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directly by noting that

inf
u∈U

∫ 1

0

u2 (ξ)

2
dξ +

∫ 1

0

z (ξ) r (ξ)u (ξ) dξ =

∫ 1

0

γ (z (ξ) r (ξ)) dξ,

where γ(y) = infu∈R,|u|≤δ(
u2

2 + yu). By direct computations,

γ (y) =

⎧⎪⎪⎨
⎪⎪⎩

−y2

2
if |y| ≤ δ,

δ2

2
− δ |y| if |y| > δ.

Theorem 7.4. Assume that Hypothesis 7.1 holds true and that the Hamiltonian
function satisfies Hypothesis 4.1, points 1, 2, and 3. Then (7.5) has a unique mild
solution v, and for all a.c.s.’s (W,u,Xu), J(t, x, (W,u,Xu)) ≥ v(t, x). Moreover,
J(t, x, (W,u,Xu)) = v(t, x) if and only if (5.12) holds. If (5.13) holds, there exists an
optimal a.c.s.

Similar arguments apply to stochastic optimal control problems and Hamilton–
Jacobi–Bellman equations associated with heat equations with Neumann boundary
conditions, that is, equations of the following form:

(7.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

dτX
u (τ, ξ) =

[
∂2

∂ξ2X
u (τ, ξ) + f (τ, ξ,Xu (τ, ξ)) + σ (ξ) r (ξ)u (τ, ξ)

]
dτ

+ σ (ξ) Ẇ (τ, ξ) dτ,

∂

∂ξ
Xu (τ, 0) =

∂

∂ξ
Xu (τ, 1) = 0,

Xu (t, ξ) = x (ξ) .

We consider a cost functional of the form of (7.2), and we assume that Hypothesis 7.1
is satisfied. To rewrite the problem in an abstract way, we set H = L2([0, 1]) and
E = C([0, 1]),

D (A) =
{
y ∈ H2 ([0, 1]) : y′ (0) = y′ (1) = 0

}
,

(Ay) (ξ) =
∂2

∂ξ2
y (ξ) for every y ∈ D (A) ,

and the restriction of A to E is given by

D (A) =
{
y ∈ C2 ([0, 1]) : y′ (0) = y′ (1) = 0

}
,

(Ay) (ξ) =
∂2

∂ξ2
y (ξ) for every y ∈ D (A) ,

and in this case A is the generator of a strongly continuous semigroup. Then analogous
results to the ones stated in Theorem 7.4 can be obtained.

7.2. A controlled delay equation. In (Ω,F ,P) we consider the following
stochastic delay equation with values in R

n:

(7.8)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
dzu (τ) =

[∫ 0

−r
a (dθ) zu (τ + θ)

]
dτ + u (τ) dτ + dW (τ) , τ ∈ [t, T ] ,

zu (t) = h0,

zu (t + θ) = h1 (θ) , θ ∈ [−r, 0] ,
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where a(dθ) is a matrix valued finite measure on [−r, 0] and W is a standard Wiener
process in R

n. The value r > 0 denotes the maximum delay, h1 ∈ Lp([−r, 0],Rn),
and uτ is an admissible control, that is, an (Fτ )-predictable process taking values in
a bounded subset of R

n.
We want to rewrite (7.8) in an abstract way. Consider the nonstochastic case and

take u identically zero; let z be the solution of the problem⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
dz (τ) =

[∫ 0

−r
a (dθ) z (τ + θ)

]
dτ, τ ≥ t,

z (t) = h0,

z (t + θ) = h1 (θ) , θ ∈ [−r, 0] .

Define the Banach space E = R
n ⊕ Lp ([−r, 0] ,Rn). It turns out that

eτA : E −→ E, eτA
(
h0

h1

)
=

(
z (τ)
zτ

)
, τ ≥ t with zτ (θ) = z (θ + τ)

defines a C0-semigroup; see, e.g., [14] and [30]. The infinitesimal generator A of
eτA, τ ≥ t, is given by

D (A) =

{(
h0

h1

)
∈ E, h1 ∈ W 1,p ([−r, 0] ,Rn) , h1 (0) = h0

}
,

Ah = A

(
h0

h1

)
=

⎛
⎜⎝
∫ 0

−r
a (dθ)h1 (θ)

dh1/dθ

⎞
⎟⎠ .

If p > 2, the Banach space E = R
n⊕Lp ([−r, 0] ,Rn) is embedded in the Hilbert space

H = R
n ⊕ L2 ([−r, 0] ,Rn), where eτA defines a C0-semigroup. In H the infinitesimal

generator A is given by

D (A) =

{(
h0

h1

)
∈ H,h1 ∈ H1 ([−r, 0] ,Rn) , h1 (0) = h0

}
,

Ah =

⎛
⎜⎝
∫ 0

−r
a (dθ)h1 (θ)

dh1/dθ

⎞
⎟⎠ .

By setting

G : R
n −→ E, G =

(
I
0

)
, Xu

τ =

(
zu (τ)

zuτ

)
, and Xu

t =

(
h0

h1

)
,

problem (7.8) can be rewritten in an abstract way as a controlled stochastic evolution
equation in E:

(7.9)

{
dXu

τ = AXu
τ dτ + Guτdτ + GdWτ , τ ∈ [t, T ] ,

Xu
t = x.
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The techniques developed in this paper allow us to treat delay equations that
evolve in spaces of p-integrable functions, but not in spaces of continuous functions
because in such spaces the operator A is not, in general, the generator of a strongly
continuous semigroup. Thus the treatment of stochastic optimal control problems in
such spaces needs substantial technical modification of our result and will be the object
of future work. Also when treating delay equations in spaces of p-integrable functions,
which in (7.9) are formulated as evolution equations in E = R

n ⊕Lp ([−r, 0] ,Rn), we
cannot directly apply the results of the previous sections since A, in general, is not
dissipative in E. It is possible to find γ ∈ R such that A − γI is dissipative if we
consider, instead of Lp ([−r, 0] ,Rn), a weighted space, namely, Lp ([−r, 0] ,Rn;μ); see
[30] for more details. Nevertheless, since in (7.9) F = 0, in order to apply the results
of the previous sections it suffices to prove that A generates a strongly continuous
semigroup eτA in E which extends to a strongly continuous semigroup in H. We
briefly show that under these assumptions on A, and if G satisfies Hypothesis 3.2, the
results in section 3 are true for the solution of a linear equation in E:{

dXτ = AXτdτ + GdWτ , τ ∈ [t, T ] ,

Xt = x.

The mild solution of this equation is given by

Xτ = X (τ, t, x) = e(τ−t)Ax +

∫ τ

t

e(τ−s)AGdWs,

so it is immediate to see that the solution is Lipschitz continuous with respect to the
initial datum and is also pathwise differentiable—results that are proved in Propo-
sition 3.7, and in Proposition 3.10 for the more general case of F �= 0. Moreover,
since we assume that the stochastic convolution admits an E-continuous version, the
process (Xτ )τ∈[0,T ] belongs to Hp ([0, T ] , E) for every 1 ≤ p < ∞, and also the

map x 
→ (X (τ, t, x))τ∈[0,T ] belongs to G1 (E,Hp ([0, T ] , E)). These results are the
counterpart of Lemma 3.12 and Proposition 3.13.

In the case of the delay semigroup, by simple direct calculations it turns out
there exist j ≥ 0 and C > 0 such that

∥∥eτA∥∥
E

≤ Cτ j . In the following lemma
we prove that the stochastic convolution admits a continuous version with values in
E = R

n ⊕ Lp ([−r, 0] ,Rn).
Lemma 7.5. The stochastic convolution WA (τ) =

∫ τ

0
e(τ−s)AGdWs admits an

E-continuous version.
Proof. By the factorization method (see, e.g., [12, p. 128]), for some 0 < α < 1/2,

we can write

WA (τ) =

∫ τ

0

e(τ−s)ABdWs =
sinπα

π

∫ τ

0

[∫ τ

s

(τ − σ)
α−1

(σ − s)
−α

dσ

]
e(τ−s)AGdWs

=
sinπα

π

∫ τ

0

e(τ−σ)A (τ − σ)
α−1

Yσdσ,

where we have set Yσ =
∫ σ

0
(σ − s)

−α
e(σ−s)AGdWs. If we show that for some q > 2,

Y is in Lq ([0, T ] , E), P-almost everywhere, then the stochastic convolution admits a
continuous version in E. We are going to show the stronger condition

E

∫ T

0

‖Yσ‖qE dσ < ∞.
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The process Y admits the representation

Yσ =

(
Y 1
σ

Y 2
σ

)
=

⎛
⎜⎜⎝
∫ σ

0

(σ − s)
−α

Π1e
(σ−s)ABdWs∫ σ

0

(σ − s)
−α

Π2e
(σ−s)ABdWs

⎞
⎟⎟⎠

and Y 2
σ (θ) = Y 1

σ+θχ(−σ,0) (θ), where by χA we mean the indicator function of the set

A. We have recalled that there exist j ≥ 0 and C > 0 such that
∥∥etA∥∥

E
≤ Cτ j , so

for every a ∈ R
n,
∥∥etAGa

∥∥
E

≤ Cτ j |a|
Rn . Let Π1 : E −→ R

n be the projection on
the first component of E, and Π2 : E −→ Lp ([−r, 0] ,Rn) be the projection on the
second component of E, that is, for every

(
k1

k2

)
∈ E, Π1

(
k1

k2

)
= k1, and Π2

(
k1

k2

)
= k2.

We take q = p, and so q > 2, and we estimate

E

∫ T

0

∣∣Y 1
σ

∣∣p
Rn dσ =

∫ T

0

E

∣∣∣∣
∫ σ

0

(σ − s)
−α

Π1e
(σ−s)AdWs

∣∣∣∣
p

Rn

dσ

≤ cp

∫ T

0

E

(∫ σ

0

(σ − s)
−2α

∣∣∣Π1e
(σ−s)AG

∣∣∣2
Rn

ds

)p/2

dσ

≤ c

∫ T

0

(∫ σ

0

(σ − s)
−2α

(σ − s)
2j
ds

)p/2

dσ < +∞,

where c is a positive constant. So we also get that for every θ ∈ [−r, 0],

E

∫ T

0

∣∣Y 2
σ (θ)

∣∣p
Rn dσ =

∫ T

0

E

∣∣∣∣
∫ σ

0

(σ − s)
−α

Π2e
(σ−s)AGdWs (θ)

∣∣∣∣
p

Rn

dσ

=

∫ T

0

E

∣∣∣∣
∫ σ

0

(σ − s)
−α

χ(−σ+s,0) (θ) Π1e
(σ+θ−s)AGdWs

∣∣∣∣
p

Rn

dσ

=

∫ T

−θ
E

∣∣∣∣∣
∫ σ+θ

0

(σ − s)
−α

Π1e
(σ+θ−s)ABdWs

∣∣∣∣∣
p

Rn

dσ

≤ c

∫ T

−θ
E

(∫ σ+θ

0

(σ − s)
−2α

∣∣∣Π1e
(σ+θ−s)AG

∣∣∣2
Rn

ds

)p/2

dσ

≤ cT pj

∫ T

−θ

(∫ σ+θ

0

(σ − s)
−2α

ds

)p/2

dσ

≤ cg (θ) .

c is a positive constant depending on p, C, and T , and g : [−r, 0] −→ Rn is bounded.
We get

E

∫ T

0

∥∥Y 2
σ

∥∥p
Lp([−r,0],Rn)

dσ ≤ c

(∫ 0

−r
gp (θ) dθ

)1/p

< +∞,

and the proof is concluded.
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For the delay equation, Hypothesis 3.16 is trivial, since Ξ = R
n and G is the

inclusion of R
n in the product space E = R

n × Lp ([−r, 0] ,Rn).
In relation to the controlled equation (7.8) we want to study the following stochas-

tic control problem, which we are going to state in its weak formulation. We define
the cost functional

(7.10) J (t, h0, h1, u) = E

∫ 0

−r
zu (T + θ) y (θ) dθ,

where y ∈ Lq ([−r, 0] ,Rn), with q the conjugate exponent of p. The main advantage
in treating delay equations in the space of p-integrable functions, with p > 2, is that
we can treat costs as in (7.10), with y not necessarily square integrable; indeed, in
order to have the cost be well defined, we have only to ask that y ∈ Lq ([−r, 0] ,Rn),
and q < 2 since it is the conjugate exponent of p.

We have to minimize the cost J over all admissible controls. An admissible control
uτ is a predictable process (

Ω,F , (Fτ )τ≥0 ,P
)
→ U ,

where U is a bounded subset in R
n.

In the abstract setting, the cost functional can be rewritten as

J (t, h, u) = Eφ (Xu
T ) ,

where, for j ∈ E,

j =

(
j1
j2

)
, φ(j) =

∫ 0

−r
j2(θ)y(θ)dθ, and Π2 : E −→ Lp([−r, 0],Rn)

is the projection on the second component of E.
We can also prove existence and uniqueness of a mild solution of the Hamilton–

Jacobi–Bellman equation, associated with a delay equation,

(7.11)

⎧⎨
⎩

∂v

∂t
(t, x) = −Atv (t, x) − ψ (t, x,∇v (t, x)G) , t ∈ [0, T ] , x ∈ H,

u(T, x) = φ (x) .

We summarize the results in the following theorem.
Theorem 7.6. Equation (7.11) has a unique mild solution v, and if the cost J

is defined as in (7.10), then for all a.c.s.’s (W,u,Xu) we have J (t, x, (W,u,Xu)) ≥
v(t, x), and the equality holds if and only if (5.12) holds. If (5.13) holds, there exists
an optimal a.c.s.

7.3. A controlled wave equation. In this section we show how our results can
be applied to perform the synthesis of the optimal control when the state equation
is a controlled wave equation. Our goal is to solve an optimal control problem for
a stochastic wave equation where the cost functional is well defined on continuous
functions, so the cost is not necessary well defined on the space of square integrable
functions: for such costs, existing results in the literature concerning stochastic opti-
mal control problems in Hilbert spaces do not apply. The Banach space E, where the
wave equation evolves, will be the product of two Besov spaces. The choice of this
space will be made clear in the following.
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This section is organized as follows. We introduce the wave operator A with its
domain in a Banach space E, which turns out to be the product of two Besov spaces,
and we observe that A is dissipative in E. For the stochastic case, we prove that
the stochastic convolution admits a continuous version in E. Finally, we introduce
the stochastic controlled wave equation and, by applying the results of the previous
sections, we solve a stochastic optimal control problem and the related Hamilton–
Jacobi–Bellman equation.

Let us consider a wave equation in one space dimension:

(7.12)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂2

∂τ2
y (τ, ξ) =

∂2

∂ξ2
y (τ, ξ) ,

y (τ, 0) = y (τ, 1) = 0,

y (0, ξ) = x0 (ξ) ,

∂y

∂τ
(0, ξ) = x1 (ξ) ,

where τ ∈ [0, T ] and ξ ∈ [0, 1]. We want to write (7.12) in abstract form. We follow
a standard procedure; see, e.g., [12]. We define Λ by

D (Λ) = H2 ([0, 1]) ∩H1
0 ([0, 1]) , (Λy) (ξ) = − ∂2

∂ξ2
y (ξ)

for every y ∈ D (Λ). We introduce the Hilbert space

H1 = H1
0 ([0, 1]) ⊕ L2 ([0, 1]) .

On H1 we define the operator A by

D (A) = H2 ([0, 1]) ∩H1
0 ([0, 1]) ⊕H1

0 ([0, 1]) , A

(
y
z

)
=

(
0 I
−Λ 0

)(
y
z

)

for every
(
y
z

)
∈ D (A) . Next we introduce the Hilbert space

H2 = L2 ([0, 1]) ⊕H−1 ([0, 1]) .

On H2 we define the operator A by

D (A) = H1
0 ([0, 1]) ⊕ L2 ([0, 1]) , A

(
y
z

)
=

(
0 I
−Λ 0

)(
y
z

)

for every
(
y
z

)
∈ D (A). In both H1 and H2, A, with the suitable domain, is the

generator of the contractive group

etA
(
y
z

)
=

(
cos

√
Λt 1√

Λ
sin

√
Λt

−
√

Λ sin
√

Λt cos
√

Λt

)(
y
z

)
, t ∈ R.

Equation (7.12) can be rewritten in an abstract way as

(7.13)

{
dXτ = AXτdτ, τ ∈ [0, T ] ,

X0 = x.
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Next, we consider a stochastic wave equation in (Ω,F , (Fτ )τ≥0 ,P). We consider,
for 0 ≤ t ≤ τ ≤ T and ξ ∈ [0, 1], the following state equation:

(7.14)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂2

∂τ2 y (τ, ξ) = ∂2

∂ξ2 y (τ, ξ) + Ẇ (τ, ξ) ,

y (τ, 0) = y (τ, 1) = 0,

y (0, ξ) = x0 (ξ) ,
∂y
∂τ (0, ξ) = x1 (ξ) .

Ẇ (τ, ξ) is a space-time white noise on [0, T ] × [0, 1]. This equation can be rewritten
in an abstract way in the Hilbert space H2 in the following form:

(7.15)

{
dXτ = AXτdτ + GdWτ , τ ∈ [0, T ] ,

X0 = x,

where {Wτ , τ ≥ 0} is a cylindrical Wiener process in L2 ([0, 1]) with respect to the
filtration (Fτ )τ≥0. The operator G : L2 ([0, 1]) −→ H2 is defined by Gu =

(
0
u

)
=(

0
I

)
u, where I is the embedding of L2 ([0, 1]) in H−1 ([0, 1]). The solution of (7.15)

belongs to H2 = L2 ([0, 1]) ⊕H−1 ([0, 1]), since in this space the operators∫ t

0

esAGG∗esA
∗
ds

are of trace class; see [12, Example 5.8]. So the process

WA (t) =

∫ t

0

e(t−s)AGdW (s)

is well defined in H2.
We introduce the Banach space E = Bs

2,p,{0} ([0, 1]) ⊕ Bs−1
2,p ([0, 1]) , with s ∈

(0, 1) and p > 2, where Bs
2,p,{0} ([0, 1]) is the Besov space with Dirichlet boundary

conditions and Bs−1
2,p ([0, 1]) is a Besov space with negative exponent. The space E

can be obtained by interpolating H1 and H2:

(H2, H1)s,p =
(
L2 ([0, 1]) , H1

0 ([0, 1])
)
s,p

⊕
(
H−1 ([0, 1]) , L2 ([0, 1])

)
s,p

= Bs
2,p,{0} ([0, 1]) ⊕Bs−1

2,p ([0, 1]) .

For more details on real interpolation and Besov spaces, see, e.g., [21, Chapter I] and
[28]. The operator A with domain D (A) = Bs+1

2,p,{0} ([0, 1]) ⊕ Bs
2,p,{0} ([0, 1]) is the

generator of a group in E, and, moreover, since A is dissipative in both H1 and H2, it
turns out that A is dissipative in E. Equation (7.14) can be written as an evolution
equation in the Banach space E:

(7.16)

{
dXτ = AXτdτ + GdWτ , τ ∈ [t, T ] ,

X0 = x,

where G : L2 ([0, 1]) −→ E is defined by Gu =
(

0
u

)
=
(

0
I

)
u, and I is the embedding

of L2 ([0, 1]) in Bs−1
2,p ([0, 1]).

Remark 7.7. The idea of the wave equation in a Besov space is inspired by
the fact that if s − 1/2 > 0, then Bs

2,p,{0} ([0, 1]) is contained in C ([0, 1]); see [28,
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Theorem 4.6.1]. Moreover, since E can be obtained by interpolating H1 and H2,
dissipativity of the operator is straightforward. In this paper, we take s = 1/2 + β,
for some 0 < β < 1/2, to be chosen in the proof of the following lemma.

In order to apply our results we note that the Banach space E is continuously and
densely embedded in the Hilbert space H2, where the stochastic convolution WA (t)
takes values. We need to prove that WA (t) admits a version in C ([0, T ] , E).

Lemma 7.8. The stochastic convolution WA (t) =
∫ t

0
e(t−s)AGdW (s) admits a

version in C ([0, T ] , E) for every p ≥ 6 and some s ∈
(

1
2 , 1

)
, i.e., s = 1

2 + β, with
β > 0.

Proof. Let

WA (t) =

(
W 1

A (t)

W 2
A (t)

)
=

⎛
⎜⎜⎜⎝

1√
Λ

∫ t

0

sin
(√

Λ (t− s)
)

dW s

∫ t

0

cos
(√

Λ (t− s)
)

dW s

⎞
⎟⎟⎟⎠ .

We start by proving that W 1
A (t) admits a version in C([0, T ], Bs

2,p,{0}([0, 1])). Indeed,

we prove a stronger result: W 1
A (t) admits a version in C([0, T ] , Bs

p,p,{0} ([0, 1])). Since

p > 2, Bs
p,p,{0} ([0, 1]) ⊂ Bs

2,p,{0} ([0, 1]). We recall that Bs
p,p,{0} ([0, 1]) is a Sobolev

space with fractional exponent and it is usually denoted by W s
p,{0} ([0, 1]). With the

norm

‖f‖pW s
p,{0}

=

∫ 1

0

|f (ξ)|p dξ +

∫ 1

0

∫ 1

0

|f (ξ) − f (η)|p

|ξ − η|1+sp dξdη,

W s
p,{0} ([0, 1]) is a Banach space. Let βk, k ≥ 1, be standard independent real Wiener

processes. Let us first prove that

W 1
A (t) (ξ) =

1√
Λ

∫ t

0

sin
(√

Λ (t− s)
)
dWs (ξ) =

∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
sin kπξdβk (s)

takes values in W s
p,{0} ([0, 1]). By its definition, W 1

A (t) vanishes at the boundary. We

prove that, for every t ∈ [0, T ],
∥∥W 1

A (t)
∥∥p
W s

p,{0}
is finite a.s.

∥∥W 1
A (t)

∥∥p
W s

p,{0}

=

∫ 1

0

∣∣∣∣∣∣
∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
sin kπξdβk (s)

∣∣∣∣∣∣
p

dξ +

∫ 1

0

∫ 1

0

×

∣∣∣∣
∫ t

0

∑
k≥1

sin kπ(t−s)
kπ sin kπξdβk (s) −

∫ t

0

∑
k≥1

sin kπ(t−s)
kπ sin kπηdβk (s)

∣∣∣∣
p

|ξ − η|1+sp dξdη

= I + II.

In order to prove that
∥∥W 1

A (t)
∥∥p
W s

p,{0}
is finite a.s., we prove that E‖W 1

A(t)‖pW s
p,{0}

< ∞.
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We evaluate

E (I) = E

∫ 1

0

∣∣∣∣∣∣
∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
sin kπξdβk (s)

∣∣∣∣∣∣
p

dξ

=

∫ 1

0

E

∣∣∣∣∣∣
∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
sin kπξdβk (s)

∣∣∣∣∣∣
p

dξ

≤ c

∫ 1

0

⎛
⎜⎝E

∣∣∣∣∣∣
∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
sin kπξdβk (s)

∣∣∣∣∣∣
2
⎞
⎟⎠

p/2

dξ

= c

∫ 1

0

⎛
⎝∫ t

0

∑
k≥1

sin2 kπ (t− s)

k2π2
sin2 kπξds

⎞
⎠

p/2

dξ

≤ c

⎛
⎝∑

k≥1

1

k2π2

⎞
⎠

p/2(∫ t

0

sin2 kπ (t− s) ds

)p/2

≤ c

⎛
⎝∑

k≥1

1

k2π2

⎞
⎠

p/2

tp/2,

and so it is finite for every p. Then we evaluate E (II). In the following calculations
we consider only integer even p ≥ 6; this suffices to prove the result for every p ≥ 6:

E (II) = E

∫ 1

0

∫ 1

0

1

|ξ − η|1+sp

×

⎛
⎝∫ t

0

∑
k≥1

sin kπ (t− s)

kπ
(sin kπξ − sin kπη) dβk (s)

⎞
⎠

p

dξdη

=

∫ 1

0

∫ 1

0

1

|ξ − η|1+sp E

∑
k≥1

(∫ t

0

sin kπ (t− s)

kπ
(sin kπξ − sin kπη) dβk (s)

)p

dξdη

+

∫ 1

0

∫ 1

0

1

|ξ − η|1+sp E

p−2∑
n=2

cn

×
{ ∑

k,j≥1
k 
=j

(∫ t

0

sin kπ (t− s)

kπ
|sin kπξ − sin kπη| dβk (s)

)n

×
(∫ t

0

sin jπ (t− s)

jπ
|sin jπξ − sin jπη| dβj (s)

)p−n}
dξdη.
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In the last passage the terms with n = 1 or n = p− 1 do not appear since they have
null expectation, and cn denotes a constant depending only on n. By applying the
Burkholder–Davis–Gundy inequality, we get

E (II) ≤ cp

∫ 1

0

∫ 1

0

1

|ξ − η|1+sp

∑
k≥1

(∫ t

0

sin2 kπ (t− s)

k2π2
(sin kπξds− sin kπη)

2
ds

)p/2

dξdη

+cp

∫ 1

0

∫ 1

0

1

|ξ − η|1+sp

p−2∑
n=2

cn

⎧⎪⎪⎨
⎪⎪⎩
∑
k,j≥1
k 
=j

(∫ t

0

sin2 kπ (t− s)

k2π2
(sin kπξ − sin kπη)

2
ds

)n/2

(∫ t

0

sin2 jπ (t− s)

j2π2
(sin jπξ − sin jπη)

2
ds

)(p−n)/2

⎫⎪⎪⎬
⎪⎪⎭ dξdη

≤ cpt
p/2

∑
k≥1

1

kpπp

∫ 1

0

∫ 1

0

|sin kπξ − sin kπη|p

|ξ − η|1+sp dξdη

+2cpt
p/2

p/2∑
n=2

cn
∑
k,j≥1
k 
=j

1

knπn

1

jp−nπp−n

∫ 1

0

∫ 1

0

|sin kπξ − sin kπη|n |sin jπξ − sin jπη|p−n

|ξ − η|1+sp dξdη

≤ cpt
p/2

{
2p(1−s−ε)

∑
k≥1

1

kpπp

∫ 1

0

∫ 1

0

|sin kπξ − sin kπη|p(s+ε)

|ξ − η|1+sp dξdη

+
21+p(1−s−3β)

πp
∗

p/2∑
n=2

25nβcn
∑
k,j≥1
k 
=j

1

kn
1

jp−n

∫ 1

0

∫ 1

0

|sin kπξ − sin kπη|n(s−2β) |sin jπξ − sin jπη|(p−n)(s+3β)

|ξ − η|1+sp dξdη

}
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≤ cpT
p/2

{
2p(1−s−ε)

∑
k≥1

kp(s+ε)πp(s+ε)

kpπp

∫ 1

0

∫ 1

0

1

|ξ − η|1−pε
dξdη

+
21+p(1−s−3β)

πp

p/2∑
n=2

cn
∑
k,j≥1
k 
=j

kn(s−2β)πn(s−2β)

kn

k(p−n)(s+3β)π(p−n)(s+3β)

jp−n

∫ 1

0

∫ 1

0

1

|ξ − η|1−3βp+5βn
dξdη

}

= cpT
p/2

{
2p(1−s−ε)

πp(1−s−ε)

∑
k≥1

1

kp(1−s−ε)

∫ 1

0

∫ 1

0

1

|ξ − η|1−pε
dξdη

+21+p(1−s−3β)

p/2∑
n=2

cn
πp−5nβ−ps−3pβ

∑
k,j≥1
k 
=j

1

kn(1−s+2β)

1

j(p−n)(1−s−3β)

∫ 1

0

∫ 1

0

1

|ξ − η|1−3βp+5βn
dξdη

}
.

Take ε > 0 such that ε < 1 − s and p > 1
1−s−ε . Next, remember that we have

taken s = 1/2 + β, β > 0. So for every n = 2, . . . , p/2, n (1 − s + 2β) > 1. Now
choose β such that for every n = 2, . . . , p/2, (p− n) (1 − s− 3β) > 1. It is enough to
find β such that p/2 (1 − s− 3β) > 1. This leads to taking 0 < β < 1/8 − 1/2p, that
is, 1/2 < s < 5/8− 1/2p. With these choices, and with Cp a constant depending only
on p and s, we get

E (II) ≤ CpT
p/2

⎛
⎜⎜⎝∑

k≥1

1

kp(1−s−ε)
+

p/2∑
n=2

cn
∑
k,j≥1
k 
=j

1

kn(1−s+2β)

1

j(p−n)(1−s−3β)

⎞
⎟⎟⎠ < ∞.

Thus we conclude that, a.s., W 1
A (t) ∈ W s

p,{0} ([0, 1]) ⊂ Bs
2,p,{0} ([0, 1]). Moreover, we

claim that, a.s., W 2
A (t) ∈ Bs−1

2,p ([0, 1]). Indeed,

W 2
A (t) =

∫ t

0

cos
(√

Λ (t− s)
)
dWs =

√
Λ

(
1√
Λ

∫ t

0

cos
(√

Λ (t− s)
)
dWs

)
.

By analogous calculations we have performed in order to prove that W 1
A(t) ∈ Bs

2,p,{0}
([0, 1]), we can prove that

(
1√
Λ

∫ t

0

cos
(√

Λ (t− s)
)
dW (s)

)
∈ Bs

2,p ([0, 1]) ;
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the difference with respect to W 1
A (t) is that there is cos(

√
Λ (t− s)) instead of sin(

√
Λ

(t− s)), so this process does not vanish on the boundary; on the contrary, the cal-
culations are analogous to the ones proving that W 1

A(t) ∈ Bs
2,p,{0}([0, 1]). Thus

W 2
A(t) ∈ Bs−1

2,p ([0, 1]).
Next we want to show the existence of a version of the stochastic convolution in

C ([0, T ] , E). We note that by the factorization method (see, e.g., [12]), for 0 < α < 1
2

we can write

WA (t) =

∫ t

0

e(t−s)AGdWs =
sinπα

π

∫ t

0

[∫ t

s

(t− σ)
α−1

(σ − s)
−α

dσ

]
e(t−s)AGdWs

=
sinπα

π

∫ t

0

e(t−σ)A (t− σ)
α−1

Yσdσ,

where we have set Yσ =
∫ σ

0
(σ − s)

−α
e(σ−s)AGdWs. If we show that for some q > 2,

Y is in Lq ([0, T ] , E), P-almost everywhere, then the stochastic convolution admits a
continuous version in E. We take q = p, so that q ≥ 6, and we prove the stronger
condition

E

∫ T

0

‖Yσ‖pE dσ < ∞.

We write the two components of Yσ,

Yσ =

(
Y 1
σ

Y 2
σ

)
=

⎛
⎜⎜⎝

1√
Λ

∫ σ

0

(σ − s)
−α

sin
(√

Λ (σ − s)
)
dWs∫ σ

0

(σ − s)
−α

cos
(√

Λ (σ − s)
)
dWs

⎞
⎟⎟⎠ .

We evaluate, at first,

E

∫ T

0

∥∥Y 1
σ

∥∥p
Bs

2,p,{0}
dσ

≤ cE

∫ T

0

∥∥Y 1
σ

∥∥p
W s

p,{0}
dσ

= cE

∫ T

0

∫ 1

0

∣∣∣∣∣∣
∫ σ

0

(σ − s)
−α∑

k≥1

sin kπ (σ − s)

kπ
sin kπξdβk (s)

∣∣∣∣∣∣
p

dξdσ

+ cE

∫ T

0

∫ 1

0

∫ 1

0

∣∣∣∣
∫ σ

0

(σ − s)
−α∑

k≥1
sin kπ(σ−s)

kπ (sin kπξ − sin kπη) dβk (s)

∣∣∣∣
p

|ξ − η|1+sp dξdηdσ.

By an analogous procedure we have used to evaluate the norm of W 1
A (t), we can get

that

E

∫ T

0

∥∥Y 1
σ

∥∥p
Bs

2,p,{0}
dσ < ∞.
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In order to evaluate E
∫ T

0

∥∥Y 2
σ

∥∥p
Bs−1

2,p
dσ we note that

√
Λ : Bs

2,p −→ Bs−1
2,p continuously.

Thus

E

∫ T

0

∥∥Y 2
σ

∥∥p
Bs−1

2,p
dσ = E

∫ T

0

∥∥∥∥
∫ σ

0

(σ − s)
−α

cos
(√

Λ (σ − s)
)
dWs

∥∥∥∥
p

Bs−1
2,p

dσ

= E

∫ T

0

∥∥∥∥√Λ

∫ σ

0

1√
Λ

(σ − s)
−α

cos
(√

Λ (σ − s)
)
dWs

∥∥∥∥
p

Bs−1
2,p

dσ

≤ cE

∫ T

0

∥∥∥∥
∫ σ

0

1√
Λ

(σ − s)
−α

cos
(√

Λ (σ − s)
)
dWs

∥∥∥∥
p

Bs
2,p

dσ < ∞.

We have achieved the desired estimate

E

∫ T

0

‖Yσ‖pE dσ < ∞,

from which we get that the stochastic convolution WA(t) admits a version in C([0, T ],
E).

We remark that Hypothesis 3.16 is satisfied; indeed, G (Ξ) ⊂ E.
Now, let us consider, for 0 ≤ t ≤ τ ≤ T and ξ ∈ [0, 1], the following controlled

stochastic wave equation:

(7.17)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂2

∂τ2 y (τ, ξ) = ∂2

∂ξ2 y (τ, ξ) + u (τ, ξ) + Ẇ (τ, ξ) ,

y (τ, 0) = y (τ, 1) = 0,

y (t, ξ) = x0 (ξ) ,
∂y
∂τ (t, ξ) = x1 (ξ) .

Ẇ (τ, ξ) is a space-time white noise on [0, T ]×[0, 1] and u (τ, ·) is an admissible control,
that is, a predictable process(

Ω,F , (Fτ )τ≥0 ,P
)
→ L2 (0, 1) ,

taking values in the subset U ⊂ L2 [0, 1], U =
{
v ∈ L2 [0, 1] | v : [0, 1] −→ [−δ, δ]

}
.

Equation (7.17) can be rewritten in an abstract way in the following form:

(7.18)

{
dXu

τ = AXu
τ dτ + Guτdτ + GdWτ , τ ∈ [t, T ] ,

Xu
t = x,

where {Wτ , τ ≥ 0} is a cylindrical Wiener process in L2 ([0, 1]) with respect to the
filtration (Fτ )τ≥0.

Moreover, we introduce the cost functional

γ (t, x0, x1, u) = E

∫ T

t

[
n∑

i=1

l (s, ξi, y (s, ξi)) +

∫ 1

0

u2 (s, ξ)

2
dξ

]
ds+E

n∑
i=1

k (ξi, y (T, ξi)) .

The optimal control problem is to minimize γ over all admissible controls. To satisfy
Hypothesis 5.2 we have to assume the following.

Hypothesis 7.9. We make the following assumptions:
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1. For every i = 1, . . . , n, l(·, ξi, ·) : [0, T ] × R → R is continuous and bounded,
and the map l (τ, ξi, ·) : R → R is differentiable and there exists c1 such that

|∇xl (τ, ξi, x)h| ≤ c1L |h|

for every τ ∈ [0, T ] and x, h ∈ R.
2. For every i = 1, . . . , n, k(ξi, ·) : [0, 1] × R → R is continuous and k (ξi, ·) ∈

C1
b (R); moreover, |∇xk (ξi, x)| ≤ c2.

3. x0 ∈ H1 ([0, 1]) and x1 ∈ L2 ([0, 1]).
Let Π1 : E −→ Bs

2,p,{0} ([0, 1]) be the projection on the first component of E. We set

g (s, x) +
1

2
‖u‖2

L2(0,1) =

n∑
i=1

l (s, ξi,Π1x (ξi)) +

∫ 1

0

u2 (s, ξ)

2
dξ,

φ (x) =

n∑
i=1

k (ξi,Π1x (ξi)) dξ.

In abstract formulation, the cost functional can be written as

J (t, x, u) = E

∫ T

t

[
g (s,Xu

s ) +
1

2
‖us‖2

L2(0,1)

]
ds + Eφ (Xu

T ) .

With Hypothesis 7.9, φ and g satisfy Hypothesis 5.2.
The Hamiltonian is given by

ψ (t, x, z) = g (t, x) + inf
u

{
1

2
‖us‖2

L2(0,1) +

∫ 1

0

z (ξ)u (s, ξ) dξ

}
.

ψ and φ satisfy Hypothesis 4.1. In fact, to verify Gâteaux differentiability of g and
φ with respect to x ∈ E, we note that both g and φ depend only on Π1x. So
it suffices to show Gâteaux differentiability with respect to Π1x ∈ Bs

2,p,{0} ([0, 1]).

Indeed, g (s, ·, u) and φ (·) are defined for Π1x ∈ C ([0, 1]), and they are Gâteaux
differentiable in C ([0, 1]). Thus they are also Gâteaux differentiable with respect to
Π1x ∈ Bs

2,p,{0} ([0, 1]). Differentiability with respect to z can be proved, as we have
done while treating the controlled heat equation; see section 7.1.

The process u turns out to be an admissible control and (Ω,F ,Fτ ,P,W, u,Xu)
turns out to be an a.c.s. We want to study the optimal control problem related to
(7.15).

We write the Hamilton–Jacobi–Bellman equation relative to (7.4):

(7.19)

{
∂v
∂t (t, x) = −Atv (t, x) − ψ (t, x,∇v (t, x)G) , t ∈ [0, T ] , x ∈ H,

u(T, x) = φ (x) .

Theorem 7.10. Assume that Hypothesis 7.9 is satisfied. Then (7.19) has a unique
mild solution v, and, moreover, for all a.c.s.’s (W,u,Xu) we have J (t, x, (W,u,Xu)) ≥
v (t, x), and the equality holds if and only if (5.12) holds. If (5.13) holds, there exists
an optimal a.c.s.
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CONTROL LYAPUNOV FUNCTIONS AND ZUBOV’S METHOD∗

FABIO CAMILLI† , LARS GRÜNE‡ , AND FABIAN WIRTH§

Abstract. For finite-dimensional nonlinear control systems we study the relation between
asymptotic null-controllability and control Lyapunov functions. It is shown that control Lyapunov
functions (CLFs) may be constructed on the domain of asymptotic null-controllability as viscosity
solutions of a first order PDE that generalizes Zubov’s equation. The solution is also given as the
value function of an optimal control problem from which several regularity results may be obtained.

Key words. asymptotic null-controllability, control Lyapunov functions, Hamilton–Jacobi–Bell-
man equation, viscosity solutions, Zubov’s method
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1. Introduction. We consider finite-dimensional control systems of the form

(1.1) ẋ(t) = f(x(t), u(t)),

where x ∈ R
n denotes the state, u ∈ R

m denotes the input, and f is sufficiently
regular with f(0, 0) = 0. We call a point x0 ∈ R

n asymptotically controllable to 0
if there exists a measurable, essentially bounded function u0 : R+ → R

m such that
the corresponding solution ϕ(t, x0, u0) of (1.1) satisfies ϕ(t, x0, u0) → 0 for t → ∞.
The domain of asymptotic null-controllability is the collection of all points that are
asymptotically controllable to 0. The main results of this paper are twofold: On the
one hand, we provide a converse theorem for maximal control Lyapunov functions
(CLFs) on the domain of asymptotic null-controllability. On the other hand, we
consider a generalized Zubov equation and prove that the maximal CLF is the unique
viscosity solution of this equation. Thus beyond the proof of existence of CLFs, a
way to their numerical generation is provided.

The construction of CLFs in this paper relies on optimal control methods as they
are frequently used in Lyapunov theory. One of the contributions of the paper is to
present easily checkable conditions on the running cost that result in an appropriate
CLF and give rise to a tractable Hamilton–Jacobi equation.

Converse theorems have a fundamental role in Lyapunov theory, as they state that
certain stability properties imply the existence of a Lyapunov function. The direct
implication that the existence of a Lyapunov function implies a stability property is
usually much easier to prove. Early converse results were obtained by Persidskii (see
the discussion in [20, Chapter VI]), Massera [26], and Kurcvĕıl′ [21]. In recent times
these results have been extended in several directions to cover perturbed systems and
differential inclusions [23, 12, 37, 7].
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While for linear systems a constructive procedure to find Lyapunov functions
has already been given by Lyapunov, the first general constructive procedure to find
Lyapunov functions was obtained by Zubov [39]. Namely, a Lyapunov function on the
domain of attraction of an asymptotically stable fixed point x∗ ∈ R

n of the system

ẋ(t) = f(x(t)) , t ∈ R, x ∈ R
n,

may be found by solving the first order PDE, called Zubov’s equation,

Dv(x)f(x) = −h(x)(1 − v(x))
√

1 + ‖f‖2, x ∈ R
n,

under the condition that v(0) = 0. Here h is an auxiliary function; see [39, 20] for de-
tails. This method has been recently extended by the authors to the case of perturbed
systems; see [9], where also a discussion of the impact of Zubov’s result may be found.
Further constructive approaches valid for C2 systems and based on approximations
by radial basis functions (respectively, on linear programming methods) have recently
been described in [18, 19].

While for (perturbed) ordinary differential equations the property of interest is
stability, for systems with control inputs a basic question concerns the existence of
control functions steering the system to a desired target. In contrast to the case of
asymptotically stable fixed points of ordinary differential equations, for which smooth
Lyapunov functions always exist, it is not reasonable to require too many regularity
properties of Lyapunov functions for controllability questions for systems of the form
(1.1). For this reason it is now standard to formulate the concept of a CLF in non-
differential terms. Recall that a function V : R

n → R is called positive definite if
V (x) ≥ 0 for all x ∈ R

n and V (x) = 0 iff x = 0. The function V is proper if preim-
ages of compact sets are compact. A positive definite, proper function V is called a
CLF for (1.1) if there is a positive definite function W such that for every compact
set X ⊂ R

n there is a compact set UX of control values so that V is a continuous
viscosity supersolution of

(1.2) max
u∈UX

−DV (x)f(x, u) ≥ W (x) , x ∈ X.

For the definition of viscosity solutions we refer to [3]. In many articles CLFs are de-
fined in terms of proximal subgradients of V , but the two notions are in fact equivalent
[10].

The interest in the theory of control Lyapunov has received widespread attention
in recent years, in particular in connection with the design of stabilizing feedbacks.
While design techniques using Lyapunov functions have been popular in applied con-
trol theory for a long time, the systematic study of converse theorems for CLFs only
started with Artstein [1], who proved for the case of systems affine in the control term
u that the existence of a smooth CLF is equivalent to stabilizability by continuous
state feedback. For general systems of the form (1.1) the existence of a global continu-
ous CLF is equivalent to global asymptotic null-controllability [31]. Interestingly, the
existence of a differentiable CLF is equivalent to the existence of (discontinuous) sta-
bilizing feedbacks that are robust with respect to perturbations in the measurement
of the state [22].

Now, in general, asymptotic null-controllability does not imply the existence of
continuous stabilizing feedback as there may be topological obstructions to this which
even carry over to the case of upper semicontinuous set-valued feedbacks [8, 13, 29].
For this reason discontinuous feedbacks and associated solution concepts have been
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one of the focal points of the research on CLFs in recent times starting with [11]. In
this context it has been shown by Clarke et al. [10] and Rifford [27, 28] using tools
from nonsmooth analysis that semiconcavity of the CLF is an essential tool in order
to establish the existence of feedback with nice properties.

Usually, the knowledge of a CLF requests a certain structure of the control sys-
tem, while a general procedure for its determination is not available. Constructive
approaches have therefore received widespread attention in the literature, most no-
tably with techniques known as backstepping and forwarding [17, 30], which, however,
rely heavily on the differentiability of the CLF that is obtained. In this article we aim
to derive a constructive approach by going back to the original ideas for the construc-
tion of CLFs. Here constructive is to be understood in the way that we determine
a class of PDEs which have unique solutions in the viscosity sense that are maximal
CLFs on the domain of asymptotic null-controllability.

It is a classical approach to the problem to regard CLFs as solutions of steady
state Hamilton–Jacobi (HJ) equations. In the uncontrolled case this may be regarded
as one of the central elements of the work of Zubov [20]. In [16] the connection between
smooth CLFs and HJ equations has been studied in detail. In particular, it is shown
in that paper that smooth CLFs may always be interpreted as value functions of
an appropriate optimal control problem. This “inverse optimality” property can be
exploited in several ways [17]. In a different approach, in [15] a CLF was obtained by
a truncating series expansion of analytical solutions of HJ equations in an approach
very similar to early studies around Zubov’s equation.

In the present paper we use ideas from [9], where, for the case of a perturbed
system, the classical Zubov method was reinterpreted using a suitable notion of weak
solution. For controlled or perturbed systems Zubov’s equation becomes a nonlinear
first order PDE of HJ type, and it is well known that this class of equations does not
admit, in general, classical solutions. Therefore a suitable concept of weak solution has
to be introduced, and the one of viscosity solution seems to be appropriate; see [9, 25].
In the construction of the corresponding result for CLFs, several additional technical
obstacles have to be overcome, which stem from the possibility of solutions with finite
escape time and the unboundedness of the control set, both of which pose no problem
in the perturbed case. To this end reparametrization techniques are used—an idea
which was introduced in [5] and has been applied by various authors.

A problem similar to the CLF construction in this paper has been studied in [24],
in which optimal control and viscosity methods are used in relation to the problem
of steering the state of a system to a prescribed target. This leads to an optimal
control problem with a positive but vanishing Lagrangian; see [25, 24] for further
references. In [24] a “small-time controllability” property is used, which requires in
particular that the target can be reached exactly in finite time starting from small
neighborhoods of it. In the general context of CLFs, this reachability property is
undesirable, so that we have to apply different arguments.

We use this generalization of Zubov’s method to construct a CLF for a finite-
dimensional nonlinear control system that is asymptotically null-controllable in a
neighborhood of the origin. Our aim is to determine a CLF as (i) an optimal value
function of a suitable control problem and (ii) a unique viscosity solution to a suitable
HJ equation which is a generalization of the Zubov’s equation.

Concerning the first point, i.e., the connection between CLF and optimal control
problems, our procedure can be viewed as an extension of [31], where the equivalence
between asymptotic null-controllability and the existence of a CLF has been proved
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using an optimal control approach. The significant advantage of the characterization
of a CLF as a unique viscosity solution of the generalized Zubov equation is that this
characterization can used as the basis for the numerical approximation of the CLF.

From the point of view of the PDE approach, the equation presents some diffi-
culties when attacked using the standard theory of viscosity solution because of the
unbounded control set; see [4, 5, 14, 36, 35] for some related papers. In the proof
of the necessary comparison result we use the local asymptotic controllability to ob-
tain a local comparison result in a neighborhood of the origin. We then extend the
comparison result to all R

n, taking advantage, as in the classical Zubov method, of
the freedom in the choice of cost function of the associated control problem. For this
reason we can make rather general assumptions on the dependence of the dynamics
with respect to the control variable compensating them with an appropriate choice of
the cost. An example for an explicit construction of the cost function satisfying all
requirements is provided.

The comparison result extends results in [36, 35] at the price of studying a much
more specific situation. The main difference is that in the setting studied in this paper
a uniqueness result is obtained.

We proceed as follows: In the ensuing section 2 the class of systems under con-
sideration is defined, and we prove some preliminary results. In section 3 the optimal
control problem that characterizes the domain of asymptotic null-controllability is
introduced, and it is shown that under suitable conditions the corresponding value
function is continuous, positive definite, and proper on the domain of asymptotic
null-controllability. In section 4 we show that the value function of the optimal con-
trol problem is the unique viscosity solution of the generalized Zubov equation. In
section 5 we discuss an approximation of the problem with an unbounded control set
with a sequence of problems with a bounded control set. In the last section we discuss
the necessity of our assumptions at the hand of a few examples. It is also shown that
for the classical linear quadratic control problem the general equations of this paper
reduce to the standard algebraic Riccati equation.

2. The domain of null-controllability. We consider nonlinear control systems
of the type

(2.1) ẋ(t) = f(x(t), u(t)),

where f : R
n × U → R is continuous, U ⊂ R

m is a closed set, and the space of
admissible control functions is given by

u ∈ U := L∞([0,∞), U).

Solutions corresponding to an initial value x and a control u ∈ U at time t are
denoted by ϕ(t, x, u), which are defined on a maximal positive interval of definition
[0, Tmax(x, u)), where we do not exclude the case that Tmax(x, u)) < ∞, i.e., that
solutions explode. In the following the open ball of radius r around a point z ∈ R

p is
denoted by B(z, r).

Uniqueness of solutions is a consequence of our further standard assumption on
f . These are formulated using comparison functions, a fashionable approach these
days.1

1As usual we call a function α of class K∞ if it is a homeomorphism of [0,∞), and a continuous
function β in two real nonnegative arguments is called of class KL if it is of class K∞ in the first and
decreasing to zero in the second argument.
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(H0) There exists γ ∈ K∞ such that for any R > 0 there is CR > 0, with

‖f(x, u) − f(y, u)‖ ≤ CR(1 + γ(‖u‖))‖x− y‖,

for all x, y with ‖x‖, ‖y‖ ≤ R.
(H1) f(0, 0) = 0.
(H2) There exist an open ball B(0, r), a constant ū > 0, and β ∈ KL

such that for any x ∈ B(0, r) there exists ux ∈ U with ‖ux‖∞ ≤ ū,
Tmax(x, ux) = ∞, and

‖ϕ(t, x, ux)‖ ≤ β(‖x‖, t) ∀t ≥ 0.

Remark 2.1. The Lipschitz assumption (H0) is weaker than the following as-
sumption: For any R > 0 there exists CR > 0, with

(2.2) ‖f(x, u) − f(y, u)‖ ≤ CR(1 + ‖u‖)‖x− y‖,

for all x, y with ‖x‖, ‖y‖ ≤ R.
Assumption (2.2) is used in many papers on viscosity solutions, in particular in

[35, 36], whose results we will use later. In order to be able to use these results
under the weaker assumption (H0), we define the map R : R

m → R
m by R(u) =

γ−1(‖u‖)u/‖u‖ and consider the vector field

f̂(x, u) = f(x,R(u)),

with u ∈ Ũ := R−1(u). This input-transformed system satisfies

‖f̂(x, u) − f̂(y, u)‖ ≤ CR(1 + γ(‖R(u)‖))‖x− y‖ = CR(1 + ‖u‖)‖x− y‖,

i.e., (2.2). Hence by applying the results from [35, 36] to f̂ , these immediately carry
over to f under the weaker assumption (H0).

Property (H2) is a local asymptotic controllability property, which ensures that
at least from a neighborhood of 0 the system may be steered to 0.

For certain systems it makes sense to strengthen this local asymptotic controlla-
bility property (H2) by requiring that ux not only is bounded but also converges to 0
as t → ∞. In this case we can strengthen (H2) to the so-called small control property:

(H2′) There exist an open ball B(0, r) and β ∈ KL such that for any x ∈
B(0, r) there exists ux ∈ U with Tmax(x, ux) = ∞ and

‖ϕ(t, x, ux)‖ + ‖ux(t)‖ ≤ β(‖x‖, t) , a.e. t ≥ 0.

Note that (H2′) implies (H2) with ū = β(r, 0).
It is known [32] that for any β ∈ KL there exist two functions α1, α2 ∈ K∞ such

that β(r, t) ≤ α2(α1(r)e
−t). These functions can be computed from β; e.g., in the case

of exponential convergence, i.e., β(r, t) = ce−σtr for c, σ > 0, one obtains α1(r) = r1/σ

and α2(r) = crσ. Note that (H2) or (H2′) immediately implies β(r, 0) ≥ r and thus

α2 ◦ α1(r) = α2(α1(r)e
−0) ≥ β(r, 0) = r.

We note for later use that, by applying α−1
1 ◦α−1

2 = (α2 ◦α1)
−1 on both sides of this

inequality, we obtain

(2.3) r ≥ α−1
1 ◦ α−1

2 (r).
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For ease of presentation we will work with these two functions from now on. Fur-
thermore, we will from now on tacitly assume that Tmax(x, u) = ∞ if we write
ϕ(t, x, u) → 0 as t → ∞.

We define the domain of null-controllability by

D0 := {x ∈ R
n | there exists u ∈ U with ‖ϕ(t, x, u)‖ → 0 for t → ∞}

and the first hitting time with respect to B(0, r) by

t(x, u) := inf{t ≥ 0 |ϕ(t, x, u) ∈ B(0, r)},

with the convention inf ∅ = ∞. The following lemma shows how D0 and t(x, u) are
related.

Lemma 2.2. The set D0 is given by

D0 =

{
x ∈ R

n | inf
u∈U

t(x, u) < ∞
}
.

Proof. If we find u ∈ U with t(x, u) < ∞, then for some t(x, u) < t1 we have
ϕ(t1, x, u) ∈ B(0, r), and we can concatenate u|[0,t1] with the control uϕ(t1,x,u) from
(H2), which implies ϕ(t, x, u) → 0. Hence we obtain

D0 ⊆
{
x ∈ R

n | inf
u∈U

t(x, u) < ∞
}
.

Conversely, if x ∈ D0, then we have ϕ(t, x, u) → 0 for some suitable u ∈ U , which
implies ϕ(t1, x, u) ∈ B(0, r) for some t1 > 0, and consequently t(x, u) ≤ t1 < ∞,
which implies the converse direction.

For the formulation of the next result recall that a set M is called viable (or
controlled or weakly invariant) if for every x ∈ M there is a u ∈ U such that ϕ(t, x, u) ∈
M for all t ≥ 0 (see [2]). In the following the convex hull of a set M is denoted by
coM .

Proposition 2.3. Assume (H0), (H1), and (H2) or (H2′). Then the following
properties hold:

(i) clB(0, r) ⊂ D0;
(ii) the set D0 is open, connected, and viable.
Proof. (i) It is clear that B(0, r) ⊂ D0. In order to show clB(0, r) ⊂ D0, pick

x ∈ ∂B(0, r) and a sequence {xn} ⊂ B(0, r) with limn→∞ xn = x. By assumption
for each xn there exists a control un ∈ U ∩L∞(R, B(0, ū)) such that ‖ϕ(t, xn, un)‖ ≤
α2(α1(r)e

−t). This shows that on each compact interval the solutions are bounded
uniformly in n. Since, furthermore, the un are uniformly bounded by continuity, we
get limn→∞ ‖ϕ(t, xn, un)−ϕ(t, x, un)‖ = 0 for each t ≥ 0. Thus, by picking t∗ > 0 such
that α2(α1(r)e

−t∗) ≤ r/2 for n∗ sufficiently large, we obtain ‖ϕ(t∗, x, un∗)‖ ≤ 3r/4;
hence, ϕ(t∗, x, un∗) ∈ B(0, r), and consequently t(x, un∗) < ∞. Now Lemma 2.2
yields the assertion.

(ii) Let x0 ∈ D0 and u ∈ U , with ϕ(t, x0, u) → 0 for t → ∞. Then there exists
T > 0 such that ϕ(T, x0, u) ∈ B(0, r). By continuous dependence on the initial value
we obtain

ϕ(T, x, u) ∈ B(0, r)

for all x in a neighborhood of x0. Thus t(·, u) is finite on that neighborhood, which
shows that it is contained in D0. As x0 was arbitrary, this shows the assertion.
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Since for any x ∈ D0 there exists a trajectory from x to B(0, r), we obtain that
D0 is connected.

In order to see viability, consider a point x ∈ D0 and the trajectory ϕ(t, x, u) → 0.
Clearly, each point x(t) = ϕ(t, x, u), t ≥ 0, can be controlled to the origin by the
control u(t + ·); thus x(t) ∈ D0, and hence ϕ(t, x, u) ∈ D0 for all t ≥ 0; i.e., D0 is
viable.

Remark 2.4. Note that the domain of null-controllability D0 is in general not
diffeomorphic to R

n. This is in contrast to the theory of domains of attraction of
(perturbed) ordinary differential equations, i.e., the set {x0 ∈ R

n : ϕ(t, x0, u) →
0 as t → +∞ for any u ∈ U}. In the case of asymptotically stable fixed points the
domain of attraction is diffeomorphic to R

n even for perturbed systems; see, e.g.,
[9, 38].

3. Characterization of D0 using optimal control. In this section we de-
scribe how to characterize the domain of asymptotic null-controllability via an op-
timal control problem and show continuity of the corresponding value function. In
order to set up the problem we need a running cost g : R

n×U → R. The assumptions
on g are as follows:

(H3) The function g : R
n × U → R is continuous and satisfies (H0) with

the same γ ∈ K∞ as f . Furthermore, for all c > 0 we have

inf {g(x, u) | ‖x‖ ≥ c, u ∈ U} =: gc > 0.

Note that the assumption “with the same γ ∈ K∞ as f” can always be met by
enlarging the γ from (H0) for f , if necessary.

We need to ensure convergence of the integral cost that is introduced shortly
for the “right” stabilizing solutions. Recall that we use the simplification β(r, t) ≤
α2(α1(r)e

−t) for β from (H2) and choose some arbitrary η > 0. We assume that there
exists a constant C > 0 such that

(H4) g(x, u) ≤ C(α−1
2 (‖x‖))η ∀(x, u) ∈ B(0, r) ×B(0, ū),

(H5) g(x, u) ≥ ‖f(x, u)‖ + γ(‖u‖) whenever ‖x‖ ≥ 2r or ‖u‖ ≥ 2ū.

Remark 3.1. If the small control asymptotic controllability property (H2′) holds,
then we can weaken assumption (H4) to

(H4′) g(x, u) ≤ C(α−1
2 (‖x‖ + ‖u‖))η ∀(x, u) ∈ B(0, r) ×B(0, ū).

In what follows we will always assume that either (H2) and (H4) or (H2′) and
(H4′) hold.

We now define the functional

(3.1) J(x, u) :=

{∫∞
0

g(ϕ(t, x, u), u(t))dt if Tmax(x, u) = ∞,

∞ otherwise,

the (extended real-valued) optimal value function

(3.2) V (x) := inf
u∈U

J(x, u) , x ∈ R
n,

and the function

(3.3) v(x) := 1 − e−V (x) , x ∈ R
n.
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Note that both V and v satisfy appropriate dynamic programming principles (see,
for example, [35, 36]); i.e., for each T > 0 we have

(3.4) V (x) = inf
u∈U

{∫ T

0

g(ϕ(t, x, u), u(t))dt + V (ϕ(T, x, u))

}
,

and

(3.5) v(x) = inf
u∈U

{1 + G(x, T, u)(v(ϕ(T, x, u)) − 1)} ,

where

G(x, T, u) := exp

(
−
∫ T

0

g(ϕ(t, x, u), u(t))dt

)
.

We now investigate the properties of V and v. For this purpose we need the
following observation on the solutions of (2.1). Using the function γ from (H0), we
define for u ∈ U

‖u‖γ,T :=

∫ T

0

γ(‖u(t)‖)dt.

Lemma 3.2. Let T > 0. If x ∈ R
n and u ∈ U are such that ‖ϕ(t, x, u)‖ ≥ 2r, t ∈

[0, T ], or ‖u(t)‖ ≥ 2ū a.e. t ∈ [0, T ], then∫ T

0

g(ϕ(t, x, u), u(t))dt ≥ ‖ϕ(T, x, u) − x‖ + ‖u‖γ,T .

Proof. Using (H5), we have that∫ T

0

g(ϕ(t, x, u), u(t))dt ≥
∫ T

0

‖f(ϕ(t, x, u), u(t))‖dt +

∫ T

0

γ(‖u(t)‖)dt,

and the claim follows.
Proposition 3.3. Assume (H0)–(H4) or the respective variants from Remark 3.1.

Then
(i) the inequalities V (x) < ∞ and v(x) < 1 hold iff x ∈ D0, and
(ii) if in addition (H5) holds, then V (x) = 0 ⇔ x = 0 and v(x) = 0 ⇔ x = 0.
Proof. From the definition of v it immediately follows that the claims for V and

v are equivalent. We show the statements for V .
(i) Pick a point x ∈ D0. Then there exist u ∈ U and t1 > 0 such that

‖ϕ(t1, x, u)‖ ≤ α−1
1 ◦ α−1

2 (r). (Note that α−1
1 ◦ α−1

2 (r) ≤ r by (2.3).) By assumption
(H1) we can assume (by changing u on [t1,∞) if necessary) that ‖ϕ(t1 + t, x, u)‖ ≤
α2(α1(‖ϕ(t1, x, u)‖)e−t) ≤ r for all t ≥ 0. Since u ∈ U = L∞([0,∞), U) is essentially
bounded, we can find ũ > 0 such that ‖u(t)‖ ≤ ũ for almost all t ≥ 0. Furthermore, by
continuity of ϕ(t, x, u) in t we find R > 0 such that ‖ϕ(t, x, u)‖ ≤ R for all t ∈ [0, t1].
Hence using (H4), we can estimate

V (x) ≤
∫ t1

0

g(ϕ(t, x, u), u(t))dt +

∫ ∞
t1

g(ϕ(t, x, u), u(t))dt

≤ t1 sup
x∈B(0,R),u∈B(0,ũ)

g(x, u) +

∫ ∞
t1

C(α−1
2 (‖ϕ(t, x, u)‖))ηdt(3.6)

≤ t1 sup
x∈B(0,R),u∈B(0,ũ)

g(x, u) +
C

η
α1(‖ϕ(t1, x, u)‖)η < ∞.
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If (H2′) and (H4′) hold, then the proof is completely analogous.
Conversely, let x �∈ D0. Then we obtain t(x, u) = ∞ for all u ∈ U , which implies

J(x, u) =

∫ ∞
0

g(ϕ(t, x, u), u(t))dt ≥
∫ ∞

0

grdt = ∞

for each u ∈ U and thus also V (x) = infu∈U J(x, u) = ∞.
(ii) It is clear that V (0) = 0, so let x �= 0. Assume to the contrary that there is

a sequence {uk} ⊂ U such that J(x, uk) → 0. Let c := ‖x‖/2, and denote

tk := inf{t ≥ 0 | ‖ϕ(t, x, uk)‖ ≤ c}.

By (H3) we have for all k that J(x, uk) ≥
∫ tk
0

g(ϕ(s, x, uk), uk(s))ds ≥ tkgc, which
implies that tk → 0. Now ‖f‖ is bounded on B(0, 2r) × B(0, 2ū) by the constant
C := C2r(1 + γ(2ū))2r. Denote

E(k) := {t ∈ [0, tk] | (ϕ(t, x, uk), u(t)) ∈ B(0, 2r) ×B(0, 2ū)},

which is well defined up to a set of measure zero. Then∫
E(k)

‖f(ϕ(t, x, uk), uk(t))‖dt ≤ tkC.

On the other hand, we have for all k that∫ tk

0

‖f(ϕ(t, x, uk), uk(t))‖dt ≥ ‖x− ϕ(tk, x, uk)‖ ≥ c.

Using (H5), this implies that

J(x, uk) ≥
∫

[0,tk]\E(k)

g(ϕ(s, x, uk), uk(s))ds

≥
∫

[0,tk]\E(k)

‖f(ϕ(s, x, uk), uk(s))‖ds ≥ c− tkC.

As tk → 0 this contradicts J(x, uk) → 0.
Next we turn to the investigation of the regularity properties of the functions V

and v. We start by proving continuity properties for the trajectories of (2.1).
Lemma 3.4. Assume (H0), and let T > 0 and R > 0 be arbitrary constants.

Then for all x, y ∈ R
n and all u ∈ U satisfying

‖ϕ(t, x, u)‖ ≤ R, ‖ϕ(t, y, u)‖ ≤ R ∀t ∈ [0, T ],

we have

(3.7) ‖ϕ(t, x, u) − ϕ(t, y, u)‖ ≤ eCR(‖u‖γ,t+t)‖x− y‖

for all t ∈ [0, T ].
Proof. The assumption (H0) yields for almost all t ∈ [0, T ]

‖f(ϕ(t, x, u), u(t)) − f(ϕ(t, y, u), u(t))‖

≤ CR(1 + γ(‖u(t)‖))‖ϕ(t, x, u) − ϕ(t, y, u)‖.
(3.8)
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Using (3.8), Gronwall’s lemma, we then obtain

‖ϕ(t, x, u) − ϕ(t, y, u)‖ ≤ eCR(
∫ t
0
(1+γ(‖u‖))dt)‖x− y‖,

and the assertion follows.
Using this lemma, we can prove the following continuity statement.
Proposition 3.5. Assume (H0)–(H5) or their respective variants from Remark

3.1. Then V and v are continuous on D0.
Proof. We show the continuity of V , and then the statement for v follows im-

mediately from its definition. The proof is performed in several steps. Throughout
the proof the constants CR, C, etc., are those defined in (H0) and (H4) (respectively,
(H4′)).

First note that from (3.6) we have

(3.9) V (x) ≤ C

η
α1(‖x‖)η for x ∈ B(0, α−1

1 ◦ α−1
2 (r)).

(i) (Local boundedness of V on D0) Pick an arbitrary x0 ∈ D0, and fix ε > 0.
Then there exists a u0 ∈ U such that J(x0, u0) ≤ V (x0) + ε. Since J(x0, u0) is
finite, it follows from (H3) that there exists a time T0 > 0 such that ‖ϕ(T0, x0, u0)‖ ≤
α−1

1 ◦ α−1
2 (r)/2. By continuity of ϕ in x we can pick a ball B(x0, δ) such that

(3.10) ‖ϕ(T0, x, u0)‖ ≤ α−1
1 ◦ α−1

2 (r) ∀x ∈ clB(x0, δ).

We define the set

K = {ϕ(t, x, u0) |x ∈ clB(x0, δ), t ∈ [0, T0]},

which is compact since ϕ is continuous in t and x (recall that u0 is essentially
bounded). Using (3.10), we obtain from Bellman’s optimality principle for all x ∈
B(x0, δ) the inequality

V (x) ≤
∫ T0

0

g(ϕ(t, x, u), u(t))dt + V (ϕ(T0, x, u))

≤ max
x∈K,u∈B(0,‖u0‖∞)

g(x, u)T0 +
C

η
α1(r)

η,

where we have used (3.9). This shows that supx∈B(x0,δ) V (x) =: BV is finite.
(ii) (Bounds on ε-optimal controls and trajectories) For any x ∈ B(x0, δ) and any

ε ∈ (0, 1] we pick an ε-optimal control function ux,ε ∈ U , i.e.,

J(x, ux,ε) ≤ V (x) + ε.

We claim that for any ε, T > 0 the set

Kε := {ϕ(t, x, ux,ε) | t ≥ 0, x ∈ B(x0, δ)}

and the sets

{‖ux,ε‖γ,T | x ∈ B(x0, δ)}
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are bounded. If the first set were unbounded, then there would be an x ∈ B(x0, δ)
and t1 > 0 such that ‖ϕ(t1, x, ux,ε)‖ ≥ V (x) + 2ε + 2r. If t2 > t1 is the first time at
which ‖ϕ(t2, x, ux,ε)‖ = 2r again, then we obtain using Lemma 3.2 that

J(x, ux,ε) ≥
∫ t2

t1

g(ϕ(t, x, ux,ε), ux,ε(t))dt

≥ ‖ϕ(t1, x, ux,ε) − ϕ(t2, x, ux,ε)‖ ≥ V (x) + 2ε,

a contradiction.
On the other hand, if {‖ux,ε‖γ,T | x ∈ B(x0, δ)} is unbounded for a given T > 0,

then there have to be x, ux,ε such that ‖ux,ε‖γ,T ≥ V (x) + 2ε+ Tγ(2ū). This implies
that if we integrate over the (measurable) set

E := {t ∈ [0, T ] | ‖ux,ε(t)‖ ≥ 2ū},

then we obtain ∫
E

γ(‖ux,ε(t)‖)dt ≥ V (x) + 2ε,

as the contribution of the integral over [0, T ] \E to ‖ux,ε‖γ,T can be at most Tγ(2ū).
By using an estimate over the set E and again Lemma 3.2, we obtain again a contra-
diction to J(x, ux,ε) ≤ V (x) + ε.

(iii) (Continuity of trajectories) We denote by Rε an upper bound on the set Kε.
By Lemma 3.4 we can conclude that for x, y ∈ B(x0, δ) and all t ≥ 0 such that

‖x− y‖ ≤ Rε exp(−C2Rε(‖ux,ε‖γ,t + t))

we have

(3.11) ‖ϕ(t, x, ux,ε) − ϕ(t, y, ux,ε)‖ ≤ exp(C2Rε(‖ux,ε‖γ,t + t)) ‖x− y‖.

(iv) (Continuity of V ) We show the continuity of V on B(x0, δ). Since x0 ∈ D0

was arbitrary, this proves the proposition. So pick ε > 0, and assume without loss of
generality that ε < α−1

2 (r)C.
From the lower bound gc on g in (H3) and the boundedness of J(x, ux,ε) on

B(x0, δ), it follows that for any ρ > 0 there is a time Tρ such that for x ∈ B(x0, δ) we
have ϕ(t, x, ux,ε) ∈ B(0, ρ) for some t ≤ Tρ. Using (3.9), we may thus assume that
the controls ux,ε are chosen in such a way that there exists Tε > 0 (depending on BV )
such that for all t ≥ Tε, x ∈ B(0, δ) we have

ϕ(t, x, ux,ε) ∈ B(0, α−1
1 (ε/C)/2) ⊂ B(0, α−1

1 ◦ α−1
2 (r)/2).

Denote

m := exp
(
− C2Rε

(
max

z∈B(x0,δ)
‖uz,ε‖γ,Tε + Tε

))
,

and note that the right-hand side is finite by (ii). Choose two points x, y ∈ B(x0, δ)
such that

‖x− y‖ ≤ Rεm.
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Without loss of generality, assume V (y) ≥ V (x). Abbreviating u := ux,ε, T := Tε,
we obtain

|V (y) − V (x)| = V (y) − V (x)

≤ V (y) −
∫ ∞

0

g(ϕ(t, x, u), u(t))dt + ε

≤
∫ T

0

|g(ϕ(t, y, u), u(t)) − g(ϕ(t, x, u), u(t))|dt + V (ϕ(T, y, u)) + ε;

using the Lipschitz condition in (H3) and (3.11) we continue

≤
∫ T

0

C2Rε(1 + γ(‖u(t)‖)) m‖x− y‖dt + V (ϕ(T, y, u)) + ε,

and we obtain

≤ C2Rε(T + ‖u‖γ,T )m‖x− y‖ + 2ε,

provided ‖y − x‖ ≤ α−1
1 (ηε1/η/C)/(2m), because in this case we obtain from (3.11)

that ϕ(T, y, u) ∈ B(0, α−1
1 (ηε1/η/C)), and thus from (3.9)

V (ϕ(T, y, u)) ≤ C

η
α1(‖ϕ(T, y, u)‖)η ≤ ε.

Thus for any ε ∈ (0, 1] and any x ∈ B(x0, δ) we can find δε > 0 such that |V (y) −
V (x)| ≤ 3ε for all x, y ∈ B(x0, δ), with ‖x− y‖ ≤ δε. This implies continuity of V in
B(x0, δ) and, since x0 ∈ D0 was arbitrary, continuity on the whole set D0.

The next proposition makes a statement of the behavior of V (x) near the bound-
ary of D0 or at ∞.

Proposition 3.6. Assume (H0)–(H5) or their respective variants from Re-
mark 3.1. Then for any sequence xk which satisfies dist(xk, ∂D0) → 0 or ‖xk‖ → ∞
we have V (xk) → ∞ and v(xk) → 1. In particular, v is continuous on R

n.
Proof. If ‖xk‖ → ∞, then we have for every k either that xk /∈ D0, in which case

V (xk) = ∞, or xk ∈ D0. In the latter case we have by Lemma 3.2 that V (xk) ≥
‖xk‖ − 2r for all k large enough. This shows the assertion for V , and the conclusion
for v is immediate from the definition.

To prove the assertion for dist(xk, ∂D0) → 0, we may now assume that there exist
a sequence xk → x0 ∈ ∂D0 and some C > 0 such that V (xk) ≤ C holds for all k ∈ N.
Pick ε > 0, and for each k choose a control function uk ∈ U such that we have

J(xk, uk) ≤ V (xk) + ε ≤ C + ε.

Following step (ii) of the proof of Proposition 3.5, we obtain that {ϕ(t, xk, uk) | t ≥
0, k ∈ N} is bounded and that ‖uk‖γ,t is uniformly bounded in k for all t ≥ 0. Then
we may apply (3.11) as in step (iv) of the proof of Proposition 3.5 to conclude that
for every t ≥ 0 and every δ > 0 there is a k0 such that ‖ϕ(t, xk, uk)−ϕ(t, x0, uk)‖ < δ
for all k ≥ k0.

Because of the lower bound on g in (H3) we may assume that there exists T > 0
(independent of k) such that

ϕ(t, xk, uk) ∈ B(0, r/2) ∀t ≥ T, k ∈ N.

This implies ϕ(T, x0, uk) ∈ B(0, r/2) for all sufficiently large k ∈ N, which in turn
implies x0 ∈ D0. This contradicts x0 ∈ ∂D0 because D0 is open.
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4. Characterizations of V and v by Zubov’s method. The aim of this
section is to characterize the functions V and v introduced in (3.2) and (3.3) as the
(unique) viscosity solutions of the equations

(4.1) sup
u∈U

{−DV (x)f(x, u) − g(x, u)} = 0

and

(4.2) sup
u∈U

{−Dv(x)f(x, u) − (1 − v(x))g(x, u)} = 0,

respectively (for the definition of viscosity solution we refer to [6, 3]).
Recalling that V is locally bounded in D0 and v is bounded in R

n, our first result
follows from a standard application of the dynamic programming principles (3.4) and
(3.5); see [3].

Proposition 4.1. Assume (H0)–(H5) or their respective variants from Remark
3.1. Then the functions V and v defined in (3.2) and (3.3) are viscosity solutions of
(4.1) in D0 and of (4.2) in R

n, respectively.
Remark 4.2. Note that it follows from these characterizations that v is a CLF

on D0 in the usual sense [34]. In fact, a small calculation shows that v is a viscosity
supersolution on D0 of

inf
u∈U

Dv(x)f(x, u) ≤ −W (x)g‖x‖,

where 0 < W (x) < 1− v(x) for x ∈ D0 \ {0} and g‖x‖ denotes the constant from (H3)
for c = ‖x‖.

The main result in this section will be a uniqueness statement for (4.1) and (4.2),
showing that the above functions are the unique viscosity solutions of these equations.

In order to obtain such a result we make use of the so-called optimality principles
developed by Soravia [35, 36]. For the application of the results from these references,
we need our system to be defined by a bounded vector field f . To this end we
introduce a standard tool for unbounded control systems which consists in rescaling
the coefficients of the equations (see [5, 35])

f̃(x, u) =
f(x, u)

1 + ‖f(x, u)‖ ,

g̃(x, u) =
g(x, u)

1 + ‖f(x, u)‖ .
(4.3)

The following summarizes the main properties of the rescaled functions.
Proposition 4.3. Assume (H0)–(H3) and (H5) or their respective variants from

Remark 3.1. Then f̃ and g̃ satisfy (H0)–(H3) for suitably adjusted K∞ and KL func-
tions, and the optimal value functions V and v of the original and the rescaled problems
coincide.

Proof. First note that (H0), (H1), and the first part of (H3) follow by straight-
forward computations. In order to prove the second part of (H3) we fix an arbitrary
c > 0 and show that

g̃c := inf {g̃(x, u) | ‖x‖ ≥ c, u ∈ U}
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is positive. To this end we pick arbitrary x ∈ Rn, u ∈ U , with ‖x‖ ≥ c, and distinguish
three cases.

Case 1. ‖f(x, u)‖ ≤ 1: In this case from (H3) we get g̃(x, u) ≥ gc/2.
Case 2. ‖f(x, u)‖ > 1 and (x, u) ∈ B(0, 2r)×B(0, 2ū): In this case from (H3) we

get g̃(x, u) ≥ gc/(1+ f̄), with f̄ := max{‖f(x, u)‖ | (x, u) ∈ B(0, 2r)×B(0, 2ū)} < ∞.
Case 3. ‖f(x, u)‖ > 1 and (x, u) /∈ B(0, 2r) ×B(0, 2ū): In this case (H5) implies

g̃(x, u) ≥ ‖f(x, u)‖/(1 + ‖f(x, u)‖) ≥ 1/2.
By combining the three cases, we obtain

g̃c ≥ min{gc/2, gc/(1 + f̄), 1/2} > 0,

which shows the second part of (H3).
In order to show that the optimal value functions coincide, observe that the

introduction of the vector field f̃ and the running cost g̃ amounts to nothing more
than a rescaling of time that does not change trajectories or values associated to a
particular control. To see this, let x ∈ R

n, u ∈ U be given. Now introduce a new time
variable τ through the differential equation

dt(τ)

dτ
=

1

1 + ‖f(φ(t(τ), x, u), u(t(τ)))‖ a.e.,

and a control ũ(τ) := u(t(τ)) a.e. Then the function ψ(τ) := φ(t(τ), x, u) satisfies the
differential equation

dψ(τ)

dτ
=

f(φ(t(τ), x, u), u(t(τ)))

1 + ‖f(φ(t(τ), x, u), u(t(τ)))‖ = f̃(ψ(τ), ũ(τ)).

So if we consider the system

(4.4) ẋ(t) = f̃(x(t), u(t)),

then using standard transformation of integral formulas, it is also easy to see that
if T (x, u) = ∞, then J̃(x, ũ) = J(x, u), where J̃ defines the value along a rescaled
trajectory using the running cost g̃ in (3.1). If the solution explodes, i.e., T (x, u) < ∞,
then we have so far simply defined the value to be infinity. However, since (H3) holds
for g̃, the associated integral of the transformed system also diverges because it will
never enter B(0, r). Thus, the optimal value functions coincide.

Note that we do not need (H4) and (H5) for the rescaled problem in order to
establish the previous result: (H4) is needed in order to ensure finiteness of V on D0,
while (H5) is needed in order to establish the continuity of V . Both properties readily
carry over to the rescaled problem via the integral transformations.

In order to prove our uniqueness statement we need one final assumption.
(H6) The rescaled function g̃ satisfies g̃(x, u) → ∞ as ‖u‖ → ∞ for each

x ∈ R
n.

To Zubov’s equations (4.1) and (4.2) we associate the Hamiltonians

HV : R
n × (Rn)∗ → R , HV (x, p) = sup

u∈U
{−f(x, u)p− g(x, u)},

and

Hv : R
n × R × (Rn)∗ → R , Hv(x, r, p) = sup

u∈U
{−f(x, u)p− (1 − r)g(x, u)}.
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From (H5) we obtain that the supremum in these Hamiltonians is attained in a
compact subset of U for r < 1 in the case of Hv. This implies that the Hamiltonians
HV and Hv are locally Lipschitz continuous with respect to their arguments, again
for r < 1 in the case of Hv.

The following Theorem 4.4 and its Corollary 4.5 are the main results of this paper.
Theorem 4.4. Assume that f and g satisfy the assumptions (H0)–(H6) (or their

respective variants from Remark 3.1). Then
(i) the function v from (3.3) is the unique bounded viscosity solution of (4.2) with

v(0) = 0;
(ii) there exists a unique pair (O, V ) such that O is an open set containing the

origin and V is a locally bounded, nonnegative continuous viscosity solution
of (4.1) in O, with V (0) = 0 and V (x) → +∞ for x → ∂O (here V is the
function from (3.2));

(iii) the functions v and V characterize the domain of asymptotic controllability
via

D0 = {x ∈ R
n | v(x) < 1} = {x ∈ R

n |V (x) < ∞};

(iv) the functions v and V satisfy v(xk) → 1 and V (xk) → ∞ for all sequences
with xk → ∂D0 or ‖xk‖ → ∞.

Before turning to the proof we state the following corollary, whose proof in par-
ticular shows how a cost function g meeting the assumptions of Theorem 4.4 can be
constructed.

Corollary 4.5. Assume that f satisfies the conditions (H0)–(H2). Then there
exists a continuous function v : R

n → [0, 1] which is a CLF (in the usual sense; cf.
Remark 4.2) on the domain of asymptotic controllability D0 and constant equal to 1
on R

n \D0. Furthermore, this v is the unique bounded viscosity solution of (4.2), with
v(0) = 0 for some suitable g : R

n × U → R.
Proof. In order to prove the theorem it is sufficient to construct a function g

satisfying (H4)–(H6). Then the Lyapunov function property follows immediately from
Theorem 4.4 and Remark 4.2.

To this end, consider the Lipschitz function ρ : R
+
0 → R

+
0 given by

ρ(s) :=

⎧⎪⎨
⎪⎩

0, s ∈ [0, 1],

s− 1, s ∈ [1, 2],

1, s ∈ [2,∞),

and set

ḡ(x, u) := α−1
2 (‖x‖) + ρ(s(x, u)) [1 + ‖f(x, u)‖] [1 + ‖u‖],

with

s(x, u) =
1

2

√
‖x‖2

r2
+

‖u‖2

ū2
.

For this function (H3), (H4), and (H6) follow immediately from the construction. We
obtain the desired g by modifying g̃ as follows: Let γ ∈ K∞ such that (H0) and (H3)
are satisfied, and set

g(x, u) := ḡ(x, u) + ρ(s(x, u))γ(‖u‖).
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Then (H5) is satisfied, while straightforward computations show that (H3), (H4), and
(H6) carry over from g̃ to g.

In the proof of Theorem 4.4 we encounter two difficulties: the unbounded depen-
dence of the functions on the control variable and the vanishing of the cost g at the
origin.

To solve the first problem we use the rescaled functions from above. Associated
to these functions we introduce two rescaled equations which share with (4.1) and
(4.2) the same set of sub- and supersolutions.

Lemma 4.6. Assume (H0) and (H3), and consider the equations

(4.5) sup
u∈U

{−DṼ (x)f̃(x, u) − g̃(x, u)} = 0

and

(4.6) sup
u∈U

{−Dṽ(x)f̃(x, u) − (1 − ṽ(x))g̃(x, u)} = 0.

Then
(i) any viscosity subsolution of (4.1) is a viscosity subsolution for (4.5) and vice

versa;
(ii) any viscosity supersolution of (4.1) is a viscosity supersolution for (4.5), and,

if in addition (H6) holds, then any viscosity supersolution of (4.5) is also a
viscosity supersolution for (4.1).

The same assertions hold for (4.6) and (4.2).
The proof of Lemma 4.6 is postponed to the appendix. The following corollary is

a simple consequence of the previous lemma.
Corollary 4.7. Assume (H0), (H3), and (H6). Then
(i) any viscosity solution of (4.1) is a viscosity solution of (4.5) in D0 and vice

versa;
(ii) any viscosity solution of (4.2) is a viscosity solution of (4.6) and vice versa.
Even if the coefficients of the rescaled equations have a better dependence on the

variable u, there is still the problem of the vanishing of g̃ at the origin. In order to
prove a uniqueness result for (4.5) and (4.6), we use a control theoretic argument and
some optimality principles introduced in [35, 36], as stated in the following lemma.

Lemma 4.8. Assume (H0), (H3), and (H5), and let ϕ̃(t, x, u) be the solution of
(4.4). Define

G̃(x, t, u) := exp

(
−
∫ t

0

g̃(ϕ̃(τ, x, u), u(τ))dτ

)
.

Then the following properties hold:
(i) Any upper semicontinuous viscosity subsolution w− of (4.6) satisfies

(4.7) w−(x) ≤ inf
u∈U

inf
t∈[0,T ]

{
1 + G̃(x, t, u)(w−(ϕ̃(t, x, u)) − 1)

}

for each T > 0.
(ii) Consider a continuous viscosity supersolution w+ of (4.6), and let Ω ⊂ R

n be
an open and bounded set with supx∈Ω w+(x) < 1. Consider the first exit time from Ω
given by

Tex(x, u,Ω) = min{t ≥ 0 |ϕ(t, x0, u) �∈ Ω}.
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Then w+ satisfies

(4.8) w+(x) ≥ inf
u∈U

sup
t∈[0,Tex(x,u,Ω)]

{
1 + G̃(x, t, u)(w+(ϕ̃(t, x, u)) − 1)

}
.

Proof. Let Ω ⊂ R
n be an open and bounded set, and let Ũ be a compact subset of

U with the corresponding space of measurable control functions denoted by Ũ . If w−

is an upper semicontinuous viscosity subsolution of (4.6) in R
n, then the restriction

of w− to Ω is also a subsolution of (4.6) on Ω with Ũ instead of U . For the restricted

control value set Ũ , (4.6) is continuous, and furthermore f̃ , g̃ are uniformly Lipschitz

on Ω. Hence we can apply [36, Theorem 3.2(i)], which for each u ∈ Ũ yields

w−(x) ≤ inf
t∈[0,Tex(x,u,Ω)]

{
1 + G̃(x, t, u)(w−(ϕ̃(t, x, u)) − 1)

}
,

where Tex(x, u,Ω) is the first exit time of ϕ̃(t, x0, u) from the set Ω defined in (ii).
Since f̃ is globally bounded, for any x ∈ R

n and any T > 0 we may find an open
and bounded set Ωx,T ⊂ R

n such that Tex(x, u,Ωx,T ) ≥ T for each u ∈ U . Since each

u ∈ U is essentially locally bounded, it lies in Ũ for an appropriate choice of Ũ , which
shows (i).

The proof of (ii) follows from [36, Theorem 3.2(ii)], observing that (4.6) is contin-
uous on Ω since w−(x) < 1; hence, here we do not need to restrict the control value
set U .

Remark 4.9. Note that the asymmetry of the statements (i) and (ii) is due to
the fact that we imposed different conditions in order to obtain continuity of (4.6),
which is needed for the application of [36, Theorem 3.2]. In (i) we restrict the set
of control values U , obtaining a result for arbitrary Ω (thus for arbitrary T ) and for
upper semicontinuous functions. In (ii) this restriction is not possible because the

supersolution property will not persist passing from U to Ũ . Thus here we ensure the
continuity of (4.6) by considering suitable subsets Ω of the state space.

Using these inequalities, we can now prove the following uniqueness results.
Lemma 4.10. Assume (H0)–(H6), and consider the functions V and v defined by

(3.2) and (3.3). Then
(i) v is the unique bounded continuous viscosity solution of (4.6), with v(0) = 0;
(ii) (D0, V ) is the unique pair of an open set containing the origin and a locally

bounded, nonnegative continuous viscosity solution of (4.5) in the open set
such that V (0) = 0 and V (x) → +∞ for x → ∂Õ.

Proof. We prove only (i), since the proof of assertion (ii) is similar. Note that
by Proposition 4.3 the functions v and V can be taken to be defined through (4.4)
and the running cost g̃. In the following we work with this representation. Again by
ϕ̃(t, x, u) we denote the solutions of (4.4).

Claim 1. If w− is a bounded continuous subsolution of (4.6) on R
n with w−(0) ≤

0, then w− ≤ v.
By the upper semicontinuity of w− and w−(0) ≤ 0 we obtain that for every

ε > 0 there exists a δ > 0 with w−(x) ≤ ε for all x ∈ R
n, with ‖x‖ ≤ δ. Now we

distinguish two cases:
(i) x0 ∈ D0: We choose u∗ ∈ U such that v(x0)+ε > J̃(x0, u

∗) = 1−G̃(x0,∞, u∗).
Then (H3) (cf. Proposition 4.3) implies that there exists a sequence tk → ∞ such that
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ϕ̃(tk, x0, u
∗) → 0 as k → ∞. Thus it follows from the lower optimality principle (4.7)

and the definition of v that

w−(x0) ≤ lim sup
k→∞

1 + G̃(x0, tk, u
∗)(w−(ϕ̃(tk, x0, u

∗)) − 1)

≤ 1 + G̃(x0,∞, u∗)(ε− 1) ≤ v(x0) + 2ε,

which shows the claim as ε > 0 was arbitrary.
(ii) x0 �∈ D0: In this case by Proposition 3.3 it is sufficient to show that w−(x0) ≤

1. Let M be a bound on |w−|. In this case we have ϕ̃(τ, x0, u) �∈ B(0, r) for all ũ ∈ U
and all τ ≥ 0, which implies∫ τ

0

g̃(ϕ̃(s, x0, u), ũ(s))ds ≥ g̃rτ

for the constant g̃r > 0 from (H3); see Proposition 4.3. Therefore G̃(x0, τ, ũ) ≤
exp(−g̃rt(τ)) for all τ ≥ 0, ũ ∈ U . Hence

1 + G̃(x0, τ, ũ)(w−(ϕ̃(τ, x0, ũ)) − 1) ≤ 1 + exp(−grt(τ))(M + 1)

for all ũ ∈ U , and the result follows by (4.7) as the right-hand side tends to 1 for
τ → ∞.

Therefore Claim 1 is proved. To conclude the proof we now consider the following.
Claim 2. Let w+ be a bounded continuous supersolution of (4.2) on R

n with
w+(0) ≥ 0. Then w+ ≥ v.

Again we distinguish two cases.
(i) x0 �∈ D0: In this case we know v(x0) = 1, and it is sufficient to show w+(x0) ≥

1. In order to prove this inequality by contradiction, we assume w+(x0) = 1 − δ
for some suitable δ > 0. Since ‖f̃‖ is bounded by 1 for any ball B(R, x0), we have
Tex(x0, u, B(R, x0)) ≥ R for all u ∈ U . Furthermore, x0 �∈ D0 implies ϕ̃(t, x0, u) �∈
B(r, 0) for all t ≥ 0, u ∈ U ; hence, by (H3) (cf. Proposition 4.3) we have the inequality
g̃(ϕ̃(t, x0, u), u(t)) ≥ g̃r > 0 for all t ≥ 0, u ∈ U . This implies the existence of R > 0
such that G̃(x0, t, u) ≤ δ/(2(M + 1)) for all t ≥ R and all u ∈ U , where M > 0 is a
bound on |w+|. Now pick the set Ω = {x ∈ R

n |w+(x) < 1 − δ/2} ∩ B(R, x0). For
this set Lemma 4.8(ii) is applicable, and thus by (4.8), for any ε > 0 we can find uε

with

w+(x0) ≥ sup
τ∈[0,Tex(x0,uε,Ω)]

{1 + G̃(x0, τ, uε)(w
+(ϕ̃(τ, x0, uε)) − 1)} − ε

≥ sup
τ∈[0,Tex(x0,uε,Ω)]

{[1 − exp(−τgr)] − exp(−τgr)M} − ε.

If Tex(x0, uε,Ω) = ∞, then this expression equals 1 − ε, and hence we obtain a
contradiction to w+(x0) = 1− δ < 1 for ε sufficiently small. If Tex(x0, uε,Ω) is finite,
then either we have ϕ̃(Tex(x0, uε,Ω) �∈ B(R, x0), in which case we get Tex(x0, uε,Ω) ≥
R and thus G(x0, Tex(x0, uε,Ω), uε) ≤ δ/(2(M + 1)), or we have ϕ̃(Tex(x0, uε,Ω)) ∈
B(R, x0), which by construction of Ω implies w+(ϕ̃(Tex(x0, uε,Ω), x0, uε)) ≥ 1− δ/2.
Since G̃(x0, t, u) ≤ 1 holds for all t ≥ 0, u ∈ U , in both cases we get

w+(x0) ≥ sup
τ∈[0,Tex(x0,uε,Ω)]

{1 + G̃(x0, τ, uε)(w
+(ϕ̃(τ, x0, uε)) − 1)} − ε

≥ 1 + G̃(x0, Tex(x0, uε,Ω), uε)(w
+(ϕ̃(Tex(x0, uε,Ω), x0, uε)) − 1) − ε

≥ 1 − δ/2 − ε.
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This again contradicts our assumption that w+(x0) = 1 − δ for ε sufficiently small.
(ii) x0 ∈ D0: In this case we know that v(x0) < 1, and hence for w+(x0) ≥ 1

there is nothing to show. Thus we can assume w+(x0) = 1−δ for some suitable δ > 0
and again consider the set Ω = {x ∈ R

n |w+(x) < 1 − δ/2} ∩B(R, x0) from part (i),
above. Now fix ε > 0, with ε < δ/2 implying

(4.9) w+(x0) + ε < 1 − δ/2.

Then (4.8) yields the existence of a control function uε ∈ U with

(4.10) w+(x0) + ε ≥ sup
t∈[0,Tex(x0,uε,Ω)]

{1 + G̃(x0, t, uε)(w
+(ϕ̃(t, x0, uε)) − 1)}.

If Tex(x0, uε,Ω) < ∞, then as in part (i) above, we obtain from (4.9) and (4.10)

1 − δ/2 > w+(x0) + ε

≥ 1 + G̃(x0, Tex(x0, ũ,Ω), ũ)(w+(ϕ̃(Tex(x0, ũ,Ω), x0, ũ)) − 1)

≥ 1 − δ/2,

which is a contradiction. Thus we obtain Tex(x0, uε,Ω) = ∞.
Now for each η > 0 we find t such that ‖ϕ̃(t, x0, uε)‖ ≤ η, because otherwise—as

in the first inequality of case (i), above—the right-hand side in (4.10) would be equal
to 1, contradicting (4.9). The continuity of w+ and the assumption w+(0) ≥ 0 imply
that there exists a η1 > 0 such that

(4.11) w+(x) ≥ −ε ∀‖x‖ ≤ η1.

On the other hand, since v(0) = 0 and v is continuous, we find η2 > 0 such that

(4.12) v(x) ≤ ε ∀‖x‖ ≤ η2.

Combining these results, we can conclude that for all sufficiently large times t > 0 we
have

w̃+(ϕ̃(t, x0, uε)) ≥ v(ϕ̃(t, x0, uε)) − 2ε.

Thus using (4.10), (3.5), and the inequality G̃(x0, tn, un) ≤ 1 for sufficiently large
t > 0, we can conclude

w+(x0) ≥ 1 + G̃(x0, t, uε)(w
+(ϕ̃(t, x0, uε)) − 1)} − ε

≥ 1 + G̃(x0, t, uε)(v(ϕ̃(t, x0, uε)) − 1)} − 3ε

≥ v(x0) − 3ε,

which shows Claim 2, as ε > 0 is arbitrary.
Finally, since every viscosity solution w̃ is both a subsolution and a supersolution,

the combination of Claims 1 and 2 proves the lemma.
Proof of Theorem 4.4. All properties follow from the fact that by Lemma 4.10

the functions V and v defined by (3.2) and (3.3) are the unique continuous viscosity
solutions for (4.6) and (4.5), respectively.

(i) and (ii): By Corollary 4.7 all viscosity solutions to (4.6) and (4.5) are also
viscosity solutions of (4.2) and (4.1), respectively, and vice versa. Hence, v and V are
also the unique viscosity solutions of (4.2) and (4.1), respectively.

(iii): It follows from Proposition 3.3.
(iv): It follows from Proposition 3.6.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

320 FABIO CAMILLI, LARS GRÜNE, AND FABIAN WIRTH

5. Approximation with bounded control values. In this section we consider
the bounded approximations Uk = U ∩ clB(0, k) of the (possibly) unbounded set U
of control values and the corresponding set Uk := L∞([0,∞), Uk) of control functions.
Throughout this section we assume that (H0)–(H2) hold, which implies that we can
find g, meeting (H3)–(H6).

Proposition 5.1. Consider the functions

Vk(x) = inf
u∈Uk

J(x, u) and vk(x) = 1 − eVk(x).

Then the relations

V (x) = inf
k∈N

Vk(x) and v(x) = inf
k∈N

vk(x)

hold.
Proof. Since Uk ⊆ U we obviously have the inequality Vk(x) ≥ V (x). Now let

x ∈ D0 and u ∈ U be such that

J(x, u) ≤ V (x) + ε

for some ε > 0. Since u ∈ U , there exists k0 ∈ N such that ‖u‖∞ ≤ k0, and hence
u ∈ Uk0

. This implies

inf
k∈N

Vk(x) ≤ Vk0(x) ≤ V (x) + ε.

Since ε was arbitrary, this shows the claim on D0 for both V and v. For x �∈ D0 we
have Vk(x) = V (x) = ∞ and vk(x) = v(x) = 1, which shows the claim also in this
case.

Remark 5.2. If the assumptions of Proposition 3.6 hold, then, since vk is decreas-
ing in k, Dini’s theorem yields that vk converges to v locally uniformly on R

n.
For the following proposition recall the definition of set limits, which for a sequence

of sets Xk are given by

lim sup
k→∞

Xk :=
⋂
k∈N

⋃
m≥k

Xm and lim inf
k→∞

Xk :=
⋃
k∈N

⋂
m≥k

Xm

and, if these two sets coincide,

lim
k→∞

Xk := lim sup
k→∞

Xk = lim inf
k→∞

Xk.

Proposition 5.3. Consider the sets

Dk := {x ∈ R
n | there exists u ∈ Uk with ‖ϕ(t, x, u)‖ → 0 for t → ∞}.

Then the set limit limk→∞Dk exists and satisfies

D0 = lim
k→∞

Dk.

Proof. Since we have that V ≤ · · · ≤ Vk+1 ≤ Vk, we obtain the inclusion

Dk ⊆ Dk+1 ⊆ · · · ⊆ D0.
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It follows that
⋃

m≥k Dm ⊆ D0 for each k and hence

lim sup
k→∞

Dk =
⋂
k∈N

⋃
m≥k

Dm ⊆ D0.

On the other hand, if x ∈ D0, then for any ε > 0 there exists k0 ∈ N with Vk(x) ≤
V (x) + ε for all k ≥ k0. This implies that x ∈ Dk for all k ≥ k0 and consequently
x ∈

⋂
m≥k0

Dm. This implies

x ∈
⋃
k∈N

⋂
m≥k

Dm = lim inf
k→∞

Dk,

and since x ∈ D0 was arbitrary we obtain

D0 ⊆ lim inf
k→∞

Dk,

which shows the claim.
Remark 5.4. This proposition implies that for any compact set K ⊂ R

n the
convergence

dH(K ∩ Dk,K ∩ D0) → 0

in the Hausdorff metric holds (see, e.g., [2, Proposition 1.1.5]). In particular, if D0 is
bounded, then we obtain uniform convergence of Dk to D0 in the Hausdorff metric.

In particular, this implies that for any compact set K ⊂ D0 we obtain K ⊂ Dk

for all sufficiently large k. Thus, in order to steer the system to 0 from a compact
subset K ⊂ D0, it is sufficient to consider bounded control functions.

6. Examples. In this section we discuss the necessity of some of our assump-
tions. Also it is explained how the classical case of linear quadratic control fits within
the present framework.

Example 6.1. Consider the one-dimensional dynamics

(6.1) ẋ(t) = (x(t) − 1)(u(t) + 1) + 1 = x(t)(u(t) + 1) − u(t) , t ≥ 0,

where U = R. The origin is an equilibrium point so that (H1) is satisfied, while
x = 1 is repulsive, in the sense that any trajectory starting from x0 ≥ 1 cannot
reach the origin. With this it is easy to see that (H2) is satisfied and D0 = (−∞, 1).
Furthermore, (H0) is satisfied with γ(u) = |u|.

Now consider the cost function g1(x, u) = |x|, which satisfies (H3) and (H4) but
neither (H5) nor (H6). For x0 ∈ (0, 1) and an arbitrary constant α > 0, choose

u(t) =
−α− 1

φ(t) − 1
χ[0,x0/α](t),

where χ[0,x0/α] denotes the indicator function of the interval [0, x0/α]. The corre-
sponding solution of (6.1) is given by

φ(t) = (x0 − αt)χ[0,x0/α](t).

Observe that for x0 close to 1 we need a very large control to start to move towards
the origin. This is because the control u is multiplied by x− 1.
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By calculating the corresponding cost, we obtain

V1(x0) ≤
∫ ∞

0

g1(φ(t), u(t))dt = x2
0/2α,

and therefore, sending α → +∞, it follows that V1(x0) = 0 for any x0 ∈ (0, 1). Of
course, V1(x) = ∞ for x ≥ 1. Summarizing this shows that v1 is discontinuous on R

and not a CLF on D0.
On the other hand, by setting g2(x, u) = max{|x|+|u|, (|x|+|u|)2}, a cost function

satisfying (H6) is obtained. To analyze the associated value functions, fix x0 ∈ (0, 1)
and choose a control u such that φ(t) := φ(t, x, u) → 0. We will assume that φ is
strictly decreasing, as otherwise it is clearly not optimal. Now let T > 0 be a time
such that φ(T ) > 0, and then we have

J2(x, u) ≥
∫ T

0

g2(φ(t), u(t))dt ≥
∫ T

0

φ(t) + u(t)dt =

∫ T

0

φ(t) +
φ(t) − φ̇(t)

1 − φ(t)
dt

≥
∫ T

0

−φ̇(t)

1 − φ(t)
dt = log(1 − φ(T )) − log(1 − x0).

As φ(T ) approaches 0 (in finite or infinite time) this calculation shows that V2(x0) ≥
− log(1− x0) for x0 ∈ (0, 1) so that in particular v2 is continuous on R and a CLF on
D0 (where we leave the assertion for (−∞, 0) to the reader).

Finally note that a combination of the previous examples leads to an intermediate
situation. To this end, let h : R → [0, 1] be a continuous function such that h(x) = 1
if x ∈ (−∞, 1/2], h(x) = 0 for x ∈ [3/4,∞), and let g3(x, u) = |x| + h(x)|u|. Then it
follows for x ∈ [0, 1/2] that V3(x) = V2(x) ≥ − log(1−x) by the considerations on g2,
whereas for x ∈ (3/4, 1) we have V3(x) = V (3/4) using that V1 is constant on that
interval. In this example (H5) and (H6) are not satisfied, v3 is not continuous, and
V3 is a CLF only on a subset of D0.

Example 6.2. Finally we show that the classical linear quadratic control problem
fits into our setup. This problem is obtained if we set

f(x, u) = Ax + Bu and g(x, u) = xTQx + uTRu,

where A,B,Q,R are matrices of appropriate dimensions, with Q and R being sym-
metric and positive definite.

By direct computations one sees that these functions satisfy (H0) for any γ ∈ K∞,
(H1), (H3), and (H5). The linear system also satisfies (H2′), because it is known that
local asymptotic controllability implies the existence of a feedback matrix F such
that A + BF is exponentially stable; i.e., this matrix has all of its eigenvalues in the
open left half-plane, which yields (H2′) with β(r, t) = Ke−λtr for suitable constants
K,λ > 0. Hence we obtain β(r, t) = α2(α1(r)e

−t), with α2(r) = rλ, which implies
(H4′) for our g with δ = 2/λ and C = ‖Q + R‖. Finally, (H6) is satisfied because g
grows quadratically in u while f grows only linearly in u. Thus, the classical linear
quadratic problem is a special case of our setup, and the resulting equation (4.1) is
given by

(6.2) sup
u∈U

{−DV (x)(Ax + Bu) − xTQx− uTRu} = 0.

For the quadratic ansatz V (x) = xTPx, with symmetric matrix P , we obtain

DV (x)(Ax + Bu) = xTP (Ax + Bu) + (Ax + Bu)TPx.
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Assuming U = R
m, we can explicitly solve the maximization problem over u by setting

the first derivative of the resulting expression to 0 and obtain

u(x) = −R−1BTPx.

Plugging this into (6.2) and multiplying by −1 yields

xTPBR−1BTPx− xTPAx− xTATPx− xTQx = 0,

which is equivalent to

PBR−1BTP − PA−ATP −Q = 0;

i.e., (4.1) reduces to the well-known algebraic Riccati equation from linear optimal
control; see [33, section 8.4].

Appendix. In this appendix we give the proof of Lemma 4.6.
Proof. We prove the lemma for (4.1) and (4.5), and the assertions for (4.2) and

(4.6) follow by the same arguments.
(i) If V − is a viscosity subsolution of (4.1), then for any supergradient p of V −

in x we have that

sup
u∈U

{−f(x, u)p− g(x, u)} ≤ 0.

This implies

−f(x, u)p− g(x, u) ≤ 0 ∀u ∈ U,

and, since 1 + ‖f(x, u)‖ is positive, this implies

−f̃(x, u)p− g̃(x, u) = (1 + ‖f(x, u)‖)−1(−f(x, u)p− g(x, u)) ≤ 0 ∀u ∈ U,

which in turn implies

sup
u∈U

{−f̃(x, u)p− g̃(x, u)} ≤ 0,

and hence V − is a viscosity supersolution of (4.5).
The converse direction follows by the same argument, since again we multiply by

a positive factor, now 1 + ‖f(x, u)‖.
(ii) Let V + be a viscosity supersolution of (4.1). Then for any subgradient p of

V + in x we have

sup
u∈U

{−f(x, u)p− g(x, u)} ≥ 0.

Now we distinguish two cases:
(a) We can find u∗ ∈ U such that

−f(x, u∗)p− g(x, u∗) ≥ 0.

Since 1 + ‖f(x, u∗)‖ is positive, we obtain

−f̃(x, u∗)p− g̃(x, u∗) = (1 + ‖f(x, u∗)‖)−1(−f̃(x, u∗)p− g̃(x, u∗)) ≥ 0.
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This implies

sup
u∈U

{−f̃(x, u)p− g̃(x, u)} ≥ 0,

and hence V + is a viscosity supersolution of (4.5).
(b) For all u ∈ U the inequality

−f(x, u)p− g(x, u) ≤ 0

holds. In this case, since 1 + ‖f(x, u)‖ ≥ 1, for all u ∈ U we obtain

−f̃(x, u)p− g̃(x, u) = (1 + ‖f(x, u)‖)−1︸ ︷︷ ︸
≤1

(−f(x, u)p− g(x, u))︸ ︷︷ ︸
≤0

≥ −f(x, u)p− g(x, u).

This implies

sup
u∈U

{−f̃(x, u)p− g̃(x, u)} ≥ sup
u∈U

{−f(x, u)p− g(x, u)} ≥ 0.

Thus also in this case V + is a viscosity supersolution of (4.5).
Conversely, let V + be a viscosity supersolution of (4.5). Then for any subgradient

p of V + in x we have

sup
u∈U

{−f̃(x, u)p− g̃(x, u)} ≥ 0.

Since f̃ is bounded and g̃ grows unbounded in u due to (H6), the supremum over u is
contained in a compact set. Hence by continuity we can find a control value u∗ ∈ U
for which the maximum is attained, i.e.,

−f̃(x, u∗)p− g̃(x, u∗) ≥ 0.

Since 1 + ‖f(x, u∗)‖ is positive, we obtain

−f(x, u∗)p− g(x, u∗) = (1 + ‖f(x, u∗)‖)(−f̃(x, u∗)p− g̃(x, u∗)) ≥ 0.

This implies

sup
u∈U

{−f(x, u)p− g(x, u)} ≥ 0,

and hence V + is a viscosity supersolution of (4.1).
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A NEW PERSPECTIVE IN THE STABILITY ASSESSMENT OF
NEUTRAL SYSTEMS WITH MULTIPLE AND CROSS-TALKING

DELAYS∗
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Abstract. The stability of neutral systems with two cross-talking delays is investigated using
the method of cluster treatment of characteristic roots (CTCR). There are two main outcomes of this
study: (a) we create the “strong stabilizability” (also called the “delay stabilizability”) of the system
directly from the CTCR procedure. This is achieved by a small-delay stability treatment while
performing the steps of the CTCR. For the “delay-stabilizable systems,” we also arrive at the exact
bounds of the stability regions in the domain of the delays. (b) We deploy a point-wise algorithm
which computes the rightmost roots of the characteristic quasi polynomial for cross-verification of
these stability regions. Several examples are presented. The correspondence between the two methods
for all of them is shown to be very strong.
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of characteristic roots
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1. Problem statement and an explicit function for stability. The method
of cluster treatment of characteristic roots (CTCR) provides an efficient procedure for
determining the complete stability picture of linear time invariant time delay systems
(TDS) in the domain of delays. In [20], [21], the method is applied to retarded
systems with multiple delays and to neutral systems [16], [17], [19] with single delay
only. In this paper, three new aspects are considered within the neutral dynamics: (i)
multiple rationally independent delays, (ii) cross-talk among the delays which affect
both retarded as well as the neutral parts of the dynamics, and (iii) numerical cross-
validation of the results of CTCR. The general dynamic structure is taken as follows:

(1)

d
dt [x (t) − Ax (t − τ1) − Bx (t − τ2) − Cx(t − τ1 − τ2)]

= Dx(t − τ1) + Fx(t − τ2) + Gx(t − τ1 − τ2) + Hx (t),

where x(t) ∈ R
n is the dependent variable, τ = (τ1, τ2) ∈ R

2+ are the delays, and
A, B, C, D, F, G, H are the constant coefficient matrices of compatible dimensions.
Notice that the terms with C and G represent the cross-talk between the delays within
the neutral and retarded segments of the equation, respectively. The objective is to
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analyze the stability robustness of the dynamics with respect to the uncertain time
delays in the semi-infinite first quadrant of (τ1, τ2) ∈ R

2+ .
The characteristic equation of the system (1) is of quasi-polynomial form with

infinitely many roots:

(2)
CE(s, τ1, τ2) = det(s(I − Ae−τ1s − Be−τ2s − Ce−(τ1+τ2)s)

−De−τ1s − Fe−τ2s − Ge−(τ1+τ2)s − H) = 0.

Assuming the system matrices are constant, the stability of this system reduces to
finding (τ1 , τ2) regions where all the roots of (2) remain in C

−, i.e., in the open left
half of the complex plane. This root set is also commonly referred to as the spectrum
of CE (s, τ1, τ2), which we denote with the notation σ[CE(s, τ1, τ2)]. We will represent
the right-half open plane by C

+ and the imaginary axis by C
0 in the rest of the text.

The entire complex plane becomes the union of all three: C = C
− ∪ C

0 ∪ C
+.

It is also important to note that the nondelayed neutral system may be stable or
unstable. The treatment we present here is transparent to this feature. For nonzero
delays, however, there may be some intriguing features regarding the root continuity
of (2) with respect to the delays [9], [10]. These features are the main discriminators
between the neutral and retarded classes of TDS which we will revisit in the text.
At this point, however, we wish to present a critical feature: The necessary (but not
sufficient) condition for the stability of (1) is the stability of the difference equation

(3) x(t) − Ax(t − τ1) − Bx(t − τ2) − Cx(t − τ1 − τ2) = 0.

It implies that the spectrum of (3), i.e., the roots of

(4) L(s, τ1, τ2) = det
(
I − Ae−τ1s − Be−τ2s − Ce−(τ1+τ2)s

)
= 0,

must lie in C
−. However, it is shown in the cited literature that the stability of (3)

at a given (τ1, τ2) may be destroyed even for infinitesimal variations of the delays;
some root discontinuities and infinitely many unstable roots may appear [1], [9], [11].
To handle such occurrences, a concept called “strong stability” was introduced. The
difference equation (3) is strongly stable if it is asymptotically stable for the complete
domain of (τ1, τ2) ∈ R

2+ [1], [9], [11]; see also [14]. Furthermore, an upper bound of
the spectrum which is insensitive to small-delay variations has also been suggested
in [15]. If this difference equation (3) is strongly stable, we call the system (1) a
“delay-stabilizable” system.

We now look at the main objective of the CTCR procedure, which is the exhaus-
tive determination of the stability robustness picture of (1) against uncertain delays
(τ1, τ2), and encounter a surprisingly simple, intermediate result: The strong stabil-
ity necessary condition, as stated above, becomes evident as a natural by-product of
CTCR. This point creates one of the contributory points of the paper.

In the text, we present a cross-validation study for the results of CTCR, utilizing
a recent numerical root-finding procedure [24] for computing the roots of a quasi
polynomial, such as CE (s, τ ) in (2), at a given point in the delay space (τ1 , τ2).
The procedure itself is briefly described, and examples are provided to display the
concurrence with CTCR.

The paper is organized as follows. In section 2, a review of the CTCR algorithm is
provided. The main results are given in section 3, where an original delay-stabilizability
test is proposed, which is directly obtained from the CTCR approach. A numerical
cross-validation work is presented in section 4 over the findings of the CTCR. In
section 5, we provide two application examples and in section 6 the conclusions.
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2. Review of CTCR. The CTCR algorithm was described comprehensively in
[16], [17], [20], [21]. We provide a short review here, describing only the main ideas. It
is known that for a linear dynamics to switch the stability posture, the characteristic
roots should cross the imaginary axis, say, at ωi. Thus, for a successful stability
analysis, one needs to detect exhaustively all the potential imaginary root crossings
for all combinations of delays (τ1, τ2). Let us denote the complete set of such crossing
frequencies with Ω and the corresponding root set with SΩ:

(5)
Ω =

{
ω|CE(s, τ ) = 0, s = ω i, τ ∈ R

2+, ω ∈ R
}
,

SΩ = {ωi |ω ∈ Ω} .

We use 〈τ , ω〉 notation to indicate this causality relation between τ and ω. It is trivial
to show that an imaginary root s = ω i with 〈τ , ω〉 correspondence will be repeated
infinitely many times at the mesh points with equidistant grid size of 2π/ω, as

(6) (τ1j , τ2k) =

(
τ1 +

2π

ω
j , τ2 +

2π

ω
k

)
, j = 0, 1, 2, . . . , k = 0, 1, 2, . . . .

It has also been shown in earlier studies that the root continuity exists for the retarded
class of TDS [1], [10], [11]. That is, small perturbations on τ yield small perturbations
on ω, which can be formalized as

(7) 〈τ + ε, ω + εc〉, 0 < |ε| � 1, 0 < |εc| � 1.

Clearly, ε = (ε1, ε2) and εc are interdependent through the characteristic equation
(2). If one single point 〈τ , ω〉 is known, one can determine infinitely many other points
earmarked by the same ω, as defined in (6). Obviously, the same remark holds for
small perturbations on ω as per (7). Therefore, we claim that these infinitely many
trajectories generated by the delays, τ , for varying ω ∈ Ω will comply with the rule
(6) point by point. According to the D-subdivision method [6], these trajectories
continuously partition the τ domain into encapsulated regions in which the number
of unstable roots, NU, remains fixed. Consequently, if there is any stability switching,
it has to occur at the boundaries of these regions.

The above argument brings us to a complex problem of determining exhaustively
the boundaries of these infinitely many regions. Interestingly, however, there is a
discipline in this complex picture with two intriguing properties. It is proven in [16],
[20], [21] as Proposition I that there is only a manageably small number of curves in
τ space called the “kernel curves”:

(8) ℘0(τ1, τ2) =

{
τ |〈τ , ω〉, τ ∈ R

2+, ω ∈ Ω, 0 ≤ τk ≤ 2π

ω
, k = 1, 2

}
,

where 〈τ , ω〉 correspondence creates the complete set of Ω. Notice that for all ω ∈ Ω
values ℘0 (τ1, τ2) represents the smallest τ1 and τ2 combination. And all the other
curves are created from this set, ℘0 (τ1, τ2), utilizing the point-wise property (6) for
j, k > 0. Obviously, all of these curves will be representing the imaginary root cross-
ings of ω ∈ Ω. These curves are called the “offspring curves” and are denoted by
℘jk (τ1, τ2), where j and k identify the jth and kth generation offspring in τ1 and τ2,
respectively, as per (6). Consequently, the complete set of kernel and offspring curves
becomes ℘ (τ1, τ2):

(9) ℘(τ1, τ2) = ℘0(τ1, τ2) ∪
∞⋃
j=1

∞⋃
k=1

℘jk(τ1, τ2).
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Any kernel point on the trajectories of ℘0 ( τ1, τ2) defined by j = k = 0 imposes
its ω signature identically onto its offspring (j > 0 and k > 0). Thus, Ω remains
invariant from kernel curves to offspring curves. The kernel curves and the offspring
constitute the complete (and exhaustive) distribution of (τ1, τ2) points where the
characteristic equation CE (s, τ1, τ2) has root sets containing at least one pair of
imaginary roots. And more interestingly, there exists no point in (τ1, τ2) ∈ R

2+,
outside the set ℘ (τ1, τ2), which renders imaginary characteristic roots.

Another perspective for exhaustive determination of stability switching bound-
aries in the delay domain is studied by [8] for a retarded class of systems with two
delays but without a cross-talking feature (i.e., A = B = C = G = 0). They clev-
erly use a geometric triangulation property to capture the potential root crossing
frequencies completely. In a separate study [5] and [22] offer a numerical procedure
for determining the stability picture based on direct computation of the system roots
(the code is publicly available now under the name “Trace-DDE”). We wish to em-
phasize that all of these findings comply with two fundamental propositions which
are the cornerstone of the CTCR paradigm [20], [21].

A crucial property is the directional root tendency along the τj , j = 1, 2, axis at
the crossing of s = ω i, which is defined by

(10) RT
τj
s=ωi = sgn [� (∂s/∂τj) |s=ωi] .

RT has a very interesting feature: s ∈ SΩ along the τ1 (or τ2) axes across the
corresponding points on a kernel curve, and its offspring, the root tendency, RT τj

s ,
remains unchanged so long as τ2 (or τ1) is kept fixed. This, which we call the “root
tendency invariance” property, is proven in earlier publications; see Proposition II
in [17], [20], [21]. This feature, in essence, declares the stabilizing (or destabilizing)
transitions along the regional boundaries defined by ℘ (τ1, τ2).

Using the two properties above, one can establish the stability robustness picture
of the system against delay uncertainties performing the following steps of the CTCR
algorithm:

(1) Determine exhaustively the kernel and offspring curves, ℘ (τ1, τ2).

(2) Start from the nondelayed system, τ = 0, and evaluate NU(0), which is a
trivial task.

(3) Following line segments in τ ∈ R
2+, which are parallel to the individual

coordinates τ1 and τ2, connect the origin (τ = 0) to a point of interest τ0.

(4) As this path crosses the kernel and offspring curves, increase NU by +2 (or
−2) for the RT = +1 (−1), according to the D-subdivision method of [6].

(5) Exhaustively identify the regions in (τ1, τ2) space with NU = 0 as “stable”
and the others (NU > 0) as “unstable.”

Step (1) is the most critical one in this procedure, and we present a discussion on
it next for clarity. To determine ℘ (τ1, τ2) exhaustively we utilize Rekasius substitution
for the exponential terms [18]

(11) e−τjs ⇒ 1 − Tjs

1 + Tjs
, Tj ∈ R, j = 1, 2.

This representation becomes exact for s = ω i, with a constraint between Ti and τi:

(12) τj =
2

ω

[
tan−1(ωTj) + kπ

]
, k = 0, 1, 2, . . . .
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Table 1

Routh’s array for CE(s, T1, T2).

ns3

13ns

1s
0s

2s

),( 213 TTp n

),( 2113 TTp n

),( 2123 TTp n

),( 2133 TTp n

0210 ),( pTTR

02122 ),( pTTR),( 2121 TTR

),( 211 TTR

0p

This relation transforms the original characteristic equation CE(s, τ1, τ2) = 0 given
by (2) into a new form CET (s, T1, T2) = 0 which is of fractional polynomial type.
Multiplying this equation by (1 + T1 s)

n(1 + T2 s)
n, one obtains

(13)

CE(s, T1, T2) = det[s((1 + T1s)(1 + T2s)I − (1 + T2s)(1 − T1s)A

− (1 + T1s)(1 − T2s)B − (1 − T1s)(1 − T2s)C) − (1 + T2s)(1 − T1s)D

− (1 + T1s)(1 − T2s)F − (1 − T1s)(1 − T2s)G − (1 + T1s)(1 + T2s)H]

= det(Q(s, T1, T2)) =

3n∑
j=0

pj(T1, T2)s
j = 0,

where Q(s, T1, T2) is a self-evident matrix. An interesting relation between the infinite-
dimensional equation (2) and the 3n degree equation (13) is that they share the same
imaginary root sets completely. That is,

(14)
SΩ = SΩ [ s | CE(s , τ1 , τ2) = 0 , (τ1 , τ2) ∈ R

2+]
⋂

C
0

≡ SΩ [ s |CE(s , T1 , T2) = 0 , (T1 , T2) ∈ R
2]

⋂
C

0,

where SΩ represents the complete topology of root sets of CE for the entire space of
(T1, T2) ∈ R

2. The most beneficial point in transforming CE(s,τ1,τ2) into CE(s,T1,T2)
is obvious: the parametric equation (13) is much easier to study compared with (2).
Thus, the projections of the kernel curves in (T1, T2) space, which are called “core
curves,” are obtained.

We now present how to determine the core curve of CE(s, T1, T2), i.e., those
(T1, T2) that give rise to s = ω i ∈ SΩ ∩ C

0. The easiest procedure to find all the
imaginary roots of such characteristic polynomials is the classical Routh–Hurwitz
method [12]. From the rules of Routh’s array of Table 1, the imaginary roots of (13)
are found at

R1(T1, T2) = 0, with the condition(15)

R21(T1, T2)p0 > 0.(16)

At every point (T1 , T2) satisfying (15) and (16) there exists a crossing frequency
ω =

√
p0/R21(T1, T2).

The next step in CTCR is to numerically map these core curves into kernel curves
via (12) and further to offspring in (τ1, τ2) space via (6). This completes the deter-
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mination of the entire set of kernel and offspring curves, ℘ (τ1 , τ2), i.e., the first step
in the CTCR procedure. The remaining steps are performed relatively easily.

3. Delay stabilizability and strong stability concepts. The “strong stabil-
ity” concept is an interesting feature of the neutral TDS which was carefully studied
in the literature [1], [9], [11]; see also [14], [15]. Following the conceptual discussions
in the earlier investigation, we state the following:

(i) “Strong stability” of (3) implies that the system (1) may be asymptotically
stable in a two-dimensional region around a point τ0 ∈ R

2+, defined by 0 < |τ − τ0| <
ε � 1.

(ii) There is a necessary condition for (1) to be “delay-stabilizable,” which re-
quires the difference equation (3) to be strongly stable. A system that is not strongly
stable cannot be delay-stabilizable. In other words, the spectrum of the respective
characteristic equation (4) must be in the left-half open space (excluding the imagi-
nary axis) for |τ − τ0| < ε, ε finite, where τ0 ∈ R

2+ is a point in the delay domain,
or σ[L(s, τ )] ∈ C

−. Notice that if a system is not “strongly stabilizable,” there exists
no point τ0 ∈ R

2+, for which

(17) σ [CE(s, τ )] |∀τ : |τ−τ0|<ε, ε finite ∈ C
−.

(iii) The “strong-stabilizability” condition is (a) independent of the delays, τ [1],
[9], [11], and (b) independent of the retarded terms of (1), i.e., D, F, G, and H.

(iv) As a direct consequence of (iii(a)), the strong stability condition can be simply
tested at |τ | = ε � 1, i.e., for small delays. If the system (1) is “strongly stable” for
small delays, the necessary condition for strong stability holds.

What motivates this work is that (a) the “strong stability” condition is obtained
as a simple by-product of the CTCR procedure, and (b) further deployment of CTCR
creates an exhaustive and exact “stability robustness” picture for the system (1) in
the entire τ ∈ R

2+ domain. We present the details of these claims.
From these discussions, it results that further investigating the stability picture of

a neutral system, of which the associated difference equation (3) is not strongly sta-
ble, is unnecessary. Even though for some rationally dependent (i.e., commensurate)
delays all the roots may lie in the left half of the complex plane (see [14]), when the
delays become rationally independent, due to, for example, arbitrarily small changes
in the delays, infinitely many destabilizing roots cross the imaginary axis.

3.1. Main lemma: Delay stabilizability resulting from CTCR.
Main Lemma. The “delay-stabilizability” (or strong stability) necessary condi-

tions as stated in observations (i)–(iv) above result as a by-product of direct deployment
of CTCR.

Proof. The steps of the CTCR procedure are given in section 2. As we perform
the second step, a very peculiar feature appears. If for small delays

(18) σ[CE(s, τ )|τ=0] ∩ C
+ �= σ[CE(s, τ )|τ=0+ ] ∩ C

+

it implies that τ : 0 → 0+ transition introduces some new right-half plane roots.
These new roots may be (a) finite, in which case they are the imaginary roots of the
nondelayed system, and therefore they are easily identified, or (b) at infinity and with
unbounded magnitudes. It is proven that these roots at infinity are infinitely many,
and they may show discontinuity complying with the Riemann sphere concept [13]; see
also [10]. Earlier investigations state that the mentioned discontinuity as τ : 0 → 0+

invites infinitely many unbounded unstable roots iff the difference equation (3) is
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not strongly stable. Further findings declare that such systems cannot be stabilized
anywhere in τ ∈ R

+, except possibly at those points where τ1, τ2 are rationally
dependent [1], [14], [15]. For single delay cases, [16], [17] study the Riemann sphere
concept further. Therefore, we propose imposing the condition that the τ : 0 → 0+

transition does not create any infinite root transition to C
+ on the Riemann sphere.

This feature is referred to as the “no root migration” requirement in the rest of the
text.

We now look at this “small-delay” phenomenon under Rekasius transformation
and explain how it shapes up if there is an imaginary root ω i for τ = 0. Even if the
migration of roots takes place over the Riemann sphere, since the sphere has only one
point at infinity it can be taken as purely imaginary; see [13].

(i) For small delays, (12) becomes

(19) tan
(τj ω

2

)
= Tj ω, j = 1, 2,

which implies that

(20) τj : 0 → εj =⇒ Tj : 0 → εj / 2.

Notice that the CE(s, τ ), τ = 0, and CE(s,T ), T = 0, are identical, and so are
their spectra. In the two-dimensional τ domain such a transition can be represented
using a parameter

(21) m =
τ2
τ1

=
T2

T1
, m ∈ [0,∞).

(ii) The “no root migration” requirement must be independent of m. Using (21)
in (13) it becomes

CE (s , T1 , mT1) = detQ(s, T1 , mT1) = det s [(1 + (1 + m)T1s + mT 2
1 s

2)I

− (1 − (1 −m)T1s−mT 2
1 s

2)A − (1 + (1 −m)T1s−mT 2
1 s)B

− (1 − (1 + m)T1s + mT 2
1 s

2)C] − (1 − (1 −m)T1s−mT 2
1 s

2)D

− (1 + (1 −m)T1s−mT 2
1 s)F − (1 − (1 + m)T1s + mT 2

1 s
2)G

− (1 + (1 + m)T1s + mT 2
1 s

2)H =

3n∑
j=0

pj(m,T1)s
j = 0.

(22)

Each element of the characteristic matrix Q(s, T1,mT1) is a third degree polynomial
in s in the generic form

qi,j(T1,m, s) = (ei,j + ai,j + bi,j − ci,j)mT 2
1 s

3

+ [(di,j + fi,j − gi,j − hi,j)mT 2
1+ ((1 + m)(ei,j + ci,j) + (1 −m)(ai,j − bi,j))T1]s

2

+ [((1 −m)(di,j − fi,j) + (1 + m)(gi,j − hi,j))T1 + ei,j − ai,j − bi,j − ci,j ]s

− di,j − fi,j − gi,j − hi,j = αi,j
3 (m,T1)s

3 + αi,j
2 (m,T1)s

2 + αi,j
1 (m,T1)s + αi,j

0 ,

(23)

where ei,j are the elements of the identity matrix I (ei,j = 1 for i = j and ei,j = 0
for i �= j) and lowercase notations represent the elements of the respective uppercase
matrices. αi, j

k (m,T1) are self-evident expressions. Notice there is no influence of
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matrices A, B, C (i.e., the neutral part of the dynamics) in αi,j
0 and no influence

of matrices D, F, G, H (i.e., the retarded part of the dynamics) in αi,j
3 (m,T1). On

the other hand, in αi,j
1 (m,T1) and αi,j

2 (m,T1) traces of all matrices, A, . . . ,H, can be
found. However, for the limiting case of T1 → 0, we may drop higher order T1 terms
in favor of lower order ones; i.e., in αi,j

2 (m,T1) one can eliminate T 2
1 terms but keep

the T1 terms only. This term-wise limit operation on (23) yields

(24)

q̃i,j(T1, s) = (ei,j + ai,j + bi,j − ci,j)mT 2
1 s

3

+ [(1 + m)(ei,j + ci,j) + (1 −m)(ai,j − bi,j)]T1s
2

+ (ei,j − ai,j − bi,j − ci,j)s− di,j − fi,j − gi,j − hi,j

= α̃i,j
3 mT 2

1 s
3 + α̃i,j

2 T1s
2 + α̃i,j

1 s2 + αi,j
0 ,

where •̃ notation is used for limiting formation of •. Dropping the terms with higher
powers of T1 at each step as we expand the determinant in (22), repeated applications
of this step-wise limit operation yield

(25)
C̃E(s , T1,mT1 ) = p̃3n(m)T 2n

1 s3n + p̃3n−1(m)T 2n−1
1 s3n−1

+ · · · + p̃n+1(m)T1s
n+1 + p̃ns

n + p̃n−1s
n−1 + · · · + p̃1s + p̃0 = 0.

It is trivial to show that p̃j , j = 0, . . . , 3n, coefficients depend on
A, B, C only for j = n + 1, . . . , 3n,
A, B, C, D, F, G, H for j = 1, . . . , n,
D, F, G, H for j = 0.

Furthermore, p̃j , j = 0, . . . , n, are constants independent of m, while p̃j , j = n +
1, . . . , 3n, are polynomial functions of m. One can, therefore, partition the character-
istic equation (25) as

(26) C̃E(s , T1,mT1 ) = C̃E1 (s , T1,mT1 ) + C̃E2 (s) − p̃n(m)sn = 0,

where

(27) C̃E1(s , T1,mT1) = sn
2n∑
j=0

p̃j+n(m)T j
1 s

j

and

(28) C̃E2 (s ) =

n∑
j=0

p̃js
j .

Please notice two critical features:
(a) Within the C̃E1 expression, the terms given under summation have an im-

portant implication:

(29)
2n∑
j=0

p̃j+n(m)T j
1 s

j = L̃ (s , T1,mT1),

where L̃ (s, T1,mT1) is nothing other than the respective step-wise limiting conversion
of the function L (s, τ1,mτ1) of (4), following the identical procedures which converted
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from CE (s, τ1,mτ1) to C̃E(s, T1,mT1). This observation can be stated as follows:

the limiting form of the difference equation (3) for small delays is a factor in C̃E1.

(b) C̃E2(s) is the characteristic function of the delay free system, τ1 = τ2 = 0.

(iii) When we inquire about the imaginary root crossing of (25) using Routh’s
array, it shapes up as given in Table 2. Note again that the step-wise limit operation
is performed in the same manner as described above throughout the formation of the
array. The following observations are made on this table:

• C̃E1 and C̃E2 (shaded) blocks are clearly separated, except one term of
overlap, p̃n(m)sn.

• ξj , j = n + 1, . . . , 3n − 2, are simple constants, and they are functions only
of m.

• Block 1�is determined by the coefficients of C̃E1(s, T1), and it is formed
only by the elements of the matrices of the difference equation (3).

• Because of the special formation in the array and repeated step-wise limits,
the shaded block shifts to the left identically as the array shapes. And ulti-
mately it forms the basis of the nondelayed system’s Routh array (see rows
marked by sn and sn−1).

• Following on the previous observation, block 2�consists of the elements of
C̃E2(s, T1) only, the characteristic function of the nondelayed system.

Table 2

Routh’s array of (25) with step-wise limit for small T1 (displayed for n even).

n
nTp 2

13
~ns3

13ns

23ns
33ns

ns
1ns
2ns

1s
0s

12
113

~ n
n Tp

np~

1
~

np

2
~

np

1
~

np

2
~

np

3
~

np

4
~

np

3
~

np

4
~

np

5
~

np

6
~

np

2
12

~ Tpn

np~
11

~ Tpn

np~

1
~

np

2
~

np

1
~

np

2
~

np

3
~

np

0
~p

0
~p 2
1

~p

1

22
11,23

n
n T

32
11,33

n
n T

3
~

np 03
13

~ Tpn

4
14

~ Tpn

11,33 Tnn

2
11,23 Tnn

1
~

EC 2
~

EC

1ns 11,1 Tn

Based on the Routh–Hurwitz criterion, the determining condition for “no root
migration” is that the first column should exhibit no additional sign change as T1 :
0 → 0+ transition occurs. That is, T1 : 0 → 0+ transition for all m ∈ R

+ implies that
the number of sign changes in the first column of the array remains unchanged. Block
2�is independent of m, and it declares the number of unstable roots for the nonde-

layed system. Block 1�should not add a sign change; i.e., all the 2n + 1 elements in
this block must be in sign agreement, for all m ∈ R

+, with p̃n (which is independent of
m). In other words, the number of sign changes in the first column should be coming
from block 2�, i.e., due to the unstable roots of the delay free system. And the small
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delays must not change the number of unstable roots.
Since T1 > 0, it plays no role in the signs of these elements. By enforcing the

sign agreement for all m ∈ R
+, we declare the independence of the number of sign

changes in block 1�from m. Together with (20) and (21), this enforcement becomes
independent of the actual values of the small delays, τ1, τ2.

It is clear that block 1�is created strictly from L(s, τ1, τ2) given in (4). Then
the function L(s, τ1, τ2) must be stable for small delays, in order for the system (1)
not to have imaginary root migration for τ : 0 → 0+ transition. This is the “delay-
stabilizability” necessary condition, or “strong stability condition.”

Remark 1. “No sign change in the first column” for m ∈ [0,∞) can be verified
easily. The terms corresponding to sj , j = n + 1, . . . , 3n, in Table 2 are polynomials
in m, while the term corresponding to sn is a constant. For no sign change in block
1�for m ∈ [0,∞), the two following conditions have to be satisfied simultaneously:

(a) none of the polynomials in block 1�has any positive real roots; (b) all the terms
in block 1�have to agree in sign for arbitrarily chosen positive m.

3.2. Application to scalar case. We next apply the above procedure to a
scalar version of system (1), that is, for n = 1. The limiting form of (25) is found as

(30)

C̃E(s , T1,mT1 ) = (1 + a + b− c)mT 2
1 s

3

+ (1 + a− b + c + m(1 − a + b + c))T1s
2

+ (1 − a− b− c)s− d− f − g − h.

Let us recall that in the coefficients of the powers of s within C̃E(s, T1,mT1), the
terms with lower order of magnitude in T1, i.e., with higher powers of T1, are omitted
in favor of the lowest powered term via earlier explained step-wise limit operations.
Routh’s array for (30) is given in Table 3, again with successive deployment of step-
wise limit operations.

Table 3

Routh’s array of (30) with step-wise limit for small T1.

3s
2s
1s
0s

2
1)1( Tmcba

1})1{1( Tcbamcba

)1( cba

)1( cba

)( hgfd

)( hgfd

2

1

Notice that block 1�has no influence on the retarded segments of the equation
but only the neutral part. This block is fully determined by the characteristic function
of the difference equation corresponding to (4) after Rekasius substitution, i.e.,

(31)

L̃(s , T1 , mT1) = (1 + T1s)(1 + mT1s) − (1 + mT1s)(1 − T1s)a

− (1 + T1s)(1 −mT1s)b− (1 − T1s)(1 −mT1s)c = (1 + a + b− c)mT 2
1 s

2

+ (1 + a− b + c + m{1 − a + b + c})T1s + 1 − a− b− c = 0,

while block 2�consists of the coefficients of the characteristic equation for the non-
delayed system. The strong stability of the difference equation requires that elements
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in block 1�have the same sign for all m ∈ [0,∞) (i.e., they should all be positive or
negative). A closer observation shows that the case with all negative elements results
in a contradiction. Therefore, the following inequalities with positive elements are
considered:

(32)
1 + a + b− c > 0,
1 + a− b + c + m(1 − a + b + c) > 0,
1 − a− b− c > 0.

And these conditions can be reduced to

(33) 1 + a > |b− c| , 1 − a > |b + c| ,

determining a tetrahedron as the strong stability domain in the coordinates of the
parameters a, b, and c; see Figure 1 (left). These are identical to the findings of [9]
based on a fundamentally different approach. If the scalar difference equation (3)
(i.e., with n = 1) were to be considered with three independent delays (simply by
substituting a third delay, τ3, in place of τ1 + τ2) as studied in [9], the strong stability
condition becomes

(34) |a| + |b| + |c| < 1,

which is depicted in Figure 1 (right). As expected, the shaded region in Figure 1
(right) is within that of Figure 1 (left); since the former allows the selection of three
delays totally arbitrarily, it results in a more confined strong stability region.

Fig. 1. Strong stability domain of the scalar difference equation (3): left, with two cross-talking
delays; right, with three independent delays.

Inspired by the remark of an anonymous reviewer we wish to share with the reader
the following example dynamics. Take the difference equation

(35) x(t) − exp(1) x (t − τ) = 0,

which represents a = −exp(1), b = c = 0 in (31). Since inequalities (33) are not
satisfied, as well as inequality (34), the difference equation is not strongly stable. The
roots of (35) are trivially found as

s1 =
1

τ
, s2k,2k+1 =

1

τ
± i

2kπ

τ
, k = 1, 2, . . . .
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Apparently the transition τ : 0− → 0+ brings infinitely many infinite roots migrating
from the left-half complex plane to the right-half plane. This migration takes place
over the single point on the Riemann sphere at infinity, although there does not exist
a dynamics for the τ = 0 value exactly.

3.3. Application to R
2 case. Consider a neutral system (1) for n = 2 this

time. After Rekasius substitution we obtain a sixth degree characteristic function
CE(s, T1, T2) as in (13). Substituting T2 = mT1 and, again, performing the step-wise

limit operation, we arrive at a sixth degree polynomial C̃E(s, T1,mT1) which is in the
form of (25). Routh’s array corresponding to this polynomial is given in Table 4. We
then check the delay-stabilizability condition, i.e., the requirement for no sign changes
in the first column for all m ∈ [0,∞). If this condition is satisfied, the neutral system
(1) is strongly stable (or delay-stabilizable). Then the system may have some finite
two-dimensional region in delay space τ , where it is asymptotically stable. It is critical
to state two subtleties here: (a) If the system were not strongly stable, CTCR could
declare it from the small-delay analysis shown in Table 4. That means infinitely many
unstable characteristic roots of (2) would appear as τ : 0 → 0+ transition occurs. (b)
This instability may be reversed at some lower-dimensional regions in τ space where τ1
and τ2 are rationally dependent (i.e., commensurate). Clearly, at these locations there
is no finite two-dimensional region of potential stability but isolated one-dimensional
lines; i.e., τ1/τ2 = k , k being a rational number. It is obvious that, when the delays are
rationally dependent, the system reduces to a single-delay dynamics. Corresponding
delay-stabilizability conditions are valid only along the specific one-dimensional space
(i.e., lines) designated by k.

Since the concept of stability robustness in τ ∈ R
2+ truly aims at the detection of

two-dimensional regions of asymptotic stability, we do not pursue those cases which
are not strongly stable. For the strongly stable (i.e., delay-stabilizable) case, however,
we continue with the steps of CTCR as given in section 2 and exhaustively determine
the stability robustness picture of the system in the two-dimensional space of τ ∈ R

2+.
We provide example studies for this in section 5.

Table 4

Routh’s array of (25) for n = 2 with step-wise limit for small T1.

1s
0s

2
1

6s
5s
4s
3s

2s

4
1

2
6

~ Tmp
3

15 )(~ Tmp
2

13645 ))(~)(~)(~)(~( Tmpmpmpmp

125
2
36345 ))(~)(~)(~)(~)(~)(~)(~( Tmpmpmpmpmpmpmp

2
~p

1
~p

0
~p

2
14 )(~ Tmp

13 )(~ Tmp

2
~p

1
~p

0
~p

0
~p2

~p

1
~p

0
~p

1
~

EC 2
~

EC

Please notice that the system (1) does not have to be stable for τ = 0 for the
deployment of CTCR. If, however, this delay-free system is stable, coefficients in block
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2�, i.e., p̃2, p̃1, p̃0, will agree in sign. The CTCR procedure pursues regardless, in
order to declare the stable regions exhaustively. An important nuance is that the
“delay-stabilizable system” may end up having no stable regions in τ ∈ R

2+. This is
clearly the reflection of the “necessary condition” attribute.

4. Numerical cross-validation of the results of CTCR. In order to verify
the results of CTCR, we use a numerical method. It determines the regions in the
delay domain, where NU remains fixed, by using a point-wise analysis. This method
deploys a quasi-polynomial mapping based rootfinder (QPmR) technique [24], and it is
based on the direct computation of the rightmost characteristic roots at points of a suf-
ficiently dense grid, which is spread over the domain of interest [0, τ1,max]× [0, τ2,max].
Let us remark that besides the QPmR algorithm, there exist other approaches for
approximating the dominant roots of TDS, using the system solution operator [3], [7]
or the infinitesimal generator procedure [4]. The QPmR algorithm was chosen here,
because it computes all the roots within the same accuracy, and it is utilized in de-
termining the number of unstable roots.

The procedure of the QPmR algorithm is as follows. Substituting s = β+ωi, the
characteristic equation (2) is first split into real and imaginary parts:

R(β, ω) = �(CE(β + ωi, τ1, τ2)) = 0,(36)

I(β, ω) = �(CE(β + ωi, τ1, τ2)) = 0.(37)

Intersection points of the curves described by (36) and (37) in space (β, ω) reveal the
characteristic roots of (2). The numerical problem reduces to determine these inter-
section points exhaustively. Mapping of these curves over a region D = [βmin, βmax]×
[0, ωmax] is done numerically by applying a contour plotting algorithm; see, e.g., [23]
and the references therein (available, e.g., in MATLAB function contour).

Since the QPmR performs the rootfinding task over a prescribed search region, it
is crucial to determine its boundaries to guarantee that any unstable roots would be
captured. For determining the boundaries βmin, βmax, we use the following adaptation
rule. Consider one of the delays being fixed, e.g., τ2, and sr is the position of the
rightmost root for delays (τ1, τ2). When increasing the other delay τ1 by Δτ1, the
boundaries are arranged according to the following rule, which considers the root
sensitivities to the delay:

(38)

βmax = �
(
sr +

[
∂s
∂τ1

∣∣∣
s=sr

]
Δτ1

)
+ Δβ,

βmin = min

[
0,�

(
sr +

[
∂s
∂τ1

∣∣∣
s=sr

]
Δτ1

)
− Δβ

]
,

where Δβ determines the width of the region, preferably Δβ > |�[ ∂s
∂τ1

|s= sr ] · Δτ1|,
Δβ > 0. Naturally, the same adaptation rule is applied when τ1 is fixed and τ2
increases by Δτ2. If one starts the computation at the origin, τ = 0, the characteristic
function CE(s, τ ) in (2) results in the first sr, which iteratively primes (38) for the
increased values of delays.

The upper bound ωmax of the search region D is selected following the root dis-
tribution property of [2]

(39) ωmax � min

(
Ω,

π

n(τ1 + τ2)

)
,
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where Ω � sI and sI is the root of (2) with the largest imaginary part for τ = 0.

In this work, we use the QPmR method simply to validate the findings of CTCR.
Therefore, the selection of the search region D, especially at the expected stability
switching locations, is relatively easy to determine. For this, we utilize the information
gained from the CTCR algorithm and select sufficiently large ωmax > ωc, where ωc is
the root crossing frequency for a point on either the kernel or an offspring for τ �= 0.

In summary, the QPmR procedure determines the exact position of the rightmost
roots for all points of the mesh grid in the delay domain [0, τ1,max] × [0, τ2,max]. This
allows us to construct the regions with an equal number of unstable roots (NU).
Example cases are provided for clarity next.

5. Example case studies.

5.1. Example 1. Consider a scalar neutral system (1) with a = 0.5, b = −0.35,
c = 0.31, d = −1.5, f = 2, g = −2, h = −3. The first step is to check the strong
stability, which is given for the scalar case by inequalities (33). Both inequalities
are satisfied; thus the neutral system is strongly stable (i.e., the system is delay-
stabilizable). Applying the CTCR algorithm step by step, we obtain the stability
picture given in Figure 2. The color of the curves (when viewed in color) distinguishes
the root tendency with respect to the delay τ1; red RT τ1 = 1, blue RT τ1 = −1. The
number of unstable roots in each region, NU, is also shown sparingly. Obviously,
the stable regions are marked by NU = 0. As can be seen, such a region in Figure 2
consists of two branches; one stable zone covers a narrow region close to axis τ2, while
the boundaries of the other one, which is wider, tend to infinity parallel to the line
τ1 = τ2.

In Figure 3, we present the results obtained by the QPmR algorithm. To create
this figure, the algorithm was used at sufficiently dense grid points in the (τ1, τ2)
plane, here 150 × 150 points. One can see the regions with equal NU (number of
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Fig. 2. Stability picture obtained using CTCR for Example 1; kernel (thick), offspring (thin),
stable region (shaded).
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unstable roots), as they are shaded at different levels. The results obtained by CTCR
and QPmR are in complete agreement.

In Figure 4 the spectra of the neutral system and its associated difference equation
are computed using QPmR. They are shown for two selected points in the delay
domain, P1(π, 3) and P2(π, 4); see also Figure 2. The number of unstable roots agrees
with those found by CTCR (as declared in Figure 2), i.e., for P1, NU = 0 and for P2,
NU = 6.

5.2. Example 2. Consider a neutral equation (1), with n = 2, with the matrices

A =

[
−0.7 0

0 −0.1

]
, B =

[
0 −0.4

−0.1 −0.2

]
, C =

[
0 −0.9
0 −0.3

]
,

D =

[
−0.5 0

0 −0.3

]
, F =

[
0 −0.1

0.4 0

]
,

G =

[
−0.7 −0.1

0 −0.4

]
, H =

[
−0.5 0.2
0.1 −0.3

]
.

The corresponding characteristic equation is

(40)

CE (s, τ1 , τ2) = s2 + 0.8 s + 0.13 + (0.8 s2 + 1.06 s + 0.3) e−τ1s

+ (0.07s2 + 0.26s + 0.15) e−2τ1s + (0.2s2 + 0.16s− 0.07)e−τ2s

+ (−0.04s2 + 0.15s + 0.04) e−2τ2s + (0.44s2 + 1.44s + 0.42) e−(τ1+τ2)s

+ (0.21s2 + 0.5s + 0.41) e−(2τ1+τ2)s + (0.21s + 0.28) e−2(τ1+τ2) s

+ (−0.09s2 + 0.49s + 0.04)e−(τ1+2τ2)s = 0.
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Fig. 3. Number of unstable roots (NU) for Example 1 determined using the QPmR algorithm.
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Fig. 4. Spectra of the neutral system for Example 1 (dots) and the associated difference equation
(crosses) for (a) P1(π, 3) and (b) P2(π, 4).

The delay stabilizability is checked first as described in subsection 3.1. The difference
equation is stable, as small-delay analysis reveals no sign change on the first column
of the array described in Table 2. So the difference equation is strongly stable, and
the system is delay-stabilizable. CTCR continues to determine the robust stability
regions with respect to the uncertain delays. The results of both CTCR and QPmR
are shown in Figures 5 and 6, respectively. As can be seen, only one stability region
(with NU = 0) appears over the selected delay regions. Its shape is determined by the
kernel and the offspring curves. QPmR declares the dominant characteristic roots of
which the real parts are displayed in Figure 6. The stability boundary is marked by
a thick black curve. Both methods again concur.

6. Conclusions. A general class of neutral systems with two time delays is
studied for the stability robustness against delay uncertainties. The delays appear
both in the neutral and retarded parts, and in the cross-talking format, which is a
challenging feature. First, the method of cluster treatment of characteristic roots
(CTCR) is employed to determine the stability domain in the delays. As the main
contribution of the paper, we demonstrate that the CTCR procedure reveals a very
critical feature, called the “delay stabilizability,” as a by-product. It is based on
small-delay analysis of the dynamics. Even though the criterion is designed for a
general system with n-dimensional matrices, special attention is paid to the scalar and
two-dimensional cases for ease of conveyance. Furthermore, an alternative numerical
algorithm is deployed for cross-validating the findings of CTCR. This algorithm is
based on precisely computing the rightmost characteristic roots of the system for
given delay values. Example cases are presented to display the concurrence of the two
methods.
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Fig. 5. NU distribution obtained by CTCR for Example 2; kernel (thick), stable region (shaded).

Fig. 6. Real part of the rightmost root sr of the spectrum for Example 2 as (τ1, τ2) vary. The
thick line is the stability boundary in the delay space.
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DESIGN OF POSITIVE LINEAR OBSERVERS FOR POSITIVE
LINEAR SYSTEMS VIA COORDINATE TRANSFORMATIONS AND

POSITIVE REALIZATIONS∗

JUHOON BACK† AND ALESSANDRO ASTOLFI‡

Abstract. Two new approaches to designing positive linear observers for positive linear systems
are proposed. The first one employs a coordinates transformation and the second relies on the theory
of positive realization. These approaches allow one to enlarge the class of positive systems that admit
positive linear observers. New results on compartmental systems are also presented.
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1. Introduction. A positive linear system is a linear system whose trajectories
originating from the nonnegative orthant evolve therein for all positive times. Since
there are many physical systems whose state variables represent some quantities that
should be nonnegative, such as density and population, a lot of researchers have
studied this class of systems; see, for example, [13, 16, 19, 20, 23, 25, 27, 28, 29] and
the references therein.

In this paper we are concerned with the observer design problem for positive linear
systems. It should be mentioned that for general linear systems the observer design
problem has been completely solved; i.e., there exists a (Luenberger) observer if and
only if the system is detectable [22]. However, in this case, the state estimate may not
belong to the nonnegative orthant for some time interval even if the actual state of the
system remains therein. This means that the classical Luenberger observer, if used for
estimating the state of a positive system, may generate a meaningless estimate for the
actual state, which is always nonnegative. Thus, it is natural to develop observers for
positive systems which always produce meaningful information on the system states.

Motivated by this, some results have been published. For example, results on pos-
itive linear observers for compartmental systems [32] (see section 2 for the definition)
and positive systems [9] have been developed. Although these papers provide check-
able conditions for the existence of a positive observer, a system theoretic existence
criterion, such as detectability for general linear systems, is not available yet.

The approaches of the aforementioned works share a fundamental restriction: they
use the Luenberger (identity) observer to find conditions under which a positive (or
compartmental) linear observer exists. This means that the observer is designed in the
original coordinates system and is of the same dimension as the system to be observed.
However, as can be seen from the examples in the paper, this framework severely
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restricts the class of systems that admit (Luenberger-type) positive linear observers.
The main objective of this paper is to introduce new approaches for positive linear

observers and to provide conditions on their existence. The first idea is to employ
a coordinate transformation. It is motivated by the fact that even though a linear
system is not a positive system in one coordinate system, it can be positive in another
coordinate system. The second idea is to formulate the problem as a positive realiza-
tion problem [2, 5, 12, 24]. It is based on the fact that a positive linear observer can be
regarded as a transfer function which has a positive realization. This method allows
us to circumvent the inverse eigenvalue problem [10, 21], which should be solved if we
fix the dimension of the observer equal to that of the system. In other words, in the
positive realization approach, the dimension of the observer is also a design parameter.

The contribution of this paper (and the organization) is summarized as follows.
1. Luenberger-type observers (section 3): some existing results are examined

and corrected to establish basic results, especially on compartmental systems
(section 3.2).

2. Positive observers using a coordinates transformation (section 4): two neces-
sary conditions (section 4.2) and one sufficient condition (section 4.3) on the
spectrum are provided.

3. Positive observers via positive realization (section 5): a sufficient condition
which is less restrictive than other approaches is obtained and applied to
compartmental systems (section 5.2).

Several illustrative examples are presented to show the effectiveness of the approaches.

2. Preliminaries and notation. Let R (C, resp.) be the set of real numbers
(complex numbers, resp.) and R

n the set of n-tuples with each component belonging
to R. Define R+ := [0,∞), R− := (−∞, 0). R

n
+ is the set of n-tuples of R+ and

int R
n
+ is the interior of R

n
+. Let R

n×m (Rn×m
+ ) be the set of n ×m matrices whose

elements are in R (R+, resp.). Given A ∈ R
n×m, At is the transpose of A, and σ(A)

the set of all eigenvalues of A. A matrix A is said to be singular if 0 ∈ σ(A).
For λ ∈ C, Re λ is the real part of λ. C− := {λ ∈ C | Re λ < 0}.
Given A, B ∈ R

n×m, A > B (A ≥ B, resp.) if and only if Aij > Bij (Aij ≥ Bij ,
resp.) ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ m. A < B and A ≤ B are defined similarly.

A matrix A ∈ R
n×n is called a Metzler matrix if Aij ≥ 0 ∀i �= j (i.e., ∃α ∈ R+

such that A+αI ∈ Rn×n
+ ). A matrix A is said to be inverse-positive if it is invertible

and A−1 ≥ 0.
Given A1, . . . , An where Ai ∈ R

ni×mi , diag{A1, . . . , An} is a block diagonal
matrix whose (i, i)th block is Ai, while the nondiagonal blocks are all zero matri-
ces. The matrix 1n×m ∈ R

n×m (0n×m, resp.) stands for the matrix whose elements
are all 1 (0, resp.).

A compartmental matrix A ∈ R
n×n is a Metzler matrix with the property∑n

i=1 aij ≤ 0 ∀j ∈ {1, . . . , n}.
A matrix A ∈ R

n×n is said to be reducible if there exists a permutation matrix
P ∈ R

n×n such that

PAP t =

[
A11 0
A21 A22

]
,

where A11, A22 are square matrices. A is said to be irreducible if A is not reducible.
The following properties are well known.
Theorem 2.1 (see [6, 17, 23]). Let A ∈ R

n×n be a Metzler matrix.
1. There exist a real number λmax(A) and a vector vmax ∈ R

n
+ such that (1) Avmax
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= λmax(A)vmax and (2) if λ �= λmax(A) is any other eigenvalue of A, then
Re λ < λmax(A).

2. If A is irreducible, then the eigenvalue with maximal real part λmax(A) has
(algebraic) multiplicity one and there exists a positive eigenvector vmax asso-
ciated to λmax(A).

3. If A is a compartmental matrix, then σ(A) ⊆ {λ ∈ C |Re λ < 0 or λ = 0}.
Recall that λmax(A) is often called the Perron–Frobenius eigenvalue.
Now we recall the definition of positive linear systems (with positive inputs and

positive outputs) and one of their characterizations.
Definition 2.2 (see [23, 32]). Consider a continuous-time linear dynamic system

(2.1)
ẋ=Ax + Bu, x(t0) = x0,

y=Cx + Du,

where x ∈ R
n is the system state, u ∈ R

p the system input, and y ∈ R
q the system

output. This system is called a positive linear system if ∀x0 ∈ R
n
+ and ∀u(t) ∈ R

p
+,

∀t ≥ 0, we have x(t) ∈ R
n
+ and y(t) ∈ R

q
+ ∀t ≥ 0.

Proposition 2.3 (see [23, 32]). A linear dynamic system of the form (2.1) is a
positive linear system if and only if B ≥ 0, C ≥ 0, D ≥ 0, and A is a Metzler matrix.

We close this section with a result on the shift of λmax(A) which follows trivially
from Theorem 2.9 of [7]. (See also [26] for a proof of Brauer’s theorem.)

Theorem 2.4 (adapted from Theorem 2.9 of [7]). Let A ∈ R
n×n be an irreducible

Metzler matrix and let vmax be the eigenvector associated to λ1 := λmax(A). Also, let
v ∈ R

n. Then

σ(A− vmaxv
t) = (σ(A) \ {λ1}) ∪ {λ1 − vtvmax}.

3. Luenberger-type positive linear observers. In this section, Luenberger-
type positive linear observers are discussed. At first, the problem is defined and a
characterization is provided. We also discuss the problem for a special class of positive
systems whose maximal real eigenvalue is less than or equal to zero and present a
necessary and sufficient condition on the existence of observers.

3.1. Problem formulation and basic results. Consider unforced multioutput
linear systems,

(3.1)
ẋ=Ax, x(t0) = x0,

y=Cx,

where A ∈ R
n×n, C ∈ R

q×n. Throughout the paper, we assume that C has rank q
and that system (3.1) is a positive linear system (i.e., A is Metzler and C ≥ 0).

As far as the state observation problem is concerned, it is natural to consider the
Luenberger-type observer (linear identity observer)

(3.2) ˙̂x = Ax̂ + K(y − Cx̂),

because the observer problem for linear systems has been completely solved in this
form [22].

As mentioned in section 1, we would like to design an observer which estimates
the states of the system and is itself a positive system whose input is the system’s
output y and whose output is the state estimate x̂. In other words, we require (3.2)
to satisfy
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1. K ∈ R
q×n
+ ;

2. A−KC is a Metzler and Hurwitz matrix.
For the single output case (q = 1), a necessary and sufficient condition has been

stated in [9] whose proof requires the property shown below.
Lemma 3.1 (adapted from Problem 6.9.1 in [23]). Let A be a Metzler matrix.

Let Z1, Z2 ∈ R
n×n
+ be such that Z1 ≤ Z2. If A − Z1 and A − Z2 are Metzler, then

λmax(A− Z1) ≥ λmax(A− Z2).
With this lemma, it is possible to establish the following result. A slight modifi-

cation of the proof provided in [9] proves the assertion.
Theorem 3.2 (see [9]). Given a Metzler matrix A ∈ R

n×n and a nonzero matrix

C ∈ R
1×n
+ , let K∗ =

[
k∗1 · · · k∗n

]t ∈ R
n
+ be a nonnegative matrix defined as follows.

If there exists an index i such that ci �= 0, while cj = 0 for j �= i, then

k∗i >
aii
ci

,

k∗j =
aji
ci

for j �= i.

Otherwise,

k∗j = min
i �=j,ci �=0

{
aji
ci

}
∀j.

Then there exists a nonnegative matrix K ∈ R
n
+ such that A−KC is a Hurwitz and

Metzler matrix if and only if λmax(A−K∗C) < 0.
As mentioned in [9], one can easily check the condition for the existence of positive

observers of the form (3.2). Moreover, if C contains more than two nonzero elements,
then Theorem 3.2 gives a gain matrix K∗ such that λmax(A−K∗C) ≤ λmax(A−KC)
∀K ∈ R

n×1
+ making A −KC Metzler; i.e., K∗ pushes the maximum real eigenvalue

toward −∞ as far as possible.

3.2. Result on a class of positive systems. Consider a positive linear sys-
tem (3.1) with

(3.3) 0 ∈ σ(A) ⊂ {λ ∈ C |Re(λ) < 0} ∪ {λ = 0}.

Note that the matrix A is Metzler and its spectrum satisfies the condition (3.3), but
it is not in general a compartmental matrix. This class of systems has been dealt with
in [19] and contains compartmental systems (see [1, 16] and the references therein). In
particular, the paper [19] considers the stabilization problem of single input positive
linear systems. As far as the observer design problem is concerned, [32] characterizes
systems that admit positive linear observers.

We provide a complement to the main result of [32, Theorems 3.13 and 4.12],
especially for the reducible case. Since the class of systems in this subsection covers
compartmental systems, the result of this section is a new (and corrected) version of
Theorem 3.13 of [32], and its dual is an extension of [19] to the multi-input case.

To remove any notational ambiguity, we use [A]ij for the (i, j)th entry of A (this
notation is confined to this subsection). We note that for a compartmental matrix A,
if A − B is Metzler for some matrix B ∈ R

n×n
+ , then A − B is compartmental. This

property is used several times in this subsection.
Following the same procedure of [19] with a transformation T = diag{t1, . . . , tn},

ti > 0, and a suitable permutation matrix P , A is assumed to have the form (3.4)
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shown below:

(3.4) A :=

⎡
⎢⎢⎢⎢⎣
A11 0 · · · 0

A21 A22 · · · 0

...
...

. . .
...

Aν1 Aν2 · · · Aνν

⎤
⎥⎥⎥⎥⎦

for ν = 1 (A is irreducible) or ν ∈ {2, . . . , n} (A is reducible), where the block matrices
Aij are such that

1. Aii, 1 ≤ i ≤ ν, is a square irreducible compartmental matrix;
2. Aij ≥ 0 if i �= j.

Let di be the dimension of the matrix Aii, and let 1 ≤ s1 < · · · < sm be such that
Asisi is a singular block in A. Note that if i /∈ {s1, . . . , sm}, Aii is Hurwitz. Since
the matrices Aii are irreducible, 0 is a simple eigenvalue of each Asisi and hence m
coincides with the algebraic multiplicity of 0 as an eigenvalue of A.

The matrices C and K (obtained, in turn, by means of the transformation T and
the permutation P ) can be block-partitioned as follows:

(3.5) C :=

⎡
⎢⎢⎣
C11 · · · C1ν

...
. . .

...

Cq1 · · · Cqν

⎤
⎥⎥⎦ ,

where Cij ∈ R
1×dj

+ , 1 ≤ i ≤ q, 1 ≤ j ≤ ν (Cij is a row vector with dimension
compatible with Ajj), and

(3.6) K :=

⎡
⎢⎢⎣
K11 · · · K1q

...
. . .

...

Kν1 · · · Kνq

⎤
⎥⎥⎦ ,

where Kij ∈ R
di×1
+ , 1 ≤ i ≤ ν, 1 ≤ j ≤ q.

From this decomposition, we obtain the following result.
Lemma 3.3. Suppose system (3.1) satisfies (3.3). If the system admits a pos-

itive linear observer of the form (3.2), then the algebraic multiplicity m of the zero
eigenvalue of A is at most q.

Proof. The existence of a positive linear observer implies that there exists K ∈
R

n×q
+ , which renders the matrix A−KC Metzler (hence, compartmental) and Hurwitz.

Since A is lower block triangular, it is necessary that all blocks Aij −
∑q

l=1 KilClj for
j > i be zero, namely,

(3.7) KilClj = 0, j > i, l = 1, . . . , q.

Then necessarily the diagonal block Asisi −
∑q

μ=1 KsiμCμsi is compartmental and
Hurwitz ∀i = 1, . . . ,m. Thus, there exist η1, . . . , ηm ∈ {1, . . . , q} such that

(3.8) Kslηl
Cηlsl �= 0, l = 1, . . . ,m.

This relation with l = 1 yields Ks1η1 �= 0. This fact and (3.7) imply Cη1s2 = 0, . . . ,
Cη1sm = 0. Thus, it follows from (3.8) that η1 �= η2, η1 �= η3, . . . , η1 �= ηm. Repeating
this argument for l = 2, . . . ,m, we have

(3.9) ηi �= ηj , i �= j, 1 ≤ i, j ≤ m,
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which proves the assertion.
Now, we state the main result of this subsection.
Theorem 3.4. There exists K ∈ R

n×q
+ such that system (3.2) is a positive linear

observer if and only if there exist m numbers η1, . . . , ηm with ηi ≤ q, i = 1, . . . ,m,
and ηi �= ηj if i �= j, and m numbers ξ1, . . . , ξm with ξi ∈ {1, . . . , dsi}, 1 ≤ i ≤ m,
such that for each i ∈ {1, . . . ,m} the following conditions hold:

1. Cηisi �= 0 and ∀μ ∈ {1, . . . , dsi} with μ �= ξi and [Cηisi ]μ �= 0; it holds that
[Asisi ]ξiμ �= 0.

2. Cηisi+1 = 0, . . . , Cηiν = 0.
3. For every μ ∈ {1, . . . , dsi} and every l ∈ {1, . . . , si − 1}, condition [Cηil]μ �= 0

implies [Asil]ξiμ �= 0.
Proof. Necessity: By Lemma 3.3, it follows that m ≤ q. Moreover, since A is

lower block triangular and A−KC is Hurwitz and Metzler, one has, as in the proof
of Lemma 3.3,

Aij −
q∑

η=1

KiηCηj ≥ 0, j < i,(3.10)

Aii −
q∑

η=1

KiηCηi : Hurwitz and compartmental, 1 ≤ i ≤ ν,(3.11)

q∑
η=1

KiηCηj = 0, j > i.(3.12)

Consider (3.11). Since Asisi is singular, the matrix
∑q

η=1 KsiηCηsi must be nonzero.
This means that there exists ηi ∈ {1, . . . , q} such that KsiηiCηisi �= 0 and Asisi −
Ksiηi

Cηisi is compartmental. Moreover, since Asisi is an irreducible compartmental
matrix and Asisi −KsiηiCηisi is also a compartmental matrix, it follows from Propo-
sition 3.12 in [32] that Asisi − Ksiηi

Cηisi is a Hurwitz and compartmental matrix.
Since Ksiηi

is a nonzero vector, there exist ξi ∈ {1, . . . , dsi} such that [Ksiηi
]ξi �= 0,

i.e., [Ksiηi ]ξi > 0.
We show that the indices ηi and ξi satisfy Condition 1. Let μ ∈ {1, . . . , dsi} and

μ �= ξi. Suppose [Cηisi ]μ �= 0 (equivalently, [Cηisi ]μ > 0). Recalling that Asisi −
Ksiηi

Cηisi is compartmental, μ �= ξi implies that

0 ≤ [Asisi −Ksiηi
Cηisi ]ξiμ = [Asisi ]ξiμ − [Ksiηi

]ξi [Cηisi ]μ.

From the fact that [Cηisi ]μ > 0 and [Ksiηi ]ξi > 0, it follows that [Asisi ]ξiμ > 0.
Therefore, the existence of ηi and ξi satisfying Condition 1 has been proved. Note
that the fact ηi �= ηj if i �= j has not been proved yet.

We will prove Conditions 2 and 3 for this choice of ηi’s and of ξi’s.
By (3.12) and Ksiηi �= 0, we obtain Cηisi+1 = 0, . . . , Cηiν = 0, which proves that

Condition 2 holds true.
Now, we prove the fact ηi �= ηj if i �= j. Note that when m = 1, there is only

one index and hence there is nothing to prove. For the case m ≥ 2, suppose there
exist i, j ∈ {1, . . . ,m} such that i < j and ηi = ηj . Then, by Condition 2, we
have Cηisi+1 = 0, . . . , Cηisj = 0, . . . , Cηiν = 0. Moreover, the fact ηi = ηj results in
Cηjsj = 0. However, this is a contradiction to Condition 1 (Cηisi �= 0 ∀i).

Moving to Condition 3, let μ ∈ {1, . . . , dsi} and l ∈ {1, . . . , si − 1} and suppose
[Cηil]μ �= 0. Since l < si, relation (3.10) holds, and therefore 0 ≤ Asil −

∑q
η=1 KsiηCηl.
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Hence, Ksiηi
Cηil ≤

∑q
η=1 KsiηCηl ≤ Asil. Recalling that [Ksiηi

]ξi > 0, which has
been shown in the first part of this proof, one has 0 < [Ksiηi

]ξi [Cηil]μ = [Ksiηi
Cηil]ξiμ ≤

[Asil]ξiμ, which proves that Condition 3 holds true. Therefore the proof of necessity
is complete.

Sufficiency: We take Kvw = 0 if there is no i ∈ {1, . . . ,m} such that v = si and
w = ηi. That is to say, only the vectors Ksiηi

, i = 1, . . . ,m, will be chosen to be
nonzero. Indeed, let Ksiηi

, i = 1, . . . ,m, be defined as follows.
1. In case Cηi1 = 0, . . . , Cηisi−1 = 0, and [Cηisi ]ξ = 0, ξ �= ξi,

[Ksiηi
]ξ = 0, ξ �= ξi,

[Ksiηi ]ξi = αi, αi : arbitrary positive number.

2. Otherwise

[Ksiηi ]ξ = 0, ξ �= ξi,

[Ksiηi
]ξi = min

1≤μ≤n, μ �=μ∗
i

[C]ηiμ �=0

[A[si]]ξiμ

[C]ηiμ
, μ∗i := ξi +

si−1∑
j=1

dj ,

where A[si] :=
[
Asi1 · · · Asisi 0 · · · 0

]
∈ R

dsi
×n

+ .
It is easy to see that the matrix K constructed above is nonzero and renders A−KC
a Hurwitz and Metzler matrix. Thus the assertion follows.

Since our class of systems includes compartmental systems, it is expected that
Theorem 3.4 can be refined further. To do this, we assume that (3.1) is a compart-
mental system (A is a compartmental matrix and C ∈ R

q×n
+ ) with 0 ∈ σ(A) and the

algebraic multiplicity of the zero eigenvalue is m. Without loss of generality it can be
assumed that A has the form (Theorem 3.6 in [32])

(3.13) A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 0 0 0 · · · 0

...
. . . 0

Aν−m,1 Aν−m,ν−m 0

Aν−m+1,1 Aν−m+1,ν−m Aν−m+1,ν−m+1

...
... 0

. . . 0

Aν1 · · · Aν,ν−m 0 0 Aνν

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where Aii ∈ R
di×di is compartmental and irreducible ∀i = 1, . . . , ν, and 0 ∈ σ(Aii)

with multiplicity 1 ∀i = ν −m+ 1, . . . , ν. Note that A11, . . . , Aν−m,ν−m are Hurwitz

and Aij ≥ 0, i �= j. We also decompose C as in (3.5). Thus, Cij ∈ R
1×dj

+ .
The special structure of A allows us to refine Theorem 3.4 as follows. Note that

this result is a correct version of Theorem 3.13 in [32].1

1Theorem 3.13 in [32]: Consider a linear compartmental system (3.1) with A, C decomposed as

in (3.13) and (3.5). Let Ci=
[
Ct

1i · · · Ct
qi

]t
. Suppose the zero eigenvalue of A is of multiplicity m.

1. If m = 0, then (A,C) is positively detectable if and only if (A,C) is positively modifiable.
2. For m ≥ 1, (A,C) is positively detectable if and only if (Aii, Ci) is positively modifiable

∀i = ν −m + 1, . . . , ν.
(A,C) is said to be positively detectable if ∃K ≥ 0 such that A − KC is Hurwitz and compart-
mental, and (A,C) is said to be positively modifiable if ∃K ≥ 0 such that KC �= 0 and A − KC is
compartmental.
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Corollary 3.5. Consider the positive system (3.1) with A being a compartmen-
tal matrix decomposed as in (3.13) and suppose the multiplicity of the zero eigenvalue
of A is m ≥ 1. This system admits a positive linear observer of the form (3.2)
with K ∈ R

n×q
+ if and only if there exist m numbers ην−m+1, . . . , ην with ηi ≤ q,

ν − m + 1 ≤ i ≤ ν, and ηi �= ηj if i �= j, and m numbers ξν−m+1, . . . , ξν with
ξi ∈ {1, . . . , di}, ν − m + 1 ≤ i ≤ ν, such that for each i ∈ {ν − m + 1, . . . , ν} the
following conditions hold:

1. Cηii �= 0, and ∀μ ∈ {1, . . . , di} with μ �= ξi and [Cηii]μ �= 0, it holds that
[Aii]ξiμ �= 0.

2. Cηik = 0 ∀k ∈ {ν −m + 1, . . . , ν} − {i}.
3. For every μ ∈ {1, . . . , di} and every l ∈ {1, . . . , ν −m}, condition [Cηil]μ �= 0

implies [Ail]ξiμ �= 0.
Condition 1 of Corollary 3.5 is the detectability condition with a positive gain

matrix (in [32], it is called positive detectability). The second condition says that
each output associated to the singular block should be decoupled in some sense. The
last condition guarantees that A−KC is a Metzler matrix.

Example 3.6. Consider a positive linear system with (A,C) defined by

A =

[
M 0

0 M

]
,

M :=

[
−1 1

1 −1

]
,

C =
[
1 1 1 1

]
.

Since 0 ∈ σ(A), m = 2, and the pair (M,
[
1 1

]
) is positively modifiable in the sense

of [32], Theorem 3.13 of [32] asserts that there exists K ∈ R
4×1
+ such that A−KC is a

Hurwitz and compartmental matrix. However, any nonzero value of ki (ith component
of K) yields a negative off-diagonal entry in A − KC. Thus, this system does not
admit a positive linear observer of the form (3.2). (Furthermore, it is not possible
to find a K ∈ R

4×1 rendering A − KC a Hurwitz matrix, because (A,C) is not a
detectable pair.) Note that this can be verified easily by Corollary 3.5 or Lemma 3.3
since m > q = 1.

Theorem 3.13 of [32] is not complete even if a detectability condition is added to
the conditions. Consider the pair (A,C) defined by

A =

[
−1 0

0 M

]
, C =

[
1 1 1

]
.

It is easy to see that (A,C) is a detectable pair, but there is no K ∈ R
3
+ that renders

A−KC Hurwitz and compartmental, although this pair satisfies the condition of [32].
According to Corollary 3.5, the problem can be solved if (A,C) satisfies additional
conditions, for example, [A]2,1 > 0 or [A]3,1 > 0, or C =

[
0 1 1

]
.

Remark 3.7. 1. The condition m ≤ q is inspired by the result [19, Proposition
10], which deals with the stabilization problem for single input positive systems (i.e.,
find a gain vector k such that −k ∈ Rn

+ and A + gk is Hurwitz and Metzler where A
satisfies the condition (3.3)). One can modify Lemma 3.3 and Theorem 3.4 to obtain
multi-input extensions of the results in [19].

2. When system (3.1) has an input vector field (i.e., ẋ = Ax + Bu, y = Cx), the
observer becomes ˙̂x = Ax̂ + K(y − Cx̂) + Bu.
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4. Positive linear observers using coordinate transformations.

4.1. Problem formulation and basic results. In this section, we propose a
new design method for positive linear observers. It is based on the fact that even
though a linear system is not positive with respect to (w.r.t.) a coordinate system,
it can be positive w.r.t. a different coordinate system. With this fact in mind, we
propose a new positive observer which employs a coordinate transformation.

Definition 4.1. Consider system (3.1). If there exist K ∈ R
n×q such that

A − KC is Hurwitz and a nonsingular matrix T ∈ R
n×n such that the dynamic

system described by

(4.1)
˙̂z =T (A−KC)T−1ẑ + TKy,

x̂=T−1ẑ

is a positive system w.r.t. input y and output x̂, we call this a positive observer for
system (3.1).

Clearly, the system defined above is a positive observer since it guarantees that
limt→∞(x̂(t) − x(t)) = 0 and x̂(t) ∈ R

n
+ ∀t ≥ 0. Note that the observers developed

in the previous section are special cases of the observer in (4.1) (T = I). Before
proceeding, we present an example to show the effectiveness of our approach.

Example 4.2. Consider the positive system

(4.2) ẋ =

[
−1 1

2 0

]
x =: Ax, y =

[
1 0

]
x =: Cx.

Theorem 3.2 tells us that it is not possible to design a positive observer with the
structure (3.2). (It results in k∗1 > −1 and k∗2 = 2, which make λmax(A−K∗C) ≥ 0.)

Now, take K =
[
2 4

]t
. Then the Luenberger observer becomes

˙̂x =

[
−3 1

−2 0

]
x̂ +

[
2

4

]
y,

which is not a positive system. However, if we transform this system using ẑ = T x̂,

where T :=
[ 1√

2
1√
5

1√
2

2√
5

]−1

with T−1 ∈ R
2×2
+ , one has

˙̂z = T (A−KC)T−1ẑ + TKy

=

[
−2 0
0 −1

]
ẑ +

[
0

2
√

5

]
y,

x̂ = T−1ẑ,

which is a positive system.
Now, we present a preliminary result whose proof is standard.
Theorem 4.3. Consider a positive linear system (3.1). Suppose (A,C) is de-

tectable. There exists a positive linear observer (4.1) if and only if there exist F, G,
and T such that

1. F ∈ R
n×n is Hurwitz and Metzler, and G ∈ R

n×q
+ ;

2. T is a solution of the Sylvester equation

(4.3) TA− FT = GC.

3. T is invertible and T−1 ∈ R
n×n
+ .
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It is well known from linear systems theory that if A and F have no common
eigenvalues, then a solution T to (4.3) always exists and is unique. Moreover, if A
and F have no common eigenvalues, observability of (A,C) and controllability of
(F,G) are necessary conditions for the existence of a nonsingular solution T of (4.3)
[8]. (It is also sufficient in the single output case.) If (A,C) is detectable, but not
observable, then σ(A)∩σ(F ) �= ∅, and hence we will not consider this case, but rather
the restrictive one when σ(A) ∩ σ(F ) = ∅.

Remark 4.4. 1. An inverse-positive matrix T solves (4.3) if and only if an invertible
nonnegative matrix S = T−1 solves the equation

(4.4) AS − SF = SGCS.

Note that (4.3) is a linear equation w.r.t. T while (4.4) is a quadratic one w.r.t. S.
Equation (4.4) is called a nonsymmetric algebraic Riccati equation in the literature.

2. To check the existence of positive linear observers, that is to say, to check
whether the equation TA − FT = GC admits a solution such that T−1 ∈ R

n×n
+ ,

one should use information on the structure of F and G, and in particular on the
eigenvalues of F . However, to the best of the authors’ knowledge, the problem of the
realization (or of the existence) of a Metzler matrix which has prescribed eigenvalues
is not solved. This problem, the so-called inverse eigenvalue problem, has been recog-
nized as a very hard problem (note that a Metzler matrix M is a nonnegative matrix
up to a shift process, i.e., M + αI ∈ R

n×n
+ for some α ∈ R), and there are very few

results on general cases (see [6, 10, 21, 30] and the references therein).
3. For controlled systems (ẋ = Ax + Bu, y = Cx), the matrix T should satisfy

TB ≥ 0 in addition to the conditions of Theorem 4.3.

4.2. Necessary conditions: Single output case. Two necessary conditions
on the system matrix, in particular on the number of real eigenvalues, are provided.

The first necessary condition utilizes the explicit solution T of (4.3). It also
exploits the structure of the matrix F . As mentioned in Remark 4.4, we do not have
sufficient information on the structure the matrix F may be endowed with in the
general case. To make the problem tractable, additional structural conditions on the
observers are imposed. We also assume that F is chosen so that σ(F ) ∩ σ(A) = ∅ to
ensure that the Sylvester equation TA− FT = GC has a unique solution T [8].

Theorem 4.5. Suppose the positive system (3.1) admits a positive linear observer
of the form (4.1). Let F = T (A −KC)T−1 and G = TK. If F is chosen to satisfy
(1) σ(F ) ∩ σ(A) = ∅, and (2) F = diag{λ1, . . . , λn}, λi ∈ R−, then A has at least
n− 1 distinct negative real eigenvalues.

Proof. Let ΔA(s) be the characteristic polynomial of A, i.e.,

(4.5) ΔA(s) = det(sI −A) = sn + α1s
n−1 + α2s

n−2 + · · · + αn.

Without loss of generality we assume that λ1 ≤ λ2 ≤ · · · ≤ λn. In fact, if this
is not the case, we transform F with a suitable permutation matrix P such that the
diagonal elements of F = PFP t are ordered as required, since an inverse-positive
matrix T is a solution to TA− FT = GC if and only if T = PT is a inverse-positive
matrix satisfying TA− FT = GC, G = PG.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DESIGN OF POSITIVE LINEAR OBSERVERS 355

Now, following the same derivations as in [8], we have

TI − IT = 0,

TA− FT = GC,

TA2 − F 2T = GCA + FGC,

...

TAn − FnT = GCAn−1 + FGCAn−2 + · · · + Fn−2GCA + Fn−1GC,

and

TΔA(A) − ΔA(F )T =
[
G FG · · · Fn−1G

]
⎡
⎢⎢⎢⎢⎢⎢⎢⎣

αn−1 αn−2 · · · α1 1

αn−2 αn−3 · · · 1 0

...
...

...
...

α1 1 · · · 0 0

1 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

C

CA

...

CAn−2

CAn−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=: UFΛαVA.

Note that the matrices UF and VA are the controllability matrix of the pair (F,G)
and the observability matrix of the pair (C,A), respectively.

Since ΔA(A) = 0, and the condition σ(F ) ∩ σ(A) = ∅ ensures that ΔA(F ) =
diag{ΔA(λ1), . . . ,ΔA(λn)} is nonsingular, we have

(4.6) T = −(ΔA(F ))−1UFΛαVA.

In addition, the existence of a positive linear observer (4.1) implies that there exists
S ∈ R

n×n
+ such that

TS = I.

In other words,

(4.7) UFΛαVAS = −ΔA(F ).

Now, expand UF as follows.

UF =

⎡
⎢⎢⎣
g1 λ1g1 · · · λn−1

1 g1

...
...

...

gn λngn · · · λn−1
n gn

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
g1

. . .

gn

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 λ1 . . . λn−1
1

...
...

...

1 λn · · · λn−1
n

⎤
⎥⎥⎦ .

Notice that since ΔA(F ) is nonsingular, UF is nonsingular as well, and hence
• gi �= 0 for every i (equivalently, gi > 0 since G ≥ 0);
• the Vandermonde matrix [8] on the right-hand side is nonsingular (equiva-

lently, all λi’s are distinct).
Set Θ := UFΛα, so that (4.7) becomes

ΘVAS = −

⎡
⎢⎢⎣

ΔA(λ1)

. . .

ΔA(λn)

⎤
⎥⎥⎦ ,
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and notice that

(4.8) detΘ =

(
n∏

i=1

gi

)⎛
⎝ ∏

1≤i<j≤n
(λi − λj)

⎞
⎠ .

If we let Si denote the ith column of S, we get

ΘVASi =

⎡
⎢⎣

0(i−1)×1

−ΔA(λi)

0(n−i)×1

⎤
⎥⎦ .

Consequently, by recalling the definition of VA, we get for every i = 1, . . . , n

CSi =
[
1 0 · · · 0

]
VASi =

[
1 0 · · · 0

]
Θ−1

⎡
⎢⎣

0(i−1)×1

−ΔA(λi)

0(n−i)×1

⎤
⎥⎦

= (−1)i
ΔA(λi)

detΘ
· detΘ[i],

where Θ[i] is the (n− 1)× (n− 1) submatrix of Θ obtained by deleting in Θ the first
column and the ith row.

Using (4.8), we compute

det Θ[i]

det Θ
=

∏
1≤u<v≤n,u �=i,v �=i(λu − λv)

gi
∏

1≤u<v≤n(λu − λv)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

gi

[∏
1≤u<i(λu − λi)

] [∏
i<v≤n(λi − λv)

] , 2 ≤ i ≤ n− 1,

1

g1(λ1 − λ2) · · · (λ1 − λn)
, i = 1,

1

gn(λ1 − λn) · · · (λn−1 − λn)
, i = n.

Since λi < λi+1, i = 1, . . . , n− 1, and gi > 0, it follows that

CSi = (−1)i+n−1ΔA(λi)

∣∣∣∣det Θ[i]

det Θ

∣∣∣∣ ,
which in turn implies that

(−1)i+n−1ΔA(λi) > 0, i = 1, . . . , n.

Moreover, by the relation

(−1)i+n−1ΔA(λi) · (−1)i+1+n−1ΔA(λi+1) > 0, i = 1, . . . , n− 1,

we have

ΔA(λi)ΔA(λi+1) < 0, i = 1, . . . , n− 1.
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Since ΔA(·) is a continuous function, there exists λ∗i such that

ΔA(λ∗i) = 0, λi < λ∗i < λi+1, i = 1, . . . , n− 1.

That is to say, there are at least n−1 negative real eigenvalues of A, which completes
the proof.

The second result of this subsection is on the number of positive real eigenvalues
of the system matrix in the general case, i.e., in the case that no assumption, apart
from stability, on the eigenvalues of F is imposed. To prove the result, we need the
following fact.

Lemma 4.6. Let A ∈ R
n×n be Metzler and C ∈ R

q×n
+ . If there exists K ∈ R

n×q
+

such that A − KC is Metzler and λmax(A − KC) < λmax(A), then the algebraic
multiplicity of λmax(A) is at most q.

Proof. Let m be the multiplicity of λmax(A) as an eigenvalue of A. The Metzler
matrix Â := A − λmax(A)In satisfies (3.3) and has 0 as an eigenvalue of multiplicity
m. Also, since λmax(Â − KC) < 0, the matrix K corresponds to the gain matrix
of a positive linear observer of the form (3.2) for the system. So, by Lemma 3.3,
m ≤ q.

This lemma says that for the single output case, we cannot make λmax(A−KC)
less than λmax(A) if the multiplicity of λmax(A) is greater than 1.

Theorem 4.7. Let A ∈ R
n×n be a Metzler matrix and C := [c1, . . . , cn] ∈

R
1×n
+ . If there exists a positive linear observer of the form (4.1), then the number of

nonnegative real eigenvalues of A counting the multiplicity is at most 1.
Proof. First recall that the existence of a positive linear observer of the form

(4.1) implies that there exists G ∈ R
n
+, S ∈ R

n×n
+ with detS �= 0 such that F =

S−1AS −GCS is Metzler and Hurwitz.
Let A = S−1AS, C = CS. If C is a zero vector, the proof is trivial. Thus, C is

assumed to be a nonzero vector.
Let G ∈ R

n
+ be such that A−GC is Metzler and Hurwitz. Then it is evident that

A − δGC, δ ∈ [0, 1], is Metzler. Moreover, since the zeros of a polynomial depend
continuously on its coefficients, there exists δ∗ ∈ [0, 1) such that A− δGC is Metzler
and Hurwitz ∀δ ∈ [δ∗, 1]. Let Δ(s, δ) = det(sI − A + δGC). We will investigate the
loci of the roots of Δ(s, δ) changing δ from 0 to 1. To do this, the structure of Δ(s, δ)
is considered. Note that

det(sI −A + δGC)(4.9)

= det((sI −A)(I + δ(sI −A)−1GC))

= det(sI −A)(1 + δC(sI −A)−1G)

= det(sI −A) + δCadj(sI −A)G

=: D(s) + δN(s),

where we used the relation

det(I + xyt) = 1 + xty = 1 + ytx, x, y ∈ R
n.

From the structure of (4.9), we can use the classical root locus method to
investigate the location of the zeros of Δ(s, δ) parameterized by δ. Letting Go(s) :=
N(s)/D(s) (n: degree of D(s); m: degree of N(s)), we recall basic rules of root locus
as follows. For details on the root locus, see, for example, [11, 15, 31].
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RL1. The branches of the root locus are continuous curves that start at each of the
n poles of Go(s) for δ = 0. As δ → ∞, the locus branches approach the m
zeros of Go(s). Locus branches for excess poles extend infinitely far from the
origin.

RL2. The root locus includes all points along the real axis to the left of an odd
number of poles and zeros of Go(s).

RL3. If there is a breakaway point (multiple root of Go(s)) on the real axis, the
root loci leave the real axis at a gain δ∗ that is the maximum δ in that region
of the real axis.

Suppose A has more than one nonnegative real eigenvalue. Let λM (λm, resp.) be
the largest (the second largest, resp.) nonnegative real eigenvalue of A. If N(λM ) = 0
or N(λm) = 0, then Δ(λM , δ) = 0 or Δ(λm, δ) = 0 ∀δ ∈ [0,∞), which means that
A−GC is not Hurwitz and contradicts the assumption. Thus, we assume N(λM ) �= 0
and N(λm) �= 0.

We complete the proof by considering three cases.
Case 1. The multiplicity of λM is greater than 1.
Case 2. λM is simple and (λM ,∞) contains an odd number of zeros of N(s).
Case 3. λM is simple and (λM ,∞) contains an even number of zeros of N(s).
Case 1 contradicts Lemma 4.6. In Case 2, by RL2, ∀δ ∈ [0,∞), there exists

s∗ ∈ [λM ,∞) (which may depend on δ) such that Δ(s∗, δ) = 0, which means that
A− δGC is not Hurwitz ∀δ ∈ [0,∞) and contradicts the assumption on the existence
of G.

Consider Case 3. Since λM is simple, one has λm < λM . Suppose there exists
μ∗ ∈ (λm, λM ) such that N(μ∗) = 0. Let μ∗M be the largest one among the μ∗’s. Then,
again by RL2, there exists s∗ ∈ [μ∗M , λM ] (s∗ may depend on δ) such that Δ(s∗, δ) = 0
∀δ ∈ [0,∞), which is, similar to Case 2, a contradiction. Thus, there should be no
s∗ ∈ (λm, λM ) such that N(s∗) = 0. This fact implies that the line segment (λm, λM )
is a part of the root locus (by RL2) and that there exists δ∗ ∈ (0,∞) such that the
equation Δ(s, δ∗) = 0 w.r.t. s has a solution s∗ with multiplicity greater than 1 in
the region (λm, λM ) where the root locus leaves the real axis (by RL3). If δ∗ ≥ 1,
then A−GC = (A−δGC)|δ=1 is not Hurwitz, which contradicts the assumption that
A−GC is Hurwitz. When 0 < δ∗ < 1, A− δ∗GC has a nonnegative real eigenvalue s∗

with multiplicity greater than 1. However, since A−GC = A− δ∗GC − (1 − δ∗)GC
(A − δ∗GC is Metzler but not Hurwitz) and A − GC is Hurwitz and Metzler, this
contradicts Lemma 4.6. Thus, the proof is complete.

This result imposes a rather strong condition for the positive linear observer
problem solution. According to this theorem, it is not possible to design positive linear
observers for single output linear positive systems with more than one nonnegative
real eigenvalue.

Remark 4.8. The necessary condition given in Theorem 4.5 provides more infor-
mation on the spectrum of A (stable eigenvalues as well as unstable eigenvalues) than
that of Theorem 4.7, since we fix the structure and the spectrum of the matrix F . On
the contrary, Theorem 4.7 does not rely on a specific structure for F ; hence it does
not allow us to conclude anything on the stable eigenvalues of A.

4.3. Sufficient condition: Single output case. With the necessary condi-
tions developed in mind, we provide a sufficient condition for the existence of positive
linear observers. The irreducibility of a matrix plays an important role in this section.

We assume that A has n real distinct eigenvalues λ1, . . . , λn satisfying λ1 > · · · >
λn. This spectral assumption enables the transformation of A into the Jordan form
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given by

A = V JV −1,(4.10)

J := diag{λ1, . . . , λn},(4.11)

V :=
[
v1 · · · vn

]
,(4.12)

where vi satisfies Avi = λivi.
Theorem 4.9. For a single output positive system (3.1), suppose A is irreducible

and (A,C) is observable. There exists a positive linear observer using coordinates
transformation (4.1) if A has n distinct real eigenvalues, n−1 of which are negative.

Proof. If A is Hurwitz, the problem is trivial. Thus, it is assumed that one
eigenvalue is nonnegative. Let λi (eigenvalues of A) and vi (eigenvectors of A) be such
that λ1 ≥ 0 > λ2 > · · · > λn. Since A is irreducible, by Theorem 2.1, the eigenvector
v1 corresponding to λ1 satisfies v1 ∈ int R

n
+. By the observability assumption, we

have ∀i = 1, . . . , n, Cvi �= 0. After a suitable scaling, it is assumed that

(4.13) Cvi = 1, i = 1, . . . , n.

Let β, γ be real numbers in the open interval (0, 1). We define

(4.14) S(β, γ) =

[
1 − β (1 − γ)11×(n−1)

−β1(n−1)×1 γIn−1

]
.

Using the properties of determinant, it is easy to see that

detS = det

[
1 − nβ 11×(n−1)

−β1(n−1)×1 γIn−1

]
= det

[
1 − nβ + (n− 1)β/γ 11×(n−1)

0(n−1)×1 γIn−1

]
.

Hence,

detS = γn−2[γ − nβγ + (n− 1)β] = γn−2[(1 − β)γ + (n− 1)β(1 − γ)].

Note that detS > 0 ∀β, γ ∈ (0, 1), which is obvious from the last relation. During
this proof we will use the inverse of S, which can be computed as follows:

(4.15) S
−1

=
γn−3

detS

[
γ2 −γ(1 − γ)11×(n−1)

βγ1(n−1)×1 −β(1 − γ)1(n−1)×(n−1) + πβ,γIn−1

]
,

where πβ,γ := (1 − β)γ + (n− 1)β(1 − γ). Notice that πβ,γ > 0 ∀β, γ ∈ (0, 1).
Now, we consider a matrix S defined by

(4.16) S(β, γ) = V S(β, γ).

Let β
∗ ∈ (0, 1), γ∗ ∈ (0, 1) such that

(4.17) S(β, γ) ≥ 0 ∀β ∈ (0, β
∗
), γ ∈ (0, γ∗).

It can be shown that such β
∗

and γ∗ always exist. In fact, let Si be the ith column
of S. Then

(4.18)
S1 = (1 − β)v1 + β(−v2 − · · · − vn),

Si = (1 − γ)v1 + γvi, i = 2, . . . , n.
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Recall that each element of v1 is positive and note that Si’s move continuously from
v1 to −(v2 + · · ·+ vn) or vi as β and γ increase. Thus, by continuity, the existence of

β
∗

and γ∗ is proved.
Using S(β, γ), define a state transformation T (β, γ) = S−1(β, γ) parameterized

by β and γ. By construction, T−1 exists and is nonnegative ∀β ∈ (0, β
∗
), γ ∈ (0, γ∗).

With T , consider F given by

(4.19) F = TAT−1 −GCT−1.

Noting that the first column of S
−1

is elementwise positive, we choose a positive gain
matrix G as

(4.20) G = μS
−1

e1,

where e1 :=
[
1 01×(n−1)

]t
and μ is a positive number to be chosen later. The

transformation constructed so far and the gain G yield

F = S−1V JV −1S −GCS

= S
−1

V −1V JV −1V S − S
−1

μe1CV S

= S
−1

[J − μe111×n]S.

We now need to find μ, β, γ rendering F Hurwitz and Metzler. Let F̃ = detS
γn−3F (F̃ is

Metzler if and only if F is Metzler) and T := detS
γn−3S

−1
. Then

F̃ = T [J − μe111×n]S

= T

[
πβ,γ [λ1(1 − γ) − μ]11×(n−1)

−β
[
λ2 · · · λn

]t
γdiag{λ2, . . . , λn}

]
,

where πβ,γ := (λ1 − μ)(1 − β) + (n− 1)μβ. Thus,⎡
⎢⎢⎢⎢⎢⎣

F̃11

F̃21

...

F̃n1

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

γ2πβ,γ + βγ(1 − γ)
∑n

i=2 λi

βγπβ,γ − βπβ,γλ2 + β2(1 − γ)
∑n

i=2 λi

...

βγπβ,γ − βπβ,γλn + β2(1 − γ)
∑n

i=2 λi

⎤
⎥⎥⎥⎥⎦ ,

and for k = 2, . . . , n,⎡
⎢⎢⎢⎢⎢⎣

F̃1k

F̃2k

...

F̃nk

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

γ2[(λ1 − λk)(1 − γ) − μ]

βγ[(λ1 − λk)(1 − γ) − μ] + δ2,kγπβ,γλk

...

βγ[(λ1 − λk)(1 − γ) − μ] + δn,kγπβ,γλk

⎤
⎥⎥⎥⎥⎦ ,

where δi,j = 1 if i = j and δi,j = 0 otherwise.

From this computation, we derive some properties of F̃ , which can be easily seen.
P1. ∀k = 3, . . . , n, F̃21 ≤ F̃k1.
P2. ∀k = 2, . . . , n, F̃1k ≥ 0 if and only if F̃jk ≥ 0, j = 2, . . . , n, j �= k.

P3. ∀k = 3, . . . , n, F̃12 ≤ F̃1k.
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Note that the properties P1–P3 ensure that F̃ is Metzler if and only if F̃12 ≥ 0,
F̃21 ≥ 0. Moreover, since F is similar to J − μe111×n whose spectrum is {λ1 −
μ, λ2, . . . , λn}, it follows that F is Hurwitz and Metzler if there exist μ, β ∈ (0, β

∗
),

and γ ∈ (0, γ∗) such that the following inequalities hold:

λ1 − μ < 0,(4.21)

γπβ,γ − πβ,γλ2 + β(1 − γ)

n∑
i=2

λi ≥ 0,(4.22)

(λ1 − λ2)(1 − γ) − μ ≥ 0.(4.23)

We choose μ in (λ1, λ1 − λ2) and define

γ∗ = min

{
γ∗,

λ1 − λ2 − μ

λ1 − λ2

}
.

Then, for each γ in (0, γ∗), inequalities (4.21) and (4.23) hold. With μ and γ chosen
above, it remains to choose β for (4.22). To do this, we expand the left-hand side of
(4.22) as follows:

γπβ,γ − πβ,γλ2 + β(1 − γ)

n∑
i=2

λi

= −βγ(λ1 − λ2 − nμ) + β(1 − γ)

n∑
i=2

(−λ2 + λi)

+(λ1 − λ2 − μ)γ.

Thus, inequality (4.22) is equivalent to

(4.24) (λ1 − λ2 − μ)γ ≥ Υ(γ, μ, λ1, . . . , λn)β,

where Υ(γ, μ, λ1, . . . , λn) = γ(λ1 − λ2 − nμ) + (1− γ)
∑n

i=2(λ2 − λi). This inequality
(hence (4.22)) holds for any β ∈ (0, β∗) (β∗ may depend on γ and μ), where

β∗ =

⎧⎨
⎩

β
∗

if Υ ≤ 0,

min
{
β
∗
, (λ1−λ2−μ)γ

Υ(γ,μ,λ1,...,λn)

}
if Υ > 0.

Thus, the proof is complete.
One novel feature of the matrix S(β, γ) is that its inverse is fully known, and

it is easy to add additional degrees of freedom to this matrix since the parameters
are nothing but the convex interpolation coefficients. Moreover, the first column of

S
−1

(β, γ) is positive, which makes the choice of G easy.
When the multiplicity of the unstable eigenvalue is greater than 1, it is natural

to use the generalized eigenvectors to generalize the idea used here. But this case
does not seem to be easy since the scaling involved to make Cvi = 1 does not hold
anymore. This case may require additional degrees of freedom in the scaling matrix,
while two parameters are sufficient in the case of distinct eigenvalues.

Similar problems arise when one deals with complex eigenvalues. A basic idea
would be to use the real Jordan block representation of a given matrix [18]. When one
transforms A into the real Jordan block, there are two real eigenvectors corresponding



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

362 JUHOON BACK AND ALESSANDRO ASTOLFI

to a pair of conjugate eigenvalues, and they are related in some sense (one of them
should be the real part of a complex eigenvector and the other the complex part of
it); thus the scaling approach does not apply directly. Moreover, the real Jordan
form is not Metzler if a matrix has a complex eigenvalue, which makes the problem
more difficult. To illustrate this point, we provide an example where A has complex
eigenvalues. This example shows how to parameterize the matrix S when we use the
real Jordan form to solve the problem.

Example 4.10. The main idea used in this subsection is applied to the system

(4.25) ẋ = Ax =
1

3

⎡
⎢⎣

1 −
√

3 1 +
√

3 1

1 1 −
√

3 1 +
√

3

1 +
√

3 1 1 −
√

3

⎤
⎥⎦x, y = Cx =

[
1 0 0

]
x,

where σ(A) = {1,− 1
2

√
3 ± j 1

2}. Note that there is no K ∈ R
3
+ such that A −KC is

Hurwitz and Metzler by Theorem 3.2.
We consider a real Jordan form AJ of A:

AV = V AJ ,

V :=

⎡
⎢⎣

1 −1
√

3

1 2 0

1 −1 −
√

3

⎤
⎥⎦ , AJ :=

⎡
⎢⎣

1 0 0

0 −
√

3/2 −1/2

0 1/2 −
√

3/2

⎤
⎥⎦ .

With three parameters for S, S is defined by

S = V S, S :=

⎡
⎢⎣

1 − β 1 − γ1 1 − γ2

−β γ1 0

−β 0 γ2

⎤
⎥⎦ .

Choosing β = 0.1, γ1 = 0.12, and γ2 = 0.16 yields

S =

⎡
⎢⎣

0.8268 0.7600 1.1171

0.7000 1.1200 0.8400

1.1732 0.7600 0.5629

⎤
⎥⎦ , S−1AS =

⎡
⎢⎣
−0.1362 0.6149 0.9981

1.0249 −0.3536 0.1650

0.1437 0.7593 −0.2422

⎤
⎥⎦ ,

CS =
[
0.8268 0.7600 1.1171

]
.

Thus, if we select G =
[
0.8090 0.1477 0.1737

]t
(from Theorem 3.2), it follows that

F =

⎡
⎢⎣
−0.8051 0 0.0942

0.9027 −0.4659 0

0 0.6272 −0.4363

⎤
⎥⎦ ,

which is Hurwitz (σ(F ) = {−0.1626,−0.7724±j0.2863}) and Metzler, and the positive
observer is given by

˙̂z =

⎡
⎢⎣
−0.8051 0 0.0942

0.9027 −0.4659 0

0 0.6272 −0.4363

⎤
⎥⎦ ẑ +

⎡
⎢⎣

0.8090

0.1477

0.1737

⎤
⎥⎦ y,

x̂ =

⎡
⎢⎣

0.8268 0.7600 1.1171

0.7000 1.1200 0.8400

1.1732 0.7600 0.5629

⎤
⎥⎦ ẑ.
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Note that once S is chosen, G can be obtained using Theorem 3.2 with the pair
(S−1AS,CS). The estimate x̂ of x resides in the set {Sμ|μ ∈ R

3
+}, which is a proper

subset of R
3
+.

5. Positive linear observers via positive realization. In this section we first
formulate the observer design problem as a positive realization problem, and then we
propose a novel observer design method.

5.1. Positive realization approach. As mentioned in the previous section, the
inverse eigenvalue problem is a hard obstacle when we fix the dimension of F . In this
section, we reformulate the problem allowing the dimension of F to be an additional
degree of freedom. To do this, the positive linear observer is defined as follows.

Definition 5.1. Given a positive linear system (3.1), a linear system

(5.1)
˙̂z =F ẑ + Gy, ẑ ∈ R

N ,

x̂=Hẑ, x̂ ∈ R
n,

is called a positive linear observer for (3.1) if F is Hurwitz and Metzler, G ∈ R
N×q
+ ,

H ∈ R
n×N
+ , and limt→∞ ‖Hẑ(t) − x(t)‖ = 0 ∀ẑ(0) ∈ R

N
+ and ∀x(0) ∈ R

n
+.

Two natural questions arise: (1) Under what conditions is the existence of a
positive linear observer guaranteed? (2) How can one construct (F,G,H)?

If one recalls the observer design for linear systems, the first thing to do would
be to choose the spectrum of F (if N = n and (A,C) is an observable pair, one can
assign the spectrum of F arbitrarily) and compute the appropriate gain matrix G.
This process does not seem to work well in our problem because the requirement that
F be a Metzler matrix restricts the spectrum of F . As discussed in the previous
section, this restriction is a very hard obstacle in our problem.

To circumvent this problem, we do not fix the dimension at the first stage. In
other words, the dimension of the observer N is an additional degree of freedom. To be
more precise, note first that (F,G,H) is a positive realization of some transfer function
Go(s). (By a positive realization of a transfer function Go(s), we mean a realization
(F,G,H) such that F is a Metzler matrix, G ≥ 0, and H ≥ 0. For an outstanding
tutorial on this problem, the readers are referred to [5]. See also the references cited
in that paper, for example, [2, 3, 12, 24].) Suppose we have designed (Fm, Gm, Hm)

such that (1) Fm ∈ R
N×N is Hurwitz (not necessarily Metzler), Gm ∈ R

N×q, and

Hm ∈ R
n×N , (2) (Fm, Gm) is a controllable pair and (Fm, Hm) is an observable

pair, and (3) ˙̂z = Fmẑ + Gmy, x̂ = Hmẑ is a linear observer (not necessarily a
positive system) for (3.1). If Go(s) = Hm(sI−Fm)−1Gm admits a positive realization
(F,G,H), then system (5.1) can be a positive linear observer for system (3.1).

We now recall some results on the positive realization problem.
Theorem 5.2 (see [12, Theorem 3.1]). Let Go(s) be a rational transfer function.

Go(s) has a positive realization if and only if
1. the impulse response function go(t) is positive, i.e., go(t) > 0 for every t > 0

and go(0) ≥ 0;
2. there is a unique (possibly multiple) pole of Go(s) with maximal real part.

Note that this result is for scalar transfer functions. For a general matrix transfer
function Go(s), it has been shown in [14, Theorem 2.4] (although it is for discrete time
transfer functions, the same argument applies to continuous time ones) that Go(s) has
a positive realization if and only if each entry of Go(s) has a positive realization. Thus,
we require each component of Go(s), which is an n × q matrix of transfer functions,
to have a positive realization.
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Based on this observation, the inverse eigenvalue problem does not appear any-
more if (Fm, Gm, Hm) is appropriately chosen such that each component of Hm(sI −
Fm)−1Gm satisfies the conditions of this theorem. It is essential to recall that the
positive realization problem is equivalent to finding a finite-dimensional invariant cone
M generated by the columns of some matrix M (M will be denoted by Cone M) and
that enlarging the dimension to obtain a positive realization is mandatory in many
cases [4], which corresponds to making N a design freedom in our problem. Recall
that once M is found, (F,G,H) can be obtained solving the following equations [24,
Theorem 5]:

(5.2) FmM = FM, Gm = GM, H = HmM.

One possible way to choose (Fm, Gm, Hm) is (A −KC,K, I), i.e., a matrix K ∈
R

n×q such that A − KC is Hurwitz (detectability of (A,C) guarantees this). Note
that (A−KC, I) is observable, while (A−KC,K) may not be controllable (but it is
at least stabilizable).

Now, we state the main result of this section.
Theorem 5.3. Consider a positive linear system (3.1) with (A,C) detectable. If

there exists K ∈ R
n×q such that A−KC is a Hurwitz matrix and the transfer function

Go(s) = (sI −A+KC)−1K admits a positive realization, then there exists a positive
realization (F,G,H), with F being Hurwitz, such that the dynamic system (5.1) is a
positive linear observer for system (3.1).

Proof. Let AK = A −KC and let T be the transformation matrix decomposing
(AK ,K, I) into controllable and uncontrollable parts [8],

TAK =

[
AK,c A12

0 AK,c

]
T, TK =

[
Kc

0

]
, T−1 =

[
Cc Cc

]
,

such that (AK,c,Kc) is controllable. Then Go(s) = Cc(sI −AK,c)
−1Kc.

Let (F ,G,H) be a positive realization of Go(s). Note that this realization may
not be Hurwitz (i.e., there may be a positive real eigenvalue which is uncontrollable
or unobservable). Following the same procedure of [2, Theorem 3.2], one can exclude
these modes to obtain a reduced order positive realization (F,G,H) such that λmax(F )
is a pole of Go(s), i.e., F is Hurwitz.

Now, suppose (F,G,H), with F being Hurwitz, is a positive realization of Go(s)
with a cone M generated by M , i.e.,

(5.3) AK,cM = MF, Kc = MG, H = CcM.

Since AKT−1 = AK

[
Cc Cc

]
=

[
Cc Cc

] [AK,c A12

0 AK,c

]
= T−1

[AK,c A12

0 AK,c

]
, it follows

that AKCc = CcAK,c. Similarly, one has CcKc = K. Hence,

AH −HGCH = AKH + KCH −HGCH

= AKCcM + CcKcCH −HGCH

= CcAK,cM + CcMGCH −HGCH

= HF.
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Let e = x̂− x. Then

ė = HFẑ + HGCx−Ax

= (AH −HGCH)ẑ + HGCx−Ax

= Ax̂−HGCx̂ + HGCx−Ax

= (A− CcKcC)e

= (A−KC)e.

Thus, the assertion follows.
Theorem 5.4. Consider the positive linear observer (5.1) for system (3.1). Sup-

pose that there exists K which satisfies the assumptions of Theorem 5.3, and that
(F,G,H) is a positive realization of Go(s) = (sI − A + KC)−1K. Let nc be the
dimension of the controllable part of (A−KC,K). Then

1. K ≥ 0;
2. rank H = nc;
3. AH −HF = HGCH.

Proof. The fact K ≥ 0 follows from go(0) = K, and the proof of Theorem 5.3
ensures the last statement.

For the second statement, let F ∈ R
N×N and consider the decomposition derived

in the proof of Theorem 5.3. We first show that rank M = nc. Since M ∈ R
nc×N , it

follows that rank M ≤ nc. Suppose rank M < nc. Then there exists a nonzero row
vector w such that wM = 0, which results in wKc = wMG = 0. Moreover, one has
wAK,cKc = 0 since wAK,cKc = wMFG = 0. Repeating this process results in

w
[
Kc AK,cKc · · · A

nc−1

K,c Kc

]
= 0,

which contradicts the controllability of (AK,c,Kc). Thus, rank M = nc. From the
fact that Cc has full column rank and M has full row rank, it follows that rank H =
nc.

From the proof of Theorem 5.3, the following result is straightforward.
Corollary 5.5. Consider the positive linear system (3.1). If there exist F,G,

and H such that (1) F is Metzler and Hurwitz, H ≥ 0, G ≥ 0, (2) AH − HF =
HGCH, and (3) A − HGC is Hurwitz, then the system (5.1) is a positive linear
observer for system (3.1).

Remark 5.6. 1. Note that the estimate x̂(t) will reside in the cone generated by
the columns of H. Thus, the initial condition x̂(0) of the observer is confined to Cone
H, which may not coincide with R

n
+. This reduction of the set of initial conditions

x̂(0) can be thought of as the price for enlarging the class of systems that admit
positive linear observers.

2. For controlled systems (ẋ = Ax+Bu, y = Cx), one can reformulate the prob-
lem by considering the transfer function matrix Go(s) = (sI −A + KC)−1

[
K B

]
.

Recall that Cone H is said to be solid if it contains an open ball in R
n, i.e.,

rank H = n. Theorem 5.4 ensures that if K is chosen such that (A − KC,K) is
controllable, then for each interior point x of Cone H there exists a neighborhood
N centered at x such that x(0) ∈ N implies the existence of x̂(0) ∈ N such that
x(t) = x̂(t) ∀t ≥ 0. Note that if Cone H is not solid, this is not possible. Therefore,
one might want Cone H to be solid. To this end, we provide the following result.
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Theorem 5.7. For the positive linear system (3.1), suppose (A,C) is an ob-
servable pair. Suppose there is K ∈ int R

n×q
+ such that the transfer function matrix

GK
o (s) := (sI −A + KC)−1K satisfies the following conditions:

1. A−KC has a simple and unique eigenvalue denoted by λmax whose real part
is greater than any other eigenvalues, and GK

o (s) has a unique dominant pole
denoted by pmax. Moreover, pmax = λmax < 0.

2. Let GK
o,ij(s) be the (i, j)th component of GK

o (s). Then every zero of GK
o,ij(s)

has real part less than pmax and each GK
o,ij(s) has a simple and unique dom-

inant pole pmax,ij which is equal to pmax.

3. GK
o (s) admits a positive realization (F ,G,H), which is a positive linear

observer.
Then there exists a positive linear observer (F,G,H) of the form (5.1) with Cone H
being solid.

Proof. At first, note that λmax is real by assumption 1. It is assumed that n ≥ 2
since the case n = 1 is trivial.

Consider the space R
n×q, equipped with the topology induced by some matrix

norm, and let δ > 0 be such that the neighborhood of radius δ of the matrix K,
Nδ(K), is included in R

n×q
+ . Then observability of (A,C) guarantees that for almost

every K ∈ Nδ(K), the pair (A,K) (and equivalently (A−KC,K)) is controllable.
Define ε1 = min{|λi − λj |

∣∣λi, λj ∈ σ(A − KC), λi �= λj}. Recalling that the
eigenvalues of (A−KC) change continuously w.r.t. K, we can find δ1 > 0 such that
∀K ∈ Nδ1(K),

dist(σ(A−KC), σ(A−KC))

:= min{|λi − λj |
∣∣λi ∈ σ(A−KC), λj ∈ σ(A−KC)} <

1

3
ε1.

By assumption 2, GK
o,ij(s) has the form

GK
o,ij(s) =

πij(K)(s− z1) · · · (s− zn(i,j))

(s− p1) · · · (s− pd(i,j))
, zl �= pm ∀l,m, d(i, j) > n(i, j),

where zl ∈ C and pl ∈ C represent zeros and poles of GK
o,ij(s), respectively, Re zl < 0,

Re pl < 0, and πij(·) is a continuous function defined on Nδ1(K) with πij(K) �= 0.
Note that zl’s and pl’s (and μl’s and ηl’s used in (5.4)) vary with i, j. However, for
simplicity of notation, we drop the explicit dependence on i, j whenever not needed.

We fix p1 = pmax ∀GK
o,ij(s) (by assumption 2) and define

ε2 = min
1≤i≤n,1≤j≤q

{|zl − p1|
∣∣ 1 ≤ l ≤ n(i, j)}.

Define a transfer function GK
o (s) = (sI−A+KC)−1K parameterized by K ∈ Nδ1(K),

and let GK
o,ij(s) be the (i, j)th component of GK

o (s), which can be described by

(5.4) GK
o,ij(s) =

πij(K)(s− z1 + μ1(K)) · · · (s− zn(i,j) + μn(i,j)(K))

(s− p1 + η1(K)) · · · (s− pd(i,j) + ηd(i,j)(K))
G̃o,ij(s),

where

(5.5) G̃o,ij(s) =
(s− pd(i,j)+1 + μd(i,j)+1(K)) · · · (s− pd(i,j) + μd(i,j)(K))

(s− pd(i,j)+1 + ηd(i,j)+1(K)) · · · (s− pd(i,j) + ηd(i,j)(K))
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and ηl’s and μl’s are (complex valued) continuous functions defined on Nδ1(K) and
vanishing at K. Note that for any real K, ηi and μi render GK

o,ij(s) a rational function
whose coefficients are real numbers.

Since p1 is real, η1(K) is real by the way δ1 is chosen. The transfer function
G̃o,ij(s) describes the pole zero cancellation (thus becoming unity) when K happens
to be K.

It is important to note that there is no restriction on μi’s in (5.4)–(5.5) at this
moment; i.e., it might happen that p1−η1(K) = zi−μi(K). Thus, we take δ2 > 0 such
that the poles and zeros of GK

o,ij(s) do not change significantly. Indeed, by continuity

and assumption 2, there exists 0 < δ2 < δ1 such that ∀K ∈ Nδ2(K), it holds that

max

{
max
l∈Iμ,ij

{|μl(K)|}, max
l∈Iη,ij

{|ηl(K)|}
}

<
1

3
min{ε1, ε2} ∀1 ≤ i ≤ n, 1 ≤ j ≤ q,

p1 − ηij1 (K) < 0 ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ q,

where Iμ,ij = {1, . . . , n(i, j), d(i, j) + 1, . . . , d(i, j)} and Iη,ij = {1, . . . , d(i, j)}. (Note
that Iμ,ij and Iη,ij represent the set of indices appearing in (5.4) and (5.5).) By the
way δ2 is chosen, it is guaranteed that ∀K ∈ Nδ2(K), the pole p1 − η1(K) is the
dominant pole of GK

o,ij(s) and is a negative real number.

Rewrite GK
o,ij(s) as

GK
o,ij(s) =

s− p1

s− p1 + η1(K)
GK

o,ij(s)Ĝo,ij(s)G̃o,ij(s),

where

Ĝo,ij(s) :=
πij(K)

πij(K)

d(i,j)∏
l=2

s− pl
s− pl + ηl(K)

·
n(i,j)∏
l=1

s− zl + μl(K)

s− zl
.

It follows from the structure of Ĝo,ij(s) and G̃o,ij(s) that

GK
o,ij(s)Ĝo,ij(s)G̃o,ij(s) = GK

o,ij(s) + G∗Ko,ij(s),

where G∗Ko,ij(s) is a transfer function parameterized by K in a continuous way. Note

that every pole of G∗Ko,ij(s) (i.e., pl− ηl(K), l = 2, . . . , d(i, j), and zl, l = 1, . . . , n(i, j))
resides in C

− and the dominant pole of G∗Ko,ij(s) is p1.

Consider the impulse response functions of GK
o,ij(s) and G∗Ko,ij(s) denoted by

gKo,ij(t) and g∗Ko,ij(t), respectively. Since p1 is the dominant pole of these two transfer
functions, we can rewrite the impulse response functions as

gKo,ij(t) = ep1tf̄ij(t), f̄ij(t) > 0 ∀t,

g∗Ko,ij(t) = ep1tf∗Kij (t),

where f̄ij(t) and f∗Kij (t) can be expressed by the sum of a real constant (the coefficient
associated to the dominant pole p1) and exponential functions (multiplied by some
power of t, in general) which decay to zero as t → ∞. Note that the coefficients
of the exponential functions associated to f∗Kij (t) are continuous functions of K and
become zero when K = K, i.e., f∗Kij (t) = 0 ∀t ≥ 0. It is seen that there exists
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ε3 > 0 such that f̄ij(t) > ε3 ∀t ≥ 0. In fact, note that f̄ij(t) can be decomposed as

f̄ij(t) = f̂ij + f̃ij(t), where 0 < f̂ij ∈ R and limt→∞ f̃ij(t) = 0 (exponential terms).

Then there exists T > 0 such that |f̃ij(t)| < f̂ij/2 ∀t > T . Thus, the claim follows by

taking ε3 = 1
2 min{mint∈[0,T ] f̄ij(t), f̂ij}.

By continuity, there exists δ3 > 0 (δ3 < δ2) such that ∀K ∈ Nδ3(K), |f∗Kij (t)| <
ε3/2. This ensures that there exist f

ij
, f ij such that 0 < f

ij
< f̄ij(t) + f∗Kij (t) :=

fij(t) < f ij . Therefore, it follows that ∀K ∈ Nδ3(K),

0 < f
ij
ep1t ≤ L−1

[
GK

o,ij(s)Ĝo,ij(s)G̃o,ij(s)
]
(t) = ep1tfij(t) ≤ f ije

p1t ∀t ≥ 0.

To complete the proof we find K∗ ∈ Nδ3(K) such that ηij1 (K∗) < 0 ∀i, j. (Note
that η1 of GK

o,ij(s) is different from that of GK
o,ij

(s), in general.) To do this, we write

A−KC in the real Jordan form, i.e., A−KC = JAK,JJ
−1. With no loss of generality,

J1 (the first column of J) is assumed to be the eigenvector vmax corresponding to the
eigenvalue pmax.

Choose the i∗th row of C such that Ci∗vmax �= 0 (by observability, i∗ exists). Let

K∗ = −η∗vmaxe
t
i∗ , η∗ :=

ξδ3
Ci∗vmax

,

where ei∗ ∈ R
q is the vector whose i∗th component is one, while the others are zero,

and ξ > 0 is chosen sufficiently small such that K∗ + K ∈ Nδ3/2(K). Thus, K∗ has
just one nonzero column (the i∗th column). From the relation

A−KC −K∗C = J
[
AK,J + ξδ3e1

[
1 ∗ · · · ∗

]]
J−1,

it follows that the maximal real eigenvalue of A−KC−K∗C is shifted to pmax + ξδ3.
Thus, by continuity, there exists δ4 > 0 such that ∀K ∈ Nδ4(K + K∗), ηij1 (K) < 0
∀1 ≤ i ≤ n, 1 ≤ j ≤ q and Nδ4(K + K∗) ⊂ Nδ3(K).

Pick a K ∈ Nδ4(K +K∗) such that (A−KC,K) is a controllable pair. From the
relation

gKo,ij(t) = L−1

[
s− p1

s− p1 + η1(K)

]
(t) ∗ L−1

[
GK

o,ij(s)Ĝo,ij(s)G̃o,ij(s)
]
(t)

= ep1tfij(t) − η1(K)

∫ t

0

e(p1−η1(K))(t−τ)ep1τfij(τ)dτ > 0 ∀t ≥ 0,

where “∗” represents the convolution integral, and the fact that GK
o,ij(s) has a simple

dominant pole pmax −η1(K) < 0, we conclude that GK
o,ij(s) has a positive realization.

Thus, it follows that there exists K such that GK
o (s) has a positive realization

(F ∗, G∗, H∗), and (A−KC,K) is controllable. By Theorem 5.3, there exists a positive
realization (F,G,H) with F being Hurwitz such that the realization (F,G,H) is a
positive linear observer. Moreover, by Theorem 5.4 (rank H = n), Cone H is solid.
Therefore, the assertion follows.

Note that Theorem 5.7 provides only a sufficient condition on the existence of a
positive linear observer. It is unclear at this moment whether the converse is true.

Now we present an extension of Theorem 4.9.
Theorem 5.8. For a single output positive system (3.1), suppose A is irreducible

and (A,C) is detectable. Let λ1 = λmax(A). There exists a positive linear observer
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via positive realization (5.1) if all eigenvalues of A except λ1 lie in the open left half
complex plane.

Proof. Since A is irreducible and (A,C) is detectable, there exists vmax ∈ int R
n
+

such that Avmax = λmax(A)vmax and Cvmax = 1. Let K = (λ1 + ε)vmax, where ε > 0
is chosen such that λ∗ < −ε < 0, where λ∗ = max{Re λ|λ ∈ σ(A), λ �= λ1}. From
Theorem 2.4, we have σ(A−KC) = (σ(A) \ {λ1}) ∪ {−ε} since Cvmax = 1. That is
to say, all the eigenvalues of A and A−KC coincide except that λ1 is replaced by −ε.
Thus, A−KC is Hurwitz and the eigenvalue with maximal real part is −ε.

Define Go(s) = (sI−A+KC)−1K. Then the gain matrix K chosen above yields

go(t) = e(A−KC)tK

= e(A−(λ1+ε)vmaxC)t(λ1 + ε)vmax

= (λ1 + ε)

[ ∞∑
i=0

1

i!
[A− (λ1 + ε)vmaxC]iti

]
vmax

= (λ1 + ε)

[ ∞∑
i=0

1

i!
(−εt)i

]
vmax

= (λ1 + ε)e−εtvmax > 0,

which implies that Go(s) has a positive realization. Therefore, the assertion follows
by Theorem 5.3.

Remark 5.9. 1. The proof of Theorem 5.8 ensures that if (A,C) is observable,
there exists K satisfying all assumptions of Theorem 5.7. Thus, a gain matrix K
sufficiently close to K renders rank H = n. Note that if (A,C) is detectable, this
does not hold in general. For example, if A = diag{1,−1,−1}, C = [1 0 0], then there
is no K ∈ R

3 such that (A,K) (equivalently (A−KC,K)) is controllable.
2. Theorem 5.8 extends Theorem 4.9. If K is chosen to be a scalar product of

vmax, then any positive ε results in a positive observer. In the proof of Theorem 5.8, ε
is selected so that all conditions of Theorem 5.8 are satisfied for the observable case.

3. The observer structure in section 4 is a special case of (5.1). Note that the
coordinates transformation is involved during the positive realization procedure.

5.2. Application to compartmental systems. In this subsection, we apply
the observer design method developed in section 5.1 to compartmental systems. Before
proceeding, without loss of generality, assume A, C are decomposed as in (3.13) and
(3.5). Define

A− :=

⎡
⎢⎢⎣

A11 0 0

...
. . . 0

Aν−m,1 · · · Aν−m,ν−m

⎤
⎥⎥⎦ ∈ R

(d1+···+dν−m)×(d1+···+dν−m),

A+ := diag{Aν−m+1,ν−m+1, . . . , Aνν}.

Similarly,

C− :=

⎡
⎢⎢⎣
C11 · · · C1,ν−m
...

...

Cq1 · · · Cq,ν−m

⎤
⎥⎥⎦ , C+ :=

⎡
⎢⎢⎣
C1,ν−m+1 · · · C1ν

...
...

Cq,ν−m+1 · · · Cqν

⎤
⎥⎥⎦ .
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Then A and C can be written as

(5.6) A =

[
A− 0

A∗ A+

]
, C =

[
C− C+

]
,

where A∗ is clearly defined by this. We decompose the state vector x into x− and x+

according to A− and A+.
Our observer has the form

(5.7) ˙̂z =

[
A− 0

0 F

]
ẑ +

[
0

G

]
y, x̂ =

[
Id1+···+dν−m

0

0 H

]
ẑ,

where F ∈ R
N×N , G ∈ R

N×q, H ∈ R
(dν−m+1+···+dν)×N , and the matrices F , G, H

and the dimension N are design parameters. Note that this observer is of the form
(5.1).

Theorem 5.10. Consider the positive system (3.1) where A is a compartmental
matrix and the matrices A and C are decomposed as in (5.6). Assume q = m. If
C+ = diag{C1,ν−m+1, . . . , Cmν} up to renumbering the outputs, then there exists a
positive linear observer of the form (5.1) if and only if (A,C) is detectable.

Proof. Necessity follows trivially.
For sufficiency, it is noted that the pairs (Aν−m+1,ν−m+1, C1,ν−m+1), . . . , (Aνν ,

Cmν) are detectable. Let vi be the eigenvector associated to the zero eigenvalue of Aii

(i = ν −m+ 1, . . . , ν) such that Ci−ν+m,ivi = 1, and choose εi (i = ν −m+ 1, . . . , ν)
such that λ∗i < −εi < 0, where λ∗i = max{Re λ |λ ∈ σ(Aii), λ �= 0}.

Setting

K :=

[
K−

K+

]

with K− := 0(d1+···+dν−m)×q, K+ := diag{εν−m+1vν−m+1, . . . , ενvν}, it follows that

Go+(s) = (sI −A+ + K+C+)−1K+ = diag

{
εν−m+1

s + εν−m+1
vν−m+1, . . . ,

εν
s + εν

vν

}
,

which has a positive realization

F = diag{−εν−m+1, . . . ,−εν}, G = diag{εν−m+1, . . . , εν},

H = diag{vν−m+1, . . . , vν}.

Noting that limt→∞ x−(t) = 0, one can easily prove the convergence of the observer
error to zero by modifying the proof of Theorem 5.3.

The following result is a direct consequence of Theorem 5.10.
Corollary 5.11. Consider the positive system (3.1) where A is a compartmental

matrix and the matrices A and C are decomposed as in (5.6). If the multiplicity of
the zero eigenvalue of A is less than or equal to 1, then there exists a positive linear
observer of the form (5.1) if and only if (A,C) is detectable.

Note that the decoupling condition (block diagonal structure of C+) also plays
an important role in Corollary 3.5. Note also that if (A,C) is observable, each block
diagonal component of Go+(s) satisfies the conditions of Theorem 5.7 (A, K, and C
replaced by Aii, vi, and Ci−ν+m, respectively, for i = ν−m+1, . . . , ν), which implies
that one can design a state observer with rank H = n by changing K slightly.
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Example 5.12. Consider a detectable positive linear system described by

ẋ = Ax =

⎡
⎢⎣
−2 2 0

0 −2 2

2 0 −2

⎤
⎥⎦x, y = Cx =

[
1 1 1

]
x.

Simple computation yields that σ(A) = {0,−3 ± j
√

3} and 0 is the only observable
mode. Note that there is no K ∈ R

3
+ such that A−KC is Hurwitz and Metzler (this

can be checked by Theorem 3.2).
Now, we apply Theorem 5.10. First note that A+ = A and C+ = C (we have no

A− and C−). If we choose K+ = ε
[
1
3

1
3

1
3

]t
, ε > 0, then

Go(s) = Go+(s) = (sI −A+ + K+C+)−1K+ =
ε

3(s + ε)
13×1.

Thus, the positive linear system

˙̂z = −εẑ + εy,

x̂ =
1

3
13×1ẑ

is a positive linear observer for the system. Note that ε can be chosen arbitrarily
positive.

To obtain a positive observer whose output matrix generates a solid cone, we

select K+ =
[
1
5

2
5

2
5

]t
(thus, (A+,K+) is controllable), which results in

Go+(s) = (sI −A+ + K+C+)−1K+

=

⎡
⎢⎣

s2 + 8s + 20

2s2 + 12s + 20

2s2 + 10s + 20

⎤
⎥⎦ 1

5(s2 + 6s + 12)(s + 1)
.

We follow the procedure described in [5] to obtain a positive realization (F,G,H). Let
Go+,i(s) be the ith component of Go+(s) and let (Ac,i, Bc,i, Cc,i) be the controllable
realization of Go+,i(s), i.e.,

Ac,1 = Ac,2 = Ac,3 = Ac =

⎡
⎢⎣

0 1 0

0 0 1

−12 −18 −7

⎤
⎥⎦ ,

Bc,1 = Bc,2 = Bc,3 = Bc =
[
0 0 1

]t
,

Cc,1 =
1

5

[
20 8 1

]
, Cc,2 =

2

5

[
10 6 1

]
, Cc,3 =

2

5

[
10 5 1

]
.

Let P = Cone P , where

P =
[
Bc AcBc A

2

cBc A
3

cBc

]
=

⎡
⎢⎣

0 0 1 2

0 1 −1 −5

1 −4 −2 14

⎤
⎥⎦ , Ac := Ac + 3I.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

372 JUHOON BACK AND ALESSANDRO ASTOLFI

Note that the shift term 3I in Ac corresponds to the real part of the leftmost pole
(the pole with the least real part) of Go+(s). It is easy to see that Cone P is a proper
invariant cone with respect to Ac. Solving

AcP = PF , Bc = PG, H =

⎡
⎢⎣
Cc,1

Cc,2

Cc,3

⎤
⎥⎦P, F ≥ 0, G ≥ 0, H ≥ 0,

one gets

F = F − 3I =

⎡
⎢⎢⎢⎣
−3 0 0 12

1 −3 0 0

0 1 −3 1

0 0 1 −3

⎤
⎥⎥⎥⎦ , G =

⎡
⎢⎢⎢⎣

1

0

0

0

⎤
⎥⎥⎥⎦ , H =

1

5

⎡
⎢⎣

1 4 10 14

2 4 4 8

2 2 6 18

⎤
⎥⎦ .

Note that σ(F ) = {−1,−3± j
√

3,−5} ⊃ σ(A−KC) and rank H = 3. Therefore, the
dynamics ˙̂z = F ẑ + Gy, x̂ = Hẑ is the positive linear observer with H being solid.

Example 5.13. Consider the system

ẋ = Ax =

⎡
⎢⎣
−1 0 0

0 −1 1

0 1 −1

⎤
⎥⎦x, y = Cx =

[
1 1 1

]
x.

Recall that (Example 3.6) it is not possible to design a Luenberger-type positive
observer. Corollary 5.11 guarantees that this system admits a positive linear observer
of the form (5.7).

6. Conclusion. The problem of designing positive linear observers for positive
linear systems has been addressed considering the use of coordinates transformations
and of observers of higher dimension than the system to be observed. In ascending
order of complexity, existence conditions for Luenberger-type positive linear observers,
for linear observers using coordinates transformations, and for positive realization–
based linear observers are derived. As expected, the class of systems which can be
observed by a positive linear observer is enlarged in these new frameworks. Although
the positive realization approach is the most complex design method, it is a well
organized and constructive method, since there are several well-established tools to
obtain positive realizations. Future research topics include extension of the work to
systems which may have unstable complex eigenvalues, stabilization for positive linear
systems, which has some duality to the observation problem, and positive observers
for nonlinear positive systems.

Acknowledgment. The authors would like to thank the anonymous reviewers
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NONZERO SUM STOCHASTIC DIFFERENTIAL GAMES WITH
DISCOUNTED PAYOFF CRITERION: AN APPROXIMATING

MARKOV CHAIN APPROACH∗

K. SURESH KUMAR†

Abstract. We develop a new constructive method for proving the existence of Nash equilibrium
for a class of nonzero sum stochastic differential games. Under certain usual assumptions, we prove
the existence of Nash equilibrium for discounted payoff criteria. A novel feature of our method is
that it allows us to compute Nash equilibrium for a large class of stochastic differential games.
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equilibrium

AMS subject classifications. 91A15, 91A10

DOI. 10.1137/060650623

1. Introduction. We develop a new method for finding Nash equilibria for a
class of stochastic differential games where state process X(·) of the game is given by
the solution of the controlled SDE

(1.1)
dX(t) = [b1(X(t), v1(t)) + b2(X(t), v2(t))] dt + σ(X(t)) dW (t),

X(0) = x ∈ R
d ,

}

where vi is the strategy of player i, i = 1, 2. The payoff criterion of the game for the
player i = 1, 2 is given by
(1.2)

Ri
α[v1, v2](x) = E

[∫ ∞
0

e−α t[r1i(X(t), v1(t)) + r2i(X(t), v2(t))] dt
∣∣∣X(0) = x

]
,

i = 1, 2. In a two-player game, a Nash equilibrium is a pair of strategies such that
unilateral deviation from this pair of strategies by any player is disadvantageous to
him. If the first player announces his strategy in advance, then the second player would
maximize his payoff. Any strategy of the second player that maximizes his payoff is
called his optimal response corresponding to the announced strategy of the first player.
Note that there may be several optimal responses of the second player corresponding
to each announced strategy of the first player. Similarly, optimal response of the first
player is defined. This gives a map which takes each pair of strategies of the players
to a corresponding pair of a set of optimal responses. It can be seen that any fixed
point of this multivalued map is a Nash equilibrium. Note that this multivalued map
may have several fixed points. Thus we may have multiple Nash equilibria. The
traditional method of establishing the existence of a Nash equilibrium is to prove the
existence of a fixed point of this multivalued map by using a fixed point theorem
[8]. The main step in this method lies in establishing the upper semicontinuity of
this multivalued map under a suitable metrizable topology on the appropriate set of

∗Received by the editors January 23, 2006; accepted for publication (in revised form) August 31,
2007; published electronically January 30, 2008.

http://www.siam.org/journals/sicon/47-1/65062.html
†Department of Mathematics, Indian Institute of Technology, Bombay, Powai, Mumbai 400 076,

India (suresh@math.iitb.ac.in).

374



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

NONZERO SUM GAME: MARKOV CHAIN APPROACH 375

strategies. Though this methodology is very useful in establishing Nash equilibria, it
does not lead to a constructive procedure for computing Nash equilibria.

In this paper we develop a new method based on a discretization procedure which
enables us to construct a Nash equilibrium. By suitably discretizing the original
stochastic differential game, we construct a parametric family of stochastic games in
such a way that the state of the stochastic game is given by a controlled discrete
time process {Xh

n |n ≥ 0}, defined in section 3, satisfying a certain “local consistency”
condition, and the payoff criterion is given by

Rih
α [vh1 , vh2 ](x) = Δth E

[ ∞∑
n=0

(
e−αΔth

)n
[r1i(X

h
n , v

h
1n) + r2i(X

h
n , v

h
2n)]

∣∣∣Xh
0 = x

]
,

where Δth is the constant step size for time discretization; its explicit form is given in
section 3. The local consistency condition enables us to show that, as the parameter
h tends to 0, a Nash equilibrium of the stochastic game converges in an appropriate
sense to a Nash equilibrium of the stochastic differential game.

Our convergence analysis is crucially based on the specific structure of the drift
vector in (1.1) and the payoff functions in (1.2). Note that the dependence of the
variables v1, v2 on the drift vector of the process X(·) as in (1.1) appears in separate
functions in an additive manner. The same holds for the payoff functions in (1.2).
These separability conditions are typical in stochastic dynamic games in discrete time
with general (uncountable) state space as well. In stochastic games in discrete time
with uncountable state space, these types of conditions are referred to as AR-AT,
which stands for additive reward-additive transition structure; see, for example, [11],
[22]. To our knowledge, the problem of establishing the existence of a Nash equilibrium
in stationary strategies without the AR-AT structure for discrete time stochastic game
in a general state space is still open. The same holds for stochastic differential games
as well. In the discrete time case, some progress has been made in this direction. In
[25] the authors have established the existence of a Nash equilibrium in stationary
strategies without AR-AT structure but under the assumption that the transition
is state-independent. Without using the AR-AT structure, in [21] the existence of a
subgame perfect equilibrium is established, whereas in [23] the existence of a correlated
equilibrium in stationary strategies is established.

The basic idea of approximating SDE (1.1) by using the chain {Xh
n |n ≥ 1} was

pioneered by Kushner; see [14], [15], [19]. These works deal with numerical procedures
for stochastic optimal control problems. The idea has been extended to zero sum
stochastic differential games as well; see [16], [17], [26]. A numerical approximation
of nonzero sum stochastic differential games is treated in [18]. Our present paper is
different from [18] in two aspects. First of all, we consider a different class of stochastic
differential games. Second, our main focus lies in using the approximation argument
to get a constructive procedure for computing a Nash equilibrium. This point is not
addressed in [18].

In the literature of nonzero sum stochastic differential games, not much is known
about the computational aspects of Nash equilibrium. Nash equilibria can be explic-
itly computed only in some specific games; see, for example, [12], [24]. To the best
of our knowledge, [20] is the latest in the literature which tries to construct Nash
equilibrium for a class of stochastic differential games on the finite horizon. In [20],
it is assumed that

bk(x, vk) = b̃k(x)vk, r1(x, v1, v2) = r̃1(x)v1, r2(x, v1, v2) = r̃2(x)v2,
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where b̃k, r̃k are of C1 class. Also assume that σσ′ and (σσ′)−1 are Lipschitz continu-
ous. These affine structural conditions are quite crucial in the analysis in [20]. In our
paper, we compute Nash equilibrium for a class of stochastic differential games where
the conditions in [20] may be treated as a special case. Note that it is our Example
5.6 with r12 ≡ r21 ≡ 0.

The rest of this paper is organized as follows: In section 2, we give a detailed
description of the stochastic differential game problem. In section 3, we give a de-
scription of the approximating chain {Xh

n} and prove two important results (Theorems
3.1 and 3.2), which establsih that Markov chains {Xh

n} under Markov strategies are
indeed approximations of controlled diffusion given by (1.1) for a suitable pair of ad-
missible strategies of the players. In section 4, we describe a stochastic game with
the state equation given by {Xh

n} and payoff criterion (4.1), which is “close” to the
payoff criterion (1.2). By using the convergence results proved in section 3, we prove
that a Nash equilibrium of the stochastic game converges to a Nash equilibrium of the
stochastic differential game along a subsequence. This proves the existence of a Nash
equilibrium for the stochastic differential game. In section 5, by using the optimality
equation (5.2), which characterizes a Nash equilibrium of the approximate stochas-
tic game described in section 4, we derive an iterative procedure for constructing a
Nash equilibrium for the approximate stochastic game. Then by using an additional
assumption (A4) we show that iterates indeed converge. The Nash equilibrium we
construct by using our procedure is given by the particular selector map ūk

x(·) given
in (A4). Hence if multiple selector maps exist, then multiple Nash equilibria can
be computed. We also give examples when the selector map is unique. Section 5
deals with numerical results for constructing a Nash equilibrium by using the above
iterative procedure. We conclude our paper in section 6 with a few remarks.

2. Description of the problem. Let Ui be a compact subset of R
ni , i = 1, 2,

and Vi = P(Ui), i = 1, 2, the space of probability measures with the topology of weak
convergence.

Let bk : R
d × Uk → R

d and σ : R
d → R

d×d, k = 1, 2. Define bk : R
d × Vk →

R
d, k = 1, 2, as follows:

bk(x, vk) =

∫
Uk

bk(x, u) vk(du), x ∈ R
d, vk ∈ Vk .

We assume that the following applies.
(A1) (i) The functions σ, bk, k = 1, 2, are bounded, continuous, and Lipschitz

continuous in the first uniformly with respect to the second variable; i.e., there exists
a constant C > 0 such that

‖bk(x, u) − bk(y, u)‖ + ‖σ(x, u) − σ(y, u)‖ ≤ C ‖x− y‖

for all x, y ∈ R
d and u ∈ Uk, k = 1, 2.

(ii) The function a := σ σ′ is uniformly elliptic; i.e., there exists δ > 0 such that

z a(x) z′ ≥ δ ‖z‖2 for all z, x ∈ R
d.

Consider the controlled diffusion process X(·) on R
d given by SDE

(2.1)
dX(t) = [b1(X(t), v1(t)) + b2(X(t), v2(t))] dt + σ(X(t)) dW (t),

X(0) = x ∈ R
d ,

}
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where W (·) is a standard d-dimensional Wiener process defined on a complete prob-
ability space (Ω,F , P ).

A Vi-valued process vi(·) is said to be an admissible strategy for player i if vi(t) =
fi(t,X(·)), for some fi : [0, ∞) × C([0, ∞); Rd) → Vi, is a measurable map and,
for each t, fi(t,X(·)) is measurable with respect to σ(X(s)|s ≤ t). The set of all
admissible strategies of player i is denoted by Ai. By following [6], we have the
following interpretation of the admissible strategies of the players. Note that an
admissible strategy player i is a nonanticipative functional of the process X(·) taking
values in the set Vi. The idea behind this is that whatever extraneous randomization
the players might want to incorporate into their controls is already subsumed in the
fact that they are choosing Vi-valued processes rather than Ui-valued ones. One
consequence of this is that the conditional law of X(·) given X(0) = x is a.s. the
law of a process X(x, ·) controlled by strategies fi(·, X(x, ·)), with X(x, 0) = x. Thus
we may prescribe the strategies (v1(·), v2(·)) for arbitrary initial data by prescribing
the fi’s. Therefore player 1 chooses the function f1, whereas player 2 chooses f2.
Also note that these choices are made independently of each other. Hence the strict
noncooperative nature of the game is maintained at all times.

Suppose that (v1, v2) ∈ A1 × A2 is such that there exist measurable maps vi :
[0, ∞) × R

d → Vi, i = 1, 2, satisfying vi(t) = vi(t,X(t)), where X(·) solves (2.1)
corresponding to the above admissible strategies. Then vi is said to be a Markov
strategy for player i. By an abuse of notation we refer to the map vi itself as a
Markov strategy. A Markov strategy vi is said to be stationary if the map vi doesn’t
have any explicit dependence on t. The set of all stationary Markov strategies for
player i is denoted by Mi.

Let R(Uk × [0, ∞)), k = 1, 2, denote the set of all Vk-valued processes which is
nonanticipative w.r.t. an R

d-valued Wiener process. The space of strategies R(Uk ×
[0, ∞)) is endowed with the weak topology given in [19, pp. 265–267]; i.e., vnk con-
verges to vk in R(Uk × [0, ∞)) if∫ ∞

0

∫
Uk

φ(t, u) vnk (t)(du) dt →
∫ ∞

0

∫
Uk

φ(t, u) vk(t)(du) dt

for all φ ∈ C∞0 ((0, ∞) × Uk). The set Ak ⊆ R(Uk × [0, ∞)) is endowed with the
above weak topology induced on it.

Let rki : R
d×Uk → R, k, i = 1, 2, be the payoff functions satisfying the following

assumption.
(A2) For each k, i, rki is bounded and continuous, and there exists a constant

C > 0 such that

|rki(x, ui) − rki(y, ui)| ≤ C ‖x− y‖ for all x, y ∈ R
d, ui ∈ Ui .

We consider only two-person nonzero sum stochastic differential games for no-
tational simplicity; a general N -person game follows by mimicking the arguments of
two-person games. The description of the two-person nonzero sum game is as follows.

If the state of the system, which is evolving according to the controlled diffusion
process given by (2.1), is at x ∈ R

d and the player i chooses his action ui ∈ Ui, then
the player i receives a payoff r1i(x, u1)+r2i(x, u2). We use the relaxed setup, and the
randomized payoff is given by

rki(x, v) =

∫
Uk

rki(x, u) v(du) for x ∈ R
d, v ∈ Vk;
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i.e., in the relaxed setup, when the state of the system is at x and the player i chooses
his mixed action vi ∈ Vi, player i receives a payoff r1i(x, v1) + r2i(x, v2).

At time t, both players have the common knowledge of the state process {X(s)|s ≤
t}. With this information players choose their action at t independent of each other.
Each player wants to choose a strategy so that his “cumulative” payoff is maximized.
The planning horizon is infinite, and for payoff evaluation criterion we use the dis-
counted payoff given below.

Discounted payoff criterion. Let α > 0 be the discount factor. For (v1, v2) ∈
A1 ×A2, the α-discounted payoff to player i, for the initial condition x ∈ R

d is given
by

Ri
α[v1, v2](x) = E

[∫ ∞
0

e−α t[r1i(X(t), v1(t)) + r2i(X(t), v2(t))] dt
∣∣∣X(0) = x

]
,

i = 1, 2.
A pair of strategies (v∗1 , v∗2) ∈ A1 × A2 is said to be a Nash equilibrium for the

initial condition x ∈ R
d if

R1
α[v∗1 , v∗2 ](x) ≥ R1

α[v1, v∗2 ](x) for all v1 ∈ A1

and

R2
α[v∗1 , v∗2 ](x) ≥ R2

α[v∗1 , v2](x) for all v2 ∈ A2 .

3. Approximating Markov chain. In this section we derive an approximating
Markov chain for the controlled diffusion process (2.1). See [16], [26] for similar
approximations. We make the following assumption.

(A3) (i)

aii(x) −
∑
j:j �=i

|aij(x)| ≥ 0 for all i = 1, 2, . . . , d, x ∈ R
d.

(ii) There exists δ0 > 0 such that

d∑
i=1

aii(x) − 1

2

∑
i �=j

|aij(x)| ≥ δ0 for all x ∈ R
d .

For h > 0, define the grid

R
d
h =

{
x ∈ R

d | x =

d∑
i=1

ni h ei, ni ∈ Z, for all i

}
,

where {e1, e2, . . . , ed} is the usual basis of R
d.

For x ∈ R
d
h, v1 ∈ V1, and v2 ∈ V2, set

Qh(x, v1, v2) = h

d∑
i=1

(|b1i(x, v1)| + |b2i(x, v2)|) +

d∑
i=1

aii(x) − 1

2

∑
i �=j

|aij(x)|

and

Q̄h = sup
x∈R

d
h, (v1,v2)∈V1×V2

Qh(x, v1, v2) .
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Now define transition law ph as follows, for x ∈ R
d
h, vk ∈ Vk:

(3.1)

ph(x, x, v1, v2) =
1

Q̄h
[Q̄h −Qh(x, v1, v2)] ,

ph(x, x+hei, v1, v2) =
1

Q̄h

[
h (b

+

1i(x, v1) + b
+

2i(x, v2))

+
1

2
aii(x) − 1

2

∑
j:j �=i

|aij(x)|
]
,

ph(x, x+hei+hej , v1, v2) =
1

4 Q̄h
a+
ij(x) ,

ph(x, x+hei+hej , v1, v2) =
1

4 Q̄h
a−ij(x) ,

ph(x, y, v1, v2) = 0 otherwise ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where f+ := max{f, 0}, f− := −min{f, 0}.
For a pair of strategies (vh1 , v

h
2 ), i.e., vhi = {vhin|n ≥ 1}, vhin : R

d
h → Vi, the

corresponding controlled chain {Xh
n} is defined such that

P{Xh
n+1 = y|Xh

m, vh1m, vh2m,m ≤ n} = ph(Xh
n , y, v

h
1n(Xh

n), vh2n(Xh
n)) .

By a straightforward calculation we can show that, for x ∈ R
d
h, v1 ∈ V1, v2 ∈ V2,

(3.2)

E
[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n− 1, Xh

n = x, vh1n = v1, v
h
2n = v2

]
= [b1(x, v1) + b2(x, v2)]Δth,

E
([

ΔXh
n − E

[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n− 1, Xh

n = x, vh1n = v1, v
h
2n = v2

]]
[
ΔXh

n − E
[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n− 1, Xh

n = x, vh1n = v1, v
h
2n = v2

]]′
∣∣∣Xh

m, vh1m, vh2m, m ≤ n− 1, Xh
n = x, vh1n = v1, v

h
2n = v2

)
= a(x)Δth ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where

ΔXh
n = Xh

n+1 −Xh
n , Δth =

h2

Q̄h
.

Equation (3.2) is called the local consistency conditions; see [19, p. 71] for more details.
Let Ah

i and Mh
i denote, respectively, the set of all admissible and the set of all

stationary Markov strategies for player i, i = 1, 2. See [7, p. 48] for a description
of admissible strategies and stationary Markov strategies. Let {Xh

n |n ≥ 0} be the
controlled chain corresponding to (vh1 , v

h
2 ) ∈ Ah

1 ×Ah
2 and initial condition xh

0 ∈ R
d
h.

Now we define the corresponding interpolated continuous time process as follows:

Xh(t) = xh
0 +

∑
n:thn+1≤t

ΔXh
n ,

where thn = nΔth, n = 0, 1, . . . .
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For vi = {vin|n ≥ 0} ∈ Ah
i , the interpolated continuous time strategy for player

i is given by

vi(t) = vin if t ∈ [thn, thn+1) .

We use Ah
i also to denote the set of all interpolated continuous time admissible strate-

gies. Similarly the set of all interpolated continuous time stationary Markov strategies
denoted by Mh

i , i = 1, 2, is defined.
We make use of the following representation for the chain {Xh

n |n ≥ 0} corre-
sponding to (vh1 , vh2 ) ∈ Ah

1 ×Ah
2 :

Xh
n+1 = Xh

n + E
[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n

]
+ ΔXh

n − E
[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n

]
.

By using the local consistency conditions (3.2), we have

Xh
n+1 = Xh

n + (b1(X
h
n , v

h
1n) + b2(X

h
n , v

h
2n))Δth + βh

n,

where

βh
n = ΔXh

n − E
[
ΔXh

n

∣∣∣Xh
m, vh1m, vh2m, m ≤ n

]
.

Therefore

Xh(t) = xh
0 +

∑
n:thn+1≤t

(b1(X
h
n , v

h
1n) + b2(X

h
n , v

h
2n)) Δth +

∑
n:thn+1≤t

βh
n .

Since bi is bounded, we can show that

∑
n:thn+1≤t

(b1(X
h
n , v1n) + b2(X

h
n , v2n)) Δth = Fh(t) + o(Δth),

where

Fh(t) =

∫ t

0

(b1(X
h(s), v1(s)) + b2(X

h(s), v2(s))) ds .

Define

Wh(t) =
∑

n:thn+1≤t

ΔWh
n , where ΔWh

n = (σ(Xh
n))−1βh

n ,

We can see that Wh(·) is a martingale with respect to Fh
n = σ(Xh

m, vh1m, vh2m, m ≤ n)
and

E[ΔWh
n |Xh

m, vh1m, vh2m, m ≤ n] = 0,

E[(ΔWh
n )′ΔWh

n )|Xh
m, vh1m, vh2m, m ≤ n] = Δth Id×d ,

E[(ΔWh
n )′ΔWh

m)] = 0 for all n 
= m,
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where Id×d is the d× d identity matrix. Consider

∑
n:thn+1≤t

βh
n =

∑
n:thn+1≤t

σ(Xh
n) ΔWh

n

=

∫ t

0

σ(Xh(s)) dWh(s) := Bh(t).

Thus Xh(·) takes the form

(3.3) Xh(t) = xh
0 + Bh(t) + Fh(t) .

Now we are ready to prove the following theorem.
Theorem 3.1. Assume (A1) and (A3). Let xh

0 ∈ R
d
h converge to x ∈ R

d,
(vh1 , v

h
2 ) ∈ M1

h × M2
h, and Xh(·) be the process (3.3) corresponding to (vh1 , v

h
2 ) with

initial condition xh
0 . Then the process Φh(·) := (Xh(·), Bh(·), Fh(·), Wh(·), vh1 , vh2 )

is tight. Moreover, there exists a process Φ(·) = (X(·), B(·), F (·), W (·), v1, v2) in
D4d[0, ∞)×R(U1×[0, ∞))×R(U2×[0, ∞)) such that the process Φ(·) has continuous
paths a.s. and Φh(·) converges weakly along a subsequence to Φ(·).

Proof. Let δ > 0. It is easy to see that

(3.4) E
[

sup
s≤t≤s+δ

|Fh(t) − Fh(s)|
]
≤ K δ ,

where K is a common bound for bk, rki, a, i, k = 1, 2. Now

(3.5)

E
[
sups≤t≤s+δ |Bh(t) −Bh(s)|2

]
≤ 4E|Bh(s + δ) −Bh(s)|2

= 4E

∫ s+δ

s

trace{a(Xh(s))} ds ≤ 4Kδ ,

where vhi (s) = vhi (Xh(s)), i = 1, 2, and

(3.6)

E
[

sup
s≤t≤s+δ

|Wh(t) −Wh(s)|2
]
≤ 4E|Wh(s + δ) −Wh(s)|2

=
∑

n:s≤thn<thn+1≤s+δ

Δth ≤ δ.

Also, since vhi , i = 1, 2, is taking values in a compact set, the tightness of vhi follows.
In view of (3.4), (3.5), and (3.6), from [3, Theorems 15.5 and 8.3] or [14, pp. 31–33],
the tightness of Φh(·) in D4d([0, ∞)×R(U1 × [0, ∞))×R(U2 × [0, ∞)) follows. The
proof of the existence of the process Φ(·) follows from standard arguments.

Theorem 3.2. Assume the hypothesis of Theorem 3.1, that the process W (·) in
Theorem 3.1 is a standard Wiener process. Also (v1, v2) ∈ A1 ×A2 and

B(t) =

∫ t

0

σ(X(s), v1(s), v2(s)) dW (s) ,

F (t) =

∫ t

0

(b1(X(s), v1(s)) + b2(X(s), v2(s))) ds .
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Proof. By using Skorohod’s theorem, there exists a P -null set N such that
Xh(s, ω) → X(s, ω) and Wh(s, ω) → W (s, ω) for all s ≥ 0 and ω ∈ Ω/N . Then,
by following the arguments in the proof of [5, Lemmas 1.2 and 1.3, pp. 24–26], we can
show that along the same sequence

(3.7) lim
h→0

∫ t

0

∫
Ui

f(s, ui, ω)vhi (s, ω)(dui) ds =

∫ t

0

∫
Ui

f(s, ui, ω)vi(s, ω)(dui) ds

for all f ∈ C([0, T ] × Ui), T > 0, 0 ≤ t ≤ T, ω ∈ Ω/N .
Set

F (t) =

∫ t

0

[b1(X(s), v1(s)) + b2(X(s), v2(s))] ds .

Now for ω ∈ Ω/N

(3.8)

|Fh(t, ω) − F (t, ω)|

≤
∣∣∣∣∣
∫ t

0

(b1(X
h(s, ω), vh1 (s, ω)) + b2(X

h(s, ω), vh2 (s, ω))) ds

−
∫ t

0

(b1(X(s, ω), vh1 (s, ω)) + b2(X(s, ω), vh2 (s, ω))) ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t

0

(b1(X(s, ω), vh1 (s, ω)) + b2(X(s, ω), vh2 (s, ω))) ds

−
∫ t

0

(b1(X(s, ω), v1(s, ω)) + b2(X(s, ω), v2(s, ω))) ds

∣∣∣∣∣ .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

It follows from the Lipschitz continuity of bi, i = 1, 2, that the first term on the
right-hand side of (3.8) converges to zero. The second term on the right-hand side
of (3.8) converges to zero by using (3.7). We have, by using Skorohod’s theorem
and Theorem 3.1, that along the same sequence and same N (without the loss of
generality)

Fh(t, ω) → F (t, ω), ω ∈ Ω/N , t > 0.

Now by the uniqueness of the limit we have F (t) = F (t), t > 0 a.s.
Next we show that W (·) is a standard Wiener process with respect to Ft =

σ(X(s), v1(s), v2(s)|s ≤ t). We have

E[Wh(t)′Wh(t) ] = E

⎛
⎝ ∑

n:thn+1≤t

ΔWh
n

⎞
⎠
′ ⎛
⎝ ∑

n:thn+1≤t

ΔWh
n

⎞
⎠

= E

⎡
⎣ ∑
n,m:thn+1,t

h
m+1≤t

ΔWh
n+1

′
ΔWh

m+1

⎤
⎦

=

⎡
⎣ ∑
n:thn+1≤t

Δth

⎤
⎦ Id×d = tId×d + o(Δth).
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By using similar arguments, we can show that E|Wh(t)|4 is uniformly bounded in h.
Hence we can see that Wh(t)′Wh(t) is uniformly integrable. Now, by using the fact
that Wh(·) converges weakly to W (·), we have

E[W (t)′W (t) ] = t Id×d .

Now, by using the arguments in [14, pp. 99–100], we can show that W (·) is a mar-
tingale with respect to Ft. Hence, it follows that W (·) is a standard Wiener process.
Consider for i = 1, 2

E

∣∣∣∣
∫ t

0

σ(Xh(s)) dWh(s) −
∫ t

0

σ(X(s)) dW (s)

∣∣∣∣
2

≤ 8

{
E

∣∣∣∣
∫ t

0

[σ(Xh(s)) − σδ(X
h(s))] dWh(s)

∣∣∣∣
2

+ E

∣∣∣∣
∫ t

0

σδ(X
h(s))dWh(s) −

∫ t

0

σδ(X
h(s))dW (s)

∣∣∣∣
2

+ E

∣∣∣∣
∫ t

0

[σδ(X
h(s)) − σδ(X(s))] dW (s)

∣∣∣∣
2

+ E

∣∣∣∣
∫ t

0

[σδ(X(s)) − σ(X(s))] dW (s)

∣∣∣∣
2
}

= 8

⎧⎨
⎩E

t
δ∑

k=0

∫ (k+1)δ

kδ

trace
[
(σ(Xh(s)) − σ(Xh(kδ)))

(σ(Xh(s)) − σ(Xh(kδ)))′
]
ds

+ E

∣∣∣∣
∫ t

0

σδ(X
h(s))dWh(s) −

∫ t

0

σδ(X
h(s))dW (s)

∣∣∣∣
2

+ E

∫ t

0

trace
[
(σδ(X

h(s)) − σδ(X(s)))

(σδ(X
h(s)) − σδ(X(s)))′

]
ds ,

+ E

∫ t

0

trace
[
(σδ(X(s)) − σ(X(s)))

(σδ(X(s)) − σ(X(s)))′
]
ds

⎫⎬
⎭ ,

where δ > 0 is chosen such that t
δ is an integer and

∫ t

0

σδ(X
h(s))dWh(s) :=

t
δ∑

k=0

σ(Xh(kδ)) [Wh((k + 1)δ) − Wh(kδ)] .

By letting h → 0 and then δ → 0 we can see that the right-hand side above converges
to zero. Hence along a suitable subsequence (denoted by the same sequence without
the loss of generality)∫ t

0

σ(Xh(s)) dWh(s) converges a.s. to

∫ t

0

σ(X(s)) dW (s) for all t.
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Hence by using the uniqueness of the limit we have

B(t) =

∫ t

0

σ(X(s)) dW (s) .

Note that for any fi ∈ Cb(R
d × Vi), i = 1, 2,

∫ t

0
[f1(X(s), v1(s)) + f2((X(s), v2(s))] ds

is nonanticipative with respect to Ft. In view of this and by using Theorem 2.2(a) of
[5, p. 18], we can assume without any loss of generality that (v1, v2) ∈ A1 ×A2. This
completes the proof.

4. Discounted payoff criterion. In this section we prove the existence of a
Nash equilibrium for the stochastic differential game problem with the α-discounted
payoff criterion described in section 2. The main idea is to approximate the nonzero
sum stochastic differential game problem by an appropriate nonzero sum stochastic
game.

Consider the nonzero sum stochastic game with state space R
d
h and ph given

by (3.1) describing the law of motion. The α-discounted payoff to player i for the
admissible pair of strategies (vh1 , v

h
2 ) ∈ Ah

1 ×Ah
2 for the initial state x ∈ R

d
h is given by

(4.1)

Rih
α [vh1 , vh2 ](x) = ΔthE

[ ∞∑
n=0

(
e−αΔth

)n
[r1i(X

h
n , v

h
1n) + r2i(X

h
n , v

h
2n)]

∣∣∣Xh
0 = x

]
.

The existence of a Nash equilibrium in the class of stationary Markov strategies follows
from [9, Theorem 1]. Let (v∗h1 , v∗h2 ) ∈ Mh

1 ×Mh
2 denote a pair of Nash equilibrium

for the above approximated stochastic game.
Theorem 4.1. Assume (A1)–(A3). There exists an α-discounted Nash equilib-

rium.
Proof. Fix x ∈ R

d. Let xh ∈ R
d
h be such that xh → x. Also let Φ∗h(·) =

(X∗h(·), B∗h(·), F ∗h(·), v∗h1 , v∗h2 ) be the process given by (3.3), with (v∗h1 , v∗h2 ) ∈ Mh
1 ×

Mh
2 given above and for the initial condition xh. Then by Theorem 3.2 there exist

Φ∗(·) = (X∗(·), B∗(·), F ∗(·), v∗1 , v∗2) and a Wiener process W (·) such that X∗(·) is the
solution of (2.1) for some pair of admissible strategies (v∗1 , v

∗
2) ∈ A1 × A2 and initial

condition x. Also, Φ∗h(·) converges to Φ∗(·) weakly in D3d+n1+n2 [0, ∞). Note that

R1h
α [vh1 , v

h
2 ](x)

= E

[∫ ∞
0

e−αt [r1i(X
h(s), vh1 (s) + r2i(X

h(s), vh2 (s)))] ds
∣∣∣Xh(0) = x

]
+ o(Δth) .

In view of the above, by closely mimicking the arguments of Theorem 3.2, we can
show that

(4.2) lim
h→0

R1h
α [v∗h1 , v∗h2 ](xh) = R1

α[v∗1 , v
∗
2 ](x) .

By using Theorem 2.2(b) of [5, p. 18], for each (v1, v2) ∈ A1×A2 and the corresponding
solution X(·) of (2.1) with initial condition x, there exists a process X(·), on a possibly
augmented probability space, satisfying (2.1) with initial condition x corresponding to
(v1, v2) ∈ A1×A2 for the prescribed Wiener process W (·) constructed in the previous
theorem. Also (v1, v2), (v1, v2) have the same functional form, and

Ri
α[v1, v2](x) = Ri

α[v1, v2](x), x ∈ R
d, i = 1, 2 .
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Hence we can assume without the loss of generality that (v1, v2) ∈ A1 × A2 is in
a common probability space and, in particular, (v1, v

∗
2) is in a common probability

space for all v1 ∈ A1.
For ε > 0, by using Theorem 1.2 of [19, p. 278], there exists a δ > 0 and vε1 ∈ A1

such that vε1 is constant on intervals [nδ, nδ + δ), n = 0, 1, 2, . . . , and satisfies

(4.3) |R1
α[vε1, v

∗
2 ](x) −R1

α[v1, v
∗
2 ](x)| < ε.

Now for h sufficiently small, i.e., for all h such that Δth < δ, we have vε1 ∈ Ah
1 . Let

X∗εh(·) denote the process (3.3) corresponding to (vε1, v
∗h
2 ) for the initial condition

xh and X∗ε(·) denote the process (2.1) for the initial condition x and the pair of
admissible strategies (vε1, v

∗
2).

Then X∗εh(·) converges weakly to X∗ε(·). Now, by mimicking the arguments in
the proof of Theorem 3.2, we have

(4.4) lim
h→0

R1h
α [vε1, v

∗h
2 ](xh) = R1

α[vε1, v
∗
2 ](x) .

Since (v∗h1 , v∗h2 ) is a Nash equilibrium for the stochastic game described above, we
have

R1h
α [v∗h1 , v∗h2 ](xh) ≥ R1h

α [vεh1 , v∗h2 ](xh) .

Let h → 0, and by using (4.2) and (4.4) we have

R1
α[v∗1 , v

∗
2 ](x) ≥ R1

α[vε1, v
∗
2 ](x).

Now, by using (4.3), we get

R1
α[v∗1 , v

∗
2 ](x) ≥ R1

α[v1, v
∗
2 ](x) − ε .

Since ε > 0 is arbitrary, we have

R1
α[v∗1 , v

∗
2 ](x) ≥ R1

α[v1, v
∗
2 ](x) .

In a similar fashion, we can show that

R2
α[v∗1 , v

∗
2 ](x) ≥ R2

α[v∗1 , v2](x) for v2 ∈ A2.

Hence (v∗1 , v
∗
2) is a Nash equilibrium.

Remark 4.2. We can in fact obtain a Nash equilibrium in the class of stationary
Markov strategies. This could be seen as follows: Recall that (v∗h1 , v∗h2 ) ⊆ M1 ×M2

and converges to (v∗1 , v
∗
2) according to the convergence criterion in (3.7). Note that

Mi, i = 1, 2, is compact in the metric topology defined in [5, p. 30]. Hence there
exists ṽi ∈ Mi such that v∗hi → ṽi in Mi, i = 1, 2, along a suitable subsequence. Now,
by using [15, Theorem 3.1, p. 151], Xh(·) converges weakly to X̃(·), where X̃(·) is a
solution to (2.1) corresponding to (ṽ1, ṽ2). Since Xh(·) converges weakly to X∗(·),
the existence of a Nash equilibrium which is Markov thus follows.
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5. Construction of Nash equilibrium. In this section, we describe a nu-
merical procedure to construct a Nash equilibrium for the nonzero sum stochastic
differential game described in section 2. By using the separable form of the drift
coefficient in (2.1), we can write the transition probabilities given in (3.1) in the form

(5.1) ph(x, y, v1, v2) = ph1 (x, y, v1) + ph2 (x, y, v2) for all x, y ∈ R
d
h, vi ∈ Vi ,

where ph1 , ph2 are continuous functions whose explicit form can be written down in
terms of the drift and diffusion coefficients of the SDE (2.1). We omit the details,
since we don’t require the explicit form for our purpose. Consider the approximate
nonzero sum stochastic game described in section 4. We avoid the term Δth from the
payoff criterion (4.1) of the stochastic game, since it won’t affect the analysis once h
is fixed. Now, throughout this section, we fix h. We use the following lemma, and the
proof follows from [4, Theorem 6].

Lemma 5.1. A pair of stationary Markov strategies (v∗1 , v
∗
2) ∈ Mh

1 × Mh
2 is a

Nash equilibrium iff (v∗1 , v
∗
2) satisfies the optimality equation

(5.2)

R1h
α [v∗1 , v

∗
2 ](x) = sup

v1∈V1

⎡
⎣r11(x, v1) + r21(x, v

∗
2(x))

+ β
∑
y∈R

d
h

ph(x, y, v1, v
∗
2(x))R1h

α [v∗1 , v
∗
2 ](y)

⎤
⎦ ,

R2h
α [v∗1 , v

∗
2 ](x) = sup

v2∈V2

⎡
⎣r12(x, v∗1(x)) + r22(x, v2)

+ β
∑
y∈R

d
h

ph(x, y, v∗1(x), v2)R
2h
α [v∗1 , v

∗
2 ](y)

⎤
⎦ ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where β = e−αΔth .
By using (5.1), the optimality equation becomes

(5.3)

R1h
α [v∗1 , v

∗
2 ](x) = sup

v1∈V1

⎡
⎣r11(x, v1) + β

∑
y∈R

d
h

ph1 (x, y, v1)R
1h
α [v∗1 , v

∗
2 ](y)

⎤
⎦

+ r21(x, v
∗
2(x)) + β

∑
y∈R

d
h

ph2 (x, y, v∗2(x))R1h
α [v∗1 , v

∗
2 ](y),

R2h
α [v∗1 , v

∗
2 ](x) = sup

v2∈V2

⎡
⎣r22(x, v2) + β

∑
y∈R

d
h

ph2 (x, y, v2)R
2h
α [v∗1 , v

∗
2 ](y)

⎤
⎦

+ r12(x, v
∗
1(x)) + β

∑
y∈R

d
h

ph1 (x, y, v∗1(x))R2h
α [v∗1 , v

∗
2 ](y).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Let l∞(Rd
h; R) = {φ : R

d
h → R |φ is bounded} with sup norm. Now define π∗k :

l∞(Rd
h; R) → Mh

k , k = 1, 2 as follows: For φ ∈ l∞(Rd
h; R), π∗k(φ) ∈ Mh

k is such that,
for all x ∈ R

d
h,

rkk(x, π
∗
k(φ)(x)) + β

∑
y∈R

d
h

phk(x, y, π∗k(φ)(x))φ(y)

= sup
vk∈Vk

⎡
⎣rkk(x, vk) + β

∑
y∈R

d
h

phk(x, y, vk)φ(y)

⎤
⎦ .

Now, by using standard stochastic optimal control arguments (see, for example, [2,
pp. 225–232]), we can show that if (Φ1, Φ2) satisfies the equation

(5.4)
Φ1(x) = r11(x, π

∗
1(Φ1)(x)) + r21(x, π

∗
2(Φ2)(x))

+β
∑
y∈R

d
h

ph1 (x, y, π∗1(Φ1)(x))Φ1(y) + β
∑
y∈R

d
h

ph2 (x, y, π∗2(Φ2)(x))Φ1(y),

Φ2(x) = r12(x, π
∗
1(Φ1)(x)) + r22(x, π

∗
2(Φ2)(x))

+β
∑
y∈R

d
h

ph1 (x, y, π∗1(Φ1)(x))Φ2(y) + β
∑
y∈R

d
h

ph2 (x, y, π∗2(Φ2)(x))Φ2(y),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

then Φk(x) = Rkh
α [π∗1(Φ1), π

∗
2(Φ2)]. This fact with the help of Lemma 5.1 will imply

that, for any solution (Φ1, Φ2) of (5.4), (π∗1(Φ1), π
∗
2(Φ2)) is a Nash equilibrium. Thus

constructing a Nash equilibrium reduces to the construction of the solution to (5.4).
To do this we first state the following lemma whose proof follows by closely mimicking
the arguments in [9, Theorem 1].

Lemma 5.2. For each x ∈ R
d
h, k = 1, 2, the map T k

x : R
N → 2Vk defined by

T k
x (Φ[x]) = argmaxvk∈Vk

⎡
⎣rkk(x, vk) + β

∑
y∈R

d
h

phk(x, y, vk)Φ(y)

⎤
⎦ ,

where Φ[x] = (Φ(y)|y = x, x+̄hei, x+̄hei+̄hej), N = #{y|y = x, x+̄hei, x+̄hei+̄hej},
is upper semicontinuous.

Now we give an iterative procedure to construct a Nash equilibrium. Define
(Φn

1 , Φn
2 )) as follows: Φ0

1 = 1, Φ0
2 = 1, and for n ≥ 0

(5.5)
Φn+1

1 (x) = r11(x, π
∗
1(Φn

1 )(x)) + r21(x, π
∗
2(Φn

2 )(x))

+β
∑
y∈R

d
h

ph1 (x, y, π∗1(Φn
1 )(x))Φn

1 (y) + β
∑
y∈R

d
h

ph2 (x, y, π∗2(Φn
2 )(x))Φn

1 (y),

Φn+1
2 (x) = r12(x, π

∗
1(Φn

1 )(x)) + r22(x, π
∗
2(Φn

2 )(x))

+β
∑
y∈R

d
h

ph1 (x, y, π∗1(Φn
1 )(x))Φn

2 (y) + β
∑
y∈R

d
h

ph2 (x, y, π∗2(Φn
2 )(x))Φn

2 (y).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Theorem 5.3. If the iterates (Φn
1 ,Φ

n
2 ) in (5.5) converge, say, to (Φ1,Φ2), then

Φk(x) = Rkh
α [v∗1 , v

∗
2 ](x) for some Nash equilibrium (v∗1 , v

∗
2).

Proof. From the hypothesis, it follows that Φn
k [x] → Φk[x]. Now since Vk is

compact, along a subsequence, we have, for some v∗k ∈ Mh
k ,

(5.6) Φn
k [x] → Φk[x], π∗k(Φ

nl

k )(x) → v∗k(x) for all x ∈ R
d
h.
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Now, by using Lemma 5.2, we have v∗k(x) ∈ T k
x (Φk[x]) for all x ∈ R

d
h; i.e.,

(5.7)

max
vk∈Vk

⎡
⎣rkk(x, vk) + β

∑
y∈R

d
h

phk(x, y, vk)Φk(y)

⎤
⎦

=

⎡
⎣rkk(x, v∗k(x)) + β

∑
y∈R

d
h

phk(x, y, v∗k(x))Φk(y)

⎤
⎦ .

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

Also by using the continuity of rkl, p
h
k , k, l = 1, 2, and (5.5) we can see that

(5.8)

Φ1(x) = r11(x, v
∗
1(x)) + r21(x, v

∗
2(x)) + β

∑
y∈R

d
h

ph1 (x, y, v∗1(x))Φ1(y)

+ β
∑
y∈R

d
h

ph2 (x, y, v∗2(x))Φ1(y),

Φ2(x) = r12(x, v
∗
1(x)) + r22(x, v

∗
2(x)) + β

∑
y∈R

d
h

ph1 (x, y, v∗1(x))Φ2(y)

+ β
∑
y∈R

d
h

ph2 (x, y, v∗2(x))Φ2(y).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Now from (5.7) and (5.8) it follows that (Φ1,Φ2), (v
∗
1 , v
∗
2) satisfies the optimality

equation. Hence (v∗1 , v
∗
2) is a Nash equilibrium.

Now we give a sufficient condition for the convergence of the iterates.
(A4) (i) The functions phk , r12, r21 are Lipschitz continuous in the second argu-

ment, where phk(x, uk) = phk(x, δuk
) for uk ∈ Uk and δuk

denotes the dirac delta at
uk.

(ii) For each x ∈ R
d
h, k = 1, 2, there exists a map uk

x : l∞M (Rd
h) → Uk such that

uk
x(φ) ∈ argmaxuk∈Uk

⎡
⎣rkk(x, uk) + β

∑
y∈R

d
h

phk(x, y, uk)φ(y)

⎤
⎦ ,

which is Lipschitz continuous and the Lipschitz constant is independent of x. Here
l∞M (Rd

h) = {φ : R
d
h → R | 0 ≤ φ(y) ≤ M} and M is an upper bound for

{Ri
α[v1, v2](x)|vi ∈ Ai, x ∈ R

d
h, i = 1, 2}.

Remark 5.4. If (v∗1 , v
∗
2) with functional form given by (f1, f2) is a Nash equilibrium

of the stochastic differential game given by the state equation

dY (t) = [c b(c−1Y (t), v1(t)) + c b2(c
−1Y (t), v2(t))]dt + c σ(c−1Y (t))dW (t)

and payoff criteria

Ri
α[v1, v2](y) = E

[∫ ∞
0

ce−α t[r1i(c
−1Y (t), v1(t)) + r2i(c

−1Y (t), v2(t))] dt
∣∣∣Y (0) = y

]
,

i = 1, 2, where c > 0 is a constant, then (ṽ∗1 , ṽ
∗
2), ṽ∗i (t) = fi(t, cX(·)) is a Nash

equilibrium of the original stochastic differential game. Hence by a suitable choice of
the constant c, the Lipschitz coefficient of r12, r21 in (A4)(i) can chosen to be any
fixed positive constant.
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Example 5.5. Take U1 = [a, b], U2 = [c, d]. Define b(x, uk) = b̃k(x)u2
k, rki(x, uk) =

r̃ki(x)u2
k, k, i = 1, 2. The functions b̃k, r̃ki are Lipschitz continuous functions. The

function σ is also assumed to be bounded Lipschitz continuous, and r̃ki is assumed
to be nonnegative. Now, for h sufficiently small, we can verify that (A4) is satisfied.
Moreover, the selector map ūk

x is unique for each x.
Example 5.6. Take U1 = U2 = [0, 1]. Define bk(x, uk) = b̃k(x)uk, rki(x, uk) =

r̃ki(x)uk, k, i = 1, 2. The functions b̃k, r̃ki are bounded Lipschtiz continuous functions.
Then clearly (A4) is satisfied for h sufficiently small with a unique selector map. This
is the setup discussed in [20].

Example 5.7. Take Ui, i = 1, 2, to be compact and convex subsets of R
ni . Define

bk(x, uk) = bk(x) fk(uk), rki(x, uk) = r̃ki(x) gki(uk), k, i = 1, 2.

For each k, i, assume that bk, r̃ki are bounded and Lipschitz continuous. Also assume
that gkk, fk are differentiable, f ′k is Lipschitz continuous, and g′kk satisfies

K |g′kk(u1) − g′kk(u1)| ≥ ‖u1 − u2‖, u1, u2 ∈ Uk, for some K > 0 .

Now for φ ∈ l∞M (Rd
h)

max
0≤u1≤1

⎡
⎣r̃11(x)g11(u1) + β

∑
y∈R

d
h

ph1 (x, y, u1)φ(y)

⎤
⎦

= A(x) + max
0≤u1≤1

[
r̃11(x)g11(u1) +

hβ

Q
h

{
d∑

i=1

b+1i(x)(φ(x + hei) − φ(x))

+

d∑
i=1

b−1i(x)(φ(x− hei) − φ(x))

}
f1(u1)

]
,

where

A(x) =
β

2
φ(x) +

β

4Q
h

d∑
i=1

aii(x)[φ(x + hei) − 2φ(x) + φ(x− hei)]

+
β

4Q
h

d∑
i=1

⎛
⎝ d∑

j:j �=i

|aij(x)|

⎞
⎠ [φ(x + hei) − 2φ(x) + φ(x− hei)]

+
β

4Q
h

d∑
i,j=1

a+
ij(x)φ(x+hei+hej) +

β

4Q
h

d∑
i,j=1

a−ij(x)φ(x+hei+hej) .

Consider

max
0≤u1≤1

[
r̃11(x)g11(u1) + h g(x, φ, h) f1(u1)

]
,

where

g(x, φ, h) =
β

Q
h

{
d∑

i=1

b+1i(x)(φ(x + hei) − φ(x)) +

d∑
i=1

b−1i(x)(φ(x− hei) − φ(x))

}
.
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Now by using the assumptions we can see that, for each fixed x, there exists u∗1, u
∗h
1 (φ)

(for h sufficiently small) such that

r̃11(x) g′11(u
∗
1) = 0 ,

r̃11(x) g′11(u
∗h
1 (φ)) + h g(x, φ, h) f ′1(u

∗h
1 (φ)) = 0 for all h, φ.

Now

|u∗h1 (φ1) − u∗h1 (φ2)| ≤ K |g′11(u∗h1 (φ1)) − g′11(u
∗h
1 (φ2))|

= K1|r̃11(x) g′11(u
∗h
1 (φ1)) − r̃11(x) g′11(u

∗h
1 (φ2))|

= hK1|g(x, φ1, h) f ′1(u
∗h
1 (φ1)) − g(x, φ2, h) f ′1(u

∗h
1 (φ2))| ,

where K1 = K
|r̃11(x)| . Therefore, we have

|u∗h1 (φ1) − u∗h1 (φ2)| ≤ hK1

[
|g(x, φ1, h) − g(x, φ2, h)| |f ′1(u∗h1 (φ1))|

+ |g(x, φ2, h)| |f ′1(u∗h1 (φ1)) − f ′1(u
∗h
1 (φ2))|

]
≤ hK2

[
|g(x, φ1, h) − g(x, φ2, h)|

+ |f ′1(u∗h1 (φ1)) − f ′1(u
∗h
1 (φ2))|

]
≤ hK2|g(x, φ1, h) − g(x, φ2, h)|

+hK3 |u∗h1 (φ1)) − u∗h1 (φ2))|,

where K2, K3 are positive constants. Hence, we have

|u∗h1 (φ1) − u∗h1 (φ2)| ≤
(

hK2

1 − hK3

)
|g(x, φ1, h) − g(x, φ2, h)| .

Also a routine calculation shows that g is Lipschitz contnuous and the Lipschitz
constant is independent of x ∈ R

d
h. Thus the assumption (A4) is satisfied for h

sufficiently small.
By using (A4) we can see that, for each φ ∈ l∞M (Rd

h), π∗k(φ)(x) = δuk
x(φ). For each

fixed x, define T (φ1, φ2) = (ψ1(x), ψ2(x)), where

ψ1(x) = sup
v1∈V1

⎡
⎣r11(x, v1) + β

∑
y∈R

d
h

ph1 (x, y, v1)φ1(y)

⎤
⎦

+ r21(x, π
∗
2(φ2)(x)) + β

∑
y∈R

d
h

ph2 (x, y, π∗2(φ2)(x))φ1(y),

and ψ2 is defined analously. For φi, φ̃i ∈ l∞(Rd
h; R), i = 1, 2, set

‖(φ1, φ2)(x) − (φ̃1, φ̃2)(x)‖ = |φ1(x) − φ̃1(x)| + |φ2(x) − φ̃2(x)|, x ∈ R
d
h ,

‖(φ1, φ2) − (φ̃1, φ̃2)‖l∞ = ‖φ1 − φ̃1‖l∞ + ‖φ2 − φ̃2‖l∞ .
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Then

‖T (φ1, φ2)(x) − T (φ̃1, φ̃2)(x)‖

≤

∣∣∣∣∣∣ sup
v1∈V1

⎡
⎣r11(x, v1) + β

∑
y∈R

d
h

ph1 (x, y, v1)φ1(y)

⎤
⎦

− sup
v1∈V1

⎡
⎣r11(x, v1) + β

∑
y∈R

d
h

ph1 (x, y, v1)φ̃1(y)

⎤
⎦
∣∣∣∣∣∣

+
∣∣∣r21(x, π∗2(φ2)(x)) − r21(x, π

∗
2(φ̃2)(x))

∣∣∣
+ β

∣∣∣∣∣∣
∑
y∈R

d
h

ph2 (x, y, π∗2(φ2)(x))φ1(y) −
∑
y∈R

d
h

ph2 (x, y, π∗2(φ̃2)(x))φ̃1(y)

∣∣∣∣∣∣
+

∣∣∣∣∣∣ sup
v2∈V2

⎡
⎣r22(x, v2) + β

∑
y∈R

d
h

ph1 (x, y, v2)φ2(y)

⎤
⎦

− sup
v2∈V2

⎡
⎣r22(x, v2) + β

∑
y∈R

d
h

ph1 (x, y, v2)φ̃2(y)

⎤
⎦
∣∣∣∣∣∣

+
∣∣∣r12(x, π∗1(φ1)(x)) − r12(x, π

∗
1(φ̃1)(x))

∣∣∣
+ β

∣∣∣∣∣∣
∑
y∈R

d
h

ph1 (x, y, π∗1(φ1)(x))φ2(y) −
∑
y∈R

d
h

ph1 (x, y, π∗1(φ̃1)(x))φ̃2(y)

∣∣∣∣∣∣
≤ β

∣∣∣∣∣∣
∑
y∈R

d
h

ph1 (x, y, π∗1(φ1)(x))φ1(y) −
∑
y∈R

d
h

ph1 (x, y, π∗1(φ1)(x))φ̃1(y)

∣∣∣∣∣∣
+
∣∣∣r21(x, π∗2(φ2)(x)) − r21(x, π

∗
2(φ̃2)(x))

∣∣∣
+β

∣∣∣∣∣∣
∑
y∈R

d
h

ph2 (x, y, π∗2(φ2)(x))φ1(y) −
∑
y∈R

d
h

ph2 (x, y, π∗2(φ̃2)(x))φ̃1(y)

∣∣∣∣∣∣
+β

∣∣∣∣∣∣
∑
y∈R

d
h

ph2 (x, y, π∗2(φ2)(x))φ2(y) −
∑
y∈R

d
h

ph2 (x, y, π∗2(φ2)(x))φ̃2(y)

∣∣∣∣∣∣
+
∣∣∣r12(x, π∗1(φ1)(x)) − r12(x, π

∗
1(φ̃1)(x))

∣∣∣
+β

∣∣∣∣∣∣
∑
y∈R

d
h

ph1 (x, y, π∗1(φ1)(x))φ2(y) −
∑
y∈R

d
h

ph1 (x, y, π∗1(φ̃1)(x))φ̃2(y)

∣∣∣∣∣∣
≤ β‖(φ1, φ2) − (φ̃1, φ̃2)‖l∞ + K1‖φ1 − φ̃1‖l∞ + K1‖φ2 − φ̃2‖l∞

+β

∣∣∣∣∣∣
∑
y∈R

d
h

[ph2 (x, y, π∗2(φ2)(x) − ph2 (x, y, π∗2(φ̃2)(x)]φ̃2(y)

∣∣∣∣∣∣
+β

∣∣∣∣∣∣
∑
y∈R

d
h

[ph1 (x, y, π∗1(φ1)(x) − ph1 (x, y, π∗1(φ̃1)(x)]φ̃1(y)

∣∣∣∣∣∣
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for some constant K1 > 0. Therefore

‖T (φ1, φ2)(x) − T (φ̃1, φ̃2)(x)‖
≤ β‖(φ1, φ2) − (φ̃1, φ̃2)‖l∞ + K2‖φ1 − φ̃1‖l∞ + K2‖φ2 − φ̃2‖l∞ ,

where K2 > 0 is a constant. Hence we have

(5.9) ‖T (φ1, φ2) − T (φ̃1, φ̃2)‖l∞ ≤ K3‖(φ1, φ2) − (φ̃1, φ̃2)‖l∞ .

By using Remark 4.2 we can choose K3 < 1. Hence from (5.9) it follows that the
iterates in (5.5) converge.

Numerical results. Consider the stochastic differential game with the following
specifications:

b1(x, u1) = b1(x)u2
1, b2(x, u1) = b2(x)u2

2,

r1(x, u1, u2) = r̃11(x)

(
u2

1

2
− u1

)
+ r̃21(x)u2,

r2(x, u1, u2) = r̃12(x)u1 + r̃22(x)

(
u2

2

2
− u2

)
,

σ(x) = σ, x ∈ R, u1, u2 ∈ [0, 1].

A simple calculation shows that

Q
h

=
2h√
e

+ σ2, Δth =
h2

√
e

2h + σ2
√
e
.

With the condition r̃kk ≤ 0, k = 1, 2, we can see that

uk
x(φ) =

⎧⎪⎨
⎪⎩

r̃kk(x)

r̃kk(x) + 2hβ

Q
h bk(x)(φ(x + h) − φ(x))

if φ(x + h) < φ(x),

1 if φ(x + h) ≥ φ(x).

Now one can see that the assumption (A4) is satisfied. We have run the program for
calculating Nash equilibrium and the iterates for the values of x in [−10, 10]. Since
the input functions r̃kj vanish at infinity, we are able to put an artificial boundary for
the state, and values of the iterates are set to zero beyond this boundary. By using
arguments similar to [1] one can see the following.

Let τM = inf{t > 0|‖Xh(t)‖ ≥ M} and ε(M) denote the error bound ‖φ∗ −
φM∗‖l∞ , with

φ∗ = (R1h
α [v∗1 , v

∗
2 ], R2h

α [v∗1 , v
∗
2 ]), φM∗ = (R1Mh

α [v∗1 , v
∗
2 ], R2Mh

α [v∗1 , v
∗
2 ]),

where (v∗1 , v∗2) is a Nash equilibrium for the stochastic game (h-step) and

RiMh
α [v∗1 , v

∗
2 ] = E

∫ ∞
0

e−αt[r1i(X
h(t)), v∗1(Xh(t))+r2i(X

h(t)), v∗2(Xh(t))]I{τM ≥ t} dt .

Then

(5.10)

ε(M) = E

∫ ∞
τM

e−αt[r1i(X
h(t)), v∗1(Xh(t)) + r2i(X

h(t)), v∗2(Xh(t))] dt

= E

∫ ∞
0

e−αt[r1i(X
h(t)), v∗1(Xh(t)) + r2i(X

h(t)), v∗2(Xh(t))] I{t ≥ τM} dt

≤ K

∫ ∞
0

e−αt P{τM ≤ t} dt,
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where K is a bound for the coefficients r1, r2. Consider the process (3.3) corresponding
to (v∗1 , v

∗
2) given by

Xh(t) = xh
0 +

∫ t

0

[b1(X
h(s)), v∗1(s) + b1(X

h(s)), v∗2(s)] ds +

∫ t

0

σ(Xh(s)) dWh(s) .

(5.11)

E sup
0≤t≤T

‖Xh(t)‖2 ≤ 5(xh
0 )2 + 5E sup

0≤t≤T

∥∥∥∥
∫ t

0

σ(Xh(s)) dWh(s)

∥∥∥∥
2

+ 5E sup
0≤t≤T

∥∥∥∥
∫ t

0

[b1(X
h(s)), v∗1(s) + b2(X

h(s)), v∗2(s)] ds

∥∥∥∥
2

≤ 5(xh
0 )2 + 5K2

∫ T

0

E ‖σ(Xh(t))‖2dt + 5K1T
2

≤ 5(xh
0 )2 + 5K1T

2 + 5K1K2T,

where K1 is the square of the common bound for b1, b2 and σ and K2 is the constant
in the Burkholder–Davis–Gundy inequality. Now

(5.12)

P{τM ≤ t} ≤ P
(

sup
0≤s≤t

‖Xh(s)‖ ≥ M
)

≤
E sup0≤s≤t ‖Xh(s)‖2

M

≤ 5(xh
0 )2 + 5K1t

2 + 5K1K2t

M
.

Now from (5.10)–(5.12) we have

ε(M) ≤ K

∫ ∞
0

e−αt P{τM ≤ t} dt

≤ 5K

α3 M
[α2(xh

0 )2 + αK1K2 + 2K1] .

Now for a given accuracy requirement, say, within the limit δ, choose M such that

5K

α3 M
[α2(xh

0 )2 + αK1K2 + 2K1] < δ;

i.e., the boundary ∂ [−M,M ]d depends on the choice of h and the accuracy require-
ment. For our example, the choice of boundary was x = −20, 20. For the calculation,
we choose

b1(x) = (104 + |x|)e−|x|, b2(x) = |x|e−|x|, σ = 1,

r̃11(x) = − 2

1 + |x|3 , r̃21(x) =
1

1 + 20|x| ,

r̃12(x) =
2

2 + x2
, r̃22(x) = − 1

1 + 10 |x(x + 1)| , α =
1

2
.

We have run the program for h = 0.002, 0.001, 0.0005, and 0.00025 and performed
1000 iterations. Convergence hass been achieved in all cases.
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Fig. 1 Fig. 2

In Figure 1, the state of the game is the x component, and the Nash equilibrium
component of player 1 is the y component. Similarly, in Figure 2, the Nash equilibrium
component of player 2 against the state of the game is given. The figures display that
as h decreases the Nash equilibrium is approaching the pure strategies (1, 1), i.e.,
v∗i (x) = 1, x ∈ R, i = 1, 2.

6. Conclusions. We have developed a new method for obtaining a Nash equi-
librium for stochastic differential games based on a discretization procedure. Our
method relies mostly on probabilistic arguments, whereas the standard method in the
literature involves a direct application of Fan’s fixed point theorem. Moreover our
method is constructive which can be used to compute Nash equilibria for a large class
of stochastic differential games.

Acknowledgments. The author thanks M. K. Ghosh for valuable suggestions
and S. Baskar for helping him with C programming. He thanks an anonymous referee
for constructive comments.
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CONSTRAINED OPTIMAL CONTROL THEORY FOR
DIFFERENTIAL LINEAR REPETITIVE PROCESSES∗

M. DYMKOV† , E. ROGERS‡ , S. DYMKOU§ , AND K. GALKOWSKI¶

Abstract. Differential repetitive processes are a distinct class of continuous-discrete two-
dimensional linear systems of both systems theoretic and applications interest. These processes
complete a series of sweeps termed passes through a set of dynamics defined over a finite duration
known as the pass length, and once the end is reached the process is reset to its starting position
before the next pass begins. Moreover the output or pass profile produced on each pass explicitly
contributes to the dynamics of the next one. Applications areas include iterative learning control
and iterative solution algorithms, for classes of dynamic nonlinear optimal control problems based
on the maximum principle, and the modeling of numerous industrial processes such as metal rolling,
long-wall cutting, etc. In this paper we develop substantial new results on optimal control of these
processes in the presence of constraints where the cost function and constraints are motivated by
practical application of iterative learning control to robotic manipulators and other electromechanical
systems. The analysis is based on generalizing the well-known maximum and ε-maximum principles
to them.

Key words. two-dimensional systems, optimal control, constraints

AMS subject classifications. 93C05, 93C15

DOI. 10.1137/060668298

1. Introduction. Repetitive processes are a distinct class of two-dimensional
(2D) systems of both systems theoretic and applications interest. The unique char-
acteristic of such a process is a series of sweeps, termed passes, through a set of
dynamics defined over a fixed finite duration known as the pass length. On each pass
an output, termed the pass profile, is produced which acts as a forcing function on,
and hence contributes to, the dynamics of the next pass profile. This, in turn, leads
to the unique control problem in that the output sequence of pass profiles generated
can contain oscillations which increase in amplitude in the pass-to-pass direction.

To introduce a formal definition, let α < +∞ denote the pass length (assumed
constant). Then in a repetitive process the pass profile yk(t), 0 ≤ t ≤ α, generated
on pass k acts as a forcing function on, and hence contributes to, the dynamics of the
next pass profile yk+1(t), 0 ≤ t ≤ α, k ≥ 0.

Physical examples of repetitive processes include long-wall coal cutting and metal-
rolling operations (see, for example, the references cited in [17]). Also in recent years
applications have arisen where adopting a repetitive process setting for analysis has
distinct advantages over alternatives. Examples of these so-called algorithmic applica-
tions include classes of iterative learning control (ILC) schemes (see, for example, [13])
and iterative algorithms for solving nonlinear dynamic optimal control problems based
on the maximum principle [15]. In the case of iterative learning control for the linear
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dynamics case, the stability theory for differential (and discrete) linear repetitive pro-
cesses is one method which can be used to undertake a stability/convergence analysis
of a powerful class of such algorithms and thereby produce vital design information
concerning the trade-offs required between convergence and transient performance
(see, for example, [14]).

Attempts to control these processes using standard (or 1D) systems theory and
associated algorithms fail (except in a few very restrictive special cases) precisely be-
cause such an approach ignores their inherent 2D systems structure, i.e., information
propagation occurs from pass to pass and along a given pass. Also the initial con-
ditions are reset before the start of each new pass, and the structure of these can
be somewhat complex. For example, if they are an explicit function of points on
the previous pass profile, then this alone can destroy stability. In seeking a rigorous
foundation on which to develop a control theory for these processes, it is natural
to attempt to exploit structural links which exist between these processes and other
classes of 2D linear systems.

The case of 2D discrete linear systems recursive in the positive quadrant (i, j) :
i ≥ 0, j ≥ 0 (where i and j denote the directions of information propagation) has been
the subject of much research effort over the years using, in the main, the well-known
Roesser [16] and Fornasini–Marchesini [8] state-space models. One approach which
has been the subject of productive research is optimal control—see, for example, [4,
18]. More recently, productive research has been reported on H∞ and H2 approaches
to analysis and controller design—see, for example, [19, 7]. In this paper we consider
so-called differential linear repetitive processes where information propagation along
the pass is governed by a matrix differential equation. The systems theory for 2D
discrete linear systems is therefore not applicable. (Also, as noted above, for discrete
processes the resetting and structure of the boundary conditions may cause problems
which have no Roesser or Fornasini–Marchesini state-space model counterparts.)

In this paper we develop substantial new results on the optimal control of differ-
ential linear repetitive processes with constraints which we motivate from the iterative
learning control application. The results themselves are obtained by extending the
maximum principle and the ε-maximum principle [11] to them. A sensitivity analysis
of the resulting optimal control is also undertaken, and some relevant differentiation
properties are established. Finally, a numerical example is given.

2. Preliminaries. ILC is a technique for controlling systems which are required
to continually repeat the same operation with the requirement that a reference tra-
jectory defined over a finite interval is followed to a high precision. In particular,
the system completes a pass (also known as a trial in some literature) and is then
reset, the next pass is completed, and so on. The basic idea of ILC is to use infor-
mation from previous executions of the task in order to improve performance from
pass to pass in the sense that the tracking error is sequentially reduced. It is clear
therefore that ILC can easily be formulated as a repetitive process, and the stability
theory for them can be used to explain why an incorrectly designed ILC scheme can
result in nonconvergent behavior which manifests itself as oscillations that increase in
amplitude from pass to pass [14].

Since the original work in the mid-1980s [3], the general area of ILC has been the
subject of considerable research in terms of the underlying theory (with experimental
verification in some cases). Commonly used ILC algorithms construct the input to
the plant or process from the input used on the last pass plus an additive increment,
which is typically a function of the past values of the measured output error, i.e.,
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the difference between the achieved output on the current pass and the desired plant
output. Suppose that uk(t) denotes the input to the plant on pass k which is of
duration α, i.e., 0 ≤ t ≤ α < ∞. Suppose also that ek(t) = r(t) − yk(t) denotes the
current pass error. Then the objective of constructing a sequence of input functions
such that the performance achieved is gradually improving with each successive pass
can be refined to a convergence condition on the input and error, i.e.,

lim
k→∞

||ek|| = 0, lim
k→∞

||uk − u∞|| = 0,

where || · || is a signal norm in a suitably chosen function space with a norm-based
topology and u∞ is termed the learned control.

A large number of design algorithms have been developed for this general area,
some of which have also been experimentally tested. Of these, a good number are
based on minimization of a cost function. Given the tracking nature of this gen-
eral problem in the pass-to-pass direction, it is clearly necessary to penalize control
action to prevent a “large” error resulting in the demand for an unacceptably high
control input on the next pass in an attempt to minimize the error. One class of
such algorithms is termed norm-optimal (with an extension to so-called predictive
norm-optimal which is not relevant here). Here (see [1] for full details) on completion
of pass k, the control input for pass k+1 is computed as the solution of the minimum
norm optimization problem

uk+1 = arg min
uk+1

{Jk+1(uk+1) : ek+1 = r − yk+1, yk+1 = Guk+1},

where the performance index, or optimality criterion, used is defined to be

Jk+1(uk+1) = ‖ek+1‖2
Y + ‖uk+1 − uk‖2

U ,

where Y is a real Hilbert space of output or pass profile signals (yk) and U is a real
(and possibly distinct) Hilbert space of input signals (uk). Here the initial control
u0 ∈ U can be arbitrary in theory but, in practice, will be a good first guess at the
solution of the problem. This problem can be interpreted as the determination of the
control input on pass k + 1 with the properties that: (i) the tracking error is reduced
in an optimal way; and (ii) this new control input does not deviate too much from the
control input used on pass k. The relative weighting of these two objectives can be
absorbed into the definitions of the norms in Y and U . Other approaches to learning
control in the presence of input constraints can be found in, for example, [9, 20] (but
note that repetitive processes appear in formulations which have no iterative learning
control interpretation). Suppose now that the plant dynamics are described by the
following matrix differential equation:

dxk(t)

dt
= Axk(t) + Dxk−1(t) + buk(t), 0 ≤ t ≤ α, k ≥ 0,(1)

where, on pass k, xk(t) is the n× 1 state (equal to the pass profile or output) vector,
uk(t) is the scalar control input, A,D are constant n×n matrices, and b is a given n×1
vector. (This model is chosen for simplicity of presentation and is easily extended to
the case when the pass profile vector is a linear combination of the current pass state,
input, and previous pass profile vectors.)

Then it is straightforward to show that the above formulation includes the choice
of a linear quadratic cost function as a special case, but the solution has to be modified
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slightly to guarantee that the resulting Riccati equation-based solution is causal in
the sense that it does not, as the dynamics evolve, require use of information which is
not yet available—see [1] for the details here. Algorithms resulting from this approach
have been experimentally tested on a chain conveyor system with, on the whole, very
encouraging results [2]. However, in some cases it was observed that the computed
control input (a scalar variable in this application) was still above the safe operating
range of the actuator device and the experiment had to be stopped to prevent damage.
Also there was a tendency for the output at the end of each pass to “dip down” in value.

Another feature of repetitive processes which does not appear in the above optimal
control problem is that in each practical application only a finite number of passes
will actually be completed. Suppose therefore that N < ∞ denotes the number of
passes actually completed, introduce the set K = {1, 2, . . . , N}, and let T denote the
finite interval (the pass length) [0, α]. Then, with the above observations in mind,
consider (1) with boundary conditions

xk(0) = dk, k ∈ K, x0(t) = f(t), t ∈ T,(2)

where dk is an n× 1 vector with constant entries and f(t) is a known function t ∈ T.
Then the optimal control problem considered is

max
uk

J(u), J(u) =
∑
k∈K

pTk xk(α),(3)

where pk, k = 1, . . . , N , is a given n×1 vector subject to an end of pass (or terminal)
constraint of the form

Hkxk(α) = ok, k ∈ K,(4)

where ok is an m×1 vector and Hk is an m×n matrix, and the control inputs satisfy
the following admissibility condition.

Definition 1. For each pass number k ∈ K the piecewise continuous function
uk : T → R is termed an admissible control for this pass if it satisfies

|uk(t)| ≤ 1, t ∈ T,(5)

and the corresponding state vector xk(t), t ∈ T, of (1) satisfies the boundary conditions

xk(0) = dk, Hkxk(α) = ok.

Also, without loss of generality, we assume that the matrix A has simple eigen-
values λi, 1 ≤ i ≤ n, and that it is stable in the sense that Re λi < 0, 1 ≤ i ≤ n.
(Stability of the matrix A is a necessary condition for so-called stability along the
pass (essentially bounded input bounded output stability) independent of the pass
length [17].)

3. Optimality conditions for the supporting control functions. Consider
first (1)–(2) in the absence of the terminal conditions (4). Then it has been shown
elsewhere [5] that the solution of these equations can be written as

xk(t) =

k∑
j=1

Kj(t)dk+1−j +

∫ t

0

Kk(t− τ)Df(τ)dτ

+

k∑
j=1

∫ t

0

Kj(t− τ)buk+1−j(τ)dτ, k = 1, . . . , N,(6)
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where the Ki(t) are the solutions of the following n× n matrix differential equations:

K̇1(t) = AK1(t), K̇i(t) = AKi(t) + DKi−1(t), i = 2, . . . , N,(7)

with initial conditions

K1(0) = In, Ki(0) = 0, i = 2, . . . , N.(8)

Also it is easy to show that these solutions have the following properties:

Kj(t− σ) =

∫ t

σ

Kj−k(t− τ)DKk(τ − σ)dτ, 0 ≤ σ < t ≤ α, k = 1, . . . , j − 1,

Kj(t− σ) =

j∑
s=1

Ks(t− τ)Kj+1−s(τ − σ), j = 2, . . . , N − 1,

(9)

which will be used below.
Now by using (6) we can rewrite the optimal problem considered here in the

following integral form:

max
u1,...,uN

J(u), J(u) =

N∑
j=1

∫ α

0

cj(τ)uj(τ)dτ + γ,(10)

subject to the terminal conditions (4) and the control constraint (5). Also we can
write ∫ α

0

g11(τ)u1(τ)dτ = h1,∫ α

0

[
g21(τ)u1(τ) + g22(τ)u2(τ)

]
dτ = h2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∫ α

0

[
gN1(τ)u1(τ) + · · · + gNN (τ)uN (τ)

]
dτ = hN ,(11)

and

|uk(τ)| ≤ 1, τ ∈ T, k = 1, . . . , N,

where the scalar γ and the scalar functions cj(τ) are defined as follows:

γ =
N∑

k=1

k∑
j=1

pTkKj(α)dk+1−j +

N∑
k=1

∫ α

0

pTkKk(α− τ)Df(τ)dτ,

cj(τ) =

N∑
k=j

pTkKk+1−j(α− τ)b, j = 1, . . . , N, gkj(τ) = HkKk+1−j(α− τ)b, j ≤ k,

hk = ok −
k∑

j=1

HkKj(α)dk+1−j −
∫ α

0

HkKk(α− τ)Df(τ)dτ, k = 1, . . . , N.

Also we require the following.
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Definition 2. For each fixed k, 1 ≤ k ≤ N, the time instances τki, 1 ≤
i ≤ m : 0 < τk1 < τk2 < · · · < τkm < α are termed supporting, and their collection
τksup :=

{
τk1, . . . , τkm

}
is termed the support of pass k for (1)–(4) if the matrix Gk

sup :=
{gkk(τk1), . . . , gkk(τkm)} (i.e., the jth column of the matrix here is the m × 1 vector
gkk(τkj)) is nonsingular.

By using (7) we have that gkk(τ) = Hke
A(α−τ)b. Therefore the existence of the

support τksup is guaranteed by controllability of the pair {HkA, b}.
Definition 3. A pair

{
τksup, uk(t), k = 1, . . . , N

}
consisting of a support τksup

and admissible control functions uk(t), t ∈ T is termed a supporting control function
for (1)–(4).

Remark 1. These last two definitions are motivated as follows. Often an optimal
control problem solution has the so-called bang-bang form; i.e., the control function
takes only boundary values in the admissible set U . If U = {−1 ≤ u ≤ +1}, then
u0(t) = ±1 (the “switch-on/switch-off” regime). Also the switching times are con-
structive elements in the design of the optimal controller. Hence, our goal is to apply
these key elements directly to the optimality conditions, and consequently we use the
supporting time instances and control.

Let
{
τksup, uk(t), k = 1, . . . , N

}
be a support control function and construct a

sequence of m× 1 vectors
{
ν(k), k = 1, . . . , N

}
by solving the following set of linear

algebraic equations:

(ν(N))TGN
sup − c(N)

sup = 0,

(ν(N−1))TGN−1
sup + (ν(N))TFN

(N−1)sup − c(N−1)
sup = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(ν(1))TG1
sup + (ν(2))TF 2

1sup + · · · + (ν(N))TFN
1sup − c(1)sup = 0,(12)

where the 1 ×m vectors c
(k)
sup and the m×m matrices F k

jsup are given by

c(k)
sup :=

(
ck(τk1), . . . , ck(τkm)

)
, k = 1, . . . , N,

and

F k
jsup :=

(
gkj(τj1), . . . , gkj(τjm)

)
, k > j, j = 1, . . . , N − 1,

respectively.
Introduce the 1 ×mN vectors (ν̂)T and csup as

(ν̂)T = ((ν(1))T , . . . , (ν(N))T ), csup = (c(1)sup, c
(2)
sup, . . . , c

(N)
sup ),

respectively, and the mN ×mN triangular matrix

G̃sup :=

⎛
⎜⎜⎜⎜⎝

G1
sup 0m×m . . . 0m×m 0m×m

F 2
1sup G2

sup . . . 0m×m 0m×m
. . . . . . . . . . . .

FN−1
1sup FN−1

2sup . . . GN−1
sup 0m×m

FN
1sup FN

2sup . . . FN
sup GN

sup

⎞
⎟⎟⎟⎟⎠ .(13)

Then the algebraic equations (12) can be rewritten in the form

ν̂T G̃sup − csup = 0,(14)
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where (Definition 2) this matrix is nonsingular and therefore ν̂T = csupG̃
−1
sup. Note

also that the matrix G̃sup can be written in block form as

G̃sup =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

gk1(t), t ∈ τ1
sup

k = 1, 2, . . . , N

∣∣∣∣
0m×m

gk2(t), t ∈ τ2
sup

k = 2, 3, . . . , N

∣∣∣∣∣∣ . . .
∣∣∣∣∣∣

0m×m
0m×m

...
0m×m

gkN (t), t ∈ τNsup
k = N

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,(15)

where the nonzero block entries are given by(
gkj(t), t ∈ τ jsup,

j ≤ k ≤ N, j = 1, . . . , N

)
.

To establish the new optimality conditions, define the so-called cocontrol 1×N vector
function

Δ(t) = (Δ1(t), . . . ,ΔN (t))

as

Δ1(t) = ν(1)T g11(t) + ν(2)T g21(t) + · · · + ν(N)T gN1(t) − c1(t),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ΔN−1(t) = ν(N−1)T gN−1N−1(t) + ν(N)T gNN−1(t) − cN−1(t),

ΔN (t) = ν(N)T gNN (t) − cN (t),

or, on introducing the 1 ×N vector function,

c(t) = (c1(t), . . . , cN (t)),

Δ(t) = ν̂T Ĝ(t) − c(t),

where Ĝ(t) is an mN ×N matrix of the form

Ĝ(t) =

⎛
⎜⎜⎝

g11(t) 0m×1 . . . 0m×1

g21(t) g22(t) . . . 0m×1

. . . . . . . . . . . .
gN1(t) gN2(t) . . . gNN (t)

⎞
⎟⎟⎠ .(16)

Note also that the mN×mN matrix G̃sup is obtained from Ĝ(t) in an obvious manner

by evaluating the rows of the matrix Ĝ(t) at the supporting moments t ∈ τksup, k =
1, . . . , N.

Definition 4. We say that the supporting control function {τksup, uk(t), k =
1, . . . , N} is nondegenerate for the problem (1)–(3) if

dΔk(τj)

dt
�= 0 ∀ τj ∈ τksup, k = 1, . . . , N.

Remark 2. Here nondegeneracy means that in a small neighborhood of the sup-
porting points the admissible control can be replaced by constant functions whose
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values are less than those on the control constraint boundary and satisfy (11); i.e.,
the support control function is nonsingular if there exist numbers λ0 > 0, μ0 >
0, uk

j (λ), j = 1, . . . ,m, k = 1, . . . , N , such that the following equalities:

k∑
j=1

m∑
i=1

ui
j(λ)

∫ τij+λ

τij−λ
gkj(t)dt =

k∑
j=1

m∑
i=1

∫ τij+λ

τij−λ
gkj(t)uj(t)dt,

|uk
j | ≤ 1 − μ0, j = 1, . . . ,m, k = 1, . . . , N,(17)

hold for all λ, 0 < λ < λ0, and k, 1 ≤ k ≤ N . This fact will be used below in the
proof of the optimality conditions.

Associate with each supporting time instance τkj a small subinterval Tkj from
T such that the matrix Gk

gen :=
{ ∫

Tkj
gkk(τ)dτ, j = 1, . . . ,m

}
is nonsingular. Also

without loss of generality we can assume that τkj is one or the other of the end points
of Tkj and the supporting control functions uk(t) = uk

j for t ∈ Tkj , j = 1, . . . , N, are
constant over the segments Tkj . Then we have the following result.

Theorem 1. A supporting control function {τksup, u0
k(t), k = 1, . . . , N} is an

optimal solution of the problem (1)–(4) if

u0
k(t) = −sgn

(
Δk(t)
)
, k = 1, . . . , N, t ∈ T.(18)

Moreover, if this supporting control function is nondegenerate, then the above condi-
tion is necessary and sufficient.

Proof. Let uk(t) �= u0
k(t), k = 1, . . . , N, be an admissible control and xk(t) the

corresponding trajectory of the system (1)–(2). Then standard transformations yield
that the increment ΔJ(u) := J(u0) − J(u) of the cost function can be expressed in
the form

ΔJ(u) =

∫ t∗

0

N∑
j=1

cj(t)
[
u0
j (t) − uj(t)

]
dt = −

N∑
j=1

∫ t∗

0

Δj(t)
[
u0
j (t) − uj(t)

]
dt.

Hence by using (18) we have that ΔJ(u) ≥ 0 for any admissible control u; i.e.,
{τksup, u0

k} is an optimal supporting control function.

Let {τksup, u0
k(t), k = 1, . . . , N} be an optimal nondegenerate control, but there

exists k∗, 1 ≤ k∗ ≤ N , and there exists t∗ ∈ T such that the theorem is not valid.
Suppose also that t∗ ∈ [τk∗j − λ, τk∗j + λ], where λ > 0 is a small number; i.e.,
the instance t∗ lies in an neighborhood of some supporting time instance τk∗j . Then
since the supporting control is nondegenerate there exists a control variation Δu0

k∗
(t),

defined on the intervals [τk∗j − λ, τk∗j + λ], such that J(u0) > 0, which contradicts
the optimality of u0

k(t).
Given this last fact, we now suppose that t∗ �∈ [τk∗j − λ, τk∗j + λ] for all j =

1, . . . ,m, for some small λ > 0. Also, without loss of generality, we assume that
Δ0

k∗
(t∗) > 0 and uk∗(t∗) > 0. Then, by continuity of Δk∗(t) and piecewise-continuity

of uk∗(t), there exists a neighborhood Tk∗(t∗) of t∗, such that Δk∗(t) > 0, uk∗(t) > −1
for t ∈ Tk∗(t∗). Now we have to construct the admissible control variation such that the
corresponding increment of the cost function satisfies ΔJ(u) > 0, which is impossible
for the optimal controls u0

k(t).
Consider now the case of a small real number λ0 > 0 (we see below that the

existence of such a number λ0 is guaranteed by the fact that the supporting control
is nondegenerate), and for all λ, 0 < λ < λ0, define the control variation Δu(t) =



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

404 M. DYMKOV, E. ROGERS, S. DYMKOU, AND K. GALKOWSKI

(Δu1(t), . . . ,ΔuN (t)), t ∈ T, as

Δuk(t) = 0, k < k∗, t ∈ T,

Δuk∗(t) =

⎧⎪⎨
⎪⎩

θ(−1 − uk∗(t)), θ > 0, t ∈ Tk∗(t),

0, t ∈ T \
(

m⋃
j=1

[τk∗j − λ, τk∗j + λ] ∪ Tk∗(t)

)
.

We now have that the control variations on the intervals [τk∗j − λ, τk∗j − λ], j =
1, . . . ,m, can be chosen as constant functions Δuk∗(t) ≡ Δϑk

j (λ). Those for the re-
maining passes k > k∗ are defined as

Δuk(t) ≡ 0, k = k∗ + 1, . . . , N, t ∈ T \
m⋃
j=1

[τkj − λ, τkj + λ],

Δuk(t) ≡ Δϑk
j (λ), t ∈ [τkj − λ, τkj + λ], j = 1, . . . ,m, k > k∗,

where the Δϑk
j (λ) are unknown constants determined below.

By using (11), it follows that the conditions∫ α

0

k∑
s=1

gks(τ)Δus(τ)dτ = 0, k = 1, . . . , N,(19)

hold for any admissible variation Δu(t), and these can be rewritten in the form

φk∗(λ) =

m∑
j=1

∫ τk∗j+λ

τk∗j−λ
gk∗k∗(τ)ϑk∗

j (λ)dτ

= −θ

∫
Tk∗ (t∗)

gk∗k∗(τ)(−1 − uk∗(τ))dτ,

φk∗+1(λ) :=

m∑
j=1

∫ τk∗+1j+λ

τk∗+1j−λ
gk∗+1k∗+1(τ)ϑk∗+1

j (λ)dτ

= −
m∑
j=1

∫ τk∗j+λ

τk∗j−λ
gk∗+1k∗(τ)ϑk∗

j (λ)dτ − θ

∫
Tk∗ (t∗)

gk∗+1k∗(τ)(−1 − uk∗(τ))dτ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

φN (λ) =

m∑
j=1

∫ τNj+λ

τNj−λ

gNN (τ)ϑN
j (λ)dτ −

m∑
j=1

∫ τk∗j+λ

τk∗j−λ
gNk∗(τ)ϑk∗

j (λ)dτ

− θ

∫
Tk∗ (t∗)

gNk∗(τ)(−1 − uk∗(τ))dτ

− · · · −
m∑
j=1

∫ τN−1j+λ

τN−1j−λ
gNN−1(τ)ϑN−1

j (λ)dτ.(20)

Expanding the function φk∗(λ) of (20) as a Taylor series and setting Δϑk∗
λ =

(Δϑk∗
1 (λ), . . . ,Δϑk∗

m (λ)) now yields

2λGk∗
supΔϑk∗

λ +
λ3

3

{
d2gk∗k∗(τk∗j)

dτ
, j = 1, . . . ,m

}
Δϑk∗

λ + ok∗(λ
3)

= −θ

∫
Tk∗ (t∗)

gk∗k∗(τ)(−1 − uk∗(τ))dτ,
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where ok∗(λ
3) denotes terms of degree 3 and above, which are neglected here. Hence

the required vector Δϑk∗
λ can be represented as

Δϑk∗
λ =

1

λ
θûk∗ + θok∗(λ), where ûk∗ = −1

2
G

k−1
∗

sup

∫
Tk∗ (t∗)

gk∗k∗(τ)(−1 − uk∗(τ))dτ,

(21)

and ok∗(λ) denotes a residual first order term. Using (17) and (21), it follows that
for a small value of λ ∈ (0, λ0) there exists the real number θ = θ(λ) such that
θ(λ) = μk∗λ ≤ 1, where μk∗ > 0 does not depend on λ, and the following inequalities:

|uk∗
j (λ) + Δϑk∗

j (λ)| ≤ 1, j = 1, . . . ,m,

hold. Here we have exploited the fact that the admissible controls are constants uk
j (λ)

over the intervals T k
j , containing the supporting points τkj . Hence, the function

ūk∗(t) =

{
uk∗
j (λ) + Δϑk∗

j (λ), t ∈ [τk∗j − λ, τk∗j + λ],

uk∗(t) + θ(λ)(−1 − uk∗(t)), t ∈ Tk∗(t∗),

is an admissible control function for θ(λ) = μk∗λ ≤ 1 and a sufficiently small μk∗ .
In order to find Δϑk∗+1

λ and θ(λ), expand φk∗+1(λ) as a Taylor series to yield

m∑
j=1

∫ τk∗j+λ

τk∗j−λ
gk∗+1k∗(τ)Δϑk∗

j (λ)dτ = 2λ

m∑
j=1

gk∗+1k∗(ξj)Δϑk∗
j (λ)

= 2λG̃k∗+1
ξ Δϑk∗+1

λ

= 2λG̃k∗+1
ξ

(
1

λ
μk∗λûk∗ + μk∗λok∗(λ)

)
= 2G̃k∗+1

ξ μk∗λûk∗ + μk∗ ŏk∗(λ
3).(22)

Here the matrix G̃k∗+1
ξ is constructed from the rows

{
gk∗+1k∗(ξj), j = 1, . . . ,m

}
,

where ξj are points from the intervals
[
τk∗j − λ, τk∗j + λ

]
. Next, set Δϑk∗+1

λ =

(Δϑk∗+1
1 (λ), . . . ,Δϑk∗+1

m (λ)) to obtain

2λGk∗+1
sup Δϑk∗+1

λ +
λ3

3

{
d2gk∗+1k∗+1(τk∗j)

dτ
, j = 1, . . . ,m

}
Δϑk∗+1

λ + ok∗+1(λ
3)

= −μk∗λ

{
G̃k∗+1

ξ ûk∗ +

∫
Tk∗ (t∗)

gk∗+1k∗+1(τ)(−1 − uk∗(τ))dτ

}

+μk∗ ŏk∗(λ
3),(23)

and hence the required vector Δϑk∗+1
λ can be expressed as

Δϑk∗+1
λ =

1

λ
μk∗λûk∗+1 + μk∗λok∗+1(λ),

ûk∗+1 = −1

2

(
Gk∗+1

sup

)−1
{
G̃k∗+1

ξ ûk∗ −
∫
Tk∗ (t∗)

gk∗+1k∗+1(τ)(−1 − uk∗(τ))dτ

}
.(24)

Now choose Δϑk∗+1
λ such that the following inequalities hold:

|uk∗+1
j (λ) + Δϑk∗+1

j (λ)| ≤ 1, j = 1, . . . ,m,
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and hence the values of μk∗ and λ0 can be decreased as required. Continuing this
expansion procedure for the remaining equations in (20), we obtain the desired ad-
missible control function in the form

ū(t) = u0(t) + Δu(t) =

{
u0

1(t) + Δu1(t), . . . , u
0
N (t) + ΔuN (t)

}
, t ∈ T,

and note here that Δuk(t) = 0 for all k < k∗.
At this stage we can calculate the increment of the cost function generated by

the designed control function ū(t) as

ΔJ(u) = J(ū) − J(u0) =

N∑
k=1

∫ α

0

Δk(t)Δuk(t)dt =

N∑
k=k∗

∫ α

0

Δk(t)Δuk(t)dt

= −θ

∫
Tk∗ (t∗)

Δk∗(t)
(
− 1 − uk∗(t)

)
dt

−
m∑
j=1

∫ τk∗j+λ

τk∗j−λ
Δk∗(t)

[
uk∗
j (λ) + Δϑk∗

j (λ) − uk∗
j (t)
]
dt

−
N∑

s=k∗+1

m∑
j=1

∫ τsj+λ

τsj−λ
Δs(t)
[
us
j(λ) + Δϑs

j(λ) − us
j(t)
]
dt.(25)

Since Δk(τkj) = 0, k = k∗, . . . , N, j = 1, . . . ,m, then, again using the Taylor
series expansion in λ, we have the following estimate for the integral components:

∫ τsj+λ

τsj−λ
Δs(t)
[
us
j(λ) + Δϑs

j(λ) − us
j(t)
]
dt =

∫ τsj

τsj

Δs(t)
[
us
j(λ) + Δϑs

j(λ) − us
j(t)
]
dt

+ 2λΔs(τsj)
[
us
j(λ) + Δϑs

j(λ) − us
j(τsj)
]

+λ2 dΔs(τsj)

dt

[
us
j(λ) + Δϑs

j(λ) − us
j(τsj)
]

+ o1(λ
2) ∼= o(λ2).(26)

Hence (25) and (26) yield

ΔJ(u) = −μk∗λ

∫
Tk∗ (t∗)

Δk∗(t)
(
− 1 − uk∗(t)

)
dt + o(λ) > 0(27)

for a sufficiently small λ > 0, which contradicts the optimality of control functions
u0
k(t), k = 1, . . . , N.

Remark 3. The analysis which now follows shows that the above result can be
reformulated in the traditional maximum principle form. In particular, it will be
shown that the cocontrol functions Δk(t), t ∈ T , here are connected directly to the
adjoint (dual) variables ψk(t), t ∈ T , as Δk(t) = −ψT

k (t)b. Note also that the term
ψT
k (t)b is part of the Hamiltonian function which arises in the maximum principle

statement of the result here. Moreover, the vectors {ν(k), k = 1, . . . , N} (termed
Lagrange multipliers in some literature) will be used as the boundary conditions for
the corresponding differential equations describing the adjoint (dual) variables ψk(t)
(in contrast to the classic maximum principle, where such boundary conditions are
not specified).
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Let ψN (t) be the solution of

dψN (t)

dt
= −ATψN (t), ψN (α) = pN −HT

NνN , t ∈ T,(28)

or

ψN (t) = KT
1 (α− t)ψ(α), t ∈ T.(29)

Hence

ψT
N (t)b =

(
pTN − (νN )THN

)
K1(α− t)b = pTNK1(α− t)b

− (νN )THNK1(α− t)b = cN (t) − (νN )T gNN (t) = −ΔN (t).(30)

In order to verify the validity of the corresponding conditions for subsequent
passes we use (9) for the differential equations (7). Let ψN−1(t), t ∈ T, be a solution
of the differential equation

dψN−1(t)

dt
= −ATψN−1(t) −DTψN (t), ψN−1(α) = pN−1 −HT

N−1ν
N−1, t ∈ T.

(31)

Then

ψT
N−1(t)b = (pTN−1 − (νN−1)THN−1)K1(α− t)b

− (pTN − (νN )THN )

∫ t

0

KT
1 (t− τ)DTKT

1 (α− τ)bdτ

= pTN−1K1(α− t)b− (νN−1)THN−1K1(α− t)b

− (pTN − (νN )THN )K2(α− t)b

= cN−1(t) − (νN−1)T gN−1N−1(t) − (νN )T gNN−1(t) = −ΔN−1(t).(32)

By analogy with the case for (31)–(32), we have

ψT
k (t)b = −Δk(t), k = 2, . . . , N,(33)

where ψk(t), t ∈ T, are the solutions of the following differential equations:

dψk(t)

dt
= −ATψk(t) −DTψk+1(t), ψk(α) = pk −HT

k ν
k, t ∈ T.(34)

For each k = 1, . . . , N introduce the associated Hamilton function as

Hk(xk−1, xk, ψk, uk) = ψT
k

(
Axk + Dxk−1 + buk

)
, t ∈ T.(35)

Then the use of (33) yields that the optimality conditions (18) can be reformulated
in maximum principle form as the following corollary to Theorem 1.

Corollary 1. The admissible supporting control {τksup, u0
k(t), k = 1, . . . , N}

is optimal if along the corresponding trajectories x0
k(t), ψk(t) of (1)–(2) and (34) the

Hamiltonian function has maximum value, i.e.,

Hk(x
0
k−1(t), x

0
k(t), ψk, u

0
k(t)) = max

|v|≤1
Hk(x

0
k−1(t), x

0
k(t), ψk, v), t ∈ T,(36)
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for k = 1, . . . , N . If the admissible supporting control is nondegenerate, then this
condition is necessary and sufficient.

Remark 4. In order to further emphasize the relationship between the support
elements and the control function, note that the optimality conditions given by The-
orem 1 can be equivalently stated in the form

Δk(t) > 0 at u0
k(t) = −1, Δk(t) < 0 at u0

k(t) = 1,

Δk(t) = 0 at − 1 < u0
k(t) < 1, k = 1, 2, . . . , N, t ∈ T.(37)

Hence the supporting elements and control function of optimal solution are inter-
connected such that the supporting instances are the switching moments for optimal
bang-bang control functions.

In the next section, the maximum principle for arbitrary admissible control func-
tions of (1)–(4) is established using the suboptimality conditions.

3.1. ε-optimality conditions. Often in the numerical implementation of op-
timal control algorithms it is beneficial to exploit approximate solutions with cor-
responding error estimation. Hence it is necessary to introduce the “suboptimality”
concept as it is often sufficient to stop the numerical computations when a satisfactory
accuracy level has been achieved.

Assume that {u0
k(t), k ∈ K} is the optimal control for (1)–(4), and let J(u0)

denote the corresponding optimal cost function value.
Definition 5. We say that the admissible control function {uε

k(t), k ∈ K} is
ε-optimal if the corresponding solution {xε

k(t), t ∈ T, k ∈ K} of (1)–(4) satisfies
J(u0) − J(uε) ≤ ε.

Now we proceed to calculate an estimate of a supporting control function

{uk, τksup, k ∈ K, t ∈ T},

i.e., a measure of the nonoptimality of the control. Note also that this estimate can
be partitioned into two principal parts: one of which evaluates the degree of nonop-
timality of the chosen admissible control functions uk(t), and the second the error
produced by nonoptimality of the support τksup. This partition is a major advantage
in the design of numerically applicable solution algorithms.

Introduce an estimate of optimality β = β(τsup, u) as the value of the maxi-
mum increment for the cost function here calculated in the absence of the principal
constraints (4); i.e., this estimate is given by the solution of the following relaxed
optimization problem:

max
Δuk

ΔJ(u), |uk(t) + Δku(t)| ≤ 1, t ∈ T, k = 1, . . . , N.(38)

It is easy to see that

β = β(τsup, u) =

N∑
k=1

∫
T+
k

Δk(t)(uk(t) + 1)dt +

N∑
k=1

∫
T−
k

Δk(t)(uk(t) − 1)dt,(39)

where

T+
k =
{
t ∈ T : Δk(t) > 0

}
, T−k =

{
t ∈ T : Δk(t) < 0

}
,

and we have the following result.
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Theorem 2 (ε-maximum principle). Given any ε ≥ 0, the admissible control
{uk(t), t ∈ T, k ∈ K} is ε-optimal for (1)–(4) if and only if there exists a support
{τksup, k ∈ K} such that along the solutions xk(t), ψk(t), t ∈ T, k ∈ K, of (1)–(4) and
(34) the Hamiltonian attains its ε-maximum value, i.e.,

Hk(xk−1(t), xk(t), ψk, uk(t)) = max
|v|≤1

Hk(xk−1(t), xk(t), ψk, v) − εk(t), t ∈ T,

(40)

where the functions εk(t), k ∈ K, satisfy the following inequality:

∑
k∈K

∫
T

εk(t)dt ≤ ε.(41)

Proof. Assume that (40) and (41) hold for an admissible control {uk(t), t ∈
T, k ∈ K}. Then by (33) the suboptimal estimate is

β = β(τsup, u) =

N∑
k=1

∫
T+
k

ψT
k (t)b
(
− uk(t) − 1

)
dt +

N∑
k=1

∫
T−
k

ψT
k (t)b
(
1 − uk(t)

)
dt

=

N∑
k=1

∫
T+
k

ψT
k (t)
(
Axk(t) + Dxk−1(t) − b

)
dt

−
N∑

k=1

∫
T+
k

ψT
k (t)
(
Axk(t) + Dxk−1(t) + buk(t)

)
dt

=
N∑

k=1

∫
T−
k

ψT
k (t)
(
Axk(t) + Dxk−1(t) + b

)
dt

−
N∑

k=1

∫
T−
k

ψT
k (t)
(
Axk(t) + Dxk−1(t) − buk(t)

)
dt

+
N∑

k=1

∫
T

[
max
|v|≤1

Hk

(
xk−1(t), xk(t), ψk(t), v

)
−Hk

(
xk−1(t), xk(t), ψk(t), uk(t)

)]
dt

=

N∑
k=1

∫
T

εk(t)dt ≤ ε.

Since the suboptimal estimate (38) has been calculated in the absence of constraints (4),
then it is obvious that

J(u0) − J(u) ≤ β(τsup, u) ≤ ε.

This proves the ε-optimality property of the admissible control {uk(t), t ∈ T, k ∈ K}.
For the converse argument, let {uk(t), t ∈ T, k ∈ K} be an ε-optimal admissible

control, and let {τksup, k ∈ K} be an arbitrary support. Then the suboptimal estimate
of the control corresponding to the chosen support is given by

β(τsup, u) =

N∑
k=1

∫
T

Δk(t)uk(t)dt +

N∑
k=1

∫
T+
k

Δk(t)dt−
N∑

k=1

∫
T−
k

Δk(t)dt.(42)
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Also introduce the following dual optimization problem:

min
y,v,w

I(y, v, w), I(y, v, w) =
∑
k∈K

[
hT
k yk +

∫
T

vk(t)dt +

∫
T

wk(t)dt

]
,(43)

subject to

N∑
s=k

yTs gsk(t) − vk(t) + wk(t) = ck(t), vk(t) ≥ 0, wk(t) ≥ 0, t ∈ T, k ∈ K.(44)

At this stage we have to check that this dual optimization problem has a nonempty
set of admissible variables zk = {yk, vk, wk, k ∈ K}. Suppose therefore that we denote
the chosen support by τksup, k ∈ K, and then use (18) to construct the vectors zk =
{yk, vk, wk, k ∈ K} as

yk = νk, νk(t) = Δk(t); wk(t) = 0 if Δk(t) ≥ 0,

vk(t) = 0, wk(t) = Δk(t) if Δk(t) < 0.

Then, by (18), these satisfy the constraint (44) of the dual problem. Also since this
dual problem has a nonempty set of feasible variables

{yk, vk, wk, k ∈ K},

it is routine to show that it has an optimal solution if there exists an optimal control
for (1)–(4).

Let {y0
k, v

0
k(t), w

0
k(t), t ∈ T, k ∈ K} denote an optimal solution of (43)–(44).

Then (43) and (18) yield

β(τsup, u) =

N∑
k=1

N∑
s=k

∫
T

νTs (t)gsk(t)uk(t)dt−
N∑

k=1

∫
T

cTk (t)uk(t)dt

+

N∑
k=1

∫
T

vk(t)dt−
N∑

k=1

∫
T

wk(t)dt

=

[
N∑

k=1

(νk)T
k∑

s=1

∫
T

gks(t)us(t)dt +

N∑
k=1

∫
T

vk(t)dt−
N∑

k=1

∫
T

wk(t)dt

]

−
[

N∑
k=1

N∑
s=k

∫
T

(y0
s)

T gsk(t)u
0
k(t)dt +

N∑
k=1

∫
T

v0
k(t)dt−

N∑
k=1

∫
T

w0
k(t)dt

]

+

N∑
k=1

∫
T

ck(t)u
0
k(t)dt−

N∑
k=1

∫
T

ck(t)uk(t)dt

=

[
N∑

k=1

(νk)Thk +

N∑
k=1

∫
T

(vk(t) − wk(t))dt

]

−
[

N∑
k=1

(y0
k)

Thk +

N∑
k=1

∫
T

(v0
k(t) − w0

k(t))dt

]

+

N∑
k=1

∫
T

ck(t)u
0
k(t)dt−

N∑
k=1

∫
T

ck(t)uk(t)dt.
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Hence the suboptimal estimate can be written in the form

β(τsup, u) = βsup + βu,(45)

where

βsup =

N∑
k=1

hT
k (νk − y0k) +

N∑
k=1

∫
T

[
(vk(t) − v0

k(t)) − (wk(t) − w0
k(t))

]
dt(46)

denotes the nonoptimality measure of the chosen support {τksup, k ∈ K} and

βu =

N∑
k=1

∫
T

ck(t)
(
uk(t) − u0

k(t)
)
dt(47)

denotes the nonoptimality measure of the given control function {uk(t), t ∈ T, k ∈
K}.

Now choose the support τ0
sup = {τ̃ksup, k ∈ K} such that the corresponding

collection z0
k = {y0

k, v
0
k, w

0
k, k ∈ K} of dual variables is an optimal solution of (43)–(44).

Then the support τ0
sup = {τ̃ksup(ε), k ∈ K} is the one required for the given ε-optimal

control functions {uk(t), k ∈ K}, since βsup = 0, and then β = β(u, τ0
sup) = βu ≤ ε.

Next set

εk(t) = Δk(t)(uk(t) + 1), t ∈ T+
k ,

εk(t) = Δk(t)(uk(t) − 1), t ∈ T−k ,

εk(t) = 0 if Δk(t) = 0, t ∈ T,

and note from the definition of Δk(t) that

εk(t) = −ψT
k (t)b(uk(t) + 1) = ψT

k (t)(Axk(t) + Dxk−1(t) + b(−1))

−ψT
k (t)(Axk(t) + Dxk−1(t) + buk(t)) if ψk(t)b < 0,

εk(t) = ψT
k (t)(Axk(t) + Dxk−1(t) + b(+1))

−ψT
k (t)(Axk(t) + Dxk−1(t) + buk(t)) if ψk(t)b > 0,

εk(t) = 0 if ψk(t)b = 0, t ∈ T, k ∈ K.

Use of the Hamiltonian (35) now enables these last expressions to be written in the
form

εk(t) = max
|v|≤1

Hk

(
xk−1(t), xk(t), ψk, v

)
−Hk

(
xk−1(t), xk(t), ψk, uk(t)

)
, t ∈ T, k ∈ K.

Finally, noting that {uk(t)} is a suboptimal control yields

N∑
k=1

∫
T

εk(t)dt =

N∑
k=1

∫
T+
k

Δk(t)(uk(t) + 1)dt

+

N∑
k=1

∫
T−
k

Δk(t)(uk(t) − 1)dt = β(u, τ0
sup) = βu ≤ ε,

and the proof is complete.
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The maximum principle now follows from this last result on setting ε = 0 as
stated formally in the following corollary.

Corollary 2. The admissible control {u0
k(t), k ∈ K, t ∈ T} is optimal if

and only if there exists a support {τ0k
sup, k ∈ K} such that the supporting control

{u0
k(t), τ

0k
sup, t ∈ T, k ∈ K} satisfies the maximum conditions

max
|v|≤1

Hk

(
x0
k−1(t), x

0
k(t), ψk, v

)
= Hk

(
x0
k−1(t), x

0
k(t), ψk, u

0
k(t)
)

for all k ∈ K, t ∈ T, where ψk(t) are the corresponding solutions of (34).

4. Differentiable properties of the optimal solutions. An important aspect
of the optimization theory is sensitivity analysis of optimal controls since, in practice,
the system considered can be subject to disturbances or parameters in the available
model can easily arise. Mathematically, perturbations can, for example, be described
by some parameters in the initial data, boundary conditions, and control and state
constraints. Hence it is clearly important to know how a problem solution depends
on these parameters, and in this section we aim to characterize the changes in the
solutions developed due to “small” perturbations in the parameters. This could, in
turn, enable us to design fast and reliable real-time algorithms to correct the solutions
for these effects. As shown next, the major advantage of the constructive approach
developed in this paper is that the sensitivity analysis and some differential properties
of the optimal controls under disturbances can be analyzed.

Suppose that disturbances influence the initial data for (1)–(4). In particular,
consider the system (1)–(4) on the interval Ts = [s, α] with the initial data xk(s) =
zk, zk ∈ Gk, k ∈ K, where Gk ⊂ R

n is some neighborhood of the point xk = dk and s
belongs to the neighborhood G0 of t = 0. We also assume that the following regularity
condition holds: For the given disturbance domain Gk, k ∈ K ∪ {0}, the structure of
the optimal control functions for the nondisturbed data is preserved; i.e., the number
of switching instances together with their order is constant.

Using Theorem 1, the optimal controls {u0
k(t, s, z), k ∈ K} are determined by the

supporting time instances τkj = τkj(s, z), k ∈ K, j = 1, . . . ,m, which are dependent
on the disturbances (s, zk), s ∈ G0, zk ∈ Gk, k ∈ K. Here we study the differential
properties of the functions τkj = τkj(s, z), k ∈ K, j = 1, . . . ,m, and for ease of
notation we set τ ≡ τ(s, z) =

{
τkj(s, z), k ∈ K, j = 1, . . . ,m

}
, z = {zk, k ∈ K} in

what follows.
Theorem 3. If (1)–(4) is regular, then for any k ∈ K and j = 1, . . . ,m the

functions τkj = τkj(s, z) are differentiable in the domain G0 ×Gk ⊂ R × R
n.

Proof. Using (10)–(11) and Theorem 1 it follows immediately that the switching
instances τkj = τkj(s, z), k ∈ K, j = 1, . . . ,m, of the optimal bang-bang control
{u0

k(t, s, z), k ∈ K} for (1)–(4) in this case are the solutions of the following opti-
mization problem:

max
τkj

∑
k∈K

Rk(s, z)

m+1∑
j=1

(−1)j
∫ τkj

τkj−1

ck(t)dt,(48)

subject to

∑
l∈K

Rl(s, z)

m+1∑
j=1

(−1)j
∫ τlj

τlj−1

gkl(t)dt = hk(s, z), k ∈ K.(49)
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Here the constant Rk(s, z) = ±1 denotes the value (u = +1 or u = −1) of the optimal
control on pass k over the first control interval t ∈ [s, τk1], and

hk(s, z) = ok −
k∑

j=1

HkKj(α)zk+1−j −
∫ α

s

HkKk(α− t)Df(t)dt.(50)

Also it is clear that the switching instances τkj = τkj(s, z) satisfy

τk0 < τk1 < τk2 < · · · < τkm < τkm+1, τk0 = s, τkm+1 = α.

Since {u0
k, τ

0
sup, k ∈ K} is the optimal supporting control for (1)–(4) in the absence

of disturbances, the optimization problem (48)–(49) has the optimal solution τ0
kj , k ∈

K, j = 1, . . . ,m} at s = 0, zk = αk, k ∈ k, j = 1, . . . ,m. Hence there exist Lagrange
multipliers λ0

k ∈ R
m, k ∈ K, which are not simultaneously equal to zero, such that the

collection {λ0
k, τ

0
kj} is a stationary point for the following Lagrange function associated

with the optimization problem (48)–(49):

L(λ, τsup) =
∑
k∈K

Rk(s, z)

m+1∑
j=1

(−1)j
∫ τkj

τkj−1

ck(t)dt

+
∑
k∈K

λk

[∑
l∈K

Rl(s, z)

m+1∑
j=1

(−1)j
∫ τlj

τlj−1

gkl(t)dt− hk(s, z)

]
.(51)

The well-known stationarity conditions for a Lagrange function now yield

2Rk(s, z)

[
ck(τkj) +

N∑
l=k

λlglk(τkj)

]
= 0, j = 1, . . . ,m, k ∈ K,(52)

k∑
l=1

Rl(s, z)

m+1∑
j=1

(−1)j
∫ τlj

τlj−1

gkl(t)dt− hk(s, z) = 0, k ∈ K,(53)

with respect to the unknown λk and τk(s, z), k ∈ K, j = 1, . . . ,m. Also the Jacobian
matrix D of the mapping (52) with respect to variables (λ, τsup) calculated at s = 0
and zk = αk can be written in the form

D =
∏
k∈K

2Rk(0, α)

(
Ĝsup F

0 Ĝsup

)
,(54)

where (see also (15) for the notation here) the matrix Ĝsup is given by

Ĝsup =

(
gkj(t), t ∈ τ jsup

j ≤ k ≤ N, j = 1, . . . , N

)
,(55)

and the matrix F is formed from the derivatives of the functions ck(t), gkl(t) evaluated
at the corresponding points. By the definition of the supporting time instances we
have detD �= 0, and by the implicit function theorem there exists a neighborhood of
the point (0, αk, k ∈ K) where (52) has a unique solution λ = λ(s, z), τkj = τkj(s, z),
and these functions are also differentiable. This completes the proof.

The differential properties of the optimal controls developed above can be used
for sensitivity analysis and the solution of the synthesis problem considered here. In
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particular, the supporting control approach [10] can be used to produce the differential
equations for the switching time functions τ(s, z) necessary to design the optimal
controllers. In a similar manner to [6] it can be shown that these satisfy the following
differential equations:

G
∂τ

∂s
+ Q =

∂h

∂s
, P

∂τ

∂z
=

∂h

∂z
,(56)

where h(s, z) = (h1(s, z), . . . , hm(t, s)) is an mN × 1-vector given by (50) and the
matrices G,Q,P are defined (see [6]) by those defining the process dynamics and in-
formation associated with the disturbance-free optimal solution. For example (see also
(13)), G = ΛG̃sup, where the compatibly dimensioned block matrix Λ is constructed
by the disturbance-free optimal control values u0

k(t); k = 1, . . . , N calculated in the
supporting moments τkj from τ0

sup. Also, by Theorem 1, these values are equivalent to

the values of
dΔi(τkj)

dt evaluated for the corresponding indexes i; j; k, where the func-
tions Δi(t); i = 1, . . . , N are designed using the switching times of the basic optimal
control function. Note also that analogous differential equations can be established for
the optimal values of the cost function (treated as the function J(s, z) ≡ J(u(τ(s, z))).

Remark 5. The equations (56) are (sometimes) termed Pfaff differential equa-
tions and model an essentially distinct class of continuous nD systems. The main
characteristic feature of this model is that it is overdetermined (the number of equa-
tions exceeds the unknown functions). It can also be shown that if the nondegenerate
assumption on the supporting control functions holds, then so do the so-called Frobe-
nious conditions which guarantee the existence and uniqueness of solutions of the
Pfaff differential equations.

5. An example. In order to demonstrate the advantages of the supporting con-
trol function approach, we give an example where, as a preliminary, it is instructive
to consider the case of N = 1 and, in particular,

max
|u|≤1

J(u), J(u) := x(2)(1),(57)

for

dx(1)(t)

dt
= x(2), x(1)(t), x(2)(t) ∈ R, t ∈ [s, 1],

dx(2)(t)

dt
= u(t), x(1)(s) = z1, x(2)(s) = z2,(58)

subject to the following constraints on the control signal and a terminal state con-
straint, respectively:

|u(t)| ≤ 1, x(1)(1) = 1/8.(59)

Note that here the superscript (·) is used to denote a particular element in the state
vector.

In this case it is easy to verify that for s = 0 and x(1)(0) = 0, x(2)(0) = 0 the
optimal control signal is given by

u0(t) = −1 for 0 ≤ t ≤ 1 −
√

5/8 and u0(t) = +1 for 1 −
√

5/8 < t ≤ 1.
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Synthesis of the optimal control can be realized using the switching instance function
τ = τ(z1, z2, s), which has to satisfy the following differential equations:

∂τ

∂z1
=

1

2(1 − τ)
,

∂τ

∂z2
=

1 − s

2(1 − τ)
,(60)

∂τ

∂s
=

1 − s− z2

2(1 − τ)
,(61)

with the initial condition

τ(0, 0, 0) = 1 −
√

5/8,

which is a particular case of (56).
The solution of this Pfaff differential system is given by

τ(z1, z2, s) = 1 −
√

5/8 + (s− 1)z2 − z1 − s + s2/2.

Also, without loss of generality, assume s = 0, and then the optimal switching function
is

τ(z1, z2, 0) = 1 −
√

5/8 − z1 − z2.

Figures 1 and 2 illustrate the form of this solution. In particular, Figure 1 shows
the state-space variables together with additional variable t. The optimal trajectories
(57)–(59) corresponding to the bang-bang control law lie on the parabolic cylinders
(Z1) : x(1) = − 1

2 (x(2))2 +C1 +C2 and (Z2) : x(1) = + 1
2 (x(2))2 + C̃1 + C̃2, where the

constants Ci, C̃i, i = 1, 2, are determined by the initial data x(1)(0) = z1, x
(2)(0) = z2.

These cylinders correspond to the solutions of differential equations (58) with u ≡ −1
or u ≡ +1, respectively. It can also be shown that the admissible initial domain for
which the problem can be solved is determined by the inequalities: − 3

8 ≤ z1 +z2 ≤ 5
8 .

The switching manifold Zh is described in parametric form by

x(1) = −
(
1 −
√

5/8 − z2 − z1

)2
2

+ z2

(
1 −
√

5/8 − z2 − z1

)
+ z1,

x(2) = −1 +
√

5/8 − z2 − z1 + z2,

T = 1 −
√

5/8 − z2 − z1 −
3

8
≤ z1 + z2 ≤ 5

8
.

Finally, each optimal trajectory consists of two parts—first it evolves along the vertical
parabolic cylinder Z1 until τ = 1 −

√
5/8 − z2 − z1, when it meets the switching

manifold Zh, and then immediately is switched to continue along the second vertical
cylinder Z2 to meet the target plane x(1) = 1/8. Figure 1 also shows the optimal
trajectory in the space R3 for zero initial data, and Figure 2 shows the projection of
this trajectory onto the x(1), x(2) plane.

Consider now the following example where N = 2 (again the superscript (·) is
used to denote a particular element in the state or control vector on any pass):

max
u1,u2

J(u), J(u) := x
(2)
1 (1) + x

(2)
2 (1),(62)
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Fig. 1. Optimal control synthesis.

Fig. 2. Projection on the x1–x2 plane.

for the process

dx
(1)
1 (t)

dt
= x

(2)
1 (t),

dx
(1)
2 (t)

dt
= x

(2)
2 (t), t ∈ [s, 1],

dx
(2)
1 (t)

dt
= u1(t),

dx
(2)
2 (t)

dt
= x

(1)
1 (t) + u2(t),(63)

with boundary conditions of the form

x
(1)
1 (s) = z

(1)
1 , x

(2)
1 (s) = z

(2)
1 , x

(1)
2 (s) = z

(1)
2 , x

(2)
2 (s) = z

(2)
2 ,(64)

subject to

x
(1)
1 (1) = 1/8, x

(1)
2 (1) = 1/384, |u1(t)| ≤ 1, |u2(t)| ≤ 1.(65)

Equivalently, we can write the problem here as[
ẋ

(1)
k+1(t)

ẋ
(2)
k+1(t)

]
=

[
0 1
0 0

][
x

(1)
k+1(t)

x
(2)
k+1(t)

]
+

[
0 0
1 0

][
x

(1)
k (t)

x
(2)
k (t)

]
+

[
0
1

]
uk+1(t), k = 0, 1.

(66)

Without loss of generality we set x0(t) = 0, t ∈ [s, 1].
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To apply the results developed here to this example we first rewrite (63)–(65) in
the following integral form:

max
u1,u2

{
z
(1)
2 + z

(2)
2 + (1 − s)z

(1)
1 +

(1 − s)2

2
z
(2)
2 +

∫ 1

s

(1 − t)2 + 2

2
u1(t)dt +

∫ 1

s

u2(t)dt

}
,

(67)

subject to ∫ 1

s

(1 − t)u1(t)dt =
1

8
− z

(1)
1 + (1 − s)z

(2)
1 ,

∫ 1

s

[
(1 − t)3

6
u1(t) + (1 − t)u2(t)

]
dt =

1

384
− z

(1)
2 − (1 − s)z

(2)
2 − (1 − s)2

2
z
(1)
1

− (1 − s)3

6
z
(2)
1 .(68)

Hence

g11(t) = 1 − t, g21(t) =
(1 − t)3

6
, g22(t) = 1 − t,

c1(t) =
(1 − t)2 + 2

2
, c2(t) = 1,(69)

and the multipliers required to design the cocontrol function Δi(t), i = 1, 2, can, by
noting (12), be written as

ν(2)g22(τ2sup) − c2(τ2sup) = 0ν(1)g11(τ1sup) + ν(2)g21(τ1sup) − c1(τ1sup) = 0.(70)

We now have that

Δ1(t) = (1 − t)

[
1

1 − τ1sup
+

1 − τ1sup
2

− (1 − τ1sup)
2

6(1 − τ2sup)

]
+

(1 − t)3

6(1 − τ2sup)
− (1 − t)2

2
− 1,

Δ2(t) =
1 − t

1 − τ2sup
− 1,

(71)

and the problem is to find the basic optimal trajectory when all variables in (64) are
zero, i.e.,

s = 0, x
(1)
1 (0) = 0, x

(2)
1 (0) = 0, x

(1)
2 (0) = 0, x

(2)
2 (0) = 0.(72)

Take the supporting instances as

τ1sup = 1 −
√

5

8
, τ2sup = 1 −

√
131

256
.(73)

Then it follows immediately from Theorem 1 that the optimal control functions
for (62)–(65) with initial data (72) are given by

u0
1(t) =

⎧⎨
⎩

−1, 0 ≤ t < 1 −
√

5
8 ,

+1, 1 −
√

5
8 ≤ t ≤ 1,

u0
2(t) =

⎧⎨
⎩

−1, 0 ≤ t < 1 −
√

131
256 ,

+1, 1 −
√

131
256 ≤ t ≤ 1,

(74)
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and (56) gives the switching functions τ1 ≡ τ1(z
(1)
1 , z

(2)
1 , s), τ2 ≡ τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s)

as

−2
∂τ2
∂s

(1 − τ2) −
2(1 − τ1)

3

6

∂τ1
∂s

=
(1 − s)2

2
z
(2)
1 + (1 − s)z

(1)
1

+ z
(2)
2 − (1 − s)3

6
− (1 − s)

− 2
∂τ2

∂z
(1)
1

(1 − τ2) −
(1 − τ1)

3

3

∂τ1

∂z
(1)
1

= − (1 − s)2

2
− 2

∂τ2

∂z
(2)
1

(1 − τ2) −
(1 − τ1)

3

3

∂τ1

∂z
(2)
1

= − (1 − s)3

6
− 2

∂τ2

∂z
(1)
2

(1 − τ2) = −1,

−2
∂τ2

∂z
(2)
2

(1 − τ2) = − (1 − s),(75)

with initial conditions

τ1(0, 0, 0) = 1 −
√

5

8
, τ2(0, 0, 0, 0, 0) = 1 −

√
131

162
.(76)

The solutions of this differential system are

τ1(z
(1)
1 , z

(2)
1 , s) = 1 −

√
SR1(z

(1)
1 , z

(2)
1 , s),

τ (2)(z
(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s) = 1 −

√
SR2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s),(77)

where

SR1(z
(1)
1 , z

(2)
1 , s) =

5

8
+ (s− 1)z

(2)
1 − z

(1)
1 − s + s2/2,

SR2(z
(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s) =

131

256
+

2s4 − 8s3 + 59s2 − 102s

96
+

−20s2 + 40s− 19

48
z
(1)
1

− 1

12
z
(1)2
1 +

4s3 − 12s2 +11s− 3

48
z
(2)
1 +

−s2 +2s− 1

12
z
(2)2
1

+
sz

(1)
1 z

(2)
1

6
− z

(1)
1 z

(2)
1

6
− z

(2)
1 + (s− 1)z

(2)
2 .(78)

It easy to see that the solution of the differential equations describing the process
dynamics with both u1 and u2 constant is

x
(1)
1 (t) = u1

t2

2
+ tC1 + C2,

x
(2)
1 (t) = u1t + C1,

x
(1)
2 (t) = u1

t4

24
+ C1

t3

6
+ C2

t2

2
+ u2

t2

2
+ tC3 + C4,

x
(2)
2 (t) = u1

t3

6
+ C1

t2

2
+ tC2 + tu2 + C3(79)

and in this case that the optimal control for pass k = 1 coincides with that given
earlier in this example.
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Now consider disturbances Ω such that the optimal control is preserved for the

case of zero initial conditions, i.e., u1 = −1 for t ≤ τ1(z
(1)
1 , z

(2)
1 , s), u0

2 = −1 for t ≤
τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s), and the inequality τ1(z

(1)
1 , z

(2)
1 , s) < τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s)

holds. Using (77) we have that the domain Ω is described by

0 ≤ τ1(z
(1)
1 , z

(2)
1 , s) < τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s) ≤ 1,

SR1(z
(1)
1 , z

(2)
1 , s) ≥ 0, SR2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s) ≥ 0.

To construct the solution for pass k = 2, it is necessary to construct the switching
surface F , which is defined by the vectors

x
(1)
2 (t) |t=τ2 = x

(1)
2

(
τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s), τ

)
x

(2)
2 (t) |t=τ2 = x

(2)
2

(
τ2(z

(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s)
)
,

when the parameters z
(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s are members of the set Ω. The parametric

description of the switching surface in this case is given by

x
(1)
2 (t) = − t4

24
+ C1

t3

6
+ C2

t2

2
− t2

2
+ tC3 + C4,

x
(2)
2 (t) = − t3

6
+ C1

t2

2
+ tC2 − t + C3,(80)

where the coefficients Ci are found from the parameters z
(1)
1 , z

(1)
2 , z

(2)
1 , z

(2)
2 , s.

6. Conclusions. In this paper the supporting control functions approach has
been applied to study an optimal control problem for differential linear repetitive
processes. The main contribution is the development of constructive necessary and
sufficient optimality conditions in forms which can be effectively used for the design
of numerical algorithms. The iterative method developed in this work is based on the
principle of decrease of the suboptimality estimate; i.e., the iteration {τksup, uk(t), k =

1, . . . , N} → {τ̂ksup, ûk(t), k = 1, . . . , N} is performed in such a way as to achieve
β(τ̂sup, û) < β(τsup, u). Also this procedure can be separated into two stages: (i)
transformation of the admissible control functions {uk(t), k = 1, . . . , N} → {ûk(t), k =
1, . . . , N}, which decreases the nonoptimality measure of the admissible controls
β(û) < β(u), and (ii) variation of the support {τksup, k = 1, . . . , N} → {τ̂ksup, k =
1, . . . , N} to again decrease the nonoptimality measure of the support, i.e., β(τ̂sup) <
β(τsup). These transformations involve, in effect, the duality theory for the problems
defined in this work by (1)–(4) and (43)–(44) and exploit the ε-optimality conditions
also developed in this work. These results are the first in this general area, and
work is currently proceeding in a number of followup areas. One such area is sensi-
tivity analysis of optimal control in the presence of disturbances, where in the case
of the ordinary linear control systems some work on this topic can be found in, for
example, [12].
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CONNECTIONS BETWEEN SINGULAR CONTROL AND
OPTIMAL SWITCHING∗

XIN GUO† AND PASCAL TOMECEK‡

Abstract. This paper builds a new theoretical connection between singular control of finite
variation and optimal switching problems. This correspondence provides a novel method for solving
high-dimensional singular control problems and enables us to extend the theory of reversible invest-
ment: Sufficient conditions are derived for the existence of optimal controls and for the regularity
of value functions. Consequently, our regularity result links singular controls and Dynkin games
through sequential optimal stopping problems.
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1. Introduction with a motivating control problem. Let (Ω,F , P ) be a
complete probability space and F = {Ft; 0 ≤ t < ∞} a completed filtration that
is right continuous. Consider the following (motivating) singular control problem
from [33]:

(1)

V (x, y) = sup
(ξ+,ξ−)∈A

E

[∫ ∞
0

e−rth(Xt, Yt)dt−K+

∫ ∞
0

e−rtdξ+
t −K−

∫ ∞
0

e−rtdξ−t

]
,

where Yt = y + ξ+
t − ξ−t , (ξ+

t , ξ
−
t )t≥0 is a pair of F-adapted, nondecreasing càglàd

processes, Xt is a diffusion process with X0 = x, h(Xt, Yt) is a concave function
of Yt satisfying appropriate integrability conditions, and K+,K−, r > 0 are some
constants. Here the supremum is taken over the set A of all singular controls with a
finite variation.

This multidimensional control problem and its variants have been studied exten-
sively in both the mathematics and the economics literature. For example, taking
h as a concave function with a special additive form h(Xt + Yt) and K− + K+ ≥
0, this is the well-known monotone fuel follower problem, for which explicit solu-
tions can be found in [4, 5, 6, 25, 24]. In mathematical economics, (1) is a typical
(ir)reversible investment problem in which a company, by adjusting its production
capacity through expansion and contraction according to market fluctuations, wishes
to maximize its overall expected net profit over an infinite horizon. Under the spe-
cial additive form (again) of h(Xt + Yt), with Xt + Yt = y + μt + σWt + ξ+

t and
ξ−t = K− = 0, this problem has been investigated by numerous authors (see, for in-
stance, [14, 31, 1, 2, 34, 36, 13, 3, 21]). With another special form of h(1−Yt +XtYt),
where h is a power function, K− = K+ = 0, and Yt ∈ [0, 1], the problem was analyzed
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via a dimension reduction technique in [35]. For a standard reference on irreversible
investment, see [15].

Most recently, [33] treated this problem with a more general and genuinely high-
dimensional form, where Xt is a geometric Brownian motion and h is a function
of both Xt and Yt, subject to some technical conditions. They used the traditional
approach of the dynamic programming principle: First construct (by ad hoc methods)
a solution to the Bellman equation and then validate the optimality of the solution
by a sufficient verification theorem for smooth functions.

In this paper, we establish a generic theoretical connection between singular con-
trol and optimal switching problems: We define a consistency property for collections
of switching controls and prove that there is an exact correspondence between the set
of finite variation càglàd processes and the set of consistent collections of switching
controls. We then apply this correspondence, in conjunction with direct integration
arguments, to obtain an integral representation for the value function of a very gen-
eral reversible investment problem in terms of the values of corresponding optimal
switching problems. Finally, we exploit this representation to study the regularity
of the value function and to obtain sufficient conditions on the existence of optimal
controls. As a corollary, we are able to represent the value of a Dynkin game as the
difference between the values of two related switching problems, thereby linking the
general reversible investment problem, the Dynkin game, and the optimal switching
problem.

It is worth pointing out that this approach of connecting singular control problems
and related optimal stopping problems dates back to the seminal paper of [4] and
has since been developed and applied to monotone singular control problems in [25,
26, 27, 28, 29, 17, 18, 19, 2].1 Indeed, our integral representation theorem for the
reversible investment problem is in part inspired by the elegant integration arguments
of [2] for irreversible investment. Another closely related body of work is [11, 8, 9,
10]. However, the connections between the singular control problem, the entry-exit
problem, and Dynkin’s game in their works are established within the framework of
forward backward stochastic differential equations and require a finite time horizon
with the restrictive assumption that the control has only an additive affect on the
diffusion. As such, their results cannot be used to solve the more general reversible
investment problems such as (1).

Compared to all previous works and approaches, the correspondence between
singular controls and switching controls in our paper does not depend on the specific
form of the control problem. Thus, our methodology applies to cases for which Xt

can be any diffusion process other than the geometric Brown motion and to cases for
which the running payoff function h is a general and nonsmooth function of both the
diffusion Xt and the control process Yt. In fact, our method is applicable when the
underlying randomness is not necessarily captured by a diffusion. This enables us to
solve very general reversible investment problems. In particular, when h is smooth
enough, the regularity assumptions for the value function in [33] are recovered.

The organization of the paper is as follows. In section 2, we define consistent
collections of switching controls and describe how to obtain such a collection from a
singular control and vice versa. We prove that these transformations define a bijection
between the set of singular controls and the set of consistent collections of switching
controls and prove a change of variable formula. In section 3, we apply this corre-

1Recently, in [22] it was observed that both the Dynkin game and the two regime optimal
switching problem lead to backward stochastic differential equations with two reflecting barriers.
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spondence to the problem of reversible investment and show how the value function
of the singular control problem can be represented in terms of the value functions of
optimal switching problems. Using this representation, we prove the differentiability
of the value function and show that, due to the relationship between optimal switch-
ing problems and Dynkin games, the derivative can be represented in terms of either
one. Last, we give a two-dimensional example with an explicit solution.

2. Correspondence between singular controls and switching controls.
In this section, we establish by explicit construction a bijection between admissible
singular controls and consistent collections of switching controls with two regimes.
Our result is analogous to the well-known correspondence between a nondecreasing, F-
adapted, càglàd singular control (ξt)t≥0 and a collection of stopping times (τ ξ(z))z∈R,
given by

τ ξ(z) = inf{t ≥ 0 : ξt > z}, and ξt = sup{z ∈ R : τ ξ(z) < t}.

2.1. Definitions. Let (Ω,F , P ) be a complete probability space and F = {Ft;
0 ≤ t < ∞} a filtration satisfying the usual hypotheses. Let I ⊂ R be an open
(possibly unbounded) interval and Ī be its closure.

Let us first recall the notion of admissible singular controls.

Definition 2.1. Given y ∈ Ī, an admissible singular control is a pair (ξ+
t , ξ

−
t )t≥0

of F-adapted, nondecreasing càglàd processes such that ξ+(0) = ξ−(0) = 0, Yt :=
y + ξ+

t − ξ−t ∈ Ī, for all t ∈ [0,∞), and dξ+, dξ− are supported on disjoint subsets.

We denote here Ay to be the set of admissible strategies corresponding to an
initial capacity level of y.

Since dξ+ and dξ− are supported on disjoint subsets, ξ+ and ξ− are the positive
and negative variations of Y , respectively. By the uniqueness of the variation decom-
position, there is a one-to-one correspondence between strategies (ξ+, ξ−) ∈ Ay and
F-adapted càglàd finite variation processes Y , with Y0 = y and Yt ∈ Ī for all t.

Throughout the paper, (Yt)t≥0 is a finite variation control process with Y0 = y.

Next, we introduce admissible switching controls (with two regimes).

Definition 2.2. A switching control α = (τn, κn)n≥0 consists of an increasing
sequence of stopping times (τn)n≥0 and a sequence of new regime values (κn)n≥0 that
are assumed immediately after each stopping time.

When there are only two distinct regimes, an optimal switching problem is often
referred to as the starting and stopping problem ([12, 23], etc.) or the entry and exit
problem ([9, 16], etc.). Following convention, we label the two regimes 0 and 1.

Definition 2.3. A switching control α = (τn, κn)n≥0 is admissible if the follow-
ing hold almost surely: τ0 = 0, τn+1 > τn for n ≥ 1, τn → ∞, and for all n ≥ 0,
κn ∈ {0, 1} is Fτn measurable, with κn = κ0 for even n and κn = 1 − κ0 for odd n.

Alternatively, an admissible switching control has a more mathematically conve-
nient representation given by its regime indicator function.

Proposition 2.4. There is a one-to-one correspondence between admissible
switching controls and the regime indicator function It(ω), which is an F-adapted
càglàd process of finite variation, so that It(ω) : Ω × [0,∞) → {0, 1}, with

It :=

∞∑
n=0

κn1{τn<t≤τn+1}, I0 = κ0.(2)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

424 XIN GUO AND PASCAL TOMECEK

Lemma 2.5. Given an admissible switching control α = (τn, κn)n≥0, define the
increasing càglàd processes I+ and I− by

I+
t :=

∞∑
n>0,κn=1

1{τn<t}, I+
0 = 0 and I−t :=

∞∑
n>0,κn=0

1{τn<t}, I−0 = 0.

Then for all t ≥ 0, I±t < ∞ almost surely, It = κ0 + I+
t − I−t , and I+

t (I−t ) is the
positive (negative) variation of the corresponding regime indicator function.

Finally, we define a class of consistent collections of switching controls. We shall
see later that it is exactly this class of consistent collections of switching controls that
corresponds to singular controls of finite variation.

Definition 2.6. Let y ∈ Ī be given, and for each z ∈ I, let α(z) = (τn(z),
κn(z))n≥0 be a switching control. The collection (α(z))z∈I is consistent if

α(z) is admissible for Lebesgue-almost every z ∈ I,(3)

I0(z) := κ0(z) = 1{z≤y} for Lebesgue-almost every z ∈ I,(4)

and, for all t < ∞,∫
I
(I+

t (z) + I−t (z))dz < ∞, almost surely, and(5)

It(z) is decreasing in z for P ⊗ dz-almost every (ω, z).(6)

Here It(z), I
+
t (z), and I−t (z) are defined as in (2) and Lemma 2.5.

For It(z) to be decreasing in z for P⊗dz-almost every (ω, z), it means there exists
a set E ⊂ Ω × Ī such that P ⊗ dz(E) = 0, and if (ω, z0), (ω, z1) ∈ (Ω × Ī)\E, with
z0 ≤ z1, then It(ω, z0) ≥ It(ω, z1).

2.2. Bijection. First, we describe how a consistent collection of switching con-
trols can be obtained from an admissible singular control. To this end, we quote two
technical lemmas, the first one adapted from [20, Theorem 5.5.1].

Lemma 2.7 (Evans and Gariepy). Let f : [0,∞) → R be a function of finite (i.e.,
locally bounded) variation, and define E : [0,∞) × R → R by E(s, z) = 1{f(s)>z}.
Then

1. the function E(·, z) is of finite variation for almost all z ∈ R, and
2. ||df ||([0, t)) =

∫∞
−∞ ||dE(·, z)||([0, t))dz for all t ∈ (0,∞).

Lemma 2.8. Let f : [0,∞) → {0, 1} be of finite variation, and define g(t) =
lims↑t f(s). Then almost surely the paths of g are càglàd, and, for all T < ∞,

||dg||([0, T )) ≤ ||df ||([0, T )) < ∞.

Proposition 2.9 (from singular to switching controls). Given (ξ+, ξ−) ∈ Ay,
define a switching control α(z) = (τn(z), κn(z))n≥0 for each z ∈ I through the regime
indicator function It(z) := lims↑t 1{Ys>z}. Then the resulting collection (α(z))z∈I of
switching controls is consistent.

Proof. First we show that I is a regime indicator function as per Proposition 2.4.
Let Yt = y+ξ+

t −ξ−t . Since Y is F-adapted, so is I·(z). Furthermore, since Y is of finite
variation, Lemma 2.7 implies that the function s → 1{Ys(ω)>z} is of finite variation for
P ⊗ dz-almost every (ω, z). Hence It(ω, z) is càglàd and of finite variation (ω, z)-a.e.
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by Lemma 2.8. Thus, for almost all z, there is an admissible switching control α(z)
corresponding to I(z).

Moreover, Lemma 2.7, in conjunction with Lemmas 2.8 and 2.5, implies that

||dY·||([0, t)) = ξ+
t + ξ−t =

∫ ∞
−∞

||d1{Y·>z}||([0, t))dz ≥
∫
I
||dI·(z)||([0, t))dz

=

∫
I
I+
t (z) + I−t (z)dz.

Hence
∫
I I

+
t (z)+I−t (z)dz < ∞. In addition, It(z) is decreasing in z and I0(z) = 1{y≥z}

for all z (except for z = y), so the collection (α(z))z∈I is consistent.

Next, we construct an admissible singular control (ξ+, ξ−) from a consistent col-
lection of switching controls via their regime indicator functions. Consequently, we
give two useful representations of a finite variation process Y .

Proposition 2.10 (from switching controls to singular controls). Given y ∈ Ī
and a consistent collection of switching controls (α(z))z∈I , define two processes ξ+ and
ξ− by setting ξ+

0 = 0, ξ−0 = 0, and for t > 0: ξ+
t :=

∫
I I

+
t (z)dz, ξ−t :=

∫
I I
−
t (z)dz.

Then

1. the pair (ξ+, ξ−) ∈ Ay is an admissible singular control,
2. up to indistinguishability,

Yt = y +

∫ ∞
y

It(z)1{z∈I}dz +

∫ y

−∞
(It(z) − 1)1{z∈I}dz, and

3. for all t, we almost surely have

Yt = ess sup{z ∈ I : It(z) = 1} = ess inf{z ∈ I : It(z) = 0},

where ess sup ∅ := inf I and ess inf ∅ := sup I.

Proof.

1. The proof is obvious from the property of (α(z))z∈I , Definition 2.6, and
Lemma 2.5.

2. By applying Lemma 2.5, we have a.e. for every t ≥ 0,

Yt = y + ξ+
t − ξ−t = y +

∫
I
(I+

t (z) − I−t (z))dz

= y +

∫ ∞
y

It(z)1{z∈I}dz +

∫ y

−∞
(It(z) − 1)1{z∈I}dz.

3. By fixing t ≥ 0 and observing that It(z) ∈ {0, 1} is decreasing in z, (ω, z)-a.e.,
we see

Yt = y +

∫ ∞
y

It(z)1{z∈I}dz +

∫ y

−∞
(It(z) − 1)1{z∈I}dz

= y + [ess sup{z ∈ I : It(z) = 1} − y]+ − [ess sup{z ∈ I : It(z) = 1} − y]−

= ess sup{z ∈ I : It(z) = 1}.
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Proposition 2.11 (one-to-one mapping). The mapping from consistent collec-
tions of switching controls to singular controls defined by Proposition 2.10 is one-to-
one.

Finally, we shall show that the two mappings defined in Propositions 2.9 and 2.10
are inverses of each other, thus inducing a bijection.

Theorem 2.12 (bijection). The mappings in Propositions 2.9 and 2.10 define a
bijection between admissible singular controls (ξ+, ξ−) ∈ Ay and consistent collections
of switching controls (up to equivalence).

Proof. To show that the constructions in Propositions 2.9 and 2.10 are inverses
of each other, let us start with a singular control (ξ+, ξ−) ∈ Ay. First, applying
Proposition 2.9 to (ξ+, ξ−) ∈ Ay generates a collection (α(z))z∈I of switching controls.
Then, applying Proposition 2.10 to (α(z))z∈I yields another pair of singular controls
(ξ̃+, ξ̃−). We shall show that (ξ+, ξ−) = (ξ̃+, ξ̃−).

By Proposition 2.9 we have It(z) = lims↑t 1{Ys>z}. Therefore, by Proposition 2.10,
the dominated convergence theorem, and with Y ∈ Ī almost surely, we have

Ỹt = y +

∫ ∞
y

It(z)1{z∈I}dz +

∫ y

−∞
(It(z) − 1)1{z∈I}dz

= y +

∫ ∞
y

lim
s↑t

1{Ys>z}1{z∈I}dz −
∫ y

−∞
lim
s↑t

1{Ys≤z}1{z∈I}dz

= y + lim
s↑t

∫ ∞
y

1{Ys>z}1{z∈I}dz − lim
s↑t

∫ y

−∞
1{Ys≤z}1{z∈I}dz

= y + [Yt − y]+ − [Yt − y]− = Yt.

Thus, Ỹt and Yt have the same variation decompositions, and hence (ξ+, ξ−) = (ξ̃+,
ξ̃−) almost surely.

Since the mapping in Proposition 2.10 is one-to-one by Proposition 2.11, this
proves that the mappings in Propositions 2.10 and 2.9 are inverses of each other, and
hence a bijection exists.

Given this correspondence, we shall use the following terminology in what follows.
Given a singular control (ξ+, ξ−) ∈ Ay, the corresponding collection of switching
controls (α(z))z∈I refers to the one defined in Proposition 2.9; given a consistent
collection of switching controls, the corresponding singular control refers to that in
Proposition 2.10.

2.3. Change of variable formula. With the bijection established in Theo-
rem 2.12, we are ready to establish a change of variable formula for integration with
respect to the variation of a singular control.

Lemma 2.13. Let (ξ+, ξ−) ∈ Ay be an admissible singular control and (α(z))z∈I
be the corresponding collection of switching controls. For every càdlàg process g :
Ω × [0,∞] → [0,∞), with g(∞) ≡ 0,∫

[0,∞)

g(t)dξ+
t =

∫
I

∑
n>0
κn=1

g(τn(z))dz, a.s.,

and

∫
[0,∞)

g(t)dξ−t =

∫
I

∑
n>0
κn=0

g(τn(z))dz, a.s.
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Proof. We shall show only the result for ξ+ as the proof for ξ− is almost identical.
Suppose g is a càdlàg process with the representation

g(t) =
N∑
i=0

gi1[σi,σi+1)(t),

where N is finite and constant, 0 = σ0 ≤ σ1 ≤ · · · ≤ σN+1 < ∞, gi ∈ Fσi , and |gi| <
∞ almost surely. Then, by Proposition 2.10, the monotone convergence theorem, and
Fubini’s theorem,

∫
[0,∞)

g(t)dξ+
t =

∫
[0,∞)

N∑
i=0

gi1[σi,σi+1)(t)dξ
+
t =

N∑
i=0

gi

∫
[0,∞)

1[σi,σi+1)(t)dξ
+
t

=

N∑
i=0

gi(ξ
+
σi+1

− ξ+
σi

)

=

N∑
i=0

gi

⎛
⎜⎝∫
I

∑
n>0
κn=1

1{τn(z)<σi+1}dz −
∫
I

∑
n>0
κn=1

1{τn(z)<σi}dz

⎞
⎟⎠

=

N∑
i=0

gi

⎛
⎜⎝∫
I

∑
n>0
κn=1

1{σi≤τn(z)<σi+1}dz

⎞
⎟⎠

=

∫
I

∞∑
n>0
κn=1

N∑
i=0

gi1{σi≤τn(z)<σi+1}dz

=

∫
I

∑
n>0
κn=1

g(τn(z))dz.

Since piecewise constant left continuous functions can uniformly approximate càglàd
functions, this formula holds for all càglàd processes.

In particular, when Y is nondecreasing (i.e., ξ− ≡ 0), Ī = [0,∞), and y ≥ 0, we
have τn(z) ≡ 0 for all n > 1 and for n = 1 when z ≤ y. In this case, our change of
variable formula reduces to the one for monotone controls in [2], after adjusting for
notational differences: ∫

[0,∞)

g(t)dξ+
t =

∫ ∞
y

g(τ1(z))dz.

3. Application: Reversible investment. Having established the correspon-
dence between singular controls and consistent collections of switching controls, we
shall illustrate how this theory can be applied to solving singular control problems.

As an example, we return to the aforementioned infinite-horizon, reversible in-
vestment problem (1): A company adjusts its reversible production capacity (or in-
vestment) level by proper controls of expansion and contraction in the presence of
a stochastic economic environment. The net profit of such an investment depends
on the running production function of the actual capacity, the economic uncertainty
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such as price or demand for the product, the benefits of contraction (e.g., via spinning
off part of the business), and the cost of expanding and reducing the capital. The
company’s objective is to maximize the expected profit over an infinite time horizon
by controlling expansion and contraction.

3.1. The singular control problem for reversible investment. More specif-
ically, the instantaneous operating profit of the company is a function of the produc-
tion capacity and random variables representing the uncertain economic environment:

Π(ω, t, z) : Ω × [0,∞) × Ī → R.(7)

The unit cost of increasing the capacity at time t is γ+(ω, t) : Ω × [0,∞) → R, and
the unit cost of decreasing capacity is γ−(ω, t) : Ω × [0,∞) → R, where both γ+ and
γ− are adapted to F.2

The control of the production capacity Yt is represented by a pair (ξ+
t , ξ

−
t )t≥0 of

F-adapted, nondecreasing càglàd processes such that

ξ+(0) = ξ−(0) = 0,(8)

Yt = y + ξ+
t − ξ−t ∈ Ī ∀t ∈ [0,∞).(9)

Here ξ+
t and ξ−t represent the cumulative expansion and reduction of capital until time

t, respectively. We say the policy (ξ+, ξ−) is integrable if the integrability condition
is satisfied for the initial capacity level y. That is,

E

[∫ ∞
0

|Π(t, Yt)|dt +

∫
[0,∞)

|γ+(t)|dξ+
t +

∫
[0,∞)

|γ−(t)|dξ−t

]
< ∞.(10)

We denote A′y ⊂ Ay as the set of integrable strategies.
Faced with these profit and cost functions, the company must choose an invest-

ment strategy of capacity expansion and reduction which produces the following ex-
pected payoff over an infinite horizon:

J(y, ξ+, ξ−) := E

[∫ ∞
0

Π(t, Yt)dt−
∫

[0,∞)

γ+(t)dξ+
t −

∫
[0,∞)

γ−(t)dξ−t

]
.(11)

The objective is to maximize over all integrable policies (ξ+, ξ−) ∈ A′y. Accord-
ingly, the value function is defined as

V (y) := sup
(ξ+,ξ−)∈A′

y

J(y, ξ+, ξ−).(12)

Note that, for any y ∈ Ī, A′y is not empty, as the expected profit of not investing at
all (i.e., ξ+ ≡ 0 ≡ ξ−) is finite and is given by

R(y) := J(y, 0, 0) = E

[∫ ∞
0

Π(t, y)dt

]
.(13)

Throughout the remaining section, we impose several conditions.

2When there is no risk of ambiguity, we suppress the dependence of the profit and cost functions
on ω, writing Π(t, z), γ+(t), and γ−(t).
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Standing assumptions.
A1. Π is concave in y and continuous at the boundary of I, so that for y1 <

y2 ∈ Ī,

Π(t, y2) − Π(t, y1) :=

∫ y2

y1

π(t, z)dz,(14)

where π is decreasing in z a.s. and adapted to F. Furthermore,

E

[∫ ∞
0

|Π(t, z)|dt
]
< ∞ ∀z ∈ Ī,(15)

E

[∫ ∞
0

|π(t, z)|dt
]
< ∞ ∀z ∈ I.(16)

This assumption implies that the value function is well-defined, and, al-
though it may take values of +∞, it is never −∞ since V (y) ≥ R(y) > −∞
by (15).

A2. γ+ and γ− are adapted to F, γ±(∞) := 0 and

γ+(t) + γ−(t) > 0, for all t, a.s.(17)

This restriction eliminates the opportunity of making profit by simply switch-
ing regimes and immediately switching back.

A3. • If I is not bounded above, then γ+(t) ≥ 0 for all t almost surely;
• if I is not bounded below, γ−(t) ≥ 0 for all t almost surely.

This is to ensure that, when the domain is unbounded, an arbitrarily large
profit is not obtainable by arbitrarily large changes in the capacity level.

A very special case for the above problem (12) is Π(ω, t, z) = e−ρt(Xx
t (ω))λzβ ,

where the randomness in the economy is captured by the price process X of the
commodity, and X is modeled by a geometric Brownian motion dXx

t = bXx
s dt +√

2σXx
s dWs, with X0 = x > 0. The cost functions are γ+(ω, t) = e−ρtK1, γ−(ω, t) =

e−ρtK0 for some constant ρ > 0,K0,K1. We shall provide a detailed analysis and an
explicit solution to this case in section 3.4.

3.2. The corresponding optimal switching problems. The key to using
the connection between singular controls and switching controls to solve problem (12)
in section 3.1 is to write the payoff of this problem in terms of the payoffs of its
corresponding optimal switching problems. This is accomplished by exploiting the
absolute continuity of the running payoff and the change of variable formula for the
cost processes.

3.2.1. Switching controls from singular controls. First, given the running
profit and cost functions from the singular control problem (12), we define a collection
of optimal switching problems, indexed by z ∈ I.

Definition 3.1. The switching cost process γ : Ω×[0,∞)×{0, 1} → R is given by

γ(t, κ) := γ+(t)1{κ=1} + γ−(t)1{κ=0}.

Here γ(t, κ) represents the cost of switching to regime κ at time t.
The following lemma shows that, for the integrable singular control (ξ+, ξ−) ∈ A′y,

the switching controls in the corresponding collection satisfy a certain integrability
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condition. It is a simple application of Fubini’s theorem, from Lemma 2.13 and
condition (10).

Lemma 3.2. If (ξ+, ξ−) ∈ A′y, then, for the corresponding consistent collection
of switching controls (α(z))z∈I , we have α(z) ∈ B for Lebesgue almost every z ∈ I,
where B is the set of admissible switching controls (τn, κn)n≥0 satisfying

(18) E

[ ∞∑
n=1

|γ(τn, κn)|
]
< ∞.

Note that the converse of the lemma is not true: A consistent collection of switch-
ing controls, each of which is integrable, does not necessarily correspond to an inte-
grable singular control.

Next, we establish the following.
Proposition 3.3. Assume (ξ+, ξ−) ∈ A′y. Let (α(z))z∈I be the corresponding

consistent collection of switching controls with regime indicator functions I(z); then

J(y, ξ+, ξ−) −R(y) =

∫ ∞
y

m+(z, α(z))1{z∈I}dz +

∫ y

−∞
m−(z, α(z))1{z∈I}dz,

where

m+(z, α) := E

[∫ ∞
0

π(t, z)Itdt−
∞∑

n=1

γ(τn, κn)

]
∈ (−∞,∞)(19)

and m−(z, α) := E

[∫ ∞
0

−π(t, z)(1 − It)dt−
∞∑

n=1

γ(τn, κn)

]
∈ (−∞,∞).(20)

Here m+(z, α) and m−(z, α) are two expected payoffs for the switching controls for
each z ∈ I and α ∈ B, with κ0 = k ∈ {0, 1}.

Proof of Proposition 3.3. Since (ξ+, ξ−) ∈ A′y, we have the integrability conditions
(10) and (18). By applying Lemma 2.13 to the positive and negative parts of γ+ and
γ−, we see that∫

[0,∞)

γ+(t)dξ+
t +

∫
[0,∞)

γ−(t)dξ−t =

∫ ∞
−∞

∞∑
n=1

γ(τn(z), κn(z))dz.

Moreover, Proposition 2.9 implies that It(z) = lims↑t 1{Ys>z}, (ω, z)-a.e. and that
I·(z) is of finite variation, (ω, z)-a.e. Thus, It(z) = 1{Yt>z}, (ω, z, t)-a.e.

Therefore, by Fubini’s theorem and (14), we almost surely have∫ ∞
0

(Π(t, Yt) − Π(t, y))dt =

∫ ∞
0

∫ ∞
y

π(t, z)1{Yt>z}dzdt

−
∫ ∞

0

∫ y

−∞
π(t, z)1{Yt≤z}dzdt

=

∫ ∞
y

∫ ∞
0

π(t, z)It(z)dtdz

+

∫ y

−∞

∫ ∞
0

−π(t, z)(1 − It(z))dtdz.
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Resorting again to the integrability conditions (10) and (18) and Fubini’s theorem
yields

J(y, ξ+, ξ−) −R(y)

= E

[∫ ∞
0

Π(t, Yt)dt−
∫

[0,∞)

γ+(t)dξ+
t −

∫
[0,∞)

γ−(t)dξ−t

]
− E

[∫ ∞
0

Π(t, y)dt

]

= E

[∫ ∞
y

∫ ∞
0

π(t, z)It(z)dt−
∞∑

n=1

γ(τn(z), κn(z))dz

]

+ E

[∫ y

−∞

∫ ∞
0

−π(t, z)(1 − It(z))dt−
∞∑

n=1

γ(τn(z), κn(z))dz

]

=

∫ ∞
y

E

[∫ ∞
0

π(t, z)It(z)dt−
∞∑

n=1

γ(τn(z), κn(z))

]
dz

+

∫ y

−∞
E

[∫ ∞
0

−π(t, z)(1 − It(z))dt−
∞∑

n=1

γ(τn(z), κn(z))

]
dz

=

∫ ∞
y

m+

(
z;α(z)

)
dz +

∫ y

−∞
m−

(
z;α(z)

)
dz.

The finiteness of the payoff for z ∈ I follows from the assumed integrability of π in
(16) and |It| ≤ 1.

3.2.2. Representation theorem. Now, for each z ∈ I, the optimal switching
control problem is to maximize the expected payoff over possible switching controls
α ∈ B such that κ0 = k ∈ {0, 1}. This leads to the value functions given by

m∗+(z, k) := sup
α∈B
κ0=k

m+(z, α),(21)

m∗−(z, k) := sup
α∈B
κ0=k

m−(z, α),(22)

where m+(z, α) and m−(z, α) are given by (19) and (20).
In fact, these two value functions (21) and (22) are essentially the same as shown

in the following lemma.
Lemma 3.4. The value functions m∗+(z, k) and m∗−(z, k) in (21) and (22) satisfy,

for k ∈ {0, 1},

m∗+(z, k) −m∗−(z, k) = E

[∫ ∞
0

π(t, z)dt

]
.

In addition, for fixed k ∈ {0, 1}, each switching control α ∈ B that is optimal for (21)
will also be optimal for (22) and vice versa.

The proof follows easily by observing that, for any control α ∈ B and any fixed
z ∈ I,

m+(z, α) −m−(z, α) = E

[∫ ∞
0

π(t, z)It + π(t, z)(1 − It)dt

]
= E

[∫ ∞
0

π(t, z)dt

]
.
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Next, we obtain the following lower bounds on the value functions of the switching
problems, by considering the no-switching strategies (τn = ∞ for all n).

Proposition 3.5. Given m∗+(z, k) and m∗−(z, k) in (21) and (22),

m∗+(z, 0) ≥ 0, m∗+(z, 1) ≥ E

[∫ ∞
0

π(t, z)dt

]
,

m∗−(z, 0) ≥ −E

[∫ ∞
0

π(t, z)dt

]
, m∗−(z, 1) ≥ 0.

Moreover, we have the following upper bound on the value function of the singular
control problem.

Proposition 3.6. Given V (y) and R(y) from (12) and (13) and m∗+(z, k) and
m∗−(z, k) in (21) and (22),

V (y) −R(y) ≤
∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.(23)

Proof of Proposition 3.6. Given any integrable strategy (ξ+, ξ−) ∈ A′y, let
(α(z))z∈I be the corresponding consistent collection of switching controls. From
Proposition 3.3,

J(y, ξ+, ξ−) −R(y) =

∫ ∞
y

m+(z, α(z))1{z∈I}dz +

∫ y

−∞
m−(z, α(z))1{z∈I}dz

≤
∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz,

since for z > y, m+(z, α(z)) ≤ m∗+(z, 0) and for z ≤ y, m−(z, α(z)) ≤ m∗−(z, 1).

(23) follows easily by taking the supremum over all (ξ+, ξ−) ∈ A′y.
However, the other direction of the inequality requires additional conditions to

guarantee the existence of a consistent collection of optimal (or near-optimal) switch-
ing controls and that this consistent collection corresponds to an integrable singular
control.

Theorem 3.7 (representation). Fix y ∈ Ī, and let V (y) and R(y) be given from

(12), m∗+(z, k) and m∗−(z, k) be given by (21) and (22), and (ξ̂j+, ξ̂j−) ∈ Ay be the
corresponding singular control as per Proposition 2.10. Assume there is a sequence of
consistent collections of switching controls (αj(z))z∈R so that, as j → ∞,

∫ ∞
y

m+(z, αj(z))1{z∈I}dz +

∫ y

−∞
m−(z, αj(z))1{z∈I}dz

→
∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.

Assume also that (ξ̂j+, ξ̂j−) ∈ A′y for all j. Then

V (y) −R(y) =

∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.
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Proof of Theorem 3.7. Define

Q(y) :=

∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.

First, we treat the case where Q(y) = ∞. Let ε > 0 be given. From the assump-
tion, find j so large that 1

ε <
∫∞
y

m+(z, αj(z))1{z∈I}dz +
∫ y

−∞m−(z, αj(z))1{z∈I}dz.
By Proposition 3.3 we have

V (y) −R(y) ≥ J(y, ξ̂j+, ξ̂j−) −R(y)

=

∫ ∞
y

m+(z, αj(z))1{z∈I}dz +

∫ y

−∞
m−(z, αj(z))1{z∈I}dz >

1

ε
.

Since ε is arbitrary and R(y) is finite, V (y) = ∞ = Q(y).
Next, suppose Q(y) < ∞, and let ε > 0 be given. Again from the assumption,

find j so large that
∫∞
y

m+(z, αj(z))1{z∈I}dz+
∫ y

−∞m−(z, αj(z))1{z∈I}dz > Q(y)−ε.
By Propositions 3.3 and 3.6,

V (y) −R(y) ≥ J(y, ξ̂+, ξ̂−) −R(y)

=

∫ ∞
y

m+(z, αj(z))1{z∈I}dz +

∫ y

−∞
m−(z, αj(z))1{z∈I}dz

> Q(y) − ε ≥ V (y) −R(y) − ε.

Since ε is arbitrary, V (y) −R(y) = Q(y) as desired.
Moreover, with stronger assumptions, one can further establish the existence of

an optimal control strategy, from Propositions 3.3 and 3.6.
Assumption 3.8.

1. [Existence of consistent controls]. Fix y ∈ Ī, and let m∗+(z, k) and m∗−(z, k)
be given by (21) and (22). For almost all z ∈ I, there exists an optimal
admissible switching control α(z) ∈ B such that

m∗+(z, 0) = m+(z, α(z)) for z > y

and m∗+(z, 1) = m+(z, α(z)) for z ≤ y.

Furthermore, the collection (α(z))z∈R is consistent.

2. [Integrability of singular control]. Let (ξ̂+, ξ̂−) ∈ Ay be the corresponding

singular control as per Proposition 2.10, and then (ξ̂+, ξ̂−) ∈ A′y.
Theorem 3.9 (representation and existence). Under Assumption 3.8, the repre-

sentation Theorem 3.7 holds. Moreover, the strategy (ξ̂+, ξ̂−) is optimal.

3.2.3. Remarks on integrability of singular controls. Although establish-
ing simpler conditions for the consistency of the switching controls requires more
structure for the control problem, the equally technical integrability assumption on
the singular controls can be reduced to easily verifiable ones when I is bounded.
These extra assumptions are in line with some of those in [33].

Theorem 3.10 (sufficient condition for integrability). Let I be bounded, as-

sume 3.8.1, and let (ξ̂+, ξ̂−) be the corresponding singular control as per Proposi-
tion 2.10. Furthermore, suppose
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1. sup0≤t≤T supz∈I |Π(ω, t, z)| < ∞, almost surely, for all T > 0,
2. lim supT→∞ E [|γ+(T )| + |γ−(T )|] < ∞, and
3. for every strategy (ξ+, ξ−) ∈ Ay, either (ξ+, ξ−) ∈ A′y or there exists an F-

adapted process Z such that U· ≤ Z· almost surely, E[|ZT |] < ∞ for all T ≥ 0,
and lim supT→∞ E[ZT ] = −∞, where

UT (y, ξ+, ξ−) :=

∫ T

0

Π(t, Yt)dt−
∫

[0,T )

γ+(t)dξ+
t −

∫
[0,T )

γ−(t)dξ−t .(24)

Then (ξ̂+, ξ̂−) ∈ A′y. Hence Assumption 3.8 holds, yielding Theorem 3.9.
The proof is somewhat technical and thus is given in the appendix.
Note that, when I is unbounded, integrable consistent controls may not exist

under these extra conditions. Nevertheless, we see the following.
Corollary 3.11. If I is unbounded, the assumptions of Theorem 3.10 yield

Theorem 3.7.
Proof. Let I be unbounded and (α(z))z∈I be the optimal consistent collection

from Assumption 3.8.1. For each j ≥ 1, define αj(z) = α(z) for z ∈ I ∩ (−j, j). For
z /∈ I ∩ (−j, j), define αj(z) to be the no action switching control (corresponding to

the regime indicator function Ijt (z) = 1{z≤y}).

The resulting collection (αj(z))z∈I is clearly consistent, so we let (ξ̂j+, ξ̂j−) be
the corresponding singular controls. Furthermore, by considering the control problem
restricted to Ī ∩ [−j, j], Theorem 3.10 implies that (ξ̂j+, ξ̂j−) ∈ A′y. Last, by the
monotone convergence theorem (since m∗+(z, 0) and m∗−(z, 1) are nonnegative), we
have, as j → ∞,∫ ∞

y

m+(z, αj(z))1{z∈I}dz +

∫ y

−∞
m−(z, αj(z))1{z∈I}dz

=

∫ ∞
y

m∗+(z, 0)1{z∈I∩(−j,j)}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I∩(−j,j)}dz

→
∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.

3.3. Regularity of the value function. In this section, we provide conditions
under which the value function of the switching controls is not only continuous but
also continuously differentiable. As a result, we prove directly the smooth fit condition
assumed a priori in [33].

Proposition 3.12. Suppose that, for some y ∈ I,

lim
z→y

E

[∫ ∞
0

|π(t, z) − π(t, y)|dt
]

= 0.(25)

Then for k ∈ {0, 1}, m∗+(·, k) and m∗−(·, k) (from (21) and (22)) are continuous at y.
Proof of Proposition 3.12. Let y ∈ I and k ∈ {0, 1} be given, and consider any

admissible strategy α ∈ B. By (18), (19), and (25),

lim
z→y

|m+(z, α) −m+(y, α)| ≤ lim
z→y

E

[∫ ∞
0

|π(t, z) − π(t, y)|dt
]

= 0.

Note that convergence to zero is uniform across all strategies α ∈ B.
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Let ε > 0 be given. There exists δ > 0 so that, for any strategy α ∈ B, |m+(z, α)−
m+(y, α)| < ε

2 for all z ∈ I such that |z − y| < δ.
Now there exists a strategy α̂ ∈ B with κ0 = k such that

m∗+(y, k) ≤ m+(y, α̂) +
ε

2
.

So for all z ∈ I such that |z − y| < δ,

m∗+(y, k) ≤ m+(y, α̂) +
ε

2
≤ m+(z, α̂) + ε ≤ m∗+(z, k) + ε.

Furthermore, for any such z, there exists a switching control αz ∈ B with κ0 = 0 such
that

m∗+(z, k) ≤ m+(z, αz) +
ε

2
≤ m+(y, αz) + ε ≤ m∗+(y, k) + ε.

Hence for all z ∈ I such that |z − y| < δ,

m∗+(y, k) − ε ≤ m∗+(z, k) ≤ m∗+(y, k) + ε.

Thus, limz→y m
∗
+(z, k) = m∗+(y, k). Moreover, limz→y m

∗
−(z, k) = m∗−(y, k) follows

from Lemma 3.4.
Theorem 3.13 (regularity). Assume the conditions in Proposition 3.12 on an

open interval J ⊂ I. Suppose that, on J , the value function has the representation

V (y) −R(y) =

∫ ∞
y

m∗+(z, 0)1{z∈I}dz +

∫ y

−∞
m∗−(z, 1)1{z∈I}dz.

Then V is C1 on J , and, for any y ∈ J ,

V ′(y) = E

[∫ ∞
0

π(t, y)dt

]
+ m∗−(y, 1) −m∗+(y, 0) = m∗+(y, 1) −m∗+(y, 0).

Proof of Theorem 3.13. By Proposition 3.12, it remains to show that R′(y) =
E
[∫∞

0
π(t, y)dt

]
. Fixing z0 ∈ I, this follows easily from (14) and (15), and

R(y) −R(z0) = E

[∫ ∞
0

(Π(t, y) − Π(t, z0))dt

]

= E

[∫ ∞
0

∫ y

z0

π(t, z)dzdt

]
=

∫ y

z0

E

[∫ ∞
0

π(t, z)dzdt

]
.

Note that previous results of [30, 8, 9, 10] on the differentiability of the value
function for the (ir)reversible investment problem are special cases of ours. Another
major difference is that the derivative in their work is in terms of the value of a Dynkin
game, whereas the derivative here is the difference between the value functions of an
optimal switching problem.

In the remainder of this section, we shall show that, under very mild assumptions,
the value of a Dynkin game exists and is equal to the difference of the value functions
for the optimal switching problem defined by (19) and (20); thereby we demonstrate
that optimal switching problems provide a “missing link” between Dynkin games and
singular control problems.

For simplicity, we consider an infinite-horizon Dynkin game with no terminal
payoff. With a slight modification, our arguments can be adapted for the finite-
horizon case.
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3.3.1. Dynkin games. A Dynkin game is a game of timing between two players,
whom we call MAX and MIN, following [10]. We fix some level z ∈ I. While the
game is in progress, MIN pays MAX at rate π(t, z), and the game ends when one
player chooses to stop. Thus, MAX and MIN each choose strategies on when to exit
the game (the stopping times σ− and σ+, respectively). The player to exit first pays
an amount to her opponent equal to γ−(σ−) if MAX exits first and γ+(σ+) if MIN
exits first. If both players exit at the same time, we treat it as though MIN exited
first. Furthermore, each player may choose never to exit, i.e., σ = ∞. MAX chooses
her strategy σ− to maximize her payoff, and MIN chooses σ+ in order to minimize
MAX’s payoff.

This game is formally described below. To ensure that the payoff of the game is
well-defined, we assume in this section that, for every stopping time σ, E[|γ−(σ)|] < ∞
and E[|γ+(σ)|] < ∞.

Definition 3.14. Given z ∈ I and F-stopping times σ− and σ+, the payoff of
the Dynkin game is

D(σ−, σ+; z) =

∫ σ−∧σ+

0

π(t, z)dt + γ+(σ+)1{σ+≤σ−} − γ−(σ−)1{σ−<σ+}.

The game has a value if

sup
σ−

inf
σ+

E [D(σ−, σ+; z)] = inf
σ+

sup
σ−

E [D(σ−, σ+; z)] .

It is easy to see that supσ− infσ+
E [D(σ−, σ+; z)] ≤ infσ+

supσ− E [D(σ−, σ+; z)].
Moreover, we have the following theorem.

Theorem 3.15. Given any z ∈ I such that conditions (16) and (17) hold, the
value of the Dynkin game exists and is equal to

m∗+(z, 1) −m∗+(z, 0) = sup
σ−

inf
σ+

E [D(σ−, σ+; z)] = inf
σ+

sup
σ−

E [D(σ−, σ+; z)] .

Proof of Theorem 3.15. It suffices to show m∗+(z, 1) − m∗+(z, 0) ≤ supσ− infσ+

E[D(σ−, σ+; z)], since it follows similarly for m∗+(z, 1) − m∗+(z, 0) ≥ infσ+ supσ−
E[D(σ−, σ+; z)].

Note that m∗+(z, 1)−m∗+(z, 0) ≤ supσ− infσ+
E [D(σ−, σ+; z)] if and only if, for all

ε > 0, there exists σ̂− such that, for all σ+, E [D(σ̂−, σ+; z)]+ε ≥ m∗+(z, 1)−m∗+(z, 0).

Let ε > 0 be given, let α1 ∈ B be a switching control with κ0 = 1 such that

m+(z, α1) + ε ≥ m∗+(z, 1),

and define σ̂− = τ1 = inf{t : I1
t = 0}.

Let σ+ be an arbitrary stopping time, and define α0 by taking I0
t = 0 for t ≤

σ̂−∧σ+ and I0
t = I1

t for t > σ̂−∧σ+. Thus I0 is a regime indicator function, and hence
α0 is an admissible switching control. In fact, since α1 ∈ B, we also have α0 ∈ B.
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Thus, for any σ+,

m∗+(z, 1) −m∗+(z, 0) ≤ m∗+(z, 1) −m+(z, α0) ≤ m+(z, α1) −m+(z, α0) + ε

= E

[∫ ∞
0

π(t, z)(I1
t − I0

t )dt + γ+(σ+)1{σ+<σ̂−} − γ−(σ̂−)1{σ̂−≤σ+}

]
+ ε

= E

[∫ σ̂−∧σ+

0

π(t, z)dt + γ+(σ+)1{σ+<σ̂−} − γ−(σ̂−)1{σ̂−≤σ+}

]
+ ε

= E

[∫ σ̂−∧σ+

0

π(t, z)dt + γ+(σ+)1{σ+<σ̂−}

− γ−(σ̂−)1{σ̂−<σ+} − γ−(σ+)1{σ̂−=σ+}

]
+ ε

≤ E

[∫ σ̂−∧σ+

0

π(t, z)dt + γ+(σ+)1{σ+≤σ̂−} − γ−(σ̂−)1{σ̂−<σ+}

]
+ ε

= E [D(σ̂−, σ+; z)] + ε,

where the last inequality follows from (17). Thus,

m∗+(z, 1) −m∗+(z, 0) ≤ sup
σ−

inf
σ+

E [D(σ−, σ+; z)] .

Furthermore, we see the following.

Corollary 3.16. If (16) and (17) hold and π(t, z) is decreasing in z, then
m∗+(z, 1) −m∗+(z, 0) is decreasing in z.

That is, when the marginal payoff is decreasing in the capacity level z, the added
benefit of being invested in the project at level z is also decreasing in z. The economic
interpretation is that there are decreasing returns to scale.

3.4. Examples with explicit solutions. We now illustrate how our method-
ology can be used to solve a reversible investment problem with a Cobb–Douglas
production function. This is a special case of the problem solved in [33]. Note that,
although our method can handle the general problem in [33] among others, we nev-
ertheless have selected this simple case to illustrate our techniques: Unlike [33], we
solve without assuming a priori the continuous differentiability of the value function
or any assumptions on the structure of the switching regions.

Singular control problem.

V (x, y) := sup
(ξ+,ξ−)∈A′

y

E

[∫ ∞
0

Π(t, Yt)dt−
∫

[0,∞)

γ+(t)dξ+
t −

∫
[0,∞)

γ−(t)dξ−t

]
,(26)
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subject to

ξ+(0) = ξ−(0) := 0,

Yt := y + ξ+
t − ξ−t ∈ Ī ∀t ∈ [0,∞),

Π(ω, t, y) := e−ρt(Xx
t (ω))λyβ ,

dXx
t := bXx

t dt +
√

2σXx
t dWt, X0 := x > 0,

and γ+(t) := e−ρtK1, γ−(t) := e−ρtK0.

For simplicity, we assume Ī = [A,B] ⊂ [0,∞) is a bounded interval, ρ > 0, λ ∈ (0, n),

β ∈ (0, 1], and K0 < 0, K1 > 0, with K0 +K1 > 0. Here n =
−(b−σ2)+

√
(b−σ2)2+4σ2ρ

2σ2 .
This formulation is from [33].

This problem is solved in several steps.
Step 1: Corresponding optimal switching problem. First, one can check that

standing assumptions A1, A2, and A3 and the assumptions in Theorem 3.10 hold
for this problem, with

π(ω, t, y) = βe−ρt(Xx
t (ω))λy−(1−β).

Also, R(x, y) is differentiable in y, so that

R(x, y) = E

[∫ ∞
0

Π(t, y)dt

]
=

−xλyβ

σ2λ2 + (b− σ2)λ− ρ
,

and

r(x, y) = Ry(x, y) = E

[∫ ∞
0

π(t, y)dt

]
=

−βxλy−(1−β)

σ2λ2 + (b− σ2)λ− ρ
.

By Lemma 3.4, it suffices to solve for the optimal switching problem defined by

vk(x, z) := m∗+(x, z, k) = sup
α∈B
κ0=k

E

[∫ ∞
0

e−ρtβz−(1−β)(Xx
t )λItdt−

∞∑
n=1

e−ρτnKκn

]
.

(27)

Step 2: Consistent collection of optimal switching controls. Applying the reg-
ularity results of [32] for switching controls to problem (27), we see that, for any
given z ∈ (A,B) and k ∈ {0, 1}, the value function vk(·, z) is continuously differ-
entiable. Moreover, for each z ∈ (A,B), an optimal switching control exists and
can be described in terms of the switching regions: For each z ∈ (A,B), there exist
0 < F (z) < G(z) < ∞ such that it is optimal to switch from regime 0 to regime 1 (to
invest in the project at level z) when Xx

t ∈ [G(z),∞) and to switch from regime 1 to
regime 0 (disinvest at level z) when Xx

t ∈ [0, F (z)].
Therefore, given any initial value y ∈ [A,B] for the singular control problem, a

collection of optimal switching controls can be defined as follows.
For (x, z) ∈ X×(A,B), define the switching control α̂(x, z) = (τ̂n, κ̂n)n≥0, starting

from τ̂0 = 0 and κ0 = 1{z≤y} by setting κ̂n := 1 − κn−1 for all n ≥ 1 and
• if κn−1 = 0, τ̂n := inf{t > τn−1 : Xx

t ≥ G(z)}, or
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• if κn−1 = 1, τ̂n := inf{t > τn−1 : Xx
t ≤ F (z)}.

Moreover, by the regularity of the value functions, we solve for F (z) and G(z) ex-

plicitly in our case, obtaining F (z) = κz
1−β
λ and G(z) = νz

1−β
λ , where κ and ν are

unique solutions to

β

λ−m

[
νλ−m − κλ−m]

= − ρ

m

[
K1ν

−m + K0κ
−m]

,

β

n− λ

[
νλ−n − κλ−n] =

ρ

n

[
K1ν

−n + K0κ
−n] .

Here m < 0 < n, and n,m =
−(b−σ2)±

√
(b−σ2)2+4σ2r

2σ2 .

Finally, by checking the appropriate integrability conditions, and by noting that
F and G are increasing in z, it is not hard to verify that the above collection of
optimal switching controls is consistent. (See Figure 1.)

Step 3: Optimal singular control and value functions. By Proposition 2.10, this
consistent collection of optimal switching control corresponds to an admissible sin-
gular control (ξ̂+, ξ̂−) ∈ Ay. Moreover, since I is bounded, it is integrable following
Theorem 3.10.

Put together, the investment region is given by {(x, z) : x ≥ G(z)} and the
disinvestment region by {(x, z) : x ≤ F (z)}. Yt is constant when (Xt, Yt) is in the
wait region, given by {(x, z) : F (z) < x < G(z)}. If (x, y) is in the investment (or
disinvestment) region, then a jump is exerted at time zero to make Y0+ = G−1(x) (or
Y0+ = F−1(x)).

z 

0 G(z )0

F(z)

F(z )1

F(z )0

G(z)

G(z )0

G(z )1

0

1

0

1

W
(down)
Switching

(up)
Switching

0(1) For fixed z , switching control

(2) For general z, consistent switching controls

x

z

0

1

z 

F(z )

Fig. 1. Illustration of optimal consistent switching control from optimal singular control.
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Finally, by Lemma 3.4 and Theorem 3.9 the value function has the following
representation:

V (x, y) = R(x, y) +

∫ B

y

v0(x, z)dz +

∫ y

A

(v1(x, z) − r(x, z))dz

= R(x,A) +

∫ B

y

v0(x, z)dz +

∫ y

A

v1(x, z)dz,

where v0 and v1 are given by [32, Theorem 4.2.3]

v0(x, z) =

{
A(z)xn, x < G(z),

B(z)xm + r(x, z) −K1, x ≥ G(z),

v1(x, z) =

{
A(z)xn −K0, x ≤ F (z),

B(z)xm + r(x, z), x > F (z),

where A(z) = ν−n

n−m ( βνλ

σ2(n−λ) + mK1)z
−n(1−β)

λ , B(z) = − κ−m

n−m ( βκλ

σ2(λ−m) + nK0)

z
−m(1−β)

λ .
The above results are consistent with equations (117)–(120) and Remark 4 in [33].

4. Conclusions. This paper builds a generic connection between singular con-
trols of finite variation and sequential optimal stopping problems. This correspon-
dence is independent of any particular formulation of control problems and provides a
novel method for solving explicitly high-dimensional singular control problems where
randomness may not be necessarily captured by a diffusion and where payoff functions
can be nonsmooth. It also enables us to derive sufficient conditions for the existence
of optimal controls, for the smooth fit principle, and for the regularity of value func-
tions. Consequently, this regularity result links singular controls and Dynkin games
through sequential optimal stopping problems.

Appendix A. Proof of Theorem 3.10. The proof is built on the following
proposition.

Proposition A.1. Under Assumption 3.8.1, for almost all z ∈ I and any T > 0,

E [uT (z, α(z))] ≥
{

−E [γ+(T )IT+(z)] when z > y,

−E [γ−(T )(1 − IT+(z))] when z ≤ y,

where α(z) ∈ B is given by Assumption 3.8.1 and

uT (z, α(z)) =

{ ∫ T

0
π(t, z)It(z)dt−

∑∞
n=1 γ(τn(z), κn(z))1{τn(z)<T}, z > y,∫ T

0
−π(t, z)(1 − It(z))dt−

∑∞
n=1 γ(τn(z), κn(z))1{τn(z)<T}, z ≤ y.

Proof. By Assumption 3.8.1, α(z) is an optimal admissible switching control for
almost all z ∈ I. Fix such a z ∈ I. Consider the admissible switching control α̃T (z)
defined by the regime indicator function

Ĩt(z) = I0(z)1{t≤T} + It(z)1{t>T}.

Assume for now z > y. In the new switching control we have defined, we may
have to switch at time T from regime κ0 = 0 to regime IT+(z), if IT+(z) = 1. Hence,
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the cost of the possible switch at T is given by −γ+(T )IT+(z). After time T , the
switching costs are the same for both strategies.

Since the switching control α(z) ∈ B is optimal, m+(z, α(z))−m+(z, α̃T (z)) ≥ 0.
This means that

0 ≤ m+(z, α(z)) −m+(z, α̃(z)) = E

[∫ ∞
0

π(t, z)It(z)dt−
∞∑

n=1

γ(τn(z), κn(z))

]

− E

[∫ ∞
0

π(t, z)Ĩt(z)dt−
∞∑

n=1

γ(τ̃n(z), κ̃n(z))

]

= E

[∫ ∞
0

π(t, z)It(z)dt−
∞∑

n=1

γ(τn(z), κn(z))

]

− E

[∫ ∞
T

π(t, z)It(z)dt− γ+(T )IT+(z) −
∞∑

n=1

γ(τn(z), κn(z))1{T<τn(z)}

]

= E [γ+(T )IT+(z)] + E

[∫ T

0

π(t, z)It(z)dt−
∞∑

n=1

γ(τn(z), κn(z))1{τn(z)<T}

]
.

Thus, by Assumption 3.8, E[uT (z)] ≥ −E [γ+(T )IT+(z)] for almost all z > y.
Similarly, for almost all z ≤ y,

0 ≤ E [γ−(T )(1 − IT+(z))]

+ E

[∫ T

0

−π(t, z)(1 − It(z))dt−
∞∑

n=1

γ(τn(z), κn(z))1{τn(z)<T}

]
.

Hence the claim.
Proof of Theorem 3.10. Suppose I is bounded, and let (α(z))z∈I be the collection

of optimal, consistent switching controls given by Assumption 3.8.1 and (ξ̂+, ξ̂−) ∈ Ay

be the corresponding singular control. The idea of the proof is to show that, for any
F-adapted process Z with UT ≤ ZT and E[|ZT |] < ∞ almost surely for each T > 0, we
have lim supT→∞ E[ZT ] > −∞. It then follows from the assumptions of the theorem

that (ξ̂+, ξ̂−) ∈ A′y.
By the assumptions of the theorem, for any fixed T < ∞, |UT (y, ξ̂+, ξ̂−)| <

∞ almost surely. Furthermore, by applying the same arguments as in the proof of
Proposition 3.3 we get

UT (y, ξ̂+, ξ̂−) −
∫ T

0

Π(t, y)dt =

∫
I
uT (z)dz,

where uT is defined in Proposition A.1.
Let Z be any F-adapted process with UT ≤ ZT and E[|ZT |] < ∞ almost surely

for each T > 0. Thus,

ZT ≥ UT (y, ξ̂+, ξ̂−) =

∫
I
uT (z, α(z))dz.
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Since I is bounded and |uT | has finite expectation,
∫
I E[|uT (z, α(z))|]dz < ∞. Hence

by Fubini’s theorem and Proposition A.1,

E[ZT ] ≥ E

[∫
I
uT (z, α(z))dz +

∫ T

0

Π(t, y)dt

]

≥
∫
I

E[uT (z, α(z))]dz − E

[∫ ∞
0

|Π(t, y)|dt
]

≥ −
∫ ∞
y

E [γ+(T )IT+(z)] 1{z∈I}dz −
∫ y

−∞
E [γ−(T )(1 − IT+(z))] 1{z∈I}dz

− E

[∫ ∞
0

|Π(t, y)|dt
]

= E
[
−γ+(T )[YT+ − y]+ − γ−(T )[YT+ − y]−

]
− E

[∫ ∞
0

|Π(t, y)|dt
]

≥ −CE [|γ+(T )| + |γ−(T )|] − E

[∫ ∞
0

|Π(t, y)|dt
]
,

where C = sup I − inf I < ∞.
Thus, by (15) and the assumptions of the theorem, lim supT→∞ E[ZT ] >

−∞.
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STOCHASTIC DIFFERENTIAL GAMES AND VISCOSITY
SOLUTIONS OF HAMILTON–JACOBI–BELLMAN–ISAACS

EQUATIONS∗

RAINER BUCKDAHN† AND JUAN LI‡

Abstract. In this paper we study zero-sum two-player stochastic differential games with the
help of the theory of backward stochastic differential equations (BSDEs). More precisely, we general-
ize the results of the pioneering work of Fleming and Souganidis [Indiana Univ. Math. J., 38 (1989),
pp. 293–314] by considering cost functionals defined by controlled BSDEs and by allowing the ad-
missible control processes to depend on events occurring before the beginning of the game. This
extension of the class of admissible control processes has the consequence that the cost functionals
become random variables. However, by making use of a Girsanov transformation argument, which is
new in this context, we prove that the upper and the lower value functions of the game remain deter-
ministic. Apart from the fact that this extension of the class of admissible control processes is quite
natural and reflects the behavior of the players who always use the maximum of available informa-
tion, its combination with BSDE methods, in particular that of the notion of stochastic “backward
semigroups” introduced by Peng [BSDE and stochastic optimizations, in Topics in Stochastic Anal-
ysis, Science Press, Beijing, 1997], allows us then to prove a dynamic programming principle for both
the upper and the lower value functions of the game in a straightforward way. The upper and the
lower value functions are then shown to be the unique viscosity solutions of the upper and the lower
Hamilton–Jacobi–Bellman–Isaacs equations, respectively. For this Peng’s BSDE method is extended
from the framework of stochastic control theory into that of stochastic differential games.

Key words. stochastic differential games, value function, backward stochastic differential equa-
tions, dynamic programming principle, viscosity solution
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DOI. 10.1137/060671954

1. Introduction. With their pioneering paper of 1989 Fleming and Sougani-
dis [14] were the first to study in a rigorous manner two-player zero-sum stochastic
differential games and to prove that the lower and the upper value functions of such
games satisfy the dynamic programming principle and that they are the unique vis-
cosity solutions of the associated Bellman–Isaacs equations and coincide under the
Isaacs condition. Their work has translated former results on differential games by
Isaacs [23], Friedman [15], and, in particular, Evans and Souganidis [13] from the
purely deterministic into the stochastic framework and has given an important impulse
for the research in the theory of stochastic differential games. The paper of Fleming
and Souganidis [14] has been the starting point for a lot of works using their approach
and translating it into new contexts. So, for instance, Buckdahn, Cardaliaguet, and
Rainer [6] adapted the methods of [14] in order to prove the existence of Nash equilib-
rium points for stochastic nonzero-sum differential games and to characterize them.
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Another direction for generalization was chosen by Bayraktar and Poor [4]: They
studied stochastic differential games whose modulating process is a fractional Brow-
nian motion, while Browne [5] considered stochastic dynamic investment games in
continuous time, provided conditions under which a general payoff function has an
achievable value, and gave, under these conditions, an explicit representation for the
value and resulting equilibrium strategies. Concerning optimal stopping games the
interested reader is referred to the work of Ekström and Peskir [11], of Karatzas and
Sudderth [21], as well as of Karatzas and Zamfirescu [22]. Finally, the reader more in-
terested in the subject of stochastic differential games is also referred to the references
given in [14].

The present work also investigates two-player zero-sum stochastic differential
games, but with two main differences to the setting chosen by Fleming and Sougani-
dis [14] and the other papers mentioned above: On the one hand, we allow our ad-
missible control processes to depend on the full past of the trajectories of the driving
Brownian motion; this means, in particular, that they can also depend on informa-
tion occurring before the beginning of the game (which has the consequence that the
cost functionals become random variables); on the other hand, we consider a more
general running cost functional, which implies that the cost functionals will be given
by a backward stochastic differential equation (BSDE). Both of these extensions of
the framework in [14] are crucial because they allow one to harmonize the setting
for stochastic differential games with that for the stochastic control theory and to
simplify considerably the approach in [14] by using BSDE methods.

BSDEs in their general nonlinear form were introduced by Pardoux and Peng [24]
in 1990. They have been studied since then by a lot of authors and have found various
applications, namely, in stochastic control, finance, and the second order PDE theory.
BSDE methods, originally developed by Peng [26], [27] for the stochastic control the-
ory, have been introduced in the theory of stochastic differential games by Hamadene
and Lepeltier [16] and Hamadene, Lepeltier, and Peng [17] to study games with a
dynamics whose diffusion coefficient is strictly elliptic and does not depend on the
controls. In our present work there is not any such restriction on the diffusion coef-
ficient and the application of BSDE methods; in particular, the notion of stochastic
backward semigroups (Peng [26]) allows us to prove the dynamic programming prin-
ciple for the upper and lower value functions of the game in a very straightforward
way (i.e., in particular without making use of r-strategies (see Definition 1.7 in [14])
and π-admissible strategies (see Definition 2.2 in [14]) playing an essential role in [14])
and to derive from it with the help of Peng’s method (see [26], [27]) the associated
Bellman–Isaacs equations.

The dynamics of the stochastic differential game we investigate is given by the
controlled stochastic differential equation
(1.1){

dXt,x;u,v
s = b(s,Xt,x;u,v

s , us, vs)ds + σ(s,Xt,x;u,v
s , us, vs)dBs,

Xt,x;u,v
t = x(∈ R

n), s ∈ [t, T ],

where T > 0 is an arbitrarily fixed finite time horizon, B = (Bs)s∈[0,T ] is a d-

dimensional standard Brownian motion, and u = (us)s∈[t,T ], v = (vs)s∈[t,T ] are pro-
gressively measurable with respect to the Brownian filtration and take their values in
some compact metric spaces U and V , respectively (we will say that u ∈ Ut,T , v ∈
Vt,T ). Precise assumptions on the coefficients b : [0, T ] × R

n × U × V → R
n and

σ : [0, T ] × R
n × U × V → R

n×d are given in the next section.
The cost functional (interpreted as a payoff for player I and as a cost for player
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II) is introduced by a BSDE:

(1.2)

{
−dY t,x;u,v

s = f(s,Xt,x;u,v
s , Y t,x;u,v

s , Zt,x;u,v
s , us, vs)ds− Zt,x;u,v

s dBs,

Y t,x;u,v
T = Φ(Xt,x;u,v

T ), s ∈ [t, T ],

where the driver f : [0, T ]×R
n×R×R

d×U×V → R describes the running cost and Φ :
R

n → R the terminal cost. Under the assumptions on f and Φ that will be introduced
in the next section, the above BSDE has a unique solution (Y t,x;u,v

s , Zt,x;u,v
s )s∈[t,T ],

and the cost functional is given by

(1.3) J(t, x;u, v) = Y t,x;u,v
t .

As usual in the differential game theory, the players cannot restrict to play only control
processes, and one player has to fix a strategy while the other player chooses the
best answer to this strategy in the form of a control process. A strategy admissible
for player I (resp., player II) is a nonanticipating mapping α : Vt,T → Ut,T (resp.,
β : Ut,T → Vt,T ) which associates every admissible control of the other player with one
of his own admissible controls (we write: α ∈ At,T , β ∈ Bt,T ; the precise definitions
can be found in section 3). We define the lower value function of our stochastic
differential game as follows:

(1.4) W (t, x) := essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u, β(u)),

and the upper value function is given by

(1.5) U(t, x) := esssupα∈At,T
essinfv∈Vt,T J(t, x;α(v), v).

The objective of our paper is to investigate these lower and upper value functions.
The main results of the paper state that W and U are deterministic (Proposition 3.3)
continuous viscosity solutions of the Bellman–Isaacs equations (Theorem 4.2)

(1.6)

{
∂
∂tW (t, x) + H−(t, x,W,DW,D2W ) = 0, (t, x) ∈ [0, T ) × R

n,
W (T, x) = Φ(x), x ∈ R

n,

and

(1.7)

{
∂
∂tU(t, x) + H+(t, x, U,DU,D2U) = 0, (t, x) ∈ [0, T ) × R

n,
U(T, x) = Φ(x), x ∈ R

n,

respectively, associated with the Hamiltonians

H−(t, x, y, p,X) = sup
u∈U

inf
v∈V

H(t, x, y, p,X, u, v),

H+(t, x, y, p,X) = inf
v∈V

sup
u∈U

H(t, x, y, p,X, u, v),

(t, x, y, p,X) ∈ [0, T ] × R
n × R × R

n × Sn (recall that Sn denotes the set of all n× n
symmetric matrices), where

H(t, x, y, p,X, u, v) = 1/2 · tr
(
σσT (t, x, u, v)X

)
+ p · b(t, x, u, v) + f(t, x, y, p · σ(t, x, u, v), u, v).(1.8)
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Moreover, we prove the uniqueness (Theorem 5.3) in a class of continuous functions
with a growth condition which was introduced by Barles, Buckdahn, and Pardoux [3]
and is weaker than the polynomial growth assumption. Fleming and Souganidis [14]
obtained the above equations for stochastic differential games with the running cost
f(t, x, y, z, u, v) = f(t, x, u, v). Let us also mention that Cheridito et al. [7] discussed
Bellman–Isaacs equations with f(t, x, y, z, u, v) = α(t, x, u, v) + β(t, x, u, v)y as an
example of nonlinear PDEs to which they gave a stochastic control interpretation in
terms of so-called 2-BSDEs and auxiliary stochastic target problems.

Notice the fact that W and U , introduced as a combination of essential infimum
and essential supremum over a class of random variables, are deterministic is far from
being trivial. The method developed by Peng [26], [27] (see also Theorem A.2 of the
present paper) for value functions involving only control processes but not strategies
does not apply here since the strategies from At,T and Bt,T do not have, in general,
any continuity property. To overcome this difficulty we show in Proposition 3.3 and
Lemma 3.4 that W and U are invariant under Girsanov transformation and use the
fact that a functional of the Brownian motion which is invariant under Girsanov
transformation into all directions of the Cameron–Martin space must be deterministic.
We emphasize that the proof of Lemma 3.4 does not use BSDE methods which makes
this method also applicable to other situations, such as standard stochastic control
problems.

Our paper is organized as follows. Section 2 and Appendix A recall some ele-
ments of the theory of backward SDEs and forward-backward SDEs which will be
needed in what follows. Section 3 introduces the setting of the stochastic differential
game and, in particular, the notion of the lower and the upper value functions (see
(1.4) and (1.5)). Both functions W and U , a priorily random fields, turn out to be
deterministic functions (Proposition 3.3) which are Lipschitz in x (Lemma 3.5) and
1
2 -Hölder continuous in t (Theorem 3.10). Moreover, they satisfy the dynamic pro-
gramming principle (DPP) (Theorem 3.6). The DPP allows us to derive in section 4
with the help of Peng’s method that W and U are viscosity solutions of the associ-
ated Bellman–Isaacs equations (Theorem 4.2). The uniqueness is studied in section
5. The main result of this section is a comparison result which compares viscosity
sub- and supersolutions of Bellman–Isaacs equations (Theorem 5.3). This theorem
not only allows us to characterize W and U as unique viscosity solutions of associated
Bellman–Isaacs equations but also to show that, under the Isaacs condition, W and
U coincide (one says that the game has a value; see Remark 5.2), while, in general,
without the Isaacs condition we have only W ≤ U (see Remark 5.1). Finally, under
the more restrictive assumptions of Fleming and Souganidis, we identify W and U
with the value functions defined by them in [14]; see Remark 5.3.

2. Preliminaries. Let us first introduce the setting in which we want to study
stochastic differential games. The probability space on which we work is the classical
Wiener space (Ω,F , P ), and the driving Brownian motion B will be the coordinate
process on Ω. Let us be more precise: Ω is the set of continuous functions from [0, T]
to R

d starting from 0 (Ω = C0([0, T ]; Rd)), F is the Borel σ-algebra over Ω, completed
with respect to the Wiener measure P on this space, and B denotes the coordinate
process: Bs(ω) = ωs, s ∈ [0, T ], ω ∈ Ω. By F = {Fs, 0 ≤ s ≤ T} we denote the
natural filtration generated by {Bs}0≤s≤T and augmented by all P -null sets, i.e.,

Fs = σ{Br, r ≤ s} ∨ NP , s ∈ [0, T ],

where NP is the set of all P -null subsets and T > 0 a fixed real time horizon. For
any n ≥ 1, |z| denotes the Euclidean norm of z ∈ R

n. We also shall introduce the
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following spaces of processes which will be used frequently in what follows:
S2(0, T ; R) := {(ψt)0≤t≤T real-valued adapted càdlàg process :

E[ sup
0≤t≤T

|ψt|2] < +∞};

H2(0, T ; Rn) := {(ψt)0≤t≤T R
n-valued progressively measurable process :

‖ ψ ‖2
2= E[

∫ T

0
|ψt|2dt] < +∞}.

Let us now consider a function g : Ω × [0, T ] × R × R
d → R with the property

that (g(t, y, z))t∈[0,T ] is progressively measurable for each (y, z) in R×R
d, and we also

make the following assumptions on g throughout the paper:

(A1) There exists a constant C ≥ 0 such that, P -a.s., for all t ∈ [0, T ], y1, y2 ∈
R, z1, z2 ∈ R

d,
|g(t, y1, z1)− g(t, y2, z2)| ≤ C(|y1 − y2|+ |z1 − z2|).

(A2) g(·, 0, 0) ∈ H2(0, T ; R).

The following result on BSDEs is by now well known; for its proof the reader is
referred to Pardoux and Peng [24].

Lemma 2.1. Under the assumptions (A1) and (A2), for any random variable
ξ ∈ L2(Ω,FT , P ), the BSDE

(2.1) yt = ξ +

∫ T

t

g(s, ys, zs)ds−
∫ T

t

zs dBs, 0 ≤ t ≤ T,

has a unique adapted solution

(yT,g,ξ
t , zT,g,ξ

t )t∈[0,T ] ∈ S2(0, T ; R) ×H2(0, T ; Rd).

In what follows, we always assume that the driving coefficient g of a BSDE satisfies
(A1) and (A2).

Let us remark that Lemma 2.1 remains true when assumption (A1) is replaced
by weaker assumptions, for instance those studied in Bahlali [1], Bahlali et al. [2], or
Pardoux and Peng [25]. However, here, for the sake of simplicity of the calculus we
prefer to work with the Lipschitz assumption.

We also shall recall the following basic results on BSDEs. We begin with the well-
known comparison theorem (see Theorem 2.2 in El Karoui, Peng, and Quenez [12]).

Lemma 2.2 (comparison theorem). Given two coefficients g1 and g2 satisfying
(A1) and (A2) and two terminal values ξ1, ξ2 ∈ L2(Ω,FT , P ), we denote by (y1, z1)
and (y2, z2) the solution of BSDE with the data (ξ1, g1) and (ξ2, g2), respectively. Then
we have:

(i) (Monotonicity). If ξ1 ≥ ξ2 and g1 ≥ g2, a.s., then y1
t ≥ y2

t , a.s., for all
t ∈ [0, T ].

(ii) (Strict monotonicity). If, in addition to (i), we also assume that P (ξ1 > ξ2) >
0, then P{y1

t > y2
t } > 0, 0 ≤ t ≤ T, and, in particular, y1

0 > y2
0 .

Using the notation introduced in Lemma 2.2 we now suppose that, for some
g : Ω × [0, T ] × R × R

d −→ R satisfying (A1) and (A2) and for some i ∈ {1, 2}, the
drivers gi, i = 1, 2, are of the form

gi(s, y
i
s, z

i
s) = g(s, yis, z

i
s) + ϕi(s), dsdP-a.e., i = 1, 2,

where ϕi ∈ H2(0, T ; R), i = 1, 2. Then, for terminal values ξ1, ξ2 belonging to
L2(Ω,FT , P ) we have the following.
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Lemma 2.3. The difference of the solutions (y1, z1) and (y2, z2) of BSDE with
the data (ξ1, g1) and (ξ2, g2), respectively, satisfies the following estimate:

|y1
t − y2

t |2 +
1

2
E

[∫ T

t

eβ(s−t)[|y1
s − y2

s |2 + |z1
s − z2

s |2]ds|Ft

]

≤ E[eβ(T−t)|ξ1 − ξ2|2|Ft] + E

[∫ T

t

eβ(s−t)|ϕ1(s) − ϕ2(s)|2ds|Ft

]
,

P-a.s., for all 0 ≤ t ≤ T,

where β = 16(1 + C2).
Proof. For the proof the reader is referred to Proposition 2.1 in El Karoui, Peng,

and Quenez [12] or Theorem 2.3 in Peng [26].

3. Stochastic differential games and associated dynamic programming
principles. Now we can study our stochastic differential games. The set of admissible
control processes U (resp., V) for the first (resp., second) player is the set of all U
(resp., V)-valued Ft-progressively measurable processes. The control state spaces U
and V are supposed to be compact metric spaces.

For given admissible controls u(·) ∈ U and v(·) ∈ V, the according orbit which
regards t as the initial time and ζ ∈ L2(Ω,Ft, P ; Rn) as the initial state is defined by
the solution of the following SDE:

(3.1)

{
dXt,ζ;u,v

s = b(s,Xt,ζ;u,v
s , us, vs)ds + σ(s,Xt,ζ;u,v

s , us, vs)dBs, s ∈ [t, T ],

Xt,ζ;u,v
t = ζ,

where the mappings

b : [0, T ] × R
n × U × V → R

n and σ : [0, T ] × R
n × U × V → R

n×d

satisfy the following conditions:
(H3.1)
(i) For every fixed x ∈ R

n, b(., x, ., .) and σ(., x, ., .) are continuous in
(t, u, v);

(ii) there exists a C > 0 such that, for all t ∈ [0, T ], x, x′ ∈ R
n, u ∈ U, v ∈ V,

|b(t, x, u, v) − b(t, x′, u, v)| + |σ(t, x, u, v) − σ(t, x′, u, v)| ≤ C|x− x′|.
From (H3.1) we can get the global linear growth conditions of b and σ, i.e., the

existence of some C > 0 such that, for all 0 ≤ t ≤ T, u ∈ U, v ∈ V, x ∈ R
n,

(3.2) |b(t, x, u, v)| + |σ(t, x, u, v)| ≤ C(1 + |x|).

It follows from (A.2) in the Appendix that, under the above assumptions, for any
u(·) ∈ U and v(·) ∈ V, SDE (3.1) has a unique strong solution. Moreover, for any
p ≥ 2, there exists Cp ∈ R such that, for any t ∈ [0, T ], u(·) ∈ U , v(·) ∈ V, and
ζ, ζ ′ ∈ Lp(Ω,Ft, P ; Rn), we also have the following estimates, P -a.s.:

(3.3)

E[ sup
s∈[t,T ]

|Xt,ζ;u,v
s −Xt,ζ′;u,v

s |p|Ft] ≤ Cp|ζ − ζ ′|p,

E[ sup
s∈[t,T ]

|Xt,ζ;u,v
s |p|Ft] ≤ Cp(1 + |ζ|p).

The constant Cp depends only on the Lipschitz and the linear growth constants of b
and σ with respect to x.
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Let now be given two functions

Φ : R
n → R, f : [0, T ] × R

n × R × R
d × U × V → R

that satisfy the following conditions:
(H3.2)
(i) For every fixed (x, y, z) ∈ R

n × R × R
d, f(., x, y, z, ., .) is continuous

in (t, u, v), and there exists a constant C > 0 such that, for all t ∈
[0, T ], x, x′ ∈ R

n, y, y′ ∈ R, z, z′

∈ R
d, u ∈ U , and v ∈ V ,

|f(t, x, y, z, u, v) − f(t, x′, y′, z′, u, v)|
≤ C(|x− x′|+ |y− y′|+ |z− z′|);

(ii) there is a constant C > 0 such that, for all x, x′ ∈ R
n,

|Φ(x) − Φ(x′)| ≤ C|x− x′|.
From (H3.2) we see that f and Φ also satisfy the global linear growth condition

in x, i.e., there exists some C > 0 such that, for all 0 ≤ t ≤ T, u ∈ U, v ∈ V , and
x ∈ R

n,

(3.4) |f(t, x, 0, 0, u, v)| + |Φ(x)| ≤ C(1 + |x|).

For any u(·) ∈ U , v(·) ∈ V, and ζ ∈ L2(Ω,Ft, P ; Rn), the mappings ξ := Φ(Xt,ζ;u,v
T )

and g(s, y, z) := f(s,Xt,ζ;u,v
s , y, z, us, vs) satisfy the conditions of Lemma 2.1 on the

interval [t, T ]. Therefore, there exists a unique solution to the following BSDE:

(3.5)

{
−dY t,ζ;u,v

s = f(s,Xt,ζ;u,v
s , Y t,ζ;u,v

s , Zt,ζ;u,v
s , us, vs)ds− Zt,ζ;u,v

s dBs,

Y t,ζ;u,v
T = Φ(Xt,ζ;u,v

T ),

where Xt,ζ;u,v is introduced by (3.1).
Moreover, in analogy to Proposition A.1, we can see that there exists some con-

stant C > 0 such that, for all 0 ≤ t ≤ T, ζ, ζ ′ ∈ L2(Ω,Ft, P ; Rn), u(·) ∈ U , and v(·) ∈
V, P -a.s.,

(3.6)
(i) |Y t,ζ;u,v

t − Y t,ζ′;u,v
t | ≤ C|ζ − ζ ′|;

(ii) |Y t,ζ;u,v
t | ≤ C(1 + |ζ|).

We now introduce the following subspaces of admissible controls.

Definition 3.1. An admissible control process u = {ur, r ∈ [t, s]} (resp., v =
{vr, r ∈ [t, s]}) for player I (resp., II) on [t, s](t < s ≤ T ) is an Fr-progressively
measurable process taking values in U (resp., V). The set of all admissible controls for
player I (resp., II) on [t, s] is denoted by Ut,s (resp., Vt,s). We identify two processes
u and ū in Ut,s and write u ≡ ū on [t, s], if P{u = ū a.e. in [t, s]} = 1. Similarly we
interpret v ≡ v̄ on [t, s] in Vt,s.

Finally, we have still to define the admissible strategies for the game.
Definition 3.2. A nonanticipative strategy for player I on [t, s](t < s ≤ T )

is a mapping α : Vt,s −→ Ut,s such that, for any F-stopping time S : Ω → [t, s]
and any v1, v2 ∈ Vt,s, with v1 ≡ v2 on [[t, S]], it holds that α(v1) ≡ α(v2) on [[t, S]].
Nonanticipative strategies for player II on [t, s], β : Ut,s −→ Vt,s, are defined similarly.
The set of all nonanticipative strategies α : Vt,s −→ Ut,s for player I on [t, s] is denoted
by At,s. The set of all nonanticipative strategies β : Ut,s −→ Vt,s for player II on [t, s]
is denoted by Bt,s. (Recall that [[t, S]] = {(r, ω) ∈ [0, T ] × Ω, t ≤ r ≤ S(ω)}.)
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Given the control processes u(·) ∈ Ut,T and v(·) ∈ Vt,T we introduce the following
associated cost functional:

(3.7) J(t, x;u, v) := Y t,x;u,v
t , (t, x) ∈ [0, T ] × R

n,

where the process Y t,x;u,v is defined by BSDE (3.5).
Similarly to the proof of Theorem A.2 we can get that, for any t ∈ [0, T ] and

ζ ∈ L2(Ω,Ft, P ; Rn),

(3.8) J(t, ζ;u, v) = Y t,ζ;u,v
t , P-a.s.

Being particularly interested in the case of a deterministic ζ, i.e., ζ = x ∈ R
n, we

define the lower value function of our stochastic differential game

(3.9) W (t, x) := essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u, β(u))

and its upper value function

(3.10) U(t, x) := esssupα∈At,T
essinfv∈Vt,T J(t, x;α(v), v).

The names “lower value function” and “upper value function” for W and U , respec-
tively, are justified later by Remark 5.1.

Remark 3.1. (1) Here the essential infimum and the essential supremum should be
understood as one with respect to indexed families of random variables (see, e.g., Dun-
ford and Schwartz [10], Dellacherie [9], or the appendix in Karatzas and Shreve [20]
for detailed discussions). For the convenience of the reader we recall the notion of ess
inf of processes. Given a family of real-valued random variables ηα, α ∈ I, a random
variable η is said to be essinfα∈Iηα, if

(i) η ≤ ηα, P-a.s., for any α ∈ I;
(ii) if there is another random variable ξ such that ξ ≤ ηα, P-a.s., for any α ∈

I, then ξ ≤ η, P-a.s.
The random variable esssupα∈Iηα can be introduced now by the relation

esssupα∈Iηα = −essinfα∈I(−ηα).

Finally, recall that essinfα∈Iηα = infn≥1ηαn
for some countable family (αn) ⊂ I;

esssupα∈Iηα has the same property.
(2) Obviously, under the assumptions (H3.1)–(H3.2), the lower value function

W (t, x) as well as the upper value function U(t, x) are well-defined, and a priori they
both are bounded Ft-measurable random variables. But it turns out that W (t, x) and
U(t, x) are even deterministic. Indeed, concentrating on the study of the properties
of W (t, x) (the function U(t, x) can be analyzed in the same manner), we can state
the following,

Proposition 3.3. For any (t, x) ∈ [0, T ]×R
n, we have W (t, x) = E[W (t, x)], P-

a.s. By identifying W (t, x) with its deterministic version E[W (t, x)] we can consider
W : [0, T ] × R

n −→ R as a deterministic function.
Remark 3.2. Recall that the fact that the lower and the upper value functions

defined by Fleming and Souganidis [14] are deterministic is an immediate consequence
of their definition. Indeed, for a game over the time interval [t, T ] only control pro-
cesses which are independent of the past Ft are considered as admissible, and since
the admissible strategies are supposed to associate admissible control processes of
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one player with those of the other player, all of the associated cost functionals are
independent of Ft and hence deterministic.

Proof. Let H denote the Cameron–Martin space of all absolutely continuous
elements h ∈ Ω whose derivative ḣ belongs to L2([0, T ],Rd).

For any h ∈ H, we define the mapping τhω := ω+h, ω ∈ Ω. Obviously, τh : Ω → Ω

is a bijection, and its law is given by P ◦ [τh]−1 = exp{
∫ T

0
ḣsdBs − 1

2

∫ T

0
|ḣs|2ds}P.

Let (t, x) ∈ [0, T ]×R
n be arbitrarily fixed, and put Ht = {h ∈ H|h(·) = h(· ∧ t)}. We

split now the proof in the following steps:
First step: For any u ∈ Ut,T , v ∈ Vt,T , and h ∈ Ht, J(t, x;u, v)

(τh) = J(t, x;u(τh), v(τh)), P-a.s.
Indeed, we apply the Girsanov transformation to SDE (3.1) (with ζ = x) and

compare the obtained equation with the SDE obtained from (3.1) by substituting the
transformed control processes u(τh) and v(τh) for u and v. Then from the uniqueness

of the solution of (3.1) we get Xt,x;u,v
s (τh) = X

t,x;u(τh),v(τh)
s for any s ∈ [t, T ], P-a.s.

Furthermore, by a similar Girsanov transformation argument we get from the unique-
ness of the solution of BSDE (3.5)

Y t,x;u,v
s (τh) = Y t,x;u(τh),v(τh)

s for any s ∈ [t, T ], P-a.s.,

Zt,x;u,v
s (τh) = Zt,x;u(τh),v(τh)

s , dsdP-a.e. on [t, T ] × Ω.

That means

J(t, x;u, v)(τh) = J(t, x;u(τh), v(τh)), P-a.s.

Second step: For β ∈ Bt,T , h ∈ Ht, let βh(u) := β(u(τ−h))(τh), u ∈ Ut,T . Then
βh ∈ Bt,T .

Obviously, βh maps Ut,T into Vt,T . Moreover, this mapping is nonanticipating. In-
deed, let S : Ω → [t, T ] be an F-stopping time and u1, u2 ∈ Ut,T , with u1 ≡ u2 on [[t, S]].
Then, obviously, u1(τ−h) ≡ u2(τ−h) on [[t, S(τ−h)]] (notice that S(τ−h) is still a stop-
ping time), and because β ∈ Bt,T we have β(u1(τ−h)) ≡ β(u2(τ−h)) on [[t, S(τ−h)]].
Therefore,

βh(u1) = β(u1(τ−h))(τh) ≡ β(u2(τ−h))(τh) = βh(u2) on [[t, S]].

Third step: For all h ∈ Ht and β ∈ Bt,T we have

{esssupu∈Ut,T J(t, x;u, β(u))}(τh) = esssupu∈Ut,T {J(t, x;u, β(u))(τh)}, P-a.s.

Indeed, with the notation I(t, x, β) := esssupu∈Ut,T J(t, x;u, β(u)), β ∈ Bt,T , we
have I(t, x, β) ≥ J(t, x;u, β(u)), and thus I(t, x, β)(τh) ≥ J(t, x;u, β(u))(τh), P-a.s.,
for all u ∈ Ut,T . On the other hand, for any random variable ζ satisfying ζ ≥
J(t, x;u, β(u))(τh), and hence also ζ(τ−h) ≥ J(t, x;u, β(u)), P-a.s., for all u ∈ Ut,T ,
we have ζ(τ−h) ≥ I(t, x, β), P-a.s., i.e., ζ ≥ I(t, x, β)(τh),P-a.s. Consequently,

I(t, x, β)(τh) = esssupu∈Ut,T {J(t, x;u, β(u))(τh)}, P -a.s.

Fourth step: W (t, x) is invariant with respect to the Girsanov transformation τh,
i.e.,

W (t, x)(τh) = W (t, x), P-a.s., for any h ∈ H.
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Indeed, similarly to the third step we can show that for all h ∈ Ht

{essinfβ∈Bt,T
I(t, x;β)}(τh) = essinfβ∈Bt,T

{I(t, x;β)(τh)}, P-a.s.

Then, from the first step to the third step we have, for any h ∈ Ht,

W (t, x)(τh) = essinfβ∈Bt,T
esssupu∈Ut,T {J(t, x;u, β(u))(τh)}

= essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u(τh), βh(u(τh))

= essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u, βh(u))

= essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u, β(u))

= W (t, x), P-a.s.,

where we have used {u(τh)|u(·) ∈ Ut,T } = Ut,T and {βh|β ∈ Bt,T } = Bt,T in or-
der to obtain both latter equalities. Therefore, for any h ∈ Ht, W (t, x) (τh) =
W (t, x), P-a.s., and since W (t, x) is Ft-measurable, we have this relation even for all
h ∈ H. Indeed, recall that our underlying fundamental space is Ω = C0([0, T ]; Rd)
and that, due to the definition of the filtration, the Ft-measurable random variable
W (t, x)(ω), ω ∈ Ω, depends only on the restriction of ω to the time interval [0, t].

The result of the fourth step combined with the following auxiliary Lemma 3.4
completes the proof.

Lemma 3.4. Let ζ be a random variable defined over our classical Wiener space
(Ω,FT , P ), such that ζ(τh) = ζ, P-a.s., for any h ∈ H. Then ζ = Eζ, P-a.s.

Proof. Let h ∈ H and A ∈ B(R). Then

E

[
1{ζ∈A} exp

{∫ T

0

ḣsdBs −
1

2

∫ T

0

|ḣs|2ds
}]

= E

[
1{ζ(τ−h)∈A} exp

{∫ T

0

ḣsdBs −
1

2

∫ T

0

|ḣs|2ds
}]

= E[1{ζ∈A}],

from which we deduce that

E

[
1{ζ∈A} exp

{∫ T

0

ḣsdBs

}]
= E[1{ζ∈A}]E

[
exp

{∫ T

0

ḣsdBs

}]
,

i.e., for any ϕ ∈ L2([0, T ]; Rd),

(3.11) E

[
1{ζ∈A} exp

{∫ T

0

ϕsdBs

}]
= E[1{ζ∈A}]E

[
exp

{∫ T

0

ϕsdBs

}]
.

Consequently, taking into consideration the arbitrariness of A ∈ B(R) and of ϕ ∈
L2([0, T ]; Rd), the independence of ζ of B and hence of FT follows, but this is possible
only for deterministic ζ.

The first property of the lower value function W (t, x) which we present is an
immediate consequence of (3.6) and (3.9).

Lemma 3.5. There exists a constant C > 0 such that, for all 0 ≤ t ≤ T, x, x′ ∈
R

n,

(3.12)
(i) |W (t, x) −W (t, x′)| ≤ C|x− x′|;
(ii) |W (t, x)| ≤ C(1 + |x|).
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We now discuss (the generalized) DPP for our stochastic differential game (3.1),
(3.5), and (3.9). For this end we have to define the family of (backward) semigroups
associated with BSDE (3.5). This notion of stochastic backward semigroups was
first introduced by Peng [26] which was applied to study the DPP for stochastic
control problems. Our approach adapts Peng’s ideas to the framework of stochastic
differential games.

Given the initial data (t, x), a positive number δ ≤ T − t, admissible control
processes u(·) ∈ Ut,t+δ and v(·) ∈ Vt,t+δ, and a real-valued random variable η ∈
L2(Ω,Ft+δ, P ; R), we put

(3.13) Gt,x;u,v
s,t+δ [η] := Ỹ t,x;u,v

s , s ∈ [t, t + δ],

where the couple (Ỹ t,x;u,v
s , Z̃t,x;u,v

s )t≤s≤t+δ is the solution of the following BSDE with
the time horizon t + δ:⎧⎨

⎩
−dỸ t,x;u,v

s = f(s,Xt,x;u,v
s , Ỹ t,x;u,v

s , Z̃t,x;u,v
s , us, vs)ds

−Z̃t,x;u,v
s dBs, s ∈ [t, t + δ],

Ỹ t,x;u,v
t+δ = η,

and Xt,x;u,v is the solution of SDE (3.1). Then, obviously, for the solution (Y t,x;u,v,
Zt,x;u,v) of BSDE (3.5) we have

(3.14) Gt,x;u,v
t,T [Φ(Xt,x;u,v

T )] = Gt,x;u,v
t,t+δ [Y t,x;u,v

t+δ ].

Moreover,

J(t, x;u, v) = Y t,x;u,v
t = Gt,x;u,v

t,T [Φ(Xt,x;u,v
T )] = Gt,x;u,v

t,t+δ [Y t,x;u,v
t+δ ]

= Gt,x;u,v
t,t+δ [J(t + δ,Xt,x;u,v

t+δ ;u, v)].

Remark 3.3. When f is independent of (y, z) it holds that

Gt,x;u,v
s,t+δ [η] = E

[
η +

∫ t+δ

s

f(r,Xt,x;u,v
r , ur, vr)dr|Fs

]
, s ∈ [t, t + δ].

Theorem 3.6. Under the assumptions (H3.1) and (H3.2), the lower value func-
tion W (t, x) obeys the following DPP: For any 0 ≤ t < t + δ ≤ T, x ∈ R

n,

(3.15) W (t, x) = essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

G
t,x;u,β(u)
t,t+δ [W (t + δ,X

t,x;u,β(u)
t+δ )].

Proof. To simplify notations we put

Wδ(t, x) = essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

G
t,x;u,β(u)
t,t+δ [W (t + δ,X

t,x;u,β(u)
t+δ )].

The proof that Wδ(t, x) coincides with W (t, x) will be split into the following lemmas,
which all are supposed to satisfy (H3.1) and (H3.2).

Lemma 3.7. Wδ(t, x) is deterministic.
Proof. The proof of this lemma uses the same ideas as that of Proposition 3.3, so

it can be omitted here.
Lemma 3.8. Wδ(t, x) ≤ W (t, x).
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Proof. Let β ∈ Bt,T be arbitrarily fixed. Then, given a u2(·) ∈ Ut+δ,T , we define
as follows the restriction β1 of β to Ut,t+δ :

β1(u1) := β(u1 ⊕ u2)|[t,t+δ], u1(·) ∈ Ut,t+δ,

where u1 ⊕ u2 := u11[t,t+δ] + u21(t+δ,T ] extends u1(·) to an element of Ut,T . It is
easy to check that β1 ∈ Bt,t+δ. Moreover, from the nonanticipativity property of β we
deduce that β1 is independent of the special choice of u2(·) ∈ Ut+δ,T . Consequently,
from the definition of Wδ(t, x),

(3.16) Wδ(t, x) ≤ esssupu1∈Ut,t+δ
G

t,x;u1,β1(u1)
t,t+δ [W (t + δ,X

t,x;u1,β1(u1)
t+δ )], P-a.s.

We use the notation Iδ(t, x, u, v) := Gt,x;u,v
t,t+δ [W (t + δ,Xt,x;u,v

t+δ )] and notice that there

exists a sequence {u1
i , i ≥ 1} ⊂ Ut,t+δ such that

Iδ(t, x, β1) := esssupu1∈Ut,t+δ
Iδ(t, x, u1, β1(u1)) = sup

i≥1
Iδ(t, x, u

1
i , β1(u

1
i )), P-a.s.

For any ε > 0, we put Γ̃i := {Iδ(t, x, β1) ≤ Iδ(t, x, u
1
i , β1(u

1
i )) + ε} ∈ Ft, i ≥ 1.

Then Γ1 := Γ̃1, Γi := Γ̃i\(∪i−1
l=1Γ̃l) ∈ Ft, i ≥ 2, form an (Ω,Ft)-partition, and

uε
1 :=

∑
i≥1 1Γi

u1
i belongs obviously to Ut,t+δ. Moreover, from the nonanticipativ-

ity of β1 we have β1(u
ε
1) =

∑
i≥1 1Γi

β1(u
1
i ), and from the uniqueness of the solu-

tion of the forward-backward SDE (FBSDE), we deduce that Iδ(t, x, u
ε
1, β1(u

ε
1)) =∑

i≥1 1ΓiIδ(t, x, u
1
i , β1(u

1
i )), P-a.s. Hence,

Wδ(t, x) ≤ Iδ(t, x, β1) ≤
∑
i≥1

1ΓiIδ(t, x, u
1
i , β1(u

1
i )) + ε = Iδ(t, x, u

ε
1, β1(u

ε
1)) + ε(3.17)

= G
t,x;uε

1,β1(u
ε
1)

t,t+δ [W (t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ )] + ε, P-a.s.

On the other hand, using the fact that β1(·) := β(· ⊕u2) ∈ Bt,t+δ does not depend on
u2(·) ∈ Ut+δ,T , we can define β2(u2) := β(uε

1 ⊕ u2)|[t+δ,T ], for all u2(·) ∈ Ut+δ,T . The
such defined β2 : Ut+δ,T → Vt+δ,T belongs to Bt+δ,T since β ∈ Bt,T . Therefore, from
the definition of W (t + δ, y) we have, for any y ∈ R

n,

W (t + δ, y) ≤ esssupu2∈Ut+δ,T
J(t + δ, y;u2, β2(u2)), P-a.s.

Finally, because there exists a constant C ∈ R such that

(3.18)
(i) |W (t + δ, y) −W (t + δ, y′)| ≤ C|y − y′| for any y, y′ ∈ R

n;
(ii) |J(t + δ, y, u2, β2(u2)) − J(t + δ, y′, u2, β2(u2))| ≤ C|y − y′|, P-a.s.,

for any u2 ∈ Ut+δ,T ,

(see Lemma 3.5(i) and (3.6)(i)) we can show by approximating X
t,x;uε

1,β1(u
ε
1)

t+δ that

W (t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ ) ≤ esssupu2∈Ut+δ,T
J(t + δ,X

t,x;uε
1,β1(u

ε
1)

t+δ ;u2, β2(u2)), P-a.s.

To estimate the right side of the latter inequality we note that there exists some
sequence {u2

j , j ≥ 1} ⊂ Ut+δ,T such that

esssupu2∈Ut+δ,T
J(t + δ,X

t,x;uε
1,β1(u

ε
1)

t+δ ;u2, β2(u2))

= sup
j≥1

J(t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ ;u2
j , β2(u

2
j )), P-a.s.
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Then, putting Δ̃j := {esssupu2∈Ut+δ,T
J(t + δ,X

t,x;uε
1,β1(u

ε
1)

t+δ ;u2, β2(u2)) ≤ J(t + δ,

X
t,x;uε

1,β1(u
ε
1)

t+δ ;u2
j , β2(u

2
j )) + ε} ∈ Ft+δ, j ≥ 1; we have with Δ1 := Δ̃1, Δj :=

Δ̃j\(∪j−1
l=1 Δ̃l) ∈ Ft+δ, j ≥ 2, an (Ω,Ft+δ)-partition and uε

2 :=
∑

j≥1 1Δju
2
j ∈ Ut+δ,T .

From the nonanticipativity of β2 we have β2(u
ε
2) =

∑
j≥1 1Δjβ2(u

2
j ), and from the

definition of β1, β2 we know that β(uε
1 ⊕uε

2) = β1(u
ε
1)⊕β2(u

ε
2). Thus, again from the

uniqueness of the solution of our FBSDE, we get

J(t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ ;uε
2, β2(u

ε
2)) = Y

t+δ,X
t,x;uε

1,β1(uε
1)

t+δ ;uε
2,β2(u

ε
2)

t+δ (see (3.8))

=
∑
j≥1

1ΔjY
t+δ,X

t,x;uε
1,β1(uε

1)

t+δ ;u2
j ,β2(u

2
j )

t+δ

=
∑
j≥1

1ΔjJ(t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ ;u2
j , β2(u

2
j )), P -a.s.

Consequently,

(3.19)

W (t + δ,X
t,x;uε

1,β1(u
ε
1)

t+δ ) ≤ esssupu2∈Ut+δ,T
J(t + δ,X

t,x;uε
1,β1(u

ε
1)

t+δ ;u2, β2(u2))

≤
∑
j≥1

1Δj
Y

t,x;uε
1⊕u

2
j ,β(uε

1⊕u
2
j )

t+δ + ε

= Y
t,x;uε

1⊕u
ε
2,β(uε

1⊕u
ε
2)

t+δ + ε

= Y
t,x;uε,β(uε)
t+δ + ε, P-a.s.,

where uε := uε
1 ⊕ uε

2 ∈ Ut,T . From (3.17) and (3.19) and Lemmas 2.2 (comparison
theorem for BSDEs) and 2.3, we have

(3.20)

Wδ(t, x) ≤ G
t,x;uε

1,β1(u
ε
1)

t,t+δ [Y
t,x;uε,β(uε)
t+δ + ε] + ε

≤ G
t,x;uε

1,β1(u
ε
1)

t,t+δ [Y
t,x;uε,β(uε)
t+δ ] + (C + 1)ε

= G
t,x;uε,β(uε)
t,t+δ [Y

t,x;uε,β(uε)
t+δ ] + (C + 1)ε

= Y
t,x;uε,β(uε)
t + (C + 1)ε

≤ esssupu∈Ut,T Y
t,x;u,β(u)
t + (C + 1)ε, P-a.s.

Since β ∈ Bt,T has been arbitrarily chosen we have (3.20) for all β ∈ Bt,T . Therefore,

(3.21) Wδ(t, x) ≤ essinfβ∈Bt,T
esssupu∈Ut,T Y

t,x;u,β(u)
t +(C+1)ε = W (t, x)+(C+1)ε.

Finally, letting ε ↓ 0, we get Wδ(t, x) ≤ W (t, x).
Lemma 3.9. W (t, x) ≤ Wδ(t, x).
Proof. We continue to use the notations introduced above, and from the definition

of Wδ(t, x) we have

Wδ(t, x) = essinfβ1∈Bt,t+δ
esssupu1∈Ut,t+δ

G
t,x;u1,β1(u1)
t,t+δ [W (t + δ,X

t,x;u1,β1(u1)
t+δ )]

= essinfβ1∈Bt,t+δ
Iδ(t, x, β1),

and, for some sequence {β1
i , i ≥ 1} ⊂ Bt,t+δ,

Wδ(t, x) = inf
i≥1

Iδ(t, x, β
1
i ), P-a.s.
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For any ε > 0, we let Λ̃i := {Iδ(t, x, β1
i ) − ε ≤ Wδ(t, x)} ∈ Ft, i ≥ 1, Λ1 := Λ̃1

and Λi := Λ̃i\(∪i−1
l=1Λ̃l) ∈ Ft, i ≥ 2. Then {Λi, i ≥ 1} is an (Ω,Ft)-partition, βε

1 :=∑
i≥1 1Λiβ

1
i belongs to Bt,t+δ, and from the uniqueness of the solution of our FBSDE

we conclude that Iδ(t, x, u1, β
ε
1(u1)) =

∑
i≥1 1Λi

Iδ(t, x, u1, β
1
i (u1)), P-a.s., for all u1(·)

∈ Ut,t+δ. Hence,

(3.22)

Wδ(t, x) ≥
∑
i≥1

1Λi
Iδ(t, x, β

1
i ) − ε

≥
∑
i≥1

1Λi
Iδ(t, x, u1, β

1
i (u1)) − ε

= Iδ(t, x, u1, β
ε
1(u1)) − ε

= G
t,x;u1,β

ε
1(u1)

t,t+δ [W (t + δ,X
t,x;u1,β

ε
1(u1)

t+δ )] − ε, P-a.s., for all u1 ∈ Ut,t+δ.

On the other hand, from the definition of W (t + δ, y), with the same technique as
before, we deduce that, for any y ∈ R

n, there exists βε
y ∈ Bt+δ,T such that

(3.23) W (t + δ, y) ≥ esssupu2∈Ut+δ,T
J(t + δ, y;u2, β

ε
y(u2)) − ε, P-a.s.

Let {Oi}i≥1 ⊂ B(Rn) be a decomposition of R
n such that

∑
i≥1 Oi = R

n and diam(Oi)

≤ ε, i ≥ 1. Let yi be an arbitrarily fixed element of Oi, i ≥ 1. Defining [X
t,x;u1,β

ε
1(u1)

t+δ ] :=∑
i≥1 yi1{Xt,x;u1,βε

1(u1)

t+δ ∈Oi}
, we have

(3.24) |Xt,x;u1,β
ε
1(u1)

t+δ − [X
t,x;u1,β

ε
1(u1)

t+δ ]| ≤ ε, everywhere on Ω, for all u1 ∈ Ut,t+δ.

Moreover, for each yi, there exists some βε
yi

∈ Bt+δ,T such that (3.23) holds, and,
clearly, βε

u1
:=

∑
i≥1 1

{Xt,x;u1,βε
1(u1)

t+δ ∈Oi}
βε
yi

∈ Bt+δ,T .

Now we can define the new strategy βε(u) := βε
1(u1) ⊕ βε

u1
(u2), u ∈ Ut,T ,where

u1 = u|[t,t+δ], u2 = u|(t+δ,T ] (restriction of u to [t, t + δ] × Ω and (t + δ, T ] × Ω,
resp.). Obviously, βε maps Ut,T into Vt,T . Moreover, βε is nonanticipating: Indeed,
let S : Ω −→ [t, T ] be an F-stopping time and u, u′ ∈ Ut,T be such that u ≡ u′

on [[t, S]]. Decomposing u, u′ into u1, u
′
1 ∈ Ut,t+δ, u2, u

′
2 ∈ Ut+δ,T such that u =

u1 ⊕ u2 and u′ = u′1 ⊕ u′2. We have u1 ≡ u′1 on [[t, S ∧ (t + δ)]] from which we
get βε

1(u1) ≡ βε
1(u
′
1) on [[t, S ∧ (t + δ)]] (recall that βε

1 is nonanticipating). On the
other hand, u2 ≡ u′2 on ]]t + δ, S ∨ (t + δ)]](⊂ (t + δ, T ] × {S > t + δ}), and on

{S > t+ δ} we have X
t,x;u1,β

ε
1(u1)

t+δ = X
t,x;u′

1,β
ε
1(u′

1)
t+δ . Consequently, from our definition,

βε
u1

= βε
u′

1
on {S > t + δ} and βε

u1
(u2) ≡ βε

u′
1
(u′2) on ]]t + δ, S ∨ (t + δ)]]. This yields

βε(u) = βε
1(u1)⊕βε

u1
(u2) ≡ βε

1(u
′
1)⊕βε

u′
1
(u′2) = βε(u′) on [[t, S]], from which it follows

that βε ∈ Bt,T .
Let now u ∈ Ut,T be arbitrarily chosen and decomposed into u1 = u|[t,t+δ] ∈ Ut,t+δ

and u2 = u|(t+δ,T ] ∈ Ut+δ,T . Then, from (3.22), (3.18)(i), (3.24), and Lemmas 2.2
(comparison theorem) and 2.3, we obtain

(3.25)

Wδ(t, x) ≥ G
t,x;u1,β

ε
1(u1)

t,t+δ [W (t + δ,X
t,x;u1,β

ε
1(u1)

t+δ )] − ε

≥ G
t,x;u1,β

ε
1(u1)

t,t+δ [W (t + δ, [X
t,x;u1,β

ε
1(u1)

t+δ ]) − Cε] − ε

≥ G
t,x;u1,β

ε
1(u1)

t,t+δ [W (t + δ, [X
t,x;u1,β

ε
1(u1)

t+δ ])] − Cε
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= G
t,x;u1,β

ε
1(u1)

t,t+δ

⎡
⎣∑

i≥1

1
{Xt,x;u1,βε

1(u1)

t+δ ∈Oi}
W (t + δ, yi)

⎤
⎦− Cε, P-a.s.

Furthermore, from (3.23), (3.18)(ii), (3.24), and Lemmas 2.2 and 2.3, we have

(3.26)

Wδ(t, x) ≥ G
t,x;u1,β

ε
1(u1)

t,t+δ

⎡
⎣∑

i≥1

1
{Xt,x;u1,βε

1(u1)

t+δ ∈Oi}
J(t + δ, yi;u2, β

ε
yi

(u2)) − ε

⎤
⎦− Cε

≥ G
t,x;u1,β

ε
1(u1)

t,t+δ

⎡
⎣∑

i≥1

1
{Xt,x;u1,βε

1(u1)

t+δ ∈Oi}
J(t + δ, yi;u2, β

ε
yi

(u2))

⎤
⎦− Cε

= G
t,x;u1,β

ε
1(u1)

t,t+δ

[
J(t + δ, [X

t,x;u1,β
ε
1(u1)

t+δ

]
;u2, β

ε
u1

(u2))] − Cε

≥ G
t,x;u1,β

ε
1(u1)

t,t+δ [J(t + δ,X
t,x;u1,β

ε
1(u1)

t+δ ;u2, β
ε
u1

(u2)) − Cε] − Cε

≥ G
t,x;u1,β

ε
1(u1)

t,t+δ [J(t + δ,X
t,x;u1,β

ε
1(u1)

t+δ ;u2, β
ε
u1

(u2))] − Cε

= G
t,x;u,βε(u)
t,t+δ [Y

t,x,u,βε(u)
t+δ ] − Cε

= Y
t,x;u,βε(u)
t − Cε, P-a.s., for any u ∈ Ut,T .

Consequently,

(3.27)

Wδ(t, x) ≥ esssupu∈Ut,T J(t, x;u, βε(u)) − Cε

≥ essinfβ∈Bt,T
esssupu∈Ut,T J(t, x;u, β(u)) − Cε

= W (t, x) − Cε, P-a.s.

Finally, letting ε ↓ 0 we get Wδ(t, x) ≥ W (t, x). The proof is complete.
Remark 3.4. (i) From the inequalities (3.17) and (3.22) we see that for all (t, x) ∈

[0, T ] × R
n, δ > 0, with 0 < δ ≤ T − t and ε > 0, the following hold: (a) For every

β ∈ Bt,t+δ, there exists some uε(·) ∈ Ut,t+δ such that

(3.28) W (t, x)(= Wδ(t, x)) ≤ G
t,x;uε,β(uε)
t,t+δ [W (t + δ,X

t,x;uε,β(uε)
t+δ )] + ε, P-a.s.

(b) There exists some βε ∈ Bt,t+δ such that, for all u ∈ Ut,t+δ,

(3.29) W (t, x)(= Wδ(t, x)) ≥ G
t,x;u,βε(u)
t,t+δ [W (t + δ,X

t,x;u,βε(u)
t+δ )] − ε, P-a.s.

(ii) Recall that the lower value function W is deterministic. Thus, by choosing
δ = T − t and taking the expectation on both sides of (3.28) and (3.29) we can show
that

W (t, x) = inf
β∈Bt,T

sup
u∈Ut,T

E[J(t, x;u, β(u))].

In analogy we also have

U(t, x) = supα∈At,T
infv∈Vt,TE[J(t, x;α(v), v)].

The above formulas look similar to the definitions of the lower and the upper value
functions defined by Fleming and Souganidis [14] for the case of f being independent
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of (y, z). However, they consider only control processes which are independent of the
past Ft. In Remark 5.3 we will come back to this comparison and identify their value
functions with ours for such a coefficient f .

In Lemma 3.5 we have already seen that the lower value function W (t, x) is
Lipschitz continuous in x, uniformly in t. With the help of Theorem 3.6 we can now
also study the continuity property of W (t, x) in t.

Theorem 3.10. Let us suppose that the assumptions (H3.1) and (H3.2) hold.
Then the lower value function W (t, x) is 1

2 -Hölder continuous in t: There exists a
constant C such that, for every x ∈ R

n, t, t′ ∈ [0, T ],

|W (t, x) −W (t′, x)| ≤ C(1 + |x|)|t− t′| 12 .

Proof. Let (t, x) ∈ [0, T ] × R
n and δ > 0 be arbitrarily given such that 0 < δ ≤

T − t. Our objective is to prove the following inequality by using (3.28) and (3.29):

(3.30) −C(1 + |x|)δ 1
2 ≤ W (t, x) −W (t + δ, x) ≤ C(1 + |x|)δ 1

2 .

From it we obtain immediately that W is 1
2 -Hölder continuous in t. We will check

only the second inequality in (3.30); the first one can be shown in a similar way. To
this end we note that due to (3.28), for an arbitrarily small ε > 0,

(3.31) W (t, x) −W (t + δ, x) ≤ I1
δ + I2

δ + ε,

where

I1
δ := G

t,x;uε,β(uε)
t,t+δ [W (t + δ,X

t,x;uε,β(uε)
t+δ )] −G

t,x;uε,β(uε)
t,t+δ [W (t + δ, x)],

I2
δ := G

t,x;uε,β(uε)
t,t+δ [W (t + δ, x)] −W (t + δ, x)

for arbitrarily chosen β ∈ Bt,t+δ and uε ∈ Ut,t+δ such that (3.28) holds. From Lemma
2.3 and the estimate (3.12) we obtain that, for some constant C independent of the
controls uε and β(uε),

|I1
δ | ≤ [CE(|W (t + δ,X

t,x;uε,β(uε)
t+δ ) −W (t + δ, x)|2|Ft)]

1
2

≤ [CE(|Xt,x;uε,β(uε)
t+δ − x|2|Ft)]

1
2 ,

and since E[|Xt,x;uε,β(uε)
t+δ −x|2|Ft] ≤ C(1+ |x|2)δ we deduce that |I1

δ | ≤ C(1+ |x|)δ 1
2 .

From the definition of G
t,x;uε,β(uε)
t,t+δ [·] (see (3.13)) we know that the second term I2

δ

can be written as

I2
δ = E

[
W (t + δ, x) +

∫ t+δ

t

f(s,Xt,x;uε,β(uε)
s , Ỹ t,x;uε,β(uε)

s , Z̃t,x;uε,β(uε)
s , uε

s, βs(u
ε
. ))ds

−
∫ t+δ

t

Z̃t,x;uε,β(uε)
s dBs|Ft

]
−W (t + δ, x)

= E

[∫ t+δ

t

f(s,Xt,x;uε,β(uε)
s , Ỹ t,x;uε,β(uε)

s , Z̃t,x;uε,β(uε)
s , uε

s, βs(u
ε
. ))ds|Ft

]
.

With the help of the Schwartz inequality and the estimates (3.3) and (A.4)(i), we
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then have

|I2
δ | ≤ δ

1
2E

[∫ t+δ

t

|f(s,Xt,x;uε,β(uε)
s , Ỹ t,x;uε,β(uε)

s , Z̃t,x;uε,β(uε)
s , uε

s, βs(u
ε
. ))|2ds|Ft

] 1
2

≤ δ
1
2E

[ ∫ t+δ

t

(|f(s,Xt,x;uε,β(uε)
s , 0, 0, uε

s, βs(u
ε
. ))| + C|Ỹ t,x;uε,β(uε)

s |

+ C|Z̃t,x;uε,β(uε)
s |)2ds|Ft

] 1
2

≤ Cδ
1
2E

[∫ t+δ

t

(|1 + |Xt,x;uε,β(uε)
s | + |Ỹ t,x;uε,β(uε)

s | + |Z̃t,x;uε,β(uε)
s |)2ds|Ft

] 1
2

≤ C(1 + |x|)δ 1
2 .

Hence, from (3.31),

W (t, x) −W (t + δ, x) ≤ C(1 + |x|)δ 1
2 + ε,

and letting ε ↓ 0 we get the second inequality of (3.30). The proof is complete.

4. Viscosity solution of Isaacs’ equation: Existence theorem. In this
section we consider the following Isaacs’ equations:

(4.1)

{
∂
∂tW (t, x) + H−(t, x,W,DW,D2W ) = 0, (t, x) ∈ [0, T ) × R

n,
W (T, x) = Φ(x), x ∈ R

n,

and

(4.2)

{
∂
∂tU(t, x) + H+(t, x, U,DU,D2U) = 0, (t, x) ∈ [0, T ) × R

n,
U(T, x) = Φ(x), x ∈ R

n,

associated with the Hamiltonians

H−(t, x, y, p,X) = sup
u∈U

inf
v∈V

{
1

2
tr(σσT (t, x, u, v)X) + p.b(t, x, u, v) + f(t, x, y, p.σ, u, v)

}

and

H+(t, x, y, p,X) = inf
v∈V

sup
u∈U

{
1

2
tr(σσT (t, x, u, v)X) + p.b(t, x, u, v) + f(t, x, y, p.σ, u, v)

}
,

respectively, where t ∈ [0, T ], x ∈ R
n, y ∈ R, p ∈ R

n, and X ∈ Sn (recall that Sn

denotes the set of n × n symmetric matrices). Here the functions b, σ, f, and Φ are
supposed to satisfy (H3.1) and (H3.2), respectively.

In this section we want to prove that the lower value function W (t, x) introduced
by (3.9) is the viscosity solution of (4.1), while the upper value function U(t, x) de-
fined by (3.10) is the viscosity solution of (4.2). For this we extend Peng’s BSDE
approach [26] developed in the framework of stochastic control theory into that of
stochastic differential games. The difficulties related with this extension come from
the fact that now, contrarily to the framework of stochastic control theory studied by
Peng, we have to do with stochastic differential games in which strategies are played
versus controls. In order to overcome these difficulties in the proof that W is a viscos-
ity supersolution, we have, in particular, to enrich Peng’s BSDE method by Lemma
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4.6 and to adapt heavily the proof of Lemma 4.5. On the other hand, the proof that
W is a viscosity subsolution is not covered by Peng’s BSDE method and requires a
quite new approach. The uniqueness of the viscosity solution will be shown in the
next section for the class of continuous functions satisfying some growth assumption
which is weaker than the polynomial growth condition. We first recall the definition
of a viscosity solution of (4.1) and similarly for (4.2). The reader more interested in
viscosity solutions is referred to Crandall, Ishii, and Lions [8].

Definition 4.1. A real-valued continuous function W ∈ C([0, T ]× R
n) is called

(i) a viscosity subsolution of (4.1) if W (T, x) ≤ Φ(x)for all x ∈ R
n and if for all

functions ϕ ∈ C3
l,b([0, T ] × R

n) and (t, x) ∈ [0, T ) × R
n such that W − ϕ attains its

local maximum at (t, x):

∂ϕ

∂t
(t, x) + H−(t, x, ϕ,Dϕ,D2ϕ) ≥ 0;

(ii) a viscosity supersolution of (4.1) if W (T, x) ≥ Φ(x) for all x ∈ R
n and if for all

functions ϕ ∈ C3
l,b([0, T ] × R

n) and (t, x) ∈ [0, T ) × R
n such that W − ϕ attains its

local minimum at (t, x):

∂ϕ

∂t
(t, x) + H−(t, x, ϕ,Dϕ,D2ϕ) ≤ 0;

(iii) a viscosity solution of (4.1) if it is both a viscosity sub- and a supersolution of
(4.1).

Remark 4.1. C3
l,b([0, T ] × R

n) denotes the set of the real-valued functions that
are continuously differentiable up to the third order and whose derivatives of order
from 1 to 3 are bounded.

We first prove that the lower value function W (t, x) is a viscosity solution of (4.1).
Theorem 4.2. Under the assumptions (H3.1) and (H3.2) the lower value function

W (t, x) is a viscosity solution of (4.1).
For the proof of this theorem we need four auxiliary lemmas. To abbreviate

notations we put, for some arbitrarily chosen but fixed ϕ ∈ C3
l,b([0, T ] × R

n),

F (s, x, y, z, u, v) =
∂

∂s
ϕ(s, x) +

1

2
tr(σσT (s, x, u, v)D2ϕ) + Dϕ.b(s, x, u, v)(4.3)

+ f(s, x, y + ϕ(s, x), z + Dϕ(s, x).σ(s, x, u, v), u, v),

(s, x, y, z, u, v) ∈ [0, T ] × R
n × R × R

d × U × V, and we consider the following BSDE
defined on the interval [t, t + δ] (0 < δ ≤ T − t) :

(4.4)

{
−dY 1,u,v

s = F (s,Xt,x;u,v
s , Y 1,u,v

s , Z1,u,v
s , us, vs)ds− Z1,u,v

s dBs,

Y 1,u,v
t+δ = 0,

where the process Xt,x,u,v has been introduced by (3.1) and u(·) ∈ Ut,t+δ, v(·) ∈
Vt,t+δ.

Remark 4.2. It is not hard to check that F (s,Xt,x;u,v
s , y, z, us, vs) satisfies (A1)

and (A2). Thus, due to Lemma 2.1, (4.4) has a unique solution.
We can characterize the solution process Y 1,u,v as follows.
Lemma 4.3. For every s ∈ [t, t + δ], we have the following relationship:

(4.5) Y 1,u,v
s = Gt,x;u,v

s,t+δ [ϕ(t + δ,Xt,x;u,v
t+δ )] − ϕ(s,Xt,x;u,v

s ), P-a.s.
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Proof. We recall that Gt,x;u,v
s,t+δ [ϕ(t + δ,Xt,x;u,v

t+δ )] is defined with the help of the
solution of the BSDE{

−dY u,v
s = f(s,Xt,x;u,v

s , Y u,v
s , Zu,v

s , us, vs)ds− Zu,v
s dBs, s ∈ [t, t + δ],

Y u,v
t+δ = ϕ(t + δ,Xt,x;u,v

t+δ ),

by the following formula:

(4.6) Gt,x;u,v
s,t+δ [ϕ(t + δ,Xt,x;u,v

t+δ )] = Y u,v
s , s ∈ [t, t + δ]

(see (3.13)). Therefore we only need to prove that Y u,v
s −ϕ(s,Xt,x;u,v

s ) ≡ Y 1,u,v
s . This

result can be obtained easily by applying Itô’s formula to ϕ(s,Xt,x;u,v
s ). Indeed, we

get that the stochastic differentials of Y u,v
s − ϕ(s,Xt,x;u,v

s ) and Y 1,u,v
s coincide, while

at the terminal time t + δ, Y u,v
t+δ − ϕ(t + δ,Xt,x;u,v

t+δ ) = 0 = Y 1,u,v
t+δ . So the proof is

complete.
Now we consider the following simple BSDE in which the driving process Xt,x;u,v

is replaced by its deterministic initial value x:

(4.7)

{
−dY 2,u,v

s = F (s, x, Y 2,u,v
s , Z2,u,v

s , us, vs)ds− Z2,u,v
s dBs,

Y 2,u,v
t+δ = 0, s ∈ [t, t + δ],

where u(·) ∈ Ut,t+δ, v(·) ∈ Vt,t+δ. The following lemma will allow us to neglect the

difference |Y 1,u,v
t − Y 2,u,v

t | for sufficiently small δ > 0.
Lemma 4.4. For every u ∈ Ut,t+δ, v ∈ Vt,t+δ, we have

(4.8) |Y 1,u,v
t − Y 2,u,v

t | ≤ Cδ
3
2 , P-a.s.,

where C is independent of the control processes u and v.
Proof. From (3.3) we have for all p ≥ 2 the existence of some Cp ∈ R+ such that

E

[
sup

t≤s≤T
|Xt,x;u,v

s |p|Ft

]
≤ Cp(1 + |x|p), P-a.s., uniformly in u ∈ Ut,t+δ, v ∈ Vt,t+δ.

This combined with the estimate

E

[
sup

t≤s≤t+δ
|Xt,x;u,v

s − x|p|Ft

]
≤ 2p−1E

[
sup

t≤s≤t+δ

∣∣∣∣
∫ s

t

b(r,Xt,x;u,v
r , ur, vr)dr

∣∣∣∣
p

|Ft

]

+2p−1E

[
sup

t≤s≤t+δ

∣∣∣∣
∫ s

t

σ(r,Xt,x;u,v
r , ur, vr)dBr

∣∣∣∣
p

|Ft

]

yields
(4.9)

E

[
sup

t≤s≤t+δ
|Xt,x;u,v

s − x|p|Ft

]
≤ Cpδ

p
2 , P-a.s., uniformly in u ∈ Ut,t+δ, v ∈ Vt,t+δ.

We now apply Lemma 2.3 combined with (4.9) to (4.4) and (4.7). For this we set in
Lemma 2.3:

ξ1 = ξ2 = 0, g(s, y, z) = F (s,Xt,x,u,v
s , y, z, us, vs),

ϕ1(s) = 0, ϕ2(s) = F (s, x, Y 2,u,v
s , Z2,u,v

s , us, vs) − F (s,Xt,x,u,v
s , Y 2,u,v

s , Z2,u,v
s , us, vs).
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Obviously, the function g is Lipschitz with respect to (y, z), and |ϕ2(s)| ≤ C(1 +
|x|2)(|Xt,x;u,v

s −x|+ |Xt,x;u,v
s −x|3) for s ∈ [t, t+δ], (t, x) ∈ [0, T )×R

n, u ∈ Ut,t+δ, v ∈
Vt,t+δ. Thus, with the notation ρ0(r) = (1 + |x|2)(r + r3), r ≥ 0, we have

E

[∫ t+δ

t

(|Y 1,u,v
s − Y 2,u,v

s |2 + |Z1,u,v
s − Z2,u,v

s |2)ds|Ft

]

≤ CE

[∫ t+δ

t

ρ2
0(|Xt,x,u,v

s − x|)ds|Ft

]

≤ CδE

[
sup

t≤s≤t+δ
ρ2
0(|Xt,x,u,v

s − x|)|Ft

]

≤ Cδ2.

Therefore,

|Y 1,u,v
t − Y 2,u,v

t | = |E[(Y 1,u,v
t − Y 2,u,v

t )|Ft]|

=

∣∣∣∣∣E
[∫ t+δ

t

(F (s,Xt,x,u,v
s , Y 1,u,v

s , Z1,u,v
s , us, vs) − F (s, x, Y 2,u,v

s , Z2,u,v
s , us, vs))ds|Ft

]∣∣∣∣∣
≤ CE

[∫ t+δ

t

[ρ0(|Xt,x,u,v
s − x|) + |Y 1,u,v

s − Y 2,u,v
s | + |Z1,u,v

s − Z2,u,v
s |]ds|Ft

]

≤ CE

[∫ t+δ

t

ρ0(|Xt,x,u,v
s − x|)ds|Ft

]
+ Cδ

1
2

{
E

[∫ t+δ

t

|Y 1,u,v
s − Y 2,u,v

s |2ds|Ft

] 1
2

+E

[∫ t+δ

t

|Z1,u,v
s − Z2,u,v

s |2ds|Ft

] 1
2
}

≤ Cδ
3
2 .

Thus, the proof is complete.
Lemma 4.5. Let Y0(·) be the solution of the following ordinary differential

equation:

(4.10)

{
−Ẏ0(s) = F0(s, x, Y0(s), 0), s ∈ [t, t + δ],
Y0(t + δ) = 0,

where the function F0 is defined by

(4.11) F0(s, x, y, z) = sup
u∈U

inf
v∈V

F (s, x, y, z, u, v).

Then, P-a.s.,

(4.12) esssupu∈Ut,t+δ
essinfv∈Vt,t+δ

Y 2,u,v
t = Y0(t).

Proof. Obviously, F0(s, x, y, z) is Lipschitz in (y, z), uniformly with respect to
(s, x). This guarantees existence and uniqueness for (4.10). We first introduce the
function

(4.13) F1(s, x, y, z, u) = inf
v∈V

F (s, x, y, z, u, v), (s, x, y, z, u) ∈ [0, T ]×R
n×R×R

d×U
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and consider the BSDE

(4.14)

{
−dY 3,u(s) = F1(s, x, Y

3,u(s), Z3,u(s), us)ds− Z3,u(s)dBs,
Y 3,u(t + δ) = 0, s ∈ [t, t + δ],

for u ∈ Ut,t+δ. We notice that since F1(s, x, y, z, us) is Lipschitz in (y, z), for every
u ∈ Ut,t+δ, there exists a unique solution (Y 3,u, Z3,u) to the BSDE (4.14). Moreover,

Y 3,u(t) = essinfv(·)∈Vt,t+δ
Y 2,u,v
t , P-a.s., for any u ∈ Ut,t+δ.

Indeed, from the definition of F1 and Lemma 2.2 (comparison theorem) we have

Y 3,u(t) ≤ essinfv(·)∈Vt,t+δ
Y 2,u,v
t , P-a.s., for all u ∈ Ut,t+δ.

On the other hand, there exists a measurable function v3 : [t, T ]×R
n×R×R

d×U → V
such that

F1(s, x, y, z, u) = F (s, x, y, z, u, v3(s, x, y, z, u)) for any s, x, y, z, u.

We then put

ṽ3
s := v3(s, x, Y 3,u

s , Z3,u
s , us), s ∈ [t, t + δ],

and we observe that ṽ3 ∈ Vt,t+δ, and

F1(s, x, Y
3,u
s , Z3,u

s , us) = F (s, x, Y 3,u
s , Z3,u

s , us, ṽ
3
s), s ∈ [t, t + δ].

Consequently, from the uniqueness of the solution of the BSDE it follows that (Y 3,u,

Z3,u) = (Y 2,u,ṽ3

, Z2,u,ṽ3

) and, in particular, Y 3,u
t = Y 2,u,ṽ3

t , P-a.s., for any u ∈ Ut,t+δ.
This proves that

Y 3,u(t) = essinfv∈Vt,t+δ
Y 2,u,v
t , P-a.s., for all u ∈ Ut,t+δ.

Finally, since F0(s, x, y, z) = supu∈UF1(s, x, y, z, u), an argument similar to that
developed above yields

Y0(t) = esssupu∈Ut,t+δ
Y 3,u(t)(= esssupu∈Ut,t+δ

essinfv∈Vt,t+δ
Y 2,u,v
t ), P-a.s.

It uses the fact that (4.10) can be considered as a BSDE with the solution (Ys, Zs) =
(Y0(s), 0). The proof is complete.

Lemma 4.6. For every u ∈ Ut,t+δ, v ∈ Vt,t+δ, we have

(4.15) E

[∫ t+δ

t

|Y 2,u,v
s |ds|Ft

]
+ E

[∫ t+δ

t

|Z2,u,v
s |ds|Ft

]
≤ Cδ

3
2 , P-a.s.,

where the constant C is independent of the controls u, v.
Proof. Since F (s, x, ·, ·, u, v) has a linear growth in (y, z), uniformly in (u, v),

we get from Lemma 2.3 that, for some constant C independent of δ and the control
processes u, v,

|Y 2,u,v
s |2 ≤ Cδ, E

[∫ t+δ

s

|Z2,u,v
r |2dr|Fs

]
≤ Cδ, s ∈ [t, t + δ].
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On the other hand, from (4.7),

|Y 2,u,v
s | ≤ E

[∫ t+δ

s

|F (r, x, Y 2,u,v
r , Z2,u,v

r , ur, vr)|dr|Fs

]

≤ CE

[∫ t+δ

s

(1 + |x|2 + |Y 2,u,v
r | + |Z2,u,v

r |)dr|Fs

]

≤ Cδ + C
√
δ

(
E

[∫ t+δ

s

|Z2,u,v
r |2dr|Fs

]) 1
2

≤ Cδ, P-a.s., s ∈ [t, t + δ],

and, since

∫ t+δ

t

Z2,u,v
s dBs =

∫ t+δ

t

F (s, x, Y 2,u,v
s , Z2,u,v

s , us, vs)ds− Y 2,u,v
t ,

we can get E[
∫ t+δ

t
|Z2,u,v

s |2ds|Ft] ≤ Cδ2. Finally,

E

[∫ t+δ

t

|Y 2,u,v
s |ds|Ft

]
+ E

[∫ t+δ

t

|Z2,u,v
s |ds|Ft

]

≤ Cδ2 + δ
1
2

{
E

[∫ t+δ

t

|Z2,u,v
s |2ds|Ft

]} 1
2

≤ Cδ
3
2 .

The proof is complete.
Now we are able to give the proof of Theorem 4.2.
Proof. (1) Obviously, W (T, x) = Φ(x), x ∈ R

n. Let us show in a first step that
W is a viscosity supersolution. For this we suppose that ϕ ∈ C3

l,b([0, T ] × R
n) and

(t, x) ∈ [0, T )×R
n are such that W −ϕ attains its minimum at (t, x). Notice that we

can replace the condition of a local minimum by that of a global one in the definition
of the viscosity supersolution since W is continuous and of at most linear growth.
Without loss of generality we may also suppose that ϕ(t, x) = W (t, x). Then, due to
the DPP (see Theorem 3.6),

ϕ(t, x) = W (t, x) = essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

G
t,x;u,β(u)
t,t+δ [W (t + δ,X

t,x;u,β(u)
t+δ )],

0 ≤ δ ≤ T − t,

and from W ≥ ϕ and the monotonicity property of G
t,x;u,β(u)
t,t+δ [·] (see Lemma 2.2) we

obtain

essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

{Gt,x;u,β(u)
t,t+δ [ϕ(t + δ,X

t,x;u,β(u)
t+δ )] − ϕ(t, x)} ≤ 0, P-a.s.

Thus, from Lemma 4.3,

essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

Y
1,u,β(u)
t ≤ 0, P-a.s.,

and further, from Lemma 4.4 we have

essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

Y
2,u,β(u)
t ≤ Cδ

3
2 , P-a.s.
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Consequently, since essinfv∈Vt,t+δ
Y 2,u,v
t ≤ Y

2,u,β(u)
t , β ∈ Bt,t+δ, we get

esssupu∈Ut,t+δ
essinfv∈Vt,t+δ

Y 2,u,v
t ≤ essinfβ∈Bt,t+δ

esssupu∈Ut,t+δ
Y

2,u,β(u)
t ≤ Cδ

3
2 , P-a.s.,

and Lemma 4.5 implies

Y0(t) ≤ Cδ
3
2 , P-a.s.,

where Y0 is the unique solution of (4.10). It then follows easily that

sup
u∈U

inf
v∈V

F (t, x, 0, 0, u, v) = F0(t, x, 0, 0) ≤ 0,

and from the definition of F we see that W is a viscosity supersolution of (4.1).
(2) The second step is devoted to the proof that W is a viscosity subsolution.

For this we suppose that ϕ ∈ C3
l,b([0, T ] × R

n) and (t, x) ∈ [0, T ) × R
n are such that

W − ϕ attains its maximum at (t, x). Without loss of generality we suppose again
that ϕ(t, x) = W (t, x). We must prove that

sup
u∈U

inf
v∈V

F (t, x, 0, 0, u, v) = F0(t, x, 0, 0) ≥ 0.

Let us suppose that this is not true. Then there exists some θ > 0 such that

(4.16) F0(t, x, 0, 0) = sup
u∈U

inf
v∈V

F (t, x, 0, 0, u, v) ≤ −θ < 0,

and we can find a measurable function ψ : U → V such that

F (t, x, 0, 0, u, ψ(u)) ≤ −3

4
θ for all u ∈ U.

Moreover, since F (·, x, 0, 0, ·, ·) is uniformly continuous on [0, T ]×U ×V , there exists
some T − t ≥ R > 0 such that

(4.17) F (s, x, 0, 0, u, ψ(u)) ≤ −1

2
θ for all u ∈ Uand |s− t| ≤ R.

On the other hand, due to the DPP (see Theorem 3.6), for every δ ∈ (0, R],

ϕ(t, x) = W (t, x) = essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

G
t,x;u,β(u)
t,t+δ [W (t + δ,X

t,x;u,β(u)
t+δ )],

and from W ≤ ϕ and the monotonicity property of G
t,x;u,β(u)
t,t+δ [·] (see Lemma 2.2) we

obtain

essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

{Gt,x;u,β(u)
t,t+δ [ϕ(t + δ,X

t,x;u,β(u)
t+δ )] − ϕ(t, x)} ≥ 0, P-a.s.

Thus, from Lemma 4.3,

essinfβ∈Bt,t+δ
esssupu∈Ut,t+δ

Y
1,u,β(u)
t ≥ 0, P-a.s.,

and, in particular,

esssupu∈Ut,t+δ
Y

1,u,ψ(u)
t ≥ 0, P-a.s.
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Here, by putting ψs(u)(ω) = ψ(us(ω)), (s, ω) ∈ [t, T ]×Ω, we identify ψ as an element

of Bt,t+δ. Given an arbitrarily ε > 0 we can choose uε ∈ Ut,t+δ such that Y
1,uε,ψ(uε)
t ≥

−εδ. From Lemma 4.4 we further have

(4.18) Y
2,uε,ψ(uε)
t ≥ −Cδ

3
2 − εδ, P-a.s.

Taking into account that

Y
2,uε,ψ(uε)
t = E

[∫ t+δ

t

F (s, x, Y 2,uε,ψ(uε)
s , Z2,uε,ψ(uε)

s , uε
s, ψs(u

ε
. ))ds|Ft

]

we get from the Lipschitz property of F in (y, z), (4.17), and Lemma 4.6 that

(4.19)

Y
2,uε,ψ(uε)
t ≤ E[

∫ t+δ

t

(C|Y 2,uε,ψ(uε)
s | + C|Z2,uε,ψ(uε)

s | + F (s, x, 0, 0, uε
s, ψs(u

ε
. )))ds|Ft]

≤ Cδ
3
2 − 1

2
θδ, P-a.s.

From (4.18) and (4.19), −Cδ
1
2 − ε ≤ Cδ

1
2 − 1

2θ, P-a.s. Letting δ ↓ 0, and then ε ↓ 0,
we deduce that θ ≤ 0, which induces a contradiction. Therefore,

F0(t, x, 0, 0) = sup
u∈U

inf
v∈V

F (t, x, 0, 0, u, v) ≥ 0,

and from the definition of F , we know that W is a viscosity subsolution of (4.1).
Finally, the results from the first and the second steps prove that W is a viscosity
solution of (4.1).

Remark 4.3. Similarly, we can prove that U is a viscosity solution of (4.2).

5. Viscosity solution of Isaacs’ equation: Uniqueness theorem. The ob-
jective of this section is to study the uniqueness of the viscosity solution of Isaacs’
equation (4.1):

(5.1)

{
∂
∂tω(t, x) + H−(t, x, ω,Dω,D2ω) = 0, (t, x) ∈ [0, T ) × R

n,
ω(T, x) = Φ(x), x ∈ R

n.

Recall that

H−(t, x, y, p,X) = sup
u∈U

inf
v∈V

{
1

2
tr(σσT (t, x, u, v)X) + p.b(t, x, u, v) + f(t, x, y, p.σ, u, v)

}
,

t ∈ [0, T ], x ∈ R
n, y ∈ R, p ∈ R

n, and X ∈ Sn. The functions b, σ, f, and Φ are still
supposed to satisfy (H3.1) and (H3.2), respectively.

We will prove the uniqueness for (5.1) in the following space of continuous func-
tions:

Θ = {ϕ ∈ C([0, T ]×R
n) : ∃ Ã > 0 such that lim

|x|→∞
ϕ(t, x) exp{−Ã[log((|x|2+1)

1
2 )]2} = 0,

uniformly in t ∈ [0, T ]}.
This space of continuous functions is endowed with a growth condition which is slightly
weaker than the assumption of polynomial growth but more restrictive than that of
exponential growth. This growth condition was introduced by Barles, Buckdahn, and
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Pardoux [3] to prove the uniqueness of the viscosity solution of an integro-partial
differential equation associated with a decoupled FBSDE with jumps. It was shown
in [3] that this kind of growth condition is optimal for the uniqueness and can, in
general, not be weakened. We adapt the ideas developed in [3] to Isaacs’ equation
(5.1) to prove the uniqueness of the viscosity solution in Θ. Since the proof of the
uniqueness in Θ for (4.2) is the same, we will restrict ourselves to only that of (5.1).
Before stating the main result of this section, let us begin with two auxiliary lemmas.
Denoting by K a Lipschitz constant of f(t, x, ·, ·, ·, ·), that is, uniformly in (t, x), we
have the following.

Lemma 5.1. Let u1 ∈ Θ be a viscosity subsolution and u2 ∈ Θ be a viscosity
supersolution of (5.1). Then the function ω := u1 − u2 is a viscosity subsolution of
the equation

(5.2)

⎧⎨
⎩

∂
∂tω(t, x) + supu∈U,v∈V { 1

2 tr(σσT (t, x, u, v)D2ω) + Dω.b(t, x, u, v) + K|ω|
+ K|Dω.σ(t, x, u, v)|} = 0, (t, x) ∈ [0, T ) × R

n,
ω(T, x) = 0, x ∈ R

n.

The proof of this lemma follows directly that of Lemma 3.7 in [3], and it is even
simpler because, contrary to Lemma 3.7 in [3], we do not have any integral part here
in (5.1). In analogy to [3] we also have the following.

Lemma 5.2. For any Ã > 0, there exists C1 > 0 such that the function

χ(t, x) = exp[(C1(T − t) + Ã)ψ(x)],

with

ψ(x) = [log((|x|2 + 1)
1
2 ) + 1]2, x ∈ R

n,

satisfies

(5.3)

∂

∂t
χ(t, x) + sup

u∈U,v∈V

{
1

2
tr(σσT (t, x, u, v)D2χ) + Dχ.b(t, x, u, v) + Kχ(t, x)

+K|Dχ(t, x).σ(t, x, u, v)|
}

< 0 in [t1, T ] × R
n, where t1 = T − Ã

C1
.

Proof. By direct calculus we first deduce the following estimates for the first and
second derivatives of ψ:

|Dψ(x)| ≤ 2[ψ(x)]
1
2

(|x|2 + 1)
1
2

≤ 4, |D2ψ(x)| ≤ C(1 + [ψ(x)]
1
2 )

|x|2 + 1
, x ∈ R

n.

These estimates imply that, if t ∈ [t1, T ],

|Dχ(t, x)| ≤ (C1(T − t) + Ã)χ(t, x)|Dψ(x)|

≤ Cχ(t, x)
[ψ(x)]

1
2

(|x|2 + 1)
1
2

,

and, similarly,

|D2χ(t, x)| ≤ Cχ(t, x)
ψ(x)

|x|2 + 1
.
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We should notice that the above estimates do not depend on C1 because of the
definition of t1. By virtue with the above estimates we have

∂

∂t
χ(t, x) + sup

u∈U,v∈V

{
1

2
tr(σσT (t, x, u, v)D2χ) + Dχ.b(t, x, u, v) + Kχ(t, x)

+ K|Dχ(t, x).σ(t, x, u, v)|
}

≤ −χ(t, x){C1ψ(x) − Cψ(x) − C[ψ(x)]
1
2 −K}

< −χ(t, x){C1 − [2C + K]}ψ(x) < 0, if C1 > 2C + K large enough.

Now we can prove the uniqueness theorem.

Theorem 5.3. We assume that (H3.1) and (H3.2) hold. Let u1 (resp., u2) ∈ Θ
be a viscosity subsolution (resp., supersolution) of (5.1). Then we have

(5.4) u1(t, x) ≤ u2(t, x) for all (t, x) ∈ [0, T ] × R
n.

Proof. Let us put ω := u1 − u2. Then we have, for some Ã > 0,

lim
|x|→∞

ω(t, x)e−Ã[log((|x|2+1)
1
2 )]2 = 0,

uniformly with respect to t ∈ [0, T ]. This implies, in particular, that, for any α > 0,
ω(t, x) − αχ(t, x) is bounded from above in [t1, T ] × R

n and that

M := max
[t1,T ]×Rn

(ω − αχ)(t, x)e−K(T−t)

is achieved at some point (t0, x0) ∈ [t1, T ] × R
n (depending on α). We now have to

distinguish between two cases.

For the first case we suppose that: ω(t0, x0) ≤ 0, for any α > 0.

Then, obviously M ≤ 0 and u1(t, x) − u2(t, x) ≤ αχ(t, x) in [t1, T ] × R
n. Conse-

quently, letting α tend to zero we obtain

u1(t, x) ≤ u2(t, x) for all (t, x) ∈ [t1, T ] × R
n.

For the second case we assume that there exists some α > 0 such that ω(t0, x0) >
0.

We notice that ω(t, x)−αχ(t, x) ≤ (ω(t0, x0)−αχ(t0, x0))e
−K(t−t0) in [t1, T ]×R

n.
Then, putting

ϕ(t, x) = αχ(t, x) + (ω − αχ)(t0, x0)e
−K(t−t0)

we get ω−ϕ ≤ 0 = (ω−ϕ)(t0, x0) in [t1, T ]×R
n. Consequently, since ω is a viscosity

subsolution of (5.2), from Lemma 5.1 we have

∂

∂t
ϕ(t0, x0) + sup

u∈U,v∈V

{
1

2
tr(σσT (t0, x0, u, v)D

2ϕ(t0, x0)) + Dϕ(t0, x0).b(t0, x0, u, v)

+ K|ϕ(t0, x0)| + K|Dϕ(t0, x0).σ(t0, x0, u, v)|
}

≥ 0.
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Moreover, due to our assumption that ω(t0, x0) > 0 and since ω(t0, x0) = ϕ(t0, x0), we
can replace K|ϕ(t0, x0)| by Kϕ(t0, x0) in the above formula. Then, from the definition
of ϕ and Lemma 5.2,

0 ≤ α

{
∂χ

∂t
(t0, x0) + sup

u∈U,v∈V

{
1

2
tr(σσT (t0, x0, u, v)D

2χ(t0, x0))+ Dχ(t0, x0).b(t0, x0, u, v)

+ Kχ(t0, x0) + K|Dχ(t0, x0).σ(t0, x0, u, v)|
}}

< 0,

which is a contradiction. Finally, by applying successively the same argument on

the interval [t2, t1], with t2 = (t1 − Ã
C1

)+, and then, if t2 > 0, on [t3, t2], with t3 =

(t2 − Ã
C1

)+, etc., we get

u1(t, x) ≤ u2(t, x), (t, x) ∈ [0, T ] × R
n.

Thus, the proof is complete.
Remark 5.1. Obviously, since the lower value function W (t, x) is of at most linear

growth, it belongs to Θ, and so W (t, x) is the unique viscosity solution in Θ of (5.1).
Similarly we get that the upper value function U(t, x) is the unique viscosity solution
in Θ of (4.2). On the other hand, since H− ≤ H+, any viscosity solution of (4.2) is a
supersolution of (5.1). Then, again from Theorem 5.3, it follows that W ≤ U . This
justifies calling W the lower value function and U the upper value function.

Remark 5.2. If the Isaacs’ condition holds, that is, if for all (t, x, y, p,X) ∈
[0, T ] × R

n × R × R
n × Sn

H−(t, x, y, p,X) = H+(t, x, y, p,X),

then (5.1) and (4.2) coincide, and from the uniqueness in Θ of viscosity solution it
follows that the lower value function W (t, x) equals the upper value function U(t, x)
which means that the associated stochastic differential game has a value.

Remark 5.3. Let us assume that the coefficient of BSDE (3.5) f(t, x, y, z, u, v) ≡
f(t, x, u, v) is independent of (y, z) and denote by W̃ (t, x) (resp., Ũ(t, x)) the lower
value function (resp., the upper value function) defined by Fleming and Sougani-
dis [14]; see Remark 3.4. It is shown in [14] that W̃ (t, x) is a viscosity solution in
Θ of (5.1) and Ũ(t, x) a viscosity solution in Θ of (4.2). Then, due to Theorem 5.3,
W (t, x) = W̃ (t, x) and U(t, x) = Ũ(t, x), (t, x) ∈ [0, T ] × R

n. Moreover, if the Isaacs’
condition holds, then W (t, x) = W̃ (t, x) = Ũ(t, x) = U(t, x).

Appendix A. Forward-backward SDEs (FBSDEs).
In this section we give an overview over basic results which are necessary for

us on BSDEs associated with forward SDEs. We consider measurable functions b :
[0, T ]×Ω×R

n → R
n and σ : [0, T ]×Ω×R

n → R
n×d, which are supposed to satisfy

the following conditions:
(H6.1)
(i) b(·, 0) and σ(·, 0) are Ft-adapted processes, and there exists some con-

stant C > 0 such that |b(t, x)| + |σ(t, x)| ≤ C(1 + |x|), a.s., for all
0 ≤ t ≤ T, x ∈ R

n;
(ii) b and σ are Lipschitz in x; i.e., there is some constant C > 0 such that

|b(t, x) − b(t, x′)| + |σ(t, x) − σ(t, x′)| ≤ C|x− x′|, a.s.,

for all 0 ≤ t ≤ T, x, x′ ∈ R
n.
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We now consider the following SDE parameterized by the initial condition (t, ζ) ∈
[0, T ] × L2(Ω,Ft, P ; Rn):

(A.1)

{
dXt,ζ

s = b(s,Xt,ζ
s )ds + σ(s,Xt,ζ

s )dBs, s ∈ [t, T ],

Xt,ζ
t = ζ.

Under the assumption (H6.1), SDE (A.1) has a unique strong solution, and, for any
p ≥ 2, there exists Cp ∈ R such that, for any t ∈ [0, T ] and ζ, ζ ′ ∈ Lp(Ω,Ft, P ; Rn),

E

[
sup

t≤s≤T
|Xt,ζ

s −Xt,ζ′

s |p|Ft

]
≤ Cp|ζ − ζ ′|p, a.s.,(A.2)

E

[
sup

t≤s≤T
|Xt,ζ

s |p|Ft

]
≤ Cp(1 + |ζ|p), a.s.

These well-known standard estimates can be consulted, for instance, in Ikeda and
Watanabe [18, pp. 166–168] and also in Karatzas and Shreve [19, pp. 289–290].

We emphasize that the constant Cp in (A.2) depends only on the Lipschitz and the
growth constants of b and σ. Let now be given two real-valued functions f(t, x, y, z)
and Φ(x) which shall satisfy the following conditions:

(H6.2)
(i) Φ : Ω × R

n → R is an FT ⊗ B(Rn)-measurable random variable and
f : [0, T ] × Ω × R

n × R × R
d → R is a measurable process such that

f(·, x, y, z) is Ft-adapted, for all (x, y, z) ∈ R
n × R × R

d;
(ii) There exists a constant C > 0 such that |f(t, x, y, z) − f(t, x′, y′, z′)| +

|Φ(x) − Φ(x′)| ≤ C(|x− x′| + |y − y′| + |z − z′|), a.s.,
for all 0 ≤ t ≤ T, x, x′ ∈ R

n, y, y′ ∈ R and z, z′ ∈ R
d;

(iii) f and Φ satisfy a linear growth condition; i.e., there exists some C > 0
such that, dt × dP-a.e., for all x ∈ R

n,
|f(t, x, 0, 0)| + |Φ(x)| ≤ C(1 + |x|).

With the help of the above assumptions we can verify that the coefficient f(s,Xt,ζ
s , y, z)

satisfies the hypotheses (A.1) and (A.2) and ξ = Φ(Xt,ζ
T ) ∈ L2(Ω,FT , P ; R). There-

fore, the following BSDE possesses a unique solution:

(A.3)

{
−dY t,ζ

s = f(s,Xt,ζ
s , Y t,ζ

s , Zt,ζ
s )ds− Zt,ζ

s dBs, s ∈ [t, T ],

Y t,ζ
T = Φ(Xt,ζ

T ).

Proposition A.1. We suppose that the hypotheses (H6.1) and (H6.2) hold.
Then, for any 0 ≤ t ≤ T and the associated initial conditions ζ, ζ ′ ∈ L2(Ω,Ft, P ; Rn),
we have the following estimates:

(i) E

[
sup

t≤s≤T
|Y t,ζ

s |2 +

∫ T

t

|Zt,ζ
s |2ds|Ft

]
≤ C(1 + |ζ|2), a.s.;

(ii) E

[
sup

t≤s≤T
|Y t,ζ

s − Y t,ζ′

s |2 +

∫ T

t

|Zt,ζ
s − Zt,ζ′

s |2ds|Ft

]
≤ C|ζ − ζ ′|2, a.s.

In particular,

(A.4) (iii) |Y t,ζ
t | ≤ C(1 + |ζ|), a.s.; (iv) |Y t,ζ

t − Y t,ζ′

t | ≤ C|ζ − ζ ′|, a.s.,

where the constant C > 0 depends only on the Lipschitz and the growth constants of
b, σ, f , and Φ.
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For the proof the reader is referred to Proposition 4.1 of Peng [26]; a similar result
can be found in El Karoui, Peng, and Quenez [12, Proposition 4.1].

Let us now introduce the random field:

(A.5) u(t, x) = Y t,x
s |s=t, (t, x) ∈ [0, T ] × R

n,

where Y t,x is the solution of BSDE (A.3) with x ∈ R
n at the place of ζ ∈ L2(Ω,Ft, P ; Rn).

As a consequence of Proposition A.1 we have that, for all t ∈ [0, T ], P -a.s.,

(A.6)
(i) |u(t, x) − u(t, y)| ≤ C|x− y| for all x, y ∈ R

n;
(ii) |u(t, x)| ≤ C(1 + |x|) for all x ∈ R

n.

Remark A.1. In the general situation u is an adapted random function; that is,
for any x ∈ R

n, u(·, x) is an Ft-adapted real-valued process. Indeed, recall that b, σ,
and f all are F-adapted random functions while Φ is FT -measurable. On the other
hand, it is well known that, under the additional assumption that the functions

(H6.3) b, σ, f, and Φ are deterministic,

u is also a deterministic function of (t, x).
The random field u and Y t,ζ , (t, ζ) ∈ [0, T ]×L2(Ω,Ft, P ; Rn), are related by the

following theorem.
Theorem A.2. Under the assumptions (H6.1) and (H6.2), for any t ∈ [0, T ] and

ζ ∈ L2(Ω,Ft, P ; Rn), we have

(A.7) u(t, ζ) = Y t,ζ
t , P-a.s.

The proof of Theorem A.2 can be found in Peng [26]; we give it for the reader’s
convenience. It makes use of the following definition.

Definition A.3. For any t ∈ [0, T ], a sequence {Ai}Ni=1 ⊂ Ft (with 1 ≤ N ≤ ∞)
is called a partition of (Ω,Ft) if ∪N

i=1Ai = Ω and Ai ∩Aj = φ, whenever i �= j.
Proof of Theorem A.2. We first consider the case where ζ is a simple random

variable of the form

(A.8) ζ =

N∑
i=1

xi1Ai ,

where{Ai}Ni=1 is a finite partition of (Ω,Ft) and xi ∈ R
n, for 1 ≤ i ≤ N.

For each i, we put (Xi
s, Y

i
s , Z

i
s) ≡ (Xt,xi

s , Y t,xi
s , Zt,xi

s ). Then Xi is the solution of
the SDE

Xi
s = xi +

∫ s

t

b(r,Xi
r)dr +

∫ s

t

σ(r,Xi
r)dBr, s ∈ [t, T ],

and (Y i, Zi) is the solution of the associated BSDE

Y i
s = Φ(Xi

T ) +

∫ T

s

f(r,Xi
r, Y

i
r , Z

i
r)dr −

∫ T

s

Zi
rdBr, s ∈ [t, T ].

The above two equations are multiplied by 1Ai and summed up with respect to i.
Thus, taking into account that

∑
i ϕ(xi)1Ai = ϕ(

∑
i xi1Ai), we get

N∑
i=1

1AiX
i
s =

N∑
i=1

xi1Ai +

∫ s

t

b

(
r,

N∑
i=1

1AiX
i
r

)
dr +

∫ s

t

σ

(
r,

N∑
i=1

1AiX
i
r

)
dBr
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and

N∑
i=1

1AiY
i
s = Φ

(
N∑
i=1

1AiX
i
T

)
+

∫ T

s

f

(
r,

N∑
i=1

1AiX
i
r,

N∑
i=1

1AiY
i
r ,

N∑
i=1

1AiZ
i
r

)
dr

−
∫ T

s

N∑
i=1

1Ai
Zi
rdBr.

Then the strong uniqueness property of the solution of the SDE and the BSDE yields

Xt,ζ
s =

N∑
i=1

Xi
s1Ai , (Y t,ζ

s , Zt,ζ
s ) =

(
N∑
i=1

1AiY
i
s ,

N∑
i=1

1AiZ
i
s

)
, s ∈ [t, T ].

Finally, from u(t, xi) = Y i
t , 1 ≤ i ≤ N , we deduce that

Y t,ζ
t =

N∑
i=1

Y i
t 1Ai

=

N∑
i=1

u(t, xi)1Ai
= u

(
t,

N∑
i=1

xi1Ai

)
= u(t, ζ).

Therefore, for simple random variables, we have the desired result.
Given a general ζ ∈ L2(Ω,Ft, P ; Rn) we can choose a sequence of simple ran-

dom variables {ζi} which converges to ζ in L2(Ω,Ft, P ; Rn). Consequently, from the
estimates (A.4) and (A.6) and the first step of the proof, we have

E|Y t,ζi
t − Y t,ζ

t |2 ≤ CE|ζi − ζ|2 → 0, i → ∞,
E|u(t, ζi) − u(t, ζ)|2 ≤ CE|ζi − ζ|2 → 0, i → ∞,

and Y t,ζi
t = u(t, ζi), i ≥ 1.

Then the proof is complete.
Remark A.2. Under (H6.1), (H6.2), and (H6.3) we know u(t, x) is 1

2 -Hölder
continuous in t: There exists a constant C such that, for every x ∈ R

n, t, t′ ∈ [0, T ],

|u(t, x) − u(t′, x)| ≤ C(1 + |x|)|t− t′| 12 .

This inequality can be proved with the help of Theorem A.2. Since, on the other
hand, a similar result but in a more general setting is proved (see Theorem 3.10), we
do not give the proof here.

Although it is not used in our paper, let us also mention that, in the case of
random coefficients b, σ, f , and Φ the following holds true.

Remark A.3. Let us suppose in addition to the assumptions (H6.1) and (H6.2)
that σ(ω, t, ·) and b(ω, t, ·) are continuously differentiable with a Lipschitz derivative
such that, for some constant C,

|Dxσ(ω, t, x)| + |Dxb(ω, t, x)| ≤ C, dtdP -a.e., for all x ∈ R
n;

Dxσ(ω, t, ·), Dxb(ω, t, ·) are Lipschitz, uniformly in (ω, t).

Then the random field u(ω, t, x) : Ω×[0, T ]×R
n → R possesses a continuous version.

The proof of the above property uses a standard argument for BSDEs based on

the fact that u(s, x) can be written as Y
t,X

t,x
s

s for 0 < s − t small enough, where

X
t,x

s denotes the local inversion of the stochastic flow generated by (A.1): X
t,x

s =
(Xt,.

s )−1(x).
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FINITE HORIZON ROBUST STATE ESTIMATION FOR
UNCERTAIN FINITE-ALPHABET HIDDEN MARKOV MODELS
WITH CONDITIONAL RELATIVE ENTROPY CONSTRAINTS∗

LI XIE† , VALERY A. UGRINOVSKII‡ , AND IAN R. PETERSEN‡

Abstract. We consider a robust state estimation problem for time-varying uncertain discrete-
time, homogeneous, first-order, finite-state finite-alphabet hidden Markov models (HMMs). A class
of time-varying uncertain HMMs is considered in which the uncertainty is sequentially described by
a conditional relative entropy constraint on perturbed conditional probability measures given a re-
alized observation sequence. For this class of uncertain HMMs, the robust state estimation problem
is formulated as a constrained optimization problem. Using a Lagrange multiplier technique and a
variational formula for conditional relative entropy, the above problem is converted into an uncon-
strained optimization problem and a problem related to partial information risk-sensitive filtering.
A measure transformation technique and an information state method are employed to solve this
equivalent problem related to risk-sensitive filtering. A characterization of the solution to the robust
state estimation problem is also presented.

Key words. finite-alphabet hidden Markov models, robust state estimation, conditional relative
entropy constraints, finite horizon
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1. Introduction. First state estimation algorithms for hidden Markov models
(HMMs) are traditionally associated with problems of speech processing [15], and over
the years many variations of the HMM state estimation problem were considered in
the literature; we refer the reader to the comprehensive survey [9]. In loose terms, the
problem is to estimate the state of a Markov process based on the observed data, and
the optimization under various criteria is commonly regarded as one way to obtain
such an estimate. The most common optimality criteria are the minimum symbol
error probability criterion and minimum sequence error probability criterion. The first
criterion results in the maximum a posteriori (MAP) symbol decision rule. Estimation
of the state sequence using the second criterion results in a sequence estimate which
is obtained by using the celebrated Viterbi algorithm.

In the control literature, the paradigm of optimal HMM state estimation has re-
ceived much attention. For example, in [4, 8, 16] the HMM state estimation problem
was formulated as an optimization problem in which a state estimate was sought to
attain the minimum of a conditional mean square error cost or an exponential risk-
sensitive cost, given a realized observation sequence. To solve such a risk-sensitive
optimization problem, a probability measure transformation technique [8], an in-
formation state method, and dynamic programming were used [4, 16]. It was also
observed using simulations [4] that, when the risk-sensitive parameter is within a
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certain range, risk-sensitive filters exhibited useful robustness properties in an uncer-
tain noise environment. Other types of the HMM estimation problem considered in
the literature concern the estimation of states of discrete and continuous range par-
tially observed Markov processes subject to Gaussian or Poisson measurement noises;
e.g., see [5, 6, 12]. Another related line of research concerns applications to filtering
and control of hybrid stochastic systems whose dynamics are modulated by Markov
chains [26]. These problems, however, are substantially different from the one consid-
ered in this paper, both in the structure of the process being estimated and controlled
and the information about the statistics of the process and noise disturbances.

Recently, the notion of relative entropy has been introduced into the areas of ro-
bust control and estimation for stochastic uncertain systems to describe uncertainties
arising in stochastic control systems [1,14,19]. Petersen, James, and Dupuis [14] and
Ugrinovskii and Petersen [19] introduced a new description of stochastic uncertain
systems which uses the relative entropy between noise distributions to measure the
uncertainty in uncertain systems; see also more recent papers [24, 25]. As demon-
strated in these papers, the quantity of relative entropy allows one to quantify the
amount of uncertainty in the underlying stochastic system and also allows for this
quantitative information to be translated into a tractable robust control or robust
filter design. The robust state estimation problem for a class of uncertain HMMs con-
sidered in this paper is defined under similar uncertain information constraints. We
introduce a direct description for the uncertainty in HMMs which uses an a posteriori
probability distance between HMMs. Then we show that the corresponding robust
state estimation problem for the class of uncertain hidden Markov models under con-
sideration can be solved using a framework similar to the one developed in [14, 19]
since an HMM is essentially a probabilistic model. Techniques developed in [4,8] are
instrumental in this approach to robust state estimation.

For an HMM under consideration, we suppose that the true parameter set which
defines the true HMM probability distribution is unknown, but a margin on the
divergence from some design (reference) probability distribution is available. This
is a key difference of our problem formulation from the one considered in [4, 8, 16].
Based on the relationship between HMM parameter sets and Kolmogorov measures
of HMMs, this also means that the true Kolmogorov measure of the HMM under
consideration is unknown (see [17] for further details concerning the Kolmogorov
measure of a process and [23]). Instead, the estimation algorithm is constructed using
a different reference parameter set satisfying some conditions. In our approach to the
state estimation problem, since the observation sequence is available up to time step
k, the difference between the true and reference parameter sets can be characterized
using a posteriori probability distributions, and it is natural to compare the true and
reference HMMs using related conditional probability measures. From this viewpoint,
given an observation sequence, the true conditional probability measure related to the
true Kolmogorov measure can be viewed as a perturbation of the reference conditional
probability measure.

The relative entropy between conditional probability measures, or for short, the
conditional relative entropy, can be viewed as an a posteriori measure of discrepancy
between HMMs after a realized observation sequence is observed. In our robust state
estimation problem, we will use the conditional relative entropy between the perturbed
and reference conditional probability measures to define a constraint on the mismatch
between the two HMMs, given measurements up to time step k. As a result, the
uncertainty about the true conditional probability measure is sequentially described
in terms of a conditional relative entropy constraint. More specifically, we define



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

478 LI XIE, VALERY A. UGRINOVSKII, AND IAN R. PETERSEN

a feasible uncertainty set for our robust state estimation problem as follows. Let
y1,k � {y1, y2, . . . , yk} denote a realization of the observation process up to time step
k which has positive probability to occur under the reference probability measure.
For a given y1,k, the feasible set of probability measures consists of all conditional
probability measures given y1,k whose conditional relative entropy with respect to
the reference conditional probability measure satisfies a certain bound. The feasible
set is therefore determined by the reference probability measure and certain design
parameters. It is also a function of realizations of the observation process and a time
step. We seek worst-case optimal estimates, and the robust state estimation problem
under consideration is defined as a minimax optimization problem. In this problem
the infimum with respect to the state estimate is taken over the state space. Also, the
supremum with respect to conditional probability measures is taken over the feasible
set.

The state estimator presented in this paper is based on processing realized obser-
vation sequences generated by the HMM with its true parameter set. The estimation
error computed under the true conditional probability measure is guaranteed not to
exceed a certain error cost value for the estimator. The upper bound on the esti-
mation error is uniform, and it does not depend on the true probability distribution
of the HMM, provided that the true probability distribution satisfies the specified
conditional relative entropy constraint at each time step. This property indicates ro-
bustness of the estimator. In general, the robust state estimator which is presented
is a finite horizon state estimator. The only exception to this is in the special case
in which the only uncertainty is in the initial distribution. For this case, the robust
state estimator can be generalized to the infinite horizon case if the state transition
matrix satisfies an extra condition.

The organization of this paper is as follows. In section 2, we first introduce the no-
tion of observability of states. Then the class of uncertain HMMs under consideration
is defined and the conditional relative entropy uncertainty description is presented
based on a calculation of the relative entropy between HMMs. The robust state
estimation problem for this class of uncertain HMMs is introduced in section 3. Fur-
thermore, we define an unconstrained optimization problem related to the underlying
robust state estimation problem. This involves the use of a Lagrange multiplier. Us-
ing a variational formula for the conditional relative entropy, we show that the above
unconstrained optimization problem with a positive Lagrange multiplier is equivalent
to a problem related to partial information, risk-sensitive filtering. Furthermore, using
a Lagrange multiplier technique, we convert the underlying robust state estimation
problem into an unconstrained optimization problem which depends on a parame-
ter which is optimized over [0,∞). It is interesting to note that in this associated
risk-sensitive optimization problem, the Lagrange multiplier plays a role similar to
that of a risk-sensitivity parameter. However, the resulting risk-sensitive optimiza-
tion problem is different from the problem considered in [4], since in our case the
running cost of the problem is also dependent on the Lagrange multiplier. Also, our
solution method involves optimization over the Lagrange multiplier at each step of
the algorithm. In contrast in [4], the risk-sensitivity parameter is kept constant once
selected. In section 4, an information state method is used to compute the cost values
of the above unconstrained optimization problem with a positive Lagrange multiplier.
In section 5, a mathematical characterization of the solution to the robust state esti-
mation problem under consideration is presented. In section 6, an illustrative example
is given.

Throughout the paper, we use the standard conventions 0 log 0 = 0, 0 · ∞ = 0,
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0
0 = 1, and ∞± x = ∞, where |x| < ∞. We use upper case letters to denote random
variables and lower case letters to denote values, i.e., realizations, of random variables.

2. Finite-alphabet HMMs. Consider an HMM with the parameter set ζ =
(A,C, p). Here A = (aji) is the one-step state transition matrix, C = (cqi) is the
one-step state-observation transition matrix, and p = (pi) is the initial distribution
of the state process. Without loss of generality, we assume that the state space is
EX = {e1, . . . , eN}, where ei = (0, . . . , 1, . . . , 0)′ ∈ R

N with a 1 in the ith position and
N is the size of EX . Also, we assume that the observation space is EY = {f1, . . . , fM},
where fj = (0, . . . , 1, . . . , 0)′ ∈ R

M with a 1 in the jth position and M is the size of
EY ; see [8].

Let (Ω,B) be the canonical measurable space related to the HMM under consid-
eration. That is, Ω consists of all infinite sequences (x0, . . . , xk, . . . ; y1, . . . , yk, . . . ),
where x0, . . . , xk ∈ EX and y1, . . . , yk ∈ EY , and B is the smallest σ-algebra gen-
erated by cylinder sets with finite-dimensional measurable bases. Let a probability
measure P on (Ω,B) be defined by extending finite-dimensional probability distribu-
tion functions of the HMM with the parameter set ζ = (A,C, p) onto (Ω,B) using
Kolmogorov’s extension theorem; see [17, 18]. The probability measure P is called
the Kolmogorov measure of the HMM with the parameter set ζ. Obviously under
P, the pair of coordinate processes {Xk, Yk+1}k≥0 is an HMM and ζ is the param-
eter set of this HMM. The probability space (Ω,B,P) and the coordinate processes
{Xk, Yk+1}k≥0 are called the Kolmogorov model of the HMM with the parameter set ζ
and will be used to denote the HMM under consideration. The marginal distributions
of the coordinate processes of this HMM can be expressed by

P(X0 = x0, . . . , Xk = xk;Y1 = y1, . . . , Yk = yk) = axkxk−1
cykxk−1

. . . ax1x0
cy1x0

px0 ,

where axkxk−1
= P(Xk = xk|Xk−1 = xk−1), cykxk−1

= P(Yk = yk|Xk−1 = xk−1), and
px0 = P(X0 = x0).

Let Gk = σ(X0, . . . , Xk, Y1, . . . , Yk). The sub-σ-algebra Yk = σ{Y1, . . . , Yk} is
generated by a finite partition of Ω:

Yk = σ{{ω : Y1(ω) = y1, . . . , Yk(ω) = yk|y1 ∈ EY , . . . , yk ∈ EY }}.

In accordance with this partitioning, each observation path y1,k corresponds to an
event {ω : Y1(ω) = y1, . . . , Yk(ω) = yk}. In what follows we will be concerned
with observation sequences and corresponding events of Yk which occur with positive
probability under P. Such sequences will be referred to as feasible sequences.

Let Pk and PYk
denote the restrictions of P to Gk and Yk, respectively.

2.1. The observability of states. We now introduce the notion of observability
of states for HMMs under consideration.

Definition 2.1. Under the probability measure P, consider an HMM with EX

and EY as its state and observation spaces. We say a state xk ∈ EX at time step k is
observable in the sense of probability if for any feasible observation path y1,k, we have
P(Xk = xk;Y1 = y1, . . . , Yk = yk) > 0. We also say that the HMM is observable at
time step k under the probability measure P if each of its states is observable at time
step k under P.

Next, we make an assumption about the observability of the HMMs.
Assumption 2.1. Under the probability measure P, the HMM with the parameter

set ζ is observable at any time step k > 0.
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Assumption 2.1 is a technical assumption which will be used later in the paper to
guarantee that the supremum of a certain unconstrained optimization problem with
zero Lagrange multiplier can be attained and a function related to an unconstrained
optimization problem is strictly convex almost surely. We next state a necessary and
sufficient condition in terms of ξ = (A,C, p) under which any state is observable at
any time step k > 0.

Lemma 2.1. An HMM is observable at any time step k > 0 if and only if the
following conditions are satisfied:

1. For any z ∈ EX and for any y ∈ EY satisfying Dy = {x : cyxpx > 0} �= ∅,
there exists an x ∈ Dy such that azx > 0. Here x is dependent on y, z.

2. Let D̄ = {y : cyx = 0∀x ∈ EX}. For any y ∈ EY − D̄ and z ∈ EX , there
exists an x ∈ EX such that azxcyx > 0. Here x is dependent on y, z.

The proof of this lemma as well as proofs of other auxiliary lemmas used in what
follows are given in the appendices. Since the sets {ω : Y1(ω) = y1, . . . , Yk(ω) =
yk|y1 ∈ EY , . . . , yk ∈ EY } form a finite partition of the sample space Ω (that is,
Ω = ∪y1∈EY ,...,yk∈EY

{ω : Y1(ω) = y1, . . . , Yk(ω) = yk}), then there exists at least one
feasible observation path (y1, . . . , yk). It is obvious that the observability of a state
xk at time step k > 0 implies that P(Xk = xk) > 0. This can be seen from

P (Xk = xk) =
∑

y1∈EY

· · ·
∑

yk∈EY

P (Xk = xk;Y1 = y1, . . . , Yk = yk).

This fact will be used in the proof of Theorem 3.1. From now on we suppose Assump-
tion 2.1 holds.

2.2. Conditional relative entropy constraints. Consider another HMM with
ζ̄ = (Ā, C̄, p̄) as its parameter set. We say that ζ̄ is absolutely continuous with respect
to ζ and denote this fact by ζ̄ � ζ, provided that all of the following implications
hold: āji = 0 if aji = 0, c̄qi = 0 if cqi = 0, and p̄i = 0 if pi = 0. Let P be the
Kolmogorov measure of the HMM with the parameter set ζ̄. Also, let Pk and PYk

be the restrictions of P to Gk and Yk, respectively.
In the robust state estimation problem considered in this paper the parameter

sets ζ and ζ̄ will be regarded as the reference or nominal parameter set and the true
(or perturbed) parameter set, respectively. This section introduces a bound on the
discrepancy between these parameter sets and corresponding HMMs, given a real-
ized feasible k step long observation sequence y1,k. Note that since the conditional
probability measures P(·|y1,k) and P(·|y1,k) are probability measures on Gk, the rel-
ative entropy between these probability measures, or conditional relative entropy,
R(Pk(·|y1,k)‖Pk(·|y1,k)) can be considered. The conditional relative entropy between
two arbitrary conditional probability measures P(·|y1,k) and P(·|y1,k) is defined by

R(Pk(·|y1,k)‖Pk(·|y1,k))

�

⎧⎪⎨
⎪⎩

EPk(·|y1,k)[log
dPk(·|y1,k)
dPk(·|y1,k)

] if Pk(·|y1,k) � Pk(·|y1,k);

+∞ otherwise,

(2.1)

where
dPk(·|y1,k)
dPk(·|y1,k) is the Radon–Nikodym derivative of Pk(·|y1,k) with respect to

Pk(·|y1,k).
The conditional relative entropy describes the discrepancy between the two HMMs

with the parameter sets ζ̄ and ζ after a path of measurement process is realized.
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Hence the conditional relative entropy R(Pk(·|y1,k)‖Pk(·|y1,k)) can be used as an a
posteriori probability distance to describe the amount of uncertainty contained in the
true (pertubed) HMM with the parameter set ζ̄ relative to the nominal HMM with
the parameter set ζ. Using this a posteriori probability distance, given y1,k, we define
a set of conditional probability measures for the robust state estimation problem to
be considered in the next section as follows:

P(Ω,Gk,Pk|y1,k) � {Pk(·|y1,k) : Pk(y1,k) > 0,R(Pk(·|y1,k)‖Pk(·|y1,k)) < ∞}.(2.2)

In (2.2), Pk is an arbitrary probability measure defined on (Ω,Gk) and satisfying the
condition Pk(y1,k) > 0. Note that since Gk is generated by a finite partition of Ω,
the condition R(Pk(·|y1,k)‖Pk(·|y1,k)) < ∞ in (2.2) is equivalent to Pk(·|y1,k) �
Pk(·|y1,k).

In general, the set (2.2) is larger than the set of Kolmogorov measures correspond-
ing to HMM parameter sets ζ̄ such that ζ̄ � ζ. If there exists a probability measure
P on (Ω,B) whose restriction on Gk is Pk, then under P, the pair of the coordinate
processes {Xk, Yk+1}k≥0 may not be an HMM.

It was shown in Lemma 2.2 of [21] that for the two HMMs under consideration,
if ζ̄ � ζ, then the relative entropy between the corresponding regular conditional
probability measures Pk(·|Yk)(ω) and Pk(·|Yk)(ω) (or “regular conditional relative
entropy”) satisfies the following inequality:

EPk [R(Pk(·|Yk)‖Pk(·|Yk))] ≤ d̄0 +

k∑
l=1

N∑
r=1

d̄rE
Pk [〈Xl−1, er〉].(2.3)

In (2.3), EPk [·] denotes the expectation with respect to Pk, d̄r =
∑N

s=1 āsr log āsr
asr +∑M

q=1 c̄qr log
c̄qr
cqr , and d̄0 =

∑N
r=1 p̄r log p̄r

pr
. The notation 〈Xl−1, er〉 denotes the inner

product satisfying 〈Xl−1, er〉 = 0 if Xl−1 �= er, otherwise 1, where er ∈ EX . For a
feasible observation path y1,k, R(Pk(·|Yk)‖Pk(·|Yk))(ω) = R(Pk(·|y1,k)‖Pk(·|y1,k)).
Inequality (2.3) provides a useful insight into how a conditional relative entropy con-
straint is to be defined to describe sequentially the mismatch between a perturbed
conditional probability measure and the reference conditional probability measure
given y1,k. We now give a formal definition.

Definition 2.2. Let d > 0, dr ≥ 0, r = 1, . . . , N , be given constants. These
constants will be the design parameters in our robust state estimator design. Given
a feasible sequence y1,k, the conditional relative entropy of the conditional probability
measure Pk(·|y1,k) ∈ P(Ω,Gk,Pk|y1,k) with respect to Pk(·|y1,k) defines an admissible
(perturbed) conditional probability measure if

R(Pk(·|y1,k)‖Pk(·|y1,k)) ≤ d +

k∑
l=1

N∑
r=1

drE
Pk [〈Xl−1, er〉|y1,k].(2.4)

That is, given y1,k, if Pk(·|y1,k) satisfies inequality (2.4), then Pk(·|y1,k) is called an
admissible conditional probability measure for this y1,k.

A set of admissible conditional probability measures Pk(·|y1,k) for the robust
state estimation problem, which will be defined in the next section, consists of all
conditional probability measures Pk(·|y1,k) satisfying the above definition:

Ξk(y1,k) � {Pk(·|y1,k) : Pk(y1,k) > 0,Pk(·|y1,k) satisfies (2.4)}.(2.5)
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Obviously, it follows from (2.2) and (2.5) that Ξk(y1,k) ⊂ P(Ω,Gk,Pk|y1,k).
Inequality (2.4) is called the conditional relative entropy constraint for a feasible

observation path y1,k. The conditional relative entropy constraint (2.4) is introduced
based on the insights gained from our study on probability distance problems for the
HMMs (see [22, 23]), though inequality (2.3) does not imply that (2.4) holds for all
feasible observation sequences. From Definition 2.2, a conditional probability measure
may be admissible for a feasible observation path, but it may be inadmissible for
another feasible observation path. In other words, the set consisting of all admissible
conditional probability measures is a function of feasible observation sequences.

Observing inequality (2.4), the right-hand side describes a bound on the con-
ditional relative entropy at time step k. This bound represents a weighted sum of
the occupation probability estimates of the states er given the measurements up to
time step k with respect to Pk(·|y1,k). The more often the state er occurs, the more
discrepancy is allowed by the state er. The parameters dr weight the contribution
of each state into the bound. Condition (2.4) defines a constraint on the perturbed
conditional probability measure in terms of the conditional relative entropy. Note
that (2.4) defines a time-varying constraint. The reason for considering time-varying
constraints is that the conditional relative entropy between HMMs may increase as
the time step increases; see Theorem 3.2 in [22].

Remark 2.1. As a special case of the conditional relative entropy constraint
defined by (2.4), the conditional relative entropy constraint (2.4) with zero dr for
r = 1, . . . , N describes the uncertainty in the initial distribution of the perturbed
HMM only. Indeed, in this special case the conditional relative entropy between
an admissible perturbed measure Pk(·|y1,k) and the reference measure Pk(·|y1,k) is
bounded uniformly in k. Since the conditional relative entropy generally increases
with time, this can be only when the uncertainty does not affect the state-to-state
and state-to-measurement transition probability matrices A and C.

3. A robust state estimation problem. In this section, we will present our
main results. Consider an HMM on the canonical measurable space (Ω,B). We do not
know the exact parameter set of this HMM. Instead, we choose the reference parameter
set ζ = (A,C, p) as its parameter set. Then under the reference Kolmogorov measure
P, the pair of the coordinate processes {Xk, Yk+1}k≥0 is an HMM with ζ = (A,C, p)
as its parameter set.

Let Ψk(x, ξ) = (x − ξ)′Qk(x − ξ), where x and ξ take values in the state space
EX , and Qk is a positive definite matrix. The sequence Qk is assumed to be bounded
in k. Let Ξk(y1,k) be defined by (2.5). Given a feasible observation sequence y1,k, we

address the following robust state estimation problem: Find an estimate X̂k of the
HMM state process Xk which can be computed in a recursive fashion, where X̂k takes
values in EX and is a function of y1,k (and hence X̂k is a Yk-measurable estimate of

Xk). This estimate is required to be such that given y1,k, the estimate X̂k solves the
following minimax problem subject to the constraint (2.4):

(3.1) X̂k = arg inf
ξ∈EX

sup
Pk(·|y1,k)∈Ξk(y1,k)

EPk [Ψk(Xk, ξ)|y1,k].

The optimization problem (3.1) is a constrained optimization problem in which the
maximizer Pk(·|y1,k) is constrained to take values from the set Ξk(y1,k). As in [14],
a Lagrange multiplier technique will be used to convert the constrained optimization
problem (3.1) into an unconstrained optimization problem. This conversion will be
considered in section 3.2. In the next subsection, we introduce such an unconstrained
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optimization problem and present some properties of a cost functional related to this
problem.

3.1. An unconstrained optimization problem. Given a τ ∈ R and a ξ ∈ EX ,
for a feasible observation sequence y1,k, we define an augmented cost functional:

F (Pk(·|y1,k), ξ, τ) = EPk [Ψk(Xk, ξ)|y1,k] − τ

(
R(Pk(·|y1,k)‖Pk(·|y1,k))

− d−
k∑

l=1

N∑
r=1

drE
Pk [〈Xl−1, er〉|y1,k]

)
.(3.2)

The following optimization problem is instrumental in the derivation of a solution to
the robust state estimation problem (3.1):

Vk(τ, ξ, y1,k) = sup
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

F (Pk(·|y1,k), ξ, τ).(3.3)

Unlike (3.1), here the supremum is taken over the entire set P(Ω,Gk,Pk|y1,k) of
feasible perturbation conditional probability measures.

For τ > 0, we write

Vk(τ, ξ, y1,k) = τ(Wk(τ, ξ, y1,k) + d),(3.4)

where

Wk(τ, ξ, y1,k) = sup
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

(
EPk

[
τ−1Ψk(Xk, ξ) +

k∑
l=1

q(Xl−1)|y1,k

]

−R(Pk(·|y1,k)‖Pk(·|y1,k))

)
(3.5)

and

q(x) �
N∑
r=1

dr〈x, er〉, x ∈ EX .(3.6)

In order to establish our results, a conditional version of the variational formula
for probability measures will be used which is presented in Lemma 3.1. This lemma is
a direct extension of Proposition 1.4.2 presented in [7, p. 33] for the standard relative
entropy.

Lemma 3.1. Let g(ω) be a bounded measurable function. With the above defini-
tions, we have the following variational formula:

− log EPk [e−g|y1,k] = inf
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

{
R(Pk(·|y1,k)‖Pk(·|y1,k))

+ EPk [g|y1,k]
}
.(3.7)

The variational formula for conditional relative entropy (3.7) will be used to
calculate Vk(τ, ξ, y1,k) defined by (3.3). The next theorem presents this result.

Theorem 3.1. The cost functional Vk(τ, ξ, y1,k) defined by (3.3) can be calculated
in two cases as follows:
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(i) When τ = 0,

Vk(0, ξ, y1,k) = sup
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

EPk [Ψk(Xk, ξ)|y1,k] = max
x∈EX

Ψk(x, ξ).(3.8)

(ii) For any given τ ∈ (0,∞),

Vk(τ, ξ, y1,k) = τ

(
log EPk

[
exp

(
τ−1Ψk(Xk, ξ) +

k∑
l=1

q(Xl−1)

)
|y1,k

]
+ d

)
.(3.9)

Proof. We first consider the case τ = 0. Since the state space EX of the process
{Xk}k≥0 is finite, Ψk(x, ξ) is a bounded function, where ξ ∈ EX . Let x∗k ∈ EX satisfy

Ψk(x
∗
k, ξ) = max

x∈EX

Ψk(x, ξ).

Clearly, such an x∗k exists and is a function of ξ. Then for all Pk(·|y1,k) ∈ P(Ω,Gk,
Pk|y1,k),

EPk [Ψk(Xk, ξ)|y1,k] ≤ Ψk(x
∗
k, ξ).(3.10)

Hence we conclude that Vk(0, ξ, y1,k) ≤ Ψk(x
∗
k, ξ). We now show that there exists a

probability measure on (Ω,Gk) which attains the equality in (3.10). Let

Dξ = {ω : Xk(ω) = x∗k}.(3.11)

Note that under Assumption 2.1, we have Pk(Dξ) > 0, and hence we can define

the required probability measure P̆k on Gk by letting P̆k(D) = Pk(D|Dξ) for any

D ∈ Gk and noting that P̆k(D|y1,k) = Pk(D|Dξ, y1,k); see also Remark 3.1. Hence

P̆k(Dξ) = 1 and P̆k(Dξ|y1,k) = 1. It follows from this definition that P̆k(·|y1,k) ∈
P(Ω,Gk,Pk|y1,k). Furthermore, it can be shown using a direct calculation that

EP̆k [Ψk(Xk, ξ)|y1,k] = Ψk(x
∗
k, ξ) = max

x∈EX

Ψk(x, ξ)

from which claim (i) follows.1

To prove claim (ii), we note that for each given τ ∈ (0,∞), ξ, and k, τ−1Ψk(Xk, ξ)+∑k
l=1 q(Xl−1) is a bounded measurable random variable. Then by applying (3.7) in

Lemma 3.1 to (3.5), we have

Wk(τ, ξ, y1,k) = log EPk

[
exp

(
τ−1Ψk(Xk, ξ) +

k∑
l=1

q(Xl−1)

)
|y1,k

]
.(3.12)

Furthermore, (3.12) and (3.4) yield (3.9). This completes the proof of the the-
orem.

Remark 3.1. Without Assumption 2.1, when τ = 0 the value of maxx∈EX
Ψk(x, ξ)

may not be attained in the unconstrained optimization problem. To illustrate this
fact, suppose there exists a unique x∗ such that Ψk(x

∗, ξ) = maxx∈EX
Ψk(x, ξ). For

any Pk(·|y1,k) ∈ P(Ω,Gk,Pk|y1,k), it follows from R(Pk(·|y1,k)‖Pk(·|y1,k)) < ∞ and

1The above result can also be derived from a more general setting considered in Theorem 5.2
of [21].
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Definition 2.1 that we must have P(·|y1,k) � P(·|y1,k). Now suppose Assumption 2.1
does not hold, and therefore the set Dξ defined by (3.11) can have zero probabil-
ity under P(·|y1,k). If P(Dξ|y1,k) = 0, then P(Dξ|y1,k) = 0. As a result, for any
Pk(·|y1,k) ∈ P(Ω,Gk,Pk|y1,k), we have

EPk [Ψk(Xk, ξ)|y1,k] = EPk [Ψk(Xk, ξ)IDξ
|y1,k] + EPk [Ψk(Xk, ξ)IDc

ξ
|y1,k]

= EPk [Ψk(Xk, ξ)IDc
ξ
|y1,k] < max

x∈EX

Ψk(x, ξ),

where Dc
ξ is the complement of Dξ. Thus Assumption 2.1 on the reference param-

eter set, which guarantees P(Dξ|y1,k) > 0, also guarantees that the unconstrained
optimization problem with τ = 0 attains the maximum.

3.2. A solution to the constrained optimization problem. Next, we will
use the following standard result on constrained optimization to convert the con-
strained optimization problem (3.1) into the unconstrained optimization problem (3.3)
dependent on a parameter τ . The result and its proof can be found in [11, p. 217].
In [14] this result is presented as follows.

Lemma 3.2. Let X be a linear vector space, and let Ω̃ be a convex subset of
X. Also, let f be a real-valued concave functional on Ω̃, and let g be a real-valued
convex functional on Ω̃. Assume a point exists x1 ∈ Ω̃ such that g(x1) < 0 (this is a
constraint qualification condition), and let

μ0 = sup f(x) subject to x ∈ Ω̃, g(x) ≤ 0.(3.13)

1. If μ0 is finite, then there exists a τ ≥ 0 such that

μ0 = sup
x∈Ω̃

{f(x) − τg(x)}.(3.14)

2. If the supremum in (3.13) is achieved by an x0 ∈ Ω̃, g(x0) ≤ 0, it is achieved
by x0 in (3.14) and τg(x0) = 0.

Theorem 2.1 of [14] makes it possible to convert the constrained optimization
problem (3.1) into the unconstrained optimization problem (3.3) dependent on a pa-
rameter τ which is then optimized over [0,∞). We now use a similar argument to the
one used in the proof of Theorem 2.1 of [14] to present the main result of this paper.

Theorem 3.2. Consider the robust state estimation problem defined by (3.1).
For each k, we have

sup
Pk(·|y1,k)∈Ξk(y1,k)

EPk [Ψk(Xk, ξ)|y1,k] = inf
τ∈[0,∞)

Vk(τ, ξ, y1,k).(3.15)

Furthermore, the robust state estimate X̂k is given by

(3.16) X̂k = arg
ξ

inf
ξ∈EX

inf
τ∈[0,∞)

Vk(τ, ξ, y1,k).

Proof. Let

Lk(ξ, y1,k) � sup
Pk(·|y1,k)∈Ξk(y1,k)

EPk [Ψk(Xk, ξ)|y1,k].



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

486 LI XIE, VALERY A. UGRINOVSKII, AND IAN R. PETERSEN

Since Ξk(y1,k) ⊂ P(Ω,Gk,Pk|y1,k) and τ ≥ 0, it follows from (3.3) and (3.2) that

Vk(τ, ξ, y1,k) = sup
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

F (Pk(·|y1,k), ξ, τ)

≥ sup
Pk(·|y1,k)∈Ξk(y1,k)

F (Pk(·|y1,k), ξ, τ) ≥ Lk(ξ, y1,k).(3.17)

Note that (3.17) holds for any τ ∈ [0,∞). Hence

Lk(ξ, y1,k) ≤ inf
τ∈[0,∞)

Vk(τ, ξ, y1,k) ≤ Vk(0, ξ, y1,k) = max
x∈EX

Ψk(x, ξ).(3.18)

Thus Lk(ξ, y1,k) is finite. Then for any ξ ∈ EX , applying part 1 of Lemma 3.2 to
Lk(ξ, y1,k) with respect to the conditional probability measures Pk(·|y1,k) since all
required conditions are satisfied, it follows that a τ∗k (ξ, y1,k) ∈ [0,∞) exists such that

Lk(ξ, y1,k) = sup
Pk(·|y1,k)∈P(Ω,Gk,Pk|y1,k)

F (Pk(·|y1,k), ξ, τ
∗
k (ξ, y1,k))

= Vk(τ
∗
k (ξ, y1,k), ξ, y1,k).(3.19)

Furthermore, for each τ∗k (ξ, y1,k) ∈ [0,∞),

inf
τ∈[0,∞)

Vk(τ, ξ, y1,k) ≤ Vk(τ
∗
k (ξ, y1,k), ξ, y1,k).

Hence, the last line in (3.19) implies that

inf
τ∈[0,∞)

Vk(τ, ξ, y1,k) ≤ Lk(ξ, y1,k).(3.20)

Combining the first inequality of (3.18) and (3.20) yields (3.15). The robust state es-
timate X̂k is given by (3.16). Obviously, X̂k is a function of y1,k. Note that the robust
state estimate may not be unique and infτ∈[0,∞) Vk(τ, ξ, y1,k) attains its infimum on
the finite set EX . This completes the proof of the theorem.

Remark 3.2. In what follows, we will observe that in general, the robust state
estimator presented in this paper applies only to finite horizon problems except for the
special case of dr = 0, for r = 1, . . . , N , and under some additional special conditions.
In section 5, we will discuss how to specify the maximum allowable time interval K,
based on a necessary and sufficient condition for the existence of a certain stationary
point in the optimization of the cost.

4. Calculation of the unconstrained cost functional. Theorem 3.2 shows
that the solution to the constrained optimization problem (3.1) can be obtained from
the solution to the unconstrained optimization problem on the right-hand side of
(3.15). This requires that the quantity Vk(τ, ξ, y1,k) be readily computable for all
τ ∈ [0,∞). Part (i) of Theorem 3.1 shows how this quantity can be computed for the
case τ = 0. In this section we consider the second case and calculate Vk(τ, ξ, y1,k) for
the case τ > 0 using (3.9). This is done by using the information state approach to
risk-sensitive control and filtering.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ROBUST STATE ESTIMATION FOR UNCERTAIN HMMs 487

4.1. A change of probability measure. Define a new probability measure
P̃, under which the pair of coordinate processes {Xk, Yk+1}k≥0 has the parameter
set (A, (1/M)M×N , p) and the σ-algebra σ{Yk} is independent of σ{X0, . . . , Xk, Y1,
. . . , Yk−1} by letting

P̃(X0 = x0, . . . , Xk = xk;Y1 = y1, . . . , Yk = yk) =
1

Mk
axkxk−1

. . . ax1x0px0 .

This probability measure is related to the reference probability measure P via the
Radon–Nikodym derivative dPk

dP̃k
= Λk, where

Λk =

k∏
l=0

λl, λl =

N∏
r=1

M∏
q=1

(Mcqr)
〈Xl−1,er〉〈Yl,fq〉, and λ0 = 1;

see [8]. For a feasible observation path y1,k, using the conditional Bayes theorem [8],
the cost functional Vk(τ, ξ, y1,k) given by (3.9) can be reformulated under the new

probability measure P̃k as

Vk(τ, ξ, y1,k) = τ

(
log

(
EP̃k [Λk exp

(
τ−1Ψk(Xk, ξ) +

∑k
l=1 q(Xl−1)

)
|y1,k]

EP̃k [Λk|y1,k]

)
+ d

)
.

4.2. Information states. We now apply the information state method for the
HMMs of [8] and [4] to evaluate the expression on the right-hand side of the above
equation.

Definition 4.1. Define αk(y1,k) � (αk(e1, y1,k), . . . , αk(en, y1,k))
′ and βk(y1,k) �

(β(e1, y1,k), . . . , βk(en, y1,k))
′ to be unnormalized information states such that

αk(ei, y1,k) = EP̃k

[
Λk exp

(
k∑

l=1

q(Xl−1)

)
〈Xk, ei〉|y1,k

]
,(4.1)

βk(ei, y1,k) = EP̃k [Λk〈Xk, ei〉|y1,k].(4.2)

Remark 4.1. The above definition defines the information states αk and βk as Yk

measurable random variables. Indeed the identities (4.1) are (4.2) are equivalent to

αk(ei) = EP̃k

[
Λk exp

(
k∑

l=1

q(Xl−1)

)
〈Xk, ei〉|Yk

]
,(4.3)

βk(ei) = EP̃k [Λk〈Xk, ei〉|Yk].(4.4)

Using the statistical independence of {Yk+1}k≥0 under P̃, the information states
can be calculated recursively.

Lemma 4.1. The information states αk(y1,k) and βk(y1,k) obey the following
recursions:

αk(y1,k) = ADk(y1,k)αk−1(y1,k),(4.5)

βk(y1,k) = ADk(y1,k)βk−1(y1,k),(4.6)
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where α0(y1,k) = β0(y1,k) = p, and

Dk(y1,k) = diag

⎛
⎝ M∏

j=1

(Mcj1)
yj
k exp(d1), . . . ,

M∏
j=1

(McjN )y
j
k exp(dN )

⎞
⎠ ,

Dk(y1,k) = diag

⎛
⎝ M∏

j=1

(Mcj1)
yj
k , . . . ,

M∏
j=1

(McjN )y
j
k

⎞
⎠ ,

where yjk denotes the jth component of yk.
The next lemma shows that the information states are positive for a feasible

observation sequence.
Lemma 4.2. The information states αk and βk satisfy the conditions

αk(ei, y1,k) > 0, βk(ei, y1,k) > 0(4.7)

for any ei ∈ EX .
Let

Jk(ξ, τ, y1,k) =
EP̃k [Λk exp

(
τ−1Ψk(Xk, ξ) +

∑k
l=1 q(Xl−1)

)
|y1,k]

EP̃k [Λk|y1,k]
.

Then we can express Jk(ξ, τ, y1,k) in terms of the information states αk and βk.
Theorem 4.1. The cost functional Vk(τ, ξ, y1,k), τ > 0, given by (3.9) can be

written as

Vk(τ, ξ, y1,k) = τ(log Jk(ξ, τ, y1,k) + d),

where

Jk(ξ, τ, y1,k) =
Hkαk(y1,k)∑N
i=1 βk(ei, y1,k)

=
HkADk(y1,k)αk−1(y1,k)∑N

i=1 βk(ei, y1,k)
,

(4.8)

Hk =

[
exp

(
1

τ
(e1 − ξ)′Qk(e1 − ξ)

)
, . . . , exp

(
1

τ
(eN − ξ)′Qk(eN − ξ)

)]
.

Remark 4.2. A special case in which the underlying HMM is not subject to
uncertainty can be recovered by letting d → 0. In this case,

lim
τ→∞

τ log Jk(ξ, τ, y1,k) = Rkβk(y1,k)/

N∑
i=1

βk(ei, y1,k),

where Rk = [(e1 − ξ)′Qk(e1 − ξ)), . . . , (eN − ξ)′Qk(eN − ξ))]. That is, the limit of the
robust state estimate is the HMM risk-neutral recursive filter; see [8].

5. Characterization of the robust state estimator. The aim in this section
is to derive a mathematical characterization of the solution of the robust state esti-
mation problem. From Theorems 3.1 and 4.1, the cost functional Vk(τ, ξ, y1,k) can be
written as

Vk(τ, ξ, y1,k) =

{
b̄k(ξ), τ = 0;

τ(log Jk(ξ, τ, y1,k) + d), τ ∈ (0,∞),
(5.1)
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where b̄k(ξ) = maxx∈EX
Ψk(x, ξ) and Jk(ξ, τ, y1,k) is given by (4.8).

Definition 5.1. We say τ∗k ∈ (0,∞) is a stationary point of Vk(τ, ξ, y1,k) if

d (τ(log Jk(ξ, τ, y1,k) + d))

dτ

∣∣∣∣
τ=τ∗

k

= 0.

A stationary point, if it exists, is a function of ξ and y1,k and can be found from
the above equation in which

d (τ(log Jk(ξ, τ, y1,k) + d))

dτ
= log

((
αk(ξ, y1,k) +

∑
i∈S

exp

(
bi
τ

)

× αk(ei, y1,k)

)/ N∑
i=1

βk(ei, y1,k)

)
+ d

− 1

τ

∑
i∈S exp

(
bi
τ

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ

)
αk(ei, y1,k) + αk(ξ, y1,k)

,(5.2)

where for ξ = ej , S = {1, . . . , j − 1, j + 1, . . . , N} and bi = Ψk(ei, ξ), i ∈ S, is a
function of ξ and k. Clearly, S is also a function of ξ. An explicit expression for a
stationary point in terms of the information states αk and βk and bi, d does not seem
to be readily obtainable from the above equation. The stationary point over (0,∞)
can, however, be found numerically if it exists.

5.1. The existence of a stationary point. We first establish the continuity
of Vk(τ, ξ, y1,k) and its first derivative and the strict convexity of Vk(τ, ξ, y1,k) with
respect to τ .

Lemma 5.1. As functions of τ , Vk(τ, ξ, y1,k) and
dVk(τ,ξ,y1,k)

dτ are continuous with
respect to τ over [0,∞) for each ξ. Also Vk(τ, ξ, y1,k) is a strictly convex function of
τ on (0,∞) for each ξ.

We now present a necessary and sufficient condition for the existence of a station-
ary point. This condition is expressed in terms of the value of the first derivative of
Vk(τ, ξ, y1,k) with respect to τ at τ = 0.

Theorem 5.1. For a given ξ, a stationary point exists on (0,∞) if and only if

d < − log

∑
i∈W αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

,(5.3)

where W denotes the set of all i ∈ S satisfying (ei − ξ)′Qk(ei − ξ) = b̄k(ξ) for this
given ξ ∈ EX .

Proof. We first prove the necessity part of the theorem. By Lemma 5.1, since
d2Vk(τ,ξ,y1,k)

dτ2 > 0 for τ > 0, and
dVk(τ,ξ,y1,k)

dτ is continuous with respect to τ over [0,∞),

we have that
dVk(τ,ξ,y1,k)

dτ is strictly monotonically increasing with τ increasing. Also,
in this part of the theorem, the stationary point is assumed to exist on (0,∞). This
then implies that

dVk(τ, ξ, y1,k)

dτ

∣∣∣∣
τ=0+

= d + log

∑
i∈W αk(ei, y1,k)∑N
i=1 β(ei, y1,k)

< 0.(5.4)
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The necessity part of the theorem now follows directly from (5.4).

Conversely, from (5.2), we have

lim
τ→∞

dτ(log Jk(ξ, τ, y1,k) + d)

dτ
= log

∑N
i=1 αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

+ d > 0(5.5)

since αk(ei, y1,k) ≥ βk(ei, y1,k) and d > 0. Hence, the sufficiency part of this theorem

follows from (5.3), the equality in (5.4), and the continuity of
dVk(τ,ξ,y1,k)

dτ with respect
to τ .

We now consider the special case of the conditional relative entropy constraint
(2.4) in which dr = 0 for r = 1, . . . , N .

Corollary 5.1. For a given ξ, if dr = 0 for r = 1, . . . , N , then a stationary
point of Vk(τ, ξ, y1,k) exists if and only if

d < − log
∑
i∈W

P(Xk = ei|y1,k).(5.6)

5.2. The maximum robust state estimator horizon. Let

dc = − log

∑
i∈W αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

.(5.7)

Note that dc is a function of k, ξ and is a Yk measurable random variable. The next
theorem shows the behavior of dc as k → ∞ in the case where at least one of the
design parameters dr in the definition of feasible uncertain probabilities is positive
and all entries of the state transition matrix A are greater than zero.

Theorem 5.2. Assume all entries of the state transition matrix A are greater
than zero. Then the following conclusions hold:

(i) If not all of dr, r = 1, . . . , N , equal zero, then for any ξ, dc tends to −∞ almost
surely with respect to the reference probability measure P as k approaches ∞.

(ii) If dr > 0 for r = 1, . . . , N , then for any ξ, there exists a time step K such
that for k ≥ K, inequality (5.3) does not hold.

Proof. We first prove the first part of this theorem. It follows from (4.1), (4.2),
and the conditional Bayes theorem that

dc = − log
∑
i∈W

αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

= − log EPk

[
exp

(
k∑

l=1

q(Xl−1)

)∑
i∈W

〈Xk, ei〉|y1,k

]
.
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Furthermore, since exp(
∑k

l=1 q(Xl−1)) is Gk−1-measurable and given that Gk−1, Yk,
and Xk are conditionally independent, using part (iv) of Theorem 7.3.1 in [2], we have

dc = − log EPk

[
EPk

[
exp

(
k∑

l=1

q(Xl−1)

)∑
i∈W

〈Xk, ei〉|Gk−1, Yk

]
|y1,k

]

= − log EPk

[
exp

(
k∑

l=1

q(Xl−1)

)
EPk

[∑
i∈W

〈Xk, ei〉|Gk−1

]
|y1,k

]

= − log EPk

[
exp

(
k∑

l=1

q(Xl−1)

)∑
i∈W

AiXk−1|y1,k

]

≤ −EPk

[
log

(
exp

(
k∑

l=1

q(Xl−1

))∑
i∈W

AiXk−1)|y1,k

]

(by the convexity of − log and Jensen’s inequality; cf. Theorem 9.1.4 in [2])

= −EPk

[
k∑

l=1

q(Xl−1)|y1,k

]
− EPk

[
log

∑
i∈W

AiXk−1|y1,k

]
,(5.8)

where Ai is the ith row of the state transition matrix A. It follows from the assumption
in this theorem that the state transition matrix A is irreducible and all states are
positive recurrent. Then from the ergodic theorem in [13] and (3.6), we have that

1

k

k∑
l=1

q(Xl−1) =

N∑
r=1

dr

(
1

k

k∑
l=1

〈Xl−1, er〉
)

→
N∑
r=1

drπr as k → ∞, P-a.s.,

where π = [π1, . . . , πN ]′ is the stationary distribution of A and πr > 0 for r = 1, . . . , N .
Furthermore, from Corollary 11.4 in [2] or Theorem 9.4.8 in [3], the following equality
holds (almost surely under P):

lim
k→∞

1

k
EPk

[
k∑

l=1

q(Xl−1)|y1,k

]
= EP

[
lim
k→∞

1

k

k∑
l=1

q(Xl−1)|y1,∞

]
=

N∑
r=1

drπr

since 1
k

∑k
l=1 q(Xl−1) ≤

∑N
r=1 dr and

∑N
r=1 dr is a nonrandom constant. Hence, for

feasible observation sequences,

lim
k→∞

EPk

[
k∑

l=1

q(Xl−1)|y1,k

]
→ ∞ as k → ∞(5.9)

holds almost surely. Let a be the minimum entry of A. Since we assume aji > 0 for
all i, j = 1, . . . , N , we have 1 > a > 0. Then the second term of (5.8) satisfies

−EPk

[
log

∑
i∈W

AiXk−1|y1,k

]
≤ − log a.(5.10)
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This implies the second term of (5.8) is bounded. Hence, as time step k increases, it
follows from (5.8)–(5.10) that dc tends to −∞. This completes the proof of the first
part of the theorem.

We now prove the second part of this theorem. Since

k∑
l=1

q(Xl−1) =

k∑
l=1

N∑
r=1

dr〈Xl−1, er〉 ≥
k∑

l=1

dr

N∑
r=1

〈Xl−1, er〉 = kd,(5.11)

where d = min{dr, r = 1, . . . , N} > 0, we have, for each ξ,

dc ≤ −EPk

[
k∑

l=1

q(Xl−1)|y1,k

]
− EPk

[
log

∑
i∈W

AiXk−1|y1,k

]
≤ −kd + log a−1,

where log a−1 > 0 is finite. Hence it follows that there exists a finite time step at
which dc will be less than d. From this, the second part of the theorem follows.

By Theorem 5.2, if dr > 0 for r = 1, . . . , N and aji > 0 for i, j = 1, . . . , N , then
there exists a K such that if k ≥ K, then inequality (5.3) fails for any ξ. For a given ξ
and a feasible observation path y1,k, for simplicity, let us assume that inequality (5.3)
holds for all k such that 0 < k < K and fails for all k ≥ K. Then we have dc > d and
the cost functional Vk(τ, ξ, y1,k) has a stationary point τ∗k ∈ (0,∞). This implies that

Vk(τ
∗
k , ξ, y1,k) = min

τ∈[0,∞)
Vk(τ, ξ, y1,k) = min

τ∈(0,∞)
Vk(τ, ξ, y1,k) < Vk(0, ξ, y1,k),(5.12)

where Vk(0, ξ, y1,k) = maxx∈EX
Ψk(x, ξ) = b̄k(ξ) is a constant. On the contrary, for

k ≥ K, we have d ≥ dc. Then Vk(τ, ξ, y1,k) ≥ Vk(0, ξ, y1,k) and

min
τ [0,∞)

Vk(τ, ξ, y1,k) = min

{
Vk(0, ξ, y1,k), min

τ∈(0,∞)
Vk(τ, ξ, y1,k)

}
= Vk(0, ξ, y1,k).

This implies that for this case, τ∗k = 0.
Since Vk(0, ξ, y1,k) is independent of the measurements, then the state estimate

obtained from taking minξ∈EX
Vk(0, ξ, y1,k) is also independent of the measurements.

In order to obtain an estimate which depends on the measurements, it is necessary
to exclude the case τ∗k = 0. This is done by defining the robust state estimator under
consideration as a finite horizon estimator.

Definition 5.2. For a feasible observation path y1,k, we say the robust state
estimator under consideration is a finite horizon state estimator if there exists a finite
time step such that at this time step, inequality (5.3) does not hold for some ξ. The
maximum of time steps at which inequality (5.3) holds for any ξ, K is referred to
as the maximum horizon of the robust state estimator under consideration and is
characterized by inequality (5.3).

Note that in Definition 5.2, we do not make any additional assumptions on the
design parameters dr and the state transition matrix A. That is, as long as inequality
(5.3) does not hold for some finite time step k, we define the robust state estimator
as a finite horizon estimator.

When the parameters dr, r = 1, . . . , N , all equal zero, it is possible that we can
find a number d̄ such that if d < d̄, then the robust state estimator can be applied on
an infinite horizon. Note that here an infinite horizon implies that the time step can
take any finite value.
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Lemma 5.2. Consider the uncertainty in the initial distribution. Let dr = 0,
r = 1, . . . , N . For j = 1, . . . , N , let āj denote the maximum of the jth row of the state

transition matrix A. Let ā be maxi=1,...,N{
∑N

j=1 āj − āi} and d̄ = − log ā. If ā < 1

and d < d̄, then inequality (5.6) holds for any time step k.

Note that the condition ā < 1 of Lemma 5.2 implies that ai,j > 0 for all i, j =
1, . . . , N . From (3.15) in Theorem 3.2, for a feasible observation path y1,k and 0 < k ≤
K, let xk denote the robust state estimate at time step k. Then for any Pk(·|y1,k) ∈
Ξk(y1,k), we have

min
ξ∈EX

EPk [Ψk(Xk, ξ)|y1,k] ≤ EPk [Ψk(Xk, xk)|y1,k]

≤ sup
Pk(·|y1,k)∈Ξk(y1,k)

EPk [Ψk(Xk, xk)|y1,k]

= min
τ∈[0,∞)

Vk(τ, xk, y1,k) = min
ξ∈EX

min
τ∈[0,∞)

Vk(τ, ξ, y1,k).(5.13)

This means that for a feasible observation path y1,k, at each time step k, the estimation
error with the optimal state estimate or robust state estimate under Pk(·|y1,k) does
not exceed the cost value of the robust state estimator.

5.3. Monotonicity results and the dynamic behavior of the optimal
parameter and minimum cost value. Let K be the maximum horizon of the
robust state estimator defined in Definition 5.2. For a fixed k, k ≤ K, the following
lemma gives monotonicity results for the optimal parameter τ∗k and the minimum cost
value as d is varied. It also gives a monotonicity result for the maximum horizon as
one of the design parameters is varied. As before let b̄k(ξ) = maxx∈EX

Ψk(x, ξ) and
bi(ξ) = Ψk(ei, ξ) for i ∈ S, where S = {1, . . . , j − 1, j + 1, . . . , N} whenever ξ = ej .
Note that bi(ξ) is a function of k. Sometimes for simplicity we will omit the variable
ξ.

Lemma 5.3. For a given ξ and a feasible observation path y1,k, at time step
k ≤ K, τ∗k is strictly decreasing as d increases. Also, the minimum cost value is
strictly monotone increasing with τ∗k decreasing and with d increasing, respectively.
In addition, the maximum horizon K is decreasing as any of the design parameters
increases.

Next, we will consider the dynamic behavior of the optimal parameter τ∗k and the
minimum cost value as k increases based on an upper bound of the optimal parameter
τ∗k . For simplicity, let Qk = Q > 0, where Q is a finite positive definite matrix. Then
for each ξ, b̄k(ξ) and bi(ξ) are constant. We use b̄(ξ) to denote b̄k(ξ).

Lemma 5.4. Assume all of the design parameters dr are greater than zero. Then
for a given feasible observation sequence y1,k, the optimal parameter τ∗k approaches
zero as k increases for each ξ.

Proof. We first give an upper bound on the optimal parameter τ∗k . Let

dy1,k
� log

∑N
i=1 αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

.
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By its definition and (5.2), τ∗k ∈ (0,∞) satisfies the following equation:

d = − log

((
αk(ξ, y1,k) +

∑
i∈S

exp

(
bi
τ∗k

)
αk(ei, y1,k)

)/
N∑
i=1

βk(ei, y1,k)

)

+
1

τ∗k

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

.(5.14)

Then since exp( bi
τ∗
k
) > 1 and log is a strictly monotone increasing function, it follows

from (5.14) that

1

τ∗k

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

= d + log

((
αk(ξ, y1,k) +

∑
i∈S

exp

(
bi
τ∗k

)
αk(ei, y1,k)

)/ N∑
i=1

βk(ei, y1,k)

)

> d + log

((
αk(ξ, y1,k) +

∑
i∈S

αk(ei, y1,k)

)/ N∑
i=1

βk(ei, y1,k)

)

= d + dy1,k
.

Note that dy1,k
≥ 0 since αk(ei, y1,k) ≥ βk(ei, y1,k). Hence,

τ∗k <

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

1

d + dy1,k

<

b̄(ξ)
∑

i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

1

d + dy1,k

<
b̄(ξ)

d + dy1,k

.(5.15)

Furthermore, it follows from (5.11) that

dy1,k
= log EPk

[
exp

(
k∑

l=1

q(Xl−1)

)
|y1,k

]
≥ EPk

[
k∑

l=1

q(Xl−1)|y1,k

]
≥ kd,(5.16)

where d = min{dr, r = 1, . . . , N} > 0. Hence, it follows from (5.15) and (5.16) that

τ∗k <
b̄(ξ)

d + kd
.
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This implies that τ∗k approaches zero as k increases. This completes the proof of the
lemma.

Theorem 5.3. Assume all of the design parameters dr are greater than zero.
Then for a given feasible observation sequence y1,k, the minimum cost value ap-
proaches minξ∈EX

b̄(ξ) as k increases. In particular, for each ξ, minτ∈(0,∞) Vk(τ, ξ,
y1,k) approaches b̄(ξ) as k increases.

Proof. By (5.14), the stationary point τ∗k must satisfy

τ∗k

(
log

(
αk(ξ, y1,k) +

∑
i∈S

exp

(
bi
τ∗k

)
αk(ei, y1,k)/

N∑
i=1

βk(ei, y1,k)

)
+ d

)

=

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

.(5.17)

The left-hand side of (5.17) is the minimum of the cost functional; see (4.8). Then

(5.18) min
τ∈(0,∞)

τ(log Jk(ξ, τ, y1,k) + d) =

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

.

Dividing the numerator and denominator of the right-hand side of (5.18) by∑N
i=1 αk(ei, y1,k) = αk(y1,k) > 0 and exp( b̄

τ∗
k
), simultaneously, we have

(5.19)

min
τ∈(0,∞)

τ(log Jk(ξ, τ, y1,k) + d)

=

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k)bi

∑
i∈S exp

(
bi
τ∗k

)
αk(ei, y1,k) + αk(ξ, y1,k)

=

∑
i∈S exp

(
bi − b̄

τ∗k

)
αk(ei, y1,k)

αk(y1,k)
bi

∑
i∈S exp

(
bi − b̄

τ∗k

)
αk(ei, y1,k)

αk(y1,k)
+ exp

(
−b̄

τ∗k

)
αk(ξ, y1,k)

αk(y1,k)

=

∑
i∈S−W exp

(
bi − b̄

τ∗k

)
αk(ei, y1,k)

αk(y1,k)
bi + b̄

∑
i∈W

αk(ei, y1,k)

αk(y1,k)∑
i∈S−W exp

(
bi − b̄

τ∗k

)
αk(ei, y1,k)

αk(y1,k)
+
∑

i∈W
αk(ei, y1,k)

αk(y1,k)
+ exp

(
−b̄

τ∗k

)
αk(ξ, y1,k)

αk(y1,k)

,

where W ⊆ S denotes the set of all i ∈ S satisfying bi(ξ) = b̄(ξ). It follows from
αk(ei,y1,k)
αk(y1,k) < 1 that

exp

(
bi − b̄

τ∗k

)
αk(ei, y1,k)

αk(y1,k)
< exp

(
bi − b̄

τ∗k

)
for i ∈ S −W
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and

exp

(
−b̄

τ∗k

)
αk(ξ, y1,k)

αk(y1,k)
< exp

(
−b̄

τ∗k

)
.

Hence from Lemma 5.4, the following statements hold:

1. exp( bi−b̄τ∗
k

)
αk(ei,y1,k)
αk(y1,k) approaches zero as k increases for i ∈ S −W.

2. exp(−b̄τ∗
k

)
αk(ξ,y1,k)
αk(y1,k) approaches zero as k increases.

Here −b̄ < 0, bi−b̄ < 0 for i ∈ S−W. Since for each ξ, minτ∈(0,∞) τ(log Jk(ξ, τ, y1,k)+
d) is a continuous function of τ∗k and ξ belongs to a finite value space, the theorem
follows from (5.19) and statements 1 and 2 as above.

5.4. Connection with a maximum information state estimator. In the
next theorem, we will establish a connection between the robust state estimator pre-
sented in this paper and a maximum a posteriori (MAP) probability or a conditional
expectation estimator. We also point out that the MAP probability estimator (cf.
section 2.B in [16]) is a special case of the robust state estimator presented in this
paper as d → 0 and dr = 0 for r = 1, . . . , N .

Theorem 5.4. Let K be the maximum horizon of the robust state estimator
for a feasible observation sequence y1,k. At time step k with 0 < k ≤ K, if for
any ξ ∈ EX , for all i ∈ S, bi(ξ) is a constant, then the robust state estimate under
consideration equals the maximum information state estimate. Specifically, the robust
state estimate equals the MAP probability or conditional expectation estimate under
the reference probability measure P.

Proof. For simplicity, we prove this theorem only for the case N = 3; i.e., EX =
{e1, e2, e3}. Then it follows from 0 < k ≤ K and (4.8) that

(5.20)

min
τ∈[0,∞)

Vk(τ, ξ, y1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ∗k (e1, y1,k)

(
log

(
ᾱk(e1, y1,k) + exp

(
b2(e1)

τ∗k (e1, y1,k)

)
ᾱk(e2, y1,k)

+ exp

(
b3(e1)

τ∗k (e1, y1,k)

)
ᾱk(e3, y1,k)

)
+ d

)
, ξ = e1;

τ∗k (e2, y1,k)

(
log

(
exp

(
b1(e2)

τ∗k (e2, y1,k)

)
ᾱk(e1, y1,k) + ᾱk(e2, y1,k)

+ exp

(
b3(e2)

τ∗k (e2, y1,k)

)
ᾱk(e3, y1,k)

)
+ d

)
, ξ = e2;

τ∗k (e3, y1,k)

(
log

(
exp

(
b1(e3)

τ∗k (e3, y1,k)

)
ᾱk(e1, y1,k) + exp

(
b2(e3)

τ∗k (e3, y1,k)

)
ᾱk(e2, y1,k) + ᾱk(e3, y1,k)

)
+ d

)
, ξ = e3,

where ᾱk(ei, y1,k) =
αk(ei,y1,k)∑N

j=1 βk(ej ,y1,k)
and bi(ej) = (ei − ej)

′
Qk(ei − ej) for i �= j, 1 ≤

i, j ≤ N . Also note that bi(ej) = bj(ei). Suppose ᾱk(e3, y1,k) = maxi=1,2,3 ᾱk(ei, y1,k).
By the assumption in this theorem, b2(e3) = b2(e1) = b1(e3); i.e., for any ξ ∈ EX , for
all i ∈ S, bi is a constant. Then we claim that

Vk(τ
∗
k , e3, y1,k) = min

i=1,2,3
Vk(τ

∗
k , ei, y1,k).(5.21)
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That is, e3 is the robust state estimate at time step k. We next prove this claim. If
follows from (5.20) that

Vk(τ
∗
k , e3, y1,k) = τ∗k (e3, y1,k)

(
log

(
exp

(
b1(e3)

τ∗k (e3, y1,k)

)
ᾱk(e1, y1,k) + exp

(
b2(e3)

τ∗k (e3, y1,k)

)

×ᾱk(e2, y1,k) + ᾱk(e3, y1,k)

)
+ d

)

≤ τ∗k (e1, y1,k)

(
log

(
exp

(
b1(e3)

τ∗k (e1, y1,k)

)
ᾱk(e1, y1,k) + exp

(
b2(e3)

τ∗k (e1, y1,k)

)

ᾱk(e2, y1,k) + ᾱk(e3, y1,k)

)
+ d

)

(by Vk(τ
∗
k , e3, y1,k) is the minimum at τ∗k (e3, y1,k))

≤ τ∗k (e1, y1,k)

(
log

(
ᾱk(e1, y1,k) + exp

(
b2(e1)

τ∗k (e1, y1,k)

)
ᾱk(e2, y1,k)

+ exp

(
b3(e1)

τ∗k (e1, y1,k)

)
ᾱk(e3, y1,k)

)
+ d

)

= Vk(τ
∗
k , e1, y1,k).

Here the last inequality follows from the facts that ᾱk(e1, y1,k) ≤ ᾱk(e3, y1,k), b2(e3) =
b2(e1), and

ᾱk(e3, y1,k) + exp

(
b1(e3)

τ∗k (e1, y1,k)

)
ᾱk(e1, y1,k)

≤ ᾱk(e1, y1,k) + exp

(
b3(e1)

τ∗k (e1, y1,k)

)
ᾱk(e3, y1,k).

Similarly, we have Vk(τ
∗
k , e3, y1,k) ≤ Vk(τ

∗
k , e2, y1,k). Hence, (5.21) holds. Note

that here we have assumed that ᾱk(e3, y1,k) is the maximum among {ᾱk(e1, y1,k),
ᾱk(e2, y1,k), ᾱk(e3, y1,k)}. Also since

ᾱk(ei, y1,k) =
αk(ei, y1,k)∑N
j=1 βk(ej , y1,k)

and
∑N

i=1 βk(ej , y1,k) is independent of ei, maximizing ᾱk(y1,k) is equivalent to maxi-
mizing the information state αk(ei, y1,k). Hence, the robust state estimate equals the
maximum information state estimate. Furthermore, under the reference probability
measure P,

ᾱk(ei, y1,k) =

{
P(Xk = ei|y1,k), dr = 0, r = 1, . . . , N ;

EP[exp(
∑k

l=1 q(Xl−1))〈Xk, ei〉|y1,k], otherwise.

(5.22)

Hence, the robust state estimate equals the MAP probability or conditional expecta-
tion estimate. The above proof can be extended in a straightforward manner to the



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

498 LI XIE, VALERY A. UGRINOVSKII, AND IAN R. PETERSEN

general case when the dimension N of EX is finite and arbitrary. This completes the
proof of the theorem.

Remark 5.1. If Qk = αI for 0 < k ≤ K, where α > 0 is constant, then the robust
state estimator is equivalent to the maximum information state estimator (i.e., the
MAP probability or conditional expectation estimator) given the measurements under
the reference probability measure P. Note that for dr = 0 for r = 1, . . . , N , by (5.22),
the robust state estimates are independent of the parameter d and the optimal cost
value is a function of d.

Remark 5.2. We consider an HMM with an unknown parameter set and choose
the triple (A,C, p) as the reference parameter set satisfying Assumption 2.1. Let
P be the reference probability measure. Then under P, the pair of the coordinate
processes {Xk, Yk+1}k≥0 on (Ω,B) is an HMM with (A,C, p) as its parameter set. By
Theorem 5.4, in the case of dr = 0 for r = 1, . . . , N , it is interesting to note that
the MAP probability estimator under P can be equivalent to a robust state estimator
with uncertainty in the initial distribution if we can find the design parameter d such
that inequality (5.6) holds. Hence, we can say the MAP estimator has a natural level
of robustness. A similar argument can be used in the more general case, i.e., the case
in which there exists a dr > 0.

Remark 5.3. Under the same assumption as in Theorem 5.4 (that is, for any
ξ ∈ EX , bi(ξ) is a constant for all i ∈ S), then as d → 0, it is clear that inequality
(5.6) holds for k > 0, any ξ, and feasible observation sequence y1,k. This follows since
W ⊆ S ⊂ {1, . . . , N}, P(Xk = ξ|y1,k) > 0, and

∑
i∈W P(Xk = ei|y1,k) < 1. Hence

the MAP probability estimator (cf. section 2.B in [16]) is a special case of the robust
state estimator presented in this paper in the limit, when dr = 0 for r = 1, . . . , N and
the true parameter set equals the reference one.

6. Illustrative example. In this section, we present an example to illustrate the
main results of this paper. Consider an HMM whose true parameter set ζ̄ = (Ā, C̄, p̄)
is given by

Ā =

⎡
⎣ 0.695 0.3 0

0.105 0.18 0.71
0.2 0.52 0.29

⎤
⎦ , C̄ =

⎡
⎣ 0.49 0.21 0.49

0 0.51 0
0.51 0.28 0.51

⎤
⎦ , and p̄ =

⎡
⎣ 0.35

0
0.65

⎤
⎦ .

Although we will use this true parameter set in computer experiments to generate
realized sequences of the observation process {Yk+1}k≥0, we suppose that the true
parameter set is not known exactly and select the following reference parameter set
ζ = (A,C, p) for the design of a state estimator for this HMM:

A =

⎡
⎣ 0.7 0.3 0

0.1 0.2 0.7
0.2 0.5 0.3

⎤
⎦ , C =

⎡
⎣ 0.5 0.2 0.5

0 0.5 0
0.5 0.3 0.5

⎤
⎦ , and p =

⎡
⎣ 0.4

0
0.6

⎤
⎦ .

In this example at any finite time step k, the marginal probability measures Pk

and Pk corresponding to the true and reference parameter sets ζ̄ and ζ are equivalent,
Pk ∼ Pk, since the true parameter set ζ̄ is equivalent to the reference parameter set
ζ in the sense of the absolute continuity of parameter sets. Hence, for any feasible
y1,k, we have Pk(·|y1,k) ∈ P(Ω,Gk,Pk|y1,k). Also under P, Assumption 2.1 holds.
Meanwhile, the event {ω : Y1(ω) = f2}, where f2 = (0 1 0)′, has zero probability
under both P and P, and hence this event does not occur almost surely.

In every experiment only a path of the measurement process {Yk+1}k≥0 is ob-
served up to time step k. That is, in each experiment we obtain sequentially the
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realized sequence of the observation process, Y1(ω) = y1, . . . , Yk(ω) = yk. This ob-
servation path defines an event which consists of all sample ω ∈ Ω compatible with
the realized observation path y1,k. However, the corresponding realized sequence of
the state process, X1(ω) = x1, . . . , Xk(ω) = xk, cannot be observed directly. We will
use the robust state estimator presented in this paper to construct robust state esti-
mates of this realized sequence of the state process {Xk+1}k≥0 based on the realized
sequence of the observation process.

In our numerical experiments, we generated a sequence y1,k using the true pa-
rameter set ζ̄. For this realized observation path, we verified numerically that the
true probability measure Pk satisfied the conditional relative entropy constraint (2.4)
in which the design parameters were selected as follows:

(6.1) d = 0.006, d1 = 0.001, d2 = 0.0015, d3 = 0.0005.

Hence, we ensured that the true probability distribution satisfied the constrained
condition Pk(·|y1,k) ∈ Ξk(y1,k); this fact is illustrated in Figure 6.1 in which data2
and data1 represent the conditional relative entropy and the bound on the right-hand
side of (2.4), respectively.
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Fig. 6.1. The conditional relative entropy and the bound on the right-hand side of (2.4) vs.
time step.

Next, we considered the robust state estimation problem (3.1) in which the weight-
ing matrices in the cost functional (3.1) were chosen to be

Qk = diag(0.07, 0.08, 0.07).

Computer simulation showed that for this given observation sequence, the maximum
horizon K equaled 331. Figure 6.2 shows the cost value Vk(τ, ξ, y1,k) corresponding to
k = 17 and ξ = e1. The optimal parameter τ∗k for each k = 1, . . . ,K is shown in Fig-
ure 6.3. In Figure 6.4, data1 represents the cost values Vk(τ

∗
k , ξ
∗
k, y1,k), where ξ∗k and τ∗k

are the robust state estimate and the value of τ at which Vk(τ, ξ
∗
k, y1,k) attains its min-

imum at time step k. Also, the conditional expectation values EPk [Ψk(Xk, ξ
∗
k)|y1,k]
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Fig. 6.2. The cost value vs. parameter τk at time step k = 17.
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Fig. 6.3. The optimal τ∗k at each time step.

are given by data2, and data3 shows the cost values Vk(0, ξ, y1,k) corresponding to
the unconstrained estimation problem. Figure 6.4 shows that with the robust state
estimates ξ∗k at each time step k, the cost values EPk [Ψk(Xk, ξ

∗
k)|y1,k] are less than

the guaranteed cost values of the robust state estimator.
We also considered another HMM with the true parameter set ζ̂ = (Â, Ĉ, p̂),

where

Â =

⎡
⎣ 0.695 0.6 0

0.105 0.18 0.5
0.2 0.22 0.5

⎤
⎦ ,
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Fig. 6.4. Cost values vs time step.
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Fig. 6.5. Conditional relative entropy and bound vs. time step.

Ĉ = C̄, and p̂ = p̄; let P̂ denote the Kolmogorov measure of this HMM. For this HMM
we also generated a realized observation sequence y1,k using ζ̂ and checked whether

P̂k(·|y1,k) satisfied the constraint (2.4) with the same design parameters given in

(6.1). As Figure 6.5 shows, the conditional relative entropy R(P̂k(·|y1,k)‖Pk(·|y1,k))
does not satisfy the constraint (2.4) with the design parameters (6.1) for any k, and

therefore P̂k(·|y1,k)(y1,k) /∈ Ξk(y1,k). Hence even though we were using the same

algorithm for computing robust state estimates, the cost values EP̂k [Ψk(Xk, ξ
∗
k)|y1,k]

were not guaranteed to be less than the predicted bounds on the cost values of the

robust state estimator. In fact, the cost values EP̂k [Ψk(Xk, ξ
∗
k)|y1,k] exceeded the

predicted bounds; this can be seen in Figure 6.6.
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Fig. 6.6. Cost values vs. time step.

7. Conclusion. In this paper, a robust state estimator for uncertain HMMs has
been introduced in which the uncertainty is characterized in terms of a conditional
relative entropy constraint. A finite horizon robust state estimator has been derived
that guarantees a certain bound on the state estimation error, provided that the true
conditional probability measure satisfies the conditional relative entropy constraint.
Also it is pointed out that under certain conditions, our robust state estimator is
equivalent to the MAP probability or a conditional expectation estimator given the
measurements under the reference probability measure.

We have presented a necessary and sufficient condition for the existence of a
stationary point, under which the conditional relative entropy constraint is active.
This condition allows one to determine the maximum time horizon for the estima-
tor. A characterization of the solution to the robust state estimation problem is also
presented. In many HMM applications, however, a robust state estimator is most
desirable which is capable of producing estimates over an infinite interval of time, as
in [20]. For this further work, Lemma 1 in [10] deserves attention.

Appendix A. Proof of Lemma 2.1. We now establish the sufficiency part by
induction. We first consider the case k = 1. Consider a state x1 ∈ EX and let y1 be an
arbitrary feasible 1-step observed sequence. Since P(Y1 = y1) =

∑
x0∈EX

cy1x0
px0

> 0,
then clearly there must exist x0 ∈ EX such that cy1x0px0 > 0, and hence the set Dy1

is not empty. Therefore it follows from condition 1 of the lemma that ax1x0 > 0 and
thus

P(X1 = x1, Y1 = y1) =
∑

x0∈EX

ax1x0cy1x0px0 > 0.

That is, at k = 1, the state x1 is observable.

Furthermore, we consider an arbitrary k-step long feasible observed sequence
{y1, . . . , yk}; that is, P(Y1 = y1, . . . , Yk−1 = yk−1, Yk = yk) > 0. Clearly, yk /∈ D̄
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since for any y ∈ D̄,

P(Yk = y) =
∑

x0,...,xk−1∈EX

cyxk−1
axk−1xk−2

· · · ax1x0px0 = 0.

Also P(Y1 = y1, . . . , Yk−1 = yk−1) > 0. We next assume the conclusion in the lemma
holds at time step k − 1. Hence P(Xk−1 = xk−1, Y1 = y1, . . . , Yk−1 = yk−1) > 0 for
any xk−1. It follows from

P(Xk = xk, Y1 = y1, . . . , Yk = yk)

=
∑

xk−1∈EX

axkxk−1
cykxk−1

P(Xk−1 = xk−1, Y1 = y1, . . . , Yk−1 = yk−1) > 0

that any state is observable at time step k.
We now prove the necessity part. We first consider part 1. For any y1 satisfying

Dy1
�= ∅, it follows that

P(Y1 = y1) =
∑

x0∈EX

cy1x0
px0

> 0;

that is, the 1-step sequence y1 is feasible. Since in this part of the proof we assume
that any state is observable, it follows that for any x1,

P(X1 = x1, Y1 = y1) =
∑

x0∈EX

ax1x0
cy1x0

px0
> 0.

Hence for any x1 ∈ EX , there must exist an x0 ∈ Dy1
such that ax1x0

cy1x0
px0

> 0.
Since the condition x0 ∈ Dy1 implies that cy1x0px0 > 0, then ax1x0 > 0, and condition
1 of the lemma holds. It is clear from this proof that x0 depends on y1 and x1.

We now establish condition 2. Since the sets {Y1 = y1|y1 ∈ EY } form a finite
partition of the sample space, there exists a y1 such that P(Y1 = y1) > 0. Then, since
any state of the HMM is assumed to be observable, we have that for any x1,

P(X1 = x1, Y1 = y1) =
∑

x0∈EX

ax1x0cy1x0px0 > 0.

Moreover, it follows from the definition of the set D̄ given in condition 2 of this lemma
that for any y2 ∈ EY − D̄, there exists an x1 such that cy2x1

> 0, and hence

P(Y1 = y1, Y2 = y2) =
∑

x1∈EX

cy2x1P(X1 = x1, Y1 = y1) > 0.

Note that D̄ �= EY since
∑

y2∈EY
cy2x1 = 1. That is, EY − D̄ �= ∅. Finally, it follows

from the fact that any state is observable that

P(X2 = x2, Y1 = y1, Y2 = y2) =
∑

x1∈EX

cy2x1ax2x1P(X1 = x1, Y1 = y1) > 0.

This implies that for any y2 ∈ EY − D̄ and any x2 ∈ EX , there exists an x1 ∈ EX

such that ax2x1cy2x1 > 0. That is, condition 2 holds. Here x1 is a function of y2 and
x2. This completes the proof of the necessity of conditions 1 and 2 in this lemma.
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Appendix B. Proof of Lemma 4.1. Since under P̃k, σ{Yk} is independent of
σ{X0, . . . , Xk, Y1, . . . , Yk−1}, we have

αk(ei, y1,k)

= EP̃k

[
EP̃k

[
λk exp(q(Xk−1))Λk−1 exp

(
k−1∑
l=1

q(Xl−1)

)
〈Xk, ei〉|Gk−1, Yk

]
|y1,k

]

= EP̃k

[
λk exp (q(Xk−1)) Λk−1 exp

(
k−1∑
l=1

q(Xl−1)

)
EP̃k [〈Xk, ei〉|Gk−1, Yk] |y1,k

]

= EP̃k

[
λk exp(q(Xk−1))Λk−1 exp

(
k−1∑
l=1

q(Xl−1)

)
〈AXk−1, ei〉|y1,k

]

=
N∑

n=1

EP̃k

[
λk exp (q(Xk−1)) Λk−1 exp

(
k−1∑
l=1

q(Xl−1)

)
〈AXk−1, ei〉

× 〈Xk−1, en〉|y1,k

]

=

N∑
n=1

M∏
j=1

(Mcjn)y
j
k exp(dn)EP̃k

[
Λk−1 exp

(
k−1∑
l=1

q(Xl−1)

)
〈AXk−1, ei〉

× 〈Xk−1, en〉|y1,k−1

]

=
N∑

n=1

M∏
j=1

(Mcjn)y
j
k exp(dn)ainαk−1(en).

(B.1)

Using the matrix notation on the right-hand side of (B.1) yields (4.5). Furthermore,
(4.6) follows from (4.5) as a special case in which q(Xl−1) = 0, l = 1, . . . , k. Note that
(4.6) defines a risk-neutral recursive filter for HMMs [8].

Appendix C. Proof of Theorem 4.1. Using arguments similar to those used
in the proof of Lemma 4.1, we have

EP̃k

[
Λk exp

(
τ−1Ψk(Xk, ξ) +

k∑
l=1

q(Xl−1)

)
|y1,k

]

=

N∑
i=1

EP̃k

[
Λk exp

(
τ−1Ψk(Xk, ξ) +

k∑
l=1

q(Xl−1)

)
〈Xk, ei〉|y1,k

]

=

N∑
i=1

exp

(
1

τ
(ei − ξ

)′
Qk(ei − ξ))EP̃k

[
Λk exp

(
k∑

l=1

q(Xl−1)

)
〈Xk, ei〉|y1,k

]

= Hkαk(y1,k)
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and

EP̃k [Λk|y1,k] =

N∑
i=1

βk(ei, y1,k).

Then (4.8) follows.

Appendix D. Proof of Lemma 4.2. It is obvious that we need only establish
βk(ei, y1,k) > 0 for any ei since αk(ei, y1,k) > βk(ei, y1,k). By the conditional Bayes
theorem,

EPk [〈Xk, ei〉|y1,k] =
β(ei, y1,k)∑N
i=1 β(ei, y1,k)

.(D.1)

Under Assumption 2.1, any state is observable at any k. Hence,

EPk [〈Xk, ei〉|y1,k] = Pk(Xk = ei|y1,k) > 0;

from this and (D.1), then β(ei, y1,k) > 0 follows.

Appendix E. Proof of Lemma 5.1. To establish that Vk(τ, ξ, y1,k) is con-
tinuous with respect to τ over [0,∞), we need only prove that Vk(τ, ξ, y1,k) is right
continuous at τ = 0. This can be seen from limτ→0+ Vk(τ, ξ, y1,k) = Vk(0, ξ, y1,k) = b̄k.
Furthermore, after a tedious computation, we have

dVk(τ, ξ, y1,k)

dτ
|τ=0+ = lim

τ→0+

dτ(log Jk(ξ, τ, y1,k) + d)

dτ
.

This means that at τ = 0,
dVk(τ,ξ,y1,k)

dτ is right continuous. Thus,
dVk(τ,ξ,y1,k)

dτ is
continuous with respect to τ over [0,∞). We now calculate the second deriva-
tive of τ(log Jk(ξ, τ, y1,k) + d) with respect to τ . Let ai = exp( 1

τ (ei − ξ)′Qk(ei −
ξ))αk(ei, y1,k), i ∈ S, and aj = αk(ξ, y1,k). By (5.2), we have

d2τ(log Jk(ξ, τ, y1,k) + d)

dτ2

=
1

τ3

(∑
i∈S aib

2
i

∑
i∈S ai − (

∑
i∈S aibi)

2

(
∑N

i=1 ai)
2

+
aj
∑

i∈S aib
2
i

(
∑N

i=1 ai)
2

)

=
1

τ3

(∑
i∈S(bi

√
ai)

2
∑

i∈S(
√
ai)

2 − (
∑

i∈S bi
√
ai
√
ai)

2

(
∑N

i=1 ai)
2

+
aj
∑

i∈S aib
2
i

(
∑N

i=1 ai)
2

)
> 0.

The last inequality follows from the Cauchy inequality (
∑n

i=1 aibi)
2 ≤

∑n
i=1 a

2
i

∑n
i=1

b2i and the fact that aj
∑

i∈S aib
2
i > 0 since bl > 0, for all l ∈ S, and ai > 0 for any

i; see Lemma 4.2. Thus, τ(log Jk(ξ, τ, y1,k) + d) is a strictly convex function of τ on
(0,∞).

Appendix F. Proof of Corollary 5.1. When dr = 0, r = 1, . . . , N , we
have αk(y1,k) = βk(y1,k). Then from inequality (5.3), the definition of αk(y1,k) and
βk(y1,k), and the conditional Bayes theorem, we have

log

∑
i∈W αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

= log

∑
i∈W EP̃k [Λk〈Xk, ei〉|y1,k]

EP̃k [Λk|y1,k]

= log
∑
i∈W

EP[〈Xk, ei〉|y1,k] = log
∑
i∈W

P(Xk = ei|y1,k)
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from which (5.6) follows.

Appendix G. Proof of Lemma 5.2. From (B.1),

− log
∑
i∈W

P(Xk = ei|y1,k) = − log

∑
i∈W αk(ei, y1,k)∑N
i=1 αk(ei, y1,k)

= − log

∑
i∈W

∑N
n=1

∏M
j=1(Mcjn)y

j
kainαk−1(en, y1,k)∑N

n=1

∏M
j=1(Mcjn)y

j
kαk−1(en, y1,k)

≥ − log

(∑
i∈W

max
j=1,...,N

aij

)
.(G.1)

In order to derive the last inequality, we use the assumption ā < 1 in this lemma,
which implies that all entries of the state transition matrix A are greater than zero.
Furthermore, under the assumption in this lemma and from (G.1), we have

d < − log ā ≤ − log

(∑
i∈W

max
j=1,...,N

aij

)
≤ − log

∑
i∈W

P(Xk = ei|y1,k).

That is, inequality (5.6) holds such that a stationary point always exists for any ξ
and k. Note that any such d̄ is independent of the measurements. Also the condition
ā < 1, and d < d̄ is a sufficient condition under which inequality (5.6) holds.

Appendix H. Proof of Lemma 5.3. We first prove the first statement of this
lemma. From the proof of the second part of Lemma 5.1, the first derivative of the
right-hand side of the above equation with respect to τ∗k is strictly less than zero.
Hence, τ∗k is strictly decreasing with d increasing if the inequality (5.3) holds.

We now prove the second statement of this lemma. Using the same argument
as used in Lemma 5.1, we can calculate the first derivative of the right-hand side of
(5.18) with respect to τ∗k as follows:

− 1

(τ∗
k )2

⎛
⎜⎜⎜⎝
(∑

i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)b

2
i

)(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k) + αk(ξ, y1,k)

)
(∑

i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k) + αk(ξ, y1,k)

)2

−

(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)bi

)2

(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k) + αk(ξ, y1,k)

)2

⎞
⎟⎟⎟⎠

=
−1

(τ∗
k )2

(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)b

2
i

)(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)

)
(∑

i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k) + αk(ξ, y1,k)

)2

− 1

(τ∗
k )2

−
(∑

i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)bi

)2

+ αk(ξ, y1,k)

(∑
i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k)b

2
i

)
(∑

i∈S exp

(
bi
τ∗
k

)
αk(ei, y1,k) + αk(ξ, y1,k)

)2

< 0.
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Hence, the minimum cost value is strictly monotone increasing with τ∗k decreasing.
From the first statement of this lemma, we can now conclude the minimum cost value
is strictly monotone increasing with d increasing.

Finally, we assume that dj , 1 ≤ j ≤ N , increases. Let d̄j = dj + δ, δ > 0. Then
from (5.7), for any k, we have

d̄c = − log

∑
i∈W αk(ei, y1,k)∑N
i=1 βk(ei, y1,k)

= − log

∑
i∈W EP̃k [Λk exp

(∑k
l=1 q(Xl−1)

)
exp(

∑k
l=1 δ〈Xj , er〉)〈Xk, ei〉|y1,k]∑N

i=1 βk(ei, y1,k)

≤ − log

∑
i∈W EP̃k [Λk exp

(∑k
l=1 q(Xl−1)

)
〈Xk, ei〉|y1,k]∑N

i=1 βk(ei, y1,k)
= dc.

Hence from the definition of the maximum horizon, we have K̄ ≤ K. It follows
directly from (5.3) that K is decreasing as d increases. This completes the proof of
the lemma.
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ADAPTIVE FINITE ELEMENTS FOR ELLIPTIC OPTIMIZATION
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Abstract. In this paper we develop a posteriori error estimates for finite element discretization of
elliptic optimization problems with pointwise inequality constraints on the control variable. We derive
error estimators for assessing the discretization error with respect to the cost functional as well as with
respect to a given quantity of interest. These error estimators provide quantitative information about
the discretization error and guide an adaptive mesh refinement algorithm allowing for substantial
saving in degrees of freedom. The behavior of the method is demonstrated on numerical examples.

Key words. mesh adaptivity, optimal control, a posteriori error estimates, finite element
method, quantity of interest, pointwise inequality constraints

AMS subject classifications. 65N50, 65N30, 65K10

DOI. 10.1137/070683416

1. Introduction. In this paper we develop a posteriori error estimates for fi-
nite element approximations of optimization problems governed by elliptic partial
differential equations. We discuss this question in a general manner, including the
consideration of optimal control and parameter identification problems with control
constraints given through a closed convex admissible set. The derived error estimates
have the goal of guiding an adaptive mesh refinement algorithm for finding economical
meshes for the optimization problem under consideration.

The use of adaptive techniques based on a posteriori error estimation is well
accepted in the context of finite element discretization of partial differential equations;
see, e.g., [6, 13, 35]. To our knowledge there are only a few results published on
adaptive finite elements for optimization problems; see [2, 17, 20, 23, 25, 27, 4, 7, 8, 30].

In articles [17, 20, 23, 25, 27] the authors provide a posteriori error estimates for
elliptic optimal control problems with distributed or Neumann control subject to box
constraints. These estimates assess the error in the control, state, and the adjoint
variable with respect to the natural norms of the corresponding spaces. In [2] another
approach for the estimation of the error with respect to the norm of the control space
is presented. In [17] convergence of an adaptive algorithm for a control constrained
optimal control problem is shown.

However, in many applications, the error in global norms does not provide a
useful error bound for the error in the quantity of physical interest. The a posteri-
ori estimators derived in this paper grant access to the error with respect to given
functionals.
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In [4, 6] the authors present a general concept for a posteriori estimation of the
discretization error with respect to the cost functional in the context of optimal control
problems. In articles [7, 8] the authors have extended this approach to the estimation
of the discretization error with respect to an arbitrary functional depending on both
the control and the state variable, so-called quantity of interest. This allowed, among
other things, the treatment of parameter identification and model calibration prob-
lems. However, in all these publications, the control variable was searched for in a
Hilbert space Q without additional (inequality) constraints. Therefore the main con-
tribution of this work is the extension of these techniques to the case of optimization
problems with additional control constraints given through a closed convex admissible
set Qad ⊂ Q. In the majority of practical cases this admissible set is described by
inequality control constraints of box type q− ≤ q(x) ≤ q+. Therefore we will concen-
trate on this case, although our techniques may also be extended to the consideration
of more general admissible sets Qad.

In this paper we consider optimization problems governed by (nonlinear) partial
differential equations. The aim is to minimize a given cost functional J(q, u) which
depends on the state variable u ∈ V and the control variable q ∈ Q, with Hilbert
spaces V and Q. These variables have to satisfy the state equation

(1.1) A(q, u) = f,

where A denotes a (nonlinear) differential operator and f represents the given data.
The optimization problem is then formulated as follows:

(1.2)

{
Minimize J(q, u), u ∈ V, q ∈ Qad,

A(q, u) = f.

Constraints on the control are incorporated via the definition of the closed and convex
set Qad representing the set of admissible controls.

For numerical treatment this infinite dimensional optimization problem is dis-
cretized in virtue of finite element methods; see the discussion in section 3. Let the
solution to the discretized problem be denoted by (qh, uh). Our aim is to derive a
posteriori error estimates for the error between the solutions to the continuous and
the discrete problem. A crucial point for our error analysis is the choice of a quantity,
which describes the goal of the computation. If this quantity coincides with the cost
functional, we have to estimate the error

J(q, u) − J(qh, uh).

In a more general case, we suppose I : Q×V → R to be a given functional describing
the quantity of interest. Then the error to be estimated is

I(q, u) − I(qh, uh).

The consideration of quantities of interest is important, for instance, in the context
of parameter identification and model calibration problem; see [8] for an application
of this concept to an optimization problem from computational fluid dynamics.

To the authors’ knowledge this is the first article providing a posteriori error
estimates with respect to a given functional for optimization problems with partial
differential equations and subject to control constraints.

The paper is organized as follows. In the next section we describe the optimization
problem under consideration, discuss necessary optimality conditions, and sketch the
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solution algorithm on the continuous level. In section 3 we describe the discretization
of the optimization problem in virtue of finite element methods. Section 4 is devoted
to a posteriori error estimation. In sections 4.1 and 4.2 we derive two different error
estimates for the error with respect to the cost functional J . The first error estimator is
based on the optimality system involving a variational inequality, whereas the second
one exploits Lagrange multipliers for the treatment of inequality constraints. Due
to the fact that the optimal control q is not expected to be sufficiently smooth (due
to inequality constraints), the approximation of (interpolation) weights involved in
the error estimator cannot be treated in a usual way. To overcome this difficulty we
exploit the projection formula (2.9) from the optimality conditions and propose an
approximation on the (interpolation) weights using a postprocessing step (4.7), which
is motivated by the considerations in [31]. In section 4.3 we provide an error estimator
with respect to a given quantity of interest. To this end we utilize an additional (dual)
linear-quadratic optimal control problem describing the sensitivity with respect to the
quantity of interest. In the last section we present numerical examples to illustrate
the behavior of our method.

2. Optimization problem. In this section we give a precise formulation of the
optimization problem under consideration and describe necessary optimality condi-
tions and the solution algorithm.

In order to deal with different types of optimization problems simultaneously, we
seek the control variable q in the Hilbert space Q = L2(ω) with scalar product (·, ·)
and norm ‖·‖. Typically, ω is a subset of the computational domain Ω or a subset
of its boundary ∂Ω. The case of finite dimensional controls is realized by choosing
ω = {1, 2, . . . , n} resulting in Q ∼= R

n.
Throughout this paper we suppose that the state equation (1.1) for u ∈ V is given

in a weak form:

(2.1) a(q, u)(ϕ) = f(ϕ) ∀ϕ ∈ V,

where a : Q×V ×V → R is a four times directional differentiable form which is linear
in the third argument and f is in the dual space V ′. A possible choice for this space
is V = H1(Ω), or V = H1

0 (Ω), or a direct product of such spaces. In the presence of
inhomogeneous Dirichlet boundary conditions, one seeks the state variable u in û+V ,
where û represents the boundary data. However, for clarity of notation, we assume
throughout that û = 0.

Remark 2.1. Throughout this paper we use two pairs of parentheses after a
form to indicate that the form is linear in all variables enclosed by the second pair of
parentheses, as seen in (2.1) for a(·, ·)(·).

The cost function is given by

(2.2) J(q, u) = J1(u) +
α

2
‖q‖2 ,

where J1 is a four times directionally differentiable operator on V and α > 0. Let the
admissible set Qad be given through box constraints on q, i.e.,

(2.3) Qad = {q ∈ Q | q− ≤ q(x) ≤ q+ a.e. on ω},

with bounds q−, q+ ∈ R ∪ {±∞} and q− < q+.
Now we are able to formulate the optimization problem as

(2.4) Minimize J(q, u) , u ∈ V, q ∈ Qad , subject to (2.1).
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Remark 2.2. The choice of constant bounds q−, q+ ∈ R∪{±∞} is not a limitation,
since one can transform an optimal control problem with bounds q−, q+ ∈ Q into an
equivalent one with constant bounds for the control.

To shorten notation we introduce the space X and the admissible set Xad by

X =Q× V × V,(2.5)

Xad =Qad × V × V.(2.6)

In addition we shall write ξ = (q, u, z) for a vector in X or Xad, where z will denote
an adjoint state.

Throughout the paper we assume that the problem (2.4) admits a solution. Con-
ditions ensuring the existence of solutions to optimal control problems may, for in-
stance, be found in [16, 26, 34]. We shall especially assume that the primal and dual
equations associated with (2.4) are solvable for every given q ∈ Q.

To establish an optimality system, we introduce the Lagrangian L : X → R as
follows:

L(ξ) = J1(u) +
α

2
‖q‖2 + f(z) − a(q, u)(z),

where z denotes the dual variable. Due to the convexity of the admissible set Qad,
the first-order necessary optimality condition for (q, u) ∈ Qad × V reads as follows:

There exists z ∈ V such that the triple ξ = (q, u, z) ∈ Xad satisfies

L′u(ξ)(δu) = 0 ∀δu ∈ V,(2.7a)

L′q(ξ)(δq − q) ≥ 0 ∀δq ∈ Qad,(2.7b)

L′z(ξ)(δz) = 0 ∀δz ∈ V.(2.7c)

This system can be stated explicitly in the following form:

J ′1(u)(δu) − a′u(q, u)(δu, z) = 0 ∀δu ∈ V,(2.8a)

α(q, δq − q) − a′q(q, u)(δq − q, z) ≥ 0 ∀δq ∈ Qad,(2.8b)

f(δz) − a(q, u)(δz) = 0 ∀δz ∈ V.(2.8c)

We introduce a projection operator PQad
: Q → Qad by

PQad
(p) = max

(
q−,min(p, q+)

)
pointwise a.e. This allows us to rewrite variational inequality (2.8b) (see, e.g., [34]) as

(2.9) q = PQad

(
1

α
a′q(q, u)(·, z)

)
,

where a′q(u, q)(·, z) is understood as a Riesz representative of a linear functional on
Q.

For a solution (q, u) of (2.4) we introduce active sets ω− and ω+ as follows:

ω− = {x ∈ ω | q(x) = q−} ,(2.10)

ω+ = {x ∈ ω | q(x) = q+} .(2.11)
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Let ξ ∈ X be a solution to (2.7); then we introduce an additional Lagrange multiplier
μ ∈ Q by the following identification:

(2.12) (μ, δq) = −α(q, δq) + a′q(q, u)(δq, z) = −L′q(ξ)(δq) ∀δq ∈ Q .

The variational inequality (2.8b) or the projection formula (2.9) are known to be
equivalent to the following conditions:

μ(x) ≤ 0 a.e. on ω− ,(2.13a)

μ(x) ≥ 0 a.e. on ω+ ,(2.13b)

μ(x) = 0 a.e. on ω \ (ω− ∪ ω+) .(2.13c)

Using this representation of the optimality condition (2.8b) we apply nonlinear primal
dual active set strategy (see, e.g., [9, 24]) to solve (2.4). In the following we sketch
the corresponding algorithm on the continuous level.

Nonlinear primal-dual active set strategy
1. Choose initial guess q0, μ0 and c > 0 and set n = 1.
2. While not converged
3. Determine the active sets ωn

+ and ωn
−:

ωn
− = {x ∈ ω | qn−1(x) + μn−1(x)/c− q− ≤ 0},

ωn
+ = {x ∈ ω | qn−1(x) + μn−1(x)/c− q+ ≥ 0}.

4. Solve the equality-constrained optimization problem

Minimize J1(u
n) +

α

2
‖qn‖2, un ∈ V, qn ∈ Q,

subject to (2.1) and

qn(x) = q− on ωn
− , qn(x) = q+ on ωn

+ .

5. Set

μn = −αqn + a′q(q
n, un)(·, zn)

with adjoint variable zn.
6. Set n = n + 1 and go to 2.

Remark 2.3. The convergence in step 2 can be determined conveniently from
agreement of the active sets in two consecutive iterations.

Remark 2.4. The algorithm above is known to be globally convergent for a class
of optimal control problems if α is sufficiently large; see, e.g., [9, 24]. Moreover, local
superlinear convergence can be shown; see, e.g., [21].

In our practical realization, the equality-constrained optimization problem in
step 4 is solved by Newton’s method on the control space without assembling the
Hessian. The finite element discretization of the optimization problem, described in
the next section, allows us to directly translate these algorithms onto the discrete
level.

As we will encounter some trouble with the variational inequality in the neces-
sary optimality condition (2.8) due to missing Galerkin orthogonality, we consider in
addition the full Lagrangian L̃ : X ×Q×Q → R which is given by

L̃(χ) = L(ξ) + (μ−, q− − q) + (μ+, q − q+),
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with χ = (ξ, μ−, μ+) = (q, u, z, μ−, μ+) ∈ X × Q × Q, where μ− and μ+ denote the
variables corresponding to Lagrange multipliers for the inequality constraints. To
shorten notation we introduce the abbreviation

(2.14) Y = X ×Q×Q.

Using the subspaces

Q− = {r ∈ Q | r = 0 a.e. on ω \ ω−},
Q+ = {r ∈ Q | r = 0 a.e. on ω \ ω+},

we introduce

Yad =Xad ×Q− ×Q+,(2.15)

Ỹad =X ×Q− ×Q+(2.16)

and see that the following equality holds for all χ ∈ Yad:

(2.17) L(ξ) = L̃(χ).

We can rewrite the first-order necessary optimality condition for (q, u) ∈ Qad ×V
equivalently as follows (cf. [34]):

There exist z ∈ V, μ− ∈ Q−, μ+ ∈ Q+ such that the following conditions hold
for χ = (q, u, z, μ−, μ+) ∈ Yad:

L̃′u(χ)(δu) = 0 ∀δu ∈ V,(2.18a)

L̃′q(χ)(δq) = 0 ∀δq ∈ Q,(2.18b)

L̃′z(χ)(δz) = 0 ∀δz ∈ V,(2.18c)

L̃′μ−(χ)(δμ−) = 0 ∀δμ− ∈ Q−,(2.18d)

L̃′μ+(χ)(δμ+) = 0 ∀δμ+ ∈ Q+,(2.18e)

μ+, μ− ≥ 0 a.e. on ω.(2.18f)

It is easy to verify that the Lagrange multipliers μ+ and μ− are given as the positive
and negative part of the Lagrange multiplier μ from (2.12); cf. [34].

Note that (2.18d), (2.18e) are equivalent to the complementarity conditions

(2.19) μ−(q− − q) = μ+(q − q+) = 0 a.e. on ω.

For later use we recall a second-order sufficient optimality condition.
Lemma 2.1 (sufficient optimality condition). Let ξ = (q, u, z) ∈ Xad satisfy the

first-order necessary condition (2.7a)–(2.7c) of optimization problem (2.4). Moreover,
let z �→ a′u(q, u)(·, z) : V → V ′ be surjective. If there exists ρ > 0 such that

(2.20)
(
δq , δu

) [L′′qq(ξ)(·, ·) L′′qu(ξ)(·, ·)
L′′uq(ξ)(·, ·) L′′uu(ξ)(·, ·)

](
δq
δu

)
≥ ρ

(
‖δu‖2

V + ‖δq‖2
Q

)
holds for all (δq, δu) satisfying the linear (tangent) partial differential equation

(2.21) a′u(q, u)(δu, ϕ) + a′q(q, u)(δq, ϕ) = 0 ∀ϕ ∈ V,

then (q, u) is a (strict) local solution to the optimization problem (2.4).
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We refer the reader to [29] for the proof.

Remark 2.5. Throughout the paper we exploit only first-order information. This
means that the error estimators proposed in section 4 are applicable to all solutions
of the optimality system (2.8) or (2.18), respectively.

For the convenience of the reader we list the assumptions made in the preceding
section.

Assumption 1. The optimization problem (2.4) possesses a solution (q, u). In
addition there exists z ∈ V such that the first-order necessary conditions (2.8) are
fulfilled by the triple (q, u, z).

Remark 2.6. It is sufficient for the existence of z in the preceding assumption if
the mapping z �→ a′u(q, u)(·, z) is surjective onto V ′. This is one of the requirements
in Lemma 2.1 and is fulfilled by all examples given in this article.

Assumption 2. The functional a(·, ·)(·) : Q × V × V → R defined in (2.1) is
assumed to be four times directional differentiable.

Assumption 3. The functional J(·, ·) : Q× V → R defined in (2.2) is assumed to
be four times directional differentiable.

Assumption 4. The functional I(·, ·) : Q×V → R mentioned in the introduction
(see also (4.20)) is assumed to be three times directional differentiable.

3. Finite element discretization. In this section we discuss finite element
discretization of the optimization problem (2.4).

To keep the following sections simple we restrain ourselves to the case of problems
where H1-conforming finite elements are satisfactory. However, the ideas can be
adapted to other problems.

Let Th be a triangulation (mesh) of the computational domain Ω consisting of
closed cells K which are either triangles or quadrilaterals. The straight parts which
make up the boundary ∂K of a cell K are called faces. The mesh parameter h is
defined as a cellwise constant function by setting h

∣∣
K

= hK , and hK is the diameter of
K. The mesh Th is assumed to be shape regular. In order to ease the mesh refinement
we allow the cells to have nodes, which lie on midpoints of faces of neighboring cells.
But at most one of such hanging nodes is permitted per face.

On the mesh Th we define a finite element space Vh ⊂ V consisting of linear or
bilinear shape functions; see, e.g., [14] or [10]. The case of hanging nodes requires
some additional remarks. There are no degrees of freedom corresponding to these
irregular nodes, and therefore the value of the finite element function is determined
by pointwise interpolation. This implies continuity and therefore global conformity.

For the discretization of the optimization problem (2.4) we introduce an additional
finite dimensional subspace Qh ⊂ Q of the control space. Depending on the concrete
situation there are different possible ways to choose the space Qh. It is reasonable
to set Qh = Q if Q is finite dimensional. In the case where the control variable is a
distributed function on the computational domain Ω, i.e., Q = L2(Ω), one may choose
Qh as an analogue to Vh or consider Qh as a space of cellwise constant functions on the
mesh Th. A priori error analysis for the last two choices in the context of distributed
(or boundary) elliptic optimal control problems can be found, e.g., in [1, 11, 15, 18, 28]
for cellwise constant control or in [12, 32, 33] for continuous cellwise linear control.
An approach without discretization of the control variable is presented in [22].

We denote a basis of Qh by

(3.1) B = {ψi}, with ψi ≥ 0,
∑
i

ψi = 1, max
x∈ω

ψi(x) = 1.
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Remark 3.1. It might be desirable to use different meshes for the control and the
state variable in the case of distributed control. The error estimator presented below
can provide information for separate refinement of the control and state meshes. One
can split the error estimator into two parts, one containing the functionals on the
space V which give information for the refinement of the state mesh and one part
consisting of the functionals defined on the control space Q which give information
for the refinement of the control mesh. The refinement then follows an equilibration
strategy for both estimators; cf. [30].

The discrete admissible set Qad,h is defined as

Qad,h = Qh ∩Qad ,

and the discretized optimization problem is formulated as follows:

(3.2) Minimize J(qh, uh) , uh ∈ Vh, qh ∈ Qad,h ,

subject to

(3.3) a(qh, uh)(vh) = f(vh) ∀vh ∈ Vh.

We introduce the discretized versions of (2.5) and (2.6) by

Xh =Qh × Vh × Vh,(3.4)

Xad,h =Qad,h × Vh × Vh(3.5)

and denote a vector from these sets by ξh = (qh, uh, zh). The optimality system for
the discretized optimization problem is formulated as follows:

J ′1(uh)(δuh) − a′u(qh, uh)(δuh, zh) = 0 ∀δuh ∈ Vh,(3.6a)

α(qh, δqh − qh) − a′q(qh, uh)(δqh − qh, zh) ≥ 0 ∀δqh ∈ Qad,h,(3.6b)

f(δzh) − a(qh, uh)(δzh) = 0 ∀δzh ∈ Vh.(3.6c)

The nonlinear primal dual active set strategy, described in the previous section,
can be translated directly into the discrete level to solve (3.6a)–(3.6c).

In order to formulate the analog system to (2.18a)–(2.18f) we introduce discrete
active sets ω−,h and ω+,h for a solution (qh, uh) to (3.2), (3.3) by

ω−,h = {x ∈ ω | qh(x) = q−},(3.7)

ω+,h = {x ∈ ω | qh(x) = q+}(3.8)

and define a Lagrange multiplier μh ∈ Qh via

(3.9) (μh, δqh) = −L′q(qh, uh, zh)(δqh) ∀ δqh ∈ Qh.

Moreover, we introduce μ−h ∈ Qh and μ+
h ∈ Qh by

(3.10) μ+
h − μ−h = μh, (μ−h , ψi) ≥ 0, (μ+

h , ψi) ≥ 0 ∀ψi ∈ B

by which μ±h are uniquely determined if in addition the following complementarity
conditions hold:

(3.11) (μ−h , qh − q−) = (μ+
h , q+ − qh) = 0.
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Remark 3.2. This definition corresponds to the Lagrange multipliers obtained for
the inequality constraints if the discrete optimization problem (3.2), (3.3) is considered
a finite dimensional optimization problem for qh =

∑
i qiψi ∈ Qh with the following

restrictions:

q− ≤ qi ≤ q+ ∀i.

Note that due to the choice of the basis B in (3.1) this is equivalent to q− ≤
qh(x) ≤ q+ for all x ∈ ω. Utilizing this fact, the discrete active sets ω−,h, ω+,h are
completely determined by the values of the coordinate vector of qh. In particular they
consist only of whole cells, edges, and nodes.

To obtain the complementarity conditions with respect to the Q = L2(ω)-inner
product (3.11) one requires

(μ+
h , ψi) = 0 if qi < q+ and (μ−h , ψi) = 0 if qi > q− .

We now define the discretized versions of (2.14), (2.16), and (2.15) by

Yh =Xh ×Qh ×Qh,(3.12)

Yad,h =Xad,h ×Q−,h ×Q+,h,(3.13)

Ỹad,h =Xh ×Q−,h ×Q+,h,(3.14)

where

Q−,h = {r ∈ Qh | r(x) = 0 a.e. on ω \ ω−h },
Q+,h = {r ∈ Qh | r(x) = 0 a.e. on ω \ ω+

h }.

A vector from these spaces will be abbreviated by χh = (qh, uh, zh, μ
−
h , μ

+
h ).

Using the definitions above we have the first-order necessary optimality condition
for (qh, uh) ∈ Qad,h × Vh:

There exist zh ∈ Vh, μ
−
h ∈ Q−,h, μ

+
h ∈ Q+,h such that for χh = (qh, uh, zh, μ

−
h , μ

+
h )

∈ Yad the following conditions hold:

L̃′u(χh)(δu) = 0 ∀δu ∈ Vh,(3.15a)

L̃′q(χh)(δq) = 0 ∀δq ∈ Qh,(3.15b)

L̃′z(χh)(δz) = 0 ∀δz ∈ Vh,(3.15c)

L̃′μ−(χh)(δμ−) = 0 ∀δμ− ∈ Q−,h,(3.15d)

L̃′μ+(χh)(δμ+) = 0 ∀δμ+ ∈ Q+,h,(3.15e)

μ+
h − μ−h = μh, (μ−h , ψi) ≥ 0, (μ+

h , ψi) ≥ 0 ∀ψi ∈ B.(3.15f)

Here again (3.15d), (3.15e) are equivalent to the complementarity condition

(3.16) (μ−h , q− − qh) = (μ+
h , qh − q+) = 0.

Finally we state the following assumption concerning our discretization which is
the analogue to Assumption 1.

Assumption 5. The optimization problem (3.2), (3.3) possesses a solution (qh, uh).
In addition there exists zh ∈ Vh such the first-order necessary conditions (3.6) are
fulfilled by the triple (qh, uh, zh).
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4. A posteriori error estimation. The aim of this section is to derive a poste-
riori error estimates for the error with respect to the cost functional and to an arbitrary
quantity of interest. These error estimates extend the results from [4, 6, 7, 8] to the
case of optimization problems with control constraints. The provided estimators will
be used within the following adaptive algorithm for error control and mesh refinement:
We start on a coarse mesh, solve the discretized optimization problem, and evaluate
the error estimator. Thereafter we refine the current mesh using local information
obtained from the error estimator, allowing for efficient reduction of the discretiza-
tion error with respect to the quantity of interest. This procedure is iterated until
the value of the error estimator is below a given tolerance; see, e.g., [7] for a detailed
description of this algorithm.

The section is structured as follows: First we will derive two a posteriori error
estimators for the error with respect to the cost functional. The first one is based
on the first-order necessary condition (2.8), which involves a variational inequality,
and the second estimator uses the information obtained from the Lagrange multipliers
for the inequality constraints. Both estimators can be evaluated in terms of the solu-
tion to the discretized optimization problem (3.2), (3.3). Then we will proceed with
the error estimator with respect to an arbitrary quantity of interest, which requires
the solution to an auxiliary linear-quadratic optimization problem. Even though the
idea behind the estimators remains unchanged, the latter estimators require a more
technical discussion.

Throughout this section we shall denote a solution to the optimization prob-
lem (2.4) by (q, u) and the corresponding solution to the optimality system (2.7) by
ξ = (q, u, z) ∈ Xad and its discrete counterpart (3.6) by ξh = (qh, uh, zh) ∈ Xad,h. The
corresponding solution to (2.18) and its discrete counterpart (3.15) will be abbreviated
as χ = (q, u, z, μ−, μ+) ∈ Yad and χh = (qh, uh, zh, μ

−
h , μ

+
h ) ∈ Yad,h.

4.1. Error in the cost functional. For the derivation of the error estimator
with respect to the cost functional, we introduce the residual functionals ρu(ξh)(·),
ρz(ξh)(·) ∈ V ′, and ρq(ξh)(·) ∈ Q′ by

ρu(ξh)(·) = f(·) − a(qh, uh)(·),(4.1)

ρz(ξh)(·) =J ′1(uh)(·) − a′u(qh, uh)(·, zh),(4.2)

ρq(ξh)(·) =α(qh, ·) − a′q(uh, qh)(·, zh).(4.3)

The following theorem is an extension of the result from [6].
Theorem 4.1. Let ξ ∈ Xad be a solution to the first-order necessary system

(2.7) and ξh ∈ Xad,h be its Galerkin approximation (3.6). Then the following estimate
holds:

(4.4) J(q, u)−J(qh, uh) ≤ 1

2
ρu(ξh)(z− z̃h)+

1

2
ρz(ξh)(u− ũh)+

1

2
ρq(ξh)(q−qh)+R1,

where ũh, z̃h ∈ Vh are arbitrarily chosen and R1 is a remainder term given by

(4.5) R1 =
1

2

∫ 1

0

L′′′(ξh + s(ξ − ξh))(ξ − ξh, ξ − ξh, ξ − ξh)s(s− 1) ds.

Proof. From optimality system (2.7a)–(2.7c) we obtain that

J(q, u) = L(ξ).
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A similar equality holds on the discrete level. Therefore we have

J(q, u) − J(qh, uh) = L(ξ) − L(ξh) =

∫ 1

0

L′(ξh + s(ξ − ξh))(ξ − ξh) ds.

We approximate this integral by the trapezoidal rule and obtain

(4.6) J(q, u) − J(qh, uh) =
1

2
L′(ξ)(ξ − ξh) +

1

2
L′(ξh)(ξ − ξh) + R1,

with the reminder term R1 as in (4.5). For the first term we have

L′(ξ)(ξ − ξh) = L′u(ξ)(u− uh) + L′z(ξ)(z − zh) + L′q(ξ)(q − qh).

Using optimality system (2.7a)–(2.7c) and the fact that qh ∈ Qad,h ⊂ Qad, we deduce
that

L′(ξ)(ξ − ξh) = −L′q(ξ)(qh − q) ≤ 0.

Rewriting the second term in (4.6) we obtain

L′(ξh)(ξ − ξh) = ρu(ξh)(z − zh) + ρz(ξh)(u− uh) + ρq(ξh)(q − qh).

Due to the Galerkin orthogonality for the state and adjoint equations, we have for
arbitrary ũh, z̃h ∈ Vh

ρu(ξh)(z − zh) = ρu(ξh)(z − z̃h) and ρz(ξh)(u− uh) = ρz(ξh)(u− ũh).

This completes the proof.
Remark 4.1. We note that, in contrast to the terms involving the residuals of

state and the adjoint equations, the error q − qh in the term ρq(ξh)(q − qh) in (4.4)
cannot be replaced by q− q̃h with an arbitrary q̃h ∈ Qad,h. This fact is caused by the
control constraints. However, we may replace ρq(ξh)(q−qh) by ρq(ξh)(q−qh+q̃h) with
arbitrary q̃h fulfilling supp(q̃h) ⊂ ω \ (ω−,h ∪ ω+,h) due to the structure of ρq(ξh)(·).

In order to use the estimate from the theorem above for computable error estima-
tion we proceed as follows: First we choose ũh = ihu, z̃h = ihz, with an interpolation
operator ih : V → Vh; then we have to approximate the corresponding interpolation
errors u− ihu and z − ihz. There are several heuristic techniques to do this; see, for
instance, [6, 7]. Assume we have an operator π : Vh → Ṽh, with Ṽh �= Vh, such that
u− πuh has a better local asymptotical behavior as u− ihu. Then we approximate

ρu(ξh)(z − ihz) ≈ ρu(ξh)(πzh − zh) and ρz(ξh)(u− ihu) ≈ ρz(ξh)(πuh − uh).

Such an operator can be constructed, for example, by the interpolation of the
computed bilinear finite element solution in the space of biquadratic finite elements
on patches of cells. For this operator the improved approximation property relies on
local smoothness of u and superconvergence properties of the approximation uh. The
use of such “local higher-order approximation” is observed to work very successfully
in the context of a posteriori error estimation; see, e.g., [6, 7].

The approximation of the term ρq(ξh)(q − qh) requires more care. In contrast
to the state u and the adjoint state z, the control variable q can generally not be
approximated by “local higher-order approximation” for the following reasons:

• In the case of finite dimensional control space Q, there is no “patch-like”
structure allowing for “local higher-order approximation.”
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• If q is a distributed control, it typically does not possess sufficient smoothness
(due to the inequality constraints) for the improved approximation property.

We therefore suggest another approximation of ρq(ξh)(q−qh) based on the projection
formula (2.9). To this end we introduce q̃ ∈ Qad by

(4.7) q̃ = PQad

(
1

α
a′q(qh, πuh)(·, πzh)

)
.

In some cases one can show better approximation behavior of q − q̃ in comparison
with q− qh; see [31] and [22] for similar considerations in the context of a priori error
analysis.

This construction results in the following computable a posteriori error estimator:

η1 =
1

2

(
ρu(ξh)(πzh − zh) + ρz(ξh)(πuh − uh) + ρq(ξh)(q̃ − qh)

)
.

Remark 4.2. In order to use this error estimator as an indicator for mesh refine-
ment, we have to localize it to cellwise or nodewise contributions. A direct localization
of the terms like ρu(ξh)(πzh−zh) leads, in general, to the local contributions of wrong
order (overestimation) due to oscillatory behavior of the residual terms. To overcome
this, one may integrate the residual terms by part (see, e.g., [6]) or use a filtering
operator; see [36] for details.

We should note that (4.4) does not provide an estimate for the absolute value of
J(q, u)−J(qh, uh), which is due to the inequality sign in (4.4). In the next section we
will overcome this difficulty utilizing the alternative optimality system (2.18a)–(2.18f).

4.2. Error in the cost functional reviewed. In order to derive an error
estimator for the absolute value of J(q, u) − J(qh, uh) we introduce the additional
residual functionals ρ̃q(χh)(·), ρ̃μ−(χh)(·), ρ̃μ+(χh)(·) ∈ Q′ by

ρ̃q(χh)(·) =α(qh, ·) − a′q(qh, uh)(·, zh) + (μ+
h − μ−h , ·),(4.8)

ρ̃μ−(χh)(·) = (·, q− − qh),(4.9)

ρ̃μ+(χh)(·) = (·, qh − q+).(4.10)

In what follows, the last two residual functional will also be evaluated in the point χ
where they read as follows:

ρ̃μ−(χ)(·) = (·, q− − q), ρ̃μ+(χ)(·) = (·, q − q+).

Analogous to Theorem 4.1 we obtain the following theorem.
Theorem 4.2. Let χ ∈ Yad be a solution to the first-order necessary condi-

tion (2.18a)–(2.18f) and χh ∈ Yad,h be its Galerkin approximation (3.15a)–(3.16).
Then the following estimate holds:

J(q, u) − J(qh, uh) =
1

2
ρu(χh)(z − z̃h) +

1

2
ρz(χh)(u− ũh) +

1

2
ρ̃q(χh)(q − q̃h)

+
1

2
ρ̃μ−(χh)(μ− − μ̃−h ) +

1

2
ρ̃μ+(χh)(μ+ − μ̃+

h )

+
1

2
ρ̃μ−(χ)(μ̃− − μ−h ) +

1

2
ρ̃μ+(χ)(μ̃+ − μ+

h ) + R2,

(4.11)

where ũh, z̃h ∈ Vh, q̃h ∈ Qh, μ̃−h ∈ Q−,h, μ̃+
h ∈ Q+,h, μ̃− ∈ Q−, μ̃+ ∈ Q+ are

arbitrarily chosen and R2 is a remainder term given by

(4.12) R2 =
1

2

∫ 1

0

L̃′′′(χh + s(χ− χh))(χ− χh, χ− χh, χ− χh)s(s− 1) ds.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ADAPTIVITY FOR OPTIMAL CONTROL 521

Proof. From (2.17) and optimality system (2.8a)–(2.8c) we obtain

J(q, u) = L(ξ) = L̃(χ).

The analog result holds on the discrete level. We therefore have

J(q, u) − J(qh, uh) = L̃(χ) − L̃(χh) =

∫ 1

0

L̃′(χh + s(χ− χh))(χ− χh) ds.

As in the proof of Theorem 4.1 we approximate this integral by the trapezoidal rule
and obtain

(4.13) J(q, u) − J(qh, uh) =
1

2
L̃′(χ)(χ− χh) +

1

2
L̃′(χh)(χ− χh) + R2,

with the remainder term R2 as in (4.12). For the first term we have

L̃′(χ)(χ− χh) = L̃′u(χ)(u− uh) + L̃′z(χ)(z − zh) + L̃′q(χ)(q − qh)

+ L̃′μ−(χ)(μ− − μ−h ) + L̃′μ+(χ)(μ+ − μ+
h ).

Using optimality system (2.18a)–(2.18f) we deduce that

L̃′(χ)(χ− χh) = L̃′μ−(χ)(μ− − μ−h ) + L̃′μ+(χ)(μ+ − μ+
h ).

From (2.18d) and (2.18e) together with linearity of L̃′μ−(χ)(·) and L̃′μ+(χ)(·) we obtain

that for arbitrary μ̃− ∈ Q− and μ̃+ ∈ Q+

L̃′μ−(χ)(μ− − μ−h ) = L̃′μ−(χ)(μ̃− − μ−h ), L̃′μ+(χ)(μ+ − μ+
h ) = L̃′μ+(χ)(μ̃+ − μ+

h )

holds, and thus we obtain

L̃′(χ)(χ− χh) = ρ̃μ−(χ)(μ̃− − μ−h ) + ρ̃μ+(χ)(μ̃+ − μ+
h ).

Rewriting the second term in (4.13) we obtain

L̃′(χh)(χ− χh) = ρu(χh)(u− uh) + ρz(χh)(z − zh) + ρ̃q(χh)(q − qh)

+ ρ̃μ−(χh)(μ− − μ−h ) + ρ̃μ+(χh)(μ+ − μ+
h ),

where we can use linearity of the residual functionals in the second argument and
(3.15a)–(3.15c) to obtain the following equalities:

ρu(χh)(u− uh) =ρu(χh)(u− ũh),(4.14)

ρz(χh)(z − zh) =ρz(χh)(z − z̃h),(4.15)

ρ̃q(χh)(q − qh) =ρ̃q(χh)(q − q̃h)(4.16)

for arbitrary ũh, z̃h ∈ Vh, q̃h ∈ Qh. Additionally we gain from (3.15d) and (3.15e)
that for arbitrary μ̃−h ∈ Q−,h and μ̃+

h ∈ Q+,h

ρ̃μ−(χh)(μ− − μ−h ) =ρ̃μ−(χh)(μ− − μ̃−h ),(4.17)

ρ̃μ+(χh)(μ+ − μ+
h ) =ρ̃μ+(χh)(μ+ − μ̃+

h )(4.18)

holds. This completes the proof.
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To gain a computable error estimator we proceed as in the previous section. In
order to deal with the new residual functionals we utilize (2.12) and construct an
approximation for μ by

(4.19) μ̃ = −αq̃ + a′q(q̃, πuh)(·, πzh),

where q̃ is given by (4.7). This leads to a computable a posteriori error estimator:

η2 =
1

2

(
ρu(χh)(πzh − zh) + ρz(χh)(πuh − uh) + ρ̃q(χh)(q̃ − qh),

ρ̃μ−(χh)(μ̃− − μ−h ) + ρ̃μ+(χh)(μ̃+ − μ+
h ),

ρ̃μ−(χ̃)(μ̃− − μ−h ) + ρ̃μ+(χ̃)(μ̃+ − μ+
h )

)
.

Remark 4.3. We note that the a posteriori error estimates derived in Theorems 4.1
and 4.2 coincide if the control constraints are inactive, e.g., if Qad = Q. Moreover, if
the active sets are approximated from outside, i.e., ω− ⊂ ω−,h and ω+ ⊂ ω+,h, these
error estimators coincide as well.

4.3. Error in the quantity of interest. The aim of this section is the deriva-
tion of an error estimator for the error

(4.20) I(q, u) − I(qh, uh)

with a given functional I : Q × V → R describing the quantity of interest which
we require to be three times directional differentiable. To this end we consider an
additional Lagrangian M : Y × Y → R defined by

(4.21) M(χ)(ψ) = I(q, u) + L̃′(χ)(ψ),

where we abbreviate χ = (q, u, z, μ−, μ+) and ψ = (p, v, y, ν−, ν+). Here (p, v, y, ν−, ν+)
will be variables dual to (q, u, z, μ−, μ+). Note that for the solution χ to the optimality
system (2.18a)–(2.18f) of the optimization problem (2.4) the identity

(4.22) M(χ)(ψ) = I(q, u)

holds for all ψ ∈ Ỹad. To proceed as in the proof of Theorem 4.2 it remains to find
ψ ∈ Ỹad such that (χ, ψ) is a stationary point of M on Ỹad × Ỹad.

Therefore we consider the auxiliary (linear-quadratic) optimization problem

Minimize K(χ, p, v), p ∈ Pad, v ∈ V,(4.23)

subject to L̃′′uz(χ)(v, ϕ) + L̃′′qz(χ)(p, ϕ) = 0 ∀ϕ ∈ V(4.24)

for given χ ∈ Y. The admissible set Pad is given as

(4.25) Pad = {p ∈ Q | p−(x) ≤ p(x) ≤ p+(x) a.e. on ω},

with the bounds

p−(x) =

{
0, μ(x) �= 0 or q(x) = q−(x),

−∞ else,

p+(x) =

{
0, μ(x) �= 0 or q(x) = q+(x),

+∞ else,
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and the cost functional K : Y ×Q× V → R is defined via

K(χ, p, v) = I ′u(q, u)(v) + I ′q(q, u)(p) + L̃′′uq(χ)(v, p) +
1

2
L̃′′uu(χ)(v, v) +

1

2
L̃′′qq(χ)(p, p).

(4.26)

We introduce the following abbreviation for later use:

(4.27) Ȳad = Pad × V × V ×Q− ×Q+.

Remark 4.4. Consideration of the auxiliary optimization problem (4.23), (4.24)
is motivated by the unconstrained case Qad = Q. There the stationary point of M
is given as the solution to (4.23), (4.24) with Pad = Q. A similar linear-quadratic
optimization problem is considered in [19] in the context of sensitivity analysis.

Remark 4.5. If we assume that the second-order sufficient condition from Lemma
2.1 holds, the linear-quadratic optimization problem (4.23) possesses a solution. This
is the case, as the quadratic part L̃′′uq(χ)(v, p) + 1

2 L̃′′uu(χ)(v, v) + 1
2 L̃′′qq(χ)(p, p) of

K(p, v) is positive definite (see (2.20)) for all solutions to the linear equation (2.21),
which is exactly the same as (4.24).

We introduce an auxiliary Lagrangian N : Y × X → R for (4.23), (4.24) by

(4.28) N (χ, p, v, y) = K(χ, p, v) + L̃′′uz(χ)(v, y) + L̃′′qz(χ)(p, y).

For a solution (p, v) to (4.23), (4.24) the following first-order necessary condition
holds:

There exists y ∈ V such that

N ′y(χ, p, v, y)(δy) = 0 ∀δy ∈ V,(4.29a)

N ′v(χ, p, v, y)(δv) = 0 ∀δv ∈ V,(4.29b)

N ′p(χ, p, v, y)(δp− p) ≥ 0 ∀δp ∈ Pad(4.29c)

or, if written more explicitly,

L̃′′uz(χ)(v, δy) + L̃′′qz(χ)(p, δy) = 0 ∀δy ∈ V,(4.30a)

I ′u(q, u)(δv) + L̃′′uq(χ)(δv, p) + L̃′′uu(χ)(δv, v) + L̃′′uz(χ)(δv, y) = 0 ∀δv ∈ V,

(4.30b)

I ′q(q, u)(δp) + L̃′′uq(χ)(v, δp) + L̃′′qq(χ)(δp, p) + L̃′′qz(χ)(δp, y) ≥ 0 ∀δp ∈ Pad − p.

(4.30c)

Again we can introduce the full Lagrangian Ñ : Y × Y → R by

(4.31) Ñ (χ, ψ) = N (χ, p, v, y) + (ν−, p− − p) + (ν+, p− p+).
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As in (2.18a)–(2.18f) we can rewrite the necessary optimality condition for ψ ∈ Ȳad as

Ñ ′v(χ, ψ)(δv) = 0 ∀δv ∈ V,(4.32a)

Ñ ′p(χ, ψ)(δp) = 0 ∀δp ∈ Q,(4.32b)

Ñ ′y(χ, ψ)(δy) = 0 ∀δy ∈ V,(4.32c)

Ñ ′ν−(χ, ψ)(δν−) = 0 ∀δν− ∈ Q−,(4.32d)

Ñ ′ν+(χ, ψ)(δν+) = 0 ∀δν+ ∈ Q+,(4.32e)

ν+ − ν− = ν, ν−(p− − p) = ν+(p− p+) = 0 a.e. onω,(4.32f)

supp ν+ ⊆ ω \ {x ∈ ω | q = q− and μ �= 0}, ν+ ≥0, a.e. whereμ = 0,(4.32g)

supp ν− ⊆ ω \ {x ∈ ω | q = q+ and μ �= 0}, ν− ≥0, a.e. whereμ = 0,(4.32h)

where ν− and ν+ are given by the following relations depending on ν = −N ′p(χ, p, v, y)(·):

ν+(x) =

⎧⎪⎨
⎪⎩
ν, q(x) = q+ and μ(x) �= 0,

0, q(x) = q− and μ(x) �= 0,

max(0, ν) else,

ν−(x) =

⎧⎪⎨
⎪⎩
ν, q(x) = q− and μ(x) �= 0,

0, q(x) = q+ and μ(x) �= 0,

max(0,−ν) else.

Note that due to the choice of p− and p+ the Lagrange multipliers are contained in
the desired spaces, e.g., ν− ∈ Q− and ν+ ∈ Q+.

Remark 4.6. It should be noted that we use the convention ±∞ · 0 = 0 in (4.31),
(4.32f) to ease notation. The same convention will be used throughout this section.

Remark 4.7. The condition (4.32g) arises naturally, as ν+ is the Lagrange mul-
tiplier which corresponds to the equality and inequality constraints for p that are
induced by the active upper control bound q+. Similarly (4.32h) arises from the
active lower control bound q−.

We introduce

(4.33) Ȳad,h = Pad,h × Vh × Vh ×Q−,h ×Q+,h

to shorten notation. This is discretized using the discretized admissible set

(4.34) Pad,h = {p ∈ Qh | ph,−(x) ≤ p(x) ≤ ph,−(x) a.e. on ω},

with the bounds

ph,−(x) =

{
0, μh(x) �= 0 or qh(x) = q−(x),

−∞ else,

ph,+(x) =

{
0, μh(x) �= 0 or qh(x) = q+(x),

+∞ else.

Then the following first-order condition holds with the discretized full Lagrangian:

Ñh(χ, ψ) = N (χ, p, v, y) + (ν−, ph,− − p) + (ν+, p− ph,+),
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where Ñh : Y × Y → R. There exist yh ∈ Vh, ν+
h , ν−h ∈ Qh such that for ψh =

(ph, vh, yh, ν
−
h , ν+

h ) ∈ Ȳad,h the following hold:

Ñ ′h,v(χh, ψh)(δv) = 0 ∀δv ∈ Vh,(4.35a)

Ñ ′h,p(χh, ψh)(δp) = 0 ∀δp ∈ Qh,(4.35b)

Ñ ′h,y(χh, ψh)(δy) = 0 ∀δy ∈ Vh,(4.35c)

Ñ ′h,ν−(χh, ψh)(δν−) = 0 ∀δν− ∈ Q−,h,(4.35d)

Ñ ′h,ν+(χh, ψh)(δν+) = 0 ∀δν+ ∈ Q+,h,(4.35e)

ν+
h − ν−h = νh (ν−h , ph,− − ph) = (ν+

h , ph − ph,+) = 0,(4.35f)

(ν+
h , ψi) = 0 ∀i : (μh, ψi) �= 0 and qi = q−,(4.35g)

(ν+
h , ψi) ≥ 0 ∀i : (μh, ψi) = 0,(4.35h)

(ν−h , ψi) = 0 ∀i : (μh, ψi) �= 0 and qi = q+,(4.35i)

(ν−h , ψi) ≥ 0 ∀i : (μh, ψi) = 0.(4.35j)

For the error estimator with respect to the quantity of interest we introduce the
residual functionals ρ̃v(χh, ψh)(·), ρ̃y(χh, ψh)(·) ∈ V ′ and ρ̃p(χh, ψh)(·), ρ̃ν−(χh, ψh)(·),
ρ̃ν+(χh, ψh)(·) ∈ Q′ by

ρ̃v(χh, ψh)(·) = L̃′′zu(χh)(·, vh) + L̃′′zq(χh)(·, ph),(4.36)

ρ̃y(χh, ψh)(·) = I ′u(qh, uh)(·) + L̃′′uu(χh)(·, vh) + L̃′′uz(χh)(·, yh)(4.37)

+ L̃′′uq(χh)(·, ph),

ρ̃p(χh, ψh)(·) = I ′q(qh, uh)(·) + L̃′′qu(χh)(·, vh) + L̃′′qz(χh)(·, yh)(4.38)

+ L̃′′qq(χh)(·, ph) + (·, νh),

ρ̃ν−(χh, ψh)(·) = − (·, ph),(4.39)

ρ̃ν+(χh, ψh)(·) = (·, ph),(4.40)

in addition to the already defined residual functionals (4.1)–(4.10). Again the last
two residual functionals also have to be evaluated in the point (χ, ψ) where they read
as follows:

ρ̃ν−(χ, ψ)(·) = −(·, p), ρ̃ν+(χ, ψ)(·) = (·, p).

Theorem 4.3. Let χ ∈ Yad be a solution to the necessary optimality condition
(2.18) and χh ∈ Yad,h be its Galerkin approximation (3.15). In addition let ψ ∈ Ȳad

be a solution to the necessary optimality condition (4.32) of the auxiliary optimization
problem (4.23), (4.24) and ψh ∈ Ȳad,h be its discrete approximation (4.35). Then the
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following estimate holds:

I(q, u) − I(qh, uh) =
1

2
ρu(χh)(y − ỹh) +

1

2
ρz(χh)(v − ṽh) +

1

2
ρ̃q(χh)(p− p̃h)

+
1

2
ρ̃μ−(χh)(ν− − ν̃−h ) +

1

2
ρ̃μ+(χh)(ν+ − ν̃+

h )

+
1

2
ρ̃v(χh, ψh)(z − z̃h) +

1

2
ρ̃y(χh, ψh)(u− ũh) +

1

2
ρ̃p(χh, ψh)(q − q̃h)

+
1

2
ρ̃ν−(χh, ψh)(μ− − μ̃−h ) +

1

2
ρ̃ν+(χh, ψh)(μ+ − μ̃+

h )

+
1

2
ρ̃μ−(χ)(ν̃− − ν−h ) +

1

2
ρ̃μ+(χ)(ν̃+ − ν+

h )

+
1

2
ρ̃ν−(χ, ψ)(μ̃− − μ−h ) +

1

2
ρ̃ν+(χ, ψ)(μ̃+ − μ+

h ) + R3,

(4.41)

where ũh, ṽh, z̃h, ỹh ∈ Vh, q̃h, p̃h ∈ Qh, μ̃
−
h , ν̃−h ∈ Q−,h, μ̃

+
h , ν̃+

h ∈ Q+,h as well as
μ̃−, ν̃− ∈ Q−, μ̃+, ν̃+ ∈ Q+ are arbitrarily chosen and R3 is a remainder term given
by

(4.42) R3 =
1

2

∫ 1

0

M′′′((χh, ψh) + se)(e, e, e)s(s− 1) ds,

with e = (χ− χh, ψ − ψh).
Proof. From (4.22) and the analog discrete result we obtain

I(q, u) − I(qh, uh) = M(χ, ψ) −M(χh, ψh) =

∫ 1

0

M′((χh, ψh) + se)(e) ds.

Approximation by the trapezoidal rule gives

(4.43) I(q, u) − I(qh, uh) =
1

2
M′(χ, ψ)(e) +

1

2
M′(χh, ψh)(e) + R3,

with the remainder term R3 as in (4.42). For the first term we have

M′(χ, ψ)(e) =M′
u(χ, ψ)(u− uh) + M′

v(χ, ψ)(v − vh)

+ M′
z(χ, ψ)(z − zh) + M′

y(χ, ψ)(y − yh)

+ M′
q(χ, ψ)(q − qh) + M′

p(χ, ψ)(p− ph)

+ M′
μ−(χ, ψ)(μ− − μ−h ) + M′

ν−(χ, ψ)(ν− − ν−h )

+ M′
μ+(χ, ψ)(μ+ − μ+

h ) + M′
ν+(χ, ψ)(ν+ − ν+

h ).

Using the identities

M′
u(χ, ψ)(·) = Ñ ′v(χ, p, v, y)(·), M′

v(χ, ψ)(·) = L̃′u(χ)(·),
M′

z(χ, ψ)(·) = Ñ ′y(χ, p, v, y)(·), M′
y(χ, ψ)(·) = L̃′z(χ)(·),

M′
q(χ, ψ)(·) = Ñ ′p(χ, p, v, y)(·), M′

p(χ, ψ)(·) = L̃′q(χ)(·),

we see that the first six terms on the right-hand side vanish due to (2.18a)–(2.18c)
and (4.32a)–(4.32c). Furthermore we see from (2.18d), (2.18e) and (4.32d), (4.32e)
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that with arbitrary μ̃−, ν̃− ∈ Q− and μ̃+, ν̃+ ∈ Q+ the following identities hold:

M′
μ−(χ, ψ)(μ− − μ−h ) =M′

μ−(χ, ψ)(μ̃− − μ−h ) = ρ̃ν−(χ, ψ)(μ̃− − μ−h ),(4.44)

M′
ν−(χ, ψ)(ν− − ν−h ) =M′

ν−(χ, ψ)(ν̃− − ν−h ) = ρ̃μ−(χ)(ν̃− − ν−h ),(4.45)

M′
μ+(χ, ψ)(μ+ − μ+

h ) =M′
μ+(χ, ψ)(μ̃+ − μ+

h ) = ρ̃ν+(χ, ψ)(μ̃+ − μ+
h ),(4.46)

M′
ν+(χ, ψ)(ν+ − ν+

h ) =M′
ν+(χ, ψ)(ν̃+ − ν+

h ) = ρ̃μ+(χ)(ν̃+ − ν+
h ).(4.47)

Thus we obtain

M′(χ, ψ)(e) = ρ̃μ−(χ)(ν̃− − ν−h ) + ρ̃μ+(χ)(ν̃+ − ν+
h )

+ ρ̃ν−(χ, ψ)(μ̃− − μ−h ) + ρ̃ν+(χ, ψ)(μ̃+ − μ+
h ).

For the second term we obtain from (3.15a)–(3.15e) and (4.32a)–(4.32e) that

M′(χh, ψh)(e) = M′(χh, ψh)(χ− χ̃h, ψ − ψ̃h)

for each χ̃h, ψ̃h ∈ Ỹad,h, which completes the proof.
Remark 4.8. Note that in the case I = J the solution (p, v, y) to (4.29) is given

by (0, 0, z), which can be seen after some calculations. Using this, one obtains that
for I = J the estimates in Theorems 4.2 and 4.3 coincide.

We define the projection onto the admissible set by

PPad,h
(p) = max

(
ph,−,min(p, ph,+)

)
.

To obtain a computable error estimator we introduce p̃ ∈ Pad as an approximation to
p by
(4.48)

p̃ = PPad,h

(
1

α
(a′q()(·, πyh) + a′′qu()(·, πvh, πzh) + a′′qq()(·, ph, πzh) − I ′q(q̃, πuh)(·))

)
,

where () is an abbreviation for (q̃, πuh), and ν̃ is introduced as an approximation to
ν by

(4.49) ν̃ = −αp̃ + a′q()(·, πyh) + a′′qu()(·, πvh, πzh) + a′′qq()(·, ph, πzh) − I ′q(q̃, πuh)(·),

which is an analogue to the construction of the approximations q̃ and μ̃ in (4.7) and
(4.19).

Using these approximations we obtain the following computable error estimator:

ηQI =
1

2
ρu(χh)(πy − yh) +

1

2
ρz(χh)(πv − vh) +

1

2
ρ̃q(χh)(p̃− ph)

+
1

2
ρ̃μ−(χh)(ν̃− − ν−h ) +

1

2
ρ̃μ+(χh)(ν̃+ − ν+

h )

+
1

2
ρ̃v(χh, ψh)(πz − zh) +

1

2
ρ̃y(χh, ψh)(πu− uh) +

1

2
ρ̃p(χh, ψh)(q̃ − qh)

+
1

2
ρ̃ν−(χh, ψh)(μ̃− − μ−h ) +

1

2
ρ̃ν+(χh, ψh)(μ̃+ − μ+

h )

+
1

2
ρ̃μ−(χ̃)(ν̃− − ν−h ) +

1

2
ρ̃μ+(χ̃)(ν̃+ − ν+

h )

+
1

2
ρ̃ν−(χ̃, ψ̃)(μ̃− − μ−h ) +

1

2
ρ̃ν+(χ̃, ψ̃)(μ̃+ − μ+

h ),

where χ̃ = (q̃, πu, πz, μ̃−, μ̃+) and ψ̃ = (p̃, πv, πy, ν̃−, ν̃+).
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Remark 4.9. We would like to point out that in case of strict complementarity,
e.g., if the set

{x ∈ ω | q(x) = q−(x) or q(x) = q+(x)} \ {x ∈ ω | μ(x) �= 0}

has zero measure, the auxiliary problem (4.23), (4.24) does not involve inequality
constraints for the controls. In that case the set Pad is not only convex but in fact a
real subspace of Q.

Remark 4.10. The constrained linear-quadratic optimization problem (4.23),
(4.24) can be solved using primal-dual active set strategy. In the case of strict com-
plementarity the algorithm will converge in one step due to the fact that Pad is a
linear subspace of Q is this case.

Remark 4.11. Due to the definition of Pad (4.25), the solution p ∈ Q of auxiliary
optimization problem (4.23)–(4.24) is usually discontinuous. Therefore, a cellwise
constant discretization of the control space Q seems to be more suitable than a dis-
cretization with continuous trial functions if the error with respect to a quantity of
interested is estimated.

5. Numerical examples. In this section we discuss two numerical examples
illustrating the behavior of our method. For both examples we use bilinear (H1-
conforming) finite elements for the discretization of the state variable and cellwise
constant discretization of the control space. The optimization problems are solved by
primal-dual active set strategy as sketched in section 2, where the equality-constrained
problems in the inner loop are solved using Newton’s method for the reduced cost
functional.

All examples have been computed using the optimization library RoDoBo [5] and
the finite element toolkit Gascoigne [3].

5.1. Example 1. We consider the following nonlinear optimization problem:

(5.1) Minimize
1

2
‖u− ud‖2

L2(Ω) +
α

2
‖q‖2

L2(Ω), u ∈ V, q ∈ Qad,

subject to

(5.2)
−Δu + 30u3 + u = f + q in Ω,

u = 0 on ∂Ω,

where Ω = ω = (0, 1)2 \ [0.4, 0.6]2, V = H1
0 (Ω), Q = L2(Ω), and the admissible set

Qad is given by

Qad = {q ∈ Q | − 7 ≤ q(x) ≤ 20 a.e. on Ω}.

The desired state ud and the right-hand side f are defined as

ud(x) = x1 · x2, f(x) =
(
(x1 − 0.5)2 + (x2 − 0.5)2

)−1
,

and the regularization parameter is chosen as α = 10−4. We note that the state
equation (5.2) is a monotone semilinear equation, which possesses a unique solution
u ∈ V for each q ∈ Q. The proof of the existence of a global solution as well
as derivation of necessary and sufficient optimality conditions for the corresponding
optimization problem (5.1)–(5.2) can be found, e.g., in [34].



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ADAPTIVITY FOR OPTIMAL CONTROL 529

In section 4 we derived two different error estimators for the error with respect
to the cost functional and one error estimator with respect to a quantity of interest.
In this example, we choose the quantity of interest as

(5.3) I(q, u) =
1

2

∫
(0.7,0.8)2

|∇u(x)|2 dx +

∫
(0.2,0.3)2

q(x) dx.

In order to check the quality of the error estimators, we define the following effectivity
indices:
(5.4)

Ieff(η1) =
J(u) − J(uh)

η1
, Ieff(η2) =

J(u) − J(uh)

η2
, Ieff(ηQI) =

I(q, u) − I(qh, uh)

ηQI
.

In Table 5.1 these effectivity indices are listed for different types of mesh refine-
ment: random refinement and refinement based on the error estimator ηQI for the
quantity of interest.

Table 5.1

Effectivity indices.

N Ieff(η1) Ieff(η2) Ieff(ηQI)
432 1.1 1.1 1.2
906 1.1 1.1 1.1
2328 1.3 1.2 2.3
5752 1.2 1.2 1.4
13872 1.3 1.3 1.5
33964 1.3 1.3 1.4
83832 1.2 1.2 1.5

(a) Random refinement

N Ieff(η1) Ieff(η2) Ieff(ηQI)
432 1.1 1.1 1.1
824 1.1 1.1 1.4
1692 1.0 1.0 0.3
3992 1.0 1.0 0.2
11396 1.0 1.0 0.5
30604 1.0 1.0 1.0
80354 1.0 1.0 1.3

(b) Refinement according to ηQI

We observe that the error estimators provide quantitative information about the
discretization error. We note that the results for η1 and η2 are very close to each
other in this example; cf. Remark 4.3.

In addition, our results show that the local mesh refinement based on error esti-
mators derived above leads to substantial saving in degrees of freedom for achieving a
given level of the discretization error. In Figure 5.1 the dependence of discretization
error on the number of degrees of freedom is shown for different refinement criteria:
global (uniform) refinement, refinement based on the error estimator η1 for the cost
functional, and refinement based on the error estimator ηQI for the quantity of in-
terest. In Figure 5.1(a) the error with respect to the cost functional (5.1) and in
Figure 5.1(b) the error with respect to the quantity of interest (5.3) are considered,
respectively.

We observe the best behavior of error with respect to the cost functional if the
mesh is refined based on η1 and the best behavior of error with respect to the quantity
of interest for the refinement based on ηQI.

A series of meshes generated according to the information obtained from the
error estimators are shown in Figure 5.2 together with the optimal control q and the
corresponding state u.
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1e-04

0.001

0.01

1000 10000 100000

global
local η1

local ηQI

(a) Error in J

1e-06

1e-05

1e-04

0.001

0.01

1000 10000 100000

global
local η1

local ηQI

(b) Error in I

Fig. 5.1. Discretization error for different refinement criteria.

5.2. Example 2. Our second example is motivated by a parameter identification
problem. The minimization problem is given by

(5.5) Minimize
1

2
‖u− ud‖2

L2(Ω) +
α

2
‖q‖2

L2(Ω), u ∈ V, q ∈ Qad,

subject to

(5.6)
−Δu + qu = f in Ω,

u = 0 on ∂Ω,

where Ω = ω = (0, 0.5) × (0, 1) ∪ (0, 1) × (0.5, 1), V = H1
0 (Ω), Q = L2(Ω), and the

admissible set Qad is given by

Qad = {q ∈ Q | q−(x) ≤ q(x) ≤ q+(x) a.e. on Ω}, with q−(x) = 0, q+(x) = 0.3 .

The desired state ud and the right-hand side f are defined as

ud(x) =
1

8π2
sin(2πx1) sin(2πx2), f(x) = 1,

and the regularization parameter is chosen α = 10−4. Note that for any given q ∈ Qad

the state equation (5.6) possesses a unique solution u ∈ V due to q ≥ 0.
We are interested in the error in the unknown parameter, and thus we choose

I(q, u) =

∫
ΩO

q(x) dx,

where ΩO = (0, 0.25) × (0.75, 1).
In Table 5.2 the effectivity indices, defined as in (5.4), are listed for different types

of mesh refinement: global (uniform) refinement, random refinement, refinement based
on the error estimator η1 for the cost functional, and refinement based on the error
estimator ηQI for the quantity of interest. As in the first example we observe that the
error estimators provide quantitative information on the discretization errors.
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(a) Mesh 3 from η1 (b) Mesh 4 from η1

(c) Mesh 4 from ηQI (d) Mesh 5 from ηQI

(e) Optimal control (f) State

Fig. 5.2. Locally refined meshes and solution.
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Table 5.2

Effectivity indices.

N Ieff(η1) Ieff(η2) Ieff(ηQI)
65 1.2 1.2 2.0
225 1.3 1.2 1.9
833 1.4 1.4 1.5
3201 1.5 1.5 1.7

(a) Global refinement

N Ieff(η1) Ieff(η2) Ieff(ηQI)
65 1.2 1.2 2.0
225 1.3 1.3 1.9
785 1.4 1.4 1.6
2705 1.5 1.5 1.7

(b) Refinement according to η1

N Ieff(η1) Ieff(η2) Ieff(ηQI)
65 1.2 1.2 2.0
141 1.2 1.2 2.0
307 1.2 1.2 0.5
763 1.4 1.4 2.0

(c) Random refinement

N Ieff(η1) Ieff(η2) Ieff(ηQI)
65 1.2 1.2 2.0
173 1.2 1.2 1.8
509 1.2 1.2 1.3
1317 1.2 1.2 1.3

(d) Refinement according to ηQI

From Figure 5.3(a), where the discretization error with respect to the quantity
of interest is plotted for different refinement criteria, we again observe that the local
mesh refinement based on the appropriate error estimator leads to a certain saving in
degrees of freedom for achieving a given tolerance for the discretization error. A typical
mesh generated using the information obtained from ηQI is shown in Figure 5.3(b).

(a) Error in I (b) Mesh 5 from ηQI

Fig. 5.3. Discretization error and mesh.
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NECESSARY CONDITIONS FOR CONSTRAINED PROBLEMS
UNDER MANGASARIAN–FROMOWITZ CONDITIONS∗
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Abstract. The focus of this paper is on first order necessary conditions for optimal control
problems with mixed state-control equality and inequality constraints. We consider the case when
the cost and dynamics are nonsmooth, and the constraints satisfy Mangasarian–Fromowitz-type as-
sumptions that weaken the commonly used hypothesis that the Jacobian of the active constraints,
with respect to the free variable, is of full rank. The results are formulated as unmaximized Hamil-
tonian inclusion-type conditions involving not the customary product of partial subdifferentials but
the joint subdifferential with respect to the state and control variables.

Key words. optimal control, nonsmooth analysis, mixed constraints
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1. Introduction. Consider the following optimal control problem with mixed
constraints:

(P)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Minimize l(x(0), x(1)) subject to

ẋ(t) = f(t, x(t), u(t), v(t)) a.e. in T ,
0 = b(t, x(t), u(t), v(t)) a.e. in T ,
0 ≥ g(t, x(t), u(t), v(t)) a.e. in T ,

v(t) ∈ V (t) a.e. in T ,
(x(0), x(1)) ∈ C,

where T = [0, 1], and we are given functions

l : Rn × Rn → R, (f, b, g) : T × Rn × Rku × Rkv → Rn × Rmb × Rmg ,

V (t) ⊂ Rkv for all t ∈ T , and C ⊂ Rn×Rn. Let m := mb +mg, let k := ku +kv, and
assume that k ≥ m. Usually one has mb ≥ 1 and mg ≥ 1, but we allow for mb = 0
(no equality constraints) or mg = 0 (no inequality constraints).

For (P), a process is a triple (x, u, v) comprising a function x ∈ W 1,1(T ;Rn) and
measurable functions u : T → Rku and v : T → Rkv satisfying the constraints. Here
W 1,1(T ;Rn) denotes the space of absolutely continuous functions mapping T to Rn.
A process (x̄, ū, v̄) is a strong minimizer for (P) if there exists ε > 0 such that it
minimizes the cost over all processes (x, u, v) satisfying |x(t)− x̄(t)| ≤ ε for all t ∈ T ,
and it is a weak minimizer if, for some ε > 0, it minimizes the cost over all processes
(x, u, v) satisfying |x(t) − x̄(t)| ≤ ε for all t ∈ T and

|u(t) − ū(t)| ≤ ε, |v(t) − v̄(t)| ≤ ε a.e. in T .
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The set Ia(t) denotes the set of indexes of the active constraints, that is,

Ia(t) = {i ∈ {1, . . . ,mg} | gi(t, x̄(t), ū(t), v̄(t)) = 0},

and qa(t) denotes the cardinality of Ia(t). Also

∇ug
Ia(t)(t, x̄(t), ū(t), v̄(t)) ∈ Rqa(t)×ku

(if qa(t) = 0, the latter holds vacuously) is the matrix we obtain after removing from
∇ug(t, x̄(t), ū(t), v̄(t)) all the rows of index i /∈ Ia(t).

In what follows the set of necessary conditions for optimal control problems with
nonsmooth data in the spirit of [3] is referred to as nonsmooth maximum principle.

This paper focuses on necessary conditions of optimality for problem (P) with cost
and dynamics possibly nonsmooth and with smooth mixed constraints. The distinct
aspects of (P) are the equality and inequality mixed constraints and the fact that
the control variable comprises two components, u (unconstrained) and v (pointwise
constrained). This splitting decomposition of the control variable is common in the
literature (see [2, 13] for an explanation, as well as [1, 12, 14], where the statement of
the problem is proposed as a canonical one and there is a deep investigation on the
subject). We keep such division because optimal control problems with mixed con-
straints are relevant to optimal control problems involving differential and algebraic
equations (for a discussion on this topic we refer the reader to [9, 10]).

Although it is well known that the maximum principle is not in general valid for
(P), weak and strong forms of the maximum principle have been shown to hold when
some regularity assumptions are imposed on the mixed constraints (see, for example,
[2, 13, 16, 17, 20, 24] to name but a few). Derivation of optimality conditions for
problems with nonregular mixed constraints remains a largely unexplored area (see
[13] and the references therein).

For problems with smooth data including continuity with respect to t, regularity
assumptions commonly involve the full rank condition

(1.1) detM(t)M(t)T �= 0 for all t ∈ T

for a certain matrix M , the more general being

(1.2) F (t) :=

(
∇ub(t, x̄(t), ū(t), v̄(t))

∇ug
Ia(t)(t, x̄(t), ū(t), v̄(t))

)
.

Exceptions are to be found in [2, 13], where strong versions of the maximum princi-
ple for smooth problems with data measurable with respect to t are validated under
assumptions that may be viewed in analogy to Mangasarian–Fromowitz constraint
qualifications (to be defined below), also known as positive linear independence con-
ditions.

Strong forms of the nonsmooth maximum principle for (P), which apply to strong
minimizers, are derived in [10, 11]. In the aforementioned papers, regularity assump-
tions on the mixed constraints involve convexity. Weak nonsmooth maximum princi-
ples for (P), which in turn apply to weak minimizers, have also been derived in [7, 21],
where convexity assumptions are replaced by differentiability with respect to (x, u, v)
of the functions defining the mixed constraints. Because the data of (P) in [7, 21] are
assumed to be merely measurable with respect to t, the full rank condition (1.1) is
replaced by a uniform full rank condition of the form

(1.3) detM(t)M(t)T ≥ K a.e. in T
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for some K > 0, applied to the matrix

Υ(t) :=

(
∇ub(t, x̄(t), ū(t), v̄(t)) 0

∇ug(t, x̄(t), ū(t), v̄(t)) diag {
√
−gi(t, x̄(t), ū(t), v̄(t))}

)
.

A weak version of the nonsmooth maximum principle, derived in [7] under the uniform
full rank condition imposed on Υ (that is, M = Υ in (1.3)), is extended in [5] to cover
problems for which (1.3) is imposed on F . Remarkably, the uniform full rank condition
(1.3) on Υ implies (1.3) on F , but the converse may not hold (see [7]). Notice that
condition (1.1) on Υ is in fact equivalent to (1.1) on F .

Here we establish the validity of a weak nonsmooth maximum principle for (P)
under regularity assumptions on the mixed constraints that may be viewed in analogy
to Mangasarian–Fromowitz constraint qualifications in mathematical programming.
The conditions we consider are an adaptation of [15, condition (23)]. Regularity
assumptions of similar nature are imposed in [4, 13], where strong versions of the
maximum principle are derived for smooth problems. Also, they are used in [22] to
derive first and second order optimality conditions for problems involving more gen-
eral constraints. However, in contrast to [4, 13, 22], we treat problems with possibly
nonsmooth dynamics and cost. Moreover, as we illustrate through an example, the
Mangasarian–Fromowitz-type conditions we impose on (P) are in general less restric-
tive constraint qualifications than the uniform full rank condition (1.3) imposed on F
(though both sets of conditions coincide when mg = 0).

The novelty of this paper concerns both the nature of the regularity assumptions
and the analytic techniques used to derive necessary conditions for (P) with possibly
nonsmooth data. Although we impose some degree of smoothness on the mixed
constraints, the proof of our main result (Theorem 3.1) relies heavily on techniques
developed for nonsmooth analysis. The key idea behind the proof is based on a
technique introduced in [3] for problems with pure state constraints (see also [25]).
A crucial step in the proof is the definition of a sequence of optimization problems
leading to a sequence of optimal control problems with mixed constraints to which
optimality necessary conditions under the uniform full rank condition (1.3), previously
obtained in [5], apply.

Similarly to [5, 7], the necessary conditions for (P) validated in this paper involve
∂x,u,vH, the joint subdifferential of the function

H(t, x, p, q, r, u, v) = p · f(t, x, u, v) + q · b(t, x, u, v) + r · g(t, x, u, v)

in the state and control variables. The necessary conditions we deal with in this paper
were first derived in [8] for “standard” optimal control problems (that is, when the
mixed constraints defined by g and b are absent), and they were later extended to cover
more general problems as, for example, problems with pure state constraints (see [6]
and the references therein). In [8] such conditions are designated as Euler–Lagrange
inclusion conditions. This designation was soon abandoned to avoid confusion with
the same name used in nonsmooth optimal control for conditions involving general-
ized normals to the graph of the admissible velocity mapping. Since, for standard
nonsmooth optimal control problems, our conditions involve the unmaximized Hamil-
tonian (also known as pseudo-Hamiltonian or Pontryagin’s Hamiltonian), they were
coined unmaximized Hamiltonian inclusion (UHI)-type conditions.

UHI-type conditions are distinct from the conventional weak nonsmooth maxi-
mum principle which involves ∂xH×∂uH×∂vH, the product of the partial subdiffer-
entials of H in the state and control variables. As shown in [5, 6], the main features of
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UHI-type conditions are retained in the presence of mixed or pure state constraints.
Namely, these conditions are optimality sufficient conditions in the linear-convex nor-
mal case, whereas the nonsmooth maximum principle is not. Moreover, for standard
optimal control problems and for problems with pure state constraints, UHI-type con-
ditions can eliminate processes that satisfy strong nonsmooth maximum principles
and yet are not locally optimal (see [6, 8]), a feature which is retained for UHI-type
conditions for (P).

2. Preliminaries. The notation r ≥ 0 for r ∈ Rp (p ∈ N) means that each
component of r is nonnegative. Throughout, | · | denotes the Euclidean norm, and
B represents the closed unit ball centered at the origin regardless of the dimension
of the underlined space. For much of the analysis we shall denote by (x̄, ū, v̄) a local
minimizer of (P) and by φ̄(t) the evaluation of a function φ at (t, x̄(t), ū(t), v̄(t)). The
set Ωε(t) is defined as

Ωε(t) := (x̄(t) + εB) × (ū(t) + εB) × ((v̄(t) + εB) ∩ V (t)).

The linear space W 1,1(T ;Rp) denotes the space of absolutely continuous functions,
L1(T ;Rp) the space of integrable functions, and L∞(T ;Rp) the space of essentially
bounded functions mapping T to Rp, respectively. For δ ∈ L∞(T ;Rmg ), δIa(t)(t) ∈
Rqa(t) denotes the vector we get after removing from δ(t) all the components δi(t)
such that i /∈ Ia(t).

Since we consider (P) with possibly nonsmooth data, we make use of standard
constructs from nonsmooth analysis. The full calculus for some basic constructions
in nonsmooth analysis can be found, for example, in [3, 18, 19, 23, 25]. The following
definition will be essential in our setup.

Definition 2.1. Let A ⊂ Rk be a closed set and x ∈ A. We say that p ∈ Rk is
a limiting normal to A at x if there exist pi → p and xi → x in A and a sequence of
positive numbers {Mi} such that, for each i ∈ N,

pi · (y − xi) ≤ Mi|y − xi|2 for all y ∈ A.

The limiting normal cone to A at x, written NA(x), is the set of all limiting normals
to A at x.

Given a lower semicontinuous function f : Rk → R ∪ {+∞} and a point x ∈
Rk such that f(x) < ∞, the limiting subdifferential of f at x (also referred to as
Mordukhovich subdifferential) is the set

∂f(x) := {ζ | (−1, ζ) ∈ Nepi{f}(f(x), x)},

where epi{f} := {(η, x) | η ≥ f(x)} denotes the epigraph set (when f is Lipschitz
continuous near x, the convex hull of the limiting subdifferential, co ∂f(x), coincides
with the Clarke subdifferential (see [3])).

For completeness we state two results that will be of importance in what follows.
The first one corresponds to a uniform implicit function theorem [9, Corollary 4.2].

Proposition 2.2. Consider a set A ⊂ Rk, a number α > 0, a family of functions
{ψa : Rm ×Rn → Rn}a∈A, and a point (u0, v0) ∈ Rm ×Rn such that ψa(u0, v0) = 0
for all a ∈ A. Assume that

(i) ψa is continuously differentiable on (u0, v0) + αB for all a ∈ A,
(ii) there exists a monotone increasing function θ : (0,∞) → (0,∞) with θ(s) ↓ 0

as s ↓ 0 such that, for all a ∈ A and (u, v) �= (u′, v′) ∈ (u0, v0) + αB,

|∇ψa(u, v) −∇ψa(u
′, v′)| ≤ θ(|(u, v) − (u′, v′)|),
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(iii) ∇vψa(u0, v0) is nonsingular for each a ∈ A and there exists c > 0 such that,
for all a ∈ A, |[∇vψa(u0, v0)]

−1| ≤ c.
Then there exist δ ≥ 0 and a family of continuously differentiable functions {φa : u0 +
δB → v0 + αB}a∈A which are Lipschitz continuous with common Lipschitz constant
k such that, for all a ∈ A,

(a) v0 = φa(u0),
(b) ψa(u, φa(u)) = 0 for all u ∈ u0 + δB,
(c) ∇uφ(u0) = −[∇vψa(u0, v0)]

−1∇uψa(u0, v0).
The numbers δ and k depend on θ, c, and α only. Furthermore, if A is a Borel set
and a 
→ ψa(u, v) is a Borel measurable function for each (u, v) ∈ (u0, v0) +αB, then
a 
→ φa(u) is a Borel measurable function for each u ∈ u0 + δB.

The second result we state (see [5, Theorem 3.1]) corresponds to UHI-type con-
ditions for (P) under full rank assumptions. We invoke the following hypotheses on
(P), which make reference to a parameter ε > 0 and a process (x̄, ū, v̄). The notation
(b, g)(·) means (b(·), g(·)).

(H1) The function t 
→ f(t, x, u, v) is Lebesgue measurable for each (x, u, v) and
there exists an integrable function kf such that, for almost every t ∈ T ,

|f(t, x, u, v) − f(t, x′, u′, v′)| ≤ kf (t)|(x, u, v) − (x′, u′, v′)|

for all (x, u, v), (x′, u′, v′) ∈ Ωε(t).
(H2) Graph V is a Borel measurable set and Vε(t) := (v̄(t) + εB)∩ V (t) is closed

for almost every t ∈ T .
(H3) C is closed and l is locally Lipschitz in a neighborhood of (x̄(0), x̄(1)).
(H4) (b, g)(·, x, u, v) is measurable for each (x, u, v) and t 
→ g(t, x̄(t), ū(t), v̄(t)) is

L∞(T,Rmg ).
(H5) (b, g)(t, ·, ·, ·) is continuously differentiable on (x̄(t), ū(t), v̄(t))+ εB a.e. in T

and there exists an integrable function Lb,g such that, for almost every t ∈ T ,

|(b, g)(t, x, u, v) − (b, g)(t, x′, u′, v′)| ≤ Lb,g(t)|(x, u, v) − (x′, u′, v′)|

for all (x, u, v), (x′, u′, v′) ∈ Ωε(t).
(H6) There exist Kb,g > 0 and an increasing function θ̃ : (0,∞) → (0,∞) with

θ̃(s) ↓ 0 as s ↓ 0 such that, for almost every t ∈ T ,

|∇x(b̄, ḡ)(t)| + |∇u(b̄, ḡ)(t)| + |∇v(b̄, ḡ)(t)| ≤ Kb,g,

|∇x,u,v(b, g)(t, x, u, v) −∇x,u,v(b, g)(t, x
′, u′, v′)| ≤ θ̃(|(x, u, v) − (x′, u′, v′)|)

for all (x, u, v) �= (x′, u′, v′) belonging to Ωε(t).
(H∗) There exists K > 0 such that detF (t)F (t)T ≥ K a.e. in T , where F is

defined in (1.2).
Theorem 2.3. Let (x̄, ū, v̄) be a weak minimizer for (P). Set

H(t, x, p, q, r, u, v) := p · f(t, x, u, v) + q · b(t, x, u, v) + r · g(t, x, u, v).

If, for some ε > 0, (H1)–(H6) and (H∗) are satisfied, then there exist p ∈ W 1,1(T ;Rn),
q ∈ L1(T ;Rmb), r ∈ L1(T ;Rmg ), ζ ∈ L1(T ;Rkv ), and λ ≥ 0 such that

(i) ‖p‖∞ + λ �= 0,
(ii) (−ṗ(t), 0, ζ(t)) ∈ co ∂x,u,vH(t, x̄(t), p(t), q(t), r(t), ū(t), v̄(t)) a.e. in T ,
(iii) ζ(t) ∈ coNV (t)(v̄(t)) a.e. in T ,
(iv) r(t) · g(t, x̄(t), ū(t), v̄(t)) = 0 and r(t) ≤ 0 a.e. in T ,
(v) (p(0),−p(1)) ∈ NC(x̄(0), x̄(1)) + λ∂l(x̄(0), x̄(1)).

Furthermore, for some integrable function Km, |(q(t), r(t))| ≤ Km(t)|p(t)| a.e. in T .
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540 MARIA DO ROSÁRIO DE PINHO AND JAVIER F. ROSENBLUETH

3. Main results. In this section we validate the UHI-type conditions given in
Theorem 2.3 to cover problems with data satisfying merely Mangasarian–Fromowitz-
type assumptions. In this respect, Theorem 2.3 and Proposition 2.2 play a crucial
role.

We shall invoke the following additional hypothesis which, like (H1)–(H6), makes
reference to some process (x̄, ū, v̄) and a parameter ε > 0.

(H7) There exist constants K1, K2 > 0 and functions h ∈ L∞(T ;Rku) and
a ∈ L∞(T ;Rmg ) with |h(t)| = 1 a.e. in T such that, for almost every t ∈ T ,

(i) ai(t) > K2 for i ∈ Ia(t),
(ii) ∇uḡ

Ia(t)(t) · h(t) = aIa(t)(t),
(iii) ∇ub̄(t) · h(t) = 0,
(iv) det∇ub̄(t)∇ub̄(t)

T ≥ K1.
The difference between (H7) and assumptions previously considered in [13] resides

in the fact that (H7) needs to be checked only along the optimal solution. On the
other hand, (H7) coincides with (R3) in [22] (in this respect we refer the reader to
Theorem 4.1 in [22]).

Hypothesis (H7) is a uniform Mangasarian–Fromowitz-type condition, the term
“uniform” being used to emphasize the fact that assumptions (H7)(i) and (H7)(iv)
are bounded away from the origin, uniformly in t.

Let us first state UHI-type conditions for (P) without equality constraints; that
is, let us concentrate on the problem

(Q)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Minimize l(x(0), x(1)) subject to

ẋ(t) = f(t, x(t), u(t), v(t)) a.e. in T ,
0 ≥ g(t, x(t), u(t), v(t)) a.e. in T ,

(u(t), v(t)) ∈ Rku × V (t) a.e. in T ,
(x(0), x(1)) ∈ C.

Note that, for this case, hypotheses (H7)(iii) and (H7)(iv) are ignored.
Theorem 3.1. Let (x̄, ū, v̄) be a weak minimizer for (Q) with mg ≥ 1. Set

H(t, x, p, r, u, v) := p · f(t, x, u, v) + r · g(t, x, u, v).

If, for some ε > 0, (H1)–(H7) are satisfied, then there exist p ∈ W 1,1(T ;Rn), r ∈
L1(T ;Rmg ), ζ ∈ L1(T ;Rkv ), and λ ≥ 0 such that

(i) ‖p‖∞ + λ �= 0,
(ii) (−ṗ(t), 0, ζ(t)) ∈ co ∂x,u,vH(t, x̄(t), p(t), r(t), ū(t), v̄(t)) a.e. in T ,
(iii) ζ(t) ∈ coNV (t)(v̄(t)) a.e. in T ,
(iv) r(t) · g(t, x̄(t), ū(t), v̄(t)) = 0 and r(t) ≤ 0 a.e. in T ,
(v) (p(0),−p(1)) ∈ NC(x̄(0), x̄(1)) + λ∂l(x̄(0), x̄(1)).

Furthermore, for some integrable function R, |r(t)| ≤ R(t)|p(t)| a.e. in T .
We now turn to problem (P) with mixed constraints in the form of equalities and

inequalities.
Theorem 3.2. Theorem 2.3 remains valid if we replace (H∗) with (H7).
Let us point out that, for problems without inequality constraints, Theorem 3.2

coincides with [7, Theorem 3.1]. The novelty of the above theorem is that, in the
presence of inequality constraints, it subsumes previous UHI-type conditions for (P)
validated under full rank conditions (Theorem 2.3). We shall prove this new result by
associating (P) with an auxiliary problem in the form of (Q) to which Theorem 3.1
applies.
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As mentioned in the introduction, it has been shown that UHI-type conditions
in the normal form, for standard optimal control problems, are also sufficient for
linear convex problems (see [8]). This feature is retained when UHI-type conditions
are extended to cover problems with mixed constraints under the uniform full rank
condition (H∗) as proved in [5, Proposition 2.1]. However, that proposition does not
depend on (H∗) but only on the conclusions (ii)–(v) of [5, Theorem 3.1] which coincide
with conclusions (ii)–(v) of Theorem 2.3 above. Consequently, UHI-type conditions
for (P) in the normal form, validated under assumption (H7) as in Theorem 3.2, are
also sufficient for linear convex problems.

We end this section with two examples. Let us first compare the two hypotheses
(H∗) and (H7). It is a simple matter to see that (H∗) implies (H7), but the opposite
implication may not hold, as the following example shows.

Example 3.3. Consider the problem of minimizing x(1) subject to

ẋ(t) = u2
1(t) + u2

3(t), u1(t) + u2
2(t) + u2

3(t) ≤ 0, u1(t) − u3
2(t) ≤ 0, x(0) = 0.

Here the control variable is (u1, u2, u3). This is a problem without equality constraints.
A minimizer is (0, 0, 0, 0) and Ia(t) = {1, 2} for all t ∈ T . It is easy to check that
Theorem 3.1 holds with p(t) = −1 and λ = 1. For this problem, the matrix

F (t) =

(
1 0 0
1 0 0

)

does satisfy (H7) but not (H∗): set h(t) = (1, 0, 0)T , a(t) = (1, 1)T , and K2 = 1/2.

In situations when mg �= 0 and mb �= 0, it is crucial for h ∈ L∞(T ;Rku) to satisfy
simultaneously (H7)(ii) and (H7)(iii). The following simple example, for which there
is no such h, illustrates this fact.

Example 3.4. Consider the problem of minimizing x(1) subject to

ẋ(t) = u1(t), u2(t) − x2(t) = 0, u2(t) − u3
1(t) ≤ 0, x(0) = 0.

It is easy to see that (x̄, ū1, ū2) ≡ (0, 0, 0) is a minimizer. Along this minimizer the
inequality constraint is active for all t ∈ T . For this problem we have

H(t, x, p, q, r, u1, u2) = pu1 + q(u2 − x2) + r(u2 − u3
1).

Theorem 3.2 does not hold for this problem. Indeed, by applying the conclusions of
this theorem, we get

(−ṗ(t), 0, 0) = (0, p(t), q(t) + r(t))

and p(1) = −λ. It follows that p ≡ 0. Consequently λ = 0, contradicting the
nontriviality condition (i) of Theorem 3.2. The pathological aspect of this problem is
that (H7) is not satisfied. Indeed, since

∇u1,u2b(t, 0, 0, 0) = ∇u1,u2g(t, 0, 0, 0) = (0, 1) for all t ∈ T,

it is impossible to define a vector h ∈ R2 for which

∇u1,u2b(t, 0, 0, 0) · h = 0 and ∇u1,u2g(t, 0, 0, 0) · h �= 0.
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4. Proof of Theorem 3.1. The proof technique we shall use consists in defin-
ing a sequence of optimization problems (Rk), and, by applying Ekeland’s variational
principle to such a sequence, we obtain a sequence of optimal control problems with
mixed constraints, satisfying full rank conditions, to which Theorem 2.3 applies. Tak-
ing limits, we get necessary conditions for (Q) satisfying (ii)–(v) of Theorem 3.1.
Finally, by appealing to (H7), we prove that the nontriviality condition (i) of Theo-
rem 3.1 is also verified. We proceed in six steps.

Step 1. Introduction of new sets and functions.
We shall find it convenient to introduce auxiliary functions ᾱ, z̄, w̄ : T → Rmg

such that ᾱ(t) = z̄(t) = w̄(t) = 0 a.e. in T . Also, set

Uε(t) := ū(t) + εB, Vε(t) := V (t) ∩ (v̄(t) + εB), Aε(t) := ᾱ(t) + εB,

and consider the functions

Fz(w,α) := w − α, Fw(α) := α2, G(t, x, z, u, v, α) := g(t, x, u, v) + z + α

which take values in Rmg . Componentwise, these functions are defined as

Fzi(w,α) = wi − αi, Fwi(α) = α2
i (t), Gi(t, x, z, u, v, α) = gi(t, x, u, v) + zi + αi

for all i ∈ {1, . . . ,mg}. Under the hypotheses, Fz, Fw, and G are measurable with
respect to t and Lipschitz continuous with respect to the remaining variables near

(x̄(t), z̄(t), w̄(t), ū(t), v̄(t), ᾱ(t)).

Also, as it can be easily proved, there exist integrable functions Cf , CFz , CFw , and
CG such that |f(t, x, u, v)| ≤ Cf (t), |Fz(w,α)| ≤ CFz (t), |Fw(α)| ≤ CFw(t), and

|G(t, x, z, u, v, α)| ≤ CG(t)

for all (x, z, w, u, v, α) ∈ (x̄(t), z̄(t), w̄(t), ū(t), v̄(t), ᾱ(t)) + εB a.e. in T .
Step 2. Definition of a sequence of optimization problems and verification that

Ekeland’s variational principle applies to such a sequence.
Define W as the set of all measurable functions (u, v, α) and all vectors (a, b) ∈

Rn × Rn such that, for almost every t ∈ T , (u(t), v(t), α(t)) ∈ Uε(t) × Vε(t) × Aε(t)
and (a, b) ∈ C, and for which there exist absolutely continuous functions x, y, z, and
w such that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ(t) = f(t, x(t), u(t), v(t)), ẏ(t) = 0, ż(t) = Fz(w(t), α(t)), ẇ(t) = Fw(α(t)) a.e.,

0 ≥ G(t, x(t), z(t), u(t), v(t), α(t)) a.e.,

(x(t), y(t), z(t), w(t)) ∈ (x̄(t), x̄(1), z̄(t), w̄(t)) + εB a.e.,

(x(0), y(0), z(0), w(0)) = (a, b, 0, 0).

Here z and y are two additional state variables and α an additional control.
Let {εk}k∈N be a sequence of positive scalars such that εk → 0 and k → ∞, and

define

Ψk(x, y, x
′, y′, z, w) := max{l(x, y) − l(x̄(0), x̄(1)) + ε2k, ε

2
k|w|, |w − z|, |x′ − y′|}.

To simplify the notation set E = (a, b) ∈ R2n. Let |E − E′| = |a− a′| + |b− b′| and

ν((u, v, α), (u′, v′, α′)) :=

∫ 1

0

|u(t)−u′(t)|dt+
∫ 1

0

|v(t)− v′(t)|dt+
∫ 1

0

|α(t)−α′(t)|dt.
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Define δW : W ×W → R by

δW ((u, v, α,E), (u′, v′, α′, E′)) = ν((u, v, α), (u′, v′, α′)) + |E − E′|.

Consider the sequence of optimization problems

(Rk) Minimize Jk(u, v, α,E) subject to (u, v, α,E) ∈ W,

where

Jk(u, v, α,E) = Ψk(x(0), y(0), x(1), y(1), z(1), w(1)).

Set Ē = (x̄(0), x̄(1)). Since (ū, v̄, ᾱ, Ē) ∈ W , W is nonempty. Moreover, as one
readily verifies, δW defines a metric in W , the set W is a complete metric space with
respect to this metric, and the function (u, v, α,E) 
→ Jk(u, v, α,E) is continuous on
(W, δW ). Now, for all k ∈ N, we have

Jk(ū, v̄, ᾱ, Ē) = Ψk(x̄(0), x̄(1), x̄(1), x̄(1), z̄(1), w̄(1)) = ε2k.

Since, for all k ∈ N, Jk(u, v, α,E) ≥ 0, (ū, v̄, ᾱ, Ē) is an “ε2k-minimizer” for (Rk). By
Ekeland’s variational principle (see [25]), there exists a sequence (uk, vk, αk, Ek) ∈ W
such that, for each k ∈ N,

(4.1) δW ((uk, vk, αk, Ek), (ū, v̄, ᾱ, Ē)) ≤ εk

and (uk, vk, αk, Ek) minimizes the perturbed cost function

Jk(u, v, α,E) + εkδW ((uk, vk, αk, Ek), (u, v, α,E))

for all (u, v, α,E) ∈ W .
Step 3. Derivation of a sequence of standard optimal control problems by rewriting

the conclusions of Ekeland’s theorem in control theoretic terms.
Let (xk, yk, zk, wk) be the trajectory corresponding to (uk, vk, αk, Ek). For each

k ∈ N, the process

(xk, yk, zk, wk, ω1, ω2, ω3, uk, vk, αk) with (ω1, ω2, ω3) ≡ (0, 0, 0)

solves the control problem (Ck) of minimizing

Φk(γ(0), γ(1)) := Ψk(x(0), y(0), x(1), y(1), z(1), w(1))

+ εk|x(0) − xk(0)| + εk|y(0) − yk(0)| +
3∑

i=1

εkωi(1),

where γ(t) = (x(t), y(t), z(t), w(t), ω1(t), ω2(t), ω3(t)), subject to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) = f(t, x(t), u(t), v(t)), ẏ(t) = 0, ż(t) = Fz(w(t), α(t)), ẇ(t) = Fw(α(t)),

ω̇1(t) = |u(t) − uk(t)|, ω̇2(t) = |v(t) − vk(t)|, ω̇3(t) = |α(t) − αk(t)|,
0 ≥ G(t, x(t), z(t), u(t), v(t), α(t)),

(x(t), y(t), z(t), w(t)) ∈ (x̄(t), x̄(1), z̄(t), w̄(t)) + εB,

(u(t), v(t), α(t)) ∈ Uε(t) × Vε(t) ×Aε(t),

(x(0), y(0), z(0), w(0)) ∈ C × {(0, 0)}, (ω1(0), ω2(0), ω3(0)) = (0, 0, 0),
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all the relations but the last two being understood in an a.e. sense. Since εk ↓ 0, we can
arrange by subsequence extraction, if necessary, that

∑
εk < ∞. By (4.1) we deduce

that (uk, vk, αk) → (ū, v̄, ᾱ) strongly in L1 and Ek → (x̄(0), x̄(1)). Subsequence
extraction yields (uk(t), vk(t), αk(t)) → (ū(t), v̄(t), ᾱ(t)) a.e. We deduce from the
above that (xk, yk, zk, wk) → (x̄, x̄(1), z̄, w̄) uniformly. By discarding initial terms of
the sequence, if necessary, we have

(xk(t), yk(t), zk(t), wk(t)) ∈ (x̄(t), x̄(1), z̄(t), w̄(t)) + (ε/2)B for all k.

Then Sk := (xk, yk, zk, wk, 0, 0, 0, uk, vk, αk) is a weak minimizer of (C̃k), a variant of
(Ck) obtained by dropping the state constraint

(x(t), y(t), z(t), w(t)) ∈ (x̄(t), x̄(1), z̄(t), w̄(t)) + εB.

Step 4. Derivation of necessary conditions for (C̃k).
Let R := {(ρ1, ρ2, ρ3, ρ4) ∈ R4 | ρi ≥ 0, ρ1 + · · · + ρ4 = 1}, and define H̃ as

H̃(t, x, z, w, p, qz, qw, r, u, v, α)

:= p · f(t, x, u, v) + qz · Fz(w,α) + qw · Fw(α) + r ·G(t, x, z, u, v, α).

Lemma 4.1. There exist scalars λk, ρ1k
, ρ2k

, ρ3k
, and ρ4k

, vectors e2k
, e3k

∈
Rmg , and e4k

∈ Rn, integrable functions ζk : T → Rkv and rk : T → Rmg , and
absolutely continuous functions pk, qzk , and qwk

, such that
(a) λkρ1k

+ ‖pk‖∞ + ‖qzk‖∞ + ‖qwk
‖∞ + 3λkεk = 1,

(b) λk ≥ 0 |eik | = 1 for i = 2, 3, 4 and ρk = (ρ1k
, ρ2k

, ρ3k
, ρ4k

) ∈ R,
(c) pk(1) = −λkρ4k

e4k
, qwk

(1) = −qzk(1) + λkρ2k
ε2ke2k

, qzk(1) = −λkρ3k
e3k

,
(d) (pk(0),−pk(1)) ∈ NC(xk(0), yk(0)) + λkρ1k

∂l(xk(0), yk(0)) + λkεk(B ×B),
(e) ζk(t) ∈ coNV (t)(vk(t)) a.e.,
(f) (−ṗk(t),−q̇zk(t),−q̇wk

(t), 0, ζk(t), 0)
∈ co ∂H̃(t, xk(t), zk(t), wk(t), pk(t), qzk(t), qwk

(t), rk(t), uk(t), vk(t), αk(t))
+λkεk({(0, 0, 0)} ×B ×B ×B) a.e.,

where ∂H̃ refers to the subdifferential of H̃ in the (x, z, w, u, v, α) variables,
(g) rk(t) ·G(t, xk(t), zk(t), uk(t), vk(t), αk(t)) = 0 and rk(t) ≤ 0 a.e.
Proof. Without loss of generality assume that |wk(1)| < 1 for all k ∈ N. Define

h(t, x, y, z, w, ω1, ω2, ω3, p, s, qz, qw, r,Π, u, v, α)

:= p · f(t, x, u, v) + s · 0 + qz · Fz(w,α) + qw · Fw(α) + r ·G(t, x, z, u, v, α)

+π1|u− uk(t)| + π2|v − vk(t)| + π3|α− αk(t)|,

where Π = (π1, π2, π3). To simplify the notation, set Pk := (pk, sk, qzk , qwk
). It is a

simple matter to see that

∂

∂α
G(t, xk(t), zk(t), uk(t), vk(t), αk(t)) = I a.e. in T ,

where I is the identity matrix. Thus problem (C̃k) satisfies the conditions under which
Theorem 2.3 applies. Observing that uk and αk take values in the interior of the
appropriated control sets, an application of Theorem 2.3 yields absolutely continuous
functions Pk(t), Πk(t), a scalar λk ≥ 0, and integrable functions rk, ζk such that

(A) λk + ‖pk‖∞ + ‖sk‖∞ + ‖qzk‖∞ + ‖qwk
‖∞ +

∑3
i=1 ‖πik‖∞ > 0,
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(B) (−Ṗk(t),−Π̇
k
(t), 0, ζk(t), 0) ∈ co ∂hk(t) a.e.,

(C) ζk(t) ∈ coNV (t)(vk(t)) a.e.,
(D) (Pk(0),Πk(0),−Pk(1),−Πk(1))

∈ (NC(xk(0), yk(0)) × Rmg × Rmg ) × R3 × {(0, 0, 0, 0)} × {(0, 0, 0)}
+λk∂Φk(γk(0), γk(1)),

(E) rk(t) ·G(t, xk(t), zk(t), uk(t), vk(t), αk(t)) = 0 and rk(t) ≤ 0 a.e.,
where ∂hk(t) denotes the subdifferential of h with respect to

(x, y, z, w, ω1, ω2, ω3, u, v, α)

evaluated at Sk. Since h does not depend on y, ω1, ω2, and ω3, we deduce from (B)
that

(4.2) −Ṗk(t) = (−ṗk(t), 0,−q̇zk(t),−q̇wk
(t)) and − Π̇k(t) = (0, 0, 0).

We now turn to Ψk. Observe that, by (H3), Ψk(x, y, x
′, y′, z, w) is Lipschitz around

(x̄(0), x̄(1), x̄(1), x̄(1), z̄(1), w̄(1)).

We claim that, for k sufficiently large,

(4.3) Ψk(xk(0), yk, xk(1), yk, zk(1), wk(1)) > 0.

By definition this relation is nonnegative. Suppose it equals zero. Then

yk(1) = xk(1), l(xk(0), yk(0)) < l(x̄(0), x̄(1)),(4.4)

(xk(0), xk(1)) ∈ C, zk(1) = 0, wk(1) = 0.(4.5)

Since ẇk(t) ≥ 0 a.e. and wk(0) = wk(1) = 0 we have wk(t) = 0 and αk(t) = 0 a.e.
Thus żk(t) = 0 a.e., which, together with zk(0) = 0, implies that zk(t) = 0 a.e. It
follows from the above that

(4.6) Gi(t, xk(t), zk(t), uk(t), vk(t), αk(t)) = gi(t, xk(t), uk(t), vk(t)) ≤ 0 a.e.

for all i ∈ {1, . . . ,mg}. Thus, if Ψk(xk(0), yk, xk(1), yk, zk(1), wk(1)) = 0, we deduce
from (4.4)–(4.6) that (xk, uk, vk) is an admissible process for (Q), contradicting the
optimality of (x̄, ū, v̄). This proves the claim.

Let us now prove that the limiting subdifferential calculus (Max Rule; see [25,
Theorem 5.2.2]) and (4.3) yield the following estimation of the subdifferential of Ψk

with respect to (x, y, x′, y′, z, w):
(4.7)
∂Ψk(xk(0), yk(0), xk(1), yk(1), zk(1), wk(1)) ⊂ {ρ1(θ1, θ2, 0, 0, 0, 0)

+ ρ2(0, 0, 0, 0, 0, ε
2
ke2) + ρ3(0, 0, 0, 0, e3,−e3) + ρ4(0, 0, e4,−e4, 0, 0) |

(θ1, θ2) ∈ ∂l(xk(0), yk(0)), |e2| = |e3| = |e4| = 1, ρ ∈ R, ρi = 0 if ψ̄ik < Ψ̄k},

where e2, e3, and e4 are vectors such that e2, e3 ∈ Rmg , e4 ∈ Rn,

Ψk = max{ψ1k
, ψ2k

, ψ3k
, ψ4k

},

ψ1k
= l(x, y) − l(x̄(0), x̄(1)) + ε2k, ψ2k

= ε2k|w|, ψ3k
= |w − z|, ψ4k

= |x′ − y′|,

and Ψ̄k and ψ̄ik denote, respectively, the functions Ψk and ψik evaluated at

(xk(0), yk(0), xk(1), yk(1), zk(1), wk(1)).
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Suppose that xk(1) �= yk(1). Then inclusion (4.7) holds with e4 ∈ Rn and |e4| = 1.
Analogously, if wk(1) �= zk(1), then (4.7) holds with e3 ∈ Rmg , |e3| = 1. Finally,
if wk(1) �= 0, then (4.7) also holds with e2 ∈ Rmg , |e2| = 1. On the other hand, if
ψ̄ik = 0 for some i ∈ {2, 3, 4}, from (4.3) we have ρik = 0. Thus (4.7) holds.

From (D), (4.2), and (4.7) we deduce the existence of vectors

ρk = (ρ1k
, ρ2k

, ρ3k
, ρ4k

), e2k
, e3k

∈ Rmg , e4k
∈ Rn

such that ρk ∈ R, ρik = 0 if ψ̄ik < Ψ̄k,

|e2k
| = |e3k

| = |e4k
| = 1,(4.8)

Πk(t) ≡ λkεk(1, 1, 1).(4.9)

Also, sk is constant, and

qzk(1) = −λkρ3k
e3k

,(4.10)

qwk
(1) = −qzk(1) + λkρ2k

ε2k e2k
,(4.11)

pk(1) = −sk = −λkρ4k
e4k

,(4.12)

|pk(1)| = λkρ4k
,(4.13)

(pk(0), sk) ∈ NC(xk(0), yk(0)) + λkρ1k
∂l(xk(0), yk(0)) + λkεk(B ×B).(4.14)

Equations (4.8), (4.12), and (4.13) yield |sk| = |pk(1)|. Since ρk ∈ R we have |sk| =
λk(1−ρ1k

−ρ2k
−ρ3k

), which, together with (4.10), implies that λk = |sk|+ |qzk(1)|+
λkρ1k

+ λkρ2k
. It follows from (A) and the above that

(4.15) λkρ1k
+ λkρ2k

+ ‖pk‖∞ + 2|pk(1)|+ ‖qzk‖∞ + |qzk(1)|+ ‖qwk
‖∞ + 3λkεk > 0.

We claim that this last inequality implies that

(4.16) λkρ1k
+ ‖pk‖∞ + 2|pk(1)| + ‖qzk‖∞ + |qzk(1)| + ‖qwk

‖∞ + 3λkεk > 0.

Seeking a contradiction suppose that (4.15) holds and

(4.17) λkρ1k
+ ‖pk‖∞ + 2|pk(1)| + ‖qzk‖∞ + |qzk(1)| + ‖qwk

‖∞ + 3λkεk = 0.

Then λkρ2k
�= 0, i.e., λk �= 0 and ρ2k

�= 0. It follows from (4.17) that ρ1k
= ρ3k

=
ρ4k

= 0 and, consequently, ρ2k
= 1. By (4.17) we also have qzk(1) = 0 and qwk

(t) ≡ 0.
However, since λkρ2k

�= 0, it follows from (4.11) that qwk
(1) �= 0, a contradiction.

Thus (4.16) holds, a condition which ensures that

λkρ1k
+ ‖pk‖∞ + ‖qzk‖∞ + ‖qwk

‖∞ + 3λkεk > 0.

Equations (4.10)–(4.13) yield (c). On the other hand, the requirement that λk ≥
0, ρk ∈ R, and (4.8) correspond to (b). Inclusion (4.14), together with (4.12), implies
(d), and (C) and (E) are, respectively, (e) and (g). To prove (f), note that

h(t, x, y, z, w, ω1, ω2, ω3, p, s, qz, qw, rk,Π, u, v, α)

= H̃(t, x, z, w, p, qz, qw, rk, u, v, α) + π1|u− uk| + π2|v − vk| + π3|α− αk|.

Estimating the subdifferential co ∂hk with the help of the sum rule and (4.9), we have

co ∂hk ⊂ {(�1, 0, �2, �3, 0, 0, 0, �4, �5, �6) | (�1, �2, �3, �4, �5, �6)

∈ co ∂x,z,w,u,v,αH̃(t, xk, zk, wk, pk, qzk , qwk
, rk, uk, vk, αk)}

+λkεk({(0, 0, 0, 0, 0, 0, 0)} ×B ×B ×B),
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and so (f) holds in virtue of the above, (B), and (4.2). Finally, by a simple scaling
argument, we can normalize to one the sum of the multipliers norms without affecting
the other conclusions of the lemma, implying that (a) also holds. This completes the
proof of the lemma.

Step 5. Derivation of necessary conditions for (P) by considering εk → 0 and
taking limits.

The sequences {e2k
}, {e3k

}, {e4k
}, and {ρk} are uniformly bounded by Lemma

4.1(b). From Lemma 4.1(a), the sequences {λk}, {‖pk‖∞}, {‖qzk‖∞}, and {‖qwk
‖∞}

are also uniformly bounded. We can therefore arrange, by subsequence extraction, if
necessary, that

e2k
→ e2, e3k

→ e3, e4k
→ e4, λk → λ̂, and ρk → ρ = (ρ1, ρ2, ρ3, ρ4),

where |e2| = |e3| = |e4| = 1, λ̂ ≥ 0, and ρ ∈ R.
Now, by appealing to measurable selection theorems and taking into account the

differentiability properties of g, Fz, and Fw, we deduce, in view of Lemma 4.1(f), the
existence of an integrable function Kr such that |rk(t)| ≤ Kr(t) a.e. in T . We also
deduce that the sequences {ṗk}, {q̇zk}, and {q̇wk

} are uniformly integrably bounded
and there exists an integrable function Kζ such that |ζk(t)| ≤ Kζ(t) a.e. in T .

We shall find it convenient to introduce the following scaled version r̃k of rk, given
by r̃k(t) = (1+Kr(t))

−1rk(t). Note that the sequence {‖r̃k‖∞} is uniformly bounded

and {t 
→
∫ t

0
ζkds} is equicontinuous and uniformly bounded. Following extraction

of subsequences we have that, for some absolutely continuous functions p, qz, qw, an
integrable function ζ, and r̃ ∈ L∞,

pk → p, qzk → qz, qwk
→ qw,

∫ t

0

ζkds →
∫ t

0

ζds uniformly,

ṗk → ṗ, q̇zk → q̇z, q̇wk
→ q̇w, ζk → ζ weakly in L1, and r̃k → r̃ weakly∗ in L∞.

Taking into account Lemma 4.1(g) we deduce that, for any measurable set B ⊂ T ,

0 =

∫
B

r̃k(t) ·Gk(t)dt =

∫
B

r̃k(t) · {Gk(t) − Ḡ(t)}dt +

∫
B

r̃k(t) · Ḡ(t)dt

and
∫
B
r̃k(t)dt ≤ 0, where

Gk(t) = G(t, xk(t), zk(t), uk(t), vk(t), αk(t)), Ḡ(t) = G(t, x̄(t), z̄(t), ū(t), v̄(t), ᾱ(t)).

By taking limits, we conclude that r̃(t) ≤ 0 and r̃(t) · Ḡ(t) = 0 a.e. in T . Also, a
straightforward modification of the proof of [3, Theorem 3.1.7] and an appeal to the
upper semicontinuity properties of limiting normal cones and subdifferentials allow us
to pass to the limit in the relationships (a)–(f) of Lemma 4.1. There results

(A’) λ + ‖p‖∞ + ‖qz‖∞ + ‖qw‖∞ > 0,
(B’) (−ṗ(t),−q̇z(t),−q̇w(t), 0, ζ(t), 0)

∈ co ∂H̃(t, x̄(t), z̄(t), w̄(t), p(t), qz(t), qw(t), r(t), ū(t), v̄(t), ᾱ(t)) a.e.,
(C’) ζ(t) ∈ coNV (t)(v̄(t)) a.e.,
(D’) (p(0),−p(1)) ∈ NC(x̄(0), x̄(1)) + λ∂l(x̄(0), x̄(1)),
(E’) |qw(1)| = |qz(1)|, r(t) ≤ 0, and r(t) ·G(t, x̄(t), z̄(t), ū(t), v̄(t), ᾱ(t)) = 0 a.e.,

where r(t) = (1 + Kr(t))r̃(t).
Step 6. Rewriting relations (A’)–(E’) in the required form.
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Recall that

H̃(t, x, z, w, p, qz, qw, r, u, v, α)

= p · f(t, x, u, v) + qz · (w − α) + qw · α2 + r · (g(t, x, u, v) + z + α).

We are now in a position to get an estimation for co ∂H̃. We have

co ∂H̃(t, x, z, w, p, qz, qw, r, u, v, α) ⊂ {(θ1 + r∇xg, r, qz, θ2 + r∇ug,

θ3 + r∇vg,−qz + 2qwα + r) | (θ1, θ2, θ3) ∈ co ∂x,u,vp · f}.

Since ᾱ(t) = 0 and w̄(t) = 0 a.e. in T , by appealing to an appropriate selection
theorem, we deduce the existence of measurable functions θ1, θ2, θ3, and ζ satisfying

(θ1(t), θ2(t), θ3(t)) ∈ co ∂x,u,vp(t) · f(t, x̄(t), ū(t), v̄(t)) a.e. in T ,(4.18)

ζ(t) ∈ NV (t)(v̄(t)) a.e. in T .

We conclude from the above that

(4.19)
(−ṗ(t),−q̇z(t),−q̇w(t), 0, ζ(t), 0) = (θ1(t) + r(t)∇xḡ(t), r(t), qz(t),

θ2(t) + r(t)∇uḡ(t), θ3(t) + r(t)∇v ḡ(t), r(t) − qz(t)).

From (4.19) and (E’) we deduce that, a.e. in T ,

(4.20) qz(t) = r(t), q̇z(t) = −r(t), q̇w(t) = −qz(t)

and |qw(1)| = |qz(1)|. Set

H(t, x, p, r, u, v) := p · f(t, x, u, v) + r · g(t, x, u, v).

From the above and (4.19) we have

(4.21) (−ṗ(t), 0, ζ(t)) = (θ1(t) + r(t)∇xḡ(t), θ2(t) + r(t)∇uḡ(t), θ3(t) + r(t)∇v ḡ(t))

for some (θ1(t), θ2(t), θ3(t)) ∈ co ∂x,u,vp · f(t, x̄(t), ū(t), v̄(t)) a.e. in T . It follows that

(4.22) (−ṗ(t), 0, ζ(t)) ∈ co ∂x,u,vH(t, x̄(t), p(t), r(t), ū(t), v̄(t)) a.e. in T .

Taking into account (E’), we also have

(4.23) r(t) · g(t, x̄(t), ū(t), v̄(t)) = 0 and r(t) ≤ 0 a.e. in T .

We deduce that (4.22), (C’), (4.23), and (D’) are, respectively, (ii), (iii), (iv), and (v)
of the theorem.

It remains to prove (i). We claim that

(4.24) λ + |p(t)| > 0 for all t ∈ T.

First observe that if qz ≡ 0 and qw ≡ 0, then (4.24) holds. Seeking a contradiction
assume that λ = 0 and p(τ) = 0 for some τ ∈ T . There are two cases to consider.

Case 1. Suppose that r(t) = 0 a.e. Then by (4.20) we have qz ≡ 0, qw ≡ 0. We
deduce from (4.21) and (H1) the existence of K1 integrable with K1(t) ≥ 0 a.e. such
that |ṗ(t)| ≤ K1(t)|p(t)| a.e. Gronwall’s inequality (see [25]) and the fact that p(τ) = 0
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for some τ ∈ T imply that p ≡ 0. But this, together with the fact that λ = 0 and
qz ≡ 0, qw ≡ 0, and p ≡ 0, contradicts (A’).

Case 2. Suppose now that r(t) �= 0 on a subset of T of Lebesgue measure different
from zero. We deduce from (4.21) that 0 = θ2(t) + r(t) · ∇uḡ(t) a.e. in T , where θ2(t)
is defined in (4.18). Taking the inner product of the left-hand side of the previous
equation and the vector h (defined in (H7)) we obtain, from (H7) and (iv) of the
theorem, that θ2(t) · h(t) = −r(t) · a(t) a.e. in T . By hypotheses, there exists K2

integrable with K2(t) ≥ 0 a.e. such that

(4.25) |r(t)| ≤ K2(t)|p(t)| a.e. in T .

We deduce from (4.21), (4.25), and (H1) the existence of K3 integrable with K3(t) ≥ 0
a.e. such that |ṗ(t)| ≤ K3(t)|p(t)| a.e. in T . Again Gronwall’s inequality and the fact
that p(τ) = 0 for some τ ∈ T imply that p ≡ 0. But then, by (4.25), we have r(t) = 0
a.e., a contradiction.

We proved that λ + |p(t)| > 0 for all t ∈ T , a condition which ensures that
λ + ‖p‖∞ > 0. The proof is complete.

5. Proof of Theorem 3.2. Consider the function μ : T × (Rn ×Rku ×Rkv )×
Rmb → Rmb given by

μ(t, (ξ, u, v), η) := b(t, x̄(t) + ξ, ū(t) + u + ∇ub̄(t)
T η, v̄(t) + v).

We have μ(t, (0, 0, 0), 0) = 0 a.e. in T . Choose S0 ⊂ T to be the largest subset such
that this relation and each of the hypotheses do not hold for every t ∈ S0. By
assumption, S0 is of Lebesgue measure zero. Thus, there exists a Borel set S1, which
is the intersection of a countable collection of open sets, such that S0 ⊂ S1 and S1 \S0

has measure zero. Thus S1 is a Borel set of measure zero. We define S := T \ S1, a
Borel set of full measure. We have

∂μ

∂η
(t, (0, 0, 0), 0) = Γ(t) := ∇ub̄(t)∇ub̄(t)

T for all t ∈ S.

By (H6) and (H7)(iv) there exists a constant M > 0 such that |[Γ(t)]−1| ≤ M for all
t ∈ S. Thus Proposition 2.2 applies to the function μ, and it asserts the existence of
ε1 ∈ (0, ε), δ1 ∈ (0, ε), and an implicit map d : T × ε1B × ε1B × ε1B → δ1B such that
d(·, ξ, u, v) is a measurable function for fixed (ξ, u, v), the functions {d(t, ·, ·, ·) | t ∈ S}
are Lipschitz continuous with common Lipschitz constant Kd > 0, and d(t, ·, ·, ·) is
continuously differentiable for fixed t ∈ S. Choose σ1, δ > 0 such that

(5.1) σ1 ∈ (0,min{ε1, ε/2}), δ ∈ (0,min{δ1, ε/2}), σ1 + Kb,gδ ∈ (0, ε/2),

where ε1 and δ1 (which do not depend on t) are as above and Kb,g is given by (H6).
In what follows, and without loss of generality, we consider the implicit function

d defined on T × σ1B × σ1B × σ1B and taking values in δB. The function d(t, ·, ·, ·)
is continuously differentiable and Lipschitz continuous on σ1B × σ1B × σ1B with
Lipschitz constant Kd, and it satisfies d(t, 0, 0, 0) = 0 a.e. in T :

μ(t, (ξ, u, v), d(t, ξ, u, v)) = 0 a.e. in T , for all (ξ, u, v) ∈ σ1B × σ1B × σ1B,

(dξ, du, dv)(t, 0, 0, 0) = −Γ(t)−1(∇xb̄(t),∇ub̄(t),∇v b̄(t)) a.e. in T .

Define the functions

D(t, x, u, v) := d(t, x− x̄(t), u− ū(t), v − v̄(t)),

F (t, x, u, v) := f(t, x, u + ∇ub̄(t)
TD(t, x, u, v), v),

G(t, x, u, v) := g(t, x, u + ∇ub̄(t)
TD(t, x, u, v), v)
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and the sets U(t) := ū(t) + σ1B, V(t) := V (t) ∩ (v̄(t) + σ1B). Consider the problem

(Paux)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Minimize l(x(0), x(1)) subject to

ẋ(t) = F (t, x(t), u(t), v(t)) a.e. in T ,
0 ≥ G(t, x(t), u(t), v(t)) a.e. in T ,

(u(t), v(t)) ∈ U(t) × V(t) a.e. in T ,
(x(0), x(1)) ∈ C.

The process (x̄, ū, v̄) is admissible for (Paux). Assume that (x̃, ũ, ṽ) is a solution with
lesser cost. Set

û(t) := ũ(t) + ∇ub̄(t)
TD(t, x̃(t), ũ(t), ṽ(t)),

ξ(t) := x̃(t) − x̄(t), u1(t) := ũ(t) − ū(t), v1(t) := ṽ(t) − v̄(t).

From (5.1) and the definition of d it follows that

|û(t) − ū(t)| ≤ |ũ(t) − ū(t)| + Kb,gδ ≤ σ1 + Kb,gδ < ε, |ṽ(t) − v̄(t)| ≤ σ1 < ε.

By definition of d, for almost all t ∈ T we have

μ(t, (ξ(t), u1(t), v1(t)), d(t, ξ(t), u1(t), v1(t))) = b(t, x̃(t), û(t), ṽ(t)) = 0.

We conclude that (x̃, û, ṽ) is a solution to (P) with lesser cost, contradicting the
optimality of (x̄, ū, v̄). It follows that (x̄, ū, v̄) is a minimizer for (Paux).

Let us now check that (Paux) satisfies the conditions under which Theorem 3.1
holds. We need only verify that

(5.2) ∇uḠ
Ia(t)(t) · h(t) = aIa(t)(t) a.e. in T ,

where h and a are the functions whose existence is postulated in (H7) and satisfy
(H7)(i) and (H7)(ii). Observe that

∇uG(t, x̄(t), ū(t), v̄(t)) = ∇uḡ(t) −∇uḡ(t)∇ub̄(t)
TΓ(t)−1∇ub̄(t).

Taking into account (H7), the inner product of the left-hand side of the previous
equation and vector h(t) leads to

∇uḠ
Ia(t)(t) · h(t) = ∇uḡ

Ia(t)(t) · h(t) = aIa(t)(t) a.e. in T

proving (5.2). We now apply Theorem 3.1 to (Paux). It asserts the existence of λ ≥ 0,
p ∈ W 1,1(T ;Rn), r ∈ L1(T ;Rmg ), and ζ ∈ L1(T ;Rkv ) such that

(i) ‖p‖∞ + λ �= 0,
(ii) (−ṗ(t), 0, ζ(t)) ∈ co ∂x,u,vH̃(t, x̄(t), p(t), r(t), ū(t), v̄(t)) a.e. in T ,
(iii) ζ(t) ∈ coNV (t)(v̄(t)) a.e. in T ,
(iv) r(t) ·G(t, x̄(t), ū(t), v̄(t)) = 0 and r(t) ≤ 0 a.e. in T ,
(v) (p(0),−p(1)) ∈ NC(x̄(0), x̄(1)) + λ∂l(x̄(0), x̄(1)),

where H̃(t, x, p, r, u, v) = p · F (t, x, u, v) + r ·G(t, x, u, v). From the nonsmooth chain
rule (see [25]), the differentiability properties of d, and an appropriate selection the-
orem, there exist measurable functions θ1, θ2, θ3, and ζ satisfying, a.e. in T ,

(θ1(t), θ2(t), θ3(t)) ∈ co ∂x,u,vp(t) · f(t, x̄(t), ū(t), v̄(t)), ζ(t) ∈ coNV (t)(v̄(t)),

(−ṗ(t), 0, ζ(t)) = (θ1(t) + q(t)∇xb̄(t) + r(t)∇xḡ(t),

θ2(t) + q(t)∇ub̄(t) + r(t)∇uḡ(t)θ3(t) + q(t)∇v b̄(t) + r(t)∇v ḡ(t)),
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where

(5.3) q(t) = −(θ2(t) + r(t)∇uḡ(t))∇ub̄(t)
TΓ(t)−1.

Under the hypotheses, θ1, θ2, θ3, r, and ζ are all integrable functions, and so is q.
This proves that λ, p, q, r, and ζ satisfy (i)–(iv) of the theorem. Since there exists R
integrable such that |r(t)| ≤ R(t)|p(t)| a.e. in T , we deduce from (5.3) the existence
of Km integrable such that the last conclusion of the theorem holds. This completes
the proof.
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CONTROL OF A TIP-FORCE DESTABILIZED SHEAR BEAM
BY OBSERVER-BASED BOUNDARY FEEDBACK∗

MIROSLAV KRSTIC† , BAO-ZHU GUO‡ , ANDRAS BALOGH§ , AND

ANDREY SMYSHLYAEV¶

Abstract. We consider a model of the undamped shear beam with a destabilizing boundary
condition. The motivation for this model comes from atomic force microscopy, where the tip of the
cantilever beam is destabilized by van der Waals forces acting between the tip and the material
surface. Previous research efforts relied on collocated actuation and sensing at the tip, exploiting the
passivity property between the corresponding input and output in the beam model. In this paper we
design a stabilizing output-feedback controller in a noncollocated setting, with measurements at the
free end (tip) of the beam and actuation at the beam base. Our control design is a novel combination
of the classical “damping boundary feedback” idea with a recently developed backstepping approach.
A change of variables is constructed which converts the beam model into a wave equation (for a very
short string) with boundary damping. This approach is physically intuitive and allows both an elegant
stability analysis and an easy selection of design parameters for achieving desired performance. Our
observer design is a dual of the similar ideas, combining the damping feedback with backstepping,
adapted to the observer error system. Both stability and well-posedness of the closed-loop system
are proved. The simulation results are presented.

Key words. distributed parameter systems, shear beam, backstepping, stabilization, boundary
control

AMS subject classifications. 35J05, 93B07, 93D15, 93B52, 93B60

DOI. 10.1137/060676969

1. Introduction. Flexible beams constitute an important benchmark problem
in many application areas ranging from aerospace to civil structures. In some of the
exciting modern fields such as atomic force microscopy, the cantilever beam is more
than just a prototype problem and constitutes an important application topic in its
own right.

In this paper we consider a model of the undamped shear beam [3] with a destabi-
lizing boundary condition. It consists of a wave equation coupled with a second-order-
in-space ODE or can be alternatively represented as a fourth-order-in-space/second-
order-in-time PDE. This makes it more complex than the Euler–Bernoulli model [3],
similar in structure to the Rayleigh beam model [3], and slightly simpler than the Tim-
oshenko model [3]. The destabilizing boundary condition is motivated by the physics
of the atomic force microscopy (AFM), where the tip of the cantilever beam is desta-
bilized by van der Waals forces acting between the tip and the material surface [19].
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Extensive literature exists on control of beam models [1, 2, 8, 4, 7, 9, 11, 17, 20, 21].
However, previous research efforts all relied on collocated actuation and sensing at
the tip, exploiting in an elegant way the passivity property between the corresponding
input and output in the beam model. The main drawback of this approach is that
the tip of the beam is not a very convenient place to put an actuator. Therefore such
feedbacks are usually implemented via passive dampers or through rather elaborate
ways, such as electromagnets or small airjets at the tip of the beam.

Our objective is different—to design controllers implementable through noncollo-
cated architecture, with actuation only at the base and sensing only at the tip of the
beam. This architecture makes active control more readily implementable to several
applications; for example, in AFM this allows a natural use of piezo actuation at the
base of the beam. Our control design is a novel combination of the classical “damp-
ing boundary feedback” idea with a recently developed backstepping approach, which
has been used to design boundary controllers [12, 14] and observers [13] for parabolic
equations and for the Timoshenko beam model with a small amount of Kelvin–Voigt
damping [6]. A change of variables is constructed which converts the beam model into
a wave equation (for a very short string) with boundary damping. This approach is
physically intuitive and allows both an elegant stability analysis and an easy selection
of design parameters for achieving desired performance. Our observer design is a dual
of the similar ideas, combining the damping feedback with backstepping, adapted to
the observer error system.

In addition to rigorous stability and well-posedness analysis of the closed-loop
system, we also present the results of simulations that illustrate the performance of
the controller.

2. Model. The shear beam model can be represented in a number of equivalent
ways [3]. One often used form is a single second-order-in-time fourth-order-in-space
PDE

(2.1) awtt(x, t) − δwxxtt(x, t) + wxxxx(x, t) = 0, 0 < x < 1, t > 0,

with a, δ > 0 and two “free end” boundary conditions δwtt(0, t) = wxx(0, t) and
δwxtt(0, t) = wxxx(0, t) − q a

δw(0, t).
We, however, will use another common form of this model, consisting of a wave

equation coupled with a second-order ODE:

(2.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δwtt(x, t) = wxx(x, t) − αx(x, t), 0 < x < 1, t > 0,

wx(0, t) = α(0, t) − qw(0, t), t ≥ 0,

w(1, t) = u1(t), t ≥ 0,

0 = αxx(x, t) − b2α(x, t) + b2wx(x, t), 0 < x < 1, t > 0,

αx(0, t) = 0, t ≥ 0,

α(1, t) = u2(t), t ≥ 0,

y(t) = (w(0, t), α(0, t)), t ≥ 0,

which is obtained from (2.1) by introducing a new state αx = wxx−δwtt and denoting
b =

√
a/δ. The state w represents the transversal displacement of the beam, and α is

the angle due to bending. The objective is to use the control input u(t) = (u1(t), u2(t))
at the base of the beam to stabilize the tip of the beam with the measurement y(t)
available only at the free end.
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It is important to note the term −qw(0, t) in the boundary condition (2.2). This
type of boundary condition corresponds to situations where the tip of the beam is
subject to an external force which depends on the displacement. Such a force arises in
AFM as a van der Waals force acting between the atoms on the material surface and
the beam tip. The term −qw(0, t) is the linearized model of that force; the original
nonlinear model has cubic nonlinearity [19]. Typically q > 0 has a destabilizing effect
(in that case, one can think of this parameter as “antistiffness”), whereas q < 0 has
a stabilizing effect. We stress that this force occurs on the opposite end of the beam
from where the actuator is located. If the actuator were at the tip, canceling the effect
of this force would be trivial. In the configuration that we pursue here, stabilization,
and even vibration suppression when q = 0, is a nontrivial problem.

We will first present control and observer designs separately to make the ideas
clear and then prove the certainty equivalence principle and well-posedness of the
closed-loop system in sections 5–7.

3. Controller. In order to proceed with the control design we first need to write
the model (2.2) in yet another form. To this end, we solve the ODE part of (2.2) as
a two point boundary value problem for α with boundary condition αx(0, t) = 0:

(3.1) α(x, t) = cosh(bx)α(0, t) − b

∫ x

0

sinh(b(x− s))wx(s, t) ds.

Setting x = 1 in (3.1) and using the boundary condition α(1, t) = u2(t), we can
express α(0, t) in terms of w and u2:

(3.2) α(0, t) =
1

cosh(b)
u2(t) +

b

cosh(b)

∫ 1

0

sinh(b(1 − s))wx(s, t) ds.

Next, we differentiate (3.1) in x and substitute the result into the first equation
of (2.2). This way, instead of a wave equation coupled with a second-order ODE, we
obtain a single hyperbolic partial integrodifferential equation for w:

(3.3)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δwtt(x, t) = wxx(x, t) − b2 cosh(bx)w(0, t) + b3
∫ x

0

sinh(b(x− y))w(y, t)dy

+ b2w(x, t) − b sinh(bx)

cosh(b)

[
u2(t) + b

∫ 1

0

sinh(b(1 − s))wx(s, t) ds

]
,

wx(0, t) =
1

cosh(b)

[
u2(t) + b

∫ 1

0

sinh(b(1 − s))wx(s, t) ds

]
− qw(0, t),

w(1, t) = u1(t).

Since the backstepping control design [12] needs the PDE to be in a “strict-feedback”
form (in other words, its right-hand side must be “causal” in x), we are going to
use the control u2(t) to cancel the definite integral both in the domain and in the
boundary condition:

(3.4) u2(t) = −b

∫ 1

0

sinh(b(1 − s))wx(s, t) ds.
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We get the following PDE:

(3.5)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

δwtt(x, t) = wxx(x, t) + b2w(x, t) − b2 cosh(bx)w(0, t)

+ b3
∫ x

0

sinh(b(x− y))w(y, t)dy,

wx(0, t) = −qw(0, t),

w(1, t) = u1(t) .

The basic idea of the backstepping design is to use the transformation

(3.6) w̄(x, t) = w(x, t) −
∫ x

0

k(x, y)w(y, t) dy ,

with specially designed control kernel k(x, y) along with the boundary feedback law

(3.7)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u1(t) = w(1, t),

wx(1, t) = k(1, 1)w(1, t) − c1wt(1, t)

+ c1

∫ 1

0

k(1, y)wt(y, t) dy +

∫ 1

0

kx(1, y)w(y, t) dy

to map (3.5) into the exponentially stable target system

(3.8)

⎧⎪⎨
⎪⎩

δw̄tt(x, t) = w̄xx(x, t),

w̄x(0, t) = c0w̄(0, t),

w̄x(1, t) = −c1w̄t(1, t),

where c0 > 0 and c1 > 0 are design parameters. The system (3.8) is exponentially
stable at the origin iff c0 and c1 are positive. Note the crucial difference between
the second equations of (3.5) and (3.8)—the destabilizing negative sign in the former
and the stabilizing positive sign in the latter. The gain kernel k(x, y) is given by the
following PDE:

(3.9)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kxx(x, y) = kyy(x, y) + b2k(x, y) − b3 sinh(b(x− y))

+ b3
∫ x

y

k(x, ξ) sinh(b(ξ − y))dξ,

k(x, x) = −b2

2
x− c0 − q,

ky(x, 0) = −b2
[
cosh(bx) −

∫ x

0

k(x, y) cosh(by)dy

]
− qk(x, 0),

which is obtained by substituting (3.6) into (3.8) and matching the terms. Incidentally,
this equation for k(x, y) is in the same class as the one obtained in the control design for
parabolic PDEs [12]. As shown in [12], the PDE (3.9) has a unique solution k ∈ C2(Ω).
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It can be solved either numerically or by using the following symbolic recursion:

(3.10)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k(x, y) = lim
n→∞

kn(x, y),

k0 = − b

2
[− sinh(b(x− y)) + by cosh(b(x− y))] − c0 − q,

kn+1 = k0 + b2
∫ x+y

2

x−y
2

∫ x−y
2

0

kn(σ + s, σ − s)dsdσ + q

∫ x−y

0

kn(σ, 0)dσ

+ b2
∫ x−y

2

0

∫ σ

0

[2kn(σ + s, σ − s) − kn(σ, s) cosh(bs)]dsdσ

+ b3
∫ x+y

2

x−y
2

∫ x−y
2

0

∫ σ+s

σ−s
kn(σ + s, ξ) sinh(b(ξ − σ + s))dξdsdσ

+ 2b3
∫ x−y

2

0

∫ σ

0

∫ σ+s

σ−s
kn(σ + s, ξ) sinh(b(ξ − σ + s))dξdsdσ.

The first step of this recursion provides approximate control gain kernels, which are
explicit:

(3.11)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

k0(1, y) = − b

2
[− sinh(b(1 − y)) + by cosh(b(1 − y))] − c0 − q,

k0x(1, y) = − b

2
[− cosh(b(1 − y)) + by sinh(b(1 − y))],

k0(1, 1) = k(1, 1) = −b2

2
− c0 − q.

Since k ∈ C2(Ω), the transformation (3.6) is bounded invertible, and therefore the
system (3.5) with the controller (3.7) dynamically behaves as (3.8). The important
question is why we chose our system’s “target” behavior as in (3.8). This PDE with a
homogeneous Dirichlet boundary condition at x = 0 (i.e., for c0 = ∞) has been studied
in many papers on control of wave equations by “boundary damper” feedback. For
a large positive c0, our “target” system has a similar behavior to those well-studied
problems. Obviously, the most desirable behavior would be with c0 = 0; however,
such behavior is achievable only if one could put an actuator at the tip. In that
case, the end x = 0 would be clamped, and the end x = 1 would be actuated with a
“boundary damper.” Since we are pursuing the opposite problem, where the tip end
x = 0 is free and the actuator is at the opposite end x = 1, it is only through the
very sophisticated construction that we presented above that a behavior similar to
the boundary damper feedback is achievable. The plant boundary condition at x = 0
is of Robin type, and no state transformation can change it into Dirichlet. However,
we can change it into a Robin condition of favorable sign (c0 > 0) and make it behave
similar to a Dirichlet condition (with large c0). To achieve all of this, we construct
the change of variable (3.6) which starts at x = 0 and goes towards x = 1, collecting
all of the terms in the shear beam model and converting them into a wave equation
model. But it is ultimately the boundary feedback (3.7) that absorbs the effects of the
transformation and results in a damping boundary condition at the end x = 1. Clearly
such feedback has to be rather complicated because it achieves a similar effect as the
boundary damper but from the opposite end. In addition to the first two terms on
the right-hand side of (3.7), which arise in boundary dampers and essentially amount
to PD control, our feedback law incorporates the two integral operators acting on
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the displacement and velocity fields (as we will show in the next section, the direct
measurement of w(x, t) and wt(x, t) along the whole beam is not necessary).

The control law (3.7) has to be implemented by solving for w(1, t). In the fre-
quency domain it is equivalent to employing a low pass filter acting on wx(1, s) and
the integral operator:

(3.12) u1(s) =
1

c1s + b2

2 + c0 + q

[
−wx(1, s) +

∫ 1

0

(c1sk(1, y) + kx(1, y))w(y, s) dy

]
.

In AFM u1 is implemented via a piezo actuator which actuates the beam base dis-
placement. Implementation of u2 would involve two piezo actuators to produce a
commanded u2.

4. Observer. Before we start with the observer design, we write the model (3.3)
in a slightly different form using (3.2):

(4.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

δwtt(x, t) = wxx(x, t) + b2w(x, t) + b3
∫ x

0

sinh(b(x− y))w(y, t)dy

− b2 cosh(bx)w(0, t) − b sinh(bx)α(0, t),

wx(0, t) = α(0, t) − qw(0, t),

w(1, t) = u1(t).

Note that in this form u2 is not selected as in (3.4) and the observer is designed for
arbitrary inputs u1 and u2.

We assume that the only available measurements are of the tip displacement
w(0, t) and of the tip angle due to bending α(0, t). In AFM the displacement and the
slope of the tip are routinely measured using a laser and a photodiode.

The observer is designed along the lines of the design presented in [13] for parabolic
systems and follows a standard finite-dimensional approach “copy of the plant plus
output injection terms”:

(4.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δŵtt(x, t) = ŵxx(x, t) + b2ŵ(x, t) + b3
∫ x

0

sinh(b(x− y))ŵ(y, t)dy

− b2 cosh(bx)w(0, t) − b sinh(bx)α(0, t)

+ py(x, 0)[w(0, t) − ŵ(0, t)] − c2p(x, 0)[wt(0, t) − ŵt(0, t)],

ŵx(0, t) = α(0, t) − qw(0, t) + p(0, 0)[w(0, t) − ŵ(0, t)]

− c2[wt(0, t) − ŵt(0, t)],

ŵ(1, t) = u1(t).

The constant c2 > 0 is the design parameter that sets the convergence rate of the
observer. Note that the output error terms are injected both in the domain and in
the boundary condition. The observer gains p(x, 0), py(x, 0), and p(0, 0) in (4.2) are
determined by solving the following PDE in Ω = {(x, y)| 0 ≤ y ≤ x ≤ 1}:

(4.3)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

pyy(x, y) = pxx(x, y) + b2p(x, y) − b3 sinh(b(x− y))

+ b3
∫ x

y

p(ξ, y) sinh(b(x− ξ))dξ,

p(x, x) =
b2

2
(x− 1),

p(1, y) = 0.
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It has been shown in [13] that this equation has a unique solution p ∈ C2(Ω). One
can see the similarity between this PDE and the one for the control kernel. This
is due to the duality between observer and control designs, a concept well known in
finite-dimensional control. One can think of the gains p(x, 0), py(x, 0), and p(0, 0) as
dual counterparts to the control gains k(1, y), kx(1, y), and k(1, 1).

(4.3) can be solved numerically or symbolically using the following recursive pro-
cedure [13]:

(4.4)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p(x, y) = lim
n→∞

pn(x, y),

p0 = − b

2
[− sinh(b(x− y)) + b(1 − x) cosh(b(x− y))],

pn+1 = p0 + b2
∫ 2−x−y

2

x−y
2

∫ x−y
2

0

pn(σ + s, σ − s)dsdσ

+ 2b2
∫ x−y

2

0

∫ σ

0

pn(σ + s, σ − s)dsdσ

+ b3
∫ 2−x−y

2

x−y
2

∫ x−y
2

0

∫ σ+s

σ−s
pn(σ + s, ξ) sinh(b(ξ − σ + s))dξdsdσ

+ 2b3
∫ x−y

2

0

∫ σ

0

∫ σ+s

σ−s
pn(σ + s, ξ) sinh(b(ξ − σ + s))dξdsdσ.

The observer gain in the boundary condition (4.2) is known exactly:

(4.5) p(0, 0) = −b2

2
.

Let us denote the observer error by ε(x, t) = w(x, t) − ŵ(x, t). Using (4.2) and
(4.1) we obtain the observer error dynamics

(4.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

δεtt(x, t) = εxx(x, t) + b2ε(x, t) + b3
∫ x

0

sinh(b(x− y))ε(y, t)dy

− py(x, 0)ε(0, t) + c2p(x, 0)εt(0, t),

εx(0, t) = −p(0, 0)ε(0, t) + c2εt(0, t),

ε(1, t) = 0.

The convergence of the observer is established by the following lemma.
Lemma 4.1. Suppose the classical solution of (4.6) exists. Then the invertible

transformation

(4.7)

⎧⎪⎪⎨
⎪⎪⎩

ε(x, t) = ε̃(x, t) −
∫ x

0

p(x, y)ε̃(y, t)dy = [(I − P1)ε̃](x, t),

ε̃(x, t) = [(I − P1)
−1ε](x, t) = ε(x, t) −

∫ x

0

p�(x, y)ε(y, t)dy

converts the error system (4.6) into the exponentially stable system

(4.8)

⎧⎪⎨
⎪⎩

δε̃tt(x, t) = ε̃xx(x, t),

ε̃x(0, t) = c2ε̃t(0, t),

ε̃(1, t) = 0.
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Proof. We differentiate the transformation (4.7) with respect to t and x:

δεtt(x, t) = δε̃tt(x, t) −
∫ x

0

p(x, y)δε̃tt(y, t)dy − εxx(x, t) + εxx(x, t)

= δε̃tt(x, t) −
∫ x

0

pyy(x, y)ε̃(y, t)dy − p(x, x)ε̃x(x, t) + p(x, 0)ε̃x(0, t)

+ py(x, x)ε̃(x, t) − py(x, 0)ε̃(0, t) − ε̃xx(x, t) + [2px(x, x) + py(x, x)]ε̃(x, t)

+ p(x, x)ε̃x(x, t) +

∫ x

0

pxx(x, y)ε̃(y, t) dy + εxx(x, t)

= εxx(x, t) + b2ε(x, t) + c2p(x, 0)εt(0, t) − py(x, 0)ε(0, t)

+

∫ x

0

(pxx(x, y) − pyy(x, y) + b2p(x, y))ε̃(y, t) dy.

Using the observer gain PDE (4.3) in the above equation we get the governing equation
of (4.8).

Next we differentiate the transformation (4.7) with respect to x and set x = 0:

εx(0, t) = ε̃x(0) − p(0, 0)ε̃(0, t) .

Comparing this with the boundary condition of (4.6), which can be written as

εx(0, t) = −p(0, 0)ε̃(0, t) + c2ε̃t(0, t),

we get the boundary condition of (4.8) at x = 0. Finally, the boundary condition at
x = 1 is obviously satisfied because p(1, y) = 0.

5. Output feedback. Consider the observer (4.2) and the control (3.4), (3.7)
with the observer state instead of the unmeasured plant state:

(5.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1(t) = ŵ(1, t),

ŵx(1, t) = k(1, 1)ŵ(1, t) − c1ŵt(1, t)

+ c1

∫ 1

0

k(1, y)ŵt(y, t)dy +

∫ 1

0

kx(1, y)ŵ(y, t)dy,

u2(t) = −b

∫ 1

0

sinh(b(1 − y))ŵx(y, t) dy.

We employ an invertible state transformation

(5.2)

⎧⎪⎪⎨
⎪⎪⎩

w̃(x, t) = ŵ(x, t) −
∫ x

0

k(x, y)ŵ(y, t)dy = [(I − P2)ŵ](x, y),

ŵ(x, t) = [(I − P2)
−1w̃](x, y) = w̃(x, t) −

∫ x

0

k�(x, y)w̃(x, y)dy,

where k(x, y) is given by (3.10) and both k(x, y) and k�(x, y) are of C2 in Ω [12].
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Lemma 5.1. Suppose the classical solution of (4.2) with the control (5.1) exists.
Then the transformation (5.2) converts (4.2) and (5.1) into

(5.3)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δw̃tt(x, t) = w̃xx(x, t) − b sinh(bx)α(0, t) + k(x, 0)α(0, t) + py(x, 0)ε(0, t)

+ k(x, 0)p(0, 0)ε(0, t) + ky(x, 0)ε(0, t) − c2k(x, 0)εt(0, t)

+ b

∫ x

0

k(x, y) sinh(by)dy α(0, t) −
∫ x

0

k(x, y)py(y, 0)dy ε(0, t)

− c2p(x, 0)εt(0, t) + c2

∫ x

0

k(x, y)p(y, 0)dy εt(0, t),

w̃x(0, t) = c0w̃(0, t) + α(0, t) + p(0, 0)ε(0, t) − c2εt(0, t),

w̃x(1, t) = −c1w̃t(1, t).

Proof. First we compute the second spatial derivative of the transformation (5.2):

w̃xx(x, t) = ŵxx(x, t) − [2kx(x, x) + ky(x, x)]ŵ(x, t) − k(x, x)ŵx(x, t)

−
∫ x

0

kxx(x, y)ŵ(y, t)dy.(5.4)

The next step is to compute w̃tt:

(5.5)

δw̃tt(x, t) = δŵtt(x, t) −
∫ x

0

k(x, y)δŵtt(y, t)dy

= ŵxx(x, t) + b2ŵ(x, t) + b3
∫ x

0

sinh(b(x− y))ŵ(y, t)dy

− b2 cosh(bx)w(0, t) − b sinh(bx)α(0, t) + py(x, 0)ε(0, t)

− c2p(x, 0)εt(0, t) −
∫ x

0

k(x, y)ŵyy(y, t)dy − b2
∫ x

0

k(x, y)ŵ(y, t)dy

− b3
∫ x

0

∫ x

y

k(x, ξ) sinh(b(ξ − y))ŵ(y, t)dy

+ b2
∫ x

0

k(x, y) cosh(by)dyw(0, t) + b

∫ x

0

k(x, y) sinh(by)dy α(0, t)

−
∫ x

0

k(x, y)py(y, 0)dyε(0, t) + c2

∫ x

0

k(x, y)p(y, 0)dyεt(0, t).

We notice that

∫ x

0

k(x, y)ŵyy(y, t)dy =

∫ x

0

kyy(x, y)ŵ(y, t)dy

+ k(x, x)ŵx(x, t) − k(x, 0)ŵx(0, t)

− ky(x, x)ŵ(x, t) + ky(x, 0)ŵ(0, t)

=

∫ x

0

kyy(x, y)ŵ(y, t)dy + k(x, x)ŵx(x, t) − k(x, 0)α(0, t)

+ qk(x, 0)w(0, t) + k(x, 0)p(0, 0)ε(0, t) + c2k(x, 0)εt(0, t)

− ky(x, x)ŵ(x, t) − ky(x, 0)ε(0, t) + ky(x, 0)w(0, t).

(5.6)

Substracting (5.4) from (5.5) and using (5.6), we get (5.3).
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The boundary condition at x = 1 is verified in the following way:

0 = w̃x(1, t) + c1w̃t(1, t)

= ŵx(1, t) − k(1, 1)ŵ(1, t) −
∫ 1

0

kx(1, y)ŵ(y, t)

+ c1ŵt(1, t) − c1

∫ 1

0

k(1, y)ŵt(y, t)dy,

which gives exactly the controller (5.1). Finally, for the boundary condition at x = 0
we have

w̃x(0, t) = ŵx(0, t) − k(0, 0)ŵ(0, t) = ŵx(0, t) − k(0, 0)w̃(0, t)

= α(0, t) − qw(0, t) + p(0, 0)ε(0, t) − c2εt(0, t) − k(0, 0)w̃(0, t)

= c0w̃(0, t) + α(0, t) + p(0, 0)ε(0, t) − c2εt(0, t).

The proof is complete.

6. Well-posedness and stability of the transformed system. Lemmas 4.1
and 5.1 establish the following transformed system (ε̃, w̃) which is a cascade of two
wave equations (with additional integral terms):

(6.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δε̃tt(x, t) = ε̃xx(x, t),

ε̃x(0, t) = c2ε̃t(0, t),

ε̃(1, t) = 0,

δw̃tt(x, t) = w̃xx(x, t) − b sinh(bx)α(0, t) + k(x, 0)α(0, t) − c2k(x, 0)ε̃t(0, t)

+ py(x, 0)ε̃(0, t) + k(x, 0)p(0, 0)ε̃(0, t) + ky(x, 0)ε̃(0, t)

+ b

∫ x

0

k(x, y) sinh(by) dyα(0, t) −
∫ x

0

k(x, y)py(y, 0) dyε̃(0, t)

− c2p(x, 0)ε̃t(0, t) + c2

∫ x

0

k(x, y)p(y, 0)dyε̃t(0, t),

w̃x(0, t) = c0w̃(0, t) + α(0, t) + p(0, 0)ε̃t(0, t) − c2ε̃t(0, t),

w̃x(1, t) = −c1w̃t(1, t).

Here α(0, t) is expressed in terms of ε̃ using (3.2) and (4.7):

α(0, t) =
b

cosh(b)

∫ 1

0

sinh(b(1 − x))[ε̃x(x, t) − p(x, x)ε̃(x, t)] dx

− b

cosh(b)

∫ 1

0

∫ 1

x

sinh(b(1 − y))px(y, x) dy ε̃(x, t) dx.(6.2)

From (6.2) and the fact that ε̃(1, t) = 0, we know that there exists a constant
C1 > 0 such that

(6.3) |α(0, t)|2 ≤ C1

∫ 1

0

ε̃2
x(x, t) dx.

We consider the system (6.1) in the space H = H1
R(0, 1)×L2(0, 1)×H1(0, 1)×L2(0, 1),
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H1
R(0, 1) = {f | f ∈ H1(0, 1)| f(1) = 0}, with the inner product

〈(f1, g1, φ1, ψ1), (f2, g2, φ2, ψ2)〉

= K

∫ 1

0

[
f ′1(x)f ′2(x) +

1

δ
g1(x)g2(x) + δ0(x− 1)(f ′1(x)g2(x) + g1(x)f ′2(x))

]
dx

+

∫ 1

0

[
φ′1(x)φ′2(x) +

1

δ
ψ1(x)ψ2(x) + δ0(x + 1)(φ′1(x)ψ2(x) + ψ1(x)φ′2(x))

]
dx

+ c1φ1(0)φ2(0) ∀ (f, g, φ, ψ) ∈ H,

where δ0 > 0 is sufficiently small so that above inner product is well-defined and
K > 0 is large enough so that A is dissipative in H as in the proof of Lemma 5.1
below. Define the system operator A : D(A)(⊂ H) → H as follows:

(6.4)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D(A) =

{
(f, g, φ, ψ) ∈ (H2(0, 1) ∩H1

R(0, 1)) ×H1
R(0, 1) ×H2(0, 1)

× H1(0, 1)| f ′(0) =
c2
δ
g(0), φ′(1) = −c1

δ
ψ(1)

φ′(0) = c0φ(0) +
1

δ
[p(0, 0) − c2]g(0) + α(0)

}
,

A(f, g, φ, ψ) =

(
g

δ
, f ′′,

ψ

δ
, φ′′ − b sinh(bx)α(0) + [py(x, 0) + ky(x, 0)]f(0)

+ k(x, 0)[α(0) + p(0, 0)f(0)] −
∫ x

0

k(x, y)py(y, 0)dyf(0)

+ b

∫ x

0

k(x, y) sinh(by)dy α(0) − c2
δ
k(x, 0)g(0)

+
c2
δ

[
−p(x, 0) +

∫ x

0

k(x, y)p(y, 0)dy

]
g(0)

)
,

α(0) =
b

cosh(b)

∫ 1

0

sinh(b(1 − x))[f ′(x) − p(x, x)f(x)] dx

− b

cosh(b)

∫ 1

0

∫ 1

x

sinh(b(1 − y))px(y, x) dyf(x) dx

∀ (f, g, φ, ψ) ∈ D(A).

Then the system (6.1) can be written as

(6.5)
d

dt
(ε̃(·, t), δε̃t(·, t), w̃(·, t), δw̃t(·, t)) = A(ε̃(·, t), δε̃t(·, t), w̃(·, t), δw̃t(·, t)).

Theorem 6.1. Let A be defined by (6.4). Then A generates an exponential stable
C0-semigroup on H. For any initial value (ε̃(·, 0), δε̃t(·, 0), w̃(·, 0), δw̃t(·, 0)) ∈ H,
there exists a unique (mild) solution to (6.1) such that (ε̃(·, t), δε̃t(·, t), w̃(·, t), δw̃t(·, t))
∈ C([0,∞);H), and there exists a positive constant ω such that

‖(ε̃(·, t), δε̃t(·, t), w̃(·, t), δw̃t(·, t))‖H
≤ e−ωt‖(ε̃(·, 0), δε̃t(·, 0), w̃(·, 0), δw̃t(·, 0))‖H .(6.6)

Moreover, if (ε̃(·, 0), δε̃t(·, 0), w̃(·, 0), δw̃t(·, 0)) ∈ D(A), then

(6.7) (ε̃(·, t), δε̃t(·, t), w̃(·, t), δw̃t(·, t)) ∈ C1([0,∞);H)

is the classical solution of (6.1).
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Proof. Define the Lyapunov functions

(6.8) Eε̃(t) =
1

2

∫ 1

0

[ε̃2
x(x, t) + δε̃2

t (x, t)]dx + δ0

∫ 1

0

(x− 1)ε̃x(x, t)δε̃t(x, t)dx

and

Ew̃(t) =
1

2

∫ 1

0

[w̃2
x(x, t) + δw̃2

t (x, t)]dx +
δ̃0
2
w̃2(0, t)

+ δ0

∫ 1

0

(1 + x)w̃x(x, t)δw̃t(x, t)dx.(6.9)

Both of them are positive definite for small δ0, δ̃0 > 0. The time derivatives of Eε̃ and
Ew̃ along the trajectory of (6.1) are, respectively,

(6.10) Ėε̃(t) = −
[
c2 −

δ0
2

(1 + c22)

]
ε̃2
t (0, t) −

δ0
2

∫ 1

0

[ε̃2
x(x, t) + δε̃2

t (x, t)]dx,

(6.11)

Ėw̃(t) = −c1w̃
2
t (1, t) − c0w̃

2(0, t) − α(0, t)w̃t(0, t) − p(0, 0)w̃t(0, t)ε̃t(0, t)

+ c2w̃t(0, t)ε̃t(0, t) +

∫ 1

0

[k(x, 0) − b sinh(bx)]w̃t(x, t)dxα(0, t)

+

∫ 1

0

w̃t(x, t)py(x, 0)dx ε̃(0, t) + b

∫ 1

0

w̃t(x, t)dx

∫ x

0

k(x, y) sinh(by)dy α(0, t)

+

∫ 1

0

w̃t(x, t)k(x, 0)dx p(0, 0)ε̃(0, t) +

∫ 1

0

w̃t(x, t)ky(x, 0)dx ε̃(0, t)

−
∫ 1

0

w̃t(x, t)dx

∫ x

0

k(x, y)py(y, 0)dy ε̃(0, t) − c2

∫ 1

0

w̃t(x, t)k(x, 0)dx ε̃t(0, t)

− c2

∫ 1

0

w̃t(x, t)p(x, 0)dx ε̃t(0, t) + c2

∫ 1

0

w̃t(x, t)dx

∫ x

0

k(x, y)p(y, 0)dy ε̃t(0, t)

− δ0
2

∫ 1

0

[w̃2
x(x, t) + δw̃2

t (x, t)]dx− δδ0
2

w̃2
t (0, t) + δ0(δ + c21)w̃

2
t (1, t)

− δ0
2

[c0w̃(0, t) + α(0, t) + p(0, 0)ε̃t(0, t) − c2ε̃t(0, t)]
2

+ δ0

∫ 1

0

(1 + x)w̃x(x, t)(k(x, 0) − b sinh(bx))dxα(0, t)

+ δ0

∫ 1

0

(1 + x)w̃x(x, t)(py(x, 0) + ky(x, 0) + p(0, 0)k(x, 0))dx ε̃(0, t)

+ bδ0

∫ 1

0

(1 + x)w̃x(x, t)dx

∫ x

0

k(x, y) sinh(by)dy α(0, t)

− δ0

∫ 1

0

(1 + x)w̃x(x, t)dx

∫ x

0

k(x, y)py(y, 0)dy ε̃(0, t)

− c2δ0

∫ 1

0

(1 + x)w̃x(x, t)(p(x, 0) + k(x, 0))dx ε̃t(0, t)

+ c2δ0

∫ 1

0

(1 + x)w̃x(x, t)dx

∫ x

0

k(x, y)p(y, 0)dy ε̃t(0, t) + δ̃0w̃(0, t)w̃t(0, t).
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Using (6.3) and the fact that k, p ∈ C2(Ω), we obtain

Ėw̃(t) ≤
[
δ0
2

− δ1

] ∫ 1

0

[w̃2
x(x, t) + δw̃2

t (x, t)]dx−
[
c0 +

δc20
2

− δ2

]
w̃2(0, t)

−
[
c1 − δ0(δ + c21)

]
w̃2

t (1, t) −
[
δδ0
2

− δ3

]
w̃2

t (0, t)

+ C2α
2(0, t) + C2ε̃

2(0, t) + C2ε̃
2
t (0, t),

where C2 and δi, i = 1, 2, 3, are some positive constants satisfying

(6.12) δ1 <
δ0
2
, δ2 < c0 +

δc20
2

, δ3 <
δδ0
2

.

Now for large K > 0, we take the overall Laypunov function as

(6.13) E(t) = Ew̃(t) + KEε̃(t).

Since from (6.3), α2(0, t) + ε̃2(0, t) ≤ (1 +C1)‖ε̃2
x(·, t)‖2

L2(0,1), we obtain its derivative

along the solution of (6.1) that

(6.14)

Ė(t) ≤ −K

[
c2 −

δ0
2

(1 + c22)

]
ε̃2
t (0, t) −K

δ0
2

∫ 1

0

[ε̃2
x(x, t) + δε̃2

t (x, t)]dx

−
[
δ0
2

− δ1

] ∫ 1

0

[w̃2
x(x, t) + δw̃2

t (x, t)]dx−
[
c0 +

δc20
2

− δ2

]
w̃2(0, t)

+ C2α
2(0, t) + C2ε̃

2(0, t) + C2ε̃
2
t (0, t),

where we assumed that

(6.15) δ0(δ + c21) < c1.

Hence

(6.16)

Ė(t) ≤ −
[
K

(
c2 −

δ0
2

(1 + c22)

)
− C2

]
ε̃2
t (0, t)

−
[
K

δ0
2

− C2(1 + C1)

] ∫ 1

0

[ε̃2
x(x, t) + δε̃2

t (x, t)]dx

−
[
δ0
2

− δ1

] ∫ 1

0

[w̃2
x(x, t) + δw̃2

t (x, t)]dx−
[
c0 +

δc20
2

− δ2

]
w̃2(0, t).

Choosing K > 0 sufficiently large, it follows from (6.16) that there exists an ω > 0
such that

(6.17) Ė(t) ≤ −ωE(t).

The above procedure also gives the following estimate:

Re〈A(f, g, φ, ψ), (f, g, φ, ψ)〉H ≤ −ω‖(f, g, φ, ψ)‖2
H ∀ (f, g, φ, ψ) ∈ D(A).

So A is dissipative in H ([10]), and if A generates a C0-semigroup, this semigroup
must be exponentially stable. By the Lumer–Phillips theorem (Theorem 4.3, p. 14 in
[10]), the proof will be accomplished if we can show that A−1 exists and is bounded
on H. Actually, a simple computation shows that

A−1(f, g, φ, ψ) = (f∗, g∗, φ∗, ψ∗) ∀ (f, g, φ, ψ) ∈ H,
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where g∗ = δf, ψ∗ = δφ and

f∗(x) = c2f(0)(x− 1) +

∫ x

0

(x− τ)g(τ)dτ −
∫ 1

0

(1 − τ)g(τ)dτ,

φ∗(x) =

∫ x

1

(x− τ)ψ(τ)dτ +

∫ x

1

(x− τ)F (τ)dτ − c1φ(1)x

−
∫ 1

0

τψ(τ)dτ −
∫ 1

0

τF (τ)dτ + φ∗(0),

φ∗(0) = − 1

c0

∫ 1

0

ψ(τ)dτ − 1

c0

∫ 1

0

F (τ)dτ − c1
c0

φ(1) − α∗(0)

c0
− p(0, 0) − c2

c0
f(0),

F (x) = b sinh(bx)α∗(0) − k(x, 0)α∗(0) − [py(x, 0) + k(x, 0)p(0, 0) + ky(x, 0)]f∗(0)

− b

∫ x

0

k(x, y) sinh(by)dyα∗(0) +

∫ x

0

k(x, y)py(y, 0)dyf∗(0)

+

[
c2k(x, 0) + c2p(x, 0) − c2

∫ x

0

k(x, y)p(y, 0)dy

]
f(0),

α∗(0) =
b

cosh(b)

∫ 1

0

sinh(b(1 − x))f∗′(x)dx

− b

cosh(b)

∫ 1

0

[
sinh(b(1 − x))p(x, x) +

∫ 1

x

sinh(b(1 − y))px(y, x)dy

]
f∗(x)dx.

The proof is complete.

7. Well-posedness and stability of the closed-loop system. The closed-
loop system consists of the plant (3.3), the observer (4.2), and the feedback con-
troller (5.1):

(7.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δwtt(x, t) = wxx(x, t) + b2w(x, t) + b3
∫ x

0

sinh(b(x− y))w(y, t)dy

− b2 cosh(bx)w(0, t) − b sinh(bx)α(0, t),

wx(0, t) = α(0, t) − qw(0, t),

w(1, t) = ŵ(1, t),

δŵtt(x, t) = ŵxx(x, t) + b2ŵ(x, t) + b3
∫ x

0

sinh(b(x− y))ŵ(y, t)dy

− b2 cosh(bx)w(0, t) − b sinh(bx)α(0, t)

+ py(x, 0)[w(0, t) − ŵ(0, t)] − c2p(x, 0)[wt(0, t) − ŵt(0, t)],

ŵx(0, t) = α(0, t) − qw(0, t) + p(0, 0)[w(0, t) − ŵ(0, t)]

− c2[wt(0, t) − ŵt(0, t)],

ŵx(1, t) = −c1ŵt(1, t) + k(1, 1)ŵ(1, t)

+ c1

∫ 1

0

k(1, y)ŵt(y, t)dy +

∫ 1

0

kx(1, y)ŵ(y, t)dy ,

α(0, t) =
b

cosh(b)

∫ 1

0

sinh(b(1 − s))[wx(x, t) − ŵx(x, t)]dx ,
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and

(7.2) α(x, t) = cosh(bx)α(0, t) − b

∫ x

0

sinh(b(x− s))wx(s, t)ds.

We consider the system (7.1) in the state space H = {(f, g, φ, ψ) ∈ (H1(0, 1) ×
L2(0, 1))2| f(1) = φ(1)}. Define the system operator

(7.3)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D(A) =

{
(f, g, φ, ψ) ∈ H| A(f, g, φ, ψ) ∈ H, f ′(0) = α(0) − qf(0),

φ′(0) = α(0) − qf(0) + p(0, 0)[f(0) − φ(0)] − c2
δ

[g(0) − ψ(0)],

φ′(1) = k(1, 1)φ(1) − c1
δ
ψ(1) +

c1
δ

∫ 1

0

k(1, x)ψ(x)dx +

∫ 1

0

kx(1, x)φ(x)

}
,

[A(f, g, φ, ψ)](x) =

(
g(x)

δ
, f ′′(x) + b2f + b3

∫ x

0

sinh(b(x− y))f(y)dy

− b2 cosh(bx)f(0) − b sinh(bx)α(0),
ψ(x)

δ
, φ′′(x) + b2φ(x)

+ b3
∫ x

0

sinh(b(x− y))φ(y)dy − b2 cosh(bx)f(0) − b sinh(bx)α(0)

+ py(x, 0)[f(0) − φ(0)] − c2
δ
p(x, 0)[g(0) − ψ(0)]

)
,

α(0) =
b

cosh(b)

∫ 1

0

sinh(b(1 − s))[f ′(x) − φ′(x)]dx ∀ (f, g, φ, ψ) ∈ D(A).

Then the system (7.3) can be written as an evolution equation in H:

(7.4)
d

dt
(w(·, t), δwt(·, t), ŵ(·, t), δŵt(·, t)) = A(w(·, t), δwt(·, t), δŵ(·, t), ŵt(·, t)).

Theorem 7.1. Let A be defined by (7.3). Then A generates a C0-semigroup eAt

on H, which is exponentially stable:

‖eAt‖H ≤ Me−ωt ∀ t ≥ 0

for some positive constants M and ω independent of t. In particular,

(7.5) Eo(t) ≤ Ce−ωtEo(0)

for some C > 0, where

(7.6) Eo(t) =

∫ 1

0

[
w2

x(x, t) + δw2
t (x, t) + ŵ2

x(x, t) + δŵ2
t (x, t) + α2(x, t)

]
dx.

Proof. For any initial value (w(·, 0), δwt(·, 0), ŵ(·, 0), δŵt(·, 0)) ∈ D(A), let

(7.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε̃(x, 0) = [(I − P1)
−1(w(·, 0) − ŵ(·, 0))](x, 0),

δε̃t(x, 0) = [(I − P1)
−1(δwt(·, 0) − δŵt(·, 0))](x, 0),

w̃(x, 0) = ŵ(x, 0) −
∫ x

0

k(x, y)ŵ(y, 0)dy,

δw̃t(x, 0) = δŵt(x, 0) −
∫ x

0

k(x, y)δŵt(y, 0)dy.
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A direct computation shows that (ε̃(·, 0), δε̃t(·, 0), w̃(·, 0), δw̃t(·, 0)) ∈ D(A). So there
exists a unique classical solution to (6.1) with this initial value. Let

(7.8)

⎧⎪⎨
⎪⎩

w(x, t) = ŵ(x, t) + ε̃(x, t) −
∫ x

0

p(x, y)ε̃(y, t)dy,

ŵ(x, t) = [(I − P2)
−1w̃](x, t).

Similarly to (5.5), one can show that (w, ŵ) defined in this way satisfies (7.1) with
initial value (w(·, 0), δwt(·, 0), ŵ(·, 0), δŵt(·, 0)). This solution is unique by the invert-
ible transformation and the uniqueness of the classical solution to (6.1), where T is a
one to one

(7.9)

⎛
⎜⎜⎝

ε̃
δε̃t
w̃
δw̃t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

I − P1 0 −I + P1 0
0 I − P1 0 −I + P1

0 0 I − P2 0
0 0 0 I − P2

⎞
⎟⎟⎠

⎛
⎜⎜⎝

w
δwt

ŵ
δŵt

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

w
δwt

ŵ
δŵt

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

I − P1 0 (I − P2)
−1 0

0 I − P1 0 (I − P1)
−1

0 0 (I − P2)
−1 0

0 0 0 (I − P2)
−1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

ε̃
δε̃t
w̃
δw̃t

⎞
⎟⎟⎠

and onto operator from H to H. Moreover, this solution is exponentially stable by
(6.6) and (7.9):

‖(w(·, t), δwt(·, t), ŵ(·, t), δŵt(·, t)‖H
≤ Me−ωt‖(w(·, 0), δwt(·, 0), ŵ(·, 0), δŵt(·, 0)‖H(7.10)

for some positive constant M independent of t. From transformation (7.9), we know
that A = T

−1AT, and hence A = TAT
−1, where A is the operator defined by (6.4).

Hence A−1 exists and is bounded on H, which implies that ρ(A), the resolvent set of
A, is not empty. Since obviously D(A) is dense in H, it follows from Theorem 1.3 on
page 102 of [10] that A generates a C0-semigroup eAt on H. (7.10) shows that eAt is
exponentially stable, with ‖eAt‖ ≤ Me−ωt for all t ≥ 0. Finally, it follows from (7.2)

that ‖α(·, t)‖L2(0,1) ≤ C̃[‖wx(·, t)‖L2(0,1) + ‖ŵx(·, t)‖L2(0,1)] for some constant C̃ > 0
independent of t. This together with (7.10) gives (7.5). The proof is complete.

8. Simulation results. In this section we demonstrate through numerical sim-
ulations the effectiveness of the control and the observer.

We use the backward Euler method in the time domain and the Chebyshev spec-
tral method in space. For this purpose the second-order-in-time equations are first
converted into first-order-in-time (evolution-type) systems of equations. The control
kernel k is first approximated on a uniform grid using the iterative scheme (3.10),
and then linear interpolation was used to obtain values on the nonuniform Chebyshev
grid. The boundary conditions were implemented using second-order explicit dis-
cretization. In the numerical simulations we used grid size N = 40 in space and time
step dt = 10−4. The convergence of the numerical method was checked by varying
N between N = 30 and N = 70 and varying dt between dt = 10−2 and dt = 10−5.
The maximum variation of the solution did not exceed 10−3 over the whole time and
space domain. The numerical code was programed in MATLAB (see, e.g., [18]).

The main system parameters are set to δ = 1, b = 0.6, and q = 0.9. The
design parameters are set to c0 = 10, c1 = 1, and c2 = 1. The initial conditions are
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0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1

x

Fig. 8.1. Initial conditions of the beam. Solid line, w (0, x); dashed line, wt (0, x).
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1

01234
−0.2

0

0.2

x
t

Fig. 8.2. Beam response w (x, t). Uncontrolled case, clamped at x = 1. Note the instability
that results from q = 0.9.
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1

01234
−0.2

0

0.2

x
t

Fig. 8.3. Beam response w (x, t) with control wx (1, t) applied at x = 1. Note that the instability
at x = 0 is stabilized.

w (x, 0) = −0.1 (1 − x) sin (1.52π (1 − x)) for x ∈ [0, 1] and

wt (x, 0) =

{
−3 (x− x0)

2
if x ∈ [0, x0] ,

0 if x ∈ [x0, 1] ,

with x0 = 0.1753. These initial conditions correspond to hitting the tip part of an
already bent beam (Figure 8.1).

8.1. No observer, full state feedback. First we consider the full state feed-
back case. This is equivalent to assuming that the observer starts from the same
initial conditions as the plant itself, and hence it is identical with it for all time. Fig-
ures 8.2 and 8.3 show the results of our simulation for the shear beam with a zero
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Uncontrolled Beam Controlled Beam
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t ∈ [0.4, 1.5] t ∈ [0.4, 1.5]

0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1

0.2

0.3

0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1

0.2

0.3

t ∈ [1.5, 2.1] t ∈ [1.5, 2.1]
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t ∈ [2.1, 2.8] t ∈ [2.1, 2.8]
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Fig. 8.4. Snapshots of the beam movements with increasing darkness denoting increasing time
in the sequences.
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Control w (1, t) = u1 (t)

0 1 2 3 4
−0.04

−0.02

0

0.02

0.04

time

Control α (1, t) = u2 (t)

0 1 2 3 4

−0.02

0

0.02

0.04

time

Fig. 8.5. Time trace of controls w (1, t) = u1 (t) and α (1, t) = u2 (t).

Dirichlet boundary condition at x = 1 in the uncontrolled case and with control (5.1)
in the controlled case. The uncontrolled case shows that the relatively large value
q = 0.9 destabilizes the trivial zero solution. The controlled case shows asymptotic
stability with small control effort. Snapshots of beam movements (uncontrolled and
controlled) are depicted in Figure 8.4, where vibrations are shown in sequences of time
intervals. In each sequence the time evolution is represented by increasing darkness.
The control effort is shown explicitly as function of time in Figure 8.5. Notice that
the maximum control effort is about one magnitude smaller than the maximum of
the uncontrolled solution. Gain kernels k (1, y) and kx (1, y) of the first control law
(4.3) are shown in Figure 8.6 for y ∈ [0, 1]. These kernel functions have small spatial
variations and can be easily approximated by low order polynomials.

8.2. Observer design. We now introduce the observer (4.2) in the simulations.
We assume no knowledge of the initial state of the beam, which means that the
observer is started with zero initial conditions ŵ (x, 0) = ŵt (x, 0) for x ∈ [0, 1].
Figure 8.7 shows that in the uncontrolled case, although the observer starts far from
the state, the observer error quickly converges to zero over a time period of t ∈ [0, 4].
As expected in the controlled case (see Figure 8.8) the convergence takes place over
a longer time period t ∈ [0, 6]. The reason for this short delay in the convergence is
that the observer has to compensate for the additional error introduced by the control
feedback of the observer into the plant. Nevertheless, the closed-loop state quickly
converges to zero (Figure 8.9). Finally, the observer gains p (x, 0) and py (x, 0) can be
seen in Figure 8.10.
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Fig. 8.6. Kernel functions k (1, y) and kx (1, y) of control law (5.1) for y ∈ [0, 1].
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Fig. 8.7. Observer error ŵ − w in the uncontrolled case.
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Fig. 8.8. Observer error ŵ − w in the controlled case.
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Fig. 8.9. Plant controlled using the observer.
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Fig. 8.10. Kernel functions p (x, 0) and py (x, 0) of the observer (4.2) for x ∈ [0, 1].
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9. Conclusion. In this paper we presented the output-feedback controller for
an undamped shear beam. Future efforts will be concentrated on developing the con-
trollers for higher-dimensional flexible structures such as plates and shells. Another
interesting avenue of research is the control of beams (plates, shells) in the presence
of parametric uncertainties, such as unknown structural damage. Successful back-
stepping boundary adaptive controllers for parabolic PDEs were recently developed
in [5, 15, 16], and similar ideas could be applied to the hyperbolic equations.
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REACHING A CONSENSUS IN A DYNAMICALLY CHANGING
ENVIRONMENT: A GRAPHICAL APPROACH∗
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Abstract. This paper presents new graph-theoretic results appropriate for the analysis of a
variety of consensus problems cast in dynamically changing environments. The concepts of rooted,
strongly rooted, and neighbor-shared are defined, and conditions are derived for compositions of
sequences of directed graphs to be of these types. The graph of a stochastic matrix is defined, and
it is shown that under certain conditions the graph of a Sarymsakov matrix and a rooted graph
are one and the same. As an illustration of the use of the concepts developed in this paper, graph-
theoretic conditions are obtained which address the convergence question for the leaderless version
of the widely studied Vicsek consensus problem.
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1. Introduction. Current interest in cooperative control of groups of mobile
autonomous agents has led to the rapid increase in the application of graph-theoretic
ideas to problems of analyzing and synthesizing a variety of desired group behaviors
such as maintaining a formation, swarming, rendezvousing, or reaching a consensus.
While this in-depth assault on group coordination using a combination of graph theory
and system theory is in its early stages, it is likely to significantly expand in the years
to come. One line of research which illustrates the combined use of these concepts
is the recent theoretical work by a number of individuals [17, 19, 22, 1, 3, 26] which
successfully explains the heading synchronization phenomenon observed in simulation
by Vicsek et al. [29], Reynolds [23], and others more than a decade ago. Vicsek and
coauthors consider a simple discrete-time model consisting of n autonomous agents
or particles all moving in the plane with the same speed but with different headings.
Each agent’s heading is updated using a local rule based on the average of its own
heading plus the current headings of its “neighbors.” Agent i’s neighbors at time t
are those agents which are either in or on a circle of prespecified radius centered at
agent i’s current position. In their paper, Vicsek et al. provide a variety of inter-
esting simulation results which demonstrate that the nearest neighbor rule they are
studying can cause all agents to eventually move in the same direction despite the ab-
sence of centralized coordination and despite the fact that each agent’s set of nearest
neighbors can change with time. A theoretical explanation for this observed behavior
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has recently been given in [17]. The explanation exploits ideas from graph theory [13]
and from the theory of nonhomogeneous Markov chains [25, 30, 15]. Experience has
shown that it is more the graph theory than the Markov chains which is key to this
line of research. An illustration of this is the recent extension of the findings of [17]
which explain the behavior of Reynolds’ full nonlinear “boid” system [26].

Mathematically Vicsek’s problem is what in statistics and computer science is
called a “consensus problem” [10] or an “agreement problem” [21], although in com-
puter science the issues tend to be concerned more with fault tolerance [12] rather
than convergence. Roughly speaking, one has a group of agents which are all trying to
agree on a specific value of some quantity. Each agent initially has only limited infor-
mation available. The agents then try to reach a consensus by communicating what
they know to their neighbors either just once or repeatedly, depending on the specific
problem of interest. For the Vicsek problem, each agent knows only its own heading
and the headings of its current neighbors. One feature of the Vicsek problem which
sharply distinguishes it from other consensus problems is that each agent’s neighbors
can change with time, because all agents are in motion. The theoretical consequence
of this is profound: it renders essentially useless, without elaboration, a large body
of literature appropriate to the convergence analysis of “nearest neighbor” algorithms
with fixed neighbor relationships. Said differently, for the linear heading update rules
considered in this paper, understanding the difference between fixed neighbor rela-
tionships and changing neighbor relationships is much the same as understanding the
difference between the stability of time-invariant linear systems and time-varying lin-
ear systems. Various mathematically similar versions of Vicsek’s problem have been
addressed in the literature [17, 19, 22, 1, 3]; some it turns out well before Vicsek’s
own paper was published [10, 9, 27, 28, 2].

The central aim of this paper is to establish a number of basic properties of
“compositions” of sequences of directed graphs which, as shown in [7], are useful in
explaining how a consensus is achieved in various settings. To motivate the graph-
theoretic questions addressed and to demonstrate the utility of the answers obtained,
we reconsider the version of the Vicsek consensus problem studied by Moreau [19] and
Ren and Beard [22]. We derive a condition for agents to reach a consensus exponen-
tially fast which is slightly different than but equivalent to the condition established
in [19]. What this paper contributes, then, is a different approach to the understand-
ing of the consensus phenomenon, one in which graphs and their compositions are
at center stage. Of course if the consensus problem studied in [19, 22] were the only
problem to which this approach were applicable, its development would have hardly
been worth the effort. In a sequel to this paper [7] and elsewhere [4, 8, 6, 5] it is
demonstrated that in fact the graph-theoretic approach we are advocating is applica-
ble to a broad range of consensus problems which have so far either been only partially
resolved or not studied at all.

To the best of our knowledge, all of the statements in this paper about graph com-
positions are original. However, because the literature on nonhomogeneous Markov
chains is vast, some of these statements can undoubtedly be shown to be equivalent
to statements about stochastic matrix product in the existing literature [25, 15]. The
main convergence result on leaderless flocking, namely Theorem 3, is equivalent to
one of the main results of [19]. Corollary 1 is in essence the main result of [17].

In section 2 we reconsider the leaderless coordination problem studied in [17] but
without the assumption that the agents all have the same sensing radii. Agents are
labelled 1 to n and are represented by correspondingly labelled vertices in a directed
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graph N whose arcs represent current neighbor relationships. We define the concept
of a “strongly rooted graph” and show by an elementary argument that convergence
to a common heading is achieved if the neighbor graphs encountered along a system
trajectory are all strongly rooted. We also derive a worst case convergence rate for
these types of trajectories. We next define the concept of a “rooted graph” and the
operation of “graph composition.” The directed graphs appropriate to the Vicsek
model have self-arcs at all vertices. We prove that any composition of (n − 1)2 such
rooted graphs is strongly rooted. Armed with this fact, we establish conditions under
which consensus is achieved which are different than but equivalent to those obtained
in [19, 22]. We then turn to a more in-depth study of rooted graphs. We prove
that a so-called neighbor-shared graph is a special type of rooted graph and in so
doing make a connection between the consensus problem under consideration and the
elegant theory of “scrambling matrices” found in the literature on nonhomogeneous
Markov chains [25, 15]. By exploiting this connection in [7], we are able to derive
worst case convergence rate results for several versions of the Vicsek problem. The
nonhomogeneous Markov chain literature also contains interesting convergence results
for a class of stochastic matrices studied by Sarymsakov [24]. The class of Sarymsakov
matrices is bigger than the class of all stochastic scrambling matrices. We make
contact with this literature by proving that the graph of any Sarymsakov matrix is
rooted and also that any stochastic matrix with a rooted graph whose vertices all
have self-arcs is a Sarymsakov matrix.

2. Leaderless coordination. The system to be studied consists of n autono-
mous agents, labelled 1 through n, all moving in the plane with the same speed but
with different headings. Each agent’s heading is updated using a simple local rule
based on the average of its own heading plus the headings of its “neighbors.” Agent
i’s neighbors at time t are those agents, including itself, which are in a closed disk
of prespecified radius ri centered at agent i’s current position. In what follows Ni(t)
denotes the set of labels of those agents which are neighbors of agent i at time t.
Agent i’s heading, written θi, evolves in discrete time in accordance with a model of
the form

θi(t + 1) =
1

ni(t)

⎛
⎝ ∑

j∈Ni(t)

θj(t)

⎞
⎠ ,(1)

where t is a discrete-time index taking values in the nonnegative integers {0, 1, 2, . . .},
and ni(t) is the number of neighbors of agent i at time t.

2.1. Neighbor graph. The explicit form of the update equations determined
by (1) depends on the relationships between neighbors which exist at time t. These
relationships can be conveniently described by a directed graph N(t) with vertex set
V = {1, 2, . . . , n} and “arc set” A(N(t)) ⊂ V × V which is defined so that (i, j) is an
arc or directed edge from i to j just in case agent i is a neighbor of agent j. Thus
N(t) is a directed graph on n vertices with at most one arc connecting each ordered
pair of distinct vertices and with exactly one self-arc at each vertex. We write Gsa

for the set of all such graphs and G for the set of all directed graphs with vertex set
V. It is natural to call a vertex i a neighbor of vertex j in G ∈ G if (i, j) is an arc
in G. In addition we sometimes refer to a vertex k as an observer of vertex j in G if
(j, k) is an arc in G. Thus every vertex of G can observe its neighbors, which with the
interpretation of vertices as agents is precisely the kind of relationship G is supposed
to represent.
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2.2. State equation. The set of agent heading update rules defined by (1) can
be written in state form. Towards this end, for each graph N ∈ Gsa, define the flocking
matrix

F = D−1A′,(2)

where A′ is the transpose of the “adjacency matrix” of N and D the diagonal matrix
whose jth diagonal element is the “in-degree” of vertex j within the graph.1 The
function N �−→ F is bijective. Then

θ(t + 1) = F (t)θ(t), t ∈ {0, 1, 2, . . .},(3)

where θ is the heading vector θ = [ θ1 θ2 . . . θn ]
′
and F (t) is the flocking matrix

of the neighbor graph N(t) which represents the neighbor relationships of (1) at time
t. A complete description of this system would have to include a model which explains
how N(t) changes over time as a function of the positions of the n agents in the plane.
While such a model is easy to derive and is essential for simulation purposes, it would
be difficult to take into account in a convergence analysis. To avoid this difficulty,
we shall adopt a more conservative approach which ignores how N(t) depends on the
agent positions in the plane and assumes instead that t �−→ N(t) might be any signal
in some suitably defined set of interest.

Our ultimate goal is to show for a large class of signals t �−→ N(t) and for any
initial set of agent headings that the headings of all n agents will converge to the same
steady state value θss. Convergence of the θi to θss is equivalent to the state vector

θ converging to a vector of the form θss1, where 1
Δ
= [ 1 1 . . . 1 ]

′
n×1. Naturally

there are situations where convergence to a common heading cannot occur. The most
obvious of these is when one agent—say the ith—starts so far away from the rest that
it never acquires any neighbors. Mathematically this would mean not only that N(t)
is never strongly connected2 at any time t but also that vertex i remains an isolated
vertex of N(t) for all t in the sense that within each N(t), vertex i has no incoming
arcs other than its own self-arc. This situation is likely to be encountered if the ri are
very small. At the other extreme, which is likely if the ri are very large, all agents
might remain neighbors of all others for all time. In this case, N(t) would remain
fixed along such a trajectory as the complete graph. Convergence of θ to θss1 can
easily be established in this special case because with N(t) so fixed, (3) is a linear,
time-invariant, discrete-time system. The situation of perhaps the greatest interest is
between these two extremes when N(t) is not necessarily complete or even strongly
connected for any t ≥ 0 but when no strictly proper subset of N(t)’s vertices is isolated
from the rest for all time. Establishing convergence in this case is challenging because
F (t) changes with time and (3) is not time-invariant. It is this case which we intend
to study.

2.3. Strongly rooted graphs. In what follows we will call a vertex i of a
directed graph G a root of G if for each other vertex j of G, there is a path from i to

1By the adjacency matrix of a directed graph G ∈ G we mean an n× n matrix whose ijth entry
is 1 if (i, j) is an arc in A(G) and 0 if it is not. The in-degree of vertex j in G is the number of arcs
in A(G) of the form (i, j); thus j’s in-degree is the number of incoming arcs to vertex j.

2A directed graph G ∈ G with arc set A is strongly connected if it has a “path” between each
distinct pair of its vertices i and j; by a path (of length m) between vertices i and j we mean a
sequence of arcs in A of the form (i, k1), (k1, k2), . . . , (km−1, km), where km = j and, if m > 1,
i, k1, . . . , km−1 are distinct vertices. G is complete if it has a path of length one (i.e., an arc) between
each distinct pair of its vertices.
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j. Thus i is a root of G if it is the root of a directed spanning tree of G. We will say
that G is rooted at i if i is in fact a root. Thus G is rooted at i just in case each other
vertex of G is reachable from vertex i along a path within the graph. G is strongly
rooted at i if each other vertex of G is reachable from vertex i along a path of length
1. Thus G is strongly rooted at i if i is a neighbor of every other vertex in the graph.
A rooted graph G is a directed graph which possesses at least one root. Finally, a
strongly rooted graph is a graph which has at least one vertex at which it is strongly
rooted. It is now possible to state the following elementary convergence result which
illustrates, under a restrictive assumption, the more general types of results to be
derived later in the paper.

Theorem 1. Let θ(0) be fixed. For any trajectory of the system (3) along which
each graph in the sequence of neighbor graphs N(0), N(1), . . . is strongly rooted, there
is a constant steady state heading θss for which

lim
t→∞

θ(t) = θss1,(4)

where the limit is approached exponentially fast.

2.3.1. Stochastic matrices. In order to explain why Theorem 1 is true, we will
make use of certain structural properties of the flocking matrices determined by the
neighbor graphs in Gsa. As defined, each flocking matrix F is square and nonnegative,
where by a nonnegative matrix we mean a matrix whose entries are all nonnegative.
Each F also has the property that its row sums all equal 1 (i.e., F1 = 1). Matrices
with these two properties are called (row) stochastic [16]. It is easy to verify that the
class of all n×n stochastic matrices is closed under multiplication. It is worth noting
that because the vertices of the graphs in Gsa all have self-arcs, the F also have the
property that their diagonal elements are positive. While the proof of Theorem 1 does
not exploit this property, the more general results derived later in the paper depend
crucially on it.

In what follows we write M ≥ N whenever M −N is a nonnegative matrix. We
also write M > N whenever M − N is a positive matrix where by a positive matrix
we mean a matrix with all positive entries.

2.3.2. Products of stochastic matrices. Stochastic matrices have been ex-
tensively studied in the literature for a long time largely because of their connection
with Markov chains [25, 30, 14]. One problem studied which is of particular relevance
here is to describe the asymptotic behavior of products of n × n stochastic matrices
of the form

SjSj−1 · · ·S1

as j tends to infinity. This is equivalent to looking at the asymptotic behavior of all
solutions to the recursion equation

x(j + 1) = Sjx(j)(5)

since any solution x(j) can be written as

x(j) = (SjSj−1 · · ·S1)x(1), j ≥ 1.

One especially useful idea, which goes back at least to [11] and has been extensively
used [27], is to consider the behavior of the scalar-valued nonnegative function V (x) =
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�x� − 	x
 along solutions to (5), where x = [x1 x2 . . . xn ]
′

is a nonnegative n
vector and �x� and 	x
 are its largest and smallest elements, respectively. The key
observation is that for any n× n stochastic matrix S, the ith entry of Sx satisfies

n∑
j=1

sijxj ≥
n∑

j=1

sij	x
 = 	x


and

n∑
j=1

sijxj ≤
n∑

j=1

sij�x� = �x�.

Since these inequalities hold for all rows of Sx, it must be true that 	Sx
 ≥ 	x
, that
�Sx� ≤ �x�, and, as a consequence, that V (Sx) ≤ V (x). These inequalities and (5)
imply that the sequences

	x(1)
, 	x(2)
, . . . , �x(1)�, �x(2)�, . . . , V (x(1)), V (x(2)), . . .

are each monotone. Thus because each of these sequences is also bounded, the limits

lim
j→∞

	x(j)
, lim
j→∞

�x(j)�, lim
j→∞

V (x(j))

each exist. Note that whenever the limit of V (x(j)) is zero, all components of x(j)
together with 	x(j)
 and �x(j)� must tend to the same constant value.

There are various different ways in which one might approach the problem of
developing conditions under which x(j) converges to some scalar multiple of 1 or
equivalently SjSj−1 · · ·S1 converges to a constant matrix of the form 1c for some
constant row vector c. For example, since for any n× n stochastic matrix S, S1 = 1,
it must be true that span {1} is an S-invariant subspace for any such S. From this
and standard existence conditions for solutions to linear algebraic equation, it follows
that for any (n− 1) × n matrix P with kernel spanned by 1, the equation PS = S̃P
has unique solutions S̃, and, moreover, that

spectrum S = {1} ∪ spectrum S̃.(6)

As a consequence of the equation PSj = S̃jP, j ≥ 1, it can easily be seen that

S̃jS̃j−1 · · · S̃1P = PSjSj−1 · · ·S1.

Since P has full row rank and P1 = 0, the convergence of a product SjSj−1 · · ·S1

to a matrix of the form 1c is equivalent to convergence of the corresponding prod-
uct S̃jS̃j−1 · · · S̃1 to the zero matrix. There are two problems with this approach.

First, since P is not unique, neither are the S̃i. Second, it is not so clear how to go
about picking P to make tractable the problem of proving that the resulting product
S̃jS̃j−1 · · · S̃1 tends to zero. Tractability of the latter problem generally boils down

to choosing a norm for which the S̃i are all contractive. For example, one might seek
to choose a suitably weighted 2-norm. This is in essence the same thing as choosing
a common quadratic Lyapunov function. Although each S̃i can easily be shown to
be discrete-time stable with all eigenvalues of magnitude less than 1, it is known that
there are classes of Si which give rise to S̃i for which no such common Lyapunov
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matrix exists [18] regardless of the choice of P . Of course there are many other possi-
ble norms to choose from other than 2-norms. In the end, success with this approach
requires one to simultaneously choose both a suitable P and an appropriate norm with
respect to which the S̃i are all contractive. In what follows we adopt a slightly differ-
ent but closely related approach which ensures that we can work with what is perhaps
the most natural norm for this type of convergence problem, the infinity norm.

To proceed, we need a few more ideas concerned with nonnegative matrices.
For any nonnegative matrix R of any size, we write ||R|| for the largest of the row
sums of R. Note that ||R|| is the induced infinity norm of R and consequently is
submultiplicative. Note in addition that ||x|| = �x� for any nonnegative n vector x.
Moreover, ||M1|| ≤ ||M2|| if M1 ≤ M2. Observe that for any n× n stochastic matrix
S, ||S|| = 1 because the row sums of a stochastic matrix all equal 1. We extend the
domain of definitions of 	·
 and �·� to the class of all nonnegative n ×m matrix M
by letting 	M
 and �M� now denote the 1×m row vectors whose jth entries are the
smallest and largest elements, respectively, of the jth column of M . Note that 	M

is the largest 1 × m nonnegative row vector c for which M − 1c is nonnegative and
that �M� is the smallest nonnegative row vector c for which 1c−M is nonnegative.
Note in addition that for any n× n stochastic matrix S, one can write

S = 1	S
 + 	|S|
 and S = 1�S� − �|S|�,(7)

where 	|S|
 and �|S|� are nonnegative matrices defined by the equations

	|S|
 = S − 1	S
 and �|S|� = 1�S� − S,(8)

respectively. Moreover, the row sums of 	|S|
 are all equal to 1 − 	S
1 and the row
sums of �|S|� are all equal to �S�1 − 1, and so

||	|S|
|| = 1 − 	S
1 and ||�|S|�|| = �S�1 − 1.(9)

In what follows we will also be interested in the matrix

	�|S|�
 = 	|S|
 + �|S|�.(10)

This matrix satisfies

	�|S|�
 = 1(�S� − 	S
)(11)

because of (7).
For any infinite sequence of n × n stochastic matrices S1, S2, . . ., we henceforth

use the symbol 	· · ·Sj · · ·S1
 to denote the limit

	· · ·Sj · · ·S2S1
 = lim
j→∞

	Sj · · ·S2S1
.(12)

From the preceding discussion it is clear that for i ∈ {1, 2, . . . , n}, the limit 	· · ·Sj · · ·
S1
ei exists, where ei is the ith unit n-vector. Thus the limit 	· · ·Sj · · ·S1
 always
exists, and this is true even if the product Sj · · ·S2S1 itself does not have a limit. Two
situations can occur. Either the product Sj · · ·S2S1 converges to a rank one matrix
or it does not. In fact, even if Sj · · ·S2S1 does converge, it is quite possible that the
limit is not a rank one matrix. An example of this would be a sequence in which S1

is any stochastic matrix of rank greater than 1 and for all i > 1, Si = In×n. In what
follows we will develop sufficient conditions for Sj · · ·S2S1 to converge to a rank one
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matrix as j → ∞. Note that if this occurs, then the limit must be of the form 1c,
where c1 = 1 because stochastic matrices are closed under multiplication.

In what follows we will say that a matrix product SjSj−1 · · ·S1 converges to
1	· · ·Sj · · ·S1
 exponentially fast at a rate no slower than λ if there are nonnegative
constants b and λ with λ < 1, such that

||(Sj · · ·S1) − 1	· · ·Sj · · ·S2S1
|| ≤ bλj , j ≥ 1.(13)

The following proposition implies that such a stochastic matrix product will so con-
verge if 	|Sj · · ·S1|
 converges to 0.

Proposition 1. Let b̄ and λ be nonnegative numbers with λ < 1. Suppose that
S1, S2, . . . is an infinite sequence of n× n stochastic matrices for which

||	|Sj · · ·S1|
|| ≤ b̄λj , j ≥ 0.(14)

Then the matrix product Sj · · ·S2S1 converges to 1	· · ·Sj · · ·S1
 exponentially fast at
a rate no slower than λ.

The proof of Proposition 1 makes use of the first of the two inequalities which
follow.

Lemma 1. For any two n× n stochastic matrices S1 and S2,

	S2S1
 − 	S1
 ≤ �S2�	|S1|
,(15)

	|S2S1|
 ≤ 	|S2|
 	|S1|
.(16)

Proof of Lemma 1. Since S2S1 = S2(1	S1
 + 	|S1|
) = 1	S1
 + S2	|S1|
 and S2 =
1�S2� − �|S2|�, it must be true that S2S1 = 1(	S1
 + �S2�	|S1|
) − �|S2|� 	|S1|
. Thus
1(	S1
 + �S2�	|S1|
) − �|S2|� 	|S1|
 is nonnegative. But �S2S1� is the smallest nonnegative
row vector c for which 1c− S2S1 is nonnegative. Therefore

�S2S1� ≤ 	S1
 + �S2�	|S1|
.(17)

Moreover, 	S2S1
 ≤ �S2S1� because of the definitions of 	·
 and �·�. This and (17)
imply that 	S2S1
 ≤ 	S1
 + �S2�	|S1|
 and thus that (15) is true.

Since S2S1 = S2(1	S1
+ 	|S1|
) = 1	S1
+ S2	|S1|
 and S2 = 	S2
+ 	|S2|
, it must be
true that S2S1 = 1(	S1
 + 	S2
	|S1|
) + 	|S2|
 	|S1|
. Thus S2S1 − 1(	S1
 + 	S2
	|S1|
) is
nonnegative. But 	S2S1
 is the largest nonnegative row vector c for which S2S1 − 1c
is nonnegative, and so

S2S1 ≤ 1	S2S1
 + 	|S2|
 	|S1|
.(18)

Now it is also true that S2S1 = 1	S2S1
 + 	|S2S1|
. From this and (18) it follows that
(16) is true.

Proof of Proposition 1. Set Xj = Sj · · ·S1, j ≥ 1, and note that each Xj is a
stochastic matrix. In view of (15),

	Xj+1
 − 	Xj
 ≤ �Sj+1�	|Xj |
, j ≥ 1.

By hypothesis, ||	|Xj |
|| ≤ b̄λj , j ≥ 1. Moreover, ||�Sj+1�|| ≤ n because all entries in
Sj+1 are bounded above by 1. Therefore

||	Xj+1
 − 	Xj
|| ≤ nb̄λj , j ≥ 1.(19)
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Clearly

	Xj+i
 − 	Xj
 =

i∑
k=1

(	Xi+j+1−k
 − 	Xi+j−k
), i, j ≥ 1.

Thus, by the triangle inequality

||	Xj+i
 − 	Xj
|| ≤
i∑

k=1

||	Xi+j+1−k
 − 	Xi+j−k
||, i, j ≥ 1.

This and (19) imply that

||	Xj+i
 − 	Xj
|| ≤ nb̄

i∑
k=1

λ(i+j−k), i, j ≥ 1.

Now

i∑
k=1

λ(i+j−k) = λj
i∑

k=1

λ(i−k) = λj
i∑

q=1

λq−1 ≤ λj
∞∑
q=1

λq−1.

But λ < 1, and so

∞∑
q=1

λq−1 =
1

1 − λ
.

Therefore

||	Xi+j
 − 	Xj
|| ≤ nb̄
λj

1 − λ
, i, j ≥ 1.(20)

Set c = 	· · ·Sj · · ·S1
 and note that

||	Xj
−c|| = ||	Xj
−	Xi+j
+	Xi+j
−c|| ≤ ||	Xj
−	Xi+j
||+||	Xi+j
−c||, i, j ≥ 1.

In view of (20)

||	Xj
 − c|| ≤ nb̄
λj

1 − λ
+ ||	Xi+j
 − c||, i, j ≥ 1.

Since

lim
i→∞

||	Xi+j
 − c|| = 0

it must be true that

||	Xj
 − c|| ≤ nb̄
λj

1 − λ
, j ≥ 1.

But ||1(	Xj
 − c)|| = ||	Xj
 − c|| and Xj = Sj · · ·S1. Therefore

||1(	Sj · · ·S1
 − c)|| ≤ nb̄
λj

1 − λ
, j ≥ 1.(21)
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In view of (7)

Sj · · ·S1 = 1	Sj · · ·S1
 + 	|Sj · · ·S1|
, j ≥ 1.

Therefore

||(Sj · · ·S1) − 1c|| = ||1	Sj · · ·S1
 + 	|Sj · · ·S1|
 − 1c||

≤ ||1	Sj · · ·S1
 − 1c|| + ||	|Sj · · ·S1|
||, j ≥ 1.

From this, (14), and (21) it follows that

||Sj · · ·S1 − 1c|| ≤ b̄

(
1 +

n

1 − λ

)
λj , j ≥ 1,

and thus that (13) holds with b = b̄(1 + n
1−λ ).

2.3.3. Convergence. We are now in a position to make some statements about
the asymptotic behavior of a product of n×n stochastic matrices of the form SjSj−1

· · ·S1 as j tends to infinity. Note first that (16) generalizes to sequences of stochastic
matrices of any length. Thus

	|SjSj−1 · · ·S2S1|
 ≤ 	|Sj |
 	|Sj−1|
 · · · 	|S1|
.(22)

It is therefore clear that condition (14) of Proposition 1 will hold with b̄ = 1 if

||	|Sj |
 · · · 	|S1|
|| ≤ λj(23)

for some nonnegative number λ < 1. Because || · || is submultiplicative, this means
that a product of stochastic matrices Sj · · ·S1 will converge to a limit of the form 1c
for some constant row vector c if each of the matrices Si in the sequence S1, S2, . . .
satisfies the norm bound ||	|Si|
|| ≤ λ. We now develop a condition, tailored to our
application, for this to be so.

As a first step it is useful to characterize those stochastic matrices S for which
||	|S|
|| < 1. Note that this condition is equivalent to the requirement that the row sums
of 	|S|
 are less than 1. This, in turn, is equivalent to the requirement that 1	S
 �= 0
since 	|S|
 = S − 1	S
. Now 1	S
 �= 0 if and only if S has at least one nonzero column
since the indices of the nonzero columns of S are the same as the indices of the nonzero
columns of 	S
. Thus ||	|S|
|| < 1 if and only if S has at least one nonzero column. For
our purposes it proves to be especially useful to restate this condition in equivalent
graph theoretic terms. For this we need the following definition.

The graph of a stochastic matrix. For any n × n stochastic matrix S, let γ(S)
denote the graph G ∈ G whose adjacency matrix is the transpose of the matrix
obtained by replacing all of S’s nonzero entries with 1’s. The graph-theoretic condition
is as follows.

Lemma 2. A stochastic matrix S has a strongly rooted graph γ(S) if and only if

||	|S|
|| < 1.(24)

Proof. Let A be the adjacency matrix of γ(S). Since the positions of the nonzero
entries of S and A′ are the same, the ith column of S will be positive if and only if A’s
ith row is positive. Thus (23) will hold just in case A has a positive row. But strongly
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rooted graphs in G are precisely those graphs whose adjacency matrices have at least
one positive row. Therefore (23) will hold if and only if γ(S) is strongly rooted.

Lemma 2 can be used to prove the following.
Proposition 2. Let Ssr be any closed set of stochastic matrices which are all

the same size and whose graphs γ(S), S ∈ Ssr, are all strongly rooted. Then as
j → ∞, any product Sj · · ·S1 of matrices from Ssr converges exponentially fast to
1	· · ·Sj · · ·S1
 at a rate no slower than

λ = max
S∈Ssr

||	|S|
||,

where λ is a nonnegative constant satisfying λ < 1.
Proof of Proposition 2. In view of Lemma 2, ||	|S|
|| < 1, S ∈ Ssr. Because Ssr

is closed and bounded and ||	| · |
|| is continuous, λ < 1. Clearly ||	|Si|
|| ≤ λ, i ≥ 1,
and so (23) must hold for any sequence of matrices S1, S2, . . . from Ssr. Therefore
for any such sequence ||	|Sj · · ·S1|
|| ≤ λj , j ≥ 0. Thus by Proposition 1, the product
Π(j) = SjSj−1 · · ·S1 converges to 1	· · ·Sj · S1
 exponentially fast at a rate no slower
than λ.

Proof of Theorem 1. Let Fsr denote the set of flocking matrices with strongly
rooted graphs. Since Ssa is a finite set, so is the set of strongly rooted graphs in Gsa.
Therefore Fsr is closed. By assumption, F (t) ∈ Fsr, t ≥ 0. In view of Proposition 2,
the product F (t) · · ·F (0) converges exponentially fast to 1	· · ·F (t) · · ·F (0)
 at a rate
no slower than

λ = max
F∈Fsr

||	|F |
||.

But it is clear from (3) that θ(t) = F (t − 1) · · ·F (1)F (0)θ(0), t ≥ 1. Therefore (4)
holds with θss = 	· · ·F (t) · · ·F (0)
θ(0) and the convergence is exponential.

2.3.4. Convergence rate. Using (9) it is possible to calculate a worst case
value for the convergence rate λ used in the proof of Theorem 1. Fix F ∈ Fsr.
Because γ(F ) is strongly rooted, at least one vertex—say the kth—must be a root
with arcs to each other vertex. In the context of (1), this means that agent k must
be a neighbor of every agent. Thus θk must be in each sum in (1). Since each ni

in (1) is bounded above by n, this means that the smallest element in column k of
F is bounded below by 1

n . Since (9) asserts that ||	|F |
|| = 1 − 	F 
1, it must be true
that ||	|F |
|| ≤ 1 − 1

n . This holds for all F ∈ Fsr. Moreover, in the worst case when
F is strongly rooted at just one vertex and all vertices are neighbors of at least one
common vertex, ||	|F |
|| = 1 − 1

n . It follows that the worst case convergence rate is

max
F∈Fsr

||	|F |
|| = 1 − 1

n
.(25)

An example of a graph of a flocking matrix for which (25) holds is shown in Figure 1.

2.4. Rooted graphs. The proof of Theorem 1 depends crucially on the fact
that the graphs encountered along a trajectory of (3) are all strongly rooted. It is
natural to ask if this requirement can be relaxed and still have all agents’ headings
converge to a common value. The aim of this section is to show that this can indeed be
accomplished. To do this we need to have a meaningful way of “combining” sequences
of graphs so that only the combined graph need be strongly rooted but not necessarily
the individual graphs making up the combination. One possible notion of combination
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32

1

Fig. 1. Example.

of a sequence G1,G2, . . . ,Gk with the same vertex set V would be the graph with
vertex set V whose arc set is the union of the arc sets of the graphs in the sequence. It
turns out that because we are interested in sequences of graphs rather than mere sets
of graphs, a simple union is not quite the appropriate notion for our purposes because
a union does not take into account the order in which the graphs are encountered
along a trajectory. What is appropriate is a slightly more general notion which we
now define.

2.4.1. Composition of graphs. By the composition of a directed graph Gp ∈ G
with a directed graph Gq ∈ G, written Gq ◦ Gp, we mean the directed graph with the
vertex set {1, 2, . . . , n} and arc set defined in such a way so that (i, j) is an arc of the
composition just in case there is a vertex k such that (i, k) is an arc of Gp and (k, j)
is an arc of Gq. Thus (i, j) is an arc in Gq ◦ Gp if and only if i has an observer in Gp

which is also a neighbor of j in Gq. Note that G is closed under composition and that
composition is an associative binary operation; because of this, the definition extends
unambiguously to any finite sequence of directed graphs G1, G2, . . . ,Gk.

If we focus exclusively on graphs with self-arcs at all vertices, namely the graphs
in Gsa, more can be said. In this case the definition of composition implies that the
arcs of Gp and Gq are arcs of Gq ◦ Gp. The definition also implies in this case that
if Gp has a directed path from i to k and Gq has a directed path from k to j, then
Gq ◦ Gp has a directed path from i to j. Both of these implications are consequences
of the requirement that the vertices of the graphs in Gsa all have self-arcs. Note in
addition that Gsa is closed under composition. It is worth emphasizing that the union
of the arc sets of a sequence of graphs G1, G2, . . . ,Gk in Gsa must be contained in
the arc set of their composition. However, the converse is not true in general, and
it is for this reason that composition rather than union proves to be the more useful
concept for our purposes.

Suppose that Ap = [ aij(p) ] and Aq = [ aij(q) ] are the adjacency matrices of
Gp ∈ G and Gq ∈ G, respectively. Then the adjacency matrix of the composition
Gq ◦Gp must be the matrix obtained by replacing all nonzero elements in ApAq with
ones. This is because the ijth entry of ApAq, namely

n∑
k=1

aik(p)akj(q),

will be nonzero just in case there is at least one value of k for which both aik(p)
and akj(q) are nonzero. This of course is exactly the condition for the ijth element
of the adjacency matrix of the composition Gq ◦ Gp to be nonzero. Note that if S1

and S2 are n × n stochastic matrices for which γ(S1) = Gp and γ(S2) = Gq, then
the matrix which results by replacing by ones all nonzero entries in the stochastic
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matrix S2S1 must be the transpose of the adjacency matrix of Gq ◦ Gp. In view of
the definition of γ(·), it therefore must be true that γ(S2S1) = γ(S2) ◦ γ(S1). This
obviously generalizes to finite products of stochastic matrices.

Lemma 3. For any sequence of stochastic matrices S1, S2, . . . , Sj which are all
the same size,

γ(Sj · · ·S1) = γ(Sj) ◦ · · · ◦ γ(S1).

2.4.2. Compositions of rooted graphs. We now give several different condi-
tions under which the composition of a sequence of graphs is strongly rooted.

Proposition 3. Suppose n > 1 and let Gp1
,Gp2

, . . . ,Gpm
be a finite sequence of

rooted graphs in Gsa.
1. If m ≥ (n− 1)2, then Gpm ◦ Gpm−1 ◦ · · · ◦ Gp1 is strongly rooted.
2. If Gp1 ,Gp2 , . . . ,Gpm are all rooted at v and m ≥ n − 1, then Gpm ◦ Gpm−1

◦
· · · ◦ Gp1 is strongly rooted at v.

The requirement of assertion 2 above that all the graphs in the sequence be rooted
at a single vertex v is obviously more restrictive than the requirement of assertion 1
that all the graphs be rooted but not necessarily at the same vertex. The price for
the less restrictive assumption is that the bound on the number of graphs needed
in the more general case is much higher than the bound given in the case in which
all the graphs are rooted at v. It is probably true that the bound (n − 1)2 for the
more general case is too conservative, but this remains to be shown. The more special
case when all graphs share a common root is relevant to the leader-follower version of
the problem which will be discussed later in the paper. Proposition 3 will be proved
shortly.

Note that a strongly connected graph is the same as a graph which is rooted
at every vertex and that a complete graph is the same as a graph which is strongly
rooted at every vertex. In view of these observations and Proposition 3 we can state
the following proposition.

Proposition 4. Suppose n > 1 and let Gp1
,Gp2

, . . . ,Gpm
be a finite sequence

of strongly connected graphs in Gsa. If m ≥ n − 1, then Gpm ◦ Gpm−1
◦ · · · ◦ Gp1

is
complete.

To prove Proposition 3 we will need some more ideas. We say that a vertex v ∈ V
is an observer of a subset S ⊂ V in a graph G ∈ G if v is an observer of at least one
vertex in S. By the observer function of a graph G ∈ G, written α(G, · ), we mean the
function α(G, · ) : 2V → 2V which assigns to each subset S ⊂ V the subset of vertices
in V which are observers of S in G. Thus j ∈ α(G, i) just in case (i, j) ∈ A(G). Note
that if Gp ∈ G and Gq in Gsa, then

α(Gp,S) ⊂ α(Gq ◦ Gp,S), S ∈ 2V ,(26)

because Gq ∈ Gsa implies that the arcs in Gp are all arcs in Gq ◦ Gp. Observer
functions have the following important and easily proved property.

Lemma 4. For all Gp,Gq ∈ G and any nonempty subset S ⊂ V,

α(Gq, α(Gp,S)) = α(Gq ◦ Gp,S).(27)

Proof. Suppose first that i ∈ α(Gq, α(Gp,S)). Then (j, i) is an arc in Gq for some
j ∈ α(Gp,S). Hence (k, j) is an arc in Gp for some k ∈ S. In view of the definition of
composition, (k, i) is an arc in Gq ◦Gp, and so i ∈ α(Gq ◦Gp,S). Since this holds for
all i ∈ V, α(Gq, α(Gp,S)) ⊂ α(Gq ◦ Gp,S).
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For the reverse inclusion, fix i ∈ α(Gq ◦ Gp,S) in which case (k, i) is an arc in
Gq ◦ Gp for some k ∈ S. By definition of composition, there exists an j ∈ V such
that (k, j) is an arc in Gp and (j, i) is an arc in Gq. Thus j ∈ α(Gp,S). Therefore
i ∈ α(Gq, α(Gp,S)). Since this holds for all i ∈ V, α(Gq, α(Gp,S)) ⊃ α(Gq ◦ Gp,S).
Therefore (27) is true.

To proceed, let us note that each subset S ⊂ V induces a unique subgraph of G

with vertex set S and arc set A consisting of those arcs (i, j) of G for which both i and
j are vertices of S. This, together with the natural partial ordering of V by inclusion,
provides a corresponding partial ordering of G. Thus if S1 and S2 are subsets of V
and S1 ⊂ S2, then G1 ⊂ G2, where, for i ∈ {1, 2}, Gi is the subgraph of G induced
by Si. For any v ∈ V, there is a unique largest subgraph rooted at v, namely the
graph induced by the vertex set V(v) = {v}∪α(G, v)∪· · ·∪αn−1(G, v), where αi(G, ·)
denotes the composition of α(G, ·) with itself i times. We call this graph the rooted
graph generated by v. It is clear that V(v) is the smallest α(G, ·)-invariant subset of
V which contains v.

The proof of Proposition 3 depends on the following lemma.
Lemma 5. Let Gp and Gq be graphs in Gsa. If Gq is rooted at v and α(Gp, v) is

a strictly proper subset of V, then α(Gp, v) is also a strictly proper subset of α(Gq ◦
Gp, v).

Proof of Lemma 5. In general α(Gp, v) ⊂ α(Gq ◦ Gp, v) because of (26). Thus if
α(Gp, v) is not a strictly proper subset of α(Gq ◦Gp, v), then α(Gp, v) = α(Gq ◦Gp, v),
and so α(Gq ◦ Gp, v) ⊂ α(Gp, v). In view of (27), α(Gq ◦ Gp, v) = α(Gq, α(Gp, v)).
Therefore α(Gq, α(Gp, v)) ⊂ α(Gp, v). Moreover, v ∈ α(Gp, v) because v has a self-
arc in Gp. Thus α(Gp, v) is a strictly proper subset of V which contains v and is
α(Gq, ·)-invariant. But this is impossible because Gq is rooted at v.

Proof of Proposition 3. Assertion 2 will be proved first. Suppose that m ≥ n− 1
and that Gp1 ,Gp2

, . . . ,Gpm are all rooted at v. In view of (26), A(Gpk
◦ Gpk−1

◦
· · · ◦ Gp1) ⊂ A(Gpm ◦ Gpm−1 ◦ · · · ◦ Gp1) for any positive integer k ≤ m. Thus
Gpm ◦Gpm−1 ◦ · · · ◦Gp1 will be strongly rooted at v if there exists an integer k ≤ n−1
such that

α(Gpk
◦ Gpk−1

◦ · · · ◦ Gp1 , v) = V.(28)

It will now be shown that such an integer exists.
If α(Gp1 , v) = V, set k = 1, in which case (28) clearly holds. If α(Gp1 , v) �=

V, then let i > 1 be the greatest positive integer not exceeding n − 1 for which
α(Gpi−1 ◦ · · · ◦Gp1 , v) is a strictly proper subset of V. If i < n− 1, set k = i, in which
case (28) is clearly true. Therefore suppose i = n− 1; we will prove that this cannot
be so. Assuming that it is, α(Gpj−1 ◦ · · · ◦ Gp1 , v) must be a strictly proper subset of
V for j ∈ {2, 3, . . . , n−1}; by Lemma 5, α(Gpj−1 ◦ · · · ◦Gp1 , v) is also a strictly proper
subset of α(Gpj

◦ · · · ◦ Gp1
, v) for j ∈ {2, 3, . . . , n− 1}. In view of this and (26), each

containment in the ascending chain

α(Gp1 , v) ⊂ α(Gp2 ◦ Gp1 , v) ⊂ · · · ⊂ α(Gpn−1 ◦ · · · ◦ Gp1 , v)

is strict. Since α(Gp1 , v) has at least two vertices in it, and there are n vertices in V,
(28) must hold with k = n− 1. Thus assertion 2 is true.

To prove assertion 1, suppose that m ≥ (n− 1)2. Since there are n vertices in V,
the sequence p1, p2, . . . , pm must contain a subsequence q1, q2, . . . , qn−1 for which the
graphs Gq1 ,Gq2 , . . . ,Gqn−1 all have a common root. By assertion 2, Gqn−1 ◦ · · · ◦ Gq1

must be strongly rooted. But A(Gqn−1
◦ · · · ◦ Gq1) ⊂ A(Gpm

◦ Gpm−1
◦ · · · ◦ Gp1

)
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because Gq1 ,Gq2 , . . . ,Gqn−1 is a subsequence of Gp1
,Gp2

, . . . ,Gpm
and all graphs in

the sequence Gp1 ,Gp2 , . . . ,Gpm have self-arcs. Therefore Gpm ◦Gpm−1 ◦ · · · ◦Gp1 must
be strongly rooted.

Proposition 3 implies that every sufficiently long composition of graphs from a
given subset Ĝ ⊂ Gsa will be strongly rooted if each graph in Ĝ is rooted. The
converse is also true. To understand why, suppose to the contrary that it is not. In
this case there would have to be a graph G ∈ Ĝ, which is not rooted but for which
G

m is strongly rooted for m sufficiently large, where G
m is the m-fold composition

of G with itself. Thus α(Gm, v) = V, where v is a root of G
m. But via repeated

application of (27), α(Gm, v) = αm(G, v), where αm(G, ·) is the m-fold composition
of α(G, ·) with itself. Thus αm(G, v) = V. But this can occur only if G is rooted at
v because αm(G, v) is the set of vertices reachable from v along paths of length m.
Since this is a contradiction, G must be rooted. We summarize.

Proposition 5. Every possible sufficiently long composition of graphs from a
given subset Ĝ ⊂ Gsa is strongly rooted if and only if every graph in Ĝ is rooted.

2.4.3. Sarymsakov graphs. We now briefly discuss a class of graphs in G,
namely “Sarymsakov graphs,” whose corresponding stochastic matrices form products
which are known to converge to rank one matrices [25] even though the graphs in
question need not have self-arcs at all vertices. Sarymsakov graphs are defined as
follows.

First, let us agree to say that a vertex v ∈ V is a neighbor of a subset S ⊂ V in a
graph G ∈ G if v is a neighbor of at least one vertex in S. By a Sarymsakov graph we
mean a graph G ∈ G with the property that for each pair of nonempty subsets S1 and
S2 in V which have no neighbors in common, S1 ∪ S2 contains a smaller number of
vertices than does the set of neighbors of S1 ∪S2. Such seemingly obscure graphs are
so named because they are the graphs of an important class of nonnegative matrices
studied by Sarymsakov in [24]. In what follows we will prove that Sarymsakov graphs
are in fact rooted graphs. We will also prove that the class of rooted graphs we are
primarily interested in, namely those in Gsa, are Sarymsakov graphs.

It is possible to characterize Sarymsakov graphs a little more concisely using the
following concept. By the neighbor function of a graph G ∈ G, written β(G, · ), we
mean the function β(G, · ) : 2V → 2V which assigns to each subset S ⊂ V the subset
of vertices in V which are neighbors of S in G. Thus in terms of β, a Sarymsakov
graph is a graph G ∈ G with the property that for each pair of nonempty subsets S1

and S2 in V which have no neighbors in common, S1 ∪S2 contains fewer vertices than
does the set β(G,S1∪S2). Note that if G ∈ Gsa, the requirement that S1∪S2 contain
fewer vertices than β(G,S1 ∪S2) simplifies to the equivalent requirement that S1 ∪S2

be a strictly proper subset of β(G,S1 ∪ S2). This is because every vertex in G is a
neighbor of itself if G ∈ Gsa.

Proposition 6.

1. Each Sarymsakov graph in G is rooted.
2. Each rooted graph in Gsa is a Sarymsakov graph.

It follows that if we restrict attention exclusively to graphs in Gsa, then rooted
graphs and Sarymsakov graphs are one and the same.

In what follows βm(G, ·) denotes the m-fold composition of β(G, ·) with itself.
The proof of Proposition 6 depends on the following ideas.

Lemma 6. Let G ∈ G be a Sarymsakov graph. Let S be a nonempty subset of V
such that β(G,S) ⊂ S. Let v be any vertex in V. Then there exists a nonnegative
integer m ≤ n such that βm(G, v) ∩ S is nonempty.
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Proof. If v ∈ S, set m = 0. Suppose next that v �∈ S. Set T = {v}∪β(G, v)∪· · ·∪
βn−1(G, v) and note that βn(G, v) ⊂ T because G has n vertices. Since β(G, T ) =
β(G, v) ∪ β2(G, v) ∪ · · · ∪ βn(G, v), it must be true that β(G, T ) ⊂ T . Therefore

β(G, T ∪ S) ⊂ T ∪ S.(29)

Suppose β(G, T )∩β(G,S) is empty. Then because G is a Sarymsakov graph, T ∪S con-
tains fewer vertices than β(G, T ∪S). This contradicts (29), and so β(G, T )∩β(G,S)
is not empty. In view of the fact that β(G, T ) = β(G, v) ∪ β2(G, v) ∪ · · · ∪ βn(G, v),
it must therefore be true for some positive integer m ≤ n that βm(G, v) ∩ β(G,S) is
nonempty. But by assumption β(G,S) ⊂ S, and so βm(G, v)∩ S is nonempty.

Lemma 7. Let G ∈ G be rooted at r. Each nonempty subset S ⊂ V not containing
r is a strictly proper subset of S ∪ β(G,S).

Proof of Lemma 7. Let S ⊂ V be nonempty and not containing r. Pick v ∈ S.
Since G is rooted at r, there must be a path in G from r to v. Since r �∈ S there
must be a vertex x ∈ S which has a neighbor which is not in S. Thus there is a
vertex y ∈ β(G,S) which is not in S. This implies that S is a strictly proper subset
of S ∪ β(G,S).

By a maximal rooted subgraph of G we mean a subgraph G
∗ of G which is rooted

and which is not contained in any rooted subgraph of G other than itself. Graphs
in G may have one or more maximal rooted subgraphs. Clearly G

∗ = G just in case
G is rooted. Note that if R̂ is the set of all roots of a maximal rooted subgraph Ĝ,
then β(G, R̂) ⊂ R̂. For if this were not so, then it would be possible to find a vertex

x ∈ β(G, R̂) which is not in R̂. This would imply the existence of a path from x to

some root v̂ ∈ R̂; consequently the graph induced by the set of vertices along this
path together with R̂ would be rooted at x �∈ R̂ and would contain Ĝ as a strictly
proper subgraph. But this contradicts the hypothesis that Ĝ is maximal. Therefore
β(G, R̂) ⊂ R̂. Now suppose that Ĝ is any rooted subgraph in G. Suppose that Ĝ’s

set of roots R̂ satisfies β(G, R̂) ⊂ R̂. We claim that Ĝ must then be maximal. For if

this were not so, there would have to be a rooted graph G
∗ containing Ĝ as a strictly

proper subset. This, in turn, would imply the existence of a path from a root x∗ of G
∗

to a root v of Ĝ; consequently x∗ ∈ βi(G, R̂) for some i ≥ 1. But this is impossible

because R̂ is β(G, · ) invariant. Thus Ĝ is maximal. We summarize.
Lemma 8. A rooted subgraph of a graph G generated by any vertex v ∈ V is

maximal if and only if its set of roots is β(G, · )-invariant.
Proof of Proposition 6. Write β(·) for β(G, ·). To prove assertion 1, pick G ∈ G.

Let G
∗ be any maximal rooted subgraph of G and write R for its root set; in view of

Lemma 8, β(R) ⊂ R. Pick any v ∈ V. Then by Lemma 6, for some positive integer
m ≤ n, βm(v)∩R is nonempty. Pick z ∈ βm(v)∩R. Then there is a path from z to v
and z is a root of G

∗. But G
∗ is maximal, and so v must be a vertex of G

∗. Therefore
every vertex of G is a vertex of G

∗, which implies that G is rooted.
To prove assertion 2, let G ∈ Gsa be rooted at r. Pick any two nonempty subsets

S1,S2 of V which have no neighbors in common. If r �∈ S1 ∪S2, then S1 ∪S2 must be
a strictly proper subset of S1 ∪ S2 ∪ β(S1 ∪ S2) because of Lemma 7.

Suppose next that r ∈ S1 ∪ S2. Since G ∈ Gsa, Si ⊂ β(Si), i ∈ {1, 2}. Thus S1

and S2 must be disjoint because β(S1) and β(S2) are. Therefore r must be in either
S1 or S2 but not both. Suppose that r �∈ S1. Then S1 must be a strictly proper subset
of β(S1) because of Lemma 7. Since β(S1) and β(S2) are disjoint, S1 ∪ S2 must be a
strictly proper subset of β(S1∪S2). By the same reasoning, S1∪S2 must be a strictly
proper subset of β(S1 ∪ S2) if r �∈ S2. Thus in conclusion S1 ∪ S2 must be a strictly
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proper subset of β(S1 ∪S2) whether or not r is in S1 ∪S2. Since this conclusion holds
for all such S1 and S2 and G ∈ Gsa, G must be a Sarymsakov graph.

2.5. Neighbor-shared graphs. There is a different assumption which one can
make about a sequence of graphs from G which also ensures that the sequence’s
composition is strongly rooted. For this we need the concept of a “neighbor-shared
graph.” Let us call G ∈ G neighbor-shared if each set of two distinct vertices shares
a common neighbor. Suppose that G is neighbor-shared. Then both vertices in
any given pair of vertices are clearly reachable from a single vertex along directed
paths. Suppose that for some integer k ∈ {2, 3, . . . , n − 1}, each subset of k vertices
{v1, v2, . . . , vk} has the property that every vertex in {v1, v2, . . . , vk} is reachable from
a single vertex. Let {v1, v2, . . . , vk} be any such set and v be a vertex from which all
k vertices in the set can be reached. Let w be any vertex not in {v1, v2, . . . , vk}. Since
v and w can be reached from a common vertex y, every vertex in {v1, v2, . . . , vk, w}
can be reached from y. This proves that each subset of k+1 vertices has the property
that every vertex in the subset is reachable from a single vertex. By induction we can
therefore conclude that every vertex in G is reachable from a single vertex. We have
proved the following proposition.

Proposition 7. Each neighbor-shared graph in G is rooted.
It is worth noting that although neighbor-shared graphs are rooted, the converse

is not necessarily true. The reader may wish to construct a three-vertex example
which illustrates this. Although rooted graphs in Gsa need not be neighbor-shared, it
turns out that the composition of any n− 1 rooted graphs in Gsa is.

Proposition 8. The composition of any set of m ≥ n − 1 rooted graphs in Gsa

is neighbor-shared.
This result is equivalent to Theorem 5.1 of [31], which was independently derived.
To prove Proposition 8 we need some more ideas. By the reverse graph of G ∈ G,

written G
′, we mean the graph in G which results when the directions of all arcs in

G are reversed. It is clear that Gsa is closed under the reverse operation and that if
A is the adjacency matrix of G, then A′ is the adjacency matrix of G

′. It is also clear
that (Gp ◦ Gq)

′ = G
′
q ◦ G

′
p, p, q ∈ P, and that

α(G′,S) = β(G,S), S ∈ 2V .(30)

Lemma 9. For all Gp,Gq ∈ G and any nonempty subset S ⊂ V,

β(Gq, β(Gp,S)) = β(Gp ◦ Gq,S).(31)

Proof of Lemma 9. In view of (27), α(G′p, α(G′q,S)) = α(G′p◦G
′
q,S). But G

′
p◦G

′
q =

(Gq ◦ Gp)
′, and so α(G′p, α(G′q,S)) = α((Gq ◦ Gp)

′,S). Therefore β(Gp, β(Gq,S)) =
β(Gq ◦ Gp),S) because of (30).

Lemma 10. Let Gp and Gq be rooted graphs in Gsa. If u and v are distinct
vertices in V for which

β(Gq, {u, v}) = β(Gq ◦ Gp, {u, v}),(32)

then u and v have a common neighbor in Gq ◦ Gp.
Proof. β(Gq, u) and β(Gq, v) are nonempty because u and v are neighbors of

themselves. Suppose u and v do not have a common neighbor in Gq ◦ Gp. Then
β(Gq ◦ Gp, u) and β(Gq ◦ Gp, v) are disjoint. But β(Gq ◦ Gp, u) = β(Gp, β(Gq, u))
and β(Gq ◦ Gp, v) = β(Gp, β(Gq, v)) because of (31). Therefore β(Gp, β(Gq, u)) and
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β(Gp, β(Gq, v)) are disjoint. But Gp is rooted and thus a Sarymsakov graph because
of Proposition 6. Thus β(Gq, {u, v}) is a strictly proper subset of β(Gq, {u, v}) ∪
β(Gp, β(Gq, {u, v}). But β(Gq, {u, v}) ⊂ β(Gp, β(Gq, {u, v}) because all vertices in
Gq are neighbors of themselves and β(Gp, β(Gq, {u, v}) = β(Gq ◦ Gp, {u, v}) because
of (31). Therefore β(Gq, {u, v}) is a strictly proper subset of β(Gq ◦Gp, {u, v}). This
contradicts (32), and so u and v have a common neighbor in Gq ◦ Gp.

Proof of Proposition 8. Let u and v be distinct vertices in V. Let Gp1
,Gp2 ,

. . . ,Gpn−1
be a sequence of rooted graphs in Gsa. Since A(Gpn−1

◦ · · · ◦ Gpn−i
) ⊂

A(Gpn−1 ◦ · · · ◦ Gpn−(i+1)
) for i ∈ {1, 2, . . . , n − 2}, it must be true that the Gp yield

the ascending chain

β(Gn−1, {u, v}) ⊂ β(Gpn−1 ◦ Gpn−2, {u, v}) ⊂ · · · ⊂ β(Gpn−1 ◦ · · · ◦ Gp2 ◦ Gp1 , {u, v}).

Because there are n vertices in V, this chain must converge for some i < n− 1, which
means that

β(Gpn−1 ◦ · · · ◦ Gpn−i , {u, v}) = β(Gpn−1 ◦ · · · ◦ Gpn−i
◦ Gpn−(i+1)

, {u, v}).

This and Lemma 10 imply that u and v have a common neighbor in Gpn−1
◦ · · · ◦

Gpn−i and thus in Gpn−1
◦ · · · ◦ Gp2

◦ Gp1
. Since this is true for all distinct u and v,

Gpn−1 ◦ · · · ◦ Gp2 ◦ Gp1 is a neighbor-shared graph.
If we restrict attention to those rooted graphs in Gsa which are strongly connected,

we can obtain a neighbor-shared graph by composing a smaller number of rooted
graphs than the one claimed in Proposition 8.

Proposition 9. Let q be the integer quotient of n divided by 2. The composition
of any set of m ≥ q strongly connected graphs in Gsa is neighbor-shared.

Proof of Proposition 9. Let k < n be a positive integer and let v be any vertex
in V. Let Gp1 ,Gp2 , . . . ,Gpk

be a sequence of strongly connected graphs in Gsa. Since
each vertex of a strongly connected graph must be a root, v must be a root of each
Gpi . Note that the Gpi yield the ascending chain

{v} ⊂ β(Gpk
, {v}) ⊂ β(Gpk

◦ Gpk−1
, {v}) ⊂ · · · ⊂ β(Gpk

◦ · · · ◦ Gp2
◦ Gp1

, {v})

because A(Gpk
◦ · · · ◦ Gpk−(i−1)

) ⊂ A(Gpk
◦ · · · ◦ Gpk−i

) for i ∈ {1, 2, . . . , k − 1}.
Moreover, since k < n and v is a root of each Gpk

◦ · · · ◦ Gpk−(i−1)
, i ∈ {1, 2, . . . , k},

it must be true for each such i that β(Gpk
◦ · · · ◦ Gpk−(i−1)

, v) contains at least i + 1
vertices. In particular β(Gpk

◦ · · · ◦ Gp1 , v) contains at least k + 1 vertices.
Set k = q and let v1 and v2 be any pair of distinct vertices in V. Then there

must be at least q + 1 vertices in β(Gpq ◦ · · · ◦ Gp2 ◦ Gp1 , {v1}) and q + 1 vertices in
β(Gpq ◦ · · · ◦ Gp2 ◦ Gp1 , {v2}). But 2(q + 1) > n because of the definition of q, and
so β(Gpq ◦ · · · ◦ Gp2 ◦ Gp1 , {v1}) andβ(Gpq ◦ · · · ◦ Gp2 ◦ Gp1 , {v2}) must have at least
one vertex in common. Since this is true for each pair of distinct vertices v1, v2 ∈ V,
Gpq ◦ · · · ◦ G2 ◦ G1 must be neighbor-shared.

Lemma 7 and Proposition 3 imply that any composition of (n − 1)2 neighbor-
shared graphs in Gsa is strongly rooted. The following proposition asserts that the
composition need only consist of (n− 1) neighbor-shared graphs and, moreover, that
the graphs need only be in G and not necessarily in Gsa.

Proposition 10. The composition of any set of m ≥ n − 1 neighbor-shared
graphs in G is strongly rooted.

Note that Propositions 8 and 10 imply the first assertion of Proposition 3.
To prove Proposition 10 we need a few more ideas. For any integer 1 < k ≤ n,

we say that a graph G ∈ G is k neighbor-shared if each set of k distinct vertices shares
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a common neighbor. Thus a neighbor-shared graph and a 2 neighbor-shared graph
are one and the same. Clearly an n neighbor-shared graph is strongly rooted at the
common neighbor of all n vertices.

Lemma 11. If Gp ∈ G is a neighbor-shared graph and Gq ∈ G is a k neighbor-
shared graph with k < n, then Gq ◦ Gp is a (k + 1) neighbor-shared graph.

Proof. Let v1, v2, . . . , vk+1 be any distinct vertices in V. Since Gq is a k neighbor-
shared graph, the vertices v1, v2, . . . , vk share a common neighbor u1 in Gq and the
vertices v2, v3, . . . , vk+1 share a common neighbor u2 in Gq as well. Moreover, since
Gp is a neighbor-shared graph, u1 and u2 share a common neighbor w in Gp. It follows
from the definition of composition that v1, v2, . . . , vk have w as a neighbor in Gq ◦Gp

as do v2, v3, . . . , vk+1. Therefore v1, v2, . . . , vk+1 have w as a neighbor in Gq ◦ Gp.
Since this must be true for any set of k + 1 vertices in Gq ◦ Gp, Gq ◦ Gp must be a
(k + 1) neighbor-shared graph as claimed.

Proof of Proposition 10. The preceding lemma implies that the composition of
any 2 neighbor-shared graphs is 3 neighbor-shared. From this and induction it follows
that for m < n, the composition of m neighbor-shared graphs is (m + 1) neighbor-
shared. Thus the composition of (n− 1) neighbor-shared graphs is n neighbor-shared
and consequently strongly rooted.

2.6. Convergence. We are now in a position to significantly relax the conditions
under which the conclusion of Theorem 1 holds. Towards this end, recall that each
flocking matrix F is row stochastic. Moreover, because each vertex of each F ’s graph
γ(F ) has a self-arc, the F have the additional property that their diagonal elements
are all nonzero. Let S denote the set of all n × n row stochastic matrices whose
diagonal elements are all positive. S is closed under multiplication because the class
of all n × n stochastic matrices is closed under multiplication and because the class
of n× n nonnegative matrices with positive diagonals is also.

Theorem 2. Let θ(0) be fixed. For any trajectory of the system (3) along which
each graph in the sequence of neighbor graphs N(0), N(1), . . . is rooted, there is a
constant steady state heading θss for which

lim
t→∞

θ(t) = θss1,(33)

where the limit is approached exponentially fast.
The theorem says that a unique heading is achieved asymptotically along any

trajectory on which all neighbor graphs are rooted. It is possible to deduce an explicit
convergence rate for the situation addressed by this theorem [8, 7]. The theorem’s
proof relies on the following generalization of Proposition 2. The proposition exploits
the fact that any composition of sufficiently many rooted graphs in Gsa is strongly
rooted (cf. Proposition 3).

Proposition 11. Let Sr be any closed set of n×n stochastic matrices with rooted
graphs in Gsa. There exists an integer m such that the graph of the product of every
set of m matrices from Sr is strongly rooted. Let m be any such integer and write
Sm
r for the set of all such matrix products. Then as j → ∞, any product Sj · · ·S1 of

matrices from Sr converges exponentially fast to 1	· · ·Sj · · ·S1
 at a rate no slower
than

λ =

(
max
S∈Sm

r

||	|S|
||
) 1

m

,

where λ < 1.
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Proof of Proposition 11. By assumption, each graph γ(S), S ∈ Sr, is in Gsa and is
rooted. In view of Proposition 3, γ(Sq) ◦ · · · ◦ γ(S1) is strongly rooted for every list of
q matrices {S1, S2, . . . , Sq} from Sr, provided q ≥ (n− 1)2. But γ(Sq) ◦ · · · ◦ γ(S1) =
γ(Sq · · ·S1) because of Lemma 3. Therefore γ(Sq · · ·S1) is strongly rooted for all
products Sq · · ·S1, where each Si ∈ Sr. Thus m could be taken as q, which establishes
the existence of such an integer.

Now any product Sj · · ·S1 of matrices in Sr can be written as Sj · · ·S1 = S̄(j)S̄k

· · · S̄1, where S̄i = Sim · · ·S(i−1)m+1, 1 ≤ i ≤ k, is a product in Sm
r , S̄(j) =

Sj · · ·S(km+1), and k is the integer quotient of j divided by m. In view of Propo-
sition 2, S̄k · · · S̄1 must converge to 1	· · · S̄k · · · S̄1
 exponentially fast as k → ∞ at a
rate no slower than λ̄, where

λ̄ = max
S̄∈Sm

r

||	|S̄|
||.

But S̄(j) is a product of at most m stochastic matrices, and so it is a bounded
function of j. It follows that the product SjSj−1 · · ·S1 must converge to 1	· · ·Sj · S1

exponentially fast at a rate no slower than λ = λ̄

1
m .

The proof of Proposition 11 can also be applied to any closed subset Sns ⊂ S
of stochastic matrices with neighbor-shared graphs. In this case, one would define
m = n − 1 because of Proposition 10. Similarly, the proof also applies to any closed
subset of stochastic matrices whose graphs share a common root; in this case one
would define m = n− 1 because of the first assertion of Proposition 3.

Proof of Theorem 2. Let Fr denote the set of flocking matrices with rooted graphs.
Since Gsa is a finite set, so is the set of rooted graphs in Gsa. Therefore Fr is closed.
By assumption, F (t) ∈ Fr, t ≥ 0. In view of Proposition 11, the product F (t) · · ·F (0)
converges exponentially fast to 1	· · ·F (t) · · ·F (0)
 at a rate no slower than

λ =

(
max
S∈Fm

r

||	|S|
||
) 1

m

,

where m = (n − 1)2 and Fm
r is the finite set of all m-term flocking matrix products

of the form Fm · · ·F1 with each Fi ∈ Fr. But it is clear from (3) that θ(t) = F (t −
1) · · ·F (1)F (0)θ(0), t ≥ 1. Therefore (33) holds with θss = 	· · ·F (t) · · ·F (0)
θ(0) and
the convergence is exponential.

The proof of Theorem 2 also applies to the case when all of the N(t), t ≥ 0, are
neighbor-shared. In this case, one would define m = n− 1 because of Proposition 10.
By similar reasoning, the proof also applies to the case when all of the N(t), t ≥ 0,
shared a common root; one would also define m = n− 1 for this case because of the
first assertion of Proposition 3.

2.7. Jointly rooted sets of graphs. It is possible to relax further still the
conditions under which the conclusion of Theorem 1 holds. Towards this end, let us
agree to say that a finite sequence of directed graphs Gp1 , Gp2 , . . . ,Gpk

in G is jointly
rooted if the composition Gpk

◦ Gpk−1
◦ · · · ◦ Gp1 is rooted.

Note that since the arc sets of any graphs Gp,Gq ∈ Gsa are contained in the arc set
of any composed graph Gq◦G◦Gp, G ∈ Gsa, it must be true that if Gp1

, Gp2
, . . . ,Gpk

is
a jointly rooted sequence in Gsa, then so is Gq,Gp1

, Gp2
, . . . ,Gpk

,Gp. In other words,
a jointly rooted sequence of graphs in Gsa remain jointly rooted if additional graphs
from Gsa are added to either end of the sequence.

There is an analogous concept for neighbor-shared graphs. We say that a finite
sequence of directed graphs Gp1 , Gp2 , . . . ,Gpk

from G is jointly neighbor-shared if the
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composition Gpk
◦Gpk−1

◦· · ·◦Gp1
is a neighbor-shared graph. Jointly neighbor-shared

sequences of graphs from Gsa remain jointly neighbor-shared if additional graphs from
Gsa are added to either end of the sequence. The reason for this is the same as for
the case of jointly rooted sequences. Although the discussion which follows is just for
the case of jointly rooted graphs, the material covered extends in the obvious way to
the case of jointly neighbor-shared graphs.

In what follows we will say that an infinite sequence of graphs Gp1
,Gp2 , . . . in G

is repeatedly jointly rooted if there is a positive integer q for which each finite sequence
Gpq(k−1)+1

, . . . ,Gpqk
, k ≥ 1, is jointly rooted. If such an integer exists, we sometimes

say that Gp1 ,Gp2 , . . . is repeatedly jointly rooted by subsequences of length q. We are
now in a position to generalize Proposition 11.

Proposition 12. Let S̄ be any closed set of stochastic matrices with graphs
in Gsa. Suppose that S1, S2, . . . is an infinite sequence of matrices from S̄ whose
corresponding sequence of graphs γ(S1), γ(S2), . . . is repeatedly jointly rooted by sub-
sequences of length q. Suppose that the set of all products of q matrices from S̄ with
rooted graphs, written S̄(q), is closed. There exists an integer m such that the product
of every set of m matrices from S̄(q) is strongly rooted. Let m be any such integer and
write (S̄(q))m for the set of all such matrix products. Then as j → ∞, the product
Sj · · ·S1 converges exponentially fast to 1	· · ·Sj · · ·S1
 at a rate no slower than

λ =

(
max

S∈(S̄(q))m
||	|S|
||

) 1
mq

,

where λ < 1.
It is worth pointing out that the assumption that S̄(q) is closed is not necessarily

implied by the assumption that S̄ is closed. For example, if S̄ is the set of all 2 × 2
stochastic matrices whose diagonal elements are no smaller than some positive number
α < 1, then S̄(2) cannot be closed even though S̄ is; this is because there are matrices
in S̄(2) which are arbitrarily close (in the induced infinity norm) to the 2× 2 identity
which, in turn, is not in S̄(2). There are at least three different situations where S̄(q)
turns out to be closed. The first is when S̄ is a finite set, as is the case when S̄ is all
n × n flocking matrices; in this case it is obvious that for any q ≥ 1, S̄(q) is closed
because it is also a finite set.

The second situation arises when the simple average rule (1) is replaced by a
convex combination rule as was done in [3]. In this case, the set S̄ turns out to be
all n × n stochastic matrices whose diagonal entries are nonzero and whose nonzero
entries (on the diagonal or not) are all underbounded by a positive number α < 1.
In this case it is easy to see that for each graph G ∈ Gsa, the subset S̄(G) of S ∈ S̄
for which γ(S) = G is closed. Thus for any pair of graphs G1,G2 ∈ Gsa, the subset
of products S2S1 such that S1 ∈ S̄(G1) and S2 ∈ S̄(G2) is also closed. Since S̄(2) is
the union of a finite number of sets of products of this type, namely those for which
the pairs (G1,G2) have rooted compositions G2 ◦ G1, it must be that S̄(2) is closed.
Continuing this reasoning, one can conclude that for any integer q > 0, S̄(q) is closed
as well.

The third situation in which S̄(q) turns out to be compact is considerably more
complicated and arises in connection with an asynchronous version of the flocking
problem we have been studying. In this case, the graphs of the matrices in S̄ do not
have self-arcs at all vertices. We refer the reader to [6] for details.

Proof of Proposition 12. Since γ(S1), γ(S2), . . . is repeatedly jointly rooted by
subsequences of length q, for each k ≥ 1, the subsequence γ(Sq(k−1)+1), . . . , γ(Sqk)
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is jointly rooted. For k ≥ 1 define S̄k = Sqk · · ·Sq(k−1)+1. By Lemma 3, γ(Sqk · · ·
Sq(k−1)+1) = γ(Sqk) ◦ · · · ◦ γ(Sq(k−1)+1), k ≥ 1. Therefore γ(S̄k) is rooted for k ≥ 1.
Thus each such S̄k is in the closed set S̄(q).

By Proposition 11, there exists an integer m such that the graph of the product
of every set of m matrices from S̄(q) is strongly rooted. Moreover, since each S̄k ∈
S̄(q), Proposition 11 also implies that k → ∞, and the product S̄k · · · S̄1 converges
exponentially fast to 1	· · · S̄k · · · S̄1
 at a rate no slower than

λ̄ =

(
max

S∈(S̄(q))m
||	|S|
||

) 1
m

,

where λ̄ < 1.
Now the product Sj · · ·S1 can be written as

Sj · · ·S1 = Ŝ(j)S̄k · · · S̄1,

where k is the integer quotient of j divided by mq and Ŝ(j) is the identity if mq is a

factor of j or Ŝ(j) = Sj · · ·S(kmq+1) if it is not. But Ŝ(j) is a product of at most mq
stochastic matrices, and so it is a bounded function of j. It follows that the product
SjSj−1 · · ·S1 must converge to 1	· · ·Sj · S1
 exponentially fast at a rate no slower

than λ = λ̄
1

mq .
We are now in a position to apply Proposition 12 to leaderless coordination.
Theorem 3. Let θ(0) be fixed. For any trajectory of the system (3) along which

each graph in the sequence of neighbor graphs N(0), N(1), . . . is repeatedly jointly
rooted, there is a constant steady state heading θss for which

lim
t→∞

θ(t) = θss1,(34)

where the limit is approached exponentially fast.
Proof of Theorem 3. By hypothesis, the sequence of graphs γ(F (0)), γ(F (1)), . . .

is repeatedly jointly rooted. Thus there is an integer q for which the sequence is
repeatedly jointly rooted by subsequences of length q. Since the set of n× n flocking
matrices F is finite, so is the set of all products of q flocking matrices with rooted
graphs, namely F(q). Therefore F(q) is closed. Moreover, if m = (n − 1)2, every
product of m matrices from F(q) is strongly rooted. It follows from Proposition 12
that the product F (t) · · ·F (1)F (0) converges to 1	· · ·F (t) · · ·F (1)F (0)
 exponentially
fast as t → ∞ at a rate no slower than

λ =

(
max

S∈(F(q))m
||	|S|
||

) 1
mq

,

where m = (n−1)2, λ < 1, and (F(q))m is the closed set of all products of m matrices
from F(q) . But it is clear from (3) that

θ(t) = F (t− 1) · · ·F (1)F (0)θ(0), t ≥ 1.

Therefore (34) holds with θss = 	· · ·Fσ(t) · · ·Fσ(0)
θ(0) and the convergence is expo-
nential.

It is possible to compare Theorem 3 with similar results derived in [19, 22]. To do
this it is necessary to introduce a few concepts. By the union G1 ∪G2 of two directed
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graphs G1 and G2 with the same vertex set V we mean the graph whose vertex set is
V and whose arc set is the union of the arc sets of G1 and G2. The definition extends
in the obvious way to finite sets of directed graphs with the same vertex set. Let
us agree to say that a finite set of graphs {Gp1 , Gp2 , . . . ,Gpk

} with the same vertex
set is collectively rooted if the union of the graphs in the set is a rooted graph. In
parallel with the notion of repeatedly jointly rooted, we say that an infinite sequence
of graphs Gp1

,Gp2 , . . . in Gsa is repeatedly collectively rooted if there is a positive
integer q for which each finite set Gpq(k−1)+1

, . . . ,Gpqk
, k ≥ 1 is collectively rooted.

One of the main contributions of [19] is to prove that the conclusions of Theorem 3
hold if the theorem’s hypothesis is replaced by the hypothesis that the sequence of
graphs Gσ(0),Gσ(1), . . . is repeatedly collectively rooted. The two hypotheses prove
to be equivalent. The reason this is so can be explained as follows.

Note first that because all graphs in Gsa have self-arcs, each arc (i, j) in the union
G2 ∪G1 of two graphs G1,G2 in Gsa is an arc in the composition G2 ◦G1. While the
converse is not true, the definition of composition does imply that for each arc (i, j)
in the composition G2 ◦ G1 there is a path in the union G2 ∪ G1 of length at most
two between i and j. More generally, simple induction proves that if (i, j) is an arc
in the composition of q graphs from Gsa, then the union of the same q graphs must
contain a path of length at most q from i to j. These observations clearly imply that
a sequence of q graphs Gp1

, Gp2
, . . . ,Gpq

in Gsa is jointly rooted if and only if the
set of graphs {Gp1 , Gp2 , . . . ,Gpq} is collectively rooted. It follows that a sequence
of graphs in Gsa is repeatedly jointly rooted if and only if the set of graphs in the
sequence is collectively jointly rooted.

Although Theorem 3 and the main result of [19] are equivalent, the difference
between results based on unions and results based on compositions begins to emerge,
when one looks deeper into the convergence question, especially when issues of con-
vergence rate are taken into consideration. For example, if πu(m,n) were the number
of m term sequences of graphs in Gsa whose unions are strongly rooted, and πc(m,n)
were the number of m-term sequences of graphs in Gsa whose compositions are strongly
rooted, then it is easy to see that the ratio ρ(m,n) = πc(m,n)/πu(m,n) would always
be greater than 1. In fact, ρ(2, 3) = 1.04 and ρ(2, 4) = 1.96. Moreover, probabilistic
experiments suggest that this ratio can be as large as 18, 181 for m = 2 and n = 50.
One would expect ρ(m,n) to increase not only with increasing n but also with in-
creasing m. One would also expect similar comparisons for neighbor-shared graphs
rather than strongly rooted graphs. Interestingly, preliminary experimental results
suggest that this is not the case, but more work needs to be done to understand why
this is so. Like strongly rooted graphs, neighbor-shared graphs also play a key role in
determining convergence rates [7].

3. Symmetric neighbor relations. It is natural to call a graph in G symmetric
if for each pair of vertices i and j for which j is a neighbor of i, i is also a neighbor
of j. Note that G is symmetric if and only if its adjacency matrix is symmetric. It
is worth noting that for symmetric graphs, the properties of rooted and rooted at
v are both equivalent to the property that the graph is strongly connected. Within
the class of symmetric graphs, neighbor-shared graphs and strongly rooted graphs
are also strongly connected graphs, but in neither case is the converse true. It is
possible to represent a symmetric directed graph G with an undirected graph G

s in
which each self-arc is replaced with an undirected edge and each pair of directed arcs
(i, j) and (j, i) for distinct vertices is replaced with an undirected edge between i
and j. Notions of strongly rooted and neighbor-shared extend in the obvious way
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to undirected graphs. An undirected graph is said to be connected if there is an
undirected path between each pair of vertices. Thus a strongly connected, directed
graph which is symmetric is in essence the same as a connected, undirected graph.
Undirected graphs are applicable when the sensing radii ri of all agents are the same.
It was the symmetric version of the flocking problem which Vicsek addressed in [29]
and which was analyzed in [17] using undirected graphs.

Let Gs and Gs
sa denote the subsets of symmetric graphs in G and Gsa, respec-

tively. Simple examples show that neither Gs nor Gs
sa is closed under composition. In

particular, composition of two symmetric directed graphs in G or Gsa is not typically
symmetric. On the other hand, the union is. It is clear that both Gs and Gs

sa are
closed under the union operation. It is worth emphasizing that union and composi-
tion are really quite different operations. For example, as we have already seen with
Proposition 4, the composition of any n− 1 strongly connected graphs, symmetric or
not, is always complete. On the other hand, the union of n − 1 strongly connected
graphs is not necessarily complete. In terms of undirected graphs, it is simply not
true that the union of n− 1 undirected graphs with vertex set V is complete, even if
each graph in the union has self-loops at each vertex. As noted before, the root cause
of the difference between union and composition stems from the fact that the union
and composition of two graphs in G have different arc sets—and in the case of graphs
from Gsa, the arc set of the union is always contained in the arc set of the composition
but not conversely.

In [17] use is made of the notion of a “jointly connected set of graphs.” Specifically,
a set of undirected graphs with vertex set V is jointly connected if the union of the
graphs in the collection is a connected graph. The notion of jointly connected also
applies to directed graphs in which case the collection is jointly connected if the union
is strongly connected. In what follows we will say that an infinite sequence of graphs
Gp1 ,Gp2 , . . . in Gsa is repeatedly jointly connected if there is a positive integer m for
which each finite sequence Gpm(k−1)+1

, . . . ,Gpmk
, k ≥ 1, is jointly connected. The

main result of [17] is, in essence, a corollary to Theorem 3.

Corollary 1. Let θ(0) be fixed. For any trajectory of the system (3) along which
each graph in the sequence of symmetric neighbor graphs N(0), N(1), . . . is repeatedly
jointly connected, there is a constant steady state heading θss for which

lim
t→∞

θ(t) = θss1,(35)

where the limit is approached exponentially fast.

4. Concluding remarks. The main goal of this paper has been to establish
a number of basic properties of compositions of directed graphs which are useful in
explaining how a consensus is achieved under various conditions in a dynamically
changing environment. The paper brings together in one place a number of results
scattered throughout the literature and at the same time presents new results con-
cerned with compositions of graphs as well as graphical interpretations of several spe-
cially structured stochastic matrices appropriate to nonhomogeneous Markov chains.

In a sequel to this paper [7], we consider a modified version of the Vicsek con-
sensus problem in which integer-valued delays occur in sensing the values of headings
which are available to agents. In keeping with our thesis that such problems can be
conveniently formulated and solved using graphs and graph operations, we analyze
the sensing delay problem from mainly a graph-theoretic point of view using the tools
developed in this paper. In [7] we also consider another modified version of the Vicsek
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problem in which each agent independently updates its heading at times determined
by its own clock. We do not assume that the groups’ clocks are synchronized to-
gether or that the times any one agent updates its heading are evenly spaced. Using
graph-theoretic concepts from this paper we show in [7] that for both versions of the
problem considered, the conditions under which a consensus is achieved are essentially
the same as in the synchronized, delay-free case addressed here.

A number of questions are suggested by this work. For example, it would be
interesting to have a complete characterization of those rooted graphs which are of
Sarymaskov type. It would also be of interest to have convergence results for more
general versions of the asynchronous consensus problem in which heading transitions
occur continuously. Extensions of these results to more realistic settings such as the
one considered in [26] would also be useful.
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Abstract. This paper uses recently established properties of compositions of directed graphs
together with results from the theory of nonhomogeneous Markov chains to derive worst case conver-
gence rates for the headings of a group of mobile autonomous agents which arise in connection with
the widely studied Vicsek consensus problem. The paper also uses graph-theoretic constructions to
solve modified versions of the Vicsek problem in which there are measurement delays, asynchronous
events, or a group leader. In all three cases the conditions under which consensus is achieved prove
to be almost the same as the conditions under which consensus is achieved in the synchronous,
delay-free, leaderless case.
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1. Introduction. In a recent paper [6] the present authors defined the notion of
“graph composition” and established a number of basic properties of compositions of
directed graphs which are useful in explaining how a consensus might be reached by
a group of mobile autonomous agents in a dynamically changing environment. The
aim of this paper is to use the graph-theoretic findings of [6] to address several issues
related to the well-known Vicsek consensus problem [20] which have either not been
considered before or have been only partially resolved.

The paper begins with a brief review in section 2 of the basic leaderless consensus
problem treated in [6, 14, 16]. Section 3 exploits the connection between “neighbor-
shared” graphs and the elegant theory of “scrambling matrices” found in the literature
on nonhomogeneous Markov chains [17, 9] to help in the derivation of worst case
agent heading convergence rates for the leaderless version of the Vicsek problem.
Section 4 addresses a modified version of the consensus problem in which integer-
valued delays occur in the values of the headings which agents measure. In keeping
with the overall theme of this paper, the effect of measurement delays is analyzed
from a mainly graph-theoretic point of view. This enables us to significantly relax
previously derived conditions [18, 19, 3] under which consensus can be achieved in
the face of measurement delays. A comparison is made between the results of [3] and
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the main result of this paper on measurement delays, namely Theorem 2. To model
dynamics when delays are present requires a somewhat different type of stochastic
“flocking matrix” than the one which is appropriate in the delay-free case. The graphs
of the type of matrices to which we are referring are directed, just as in the delay-free
case, but do not have self-arcs at every vertex. As a result, the set of such graphs,
denoted by D, is not closed under composition. The smallest set of directed graphs
which contains D and which is closed under composition is called the set of “extended
delay graphs.” This class is explicitly characterized. Section 4 then develops the
requisite properties of extended delay graphs needed to prove Theorem 2.

Section 5 considers a modified version of the flocking problem in which each agent
independently updates its heading at times determined by its own clock. It is not
assumed that the groups’ clocks are synchronized together or that the times any one
agent updates its heading are evenly spaced. In this case, the deriving of conditions
under which all agents eventually move with the same heading requires the analysis
of the asymptotic behavior of an overall asynchronous process which models the n-
agent system. The analysis is carried out by first embedding this process in a suitably
defined synchronous discrete-time, hybrid dynamical system S. This is accomplished
using the concept of analytic synchronization outlined previously in [12, 13]. This
enables us to bring to bear results derived earlier in [6] to characterize a rich class of
system trajectories under which consensus is achieved.

In section 6 we briefly consider a modified version of the consensus problem for the
same group of n agents as before but now with one of the group’s members (say agent
1) acting as the group’s leader. The remaining agents, called followers and labelled
2 through n, do not know who the leader is or even if there is a leader. Accordingly
they continue to function as if there was no leader using the same update rules as
are used in the leaderless case. The leader, on the other hand, acting on its own,
ignores these update rules and moves with a constant heading. Using the main result
on leaderless consensus summarized in section 2, we then develop conditions under
which all follower agents eventually move in the same direction as the leader. These
conditions correct prior findings on leader following in [11] which are in error.

2. Background. As in [6], the system of interest consists of n autonomous
agents, labelled 1 through n, all moving in the plane with the same speed but with
different headings. Each agent’s heading is updated using a simple local rule based
on the average of its own heading plus the headings of its “neighbors.” Agent i’s
neighbors at time t are those agents, including itself, which are in a closed disk of
prespecified radius ri centered at agent i’s current position. In what follows Ni(t)
denotes the set of labels of those agents which are neighbors of agent i at time t.
Agent i’s heading, written θi, evolves in discrete time in accordance with a model of
the form

θi(t + 1) =
1

ni(t)

⎛
⎝ ∑

j∈Ni(t)

θj(t)

⎞
⎠ ,(1)

where t is a discrete-time index taking values in the nonnegative integers {0, 1, 2, . . .},
and ni(t) is the number of neighbors of agent i at time t.

2.1. Neighbor graph. The explicit form of the update equations determined
by (1) depends on the relationships between neighbors which exist at time t. These
relationships can be conveniently described by a directed graph N(t) with vertex set
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V = {1, 2, . . . , n} and arc set A(N(t)) ⊂ V × V which is defined so that (i, j) is an
arc or directed edge from i to j just in case agent i is a neighbor of agent j at time
t. Thus N(t) is a directed graph on n vertices with at most one arc connecting each
ordered pair of distinct vertices and with exactly one self-arc at each vertex. We write
Gsa for the set of all such graphs and G for the set of all directed graphs with vertex
set V. It is natural to call a vertex i a neighbor of vertex j in a graph G ∈ G if (i, j)
is an arc in G.

2.2. Heading update rule. The set of agent heading update rules defined by
(1) can be written in state form. Towards this end, for each graph N ∈ Gsa define the
flocking matrix

F = D−1A′,(2)

where A′ is the transpose of the adjacency matrix of N and D the diagonal matrix
whose jth diagonal element is the in-degree of vertex j within N. Then

θ(t + 1) = F (t)θ(t), t ∈ {0, 1, 2, . . .},(3)

where θ is the heading vector θ = [ θ1 θ2 . . . θn ]
′
and F (t) is the flocking matrix

of the neighbor graph N(t).

2.3. Leaderless consensus. To proceed, we need to recall a few definitions
from [6]. We call a vertex i of a directed graph G a root of G if for each other vertex
j of G, there is a path from i to j. Thus i is a root of G if it is the root of a directed
spanning tree of G. We say that G is rooted at i if i is in fact a root. Thus G is
rooted at i just in case each other vertex of G is reachable from vertex i along a path
within the graph. G is strongly rooted at i if each other vertex of G is reachable from
vertex i along a path of length 1. Thus G is strongly rooted at i if i is a neighbor of
every other vertex in the graph. A rooted graph G is a graph which possesses at least
one root. Finally, a strongly rooted graph is a graph which has at least one vertex at
which it is strongly rooted.

By the composition of two directed graphs Gp, Gq with the same vertex set V
we mean the graph Gq ◦Gp with the same vertex set V and arc set defined such that
(i, j) is an arc of Gq ◦ Gp if for some vertex k, (i, k) is an arc of Gp and (k, j) is an
arc of Gq. A finite sequence of directed graphs G1, G2, . . . ,Gq with the same vertex
set is jointly rooted if the composition Gq ◦ Gq−1 ◦ · · · ◦ G1 is rooted. An infinite
sequence of graphs G1,G2, . . . with the same vertex set is repeatedly jointly rooted by
subsequences of length q if there is a positive integer q for which each finite sequence
Gqk+1, . . . ,Gq(k+1), k ≥ 0, is jointly rooted. The main result on leaderless consensus
[14, 16] is equivalent to the following result from [6].

Theorem 1. Let θ(0) be fixed. For any trajectory of the system determined by
(1) along which the sequence of neighbor graphs N(0),N(1), . . . is repeatedly jointly
rooted by sequences of length q, there is a constant θss, depending only on θ(0), for
which

lim
t→∞

θ(t) = θss1,(4)

where the limit is approached exponentially fast.

3. Convergence rates. The aim of this section is to derive a bound on the rate
at which θ converges.1 There are two distinct ways to go about this, and below we

1This section summarizes and extends some of the key findings of [7].
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describe both. To do this we will make use of certain structural properties of the
F . As defined, each F is square and nonnegative, where by a nonnegative matrix
we mean a matrix whose entries are all nonnegative. Each F also has the property
that its row sums all equal 1 (i.e., F1 = 1). Matrices with these two properties are
called (row) stochastic [10]. It is easy to verify that the class of all n × n stochastic
matrices is closed under multiplication. It is worth noting that because the vertices of
the graphs in Gsa all have self-arcs, the F also have the property that their diagonal
elements are positive.

In what follows we write M ≥ N whenever M −N is a nonnegative matrix. We
also write M > N whenever M −N is a positive matrix, where by a positive matrix
we mean a matrix with all positive entries. For any nonnegative matrix R of any size,
we write ||R|| for the largest of the row sums of R. Note that ||R|| is the induced
infinity norm of R and consequently is submultiplicative. Moreover, ||M1|| ≤ ||M2|| if
M1 ≤ M2. Observe that for any n× n stochastic matrix S, ||S|| = 1 because the row
sums of a stochastic matrix all equal 1. As in [6] we write �M� and 	M
 for the 1×m
row vectors whose jth entries are the smallest and largest elements, respectively, of
the jth column of M . Note that �M� is the largest 1 ×m nonnegative row vector c
for which M −1c is nonnegative and that 	M
 is the smallest nonnegative row vector
c for which 1c − M is nonnegative. Note in addition that for any n × n stochastic
matrix S, one can write

S = 1�S� + �|S|� and S = 1	S
 − 	|S|
,(5)

where �|S|� and 	|S|
are the nonnegative matrices defined by the equations

�|S|� = S − 1�S� and 	|S|
 = 1	S
 − S,(6)

respectively. Moreover, the row sums of �|S|� are all equal to 1 − �S�1 and the row
sums of 	|S|
 are all equal to 	S
1 − 1, and so

||�|S|�|| = 1 − �S�1 and ||	|S|
|| = 	S
1 − 1.(7)

In what follows we will also be interested in the matrix

�	|S|
� = �|S|� + 	|S|
.(8)

This matrix satisfies

�	|S|
� = 1(	S
 − �S�)(9)

because of (5).
To prove that all θi converge to a common heading, it is necessary to prove that

θ converges to a vector of the form θss1, where 1 is the n× 1 vector of 1’s. It is clear
from (3) that θ will converge to such a vector just in case, as t → ∞, the matrix
product F (t) · · ·F (0) converges to a rank one matrix of the form 1c for some n × 1
row vector c. Thus to study how such matrix products converge it is sufficient to
study how products of stochastic matrices of the form Sj · · ·S1 converge as j → ∞.
As in [6], we say that a matrix product SjSj−1 · · ·S1 converges exponentially fast at
a rate no slower than λ to a matrix of the form 1c if there are nonnegative constants
b and λ with λ < 1, such that

||(Sj · · ·S1) − 1c|| ≤ bλj , j ≥ 1.(10)
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The following fact is proved in [6].

Proposition 1. If an infinite sequence of stochastic matrices S1, S2, . . . satisfies

||�|Sj · · ·S1|�|| ≤ b̄λj , j ≥ 0,(11)

for some nonnegative constants b̄ and λ < 1, then the product SjSj−1 · · ·S1 converges
exponentially fast at a rate no slower than λ to a matrix of the form 1c.

We will exploit this inequality in deriving specific convergence rates.

Any n× n stochastic matrix S determines a directed graph γ(S) with the vertex
set {1, 2, . . . , n} and arc set defined in such a way so that (i, j) is an arc of γ(S) from i
to j just in case the jith entry of S is nonzero. Note that the graph of any stochastic
matrix with positive diagonal elements must be in Ssa. Since flocking matrices have
this property, their graphs must be in Gsa. It is known [6] that for the set of n × n
stochastic matrices S1, S2, . . . , Sp

γ(Sp · · ·S2S1) = γ(Sp) ◦ · · · ◦ γ(S2) ◦ γ(S1).(12)

We will make use of the fact that for any two n×n stochastic matrices S1 and S2,

φ(S2S1) ≥ φ(S2)φ(S1),(13)

where for any nonnegative matrix M , φ(M) denotes the smallest nonzero element of
M . To prove that this is so, note first that any stochastic matrix S can be written as
S = φ(S)S̄, where S̄ is a nonzero matrix whose nonzero entries are all bounded below

by 1; moreover, if S = φ̂(S)Ŝ, where φ̂(S) is a number and Ŝ is also a nonzero matrix

whose nonzero entries are all bounded below by 1, then φ(S) ≥ φ̂(S). Accordingly,
write Si = φ(Si)S̄i, i ∈ {1, 2}, where each S̄i is a nonzero matrix whose nonzero entries
are all bounded below by 1. Since S2S1 = φ(S2)φ(S1)S̄2S̄1 and S2S1 is nonzero, S̄2S̄1

must be nonzero as well. Moreover, the nonzero entries of S̄2S̄1 must be bounded
below by 1 because the product of any two n × n matrices with all nonzero entries
bounded below by 1 must be a matrix with the same property. Therefore φ(S2S1) ≥
φ(S2)φ(S1) as claimed. An important consequence of (13) is that for any set of
stochastic matrices S1, S2, . . . , Sm for which each φ(Si) is bounded below by a positive
number b,

φ(Sm · · ·S1) ≥ bm.(14)

Our goal is now to use these facts to derive an explicit convergence rate for the
situation considered by Theorem 1. We will do this in two different ways. The first
way is based on properties of stochastic matrices with strongly rooted graphs.

3.1. Strongly rooted graphs. Let F(q) denote the set of all products of q
flocking matrices whose corresponding sequences of q graphs are each jointly rooted.
In view of (12), each matrix in F(q) must have a rooted graph in Gsa. In other words,
each matrix in F(q) has a rooted graph and is a product of q flocking matrices.
Since the set of all flocking matrices is finite, so is F(q). It is shown in [6] that the
composition of any set of at least (n − 1)2 rooted graphs in Gsa is strongly rooted.
This and (12) imply that the product of any (n − 1)2 matrices in F(q) must have a
strongly rooted graph in Gsa. Thus if we set m = (n− 1)2 and write (F(q))m for the
set of all products of m matrices from F(q), then each matrix in (F(q))m must have a
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strongly rooted graph. Moreover, (F(q))m must be a finite set because F(q) is. It is
shown in [6] that convergence of the θi in Theorem 1 occurs at a rate no slower than

λ =

(
max

S∈(F(q))m
||�|S|�||

) 1
mq

.

Our goal is to derive an explicit bound for λ.
As a first step towards this end, let S be any stochastic matrix with a strongly

rooted graph. We claim that

||�|S|�|| ≤ 1 − φ(S).(15)

To understand why this is so, note first that because γ(S) is strongly rooted, at least
one vertex—say the kth—must be a root with arcs to every other vertex. This means
that the kth column of S must be positive. Since φ(S) is a lower bound on all nonzero
elements in S, the smallest element in the kth column of S is bounded below by φ(S).
Therefore �S�1 ≥ φ(S). But from (7) ||�|S|�|| = 1 − �S�1. This implies that (15) is
true.

As a second step, let us note that the definition of a flocking matrix implies that
all nonzero entries are bounded below by 1

n . In other words, F ∈ F implies that
φ(F ) ≥ 1

n . But the flocking matrix F = 1
n11′ is in F , and for this matrix φ(F ) = 1

n .
Therefore

min
F∈F

φ(F ) =
1

n
.(16)

Now suppose that S ∈ F(q). Thus S is the product of q matrices from F . From
this, (14), and (16) it follows that φ(S) ≥ 1

nq . Therefore

min
S∈F(q)

φ(S) ≥ 1

nq
.(17)

Next suppose that S ∈ (F(q))m. Thus S is the product of m matrices from F(q).
From this, (14), and (17) it follows that φ(S) ≥ 1

nqm . This and (15) thus imply that
||�|S|�|| ≤ 1 − 1

nqm and thus that

max
S∈(F(q))(n−1)2

||�|S|�|| ≤ 1 − 1

nqm
.

Therefore, since m = (n− 1)2,

λ ≤
(

1 − 1

nq(n−1)2

) 1
q(n−1)2

.(18)

The derivation of this particular upper bound on the rate at which the θi converge
to θss ultimately depends on two facts established in [6]. First, as we said before, the
composition of at most (n − 1)2 rooted graphs is strongly rooted. Second, for any
infinite sequence of stochastic matrices S1, S2, . . ., with strongly rooted graphs which
come from a compact set Ssr, the product Sj · · ·S1 converges exponentially fast, as
j → ∞, to a rank one matrix 1c at a rate no slower than

max
S∈Ssr

||�|S|�||.

It turns out that by exploiting two different but corresponding facts about stochastic
matrices with “neighbor-shared” graphs we can obtain a significantly smaller bound
than the one given by (18).
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3.2. Neighbor-shared graphs. By a neighbor-shared graph we mean any graph
with two or more vertices with the property that each pair of vertices in the graph
shares a common neighbor. Every neighbor-shared graph is rooted, but the converse
is false [6]. The convergence rate bounds we are about to derive depend on two
facts. First, the composition of at most (n − 1) rooted graphs is neighbor shared
[6]. Second, for any infinite sequence of stochastic matrices S1, S2, . . ., with neighbor-
shared graphs which come from a compact set Sns, the product Sj · · ·S1 converges
exponentially fast, as j → ∞, to a rank one matrix 1c at a rate no slower than

max
S∈Sns

μ(S),

where μ(S) is a positive number, called a scrambling constant, which is defined by the
formula

μ(S) = max
i,j

(
1 −

n∑
k=1

min{sik, sjk}
)
.(19)

In what follows we will make use of some well-known ideas and constructions from the
theory of nonhomogeneous Markov chains [17] to explain why this second statement
is true.

Scrambling constants. Let S be any n×n stochastic matrix. Observe that for
any nonnegative n-vector x, the ith minus the jth entries of Sx can be written as

n∑
k=1

(sik − sjk)xk =
∑
k∈K

(sik − sjk)xk +
∑
k∈K̄

(sik − sjk)xk,

where

K = {k : sik − sjk ≥ 0, k ∈ {1, 2, . . . , n}}

and

K̄ = {k : sik − sjk < 0, k ∈ {1, 2, . . . , n}}.

Therefore

n∑
k=1

(sik − sjk)xk ≤
(∑

k∈K
(sik − sjk)

)
	x
 +

⎛
⎝∑

k∈K̄

(sik − sjk)

⎞
⎠ �x�.

But ∑
k∈K∪K̄

(sik − sjk) = 0,

and so ∑
k∈K̄

(sik − sjk) = −
∑
k∈K

(sik − sjk).

Thus

n∑
k=1

(sik − sjk)xk ≤
(∑

k∈K
(sik − sjk)

)
(	x
 − �x�).
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Now ∑
k∈K

(sik − sjk) = 1 −
∑
k∈K̄

sik −
∑
k∈K

sjk

because the row sums of S are all one. Moreover,

sik = min{sik, sjk}, k ∈ K̄,

sjk = min{sik, sjk}, k ∈ K,

and so

∑
k∈K

(sik − sjk) = 1 −
n∑

k=1

min{sik, sjk}.

It follows that

n∑
k=1

(sik − sjk)xk ≤
(

1 −
n∑

k=1

min{sik, sjk}
)

(	x
 − �x�).

Hence with μ as defined by (19),

n∑
k=1

(sik − sjk)xk ≤ μ(S)(	x
 − �x�).

Since this holds for all i, j, it must hold for the i and j for which

n∑
k=1

sikxk = 	Sx
 and

n∑
k=1

sjkxk = �Sx�.

Therefore

	Sx
 − �Sx� ≤ μ(S)(	x
 − �x�).(20)

Now let S1 and S2 be any two n×n stochastic matrices and let ei be the ith unit
n-vector. Then from (20),

	S2S1ei
 − �S2S1ei� ≤ μ(S2)(	S1ei
 − �S1e1�).(21)

Meanwhile, from (9),

�	|S2S1|
�ei = 1(	S2S1
 − �S2S1�)ei

and

�	|S1|
�ei = 1(	S1
 − �S1�)ei.

But for any nonnegative matrix M , 	M
ei = 	Mei
 and �M�ei = �Mei�, and so

�	|S2S1|
�ei = 1(	S2S1ei
 − �S2S1ei�)

and

�	|S1|
�ei = 1(	S1ei
 − �S1ei�).
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From these expressions and (21) it follows that

�	|S2S1|
�ei ≤ μ(S2)�	|S1|
�ei.

Since this is true for all i, we arrive at the following fact.
Lemma 1. For any two stochastic matrices in S,

�	|S2S1|
� ≤ μ(S2)�	|S1|
�.(22)

Note that since the row sums of S all equal 1, μ(S) is nonnegative. It is easy to
see that μ(S) = 0 just in case all the rows of S are equal. Let us note that for fixed i
and j, the kth term in the sum appearing in (19) will be positive just in case both sik
and sjk are positive. It follows that the sum will be positive if and only if for at least
one k, sik and sjk are both positive. Thus μ(S) < 1 if and only if for each distinct i
and j, there is at least one k for which sik and sjk are both positive. Matrices with
this property have been widely studied and are called scrambling matrices [17]. Thus
a stochastic matrix S is a scrambling matrix if and only if μ(S) < 1. It is easy to
see that the definition of a scrambling matrix also implies that S is scrambling if and
only if its graph γ(S) is neighbor-shared.

As before, let Sns be a closed subset consisting of stochastic matrices whose graphs
are all neighbor-shared. Then the scrambling constant μ(S) defined in (19) satisfies
μ(S) < 1, S ∈ Sns because each such S is a scrambling matrix. Let

μ̄ = max
S∈Sns

μ(S).

Then μ̄ < 1 because Sns is closed and bounded and because μ(·) is continuous. In
view of Lemma 1,

||�	|S2S1|
�|| ≤ μ̄||�	|S1|
�||, S1, S2 ∈ Sns.

Hence by induction, for any sequence of matrices S1, S2, . . . in Sns

||�	|Sj · · ·S1|
�|| ≤ μ̄j−1||�	|S1|
�||, Si ∈ Sns.

But from (8), �|S|� ≤ �	|S|
�, S ∈ S, and so ||�|S|�|| ≤ ||�	|S|
�||, S ∈ S. Therefore for any
sequence of stochastic matrices S1, S2, . . . with neighbor-shared graphs

||�|Sj · · ·S1|�|| ≤ μ̄j−1||�	|S1|
�||.(23)

Therefore from Proposition 1, any such product Sj · · ·S1 converges exponentially at a
rate no slower than μ̄ as j → ∞. This establishes the validity of the statement about
convergence of products of stochastic matrices made at the beginning of section 3.2.

Suppose now that F is a flocking matrix for which γ(F ) is neighbor-shared. In
view of the definition of a flocking matrix, any nonzero entry in F must be bounded
below by 1

n . Fix distinct i and j and suppose that k is a neighbor that i and j share.
Then fik and fjk are both nonzero, and so min{fik, fjk} ≥ 1

n . This implies that the
sum in (19) must be bounded below by 1

n and consequently that μ(F ) ≤ 1 − 1
n .

Now let F be that flocking matrix whose graph γ(F ) is such that vertex 1 has
no neighbors other than itself, vertex 2 has every vertex as a neighbor, and vertices
3 through n have only themselves and agent 1 as neighbors. Since vertex 1 has no
neighbors other than itself, f1k = 0 for all k > 1. Thus for all i, j, it must be true that∑n

k=1 min{fik, fjk} = min{fi1, fj1}. Now vertex 2 has n neighbors, and so f2,1 = 1
n .
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Thus min{fi1, fj1} attains its lower bound of 1
n when either i = 2 or j = 2. It thus

follows that with this F , μ(F ) attains its upper bound of 1 − 1
n . We summarize.

Lemma 2. Let Fns be the set of n × n flocking matrices with neighbor-shared
graphs. Then

max
F∈Fns

μ(F ) = 1 − 1

n
.(24)

Thus 1 − 1
n is a tight bound on the convergence rate for an infinite product of

flocking matrices with neighbor-shared graphs. In [6] it is shown that

max
F∈Fsr

μ(F ) = 1 − 1

n
,

where Fsr is the set of flocking matrices with strongly rooted graphs. Thus 1 − 1
n is

also a tight bound on the convergence rate for an infinite product of flocking matrices
with strongly rooted graphs. Of course a strongly rooted graph is a more special type
of graph than a neighbor-shared graph because strongly rooted graphs are neighbor
shared but not conversely.

We now use the preceding to derive a better convergence rate bound than the one
in (18) for the type of trajectory addressed by Theorem 1. As a first step towards
this end, we exploit the fact that for any n × n stochastic scrambling matrix S, the
scrambling constant of μ(S) satisfies the inequality

μ(S) ≤ 1 − φ(S).(25)

To understand why this is so, assume that S is any given scrambling matrix. Note
that for any distinct i and j, there must be a k for which min{sik, sjk} is nonzero and
bounded below by φ(S). Thus

n∑
k=1

min{sik, sjk} ≥ φ(S),

and so

1 −
n∑

k=1

min{sik, sjk} ≤ 1 − φ(S).

But this holds for all distinct i and j. In view of the definition of μ(S) in (19), (25)
must therefore be true.

As before, let F(q) denote the set of products of q flocking matrices F1, F2, . . . , Fq

from F for which {γ(F1), γ(F2), . . . , γ(Fq)} is a jointly rooted set. Then as noted
before, each matrix in F(q) is rooted. Set p = (n− 1) and let (F(q))p now denote the
set of all products of p matrices from F(q). Then each matrix in (F(q))p is neighbor-
shared. Let S be any such matrix. Then S is a product of qp flocking matrices. But
each such flocking matrix F satisfies (16). Because of this and (14), it must be true
that φ(S) ≥ 1

nqp . Therefore μ(S) ≤ 1 − 1
nqp because of (25). Since this is true for all

S ∈ (F(q))p, 1− 1
nqp must be a convergence rate upper bound for all infinite products

of matrices from (F(q))p. Therefore, since p = n− 1,

(
1 − 1

nq(n−1)

) 1
q(n−1)

(26)
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must be an upper bound on the convergence rate for all infinite products of flock-
ing matrices F1, F2, . . . which have the property that the sequence of graphs γ(F1),
γ(F2), . . . is repeatedly jointly rooted by subsequences of length q. Since this is pre-
cisely the type of sequence of flocking matrices which arise under the assumptions
of Theorem 1, (26) is a convergence rate bound for the type of trajectory addressed
by the theorem. Note that this convergence rate upper bound is much smaller (i.e.,
faster) than the one given by (18). We refer the reader to [7] for additional convergence
rate calculations along these lines.

4. Measurement delays. In this section we consider a modified version of the
flocking problem in which integer-valued delays occur in sensing the values of headings
which are available to agents. More precisely we suppose that at each time t ∈
{0, 1, 2, . . .}, the value of neighboring agent j’s headings which agent i may sense is
θj(t− dij(t)), where dij(t) is a delay whose value at t is some integer between 0 and
mj − 1; here mj is a prespecified positive integer. While well-established principles
of feedback control would suggest that delays should be dealt with using dynamic
compensation, in this paper we will consider the situation in which the delayed value
of agent j’s heading sensed by agent i at time t is the value which will be used in the
heading update law for agent i. Thus

θi(t + 1) =
1

ni(t)

⎛
⎝ ∑

j∈Ni(t)

θj(t− dij(t))

⎞
⎠ ,(27)

where dij(t) ∈ {0, 1, . . . , (mj − 1)} if j 
= i and dij(t) = 0 if i = j. Our main result
is the following theorem, which states in essence that the conclusions of Theorem 1
continue to hold for the update model described by (27).

Theorem 2. Let θ(0) be fixed. For any trajectory of the system determined by
(27) along which the sequence of neighbor graphs N(0),N(1), . . . is repeatedly jointly
rooted, there is a constant θss, depending only on θ(0), for which

lim
t→∞

θ(t) = θss1,(28)

where the limit is approached exponentially fast.
As noted in the introduction, the consensus problem with measurement delays

we have been discussing has been considered previously in [3]. It is possible to com-
pare the hypotheses of Theorem 2 with the corresponding hypotheses for exponential
convergence stated in [3], namely assumptions 2 and 3 of that paper. To do this, let
us agree, as before, to say that the union of a set of graphs Gr1 ,Gr2 , . . . ,Grk with
vertex set V is the graph with the vertex set V and arc set consisting of the union
of the arcs of all of the graphs Gr1 ,Gr2 , . . . ,Grk . Taken together, assumptions 2 and
3 of [3] are essentially equivalent to assuming that there are finite positive integers q
and s such that the union

G(k)
Δ
= N((k + 1)q − 1) ∪ N((k + 1)q − 2) ∪ · · · ∪ N(kq)

is strongly connected and independent of k for k ≥ s. By way of comparison, the
hypothesis of Theorem 2 is equivalent to assuming that there is a finite positive
integer q such that the composition

Ḡ(k)
Δ
= N((k + 1)q − 1) ◦ N((k + 1)q − 2) ◦ · · · ◦ N(kq)
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is rooted for k ≥ 0. The latter assumption is weaker than the former for several
reasons. First, the arc set of G(k) is always a subset of the arc set of Ḡ(k), and
in some cases the containment may be strict. Second, Ḡ(k) is not assumed to be
independent of k, even for k sufficiently large, whereas G(k) is; in other words, Ḡ(k) is
not assumed to converge, whereas G(k) is. Third, each G(k) is assumed to be strongly
connected, whereas each Ḡ(k) need only be rooted; note that a strongly connected
graph is a special type of rooted graph in which every vertex is a root. Perhaps what
is most important about Theorem 2 and the development which justifies it is that
the underlying structural properties of the graphs involved required for consensus are
explicitly determined.

4.1. State space system. Using standard lifting techniques for dealing with
delays in discrete-time systems, it is possible to represent the agent system defined by
(27) as a state space model similar to the model discussed earlier for the delay-free
case. Our first objective is to characterize the class of graphs D of the stochastic matri-
ces which result from this lifting process. Towards this end, let Ḡ denote the set of all
directed graphs with vertex set V̄ = V1∪V2∪· · ·∪Vn, where Vi = {vi1 . . . , vimi

}. Here
vertex vij labels the jth possible delay value of agent i, namely j − 1. We sometimes
write i for vi1, i ∈ {1, 2, . . . , n}, write V for the subset of vertices {v11, v21, . . . , vn1},
and think of vi1 as an alternative label of agent i.

To take account of the fact that each agent can use its own current heading in
its update formula (27), we will utilize those graphs in Ḡ which have self-arcs at
each vertex in V. We will also require the arc set of each such graph to have, for
i ∈ {1, 2, . . . , n}, an arc from each vertex vij ∈ Vi except the last to its successor
vi(j+1) ∈ Vi. Finally we stipulate that for each i ∈ {1, 2, . . . , n}, each vertex vij with
j > 1 has in-degree of exactly 1. In what follows we call any such graph a delay graph
and write D for the subset of all such graphs. Note that unlike the class of graphs
Gsa considered before, there are graphs in D possessing vertices without self-arcs.
Nonetheless each vertex of each graph in D has positive in-degree. An example of a
delay graph for a three-agent system is shown in Figure 1.

34

33

32

11
31

22

21

13

12

Fig. 1. Delay graph.

The specific delay graph representing the sensed headings the agents use at time
t to update their own headings according to (27) is the graph D(t) ∈ D whose arc set
contains an arc from vik ∈ Vi to vj1 ∈ V if agent j uses θi(t+1− k) to update. There
is a simple relationship between D(t) and the neighbor graph N(t) defined earlier. In
particular,

N(t) = Q(D(t)),(29)
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where Q(D(t)) is the “quotient graph” of D(t). By the quotient graph of any G ∈ Ḡ,
written Q(G), we mean the directed graph in G with vertex set V whose arc set
consists of those arcs (i, j) for which G has an arc from some vertex in Vi to some
vertex in Vj . The quotient graph of D(t) thus models which headings are being used
by each agent in updates at time t without describing the specific delayed headings
actually being used. The quotient graph of the delay graph in Figure 1 is shown in
Figure 2.

1
32

Fig. 2. Quotient graph.

The set of agent heading update rules defined by (27) can be written in state form.
Towards this end, define θ(t) to be the (m1 + m2 + · · · + mi) vector whose first m1

elements are θ1(t) to θ1(t+1−m1), whose next m2 elements are θ2(t) to θ2(t+1−m2),
and so on. Order the vertices of V̄ as v11, . . . , v1m1 , v21, . . . , v2m2

, . . . , vn1, . . . , vnmn
,

and with respect to this ordering define for each graph D ∈ D the flocking matrix

F = D−1A′,(30)

where A′ is the transpose of the adjacency matrix of D and D the diagonal matrix
whose ijth diagonal element is the in-degree of vertex vij within the graph. Then
γ(F ) = D and

θ(t + 1) = F (t)θ(t), t ∈ {0, 1, 2, . . .}.(31)

Let F̄ denote the set of all such F . As before our goal is to characterize the sequences
of neighbor graphs N(0),N(1), . . . for which all entries of θ(t) converge to a common
steady state value.

There are a number of similarities and a number of differences between the sit-
uation under consideration here and the delay-free situation considered in [6]. For
example, the notion of graph composition defined earlier can be defined in the obvi-
ous way for graphs in Ḡ. On the other hand, unlike the situation in the delay-free
case, the set of graphs used to model the system under consideration, namely the set
of delay graphs D, is not closed under composition except in the special case when
all of the delays are at most 1, i.e., when all of the mi ≤ 2. In order to characterize
the smallest subset of Ḡ containing D which is closed under composition, we will need
several new concepts.

4.2. Hierarchical graphs. As before, let G be the set of all directed graphs
with vertex set V = {1, 2, . . . , n}. Let us agree to say that a rooted graph G ∈ G is a
hierarchical graph with hierarchy {v1, v2, . . . , vn} if it is possible to relabel the vertices
in V as v1, v2, . . . , vn in such a way so that v1 is a root of G with a self-arc and for
i > 1, vi has a neighbor vj “lower” in the hierarchy where by lower we mean j < i. It
is clear that any graph in G with a root possessing a self-arc is hierarchical. Note that
a graph may have more than one hierarchy and two graphs with the same hierarchy
need not be equal. Note also that even though rooted graphs with the same hierarchy
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share a common root, examples show that the composition of hierarchical graphs in
G need not be hierarchical or even rooted. On the other hand, the composition of two
rooted graphs in G with the same hierarchy is always a graph with the same hierarchy.
To understand why this is so, consider two graphs G1 and G2 in G with the same
hierarchy {v1, v2, . . . , vn}. Note first that v1 has a self-arc in G2 ◦ G1 because v1 has
self-arcs in G1 and G2. Next pick any vertex vi in V other than v1. By definition,
there must exist vertex vj lower in the hierarchy than vi such that (vj , vi) is an arc of
G2. If vj = v1, then (v1, vi) is an arc in G2 ◦ G1 because v1 has a self-arc in G1. On
the other hand, if vj 
= v1, then there must exist a vertex vk lower in the hierarchy
than vj such that (vk, vj) is an arc of G1. It follows from the definition of composition
that in this case (vk, vi) is an arc in G2 ◦G1. Thus vi has a neighbor in G2 ◦G1 which
is lower in the hierarchy than vi. Since this is true for all vi, G2 ◦ G1 must have the
same hierarchy as G1 and G2. This proves the claim that composition of two rooted
graphs with the same hierarchy is a graph with the same hierarchy.

Our objective is to show that the composition of a sufficiently large number of
graphs in G with the same hierarchy is strongly rooted. Note that the fact that
the composition of (n − 1)2 graphs in Gsa is rooted [6] cannot be used to reach this
conclusion because the vi in the graphs under consideration here do not all necessarily
have self-arcs.

As before, let G1 and G2 be two graphs in G with the same hierarchy {v1, v2, . . . ,
vn}. Let vi be any vertex in the hierarchy and suppose that vj is a neighbor vertex of
vi in G2. If vj = v1, then vi retains v1 as a neighbor in the composition G2◦G1 because
v1 has a self-arc in G1. On the other hand, if vj 
= v1, then vj has a neighboring vertex
vk in G1 which is lower in the hierarchy than vj . Since vk is a neighbor of vi in the
composition G2 ◦ G1, we see that in this case vi has acquired a neighbor in G2 ◦ G1

lower in the hierarchy than a neighbor it had in G2. In summary, any vertex vi ∈ V
either has v1 as neighbor in G2 ◦G1 or has a neighbor in G2 ◦G1 which is at least one
vertex lower in the hierarchy than any neighbor it had in G2.

Now consider three graphs G1,G2,G3 in G with the same hierarchy. By the same
reasoning as above, any vertex vi ∈ V either has v1 as neighbor in G3 ◦G2 ◦G1 or has
a neighbor in G3 ◦ G2 ◦ G1 which is at least one vertex lower in the hierarchy than
any neighbor it had in G3 ◦ G2. Similarly vi either has v1 as neighbor in G3 ◦ G2 or
has a neighbor in G3 ◦ G2 which is at least one vertex lower in the hierarchy than
any neighbor it had in G3. Combining these two observations we see that any vertex
vi ∈ V either has v1 as neighbor in G3◦G2◦G1 or has a neighbor in G3◦G2◦G1 which
is at least two vertices lower in the hierarchy than any neighbor it had in G3. This
clearly generalizes, and so after the composition of m such graphs G1,G2, . . . ,Gm, vi
either has v1 as neighbor in Gm ◦ · · · ◦G2 ◦G1 or has a neighbor in Gm ◦ · · · ◦G2 ◦G1

which is at least m − 1 vertices lower in the hierarchy than any neighbor it had in
Gm. It follows that if m ≥ n, then vi must be a neighbor of v1. Since this is true for
all vertices, we have proved the following.

Proposition 2. Let G1,G2, . . . ,Gm denote a set of rooted graphs in G which all
have the same hierarchy. If m ≥ n− 1, then Gm ◦ · · · ◦ G2 ◦ G1 is strongly rooted.

4.3. The Closure of D. We now return to the study of the graphs in D. As
before D is the subset of Ḡ consisting of those graphs which (i) have self-arcs at
each vertex in V = {v11, v21, . . . , vn1}, (ii) for each i ∈ {1, 2, . . . , n} have an arc from
each vertex vij ∈ Vi except the last to its successor vi(j+1) ∈ Vi, and (iii) for each
i ∈ {1, 2, . . . , n}, each vertex vij with j > 1 has in-degree of exactly 1. It can easily
be shown by example that D is not closed under composition. We deal with this
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problem as follows. First, let us agree to say that a vertex v in a graph G ∈ Ḡ is a
neighbor of a subset of G’s vertices U if v is a neighbor of at least one vertex in U .
Next we say that a graph G ∈ Ḡ is an extended delay graph if for each i ∈ {1, 2, . . . , n},
(i) every neighbor of Vi which is not in Vi is a neighbor of vi1 and (ii) the subgraph
of G induced by Vi has {vi1 . . . , vimi} as a hierarchy. We write D̄ for the set of all
extended delay graphs in Ḡ. It is easy to see that every delay graph is an extended
delay graph. The converse, however, is not true. The set of extended delay graphs
has the following property.

Proposition 3. D̄ is closed under composition.

In light of this proposition it is natural to call D̄ the closure of D. To prove the
proposition, we will need the following fact.

Lemma 3. Let G1,G2, . . . ,Gq be any sequence of q > 1 directed graphs with vertex
set V. For i ∈ {1, 2, . . . , q}, let Ḡi be the subgraph of Gi induced by U ⊂ V. Then
Ḡq ◦ · · · ◦ Ḡ2 ◦ Ḡ1 is contained in the subgraph of Gq ◦ · · · ◦ G2 ◦ G1 induced by U .

Proof of Lemma 3. It will be enough to prove the lemma for q = 2, since the
proof for q > 2 would then directly follow by induction. Suppose q = 2. Let (i, j)
be in A(Ḡ2 ◦ Ḡ1). Then i, j ∈ U and there exists an integer k ∈ U such that (i, k) ∈
A(Ḡ1) and (k, j) ∈ A(Ḡ2). Therefore (i, k) ∈ A(G1) and (k, j) ∈ A(G2). Thus
(i, j) ∈ A(G2 ◦ G1). But i, j ∈ S, and so (i, j) must be an arc in the subgraph of
G2 ◦ G1 induced by U . Since this clearly is true for all arcs in A(Ḡ2 ◦ Ḡ1), the proof
is complete.

Proof of Proposition 3. Let G1 and G2 be two extended delay graphs in D̄. It will
first be shown that for each i ∈ {1, 2, . . . , n}, every neighbor of Vi which is not in Vi

is a neighbor of vi1 in G2 ◦ G1 . Fix i ∈ {1, 2, . . . , n} and let v be a neighbor of Vi in
G2 ◦ G1 which is not in Vi. Then (v, k) ∈ A(G2 ◦ G1) for some k ∈ Vi. Thus there is
a s ∈ V̄ such that (v, s) ∈ A(G1) and (s, k) ∈ A(G2). If s 
∈ Vi, then (s, vi1) ∈ A(G2)
because G2 is an extended delay graph. Thus in this case (v, vi1) ∈ A(G2◦G1) because
of the definition of composition. If, on the other hand, s ∈ Vi, then (v, vi1) ∈ A(G1)
because G1 is an extended delay graph. Thus in this case (v, vi1) ∈ A(G2◦G1) because
vi1 has a self-arc in G2. This proves that every neighbor of Vi which is not in Vi is a
neighbor of vi1 in G2 ◦ G1. Since this must be true for each i ∈ {1, 2, . . . , n}, G2 ◦ G1

has the first property defining extended delay graphs in D̄.

To establish the second property, we exploit the fact that the composition of two
graphs with the same hierarchy is a graph with the same hierarchy. Thus for any
integer i ∈ {1, 2, . . . , n}, the composition of the subgraphs of G1 and G2, respectively,
induced by Vi must have the hierarchy {vi1, vi2, . . . , vimi

}. But by Lemma 3, for any
integer i ∈ {1, 2, . . . , n}, the composition of the subgraphs of G1 and G2, respectively,
induced by Vi is contained in the subgraph of the composition of G1 and G2 induced
by Vi. This implies that for i ∈ {1, 2, . . . , n}, the subgraph of the composition of G1

and G2 induced by Vi has {vi1, vi2, . . . , vimi} as a hierarchy.

Our main result regarding extended delay graphs is as follows.

Proposition 4. Let m be the largest integer in the set {m1,m2, . . . ,mn}. The
composition of any set of at least m(n − 1)2 + m − 1 extended delay graphs will be
strongly rooted if the quotient graph of each of the graphs in the composition is rooted.

To prove this proposition we will need several more concepts. Let us agree to
say that a extended delay graph G ∈ D̄ has strongly rooted hierarchies if for each
i ∈ V, the subgraph of G induced by Vi is strongly rooted. Proposition 2 states that
a hierarchical graph on mi vertices will be strongly rooted if it is the composition of
at least mi− 1 rooted graphs with the same hierarchy. This and Lemma 3 imply that
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the subgraph of the composition of at least mi − 1 extended delay graphs induced by
Vi will be strongly rooted. We are led to the following lemma.

Lemma 4. Any composition of at least m − 1 extended delay graphs in D̄ has
strongly rooted hierarchies.

To proceed we will need one more type of graph which is uniquely determined
by a given graph in Ḡ. By the agent subgraph of G ∈ Ḡ we mean the subgraph of G

induced by V. Note that while the quotient graph of G describes relations between
distinct agent hierarchies, the agent subgraph of G captures only the relationships
between the roots of the hierarchies. Note in addition that both the agent subgraph
of G and the quotient graph of G are graphs in Gsa because all n vertices of G in V
have self-arcs. The agent subgraph of the graph in Figure 1 is shown in Figure 3.

11 3121

Fig. 3. Agent subgraph.

Lemma 5. Let Gp and Gq be extended delay graphs in D̄. If Gp has a strongly
rooted agent subgraph and Gq has strongly rooted hierarchies, then the composition
Gq ◦ Gp is strongly rooted.

Proof of Lemma 5. Let vi1 be a root of the agent subgraph of Gp and let vjk be any
vertex in V̄. Then (vi1, vj1) ∈ A(Gp) because the agent subgraph of Gp is strongly
rooted. Moreover, (vj1, vjk) ∈ A(Gq) because Gq has strongly rooted hierarchies.
Therefore, in view of the definition of graph composition, (vi1, vjk) ∈ A(Gq ◦ Gp).
Since this must be true for every vertex vjk ∈ V̄, Gq ◦ Gp is strongly rooted.

Lemma 6. The agent subgraph of any composition of at least (n − 1)2 extended
delay graphs in D̄ will be strongly rooted if the agent subgraph of each of the graphs
in the composition is rooted.

Proof of Lemma 6. Let G1,G2, . . . ,Gq be any sequence of q ≥ (n− 1)2 extended
delay graphs in D̄ whose agent subgraphs, Ḡi, i ∈ {1, 2, . . . , q}, are all rooted. Since
the Ḡi are in Gsa, Proposition 3 of [6] applies, and it can therefore be concluded that
Ḡq ◦ · · · ◦ Ḡ2 ◦ Ḡ1 is strongly rooted. But Ḡq ◦ · · · ◦ Ḡ2 ◦ Ḡ1 is contained in the agent
subgraph of Gq ◦ · · · ◦ G2 ◦ G1 because of Lemma 3. Therefore the agent subgraph of
Gq ◦ · · · ◦ G2 ◦ G1 is strongly rooted.

Lemma 7. Let Gp and Gq be extended delay graphs in D̄. If Gp has strongly
rooted hierarchies and Gq has a rooted quotient graph, then the agent subgraph of the
composition Gq ◦ Gp is rooted.

Proof of Lemma 7. Let (i, j) be any arc in the quotient graph of Gq with i 
=
j. This means that (vik, vjs) ∈ A(Gq) for some vik ∈ Vi and vjs ∈ Vj . Clearly
(vi1, vik) ∈ A(Gp) because Gp has strongly rooted hierarchies. Moreover, since i 
= j,
vik is a neighbor of Vj which is not in Vj . From this and the definition of a extended
delay graph, it follows that vik is a neighbor of vj1. Therefore (vik, vj1) ∈ A(Gq).
Thus (vi1, vj1) ∈ A(Gq ◦ Gp). We have therefore proved that for any path of length
one between any two distinct vertices i, j in the quotient graph of Gq, there is a
corresponding path between vertices vi1 and vj1 in the agent subgraph of Gq ◦ Gp.
This implies that for any path of any length between any two distinct vertices i, j in
the quotient graph of Gq, there is a corresponding path between vertices vi1 and vj1
in the agent subgraph of Gq ◦ Gp. Since by assumption the quotient graph of Gq is
rooted, the agent subgraph of Gq ◦ Gp must be rooted as well.
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Proof of Proposition 4. Let G1,G2, . . . ,Gs be a sequence of at least m(n−1)2+m−
1 extended delay graphs with rooted quotient graphs. The graph Gs◦· · ·◦G(m(n−1)2+1)

is composed of at least m−1 extended delay graphs. Therefore Gs ◦· · ·◦G(m(n−1)2+1)

must have strongly rooted hierarchies because of Lemma 4. In view of Lemma 5, to
complete the proof it is enough to show that Gm(n−1)2 ◦ · · · ◦G1 has a strongly rooted
agent subgraph. But Gm(n−1)2 ◦ · · · ◦ G1 is the composition of (n− 1)2 graphs, each
itself a composition of m extended delay graphs with rooted quotient graphs. In view
of Lemma 6, to complete the proof it is enough to show that the agent subgraph of
any composition of m extended delay graphs is rooted if each quotient graph of each
extended delay graph in the composition is rooted. Let H1,H2, . . . ,Hm be such a
family of extended delay graphs. By assumption, Hm has a rooted quotient graph.
In view of Lemma 7, the agent subgraph of Hm ◦ Hm−1 ◦ · · · ◦ H1 will be rooted if
Hm−1 ◦ · · · ◦H1 has strongly rooted hierarchies. But Hm−1 ◦ · · · ◦H1 has this property
because of Lemma 4.

Finally we will need the following fact.

Proposition 5. Let G1, . . . ,Gr be a sequence of extended delay graphs in D̄. If
the composition Q(Gr) ◦ · · · ◦ Q(G1) is rooted, then so is the quotient graph Q(Gr ◦
· · · ◦ G1).

This proposition is a direct consequence of the following lemma.

Lemma 8. Let Gp,Gq be two extended delay graphs in D̄. For each arc (i, j)
in the composition Q(Gq) ◦ Q(Gp), there is a path from i to j in the quotient graph
Q(Gq ◦ Gp).

Proof of Lemma 8. Fix (i, j) ∈ A(Q(Gq) ◦ Q(Gp)). If i = j, then (i, j) ∈
A(Q(Gq ◦Gp)) because Q(Gq ◦Gp) ∈ Gsa. Thus in this case there is a path of length
1 from i to j in Q(Gq ◦ Gp).

Suppose i 
= j. Since (i, j) ∈ A(Q(Gq) ◦ Q(Gp)), there exists an integer k ∈
V such that (i, k) ∈ A(Q(Gp)) and (k, j) ∈ A(Q(Gq)). Thus there are integers
vis, vkt, vku, vjw ∈ V such that (vis, vkt) ∈ A(Gp) and (vku, vjw) ∈ A(Gq). Since
Gp ∈ D̄, Gp has a hierarchy rooted at vk1. This means that there must be a vertex
vkx no higher in this hierarchy than vku such that (vkx, vku) ∈ A(Gp). Therefore
(vkx, vjw) ∈ A(Gq ◦ Gp). If k = i, then (vix, vjw) ∈ A(Gq ◦ Gp), and so (i, j) ∈
A(Q(Gq ◦Gp)). Thus in this case there is a path of length 1 from i to j in Q(Gq ◦Gp).

Suppose k 
= i. Since (vis, vkt) ∈ A(Gp) and Gp ∈ D̄, (vis, vk1) ∈ A(Gp). But
Gq must have a self-arc at vk1 because Gq ∈ D̄. Therefore (vis, vk1) ∈ A(Gq ◦ Gp).
Moreover, there must be a path in Gq ◦ Gp from vk1 to vkx because vkx is in the
hierarchy rooted at vk1. But both (vis, vk1) and (vkx, vjw) are arcs in Gq ◦Gp, and so
there must be a path in Gq ◦ Gp from vis to vjw. This implies that there must be a
path in Q(Gq ◦ Gp) from i to j.

Proof of Proposition 5. To prove the proposition it is enough to show that if
Q(Gr)◦· · ·◦Q(G1) contains a path from some i ∈ V to some j ∈ V, then Q(Gr◦· · ·◦G1)
also contains a path from i to j. As a first step towards this end, we claim that if
Gp,Gq are graphs in D̄ for which Q(Gq)◦Q(Gp) contains a path from u to v, for some
u, v ∈ V, then Q(Gq ◦ Gp) also contains a path from u to v. To prove that this is so,
fix u, v ∈ V and Gp,Gq ∈ D̄ and suppose that Q(Gq) ◦ Q(Gp) contains a path from
u to v. Then there must be a positive integer s and vertices k1, k2, . . . , ks ending at
ks = v for which (u, k1), (k1, k2), . . . , (ks−1, ks) are arcs in Q(Gq) ◦Q(Gp). In view
of Lemma 8, there must be paths in Q(Gq ◦ Gp) from i to k1, k1 to k2,. . . , and ks−1

to ks. If follows that there must be a path in Q(Gq ◦Gp) from i to j. Thus the claim
is established.
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It will now be shown by induction for each s ∈ {2, . . . ,m} that if Q(Gs)◦· · ·◦Q(G1)
contains a path from i to some js ∈ V, then Q(Gr ◦ · · · ◦G1) also contains a path from
i to js. In view of the claim just proved above, the assertion is true if s = 2. Suppose
the assertion is true for all s ∈ {2, 3, . . . , t}, where t is some integer in {2, . . . , r − 1}.
Suppose that Q(Gt+1) ◦ · · · ◦Q(G1) contains a path from i to jt+1. Then there must
be an integer k such that Q(Gt)◦ · · · ◦Q(G1) contains a path from i to k and Q(Gt+1)
contains a path from k to jt+1. In view of the inductive hypothesis, Q(Gt ◦ · · · ◦ G1)
contains a path from i to k. Therefore Q(Gt+1) ◦ Q(Gt ◦ · · · ◦ G1) has a path from
i to jt+1. Hence the claim established at the beginning of this proof applies, and it
can be concluded that Q(Gt+1 ◦ Gt ◦ · · · ◦ G1) has a path from i to jt+1. Therefore
by induction the aforementioned assertion is true.

4.4. Proof of convergence. Our aim is to make use of the properties of ex-
tended delay graphs just derived to prove Theorem 2. We will also need the following
result from [6].

Proposition 6. Let Ssr be any closed set of stochastic matrices which are all of
the same size and whose graphs γ(S), S ∈ Ssr, are all strongly rooted. As j → ∞,
any product Sj · · ·S1 of matrices from Ssr converges exponentially fast to a matrix of
the form 1c at a rate no slower than λ, where c is a nonnegative row vector depending
on the sequence and λ is a nonnegative constant less than 1 depending only on Ssr.

Proof of Theorem 2. In view of (31), θ(t) = F (t− 1) · · ·F (0)θ(0). Thus to prove
the theorem it suffices to prove that as t → ∞ the matrix product F (t) · · ·F (0)
converges exponentially fast to a matrix of the form 1c .

By hypothesis, the sequence of neighbor graphs N(0),N(1), . . . is repeatedly jointly
rooted by subsequences of length q. This means that each of the sequences N(kq), . . . ,
N((k + 1)q − 1), k ≥ 0, is jointly rooted. Let D(t) = γ(F (t)), t ≥ 0. In view of (29),
N(t) = Q(D(t)), t ≥ 0. Thus each of the sequences Q(D(kq)), . . . , Q(D((k+ 1)q− 1)),
k ≥ 0, is jointly rooted, and so each composition Q(D((k+1)q−1))◦· · ·◦Q(D(kq)) is a
rooted graph. In view of Proposition 5, each graph Q(D((k+1)q−1)◦· · ·◦D(kq)), k ≥
0, is also rooted.

Set p = (m(n−1)2+m−1)q, where m is the largest integer in the set {m1,m2, . . . ,
mn}. In view of Proposition 4, each of the graphs D((k+1)p−1)◦ · · ·◦D(kp)), k ≥ 0,
is strongly rooted. Let F(p) denote the set of all products of p matrices from F̄ which
have the additional property that each such product has a strongly rooted graph.
Then F(p) is finite and therefore compact, because F̄ is.

For k ≥ 0, define

S(k) = F ((k + 1)p− 1) · · ·F (kp).(32)

In view of (12) and the fact that γ(F (t)) = D(t), t ≥ 0, it must be true that γ(S(k)) =
D((k + 1)p − 1) ◦ · · · ◦ D(kp), k ≥ 0. Thus each S(k) has a strongly rooted graph.
Moreover, each such S(k) is the product of p matrices from F̄ . Therefore S(k) ∈ F(p),
k ≥ 0. Therefore Proposition 6 applies with Ssr = F(p), and so it can be concluded
that the matrix product S(k) · · ·S(0) converges exponentially fast as k → ∞ to a
matrix of the form 1c as k → ∞.

In view of the definition of S(k) it is clear that for any t, there is an integer k(t)

and a stochastic matrix Ŝ(t) composed of the product of at most p− 1 matrices from
F̄ such that

F (t) · · ·F (1) = Ŝ(t)S(k(t)) · · ·S(0).
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Moreover, t �→ k(t) must be an unbounded, strictly increasing function; because of
this the product S(k(t)) · · ·S(0) must converge exponentially fast as t → ∞ to a limit

of the form 1c. Since Ŝ(t)1c = 1c, t ≥ 0, the product F (t) · · ·F (1) must also converge
exponentially fast as t → ∞ to the same limit 1c.

5. Asynchronous flocking. In this section we consider a modified version of
the consensus problem treated in [6] in which each agent independently updates its
heading at times determined by its own clock.2 We do not assume that the groups’
clocks are synchronized or that the times any one agent updates its heading are evenly
spaced. Updating of agent i’s heading is done as follows. At its kth sensing event time
tik, agent i senses the headings θj(tik), j ∈ Ni(tik), of its current neighbors (which
includes itself) and from this data computes its kth “way-point” wi(tik). In what
follows we will consider way-points based on averaging. In particular, agent i’s kth
way-point is defined by the rule

wi(tik) =
1

ni(tik)

⎛
⎝ ∑

j∈Ni(tik)

θj(tik)

⎞
⎠ , i{1, 2, . . . , n},(33)

where ni(tik) is the number of neighbor elements in the neighbor index set Ni(tik).
After computing wi(tik), agent i changes its heading from θi(tik) to wi(tik) on the
interval (tik, ti(k+1)]. In this paper we will consider the case when each agent updates
its heading instantaneously at its own event times and holds its heading fixed between
event times. More precisely, we will assume that agent i’s heading θi(t) takes on its
agent i’s kth way-point value wi(tik) immediately after its kth event time tik and that
θi(t) is constant on each continuous-time interval (ti(k−1), tik], k ≥ 1, where ti0 = 0 is
agent i’s zeroth event time. In other words for k ≥ 0, agent i’s heading satisfies

θi(ti(k+1)) =
1

ni(tik)

⎛
⎝ ∑

j∈Ni(tik)

θj(tik)

⎞
⎠ ,(34)

θi(t) = θi(tik), ti(k−1) < t ≤ tik.(35)

5.1. Analytic synchronization. To develop conditions under which all agents
eventually move with the same heading requires the analysis of the asymptotic behav-
ior of the asynchronous process which the 2n heading equations of the form (34), (35)
define. Despite the apparent complexity of this process, it is possible to capture its
salient features using a suitably defined synchronous discrete-time, hybrid dynamical
system S. The sequence of steps involved in defining S has been discussed before and
is called analytic synchronization [12, 13]. Analytic synchronization is applicable to
any finite family of continuous or discrete-time dynamical processes {P1,P2, . . . ,Pn}
under the following conditions. First, each process Pi must be a dynamical system
whose inputs consist of functions of the states of the other processes as well as signals
which are exogenous to the entire family. Second, each process Pi must have associ-
ated with it an ordered sequence of event times {ti1, ti2, . . .} defined in such a way so
that the state of Pi at event time ti(ki+1) is uniquely determined by values of the ex-
ogenous signals and states of the Pj , j ∈ {1, 2, . . . , n}, at event times tjkj which occur

2A preliminary version of the material in this section was presented at the 2005 IFAC congress
[4].
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prior to ti(ki+1) but in the finite past. Event time sequences for different processes
need not be synchronized. Analytic synchronization is a procedure for creating a sin-
gle synchronous process for purposes of analysis which captures the salient features of
the original n asynchronously functioning processes. As a first step, all n event time
sequences are merged into a single ordered sequence of event times T . (This clever
idea has been used before in [2] to study the convergence of totally asynchronous it-
erative algorithms.) The “synchronized” state of Pi is then defined to be the original
state of Pi at Pi’s event times {ti1, ti2, . . .} plus possibly some additional variables; at
values of t ∈ T between event times tiki and ti(ki+1), the synchronized state of Pi is
taken to be the same as the value of its original state at time tik. Although it is not
always possible to carry out all of these steps, when it is what ultimately results is a
synchronous dynamical system S evolving on the index set of T , with the state com-
posed of the synchronized states of the n individual processes under consideration.
We now use these ideas to develop such a synchronous system S for the asynchronous
process under consideration.

5.2. Definition of S. As a first step, let T denote the set of all event times
of all n agents. Relabel the elements of T as t0, t1, t2, . . . in such a way so that
tj < tj+1, j ∈ {1, 2, . . .}. Next define

θ̄i(τ) = θi(tτ ), τ ≥ 0, i ∈ {1, 2, . . . , n}.(36)

In view of (34), it must be true that if tτ is an event time of agent i, then

θ̄i(τ
′) =

1

n̄i(τ)

⎛
⎝ ∑

j∈N̄i(τ)

θ̄j(τ)

⎞
⎠ ,

where N̄i(τ) = Ni(tτ ), n̄i(τ) = ni(tτ ), and tτ ′ is the next event time of agent i after tτ .
But θ̄i(τ

′) = θ̄i(τ + 1) because θi(t) is constant for tτ < t ≤ tτ ′ (approximately (35)).
Therefore

θ̄i(τ + 1) =
1

n̄i(τ)

⎛
⎝ ∑

j∈N̄i(τ)

θ̄j(τ)

⎞
⎠(37)

if tτ is an event time of agent i. Meanwhile if tτ is not an event time of agent i, then

θ̄i(τ + 1) = θ̄i(τ),(38)

again because θi(t) is constant between event times. Note that if we define N̄i(τ) = {i}
and n̄i(τ) = 1 for every value of τ for which tτ is not an event time of agent i, then
(38) can be written as

θ̄i(τ + 1) =
1

n̄i(τ)

⎛
⎝ ∑

j∈N̄i(τ)

θ̄j(τ)

⎞
⎠ .(39)

Doing this enables us to combine (37) and (39) into a single formula valid for all τ ≥ 0.
In other words, agent i’s heading satisfies

θ̄i(τ + 1) =
1

n̄i(τ)

⎛
⎝ ∑

j∈N̄i(τ)

θ̄j(τ)

⎞
⎠ , τ ≥ 0,(40)
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where

N̄i(τ) =

{
Ni(tτ ) if tτ is an event time of agent i

{i} if tτ is not an event time of agent i

}
(41)

and n̄i(τ) = 1 if tτ is not an event time of agent i . Thus for all τ , n̄i(τ) is the number
of indices in N̄i(τ). For purposes of analysis, it is useful to interpret (41) as meaning
that between agent i’s event times, its only neighbor is itself. There are n equations
of the form in (40), and together they define a synchronous system S which models
the evolutions of the n agents’ headings at event times.

5.3. State space model. As before, we can represent the neighbor relationships
associated with (41) using a directed graph N with vertex set V = {1, 2, . . . , n} and
arc set A(N) ⊂ V × V which is defined in such a way so that (i, j) is an arc from i to
j just in case agent i is a neighbor of agent j. Thus as before, N is a directed graph
on n vertices with at most one arc from any vertex to another and with exactly one
self-arc at each vertex. We continue to write Gsa for the set of all such graphs.

For each graph N ∈ Gsa let F = D−1A′, where A′ is the transpose of the adjacency
matrix of N and D the diagonal matrix whose jth diagonal element is the in-degree
of vertex j within the graph. The set of agent heading update rules defined by (41)
can be written in state form as

θ̄(τ + 1) = F (τ)θ̄(τ), τ ∈ {0, 1, 2, . . .},(42)

where θ̄ is the heading vector θ̄ = [ θ̄1 θ̄2 . . . θ̄n ]
′
, and F (τ) is the flocking matrix

determined by neighbor graph N(τ) at event time tτ .
Up to this point the development is essentially the same as in the leaderless

consensus problem discussed in section 2. But when one considers the type of graphs
in Gsa which are likely to be encountered along a given trajectory, things are quite
different. Note, for example, that the only vertices of N(τ) which can have more than
one incoming arc are those of agents for whom tτ is an event time. Thus in the most
likely situation when distinct agents have only distinct event times, there will be at
most one vertex in each graph N(τ) which has more than one incoming arc. It is
this situation we want to explore further. Towards this end, let G∗sa ⊂ Gsa denote the
subclass of all graphs which have at most one vertex with more than one incoming
arc. Note that for n > 2, there is no rooted graph in G∗sa. Nonetheless, in light of
Theorem 1 it is clear that convergence to a common steady state heading will occur
if the infinite sequence of graphs N(0),N(1), . . . is repeatedly jointly rooted. This of
course would require that there exist a jointly rooted sequence of graphs from G∗sa.
We will now explain why such sequences do in fact exist.

Let us agree to call a graph G ∈ Gsa an all neighbor graph centered at v if every
vertex of G is a neighbor of v. Note that every all neighbor graph in Gsa is also in
G∗sa. Note also that all neighbor graphs are maximal in G∗sa with respect to the partial
ordering of G∗sa by inclusion. Note also the composition of any all neighbor graph with
itself is itself. On the other hand, because the union of two graphs in Gsa is always
contained in the composition of the two graphs, the composition of n all neighbor
graphs with distinct centers must be a graph in which each vertex is a neighbor of
every other, i.e., the complete graph. Thus the composition of n all neighbor graphs
with distinct centers is strongly rooted. In summary, the hypothesis of Theorem 1 is
not vacuous for the asynchronous problem under consideration. When that hypothesis
is satisfied, convergence to a common steady state heading will occur.
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6. Leader following. In this section we consider a modified version of the flock-
ing problem for the same group of n agents as before but now with one of the group’s
members (say agent 1) acting as the group’s leader [11, 8]. The remaining agents,
henceforth called followers and labelled 2 through n, do not know who the leader is
or even if there is a leader. Accordingly they continue to use the same heading update
rule (1) as before. The leader, on the other hand, acting on its own, ignores update
rule (1) and moves with a constant heading θ1(0). Thus

θ1(t + 1) = θ1(t).(43)

The situation just described can be modelled as a state space system

θ(t + 1) = F (t)θ(t), t ≥ 0,(44)

just as before, except now agent 1 is constrained to have no neighbors other than
itself. The neighbor graphs N which model neighbor relations accordingly all have a
distinguished leader vertex which has no incoming arcs other than its own.

Much like before, our goal here is to show for a large class of switching signals
and for any initial set of follower agent headings that the headings of all n followers
converge to the heading of the leader. Convergence in the leaderless case under
the most general conditions required the sequence of neighbor graphs N(0),N(1), . . .
encountered along a trajectory to be repeatedly jointly rooted. For the leader-follower
case now under consideration, what is required is exactly the same. However, since the
leader vertex has only one incoming arc which is a self-arc, the only way N(0),N(1), . . .
can be repeatedly jointly rooted is that the sequence be “rooted at the leader vertex
v = 1.” More precisely, an infinite sequence of graphs G1,G2 in Gsa is repeatedly
jointly rooted at v if there is a positive integer m for which each finite sequence
Gm(k−1)+1, . . . ,Gmk, k ≥ 1, is “jointly rooted at v”; a finite sequence of directed
graphs G1, G2, . . . ,Gk is jointly rooted at v if the composition Gk ◦Gk−1 ◦ · · · ◦G1 is
rooted at v. Our main result on discrete-time leader following is next.

Theorem 3. Let θ(0) be fixed. For any trajectory of the system determined by
(1) along which the sequence of neighbor graphs N(0),N(1), . . . is repeatedly jointly
rooted at vertex 1, there is a constant θss, depending only on θ(0), for which

lim
t→∞

θ(t) = θ1(0)1,

where the limit is approached exponentially fast.
Proof of Theorem 3. Since any sequence which is repeatedly jointly rooted at v

is repeatedly jointly rooted, Theorem 1 is applicable. Therefore the headings of all n
agents converge exponentially fast to a single common steady state heading θss. But
since the heading of the leader is fixed, θss must be the leader’s heading θ1(0).

7. Concluding remarks. The main goal of this paper has been to study vari-
ous versions the flocking problem considered in [14, 16, 3, 11, 1] and elsewhere from a
single point of view which emphasizes the underlying graphical structures for which
consensus can be reached. The paper brings together in one place a number of re-
sults scattered throughout the literature and at the same time presents new results
concerned with convergence rates, asynchronous operation, sensing delays, and graph-
ical interpretations of several specially structured stochastic matrices appropriate to
nonhomogeneous Markov chains.

The approach taken in this paper to analyze consensus in the face of measurement
delays first goes through a lifting process and then focuses on the resulting state space
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model. As we have explained, the lifting process determines stochastic matrices whose
graphs do not have self-arcs at all vertices. Nonetheless the graphs which result,
namely delay graphs, have special structure, which we have exploited. One is able
to associate with each such graph two special graphs, namely a quotient graph and
an agent subgraph. These graphs play roles in the analysis of the consensus problem
with delays which are similar to the roles played by corresponding quotient graphs
and the “injected subgraph” used in the analysis of the asynchronous flocking problem
treated in [5]. Although the corresponding graphs which arise in the two problems
are completely different, there does seem to be a general pattern of use appropriate
to both problems. This suggests that quotient graphs and graphs similar to injected
graphs or agent subgraphs may be useful in analyzing other problems as well.
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MIXING ENHANCEMENT BY OPTIMAL FLOW ADVECTION∗
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Abstract. We consider the problem of optimal mixing control. Our objective is to best enhance
mixing by flow advection while the flow is optimized in the sense that it is almost steady and is
of the least magnitude and the least rotation. For this we define a mixing efficiency functional by
penalizing the average of variance of a diffusive scalar, the average of the flow, and the average of its
acceleration and strain tensor. By variational principles, we prove the existence of an optimal flow
and derive optimality conditions that consist of a system of nonlinear advection-diffusion equations,
wave equations, and Laplace’s equation.

Key words. mixing enhancement, optimal advection, optimal mixing control, advection-
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1. Introduction. A fluid mixture consists of diffusive physical quantities and
a fluid in which the physical quantities are immersed. Typical examples of such a
mixture include fuel and air in a combustor and chemical pollutants and water in the
environment. These physical quantities can be mathematically regarded as scalars.
If a scalar such as the fuel does not significantly influence the fluid motion, it is
called a passive scalar. If chemical reactions can be neglected, then the scalar usually
undergoes two processes: molecular diffusion and flow advection. These two processes
can be mathematically modeled by the advection-diffusion equation

∂c

∂t
+ (v · ∇)c = κ∇2c, c(x, 0) = c0(x) in Ω, and

∂c

∂n
= 0 on ∂Ω(1)

in the absence of a source or sink. In the above equation, c = c(x, t) denotes the
concentration of the scalar, c0(x) is an initial concentration, κ > 0 denotes the molec-
ular diffusivity of the scalar, Ω is a bounded domain in R

n, ∂
∂n denotes the normal

derivative along the boundary ∂Ω,v = v(x,t) denotes an incompressible velocity field

(∇·v = 0), ∇ = ( ∂
∂x1

, . . . , ∂
∂xn

), and ∇2 = ∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n
. We assume that v satisfies

no-penetration boundary conditions on the boundary ∂Ω (n · v = 0 with n denoting
the unit normal on the boundary).

Often a certain level of homogeneity of a mixture is desired. For instance, before
fuel is burned in a combustor, it is required to be well mixed so that the combustor
can achieve its best efficiency. Hence, it is important to design efficient and practical
mixing enhancement techniques.

Because a turbulent flow can greatly enhance mixing [4, 10, 11, 12, 13, 15, 22, 26], a
useful mixing enhancement technique is to destabilize a flow so that it becomes as tur-
bulent or chaotic as possible. In the design of a stainless cylindrical microcombustor,
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a critical component for micropower systems using hydrogen and hydrocarbon fuels as
an energy source, Yang et al. [28] used the backward facing step to provide a simple yet
effective solution to enhance the mixing of the fuel mixture, prolong the residence time,
control the position of the flame, and widen the operational range of the flow rate and
H2/air ratio. Charyulu et al. [7] studied mixing enhancement with two-dimensional
(2D) lobed nozzles in a dual stream supersonic flow facility, and their results indicated
an enormous enhancement in mixing when a 2D lobed nozzle was employed in compar-
ison with a conventional plain 2D nozzle. The enhanced mixing performance could be
attributed to the large-scale axial vortices observed in the flow field. In addition to the
use of these passive control devices, a flow can be destabilized by open-loop active ex-
citations through flaps, wall-jets, or other devices [14] so that the flow is separated and
large-scale coherent structures are developed in the flow. Active feedback controllers
were developed by Aamo, Krstic, and Bewley [1] for destabilization of 2D channel
flows; by Balogh, Aamo, and Krstic [5] for destabilization of three-dimensional (3D)
pipe flows; by Yuan, Krstic, and Bewley [29] for destabilization of jet nozzle flows;
and by Wang et al. [27] for generation of flow separation in bluff body shear flows.

In these control designs, the optimization of control efforts is ignored. While we
try to enhance mixing by destabilizing a flow, it is desirable to minimize this desta-
bilization effort. For instance, after mixing has been enhanced, the destabilization
should be stopped to save the control efforts. The goal of this paper is to characterize
a flow that best enhances mixing and is optimized in some sense.

Mixing will be best enhanced if the scalar variance ‖c(t;v) − 〈c(t;v)〉 ‖ is made
as small as possible [19], where c(x, t;v) is the solution of (1) corresponding to the
velocity v and 〈c(t;v)〉 denotes the mean concentration. As for the control efforts,
we could say that the flow velocity v is optimal if the flow is almost steady and irro-
tational. This implies that the flow, its acceleration, and its strain tensor need to be
minimized. Therefore we define a mixing efficiency functional by penalizing the aver-
age of variance of the scalar, the average of the flow velocity, the average of the strain
tensor, and the average of the acceleration. We show that the functional is weakly
lower semicontinuous and then it attains its minimum. The minimizer of the func-
tional is called an optimal flow. By variational principles, we then derive optimality
conditions that consist of a system of nonlinear partial differential equations.

There are different measures for mixing efficiency such as Lagrangian and Eulerian
time averages of a flow [3], the mixing variance coefficient [6], and the Mix-Norm
defined by Mathew, Mezić, and Petzold [20]. For the convenience of treatment of
our optimal control problem, we use the L2 norm of a scalar variance as the mixing
efficiency measurement.

The optimal mixing problem has been studied in the literature. Using the en-
tropy of automorphisms of dynamical systems as the measure of mixing efficiency,
D’Alessandro, Dahleh, and Mezic [2] formulated an optimal mixing problem by max-
imizing the entropy among all permissible periodic sequences composed of two shear
flows orthogonal to each other. They derived the form of the protocol which maxi-
mizes the entropy by developing appropriate ergodic-theoretic tools. Another optimal
mixing problem was defined by Noack et al. [21], who used the flux across a recircula-
tion region as the measure of mixing efficiency and then maximized the flux among all
permissible controlled vortex motions. These optimal mixing problems are different
from the one discussed here. First, in our case, the advection-diffusion equation is
used to describe the fluid mixing, while a system of ordinary differential equations was
used in their studies. Second, the measures of mixing efficiency are different. Third,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

626 WEIJIU LIU

the optimal objectives are different. While mixing and flow are both optimized in
our case, the optimization of flow was not considered in their cases. Finally, because
of these differences, the characterizations of the optimal flow are different. In our
case, the optimal flow is characterized by a system of nonlinear partial differential
equations, while, in their cases, the optimal sequence of flow is given by the sequence
of period 2 of two matrices in [2], and the optimal vortex motion was identified in [21]
by finding the optimal flat output trajectory which maximizes the flux.

The paper is organized as follows. We define a mixing efficiency functional in
section 2 and prove the existence of an optimal flow in section 3. Optimality conditions
are presented in section 4 and are proved in sections 5 and 6.

2. Mixing efficiency functionals. Throughout this paper, Hs(Ω) denotes the
usual Sobolev space [9] for any s ∈ R. For s ≥ 0, Hs

0(Ω) denotes the completion
of C∞0 (Ω) in Hs(Ω), where C∞0 (Ω) denotes the space of all infinitely differentiable
functions on Ω with a compact support in Ω.

We will need the following vector function spaces:

L2(Ω) = {L2(Ω)}n,

H1(Ω) = {H1(Ω)}n,

H2(Ω) = {H2(Ω)}n,

H1
div(Ω) = {v ∈ H1(Ω) : div(v) = 0 in Ω},

L2
div(Ω) = the closure of H1

div(Ω) in L2(Ω).

The L2 norm of a function f(x) ∈ L2(Ω) is denoted by

‖f‖ =

(∫
Ω

|f(x)|2dV
)1/2

.

We will also need spaces involving time. Let X denote a Banach space with a
norm ‖ · ‖ and 0 < T . The space L2(0, T ;X) consists of all measurable functions
v : [0, T ] → X with

‖v‖L2(0,T ;X) =

(∫ T

0

‖v(t)‖2dt

)1/2

< ∞.

The Sobolev space H1(0, T ;X) consists of all functions v ∈ L2(0, T ;X) such that v′

exists in the weak sense and belongs to L2(0, T ;X). The norm is defined by

‖v‖H1(0,T ;X) =

(∫ T

0

(‖v(t)‖2 + ‖v′(t)‖2)dt

)1/2

.

We denote

H1
0 (0, T ;X) = {v ∈ H1(0, T ;X) | v(0) = v(T ) = 0}.

The space C([0, T ];X) consists of all continuous functions v : [0, T ] → X with

‖v‖C([0,T ];X) = max
0≤t≤T

‖v(t)‖ < ∞.
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The strain tensor of the velocity v = (v1, v2, v3) is denoted by

∇v =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂v1

∂x1

∂v1

∂x2

∂v1

∂x3

∂v2

∂x1

∂v2

∂x2

∂v2

∂x3

∂v3

∂x1

∂v3

∂x2

∂v3

∂x3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The mean concentration of c(x, t;v) is defined by

〈c(t;v)〉 =
1

mes(Ω)

∫
Ω

c(x, t;v)dV.

Mixing will be best enhanced if the scalar variance ‖c(t;v) − 〈c(t;v)〉 ‖ is made
as small as possible. While mixing is best enhanced, the velocity v is desired to be
optimized in the sense that it is almost steady and is of the least magnitude ‖v‖ and
the least rotation. The least magnitude ensures that the cost of generating the flow
will be lowest, and the least rotation guarantees that the flow is not too turbulent
and chaotic. A development of rotation in a flow requires shear stress to be present
on a fluid particle surface. The shear stress depends on the strain tensor ∇v of
the velocity v [23]. Thus, to have the least rotation, the magnitude ‖∇v‖ needs to

be minimized. To make the flow almost steady, the acceleration magnitude ‖∂v(t)
∂t ‖

needs to be minimized. This motivates us to define the following mixing efficiency
functional:

J(v) =

∫ T

0

(
‖c(t;v) − 〈c(t;v)〉 ‖2 + α‖v(t)‖2 + β‖∇v(t)‖2 + γ

∥∥∥∥∂v(t)

∂t

∥∥∥∥
2
)
dt

+μ‖c(T ;v) − 〈c(T ;v)〉 ‖2,(2)

where T > 0 is some desired time, and α > 0, β, γ, μ ≥ 0 are weight constants.
In optimal control theory, the first two terms ‖c(t;v) − 〈c(t;v)〉 ‖2, α‖v(t)‖2, which
penalize the averages of the scalar variance and the controlling cost, are standard
[8, 16]. The variance ‖c(T ;v)− 〈c(T ;v)〉 ‖2 at the final time is optional but included
in this functional to ensure that the highest level of homogenization of the scalar will
be achieved. Another standard functional in optimal control theory is the one over an
infinite time interval for a regulator problem. For the problem of mixing enhancement,
this functional is not appropriate since mixing needs to be enhanced in a desired finite
time.

The weight constants in (2) play an important role in determining the control
strength. For small values of α, β, γ, the functional will result in an optimal solution
with a small variance of the scalar but with big magnitudes of the velocity v, of the
strain tensor ∇v, and of the acceleration ∂v

∂t . This implies that the smaller the weights,
the more turbulent the optimal flow, and then the better the mixing enhancement.

We note that the mean is conserved. In fact, integrating (1) over Ω gives

d

dt
〈c〉 =

κ

mes(Ω)

∫
Ω

∇2c dV = 0,
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where we have used the boundary conditions on v and c. Therefore we can assume zero
mean without loss of generality. With the zero-mean assumption, the cost functional
reduces to

J(v) =

∫ T

0

(
‖c(t;v)‖2 + α‖v(t)‖2 + β‖∇v(t)‖2 + γ

∥∥∥∥∂v(t)

∂t

∥∥∥∥
2
)
dt

+μ‖c(T ;v)‖2.(3)

Then the optimal control problem is to minimize J in an admissible velocity space
V = H1

0 (0, T ;H1
div(Ω)):

(4) J(v∗) = min
v∈V

J(v).

The minimizer v∗ is called an optimal flow.
In deriving optimality conditions for the optimal flow below, control flows are

required to satisfy the condition v(0) = v(T ) = 0. This mathematical condition, in
fact, is quite realistic because the control flows should start from the rest and return
back to the rest at the final time when the mixing has been enhanced. For instance,
before coffee is stirred, the flow is at rest.

In this theoretical study, we assume that an arbitrary unsteady flow can be gen-
erated. This may not be realistic. In a future work, we will consider specific velocity
fields such as v =

∑N
i=1 vi(x)ui(t), where vi(x) (i = 1, . . . , N) are given steady flows

which prescribe how the control action is distributed in the flow field.

3. Existence of optimal flows. For convenience, we state a well-known esti-
mate about the solution of (1) as follows.

Lemma 3.1. Let v ∈ L2(0, T ;L2
div(Ω)). Then the solution c of (1) satisfies the

following estimate:

(5) ‖c(t)‖2
+ 2κ

∫ t

0

‖∇c(s)‖2
ds =

∥∥c0∥∥2
.

Proof. Multiplying (1) by c and using the boundary conditions, we obtain the
equation

(6)
1

2

d

dt
‖c‖2

= −κ ‖∇c‖2
.

Integrating over [t0, t] gives (5).
To prove the existence of an optimal flow, we need the following weakly lower

semicontinuity of the function J .
Lemma 3.2. The functional J defined by (3) is weakly lower semicontinuous.

That is, if vn converges weakly to v0 in H1(0, T ;H1
div(Ω)), then

J(v0) ≤ lim inf
n→∞

J(vn).

Proof. Let vn converge weakly to v0 in H1(0, T ;H1
div(Ω)) and let cn(x, t;vn) be

the solution of

∂cn
∂t

+ (vn · ∇)cn = κ∇2cn, cn(x, 0) = c0(x) in Ω, and
∂cn
∂n

= 0 on ∂Ω.(7)
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Then vn converges strongly to v0 in L2(0, T ;L2
div(Ω)). Moreover, it follows from (5)

that there exists a subsequence of cn(x, t;vn), still denoted by itself for convenience,
that converges weakly to c∗0 in L2(0, T ;H1(Ω)). Therefore we can pass to the limit in
(7) and obtain

∂c∗0
∂t

+ (v0 · ∇)c∗0 = κ∇2c∗0, c∗0(x, 0) = c0(x) in Ω, and
∂c∗0
∂n

= 0 on ∂Ω.

Since any norm of a Banach space is weakly lower semicontinuous [17], it therefore
follows that

lim inf
n→∞

J(vn) ≥ lim inf
n→∞

∫ T

0

(
‖cn(t;vn)‖2 + α‖vn(t)‖2

+β‖∇vn(t)‖2 + γ

∥∥∥∥∂vn(t)

∂t

∥∥∥∥
2
)
dt

+μ lim inf
n→∞

‖cn(T ;vn)‖2

≥
∫ T

0

(
‖c∗0(t;v0)‖2 + α‖v0(t)‖2 + β‖∇v0(t)‖2 + γ

∥∥∥∥∂v0(t)

∂t

∥∥∥∥
2
)
dt

+μ‖c∗0(T ;v0)‖2

= J(v0).

So the functional J is weakly lower semicontinuous.
From this lemma, we can readily prove the following existence theorem.
Theorem 3.1. If β, γ > 0, then there exists an optimal flow v∗ ∈ V = H1(0, T ;

H1
div(Ω)) such that

(8) J(v∗) = min
v∈V

J(v).

Proof. Let vn be the minimizing sequence in H1(0, T ;H1
div(Ω)). That is,

lim
n→∞

J(vn) = min
v∈V

J(v).

Then vn is bounded in H1(0, T ;H1
div(Ω)). This implies that there exists a subse-

quence, still denoted by vn, that converges weakly to v∗ in H1(0, T ;H1
div(Ω)). It

therefore follows from Lemma 3.2 that

J(v∗) ≤ lim
n→∞

J(vn) = min
v∈V

J(v),

which implies (8).
If β = γ = 0, the existence is open. In this case, the minimizing sequence vn

is bounded only in L2(0, T ;L2
div(Ω)) and then may not converge strongly to v0 in

L2(0, T ;L2
div(Ω)). Thus passing to the limit in (7) cannot be guaranteed. Also the

uniqueness of the optimal flow is open because we could not prove that the functional
J is convex.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

630 WEIJIU LIU

4. Optimality conditions.
Theorem 4.1. If v∗ is an optimal flow under the cost functional J defined by

(3), then it satisfies the following equations:

∂c

∂t
+ (v∗ · ∇)c = κ∇2c,(9)

∂g

∂t
+ (v∗ · ∇)g = −κ∇2g + c(v∗),(10)

∇2p(x, t) = ∇g(x, t;v∗) · ∇c(x, t;v∗) + g(x, t;v∗)∇2c(x, t;v∗),(11)

−αv∗ + β∇2v∗ + γ
∂2v∗

∂t2
= g(x, t;v∗)∇c(x, t;v∗) −∇p,(12)

∂c

∂n
=

∂g

∂n
=

∂p

∂n
= 0, v∗ = 0 on ∂Ω,(13)

v∗(x, 0) = v∗(x, T ) = 0 in Ω,(14)

c(x, 0) = c0(x), g(x, T ) = −μc(x, T ;v∗) in Ω.(15)

We will prove this theorem in the next two sections.
If β = 0, we can solve (12) to obtain

v∗ =
1

2

√
1

αγ

∫ t

0

(∇p(x, s) − g(x, s)∇c(x, s))
(
e
√

α/γ(s−t) − e
√

α/γ(t−s)
)
ds

+
1

2

√
1

αγ

e−t
√

α/γ − et
√

α/γ

e−T
√

α/γ − eT
√

α/γ

×
∫ T

0

(∇p(x, s) − g(x, s)∇c(x, s))
(
e
√

α/γ(T−s) − e
√

α/γ(s−T )
)
ds.

This control law shows that the optimal control flow depends on all the concentration
gradients during the whole time period from 0 to T .

Solving the system (9)–(15) numerically or analytically is a challenging problem
since it is highly nonlinear. As an initial attempt, we give a preliminary numerical
result.

One potential method for solving (9)–(15) could be the iteration method. We
first solve the advection-diffusion (9) with a given velocity v1. Then with this solution
c(v1), we solve (10) and then (11). Through (12), we obtain a new velocity v2. With
this v2, we repeat the above procedure, and so on.

To test whether or not this iteration method works, we consider a simplified case
where β = γ = μ = 0 and the system is considered in a 2D domain. Under this
simplification, this testing could be purely numerical, as real mixing may take place
only in the 3D space. Since β = γ = 0, the boundary condition (14) is not needed,
and then v∗(x, 0) may not be equal to zero in this case.

In our computations, the domain Ω = (0, 1)×(0, 1), the initial condition c0(x, y) =
sin(2πx) sin(2πy), the diffusivity κ = 0.01, the starting velocity v1 = 0, T = 2,
α = 0.5, and β = γ = μ = 0. All equations are solved by the finite element method
developed in [25] (with some modifications for this particular problem).
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Fig. 1. Starting with the velocity v1 = 0, the functional J reaches its minimum after a number
of iterations and then stays there.

Figure 1 shows that the functional J reaches its minimum after a number of
iterations and then stays there. The approximate optimal flow v∗ obtained via 20
iterations in this numerical experiment is shown in Figure 2. From this figure it can
be seen that the flow is decreasing to zero. This could imply that after the scalar is
well advected, no further advection is needed to save the control efforts.

To see how this optimal flow enhances mixing, we compare the variance decay in
the case of v1 = 0 with the variance decay in the case of the optimal flow, where the
variance is defined by

V (t) = ‖c(t;v) − 〈c(t;v)〉 ‖2.

Figure 3 shows that the variance of the scalar advected by the optimal flow decays
much faster than the one without advection.

To further test whether or not the functional J(v) really attains the minimum at
the optimal flow obtained above, we consider a couple of other model flows. One of
them is the following time-periodic velocity [18], denoted by vp1 :

v1(x, y, t) =

{
sin(πx) cos(πy) if n ≤ t < n + 0.5;

− sin(2πx) cos(πy) if n + 0.5 ≤ t < n + 1;

v2(x, y, t) =

{
− cos(πx) sin(πy) if n ≤ t < n + 0.5;

2 cos(2πx) sin(πy) if n + 0.5 ≤ t < n + 1.
(16)

As above, we can compute the value of the functional J(vp1) at this flow and obtain

J(vp1) = 1.0429,

which is greater than the value of the functional at the above optimal flow:

J(v∗) = 0.1731.

Another flow is the simplified model flow, denoted by vp2 , of time-aperiodic
Rayleigh–Bénard convection. The velocity field of the flow is derived from the stream
function

(17) Ψ =
A

n
sin(2πx) sin{n[x + B sin(ωt)]}W (y),
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Fig. 2. The x-component v1 (top row and middle row (left)) and y-component v2 (middle row
(right) and bottom row) of the optimal flow v∗ at t = 0, 0.999, 1.999, obtained via 20 iterations
starting with the velocity v1 = 0.

where A is a positive constant, n is the wave number 2π/λ with a constant λ, and
W (y) is a function that satisfies the rigid boundary conditions at the top and bottom
surfaces. Here we use the following function W (y):

W (y) = (1 − y)y.

This stream function is obtained by adding the factor sin(2πx) to a stream function
used in [24] to make it satisfy the no-penetration boundary condition. In this com-
putation, A = 1.8, B = 0.06, ω = 2π, and λ = 2. The value of the functional at this
flow is

J(vp2) = 0.2801.

As before, it is also greater than J(v∗) = 0.1731.
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Fig. 3. The variance of a scalar advected by the optimal flow decays much faster than the one
without advection.

The above is a very preliminary attempt. The complete resolution of the problem
could require an extensive regularity analysis of solutions and applications of fixed
point theorems.

The asymptotic behavior of solutions of the system (9)–(15) in the zero limit of
the diffusivity κ is a singular perturbation problem. This problem is interesting but
difficult. The resolution of the problem will require extensive asymptotic analysis
such as the decomposition of inner and outer solutions and boundary layer analysis.
This is beyond the reach of the paper.

5. Gâteaux differentials. The space C(Ω) consists of all continuous functions
f on Ω with

‖f‖∞ = max
x∈Ω

|f(x)| < ∞.

The function vector space C(Ω) = {C(Ω)}n.
Theorem 5.1. Let the functional J be defined by (3). If v = (v1, v2, v3) ∈

H1(0, T ;H1
div(Ω)) and u = (u1, u2, u3) ∈ H1(0, T ;H1

div(Ω)∩C(Ω)), then the Gâteaux
differential of J is given by

〈J ′(v),u〉 = lim
ε→0

J(v + εu) − J(v)

ε

= 2

∫ T

0

∫
Ω

c(v)h(v,u)dV dt + 2μ

∫
Ω

c(T ;v)h(T ;v,u)dV

+ 2

∫ T

0

∫
Ω

(
αv · u + β∇v · ∇u + γ

∂v

∂t
· ∂u
∂t

)
dV dt,(18)

where ∇v · ∇u =
∑3

i,j=1
∂vi

∂xj

∂ui

∂xj
and h is the solution of

∂h

∂t
+ (v · ∇)h = κ∇2h− (u · ∇)c(v) in Ω,(19)

h(x, 0) = 0 in Ω, and
∂h

∂n
= 0 on ∂Ω.
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To prove this theorem, we need the following lemma. For a positive constant
ε and v,u ∈ L2(0, T ;L2

div(Ω)), we denote by c(v) and cε(v,u) the solutions of (1)
corresponding the velocities v and v + εu, respectively.

Lemma 5.1. Let u ∈ L2(0, T,L2
div(Ω) ∩ C(Ω)) and denote hε(v,u) = cε(v,u) −

c(v). Then the hε satisfies the following estimates:

max
0≤s≤t

‖hε(s)‖2 ≤ 2ε2

κ
‖c0‖2

∫ t

0

‖u(s)‖2
∞ds,(20)

1

2
‖hε(t)‖2

+ κ

∫ t

0

‖∇hε(s)‖2
ds ≤ ε2

κ
‖c0‖2

∫ t

0

‖u(s)‖2
∞ds,(21)

max
0≤s≤t

∥∥∥∥hε(s)

ε
− h(s)

∥∥∥∥
2

≤ 4ε2

κ2
‖c0‖2

(∫ t

0

‖u(s)‖2
∞ds

)2

.(22)

Proof. A direct calculation shows that hε satisfies

∂hε

∂t
+ (v · ∇)hε = κ∇2hε − ε(u · ∇)cε(v,u) in Ω,(23)

hε(x, 0) = 0 in Ω, and
∂hε

∂n
= 0 on ∂Ω.

Multiplying (23) by hε and using the boundary conditions, we obtain the equation

1

2

d

dt
‖hε(t)‖2

= −κ ‖∇hε‖2 − ε

∫
Ω

hε(u · ∇)cεdV

≤ ε‖u(t)‖∞‖hε(t)‖‖∇cε(t)‖.(24)

Integrating over [t0, t] gives

‖hε(t)‖2 ≤ 2ε max
0≤s≤t

‖hε(s)‖
∫ t

0

‖u(s)‖∞‖∇cε(s)‖ds

≤ 2ε max
0≤s≤t

‖hε(s)‖
(∫ t

0

‖u(s)‖2
∞ds

)1/2 (∫ t

0

‖∇cε(s)‖2ds

)1/2

,

which implies that

max
0≤s≤t

‖hε(s)‖2 ≤ 2ε max
0≤s≤t

‖hε(s)‖
(∫ t

0

‖u(s)‖2
∞ds

)1/2 (∫ t

0

‖∇cε(s)‖2ds

)1/2

≤ 1

2

(
max
0≤s≤t

‖hε(s)‖
)2

+ 2ε2

∫ t

0

‖u(s)‖2
∞ds

∫ t

0

‖∇cε(s)‖2ds.

It then follows from (5) that

max
0≤s≤t

‖hε(s)‖2 ≤ 4ε2

∫ t

0

‖u(s)‖2
∞ds

∫ t

0

‖∇cε(s)‖2ds

≤ 2ε2

κ
‖c0‖2

∫ t

0

‖u(s)‖2
∞ds.(25)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MIXING ENHANCEMENT 635

This proves (20).

To prove (21), we use (24) again and derive that

1

2
‖hε(t)‖2

+ κ

∫ t

0

‖∇hε(s)‖2
ds

≤ ε max
0≤s≤t

‖hε(s)‖
∫ t

0

‖u(s)‖∞‖∇cε(s)‖ds

≤ ε max
0≤s≤t

‖hε(s)‖
(∫ t

0

‖u(s)‖2
∞ds

)1/2 (∫ t

0

‖∇cε(s)‖2ds

)1/2

.

It then follows from (5) and (20) that

1

2
‖hε(t)‖2

+ κ

∫ t

0

‖∇hε(s)‖2
ds ≤ ε2

√
2√
κ
‖c0‖

∫ t

0

‖u(s)‖2
∞ds

‖c0‖√
2κ

≤ ε2

κ
‖c0‖2

∫ t

0

‖u(s)‖2
∞ds.(26)

To prove (22), we denote fε = hε

ε − h. A direction calculation shows that

∂fε
∂t

+ (v · ∇)fε = κ∇2fε − (u · ∇)hε in Ω,(27)

fε(x, 0) = 0 in Ω, and
∂fε
∂n

= 0 on ∂Ω.

In the same way as above, we can derive that

max
0≤s≤t

‖fε(s)‖2 ≤ 4

∫ t

0

‖u(s)‖2
∞ds

∫ t

0

‖∇hε(s)‖2ds

≤ 4ε2

κ2
‖c0‖2

(∫ t

0

‖u(s)‖2
∞ds

)2

.

We are now ready to prove Theorem 5.1. Using the estimates (20) and (22), we
derive that

lim
ε→0

1

ε

∫ T

0

∫
Ω

[|c(v + εu)|2 − |c(v)|2]dV dt

= lim
ε→0

1

ε

∫ T

0

∫
Ω

[|c(v) + hε(v,u)|2 − |c(v)|2]dV dt

= lim
ε→0

1

ε

∫ T

0

∫
Ω

[2c(v)hε(v,u) + (hε(v))2]dV dt

= 2

∫ T

0

∫
Ω

c(v)h(v,u)dV dt.(28)
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In the same way, we can show that

lim
ε→0

1

ε

∫
Ω

[|c(T ;v + εu)|2 − |c(T ;v)|2]dV

= lim
ε→0

1

ε

∫
Ω

[|c(T ;v) + hε(T ;v,u)|2 − |c(v)|2]dV

= lim
ε→0

1

ε

∫
Ω

[2c(T ;v)hε(T ;v,u) + (hε(T ;v,u))2]dV

= 2

∫
Ω

c(T ;v)h(T ;v,u)dV.

Using these limits, we then readily prove Theorem 5.1.

6. Proof of Theorem 4.1. If the flow v∗ is an optimal flow under the functional
J defined by (3), then it satisfies

〈J ′(v),u〉 = 0

for all u ∈ H1
0 (0, T ;H1

div(Ω)). It then follows from (18) that∫ T

0

∫
Ω

c(x, t;v∗)h(x, t;u,v∗)dV dt + μ

∫
Ω

c(x, T ;v∗)h(x, T ;u,v∗)dV(29)

+

∫ T

0

∫
Ω

(
αv∗ · u + β∇v∗ · ∇u + γ

∂v∗

∂t
· ∂u
∂t

)
dV dt = 0

for all u ∈ H1
0 (0, T ;H1

div(Ω) ∩ C(Ω)). Consider the adjoint equation

∂g

∂t
+ (v∗ · ∇)g = −κ∇2g + c(v∗) in Ω,(30)

g(x, T ) = −μc(x, T ;v∗) in Ω, and
∂g

∂n
= 0 on ∂Ω.

Multiplying (30) by h and (19) by g and integrating over Ω × [0, T ], we obtain∫ T

0

∫
Ω

c(x, t;v∗)h(x, t;u,v∗)dV dt + μ

∫
Ω

c(x, T ;v∗)h(x, T ;u,v∗)dV(31)

=

∫ T

0

∫
Ω

(u · ∇c(x, t;v∗)) g(x, t;v∗)dV dt.

After integration by parts with respect to t, we deduce from (29) and (31) that

(32)

∫ T

0

∫
Ω

u ·
(
αv∗ − β∇2v∗ − γ

∂2v∗

∂t2
+ g(x, t;v∗)∇c(x, t;v∗)

)
dV dt = 0,

which implies that there exists a potential function p such that

(33) αv∗ − β∇2v∗ − γ
∂2v∗

∂t2
+ g(x, t;v∗)∇c(x, t;v∗) = ∇p.

To determine p, we apply the divergence operation to the above equation and then
obtain

(34) ∇2p = ∇g(x, t;v∗) · ∇c(x, t;v∗) + g(x, t;v∗)∇2c(x, t;v∗).

Thus we have proved Theorem 4.1.
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7. Conclusions. We have studied the problem of optimal mixing control whose
objective is to best enhance mixing by flow advection while the flow is optimized in
the sense that it is almost steady and is of the least magnitude and the least rotation.
In solving this problem, we defined a mixing efficiency functional by penalizing the
average of variance of the scalar, the average of the flow, and the average of the strain
tensor and acceleration of the flow. We showed that the functional is weakly lower
semicontinuous and then it attains its minimum. By variational principles, we then
derived optimality conditions that consist of a system of nonlinear partial differential
equations.

A number of issues are left open. Solving the optimality partial differential equa-
tions numerically or analytically is challenging since nonlinearity is presented in the
advection term, which, like in the study of Navier–Stokes equations, is difficult to
estimate. The resolution of the problem could require the regularity analysis of solu-
tions and applications of fixed point theorems. The uniqueness of the optimal flow is
open because we could not prove that the efficiency functional J is convex. Another
interesting problem is the singular perturbation problem for the optimality partial
differential equations in the zero limit of diffusivity. The resolution of the problem
will require an extensive asymptotic analysis such as the decomposition of inner and
outer solutions and boundary layer analysis.

Results presented in this paper could have potential applications in aerospace
engineering and mixing-related industry. Often a certain level of homogeneity of
a fluid mixture is desired. For instance, before fuel is burned in a combustor, it
is required to be well mixed so that the combustor has its best efficiency. Hence,
optimality conditions derived in this paper could serve as guidelines in implementing
an efficient and practical control technique for mixing enhancement.
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[20] G. Mathew, I. Mezić, and L. Petzold, A multiscale measure for mixing, Phys. D, 211 (2005),

pp. 23–46.
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EFFECT OF INPUT NOISE ON A MAGNETOMETER WITH
QUANTUM FEEDBACK∗

ZHIGANG ZHANG†

Abstract. This article investigates the effects of input noise on a magnetometer with quantum
feedback. Previous research has shown that feedback makes the measurement robust to an unknown
parameter, the number of atoms involved, with the assumption that the feedback is noise free. To
evaluate the effects of the feedback noise, we extend the original model by an input noise term.
We then analyze the steady state performance of the Kalman filter for both the closed-loop and
open-loop cases and retrieve the second moment of the estimation error. The results are compared
and criteria for evaluating the effects of input noise are obtained. Robust and optimal designs are
also discussed. Computations and simulations show how quantitatively the input noise increases the
estimation error and changes the region where the closed-loop case behaves better than the open-loop
case.

Key words. quantum control, magnetometry, Kalman filter, LQG controller
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1. Introduction. Several forces are driving the research of quantum control.
The rapid development of optics and atomic physics has made it possible to now
observe and manipulate small-scale quantum systems in laboratories, approaching the
limitation allowed by quantum mechanics. The idea of controlling a quantum system
is no longer impractical, and a steadily growing number of quantum control systems
are now experimentally accessible. A particular area of interest in which quantum
control is important is quantum computing. For many laser-driven, microscopically
small quantum computing components, special control technologies are needed to
make the quantum gates robust against uncertainties and reliable even under small
disturbances. Quantum control also finds its applications in chemistry, metrology, and
other fields. For example, substantial improvement can be made by quantum control
in protein structure determination via nuclear magnetic resonance (NMR) [7].

To describe a quantum system, one requires knowledge of quantum mechanics.
The model is usually a Schrödinger equation and may contain random factors to con-
stitute a quantum stochastic differential equation (SDE) [19] or a stochastic master
equation (SME) [18, 21, 20]. These models are mostly nonlinear and do not appear
in the setting of classical control theory. Fortunately, a simplified model for control
purposes is available in most cases, and the design of the controller and filter is analo-
gous to that of a classical system [2]. Using the separation principle, we can normally
separate the control system into a filter and a controller. The filter, combined with
a continuous quantum nondemolition measurement (QND), covers all the quantum
details and estimates the system state. This makes the controller design much eas-
ier. It is not surprising that many classical control methods find their way into the
control of quantum systems. Examples include, but are not limited to, Bayesian esti-
mation, the Kalman filter, bang-bang control, the linear quadratic Gaussian (LQG)
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controller, and optimal control. Realization of nonclassical states [12], such as squeezed
states [18, 21, 3] and Dicke-states [17], which had been difficult to achieve stably in the
laboratory, now occurs frequently in the literature. Other applications, such as track-
ing a single molecule [1, 8], estimating the phase of a continuous beam of light [11],
or even cooling a single atom with a laser [15], are also reported.

Measurement of basic physics quantities, such as a magnetic field, is fundamental
for physics and for applications such as quantum computation. The system discussed
in this article is a magnetometer with an ensemble of atomic spins as its probe. When
put in a magnetic field, the collective spin rotates perpendicularly in the direction of
the field. A light beam passing through experiences polarization changes due to the
collective spin, and this polarization is then measured continuously to estimate the
magnetic field. Feedback can be applied by adding another magnetic field controlled
by a computer. The same system has been used to produce a squeezed spin state [3].
With the assumption that the applied feedback magnetic field has infinite accuracy,
Stockton et al. [16] built a model for the system and showed that the measurement
with feedback was robust to an unknown parameter in the model, which is the number
of atoms in the ensemble. Molmer and Madsen [9] also present a theory for the
estimation. Petersen, Madsen, and Molmer [10] extend the system setup to several
ensembles to measure a vector field and gain precision, but the input noise has not
yet been taken into account.

Our study here focuses on the effects of the input noise on the measurement. We
begin from the SME model and prove that it is equivalent to a simple linear SDE
model [16]. This model is extended with an input noise. We then proceed to find
the steady state performances of the measurement and the second moments of the
estimation error in both closed-loop and open-loop cases. As was done previously, we
use the Kalman filter to estimate the system state and the LQG controller to find
the compensative field. We also assume that the observer does not know the exact
number of atoms.

This article is organized as follows. In section 2, we introduce the system setup
and find the simplification of the SME model. In section 3, we determine the steady
state performance when no feedback is applied (open-loop case). Similarly, the steady
state performance with feedback (closed-loop case) is determined in section 4. In
section 5, we compare the results between the open-loop and closed-loop cases, and
in section 6, we look into the optimal and robust designs. Finally, in section 7, a
conclusion is given.

2. System setup and its model. The system is designed to measure an un-
known and possibly fluctuating magnetic field b(t) oriented along the y-axis. A
schematic is given in Figure 2.1. It consists of a cloud of atoms, a linearly polarized
off-resonant light beam, and a polarization detector formed by two photon detectors
and one amplifier. When the control loop is closed, a compensative magnetic field
u(t) is applied by a computer via a group of coils. The computer collects information
from the polarization detector, estimates the state of the system, and decides the
current through the coils. The atomic nuclei have nonzero spin. Originally initialized
along the x-axis, the collective spin of the nuclei (hereafter we just call it the collective
spin) will rotate in the x− z plane if b(t) is not completely compensated by u(t). The
z-component of the collective spin is measured with the light beam, which is linearly
polarized and off-resonant to the atoms. While passing through the atomic cloud, the
light beam experiences a Faraday rotation proportional to the magnetic field along
its propagation direction, the z-axis. Because both u(t) and b(t) are along the y-axis,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

INPUT NOISE ON A MAGNETOMETER WITH QUANTUM FEEDBACK 641

Z
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X

J

z(t)

y(t)

Estimator

Controller

(a) (b)

b(t)

u(t)u(t)

b(t)

Fig. 2.1. The setup of a magnetometer. The external magnetic field b(t) is directed along
the y-axis, which is unknown and possibly fluctuating. To measure it, an ensemble of atoms with
nonzero nuclear spin is put in the field and initially polarized along the x-axis. A linearly polarized
light beam travels through the atomic cloud along the z-axis. The signal of the polarization change
is picked up at the end by a pair of photodetectors. A spin ensemble is shown in (a) with spins
polarized among a small angle of x-axis. The Kalman filter (estimator) and controller are shown in
(b). The picture is excerpted from [16].

the rotation is purely an effect of the collective spin.
Let the state of a quantum system be given by its wavefunction |ψ〉, which lives

in a finite dimensional L2 space. According to quantum mechanics, every observable
physics quantity, O, is associated with an operator on the L2 space, denoted by Ô.
Let |ξi〉 be an orthonormal basis of the space; the expectation of the quantity, denoted
by 〈Ô〉, is given by

E[O] = 〈Ô〉 = 〈ψÔψ〉 = Tr(Ô|ψ〉〈ψ|) =
∑
i

〈ξi|Ô|ψ〉〈ψ|ξi〉,

where we have used the Dirac notation. For an ensemble of many identical quantum
systems which are prepared similarly, we may not know the state of each system.
Instead, as for the ensemble of atomic spins, only the probability distribution of
possible states |ψj〉, Pj , is available. The expectation of the quantity is then the
average over all possible |ψj〉 and is given by

(2.1) 〈Ô〉 = Tr(Ôρ),

where ρ =
∑

j Pj |ψj〉〈ψj | is called the density matrix or density operator. Similarly,
the variance of O is given by

V ar[O] = E[(O − E[O])2] = 〈(Ô − E[O])2〉 = 〈ΔÔ2〉,

where ΔÔ = Ô − 〈Ô〉. When there is only one operator involved, we use 〈O〉 and
〈ΔO2〉 instead of 〈Ô〉 and 〈ΔÔ2〉, respectively, without confusion.

The evolution of ρ can be derived using the Schrödinger equation of |ψ〉,

(2.2) ρ̇ = − i

�
[Ĥ, ρ] = − i

�
(Ĥρ− ρĤ),

where Ĥ is the system Hamiltonian without interaction with its environment. This
equation is called the Liouville or Von Neumann equation [13] or master equation.
For the ensemble of spins we consider in this article, we have to take into account
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the decay of the system due to its interaction with its environment (bath). Moreover,
information from the measurement improves our knowledge about the system, and
a density matrix conditioned on the measurement history fits our needs better. The
evolution of this conditioned density matrix satisfies a more complicated SME [13,
18, 21]. In the system setup of this article, it is given by

(2.3)
dρc(t) = −idt[Ĥ(t), ρc(t)] + D[

√
MĴz]ρc(t)dt

+
√
ηH[

√
MĴz]ρc(t) · 2

√
Mη(y(t)dt− 〈Ĵz〉(t)dt),

where Ĥ = γhĴz, ρc is the conditioned density matrix, and Ĵz and Ĵy are the operators
associated with the z-component and y-component of the collective spin, respectively.
Other symbols are defined below: γ is a constant called the gyromagnetic ratio,
h = b(t) + u(t) is the total magnetic field, M is the measurement rate, η is the
quantum efficiency of the detection, and y(t) is the photocurrent detected. Operators
H and D are two superoperators defined by

(2.4)
D(ĉ)ρ = ĉρĉ† − (ĉ†ĉρ + ρĉ†ĉ)/2,
H(ĉ)ρ = ĉρ + ρĉ† − Tr[(ĉ + ĉ†)ρ]ρ,

where ĉ is an operator.
We define dW̄ (t) = 1√

σm
(y(t)dt−〈Jz〉(t)dt), where σm = 1

4Mη . The process W̄ is

a stochastic quantity representing the shot noise in the photodetection process, and
it is a Brownian motion. The SME model is first derived for an ensemble of atoms
interacting with a single mode far-off resonant cavity [18]. However, Silberfarb and
Deutsch lately show that it also applies to the free-space system we have [14]. When
η = 0, we discard the measurement result and (2.3) changes into a deterministic
master equation. In terms of dW̄ , the measurement result y(t) is also a stochastic
process:

(2.5) y(t)dt = 〈Jz〉(t)dt +
√
σmdW̄ (t).

According to its definition, the density matrix is another form describing the
system state besides the wavefunction. When the measurement result is taken into
account, the conditioned density matrix, ρc, gives us the best estimation of the system
state. Its evolution is described by the SME models of (2.3) and (2.5). In this setup,
to estimate the magnetic field we are concerned only with the current through the
detector, and thus the z-component of the collective spin. It will be good enough for
us to know the various moments of Jz, especially the first two.

Given ρc, the expectation and variance of Jz, denoted as 〈Jz〉 and 〈ΔJ2
z 〉, respec-

tively, can be computed using (2.1):

(2.6)

{
〈Jz〉 = Tr(ρcĴz),

〈ΔJ2
z 〉 = Tr(ρc(Ĵz − 〈Ĵz〉)2).

The SDE of 〈Jz〉 and its variance 〈ΔJ2
z 〉 can be derived from the SME [16]:

(2.7)

d〈Jz〉(t) = γ〈Jx〉(t)h(t)dt +
〈ΔJ2

z 〉(t)√
σm

dW̄ (t),

d〈ΔJ2
z 〉(t) = −〈ΔJ2

z 〉2
σm

dt− iγ〈[ΔĴ2
z , Ĵy]〉(t)h(t)dt +

〈ΔĴ3
z 〉(t)√
σm

dW̄ (t).
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Clearly, both 〈Jz〉 and 〈ΔJ2
z 〉 are scalar stochastic processes driven by dW̄ and h(t).

According to (2.6), it is actually the conditional expectation of Jz based on the mea-
surement history, and thus the best estimation.

The above SDE, (2.7), is nonlinear and intractable. However, it can be sim-
plified under certain conditions. First, we assume that the collective spin vector,
J = [Jx, Jy, Jz], is a stochastic Gaussian process, which is called the Gaussian as-
sumption; second, we assume that J is kept around the x-axis, which is called the
small angle assumption. Then a one-dimensional linear stochastic process whose op-
timal estimation is equivalent to 〈Jz〉 can be found under these two assumptions.

Theorem 2.1. A linear stochastic process defined by

(2.8)

{
dz(t) = γJh(t)dt,
y(t)dt = z(t)dt +

√
σmdw2(t),

where w2(t) is a Brownian motion, is equivalent to the system described by (2.3) and
(2.5) under the small angle and Gaussian assumptions. The equivalence is in the
meaning that its optimal estimator (Kalman filter) is the same as (2.7) by replacing
〈Jz〉 by the optimal estimation of z(t) and replacing dW̄ by a multiple of the innovation
process. Specifically, the optimal estimation of z(t) and 〈Jz〉 satisfies the same SDE
when dW̄ is replaced by Nt√

σm
, where Nt is the innovation process of the Kalman filter.

Proof. Under the Gaussian assumption, both 〈ΔĴ3
z 〉, the third order moment of

Jz, and 〈[ΔĴ2
z , Ĵy]〉 vanish. If the spin angle 〈Jz〉/〈Jx〉 is kept small (the small angle

assumption), 〈Jx〉(t) ∼= Je−Mt/2 ∼= J when t � 1/M , where J is the amplitude of the
vector J or the number of atoms. Thus (2.7) can be simplified to

(2.9)
d〈Jz〉(t) = γJh(t)dt +

〈ΔJ2
z 〉(t)√
σm

dW̄ (t),

d〈ΔJ2
z 〉(t) = −〈ΔJ2

z 〉2(t)
σm

dt.

The last differential equation can be solved analytically:

〈ΔJ2
z 〉(t) =

〈ΔJ2
z 〉(0)σm

σm + 〈ΔJ2
z 〉(0)t

,

where 〈ΔJ2
z 〉(0) = J/2 for an initially coherent spin state.

Now, if we think 〈Jz〉 is the optimal estimation of Jz and W̄ (t) is a multiple of
the innovation process, then (2.9) has the structure of an optimal estimator.

The following shows the optimal estimation z̃(t) of the linear system described
by (2.8) satisfying an SDE:

(2.10)
dz̃(t) = γJh(t)dt +

Σ

σm
(y(t)dt− z̃(t)dt),

d

dt
Σ(t) = −Σ2

σm
.

We note that it is a Kalman filter. Comparing (2.10) and (2.9), we obtain what we
want.

We have two notes about the above theorem. First, although the sample used
is small, the number of atoms involved is still large. Thus the Gaussian assumption
is practical. The term 〈[ΔĴ2

z , Ĵz]〉h(t) can be ignored also because h(t) is close to
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zero when feedback control is applied. Second, the equivalence of these two models is
based on the fact that we are interested only in 〈Jz〉, which connects h(t) and y(t).

The above theorem shows that we can work on a simpler linear SDE model instead
of the formidable SME in (2.3) and (2.5). Both b(t) and u(t) are classical. We assume
that b(t) is fluctuating and can be described by a stochastic process:

(2.11) db(t) = −rbb(t)dt +
√
σbfdw1,

where w1 is another Brownian motion independent of w2 and rb defines the bandwidth
of b(t). Then a two-dimensional process combining (2.8) and (2.11) can be obtained:

(2.12) dx(t) = Ax(t)dt +

[
0√
σbf

]
dw1,

(2.13) y(t)dt = Cx(t)dt +
√
σmdw2,

where we use x to denote the state,

x =

[
z(t)
b(t)

]
.

The matrices are given as

(2.14) A =

[
0 γJ
0 −rb

]
, C = [1, 0].

The initial variance matrix of the state is

(2.15) Σ0 =

[
σz0 0
0 σb0

]
.

We also define Σ1 and Σ2 as follows:

(2.16) Σ1 =

[
0 0
0 σbf

]
, Σ2 = σm =

1

4
Mη.

3. Steady state performance without feedback.

3.1. Methods without using the Kalman filter. The magnetic field can be
measured without using the Kalman filter. If b(t) is not compensated by another field,
the collective spin will rotate around the y-axis. If the magnetic field is strong and
constant, an oscillating signal can be obtained before the spin damps significantly.
Since the oscillation frequency (Larmor frequency) is proportional to the magnetic
field, the amplitude of the field can be found using the signal’s Fourier transform.
But this is not always the case. If the field is weak, only a noisy sloped line of a
small angle rotation can be recorded. By fitting the curve with a line, we can find an
estimation of its slope, denoted as s. If we know J , the field can be retrieved through
identity b̃ = b = s/γJ , where b̃ is the estimation.

However, the above slope method doesn’t work well when J is unknown. If a guess
J ′ is used instead of the real J , the actual estimation satisfies b̃ = s/γJ ′ = (J/J ′)b.
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The second moment and expectation of the estimation error now depend on J ′:

(3.1) E[(b− b̃)2] =

(
1 − 1

f

)2

E[b2],

(3.2) E[b− b̃] =

(
1 − J

J ′

)
E[b] =

(
1 − 1

f

)
E[b],

where f = J ′/J . If the magnetic field is constant, the error is systematic and can be
calibrated away. If both b and J are random, the error is no longer systematic and
the slope does not make much sense.

3.2. A method using the Kalman filter. The Kalman filter gives us the best
estimation for a linear stochastic process with Gaussian-type noise. In this section,
we will find the steady state performance of the Kalman filter for any J ′ picked, using
the SDE model formed by (2.12) and (2.13). Because the linearization requires a
small angle assumption, we constrain b(t) to be weak and possibly fluctuating so that
〈Jz〉/〈Jx〉 is small. We also assume that the time scale is short enough, so that the
damping effect can be ignored, and long enough so that the estimation reaches its
steady state. The result sets a standard for future comparison.

Finding the Kalman gain vector involves solving a matrix Riccati equation

(3.3)
d

dt
Σ(t) = A′Σ + ΣA′T − ΣCT (Σ2)

−1CΣ + Σ1

with initial condition

Σ(0) = E[(x(0) − x̃(0))(x(0) − x̃(0))T ] = Σ0,

where A′ is the same as A except that J is replaced by J ′. The Kalman gain vector
then is obtained from Σ using identity

(3.4) Ko(t) = ΣCT (Σ2)
−1.

In this article, we are interested in only the steady state performance of the
estimation. The above differential equation can be replaced by an algebraic equation,

(3.5) A′Σ + ΣA′T − ΣCT (Σ2)
−1CΣ + Σ1 = 0,

and Ko becomes constant. Denoting the two entries of Ko as Kz and Kb and solving
the above equation, we have
(3.6)

Ko =

[
Kz

Kb

]
=

⎡
⎢⎢⎣

−rb +

√
r2
b + 2γJ ′

√
σbf

σm√
σbf

σm
− rb

γJ′

(√
r2
b + 2γJ ′

√
σbf

σm
− rb

)
⎤
⎥⎥⎦ ≈

⎡
⎣

√
2J ′σ

1/4
bf σ

−1/4
m

σ
1/2
bf σ

−1/2
m

⎤
⎦ .

Note that J ′ instead of J appears in (3.6). The observer actually chooses J ′ in the
design of the Kalman filter. The approximation is based on the large J assumption:
r2
b � γJ

√
σbf/σm. Although J ′ may be different from J , it is reasonable to assume

that they have the same order because the observer does have some idea about J .
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For simplicity, we define J = γJ and J
′ = γJ ′ because only the products, γJ and γJ ′,

appear in our matrices.
The combination of the linear stochastic system and its Kalman filter forms a

four-dimensional system. By defining Δz = z − z̃ and Δb = b− b̃, where b̃ and z̃ are
the optimal estimations, we obtain a three-dimensional system:

(3.7) dθ = Gθdt + β

[
dw1

dw2

]
.

The matrices and vectors are defined as

(3.8)

θ =

⎡
⎣ Δz

Δb
b

⎤
⎦ , G =

⎡
⎣ −Kz J

′
J − J

′

−Kb −rb 0
0 0 −rb

⎤
⎦ ,

β =

⎡
⎣ 0 −Kz

√
σm√

σbf −Kb
√
σm√

σbf 0

⎤
⎦ .

A total state covariance matrix Θ is defined as

(3.9) Θ = E[θθT ] =

⎡
⎣ θ11 θ12 θ13

θ12 θ22 θ23

θ13 θ23 θ33

⎤
⎦ ,

and its evolution satisfies

(3.10)
dΘ

dt
= GΘ + ΘGT + ββT .

The steady solution of Θ satisfies an algebraic Riccati equation:

(3.11) GΘ + ΘGT + ββT = 0.

The second moments of the estimation error can then be retrieved from Θ:

(3.12)
σbo = E[Δb2] = θ22,
σzo = E[Δz2] = θ11.

We use subscripts o and c to distinguish the open-loop case from the closed-loop case.
The solution of (3.11) gives us

(3.13)

σzo = E[(z − z̃)2] = θ11

=
1

4

4σbfJ
2 + K2

z (3K2
z + 8Kz + 4r2

b )σm

Kz(Kz + rb)(Kz + 2rb)

and

(3.14)

σbo = E[(b− b̃)2] = θ22

=
1

8

K4
zσm

(Kz + rb)J′2
+

1

2
σbf

(
Kz(Kz(J − J

′) − rbJ
′)2

(Kz + rb)(Kz + 2rb)2rbJ′2
+

3Kz + 4rb
(Kz + 2rb)2

)
.

We have used Kb = 1
2J′K

2
z .
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The large J assumption implies that Kz � rb, and this leads to an approximation
of σzo:

(3.15)

σzo =
1

4

4σmK2
z (Kz + rb)

2 − σmK4
z + 4σbfJ

2

Kz(Kz + 2rb)(Kz + rb)

≈ 3

4
Kzσm + σbf

J
2

K3
z

≈ σ
3/4
m σ

1/4
bf

(
3

4

√
2J′ +

J
2

2J′
√

2J′

)
.

Theorem 3.1. σzo in (3.15) reaches its minimum when J = J ′.

Proof. Let v =
√

2J′ and define g(v) = 3
4v+ J

2

v3 . The first two derivatives of g can
be computed as

(3.16) g′(v) =
3

4
− 3J

2

v4
, g′′(v) =

12J
2

v5
> 0.

Equation g′(v) = 0 has two solutions: v =
√

2J and v = −
√

2J. The last one can
be discarded since v > 0 according to its definition. Thus f obtains its minimum
when v =

√
2J since g′′(v) is always positive. Identity v =

√
2J implies J = J

′ and

σz =
√

2Jσ
3/4
m σ

1/4
bf .

Approximation of σbo can also benefit from the large J assumption:

(3.17) σbo ≈ K3
z

8J′2
σm +

1

2
σbf

(
3

Kz
+

(Kz(J − J
′) − rbJ

′)2

K2
zJ′2rb

)
.

By substituting Kz in terms of σbf and σm, we can further write σbo as

σbo ≈
√

2

J′
σ

3/4
bf σ1/4

m +
σbf

2rb

(
1 − f

f

)2

−
σ

3/4
bf σ

1/4
m√

2J′

(
1 − f

f

)
+

σbfrb
2K2

z

.

The last term can be discarded as Kz � rb, and the above expression becomes

(3.18) σbo ≈
σ

3/4
bf σ

1/4
m√

2J

(
3√
f
− 1

f3/2

)
+

σbf

2rb

(
1 − f

f

)2

.

Theorem 3.2. When J ′ is used in the design of the estimator (Kalman filter) and
the control loop is open, σbo obtained for the linear system (2.12) can be approximated
under the large J assumption by

(3.19)
1√
2J

σ
3/4
bf σ1/4

m

(
3√
f
− 1

f3/2

)
+

σbf

2rb

(
1 − f

f

)2

,

where f = J
′/J. Specifically, when J = J

′,

(3.20)
σzo =

√
2Jσ

1/4
bf σ

3/4
m ,

σbo =

√
2

J
σ

3/4
bf σ

1/4
m .

Proof. We have already shown most of the theorem. For the specific case of σbo

when J = J
′, replacing f by 1 in (3.18), we obtain

σbo =

√
2

J
σ

3/4
bf σ1/4

m .
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Because of the large J assumption, r2
b � J

√
σbf/σm, the second term in (3.19)

quickly dominates the first one when f is away from 1, which coincides with the result
of the Caltech group. It vanishes only when f = 1, so σbo obtains its minimum near
f = 1.

4. Steady state performance with noised feedback. When the control loop
is closed and u(t) has infinite accuracy, feedback makes the measurement robust to an
unknown parameter, the number of atoms involved. Choosing smaller J ′ in the design
of filter and controller seems beneficial because the measurement is more robust with
smaller J ′.

Dropping the noise-free assumption raises concerns about the measurement. We
need to know how much the input noise affects the measurement quantitatively and to
find when the noise can be ignored. To investigate its effect, we extend the previous
system by an input noise term, use a Kalman filter to estimate the magnetic field
b(t), and choose an LQG controller to find the compensative field u(t). Then we
proceed to derive the steady state performance of the magnetometer, i.e., the second
moments of the estimation errors. As before, we reduce the system dimension, by
defining Δz = z− z̃ and Δb = b− b̃, and simplify the derivation by invoking the large
J assumption and the large λ assumption. The last one will be explained later.

4.1. The system, the Kalman filter, and the LQG controller. Besides
perturbation from external electromagnetic radiation, input noise arises also from
inside the electric circuit in such forms as shot noise, thermal noise, truncation error
in the computation, and quantization noise in the digital-to-analog (DA) converters.
In practice, the input signal is always accompanied by uncertainty. This becomes
serious especially when the input signal is small.

Magnitude varies from one kind of noise to another and highly depends on the
specific equipment used. Thermal noise, the fluctuating charges across a resistor, for
example, can be modeled as a combination of a noiseless resistor and a shunt current
source connected in parallel. The mean square value of the current, a measurement
of the magnitude of the noise [6], is

E[i2] = 4KTΔfG,

where T is the absolute temperature in Kelvin, K is the Boltzmann’s constant, G =
1/R, and Δf is the bandwidth of the circuit.

The driver circuit which provides current through the coil usually is a cascade of
several amplifiers. The mean square value of the shot noise across a semiconductor
junction is proportional to the direct current passing through it, I,

E[i2] = 2eIΔf,

where e is the electron charge. The shot noise in the first amplifier clearly is the most
important since it is amplified in the following stages.

When discrete values are used to replace continuous values, truncation errors
bring extra noise to the algorithm. Besides this, quantization error arises in the
analog-to-digital (AD) and DA converters. It is nonlinear and signal dependent.
The signal-to-noise ratio is low for low-resolution DA converters. Even for high-
resolution converters, the signal-to-noise ratio deteriorates when the signal is small.
This happens when the measured field is weak and the control loop maintains only a
very small current.
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There are also other sources of noise. Detailed evaluation of the noise level is time
consuming and heavily depends on the specific equipment and its environment. Un-
fortunately, since this is a new research area and a new experiment setup is used, there
is no detailed noise analysis available yet to our knowledge. Experiments published
have shown that the signal is strongly polluted by noise, and deeper investigation is
necessary.

The input noise appears in the h(t) term of (2.3) as a stochastic process. When
the bandwidth of the noise is wide compared with that of the system, it is equivalent
to an additional white noise added to u(t) in (2.12). Thus we introduce an input noise√
σufdw3 into the process where w3 is a Brownian motion independent of w1 and w2,

and this changes the original system described by (2.12) and (2.11) to

(4.1)
dx(t) = Ax(t)dt + Bu(t)dt +

[ √
σuf 0
0

√
σbf

] [
dw3

dw1

]
,

y(t)dt = Cx(t)dt +
√
σmdw2(t).

The matrices are listed as

(4.2) A =

[
0 J

0 −rb

]
, B =

[
J

0

]
, C = [1, 0].

A constant feedback gain vector is used in our model:

(4.3) u(t)dt = −Kcx̃(t)dt,

where Kc is the controller gain vector. Similarly, only the steady solution of the filter
gain vector is used.

Lemma 4.1. The steady solution of the Kalman filter gain vector Ko of the linear
system defined by (4.1) is

(4.4)
Kz = −rb +

√
r2
b + σufσ

−1
m + 2

√
J′2σbfσ

−1
m + r2

bσufσ
−1
m ,

Kb =
1

2J′
(−σufσ

−1
m + K2

z )

when J ′ instead of J is used in the design of the Kalman filter. Under the large J
and λ assumption, the LQG controller gain vector Kc can be approximated by

(4.5) Kc ≈ [λ, 1],

where λ =
√
q/r for a cost function defined by

J =

∫ ∞
0

(qz(t)2 + ru(t)2)dt.

Proof. We first find Kc [5, 4]. It satisfies

Kc ≡ r−1BTV,

where V is the solution of

(4.6) P + A′TV + V A′ − 1

r
V B′B′TV = 0.
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The matrices A′ and B′ are the same as A and B except that J is replaced by J ′.
Matrix P is defined from the cost function:

P =

[
q 0
0 0

]
.

The solution of (4.6) leads to

(4.7) Kc =

[
λ,

J
′λ

rb + J′λ

]
.

While the original large λ assumption in [16] implies that λ2 �
√√

σbf/σm/(2J), in

this article, we change it to λ �
√√

σbf/σm/(2J). This does not make a significant

difference in the experiment but makes our derivation much easier. Combined with

the large J assumption, our large λ assumption leads to λJ �
√√

σbf/σmJ � rb.

Thus Kc can be approximated by

(4.8) Kc ≈ [λ, 1]

as we wanted.
Using the formulae of the Kalman filter, we obtain

Ko = Σ(t)CTΣ−1
2

and

d

dt
Σ(t) = Σ1 + A′Σ(t) + Σ(t)A′T − Σ(t)CTΣ−1

2 CΣ(t),

where Σ2 is defined in (2.16) as before, but Σ1 changes to

Σ1 =

[
σuf 0
0 σbf

]
.

Other matrices are defined as before. Let Σ(t) be constant and denoted as

Σ =

[
σzs σcs

σcs σbs

]
.

We find a set of equations

(4.9)

⎧⎨
⎩

σuf + 2J
′σcs − σ2

zsσ
−1
m = 0,

J
′σbs − rbσcs − σcsσzsσ

−1
m = 0,

σbf − 2rbσbs − σ2
csσ
−1
m = 0.

From among the three unknown entries, we need only σzs and σcs:

(4.10)
σzs = −rbσm + σm

√
r2
b + σufσ

−1
m + 2

√
J′2σbfσ

−1
m + r2

bσufσ
−1
m ,

σcs =
1

2J′
(−σuf + σ2

zsσ
−1
m ).

The entries of Ko are then obtained from σzs and σcs:

(4.11)
Kz =

σzs

σm
= −rb +

√
r2
b + σufσ

−1
m + 2

√
J′2σbfσ

−1
m + r2

bσufσ
−1
m ,

Kb =
σcs

σm
=

1

2J′
(−σufσ

−1
m + K2

z ).

There are several useful identities about Kz and Kb, and we list them in the
following lemmas.
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Lemma 4.2.

σuf = K2
zσm − 2J

′Kbσm,(4.12)

J
′σbf = (J′K2

b + 2r2
bKb + 2rbKbKz)σm,(4.13)

Kzrb + KbJ
′ =

√
J′2σbfσ

−1
m + r2

bσufσ
−1
m .(4.14)

Proof. Identity (4.12) is just the first equation in (4.9) in terms of Kz and Kb.
We need only prove (4.13) and (4.14). Using (4.12) and (4.11), we have

(4.15)

Kzrb + KbJ
′ =

1

2
(2Kzrb + K2

z − σufσ
−1
m )

=
1

2
((Kz + rb)

2 − r2
b − σufσ

−1
m )

=
√

J′2σbfσ
−1
m + r2

bσufσ
−1
m ,

and this proves (4.14). For (4.13), look into identity

(4.16)
σbf = σ2

csσ
−1
m + 2rbσbs

= σ2
csσ
−1
m + 2rb

1

J′
(rbσcs + σcsσzsσ

−1
m ),

which is equivalent to

J
′σbf = J

′K2
bσm + 2r2

bKbσm + 2rbKbKzσm.

Lemma 4.3.

(4.17)
(K2

bσm + σbf )(rbKz + J
′Kb) + K2

bσuf + K2
zσbf

2(Kzrb + KbJ
′)(Kz + rb)

=
Kb(Kz + rb)σm

J′
.

Proof. Using Lemma 4.2, we have

(4.18)

2(Kzrb + KbJ
′)(Kz + rb)

2Kbσm − J
′(σmK2

b + σbf )(rbKz + J
′Kb)

= (Kzrb + J
′Kb)(2Kb(Kz + rb)

2σm − J
′(K2

bσm + σbf ))
= (Kzrb + J

′Kb)(2Kb(Kz + rb)
2 − 2(J′K2

b + r2
bKb + rbKbKz))σm

= 2(Kzrb + J
′Kb)(Kb(K

2
z + Kzrb −KbJ

′))σm

= 2Kb(rbK
3
z + r2

bK
2
z + J

′KbK
2
z − J

′2K2
b )σm

and

(4.19)

K2
b J
′σuf + K2

zJ
′σbf

= σm(K2
b J
′(K2

z − 2J
′Kb) + K2

z (K2
b J
′ + 2r2

bKb + 2rbKbKz))
= σm(J′K2

zK
2
b − 2J

′2K3
b + J

′K2
zK

2
b + 2r2

bKbK
2
z + 2rbKbK

3
z )

= 2Kb(rbK
3
z + r2

bK
2
z + J

′KbK
2
z − J

′2K2
b )σm.

Thus

(4.20)
2(Kzrb + KbJ

′)(Kz + rb)
2Kbσm − J

′(σmK2
b + σbf )(rbKz + J

′Kb)
= K2

b J
′σuf + K2

zJ
′σbf ,

and that is equivalent to (4.17).

Lemma 4.4. If J � r2
b

√
σm

σbf
(large J assumption), Kz � rb.
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Proof. If β � α > 0, then√
α + β −

√
α =

√
α(

√
1 + β/α− 1) ≈

√
β �

√
α.

Letting α = r2
b and β = 2

√
J′2σbf/σm + r2

bσuf/σm + σuf/σm, we obtain what we
want.

The large J assumption implies that r2
b �

√
J′σbfσ

−1
m + r2

bσufσ
−1
m , leading to an

approximation of Kz:

(4.21) Kz ≈
√
σufσm + 2

√
J′2σbfσ3

m + r2
bσufσ3

m

1

σm

and an approximation of Kb:

(4.22) Kb ≈
√
σbfσm + r2

bJ′−2σufσm
1

σm
.

4.2. Derivation of the steady state performance. In this subsection, we
will find the steady state performance of the measurement under the influence of the
input noise and simplify the results by invoking the large λ and J assumptions. We
start with combining the system, the estimator, and the controller together to form
a four-dimensional system:

(4.23)

d

⎡
⎢⎢⎣

z(t)
b(t)
z̃(t)

b̃(t)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 J −Jλ −J

0 −rb 0 0
Kz 0 −J

′λ−Kz 0
Kb 0 −Kb −rb

⎤
⎥⎥⎦
⎡
⎢⎢⎣

z(t)
b(t)
z̃(t)

b̃(t)

⎤
⎥⎥⎦ dt

+

⎡
⎢⎢⎣

√
σuf √

σbf

Kz
√
σm

Kb
√
σm

⎤
⎥⎥⎦
⎡
⎣ dw3

dw2

dw1

⎤
⎦ .

As before, we define Δz = z − z̃ and Δb = b − b̃, and a three-dimensional system is
obtained as

(4.24)

d

⎡
⎣ Δz

Δb
z̃

⎤
⎦ =

⎡
⎣ −Kz J λ(J′ − J)

−Kb −rb 0
Kz 0 −λJ

′

⎤
⎦
⎡
⎣ Δzdt

Δbdt
z̃dt

⎤
⎦

+

⎡
⎣

√
σuf 0 −Kz

√
σm

0
√
σbf −Kb

√
σm

0 0 Kz
√
σm

⎤
⎦
⎡
⎣ dw3

dw1

dw2

⎤
⎦ .

The vector and matrices are defined as

(4.25)

θ =

⎡
⎣ Δz

Δb
z̃

⎤
⎦ , α =

⎡
⎣ −Kz J λ(J′ − J)

−Kb −rb 0
Kz 0 −λJ

′

⎤
⎦ ,

β =

⎡
⎣

√
σuf 0 −Kz

√
σm

0
√
σbf −Kb

√
σm

0 0 Kz
√
σm

⎤
⎦ .
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As before, the dynamic equation of the total state covariance satisfies

(4.26)
dΘ

dt
= αΘ + ΘαT + ββT ,

where Θ = E[θθT ]. Its steady solution can be found by solving

(4.27) 0 = αΘ + ΘαT + ββT .

Because Θ is symmetric, we can assume

Θ =

⎡
⎣ θ11 θ12 θ13

θ12 θ22 θ23

θ13 θ23 θ33

⎤
⎦ ,

and (4.27) is transformed into six linear equations:

(4.28)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−Kzθ11 + Jθ12 + λ(J′ − J)θ13 = −(σuf + K2
zσm)/2,

−Kzθ12 + Jθ22 + λ(J′ − J)θ23 −Kbθ11 − rbθ12 = −KzKbσm,
−Kzθ13 + Jθ23 + λ(J′ − J)θ33 + Kzθ11 − λJ

′θ13 = K2
zσm,

Kbθ12 + rbθ22 = (σbf + K2
bσm)/2,

−Kbθ13 − rbθ23 + Kzθ12 − λJ
′θ23 = KzKbσm,

Kzθ13 − λJ
′θ33 = −K2

zσm/2.

We need only σbc = E[(Δb)2] = θ22. Its solution can be written as a rational function:

(4.29) θ22 =
PolyN
PolyD

,

where

PolyD = 2J(rbKz + J
′Kb)((J

′Kb + (Kz + λJ
′)(rb + λJ

′))(Kz + rb)(4.30)

+(J − J
′)(λKz(λJ

′ + Kz) + Kb(rb + Kz))),

and

(4.31)

PolyN = J((σmK2
b + σbf )(rbKz + J

′Kb) + K2
bσuf + K2

zσbf )
(J′Kb + (Kz + λJ

′)(rb + λJ
′))

+ (J − J
′)(λJσbfK

3
z + λJσmrbK

2
zK

2
b + λ2

JJ
′σbfK

2
z

+ rbJσmKzK
3
b + λJJ

′σmKzK
3
b − λJ

′σufKzK
2
b

+ rbJσbfKzKb − λJJ
′σbfKzKb + JJ

′σmK4
b + JJ

′σbfK
2
b

− λJ
′σufrbK

2
b − λ2

J
′2σufK

2
b )

= J(· · · )
+ (J − J

′)(J(K2
bσm + σbf )Kb(rbKz + J

′Kb)

− 2λ
J

J′
KzKbrb(Kz + rb)(rbKz + J

′Kb)σm

+ λ(Kz + rb + λJ
′)(JK2

zσbf − J
′K2

bσuf )).

Observing that

αA + βB
α + βC = A +

β(B −AC)

α + βC ,
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comparing it with (4.29)–(4.31), and using Lemma 4.3, we find

(4.32) θ22 =
Kb(Kz + rb)

J′
σm +

(J − J
′)Poly2

N

PolyD
,

where

(4.33)
Poly2

N = J(K2
bσm + σbf )Kb(rbKz + J

′Kb)

−2λ
J

J′
KzKbrb(Kz + rb)(rbKz + KbJ

′)σm

+λ(Kz + rb + λJ
′)(JK2

zσbf − J
′K2

bσuf )

−Kb(Kz + rb)

J′
σm(Kbrb + KbKz + λ2

J
′Kz + λK2

z )2J(Kzrb + J
′Kb).

Since

(4.34)

J(K2
bσm + σbf ) =

J

J′
(K2

b J
′σm + J

′σbf )

=
2J

J′
(K2

b J
′ + r2

bKb + rbKbKz)σm,

the first term in (4.33) can be rewritten in terms of σm. By collecting all σm terms
together, we can rewrite Poly2

N as

(4.35)

Poly2
N = 2

J

J′
σmKb(rbKz + J

′Kb)(λ(Kz + rb)Kz(−rb −Kz − λJ
′)

+K2
b J
′ −KbK

2
z −KbKzrb)

+
J

J′
(Kz + rb + λJ

′)λ

(
J
′K2

zσbf − J
′2

J
K2

bσuf

)
.

Using Lemma 4.2, we can further write Poly2
N as a multiple of σm:

(4.36)

Poly2
N

σm
= λK2

b (Kz + rb + λJ
′)(2J

′2Kb − J
′K2

z − 2rbJKz − JK2
z )

+2
J

J′
Kb(KbJ

′ + rbKz)(K
2
b J
′ −KbK

2
z − rbKzKb).

We can do the same for θ22:

(4.37)
θ22

σm
=

Kb(Kz + rb)

J′
+

(J − J
′)Poly2

N

PolyDσm
.

Before we use the large λ and J assumptions to simplify (4.37), we first look into
two identities:

(4.38)

2J
′2Kb − J

′K2
z − JK2

z − 2rbJKz

= J
′(2J

′Kb −K2
z ) − JKz(Kz + 2rb)

= −J
′σufσ

−1
m − JKz(Kz + 2rb)

= −(J + J
′)σufσ

−1
M − 2J

√
T
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and

(4.39)

K2
b J
′ −KbK

2
z − rbKzKb

= Kb(J
′Kb −K2

z − rbKz)

= Kb

(
1

2
(K2

z − σufσ
−1
m ) −K2

z − rbKz

)

= Kb

(
−1

2
(K2

z + 2rbKz + r2
b ) +

r2
b

2
− σuf

2σm

)

=
Kb

2

(
−2

σuf

σm
− 2

√
T

)
,

where T = J
′2σbfσ

−1
m + r2

bσufσ
−1
m . Now (4.36) can be rewritten as

(4.40)

Poly2
N

σm
= −

(
λK2

b J

((
1 +

J
′

J

)
σuf

σm
+ 2

√
T

)
(Kz + rb + λJ

′)

+
J

J′
K2

b (rbKz + KbJ
′)

(
2
σuf

σm
+ 2

√
T

))

= −2K2
b

(
σuf

σm
+
√
T

)(
1

f

√
T + λJ(Kz + rb + λJ

′)

)
+(1 − f)λK2

b J(Kz + rb + λJ
′)
σuf

σm
,

where f = J
′/J.

The denominator PolyD can be simplified by reorganizing its terms first:

(4.41)

PolyD = 2J(Kzrb + J
′Kb)((Kz + rb)(Kzrb + J

′Kb)
+λJ

′(Kz + rb + λJ
′)(Kz + rb)

+(J − J
′)(λKz(λJ

′ + Kz) + Kb(rb + Kz)))

= 2J
√
T ((Kz + rb)

√
T + λJ

′(Kz + rb)
2 + λ2

J
′2(Kz + rb)

+(J − J
′)(λKz(λJ

′ + Kz) + Kb(rb + Kz)))

= 2J
√
T ((Kz + rb)(

√
T + (J − J

′)Kb)
+λ(JK2

z + λJ
′(JKz + J

′rb) + J
′r2

b + 2J
′rbKz))

≈ 2J
√
T

(
Kz

(√
T +

(
1

f
− 1

)√
T

)
+ λJKz(Kz + λJ

′)

)

≈ 2J
√
TKz

(
J

J′
√
T + λJ(Kz + λJ

′)

)
.

We have used (4.21) and the large J assumption in the above approximation.
Combining (4.40) and (4.41), we obtain

(4.42)
Poly2

N

PolyD
= −K2

b (σuf + σm

√
T )

J
√
TKz

+ (f − 1)
λK2

b (Kz + rb + λJ
′)σuf

2J
√
TKz(

√
T

J′ + λ(Kz + λJ′))
.

The second term in the above equation can be made simpler if λ(Kz + λJ
′) �

√
T

J′ :

(4.43)
λK2

b (Kz + rb + λJ
′)σuf

2J
√
TKz(

√
T

J′ + λ(Kz + λJ′))
≈ K2

bσuf

2J
√
TKz

,
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Fig. 5.1. Curves of σbc with respect to f , when σuf increases from 10−4 to 106. Curves are
almost the same when σuf ≤ 104. Parameters are chosen as in (5.1).

and σbc can be found by substituting (4.42) and (4.43) back into (4.33). We state this
in a theorem.

Theorem 4.5. When J ′ is used in the design of the estimator (Kalman filter)
and the controller, σbc obtained for the linear system (4.23) is approximated by

(4.44) σbc/σm ≈ (Kz + rb)Kb

J′
− (1 − f)

K2
b

Kz
+

K2
bσufσ

−1
m

2
√
TKz

(f2 − 1).

The large λ and J assumptions are assumed to hold and so is λ(Kz + λJ
′) �

√
T

J′ .
Entries Kz and Kb are defined as before.

The inequality λ(Kz+λJ
′) �

√
T

J′ is an extension of the large λ and J assumptions.

According to the large λ assumption, λ2 is far larger than
√

σbf

σm

1
2J′ , and

√
T

J′ , which is

equal to
√

σbf

σm
+

r2
bσuf

J′2σm
, is in the order of

√
σbf

σm
if σuf is not too large. The condition

about σuf is very reasonable if one considers the large J assumption.

5. Effect of the input noise. Equipped with Theorems 4.5 and 3.2, we can
now compare σbo and σbc. When the compensative field is not applied with infinite
accuracy, additional uncertainty is brought into the system. It influences and finally
damages the measurement.

An example is useful. Figure 5.1 illustrates different σbc curves with respect to f
for different σuf . Numbers are chosen as

(5.1) σm = σbf = 10−4, J = 1010, λ = 0.5, rb = 103.

Figure 5.2 shows the three-dimensional mesh of σbc with respect to f and σuf . Ad-
ditional input noise raises the estimation error, but its effect is not obvious when
σuf ≤ 105. For most σuf , σbc obtains its minimum near f = 1.

A comparison between the open-loop and closed-loop results is shown in Figure
5.3 by drawing the ratio σbc/σbo. When σuf is small, σbc/σbo ≤ 1 for most J ′. When
σuf increases, σbc/σbo first becomes larger than 1 near f = 1 and then the range of J ′,
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Fig. 5.2. Three-dimensional mesh of σbc with respect to f and σuf . Parameters are chosen as
in (5.1).
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Fig. 5.3. Curves of σbc/σbo with respect to f , when σuf increases from 10−4 to 106. Curves
are almost the same when σuf < 106. Parameters are chosen as in (5.1).

where σbc/σbo > 1 expends towards both sides. Note that the figures are not accurate
near f = 1 because of simplifications in the computation and round-off errors.

Theorem 4.5 can be used to find a threshold of σuf . If we can assume that
σuf

σm
�

√
T , Kz and Kb have a simpler form:

(5.2) Kz ≈
√

2
√
T , Kb ≈

1

J′

√
T .

Substituting (5.2) back into (4.44), we find an approximation of σbc:

(5.3)

σbc

σm
≈ KzKb

J′
+

K2
b

Kz
(f − 1)

≈
(
σbf

σm
+

r2
bσuf

J′2σm

)3/4 √
2

2

(
1√
J′

+

√
J′

J

)
.
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Fig. 5.4. Three-dimensional mesh of σbc/σbo with respect to f and σuf . Parameters are chosen
as in (5.1).

The last term in (4.44) is discarded because
σuf

σm
�

√
T .

When

r2
bσuf

J′2σm
� σbf

σm
or σuf � J

′2σbf

r2
b

,

the σuf term can be further discarded and

(5.4)
σbc

σm
≈

(
σbf

σm

)3/4 √
2

2

(
1√
J′

+

√
J′

J

)
,

which is the same as the noise-free case. Thus σbc obtains its minimum near J = J
′.

In our example,

J
′2σbf

r2
b

= 1010 and σm

√
J′2σbfσ

−1
m = 106,

which is a good approximation of σm

√
T . Thus when σuf � 106, the input noise can

be ignored. This result coincides with the simulation in Figures 5.2 and 5.4, where
105 is a point below which σuf has no obvious effect.

6. Robust and optimal choices of J ′ when σuf is negligible. In this
section, besides giving an explanation of the robust choice of J ′ by the Caltech group,
we will further discuss its optimal choice when J is a random number. We assume
that σuf is not too large so that we can use (5.4).

When σuf is small enough so that it can be neglected, let J = aJ0 and J
′ = bJ0,

where 0.5 ≤ a ≤ 2.0 and J0 is some constant. We can rewrite (5.4) as

(6.1) σbcσ
−1
m = c

(
1√
b

+

√
b

a

)
,

where

c =

(
σbf

σm

)3/4

·
√

2

2
· 1√

J0

.
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Denote the minimum of a as min(a); the worst result happens for a fixed b when
a = min(a):

(6.2) σbσ
−1
m ≤ c

(
1√
b

+

√
b

min(a)

)
.

The minimum of the right-hand side is obtained when b = min(a) or J
′ = min(a) · J0,

corresponding to the result by the Caltech group [16]. Thus the Caltech design is
robust in the maximum-minimum meaning.

When J is fixed, simulation in the previous section already shows that the optimal
choice of J ′ to minimize σbc is still J . Thus the best J ′ is still the real J . If J is
random, an optimal design can be found by choosing the optimal objective function
as

J = E[σbc],

where the expectation is taken with respect to J . From (6.1), we have

(6.3) E[σbc] = σmc

(
1√
b

+
√
bE

[
1

a

])
≥ 2cσm

√
E

[
1

a

]
,

and the identity is obtained only when J ′ = 1
E[1/J] .

7. Conclusion. Extending the model proposed by the Caltech group by an input
noise term, we have evaluated its effects on the measurement of a magnetic field using
feedback. Large J and λ assumptions are repeatedly used in simplifying the results,
especially the large J assumption. This implies that the number of atoms involved is
relatively large. In our simulation, it is about 106.

Both the closed-loop case and open-loop case are studied, but we have more
interest in the closed-loop case and use the open-loop one for comparison. The input
noise can be ignored if

σuf � min

(
σm

√
T ,

J
′2σbc

r2
b

)
.

When σuf is large, σbc is not always less than σbo, as it is when σuf is small enough.
The region where σbc < σbo shrinks when σuf gets large. Although the computation
is too tedious for us to give every detail, we have given all the main results. The
quantitative results are helpful for explaining data collected in the experiment [16].

The best choice of J ′ is the actual J if we know J exactly. When we do not know
J exactly or it is a random number, the optimal J ′ satisfies J ′ = 1/E[1/J ] instead of
J ′ = E[J ].
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STABLE SYNCHRONIZATION OF MECHANICAL SYSTEM
NETWORKS∗

SUJIT NAIR† AND NAOMI EHRICH LEONARD†

Abstract. In this paper we address stabilization of a network of underactuated mechanical
systems with unstable dynamics. The coordinating control law stabilizes the unstable dynamics
with a term derived from the method of controlled Lagrangians and synchronizes the dynamics
across the network with potential shaping designed to couple the mechanical systems. The coupled
system is Lagrangian with symmetry, and energy methods are used to prove stability and coordinated
behavior. Two cases of asymptotic stabilization are discussed; one yields convergence to synchronized
motion staying on a constant momentum surface, and the other yields convergence to a relative
equilibrium. We illustrate the results in the case of synchronization of n carts, each balancing an
inverted pendulum.

Key words. coordinated control, mechanical systems, networks, synchronization, stabilization,
energy shaping

AMS subject classifications. 70Q05, 70H33, 93D15

DOI. 10.1137/050646639

1. Introduction. Coordinated motion and cooperative control have become im-
portant topics of late because of growing interest in the possibility of faster data
processing and more efficient decision-making by a network of autonomous systems.
For example, mobile sensor networks are expected to provide better data about a
distributed environment if the sensors can be made to cooperate towards optimal
coverage and efficient coordination.

Much of the recent work explores coordination and cooperative control with very
simple dynamical systems, e.g., single or double integrator models (see, e.g., [10, 17,
18]) or nonholonomic models (see, e.g., [4]). For example, in some of these and related
works, stabilization of coordinated group dynamics is studied in the case of limited,
time-varying communication topologies. These authors deliberately choose to focus
on the coordination issues independently of issues in the stabilization of individual
dynamics.

However, for networks of autonomous systems such as unmanned helicopters or
underwater vehicles, stability of individual dynamics can be important and challeng-
ing, and it may not always be possible (or desirable) to decouple the stabilization
problem of individual dynamics from the coordination problem. In [22] the authors
consider stability of a group with dynamics that satisfy a leader-to-formation stabil-
ity (LFS) condition based on input-to-state stability [20]. Examples include linear
dynamical systems and kinematic nonholonomic robots; in the latter case feedback
linearization is used for stabilization. Using the LFS property, the authors are able to
quantify how leader inputs and disturbances affect group stability. In [6], an extension
to the previous work of [5] on unmanned aerial vehicle motion planning is presented
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version of some parts of this paper appeared in [16].
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for identical multiple-vehicle stabilization and coordination. The single-vehicle mo-
tion planning is based on the interconnection of a finite number of suitably defined
motion primitives. The problem is set in such a way that multiple-vehicle motion co-
ordination primitives are obtained from the single-vehicle primitives. The technique
is applied to motion planning for a group of small model helicopters.

Networks of rigid bodies are addressed in [8]. Reduction theory is applied in the
case that control inputs depend only on relative configuration (relative orientation or
position). The reduction results are used to study coordinated behavior of satellite
and underwater vehicle network dynamics. Stability of a network of rotating rigid
satellites and a network of coordinated underwater vehicles is proved in [14, 15].

In this paper, we investigate the problem of coordination of a network of under-
actuated mechanical systems with unstable dynamics. As a first step we make use
of the method of controlled Lagrangians to stabilize the unstable dynamics of each
mechanical system. The method of controlled Lagrangians and the equivalent inter-
connection and damping assignment passivity-based control (IDA-PBC) method use
energy shaping for stabilization of underactuated mechanical systems (see [1, 19] and
references therein). The method of controlled Lagrangians provides a control law for
underactuated mechanical systems such that the closed-loop dynamics derive from a
Lagrangian. The approach is to choose the control law to shape the controlled kinetic
and potential energy for stability.

The class of underactuated mechanical systems we consider in this paper satis-
fies the simplified matching conditions (SMC) defined in [2, 1]. This class includes
the planar or spherical inverted pendulum on a (controlled) cart. The goal of the
development in this paper is to stabilize unstable dynamics for each individual me-
chanical system in the network and stably synchronize the actuated configuration
variables across the network. For example, for a network of pendulum/cart systems,
the problem is to stabilize each pendulum in the upright position while synchronizing
the motion of the carts.

For stabilization of individual unstable dynamics we use the approach in [1].
To simultaneously synchronize the dynamics across the network, we show that po-
tentials that couple the individual systems can be prescribed so that the complete
coupled system still satisfies the SMC. Accordingly, we can choose potentials, find
a Lagrangian for the coupled system, and prove Lyapunov stability of the stabilized
and synchronized network. Since the controlled Lagrangian has a symmetry, we use
Routh reduction and Routh criteria to prove stability.

We then design additional dissipative control terms and prove asymptotic stabil-
ity. We show, on the one hand, how to apply a dissipative control term that yields
convergence to synchronization staying on a constant momentum surface. In the pen-
dulum/cart system example, this corresponds to a synchronized motion of the carts
such that all the carts move together with a common velocity that is the sum of a
constant plus an oscillation. Likewise, the pendula synchronize and oscillate at the
same frequency as the carts. The oscillation frequency for the carts and pendula is
determined by the control parameters. On the other hand, we show how to apply
a dissipative control term that yields convergence to a relative equilibrium. In the
example, this corresponds to steady, synchronized motion of n carts, each balancing
its inverted pendulum.

In this paper we consider a homogeneous group of mechanical systems, i.e., no
leaders, and a fixed, bidirectional, connected communication topology. Possibilities
for extension include integration of the results with prior works cited above that
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address time-varying and directed communication topologies and/or the presence of
leaders in the group.

The organization of the paper is as follows. In section 2, we define notation and
the different kinds of stabilization studied. In section 3, we give a brief background
on the class of underactuated mechanical systems that satisfy the SMC defined in
[2, 1]. We discuss how unstable dynamics are stabilized with feedback control that
preserves Lagrangian structure. In section 4, we study a network of n systems, each
of which satisfies the SMC. We choose coupling potentials in section 5, and we prove
stability and coordination of the network. Asymptotic stabilization is investigated
in sections 6 and 7. We illustrate the theory with the example of n planar, inverted
pendulum/cart systems in section 8. In section 9 we conclude with a few remarks.

2. Definitions. In [1] the method of controlled Lagrangians is used to derive a
control law that asymptotically stabilizes a class of underactuated mechanical systems
with otherwise unstable dynamics. This class of systems satisfies a set of “simplified
matching conditions” and we denote such systems as SMC systems. SMC systems lack
gyroscopic forces; the planar inverted pendulum on a cart and the spherical inverted
pendulum on a 2D cart are two such systems.

Consider an underactuated mechanical system with an (m+ r)-dimensional con-
figuration space. Let xα denote the coordinates for the unactuated directions with
index α going from 1 to m. θa denotes the coordinates for the actuated directions with
index a going from 1 to r. In the case of a network of n mechanical systems, each with
the same (m + r)-dimensional configuration space, xα

i and θai are the corresponding
coordinates for the ith mechanical system, i = 1, . . . , n. Beginning in section 5, we
will assume that the configuration space for the actuated variables for each individual
system is R

r. Note that we only require the configuration space for the individual
mechanical systems to be the same and do not require that each system be identical,
e.g., the individual systems can have different mass and inertia values. We will need
to make the assumption of individual systems being identical only in section 6.

The goal of coordination is to synchronize the actuated variables θai with the
variables θaj for all i, j = 1, . . . , n. We define stable synchronization of these variables
as stabilization of θai − θaj = 0 for all i �= j.

We define the following stability notions for the mechanical system network.
Definition 2.1 (SSRE). A relative equilibrium of the mechanical system network

dynamics is a stable synchronized relative equilibrium (SSRE) if it is defined by θai −
θaj = 0 for all i �= j, xα

i = 0 for all i, and if it is Lyapunov stable. This implies that the
unactuated dynamics are stable and the actuated dynamics are stably synchronized.

Definition 2.2 (ASSRE). A relative equilibrium of the mechanical system
network dynamics is an asymptotically stable synchronized relative equilibrium
(ASSRE) if it is SSRE and asymptotically stable.

Definition 2.3 (ASSM). An asymptotically stable solution of the mechanical
system network dynamics is an asymptotically stable synchronized motion (ASSM)
if it is defined by xα

i − xα
j = 0 and θai − θaj = 0 for all i �= j and the dynamics of the

network evolve on a constant momentum surface.
We note that an ASSRE is a special case of an ASSM. In the example of the

network of pendulum/cart systems, the relative equilibrium of interest corresponds to
the carts moving together at the same constant speed with each pendulum at rest in
the upright position. In section 8 we asymptotically stabilize this synchronized relative
equilibrium as well as a family of synchronized motions that exhibit a synchronized
steady motion plus an oscillation of the carts and pendula.
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3. SMC. Let the Lagrangian for an individual mechanical system be given by

L(xα, θa, ẋβ , θ̇b) =
1

2
gαβẋ

αẋβ + gαaẋ
αθ̇a +

1

2
gabθ̇

aθ̇b − V (xα, θa),

where summation over indices is implied, g is the kinetic energy metric, and V is the
potential energy. It is assumed that the actuated directions are symmetry directions
for the kinetic energy; that is, we assume gαβ , gαa, gab are all independent of θa. The
equations of motion for the mechanical system with control inputs ua are given by

Exα(L) = 0,

Eθa(L) = ua,

where Eq(L) denotes the Euler–Lagrange expression corresponding to a Lagrangian L
and generalized coordinates q, i.e.,

(3.1) Eq(L) =
d

dt

∂L

∂q̇
− ∂L

∂q
.

For such a system, following [1], the SMC are
• gab = constant;

• ∂gαa

∂xβ =
∂gβa

∂xα ;

• ∂2V
∂xα∂θa g

adgβd = ∂2V
∂xβ∂θa g

adgαd.
Satisfaction of these SMC allows for a structured feedback shaping of kinetic and
potential energy. In particular, a control law ua = ucons

a is given in [1] such that the
closed-loop system is a Lagrangian system. The controlled Lagrangian Lc, parametrized
by constant parameters κ and ρ and by a potential term Vε, is given by

Lc(x
α, θa, ẋβ , θ̇b) =

1

2

(
gαβ + ρ(κ + 1)

(
κ +

ρ− 1

ρ

)
gαag

abgbβ

)
ẋαẋβ + ρ(κ + 1)gαaẋ

αθ̇a

+
1

2
ρgabθ̇

aθ̇b − V (xα, θb) − Vε(x
α, θb),

where Vε must satisfy

(3.2) −
(
∂V

∂θa
+

∂Vε

∂θa

)(
κ +

ρ− 1

ρ

)
gadgαd +

∂Vε

∂xα
= 0.

The results in [1] further give conditions on ρ, κ, and Vε that ensure stability of
the equilibrium in the full state space. Without loss of generality, we assume that the
equilibrium of interest is the origin. We further assume that it is a maximum of the
original potential energy V (the case when the origin is a minimum can be handled
similarly). The inverted pendulum systems fall into this category. In this case, κ > 0
and ρ < 0 and the potential Vε can be chosen such that the energy function Ec for the
controlled Lagrangian has a maximum at the origin of the full state space. Asymptotic
stability is obtained by adding a dissipative term udiss

a to the control law, i.e.,

ua = ucons
a +

1

ρ
udiss
a ,

which drives the controlled system to the maximum value of the energy Ec.
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In [1], it is also shown how to select new, useful coordinates (xα, ya, ẋα, ẏa). In
particular, for any SMC system, there exists a function ha(xα) defined on an open
subset of the configuration space of the unactuated variables such that

∂ha

∂xα
=

(
κ +

ρ− 1

ρ

)
gacgαc, ha(0) = 0.

The new coordinates are defined as

(xα, ya) = (xα, θa + ha(xα)).

Note that if the origin is an equilibrium in the original coordinates, it is also an
equilibrium in the new coordinates. In these coordinates, the closed-loop Lagrangian
takes the form

Lc =
1

2

(
gαβ −

(
κ +

ρ− 1

ρ

)
gαag

abgbβ

)
ẋαẋβ + gαaẋ

αẏa +
1

2
ρgabẏ

aẏb(3.3)

−V (xα, ya − ha(xα)) − Vε(y
a)

=
1

2
g̃αβẋ

αẋβ + g̃αaẋ
αẏa +

1

2
g̃abẏ

aẏb − V (xα, ya − ha(xα)) − Vε(y
a),(3.4)

where

g̃αβ =

(
gαβ −

(
κ +

ρ− 1

ρ

)
gαag

abgbβ

)
,

g̃αa = gαa,

g̃ab = ρgab .(3.5)

Further, after adding dissipation udiss
a , the Euler–Lagrange equations in the new co-

ordinates become

Exα(Lc) = 0,

Eya(Lc) = udiss
a .

4. Matching for a network of SMC systems. In this section we examine a
network of n systems, each of which satisfies the SMC. We determine what control
design freedom remains under the constraint that the complete network dynamics are
Lagrangian and satisfy the simplified matching conditions.

Consider n SMC systems and let the ith system have dynamics described by
Lagrangian Li, where

(4.1) Li(x
α
i , θ

a
i , ẋ

β
i , θ̇

b
i ) =

1

2
giαβẋ

α
i ẋ

β
i + giαaẋ

α
i θ̇

a
i +

1

2
giabθ̇

a
i θ̇

b
i−Vi(x

α
i , θ

a
i ),

and the index i on every variable refers to the ith system.
The Lagrangian for the total (uncontrolled, uncoupled) system is L =

∑n
i=1 Li =

1
2 ẋ

TM ẋ−
∑n

i=1 Vi(x
α
i , θ

a
i ), where x = (xα

1 , . . . , x
β
n, θ

a
1 , . . . , θ

b
n)T , and

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

g1
αβ 0 g1

αa 0
. . .

. . .

0 gnαβ 0 gnαa
g1
aα 0 g1

ab 0
. . .

. . .

0 gnaα 0 gnab

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Since each system satisfies the SMC, giab = constant for each i = 1, . . . , n. It can
be easily verified that the SMC are satisfied for the total system L, since they are
satisfied for each individual system.

For the total system, the symmetry coordinates are (θa1 , . . . , θ
b
n). As in [1], we

can find a control law and a change of coordinates x = (xα
1 , . . . , x

β
n, θ

a
1 , . . . , θ

b
n) �→

x′ = (xα
1 , . . . , x

β
n, y

a
1 , . . . , y

b
n) such that the closed-loop system is equivalent to another

Lagrangian system with

(4.2) L′c =
1

2
(ẋ′)TMcẋ

′ − V ′ε (x′)

and

(4.3) Mc =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

g̃1
αβ 0 g̃1

αa 0
. . .

. . .

0 g̃nαβ 0 g̃nαa
g̃1
aα 0 g̃1

ab 0
. . .

. . .

0 g̃naα 0 g̃nab

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

:=

(
M11 M12

MT
12 M22

)
,

V ′ε =

n∑
i=1

(
Vi(x

α
i , y

a
i − ha

i (x
α
i )) + Vεi(x

α
i , y

a
i )
)
.

Here, g̃iαβ , g̃iαa, and g̃iαa are defined as in (3.5) with all variables replaced with those

corresponding to the ith system, e.g., g̃iab = ρig
i
ab, etc.

The control gains κi and ρi and control potentials Vεi can be chosen such that the
mass matrix Mc is negative definite and the potential V ′ε has a maximum when the
configuration of each system, i.e., (xα

i , θ
a
i ), is at the origin. This means the control

law brings each system independently to the origin without coordination.
To determine what additional freedom exists in the choice of the control, notably

in the choice of control potentials Vεi, such that the network system satisfies the SMC,
we specialize to a network of SMC systems which each satisfy the following condition.

AS1. The potential energy for each system in the original coordinates
satisfies Vi(x

α
i , θ

a
i ) = V1i(x

α
i ) + V2i(θ

a
i ).

The inverted pendulum examples satisfy this assumption in the general case that the
cart moves on an inclined plane. In the case that the cart moves in the horizontal
plane, V2 = 0.

As shown in [1], given the assumption AS1, Vεi in the new coordinates for i =
1, . . . , n can be chosen to take the form

Vεi(x
α
i , y

a
i ) = −V2i(y

a
i − ha

i (x
α
i )) + V̄εi(y

a
i ),

where V̄εi is an arbitrary function and ha
i (x

α
i ) satisfies

(4.4)
∂ha

i

∂xα
i

=

(
κi +

ρi − 1

ρi

)
gaci giαc, ha

i (0) = 0.

We show next that a more general potential Vε can be used in V ′ε in place of the
sum of potentials Vεi(x

α
i , y

a
i ).
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Proposition 4.1. Under assumption AS1, the potential V ′ε = V + Vε satisfies
the SMC with

V =

n∑
i=1

(V1i(x
α
i )) + V2i(y

a
i − ha

i (x
α
i )) ,

Vε = −
(

n∑
i=1

V2i(y
a
i − ha

i (x
α
i ))

)
+ Ṽε(y

a
1 , . . . , y

a
n)(4.5)

and Ṽε an arbitrary function.
Proof. Recall that the potential V ′ε = V + Vε given by (4.5) satisfies the SMC if

(3.2) holds. Following [1], we can use the definition of ha
i (x

α
i ) given by (4.4) to write

the SMC (3.2) for the potential as

(4.6)
∂Vε

∂xα
i

=
∂V

∂yai

∂ha
i (x

α
i )

∂xα
i

, i = 1, . . . , n .

By a direct computation, one can check that each side of (4.6) is equal to ∂V2i

∂va
i

∂va
i

∂xα
i
,

where vai = yai − ha
i (x

α
i ).

Proposition 4.1 implies that we can couple the n vehicles in the network using
the freedom in our choice of Ṽε = Ṽε(y

a
1 , . . . , y

a
n), and the network dynamics will still

satisfy the simplified matching conditions. This result is completely independent of
the degree of coupling; i.e., it extends from a network of uncoupled systems to a
network of completely connected systems.

5. Stable coordination of an SMC network. In this section we make use
of Proposition 4.1 to design coupling potentials Ṽε for stable coordination of the
network of SMC systems. We prove that the relative equilibrium of interest is an
SSRE. Recall from section 2 that to be an SSRE, a relative equilibrium should be
defined by θai − θaj = 0 for all i �= j and xα

i = 0 for all i and should be Lyapunov
stable. We note that this is equivalent to showing that yai − yaj = 0 for all i �= j and
xα
i = 0 for all i is Lyapunov stable. In the remainder of the paper we assume that

the configuration space for the actuated variables for each individual system is R
r.

To synchronize the actuated variables we use the results of Proposition 4.1 and
design coupling potentials for stabilization of yai − yaj = 0 for all i �= j. Note that the
condition yai −yaj = 0 for all i �= j by itself is necessary but not sufficient for θai −θaj = 0
for all i �= j and xα

i = 0 for all i. We have yai − yaj = 0 for all i �= j under more
general conditions, e.g., if θai − θaj = 0 for all i �= j and hi(x

α
i ) = hj(x

α
j ) �= 0, i �= j.

This more general case makes possible interesting synchronized dynamics, when we
add dissipation for asymptotic stability, as will be discussed in section 6.

We choose Ṽε such that the closed-loop potential V ′ε , defined in Proposition 4.1,
has a maximum when xα

i = 0 and yai − yaj = 0 for all i �= j. This is possible since

from (4.5), the closed-loop potential is V ′ε =
∑n

i=1(V1i(xi)) + Ṽε(y
a
1 , . . . , y

a
n) and the

V1i are assumed to already be maximized at xα
i = 0. We choose in this paper Ṽε

to be quadratic in (yai − yaj ) with a maximum at yai − yaj = 0 for all i �= j. In
this case, consider a graph with one node corresponding to each individual system
in the network. There is an (undirected) edge between nodes k and l if the term
(yak − yal ) appears in the quadratic function Ṽε. Then, V ′ε has a strict maximum when
xα
i = 0 and yai − yaj = 0 for all i �= j if the (undirected) graph is connected. Figure

5.1 illustrates an example of a connected, undirected communication graph for four
vehicles.
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Fig. 5.1. Connected, undirected communication graph for four vehicles.

With coupling of the individual systems using terms that depend only on yai −yaj ,
the network system has a translational symmetry. Specifically, the system dynamics
are invariant under translation of the center of mass of the network. Consider a new
set of coordinates given by

(5.1) xc = (xα
1 , . . . , x

β
n, z

a
1 , . . . , z

b
n)T ,

where

zai = ya1 − yai+1, i = 1, . . . , n− 1,

zbn = yb1 + · · · + ybn.

In this coordinate system, the controlled Lagrangian for the total system (with abuse
of notation for V ′ε ) is

(5.2) L̃c =
1

2
ẋT
c M̃cẋc − V ′ε (xr),

where xr = (xα
1 , . . . , x

β
n, z

a
1 , . . . , z

b
n−1)

T and

(5.3) M̃c =

(
M̃11 M̃12

M̃T
12 M̃22

)
.

The transformation which takes the coordinates xc to the coordinates x′ =
(xα

1 , . . . , x
β
n, y

c
1, . . . , y

d
n) is given by the matrix

(5.4) B =

[
Imn×mn 0

0 B22

]
,

where

(5.5) B22 =
1

n

⎡
⎢⎢⎢⎣

Ir×r Ir×r . . . Ir×r
(1 − n)Ir×r Ir×r . . . Ir×r

...
... · · ·

...
Ir×r . . . (1 − n)Ir×r Ir×r

⎤
⎥⎥⎥⎦

and Il×l denotes an l× l identity matrix and B22 is an rn×rn matrix. The expression
for M̃c in terms of Mc from (4.3) is

(5.6) M̃c = BTMcB.
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We can compute the block elements in M̃c to be

(5.7) M̃11 = M11,

(5.8) M̃12 =
1

n

⎛
⎜⎜⎜⎜⎜⎝

g̃1
αa g̃1

αa . . . g̃1
αa g̃1

αa

(1 − n)g̃2
αa g̃2

αa . . . g̃2
αa g̃2

αa

. . .

g̃n−1
αa g̃n−1

αa . . . g̃n−1
αa g̃n−1

αa

g̃nαa g̃nαa . . . (1 − n)g̃nαa g̃nαa

⎞
⎟⎟⎟⎟⎟⎠ ,

(5.9) M̃22 =
1

n2
BT

22M22B22,

where M11 and M22 are as defined in (4.3). From (5.5) and (4.3), we can calculate
the lowermost diagonal r × r block of M̃22 to be

(5.10) g̃ab =
1

n2

n∑
i=1

(g̃iab).

Thus, we can define M̄22 = g̃ab and M̄11 and M̄12 in terms of M̃c such that(
M̄11 M̄12

M̄T
12 M̄22

)
= M̃c.

Then, we can rewrite (5.2) as

L̃c =
1

2

(
ẋT
r żTn

)( M̄11 M̄12

M̄T
12 M̄22

)(
ẋr

żn

)
− V ′ε (xr),

where zn = (zan)T .
Note that in these coordinates zan is the symmetry variable. We are interested in

the relative equilibria given by

(5.11) vRE :=

⎛
⎝ xr

ẋr

żn

⎞
⎠ ,

where

xr = 0, ẋr = 0, żdn = ζd,

and ζd corresponds to (n times) the constant velocity of the center of mass of the
network.

Definition 5.1 (amended potential [13]). The amended potential for the La-
grangian system with Lagrangian (5.2) is defined by

Vμ(xr) = V ′ε (xr) +
1

2
g̃cdμcμd,

where V ′ε is given by (4.5) and g̃ab is given by (5.10). If Ja is the momentum conjugate
to zan, then μa is Ja evaluated at the relative equilibrium corresponding to żan = ζa,
i.e.,

(5.12) Ja =
∂L̃c

∂żan
= (M̄T

12ẋr + M̄22żn)a, μa =
∂L̃c

∂żan

∣∣∣∣∣
xr=0,ẋr=0,ża

n=ζa

= g̃abζ
b.
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By the Routh criteria, the relative equilibrium is stable if the second variation of

(5.13) Eμ :=
1

2
ẋT
r (M̄11 − M̄12M̄

−1
22 M̄T

12)ẋr + Vμ(xr),

evaluated at the origin, is definite. Also, if Rμ(xr, ẋr) is defined as

(5.14) Rμ :=
1

2
ẋT
r (M̄11 − M̄12M̄

−1
22 M̄T

12)ẋr − Vμ(xr),

then the reduced Euler–Lagrange equations can be written as

Exα
r
Rμ = 0.

The Routhian Rμ plays the role of a Lagrangian for the reduced system in variables
(xr, ẋr). Since g̃iab is a constant for each i ∈ {1, 2, . . . , n}, the second term in the
amended potential Vμ does not contribute to the second variation. It follows that the
relative equilibrium with momentum μa is stable if the matrix (M̄11 − M̄12M̄

−1
22 M̄T

12)
evaluated at the origin is negative definite, since the potential V ′ε is already maximum
at the equilibrium. But (M̄11 − M̄12M̄

−1
22 M̄T

12) is negative definite because it is the
Schur complement of the negative definite matrix M̃c [9].

Theorem 5.2 (SSRE). Consider a network of n SMC systems, each satisfying
assumption AS1. Suppose for each system that the origin is an equilibrium and
that the original potential energy is maximum at the origin. Consider the kinetic
energy shaping defined in section 4 and potential energy coupling defined above with a
connected graph so that the closed-loop dynamics derive from the Lagrangian L̃c given
by (5.2) and the potential energy V ′ε is maximized at the relative equilibrium (5.11).
The corresponding control law for the ith mechanical system is

ua,i = ucons
a,i = − κi

{
giβa,γ − giδaA

δα
i

[
giαβ,γ − 1

2
giβγ,α − (1 + κi)g

i
αdg

da
i giβa,γ

]}
ẋβ
i ẋ

γ
i

+ κig
i
δaA

δα
i

∂Vi

∂xα
i

+
∂Vi

∂θai
− 1

ρi

(
1 + κig

i
δaA

δα
i giαdg

db
i

) ∂V ′ε
∂θai

,

(5.15)

where Ai
αβ = giαβ − (1 + κi)g

i
αdg

da
i giβa, ρi < 0, and

κi + 1 > max
{
λ|det

(
giαβ − λgiαag

ab
i gibβ

)
|xα

i =0 = 0
}
.

Then, the relative equilibrium (5.11) is an SSRE for any ζd.
Proof. Since (M̄11 − M̄12M̄

−1
22 M̄T

12) evaluated at the origin is negative definite,
the second variation of Eμ evaluated at the origin is definite. Hence, the relative
equilibrium (5.11) is stable for the total network system independent of momentum
value μa.

6. Asymptotic stability of the constant momentum solution. In this sec-
tion we investigate asymptotic stabilization of the coordinated network to a solution
corresponding to a constant momentum Ja = μa. We prove that the solution is an
ASSM. Recall from section 2 that an ASSM is an asymptotically stable solution of
the mechanical system network defined by xα

i = xα
j and θai = θaj for all i �= j and

dynamics that evolve on a constant momentum surface. An ASSM describes a fully
synchronized motion, i.e., one in which each degree of freedom is synchronized across
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the whole network. If xα
i = xα

j = 0, then the solution is a relative equilibrium. How-
ever, in general, an ASSM is not a relative equilibrium. For example, in the case of a
network of pendulum/cart systems presented in section 8, the ASSM corresponds to
periodic solutions (synchronized oscillations of pendula and carts). In this section we
prove a control law that yields ASSM where the constant value of the momentum is
given by the initial conditions. Equivalently, given an arbitrary momentum value μa,
initial conditions on the corresponding momentum surface converge to the ASSM on
the same momentum surface. In the pendulum/cart example of section 8, we show
that control gains can be used to determine the frequency of the periodic solution
(ASSM). We discuss at the end of the section a second case in which a momentum
value is prescribed and a control term is added to drive the ASSM to the prescribed
constant momentum surface.

In this section we apply no dissipative control in the xα
i directions for all i and

as our Case I below we use no control in the zan direction. Recall that for our closed-
loop system, zan is the symmetry direction. If there is no control applied in this
direction, Ja remains a constant; i.e., the system evolves on a constant momentum
surface. On this surface, Eμ as defined in (5.13) is a conserved quantity and can be
chosen as a Lyapunov function to prove stability. By choosing appropriate dissipation
in the nonsymmetry directions za1 , . . . , z

b
n−1, we prove that solutions on a constant

momentum surface, corresponding to xα
i − xα

j = 0 and θai − θaj = 0 for all i �= j, are
asymptotically stable, i.e., they are ASSM.

Let the control input for the ith mechanical system be

(6.1) ua,i = ucons
a,i +

1

ρi
udiss
a,i ,

where ucons
a,i is the “conservative” control term given by (5.15) and udiss

a,i is the dis-
sipative control term to be designed. The Euler–Lagrange equations in the original
coordinates for the ith uncontrolled system are

Exα
i
(Li) = 0; Eθa

i
(Li) = ucons

a,i +
1

ρi
udiss
a,i ,

where Li is given by (4.1).
In the new coordinates given by (5.1), we have for i = 1, . . . , n,

(6.2) Exα
i
(L̃c) = 0; Eza

i
(L̃c) =

1

n
ũdiss
a,i ,

where L̃c is given by (5.2) and

ũdiss
a,i =

n∑
j=1,j �=i+1

udiss
a,j − (n− 1)udiss

a,i+1, i = 1, . . . , n− 1,

ũdiss
a,n =

n∑
j=1

udiss
a,j .

Case I. ũdiss
a,n = 0.

Let Ẽc be the energy function for the Lagrangian L̃c. Given momentum value
μa, let ξb = g̃abμa. Then, the function Ẽξ

c defined by

Ẽξ
c = Ẽc − Jaξ

a
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has the property that its restriction to the level set Ja = μa = g̃abξ
b of the momentum

gives Eμ (5.13). We can use this fact to calculate the time derivative of Eμ as follows.
From (6.2), we get

(6.3)
d

dt
Ẽc =

1

n

n∑
i=1

(żai ũ
diss
a,i ).

Using (6.3) and the fact that d
dtJa = 1

n ũ
diss
a,n , we get

(6.4)
d

dt
Ẽξ

c =
1

n

n∑
i=1

(żai ũ
diss
a,i ) −

(
1

n
ũdiss
a,n ξ

a

)
.

The expression for the time derivative of Eμ is obtained by restricting d
dt Ẽ

ξ
c to the

set Ja = μa. This and (5.12) give us

d

dt
Eμ =

1

n

n−1∑
i=1

(żai ũ
diss
a,i ) +

1

n
ũdiss
a,n ( żan|Jb=μb

− ξa)

=
1

n

n−1∑
i=1

(żai ũ
diss
a,i ) +

1

n
ũdiss
a,n (g̃ab(μb − (M̄T

12ẋr)b) − ξa)

=
1

n

n−1∑
i=1

(żai ũ
diss
a,i ) +

1

n
ũdiss
a,n (−g̃ab(M̄T

12ẋr)b).

Here, M̄T
12ẋr is a covariant vector just like a momentum. Hence, its components are

denoted by subscripts. Since ũdiss
a,n is chosen to be zero, we get

(6.5)
d

dt
Eμ =

1

n

n−1∑
i=1

(żai ũ
diss
a,i ).

Expressing ũdiss
a,i in terms of udiss

a,i , we can write the expression for Ėμ as

(6.6) n
d

dt
Eμ = udiss

a,1

⎛
⎝n−1∑

j=1

żaj

⎞
⎠+

n−1∑
j=2

udiss
a,j

⎛
⎝−(n− 1)żaj−1 +

n−1∑
k=1,k �=j−1

żak

⎞
⎠

and choose

udiss
a,1 = dab

⎛
⎝n−1∑

j=1

żbj

⎞
⎠ ,

udiss
a,j = dab

⎛
⎝−(n− 1)żbj−1 +

n−1∑
k=1,k �=j−1

żbk

⎞
⎠ ,

j = 2, . . . , n− 1,(6.7)

where dab is a positive definite control gain matrix, possibly dependent on xα
i , i =

1, . . . , n, and zai , j = 1, . . . , n− 1. With the dissipative control term (6.7), d
dtEμ ≥ 0.

We note that this dissipative control term requires that each individual system
can measure the variables żai of all other vehicles. Recall that for Lyapunov stability
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the interconnection among individual systems need only be connected for the coupling
potential Ṽε which is a function of the yak , k = 1, . . . , n. That is, for Lyapunov sta-
bility, each individual system need only measure its relative position with respect to
some subset of the other individual systems. However, for ASSM we require complete
interconnection in the dissipative control term which is a function of the variables żn.
That is, each individual system feedbacks relative velocity with respect to every other
individual system. Figure 6.1 illustrates a complete interconnected graph for the case
of four vehicles. Complete interconnection is not needed for stabilization of group
dynamics in the simpler dynamical models used more typically in the literature, as
described in section 1. It is hoped that the interconnection limitation here in stabi-
lization of networks of underactuated mechanical systems can likewise be overcome
in future work.

Fig. 6.1. Complete interconnected communication graph for four vehicles.

We next study convergence of the system using the LaSalle invariance principle
[11]. For c > 0, let Ωc = {(xr, ẋr)|Eμ ≥ c}. Ωc is a compact and positive invariant
set with integral curves starting in Ωc and staying in Ωc for all t ≥ 0. Define the
LaSalle surface

E =

{
(xr, ẋr)

∣∣∣∣ ddtEμ = 0

}
.

On this surface, udiss
a,j = 0, i = 1, . . . , n, which implies that żai = 0 for i = 1, . . . , n− 1.

Let M be the largest invariant set contained in E . By the LaSalle invariance principle,
solutions that start in Ωc approach M. The relative equilibrium (5.11) is contained
in M; however, there are other solutions in this set.

We now proceed to analyze in more detail the structure of solutions on the LaSalle
surface E . Using the condition żai = 0 for i = 1, . . . , n − 1, we get ẏai = ẏaj for all

i, j ∈ {1, . . . , n}. This gives yai − yaj = constant. Since we have chosen Ṽε to be a

quadratic function of the terms yai − yaj , we get ∂Ṽε

∂ya
i

= constant =: Δi
a. The equations

of motion for the yai restricted to the LaSalle surface are Eya
i
(L′c) = 0, where L′c is

given by (4.2). Equivalently,

(6.8) ÿai +
d

dt

(
g̃abi giαbẋ

α
i

)
= −g̃abi

∂Ṽε

∂ybi
= −g̃abi Δi

b .

As illustrated in [1], for SMC systems, there is a function lai (xα
i ) for each vehicle

i defined on an open set of the configuration space for the ith vehicle’s unactuated
variables such that

(6.9)
∂lai
∂xα

i

= g̃aci giαc .
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We can assume, by shrinking Ωc if necessary, that (6.9) holds in Ωc.
Let Kc be the projection of Ωc onto the coordinates (xn, ẋn), where xn =

(xα
1 , . . . , x

α
n). Then, since lai is continuous and Kc is compact, there exist constants

mi and ni such that

(6.10) mi ≤ ||li(xi)|| ≤ ni

for all xα
i such that xn ∈ Ωc. Using (6.8), (6.9), and the condition ẏai = ẏaj on E , we

get

(6.11)
d

dt
(l̇ai − l̇aj ) = g̃abj Δj

b − g̃abi Δi
b .

Therefore, on E ,

(6.12) lai − laj =
1

2
(g̃abj Δj

b − g̃abi Δi
b)t

2 + νa1 t + νa2

for some constant vectors νa1 and νa2 . The only way (6.10) can also be satisfied is if
g̃abj Δj

b − g̃abi Δi
b = 0 and νa1 = 0.

To simplify our calculations, we assume that the n individual mechanical systems
are identical. In this case, g̃abj = g̃abj for any i, j ∈ {1, . . . , n}. This gives Δi

a = Δj
a

for any i, j ∈ {1, . . . , n}, and so for a connected network with potential V ′ε having
a maximum at xα

i = 0 and yai = yaj for all i �= j, we get that yai = yaj on E for all
i, j ∈ {1, . . . , n}.

Using the definition (6.9) and the assumption that the individual systems are
identical, the fact that l̇ai − l̇aj = 0 on E yields

(6.13) giαbẋ
α
i = gjαbẋ

α
j ,

where gkαb = gαb(x
α
k ) for all k = 1, . . . , n. Therefore, on the LaSalle surface E , we see

that solutions are of the form (xn(t), ẋn(t), ya1 (t), . . . , ybn(t), ẏc1(t), . . . , ẏ
d
n(t)), where

yai (t) = yaj (t) for any i, j ∈ {1, . . . , n}, Ja = μa, and condition (6.13) holds. Since

zan =
∑n

i=1 y
a
i and the individual systems are identical, we have

Ja =
∂L̃c

∂żan
=

n∑
i=1

(giαaẋ
α
i + g̃abẏ

b
i )

= g̃ab

n∑
i=1

(g̃bcgiαcẋ
α
i + ẏbi )

= ng̃ab(g̃
bcgiαcẋ

α
i + ẏbi )

for any i ∈ {1, . . . , n}, where we have used the facts that ẏai = ẏaj and (6.13) holds on
E . Therefore, for each i we get

(6.14) ẏai =
1

n
g̃abμb − g̃abgiαbẋ

α
i .

Substituting (6.14) into the closed-loop equations for the Lagrangian L′c (4.2), we
get the following equations for the xα

i variables:

(6.15)
d

dt

∂Lμ

∂ẋα
i

=
∂Lμ

∂xα
i

,
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where

Lμ =

n∑
i=1

(
1

2
(g̃iαβ − g̃abgiαag

i
βb)ẋ

α
i ẋ

β
i − V1i(x

α
i )

)

=

n∑
i=1

(
1

2
(giαβ − (κ + 1)gabgiαag

i
βb)ẋ

α
i ẋ

β
i − V1i(x

α
i )

)
,(6.16)

and V1i is defined by assumption AS1. Here, κi = κ for all i = 1, . . . , n.
Lμ is just the Routhian Rμ for a mechanical system with abelian symmetry vari-

ables without a linear term in velocity and without the amended part of the potential.
This follows because, for SMC systems, these latter terms do not contribute to the
dynamics of the reduced system. We also see that the xα

i dynamics completely decou-
ple from the xα

j dynamics on the LaSalle surface E for all i and j. The yai dynamics
given by (6.14) can be thought of as a reconstruction of dynamics in the symmetry
variables, obtained after solving the reduced dynamics in the xα

i variables. We now
make the following assumption.

AS2. Consider two solutions (xα(t), ya(t)) and (x̃α(t), ỹa(t)) of the
Euler–Lagrange equations corresponding to the Lagrangian given by
(3.3). If ya(t) = ỹa(t) and gαa(x

α(t))ẋα(t) = gαa(x̃
α(t)) ˙̃xα(t), then

xα(t) = x̃α(t).
Note that checking this condition does not require extensive computation since we
already know the expression for the closed-loop Lagrangian. Consider two solutions
xα(t) and x̃α(t) such that gαa(x

α(t))ẋα(t) = gαa(x̃
α(t)) ˙̃xα(t). This is equivalent to

la(xα) = la(x̃α) + ca, where la is defined by (6.9) and ca is a constant; i.e., xα(t)
and x̃α(t) are two solutions in (xα, ẋα) space satisfying the Euler–Lagrange equation
corresponding to the Lagrangian Lμ given by (6.16) and differing by a constant. For
mechanical systems with symmetries, it may be possible to prove that ca is zero,
as is done for the pendulum/cart case in section 8. Then, AS2 is equivalent to
assuming that the function la is injective, i.e., gαa is one-to-one in a neighborhood
about the equilibrium. For the pendulum/cart example in section 8, this holds in the
neighborhood defined by pendulum angles which are above the horizontal plane. As
mentioned in [1], AS2 is equivalent to the (local) strong inertial coupling assumption
in [21] and internal/external convertible system in [7].

Using (6.13) and the fact that yai = yaj on the LaSalle surface, we get from AS2
that xα

i = xα
j and θai = θaj for all i, j ∈ {1, . . . , n}. So we get that the dissipation

control law given by (6.7) yields asymptotic convergence to synchronized motion on
a constant momentum surface.

Theorem 6.1 (ASSM). Consider a network of n identical SMC systems that
each satisfy AS1 and AS2. Suppose for each individual system that the origin is an
equilibrium and that the original potential energy is maximum at the origin. Consider
the kinetic energy shaping defined in section 4 and potential energy coupling Ṽε defined
in section 5, where the terms in Ṽε are quadratic in yai − yaj and the corresponding
interconnection graph is connected. The closed-loop dynamics (6.2) derive from the
Lagrangian L̃c given by (5.2), and the potential energy V ′ε is maximized at the relative
equilibrium (5.11). The control input takes the form (6.1), where ucons

a,i is given by
(5.15) and ρi = ρ, κi = κ. The dissipative control term given by (6.7) asymptotically
stabilizes the solution in which all the vehicles have synchronized dynamics such that
θai = θaj and xα

i = xα
j for all i and j, and each has the same constant momentum in

the θai direction. The system stays on the constant momentum surface determined by
the initial conditions.
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Remark 6.2. Consider a Case II in which we choose ũdiss
a,n = −λ(Ja−μa) and ua,i

for i = 1, . . . , n − 1 as in Case I. Then Ja = (Ja(0) − μa) exp(−λt) + μa and we can
rewrite the reduced system in (xr, ẋr) coordinates as follows:

(6.17) Exr (R
μ) =

(
0

1

n
ũdiss

)
+ λM̄12M̄

22(J(0) − μ) exp(−λt).

Here, ũdiss = (ũdiss
a,1 , . . . , ũ

diss
a,n−1) is an rn-dimensional vector, and J and μ are r-

dimensional vectors with components Ja and μb, respectively. When λ = 0, we get
Case I. When λ �= 0, the momentum Ja is no longer a conserved quantity. This case
needs to be analyzed more carefully since we are pumping energy into the system now
to drive it to a particular momentum value. Equation (6.17) can be considered to
be a parameter dependent differential equation with the parameter being λ. When
λ = 0, we already know the solution from Case I. From the continuity of dependence of
solutions upon parameters, we get that when 0 < λ < δ, the solution stays within an
ε-tube of the solution in Case I for time t ∈ [0, t1] for some t1 if the initial conditions
are in a δ-neighborhood. Our simulations for pendulum/cart systems suggest that
this holds true for the infinite time interval. We plan to investigate this case further
in our future work.

Remark 6.3. The simplifying requirement for Theorem 6.1 that all systems be
identical is a weakness of the result and motivates the question of robustness to un-
certainty in system parameters. Simulations suggest that the stability of Theorem 6.1
is robust to model parameter uncertainty, but a formal robustness analysis is war-
ranted.

In section 8 we illustrate the result of Theorem 6.1 and the dynamics of (6.16) in
more detail in the case of a network of inverted pendulum/cart systems. Solutions for
this example correspond to synchronized balanced pendula on synchronized moving
carts, where the motion of the carts is the sum of a constant velocity plus an oscillation
and the motion of the pendula is oscillatory with the same frequency as the carts.

7. Asymptotic stabilization of relative equilibria. In the previous section,
we proved asymptotic stability of the coordinated network in the case when the net-
work asymptotically converges to the momentum surface Ja = μa. This can lead to
nontrivial and interesting synchronized group dynamics, as is discussed in section 8.
Stabilization was proved using Eμ as a Lyapunov function on the reduced space. The
dynamics after adding a dissipative control term are given by θai = θaj and xα

i = xα
j

for all i, j = 1, . . . , n. The dissipative terms are chosen such that the momentum is
preserved.

In this section, we demonstrate how to isolate and asymptotically stabilize the par-
ticular synchronized and constant momentum solutions corresponding to the relative
equilibria given by (5.11). The value of the momentum μa can be chosen arbitrarily.
We use a different Lyapunov function from that used in section 6. We note that in
the example of a network of inverted pendulum/cart systems, the relative equilibrium
corresponds to the synchronized motion of all carts moving in unison at a steady
speed with all pendula at rest in the upright position; i.e., it is the special case of the
motion proved in Theorem 6.1 without the oscillation.

Consider the following function:

(7.1) ERE =
1

2
(ẋc − vRE)T M̃c(ẋc − vRE) + V ′ε ,
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where vRE is defined by (5.11). ERE is a Lyapunov function in directions transverse
to the group orbit of the relative equilibrium, i.e., ERE > 0 in a neighborhood of the
Euler–Lagrange solution given by (xr, zn, ẋr, żn), where xr = 0, ẋr = 0, zdn = ζdt,
żdn = ζd, and ζd corresponds to (n times) the constant velocity of the center of mass
of the network.

The time derivative of ERE along the flow given by (6.2) can be computed to be

d

dt
ERE =

1

n
(ẋc − vRE) ·

(
0

ũdiss

)
.

See [3] for the steps involved in proving this identity. Choose

(7.2) ũdiss
a,i =

{
nσiż

a
i for i = 1, . . . , n− 1,

nσn(żan − ζa) for i = n,

where control parameters σi are positive constants. Then,

d

dt
ERE =

n−1∑
j=1

σi(ż
a
j )2 + σn(żbn − ζb)2 ≥ 0.

We note here that, unlike the case of asymptotic stabilization in the previous sec-
tion, where a complete interconnection was required to realize the dissipative control
term (6.7), the dissipative control term (7.2) requires only a connected interconnection
graph.

Let ΩRE
c = {(xr, ẋr, ż

a
n)|ERE ≥ c} for c > 0. ΩRE

c is a compact set, i.e., ERE is
a proper Lyapunov function. Assume that the Euler–Lagrange system (6.2) satisfies
the following controllability condition.

AS3. The system (6.2) is linearly controllable at each point in a
neighborhood of the relative equilibrium solution manifold.

Note that checking this condition does not require extensive computation since we
already know the expression for the closed-loop Lagrangian.

We now use a result from nonlinear control theory, which is stated in [3] as Lemma
2.1 and the remark following it, to conclude that the system (6.2) with dissipative
control terms given by (7.2) converges exponentially to the set

ERE = {(xr, ẋr, ż
a
n) |ERE = 0} .

On this set, the solution is given by (5.11). Thus, we have shown that the solutions

of the controlled system will exponentially converge to (xα
i , θ

a
i , ẋ

β
i , θ̇

b
i ) = (0, 1

nζ
at +

γa, 0, 1
nζ

b), with γa constant.
Theorem 7.1 (ASSRE). Consider a network of n (not necessarily identical) in-

dividual SMC systems that each satisfy assumption AS1. Suppose for each individual
system that the origin is an equilibrium and that the original potential energy is max-
imum at the origin. Consider the kinetic energy shaping defined in section 4 and
potential energy coupling Ṽε defined in section 5, where the terms in Ṽε are quadratic
in yai − yaj and the corresponding interconnection graph is connected. The closed-loop

dynamics (6.2) derive from the Lagrangian L̃c given by (5.2) and the potential energy
V ′ε is maximized at the relative equilibrium (5.11). The control input takes the form
(6.1), where ucons

a,i is given by (5.15) and ρi = ρ. If (6.2) satisfies AS3, then the dissi-
pative control term given by (7.2) exponentially stabilizes the relative equilibrium given
by (5.11) in which xα

i = ẋα
i = 0 for all i = 1, . . . , n and θai = θaj and θ̇ai = θ̇aj = 1

nζ
a

for all i and j.
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8. Coordination of multiple inverted pendulum/cart systems. As an
illustration, we now consider the coordination of n identical planar inverted pendu-
lum/cart systems. For the ith system, the pendulum angle relative to the vertical is
xi and the position of the cart is θi. Let the Lagrangian for each system shown in
Figure 8.1 be

Li =
1

2
αẋ2

i + β cos(xi)ẋiθ̇i +
1

2
γθ̇2

i + D cos(xi); i = 1, . . . , n,

where l,m,M are the pendulum length, pendulum bob mass, and cart mass, respec-
tively. g is the acceleration due to gravity. The quantities α, β, γ, and D are expressed
in terms of l,m,M, g as follows:

α = ml2, β = ml, γ = m + M, D = −mgl.

The equations of motion for the ith system are

Exi
(Li) = 0,

Eθi(Li) = ui,

where ui is the control force applied to the ith cart.

One can see that θi is a symmetry variable. Further, it can be easily verified that
each pendulum/cart system satisfies the simplified matching conditions [1, 2]. The n
inverted planar pendulum/cart systems lie on n parallel tracks corresponding to the
θi directions. The coordination problem is to prescribe control forces ui, i = 1, . . . , n,
that asymptotically stabilize the solution where each pendulum is in the vertical
upright position (in the case of ASSRE) or moving synchronously (in the case of
ASSM) and the carts are moving at the same position along their respective tracks
with the same common velocity. The relative equilibrium vRE (5.11) corresponds to
xi = ẋi = 0 for all i, θi = θj for all i �= j, and θ̇i = 1

nζ for some constant scalar
velocity ζ.

Following (5.2), the closed-loop Lagrangian for the total system in the coordinates
xc = (x1, . . . , xn, z1, . . . , zn), where zi = y1−yi+1 for i = 1, . . . , n−1, zn = y1+· · ·+yn,
yi = θi + p sinxi, and p = β

γ (κ + 1 − 1
ρ ), is

(8.1) L̃c =
1

2
ẋT M̃cẋ− V ′ε (x1, . . . , xn, z1, . . . , zn−1).

M̃c is as in (5.6) and Mc is as in (4.3),

g̃iαβ = α−
(
κ + 1 − 1

ρ

)
β2

γ
cos2(xi), g̃iαa = β cos(xi),

g̃iab = ργ, V ′ε = −D

n−1∑
i=1

(
cos(xi) −

1

2
ε
γ2

β2
z2
i

)
−D cos(xn)(8.2)

with ε > 0. The control law (6.1) for the ith system is

(8.3) ui =
κβ
(
sinxi

(
αẋ2

i + cos(xi)D
)
−Bi

(
∂V ′

ε

∂θi
− udiss

i

))
α− β2

γ (1 + κ) cos2(xi)
,
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Fig. 8.1. The planar pendulum on a cart.

where

Bi =
1

ρ

(
α− β2 cos2(xi)

γ

)
.

Note that we have chosen ρi = ρ and κi = κ. In the case udiss
i = 0, by Theorem 5.2,

we get stability of the relative equilibrium vRE (SSRE) if we choose ρ < 0, ε > 0, and

κ such that mκ := α− (κ+ 1)β
2

γ < 0. The choice of udiss
i depends upon what kind of

asymptotic stability we want, i.e., convergence to a synchronized constant momentum
solution or to a relative equilibrium.

The dependence of V ′ε on z2
i in (8.2) implies that coupling between the pendu-

lum/cart systems introduced by the control is a function of terms yi − yj rather than
θi − θj . That is, our approach to simultaneous stabilization and synchronization of a
network of planar pendulum/cart systems yields coupling not simply as a function of
relative cart positions but, rather more subtly, as a function of the horizontal compo-
nent of relative positions of pendulum bobs (where pendulum length is scaled by p).
Numerical simulations show that naively coupling the positions of the carts for the
purpose of synchronization in fact destabilizes the network. This particular example
illustrates the need to integrate synchronization and stabilization tasks.

8.1. Asymptotic stability on a constant momentum surface (ASSM).
Following (6.7), we let udiss

1 be

udiss
1 = d1

(
n−1∑
k=1

(żk)

)

and udiss
i for i = 2, . . . , n be

udiss
i = di

⎛
⎝−(n− 1)żi−1 +

n−1∑
k=1,k �=i−1

żk

⎞
⎠ ,

where coefficients di are constant positive scalars.
We now analyze the dynamics on the LaSalle surface. On this surface, we have

ẏi = ẏj for all i, j ∈ {1, . . . , n} and J = μ, where momentum μ is determined by the
initial conditions. From the calculations made in section 6, we also get yi = yj and
cos(xi)ẋi = cos(xj)ẋj . The xi dynamics are given by (6.15) with

(8.4) Lμ =

n∑
i=1

(
1

2

(
α− (κ + 1)

β2

γ
cos2(xi)

)
ẋ2
i + D cos(xi)

)
.
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Fig. 8.2. Simulation of a controlled network of pendulum/cart systems with dissipation designed
for ASSM. The pendulum angle, cart position, and cart velocity are plotted as a function of time
for each of the two pendulum/cart systems in the network.

To verify AS2 we need to check that if cos(xi)ẋi = cos(xj)ẋj about the origin for
a system corresponding to the Lagrangian Lμ, then xi = xj identically. This condition
can also be written as sin(xi) = sin(xj) + c, where c is a constant. Note that if xi(t)
is an Euler–Lagrange solution corresponding to Lμ for the ith vehicle, then −xi(t)
is also a solution. Since we have a stable pendulum oscillation about the upright
position, xi(t) and therefore | sin(xi(t))| oscillates with mean zero for all i. This can
also be concluded from the fact that the solution curves are closed level curves in
the (xi, ẋi) plane of Lμ given by (8.4) and Lμ is invariant under the sign change
(xi, ẋi) �→ −(xi, ẋi). Since | sin(xi)| oscillates with zero mean for all i, the constant c
must be zero. Hence, xi(t) = xj(t) for all i, j identically and AS2 is verified. Thus,
by Theorem 6.1 the pendulum network asymptotically goes to an ASSM.

From (8.4), it can be seen that on the LaSalle surface, the dynamics of xi are
decoupled from the dynamics of xj for all i �= j. For small xi, the dynamics of each
individual term in Lμ corresponds to the stable dynamics of a spring-mass system
with a κ-dependent mass −mκ > 0 and spring constant −D > 0. The mass −mκ,
which determines the oscillation frequency of the pendulum for each individual cart,
can be controlled by the choice of κ. For the nonlinear system also, constant energy
curves are closed curves in the (xi, ẋi) plane. Hence, we have a periodic orbit for the
angle made by each pendulum with the vertical line with a κ-dependent frequency.
On the LaSalle surface, J = ργθ̇i + (β + pργ) cos(xi)ẋi = constant. Therefore, the
velocity of the cart θ̇i oscillates about a constant velocity with the same frequency as
the pendulum oscillation.

Figure 8.2 shows the results of a MATLAB simulation for the controlled net-
work of pendulum/cart systems using the following values for the system parameters.
The pendulum/cart systems have identical pendulum bob masses, lengths, and cart
masses. The pendulum bob mass is chosen to be m = 0.14 kg, cart mass is M = 0.44
kg, and pendulum length is l = 0.215 m. The control gains are ρ = −0.27, κ = 40,
di = d = 0.2, and ε = 0.0005. We compute mκ = −0.058 kgm2 < 0 as required for
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Fig. 8.3. Simulation of a controlled network of pendulum/cart systems with dissipation designed
for ASSRE. The pendulum angle, cart position, and cart velocity are plotted as a function of time
for each of the two pendulum/cart systems in the network.

stability. The initial conditions for the two systems shown are

( x1(0) ẋ1(0) θ1(0) θ̇1(0) x2(0) ẋ2(0) θ2(0) θ̇2(0) )

= ( 0.48 0.99 0.37 0.53 0.18 0.50 0.42 0.66 ).

Figure 8.2 shows plots of the pendulum angle, cart position, and cart velocity as a
function of time for two of the coupled pendulum/cart systems. Convergence to an
ASSM is evident. The frequency of oscillation of the pendula can be observed to be the
same as the frequency of oscillation in the cart velocities. This frequency of oscillation
can be computed as ω =

√
D/mκ and the period of oscillation as T = 2π/ω = 2.8 s,

which is precisely the period of the oscillations observed in Figure 8.2.

8.2. Asymptotic stability of relative equilibria (ASSRE). In this case, we
want to asymptotically stabilize the relative equilibrium vRE , i.e., xi = ẋi = 0 for all
i, θi = θj for all i �= j, and θ̇i = 1

nζ for all i, and any constant scalar velocity ζ. Recall
that this corresponds to each pendulum angle at rest in the upright position and all
carts aligned and moving together with the same constant velocity 1

nζ. Following
(7.2), we let

udiss
i = ndiżi

for i = 1, . . . , n− 1 and

udiss
n = ndn(żn − ζ),

where the control parameters di are positive constants.

Figure 8.3 shows the results of a MATLAB simulation for the controlled network
of pendulum/cart systems with this dissipative control. We choose ζ = 2n m/s, and
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the remaining system and control parameters are as above in the ASSM case. The
initial conditions for the two systems shown are

( x1(0) ẋ1(0) θ1(0) θ̇1(0) x2(0) ẋ2(0) θ2(0) θ̇2(0) )

= ( 0.53 1.12 0.56 0.50 1.02 0.63 0.24 0.81 ).

Figure 8.3 shows convergence to the relative equilibrium; the pendula are stabilized in
the upright position, the cart positions become synchronized, and the cart velocities
converge to 2 m/s.

9. Final remarks. We have derived control laws to stabilize and stably syn-
chronize a network of mechanical systems with otherwise unstable dynamics. We
have proved stability of relative equilibria corresponding to synchronization in all
variables and common steady motion in the actuated directions. Using two different
choices of a dissipative term in the control law, we prove two different kinds of asymp-
totic stability. In the first case of dissipation, we show how to drive the network to
a synchronized motion on the constant momentum surface determined by the initial
conditions. Such a synchronized motion can be interesting when examined in physical
space. In our example of a network of planar pendulum/cart systems, we show that
the synchronized motion is periodic and the period of the oscillation can be controlled
with a control parameter. In the second case of dissipation, we show how to isolate
and asymptotically stabilize the relative equilibrium for any choice of constant mo-
mentum. We illustrate all of our results for a network of pendulum/cart systems.
For this example, our approach yields a subtle choice in the coupling variables: The
coupling that leads to stable synchronization is a function of relative positions of pen-
dulum bobs, not simply relative positions of carts. Indeed, coupling as a function of
relative cart positions destabilizes the network.

For asymptotic stabilization of the relative equilibrium, we assume that the inter-
connection graph for the network is connected. However, for asymptotic stabilization
of a synchronized motion on the constant momentum surface, we assume that the
interconnection graph for the dissipative control is completely connected. It is of
interest in future work to determine whether this latter condition can be relaxed.

In Theorem 6.1 we prove asymptotic stabilization of a synchronized motion on the
constant momentum surface; however, we cannot select the value of the momentum
because it is determined by the initial conditions. In Remark 6.2 we propose a control
law to simultaneously drive the momentum to a desired value. This control law
appears to work in simulation; however, the stability analysis is more subtle. It raises
a number of interesting questions. For example, suppose we have a dynamical system
depending upon a parameter λ, i.e., the Lagrangian is given by a function L(q, q̇, λ),
where q is the state variable. Assume that for each λ ∈ [0, ε], the (controlled) system
is Lyapunov stable. If we now let λ evolve in time such that it “slowly” goes to
a value ε̄ ∈ (0, ε), can we still conclude that the system is Lyapunov stable in the
infinite time domain? See [12] for results in the case when the unperturbed system
has a uniformly asymptotically stable equilibrium. We plan to build on these tools to
study our parameter dependency problem in future work.

Another future direction is the inclusion of collision avoidance in our framework.
For instance, in our example, the carts move on parallel tracks, and hence collision
avoidance is not an issue. However, it is interesting to consider the case in which all
of the carts are on the same track and the pendulum/cart systems can be controlled
without collisions for stable synchronization.
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OPTIMAL STOPPING GAMES FOR MARKOV PROCESSES∗

ERIK EKSTRÖM† AND GORAN PESKIR†

Abstract. Let X = (Xt)t≥0 be a strong Markov process, and let G1, G2, and G3 be continuous
functions satisfying G1 ≤ G3 ≤ G2 and Ex supt |Gi(Xt)| < ∞ for i = 1, 2, 3. Consider the optimal
stopping game where the sup-player chooses a stopping time τ to maximize, and the inf-player chooses
a stopping time σ to minimize, the expected payoff Mx(τ, σ) = Ex[G1(Xτ )I(τ <σ) + G2(Xσ)I(σ<
τ) + G3(Xτ ) I(τ = σ)], where X0 = x under Px. Define the upper value and the lower value of
the game by V ∗(x) = infσ supτ Mx(τ, σ) and V∗(x) = supτ infσ Mx(τ, σ), respectively, where the
horizon T (the upper bound for τ and σ above) may be either finite or infinite (it is assumed that
G1(XT ) = G2(XT ) if T is finite and lim inft→∞ G2(Xt) ≤ lim supt→∞ G1(Xt) if T is infinite). If X
is right-continuous, then the Stackelberg equilibrium holds, in the sense that V ∗(x) = V∗(x) for all
x with V := V ∗ = V∗ defining a measurable function. If X is right-continuous and left-continuous
over stopping times (quasi-left-continuous), then the Nash equilibrium holds, in the sense that there
exist stopping times τ∗ and σ∗ such that Mx(τ, σ∗) ≤ Mx(τ∗, σ∗) ≤ Mx(τ∗, σ) for all stopping times
τ and σ, implying also that V (x) = Mx(τ∗, σ∗) for all x. Further properties of the value function V
and the optimal stopping times τ∗ and σ∗ are exhibited in the proof.

Key words. optimal stopping game, Stackelberg equilibrium, Nash equilibrium, saddle point,
optimal stopping, Snell envelope, Markov process, martingale
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1. Introduction. Let X = (Xt)t≥0 be a strong Markov process, and let G1, G2,
and G3 be continuous functions satisfying G1 ≤ G3 ≤ G2 (for further details see
section 2 below). Consider the optimal stopping game where the sup-player chooses a
stopping time τ to maximize, and the inf-player chooses a stopping time σ to minimize,
the expected payoff

(1.1) Mx(τ, σ) = Ex

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ<τ) + G3(Xτ )I(τ =σ)

]
,

where X0 = x under Px.
Define the upper value and the lower value of the game by

(1.2) V ∗(x) = inf
σ

sup
τ

Mx(τ, σ) and V∗(x) = sup
τ

inf
σ

Mx(τ, σ),

respectively, where the horizon T (the upper bound for τ and σ above) may be
either finite or infinite (it is assumed that G1(XT ) = G2(XT ) if T is finite and
lim inft→∞G2(Xt) ≤ lim supt→∞G1(Xt) if T is infinite). Note that V∗(x) ≤ V ∗(x)
for all x.

In this context one distinguishes: (i) the Stackelberg equilibrium, meaning that

(1.3) V ∗(x) = V∗(x)

for all x (in this case V := V ∗ = V∗ unambiguously defines the value of the game),
and (ii) the Nash equilibrium, meaning that there exist stopping times τ∗ and σ∗ such
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that

(1.4) Mx(τ, σ∗) ≤ Mx(τ∗, σ∗) ≤ Mx(τ∗, σ)

for all stopping times τ and σ and for all x (in other words (τ∗, σ∗) is a saddle point).
It is easily seen that the Nash equilibrium implies the Stackelberg equilibrium with
V (x) = Mx(τ∗, σ∗) for all x.

A variant of the problem above was first studied by Dynkin [5] using martingale
methods similar to those of Snell [21]. Specific examples of the same problem were
studied in [9] and [12] using Markovian methods (see also [13] for martingale meth-
ods). In parallel to that, Bensoussan and Friedman (cf. [10], [2], [3]) developed an
analytic approach (for diffusions) based on variational inequalities. Martingale meth-
ods were further advanced in [18] (see also [23]), and Markovian setting was studied
in [8] (via Wald–Bellman equations) and [22] (via penalty equations). More recent
papers on optimal stopping games include [14], [16], [1], [11], [6], [7], and [15]. These
papers study specific problems and often lead to explicit solutions. For optimal stop-
ping games with randomized stopping times, see [17] and the references therein. For
connections with singular stochastic control (forward/backward SDE), see [4] and the
references therein.

The most general martingale result known to date assumes an upper/lower semi-
continuity from the left (cf. [18, Theorem 15, p. 42]) so that it does not cover the
case of Lévy processes, for example. The most general Markovian result known to
date assumes an asymptotic condition uniformly over initial points (cf. [22, Condition
(A3), p. 2]) so that it is not always easily verifiable. The present paper aims at closing
these gaps.

The main result of the paper (Theorem 2.1) may be summarized as follows. If
X is right-continuous, then the Stackelberg equilibrium holds with a measurable value
function. If X is right-continuous and left-continuous over stopping times (quasi-
left-continuous), then the Nash equilibrium holds (see also Example 3.1 and Theorem
3.2). These two sufficient conditions are known to be most general in optimal stopping
theory (see, e.g., [19] and [20]). Further properties of the value function V and the
optimal stopping times τ∗ and σ∗ are exhibited in the proof.

2. Result and proof. 1. Throughout we will consider a strong Markov process
X = (Xt)t≥0 defined on a filtered probability space (Ω,F , (Ft)t≥0,Px) and taking
values in a measurable space (E,B), where E is a locally compact Hausdorff space
with a countable base and B is the Borel σ-algebra on E. It will be assumed that
the process X starts at x under Px for x ∈ E and that the sample paths of X are
(first) right-continuous and (then) left-continuous over stopping times. The latter
condition is often referred to as quasi-left-continuity and means that Xτn → Xτ Px-
a.s. whenever τn and τ are stopping times such that τn ↑ τ as n → ∞. (Stopping times
are always referred to with respect to the filtration (Ft)t≥0 given above.) It is also
assumed that the filtration (Ft)t≥0 is right-continuous (implying that the first entry
times to open and closed sets are stopping times) and that F0 contains all Px-null sets
from FX

∞ = σ(Xt : t ≥ 0) (implying also that the first entry times to Borel sets are
stopping times). The main example we have in mind is when Ft = σ(FX

t ∪N ), where
FX

t = σ(Xs : 0 ≤ s ≤ t) and N = {A ⊆ Ω : ∃B ∈ FX
∞ , A ⊆ B , Px(B) = 0 } for t ≥ 0

with F = F∞. In addition, it is assumed that the mapping x �→ Px(F ) is (universally)
measurable for each F ∈ F . It follows that the mapping x �→ Ex(Z) is (universally)
measurable for each (integrable) random variable Z. Finally, without loss of generality
we will assume that Ω equals the canonical space E[0,∞) with Xt(ω) = ω(t) for ω ∈ Ω
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and t ≥ 0, so that the shift operator θt : Ω → Ω is well defined by θt(ω)(s) = ω(t+s)
for ω ∈ Ω and t, s ≥ 0.

2. Given continuous functions G1, G2, G3 : E → R satisfying G1 ≤ G3 ≤ G2 and
the following integrability condition:

(2.1) Ex sup
t

|Gi(Xt)| < ∞ (i = 1, 2, 3)

for all x ∈ E, we consider the optimal stopping game where the sup-player chooses a
stopping time τ to maximize, and the inf-player chooses a stopping time σ to minimize,
the expected payoff

(2.2) Mx(τ, σ) = Ex

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ<τ) + G3(Xτ )I(τ =σ)

]
,

where X0 = x under Px.
Define the upper value and the lower value of the game by

(2.3) V ∗(x) = inf
σ

sup
τ

Mx(τ, σ) and V∗(x) = sup
τ

inf
σ

Mx(τ, σ),

respectively, where the horizon T (the upper bound for τ and σ above) may be either fi-
nite or infinite. If T < ∞, then it will be assumed that G1(XT ) = G2(XT ) = G3(XT ).
In this case it is most interesting to assume that X is a time-space process (t, Yt) for
t ∈ [0, T ], so that Gi = Gi(t, y) will be functions of both time and space for i = 1, 2, 3.
If T = ∞, then it will be assumed that lim inft→∞G2(Xt) ≤ lim supt→∞G1(Xt), and
the common value for G3(X∞) could formally be assigned as either of the preceding
two values ( if τ and σ are allowed to take the value∞) yielding the same results as
in Theorem 2.1 below. For simplicity of the exposition, however, we will assume that
τ and σ in (2.2) are finite valued.

3. The main result of the paper may now be stated as follows.
Theorem 2.1. Consider the optimal stopping game (2.3). If X is right-continuous,

then the Stackelberg equilibrium (1.3) holds with V := V ∗ = V∗ defining a measurable
function. If X is right-continuous and left-continuous over stopping times, then the
Nash equilibrium (1.4) holds with

τ∗ = inf { t : Xt ∈ D1 } and σ∗ = inf { t : Xt ∈ D2 },(2.4)

where D1 = {V = G1 } and D2 = {V = G2 }.
Proof. Both finite and infinite horizons can be treated by slight modifications of

the same method which we will therefore present without referring to the horizon.
(I) In the first part of the proof we will assume that X is right-continuous, and we

will show that this hypothesis implies the Stackelberg equilibrium with V := V ∗ = V∗
defining a measurable function. This will be done in a number of steps as follows.

1. Given ε > 0 set

(2.5) Dε
1 = {V ∗≤ G1 + ε } and Dε

2 = {V∗ ≥ G2 − ε },

and consider the stopping times

(2.6) τε = inf { t : Xt ∈ Dε
1 } and σε = inf { t : Xt ∈ Dε

2 }.

The key is to show that

(2.7) Mx(τ, σε) − ε ≤ V∗(x) ≤ V ∗(x) ≤ Mx(τε, σ) + ε
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for all τ , σ, x, and ε > 0. Indeed, suppose that (2.7) is valid. Then

(2.8) V ∗(x) ≤ inf
σ

Mx(τε, σ) + ε ≤ sup
τ

inf
σ

Mx(τ, σ) + ε = V∗(x) + ε

for all ε > 0. Letting ε ↓ 0 we see that V ∗ = V∗, and the claim follows (up to
measurability which will be derived below).

Since the first inequality in (2.7) is analogous to the third one, and since the
second inequality holds generally, we focus on establishing the third one, which states
that

(2.9) V ∗(x) ≤ Mx(τε, σ) + ε

for all σ, x, and ε > 0.
2. To prove (2.9) take any stopping time σ, and consider the optimal stopping

problem

(2.10) V̂ ∗σ (x) = sup
τ

M̂x(τ, σ),

where we set

(2.11) M̂x(τ, σ) = Ex

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ≤τ)

]
.

Note that the gain process Gσ in (2.10) is given by

(2.12) Gσ
t = G1(Xt) I(t<σ) + G2(Xσ) I(σ≤ t),

from which we see that Gσ is right-continuous and adapted (satisfying also a suffi-
cient integrability condition which can be derived using (2.1)). Thus general optimal
stopping results of the martingale approach (cf. [19]) are applicable to the problem
(2.10). In order to make use of these results in the Markovian setting of the present
theorem (where Px forms a family of probability measures when x runs through E),
we will first verify a regularity property of the value function V̂ ∗σ .

3. We show that the function x �→ V̂ ∗σ (x) defined in (2.10) is measurable. The
basic idea of the proof is to embed the problem (2.10) into a setting of the Wald–
Bellman equations (cf. [19]) and then exploit the underlying Markovian structure in
this context.

For this, let us first assume that the stopping times τ in (2.10) take values in a
finite set, and without loss of generality let us assume that this set equals {0, 1, . . . , N}.
Introduce the auxiliary optimal stopping problems

(2.13) V N
n (x) = sup

n≤τ≤N
ExG

σ
τ

for n = N, . . . , 1, 0, and recall that the Wald–Bellman equations in this setting read:

(2.14) SN
n = Gσ

N for n = N,

(2.15) SN
n = Gσ

n ∨ Ex(SN
n+1 | Fn) for n = N−1, . . . , 1, 0,

with V N
n (x) = ExS

N
n for n = N, . . . , 1, 0 (see, e.g., [19, pp. 3–6]). In particular, since

V N
0 = V̂ ∗σ we see that

(2.16) V̂ ∗σ (x) = ExS
N
0
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for all x. Thus the problem is reduced to showing that x �→ ExS
N
0 is measurable.

If σ is a hitting time, then by the strong Markov property of X it follows using
(2.14)–(2.15) inductively that the following identity holds:

(2.17) SN
0 = G1(x)I(0<σ) + FN (x) + G2(x)I(σ=0)

under Px, where x �→ FN (x) is a measurable function obtained by means of the
following recursive relations:

(2.18) Fn(x) = Ex

[
G1(X1)I(1<σ) ∨ Fn−1(x)

]
+ Ex

[
G2(Xσ)I(0<σ≤ 1)

]
for n = 1, 2, . . . , N , where F0 ≡ −∞. Taking Ex in (2.17) and using (2.16) we get

(2.19) V̂ ∗σ (x) = G1(x) Px(0<σ) + FN (x) + G2(x) Px(σ=0)

for all x. Hence we see that x �→ V̂ ∗σ (x) is measurable as claimed. In the case
of a general stopping time σ one can make use of the extended Radon–Nikodym
theorem, which states that (x, ω) �→ Ex(Zx| G)(ω) is measurable when (x, ω) �→ Zx(ω)
is measurable and G ⊆ F is a σ-algebra. Applying this fact inductively in (2.15)
and using (2.16) it follows that x �→ V̂ ∗σ (x) is measurable as claimed. [Note that this
argument also applies when σ is a hitting time; however, the explicit formula (2.19)
is no longer available if σ is a general stopping time.]

Let us now consider the general case when the stopping times τ from (2.10) can
take arbitrary values. Setting τn = k/2n on {(k−1)/2n < τ ≤ k/2n} one knows that
each τn is a stopping time with values in the set Qn of dyadic rationals of the form
k/2n, and τn ↓ τ as n → ∞. Hence by right-continuity of Gσ and Fatou’s lemma
(using a needed integrability condition which is derived by means of (2.1) above), one
gets

(2.20) ExG
σ
τ = Ex

(
lim
n→∞

Gσ
τn

)
≤ lim inf

n→∞
ExG

σ
τn ≤ sup

n≥1
Vn(x),

where we set

(2.21) Vn(x) = sup
τ∈Qn

ExG
σ
τ .

Taking the supremum in (2.20) over all τ , and using that Vn ≤ V̂ ∗σ for all n ≥ 1, it
follows that

(2.22) V̂ ∗σ (x) = sup
n≥1

Vn(x)

for all x. By the first part of the proof above we know that each function x �→ Vn(x)
is measurable, so it follows from (2.22) that x �→ V̂ ∗σ (x) is measurable as claimed.

4. Since the function x �→ V̂ ∗σ (x) is measurable, it follows that

(2.23) V̂ ∗σ (Xρ) = sup
τ

M̂Xρ(τ, σ)

defines a random variable for any stopping time ρ which is given and fixed. On the
other hand, by the strong Markov property we have
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M̂Xρ
(τ, σ) = EXρ

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ≤τ)

]
(2.24)

= Ex

[
G1(Xρ+τ◦θρ)I(ρ + τ ◦ θρ < ρ + σ ◦ θρ)
+ G2(Xρ+σ◦θρ)I(ρ + σ ◦ θρ ≤ ρ + τ ◦ θρ) | Fρ

]
.

From (2.23) and (2.24) we see that

(2.25) V̂ ∗σ (Xρ) = ess sup
τ

M̂x(ρ + τ ◦ θρ, ρ + σ ◦ θρ | Fρ),

where we set

(2.26) M̂x(τρ, σρ | Fρ) = Ex

[
G1(Xτρ)I(τρ<σρ) + G2(Xσρ

)I(σρ≤τρ) | Fρ

]
,

with τρ = ρ + τ ◦ θρ and σρ = ρ + σ ◦ θρ (being stopping times).
5. By general optimal-stopping results of the martingale approach (cf. [19]), we

know that the supermartingale

(2.27) Ŝσ
t = ess sup

τ≥t
M̂x(τ, σ | Ft)

admits a right-continuous modification (the Snell envelope) such that

(2.28) V̂ ∗σ (x) = ExŜ
σ
ρ

for every stopping time ρ ≤ τσε , where

(2.29) τσε = inf { t : Ŝσ
t ≤ Gσ

t + ε }.

Moreover, by the well-known properties of the Snell envelope (stating that equality
between the essential supremum and its right-continuous modification is preserved at
stopping times and that the essential supremum is attained over hitting times), we
see upon recalling (2.25) above that the following identity holds:

(2.30) V̂ ∗σ (Xρ) = Ŝσ
ρ Px-a.s.

for every stopping time ρ ≤ σ. The precise meaning of (2.30) is

(2.30′) V̂ ∗σρ(ω, )(Xρ(ω)) = Ŝσ
ρ (ω)

for ω ∈ Ω \ N , with Px(N) = 0, where σ(ω) = ρ(ω) + σρ(ω, θρ(ω)) for a mapping
(ω, ω′) �→ σρ(ω, ω′) which is Fρ ⊗ F∞-measurable and ω′ �→ σρ(ω, ω′) is a stopping
time for each ω given and fixed. We will simplify the notation in what follows by
dropping ρ and ω from σρ(ω, ) in (2.30′) and simply writing σ instead. This also
applies to the expression on the right-hand side of (2.23) above. [Note that, if σ
is a hitting time, then σρ(ω, ω′) = σ(ω′) for all ω and ω′, and this simplification
is exact.] In particular, using (2.30) with ρ = t and the fact that Ŝσ and Gσ are
right-continuous, we see that τσε from (2.29) can be equivalently defined as

(2.31) τσε = inf { t ∈ Q : V̂ ∗σ (Xt) ≤ Gσ
t + ε },

where Q is any (given and fixed) countable dense subset of the time set.
6. Setting

(2.32) V̂ ∗(x) = inf
σ

sup
τ

M̂x(τ, σ)
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for x ∈ E, let us assume that the function x �→ V̂ ∗(x) is measurable, and let us
consider the stopping time τε from (2.6) above but defined over Q for V̂ ∗, i.e.,

(2.33) τ̃ε = inf { t ∈ Q : Xt ∈ D̂ε
1 },

where D̂ε
1 = {V̂ ∗≤ G1+ ε}. Let a stopping time β be given and fixed, and let σ be

any stopping time satisfying σ ≥ β ∧ τ̃ε. Then, for any t ∈ Q such that t < β ∧ τ̃ε, we
have

V̂ ∗σ (Xt) ≥ V̂ ∗(Xt) > G1(Xt) + ε(2.34)

= G1(Xt)I(t<σ) + G2(Xσ)I(σ≤ t) + ε

= Gσ
t + ε,

since t < σ so that I(σ≤ t) = 0. Hence we see by (2.31) that β ∧ τ̃ε ≤ τσε . By (2.28)
and (2.30) we can conclude that

(2.35) V̂ ∗σ (x) = ExV̂
∗
σ (Xβ∧τ̃ε)

for any σ ≥ β ∧ τ̃ε. Taking the infimum over all such σ we obtain

(2.36) V ∗(x) ≤ V̂ ∗(x) ≤ inf
σ≥β∧τ̃ε

V̂ ∗σ (x) = inf
σ≥β∧τ̃ε

ExV̂
∗
σ (Xβ∧τ̃ε)

for every stopping time β. In the next step we will show that the infimum and the
expectation in (2.36) can be interchanged.

7. We show that the family of random variables

(2.37)
{

sup
τ

M̂Xρ(τ, σ) : σ is a stopping time
}

is downwards directed. Recall that a family of random variables {Zσ : σ ∈ I} is
downwards directed if for all σ1, σ2 ∈ I there exists σ3 ∈ I such that Zσ3

≤ Zσ1
∧Zσ2

Px-a.s. for all x.
To prove the claim, recall that by the strong Markov property we have

(2.38) M̂Xρ
(τ, σ) = M̂x(ρ + τ ◦ θρ, ρ + σ ◦ θρ | Fρ).

If σ1 and σ2 are two stopping times given and fixed, set τρ = ρ+τ ◦θρ, σ′1 = ρ+σ1◦θρ,
and σ′2 = ρ + σ2 ◦ θρ, and define

(2.39) B =
{

sup
τ

M̂x(τρ, σ
′
1 | Fρ) ≤ sup

τ
M̂x(τρ, σ

′
2 | Fρ)

}
.

Then B ∈ Fρ, and the random variable

(2.40) σ′ := σ′1 IB + σ′2 IBc

is a stopping time. For this, note that {σ′≤ t} = ({σ′1 ≤ t} ∩ B) ∪ ({σ′2 ≤ t} ∩ Bc) =
({σ′1≤ t} ∩B ∩ {ρ≤ t})∪ ({σ′2≤ t} ∩Bc ∩ {ρ≤ t}) ∈ Ft, since B and Bc belong to Fρ,
which verifies the claim.

Moreover, the stopping time σ′ can be written as

(2.41) σ′ = ρ + σ ◦ θρ



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

OPTIMAL STOPPING GAMES 691

for some stopping time σ. Indeed, setting

(2.42) A =
{

sup
τ

M̂X0
(τ, σ1) ≤ sup

τ
M̂X0

(τ, σ2)
}
,

we see that A ∈ F0 and B = θ−1
ρ (A) upon recalling (2.38). Hence from (2.40) we get

σ′ = (ρ + σ1 ◦ θρ)IB + (ρ + σ2 ◦ θρ)IBc(2.43)

= ρ +
[
(σ1 ◦ θρ)(IA ◦ θρ) + (σ2 ◦ θρ)(IAc ◦ θρ)

]
= ρ + (σ1IA + σ2IAc) ◦ θρ,

which implies that (2.41) holds with the stopping time σ = σ1IA +σ2IAc . (The latter
is a stopping time since {σ≤ t} = ({σ1≤ t}∩A)∪ ({σ2≤ t}∩Ac) ∈ Ft due to the fact
that A ∈ F0 ⊆ Ft for all t.)

Finally, we have

sup
τ

M̂Xρ(τ, σ) = sup
τ

M̂x(τρ, σ
′
1 | Fρ)IB + sup

τ
M̂x(τρ, σ

′
2 | Fρ)IBc(2.44)

= sup
τ

M̂x(τρ, σ
′
1 | Fρ) ∧ sup

τ
M̂x(τρ, σ

′
2 | Fρ)

= sup
τ

M̂Xρ(τ, σ1) ∧ sup
τ

M̂Xρ(τ, σ2),

which proves that the family (2.37) is downwards directed as claimed.
8. It is well-known (see, e.g., [19, pp. 6–7]) that, if a family {Zσ : σ ∈ I} of random

variables is downwards directed, there exists a countable subset J = {σn : n ≥ 1} of
I such that

(2.45) ess inf
σ∈I

Zσ = lim
n→∞

Zσn Px-a.s.,

where Zσ1
≥ Zσ2 ≥ . . . Px-a.s. In particular, if there exists a random variable Z such

that ExZ < ∞ and Zσ ≤ Z for all σ ∈ I, then

(2.46) Ex ess inf
σ∈I

Zσ = lim
n→∞

ExZσn = inf
σ∈I

ExZσ;

i.e., the order of the infimum and the expectation can be interchanged.
Applying the preceding general fact to the family in (2.37) upon returning to

(2.36) we can conclude that

(2.47) V ∗(x) ≤ V̂ ∗(x) ≤ inf
σ≥β∧τ̃ε

ExV̂
∗
σ (Xβ∧τ̃ε) = ExV̂

∗(Xβ∧τ̃ε).

In the next step we will relate the process V̂ ∗(X τ̃ε) to yet another right-continuous
modification which will play a useful role in what follows.

9. We show that the process

(2.48) Ŝt∧τ̃ε = ess inf
σ≥t∧τ̃ε

Ŝσ
t∧τ̃ε

admits a right-continuous modification. For this, simplify the notation by setting

(2.49) Ŝε
t = Ŝt∧τ̃ε and Mσ

t = Ŝσ
t∧τ̃ε ,

and note that the (stopped) process Mσ is a martingale. Indeed, recalling the con-
clusion in relation to (2.34) above that if σ ≥ t ∧ τ̃ε, then t ∧ τ̃ε ≤ τσε , we see that
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the martingale property follows by (2.28) above (this is a well-known property of the
Snell envelope).

Moreover, since by (2.30) we have

(2.50) Ŝσ
t∧τ̃ε = sup

τ
M̂Xt∧τ̃ε

(τ, σ)

when σ ≥ t∧ τ̃ε, it follows by (2.37) and (2.48) that there exists a sequence of stopping
times {σn : n ≥ 1} satisfying σn ≥ t ∧ τ̃ε such that

(2.51) Ŝε
t = lim

n→∞
Mσn

t Px-a.s.,

where Mσ1
t ≥ Mσ2

t ≥ . . . Px-a.s. Hence by the conditional monotone convergence
theorem (using the integrability condition (2.1) above), we find for s < t that

(2.52) Ex

(
Ŝε
t | Fs

)
= lim

n→∞
Ex

(
Mσn

t | Fs

)
= lim

n→∞
Mσn

s ≥ Ŝε
s ,

where the martingale property of Mσn and the definition of Ŝε
s are used. This shows

that Ŝε is a submartingale.
A well-known result in martingale theory states that the submartingale Ŝε admits

a right-continuous modification if and only if

(2.53) t �→ ExŜ
ε
t is right-continuous.

To verify (2.53) note that by the submartingale property of Ŝε we have ExŜ
ε
t ≤ · · · ≤

ExŜ
ε
t2 ≤ ExŜ

ε
t1 , so that L := limn→∞ ExŜ

ε
tn exists and ExŜ

ε
t ≤ L whenever tn ↓ t as

n → ∞ is given and fixed. To prove the reverse inequality, fix N ≥ 1, and by means
of (2.51) and the monotone convergence theorem choose σ ≥ t ∧ τ̃ε such that

(2.54) ExM
σ
t ≤ ExŜ

ε
t + 1/N.

Fix δ > 0, and note that there is no restriction to assume that tn ∈ [t, t+δ] for all
n ≥ 1. Define a stopping time σn by setting

(2.55) σn =

{
σ if σ > tn ∧ τ̃ε,

t ∧ τ̃ε + δ if σ ≤ tn ∧ τ̃ε

for n ≥ 1. Then for all n ≥ 1 we have

(2.56) ExM
σn
t = ExM

σn
tn ≥ ExŜ

ε
tn

by the martingale property of Mσn and the definition of Ŝε
tn using that σn ≥ tn∧ τ̃ε ≥

t ∧ τ̃ε.
Since {σ > tn∧ τ̃ε} and {σ ≤ tn∧ τ̃ε} belong to Ftn∧τ̃ε , it is easily verified using

(2.30) above that Mσn
tn I(σ > tn∧ τ̃ε) = Mσ

tnI(σ > tn∧ τ̃ε) and Mσn
tn I(σ ≤ tn∧ τ̃ε) =

M t∧τ̃ε+δ
tn I(σ≤ tn∧τ̃ε) for all n ≥ 1. Hence

(2.57) ExM
σn
tn = Ex

[
Mσ

tn I(σ>tn∧τ̃ε) + M t∧τ̃ε+δ
tn I(σ≤ tn∧τ̃ε)

]
for all n ≥ 1. Letting n → ∞ in (2.56) and using (2.57) we get

(2.58) Ex

[
Mσ

t I(σ>t∧τ̃ε) + M t∧τ̃ε+δ
t I(σ≤ t∧τ̃ε)

]
≥ L
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for all δ > 0.
By (2.30) (recall also (2.30′)) we have

M t∧τ̃ε+δ
t = Ŝt∧τ̃ε+δ

t∧τ̃ε = V̂ ∗t∧τ̃ε+δ(Xt∧τ̃ε) = sup
τ

MXt∧τ̃ε
(τ, δ)(2.59)

= sup
τ

EXt∧τ̃ε

[
G1(Xτ )I(τ <δ) + G2(Xδ)I(δ≤τ)

]
≤ sup

τ
EXt∧τ̃ε

[
G2(Xτ∧δ)

]
→ G2(Xt∧τ̃ε) = M t∧τ̃ε

t ,

where the convergence relation follows by

(2.60)
∣∣ sup

τ
ExG2(Xτ∧δ) −G2(x)

∣∣ ≤ Ex sup
0≤t≤δ

|G2(Xt) −G2(x)| → 0

as δ ↓ 0 upon using that X is right-continuous (at zero) and that the integrability
condition (2.1) holds. Inserting (2.59) in (2.58) and using that σ ≥ t ∧ τ̃ε, it follows
that

(2.61) ExM
σ
t ≥ L.

Combining this with (2.54) we see that L ≤ ExŜ
ε
t and thus L = ExŜ

ε
t . This establishes

(2.53), and hence Ŝε admits a right-continuous modification (denoted by the same
symbol) as claimed.

Moreover, from (2.48) and (2.50) upon using (2.37) it is easily verified that equal-
ity between the process in (2.48) and its right-continuous modification extends from
deterministic times to all stopping times (via discrete stopping times upon using that
each stopping time is the limit of a decreasing sequence of discrete stopping times).
Hence by (2.30)+(2.32) and (2.48)+(2.49) we find that

(2.62) V̂ ∗(Xβ∧τ̃ε) = Ŝε
β Px-a.s.

for every stopping time β.
10. We claim that

(2.63) Ŝτ̃ε ≤ G1(Xτ̃ε) + ε Px-a.s.

To verify this note first that τ̃ε2 ≤ τ̃ε1 for ε1 < ε2, so that the right-continuous modi-
fication of (2.48) extends by letting ε ↓ 0 to become a right-continuous modification
of the process

(2.64) Ŝt∧τ̃0− = ess inf
σ≥t∧τ̃0−

Ŝσ
t∧τ̃0− ,

where τ̃0− = lim ε↓0 τ̃ε is a stopping time. But then by right-continuity of Ŝ and
G1(X) on [0, τ0−) it follows that on {τ̃ε<τ̃0−} we have the inequality (2.63) satisfied.
Note that τ̃0− ≤ τ̃0, where τ̃0 is defined as in (2.33) with ε = 0.

To see what happens on {τ̃ε= τ̃0−}, let us consider the process

(2.65) Ŝt = ess inf
σ≥t

Ŝσ
t .

We claim that, if ρn and ρ are stopping times such that ρn ↓ ρ as n → ∞, then

(2.66) ExŜρ ≤ lim inf
n→∞

ExŜρn .
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Indeed, for this note first (since the families are downwards and upwards directed)
that

(2.67) ExŜρ = inf
σ≥ρ

sup
τ≥ρ

M̂x(τ, σ) ≤ inf
σ>ρn

sup
τ≥ρ

M̂x(τ, σ).

Taking σ > ρn we find that

M̂x(τ, σ) = Ex

[(
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ≤τ)

)
I(τ <ρn)

]
(2.68)

+ Ex

[
(G1(Xτ∨ρn)I(τ∨ρn < σ) + G2(Xσ)I(σ≤τ ∨ ρn))I(τ≥ρn)

]
= Ex

[
G1(Xτ )I(τ <ρn)

]
+ Ex

[
G1(Xτ∨ρn)I(τ ∨ ρn<σ) + G2(Xσ)I(σ≤τ ∨ ρn)

]
−Ex

[
(G1(Xτ∨ρn)I(τ ∨ ρn<σ) + G2(Xσ)I(σ≤τ ∨ ρn))I(τ <ρn)

]
= Ex

[
G1(Xτ )I(τ <ρn) −G1(Xρn)I(τ <ρn)

]
+ Ex

[
G1(Xτ∨ρn

)I(τ ∨ ρn<σ) + G2(Xσ)I(σ≤τ ∨ ρn)
]

= Ex

[
G1(Xτ∧ρn) −G1(Xρn

)
]
+ M̂x(τ ∨ ρn, σ).

From (2.67) and (2.68) we get

ExŜρ ≤ Ex sup
ρ≤t≤ρn

|G1(Xt)−G1(Xρn
)| + inf

σ>ρn

sup
τ≥ρn

M̂x(τ, σ)(2.69)

= Ex sup
ρ≤t≤ρn

|G1(Xt)−G1(Xρn)| + inf
σ≥ρn

sup
τ≥ρn

M̂x(τ, σ)

= Ex sup
ρ≤t≤ρn

|G1(Xt)−G1(Xρn
)| + ExŜρn

,

where the first equality can easily be justified by using that each σ is the limit of a
strictly decreasing sequence of discrete stopping times σm as m → ∞ yielding

(2.70) sup
τ≥ρn

M̂x(τ, σ) ≥ lim sup
m→∞

sup
τ≥ρn

M̂x(τ, σm),

which is obtained directly from (2.93) below. Letting n → ∞ in (2.69) and using
that the second-last expectation tends to zero since G1(X) is right-continuous and
the integrability condition (2.1) holds, we get (2.66) as claimed.

Returning to the question of {τ̃ε= τ̃0−}, consider the Borel set D̂0
1 = {V̂ ∗= G1},

and choose compact sets K1 ⊆ K2 ⊆ · · · ⊆ D̂0
1 such that τn := inf { t : Xt ∈ Kn }

satisfy τn ↓ τ̃0 Px-a.s. as n → ∞. (The latter is a well-known consequence of the
fact that each probability measure on E is tight.) Since each Kn is closed, we have
Ŝτn = V̂ ∗(Xτn) = G1(Xτn) by right-continuity of X for all n ≥ 1. Hence by (2.66)
we find

(2.71) ExŜτ̃0 ≤ lim inf
n→∞

ExŜτn = lim inf
n→∞

ExG1(Xτn) = ExG1(Xτ̃0)

by right-continuity of G1(X) using also the integrability condition (2.1) above. Since
Ŝτ̃0 ≥ G1(Xτ̃0) Px-a.s. by definition, we see from (2.71) that Ŝτ̃0 = G1(Xτ̃0) Px-a.s.
Moreover, if we consider the Borel set D̂ε

1 = {V̂ ∗ ≤ G1 + ε} and likewise choose
stopping times τεn satisfying τεn ↓ τ̃ε Px-a.s., then the same arguments as in (2.71)
show that
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ExG1(Xτ̃0−) = Ex lim
ε↓0

G1(Xτ̃ε) ≤ Ex lim inf
ε↓0

Ŝτ̃ε ≤ lim inf
ε↓0

ExŜτ̃ε(2.72)

≤ lim inf
ε↓0

(
lim inf
n→∞

ExŜτε
n

)
≤ lim inf

ε↓0

(
lim inf
n→∞

ExG1(Xτε
n
) + ε

)
= ExG1(Xτ̃0−)

upon using that G1(Xτ̃ε) ≤ Ŝτ̃ε Px-a.s. and applying Fatou’s lemma. Hence all of
the inequalities in (2.72) are equalities, and thus

(2.73) G1(Xτ̃0−) = lim inf
ε↓0

Ŝτ̃ε Px-a.s.

Since τ̃ε ↑ τ̃0− as ε ↓ 0, we see from (2.73) that G1(Xτ̃0−) = Ŝτ̃0− Px-a.s. on {τ̃ε= τ̃0−}.
This implies that τ̃0 ≤ τ̃0− and thus τ̃0 = τ̃0− both Px-a.s. on {τ̃ε = τ̃0−}. Recalling
also that Ŝτ̃0 = G1(Xτ̃0) Px-a.s. we finally see that on {τ̃ε = τ̃0−} one has Ŝτ̃ε =
Ŝτ̃0 = G1(Xτ̃0) = G1(Xτ̃ε) ≤ G1(Xτ̃ε) + ε Px-a.s. so that (2.63) holds as claimed.
[Note that (2.63) can also be obtained by showing that Ŝ defined in (2.65) admits
a right-continuous modification. This proof can be used instead of parts 9 and 10
above, which focused on exploiting the submartingale characterization (2.53) above.]

11. Inserting (2.62) into (2.47) and using (2.63) we get

V ∗(x) ≤ V̂ ∗(x) ≤ ExŜ
ε
β = Ex

[
Ŝτ̃ε I(τ̃ε≤β) + Ŝβ I(β<τ̃ε)

]
(2.74)

≤ Ex

[(
G1(Xτ̃ε)+ε

)
I(τ̃ε<β) + G2(Xβ)I(β<τ̃ε)

+
(
G3(Xτ̃ε)+ε

)
I(τ̃ε=β)

]
≤ Mx(τ̃ε, β) + ε

for every stopping time β. Proceeding as in (2.8) above we find that V̂ ∗ = V ∗ = V∗,
and thus (2.63) yields (2.9) with τ̃ε in place of τε.

12. To derive (2.9) with τε from (2.6), first note that τε ≤ τ̃ε, and recall from
(2.47) that

(2.75) V ∗(x) ≤ ExV
∗(Xβ∧τ̃ε)

for every stopping time β. From general theory of Markov processes (upon using that
t �→ Xt∧τ̃ε is right-continuous and adapted) it is known that (2.75) implies that V ∗ is
finely lower-semicontinuous up to τ̃ε in the sense that

(2.76) V ∗(x) ≤ lim inf
t↓0

V ∗(Xt∧τ̃ε) Px-a.s.

This in particular implies (since X τ̃ε is a strong Markov process) that

(2.77) V ∗(Xτ ) ≤ lim inf
t↓0

V ∗(Xτ+t) Px-a.s. on {τ <τ̃ε}

for every stopping time τ . Indeed, setting Yt = Xt∧τ̃ε ,

(2.78) A =
{
V ∗(x) ≤ lim inf

t↓0
V ∗(Yt)

}
and B =

{
V ∗(Yτ ) ≤ lim inf

t↓0
V ∗(Yτ+t)

}
we see that B = θ−1

τ (A) and Bc = θ−1
τ (Ac) so that the strong Markov property of Y

implies
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Px(Bc) = Px(θ−1
τ (Ac)) = Ex

[
Ex(IAc ◦ θτ | Fτ )

]
(2.79)

= ExEXτ
(IAc) = ExPXτ

(Ac) = 0,

since Py(A
c) = 0 for all y. Hence (2.77) holds as claimed. In particular, if (2.77) is

applied to τε, we get

(2.80) V ∗(Xτε) ≤ G1(Xτε) + ε Px-a.s. on {τε<τ̃ε}.

With this new information we can now revisit (2.74) via (2.75) upon using (2.63) and
(2.80). This gives

V ∗(x) ≤ ExV
∗(Xβ∧τε) = Ex

[
V ∗(Xτε)I(τε≤β) + V ∗(Xβ)I(β<τε)

]
(2.81)

= Ex

[
V ∗(Xτε)I(τε≤β, τε<τ̃ε) + Ŝτ̃ε I(τε≤β, τε = τ̃ε)

+V ∗(Xβ)I(β<τε)
]

≤ Ex

[(
G1(Xτε)+ε

)
I(τε≤β, τε < τ̃ε) +

(
G1(Xτ̃ε)+ε

)
I(τε≤β, τε = τ̃ε)

+G2(Xβ)I(β<τε)
]

≤ Ex

[(
G1(Xτε)+ε

)
I(τε<β) + G2(Xβ)I(β<τε)

+
(
G3(Xτε)+ε

)
I(τε=β)

]
≤ Mx(τε, β) + ε

for every stopping time β. This completes the proof of (2.9) when the function
x �→ V̂ ∗(x) from (2.32) is assumed to be measurable.

13. If x �→ V̂ ∗(x) is not assumed to be measurable, then the proof above can
be repeated with reference only to Ŝσ and Ŝ under Px with x given and fixed. In
exactly the same way as above, this gives the identity V̂ ∗(x) = V ∗(x) = V∗(x) for
this particular and thus all x. But then the measurability follows from the following
general fact: If V ∗ = V∗, then V := V ∗ = V∗ defines a measurable function.

To derive this fact consider the optimal stopping game (2.2)+(2.3) when X is a
discrete-time Markov chain, so that τ and σ (without loss of generality) take values
in {0, 1, 2, . . . }. The horizon N (the upper bound for τ and σ in (2.2)+(2.3) above)
can be either finite or infinite. When N is finite, the most interesting case is when
Gi = Gi(x, n) for i = 1, 2, 3, with G1(x,N) = G2(x,N) = G3(x,N) for all x. When
N is infinite, then

(2.82) lim inf
n→∞

G2(Xn) ≤ lim sup
n→∞

G1(Xn)

as stipulated following (2.3) above, and the common value for G3(X∞) could formally
be assigned as either of the two values in (2.82) ( if τ and σ are allowed to take the
value∞).

Then the following Wald–Bellman equations are valid:

(2.83) Vn(x) = G1(x) ∨ TVn−1(x) ∧G2(x)

for n = 1, 2, . . . , where V0 is set to be either G1 or G2. This yields VN = V ∗ = V∗,
with V∞ = limn→∞ Vn if N = ∞ (see [8] for details).

Recalling that T denotes the transition operator defined by

(2.84) TF (x) = ExF (X1),
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one sees that x �→ TF (x) is measurable whenever F is so (and ExF (X1) is well defined
for all x). Applying this argument inductively in (2.83) we see that x �→ VN (x) is a
measurable function. Thus, optimal stopping games for discrete-time Markov chains
always lead to measurable value functions.

To treat the case of general X, let Qn denote the set of all dyadic rationals k/2n

in the time set, and for a given stopping time τ let τn be defined by setting τn = k/2n

on {(k−1)/2n < τ ≤ k/2n}. Then each τn is a stopping time taking values in Qn,
and the following inequality is valid:

(2.85) Mx(τ, σ) ≤ Mx(τn, σ) + Ex|G1(Xτ )−G1(Xτn)|

for every stopping time σ ∈ Qn (meaning that σ takes values in Qn). Indeed, this
can be derived as follows:

Mx(τ, σ) − Mx(τn, σ)(2.86)

= Ex

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ<τ) + G3(Xτ )I(τ =σ, τ �= τn)

−G1(Xτn)I(τn<σ) −G2(Xσ)I(σ<τn) −G3(Xτn)I(τn=σ, τn �=τ)
]

≤ Ex

[(
G1(Xτ )−G1(Xτn)

)
I(τ <σ)

+ G1(Xτn)
(
I(τ <σ)−I(τn<σ)−I(τn=σ, τn �=τ)

)
+ G2(Xσ)

(
I(σ<τ)+I(τ =σ, τ �=τn)−I(σ<τn)

)]
= Ex

[(
G1(Xτ )−G1(Xτn)

)
I(τ <σ) +

(
G1(Xτn)−G2(Xσ)

)
I(τ <σ<τn)

]
being true for any stopping times τ , σ, and τn such that τ ≤ τn. In particular, if
σ ∈ Qn (and τn is defined as above), then {τ <σ<τn } = ∅, so that (2.86) becomes

Mx(τ, σ) ≤ Mx(τn, σ) + Ex

[(
G1(Xτ )−G1(Xτn)

)
I(τ <σ)

]
(2.87)

≤ Mx(τn, σ) + Ex|G1(Xτ )−G1(Xτn)|

as claimed in (2.85) above.
Let τ∗n and σ∗n denote the optimal stopping times (in the Nash sense) for the

optimal stopping game (2.2)+(2.3) with the time set Qn, and let Vn(x) denote the
corresponding value of the game, i.e.,

(2.88) Vn(x) = Mx(τ∗n, σ
∗
n)

for all x. (From (2.83) one sees that such optimal stopping times always exist in the
discrete-time setting.) By the first part above (applied to the Markov chain (Xt)t∈Qn

)
we know that x �→ Vn(x) is measurable.

Setting εn(x, τ) = Ex|G1(Xτ )−G1(Xτn)| we see that (2.85) reads

(2.89) Mx(τ, σ) ≤ Mx(τn, σ) + εn(x, τ)

for every τ and every σ ∈ Qn. Hence we find that

Mx(τ, σ∗n) ≤ Mx(τn, σ
∗
n) + εn(x, τ)(2.90)

≤ Mx(τ∗n, σ
∗
n) + εn(x, τ) = Vn(x) + εn(x, τ).

This implies that

(2.91) inf
σ

Mx(τ, σ) ≤ lim inf
n→∞

Vn(x),
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since εn(x, τ) → 0 by right-continuity of X and the fact that τn ↓ τ as n → ∞
(using also the integrability condition (2.1) above). Taking the supremum over all τ
we conclude that

(2.92) V∗(x) ≤ lim inf
n→∞

Vn(x)

for all x.
On the other hand, similarly to (2.86) one finds that

Mx(τ, σ) − Mx(τ, σn) ≥ Ex

[(
G2(Xσ)−G2(Xσn)

)
I(σ<τ)(2.93)

+
(
G2(Xσn

)
−G1(Xτ ))I(σ<τ <σn)

]
for any stopping times τ , σ, and σn such that σ ≤ σn. If σn is defined analogously
to τn above (with σ in place of τ), then (2.93) yields the following analogue of (2.89)
above:

(2.94) Mx(τ, σ) ≥ Mx(τ, σn) − δn(x, σ),

where δn(x, σ) = Ex|G2(Xσ)−G2(Xσn
)| → 0 as n → ∞ for the same reasons as above.

This analogously yields

(2.95) lim sup
n→∞

Vn(x) ≤ V ∗(x)

for all x. Thus, if V ∗ = V∗, then by (2.92) and (2.95) we see that V := V ∗ = V∗
satisfies

(2.96) V (x) = lim
n→∞

Vn(x)

for all x. Since each Vn is measurable, we see that V is measurable as claimed. This
completes the first part of the proof.

(II) In the second part of the proof we will assume that X is right-continuous and
left-continuous over stopping times, and we will show that these hypotheses imply the
Nash equilibrium (1.4) with τ∗ and σ∗ from (2.4).

1. Since X is right-continuous we know by the first part of the proof above that
V ∗ = V∗, with V := V ∗ = V∗ defining a measurable function which by (2.7) satisfies

(2.97) Mx(τ, σε) − ε ≤ V (x) ≤ Mx(τε, σ) + ε

for all τ , σ, x, and ε > 0. Recalling from (2.5)+(2.6) that

(2.98) τε = inf { t : Xt ∈ Dε
1 },

where Dε
1 = { V ≤ G1+ ε }, we will now show that the second inequality in (2.97)

implies

(2.99) V (x) ≤ Mx(τ0, σ)

for all σ and x, where τ0 = inf { t : Xt ∈ D0
1 }, with D0

1 = {V =G1}. (Note that τ0
coincides with τ∗ in the notation above.)

2. It is clear from the definitions that τε ↑ τ0− as ε ↓ 0, where τ0− is a stopping
time satisfying τ0− ≤ τ0. We will now show that τ0− = τ0 Px-a.s. For this, let us first
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establish the following general fact: If ρn and ρ are stopping times such that ρn ↑ ρ
as n → ∞, then

(2.100) ExV (Xρ) ≤ lim inf
n→∞

ExV (Xρn).

To see this recall from the first part of the proof above that V (Xβ) = V̂ (Xβ) = Ŝβ =
V̌ (Xβ) = Šβ for every stopping time β, where V̌ and Š are defined analogously to

V̂ and Ŝ but with M̌x(τ, σ) = Ex

[
G1(Xτ ) I(τ ≤ σ) + G2(Xσ) I(σ < τ)

]
in place of

M̂x(τ, σ) and with the order of the supremum and the infimum being interchanged.
Hence we find that

(2.101) ExV (Xρn) = ExŜρn = sup
τ≥ρn

inf
σ≥ρn

M̂x(τ, σ) ≥ sup
τ≥ρ

inf
σ≥ρn

M̂x(τ, σ).

Taking τ ≥ ρ we find that

M̂x(τ, σ) = Ex

[(
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ≤τ)

)
I(σ≤ρ)

]
(2.102)

+ Ex

[(
G1(Xτ )I(τ <σ∨ρ) + G2(Xσ∨ρ)I(σ∨ρ≤τ)

)
I(σ>ρ)

]
= Ex

[
G2(Xσ)I(σ≤ρ)

]
+ Ex

[
G1(Xτ )I(τ <σ∨ρ) + G2(Xσ∨ρ)I(σ∨ρ≤τ)

]
− Ex

[(
G1(Xτ )I(τ <σ∨ρ) + G2(Xσ∨ρ)I(σ∨ρ≤τ)

)
I(σ≤ρ)

]
= Ex

[
G2(Xσ)I(σ≤ρ) −G2(Xρ)I(σ≤ρ)

]
+ Ex

[
G1(Xτ )I(τ <σ∨ρ) + G2(Xσ∨ρ)I(σ∨ρ≤τ)

]
= Ex

[
G2(Xσ∧ρ) −G2(Xρ)

]
+ M̂x(τ, σ∨ρ).

From (2.101) and (2.102) we get

ExV (Xρn) ≥ inf
σ≥ρn

Ex

[
G2(Xσ∧ρ) −G2(Xρ)

]
+ sup

τ≥ρ
inf
σ≥ρ

M̂x(τ, σ)(2.103)

= ExV (Xρ) + inf
ρn≤σ≤ρ

Ex

[
G2(Xσ) −G2(Xρ)

]
.

Letting n → ∞ and using that the final expectation tends to zero, since X is left-
continuous over stopping times and the integrability condition (2.1) holds, we get
(2.100) as claimed.

Applying (2.100) to τε and τ0−, and recalling from the first part of the proof
above that V (Xτε) ≤ G1(Xτε) + ε Px-a.s., it follows that

(2.104) ExV (Xτ0−) ≤ lim inf
ε↓0

ExV (Xτε) ≤ lim inf
ε↓0

Ex

[
G1(Xτε) + ε

]
= ExG1(Xτ0−)

upon using that G1(X) is left-continuous over stopping times (as well as the integra-
bility condition (2.1) above). Since, on the other hand, we have V (Xτ0−) ≥ G1(Xτ0−),
we see from (2.104) that V (Xτ0−) = G1(Xτ0−) and thus τ0 ≤ τ0− Px-a.s., proving that
τ0 = τ0− Px-a.s. as claimed.

3. Motivated by passing to the limit in (2.97) for ε ↓ 0, we will now establish the
following general fact: If τn and τ are stopping times such that τn ↑ τ , then

(2.105) lim sup
n→∞

Mx(τn, σ) ≤ Mx(τ, σ)
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for every stopping time σ given and fixed. To see this, note that

Mx(τ, σ) − Mx(τn, σ)(2.106)

= Ex

[
G1(Xτ )I(τ <σ) + G2(Xσ)I(σ<τ) + G3(Xτ )I(τ =σ, τ �=τn)

−G1(Xτn)I(τn<σ) −G2(Xσ)I(σ<τn)

−G3(Xτn)I(τn=σ, τn �= τ)
]

≥ Ex

[(
G1(Xτ )−G1(Xτn)

)
I(τ <σ)

+G1(Xτn)
(
I(τ <σ)+I(τ =σ, τ �=τn)−I(τn<σ)

)
+G2(Xσ)

(
I(σ<τ)−I(σ<τn)−I(τn=σ, τn �=τ)

)]
= Ex

[(
G1(Xτ )−G1(Xτn)

)
I(τ <σ)

+
(
G2(Xσ)−G1(Xτn)

)
I(τn<σ < τ)

]
≥ −Ex|G1(Xτ )−G1(Xτn)|

−Ex

[(
sup
t

|G2(Xt)| + sup
t

|G1(Xt)|)I(τn<σ<τ
)]
.

Letting n → ∞ and using the fact that the final two expectations tend to zero, since
G1(X) is left-continuous over stopping times and the integrability condition (2.1)
holds, we see that (2.105) follows as claimed.

Applying (2.105) to τε and τ0 upon letting ε ↓ 0 in (2.97), we get (2.99). The
inequality

(2.107) Mx(τ, σ0) ≤ V (x)

can be established analogously. Combining (2.99) and (2.107), we get (1.4), and the
proof is complete.

3. Concluding remarks. The following example shows that the Nash equilib-
rium (1.4) may fail when X is right-continuous but not left-continuous over stopping
times.

Example 3.1. Let the state space E of the process X be [−1, 1]. If X starts at
x ∈ (−1, 1), let X be a standard Brownian motion until it hits either −1 or 1; at this
time let X start afresh from 0 as an independent copy of B until it hits either −1 or
1; and so on. If X starts at x ∈ {−1, 1}, let X stay at the same x for the rest of time.

It follows that X is a right-continuous strong Markov process which is not left-
continuous over stopping times. Indeed, if we consider the first hitting time ρε of X to
bε under Px for x ∈ (−1, 1) given and fixed, where bε equals either −1 + ε or 1− ε for
all ε > 0 sufficiently small, then ρε ↑ ρ as ε ↓ 0 so that ρ is a stopping time; however,
the value Xρε = bε does not converge to Xρ = 0 as ε ↓ 0, implying the claim.

Let G1(x) = x(x+1)−1 and G2(x) = −x(x−1)+1 for x ∈ [−1, 1], and let G3

be equal to G1 on [−1, 1]. Note that Gi(−1) = −1 and Gi(1) = 1 for i = 1, 2, 3. To
include stopping times τ and σ which are allowed to take the value ∞ below, let us set
G3(X∞) = lim sup t→∞G1(Xt). Note that G3(X∞) ≡ 1 under Px when x ∈ (−1, 1]
and G3(X∞) ≡ −1 under Px when x = −1.

It is then easily seen (using the first part of Theorem 2.1 above) that V ∗(x) =
V∗(x) = x for all x ∈ [−1, 1] with τε = inf { t : Xt ≤ a1

ε or Xt ≥ b1ε } (where a1
ε < b1ε

satisfy G1(a
1
ε) = a1

ε−ε and G1(b
1
ε) = b1ε−ε) and σε = inf { t : Xt ≤ a2

ε or Xt ≥ b2ε }
(where a2

ε<b2ε satisfy G2(a
2
ε) = a2

ε+ε and G2(b
2
ε) = b2ε+ε), being approximate stopping

times satisfying (2.7) above. (Note that aiε ↓ −1 and biε ↑ 1 as ε ↓ 0 for i = 1, 2.)
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Thus the Stackelberg equilibrium (1.3) holds with V (x) = x for all x ∈ [−1, 1]. It
is clear, however, that the Nash equilibrium fails as it is impossible to find stopping
times τ∗ and σ∗ satisfying (1.4) above. [ Note that the natural candidates τ ≡ ∞ and
σ ≡ ∞ are ruled out, since Mx(∞,∞) = 1 for x ∈ (−1, 1] and Mx(∞,∞) = −1 for
x = −1.]

The methodology used in the proof of Theorem 2.1 above (second part) extends
from the Markovian approach to the martingale approach for optimal stopping games.
For the sake of completeness we will formulate the analogous results of the martingale
approach.

Let (Ω,F , (Ft)t≥0,P) be a filtered probability space such that (Ft)t≥0 is right-
continuous and F0 contains all P-null sets from F . Given adapted stochastic processes
G1, G2, G3 on (Ω,F , (Ft)t≥0,P) satisfying G1

t ≤ G3
t ≤ G2

t for all t and the integra-
bility condition

(3.1) E sup
t

|Gi
t| < ∞ (i = 1, 2, 3),

consider the optimal stopping game where the sup-player chooses a stopping time τ
to maximize, and the inf-player chooses a stopping time σ to minimize, the expected
payoff

(3.2) M(τ, σ | Ft) = E
[
G1

τ I(τ <σ) + G2
σ I(σ<τ) + G3

τ I(τ =σ) | Ft

]
for each t given and fixed. Note that, if F0 is trivial (in the sense that P(F ) equals
either 0 or 1 for all F ∈ F0), then M(τ, σ | F0) equals E[G1

τ I(τ < σ) + G2
σ I(σ <

τ) + G3
τ I(τ =σ)], and this expression is then denoted by M(τ, σ) for all τ and σ.

Define the upper value and the lower value of the game by

(3.3) V ∗t = ess inf
σ≥t

ess sup
τ≥t

M(τ, σ | Ft) and V t
∗ = ess sup

τ≥t
ess inf
σ≥t

M(τ, σ | Ft),

respectively, where the horizon T (the upper bound for τ and σ above) may be either
finite or infinite. If T < ∞, then it is assumed that G1

T = G2
T = G3

T . If T = ∞,
then it is assumed that lim inf t→∞G2

t ≤ lim sup t→∞G1
t , and the common value for

G3
∞ could formally be assigned as either of the preceding two values ( if τ and σ are

allowed to take the value∞).
Theorem 3.2. Consider the optimal stopping game (3.3). If Gi is right-continuous

for i = 1, 2, 3, then the Stackelberg equilibrium holds in the sense that

(3.4) V ∗t = V t
∗ P-a.s.,

with Vt := V ∗t = V t
∗ defining a right-continuous process (modification) for t ≥ 0.

Moreover, the stopping times

(3.5) τε = inf { t : Vt ≤ G1
t + ε } and σε = inf { t : Vt ≥ G2

t − ε }

satisfy the following inequalities:

(3.6) M(τ, σε | Ft) − ε ≤ M(τε, σε | Ft) ≤ M(τε, σ | Ft) + ε

for each t and every ε > 0. If Gi is right-continuous and left-continuous over stopping
times for i = 1, 2, 3, then the Nash equilibrium holds in the sense that the stopping
times

(3.7) τ∗ = inf { t : Vt = G1
t } and σ∗ = inf { t : Vt = G2

t }
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satisfy the following inequalities:

(3.8) M(τ, σ∗ | Ft) ≤ M(τ∗, σ∗ | Ft) ≤ M(τ∗, σ | Ft)

for each t and all stopping times τ and σ.
Proof. The first part of the theorem (Stackelberg equilibrium) was established

in [18] (under slightly more restrictive conditions on integrability and the common
value at the end of time but the same method extends to cover the present case
without major changes). The second part of the theorem (Nash equilibrium) can be
derived using the same arguments as in the second part of the proof of Theorem 2.1
above.

Note that the second part of Theorem 3.2 (Nash equilibrium) is applicable to all
Lévy processes (without additional hypotheses on the jump structure).
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ON THE OPTIMAL STOCHASTIC IMPULSE CONTROL OF
LINEAR DIFFUSIONS∗
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Abstract. We consider a class of stochastic impulse control problems of linear diffusions arising
in studies considering the determination of optimal dividend policies. This class of problems appears
also in studies analyzing the optimal management of renewable resources. We state a set of weak con-
ditions guaranteeing both existence and uniqueness of the boundary characterizing the optimal policy
and its value. We also analyze two associated stochastic control problems and establish a general
ordering for both the values and the marginal values of the considered stochastic control problems.
In this way we extend previous findings obtained by relying on linear payoff characterizations.
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1. Introduction. A stochastic impulse control policy can be characterized by
two factors, namely, by the sequence of random dates at which the policy is exer-
cised and by the sequence of impulses describing the magnitude of the applied poli-
cies. Thus, solving an impulse control problem typically involves the consideration
of two endogenously determined variables: the timing and size of an impulse policy.
For example, in most forest economic applications of stochastic impulse control the
implemented impulse size is constrained by an exogenously determined generic initial
state at which the underlying stochastic process is restarted after the forest has been
harvested (see, for example, [3], [4], [5], [6], [37], and [39]). Hence, in those models
the only endogenous variable determining the size of the optimal policy is the single
boundary at which the irreversible policy is optimally exercised. On the other hand,
most capital theoretic and cash flow management applications of impulse control are
based on models where both the exercise boundary at which the impulse policy is
exercised and the generic initial state at which the controlled process is restarted
after the irreversible policy has been exerted have to be simultaneously determined
(see, for example, [7], [9], [10], [18], [29], [34]; see also [26] for an excellent survey on
stochastic impulse control applications in finance). Given the general applicability of
stochastic impulse control models in various fields, it is not surprising that the math-
ematical analysis of such problems is well established (see, for example, [16], [17], [21],
[28], [30], [32]; see also [12] for a seminal textbook on quasi-variational inequalities
and impulse control). In most cases the impulse control problem is studied by relying
on a combination of variational and quasi-variational inequalities. Even though that
approach is general and applies in the multidimensional setting as well, it typically
results into functional inequalities which, depending naturally on the explicit form of
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the considered problem, may be relatively difficult to analyze and in that way difficult
to interpret in terms of the particular application.

Given the arguments mentioned above, we consider in this study a class of stochas-
tic impulse control problems of linear time-homogenous diffusion processes arising,
among others, in various cash flow management applications and in studies on the
rational management of renewable resources. As usual, we assume that the decision
maker has to choose both the timing and the size of the optimal policy affecting the
dynamics of the underlying diffusion. We generalize the analysis of the study [7] in
two ways. First, instead of relying on a simple linear and state-independent exer-
cise payoff, we introduce a state-dependent and potentially nonlinear cash flow term
measuring the revenue flow accrued from continuing operation (in capital theoretic
applications of impulse control this flow can be interpreted either as the short-run
profit flow or as a continuous dividend stream, and in forest economics this flow term
is typically interpreted as the flow of revenues accrued from amenity services; cf. [5]).
This extension is of interest, since, as our analysis clearly demonstrates, in the pres-
ence of a state-dependent and potentially nonlinear cash flow, no strong concavity
requirements are needed in order to guarantee both existence and uniqueness of an
optimal policy. This is a result which is in sharp contrast with the findings of the
linear state-independent exercise payoff case studied in [7]. Second, in order to model
the potential imperfect controllability of the underlying stochastic dynamics, we also
consider situations where an arbitrary admissible impulse may result in a jump dis-
continuity which is either greater or smaller than the size of the actual impulse (such
configurations typically arise in models considering the effects of taxation or other
financial frictions on rational cash flow management). We model the imperfect con-
trollability as scalar multiplication of the applied impulse control policy. Our analysis
shows that small (linear) changes in the controllability of the system result in nonlin-
ear and possibly dramatic changes in the required rate of return and, consequently,
in both the optimal policy and its value.

Instead of analyzing the considered class of stochastic impulse control prob-
lems directly by relying on the ordinary Hamilton–Jacobi–Bellman approach, we fol-
low the approach introduced in [3] and [4] and first derive the value accrued from
applying a potentially suboptimal stochastic impulse control policy characterized by
a sequence of constant-sized impulses exerted every time the underlying diffusion hits
a predetermined and constant exercise threshold. By relying on standard nonlinear
programming techniques we then state the ordinary first order necessary conditions
characterizing both the exercise threshold and the impulse size of a potentially op-
timal policy maximizing the value of the associated class of Markovian functionals
(for a recent study utilizing a similar idea, see [10]). The advantage of this approach
is that it simplifies the economic analysis of the optimal policy and its value by
admitting the application of standard marginalistic interpretations familiar from or-
dinary microeconomic theory. We present a set of relatively weak sufficient conditions
under which an unique pair satisfying the necessary first order conditions exists. We
establish that this pair constitutes the optimal impulse control policy in terms of
both the size of the optimal impulse and the threshold at which the irreversible policy
should be optimally exerted. In accordance with these observations, we then find
that given the policy mentioned above the iteratively defined Markovian functional
actually constitutes the value of the optimal stochastic impulse control policy.

We also consider two associated stochastic control problems (namely, a singular
stochastic control and an optimal stopping problem) and study the boundary value
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problem connecting the values (including the value of the stochastic impulse control
problem). Both of these associated classical problems have been studied extensively
(for singular control cf., e.g., [11], [22], [8], [25], [3], and [38]; for optimal stopping we
refer the reader to the recent textbook [35]), and it is well known from this literature
that singular stochastic control problems and optimal stopping problems are closely
connected. More precisely, for a large class of singular stochastic control problems
the derivative of the optimal value (i.e., the marginal value) coincides with the value
of an associated optimal stopping problem of a certain transformed diffusion (cf.
[23], [24], [14], [13]; see also [2]). The results of the current study connecting the
problems differ from the previous characterizations in two ways. First, in all three
of the considered separate stochastic control problems, the underlying dynamics are
the same in the absence of control. Second, we study how, on the one hand, the
optimal values and, on the other hand, the marginal values are interrelated. As is
intuitively clear, we find that the value of the associated singular stochastic control
problem dominates the value of the stochastic impulse control problem, which, in
turn, dominates the value of the associated optimal stopping problem. Somewhat
surprisingly, we also find that the same ordering is satisfied by the marginal values
of the optimal policies as well. More precisely, we establish that the marginal value
of the associated singular stochastic control problem dominates the marginal value
of the stochastic impulse control problem, which, in turn, dominates the marginal
value of the associated optimal stopping problem. This finding is important from the
point of view of economic and financial applications, since our results demonstrate
that increased policy flexibility unambiguously increases the Tobin’s marginal q (i.e.,
marginal value) associated with the considered stochastic control problems as well.
In this way our results extend the findings of [7] by demonstrating that the positivity
of the relationship between the (marginal) value and the flexibility of the admissible
policy is satisfied in the presence of a state-dependent and potentially nonlinear cash
flow as well.

The contents of this study are as follows. In section 2 we present the considered
class of stochastic impulse control problems. In section 3 we then state a set of auxil-
iary results and analyze the two associated stochastic control problems. In section 4
we then analyze the considered stochastic impulse control problem and state our main
results. Finally, our results are explicitly illustrated in section 5 in a model based on
geometric Brownian motion.

2. The impulse control problem.

2.1. General setup. It is our purpose in this study to analyze a class of stochas-
tic impulse control problems of linear diffusions arising in many financial and eco-
nomical applications of stochastic control theory. In order to accomplish this task,
let (Ω,F , {Ft}t≥0,P) denote a complete filtered probability space satisfying the usual
conditions and assume that the dynamics of the underlying controlled diffusion process
are given by the generalized Itô equation

(2.1) Xν
t = x +

∫ t

0

μ(Xν
s )ds +

∫ t

0

σ(Xν
s )dWs −

∑
τk≤t

βζk, 0 ≤ t ≤ Hν
0 ,

where β > 0 is an exogenously given constant, Hν
0 = inf{t ≥ 0 : Xν

t ≤ 0} denotes
the possibly finite first exit time of the controlled diffusion Xν from the state-space
R+, and μ : R+ → R and σ : R+ → R+ are known sufficiently smooth mappings (at
least continuous) guaranteeing the existence of a solution for the stochastic differential



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

706 LUIS H. R. ALVAREZ AND JUKKA LEMPA

equation

(2.2) dXt = μ(Xt)dt + σ(Xt)dWt, X0 = x,

characterizing the dynamics of the underlying diffusion in the absence of interventions
(cf. [15, pp. 46–47]). In a rational cash flow management application, the uncon-
trolled diffusion X represents the evolution of cash reserve in the absence of dividend
payments and the impulse ζk represent the amount paid out as dividends to stock
holders at the corresponding time τk; hence the sum

∑
τk≤t βζk represents the total

amount of dividends paid out until time t (or the cumulative portfolio wealth con-
sumed by the decision maker up to time t). The parameter β can be interpreted
as a measure of the imperfect controllability of the underlying stochastic dynamics,
since whenever β �= 1 an arbitrary admissible impulse results in a jump disconti-
nuity which is either greater or smaller than the size of the actual impulse ζk. As
in [32], an admissible impulse control policy for the system (2.1) is a potentially
infinite joint sequence ν = {(τk, ζk)}Nk=1, N ≤ ∞, where {τk}Nk=1 denotes an increas-
ing sequence of Ft-stopping times for which τ1 ≥ 0 and {ζk}Nk=1 denotes a sequence
of nonnegative, Fτk−-measurable impulses exerted at the corresponding intervention
dates {τk}Nk=1, respectively. We denote as V the class of admissible impulse controls
ν and assume that τk → Hν

0 almost surely for all ν ∈ V and x ∈ R+. This conver-
gence should be understood as follows: If N = ∞, then the convergence is typical
almost sure convergence. However, if N < ∞, then we augment the control ν with a

pair (τN+1, ζN+1) := (Hν
0 , 0). As usual, we denote as A = 1

2σ
2(x) d2

dx2 + μ(x) d
dx the

differential operator associated with X. For the diffusion X, the densities of scale

function S and the speed measure m are defined as S′(x) = exp(−
∫ x 2μ(y)

σ2(y)dy) and

m′(x) = 2/(σ2(x)S′(x)), respectively, for all x ∈ R.
Denote as L1 the class of measurable mappings f : R+ → R satisfying the condi-

tion

Ex

[∫ H0

0

e−rs
∣∣f(Xs)

∣∣ds
]
< ∞,

where r > 0 is a given constant and H0 = inf{t ≥ 0 : Xt ≤ 0} is the first, potentially
infinite, exit time for the uncontrolled diffusion X from R+. For a given f ∈ L1,
define the resolvent (Rrf) : R+ → R as

(Rrf)(x) = Ex

[∫ H0

0

e−rsf(Xs)ds

]
.

The resolvent (Rrf) measures the expected cumulative present value of the cash flow
f(Xt) from the present up to H0. It is well known from the literature on linear
diffusions that (Rrf) can be rewritten as (cf. [31])

(2.3) (Rrf)(x) = B−1ϕ(x)

∫ x

0

ψ(y)f(y)m′(y)dy + B−1ψ(x)

∫ ∞
x

ϕ(y)f(y)m′(y)dy,

where ψ denotes the increasing and ϕ the decreasing fundamental solutions of the
linear differential equation Au = ru and B = (ψ′(x)ϕ(x) − ϕ′(x)ψ(x))/S′(x) denotes
the Wronskian determinant of X (for a characterization of the fundamental solutions
and the Green function of a linear diffusion, see [15, pp. 18–20]). The fundamental
solutions ψ and ϕ constitute the minimal r-excessive functions for X since any non-
trivial r-excessive function for X can be expressed in terms of ψ and ϕ via an integral
expression (the so-called Martin integral representation theorem; cf. [15, p. 33]).
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2.2. Formulation of the impulse control problem. Given the stochastic
dynamics in (2.1) and the assumptions presented above on the dynamics of the con-
trolled system, define the expected cumulative net present value of the revenues from
the present up to a potentially infinite future as

(2.4) Jν
c (x) = Ex

[∫ Hν
0

0

e−rsπ(Xν
s )ds +

N∑
k=1

e−rτk(λζk − c)

]
,

where r > 0 is the discount rate, λ > 0 is an exogenously given constant, c > 0 is
a known constant measuring a lump-sum sunk cost associated with the irreversible
policy, and π : R+ → R+ is a given continuous, nondecreasing and nonnegative map-
ping measuring the revenue flow accrued from continuing the operation. This type
of objective functional arise frequently in studies considering rational cash flow man-
agement (optimal dividend policy) and in studies considering the rational harvesting
of renewable resources. In cash flow management application, the right-hand side of
(2.4) represents the expected cumulative present value of the revenues accrued from
the present up to the potentially infinite horizon at which the firm is liquidated. Along
the lines of our interpretation of β, the parameter λ can be interpreted as another
measure of imperfect controllability, since whenever λ �= 1 the realized revenue is
strictly smaller or larger than the size of the actual impulse ζk (in most economic and
financial applications this parameter arises due to either taxes or subsidies).

Given the definition of Jν
c we plan to study the stochastic impulse control problem

(2.5) Vc(x) = sup
ν∈V

Jν
c (x), x ∈ R+,

and to determine an admissible impulse control ν∗ for which the maximum Jν∗

c (x) =
Vc(x) is attained for all x ∈ R+. We will analyze the problem (2.5) under the following
standing assumptions.

Assumption 2.1. (1) We assume that the upper boundary ∞ is natural and that
the lower boundary 0 is natural, exit, or regular for the uncontrolled diffusion X in
the absence of interventions. In the case when the origin is regular, we assume that
it is killing.

(2) Define the mapping θ : R+ → R as

(2.6) θ(x) = βπ(x) + λρ(x),

where ρ(x) = μ(x) − rx. Throughout the study, we assume that θ ∈ L1(R+) and that
there is a unique state x∗ ≥ 0 for which θ is increasing on (0, x∗) and decreasing on
(x∗,∞). Moreover, we assume that 0 ≤ limx→0+ θ(x) < ∞ and that limx→∞ θ(x)< 0.

We prove all our main results under Assumption 2.1. First, we prove that under
Assumption 2.1 the impulse control problem (2.5) has a unique solution. We charac-
terize the optimal admissible impulse control policy explicitly as a threshold policy
with a constant threshold and a constant impulse and derive a closed form expression
of the optimal value function (Theorem 4.2). Moreover, we consider two associated
control problems, namely, the associated singular control problem (3.6) and the opti-
mal stopping problem (3.12), where the uncontrolled underlying dynamics follow the
same diffusion X given by (2.2) as in the impulse control problem. This allows us
to study the effect of flexibility of the control on the optimal value. We also show
that these associated problems are solvable under Assumption 2.1 (Lemmas 3.4 and
3.6). We establish that the value functions of all three problems can be presented as
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solutions of a certain free-boundary problem (see (4.16)). Finally, we prove a strong
ordering of both the values and the marginal values of the control problems (Theorem
4.6). Informally, this ordering can be expressed as follows: Increased flexibility of the
control increases not only the value but also the rate at which the value grows.

The assumption (1) characterizes the boundary behavior of the underlying dif-
fusion. In line with most financial and economical applications, the upper boundary
is assumed to be natural. Hence, even though the underlying controlled diffusion
process may be expected to drift toward infinity, it is never expected to attain it in
finite time. In the context of cash flow management applications, this assumption
can be interpreted as a requirement that the retained profits from which dividends
are paid out to the shareholders cannot become infinitely large in finite time. On the
other hand, the assumed behavior of the underlying diffusion at the lower boundary
is in line with the concept of liquidation and essentially guarantees that no dividends
can be paid from negative reserves (since the time horizon is defined up to Hν

0 ).
From a mathematical point of view, the minimal r-harmonic functions ψ and ϕ sat-
isfy useful limiting conditions depending on the boundary behavior of X (see [15,
p. 19]). More precisely, if the lower boundary 0 is natural, then limx→0+ ψ(x) = 0,
limx→0+ ψ′(x)/S′(x) = 0, limx→0+ ϕ(x) = ∞, and limx→0+ ϕ′(x)/S′(x) = −∞.
Analogous conditions hold also for the upper boundary ∞ (which was assumed to be
natural). If the origin is an exit boundary, then the second and third conditions are
replaced by limx→0+ ψ′(x)/S′(x) > 0 and limx→0+ ϕ(x) < ∞. In the case of a killing
boundary, we have a limiting condition only for ψ, namely, that limx→0+ ψ(x) = 0.

The assumption (2) is also quite reasonable from the point of view of financial
and economical applications. In a cash flow management application, the function
θ measures the expected net return (the sum of the continuous dividend flow and
the expected capital gain) accrued from postponing the dividend payment into the
future instead of paying out dividends instantaneously. Hence, the assumed limiting
behavior of the net return guarantees that the rate of return earned from a retained
unit dominates its opportunity cost (i.e., the return from a safe investment) when the
reserves are low and that the opposite argument is valid when the reserves are large. In
this respect our assumption (2) characterizes a set of sufficient conditions under which
the decision maker has incentives to distribute part of the reserves when they become
sufficiently large without liquidating the corporation instantaneously. The absence
of speculative bubbles condition θ ∈ L1 guarantees that the expected cumulative
present value of the net returns accrued from the present up to the liquidation date
is finite.

In order to proceed in the analysis of the considered class of stochastic control
problems, we first establish the following verification theorem.

Lemma 2.1. Assume that there is a mapping F : R+ �→ R+ satisfying the
following conditions.

(a) The function F (x) − (Rrπ)(x) is nonnegative and r-superharmonic for Xt.
(b) F satisfies the inequality

F (x) ≥ sup
βζ∈[0,x]

[λζ − c + F (x− βζ)](2.7)

for all x ∈ R+. Then, F (x) ≥ Vc(x) for all x ∈ R+.
Proof. Let ν ∈ V be an admissible stochastic impulse control. Since {τj}Nj=1 is

an increasing sequence of stopping times, we first observe that the assumed
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r-superharmonicity of the function F (x) − (Rrπ)(x) implies that (cf. [33, Lemma
10.1.3, p. 207])

(2.8) EFτj

[
e−rτj+1(F (Xν

τj+1−) − (Rrπ)(Xν
τj+1−))

]
≤ e−rτj (F (Xν

τj ) − (Rrπ)(Xν
τj )).

Since ((A− r)(Rrπ)) (x) = −π(x) for all x ∈ R+, application of Dynkin’s theorem to
(Rrπ) yields

EFτj

[
e−rτj+1(Rrπ)(Xν

τj+1−)
]

= e−rτj (Rrπ)(Xν
τj ) − EFτj

[∫ τj+1−

τj

e−rsπ(Xν
s )ds

]
,

implying that inequality (2.8) can be re-expressed as

e−rτjF (Xν
τj ) − EFτj

[
e−rτj+1F (Xν

τj+1−)
]
≥ EFτj

[∫ τj+1−

τj

e−rsπ(Xν
s )ds

]
.

Taking expectations and invoking the tower property of conditional expectations then
yield

Ex

[
e−rτjF (Xν

τj )
]
− Ex

[
e−rτj+1F (Xν

τj+1−)
]
≥ Ex

[∫ τj+1−

τj

e−rsπ(Xν
s )ds

]
.

Letting τ0 = 0, summing terms from j = 0 to j = n ∧N , and applying the nonnega-
tivity of the mapping F (x) result in

F (x) ≥
n∧N∑
j=1

Ex

[
e−rτjF (Xν

τj−) − F (Xν
τj )

]
+ Ex

[∫ τn∧N+1−

0

e−rsπ(Xν
s )ds

]
.

Since Xτj = Xτj− − βζj for any admissible strategy and F satisfies the quasi-
variational inequality F (x) ≥ supβζ∈[0,x] [λζ − c + F (x− βζ)] for all ∈ R+, we find
that

F (x) ≥ Ex

⎡
⎣∫ τn∧N+1−

0

e−rsπ(Xν
s )ds +

n∧N∑
j=1

e−rτj (λζj − c)

⎤
⎦ .

Letting n → ∞ and invoking dominated convergence then finally imply that

F (x) ≥ Ex

⎡
⎣∫ Hν

0

0

e−rsπ(Xν
s )ds +

N∑
j=1

e−rτj (λζj − c)

⎤
⎦ .

Since this inequality is valid for any admissible impulse control, it has to be valid for
the optimal as well, from which the alleged result follows.

Lemma 2.1 states a set of considerably weak sufficient conditions which can
be applied in the verification of the optimality of a value attained by applying an
admissible policy. An interesting implication of Lemma 2.1 stating a set of more
easily applicable sufficient conditions is now summarized in the following.

Corollary 2.2. Assume that the mapping F : R+ �→ R+ satisfies the conditions
F ∈ C1(R+) ∩ C2(R+\D), where D is a set of measure zero and F ′′(x±) < ∞ for
all x ∈ D. Assume also that F satisfies the quasi-variational inequality (2.7) for all



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

710 LUIS H. R. ALVAREZ AND JUKKA LEMPA

x ∈ R+ and the variational inequality (AF )(x) − rF (x) + π(x) ≤ 0 for all x �∈ D.
Then, F (x) ≥ Vc(x) for all x ∈ R+.

Proof. As was established in Theorem D.1. in [33, pp. 315–318] the conditions
of our corollary guarantee that there exists a sequence {Fn}∞n=1 of mappings Fn ∈
C2(R+) such that

(i) Fn → F uniformly on compact subsets of R+ as n → ∞;
(ii) (AFn)−rFn → (AF )−rF uniformly on compact subsets of R+\D as n → ∞;

and
(iii) {(AFn) − rFn}∞n=1 is locally bounded on R+.

Applying Itô’s theorem to the mapping (t, x) �→ e−rtΔn(x), where Δn(x) = Fn(x) −
(Rrπ)(x), taking expectations, and reordering terms yield

e−rτjΔn(Xν
τj ) = EFτj

[
e−rτj+1Δn(Xν

τj+1−)
]

− EFτj

[∫ τj+1−

τj

e−rs ((AFn)(Xν
s ) − rFn(Xν

s ) + π (Xν
s )) ds

]
.

Letting n → ∞, applying Fatou’s theorem, and invoking the variational inequality
(AF )(x) − rF (x) + π(x) ≤ 0 then result in inequality (2.8). The alleged result now
follows from Lemma 2.1.

3. Auxiliary results.

3.1. Some associated functionals. In subsection 2.2 we made a standing
assumption that the upper boundary ∞ is natural and the lower boundary 0 is nat-
ural, exit, or killing. It is important to point out that in all of these cases we have
that limx→0+ ψ(x) = limx→∞ ϕ(x) = 0 (cf. [15, p. 19]). These conditions will be
used in this subsection without explicit indication. Recall the definition (2.6) of θ and
consider the expected cumulative present value (Rrθ). By invoking the representation
(2.3), differentiating the equation sidewise, and dividing the resulting identity with
ψ′(x), we find that

(3.1)
(Rrθ)

′(x)

ψ′(x)
= B−1ϕ

′(x)

ψ′(x)

∫ x

0

ψ(y)θ(y)m′(y)dy + B−1

∫ ∞
x

ϕ(y)θ(y)m′(y)dy.

Differentiating (3.1) and noticing that ϕ′′(x)ψ′(x) − ϕ′(x)ψ′′(x) = 2rBS′(x)/σ2(x)
now yield

d

dx

[
(Rrθ)

′(x)

ψ′(x)

]
=

2S′(x)

σ2(x)ψ′2(x)
L(x),

where the functional L : R+ → R is defined as

L(x) = r

∫ x

0

ψ(y)θ(y)m′(y)dy − θ(x)
ψ′(x)

S′(x)
.

The functional L will prove to be the principal determinant of the optimal policies
in all the considered stochastic control problems. Our first auxiliary result is now
summarized in the following.

Lemma 3.1. Let Assumption 2.1 be satisfied. Then there is a unique state x̂ =

argmin{ (Rrθ)
′(x)

ψ′(x) } ∈ (x∗,∞) satisfying the condition L(x̂) = 0.
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Proof. Assume first that x∗ < x < z. Since the mapping θ is decreasing on
(x∗,∞) and

r

∫ b

a

ψ(y)m′(y)dy =
ψ′(b)

S′(b)
− ψ′(a)

S′(a)

for any 0 < a < b < ∞, we have that

1

r
[L(z) − L(x)] =

∫ z

x

ψ(y)θ(y)m′(y)dy − θ(z)

r

ψ′(z)

S′(z)
+

θ(x)

r

ψ′(x)

S′(x)

>
θ(z)

r

[
ψ′(z)

S′(z)
− ψ′(x)

S′(x)

]
− θ(z)

r

ψ′(z)

S′(z)
+

θ(x)

r

ψ′(x)

S′(x)

=
[θ(x) − θ(z)]

r

ψ′(x)

S′(x)
> 0,

proving that L is monotonically increasing on (x∗,∞). Analogously, we find that
whenever z < x < x∗

1

r
[L(x) − L(z)] =

∫ x

z

ψ(y)θ(y)m′(y)dy − θ(x)

r

ψ′(x)

S′(x)
+

θ(z)

r

ψ′(z)

S′(z)

<
[θ(z) − θ(x)]

r

ψ′(z)

S′(z)
< 0

showing that L is monotonically decreasing on (0, x∗).
Since the boundary 0 is assumed to be natural, exit, or killing, we find that

limx→0+ L(x) ≤ 0. Moreover, since x∗ is the global maximum of θ, we find that

L(x∗) = r

∫ x∗

0

ψ(y)θ(y)m′(y)dy − θ(x∗)
ψ′(x∗)

S′(x∗)

< θ(x∗)

[
ψ′(x∗)

S′(x∗)
− ψ′(0)

S′(0)

]
− θ(x∗)

ψ′(x∗)

S′(x∗)
≤ 0.

Assumption 2.1 implies that there is a unique state x0 ∈ (x∗,∞) such that θ(x0) = 0
and that θ(x) > 0 on (0, x0). Hence,

L(x0) = r

∫ x0

0

ψ(y)θ(y)m′(y)dy > 0.

Since L is increasing on (x∗,∞), we find there is a unique state x̂ ∈ (x∗,∞) such that
L(x̂) = 0.

Along with the functional L, two additional functionals will be important in the
subsequent study of the considered stochastic control problems. These functionals,
which are denoted as I : R+ → R and J : R+ → R, are defined as

(3.2) I(x) =
β(Rrπ)′(x) − λ

ψ′(x)

and as

(3.3) J(x) = β(Rrπ)(x) − λx− I(x)ψ(x).
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Note that J ′(x) = −ψ(x)I ′(x) for all x ∈ R+. The functional J has an alternative
representation which will be used later. More precisely, since

ψ(x)

ψ′(x)
− x =

S′(x)

ψ′(x)

∫ x

0

ψ(y)ρ(y)m′(y)dy

(cf. [7, Lemma 3.3]), we find by using the representation (2.3) for (Rrπ) that

(3.4) J(x) =
S′(x)

ψ′(x)

∫ x

0

ψ(y)θ(y)m′(y)dy.

We will now demonstrate that the behavior of L dictates the monotonicity prop-
erties of the associated functionals I and J . This is accomplished in the following.

Lemma 3.2. Let Assumption 2.1 be satisfied. Then I ′(x) � 0 and J ′(x) � 0 when

x � x̂.
Proof. First note that since ρ ∈ L1, the expression

d

dx

[
(Rrρ)

′(x)

ψ′(x)

]
=

2S′(x)

σ2(x)ψ′2(x)

[
r

∫ x

0

ψ(y)ρ(y)m′(y)dy − ρ(x)
ψ′(x)

S′(x)

]

holds. On the other hand, we have that

ψ′′(x) =
2S′(x)

σ2(x)

[
r

∫ x

0

ψ(y)ρ(y)m′(y)dy − ρ(x)
ψ′(x)

S′(x)

]

(cf. [3, Lemma 2.1]), which in turn implies that

d

dx

[
(Rrρ)

′(x)

ψ′(x)

]
=

ψ′′(x)

ψ′2(x)
.

Combining this observation with the findings of Lemma 3.1 now yields

I ′(x) =
d

dx

[
β(Rrπ)′(x) − λ

ψ′(x)

]
=

d

dx

[
(Rrθ)

′(x)

ψ′(x)

]
=

2S′(x)

σ2(x)ψ′2(x)
L(x),

from which the first alleged inequality follows. The remaining part of the proof follows
now from the equation J ′(x) = −ψ(x)I ′(x).

Lemma 3.2 essentially demonstrates that under our Assumption 2.1 the threshold
x̂ constitutes the global minimum of the functional I(x) and the global maximum of
the functional J(x). To close the subsection, we present a lemma determining the
limiting properties of I and J .

Lemma 3.3. Let Assumption 2.1 be satisfied. Then

lim
x→0+

J(x) ≥ 0, lim
x→0+

I(x) ≥ 0, lim
x→∞

I(x) ≤ 0, and lim
x→∞

J(x) = −∞.

Proof. If the origin is attainable, then the representation (3.4) implies that J(0) =

0, since limx→0+
ψ′(x)
S′(x) > 0. On the other hand, if the origin is unattainable, then

limx→0+
ψ′(x)
S′(x) = 0. In this case l’Hôpital’s rule yields

lim
x→0+

J(x) = lim
x→0+

ψ(x)θ(x)m′(x)

d
dx

[
ψ′(x)
S′(x)

] = lim
x→0+

ψ(x)θ(x)m′(x)

rψ(x)m′(x)
= lim

x→0+

θ(x)

r
≥ 0.
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To prove the alleged behavior of J at infinity, note that

lim
x→∞

∫ x

0

ψ(y)θ(y)m′(y)dy = −∞

and that limx→∞
ψ′(x)
S′(x) = ∞. Thus limx→∞ J(x) = limx→∞

θ(x)
r = −∞.

We showed in Lemma 3.1 that the state x̂ = argmax{J(x)} = argmin{I(x)} lies
in the interval (x∗,∞), i.e., where θ is monotonically decreasing. Hence for x > x̂, we
have that

I(x) = B−1ϕ
′(x)

ψ′(x)

[∫ x̂

0

ψ(y)θ(y)m′(y)dy +

∫ x

x̂

ψ(y)θ(y)m′(y)dy

]

+ B−1

∫ ∞
x

ϕ(y)θ(y)m′(y)dy

= B−1ϕ
′(x)

ψ′(x)

[
θ(x̂)

r

ψ′(x̂)

S′(x̂)
+

∫ x

x̂

ψ(y)θ(y)m′(y)dy

]
+ B−1

∫ ∞
x

ϕ(y)θ(y)m′(y)dy

≤ B−1ϕ
′(x)

ψ′(x)

[
θ(x̂)

r

ψ′(x̂)

S′(x̂)
+

θ(x̂)

r

(
ψ′(x)

S′(x)
− ψ′(x̂)

S′(x̂)

)]
+ B−1

∫ ∞
x

ϕ(y)θ(y)m′(y)dy

= B−1ϕ
′(x)

S′(x)

θ(x̂)

r
+ B−1

∫ ∞
x

ϕ(y)θ(y)m′(y)dy.

By letting x tend to infinity in the inequality above, we discover that limx→∞ I(x) ≤ 0,

since limx→∞
ϕ′(x)
S′(x) = 0. The property limx→0+ I(x) ≥ 0 is still left to prove. To prove

this, observe that the condition I(x) ≥ I(x̂) implies that

lim
x→0+

(Rrθ)
′(x)

S′(x)
= lim

x→0+
I(x)

ψ′(x)

S′(x)
≥ lim

x→0+
I(x̂)

ψ′(x)

S′(x)
= 0;

hence limx→0+(Rrθ)
′(x) ≥ 0. Now the desired result

lim
x→0+

I(x) = lim
x→0+

(Rrθ)
′(x)

ψ′(x)
≥ 0

follows, since ψ′(x) > 0.

3.2. The associated singular control problem. Before proceeding to the
analysis of the stochastic impulse control problem, we first consider an associated
singular stochastic control problem. To this end, consider the associated controlled
diffusion process XZ on R+ given by the generalized Itô stochastic differential equation

(3.5) dXZ
t = μ(XZ

t )dt + σ(XZ
t )dWt − βdZt, XZ

0 = x,

where the process Zt is an admissible control, meaning a nonnegative, nondecreasing,
right-continuous, and {Ft}-adapted process. We denote the class of such processes as
Λ and assume that μ and σ satisfy the same regularity conditions as in the impulse
control case. Given these assumptions, we will consider the associated singular control
problem

(3.6) K(x) = sup
Z∈Λ

Ex

[∫ HZ
0

0

e−rs
(
π(XZ

s )ds + λdZs

)]
,
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where HZ
0 = inf{t ≥ 0 : XZ

t ≤ 0} denotes the first exit time of the controlled diffusion
XZ from R+. It is important to emphasize that since the value accumulates only up to
the first exit time HZ

0 , we are actually considering only such controls Z that keep the
process XZ positive. Moreover, it is worth observing that applying the generalized
Itô theorem to the linear mapping x �→ λx/β yields

Ex

∫ τN

0

e−rsλdZs =
λx

β
+ Ex

∫ τN

0

e−rs
λ

β
ρ(XZ

s )ds− Ex

[
e−rτN

λ

β
XZ

τN

]
,

where ρ(x) = μ(x) − rx and τN = HZ
0 ∧ N ∧ inf{t ≥ 0 : XZ

t ≥ N} is an almost
surely finite stopping time. The nonnegativity of the controlled process then results
by letting N tend to infinity and invoking monotone convergence to the inequality

K(x) ≤ β−1

[
λx + sup

Z∈Λ
Ex

∫ HZ
0

0

e−rsθ(XZ
s )ds

]
.(3.7)

It is clear that if the implemented admissible policy is such that

lim
N→∞

Ex

[
e−rτNXZ

τN

]
= 0,

then the inequality (3.7) becomes an equality. In that case the value of the optimal
policy can be decomposed into a part measuring the value of the instantaneous liqui-
dation policy and the expected cumulative present value of the excess return accrued
from following the optimal policy and postponing the immediate liquidation of the
underlying process.

The Hamilton–Jacobi–Bellman equation for (3.6) can be written as

(3.8) max {AK(x) − rK(x) + π(x),K ′(x) − λ/β} = 0

for all x ∈ R+. In the next lemma we will establish the value and the optimal policy
for the problem (3.6). These results will later turn out to be useful in the analysis of
the impulse control problem (2.5) as well.

Lemma 3.4. Let Assumption 2.1 be satisfied. Then the optimal singular stochastic
control exists and is given by

Z∗t =

{
(x− x̂)+, t = 0,

L(t, x̂), t > 0,
(3.9)

where the threshold x̂ ∈ (x∗,∞) is the unique root of the first order condition L(x̂) = 0
and L(t, x̂) is the local time of X at x̂ (cf. [15, pp. 21–24]). Moreover, the value
function K reads as

(3.10) K(x) =

{
β−1

(
λx + θ(x̂)

r

)
, x ≥ x̂,

(Rrπ)(x) − β−1I(x̂)ψ(x), x < x̂,

implying that the marginal value K ′ can be expressed as

K ′(x) = (Rrπ)′(x) + β−1ψ′(x) sup
y≥x

[
λ− β(Rrπ)′(y)

ψ′(y)

]

=

{
λβ−1, x ≥ x̂,

(Rrπ)′(x) − β−1I(x̂)ψ′(x), x < x̂.

(3.11)
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The value function K satisfies also the smooth pasting condition limx→x̂ K
′′(x) = 0.

Proof. Denote the function defined in (3.10) as K̂(x). We will now demonstrate
that K(x) = K̂(x) for all x ∈ R+. Since K̂(x) is attained by the admissible local time
push policy (3.9) (i.e., reflection at x̂), it is clear that K̂(x) ≤ K(x) for all x ∈ R+

(cf. section 1.6 in [19]). In order to establish the opposite inequality, we first observe
by ordinary differentiation that

K̂ ′(x) =

{
λβ−1, x ≥ x̂,

β−1 [λ + ψ′(x) (I(x) − I(x̂))] , x < x̂.

Since the state x̂ is the global minimum of the functional I, we find that K̂ ′(x) ≥ λβ−1

for all x ∈ R+. Moreover,

(AK̂)(x) − rK̂(x) + π(x) =

{
β−1 (θ(x) − θ(x̂)) , x ≥ x̂,

0, x < x̂.

Since the state x̂ is on the set where θ is strictly decreasing, we find that (AK̂)(x) −
rK̂(x) + π(x) ≤ 0 for all x ∈ R+. Finally, since x̂ minimizes I, first order opti-
mality conditions imply that ψ′′(x̂)β(Rrπ)′′(x̂) = ψ′′(x̂)(β(Rrπ)′(x̂) − λ). Therefore,
limx→x̂− K̂ ′′(x) = 0, implying that K̂ ∈ C2(R+). The function K now satisfies the
conditions of Lemma 1 in [1]. Thus K̂(x) ≥ K(x) for all x ∈ R+.

Lemma 3.4 demonstrates that under Assumption 2.1 the associated singular con-
trol problem (3.6) is solvable and that the optimal value is attained by utilizing a
local time push policy at the threshold x̂ (cf. [20]). The optimal control policy Z∗t
does not exhibit jumps at time HZ

0 and, therefore, does not produce interior singular-
ities into the value function K (see (3.6)). Moreover, Lemma 3.4 also shows that the
smooth pasting property holds for (3.6), and we notice from the proof that it is an
implication of our approach to the problem. In particular, Lemma 3.4 shows that the
value function K defined in (3.10) is a C2-solution of the Hamilton–Jacobi–Bellman
equation (3.8). A set of interesting comparative static results implied by Lemma 3.4
are now summarized in the following.

Corollary 3.5. Let Assumption 2.1 be satisfied. Then the following hold.
(i) The value K and the marginal value K ′ of the optimal policy are decreasing

functions of the parameter β.
(ii) The value K and the marginal value K ′ of the optimal policy are increasing

functions of the parameter λ.
(iii) The optimal exercise threshold x̂ is an increasing mapping of the parameter

β and a decreasing mapping of the parameter λ.
(iv) If λ = β, then the optimal exercise threshold x̂ is independent of λ and β.
Proof. (i) Denote the value associated with the parameter βi as Ki, i = 1, 2. It

is now clear from the proof of Lemma 3.4 that K2 satisfies the sufficient variational
inequalities (AK2)(x)− rK2(x) + π(x) ≤ 0 and K ′2(x) ≥ λ/β2 > λ/β1 for all x ∈ R+.
Hence, K2(x) ≥ K1(x) for all x ∈ R+. In order to establish that K ′2(x) ≥ K ′1(x) for all
x ∈ R+, we observe that the mapping x �→ (λ− β(Rrπ)′(x))/(βψ′(x)) is a decreasing
function of the parameter β from which the alleged result follows by invoking the
representation (3.11). Proving part (ii) is entirely analogous. It remains to consider
the sensitivity of the optimal exercise threshold x̂ with respect to parametric changes.
To this end, consider the mapping

L̄(x, λ, β) = r

∫ x

0

ψ(y)(βπ(y) + λρ(y))m′(y)dy − (βπ(x) + λρ(x))
ψ′(x)

S′(x)
.
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If β1 > β2, then

L̄(x, λ, β1) − L̄(x, λ, β2) = (β1 − β2)

[
r

∫ x

0

ψ(y)π(y)m′(y)dy − π(x)
ψ′(x)

S′(x)

]
≤ 0

since

r

∫ x

0

ψ(y)π(y)m′(y)dy − π(x)
ψ′(x)

S′(x)
≤ −π(x)

ψ′(0)

S′(0)
≤ 0

by the assumed monotonicity and nonnegativity of π. Therefore, if x̂i denotes the
optimal exercise threshold associated with βi, i = 1, 2, we observe that 0 = L̄(x̂1, λ,
β1) ≤ L̄(x̂1, λ, β2), which, in turn, implies that x̂1 ≥ x̂2. Establishing that x̂ is a
decreasing mapping of the parameter λ is entirely analogous. Finally, if λ = β, then

L(x) = β

[
r

∫ x

0

ψ(y)(π(y) + ρ(y))m′(y)dy − (π(x) + ρ(x))
ψ′(x)

S′(x)

]
,

from which the alleged result follows.
Corollary 3.5 characterizes the impact of parametric changes on the value, the

marginal value, and the optimal exercise threshold of the irreversible policy. We
observe that an increase in β decreases both the value and the marginal value of the
optimal policy and, therefore, postpones exercise by increasing the optimal exercise
threshold and, therefore, expanding the continuation region where waiting is optimal.
The contrary happens when the parameter λ increases. An interesting implication of
these comparative static results is that parametric changes are neutral (i.e., do not
affect the optimal exercise threshold x̂) as long as the ratio λ/β is held constant. As
usual in models considering cash flow management in the presence of taxation, Corol-
lary 3.5 shows that when λ = β the optimal policy is independent of the parameters
λ and β (i.e., the harmonization of tax rates implies the tax neutrality of the optimal
policy).

3.3. The associated optimal stopping problem. In this subsection we con-
sider another associated control problem, namely, an optimal stopping problem. Let
X be the diffusion evolving on R+ according to the ordinary Itô stochastic differen-
tial equation (2.2), and assume that the infinitesimal coefficients μ and σ satisfy the
same regularity conditions as in the impulse control case. Given these assumptions,
consider the corresponding optimal stopping problem

(3.12) Gc(x) = sup
τ<H0

Ex

[∫ τ

0

e−rsπ(Xs)ds + e−rτ
(
λβ−1Xτ − c

)]
,

where c ≥ 0 is an arbitrary constant and τ is an arbitrary Ft-stopping time satisfying
the constraint τ < H0 stating that the stopping time problem is defined up to the first
exit time from R+. Following the reasoning of (3.7), we find by applying Dynkin’s
theorem to the mapping x �→ λx/β − c (or by applying Itô’s theorem to the process
t �→ e−rt(λβ−1Xt − c)) that

Gc(x) =
λ

β
x− c +

1

β
sup
τ<H0

Ex

∫ τ

0

e−rs(θ(Xs) + βcr)ds,

demonstrating how the value of the optimal policy can in this case be decomposed
into the sum of the exercise payoff and the early exercise premium. Our main findings
on this associated stopping problem are now summarized in the following.
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Lemma 3.6. Let Assumption 2.1 be satisfied. Then an optimal stopping policy
is to stop at the Markov time τx̄c

= inf{t ≥ 0 : Xt ≥ x̄c}, where x̄c, denoting the
optimal stopping threshold, is the unique root of the equation J(x̄c) = −βc, where J
is as defined in (3.3). Moreover, the value can be written as

Gc(x) = (Rrπ)(x) + β−1ψ(x) sup
y≥x

[
λy − β(Rrπ)(y) − βc

ψ(y)

]

=

{
β−1λx− c, x ≥ x̄c,

(Rrπ)(x) − β−1I(x̄c)ψ(x), x < x̄c,

(3.13)

and it satisfies the smooth-pasting condition limx→x̄c−G′c(x) = β−1λ.
Proof. In order to establish (3.13), denote as x0 the unique interior state at which

θ(x0) = 0. The expression (3.4) implies that

d

dx

[
ψ′(x)

S′(x)
J(x)

]
= ψ(x)θ(x)m′(x) � 0, x � x0.

Thus J(x) > 0 for all x ∈ (0, x0), since limx→0+
ψ′(x)
S′(x)J(x) ≥ 0. On the other hand,

we proved in Lemma 3.3 that limx→∞ J(x) = −∞. Together with the monotonicity
properties of J , this implies that there is a unique state x̄c ∈ θ−1(R−) at which the
condition J(x̄c) = −βc is satisfied. Since

d

dx

[
λx− β(Rrπ)(x) − βc

ψ(x)

]
=

ψ′(x)

ψ2(x)
(J(x) + βc) ,

we find that x̄c = argmax {(λx− β(Rrπ)(x) − βc)/ψ(x)}. The first order optimality
condition now implies that

λx̄c − β(Rrπ)(x̄c) − βc

ψ(x̄c)
=

λ− β(Rrπ)′(x̄c)

ψ′(x̄c)
= −I(x̄c),

which gives us the expression (3.13) and proves the smooth-pasting condition

lim
x→x̄c

G′c(x) = β−1λ.

Given these observations, denote the function defined in (3.13) as Ĝc(x). Since

Ĝc(x) = Ex

[∫ τx̄c

0

e−rsπ(Xs)ds + e−rτx̄c
(
λβ−1Xτx̄c

− c
)]

,

where τx̄c = inf{t ≥ 0 : Xt ≥ x̄c}, we find that Ĝc(x) ≤ Gc(x) for all x ∈ R+. On
the other hand, we also observe that Ĝc is continuously differentiable on R+, is twice
continuously differentiable on R+ \{x̄c}, satisfies the inequalities |Ĝ′′c (x̄c±)| < ∞, and
satisfies the variational inequality min{rĜc(x)−(AĜc)(x)−π(x), Ĝc(x)−λβ−1x+c} =
0. Thus Ĝc(x) ≥ Gc(x) for all x ∈ R+.

Lemma 3.6 establishes that under Assumption 2.1 the optimal stopping problem
(3.12) is solvable and that an optimal stopping policy is a threshold policy requiring
that the underlying process should be stopped once it hits the constant boundary
x̄c at which the expected present value of the exercise payoff is maximized. At the
optimal exercise threshold x̄c the standard balance identity holds and the value of
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the project x̄c coincides with the sum of the sunk cost c and the lost option value
Gc(x̄c). Moreover, following the reasoning of our findings on the associated singular
stochastic control problem, we find that the smooth-pasting principle holds for the
problem (3.12) as well. We also note that G′′c (x̄c−) �= 0; in other words, Gc is not twice
continuously differentiable over the boundary x̄c. A set of interesting comparative
static results implied by Lemma 3.6 are now summarized in the following.

Corollary 3.7. Let Assumption 2.1 be satisfied. Then the following hold.
(i) The value Gc is a decreasing function of both the parameter β and the sunk

cost c and an increasing function of the parameter λ.
(ii) The optimal exercise threshold x̄c is an increasing mapping of both the pa-

rameter β and the sunk cost c and a decreasing mapping of the parameter λ.
(iii) If λ = β, then the optimal exercise threshold x̄c is independent of λ and β.
Proof. The claim of part (i) of our corollary follows directly from the definition

of the exercise payoff. Thus, it is sufficient to consider the sensitivity of the optimal
threshold x̄c to changes in λ, β, or c. To this end, consider the mapping

L̃(x, λ, β, c) =

∫ x

0

ψ(y)(βπ(y) + λρ(y))m′(y)dy + βc
ψ′(x)

S′(x)

and denote as x̄c(βi) the optimal exercise threshold associated with the parameter βi.
If β1 > β2, then

L̃(x, λ, β1, c) − L̃(x, λ, β2, c) = (β1 − β2)

[∫ x

0

ψ(y)π(y)m′(y)dy + c
ψ′(x)

S′(x)

]
> 0,

which implies that 0 = L̃(x̄c(β1), λ, β1, c) > L̃(x̄c(β1), λ, β2, c) and, therefore, that
x̄c(β1) > x̄c(β2). The analysis of the impact of changes in either λ or c on the optimal
exercise threshold is entirely analogous. Finally, if λ = β, then

x̄c = argmax {(x− (Rrπ)(x) − c)/ψ(x)} ,

from which the alleged result follows.
Corollary 3.7 extends the findings of Corollary 3.5 to the present example. More

precisely, we observe that an increase in β postpones rational exercise by expanding
the continuation region where stopping is suboptimal. The opposite is shown to hap-
pen when λ increases. Interestingly, we again find that parametric changes are neutral
(i.e., do not affect the optimal exercise threshold x̄c) as long as the ratio λ/β is held
constant. Following the reasoning of our findings on the associated singular control
problem, we again find that if λ = β, the optimal exercise strategy is independent
of the parameters λ and β (i.e., harmonization results in neutrality). Moreover, as
is intuitively clear, our findings indicate that increased sunk costs decrease the value
and postpone rational exercise by expanding the continuation region.

4. Optimal impulse control policy.

4.1. Necessary conditions. The stochastic impulse control problems of type
(2.5) are typically tackled by relying on a combination of the classical Hamilton–
Jacobi–Bellman approach and quasi-variational inequalities. In this study, we plan to
adopt an alternative approach which results in more easily interpretable conditions
characterizing a potentially optimal policy. Instead of considering all the admissible
impulse controls at once, we restrict our attention to the subclass ν(ζ,y) of impulse
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controls characterized by the sequence of intervention times τy0 = 0, τyk = inf{t ≥
τyk−1 : X

ν(ζ,y)

t ≥ y} and the sequence of interventions ζyk = ζ + (x− y)+ for all k ≥ 1.
That is, we restrict our attention to control policies consisting of sequence of constant-
sized impulses (with the exception of the initial impulse, which depends on the initial
state) exerted every time the underlying diffusion hits a predetermined, constant
exercise threshold y. Given this class of admissible impulse controls, define the value

Fc : R+ → R accrued from applying the impulse control ν(ζ,y) as Fc(x) = J
(ζ,y)
c (x).

Since X
ν(ζ,y)

τk+ = X
ν(ζ,y)

τk− − βζ = y − βζ for all k and the controlled diffusion evolves as
the linear diffusion X between any two successive intervention dates, we observe that
for all x < y the value satisfies the functional relation (a so-called running present
value formulation)

(4.1) Fc(x) = Ex

[∫ τy

0

e−rsπ(Xs)ds + e−rτy (λ(Xτy − (y − ζ)) − c + Fc(y − βζ))

]
,

where τy = inf{t ≥ 0 : Xt ≥ y}. Invoking the strong Markov property of diffusions
now implies that the value Fc(x) can be represented as

(4.2) Fc(x) =

{
Fc(y − βζ) + λ(x− y + ζ) − c, x ≥ y,

(Rrπ)(x) + (λζ − c− (Rrπ)(y) + Fc(y − βζ)) ψ(x)
ψ(y) , x < y.

First, note that letting x tend to y in (4.2) yields the value-matching condition Fc(y) =
Fc(y−βζ)+λζ− c, which can be re-expressed in the more familiar form Fc(y−βζ)+
λζ = Fc(y) + c stating that the value of the investment opportunity has to coincide
with its full costs (lost option value + sunk cost). On the other hand, letting x tend
to y − βζ yields

(4.3) Fc(y − βζ) =
ψ(y)(Rrπ)(y − βζ) + [λζ − c− (Rrπ)(y)]ψ(y − βζ)

ψ(y) − ψ(y − βζ)
.

Now, inserting (4.3) into (4.2) implies that the value can be expressed as

(4.4) Fc(x) =

{
(Rrπ)(y − βζ) + h(ζ, y)ψ(y − βζ) + λ(x− y + ζ) − c, x ≥ y,

(Rrπ)(x) + h(ζ, y)ψ(x), x < y,

where the mapping h : R
2
+ → R is defined as

(4.5) h(ζ, y) =
(Rrπ)(y − βζ) − (Rrπ)(y) + λζ − c

ψ(y) − ψ(y − βζ)
.

In order to prove the existence and uniqueness of the optimal impulse control
policy, we will consider the constrained nonlinear programming problem

(4.6) sup
βζ∈[0,y],
y∈R+

(Rrπ)(y − βζ) − (Rrπ)(y) + λζ − c

ψ(y) − ψ(y − βζ)
.

To ease the subsequent analysis, introduce a linear change of variables z := y −
βζ. Thus ζ = β−1(y − z). Since the parameter β is assumed to be positive, the
programming problem (4.6) can now be rewritten as

(4.7) sup
z∈[0,y],
y∈R+

(Rrπ)(z) − (Rrπ)(y) + λβ−1(y − z) − c

ψ(y) − ψ(z)
.
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If an interior pair maximizing the mapping h exists, denote the associated mapping of
the form (4.1) as F ∗c . More precisely, if an interior pair (z∗c , y

∗
c ) satisfying the problem

(4.7) exists, define the mapping F ∗c : R → R as

(4.8) F ∗c (x) =

{
(Rrπ)(z∗c ) + h(z∗c , y

∗
c )ψ(z∗c ) + γ(x) − c, x ≥ y∗c ,

(Rrπ)(x) + h(z∗c , y
∗
c )ψ(x), x < y∗c ,

where γ(x) = λ(x − y∗c − β−1(y∗c − z∗c )). Since h is differentiable, it is clear that if
an interior pair (z∗c , y

∗
c ) satisfying the problem (4.7) exists, then this pair satisfies the

ordinary necessary first order conditions ∂h
∂z (z∗c , y

∗
c ) = ∂h

∂y (z∗c , y
∗
c ) = 0. More precisely,

if an optimal pair exists, it must satisfy the conditions

(4.9)

{
(ψ(y∗c ) − ψ(z∗c ))

(
λβ−1 − (Rrπ)′(y∗c )

)
= r(z∗c , y

∗
c )ψ
′(y∗c ),

(ψ(y∗c ) − ψ(z∗c ))
(
λβ−1 − (Rrπ)′(z∗c )

)
= r(z∗c , y

∗
c )ψ
′(z∗c ),

where r(z, y) = (Rrπ)(z) − (Rrπ)(y) + λβ−1(y − z) − c. This immediately yields the
condition

λ− β(Rrπ)′(z∗c )

ψ′(z∗c )
=

λ− β(Rrπ)′(y∗c )

ψ′(y∗c )
.

Using the definition (3.2), this can be rewritten as

(4.10) I(y∗c ) − I(z∗c ) = 0.

On the other hand, since

ψ′(z∗c )

ψ(y∗c ) − ψ(z∗c )
=

(Rrπ)′(z∗c ) − λβ−1

r(z∗c , y
∗
c )

,

we find by invoking condition (4.10) and reordering the terms that

[β(Rrπ)(y∗c ) − I(y∗c )ψ(y∗c ) − λy∗c ] − [β(Rrπ)(z∗c ) − I(z∗c )ψ(z∗c ) − λz∗c ] = −βc.

Using the definition (3.3), this can be expressed as

(4.11) J(y∗c ) − J(z∗c ) = −βc.

Conditions (4.10) and (4.11) are standard necessary first order conditions for the
existence of the solution of the problem (4.7). In a recent paper [10], a similar idea is
used to solve another impulse control problem, where first order optimality conditions
are derived for an associated functional reminiscent of (4.8) (see [10, equation 2.17]).
However, our control problem differs from the problem of [10] on a fundamental level
(we will comment on this in the next subsection). Moreover, the actual solution
methods are also different.

4.2. Existence and sufficiency. Having the necessary conditions (4.10) and
(4.11) at our disposal, we will now study their solvability under Assumption 2.1.

Lemma 4.1. Let Assumption 2.1 be satisfied. Then there exists a unique interior
pair (z∗c , y

∗
c ) for which the necessary conditions (4.10) and (4.11) are satisfied.

Proof. Existence. Define the mappings J̌ : (0, x̂) → (J̌(0), J̌(x̂)) and Ĵ :
[x̂,∞) → (−∞, Ĵ(x̂)] as restrictions of the mapping J and the mapping k : R → R as
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Fig. 4.1. A prototype figure of the functions I (solid curve) and J (dashed curve). The
vertical solid line marks the state x̂.

k(x) = x− βc. It is clear that both J̌ and Ĵ are continuous and monotonic. Define
now the mapping ŷ : (0, x̂) → (ŷ(x̂), ŷ(0)) as ŷ(x) = (Ĵ−1◦k◦J̌)(x). By the definitions
of J̌ , Ĵ , and k, we observe that ŷ is well defined. Moreover, the mapping ŷ is contin-
uous as a composition of continuous mappings. Finally, since ŷ(z) = Ĵ−1(J̌(z)− βc),
we find that the equation J(ŷ(z)) − J(z) = −βc holds for all z ∈ (0, x̂).

Analogously, define the mappings Ǐ : (0, x̂) → (Ǐ(x̂), Ǐ(0)) and Î : [x̂,∞) →
[Î(x̂), Î(0)) as restrictions of the mapping I. It is clear that both Ǐ and Î are continuous
and monotonic. Define the mapping Y : (0, x̂) → (Ǐ−1(Î(ŷ(x̂))), Ǐ−1(Î(ŷ(0)))) as
Y (x) = (Ǐ−1 ◦ Î ◦ ŷ)(x). Since 0 < βc < ∞ and Ĵ is decreasing, we find that
ŷ(x̂) = Ĵ−1(J̌(x̂)−βc) > Ĵ−1(J̌(x̂)) = x̂ and ŷ(0) = Ĵ−1(J̌(0)−βc) ≤ Ĵ−1(−βc) < ∞.
First, these inequalities together with monotocity of Ǐ and Î guarantee that Y is well
defined. Moreover, coupled with Lemma 3.3 they imply that(

Ǐ−1(Î(ŷ(x̂))), Ǐ−1(Î(ŷ(0)))
)

�

(
Ǐ−1(Î(x̂)), Ǐ−1(Î(x))

) ∣∣
x=∞ ⊆ (0, x̂) .

In other words, we find that the image of Y is strictly included in the domain of Y .
This observation coupled with the fact that Y is continuous implies that Y has a
fixed point. In other words, there is a state z∗c ∈ (0, x̂) for which I(z∗c ) = Ǐ(z∗c ) =
Î(ŷ(z∗c )) = I(ŷ(z∗c )). Moreover, since z∗c ∈ (0, x̂) the equation J(ŷ(z∗c ))−J(z∗c ) = −βc
also holds.

Uniqueness. Assume that z∗ is a fixed point for the mapping Y . Since J ′(x) =
−ψ(x)I ′(x), we find that

Y ′(z∗) =
J ′(z∗)

I ′(z∗)

I ′(ŷ(z∗))

J ′(ŷ(z∗))
=

ψ(z∗)

ψ(ŷ(z∗))
< 1.

In other words we find that the curve Y (x) intersects the diagonal always from above.
Continuity of Y yields now the desired uniqueness.

Lemma 4.1 demonstrates that Assumption 2.1 is sufficient for both the existence
and uniqueness of a solution for the typically highly nonlinear (cf. Figure 4.1) nec-
essary conditions (4.10) and (4.11). It is worth pointing out that since the existence
result of Lemma 4.1 is based on a fixed point argument, the existence of a potentially
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optimal pair is guaranteed for a considerably broad class of problems. In comparison
to the recent paper [10], Lemma 4.1 is analogous to the main result of [10], where the
original impulse control problem is defined over threshold policies described by single
open interval. We will now proceed by proving that the optimal threshold policy
determined by Lemma 4.1 is optimal over the class V defined in (2.5), which is much
wider than the class of threshold policies.

Theorem 4.2. Let Assumption 2.1 be satisfied. Then the optimal impulse control
policy is to instantaneously take the controlled diffusion Xν

t to the state y∗c − βζ∗c
whenever it hits the state y∗c (i.e., the size of the impulse is βζ∗c ). If the initial state
x ≥ y∗c , then τ1 = 0 and ζ1 = β−1(x− (y∗c −βζ∗c )). Moreover, the value of the optimal
impulse control policy reads as

(4.12) Vc(x) = F ∗c (x) =

{
β−1 (λx + J(y∗c )) , x ≥ y∗c ,

(Rrπ)(x) − β−1I(y∗c )ψ(x), x < y∗c ,

and the optimal intervention times are given by τi+1 = inf{t ≥ τi : Xν
t ≥ y∗c}, i ≥ 1.

Proof. Since the policy described above is admissible, it is clear that F ∗c (x) ≤
Vc(x) for all x ∈ R+. To prove the opposite inequality, we first observe that F ∗c ∈
C1(R+)∩C2(R+ \ {y∗c}) and that F ∗c

′′(y∗c+) = 0 ≤ |(Rrπ)′′(y∗c )− β−1I(y∗c )ψ
′′(y∗c )| =

|F ∗c ′′(y∗c−)| < ∞ implying that F ∗c is stochastically C2(R+). Moreover, we find that
((A − r)F ∗c )(x) + π(x) = 0 on (0, y∗c ) and that ((A − r)F ∗c )(x) + π(x) = β−1(θ(x) −
rJ(y∗c )) on (y∗c ,∞). On the other hand, (3.4) implies that

I ′(x) =
2 (rJ(x) − θ(x))

σ2(x)ψ′(x)
.

Since I is nondecreasing on (x̂,∞) and x̂ < y∗c , we find that θ(x) ≤ rJ(x) on (y∗c ,∞).
This implies that ((A−r)F ∗c )(x)+π(x) ≤ rβ−1(J(x)−J(y∗c )) ≤ 0 for all x ∈ (y∗c ,∞),
since J is nonincreasing on (y∗c ,∞). Hence ((A − r)F ∗c )(x) + π(x) ≤ 0 for all x ∈
R+ \ {y∗c}.

Our next task is to show that F ∗c satisfies the quasi-variational inequality

F ∗c (x) ≥ sup
βζ∈[0,x]

[F ∗c (x− βζ) + λζ − c]

for all x ∈ R+. Note that this quasi-variational inequality can also be written in the
form F ∗c (x) ≥ β−1(λx − βc) + supy∈[0,x][F

∗
c (y) − λβ−1y]. Define now the mapping

A : R+ → R as

A(x) = F ∗c (x) − β−1(λx− βc) − sup
y∈[0,x]

[F ∗c (y) − λβ−1y].

Utilizing (4.10) we find that

F ∗c
′(x) =

{
λβ−1, x ≥ y∗c ,

β−1 (λ + ψ′(x) (I(x) − I(y∗c − βζ∗c ))) , x < y∗c .

Since I is nonincreasing on (0, x̂) and y∗c − βζ∗c < x̂, we find that F ∗c
′(x) > λβ−1

on (0, y∗c − βζ∗c ). Moreover, the condition (4.10) implies that I(x) − I(y∗c ) < 0 for
all x ∈ (y∗c − βζ∗c , y

∗
c ). Therefore, F ∗c

′(x) ≤ λβ−1 on (y∗c − βζ∗c , y
∗
c ). Finally, since
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F ∗c
′(x) = λβ−1 on (y∗c ,∞), we find that the function x �→ F ∗c (x) − λβ−1x attains a

global maximum at y∗c − βζ∗c . Therefore,

sup
y∈[0,x]

[F ∗c (y) − λβ−1y] =

{
F ∗c (y∗c − βζ∗c ) − λβ−1(y∗c − βζ∗c ), x > y∗c − βζ∗c ,

F ∗c (x) − λβ−1x, x ≤ y∗c − βζ∗c .

Using (4.11) the mapping A can now be written in the form

A(x) =

⎧⎪⎨
⎪⎩

0, x ≥ y∗c ,

(Rrπ)(x) − I(y∗c )ψ(x) − λβ−1x− J(y∗c ), x ∈ (y∗c − βζ∗c , y
∗
c ),

c, x ≤ y∗c − βζ∗c .

Since limx→y∗
c−A(x) = 0 and A′(x) = (Rrπ)(x) − I(y∗c )ψ

′(x) − λβ−1 = ψ′(x)(I(x) −
I(y∗c )) < 0 for all x ∈ (y∗c − βζ∗c , y

∗
c ), we find that A(x) ≥ 0 on (y∗c − βζ∗c , y

∗
c ); hence

A(x) ≥ 0 for all x ∈ R+.
Finally, given the continuity of F ∗c and the fact that the state-space (0, y∗c ) of

the controlled diffusion Xν
t is bounded, we observe that Ex [e−rtF ∗c (Xν

t )] → 0 for all
x ∈ R+ as t → ∞. Thus F ∗c (x) ≥ Vc(x) for all x ∈ R+ and ν∗ = ν(ζ∗

c ,y
∗
c ).

Theorem 4.2 demonstrates that the admissible policy ν∗ = ν(ζ∗
c ,y

∗
c ) is optimal and

F ∗c is the value of the optimal policy under Assumption 2.1. This observation is of
interest since it emphasizes the role of the mapping θ as the principal determinant
of both the existence and uniqueness of an optimal policy. In comparison to [7], it
is worth emphasizing that the conditions of Theorem 4.2 are relatively weak since no
concavity assumptions are needed and only the monotonicity and continuity properties
of the mapping θ are required for guaranteeing the validity of our results.

Having studied the existence and uniqueness of an optimal impulse control policy,
we now plan to analyze the comparative static properties of the optimal policy and
its value. In accordance with our earlier findings in Corollaries 3.5 and 3.7 we can
now establish the following corollary.

Corollary 4.3. Let Assumption 2.1 be satisfied. Then the value Vc is a decreas-
ing function of both the parameter β and the sunk cost c and an increasing function
of the parameter λ. In particular, if λ = β, then ∂ζ∗c /∂λ = −ζ∗c /λ < 0 and both the
optimal exercise boundary y∗c and the optimal generic initial state z∗c = y∗c − λζ∗c are
independent of λ and β.

Proof. Denote as Vc,λi the value of the optimal policy associated with the parame-
ter λi, i = 1, 2, and assume that λ1 > λ2. It is now clear from the proof of Theorem 4.2
that the value Vc,λ1 satisfies the variational inequality (AVc,λ1)(x)−rVc,λ1(x)+π(x) ≤
0 for all x ∈ R+\{y∗c,λ1

}, where y∗c,λ1
denotes the optimal exercise threshold associated

with the parameter λ1. Moreover, since Vc,λ1 also satisfies the sufficient quasi-
variational inequality

Vc,λ1(x) ≥ sup
y∈[0,x]

[
Vc,λ1

(y) +
λ1

β
(x− y)

]
− c ≥ sup

y∈[0,x]

[
Vc,λ1

(y) +
λ2

β
(x− y)

]
− c,

we find that Vc,λ1
(x) ≥ Vc,λ2

(x). Proving that Vc is a decreasing function of both the
parameter β and the sunk cost c is entirely analogous. Finally, if λ = β, then the
necessary conditions (4.9) imply that y∗c and z∗c are independent of λ and β. However,
since z∗c = y∗c−λζ∗c , we find that ∂ζ∗c /∂λ = −ζ∗c /λ < 0 by partial differentiation.

Corollary 4.3 summarizes the impact of parametric changes on the value of the
optimal policy. Interestingly, and in contrast to our findings on the associated control
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problems, Corollary 4.3 proves that even though the optimal exercise boundary and
generic initial state are independent of the parameters λ and β whenever λ = β, the
optimal impulse ζ∗c is a decreasing function of λ. Thus, the harmonization of the
parameters λ and β does not result in the neutrality of the optimal policy. Unfor-
tunately, it is difficult to explicitly characterize the impact of parametric changes in
either λ or β on the optimal exercise boundary y∗c and the optimal generic initial
state y∗c −βζ∗c . Fortunately, the impact of changes in the sunk cost c can be explicitly
characterized by studying the behavior of the implicit curves I(y∗c )− I(y∗c − βζ∗c ) = 0
and J(y∗c ) − J(y∗c − βζ∗c ) = −βc. Implicit differentiation of these curves with respect
to c together with the relation J ′(x) = −ψ(x)I ′(x) yield the conditions

(4.13)
d(y∗c − βζ∗c )

dc
= − β

I ′(y∗c − βζ∗c )[ψ(y∗c − βζ∗c ) − ψ(y∗c )]
< 0

and

(4.14)
dy∗c
dc

= − β

I ′(y∗c )[ψ(y∗c − βζ∗c ) − ψ(y∗c )]
> 0.

In other words, the optimal threshold y∗c decreases, the regeneration state y∗c −βζ∗c in-
creases, and, therefore, the optimal impulse ζ∗c decreases as the fixed intervention cost
c decreases. This observation is intuitively clear, since the proof of Lemma 4.1 implies
that limc→0+ y∗c = x̂ and limc→0+ ζ∗c = 0. Moreover, by continuity of the increasing

fundamental solution ψ, we discover that limc→0+
dy∗

c

dc = ∞ and limc→0+
dζ∗

c

dc = −∞.
Finally, by ordinary differentiation we find that

dVc

dc
(x) =

{
β−1J ′(y∗c )

dy∗
c

dc , x ≥ y∗c
−β−1ψ(x)I ′(y∗c )

dy∗
c

dc , x < y∗c
< 0.

Summarizing, we formulate the following lemma characterizing the impact of the
transaction cost c on the value of the optimal policy (see, for example, [32] for a
similar observation).

Lemma 4.4. Let Assumption 2.1 be satisfied. Then, d(y∗c−βζ∗c )/dc < 0, dy∗c/dc >
0, and dζ∗c /dc > 0. Moreover,

lim
c→0+

y∗c = x̂, lim
c→0+

ζ∗c = 0, lim
c→0+

dy∗c
dc

= ∞, lim
c→0+

dζ∗c
dc

= −∞, and lim
c→0+

dVc

dc
(x) = −∞

for all x ∈ R+.
In light of our general findings and the explicit characterization of the value of

the optimal impulse policy, it would be of interest to analyze how increased volatility
affects the optimal boundary y∗c and the optimal impulse ζ∗c . Unfortunately, as our
results indicated, the value function is neither concave nor convex on the entire state-
space of the controlled process. Thus, presenting a set of easily verifiable general
conditions under which the sign of the relationship between increased volatility and
the optimal policy could be unambiguously characterized is extremely difficult, if
possible at all.

4.3. Ordering of the values. We have established in Lemmas 3.4 and 3.6 and
in Theorem 4.2 that all three control problems (3.6), (3.12), and (2.5) are solvable
under Assumption 2.1. In this subsection we study how the value functions as well as
the marginal values of these associated stochastic control problems can be ordered. To
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this end, recall first the expression (3.10) for the value of the singular control problem
(3.6). This value can be rewritten as

(4.15) K(x) =

{
β−1 (λx + J(x̂)) , x ≥ x̂,

(Rrπ)(x) − β−1I(x̂)ψ(x), x < x̂.

In the next lemma we show that the value (4.15) has an interesting maximality prop-
erty. This lemma extends the results obtained in [7] to a model subject to a linear
exercise payoff.

Lemma 4.5. Define the continuously differentiable mapping H : R
2
+ → R+ as

H(x, y) =

{
β−1 (λx + J(y)) , x ≥ y,

(Rrπ)(x) − β−1I(y)ψ(x), x < y,

and let Assumption 2.1 be satisfied. Then K(x) = H(x, x̂) > H(x, y) and K ′(x) =
Hx(x, x̂) > Hx(x, y) for all (x, y) ∈ R+ × R \ {x̂}. Moreover, Hy(x, y) < 0, for all
(x, y) ∈ R+ × (x̂,∞).

Proof. We first find that

Hy(x, y) =

{
−β−1I ′(y)ψ(y), x ≥ y,

−β−1I ′(y)ψ(x), x ≤ y.

By the monotonicity properties of the function I, this implies that Hy(x, y) � 0, y �
x̂. This observation coupled with the identity K(x) = H(x, x̂) proves that K(x) =
H(x, x̂) > H(x, y) for all (x, y) ∈ R+ × R+ \ {x̂}. Moreover, since

Hxy(x, y) =

{
0, x ≥ y,

−β−1I ′(y)ψ′(x), x < y,

the monotonicity properties of I imply that K ′(x) = Hx(x, x̂) > Hx(x, y) for all
(x, y) ∈ R+ × R \ {x̂}.

Lemma 4.5 shows that the value of the associated singular stochastic control
problem not only dominates but also grows faster than any other solution of the
associated free-boundary value problem

(4.16)

{
(Au)(x) − ru(x) + π(x) = 0, x < y,

u′(x) = λ/β, x ≥ y.

This result is of interest since it emphasizes the role of the flexibility of the admissible
policy as the main determinant of both the actual value and its growth rate. As
we will later observe, it is these variational inequalities which relate the considered
stochastic impulse control problem to both the associated singular stochastic control
problem and to the associated optimal stopping problem.

Our main characterization of the impact of the flexibility of the applied policy on
the values and the marginal values of the considered stochastic control problems is now
summarized in the following (cf. [7] for a similar observation in the linear payoff case).

Theorem 4.6. Let Assumption 2.1 be satisfied. Then

K(x) ≥ Vc(x) ≥ Gc(x) and K ′(x) ≥ V ′c (x) ≥ G′c(x)

for all x ∈ R+. Moreover, x̄c > y∗c > x̂ for all c > 0.
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Proof. In order to prove that K(x) ≥ Gc(x) for all x ∈ R+, observe that K satisfies
the variational inequality (AK)(x) − rK(x) + π(x) ≤ 0 for all x ∈ R0. Moreover,
since I is decreasing on (0, x̂), we find that the inequality K(x) − (λβ−1x − c) ≥
β−1J (min(x, x̂)) ≥ 0 holds for all x ∈ R+. Thus K satisfies the sufficient variational
inequalities, guaranteeing that K(x) ≥ Gc(x) for all x ∈ R+. The inequality K ′(x) ≥
G′c(x) for all x ∈ R+ is now a straightforward consequence of the representation (3.11)
and Lemma 4.5.

Inequality K(x) ≥ Vc(x) for all x ∈ R+ follows directly from Lemma 4.5 and
the representation (4.12). On the other hand, as was established in the proof of
Theorem 4.2, the value function Vc is continuously differentiable on the whole of R+,
is twice continuously differentiable on R+\{y∗c}, and satisfies the variational inequality
(AVc)(x) − rVc(x) + π(x) ≤ 0 for all x ∈ R+ \ {y∗c}. Moreover, since

Vc(x) ≥ sup
βζ≤x

[λζ − c + Vc(x− βζ)] ≥ λβ−1x− c

for all x ∈ R+, we observe that Vc satisfies the sufficient quasi-variational inequalities
guaranteeing that Vc(x) ≥ Gc(x) for all x ∈ R+.

It is clear from the proof of Lemma 4.1 that y∗c > x̂. Moreover, since

0 ≤ Vc(x) −Gc(x) = β−1ψ(x) (I(x̄c) − I(y∗c ))

for all x ∈ (0,min(y∗c , x̄c)) and both of the thresholds x̄c and y∗ are attained on the
set where I(x) is nondecreasing, we find that x̄c ≥ y∗c .

It remains to establish that K ′(x) ≥ V ′c (x) ≥ G′c(x) for all x ∈ R+. Again, the
inequality K ′(x) ≥ V ′c (x) for all x ∈ R+ follows directly from Lemma 4.5. Since
x̄c ≥ y∗c ≥ x̂, we find that

V ′c (x) −G′c(x) ≥
{
β−1J(y∗c − βζ∗c ), y∗c < x̄c ≤ x,

β−1ψ(x)[I(x̄c) − I(x)], y∗c ≤ x < x̄c or x < y∗c < x̄c.

Consequently, we find that V ′c (x) − G′c(x) ≥ 0 for all x ∈ R+ since both of the
thresholds y∗c and x̄c are attained on the set where I is nondecreasing.

Theorem 4.6 states a strong ordering for the stochastic control problems in terms
of their values, marginal values, and continuation regions. Interestingly, Theorem 4.6
proves that increased policy flexibility increases not only the value of the optimal
stochastic control but also its marginal value. This observation is interesting from the
point of view of financial and economical applications since essentially it implies that
increased cash flow management flexibility increases not only the value of a rationally
managed corporation but also the rate at which this value grows and, therefore, Tobin’s
marginal q associated to the particular cash flow management problem.

The proof of Theorem 4.6 relies on Lemma 4.5. However, it is of interest to notice
that the ordering of the optimal values can be justified by a direct inclusion argument.
More precisely, it is clear that within our problem specifications, an admissible stop-
ping policy is also an admissible impulse control policy corresponding to a single
impulse ζ = (Xτ/β)χτ<H0 which takes the underlying diffusion to 0 at the stopping
time. On the other hand, since an admissible impulse control policy is nonnegative,
nondecreasing, right-continuous, and {Ft}-adapted, we find that since the value of
the associated singular stochastic control problem constitutes the largest attainable
value within this class of policies, it, in turn, dominates the value of an admissible im-
pulse control policy, thus resulting in the desired ordering of the values. However, we
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emphasize that this simple argument cannot be used for the ordering of the marginal
values, which is an essentially more delicate result.

5. Illustration: Controlled geometric Brownian motion. In order to illus-
trate our results explicitly, we now assume that the underlying controlled geometric
Brownian motion evolves according to the dynamics characterized by the stochastic
differential equation

(5.1) Xν
t = x +

∫ t

0

μXν
s ds +

∫ t

0

σXν
s dWs −

∑
τk≤t

βζk, 0 ≤ t ≤ τν0 ,

where μ > 0 and σ > 0 are exogenously determined known parameters. For the
sake of the finiteness of the value of the considered stochastic control problems, we
assume that r > μ, that is, that the discount rate dominates the expected per capita
growth rate of the controlled GBM. It is well known that in this case the fundamental
solutions read as ψ(x) = xκ and ϕ(x) = xφ, where

κ =
1

2
− μ

σ2
+

√(
1

2
− μ

σ2

)2

+
2r

σ2
> 1

and

φ =
1

2
− μ

σ2
−

√(
1

2
− μ

σ2

)2

+
2r

σ2
< 0.

Given the considered controlled process, we now assume that the revenue flow
accrued from continuing operation reads as π(x) = xα, where α ∈ (0, 1). Hence, we
observe that θ(x) = βxα − (r− μ)λx, implying that the conditions of Lemma 3.1 are
satisfied and that

x∗ = argmax{θ(x)} =

(
αβ

(r − μ)λ

)1/(1−α)

.

Moreover, standard integration implies that (Rrπ)(x) = xα/(r− δ(α)), where δ(α) =
αμ + σ2α(α− 1)/2.

The value of the optimal singular stochastic control policy reads as

(5.2) K(x) =

⎧⎨
⎩

λ
β (x− x̂) + 1

r

(
x̂α + λμ

β x̂
)
, x ≥ x̂,

xα

(r−δ(α)) + 1
κ

(
λ
β x̂− αx̂α

(r−δ(α))

) (
x
x̂

)κ
, x < x̂,

where the optimal threshold x̂ reads as

x̂ =

(
αβ(κ− α)

(r − δ(α))(κ− 1)λ

)1/(1−α)

=

(
1 +

1 − α

α− φ

)1/(1−α)

.

Since

∂φ

∂σ
=

2φ(φ− 1)

σ(κ− φ)
> 0,
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Fig. 5.1. The optimal exercise boundary x̂(σ).

we immediately find that

∂x̂

∂σ
=

(
1 − φ

α− φ

)α/(1−α)
x∗

(α− φ)2
∂φ

∂σ
> 0.

Hence, we find that increased volatility increases the optimal threshold at which the
irreversible policy should be exercised. Moreover, standard differentiation also yields
that

∂x̂

∂β
=

x̂

(1 − α)β
> 0 and

∂x̂

∂λ
= − x̂

(1 − α)λ
< 0,

demonstrating along the lines of our Corollary 3.5 that the optimal exercise thresh-
old is an increasing function of the parameter β and a decreasing function of the
parameter λ. The optimal exercise boundary is illustrated as a function of the
underlying volatility in Figure 5.1 for β = 0.9, 1, 1.1 under the assumption that
r = 0.045, μ = 0.025, α = 0.5, and λ = 10.

The value of the associated optimal stopping problem reads as

(5.3) Gc(x) =

⎧⎨
⎩

λ
βx− c, x ≥ x̄c,

xα

(r−δ(α)) +
(

λ
β x̄c − x̄α

c

(r−δ(α)) − c
)(

x
x̄c

)κ

, x < x̄c,

where the optimal stopping boundary x̄c > x̂ is the unique root of the equation

x̄α
c − (κ− 1)(r − δ(α))λ

β(κ− α)
x̄c +

κc(r − δ(α))

κ− α
= 0.

The optimal exercise boundary x̄c is illustrated as a function of the underlying volatil-
ity in Figure 5.2 for β = 0.9, 1, 1.1 under the assumption that r = 0.045, μ = 0.025, α =
0.5, c = 1, and λ = 10.

The value of the considered stochastic impulse control problem reads as

(5.4) Vc(x) =

⎧⎨
⎩

λ
β (x− y∗c ) + 1

κ

(
(κ−α)y∗

c
α

(r−δ(α)) + λ
β y
∗
c

)
, x ≥ y∗c ,

xα

(r−δ(α)) −
1
κ

(
αy∗

c
α

r−δ(α) −
λ
β y
∗
c

)(
x
y∗
c

)κ

, x < y∗c ,

where the optimal impulse threshold y∗c and generic initial state z∗c = y∗c − βζ∗c are
the unique roots of the optimality conditions

αβ(y∗c
α−κ − z∗c

α−κ) = (r − δ(α))λ(y∗c
1−κ − z∗c

1−κ)
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Fig. 5.2. The optimal exercise boundary x̄c(σ).

Table 1

The impact of increased volatility.

σ 0.01 0.05 0.1 0.15 0.2 0.25
y∗c 9.697 10.168 11.443 13.196 15.222 17.399
ζ∗c 5.215 5.511 6.319 7.447 8.780 10.252

ζ∗c /y
∗
c 0.5377 0.5420 0.5522 0.5643 0.5768 0.5892

y∗c − ζ∗c 4.482 4.656 5.124 5.749 6.443 7.147

Table 2

The impact of increased volatility.

σ 0.01 0.05 0.1 0.15 0.2 0.25
y∗c 11.562 12.122 13.641 15.727 18.138 20.725
ζ∗c 6.091 6.437 7.382 8.699 10.257 11.977

ζ∗c /y
∗
c 0.5268 0.5310 0.5412 0.5532 0.5655 0.5779

y∗c − ζ∗c 5.471 5.685 6.259 7.027 7.881 8.747

and

β(κ− α)(y∗c
α − z∗c

α) − λ(r − δ(α))(κ− 1)(y∗c − z∗c ) = −κβ(r − δ(α))c.

Unfortunately, solving these nonlinear equations explicitly is difficult (if possible at
all). Hence, we numerically illustrate the optimal exercise threshold y∗c , the optimal
impulse ζ∗c , the ratio ζ∗c /y

∗
c , and the optimal generic initial state y∗c − ζ∗c in Table 1

under the assumption that r = 0.045, μ = 0.025, α = 0.5, c = 1, β = 1, and λ = 10.
Table 1 clearly indicates that increased volatility not only increases the optimal

threshold at which the impulse policy is irreversibly exercised but also simultaneously
increases both the size of the optimal policy and the optimal generic initial state. This
result is of interest from the point of view of risk management since it clearly demon-
strates that increased volatility will result in both larger but less frequent dividends
and a larger generic initial capital protecting the rationally managed corporation from
future unfavorable yet uncertain events (i.e., a larger capital buffer). It is also worth
emphasizing that our results indicate that the optimal dividend-capital-ratio ζ∗c /y

∗
c is

also an increasing function of volatility. Consequently, even though increased volatil-
ity increases the generic initial state y∗c − ζ∗c , it simultaneously decreases the ratio
between the buffers and the optimal capital.

The impact of a change in the parameter β on the risk sensitivity of the optimal
impulse control policy is numerically illustrated in Table 2 under the assumption that
r = 0.045, μ = 0.025, α = 0.5, c = 1, β = 1.1, and λ = 10 and in Table 3 under the
assumption that r = 0.045, μ = 0.025, α = 0.5, c = 1, β = 0.9, and λ = 10. Along the
lines of our previous findings on both the associated optimal stopping problem and
the associated singular stochastic control problem, our numerical illustrations seem
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Table 3

The impact of increased volatility.

σ 0.01 0.05 0.1 0.15 0.2 0.25
y∗c 7.989 8.377 9.429 10.876 12.55 14.35
ζ∗c 4.394 4.643 5.323 6.272 7.394 8.635

ζ∗c /y
∗
c 0.55 0.5542 0.5646 0.5767 0.5892 0.6017

y∗c − ζ∗c 3.595 3.734 4.106 4.604 5.155 5.715

to indicate that the optimal variables are increasing as functions of the parameter β
and decreasing as functions of the parameter λ.

6. Concluding comments. In this article, we considered a broad class of stoch-
astic impulse control problems arising in the literature on rational cash flow manage-
ment and optimal harvesting. We presented a set of weak conditions guaranteeing the
existence and uniqueness of an optimal pair characterizing the state at which the im-
pulse policy should be exerted and the size of the optimal impulse policy. We derived
the value of the optimal policy and characterized its sensitivity with respect to changes
in the cost parameters. We also studied two associated stochastic control problems
and presented a general ordering for the values as well as for the marginal values
of the considered problems. In line with economic intuition, our findings supported
the view according to which increased policy flexibility should increase the value of a
rationally managed corporation. Moreover, our results indicated that the sign of the
relationship between policy flexibility and the rate at which the value of the optimal
policy is increasing as a function of the controlled diffusion is unambiguously positive
as well.

Even though our results are relatively general in the sense that the controlled
diffusion was assumed only to be one-dimensional, they are based on the idea that
the admissible bounded variation control policy is one-sided. It would, therefore, be
of interest to study whether our findings could be extended to a more general set-
ting where the applied impulse control policy can drive the underlying diffusion both
upward and downward (as in the recent study by Weerasinghe [38]). Unfortunately,
such extension is outside the scope of the present study and, therefore, left for future
research.
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inequality. We propose a regularized least square method. After studying the variational inequality
carefully, we find necessary optimality conditions for the least square problem. In this work, we focus
on the case when the volatility is bounded away from zero.
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1. Introduction. Consider an arbitrage-free market described by a probability
measure P on a scenario space (Ω,A). There is a risk-free asset whose price at time τ
is erτ , r ≥ 0, and a risky asset whose price at time τ is Sτ . Specifying an arbitrage-
free option pricing model necessitates the choice of a risk-neutral measure, i.e., a
probability P

∗ equivalent to P such that the discounted price (e−rτSτ )τ∈[0,T ] is a
martingale under P

∗. Such a probability measure P
∗ allows for the pricing of European

options; consider a European option with payoff P◦ at maturity t ≤ T : its price at
time τ ≤ t is Pτ = e−r(t−τ)

E
P
∗
(P◦(St)|Fτ ), where (Fτ )τ∈[0,T ] is the natural filtration.

Similarly, consider an American option with payoff P◦ and maturity t ≤ T : the price
of this option at time τ is

(1.1) Pτ = sup
s∈Tτ,t

E
P
∗
(
e−r(s−τ)P◦(Ss)

∣∣∣Fτ

)
,

where Tτ,t denotes the set of stopping times in [τ, t].
The pricing model P

∗ must be compatible with the prices of the options observed
on the market, whose number may be large. Model calibration consists of finding
P
∗ such that the discounted price (e−rτSτ )τ∈[0,T ] is a martingale and such that the

option prices computed by, e.g., (1.1) in the case of American options coincide with
the observed option prices. This is an inverse problem. We focus on the case when
the observed prices (p̄i)i∈I are those of a family of American vanilla put options
indexed by i ∈ I, with maturities ti (assuming for simplicity that T = maxi∈I ti) and
strikes xi.

The Black–Scholes model assumes that (Sτ )τ∈[0,T ] is a geometric Brownian mo-
tion under P

∗: dSτ = Sτ (rdτ + σdWτ ), where the volatility σ is a constant. Unfortu-
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734 YVES ACHDOU

nately, this model is often too simple to match the observed option prices and must
be replaced by more involved models.

(1) Black–Scholes models with local volatility. The volatility is assumed to be a
function of time and of the price of the underlying asset. This volatility function is
calibrated by observing the option prices available on the markets and solving inverse
problems involving either partial differential equations or inequalities; see [3, 7, 24]
for volatility calibration with European options and [2, 5] with American options;

(2) Models where the volatility is also a stochastic process; see, e.g., [21]. The
option price is then found as a function of time, the price of the underlying asset, and
the volatility. These models also lead to parabolic partial differential equations or in-
equalities with possible degeneracies when the volatility vanishes; stochastic volatility
calibration has been performed in [32].

(3) Models with Lévy driven underlying assets. Lévy processes are processes
with stationary and independent increments which are continuous in probability; see
the book by Cont and Tankov [13] and the references therein—for example, [19, 20].
The option price is found by solving partial integro-differential (PID) equations or
inequalities. Calibration of Lévy models with European options has been discussed
in [14, 15]. The present work is devoted to the calibration of Lévy processes with
American options. At this stage, it is not yet necessary to discuss Lévy processes in
detail. For the moment, we just assume that the model is characterized by parameters
θ in a suitable class Θ.

The last two classes of models describe incomplete markets: the knowledge of the
historical price process alone does not allow us to compute the option prices in a unique
manner. When the option prices do not determine the model completely, additional
information may be introduced into the problem by specifying a prior model. If the
historical price process has been estimated statistically from the time series of the
underlying asset, this knowledge has to be injected in the inverse problem; calling P0

the prior probability measure obtained as an estimation of P, we are going to focus
on least square formulations of the following type: find θ ∈ Θ which minimizes

(1.2)
∑
i∈I

ωi

(
P θ(0, S◦, ti, xi) − pi

)2
+ ρJ2(P

θ,P0),

where
• ωi are suitable positive weights,
• S◦ is the price of the underlying asset today,
• P θ(0, S◦, ti, xi) is the price of the option with maturity ti strike xi, computed

with the pricing model associated with θ, and
• ρJ2(P

θ,P0) is a regularization term which measures the closedness of the
model P

θ to the prior. The number ρ > 0 is called the regularization param-
eter. This functional has two roles: (1) it stabilizes the inverse problem; for
that, ρ should be large enough and J2 should be convex or at least convex in
a large enough region; (2) it guarantees that P

θ remains close to P0 in some
sense. The choice of J2 is very important: J2(P

θ,P0) is often chosen as the
relative entropy of the pricing measure P

θ w.r.t. the prior model P0 (see [8])
because the relative entropy becomes infinite if P

θ is not equivalent to P0.
Some authors have argued that such a choice may be too conservative in
some cases for two reasons: (a) the historical data which determine the prior
may be missing or partially available; (b) in the context of, e.g., volatility
calibration, once the volatility is specified under P0, then the volatility under
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P
θ must be the same for the relative entropy to be finite. In [9] a different

approach was considered which allowed for volatility calibration.
Note that evaluating the functional in (1.2) requires solving #I linear comple-

mentarity problems (LCPs) involving PID operators in the variables τ and S; see
section 2.1 below. This approach was chosen in [2, 5] for calibrating local volatility
with American options.

In the present case (Lévy driven assets), we show that there is a better approach
which consists of computing the prices P θ(0, S◦, ti, xi), i ∈ I, by using a single forward
in time LCP with a PID operator in the variables maturity t and strike x. This LCP
is introduced in section 2.2; see (2.9)–(2.11) below. It is reminiscent of the forward
equation (known as Dupire’s equation in the finance community) which is often used
for local volatility calibration with vanilla European options; see [4, 18].

We then find a new least square problem where the functional is evaluated by
solving a single LCP involving a PID operator. The main goal of the paper is to
study this least square problem theoretically for a rather general parameterization of
the Lévy density k (see (2.14) below), with the volatility σ bounded away from 0,
and to give necessary optimality conditions. This problem has connections with some
optimal control problems for variational inequalities studied in [11, 23, 31]. The article
of Hintermüller [22] on an inverse problem for an elliptic variational inequality has
inspired [2] and the present work.

As far as we know, this is the first attempt at calibrating Lévy processes with
American options, so comparison with other methods is difficult. The results below
can be used in practice because they have their discrete counterparts when finite
elements or finite differences are used. The accuracy is expected to be similar to that
observed in [5].

The paper is organized as follows. In section 2, we obtain the forward LCP
(2.9)–(2.11) and make some assumptions on the Lévy density. In section 3, we intro-
duce a family of fractional weighted Sobolev spaces and give preliminary results on the
nonlocal operator in (2.9). In section 4 we carefully study the variational inequality
stemming from (2.9)–(2.11). For the analysis, we must first study a regularized non-
linear problem posed in a bounded domain and then let the regularization parameter
tend to 0 and the domain’s boundary tend to infinity. The sensitivity of the solution
to variations of σ and k is discussed in section 5. Finally, the inverse problem is
studied in section 6: necessary optimality conditions are given. Some technical proofs
are postponed in Appendices A and B.

For the reader’s convenience, let us point out the main results of this work:
• The forward complementarity problem is written in (2.9)–(2.11), and the

assumptions on k are described in section 2.3.
• Theorem 4.9 contains a result of existence and uniqueness for the variational

inequality associated to (2.9)–(2.11) in suitable Sobolev spaces. It is also
proved that the related free boundary stays in a bounded region. Note that,
by using the theory presented in [10], it is possible to study the variational
inequality in Sobolev spaces with decaying weights as x → 0 and x → +∞
(actually the variable log(x) was used instead of x in [10]). Here, we show
that these weights can be avoided. Another advantage of the present analysis
is that it can be extended to the case when σ = 0 by singular perturbation
arguments if the Lévy measure is chosen to keep the problem parabolic. This
will be done in a forthcoming work [1].

• The sensitivity of solutions w.r.t. variations of the Lévy process is studied in
section 5.
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• Theorem 6.6 contains the necessary optimality conditions for the least square
inverse problem. These conditions are obtained by first studying a modified
inverse problem whose state variable satisfies the above-mentioned regularized
nonlinear problem and then by passing to the limit as the regularization
parameter tends to zero.

2. Description of the model.

2.1. The backward LCP. For a Lévy process (Xτ )τ>0 on a filtered probability
space, the Lévy–Khintchine formula says that there exists a function χ : R → C such
that E(eiuXτ ) = eτχ(u), with

χ(u) = −σ2u2

2
+ iβu +

∫
|z|<1

(eiuz − 1 − iuz)ν(dz) +

∫
|z|>1

(eiuz − 1)ν(dz)

for σ ≥ 0, β ∈ R, and a positive measure ν on R\{0} such that
∫

R
min(1, z2)ν(dz) <

+∞. The measure ν is called the Lévy measure of (Xτ )τ>0.
We assume that the discounted price of the risky asset is a martingale obtained

as the exponential of a Lévy process: e−rτSτ = S0e
Xτ . The fact that the discounted

price is a martingale is equivalent to∫
|z|>1

ezν(dz) < ∞ and β = −σ2

2
−

∫
R

(ez − 1 − z1|z|≤1)ν(dz).

We also assume that
∫
|z|>1

e2zν(dz) < ∞, so the discounted price is a square integrable

martingale.
In what follows, we assume that the Lévy measure has a density, ν(dz) = k(z)dz,

with k possibly singular at z = 0. Doing so, we exclude the simplest Lévy processes
obtained as the sum of Brownian motions and Poisson processes. This is not a funda-
mental restriction in the sense that the methods proposed below could be extended
(and even simplified) to calibrate the previously mentioned processes. The restriction
is mainly done in order to focus on the difficulties posed by the possible singularities
of k at z = 0.

We denote B the integral operator:

(Bv)(S) =

∫
R

(
v(Sez) − v(S) − S(ez − 1)

∂

∂S
v(S)

)
k(z)dz.

Consider an American option with payoff P◦ and maturity t. In [10], Bensoussan and
Lions assume σ > 0 and study the variational inequality stemming from the LCP:
P (t, S) = P◦(S), and for τ < t and S > 0,

∂P

∂τ
(τ, S) +

σ2S2

2

∂2P

∂S2
(τ, S) + rS

∂P

∂S
(τ, S) − rP (τ, S) + (BP )(τ, S) ≤ 0,(2.1)

P (τ, S) ≥ P◦(S),(2.2) ⎛
⎝ ∂P

∂τ
(τ, S) +

σ2S2

2

∂2P

∂S2
(τ, S) + rS

∂P

∂S
(τ, S)

−rP (τ, S) + (BP )(τ, S)

⎞
⎠ (P (τ, S) − P◦(S)) = 0(2.3)

in suitable Sobolev spaces with decaying weights near +∞ and 0. They prove that
the price of the American option is Pτ = P (τ, Sτ ). Other approaches with viscosity
solutions are possible (see [34]), especially in the case σ = 0. One advantage of the
variational methods is that they provide stability estimates. For numerical methods
for options on Lévy driven assets; see [4, 16, 17, 28, 29, 30].
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2.2. The forward LCP. As already explained, we aim at finding a forward
LCP in the variables maturity/strike; a single solution of this problem will be needed
for evaluating the cost function in (1.2).

Hereafter, since the observed prices are those of vanilla American put options, we
use the notation

(2.4) P◦(x) = (x− S)+.

If P ◦(S) = (x− S)+, it can be seen that the solution of (2.1)–(2.3) is of the form

(2.5) P (τ, S, t, x) = xg(ξ, y), y = S/x ∈ R+, ξ = t− τ ∈ (0, t),

where g is the solution of the complementarity problem independent of x, g(0, y) =
(1 − y)+, and for 0 < ξ ≤ t, y ∈ R+,

−∂g

∂ξ
(ξ, y) +

σ2y2

2

∂2g

∂y2
(ξ, y) + ry

∂g

∂y
(ξ, y) − rg(ξ, y) + (B̌g)(ξ, y) ≤ 0,(2.6)

g(ξ, y) ≥ (1 − y)+,(2.7) ⎛
⎝ −∂g

∂ξ
(ξ, y) +

σ2y2

2

∂2g

∂y2
(ξ, y) + ry

∂g

∂y
(ξ, y)

−rg(ξ, y) + (B̌g)(ξ, y)

⎞
⎠ (g(ξ, y) − (1 − y)+) = 0,(2.8)

where (B̌v)(y) =
∫

R

(
v(yez) − v(y) − y(ez − 1) ∂

∂yv(y)
)
k(z)dz. From this observation

and the identities x∂g
∂ξ = −∂P

∂t , xy ∂g
∂y = −x∂P

∂x + P , and xy2 ∂2g
∂y2 = x2 ∂2P

∂x2 , we deduce

that, as a function of t and x, P (0, S, t, x) satisfies the following forward problem:
P (t = 0) = P◦ and for t ∈ (0, T ] and x > 0,(

∂P

∂t
− σ2x2

2

∂2P

∂x2
+ rx

∂P

∂x
+ BP

)
≥ 0,(2.9)

P (t, x) ≥ P◦(x),(2.10) (
∂P

∂t
− σ2x2

2

∂2P

∂x2
+ rx

∂P

∂x
+ BP

)
(P − P◦) = 0,(2.11)

where the integral operator B is defined by

(2.12) (Bu)(x) = −
∫

R

k(z)

(
x(ez − 1)

∂u

∂x
(x) + ez(u(xe−z) − u(x))

)
dz.

Note that the arguments yielding (2.9)–(2.11) are much easier than those used for
getting Dupire’s equation (see [4, 18]), because (2.5) does not hold with local volatility.
Problem (2.9)–(2.11) can also be obtained by probabilistic arguments. Note also that
finding a forward LCP in the variables t and x is not possible in the case of American
options with local volatility, because the arguments in [4, 18] do not apply to nonlinear
problems. This explains why, in [2, 5], the evaluation of the least square cost functional
necessitates the solution of #I LCP instead of one here. In this respect, we may
say that with American options, the calibration of Lévy processes is easier than the
calibration of local volatility.

2.3. Choice of the Lévy process. We have already discussed our choice to
take ν(dz) = k(z)dz, with

(2.13) max

(∫
R

min(1, z2)k(z)dz,

∫ +∞

1

e2zk(z)dz

)
< ∞.
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We need to make further restrictions on the Lévy process for several reasons:
1. In practice, we need to specify a class of Lévy densities k in order to define

the inverse problem.
2. The analysis below will need problem (2.16)–(2.19) to be parabolic. This

implies restrictions on the pair (σ, k).
As will appear in section 3.2 below, the restrictions in order to have a parabolic
problem are

1. either σ > 0 and k satisfies (2.13),
2. or σ = 0 and k satisfies (2.13) and is sufficiently singular near z = 0. The re-

sult in section 3.2 will imply that choosing k(z) ∼ |z|−1−2α with 1/2 < α < 1
yields a parabolic problem. To keep the length of this article reasonable, this
case will be discussed elsewhere.

Assumption 1. For this reason, we assume that k is of the form

(2.14) k(z) = ψ(z)|z|−(1+2α),

where ψ is a nonnegative function in L∞(R) such that ψ(z) ≥ ψ > 0 in a fixed
neighborhood of z = 0, and α is such that −1/2 ≤ α < 1. We assume furthermore
that (2.13) is satisfied.

For practical purposes, one can impose further restrictions on ψ, for example, let
ψ belong to a finite dimensional function space, but this need not be discussed at this
stage.

Assumption 1 holds for models of jump-diffusion type, for example, the Merton
model (σ > 0 and the jumps in the log-price have a Gaussian distribution) or some
Kou models (σ > 0 and the distribution of jumps is an asymmetric exponential with a
fast enough decay at infinity); see [13, p. 111]. Indeed, these models can be obtained
by taking α = −1/2 and choosing ψ properly. Assumption 1 also holds for some
variance gamma processes (σ > 0, α = 0) and normal inverse Gaussian processes
(σ > 0, α = 1/2) (see [13, p. 117]), with a fast enough decay of the jump density at
infinity. It also holds for some tempered stable processes (see [13, p. 119]) or some
parabolic CGMY models discussed by Carr et al. [12]. These last two models usually
take σ = 0. Allowing σ > 0 in the analysis can be seen as a step toward σ = 0.

Remark 1. The assumption ψ(z) ≥ ψ > 0 near 0 avoids ambiguities in the
definition of the singularity of k at z = 0. It is a bit restrictive since, for example,
a logarithmic singularity of k at z = 0 is ruled out. However, this assumption is
unessential and most of the results below hold without it.

2.4. Change of unknown function in the forward problem. In order to
have a datum with a compact support in x, it is helpful to change the unknown
function: we set

(2.15) u◦(x) = (S − x)+; u(t, x) = P (t, x) − x + S.

The function u satisfies, for t ∈ (0, T ] and x > 0,

∂u

∂t
− σ2x2

2

∂2u

∂x2
+ rx

∂u

∂x
+ Bu ≥ −rx,(2.16)

u(t, x) ≥ u◦(x),(2.17) (
∂u

∂t
− σ2x2

2

∂2u

∂x2
+ rx

∂u

∂x
+ Bu + rx

)
(u− u◦) = 0.(2.18)
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The initial condition for u is

(2.19) u(t = 0, x) = u◦(x), x > 0.

For writing the variational inequalities stemming from (2.16)–(2.19), we need to in-
troduce suitable weighted Sobolev spaces. In particular, fractional order weighted
Sobolev spaces will be useful for studying the nonlocal part of the operator.

3. Preliminary results.

3.1. Functional setting.

3.1.1. Sobolev spaces on R. For a real number s, let the Sobolev space Hs(R)
be defined as follows: the distribution w defined on R belongs to Hs(R) if and only if
its Fourier transform ŵ satisfies

∫
R

(1 + ξ2)s|ŵ(ξ)|2dξ < +∞. The spaces Hs(R) are
Hilbert spaces, with the inner product and norm:

(w1, w2)Hs(R) =

∫
R

(1 + ξ2)sŵ1(ξ)ŵ2(ξ)dξ, ‖w‖Hs(R) =
√

(w,w)Hs(R).

For two real numbers s1, s2, s1 ≤ s2, H
s2(R) ⊂ Hs1(R) with a continuous injection. It

can be seen that H0(R) = L2(R) and that if s is a positive integer, Hs(R) is the space
of all the functions whose derivatives up to order s are square integrable. If s is a non-

negative integer, the norm ‖.‖Hs(R) is equivalent to the norm v 
→
√∑s

�=0 ‖d�v
dy� ‖2

L2(R).

If s > 0 is not an integer, the norm ‖.‖Hs(R) is equivalent to

(3.1) v 
→

√√√√ m∑
�=0

∥∥∥∥d�vdy�

∥∥∥∥
2

L2(R)

+

∫
R

∫
R

|y − z|2(m−s)−1

(
dmv

dym
(y) − dmv

dym
(z)

)2

dydz,

where m is the integer part of s. For s ≥ 0, the space D(R) is dense in Hs(R).
It is well known (see [27, 6]) that if 0 < s < 1, then Hs(R) can be obtained by

real or complex interpolation between the spaces H1(R) and L2(R) (the parameter
for the real interpolation is ν = 1/2 − s; see [6, p. 204]), and that the norm obtained
by the interpolation process is equivalent to the one defined in (3.1).

For s ≥ 0, H−s(R) is the dual of Hs(R), and for s > 0, the norm ‖.‖H−s(R) is

equivalent to the norm v 
→ supw∈Hs(R), w �=0
|〈v,w〉|
‖w‖Hs(R)

. If s is a nonnegative integer,

we define the seminorm |v|Hs(R) =
√∑s

�=1 ‖d�v
dy� ‖2

L2(R). If s > 0 is not an integer, we

define |v|Hs(R) by |v|2Hs(R) =
∑m

�=1 ‖d�v
dy� ‖2

L2(R) +
∫

R

∫
R

( dmv
dym (y)− dmv

dym (z))
2

|y−z|1+2s , where m is

the integer part of s.

3.1.2. Some weighted Sobolev spaces on R+. Let V 1 be the weighted
Sobolev space

V 1 =

{
v ∈ L2(R+), x

∂v

∂x
∈ L2(R+)

}
,

which is a Hilbert space with the norm ‖v‖V 1 =
√

‖v‖2
L2(R+) + ‖x ∂v

∂x‖2
L2(R+). It is

proved in [4] that D(R+) is a dense subspace of V 1, and that the following Poincaré
inequality is true: for all v ∈ V 1,

(3.2) ‖v‖L2(R+) ≤ 2‖xdv
dx

‖L2(R+).
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Therefore, the seminorm |.|V 1 : |v|V 1 = ‖x dv
dx‖L2(R+) is a norm equivalent to ‖.‖V 1 .

For a function v defined on R+, call ṽ the function defined on R by

(3.3) ṽ(y) = v(exp(y)) exp(y/2).

By using the change of variable y = log(x), it can be seen that the mapping v 
→ ṽ is
a topological isomorphism from L2(R+) onto L2(R), and from V 1 onto H1(R). This
leads to defining the space V s for s ∈ R by

V s = {v : ṽ ∈ Hs(R)},

which is a Hilbert space with the norm ‖v‖V s = ‖ṽ‖Hs(R). Using the interpolation
theorem given in, e.g., [6, Theorem 7.17], one can prove that if 0 < s < 1, then
V s can be obtained by real interpolation between the spaces V 1 and L2(R+) (the
parameter for the real interpolation is ν = 1/2 − s), and that the norm obtained by
the interpolation process is equivalent to the one defined above.

For s > 0, the space V −s is the topological dual of V s.
For s > 0, we introduce the seminorm |v|V s = |ṽ|Hs(R).
Lemma 3.1. Let s be a real number such that 1/2 < s ≤ 1. Then for all v ∈ V s,

v is continuous on (0,+∞) and there exists a constant C > 0 such that

(3.4)
√
x|v(x)| ≤ C‖v‖V s ∀x ∈ [1,+∞).

Proof. From the Sobolev continuous imbedding Hs(R) ⊂ L∞(R) ∩ C0(R) for
s > 1/2, we see that V s ⊂ C0((0,+∞)) and there exists a constant C such that
|v(x)| = |ṽ(log(x))|/

√
x ≤ C‖ṽ‖Hs(R)/

√
x = C‖v‖V s/

√
x for all v ∈ V s, for all

x ≥ 1.
For a continuous and nonnegative function φ defined on R and a measurable

function v on R+, consider

|v|2φ,s =

∫
R+

dx

∫
R

φ(z)

|z|1+2s

(
v(xe−z) − v(x)

)2
dz, and ‖v‖φ,s =

√
|v|2φ,s + ‖v‖2

L2(R+).

Lemma 3.2. Let φ be a continuous and nonnegative function defined on R. If
φ(0) > 0 and if the function z 
→ φ(z) max(ez, 1) is bounded, then for any s ∈ (0, 1),
‖.‖φ,s is a norm on V s equivalent to the norm ‖.‖V s .

Proof. For the reader’s ease, the proof is postponed to Appendix A.
Remark 2. Lemma 3.2 remains true if φ is a function in L∞(R) and if for a

given positive constant φ, φ ≥ φ > 0 a.e. in a neighborhood of 0.
Remark 3. If the assumption φ(0) > 0 is not satisfied, then the conclusion of

Lemma 3.2 becomes ∃C > 0 such that |u|φ,s ≤ C‖u‖V s for all u ∈ V s.

3.2. The integro-differential operator.

3.2.1. The integral operator. We study the operator B defined in (2.12).
Lemma 3.3. Let (α, ψ) satisfy Assumption 1. For each s ∈ R, the following hold:
• if α > 1/2, then the operator B is continuous from V s to V s−2α,
• if α < 1/2, then the operator B is continuous from V s to V s−1, and
• if α = 1/2, then the operator B is continuous from V s to V s−1−ε for any
ε > 0.

Proof. See Appendix A.
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Corollary 3.4. If (α, ψ) satisfy Assumption 1 and if 1/2 < α < 1, then the
operator B is continuous from V α to V −α.

Lemma 3.5. If (α, ψ) satisfy Assumption 1 and 1/2 < α < 1, then for all
v, w ∈ V α,

(3.5) 〈Bu, v〉 + 〈Bv, u〉 =

{ ∫
R+

∫
R
k(z)ez(u(x) − u(xe−z))(v(x) − v(xe−z))dxdz

+
(∫

R
k(z)(2ez − e2z − 1)dz

) ∫
R+

u(x)v(x)dx,

where 〈 , 〉 stands for the duality pairing between V −α and V α.
If −1/2 ≤ α ≤ 1/2, then (3.5) is true for u, v ∈ V s, s > 1/2, defining 〈 , 〉 as the

duality pairing between V −s and V s.
Proof. See Appendix A.
Remark 4. If (α, ψ) satisfy Assumption 1, the operator BT defined by

(3.6) BTu(x) =

∫
R

k(z)

(
x(ez − 1)

∂u

∂x
(x) − e2zu(xez) + (2ez − 1)u(x)

)
dz

is a continuous operator from V s to V s−2α if α > 1/2, is a continuous operator from
V s to V s−1 if α < 1/2, and is a continuous operator from V s to V s−1−ε for any ε > 0
if α = 1/2.

If α > 1/2, then for all u, v ∈ V α, 〈BTu, v〉 = 〈Bv, u〉. This identity holds for all
u, v ∈ V s with s > 1/2 if α ≤ 1/2.

Lemma 3.6. If (α, ψ) satisfy Assumption 1 and if
• either α < 1/2,
• or ψ is continuous near 0 and there exists a bounded function ω : R → R and

two positive numbers ζ and C such that ψ(z)e3/2z−ψ(0)e−3/2z = zω(z), with
|ω(z)| ≤ C|z|e−ζ|z|, for all z ∈ R,

then for any s ∈ R, the operator B −BT is continuous from V s to V s−1.
Proof. See Appendix A.
Proposition 3.7 (G̊arding inequality). Let (α, ψ) satisfy Assumption 1. If

1/2 < α < 1, there exist two constants C > 0 and λ ≥ 0 such that, for all v ∈ V α,

(3.7) 〈Bv, v〉 ≥ C|v|2V α − λ‖v‖2
L2(R+).

If α ≤ 1/2, then (3.7) holds for any v ∈ V s, s > 1/2 ( 〈 , 〉 standing for the duality
pairing between V −s and V s), with C = 0 if α < 0.

Proof. If 0 < α < 1, the function φ : z 
→ ezψ(z) satisfies the assumptions

of Remark 2. Therefore, u 
→
√
‖u‖2

L2(R+) +
∫

R+

∫
R
k(z)ez(u(x) − u(xe−z))2dxdz is a

norm on V α equivalent to the norm ‖.‖V α . From this and (3.5), we deduce (3.7).
Consider the following two situations:
• 1/2 < α < 1, ψ and u ∈ V α: It can be shown (using the interpolation

theorem 7.17 in [6]) that the functions u+ and u− belong to V α.
• α ≤ 1/2 and u ∈ V s, s > 1/2.

In both cases,
∫

R+

∫
R
k(z)ezu−(xe−z)u+(x)dxdz is well defined because

∫
R+

∫
R

k(z)ezu−(xe−z)u+(x)dxdz =

∫
R+

∫
R

k(z)ez(u−(xe−z) − u−(x))u+(x)dxdz

≤ C‖u+‖L2(R+)

√∫
R+

∫
R

k(z)ez(u−(xe−z) − u−(x))2dzdx
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and is nonnegative. Therefore,

〈Bu, u+〉 = 〈Bu+, u+〉 −
∫

R+

∫
R

k(z)ez(u(xe−z) − u+(xe−z))u+(x)dxdz

= 〈Bu+, u+〉 +

∫
R+

∫
R

k(z)ezu−(xe−z)u+(x)dxdz ≥ 〈Bu+, u+〉.

We have proved the following lemma.
Lemma 3.8. If (α, ψ) satisfy Assumption 1, then there exist two constants C > 0

and λ ≥ 0 such that, for all u ∈ V α, if α > 1/2, or for all u ∈ V s, s > 1/2, if α ≤ 1/2,

(3.8) 〈Bu, u+〉 ≥ C|u+|2V α − λ‖u+‖2
L2(R+),

with C = 0 if α < 0.

3.2.2. The integro-differential operator. With B defined in (2.12), we in-
troduce the integro-differential operator A,

(3.9) Av = −σ2x2

2

∂2v

∂x2
+ rx

∂v

∂x
+ Bv,

where σ and r are nonnegative real numbers. In this work, we limit ourselves to the
case σ > 0. The case σ = 0, α > 1/2 requires working in the fractional Sobolev spaces
described above and will be treated in [1]. Since the space V 1 will play a special role,
we use the shorter notation V = V 1.

If σ > 0 and if (α, ψ) satisfy Assumption 1, then the following hold:
• A is a continuous operator from V to V −1.
• We have the G̊arding inequalities: there exist c > 0 and λ ≥ 0 such that

〈Av, v〉 ≥ c|v|2V − λ‖v‖2
L2(R+) ∀v ∈ V,(3.10)

〈Av, v+〉 ≥ c|v+|2V − λ‖v+‖2
L2(R+) ∀v ∈ V.(3.11)

• The operator A+λI is one-to-one and continuous from V 2 onto L2(R+), with
a continuous inverse.

Remark 5. The assumption that ψ > 0 near z = 0 is not necessary for A to
have the above properties. Its role is to allow a clear identification of the kernel’s
singularity at z = 0.

3.3. The variational inequalities. We are ready to write the variational in-
equalities corresponding to the LCP (2.16)–(2.19).

We introduce the closed subspace of V :

(3.12) K = {v ∈ V, v(x) ≥ u◦(x) in R+}.

The variational problem will consist of looking for u ∈ L2(0, T ;V )∩C0([0, T ];L2(R+)),
with ∂u

∂t ∈ L2((0, T ) × R+), such that the following hold:
1. There exists a constant XT > S such that u(t, x) = 0 for all t ∈ [0, T ], for all

x ≥ XT .
2. u(t) ∈ K for almost every t ∈ (0, T ).
3. For almost every t ∈ (0, T ), for any v ∈ K with bounded support,

(3.13)

〈
∂u

∂t
+ Au + rx, v − u

〉
≥ 0,

where 〈 , 〉 stands for the duality pairing between V ′ (the dual of V ) and V .
4. u(t = 0) = u◦.
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Hereafter, this problem will be referred to as (VIP). The goal of section 4 below is to
prove that (VIP) has a unique solution and to study its properties.

4. Analysis of the variational inequalities.

4.1. Orientation. Hereafter, we assume that σ > 0. Problem (2.16)–(2.19) is
posed in an unbounded domain. This is a technical difficulty in order to use variational
methods, and we first have to replace this problem by a similar one posed in a bounded
domain. Therefore, the program is to

1. approximate (2.16)–(2.19) by a similar problem posed in [0, T ] × [0, X], for
some given positive parameter X > S, and write the related variational
problem, which will be called (VIPX) below;

2. solve first a penalized version of (VIPX) by introducing a semilinear monotone
operator, and pass to the limit as the penalty parameter tends to zero;

3. prove that the free boundary of (VIPX) stays in a bounded domain as X
tends to infinity; this will show that for X large enough a solution of (VIPX)
is actually a solution of (VIP); and

4. obtain estimates for the solution of (VIP) independent of the parameters
(σ, α, ψ), when these parameters vary in a suitably defined set.

4.2. Approximation of (VIP) in a bounded domain. Let X be a positive
number greater than S. Hereafter, for a function v ∈ L2((0, X)) we call EX(v) the
function in L2(R+) obtained by extending v by 0 outside (0, X). We introduce the
Sobolev spaces W 1

X = {v ∈ L2((0, X)), x ∂v
∂x ∈ L2((0, X))} and W 2

X = {v ∈ W 1
X ,

x2 ∂2v
∂x2 ∈ L2((0, X))}. For β, 0 < β < 1, W β

X is the space obtained by real interpolation
between W 1

X and L2(0, X) with parameter ν = 1/2 − β (see [6, p. 204], [27]), and

W 1+β
X = {v ∈ W 1

X , x ∂v
∂x ∈ W β

X}.
For β, 0 ≤ β < 3/2, we introduce V β

X = {v ∈ L2(0, X), E(v) ∈ V β}, endowed

with the norm ‖v‖V β
X

= ‖EX(v)‖V β . Note that for β, 0 ≤ β < 1/2, V β
X = W β

X . Let

V −βX be the dual of V β
X . Thanks to Lemma 3.1, we know that for β > 1/2, a function

v ∈ V β
X is continuous in [0, X] and vanishes at X.

Since the space V 1
X will often be used, we introduce the special notation

(4.1) VX = {v ∈ L2(0, X), EX(v) ∈ V },

and ‖v‖VX
= ‖EX(v)‖V . We define the operators AX and BX , VX → V ′X :

(4.2) 〈AXv, w〉 = 〈AEX(v), EX(w)〉 and 〈BXv, w〉 = 〈BEX(v), EX(w)〉.

A G̊arding inequality for AX is deduced from (3.10), with constants independent of
X. We define

(4.3) DX = {v ∈ VX : AXv ∈ L2((0, X))}.

It follows from the G̊arding inequality that (AX , DX) is the infinitesimal generator of
an analytic semigroup [33]. Proposition 4.1 below contains information on DX .

Proposition 4.1. If v ∈ DX , then for any number X ′ < X, v|(0,X′) ∈ W 2
X′ .

For α, 0 < α < 3/4, DX = W 2
X ∩ VX . For α, 3/4 ≤ α < 1, there exists ε > 0

such that DX ⊂ W
3/2+ε
X ∩ VX . In any case, if v ∈ DX , then ∂v

∂x ∈ C0((0, X]).
Proof. See Appendix B.
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Remark 6. It can be proved by lengthy calculations that if v(x) = X−x (note that
v ∈ W 2

X ∩VX), then AXv behaves like (X−x)1−2α near x = X, so AXv /∈ L2((0, X))
if α > 3/4.

We introduce

(4.4) KX = {v ∈ VX , v(x) ≥ u◦(x) in (0, X)}.

We are going to look for uX ∈ L2(0, T ;VX) ∩ C0([0, T ];L2((0, X))), with ∂uX

∂t ∈
L2((0, T ) × (0, X)), such that the following hold:

1. uX(t) ∈ KX for almost every t ∈ (0, T ).
2. For almost every t ∈ (0, T ),

(4.5)

〈
∂uX

∂t
+ AXuX + rx, v − uX

〉
≥ 0

for any v ∈ KX . Here 〈 , 〉 stands for the duality pairing between V ′X (the
dual of VX) and VX .

3. EX(uX)(t = 0) = u◦.
Hereafter, this problem will be referred to as (VIPX). In order to prove that (VIPX)
has a unique solution, we follow [25] and introduce first a sequence of monotone
problems which can be seen as penalized versions of (4.5): find uX,ε such that

∂uX,ε

∂t
+ AXuX,ε + rx(1 − 1{x>S}Vε(uX,ε)) = 0, t ∈ (0, T ], 0 < x < X,

uX,ε(t = 0, x) = u◦(x), 0 < x < X,

uX,ε(t,X) = 0, t ∈ (0, T ].

(4.6)

where Vε(u) = V(u/xε) and V is a smooth nonincreasing convex function such that

V(0) = 1, V(u) = 0 for u ≥ 1, 0 ≥ V ′(u) ≥ −2 for 0 ≤ u ≤ 1.

In what follows, we call u
(E)
X and u

(E)
X the solutions to the linear problems:

∂u
(E)
X

∂t
+ AXu

(E)
X = 0,

∂u
(E)
X

∂t
+ AXu

(E)
X = −rx, t ∈ (0, T ], 0 < x < X,

u
(E)
X (t = 0, x) = u

(E)
X (t = 0, x) = u◦(x), 0 < x < X,

u
(E)
X (t,X) = u

(E)
X (t,X) = 0, t ∈ (0, T ].

It can be seen that u
(E)
X (t, 0) = S for all t ∈ [0, T ] and that

(4.7) u
(E)
X (t, x) > S − x ∀(t, x) ∈ (0, T ] × (0, X].

Let u(E) be the solution of the linear problem:

∂u(E)

∂t
+ Au(E) = 0, t ∈ (0, T ], x > 0, u(E)(t = 0, x) = u◦(x), x > 0.

The function u(E) is smooth near x = 0 and ∂u(E)

∂x (t, 0) = −1 for all t ≥ 0.
Theorem 4.2. If (α, ψ) satisfy Assumption 1 and if σ > 0, then (4.6) has a

unique weak solution uX,ε ∈ L2(0, T ;VX) ∩ C0([0, T ];L2(0, X)). It satisfies

(4.8) u
(E)
X ≤ uX,ε ≤ u

(E)
X ≤ u(E).
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The function uX,ε belongs to C0([0, T ];KX) ∩ L2(0, T ;DX) and is continuous and
nondecreasing w.r.t. t. For two positive numbers ε′ < ε, we have

(4.9) uX,ε′ ≤ uX,ε ≤ uX,ε′ + ε.

The quantities ‖uX,ε‖L∞(0,T ;VX), ‖uX,ε‖L2(0,T ;DX), and ‖∂uX,ε

∂t ‖L2((0,T )×(0,X)) are
bounded independently of ε. The quantities ‖uX,ε‖L∞(0,T ;L2(0,X)) and ‖uX,ε‖L2(0,T ;VX)

are bounded independently of X.
Proof. See Appendix B.
Theorem 4.3. The function x

∂uX,ε

∂x is the sum of z̃X,ε ∈ C0([0, T ];L2(0, X)) and
of ẑX,ε ∈ L2(0, T ;VX) such that z̃X,ε ≤ 0 and limε→0 ‖ẑX,ε‖L2(0,T ;VX) = 0.

Finally, for two numbers X and X ′ such that S < X < X ′, for any ε > 0,

(4.10) EX(uX,ε) ≤ EX′(uX′,ε).

Proof. See Appendix B.
Theorem 4.4. If (α, ψ) satisfy Assumption 1 and if σ > 0, (VIPX) has a unique

solution uX ∈ C0([0, T ];KX) ∩ L2(0, T ;DX), with ∂uX

∂t ∈ L2((0, T ) × (0, X)).
The function uX is continuous in [0, T ]×[0, X], with uX(t, 0) = S for all t ∈ [0, T ],

u
(E)
X ≤ uX ≤ u

(E)
X ≤ u(E), and uX(t, x) > u◦(x) for 0 < t ≤ T and 0 < x ≤ S.

The function uX is nondecreasing w.r.t. t and nonincreasing w.r.t. x. The quanti-
ties ‖EX(uX)‖L∞(0,T ;L2(R+)) and ‖EX(uX)‖L2(0,T ;V ) are bounded independently of X.

For ε > 0, we have the bounds

(4.11) uX ≤ uX,ε ≤ uX + ε,

and the sequence uX,ε converges to uX uniformly as ε → 0.
For two numbers X and X ′ such that S < X < X ′, EX(uX) ≤ EX′(uX′).
Proof. The proof consists mainly of passing to the limit in (4.6) as ε → 0. It uses

the Minty trick; see [25]. We skip it since it is rather classical.
Lemma 4.5. If (α, ψ) satisfy Assumption 1 and if σ > 0, there exists a nonde-

creasing function γX : (0, T ] → (S,X], such that the set {(t, x) : uX(t, x) = u◦(x)}
coincides with the set {(t, x) : x ≥ γX(t)}. Calling

(4.12) μX =
∂uX

∂t
+ AXuX + rx,

we have a.e.

(4.13) 0 ≤ μX ≤ rx1{uX=0} = rx1{x≥γX(t)}.

Proof. We know that for all t ∈ [0, T ], uX(t,X) = u◦(X) = 0. Thus, at each time
t, the set where uX(t, x) coincides with u◦ is nonempty. It is closed since uX and u◦
are continuous. We also know that uX(t, x) > u◦(x) for t > 0 and x ≤ S; thus, {x > 0
such that uX(t, x) = u◦(x)} ⊂ (S,X] for t > 0. On the other hand, for all t ∈ (0, T ],
the function uX(t) is nonincreasing w.r.t. x, so {x > 0 such that uX(t, x) = u◦(x)}
is an interval [γX(t), X], with γX(t) > S. Since uX is nondecreasing w.r.t. t, the
function γX is nondecreasing.

With μX ∈ L2((0, T )×R+) given by (4.12), we have μX = 0 a.e. in the open region
where uX > 0. Now, μX is the weak limit of rx1x>SVε(uX,ε) in L2((0, T ) × (0, X)).
From (4.11), we deduce that rx1x>SVε(uX,ε) ≤ rx1x>SVε(uX), and 1x>SVε(uX) con-
verges pointwise to 1{uX=0}. Therefore, μX ≤ rx1{uX=0}.
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Proposition 4.6. If (α, ψ) satisfy Assumption 1 and if σ > 0, the function γX
is nondecreasing and lower semicontinuous. The graph of γX has measure 0 (Lebesgue
measure in R

2) and

μX(t, x) = 1{uX(t,x)=0}(rx + BXuX(t, x))

= 1{uX(t,x)=0}

(
rx−

∫
R

k(z)ezuX(t, xe−z)dz

)
for a.a. t, x.

(4.14)

Proof. We have already seen that γX is nondecreasing. The epigraph of γX is the
set where uX vanishes. This region is closed since uX is continuous.

Since γX has left and right limits at each point t, the graph of γX has measure 0
(Lebesgue measure in R

2); see Theorem 3.7 in [2] for the proof. As a consequence,
the boundary of the coincidence set {uX = 0} has measure 0 (Lebesgue measure in
R

2). From this and since the identity μX(t, x) = rx−
∫

R
k(z)ezuX(t, xe−z)dz is true

in the set {x > γX(t)}, we obtain (4.14).
Remark 7. We will not try to obtain further regularity results on γX . Yet, this

is certainly an interesting topic on which little seems to be known.
Let TX be defined by

(4.15) TX = sup{t, 0 < t ≤ T, γX(t) < X}.

Since γX is nondecreasing, we know that if TX < T , then for all t ∈ [TX , T ],
γX(t) = X.

Note that EX(uX) is a solution of (2.16)–(2.19) in (0, TX)×R+, so for all X ′ > X,
EX(uX) coincides with EX′(uX′) for 0 < t < TX . In particular, this implies that
X 
→ TX is a nondecreasing function.

Lemma 4.7. If (α, ψ) satisfy Assumption 1 and if σ > 0, there exists XT > S
such that for all X ≥ XT , TX = T . For X > XT , uX ∈ L2(0, T ;W 2

X).
Proof. The proof is by contradiction: if XT does not exist, then limX→∞ TX =

T < T . We have ∂uX

∂t + AXuX = −rx in [T , T ] × (0, X) for all X > S. We choose
a smooth and nonnegative function φ defined on R with compact support, and for
y > 0, we call φy the function φy(x) = φ(x − y)/

√
y. Then we take φy as a test

function in (4.12). We have∫ X

0

(uX(T, x) − uX(T , x))φy(x) +

∫ T

T

〈AXuX(t), φy〉dt = −r

∫ T

T

∫ X

0

xφy(x)dx.

Take y = X/2 and let X tend to ∞. From the bounds on uX , the left-hand side
in the identity above remains bounded, whereas the right-hand side tends to infinity.
We have obtained the desired contradiction. The last statement of Lemma 4.7 follows
easily from the first statement of Proposition 4.1.

Proposition 4.8. If (α, ψ) satisfy Assumption 1 and if σ > 0, the function
μX,ε = rx1{x>S}Vε(uX,ε), converges to μX in Lp((0, T )× (0, X)) for p, 1 ≤ p < +∞.

The sequence uX,ε converges to uX strongly in L2(0, T ;DX) and in L∞(0, T ;VX).
Proof. See Appendix B.

4.3. The problem (VIP). From Theorem 4.4, Proposition 4.6, and Lemma 4.7,
we can pass to the limit as X → ∞.

Theorem 4.9. If (α, ψ) satisfy Assumption 1 and if σ > 0, there exists a unique
solution of problem (VIP), i.e., a function u ∈ C0([0, T ];K) ∩ L2(0, T ;V 2), with
∂u
∂t ∈ L2((0, T ) × R+), such that u(t = 0) = u◦,

(4.16) u(t, x) = 0 ∀t ∈ [0, T ], x ≥ XT ,
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where XT is defined in Lemma 4.7, and satisfying the variational inequality (3.13) for
all v ∈ K with bounded support in x. The function u coincides with uX for X ≥ XT .
There exists a nondecreasing and lower semicontinuous function γ : (0, T ] → (S,XT ),
such that for all t ∈ (0, T ), {x > 0 such that u(t, x) = u◦(x)} = [γ(t),+∞). Calling

(4.17) μ =
∂u

∂t
+ Au + rx,

we have a.e. 0 ≤ μ ≤ rx1{u=0} = rx1{x≥γ(t)}.
Proposition 4.10. The function μ defined in (4.17) is nondecreasing w.r.t. x

(i.e., the distribution ∂μ
∂x is negative) and nonincreasing w.r.t. t, (i.e., the distribution

∂μ
∂t is positive). For any X > XT , the total variation of μ in (0, T )×(0, X) is bounded
by rX(T + X).

Proof. Consider X > XT . The function μ coincides with μX on (0, T ) × (0, X).
The monotone character of μ w.r.t. the two variables stems from (4.14) and from the
fact that u is nonincreasing w.r.t. x and nondecreasing w.r.t. t.

The same result can be proved by observing that μX is the weak limit in L2((0, T )×
(0, X)) of the sequence rx1x>SVε(uX,ε) and using the properties of rx1x>SVε(uX,ε).

The bound on the total variation of μ on (0, T )× (0, X) comes from the fact that
μ is nondecreasing w.r.t. x and nonincreasing w.r.t. t and that 0 ≤ μ ≤ rX a.e. in
(0, T ) × (0, X).

Proposition 4.11. A.e. in the coincidence set {(t, x) : u(t, x) = 0}, μ > 0.
Proof. We know from Proposition 4.6 that the boundary of the coincidence set has

measure 0 (Lebesgue measure in R
2). Assume that μ = 0 in some subset of x > γ(t)

with positive measure. In view of the monotone behavior of μ, this implies that μ = 0
in a rectangle contained in the set x > γ(t). From Proposition 4.6, this implies that∫

R
k(z)ezu(t, xe−z)dz = rx in this rectangle. Taking the derivative w.r.t. x, we obtain

that
∫

R
k(z)∂u∂x (t, xe−z)dz = r in the rectangle. But this is impossible, since u(t, x) is

nonincreasing w.r.t. x and nonidentically 0.
Remark 8. Proposition 4.11 tells us that there is a.e. strict complementarity:

the reaction term μ is positive at almost every point where u = 0.

4.4. Further bounds. Let us choose some constants σ, σ̄, α, b1, b2, ψ, ψ̄, and

z̄ such that 0 < σ ≤ σ̄, 0 < α < 1/2, b1 > 1, b2 > 1, ψ̄ ≥ ψ > 0, and z̄ > 0. Let us
define the subset F of R+ × R × L∞(R) by

(4.18) F = [σ, σ̄] × [−1/2, 1 − α] ×
{
ψ :

∣∣∣∣ ‖max(e2b1z, |z|b2 , 1)ψ‖L∞(R) ≤ ψ̄;
ψ ≥ 0, ψ ≥ ψ a.e. in [−z̄, z̄]

}
.

We can make the following three observations:
1. The norm of A as an operator from V to V ′ is bounded independently of

(σ, α, ψ) in F .
2. The constants in (3.10)–(3.11) can be taken independent of (σ, α, ψ) in F .
3. With λ in (3.10) independent of (σ, α, ψ) in F , the operator A + λI is one-

to-one and continuous from V 2 onto L2(R+) and (A+ λI)−1 : L2(R+) 
→ V 2

is bounded with constants independent of (σ, α, ψ) in F .
By carefully inspecting the proofs of Theorems 4.2, 4.4, and 4.9, we see that

1. the quantities ‖uX,ε‖L∞(0,T ;L2(0,X)) and ‖uX,ε‖L2(0,T ;VX) are bounded inde-
pendently of (σ, α, ψ) in F ,

2. the quantities ‖EX(uX)‖L∞(0,T ;L2(R+)) and ‖EX(uX)‖L2(0,T ;V ) are bounded
independently of (σ, α, ψ) in F , and
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3. the quantities ‖u‖L∞(0,T ;L2(R+)) and ‖u‖L2(0,T ;V ) are bounded independently
of (σ, α, ψ) in F .

Proposition 4.12. The function γ is bounded in [0, T ] by some constant X̄
independent of (σ, α, ψ) in F . The quantities ‖u‖L∞(0,T ;V ), ‖u‖L2(0,T ;V 2), and

‖ ∂
∂tu‖L2((0,T )×R+) are bounded independently of (σ, α, ψ) in F .

Proof. For a sequence (σn, αn, ψn) in F , let us call un the corresponding solution
of problem (VIP) and γn the function such that un(t, x) = 0 ⇔ x ≥ γn(t). Assume
that limn→∞ γn(T/2) = +∞. Then, we can use the same arguments as in the proof of
Lemma 4.7 and reach a contradiction. Therefore, γ|[0,T/2] is bounded independently of
(σ, α, ψ) in F . Since (VIP) can always be solved in (0, 2T )×R+ instead of (0, T )×R+,
and since for the solution u, ‖u‖L2(0,2T ;V ) +‖∂u

∂t ‖L2(0,2T ;V ′) is bounded independently
of (σ, α, ψ) in F , we can use the same arguments and prove that γ|[0,T ] is bounded
independently of (σ, α, ψ) in F .

Therefore, it is possible to choose X̄ such that, for any (σ, α, ψ) ∈ F , γ < X̄, and
u coincides with EX̄(uX̄), where uX̄ is the solution of (VIPX̄). For x > X̄,

μ(t, x) = rx−
∫
z>log(x/X̄)

k(z)ezu(xe−z)dz.

Thus, for x large enough such that, for example, log(x/X̄) > 1,

0 ≤ rx− μ(t, x) ≤ S

∫
z>log(x/X̄)

k(z)ezdz ≤ S

∫
z>log(x/X̄)

ψ(z)e2ze−zdz

≤ Sψ̄

∫
z>log(x/X̄)

e−zdz = ψ̄S
X̄

x
.

(4.19)

Therefore, ‖∂u
∂t +Au‖L2(0,T ;L2(R+)) is bounded by a constant independent of (σ, α, ψ).

This implies that the quantities ‖u‖L∞(0,T ;V ), ‖u‖L2(0,T ;V 2), and ‖∂u
∂t ‖L2((0,T )×R) are

bounded independently of (σ, α, ψ) ∈ F .
Remark 9. It may be possible to impose weaker conditions on ψ, and other

choices of F could be made.

5. Sensitivity analysis. Here, we aim at understanding the sensitivity of the
solution u of (VIP) and of μ given by (4.17) to the variations of (σ, α, ψ) ∈ F . Let
us introduce B = {f : z 
→ f(z) max(1, |z|b2 , e2b1z) ∈ L∞(R)} endowed with the
norm ‖f‖B = ‖f(·) max(1, | · |b2 , e2b1·)‖L∞(R). For (σ, α, ψ) ∈ F , let u(σ, α, ψ) be the
corresponding solution of (VIP). Accordingly, let μ(σ, α, ψ) be given by (4.17) and
γ(σ, α, ψ) be the function defining the free boundary.

Proposition 5.1. There exists C > 0 such that (σ, α, ψ) ∈ F , (σ̃, α̃, ψ̃) ∈ F ,

‖u− ũ‖L2(0,T ;V ) + ‖u− ũ‖L∞(0,T ;L2(R+)) ≤ C
(
|σ − σ̃| + |α− α̃| + ‖ψ − ψ̃‖B

)
,

(5.1)

∫ T

0

∫
R

(μ(ũ− u◦) + μ̃(u− u◦)) ≤ C
(
|σ − σ̃| + |α− α̃| + ‖ψ − ψ̃‖B

)2

,(5.2)

calling u = u(σ, α, ψ), μ = μ(σ, α, ψ), ũ = u(σ̃, α̃, ψ̃), and μ̃ = μ(σ̃, α̃, ψ̃).
Proof. We skip the proof since its arguments are well known.
Proposition 5.2. Consider (σ, α, ψ) ∈ F and let (σn, αn, ψn)n∈N be a sequence

of coefficients in F such that limn→∞ (|σ− σn|+ |α−αn|+ ‖ψ−ψn‖B) = 0. Calling
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u = u(σ, α, ψ), un = u(σn, αn, ψn), μ = μ(σ, α, ψ), and μn = μ(σn, αn, ψn),

(5.3) lim
n→+∞

‖un − u‖L∞((0,T )×R+) = 0, lim
n→+∞

‖μn − μ‖Lp((0,T )×R+) = 0

for all p, 1 < p < +∞, and

(5.4) ‖un − u‖L∞(0,T ;V 1) + ‖un − u‖L2(0,T ;V 2) +

∥∥∥∥∂(un − u)

∂t

∥∥∥∥
L2((0,T )×R+)

→ 0.

Proof. From the facts that
• u(t, x) = un(t, x) = 0 for x > X̄ (where X̄ is given in Proposition 4.12 and

does not depend of (σ, α, ψ) ∈ F), and
• for all n, S − x ≤ un(t, x) ≤ S and S − x ≤ u(t, x) ≤ S, which implies that

u− un is arbitrarily small as x → 0 uniformly w.r.t. n,
it is enough to prove that for all ε > 0,

(5.5) lim
n→+∞

‖un − u‖L∞((0,T )×(ε,X̄)) = 0.

From (5.1), we see that limn→∞ ‖un − u‖L∞(0,T ;L2(R+)) = 0. On the other hand, we
know that ‖un − u‖L∞(0,T ;V ) is bounded independently of n. These two observations
imply (5.5), and the first part of (5.3) is proved.

Let us prove the second part of (5.3): from the fact that μn − rx is bounded
L2((0, T )×R+), one can extract a subsequence converging weakly in L2((0, T )×R+).
The limit is nothing else but μ−rx, and the whole sequence μn−rx converges to μ−rx
weakly in L2((0, T ) × R+). Thanks to (4.19) with X̄ independent of (σ, α, ψ) ∈ F ,
it is enough to prove that μn strongly converges to μ in Lp((0, T ) × (0, X)), for any
X > S, and 1 < p < +∞. But, from Proposition 4.10, we know that the sequence
(μn)n is bounded in BV ((0, T ) × (0, X)) and in L∞((0, T ) × (0, X)), and therefore
relatively compact in Lp((0, T ) × (0, X)), 1 ≤ p < +∞. Therefore, a subsequence
of (μn)n converges in Lp((0, T ) × (0, X)), and the limit is nothing but μ, from the
observation above. The whole sequence (μn)n converges to μ in Lp((0, T ) × (0, X)).
We have proved that μn − rx converges to μ− rx in Lp((0, T ) × R+), 1 < p < +∞.

Finally, (5.4) follows from (5.3).

6. The least square inverse problem. Let us introduce a Hilbert space Hψ

endowed with the norm ‖.‖Hψ
and such that the bounded subsets of Hψ are relatively

compact in B.
Consider Hψ a closed and convex subset of Hψ. We assume that Hψ is contained

in
{
ψ : ‖ψ‖B ≤ ψ̄; ψ ≥ 0

}
and that (a) the functions ψ ∈ Hψ are continuous near 0,

(b) there exist two positive constants ψ and z̄ such that ψ(z) ≥ ψ for all z such that
|z| ≤ z̄, and (c) there exist two constants ζ > 0 and C ≥ 0 such that for all ψ ∈ Hψ,
ψ(z)e3/2z − ψ(0)e−3/2z = zω(z), with |ω(z)| ≤ C|z|e−ζ|z|, for all z ∈ R. This choice
of Hψ will allow us to use the results stated in Lemma 3.6.

Finally, consider the set H = [σ, σ̄] × [−1/2, 1 − α] × Hψ. Let JR be a convex,
coercive, and C1 function defined on [σ, σ̄]× [−1/2, 1−α]×Hψ. It is well known that
JR is also weakly lower semicontinuous. The functional JR may depend on suitable
prior parameters σ0, α0, and ψ0. It is the analogue of the function ρJ2 discussed in
section 1.

6.1. Toward the calibration problem.

6.1.1. Orientation. For calibrating the Lévy process, one observes the spot
price S and the prices (p̄i)i∈I of a family of American put options with maturities/
strikes given by (Ti, xi), and we call ūi = p̄i − xi + S, i ∈ I. The parameters of the
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Lévy process, i.e., the volatility σ, the exponent α, and the function ψ will be found
as solutions of a least square problem, where the functional to be minimized is the
sum of a suitable Tychonoff regularization functional and of

J(u) =
∑
i∈I

ωi(u(Ti, xi) − ūi)
2,

where ωi are positive weights, and u = u(σ, α, ψ) is a solution of (VIP).
We aim at finding some necessary optimality conditions satisfied by the solutions

of the least square problem. The main difficulty comes from the fact that the deriv-
ability of the functional J(u) w.r.t. the parameter (σ, α, ψ) is not guaranteed. To
obtain some necessary optimality conditions, we shall consider first a least square
problem where u is the solution of the penalized problem (4.6) rather than (VIP),
obtain the necessary optimality conditions for this new problem, and then have the
penalty parameter ε tend to 0 and pass to the limit in the optimality conditions.
Such a program has already been applied in [2] for calibrating the local volatility with
American options; see also [4, 5] for a related numerical method and results. The
idea originally comes from Hintermüller [22] and Ito and Kunisch [23], who applied a
similar program for elliptic variational inequalities. Let us also mention Mignot and
Puel [31], who applied a nice method for finding the optimality conditions of a special
control problem with a parabolic variational inequality.

In order to simplify the notation, we are going to consider first a toy problem
where only one price is observed. Of course, observing only one price is not enough.
However, finding the optimality conditions for this simplified calibration problem
presents the same difficulties as for the original one.

6.1.2. The least square problem and its penalized version. A first step
toward the calibration problem is to consider the functional J ,

(6.1) J : C0([0, T ] × R+) → R, J(u) = (u(T, xob) − ū)2,

where xob and ū are positive numbers. We fix X̄ (independent of (σ, α, ψ) ∈ H) as in
Proposition 4.12 and assume that xob < X̄. Consider the least square problem:

(6.2) Minimize J(u) + JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, u = u(σ, α, ψ) satisfies (VIP).

Fixing X ≥ X̄, we know that u|[0,T ]×[0,X] = uX , where uX is the solution of (VIPX).
Therefore, (6.2) is equivalent to the least square problem:

(6.3) Minimize J(u) + JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, u satisfies (VIPX).

We will also consider the least square problem related to the penalized problem:

(6.4) Minimize J(uε) + JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, uε satisfies (4.6).

Lemma 6.1. Let (εn)n be a sequence of penalty parameters such that εn → 0
as n → ∞, and let (σ∗εn , α

∗
εn , ψ

∗
εn), u∗εn be a solution of problem (6.4). Consider

a subsequence such that (σ∗εn , α
∗
εn , ψ

∗
εn) converges to (σ∗, α∗, ψ∗) in F , ψ∗εn weakly

converges to ψ∗ in Hψ, and u∗εn → u∗ weakly in L2(0, T ;VX), where VX is defined in
(4.1). Then (σ∗, α∗, ψ∗), u∗ is a solution of (6.3). We have that
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• u∗εn converges to u∗ uniformly in [0, T ] × [0, X], and in L2(0, T ;VX),
• 1{x>S}rxVεn(u∗εn) converges to μ∗ strongly in L2((0, T ) × (0, X)), and
• for all smooth functions χ with compact support contained in [0, X), χEX(u∗εn)

converges to χEX(u∗) strongly in L2(0, T ;V 2) and in L∞(0, T ;V ).
Proof. For brevity, the proof is outlined only. We skip the proof that u∗ satisfies

(VIPX) with (σ, α, ψ) = (σ∗, α∗, ψ∗) and the proofs of the first two points above,
since they are in the same spirit as the proofs of Theorem 4.4 and Proposition 4.8.
The third point above is proved by writing the boundary value problems satisfied by
yn = χEX(u∗εn) and y = χEX(u∗), with the PID equations

∂yn
∂t

+ Anyn = fn,
∂y

∂t
+ Ay = f,

where A (resp., An) is given by (3.9) and (2.12) with (σ, α, ψ) = (σ∗, α∗, ψ∗) (resp.,
(σ, α, ψ) = (σ∗εn , α

∗
εn , ψ

∗
εn)) and where the right-hand side f (resp., fn) can be written

in terms of χ, u∗, and μ∗ (resp., χ and u∗εn). By using the first two points above and
the same arguments as in the proofs of Propositions 5.1 and 5.2, it can be proved that
fn converges to f in L2((0, T ) × R+) and that yn converges to y in L2(0, T ;V 2) and
in L∞(0, T ;V ).

As a consequence of the first point above, J(u∗εn) → J(u∗). Moreover, from the
assumptions on JR, JR(σ∗, α∗, ψ∗) ≤ lim infn→∞ JR(σ∗εn , α

∗
εn , ψ

∗
εn).

Since (σ∗εn , α
∗
εn , ψ

∗
εn) is a solution of (6.4),

J(u∗εn) + JR(σ∗εn , α
∗
εn , ψ

∗
εn) ≤ J(uεn(σ, α, ψ)) + JR(σ, α, ψ) ∀(σ, α, ψ) ∈ H,

where uεn(σ, α, ψ) is the solution of (4.6) with ε = εn. This implies that

J(u∗) + JR(σ∗, α∗, ψ∗) ≤ J(u(σ, α, ψ)) + JR(σ, α, ψ) ∀(σ, α, ψ) ∈ H,

where u(σ, α, ψ) satisfies (VIPX) and (σ∗, α∗, ψ∗), u∗ is a solution of (6.3).
Remark 10. Let (σ∗εn , α

∗
εn , ψ

∗
εn), u∗εn be a subsequence converging to (σ∗, α∗, ψ∗), u∗

as in Lemma 6.1. It is clear from the continuity of u∗ and from the uniform conver-
gence of u∗εn that if u∗(T, xob) > u◦(xob), then there exist a constant a > 0 and an
integer N such that for n > N , u∗εn(t, x) > u◦(x) + εn for all (t, x) with |x− xob| < a
and t > T − a.

6.1.3. First order necessary optimality conditions for (6.4). We take
(σ∗εn , α

∗
εn , ψ

∗
εn), u∗εn and (σ∗, α∗, ψ∗), u∗ as in Lemma 6.1. We assume that u∗(T, xob) >

u◦(xob), and we take N and a as in Remark 10. For n > N , we wish to find necessary
optimality conditions for the solution (σ∗εn , α

∗
εn , ψ

∗
εn), u∗εn of (6.4). In order to simplify

the notation, we drop the index n; below, ε means εn.
We shall need to solve an adjoint problem. Since the cost functional involves

pointwise values of u, the adjoint problem will have a singular data. In that context,
the notion of very weak solution of boundary value problems will be relevant: we
introduce the space Zε =

{
v ∈ Z̃ε; v(t = 0) = 0

}
, where

Z̃ε =

{
v ∈ L2(0, T ;VX);

∂v

∂t
+ Aε,Xv − rx1{x>S}V ′(u∗ε )v ∈ L2((0, T ) × (0, X))

}

and Aε,X is the operator defined by (4.2), with (σ, α, ψ) = (σ∗ε , α
∗
ε , ψ

∗
ε ). The space Zε

endowed with the graph norm is a Banach space.
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Lemma 6.2. Assume that u∗(T, xob) > u◦(xob) and take N and a as in Re-
mark 10. There exists a unique p∗ε ∈ L2((0, T ) × (0, X)) such that, for all v ∈ Zε,

(6.5)

∫ T

0

∫ X

0

(
∂v

∂t
+ Aε,Xv − rx1{x>S}V ′ε(u∗ε )v

)
p∗ε = 2(u∗ε (T, xob) − ū)v(T, xob),

and ‖p∗ε‖L2((0,T )×(0,X)) is bounded by a constant independent of ε in the subsequence.
For a fixed smooth function φ taking the value 1 for |x − xob| ≥ a/2, T − t ≥ a/2
and vanishing in a neighborhood of (T, xob), we have that φp∗ε ∈ L2(0, T ;VX) ∩
C0([0, T ];L2((0, X))), with norms bounded independently of ε.

Proof. See Appendix B.
Remark 11. Problem (6.5) is a very weak formulation of

∂p∗ε
∂t

−AT
ε,Xp∗ε + rx1{x>S}V ′ε(u∗ε )p∗ε = 0, (t, x) ∈ [0, T ) × (0, X),

p∗ε (t,X) = 0, t ∈ (0, T ),

p∗ε (T ) = −2(u∗ε (T, xob) − ū)δxob
,

(6.6)

where AT
ε,Xv(x) = − (σ∗

ε )2

2
∂2

∂x2 (x2v) + BT
ε,Xv(x) − ∂

∂x (rxv) with

BT
ε,Xv(x) =

∫
R

k∗ε (z)

(
x(ez − 1)

∂v

∂x
(x) − 1z<log X

x
e2zv(xez) + (2ez − 1)v(x)

)
dz,

and k∗ε (z) = |z|−(2α∗
ε+1)ψ∗ε (z).

Remark 12. Similarly,
∥∥∂(φp∗

ε )
∂t −AT

ε,X(φp∗ε )+rx1{x>S}V ′ε(u∗ε )(φp∗ε )
∥∥
L2((0,T )×(0,X))

is bounded independently of ε.

From Lemma 6.2, we see that
∫ T

0

〈
x2 ∂2u∗

ε

∂x2 , φp∗ε
〉

is well defined, where 〈 , 〉 is the

duality pairing between (VX)′ and VX . On the other hand,
∫ T

0

∫X

0

(
(1− φ)x2 ∂2u∗

ε

∂x2

)
p∗ε

is well defined since both
(
(1 − φ)x2 ∂2u∗

ε

∂x2

)
and p∗ε are square integrable. Moreover,

the sum
∫ T

0

〈
x2 ∂2u∗

ε

∂x2 , φp∗ε
〉

+
∫ T

0

∫X

0

(
(1 − φ)x2 ∂2u∗

ε

∂x2

)
p∗ε does not depend on the choice

of φ. Therefore, we call G(σ)(u∗ε , p
∗
ε ) the quantity

(6.7) G(σ)(u∗ε , p
∗
ε ) =

∫ T

0

〈
x2 ∂

2u∗ε
∂x2

, φp∗ε

〉
+

∫ T

0

∫ X

0

(
(1 − φ)x2 ∂

2u∗ε
∂x2

)
p∗ε .

Let us introduce the operator B
(α)
ε,X :

B
(α)
ε,Xv(x) = −

∫
R

k∗ε (z) log(|z|)
(
x(ez − 1)

∂v

∂x
(x)

+ ez(1{z>− log(X
x )}v(xe

−z) − v(x))

)
dz,

(6.8)

where k∗ε (z) = |z|−2α∗
ε−1ψ∗ε (z). From Lemma 6.2, the quantity

∫ T

0

〈
B

(α)
ε,Xu∗ε , φp

∗
ε

〉
is well defined, where 〈 , 〉 is the duality pairing between (VX)′ and VX . On the

other hand, the quantity
∫ T

0

∫X

0

(
(1 − φ)B

(α)
ε,Xu∗ε

)
p∗ε is well defined since both p∗ε

and
(
(1 − φ)B

(α)
ε,Xu∗ε

)
are square integrable. Moreover, the sum

∫ T

0

〈
B

(α)
ε,Xu∗ε , φp

∗
ε

〉
+∫ T

0

∫X

0

(
(1 − φ)B

(α)
ε,Xu∗ε

)
p∗ε does not depend on φ. Therefore, we denote G(α)

ε (u∗ε , p
∗
ε )
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the quantity

(6.9) G(α)
ε (u∗ε , p

∗
ε ) =

∫ T

0

〈
B

(α)
ε,Xu∗ε , φp

∗
ε

〉
+

∫ T

0

∫ X

0

(
(1 − φ)B

(α)
ε,Xu∗ε

)
p∗ε .

Similarly, for κ ∈ Hψ, we introduce the operator B
(ψ,κ)
ε,X :

B
(ψ,κ)
ε,X v(x) =

∫
R

κ(z)

|z|1+2α∗
ε

(
x(ez − 1)

∂v

∂x
(x) + ez(1{z>− log(X

x )}v(xe
−z) − v(x))

)
dz,

and the quantity

(6.10)
〈
G(ψ)
ε (u∗ε , p

∗
ε ), κ

〉
=

∫ T

0

〈
B

(ψ,κ)
ε,X u∗ε , φp

∗
ε

〉
+

∫ T

0

∫ X

0

(
(1 − φ)B

(ψ,κ)
ε,X u∗ε

)
p∗ε ,

which does not depend on φ. We are now ready to give necessary optimality for the
least square problem (6.4).

Proposition 6.3. The optimality conditions for problem (6.4) are as follows:
for all (σ, α, ψ) ∈ H,

(σ − σ∗ε )
(
DσJR(σ∗ε , α

∗
ε , ψ

∗
ε ) + σ∗εG(σ)(u∗ε , p

∗
ε )
)
≥ 0,(6.11)

(α− α∗ε )
(
DαJR(σ∗ε , α

∗
ε , ψ

∗
ε ) + 2G(α)

ε (u∗ε , p
∗
ε )
)
≥ 0,(6.12)

〈DψJR(σ∗ε , α
∗
ε , ψ

∗
ε ), ψ − ψ∗ε 〉 +

〈
G(ψ)
ε (u∗ε , p

∗
ε ), ψ − ψ∗ε

〉
≥ 0.(6.13)

Proof. The proof is quite standard. It is omitted for brevity.

6.1.4. First order necessary optimality conditions for (6.3). In order to
obtain optimality conditions for (6.3), we wish to pass to the limit in the optimality
conditions for (6.4). Let εn be sequence of penalty parameters converging to zero, and
let (σ∗εn , α

∗
εn , ψ

∗
εn , u

∗
εn) be a sequence of solutions to (6.4) converging to (σ∗, α∗, ψ∗, u∗)

as in Lemma 6.1. Assume that there exists a positive number a such that u∗εn(t, x) >
u◦(x) + εn for all (t, x) with |x − xob| ≤ a and T − t ≤ a. Let p∗εn be the adjoint
state defined by Lemma 6.2. There exists a subsequence denoted nk such that p∗εnk

weakly converges to p∗ in L2((0, T ) × (0, X)) and φp∗εnk
weakly converges to φp∗ in

L2(0, T ;VX), where φ is given in Lemma 6.2.
We call Z̃ and Z the spaces

Z̃ =

{
v ∈ L2(0, T ;VX);

∂v

∂t
+ AXv ∈ L2((0, T ) × (0, X))

}
,

Z =
{
v ∈ Z̃; v(t = 0) = 0

}
,

(6.14)

where AX is the operator given by (4.2), (3.9), and (2.12), with the parameter (σ∗, α∗,
ψ∗). These spaces, endowed with the graph norm, are Banach spaces.

Proposition 6.4. There exists a Radon measure ξ∗ such that for all v ∈ Z,

(6.15)

∫ T

0

∫ X

0

(
∂v

∂t
+ AXv

)
p∗ + 〈ξ∗, v〉 = 2(u∗(T, xob) − ū)v((T, xob)).

The function p∗ satisfies

(6.16)
∂p∗

∂t
−AT

Xp∗ − ξ∗ = 0
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in the sense of distributions. Furthermore, with u∗, μ∗ defined as in Lemma 6.1,

μ∗|p∗| = 0,(6.17)

|u∗|ξ∗ = 0.(6.18)

Proof. For simplicity, we drop the index n in εn. In what follows, ε means εn. For
a positive parameter δ, we introduce the nondecreasing function ρδ : R → R,

ρδ(p) = −1 for p ≤ −δ, ρδ(p) = p/δ for −δ ≤ p ≤ δ, ρδ(p) = 1 for p ≥ δ,

and the nonnegative function Rδ(p) =
∫ p

0
ρδ(q)dq.

In what follows, δ will be the generic term of a decreasing sequence of positive
parameters which converges to 0.

For φ introduced in Lemma 6.2, we use Remark 12: there exists a function gε ∈
L2((0, T )× (0, X)) with a norm bounded independently of ε such that φp∗ε is the weak
solution to

∂(φp∗ε )

∂t
−AT

ε,X(φp∗ε ) + rx1{x>S}V ′ε(u∗ε )(φp∗ε ) = gε

with the Cauchy condition (φp∗ε )(T, .) = 0 and the boundary condition (φp∗ε )(., X) =
0. Therefore, ‖φp∗ε‖L2(0,T ;VX) is bounded uniformly in ε. Moreover, from the proper-
ties of φ (see Lemma 6.2), we have V ′ε(u∗ε )(φp∗ε ) = V ′ε(u∗ε )p∗ε .

Multiplying the last equation by ρδ(φp
∗
ε ), we obtain that there exists a constant

C independent of δ and ε such that∫ X

0

Rδ(φp
∗
ε )(0, x)dx +

∫ T

0

∫ X

0

(σ∗ε )
2x2

2
ρ′δ(φp

∗
ε )

(
∂(φp∗ε )

∂x

)2

− r

∫ T

0

∫ X

S

xV ′ε(u∗ε )p∗ερδ(p∗ε ) +

∫ T

0

〈(
BT

ε,X (φp∗ε )
)
, ρδ(φp

∗
ε )
〉
≤ C.

(6.19)

Let us focus on the last term in the sum above: we can write it as

∫ T

0

∫
R+

(
BT

ε (EX(φp∗ε ))
)
ρδ(Ex(φp∗ε )) =

1

2

∫ T

0

〈
(Bε + BT

ε ) (EX(φp∗ε )) , ρδ(Ex(φp∗ε ))
〉

− 1

2

∫ T

0

〈
(Bε −BT

ε ) (EX(φp∗ε )) , ρδ(Ex(φp∗ε ))
〉
.

(6.20)

From Lemma 3.6 and the choice of Hψ, there exists a constant C independent of
(σ, α, ψ) ∈ H and of δ such that∣∣∣∣∣

∫ T

0

〈
(Bε −BT

ε )(EX(φp∗ε )), EX(ρδ(φp
∗
ε ))

〉∣∣∣∣∣
� ‖φp∗ε‖L2((0,T );VX)‖ρδ(φp∗ε )‖L2((0,T )×(0,X)) ≤ C.

(6.21)

On the other hand, from Lemma 3.5,

∣∣∣∣∣∣∣∣∣

∫ T

0

〈
(Bε + BT

ε )(EX(φp∗ε )), EX(ρδ(φp
∗
ε ))

〉
−

∫ T

0

∫ X

0

∫
R

kε(z)e
z
(
(φp∗ε )(x) − (φp∗ε )(xe

−z)
) (

ρδ(φp
∗
ε )(x) − ρδ(φp

∗
ε )(xe

−z)
)

∣∣∣∣∣∣∣∣∣
� ‖φp∗ε‖L2((0,T )×(0,X))‖ρδ(φp∗ε )‖L2((0,T )×(0,X)) ≤ C.

(6.22)
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From (6.19), (6.20), (6.21), and (6.22), we see that

∫ X

0

Rδ(φp
∗
ε )(0, x)dx +

∫ T

0

∫ X

0

∫
R

kε(z)e
z
(
(φp∗ε )(x) − (φp∗ε )(xe

−z)
)

·
(
ρδ(φp

∗
ε )(x) − ρδ(φp

∗
ε )(xe

−z)
)

+

∫ T

0

∫ X

0

(σ∗ε )
2x2

2
ρ′δ(φp

∗
ε )

(
∂(φp∗ε )

∂x

)2

− r

∫ T

0

∫ X

S

xV ′ε(u∗ε )p∗ερδ(p∗ε ) ≤ C.

Since p 
→ pρδ(p) is a nonnegative function and since ρδ is nondecreasing, all the
terms in the sum above are nonnegative. Therefore, for a constant C independent of

the parameters, −r
∫ T

0

∫X

S
xV ′ε(u∗ε )p∗ερδ(p∗ε ) ≤ C.

On the other hand we know that −xV ′ε(u∗ε )p∗ερδ(p∗ε ) defines an increasing (as δ
decreases) sequence of nonnegative functions, which converges almost everywhere to

x|V ′ε(u∗ε )p∗ε | as δ tends to 0. Thus, Beppo Levi’s theorem tells us that −r
∫ T

0

∫X

S
·

xV ′ε(u∗ε )p∗ερδ(p∗ε ) tends to r
∫ T

0

∫X

S
x|V ′ε(u∗ε )p∗ε | as δ → 0. Therefore, for a positive

constant C,

(6.23) r

∫ T

0

∫ X

S

x|V ′ε(u∗ε )p∗ε | ≤ C.

It is thus possible to extract a subsequence εnk
, such that p∗εnk

→ p∗ weakly in

L2((0, T )×(0, X)), φp∗εnk
→ φp∗ weakly in L2(0, T ;VX), and −rx1{x>S}V ′εnk

(u∗εnk
)p∗εnk

converges to ξ∗ weakly∗ in (L∞((0, T ) × (0, X)))∗. In order to simplify the notation,
we omit the indexes nk; now ε means εnk

.
From this, (6.15) is obtained as well by passing to the limit in (6.5), and (6.16)

is satisfied in the sense of distributions.
For proving (6.17), we use the convexity of Vε (still dropping the index nk in εnk

):
since Vε(ε) = 0, we have that for all u ∈ [0, ε], Vε(u) ≤ −V ′ε(u)(ε − u) ≤ −εV ′ε(u).
This implies that Vε(u

∗
ε ) ≤ −εV ′ε(u∗ε ) because we also know that Vε(u

∗
ε ) = 0 if u∗ε ≥ ε.

Thus, calling μ∗ε = rx1{x>S}Vε(u
∗
ε ), (6.23) implies that

(6.24) 0 ≤
∫ T

0

∫ X

0

μ∗ε |p∗ε | ≤ −ε r

∫ T

0

∫ X

S

xV ′ε(u∗ε )|p∗ε | → 0.

But we also know that p∗ε → p∗ weakly in L2((0, T ) × (0, X)) and that μ∗ε → μ∗

strongly in L2((0, T )× (0, X)) from Lemma 6.1. Hence,
∫ T

0

∫X

0
μ∗ε |p∗ε | →

∫ T

0

∫X

0
μ∗|p∗|,

and (6.17) is proved.
Let us call ξ∗ε = −rx1{x>S} V ′ε(u∗ε )p∗ε = −rx1{x>S} V ′ε(u∗ε )φp∗ε ; for χ a continuous

function in [0, T ] × [0, X], we have

∫ T

0

∫ X

0

|ξ∗ε ||χu∗ε | ≤ r

(∫ T

0

∫ X

S

|xV ′ε(u∗ε )||φp∗ε |2
) 1

2
(∫ T

0

∫ X

S

|xV ′ε(u∗ε )||χu∗ε |2
) 1

2

from the Cauchy–Schwarz inequality. But it can be checked that |V ′ε(u∗ε )||u∗εχ|2 ≤ Cε,

which yields
∫ T

0

∫X

S
|xV ′ε(u∗ε )||u∗εχ|2 ≤ Cε. On the other hand, it is easy to check

that
∫ T

0

∫X

S
|xV ′ε(u∗ε )||φp∗ε |2 ≤ C. Therefore,

∫ T

0

∫
R+

ξ∗ε |u∗ε |χ → 0 as ε → 0. We know

that ξ∗ε → ξ∗ weakly in (L∞)∗ and that |u∗ε |χ → |u∗|χ in C0([0, T ] × [0, X]) from
Lemma 6.1. We can pass to the limit as ε → 0 and (6.18) is proved.
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Proceeding as in (6.7), (6.9), and (6.10), we introduce the quantities

G(σ)(u∗, p∗) =

∫ T

0

〈
x2 ∂

2u∗

∂x2
, φp∗

〉
+

∫ T

0

∫ X

0

(
(1 − φ)x2 ∂

2u∗

∂x2

)
p∗,(6.25)

G(α)(u∗, p∗) =

∫ T

0

〈
B

(α)
X u∗, φp∗

〉
+

∫ T

0

∫ X

0

(
(1 − φ)B

(α)
X u∗

)
p∗,(6.26)

〈
G(ψ)(u∗, p∗), κ

〉
=

∫ T

0

〈
B

(ψ,κ)
X u∗, φp∗

〉
+

∫ T

0

∫ X

0

(
(1 − φ)B

(ψ,κ)
X u∗

)
p∗,(6.27)

where φ is chosen as in Lemma 6.2, and where

B
(α)
X v(x) = −

∫
R

k∗(z) log(|z|)
(
x(ez − 1)

∂v

∂x
(x) + ez(1{z>− log(X

x )}v(xe
−z) − v(x))

)
,

B
(ψ,κ)
X v(x) =

∫
R

κ(z)

|z|1+2α∗

(
x(ez − 1)

∂v

∂x
(x) + ez(1{z>− log(X

x )}v(xe
−z) − v(x))

)
dz.

One can check exactly as above that G(σ)(u∗, p∗), G(α)(u∗, p∗), and
〈
G(ψ)(u∗, p∗), κ

〉
are well defined and do not depend of the particular choice of φ. We are now ready
to give necessary optimality for the least square problem (6.4).

Proposition 6.5. Let (σ∗, α∗, ψ∗, u∗) be a solution to problem (6.3) obtained in
Lemma 6.1. Assume that u∗(T, xob) > u◦(xob) and take a as in Remark 10. There
exist p∗ ∈ L2((0, T )×(0, X)) and a Radon measure ξ∗ satisfying (6.15), (6.17), (6.18),
and such that, for all (σ, α, ψ) ∈ H,

(σ − σ∗)
(
DσJR(σ∗, α∗, ψ∗) + σ∗G(σ)(u∗, p∗)

)
≥ 0,(6.28)

(α− α∗)
(
DαJR(σ∗ε , α

∗
ε , ψ

∗
ε ) + 2G(α)(u∗, p∗)

)
≥ 0,(6.29)

〈DψJR(σ∗ε , α
∗
ε , ψ

∗
ε ), ψ − ψ∗〉 +

〈
G(ψ)(u∗, p∗), ψ − ψ∗

〉
≥ 0.(6.30)

Proof. We consider a sequence of parameters εn such that
(1) (σ∗εn , α

∗
εn , ψ

∗
εn , u

∗
εn) is a sequence of solutions to (6.4) converging to (σ∗, α∗,

ψ∗, u∗) as in Lemma 6.1,
(2) u∗εn(t, x) > u◦(x) + εn for all (t, x) with |x− xob| ≤ a and T − t ≤ a,
(3) for the adjoint states p∗ε defined by Lemma 6.2, p∗εn weakly converges to p∗ in

L2((0, T ) × (0, X)) and φp∗εn weakly converges to φp∗ in L2(0, T ;VX), where
φ is given in Lemma 6.2.

We drop the index n in εn. We have to prove that limε→0 G(σ)(u∗ε , p
∗
ε ) = G(σ)(u∗, p∗).

Since u∗ε → u∗ strongly in L2(0, T ;VX) (see Lemma 6.1) and φp∗ε → φp∗ weakly in
L2(0, T ;VX), we deduce that

lim
ε→0

∫ T

0

〈
∂2u∗ε
∂2x

, φp∗ε

〉
=

∫ T

0

〈
∂2u∗

∂2x
, φp∗

〉
.

On the other hand, (1−φ)
∂2u∗

ε

∂2x strongly converges to (1−φ)∂
2u∗

∂2x in L2((0, T )×(0, X))
from Lemma 6.1, and p∗ε weakly converges to p∗ in L2((0, T ) × (0, X)). Thus

lim
ε→0

∫ T

0

∫ X

0

(
(1 − φ)

∂2u∗ε
∂2x

)
p∗ε =

∫ T

0

∫ X

0

(
(1 − φ)

∂2u∗

∂2x

)
p∗.
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From the two points above, we see that limε→0 G(σ)(u∗ε , p
∗
ε ) = G(σ)(u∗, p∗); we can

pass to the limit in (6.11) and obtain (6.28).

We have to prove that limε→0 G(α)
ε (u∗ε , p

∗
ε ) = G(α)(u∗, p∗). The fact that u∗ε → u∗

strongly in L2(0, T ;VX) (see Lemma 6.1) implies that B
(α)
ε,Xu∗ε converges to B

(α)
X u∗ in

L2(0, T, (VX)′). On the other hand, φp∗ε → φp∗ weakly in L2(0, T ;VX). This implies
that

lim
ε→0

∫ T

0

〈
B

(α)
ε,Xu∗ε , φp

∗
ε

〉
=

∫ T

0

〈
B

(α)
X u∗, φp∗

〉
.

It can also be checked that (1 − φ)B
(α)
ε,Xu∗ε strongly converges to (1 − φ)B

(α)
X u∗ in

L2((0, T )× (0, X)). From the weak convergence of p∗ε to p∗ in L2((0, T )× (0, X)), we
deduce that

lim
ε→0

∫ T

0

∫ X

0

(
(1 − φ)B

(α)
ε,Xu∗ε

)
p∗ε =

∫ T

0

∫ X

0

(
(1 − φ)B

(α)
X u∗

)
p∗.

The two points above yield that limε→0 G(α)
ε (u∗ε , p

∗
ε ) = G(α)(u∗, p∗). This and (6.12)

yield (6.29). The last condition (6.30) is obtained in the same manner.

6.2. Conclusion: Optimality condition for the calibration problem. For
calibrating the Lévy process, one observes the spot price S and the prices (p̄i)i∈I of a
family of American put options with maturities/strikes given by (Ti, xi), and we call
ūi = p̄i − xi + S, i ∈ I. We assume that

ūi > u◦(xi) for all i ∈ I.

Call T = maxi∈I Ti. Let X̄ be such that for all (σ, α, ψ) ∈ H, the exercise price γ(t)
is smaller than X̄ for all t ≤ T , and take X ≥ X̄. The calibration problem has the
form (6.3) with the new definition of J :

J(u) =
∑
i∈I

ωi(u(Ti, xi) − ūi)
2,

where ωi are positive weights.
As above, we can also define the modified least square problem (6.4) and have

ε tend to 0. Let a subsequence (σ∗εn , α
∗
εn , ψ

∗
εn , u

∗
εn) of solutions of (6.4) converge to

(σ∗, α∗, ψ∗, u∗) as in Lemma 6.1; then (σ∗, α∗, ψ∗, u∗) is a solution of (6.3).
We assume that u∗(Ti, xi) > u◦(xi) for all i ∈ I. It is clear from the continuity of

u∗ and from the uniform convergence of u∗εn that there exist a positive real number a
and an integer N such that for n > N , u∗εn(t, x) > u◦(x) + εn for all (t, x) such that
|t− Ti| < a and |x− xi| < a for some i ∈ I. We may fix a smooth function φ taking
the value 1 for all x such that |x−xi| ≥ a/2, |Ti− t| ≥ a/2 for all i ∈ I, and vanishing
in neighborhoods of (Ti, xi), i ∈ I.

Calling AX the operator defined by (4.2), (3.9), and (2.12) with the parameters
(σ, α, ψ) = (σ∗, α∗, ψ∗), we obtain the optimality conditions exactly as in section 6.1.4.

Theorem 6.6. Under the assumptions made at the beginning of section 6.2, there
exist a function p∗ ∈ L2((0, T ) × (0, X)) and a Radon measure ξ∗ satisfying (6.17),
(6.18) and for all v ∈ Z (Z is defined by (6.14)),

(6.31)

∫ T

0

∫ X

0

(
∂v

∂t
+ AXv

)
p∗ + 〈ξ∗, v〉 = 2

∑
i∈I

ωi(u
∗(Ti, xi) − ūi)v((Ti, xi)),
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equation (6.31) which remains unchanged and which I do not write and such that
(6.28), (6.29), and (6.30) hold for all (σ, α, ψ) ∈ H, with G(σ), G(α), and G(ψ) defined,
respectively, by (6.25), (6.26), and (6.27) (with the new choice of φ).

Proof. The proof follows exactly the same lines as that of Proposition 6.5.

Appendix A.
Proof of Lemma 3.2. By the change of variable y = log(x),

|v|2φ,s =

∫
R

eydy

∫
R

φ(z)

|z|1+2s

(
v(ey−z) − v(ey)

)2
dz

=

∫
R

dy

∫
R

φ(z)

|z|1+2s

(
e

z
2 ṽ(y − z) − ṽ(y)

)2
dz.

By Fubini’s theorem, |v|2φ,s =
∫

R
dzφ(z)|z|−(1+2s)

∫
R

(
e

z
2 ṽ(y − z) − ṽ(y)

)2
dy; after a

Fourier transform w.r.t. the variable y,

|v|2φ,s =

∫
R

dzφ(z)|z|−(1+2s)

∫
R

∣∣∣ez( 1
2−iξ)̂̃v(ξ) − ̂̃v(ξ)∣∣∣2 dξ

=

∫
R

dzφ(z)|z|−(1+2s)

∫
R

(ez + 1 − 2e
z
2 cos(ξz))|̂̃v(ξ)|2dξ

=

∫
R

dzφ(z)|z|−(1+2s)

∫
R

(
(e

z
2 − 1)2 + 4e

z
2 sin2

(
ξz

2

))
|̂̃v(ξ)|2dξ

=

(∫
R

φ(z)

|z|1+2s
(e

z
2 − 1)2dz

)
‖v‖2

L2(R+) + 4

∫
R

dz
φ(z)e

z
2

|z|1+2s

∫
R

sin2

(
ξz

2

)
|̂̃v(ξ)|2dξ.

But 4
∫

R
dz φ(z)e

z
2

|z|1+2s

∫
R

sin2( ξz2 )|̂̃v(ξ)|2dξ = 4
∫

R
|ξ|2s|̂̃v(ξ)|2 ∫

R

φ(z)e
z
2

|ξz|1+2s sin2( ξz2 ))|ξ|dz. De-

fine

C1 =

∫
R

φ(z)|z|−(1+2s)(e
z
2 − 1)2dz,

which is a real number since z 
→ φ(z) max(ez, 1) is bounded. Similarly, there exists
a constant β > 0 such that

4

∫
R

φ(z)e
z
2

|ξz|1+2s
sin2

(
ξz

2

)
|ξ|dz ≤ 4β

∫
R

sin2( ξz2 )

|ξz|1+2s
|ξ|dz = 4β

∫
R

sin2(u2 )

|u|1+2s
du,

and we introduce C2 = 4β
∫

R

sin2(u
2 )

|u|1+2s du. We have obtained that

|v|2φ,s ≤ C1‖v‖2
L2(R+) + C2

∫
R

|ξ|2s|̂̃v(ξ)|2dξ.
On the other hand,∫

R

φ(z)e
z
2

|ξz|1+2s
sin2

(
ξz

2

)
|ξ|dz =

∫
R

φ

(
u

|ξ|

)
e

u
2|ξ|

sin2(u2 )

|u|1+2s
du

≥
∫ 1

−1

φ

(
u

|ξ|

)
e

u
2|ξ|

sin2(u2 )

|u|1+2s
du

implies that

lim inf
|ξ|→∞

∫
R

φ(z)e
z
2 |ξz|−(1+2s) sin2

(
ξz

2

)
|ξ|dz ≥ φ(0)

∫ 1

−1

sin2
(u

2

)
|u|−(1+2s)du,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CALIBRATION OF LÉVY PROCESSES 759

which shows that there exists a constant M > 0 such that for |ξ| ≥ M ,

4

∫
R

φ(z)e
z
2 |ξz|−(1+2s) sin2

(
ξz

2

)
|ξ|dz ≥ 2φ(0)

∫ 1

−1

sin2
(u

2

)
|u|−(1+2s)du,

and we introduce C4 = 2φ(0)
∫ 1

−1

sin2(u
2 )

|u|1+2s du. Thus

|v|2φ,s ≥ C1‖v‖2
L2(R+) + C4

∫
|ξ|>M

|ξ|2s|̂̃v(ξ)|2dξ ≥ C1

2
‖v‖2

L2(R+) + C3

∫
R

|ξ|2s|̂̃v(ξ)|2dξ,
with C3 = min(C1/(2M

2s), C4).
Proof of Lemma 3.3. It is enough to prove that B|D(R+) is continuous from D(R+)

endowed with the norm of V s to V s−max(2α,1) if α �= 1/2, and to V s−1−ε if α = 1/2.
For that, we use the change of variable y = log(x) and call ũ the function defined on

R by ũ(y) = u(ey)e
y
2 . This yields that 〈Bu, v〉 = 〈B̃ũ, ṽ〉, where

B̃ũ(y) = −
∫

R

k(z)ez
(

(1 − e−z)

(
∂ũ

∂y
(y) − 1

2
ũ(y)

)
+ (e

z
2 ũ(y − z) − ũ(y))

)
dz

= −
∫

R

k(z)ez
(

(1 − e−z)
∂ũ

∂y
(y) +

(
1

2
e−z − 3

2

)
ũ(y) + e

z
2 ũ(y − z)

)
dz.

The Fourier transform of B̃ũ is

b̂ = −̂̃u(ξ)

∫
R

k(z)ez
(

(1 − e−z)iξ +
1

2
e−z − 3

2
+ e

z
2 e−iξz

)
dz.

We make out three cases.
(1) α > 1/2. In this case, one sees that

(1 − e−z)iξ +
1

2
e−z − 3

2
+ e

z
2 e−iξz =

1

2
(e−z + 2e

z
2 − 3) + e

z
2 (e−iξz − 1 + izξ)

− iξ(e−z − 1 + ze
z
2 ).

Therefore,

(A.1) b̂ = −̂̃u(ξ)

⎛
⎜⎜⎝

∫
R

k(z)

2
(1 + 2e

3z
2 − 3ez) +

∫
R

k(z)e
3z
2 (e−iξz − 1 + izξ)

−iξ

∫
R

k(z)ez(e−z − 1 + ze
z
2 )

⎞
⎟⎟⎠ .

From the assumption on ψ, the first integral is a real number independent of ξ.
As in Lemma 3.2, by introducing θ = ξ/|ξ| for ξ �= 0, and writing that∫

R

k(z)e
3z
2 (e−iξz − 1 + izξ)dz = |ξ|2α

∫
R

|y|−(1+2α)ψ

(
y

|ξ|

)
e

3y
2|ξ| (e−iyθ − 1 + iyθ)dy,

we see from the assumptions on ψ that there exists a positive constant C1 such that∣∣∫
R
k(z)e

3z
2 (e−iξz − 1 + izξ)dz

∣∣ ≤ C1|ξ|2α, because y 
→ ψ (y) exp(3y/2) is a real

bounded function and
∫

R

∣∣e−iyθ −1+ iyθ
∣∣ |y|−(1+2α)dy can be bounded independently

of ξ. The third integral in (A.1) is a real number independent of ξ. Therefore,

|b̂| � (1 + |ξ| + |ξ|2α)|̂̃u(ξ)| � (1 + |ξ|2α)|̂̃u(ξ)|.
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(2) α < 1/2. We can still split b̂ as in (A.1). From the assumption on ψ, the
first integral is a real number independent of ξ. The second integral can be split into
the sum of

∫
R
k(z)e

3z
2 (e−iξz − 1)dz and iξ

∫
R
k(z)e

3z
2 zdz, which are both bounded by

C1|ξ|. The third integral is a real number independent of ξ, so

|b̂| � (1 + |ξ|)|̂̃u(ξ)|.

(3) α = 1/2. The only change w.r.t. the previous two cases concerns the second
integral: we write it as

(A.2) |ξ|
∫

R

ψ

(
y

|ξ|

)
e

3y
2|ξ|

(e−iyθ − 1 + iy1|y|<1θ)

|y|2 dy + iθ|ξ|
∫
|zξ|>1

ψ (z) e
3z
2

z

|z|2 dz.

The first integral in (A.2) is bounded by a constant independent of ξ, because z 
→
ψ (z) exp(3z/2) is a bounded function and

∫
R
|y|−2

∣∣e−iyθ − 1 + iy1|y|<1θ
∣∣ can be

bounded independently of ξ. For the second integral in (A.2), we have, if ξ > 1,∣∣∣∣∣
∫
|zξ|>1

ψ (z) e
3z
2

z

|z|2 dz
∣∣∣∣∣ ≤

∫
|z|>1

ψ (z) e
3z
2

|z| dz +

∫
|ξ|−1≤|z|≤1

ψ (z) e
3z
2

|z| dz � (1 + log(ξ))

|b̂| � (1 + |ξ| + |ξ log(|ξ|)|)|̂̃u(ξ)|.

Proof of Lemma 3.5. It is enough to prove the result for u, v ∈ D(R+):

〈Bu, v〉 = −
∫

R+

dx

∫
R

k(z)

(
x(ez−1)

∂u

∂x
(x)+ez(u(xe−z)−u(x))

)
v(x)dz = I+II+III,

where

I =

∫
R+

dx

∫
R

k(z)ez(u(x) − u(xe−z))(v(x) − v(xe−z))dz,

II = −
∫

R+

dx

∫
R

k(z)x(ez − 1)
∂u

∂x
(x)v(x)dz,

III =

∫
R+

dx

∫
R

k(z)ez(u(x) − u(xe−z))v(xe−z)dz.

But

II =

∫
R+

dx

∫
R

k(z)x(ez − 1)
∂v

∂x
(x)u(x)dz +

∫
R+

dx

∫
R

k(z)(ez − 1)u(x)v(x)dz.

From this,

II + III =

∫
R+

(∫
R

k(z)

(
x(ez − 1)

∂v

∂x
(x) + ez(v(xe−z) − v(x))

)
dz

)
u(x)dx

+

(∫
R

k(z)(2ez − e2z − 1)dz

)∫
R+

u(x)v(x)dx.

The desired result is obtained.
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Proof of Lemma 3.6. The assertion is already proved in the case α < 1/2, thanks
to Lemma 3.3 and Remark 4. Thus, let us focus on the case when α ≥ 1/2: after a
few calculations, one sees that

(BTu−Bu)(x) =

∫
R

k(z)

(
x(ez−1)

(
2
∂u

∂x
(x)+u(x)

)
+ezu(xe−z)−e2zu(xe−z)

)
dz.

The same change of variables as in the proof of Lemma 3.3 leads to 〈(B−BT )u, v〉 =

〈(B̃ − B̃T )ũ, ṽ〉, where

(B̃ũ− B̃T ũ)(y) = −
∫

R

k(z)

(
2(ez − 1)

∂ũ

∂y
(y) + e

3z
2 (ũ(y − z) − ũ(y + z))

)
dz.

The Fourier transform of (B̃ − B̃T )ũ is

−̂̃u(ξ)

∫
R

k(z)
(
2iξ(ez − 1) − e

3z
2 (eiξz − e−iξz)

)
dz

= −2iξ̂̃u(ξ)

∫
R

k(z)(ez − 1 − ze
3z
2 )dz + ̂̃u(ξ)

∫
R

k(z)e
3z
2

(
eiξz − e−iξz − 2iξz

)
dz.

From the assumptions, the first integral in the sum above is a real number. Let
us focus on the second integral: since the function z 
→ eiξz − e−iξz − 2iξz is odd,

ψ(0)
∫

R
|z|−(1+2α)e

−3|z|
2

(
eiξz − e−iξz − 2iξz

)
dz = 0, and∫

R

k(z)e
3z
2

(
eiξz − e−iξz − 2iξz

)
dz =

∫
R

|z|−(1+2α)zω(z)
(
eiξz − e−iξz − 2iξz

)
dz

�
∫

R

|z|−2αe−ζ|z|
(
eiξz − e−iξz − 2iξz

)
dz � |ξ|2α−1 � (1 + |ξ|),

where, in the case α = 1/2, we have used the fact that |sin(ξz)|/|z| ≤ |ξ|. This
concludes the proof.

Appendix B.
Proof of Proposition 4.1. Consider X ′, 0 < X ′ < X and let φ be a smooth cut-off

function taking the value 1 in [0, 3/4X ′+ 1
4X] and 0 in [3/4X+ 1

4X
′, X]. It is possible

to prove that AX(EX(φv)) ∈ L2((R+)), which yields that EX(φv) ∈ V 2 and φv ∈ W 2
X .

This yields the first statement of Proposition 4.1.
Assume that v ∈ VX is such that AXv ∈ L2((0, X)). Then there exists f ∈

L2((0, X)) such that

(B.1) −σx2 ∂
2v

∂x2
= f −BXv.

If 0 ≤ α < 1/2, then, from Lemma 3.3, BXv ∈ L2((0, X)), and (B.1) implies that
v ∈ W 2

X ∩ VX .
If α > 1/2, then, from Lemma 3.3, BXv ∈ V 1−2α

X . From this and (B.1), one
immediately deduces that v ∈ VX ∩ W 3−2α

X . A boot-strap argument is needed for
improving this result.

If 1/2 < α < 3/4, then for all ε > 0, v ∈ W
3/2−ε
X , and EX(v) ∈ V 3/2−ε. Note that

we cannot give a better regularity result for EX(v) (for example, EX(v) ∈ V 3/2+ε),
because this would require the condition ∂v

∂x (x = X) = 0, which is not proved. Then
Lemma 3.3 yields that BXv ∈ L2((0, X)) and that v ∈ W 2

X ∩ VX from (B.1). In the



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

762 YVES ACHDOU

case α = 1/2, we obtain from Lemma 3.3 that v ∈ W 2
X ∩ VX as well. If α = 3/4, the

same argument shows that v ∈ W 2−ε
X ∩ VX for all ε > 0.

On the contrary, if 3/4 < α < 1, we have to keep on boot-strapping: v ∈
VX ∩ W 3−2α

X implies that BXv ∈ V 3−4α
X , and from (B.1), v ∈ W 5−4α

X . Either

3/4 < α < 7/8, and we see that there exists ε > 0 such that v ∈ W
3/2+ε
X , or

7/8 ≤ α < 1, and we keep on boot-strapping. After a finite number of steps, we
obtain the first two statements of Proposition 4.1.

Then we obtain that ∂v
∂x ∈ C0((0, X)) from Sobolev imbeddings.

Proof of Theorem 4.2. For brevity, and since the proof uses rather classical ar-
guments, we shall omit some details. By using results on parabolic equations with
monotone operators [26, p. 156], it is possible to prove that (4.6) has a unique weak

solution in L2(0, T ;VX) ∩ C0([0, T ];L2(0, X)), with
∂uX,ε

∂t ∈ L2(0, T ;V ′X). Note that
for all t0, 0 < t0 < T , uX,ε is smooth in (t0, T ] × [a, b], where [a, b] is any interval
strictly contained in (0, S) or in (S,X). From (3.11), the weak maximum principle
may be used. It yields that, a.e., uX,ε is nonnegative on the one hand and greater
than or equal to x 
→ S − x on the other hand. Therefore, for almost every time t,
uX,ε(t) ∈ KX . This implies that 0 ≤ rx(1 − 1{x>S}) ≤ rx(1 − 1{x>S}Vε(uX,ε)) ≤ rx.

From this and (4.6), uX,ε belongs to C0([0, T ];VX) ∩ L2(0, T ;DX),
∂uX,ε

∂t ∈
L2((0, T ) × (0, X)), and the norms ‖uX,ε‖L∞(0,T ;VX), ‖uX,ε‖L2(0,T ;DX), and

‖ ∂
∂tuX,ε‖L2((0,T )×(0,X)) are bounded independently of ε.

Since V ⊂ C0((0,+∞)) and since for any t, limx→0 uX,ε(t, x) = S (because S−x ≤
uX(t, x) ≤ S), we see that EX(uX,ε) ∈ C0([0, T ] × [0,+∞)).

The maximum principle yields (4.8) and (4.9). From the bounds u◦(x) ≤ uX,ε(t, x)

≤ u(E)(t, x), and from the fact that ∂u(E)

∂x (t, 0) = −1, we see that uX,ε(t, x) has a

derivative w.r.t. x at x = 0 and that
∂uX,ε

∂x (t, 0) = −1 for all t ≥ 0.
By calling yX,ε the time derivative of uX,ε, we see that

∂yX,ε

∂t
+ AXyX,ε − rx1{x>S}V ′ε(uX,ε)yX,ε = 0, t ∈ (0, T ], 0 < x < X,

yX,ε(t,X) = 0 t ∈ (0, T ].
(B.2)

Note that

(B.3) −rx1{x>S}V ′ε(uX,ε) ≥ 0.

Since yX,ε ∈ C0([0, T ], V ′X), we have that yX,ε(t = 0) = −AXu◦|(0,X) + rx1x<S =
σ2S2

2 δx=S −BXu◦|(0,X). It can be seen that −BXu◦|(0,X) is a positive distribution in
V ′X , because u◦ is convex: to prove it, one can approximate u◦ in VX by a sequence
u◦,n of smooth convex functions with bounded support such that −BXu◦,n ≥ 0, and
pass to the limit. Therefore, yX,ε(t = 0) ≥ 0 in V ′X . From this, and from (B.2), (B.3),
we deduce that yX,ε ≥ 0 a.e.. Therefore, uX,ε is nondecreasing w.r.t. t.

Finally, the quantities ‖uX,ε‖L∞(0,T ;L2(0,X)) and ‖uX,ε‖L2(0,T ;VX) can be bounded
independently of X by taking uX,ε as a test function in the weak formulation of (4.6)
and by observing that the constants in G̊arding’s inequality for AX do not depend
of X.

Proof of Theorem 4.3. We know that uX,ε belongs to C0([τ, T ];DX) for all τ ,

0 < τ < T . Therefore, from Proposition 4.1, uX,ε ∈ C0([τ, T ];W
3/2+ε
X ) for some

positive ε. This yields that for each time t > 0, uX,ε ∈ C1((0, X]). On the other hand,
we know that uX,ε(t,X) = 0 for t ∈ [0, T ], and uX,ε ≥ 0 in [0, T ] × [0, X]. From the

last three observations, we see that for all t, 0 < t ≤ T ,
∂uX,ε

∂x (t,X) ≤ 0.
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We aim at proving that for each t > 0 there exists a number ξ(t), 0 ≤ ξ(t) < X,

such that
∂uX,ε

∂x (t, x) ≤ 0 if ξ(t) < x < X. Indeed, if this were not the case, we would
be in one of the following two situations.

(1)
∂uX,ε

∂x (t, x) > 0 in some interval [y(t), X), y(t) < X. This implies that
uX,ε(t, x) < 0 in (y(t), X), which is impossible since u(t, .) ≥ u◦.

(2) There exists a strictly increasing sequence of numbers yn, 0 < yn < yn+1 < X,

such that limn→∞ yn = X and
∂uX,ε

∂x (t, yn) = 0, and
∂uX,ε

∂x (t, x) is positive for x
in (y2n, y2n+1) and negative for x in (y2n+1, y2n+2). The numbers y2n, n ∈ N,
are local minima of uX,ε(t, .). Let us consider the terms entering (4.6) at x =

y2n: we have
∂uX,ε

∂t (t, y2n) ≥ 0 and limn→∞
∂uX,ε

∂t (t, y2n) = 0. It is clear that

−σ2y2
2n

2
∂2uX,ε

∂x2 (t, y2n) ≤ 0 and ry2n
∂uX,ε

∂x (t, y2n) = 0 because y2n is a local minimum.
We also know that ry2n(1 − 1{y2n>S}Vε(uX,ε(t, y2n))) ≥ 0 and that limn→∞ ry2n(1 −
1{y2n>S}Vε(uX,ε(t, y2n))) = 0. Therefore,

lim inf
n→∞

BXuX,ε(t, y2n) ≥ 0,

and, since
∂uX,ε

∂x (t, y2n) = 0,

lim sup
n→∞

∫
R

k(z)
(
ez(1z>log

y2n
X̄

uX,ε(t, y2ne
−z) − uX,ε(t, y2n))

)
dz ≤ 0.

This yields
∫
z>0

k(z)ezuX,ε(t,Xe−z)dz ≤ 0, which is impossible since uX,ε ≥ u◦.

Therefore, for all t > 0, the function x 
→ ∂uX,ε

∂x (t, x) is nonpositive in a neighbor-

hood of X, and (
∂uX,ε

∂x (t, .))+ is zero near X.

Moreover, since uX,ε is nondecreasing and uX,ε(·, X) = 0, the function t 
→
∂uX,ε

∂x (t,X) is nonincreasing. Therefore, there exists τ0, 0 ≤ τ0 ≤ T , such that
∂uX,ε

∂x (t,X) < 0 for τ0 < t ≤ T and
∂uX,ε

∂x (t,X) = 0 for 0 ≤ t ≤ τ0.

By taking the derivative of (4.6) w.r.t. x and multiplying by x, we see that zX,ε =

x
∂uX,ε

∂x satisfies

(B.4)

∂zX,ε

∂t
+ AXzX,ε − rx1{x>S}V ′ε(uX,ε)zX,ε

= −rx(1 − 1x>SVε(uX,ε)) + rSVε(uX,ε)δx=S , t ∈ (0, T ], 0 < x < X,

zX,ε(t = 0, x) = −x10<x<S , 0 < x < X.

Since zX,ε(t,X) = 0 for t ∈ [0, τ0] (τ0 is defined above), the function zX,ε|t∈(0,τ0) ∈
L2(0, τ0;VX). On the other hand, zX,ε(t, .) /∈ VX for t ∈ (τ0, T ]. In (B.4), for t > τ0,
AXzX,ε(t), i.e.,

AXzX,ε(t, x) = −σ2x2

2

∂2zX,ε

∂x2
(t, x) + rx

∂zX,ε

∂x
(t, x)

−
∫

R

k(z)

(
x(ez − 1)

∂zX,ε

∂x
(t, x) + ez(1{z>− log(X/x)}zX,ε(t, xe

−z) − zX,ε(t, x))

)
dz,

has a sense as a distribution and for all X ′ < X, belongs to the dual of {v ∈ VX ,
v = 0 in (X ′, X)}.

We split the function zX,ε into the sum of two functions z̃X,ε ∈ C0([0, T ];L2(0, X))
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and ẑX,ε ∈ L2(0, T ;VX) which satisfy

∂ẑX,ε

∂t
+ AX ẑX,ε − rx1{x>S}V ′ε(uX,ε)ẑX,ε = rSVε(uX,ε)δx=S ,

ẑX,ε(t = 0, x) = 0, 0 < x < X,

ẑX,ε(t,X) = 0, 0 < t < T,

(B.5)

and

∂z̃X,ε

∂t
+ AX z̃X,ε − rx1{x>S}V ′ε(uX,ε)z̃X,ε = −rx(1 − 1x>SVε(uX,ε)),

z̃X,ε(t = 0, x) = −x10<x<S , 0 < x < X,

z̃X,ε(t,X) ≤ 0, 0 < t < T.

(B.6)

From the fact that uX,ε ≥ u
(E)
X and from (4.7), we know that

lim
ε→0

‖Vε(uX,ε(S))δx=S‖L2(0,T ;V ′) = 0.

Thus, limε→0 ‖ẑX,ε‖L2(0,T ;V ) = 0. One can also prove that ẑX,ε(t, 0) = 0 and that
ẑX,ε ≥ 0.

From the last observation and since zX,ε(t, 0) = 0, we see that for all t ∈ [0, T ],
z̃X,ε(t, 0) = 0.

We know that z̃X,ε|(0,τ0) ∈ L2(0, τ0, VX): in (0, τ0)×(0, X), we can take e−Mt(z̃X,ε)+
as a test-function in the equation satisfied by z̃X,ε. From G̊arding’s inequality, choos-
ing M large enough yields that z̃X,ε(t, ·))+ = 0 for t ∈ [0, τ0].

On the other hand, for τ1 > τ0, there exists a constant z > 0 such that z̃X,ε(t,X) ≤
−z for t ∈ [τ1, T ]. This and the continuity of z̃X,ε imply that there exists Xτ1 ,
S < Xτ1 < X, such that z̃X,ε ≤ 0 in [τ1, T ]× [Xτ1 , X]. Therefore, in the time interval
[τ1, T ], we can take (z̃X,ε(t, x))+e

−Mt as a test-function in the equation satisfied by
z̃X,ε, even if z̃X,ε does not belong to VX , (indeed (z̃X,ε(t, .))+ does not see the singular
behavior of zX,ε(t, .) near X). From G̊arding’s inequality, we have that for M large

enough, t 
→ e−Mt
∫X

0
((z̃X,ε)+)2(t, x)dx is nonincreasing in (τ1, T ). We can have τ1

tend to τ0. This yields that (z̃X,ε)+ = 0 in (τ0, T ) × (0, X). We have proved that
z̃X,ε ≤ 0 in (0, T ) × (0, X).

Finally, let X and X ′ be two numbers such that S < X < X ′. Call ũX,ε

the function obtained by extending uX,ε by 0 in [0, T ] × [X,X ′]. Clearly, ũX,ε ∈
C0([0, T ];KX′). It can be seen from (4.6) and from

∂uX,ε

∂x (x = X) ≤ 0 that
∂ũX,ε

∂t +
AX′ ũX,ε + rx(1 − 1{x>S}Vε(ũX,ε)) is a negative distribution in (0, T ) × (0, X ′). This
and the maximum principle imply (4.10).

Proof of Proposition 4.8. It is enough to prove that μX,ε converges to μX in
L1((0, T ) × (0, X)) because 0 ≤ μX,ε ≤ rx. For that, we make two observations.

(a) Since uX,ε is nondecreasing w.r.t. t, μX,ε is nonincreasing w.r.t. t.
(b)

∂μX,ε

∂x
= r1x>SVε(uX,ε) + rSVε(uS,ε)δx=S + r1x>SV ′ε(uX,ε)z̃X,ε

+ r1x>SV ′ε(uX,ε)ẑX,ε,

where z̃X,ε and ẑX,ε are respectively defined in (B.6) and (B.5). The first
three terms in the right-hand side are positive distributions. Let us study the
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last term more carefully: we call gε = r1{x>S}V ′ε(uX,ε)ẑX,ε. We know that
ẑX,ε is nonnegative and tends to 0 in L2(0, T ;VX). Hence, gε is a nonpositive
function. Moreover, let φη be a smooth function defined on [0, X] such that
0 ≤ φη ≤ 1, φη = 1 for 0 ≤ x ≤ X − η, and φη(x) = 0 for X − η/2 ≤ x ≤ X.
Taking φη as a test function in (B.5) yields

lim
ε→0

(∫ X

0

ẑX,ε(T, x)φη(x)dx +

∫ T

0

〈AX ẑX,ε, φη〉 −
∫ T

0

∫ X

0

gε(t, x)φη(x)dxdt

)

= 0.

This proves that limε→0 ‖gε‖L1((0,T )×(0,X−η)) = 0.
To summarize, μX,ε|{x<X−η} is the sum of a nondecreasing function and of μ̃X,ε =∫ x

0
gε(t, y)dy, and μ̃X,ε and its derivative w.r.t. x tend to 0 in L1((0, T )× (0, X − η)).
From (a) and (b), one sees that the total variation of μX,ε on (0, T ) × (0, X − η)

is bounded. Therefore, we can extract a subsequence of μX,ε|{x<X−η} converging
strongly in L1((0, T )× (0, X−η)). The limit cannot be anything but μX |{x<X−η}, so
the whole sequence converges to μX |{x<X−η}. Since η is arbitrarily small and μX,ε is
bounded, we have that limε→0 ‖μX,ε − μX‖L1((0,T )×(0,X)) = 0.

The convergence results for uX,ε are an easy consequence of the strong convergence
of μX,ε to μX .

Proof of Lemma 6.2. The proof is similar to an argument given in [2]. For brevity,
we shall omit some details. We call Qε the bilinear form on L2((0, T ) × (0, X)) × Zε:

Qε(q, v) =

∫ T

0

∫ X

0

(
∂v

∂t
+ Aε,Xv − rx1{x>S}V ′ε(u∗ε )v

)
q.

It is clear that Qε is continuous. Moreover, there exists a positive constant c, inde-
pendent of ε, such that

inf
q∈L2((0,T )×(0,X))

sup
v∈Zε

Qε(q, v)

‖q‖L2((0,T )×(0,X))‖v‖Zε

≥ c.

To prove this inf-sup condition, take v ∈ L2(0, T ;VX) ∩ H1(0, T ;L2((0, X))) as the
weak solution of

∂v

∂t
+ Aε,Xv − rx1{x>S}V ′ε(u∗ε )v = q t > 0, v(0, ·) = 0.

and observe that ‖v‖Zε ≤ C‖q‖L2((0,T )×(0,X)) for a constant C independent of ε.
Therefore, calling Qε the linear and continuous operator from L2((0, T )× (0, X))

to the dual of Zε defined by 〈Qεp, v〉 = Qε(p, v), the range of Qε is closed and Qε

is injective. On the other hand, Qε(q, v) for all q ∈ L2((0, T ) × (0, X)) implies that
v = 0. Therefore, QT

ε is injective. We have proved that Qε is an isomorphism from
L2((0, T )× (0, X)) onto the dual of Zε and that its inverse is continuous with a norm
independent of ε.

From this and since z 
→ 2(u∗ε (T, xob) − ū)z((T, xob)) is a continuous linear
form on Zε with a continuity constant independent of ε, there exists a unique p∗ε ∈
L2((0, T ) × (0, X)) such that for all v ∈ Zε, Qε(p

∗
ε , v) = 2(u∗ε (T, xob) − ū)v((T, xob))

and ‖p∗ε‖L2((0,T )×(0,X)) is bounded independently of ε. The first part of the lemma is
proved.
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To prove the second part of the lemma, consider Gε ∈ L2((0, T )×R+) the solution
of the backward Cauchy problem:

∂Gε

∂t
+

(σ∗ε )
2

2

∂2

∂x2
(x2Gε) −BT

ε Gε +
∂

∂x
(rxGε) = 0, (t, x) ∈ [0, T ) × R+,

Gε(t = T ) = −2(u∗ε (T, xob) − ū)δx=xob
,

(B.7)

where BT
ε is given by (3.6). One can check that Gε is smooth for t < T and that for any

integer k and for any compact ω in [0, T ]×[0,+∞) which does not contain (T, xob), the
norm of Gε in Ck(ω) is bounded independently of ε. Also, for the function φ defined
in Lemma 6.2, φGε ∈ L2(0, T ;V ), with a norm bounded by a constant independent
of ε.

Let χ be a smooth function with a compact support contained in (0, T ] × [0, X),
taking the value 1 in a neighborhood of (T, xob), and whose support does not intersect
the support of Vε(u

∗
ε ) for all ε. For example, χ = 1 − φ can be chosen. With AT

ε,X

defined in Remark 11, it may be checked that ‖χAT
ε Gε−AT

ε,X(χGε)‖L2((0,T )×(0,X)) is
bounded independently of ε. The reason for that is that χ is constant near the point
where Gε is singular.

One sees that q∗ε = p∗ε − χGε is the unique solution (in the very weak sense
defined above, i.e. by duality with the functions in Zε) of a boundary value problem
in (0, T ] × (0, X), of the form

∂q∗ε
∂t −AT

ε,Xq∗ε + rx1{x>S}V ′ε(u∗ε )q∗ε = g∗ε , (t, x) ∈ [0, T ) × (0, X),

q∗ε (t,X) = 0, t ∈ (0, T ),

q∗ε (T, x) = 0, x ∈ (0, X),

where g∗ = ∂χ
∂t Gε + χAT

ε Gε − AT
ε,X(χGε) ∈ L2((0, T ) × (0, X)). This last boundary

value problem has a unique weak solution in L2(0, T ;VX), with a norm bounded
independently of ε. The weak and the very weak solutions coincide. Therefore,
p∗ε − χGε ∈ L2(0, T ;VX) and ‖p∗ε − χGε‖L2(0,T ;VX) is bounded by a constant inde-
pendent of ε. Therefore, φp∗ε ∈ L2(0, T ;VX), with a norm bounded independently
of ε.
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[24] N. Jackson, E. Süli, and S. Howison, Computation of deterministic volatility surfaces, Appl.
Math. Finance, 2 (1998), pp. 5–37.

[25] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their
Applications, Classics in Applied Mathematics 31, SIAM, Philadelphia, 2000.
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A QUADRATIC REGULATOR PROBLEM RELATED TO
IDENTIFICATION PROBLEMS AND SINGULAR SYSTEMS∗
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Abstract. In this paper we study a new form of the quadratic regulator problem which is
suggested by recent applications to singular systems and to identification problems. The new feature
of the quadratic regulator problem under study is the penalization of the values taken by the control
at individual instants of time.
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1. Introduction. The quadratic regulator problem has a key role in control
theory and it has been studied from many different points of view. We study here a
new version which is encountered in the study of singular systems and in the solution
of an inverse problem. The system that we study is described by

(1) ẋ = Ax + Bu , y(t) = Gu(t) , s < t ≤ T , x(s) = x0 .

We note that y(t) depends on u(t).
The operators A, B, and G in (1) satisfy the following:
• The operator A generates a C0-semigroup on a Hilbert space X;
• the operators B and G are linear and continuous, B ∈ L(U,X), G ∈ L(U, Y ),

where U and Y are Hilbert spaces;
• we assume kerG∗ = 0. This is usually not restrictive, but see Remark 2.

The quadratic cost we consider is nonstandard. It has the following form:

Js(x0;u) =

∫ T

s

F (x(t) − ξ(t), u(t)) dt +

〈[
x(τ0) − ξ0

y(τ0)

]
, M̃

[
x(τ0) − ξ0

y(τ0)

]〉

+

〈[
x(T ) − ξT

y(T )

]
, M

[
x(T ) − ξT

y(T )

]〉
.(2)

Here τ0 ≤ T and

(3) F (x, u) = 〈x,Qx〉 + ||u||2,

while ξ, ξ0, ξT are given reference signals. We do not assume that ξ0 and ξT are the
values of the function ξ at the corresponding time instants.

The “initial time” s belongs to an interval on the left of T , s ∈ [0, T ) for defi-
niteness. Note that τ0 < s is possible. In this case the penalization at τ0 has to be
ignored.
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The goal of this paper is the study of the properties of the infimum, possibly the
minimum, of the quadratic cost when the input u belongs to a subspace of L2(s, T ;U)
which is specified below. However, we mention here the fact that we shall also consider
the case that the functions u(t) are forced to be zero on a subinterval (T0, T ) of the
interval (s, T ) on which the quadratic cost is computed. This is required by the
application described in section 2.1.

The novelty of this problem stems from the intermediate and final penalization
of the control. Due to these terms, the quadratic functional is neither continuous nor
closed (according to [11, p. 313]) on L2(0, T ;U).

In order to simplify the notation we shall put

Φ1
τ0(x, y) =

〈[
x− ξ0

y

]
, M̃

[
x− ξ0

y

]〉
, Φ1

T (x, y) =

〈[
x− ξT

y

]
, M

[
x− ξT

y

]〉
,

Φτ0(x, u) = Φ1
τ0(x,Gu), ΦT (x, u) = Φ1

T (x,Gu),

Js,int(x0;u) =

∫ T

s

F (x(t) − ξ(t), u(t)) dt, Jfin(x0;u) =

{
Φτ0(x, u) + ΦT (x, u) if s ≤ τ0,

ΦT (x, u) if s > τ0.

(4)

Standing assumptions: Q and M and M̃ are symmetric nonnegative continuous
linear operators. We assume furthermore that

M =

[
M11 M12

M∗12 M22

]
, M22 > cI > 0 , M̃ =

[
M̃11 M̃12

M̃∗12 M̃22

]
, M̃22 > cI > 0 .

This setup is encountered in particular in the study of important classes of sin-
gular control systems, as documented in [8]. Moreover, recently in [1, 10] similar
quadratic control problems have been studied for the solution of identification (in-
verse) problems. See section 2 for details.

Remark 1. As we said, the novelty of this problem consists in the presence of
the penalization of the final and intermediate values of the control. We have been
stimulated to study this problem by identification problems and by the theory of
singular control systems. These applications require that we study the problem in
an infinite dimensional Hilbert space. This kind of problem has rarely been studied
even for finite dimensional systems; see [4]. The problem with s = 0, τ0 = 0, and null
matrices M̃12, M̃22 is studied in [13], in the context of Kalman filtering for lumped
systems.

Now we comment on apparently more general versions of our problem.
It may seem that y = Hx + Gu gives a more general problem than (1) and (2).

However, it is easily seen that this case can be treated as below. This is left to the
reader.

Finally, let us consider the general case

F (x, u) = F0(x, u)+〈u, u〉 , F0(x, u) = 〈x,Qx〉+2�e 〈x,Q12Gu〉+〈Gu,Q22Gu〉 ≥ 0

(see section 2.2 concerning the application to singular systems). This can be reduced
to the form (3) as follows: First we absorb 〈y,Q22y〉 = 〈u,G∗Q22Gu〉 into the last
term which takes the form 〈u, (I + G∗Q22G)u〉. A coordinate transformation in U
reduces this to 〈u, u〉 again. We then apply a feedback u = −Q12x + v in order to
absorb the mixed term. This changes the operator A to A − BQ12 and does not
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change the value of the infimum. We assume that these transformations have been
already performed.

We are going to study our quadratic regulator problem with u ∈ L2(s, T ;U).
Clearly, the quadratic cost is not well defined for every u ∈ L2(s, T ;U). So, we
introduce a suitable domain over which the quadratic cost makes sense.

Let

ess lim
t→τ0

u(t) = l

when for every ε > 0 there exists δ > 0 such that the following set has zero Lebesgue
measure:

{t , such that ||u(t) − l|| > ε , |t− τ0| < δ} .

Analogous definition for the left limits.
If two functions u and u′ belong to the same equivalence class [u] ∈ L2(s, T ;U),

then the ess lim exists for the first if it exists for the second, and the limit itself is the
same.

We introduce the linear space Uess of those equivalent classes in L2(s, T ;U) iden-
tified by a representative u such that the essential limits for t → T− and t → τ0 exist,
and we define for u ∈ Uess,

u(τ0) = ess lim
t→τ0

u(t) , u(T ) = ess lim
t→T−

u(t) .

The subspace over which we study our quadratic regulator problem is

U = Uess

⋂
U0,

where U0 ⊆ L2(s, T ;U) is

U0 =
{
u ∈ L2(s, T ;U) , u(t) = 0 for t > T0

}
, T0 > 0 .

Here T0 > 0 is fixed. Of course, if T0 < s, then U0 = {0}.
As already noted, the introduction of the space U0 is required by the identification

problem described in section 2, while the definition of the subspace Uess is suggested
in [12, Chap. 1].

If T0 > T , then we intend that U = Uess. If τ0 = T or if τ0 < s, then we simply
ignore the term Φτ0 .

In general, the quadratic cost we are studying does not admit an optimal control.
The optimal control might exist for special initial conditions x0. An initial condition
which admits an optimal control will be called “optimizable” and O is the set of all
the optimizable initial conditions.

We already said that, in general, the optimal control does not exist. We define

Is(x0; ξ0, ξT , ξ) = inf
u∈U

Js(x0;u) .

The most important case in the applications to singular control systems is when the
reference signals are equal to zero. In this case we use the simpler notation Is(x0).

It is convenient to introduce the following additional notation:
• The solution of (1) (initial time is s and initial value x0) is denoted

x(t; s, x0, u).
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• When it exists, the optimal control on [s, T ] which corresponds to the initial
condition x0 (at the initial time s) is denoted u+

s (·;x0). The corresponding
optimal trajectory is x+

s (·;x0). We shall see uniqueness of the optimal control,
so that the notation is unambiguous.

• An optimal pair is the pair of an optimal control and the corresponding
trajectory for a given initial condition x0 at the initial time s.

• In order to use lighter notation, the index s is omitted in those sections in
which s is kept fixed, i.e., s = 0 without restriction; hence we shall write
J(x0;u) instead of Js(x0;u), and similarly we shall write x+(·;x0), u

+(·;x0),
I(x0; ξ0, ξT , ξ), I(x0).

The organization of the paper is as follows. In section 2 we present two appli-
cations of the problem we are studying and we derive a preliminary characterization
of the optimal controls. We shall see that optimal controls will exist only for special
initial conditions. But, the infimum of the cost is always finite (and nonnegative).
The properties of the infimum are studied in section 3, where it is proved that the
infimum is always a continuous quadratic form of the parameters x0, ξ0, ξT in X and
ξ(·) in L2(s, T ;X). The infimum of the cost as a function of the initial time s ≥ 0 is
studied in section 3.2. If, in particular, T0 ≥ T = τ0, we prove that the infimum of
the cost is a continuous function of the initial time. With the application to singular
systems in mind, this should be contrasted with the result in [3], where it is proved
that when the cost is singular but the system is regular, the infimum of the cost is not
a continuous function of the “initial time” s; it is an upper semicontinuous function
of s.

In section 4 we concentrate on the problem which is most important for the
applications to singular systems, that is, the problem with τ0 = T < T0 and reference
signals equal to zero. Also in this case the optimal control exists only for suitable initial
conditions. The set O of the optimizable initial conditions and the corresponding
optimal controls are characterized in section 4, where we also clarify the relation of
the optimal control with the Riccati equation. A noteworthy result is that the set of
the optimizable initial conditions is a closed subspace of X which is characterized as
the kernel of a continuous linear operator.

2. Examples, applications, and the optimal control. We present two ex-
amples in this section which justify our study. We then characterize the optimal
controls and we see that, for a given x0, the optimal control, now characterized by
a “multipoint problem,” in general does not exist. This justifies our analysis of the
properties of the infimum of the cost.

2.1. An identification problem. This example is taken from [1]. In appli-
cations, delay systems are often used as simple models of more complex distributed
parameter systems. Let a signal ỹ be measured and let us assume that we guessed a
delay system

(5) y′ = Ay + By(t− h)

(y ∈ R
n) which could be used as an approximation of the device which produces ỹ.

The solution y depends on the initial condition φ(·), y(t) = φ(t), t ∈ [−h, 0) and the
approximation is “tuned” by choosing φ in the “best possible” way. In [1] the index
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to be minimized for the choice of φ is a quadratic index,

α

2

∫ 0

−h
||φ(t) − φ̃(t)||2 dt +

1

2

∫ T

0

||y(t) − ỹ(t)||2 dt

+
β

2
||φ(0) − φ̃(0)||2 +

γ

2
||y(0) − ỹ(0)||2 .(6)

We show that the previous problem fits into the framework described in section
1. First of all we rewrite (5) as

(7) y′ = Ay + By(t− h) + Bu(t) , y(t) = 0 if t < 0 , y(0) = y0 .

Note that y(t) = 0 for t < 0 since the action of the initial condition φ(·) on [−h, 0) is
taken into account by the “control” u which is

u(t) =

{
φ(t− h) if t ≤ T0 = h,
0 if t > T0 = h .

Note that the introduction of T0 is now required by the very essence of the prob-
lem: The initial condition φ acts only on a time interval of length h: T0 = h.

After that, we use a standard idea in order to represent the system as a semigroup
system on the Hilbert space M2 = R

n × L2(−h, 0; Rn). We refer to [2, 5] for the
technical details and we informally present the idea which leads to this representation:
We note that y(t− h) = θ(t,−1) if θ(t, s) solves

θt = θs , θ(t, 0) = y(t) .

Combining this equation and (7) suggests the introduction of the following operators:

B : R
n → M2, Bu =

[
B
0

]
u,

and A from M2 to itself,

domA =

{[
y
θ

]
, θ ∈ W 1,2(−h, 0; Rn) , θ(0) = y

}
, A

[
y
θ

]
=

[
Ay + Bθ(−h)

θ′(s)

]
.

It is possible to prove that the operator A generates a C0-semigroup on M2 and that
a solution Y (t) = col

[
y(t) θ(t, ·)

]
of

(8) Y ′ = AY + Bu , Y (0) =

[
y0

0

]

has the form Y (t) = col
[
y(t) y(t + s)

]
, s ∈ (−h, 0), if and only if y(t) solves (7).

Hence, the pair of the quadratic cost (6) and system (8) gives an optimization problem
of the same form as described in section 1, when the reference signal φ̃(t) is zero.
The presence of the reference signal φ̃(t) to the control u, as in the cost (6), is not
really a more general problem than that described in section 1 since if we replace
v(t) = u(t) − φ̃(t), then x(t) is replaced by

x(t) + ξ1(t) , ξ1(t) =

∫ t

0

eA(t−s)Bφ̃(s) ds,
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and ξ1(t) can be absorbed by the reference signals ỹ(t) for the state function.
A more interesting observation is in the next remark.
Remark 2. Let us consider the case that there are signals that y(τ0) and y(T )

should track, which do not belong to imG; i.e., for example, we want the intermediate
penalization at τ0 to have the form ||Gu(τ0) − ω||2 and ω to not be in the closure of
the image of G. In this case it is not possible to replace Y with the closure of imG;
i.e., the condition kerG∗ = 0 is restrictive in this case.

2.2. Application to singular systems. Let m(x) be a continuous nonnegative
function defined on a Jordan region Ω bounded by a smooth curve, for example, of class
C2 (as we are giving an example, we don’t need to use the most general assumptions).

We explicitly assume that m(x) is zero on a subset of Ω of positive measure, so
that the following equation is degenerate:

(9)
∂

∂t
[m(x)η(t, x)] = Aη + Bu .

The operator A is the Laplacian on Ω, with Dirichlet homogeneous conditions, and
Bu is given by

Bu =

m∑
j=1

bjuj , bj ∈ H−1(Ω) .

Hence, the control is finite dimensional,

u = col
[
u1 u2 . . . um

]
, m ≥ 1.

A regularity assumption on the vectors bj is shown below.
We impose the initial condition

lim
t→0+

m(x)η(t, x) = m(x)η0(x) , η0 ∈ H1
0 (Ω) .

The cost functional most often associated to the problem under study is the
cost (2) with τ0 = T < T0 and reference signals equal to zero, i.e., a functional of the
form

(10)

∫ T

0

[
||Qη(t)||2 + ||u(t)||2

Rm

]
dt + ||η(T )||2

(see below for the norms used).
Let M be the multiplication operator by m(x). It is proved in [7, 8] that

(11) ||M(λM −A)−1||L(H−1(Ω)) ≤
C

1 + |λ| , �e λ ≥ 0 .

This inequality and the fact that A−1 ∈ L(H−1(Ω), H1
0 (Ω)) suggest that we

choose H−1(Ω) as a space for the solution η and for the vectors bj . Hence, Q must be
a continuous function on H−1(Ω) and, for definiteness, we assume that it takes values
in H−1(Ω). Hence, the norms of Qη(t) and η(T ) in (10) are the norms of H−1(Ω).

Let us introduce the operator T = MA−1 and let us split

X = (ker T ) ⊕
(

(imT )
)
.
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Note that this decomposition is nontrivial when the multiplication operator M has
a nontrivial kernel, i.e., in the case that m(x) is zero on a subset of Ω of positive
measure, as we assumed.

We shall assume the following regularity assumption on the vectors bj : The vec-
tors bj belong to (ker T ) ⊕ (imT ).

Using condition (11), it is possible to prove that the restriction T̃ of T to [(imT )]
has an inverse (let it be denoted T̃ −1), which generates a holomorphic semigroup.

Let P denote the projection of X onto ker T along [(imT )]. Then, it turns out
that the system can be split as{

x′ = T̃ −1x + T̃ −1(I − P )Bu ,
y(t) = −PBu.

In order to see this, we perform the following transformation: We define

x̃ = Aη

so that our equation takes the form

d

dt
(T x̃) = x̃ + Bu, i.e.,

⎧⎨
⎩

d

dt

(
T̃ (I − P )

)
x̃ = (I − P )x̃ + (I − P )Bu,

0 = Px̃ + PBu .

We now introduce

x = (I − P )x̃ , y = Px̃ .

We get a (nontrivial) system of the form (1) when PB �= 0.
Now we choose the space Y . We note that the equations force y = Px̃ = −PBu

to belong to the finite dimensional subspace (imPB) ⊆ imP of H−1(Ω). So, we shall
take this finite dimensional subspace as the output space Y . The reason for this will
appear below.

We examine the effects of these transformations on the cost functional (10).
We replace η = A−1[x + y], y = −PBu, in the quadratic cost. Norms and inner

products being taken in H−1(Ω), we obtain

||η(T )||2 = ||A−1x(T )||2 + 2〈A−2x(T ), y(T )〉 + ||A−1y(T )||2

= ||A−1x(T )||2 − 2〈A−2x(T ), PBu(T )〉 + 〈A−2PBu(T ), PBu(T )〉.

Analogously we find that ||Qη(t)||2 takes the following form, where Z =
(QA−1)∗QA−1:

〈Zx, x〉 − 2〈ZBu, x〉 + ||QA−1Bu||2 .

We get the form of the functionals examined in Remark 1, where we have seen
that this seemingly more general functional can be reduced to the form (2).

The system in the form we have obtained does not seem to fit the assumptions in
this paper since M22 = P ∗A−2P is not a coercive operator. However, we did not yet
use the fact that y is forced to belong to the finite dimensional space Y . Taking this
into account, coercivity can be recovered. Let R denote restriction to Y , HRy = Hy
for every y ∈ Y , and every operator H defined on a linear space which contains Y .
Then

〈P ∗A−2Py(T ), y(T )〉 = 〈R∗P ∗A−2PRy(T ), y(T )〉



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

QUADRATIC REGULATOR, INVERSE AND SINGULAR PROBLEMS 775

(an analogous operation is performed on the mixed term of the inner product which
defines ||η(T )||2). Hence,

M22 = R∗P ∗A−2PR .

This is now a selfadjoint positive operator on a finite dimensional space, whose kernel
is 0, because y ∈ Y takes values in imP , y = Ph, so that

PRy = PPh = Ph = y

and of course A−2 is boundedly invertible. Hence, M22 is coercive, as wanted.

2.3. The optimal control. In this section, s is a fixed value so that we put
s = 0 without restriction and we don’t explicitly indicate the dependence on s. An
optimality condition is easily obtained, provided that the optimal control exists. We
present this condition now and we deduce that in general the optimal control does
not exist. This justifies our interest in the properties of the infimum of the cost.

Let the optimal control u+(·;x0) exist for a fixed initial condition x0. As x0 is
now fixed, we shall simply denote it as u+, and x+ is the corresponding trajectory.
Moreover, we introduce the error e+(t) = x+(t)−ξ(t). If t = τ0 or t = T , we introduce
e+
τ0 = x+(τ0) − ξ0, e

+
T = x+(T ) − ξT . In general, these vectors are not the values of

e+(t) for t = τ0 or t = T .
We compute the Gâteaux derivative of the cost at u+. Standard computations

give that the following conditions must hold:

∫ T

0

〈u+(t) + B∗p0(t) + B∗eA
∗(T−s)[M11e

+
T + M12Gu+(T )], v(s)〉 ds

+

∫ τ0

0

〈B∗eA∗(τ0−s)[M̃11e
+
τ0 + M̃12Gu+(τ0)] , v(s)〉 ds = 0(12)

and {
〈G∗M̃22Gu+(τ0) + G∗M̃∗12e

+
τ0 , v(τ0)〉 = 0,

〈G∗M22Gu+(T ) + G∗M∗12e
+
T , v(T )〉 = 0,

(13)

where

p0(t) =

∫ T

t

eA
∗(s−t)Qe+(s) ds .

Here v is every admissible input, i.e., every v ∈ U . From (13) we obtain that the
following conditions must hold (here we use kerG∗ = 0. If this condition does not
hold, then the equalities below are replaced by inclusions in kerG∗ of the values taken
by suitable functions):

(14)

{
M̃22Gu+(τ0) = −M̃∗12e

+
τ0 if T0 > τ0,

M22Gu+(T ) = −M∗12e
+
T if T0 > T .

Condition (12) shows that the optimal control might be discontinuous at τ0 and the
following relations must hold:

(15) u+(t) = −B∗p(t), 0 ≤ t ≤ T0 , u(t) = 0, t > T0,
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where

p(t) = p0(t) + 1(τ0 − t)eA
∗(τ0−t)

{
M̃11e

+
τ0 + M̃12Gu+(τ0)

}
+ eA

∗(T−t) {M11e
+
T + M12Gu+(T )

}
.(16)

The function 1(t) is the Heaviside function, equal to 1 for t ≥ 0, and equal to 0
otherwise (used formally to say that the corresponding term does not appear if the
argument of 1 is negative; strictly speaking, in this case this term might be meaning-
less).

We can use the compatibility conditions (14) in order to replace Gu+(τ0) and
Gu+(T ) in this last expression, and we find

p(t) = p0(t) + 1(τ0 − t)eA
∗(τ0−t)

{
M̃11 − M̃12M̃

−1
22 M̃∗12

}
e+
τ0

+ eA
∗(T−t) {M11 −M12M

−1
22 M∗12

}
e+
T .

It is easily seen that when G = 0 and T0 > τ0 = T these condition are the usual
two-point problem for the proposed cost.

It is now possible to see that the optimal control does not exist, even in the
simplest cases. Let X = R, A = 0, B = 1, T0 = τ0 = T = 1. Let M22 = 1, M11 = 1,
M12 = 0, Q = 0, G = 1. Let the reference signals be zero. The optimality system
takes the form

ẋ = −p , x(0) = 1, ṗ = 0 , p(1) = x(1)

together with the “compatibility condition”

0 = M22Gu+(1) = −M22GB∗p(1), i.e., p(1) = 0 ,

which cannot be met since if p(1) = 0, then p(t) ≡ 0 and x(t) ≡ 1, in contrast with
the compatibility condition.

The previous relations have been derived as conditions which an optimal control
must satisfy. The converse holds; see the next theorem.

Theorem 3. If x0 is an optimizable initial condition, then the optimal control is
unique.

Let the functions x and p solve (1) and (16) when u is given by (15), and further-
more let conditions (14) be satisfied. Then, x0 is an optimizable initial condition and
the control u in (15) is the optimal control.

Proof. We prove uniqueness first. Let u1 and u2 be different optimal controls for
the same initial condition x0 and let v = [u1 + u2]/2. Then, Jint(x0; v) < Jint(x0;ui)
while Jfin(x0; v) ≤ Jfin(x0;ui) so that v gives a smaller value of the cost if u1 �= u2.
This is not possible, and thus u1 = u2.

The second part follows because if we replace u with u+v and the functions x, p,
and u satisfy the stated condition, we get a quadratic form in v, which has a minimum
when v = 0.

As we said already, this uniqueness result justifies the notation u+(t;x0) chosen
to denote the unique optimal control.

The infimum of the cost is always nonnegative. As the optimal control does not
exist, we construct a minimizing sequence {ûn}, i.e., a sequence such that J(x0; ûn)
converges to the infimum. We define

(17) ũ = arg min {Jint(x0;u) + 〈M11[x(T ) − ξT ], x(T ) − ξT 〉}
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(x̃ is the corresponding solution). Note that this functional is coercive in u(·) ∈
L2(0, T ;U) so that the minimum point exists and is unique.

Consider now

ỹτ0 = arg min Φ1
τ0(x̃(τ0), y) , ỹT = arg min Φ1

T (x̃(T ), y) .

The existence of the minima is clear since M̃22 and M22 are coercive, but the minima
do not belong to imG in general. As we assumed kerG∗ = 0, we can find sequences
{ûn

τ0} and {ûn
T } such that Gûn

τ0 → ỹτ0 and Gûn
T → ỹT . These sequences need not be

bounded. We choose a sequence {σn} such that σn||ûn
τ0 ||2 → 0, and σn||ûn

T ||2 → 0
and we define

(18) ûn(t) =

⎧⎨
⎩

ũ(t), t /∈ [τ0 − 1/σn, τ0 + 1/σn] ∪ [T − 1/σn, T ],
ûn
τ0 , t ∈ (τ0 − 1/σn, τ0 + 1/σn),

ûn
T , t ∈ [T − 1/σn, T ] .

It is easy to check that {ûn} is a minimizing sequence.
The limit of {ûn} exists in L2(0, T ;U) but in general is not the optimal control.
A robustness property of this minimizing sequence will be given in section 3.1.

3. The infimum of the quadratic cost. In this section the initial time s is
kept fixed, s = 0 for definiteness, and we study the dependence of I(x0; ξ0, ξT , ξ) =
Is=0(x0; ξ0, ξT , ξ) on the parameters x0, ξ0, ξT , ξ(·). We shall prove that I(x0; ξ0, ξT , ξ)
is a continuous quadratic form of its arguments, even in the case kerG �= 0; see
Remark 2 for the interest of this case.

We easily see that the following inequalities hold:

J(x0;u) ≥ ||u||22,

infu∈U J(x0;u) ≤ J(x0; 0) ≤ K
{
||x0||2 + ||ξ0||2 + ||ξT ||2 + ||ξ(·)||22

}
.

(19)

Here and below, || · || denotes the norms in the spaces X, U , or Y , while || · ||2 will be
used to denote the norm in either L2(0, T ;X) (as above) or in L2(0, T ;U). Moreover,
we have the following lemma.

Lemma 4. Let x0 be fixed and let {un} ∈ U be a minimizing sequence. The
sequences {Gun(τ0)} and {Gun(T )} are bounded.

Proof. The first inequality (19) shows that {un} is bounded in L2(0, T ;U) so that
the sequences {x(·;x0, un)}, {x(T ;x0, un)} are bounded, respectively, in C(0, T ;X)
and in X.

We prove boundedness of the second sequence {Gun(T )}. The first sequence is
treated analogously.

By contradiction, let lim ||Gun(T )|| = +∞. In this case,

2�e 〈xn(T ) − ξT ,M12Gun(T )〉 + 〈Gun(T ),M22Gun(T )〉

is unbounded since {xn(T )} is bounded and M22 is coercive. Hence, {un} cannot be
a minimizing sequence, which is a contradiction.

So, every minimizing sequence {un(·)} is bounded in L2(0, T ;U), and the se-
quences {Gun(τ0)}, {Gun(T )} are bounded in U . Weak compactness follows. How-
ever, U is not closed and we cannot use this observation to deduce the existence of the
minimum. In spite of this we have the following result, which shows the dependence
of the infimum on (x0, ξ0, ξT ) ∈ X3 and on ξ ∈ L2(0, T ;X).
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Theorem 5. The nonnegative functional I(x0; ξ0, ξT , ξ) is continuous and
quadratic; i.e., there exists P = P∗ ≥ 0, P ∈ L(X3 × L2(0, T ;X)) such that

I(x0; ξ0, ξT , ξ) = 〈(x0, ξ0, ξT , ξ),P(x0, ξ0, ξT , ξ)〉 .

Proof. For simplicity of notation, we give the proof in the case ξ0 = ξT = 0 and
ξ = 0. Hence, the infimum will be denoted I(x0). The proof can easily be repeated
in general; see also Remark 6.

In order to prove the theorem we must show that
1. the transformation x → I(x) is continuous;
2. the parallelogram identity holds for I(x);

see [9, section 9.2].
We prove continuity first. By contradiction, let there exist a sequence {xn} such

that

limxn = x0 , lim I(xn) �= I(x0) .

This means that there exists ε > 0 such that

either (1a) lim sup I(xn) > I(x0) + ε or (1b) lim inf I(xn) < I(x0) − ε .

We consider separately (1a) and (1b).
(1a) Let ũ be such that

|I(x0) − J(x0; ũ)| < ε

so that

lim sup I(xn) > J(x0; ũ) + ε/2 .

Hence, for a suitable subsequence still denoted {xn}, we have for every n

I(xn) > J(x0; ũ) + ε/3

and for every u ∈ U we have

J(xn;u) > J(x0; ũ) + ε/3 .

In particular when u = ũ,

J(xn; ũ) > J(x0; ũ) + ε/3 .

This cannot be since, with ũ fixed,

lim J(xn; ũ) = J(x0; ũ) .

Hence, case (1a) is impossible.
If (1b) holds, then we can find {un} such that

J(xn;un) < I(x0) − ε/2 < J(x0;un) − ε/2 .

As already noted, the sequences {un}, {Gun(τ0)}, and {Gun(T )} are bounded.
Hence, it is not restrictive to assume

un ⇀ ũ , Gun(τ0) ⇀ η̃ , Gun(T ) ⇀ η .
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Now we use the representation

(20) J(x0;u) = Jint(x0;u) + Jfin(x0;u)

as in (4). We have

J(xn;un) − J(x0;un) < −ε/2

so that (with xn(t) = x(t;x0, un))

− ε

2
>
{
Jint(xn;un) − Jint(x0;un)

}
(21)

+
{[
〈eAτ0xn, M̃11e

Aτ0xn〉 − 〈eAτ0x0, M̃11e
Aτ0x0〉

]
+2〈eAτ0(xn − x0), M̃11Λτ0un〉

+ 2〈eAτ0(xn − x0), M̃12Gun(τ0)〉
}

(22)

+
{[
〈eATxn,M11e

ATxn〉 − 〈eATx0,M11e
ATx0〉

]
+ 2〈eAT (xn − x0),M11ΛTun〉

+ 2〈eAT (xn − x0),M12Gun(T )〉
}
,(23)

where

Λtu =

∫ t

0

eA(t−s)Bu(s) ds .

The brace in (23) converges to zero because the sequences {un} and {Gun(T )}
are bounded and

limxn = x0 .

Analogously it is seen that the brace in (22) converges to zero.
The terms which contain solely un in the brace (21) cancel out and, as we noted,

xn → x0, un(·) ⇀ u0(·) so that the limit of the brace in (21) is zero. This is a
contradiction and proves continuity of I(x).

We now prove the parallelogram identity

I(x + y) + I(x− y) = 2 [I(x) + I(y)] .

It is known that the parallelogram identity holds for J :

J(x + y;u + v) + J(x− y;u− v) = 2 [J(x;u) + J(y; v)]

for every x, y in X and u, v in U .
We fix x and y and ε > 0 and choose ux and uy such that

J(x;ux) < I(x) + ε/2 , J(y;uy) < I(y) + ε/2

so that

J(x + y;ux + uy) + J(x− y;ux − uy) = 2J(x;ux) + 2J(y;uy) < 2 [I(x) + I(y)] + 2ε .

This proves the inequality

I(x + y) + I(x− y) ≤ 2 [I(x) + I(y)] .

We prove that the inequality cannot be strict. We prove that if ε satisfies

(24) I(x + y) + I(x− y) ≤ 2 [I(x) + I(y)] − ε,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

780 A. FAVINI AND L. PANDOLFI

then ε = 0.
If (24) holds, then we can find ũ and ṽ such that

J(x + y; ũ) + J(x− y; ṽ) ≤ 2 [I(x) + I(y)] − ε/2 .

We define

u0 =
ũ + ṽ

2
, v0 =

ũ− ṽ

2

so that

2 [J(x;u0) + J(y; v0)] = J(x + y;u0 + v0) + J(x− y;u0 − v0) ≤ 2 [I(x) + I(y)] − ε/2 .

However, we also have

I(x) + I(y) ≤ J(x;u0) + J(y; v0) ≤ [I(x) + I(y)] − ε/2 .

This shows ε = 0 so that the parallelogram identity holds.
The operator P is now constructed by polarization,

(25) 4〈x,Py〉 = I(x + y) − I(x− y) .

Remark 6. The previous proof can be repeated verbatim in the case when ξ(·),
ξ0, and ξT are not zero, but this is not really needed since the cost J does not
depends on these quantities separately but on the triple of the differences ( (Γx0)(·)−
ξ(·), (Γx0)(τ0)−ξ0, (Γx0)(T )−ξT ), where (Γx0)(t) = eAtx0. This triple can be chosen
as the “new parameter x0” in the previous proof. See Corollary 11 for a use of this
fact.

3.1. Robustness of the minimizing sequence. Also in this section the value
of the initial time s is kept fixed, s = 0, without restriction.

The nonexistence of the optimal control forces us in general to relay on minimizing
sequences, i.e., sequences {un} such that {J(x0;un)} converges to the infimum. Note
that, in general, a minimizing sequence is not convergent.

In this section we prove that the minimizing sequence constructed in (18) is robust
under perturbations, in the sense that we explain now.

In practice the parameters which define the cost, i.e., the reference signals and
the time τ0, are never exactly equal to their nominal value. The discrepancy between
the nominal and actual values of the parameters is usually modeled as follows: Let
ε ≥ 0 be a parameter whose nominal value should be 0, and let ξετ0 , ξ

ε
T , ξε, τ ε0 depend

continuously on ε (respectively, in X, L2(0, T ;X), and [0, T ]), with the nominal values
taken for ε = 0 (so, the exponent ε denotes functional dependence and not a power).

We recall the definition of ûn from (18) and denote by {ûε
n} the minimizing

sequence constructed as in (18), but for the case when the reference signals and
intermediate penalization time are those which correspond to a certain value ε > 0.
Let Jε, Jε

int, Φε
τε
0
, Φε

T be the functionals in (4), computed with the parameters which
correspond to the value ε ≥ 0.

We compare the values of J(x0; ûn) and J(x0; û
ε
n) and prove that J(x0; û

ε
n) ap-

proximates I(x0; ξ0, ξT , ξ) when n is large and ε sufficiently close to zero.
In this sense we say that the construction of the minimizing sequence is robust

under the action of the perturbations.
We prove the following.
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Theorem 7. Let δ > 0. There exists ηδ > 0 such that if 0 ≤ ε < ηδ, then we
have

(26) ||J(x0; ûn) − Jε(x0; û
ε
n)|| < δ .

Proof. As a preliminary observation we note that if ηε depends continuously on ε
and M is fixed and coercive, the minimum point vε of

〈Mv, v〉 + 〈ηε, v〉 , i.e., vε = −M−1ηε,

is a continuous function of ε. Also the minimum value is a continuous function of ε.
We apply to the perturbed data the construction for the minimizing sequence

described in section 2.3. The construction is in two steps. In the first step we use (17)
and construct ũε. This does not depend on n; it is a continuous function of ε, and
also the corresponding solution x̃ε(·) is a C(0, T ;X) continuous function of ε thanks
to the observation above. Moreover,

{Jε
int(x0; ũ

ε) + 〈[x̃ε(T ) − ξεT ],M11[x̃
ε(T ) − ξεT ]〉}

is a continuous function of ε. Hence, in order to prove the theorem it is sufficient to
consider the remaining terms.

We consider sequences {ûε,n
τ0 } and {ûε,n

T } and σε
n such that for every ε, we have

lim
n

Gûε,n
τ0 = ỹετ0 , lim

n
Gûε,n

T = ỹεT ,

and σε
n such that for each ε fixed, we have

lim
n

σε
n||ûε,n

τ0 ||2 = 0 , lim
n

σε
n||û

ε,n
T ||2 = 0 .

We then define ûε
n(t) with a formula analogous to (18). Thanks to the choice of σε

n,
the contribution to the cost of the restriction of ûε

n(t) to the intervals (τ ε0−σε
n, τ

ε
0 +σε

n)
and (T − σε

n, T ] tends to zero uniformly with respect to ε so that we have (26).

3.2. The function s → Is(x0; ξ0, ξT , ξ). In this section the parameters x0,
ξ0, ξT , ξ are kept fixed while s varies on the interval [0, T ]. We are going to study the
regularity properties of the function s → Is(x0; ξ0, ξT , ξ).

We recall that x(t; s, x0, u) is the solution of (1).
We need the following lemma, which is analogous to Lemma 4.
Lemma 8. Let sn → χ̂ and let {un} be a sequence in L2(sn, T ;U) such that

Jsn(x0;un) < β (β is a fixed number). Then the sequences {Gun(τ0)} and {Gun(T )}
are bounded (of course the sequence {Gun(τ0)} is considered only if χ̂ ≤ τ0).

Proof. We see from (19) that {un} is a bounded sequence in L2(0, T ;U) so
that the sequence {x(T ; sn, x0, un)} is bounded in X. The result now follows as
in Lemma 4.

Theorem 9. The function s → Is(x0; ξ0, ξT , ξ) is continuous for every x0 and
s �= τ0. For s = τ0, it is left continuous and upper semicontinuous from the right.

Proof. As above, we prove the result for Is(x0). The general case when ξ0, ξT ,
and ξ(·) are nonzero is completely analogous. We prove separately upper and lower
semicontinuity at every χ̂ ∈ [0, T ], χ̂ �= τ0. The arguments we present hold also for χ̂ =
τ0 but only from the left, while only the argument concerning upper semicontinuity
holds at τ0 from the right.
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We prove first

lim sup
s→χ̂

Is(x0) ≤ Iχ̂(x0) .

Let us fix α > Iχ̂(x0). We prove

lim sup
s→χ̂

Is(x0) ≤ α .

Let u satisfy

Iχ̂(x0) < Jχ̂(x0;u) < α .

Now we distinguish the two limits for s → χ̂+ and s → χ̂−.
If s → χ̂+, we use

x(t; s, x0, u) =

{
eA(t−s)x0 +

∫ t

s

eA(t−r)Bu(r) dr

}
−→ x(t; χ̂, x0, u)

uniformly on every [r, T ], r > χ̂, and it remains bounded. Hence,

lim
s→χ̂+

Js

(
x0;u|[s,T ]

)
=

{
Jχ̂(x0;u), χ̂ �= τ0,
Jτ0(x0;u) − Φτ0(x(τ0), u(τ0)), χ̂ = τ0 .

In both cases, the expression on the right-hand side is less than or equal to Jχ̂(x0;u) ≤
α.

For every s, we have

Is(x0) ≤ Js

(
x0;u|[s,T ]

)
.

Hence, we have

lim sup
s→χ̂+

Is(x0) ≤ α .

Analogously, let s → χ̂−. The input u is as above, and for every s we introduce
us:

us(t) =

{
u(t) if t > χ̂,
u(τ0) if s < t < χ̂

so that we still have

lim
s→χ̂−

x(t; s, x0, u) = x(t; χ̂, x0, u) .

The limit is uniform on [χ̂, T ]. The result follows as above (and we don’t need to
single out the case χ̂ = τ0).

We prove now lower semicontinuity,

lim inf
s→χ̂

Is(x0) ≥ Iχ̂(x0) .

We prove this for χ̂ �= τ0, and when χ̂ = τ0 we prove the result only for the left limit.
We choose any β and β′ such that β < β′ < Iχ̂(x0) and we prove

lim inf
s→χ̂

Is(x0) ≥ β .
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By contradiction, let lim infs→χ̂ Is(x0) < β and let sn → χ̂, {un} be sequences such
that

Jsn(x0;un) < β′ .

If χ̂ = τ0, we assume sn < τ0. Lemma 8 shows that {un(·)} is bounded in L2(0, T ;U)
and that {Gun(τ0)}, {Gun(T )} are bounded. We first consider the case s → χ̂−. We
shall prove below that

(27) |Jχ̂(x0;un) − Jsn(x0;un)| −→ 0 .

Accepting this, there exists Nε such that for n > Nε we have

Iχ̂(x0) ≤ Jχ̂(x0;un) < β′

and this is a contradiction because we assumed β′ < Iχ̂(x0).
In order to complete this argument, we give an estimate of the absolute value

in (27) (recall s → χ̂−). We represent

Jχ̂(x0;un) − Jsn(x0;un)(28)

=

∫ T

χ̂

{〈[
x(t; χ̂, x0, un)

un(t)

]
, Q

[
x(t; χ̂, x0, un)

un(t)

]〉
+ |un(t)|2

}
dt(29)

+ Φτ0(x(τ0; χ̂, x0, u), u(τ0)) + ΦT (x(T ; χ̂, x0, u), u(T ))

−
∫ T

sn

{〈[
x(t; sn, x0, un)

un(t)

]
, Q

[
x(t; sn, x0, un)

un(t)

]〉
+ |un(t)|2

}
dt(30)

−Φτ0(x(τ0; sn, x0, u), u(τ0)) − ΦT (x(T ; sn, x0, u), u(T )).

Now we represent the sum of the integrals in (29) and in (30) as

∫ T

χ̂

=

∫ χ̂

sn

+

∫ T

χ̂

.

We note that the quadratic terms which contain only un cancel out. Boundedness of
the integrand (in the square norm) proves that the first integral on the right-hand side
converges to zero. The second integral converges to zero because {un} is bounded in
L2(0, T ;U), while

||x(·; χ̂, x0, un) − x(·; s, x0, un)||2

converges to zero uniformly.
Analogous arguments prove that the contributions of the final and intermediate

costs, represented by the Φ’s, tend to zero. We stress the fact that the purely quadratic
terms in u(·), Gu(τ0), and Gu(T ) cancel out.

If sn → χ̂+, an analogous argument holds, provided that χ̂ �= τ0, by using

ũn(t) =

{
un(t) if sn ≤ t ≤ T,
0 if χ̂ ≤ t ≤ sn .

We cannot repeat this last argument for χ̂ = τ0 because if s > τ0, the contribution of
Φτ0 is not accounted for.
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Note that the condition kerG∗ = 0 has not been used in the previous proof and
that the previous result holds for every T0. Of course, if T0 < τ0, the control is not
penalized at τ0 and we have continuity also at τ0.

Moreover, we have the following.

Corollary 10. Let τ0 = 0. The function s → Is(x0) is continuous on (0, T ].

Corollary 11. Let τ0 < T . We have that IT (x0) is a quadratic function of
(x0 − ξT ); i.e., there exists N = N∗ ≥ 0 in L(X) such that

(31) IT (x0) = inf
u

〈[
x0 − ξT
Gu

]
, M

[
x0 − ξT
Gu

]〉
= 〈(x0 − ξT ), N(x0 − ξT )〉 .

We note that G∗M22G is not assumed coercive, so that the infimum in (31) is not
generally a minimum or realized by a unique minimum point. However, we note the
following.

Lemma 12. Let x0 be an optimizable initial condition. Then, the optimal control
is unique. Furthermore, if the optimal control u+(·;x0) ∈ U exists for the initial
condition x0, then we have

(32)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u+(τ0;x0) = arg minu∈U

〈[
x+(τ0;x0)

Gu

]
, M̃

[
x+(τ0;x0)

Gu

]〉
,

u+(T ;x0) = arg minu∈U

〈[
x+(T ;x0)

Gu

]
, M

[
x+(T ;x0)

Gu

]〉
.

Proof. Unicity was already proved in Theorem 3. Conditions (32) might be proved
from (13). Instead, we give an independent proof. We consider the optimal control
and t = T . We recall that u(·) → x(·;x0, u) is a linear continuous transformation
from L2(0, T ;U) to C(0, T ;X). By contradiction, u(·) does not satisfy the second
condition in (32). Then, we can find ũ0 ∈ U such that

〈[
x+(T ;x0)

Gũ0

]
, M

[
x+(T ;x0)

Gũ0

]〉
<

〈[
x+(T ;x0)
Gu+(T )

]
, M

[
x+(T ;x0)
Gu+(T )

]〉
−ε0, ε0 > 0 .

We change the definition of u+(·) in a short time interval [T − σ, T ],

ũ(t) =

{
u+(t;x0) if t < T − σ,
ũ0 if T − σ ≤ t ≤ T .

Clearly we can find σ so small that

|Jint(x0, ũ) − Jint(x0, u
+)| < ε0/8 ,∣∣∣∣

〈[
x+(T ;x0)

ũ0

]
, M

[
x+(T ;x0)

ũ0

]〉
−
〈[

x(T ;x0, ũ)
ũ0

]
, M

[
x(T ;x0, ũ)

ũ0

]〉∣∣∣∣ < ε0/8

so that

J(x0; ũ) < J(x0;u) − ε0/2 .

Hence, u(·) is not the optimal control of x0. The proof of the first equality in (32) is
similar.
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4. Optimal control, Riccati equation, and dissipation inequality. In this
section we consider the case which is most important for the applications to singular
systems, T0 > τ0 = T , and zero reference signals. The initial time of interest is s = 0,
but we shall use dynamic programming arguments so that we have to consider also
the general case s ∈ [0, T ): If x0 is optimizable with initial time 0, then dynamic
programming shows that the restriction of u+(t;x0) to [s, T ] is optimal for the “initial
condition” x+(s;x0) assigned at the initial time s. Moreover, we recall from section
3.2:

(33) Is(x0) = 〈P (s)x0, x0〉 and P (s) = P ∗(s) ∈ L(X ), P (s) ≥ 0.

Due to the fact that reference signals are now equal to zero, we can derive the
properties of the functional Is(x0) using an auxiliary (standard) quadratic regulator
problem, and we can characterize the optimizable initial conditions and the optimal
controls.

We rewrite the characterization of the optimal controls in the special case we are
studying now: Theorem 3 takes the following form (the solutions of the differential
equations must be intended in the weak sense. In particular, p(t) is now a continuous
function).

Theorem 13. Let x0 ∈ X and let us consider the following two-point problem:

(34)

⎧⎪⎪⎨
⎪⎪⎩

x(0) = x0,
ẋ = Ax(t) + Bu , u(t) = −B∗p(t),
ṗ = −A∗p−Qx,
p(T ) =

{
M11 −M12M

−1
22 M∗12

}
x(T ),

and let us consider the compatibility condition

(35) Gu(T ;x0) = −M−1
22 M∗12x(T ;x0) .

The initial condition x0 is optimizable if and only if problem (34) has a solution
(x(·), p(·)) such that the function u(t) = −B∗p(t) satisfies the compatibility condi-
tion (35). In this case, the function −B∗p(t) is the optimal control.

Now we note that the two-point problem (34) (without the compatibility condi-
tion (35)) is always solvable as follows.

Theorem 14. We have

(36) M11 −M12M
−1
22 M∗12 ≥ 0

so that the two-point problem (34) is solvable. Moreover, the vector x(T ) is a linear
and continuous function of x0.

Proof. The positivity condition (36) follows from M ≥ 0.
The two-point problem (34) (without the compatibility condition (35)) is the

two-point problem of the standard quadratic cost

(37) J̃s(x0;u) =

∫ T

s

{
〈Qx(t), x(t)〉 + 〈u(t), u(t)〉

}
dt + 〈Mx(T ), x(T )〉,

where (see the first line in (34)) the initial time is s = 0 and M = M11 −
M12M

−1
22 M∗12 ≥ 0 (below we shall write J̃(x0;u) when s = 0). This is our “aux-

iliary” cost function.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

786 A. FAVINI AND L. PANDOLFI

The functional (37) admits a unique optimal control ũ(t;x0) for every x0. Further-
more, if x̃(t;x0) is the optimal trajectory of x0, then the transformation x0 → x̃(t;x0)
is linear and continuous.

We use the last statement of the theorem as follows: The compatibility condi-
tion (35) can be written as

(38)
Lx(T ) = 0,
L = −M22GB∗

[
M11 −M12M

−1
22 M∗12

]
−M∗12 .

Hence, we have the following.
Theorem 15. The initial condition x0 is optimizable if and only if Lx(T ) = 0.

In particular, the set O of the optimizable initial conditions is a closed subspace of
X.

The second assertion follows since we already noted continuity of the transforma-
tion x0 → x(T ) when (x(·), p(·)) solves (34).

Of course, the optimal control ũ(t;x0) for J̃(x0;u) is given by

ũ(·;x0) = −B∗p(·) .

It always exists, while u+(·;x0) exists only if x0 is optimizable. The previous consid-
erations show the following.

Theorem 16. If x0 is optimizable, then ũ(·;x0) = u+(·;x0).
The Riccati equation is an important tool in the quadratic regulator problem.

Hence we now relate our problem to a differential Riccati equation. It is known that
the component p of the two-point problem (34) is expressed as

p(t) = P(t)x(t),

where P(t) solves the Riccati equation

d

dt
〈P(t)x, y〉 = −〈Ax,P(t)y〉 − 〈P(t)x,Ay〉 − 〈Qx, y〉

+ 〈B∗P(t)x,B∗P(t)y〉 ∀x , y ∈ domA ; P(T ) = M,

so that the optimal control of the auxiliary functional J̃(x0;u) in (37) is

(39) ũ(t) = −B∗P(t)x(t),

where x solves the closed loop equation

(40) ẋ =
(
A−BB∗P(t)

)
x , x(0) = x0 .

As we noted, this is also the optimal control of J(x0;u) when x0 is optimizable. Hence,
we have the next theorem.

Theorem 17. Let x0 be optimizable. Then, the optimal control has the feedback
form

u+(t;x0) = −B∗P(t)x+(t;x0) .

We recall that

(41) min
u∈L2(s,T )

J̃s(x0;u) = 〈x0,P(s)x0〉 , min
u∈L2(0,T )

J̃(x0;u) = 〈x0,P(0)x0〉 .
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Using this equality and the previous formulas which do depend on the assumption
kerG∗ = 0, we can now prove the next theorem.

Theorem 18. Let the reference signals ξ(·), ξ0, ξT be zero and let kerG∗ = 0.
For every s ∈ [0, T ], we have

(42) P (s) = P(s),

where P (s) is the operator of the quadratic form Is(x0).
Proof. We note that

J(x0;u) = J̃(x0;u) + {ΦT (x(T ;x0, u), u(T )) − 〈x(T ;x0, u),Mx(T ;x0, u)〉} ,(43)

M = [M11 −M12M
−1
22 M∗12] .

The cost J̃(x0;u) is the auxiliary cost defined in (37) and the brace is nonnegative.
Hence,

P (s) ≥ P(s) .

We use the same idea as that used to derive the minimizing sequence (18) in order
to prove that the inequality cannot be strict. We consider the optimal control ũ(t)
in (39) and, for every n, we define the sequence

un(t) =

{
ũ(t) if t < Tn,
un,T if Tn < t < T,

where un,T satisfies

||Gun,T − ỹ|| < 1

n
, where ỹ = arg min

〈[
x̃(T ; s, x0)

y

]
, M

[
x̃(T ; s, x0)

y

]〉
.

It is easily seen that letting Tn → T we have constructed a minimizing sequence for
J , so that the inequality cannot be strict.

Remark 19. The referees stimulated us to try to understand whether

(44) min
L2(0,T ;U)

J̃(x0;u) = inf
U

J(x0;u)

in every case. Combining equalities (33), (41), and (42), we see that (44) holds if
kerG∗ = 0. Taking into account the observation in Remark 2, it is interesting to see
that equality (44) does not hold in general if kerG∗ �= 0.

We present the following finite dimensional counterexample: T = 1 = τ0 < T0,
X = U = R, while Y = R

2. The system is

ẋ = u, y =

[
0
1

]
u,

and the cost is

J(x0;u) =

∫ 1

0

u2(s) ds +

〈[
x(1)
y(1)

]
,

⎡
⎣ 1 1 0

1 1 0
0 0 1

⎤
⎦[ x(1)

y(1)

]〉

(no intermediate penalization and F (x, u) = u2) so that M11 −M12M
−1
22 M∗12 = 0 and

the auxiliary cost is

J̃(x0;u) =

∫ 1

0

u2(s) ds .
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Of course the minimum of J̃ is zero for every initial condition x0. The original cost is

J(x0;u) =

∫ 1

0

u2(s) ds + x(1)2 + u(1)2

=

∫ 1

0

u2(s) ds +

[
x0 +

∫ 1

0

u(s) ds

]2
+ u(1)2 .

If the infimum is zero, then we must find a sequence {un} in L2(0, 1) such that

||un||L2(0,1) → 0 ,

∫ 1

0

un(s) ds → −x0 .

Of course this is possible only if x0 = 0. So the two functionals do not have the same
infimum if x0 �= 0.

It is interesting to note that x0 = 0 is the unique optimizable initial condition for
this problem.

We note that in this counterexample τ0 = T < T0; hence, the counterexample
is valid even in the case that the optimal control is characterized by the “usual”
two-point problem (plus the compatibility conditions at T ). In general the minimum
point of the functional J is characterized by the “multipoint” problem in section 2.3.
This problem is nonstandard, and we can interpret the results in this paper as a first
step toward a variational investigation of this nonstandard multipoint problem. In
this regard we note that the condition kerG∗ = 0 has not been used in the proofs of
Theorems 5 and 9.

The counterexample just presented shows that if kerG∗ �= 0, then the functional
J̃(x0;u) is not the relaxed functional of J(x0;u) (see [6] for the definition). Further
insight into our problem is given by the observation that if, instead, kerG∗ = 0, then
the relaxed functional of J(x0;u) is J̃(x0;u). In order to see this, it is sufficient to
note that the brace in (43) is nonnegative since the second addendum in that brace is

min

{〈[
x(T )
v

]
, M

[
x(T )
v

]〉
, v ∈ U

}
.

The minimum is realized by v = [−M−1
22 M∗12x(T )]. Now let û be any element in

L2(0, T ;U) and let x̂ = x(T ; û). Using the fact that kerG∗ = 0 we can con-
struct a sequence {un} in U which converges to û in L2(0, T ;U) and such that
Gun(T ) → [−M−1

22 M∗12x̂] so that when n → +∞ the brace, with this particular
sequence, converges to 0.

Finally, we prove that P (s), the operator of the quadratic form Is(x0), and any
input u are related by the usual dissipation inequality.

Theorem 20. For every s > s0 and every u ∈ U , we have
(45)

〈x(s; s0, x0, u), P (s)x(s; s0, x0, u)〉−〈x0, P (s0)x0〉+
∫ s

s0

F (x(r; s0, x0, u), u(r)) dr ≥ 0 .

Let x0 be an initial condition which admits the optimal control u+(·;x0). If
u+(·;x0) is replaced with u in (45), then equality holds for every s0 and every s > s0.

Conversely, let x0 be given and P (s) be a solution of the dissipation inequality,
which satisfies condition

〈x0, P (T )x0〉 = inf
v

〈[
x0

Gv

]
, M

[
x0

Gv

]〉
= 〈x0, Nx0〉
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(the operator N is the same one appearing in (31)). Let u(·) be an input such that
the dissipation inequality (with s0 = 0) holds as an equality along x(·;x0, u) and u(·)
and, furthermore, let u(T ) satisfy
(46)

u(T ) = arg minv∈U

〈[
x(T ;x0, u)

Gv

]
, M

[
x(T ;x0, u)

Gv

]〉
= 〈x(T ;x0, u), Nx(T ;x0, u)〉

(i.e., the second condition in (32)). Then, u(·) = u+(·;x0) is the optimal control of
x0.

This can be repeated for each initial time s0.
Proof. In fact, it is known from the theory of the (standard) quadratic regulator

problem that P(s) solves the dissipation inequality and that ũ is characterized as the
control which realizes equality in the dissipation inequality. Hence, the statement
follows from Theorems 18 and 16.

It is known that P(s) is maximal among the selfadjoint nonnegative operator
functions which solve the dissipation inequality. Hence, we have the following.

Theorem 21. Let P (s) be the operator of the quadratic form Is. Then, P (s)
is maximal among the nonnegative selfadjoint solutions of the dissipation inequality
which satisfy the final condition (31).

Remark 22. Following the suggestion of one referee, we derived Theorems 20
and 21 from the known properties of P(s) in order to stress the role of the auxiliary
cost J̃ . In view of the counterexample presented in Remark 19, we note that it is
possible to prove Theorems 20 and 21 from first principles, using arguments which
resemble those in [3], thanks to the fact that if x0 is optimizable, then the restriction
of u+(t;x0) to [s, T ] is optimal for the initial condition at s given by x+(s;x0). This
proof holds even if kerG∗ �= 0.

5. Conclusions. In this paper we have shown two applications which force us
to study a quadratic control problem which penalizes the value taken by the control
at the final time T and at an intermediate time τ0 (of course similar arguments can
be repeated if the values of the control at a finite number of intermediate instants are
penalized). An obvious approach to this problem is to assume that u ∈ W 12(0, T )
and to take as a “new control” the derivative u′ ∈ L2(0, T ;U). The examples we have
presented, however, show that the regularity assumption on u is not natural, and that
we must assume solely that u is square integrable.

The optimal control for the problem under study in general does not exist. We
characterized the initial conditions which admit an optimal control (which is unique)
and we characterized the optimal control in terms of a two-point problem and compat-
ibility conditions. In the important case that the reference signal is zero, we expressed
the optimal control in terms of a suitable Riccati equation.

The optimal control, however, in general does not exist. So, we studied the
value function and we proved that it is a continuous function of the initial datum
and the reference signal, and also a continuous function of the initial time, except
at the intermediate points at which the control is penalized. Moreover, we gave a
construction for a minimizing sequence and we proved that this construction is robust
with respect to the reference signal and the time at which the value of the control is
penalized.

Acknowledgments. We thank the referees for the careful reading of the paper,
which led to an improved presentation and, in particular, to a more precise analysis
of the role of the auxiliary cost function.
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Abstract. Open loop optimal control problems with linear hybrid (discrete/continuous) systems
embedded are often approximated as dynamic optimization problems. We propose a deterministic
global optimization algorithm for linear hybrid systems with varying transition times. First, the
control parametrization enhancing transform is used to transform the problem from a linear hybrid
system with scaled discontinuities and varying transition times into a nonlinear one with stationary
discontinuities and fixed transition times. Next, a theory is developed for constructing convex re-
laxations of arbitrary Bolza-type functionals subject to the transformed hybrid system. Finally, the
convex relaxations are utilized in a branch-and-bound framework to obtain the solution to ε global
optimality within a finite number of iterations.
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1. Introduction. Hybrid systems exhibit both discrete state and continuous
state dynamics and have become indispensable for modeling systems exhibiting dis-
continuities in their dynamics [4]. This article focuses on the global solution of a
specific class of dynamic optimization problems with linear time varying (LTV) hy-
brid systems embedded: problems in which the temporal sequence of modes is fixed,
but the transition times between modes are allowed to vary. This is motivated by the
fact that many practical problems can be expressed as open loop optimal control prob-
lems with hybrid systems embedded, which in turn can be approximated by dynamic
optimization problems with hybrid systems embedded [4]. The latter transformation
is carried out via control parametrization [29, 35], a partial discretization method
where the controls are approximated by a finite series of piecewise continuous basis
functions over the time horizon. The numerical solution of the resulting parameter
optimization problem can then be obtained to local optimality by iterating finitely
between the following subproblems:

1. An initial value (IVP) subproblem in which the hybrid system model is simu-
lated for given values of the real valued variables parameterizing the controls
using robust hybrid simulation technology, e.g., DAEPACK [37].

2. A nonlinear programming (NLP) Master problem that searches in the Eu-
clidean parameter space using function and gradient information furnished
by the IVP subproblem. Smoothness of the objective and constraint func-
tionals are crucial for the application of existing gradient based algorithms,
e.g., SNOPT [16].

Clearly, the practicality of such a method hinges on the existence and uniqueness
of the parametric sensitivities of the hybrid system (or the related adjoints), which are
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employed to calculate the gradients of the objective and constraint functionals used
by the Master problem [10, 38]. Sufficient conditions for the existence and uniqueness
of these sensitivities have been developed in [14], and these results indicate that the
sensitivity trajectories of a hybrid system will usually exist a.e. in the parameter
space. Subject to the key restriction that the temporal sequence of modes visited by
executions of the hybrid system is unchanged throughout the parameter space (the
timing of switches and jumps may still vary), the resulting Master NLP is smooth
under mild assumptions and existing gradient based methods may be used to find
local solutions [13, 3]. On the other hand, if the temporal sequence of modes varies
as a function of the optimization parameters, then most resulting Master NLPs will
exhibit some degree of nonsmoothness [13, 3]. These critical observations explicate the
requirement of fixing the sequence of modes, a key issue. The restriction to a fixed
sequence of modes reduces the embedded hybrid system to a multistage dynamic
system. The extension of classical control parametrization of single-stage dynamic
systems [29, 35] to multistage systems has been previously studied in [25, 39], where
gradient based solvers were used to obtain local solutions of the NLP Master problem.

More recent research in the hybrid systems community has focused on optimal
control problems where the switching times of an embedded hybrid system with a
fixed sequence of modes are allowed to vary. In [41], the timings of the transitions are
parameterized, and the gradients to the local NLP solver are obtained by solving the
Hamilton–Jacobi–Bellman (HJB) equations using a dynamic programming approach.
This problem (of determining the optimal switching times) constitutes the Stage 1
subproblem of a two stage optimization algorithm described in [42]. One of the meth-
ods presented in [42] involves obtaining the gradients of the participating functionals
through formulating the costate equations, and this is further expanded upon by a
different group of authors in [8], in which they derive the gradient of the cost func-
tional for an especially simple form (special structure on the costate equations; the
problem considered has no controls and has only the switching times as variables).
However, this body of research has only focused on obtaining local solutions to the
optimization problem (with no guarantees to the global optimality of the transition
times). In this respect this body of research proves to be very similar in vein to the
aforementioned work on multistage dynamic optimization.

In the context of global optimization, a deterministic branch-and-bound frame-
work has been developed for the global optimization of linear hybrid systems with
fixed transition times and a fixed sequence of modes [19]. This work has been ex-
tended to determine the optimal mode sequence using a mixed-integer optimization
approach [5]. The final, missing piece of the puzzle for linear hybrid systems is to ob-
tain the globally optimal switching times for a fixed sequence of modes. This problem
is difficult because it is inherently nonconvex (see, e.g., [5]).

Many current deterministic approaches for global optimization rely on the ability
to construct convex relaxations of the participating functionals, e.g., branch-and-
bound algorithms [17, 28] and decomposition algorithms (outer approximation and
generalized Benders decomposition) [12, 18, 15]. For static problems in mathematical
programming, these functionals are provided by the convex envelope, McCormick’s
composition technique [23], or αBB by Adjiman, et al. [1]. The extension to sys-
tems for optimal control problems is nontrivial and has only been recently developed
for both linear and nonlinear ODE systems [32, 34]. In addition, the extension to
linear hybrid systems has also only recently been proposed [19, 5]. Unfortunately,
these dynamic extensions can handle only problems for which the switching times are
fixed in the optimal control problem. Currently, no satisfactory method exists for



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

GLOBAL OPTIMIZATION WITH VARYING TRANSITION TIMES 793

constructing convex relaxations when the switching times are allowed to vary.
Bearing the aforementioned issues in mind, it is thus very desirable to have a

method for transforming a problem with variable switching times into one with fixed
switching times, which can then be solved using standard control parametrization al-
gorithms. The control parametrization enhancing transform (CPET) [20] is a natural
transform to use for this purpose. Unfortunately, this transformation comes with an
associated difficulty: the right-hand sides of the differential equations become mul-
tiplied by the enhancing control. Thus, the resulting dynamic system no longer has
the special structure exploited by methods specific to linear systems. While this is
not significant for local optimization, it poses a considerable obstacle for global op-
timization because global optimization of nonlinear dynamic systems is much more
challenging than that for linear systems. In this article, we will present an extension
of the methods proposed in [34, 19] to solve the transformed problem, establishing
a relaxation theory for the global optimization of general, nonlinear hybrid systems
with a fixed sequence of modes and fixed transition times, i.e., nonlinear multistage
systems with fixed switching times.

The rest of this article is organized as follows. Section 2 introduces the hybrid sys-
tem modeling framework. Section 3 presents the formulation of the problem. It also
includes a discussion on nonsmoothness of the problem when the objective function or
constraints are evaluated at fixed points in time, which has profound implications on
the type of discontinuities permitted in the dynamics of each mode. The transformed
problem is constructed in section 4, while the theory for solving the transformed prob-
lem is presented in section 5. Finally, section 6 contains some examples illustrating
the proposed approach, and section 7 concludes the article.

2. Hybrid systems: Notation. The modeling framework of [4] is used as a
basis to define the following hybrid system of interest.

Definition 2.1. The hybrid system considered is the 10-tuple H = (M, E , Tμ, σ1,
δ,p,x,F ,T 0,T ), where

• M = {1, . . . , nm}, 1 ≤ nm < +∞,
• E = {1, . . . , ne}, 1 ≤ ne < +∞,
• Tμ = {mi}i∈E , mi ∈ M ∀i ∈ E,
• σ1 ∈ R,
• δ ∈ Δ ⊂ R

ne
+ ,

• p ∈ P ⊂ R
np ,

• x : E × P × Δ × R → R
nx ,

• F : M× R
nx × P × Δ × R → R

nx ,
• T 0 : P × Δ → R

nx , and
• T : E \ {ne} × R

nx × P × Δ → R
nx .

The elements of M are called the modes of H. Tμ is called the hybrid mode
trajectory and is the discrete state variable of H. σ1 is the initial time. δ is the
vector of nonnegative durations, and p is the vector of parameters. x is the vector
of continuous state variables, and F is the vector field for x. T 0 are the initial
conditions, and T are the transition functions. E is the index set for the epochs,
which are defined in the following definition.

Definition 2.2. The hybrid time trajectory of H is a finite sequence of intervals
Tτ = {Ii}i∈E , where Ii = [σi, τi], τi = σi+δi for i ∈ E and σi = τi−1 for i = 2, . . . , ne.
The Ii are called epochs.

Definition 2.3. Consider the epoch Ii = [σi, τi] and its corresponding scaled
time interval Îi = [σ̂i, τ̂i] = [i− 1, i]. A scaled simple discontinuity occurring at time
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t ∈ Ii is one that occurs at a fixed (stationary) point s ∈ Îi such that

s− σ̂i

τ̂i − σ̂i
= s− i + 1 =

t− σi

τi − σi
.

It is clear from Definition 2.3 that there is a stationary simple discontinuity [32,
Definition 2.1] at s∗ in Îi iff there is a scaled simple discontinuity at t∗ in Ii.

We will impose the following assumptions to make the optimization problem (in-
troduced later) well posed:

A1. Δ = [δL, δU ] and P = [pL,pU ] are nondegenerate interval vectors. The
vector field F(m, ·) for each m ∈ M is affine in the continuous state variables x and
the parameters p so that for each epoch Ii∈E the continuous state variables evolve
according to the LTV ODE system

ẋ(i,p, δ, t) ≡ dx

dt

∣∣∣∣
i,p,δ,t

= A(m, δ, t)x(i,p, δ, t)+B(m, δ, t)p+q(m, δ, t) ∀t ∈ (σi, τi].

Moreover, for all (m, i, δ) ∈ M × E × Δ, A(m, δ, ·), B(m, δ, ·), and q(m, δ, ·) are
piecewise continuous on epoch Ii with a finite number of scaled simple discontinuities
and are defined at any point of discontinuity.

A2. The initial conditions T 0 are affine functions so that the initial conditions
for epoch I1 are given by

x(1,p, δ, σ1) = E(0)p + J(0)δ + k(0).

A3. The transition functions T (i, ·) for each i ∈ E \ {ne} are affine functions so
that the initial conditions for epochs Ii∈E\{1} are given by

(2.1) x(i,p, δ, σi) = D(i−1)x(i−1,p, δ, τi−1)+E(i−1)p+J(i−1)δ+k(i−1).

Definition 2.4. Given values for p and δ, the solution, or execution, of a hybrid
system H subject to assumptions A1–A3 is x(i,p, δ, t), t ∈ Ii, i ∈ E, where x(i,p, δ, t)
is the solution of the ODE system in A1 with initial conditions A2 if i = 1, and A3
otherwise.

We shall now describe an execution of the hybrid system in time. The finite
time horizon is partitioned into contiguous intervals called epochs. Starting from the
initial conditions given by T 0, the continuous state variables x(1,p, δ, ·) evolve in
time, t, according to the differential equations defined by the vector field F(m1, ·) for
a (possibly trivially zero) duration of δ1. At time τ1, a transition is made from mode
m1 to mode m2. The transition functions in (2.1) map the value of the continuous
state at τ1 in epoch I1 to an initial condition for epoch I2 at time σ2. The hybrid
system then evolves according to the differential equations defined by the vector field
F(m2, ·) for a duration of δ2, and so on and so forth. Note that for epoch Ii, the
system evolves continuously in time if δi > 0, and it evolves discretely by making an
instantaneous transition if δi = 0. We would like to emphasize that throughout this
article, the hybrid mode trajectory Tμ is known a priori and is fixed in the sense that
it is not a decision variable in the optimization problem.

Theorem 2.5. A solution x(i,p, δ, t), t ∈ Ii, i ∈ E to the hybrid system defined
by Definition 2.1 and assumptions A1–A3 exists and is unique for each (p, δ) ∈ P×Δ.

Proof. Consider any arbitrary (p∗, δ∗) ∈ P × Δ and the first epoch I1. Since
(p∗, δ∗) is fixed, the form of the LTV ODE system in the first epoch satisfies the
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nonhomogenous linear system in [6, Chapter 3, p. 74]. Hence, there exists a unique
solution of the hybrid system in the first epoch. At the transition to the second epoch,
the initial conditions for the second epoch are clearly bounded by (2.1). Thus, the
form of the LTV ODE system in the second epoch satisfies the nonhomogenous linear
system in [6, Chapter 3, p. 74]. Therefore, a unique solution of the hybrid system in
the second epoch exists. By induction, a unique solution of the hybrid system exists
for all epochs Ii∈E . Since (p∗, δ∗) was arbitrary, we obtain the desired result.

Remark 2.6. It is possible to transcribe a problem in which σ1 is a decision
variable bounded by the interval [σL

1 , σ
U
1 ] into one where the initial time is fixed by

prepending an additional mode to the hybrid system:
1. Introduce a new mode m0.
2. Increase the number of durations (and epochs) by one, δ† = (δ0, δ), where

δ0 ∈ [0, σU
1 − σL

1 ].
3. The new mode trajectory becomes T †μ = m0, Tμ.
4. The dynamics of the initial mode m0 is given by ẋ(t) = 0 with initial condi-

tions x(0,p, δ†, σL
1 ) = E(0)p + J(0)δ + k(0).

5. The transition from mode m0 to m1 occurs at σL
1 + δ0 with state continuity

as the transition function, x(1,p, δ†, σ1) = x(0,p, δ†, σL
1 +δ0) (state continuity means

that the state variables are continuous at the transition, i.e., the transition function
is the identity mapping).

Remark 2.7. In general, it is very difficult to characterize the exact image of
P ×Δ in the solution of the hybrid system (the implied state bounds in [32, 19]) when
the transition times are varying (i.e., the durations of the epochs are decision variables
in the optimization problem), thus we will work with relaxations of the image set.

Definition 2.8 (implied state bounds). Define the following convex sets for all

i ∈ E, where Si ≡ [σ1 +
∑i

j=1 δ
L
j , σ1 +

∑i
j=1 δ

U
j ]. For any fixed t ∈ Si,

X(i, t;P,Δ) ≡ [xL(t),xU (t)] | xL(t) ≤ x(i,p, δ, t) ≤ xU (t) ∀(p, δ) ∈ P × Δ.

In addition, X(i, P,Δ) ≡ [xL,xU ] | X(i, t;P,Δ) ⊂ [xL,xU ] ∀t ∈ Si.

3. Problem formulation. Consider the following problem.
Problem 3.1.

min
p∈P,δ∈Δ

F (p, δ) =

ne∑
i=1

⎧⎨
⎩

nφi∑
j=1

φij

(
x(i,p, δ, αij(δ)),p, δ

)
+

∫ τi(δ)

σi(δ)

fi
(
x,p, δ, t

)
dt

⎫⎬
⎭ ,

subject to the following point and isoperimetric constraints,

G(p, δ) =

ne∑
i=1

⎧⎨
⎩

nηi∑
j=1

ηij

(
x(i,p, δ, βij(δ)),p, δ

)
+

∫ τi(δ)

σi(δ)

gi

(
x,p, δ, t

)
dt

⎫⎬
⎭ ≤ 0,

where x(i,p, δ, t) is given by the solution of the embedded hybrid system in Definition
2.1 subject to assumptions A1–A3; fi and gi are piecewise continuous mappings fi :
X(i, P,Δ) × P × Δ × Si → R and gi : X(i, P,Δ) × P × Δ × Si → R

nc for all
i ∈ E, where only a finite number of scaled simple discontinuities are allowed; nφi

is an arbitrary number of scaled point objectives in epoch Ii, αij(δ) ∈ Ii such that

αij(δ) = σi + δi(α̂ij − i+ 1) for some fixed α̂ij ∈ Îi, and φij is a continuous mapping
φij : X(i, P,Δ) × P × Δ → R for all j = 1, . . . , nφi and i ∈ E; and nηi is an
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arbitrary number of scaled point constraints in epoch Ii, βij ∈ Ii such that βij(δ) =

σi + δi(β̂ij − i + 1) for some fixed β̂ij ∈ Îi, and ηij is a continuous mapping ηij :
X(i, P,Δ) × P × Δ → R

nc for all j = 1, . . . , nηi and i ∈ E. Additionally, we require
that the set G = {(p, δ) ∈ P × Δ | G(p, δ) ≤ 0} is nonempty.

Remark 3.2. Problem 3.1 is a finite dimensional optimization problem in the Eu-
clidean space P ×Δ. Under the control parametrization framework (see, e.g., [29, 35])
the function and gradient information for the objective and constraint functionals are
furnished by the solution of the embedded hybrid system as an IVP. More specifically,
it is easy to show that Problem 3.1 encompasses open loop optimal control problems
where the controls, u, appear linearly in the dynamics of the system

ẋ(i,p, δ, t) = Ã(m, δ, t)x(p, δ, t) + B̃(m, δ, t)p + C̃(m, δ, t)u(p, δ, t) + q̃(m, δ, t)

for all i ∈ E , where Ã(m, δ, ·), B̃(m, δ, ·), C̃(m, δ, ·), and q̃(m, δ, ·) are piecewise
continuous on epoch Ii with a finite number of scaled simple discontinuities and
defined at any point of discontinuity for all (m, i) ∈ M × E ; and the bounded real
valued controls are parameterized linearly:

u(p, δ, t) = S̃(m, δ, t)p + ṽ(m, δ, t),

uL(t) ≤ u(p, δ, t) ≤ uU (t) ∀t ∈

⎡
⎣σ1, σ1 +

ne∑
j=1

δUj

⎤
⎦ ,

where uL(t) and uU (t) are known bounds on the control variables u(p, δ, t) that define
the set U , and S̃(m, δ, ·), ṽ(m, δ, ·) are piecewise continuous on epoch Ii with a finite
number of scaled simple discontinuities and defined at any point of discontinuity for all
(m, i) ∈ M×E . Note that the latter parametrization of the control variables includes
the cases where the controls are approximated by piecewise Lagrange polynomials,
e.g., piecewise constant, linear, or quadratic approximations.

Remark 3.3. It is possible to cast the optimization decision variables as the
transition times τ instead of the epoch durations δ. The equivalence between the two
is established by the following:

τi = σ1 +

i∑
j=1

δj ∀i ∈ E .

However, it is advantageous to work in terms of the epoch durations for the following
reasons: (a) it is the natural formulation that facilitates the application of the CPET;
and (b) the implicit constraints for feasible simulation trajectories using transition
times,

τi−1 ≤ τi ∀i = 2, . . . , ne

need to be added explicitly to the Master NLP problem, whereas the same constraints
with the duration formulation are handled by the simple bound constraints δL ≥ 0.
This subtle difference is important in the control parametrization framework, as the
decision variables passed to the IVP solver have to effect feasible simulations. For the
majority of NLP solvers, this is handled much more robustly as simple bound con-
straints rather than as explicit constraints (i.e., simple bound constraints are satisfied
throughout the solution process).
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Comparing this problem formulation with that in [19], the main difference lies in
the type of discontinuities allowed: the participating functionals and hybrid system
now include scaled simple discontinuities rather than stationary simple discontinu-
ities. The following examples illustrate how fixed-time point objectives, stationary
simple discontinuities in the integrand of the objective function and stationary simple
discontinuities in the dynamics of the hybrid system, can cause nonsmoothness in the
problem. A discussion of sufficient conditions for the smoothness of the problem is
deferred to the next section.

Example 3.4 (fixed-time point objective). Consider the problem

min
δ1∈[0.5,1.5]

F (δ1) = x(1, δ1, 1) + x(2, δ1, 2),

subject to the hybrid system

Mode 1 : ẋ(i, δ1, t) = 0, Mode 2 : ẋ(i, δ1, t) = 1

for all i ∈ E = {1, 2}, with σ1 = 0, x(1, δ1, 0) = 0, δ2 = 2−δ1, t ∈ [0, 2], Tμ = 1, 2, and
state continuity as the transition function x(2, δ1, σ2) = x(1, δ1, τ1). The nonsmooth
objective function is given by

F (δ1) =

{
3 − 2δ1 if δ1 < 1,
2 − δ1 if δ1 ≥ 1.

Example 3.5 (integrand with stationary simple discontinuity). Consider the
problem

min
δ1∈[0.5,1.5]

F (δ1) =

∫ τ1(δ1)

σ1

f1(x(1, δ1, t)) dt +

∫ τ2(δ1)

σ2(δ1)

f2(x(2, δ1, t)) dt,

where

f1(x(1, δ1, t)) =

{
0 if t < 1,
x(1, δ1, t) + 1 if t ≥ 1,

f2(x(2, δ1, t)) =

{
0 if t < 1,
x(2, δ1, t) + 1 if t ≥ 1,

subject to the hybrid system

Mode 1 : ẋ(i, δ1, t) = 0,

for all i ∈ E = {1, 2}, with σ1 = 0, x(1, δ1, 0) = 0, δ2 = 2 − δ1, t ∈ [0, 2], Tμ = 1, 1,
and the transition function x(2, δ1, σ2) = x(1, δ1, τ1) + 1. The nonsmooth objective
function is given by

F (δ1) =

{
2 if δ1 < 1,
4 − 2δ1 if δ1 ≥ 1.

Example 3.6 (piecewise continuous dynamic system with stationary simple dis-
continuity). Consider the problem

min
δ1∈[0.5,1.5]

F (δ1) = x(2, δ1, 2),
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subject to the hybrid system

Mode 1 : ẋ(i, δ1, t) =

{
0 if t < 1,
1 if t ≥ 1,

Mode 2 : ẋ(i, δ1, t) = 0

for all i ∈ E = {1, 2}, with σ1 = 0, x(1, δ1, 0) = 0, δ2 = 2 − δ1, t ∈ [0, 2], Tμ = 1, 2,
and state continuity as the transition function. The nonsmooth objective function is
given by

F (δ1) =

{
0 if δ1 < 1,
δ1 − 1 if δ1 ≥ 1.

4. The transform. The CPET (see, e.g., [20, 36, 21] for details) is implemented
as follows. Consider the original independent variable time (t) in Problem 3.1. We now
wish to construct a new time scale in which the varying epoch durations (transition
times) are fixed, s ∈ [0, ne]. The transformation (CPET) from t ∈ [σ1, σ1 +

∑ne

i=1 δ
U
i ]

to s ∈ [0, ne] is defined by

(4.1)
dt

ds
= v(δ, s), t(δ, 0) = σ1,

where the function v : Δ × [0, ne] → R is called the enhancing control. It is a
piecewise constant function with possible simple discontinuities at the prefixed knots
1, . . . , ne − 1,

v(δ, s) =

ne∑
i=1

δiχi(s),

where χi(s) is the indicator function defined by

χi(s) =

{
1 if s ∈ [i− 1, i],
0 otherwise.

Clearly,

(4.2) t(δ, s) = σ1+

∫ s

0

v(δ, z) dz = σ1+δi(s−(i−1))+

i−1∑
j=1

δj = (s−i+1)δi+σi

for s ∈ [i − 1, i], i ∈ E , where the value of the enhancing control in the transformed
time interval (i − 1, i) corresponds to the value of the duration of epoch Ii in the
original time scale. In addition, the scaled simple discontinuities, point objectives,
and point constraints in Problem 3.1 become stationary simple discontinuities, point
objectives, and point constraints in the new time scale, according to Definition 2.3.
Finally, let x′ ≡ dx

ds . It follows from the CPET that

x′(i,p, δ, t(δ, s))

v(δ, s)
=
(
A(m, δ, t(δ, s))x(i,p, δ, t(δ, s)) + B(m, δ, t(δ, s))p

+ q(m, δ, t(δ, s))
)
,

where t is an additional differential state variable that has to satisfy (4.1). We can
substitute for the explicit form of t(δ, s) to obtain

x̂′(i,p, δ, s) = v(δ, s)
(
Â(m, δ, s)x̂(p, δ, s) + B̂(m, δ, s)p + q̂(m, δ, s)

)
,(4.3)
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where x̂(i,p, δ, s) ≡ x(i,p, δ, t(δ, s)), x̂′ ≡ dx̂
ds , Â(m, δ, s) ≡ A(m, δ, t(δ, s)), B̂(m, δ, s)

≡ B(m, δ, t(δ, s)), q̂(m, δ, s) ≡ q(m, δ, t(δ, s)), and t(δ, s) is given by (4.2). Consider
now any i ∈ E . It is clear that v = δi is continuous on Δ × (i − 1, i) and de-
fined at the points of discontinuity s = i − 1 and s = i. Also, t is continuous on
Δ × [i− 1, i] from (4.2). Let the epoch Ii be split into a finite number of contiguous
intervals (subepochs) where A(m, δ, ·), B(m, δ, ·), and q(m, δ, ·) are continuous inter-
nal to each subepoch. From Definition 2.3, the scaled simple discontinuities (in t) for
A(m, δ, ·), B(m, δ, ·), and q(m, δ, ·) become stationary simple discontinuities (in s) for

Â(m, δ, ·), B̂(m, δ, ·), and q̂(m, δ, ·). Internal to any arbitrary, transformed subepoch

in Îi, Â(m, δ, ·), B̂(m, δ, ·), and q̂(m, δ, ·) are continuous (this follows from the fact
that the composition of continuous functions is also continuous [27, Theorems 9.15
and 4.7]). The right-hand side of (4.3) is thus piecewise continuous in s with a finite
number of stationary simple discontinuities, defined at each point of discontinuity.
The objective function and constraints after the CPET are given by

F̂ (p, δ) =

ne∑
i=1

⎧⎨
⎩

nφi∑
j=1

φij

(
x̂(i,p, δ, α̂ij),p, δ

)
+

∫ i

i−1

fi

(
x̂,p, δ, t(δ, s)

)
v(δ, s) ds

⎫⎬
⎭,(4.4)

Ĝ(p, δ) =

ne∑
i=1

⎧⎨
⎩

nηi∑
j=1

ηij

(
x̂(i,p, δ, β̂ij),p, δ

)
+

∫ i

i−1

gi

(
x̂,p, δ, t(δ, s)

)
v(δ, s) ds

⎫⎬
⎭.(4.5)

Note that α̂ij and β̂ij are no longer a function of δ. Henceforth, we shall use the
superscript prime notation to denote the transformed time derivative, i.e., ′ ≡ d

ds . We
are now able to formally state the transformed hybrid system and problem.

Definition 4.1. A CPET hybrid system is the 8-tuple Ĥ = (M, E , Tμ, p̂, x̂,F ,T 0,
T ), where M, E, and Tμ are as defined in Definition 2.1, and

• p̂ = (p, δ) ∈ P̂ = P × Δ ⊂ R
np+ne ,

• x̂ : E × P̂ × R → R
nx ,

• F : M× R
nx × P̂ × R → R

nx ,
• T 0 : P̂ → R

nx , and
• T : E \ {ne} × R

nx × P̂ → R
nx .

As before, the elements of M are called the modes of Ĥ. Tμ is called the hybrid

mode trajectory and is the discrete state variable of Ĥ. p̂ is the vector of parameters.
x̂ is the vector of continuous state variables, and F is the vector field for x. T 0 are
the initial conditions, and T are the transition functions. E remains the index set for
the epochs, which are defined in the following definition.

Definition 4.2. The hybrid time trajectory of Ĥ is a finite sequence of intervals
Tτ = {Îi}i∈E , where Îi = [σ̂i, τ̂i] = [i− 1, i]. The Îi are called epochs.

From the previous analysis, the CPET transform of H subject to assumptions
A1–A3 will result in a CPET hybrid system Ĥ subject to the following assumptions.

B1. P̂ = [p̂L, p̂U ] = [(pL, δL), (pU , δU )] is a nondegenerate interval vector. The
vector field F(m, ·) for each m ∈ M is nonlinear in the continuous state variables
x̂ and the parameters p̂ so that for each epoch Îi∈E the continuous state variables
evolve according to the nonlinear system in (4.3), written as

(4.6) x̂′(i, p̂, s) = F(m, x̂, p̂, s) ∀s ∈ (i− 1, i].

Moreover, for all (m, i, p̂, x̂) ∈ M×E × P̂ ×R
nx , F(m, x̂, p̂, ·) is piecewise continuous

on epoch Îi with a finite number of stationary simple discontinuities and is defined at
any point of discontinuity.
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B2. The initial conditions T 0 are functions so that the initial conditions for epoch
Î1 are given by

x̂(1, p̂, 0) = E(0)p + J(0)δ + k(0).

B3. The transition functions T (i, ·) for each i ∈ E \ {ne} are functions so that
the initial conditions for epochs Îi∈E\{1} are given by

(4.7) x̂(i, p̂, i− 1) = D(i− 1)x̂(i− 1, p̂, i− 1) +E(i− 1)p+J(i− 1)δ+k(i− 1).

Definition 4.3. Given a value for p̂, the solution, or execution, of a CPET
hybrid system Ĥ subject to assumptions B1–B3 is x̂(i, p̂, s), s ∈ Îi, i ∈ E, where
x̂(i, p̂, s) is the solution of the ODE system in B1 with initial conditions B2 if i = 1
and B3 otherwise.

The major differences between a CPET hybrid system Ĥ subject to assumptions
B1–B3 and a hybrid system H subject to assumptions A1–A3 are (a) the initial time
for Ĥ is fixed at s = 0, and the durations of all epochs are 1, and (b) the form of
the underlying differential equations for each mode. The corresponding relaxations
for the implied state bounds are given by the following definition.

Definition 4.4 (implied state bounds). Define the following convex sets for all
i ∈ E. For any fixed s ∈ Îi,

X̂(i, s; P̂ ) ≡ [x̂L(s), x̂U (s)] | x̂L(s) ≤ x̂(p̂, s) ≤ x̂U (s) ∀p̂ ∈ P̂ .

In addition,

X̂(i, P̂ ) ≡ [x̂L, x̂U ] | X̂(i, s; P̂ ) ⊂ [x̂L, x̂U ] ∀ s ∈ Îi.

Problem 4.5. The transformed problem is given by

min
p̂∈P̂

F̂ (p̂)

s.t. Ĝ(p̂) ≤ 0,

where x̂(i, p̂, s) is given by the solution of the embedded nonlinear hybrid system in

Definition 4.1 subject to assumptions B1–B3; F̂ (p̂) and Ĝ(p̂) are given by (4.4) and

(4.5), respectively; f̂i and ĝi are piecewise continuous mappings f̂i : X̂(i, P̂ )×P̂×Îi →
R, and ĝi : X̂(i, P̂ ) × P̂ × Îi → R

nc for all i ∈ E, with a finite number of stationary
simple discontinuities; nφi is the number of fixed point objectives in epoch Îi, α̂ij ∈ Îi,

φ̂ij is a continuous mapping φ̂ij : X̂(i, α̂ij ; P̂ ) × P̂ → R for all j = 1, . . . , nφi, and

i ∈ E; and nηi is the number of fixed point constraints in epoch Ii, β̂ij ∈ Îi, η̂ij is a

continuous mapping η̂ij : X̂(i, β̂ij ; P̂ ) × P̂ → R
nc for all j = 1, . . . , nηi, and i ∈ E.

Additionally, we require that the set Ĝ = {p̂ ∈ P̂ | Ĝ(p̂) ≤ 0} be nonempty.
Lemma 4.6. Consider H subject to A1–A3 and Ĥ subject to B1–B3. Then, for

any (p̂, s) ∈ P̂ × Îi, x̂(i, p̂, s) = x(i,p, δ, t(δ, s)) for all i ∈ E, where t(δ, s) is given
by (4.2).

Proof. Consider any arbitrary p̂∗ = (p∗, δ∗) ∈ P̂ and the first epoch in the
transformed time scale, Î1. From (4.2), t(δ∗, σ̂1) = σ1. Hence, from the initial
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conditions in assumptions A2 and B2, x̂(1, p̂∗, σ̂1) = x(1,p∗, δ∗, σ1). Integrating
(4.3), we obtain∫ s

0

x̂′ dz =

∫ s

0

(
Â(m1, δ, z)x̂(1, p̂, z) + B̂(m1, δ, z)p + q̂(m1, δ, z)

)
v(δ, z) dz,

and with the change of variables t(δ∗, s) given by (4.2),

∫ s

0

x̂′ dz =

∫ t(δ∗,s)

σ1

(
A(m1, δ, w)x(1,p, δ, z) + B(m1, δ, w)p + q(m1, δ, w)

)
dw

or

x̂(1, p̂∗, s) − x̂(1, p̂∗, σ̂1) = x(1,p∗, δ∗, t(δ∗, s)) − x(1,p∗, δ∗, σ1).

Therefore, for all s ∈ Î1, x̂(1, p̂∗, s) = x(1,p∗, δ∗, t(δ∗, s)). At the transition to epoch
2, from (4.2), t(δ∗, τ̂1) = τ1, thus x̂(1, p̂∗, τ̂1) = x(1,p∗, δ∗, τ1). Applying the tran-
sition functions in assumptions A3 and B3, we obtain x̂(2, p̂∗, σ̂2) = x(2,p∗, δ∗, σ2).
Since the choice of p̂∗ was arbitrary, induction on all epochs gives x̂(i, p̂, s) = x(i,p, δ,
t(δ, s)) for all i ∈ E , for any (p̂, s) ∈ P̂ × Îi.

Remark 4.7. A solution, x̂(i, p̂, s), s ∈ Îi∈E will exist and be unique for all p̂ ∈ P̂ .
This follows directly from Theorem 2.5 and Lemma 4.6.

Theorem 4.8. Problem 3.1 has the solution (p∗, δ∗) iff (p∗, δ∗) is a solution to
Problem 4.5.

Proof. Consider any arbitrary p̂∗ = (p∗, δ∗) ∈ P̂ and any arbitrary epoch i ∈ E .
For any j ∈ {1, . . . , nφi}, from Lemma 4.6 and (4.2), we have

φij

(
x̂(i, p̂∗, α̂ij), p̂

∗
)

= φij

(
x(i,p∗, δ∗, αij(δ

∗)),p∗, δ∗
)
.

Similarly,

∫ τ̂i

σ̂i

fi

(
x̂(i, p̂∗, s), p̂∗, t(δ∗, s)

)
v(δ∗, s) ds =

∫ τi(δ
∗)

σi(δ∗)

fi

(
x(i,p∗, δ∗, t),p∗, δ∗, t

)
dt.

Hence, we have F̂ (p̂∗) = F (p∗, δ∗). Applying the same analysis to the constraints,

we have Ĝ(p̂∗) = G(p∗, δ∗). Since p̂∗ was arbitrary, we have shown the equivalence
of Problems 3.1 and 4.5.

Remark 4.9. A consequence of the CPET transform is the destruction of the
linear structure of the original hybrid system.

The following theorem presents sufficient conditions for the objective function
(and analogously the constraints) to be smooth, and will be assumed to hold for the
transformed problem.

Theorem 4.10. Let P̂ o ⊃ P̂ , X̂o(i, α̂ij) ⊃ X̂(i, α̂ij ; P̂
o) and X̂o(i) ⊃ X̂(i, P̂ o)

be open subsets of R
np+ne , R

nx , and R
nx , respectively, for all j = 1, . . . , nφi, i ∈ E.

If the following conditions are satisfied, then the objective function F̂ is continuously
differentiable on P̂ o.

C1.
∂φij

∂x̂ and
∂φij

∂p̂ exist and are continuous on X̂o(i, α̂ij)×P̂ o for all j = 1, . . . , nφi,
i ∈ E.

C2. ∂fi
∂x̂ and ∂fi

∂p̂ exist and are piecewise continuous on X̂o(i) × P̂ o × Îi for all
i ∈ E, where only a finite number of stationary simple discontinuities in s are
allowed.
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Proof. Consider an arbitrary epoch Îi. First, we show that the parametric sen-
sitivities exist and are unique. We have a finite number of stationary discontinuities
(in s) in (4.6). Let there be k such discontinuities in Îi found at points s = ζl,
l = 1, . . . , k. Construct a sequence of k + 1 subepochs [ξ1, ζ1], . . . , [ξk+1, ζk+1], where
ξ1 = σ̂i, ζk+1 = τ̂i, and ξl+1 = ζl, l = 1, . . . , k. Extend the function F(mi, ·) to be
continuous on all subepochs,

F(mi, ·, ξl) ≡ lim
s→ξ+

l

F(mi, ·, s), F(mi, ·, ζl) ≡ lim
s→ζ−

l

F(mi, ·, s),

for l = 1, . . . , k+1, and impose state continuity for each transition between subepochs.
A CPET hybrid system is thus defined within the epoch Îi. Now consider an arbitrary

subepoch [ξl, ζl]. From (4.3), it is clear that the partial derivatives ∂F(mi,·)
∂x̂ and

∂F(mi,·)
∂p̂ exist and are continuous internal to this subepoch. At the transition ζl, it is

easy to verify that the remaining assumptions of [14, Theorem 1] are satisfied, which
provides the existence and uniqueness result. Since the discontinuities are stationary,
the transition times in the interior of the epoch are independent of the parameters,
and the sensitivities are continuous everywhere interior to the epoch.

Consider now an arbitrary v ∈ {1, . . . , np + ne}. For the point objectives, since

P̂ o is an open set, the parametric sensitivities exist and condition C1 holds, the
summation term

∑nφi

j=1
∂φij

∂p̂v
exists and is continuous on P̂ o by the chain rule and

linearity of the derivative operator. Next, consider the integral objectives. We have
a finite number of stationary discontinuities (in s) in the integrand fi, F(mi, ·), the

parametric sensitivities and the derivatives in condition C2. Let there be k̂ such
discontinuities found at points s = ζ̂l̂, l̂ = 1, . . . , k̂. Partition the integral into the
following:

F̂i(p̂) =

k̂∑
l̂=0

F̂il̂(p̂) =

k̂∑
l̂=0

∫ ζl̂+1

ζl̂

fi
(
x̂, p̂, s

)
ds,

where ζ0 = σ̂i and ζk̂+1 = τ̂i. Now, consider an arbitrary l̂ ∈ {1, . . . , k̂}. Extend

fi,
∂fi
∂x̂ , and ∂fi

∂p̂ to be continuous on X̂o(i) × P̂ o × [ζl̂, ζl̂+1], and ∂x̂(i,·)
∂p̂ and x̂(i, ·) to

be continuous on P̂ o × [ζl̂, ζl̂+1]. At most, these functions are discontinuous at their
endpoints in time. Removing these discontinuities does not alter the value of the
integral because the endpoints comprise a set of measure zero. As above, applying
the chain rule on the partial derivative ∂fi

∂p̂v
, we obtain continuity of said derivative

on P̂ o × [ζl̂, ζl̂+1]. These continuity conditions enable us to differentiate under the
integral sign [7, p. 308] to obtain

∂F̂il̂

∂p̂v
=

∫ ζl̂+1

ζl̂

∂fi
∂p̂v

ds.

We can then apply [32, Proposition 2.1] to yield
∂F̂il̂

∂p̂v
continuous on P̂ o. Since l̂ was

arbitrary, ∂F̂i

∂p̂v
is continuous on P̂ o as the sum of continuous functions is continuous.

Since i was arbitrary, ∂F̂
∂p̂v

is continuous on P̂ o. Since v was arbitrary, it follows that

F̂ is continuously differentiable on P̂ o.
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5. Relaxation theory. In this section, we will present the theory required for
constructing convex relaxations of Problem 4.5. This theory is an extension of that
developed in [30, Chapter 6] and [33] for (single-stage) nonlinear dynamic systems.
The main idea behind the theorems presented below will consist of breaking down
the multistage hybrid system into contiguous intervals in time, verifying that the
hypotheses of the theorems in [30, Chapter 6] and [33] hold for each of these intervals,
and applying the theorems sequentially for each interval via finite induction.

The ultimate goal of this section is condensed into constructing a convex relax-
ation for the objective function (4.4), subject to the transformed nonlinear hybrid
system. The exact same theory is applied for the point and isoperimetric constraints
in (4.5). The ability to construct convex relaxations for the objective function and
constraints then enables a convex relaxation of the problem to be solved. Finally, it
is shown that the constructed convex relaxations possess the same consistent bound-
ing properties of the convex relaxation techniques used in their construction, so that
their incorporation into a branch-and-bound framework [9, 23] leads to an infinitely
convergent algorithm [17]. This implies ε global optimality within a finite number of
iterations.

The steps for constructing the convex relaxation are outlined below:
1. Estimating the implied state bounds, X̂(i, s; P̂ ) in Definition 4.4.
2. Constructing convex and concave relaxations for the states.
3. Applying convex relaxation techniques on subsets of Euclidean spaces to

construct the required convex relaxation.
Definition 5.1. Let x̂(i, p̂, s) be the solution of Ĥ subject to assumptions B1–

B3, and let x̂j(i, p̂, s) ∈ X̂j(i, p̂, s) for each p̂ ∈ P̂ , i ∈ E, j = 1, . . . , nx, where

X̂j(i, p̂, s) ⊂ R is a bounding set that is known independently. For each fixed s ∈
Îi∈E , let 
j(i, r, s) = inf X̂j(i, r, s) and ςj(i, r, s) = sup X̂j(i, r, s) for each r ∈ P̂ , j =

1, . . . , nx. Furthermore, let X̂ (i, s) be defined pointwise in (transformed) time for each
i ∈ E by X̂ (i, s) = [zL, zU ] such that

zLj = inf
r∈P̂


j(i, r, s), zUj = sup
r∈P̂

ςj(i, r, s) ∀j = 1, . . . , nx,

where zLj and zUj are in the extended real number system.

Theorem 5.2. Consider Ĥ subject to assumptions B1–B3. If the following
conditions are satisfied for all i ∈ E and j = 1, . . . , nx,

D1. vj(σ̂i) < min
r∈P̂

x̂j(i, r, σ̂i),

D2. wj(σ̂i) > max
r∈P̂

x̂j(i, r, σ̂i),

and, additionally, for all v(s),w(s) ∈ H(s), s ∈ [i− 1, i],
D3. v′j = hj(mi,v,w, s; P̂ ) < inf

z∈X̂ (i,s)∩H(s),r∈P̂
zj=vj(s)

Fj(mi, z, r, s),

D4. w′j = hj(mi,v,w, s; P̂ ) > sup
z∈X̂ (i,s)∩H(s),r∈P̂

zj=wj(s)

Fj(mi, z, r, s),

where H(s) ≡ {z | v(s) ≤ z ≤ w(s)}; then

v(s) < x̂(i, p̂, s) < w(s) ∀(p̂, s) ∈ P̂ × Îi, i ∈ E .

It is also assumed that the solutions, in the sense of Carathéodory, to the differential
systems in v and w exist and are unique for all i ∈ E.
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Proof. From assumption B2, Theorem 4.10 (treating x̂(i, ·, τ̂i) as the objective
function) and the form of (4.7), x̂(i, ·, σ̂i) is continuous on P̂ for all i ∈ E . Hence, the
extrema in conditions D1 and D2 exist.

Consider now the first epoch Î1. From assumption B1, F(m1, ·) is piecewise
continuous with a finite number of stationary simple discontinuities in s. Let γ
be the number of discontinuities occurring at τ̌k ∈ Î1, k = 1, . . . , γ. Then, the
first epoch can be further subdivided into γ + 1 contiguous subepochs, for which we
have transitions at the subepoch boundaries, state continuity at each transition, and
F(m1, ·) is continuous for each subepoch. Let the sequence of subepochs be given
by {Ǐk}, k = 1, . . . , γ + 1, where Ǐk = [σ̌k, τ̌k], σ̌1 = 0, τ̌γ+1 = τ̂1, and σ̌k+1 = τ̌k for
k = 1, . . . , γ. Consider now the first subepoch Ǐ1.

The initial condition at time s = 0 given by assumption B2 is clearly continuous
on P̂ . The form of the nonlinear ODE system in the first subepoch, and the conditions
D1–D4 clearly satisfy the conditions of [33, Corollary 2.6], which gives

(5.1) v(s) < x̂(1, p̂, s) < w(s)

for all (p̂, s) ∈ P̂ × Ǐ1. At the transition τ̌1, state continuity ensures

v(σ̌2) = v(τ̌1) < x̂(1, p̂, σ̌2) < w(τ̌1) = w(σ̌2) ∀p̂ ∈ P̂ .(5.2)

From Theorem 4.10, x̂(1, ·, σ̌2) is continuous on P̂ (simply treat x̂(1, ·, σ̌2) as the
objective function). The form of the nonlinear ODE system in the second subepoch,
(5.2), and the conditions D3 and D4 thus satisfy the conditions of [33, Corollary 2.6],
which implies that (5.1) holds for all (p̂, s) ∈ P̂ × Ǐ2. By induction on all subepochs,
(5.1) holds for all (p̂, s) ∈ P̂ × Î1. Consider now the second epoch Î2. From Theorem
4.10 and (4.7), x̂(2, ·, σ̂2) is continuous on P̂ . The analysis carried out for the first
epoch is thus valid for the second. By induction on all epochs, we have the desired
result.

By asserting uniqueness of the solution of the bounding differential equations, the
conditions of the above theorem may be relaxed to

D1. vj(σ̂i) ≤ min
r∈P̂

x̂j(r, σ̂i),

D2. wj(σ̂i) ≥ max
r∈P̂

x̂j(r, σ̂i),

D3. v′j = hj(mi,v,w, s; P̂ ) ≤ inf
z∈X̂ (i,s)∩H(s),r∈P̂

zj=vj(s)

Fj(mi, z, r, s),

D4. w′j = hj(mi,v,w, s; P̂ ) ≥ sup
z∈X̂ (i,s)∩H(s),r∈P̂

zj=wj(s)

Fj(mi, z, r, s),

i.e., replacing the strict inequalities with regular inequalities (see [40, Remark 12.X]).
Furthermore, by asserting regular inequalities, the result of the theorem also permits

v(s) ≤ x̂(i, p̂, s) ≤ w(s) ∀(p̂, s) ∈ P̂ × Îi, i ∈ E .

For the remainder of this article, we will assume that the uniqueness of the constructed
bounding differential equations hold for all p̂ ∈ P̂ , s ∈ [0, ne], and so it is understood
that reference to Theorem 5.2 also refers to the regular inequalities just described.

Remark 5.3. The bounding set X̂ (i, p̂, s) makes it possible to tighten the implied
state bounds obtained when physical insight from the problem in the form of invariants
(e.g., conservation laws) and bounds is available; see [30, 33] for examples.
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Theorem 5.2 enables a hybrid system of bounding differential equations to be
constructed to obtain the set:

X̂(i, s; P̂ ) ≡ {z | v(s) ≤ z ≤ w(s)}.(5.3)

The most difficult aspect of applying the theorem lies in obtaining the extrema in
conditions D1–D4. As stated in [33], while computing the exact solution to the
optimization problem would yield the tightest bounds possible from the theorem,
actually solving the optimization problems at each integration step in a numerical
integration would be a prohibitively expensive task. Hence, in practice, the solutions
to the optimization problems are estimated by interval arithmetic [24] pointwise in
time. Before we proceed, we will briefly introduce the metric topology for the set
of intervals (see [24] for more details). By an interval we mean a compact set of
real numbers [xL, xU ] = {x | xL ≤ x ≤ xU}. As in [24], we will not distinguish
between the degenerate interval [a, a] and the real number a. Define the distance
d(X,Y ) = max(|xL − yL|, |xU − yU |) for the intervals X ≡ [xL, xU ], Y ≡ [yL, yU ].
The absolute value of an interval X ≡ [xL, xU ] is given by |X| = max(|xL|, |xU |).
The vector norm ‖Z‖ = max(|Z1|, . . . , |Zn|) is used for interval vectors. An interval
valued function F : Z → IR, Z ⊂ IR

n, is said to be continuous in the usual ε − δ
fashion with the metric d(X,Y ), where IR is the set of all intervals. We say that an
interval valued function F of the interval variables X1, . . . , Xn is inclusion monotonic
if Yi ⊆ Xi, i = 1, . . . , n implies F (Y1, . . . , Yn) ⊆ F (X1, . . . , Xn). Let f be a real
valued function of n real variables x1, . . . , xn. By an interval extension of f , we mean
an interval valued function F of n interval variables X1, . . . , Xn with the property
F (x1, . . . , xn) = f(x1, . . . , xn) for real arguments; i.e., an interval extension of f is
an interval valued function which has real values when the arguments are all real
(degenerate intervals) and coincides with f .

Consider now the vector z ∈ R
n. We will introduce the following notation: for

any fixed j ∈ {1, . . . , n}, let zk �=j denote the vector z̃ ∈ R
n−1, where

z̃k =

{
zk if k < j,
zk+1 if k ≥ j.

If z ∈ Z = [zL, zU ], then the corresponding interval vector Zk �=j = [zLk �=j , z
U
k �=j ].

For convenience, we will also introduce the following (elementwise) maximization and
minimization operations: consider the n-dimensional vectors x and y whose elements
are in the extended real number system. Let the vector valued operation cmin(x,y)
return the n-dimensional vector z whose elements are in the extended real number
system where

zi = min(xi, yi) ∀i = 1, . . . , n.

Similarly, let cmax(x,y) return the n-dimensional vector z in the extended real num-
ber system where

zi = max(xi, yi) ∀i = 1, . . . , n.

Corollary 5.4. Consider Ĥ subject to assumptions B1–B3. Define the following
interval valued functions:

Y (σ̂1) = [yL(σ̂1),y
U (σ̂1)] = E(0)P + J(0)Δ + k(0),(5.4)

Y (σ̂l+1) = [yL(σ̂l+1),y
U (σ̂l+1)]

(5.5)
= D(l)[v(τ̂l),w(τ̂l)] + E(l)P + J(l)Δ + k(l) ∀l = 1, . . . , ne − 1,
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and let Γj(mi, vj , Z(j, i, s), P̂ , s) = [γL
j (mi), γ

U
j (mi)] and Λj(mi, wj , Z(j, i, s), P̂ , s) =

[λL
j (mi), λ

U
j (mi)] be inclusion monotonic interval extensions of Fj(mi, x̂j , x̂k �=j , p̂, s)

∀i ∈ E, j = 1, . . . , nx, where

Z(j, i, s) = {zk �=j | cmax(vk �=j(s),ϕk �=j(i, s)) ≤ zk �=j ≤ cmin(wk �=j(s),ψk �=j(i, s))},

and X̂(i, s; P̂ ) = [ϕ(i, s),ψ(i, s)] is defined in (5.3) and obtained from Theorem 5.2.
Then, ∀j = 1, . . . , nx, s ∈ [i− 1, i], and i ∈ E, the system of differential equations and
initial conditions

v′j = γL
j (mi,v,w, p̂L, p̂U , s), vj(σ̂i) = yLj (σ̂i),(5.6)

w′j = λU
j (mi,v,w, p̂L, p̂U , s), wj(σ̂i) = yUj (σ̂i),(5.7)

bounds the transformed hybrid system,

v(s) ≤ x̂(i, p̂, s) ≤ w(s) ∀(p̂, s) ∈ P̂ × Îi, i ∈ E .

Proof. The rational interval functions (5.4) and (5.5) are inclusion monotonic
[24, p. 21]. Together with the inclusion monotonicity of the interval extensions of
Fj(mi, ·), (5.6) and (5.7) thus satisfy conditions D1–D4 of Theorem 5.2.

It is important to note that the implied state bounds are obtained given a par-
ticular parameter set P̂ ; in order to ensure convergence of the branch-and-bound
framework, these bounds must converge as P̂ becomes degenerate in the limit.

Lemma 5.5. Let H(X1, . . . , Xn) = [hL, hU ] be an interval valued function, where
Xi = [xL

i ,x
U
i ] are nxi-dimensional interval vectors for all i = 1, . . . , n. Consider the

following real valued functions:

g1(x
L
1 , . . . ,x

L
n ,x

U
1 , . . . ,x

U
n ) = hL, g2(x

L
1 , . . . ,x

L
n ,x

U
1 , . . . ,x

U
n ) = hU .

If H is continuous on Y = Y1 × · · · × Yn, where Yi = [yL
i ,y

U
i ] ⊂ IR

nxi for all
i = 1, . . . , n, then g1 and g2 are continuous on Y × Y , and bounded by a constant M
there.

Proof. The proof of continuity is elementary, employing the metric topology for
intervals defined in [24] and the max norm. That the functions are bounded follows
from continuity on the compact set Y × Y .

Theorem 5.6. Let {P̂k} be a convergent sequence of interval vectors such that

(5.8) lim
k→∞

P̂k = P̂ ∗ = [p̂∗, p̂∗],

where P̂ ∗ ∈ P̂ . Let Corollary 5.4 be used to construct (5.3). For all i ∈ E, let the
epoch Îi be split into a finite number (πi) of contiguous subepochs Ǐl = [σ̌l, τ̌l], where
σ̌1 = i− 1, τ̌πi

= i, and σ̌l+1 = τ̌l for all l = 1, . . . , πi − 1. If the interval extensions
Γj(mi, ·) and Λj(mi, ·) are continuous on X̂j(i, P̂ ) × X̂n �=j(i, P̂ ) × P̂ × [σ̌l, τ̌l] for all
i ∈ E, j = 1, . . . , nx, and l = 1, . . . , πi, then

lim
k→∞

X̂(i, s; P̂k)k = [x̂(i, p̂∗, s), x̂(i, p̂∗, s)] ∀s ∈ Îi, i ∈ E .

Proof. Consider the first subepoch of the first epoch, Ǐ1. By definition, interval
extensions have real values when their arguments are all real (degenerate interval
vectors). Hence, with the degenerate interval vector P̂ ∗ as argument, the natural
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interval extension (5.4) becomes Y (σ̌1) = [x̂(1, p̂∗, σ̂1), x̂(1, p̂∗, σ̂1)]. Thus, the initial
conditions for the bounding ODE system becomes

v(σ̌1) = x̂(1, p̂∗, σ̂1) = w(σ̌1).

This implies that the interval vector Z(j, 1, s) defined in Corollary 5.4 is degenerate
at s = σ̌1, which implies

v′j(σ̌1) = γL
j (m1,v,w, p̂∗, p̂∗, σ̌1) = Fj(m1, x̂(1, p̂∗, σ̌1), p̂

∗, σ̌1),

w′j(σ̌1) = λU
j (m1,v,w, p̂∗, p̂∗, σ̌1) = Fj(m1, x̂(1, p̂∗, σ̌1), p̂

∗, σ̌1)

for all j = 1, . . . , nx. We have thus defined an initial value problem in v(s) and w(s).
Since the solution trajectory x̂(1, p̂∗, s) is unique (Remark 4.7), this implies that the
interval vector Z(j, 1, s) is degenerate for all j = 1, . . . , nx, s ∈ Ǐ1 and equal to the
value x̂(1, p̂∗, s). Hence, (5.6) and (5.7) become

(5.9) v′(s) = F(m1, x̂(1, p̂∗, s), p̂∗, s) = w′(s), v(σ̌1) = x̂(1, p̂∗, σ̂1) = w(σ̌1).

For convenience, let z(s) = (v(s),w(s)) and y = (p̂L, p̂U ). The system of ODEs in
(5.6) and (5.7) can then be expressed as

z′ = f(z,y, s),

where a solution z(y∗, s) exists and is unique for y∗ = (p̂∗, p̂∗) (since the solution
x̂(1, p̂∗, s) exists and is unique). Since the interval extensions Γj(m1, ·) and Λj(m1, ·)
are continuous for all j = 1, . . . , nx, an application of Lemma 5.5 (treating xj and s

as degenerate intervals) gives f continuous on X̂(1, P̂ )2 × P̂ 2 × Ǐ1 and bounded by
a constant M there. With z(y∗, s) as the unique trajectory, we can then apply [6,
Theorem 4.3] to obtain z(s) → (x̂(1, p̂∗, s), x̂(1, p̂∗, s)) uniformly over Ǐ1 as p̂L → p̂∗

and p̂U → p̂∗ (or P̂k → P̂ ∗). Consider now the transition at τ̌1. Clearly, state
continuity preserves the form of (5.9),

v′ = F(m1, x̂(1, p̂∗, s), p̂∗, s) = w′, v(σ̌2) = x̂(1, p̂∗, σ̌2) = w(σ̌2).

We can then perform the same analysis to obtain uniform convergence of the bounds
over the second subepoch. By induction on all subepochs, we obtain uniform conver-
gence over the first epoch. Consider now the transition to the second epoch at τ̂1.
With the degenerate interval vector P̂ ∗ as argument, it is clear from the preceding
analysis that the natural interval extension (5.5) becomes Y (σ̂2) = [x̂(2, p̂∗, σ̂2), x̂(2, p̂∗,
σ̂2)]. The same analysis made for Ǐ1 in Î1 thus applies, and (5.9) becomes

v′ = F(m2, x̂(2, p̂∗, s), p̂∗, s) = w′, v(σ̂2) = x̂(2, p̂∗, σ̂2) = w(σ̂2).

The analysis carried out for the first epoch is thus valid for the second. By induction
on all epochs, we have the desired result.

Remark 5.7. Note that the requirement of Γj(mi, ·) and Λj(mi, ·) to be inclusion
monotonic and continuous for all j = 1, . . . , nx and i ∈ E is not a strong one. For
linear time invariant hybrid systems, it is automatically satisfied since (4.3) becomes
a rational function (in the sense of interval analysis [24]). For time varying hybrid
systems, inclusion monotonic interval extensions of the time varying matrices in (4.3)
can be constructed for most functions in computing provided that no division by an
interval containing zero occurs (see, e.g., [24, Chapters 3 and 4] and [26, Chapter
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1]). In addition, since the functions of interest are continuous in each subepoch, the
constructed interval extensions will also be continuous (see, e.g., [2, Theorem 4 and
Corollary 5]).

Next, we will show how convex and concave relaxations for the states of the
transformed hybrid system can be constructed.

Definition 5.8. Consider the functions f : Z×P̂×S → R and z : S → Z, where
Z ⊂ R

nx , P̂ ⊂ R
np+ne , S ⊂ R, and f(·, s) is differentiable on some suitable open set

containing Z × P̂ for each s ∈ S. Define the function Lf |ζ∗(s) : Z × P̂ ×S → R to be

a linearization of f at the point ζ∗(s) = (z∗(s), p̂∗), where (z∗(s), p̂∗) ∈ Z × P̂ , and
given by the following:

Lf |ζ∗(s) (z, p̂, s)= f(z∗, p̂∗, s) +

nx∑
k=1

∂f

∂zk

∣∣∣∣∣
(ζ∗(s),s)

(
zk(s) − z∗k(s)

)

+

np∑
k=1

∂f

∂p̂k

∣∣∣∣∣
(ζ∗(s),s)

(
p̂k − p̂∗k

)
.

Theorem 5.9. For i ∈ E and j = 1, . . . , nx, define the functions uj(mi, ·, s) :

X̂(i, s; P̂ )× P̂ → R and oj(mi, ·, s) : X̂(i, s; P̂ )× P̂ → R for each fixed s ∈ Îi. Let the

following conditions be satisfied for all i ∈ E, j = 1, . . . , nx and each fixed s ∈ Îi:

E1. uj(mi, ·, s) is a convex underestimator and oj(mi, ·, s) is a concave overesti-

mator for Fj(mi, ·, s) on X̂(i, s; P̂ ) × P̂ .
E2. uj(mi, ·, s) and oj(mi, ·, s) are differentiable on some suitable open set con-

taining X̂(i, s; P̂ ) × P̂ along some reference trajectory ζ∗(s) = (z∗(s), p̂∗) ∈
X̂(i, s; P̂ ) × P̂ .

Therefore the following ODE system can be constructed:

c′j = hc,j(mi, c,C, p̂, s) = inf
z∈C(p̂,s)
zj=cj(s)

Luj(mi,·)(z, p̂, s)
∣∣
(ζ∗(s),s)

, s ∈ (i− 1, i],

C ′j = hC,j(mi, c,C, p̂, s) = sup
z∈C(p̂,s)
zj=Cj(s)

Loj(mi,·)(z, p̂, s)
∣∣
(ζ∗(s),s)

, s ∈ (i− 1, i],

with initial conditions for each epoch Îi given by

c(p̂, 0) = C(p̂, 0) = E(0)p + J(0)δ + k(0),(5.10)

(5.11) [c(p̂, σ̂l+1),C(p̂, σ̂l+1)] = D(l)[c(p̂, τ̂l),C(p̂, τ̂l)] + E(l)p + J(l)δ + k(l),

for l = 1, . . . , ne − 1, where C(p̂, s) = {z | c(p̂, s) ≤ z ≤ C(p̂, s)}. Then, for each
fixed s ∈ Îi, c(·, s) is a convex underestimator and C(·, s) is a concave overestimator
for x̂(i, ·, s) on P̂ for all i ∈ E.

Proof. We proceed as in the proof of Theorem 5.2 by subdividing the epochs
into contiguous subepochs. Consider now the first subepoch Ǐ1. The initial condition
given by (5.10) is clearly affine on P̂ and satisfies c(p̂, 0) ≤ x̂(1, p̂, 0) ≤ C(p̂, 0). The
conditions for [30, Theorem 6.16] are thus satisfied, and applying said theorem, c(·, s)
is a convex underestimator and C(·, s) is a concave overestimator for x̂(1, ·, s) for
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each fixed s ∈ Ǐ1. At the transition τ̌1, state continuity of the hybrid system gives
x̂(1, p̂, σ̌2) = x̂(1, p̂, τ̌1), which implies that

c(p̂, σ̌2) = c(p̂, τ̌1) ≤ x̂(1, p̂, σ̌2) ≤ C(p̂, τ̌1) = C(p̂, σ̌2) ∀p̂ ∈ P̂ .

From [30, Theorem 6.16], we know that c(·, σ̌2) and C(·, σ̌2) are affine in p̂. The
conditions for [30, Theorem 6.16] are thus satisfied for the second subepoch. By
induction on all subepochs, the desired result holds for each fixed s ∈ Î1. Consider
now the second epoch Î2. From (5.11),

c(p̂, σ̂2) ≤ x̂(2, p̂, σ̂2) ≤ C(p̂, σ̂2) ∀p̂ ∈ P̂ ,

where c(·, σ̂2) and C(·, σ̂2) are clearly affine in p̂. The conditions for [30, Theorem
6.16] are thus satisfied for the second epoch, and by induction on all epochs, we obtain
the desired result.

Note that the infima and suprema in Theorem 5.9 are attained at the vertices of
the set C(p̂, s) due to the properties of the linearizations, and are easily computed;
see [30, Theorem 6.16]. The next theorem demonstrates the convergence properties of
the convex relaxations constructed using the relaxation techniques presented in this
section.

Theorem 5.10. Consider the following convex relaxation of (4.4):

Û(p̂; P̂ )=

ne∑
i=1

⎧⎨
⎩

nφi∑
j=1

ψ̂ij

(
c(p̂, α̂ij),C(p̂, α̂ij), p̂; , X̂(i, α̂ij ; P̂ ), P̂

)
(5.12)

+

∫ i

i−1

ûi

(
c,C, p̂, s; X̂(i, s; P̂ ), P̂

)
v(δ, s) ds

⎫⎬
⎭ ,

where ψ̂ij and ûi are constructed using any relaxation technique that possesses a con-
sistent bounding operation [17, Definition IV.4, p. 128], the convex and concave re-
laxations for the state and derivatives are constructed using Theorem 5.9, and the
estimation of the state bounds constructed using Corollary 5.4. If the interval vector
P̂k in any partition on P̂ approaches degeneracy P̂ ∗, then the lower bound on this
partition Û(p̂; P̂k) converges pointwise to the objective function value F̂ (p̂) in this
same partition.

Proof. Choose any arbitrary partition and any fixed s in any epoch Îi. From
Theorem 5.6, as P̂k → P̂ ∗, the interval vector X̂(i, s; P̂k)k approaches the degenerate
value of x̂∗(i, p̂∗, s). To be valid, the convex and concave overestimators (uj(mi, ·)
and oj(mi, ·)) from Theorem 5.9 must themselves possess a consistent bounding

operation for all j = 1, . . . , nx. Hence, as X̂(i, s; P̂k)k × P̂k shrinks to degener-
acy, uj(mi, ·, s) ↑ Fj(mi, ·, s) and oj(mi, ·, s) ↓ Fj(mi, ·, s) for j = 1, . . . , nx. The
right-hand sides of the equations defining c′i and C ′i are linearizations on uj(mi, ·)
and oj(mi, ·), respectively. Since uj(mi, ·, s) and oj(mi, ·, s) are each approaching
Fj(mi, ·, s), hc,j(mi, ·, s) ↑ Fj(mi, ·, s), and hC,j(mi, ·, s) ↓ Fj(mi, ·, s) because the
linearization approaches the value of the function it approximates at the point of
linearization. Thus, as k → ∞,

(5.13) ψ̂ij

(
c(p̂, α̂ij),C(p̂, α̂ij), p̂; X̂(i, α̂ij ; P̂k), P̂

)
↑ φij

(
x̂(i, p̂, α̂ij), p̂

)
for all j = 1, . . . , nφi and ûi

(
c,C, p̂, s; X̂(i, s; P̂k), P̂k

)
↑ fi(x̂, p̂, s) for all s ∈ Îi, where

the convergence arises because the convex relaxations ψ̂ij and ûi possess consistent
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bounding operations as P̂k approaches degeneracy. Because s is fixed arbitrarily, the
convergence for the integrand is true for all s ∈ Îi. An application of the monotone
convergence theorem [27, Theorem 11.28] for the integral term then gives
(5.14)

lim
k→∞

∫ i

i−1

ûi

(
c,C, p̂, s; X̂(i, s; P̂k), P̂k

)
v(δ, s) ds =

∫ i

i−1

fi

(
x̂, p̂∗, s

)
v(δ, s) ds.

Since the partition and epoch was arbitrarily chosen, (5.13) and (5.14) imply that
lim
k→∞

Û(p̂; P̂k) = F̂ (p̂∗).

6. Results and discussion. In the first example, we walk through a procedure
for bounding the solution of the transformed hybrid system using Corollary 5.4. In the
second example, we present an interesting problem from chemical reaction engineering
that can be posed in the form of Problem 3.1 and solved using the techniques developed
in this article.

Example 6.1. Consider the following linear hybrid system:

Mode 1:

{
ẋ1 = 0.5x1 + x2 + p1,
ẋ2 = −x1 + x2 + p1,

Mode 2:

{
ẋ1 = x1 + x2 − p2,
ẋ2 = −x1 + p2,

E = {1, 2}, Tμ = 1, 2, P ≡ [0, 1]2, Δ ≡ [0, 1]2, and we have state continuity as the
transition functions with initial condition x(1,p, δ, 0) = (0, 2).

Applying the CPET, we obtain the following transformed nonlinear hybrid sys-
tem:

Mode 1:

{
x̂′1 = v

(
0.5x̂1 + x̂2 + p1

)
,

x̂′2 = v
(
− x̂1 + x̂2 + p1

)
,

Mode 2:

{
x̂′1 = v

(
x̂1 + x̂2 − p2

)
,

x̂′2 = v
(
− x̂1 + p2

)
,

E = {1, 2}, Tμ = 1, 2, P̂ ≡ [0, 1]2 × [0, 1]2, and we have state continuity as the
transition functions with initial condition x̂(1, p̂, 0) = (0, 2).

We now apply Corollary 5.4 to obtain bounds for the transformed hybrid system.
For this example, we assume that we do not have additional bounding information,
and so the user defined set X̂ (i, p̂, s) is set to R

2. From (5.4), Y (0) = [k(0),k(0)],
where k(0) = (0, 2) since E(0) and J(0) are zero matrices. Expanding the right-hand
sides of the nonlinear ODEs in epoch Î1 (note that v = δ1 for epoch Î1), and taking
the natural interval extensions, we obtain the following forms for Γ(1, ·) and Λ(1, ·)
in Corollary 5.4:

Γ1(1,v,w, p̂L, p̂U , s) = [δL1 , δ
U
1 ] ·

(
0.5v1(s) + [v2(s), w2(s)] + [pL1 , p

U
1 ]
)
,

Γ2(1,v,w, p̂L, p̂U , s) = [δL1 , δ
U
1 ] ·

(
− [v1(s), w1(s)] + v2(s) + [pL1 , p

U
1 ]
)
,

Λ1(1,v,w, p̂L, p̂U , s) = [δL1 , δ
U
1 ] ·

(
0.5w1(s) + [v2(s), w2(s)] + [pL1 , p

U
1 ]
)
,

Λ2(1,v,w, p̂L, p̂U , s) = [δL1 , δ
U
1 ] ·

(
− [v1(s), w1(s)] + w2(s) + [pL1 , p

U
1 ]
)
.
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At the transition, state continuity gives Y (1) = [v(1),w(1)] for (5.5) since D(1)
is the identity matrix, E(1) and J(1) are zero matrices, and k(1) is a zero vector.
Similarly, expanding and taking the natural interval extensions of right-hand sides of
the nonlinear ODEs in epoch Î2 (and noting that v = δ2 for epoch Î2), we obtain

Γ1(2,v,w, p̂L, p̂U , s) = [δL2 , δ
U
2 ] ·

(
v1(s) + [v2(s), w2(s)] − [pL2 , p

U
2 ]
)
,

Γ2(2,v,w, p̂L, p̂U , s) = [δL2 , δ
U
2 ] ·

(
− [v1(s), w1(s)] + [pL2 , p

U
2 ]
)
,

Λ1(2,v,w, p̂L, p̂U , s) = [δL2 , δ
U
2 ] ·

(
w1(s) + [v2(s), w2(s)] − [pL2 , p

U
2 ]
)
,

Λ2(2,v,w, p̂L, p̂U , s) = [δL2 , δ
U
2 ] ·

(
− [v1(s), w1(s)] + [pL2 , p

U
2 ]
)
.

Applying Corollary 5.4, the following ODE system bounds the transformed hybrid
system, v(s) ≤ x(s) ≤ w(s):

Epoch Î1:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v′1(s) = min
(
δL1 (0.5v1(s) + v2(s) + pL1 ), δL1 (0.5v1(s) + w2(s) + pU1 ),

δU1 (0.5v1(s) + v2(s) + pL1 ), δU1 (0.5v1(s) + w2(s) + pU1 )
)
,

v′2(s) = min
(
δL1 (−w1(s) + v2(s) + pL1 ), δL1 (−v1(s) + v2(s) + pU1 ),

δU1 (−w1(s) + v2(s) + pL1 ), δU1 (−v1(s) + v2(s) + pU1 )
)
,

w′1(s) = max
(
δL1 (0.5w1(s) + v2(s) + pL1 ), δL1 (0.5w1(s) + w2(s) + pU1 ),

δU1 (0.5w1(s) + v2(s) + pL1 ), δU1 (0.5w1(s) + w2(s) + pU1 )
)
,

w′2(s) = max
(
δL1 (−w1(s) + w2(s) + pL1 ), δL1 (−v1(s) + w2(s) + pU1 ),

δU1 (−w1(s) + w2(s) + pL1 ), δU1 (−v1(s) + w2(s) + pU1 )
)
,

with initial conditions v(0) = w(0) = (0, 2), and

Epoch Î2:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v′1(s) = min
(
δL2 (v1(s) + v2(s) − pU2 ), δL2 (v1(s) + w2(s) − pL2 ),

δU2 (v1(s) + v2(s) − pU2 ), δU2 (v1(s) + w2(s) − pL2 )
)
,

v′2(s) = min
(
δL2 (−w1(s) + pL2 ), δL2 (−v1(s) + pU2 ),

δU2 (−w1(s) + pL2 ), δU2 (−v1(s) + pU2 )
)
,

w′1(s) = max
(
δL2 (w1(s) + v2(s) − pU2 ), δL2 (w1(s) + w2(s) − pL2 ),

δU2 (w1(s) + v2(s) − pU2 ), δU2 (w1(s) + w2(s) − pL2 )
)
,

w′2(s) = max
(
δL2 (−w1(s) + pL2 ), δL2 (−v1(s) + pU2 ),

δU2 (−w1(s) + pL2 ), δU2 (−v1(s) + pU2 )
)
,

with initial conditions v(1) = v∗, w(1) = w∗, where v∗ and w∗ are the final values
of the bounding ODE system for the first epoch at s = 1.

This bounding ODE system can be integrated efficiently with an integrator that
supports the rigorous detection of events, due to the min and max functions in the
right-hand sides. The following results are obtained using the JACOBIAN Dynamic
Modeling and Optimization Software [22] release 2.1A with the default options.

Figure 6.1 shows the bounding trajectories obtained for P ≡ [0, 1]2 and Δ ≡
[0, 1]2. To illustrate that the trajectories actually bound the transformed system, 20
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Fig. 6.1. Bounding trajectories (dashed lines) and random state trajectories (solid lines) with
P ≡ [0, 1]2 and Δ ≡ [0, 1]2 for (a) x̂1(s) and (b) x̂2(s).
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Fig. 6.2. Bounding trajectories (dashed lines) and random state trajectories (solid lines) with
P ≡ [0, 0.25] × [0.25, 0.5] and Δ ≡ [0.5, 0.75] × [0.75, 1] for (a) x̂1(s) and (b) x̂2(s).

random points were generated in P ×Δ, and the state trajectories of the transformed
system were plotted alongside the bounding trajectories. It can be seen that the
bounds indeed enclose the solution of the transformed system, as should be expected
with the application of Corollary 5.4. Figure 6.2 shows what happens when the
bounds on (p, δ) are changed to P ≡ [0, 0.25] × [0.25, 0.5], Δ ≡ [0.5, 0.75] × [0.75, 1].
Again, 20 random points of (p, δ) were generated in P × Δ and plotted together
with the new bounding trajectories. Besides bounding the state trajectories, it can
be seen from the scales of the vertical axis that the bounding trajectories are closer
together than those in Figure 6.1. Finally, Figure 6.3 illustrates the convergence of
the bounding trajectories in Theorem 5.6 as P and Δ become degenerate. Note that
for the degenerate intervals P ≡ Δ ≡ [0.5, 0.5]2 (case (f)), the bounding trajectories
become the same, i.e., v(s) = w(s) = x̂(i, 0.5, 0.5, s).

Example 6.2. Consider an isothermal plug flow reactor (PFR) operating at steady
state with three sections into which the catalyst can be loaded. It has been deter-
mined that catalysts 1, 2, and 3 will be loaded in that order into the reactor. The
optimization decision variables are the lengths of the catalyst sections. Table 6.1 lists
the associated rate constants of the following kinetic model:

ẋ1(t) = −(k1 + k2)x1, ẋ2(t) = k2x1, ẋ3(t) = k1x1 − (k3 + k4)x3,

ẋ4(t) = k4x3, ẋ5(t) = k3x3,
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Fig. 6.3. Bounding trajectories with P ≡ Δ ≡ Z2, where Z is given by (a) [0, 1], (b) [0.1, 0.9],
(c) [0.2, 0.8], (d) [0.3, 0.7], (e) [0.4, 0.6], and (f) [0.5, 0.5]. The plot on the left is for x̂1(s), while the
one on the right is for x̂2(s).

Table 6.1

Rate constants for each catalyst.

Catalyst k1 k2 k3 k4

1 2.098 1.317 0.021 0.033
2 29.53 110.2 0.295 0.079
3 182.6 2325 1.826 0.143

where xi represents the molar concentration of component i (mol m−3), and kj repre-
sents the rate constant of reaction j (min−1). The PFR has a uniform cross-sectional
area of 0.05 m2, and a constant volumetric flow rate of 0.05 m3 min−1. In this ex-
ample, the independent variable t is the distance, l, along the reactor. The objective
function, F ($k), is to maximize the profit from the process, which is the value of the
product x5 minus the treatment costs of the byproducts x2 and x4,

min
δ∈Δ

−F = 0.01x2(1) + 0.1x4(1) − x5(1).

After applying the CPET, the transformed problem is given by

min
δ∈Δ

0.01x̂2(δ, 3) + 0.1x̂4(δ, 3) − x̂5(δ, 3),

subject to the point constraint,

(6.1) δ1 + δ2 + δ3 = 1,

where x̂(i, δ, s) is given by the solution of the following CPET hybrid system:

Mode m:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂′1(s) = v
(
− (k1(i) + k2(i))x̂1

)
,

x̂′2(s) = v
(
k2(i)x̂1

)
,

x̂′3(s) = v
(
k1(i)x̂1 − (k3(i) + k4(i))x̂3

)
,

x̂′4(s) = v
(
k4(i)x̂3

)
,

x̂′5(s) = v
(
k3(i)x̂3

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

m = 1, 2, 3,
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E = {1, 2, 3}, Tμ = 1, 2, 3, P̂ ≡ Δ ≡ [0, 1]3, and we have state continuity as the
transition functions with initial condition x̂(1, δ, 0) = (1000, 0, 0, 0, 0).

The convex relaxations for this example are constructed directly using Theorem
5.9 as the original objective function comprises an affine function of the state vari-
ables at the final time. Since the right-hand sides of the nonlinear hybrid system
exhibit a bilinear structure, the convex and concave relaxations in Theorem 5.9 can
be calculated from the convex envelope of a bilinear term [9]. However, since the con-
vex envelope is composed of two intersecting hyperplanes and thus not continuously
differentiable everywhere, there is no guarantee that condition E2 will be satisfied
for a particular choice of a reference trajectory. Fortunately, it is clear that the con-
dition can be relaxed to accommodate the nonsmoothness in the intersection of the
two hyperplanes by constructing the linearizations using any subgradient at the point
of nonsmoothness. In practice, we have implemented a heuristic that either chooses
one or the other hyperplane (which are both valid convex relaxations and supply valid
subgradients), where the effects of any possible chattering in the numerical integration
can be mitigated; see [30, Chapter 7].

It is also possible to remove a degree of freedom, δ3, from the optimization prob-
lem by substituting it with 1 − δ1 − δ2 and eliminating the constraint (6.1) from the
problem. This is attractive because it reduces the dimension of the parameter space
in the branch-and-bound framework. The numerical implementation used for solving
this problem is as follows: the convex relaxations constructed using Theorem 5.9 and
the natural interval extensions of Corollary 5.4 were generated automatically based on
an operator-overloading approach using C++; the local dynamic optimizations were
performed using the code DYNO [11], which implements the control parametrization
approach; and the branch-and-bound framework used was libBandB 3.2 [31]. Using
a Pentium 4 2.6 GHz machine with 1 GB RAM running SuSE Linux 9.2, a reference
trajectory of (x̂, δ)k = (x̂L, δL)k, a relative tolerance for libBandB of 10−3, relative
and absolute tolerances for the numerical integrator in DYNO of 10−7, and an op-
timality tolerance for the NLP solver in DYNO of 10−5, an optimal solution value
of 314.2 was obtained, at the point δ∗ = (0.3626, 0.0196, 0.6178). There was a total
of 483 nodes visited in the branch-and-bound tree, with a total CPU time of 560
seconds. For comparison, if the problem only involved two sections with the mode
sequence Tμ = 1, 3, then an optimal solution value of 296.9 was obtained, at the point
δ∗ = (0.4181, 0.5819), with a total of 17 nodes and a total CPU time of 8 seconds.

7. Conclusion. The global optimization problem with continuous time linear
hybrid systems embedded has been considered where the embedded systems have
varying time transitions. Sufficient conditions have been proposed for these problems
to be smooth in the control parametrization framework. The CPET has been utilized
to transform the problem into a global optimization problem with nonlinear hybrid
systems embedded where the transitions are now fixed in time. A method of con-
structing convex relaxations for the transformed problem has been developed that is
shown to be convergent within a branch-and-bound framework.

Acknowledgments. The authors would like to thank Dr. A. B. Singer and Dr.
B. Chachuat for extremely helpful discussions.
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THE MAX-PLUS FINITE ELEMENT METHOD FOR SOLVING
DETERMINISTIC OPTIMAL CONTROL PROBLEMS: BASIC

PROPERTIES AND CONVERGENCE ANALYSIS∗
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Abstract. We introduce a max-plus analogue of the Petrov–Galerkin finite element method
to solve finite horizon deterministic optimal control problems. The method relies on a max-plus
variational formulation. We show that the error in the sup-norm can be bounded from the difference
between the value function and its projections on max-plus and min-plus semimodules when the
max-plus analogue of the stiffness matrix is exactly known. In general, the stiffness matrix must
be approximated: this requires approximating the operation of the Lax–Oleinik semigroup on finite
elements. We consider two approximations relying on the Hamiltonian. We derive a convergence
result, in arbitrary dimension, showing that for a class of problems, the error estimate is of order
δ + Δx(δ)−1 or

√
δ + Δx(δ)−1, depending on the choice of the approximation, where δ and Δx are,

respectively, the time and space discretization steps. We compare our method with another max-plus
based discretization method previously introduced by Fleming and McEneaney. We give numerical
examples in dimensions 1 and 2.

Key words. max-plus algebra, tropical semiring, Hamilton–Jacobi equation, weak formulation,
residuation, projection, idempotent semimodules, finite element method
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1. Introduction. We consider the following optimal control problem:

maximize

∫ T

0

�(x(s),u(s)) ds + φ(x(T ))(1a)

over the set of trajectories (x(·),u(·)) satisfying

ẋ(s) = f(x(s),u(s)), x(s) ∈ X, u(s) ∈ U(1b)

for all 0 ≤ s ≤ T and

x(0) = x.(1c)

Here the state space X is a subset of R
n, the set of control values U is a subset of

R
m, the horizon T > 0 and the initial condition x ∈ X are given, and we assume that

the map u(·) is measurable and that the map x(·) is absolutely continuous. We also
assume that the instantaneous reward or Lagrangian � : X×U → R and the dynamics
f : X × U → R

n are sufficiently regular maps and that the terminal reward φ is a
map X → R ∪ {−∞}.
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We are interested in the numerical computation of the value function v which
associates with any (x, t) ∈ X × [0, T ] the supremum v(x, t) of

∫ t

0
�(x(s),u(s)) ds +

φ(x(t)), under the constraints (1b), for 0 ≤ s ≤ t and (1c). It is known that, under
certain regularity assumptions, v is solution of the Hamilton–Jacobi equation

−∂v

∂t
+ H

(
x,

∂v

∂x

)
= 0, (x, t) ∈ X × (0, T ],(2a)

with initial condition

v(x, 0) = φ(x), x ∈ X,(2b)

where H(x, p) = supu∈U �(x, u) + p · f(x, u) is the Hamiltonian of the problem (see,
for instance, [Lio82], [FS93], [Bar94]).

Several techniques have been proposed in the literature to solve this problem. We
mention, for example, finite difference schemes and the method of the vanishing viscos-
ity [CL84], the antidiffusive schemes for advection [BZ07], the finite element approach
[GR85a], [GR85b] (in the case of the stopping time problem), the so-called discrete dy-
namic programming method or semi-Lagrangian method [CD83], [CDI84], [Fal87a],
[Fal87b], [FF94], [FG99], [CFF04], and the Markov chain approximations [BD99].
Other schemes have been obtained by integration from the essentially nonoscillatory
schemes for the hyperbolic conservation laws (see, for instance, [OS91]). Recently,
max-plus methods have been proposed to solve first-order Hamilton–Jacobi equations
[McE06], [MH98], [MH99], [FM00], [McE02], [McE03], [CM04], [McE04].

Recall that the max-plus semiring, Rmax, is the set R∪{−∞}, equipped with the
addition a⊕ b = max(a, b) and the multiplication a⊗ b = a + b. In what follows, let
St denote the evolution semigroup of (2), or Lax–Oleinik semigroup, which associates
with any map φ the function vt := v(·, t), where v is the value function of the optimal
control problem (1). Maslov [Mas73] observed that the semigroup St is max-plus
linear, meaning that for all maps f, g from X to Rmax, and for all λ ∈ Rmax, we have

St(f ⊕ g) = Stf ⊕ Stg,

St(λf) = λStf,

where f ⊕g denotes the map x 	→ f(x)⊕g(x), and λf denotes the map x 	→ λ⊗f(x).
Linear operators over max-plus-type semirings have been widely studied; see, for
instance, [CG79], [MS92], [BCOQ92], [KM97], [GM01], [Fat].

In [FM00], Fleming and McEneaney introduced a max-plus-based discretiza-
tion method to solve a subclass of Hamilton–Jacobi equations (with a Lagrangian
� quadratic with respect to u and a dynamics f affine with respect to u). They use
the max-plus linearity of the semigroup St to approximate the value function vt by a
function vth of the form

(3) vth = sup
1≤i≤p

{λt
i + wi},

where {wi}1≤i≤p is a given family of functions (a max-plus “basis”) and {λt
i}1≤i≤p is a

family of scalars (the “coefficients” of vth on the max-plus “basis”), which must be de-
termined. They proposed a discretization scheme in which λt is computed inductively
by applying a max-plus linear operator to λt−δ, where δ is the time discretization
step. Thus, their scheme can be interpreted as the dynamic programming equation
of a discrete control problem.
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In this paper, we introduce a max-plus analogue of the finite element method,
the “MFEM,” to solve the deterministic optimal control problem (1). We still look
for an approximation vth of the form (3). However, to determine the “coefficients” λt

i,
we use a max-plus analogue of the notion of variational formulation, which originates
from the notion of generalized solution of Hamilton–Jacobi equations of Maslov and
Kolokoltsov [KM88], [KM97, Section 3.2]. We choose a family {zj}1≤j≤q of test func-
tions and define vth inductively to be the maximal function of the form (3) satisfying

(4) 〈vth | zj〉 ≤ 〈Sδvt−δh | zj〉 ∀1 ≤ j ≤ q,

where 〈· | ·〉 denotes the max-plus scalar product (see section 3 for details). We show
that the corresponding vector of coefficients λt can be obtained by applying to λt−δ a
nonlinear operator, which can be interpreted as the dynamic programming operator of
a deterministic zero-sum two player game, with finite action and state spaces. Indeed,

λt
i = min

1≤j≤q

(
− (Mh)ji + max

1≤k≤p

(
(Kh)jk + λt−δ

k

))
,

where the matrices Mh and Kh are max-plus analogues of the mass and stiffness ma-
trices, respectively (see (20) and (21) for the definitions of Mh and Kh and Remark 5
for details on the game interpretation).

One interest of the MFEM is to provide, as in the case of the classical finite
element method, a systematic way to compute error estimates, which can be inter-
preted geometrically as “projection” errors. In the classical finite element method,
orthogonal projectors with respect to the energy norm must be used. In the max-plus
case, projectors on semimodules must be used (note that these projectors minimize
an additive analogue of Hilbert projective metric [CGQ04]).

We shall see that when the value function is nonsmooth, the space of test func-
tions must be different from the space in which the solution is represented, so that
our discretization is indeed a max-plus analogue of the Petrov–Galerkin finite element
method. A convenient choice of finite elements and test functions includes quadratic
functions (also considered by Fleming and McEneaney [FM00]) and norm-like func-
tions; see section 5.

In the MFEM, we need to compute the value of the max-plus scalar product
〈z | Sδw〉 for each finite element w and each test function z. In some special cases,
〈z | Sδw〉 can be computed analytically. In general, we need to approximate this scalar
product. Here we consider the approximation Sδw(x) = w(x) + δH(x,∇w(x)), for
x ∈ X, which is also used in [MH99]. Our main result, Theorem 22, provides for the
resulting discretization of the value function an error estimate of order δ + Δx(δ)−1,
where Δx is the “space discretization step,” under classical assumptions on the control
problem and the additional assumption that the value function vt is semiconvex for all
t ∈ [0, T ]. This is comparable with the order obtained in the simplest discrete dynamic
programming method; see [CDI84], [Fal87a], [Fal87b], [CDF89]. To avoid solving a
difficult (nonconvex) optimization problem, we propose a further approximation of
the max-plus scalar product 〈z | Sδw〉, for which we obtain an error estimate of order√
δ + Δx(δ)−1, which is yet comparable to the order of the existing discretization

methods [CDI84], [Fal87a], [Fal87b], [CDF89], [CL84].
Note that the discretization grid need not be regular: in Theorem 22, Δx is

defined for an arbitrary grid in terms of Voronoi tessellations.
The paper is organized as follows. In section 2, we recall some basic tools and

notions: residuation, semimodules, and projection. In section 3, we present the for-
mulation of the max-plus finite element method. In section 4, we compare our method
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with the method proposed by Fleming and McEneaney in [FM00]. In section 5, we
state an error estimate and give the main convergence theorem. Finally, in section 6,
we illustrate the method by numerical examples in dimensions 1 and 2. Preliminary
results of this paper appeared in [AGL04].

2. Preliminaries on residuation and projections over semimodules. In
this section we recall some classical residuation results (see, for example, [DJLC53],
[Bir67], [BJ72], [BCOQ92]) and their application to linear maps on idempotent semi-
modules (see [LMS01], [CGQ04]). We also review some results of [CGQ96], [CGQ04]
concerning projectors over semimodules. Other results on projectors over semimod-
ules appeared in [Gon96], [GM01].

2.1. Residuation, semimodules, and linear maps. If (S,≤) and (T,≤) are
(partially) ordered sets, we say that a map f : S → T is monotone if s ≤ s′ =⇒
f(s) ≤ f(s′). We say that f is residuated if there exists a map f � : T → S such that

(5) f(s) ≤ t ⇐⇒ s ≤ f �(t).

The map f is residuated if and only if, for all t ∈ T , {s ∈ S | f(s) ≤ t} has a
maximum element in S. Then

f �(t) = max{s ∈ S | f(s) ≤ t} ∀t ∈ T.

Moreover, in that case, we have

f ◦ f � ◦ f = f and f � ◦ f ◦ f � = f �.(6)

In what follows, we shall consider situations where S (or T ) is equipped with an
idempotent monoid law ⊕ (idempotent means that a⊕a = a). Then the natural order
on S is defined by a ≤ b ⇐⇒ a ⊕ b = b. The supremum law for the natural order,
which is denoted by ∨, coincides with ⊕, and the infimum law for the natural order,
when it exists, will be denoted by ∧. We say that S is complete as a naturally ordered
set if any subset of S has a least upper bound for the natural order. When S and
T are complete, it is known that the map f : S → T is residuated if and only if it
preserves arbitrary sups [BCOQ92, Theorem 4.50].

If K is an idempotent semiring, i.e., a semiring whose addition is idempotent, we
say that the semiring K is complete if it is complete as a naturally ordered set and if
the left and right multiplications K → K, x 	→ ax, and x 	→ xa are residuated. Here
and in what follows, semiring multiplication is denoted by concatenation.

The max-plus semiring, Rmax = (R∪{−∞},max,+), defined in the introduction,
is an idempotent semiring. It is not complete, but it can be embedded into the
complete idempotent semiring Rmax obtained by adjoining +∞ to Rmax, with the
convention that −∞ is absorbing for the multiplication. The map x 	→ −x from R

to itself yields an isomorphism from Rmax to the complete idempotent semiring Rmin,
obtained by replacing max by min and by exchanging the roles of +∞ and −∞ in
the definition of Rmax.

Semimodules over semirings are defined like modules over rings, mutatis mutandis;
see [LMS01], [CGQ04]. When K is a complete idempotent semiring, we say that a
(right) K-semimodule X is complete if it is complete as an idempotent monoid and if,
for all u ∈ X and λ ∈ K, the right and left multiplications, RXλ : X → X , v 	→ vλ
and LXu : K → X , μ 	→ uμ, are residuated (for the natural order). In a complete
semimodule X , we define, for all u, v ∈ X ,

u\v def
= (LXu )�(v) = max{λ ∈ K | uλ ≤ v}.
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We shall use semimodules of functions: when X is a set and K is a complete
idempotent semiring, the set of functions KX is a complete K-semimodule for the
componentwise addition (u, v) 	→ u ⊕ v (defined by (u ⊕ v)(x) = u(x) ⊕ v(x)) and
the componentwise multiplication (λ, u) 	→ uλ (defined by (uλ)(x) = u(x)λ). In fact,
we shall need only the case where K = Rmax or Rmin when applying these notions.
In particular, when K = Rmax, KX is the set of functions from X to R ∪ {±∞},
equipped with the pointwise supremum and with the action (λ, u) 	→ λ + u, where
(λ+u)(x) = λ+u(x), for all x ∈ X, again with the convention that (−∞)+∞ = −∞.

If K is an idempotent semiring, and if X and Y are K-semimodules, we say that
a map A : X → Y is linear, or is a linear operator, if for all u, v ∈ X and λ, μ ∈ K,
A(uλ⊕ vμ) = A(u)λ⊕ A(v)μ. Then, as in classical algebra, we use the notation Au
instead of A(u). When A is residuated and v ∈ Y, we use the notation A\v or A�v
instead of A�(v). So

A\v = A�v = max{w ∈ X | Aw ≤ v}.

We denote by L(X ,Y) the set of linear operators from X to Y which is a complete
semimodule as soon as K and Y are complete. If K is a complete idempotent semiring,
if X , Y, Z are complete K-semimodules, and if A ∈ L(X ,Y) is residuated, then the
map LA : L(Z,X ) → L(Z,Y), B 	→ A ◦B is residuated and we set A\C := (LA)�(C)
for all C ∈ L(Z,Y).

If X and Y are two sets, K is a complete idempotent semiring, and a ∈ KX×Y ,
we construct the linear operator A from KY to KX which associates with any u ∈ KY

the function Au ∈ KX such that Au(x) = ∨y∈Y a(x, y)u(y). We say that A is the
kernel operator with kernel or matrix a. We shall often use the same notation A for
the operator and the kernel (so A(x, y) = a(x, y)). In particular, when K = Rmax, we
have

Au(x) = sup
y∈Y

(A(x, y) + u(y)).(7)

As is well known (see, for instance, [BCOQ92]), the kernel operator A is residuated,
and

(A\v)(y) = ∧
x∈X

A(x, y)\v(x).

When K = Rmax, A\v is given by

(A\v)(y) = inf
x∈X

(−A(x, y) + v(x)) = [−A∗(−v)](y),(8)

where A∗ denotes the transposed operator KX → KY , which is associated with the
kernel A∗(y, x) = A(x, y). (In (8), we use the convention that +∞ is absorbing for
addition.)

2.2. Projectors on semimodules. Let K be a complete idempotent semiring
and V denote a complete subsemimodule of a complete semimodule X , i.e., a subset
of X that is stable by arbitrary sups and by the action of scalars. We call canonical
projector on V the map

(9) PV : X → X , u 	→ PV(u) = max{v ∈ V | v ≤ u}.
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Let W denote a generating family of a complete subsemimodule V, which means that
any element v ∈ V can be written as v = ∨{wλw | w ∈ W} for some λw ∈ K. It is
known that

PV(u) = ∨
w∈W

w(w\u)

(see, for instance, [CGQ04]). If B : U → X is a residuated linear operator, then
when U and X are complete semimodules over K, the image imB of B is a complete
subsemimodule of X , and

(10) PimB = B ◦B�.

The max-plus finite element methods relies on the notion of projection on an im-
age, parallel to a kernel, which was introduced by Cohen, Gaubert, and Quadrat
in [CGQ96]. The following theorem, of which Corollary 3 below is an immediate
corollary, is a variation on the results of [CGQ96, Section 6].

Theorem 1 (projection on an image parallel to a kernel). Let U , X , and Y be
complete semimodules over K. Let B : U → X and C : X → Y be two residuated
linear operators over K. Let ΠC

B = B ◦ (C ◦ B)� ◦ C. We have ΠC
B = ΠB ◦ ΠC ,

where ΠB = B ◦ B� and ΠC = C� ◦ C. Moreover, ΠC
B is a projector, meaning that

(ΠC
B)2 = ΠC

B, and for all x ∈ X

ΠC
B(x) = max{y ∈ imB | Cy ≤ Cx}.

Proof. The first assertion follows from (C ◦ B)� = B� ◦ C�. For the second
assertion, we have

(ΠC
B)2 =

(
B ◦ (C ◦B)� ◦ C

)
◦
(
B ◦ (C ◦B)� ◦ C

)
= B ◦ (C ◦B)� ◦ C (using(6))

= ΠC
B .

To prove the last assertion, we use that ΠB = PimB and (5), and we deduce that

ΠC
B(x) = PimB ◦ C� ◦ C(x)

= max{y ∈ imB | y ≤ C� ◦ C(x)}

= max{y ∈ imB | Cy ≤ Cx}.

The results of [CGQ96] characterize the existence and uniqueness, for all x ∈ X,
of y ∈ imB such that Cy = Cx. In that case, y = ΠC

B(x).

When K = Rmax, and C : R
X

max → R
Y

max is a kernel operator, ΠC = C� ◦ C has
an interpretation similar to (10):

ΠC(v) = C� ◦ C(v) = −PimC∗(−v) = P−imC∗
(v),

where −imC∗ is thought of as a Rmin-subsemimodule of R
X

min and PV denotes the
projector on a Rmin-semimodule V, so that

P−imC∗
(v) = min{w ∈ −imC∗ | w ≥ v},
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ŷ2 ŷ3 ŷ4 ŷ5

v

ŷ1

P−imC∗
(v)

(a)

ŷ2 ŷ4 ŷ5

x̂3 x̂4 x̂5x̂2x̂1 x̂6

ŷ1 ŷ3

ΠC
B(v)

v

(b)

Fig. 1. Example illustrating max-plus and min-plus projectors.

where ≤ denotes here the usual order on R
X

. When B : R
U

max → R
X

max is also a kernel
operator, we have

ΠC
B = PimB ◦ P−imC∗

.

This factorization will be instrumental in the geometrical interpretation of the finite
element algorithm.

Example 2. We take U = {1, . . . , p}, X = R, and Y = {1, . . . , q}. Consider the

linear operators B : R
U

max → R
X

max and C : R
X

max → R
Y

max such that

Bλ(x) = sup
1≤i≤p

{
− c

2
(x− x̂i)

2 + λi

}
∀λ ∈ R

U

max

and

(Cf)i = sup
x∈R

{−a|x− ŷi| + f(x)} ∀f ∈ R
X

max.

The image of B, imB, is the semimodule generated in the max-plus sense by the
functions x 	→ − c

2 (x− x̂i)
2 for i = 1, . . . , p. We have

C�μ(x) = inf
1≤i≤q

{a|x− ŷi| + μi} ∀μ ∈ R
Y

max,

and the image of C�, which coincides with −imC∗, is the semimodule generated in
the min-plus sense by the functions x 	→ a|x− ŷi| for i = 1, . . . , q.

In Figure 1(a), we represent a function v and its projection P−imC∗
(v) (in bold).

In Figure 1(b), we represent (in bold) the projection PimB(P−imC∗
(v)) = ΠC

B(v).

3. The max-plus finite element method.

3.1. Max-plus variational formulation. We now describe the max-plus finite
element method to solve problem (1). Let V be a complete semimodule of functions
from X to Rmax. Let St : V → V and vt be defined as in the introduction. Using the
semigroup property St+t′ = St ◦ St′ , for t, t′ > 0, we get

(11) vt+δ = Sδvt, t = 0, δ, . . . , T − δ,
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with v0 = φ and δ = T
N for some positive integer N . Let W ⊂ V be a complete

Rmax-semimodule of functions from X to Rmax such that for all t ≥ 0, vt ∈ W. We
choose a “dual” semimodule Z of “test functions” from X to Rmax. Recall that the
max-plus scalar product is defined by

〈u | v〉 = sup
x∈X

u(x) + v(x)

for all functions u, v : X → Rmax. We replace (11) by

(12) 〈z | vt+δ〉 = 〈z | Sδvt〉 ∀z ∈ Z

for t = 0, δ, . . . , T − δ, with vδ, . . . , vT ∈ W. Equation (12) can be seen as the
analogue of a variational or weak formulation. Kolokoltsov and Maslov used this
formulation in [KM88] and [KM97, Section 3.2] to define a notion of generalized
solution of Hamilton–Jacobi equations. We use it in the next section to construct
an approximation algorithm for the value function, which is obtained by taking for
W and Z finitely generated semimodules (whereas in the work of Kolokoltsov and
Maslov, the semimodules W and Z are “infinite dimensional” spaces consisting, for
instance, of continuous or convex functions).

3.2. Ideal max-plus finite element method. We consider a semimodule
Wh ⊂ W generated by the family {wi}1≤i≤p. We call finite elements the functions
wi. We approximate vt by vth ∈ Wh, that is,

vt � vth = ∨
1≤i≤p

wiλ
t
i,

where λt
i ∈ Rmax. We also consider a semimodule Zh ⊂ Z with generating family

{zj}1≤j≤q. The functions z1, . . . , zq will act as test functions. We replace (12) by

(13) 〈z | vt+δ
h 〉 = 〈z | Sδvth〉 ∀z ∈ Zh

for t = 0, δ, . . . , T−δ, with vδh, . . . , v
T
h ∈ Wh. The function v0

h is a given approximation
of φ. Since Zh is generated by z1, . . . , zq, (13) is equivalent to

(14) 〈zj | vt+δ
h 〉 = 〈zj | Sδvth〉 ∀1 ≤ j ≤ q

for t = 0, δ, . . . , T − δ, with vth ∈ Wh, t = 0, δ, . . . , T .
Since (14) need not have a solution, we look for its maximal subsolution, i.e., the

maximal solution vt+δ
h ∈ Wh of

〈zj | vt+δ
h 〉 ≤ 〈zj | Sδvth〉 ∀1 ≤ j ≤ q.(15a)

We also take for the approximate value function v0
h at time 0 the maximal solution

v0
h ∈ Wh of

v0
h ≤ v0.(15b)

Let us denote by Wh the max-plus linear operator from R
p

max to W with matrix
Wh = col(wi)1≤i≤p and by Z∗h the max-plus linear operator from W to R

q

max whose
transposed matrix is Zh = col(zj)1≤j≤q. This means that Whλ = ∨1≤i≤p wiλi for

all λ = (λi)i=1,...,p ∈ R
p

max, and (Z∗hv)j = 〈zj | v〉 for all v ∈ W and j = 1, . . . , q.
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Applying Theorem 1 to B = Wh and C = Z∗h and noting that Wh = imWh, we get
the following corollary.

Corollary 3. The maximal solution vt+δ
h ∈ Wh of (15a) is given by vt+δ

h =
Sδ
h(vth), where

Sδ
h = Π

Z∗
h

Wh
◦ Sδ.

Note that Π
Z∗

h

Wh
= PWh

◦ P−Zh . The following proposition provides a recursive
equation verified by the vector of coordinates of vth.

Proposition 4. Let vth ∈ Wh be the maximal solution of (15) for t = 0, δ, . . . , T .
Then, for every t = 0, δ, . . . , T , there exists a maximal λt ∈ R

p
max such that vth = Whλ

t,
t = 0, δ, . . . , T , which can be determined recursively from

λt+δ = (Z∗hWh)\(Z∗hSδWhλ
t)(16a)

for t = 0, . . . , T − δ with the initial condition

λ0 = Wh\φ.(16b)

Proof. Since vth ∈ Wh, vth = Whλ
t for some λt ∈ R

p

max and the maximal λt

satisfying this condition is λt = W �
h(vth) for all t = 0, δ, . . . , T . Since v0

h is the maximal

solution of (15b), then by (9) and (10), v0
h = PWh

(φ) = Wh ◦ W �
h(φ), and hence

λ0 = W �
h ◦Wh ◦W �

h(φ) = W �
h(φ). Let t = δ, . . . , T . Using Corollary 3, Theorem 1, (6),

and the property that (f ◦ g)� = g� ◦ f � for all residuated maps f and g, we get

λt+δ = W �
h ◦ Π

Z∗
h

Wh
◦ Sδ(Whλ

t)

= W �
h ◦Wh ◦W �

h ◦ (Z∗h)� ◦ Z∗h ◦ Sδ(Whλ
t)

= W �
h ◦ (Z∗h)� ◦ Z∗h ◦ Sδ(Whλ

t)

= (Z∗hWh)�(Z∗hS
δWhλ

t),

which yields (16a).
For 1 ≤ i ≤ p and 1 ≤ j ≤ q, we define

(Mh)ji = 〈zj | wi〉,(17)

(Kh)ji = 〈zj | Sδwi〉,(18)

= 〈(S∗)δzj | wi〉,(19)

where S∗ is the transposed semigroup of S, which is the evolution semigroup associated
with the optimal control problem (1) in which the sign of the dynamics is changed.
The matrices Mh and Kh, which represent, respectively, the max-plus linear operators
Z∗hWh and Z∗hS

δWh, may be thought of as the max-plus analogues of the mass and
stiffness matrices, respectively.

The ideal max-plus finite element method (Algorithm 1) is the algorithm derived
from Proposition 4, assuming that the “mass” and “stiffness” matrices Mh and Kh

are computed by oracles. We shall discuss in the next section the approximations of
the matrices Mh and Kh, which will allow us to implement the method.
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Algorithm 1 Ideal max-plus finite element method

1: Choose the finite elements (wi)1≤i≤p and (zj)1≤j≤q. Choose the time discretiza-
tion step δ = T

N .
2: Compute the matrix Mh and the matrix Kh defined in (17), (18), or (19).
3: Compute λ0 = Wh\φ and v0

h = Whλ
0.

4: For t = δ, 2δ, . . . , T , compute λt = Mh\(Khλ
t−δ) and vth = Whλ

t.

For the convenience of the reader, we rewrite the elements of Algorithm 1 with
the usual notation:

(Mh)ji = sup
x∈X

(
zj(x) + wi(x)

)
,(20)

(Kh)ji = sup
x∈X

(
zj(x) + Sδwi(x)

)
,(21)

= sup
x∈X

(
wi(x) + (S∗)δzj(x)

)
.

Equation (16a) may be written explicitly, using (7) and (8), for 1 ≤ i ≤ p, as

λt+δ
i = min

1≤j≤q

(
− (Mh)ji + max

1≤k≤p

(
(Kh)jk + λt

k

))
.

Remark 5. This recursion may be interpreted as the dynamic programming equa-
tion of a deterministic zero-sum two player game, with finite action and state spaces.
Here the state space of the game is the finite set {1, . . . , p} (to each finite element
corresponds a state of the game). To each test function corresponds one possible
action j ∈ {1, . . . , q} of the first player, and to each finite element corresponds one
possible action k ∈ {1, . . . , p} of the second player. Given these actions at the state
i ∈ {1, . . . , p}, the cost of the first player, which is the reward of the second player, is
−(Mh)ji + (Kh)jk.

Finally, we have, for all x ∈ X and t = 0, δ, . . . , T − δ,

vt+δ
h = sup

1≤i≤p

(
wi(x) + λt+δ

i

)
.

Remark 6. Since vth ∈ Wh for all t = 0, . . . , T , the dynamics of vth can be written
as a function of the matrices Mh and Kh:

(22) vt+δ
h = Wh ◦M �

h ◦Kh ◦W �
h(vth).

3.3. Effective max-plus finite element method. In the ideal max-plus finite
element method, we assume that the matrices Mh and Kh are exactly known. We shall
see in section 5 that for natural choices of finite elements and test functions, computing
every entry of the matrix Mh is equivalent to solving a maximization problem in which
the objective function is concave and the feasible set is convex. This problem can be
approached by standard optimization methods. When the domain X has a “simple”
shape, for instance when X is a hypercube, the entries of the matrix Mh can even be
computed analytically. Hence, the assumption that Mh is accurately known is not a
restrictive one. The same is not true for Kh. Indeed, evaluating every scalar product
〈z | Sδw〉 leads to a new optimal control problem since

〈z | Sδw〉 = max z(x(0)) +

∫ δ

0

�(x(s),u(s))ds + w(x(δ)),
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where the maximum is taken over the set of trajectories
(
x(·),u(·)

)
satisfying (1b).

This problem is simpler to approximate than problem (1), because the horizon δ is
small, and the functions z and w have a regularizing effect.

We call “the effective max-plus finite element method” the method obtained by
replacing in Algorithm 1 the matrix Kh by an approximation.

We first discuss the approximation of Sδw for every finite element w. The
Hamilton–Jacobi equation (2a) suggests approximating Sδw by the function [Sδw]H
such that

(23) [Sδw]H(x) = w(x) + δH(x,∇w(x)) ∀x ∈ X.

Let [SδWh]H denote the max-plus linear operator from R
p

max to W with matrix
[SδWh]H = col([Sδwi]H)1≤i≤p, which means that

[SδWh]Hλ = ∨
1≤i≤p

[Sδwi]Hλi

for all λ = (λi)1≤i≤p ∈ R
p
max. The above approximation of Sδw yields an approxima-

tion of the matrix Kh by the matrix KH,h := Z∗h[SδWh]H , whose entries are given,
for 1 ≤ i ≤ p and 1 ≤ j ≤ q, by

(KH,h)ji = sup
x∈X

(
zj(x) + wi(x) + δH(x,∇wi(x))

)
.(24)

Let Aji denote the set where the optimum of the function x 	→ zj(x) + wi(x) is at-
tained. Computing (KH,h)ji in (24) requires solving an optimization problem, which
is nothing but a perturbation of the optimization problem associated with the com-
putation of (Mh)ji. We may exploit this observation by approximating KH,h by the

matrix K̃H,h with entries

(K̃H,h)ji = sup
x∈Aji

(
zj(x) + wi(x)

)
+ sup

x∈Aji

H(x,∇wi(x))

= 〈zj | wi〉 + δ sup
x∈Aji

H(x,∇wi(x))(25)

for 1 ≤ i ≤ p and 1 ≤ j ≤ q. When Aji has only one element, (25) yields a convenient
approximation of Kh.

Of course, wi must be differentiable for the approximation (23) to make sense.
When wi is nondifferentiable, but zj is differentiable, the dual formula (19) suggests
approximating (Kh)ji by

sup
x∈X

(
zj(x) + δH(x,−∇zj(x)) + wi(x)

)
.

We may also use the dual formula of (25), where ∇wi(x) is replaced by −∇zj(x).
We shall see in section 5 that the approximation (24) yields an error of order

O(δ2) and that the further approximation (25) yields a more important error of order

O(δ
3
2 ).

4. Comparison with the method of Fleming and McEneaney. Fleming
and McEneaney proposed a max-plus based method [FM00], which also uses a space
Wh generated by finite elements, w1, . . . , wp, together with the linear formulation (11).
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Their method approaches the value function at time t, vt, by Whμ
t, where Wh =

col(wi)1≤i≤p as above, and μt is defined inductively by

μ0 = Wh\φ,(26a)

μt+δ =
(
Wh\(SδWh)

)
μt(26b)

for t = 0, δ, . . . , T − δ. This can be compared with the limit case of our finite element
method, in which the space of test functions Zh is the set of all functions. This limit
case corresponds to replacing Z∗h by the identity operator in (16a), so that

λt+δ = Wh\(SδWhλ
t).(27)

Proposition 7. Let (μt) be the sequence of vectors defined by the algorithm of
Fleming and McEneaney, (26); let (λt) be the sequence of vectors defined by the max-
plus finite element method in the limit case (27); and let vt denote the value function
at time t. Then

(28) Whμ
t ≤ Whλ

t ≤ vt for t = 0, δ, . . . , T.

Proof. We first prove that Whλ
t ≤ vt for t = 0, δ, . . . , T . This can be proved by

induction. For t = 0, we have Whλ
0 ≤ v0 by (15b). We assume that Whλ

t ≤ vt.
Using (27), we have

Whλ
t+δ = WhW

�
hS

δ(Whλ
t)

= ΠWh

(
Sδ(Whλ

t)
)
.

Using the monotonicity of the semigroup Sδ, we obtain

Whλ
t+δ ≤ ΠWh

(
Sδvt

)
≤ Sδvt

= vt+δ.

The second inequality is also proved by induction. For t = 0, we have μ0 = λ0 =
Wh\Φ. Suppose that μt ≤ λt. By definition of Wh\

(
SδWh

)
, we have

Wh

(
Wh\SδWh

)
≤ SδWh,

and hence

Whμ
t+δ = Wh

(
Wh\SδWh

)
μt

≤
(
SδWh

)
μt

≤ SδWhλ
t.

Since

λt+δ = Wh\
(
SδWhλ

t
)

= max{λ ∈ R
p

max | Whλ ≤ SδWhλ
t},

we get that μt+δ ≤ λt+δ. Then μt ≤ λt for t = 0, δ, . . . , T . Since Wh is monotone, we
deduce (28).

An approximation of (26b) using formulae of the same type as (23) is also dis-
cussed in [MH99].
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5. Error analysis.

5.1. General error estimates. In what follows we denote by ‖v‖∞ = supi∈I
|v(i)| ∈ R ∪ {+∞} the sup-norm of any function v : I → R. We also use the same
notation ‖v‖∞ = supi∈I |vi| for a vector v = (vi)i∈I . For any two sets I and J ,
a map Φ : R

I → R
J is said to be monotone and homogeneous if it is monotone

for the natural order and if for all u ∈ R
I and λ ∈ R, Φ(u + λ) = Φ(u) + λ with

(u + λ)(i) = u(i) + λ. Monotone homogeneous maps are nonexpansive for the sup-
norm: ‖Φ(u) − Φ(v)‖∞ ≤ ‖u− v‖∞; see [CT80]. In particular, max-plus or min-plus
linear operators are nonexpansive for the sup-norm. This property will be frequently
used in what follows. In order to simplify notation, we denote τ̄δ = {0, δ, . . . , T},
τ+
δ = τ̄δ\{0}, and τ−δ = τ̄δ\{T} .

Remark 8. To establish the main result of the paper (Theorem 22 below), we
shall need only to take the norm of finite valued functions. However, we wish to
emphasize that all the computations that follow are valid for functions with values
in R if one replaces every occurrence of a term of the form ‖u − v‖∞ by d∞(u, v) =
inf{λ ≥ 0 | −λ + v ≤ u ≤ λ + v}. Observe that d∞(u, v) is a semidistance and
that d∞(u, v) = ‖u − v‖∞ if u − v takes finite values. Observe also that if a map

Φ : R
I → R

J
is monotone and homogeneous, d∞(Φ(u),Φ(v)) ≤ d∞(u, v) for all

u, v ∈ R
I
.

The following lemma shows that the error of the ideal max-plus finite element

method is controlled by the projection errors ‖ΠZ∗
h

Wh
(vt) − vt‖∞. This lemma may be

thought of as an analogue of Cea’s lemma in the classical analysis of the errors of
the finite element method. Projectors over semimodules in the MFEM correspond to
orthogonal projectors in the classical finite element method.

Lemma 9. For t ∈ τ̄δ, let vt be the value function at time t and vth be its
approximation given by the ideal max-plus finite element method. We have

(29) ‖vTh − vT ‖∞ ≤ ‖ΠWh
(v0) − v0‖∞ +

∑
t∈τ+

δ

‖ΠZ∗
h

Wh
(vt) − vt‖∞.

Proof. For all t ∈ τ−δ , we have

‖vt+δ
h − vt+δ‖∞ ≤ ‖vt+δ

h − Sδ
h(vt)‖∞ + ‖Sδ

h(vt) − vt+δ‖∞

≤ ‖Sδ
h(vth) − Sδ

h(vt)‖∞ + ‖ΠZ∗
h

Wh
◦ Sδ(vt) − vt+δ‖∞.

Since Sδ
h is a nonexpansive operator, we deduce that

‖vt+δ
h − vt+δ‖∞ ≤ ‖vth − vt‖∞ + ‖ΠZ∗

h

Wh
(vt+δ) − vt+δ‖∞.

The result is obtained by induction on t, using the fact that v0
h = PWh

(v0) =
ΠWh

(v0).

To obtain an error estimate, we need to bound ‖ΠZ∗
h

Wh
(vt) − vt‖∞ for all t ∈ τ+

δ .

Since Π
Z∗

h

Wh
= ΠWh

◦ ΠZ∗
h , we have

‖ΠZ∗
h

Wh
(vt) − vt‖∞ = ‖ΠWh

◦ ΠZ∗
h(vt) − vt‖∞

≤ ‖ΠWh
◦ ΠZ∗

h(vt) − ΠWh
(vt)‖∞ + ‖ΠWh

(vt) − vt‖∞,
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and since ΠWh
is a nonexpansive operator, we get

(30) ‖ΠZ∗
h

Wh
(vt) − vt‖∞ ≤ ‖ΠZ∗

h(vt) − vt‖∞ + ‖ΠWh
(vt) − vt‖∞.

Using this inequality together with Lemma 9, we deduce the following corollary.
Corollary 10. For t ∈ τ̄δ, let vt be the value function at time t and vth be its

approximation given by the ideal max-plus finite element method. We have

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(‖ΠZ∗
h(vt) − vt‖∞ + ‖ΠWh

(vt) − vt‖∞)
)
.

The following general lemma shows that the error of the effective finite element
method is controlled by the projection errors and the errors resulting from the ap-
proximation of the matrix Kh by a matrix K̃h.

Lemma 11. For t ∈ τ̄δ, let vt be the value function at time t and vth be its
approximation given by the effective max-plus finite element method, where Kh is
approximated by K̃h. We have

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(‖ΠZ∗
h(vt) − vt‖∞ + ‖ΠWh

(vt) − vt‖∞)

+ ‖K̃h −Kh‖∞
)
.

Proof. Since vth is computed with the approximation K̃h of Kh, we have vth =
Whλ

t, t ∈ τ̄δ, with

λt+δ = M �
h ◦ (K̃hλ

t) = W �
h ◦ (Z∗h)� ◦ (K̃hλ

t).

We have

‖vt+δ
h − vt+δ‖∞ ≤ ‖vt+δ

h − Sδ
hv

t
h‖∞ + ‖Sδ

hv
t
h − Sδ

hv
t‖∞ + ‖Sδ

hv
t − vt+δ‖∞

≤ ‖ΠWh
◦ (Z∗h)� ◦ (K̃hλ

t) − ΠWh
◦ (Z∗h)� ◦ Z∗h ◦ SδWhλ

t‖∞

+ ‖vth − vt‖∞ + ‖ΠZ∗
h

Wh
(vt+δ) − vt+δ‖∞

≤ ‖K̃hλ
t −Khλ

t‖∞ + ‖vth − vt‖∞ + ‖ΠZ∗
h

Wh
(vt+δ) − vt+δ‖∞

≤ max
1≤j≤q
1≤i≤p

|(K̃h)ji − (Kh)ji| + ‖vth − vt‖∞ + ‖ΠZ∗
h

Wh
(vt+δ) − vt+δ‖∞.

We deduce that

‖vTh − vT ‖∞ ≤ ‖ΠWh
(v0) − v0‖∞ +

∑
t∈τ+

δ

(
‖ΠZ∗

h

Wh
(vt) − vt‖∞ + ‖K̃h −Kh‖∞

)
,

and so

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(‖ΠZ∗
h(vt) − vt‖∞ + ‖ΠWh

(vt) − vt‖∞)

+ ‖K̃h −Kh‖∞
)
.
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Corollary 12. For t ∈ τ̄δ, let vt be the value function at time t and vth be
its approximation given by the effective max-plus finite element method, implemented
with the approximation KH,h of Kh, given by (24). We have

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(‖ΠZ∗
h(vt) − vt‖∞ + ‖ΠWh

(vt) − vt‖∞)

+ max
1≤i≤p

‖[Sδwi]H − Sδwi‖∞
)
.

Proof. Using the same technique as in the precedent lemma and using that KH,h =
Z∗h[SδWh]H and Kh = Z∗hS

δWh, we have

‖KH,h −Kh‖∞ ≤ ‖[SδWh]H − SδWh‖∞

= max
1≤i≤p

‖[Sδwi]H − Sδwi‖∞,(31)

which ends the proof.
Corollary 13. For t ∈ τ̄δ, let vt be the value function at time t and vth be

its approximation given by the effective max-plus finite element method, implemented
with the approximation K̃H,h of Kh, given by (25). We have

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(‖ΠZ∗
hvt − vt‖∞ + ‖ΠWh

vt − vt‖∞)

+ max
1≤i≤p

‖[Sδwi]H − Sδwi‖∞ + ‖K̃H,h −KH,h‖∞
)
.

Proof. We use Lemma 11, together with (31) and

‖K̃H,h −Kh‖∞ ≤ ‖K̃H,h −KH,h‖∞ + ‖KH,h −Kh‖∞.

5.2. Projection errors. In this section, we estimate the projection errors result-
ing from different choices of finite elements. Recall that a function f is c-semiconvex
if f(x) + c

2‖x‖2
2, where ‖ · ‖2 is the standard euclidean norm of R

n, is convex. A
function f is c-semiconcave if −f is c-semiconvex. Spaces of semiconvex functions
were intensively used in the max-plus based approximation method of Fleming and
McEneaney [FM00]; see also [MH98], [MH99], [McE02], [McE03], [McE04], [Fal87a],
[Fal87b], [CDI84], [CDF89].

We shall use the following finite elements.
Definition 14 (P1 finite elements). We call the P1 finite element or Lipschitz

finite element centered at point x̂ ∈ X, with constant a > 0, the function w(x) =
−a‖x− x̂‖1, where ‖x‖1 =

∑n
i=1 |xi| is the l1-norm of R

n.
The family of Lipschitz finite elements of constant a generates, in the max-plus

sense, the semimodule of Lipschitz continuous functions from X to R̄ of Lipschitz
constant a with respect to ‖ · ‖1.

Definition 15 (P2 finite elements). We call the P2 finite element or quadratic
finite element centered at point x̂ ∈ X, with Hessian c > 0, the function w(x) =
− c

2‖x− x̂‖2
2.

When X = R
n, the family of quadratic finite elements with Hessian c generates, in

the max-plus sense, the semimodule of l.s.c. c-semiconvex functions with values in R̄.
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Fig. 2. Voronoi tessellation.

Notation. Let Y be a subset of R
n and f be a function from Y to R. We will

denote by ConvY the convex hull of Y , riY the relative interior of Y , domf the
effective domain of f , and ∂f(x) the subdifferential of f at x ∈ domf .

When C is a nonempty convex subset of R
n and c > 0, a function is said to be

c-strongly convex on C if and only if f − 1
2c‖ · ‖2

2 is convex on C. A function f is
c-strongly concave on C if −f is c-strongly convex on C.

Let P be a finite subset of R
n. The Voronoi cell of a point p ∈ P is defined by

V (p) = {x ∈ R
n | ‖x− p‖2 ≤ ‖x− q‖2 ∀q ∈ P}.

The family {V (p)}p∈P constitutes a subdivision of R
n, which is called a Voronoi

tessellation (see [SU00] for an introduction to Voronoi tessellations). We define the
restriction of V (p) to X to be

VX(p) = V (p) ∩X.

We define ρX(P ) to be the maximal radius of the restriction to X of the Voronoi cells
of the points of P :

ρX(P ) := sup
p∈P

sup
x∈VX(p)

‖x− p‖2.

Observe that

ρX(P ) := sup
x∈X

inf
p∈P

‖x− p‖2.

The previous definitions are illustrated in Figure 2. The set X is in light gray, P =
{p1, . . . , p10}, VX(P9) is in dark gray, and ρX(P ) is indicated by a bidirectional arrow.

The next two lemmas bound the projection error in term of the radius of Voronoi
cells.

Lemma 16 (primal projection error). Let X be a compact convex subset of R
n.

Let v : X → R be a c-semiconvex and Lipschitz continuous function with Lipschitz
constant Lv with respect to the euclidean norm. Let vc(x) = v(x) + c

2‖x‖2
2. Let

X̂ = X + B2(0,
Lv

c ), let X̂h be a finite subset of R
n, and let Wh denote the complete

subsemimodule of R
X
max generated by the family (wx̂h

)x̂h∈X̂h
, where wx̂h

(x) = − c
2‖x−

x̂h‖2
2. Then

‖v − PWh
v‖∞ ≤ cdiamXρX̂(X̂h).
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Proof. Let W denote the complete subsemimodule of R
X
max generated by the

family (wx̂)x̂∈X̂ . We will first prove that for all x ∈ X, PWv(x) = v(x). It is obvious

that for all x ∈ X, v(x) ≥ PWv(x). Using that PW = W ◦W �, with W = col(wx̂)x̂∈X̂ ,
we obtain

PWv(x) = sup
x̂∈X̂

(
− c

2
‖x− x̂‖2

2 + inf
y∈X

( c

2
‖y − x̂‖2

2 + v(y)
))

= sup
x̂∈X̂

(
− c

2
‖x‖2

2 + cx̂ · x− sup
y∈X

(
cx̂ · y − vc(y)

))

= − c

2
‖x‖2

2 + sup
x̂∈X̂

(
cx̂ · x− v∗c (cx̂)

)
,

where v∗c denotes the Fenchel transform of vc. Since vc is l.s.c., convex, and proper,
we have for all x ∈ X

(32) vc(x) = v∗∗c (x) = sup
θ∈Rn

(
θ · x− v∗c (θ)

)
.

Using Theorem 23.4 of [Roc70], for all x ∈ ri(domvc), the subdifferential of vc at x,
∂vc(x) = {θ ∈ R

n | vc(y)−vc(x) ≥ θ · (y−x) ∀y ∈ X}, is nonempty. Then θ ∈ ∂vc(x)
if and only if v∗c (θ) = θ ·x−vc(x) and, consequently, the supremum of (32) is attained
for all elements θ of ∂vc(x).

Set q(x) = c
2‖x‖2

2. Using the fact that q(y)− q(x) = q′(x) · (y− x) +O(‖y− x‖2
2)

and that v is Lipschitz continuous with Lipschitz constant Lv, we obtain ∂vc(x) ⊂
B2(cx, Lv) for all x ∈ riX. Therefore, for all x ∈ riX,

(33) vc(x) = sup
x̂∈X̂

(
cx̂ · x− v∗c (cx̂)

)
.

By continuity in the members of (33), we have the equality for all x ∈ X, and so

PWv(x) = − c

2
‖x‖2

2 + sup
x̂∈X̂

(
cx̂ · x− v∗c (cx̂)

)

= − c

2
‖x‖2

2 + vc(x)

= v(x)

for all x ∈ X.
Now fix x ∈ X. For x̂ ∈ X̂, we set ϕ(x̂) = cx̂ ·x−v∗c (cx̂). Since PWh

v ≤ PWv ≤ v,
we have for all x ∈ X

0 ≤ v(x) − PWh
v(x) = PWv(x) − PWh

v(x)

= sup
x̂∈X̂

ϕ(x̂) − sup
x̂h∈X̂h

ϕ(x̂h)

= sup
x̂∈X̂

inf
x̂h∈X̂h

ϕ(x̂) − ϕ(x̂h).

We have ∂(−ϕ)(x̂) = −cx + c∂v∗c (cx̂). Since ∂v∗c ⊂ X, we have ∂(−ϕ)(x̂) ⊂ c(X −
x) ⊂ B2(0, cdiamX). Hence, ϕ is Lipschitz continuous with Lipschitz constant
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Lϕ = cdiamX. Then for all x ∈ X

v(x) − PWh
v(x) ≤ sup

x̂∈X̂
inf

x̂h∈X̂h

Lϕ‖x̂− x̂h‖2

= cdiamXρX̂(X̂h).

Lemma 17 (dual projection error). Let X be a bounded subset of R
n and Xh

a finite subset of R
n. Let v : X → R be a given Lipschitz continuous function with

Lipschitz constant Lv with respect to the euclidean norm. Let Zh denote the complete
semimodule of R

X

max generated by the P1 finite elements (zxh
)xh∈Xh

centered at the
points of Xh with constant a ≥ Lv. Then

‖v − P−Zhv‖∞ ≤ n(a + Lv)ρX(Xh).

Proof. It is clear that P−Zhv ≥ v, and using that P−Zh = (Z∗)� ◦ Z∗, with
Z = col(zxh

)xh∈Xh
, we obtain

P−Zhv(x) − v(x) = inf
xh∈Xh

(
a‖x− xh‖1 + sup

y∈X

(
− a‖y − xh‖1 + v(y) − v(x)

))
for all x ∈ X. Since v is Lv-Lipschitz continuous, we have

P−Zhv(x) − v(x) ≤ inf
xh∈Xh

(
a‖x− xh‖1 + sup

y∈X

(
− a‖y − xh‖1 + Lv‖y − x‖2

))

≤ inf
xh∈Xh

(
a‖x− xh‖1 + sup

y∈X

(
− a‖y − xh‖1 + Lv‖y − x‖1

))

≤ inf
xh∈Xh

(
a‖x− xh‖1 + sup

y∈X

(
− a‖y − xh‖1 + Lv‖y − xh‖1

+Lv‖x− xh‖1

))

= inf
xh∈Xh

(
(a + Lv)‖x− xh‖1 + sup

y∈X
(Lv − a)‖y − xh‖1

)
.

Since a ≥ Lv, we deduce that

P−Zhv(x) − v(x) ≤ (a + Lv) sup
x∈X

inf
xh∈Xh

‖x− xh‖1 ≤ n(a + Lv)ρX(Xh).

5.3. The approximation errors. To state an error estimate, we make the
following standard assumptions (see [Bar94], for instance):

– (H1) f : X × U → R
n is bounded and Lipschitz continuous with respect to

x, meaning that there exist Lf > 0 and Mf > 0 such that

‖f(x, u) − f(y, u)‖2 ≤ Lf‖x− y‖2 ∀x, y ∈ X,u ∈ U,

‖f(x, u)‖2 ≤ Mf ∀x ∈ X,u ∈ U.

– (H2) � : X × U → R is bounded and Lipschitz continuous with respect to x,
meaning that there exist L� > 0 and M� > 0 such that

|�(x, u) − �(y, u)| ≤ L�‖x− y‖2 ∀x, y ∈ X,u ∈ U,

|�(x, u)| ≤ M� ∀x ∈ X,u ∈ U.
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We shall also need the further assumptions:

– (H3) The domain X is invariant by the dynamics: for all u : [0, T ] → U and
for all x ∈ X, the solution xu,x of ẋu,x(s) = f(xu,x(s), u(s)), s ≥ 0, and
xu,x(0) = x satisfies xu,x(s) ∈ X for all s ≥ 0.

– (H4) The domain X is invariant by the discretized dynamics in time δ > 0:
for all u ∈ U and for all x ∈ X, x + δf(x, u) ∈ X.

In the main results, the domain will be also assumed to be convex. Then assumption
(H4) implies (H3).

5.3.1. Approximation of Sδw.

Lemma 18. Let X be a convex subset of R
n. We make assumptions (H1), (H2),

(H3), and (H4). Let w : x → R be such that w is C1 on a neighborhood of X,
Lipschitz continuous with Lipschitz constant Lw with respect to the euclidean norm,
c1-semiconvex, and c2-semiconcave. Then there exists K1 > 0 such that ‖[Sδw]H −
Sδw‖∞ ≤ K1δ

2, for δ > 0, where [Sδw]H is given by (23).

Proof. We first show that there exists K1 > 0 such that

[Sδw]H(x) − Sδw(x) ≥ −K1δ
2 ∀x ∈ X.

For all x ∈ X and u ∈ U , define xu,x to be the trajectory such that ẋu,x(s) =
f(xu,x(s), u), s ≥ 0, and xu,x(0) = x. In other words, we apply a constant control u.
From (H3), xu,x(s) ∈ X , s ≥ 0, for all u ∈ U and x ∈ X. Hence

(Sδw)(x) ≥ sup

{∫ δ

0

�(xu,x(s), u)ds + w(xu,x(δ))|u ∈ U

}
.

Since � is Lipschitz continuous and f is bounded, we have

∣∣∣∣∣
∫ δ

0

[�(xu,x(s), u) − �(x, u)]ds

∣∣∣∣∣ ≤ L�

∫ δ

0

‖xu,x(s) − x‖2ds

≤ L�

∫ δ

0

Mfsds;

then

(34)

∣∣∣∣∣
∫ δ

0

[�(xu,x(s), u) − �(x, u)]ds

∣∣∣∣∣ ≤ 1

2
L�Mfδ

2.

Therefore,

(Sδw)(x) ≥ −1

2
L�Mfδ

2 + sup{δ�(x, u) + w(xu,x(δ)) | u ∈ U}.
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Since w is Lipschitz continuous, X is invariant by the discretized dynamics in time δ,
and f is bounded and Lipschitz continuous, we have∣∣∣w(xu,x(δ)) − w(x + δf(x, u))

∣∣∣ ≤ Lw‖xu,x(δ) − x− δf(x, u)‖2

≤ Lw

∫ δ

0

‖f(xu,x(s), u) − f(x, u)‖2ds

≤ Lw

∫ δ

0

Lf‖xu,x(s) − x‖2ds

≤ LwLf

∫ δ

0

Mfsds,

and so

(35)
∣∣∣w(xu,x(δ)) − w(x + δf(x, u))

∣∣∣ ≤ 1

2
LwLfMfδ

2.

Moreover, since w is c1-semiconvex, we have

(36) w(x + δf(x, u)) ≥ w(x) + δ∇w(x) · f(x, u) − c1
2
M2

f δ
2.

We deduce from (34), (35), and (36) that

(Sδw)(x) ≥ −
(
L�Mf + LwLfMf + c1M

2
f

)δ2

2
+ w(x)

+ sup
u∈U

{
δ�(x, u) + δ∇w(x) · f(x, u)

}

≥ −
(
L�Mf + LwLfMf + c1M

2
f

)δ2

2
+ w(x) + δH(x,∇w(x)).

This ends the first part of the proof.
We now prove an opposite inequality. For all x ∈ X and for all measurable

functions u : [0, δ] → U , define xu,x to be the trajectory such that ẋu,x(s) =
f(xu,x(s),u(s)) and xu,x(0) = x. From (H3), xu,x(s) ∈ X, s ≥ 0, for all u : [0, δ] → U
and x ∈ X. Since �(x, u) ≤ H(x, p)− p · f(x, u), for all p ∈ R

n, x ∈ X, and u ∈ U , we
deduce that

(Sδw)(x) ≤ sup

{∫ δ

0

H(xu,x(s),∇w(x))ds + w(xu,x(δ))

−∇w(x) ·
∫ δ

0

f(xu,x(s),u(s))ds | u : [0, δ] → U

}

= sup

{∫ δ

0

H(xu,x(s),∇w(x))ds

+ w(x(δ)) −∇w(x) ·
(
xu,x(δ) − x

)
| u : [0, δ] → U

}
.
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Using the fact that � and f are Lipschitz continuous with respect to x, we have for
all x, x′ ∈ X, p ∈ R

n∣∣∣H(x, p) −H(x′, p)
∣∣∣ ≤ (

L� + Lf‖p‖2

)
‖x− x′‖2;

therefore

(Sδw)(x) ≤ sup

{(
L� + LfLw

) ∫ δ

0

‖xu,x(s) − x‖2ds + δH(x,∇w(x))

+ w(xu,x(δ)) −∇w(x) ·
(
xu,x(δ) − x

)
| u : [0, δ] → U

}

≤
(
L� + LfLw

)
Mf

δ2

2
+ δH(x,∇w(x))

+ sup
{
w(xu,x(δ)) −∇w(x) ·

(
xu,x(δ) − x

)
| u : [0, δ] → U

}
.

Since w is c2-semiconcave, we have

w(xu,x(δ)) ≤ w(x) + ∇w(x) ·
(
xu,x(δ) − x

)
+

c2
2
M2

f δ
2.

We obtain

(Sδw)(x) ≤
(
L� + LfLw + c2Mf

)
Mf

δ2

2
+ w(x) + δH(x,∇w(x)).

To end the proof, we take K1 = 1
2

(
L�Mf + LfLwMf + max(c1, c2)M

2
f

)
.

5.3.2. Approximation of the matrix Kh by the matrix K̃H .
Lemma 19. Let X be a compact subset of R

n. We consider an u.s.c. function
ϕ : X → R and a Lipschitz continuous function ψ : X → R with Lipschitz constant
Lψ with respect to a norm ‖ · ‖. For ε ≥ 0, we define

Fε =

{
x ∈ X|ϕ(x) ≥ sup

x′∈X
ϕ(x′) − ε

}
,(37a)

g(ε) = sup
x∈Fε

d(x, F0),(37b)

where d(x, F0) = infy∈F0 ‖y − x‖. We have∣∣∣∣sup
x∈X

(
ϕ(x) + δψ(x)

)
−
[
sup
x∈X

ϕ(x) + δ sup
x∈arg maxϕ

ψ(x)

]∣∣∣∣ ≤ Lψδg(δM),

where M = supx∈X ψ(x) − infx∈X ψ(x).
Proof. Since ϕ is u.s.c. and X is compact, F0 = arg maxϕ and

(38) sup
x∈X

(
ϕ(x) + δψ(x)

)
≥ sup

x∈X
ϕ(x) + δ sup

x∈F0

ψ(x).

For ε > 0, we have

sup
x∈X

(
ϕ(x) + δψ(x)

)
= max

[
sup
x∈Fε

(
ϕ(x) + δψ(x)

)
, sup
x∈X\Fε

(
ϕ(x) + δψ(x)

)]
.
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Let ε = δ(supx∈X ψ(x) − infx∈X ψ(x)) = Mδ (which is finite since ψ is continuous
and X is compact). We have

sup
x∈X\Fε

(
ϕ(x) + δψ(x)

)
≤ −ε + sup

x∈X
ϕ(x) + δ sup

x∈X
ψ(x)

= sup
x∈Fε

ϕ(x) + δ inf
x∈X

ψ(x)

≤ sup
x∈Fε

[
ϕ(x) + δψ(x)

]
.

Therefore,

sup
x∈X

(
ϕ(x) + δψ(x)

)
= sup

x∈Fε

(
ϕ(x) + δψ(x)

)
≤ sup

x∈X
ϕ(x) + δ sup

x∈Fε

ψ(x).(39)

We deduce from (38) and (39) that

0 ≤ sup
x∈X

(
ϕ(x) + δψ(x)

)
−
[
sup
x∈X

ϕ(x) + δ sup
x∈F0

ψ(x)

]
≤ δ

[
sup
x∈Fε

ψ(x) − sup
x∈F0

ψ(x)

]
.

Since ψ is Lipschitz continuous, we have

sup
x∈Fε

ψ(x) − sup
x∈F0

ψ(x) = sup
x∈Fε

inf
y∈F0

(
ψ(x) − ψ(y)

)
≤ sup

x∈Fε

inf
y∈F0

Lψ‖x− y‖

= Lψ sup
x∈Fε

d(x, F0)

= Lψg(ε).

Corollary 20. Let X be a compact convex subset of R
n. We consider an u.s.c.

and strongly concave function ϕ : X → R with modulus c > 0 and a Lipschitz con-
tinuous function ψ : X → R with Lipschitz constant Lψ with respect to the euclidean
norm. Then the maximum of ϕ on X is attained at a unique point x0 ∈ X, i.e.,
arg maxX ϕ = {x0} and∣∣∣∣sup

x∈X

(
ϕ(x) + δψ(x)

)
−
(
ϕ(x0) + δψ(x0)

)∣∣∣∣ ≤ Lψδ

√
2δM

c
,

where M = supx∈X ψ(x) − infx∈X ψ(x).
Proof. Define Φ(x) = ϕ(x0) − ϕ(x) for x ∈ X and Φ(x) = +∞ elsewhere. We

have Φ(x) ≥ 0 for all x ∈ R
n and Φ(x0) = 0. Since Φ is l.s.c. and convex on R

n,
then 0 ∈ ∂Φ(x0). Moreover, Φ is strongly convex with modulus c. Then, using
Theorem 6.1.2 of [HUL93, Chapter VI], we have for all x, x′ ∈ X

Φ(x) ≥ Φ(x′) + 〈s | x− x′〉 +
c

2
‖x− x′‖2

2 ∀s ∈ ∂Φ(x′).

Taking x′ = x0 and s = 0 we obtain for all x ∈ X

Φ(x) ≥ c

2
‖x− x0‖2

2,
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which implies that

ϕ(x) ≤ ϕ(x0) −
c

2
‖x− x0‖2

2 ∀x ∈ X.

Using the notation of Lemma 19, we get easily (see also Proposition 4.32 of [BS00])

for all x ∈ Fε, d(x, F0) ≤
√

2ε
c , where ε = δ

(
supx∈X ψ(x) − infx∈X ψ(x)

)
.

Remark 21. To have an error estimate of the approximation of the matrix KH,h

by the matrix K̃H,h, we apply Corollary 20 in the case where

ϕ(x) = wi(x) + zj(x) and ψ(x) = H(x,∇wi(x))

for a suitable choice of the finite elements wi and test functions zj . Using assumptions
(H1) and (H2), we have that, for all x ∈ X, |ψ(x)| ≤ Mf‖∇w‖∞ + M�, where
‖∇w‖∞ = ‖‖∇w‖2‖∞ and ∇w = (∇wi)1≤i≤p. We deduce that

supψ − inf ψ ≤ 2
(
Mf‖∇w‖∞ + M�

)
.

Moreover, H(·, p) and H(x, ·) are Lipschitz continuous with Lipschitz constants Lf‖p‖2

+ L� and Mf , respectively. Hence, ψ is Lipschitz continuous with Lipschitz constant

Lψ = Lf‖∇w‖∞ + L� + Mf‖D2wi‖∞.

5.4. Final estimation of the error of the MFEM. We now state our main
convergence result, which holds for quadratic finite elements and Lipschitz test func-
tions.

Theorem 22. Let X be a compact convex subset of R
n with nonempty interior

and X̂ = X + B2(0,
L
c ), where L > 0, c > 0. Choose any finite sets of discretization

points Xh ⊂ R
n and X̂h ⊂ R

n. Let

Δx = max(ρX(Xh), ρX̂(X̂h)).

We make assumptions (H1), (H2), (H3), and (H4) and assume that the value function
at time t, vt, is c-semiconvex and Lipschitz continuous with constant L with respect
to the euclidean norm for all t ≥ 0. Let us choose quadratic finite elements wx̂h

of Hessian c, centered at the points x̂h of X̂h. Let us choose, as test functions, the
Lipschitz finite elements zxh

with constant a ≥ L, centered at the points xh of Xh. For
t = 0, δ, . . . , T , let vth be the approximation of vt given by the max-plus finite element
method implemented with the approximation KH,h of Kh given by (24). Then there
exists a constant C1 > 0 such that

‖vTh − vT ‖∞ ≤ C1

(
δ +

Δx

δ

)
.

When the approximation KH,h is replaced by K̃H,h, given by (25), this inequality
becomes

‖vTh − vT ‖∞ ≤ C2

(√
δ +

Δx

δ

)

for some constant C2 > 0.
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Proof. Let Wh and Zh denote the complete semimodules of R
X

max generated by
the families (wx̂h

)x̂h∈X̂h
and (zxh

)xh∈Xh
, respectively. We index the elements of X̂h

and Xh by x̂h1
, . . . , x̂hp and xh1 , . . . , xhq , respectively. Using Corollary 12, we have

‖vTh − vT ‖∞ ≤
(

1 +
T

δ

)(
sup
t∈τ̄δ

(
‖P−Zh(vt) − vt‖∞ + ‖PWh

(vt) − vt‖∞
)

+ max
1≤i≤p

‖[Sδwi]H − Sδwi‖∞
)
.

To estimate the projection error ‖PWh
(vt) − vt‖∞, we apply Lemma 16. We obtain,

for t ∈ τ̄δ, ‖PWh
(vt)−vt‖∞ ≤ cdiamXΔx. Applying Lemma 17 we obtain, for t ∈ τ̄δ,

‖P−Zh(vt) − vt‖∞ ≤ n(a + L)Δx. Finally, using Lemma 18, we get

‖vTh − vT ‖∞ ≤ C1

(
δ +

Δx

δ

)
,

where

C1 > (T + 1) max

(
cdiamX + n(a + L),

Mf

2

(
L� + cLf

(
diamX +

L

c

)
+ cMf

))
.

To prove the second inequality, we use Corollary 13 together with Remark 21. Us-
ing the notation of Corollary 20 and Remark 21, we have supψ − inf ψ ≤ 2(M� +
Mfc(diamX + L

c )) and Lψ = L� + cMf + Lfc(diamX + L
c ). Since ϕ = wi + zj is

c-strongly concave, we deduce that

|(K̃H,h)ji − (KH,h)ji|

≤ 2

(
L� + cMf + Lfc

(
diamX +

L

c

))√
M�

c
+ Mf

(
diamX +

L

c

)
δ
√
δ

for i = 1, . . . , p and j = 1, . . . , q. Hence, there exists C2 > 0 such that

‖vTh − vT ‖∞ ≤ C2

(√
δ +

Δx

δ

)

when δ is small enough.

A variant of this theorem, with a stronger assumption, was proved in [Lak03].

Remark 23. When Xh is a rectangular grid of step h > 0, meaning that Xh is
the intersection of (Zh)n with a Cartesian product of bounded intervals, we have

ρX(Xh) ≤
√
nh.

Hence, when Xh and X̂h are both rectangular grids of step h, we have Δx ≤
√
nh =

O(h) in Theorem 22.

6. Numerical results. This section presents the results of numerical experi-
ments with the MFEM described in section 3. We consider optimal control problems
in dimensions 1 and 2 whose value functions are known or can be computed by solving
the Riccati equation (in the case of linear quadratic problems).
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Fig. 3. Max-plus approximation (Example 24).

6.1. Implementation. We implemented the MFEM using the max-plus toolbox
of Scilab [Plu98] (in dimension 1) and specific programs written in C (in dimension
2). We used the approximation K̃H,h of the matrix Kh. The matrix Mh can always
be computed analytically. In all the examples below, the Hamiltonian H, and thus
the stiffness matrix K̃H,h, have been computed analytically. We avoided storing the

(full) matrices Mh and K̃H,h when the number of discretization points was large.

6.2. Examples in dimension 1. The next two examples are inspired by those
proposed by M. Falcone in [BCD97].

Example 24. We consider the case where T = 1, φ ≡ 0, X = [−1, 1], U = [0, 1],
�(x, u) = x, and f(x, u) = −xu. Assumptions (H1) and (H2) are satisfied. The
optimal choice is to take u∗ = 0 whenever x > 0 and to move on the right with
maximum speed (u∗ = 1) whenever x ≤ 0. For all t ∈ [0, T ], the value function is

v(x, t) =

{
xt if x > 0,

x(1 − e−t) otherwise.

We choose quadratic finite elements wi of Hessian c centered at the points of the
regular grid (ZΔx) ∩ [−2, 2] and Lipschitz finite elements zj with constant a ≥ 1
centered at the points of the regular grid (ZΔx) ∩X. We represent in Figure 3 the
solution given by our algorithm in the case where δ = 0.01, Δx = 0.005, a = 1.5, and
c = 1. We obtain an L∞-error of order 10−2.

Example 25. We consider the case where T = 1, Φ ≡ 0, X = [−1, 1], U = [−1, 1],
�(x, u) = −3(1 − |x|), and f(x, u) = u(1 − |x|). It is clear that � and f are bounded
and Lipschitz continuous functions. The optimal choice is to take u∗ = −1 whenever
x > 0 and u∗ = 1 whenever x < 0. Therefore, all the trajectories lie in X. For all
t ∈ [0, T ], the value function is

v(x, t) = −3(1 − |x|)(1 − e−t).

We choose quadratic finite elements wi of Hessian c and Lipschitz finite elements zj
with constant a. We represent in Figure 4 the solution given by our algorithm in the
case where δ = 0.02, Δx = 0.01, a = 2, and c = 8. We obtain an L∞-error of order
7.66 · 10−3.

Example 26 (linear quadratic problem). We consider the case where U = R,
X = R,

�(x, u) = −1

2
(x2 + u2), f(x, u) = u, and φ ≡ 0.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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Fig. 4. Max-plus approximation (Example 25).
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Fig. 5. Max-plus approximation of a linear quadratic control problem (Example 26).

The Hamiltonian is H(x, p) = −x2

2 + p2

2 . This problem can be solved analytically.
For x ∈ X, the value function at time t is

v(x, t) = −1

2
tanh(t)x2.

The domain X is unbounded, and � and f are unbounded and locally Lipschitz con-
tinuous. We will restrict X to the set [−5; 5] so that � and f satisfy assumptions (H1)
and (H2).

We choose quadratic finite elements wi and zj of Hessian c = 1, centered at the
points of the regular grid (ZΔx)∩ [−6, 6]. We represent in Figure 5 the solution given
by our algorithm in the interval [−1; 1] in the case where T = 5, δ = 0.5, Δx = 0.05,
and L = 1. We obtain an L∞-error of 4.54 · 10−5.

Example 27 (distance problem). We consider the case where T = 1, φ ≡ 0,
X = [−1, 1], U = [−1, 1],

�(x, u) =

{
−1 if x ∈ (−1, 1),

0 if x ∈ {−1, 1},
and f(x, u) =

{
u if x ∈ (−1, 1),

0 if x ∈ {−1, 1}.

Putting � = 0 and f = 0 on ∂X keeps the trajectories in the domain X, but we lose
the Lipschitz continuity of � and f . For x ∈ X, the value function at time t of this



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

THE MAX-PLUS FINITE ELEMENT METHOD 843

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0

−1.0

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

−0.0

Approximated solution

Exact solution

Fig. 6. A bad choice of test functions for the distance problem (Example 27).
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Fig. 7. A good choice of test functions for the distance problem (Example 27).

problem is

v(x, t) = max(−t, |x| − 1).

Consider first quadratic finite elements wi and zj of Hessian c, centered at the points
of the regular grid (ZΔx) ∩

(
X + B∞(0, L

c )
)
. In Figure 6, we represent the solution

given by our algorithm in the case where δ = 0.02, Δx = 0.01, c = 2, and L = 1.
Since ΠZ∗

h is a projector on a subsemimodule of the Rmin-semimodule of c-semiconcave
functions, and since the solution is not c-semiconcave for any c, the error of projection
‖ΠZ∗

h(vt)− vt‖∞ does not converge to zero when Δx goes to zero, which explains the
magnitude of the error.

To solve this problem, it suffices to replace the test functions zj by the Lipschitz
finite elements with constant a ≥ 1, centered at the points of the regular grid (ZΔx)∩
[−1, 1]. This is illustrated in Figure 7 in the case where δ = 0.02, Δx = 0.01, c = 2,
and a = 1.1. We obtain an L∞-error of 1.05 · 10−2.

6.3. Examples in dimension 2.
Example 28 (linear quadratic problem in dimension 2). We consider the case

where U = R
2, X = R

2, φ ≡ 0,

�(x, u) = −x2
1 + x2

2

2
− u2

1 + u2
2

2
, and f(x, u) = u.
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Fig. 8. Max-plus approximation of a linear quadratic control problem (Example 28).

For x ∈ X, the value functions at time t is

v(x, t) = −1

2
tanh(t)(x2

1 + x2
2).

As in Example 26, the domain X is unbounded; therefore � and f do not satisfy
assumptions (H1) and (H2). We will restrict the domain to the set [−5; 5]2. We
choose quadratic finite elements wi and zj of Hessian c centered at the points of the

regular grid
(
(ZΔx) ∩ [−6, 6]

)2
. We represent in Figure 8 the solution given by our

algorithm in the case where T = 5, δ = 0.5, Δx = 0.1, and c = 1. The L∞-error is
9 · 10−5.

Example 29 (distance problem in dimension 2). We consider the case where
T = 1, φ ≡ 0, X = [−1, 1]2, U = [−1, 1]2,

�(x, u) =

{
−1 if x ∈ intX,

0 if x ∈ ∂X,

and

f(x, u) = 7

{
u if x ∈ intX,

0 if x ∈ ∂X.

For x ∈ X, the value function at time t is

v(x, t) = max
(
− t,max(|x1|, |x2|) − 1

)
.

We choose quadratic finite elements wi of Hessian c centered at the points of the reg-

ular grid
(
(ZΔx)∩ [−3, 3]

)2
and Lipschitz finite elements zj with constant a centered

at the points of the regular grid
(
(ZΔx) ∩ [−1, 1]

)2
. We represent in Figure 9 the

solution given by our algorithm in the case where T = 1, δ = 0.05, Δx = 0.025, a = 3,
and c = 1. The L∞-error is of order 0.05.
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Fig. 9. Max-plus approximation of the distance problem (Example 29).
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Fig. 10. Max-plus approximation of the rotating problem (Example 30).

Example 30 (rotating problem). We consider here the Mayer problem where T =
1, X = B2(0, 1), U = {0}, φ(x) = − 1

2x
2
1 − 3

2x
2
2, �(x, u) = 0, and f(x, u) = (−x2, x1).

For x ∈ X, the value function at time t is

v(x, t) = −1

2
(−x2sin(t) + x1cos(t))2 − 3

2
(x2cos(t) + x1sin(t))2.

We choose quadratic finite elements wi and zj of Hessians cw and cz, respectively,

centered at the points of the regular grid
(
(ZΔx)∩[−2, 2]

)2
. We represent in Figure 10

the solution given by our algorithm in the case where δ = Δx = 0.05, cw = 4, and
cz = 3. The L∞-error is 0.046.
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Fig. 11. Max-plus approximation of the solution of the control problem of Example 31.

Example 31. We consider the case where U = R, X = R
2, φ(x) = −x2

1 − 2x2
2,

�(x, u) = −x2
1 −

u2

2
, and f(x, u) = (x2, u)T .

We choose quadratic finite elements wi and zj of Hessian cw and cz, respectively,

centered at the points of the grids
(
(ZΔx) ∩ [−2, 2]

)2
and

(
(ZΔx) ∩ [−11, 11]

)2
, re-

spectively. We represent in Figure 11 the solution given by our algorithm in the case
where T = 1, δ = 0.05, Δx = 0.025, cw = 10, and cz = 1. The L∞-error is 0.11. (We
compared the max-plus approximation with the solution of the problem given by the
Riccati equation.)

6.4. Conclusion. We have tested our method on examples that fulfill the as-
sumptions of Theorem 22 (see Examples 24, 25, 30) but also on problems that do
not fulfill these assumptions. The method is efficient even in the second case. The
only difficulty comes from the full character of the matrices Mh and Kh, which limits
the number of discretization points. To treat higher dimensional examples, we need
higher-order approximations (when the value function is regular enough). This is the
object of a subsequent work.
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NONUNIFORM SMALL-GAIN THEOREMS FOR SYSTEMS WITH
UNSTABLE INVARIANT SETS∗

IVAN TYUKIN† , ERIK STEUR‡ , HENK NIJMEIJER‡ , AND CEES VAN LEEUWEN§

Abstract. We consider the problem of asymptotic convergence to invariant sets in intercon-
nected nonlinear dynamical systems. Standard approaches often require that the invariant sets be
uniformly attracting, e.g., stable in the Lyapunov sense. This, however, is neither a necessary re-
quirement nor is always useful. Systems may, for instance, be inherently unstable (e.g., intermittent,
itinerant, meta-stable) or the problem statement may include requirements that cannot be satis-
fied with stable solutions. This is often the case in general optimization problems and in nonlinear
parameter identification or adaptation. Conventional techniques for these cases either rely on de-
tailed knowledge of the system’s vector-fields or require boundedness of its states. The presently
proposed method relies only on estimates of the input-output maps and steady-state characteristics.
The method requires the possibility of representing the system as an interconnection of a stable
and contracting part with an unstable and exploratory part. We illustrate with examples how the
method can be applied to problems of analyzing the asymptotic behavior of locally unstable sys-
tems as well as to problems of parameter identification and adaptation in the presence of nonlinear
parametrizations. The relation of our results to conventional small-gain theorems is discussed.

Key words. nonuniform convergence, weakly attracting sets, small-gain theorems, input-output
stability

AMS subject classifications. 40A99, 34D05, 34D45, 93D25, 93B03, 93B30

DOI. 10.1137/060672546

1. Notation. Throughout the paper we use the following notational conventions.
The symbol R denotes the field of real numbers; symbol R+ stands for the following
subset of R: R+ = {x ∈ R| x ≥ 0}; and N and Z denote the set of natural numbers
and its extension to the negative domain, respectively.

Let Ω be a set; by the symbol S{Ω} we denote the set of all subsets of Ω. The
symbol Ck denotes the space of functions that are at least k times differentiable; K
denotes the class of all strictly increasing functions κ : R+ → R+ such that κ(0) = 0.
If, in addition, lims→∞ κ(s) = ∞, we say that κ ∈ K∞. Further, Ke (or Ke,∞) denotes
the class of functions of which the restriction to the interval [0,∞) belongs to K (or
K∞). The symbol KL denotes the class of functions β : R+ × R+ → R+ such that
β(·, s) ∈ K and β(r, ·) is monotonically decreasing for each s, r ∈ R+.

Let x ∈ R
n, and x can be partitioned into two vectors x1 ∈ R

q, x1 = (x11, . . . ,
x1q)

T , x2 ∈ R
p, x2 = (x21, . . . , x2p)

T with q + p = n; then ⊕ denotes their concate-
nation: x = x1 ⊕ x2.
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The symbol ‖x‖ denotes the Euclidian norm in x ∈ R
n. By Ln

∞[t0, T ] we
denote the space of all functions f : R+ → R

n such that ‖f‖∞,[t0,T ] = sup{‖f(t)‖,
t ∈ [t0, T ]} < ∞, and ‖f‖∞,[t0,T ] stands for the Ln

∞[t0, T ] norm of f(t). Let A be a
set in R

n and ‖ · ‖ be the usual Euclidian norm in R
n. By the symbol ‖·‖A we denote

the following induced norm:

‖x‖A = inf
q∈A

{‖x − q‖}.

Let Δ ∈ R+; then the notation ‖x‖AΔ
stands for the following equality:

‖x‖AΔ
=

{
‖x‖A − Δ, ‖x‖A > Δ,
0, ‖x‖A ≤ Δ.

The symbol ‖·‖A∞,[t0,t]
is defined as follows:

‖x(τ)‖A∞,[t0,t]
= sup

τ∈[t0,t]

‖x(τ)‖A .

2. Introduction. In many fields of science, such as systems and control the-
ory, physics, chemistry, and biology, it is of fundamental importance to analyze
the asymptotic behavior of dynamical systems. Most of these analyses are based
around the concept of Lyapunov stability [15], [33], [32], i.e., continuity of the flow
x(t,x0) : R+ × R

n → Ln
∞[t0,∞] with respect to x0 [18], in combination with the

standard notion of an attracting set [9], defined as follows.
Definition 1. A set A is an attracting set iff it is
(i) closed, invariant, and
(ii) for some neighborhood V of A and for all x0 ∈ V the following conditions

hold:

x(t,x0) ∈ V ∀ t ≥ 0;(1)

lim
t→∞

‖x(t,x0)‖A = 0.(2)

Condition (1) in Definition 1 stipulates the existence of a trapping region V which
is a neighborhood of A. Condition (2) assures convergence to A. Due to condition (1),
convergence to A is uniform with respect to x0 in the neighborhood of A; i.e., every
trajectory which starts in V remains in V for t ≥ 0 and converges to A at t → ∞.

Although the conventional concepts of attracting set and Lyapunov stability are
powerful in tandem in various applications, some problems cannot be solved within
this framework. Condition (1), for example, could be violated in systems with inter-
mittent, itinerant, or meta-stable dynamics. In general the condition does not hold
when the system dynamics, loosely speaking, is exploring rather than contracting.
Such systems appear naturally in the context of global optimization. For instance, in
[22] finding the global minimum of a differentiable cost function Q : R

n → R+ in a
bounded subset Ωx ⊂ R

n is achieved by splitting the search procedure into a locally
attracting gradient Sa and a wandering part Sw:

Sa : ẋ = −μx
∂Q(x)

∂x
+ μtT (t), μx, μt ∈ R+,

Sw : T (t) = h{t,x(t)}, h : R+ × Ln
∞[t0, t] → Ln

∞[t0, t].
(3)

The trace function, T (t), in (3) is supposed to cover (i.e., be dense in) the whole
searching domain Ωx. Even though the results in [22] are purely simulation studies,
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they illustrate the superior performance of algorithms (3) in a variety of benchmark
problems compared to standard local minimizers and classical methods of global op-
timization. Abandoning Lyapunov stability is likewise advantageous in problems of
identification and adaptation in the presence of general nonlinear parametrization
[28], in maneuvering and path searching [26], and in decision making in intelligent
systems [30], [31]. Systems with attracting, yet unstable, invariant sets are relevant
for modeling complex behavior in biological and physical systems [2]. Last but not
least, Lyapunov-unstable attracting sets are relevant in problems of synchronization
[5], [19], [27].1

Even when it is appropriate to consider a system as stable, we may be limited in
our success in meeting the requirement to identify a proper Lyapunov function. This
is the case, for instance, when the system’s dynamics is only partially known. Trading
stability requirements for the sake of convergence might be a possible remedy. Known
results in this direction can be found in [11], [21].2

In all the cases that are problematic under condition (1) of Definition 1, condition
(2)—convergence of x(t,x0) to an invariant set A—is still a requirement that has to
be met. In order to treat these cases analytically we shall, first of all, move from the
standard concept of attracting sets in Definition 1 to one that does not assume that
the basin of attraction is necessarily a neighborhood of the invariant set A. In other
words we shall allow convergence which is not uniform in initial conditions. This
requirement is captured by the concept of weak, or Milnor, attraction [17], defined as
follows.

Definition 2. A set A is weakly attracting, or Milnor attracting, iff
(i) it is closed, invariant, and
(ii) for some set V (not necessarily a neighborhood of A) with strictly positive

measure and for all x0 ∈ V limiting relation (2) holds.
Conventional methods such as La Salle’s invariance principle [14] or center man-

ifold theory [7] can, in principle, address the issue of convergence to weak equilibria.
They do so, however, at the expense of requiring detailed knowledge of the vector-
fields of the ordinary differential equations of the model. When such information
is not available the system can be thought of as a mere interconnection of input-
output maps. Small-gain theorems [34], [12] are usually efficient in this case. These
results, however, apply only under the assumption of stability of each component in
the interconnection.

In the present study we aim to find a proper balance between the generality of
input-output approaches [34], [12] in the analysis of convergence and the specificity of
the fundamental notions of limit sets and invariance that play a central role in [14],
[7]. The object of our study is a class of systems that can be decomposed into an
attracting, or stable, component Sa and an exploratory, generally unstable, part Sw.
Typical systems of this class are nonlinear systems in cascaded form

Sa : ẋ = f(x, z),

Sw : ż = q(z,x),
(4)

where the zero solution of the x-subsystem is asymptotically stable in the absence of

1See also [20], where the striking difference between stable and “almost stable” synchronization
in terms of the coupling strengths for a pair of the Lorenz oscillators is demonstrated analytically.

2In Examples 1 and 2 in section 6, we demonstrate how explorative dynamics can solve the
problem of simultaneous state and parameter observation for a system which cannot be transformed
into a canonical adaptive observer form [3].
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input z, and the state of the z-subsystem consists of functions of the type
∫ t

t0
‖x(τ)‖dτ .

Even when both subsystems in (4) are stable and the x-subsystem does not depend
on state z, the cascade can still be unstable [1]. We show, however, that for unstable
interconnections (4), under certain conditions that involve only input-to-state prop-
erties of Sa and Sw, there is a set V in the system state space such that trajectories
starting in V remain bounded. The result is formally stated in Theorem 3. In the
case when an additional measure of invariance is defined for Sa (in our case a steady-
state characteristic), a weak, Milnor attracting set emerges. Its location is completely
determined by the zeros of the steady-state response of system Sa.

We demonstrate how this basic result can be used in problems of design and
analysis of control systems and identification/adaptation algorithms. In particular,
we present an adaptive observer of state and parameter values for uncertain systems
which cannot be transformed into a canonic adaptive observer form [3]. In Exam-
ples 1 and 2 in section 6 we present an application of this result to the problem of
reconstructing a dynamic model of neuronal cell activity.

The paper is organized as follows. In section 3 we formally state the problem and
provide specific assumptions for the class of systems under consideration. Section
4 contains the main results of our present study. In section 5 we provide several
corollaries of the main result that apply to specific problems. Section 6 contains
examples, and section 7 concludes the paper. Proofs of all lemmas, theorems, and
corollaries are provided in the appendix.

3. Problem formulation. Consider a system that can be decomposed into two
interconnected subsystems, Sa and Sw:

Sa : (ua,x0) �→ x(t),

Sw : (uw, z0) �→ z(t),
(5)

where ua ∈ Ua ⊆ L∞[t0,∞], uw ∈ Uw ⊆ L∞[t0,∞] are the spaces of inputs to Sa

and Sw, respectively, x0 ∈ R
n, z0 ∈ R

m represent initial conditions, and x(t) ∈ X ⊆
Ln
∞[t0,∞], z(t) ∈ Z ⊆ Lm

∞[t0,∞] are the system states.
System Sa represents the contracting dynamics. More precisely, we require that

Sa is input-to-state stable3 [23] with respect to a compact set A.
Assumption 1 (contracting dynamics).

(6) Sa : ‖x(t)‖A ≤ β(‖x(t0)‖A , t− t0) + c‖ua(t)‖∞,[t0,t] ∀ t0 ∈ R+, t ≥ t0,

where the function β(·, ·) ∈ KL, and c > 0 is some positive constant.
The function β(·, ·) in (6) specifies the contraction property of the unperturbed

dynamics of Sa. In other words it models the rate with which the system forgets
its initial conditions x0, if left unperturbed. Propagation of the input to output is
estimated in terms of a continuous mapping, c‖ua(t)‖∞,[t0,t], which, in our case, is
chosen for simplicity to be linear. Notice that this mapping should not necessarily be
contracting. In what follows we will assume that the function β(·, ·) and constant c
are known or can be estimated a priori.

For systems Sa, of which a model is given by a system of ordinary differential
equations

(7) ẋ = fx(x, ua), fx(·, ·) ∈ C1,

3In general, as will be demonstrated with examples, our analysis can be carried out for (integral)
input-to-output/input-to-state stable systems as well.
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Assumption 1 is equivalent, for instance, to the combination of the following proper-
ties:4

1. Let ua(t) ≡ 0 for all t; then the set A is Lyapunov stable and globally
attracting for (7).

2. For all ua ∈ Ua and x0 ∈ R
n there exists a nondecreasing function κ : R+ →

R+ : κ(0) = 0 such that

inf
t∈[0,∞)

‖x(t)‖A ≤ κ(‖ua(t)‖∞,[t0,∞)).

The system Sw stands for the searching or wandering dynamics. We will consider
Sw subject to the following conditions.

Assumption 2 (wandering dynamics). The system Sw is forward-complete:

uw(t) ∈ Uw ⇒ z(t) ∈ Z ∀ t ≥ t0, t0 ∈ R+,

and there exists an “output” function h : R
m → R, and two “bounding” functions

γ0 ∈ K∞,e, γ ∈ K∞,e such that the following integral inequality holds:

Sw :

∫ t

t0

γ1(uw(τ))dτ ≤h(z(t0)) − h(z(t)) ≤
∫ t

t0

γ0(uw(τ))dτ

∀ t ≥ t0, t0 ∈ R+.

(8)

In the case when system Sw is specified in terms of vector-fields

(9) ż = fz(z, uw), fz(·, ·) ∈ C1,

Assumption 2 can be viewed, for example, as postulating the existence of a function
h : R

m → R+ of which the evolution in time is a mere integration of the input uw(t).
In general, for uw : uw(t) ≥ 0 for all t ∈ R+, inequality (8) implies monotonicity
of function h(z(t)) in t. Regarding the function γ0(·) in (8), we assume that for
any M ∈ R+ there exists a function γ0,1 : R+ → R+ and a nondecreasing function
γ0,2 : R+ → R+ such that

(10) γ0(a · b) ≤ γ0,1(a) · γ0,2(b) ∀ a, b ∈ [0,M ].

Requirement (10) is a technical assumption which will be used in the formulation
and proof of the main results of the paper. Yet, it is not too restrictive; it holds, for
instance, for a wide class of locally Lipschitz functions γ0(·) : γ0(a · b) ≤ L0(M) ·
(a · b), L0(M) ∈ R+. Another example for which the assumption holds is the class of
polynomial functions γ0(·) : γ0(a · b) = (a · b)p = ap · bp, p > 0. No further restrictions
will be imposed a priori on Sa, Sw.

Now consider the interconnection of (6), (8) with coupling ua(t) = h(z(t)) and
us(t) = ‖x(t)‖A. Equations for the combined system can be written as

‖x(t)‖A ≤β(‖x(t0)‖A , t− t0) + c‖h(z(t))‖∞,[t0,t],

∫ t

t0

γ1(‖x(τ)‖A)dτ ≤h(z(t0)) − h(z(t)) ≤
∫ t

t0

γ0(‖x(τ)‖A)dτ.

(11)

4For a comprehensive characterization of the input-to-state stability and detailed mathematical
arguments we refer to the paper by Sontag and Wang [24].
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(a)

Sa

Sw

h t( ( ))z x( )t

x( )tu t( )a

(b)

h( )z

x

x

t1 t2

x

h(
)

z

Fig. 1. The class of interconnected systems Sa and Sw (diagram (a)). System Sa, the “con-
tracting system,” has an attracting invariant set A in its state space. System Sw does not necessarily
have an attracting set. This system represents the “wandering” dynamics. A typical example of such
behavior is the dynamics of the flow in a neighborhood of a saddle point in three-dimensional space
(diagram (b)).

A diagram illustrating the general structure of the entire system (11) is given in
Figure 1.

Equations (11) capture the relevant interplay between contracting, Sa, and wan-
dering, Sw, dynamics inherent in a variety of searching strategies in the realm of
optimization, (3), and interconnections, (4), in general systems theory. In addition,
this kind of interconnection describes the behavior of systems which undergo trans-
critical or saddle-node bifurcations. Consider, for instance, the following system:

ẋ1 = −x1 + x2,

ẋ2 = ε + γx2
1, γ > 0,

(12)

where the parameter ε varies from negative to positive values. At ε = 0 stable and
unstable equilibria collide, leading to the cascade satisfying (11). An alternative
bifurcation scenario could be represented by the system

ẋ1 = −x1 + x2,

ẋ2 = ε + γx2
2, γ > 0.

(13)

In this case, however, the dynamics of the variable x2 is independent of x1, and analysis
of the asymptotic behavior of (13) reduces to the analysis of each equation separately.
Thus systems such as (13) are easier to deal with than (12). This constitutes an
additional motivation for the present approach.

When analyzing the asymptotic behavior of interconnection (11) we will address
the following question: Is there a set (a weak trapping set in the system state space)
such that the trajectories which start in this set are bounded? It is natural to expect
that the existence of such a set depends on the specific functions γ0(·), γ1(·) in (11),
on properties of β(·, ·), and on values of c. In the case when such a set exists and could
be defined, the next questions are, therefore, where will the trajectories converge and
how can these domains be characterized?

4. Main results. In this section we provide a formal statement of the main
results of our present study. In section 4.1, we formulate conditions ensuring that
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Fig. 2. Emergence of a weak (Milnor) attracting set Ω∞. Panel (a) depicts the target invariant
set Ω∞ as a filled circle. First (see Theorem 3), we investigate whether a domain Ωγ ⊂ R

n × R
m

exists such that ‖x(t)‖A, h(z(t)) are bounded for all x0 ⊕ z0 ∈ Ωγ . In the text we refer to this
set as a weak trapping region or simply a trapping region. The trapping region is shown as a grey
domain in panel (b). In principle, the system’s states can eventually leave the domain Ωγ . They
must, however, satisfy (14), ensuring boundedness of ‖x(t)‖A, h(z(t)). As a result they will dwell
within the region shown as a circle in panel (b). Notice that neither this domain nor the previous
need be neighborhoods of Ω∞. Second (see Lemmas 6 and 7 and Corollary 8), we provide conditions
which lead to the emergence of a weak attracting set in the trapping region Ωγ . This is illustrated
in panel (c).

there exists a point x0 ⊕ z0 such that the ω-limit set of x0 ⊕ z0
5 is bounded in the

following sense:

(14) ‖ωx(x0 ⊕ z0)‖A < ∞, |h(ωz(x0 ⊕ z0))| < ∞.

These conditions and a specification of the set Ωγ of points x′ ⊕ z′ for which the
ω-limit set satisfies property (14) are provided in Theorem 3.

In order to verify whether an attracting set exists in ω(Ωγ) that is a subset
of ω(Ωγ) we use an additional characterization of the contracting system Sa. In
particular, we introduce the intuitively clear notion of the input-to-state steady-state
characteristics 6 of a system. It is possible to show that in the case when system Sa

has a steady-state characteristic, there exists an attracting set in ω(Ωγ), and this set
is uniquely defined by the zeros of the steady-state characteristics of Sa. A diagram
illustrating the steps of our analysis is provided in Figure 2, along with the sequence
of conditions leading to the emergence of the attracting set in (11).

4.1. Emergence of the trapping region. Small-gain conditions. Before
we formulate the main results of this section let us first comment briefly on the
machinery of our analysis. First, we introduce three sequences

S = {σi}∞i=0, σi ∈ R+,

Ξ = {ξi}∞i=0, ξi ∈ R+,

T = {τi}∞i=0, τi ∈ R+.

The first sequence, S, partitions the interval [0, h(z0)], h(z0) > 0, into the union of
shrinking subintervals Hi:

(15) [0, h(z0)] = ∪∞i=0Hi, Hi = [σi+1h(z0), σih(z0)].

5Recall that in our current notation a point p ∈ R
m+n is an ω-limit point of x′⊕z′ if there exists

a sequence {ti}, i = 1, 2, . . . , such that limi→∞ ti = ∞ and limti→∞ x(ti,x
′⊕z′)⊕z(ti,x

′⊕z′) = p,
where x(t,x′ ⊕ z′)⊕ z(t,x′ ⊕ z′) denotes the flow of interconnection (11). A set of all ω-limit points
of x′ ⊕ z′ is an ω-limit set of x′ ⊕ z′.

6A more precise definition of the steady-state characteristics is given in section 4.2.
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For the sake of clarity, let us define this property formally in the form of Property 1
as follows.

Property 1 (partition of z0). The sequence S is strictly monotone and con-
verging:

(16) {σn}∞n=0 : lim
n→∞

σn = 0, σ0 = 1.

Sequences Ξ and T will specify the desired rates ξi ∈ Ξ of the contracting dynamics
(6) in terms of function β(·, ·) and τi ∈ T . Let us, therefore, impose the following
constraint on the choice of Ξ, T .

Property 2 (rate of contraction, part 1). Sequences Ξ and T are such that for
the given function β(·, ·) ∈ KL in (6) the following inequality holds:

(17) β(·, T ) ≤ ξiβ(·, 0) ∀ T ≥ τi.

Property 2 states that for the given, yet arbitrary, factor ξi and time instant t0,
time τi is needed for the state x in order to reach the domain:

‖x‖A ≤ ξiβ(‖x(t0)‖A , 0).

In order to specify the desired convergence rates ξi, it will be necessary to define
another measure in addition to (17). This is a measure of the propagation of initial
conditions x0 and input h(z0) to the state x(t) of the contracting dynamics (6) when
the system travels in h(z(t)) ∈ [0, h(z0)]. For this reason we introduce two systems of
functions, Φ and Υ:

(18) Φ :
φj(s) = φj−1 ◦ ρφ,j(ξi−j · β(s, 0)), j = 1, . . . , i,
φ0(s) = β(s, 0),

(19) Υ :
υj(s) = φj−1 ◦ ρυ,j(s), j = 1, . . . , i,
υ0(s) = β(s, 0),

where the functions ρφ,j , ρυ,j ∈ K satisfy the following inequality:

(20) φj−1(a + b) ≤ φj−1 ◦ ρφ,j(a) + φj−1 ◦ ρυ,j(b).

Notice that in the case when β(·, 0) ∈ K∞, the functions ρφ,j(·), ρυ,j(·) will always
exist [12]. The properties of sequence Ξ which ensure the desired propagation rate of
the influence of initial condition x0 and input h(z0) to the state x(t) are specified in
Property 3.

Property 3 (rate of contraction, part 2). The sequences

σ−1
n · φn(‖x0‖A), σ−1

n ·
(

n∑
i=0

υi(c|h(z0)|σn−i)

)
, n = 0, . . . ,∞,

are bounded from above; e.g., there exist functions B1(‖x0‖), B2(|h(z0)|, c) such that

σ−1
n · φn(‖x0‖A) ≤ B1(‖x0‖A),(21)

σ−1
n ·

(
n∑

i=0

υi(c|h(z0)|σn−i)

)
≤ B2(|h(z0)|, c)(22)

for all n = 0, 1, . . . ,∞.
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Standard Proposed

1) Domain of attraction is a neighborhood
1) Domain of attraction is a set of positive
measure (not necessarily a neighborhood)

2) Implies Lyapunov stability
2) Allows us to analyze convergence in
Lyapunov-unstable systems

Given: a sequence of diverging time instances
ti

Given: a sequence of sets Ωi whose distance
Δi to A is converging to zero

Prove: convergence of norms ‖x(ti)⊕z(ti)‖ =
Δi to zero

Prove: divergence of {ti}, where ti : x(ti) ⊕
z(ti) ∈ Ωi

Fig. 3. Key differences between the conventional concept of convergence (left panel) and the
concept of weak, nonuniform convergence (right panel). In the uniform case, trajectories which start
in a neighborhood of A remain in a neighborhood of A (solid and dashed lines). In the nonuniform
case, only a fraction of the initial conditions in a neighborhood of A will produce trajectories which
remain in a neighborhood of A (solid black line). In the most general case a necessary condition
for this to happen is that the sequence {ti} diverges. In our current problem statement divergence
of {ti} implies boundedness of ‖x(t)‖A. To show state boundedness and convergence of x(t) to A,
additional information on the system dynamics will be required.

For a large class of functions β(s, 0), for instance those that are Lipschitz in s,
these conditions reduce to more transparent ones which can always be satisfied by
an appropriate choice of sequences Ξ and S. This case is considered in detail as a
corollary of our main results in section 4.3.

The main differences between the standard and the presently proposed approaches
for the analysis of asymptotic behavior of dynamical systems are illustrated in Fig-
ure 3. In order to prove the emergence of the trapping region we consider the following
collection of volumes induced by the sequence Si and the corresponding partition (15)
of the interval [0, h(z0)]:

(23) Ωi = {x ∈ X , z ∈ Z| h(z(t)) ∈ Hi}.

For the given initial conditions x0 ∈ X , z0 ∈ Z two alternative possibilities exist.
First, there exists an i such that the trajectory x(t,x0)⊕ z(t, z0) enters Ωi and stays
there forever. Hence for t → ∞ the state will converge into

(24) Ωa = {x ∈ X , z ∈ Z| ‖x‖A ≤ c · h(z0), z : h(z) ∈ [0, h(z0)]}.

The second alternative is that for each i = 0, 1, . . . the trajectory x(t,x0) ⊕ z(t, z0)
enters Ωi and leaves some time later. Let ti be the time instances when it hits
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the hypersurfaces h(z(t)) = h(z0)σi. Then the state of the coupled system stays in
∪∞i=0 Ωi only if the sequence {ti}∞i=0 diverges. Theorem 3 provides sufficient conditions
specifying the latter case in terms of the properties of sequences S, Ξ, T and function
γ0(·) in (11). For a large class of interconnections (11) it is possible to formulate these
conditions in terms of the input-output properties of systems Sa and Sw explicitly,
i.e., in terms of functions β(·, ·) and γ0(·) and the values of c. The results are presented
as immediate corollaries of Theorem 3 in sections 4.3 and 5.1.

Theorem 3 (nonuniform small-gain theorem). Let systems Sa, Sw be given
and satisfy Assumptions 1, 2. Consider their interconnection (11) and suppose there
exist sequences S, Ξ, and T satisfying Properties 1–3. In addition, suppose that the
following conditions hold:

1. There exists a positive number Δ0 > 0 such that

(25)
1

τi

(σi − σi+1)

γ0,1(σi)
≥ Δ0 ∀ i = 0, 1, . . . ,∞.

2. The set Ωγ of all points x0, z0 satisfying the inequality

(26) γ0,2(B1(‖x0‖A) + B2(|h(z0)|, c) + c|h(z0)|) ≤ h(z0)Δ0

is not empty.

3. Partial sums of elements from T diverge:

(27)
∞∑
i=0

τi = ∞.

Then for all x0, z0 ∈ Ωγ the state x(t, z0)⊕ z(t, z0) of system (11) converges into the
set specified by (24):

Ωa = {x ∈ X , z ∈ Z| ‖x‖A ≤ c · h(z0), z : h(z) ∈ [0, h(z0)]}.

The proofs of Theorem 3 and subsequent results are provided in the appendix.

The major difference between the conditions of Theorem 3 and those of con-
ventional small-gain theorems [34], [12] is that the latter involve only input-output
or input-state mappings. Formulating conditions for state boundedness of the in-
terconnection in terms of input-output or input-state mappings is possible in the
traditional case because the interconnected systems are assumed to be input-to-state
stable. Hence their internal dynamics can be neglected. In our case, however, the
dynamics of Sw is generally unstable in the Lyapunov sense. Hence, in order to ensure
boundedness of x(t,x0) and h(z(t, z0)), the rate/degree of stability of Sa should be
taken into account. Roughly speaking, system Sa should ensure a sufficiently high de-
gree of contraction in x0 while the input-output response of Sw should be sufficiently
small. The rate of contraction in x0 of Sa, according to (6), is specified in terms
of the function β(·, ·). Properties of this function that are relevant for convergence
are explicitly accounted for in Property 3 and (27). The domain of admissible initial
conditions, and actually the small-gain condition (input-state-output properties of Sw

and Sa), are defined by (25), (26), respectively. Notice also that Ωγ is not necessarily
a neighborhood of Ωa; thus the convergence ensured by Theorem 3 is allowed to be
nonuniform in x0, z0.
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4.2. Characterization of the attracting set. Even for interconnections of
Lyapunov-stable systems, small-gain conditions usually are effective merely for estab-
lishing boundedness of states or outputs. Yet, even in the setting of Theorem 3 it is
still possible to derive estimates (such as, for instance, (24)) of the domains to which
the state will converge. These estimates, however, are often too conservative. If a
more precise characterization of these domains is required, additional information on
the dynamics of systems Sa and Sw will be needed. The question, therefore, is how
detailed this information should be. It appears that some additional knowledge of the
steady-state characteristics of system Sa is sufficient to improve the estimates (24)
substantially.

Let us formally introduce the notion of steady-state characteristic as follows.
Definition 4. We say that system (6) has steady-state characteristic χ : R →

S{R+} with respect to the norm ‖x‖A iff for each constant ūa the following holds:

(28) ∀ ua(t) ∈ Ua : lim
t→∞

ua(t) = ūa ⇒ lim
t→∞

‖x(t)‖A ∈ χ(ūa).

The key property captured by Definition 4 is that there exists a limit of ‖x(t)‖A
as t → ∞, provided that the limit for ua(t), t → ∞, is defined and constant. Notice
that the mapping χ is set-valued. This means that for each ūa there is a set χ(ūa) ⊂
R+ such that ‖x(t)‖A converges to an element of χ(ūa) as t → ∞. Therefore, our
definition allows a fairly large amount of uncertainty for Sa. It will be of essential
importance, however, that such a characterization exists for the system Sa.

Clearly, not every system obeys a steady-state characteristic χ(·) of Definition 4.
There are relatively simple systems of which the state does not converge even in the
“norm” sense for constant converging inputs (condition (28)). In mechanics, physics,
and biology such systems encompass the large class of nonlinear oscillators which can
be excited by constant inputs. In order to take such systems into consideration, we
introduce a weaker notion, that of a steady-state characteristic on average, defined as
follows.

Definition 5. We say that system (6) has steady-state characteristic on average
χT : R → S{R+} with respect to the norm ‖x‖A iff for each constant ūa and some
T > 0 the following holds:

(29) ∀ ua(t) ∈ Ua : lim
t→∞

ua(t) = ūa ⇒ lim
t→∞

∫ t+T

t

‖x(τ)‖A dτ ∈ χT (ūa).

Steady-state characterizations of system Sa allow us to further specify the asymp-
totic behavior of interconnection (11). These results are summarized in Lemmas 6
and 7 below.

Lemma 6. Let system (11) be given and h(z(t, z0)) be bounded for some x0, z0.
Let, furthermore, system (6) have steady-state characteristic χ(·) : R → S{R+}. Then
the following limiting relations hold: 7

(30) lim
t→∞

‖x(t,x0)‖A = 0, lim
t→∞

h(z(t, z0)) ∈ χ−1(0).

As follows from Lemma 6, in the case when the steady-state characteristic of Sa is
defined, the asymptotic behavior of interconnection (11) is characterized by the zeros

7The symbol χ−1(0) in (30) denotes the set χ−1(0) =
⋃

ūa∈R+
ūa : χ(ūa) � 0.
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of the steady-state mapping χ(·). For the steady-state characteristics on average a
slightly modified conclusion can be derived.

Lemma 7. Let system (11) be given, h(z(t, z0)) be bounded for some x0, z0,
h(z(t, z0)) ∈ [0, h(z0)], and system (6) have steady-state characteristic χT (·) : R →
S{R+} on average. Furthermore, let there exist a positive constant γ̄ such that the
function γ1(·) in (8) satisfies the following constraint:

(31) γ1(s) ≥ γ̄ · s ∀s ∈ [0, s̄], s̄ ∈ R+ : s̄ > c · h(z0).

In addition, suppose that χT (·) has no zeros in the positive domain, i.e., 0 /∈ χT (ūa)
for all ūa > 0. Then

(32) lim
t→∞

‖x(t,x0)‖A = 0, lim
t→∞

h(z(t, z0)) = 0.

An immediate outcome of Lemmas 6 and 7 is that in the case when the conditions
of Theorem 3 are satisfied and system (6) has steady-state characteristic χ(·) or χT (·),
the domain of convergence Ωa becomes

(33) Ωa = {x ∈ X , z ∈ Z| ‖x‖A = 0, z : h(z) ∈ [0, h(z0)]}.

It is possible, however, to improve estimate (33) further under additional hypotheses
on system Sa and Sw dynamics. This result is formulated in the corollary below.

Corollary 8. Let system (11) be given and satisfy the assumptions of Theorem
3. Let, in addition,

(C1) the flow x(t,x0)⊕z(t, z0) be generated by a system of autonomous differential
equations with a locally Lipschitz right-hand side;

(C2) subsystem Sw be practically integral-input-to-state stable:

(34) ‖z(τ)‖∞,[t0,t] ≤ Cz +

∫ t

0

γ1(uw(τ))dτ,

and let function h(·) ∈ C0 in (8);

(C3) system Sa have steady-state characteristic χ(·).
Then for all x0, z0 ∈ Ωγ the state of the interconnection converges to the set

(35) Ωa = {x ∈ X , z ∈ Z| ‖x‖A = 0, h(z) ∈ χ−1(0)}.

As follows from Corollary 8, zeros of the steady-state characteristic of system
Sa actually “control” the domains to which the state of interconnection (11) might
potentially converge. This is illustrated in Figure 4. Notice also that in the case when
condition C3 in Corollary 8 is replaced with the alternative,

(C3)′ system Sa has a steady-state characteristic on average χT (·),
and then it is possible to show that the state converges to

(36) Ωa = {x ∈ X , z ∈ Z| ‖x‖A = 0, h(z) = 0}.

The proof follows straightforwardly from the proof of Corollary 8 and is therefore
omitted.
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Fig. 4. Control of the attracting set by means of the system’s steady-state characteristics.

4.3. Systems with contracting dynamics separable in space-time. In the
previous sections we have presented convergence tests and estimates of the trapping
region, and also characterized the attracting sets of interconnection (11) under as-
sumptions of uniform asymptotic stability of Sa and input-output properties (8), (34)
of system Sw. The conditions are given for rather general functions β(·, ·) ∈ KL in (6)
and γ0(·), γ1(·) in (8). It appears, however, that these conditions can be substantially
simplified if additional properties of β(·, ·) and γ0(·) are available. This information
is, in particular, the separability of function β(·, ·) or, equivalently, the possibility of
factorization:

(37) β(‖x‖A , t) ≤ βx(‖x‖A) · βt(t),

where βx(·) ∈ K and βt(·) ∈ C0 is strictly decreasing 8 with

(38) lim
t→∞

βt(t) = 0.

In principle, as shown in [8], factorization (37) is achievable for a large class of uni-
formly asymptotically stable systems under an appropriate coordinate transformation.
An immediate consequence of factorization (37) is that the elements of sequence Ξ in
Property 2 are independent of ‖x(ti)‖A. As a result, verification of Properties 2, 3
becomes easier. The most interesting case, however, occurs when the function βx(·)
in the factorization (37) is Lipschitz. For this class of functions the conditions of
Theorem 3 reduce to a single and easily verifiable inequality. Let us consider this case
in detail.

Without loss of generality, we assume that the state x(t) of system Sa satisfies
the equation

(39) ‖x(t)‖A ≤ ‖x(t0)‖A · βt(t− t0) + c · ‖h(z(τ, z0))‖∞,[t0,t],

where βt(0) is greater than or equal to one. Given that βt(t) is strictly decreasing,
the mapping βt : [0,∞] �→ [0, βt(0)] is injective. Moreover βt(t) is continuous, and
then it is surjective and, therefore, bijective. In other words there is a (continuous)
mapping β−1

t : [0, βt(0)] �→ R+:

(40) β−1
t ◦ βt(t) = t ∀ t > 0.

Conditions for emergence of the trapping region for interconnection (11) with dynam-
ics of system Sa governed by (39) are summarized below:

8If βt(·) is not strictly monotone, it can always be majorized by a strictly decreasing function.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

862 I. TYUKIN, E. STEUR, H. NIJMEIJER, AND C. VAN LEEUWEN

Corollary 9. Let the interconnection (11) be given, system Sa satisfy (39), and
function γ0(·) in (8) be Lipschitz:

(41) |γ0(s)| ≤ Dγ,0 · |s|.

Domain

Ωγ : Dγ,0 ≤
(
β−1
t

(
d

κ

))−1
κ− 1

κ

× h(z0)

βt(0) ‖x0‖A + βt(0) · c · |h(z0)|
(
1 + κ

1−d

)
+ c|h(z0)|

(42)

is not empty for some d < 1, κ > 1. Then for all initial conditions x0 z0 ∈ Ωγ the
state x(t,x0) ⊕ z(t, z0) of interconnection (11) converges into the set Ωa specified by
(24). If, in addition, conditions (C1)–(C3) of Corollary 8 hold, then the domain of
convergence is given by (33).

A practically important consequence of this corollary concerns systems Sa which
are exponentially stable:

(43) ‖x(t)‖A ≤ ‖x(t0)‖ADβ exp(−λt) + c · ‖h(z(t, z0))‖∞,[t0,t], λ > 0, Dβ ≥ 1.

In this case the domain (42) of initial conditions ensuring convergence into Ωa is
defined as

Dγ,0 ≤ max
κ>1, d∈(0,1)

−λ

(
ln

d

κ

)−1
κ− 1

κ

× h(z0)

Dβ ‖x0‖A + Dβ · c · |h(z0)|
(
1 + κ

1−d

)
+ c|h(z0)|

.

5. Discussion. In this section we discuss some practically relevant outcomes
of the results of Theorem 3 and Corollaries 8, 9 and their potential applications to
problems of analysis of asymptotic behavior in nonlinear dynamic systems.

First, in section 5.1 we specify conditions for existence of a trapping region of
nonzero volume in R

n ⊕ R
m in terms of the parameters of system (11) without in-

voking dependence on x(t0), z(t0), as was done in Theorem 3. The resulting criterion
has a form similar to the standard small-gain conditions [34]. The differences and
similarities between this new result and standard small-gain theorems are illustrated
with an example.

Second, in section 5.2 we demonstrate how the results of our present contribution
can be applied to address the problem of output nonlinear identification for systems
which cannot be transformed into a canonic observer form and/or with nonlinear
parametrization.

5.1. Relation to conventional small-gain theorems. Conditions specifying
state boundedness formulated in Theorem 3 and Corollaries 8, 9 depend explicitly on
initial conditions x(t0), z(t0). Such dependence is inevitable when the convergence is
allowed to be nonuniform. But if the mere existence of a trapping region is asked for,
dependence on initial conditions may be removed from the statements of the results.
The next corollary presents such modified conditions.

Corollary 10. Consider interconnection (11), where the system Sa satisfies
inequality (39) and the function γ0(·) obeys (41). Then there exists a set Ωγ of initial
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conditions corresponding to the trajectories converging to Ωa if the following condition
is satisfied:

(44) Dγ,0 · c · G < 1,

where

G = β−1
t

(
d

κ

)
k

k − 1

(
βt(0)

(
1 +

κ

1 − d

)
+ 1

)

for some d ∈ (0, 1), κ ∈ (1,∞). In particular, Ωγ contains the following domain:

‖x(t0)‖A ≤ h(z(t0))

βt(0)

[
1

Dγ,0

(
β−1
t

(
d

κ

))−1
k − 1

k
− c

(
βt(0)

(
1 +

κ

1 − d

)
+ 1

)]
.

In the case when the function h(z) in (11) is continuous, the volume of the set Ωγ is
nonzero in R

n ⊕ R
m.

Notice that in the case when the dynamics of the contracting subsystem Sa is
exponentially stable, i.e., it satisfies inequality (43), the term G in condition (44)
reduces to

(45) G =
1

λ
· ln

(κ
d

) k

k − 1

(
Dβ

(
1 +

κ

1 − d

)
+ 1

)
.

For Dβ = 1 the minimal value of G in (45) can be estimated as

(46) G∗ =
1

λ
· min
d∈(0,1), κ∈(1,∞)

ln
(κ
d

) k

k − 1

(
2 +

κ

1 − d

)
≈ 15.6886

λ
<

16

λ
,

which leads to an even more simple formulation of (45):

Dγ,0 ·
c

λ
≤ 1

16
.

Corollary 10 provides an explicit and easy-to-check condition for existence of
a trapping region in the state space of a class of Lyapunov unstable systems. In
addition, it allows us to specify explicitly points x(t0), z(t0) which belong to the
emergent trapping region. Notice also that the existence condition, inequality (44),
has the flavor of conventional small-gain constraints. Yet, it is substantially different
from these classical results. This is because the input-output gain for the wandering
subsystem, Sw, may not be finite or need not even be defined.

To elucidate these differences as well as the similarities between conditions of
conventional small-gain theorems and those formulated in Corollary 10 we provide an
example. Consider the following systems:{

ẋ1 = −λ1x1 + c1x2,

ẋ2 = −λ2x2 − c2|x1|,
(47a)

{
ẋ1 = −λ1x1 + c1x2,

ẋ2 = −c2|x1|.
(47b)
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System (47a) can be viewed as an interconnection of two input-to-state stable systems,
x1 and x2, with input-output L∞-gains c1/λ1 and c2/λ2, respectively. Therefore, in
order to prove state boundedness of (47a) we can, in principle, invoke the conventional
small-gain theorem. The small-gain condition in this case is as follows:

(48a)
c1
λ1

· c2
λ2

< 1.

The theorem, however, does not apply to system (47b) because the input-output
gain of its second subsystem, x2, is infinite. Yet, by invoking Corollary 10 it is still
possible to show existence of a weak attracting set in the state space of system (47b)
and specify its basin of attraction. As follows from Corollary 10, condition

(48b)
c1
λ1

· c2
λ1

<
1

16

ensures existence of the trapping region, and the trapping region itself is given by

|x1(t0)| ≤
[

1

c2
λ1

(
ln

κ

d

)−1 k − 1

k
− c1

λ1

(
2 +

κ

1 − d

)]
x2(t0).

5.2. Output nonlinear identification problem. In the literature on adaptive
control, observation, and identification a few classes of systems are referred to as
canonic forms because they guarantee existence of a solution to the problem and
because a large variety of physical models can be transformed into this class. Among
these, perhaps the most widely known is the adaptive observer canonical form [3].
Necessary and sufficient conditions for transformation of the original system into
this canonical form can be found, for example, in [16]. These conditions, however,
include restrictive requirements of linearization of uncertainty-independent dynamics
by output injection, and they also require linear parametrization of the uncertainty.
Alternative approaches [4] heavily rely on knowledge of the proper Lyapunov function
for the uncertainty-independent part and still assume linear parametrization.

We now demonstrate how these restrictions can be lifted by application of our
result to the problem of state and parameter observation. Let us consider systems
which can be transformed by means of static or dynamic feedback9 into the following
form:

(49) ẋ = f0(x, t) + f(ξ(t),θ) − f(ξ(t), θ̂) + ε(t),

where

ε(t) ∈ Lm
∞[t0,∞], ‖ε(τ)‖∞,[t0,t] ≤ Δε

is an external perturbation with known Δε, and x ∈ R
n. The function ξ : R+ → R

ξ

is a function of time, which possibly includes available measurements of the state,
and θ, θ̂ ∈ Ωθ ⊂ R

d are the unknown and estimated parameters of the function f(·),
respectively, and the set Ωθ is bounded. We assume that uniformly in ξ, the function
f(ξ(t),θ) is locally bounded in θ:

‖f(ξ(t),θ) − f(ξ(t), θ̂)‖ ≤ Df‖θ − θ̂‖ + Δf

9Notice that conventional observers in control theory could be viewed as dynamic feedbacks.
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and the values of Df ∈ R+, Δf are available. The function f0(·) in (49) is assumed
to satisfy the following condition.

Assumption 3. The system

(50) ẋ = f0(x, t) + u(t)

is forward-complete. Furthermore, for all u(t) such that

‖u(t)‖∞,[t0,t] ≤ Δu + ‖u0(τ)‖∞,[t0,t], Δu ∈ R+,

there exists a bounded set A, c > 0 and a function Δ : R+ → R+ satisfying the
following inequality:

‖x(t)‖AΔ(Δu)
≤ β(t− t0) ‖x(t0)‖AΔ(Δu)

+ c‖u0(τ)‖∞,[t0,t],

where β(·) : R+ → R+, limt→∞ β(t) = 0 is a strictly decreasing function.
Consider the following auxiliary system:

(51) λ̇ = S(λ), λ(t0) = λ0 ∈ Ωλ ⊂ R
λ,

where Ωλ ⊂ R
λ is a compact set, λ(t,λ0) ∈ Ωλ for all t ≥ t0, and S(λ) is locally

Lipschitz. Furthermore, suppose that the following assumption holds for system (51).
Assumption 4. System (51) is Poisson stable in Ωλ, that is,

∀ λ′ ∈ Ωλ, t′ ∈ R+ ⇒ ∃t′′ > t : ‖λ(t′′,λ′) − λ′‖ ≤ ε,

where ε is an arbitrary small positive constant. Moreover, the trajectory λ(t,λ0) is
dense in Ωλ:

∀λ′ ∈ Ωλ, ε ∈ R>0 ⇒ ∃ t ∈ R+ : ‖λ′ − λ(t,λ0)‖ < ε.

Now we are ready to formulate the following statement.
Corollary 11. Consider system (49) and suppose that the following conditions

hold:
(C4) the vector-field f0(x, t) in (49) satisfies Assumption 3;
(C5) there exists a (known) system (51) satisfying Assumption 4;
(C6) there exists a locally Lipschitz η : R

λ → R
d:

‖η(λ′) − η(λ′′)‖ ≤ Dη‖λ′ − λ′′‖

such that the set η(Ωλ) is dense in Ωθ;
(C7) system (49) has a steady-state characteristic with respect to the norm

‖·‖AΔ(M)
, M = 2Δf + Δε + δ,

and input θ̂, where δ is some positive (arbitrarily small) constant.
Consider the following interconnection of (49), (51):

ẋ = f0(x, t) + f(ξ(t),θ) − f(ξ(t), θ̂) + ε(t),

θ̂ = η(λ),

λ̇ = γ ‖x(t)‖AΔ(M)
S(λ),

(52)
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where γ > 0 satisfies the following inequality:

γ ≤
(
β−1
t

(
d

κ

))−1
κ− 1

κ

1

Dλ

(
βt(0)

(
1 + κ

1−d

)
+ 1

) ,
Dλ = c ·Df ·Dη · max

λ∈Ωλ
‖S(λ)‖

(53)

for some d ∈ (0, 1), κ ∈ (1,∞). Then, for λ(t0) = λ0, some θ′ ∈ Ωθ, and all
x(t0) = x0 ∈ R

n, the following holds:

lim
t→∞

‖x(t)‖AΔ(M)
= 0, lim

t→∞
θ̂(t) = θ′ ∈ Ωθ.(54)

Notice that, as has been pointed out in the previous section, in the case when
the dynamics of (50) is exponentially stable with a rate of convergence equal to ρ and
β(0) = Dβ , condition (53) will have the following form:

γ ≤ −ρ

(
ln

d

κ

)−1
κ− 1

κ

1

Dλ

(
Dβ

(
1 + κ

1−d

)
+ 1

) .
According to Corollary 11, for the rather general class of systems (49) it is possible

to design an estimator θ̂(t) which guarantees not only that the “error” vector x(t)

reaches a neighborhood of the origin, but also that the estimates θ̂(t) converge to some
θ′ in Ωθ. Both these facts, together with additional nonlinear persistent excitation
conditions [6], [29]

∃ T > 0, ρ ∈ K : ∀ T = [t, t + T ], t ∈ R+

⇒ ∃ τ ∈ T : |f(ξ(τ),θ) − f(ξ(τ),θ′)| ≥ ρ(‖θ − θ′‖),

in principle allow us to estimate the domain of convergence for θ̂(t).
Concluding this section we mention that statements of Theorem 3 and Corollaries

8–11 constitute additional theoretical tools for the analysis of asymptotic behavior of
systems in cascaded form. In particular they are complementary to the results of [1],
where asymptotic stability of systems of the following type:

ẋ = f(x),

ż = q(x, z), f : R
n → R

n, q : R
n × R

m → R
m

was considered under the assumption that the x-subsystem is globally asymptotically
stable and the z-subsystem is integral input-to-state stable. In contrast to this, our
results apply to establishing asymptotic convergence for systems with the following
structure:

ẋ = f(x, z),

ż = q(x, z), f : R
n × R

m → R
n,

where the x-subsystem is input-to-state stable, and the z-subsystem could be practi-
cally integral input-to-state stable (see Corollary 8), although in general no stability
assumptions are imposed on it.
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6. Examples. In this section we provide two examples of parameter identifica-
tion in nonlinearly parametrized systems that cannot be transformed into the canon-
ical adaptive observer form.

The first example is merely an academical illustration of Corollary 11, where only
one parameter is unknown and the system itself is a first-order differential equation.
The second example illustrates a possible application of our results to the problem of
identifying the dynamics in living cells.

Example 1. Consider the following system:

(55) ẋ = −kx + sin(xθ + θ) + u, k > 0, θ ∈ [−a, a],

where θ is an unknown parameter and u is the control input. Without loss of generality
we let a = 1, k = 1. The problem is to estimate the parameter θ from measurements of
x and steer the system to the origin. Clearly, the choice u = − sin(xθ̂+ θ̂) transforms
(55) into

(56) ẋ = −kx + sin(xθ + θ) − sin(xθ̂ + θ̂),

which satisfies Assumption 3. Moreover, the system

λ̇1 = λ1,

λ̇2 = −λ2, λ2
1(t0) + λ2

2(t0) = 1

with mapping η = (1, 0)Tλ satisfies Assumption 4 and therefore

λ̇1 = γ|x|λ1,

λ̇2 = −γ|x|λ2, λ2
1(t0) + λ2

2(t0) = 1
(57)

would be a candidate for the control and parameter estimation algorithm. According
to Corollary 11, the goal will be reached if the parameter γ in (57) obeys the following
constraint:

γ ≤ −ρ

(
ln

d

κ

)−1
κ− 1

κ

1

Dλ

(
Dβ

(
1 + κ

1−d

)
+ 1

) , ρ = k = 1, Dβ = 1, Dλ = 1

for some d ∈ (0, 1), κ ∈ (1,∞). Hence, choosing, for example, d = 0.5, κ = 2 we
obtain that choice

0 < γ < − ln

(
0.5

2

)−1
1

2
· 1

6
= 0.0601

suffices to ensure that

lim
t→∞

x(t) = 0, lim
t→∞

θ̂(t) = θ.

We simulated system (56), (57) with θ = 0.3, γ = 0.05 and initial conditions x(t0)
randomly distributed in the interval [−1, 1]. Results of the simulation are illustrated
in Figure 5, where the phase plots of system (56), (57) as well as the trajectories of

θ̂(t) are given.
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Fig. 5. Trajectories of system (56), (57) (left panel) and the family of estimates θ̂(t) of param-
eter θ as functions of time t (right panel).

Example 2. Consider the problem of modeling electrical activity in biological cells
from the input-output data in current clamp experiments. The simplest mathematical
model, which captures a fairly large variety of phenomena such as periodic bursting in
response to constant stimulation, is the classical Hindmarsh and Rose model neuron
without adaptation currents [10]:

ẋ1 = −ax3
1 + bx2

1 + x2 + αu,

ẋ2 = c− βx2 − dx2
1,

(58)

where variable x1 is the membrane potential, x2 stands for the ionic currents in the
cell, u is the input current, and a, b, c, d, α, β ∈ R are parameters. While the
parameters of the first equation can, in principle, be identified experimentally by
blocking the ionic channels in the cells and measuring the membrane conductance,
identification of parameters β, d is a difficult problem, as information about ionic
currents x2 is rarely available.

Conventional techniques [3] cannot be applied directly to this problem as the
model (58) is not in canonical adaptive observer form. Let us illustrate how our results
can be used to derive the unknown parameters of (58) such that the reconstructed
model fits the observed data. Assume, first, that parameters a, b, c, α in the first
equation of (58) are known, whereas parameters β, d in the second equation are
unknown. This corresponds to the realistic case, where the time constant of current
x2 and coupling between x1 and x2 are uncertain. In our example we assumed that

β ∈ Ωβ = [0.3, 0.7], d ∈ Ωd = [2, 3], a = 1, b = 3, α = 0.7, c = 0.5.

As a candidate for the observer we select the following system:

˙̂x = ρ(x1 − x̂) − ax3
1 + bx2

1 + αu + f(β̂, d̂, t), ρ ∈ R>0,(59)

where β̂, d̂ are parameters to be adjusted and the function f(β̂, d̂, t) is specified as

f(β̂, d̂, t) =

∫ t

t0

e−β̂(t−τ)(d̂x2
1(τ) + c)dτ.

Then the dynamics of x̃(t) = x(t) − x̂(t) satisfies the following differential equation:

˙̃x = −ρx̃ + f(β, d, t) − f(β̂, d̂, t).
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The function f(β, d, t) satisfies the following inequality:

|f(β, d, t) − f(β̂, d̂, t)| ≤ |f(β, d, t) − f(β̂, d, t)| + |f(β̂, d, t) − f(β̂, d̂, t)|
≤ Df,β |β − β̂| + Df,d|d− d̂| + ε(t),

where ε(t) is an exponentially decaying term, and

(60)

Df,β = max
β̂,β∈Ωβ , d∈Ωd

{
1

ββ̂
(d‖x1(τ)‖∞,[t0,∞] + c)

}
, Df,d = max

β̂∈Ωβ

{
1

β̂
‖x1(τ)‖∞,[t0,∞]

}
.

Furthermore, Assumption 3 is satisfied for system

(61) ˙̃x = −ρx̃ + υ(t),

with

Δ(Δu) =
Δu

ρ
.

In particular, for all υ(t) : ‖υ(τ)‖∞,[t0,t] ≤ Δu+‖υ0(τ)‖∞,[t0,t] the following inequality
holds:

(62) ‖x̃(t)‖Δ(Δu) ≤ e−ρ(t−t0)‖x̃(t0)‖Δ(Δu) +
1

ρ
‖υ0(τ)‖∞,[t0,t].

To see this consider the general solution of (61):

x̃(t) = e−ρ(t−t0)x̃(t0) + e−ρt
∫ t

t0

eρτυ(τ)dτ

and derive an estimate of |x̃(t)|. This estimate has the following form:

|x̃(t)| ≤ e−ρ(t−t0)|x̃(t0)| +
1

ρ

(
1 − e−ρ(t−t0)

)
‖υ(τ)‖∞,[t0,t]

≤ e−ρ(t−t0)
(
|x̃(t0)| −

1

ρ
Δu

)
+

1

ρ

(
‖υ0(τ)‖∞,[t0,t] + Δu

)
≤ e−ρ(t−t0)‖x̃(t0)‖Δ(Δu) +

1

ρ

(
‖υ0(τ)‖∞,[t0,t] + Δu

)
.

Hence

|x̃(t)| − 1

ρ
Δu ≤ e−ρ(t−t0)‖x̃(t0)‖Δ(Δu) +

1

ρ
‖υ0(τ)‖∞,[t0,t],

which automatically implies (62).
Let us define subsystem (51). Consider the following system of differential equa-

tions:

λ̇1 = λ2,

λ̇2 = −ω2
1λ1,

λ̇3 = λ4,

λ̇4 = −ω2
2λ3, λ0 = (1, 0, 1, 0)T ,

(63)
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where Ωλ is the ω-limit set of the point λ0, and ω1, ω2 ∈ R. System (63), therefore,
satisfies Assumption 4. Given that domains Ωβ , Ωd are known, select

η : R
n → R

2, η = (η1(λ), η2(λ)),

β̂ = η1(λ) =
1

2

(
2 arcsin(λ1)

π
+ 1

)
· 0.4 + 0.3, d̂ = η2(λ) =

1

2

(
2 arcsin(λ3)

π
+ 1

)
+ 2.

(64)

Choosing

ω1

ω2
= π

we ensure that η(Ωλ) is dense in Ωβ ×Ωd. Given that β̂, d̂ are bounded and β̂ ≥ 0.3,
the values of Df,β , Df,d are bounded since the signal x1(t) is always bounded for
any t ≥ t0 for the given range of parameters. Hence, according to Corollary 11,
interconnection of (59), (64), and

λ̇1 = γ‖x̃(t)‖Δ(δ) · λ2,

λ̇2 = −γ‖x̃(t)‖Δ(δ) · ω2
1λ1,

λ̇3 = γ‖x̃(t)‖Δ(δ) · λ4,

λ̇4 = −γ‖x̃(t)‖Δ(δ) · ω2
2λ3, λ0 = (1, 0, 1, 0)T ,

with arbitrary small δ > 0 and properly chosen γ > 0, ensures that

lim
t→∞

‖x̃(t)‖Δ(δ) = 0, lim
t→∞

β̂(t) = β′ ∈ Ωβ , lim
t→∞

d̂(t) = d′ ∈ Ωd.

This in turn implies a successful fit of the model to the observations.

We simulated the system with ρ = 10 and γ = 3 · 10−4 for β = 0.5, d = 2.5. The
results of the simulations are provided in Figure 6. It can be seen from this figure
that the reconstruction is successful and that the parameters converge into a small
neighborhood of the actual values. Further details explaining how this technique can
be applied to model the dynamics of the evoked membrane potentials in real neural
cells from input-output measurements in vitro are discussed in [25].

7. Conclusion. We proposed tools for the analysis of asymptotic behavior of a
class of dynamical systems. In particular, we consider an interconnection of an input-
to-state stable system with an unstable or integral input-to-state dynamics. Our
results allow us to address a variety of problems in which convergence may not be
uniform with respect to initial conditions. It is necessary to notice that the proposed
method does not require complete knowledge of the dynamical systems in question.
Only qualitative information such as, for instance, characterization of input-to-state
stability is necessary for application of our results. We demonstrated how our analysis
can be used in the problems of synthesis and design—in particular for problems of
nonlinear regulation and parameter identification of nonlinear parametrized systems.
The examples show the relevance of our approach in those domains where application
of the standard techniques is either not possible or too complicated.
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Fig. 6. Left panel: trajectories x1(t), x2(t) of system (58) plotted for the nominal values of

parameters β = 0.5, d = 2.5 (model), and for the values β = β̂(t0 + T ), d = d̂(t0 + T ), where T
is the total simulation time (reconstruction). Input u(t) is a rectangular impulse with amplitude
0.7 starting at t = 100 and ending at t = 300. Right panel: searching dynamics in the bounded
parameter space (a segment of the trajectory β̂(t), d̂(t) towards the end of the simulation).

Appendix. Proofs of Theorem 3, lemmas, and corollaries.

A.1. Proof of Theorem 3. Let the conditions of the theorem be satisfied for
given t0 ∈ R+: x(t0) = x0, z(t0) = z0. Notice that in this case h(z0) ≥ 0; otherwise
requirement (26) will be violated. Consider the sequence (23) of volumes Ωi induced
by S:

Ωi = {x ∈ X , z ∈ Z| h(z(t)) ∈ Hi}.

To prove the theorem we show that 0 ≤ h(z(t)) ≤ h(z0) for all t ≥ t0. For the given
partition (23) we consider two alternatives.

First, in the degenerative case, the state x(t) ⊕ z(t) enters some Ωj , j ≥ 0, and
stays there afterward, which automatically guarantees that 0 ≤ |h(z)| ≤ h(z0). Then,
according to (6) the trajectory x(t) satisfies the following inequality:

(65) ‖x(t)‖A ≤ β(‖x0‖A , t− t0) + c‖h(z(t))‖∞,[t0,t] ≤ β(‖x0‖A , t− t0) + c|h(z0)|.

Taking into account that β(·, ·) ∈ KL we can conclude that (65) implies that

lim sup
t→∞

‖x(t)‖A ≤ c|h(z0)|.(66)

Therefore the statements of the theorem hold.
Let us consider the second alternative, where the state x(t)⊕ z(t) enters each Ωj

and leaves later. Given that h(z(t)) is monotone and nonincreasing in t, this implies
that there exists an ordered sequence of time instants tj :

(67) t0 < t1 < t2 · · · tj < tj+1 · · ·

such that

(68) h(z(ti)) = σih(z0).

Hence in order to prove the theorem we must show that the sequence {ti}∞i=0 does
not converge. In other words, the boundary σ∞h(z0) = 0 will not be reached in finite
time.
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In order to do this let us estimate the upper bounds for the following differences:

Ti = ti+1 − ti.

Taking into account inequality (8) and the fact that γ0(·) ∈ Ke, we can derive that

(69) h(z(ti)) − h(z(ti+1)) ≤ Ti max
τ∈[ti,ti+1]

γ0(‖x(τ)‖A) ≤ Tiγ0(‖x(τ)‖A∞,[ti,ti+1]
).

According to the definition of ti in (68) and noticing that the sequence S is strictly
decreasing, we have

h(z(ti)) − h(z(ti+1)) = (σi − σi+1)h(z0) > 0.

Hence h(z0) > 0 implies that γ0(‖x(τ)‖A∞,[ti,ti+1]
) > 0 and, therefore, (69) results in

the following estimate of Ti:

(70) Ti ≥
h(z(ti)) − h(z(ti+1))

γ0(‖x(τ)‖A∞,[ti,ti+1]
)

=
h(z0)(σi − σi+1)

γ0(‖x(τ)‖A∞,[ti,ti+1]
)
.

Taking into account that h(z(t)) is nonincreasing over [ti, ti+1] and using (6) we can
bound the norm ‖x(τ)‖A∞,[ti,ti+1]

as follows:

‖x(τ)‖A∞,[ti,ti+1]
≤ β(‖x(ti)‖A , 0) + c‖h(z(τ))‖∞,[ti,ti+1](71)

≤ β(‖x(ti)‖A , 0) + c · σih(z0).

Hence, combining (70) and (71), we obtain that

Ti ≥
h(z0)(σi − σi+1)

γ0(σi(σ
−1
i β(‖x(ti)‖A , 0) + c · h(z0)))

.

Then, using property (10) of function γ0 we can derive that

(72) Ti ≥
h(z0)(σi − σi+1)

γ0,1(σi)

1

γ0,2(σ
−1
i β(‖x(ti)‖A , 0) + c · h(z0)))

.

Taking into account condition (27) of the theorem, the theorem will be proved if we
ensure that

(73) Ti ≥ τi

for all i = 0, 1, 2, . . . ,∞. We prove this claim by induction with respect to the index
i = 0, 1, . . . ,∞. We start with i = 0, and then show that for all i > 0 the following
implication holds:

(74) Ti ≥ τi ⇒ Ti+1 ≥ τi+1.

Let us prove that (73) holds for i = 0. For this purpose consider the term
(σi − σi+1)/γ0,1(σi). As follows immediately from condition (25) of the theorem, we
have that

(75)
σi − σi+1

γ0,1(σi)
≥ τiΔ0 ∀ i ≥ 0.
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In particular

σ0 − σ1

γ0,1(σ0)
≥ τ0Δ0.

Therefore, inequality (72) reduces to

(76) T0 ≥ τ0Δ0
h(z0)

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0) + c · h(z0))

.

Moreover, taking into account Property 3 and (18), (19), we can derive the following
estimate:

σ−1
0 β(‖x(t0)‖A , 0) ≤ σ−1

0 φ0(‖x(t0)‖A) + σ−1
0 υ0(c · |h(z0)|σ0)

≤ B1(‖x0‖A) + B2(|h(z0)|, c).

According to the theorem conditions, x0 and z0 satisfy inequality (26). This in turn
implies that

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0) + c · h(z0))

≤ γ0,2(B1(‖x0‖A) + B2(|h(z0)|, c) + c · h(z0)) ≤ Δ0 · h(z0).
(77)

Combining (76) and (77), we obtain the desired inequality

T0 ≥ τ0Δ0
h(z0)

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0) + c · h(z0))

≥ τ0
Δ0h(z0)

Δ0h(z0)
= τ0.

Thus the basis of induction is proved.
Let us assume that (73) holds for all i = 0, . . . , n, n ≥ 0. We shall prove now that

implication (74) holds for i = n + 1. Consider the term β(‖x(tn+1)‖A , 0):

β(‖x(tn+1)‖A , 0) ≤ β(β(‖x(tn)‖A , Tn) + c‖h(z(τ))‖∞,[tn,tn+1], 0)

≤ β(β(‖x(tn)‖A , Tn) + c · σn · h(z0), 0).

Taking into account Property 2 (specifically, inequality (17)) and (18)–(20) we can
derive that

β(‖x(tn+1)‖A , 0) ≤ β(ξn · β(‖x(tn)‖A), 0) + c · σn · h(z0), 0)

≤ φ1(‖x(tn)‖A) + υ1(c · |h(z)0| · σn).
(78)

Notice that, according to the inductive hypothesis (Ti ≥ τi), the following holds:

(79) ‖x(ti+1)‖A ≤ β(‖x(ti)‖A , Ti) + c · σi · h(z0) ≤ ξiβ(‖x(ti)‖A , 0) + c · σi · h(z0)

for all i = 0, . . . , n. Then (78), (79), and (18)–(20) imply that

β(‖x(tn+1)‖A , 0) ≤ φ1(ξiβ(‖x(tn−1)‖A , 0) + c · σn−1 · h(z0))

+ υ1(c · |h(z)0| · σn) ≤ φ2(‖x(tn−1)‖A) + υ2(c · |h(z0)| · σn−1)

+ υ1(c · |h(z0)| · σn) ≤ φn+1(‖x0‖A) +

n+1∑
i=1

υi(c · |h(z0)|σn+1−i)

≤ φn+1(‖x0‖A) +

n+1∑
i=0

υi(c · |h(z0)|σn+1−i).

(80)
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According to Property 3, the term

σ−1
n+1

(
φn+1(‖x0‖A) +

n+1∑
i=0

υi(c · |h(z0)|σn+1−i)

)

is bounded from above by the sum

B1(‖x0‖A) + B2(|h(z0)|, c).

Therefore, monotonicity of γ0,2, estimate (80), and inequality (26) lead to the following
inequality:

γ0,2(σ
−1
n+1β(‖x(tn+1‖A), 0) + c · h(z0)) ≤ γ0,2(B1(‖x0‖A) + B2(|h(z0)|, c) + c · h(z0))

≤ h(z0)Δ0.

Hence, according to (72) and (75) we have

Tn+1 ≥ (σn+1 − σn+2)

γ0,1(σn+1)

h(z0)

γ0,2(σ
−1
n+1β(‖x(tn+1)‖A , 0) + c · h(z0))

≥ τn+1
Δ0h(z0)

Δ0h(z0)
= τn+1.

Thus implication (74) is proved. This implies that h(z(t)) ∈ [0, h(z0)] for all t ≥ t0
and, consequently, that (66) holds.

A.2. Proof of Lemma 6. As follows from the assumptions, h(z(t, z0)) is
bounded. Assume it belongs to the interval [a, h(z0)], a ≤ h(z0). Taking into ac-
count that h(z(t, z0)) is bounded and monotone in t (every subsequence of which is
again monotone) and applying the Bolzano–Weierstrass theorem we can conclude that
h(z(t, z0)) converges in [a, h(z0)]. In particular, there exists h̄ ∈ [a, h(z0)] such that

(81) lim
t→∞

h(z(t, z0)) = h̄.

Therefore, as follows from (8) we can conclude that

0 ≤ lim
t→∞

∫ t

t0

γ1(‖x(τ,x0)‖A)dτ ≤ lim
t→∞

(h(z0) − h(z(t, z0)))

= h(z0) − h̄ ≤ h(z0) − a < ∞.

(82)

According to the lemma assumptions, system Sa has steady-state characteristics. This
means that there exists a constant x̄ ∈ R+ such that

(83) lim
t→∞

‖x(t,x0)‖A = x̄.

Suppose that x̄ > 0. Then it follows from (83) that there exists time instant t1,
t0 ≤ t1 < ∞ and some constant 0 < δ < x̄ such that

‖x(t)‖A ≥ δ ∀ t ≥ t1.

Hence using (82) and noticing that γ1 ∈ Ke we obtain

∞ > h(z0) − h̄ ≥ lim
t→∞

∫ t

t0

γ1(‖x(τ,x0)‖A)dτ ≥ lim
t→∞

∫ t

t1

γ1(δ)dτ = ∞.
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Thus we obtained a contradiction. Hence x̄ = 0 and, consequently,

lim
t→∞

‖x(t)‖A = 0.

Then, according to the notion of steady-state characteristic in Definition 4, this is
possible only if h̄ ∈ χ−1(0).

A.3. Proof of Lemma 7. Analogously to the proof of Lemma 6 we notice that
(82) holds. This, however, implies that for any constant and positive T , the limit

lim
t→∞

∫ t+T

t

γ1(‖x(τ)‖A)dτ

exists and equals zero. Furthermore, h(z(t, z0)) ∈ [0, h(z0)] for all t ≥ t0. Hence there
exists a time instant t′ such that

‖x(t)‖A ≤ c · h(z0) + ε ∀ t ≥ t′,

where ε > 0 is arbitrarily small. Then taking into account (31) we can conclude that

(84) lim
t→∞

∫ t+T

t

γ1(‖x(τ)‖A)dτ ≥ γ̄

∫ t+T

t

‖x(τ)‖A dτ = 0.

Given that (81) holds, system (6) has the steady-state characteristic on average, and
given that χT (·) has no zeros in the positive domain, limiting relation (84) is possible
only if h̄ = 0. Then, according to (6), limt→∞ ‖x(t)‖A = 0.

A.4. Proof of Corollary 8. As follows from Theorem 3, state x(t,x0)⊕z(t, z0)
converges to the set Ωa specified by (24). Hence h(z(t, z0)) is bounded. Then, ac-
cording to (8), estimate (82) holds. This, in combination with condition (34), implies
that z(t, z0) is bounded. In other words,

x(t,x0) ⊕ z(t, z0) ∈ Ω′ ∀ t ≥ t0,

where Ω′ is a bounded subset in R
n×R

m. Applying the Bolzano–Weierstrass theorem
we can conclude that for every point x0⊕z0 ∈ Ωγ there is an ω-limit set ω(x0⊕z0) ⊆ Ω′

(nonempty).
As follows from (C3) and Lemma 6, the following holds:

lim
t→∞

h(z(t, z0)) ∈ χ−1(0).

Therefore, given that h(·) ∈ C0, we can obtain that

lim
ti→∞

(z(ti, z0)) = h

(
lim

ti→∞
z(ti, z0)

)
= h(ωz(x0 ⊕ z0)) ∈ χ−1(0).

In other words,

ωz(x0 ⊕ z0) ⊆ Ωh = {x ∈ R
n, z ∈ R

m| h(z) ∈ χ−1(0)}.

Moreover,

ωx(x0 ⊕ z0) ⊆ Ωa = {x ∈ R
n, z ∈ R

m| ‖x‖A = 0}.
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According to assumption (C1), the flow x(t,x0)⊕ z(t, z0) is generated by a system of
autonomous differential equations with a locally Lipschitz right-hand side. Then, as
follows from [13, Lemma 4.1, page 127],

lim
t→∞

dist(x(t,x0) ⊕ z(t, z0), ω(x0 ⊕ z0)) = 0.

Noticing that

dist(x(t,x0) ⊕ z(t, z0), ω(x0 ⊕ z0)) ≥ dist(x(t,x0),Ωa) + dist(z(t, z0),Ωh),

we can finally obtain that

lim
t→∞

dist(x(t,x0),Ωa) = 0, lim
t→∞

dist(z(t, z0),Ωh) = 0.

A.5. Proof of Corollary 9. As follows from Theorem 3, the corollary will be
proved if Properties 1–3 are satisfied and also if (25), (26), and (27) hold. In order to
satisfy Property 1 we select the following sequence S:

(85) S = {σi}∞i=0, σi =
1

κi
, κ ∈ R+, κ > 1.

Let us chose sequences T and Ξ as follows:

(86) T = {τi}∞i=0, τi = τ∗,

(87) Ξ = {ξi}∞i=0, ξi = ξ∗,

where τ∗, ξ∗ are positive constants yet to be defined. Notice that choosing T as in
(86) automatically fulfills condition (27) of Theorem 3. On the other hand, taking
into account (17), (39), and that βt(t) is monotonically decreasing in t, this choice
defines a constant ξ∗ as follows:

(88) βt(τ
∗) ≤ ξ∗βt(0) < βt(0), 0 ≤ ξ∗ < 1.

Given that the inverse β−1
t exists, (40), this choice is always possible. In particular,

(88) will be satisfied for the following values of τ∗:

(89) τ∗ ≥ β−1
t (ξ∗βt(0)) .

Let us now find the values for τ∗ and ξ∗ such that Property 3 is also satisfied. For
this purpose consider systems of functions Φ, Υ specified by (18), (19). Notice that
function β(s, 0) in (18), (19) is linear for system (39),

β(s, 0) = s · βt(0),

and therefore the functions ρφ,j(·), ρυ,j are identity maps. Hence Φ, Υ reduce to the
following:

(90) Φ :
φj(s) = φj−1 · ξ∗ · β(s, 0) = ξ∗ · βt(0) · φj−1(s), j = 1, . . . , i,
φ0(s) = βt(0) · s,

(91) Υ :
υj(s) = φj−1(s), j = 1, . . . , i,
υ0(s) = βt(0) · s.
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Taking into account (85), (90), and (91), let us explicitly formulate requirements
(21), (22) in Property 3. These conditions are equivalent to the boundedness of the
following functions:

(92) ‖x(t0)‖A · βt(0) · κn(ξ∗ · βt(0))n;

κn

(
βt(0)

c|h(z0)|
κn

+
βt(0)c|h(z0)|

κn−1
+ βt(0)

n∑
i=2

c|h(z0)|
1

kn−i
(ξ∗ · βt(0))i−1

)

= βt(0)c|h(z0)| + βt(0)c|h(z0)|κ
(

1 +

n∑
i=2

κi−1(ξ∗ · βt(0))i−1

)
.

(93)

Boundedness of the functions B1(‖x0‖A) and B2(|h(z0)|, c) is ensured if ξ∗ satisfies
the inequality

(94) ξ∗ ≤ d

κ · βt(0)

for some 0 ≤ d < 1. Notice that κ > 1, βt(0) ≥ 1 imply that ξ∗ ≤ 1, and therefore
constant τ∗ satisfying (89) will always be defined. Hence according to (92) and (93),
the functions B1(‖x0‖A) and B2(|h(z0)|, c) satisfying Property 3 can be chosen as

(95) B1(‖x0‖A) = βt(0) ‖x0‖A ; B2(|h(z0)|, c) = βt(0) · c · |h(z0)|
(

1 +
κ

1 − d

)
.

In order to apply Theorem 3 we have to check the remaining conditions (25)
and (26). This requires the possibility of factorization (10) for the function γ0(·).
According to assumption (41) of the corollary the function γ0(·) is Lipschitz:

|γ0(s)| ≤ Dγ,0 · |s|.

This allows us to choose functions γ0,1(·) and γ0,2(·) as follows:

(96) γ0,1(s) = s, γ0,2(s) = Dγ,0 · s.

Condition (25), therefore, is equivalent to solvability of the following inequality:

(97)

(
1

κi
− 1

κi+1

)
κi

τ∗
≥ Δ0.

Taking into account inequalities (89) and (94), we can derive that solvability of

(98) Δ0 =

(
β−1
t

(
d

κ

))−1
κ− 1

κ

implies existence of Δ0 > 0 satisfying (97) and, consequently, condition (25) of The-
orem 3. Given that d < 1, κ > 1, and βt(0) ≥ 1, a positive solution to (98) is always
defined. Hence the proof will be complete and the claim is nonvacuous if the domain

Dγ,0 ≤
(
β−1
t

(
d

κ

))−1
κ− 1

κ

× h(z0)

βt(0) ‖x0‖A + βt(0) · c · |h(z0)|
(
1 + κ

1−d

)
+ c|h(z0)|

(99)

is not empty.
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A.6. Proof of Corollary 10. It follows from Corollary 9 that the state of the
interconnection converges into Ωa for all initial conditions x0, z0 satisfying (99). In
other words, the following inequality should hold:

Dγ,0

(
βt(0) ‖x0‖A + βt(0) · c · |h(z0)|

(
1 +

κ

1 − d

)
+ c|h(z0)|

)

≤
(
β−1
t

(
d

κ

))−1
κ− 1

κ
· h(z0).

(100)

Hence assuming that h(z0) > 0, we can rewrite (100) in the following way:

Dγ,0 · βt(0) ‖x0‖A

≤
((

β−1
t

(
d

κ

))−1
κ− 1

κ
−Dγ,0 · c

(
βt(0) ·

(
1 +

κ

1 − d

)
+ 1

))
h(z0).

(101)

Solutions to (101) exist, however, if the inequality(
β−1
t

(
d

κ

))−1
κ− 1

κ
≥ Dγ,0 · c

(
βt(0) ·

(
1 +

κ

1 − d

)
+ 1

)

or, equivalently,

(102) Dγ,0 · c ·
(
βt(0) ·

(
1 +

κ

1 − d

)
+ 1

)
· β−1

t

(
d

κ

)
κ

κ− 1
< 1

is satisfied. The estimate of the trapping region follows from (101).
Let us finally show that continuity of h(z) implies that the volume of Ωγ is nonzero

in R
n ⊕R

m. For the sake of compactness we rewrite inequality (101) in the following
form:

(103) ‖x0‖A ≤ Cγh(z0),

where Cγ is a constant depending on d, κ, βt(0), and Dγ,0. Given that (102) holds
we can conclude that Cγ > 0. According to (103), domain Ωγ contains the following
set:

{x0 ∈ R
n, z0 ∈ R

m| h(z0) > Dz ∈ R+, ‖x0‖A ≤ CγDz}.

Consider the following domain: Ωx,γ = {x0 ∈ R
n| ‖x0‖A ≤ CγDz}. Clearly,

it contains a point x0,1 ∈ R
n : ‖x0,1‖A =

CγDz

2 . For the point x0,1 and for all

ε1 ∈ R
n : ‖ε1‖ ≤ CγDz

4 we have that ‖x0,1 + ε1‖A = infq∈A ‖x0,1 + ε1 − q‖ ≤
infq∈A{‖x0,1−q‖+‖ε1‖} ≤ 3CγDz

4 . On the other hand, ‖x0,1 + ε1‖A = infq∈A ‖x0,1+

ε1 − q‖ ≥ infq∈A{‖x0,1 − q‖ − ‖ε1‖} ≥ CγDz

4 . This implies that there exists a set of

points x0,2 = x0,1 + ε1 ∈ R
n: ‖x0,1 − x0,2‖ ≤ CγDz

4 , x0,2 /∈ A, ‖x0,2‖A ≤ CγDz.
Consider now the following domain: Ωz,γ = {z0 ∈ R

m| h(z0) > Dz}. Let us pick
z0,1 ∈ Ωz,γ : h(z0,1) = 2Dz. Because h(·) is continuous we have that

∀ ε > 0, ∃ δ > 0 : ‖z0,1 − z0,2‖ < δ ⇒ |h(z0,1) − h(z0,2)| < ε.

Let ε = Dz; then −Dz < h(z0,1) − h(z0,2) < Dz and therefore h(z0,2) > Dz. Hence
there exists a set of points z0,2 ∈ R

m: ‖z0,1 − z0,2‖ < δ, z0,2 ∈ Ωz,γ .
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Consider the following set:

Ωxz,γ =

{
x′ ∈ R

n, z′ ∈ R
m| ‖x0,1 − x′‖2 + ‖z0,1 − z′‖2 ≤ r2, r = min

{
δ,
CγDz

4

}}
.

For all x0, z0 ∈ Ωxz,γ we have that x0 ∈ Ωx,γ , z0 ∈ Ωz,γ . Hence inequality (103)
holds, and x0 ⊕ z0 ∈ Ωγ . The volume of the set Ωxz,γ is defined by the volume of the
interior of a sphere in R

n+m with nonzero radius. Thus the volume of Ωγ ⊃ Ωxz,γ is
also nonzero.

A.7. Proof of Corollary 11. Let λ(τ, λ0) be a solution of system (51). Con-
sider it as a function of variable τ . Let us pick some monotone, strictly increasing
function σ such that the following holds:

τ = σ(t), σ : R+ → R+.

Given that η(Ωλ) is dense in Ωθ, for any θ ∈ Ωθ there always exists a vector λθ ∈ Ωλ

such that η(λθ) = θ + εθ, where ‖εθ‖ is arbitrarily small. Furthermore, λ(τ) is dense
in Ωλ, and hence there is a point λ∗ = λ(τ∗,λ0) which is arbitrarily close to λθ.
Consider the following difference:

f(ξ(t),θ) − f(ξ(t), θ̂) = f(ξ(t),θ) − f(ξ(t),η(λ∗)) + f(ξ,η(λ∗)) − f(ξ,η(λ(σ(t)))).

The function f(·) is locally bounded and η(·) is Lipschitz, and then

‖f(ξ,θ) − f(ξ,η(λ∗))‖ ≤ Df‖εθ‖ + Δf = Δθ + Δf ,

where Δθ is arbitrarily small. Hence

‖f(ξ,η(λ∗)) − f(ξ,η(λ(σ(t))))‖ ≤ Df‖η(λ∗) − η(λ(σ(t)))‖ + Δf + Δθ

≤ Df ·Dη‖λ∗ − λ(σ(t))‖ + Δf + Δθ.
(104)

Noticing that λ∗ = λ(τ∗,λ0) = λ(σ(t∗),λ0) and taking into account the Poisson
stability of (51), we can always choose λ∗(σ∗,λ0) such that σ∗ > σ(t0) = τ0 for any
τ0 ∈ R+. Hence, according to (104) the following estimate holds:

‖f(ξ,η(λ∗)) − f(ξ,η(λ(σ(t))))‖ ≤ Df ·Dη‖
∫ σ∗

σ(t)

S(λ(σ(τ)))dτ‖ + Δf + Δθ

≤ Df ·Dη · max
λ∈Ωλ

‖S(λ)‖|σ∗ − σ(t)| = D · |σ∗ − σ(t)| + Δf + Δθ,

D = Df ·Dη · max
λ∈Ωλ

‖S(λ)‖.

(105)

Denoting u(t) = f(ξ(t),θ) − f(ξ(t), θ̂) + ε(t) we can now conclude that

‖u(t)‖ ≤ Δε + Δf + ‖f(ξ(t),θ) − f(ξ(t),η(λ∗))‖ + D · |σ∗ − σ(t)|
≤ Δε + 2Δf + Δθ + Df‖θ − η(λ∗)‖ + D · |σ∗ − σ(t)|.

(106)

Notice that due to the denseness of λ(t,λ0) in Ωλ it is always possible to choose λ∗

such that

Df‖θ − η(λ∗)‖ = Df‖η(λθ) − η(λ∗)‖ ≤ DfDη‖λθ − η(λ∗)‖ ≤ Δλ.
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Hence, according to (106), we have

‖u(t)‖∞,[t0,t] ≤ 2Δf + Δε + δ + D · ‖σ∗ − σ(t)‖∞,[t0,t],

where the term δ > Δθ + Δλ can be made arbitrarily small.
Therefore Assumption 3 implies that the following inequality holds:

(107) ‖x(t)‖AΔ(M)
≤ β(t− t0) ‖x(t0)‖AΔ(M)

+ c · D · ‖σ∗ − σ(t)‖∞,[t0,t].

Let us now define σ(t) as follows:

(108) σ(t) =

∫ t

t0

γ ‖ψ(x(τ))‖AΔ(M)
dτ.

Moreover, let us introduce the following notation:

h(t) = σ∗ − σ(t) = σ∗ −
∫ t

t0

γ ‖ψ(x(τ))‖AΔ(M)
dτ ;

then for all t′, t ≥ t0, t ≥ t′ we have that

h(t′) − h(t) =

∫ t

t′
γ ‖ψ(x(τ))‖AΔ(M)

dτ.

Taking into account (104), (105), equality

∂λ(σ(t),λ0)

dt
=

∂σ(t)

dt
S(λ(σ(t),λ0)) = γ ‖ψ(x(τ))‖AΔ(M)

S(λ(σ(t),λ0)),

and (107), and denoting Dλ = cD, we can conclude that the following holds along the
trajectories of (52):

‖x(t)‖AΔ(M)
≤ β(t− t0) ‖x(t0)‖AΔ(M)

+ Dλ‖h(τ)‖∞,[t0,t],

h(t0) − h(t) =

∫ t

t0

γ ‖ψ(x(τ))‖AΔ(M)
dτ.

(109)

Hence, according to Corollary 8, the limit relation (54) holds for all |h(t0)|, ‖x(t0)‖AΔ(M)

which belong to the domain

Ωγ : γ ≤
(
β−1
t

(
d

κ

))−1
κ− 1

κ

× h(t0)

βt(0) ‖x(t0)‖AΔ+δ
+ βt(0) ·Dλ · |h(t0)|

(
1 + κ

1−d

)
+ Dλ|h(t0)|

for some d < 1, κ > 1. Notice, however, that ‖x(t)‖AΔ+δ
is always bounded, as f(·)

is Lipschitz in θ and both θ and θ̂ are bounded (η(·) is Lipschitz and λ(t,λ0) is
bounded according to assumptions of the corollary). Moreover, due to the Poisson
stability of (51) it is always possible to choose a point λ∗ such that h(t0) = σ∗ is
arbitrarily large. Hence the choice of γ in (109), as (53) suffices to ensure that h(t) is
bounded. Moreover, it follows that h(t) converges to a limit as t → ∞. This implies
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that γ
∫ t

t0
‖x(τ)‖AΔ(M)

also converges as t → ∞ and, consequently, λ(t,λ0) converges

to some λ′ ∈ Ωλ. Hence the following holds:

lim
t→∞

ˆθ(t) = θ′

for some θ′ ∈ Ωθ. According to the corollary conditions, system (50) has steady-state

characteristics with respect to θ̂. Then, in the same way as in the proof of Lemma 6,
we can show that (54) holds.
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A SET-VALUED EKELAND’S VARIATIONAL PRINCIPLE IN
VECTOR OPTIMIZATION∗
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Abstract. This paper deals with Ekeland’s variational principle for vector optimization prob-
lems. By using a set-valued metric, a set-valued perturbed map, and a cone-boundedness concept
based on scalarization, we introduce an original approach to extending the well-known scalar Eke-
land’s principle to vector-valued maps. As a consequence of this approach, we obtain an Ekeland’s
variational principle that does not depend on any approximate efficiency notion. This result is related
to other Ekeland’s principles proved in the literature, and the finite-dimensional case is developed
via an ε-efficiency notion that we introduced in [Math. Methods Oper. Res., 64 (2006), pp. 165–185;
SIAM J. Optim., 17 (2006), pp. 688–710].

Key words. Ekeland’s variational principle, ε-efficiency, set-valued metric, normal based cone,
cone-boundedness
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1. Introduction. Ekeland’s variational principle (EVP) [6] has been used exten-
sively in subjects such as fixed point theorems, geometry of Banach spaces, mathemat-
ical programming, control theory, etc. (See [3, p. 183] and [7] for other applications.)
So, EVP is one of the most popular tools in nonlinear analysis and optimization theory.

Motivated by this wide usefulness, during the last two decades different authors
have been interested in obtaining EVP for vector-valued maps (see, for instance,
[2, 5, 9, 10, 15, 16, 17, 19, 21, 23, 25] and the recent survey by Chen, Huang, and
Yang in [3, Chapter 4]).

Broadly speaking, one can find in the literature four different approaches to ob-
taining EVP for vector-valued maps: by using a scalarization process [5, 19, 23]; by
transfinite induction arguments such as Zorn’s lemma, the axiom of choice, the Haus-
dorff maximality principle, etc. [2, 21, 25]; by existence theorems of critical points in
dynamic systems such as the Dancs–Hegedus–Medvegyev theorem [15]; or by means of
particular classes of cones such as nuclear, well-based, or Daniell cones [9, 10, 16, 17].

A lot of EVPs proved in the literature for vector-valued maps have the same
statements as the classical EVP for a scalar functional, since they give necessary
conditions for ε-efficient (approximate) solutions of vector optimization problems via
efficient (exact) solutions of vector-valued perturbed maps. Let us remark that several
ε-efficiency concepts have been used to this end (see [11, 12] for a unified approach
on the ε-efficiency notion).

∗Received by the editors October 20, 2006; accepted for publication (in revised form) November
7, 2007; published electronically February 27, 2008. This research was partially supported by the
Spanish Ministry of Education and Science under projects MTM2006-02629 and Ingenio Mathematica
(i-MATH) CSD2006-00032 (Consolider–Ingenio 2010), and by the Consejeŕıa de Educación de la
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The EVP obtained in this work is stronger than these previous EVPs from two
points of view. First, because a set-valued perturbed map is considered, and second,
because, in a certain sense, it does not depend on any ε-efficiency concept. Both
improvements are attained by considering a set-valued metric notion, which is new to
our knowledge, and a cone-boundedness concept based on scalarization.

In proving our results, we follow the fourth previous approach. Specifically, we
consider normal and based cones. Let us observe that this is a broad class of cones.
Moreover, the normalness and basedness of the order cone are mild hypotheses in the
framework of the vector optimization problems when the final space is a Hausdorff
locally convex space.

This paper is structured as follows. In section 2, the vector optimization problem
and several notations used in what follows are fixed. Moreover, some definitions and
technical results are recalled. In section 3, two general set-valued EVPs for vector-
valued maps are proved. In section 4, we show several conditions in order to check the
assumptions of these set-valued EVPs. In particular, the cone-boundedness concept
based on scalarization is related to other well-known cone-boundedness notions, and
some specific conditions for the finite-dimensional case are given. In section 5, we
relate the EVP attained in section 3 to similar results in the literature. Let us observe
that the finite-dimensional case is studied via a new ε-efficiency notion. Finally, in
section 6 various conclusions are presented which summarize this work.

2. Preliminaries. Let (X, d) be a nontrivial complete metric space and let Y be
a Hausdorff locally convex space. As usual, the topological dual space of Y is denoted
by Y ∗, and for all y∗ ∈ Y ∗ and y ∈ Y the value y∗(y) is written as 〈y, y∗〉.

In this work, the following vector optimization problem is considered:

(1) Min{f(x) : x ∈ S},

where f : X → Y and S is a nonempty closed subset of X. The partial order in Y is
given via a convex cone D by the relation

y1, y2 ∈ Y, y1 ≤ y2 ⇐⇒ y1 − y2 ∈ −D.

We assume that D is pointed (D ∩ (−D) = {0}) and nontrivial (D 
= {0}). Let us
recall that x0 ∈ S is an efficient solution of (1) if there is not a feasible point x ∈ S
such that f(x) ≤ f(x0), f(x) 
= f(x0).

The positive (resp., strict positive) polar cone of D is denoted by D+ (resp., D+s).
We denote the nonnegative orthant of R

p by R
p
+ and R+ := [0,∞). Moreover, the

interior, the closure, the convex hull, the affine hull, and the conical hull of a set A ⊂ Y
are denoted by int(A), cl(A) (clw(A) if the weak topology is considered), conv(A),
aff(A), and cone(A), respectively. We say that D is a solid cone if int(D) 
= ∅.

If A,B ⊂ Y and α ∈ R, the sets A + B and αA are defined as follows:

A + B = {z ∈ Y : z = x + y, x ∈ A, y ∈ B},
αA = {z ∈ Y : z = αx, x ∈ A}.

For a scalar optimization problem, there exist several equivalent versions of the
EVP (see, for instance, [1]), but the first and most popular statement is based on
approximate solutions of the problem (see [6, Theorem 1.1]). In the literature,
several EVPs for vector optimization problems have been proposed following this
approach and this fact has motivated different EVPs for vector-valued maps, since
the ε-efficiency notion is not unique.
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In this paper, the (C, ε)-efficiency concept due to Gutiérrez, Jiménez, and Novo
[11, 12] is considered, because it extends and unifies several ε-efficiency notions (see
[11, 12] for more details).

Definition 2.1. A nonempty set C ⊂ Y is coradiant if ∪β≥1βC = C.
Let us refer to [24] and the references therein for further details on this class of sets.
Definition 2.2. Let C ⊂ D\{0} be a coradiant set and ε > 0. A point x0 ∈ S

is a (C, ε)-efficient solution of problem (1) if (f(S) − f(x0)) ∩ (−εC) = ∅.
In [11, 12] the reader can find several ε-efficiency concepts given by different

coradiant sets. The set of (C, ε)-efficient solutions of (1) is denoted by AE(C, ε). It
is easy to prove that if C is a coradiant set, then ε2C ⊂ ε1C ∀ ε1, ε2 > 0, ε1 < ε2.
Therefore,

AE(C, ε1) ⊂ AE(C, ε2) ∀ ε1, ε2 > 0, ε1 < ε2.(2)

In obtaining an EVP for vector optimization problems, different conditions on the
order cone D are usually required (see section 5). In this paper we assume that D is
w-normal, and a nontrivial based convex cone K ⊂ D is considered.

Definition 2.3. A convex cone D ⊂ Y is normal if for all nets (xi), (yi) ⊂ Y
such that 0 ≤ xi ≤ yi for all i and (yi) → 0, then one has (xi) → 0.

A convex cone D ⊂ Y is called w-normal if it verifies Definition 2.3 when the
weak topology is considered (and so → is changed by the weak convergence

w→).
Definition 2.4. A convex cone K ⊂ Y is based (well-based) if there exists a

(bounded) convex set B ⊂ K, called base of K, such that 0 /∈ cl(B) and R+B = K.
The following results are well known. The reader can find more details about

normal and based cones in [9].
Proposition 2.5 (see [9, Proposition 2.2.9]). Let D ⊂ Y be a convex cone. Then

D is w-normal if and only if Y ∗ = D+ −D+.
Proposition 2.6 (see [9, Theorem 2.2.12]). A convex cone K ⊂ Y is based if

and only if K+s 
= ∅.
3. A set-valued EVP for vector optimization problems. In this section, a

set-valued EVP for (1) is obtained, which extends several given in the literature (see
section 5). To attain this goal, a set-valued D-metric concept is introduced.

Definition 3.1. A set-valued map F : X × X → 2D is called a set-valued
D-metric (sv-D-metric) if it satisfies the following conditions:

(a) F (x, y) 
= ∅ and F (x, x) = {0} ∀x, y ∈ X, and 0 /∈ F (x, y) ∀x 
= y.
(b) F (x, y) = F (y, x) ∀x, y ∈ X.
(c) F (x, y) + F (y, z) ⊂ F (x, z) + D ∀x, y, z ∈ X.
Example 3.2.

(a) Let r : X × X → D be a vector-valued D-metric (see, for instance, [21, p.
673]). The set-valued map F (x, y) = {r(x, y)} ∀x, y ∈ X is an sv-D-metric,
and so Definition 3.1 extends to set-valued maps the vector concept of a
D-metric.

(b) Let H ⊂ D\{0} be a nonempty D-convex set (i.e., H + D is a convex set).
It follows that F (x, y) = d(x, y)H is an sv-D-metric.

(c) If F is an sv-D-metric, then the set-valued map G : X ×X → 2D defined by

G(x, y) =

{
F (x, y) + D if x 
= y,
{0} if x = y

is an sv-D-metric.
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Let us denote KF := cone(conv(∪{F (x, y) : ∀x, y ∈ X})) and

DF := (KF \{0} + D) ∪ {0}.(3)

Let us observe that DF is a convex cone.
Next, a cone-boundedness notion is introduced, which will be required in what

follows. In Proposition 4.6 the reader can find some relations between different cone-
boundedness concepts.

Definition 3.3. Let K ⊂ Y be a convex cone. A set M ⊂ Y is said to be
K-bounded by scalarizations (K-bounded) if

inf{〈y, ξ〉 : y ∈ M} > −∞ ∀ ξ ∈ K+.

In order to prove the announced set-valued EVP, several assumptions on problem
(1), a constant γ > 0, an sv-D-metric F , and a point x0 ∈ S will be considered:

(A1) D is w-normal and DF is based.
(B1) D is w-normal and based.
(A2) 0 /∈ clw(

⋃
d(x,y)≥δ F (x, y))∀ δ > 0.

(A3) Let us denote

AγF
x := {z ∈ X : (f(z) + γF (z, x) − f(x)) ∩ (−D) 
= ∅} ∀x ∈ S.

For each x ∈ S and (zn) ⊂ AγF
x , (zn) → z such that f(zn) ≤ f(zm) ∀n > m, it

follows that z ∈ AγF
x .

(A4) The set (f(S) − f(x0)) ∩ (−DF ) is D-bounded.
(B4) The set (f(S) − f(x0)) ∩ (−D) is D-bounded.
Remark 3.4.

(a) If D is w-normal (in particular, when (A1) or (B1) is satisfied), then cl(D) is
pointed. Indeed, according to [9, Corollary 2.1.23], clw(D) is pointed, and as
cl(D) is a convex closed set, one has cl(D) = clw(D).

(b) It is clear that (B1) implies (A1). However, assumption (A1) is weaker than
(B1). Indeed, suppose that D is closed and take a Banach space X, d0 ∈
D\{0}, and the sv-D-metric F (x, y) = {‖x−y‖d0} ∀x, y ∈ X. Then we have
that

DF \{0} = {αd0 + d : ∀α > 0,∀ d ∈ D}.

As {−d0} ∩D = ∅, by the separation theorem, there exists λ ∈ D+\{0} such
that λ(d0) > 0. It follows that

λ(αd0 + d) = αλ(d0) + λ(d) ≥ αλ(d0) > 0 ∀α > 0,∀ d ∈ D

and so D+s
F 
= ∅, since λ ∈ D+s

F . Consequently, if D is w-normal and D+s = ∅,
then (A1) holds and (B1) is not satisfied. Next, we show two examples in
which D is closed and w-normal and D+s = ∅.
(i) Let Y = B([a, b]) be the Banach space of all bounded real functions on
the compact interval [a, b] endowed with the supremum norm, and consider
the cone D = {y ∈ Y : y(t) ≥ 0∀ t ∈ [a, b]} (see [22, p. 27]).
(ii) Let Y = 	2(R) be the Hilbert space of all square summable functions
y : R → R endowed with the norm associated to the usual scalar product
〈y, z〉 =

∑
t∈R

y(t)z(t) ∀ y, z ∈ Y , and consider the cone D = {y ∈ Y :
y(t) ≥ 0∀ t ∈ R}. Let us check that D+s = ∅. If v ∈ D+s, then 〈v, y〉 > 0
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∀ y ∈ D\{0}. In particular, for each α ∈ R define yα : R → R by yα(β) = 1
if β = α and yα(β) = 0 if β 
= α. It is clear that yα ∈ D ∀α ∈ R, and
〈v, yα〉 = v(α) > 0 ∀α ∈ R, but this is a contradiction because if v ∈ 	2(R),
then {α ∈ R : v(α) 
= 0} is countable.

(c) The convex cones D and DF are very close: one has cl(D) = cl(DF ) and so
D+ = D+

F . As a consequence, by Proposition 2.5, D is w-normal if and only if
DF is w-normal, and a set M is D-bounded if and only if M is DF -bounded.
Indeed, as X is nontrivial, there exists q ∈ D\{0} such that

(0,∞)q + D ⊂ DF .

Therefore, D ⊂ cl(DF ) and so cl(D) = cl(DF ).
(d) It is obvious that (B4) implies (A4). However, hypothesis (A4) is weaker

than (B4). Indeed, consider X = Y = R
2, D = R

2
+, S = {(x1, x2) ∈ R

2 :
x1x2 = 0}, f(x) = x ∀x ∈ R

2, F (x, u) = {‖x − u‖(1, 1)} ∀x, u ∈ R
2,

and x0 = (0, 0). We have that (f(S) − f(x0)) ∩ (−R
2
+) is not R

2
+-bounded.

However, DF = int
(
R

2
+

)
∪ {0} and so (f(S) − f(x0)) ∩ (−DF ) = {0}, which

is R
2
+-bounded.

Next we give some useful conditions to check if DF is based. The proof of Lemma
3.5 is immediate and so it is omitted. Lemma 3.6(b)–(d) extends Lemma 4.20 in [3].

Lemma 3.5. Let DF be the convex cone given by (3). Then
(a) D+s

F = K+s
F ∩D+,

(b) DF is based if and only if K+s
F ∩D+ 
= ∅.

Lemma 3.6. Let K ⊂ D be a nonempty convex cone. The following statements
all hold.

(a) If there exists a D-convex set BK such that R+BK = K and 0 /∈ cl(BK + D),
then K+s ∩D+ 
= ∅.

(b) If D is closed and there exists a D-convex compact set BK such that R+BK =
K and 0 /∈ BK , then K+s ∩D+ 
= ∅.

(c) If D is normal and there exists a D-convex set BK such that R+BK = K
and 0 /∈ cl(BK), then K+s ∩D+ 
= ∅.

(d) If D is solid and K\{0} ⊂ int(D), then D+\{0} ⊂ K+s.
Proof. Part (a). It is clear that

(R+(BK + D))+s = (R+BK)+s ∩D+ = K+s ∩D+.

Then, the conclusion follows since R+(BK + D) is based.
Part (b). The set BK + D is closed because it is the sum of a compact set and

a closed set, and BK + D ⊂ D\{0} + D ⊂ D\{0}. Therefore, the result follows from
part (a).

Part (c). Since D is normal and BK ⊂ D we deduce that 0 ∈ cl(BK) whenever
0 ∈ cl(BK + D). Therefore, 0 /∈ cl(BK + D) and the result follows from part (a).

Part (d) is well known (see, for instance, [3, Lemma 4.20(xiii)]).
The next lemma is useful to prove Theorem 3.8. Consider x ∈ S, γ > 0, an

sv-D-metric F , and

Sx := {z ∈ S\{x} : (f(z) + γF (z, x) − f(x)) ∩ (−D) 
= ∅}.(4)

Lemma 3.7. The following properties are satisfied:
(a) Sz ⊂ Sx ∀ z ∈ Sx.
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(b) Let x0 ∈ S and suppose that (A4) holds. Then ξ ◦ f is bounded from below
on Sx ∀x ∈ Sx0 ∪ {x0} and ∀ ξ ∈ D+, and for each x ∈ S such that Sx 
= ∅
it follows that

〈f(x), λ〉 > inf
z∈Sx

{〈f(z), λ〉} > −∞ ∀λ ∈ D+s
F .

Proof. Part (a). If z ∈ Sx and u ∈ Sz, there exists d ∈ F (u, z) such that
f(u) ≤ f(z) − γd. As z ∈ Sx there exists q ∈ F (z, x) such that f(z) ≤ f(x) − γq. By
adding these relations we see that

(5) f(u) ≤ f(x) − γ(d + q).

From Definition 3.1 it follows that d + q ∈ F (u, x) + D and by (5) we derive that
(f(u) + γF (u, x) − f(x)) ∩ (−D) 
= ∅. If u = x, then q = 0, which is a contradiction
since q ∈ F (z, x) and z 
= x. Then u 
= x and u ∈ Sx.

Part (b). Let x ∈ Sx0 ∪ {x0}. By part (a) it is clear that

inf{〈f(z), ξ〉 : z ∈ Sx} ≥ inf{〈f(z), ξ〉 : z ∈ Sx0} ∀ ξ ∈ D+.

Moreover, from the definitions of the sets Sx0
and DF we see that f(Sx0

) − f(x0) ⊂
−DF . Then, by (A4) we have that

inf{〈f(z), ξ〉 : z ∈ Sx0} = 〈f(x0), ξ〉 + inf{〈f(z) − f(x0), ξ〉 : z ∈ Sx0}
= 〈f(x0), ξ〉 + inf{〈y, ξ〉 : y ∈ (f(Sx0) − f(x0)) ∩ (−DF )}

≥ 〈f(x0), ξ〉 + inf{〈y, ξ〉 : y ∈ (f(S) − f(x0)) ∩ (−DF )} > −∞ ∀ ξ ∈ D+

and ξ ◦ f is bounded from below on Sx ∀ ξ ∈ D+.
For the second part of (b), let u ∈ Sx. Then u 
= x and there exist q ∈ F (u, x),

d ∈ D such that f(u) + γq − f(x) = −d. As F is an sv-D-metric we see that q 
= 0
and so γq + d ∈ DF \{0}. Therefore,

〈f(x), λ〉 > 〈f(u), λ〉 ≥ inf
z∈Sx

{〈f(z), λ〉} > −∞ ∀λ ∈ D+s
F ,

where the last inequality is a consequence of the first part of (b) and Lemma
3.5(a).

Theorem 3.8. Consider γ > 0, an sv-D-metric F , and a point x0 ∈ S satisfying
assumptions (A1)–(A4). Then, there exists x̂ ∈ S such that

(a) (f(x̂) + γF (x̂, x0) − f(x0)) ∩ (−D) 
= ∅,
(b) (f(x̂) − f(x) − γF (x, x̂)) ∩D = ∅ ∀x ∈ S\{x̂}.
Proof. By Proposition 2.6 we see that D+s

F 
= ∅ and then a functional λ ∈ D+s
F

can be fixed. For this functional, a sequence (xn) ⊂ S is attained via an iterative
process.

Suppose that x1, x2, . . . , xn are defined in such a way that x1 = x0 and for each
i = 2, 3, . . . , n, xi ∈ Sxi−1 , where the sets Sxi are given by (4). The point xn+1 is
defined as follows. If Sxn = ∅, then xn+1 := xn and so (xn) is stationary.

If Sxn 
= ∅, then by Lemma 3.7(b) we deduce that

〈f(xn), λ〉 > inf
x∈Sxn

{〈f(x), λ〉} > −∞.(6)

Then, in view of (6) the point xn+1 ∈ Sxn can be chosen such that

(7) 〈f(xn+1), λ〉 − inf
x∈Sxn

{〈f(x), λ〉} ≤ (1/2)

(
〈f(xn), λ〉 − inf

x∈Sxn

{〈f(x), λ〉}
)
.
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Let us prove that (xn) is a Cauchy sequence. Indeed, suppose that there exists
δ > 0 such that ∀ k ∈ N there exists nk ∈ N, nk > k, verifying d(xnk

, xk) ≥ δ. From
Lemma 3.7(a) we see that Sxnk−1 ⊂ Sxk

, and as xnk
∈ Sxnk−1 we have that there

exists dnk
∈ F (xnk

, xk) such that f(xnk
) ≤ f(xk) − γdnk

. By Lemma 3.7(a), (b) we
deduce that the real-valued sequence (〈f(xk), ξ〉) is lower bounded ∀ ξ ∈ D+ because
xk ∈ Sx0

. Moreover, f(xk+1) ∈ f(xk) −DF ∀ k and so (〈f(xk), ξ〉) is nonincreasing.
Thus, (〈f(xk), ξ〉) has a limit and it follows that

0 ≤ γ〈dnk
, ξ〉 ≤ 〈f(xk), ξ〉 − 〈f(xnk

), ξ〉 → 0 ∀ ξ ∈ D+.

By Proposition 2.5 we deduce that (dnk
)

w→ 0, which is a contradiction to (A2).
Therefore, (xn) is a Cauchy sequence and so there exists a point x̂ ∈ S such that

(xn) → x̂ ∈ S. Let us prove that x̂ verifies properties (a) and (b).
As xm ∈ Sxn ∀m ≥ n + 1 and f(xk) ≤ f(xm) ∀ k > m ≥ n + 1, it follows that

x̂ ∈ Sxn ∪ {xn} ∀n, since assumption (A3) is satisfied. In particular, x̂ ∈ Sx0 ∪ {x0}
and so

(f(x̂) + γF (x̂, x0) − f(x0)) ∩ (−D) 
= ∅.

Next, let us suppose, contrary to part (b), that there exists x ∈ Sx̂, i.e., f(x) =
f(x̂)−γd−d′ for some x ∈ S\{x̂}, d ∈ F (x, x̂), and d′ ∈ D. As γd+d′ ∈ KF \{0}+D =
DF \{0} and λ ∈ D+s

F we deduce that

(8) 〈f(x), λ〉 < 〈f(x̂), λ〉.

As x ∈ Sx̂ and x̂ ∈ Sxn ∪ {xn} ∀n by Lemma 3.7(a) we deduce that x ∈ Sxn ∀n ≥ 1.
Thus, from (7) we see that

2〈f(xn+1), λ〉 − 〈f(xn), λ〉 ≤ inf
z∈Sxn

{〈f(z), λ〉} ≤ 〈f(x), λ〉 ∀n

and lim〈f(xn), λ〉 ≤ 〈f(x), λ〉. As x̂ ∈ Sxn
∪{xn}, we have that 〈f(x̂), λ〉 ≤ 〈f(xn), λ〉

∀n and it follows that 〈f(x̂), λ〉 ≤ lim〈f(xn), λ〉. Therefore, 〈f(x̂), λ〉 ≤ 〈f(x), λ〉,
contrary to (8), and the proof is finished.

Remark 3.9. Let us observe from Remark 3.4(b), (d) that Theorem 3.8 is also
true if assumptions (A1) and (A4) are changed to (B1) and (B4), respectively.

Remark 3.10. Let us observe that Theorem 3.8(b) can be rewritten by saying
that (x̂, f(x̂)) is a minimizer of the following set-valued optimization problem (see [18,
Definition 14.2] for more details):

Min{f(x) + γF (x, x̂) : x ∈ S}.

Moreover, (x̂, f(x̂)) is a strong minimizer, since it is a minimizer and f(x)+γd 
= f(x̂)
∀x ∈ S\{x̂}, ∀ d ∈ F (x, x̂). Therefore, as usual in the context of EVP, part (b) of
Theorem 3.8 consists of perturbing the objective function f by a map g := γF (·, x̂) in
such a way that f+g attains a strong minimum on S at x̂. The advantage of Theorem
3.8(b) as opposed to similar principles in the literature is that the perturbation g is a
set-valued map (see Example 5.2).

Next, motivated by the results obtained in [1] for scalar optimization problems,
we present a different version of Theorem 3.8 based on (C, ε)-efficient solutions. Pre-
viously, a simple relation between D-bounded sets and (C, ε)-efficient points is estab-
lished, from which one can easily deduce if a feasible point is an approximate efficient
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solution of (1). In this sense, let us observe that if (1) is a scalar optimization problem
(Y = R), then all feasible points are approximate solutions if and only if the problem
is lower bounded, and the problem is lower bounded if and only if there exists some
approximate solution. However, (C, ε)-efficient and not (C, ε)-efficient feasible points
are possible in the same vector (nonscalar) optimization problem, or it is even possible
to find a (C, ε)-efficient solution x0 whose section (f(x0)−D)∩ f(S) is not bounded.

Lemma 3.11. Let us consider a coradiant set C ⊂ D\{0}.
(a) Suppose that K ⊂ Y is a w-normal convex cone such that C ⊂ K and let

x0 ∈ S. If 0 /∈ clw(C) and (f(S) − f(x0)) ∩ (−K) is K-bounded, then there
exists ε > 0 such that x0 ∈ AE(C, ε).

(b) Let K ⊂ Y be a convex cone and suppose that there exists ε > 0 such that
x0 ∈ AE(C, ε). Then (f(S) − f(x0)) ∩ (−K) is K-bounded if and only if
(f(S) − f(x0)) ∩ (−ε(K\C)) is K-bounded.

Proof. Part (a). Let us suppose that (f(S) − f(x0)) ∩ (−K) is K-bounded
and x0 /∈ AE(C, ε) ∀ ε > 0. Then, for each n ∈ N there exists cn ∈ C such that
−ncn ∈ (f(S)− f(x0))∩ (−K). By the K-boundedness of this set we deduce for each
ξ ∈ K+ that there exists mξ ∈ R such that

mξ ≤ −n〈cn, ξ〉 ∀n.

Therefore (〈cn, ξ〉) → 0 ∀ ξ ∈ K+. By Proposition 2.5 it follows that (cn)
w→ 0 and so

0 ∈ clw(C), which is a contradiction.
Part (b). It is clear that

K = (K\(εC)) ∪ (K ∩ εC) = (ε(K\C)) ∪ (K ∩ εC).

As x0 ∈ AE(C, ε), we have that

(f(S) − f(x0)) ∩ (−K) = (f(S) − f(x0)) ∩ (−ε(K\C)),

and the result follows.
The assumption 0 /∈ clw(C) is important in order to consider appropriate ap-

proximate efficiency concepts. Let us observe that in the other case, it is possible to
obtain minimizing sequences (xn) such that f(xn+1) − f(xn) ∈ −εC ∀n; i.e., there
could be feasible sequences that tend to efficient points and whose elements are not
(C, ε)-efficient solutions for a fixed precision ε > 0.

Corollary 3.12. Let C ⊂ D\{0} be a coradiant set and suppose that −(D\C) is
D-bounded. If there exists ε > 0 such that x0 ∈ AE(C, ε), then (f(S)−f(x0))∩(−D) is
D-bounded. In particular, the assumption on the boundedness of −(D\C) is satisfied
if there exists B ⊂ D such that −B is D-bounded, D = R+B, and C = [1,∞)B.

Proof. It is clear that (f(S) − f(x0)) ∩ (−ε(D\C)) is D-bounded, since

(f(S) − f(x0)) ∩ (−ε(D\C)) ⊂ −ε(D\C)

and −(D\C) is D-bounded. Then, by Lemma 3.11(b) with K = D we deduce that
(f(S) − f(x0)) ∩ (−D) is D-bounded.

Next, let us suppose that D = R+B and C = [1,∞)B, where −B is D-bounded.
It is obvious that

−(D\C) ⊂
⋃

0≤β<1

(−βB),

and the result follows since −B is D-bounded.
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In some vector optimization problems, the order cone D is well-based (see Def-
inition 2.4). In this case, if B is a base of D, by defining C = B + D we obtain
that a feasible point x0 is a (C, ε)-efficient solution for some ε > 0 if and only if the
section (f(S)− f(x0))∩ (−D) is D-bounded. This fact is established in the following
corollary. Unfortunately, the well-based property is not verified for several usual order
cones (see [4, section 3] for more details).

Corollary 3.13. Suppose that D is well-based with respect to the weak topology
through the base B. Consider C = B + D and x0 ∈ S. Then, there exists ε > 0 such
that x0 ∈ AE(C, ε) if and only if the section (f(S) − f(x0)) ∩ (−D) is D-bounded.

Proof. It is well known that D is w-normal when D is well-based (see, for example,
[9, Proposition 2.2.15]). Moreover, C is a coradiant set and 0 /∈ clw(C) since C =
B + D, D is w-normal, and 0 /∈ clw(B). Therefore, by Lemma 3.11(a) with K = D,
if (f(S) − f(x0)) ∩ (−D) is D-bounded, then there exists ε > 0 such that x0 ∈
AE(C, ε).

Reciprocally, as B is bounded with respect to the weak topology, it follows
that −B is D-bounded. Moreover, from the convexity of B and the relation D =
R+B we have that C = [1,∞)B. Thus, by Corollary 3.12 we deduce that the
section (f(S) − f(x0)) ∩ (−D) is D-bounded if there exists ε > 0 such that x0 ∈
AE(C, ε).

Let us consider the following assumptions on problem (1), an sv-D-metric F , a
coradiant set C ⊂ D\{0}, and a feasible point x0 ∈ S:

(A5)
⋃

x,y∈X F (x, y) ⊂ cone(C) and C + D = C.
(A6) There exists ε > 0 such that x0 ∈ AE(C, ε) and (f(S)−f(x0))∩(−ε(DF \C))

is D-bounded.
(B6) There exists ε > 0 such that x0 ∈ AE(C, ε) and (f(S)−f(x0))∩ (−ε(D\C))

is D-bounded.
Theorem 3.14. If assumptions (A1)–(A3), (A5), and (A6) are satisfied, then

there exists xε ∈ S such that
(a) (f(xε) + γF (xε, x0) − f(x0)) ∩ (−D) 
= ∅ (and so f(xε) ≤ f(x0)),
(b) F (xε, x0) ∩ (cone(C) \((ε/γ)C)) 
= ∅,
(c) (f(xε) − f(x) − γF (x, xε)) ∩D = ∅ ∀x ∈ S\{xε}.
Proof. By Remark 3.4(c) and Lemma 3.11(b) with DF instead of K, it follows

that assumption (A4) is also satisfied. Then, by applying Theorem 3.8 one obtains
xε ∈ S, satisfying parts (a) and (c).

Part (b) is trivial if xε = x0. If xε 
= x0, then by part (a) we deduce that
there exist d ∈ F (xε, x0) and d′ ∈ D such that f(xε) − f(x0) = −γd − d′. Since
x0 ∈ AE(C, ε) we have that γd+d′ /∈ εC. If d ∈ (ε/γ)C, then γd+d′ ∈ εC+D = εC,
a contradiction. Hence d ∈ cone(C) \((ε/γ)C), that is, (b) holds.

Remark 3.15. Let us notice that Theorem 3.14 is also true if assumptions (A1)
and (A6) are changed to (B1) and (B6), respectively.

In the proof of Theorem 3.14 it was deduced that the hypotheses of Theorem 3.8
hold when the hypotheses of Theorem 3.14 are satisfied, and so the former hypotheses
are weaker than the latter. However, by Lemma 3.11 with DF instead of K and
Remark 3.4(c), both collections of hypotheses are equivalent when statement (A5) is
satisfied, 0 /∈ clw(C), and C ⊂ DF . This fact motivates the following definition.

Definition 3.16. Let D be a nontrivial pointed convex cone, let C ⊂ D\{0} be
a coradiant set such that 0 /∈ clw(C), and let F be an sv-D-metric. We say that D,
C, and F are compatible if statement (A5) is satisfied and C ⊂ DF .

Theorem 3.14 has been proved by using Theorem 3.8. Reciprocally, it is obvious
that Theorem 3.8 can be proved via Theorem 3.14 when D, C, and F are compatible.
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This fact is shown in the following proposition by saying that both theorems are
equivalent.

Proposition 3.17. Assume that D, C, and F are compatible. Then Theorems
3.8 and 3.14 are equivalent.

Remark 3.18. In Proposition 3.17, we have extended to vector optimization
problems an equivalence between two versions of the original (scalar) EVP (see [1,
pp. 345–346] for more details). Indeed, let us suppose that (1) is a scalar optimization
problem. In this problem, D = R+ and the usual concept of approximate solution
is obtained by considering C = [1,∞). By taking F (x, y) = {d(x, y)} it is clear that
D, C, and F are compatible, and so Theorems 3.8 and 3.14 are equivalent. Let us
observe that (A1) and (A2) are satisfied, and if f is lower semicontinuous, then (A3)
is verified too. Finally,

(A4) ⇐⇒ (A6) ⇐⇒ inf
x∈S

{f(x)} > −∞.

4. On the assumptions of the set-valued EVP. In this section we show
some conditions from which one can check if a vector optimization problem satisfies
the hypotheses of Theorems 3.8 and 3.14.

The reader can deduce from Remark 3.18 that hypothesis (A3) is a kind of cone
lower semicontinuity of the map f . Next, we give a condition from which one can
prove that hypothesis.

Definition 4.1 (see [9, Definition 2.5.7(iv)]). Let G : X → 2Y be a set-valued
map. G is said to be (sequentially) compact at x ∈ X if for every sequence (xn, yn) ⊂
X × Y such that yn ∈ G(xn) ∀n and (xn) → x, there exists a subsequence (ynk

)
converging to some y ∈ G(x). G is said to be compact if it is compact at every
x ∈ X.

Remark 4.2. Let g : X → R be a continuous functional and let H ⊂ Y be a
sequentially compact set. It is easy to check that the set-valued map G : X → 2Y

defined by G(x) = g(x)H ∀x ∈ X is compact.
Definition 4.3 (see [21, p. 674]). A vector-valued map f : X → Y is said to

be sequentially submonotone with respect to D (submonotone) if for every x ∈ X and
for each sequence (xn) such that (xn) → x and f(xn) ≤ f(xm) ∀n > m, it follows
that f(x) ≤ f(xn) ∀n.

Let us observe that a D-lower semicontinuous vector-valued map f : X → Y (i.e.,
a vector-valued map f such that the sets {x ∈ X : f(x) ≤ y} are closed ∀ y ∈ Y ) is
submonotone.

Theorem 4.4. If D is closed, the set-valued map F (·, x) is compact ∀x ∈ X,
and the map f is submonotone, then (A3) is satisfied.

Proof. Let us consider x ∈ S and a sequence (zn) ⊂ AγF
x such that (zn) → z and

f(zm) ≤ f(zn) ∀m > n. Then there exists a sequence (dn) such that dn ∈ F (zn, x)
and f(zn) ∈ −γdn + f(x) −D ∀n. As f is submonotone, we deduce that

f(z) ≤ f(zn) ≤ −γdn + f(x) ∀n.

Since the set-valued map F (·, x) is compact, we see that there exist a point d ∈ Y
and a subsequence (dnk

) such that (dnk
) → d ∈ F (z, x). Therefore, taking the limit

when nk → ∞, it follows that

f(z) + γd ∈ f(x) −D,

since D is closed. Thus z ∈ AγF
x and the proof is completed.
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Next, some simple relations between different D-boundedness concepts are intro-
duced, which show that the notion stated in Definition 3.3 is weaker than others more
usual in the literature.

Definition 4.5. Let M be a subset of Y .
(a) (See [20, Definition 3.1, p. 13].) M is called topologically D-bounded if for

each neighborhood V ⊂ Y of zero there exists α > 0 such that M ⊂ αV + D.
In what follows we say that M is strong (resp., weak) D-bounded if M is
topologically D-bounded with respect to the strong (resp., weak) topology on Y .

(b) (See [9, p. 15].) M is called lower order bounded if there exists y ∈ Y such
that M ⊂ y + D.

Proposition 4.6. Consider a set M ⊂ Y . Then
(a) if M is lower order bounded, then M is strong D-bounded.
(b) if M is strong D-bounded, then M is weak D-bounded.
(c) if M is weak D-bounded, then M is D-bounded by scalarization.
(d) assuming that M ⊂ −D and D is w-normal, if M is D-bounded by scalariza-

tion, then M is weak D-bounded.
Proof. Part (a) is clear because every neighborhood of zero in Y is absorbing.

Part (b) is obvious.
Part (c). Let us suppose that M is weak D-bounded. For each ξ ∈ D+, the set

Vξ = {y ∈ Y : |〈y, ξ〉| < 1}

is a weak neighborhood of zero. As M is weak D-bounded, there exists αξ > 0 such
that M ⊂ αξVξ + D. Thus,

inf{〈y, ξ〉 : y ∈ M} ≥ inf{〈αξz + d, ξ〉 : z ∈ Vξ, d ∈ D}
= αξ inf{〈z, ξ〉 : z ∈ Vξ} ≥ −αξ,

and so M is D-bounded by scalarization.
Part (d). To obtain a contradiction, consider ξ ∈ Y ∗ and suppose that

M 
⊂ {y ∈ Y : |〈y, ξ〉| < r} + D ∀ r > 0.

Then there exists (yn) ⊂ M such that |〈yn, ξ〉| ≥ n ∀n. Since D is w-normal, by
Proposition 2.5 we deduce that ξ = ξ1−ξ2 for some ξ1, ξ2 ∈ D+. Thus, |〈yn, ξ1−ξ2〉| ≥
n ∀n, and we can suppose (by taking a subsequence and by changing ξ1 to ξ2 and ξ2
to ξ1 if necessary) that

〈yn, ξ1〉 − 〈yn, ξ2〉 ≥ n ∀n.

Then, as M ⊂ −D we deduce that

〈yn, ξ2〉 ≤ 〈yn, ξ1〉 − n ≤ −n ∀n,

and so

inf{〈y, ξ2〉 : y ∈ M} = −∞,

which is a contradiction because M is D-bounded by scalarization. Therefore, M is
weak D-bounded and the proof is finished.

To finish this section, we focus on finite-dimensional vector optimization problems.
In this framework, an sv-D-metric is proposed from which hypotheses (A1)–(A3) are
satisfied if the objective function f is submonotone.
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Theorem 4.7. Assume that Y is finite-dimensional.
(a) If cl(D) is pointed, then D is normal, D+s 
= ∅, and D+s

F 
= ∅ ∀ sv-D-
metric F .

(b) (A1) is satisfied if and only if cl(D) is pointed.
(c) Assume that D is closed. Then D is well-based through each set

Bξ = {d ∈ D : 〈d, ξ〉 = 1} ∀ ξ ∈ D+s.

(d) If there exists a bounded set B ⊂ D such that D = R+B and 0 /∈ cl(conv(B)),
then cl(D) is pointed.

Proof. Part (a). By [9, Corollary 2.2.11 and Example 1.1.2] we see that D is
normal and D+s 
= ∅. Then D+s

F 
= ∅ since DF ⊂ D ∀ sv-D-metric F .
Part (b) is a consequence of part (a) and Remark 3.4(a).
Part (c). By part (a) we see that D+s 
= ∅. For each ξ ∈ D+s it is obvious

that Bξ is convex, 0 /∈ cl(Bξ), and D = R+Bξ. Then the proof is completed if
we prove that Bξ is bounded. Suppose that Bξ is not bounded for some ξ ∈ D+s;
then there exists (bn) ⊂ Bξ with ‖bn‖ → ∞. Taking a subsequence if necessary, we
have ‖bn‖−1bn → y ∈ cl(D) \{0} = D\{0}. Since ‖bn‖−1 = ξ(‖bn‖−1bn) we get the
contradiction ξ(y) = 0.

Part (d). Set B1 = cl(conv(B)). Then B1 is a compact convex set with 0 /∈ B1,
and the convex cone D1 = R+B1 is closed (see, for instance, [14, Proposition 1.4.7,
p. 102]) and based. Thus, it is pointed (see [9, Example 1.1.2]). As cl(D) ⊂ D1, it
follows that cl(D) is pointed.

Let D be the family of nonempty finite sets Δ ⊂ D+s, let ϕΔ : Y → R be the
functional defined by ϕΔ(y) = minξ∈Δ{〈y, ξ〉} ∀ y ∈ Y , and denote

BΔ := {y ∈ D : ϕΔ(y) = 1} .

The following facts are clear: ϕΔ is positively homogeneous and concave, R+BΔ =
D = {y ∈ D : ϕΔ(y) ≥ 0}, and

BΔ + D = {y ∈ D : ϕΔ(y) ≥ 1} .(9)

Moreover, BΔ ⊂ ∪ξ∈ΔBξ, and by Theorem 4.7(c) it is clear that BΔ is compact
when dimY < ∞ and D is closed.

Corollary 4.8. Assume that Y is finite-dimensional. If D is closed, then
the family D is not empty and for each Δ ∈ D, the map FBΔ(x, y) = d(x, y)BΔ is
an sv-D-metric such that hypotheses (A1)–(A2) are satisfied. If, in addition, f is
submonotone, then (A3) is also satisfied.

Proof. By Theorem 4.7(a) we have that D+s 
= ∅. Therefore the family D is
not empty. Moreover, by Example 3.2(b) the map FBΔ is an sv-D-metric ∀Δ ∈ D,
since 0 /∈ BΔ and the sets BΔ are D-convex, taking into account (9) and that ϕΔ is
concave.

Condition (A1) is satisfied by Theorem 4.7(b). Fix Δ ∈ D and δ > 0; then

∪{FBΔ
(x, y) : d(x, y) ≥ δ} ⊂ [δ,∞)BΔ = {y ∈ D : ϕΔ(y) ≥ δ} ,(10)

where the last equality is true because ϕΔ is positively homogeneous. Since ϕΔ is
continuous, the last set in (10) is closed, and therefore (A2) holds.

From Remark 4.2 we see that the set-valued map FBΔ(·, z) is compact ∀ z ∈ X.
Thus, by Theorem 4.4 we deduce that hypothesis (A3) is satisfied, and the proof is
finished.
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5. Relations between several EVPs for vector optimization problems.
We begin this section by giving a set-valued EVP for finite-dimensional vector opti-
mization problems. In order to deal with (C, ε)-efficient solutions of this problem, we
consider the following coradiant set CΔ introduced in [11, Remark 4.6]:

CΔ = {d ∈ D : ϕΔ(d) ≥ 1} ,

where Δ ∈ D.
Proposition 5.1. Consider problem (1) with the following data: Y = R

p, D
closed, f submonotone, γ, ε > 0, and x0 ∈ AE(CΔ, ε). Then there exists a point
xε ∈ S such that

(a) f(xε) ≤ f(x0),
(b) d(xε, x0) < ε/γ,
(c) ∀ d ∈ D such that ϕΔ(d) = 1 it follows that

f(xε) /∈ f(x) + γd(x, xε)d + D ∀x ∈ S\{xε}.(11)

Proof. From (9) we see that CΔ = BΔ + D. It is clear that cone(CΔ) = D, and
as X is not a singleton we have that D = DFΔ . So D, CΔ, and FΔ are compatible.
Moreover, BΔ is bounded since it is compact, D = R+BΔ, and CΔ = [1,∞)BΔ

by (10). Then, the result follows by Corollary 4.8, Corollary 3.12, and Theorem
3.14.

In particular, if D = R
p
+ (i.e., (1) is a Pareto problem), (ε1, ε2, . . . , εp) ∈ R

p
+\{0},

ε =
∑p

i=1 εi, γ =
√
ε, Δ = {(1, 1, . . . , 1)}, and statement (11) is evaluated at d =

(1/ε)(ε1, ε2, . . . , εp), then Proposition 5.1 collapses to the first EVP proved in the
literature for a vector optimization problem ([19, Proposition 4.2]).

In the literature, the reader can find several EVPs for vector optimization prob-
lems proved via different notions of approximate efficiency (see, for instance, [2, 3,
5, 8, 9, 10, 15, 16, 17, 19, 21, 23, 25]). These EVPs are “vector-valued” because
they relate approximate solutions of (1) with efficient solutions of vector optimization
problems. In other words, they use vector-valued perturbation functions. Specifically,
the perturbation function is as follows (see [2, Corollary 2.1], [3, Corollary 4.17, The-
orem 4.32], [5, Theorem 3.3], [8, Theorem 8], [9, Proposition 3.10.3], [10, Corollary 2,
Corollary 9], [15, Theorem 4], [16, Theorem 11], [17, Theorem 10], [19, Proposition
4.2], [23, Corollary 4.1], and [25, section 4]):

fq(x) := f(x) + γd(x, xε)q ∀x ∈ X,

where q ∈ D\{0}, γ > 0, and xε is a feasible point. Let us observe that some EVPs
(see, for instance, [2, Theorem 2.1], [3, Theorem 4.15], [9, Corollary 3.10.19], [10,
Corollary 12], and [21, Theorem 6.1]) consider the following more general perturbation
function:

fq(x) := f(x) + γr(x, xε) ∀x ∈ X,

where r : X ×X → D is a vector-valued D-metric, γ > 0, and xε is a feasible point.
However, in practice, this vector-valued D-metric is defined by r(x, y) = d(x, y)q
∀x, y ∈ X, where q ∈ D\{0} (see, for instance, [2, Lemma 2.1], [3, Lemma 4.16], [9,
p. 209], and [10, p. 919]) and so the previous perturbation function is obtained.

In our approach, the perturbation function is set-valued, and this feature is im-
portant because in (1), the objective can be improved by using any vector d ∈ D\{0}.
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Next, we give an example which shows that the EVP is stronger if the perturbation
function is set-valued.

Example 5.2. Let us consider problem (1) with the following data: X = Y = R
2,

f(x) = x ∀x ∈ R
2, D = R

2
+, S1 = {(x1, x2) ∈ R

2 : x1 ≥ 0, x2 = 0}, S2 = {(x1, x2) ∈
R

2 : x1 = 0, x2 ≥ 0}, S = S1 ∪ S2, ξ = (1, 1), and AE
(
Bξ + R

2
+, 1/2

)
as an approxi-

mate efficiency set.
In order to identify (Bξ + R

2
+, 1/2)-efficient solutions via the EVP and γ = 1/2,

one can use two approaches. The first is to apply the usual vector-valued version of
this principle (see, for instance, Theorem 5.4 following). Indeed, it is obvious that

(12) AE
(
Bξ + R

2
+, 1/2

)
=

⋂
q∈Bξ

AE
(
q + R

2
+, 1/2

)
.

Then, from statements (a)–(c) of Theorem 5.4, the following necessary conditions are
derived:

{(0, x2) : 1/2 < x2} ∩ AE
(
(0, 1) + R

2
+, 1/2

)
= ∅,(13)

{(x1, 0) : 1/2 < x1} ∩ AE
(
(1, 0) + R

2
+, 1/2

)
= ∅,(14)

and no information is obtained regarding any vector q ∈ int
(
R

2
+

)
because in this case

statements (a)–(c) are fulfilled ∀x ∈ S. In summary, from (12)–(14) (and so, by
considering an sv-D-metric!) it follows that

(15) {(x1, x2) ∈ S : x1 + x2 > 1/2} ∩ AE
(
Bξ + R

2
+, 1/2

)
= ∅.

The reader can observe that if the EVP is applied by considering a single vector
q ∈ R

2
+, then the information on the set AE

(
Bξ + R

2
+, 1/2

)
is incomplete (or even

trivial, if q ∈ int
(
R

2
+

)
).

Of course, one can deduce (15) directly by means of Theorem 3.14 and the sv-D-
metric

F (x, z) := ‖x− z‖Bξ ∀x, z ∈ R
2.

Another consequence of considering a vector-valued perturbation functional is
that various EVPs in the literature, based on different ε-efficiency concepts, are par-
ticular cases of Theorem 5.4. This result is well known and has been proved under
different hypotheses on the objective function and the order cone (see Remark 5.5).
Here, by using an approach introduced in [23], we show that the result works for any
pointed convex order cone D.

The following lemma can be proved in a way similar to [9, Theorem 2.3.1].
Lemma 5.3. Consider q ∈ D\{0}, the functional ϕq : Y → R∪ {±∞} defined by

ϕq(y) :=

{
inf{t ∈ R : y ∈ tq −D} if y ∈ Rq −D,

∞ if y /∈ Rq −D,
(16)

and the set dom(ϕq) = {y ∈ Y : |ϕq(y)| < ∞}. Then
(a) for each y ∈ Y , y ∈ dom(ϕq) if and only if y + Rq ⊂ dom(ϕq) and

ϕq(y + αq) = ϕq(y) + α ∀ y ∈ Y, ∀α ∈ R;(17)

(b) {y ∈ Y : ϕq(y) < 0} = (−∞, 0)q −D;
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(c) ϕq is D-monotone, i.e.,

∀ y1, y2 ∈ Y, y1 ∈ y2 −D ⇒ ϕq(y1) ≤ ϕq(y2).

Let us consider the following assumption on problem (1), q ∈ D\{0}, and a
feasible point x0 ∈ S:

(B3) The sets {x ∈ X : f(x) ≤ f(x0) + rq} are closed ∀ r ∈ R.
Theorem 5.4. Let q ∈ D\{0}, γ > 0, ε > 0, Cq := q + D\{0}, and x0 ∈

AE(Cq, ε). Assume that (B3) is satisfied. Then there exists xε ∈ S such that
(a) f(xε) ≤ f(x0) and f(xε) 
= f(x0) if xε 
= x0,
(b) d(xε, x0) ≤ γ,
(c) f(x) + (ε/γ)d(x, xε)q /∈ f(xε) −D\{0} ∀x ∈ S\{xε}.
Proof. Let us define a functional gq,ε : S ⊂ X → R ∪ {±∞} as follows:

gq,ε(x) := ϕq(f(x) − f(x0) + εq) ∀x ∈ S.

From Definition 2.2 is clear that (f(S) − f(x0)) ∩ (−εCq) = ∅ and so

(f(S) − f(x0) + εq) ∩ (−D\{0}) = ∅,
since εCq = εq + D\{0}. Then, from Lemma 5.3(b) we see that

gq,ε(x) = ϕq(f(x) − f(x0) + εq) ≥ 0 ∀x ∈ S.(18)

Moreover, it is easy to check that ϕq(0) = 0. Thus, by (17) it follows that

gq,ε(x0) = ϕq(0 + εq) = ϕq(0) + ε = ε,

and from (18) we have that

gq,ε(x0) − ε ≤ gq,ε(x) ∀x ∈ S.

Therefore, the functional gq,ε is lower bounded and proper. Moreover, by reasoning
similar to the proof of [5, Lemma 3.1] we deduce that gq,ε is lower semicontinuous.
Then, by applying the scalar EVP (see, for example, [6, Theorem 1.1 and statement
(1.18)]) we deduce that there exists a point xε ∈ S such that

(i) gq,ε(xε) ≤ gq,ε(x0) − (ε/γ)d(xε, x0),
(ii) d(xε, x0) ≤ γ,
(iii) gq,ε(xε) < gq,ε(x) + (ε/γ)d(x, xε) ∀x ∈ S\{xε},

and so part (b) is verified. Part (a) is obvious if xε = x0. From (i) and (17) we
have that

ϕq(f(xε) − f(x0)) + (ε/γ)d(xε, x0) ≤ 0,

and if xε 
= x0, it follows that

ϕq(f(xε) − f(x0)) < 0.

Then, by Lemma 5.3(b) we see that f(xε) ∈ f(x0) − D\{0} and so part (a) is
completed.

In order to prove part (c), let us suppose that there exists x ∈ S\{xε} such that
f(x) + (ε/γ)d(x, xε)q ∈ f(xε) −D\{0}. Then

f(x) − f(x0) + εq + (ε/γ)d(x, xε)q ∈ f(xε) − f(x0) + εq −D\{0},
and by the D-monotonicity of ϕq and property (17) we obtain that

gq,ε(x) + (ε/γ)d(x, xε) = ϕq(f(x) − f(x0) + εq + (ε/γ)d(x, xε)q)

≤ ϕq(f(xε) − f(x0) + εq) = gq,ε(xε),

which is contrary to (iii), and part (c) is verified.
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Property (B3) is called the lower semicontinuity of f at x0 along q (or in the
direction q) and has been used by some authors in obtaining EVPs for vector-valued
maps (see, for example, [9, Corollary 3.10.14], [10, Corollary 9], [23, Corollary 4.1]).

Remark 5.5.

(a) In the literature, Theorem 5.4 has been proved by assuming additional hy-
potheses such as D solid (see [3, Theorem 4.32], [9, Proposition 3.10.3], [23,
Corollary 4.1]), D normal (see [15, Theorem 4]), D closed (see [9, Proposition
3.10.3], [10, Corollary 9], [17, Theorem 10]), or f(S) lower order bounded (see
[3, Theorem 4.32], [8, Theorem 8], [10, Corollary 2], [16, Theorem 11], [17,
Theorem 10], [19, Proposition 4.2], [23, Corollary 4.1]).

(b) The conclusions of Theorem 5.4 could be obtained from Theorem 3.14 via
the sv-D-metric F (x, y) = d(x, y)q, but by considering stronger hypotheses.
In particular, let us observe that Theorem 5.4 does not include any bounded-
ness condition. However, Theorem 5.4 is weaker than Theorem 3.14 because
it deals with a specific ε-efficiency notion and the perturbed map is vector
valued.

As was pointed out, one drawback of considering EVPs with vector-valued per-
turbation functionals for vector optimization problems is that the conclusions are
equal whatever the (C, ε)-efficiency notion considered in the hypotheses. For exam-
ple, parts (7)–(9) of [2, Corollary 2.1], parts (vi)–(viii) of [3, Corollary 4.17], parts
(a), (c), and (d) of [5, Theorem 3.3], and, by considering the vector-valued metric
r(u, v) = d(u, v)q, part (viii) of [2, Theorem 2.1], part (viii) of [3, Theorem 4.13],
and parts (ii) and (iii) of [21, Theorem 6.1] are consequences of our Theorem 5.4.
This fact is shown in the following proposition and has been suggested in [10, p. 919].
Previously, two concepts of approximate efficiency due to Németh [21] and Dentcheva
and Helbig [5] are recalled.

Definition 5.6.

(a) (See Németh [21].) Let H ⊂ D\{0} and ε > 0. A point x0 ∈ S is said to be
an ε-efficient solution of (1) in the sense of Németh (with respect to H) if
(f(x0) − εH −D) ∩ f(S) = ∅.

(b) (See Dentcheva and Helbig [5].) Let q ∈ D\{0}, ε > 0, and consider a strictly
D-monotone functional h : Y → R, i.e., such that h(y1) < h(y2) ∀ y1, y2 ∈ Y ,
y1 ∈ y2 −D\{0}. A point x0 ∈ S is said to be an ε-efficient solution of (1)
in the sense of Dentcheva and Helbig (with respect to h and q) if h(f(x0)) ≤
h(f(x) + εq) ∀x ∈ S such that f(x) ∈ f(x0) −D\{0}.

Proposition 5.7. Consider q ∈ D\{0}, γ > 0, ε > 0, x0 ∈ S and assume
that (B3) is satisfied. Suppose that x0 is an ε-efficient solution of (1) in the sense of
Dentcheva and Helbig with respect to h and q or in the sense of Németh with respect
to H, where q ∈ H. Then, parts (a)–(c) of Theorem 5.4 are verified.

Proof. First, let us suppose that x0 is an ε-efficient solution in the sense of Németh
with respect to H and q ∈ H. Then it is clear that x0 ∈ AE(Cq, ε), and so parts
(a)–(c) of Theorem 5.4 hold since the hypotheses of this theorem are satisfied.

If x0 is an ε-efficient solution in the sense of Dentcheva and Helbig with respect
to h and q and we see that x0 ∈ AE(Cq, ε), then the result follows from Theorem 5.4.
Let us suppose that x0 /∈ AE(Cq, ε). Then there exists x ∈ S and d ∈ D\{0} such
that f(x) = f(x0) − εq − d, and as h is strictly D-monotone, it follows that

h(f(x0)) = h(f(x) + εq + d) > h(f(x) + εq),

which is a contradiction since f(x) ∈ f(x0) −D\{0} and x0 is an ε-efficient solution
in the sense of Dentcheva and Helbig with respect to h and q.
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Remark 5.8. Let us observe from Proposition 5.7 that if hypothesis (B3) holds
for all x0 ∈ S, then parts (a)–(c) of Theorem 5.4 are verified for each (C, ε)-efficient
solution if AE(C, ε) ⊂ AE(Cq, ε). For example, let us consider the (Ch, ε)-efficiency
notion given by the set

Ch = {d ∈ D : h(d) > 1},

where h ∈ D+ and h(q) = 1 (see [11, Example 3.4] for more details). If h ∈ D+s, then
it is easy to check that AE(Ch, ε) ⊂ AE(Cq, ε), and so we deduce that parts (a)–(c)
of Theorem 5.4 are true if (B3) is verified and x0 ∈ AE(Ch, ε).

In Theorems 5.11 and 5.15 two set-valued EVPs for ε-efficient solutions in the
senses of Németh and Dentcheva and Helbig are obtained, which improve the vector-
valued versions proved in [21, Theorem 6.1] and [5, Theorem 3.3]. To this end, The-
orem 3.14 is applied.

In what follows, a nonempty D-convex set H ⊂ D\{0} and the sv-D-metric
FH(x, y) := d(x, y)H ∀x, y ∈ X are considered. Let us denote CH := H + D.

Lemma 5.9. The following statements are satisfied:
(a) KFH

= (
⋃

α>0 αconv(H)) ∪ {0}.
(b) DFH

= cone(CH).
(c) x0 ∈ AE(CH , ε) if and only if x0 is an ε-efficient solution of (1) in the sense

of Németh with respect to H.
(d) If 0 /∈ clw(H), then FH satisfies (A2).
(e) FH and CH verify (A5).
Proof. Part (a). As X is nontrivial, it follows that

(∪α>0αconv(H)) ∪ {0} ⊂ cone(conv(∪x�=yd(x, y)H)) .

The reciprocal inclusion is obvious since ∪α≥0αconv(H) is a convex cone, and so part
(a) is completed.

Part (b). As H is D-convex, we have that

H + D ⊂ conv(H) + D ⊂ conv(H + D) + D = H + D.

Therefore,

DFH
= ((∪α>0αconv(H)) + D) ∪ {0}
= ∪α≥0α(conv(H) + D) = ∪α≥0α(H + D) = cone(CH) .

Part (c) is immediate since εCH = εH + D.
Part (d). Fix δ > 0. Then ∪{d(x, y)H : d(x, y) ≥ δ} ⊂ [δ,∞)H. If 0 ∈

clw([δ,∞)H), then, αizi
w→ 0 for some nets (αi) ⊂ [δ,∞) and (zi) ⊂ H. We can

assume that αi → α ∈ [δ,∞]. It follows that zi = α−1
i (αizi)

w→ 0, which is a
contradiction because 0 /∈ clw(H).

Part (e) is trivial, and so the proof is finished.
Remark 5.10. If D is based, then from Lemma 5.9(b) we deduce that there exists

a convex set B such that F (x, y) := d(x, y)B is an sv-D-metric and DFB
= D.

Theorem 5.11. Suppose that D is w-normal, cone(CH) is based, 0 /∈ clw(H),
and assumption (A3) is verified by considering the sv-D-metric FH . Let x0 be an
ε-efficient solution of (1) in the sense of Németh with respect to H and assume that
the set (f(S)− f(x0))∩ (−ε(cone(CH) \CH)) is D-bounded. Then there exists xε ∈ S
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such that
(a) (f(xε) + γd(xε, x0)H − f(x0)) ∩ (−D) 
= ∅,
(b) d(xε, x0)H ∩ (ε/γ)(cone(CH) \CH) 
= ∅,
(c) (f(xε) − f(x) − γd(x, xε)H) ∩D = ∅ ∀x ∈ S\{xε}.
Proof. By Lemma 5.9(b) we see that DFH

= cone(CH), and from the hypotheses
we have that assumptions (A1) and (A3) hold. Moreover, by parts (c), (d), and (e) of
Lemma 5.9 we deduce that assumptions (A6), (A2), and (A5) are verified, respectively.
Then, the result follows from Theorem 3.14.

Let us observe that the assumptions of Theorem 5.11 describe properties about
the cone DF ⊂ D and the boundedness and cone lower semicontinuity of problem (1).
In the next theorem we show a particular case in which these properties are verified.

Theorem 5.12. Let us consider that D is well-based and has a compact base B
such that 0 /∈ aff(B). Suppose that the objective map f is submonotone with respect
to D. Consider that x0 is an ε-efficient solution of (1) in the sense of Németh with
respect to B. Then there exists xε ∈ S such that

(a) (f(xε) + γd(xε, x0)B − f(x0)) ∩ (−D) 
= ∅,
(b) d(xε, x0) < ε/γ,
(c) (f(xε) − f(x) − γd(x, xε)B) ∩D = ∅ ∀x ∈ S\{xε}.
Proof. Let us define H := B. Then cone(CH) = D, and so cone(CH) is based and

0 /∈ B = clw(H). Moreover, D is w-normal (see [9, Proposition 2.2.15]) and closed,
since D has a compact base. Therefore, by Remark 4.2 and Theorem 4.4 it follows
that assumption (A3) is satisfied by considering the sv-D-metric FH .

By Corollary 3.13, Lemma 3.11, and Remark 5.10, we deduce that the set

(f(S) − f(x0)) ∩ (−ε(cone(CH) \CH))

is D-bounded. Then parts (a)–(c) of Theorem 5.11 hold and the result is obtained
if we prove that d(xε, x0) < ε/γ. Indeed, from the convexity of B it is clear that
CH = B + D = [1,∞)B, D = [0,∞)B, and so cone(CH) \CH = [0, 1)B. Thus,

d(xε, x0)H ∩ (ε/γ)(cone(CH) \CH) 
= ∅ ⇐⇒ d(xε, x0)B ∩ [0, ε/γ)B 
= ∅

and this last statement is satisfied if and only if d(xε, x0) < ε/γ, since the condition
0 /∈ aff(B) implies that the representation of a vector of D as an element of the set
R+B is unique (see [9, Theorem 2.1.15]).

To prove a set-valued EVP for approximate solutions of (1) in the sense of
Dentcheva and Helbig, the following lemma is necessary. In what follows, we consider
a vector q ∈ D\{0} and a continuous positively homogeneous D-monotone functional
h : Y → R such that

h(y1 − y2) ≤ 0 ⇒ h(y1) ≤ h(y2) ∀ y1, y2 ∈ Y.(19)

For instance, any functional ξ ∈ D+\{0} satisfies these properties. In general, if
ξi ∈ D+\{0} ∀ i = 1, 2, . . . ,m, then the functional

g(y) = max
1≤i≤m

{〈y, ξi〉}

verifies those properties too. Property (19) is satisfied for any subadditive functional.
Let us define Cq,h := {d ∈ D : h(−q + d) > 0}, [h = 0] := {d ∈ D : h(d) = 0} and

Dh := (D\[h = 0]) ∪ {0}.
Lemma 5.13. Let ε > 0. The following statements are true:
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(a) Cq,h is a coradiant set and if [h = 0] 
= D, then Cq,h is nonempty.
(b) εCq,h = {d ∈ D : h(−εq + d) > 0}.
(c) If x0 ∈ AE(Cq,h, ε) and h is strictly D-monotone, then x0 is an ε-efficient

solution of (1) in the sense of Dentcheva and Helbig.
(d) cone(Cq,h) = Dh and Dh is convex.
Proof. Parts (a) and (b) follow easily since h is D-monotone and positively ho-

mogeneous.
Part (c). Let us suppose that x0 ∈ AE(Cq,h, ε) and consider a point x ∈ S

such that f(x) ≤ f(x0). Then f(x0) − f(x) /∈ εCq,h and by property (19) we have
that h(f(x0)) ≤ h(f(x) + εq); i.e., x0 is an ε-efficient solution of (1) in the sense of
Dentcheva and Helbig.

Part (d). Let d ∈ cone(Cq,h), d 
= 0. Then there exists α > 0 such that h(−αq +
d) > 0, and as h is D-monotone we have that h(d) > 0. Therefore, cone(Cq,h) ⊂
(D\[h = 0]) ∪ {0}.

Reciprocally, if d ∈ D\[h = 0], then h(d) > 0 and so, by the continuity of h,
h(d − αq) > 0 for some α > 0. Hence d ∈ cone(Cq,h). Moreover, it is easy to check
that Cq,h +D ⊂ Cq,h, and then α1d1 + α2d2 = α1(d1 + α−1

1 α2d2) ∈ cone(Cq,h), since
d1 + α−1

1 α2d2 ∈ Cq,h for d1, d2 ∈ Cq,h, and α1, α2 > 0. Therefore, Dh is convex and
the proof is finished.

Remark 5.14. The reader can deduce from the previous proof that h ∈ D+s and
h(q) = 1 imply that x0 ∈ AE(Cq,h, ε) if and only

h(f(x0)) ≤ h(f(x)) + ε ∀x ∈ S, f(x) ≤ f(x0).

This notion is due to Helbig (see [13]) and was introduced by considering (not neces-
sarily linear) D-monotone functionals.

The following result is a direct consequence of Theorem 3.14 and so its proof is
omitted.

Theorem 5.15. Suppose that D is w-normal and Dh is nontrivial and based
through a set B. Define FB(x, y) = d(x, y)B and suppose that assumption (A3) is
verified by the sv-D-metric FB. Consider that x0 ∈ AE(Cq,h, ε) and assume that the
set (f(S)− f(x0))∩ (−ε(Dh\Cq,h)) is D-bounded. Then there exists xε ∈ S such that

(a) (f(xε) + γd(xε, x0)B − f(x0)) ∩ (−D) 
= ∅,
(b) d(xε, x0)B ∩ (ε/γ)(Dh\Cq,h) 
= ∅,
(c) (f(xε) − f(x) − γd(x, xε)B) ∩D = ∅ ∀x ∈ S\{xε}.
Corollary 5.16. Consider that D is w-normal and based. For ξ0 ∈ D+s define

B = {d ∈ D : 〈d, ξ0〉 = 1} and FB(x, y) = d(x, y)B. Suppose that assumption (A3) is
verified by considering the sv-D-metric FB. Let q ∈ B and x0 ∈ AE(Cq,g, ε), where
g = max{ξ0, ξ1, ξ2, . . . , ξm} and ξi ∈ D+ ∀ i = 1, 2, . . . ,m, m ≥ 0, and assume that
the set (f(S) − f(x0)) ∩ (−ε(D\Cq,g)) is D-bounded. Then there exists xε ∈ S such
that

(a) (f(xε) + γd(xε, x0)B − f(x0)) ∩ (−D) 
= ∅;
(b) d(xε, x0) ≤ ε/γ, and if m > 0, then there exists b ∈ B such that

d(xε, x0)〈b, ξi〉 ≤ (ε/γ)〈q, ξi〉 ∀ i = 1, 2, . . . ,m;

(c) (f(xε) − f(x) − γd(x, xε)B) ∩D = ∅ ∀x ∈ S\{xε}.
Proof. It is easy to check that [g = 0] = {0}. Then, by applying Theorem 5.15 to

h = g we deduce that there exists xε ∈ S, verifying parts (a) and (c) of this corollary
and the relation

d(xε, x0)B ∩ (ε/γ)(D\Cq,g) 
= ∅.
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Therefore, there is b ∈ B such that d(xε, x0)b /∈ (ε/γ)Cq,g, i.e.,

g(−(ε/γ)q + d(xε, x0)b) ≤ 0.

Thus,

〈−(ε/γ)q + d(xε, x0)b, ξ0〉 ≤ 0,

〈−(ε/γ)q + d(xε, x0)b, ξi〉 ≤ 0 ∀ i = 1, 2, . . . ,m,

and the result follows since b, q ∈ B.

6. Conclusions. In this work, an original approach is introduced to extending
the well-known Ekeland’s variational principle to vector optimization problems. This
new approach is based on considering a concept of a set-valued D-metric, a notion
of cone-boundedness, and a set-valued perturbed map. The notions of an sv-D-
metric (which is new to our knowledge) and a cone-bounded set by scalarizations are
fundamental tools in developing this approach.

In section 5 we have given several results and examples in order to show that this
new approach is stronger than the usual vector-valued EVP proved in the literature.
In particular let us point out that in the context of vector optimization, where the
preferences of the decision-maker are given by a cone, the perturbed map can use
various directions, and in this sense the principle is stronger when a set of directions
is considered.

The EVP obtained in Theorem 3.8 does not depend on any ε-efficient concept.
However, the EVP proved in Theorem 3.14 could be applied to several ε-efficient
notions, since it has been obtained for (C, ε)-efficient solutions. In section 5 these
results have been applied to different contexts such as the finite-dimensional case or
the consideration of various ε-efficiency concepts.

Acknowledgments. The authors are grateful to the anonymous referees for
their helpful comments and suggestions.
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JUMP DIFFUSION OVER FEATURE SPACE FOR OBJECT
RECOGNITION∗
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Abstract. We present a dynamical model for a population of tests in pattern recognition. Taking
a preprocessed initialization of a feature set, we apply a stochastic algorithm based on an efficiency
criterion and a Gaussian noise to recursively build and improve the feature space. This algorithm
simulates a Markov chain which estimates a probability distribution P on the set of features. The
features are structured as binary trees and we show that such random forests are a good way to
represent the evolution of the feature set. We then obtain properties on the dynamic of the features
space before applying this algorithm to practical examples such as face detection and microarray
analysis. Lastly, we identify the weak limit of our process as a jump-diffusion process defined using
the Skorokhod map over simplices.

Key words. Markov processes, jump-diffusion algorithms, stochastic approximation, Skorokhod
map, feature selection, pattern recognition
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1. Introduction. In this paper, we study a learning algorithm designed for the
construction of features in pattern recognition tasks. This algorithm is constructed
as the stochastic approximation of a constrained jump-diffusion process, for which we
provide an asymptotic analysis.

The algorithm originates from the following issue. A pattern recognition problem
corresponds to the classification of input data into two or more classes. To solve
this, an algorithm, called a classifier, is used to design a function which associates a
class prediction to an observation of the input variables. There exists several types
of competing approaches for building classifiers. Our goal is not to build a new one,
but to optimize and improve the prediction by feeding the algorithm with the “best”
input variables. Poorly informative variables indeed act like noise in a dataset and
reduce the quality of learning algorithms, and fewer variables generally is a guarantee
for robustness and reduced generalization ability. Also, a good understanding of the
features which have more impact in the classification is critical in some subjects such
as biology or text categorization: In microarray analysis, for example, it is important
to identify the genes which express a pathology, and in spam detection, one can
expect that the presence of some special chain of words enables better detection
of nondesirable spam for some classical algorithms such as support vector machines
(SVMs), classification trees (CART), or random forests, for instance.

Denote by F0 the initial set of variables; in the machine learning community, these
are also called features and this is the word we will use in this paper. In several recent
interesting applications, F0 is a large set, which contains hundreds, maybe thousands,
of elements. Given that what we want to consider are not only a few useful elements
of F0, but also useful combinations of them, we face an overwhelming space of possible
explanatory variables that we need to explore in the selection process. Our goal will
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be to provide a suboptimal stochastic approach to recursively explore and build new
composed features space.

For simplicity, the only combinations we consider in this paper are products of
variables. If we denote P(F0) parts of F0, we estimate, from a training set of samples,
a subset F of P(F0) of “useful” variables, those which are the most important for the
classification task. This set will be estimated as a jump process which will be denoted
(Ft)t≥0.

1

This jump process will in fact be driven by an auxiliary process, denoted Pt, such
that, at all times t, Pt is a probability measure supported by Ft. We will define the
pair (Pt,Ft) as a jump-diffusion process, designed to maximize the efficiency of the
variables belonging to Ft. The practical implementation will be a stochastic approx-
imation of this process. The primary goal of this paper is to provide a convergence
study of both algorithms, the diffusion, and its approximation.

Since there are important motivations and applications from feature extraction,
finding a universal alphabet of features has intrigued researchers in computer vision,
and the construction of feature sets has become an active research domain. Direct
methods, based on principal (or discriminant) components analysis (PCA) or inde-
pendent components analysis (ICA) [24], can be used for reduction of dimension, but
are not able to create new variables by composition and do not help us to easily
understand the selection. Methods based on hierarchically structured variables have
also been developed: Amit and Geman [2] and Fleuret and Geman [16] build recur-
sive sets of binary decision trees using coarse to fine procedures. These recursive
algorithms combine statistical and geometric properties to assemble discriminative
sequential testing and reach very low rates of error in many image classification prob-
lems. But in most cases for these algorithms, the amount of features constructed is
not limited and can regularly increase if the learning procedure is not stopped [25] and
conclusions about optimization results are not inferred. Our approach to the feature
space structure will be largely inspired from this sequential testing method, based on
statistical correlation [16], entropy [20], or mutual information [15].

Finally, methods based on the optimization of margin of support vector machines
have been recently proposed to make recursive feature elimination (RFE [31], [10]).
These methods use exact expressions of margin separation of SVM and optimize
weights on features to keep only those with high influence on the margin formula. This
yielded interesting results on several classification tasks, such as pedestrian detection
and cancer morphology classification, with a quantity of features. However, all these
methods perform only backward selections from an initial fixed set of features, while
adding new features obtained from composition of initial ones could improve efficiency
of classification.

Building a set of features derived from an initial set, which contains a reduced
number of variables, and complex combinations of variables, is at this point a largely
open issue. Our objective will be to handle this problem using simultaneously up-
ward and backward stochastic strategies. Such evolutionary algorithms are commonly
used in the framework of regression, adding and removing variables with respect to
any information criterion (AIC (Akaike information criterion), MSE (mean square
error), etc.). We show here how one can think about similar ideas for the framework
of pattern classification without using logistic regression, which may be considered
somewhat artificial. Moreover, contrary to most variable selection procedures for lin-
ear analysis, we provide a theoretical background for our stochastic exploration of

1The construction will in fact be slightly more complex, involving trees instead of subsets.
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features subsets dedicated to an optimization criterion. Lastly, our method can be
used with any classification algorithm. This is an important point since for the com-
monly investigated classification problems, there does not exist a best classifier among
all methods developed by statisticians.

Our paper will be organized as follows. In the next section, we give a precise
description of our framework and introduce notation. The third section is devoted
to the theoretical model of our jump-diffusion Markov process. Then, section 4 gives
exact rules to enable features space to evolve over time. These rules use a Metropolis–
Hastings evolution based on an energy E to be minimized over time. Section 5 gives
dynamic properties of the model previously defined, whereas section 6 provides a
statistical implementation and approximation method to simulate the jump-diffusion
process of section 3. Finally, we conclude our work with experiments on synthetic data
and real classification problems (face detection and leukemia classification) before giv-
ing future developments and applications to other situations in pattern recognition.
Lastly, note that we choose to formalize our work in a continuous setting (Markov
processes) rather than in a discrete form (Markov chains). One motivation will be
to provide an understanding of the limit behavior of our exploration/extraction algo-
rithm. Continuous setup will make it easier to precisely describe the dynamic of our
constrained optimization method (section 5.1), while the formalism of the martingale
problem and generator for Markov processes will be very powerful in identifying the
asymptotic measure of our algorithm (Theorems 6.3 and 7.2). In fact, one can also
describe our algorithm in a discrete setting (it is, moreover, the way it is numerically
implemented) but the identification of the asymptotic behavior requires a time con-
tinuous approach with the use of the Skorokhod map. We thus choose to directly
present the algorithm in the continuous framework to avoid some additional notation
and repetitions.

2. Notation and settings.

2.1. Classes and features. We address the following pattern recognition prob-
lem. Given a large integer d which will denote the initial number of features, an
input signal I ∈ R

d must be classified into a fixed number of classes denoted C =
{C1, . . . , CN}. Each input I is described by its coordinates (X1(I), . . . , Xd(I)). F0 is
the set of initial coordinates maps:

F0 =
{
X1, . . . , Xd

}
.

In our experiments, the Xj will be the projection to the jth component, it can
be binary (values in {0, 1}) or ternary (values in {−1, 0, 1}) for the image processing
problem of section 8, or more generally, real-valued coordinates can also be considered
(see the microarray analysis experiments of section 8).

A classification algorithm is a function which assigns a class Ci of the finite set
C to an observed signal I. This function is estimated on the basis of a training set,
which is a finite family of correctly labeled signals. However, for obvious dimensional
complexity, the algorithm assumes a specific parametric form for the classification
function: it could be, for instance, CART, SVMs, linear discriminant analysis, nearest
neighbor, etc. In the two-class problem, the simplest classification rule is based on
linear separation: Compute the sum β0 +

∑d
j=1 βjX

j , and decide for the first class if
it is negative and for the second otherwise. The parameters (β0, βj , j ∈ {1 . . . p}) are
estimated so that this rule is as consistent as possible with the training data. Various
definitions of the consistency criterion, variants on the functional form of the decision
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rule and of the optimization algorithms, yield a very large family of classifiers, as
provided by the literature. We will use in our applications an SVM with a linear
kernel because of the generalization ability of this algorithm. Note that the previous
linear separation rule assumes that all the features are used as monomials. Our goal
in this context is twofold:

• Selection: Use less than the total family of features, which can be very large
(d > 1000, for instance).

• Composition: Use more complex expressions than monomials by combining
the features, and thus define one way to combine them.

This last point implies heuristic or stochastic exploration of the several compositions
we can produce starting from F0: simplest ones are XjXk, (j, k) ∈ {1 . . . d), and
XjXkX l, (j, k) ∈ {1 . . . d}. One can see the exponential growth of the size of pos-
sible composition space, and our algorithm proposes a stochastic approach of this
exploration step.

Example 2.1. Consider the following synthetic example that will be used first in
the experiments section. We deal with 3 classes of signals described by 100 ternary
features. We thus have F0 = {X1, . . . , X100}. One can imagine that these 3 classes
behave differently on several subset of features G1,G2, and G3 (which may overlap or
not) and follow exactly the same distribution on variables in F0\G1 ∪ G2 ∪ G3

. This is
the case for most signal processing situations, where some variables act as independent
noise whatever the class of the signal is, although different statistic distributions are
located on some other special set of variables for each corresponding class (G1 for C1,
G2 for C2, and G3 for C3).

We are interested in the problem of detecting interactions of features encoded in
all Gi, filtering out noisy features in F0\G1 ∪ G2 ∪ G3

, and forming new compositional
variables corresponding to each subset Gi. We will provide more details on practical
examples in section 8.

2.2. Composition of features. We introduce notation regarding the composi-
tion of features. Individual features from the original set will be denoted F0, while
the set of features obtained at time t will be naturally named Ft. In the definition
of the jump diffusion, there will be many advantages in ensuring that the jumps are
reversible. To obtain such a property, it will be necessary (see section 4.2) for each
element of Ft to remember how it has been constructed. For this reason, we introduce
trees on the set of features as follows.

To an elementary feature Xj in F0 we associate the elementary tree (and keep
the same notation “Xj”):

(1) Xj := Xj

∅ ∅

.

A tree feature A is a binary tree such that each node contains a composition
of elementary features, and terminal nodes (leaves) are elementary features of F0.
Moreover, each nonterminal node in A must be the concatenation (union) of its de-
scendants so that one can easily infer how any tree has been formed. The root of
A, denoted r(A), is the main node associated to the tree. Tree features A,B are
aggregated with the construction rule “::”

(2) A :: B = r(A) ∪ r(B)

A B

.
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Note that we do not take into account any order or repetition of elementary
features taken in r(A) ∪ r(B).

Example 2.2. For instance, in the operation

X1X2

X1 X2︸ ︷︷ ︸
Al

:: X1X3

X1 X3︸ ︷︷ ︸
Ar

= X1X2X3

X1X2

X1 X2

X1X3

X1 X3

:= A,

we can reform left and right sons (Ar and Al) from A by cutting A’s main node. It is
manifest here that without this tree structure of features, the same composition will
be

X1X2︸ ︷︷ ︸
Bl

:: X1X3︸ ︷︷ ︸
Bl

= X1X2X3 := B

but we cannot directly obtain from B the way it has been formed since some sons
could be {(X1X2); (X1X3)} or {(X2X3); (X2X1)}.

To restrict the number of notations, we will keep again the notation F0 for the set
of elementary trees over the initial set of variables created by operation (1). Similarly,
Ft will be the set of features handled at time t by our algorithm. We will denote by
F� the set of all trees over F0 defined by (1) using (2). Technically, Ft will be a jump
process on F� (we will call them forests), and Pt will be a jump diffusion process
with values in the set of probability distributions on F�, which will be supported by
a subset of the process Ft.

We use the map A → r(A) only for the computation of trees over input signals
since each value of any tree A will naturally be defined on any signal I by

r(A)(I) = Xi1(I) × · · · ×Xip(I)

if r is written as r(A) = Xi1 . . . Xip .

2.3. Base classification algorithm A. In this paper, we consider a classifica-
tion algorithm, denoted A, as a “black box” with the following functionalities. We
assume that A can be conditioned by any subset ω ⊂ F� of active variables. In training
mode, A uses a database to build an optimal classifier Aω : I → C, such that Aω(I)
depends only on variables ω(I). The test mode simply consists in the instantiation of
Aω on a given signal of the test set.

We work with a randomized version of A, in which the randomization is on the
set of variables. This randomization of features spaces has been introduced by Amit
and Geman [1] and Breiman [8] who build accurate random classifiers with very
low dependence to outliers and noise. In the training phase, this works as follows:
First, extract a collection {ω(1), . . . , ω(N)} of subsets of F�, and build the classifiers
Aω(1) , . . . ,Aω(N) . Then, derive the classification in the test phase using a majority rule
within these N classifiers. This final algorithm will be denoted Ā = Ā(ω(1), . . . , ω(N)).
In test mode, it is run with fixed ω(i)’s, which have been obtained in the learning phase.

In addition to being an auxiliary process that we use for variable selection, the
probability Pt will also be used for sampling the ω(k) in the construction of random-
ized algorithms. Note that the present paper focuses on the way to construct an
automatic process creating the random subsets of F� and not designing the classifica-
tion algorithm A, for which we use standard procedures.
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We will construct a process (Ft,Pt), where Ft is a jump process over forests
(subsets of F�) and between jumps, and Pt is a diffusion process, constrained to the
set of probabilities on Ft, designed to optimize the performance of the classification
algorithm. We start by describing the diffusion process. We will then consider the
transition probabilities at jump times, both for Ft and Pt.

3. Constrained diffusion.
Important notation. From now on, we will denote with capital letters the Markov

process (Ft) among the forests; (Pt) will denote the Markov process among the prob-
abilities although F (and F1, F2, . . .) or P (P1, P2, . . .) will be some possible realiza-
tions of these two processes. This distinction will be important to the understanding
of settings of the next sections.

Description of the dynamic. Between jumping times, the probability will essen-
tially evolve according to the diffusion

(3) dPt = −∇Eerr(Pt)dt + σdWt,

where Eerr(P ) is a cost function measuring the quality of the classifier using variables
sampled from P ; this will be precisely defined in the following paragraph. Such a
process classically stabilizes around probabilities P with low cost Eerr.

This process must, however, be modified in order to ensure that Pt is a probability
supported by Ft. If F is a subset of F�, we denote by HF the hyperplane in R

F of
equation

∑
δ∈F P (δ) = 1. Let πF be the affine orthogonal projection onto HF (which

is πF (U) = U−
∑

δ U(δ)/|F|). We denote ∇FEerr(P ) = πF∇Eerr(P ). We can restrict
(3) to HF by replacing ∇ by ∇F and using a Brownian motion on HF , or equivalently,
using

(4) dPt = −∇Eerr(Pt)dt + ΣFtdWt,

where W is a Brownian motion on R
F�

and ΣF = σπF .
Denoting SF for the set of all such probability distributions on F , we need to mod-

ify (4) to ensure that Pt belongs to SFt at all times. This is done using a constrained
diffusion process, which is here a reflected diffusion process:

dPt = −∇Eerr(Pt)dt + ΣFtdWt + dZt,

where Zt acts as a correction to ensure that the positivity constraints are satisfied at
all times. This means that d|Zt| is positive only when Pt hits ∂SF .

3.1. Cost function. We now define two costs functions for our system forest F
+probability P . The first function Eerr(P ) measures the average performance of the
classifier based on random feature selection according to P . The second measures a
structural cost of the set of features F and does not depend on P . These two functions
enable us to form the global cost for the pairwise process (Ft,Pt).

3.1.1. Measuring the mean performance of A: The energy Eerr. Con-
sider a set of trees F ⊂ F� and a probability distribution P on F� supported by F . The
algorithm A provides a different classifier Aω for each choice of a subset ω of k features
ω = (ω1, . . . , ωk) ⊂ F . We let η be the classification error, η(ω) = P(Aω(I) �= C(I)),
which will be estimated by

g(ω) = P̂(Aω(I) �= C(I)),
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where P̂ is the empirical probability on the training set. As we want to use a small
number of features, we fix an integer k; the distribution P⊗k corresponds to k inde-
pendent trials with replacement with respect to the distribution P . We define the
cost function Eerr by

Eerr(P ) = EP⊗kg(ω) =
∑
ω∈Fk

g(ω)P⊗k(ω) =
∑
ω∈Fk

g(ω)P (ω1) . . . P (ωk).

One can thus remark that minimizing Eerr according to the control parameter P will
drive us to a distribution with important weights on useful features for the classifica-
tion (low error rate induced by A).

3.1.2. Global cost function on (F, P ): The energy E. We now describe
the global cost function, denoted by E . It will take the form

E(F, P ) = Eerr(P ) + Estruct(F ),

where Estruct is a structural energy on the forest. More precisely,

(5) Estruct(F ) =
∑
A∈F

|A|
︸ ︷︷ ︸
E1s (F )

−
∑
A∈F

Î(A.g,A.d)

︸ ︷︷ ︸
E2s (F )

and Î(A.g,A.d) is the empirical mutual information function between the left and
right subtrees of A. The first term E1

s limits the size of the forest and comes from the
minimum description length principle of information theory [28]. The last term E2

s is
of a compositional nature and favors the concatenation of correlated trees (or trees
with high mutual information) [16]. Our goal is now to minimize E over the space
F� × SF� , which has a discrete component and a continuous one.

4. Jumps. We first introduce the notion of weak reversibility of a jump process
since this property will have critical importance in the stochastic dynamic search
(Ft,Pt).

4.1. General rule. The time differences between jumps are assumed to be mu-
tually independent, and independent from the rest of the process. Jumps occur as a
Poisson process (interjump times are independent and identically distributed (i.i.d.)
exponential). Coupled with the constrained diffusion process, this allows the inference
algorithm to visit F�×SF� . This accomodates the discrete nature of the problem. At
jump times, the transitions Ft → Ft+dt will correspond to deletion, addition, or com-
bination of elements of Ft. Each of these rules will be designed using an accept/reject
scheme (Hastings) as follows. We handle here the complete cost function, E(Ft,Pt)
defined by (5). Below, we review some general notions on the Metropolis–Hastings
method (this section may be skipped).

4.1.1. Generality on the Metropolis–Hastings algorithm. The situation
is as follows: Let Ω be a measurable set with a measure m and let μ be a measure on
Ω with density (also denoted μ) w.r.t. m. The Metropolis–Hastings transitions follow
a two-step rule:

• From state x ∈ Ω, first propose a state y with probability Q0(x, dy);
• then, accept the transition with a probability which is adjusted so that μ is

invariant.
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We assume the following property: For all x ∈ Ω, there exists a measure ρx such
that

(A1) Q0(x, .) has a density q(x, .) w.r.t. ρx.
(A2) q(x, y) > 0 ⇔ q(y, x) > 0.
(A3) the measure ρx(dy) ⊗m(dx) is symmetrical: For any function f on Ω2,∫

Ω

f(x, y)ρx(dy)m(dx) =

∫
Ω

f(y, x)ρx(dy)m(dx).

The transition Q is then defined by

Q(x, dy) = min

(
μ(y)q(y, x)

μ(x)q(x, y)
, 1

)
Q0(x, dy)

+

(
1 −

∫
Ω

min

(
μ(z)q(z, x)

μ(x)q(x, z)
, 1

)
Q0(x, dz)

)
1lx(dy).(6)

The distribution of two consecutive states is then Q(x, dy)⊗m(dx), and to ensure
the reversibility we need to verify that it is symmetrical. But

Q(x, dy) ⊗m(dx) = min (μ(y)q(y, x), μ(x)q(x, y)) ρx(dy) ⊗m(dx)

+

(
1 −

∫
Ω

min (μ(z)q(z, x), μ(x)q(x, z)) ρx(dz)

)
1lx(dy) ⊗m(dx).

The second line takes the form g(x)1lx(dy)m(dx) and is obviously symmetric, although
the first one is symmetric thanks to our assumption on ρx. Consequently, we need to
give a transitions rule satisfying the previous assumptions (A1), (A2), and (A3) for
our framework on weighted forests.

Remark 4.1 (necessity of weak reversibility). It is important here to underline
why the building process of (Ft) must be weakly reversible (assumptions (A1), (A2),
and (A3)). We can present at least two reasons for this imperative condition:

• First, note that our exploration process of F� has a stochastic nature and may
be mistaken for some iteration because of the Metropolis–Hastings acceptance
strategy. We thus need to cancel the decision taken at this step (assumption
(A2)), and weak reversibility guarantees this possibility in only one reverse
jump.

• Furthermore, the Metropolis–Hastings acceptance rate computation (6) in-
volves the ratio q(x, y)/q(y, x) because of assumptions (A1), (A3) applied to
q(x, .) and q(y, .). Obviously, if the features are not structured as a tree, one
cannot compute this ratio since we do not have from any set of variables x
the unique pair of its antecedents.

4.1.2. Metropolis–Hastings transitions on weighted forests. We denote
by mF the Lebesgue measure on SF and consider m as the global measure on P(F�)×
SF� defined by

m =
∑

F⊂F�

1lF ⊗mF ,

which means that ∫
f(F, P )dm(F, P ) =

∑
F⊂F�

∫
SF

f(F, P )dmF (P ).
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Here, 1lF is the Dirac measure at a forest F . Consider any forest F1 and an element
P1 of SF1 . The transitions are defined as follows: Choose a new forest F2 ∈ VF1 ,
where VF1 is the set of forests which are reachable in one jump, and then choose an
element of SF2 according to a probability which depends on F1, F2, and P1. Assume
that this probability has a positive density w.r.t. some measure denoted ψF1,F2(P1, .)
on SF2

. This implies that the measures, w.r.t. which the densities of the transitions
are computed, are

ρF1,P1
(F2, .) = 1lVF1

(F2)ψF1,F2(P1, .),

where ρF1,P1 = ρx is the measure defined in the former paragraph. Therefore, we need
to construct ρ, ψ, and a neighborhood V. in order to satisfy assumptions (A1)–(A3).
We design in the next section transitions satisfying (A1) and (A2). Next, we will
show that the symmetry requirement is true. Since in the framework of a weighted
forest we have

mF1
(dP1)ρF1,F2

(P1, dP2) = 1lVF1
(F2)ψF1,F2

(P1, .)mF1
(dP1),

it will be sufficient to establish

mF1(dP1)ψF1,F2
(P1, dP2) = mF2

(dP2)ψF2,F1
(P2, dP1).

4.2. Transitions between forests. We first construct a set T of compositional
rules before showing the weak reversibility (assumptions (A1), (A2), and (A3)) of our
system. This set of transitions does not seem standard and is different from what is
done in genetic algorithms. However, to satisfy the weak reversibility needed by the
Metropolis sampling scheme, this set of transitions T will be necessary.

Definition 4.2 (transition rules T ). T is the set of applications from P(F�)×SF�

to P(F�) × SF� formed by buddings, cuttings, suppressions, or rebirths. By (F, P ) ∈
P(F�) × SF� we enumerate the states which are reachable in one jump from (F, P ).
For convenience of notation, U will denote the set of active variables in F with their
associated weights in P . The quantities pb, pc, ps, and pr will represent the nonnegative
probability at each jump time of choosing budding, cutting, suppression, or rebirth. We
first enumerate the budding transitions:

Transition Symbol Antecedents Changes in U Probability

Budding
without
suppression

B (A1, p1); (A2, p2)

Add (A1 :: A2, p)
Change the weights:
(A1, p1 − p + x)
(A2, p2 − x) where
p ∼ U[0;p1+p2]

x ∼ U[p−p1;p2]

pb/4

Budding with
left suppres-
sion

Bl (A1, p1); (A2, p2)
Add (A1 :: A2, p1)
Leave (A2, p2)
Remove (A1, p1)

pb/4

Budding with
right suppres-
sion

Br (A1, p1); (A2, p2)
Add (A1 :: A2, p2)
Leave (A1, p1)
Remove (A2, p2)

pb/4

Budding with
both suppres-
sions

Blr (A1, p1); (A2, p2)
Add (A1 :: A2, p1+p2)
Remove (A1, p1)
Remove (A2, p2)

pb/4
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We present next the cut transitions:
Transition Notation Antecedents Changes in U Probability

Cut without
creation

C (A1 :: A2, p)
(A1, p1); (A2, p2)

Remove (A1 :: A2, p)
Change the weights:
(A1, p1 + p− x)
(A2, p2 + x)
where x ∼ U[−p2;p1+p]

pc/4

Cut with
left creation

Cl
(A1 :: A2, p)
(A2, p2)

Remove (A1 :: A2, p)
Add (A1, p)
Leave (A2, p2)

pc/4

Cut with right
creation

Cr
(A1 :: A2, p)
(A1, p1)

Remove (A1 :: A2, p)
Add (A2, p)
Leave (A1, p1)

pc/4

Cut with both
creation

Clr (A1 :: A2, p)

Remove (A1 :: A2, p)
Add (A1, x)
Add (A2, p− x)
where x ∼ U[0;p]

pc/4

Lastly, we have the suppression and rebirth transitions:
Transition Notation Antecedents Changes in U Probability

Suppression S (A, p)

Remove (A, p)
Change the weights
∀(B, q) ∈ U ⇒ (B, q/(1−p))

ps

Rebirth S A ∈ F0 \ F
Add (A, x)
Change the weights
∀(B, q) ⇒ (B, q(1 − x))

pr

With these former transition rules, it is now possible to establish the weak re-
versibility conditions.

Proposition 4.3 (weak reversibility of T ). Assumptions (A1), (A2), and (A3)
are true under the dynamic of (Ft,Pt) induced by T .

Proof. Take a forest F in P(F �) and define VF as the set of reachable forests
using one (and only one) transition of T . We first remark that if we enumerate all
transitions between two forests, we have for any couples of forests (F1, F2):

F2 ∈ VF1 ⇐⇒ F1 ∈ VF2 .

Roughly speaking, if one tree is created, cut, or deleted using T , it is instantaneously
possible to flashback and cancel this transition using another rule in T . This point is
also true if we study weights over forests. For instance, the inverse of budding without
suppression is a cut without creation, and if

{(A1, p1); (A2, p2)} �−→ {(A1, q1 = p1 − p + x); (A2, q2 = p2 − x); (A1 :: A2, q3 = p)},

one can see easily that q1 takes all values in [0; p1 + p2] and q2 in [0; p1 + p2] with,
in addition, q1 + q2 + q3 = p1 + p2. Consequently, cut without creation from such
{(A1, q1); (A2, q2); (A1 :: A2, q3)} can reach the initial state. We can verify that this
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point is true for all transitions given in the three former arrays while enumerating all
possible transitions.

If we then denote by ρF,P the uniform measure among reachable sets from (F, P )
using T , and by q((F, P ), .) the density of proposition law Q0 defined in section 4.1.1,
we naturally obtain that (A1) and (A2) are true.

We now study assumption (A3). Denote first (F1, P1) as a weighted forest and
(F2, P2) as reachable from (F1, P1) using T . We must compare mF1(dP1)ψF1,F2(P1,
dP2) with mF2

(dP2)ψF2,F1
(P2, dP1). We must then number all transitions of T and

verify the symmetrical relation. This point is more or less complicated according
to the relation considered. For instance, take again the case of budding without
creation (remember that mF1 is the Lebesgue measure defined on the simplex SF1),
and denote by N the length of vector P1 = (p1, p2, . . . , pN ). Without loss of generality,
we can suppose that we choose to bud trees 1 and 2 so that other weighted trees of
F1 remain unchanged. The length of P2 is consequently N + 1, and we have thus
P2 = (q1, q2, . . . qN , qN+1).

Hence, to one side we have

mF1(dP1)ψF1,F2
(P1, dP2) =

N∏
i=1

mF1(dpi) ⊗
N∏
i=3

1lpi
(qi) ⊗ UXp1,p2 (q1, q2, qN+1),

and ψF1,F2(P1, .) is a Dirac for all coordinates in P1 which are not modified by the
bud and

Xp1,p2 =
{
(a, b, c) ∈ R

3
+ | a + b + c = p1 + p2

}
.

On the other hand, we can equally write the transition measure

mF2
(dP2)ψF2,F1

(P2, dP1) =

N+1∏
i=1

mF2
(dqi) ⊗

N∏
i=3

1lqi(pi) ⊗ UXq1,q2,qN+1 (p1, p2).

The symmetrical claim is satisfied since, for all measurable functions f on SF1
×SF2

,〈
mF1(dP1)ψF1,F2

(P1, dP2); f
〉

=

∫∫
SF1
×SF2

f(p1, . . . , pN , q1, . . . , qN+1)mF1(dP1)ψF1,F2(P1, dP2)

=

∫ N∏
i=1

dpi

∫ p1+p2

0

dp

∫ p2

p−p1

dxf(P1, p1−p+x, p2−x, p3, . . . , pN , p)

=

∫ N+1∏
i=1

dqi

∫ q1+qN+1

−q2
dx

∫ q2+x

q1+qN+1−x
f(P2, q1+p−x, q2+x, q3, . . . , qN )

=
〈
mF2

(dP2)ψF2,F1
(P2, dP1); f

〉
.

A similar change of variables can be done for all other types of transitions of T , and
we can conclude that the symmetrical assumption (A3) is also true.

4.3. Decision steps of the Markovian dynamic of jumps. Taking a jump
time tj and any state of our process (Ftj ,Ptj ), we use rules taken from T to modify
Ftj and Ptj to Ftj+dt and Ptj+dt. There are exactly three steps for the choice of which
transition of T is applied.
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Step 1. We first choose which kind of transition is proposed in T (bud, cut, sup-
pression, or rebirth) according to the probability distribution specified in the
last columns of arrays of section 4.2.

Step 2. When the rule is chosen, select the trees to which the rule is applied. One
can make this decision regardless of whether it is dependent on Ptj . The
simpler method is to choose uniformly among all trees in Ftj or in F0\Ftj

.

Step 3. Accept (or not) the transition according to a differential energy criterion,

Q((Ftj ,Ptj ); (F, P )) = min
(
1, eE(Ftj

,Ptj
)−E(F,P ) ×R

)
,(7)

where

R =
Q0((F, P ); (Ftj ,Ptj ))q((F, P ); (Ftj ,Ptj ))

Q0((Ftj ,Ptj ); (F, P ))q((Ftj ,Ptj ); (F, P ))
.

The computation of the first step is easy with a discrete probability distribution
on the rules constituting T . At Step 2, the choice of which trees to apply the rule
can depend on the distribution Ptj . The main idea is to favor trees with high prob-
ability for budding and low probability for cuts. Trees selected for rebirth are chosen
uniformly in the feature space F0 \ Ftj . More details can be found in [17].

5. Existence of the jump-diffusion process. From the beginning of this
section, special attention will be dedicated to the indexing of our random processes.
They will be described first (up to and including section 6) using a continuous setting
(Ft,Pt), which looks somewhat artificial since in section 7 the algorithm works in
a discrete framework with (Fn,Pn). Morevover, the description of the continuous
setup will be much more complicated than the discretized one mainly owing to the
projection term in the set of probability distributions.

Actually, the asymptotic behavior of the Markov chain (Fn,Pn) will be presented
following a classical scheme of compactness/identification. The compactness is studied
in section 7, although the identification of the stationary measure in section 7 will
critically use uniqueness of the stationary measure for the continuous process. Thus,
the heavy use of the Skorokhod map is highly motivated by this asymptotic study
since the identification of the stationary measure is easily deduced from the Markov
generator of the process. Since we will need this continuous approach for this last
identification, we directly describe the learning process in a continuous setting. Lastly,
the weak limit of our discrete Markov chain will be the continuous reflected jump
diffusion, and the description of this last process will need the Skorokhod map.

But the Skorokhod map can be skipped to intuitively make the understanding
easier in this section, and one can replace the continuous processes by the discretized
ones using a simple convex projection to keep Pn in a set of probability measures.

5.1. Existence of the reflected diffusion between jump times. We work
in this section with fixed Ft = F of size S and discuss the existence of a Markovian
reflected diffusion process which drives the evolution in the absence of jumps:

(8) dPt = − ∇︸︷︷︸
(=∇F )

Eerr(Pt)dt + σdWt + dZt.

The construction of solutions of (8) relies on the Skorokhod map Γ associated to SF

and a set of unit vectors dc(x) for all x on the boundary ∂SF . This map associates
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Fig. 1. Directions of reflection vectors for x in ∂SF .

to any càdlàg trajectory a constrained càdlàg trajectory that satisfies some boundary
conditions based on dc(.). We refer to [12] and [13] for further precise technical
definitions on this construction. For the sake of completeness, we provide only the
constraint vectors we used. The important fact is thus that Γ will exist and define a
Lipschitz function on càdlàg trajectories.

Definition 5.1 (directions of constraints dc(.)). We call −→ni the unit vectors
belonging to the hyperplane supporting SF that normally enter the ith face of the
simplex. The directions of constraints are given by

∀x ∈ ∂SF , dc(x) =

⎧⎨
⎩γ =

∑
i | xi=0

αi
−→ni | αi ≥ 0, ‖γ‖ = 1

⎫⎬
⎭ .

These directions of reflection on ∂SF can be expressed easily in a different way
as follows.

Proposition 5.2 (directions of constraints dc(.)). For any point x in ∂SF ,
vectors dc(x) coincide exactly with the sets of unit vectors:

dc(x) = {−→γ with ‖−→γ ‖2 = 1 | ∃ y ∈ HF y − πF (y) = αγ, α ≤ 0, x = πF (y)} ,

where πF is the natural convex projection on the simplex SF .

Figure 1 summarizes this natural property. One can remark that directions dc(x)
are strongly connected to convex projections on SF : they correspond exactly to the
unitary vectors that can be used to project any exterior point to SF . In stochastic
approximation algorithms, it is the usual way of introducing convex constraints. This
yields a set of possible callback vectors shown in Figure 1.

The Skorokhod map allows us to formalize the reflected diffusion (8) as a system
of integral equations:⎧⎨

⎩ Xt = P0 −
∫ t

0

∇Eerr(Ps)ds + σdW (s),

Pt = Γ(X)t.
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This system is equivalent to the stochastic differential equation (8) [3, 12]. Strong
(and obviously weak) existence and uniqueness of such an integral system is standard
using a fixed point method [30], Lipschitz regularity of Γ, and Lipschitz continuity
of the drift ∇Eerr. Indeed, for ω ∈ F k and δ ∈ F , denote by C(ω, δ) the number of
occurences of δ in ω:

C(ω, δ) = |{i ∈ {1, . . . , k} | ωi = δ}| .

Since the drift term is polynomial in variables P (δ), it is obviously Lipschitz contin-
uous. Its exact expression is for any P ∈ SF ; then

(9) ∀δ ∈ F, ∇PEerr(δ) =
∑
ω∈Fk

C(ω, δ)P⊗k(ω)

P (δ)
g(ω).

We can thus infer the following result.
Theorem 5.3 (existence and uniqueness of (8)). Let (Ω, T , Q) be a probability

space with an increasing filtration Tt, let Wt be standard Brownian motion on R
|F|,

and let P be a random variable T0-measurable. Then there exists a unique pair (Pt, Zt)
Tt-measurable satisfying (8) with

1.

∀T > 0, |ZT | < +∞ TT -a.s.

2.

∀t ≥ 0, |Z|t =

∫ t

0

1l
Ps∈∂SF

d|Z|s.

3.

∀t ≥ 0, dZt ∈ dc(Pt).
Proof. See [30, Chapter 5].

5.2. Existence of the complete process. Since the jump time is a Poisson
process independent of the rest, the previous result, combined with the Markov tran-
sitions at jump times, trivially implies the existence and uniqueness of the complete
jump-diffusion process. An example of the evolution of such a stochastic process is
summarized in Figure 2 using a sequence of four different simplices and jumping times.
Each simplex corresponds to a features space while the a.s. continuous trajectory
points to the evolution of our extraction method Ps. We represent here one reflection
on SFts2

and several jumps between several (i.e., 4) simplices. Note that if it is pos-

sible to jump from SFts2
to SFts3

, it is equally possible to jump from SFts3
to SFts2

(weak reversibility).
We will denote by Φ the stationary solution of the stochastic differential equation

of the reflected jump diffusion based on reflected diffusion on each simplex and jumps
between subspaces of features. This solution is defined as follows.

Definition 5.4 (stationary solution Φ). Let (Ω, T , Q) be a probability space

with an increasing filtration Tt. Let (Wt)t≥0 be a standard Brownian motion on R
|F�|

and (Nt)t≥0 be a Poisson jump process, both adapted to filtration T . Suppose likewise
that W and N are independent. We call Φ = (P,F) the stationary solution of the
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Fig. 2. General form of the stochastic jump-diffusion process.

stochastic differential equation with jumps:

d

(
Pt

Ft

)
= −

(
∇FtE(Pt)dt + ΣFtdWt + dZt

0

)

+

∫
F⊂F�,P∈SF

Q

[(
Ft

Pt

)
;

(
F
P

)]
N

(
d

(
P

F

)
; dt

)
.

6. Dynamical properties of the algorithm. In this section, we briefly sum-
marize the dynamical properties of the unique solution of the reflected jump-diffusion
process. Our goal is to prove that the process is positive recurrent with a unique
stationary measure, given by the the density

(10) μ(F, P ) =
e−E(F,P )

Z
,

with respect to the measure on PF� × SF� ,

m =
∑

F⊂F�

1lF ⊗mF .

We first give the expression of the infinitesimal generator of the process, then establish
that (Ps, Xs)s≥0 is positive recurrent and prove that its stationary measure is the
Gibbs field μ associated to E .
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6.1. Infinitesimal generator of (Fs, Ps)s≥0. Our Markov process is a com-
bination of a reflected diffusion process and a jump process. A generic function on
P(F�) × SF� can be decomposed as

f(F, P ) =
∑

F ′⊂F�

1lF ′(F )fF ′(P ).

The generator A of this process can be decomposed into a diffusion part and a
jump part, yielding Af = Adf + Ajf , with

Adf(P, F ) = −〈∇F
PEerr|∇F

P fF 〉 +
1

2
ΔF fF (x)

and

Ajf(P, F ) =

∫
P(F�)×S

F�

[fF ′(P ′) − fF (P )]Q [(F, P ), (F ′, P ′)] dm(F ′, P ′),

where Q is the transition probability at jump times.

6.2. Positive recurrence. The main result of this section uses the positive
definite nature of ΣF on HF and a result of [23, Theorem 1, section 7] ensuring a
positive recurrence of the reflected process (without any jump). For any reachable
simplex SF , the unique process solution of

dPt = −∇Eε(Pt)dt + σdWt + dZt

satisfies the following for all compact sets S ⊂ SF of nonnegative Lebesgue measure
λ(S) > 0 (if Pp is the probability of one event for which initialization of our process
is taken at point p):

(11) inf
p∈SF

Pp [τS ≤ 1] > 0,

where

τS = inf {t/Pt ∈ S} .

Equation (11) means that starting at any point p of simplex SF , one can reach S in
less time than with a probability strictly positive. This implies in particular (see [4,
Theorem 2.8]) the positive recurrence of (8) without a jump, and the existence of a
unique invariant measure. The extension of the results to the jump-diffusion process
now requires only the following fact. Denote

p
F,T

(S) = inf
p∈SF

Pp [τS ≤ T ]

for S ⊂ SF , where τS is the hitting time of S. We have the following result.
Corollary 6.1.

pF,T (S) > 0,

and the general reflected process with jumps is positive recurrent.
Proof. The jumps have been designed so that there exists an integer N such that

for any F and F ′, and for any P ∈ SF , the transition (F, P ) → F ′ in N steps has
a probability strictly larger than some positive constant, η. Since the probability of
making N jumps before T , and no other jump after, is strictly positive, the result is
a direct consequence of the positive recurrence of the process without a jump.
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6.3. Invariant measure of the process. Properties of the invariant measure
can be inferred from the positive recurrence of (Pt,Ft)t≥0. First, note that for any
initialization (P0,F0) of the process, the family of occupation measures (μt)t≥0, de-
fined by

μt(A) =
1

t

∫ t

0

P(P0,F0) [(Ps,Fs) ∈ A] ds,

is tight and any weak limit is an invariant measure of (Pt, Xt)t≥0 since the process is
Feller–Markov. Uniqueness is derived from the nondegeneracy of the diffusion of the
process into each simplex and the weak reversibility between each simplex of (Pt,Ft).
Identification of this measure from the characterization of [14] is used, for example,
in [29].

We use here the well-posedness of the associated martingale problem. Define first
the core of this generator as

D =

⎧⎨
⎩f =

∑
F⊂F�

1lSF (P )fF (P ) | ∀F ⊂ F � ∀P ∈ ∂SF ∇fF (P ) = 0

⎫⎬
⎭ .

We start noticing that for any function in D, the mean effect of generator A with
distribution μ given by (10) is null.

Proposition 6.2. Assume f is an element of D; then we have∫
Afdμ = 0.

Proof. This result is proved by integration by parts, using the Neumann conditions
on each simplex SF , where F ⊂ F�, the Ostrogradski formula, and the stability
equation on the transition acceptance threshold (7). Similar arguments can be found
in [29].

We are now able to prove the next theorem.
Theorem 6.3. The Gibbs field μ given by (10) is the unique invariant measure

of the global reflected jump-diffusion process, and the martingale problem associated
to A on D is well-posed.

Proof. We first apply Echeverria’s theorem (see [14, Theorem 9.17, Chapter 9]) to
show that μ is stationary. Denote by E the compact set {(F, P ) F ⊂ F�, P ∈ SF };
note first that D is dense in C(E) by the Uryshon lemma applied in each simplex SF .
Now, A satisfies the positive maximum principle on D (A is a classical jump-diffusion
generator) and the measure μ satisfies

∀f ∈ D,

∫
E

Afdμ = 0.

Consequently μ is stationary for A. Since A satisfies the maximum principle, A is
dissipative on C(E) and E is separable. Denote then by ν a measure on E; we can
apply the result of [14, Theorem 4.1, Chapter 4] to conclude that uniqueness holds
for the martingale problem (A, ν) and every solution of the martingale problem is
Markov. The martingale problem is well-posed on C(E), every solution of the mar-
tingale problem is a weak solution of the stochastic differential equation of jump
diffusion, and μ is the unique stationary distribution of (Ft,Pt).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

FEATURE SELECTION WITH JUMP DIFFUSION 921

7. Stochastic approximations. We now address the computational part of
the algorithm, which is not trivial because the drift term involves a sum over an
untractable number of terms. Fortunately, this sum can be interpreted as an expec-
tation, which allows us to replace it by a stochastic approximation of Robbins–Monro
type. Before passing to the drift term, we first address the time discretization issues.

7.1. Time discretization. To solve (8), we use a time discretization scheme
with a discretization step α,

∀n ∈ N, Pn+1 = Pn − α∇FEerr(Pn) +
√
α
√
σdξn + dzn,

where dξn is a centered normal |F| dimensional vector and dzn is the smaller vector
that is added to make Pn+1 ∈ SF . In other words,

∀n ∈ N, Pn+1 = πF
(
Pn − α∇FEerr(Pn) +

√
α
√
σdξn

)
.

However, the computational issue comes from the gradient of Eerr, given in (9),
which requires a sum over all ω in Fp. This is an untractable sum, since |F| is
typically thousands and p hundreds. However, it can be replaced by the stochastic
approximation defined in the next section.

7.2. Stochastic differential equation method for approximation. Stochas-
tic approximation can be seen as noisy discretizations of stochastic differential equa-
tions ([26]). They are generally expressed under the form

(12) Xn+1 = Xn + αnF (Xn, ζn+1) +
√
αn

√
σξn + αnzn + α2

nTn,

where Xn is the current state of the process, ζn+1 a random perturbation, ξn a
random perturbation of known distribution, zn a random variable designed to ensure
the constraints, and Tn a secondary error term. If the distribution of ζn+1 depends
only on the current value of Xn, then one defines an average drift X �→ G(X) by

G(X) = E[F (X, ζ)|X],

and (12) can be shown to evolve similarly to the stochastic differential equation:
dXt = G(X)dt+

√
σdwt+dzt, in the sense that the trajectories coincide when (εn)n∈N

goes to 0 (a more precise statement is given below).
To implement our reflected diffusion equations (8) in this framework, we need to

design a random variable dn (identified as F (Xn, ζn) in (12)) such that

(13) E [dn] = −∇FEerr(Pn) = −Π−−→HF
[∇Eerr(Pn)] ,

where Π−−→HF
is the vectorial projection on the hyperplane supporting SF . We will then

define

Pn+1 = Pn − αndn +
√
αn

√
σξn + dzn = πF

(
Pn − αndn +

√
αn

√
σξn

)
.

From (9), we obtain

∇Eerr(P)(δ) = E
P⊗k

[
C(ω, δ)g(ω)

P(δ)

]
.

Using the linearity of the projection Π−−→HF
, we get

Π−−→HF
(∇E(P)) (δ) = E

P⊗k

[
Π−−→HF

(
C(ω, .)g(ω)

P(.)

)
(δ)

]
.
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Consequently, following (13), it is now natural to define the approximation term of
the reflected diffusion (8) by

dn(δ) = Π−−→HF

(
C(ωn, .)

Pn(.)

)
(δ),

where the set of k features ωn is a random variable extracted from F with law P
⊗k
n .

This results in the following numerical simulation scheme:
1. Step 0: Initialization: Set P0 = UF .
2. Step n: Draw a sample ωn in Fk with respect to P

⊗k
n .

3. Step n: Compute g(ωn).
4. Step n: Update Pn+1 with

Pn+1 = πF

(
Pn − αn

[
C(ωn, .)

Pn

]
+
√
αn

√
σdξn

)
(14)

= Pn − αn

[
C(ωn, .)

Pn

]
+
√
αn

√
σdξn + dzn,

where −αnC(ωn, .)/Pn is the approximated value of −∇Eerr(Pn) and dξn is
a centered normal |F| dimensional vector.

To simulate the stochastic approximation of the jump-diffusion algorithm, (14)
must be combined with transitions of (F ,P) at jump times. This results in the
following new complete scheme:

1. Step 0: Initialization: Set P0 = UF0
. Sample the first jumping time t1 with

an exponential distribution, set t = 0, and set n = 0.
2. Step j (j ≥ 1): While t < tj , run the previous discretization scheme (for the

reflected diffusion), t being iteratively computed by t = α0 + · · · + αn.
3. When t > tj : Update Ft and Pt according to the Markov transition rules.
4. Compute the next jump time with tj+1 by adding an exponential variable to

tj and return to 2.

7.3. Weak convergence of the numerical scheme. In the following para-
graphs, we will define (Pn(t)t≥0)n∈N as a sequence of continuous processes that inter-
polates the behavior of the discrete sequence of (Pn)n∈N.

7.3.1. Interpolated approximations. Following classic notation of [26], we
set up the time parameter τn as

τn =
∑
i≤n

αi,

and set up the map m permitting the association of continuous time and discrete
iteration as

m(t) = sup
τn≤t

{n ∈ N} .

Given that the jth jump occurs at time νj , we construct its values according to the
distribution Q((Fνj−,Pνj−), .) to obtain (Fνj ,Pνj ). It is thus possible to define the
discrete jump term in the discrete case as

qj = Pm(νj)+1 − Pm(νj),
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which corresponds to the term we add to compute the jump from νj− to νj .
We now define the sequence of right continuous interpolation processes (Pn(t))t≥0

initialized at Pn.
Definition 7.1 (processes (Pn(.), Y n(.),Wn(.), Zn(.))n∈N). We define the pro-

cesses (Pn, Y n,Wn, Zn) valued in R
F�

by

∀n ∈ N, ∀t ∈ R+, Y n(t) =

m(τn+t)∑
i=n

αiyi,

where the term yi satisfies

∀δ ∈ F , yi(δ) = −C(ωi, δ)g(ωi)

Pi(δ)
if Pi(δ) �= 0 and yi(δ) = 0 if Pi(δ) = 0.

Likewise, we define

Wn(t) =

m(τn+t)∑
i=n

√
αidξi,

where dξi is considered as an element of R
F�

,

Zn(t) =

m(τn+t)∑
i=n

dzi.

Finally,

P
n(t) = Pn + Y n(t) + Wn(t) + Zn(t) +

∑
τn≤νj≤τn+t

qj .

With these definitions, it is obvious that P
n is a process on SF� , which is right

continuous with left limits (in the space D of càdlàg trajectories). To get theoretical
convergence results on these sequence of processes, we will now classically choose (αn)
such that

∑
αi = ∞ and

∑
α2
i < ∞ (see [5], [26], for instance).

7.3.2. Convergence of (Pn, Y n,Wn, Zn)n∈N. We will show that the family
of processes (Pn(.), Y n(.),Wn(.), Zn(.))n∈N is weakly compact in the space D. The
associated topology on this space is derived from the Skorokhod distance [6], [26] and
we consider weak convergence of trajectories of D([0;∞[).

Theorem 7.2. The processes (Pn, Zn)n∈N, which are stepwise constant, weakly
converge toward the unique invariant solution of the stochastic differential equation
without jumps and (Pn,Fn)n∈N converges toward the stationary measure μ.

The proof of Theorem 7.2 includes three steps: First, prove the tightness of the
family (Pn, Y n,Wn, Zn)n∈N, then identify the unique possible weak limit, and finally
show the convergence toward the stationary measure μ.

7.3.3. Tightness. To show tightness, we use the following criterion.
Theorem 7.3 (see [26], [6]). Let Xn be a sequence in D; (Xn)n∈N is tight iff
1. for any time T and ε > 0, there exist an integer n0 and a real K satisfying

(15) ∀n ≥ n0, P

[
sup
t≤T

|Xn(t)| ≥ K

]
≤ ε.
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924 SÉBASTIEN GADAT

2.

(16) ∀ε > 0, lim
δ �→0

lim sup
n

P [w′Xn(δ) ≥ ε] = 0.

We establish successively (15) and (16) for our family of processes (Pn, Y n,Wn,
Zn)n∈N. The next proposition shows that (15) is true for (Pn, Y n,Wn, Zn)n∈N and
consequently guarantees the tightness of the family (Pn, Y n,Wn, Zn)n∈N.

Proposition 7.4. The sequence of processes (Pn, Y n,Wn, Zn)n∈N satisfies (15).
Proof. The result is obvious for P

n, since it is compactly supported. To get the
result for (Y n)n∈N, we define the sequence ỹn as

ỹn = yn − EPn [yn]︸ ︷︷ ︸
=hn

.

Fix any real time T and a real number ε > 0. We define the sequence of processes

Ỹ n(t) =

m(τn+t)∑
i=n

αiỹi.

Since EPn [yn] is bounded by M , the first tightness criterion is true for processes Hn:

Hn(t) =

m(τn+t)∑
i=n

αihi,

and we study the sequence of (Ỹ n)n∈N. Now the sum Mn
p given by

Mn
p =

n+p∑
i=n

αiỹi

is a martingale for the filtration generated by F
n
p = σ(Pi, ξi, wi−1, i ≤ n+ p). We can

use Doob’s inequality to show that

P

(
sup
q≤p

|Mn
q | > K

)
≤ 1

K
E
(
|Mn

p |
)
.

Now,

E
(
|Mn

p |
)
≤

p∑
i=n

αiE[|ỹi|] ≤ sup
i

E[|ỹi|]
p∑

i=n

αi.

Finally, E[|ỹi|] = E (E[|ỹi||Fn
i ]), and E[|ỹi||Fn

i ] is bounded by 2M . We have
∑p

i=n αi ≤
T and we can deduce from these upper-bounds that

lim
K �→∞

P

(
sup
q≤p

|Mn
q | > K

)
= 0.

The fact that

lim
K �→∞

sup
n∈N

P

[
sup
t≤T

|Wn(t)| ≥ K

]
= 0
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is standard and can be found in [26], [17]. Finally, since Zn = P
n−Y n−Wn, (Zn)n∈N

obviously satisfies (15).
We must now establish condition (16) to achieve tightness of (Pn, Y n,Wn, Zn)n∈N.
Proposition 7.5 (condition (16)). Each of the processes (Pn, Y n,Wn, Zn)n∈N

satisfies (16).
Proof. We first establish (16) for (Y n)n∈N. Note that

E [Y n(t + s) − Y n(t)] =

m(τn+t+s)∑
i=m(τn+t)

αiE
[
E
[
yi|Fi

0

]]
.

Then, use the fact that the expectations of yk are bounded by M to obtain

E [|Y n(t + s) − Y n(t)|] ≤ Ms.

We thus conclude that (16) is true for (Y n)n∈N using the Markov inequality. The
argument is standard to get a similar result for (Wn)n∈N by Doob’s inequality (see
[26]). The jump component involved by terms qj defines also a sequence of processes:

Jn(t) =
∑

τn≤νj≤τn+t

qj .

Inequality (16) for (Jn)n∈N is here clearly satisfied since jumps occur exponentially
as each term qj is bounded. Consequently, we have

lim sup
n

P [w′Jn(δ) ≥ ε] = o(δ).

To deal with the processes (Zn)n∈N, it is important to note that

|Zn(t + s) − Zn(t)| ≤ C

m(τn+t+s)∑
i=m(τn+t)

|αiyi +
√
αidξi|,

since

(17) |zi| ≤ C|αiyi +
√
αidξi|.

Using inequality (16) for (Y n)n∈N and (Wn)n∈N, and (17), we obtain the second
tightness inequality needed on the processes (Zn)n∈N. The conclusion is immediate
for (Pn)n∈N.
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7.3.4. Proof of Theorem 7.2. We end the proof of Theorem 7.2 using com-
pactness of the trajectories. Note first that if (Pn, Y n,Wn, Zn) is weakly convergent
toward (P, Y,W,Z), then (P, Y,W,Z) is a solution of the reflected jump diffusion Φ
initialized to the weak limit of (Pn(0), Y n(0),Wn(0), Zn(0)) using the same argument
of [26, Theorem 2.3].

While replacing (Pn,Fn) by P
n and taking any sequence extracted from (Pn)n∈N,

we note (Nk)k∈N this extraction procedure and show that (PNk)k∈N is weakly conver-
gent to the unique invariant measure μ. Denote by ν∞ the weak limit of (PNk(0))k∈N;
it is then sufficient to show that for any measurable function φ,

Eν∞φ = Eμφ.

Denote by P t
ν the law of our process at time t initialized by measure ν, since μ is the

unique stationary measure we have for any compact set of measures K:

(18) ∀ν ∈ K ∀ε > 0, ∃T > 0 ∀t ≥ T,
∣∣∣ ∫ φ(y)dP t

ν −
∫

φ(y)dμ(y)
∣∣∣ ≤ ε.

Taking ε strictly positive and applying (18) to the family of measures K formed
by the law of (PNk)k∈N, which is tight and thus compact, we find T such that

∀t ≥ T,
∣∣∣ ∫ φ(y)dP t

ν −
∫

φ(y)dμ(y)
∣∣∣ ≤ ε.

Now, if ν′∞ is the weak limit of the sequence of processes (PNk(. − T ))k∈N, which is
also the weak limit of (P(τNk

− T ))k∈N
, we have

∣∣∣ ∫ φ(y)dν∞(y) −
∫

φ(y)dμ(y)
∣∣∣ ≤ ∣∣∣ ∫ φ(y)dν∞(y) − E [φ (P(τNk

))]
∣∣∣

+
∣∣∣E [φ (P(τNk

))] −
∫

φ(y)dPT
ν′
∞

(y)
∣∣∣

+
∣∣∣ ∫ φ(y)dPT

ν′
∞

(y) −
∫

φ(y)dμ(y)
∣∣∣.

Making Nk �−→ ∞, then τNk
�−→ ∞, and under our hypotheses on T , ν∞, and ν′∞,

we obtain ∣∣∣ ∫ φ(y)dν∞(y) −
∫

φ(y)dμ(y)
∣∣∣ ≤ ε.

Finally, we conclude that ν∞ = μ and this fact ensures that (Pn)n∈N and (Pn(0))n∈N

weakly converge toward μ.

8. Experiments. We present here three experiments. The first one is a syn-
thetic mixture model, and we compare our result with standard algorithms. The
other databases are real problems on image processing and microarray data. In
these last two cases, we use Fisher rule selection, random forest selection (see [8]),
foward/backward selection, and OFW (optimal feature weighting) (see [18]) to draw
comparisons with our method. In each of these cases, the number of selected features
is computed using an internal cross-validation step.
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8.1. Synthetic data.

8.1.1. Description of the database. We first test our algorithm on a simple
synthetic example. We consider f = 100 ternary variables (|F| = 100) and three
classes (similar results can be obtained with more classes and variables). We let
I ∈ {−1; 0; 1}100 and let G be a subset of F . We define the probability distribution
μ( ;G) on I to be the one for which all Xj in G are independent, Xj(I) follows a
uniform distribution on {−1; 0; 1} if Xj �∈ G, and Xj(I) = 1 if Xj ∈ G. We model
each class by a mixture of such a distribution, including a small proportion of noise.
More precisely, for a class Ci, i = 1, 2, 3, we define

μi(I) =
q

3

(
μ(I;G1

i ) + μ(I;G2
i ) + μ(I;G3

i )
)

+ (1 − q)μ(I; ∅),

with q = 0.9 and

G1
1 = {X1;X3;X5;X7}, G2

1 = {X1;X5}, G3
1 = {X3;X7},

G1
2 = {X2;X4;X6;X8}, G2

2 = {X2;X4}, G3
2 = {X6;X8},

G1
3 = {X1;X4;X8;X9}, G2

3 = {X1;X8}, G3
3 = {X4;X9}.

We sample with this mixture model enough data to obtain well-conditioned sta-
tistical problems. We expect our learning algorithm to put large weights on features
that compose the sets Gj

i and to filter out the other noisy ones. The algorithm A we
use in this case is a p nearest neighbor classification algorithm, with distance given
by

d(I1, I2) =
∑
j

1l
Xj(I1)�=Xj(I2)

.

This synthetic example is interesting because it makes it possible to compute the
exact gradient of E for small values of M and k = |ω|. See [17] and [18] for more
details on this experiment when the set of features is fixed.

8.1.2. Results and comparisons with existing methods.
OFW and jump algorithm. We compare first the reflected diffusion (OFW of [18])

with our jump algorithm. Performances obtained with the jump algorithm are better
than the ones without any jump as shown in Figure 3. The trees constructed by
our algorithm are deeper than elementary ones since the mean depth achieved by our
algorithm is 3. We compute the mean occupation measure of each tree in the process
Ft as

μt(A) =
1

t

∫ t

0

1lA∈Fts
ds.

We can then infer from this measure the importance of a tree while looking at the
real numbers μt(A). We rank the nodes of these trees by decreasing importance of
μt(A) and we give the main roots detected by our algorithm below:

{X2;X4}, {X1;X5}, {X4;X9}, {X1;X8}, {X6;X8}, {X3;X7}, X1, X4, X8.

It is important to remark that the nodes selected by our jump-diffusion algorithm are
very similar to the sources Gj

i , while the favored nodes are those which are reusable
features.

One can, however, consider using standard feature selection techniques such as
anova coupled with the logistic regression method or the more recent random forests
feature selection.
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Fig. 3. Evolution of the mean error rate for the reflected diffusion (crosses) and the reflected
jump diffusion (dashed line).

Backward selection, random forest, and Fisher selection. We run first a ternary
(three classes) logistic regression coupled with a backward selection based on the
anova criterion. In this particular case, the selected features cannot be composed
and interactions with features are completely missed. We logically obtain the subset
of selected variables

{
X1;X2;X3;X4;X5;X6;X7;X8;X9

}
with small p-value. This

result is not surprising and is coherent with the selected features of the OFW [18]
(diffusion algorithm without the jump process). Note also that the selected features
here are the same while running the random forest selection method and we are
convinced that in this simple example, several other classical criteria, such as PLS
(partial least square method), AIC, etc., achieve the same result. Lastly, we remark
that we do not run a forward selection method with the logistic regression because of
the high number of features, which make this greedy method numerically costly.

Learning composition: The forward/backward selection. Next, we use the classi-
cal forward/backward selection method combined with logistic regression [21] since
other feature selection methods, such as random forest, do not provide any composed
features. In this very simple example (there are “only” 100 variables although typical
real applications will use thousands of variables), the computational time to run this
forward/backward selection is much more important (it takes several hours to stabi-
lize the model). In addition to each singleton Xi, we obtain all subsets Gj

i given in
the description of the way we construct our synthetic example.

Comparison. To conclude this section on the synthetic data, we observe that
many other feature selection algorithms achieve the identification of useful variables.

Only one of them (the forward/backward method coupled with detection of inter-
actions) can also compose features. This method has an important numerical cost. If
this method succeeds in locating the interactions between features, it does not provide
a selection as small as our method does.

Moreover, the main drawback in this framework is that the forward/backward
criterion can be performed only with a sufficiently large database (we need to have
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Fig. 4. Sample of images taken from [27] database.

more observations than initial number of variables). This point is very annoying
in some real applications such as microarray analysis, where standard situations are
described with thousands of variables for less than 100 observations.

Lastly, the forward/backward algorithm is dedicated only to very special classi-
fication algorithms such as logistic regression, although we can apply our approach
to every classification algorithm A. It is an important point too since there does not
exist a universal classifier that beats all other algorithms. It can thus be helpful to run
our meta-jump algorithm to the more appropriate A regarding the database which
is studied.

8.2. Face recognition.

8.2.1. Description of the database. We use in this section the face database
from [27], which contains 19×19 grayscale images. The elementary features in F0 are
simply edge detectors constructed by Amit and Geman in [2]. The initial number of
elementary features in F0 is nearly 2000. The number of observations in this database
is 7000 in the training set and 23,000 in the test set. Figure 4 presents some examples
of images taken in this database.

8.2.2. Results and comparisons.

OFW and jump algorithm. Efficiency of the reflected diffusion (OFW algorithm)
is already described in [18]. In this paper, our approach permits largely improved
error rates on the same datasets and we can easily give an interpretation of features
constructed by our jump-diffusion process. To illustrate these advantages, we can plot
first in Figures 5 and 6 the evolution of the number of trees selected by our algorithm
with time t.

The decreasing of the number of trees is consequently important since starting
with almost 2000 features, we reduce the amount of variables to below 800. Even
if this number seems to be strictly decreasing in Figure 5, this is not the case if we
“zoom” the evolution of the cardinal t �−→ |Ft|, as shown in Figure 6.

Moreover, by using a linear SVM and a voting procedure with the subsets ω(i)

extracted with the process Pt, we obtain a null false positive rate (images taken from
the font class are perfectly classified) and the global misclassification rate is improved
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Fig. 5. Evolution of the number of trees in the forest Ft with time for the face recognition
problem.
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Fig. 6. Microscopic evolution of the number of trees in the forest Ft for the faces experiment.

since we get 1.2% misclassified test samples using only 650 features (3.5% error rate
with the OFW approach without jump and the same amount of features).

Comparison with random forest, Fisher selection, and forward/backward selection.
Without features composition, the random forest classifier provides more than 1000
useful features and gives a general misclassification rate of 1%; note also that this rate
has been achieved using 1000 trees in the random forest. The Fisher selection method
combined with a linear SVM algorithm yields an error rate of 4% with a selection
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Fig. 7. Representation of the main aggregation of edge detectors selected by our process.

of more than 1000 features. Lastly, the logistic regression algorithm combined with
forward/backward selection and composition performs poorly (more than 1000 useful
features and 12% of misclassified signals). It seems here that the classifier A used
by the forward/backward (logistic regression) is not adequate for this database. This
illustrates the fact that it is important to have a meta-algorithm to select features in
order to apply any classifier which seems adapted to the problem. It is not the case
with the forward/backward selection method.

In this case, the better global misclassification rate is obtained using the random
forest selection method. Our method obtains good results too since only 1.2% of
signals are misclassified. Lastly, the selection obtained using our jump algorithm is
much more compact than the one obtained by random forest.

Selected features. We show in Figure 7 the main composition of edges selected by
our process of jump diffusion. The important fact is that complex features (as well
as elementary ones) are constructed and used by our algorithm. It is this point that
permits us to obtain the perfect false positive rate since these complex compositions
of features filter out the background images.

8.3. Leukemia microarray classification.

Description of the database. Finally, we benchmark our selection of features on
the standard leukemia cancer dataset available online from the NCI.2 Data are prepro-
cessed and transformed into a collection of 3859 genes of 72 leukemia samples. They
are divided into 47 samples of Acute Lymphoblastic Leukemia (ALL) and 25 sam-
ples of Acute Myeloblastic Leukemia (AML). As we cannot provide a simple meaning
of concatenation of real variables, we only permit suppression (S) and rebirth (R) of
some genes in Ft. As this database does not contain any train or test sets, we estimate
the misclassification rate using a tenfold cross-validation method. The cross-validation
method is a good way to estimate performances of our algorithm [7].

2National Cancer Institute, http://www.cancer.gov.
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Table 1

Rate of misclassified samples using several number of genes selected by our algorithm.

Number of genes OFW Reflected jump diffusion Random forest F-test
4-9 6.9% 4.8% 4% 5.5%

10-19 5.5% 4.3% 3.8% 4.2%
20-24 4.1% 2.1% 4.5% 4.1%
25-45 3.5% 0.9% 4.5% 4.8%

Comparison with random forest, Fisher selection, and forward/backward selection.
After a learning procedure, we then ranked genes by a decreasing importance criterion
based on the probability distribution Pt. For the jump-diffusion method, we do not
run a tenfold cross validation because of the time of computation needed by this
method, and we then employ a more simple three-fold cross validation.

We use for A a linear SVM classifier, and k = 100 genes are extracted at each
step. The evolution of the error rate all along our learning algorithm is shown in
Figure 8. We obtain in [9] interesting results on classification rates on this database
applying other algorithms such as CART to the OFW meta-algorithm.

We present in Table 1 results obtained using our jump process. We cannot run
here a logistic regression coupled with a forward/backward algorithm because of the
small number of signals in the database. The several selection methods used highlight
the good performance of our jump algorithm, comparing it to standard methods such
as Fisher tests.

Our results improve those referred to in [22], and the genes selected by our
algorithm are consistent with some of the genes selected in other works (such as
Zyxin in [11]). However, our selected features are nearly similar to those reported in
[19]. One can again note the improvement using the jump process (second and third
columns of Table 1).

Figure 9 represents the evolution of the number of genes selected at time t. In this
case, we note again the good dimensionality reduction that permits our algorithm.

Finally, we can extract from the set of variables the names of genes most selected
by our algorithm. We do not obtain exactly the same results for the 10 most important
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Fig. 9. Evolution of the number of trees in the forest Ft with iteration number n.

OFW Algorithm Reflected jump diffusion
CTSD Cathepsin D CTSD Cathepsin D

MPO Myeloperoxidase MPO Myeloperoxidase
MB-1 gene MB-1 gene

Catalase (EC 1.11.1.6) Catalase (EC 1.11.1.6)
PROTEASOME IOTA CHAIN Kazal-type serine proteinase

Zyxin PROTEASOME IOTA CHAIN
Terminal transferase mRNA VIL2 Villin 2
Kazal-type serine proteinase PRG1 Proteoglycan 1

CCND3 Cyclin D3 CD37 CD37 antigen
CD37 CD37 antigen HLA CLASS I HISTO. ANTIGEN

Fig. 10. Genes most selected by our algorithm.

genes listed in Figure 10 whether we use the OFW or the jump-diffusion approach.

9. Conclusion. From a theoretical point of view, we provide in this paper a
mathematical algorithm to select variables in a large amount of features dealing with
the general untractable problems using full data. This is not the case of filter methods
(forward/backward, for instance) that use a heuristic strategy to compose features,
and these methods are not useful in some situations. Our approach is based on a
jump-diffusion stochastic differential equation, where jumps are transitions between
spaces of features. We have seen that the structure of trees is convenient to deal
with Markov processes since this enables us to identify the dynamical structure of
our method. This method is highly motivated by real problems and we have shown
(Theorem 7.2) the “optimality” of our algorithm since it converges toward the unique
Gibbs field measure inferred from an energy E .

From a practical point of view, we have reached interesting results in real data such
as face recognition and microarray analysis, even if we do not perform any composition
rule with this last database. We have obtained similar results as other standard
methods on the synthetic example and have clearly overcome the forward/backward
algorithm in the face recognition problem, which is the only other method known to
permit features composition. On this last point, one can consider two hypotheses.
Either the selected features are not so good with the forward/backward strategy
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(it would be surprising) or (and it is the more likely) the classifier used after this
selection is powerless compared to the SVM used with our method. This stresses the
fact that our approach is usable with any classification algorithm: One can use for
A SVMs, linear discriminant analysis, random forests, etc., and it is well known that
at the moment there does not exist one algorithm which performs best on all pattern
recognition problems.

In a forthcoming paper, we will present several computational results on this algo-
rithm applied to several databases described by thousands of variables. Numerically,
it would be interesting to use our composition strategy with real variables (instead
of binary or ternary ones) since we have not used it on the leukemia database, for
instance.

Similarly, it would be useful to interpret the composition of real variables as a
process to learn a kernel for the SVM. We believe that using a Rademacher penalty
term in energy E will improve the generalization ability of the algorithm and could
permit us to obtain Oracle’s inequality. Another improvement can be made using a
simulated annealing strategy to fix the selected features to a deterministic version in
the end of the algorithm.
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age, Thèse de l’École Normale Supérieure de Cachan, 2004.
[18] S. Gadat and L. Younes, A stochastic algorithm for feature selection in pattern recognition,

J. Mach. Learn. Res., 8 (2007), pp. 509–547.
[19] D. Geman, C. d’Avignon, D. Naiman, and R. Winslow, Classifying gene expression profiles

from pairwise MRNA comparisons, Statistical Applications in Genetics and Molecular
Biology, 3 (2004), article 19.

[20] D. Geman and B. Jedynak, Model-based classification trees, IEEE Trans. Inform. Theory, 47
(2001), pp. 1075–1082.

[21] A. S. Goldberger and D. B. Jochems, Note on stepwise least squares, J. Amer. Statist.
Assoc., 56 (1961), pp. 105–110.

[22] T. R. Golub, D. K. Slonim, P. Tamazyo, C. Huard, M. Gaasenbeek, J. P. Mesirov,

H. Coller, M. L. Loh, J. R. Downing, M. A. Caligiuri, C. D. Bloomfield, and E. S.

Lander, Molecular classification of cancer: Class discovery and class prediction by gene
expression monitoring, Science, 286 (1999), pp. 531– 537.

[23] J. M. Harrison and R. J. Williams, Brownian models of feedforward queueing networks:
Quasireversibility and product form solutions, Ann. Appl. Probab., 2 (1992), pp. 263–293.
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STABILITY ANALYSIS OF SWITCHED TIME DELAY SYSTEMS∗
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Abstract. This paper addresses the asymptotic stability of switched time delay systems with
heterogeneous time invariant time delays. Piecewise Lyapunov–Razumikhin functions are introduced
for the switching candidate systems to investigate the stability in the presence of an infinite number
of switchings. We provide sufficient conditions in terms of the minimum dwell time to guarantee
asymptotic stability under the assumptions that each switching candidate is delay-independently or
delay-dependently stable. Conservatism analysis is also provided by comparing with the dwell time
conditions for switched delay-free systems. Finally, a numerical example is given to validate the
results.
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1. Introduction. Switching control offers a new look into the design of complex
control systems (e.g., nonlinear systems, parameter varying systems, and uncertain
systems) [1, 8, 9, 19, 21, 27]. Unlike the conventional adaptive control techniques that
rely on continuous tuning, the switching control method updates the controller pa-
rameters in a discrete fashion based on the switching logic. The resulting closed-loop
systems have hybrid behaviors (e.g., continuous dynamics, discrete time dynamics,
and jump phenomena). One of the most challenging issues in the area of hybrid sys-
tems is the stability analysis in the presence of control switching. We refer to [9] for
a general review on switching control methods.

In particular, we are interested in the stability analysis of switched time delay sys-
tems. In fact, time delay systems are ubiquitous in chemical processes, aerodynamics,
and communication networks [3, 14]. To further complicate the situation, the time
delays are usually time varying and uncertain [24, 26]. It has been shown that robust
H∞ controllers can be designed for such infinite-dimensional plants, where robustness
can be guaranteed within some uncertainty bounds [4]. In order to incorporate a
larger operating range or better robustness, controller switching can be introduced,
which results in switched closed-loop systems with time delays. For delay-free sys-
tems, stability analysis and design methodology have been investigated recently in the
framework of hybrid dynamical systems [1, 2, 8, 11, 19, 21, 25]. In particular, [21] pro-
vided sufficient conditions on the stability of the switching control systems based on
Filippov solutions to discontinuous differential equations and Lyapunov functionals;
[19] proposed a dwell-time-based switching control, where a sufficiently large dwell
time can guarantee system stability. A more flexible result was obtained in [10],
where the average dwell time was introduced for switching control. In [25] the results
of [10] were extended to linear parameter varying (LPV) systems. LaSalle’s invariance
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principle was extended to a class of switched linear systems for stability analysis [8].
Despite the variety and significance of the many results on hybrid system stability,
stability of switched time delay systems hasn’t been adequately addressed due to the
general difficulty of infinite-dimensional systems [7].

Two important approaches in the stability analysis of time delay systems are
the (1) Lyapunov–Krasovskii method and (2) Lyapunov–Razumikhin method [6, 20].
Various sufficient conditions with respect to the stability of time delay systems have
been given using Riccati-type inequalities or linear matrix inequalities (LMIs) [3, 12,
14, 24]. Meanwhile, stability analysis in the presence of switching has been discussed
in some recent works [16, 18, 22]. In [18] stability and stabilizability were discussed for
discrete time switched time delay systems; [16] considered a similar stability problem
in a continuous time domain. Note that [18] and [16] produce trajectory-dependent
results without taking admissible switching signals into consideration.

The main contribution of this paper is a collection of results on the trajectory-
independent stability of continuous time switched time delay systems using piecewise
Lyapunov–Razumikhin functions. The dwell time of the switching signals is construc-
tively given, which guarantees asymptotic stability for the delay-independent case and
the delay-dependent case, respectively. Note that the asymptotic stability of finite-
dimensional linear systems indicates exponential stability, while this is not the case
for infinite-dimensional systems [7, 15]. This poses the key challenge in the analysis of
switched time delay systems, where we do not assume exponential convergence of the
switching candidates, as opposed to most of the results in the literature [8, 10, 17, 19].

The paper is organized as follows. The problem is defined in section 2. In sec-
tion 3, the main results on the stability of switched time delay systems are presented
in terms of the dwell time of the switching signals. Conservatism analysis is provided
by comparing with the dwell-time conditions for switching delay-free systems in sec-
tion 4. The results are illustrated with a numerical example in section 5, followed by
concluding remarks in section 6.

2. Problem definition. For convenience, we would like to employ the following
notation. The general retarded functional differential equations (RFDEs) with time
delay r can be described as

(2.1) ẋ(t) = f(t, xt)

with initial condition φ(·) ∈ C([−r, 0],Rn), where xt denotes the state defined by
xt(θ) = x(t + θ), −r ≤ θ ≤ 0. We use ‖ · ‖ to denote the Euclidean norm of a vector
in R

n, and |f |[t−r,t] for the ∞-norm of f , i.e.,

|f |[t−r,t] := sup
t−r≤θ≤t

‖f(θ)‖,

where f is an element of the Banach space C([t− r, t],Rn).
Consider the following switched time delay systems:

(2.2) Σt :

{
ẋ(t) = Aq(t)x(t) + Āq(t)x(t− τq(t)), t ≥ 0,

x0(θ) = φ(θ) ∀θ ∈ [−τmax, 0],

where x(t) ∈ R
n and q(t) is a piecewise switching signal taking values on the set

F := {1, 2, . . . , l}, i.e., q(t) = kj , kj ∈ F ∀t ∈ [tj , tj+1), where tj , j ∈ Z
+ ∪ {0}, is

the jth switching time instant. It is clear that the trajectory of Σt in any arbitrary
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switching interval t ∈ [tj , tj+1) obeys

(2.3) Σkj :

{
ẋ(t) = Akjx(t) + Ākjx(t− τkj ), t ∈ [tj , tj+1),

xtj (θ) = φj(θ) ∀θ ∈ [−τkj
, 0],

where φj(θ) is defined as

(2.4) φj(θ) =

{
x(tj + θ), −τkj ≤ θ < 0,

limh→0− x(tj + h), θ = 0.

We introduce the triplet Σi := (Ai, Āi, τi) ∈ R
n×n × R

n×n × R
+ to describe the

ith candidate system of (2.2). Thus ∀t ≥ 0, we have Σt ∈ A := {Σi : i ∈ F}, where
A is the family of candidate systems of (2.2). In (2.2), φ(·) : [−τmax, 0] → R

n is
a continuous and bounded vector-valued function, where τmax = maxi∈F{τi} is the
maximal time delay of the candidate systems in A.

Similar to [8], we say that the switched time delay system Σt described by (2.2)
is stable if there exists a function ᾱ of class K 1 such that

(2.5) ‖x(t)‖ ≤ ᾱ(|x|[t0−τmax,t0]) ∀t ≥ t0 ≥ 0

along the trajectory of (2.2). Furthermore, Σt is asymptotically stable when Σt is
stable and limt→+∞ x(t) = 0.

Lemma 2.1 (see [3, 14]). Suppose for a given triplet Σi ∈ A, i ∈ F , there exists
symmetric and positive-definite Pi ∈ R

n×n, such that the following LMI with respect
to Pi is satisfied for some pi > 1 and αi > 0:

(2.6)

[
PiAi + AT

i Pi + piαiPi PiĀi

ĀT
i Pi −αiPi

]
< 0.

Then Σi is asymptotically stable independent of delay.
If all candidate systems of (2.2), Σi ∈ A, are delay-independently asymptotically

stable satisfying (2.6), we denote A by Ã.
Lemma 2.2 (see [3, 14]). Suppose for a given triplet Σi ∈ A, i ∈ F , there exists

symmetric and positive-definite Pi ∈ R
n×n, and a scalar pi > 1, such that

(2.7)

[
τ−1
i Ωi PiĀiMi

MT
i ĀT

i Pi −Ri

]
< 0,

where

Ωi = (Ai + Āi)
TPi + Pi(Ai + Āi) + τipi(αi + βi)Pi,

Mi = [Ai Āi],

Ri = diag(αiPi, βiPi),

and αi > 0, βi > 0 are scalars. Then Σi is asymptotically stable dependent on delay.
Similarly we denote A by Ãd if all candidate systems of (2.2) are delay-dependently

asymptotically stable satisfying (2.7).

1A continuous function ᾱ(·) : R
+ → R

+ is a class K function if it is strictly increasing and
ᾱ(0) = 0.
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In what follows, we will establish sufficient conditions to guarantee stability of
switched system (2.2) for the delay-independent case and the delay-dependent case.
Therefore, we will assume that A = Ã and A = Ãd, respectively, in the correspond-
ing sections in this paper. An important method in stability analysis of switched
systems is based on the construction of the common Lyapunov function (CLF), which
allows for arbitrary switching. However, this method is too conservative from the
perspective of controller design because it is usually difficult to find the CLF for all
the candidate systems, particularly for time delay systems whose stability criteria are
only sufficient in most of the circumstances. A recent paper [28] explored the CLF
method for switched time delay systems with three very strong assumptions: (i) each
candidate system has the same time delay τ ; (ii) each candidate is assumed to be
delay-independently stable; (iii) the A-matrix is always symmetric and the Ā-matrix
is always in the form of δI. In the present paper, we consider an alternative method
using piecewise Lyapunov–Razumikhin functions for a general class of systems (2.2)
and obtain stability conditions in terms of the dwell time of the switching signal. This
method can be used for the case with delay-independent criterion (2.6) and the case
with delay-dependent criterion (2.7).

3. Main results on dwell-time-based switching. For a given positive con-
stant τD, the switching signal set based on the dwell time τD is denoted by S[τD],
where for any switching signal q(t) ∈ S[τD], the distance between any consecutive
discontinuities of q(t), tj+1 − tj , j ∈ Z

+ ∪ {0}, is larger than τD [10, 19]. A sufficient
condition on the minimum dwell time to guarantee the stable switching will be given
using piecewise Lyapunov–Razumikhin functions. Note that the dwell-time-based
switching is trajectory independent [8].

Before presenting the main result of this paper, we recall the following lemma [7]
for general RFDEs (2.1).

Lemma 3.1 (see [7]). Suppose u, v, w, p : R
+ → R

+ are continuous, nondecreasing
functions, u(0) = v(0) = 0, u(s), v(s), w(s), p(s) positive for s > 0, p(s) > s, and
v(s) strictly increasing. If there is a continuous function V : R × R

n → R such that

(3.1) u(‖x(t)‖) ≤ V (t, x) ≤ v(‖x(t)‖), t ∈ R, x ∈ R
n,

and

(3.2) V̇ (t, x(t)) ≤ −w(‖x(t)‖)

if

(3.3) V (t + θ, x(t + θ)) < p(V (t, x(t))) ∀θ ∈ [−r, 0],

then the solution x = 0 of the RFDE is uniformly asymptotically stable.
A particular case of (2.1) is a linear time delay system Σi, i ∈ F , where we can

construct the corresponding Lyapunov–Razumikhin function in the quadratic form

(3.4) Vi(t, x) = xT (t)Pix(t), Pi = PT
i > 0.

Apparently Vi can be bounded by

(3.5) ui(‖x(t)‖) ≤ Vi(t, x) ≤ vi(‖x(t)‖) ∀x ∈ R
n,

where

(3.6) ui(s) := κis
2, vi(s) := κ̄is

2,
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in which κi := σmin[Pi] > 0 denotes the smallest singular value of Pi and κ̄i :=
σmax[Pi] > 0 the largest singular value of Pi.

Proposition 3.2. For each time delay system Σi with Lyapunov–Razumikhin
function defined by (3.4), assume that (3.2) and (3.3) are satisfied for some wi(s).
Then we have

(3.7) |x|[tm−τi,tm] ≤
(
κ̄i

κi

)1/2

|x|[tn−τi,tn] ∀tm ≥ tn ≥ 0.

Proof. Define

(3.8) V̄i(t, x) := sup
−τi≤θ≤0

Vi(t + θ, x(t + θ))

for t ≥ 0. We have

(3.9) κi(|x|[t−τi,t])2 ≤ V̄i(t, x) ≤ κ̄i(|x|[t−τi,t])2, t ≥ 0.

The definition of V̄i(t, x) implies ∃θ0 ∈ [−τi, 0], such that V̄i(t, x) = V (t+θ0, x(t+θ0)).
Introduce the upper right-hand derivative of V̄i(t, x) as

˙̄V +
i = lim sup

h→0+

1

h
[V̄i(t + h, x(t + h)) − V̄i(t, x(t))].

We have the following:
(i) If θ0 = 0, i.e., Vi(t+θ, x(t+θ)) ≤ Vi(t, x(t)) < p(Vi(t, x(t))), we have V̇i(t, x) <

0 by (3.2). Therefore ˙̄V +
i ≤ 0.

(ii) If −τi < θ0 < 0, we have V̄i(t + h, x(t + h)) = V̄i(t, x) for h > 0 sufficiently

small, which results in ˙̄V +
i = 0.

(iii) If θ0 = −τi, the continuity of Vi(t, x) implies ˙̄V +
i ≤ 0.

The above analysis shows that

(3.10) V̄i(tm) ≤ V̄i(tn) ∀tm ≥ tn ≥ 0.

Recalling (3.9), we have

(3.11) κi(|x|[tm−τi,tm])
2 ≤ V̄i(tm) ≤ V̄i(tn) ≤ κ̄i(|x|[tn−τi,tn])

2

for any tm ≥ tn ≥ 0. This implies (3.7) and proves the result.
Suppose all of the conditions of Lemma 3.1 are satisfied for general RFDEs (2.1).

We also have the following result.
Lemma 3.3 (see [7]). Suppose |φ|[t0−r,t0] ≤ δ̄1, δ̄1 > 0, and δ̄2 > 0 such that

v(δ̄1) = u(δ̄2). For all η satisfying 0 < η ≤ δ̄2, we have

(3.12) V (t, x) ≤ u(η) ∀t ≥ t0 + T.

Here

(3.13) T =
Nv(δ̄1)

γ

is defined by γ = infv−1(u(η))≤s≤δ̄2 w(s) and N = �(v(δ̄1) − u(η))/a�, where �·� is the

ceiling integer function and a > 0 satisfies p(s) − s > a for u(η) ≤ s ≤ v(δ̄1).
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3.1. The case with delay-independent criterion. Consider the switched
time delay systems Σt defined by (2.2) and assume each candidate system Σi, i ∈ F ,
delay-independently asymptotically stable satisfying (2.6) (i.e., A = Ã). A sufficient
condition on the minimum dwell time to guarantee the asymptotic stability can be
derived using multiple piecewise Lyapunov–Razumikhin functions. In order to state
the main result we make some preliminary definitions.

For the switched delay systems (2.2), first assume τD > τmax. Consider an
arbitrary switching interval [tj , tj+1) of the piecewise switching signal q(t) ∈ S[τD],
where q(t) = kj , kj ∈ F ∀t ∈ [tj , tj+1) and tj is the jth switching time instant for
j ∈ Z

+ ∪{0} and t0 = 0. The state variable xj(t) defined on this interval obeys (2.3).
For the convenience of using “sup”, we define xj(tj+1) = limh→0− xj(tj+1 + h) =
xj+1(tj+1) based on the fact that x(t) is continuous for t ≥ 0. Therefore xj(t) is now
defined on a compact set [tj , tj+1]. Recall (2.4); the initial condition φj(t) of Σkj is
φj(t) = x(t) = xj−1(t), t ∈ [tj − τkj , tj ] for j ∈ Z

+, which is true because τD > τmax.
Construct the Lyapunov–Razumikhin function

(3.14) Vkj
(xj , t) = xT

j (t)Pkjxj(t), t ∈ [tj , tj+1],

for (2.3). Then we have

(3.15) κkj‖xj(t)‖2 ≤ Vkj (t, xj) ≤ κ̄kj‖xj(t)‖2 ∀xj ∈ R
n.

A straightforward calculation gives the time derivative of Vkj (t, xj(t)) along the tra-
jectory of (2.3),

(3.16) V̇kj
(t, xj) = xT

j (AT
kj
Pkj + PkjAkj )xj + 2xT

j (t)Pkj Ākjxj(t− τkj ),

where

2xT
j (t)Pkj Ākjxj(t− τkj )

≤ αkjx
T
j (t− τkj )Pkjxj(t− τkj )

+ α−1
kj

xT
j (t)Pkj ĀkjP

−1
kj

ĀT
kj
Pkjxj(t) ∀αkj

> 0.

Applying the Razumikhin condition with p(s) = pkjs, pkj > 1, we obtain

(3.17) xT
j (t− τkj )Pkj

xj(t− τkj
) ≤ pkj

xT
j (t)Pkj

xj(t)

for

Vkj
(t + θ, xj(t + θ)) < pkj

Vkj
(t, xj(t)) ∀θ ∈ [−τkj

, 0].

Let

(3.18) Skj
:= −(AT

kj
Pkj

+ Pkj
Akj

+ pkj
αkj

Pkj
+ α−1

kj
Pkj Ākj

P−1
kj

ĀT
kj
Pkj

).

We have

(3.19) V̇kj (t, xj) ≤ −xT
j (t)Skjxj(t).

Because Σt ∈ Ã, we have Skj > 0 from Lemma 2.1. Furthermore we can select
w(s) = wkjs

2 in Lemma 3.1, such that (3.2) is satisfied, where wkj := σmin[Skj ] > 0.
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Define

(3.20) λ := max
i∈F

κ̄i

κi

and

(3.21) μ := max
i∈F

κ̄i

wi
.

Now we are ready to state the main result.
Theorem 3.4. Let the dwell time be defined by τD := T ∗ + τmax, where

(3.22) T ∗ := λμ

⌊
λ− 1

p̄− 1
+ 1

⌋
,

with p̄ := mini∈F{pi} > 1, and 
·� being the floor integer function. Then the system
(2.2) with Σt ∈ Ã is asymptotically stable for any switching rule q(t) ∈ S[τD].

Proof. First we claim that ∀τ > τD, there exist 0 < β < 1 and 0 < α < 1, such
that τ ≥ T̄ + τmax, where

(3.23) T̄ :=
λμ

α2

⌈
λ− α2

α2β(p̄− 1)

⌉
.

For a given τ , to find such α and β define T̃ + τmax := τ > τD = T ∗ + τmax, and
consider the two cases below.

(1) If 
(λ− 1)/(p̄− 1)� =: k < (λ− 1)/(p̄− 1) < k + 1, then we can find Δ1 > 0
and Δ2 > 0 small enough, such that⌈

λ− α2
1

α2
1β(p̄− 1)

⌉
=

⌈
λ− 1

p̄− 1

⌉
= k + 1 =

⌊
λ− 1

p̄− 1
+ 1

⌋

with α1 = (1 + Δ1)
− 1

2 < 1 and β = (1 + Δ2)
− 1

2 < 1. Let T̃ = T ∗ + ε, ε > 0.
It is easy to check that

(3.24)
λμ

α2
2

⌈
λ− α2

1

α2
1β(p̄− 1)

⌉
=

λμ

α2
2

(k + 1) ≤ (k + 1)λμ + ε = T̃ ,

where 0 < α2 = (1 + Δ3)
− 1

2 < 1 with 0 < Δ3 ≤ ε
(k+1)λμ . Now choosing

0 < α = max{α1, α2} < 1, we have T̄ ≤ T̃ , which is straightforward from
(3.23) and (3.24).

(2) If (λ− 1)/(p̄− 1) = k > 0 is an integer, then we can similarly find 0 < α1 < 1
and 0 < β < 1 such that⌈

λ− α2
1

α2
1β(p̄− 1)

⌉
=

⌈
λ− 1

p̄− 1
+ 1

⌉
= k + 1 =

⌊
λ− 1

p̄− 1
+ 1

⌋
.

In the same fashion as (1), we can constructively have 0 < α < 1 and 0 <
β < 1 such that T̄ ≤ T̃ .

This proves the first claim.
The second claim we make is that ‖xj(t)‖ ≤ αδj for any t ≥ tj + T̄ , t ∈ [tj , tj+1],

where we assume |φj(t)|[tj−τkj
,tj ] ≤ δj . To show this fact, we can choose δ̄1 = δj ,
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δ̄2 = δ̄1
√
κ̄kj

/κkj
≥ δ̄1, and select η = αδ̄1 in Lemma 3.3. It is straightforward that

0 < η < δ̄1 ≤ δ̄2. Recalling (3.12) and (3.13), we have

(3.25) Vkj
(t, xj) ≤ κkj

η2 for t ≥ tj + T,

where

T =
Nv(δ̄1)

γ

�(v(δ̄1) − u(η))/a�v(δ̄1)
infv−1(u(η))≤s≤δ̄2 w(s)

=
κ̄2
kj
�(v(δ̄1) − u(η))/a�

α2wkjκkj

.(3.26)

Combining (3.15) and (3.25) yields

(3.27) ‖xj(t)‖ ≤ αδj for t ≥ tj + T.

Now choosing a = β(pkj − 1)κkjη
2, we have

(3.28) T =

κ̄2
kj

⌈
(κ̄kj

/κkj
)−α2

α2β(pkj
−1)

⌉
α2wkj

κkj

≤ T̄ .

Therefore from (3.27) and (3.28) we have

(3.29) |xj |[tj+T̄ ,tj+1] ≤ αδj ,

as claimed.
Now recall that tj+1 − tj > τD. Therefore tj+1 − tj ≥ T̄ + τmax ≥ T̄ + τkj+1 . Also

notice that φj+1(t) = xj(t), t ∈ [tj+1 − τkj+1 , tj+1]. We have

|φj+1|[tj+1−τkj+1
,tj+1] = |xj |[tj+1−τkj+1

,tj+1]

≤ |xj |[tj+T̄ ,tj+1] ≤ αδj := δj+1(3.30)

and δ0 is defined as δ0 := |φ|[−τmax,0] ≥ |φ|[−τk0
,0]. Therefore we obtain a convergent

sequence {δi}, i = 0, 1, 2, . . . , where δi = αiδ0.
Meanwhile, (3.7) implies

(3.31) |xj |[t−τkj
,t] ≤

√
κ̄kj

κkj

|xj |[tj−τkj
,tj ] ∀t ∈ [tj , tj+1].

Hence

sup
t∈[tj ,tj+1]

‖xj(t)‖

≤ sup
t∈[tj ,tj+1]

|xj |[t−τkj
,t] ≤

√
λ|xj |[tj−τkj

,tj ]

≤
√
λδj = αj

√
λδ0,(3.32)

which implies the asymptotic stability of the switched time delay system Σt with the
switching signal q(t) ∈ S[τD].
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3.2. The case with delay-dependent criterion. In a similar fashion, we can
investigate the stability of the switched time delay system Σt of (2.2) under the as-
sumption that Σt ∈ Ād. Hence each candidate system Σi, i ∈ F , is delay-dependently
asymptotically stable satisfying (2.7). We assume τdD > 2τmax in this scenario. Simi-
lar to the proof of Theorem 3.4, we consider an arbitrary switching interval [tj , tj+1)
of the piecewise switching signal q(t) ∈ S[τdD] , where the state variable xj(t) defined
on this interval obeys (2.3). The first order model transformation [7] of (2.3) results
in

ẋj(t) = (Akj
+ Ākj

)xj(t)

−Ākj

∫ 0

−τkj

[Akj
xj(t + θ) + Ākjx(t + θ − τkj )]dθ,(3.33)

where the initial condition ψj(t) is defined as ψj(t) = xj−1(t), t ∈ [tj − 2τkj
, tj ], for

j ∈ Z
+, and ψ0(t) defined by

ψ0(t) =

{
φ(t), t ∈ [−τmax, 0],
φ(−τmax), t ∈ [−2τmax,−τmax).

By using the Lyapunov–Razumikhin function (3.14), we obtain the time derivative of
Vkj (t, xj(t)) along the trajectory of (3.33),

V̇kj (t, xj) = xT
j (t)[Pkj (Akj + Ākj ) + (Akj + Ākj )

TPkj ]xj(t)

−
∫ 0

−τkj

[2xT
j (t)Pkj Ākj

(Akj
xj(t + θ) + Ākj

xj(t + θ − τkj
)]dθ.

Assume Vkj (t + θ, xj(t + θ)) < p(Vkj
(t, xj(t))) ∀θ ∈ [−2τkj , 0], where p(s) = pkj

s,
pkj > 1. We have [3, 14]

(3.34) V̇kj (t, xj) ≤ −xT
j (t)Sd

kj
xj(t),

where

Sd
kj

:= −
{
Pkj (Akj + Ākj ) + (Akj + Ākj )

TPkj

+ τkj

[
α−1
kj

Pkj ĀkjAkjP
−1
kj

ĀT
kj
AT

kj
Pkj

+ β−1
i Pkj (Ākj )

2P−1
kj

(ĀT
kj

)2Pkj
+ pkj

(αkj
+ βkj

)Pkj

]}
.(3.35)

Because Σt ∈ Ãd, we have Sd
kj

> 0 from Lemma 2.2. Therefore we can select w(s) =

wd
kj
s2 in Lemma 3.1, such that (3.2) holds, where wd

kj
:= σmin[Sd

kj
] > 0.

Theorem 3.5. Let the dwell time be τdD := T ∗d + 2τmax, where

(3.36) T ∗d := λμd

⌊
λ− 1

p̄− 1
+ 1

⌋
,

with

(3.37) μd := max
i∈F

κ̄i

wd
i
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and the other parameters are the same as those defined in Theorem 3.4. Then system
(2.2) with Σt ∈ Ãd is asymptotically stable for any switching rule q(t) ∈ S[τdD].

Proof. We can apply arguments similar to those used in the proof of Theorem 3.4
to obtain the following inequality:

(3.38) sup
t∈[tj ,tj+1]

‖xj(t)‖ ≤
√
λδdj ,

where |ψj(t)|[tj−2τkj
,tj ] ≤ δdj and δdj+1 = αδdj . Note that δd0 can be selected as

δd0 := |ψ|[−2τmax,0] = |φ|[−τmax,0] = δ0.

It is clear that |ψ|[−2τk0
,0] ≤ δd0 , which further implies δdj = δj , j ∈ Z

+∪{0}. The upper
bound of the state variable x(t) of the switched time delay systems Σt is bounded
by a decreasing sequence {δi}, i = 0, 1, 2, . . . , converging to zero, which implies the
asymptotic stability and proves this theorem.

The dwell-time-based stability analysis proposed in this paper is general in the
sense that it can be used for other stability results based on Razumikhin theorems as
long as the correspondingly Lyapunov functions are in quadratic forms. Particularly,
Theorem 3.5 can be extended easily to the case where Σt has time-varying time
delays and parameter uncertainties, which has important applications such as TCP
(transmission control protocol) congestion control of computer networks [13, 26].

Remark 3.6. Note that the Lyapunov–Krasovskii method has been used to an-
alyze the stability of time delay systems, with which some less conservative stabil-
ity conditions have been provided [5]. However, it is difficult to employ piecewise
Lyapunov–Krasovskii functionals for dwell-time-based analysis similar to Theorems
3.4 and 3.5. Recall the general form of Lyapunov–Krasovskii functional V (t, xt) [20]
for delay system (2.1), such that

u(‖x(t)‖) ≤ V (t, xt) ≤ v(|x|[t−τ,t]), t ∈ R, x ∈ R
n,

and

V̇ (t, x(t)) ≤ −w(‖x(t)‖).

The upper bound of V (t, xt) is dependent on the ∞-norm of the trajectory, while
other bounds on V (t, xt) and V̇ (t, xt) are on the Euclidean norm of the trajectory,
which poses the technical challenge of estimating the trajectory bound and decaying
rate for the switched delay systems (2.2).

4. Conservatism analysis. The dwell-time-based stability results had been ob-
tained for switched linear systems free of delays [10, 19]. It is interesting to compare
the conservatism of the results presented in this paper with those for delay-free sys-
tems.

In fact, one extreme case of the switched system Σt is τi = 0 and Āi = 0 for i ∈ A,
which corresponds to the delay-free scenario. For each candidate system ẋ = Aix, a
sufficient and necessary condition to guarantee asymptotic stability is ∃Pi = PT

i > 0,
such that Qi := −(AT

i Pi + PiAi) > 0. Correspondingly a dwell-time-based stability
for such a switched delay-free system is q(t) ∈ S[τ̃D], where

(4.1) τ̃D = μ̃ lnλ,
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where λ is defined by (3.20) and

(4.2) μ̃ := max
i∈F

κ̄i

w̃i
,

where w̃i := σmin[Qi] > 0.
On the other hand, in our case for τi = 0 and Āi = 0, we observe that

(4.3) lim
αi→0+

Si = lim
αi,βi→0+

Sd
i = Qi, i ∈ F ,

from (3.18) and (3.35), which indicates μ = μd = μ̃ by (3.21), (3.37), and (4.2).
Accordingly we can select pi > 1, i ∈ F , sufficiently large such that 
λ−1

p̄−1 + 1� = 1 in

(3.22) and (3.36) and obtain

(4.4) τD = T ∗ = λμ = λμd = T ∗d = τdD.

Therefore

(4.5) τD = τdD = λμ̃ > μ̃ lnλ = τ̃D.

The dwell times derived for switched time delay systems are proportional to λ, in
contrast to the logarithm of λ for switched delay-free systems. This gap is due to
the fact that asymptotic stability for linear delay-free systems implies exponential
stability. However, for time delay systems, the sufficient stability conditions based
on the Lyapunov–Razumikhin theorem do not guarantee exponential stability. As a
matter of fact, the exponential estimates for time delay systems require additional
assumptions besides asymptotic stability [15].

It should be noted that stability conditions for switched time delay systems are
also considered in [22, 23], where the authors give a sufficient condition to guarantee
uniform stability (see Theorem 6.1 of [22] for notation and details): ΓeL(Λ+h) ≤ 1.
Apparently, this condition does not hold for the switched system (2.2) because in our
case Γ = 1, and hence

ΓeL(Λ+h) = eL(Λ+h) > 1 ∀Λ > 0, L > 0, h > 0.

5. Numerical example. In this section, we use an illustrative example to
demonstrate the results in section 3.

Example. Consider the following switched time delay system with 2 candidates:

(5.1) Σt :

⎧⎪⎨
⎪⎩

ẋ = Aq(t)x(t) + Āq(t)x(t− τq(t)), t ≥ 0,

x(t) = φ(t) ∀t ∈ [−τmax, 0],

q(t) ∈ {1, 2},

where the switching candidate systems Σ1 := (A1, Ā1, τ1) and Σ2 := (A2, Ā2, τ2) are
determined by

A1 =

[
−2 0
0 −0.9

]
, Ā1 =

[
−1 0
−0.5 −1

]
;

A2 =

[
−1 0.5
0 −1

]
, Ā2 =

[
−1 0
0.1 −1

]
;
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Table 5.1

Parameters calculated with respect to switched time delay system Σt and switched delay-free
system Σ̄t.

Parameters Σt (with delay) Σ̄t (delay free)

λ 1.7224 1.7224

μd 1.5216 N/A

μ̃d N/A 0.7056

p̄ 1.4 N/A

T ∗
d 5.3147 N/A

Dwell time τdD = 6.5147 τ̃D = 0.3836
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Fig. 5.1. The state trajectory of Σt in the presence of switching.

and τ1 = 0.3, τ2 = 0.6. The initial condition of (5.1) is chosen as

φ(t) =

[
5 cos( π

2.4 t + π
6 )

5 sin( π
2.4 t + π

6 )

]
∀t ∈ [−0.6, 0].

It is clear that Σ1 and Σ2 are delay-dependently stable, which can be verified by
Lemma 2.2. Applying Theorem 3.5 gives the dwell time τdD = 6.52, which guarantees
the asymptotic stability of the switched time delay system (5.1). For the purpose of
comparison, we also calculate the dwell time τ̃D of the delay-free system Σ̄t : ẋ =
Aq(t)x(t), q(t) ∈ {1, 2}. The results are shown in Table 5.1.

The switched time delay system Σt described by (5.1) is simulated in MATLAB,
where we start with Σ2 and perform switching every τdD seconds. The state trajectory
is depicted in Figure 5.1, where we clearly see the asymptotic convergence in the
presence of switching. Also, we provide the phase portrait in Figure 5.2 with respect
to x1(t) and x2(t), which better illustrates the switching and the stability of the
switched system.

It is also interesting to investigate the relation between time delays of (2.2) and
the corresponding dwell time τdD. For this purpose, we took τ1 = τ2 = τ in (5.1)
with τ varying from 0.1 to 0.7. The results are shown in Table 5.2. We should also
indicate that the free parameters αi, βi, and pi can be further optimized to reduce
the values of τdD given in the table. However, this is an open problem deserving a
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Fig. 5.2. Phase portrait of the switched time delay system Σt.

Table 5.2

Dwell time values versus time delays of Σt.

τ 0.1 0.2 0.3 0.4 0.5 0.6 0.7

τdD 0.93 1.49 3.36 4.83 9.14 106.23 950.58

separate study. Nevertheless, the results given in the table suggest an exponentially
increasing behavior of τdD with the delay. Similar behavior is observed for the H∞
optimal cost in weighted sensitivity minimization for systems with delays [4].

6. Concluding remarks. We provided stability analysis for switched linear
systems with time delays, where each candidate system is assumed to be delay-
independently or delay-dependently asymptotically stable. We showed the existence
of a dwell time of the switching signal, such that the switched time delay system is
asymptotically stable independent of the trajectory. The dwell time values for both
scenarios are constructively given. The results are compared with the dwell-time con-
ditions for switched delay-free systems. Optimization of the minimum dwell times
that we have derived, in terms of the free parameters appearing in the LMI condi-
tions, is an interesting open problem. An interesting extension of this work is to
investigate stability and controller synthesis for switched interval time delay systems,
which will potentially offer a hybrid control method for large time delay systems and
time varying delay systems.
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INFINITE MARKOVIAN JUMP LINEAR SYSTEMS VIA

LMI METHODS∗
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Abstract. The output feedback H∞ control is addressed for a class of continuous-time Markov
jump linear systems with the Markov process taking values in an infinite countable set S. We consider
that only an output and the jump parameters are available to the controller. Via a certain bounded
real lemma, together with some extensions of Schur complements and of the projection lemma, a
theorem which characterizes whether there exists a full-order solution to the disturbance attenuation
problem is devised in terms of two different linear matrix inequality (LMI) feasibility problems.
This result connects a certain projection approach to an LMI problem which is more amenable to
computer solution, and hence for design. We conclude the paper with some design algorithms for
the construction of such controllers and an illustrative example.
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1. Introduction. It is a well-known fact that in order to treat adequately prob-
lems related to a wide class of dynamical systems, we do need to characterize ad-
equately the uncertainties in the mathematical description of these systems, which
can be, for instance, of an environmental and/or modeling nature. These uncertain-
ties have many sources: noise in communications systems, atmospheric fluctuation,
volatility in the economic scenario, failures (abrupt change in the system structure),
parametric uncertainty, etc. In this paper we shall be interested in a class of linear
dynamical systems which are subjected to uncertainty (change) in their structures
as a consequence of abrupt phenomena. The uncertainties are characterized in the
model via a Markov process. These systems are known in the literature as Markov
jump linear systems (MJLS) and constitute an important class of hybrid systems.

MJLS provide a powerful framework for modeling and analyzing systems which
are subject to abrupt changes in their structure [6]. They are seen as a real alternative
to reaching failure tolerance behavior in control systems, and consequently are highly
relevant for control theory; i.e., MJLS belong to what is known in the specialized
literature as safety-critical and high-integrity systems (e.g., aircraft, chemical plants,
nuclear power station, robotic manipulator systems, large scale flexible structures for
space stations such as antenna, solar arrays, etc.).

This class of systems (MJLS) has been the subject of intensive research over the
last few decades and the associated literature is now fairly extensive. The last 25
years have seen significant development in the nature and scope of this subject. This
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period has witnessed exciting development in creating new directions of study and
understanding a great deal of subtleties in this field (see, e.g., [6] and [12] for an
up-to-date discussion on this subject). While the study of MJLS is mature in many
ways, a great variety of interesting problems of this field are still wide open. This is
the case, for instance, with the output feedback H∞ control problem for the class of
continuous-time infinite MJLS (including many aspects of the finite case). Infinite,
or finite, here refers to the state space of the Markov process.

In this paper we address the output feedback H∞ control for the case in which
the state space of the Markov chain is infinite countable. We consider that only an
output and the jump parameters are available to the controller. A theorem which
characterizes whether there exists a full-order solution to the disturbance attenuation
problem is devised in terms of two different linear matrix inequality (LMI) feasibility
problems. Our result establishes the connection between a certain projection approach
and an LMI problem which is more suitable for design. A certain infinite Markov jump
bounded real lemma (JBRL) is employed for the first time, illustrating the importance
of this recent result (see [21]). In addition, we provide some design algorithms leading
to a series of tools that, among other things, may be readily applied to the finite
setting. This includes an LMI algorithm, which allows one to check, by two different
ways, whether there exists a solution for the disturbance attenuation (DA) problem
(Algorithm 4.10); a two-step design method (Algorithm 5.3) which provides explicit
formulas for the construction of a suboptimal controller; and an alternative three-step
design method (Algorithm 5.4). The main difference between Algorithms 5.3 and
5.4 is that, in the latter, one can first check if a smaller (projected) LMI problem is
feasible by means of Algorithm 4.10. This amounts to verifying whether or not the DA
problem has a solution, before proceeding further. Finally, in order to provide a rather
complete design framework and hence bring our results to a more applicable basis, the
H∞ optimization problem is also treated from this viewpoint. A simple bisectional
algorithm (Algorithm 5.5) is employed, in a parallel to [2] and [6, Algorithm 8.9],
yielding a tractable way of computing the optimal H∞ performance that may be
achieved with our results.

An important issue here is that some fundamental tools such as Schur comple-
ments and the projection lemma cannot be directly applied in the infinity setting.
Since, to the best of the authors’ knowledge, this is the first time the LMI approach
is employed for the infinite case, we had to solve this problem by devising extended
versions of these results. We notice that, as the breadth of applicability of these tools
is not restricted to the jump setting, they represent potentially powerful tools for
handling a variety of LMI problems (for instance, in time-varying systems [9, 20]).
Furthermore, it seems that these are new results not previously found in the literature
(for a discussion on some differences in the treatment of the infinite case, readers are
referred, e.g., to [11], [10], and [12]).

When reduced to the finite case, a closely related paper is [7]. One important
aspect which distinguishes our work from [7] is that the starting point here is a novel
bounded real lemma, recently devised in [21], which allows us to ignore the bounds of
sufficiency conditions as used in [7]. The bounded real lemma enables us to stray into
the more general realm of the H∞ problem, providing not only necessary and sufficient
conditions at each step, but also allowing us to decouple the existence problem from
the design. We should perhaps mention here that no regularity assumptions are made,
as, for example, in [8] and [17].

It is perhaps worth noting here that, besides being interesting in their own right,
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matrices with complex coefficients are also interesting from an application point of
view. As pointed out in [16] and [1], in several engineering applications, such as com-
munication application of signals systems, whirling shafts, and vibrational systems,
complex coefficients come into play. In [16] some systems with complex coefficients
that naturally arise in mechanics and signal processing are presented, motivating the
study of equations with complex coefficients and illustrating more general situations
as in, for instance, satellite and cosmic vehicles control. We refer the reader to these
papers and the references therein for further examples and results on systems with
complex coefficients.

Finally, it is too early to predict the full extent to which the theory developed
here, for the case of a countably infinite state space of the Markov chain, will be
applied. However, a few situations where model (3.2) seems to be naturally applied
are mentioned in the introduction of [10] (see also [5]).

The paper is organized as follows. In section 2 we provide the bare essentials of no-
tation and some auxiliary results. Section 3 introduces the basic model together with
the bounded real lemma, which will be important in section 4, where the H∞ problem
is dealt with. Some tools for the design of full-order H∞ compensators are given in
section 5, together with a nominal example. The paper is concluded in section 6 with
a highlight of the main contributions. Some proofs and auxiliary results are presented
in the appendix.

2. Notation and auxiliary results. Let ‖ · ‖ denote the euclidean norm in
the complex n-space C

n. We define M(Cm,Cn) as the Banach space of all complex
matrices M ∈ C

n×m, equipped with the standard induced matrix norm, also denoted
by ‖ · ‖. Let us also define the infinite-dimensional Banach space H

m,n
sup of all matrices

of the form H = (H1, H2, . . .), where Hi ∈ M(Cm,Cn) for every i ∈ S := {1, 2, . . .},
such that ‖H‖sup := supi∈S ‖Hi‖ < ∞. We also write H

n
sup in place of H

n,n
sup and define

H
n∗
sup as the subset of H

n
sup whose elements H = (H1, H2, . . .) exhibit the additional

property that Hi = H∗i for all i ∈ S (H = H∗ for short), with ∗ denoting the
conjugate transpose (we denote plain transposition by ′). Next, we define H̃

n+
sup as

the set composed by all uniformly positive matrices H � 0, i.e., such that H =
(H1, H2, . . .) ∈ H

n∗
sup and Hi ≥ εIn for all i ∈ S and some ε > 0 independent of i

(here In stands for the n × n identity matrix). Accordingly, we say that L ∈ H̃
n−
sup

(or is uniformly negative, L � 0) whenever −L � 0. For short, we write that such
Hi � 0 and Li � 0 for all i ∈ S. Finally, given R = (R1, R2, . . .) ∈ H

n∗
sup and

S = (S1, S2, . . .) ∈ H
n,m
sup , we shall write that Ri � 0 over N (Si) whenever there

exist ε > 0 such that Ri ≥ εIn over N (Si) for all i ∈ S, where N (·) stands for the
null space associated to a given complex matrix. (Accordingly, R(·) is the range of
complex matrices. We refer to Proposition 2.3, in which an extension of N (·) and
R(·) to the infinite case is stated.)

For H ∈ H
p,m
sup and L ∈ H

n,p
sup we have, in a natural way, that ‖HL‖sup ≤

‖H‖sup‖L‖sup and thus HL := (H1L1, H2L2, . . .) ∈ H
n,m
sup . Moreover, given F ∈ H

�,m
sup

we have that [H F ] := ([H1 F1], [H2 F2], . . .) ∈ H
(p+�),m
sup (the analogous holding for

vertical or diagonal block concatenation). We denote by 0�×m the zero matrix in
either C

�,m or H
m,�
sup , the same holding for the identity matrices I� ∈ C

�×�, I� ∈ H̃
�+
sup.

Whenever the size of any of those matrices has no importance or may be easily de-
duced by the context, it will be omitted. In addition, we define Her(H) := H + H∗,
C(H,L) := L∗HL, and sometimes represent off-diagonal blocks of a given self-adjoint
matrix (that is, a matrix in a set such as H

n∗
sup) by ∗, while entries with absolutely
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no importance are denoted by �. Furthermore, the Kronecker product of complex
matrices is denoted by ⊗, in the usual way (see [4]).

With respect to the infinite countable set S consider two infinite sequences m =
(m1,m2, . . .), n = (n1, n2, . . .), where (mi, ni) ∈ {1, 2, . . . ,M}2 for some finite integer
M and every i ∈ S. Then define the infinite-dimensional Banach space H

m,n
sup of

all bounded matrices, which are objects of the form H = (H1, H2, . . .), such that
Hi ∈ M(Cmi ,Cni) for every i ∈ S, where ‖H‖sup := supi∈S ‖Hi‖ < ∞. Let us

also define the set H̃
n+
sup ⊂ H

n,n
sup analogously as before, where H � 0 once more

stands for uniform positivity, H ∈ H̃
n+
sup. In particular, whenever m = (m,m, . . .) and

n = (n, n, . . .) we simply have that H
m,n
sup ≡ H

m,n
sup ≡ H

m,n
sup ≡ H

m,n
sup .

Concerning the random objects, fix a complete probability space (Ω,F ,P) car-
rying a right-continuous filtration Ft ⊂ F on t ∈ R+ := [0,∞). In addition, let
E(·) denote the usual mathematical expectation and define Ln

2 as the space of all
second order random variables (Ω,F) 
→ C

n. We also define the Lebesgue space
Ln

2 (R+) of all stochastic processes y = {(y(t),Ft); t ∈ R+, y(·) ∈ C
n} such that

‖y‖R+ := (
∫∞
0

E[‖y(t)‖2]dt)1/2 is finite.

2.1. Some auxiliary results. This subsection contains some independent tools
which will be necessary later on, including extended versions of Schur complements
and of the projection lemma. The reader is referred to the appendix for the proofs.

The following proposition states that if uniform positive definiteness of the iden-
tity element in H̃

n+
sup is preserved under application of a congruence transformation,

then, in particular, both this entire set and its negative counterpart are invariant by
such operation. This easy-to-check condition will be employed throughout the paper.

Proposition 2.1. Suppose Q = (Q1, Q2, . . .) ∈ H
m,n
sup is such that Q∗Q � 0.

Then the following statements are true:
(i) X ∈ H̃

n+
sup implies Q∗XQ � 0;

(ii) Y ∈ H̃
n−
sup implies Q∗Y Q � 0.

Proof. See the appendix.
The following result extends the well-known result on Schur complements to our

setting.
Theorem 2.2 (uniform Schur complements). Given U = (U1, U2, . . .) ∈ H

p∗
sup,

V = (V1, V2, . . .) ∈ H
q,p
sup, and W = (W1,W2, . . .) ∈ H

q∗
sup, the following are equivalent:

(i)
[

U V
V ∗ W

]
� 0;

(ii) U � 0 and W − V ∗U−1V � 0;
(iii) W � 0 and U − VW−1V ∗ � 0.

Moreover, the same holds replacing � by �.
Proof. See the appendix.
The following proposition introduces the notion of range and null spaces to the

infinite case, besides defining what we will refer to later as an “orthonormal basis.”
Proposition 2.3. Suppose Ψ = (Ψ1,Ψ2, . . .) ∈ H

p,�
sup is such that 1 ≤ pi :=

dim(N (Ψi)) for any i ∈ S. Then, defining p = (p1, p2, . . .), there exists Φ =
(Φ1,Φ2, . . .) ∈ H

p,p
sup such that, for all i ∈ S,

(i) N (Φi) = {0} and R(Φi) = N (Ψi);
(ii) Φ∗i Φi = Ipi

.
Moreover, we use the notation N (Ψ) = R(Φ) and say that such Φ is an orthonormal
basis for these spaces.

Proof. See the appendix.
The following result is an immediate consequence of the two previous results.
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Corollary 2.4. Suppose Ψ = (Ψ1,Ψ2, . . .) ∈ H
p,�
sup is such that dim(N (Ψi)) ≥ 1

for any i ∈ S. Then the following are equivalent for any U = (U1, U2, . . .) ∈ H
p∗
sup,

V = (V1, V2, . . .) ∈ H
q,p
sup, and W = (W1,W2, . . .) ∈ H

q∗
sup:

(i)
[

U V
V ∗ W

]
� 0 over N ([Ψ 0]);

(ii) U − VW−1V ∗ � 0 over N (Ψ) and W � 0.
Proof. See the appendix.
The following lemma is an extension from the one depicted in [15] and is of major

importance in what follows.
Lemma 2.5 (uniform projection lemma). Assume N = (N1, N2, . . .) ∈ H

p,q
sup,

M = (M1,M2, . . .) ∈ H
p,r
sup, and H = (H1, H2, . . .) ∈ H

p∗
sup. Then the LMI

(2.1) H + N∗X∗M + M∗XN � 0

has a solution X ∈ H
q,r
sup if and only if H is uniformly positive over N (N) ∪N (M).

Proof. See the appendix.

3. Model setting and preliminaries. Consider in (Ω,F ,P) a homogeneous
Markov process θ = {(θt,Ft), t ∈ R+}, with right-continuous sample paths and count-
ably infinite state space S = {1, 2, . . .}, such that

(3.1) P(θt+dt = j|θt = i) =

{
λijdt + o(dt), i �= j,
1 + λiidt + o(dt), i = j,

where 0 ≤ λij for i �= j, and 0 ≤ λi := −λii =
∑

j∈S\{i} λij ≤ � for some � < ∞ and

all i ∈ S. We assume that θ0 : (Ω,F) → S is a random variable with distribution ν0,
and that θt is available for every t ∈ R+ (this last assumption reflects the fact that
the control laws we shall seek are θt-dependent).

In order to introduce the bounded real lemma (JBRL), it suffices to consider now
a simple version of the MJLS which will be stated in the next section (see (4.1)).

(3.2) Σ :

{
˙̂x(t) = Âθt x̂(t) + B̂θtv(t), x̂(0) = x̂0,

z(t) = Ĉθt x̂(t) + D̂θtv(t), t ∈ R+,

for x̂0 ∈ Ln̂
2 , where Â = (Â1, Â2, . . .) ∈ H

n̂
sup in the same way as B̂ ∈ H

nv,n̂
sup , Ĉ ∈ H

n̂,nz
sup ,

and D̂ ∈ H
nv,nz
sup . In what follows we shall point out some fundamental facts regarding

this model, including a modified version of the JBRL [21].
Denoting by x̂(·, x̂0, θ0, v) the state response of system Σ when subjected to arbi-

trary initial conditions (x̂0, θ0) and input v ∈ Lnv
2 (R+), we begin with the following

definition.
Definition 3.1. For an initial condition x̂(0) = 0 and arbitrary θ0 we define

the zero-state response of (3.2) as x̂zs(·) = x̂(·, 0, θ0, v). On the other hand, for arbi-
trary initial conditions but an identically zero input, we have the zero-input response,
x̂zi(·) = x̂(·, x̂0, θ0, 0).

Preserving the terminology, often used in the literature for MJLS, in this paper
we deal exclusively with stability in the following internal sense.

Definition 3.2. System (3.2) is said to be stochastically stable (SS) if, for any
initial condition x̂0 ∈ Ln̂

2 and initial distribution ν0, we have that ‖x̂zi‖R+
< ∞.

Concerning SS for this class of systems, an extensive series of results may be found
in the recent paper [12]. In particular, it has been proved that SS of (3.2) implies
z ∈ Lnz

2 (R+) for any v ∈ Lnv
2 (R+). That is, SS leads to some kind of external L2

input-output stability for this system (see also [21, Remark 2]).
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If Σ is SS, we may define, in the spirit of H∞ theory, the following perturbation
operator L : Lnv

2 (R+) → Lnz
2 (R+):

(3.3) Lv(t) = Ĉθt x̂zs(t) + D̂θtv(t),

which describes how input disturbances affect the output of system Σ, in such a way
that z(·) = Lv(·) whenever x̂0 = 0. The worst-case effect of such disturbances is
measured by the induced norm of L from Lnv

2 (R+) into Lnz
2 (R+):

(3.4) ‖L‖ = sup
v∈Lnv

2 (R+), ‖v‖R+
�=0

‖Lv‖R+

‖v‖R+

.

We conclude this section by presenting one important tool which we shall be
employing in the remainder of this paper. The so-called JBRL is the starting point
towards a characterization of H∞ controllers for the class of MJLS under considera-
tion, when it comes to an LMI approach.

Lemma 3.3 (JBRL). System (3.2) is SS with ‖L‖ < γ if and only if there exist
P = (P1, P2, . . .) ∈ H̃

n̂−
sup such that, for all i ∈ S,

(3.5)

⎡
⎢⎣ Â∗iPi + PiÂi +

∑
j∈S λijPj PiB̂i Ĉ∗i

B̂∗i Pi γ2Inv D̂∗i
Ĉi D̂i Inz

⎤
⎥⎦ � 0.

Proof. The proof follows directly from [21], in view of Theorem 2.2.

4. Disturbance attenuation. In this section we shall establish the disturbance
attenuation (DA) problem in the jump setting and apply the JBRL in order to char-
acterize the existence of solutions in terms of LMIs.

4.1. Problem setting. Bearing in mind the definition of {θt}, consider the
MJLS

Σu :

⎧⎨
⎩

ẋ(t) =Aθtx(t) + Bθtv(t) + Gθtu(t),
z(t) =Cθtx(t) + Dθtv(t) + Hθtu(t),
y(t) = Γθtx(t) + Lθtv(t)

(4.1)

for t ∈ R+ and x(0) = x0 ∈ Ln
2 , where A = (A1, A2, . . .) ∈ H

n
sup in the same way

as B ∈ H
nv,n
sup , G ∈ H

nu,n
sup , C ∈ H

n,nz
sup , D ∈ H

nv,nz
sup , H ∈ H

nu,nz
sup , Γ ∈ H

n,ny
sup , and

L ∈ H
nv,ny
sup .

We refer to x(t) as the state variable for a given t ∈ R+ and to (x(t), θt) as
an augmented state variable. Just as before, we assume v ∈ Lnv

2 (R+) is any finite
energy stochastic disturbance acting on the system; the specific structure of the nu-
dimensional control input u will be defined soon.

We call z and y the error and measurement outputs, respectively. The former
represents some adversely disturbed output, which should be relatively insensitive to
input disturbances. In addition, the processes x and z may only be observed through
the measurement y (which without any loss of generality is not directly fed by u),
which makes this model rather general for both practical and theoretical reasons.
Sometimes we refer to the system (4.1) simply as Σu.

To meet the ends of the H∞ control problem, it is natural to ask the following
question about Σu: How does one characterize a class of (suboptimal) controllers K
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which guarantee not only stability, but also that the worse-case effect caused by the
disturbance (v) on the error output (z) is smaller than some prescribed attenuation
level? (In what follows it will be meaningful to measure such effect through (3.4).)

In our approach, we consider the class of dynamic compensators that map the
augmented measurement process (y, θ) into control policies u according to the follow-
ing (k-dimensional) model:

(4.2) K :

[
ẋK(t)

u(t)

]
=

[
K11

θt
K12

θt

K21
θt

K22
θt

][
xK(t)

y(t)

]
, xK(0) = 0.

The above compensator is completely defined through the matrix K = (K1,K2, . . .) ∈
H

(k+ny),(k+nu)
sup , where Ki = [K••i ], i ∈ S. For this reason, the same symbol is used to

denote both the system and the matrix in question without confusion.
It is possible to incorporate both systems, Σu and K, into a closed-loop system

ΣK, with the augmented state variable (x̂(t), θt) = (x(t), xK(t), θt) for any t ∈ R+.
Defining n̂ = n + k and x̂0 = (x0, 0) we have that the state and output equations for
this n̂-dimensional system may be written as an instance of (3.2):

(4.3) ΣK :

{
˙̂x(t) = Âθt x̂(t) + B̂θtv(t), x̂(0) = x̂0,

z(t) = Ĉθt x̂(t) + D̂θtv(t), t ∈ R+,

where Â = (Â1, Â2, . . .) ∈ H
n̂
sup, B̂ = (B̂1, B̂2, . . .) ∈ H

nv,n̂
sup , Ĉ = (Ĉ1, Ĉ2, . . .) ∈ H

n̂,nz
sup ,

D̂ = (D̂1, D̂2, . . .) ∈ H
nv,nz
sup , and, for i ∈ S,

Âi =

[
Ai + GiK22

i Γi GiK21
i

K12
i Γi K11

i

]
, B̂i =

[
Bi + GiK22

i Li

K12
i Li

]
,

Ĉi =
[
Ci + HiK22

i Γi HiK21
i

]
, D̂i = Di + HiK22

i Li,

or, equivalently,

Âi =A0
i + ĜiKiΓ̂i, B̂i =B0

i + ĜiKiL̂i,

Ĉi = C0
i + ĤiKiΓ̂i, D̂i =D0

i + ĤiKiL̂i,

with

⎡
⎣ A0

i B0
i Ĝi

C0
i D0

i Ĥi

Γ̂i L̂i �

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣

Ai 0 Bi 0 Gi

0 0k 0k×nv Ik 0
Ci 0nz×k Di 0 Hi

0 Ik 0 � �
Γi 0 Li � �

⎤
⎥⎥⎥⎥⎦ ,

where � denotes an entry which has no importance in the rest of this paper (see section
2). For the sake of simplicity we also introduce the following definition.

Definition 4.1. A compensator K ∈ H
(k+ny),(k+nu)
sup such as (4.2) is said to be

H∞ of level γ whenever the closed-loop system ΣK is SS and ‖L‖ < γ, in accordance
with (3.3)–(3.4).

4.2. Characterization results (general case). In this subsection we shall
derive conditions which relate the existence of H∞ controllers of a given level γ to
the solvability of LMIs. The main results here will be further explored in the next
section, where the full-order case is dealt with.
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The first result we prove shows that a given compensator K guarantees SS of
system ΣK with a desired DA level γ if and only if a specific LMI feasibility problem
in the variable P possesses an adequate solution. It should be noted that any H∞
controller must satisfy this condition in order to solve the DA problem at hand.

Proposition 4.2. Given a compensator K and a desired disturbance attenuation
level γ > 0 to be achieved, the following are equivalent:

(i) System ΣK is SS with ‖L‖ < γ.
(ii) There exists P = (P1, P2, . . .) ∈ H̃

n̂−
sup such that

(4.4) M0 + (HP)∗KJ + J ∗K∗(HP) � 0,

where M0 = (M0
1,M0

2, . . .) ∈ H
(n̂+nv+nz)∗
sup , with

M0
i =

⎡
⎣ PiA

0
i + (A0

i )
∗Pi +

∑
j∈S λijPj PiB

0
i (C0

i )∗

(B0
i )
∗Pi γ2Inv

D∗i
C0

i Di Inz

⎤
⎦ , i ∈ S,

and P ∈ H
(n̂+nv+nz)∗
sup , H ∈ H

(n̂+nv+nz),(k+nu)
sup , and J ∈ H

(n̂+nv+nz),(k+ny)
sup

given by

P =

⎡
⎣ P 0 0

0 Inv 0
0 0 Inz

⎤
⎦ ,

H =
[
Ĝ∗ 0(k+nu)×nv

Ĥ∗
]
,

J =
[

Γ̂ L̂ 0(k+ny)×nz

]
.

Proof. The proof relies on straightforward manipulations of (3.5), which is equiv-
alent to condition (i) above (Lemma 3.3). It turns out that (i) holds if and only if,
for some P = (P1, P2, . . .) ∈ H̃

n̂−
sup and every i ∈ S,

M0
i + Her

⎡
⎣ PiĜiKiΓ̂i PiĜiKiL̂i 0n̂×nz

0nv×n̂ 0nv
0nv×nz

ĤiKiΓ̂i ĤiKiL̂i 0nz

⎤
⎦ � 0,

which corresponds to (ii), M0 + Her{(HP)∗KJ } � 0.
The following proposition states that the existence of any compensator at all

which is H∞ of level γ depends on the feasibility of two specific sets of matrix in-
equalities.

Proposition 4.3. There exists a compensator K which is H∞ of level γ if and
only if the following conditions are satisfied for some P = (P1, P2, . . .) ∈ H̃

n̂−
sup:

(i) M0 � 0 over N (J );
(ii) P−1M0P−1 � 0 over N (H).
Proof. (Necessity.) Suppose that such K exists. Then, from Proposition 4.2, there

must exist P ∈ H̃
n̂−
sup such that (4.4) is satisfied. From Lemma 2.5, condition (i) is

just a consequence of this fact, along with the following, for some μ > 0:

(4.5) y∗i M0
i yi ≥ μ y∗i yi whenever HiPiyi = 0.

Now notice that the linear map N (HiPi) � yi 
→ Piyi = xi ∈ N (Hi) is a bijection
between N (HiPi) and N (Hi). Thus, the above condition holds if and only if, for all
i ∈ S,

(P−1
i xi)

∗M0
i (P−1

i xi) ≥ μ(P−1
i xi)

∗(P−1
i xi)

= μx∗iP−2
i xi(4.6)
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holds true for every such xi. But since P ∈ H̃
n̂−
sup, it follows that P 2 ∈ H̃

n̂+
sup; thus,

there must exist positive bounds ε1, ε2 such that

(4.7) ε1I ≤ P 2 ≤ ε2I ⇔ ε−1
1 I ≥ P−2 ≥ ε−1

2 I,

that is, P−2 ∈ H̃
n̂+
sup also. Then we have that the congruence transformation C(·,P−1)

(see section 2) satisfies the conditions described in Proposition 2.1, from which (4.6)
implies that, for some ε > 0 sufficiently small and every xi ∈ N (Hi),

(P−1
i xi)

∗M0
i (P−1

i xi) ≥ μx∗iP−2
i xi > εx∗i xi,

which corresponds to (ii), since the existence of a norm bound for C(M0,P−1) is
ensured by Proposition 2.1.

(Sufficiency.) Since condition (ii) is equivalent to (4.5) holding for all i ∈ S, it
follows that the existence of such P ∈ H̃

n̂−
sup guarantees (again from Lemma 2.5) that

there is K such that (4.4) is satisfied, which from Proposition 4.2 implies that this
controller meets the desired condition.

It should be noted that, even though the first condition of the last proposition
corresponds to an LMI feasibility problem, the same doesn’t hold for the second one.
Besides, it will be shown that the restrictions on N (J ) and N (H) can be expressed
under simpler forms. With the aid of Corollary 2.4 we shall restate the last result in
a more suitable way in what follows.

Proposition 4.4. For X = (X1, X2, . . .), Y = (Y1, Y2, . . .) ∈ H
n∗
sup, P2 = (P21,

P22, . . .), S2 =(S21, S22, . . .) ∈ H
k,n
sup, P3 =(P31, P32, . . .) ∈ H

k
sup, and S3 =(S31, S32, . . .)

∈ H
k
sup, let

Pi :=

[
Xi P2i

P ∗2i P3i

]
, Si := P−1

i =

[
Yi S2i

S∗2i S3i

]
, i ∈ S.

Then
(i) M0 � 0 over N (J ) if and only if⎡

⎣ A∗iXi + XiAi +
∑

j∈S λijXj XiBi C∗i
B∗i Xi γ2Inv

D∗i
Ci Di Inz

⎤
⎦ � 0

over N
[

Γi Li 0ny×nz

]
;(4.8)

(ii) P−1M0P−1 � 0 over N (H) if and only if⎡
⎣ YiA

∗
i + AiYi + λiiYi +

∑
j �=i λij(SiS

−1
j Si)11 YiC

∗
i Bi

CiYi Inz
Di

B∗i D∗i γ2Inv

⎤
⎦ � 0

over N
[
G∗i H∗i 0nu×nv

]
,(4.9)

where (SiS
−1
j Si)11 = YiXjYi + YiP2jS

∗
2i + S2iP

∗
2jYi + S2iP3jS

∗
2i.

Proof. First of all, notice that N (Ji) may be rewritten as

N
[

Γ̂i L̂i 0(k+ny)×nz

]
= N

[
0 Ik 0 0
Γi 0 Li 0ny×nz

]
= R

⎡
⎢⎢⎣

Φ1i 0
0 0k

Φ2i 0
0 Inz

⎤
⎥⎥⎦
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whenever N
[

Γi Li

]
= R

[
Φ1i

Φ2i

]
. Thus, noticing that (PiA

0
i )11 = XiAi, we have

that the first condition of Proposition 4.3 is equivalent to

0 � C

⎛
⎜⎜⎝
⎡
⎢⎢⎣

A∗iXi + XiAi +
∑

j∈S λijXj � XiBi C∗i
� � � �

B∗i Xi � γ2Inv D∗i
Ci � Di Inz

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

Φ1i 0
0 0

Φ2i 0
0 I

⎤
⎥⎥⎦
⎞
⎟⎟⎠

= C

⎛
⎝
⎡
⎣ A∗iXi + XiAi +

∑
j∈S λijXj XiBi C∗i

B∗i Xi γ2Inv D∗i
Ci Di Inz

⎤
⎦ ,

⎡
⎣ Φ1i 0

Φ2i 0
0 Inz

⎤
⎦
⎞
⎠ ,

from which (i) follows. With respect to the second condition of Proposition 4.3 we
have that

P−1
i M0

iP−1
i

= C

⎛
⎝
⎡
⎣ (A0

i )
∗Pi + PiA

0
i +

∑
j∈S λijPj ∗ ∗

(B0
i )
∗Pi γ2Inv

∗
C0

i Di Inz

⎤
⎦ ,

⎡
⎣ P−1

i 0 0
0 Inv

0
0 0 Inz

⎤
⎦
⎞
⎠

=

⎡
⎣ Si(A

0
i )
∗ + A0

iSi +
∑

j∈S λijSiS
−1
j Si B0

i Si(C
0
i )∗

(B0
i )
∗ γ2Inv D∗i

C0
i Si Di Inz

⎤
⎦ ,

which clearly corresponds to (ii). Moreover, we have that N (Hi) may be rewritten as

N (Hi) = N
([

Ĝ∗i 0(k+nu)×nv
Ĥ∗i

])
= R

⎡
⎣ Ψ̂1i 0

0 Inv

Ψ2i 0

⎤
⎦

whenever R
[

Ψ̂1i

Ψ2i

]
= N

[
Ĝ∗i Ĥ∗i

]
. We rewrite condition (ii) as

0 � C

⎛
⎝
⎡
⎣ Si(A

0
i )
∗ + A0

iSi +
∑

j∈S λijSiS
−1
j Si ∗ ∗

(B0
i )
∗ γ2Inv ∗

C0
i Si Di Inz

⎤
⎦ ,

⎡
⎣ Ψ̂1i 0

0 I
Ψ2i 0

⎤
⎦
⎞
⎠

= C

⎛
⎝
⎡
⎣ Si(A

0
i )
∗ + A0

iSi +
∑

j∈S λijSiS
−1
j Si ∗ ∗

C0
i Si Inz ∗

(B0
i )
∗ D∗i γ2Inv

⎤
⎦ ,

⎡
⎣ Ψ̂1i 0

Ψ2i 0
0 Inv

⎤
⎦
⎞
⎠ .

But

R
[

Ψ̂1i

Ψ2i

]
= N

[
Ĝ∗i Ĥ∗i

]
= N

[
0 Ik 0
G∗i 0 H∗i

]
= R

⎡
⎣ Ψ1i 0

0 0k
Ψ2i 0

⎤
⎦

whenever N
[
G∗i H∗i

]
= R

[
Ψ1i

Ψ2i

]
. By substituting into the previous expression we

get the equivalence to

0�C

⎛
⎜⎜⎝
⎡
⎢⎢⎣
YiA

∗
i + AiYi +

∑
j∈S λij(SiS

−1
j Si)11 � YiC

∗
i Bi

� � � �
CiYi � Inz Di

B∗i � D∗i γ2Inv

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

Ψ1i 0
0 0k×nv

Ψ2i 0
0 Inv

⎤
⎥⎥⎦
⎞
⎟⎟⎠

= C

⎛
⎝
⎡
⎣ YiA

∗
i + AiYi + λiiYi +

∑
j �=i λij(SiS

−1
j Si)11 ∗ ∗

CiYi Inz ∗
B∗i D∗i γ2Inv

⎤
⎦ ,

⎡
⎣ Ψ1i 0

Ψ2i 0
0 Inv

⎤
⎦
⎞
⎠ ,
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and (ii) follows directly.
Remark 4.5. In the single-mode case (when S = {1}) the above result reconciles

with the LMI characterization results stated, for instance, in [14], [15], and [18].
Although the last result applies to the general-order case (when k is arbitrary),

it has two major drawbacks:
(i) Relation (4.9) depends on every entry of S (and P , consequently) through

the term SiS
−1
j Si.

(ii) The equality S = P−1 leads to the coupling condition X = (Y −S2S
−1
3 S∗2 )−1,

which is nonlinear and conservative in excess.
In an effort to overcome such drawbacks, we consider in the next subsection the

full-order case. The main idea is that, by restricting ourselves to a specific class of
Lyapunov functions, a fairly complete LMI characterization may be derived along the
lines of Proposition 4.4.

4.3. Characterization results (full-order case). This subsection deals with
the so-called full-order case, in which k = n (that is, we consider controllers of the
same order as the to-be-controlled system). The main result (Theorem 4.8) states an
equivalent condition to the existence of H∞ controllers of such type in terms of two
distinct LMI problems (see also Algorithm 4.10).

The basic idea here is to restrict ourselves to the class of quadratic Lyapunov
functions parametrized by

(4.10) Pi =

[
Xi Y −1

i −Xi

Y −1
i −Xi Xi − Y −1

i

]
, i ∈ S.

Notice that, in this case, Si := P−1
i =

[
Yi Yi

Yi �

]
for every such i, and hence

(4.11) SiS
−1
j Si =

[
YiY

−1
j Yi �

� �

]
.

In what follows we shall investigate what conditions X,Y ∈ H
n∗
sup must satisfy so

that a quadratic Lyapunov function may be defined with the aid of (4.10). First, we
derive a sufficient condition in terms of LMIs. This result, in conjunction with an
auxiliary lemma, will be germane to the proof of Theorem 4.8, which shows that the
sufficient condition is also necessary.

Theorem 4.6. There exists a full-order H∞ compensator K of level γ whenever
there exist X,Y ∈ H

n∗
sup such that the following set of LMIs is satisfied for every i ∈ S:

⎡
⎣ A∗iXi + XiAi +

∑
j∈S λijXj XiBi C∗i

B∗i Xi γ2Inv
D∗i

Ci Di Inz

⎤
⎦ � 0

over N
[

Γi Li 0ny×nz

]
,(4.12a)

⎡
⎢⎢⎣

YiA
∗
i + AiYi + λiiYi YiC

∗
i Bi λ′i ⊗ Yi

CiYi Inz Di 0
B∗i D∗i γ2Inv 0

λi ⊗ Yi 0 0 Di(Y )

⎤
⎥⎥⎦ � 0

over N
[
G∗i H∗i 0nu×nv

0nu×∞
]
,(4.12b)
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and

(4.12c)

[
Yi I
I Xi

]
� 0,

where λi = (
√
λi1, . . . ,

√
λi(i−1),

√
λi(i+1), . . .),Di(Y ) := −diag(Y1, . . . , Yi−1,Yi+1, . . .)

for any such i, and 0•×∞ is a zero matrix with an infinite number of columns.
Proof. The idea behind this proof is to further improve the previous result (Propo-

sition 4.4) by choosing P as in (4.10). Notice that (4.12c) implies X − Y −1 � 0 and

(4.13) X − (Y −1 −X)(X − Y −1)−1(Y −1 −X) = Y −1 � 0,

which guarantees that this particular choice satisfies P � 0.
Since (4.8) depends only on the first diagonal block of P this condition remains

unchanged, (4.12a). Hence, it remains only to prove that (4.12b) yields (4.9).
Let Φ = (Φ1,Φ2, . . .) be an orthonormal basis for N

[
G∗i H∗i 0nu×nv

]
and,

for any such i ∈ S, define

[
Ui Vi

V ∗i Wi

]
:=

⎡
⎢⎢⎢⎢⎢⎢⎣

Φ∗i

⎛
⎝ Her(AiYi) + λiiYi YiC

∗
i Bi

CiYi Inz Di

B∗i D∗i γ2Inv

⎞
⎠Φi Φ∗i

⎛
⎝ λ′i ⊗ Yi

0
0

⎞
⎠

(
λi ⊗ Yi 0 0

)
Φi Di(Y )

⎤
⎥⎥⎥⎥⎥⎥⎦
.

Then, bearing in mind (A.5) and (A.9), it is not difficult to see that application of

the transformation C
{
·,
[ I
−W−1

i V ∗
i

]}
, i ∈ S, to both sides of (4.12b) yields

⎡
⎣ YiA

∗
i + AiYi + λiiYi +

∑
j �=i λijYiY

−1
j Yi YiC

∗
i Bi

CiYi Inz Di

B∗i D∗i γ2Inv

⎤
⎦ � 0

over N
[
G∗i H∗i 0nu×nv

]
.(4.14)

In fact, assume the left-hand side (LHS) of (4.12b) is ε-positive; then, in a similar
way to (A.5), we have

(4.15) Ui − ViW
−1
i V ∗i = C

{[
Ui Vi

V ∗i Wi

]
,

[
I

−W−1
i V ∗i

]}
≥ εI

for every i ∈ S. Finally, we have from (A.9) that

‖Ui − ViW
−1
i V ∗i ‖ ≤

(
1 + ‖ViW

−1
i ‖

)2 ∥∥∥∥
[

U V
V ∗ W

]∥∥∥∥
sup

,

in which, for every such i ∈ S,

‖ViW
−1
i ‖ ≤ ‖Φi‖‖(λ′i ⊗ Yi)Di(Y

−1)‖ ≤ ‖λi‖‖Y ‖sup‖Y −1‖sup

=

⎛
⎝ ∑

j∈S\{i}
λij

⎞
⎠

1/2

‖Y ‖sup‖Y −1‖sup

≤ √
� ‖Y ‖sup‖Y −1‖sup(4.16)
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with � as defined in the beginning of section 3. This concludes the proof, since (4.14)
is just a restatement of (4.9) with P given by (4.10).

Before presenting our main result, we state the following lemma. It is proven
that the feasibility of a specific LMI problem is necessary for the existence of full-
order controllers, in the spirit of [20, Theorem 4].

Lemma 4.7. Suppose there exists a full-order H∞ compensator K of level γ. Then
there exist X = (X1, X2, . . .), Y = (Y1, Y2, . . .) ∈ H̃

n−
sup, J = (J1, J2, . . .) ∈ H

ny,n
sup ,

F = (F1, F2, . . .) ∈ H
n,nu
sup , and U = (U1, U2, . . .) ∈ H

ny,nu
sup such that the following

LMIs are satisfied for every i ∈ S:

(4.17a)

⎡
⎣ Her(XiAi + JiΓi) +

∑
j∈S λijXj ∗ ∗

(XiBi + JiLi)
∗ γ2Inv ∗

Ci + HiUiΓi Di + HiUiLi Inz

⎤
⎦ � 0,

(4.17b)

⎡
⎢⎢⎣

Her(AiYi + GiFi) + λiiYi ∗ ∗ ∗
(Bi + GiUiLi)

∗ γ2Inv
∗ ∗

CiYi + HiFi Di + HiUiLi Inz
∗

λi ⊗ Yi 0 0 Di(Y )

⎤
⎥⎥⎦ � 0,

(4.17c)

[
Yi I
I Xi

]
� 0.

Proof. From the hypothesis there must exist P = (P1, P2, . . .) � 0 satisfying
(3.5). For later use, let us write such P and S := P−1 under the following compatible
form:

(4.18) P =

[
X P2

P ∗2 P3

]
, S =

[
Y S2

S∗2 S3

]
.

Introducing now I =
[

0n In
]
, let us make explicit the affine dependence of Â on

K11:

Âi =

[
Ai + GiK22

i Γi GiK21
i

K12
i Γi 0n

]
+

[
0n 0
0 K11

i

]
=: Âi + I ′K11

i I.(4.19)

Next, define J =
[
In 0n

]′
and notice that N (diag(J , Inv , Inz )) = {0}, so uni-

form definiteness is preserved under application of C (·,diag(J , Inv , Inz )) on (3.5).
Moreover, since IJ = 0 the hypothesis yields

(4.20)

⎡
⎢⎣ J ′(Â∗iPi + PiÂi +

∑
j∈S λijPj)J ∗ ∗

B̂∗i PiJ γ2Inv
∗

ĈiJ D̂i Inz

⎤
⎥⎦ � 0.

By defining U := K22, J := XGU +P2K12 and performing the indicated calculations,
the equivalence between (4.20) and (4.17a) follows immediately.

Proceeding further, we have that the transformation C(·,diag(Si, Inv , Inz )) ≡
C(·,P−1), which also preserves uniform definiteness (see the proof of Proposition 4.3),
leaves (3.5) as

(4.21)

⎡
⎢⎣ SiÂ

∗
i + ÂiSi +

∑
j∈S λijSiS

−1
j Si ∗ ∗

B̂∗i γ2Inv ∗
ĈiSi D̂i Inz

⎤
⎥⎦ � 0.
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In the spirit of Theorem 2.2, let us now define

Ui − ViW−1
i V∗i :=

⎡
⎣ SiÂ

∗
i + ÂiSi + λiiSi ∗ ∗

B̂∗i γ2Inv
∗

ĈiSi D̂i Inz

⎤
⎦

−

⎡
⎣ λ′i ⊗ Si

0
0

⎤
⎦Di(S)−1

⎡
⎣ λ′i ⊗ Si

0
0

⎤
⎦
∗

(4.22)

for each i ∈ S. Then (4.21) implies that[
Ui Vi

V∗i Wi

]
=

[
I ViW−1

i

0 I

] [
Ui − ViW−1

i V∗i 0
0 Wi

] [
I 0

W−1
i V∗i I

]
� 0

on S, which may be rewritten more explicitly as

(4.23)

⎡
⎢⎢⎣

SiÂ
∗
i + ÂiSi + λiiSi ∗ ∗ ∗

B̂∗i γ2Inv ∗ ∗
ĈiSi D̂i Inz ∗

λi ⊗ Si 0 0 Di(S)

⎤
⎥⎥⎦ � 0.

To see why this is true, we rely on two facts. First, that Xi := W−1
i V∗i is such that

(4.24) supσ{X ∗i Xi} = ‖ViW−1
i ‖2 ≤ (

√
�‖P‖sup‖S‖sup)2 < ∞

for all i ∈ S; this can be verified directly from (4.22), in the same vein as (4.16) (here
σ{·} denotes the spectrum of an infinite matrix, and � is as defined in the beginning
of section 3). Hence, by performing a minor modification to (A.4) and bearing in
mind (A.2)–(A.3), it follows that a uniform lower bound must be attained on (4.23).
Finally, the other fact to be observed is that, in the spirit of (A.8), the estimate (4.24)
should guarantee the existence of a norm bound to the LHS of (4.23) over all i ∈ S.

At this point, we already know that (4.23) is necessary for the existence of com-
pensators. But since N (J ) = {0} it follows that uniform positivity is not affected
by C {·,diag(J , Inv , Inz ,diag(J , . . .))}. Thus, defining F := UΓY + K21S∗2 we have
(4.23) reduced to (4.17b) by such transformation.

To complete the proof, notice that P2 may be assumed invertible without loss
of generality: given any admissible P � 0, just perturb it to P̃ � 0 in such a way
that P̃2 is invertible and (3.5) continues to hold true. By a classical argument, there
always exists such P̃ ∈ H̃

n̂−
sup arbitrarily close to P . In light of this, the congruence

transformation associated to
[ Y I
−P−1

3 P∗
2 Y 0

]
leaves Pi � 0 as (4.17c).

The following main result of this section unifies the results obtained so far by
giving equivalent conditions to the existence of full-order H∞ compensators.

Theorem 4.8 (full-order characterization). The following statements are equiv-
alent:

(i) There exists a full-order H∞ compensator K of level γ.
(ii) There exist suitable X,Y such that (4.12) is satisfied for every i ∈ S.
(iii) There exist suitable X,Y, J, F , and U such that (4.17) is satisfied for every

i ∈ S.
Moreover, given any X,Y satisfying (ii) there always exist suitable J, F , and U such
that (iii) is satisfied.
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Proof. First assume (ii) holds; then Theorem 4.6 guarantees that (i) is satisfied.
Next, notice that (i) yields (iii) according to Lemma 4.7 (the fact that such X and
Y satisfying (iii) may be chosen by (ii) will be proved last). Thus it remains only to
prove (iii) ⇒ (ii).

Assume (iii) is true. Since relations (4.17c) and (4.12c) are the same, it remains
only to prove that such X,Y satisfy (4.12a) and (4.12b), respectively. We have that
(4.17a) may be written⎡

⎣ XiAi + A∗iXi +
∑

j∈S λijXj ∗ ∗
B∗i Xi γ2I ∗
Ci Di I

⎤
⎦

+ Her

⎛
⎝
⎡
⎣ I 0 0

0 I 0
0 0 H∗i

⎤
⎦
∗ ⎡
⎣ Ji

0
Ui

⎤
⎦ [

Γi Li 0
]⎞⎠ � 0.(4.25)

Moreover, the transformation

C

⎛
⎜⎜⎝·,

⎡
⎢⎢⎣

I 0 0 0
0 0 I 0
0 I 0 0
0 0 0 I

⎤
⎥⎥⎦
⎞
⎟⎟⎠

leaves (4.17b) equivalent to⎡
⎣ Her(AiYi) +

∑
j∈S λijYiY

−1
j Yi ∗ ∗

CiYi I ∗
B∗i D∗i γ2I

⎤
⎦

+ Her

⎛
⎝
⎡
⎣ Gi

Hi

0

⎤
⎦ [

Fi 0 Ui

] ⎡⎣ I 0 0
0 I 0
0 0 Li

⎤
⎦
⎞
⎠ � 0(4.26)

(this is proved just as (4.12b) ⇒ (4.14) in Theorem 4.6). Further on, we have that

(4.27) N

⎡
⎣ I 0 0

0 I 0
0 0 H∗i

⎤
⎦ = R

⎡
⎣ 0

0
ΨH∗

i

⎤
⎦ , N

⎡
⎣ I 0 0

0 I 0
0 0 Li

⎤
⎦ = R

⎡
⎣ 0

0
ΨLi

⎤
⎦

for some adequate ΨH∗
i
, ΨLi . These facts, along with the uniform projection lemma

(Lemma 2.5), lead to the fulfillment of statement (ii).
Finally, we prove that any X and Y satisfying (ii) may be fed into (iii) and

suitable J, F , and U will always exist. In fact, just assume (ii) holds. Then (i)
follows, and Lemma 4.7 guarantees that U = K22, J = XGU + (Y −1 − X)K12,
and F = UΓY + K21Y are such that (4.17a)–(4.17c) are satisfied, completing the
proof.

Remark 4.9. In case D and K22 = U are identically zero, all data are real, and the
state space of the underlying Markov chain is finite, the LMIs (4.17a)–(4.17c) coincide
with those pointed out in Theorem 4.2 of [7]. In addition, notice that here it is stated
that such conditions are not only sufficient but also necessary for the existence of K,
with the class of Lyapunov functions taken into consideration.

Bearing in mind the above characterization result we present the following algo-
rithm as a solution to the existence problem. It is noteworthy that each of the design
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procedures we present in the next subsection (Algorithms 5.3, 5.4, and 5.5) depend
on it to some extent.

Algorithm 4.10 (existence of compensators). The existence of some H∞ com-
pensator of given level γ > 0 is guaranteed by solving either one of the following convex
feasibility problems:

e1: Find X = (X1, X2, . . .), Y = (Y1, Y2, . . .) ∈ H
n∗
sup, J = (J1, J2, . . .) ∈ H

ny,n
sup ,

F = (F1, F2, . . .) ∈ H
n,nu
sup , and U = (U1, U2, . . .) ∈ H

ny,nu
sup such that (4.17) is

satisfied for every i ∈ S.
e2: Find X = (X1, X2, . . .), Y = (Y1, Y2, . . .) ∈ H

n∗
sup such that (4.12) is satisfied

for every i ∈ S.
On the other hand, whenever it may be proved that either of these problems doesn’t

have a solution, then such a compensator does not exist at all.
Finally, we would like to point out that the above algorithm is of immediate

practical interest when it comes to the finite case, in the sense that it can be efficiently
implemented by widely available convex programming software (see, for instance, [3],
[19], and the references therein). The following remark closes this subsection with one
last consideration in this direction.

Remark 4.11. Some evident differences between procedures e1 and e2 are the
larger number of variables in the former and the projection-like restrictions in the
latter. It would be interesting to determine under which conditions each of these
aspects is more critical when aiming for practical implementation.

5. Design. In this section we present some tools for the design of full-order H∞
compensators. Both the suboptimal and optimal synthesis problems are discussed.

The main theoretical result of this section, whose statement has been inspired in
[7, Theorem 4.2] (see also [14]), provides the aforementioned formulas for construction
of full-order H∞ compensators, as follows.

Theorem 5.1. Suppose that suitable X, Y , J , F , and U satisfying the conditions
of Theorem 4.8 may be found. Then the following full-order compensator guarantees
that SS of the closed-loop system ΣK is achieved along with a DA level γ:

K12 =
(
Y −1 −X

)−1
(J −XGU) ,(5.1)

K21 = (F − UΓY )Y −1,(5.2)

K22 = U,(5.3)

and, for every i ∈ S,

K11
i = −

(
Y −1
i −Xi

)−1

{
Xi(AiYi + GiFi) + (Ji −XiGiUi)ΓiYi + Ã∗i

+
∑
j∈S

λijY
−1
j Yi − C̃∗i (CiYi + HiFi) −

[
XiBi + JiLi − C̃∗i D̃i

]

×(γ2I − D̃∗i D̃i)
−1

[
B̃i − (CiYi + HiFi)

∗D̃i

]∗}
Y −1
i ,(5.4)

where

(5.5)

[
Ãi B̃i

C̃i D̃i

]
=

[
Ai Bi

Ci Di

]
+

[
Gi

Hi

]
Ui

[
Γi Li

]
.
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Proof. First of all, notice that such X and Y (which are known by hypothesis)
satisfy the conditions of Theorem 4.6; moreover, it has been proved there that P =
(P1, P2, . . .) given by

(5.6) Pi =

[
Xi Y −1

i −Xi

Y −1
i −Xi Xi − Y −1

i

]
, i ∈ S,

ensures the existence of some H∞ compensator K of level γ, and hence it remains
only to explicitly present one such compensator. Also notice that, in this case, Si =
P−1
i =

[
Yi Yi

Yi �

]
for every such i.

From Theorem 4.8 we have that such X, Y , J , F , and U (all of which are known)
correspond to a solution of (4.17). Now, from Lemma 4.7 we have that such J , F ,
and U are related to the controller matrices (and to the Lyapunov variable P ) as

J = XGU + P2K12, F = UΓY + K21S∗2 , U = K22,(5.7)

which, in accordance with (4.18) and (5.6), yields (5.1), (5.2), and (5.3).
To complete the proof we have to present some K11 in order to solve the LMI

problem (3.5); from Theorem 2.2, however, this is equivalent to 0 � Nγ(P ) =
(Nγ

1 (P ), Nγ
2 (P ), . . .), where

Nγ
i (P ) := Â∗iPi + PiÂi +

∑
j∈S

λijPj − Ĉ∗i Ĉi

− (PiB̂i − Ĉ∗i D̃i)(γ
2I − D̃∗i D̃i)

−1(B̂∗i Pi − D̃∗i Ĉi)(5.8)

for every such i, since (4.17a) guarantees that γ2I − D̃∗i D̃i � 0 (bearing in mind
D̃i := Di + HiUiLi). Now define R = (R1,R2, . . .) by

(5.9) Ri =

[
R11

i R21∗
i

R21
i R22

i

]
=

[
Yi I
Yi 0

]∗
Nγ

i (P )

[
Yi I
Yi 0

]

for i ∈ S, with each block dimension according to Âi. Since the above congruence
transformation satisfies the conditions of Proposition 2.1, we have that the uniform
positivity of Ri on i ∈ S is actually equivalent to that of Nγ(P ).

A sketch of the rest of the proof is as follows. First, we shall prove that R11 � 0
and R22 � 0 regardless of what choice is made on K11. Next, we claim that it is
possible to choose K11 in such a way that the off-diagonal element R21 is zero, which
in fact will correspond to (5.4) for all i ∈ S. Notice, however, that R21 = 0 is only a
sufficient but not a necessary condition (because different controllers could be sought
at this point).

Moving further, let us define Yi =
[
Yi I
Yi 0

]
, Ξi = Xi(AiYi+GiFi)+(Ji−XiGiUi)ΓiYi

+ (Y −1
i −Xi)K11

i Yi and calculate each entry of Ri separately. We have

Y∗i PiÂiYi =

[
AiYi + GiFi Ai + GiUiΓi

Ξi XiAi + JiΓi

]
and Y∗i PjYi =

[
YiY

−1
j Yi YiY

−1
j

Y −1
j Yi Xj

]
.

Moreover, we have that

Y∗i Ĉ∗i ĈiYi =

[
(CiYi + HiFi)

∗(CiYi + HiFi) (CiYi + HiFi)
∗(Ci + HiUiΓi)

∗ (Ci + HiUiΓi)
∗(Ci + HiUiΓi)

]
,
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because {Ci + Hi(UiΓi + K21
i )}Yi = CiYi + HiFi. Finally,

Y∗i PiB̂i =

[
Bi + GiUiLi

XiBi + JiLi

]
and Y∗i Ĉ∗i D̃i =

[
(CiYi + HiFi)

∗

(Ci + HiUiΓi)
∗

]
(Di + HiUiLi).

Now substitute the above results back into the definition of R to obtain that

R
�m
i = Her(Y∗i PiÂiYi)�m +

∑
j∈S

λij(Y∗i PjYi)�m − (Y∗i Ĉ∗i ĈiYi)�m

− Y∗i (PiB̂i − Ĉ∗i D̃i)�•(γ
2I − D̃∗i D̃i)

−1(B̂∗i Pi − D̃∗i Ĉi)•m,

where (
,m) ∈ {1, 2} × {1, 2},

⇒ R
11
i = AiYi + YiA

∗
i +

∑
j∈S

λijYiY
−1
j Yi + GiFi + F ∗i G

∗
i − (CiYi + HiFi)

∗(CiYi + HiFi)

− (Bi + GiUiLi − (CiYi + HiFi)
∗(Di + HiUiLi))(γ

2I − D̃∗i D̃i)
−1

×(Bi + GiUiLi − (CiYi + HiFi)
∗(Di + HiUiLi))

∗,

R
22
i = XiAi + A∗iXi +

∑
j∈S

λijXj + JiΓi + Γ∗i J
∗
i − (Ci + HiUiΓi)

∗(Ci + HiUiΓi)

− (XiBi + JiLi − (Ci + HiUiΓi)
∗D̃i)(γ

2I − D̃∗i D̃i)
−1

×(XiBi + JiLi − (Ci + HiUiΓi)
∗D̃i)

∗,

and

R
21
i = Xi(AiYi + GiFi) + (Ji −XiGiUi)ΓiYi + (Y −1

i −Xi)K11
i Yi

+ (Ai + GiUiΓi)
∗ +

∑
j∈S

λijY
−1
j Yi − (Ci + HiUiΓi)

∗(CiYi + HiFi)

− {XiBi + JiLi − (Ci + HiUiΓi)
∗D̃i}(γ2I − D̃∗i D̃i)

−1

×{Bi + GiUiLi − (CiYi + HiFi)
∗D̃i}∗.

Just as mentioned before, we have from a repeated application of uniform Schur
complements (Theorem 2.2, aiming for dimension reduction) that (4.17a) and (4.17b)
are equivalent to R11 � 0 and R22 � 0, respectively, and regardless of what choice
is made with respect to K11.

Finally, we have that the unique solution K11 to the algebraic equation R21
i = 0,

i ∈ S, is given by (5.4), concluding the proof.
Remark 5.2. Suppose D and K22 = U are identically zero. Then (5.4) reduces to

K11
i = −(Y −1

i −Xi)
−1

{
Xi(AiYi + GiFi) + JiΓiYi + A∗i +

∑
j∈S

λijY
−1
j Yi

− C∗i (CiYi + HiFi) − γ−2(XiBi + JiLi)B
∗
i

}
Y −1
i ,(5.10)

which, together with (5.1) and (5.2), coincides with the result from Theorem 4.2 in
[7], in case all data are real and the set S is finite.

5.1. Some algorithms. In what follows we shall present some design procedures
in order to put our results on a more practical basis. It should be noted that this whole
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design framework provides a collection of tools which may be readily implemented on
convex programming software, at least in the finite case.

The next algorithm provides one possible way of computing a full-order controller
such as the one presented in Theorem 5.1.

Algorithm 5.3 (two-step design procedure). An H∞ compensator of given level
γ > 0 may be constructed according to Theorem 5.1 by the following steps:

d1: Solve the existence problem by means of e1;
↪→ If such a solution can’t be found, then stop.

d2: Bearing in mind X,Y, J, F , and U from the previous step, build a compensator
by means of relations (5.1)–(5.4).

Looking back at Theorem 4.8 it is possible to propose the following alternative
to Algorithm 5.3. The main advantage here is that the existence of solutions depends
on the feasibility of a problem of relatively smaller dimension.

Algorithm 5.4 (three-step design procedure). An H∞ compensator of given
level γ > 0 may be constructed according to Theorem 5.1 by the following steps:

D1: Solve the existence problem by means of e2;
↪→ If such a solution can’t be found, then stop.

D2: Bearing in mind such X and Y from the above step, find J = (J1, J2, . . .) ∈
H

ny,n
sup , F = (F1, F2, . . .) ∈ H

n,nu
sup , and U = (U1, U2, . . .) ∈ H

ny,nu
sup such that

(4.17a) and (4.17b) are satisfied (from Theorem 4.8 we have that there always
exists a solution to this problem).

D3: With X,Y, J, F , and U obtained from the previous steps, build a compensator
by means of relations (5.1)–(5.4).

We now consider the H∞ optimization problem—that of computing the smallest
DA level possible. The next algorithm provides, by means of a bisectional procedure
(see [2] or [6, Algorithm 8.9], for instance), two different ways to compute the optimal
DA level that may be achieved by a full-order controller such as K, by solving each
one of the following semidefinite programs [22]:

SDP1 :
minimize γ

subject to (4.12), i ∈ S, γ > 0,

and

SDP2 :
minimize γ

subject to (4.17), i ∈ S, γ > 0.

Algorithm 5.5 (H∞ optimization). The smallest DA level γ = γ∗ that can be
achieved by a controller such as (4.2) in the full-order case may be computed, with
arbitrary precision ε > 0, by the following steps (where ι ∈ {1, 2}):

Bsec
1 : Let γmin = 0 and choose γmax > 2ε so large that eι is feasible for γ = γmax.

Bsec
2 : Let γ ← (γmin + γmax)/2 and solve the existence problem by means of eι;

↪→ If a solution to eι can be found, then let γmax ← γ;
↪→ otherwise, let γmin ← γ.

Bsec
3 : Repeat Bsec

2 until (γmax − γmin)/2 < ε.
Bsec

4 : Return γ ≈ γ∗.
An explicit implementation of the above design procedures is presented in what

follows. It is worth noting that the example under consideration does not satisfy
the simplifying assumptions of [7] and, by consequence, cannot be tackled by current
methods in the literature.
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5.1.1. A nominal example. Let S = {1, 2}, n = 1, and consider system (4.1)
in the form⎡
⎣ A1 B1 G1

C1 D1 H1

Γ1 L1 �

⎤
⎦ =

⎡
⎣ 1 1 1

1 0 0
1 −1 �

⎤
⎦ ,

⎡
⎣ A2 B2 G2

C2 D2 H2

Γ2 L2 �

⎤
⎦ =

⎡
⎣ 1 −1 −1

1 1 1
1 1 �

⎤
⎦ ,

with Markov switching governed by[
λ11 λ12

λ21 λ22

]
=

[
−1 +1
+1 −1

]
.

Notice that the results of [7] do not apply here, since D2 �= 0. In what follows we
shall design a controller which ensures stochastic stability of the closed-loop system
together with a prescribed DA level γ.

Let γ = 5. By employing Algorithm 4.10, we obtain that a feasible solution to
(4.12)–(4.17) is given by

i Xi Yi Ji Fi Ui

1 −4.1633 −0.5227 19.9958 1.5509 −0.0727
2 −5.0761 −0.2459 19.4919 −0.7369 −1.0000

either by performing d1 (in Algorithm 5.3) or D1–D2 (Algorithm 5.4). A suboptimal
controller is then given by[
K11

1 K12
1

K21
1 K22

1

]
=

[
−9.3202 8.7519
−2.8944 −0.0727

]
,

[
K11

2 K12
2

K21
2 K22

2

]
=

[
−28.4562 24.3391

3.9967 −1.0000

]
.

Finally, by running Algorithm 5.5 with initial condition γmax = 5, we obtain, after
22 iterations and with precision ε = 10−6, the optimal H∞ performance γ∗ ≈ 3.42735.

One final remark goes as follows. For the example under consideration, the ob-
tained results for the optimal case (γ close to γ∗) are such that XY ≈ 1, which gives
rise to unbounded controller entries in (5.1) and (5.4). Although this is a drawback
of the presented method, we remark that the same kind of problem arises in the LTI
case (see [13] or [15, section 9.4], for example).

6. Conclusions. In this paper, the output feedback H∞ control has been ad-
dressed for a class of continuous-time Markov jump linear systems with the Markov
process taking values in an infinite countable set S. We have obtained the following
results:

• A theorem which characterizes whether there exists a full-order solution to
the disturbance attenuation problem in terms of two distinct sets of LMIs
(Theorem 4.8). This result connects a certain projection approach to an LMI
problem which is more suitable for design.

• Extensions of Schur complements and of the projection lemma to a wider con-
text. We remark here that one is faced with the same uniformity problems if
dealing with, say, time-variant systems (as, e.g., in [9] or [20]), considering the
case where the system parameters are time functions with uniform bounds.

• The JBRL was employed for the first time and valuable results could be
obtained, thus illustrating the importance of this recent result and accom-
plishing an important step in the development of an H∞-like theory for the
class of systems considered.

• An LMI algorithm (Algorithm 4.10), which allows one to check whether there
exists a solution for the DA problem.
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• A two-step design method (Algorithm 5.3) which provides explicit formulas
for the construction of a controller.

• An alternative three-step design method, Algorithm 5.4. The main issue here
is that one can first check if a smaller (projected) LMI problem is feasible,
which amounts to verifying whether the DA problem has a solution or not.
This partial solution is then fed into the two-step procedure.

• A bisectional procedure for H∞ optimization of infinite Markov jump systems
(Algorithm 5.5).

• A nominal example, for the finite case, which illustrates how the obtained
results may be employed in a situation where the hypotheses of [7] are not
satisfied.

Appendix. We present now some of the proofs omitted in the core of the text.
Proof of Proposition 2.1. Let us first prove (i). From the hypothesis, there must

exist η > 0 such that Q∗iQi ≥ ηI for every i ∈ S. Additionally, since X � 0 there
must exist ε0 > 0 such that Xi ≥ ε0In for every such i. Thus

Q∗iXiQi ≥ ε0Q
∗
iQi ≥ (ε0η)I = εI

for some suitable ε > 0, and

‖Q∗iXiQi‖ ≤ ‖Qi‖2‖Xi‖ ≤ ‖Q‖2
sup‖X‖sup,

from which the result follows. To prove (ii), just replace X by −X.
Remark A.1. Two important issues in the above proof are the need to ensure

uniform definiteness on the relations and the norm-bound invariance. It highlights
two important features which come up when the state space of the Markov chain is
assumed to be infinite vis-à-vis the finite case.

Before we proceed to the proof of Theorem 2.2, let us state the following auxiliary
result.

Proposition A.2. Given U = (U1, U2, . . .) ∈ H
p∗
sup, V = (V1, V2, . . .) ∈ H

q,p
sup,

and W = (W1,W2, . . .) ∈ H
q∗
sup, the following are equivalent:

(i)
[ Ui Vi

V ∗
i Wi

]
≥ εI for every i ∈ S and some ε > 0;

(ii) Ui ≥ μI and Wi − V ∗i U
−1
i Vi ≥ μI for every i ∈ S and some μ > 0;

(iii) Wi ≥ νI and Ui − ViW
−1
i V ∗i ≥ νI for every i ∈ S and some ν > 0.

Proof. Assume (iii) holds. Thus, defining X = −W−1V ∗ ∈ H
p,q
sup we have that,

for every such i,

(A.1) νI ≤
[

Ui − ViW
−1
i V ∗i 0

0 Wi

]
=

[
I −X∗i
0 I

] [
Ui Vi

V ∗i Wi

] [
I 0

−Xi I

]
.

Notice that
[

I 0
−Xi I

]−1
=
[

I 0
Xi I

]
; then the above expression is equivalent to

(A.2)

[
Ui Vi

V ∗i Wi

]
≥ ν

[
I X∗i
0 I

] [
I 0
Xi I

]
= ν

[
I + X∗i Xi X∗i

Xi I

]
.

But notice that, for some α ∈ (0, 1) and every i ∈ S,[
I + X∗i Xi X∗i

Xi I

]
− α

[
I 0
0 I

]

= C

{[
(1 − α)I − α

1−αX
∗
i Xi 0

0 (1 − α)I

]
,

[
I 0

1
1−αXi I

]}
> 0.(A.3)
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This is due to the fact that N
[ I 0

1
1−αXi I

]
≡ {0}, together with (1 − α)I > 0 and

(1 − α)I − α

1 − α
X∗i Xi ≥ (1 − α)I − α

1 − α
λmax(X

∗
i Xi)I = (1 − α)I − α

1 − α
‖Xi‖2I

≥ I − α

{
1 +

1

1 − α
‖X‖2

sup

}
I

> 0,(A.4)

bearing in mind that ‖X‖sup ≤ ‖W−1‖sup‖V ‖sup < ∞, and α ∈ (0, 1) may be as
small as desired. Hence, (i) follows straight from (A.2)–(A.3) by choosing ε < αν.

Now assume (i) holds. Then it is immediate that, for every i ∈ S,

Ui − ViW
−1
i V ∗i =

[
I −X∗i

] [ Ui Vi

V ∗i Wi

] [
I

−Xi

]

≥ ε
[
I −X∗i

] [ I
−Xi

]
= ε(I + X∗i Xi)

≥ εI(A.5)

and

(A.6) Wi =
[

0 I
] [ Ui Vi

V ∗i Wi

] [
0
I

]
≥ ε

[
0 I

] [ 0
I

]
= εI,

so that (iii) should hold with ν ≡ ε.
Finally, to prove the equivalence between (i) and (ii), one has to notice only that

(A.7)

[
0 I
I 0

] [
Ui Vi

V ∗i Wi

] [
0 I
I 0

]
=

[
Wi V ∗i
Vi Ui

]

and that Proposition 2.1 guarantees that the indicated transformation preserves uni-
form definiteness. Hence, the result follows immediately if we replace (U, V, V ∗,W )
by (W,V ∗, V, U) in the first part of the proof.

Proof of Theorem 2.2. Suppose (iii) holds. From Proposition A.2 we have the pos-
itivity in (i) guaranteed, and it remains only to prove that boundedness is preserved.
From (A.1) we have that∥∥∥∥

[
Ui Vi

V ∗i Wi

]∥∥∥∥ =

∥∥∥∥
[

I X∗i
0 I

] [
Ui − ViW

−1
i V ∗i 0

0 Wi

] [
I 0
Xi I

]∥∥∥∥
≤
∥∥∥∥
[

I 0
Xi I

]∥∥∥∥
2 ∥∥∥∥

[
Ui − ViW

−1
i V ∗i 0

0 Wi

]∥∥∥∥
≤
{

1 +

∥∥∥∥
[

0 0
Xi 0

]∥∥∥∥
}2 (

‖Ui − ViW
−1
i V ∗i ‖ + ‖Wi‖

)
≤ (1 + ‖X‖sup)2

(
‖U − VW−1V ∗‖sup + ‖W‖sup

)
(A.8)

for every i ∈ S, which immediately yields (i).
Assuming now (i), relation (A.1) guarantees that, for every i ∈ S,

‖Ui − ViW
−1
i V ∗i ‖ =

∥∥∥∥[ I −X∗i
] [ Ui Vi

V ∗i Wi

] [
I

−Xi

]∥∥∥∥
≤
∥∥[ I −X∗i

]∥∥2
∥∥∥∥
[

U V
V ∗ W

]∥∥∥∥
sup

(A.9)
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and

‖Wi‖ =

∥∥∥∥[ 0 I
] [ Ui Vi

V ∗i Wi

] [
0
I

]∥∥∥∥ ≤
∥∥[ 0 I

]∥∥2
∥∥∥∥
[

U V
V ∗ W

]∥∥∥∥
sup

,(A.10)

which, similarly to (A.8), implies (iii).
Equivalence between (i) and (ii) is proven with the aid of (A.7), as we did in the

proof of Proposition A.2. Finally, we have that the negative case benefits from the
above proof, in the sense that some given Q � 0 if and only if −Q � 0.

The following proposition further extends Theorem 2.2 to the wider context of
bounded matrices (see the beginning of section 2); this natural extension will be em-
ployed in the proof of the uniform projection lemma (Lemma 2.5) below.

Proposition A.3. Let p = (p1, p2, . . .) and q = (q1, q2, . . .) be such that (pi, qi) ∈
{1, 2, . . . ,M}2 for some finite integer M and every i ∈ S. Then the following state-
ments are equivalent for all U = (U1, U2, . . .) ∈ H̃

p+
sup, V = (V1, V2, . . .) ∈ H

q,p
sup and

W = (W1,W2, . . .) ∈ H̃
q+
sup:

(i)
[

U V
V ∗ W

]
� 0;

(ii) U � 0 and W − V ∗U−1V � 0;
(iii) W � 0 and U − VW−1V ∗ � 0.
Proof. The proof is straightforward. Just notice that Proposition 2.1, as well as

Proposition A.2 and Theorem 2.2, may be extended to the case where m, n, p, and q
are replaced by bounded and arbitrarily chosen sequences of integers m, n, p, and q,
respectively, by quite the same proofs.

Proof of Proposition 2.3. Just notice that, for any i ∈ S, we have that pi ≤
min{
, p}. Then define Φi = [ φi,1 . . . φi,pi ] ∈ C

p×pi , where the set {φi,j}pi

j=1 ⊂
C

p forms an orthonormal basis for N (Ψi), and the proof follows immediately.
Proof of Corollary 2.4. From Theorem 2.2 we have that the boundedness of the

LHS of each of these expressions is equivalent, so it remains only to prove that uniform
definiteness is preserved.

Define Φ to be an orthonormal basis for N (Ψ) (see Proposition 2.3). Then (ii) is
equivalent to the existence of some ε > 0 such that Wi > εI for all i ∈ S and

(A.11) 0 < Φ∗i (Ui − εI − ViW
−1
i V ∗i )Φi = Φ∗i (Ui − ViW

−1
i V ∗i )Φi − εI,

which, due to Theorem 2.2, is equivalent to the inequality[
Φ∗i 0
0 I

] [
Ui Vi

V ∗i Wi

] [
Φi 0
0 I

]

=

[
Φ∗iUiΦi Φ∗i Vi

V ∗i Φi Wi

]

> ε

[
I 0
0 I

]
= ε

[
Φ∗i Φi 0

0 I

]
=

[
Φ∗i 0
0 I

] [
εI 0
0 εI

] [
Φi 0
0 I

]
,

which is equivalent to (i), since R
[

Φi 0
0 I

]
= N

[
Ψi 0

]
for all i ∈ S:

[
Φ∗i 0
0 I

] [
Ui − εI Vi

V ∗i Wi − εI

] [
Φi 0
0 I

]
> 0.

Proof of Lemma 2.5. The proof of necessity is straightforward. Just assume that
such X exists and notice that (2.1) must hold, in particular, on the indicated set.
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The proof of sufficiency goes as follows. For ι ∈ {1, 2, 3, 4} and i ∈ S let Wιi of
adequate dimensions be an orthonormal basis for Wιi, where

W1i = N (Mi) ∩N (Ni), W3i = N (Mi)
⊥ ∩N (Ni),

W2i = N (Mi) ∩N (Ni)
⊥, W4i = N (Mi)

⊥ ∩N (Ni)
⊥.

Thus, defining T = (T1, T2, . . .) ∈ H
p
sup by Ti = [W1i W2i W3i W4i], i ∈ S, we have

that T ∗T = Ip � 0. Then from Proposition 2.1 it follows that (2.1) is equivalent to

(A.12) T ∗HT + (NT )∗X∗(MT ) + (MT )∗X(NT ) � 0.

Now, similarly to [15, Lemma 3.1], we partition each component of (A.12) just
as Ti. This yields equivalence of (2.1) to

(A.13)

⎡
⎢⎢⎣

Φ1 Φ2 Φ3 Φ4

Φ∗2 Φ5 Φ6 + X ∗11 Φ7 + X ∗21
Φ∗3 Φ∗6 + X11 Φ8 Φ9 + X12

Φ∗4 Φ∗7 + X21 Φ∗9 + X ∗12 Φ10 + X22 + X ∗22

⎤
⎥⎥⎦ � 0,

where [Φ•] := T ∗HT and

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 X11 0 X12

0 X21 0 X22

⎤
⎥⎥⎦ :=

⎡
⎢⎢⎣

0
0
Q∗1
Q∗2

⎤
⎥⎥⎦X

[
0 R1 0 R2

]
= (MT )∗X(NT ),

in which Q = [Q1 Q2] and R = [R1 R2] are defined by the full column rank matrices
[Q1i Q2i] and [R1i R2i] for which MiTi = [0 0 Q1i Q2i] and NiTi = [0 R1i 0 R2i].
Then from Proposition A.3 we have that (A.12) is equivalent to the two following
relations being satisfied for some quadruple X = (X11,X12,X21,X22) of bounded ma-
trices:

(A.14) Υ(X11) :=

⎡
⎣ Φ1 Φ2 Φ3

Φ∗2 Φ5 Φ6 + X ∗11
Φ∗3 Φ∗6 + X11 Φ8

⎤
⎦ � 0,

(A.15) Φ10 + X22 + X ∗22 −

⎡
⎣ Φ4

Φ7 + X ∗21
Φ9 + X12

⎤
⎦
∗

Υ(X11)
−1

⎡
⎣ Φ4

Φ7 + X ∗21
Φ9 + X12

⎤
⎦ � 0.

Finally, after some calculations analogous to [15, Lemma 3.1], we have that (A.14)
holds if and only if

(A.16)

[
Φ1 Φ2

Φ∗2 Φ5

]
� 0 together with

[
Φ1 Φ3

Φ∗3 Φ8

]
� 0,

which from the definition of Φ yields immediately the desired result.
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Abstract. We first introduce the notion of positive linear Volterra integrodifferential equations.
Then we give some characterizations of these positive equations. An explicit criterion and a Perron–
Frobenius-type theorem for positive linear Volterra integrodifferential equations are given. Then
we offer a new criterion for uniformly asymptotic stability of positive equations. Finally, we study
stability radii of positive linear Volterra integrodifferential equations. It is proved that complex,
real, and positive stability radii of positive linear Volterra equations under structured perturbations
(or affine perturbations) coincide and can be computed by explicit formulae. To the best of our
knowledge, most of the results of this paper are new.
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1. Introduction. Generally speaking, a dynamical system is called positive if
for any nonnegative initial condition, the corresponding solution of the system is also
nonnegative. In particular, a dynamical system with state space R

n is positive if any
trajectory of the system starting at an initial state in the positive orthant R

n
+ remains

forever in R
n
+. Positive dynamical systems play an important role in the modeling of

dynamical phenomena whose variables are restricted to be nonnegative. This model
class is used in many areas such as economics, population dynamics, and ecology;
see [2], [25]. They are often encountered in applications, for example, networks of
reservoirs, industrial processes involving chemical reactors, heat exchangers, distilla-
tion columns, storage systems, hierarchical systems, compartmental systems used for
modeling transport and accumulation phenomena of substances, etc. The mathemat-
ical theory of positive systems is based on the theory of nonnegative matrices founded
by Perron and Frobenius. As references we mention [2], [5].

Problems of positive systems have attracted a lot of attention from researchers
for a long time; see, e.g., [5], [6], [8], [9], [10], [14], [15], [17], [18], [29], [30], [31],
[32], [33], [34], [35], [36], [37], [38], [43], [44], [45], [46]. In the literature, there are
some criteria for familiar positive linear systems such as positive linear invariant-time
differential (difference) systems, and positive linear time-delay systems of retarded
type. For example, it is well known that a linear time-delay system of the form
ẋ(t) = A0x(t)+A1x(t−h), t ≥ 0, is positive if and only if A0 is a Metzler matrix and
A1 is a nonnegative matrix, and a linear discrete time system of the form x(k + 1) =
A0x(k) + A1x(k − h), k ∈ N, k ≥ h, is positive if and only if A0, A1 are nonnegative
matrices; see, e.g., [33], [34], [45].
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Recently, we developed a theory of positive systems for some new classes of lin-
ear systems such as positive linear functional differential equations [37], [35], [32],
positive linear functional difference equations [38], and positive linear Volterra inte-
gral equations [29]. More precisely, we introduced various notions of positive systems
for these classes of systems. Then we offered explicit criteria for them in terms of
positivity of system matrices. Furthermore, we gave some extensions of the classi-
cal Perron–Frobenius theorems which are important tools for analyzing stability and
robust stability of these positive systems. Finally, we obtained new criteria for asymp-
totic stability of positive systems. For example, in the recent paper [37], we showed
that a linear functional differential equation of the form

(1) ẋ(t) = Ax(t) +

∫ 0

−h
d[η(θ)]x(t + θ), x(t) ∈ R

n, t ≥ 0,

is positive (meaning that its solution semigroup is positive) if and only if A is a
Metzler matrix and η is an increasing matrix function. Then such a positive equation
is exponentially stable if and only if the spectral abscissa of the matrix A + η(0) is
strictly less than zero. Moreover, stability radius problems of positive linear functional
differential equations (1) under multiperturbations or affine perturbations have been
studied in [35], where the explicit formulae for the stability radii are given.

In the present paper, we first introduce the notion of positive linear Volterra
integrodifferential equations. Then we give an explicit criterion for equations of this
class. Finally, we study stability and robust stability of positive equations. It is
important to note that Volterra equations are studied extensively in many various
areas such as control theory, optimization, probability and statistics, economics, etc.
In particular, problems of stability and robust stability of Volterra equations have
been studied quite some time; see, e.g., [3], [4], [11], [19], [20], [26], [27], [47], [48].
However, to the best of our knowledge, aspects of positivity of problems of Volterra
equations have not been exploited yet in the literature and the main purpose of this
paper is to fill this gap. This paper is motivated by a series of our works on the
problems of stability and robust stability of positive linear systems; see, e.g., [15],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [45], [46].

The organization of the paper is as follows. In the next section, we summarize
some notation and preliminary results which will be used in what follows. In sec-
tion 3, we give an explicit criterion and a Perron–Frobenius theorem for positive
linear Volterra integrodifferential equations. In the next section, we offer a new crite-
rion for uniformly asymptotic stability of positive equations. In section 5, we study
stability radii of positive linear Volterra integrodifferential equations. It is proved that
complex, real, and positive stability radii of positive linear Volterra equations under
structured perturbations (or affine perturbations) coincide and can be computed by
explicit formulae. Finally, in section 6, we briefly summarize the obtained results and
give a suggestion for further research of positive Volterra differential equations with
delays and positive Volterra–Stieltjes differential equations.

2. Preliminaries. In this section we shall define some notation and recall some
well-known results which will be used in subsequent sections. Let K = C or R,
where C and R denote the sets of all complex and all real numbers, respectively.
Let us denote �z the real part of z ∈ C. For an integer l, q ≥ 1,Kl denotes the l-
dimensional vector space over K, (Kl)∗ is its dual, and K

l×q stands for the set of all
l × q matrices with entries in K. Inequalities between real matrices or vectors will
be understood componentwise; i.e., for two real matrices A = (aij) and B = (bij)
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in R
l×q, we write A ≥ B if and only if aij ≥ bij for i = 1, . . . , l, j = 1, . . . , q. In

particular, if aij > bij for i = 1, . . . , l, j = 1, . . . , q, then we write A � B instead

of A ≥ B. We denote by R
l×q
+ the set of all nonnegative matrices A ≥ 0. A similar

notation is adopted for vectors. For x ∈ K
n and P ∈ K

l×q we define |x| = (|xi|) and
|P | = (|pij |). For any matrix A ∈ K

n×n the spectral radius and spectral abscissa of A
are denoted by ρ(A) = max{|λ|;λ ∈ σ(A)} and μ(A) = max{�λ;λ ∈ σ(A)}, where
σ(A) := {s ∈ C; det(sIn−A) = 0} is the spectrum of A. A matrix A ∈ R

n×n is called
a Metzler matrix if all off-diagonal elements of A are nonnegative or, equivalently,
tIn + A ≥ 0 for some t ≥ 0. It is clear that any A ∈ R

n×n
+ is a Metzler matrix and,

moreover, ρ(A) = μ(A).
A norm ‖ · ‖ on K

n is said to be monotonic if ‖x‖ ≤ ‖y‖ whenever |x| ≤ |y|,
x, y ∈ K

n. Every p-norm on K
n, 1 ≤ p ≤ ∞, is monotonic. Throughout the paper,

if not otherwise stated, the norm of a matrix P ∈ K
l×q is understood as its operator

norm associated with a given pair of monotonic vector norms on K
l and K

q, that
is, ‖P‖ = max{‖Py‖; ‖y‖ = 1}. We note that the operator norm is in general not
monotonic norm on K

l×q even if K
l,Kq are provided with monotonic norms. However,

such monotonicity holds for nonnegative matrices. Moreover, we have (see, e.g., [44])

(2) P ∈ K
l×q, Q ∈ R

l×q
+ , |P | ≤ Q ⇒ ‖P‖ ≤ ‖ |P | ‖ ≤ ‖Q‖.

The following theorem summarizes some existing results on properties of Metzler
matrices which will be used in what follows (see, e.g., [44]).

Theorem 2.1. Suppose that A ∈ R
n×n is a Metzler matrix. Then

(i) (Perron–Frobenius) μ(A) is an eigenvalue of A and there exists a nonnegative
eigenvector x ≥ 0, x 
= 0 such that Ax = μ(A)x;

(ii) given α ∈ R, there exists a nonzero vector x ≥ 0 such that Ax ≥ αx if and
only if μ(A) ≥ α;

(iii) (tIn −A)−1 exists and is nonnegative if and only if t > μ(A);
(iv) given B ∈ R

n×n
+ , C ∈ C

n×n, then

(3) |C| ≤ B =⇒ μ(A + C) ≤ μ(A + B).

For φ ∈ C([α, β],Rm×n), the notation φ ≥ 0 means that φ(θ) ≥ 0 for every
θ ∈ [α, β]. To make the presentation self-contained we present here some basic facts
on vector functions of bounded variation and relative ones.

A matrix function η(·) : [α, β] → R
l×q is called an increasing matrix function if

η(θ2) ≥ η(θ1) for α ≤ θ1 ≤ θ2 ≤ β.

A matrix function η(·) : [α, β] → K
m×n is said to be of bounded variation if

(4) Var(η;α, β) := sup
P [α,β]

∑
k

‖η(θk) − η(θk−1)‖ < +∞,

where the supremum is taken over the set of all finite partitions of the interval [α, β].
The set BV([α, β],Km×n) of all matrix functions η(·) of bounded variation on [α, β]
satisfying η(α) = 0 is a Banach space endowed with the norm ‖η‖ = Var(η;α, β).
Since all matrix norms on K

m×n are equivalent, it follows that the matrix function
η(·) = (ηij(·)) ∈ K

m×n is of bounded variation if and only if each ηij(·) is of bounded
variation. Moreover, it is easy to show that if K

m×n is provided with the ∞-norm,
then

(5) max
1≤i≤m

n∑
j=1

Var(ηij ;α, β) ≤ ‖η‖ = Var(η;α, β) ≤
m∑
i=1

n∑
j=1

Var(ηij ;α, β).
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Given η(·) ∈ BV([α, β],Km×n), then for any continuous functions γ ∈ C([α, β],K)
and φ ∈ C([α, β],Kn), the integrals∫ β

α

γ(θ)d[η(θ)] and

∫ β

α

d[η(θ)]φ(θ)

exist and are defined, respectively, as the limits of S1(P ) :=
∑p

k=1 γ(ζk)(η(θk) −
η(θk−1)) and S2(P ) :=

∑p
k=1(η(θk)− η(θk−1))φ(ζk) as d(P ) := maxk |θk − θk−1| → 0,

where P = {θ1 = α ≤ θ2 ≤ · · · ≤ θp = β} is any finite partition of the interval [α, β]
and ζk ∈ [θk−1, θk]. It is immediate from the definition that

(6)

∥∥∥∥∥
∫ β

α

γ(θ)d[η(θ)]

∥∥∥∥∥ ≤ max
θ∈[α,β]

|γ(θ)| ‖η‖,

∥∥∥∥∥
∫ β

α

d[η(θ)]φ(θ)

∥∥∥∥∥ ≤ max
θ∈[α,β]

‖φ(θ)‖ ‖η‖.

Let K
n be endowed with a vector norm ‖ ·‖ and let C([α, β],Kn) be the Banach space

of all continuous functions on [α, β] with values in K
n normed by the maximum norm

‖φ‖ = maxθ∈[α,β] ‖φ(θ)‖. Let L : C([α, β],Kn) → K
n be a linear bounded operator.

Then, by the Riesz representation theorem, there exists a unique matrix function
η = (ηij(·)) ∈ BV([α, β],Kn×n) which is continuous from the left (c.f.l.) on (α, β) such
that

(7) Lφ =

∫ β

α

d[η(θ)]φ(θ) ∀φ ∈ C([α, β],Kn).

For any vector norm on K
n, we have by (6), ‖L‖ ≤ ‖η‖. Moreover, if K

n is provided
with the ∞-norm so that ∀x ∈ K

n and ∀θ ∈ [α, β]

‖x‖ = max
1≤i≤n

|xi| and ‖η(θ)‖ = max
1≤i≤n

n∑
j=1

|ηij(θ)|,

then it can be shown immediately that ‖L‖ = ‖η‖. Let X be a subspace of C([α, β],Rn).
Then the operator L is called positive on X if Lφ ≥ 0 for every φ ∈ X,φ ≥ 0.

In subsequent sections the following subspace of BV([α, β],Km×n) will be used:
NBV ([α, β],Km×n) := {η ∈ BV ([α, β],Km×n) : η is c.f.l. on[α, β]}. It is clear that
NBV([α, β],Km×n) is closed in BV([α, β],Km×n) and thus it is a Banach space with
the norm ‖δ‖ = Var(δ;α, β).

To end this section, we give below a list of notation:

R (−∞,+∞);
C the complex plane;
K either R or C;
N the set of all natural numbers;
R

n the set of n-dimensional column vectors with real entries;
C

n the set of n-dimensional column vectors with complex entries;
R

n
+ the set of n-dimensional column vectors with nonnegative entries;

R
m×n the set of m× n-dimensional matrices with real entries;

C
m×n the set of m× n-dimensional matrices with complex entries;

R
m×n
+ the set of m× n-dimensional matrices with nonnegative entries;

�z the real part of z ∈ C;
A,B,C, etc. matrices;
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In the identity of C
n×n;

x, y, z, etc. column vectors;
μ(A) the spectral abscissa of A ∈ C

n×n;
A ≥ B A,B ∈ R

m×n and A−B ∈ R
m×n
+ for some m,n ∈ N;

C([0,+∞),Km×n) the vector space of all continuous functions on [0,+∞) with
values in K

m×n;
C([α, β],Km×n) the Banach space of all continuous functions on [α, β] with values

in K
m×n, endowed with the maximum norm;

BV([α, β],Km×n) the Banach space of all matrix functions η(·) of bounded
variation on [α, β] with values in K

m×n satisfying η(α) = 0,
endowed with the norm ‖η‖ = Var(η;α, β);

NBV([α, β],Km×n) functions in BV([α, β],Km×n) that are c.f.l. on [α, β];
L1([0,+∞),Km×n) the Banach space of L1-integrable matrix functions on [0,+∞),

with values in K
m×n and endowed with the L1-norm;

μ(A,B(·)) the spectral abscissa of a Volterra differential equation of convolu-
tion type defined by A ∈ C

n×n and B(·) ∈ C([0,+∞),Cn×n).

3. Positive linear Volterra integrodifferential equations.

3.1. Explicit criterion for positive linear Volterra integrodifferential
equations. Consider a linear Volterra integrodifferential equation of convolution type

(8) ẋ(t) = Ax(t) +

∫ t

0

B(t− s)x(s)ds,

where A ∈ R
n×n is a given matrix and B : [0,+∞) → R

n×n is a given continuous
matrix function.

Definition 3.1. Let σ ≥ 0 and φ ∈ C([0, σ],Rn) be given. A function x :
[0,+∞) → R

n such that

(9) x(t) = φ(t), t ∈ [0, σ],

and fulfilling (8) for every t ≥ σ is called a solution of (8) with the initial condition
(9).

It is well known that for every σ ≥ 0 and φ ∈ C([0, σ],Rn), (8) has a unique
solution satisfying the initial condition (9); see, e.g., [4, p. 177]. We denote it by
x(t, σ, φ), t ≥ 0.

Definition 3.2. We say that (8) is positive if for every σ ≥ 0 and every φ ∈
C([0, σ],Rn), with φ ≥ 0, the corresponding solution x(t, σ, φ) satisfies x(t, σ, φ) ≥ 0
∀t ≥ σ.

Remark 3.3. The notion of positive linear Volterra equations given in Defini-
tion 3.2 is similar to that of positive linear functional differential equations of the
form (1); see, e.g., [35], [37]. However, it is worth noting that in general a Volterra
equation of the form (8) cannot convert into a linear functional differential equation
of the form (1).

We believe that positive linear Volterra equations are interesting objects not only
in mathematics but also in other sciences such as economics, physics, and biology. To
prove a criterion for positive linear Volterra equations, we need the following technical
lemmas.

Lemma 3.4. Let T > 0 and C0([0, T ],Rn) := {φ ∈ C([0, T ],Rn) : φ(T ) = 0}.
Suppose that the linear operator L is defined by

L : C0([0, T ],Rn) → R
n, φ 
→ Lφ =

∫ T

0

d[η(θ)]φ(θ),
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where η ∈ NBV ([0, T ],Rn×n) is given. Then L is a positive operator if and only if η
is an increasing matrix function.

Proof. Let η be an increasing matrix function. Then by the definition of Riemann–
Stieltjes integrals, we have

Lφ = lim
d(P )→0

p∑
k=1

(η(θk) − η(θk−1))φ(ζk) ≥ 0

for every φ ∈ C0([0, T ],Rn), φ ≥ 0. This means that L is positive.
Conversely, assume that L is positive on C0([0, T ],Rn). Let η(·) = (ηij(·)). We

show that ηij(·) ∈ NBV ([0, T ],R) is an increasing scalar function for every i, j ∈
{1, 2, . . . , n}. Since L is positive, it is easy to see that the operator

Lij : C0([0, T ],R) → R, φ 
→ Lijφ :=

∫ T

0

φ(θ)d[ηij(θ)]

is also positive for every i, j ∈ {1, 2, . . . , n}. Fix θ1, θ2 ∈ (0, T ), θ1 < θ2 and k ∈ N, k >
max{ 1

θ1
, 1
θ2
, 1
θ2−θ1 }, and consider the continuous function φk defined by

(10) φk(θ) :=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 if θ ∈ [0, θ1 − 1
k ],

kθ + 1 − kθ1 if θ ∈ (θ1 − 1
k , θ1],

1 if θ ∈ (θ1, θ2 − 1
k ],

−kθ + kθ2 if θ ∈ (θ2 − 1
k , θ2],

0 if θ ∈ (θ2, T ].

Since φk is a continuous on [0, T ], it follows from a standard property of Riemann–
Stieltjes integrals that

∫ T

0

φk(θ)d[ηij(θ)] =

(∫ θ1− 1
k

0

+

∫ θ1

θ1− 1
k

+

∫ θ2− 1
k

θ1

+

∫ θ2

θ2− 1
k

+

∫ T

θ2

)
φk(θ)d[ηij(θ)];

see, e.g., [41]. This gives

∫ θ1

θ1− 1
k

φk(θ)d[ηij(θ)] + ηij

(
θ2 −

1

k

)
− ηij(θ1) +

∫ θ2

θ2− 1
k

φk(θ)d[ηij(θ)] ≥ 0

for every k ∈ N large enough. Taking into account that ηij is c.f.l. at θ1, θ2 and letting
k → +∞, we have ηij(θ2) ≥ ηij(θ1) for every θ1, θ2 ∈ (0, T ), θ2 ≥ θ1. In the case of
θ1 = 0 < θ2 < T , in a similar way we also get ηij(θ2) ≥ ηij(θ1). Finally, since ηij is
c.f.l. at T , we have ηij(T ) ≥ ηij(θ) for θ ∈ [0, T ]. This completes our proof.

Let h : [0,+∞) → R. Then the Laplace transform of h is formally defined to be

ĥ(s) :=

∫ +∞

0

e−sth(t)dt.

If β ∈ R and
∫ +∞
0

e−βt|h(t)|dt < +∞, then ĥ(s) exists for s ∈ C,�s ≥ β. Furthermore,

ĥ(s) is an analytic function in the domain {s ∈ C : �s > β}. If D(t) = (dij(t)) is a
matrix function, then we define

D̂ := (d̂ij).
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In the rest of this paper, we always assume that

(11) B(·) ∈ L1([0,+∞),Rn×n).

Let Z(t) be the matrix whose columns are solutions of (8) with Z(0) = In. Then Z(t)
satisfies the resolvent equation

(12)
d

dt
Z(t) = AZ(t) +

∫ t

0

B(t− s)Z(s)ds, Z(0) = In.

Lemma 3.5. Suppose that for every x0 ∈ R
n
+, the corresponding solution x(t, 0, x0),

t ≥ 0, satisfies x(t, 0, x0) ≥ 0 ∀t ≥ 0. Then A ∈ R
n×n is a Metzler matrix and

(sIn −A− B̂(s))−1 ≥ 0 for s ∈ R large enough.
Proof. By the assumption, Z(t) ≥ 0 ∀t ≥ 0. It is well known that Z(·) is of

exponential order; see [3, p. 29]. Therefore, taking the Laplace transform of both
sides of (12), we get

[sIn −A− B̂(s)]Ẑ(s) = Z(0) = In

for s ∈ R large enough. From Z(t) ≥ 0 ∀t ≥ 0, it follows that Ẑ(s) = (sIn − A −
B̂(s))−1 ≥ 0 for s ∈ R large enough. It remains only to show that A is a Metzler
matrix. Let A = (aij) and assume to the contrary that ai0j0 < 0 for some i0 
= j0.

Since B(t) ∈ L1([0,+∞),Rn×n), it is easy to see that B̂(s) → 0 as s → +∞. This
implies that the spectral radius of the matrix s−1(A+ B̂(s)) is strictly less than 1 for
s > 0 large enough. Therefore, we can represent

(sIn −A− B̂(s))−1 = s−1
(
In − s−1(A + B̂(s))

)−1

= s−1In + s−2(A + B̂(s)) +

+∞∑
k=2

s−(k+1)(A + B̂(s))k

for s > 0 large enough. We thus get

(13) sIn + (A + B̂(s)) +

+∞∑
k=2

s−(k−1)(A + B̂(s))k ≥ 0

for s > 0 large enough. It is important to note that

lim
s→+∞

+∞∑
k=2

s−(k−1)(A + B̂(s))k = 0.

Then from (13) it follows that the entry b̃i0j0 of the matrix on the left-hand side of
(13) is negative for s > 0 large enough. This is a contradiction. Hence, A must be a
Metzler matrix. This completes our proof.

Lemma 3.6. (see [3, p. 24]) Let 0 < α ≤ +∞ and suppose that f : [0, α) → R
n

is continuous and that D(t, s) is an n× n matrix of functions continuous for 0 ≤ s ≤
t < α. If 0 < T < α, then there exists a unique solution y(t) of the integral equation

(14) y(t) = f(t) +

∫ t

0

D(t, s)y(s)ds
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on [0, T ]. Moreover, y(t) is the limit in C([0, T ],Rn) of the sequence of Picard’s suc-
cessive approximations (yn(t))n, given by

(15) y1(t) = f(t); yn+1(t) = f(t) +

∫ t

0

D(t, s)yn(s)ds, t ∈ [0, T ], n ≥ 1.

We are now in the position to prove the first main result of this paper.
Theorem 3.7. Equation (8) is positive if and only if A ∈ R

n×n is a Metzler
matrix and B(t) ≥ 0 for every t ≥ 0.

Proof. Assume that A ∈ R
n×n is a Metzler matrix and B(t) ≥ 0 for every t ≥ 0.

Let σ ≥ 0 and φ ∈ C([0, σ],Rn), φ ≥ 0. Denote x(t) = x(t, σ, φ), t ≥ 0. Then x(t)
satisfies

x(t) = eA(t−σ)φ(σ) +

∫ t

σ

eA(t−s)g(s)ds, t ≥ σ,

where g(s) :=
∫ s

0
B(s− τ)x(τ)dτ, s ∈ [σ, t]. This is equivalent to

x(t + σ) = eAtφ(σ) +

∫ t

0

eA(t−s)g(s + σ)ds, t ≥ 0.

Therefore,

x(t+σ)= eAtφ(σ)+

∫ t

0

eA(t−s)
(∫ σ

0

B(s+σ−τ)φ(τ)dτ+

∫ σ+s

σ

B(s+σ−τ)x(τ)dτ

)
ds, t ≥ 0.

This gives

(16) x(t + σ) = f(t) +

∫ t

0

(
eA(t−s)

∫ s

0

B(s− τ)x(τ + σ)dτ

)
ds, t ≥ 0,

where

f(t) = eAtφ(σ) +

∫ t

0

(
eA(t−s)

∫ σ

0

B(s + σ − τ)φ(τ)dτ

)
ds, t ≥ 0.

Set y(t) = x(t + σ), t ≥ 0. Then (16) can be rewritten in the form

y(t) = f(t) +

∫ t

0

(
eA(t−s)

∫ s

0

B(s− τ)y(τ)dτ

)
ds, t ≥ 0.

Interchanging the order of integration in the last term, we get

(17) y(t) = f(t) +

∫ t

0

(∫ t

s

eA(t−τ)B(τ − s)dτ

)
y(s)ds, t ≥ 0.

Since A ∈ R
n×n is a Metzler matrix, it follows that A+αIn ≥ 0 for some α > 0. This

implies that e(A+αIn)t = eαteAt ≥ 0 ∀t ≥ 0. Thus, eAt ≥ 0 ∀t ≥ 0. From eAt, B(t) ≥ 0

for every t ≥ 0, it follows that f(t) ≥ 0 ∀t ≥ 0 and D(t, s) :=
∫ t

s
eA(t−τ)B(τ − s)dτ ≥

0, 0 ≤ s ≤ t ≤ T. Furthermore, the functions yn(t), n ∈ N, defined by (15) in
Lemma 3.6 are also nonnegative for every t ≥ 0. Applying Lemma 3.6 to (17), we
conclude that the solution y(t), t ∈ [0, T ], of integral equation (17) is nonnegative on
[0, T ]. Since T > 0 is arbitrary, it implies that y(t) ≥ 0 ∀t ≥ 0. Thus, x(t) ≥ 0 ∀t ≥ 0.
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Conversely, assume that (8) is positive. By Lemma 3.5, it remains only to show
that B(t) ≥ 0 for every t ≥ 0. Fix T > 0 and let φ ∈ C0([0, T ],Rn), φ ≥ 0. Since (8)
is positive, it follows that

d

dt
x(t)∣∣

t=T

= lim
t→T+0

x(t) − x(T )

t− T
= lim

t→T+0

x(t)

t− T
≥ 0.

This implies that

d

dt
x(t)∣∣

t=T

= Ax(T ) +

∫ T

0

B(T − s)x(s)ds =

∫ T

0

B(T − s)φ(s)ds ≥ 0

for every φ ∈ C0([0, T ],Rn), φ ≥ 0. Thus, the linear operator defined by

L : C0([0, T ],Rn) → R
n, φ 
→ Lφ :=

∫ T

0

B(T − s)φ(s)ds

is a positive operator. Applying Lemma 3.4 to the positive operator L, we conclude
that the function

η(t) =

∫ t

0

B(T − s)ds, t ∈ [0, T ],

is an increasing matrix function. This gives B(t) ≥ 0 for every t ∈ [0, T ]. Since T > 0
is arbitrary, it follows that B(t) ≥ 0 for every t ≥ 0. This completes our proof.

3.2. A Perron–Frobenius theorem for positive linear Volterra integro-
differential equations. It is well known that Perron–Frobenius-type theorems are
principal tools for analysis of stability and robust stability of positive linear time-
invariant systems. To our knowledge, there is a large number of extensions of clas-
sical Perron–Frobenius theorems; see; e.g., [1], [6], [21], [31], [32], [36], [42], and the
references therein.

Recall that a linear time-invariant differential system of the form ẋ(t) = Ax(t),
t ≥ 0, is positive if and only if the system matrix A ∈ R

n×n is a Metzler matrix.
Therefore, the classical Perron–Frobenius theorem (Theorem 2.1) can be seen as the
Perron–Frobenius theorem for the class of these positive systems. From this dynamic
point of view, we recently presented some extensions of the classical Perron–Frobenius
theorem such as the Perron–Frobenius theorem for positive linear higher order dif-
ference equations [36], the Perron–Frobenius theorem for positive linear time-delay
systems [31], and the Perron–Frobenius theorem for positive linear functional differ-
ential equations [32].

In this subsection, we give a new Perron–Frobenius theorem for positive linear
Volterra integrodifferential equations of the form (8). Let us denote

(18) H(s) := (sIn −A− B̂(s)) =

(
sIn −A−

∫ +∞

0

e−stB(t)dt

)

for appropriate s ∈ C. Let us define

(19) μ(A,B(·)) := sup

{
�s :

∫ +∞

0

e−�st‖B(t)‖dt < +∞, detH(s) = 0

}
,

where μ(A,B(·)) := −∞ if detH(s) 
= 0 ∀s ∈ C,
∫ +∞
0

e−�st‖B(t)‖dt < +∞. Then
μ(A,B(·)) is called spectral abscissa of the Volterra equation (8).
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Theorem 3.8. Suppose that the Volterra equation (8) is positive. Let β :=

inf{γ ∈ R :
∫ +∞
0

e−γt‖B(t)‖dt < +∞} and α ∈ (β,+∞) be given. Denote by μ0 :=
μ(A,B(·)). If μ0 > −∞, then

(i) (Perron–Frobenius theorem for positive linear Volterra integrodifferential equa-
tions) μ0 is a root of the characteristic equation, that is, detH(μ0) = 0;
moreover, there exists a nonzero vector x ≥ 0 such that(

A +

∫ +∞

0

e−μ0tB(t)dt

)
x = μ0x;

(ii) there exists a nonzero vector x ≥ 0 such that
(
A +

∫ +∞
0

e−αtB(t)dt
)
x ≥ αx

if and only if μ0 ≥ α;

(iii) the matrix H(α)−1 =
(
αIn−A−

∫ +∞
0

e−αtB(t)dt
)−1

exists and is nonnegative
if and only if α > μ0.

Proof. We first show that μ0 is finite. Since (8) is positive, it follows that A is a
Metzler matrix and B(t) ∈ R

n×n
+ ∀t ≥ 0. Assume that β > −∞ and detH(s) = 0 for

some s ∈ C,�s ≥ β + 1. Then, by Theorem 2.1(iv), �s ≤ μ(A +
∫ +∞
0

e−stB(t)dt) ≤
μ(A +

∫ +∞
0

e−�stB(t)dt) ≤ μ(A +
∫ +∞
0

e−(β+1)tB(t)dt). It follows that

μ0 ≤ max

{
β + 1, μ

(
A +

∫ +∞

0

e−(β+1)tB(t)dt

)}
.

If β = −∞, then by a similar argument, we get μ0 ≤ μ(A +
∫ +∞
0

B(t)dt). Next, we
prove that

(20) μ0 ≤ μ

(
A +

∫ +∞

0

e−μ0tB(t)dt

)
.

In fact, by the assumption μ0 > −∞, there exists s0 ∈ C such that detH(s0) =
0, β ≤ �s0 ≤ μ0. If �s0 = μ0, then, using Theorem 2.1(iv) again, we get (20). If β ≤
�s0 < μ0, then there exists a sequence (sk)k such that detH(sk) = 0, β < �sk < μ0

∀k ∈ N and �sk → μ0 as k → ∞. Then by Theorem 2.1(iv), we get

(21) �sk ≤ μ

(
A +

∫ +∞

0

e−�sktB(t)dt

)
.

Letting k → ∞ in (21), we also get (20). We now consider the continuous real function

(22) f(θ) := θ − μ

(
A +

∫ +∞

0

e−θtB(t)dt

)
,

where θ ∈ [β,+∞) if
∫ +∞
0

e−βt‖B(t)‖dt < +∞; otherwise θ ∈ (β,+∞). Then
f(μ0) ≤ 0 by (20). Assume that f(μ0) < 0. Since, clearly, limθ→+∞ f(θ) = +∞,

we derive that f(θ0) = 0 for some θ0 > μ0. This gives θ0 = μ
(
A +

∫ +∞
0

e−θ0tB(t)dt
)
.

By Theorem 2.1(i), it implies that det(θ0In − A −
∫ +∞
0

e−θ0tB(t)dt) = 0. How-
ever, this conflicts with the definition of μ0. Thus f(μ0) = 0, or, equivalently, μ0 =

μ
(
A +

∫ +∞
0

e−μ0tB(t)dt
)
. Then Theorem 3.8(i) now follows from Theorem 2.1(i).

Moreover, by Theorem 2.1(iv), we get

μ

(
A +

∫ +∞

0

e−θ2tB(t)dt

)
≤ μ

(
A +

∫ +∞

0

e−θ1tB(t)dt

)
, β < θ1 ≤ θ2.

Therefore, f is strictly increasing on (β,+∞). Moreover, f(μ0) = 0. Now, it is easy
to see that Theorem 3.8(ii), (iii) follow from Theorem 2.1(ii), (iii), respectively.
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4. An explicit criterion for uniformly asymptotic stability of positive
linear Volterra integrodifferential equations. In this section, we offer a new
and novel criterion for uniformly asymptotic stability of positive linear Volterra inte-
grodifferential equations of the form (8). First, we quote here the various notions of
stability of zero solution of (8) which are taken from the standard books on theory of
Volterra equations; see [3], [4].

Definition 4.1. The zero solution of (8) is (Lyapunov) stable if, for each ε > 0
and each t0 ≥ 0, there exists δ > 0 such that

φ ∈ C([0, t0],R
n), ‖φ‖ < δ,

implies that ‖x(t, t0, φ)‖ < ε ∀t ≥ t0.
Definition 4.2. The zero solution of (8) is uniformly stable if, for each ε > 0,

there exists δ > 0 such that

t0 ≥ 0, φ ∈ C([0, t0],R
n), ‖φ‖ < δ,

implies that ‖x(t, t0, φ)‖ < ε ∀t ≥ t0.
Definition 4.3. The zero solution of (8) is asymptotically stable (AS) if it is

stable and if, for each t0 ≥ 0, there exists δ > 0 such that φ ∈ C([0, t0],R
n), ‖φ‖ < δ,

implies that x(t, t0, φ) → 0 as t → +∞.
Definition 4.4. The zero solution of (8) is uniformly asymptotically stable

(UAS) if it is uniformly stable and if there exists δ > 0 such that, for each ε > 0,
there is a T > 0 such that

t0 ≥ 0, φ ∈ C([0, t0],R
n), ‖φ‖ < δ,

implies that ‖x(t, t0, φ)‖ < ε ∀t ≥ t0 + T.
If the zero solution of (8) is AS (UAS), then we say that (8) is AS (UAS), re-

spectively. Recall that we continue to assume that (11) holds true, that is, B(·) ∈
L1([0,∞),Rn×n). Let us denote by σ(A,B(·)) the set of all root of the characteris-
tic equation of (8). That is, σ(A,B(·)) := {s ∈ C : detH(s) = 0}. Denote C

− :=
{s ∈ C : �s < 0}.

Theorem 4.5 (see [7]). Let assumption (11) hold true. Then (8) is UAS if and
only if σ(A,B(·)) ⊂ C

−.
The following theorem provides an explicit criterion for uniformly asymptotic

stability of positive linear Volterra equations (8).
Theorem 4.6. Suppose that (8) is positive. Then (8) is UAS if and only if

μ(A +
∫ +∞
0

B(t)dt) < 0.

Proof. Assume on the contrary that (8) is UAS but μ(A +
∫ +∞
0

B(t)dt) ≥ 0.
Since B(·) is integrable on [0,∞), it follows that the real function given by (22) is
continuous on [0,+∞). By our assumption, f(0) ≤ 0. Since, clearly, limθ→+∞ f(θ) =
+∞, we have f(θ0) = 0 for some θ0 ≥ 0. This gives θ0 = μ(A +

∫∞
0

e−θ0tB(t)dt).

Since A +
∫ +∞
0

e−θ0tB(t)dt is a Metzler matrix, it follows from Theorem 2.1(i) that

det(θ0In−A−
∫ +∞
0

e−θ0tB(t)dt) = 0, θ0 ≥ 0. However, by Theorem 4.5, this conflicts
with the fact that (8) is UAS.

Conversely, let μ(A+
∫ +∞
0

B(t)dt) < 0. Assume on the contrary that there exists

s ∈ C,�s ≥ 0 such that detH(s) = 0. This implies that �s ≤ μ(A+
∫ +∞
0

e−stB(t)dt).
By �s ≥ 0, we have∣∣∣∣

∫ +∞

0

e−stB(t)dt

∣∣∣∣ ≤
∫ +∞

0

e−�stB(t)dt ≤
∫ +∞

0

B(t)dt.
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Then it follows from Theorem 2.1(iv) that

0 ≤ μ

(
A +

∫ +∞

0

e−stB(t)dt

)
≤ μ

(
A +

∫ +∞

0

e−�stB(t)dt

)
≤ μ

(
A +

∫ +∞

0

B(t)dt

)
.

We reach a contradiction. This completes our proof.
Remark 4.7. We encountered a scalar version of Theorem 4.6 in some standard

books on Volterra equations (see, e.g., [3], [23]), where it was proven by using a
Lyapunov function. However, to the best of our knowledge, there is not such a result
for k-dimensional systems with k ≥ 2. As a consequence of the above theorem, we
have the following.

Theorem 4.8. Suppose that (8) is positive and b ∈ R
n, b � 0. Then the following

statements are equivalent:
(i) equation (8) is AS;
(ii) equation (8) is UAS;

(iii) μ(A +
∫ +∞
0

B(t)dt) < 0;
(iv) if x(t) is a solution of (8) on [0,+∞), then x ∈ L1([0,+∞),Rn);
(v) there exists a nonzero vector p ∈ R

n
+ such that

(23)

(
A +

∫ +∞

0

B(t)dt

)
p = −b.

Moreover, under one of the above conditions, each solution y(t) of

(24) ẏ(t) = Ay(t) +

∫ t

0

B(t− s)y(s)ds + b

satisfies limt→+∞ y(t) = p.
Proof. (i) ⇔ (ii) was proved in [7]. By Theorem 4.6, we have (ii) ⇔ (iii). Moreover,

(ii) ⇔ (iv) was found in [26]. We now show that (i) ⇔ (v). In fact, the implication
(i) ⇒ (v) follows from Theorem 2.1(iii). Conversely, assume on the contrary that (23)

holds true but we have μ0 := μ(A +
∫ +∞
0

B(t)dt) ≥ 0. By Theorem 2.1(i), we get

(
A +

∫ +∞

0

B(t)dt

)T

p0 = μ0p0

for some nonzero vector p0 ∈ R
n
+. Then it follows from (23) that

μ0p
T p0 + bT p0 = 0.

However, this conflicts with p, p0 ≥ 0, p, p0 
= 0, b � 0, and μ0 ≥ 0. We now assume
that (8) is UAS. Then each solution y of (24) satisfying y(0) = y0 is given by

y(t) = Z(t)y0 +

∫ t

0

Z(s)b ds, t ≥ 0.

It follows that limt→+∞ y(t) =
( ∫ +∞

0
Z(t)dt

)
b = Ẑ(0)b =

(
−A−

∫ +∞
0

B(t)dt
)−1

b = p.
This completes our proof.

We illustrate the obtained result by a simple example.
Example 4.9. Consider a linear positive Volterra integrodifferential equation in

R
2 given by

(25) ẋ(t) = Ax(t) +

∫ t

0

B(t− τ)x(τ)dτ, x(t) ∈ R
2, t ≥ 0,
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where

(26) A =

(
a 1
0 a

)
; B(t) =

(
e−pt 0

1
(t+1)2 e−pt

)
, t ≥ 0,

and a, p ∈ R, p > 0 are parameters. From p > 0, it follows that the condition (11) is
satisfied. By Theorem 4.6, (25) is UAS if and only if

μ

(
A +

∫ +∞

0

B(t)dt

)
= μ

([
a + 1/p 1

1 a + 1/p

])
= a + 1 + 1/p < 0.

Taking into account that p > 0, it is easy to see that this is equivalent to a < −1,
p > −1/(a + 1).

5. Stability radius of positive linear Volterra integrodifferential equa-
tions. Motivated by many applications in control engineering, researchers have fo-
cused much attention on problems of robust stability of dynamical systems over the
last twenty years. In the study of these problems, the notion of the stability radius
was proved to be an effective tool. By definition, the stability radius of an AS linear
differential system ẋ(t) = Ax(t), t ≥ 0, is the maximal r > 0 for which all systems of
the form

ẋ(t) = (A + DΔE)x(t), ‖Δ‖ < r,

are AS. Here, Δ is an unknown disturbance matrix, and D and E are given matrices
defining the structure of the perturbations. Depending upon whether complex or real
disturbances Δ are considered, this maximal r is called a complex or real stability
radius, respectively. The basic problem in the study of robustness of stability of the
system is to characterize and compute these radii in terms of given matrices A,D,E.
It is important to note that these two stability radii are in general distinct. The
analysis and computation of the complex stability radius for systems under structured
perturbations was first shown in [12] and extended later in many subsequent papers
(see [13] for a survey up till 1990), while the computation of the real stability radius,
being a much more difficult problem, has been solved only quite recently; see, e.g.,
[40]. The situation is much simpler for the class of positive systems. It had been
shown in [14], [43] that if A is a Metzler matrix (i.e., ẋ(t) = Ax(t), t ≥ 0, is a positive
system) and D,E are nonnegative matrices, then the complex and the real stability
radii coincide and can be computed directly by a simple formula. These results have
been extended recently to many various classes of positive systems such as positive
linear time-delay differential systems [34], [30], [45], positive linear discrete time-delay
systems [15], [33], and positive linear functional differential equations [35], [46].

Although there have been many works dedicated to studying the stability radius
problems of linear dynamical systems, the problem of computing stability radii of
linear Volterra integrodifferential equations has not yet been studied in the literature.
In this section, we deal with the stability radii of positive linear Volterra integrodif-
ferential equation (8) under structured perturbations and affine perturbations.

5.1. Stability radius of positive linear Volterra integrodifferential equa-
tion under structured perturbations. We now assume that (8) is UAS and con-
sider the following perturbed equations of the form

(27) ẋ(t) = (A + D0ΔE)x(t) +

∫ t

0

(B(s) + D1δ(s)E)x(t− s)ds,
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where Di ∈ R
n×li(i ∈ I := {0, 1}), E ∈ R

q×n are given matrices determining the
structure of perturbations, and Δ ∈ K

l0×q, δ(·) ∈ L1([0,+∞),Kl1×q) ∩ C([0,+∞),
K

l1×q), (K = R,C) are unknown disturbances. In this case, we say that A,B(·) are
subjected to structured perturbations of the form

(28) A � A + D0ΔE; B(·) � B(·) + D1δ(·)E.

We shall measure the size of each perturbation (Δ, δ(·)) ∈ K
l0×q×L1([0,+∞),Kl1×q)

by the norm

(29) ‖(Δ, δ(·))‖ := ‖Δ‖ +

∫ +∞

0

‖δ(t)‖dt.

The main problem here is to find the maximal r > 0 for which the perturbed equations
(27) remain UAS whenever ‖(Δ, δ(·))‖ < r.

Let σ(A + D0ΔE,B(·) + D1δ(·)E) be the set of all roots of the characteristic
equation of a perturbed equation (27). Recall that, by Theorem 4.5, the perturbed
equation (27) is UAS if and only if σ(A + D0ΔE,B(·) + D1δ(·)E) ⊂ C

−. Denote

DC := {(Δ, δ(·)) : Δ ∈ C
l0×q, δ(·) ∈ L1([0,+∞),Cl1×q) ∩ C([0,+∞),Cl1×q)},

DR := {(Δ, δ(·)) : Δ ∈ R
l0×q, δ(·) ∈ L1([0,+∞),Rl1×q) ∩ C([0,+∞),Rl1×q)},

D+ := {(Δ, δ(·)) : Δ ∈ R
l0×q
+ , δ(·) ∈ L1([0,+∞),Rl1×q

+ ) ∩ C([0,+∞),Rl1×q
+ )}.

Then DC,DR,D+ are called, respectively, the class of complex, real, and nonnegative
perturbations. In what follows, we always define inf ∅ = +∞, 0−1 = +∞. To study
robustness of stability of the linear Volterra equation (8), we introduce the following.

Definition 5.1. Let (8) be UAS. Then the complex, real, and positive stability
radii of the equation under structured perturbations (28) are defined, respectively, by

rC = inf{‖(Δ, δ(·))‖ : (Δ, δ(·)) ∈ DC, σ(A + D0ΔE,B(·) + D1δ(·)E) 
⊂ C
−},

rR = inf{‖(Δ, δ(·))‖ : (Δ, δ(·)) ∈ DR, σ(A + D0ΔE,B(·) + D1δ(·)E) 
⊂ C
−},

r+ = inf{‖(Δ, δ(·))‖ : (Δ, δ(·)) ∈ D+, σ(A + D0ΔE,B(·) + D1δ(·)E) 
⊂ C
−}.

From the above definition, it is easy to see that

(30) 0 < rC ≤ rR ≤ r+ ≤ +∞.

To get characterizations of the stability radii for the class of positive equations, we
need the following technical lemmas.

Lemma 5.2. Suppose that (8) is positive and UAS and D ∈ R
n×l
+ , E ∈ R

q×n
+ .

Then

(31)

∣∣∣∣∣
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

x

∣∣∣∣∣ ≤
(
−A−

∫ +∞

0

B(t)dt

)−1

|x|, x ∈ C
n,
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for every s ∈ C,�s ≥ 0. Moreover, we have
(32)

max
s∈C,�s≥0

∥∥∥∥∥E
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

D

∥∥∥∥∥ =

∥∥∥∥∥E
(
−A−

∫ +∞

0

B(t)dt

)−1

D

∥∥∥∥∥ .
Proof. (i) Since (8) is positive, it follows that A is a Metzler matrix and B(t) ≥ 0

∀t ≥ 0. For every s ∈ C,�s ≥ 0, by Theorem 2.1(iv), we get

μ

(
A +

∫ +∞

0

e−stB(t)dt

)
≤ μ

(
A +

∫ +∞

0

e−�stB(t)dt

)
≤ μ

(
A +

∫ +∞

0

B(t)dt

)
.

On the other hand, by Theorem 4.6, we have μ(A +
∫ +∞
0

B(t)dt) < 0. Therefore,

μ(A +
∫ +∞
0

e−stB(t)dt) < 0 for every s ∈ C,�s ≥ 0. For a fixed s ∈ C,�s ≥ 0, we
can represent
(33)(
sIn −

(
A +

∫ +∞

0

e−stB(t)dt

))−1

x =

∫ +∞

0

e−sθeθ(A+
∫+∞
0

e−stB(t)dt)xdθ, x ∈ C
n,

for every s ∈ C,�s ≥ 0; see [28, p. 8] or [39]. Since A is a Metzler matrix, there exists
a real number α0 > 0 such that (A+α0In) ≥ 0. From (A+α0In) and B(t) ≥ 0 ∀t ≥ 0,
it follows that

eα0θ|eθ(A+
∫+∞
0

e−stB(t)dt)| = |eα0θeθ(A+
∫+∞
0

e−stB(t)dt)| = |eα0θIneθ(A+
∫+∞
0

e−stB(t)dt)|
= |eθ((A+α0In)+

∫+∞
0

e−stB(t)dt)| ≤ eθ((α0In+A)+
∫+∞
0

B(t)dt) = eα0θeθ(A+
∫+∞
0

B(t)dt), θ ≥ 0.

This implies that

(34) |eθ(A+
∫+∞
0

e−stB(t)dt)| ≤ eθ(A+
∫+∞
0

B(t)dt), θ ≥ 0, s ∈ C,�s ≥ 0.

Taking (33), (34) into account, we get∣∣∣∣∣
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

x

∣∣∣∣∣ ≤
∫ +∞

0

eθ(A+
∫+∞
0

B(t)dt)dθ|x|

=

(
−A−

∫ +∞

0

B(t)dt

)−1

|x|

for every s ∈ C,�s ≥ 0. Furthermore, since D,E are the nonnegative matrices, it
follows that∣∣∣∣∣E
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

Dx

∣∣∣∣∣ ≤ E

(
−A−

∫ +∞

0

B(t)dt

)−1

D|x|, x ∈ C
n,

for every s ∈ C,�s ≥ 0. By the monotonicity property of the vector norm and the
definition of the operator norm, we get∥∥∥∥∥E

(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

D

∥∥∥∥∥ ≤
∥∥∥∥∥E

(
−A−

∫ +∞

0

B(t)dt

)−1

D

∥∥∥∥∥
for every s ∈ C,�s ≥ 0. This completes our proof.
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Lemma 5.3. Suppose that (8) is positive and UAS and Di ∈ R
n×li
+ , i ∈ I, E ∈

R
q×n
+ . If maxi∈I ‖E(−A −

∫ +∞
0

B(t)dt)−1Di‖ 
= 0, then there exists a nonnegative
perturbation (Δ0, δ1(·)) ∈ D+ such that

(35) ‖(Δ0, δ1(·))‖ =
1

maxi∈I ‖E(−A−
∫ +∞
0

B(t)dt)−1Di‖

and

(36) 0 ∈ σ(A + D0Δ0E,B(·) + D1δ1(·)E).

Proof. Since (8) is UAS, it follows from Theorem 4.6 that μ(A+
∫ +∞
0

B(t)dt) < 0.

By Theorem 2.1(iii), we get E(−A−
∫ +∞
0

B(t)dt
)−1

Di ∈ R
q×li
+ , i ∈ I. Assume that

max
i∈I

{∥∥∥∥∥E
(
−A−

∫ +∞

0

B(t)dt

)−1

Di

∥∥∥∥∥
}

=

∥∥∥∥∥E
(
−A−

∫ +∞

0

B(t)dt

)−1

Di0

∥∥∥∥∥ , i0 ∈ I.

Then ‖E(−A−
∫ +∞
0

B(t)dt)−1Di0‖ = maxu∈R
li0
+ , ‖u‖=1‖E(−A−

∫ +∞
0

B(t)dt)−1Di0u‖;
see, e.g., [16]. Therefore, we can choose u0 ∈ R

li0
+ such that ‖u0‖ = 1 and ‖E(−A −∫ +∞

0
B(t)dt)−1Di0u0‖ = ‖E(−A −

∫ +∞
0

B(t)dt)−1Di0‖. By a theorem of Krein and

Rutman [22], from E(−A −
∫ +∞
0

B(t)dt)−1Di0u0 ≥ 0, there exists a positive linear

form y∗ ∈ (Cq)∗ of dual norm ‖y∗‖ = 1 such that y∗E(−A−
∫ +∞
0

B(t)dt)−1Di0u0 =

‖E(−A−
∫ +∞
0

B(t)dt)−1Di0u0‖. Define Δ := ‖E(−A−
∫ +∞
0

B(t)dt)−1Di0‖−1u0y
∗ ∈

R
li0
+ × q. It is easy to see that ‖Δ‖ = ‖E(−A −

∫ +∞
0

B(t)dt)−1Di0‖−1. Set x0 :=

(−A −
∫ +∞
0

B(t)dt)−1Di0u0. This implies that ΔEx0 = u0. Therefore, x0 
= 0 and

x0 = (−A−
∫ +∞
0

B(t)dt)−1Di0ΔEx0. It follows that

(
(A + Di0ΔE) +

∫ +∞

0

B(t)dt

)
x0 =

(
A +

∫ +∞

0

(B(t) + Di0δ(t)E)dt

)
x0 = 0,

x0 ∈ R
n, x0 
= 0,

where δ(t) := e−tΔ ∈ L1([0,+∞),R
li0×q
+ ) ∩ C([0,+∞),R

li0×q
+ ). We consider two

separate cases as follows:
- If i0 = 0, then we set Δ0 = Δ and δ1(·) = 0. Then it is easy to see that

(Δ0, δ1(·)) ∈ D+ satisfies (35)–(36).
- If i0 = 1, then we set Δ0 = 0 and δ1(·) = δ(·). Then (Δ0, δ1(·)) ∈ D+ satisfies

(35)–(36).
This completes our proof.
The following theorem shows that for the class of positive equations, the complex,

real, and positive stability radii coincide and can be computed by an explicit formula.
Theorem 5.4. Suppose that (8) is positive and UAS and Di ∈ R

n×li
+ (i ∈ I), E ∈

R
q×n
+ . Then

rC = rR = r+ =
1

maxi∈I ‖E(−A−
∫ +∞
0

B(t)dt)−1Di‖
.

Proof. Suppose that rC < +∞, as otherwise there is nothing to show. Let
(Δ, δ(·)) ∈ DC be a destabilizing complex disturbance. That is, σ(A + D0ΔE,B(·) +
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D1δ(·)E) 
⊂ C
−. Then there exist s ∈ C,�s ≥ 0, and a nonzero vector x ∈ C

n such
that (

A + D0ΔE +

∫ +∞

0

e−st(B(t) + D1δ(t)E)dt

)
x = sx.

Since (8) is UAS, it follows that

(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1(
D0ΔE + D1

∫ +∞

0

e−stδ(t)dt E

)
x = x.

Therefore, Ex 
= 0 and we thus get

E

(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1(
D0ΔE + D1

∫ +∞

0

e−stδ(t)dt E

)
x = Ex.

This implies that∥∥∥∥∥E
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

D0

∥∥∥∥∥ ‖Δ‖‖Ex‖

+

∥∥∥∥∥E
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

D1

∥∥∥∥∥
∥∥∥∥
∫ +∞

0

e−stδ(t)dt

∥∥∥∥ ‖Ex‖ ≥ ‖Ex‖.

Hence,

max
i∈I

{∥∥∥∥∥E
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1

Di

∥∥∥∥∥
}(

‖Δ‖ +

∫ +∞

0

‖δ(t)‖dt
)

≥ 1.

Using Lemma 3.6, we get

max
i∈I

{∥∥∥∥∥E
(
−A−

∫ +∞

0

B(t)dt

)−1

Di

∥∥∥∥∥
}
‖(Δ, δ(·))‖ ≥ 1.

This is equivalent to

‖(Δ, δ(·))‖ ≥ 1

maxi∈I
{
‖E
(
−A−

∫ +∞
0

B(t)dt
)−1

Di‖
} .

Since this inequality holds true for an arbitrary destabilizing complex perturbation,
we conclude that

rC ≥ 1

maxi∈I
{
‖E
(
−A−

∫ +∞
0

B(t)dt
)−1

Di‖
} .

Taking into account the inequalities (30), it remains only to show that

r+ ≤ 1

maxi∈I
{
‖E
(
−A−

∫ +∞
0

B(t)dt
)−1

Di‖
} .

However, this is immediate from Lemma 5.3. This completes our proof.
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Example 5.5. We revisit the linear positive Volterra integrodifferential equation
in R

2 defined by (25)–(26) in Example 4.9. Assume that the matrix A and the matrix
function B(·) are subjected to the structured perturbations of the form (28), where

D1 =

(
2
0

)
, D2 =

(
0
1

)
, and E = I2.

By an easy computation, we get

E

(
−A−

∫ +∞

0

B(t)dt

)−1

D1 =

( −2b
b2−1

2
b2−1

)
,

E

(
−A−

∫ +∞

0

B(t)dt

)−1

D2 =

( 1
b2−1
−b

b2−1

)
,

where b := a+ 1/p < −1. Therefore, if R
2 is endowed, respectively, with the 1-norm,

2-norm, and ∞-norm, then by Theorem 5.4, we have

rC = rR = r+ =
−1 − b

2
,

(b2 − 1)
√

(b2 + 1)

2(b2 + 1)
,
b2 − 1

−2b
,

respectively.

5.2. Stability radius of positive linear Volterra integrodifferential equa-
tions under affine perturbations. We now deal with the problem of computing
the stability radius of positive linear Volterra equation (8) under affine perturbations.
To do this, we assume that (8) is UAS and the system matrices A,B(·) are subjected
to affine perturbation of the form

(37) A � A +
N∑
i=1

αiAi, B(·) � B(·) +

N∑
i=1

βiBi(·),

where Ai ∈ R
n×n, Bi(·) ∈ L1([0,+∞),Rn×n) ∩ C([0,+∞),Rn×n)}, i ∈ N := {1, 2,

. . . , N} are given and αi, βi ∈ K (K = R,C), i ∈ N, are unknown scalars.
We assume that A is a Metzler matrix and B(t) ≥ 0 ∀t ≥ 0, under which the

linear Volterra equation (8) is positive. In view of positivity of the equation under
consideration, we assume that Ai ∈ R

n×n
+ and Bi(t) ≥ 0 ∀t ≥ 0, ∀i ∈ N . We define

the complex and the real stability radii of the linear Volterra equation (8) under affine
parameter perturbations (37) by setting, for K = C and, respectively, K = R,

ra
K

= inf

{
max

(
max
i∈N

|αi|; max
i∈N

|βi|
)

:

αi, βi ∈ K, σ

(
A +

N∑
i=1

αiAi, B(·) +

N∑
i=1

βiBi(·)
)


⊂ C
−

}
.

Similarly, the positive stability radius ra+ is obtained by restricting, in the above
definition, the disturbances (α, β) := ((αi)i∈N , (βj)j∈N ) to be nonnegative.

It is clear that

(38) 0 < ra
C
≤ ra

R
≤ ra+.
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The following theorem proves that the equalities in (38) hold true and provides com-
putable formulae for the stability radii ra

K
, ra+ (K = C,R).

Theorem 5.6. Suppose that the linear Volterra equation (8) is UAS and A,B(·)
are subjected to multiaffine perturbations of the form (37). If the stability radii of the
equation are given by (38), then

(39) ra
C

= ra
R

= ra+ =
1

μ[(−A−
∫ +∞
0

B(t)dt)−1(
∑N

i=1 Ai +
∑N

i=1

∫ +∞
0

Bi(t)dt)]
.

Proof. We first prove that

ra+ =
1

μ[(−A−
∫ +∞
0

B(t)dt)−1(
∑N

i=1 Ai +
∑N

i=1

∫ +∞
0

Bi(t)dt)]
.

Let (α, β) = ((αi)i∈N , (βi)i∈N ) be an arbitrary nonnegative destabilizing perturba-
tion, that is,

σ

(
A +

N∑
i=1

αiAi, B(·) +

N∑
i=1

βiBi(·)
)


⊂ C
−.

Then there exist a complex number s,�s ≥ 0 and a nonzero vector x ∈ C
n such that((

A +

N∑
i=1

αiAi

)
+

∫ +∞

0

e−st

(
B(t) +

N∑
i=1

βiBi(t)

)
dt

)
x = sx.

Since (8) is UAS, this implies that

(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1
(

N∑
i=1

αiAi +

N∑
i=1

βi

∫ +∞

0

e−stBi(t)dt

)
x = x.

Using (31), we obtain the estimates

|x| =

∣∣∣∣∣
(
sIn −A−

∫ +∞

0

e−stB(t)dt

)−1
(

N∑
i=1

αiAi +

N∑
i=1

βi

∫ +∞

0

e−stBi(t)dt

)
x

∣∣∣∣∣

≤
(
−A−

∫ +∞

0

B(t)dt

)−1
∣∣∣∣∣
(

N∑
i=1

αiAi +

N∑
i=1

βi

∫ +∞

0

e−stBi(t)dt

)
x

∣∣∣∣∣

≤
(
−A−

∫ +∞

0

B(t)dt

)−1
(

N∑
i=1

αiAi +

N∑
i=1

βi

∫ +∞

0

Bi(t)dt

)
|x|

≤ γ

⎡
⎣(−A−

∫ +∞

0

B(t)dt

)−1 (
N∑
i=1

Ai +

N∑
i=1

∫ +∞

0

Bi(t)dt

)⎤
⎦ |x|,

where γ := max{maxi∈N αi,maxi∈N βi}. Since B :=
[(
−A−

∫ +∞
0

B(t)dt
)−1(∑N

i=1 Ai+∑N
i=1

∫ +∞
0

Bi(t)dt
)]

is a nonnegative matrix, it follows from Theorem 2.1(ii) that

μ(B) ≥ 1

γ
> 0.
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Hence,

γ ≥ 1

μ(B)
.

Since this holds for arbitrary destabilizing nonnegative perturbation (α, β), we con-
clude that

ra+ ≥ 1

μ(B)
.

We shall prove that the converse inequality holds true. In fact, by Theorem 2.1(i)
(Perron–Frobenius), there exists a nonzero vector y ∈ R

n
+ such that By = μ(B)y.

This implies that((
A0 +

N∑
i=1

1

μ(B)
Ai

)
+

∫ +∞

0

(
B(t) +

N∑
i=1

1

μ(B)
Bi(t)

)
dt

)
y = 0.

This means that the nonnegative perturbation (α∗, β∗) defined by α∗i = 1/μ(B), β∗i =
1/μ(B), i ∈ N, is destabilizing. By the definition of ra+, we have

ra+ ≤ 1

μ(B)
.

Thus, we obtain

ra+ =
1

μ(B)
=

1

μ
[(

−A−
∫ +∞
0

B(t)dt
)−1(∑N

i=1 Ai +
∑N

i=1

∫ +∞
0

Bi(t)dt
)] .

We are now ready to show that ra
C

= ra
R

= ra+. Suppose (α, β) = ((αi)i∈N , (βj)j∈N )
is an arbitrary complex destabilizing perturbation. By an argument similar to the
above, we get

(40)

[(
−A−

∫ +∞

0

B(t)dt

)−1
(

N∑
i=1

|αi|Ai +

N∑
i=1

|βi|
∫ +∞

0

Bi(t)dt

)]
|x0| ≥ |x0|

for some x0 ∈ C
n, x0 
= 0. By Theorem 2.1(ii),

μ

[(
−A−

∫ +∞

0

B(t)dt

)−1
(

N∑
i=1

|αi|Ai +

N∑
i=1

|βi|
∫ +∞

0

Bi(t)dt

)]
≥ 1.

Since C :=
(
−A−

∫ +∞
0

B(t)dt
)−1(∑N

i=1 |αi|Ai +
∑N

i=1 |βi|
∫ +∞
0

Bi(t)dt
)

is nonneg-
ative, using Theorem 2.1(i) again, we have Cx1 = μ(C)x1 for some nonzero vector
x1 ∈ R

n
+. This gives((

A0 +

N∑
i=1

|αi|
μ(C)

Ai

)
+

∫ +∞

0

(
B(t) +

N∑
i=1

|βi|
μ(C)

Bi(t)

)
dt

)
x1 = 0,

which means that

(|α|, |β|) :=

((
|αi|
μ(C)

)
i∈N

,

(
|βi|
μ(C)

)
i∈N

)
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is a nonnegative destabilizing perturbation. Hence, it follows from the definition of
ra+ that

max

(
max
i∈N

(
|αi|
μ(C)

)
,max
i∈N

(
|βi|
μ(C)

))
≥ ra+,

or, equivalently, max(maxi∈N |αi|,maxi∈N |βi|) ≥ μ(C)ra+ ≥ ra+, which implies that
ra

C
≥ ra+. Combined with the inequalities ra

C
≤ ra

R
≤ ra+, this implies that ra

C
= ra

R
=

ra+. In addition, from the above arguments, we observe that ra
C

= ra
R

= ra+ = +∞ if
and only if μ(B) = 0. This completes our proof.

6. Concluding remarks. A new class of positive linear systems (namely, posi-
tive linear Volterra integrodifferential equations) is introduced and an explicit criterion
for equations of this class is presented. A new Perron–Frobenius theorem for positive
linear Volterra integrodifferential equations is given. Furthermore, explicit criteria for
uniformly asymptotic stability of positive equations are provided. Finally, two explicit
formulae for the stability radii of positive equations under structured perturbations
and affine perturbations are given.

The proposed approach can be extended to study positive linear Volterra inte-
grodifferential equations with delay and positive linear Volterra–Stieltjes differential
equations. These works will be done in the future.
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PERTURBATION METHODS IN STABILITY AND NORM
ANALYSIS OF SPATIALLY PERIODIC SYSTEMS∗

MAKAN FARDAD† AND BASSAM BAMIEH‡

Abstract. We consider systems governed by partial differential equations with spatially periodic
coefficients over unbounded domains. These spatially periodic systems are considered as perturba-
tions of spatially invariant ones, and we develop perturbation methods to study their stability and
H2 system norm. The operator Lyapunov equations characterizing the H2 norm are studied by using
a special frequency representation, and formulas are given for the perturbation expansion of their
solution. The structure of these equations allows for a recursive method of solving for the expansion
terms. Our analysis provides conditions that capture possible resonances between the periodic co-
efficients and the spatially invariant part of the system. These conditions can be regarded as useful
guidelines when spatially periodic coefficients are to be designed to increase or decrease the H2 norm
of a spatially distributed system. The developed perturbation framework also gives simple conditions
for checking whether a spatially periodic operator generates a holomorphic C0 semigroup and thus
satisfies the spectrum-determined growth condition.

Key words. PDE with periodic coefficients, perturbation analysis, H2 norm, sectorial operator,
spectrum-determined growth condition
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1. Introduction. The terms distributed-parameter and infinite-dimensional are
used to describe those systems in which the state belongs to an infinite-dimensional
vector space [1]. Such systems include, but are not limited to, time-delay (retarded)
and spatially distributed systems [2]. The latter includes systems in which the dy-
namics are governed by partial differential equations (PDEs) and it is a subclass of
these systems that will be the subject of this study. More specifically, we will analyze
certain properties of spatially distributed systems in which the underlying PDEs have
spatially periodic coefficients. We refer to such systems as spatially periodic. Spatially
periodic systems have many real life applications, for example, in boundary layer and
channel flow problems with corrugated walls and in nonlinear optics.

Our motivation for this work is to study the effect of spatially periodic coefficients
on stability and system norms of spatially distributed systems. This can be thought
of as using the periodic coefficients as static feedback controls for spatially distributed
systems. For example, in flow control problems where corrugated wall geometries or
spatially periodic body forces are introduced, the PDEs that describe the resulting
flow dynamics have periodic coefficients that are related to either the wall shape
or the spatially distributed body force. An important objective is to “design” such
wall shapes or body forces to obtain certain stability or instability properties of the
resulting dynamics. There are currently no systematic methods for achieving this.

An analogy can be made between the present work and the use of time-periodic co-
efficients in ordinary differential equations (ODEs). It is known that the introduction
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of time-periodic coefficients in ODEs with constant coefficients can change the stabil-
ity properties of the linear time invariant (LTI) system described by the original ODE.
A useful picture is to think of an ODE with periodic coefficients as an LTI system mod-
ified by time-periodic (memoryless) feedback. It is known that certain unstable LTI
systems can be stabilized by being put in feedback with periodic gains of properly de-
signed amplitudes and frequencies [3]. This can be roughly considered as an example of
“vibrational control” [4]. On the other hand, certain stable or neutrally stable LTI sys-
tems can be destabilized by periodic feedback gains. This is sometimes referred to as
“parametric resonance” in the dynamical systems literature [3]. In the above scenar-
ios, the stabilization/destabilization process depends in subtle ways on “resonances”
between the natural modes of the LTI subsystem and the frequency and amplitude of
the periodic feedback. Although Floquet analysis can be used to ascertain stability of
the resulting periodic systems, it is cumbersome to use for designing the periodic coef-
ficients. This requires an exhaustive search over frequencies and amplitudes of the pe-
riodic coefficients. Alternatively, simple resonance conditions can be derived by using
a perturbation analysis [3], which in turn can be used for a preliminary selection of the
coefficient’s frequency. In this way, perturbation analysis serves as a useful design tool.

In related recent work [5] we developed computational tools to study stability
and system norms for spatially periodic systems. However, for problems where the
spatially periodic coefficients are to be designed, using these tools involves a compu-
tationally expensive search over spatial frequencies and amplitudes of the coefficients.
Therefore, our aim in the present work is to develop a perturbation analysis that can
be used to derive resonance conditions and provide a useful design tool in a similar
manner to the case of ODEs discussed earlier. These resonance conditions can then
identify candidate spatial frequencies to be used for the periodic coefficients. The
exact behavior with respect to amplitudes can then be ascertained by using the full
analysis of [5]. In this manner we reduce the dimension of the search space required
for design problems.

Another challenging problem is checking the stability of a spatially periodic or, in
general, any infinite-dimensional system. It is well known that, for a finite-dimensional
LTI system, the spectrum of the infinitesimal generator (i.e., the A-matrix) being
contained in the open left half of the complex plane is equivalent to exponential
stability. In this sense the spectrum of the infinitesimal generator determines stability.
Therefore it is said that the system satisfies the spectrum-determined growth condition
(SDGC). But the SDGC may not hold for some infinite-dimensional LTI systems;
indeed the evolution can grow exponentially even though the infinitesimal generator
(i.e., the A-operator) has its spectrum inside the left half of the complex plane [6, 7, 8].
In the present work we use perturbation analysis to find simple conditions under which
the spatially periodic system satisfies the SDGC and is exponentially stable.

Our presentation is organized as follows. Section 2 outlines the main results of
the paper. Section 3 briefly reviews the frequency representation of spatially periodic
operators. Section 4 introduces the problem setup. Section 5 discusses the analytic
perturbation of the H2 norm, and section 6 provides related illustrative examples.
Section 7 studies conditions under which a spatially periodic system is exponentially
stable. Many proofs and technical details have been relegated to the appendix to
improve readability.

Notation. We use k ∈ R to characterize the spatial-frequency variable, also
known as the wave number. Σ(T ) is the spectrum of the operator T , Σp(T ) its point
spectrum, and ρ(T ) its resolvent set. C

− denotes all complex numbers with real part
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less than zero, and j :=
√
−1. “*” denotes the complex-conjugate transpose and also

the adjoint of a linear operator. S is the closure of the set S ⊂ C. The function
û(t, k) denotes the Fourier transform (in the spatial variable x) of the spatiotemporal
function u(t, x). Similarly, the operator Â is the Fourier domain representation of the
spatial operator A. We will use the same symbol for a linear operator and its kernel
representation. Where there is no chance of confusion, we use the same notation for
a spatially invariant operator and its Fourier symbol.

Terminology. Throughout the paper, we use the terms spatial “operators” and
spatial “systems.” By the former we mean a purely spatial operator with no temporal
dynamics (i.e., a memoryless operator that acts on a spatial function and yields a
spatial function), whereas by the latter we refer to a spatiotemporal system (a system
with an internal state which evolves on some spatial domain; i.e., for every time t
the state is a function on a spatial domain). By a scalar system, we mean that the
Euclidean dimension of the state is equal to one. When spatially periodic feedback
operators are small in norm, we will use the phrases periodic feedback and periodic
perturbation interchangeably. Finally, in the case of doubly infinite matrices we will
use the phrases biinfinite matrix and (biinfinite or lifted) operator interchangeably.

2. Main results. We consider systems described by linear, time-invariant, inte-
gro partial differential equations defined on an unbounded one-dimensional domain.
We use a standard state-space representation of the form

[∂t ψ](t, x) = [Aψ](t, x) + [B u](t, x),

y(t, x) = [C ψ](t, x),(1)

where t ∈ [0,∞) and x ∈ R, ψ, u, y are spatiotemporal functions, and A, B, C are
spatial integrodifferential operators with coefficients that are periodic functions with
a common period X. We refer to (1) as a spatially periodic system.

It is often physically meaningful to regard the spatially periodic operators as
additive or multiplicative perturbations of spatially invariant ones (and by spatially
invariant we mean integrodifferential operators with constant coefficients). For exam-
ple, the infinitesimal generator A in (1) can often be decomposed as A = Ao + εE,
where Ao is a spatially invariant operator and E is an operator that includes multipli-
cation by periodic functions. In some control application the operator E is something
to be “designed.” Therefore it is desirable to have easily verifiable conditions for sta-
bility and norms of such systems. This would then allow for the selection of the spatial
period and amplitude of periodic functions in E to achieve the desired behavior. The
perturbation analysis we present, though limited to small values of ε, provides useful
guidelines for selecting candidate “periods” for E.

Our results are derived by using a special frequency representation. We show that
the spatial periodicity of the operators A, B, and C implies that (1) can be rewritten as

[∂t ψθ](t) = [Aθ ψθ](t) + [Bθ uθ](t),

yθ(t) = [Cθ ψθ](t),(2)

where θ ∈ [0, 2π/X). For every value of θ, ψθ, uθ, yθ are biinfinite vectors, and Aθ, Bθ,
Cθ are biinfinite matrices. The systems (2) and (1) are related through a unitary trans-
formation, and in particular quadratic forms are preserved by this transformation.
Consequently, the stability and quadratic norm properties of (2) and (1) are equiva-
lent. With this transformation the analysis of the original system (1) is reduced to that
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of the family of systems (2) that are decoupled in the parameter θ. In particular, per-
turbation analysis for (2) is easier and less technical than for the original system (1).

To make for easier reading, both in this section and in the body of the paper, we
first present the results on perturbation analysis of the H2 norm and then deal with
the issue of stability.

The first set of results concerns H2 norm analysis. For a large class of infinite-
dimensional systems, computing the H2 norm involves solving an operator algebraic
Lyapunov equation

AP + P A∗ = −BB∗.

In general this is a difficult task that must be done by using appropriate discretization
techniques. However, if A and B are spatially periodic operators, then so is the solu-
tion P . Then the special frequency representation described above allows this operator
Lypunov equation to be rewritten as a θ-decoupled family of Lyapunov equations

(3) Aθ Pθ + Pθ A∗θ = −Bθ B∗θ ,

where Aθ, Bθ, and Pθ are the biinfinite matrix representations of A, B, and P . Once
Pθ is found, the H2 norm of the system can be computed from [5]

1

2π

∫ Ω

0

trace[CθPθ C∗θ ] dθ, Ω = 2π/X.

Solving (3) is still a difficult problem in general, since it involves biinfinite ma-
trices. We use perturbation analysis as follows: The infinitesimal generator Aθ is
expressed as Aθ = Ao

θ + ε Eθ, where Ao
θ and Eθ correspond to the spatially invariant

and spatially periodic components of Aθ, respectively. It follows that the solution Pθ

is analytic in ε, and the terms of its power series expansion P(i)
θ satisfy a sequence of

forward coupled Lyapunov equations. Furthermore, the terms P(i)
θ are banded matri-

ces with the number of bands increasing with the index i. These Lyapunov equations
can then be solved recursively for i = 0, 1, 2, . . . . Formulas for these Lyapunov equa-
tions are derived in section 5. In some examples that we present in section 6, these
formulas reveal simple “resonance” conditions for stabilization or destabilization of
PDEs by using spatially periodic feedback.

The second set of results concerns the problem of stability. As mentioned in the
introduction, when the infinitesimal generator A is an infinite-dimensional operator
it is possible that its spectrum Σ(A) lies inside C

− and yet ‖eAt‖ grows exponentially
[6, 7, 8]. In such cases it is said that the spectrum-determined growth condition is
not satisfied [8]. Yet there exists a wide range of infinite-dimensional systems for
which the spectrum-determined growth condition is satisfied. These include, but are
not limited to, systems for which the infinitesimal generator is sectorial (also known
as an operator which generates a holomorphic or analytic semigroup) [9, 10, 11] or
the infinitesimal generator is a Riesz-spectral operator [2]. In this paper we focus on
sectorial operators.

Therefore, to establish exponential stability of a system, one possibility would be
to show simultaneously that

(i) the operator A is sectorial (and thus its spectrum determines stability) and
(ii) the spectrum Σ(A) lies in C

−.
The problem is that proving an infinite-dimensional operator is sectorial and finding
its spectrum can in general be extremely difficult.
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Fig. 1. Left: Pictorial representation of φ̂(k̄) =
∫

R
Â(k̄, κ) ψ̂(κ) dκ. Right: The frequency kernel

Â of a spatially periodic operator A.

Once again we use perturbation methods to show (i) and (ii). We consider A
to have the form A = Ao + εE, where Ao is a spatially invariant operator, E is a
spatially periodic operator, and ε is a small complex scalar. By using the biinfinite
matrix representation, we first find conditions on the spatially invariant operator Ao

such that (i) and (ii) are satisfied. We then show that (i) and (ii) will remain satisfied
if ε is small enough and if the spatially periodic operator E is “weaker” than Ao (in
the sense that E is relatively bounded with respect to Ao). The advantage of this
approach is that (i) and (ii) are much easier to check for a spatially invariant operator
than they are for a spatially periodic one.

3. Frequency representation of periodic operators. In this section we
briefly discuss the frequency domain representation of spatially periodic operators.
We then show how this representation can be used to convert a spatially periodic
system into a family of matrix-valued LTI systems. For a detailed account the reader
is referred to [5, 12].

Let ψ̂(k) and φ̂(k) denote the Fourier transforms of two spatial functions ψ(x)
and φ(x), respectively. If ψ and φ are related by a linear operator A which admits

a kernel representation, then ψ̂ and φ̂ too are related by a linear operator Â which
admits a kernel representation, and we have

(4) φ(x) =

∫
R

A(x, χ)ψ(χ) dχ
Fx←→ φ̂(k) =

∫
R

Â(k, κ) ψ̂(κ) dκ,

where A(·, ·) and Â(·, ·) are the kernel functions corresponding to the operators A
and Â, respectively, and Fx denotes the Fourier transform. Figure 1 (left) shows a

cartoon way of picturing the equation φ̂ = Â ψ̂.
A linear operator is called spatially periodic with period X if its kernel has the

property

A(x + Xm,χ + Xm) = A(x, χ) for all x, χ ∈ R, m ∈ Z.

Proposition 1. Let A be a spatially periodic operator with spatial period X =
2π/Ω. Then its Fourier transform Â has the kernel representation

(5) Â(k, κ) =
∑
l∈Z

Âl(k) δ(k − κ− Ωl).

Proof. See [12, Appendix to Chapter 2].
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Thus the kernel function corresponding to Â is composed of parallel and equally
spaced “impulse sheets” which can be visualized in Figure 1 (right). References [5, 12]
further describe how the particular structure (5) of Â allows the right-hand equation
in (4) to be given a biinfinite1 matrix representation

(6)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

...

φ̂(θ − Ω)

φ̂(θ)

φ̂(θ + Ω)
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

...
... . .

.

· · · Â0(θ − Ω) Â−1(θ − Ω) Â−2(θ − Ω) · · ·
· · · Â1(θ) Â0(θ) Â−1(θ) · · ·
· · · Â2(θ + Ω) Â1(θ + Ω) Â0(θ + Ω) · · ·
. .
. ...

...
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

...

ψ̂(θ − Ω)

ψ̂(θ)

ψ̂(θ + Ω)
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

for which we adopt the notation

φθ = Aθ ψθ, θ ∈ [0,Ω).

In other words, a general spatially periodic operator A can be described by a family
of biinfinite matrices Aθ parameterized by a variable θ.

Remark 1. We emphasize that the functions Âl( · ), l ∈ Z, in (5) and (6) can
be matrix-valued. Thus, in general, Aθ has a “block” structure. But throughout
this paper and for the sake of brevity we choose not to explicitly refer to this block
structure, even though all of our results are derived for matrix-valued Âl(k). Similarly,

we do not refer explicitly to the Euclidean dimension of the vectors ψ̂(k) and φ̂(k) for
a given k ∈ R.

Spatially invariant [13] and spatially periodic pure multiplication operators consti-
tute special subclasses of spatially periodic operators. In the framework established
above, Aθ is diagonal for spatially invariant operators and Toeplitz for periodic pure
multiplication operators.

Example 1. The operators A = ∂x and F (x) = cos(Ωx) have the following biinfi-
nite representations

Aθ = diag{j(θ + Ωn)}n∈Z, F = toep

{
. . . , 0,

1

2
, 0 ,

1

2
, 0, . . .

}
,

where the boxed element corresponds to the main diagonal of the biinfinite Toeplitz
operator F . Notice that since A is spatially invariant it is fully described by its Fourier
symbol Â0(k) = jk, k ∈ R, and it is the samples of Â0(·) at k = θ + Ωn, n ∈ Z, that
make up the diagonal of Aθ for a given θ. We have dropped the θ subscript in F
because it is independent of this variable.

Remark 2. It is possible to define a unitary operator Mθ, θ ∈ [0,Ω), such that

ψθ = Mθ ψ̂, φθ = Mθ φ̂, and thus Aθ = Mθ ÂM ∗
θ [12]. Mθ is equivalent to a

frequency domain lifting operation [14, 15, 16] which breaks an L2(R) function into a
family of �2 vectors. By the unitary property of the lifting operator it follows that

(7)

∫ Ω

0

‖Aθ‖2
HS dθ =

∫ Ω

0

trace[Aθ A∗θ] dθ =
∑
l∈Z

∫
R

trace[Âl(k) Â∗l (k)] dk,

with ‖T‖2
HS := trace[T T ∗] being the square of the Hilbert–Schmidt norm2 of T .

1Sometimes referred to as doubly infinite.
2The Hilbert–Schmidt norm of an operator is a generalization of the Frobenius norm of finite-

dimensional matrices ‖A‖2
F =

∑
m,n

|amn|2 = trace[AA∗].
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Finally, given a spatially periodic system in state-space form (1) with spatially
periodic operators A, B, and C, one can replace each of these operators with its
biinfinite matrix representation to obtain the family of LTI systems (2).

Example 2. Consider the spatially periodic heat equation on the real line

∂t ψ(t, x) =
(
∂2
x − α cos(Ωx)

)
ψ(t, x) + u(t, x),

y(t, x) = ψ(t, x),(8)

with real α 	= 0 and Ω > 0.3 Clearly A = ∂2
x + α cos(Ωx) with domain

D =

{
φ ∈ L2(R) | φ, dφ

dx
absolutely continuous,

d2φ

dx2
∈ L2(R)

}
,

and B and C are equal to the identity operator on L2(R). Rewriting the system in
its lifted representation, we have

∂t ψθ(t) = Aθ ψθ(t) + uθ(t),

yθ(t) = ψθ(t),(9)

where Bθ and Cθ are equal to the identity operator on �2 and Aθ can be found from
Example 1

Aθ = −

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

...
... . .

.

· · · (θ + Ω(n− 1))2 α/2 0 · · ·
· · · α/2 (θ + Ωn)2 α/2 · · ·
· · · 0 α/2 (θ + Ω(n + 1))2 · · ·
. .
. ...

...
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

Notice that (9) is now fully decoupled in the variable θ. In other words, (8) is equiv-
alent to the family of state-space representations (9) parameterized by θ ∈ [0,Ω).

4. Problem setup. In this section we set the stage for the analysis that will
follow in the proceeding sections. We first describe the class of spatially periodic LTI
systems that we will be considering in this paper. We then review some facts and
definitions regarding the spectrum of the infinitesimal generators of such systems,
their exponential stability, and conditions under which the spectrum determines ex-
ponential stability. Finally, we introduce the notion of the H2 norm for exponentially
stable spatially periodic systems and give a procedure for computing this norm.

Let us consider a distributed system of the form

∂t ψ(t, x) = Aψ(t, x) + B u(t, x)

=
(
Ao + Bo ε F Co

)
ψ(t, x) + B u(t, x),(10)

y(t, x) = C ψ(t, x),

where t ∈ [0,∞) and x ∈ R with the following assumptions. The (possibly unbounded)
operators Ao, Bo, and Co are spatially invariant, and the bounded operators B and C
are spatially periodic with period X = 2π/Ω. F (x) = 2L cos(Ωx), with L a constant

3By ∂tψ(t, x) and ∂2
xψ(t, x) we mean the spatiotemporal functions ∂tψ and ∂2

xψ, respectively,
evaluated at the point (t, x).
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matrix, and ε is a complex scalar. Ao, Bo, Co, and E := Bo F Co are all defined on
a common dense domain D ⊂ L2(R). A = Ao + εE is closed and generates a strongly
continuous semigroup (also known as a C0 semigroup) eAt [2]. We will refer to A as
the infinitesimal generator of the system. The functions u, y, and ψ are, respectively,
the spatiotemporal input, output, and state of the system and belong to L2(R) for
all t.

Comment on notation. To avoid clutter, we henceforth drop the “ˆ” from the
representation of frequency domain functions. For example, we use A0( · ) [instead of
Â0( · )] to represent the Fourier symbol of the spatially invariant operator Ao.

As shown in [12, 5, 17], system (10) can be represented in the (spatial) frequency
domain by the family of systems

∂t ψθ(t) =
(
Ao

θ + εBo
θ F Co

θ

)
ψθ(t) + Bθ uθ(t)

=
(
Ao

θ + ε Eθ
)
ψθ(t) + Bθ uθ(t),(11)

yθ(t) = Cθ ψθ(t),

parameterized by θ ∈ [0,Ω). The vectors uθ, yθ, and ψθ belong to �2 for all t. Bθ

and Cθ have no particular structure and can be any bounded operators on �2. F has
the form given in Example 1 with 1

2 replaced by the matrix L. Ao
θ, Bo

θ , and Co
θ are

(possibly unbounded) block diagonal operators on �2,

Ao
θ =

⎡
⎢⎢⎣

. . .

A0(θn)
. . .

⎤
⎥⎥⎦ , Bo

θ =

⎡
⎢⎢⎣

. . .

Bo(θn)
. . .

⎤
⎥⎥⎦ , Co

θ =

⎡
⎢⎢⎣

. . .

Co(θn)
. . .

⎤
⎥⎥⎦ ,

Eθ := Bo
θ F Co

θ =

⎡
⎢⎢⎢⎢⎢⎢⎣

. . .
. . .

. . . 0 A−1(θn)

A1(θn+1) 0
. . .

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎦
,(12)

with θn := θ + Ωn, n ∈ Z, and4

(13) A1( · ) := Bo( · )LCo( · − Ω), A−1( · ) := Bo( · )LCo( · + Ω).

A0( · ), Bo( · ), and Co( · ) denote the Fourier symbols of the spatially invariant oper-
ators Ao, Bo, and Co, respectively.

In sections 7 and 5 we will establish conditions for exponential stability of system
(10) and compute its H2 norm. We will see that the biinfinite representation (11)–(12)
will play a key role in simplifying the perturbation analysis of system (10).

Remark 3. Taking F (x) to be a pure cosine is not restrictive. The results obtained
here can be easily extended to problems where F (x) is any periodic function with
absolutely convergent Fourier series coefficients.

Remark 4. The system (10) can be considered as the linear fractional transfor-
mation [18] of a spatially periodic system Go with spatially invariant infinitesimal

4We emphasize that the notational convention used in the elements of Eθ is the same as that
used in (6); the nth row of Eθ is {. . . , 0, A1(θn), 0, A−1(θn), 0, . . . }.
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generator Ao,

Go =

⎡
⎣ Ao B Bo

C 0 0
Co 0 0

⎤
⎦,

and the (memoryless and bounded) spatially periodic pure multiplication operator
ε F (x) = ε 2L cos(Ωx).

Sectorial operators and exponential stability. We introduce the class of
sectorial operators. These operators generate holomorphic (also known as analytic)
semigroups eAt. Sectorial operators have the important property that their spectrum
determines the decay or growth rate of their semigroup; i.e., they satisfy the spectrum-
determined growth condition.

Suppose A is densely defined, ρ(A) contains a sector of the complex plane | arg(z−
α) | ≤ π

2 + γ, γ > 0, α ∈ R, and there exists some M > 0 such that

(14) ‖(zI −A)−1‖ ≤ M

|z − α| for | arg(z − α) | ≤ π

2
+ γ.

Then A generates a holomorphic semigroup, and we write A ∈ H (γ, α,M) [11, 9].
We say that A is sectorial if A belongs to some H (γ, α,M).

A semigroup is called exponentially stable if there exist positive constants M and
� such that [2]

‖eAt‖ ≤ M e−�t for t ≥ 0.

The following theorem constitutes the reason for our interest in sectorial operators
and forms the foundation of our analysis in section 7.

Theorem 2. Assume that A is sectorial. Then A generates an exponentially
stable C0 semigroup if and only if Σ(A) ⊂ C

−.
Proof. If A is sectorial, it defines a holomorphic C0 semigroup and eAt is differ-

entiable for t > 0 [10, 19]. Then [8] shows that this is sufficient for the spectrum-
determined growth condition to hold. Since Σ(A) ⊂ C

− and Σ(A) belongs to a
left sector, it follows that Σ(A) is bounded away from the imaginary axis. Let
ωσ = supz∈Σ(A) Re(z). Then ωσ < 0, and A generates an exponentially stable C0

semigroup. Clearly Σ(A) ⊂ C
− is also a necessary condition for exponentially stabil-

ity, and the proof is complete.

Spectrum of spatially periodic operators. We show how the spectrum of
A relates to the spectrum of the θ-parameterized family of operators Aθ. We will
use this in section 7 to find the spectrum of A, as needed in Theorem 2 to establish
exponential stability.

Since the spatially periodic operator A and the family of biinfinite matrices Aθ,
θ ∈ [0,Ω), are related via a unitary transformation, it follows that [5]

(15) Σ(A) =
⋃

θ∈[0,Ω)

Σ(Aθ).

In the case where A is spatially invariant (and thus Aθ = diag{. . . , A0(θn), . . . }), (15)
further simplifies to

(16) Σ(A) =
⋃
k∈R

Σp

(
A0(k)

)
.
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Fig. 2. Left: The symbol A0( · ) of Example 3 in “complex-plane × spatial-frequency” space.
Center: The spectrum Σ(A) in the complex plane. Right: For spatially invariant A, the (diagonal)
elements of Aθ are samples of the Fourier symbol A0( · ).

Example 3. Let A = −(∂2
x + κ

2)2 with domain

D =

{
φ ∈ L2(R) | φ, dφ

dx
,
d2φ

dx2
,
d3φ

dx3
absolutely continuous,

d4φ

dx4
∈ L2(R)

}
.(17)

Integration by parts shows that A is a self-adjoint operator and thus closed. The
function A0(k) = −(k2 − κ

2)2 is the Fourier symbol of A; see Figure 2 (left). Since
A0( · ) is scalar, we have Σp

(
A0(k)

)
= A0(k) for every k. It is easy to see that

A0( · ) takes every real negative value, and thus from (16) A has continuous spectrum
Σ(A) = (−∞, 0 ]; see Figure 2 (center).

Remark 5. When A is spatially invariant, a helpful way to think about Σ(A)
in terms of the symbol A0( · ) of A is suggested by the previous example. First plot
Σp

(
A0( · )

)
in the “complex-plane × spatial-frequency” space, as in Figure 2 (left).

Then the orthogonal projection onto the complex plane of this plot would give Σ(A).
This can be considered as a geometric interpretation of (16). In Example 3, since
A0( · ) is real scalar and takes all negative values, this projection yields the negative
real axis. But, in general, if A0( · ) ∈ C

q×q, this projection would lead to q curves in
the complex plane. Notice also that in this setting Σ(Aθ) is the projection onto the
complex plane of samples of Σp

(
A0( · )

)
taken at k = θ + Ωn, n ∈ Z, in the complex-

plane× spatial-frequency space. As θ varies in [0,Ω) these projections trace out Σ(A)
in the complex plane. This can be considered as a geometric interpretation of (15).
Figure 2 (right) shows the said samples in the complex-plane×spatial-frequency space
for a scalar A.

H2 norm of spatially periodic systems. We define the H2 norm of an expo-
nentially stable spatially periodic system G as

‖G‖2
H2 =

1

2π

∫ Ω

0

∫ ∞
0

trace[Gθ(t)G∗θ (t)] dt dθ,

where Gθ(t) = Cθ eAθt Bθ is the impulse response of the system (11). The proof of the
following theorem can be found in [5, 12].

Theorem 3. Consider the exponentially stable spatially periodic LTI system G,
with spatial period X = 2π/Ω and state-space realization (10)–(11). Then

‖G‖2
H2 =

1

2π

∫ Ω

0

trace[CθPθ C∗θ ] dθ =
1

2π

∫ Ω

0

trace[B∗θ Qθ Bθ] dθ,
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where Pθ and Qθ are the solutions of the θ-parameterized algebraic Lyapunov equations

Aθ Pθ + Pθ A∗θ = −Bθ B∗θ , A∗θ Qθ + Qθ Aθ = −C∗θ Cθ.

5. Perturbation analysis of the H2 norm. The difficulty in calculating the
H2 norm using Theorem 3 is that, unless Aθ, Bθ, and Cθ are diagonal, the operators
Pθ and Qθ are “full,” meaning that they possess all of their (infinite number of)
subdiagonals. This makes the computation of the H2 norm numerically expensive.
Namely, one has to solve an infinite-dimensional algebraic Lyapunov equation to find
the operator Pθ (or Qθ) for every value of θ ∈ [0,Ω). In this section we will see how
one can use analytic perturbation techniques to compute the H2 norm in a simple
and numerically efficient way and without having to explicitly find the full Pθ and
Qθ operators. Such a perturbation analysis is very useful in predicting general trends
and extracting valuable information about the H2 norm, as needed in the design of
periodic feedback.

Consider the general setup of (10), where we take ε to be a small real scalar. We
assume that A = Ao+εE defines an exponentially stable C0 semigroup on L2(R) with
finite H2 norm for small enough ε and that B and C are spatially invariant operators.
We are interested in the changes in the H2 norm of this system for small magnitudes
of ε and different values of the frequency Ω.

Let

Pθ(ε) = P(0)
θ + εP(1)

θ + ε2 P(2)
θ + · · · ,

with P∗θ (ε) = Pθ(ε). This implies that P(m)∗
θ = P(m)

θ for all m = 0, 1, 2, . . . ; i.e., P(m)
θ

are self-adjoint operators for all m. The proof of convergence of the above series is

relegated to the appendix. Our aim is to find P(m)
θ by solving the Lyapunov equation

Aθ(ε)Pθ(ε) + Pθ(ε)A∗θ(ε) = − Bθ B∗θ(18)

⇓

(Ao
θ + ε Eθ) (P(0)

θ + εP(1)
θ + ε2 P(2)

θ + · · · )

+ (P(0)
θ + εP(1)

θ + ε2 P(2)
θ + · · · ) (Ao

θ + ε Eθ)∗ = − Bθ B∗θ(19)

and to compute the H2 norm of the system by using Theorem 3 and

‖G‖2
H2 =

1

2π

∫ Ω

0

trace[Cθ Pθ(ε) C∗θ ] dθ.

By equating equal powers of ε on both sides of (19), we have

Ao
θ P

(0)
θ + P(0)

θ Ao∗
θ = − Bθ B∗θ ,(20)

Ao
θ P

(1)
θ + P(1)

θ Ao∗
θ = −

(
Eθ P(0)

θ + P(0)
θ E∗θ

)
,(21)

Ao
θ P

(2)
θ + P(2)

θ Ao∗
θ = −

(
Eθ P(1)

θ + P(1)
θ E∗θ

)
,(22)

...

The existence of a unique solution to each of these equations is guaranteed by the
exponential stability of the unperturbed system. Furthermore, in (20) since the oper-

ators Ao
θ and Bθ B∗θ are diagonal, so is P(0)

θ . In (21) the right-hand side operator has
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the structure of being nonzero only on the first upper and lower subdiagonals, and

hence P(1)
θ inherits the same structure since Ao

θ is diagonal. In the same manner, the

operator P(2)
θ is nonzero only on the main diagonal and on the second upper and lower

subdiagonals. This type of argument can be applied to all other P(m)
θ , m = 3, 4, . . . ,

and we have

P(0)
θ =

⎡
⎢⎢⎣

. . .

P0(θn)
. . .

⎤
⎥⎥⎦ , P(1)

θ =

⎡
⎢⎢⎢⎢⎢⎢⎣

. . .
. . .

. . . 0 P ∗1 (θn)

P1(θn) 0
. . .

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎦
,

P(2)
θ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
. . .

. . .

. . .
. . . 0 P ∗2 (θn+1)

. . . 0 Q0(θn) 0
. . .

P2(θn+1) 0
. . .

. . .

. . .
. . .

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, . . . ,

where we have used the self-adjointness of these operators in writing the elements of
their upper subdiagonals.

Remark 6. Note that not only is P(m)
θ not a full operator, it has at most m

nonzero upper and lower subdiagonals. Furthermore, all P(m)
θ for odd m have zero

diagonal and are thus trace-free operators.
Remark 7. Although Aθ = Ao

θ + ε Eθ has only one nonzero subdiagonal, the

operator Pθ(ε) = P(0)
θ + εP(1)

θ + · · · possesses all of its subdiagonals. This is precisely
the reason why direct calculation of Pθ in Theorem 3 is computationally difficult.

From (20)–(22) the operators P(0)
θ , P(1)

θ , and P(2)
θ are found by equating, element

by element, the biinfinite matrices on both sides of these equations. For example, (20)
leads to

A0(θ + Ωn)P0(θ + Ωn) + P0(θ + Ωn)A∗0(θ + Ωn) = −B(θ + Ωn)B∗(θ + Ωn)

for every n ∈ Z and θ ∈ [0,Ω). But as n takes all integer values and θ changes in
[0,Ω), the variable k = θ + Ωn takes all real values, and one can rewrite the above
equation as

A0(k)P0(k) + P0(k)A∗0(k) = −B(k)B∗(k),

with k ∈ R. By applying the same procedure to (21)–(22) one arrives at

A0(k)P0(k) + P0(k)A∗0(k) = −B(k)B∗(k),(23)

A0(k)P1(k) + P1(k)A∗0(k − Ω) = −
(
A1(k)P0(k − Ω) + P0(k)A∗−1(k − Ω)

)
,(24)

A0(k)Q0(k) + Q0(k)A∗0(k) = −
(
A1(k)P ∗1 (k) + P1(k)A∗1(k)

+ A−1(k)P1(k + Ω) + P ∗1 (k + Ω)A∗−1(k)
)
,(25)

and so on for all nonzero diagonals of P(m)
θ , m = 3, 4, . . . . The existence of a unique

solution to each of these equations is guaranteed by the exponential stability of the
unperturbed system.
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From the above equations one first finds P0( · ) from (23), then P1( · ) from (24),
and so on. In other words, computing the subdiagonals of Pθ becomes decoupled in
one direction. This decoupling would not have been possible had we not employed a
perturbation approach and had attempted to solve (18) directly.

Returning to the calculation of the H2 norm, let us first separate the diagonal

part of P(2)
θ by rewriting it as P(2)

θ = P(2)

θ + P̃(2)
θ , where

P(2)

θ :=

⎡
⎢⎢⎣

. . .

Q0(θn)
. . .

⎤
⎥⎥⎦

and P̃(2)
θ contains the rest of P(2)

θ . Clearly trace[Cθ P̃(2)
θ C∗θ ] = 0. Also recall that

(26) trace[Cθ P(2m+1)
θ C∗θ ] = 0, m = 0, 1, 2, . . . .

Therefore

‖G‖2
H2 =

1

2π

∫ Ω

0

trace[Cθ Pθ(ε) C∗θ ] dθ

=
1

2π

∫ Ω

0

trace[Cθ P(0)
θ C∗θ + ε2 Cθ P(2)

θ C∗θ ] dθ + O(ε4)

=
1

2π

∫ Ω

0

trace[Cθ P(0)
θ C∗θ + ε2 Cθ P

(2)

θ C∗θ ] dθ + O(ε4),

where the absence of odd powers of ε is due to (26) and the last equation follows

from the fact that trace[Cθ P̃(2)
θ C∗θ ] = 0. By using the unitary property of the lifting

transform we have∫ Ω

0

trace[Cθ P(0)
θ C∗θ ] dθ =

∫ ∞
−∞

trace[C(k)P0(k)C∗(k)] dk,

∫ Ω

0

trace[Cθ P
(2)

θ C∗θ ] dθ =

∫ ∞
−∞

trace[C(k)Q0(k)C∗(k)] dk,

and we arrive at the final result

(27) ‖G‖2
H2 =

1

2π

∫ ∞
−∞

trace[C(k)P0(k)C∗(k) + ε2 C(k)Q0(k)C∗(k)] dk + O(ε4).

We have thus proved the following theorem, which is the main result of this
section.

Theorem 4. Consider the exponentially stable spatially periodic LTI system G
with finite H2 norm, spatial period X = 2π/Ω, and state-space realization (10). Then
for small values of |ε| the H2 norm of the system (10) can be computed from (27),
where P0( · ) and Q0( · ) are solutions of the family of finite-dimensional Lyapunov and
Sylvester equations described by (23)–(25).

The described procedure can be continued to find higher-order terms in the per-
turbation series of the H2 norm. The interested can refer to [20] for details.

6. Examples. As an application of the perturbation results of the previous sec-
tion, we first investigate the occurrence of “parametric resonance” for a class of spa-
tially periodic systems. Parametric resonance occurs when a specific frequency Ωres
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Fig. 3. Top: Plot of P0( · ). Bottom: Plot of P0( · − Ω) and P0( · + Ω) (dashed line).

of the periodic perturbation resonates with some “natural frequency” κ of the unper-
turbed system, leading to a local (in Ω) change in system behavior [3]. In the systems
we consider in this section this change in behavior is captured by the value of the H2

norm.
Example 4. We consider the Swift–Hohenberg equation, which is of interest in

hydrodynamics [21, 22, 23] and nonlinear optics [24, 25] as well as in other branches
of physics [23]. The linearization of the Swift–Hohenberg equation around its time-
independent spatially periodic solution leads to a PDE with spatially periodic coeffi-
cients of the form [26]

∂t ψ = − (∂2
x + κ

2)2 ψ − c ψ + f ψ + u,

y = ψ,(28)

with 0 	= κ ∈ R, c > 0, and f(x) = f(x + 2π/Ω). We assume here that f(x) =
ε cos(Ωx), with ε ∈ R small. By comparing (28) and (10) we have

A0(k) = −(k2 −κ
2)2 − c, Bo(k) = 1, Co(k) = 1, B(k) = 1, C(k) = 1, L =

1

2
.

For this system the functions P0(k) and Q0(k) of the previous section simplify to5

P0(k) =
−1

2A0(k)
,(29)

Q0(k) =
1(

A0(k)
)2 ( −1

2A0(k − Ω)
+

−1

2A0(k + Ω)

)

= 4
(
P0(k)

)2 (
P0(k − Ω) + P0(k + Ω)

)
,(30)

and our aim is to find the H2 norm

(31) ‖G‖2
H2 =

1

2π

∫ ∞
−∞

(
P0(k) + ε2 Q0(k)

)
dk + O(ε4)

for different values of the parameter Ω > 0. More specifically, we are interested in the
values of Ω for which the H2 norm is maximized.

From (29) we have P0(k) = (1/2)/[(k2 − κ
2)2 + c]. The first plot of Figure 3

shows P0( · ), while the second shows P0( · − Ω) and P0( · + Ω) [dashed line] for a
given value of Ω 	= 0. As Ω is increased, P0( · − Ω) slides to the right and P0( · + Ω)
to the left. From (30) it is clear that, to find Q0( · ) for a given Ω, one would sum
the two functions in the second plot and multiply the result by the square of the first

5To find Q0(k) one needs to first find P1(k), but we have omitted the details for brevity.
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Fig. 4. Left: Plots of Example 4 for κ = 1 and c = 0.1. Notice that the first graph is plotted
against k and the second against Ω. Right: The plot of the H2 norm of the same example but
calculated by taking large truncations of the Aθ, Bθ, and Cθ matrices and using Theorem 3.

plot. The interesting question now is for what value(s) of Ω ∈ (0,∞) the H2 norm in
(31) would be maximized.

One can easily see that as Ω → 0 the peaks of P0( · − Ω) and P0( · + Ω) merge
toward those of (P0( · ))2. Thus

∫∞
−∞Q0(k) dk grows, and hence ‖G‖2

H2 grows.6 This
is not surprizing; as Ω → 0 the perturbation is tending toward a constant function
F (x) = cos(Ωx) → 1. This results in shifting the whole spectrum of Ao toward the
right half of the complex plane, thus increasing the H2 norm of the perturbed system.

But we are more interested in frequencies Ω 
 0 that lead to a local (in Ω)
increase in the H2 norm. Notice that a different alignment of the peaks can also
occur, which leads to another local maximum of the H2 norm as a function of Ω.
This happens when the peak of P0( · − Ω) at k = −κ + Ω becomes aligned with the
peak of (P0( · ))2 at k = κ and, simultaneously, the peak of P0( · + Ω) at k = κ − Ω
becomes aligned with the peak of (P0( · ))2 at k = −κ. Clearly this occurs when

−κ + Ωres = κ =⇒ Ωres = 2 κ.

This result agrees exactly with that obtained in [27], where in the analysis of the same
problem it is shown that the part of the spectrum of A closest to the imaginary axis
“resonates” with perturbations whose frequency satisfies the relation Ω = 2 κ.

Consider (28) with κ = 1 and c = 0.1. For this system
∫∞
−∞ P0(k) dk ≈ 4.74.

Figure 4 (left) shows the graphs of P0( · ) plotted against k and
∫∞
−∞Q0(k) dk plotted

against Ω. The peak at Ω = 2 in the lower plot verifies the relation Ωres = 2 κ

obtained previously.
Figure 4 (right) shows the H2 norm of this system computed by taking large

enough truncations [5] of the Aθ, Bθ, and Cθ matrices and then applying Theorem 3.
The figure shows that the trends were indeed correctly predicted by the perturbation
analysis and the peaks at Ω = 0, 2 correspond to the peaks of

∫∞
−∞Q0(k) dk.

Now consider (28) with κ = 1 and c = 0.1 but with ε replaced by εj. This would
correspond to L = j/2 in the notation of (10). Obviously the unperturbed system

6Remember that P0(k) is independent of Ω, and thus
∫∞
−∞ P0(k) dk remains constant for different

Ω.
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Fig. 5. The plot of Example 4 for κ = 1, c = 0.1, and a purely imaginary perturbation.

Fig. 6. Plot of Example 5 for κ = 1 and c = 0.1.

remains the same as before, and hence
∫∞
−∞ P0(k) dk ≈ 4.74. Figure 5 shows the

graph of
∫∞
−∞Q0(k) dk which demonstrates that for this system the purely imaginary

perturbation reduces the H2 norm at all frequencies. The physical interpretation of
such a perturbation is investigated in [17].

Example 5. We consider a slightly different version of the Swift–Hohenberg equa-
tion in the previous example [5]

∂t ψ = − (∂2
x + κ

2)2 ψ − c ψ + ε cos(Ωx) ∂x ψ + u,

y = ψ.(32)

By comparing (32) and (10) we have

(33)

A0(k) = −(k2−κ
2)2−c, Bo(k) = 1, Co(k) = jk, B(k) = 1, C(k) = 1, L =

1

2
.

The difference between this system and (28) is that here Co is a spatial derivative.
The plot of Figure 6 demonstrates

∫∞
−∞Q0(k) dk for κ = 1 and c = 0.1. Notice that

the peak at Ωres = 2 remains the same as in Figure 4, but we now have a decrease at
small frequencies. This is due to the derivative operator Co = ∂x. These results are in
agreement with the (nonperturbation) calculations for the same system in Example B,
section VII of [5]. Our perturbation methods correctly predict the increase at Ω = 2
and the decrease around Ω ≈ 0.4 of the H2 norm.

Example 6. The system in this example is inspired by boundary layer and channel
flow problems, where the introduction of corrugated walls or periodic body forces
influences drag reduction or enhancement in such geometries. The following PDE has
an analogous structure to the linearized Navier–Stokes equations in these geometries.
Consider

A0(k) =

[
− 1

R (k2 + c) 0
jk − 1

R (k2 + c)

]
,

Bo(k) =

[
1 0
0 1

]
, Co(k) =

[
1 0
0 1

]
, B(k) =

[
1
0

]
, C(k) =

[
0 1

]
, L =

1

2

[
0 −1
1 0

]
.
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Fig. 7. Plots of Example 6 for R = 6 and c = 1.

Numerical calculations for R = 6, c = 1 give
∫∞
−∞ trace[C(k)P0(k)C∗(k)] dk ≈ 20.72.

Figure 7 shows that the H2 norm can be decreased by the application of periodic
perturbations with frequency Ω ≈ 0.7. It is interesting that, if one uses the locations
of the peaks in the first plot of Figure 7 to find κ = 0.75, then from the peak at
Ωres = 1.6 in the second plot it seems that the relationship Ωres ≈ 2κ = 1.5 (see
Example 4) still holds with an acceptable error even for this matrix-valued system.

7. Stability and the spectrum-determined growth condition. In the lit-
erature on semigroups there exist examples in which Σ(A) lies entirely inside C

− but
‖eAt‖ does not decay exponetially; see [6] and more recently [7]. In such cases it is
said that the semigroup does not satisfy the spectrum-determined growth condition
[8]. The determining factor in the examples presented in [6, 7] is the accumulation of
the eigenvalues of Aθ around ±j∞− c, c > 0, in the form of Jordan blocks of ever-
increasing size (i.e., as the eigenvalues tend to ±j∞− c, their algebraic multiplicity
increases while their geometric multiplicity stays finite). But such cases are ruled out
when one deals with semigroups generated by sectorial operators.

Our ultimate aim in this section is to verify exponential stability. From Theorem
2, in order to prove exponential stability of a holomorphic C0 semigroup generated
by a sectorial operator A, it is necessary and sufficient to verify that Σ(A) ⊂ C

−.
Hence in the first part of this section we give conditions under which the infinitesimal
generator A in (10) is a sectorial operator. In the second part we find conditions
which guarantee Σ(A) ⊂ C

−.
Once again, the setup is that of (10) where ε is a small complex scalar. In addition,

assume that A0(k) ∈ C
q×q is diagonalizable for every k ∈ R.

Conditions for sectorial infinitesimal generator. To find conditions under
which an infinitesimal generator A is sectorial, we have to verify (14), i.e., verify
whether ‖(zI − A)−1‖ ≤ M/|z − α| for all z belonging to some sector of C. This
involves finding the inverse of the operator zI − A and then calculating its norm.
Such a computation can in general be very difficult. On the other hand, finding
‖(zI − Ao)−1‖ is easy because of the spatial invariance of Ao. Indeed, from the
norm-preserving property of the Fourier transform, it follows that ‖(zI − Ao)−1‖ =
supk∈R

‖(zI −A0(k))−1‖.
Thus to establish conditions for A to be sectorial we again use perturbation theory.

We first find conditions under which Ao is sectorial. We then show that A = Ao + εE
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remains sectorial if E is “weaker” than Ao in a certain sense we will describe and if ε
is small enough.

In the next theorem we present a condition for a spatially invariant operator Ao

with Fourier symbol A0( · ) to be sectorial.
Theorem 5. Let A0(k) be diagonalizable for every k ∈ R, and let U(k) be the

transformation that diagonalizes A0(k), i.e., A0(k) = U(k) Λ(k)U−1(k), with Λ(k)
diagonal. Let κ(k) := ‖U(k)‖ ‖U−1(k)‖ denote the condition number of U(k). If
supk∈R

κ(k) < ∞, and for every k ∈ R the resolvent set ρ(A0(k)) contains a sector of
the complex plane | arg(z − α) | < π

2 + γ, with γ > 0 and α ∈ R both independent of
k, then Ao is sectorial.

Proof. See the appendix.
This theorem has a particularly simple interpretation when A0( · ) is scalar. In

this case κ(k) = 1 for all k ∈ R. Since A0( · ) traces a curve in the complex plane, by
Theorem 5 if this curve stays outside some sector | arg(z−α) | ≤ π

2 + γ, γ > 0, of the
complex plane, then Ao is sectorial.

The following theorem is the main result of this section and uses the notion of
relative boundedness of one unbounded operator with respect to another unbounded
operator [9] to prove that A = Ao + εE is sectorial.

Theorem 6. Let Ao with domain D be a closed operator, and Ao ∈ H (γ, α,M).
Let E = Bo F Co with domain D ′ ⊃ D be relatively bounded with respect to Ao such
that

(34) ‖E ψ‖ ≤ a ‖ψ‖ + b ‖Ao ψ‖, ψ ∈ D ,

with 0 ≤ a < ∞ and 0 ≤ b |ε| < 1/(1 + M). Then A = Ao + εE is sectorial, closed,
and generates a C0 semigroup.

Proof. From (34) we have

‖εE ψ‖ ≤ a |ε| ‖ψ‖ + b |ε| ‖Ao ψ‖.

Then from [11, Theorem 4.5.7] it follows that A = Ao + εE is sectorial for all ε such
that 0 ≤ b |ε| < 1/(1 + M). Since M > 0 we have b |ε| < 1, and [9, Theorem IV.1.1]
gives that A is closed. Finally, it follows from [19, p. 100] that A is the generator of
a C0 semigroup.

This theorem says that if Ao is sectorial and closed, then so is A = Ao + εE if E
is weaker than Ao in the sense of (34) and if |ε| is small enough. Notice that at this
point condition (34) cannot be reduced to a condition in terms of Fourier symbols as
in Theorem 5 (i.e., a condition that can be checked pointwise in k). This is because
E is not spatially invariant. But once the exact form of the operators Bo and Co is
known, (34) can be simplified to a condition on the Fourier symbols of Ao, Bo, and
Co. Let us clarify this statement with the aid of an example.

Example 7. Consider the spatially periodic system

∂t ψ = − (∂2
x + κ

2)2 ψ − c ψ + ε ∂x cos(Ωx)ψ + u,

y = ψ,

where ψ ∈ D , and D is defined as in (17). It is easy to see that Ao = −(∂2
x + κ

2)2 − c
is sectorial by Theorem 5 and closed by Example 3, and E = ∂x cos(Ωx). By formal
differentiation we have

E ψ = ∂x cos(Ωx)ψ = − Ω sin(Ωx)ψ + cos(Ωx) ∂x ψ.
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By using the triangle inequality and ‖ sin(Ωx)‖ = ‖ cos(Ωx)‖ = 1, we have

(35) ‖E ψ‖ ≤ |Ω| ‖ψ‖ + ‖∂x ψ‖.

Thus we have effectively commuted out the bounded spatially periodic component of
E and are left with only spatially invariant operators on the right of (35). Hence after
applying a Fourier transfomation to the right side of (35), a sufficient condition for
(34) to hold is that

|Ω| + |k| ≤ a + b |(k2 − κ
2)2 + c|, k ∈ R,

which can be shown to be satisfied for large enough a > 0 and b > 0. By using
Theorem 6 we get that A is sectorial, closed, and the generator of a C0 semigroup.

Remark 8. The above example makes clear the notion of E being “weaker” than
Ao that we mentioned at the beginning of this subsection. If in Example 7 we had
Bo = ∂ν

x , Co = ∂μ
x , and ν + μ = 5, then E would contain a 5th-order derivative,

whereas the highest order of ∂x in Ao is 4. This would mean that (34) cannot be
satisfied for any choice of a and b.

Conditions for infinitesimal generator with spectrum in C
−. The final

step in establishing exponential stability is to check whether Σ(A) ⊂ C
−. Since this

is, in general, a difficult problem, we proceed as follows. We consider the (block)
diagonal operators Ao

θ and extend Geršgorin-type methods to find bounds on the
location of Σ(Aθ), Aθ = Ao

θ + ε Eθ. We then use this to find conditions on ε Eθ that
yield Σ(Aθ) ⊂ C

− for all θ ∈ [0,Ω).
In locating the spectrum of a finite-dimensional matrix T ∈ C

q×q, the theory of
Geršgorin circles [28] provides us with a region of the complex plane that contains
the eigenvalues of T . This region is composed of the union of q disks, the centers of
which are the diagonal elements of T , and their radii depend on the magnitude of the
off-diagonal elements [28]. This theory has also been extended to the case of finite-
dimensional block matrices (i.e., matrices whose elements are themselves matrices) in
[29]. We will further extend this theory to include biinfinite block matrices Aθ.

Take Bk to be the set of complex numbers z that satisfy

(36) σmin

(
zI −A0(k)

)
≤ |ε|

(
‖A−1(k)‖ + ‖A1(k)‖

)
,

where σmin(zI −A0(k)) denotes the smallest singular value of the matrix zI −A0(k).
Lemma 7. For every θ we have Σ(Aθ) ⊆ Sθ, where

Sθ =
⋃
n∈Z

Bθn .

Proof. See the appendix.
Example 8. Let us consider again the spatially periodic system in Example 5,

∂t ψ = − (∂2
x + κ

2)2 ψ − c ψ + ε cos(Ωx) ∂x ψ + u,

y = ψ.

From (33) and (13) we have A1(k) = j
2 (k − Ω), A−1(k) = j

2 (k + Ω), and thus
‖A−1(k)‖ + ‖A1(k)‖ = 1

2 (|k − Ω| + |k + Ω|). Hence (36) leads to

σmin(zI −A0(k)) = |zI −A0(k)| ≤ |ε|
2

(|k − Ω| + |k + Ω|) =

{
Ω |ε| |k| ≤ Ω,
|k| |ε| |k| ≥ Ω,
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Fig. 8. Left: The Bθn regions viewed in the complex-plane× spatial-frequency space (the disks
are parallel to the complex plane). Center: Σ(Aθ) is contained inside the union of the regions Bθn .
Right: The bold line shows Σ(Ao), and the dotted region contains Σ(A), A = Ao + εE.

which means that the set Sθ is composed of the union of disks with centers at A0(θn)

and radii |ε|2 (|θn − Ω| + |θn + Ω|). This is nothing but an extension of the classical
Geršgorin disks to biinfinite matrices. Figure 8 (left and center) show Sθ in the
complex-plane× spatial-frequency space and in C, respectively.7

Remark 9. The set

Σε(T ) := {z ∈ C | σmin(zI − T ) ≤ ε}
= {z ∈ C | ‖(zI − T )ϕ‖ ≤ ε for some ‖ϕ‖ = 1}
= {z ∈ C | z ∈ Σp(T + Z) for some ‖Z‖ ≤ ε}(37)

is called the ε-pseudospectrum of the matrix T [30, 31]. Clearly Σε′(T ) ⊆ Σε(T ) if
ε′ ≤ ε, and Σε(T ) = Σp(T ) for ε = 0. The pseudospectrum is composed of small
sets around the eigenvalues of T . For instance, if T has simple eigenvalues then for
small enough values of ε the pseudospectrum consists of disjoint compact and convex
neighborhoods of each eigenvalue [32]. By comparing (37) and the definition of Bk

in (36), it is clear that Bk = Σε(A0(k)), with ε = |ε| (‖A−1(k)‖ + ‖A1(k)‖). Thus
for every k ∈ R, the inequality (36) defines a closed region of C that includes the
eigenvalues of A0(k).

We now employ Lemma 7 to determine whether Σ(A) resides completely inside
C
−, as needed to assess system stability. Take Dε to be the closed disk of radius ε

and center at the origin and Bk to be the region described by (36). Define the sum
of sets by U1 + U2 = {z | z = z1 + z2, z1 ∈ U1, z1 ∈ U1}. For every k ∈ R let λmax(k)
represent the eigenvalue of A0(k) with the maximum real part, and let κ(k) be defined
as in Theorem 5.

Theorem 8. For a given k the set Bk is contained inside Σp(A0(k))+Dr(k), with

r(k) = |ε|
(
‖A−1(k)‖ + ‖A1(k)‖

)
κ(k).

In particular, if Σ(Ao) ⊂ C
− and

(38) r(k) <
∣∣Re(λmax(k))

∣∣ + β

for every k ∈ R and some β < 0 independent of k, then Σ(A) ⊂ C
−.

7We point out that Figure 8 (left) is technically incorrect; once the spatially invariant system is
perturbed by a spatially periodic perturbation, it is no longer spatially invariant and thus cannot be
represented by a Fourier symbol. Hence its spectrum can no longer be demonstrated in the complex-
plane × spatial-frequency space. Figure 8 (center) demonstrates the correct representation of the
Geršgorin disks for Aθ.
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Proof. See the appendix.
Example 9. Consider the system of Example 8. κ(k) = 1 since A0(k) is scalar,

|Re(λmax(k))| = |(k2 − κ
2)2 + c|, and

‖A−1(k)‖ + ‖A1(k)‖ =
1

2
(|k − Ω| + |k + Ω|).

Thus condition (38) becomes

|ε|
2

(|k − Ω| + |k + Ω|) < |(k2 − κ
2)2 + c| + β.

If this condition is satisfied for some β < 0, the dotted region in Figure 8 (right) will
remain inside C

−, and thus Σ(A) ⊂ C
−.

In summary, to assess exponential stability we first find sufficient conditions on
the infinitesimal generator A such that it belongs to the class of sectorial operators,
for which the spectrum-determined growth condition holds. We then find sufficient
conditions for A to have C

− spectrum. We do this via an extension of Geršgorin
circles to biinfinite (block) matrices.

8. Conclusions and future work. We use perturbation analysis to find a
computationally efficient way of revealing trends in the H2 norm of spatially periodic
systems. We show that for certain classes of systems the periodicity can be chosen
so as to increase the H2 norm and induce parametric resonance. An application of
this would be in fluid mixing problems. It is also shown that the H2 norm can be
made to decrease for an appropriate choice of the frequency of the perturbation. This
would be the desired scenario, for example, in the design of the body of an aircraft.
We demonstrate that for certain scalar systems the value of the spatial period that
achieves the desired increase or decrease of the H2 norm can be characterized exactly
based on the description of the nominal system.

We also study the problem of verifying the exponential stability of a spatially
periodic system. We do this by (i) finding conditions under which its infinitesimal
generator is a sectorial operator (i.e., generates a holomorphic C0 semigroup) and
thus satisfies the spectrum-determined growth condition and (ii) deriving conditions
which guarantee that the infinitesimal generator has its spectrum contained inside the
open left half of the complex plane.

The methods presented here can also be used in systems with many spatial di-
rections. For example, consider the PDE

ψt = ψyy + ψxx + c ψ + ε cos(Ωx)ψ,

with y ∈ [−1, 1] and x ∈ R. To put this system into the developed framework
one would only have to perform a discrete approximation of the operator ∂2

y with
the appropriate boundary conditions. Furthermore, the techniques developed in this
paper can be applied to spatially periodic systems defined on a torus with minor
changes.

Future research in this direction would include an exact (analytical) characteri-
zation of the frequencies for which the H2 norm is most increased or decreased for
the general case of matrix-valued A0( · ). The perturbation methods presented here
could also be generalized to biinfinite Sylvester equations which arise frequently in
fluids problems.
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Appendix.

Convergence of the perturbation series. For the series expansion

Pθ(ε) = P(0)
θ + εP(1)

θ + ε2 P(2)
θ + · · ·

to be valid, we must show that all elements of the biinfinite matrix Pθ(ε) converge for
ε contained in some small enough neighborhood of the origin. Let us assume that Bo

and Co are bounded operators and (without loss of generality) that supk∈R
‖B(k)‖ =

1. Assume that ‖eA0(k)t‖ ≤ Mk e
�kt, and define

M := sup
k∈R

Mk < ∞, − α0 := sup
k∈R

�k < 0,

α1 := max{sup
k∈R

‖A1(k)‖, sup
k∈R

‖A−1(k)‖}.

Notice that the finiteness of M and the negativity of −α0 follow from the exponential
stability of the unperturbed system. Now from (23) we have

P0(k) =

∫ ∞
0

eA0(k)tB(k)B∗(k) eA
∗
0(k)t dt,

and therefore

sup
k∈R

‖P0(k)‖ ≤ M2

2α0
=: μ.

Similarly, from (24) we have

P1(k) =

∫ ∞
0

eA0(k)t
(
A1(k)P0(k − Ω) + P0(k)A∗−1(k − Ω)

)
eA

∗
0(k−Ω)t dt,

and therefore

sup
k∈R

‖P1(k)‖ ≤ M2

2α0
(2α1μ) ≤ μ(4α1μ) = 4α1μ

2.

From (25) we have

Q0(k) =

∫ ∞
0

eA0(k)t
(
A1(k)P ∗1 (k) + · · · + P ∗1 (k + Ω)A∗−1(k)

)
eA

∗
0(k)t dt,

and therefore

sup
k∈R

‖Q0(k)‖ ≤ M2

2α0
(4α1(4α1μ

2)) ≤ μ(4α1)
2μ2 = (4α1)

2μ3.

In fact it is possible to show that any element of P(m)
θ is bounded by

(4α1)
mμ(m+1).

Thus for all |ε| < 4α1μ = 2M2α1/α0 the series expansion of Pθ(ε) converges.
Proof of Theorem 5. Recall that Ao is a sectorial operator if ρ(Ao) contains a

(right) sector of the complex plane | arg(z − α) | ≤ π
2 + γ, γ > 0, α ∈ R, and there

exists some M > 0 such that

|z − α| ‖(zI −Ao)−1‖ ≤ M for | arg(z − α) | ≤ π

2
+ γ.
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Since A0(k) ∈ C
q×q is diagonalizable for every k, there exists a matrix U(k) such

that A0(k) = U(k) Λ(k)U−1(k), with Λ(k) a diagonal matrix. Let λi(k), i = 1, . . . , q,
denote the diagonal elements of Λ(k), which are also the eigenvalues of A0(k). Then

|z − α| ‖(zI −Ao)−1‖ ≤ sup
k∈R

(
|z − α| ‖(zI −A0(k))−1‖

)
≤ sup

k∈R

(
|z − α| ‖U(k)‖ ‖U−1(k)‖ ‖(zI − Λ(k))−1‖

)

= sup
k∈R

(
κ(k)

|z − α|
dist[z,Σp(A0(k))]

)

≤ κmax sup
k∈R

(
|z − α|

dist[z,Σp(A0(k))]

)
,

where κmax := supk∈R
κ(k).

Set M = (M ′ + 1)κmax, with M ′ > 0. Consider for a given k the region of the
complex plane defined by

κmax
|z − α|

dist[z,Σp(A0(k))]
≥ M.

This region (which contains the eigenvalues λi(k)) is contained inside the union of the
disks

κmax
|z − α|

|z − λi(k)| ≥ M, i = 1, . . . , q,

which are themselves contained inside the larger disks

(A1) |z − λi(k)| ≤ |λi(k) − α|
M ′

, i = 1, . . . , q.

Notice that (A1) describes disks whose radii increase like |λi(k) − α|/M ′, M ′ > 0,
as their centers λi(k) grow distant from the point α. A sufficient condition for these
disks to belong to some open (left) sector of the complex plane | arg(z−α) | > π

2 + γ,
γ > 0, for all k ∈ R and large enough M ′ is that Σp(A0(k)), k ∈ R, reside inside some
open (left) sector of the complex plane | arg(z − α) | > π

2 + γ′, γ′ > γ.
Finally, if the conditions of the previous paragraph are satisfied then for z ∈ C

that belong to the sector | arg(z − α) | ≤ π
2 + γ we have z ∈ ρ(A0(k)) and

κmax sup
k∈R

(
|z − α|

dist[z,Σp(A0(k))]

)
≤ M.

Thus |z − α| ‖(zI −Ao)−1‖ ≤ M , and Ao is sectorial.
Proof of Lemma 7. We use ΠN T ΠN to denote the (2N + 1) × (2N + 1) [block]

truncation of an operator T on �2, where ΠN is the projection defined by

diag
{
. . . , 0, I, . . .

center

↓
, I, . . . , I︸ ︷︷ ︸

2N+1 times

, 0, . . .
}
,

and I is the identity matrix. Notice that ΠN T ΠN is still an operator on �2; it is made
from the biinfinite matrix T by replacing all entries outside the center (2N+1)×(2N+1)
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block with zeros. We now form the finite-dimensional matrix ΠN Aθ ΠN

∣∣
ΠN 	2

by

restricting ΠN Aθ ΠN to the finite-dimensional space ΠN�2. Clearly ΠN Aθ ΠN

∣∣
ΠN 	2

has pure point spectrum. Hence, using a generalized form of the Geršgorin circle
theorem [29] for finite-dimensional (block) matrices, we conclude that

Σ
(
ΠN Aθ ΠN

∣∣
ΠN 	2

)
⊂

⋃
|n|≤N

Bθn ⊆
⋃
n∈Z

Bθn ,

where Bθn are regions of C defined by (36). Since this holds for all N ≥ 0, we have
Σ(Aθ) ⊆ Sθ.

Proof of Theorem 8. If U(k) diagonalizes A0(k), A0(k) = U(k) Λ(k)U−1(k), and
κ(k) = ‖U(k)‖ ‖U−1(k)‖ denotes the condition number of U(k), then from [33] the
pseudospectrum of A0(k) satisfies

(A2) Σp(A0(k)) + Dε ⊆ Σε(A0(k)) ⊆ Σp(A0(k)) + Dεκ(k)

for all ε ≥ 0. Thus the first statement of the theorem follows immediately from (A2)
and the fact that Bk = Σε(A0(k)), with ε = |ε| (‖A−1(k)‖+‖A1(k)‖) [see Remark 9].

To prove the second statement, let C
−
β denote all complex numbers with a real

part less than β ∈ R. It follows from Σ(Ao) ⊂ C
− that Σ(Ao

θ) ⊂ C
− for every θ. If

(38) holds, then

Bθn ⊆ Σp(A0(θn)) + Dr(θn) ⊂ C
−
β

for every n ∈ Z, and from Lemma 7 we have Σ(Aθ) ⊆ Sθ =
⋃

n∈Z
Bθn ⊂ C

−
β′ for

some β < β′ < 0 and every θ. Thus Σ(A) ⊂ C
−.
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A VISCOSITY SOLUTION APPROACH TO THE
INFINITE-DIMENSIONAL HJB EQUATION RELATED TO A

BOUNDARY CONTROL PROBLEM IN A TRANSPORT EQUATION∗

GIORGIO FABBRI†

Abstract. The paper concerns the infinite-dimensional Hamilton–Jacobi–Bellman equation
related to an optimal control problem regulated by a linear transport equation with boundary control.
A suitable viscosity solution approach is needed in view of the presence of the unbounded control-
related term in the state equation in the Hilbert setting. An existence-and-uniqueness result is
obtained.
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1. Introduction. We study the Hamilton–Jacobi–Bellman (HJB) equation re-
lated to the infinite-dimensional formulation of an optimal control problem whose
state equation is a PDE of transport type.

More precisely we consider the PDE

(1)

⎧⎨
⎩

∂
∂sx(s, r) + β ∂

∂rx(s, r) = −μx(s, r) + α(s, r), (s, r) ∈ (0,+∞) × (0, s̄),
x(s, 0) = a(s) if s > 0,
x(0, r) = x0(r) if r ∈ [0, s̄],

where s̄, β are positive constants, μ ∈ R, the initial data x0 is in L2(0, s̄), and we
consider two controls: A boundary control a is in L2

loc([0,+∞); R) and a distributed
control α ∈ L2

loc([0,+∞) × [0, s̄]; R).1

By using the approach and the references described in section 2, the above
equation can be written as an ordinary differential equation in the Hilbert space
H = L2(0, s̄) as follows:

(2)

{
d
dsx(s) = Ax(s) − μx(s) + α(s) + βδ0a(s),
x(0) = x0,

where A is the generator of a suitable C0 semigroup and δ0 is the Dirac delta in 0. Such
an unbounded contribution in the Hilbert formulation comes from the presence in the
PDE of a boundary control (see [8]). Besides we consider the problem of minimizing
the cost functional

(3) J(x, α(·), a(·)) =

∫ ∞
0

e−ρsL(x(s), α(s), a(s))ds,

where ρ > 0 and L is globally bounded and satisfies some Lipschitz-type condition, as
better described in section 2. The HJB equation related to the control problem with

∗Received by the editors August 24, 2005; accepted for publication (in revised form) October 16,
2007; published electronically March 5, 2008.

http://www.siam.org/journals/sicon/47-2/63881.html
†Dipartimento di Scienze Economiche ed Aziendali, Università LUISS - Guido Carli, Roma, Italy

(gfabbri@luiss.it).
1We write “−μx” instead of “μx” because it is the standard way to write the equation in the

economic literature, where −μ has the meaning of a depreciation factor (and only the case μ ≥ 0 is
used). Here we consider a generic μ ∈ R.
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state equation (2) and target functional (3) is

(4) ρu(x) − 〈∇u(x), Ax〉 − 〈∇u(x),−μx〉L2(0,s̄)

− inf
(α,a)∈Σ×Γ

(
〈βδ0(∇u(x)), a〉

R
+ 〈∇u(x), α〉L2(0,s̄) + L(x, α, a)

)
= 0.

The sets Γ and Σ will be introduced in section 2; they are suitable subsets, respectively,
of R and H. If we define the value function of the control problem as

V (x)
def
= inf

(α(·),a(·))∈E×A
J(x, α(·), a(·)),

we wish to prove that V (·) is the unique solution, in a suitable sense, of the HJB
equation.

We use the viscosity approach. Our main problem is to write a suitable definition
of the viscosity solution, so that an existence and uniqueness theorem can be derived
for such a solution. The main difficulties we encounter, with respect to the exist-
ing literature, are in dealing with the boundary term and the nonanalyticity of the
semigroup. We substantially follow the original idea of Crandall and Lions [14], [15]—
with some changes, as the reader will rate in Definitions 2.14 and 2.15—of writing
test functions as the sum of a “good part” as it is a regular function with differential
in D(A∗) and a “bad part” represented by some radial function. The main problems
arise from the evaluation of the boundary term on the radial part.

In order to write a working definition in our case, some further requirements are
needed, such as a C2 regularity of the test functions, the presence of a “remainder
term” in the definition of a sub/supersolution, and the B-Lipschitz continuity (see
Definition 2.10) of the solution. This last feature guarantees that the maxima and
the minima in the definition of a sub/supersolution remain in D(A∗) (see Proposition
4.1). Some other comments on the definition of solution (Definitions 2.14 and 2.15)
need some technical details and can be found in Remark 2.17.

The technique used cannot be easily extended to treat a general nonlinear prob-
lem because we use the explicit form of the PDE that we give in (6). A nontrivial
generalization would be also that of replacing the constant μ with a function μ(r) in
L∞(0, s̄) (see Remark 4.9 for details). Nevertheless, the problem remains challenging.

A brief summary of the literature. Hamilton–Jacobi equations in infinite
dimensions, especially when arising from optimal control problems in Hilbert spaces,
were first studied by Barbu and Da Prato [3], [4] with a strong solutions approach.
The viscosity method, introduced in the study of finite-dimensional HJ equations in
[13], was generalized by the same authors in a series of works: The most important
for our approach are [14] and [15]. Moreover new variants of the notion of a viscosity
solution for HJB equations in Hilbert spaces were given in [28], [34], [35], [33], [16].

The study of viscosity solutions for HJB equations associated to boundary control
in PDE is more recent. In this research field there is not an organic and complete
theory but some works that adapt the ideas and the techniques of viscosity solutions
to problems for particular PDEs, by exploiting their peculiarities (as we do in this
work for the problem regulated by a transport equation). For the first order HJB
equations see [9], [12] (see also [10], [11]), where some classes of parabolic equations
are treated, and [24], where the authors study the HJB equation related to a two-
dimensional Navier–Stokes equation (see also [32]). It must be noted that all of these
works treat the case of analytic A.
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A HJB equation like (4) was treated, but only in the case of a convex objec-
tive functional, with a strong solutions approach by adapting Barbu and Da Prato’s
technique of convex regularization in [20], [19].

A motivating economic problem. Transport equations are used to model a
large variety of phenomena. They are used, for example, in age-structured population
models (see, for instance, [26], [2], [27]), in population economics [23], epidemiologic
studies, socioeconomic science, and transport phenomena in physics.

Problems such as (1) can be used to describe, in economics, capital accumulation
processes where an heterogeneous capital is involved, and this is the reason why
the study of the infinite-dimensional control problem is of growing interest in the
economic fields. For instance, in the vintage capital models x(t, s) may be regarded
as the stock of capital goods differentiated with respect to the time t and the age s.
Heterogeneous capital, in both the finite- and infinite-dimensional approaches, is used
to study depreciation and obsolescence of physical capital, geographical difference in
growth, innovation, and R&D.

Regarding problems modeled by a transport equation where an infinite-dimen-
sional setting is used, we cite the following papers: [5], [7] on optimal technology
adoption in a vintage capital context (in the case of a quadratic cost functional), [25]
on capital accumulation, [6] on optimal advertising, and [19], [21] on the case of a
general objective convex functional with a strong solutions approach. See also [22].

Moreover, we mention that the infinite-dimensional approach may apply to prob-
lems such as issuance of public debt (see [1] for a description of the problem). In
that problem a stochastic setting and simple state-control constraints appear, but
hopefully the present work can be a first step in this direction.

Plan of the paper. The work is organized as follows: In the first section we
recall some results on the state equation, we introduce some preliminary remarks on
the main operators involved in the problem, we explain some notations, we define
the HJB equation, and we give the definition of solution. The second section regards
some properties of the value function (in particular, some regularity properties) that
will be used in the third section to prove that it is the unique (viscosity) solution of
the HJB equation.

2. Notation and preliminary results.

2.1. State equation. In this subsection we will see some properties of the state
equation: We write it in three different (and equivalent) forms that point out different
properties of the solution. We will use all three forms in the following proofs.

We consider the PDE on [0,+∞) × [0, s̄] given by

(5)

⎧⎨
⎩

∂
∂sx(s, r) + β ∂

∂rx(s, r) = −μx(s, r) + α(s, r), (s, r) ∈ (0,+∞) × (0, s̄),
x(s, 0) = a(s) if s > 0,
x(0, r) = x0(r) if r ∈ [0, s̄].

Given an initial datum x0 ∈ L2((0, s̄); R) (from now on simply L2(0, s̄)), a bound-
ary control a(·) ∈ L2

loc([0,+∞); R), and a distributed control α(·) ∈ L2
loc([0,+∞) ×

[0, s̄]; R), (5) has a unique solution in L2
loc([0,+∞) × [0, s̄]; R) given by

(6) x(s, r) =

{
e−μsx0(r − βs) +

∫ s

0
e−μτα(s− τ, r − βτ)dτ, r ∈ [βs, s̄],

e
−μ
β ra(s− r/β) +

∫ r/β

0
e−μτα(s− τ, r − βτ)dτ, r ∈ [0, βs).

In the following x(s, r) is the function defined in (6).
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We can rewrite such an equation in a suitable Hilbert space setting. We take the

Hilbert space H def
= L2(0, s̄) and the C0 semigroup S(t) given by

S(s)f [r]
def
=

{
f(r − βs) for r ∈ [βs, s̄],
0 for r ∈ [0, βs).

The generator of S(s) is the operator A given by{
D(A) = {f ∈ H1[0, s̄] : f(0) = 0},
A(f)[r] = −β d

drf(r)

(see [7] for a proof in the case where β = 1; the proof in our case can be obtained by
simply taking s′ = βs). In the following we will use the notation esA instead of S(s).

Remark 2.1. To avoid confusion if x ∈ L2(0, s̄) we will use [·] to denote the
pointwise evaluation, so x[r] is the value of x in r ∈ [0, s̄]. On the other hand, x(s)
will denote the evolution of the solution of the state equation (in the Hilbert space)
at time s (as in (7)). That is, x(s) is an element of H, while x[r] is a real number.

We want to write an infinite-dimensional formulation of (5), but in L2(0, s̄) it
should appear like

(7)

{
d
dsx(s) = Ax(s) − μx(s) + α(s) + βδ0a(s),
x(0) = x0,

where α(s) ∈ L2(0, s̄) is the function r �→ α(s, r). Such an expression does not make
sense in L2(0, s̄) for the presence of the unbounded term βδ0a(s). We can anyway
apply formally the variation of constants method to (7) and obtain a mild form of (7)
that is continuous from [0,+∞) to L2(0, s̄). This is what we do in the next definition.

Definition 2.2. Given x0 ∈ L2(0, s̄), a(·) ∈ L2
loc([0,+∞); R), and α(·) ∈

L2
loc([0,+∞);L2(0, s̄)), the function in C([0,+∞);L2(0, s̄)) given by

(8)

x(s) = e−μsesAx0−A

∫ s

0

e−μ(s−τ)e(s−τ)A(a(τ)ν)dτ+

∫ s

0

e−μ(s−τ)e(s−τ)Aα(τ)dτ,

where

ν : [0, s̄] → R,

ν : r �→ e−
μ
β r,

is called the mild solution of (7).
Remark 2.3. We could include the term −μx in the generator of the semigroup

A taking a Ã = A− μ1 as done in [7]. The problem of this approach is that often we
will use, in the estimates, the dissipativity of the generator, and Ã is dissipative only
if μ ≥ 0.

Proposition 2.4. Given x(s) the function from R
+ to L2(0, s̄) given by (8) and

x(s, r) the function from R
+ × [0, s̄] to R given by (6), we have x(s)[r] = x(s, r).

Proof. See [7].
Eventually we observe that (7) can be rewritten in a precise way in a larger space

in which βδ0 belongs. To this extent, we consider the adjoint operator A∗, whose
explicit expression is given by{

D(A∗)
def
= {f ∈ H1(0, s̄) : f(s̄) = 0},

A∗(f)[r] = β d
drf(r).
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We endow, in all of the paper, D(A∗) with the graph norm and the related Hilbert
structure. We consider the inclusion

i : D(A∗) ↪→ L2(0, s̄)

and its continuous adjoint

i∗ : L2(0, s̄) → D(A∗)′,

where we have identified L2 with its dual.
We can extend A to a generator of a C0 semigroup on D(A∗)′ (the domain of the

extension will contain L2(0, s̄)), and we observe that Dirac’s measure δ0 ∈ D(A∗)′

(see [20, Proposition 4.5, page 60] for details).
Proposition 2.5. Given T > 0, x0 ∈ L2(0, s̄), a(·) ∈ L2(0, T ), α(·) ∈ L2([0, T ];

L2(0, s̄)), (8) is the unique solution of

(9)

{
d
ds i
∗x(s) = Ax(s) − μx(s) + α(s) + βδ0a(s),

x(0) = x0

in W 1,2(0, T ;D(A∗)′) ∩ C(0, T,H). Moreover, if a(·) ∈ W 1,2(0, T ), then such a solu-
tion will belong to C1(0, T ;D(A∗)′) ∩ C(0, T ;H).

Proof. See [8, Chapter 3.2] (in particular, Theorem 3.1, page 173).

2.2. The definition of the operator B. In this subsection we give the defi-
nition of the operator B that will have a fundamental role.2

Note that A∗ and A are negative operators. We take φ ∈ D(A∗), so that φ(s̄) = 0,
and then

〈A∗φ, φ〉 =

∫ s̄

0

βφ′(r)φ(r)dr =
−βφ(0)2

2

and for φ ∈ D(A) (so that φ(0) = 0)

〈Aφ, φ〉 =

∫ s̄

0

−βφ′(r)φ(r)dr =
−βφ(s̄)2

2
.

Therefore, given a λ > 0, the operators (A− λI) and (A∗ − λI) are strongly negative:
〈(A− λI)x, x〉 ≤ −λ|x|2H for all x ∈ D(A) and 〈(A∗ − λI)x, x〉 ≤ −λ|x|2H for all
x ∈ D(A∗).

We can also directly prove that

(A− λI)−1 : H → D(A)

is a continuous negative linear operator whose explicit expression is given by

(A− λI)−1(φ)[r] =
1

β

(
−e−

λ
β r

∫ r

0

e
λ
β τφ(τ)dτ

)
.

The continuity can be proved directly with not difficult estimates, and the negativity
can be proved directly by using an integration by part argument.

2We could use an abstract approach, noting that A and A∗ are both generators of C0 semigroups
of contractions, and then both are negative (see [17, page 424]), and the set {λ ∈ C : Re(λ) > 0} is
in the resolvent of both A and A∗ (Hille–Yosida theorem; see [29, page 53]). Here we can also follow
a more direct approach that allows us to find the explicit form of the operator.
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In the same way we can prove that

(A∗ − λI)−1 : H → D(A∗)

is a continuous and negative linear operator and that its explicit expression is given
by

(A∗ − λI)−1(φ)[r] =
1

β

(
−e

λ
β r

∫ s̄

r

e−
λ
β τφ(τ)dτ

)
.

Eventually we can define B
def
= (A∗ − λI)−1(A − λI)−1 = ((A − λI)−1)∗(A − λI)−1

that is continuous, positive, and self-adjoint.3 Moreover

(A∗ − λI)B = (A− λI)−1 ≤ 0,

and so

A∗B = (A− λI)−1 + λB ≤ λB;

then A∗B is continuous, and if we choose λ < 1, we have

(10) A∗B ≤ B.

Thus B satisfies all requirements of the so-called “weak case” of [14].
Remark 2.6. Note that B1/2 is a particular case of the operator that Renardy

found in more generality in [31], and so B1/2 : H → D(A∗) continuously and in
particular R(B1/2) ⊆ D(A∗).

Notation 2.7. For every x ∈ H we will indicate with |x|B the B-norm that is√
〈Bx, x〉H. We will write HB for the completion of H with respect to the B-norm.

Remark 2.8. Thanks to the definition of A∗, the graph norm on D(A∗) is equiva-
lent to the H1(0, s̄)-norm. In particular D(A∗) is the completion of

K = {f |[0,s̄] : f ∈ C∞c (R) with supp(f) ⊆ (−∞, s̄)}

with respect to the H1(0, s̄)-norm. So, since H1(0, s̄) ↪→ C([0, s̄]; R), we can apply
βδ0 on the elements of D(A∗) and δ0 ∈ D(A∗)′.

Notation 2.9. The notation 〈x, y〉H will indicate the inner product in the Hilbert
space H (for example, H = H ≡ L2(0, s̄) or H = R or D(A∗) . . . ). Otherwise, if Z
is a Banach space (possibly a Hilbert space) and Z ′ its dual, the notation 〈x, y〉Z×Z′

will indicate the duality pairing. Eventually 〈x, y〉 ≡ 〈x, y〉L2(0,s̄).

2.3. The control problem and the HJB equation. In this subsection we
describe the optimal control problem, state the hypotheses, define the HJB equation
of the system, and give a suitable definition of solution of the HJB equation.

We consider the optimal control problem governed by the state equation

(11)

{
d
ds i
∗x(s) = Ax(s) − μx(s) + α(s) + βδ0a(s),

x(0) = x

that has a unique solution in the sense described in section 2.1. Given two compact
subsets Γ and Λ of R, we consider the set of admissible boundary controls given by

A def
= {a : [0,+∞) → Γ ⊆ R : a(·) is measurable} .

3See [36, Proposition 2, page 273] for a proof of the equality (A∗ − λI)−1 = ((A− λI)−1)∗.
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Moreover we call

Σ
def
= {γ : [0, s̄] → Λ ⊆ R : γ(·) is measurable} .

In view of the compactness of Λ we have Σ ⊆ L2(0, s̄). We define the set of admissible
distributed controls as

E def
=

{
α : [0,+∞) → Σ ⊆ L2(0, s̄) : α(·) is measurable

}
.

In view of the compactness of Γ and Λ, we have A ⊆ L2
loc([0,+∞); R) and E ⊆

L2
loc([0,+∞)× [0, s̄]; R). We call ‖Γ‖ def

= supa∈Γ(|a|), ‖Λ‖ def
= supb∈Λ(|b|), and ‖Σ‖ def

=
supα∈Σ(|α|H) (they are bounded thanks to the boundedness of Γ and Λ).

We call admissible control a couple (α(·), a(·)) ∈ E × A. The cost functional will
be of the form

J(x, α(·), a(·)) =

∫ ∞
0

e−ρsL(x(s), α(s), a(s))ds,

where L is uniformly continuous and satisfies the following conditions: There exists a
CL ≥ 0 with

((L1)) |L(x, α, a) − L(y, α, a)| ≤ CL 〈B(x− y), (x− y)〉H×H ∀(α, a) ∈ Σ × Γ,

((L2)) |L| ≤ CL < +∞.

We define formally the HJB equation of the system as

(HJB) ρu(x) − 〈∇u(x), Ax〉 − 〈∇u(x),−μx〉 −H(x,∇u(x)) = 0,

where H is the Hamiltonian of the system and is defined as{
H : H×D(A∗) → R,

H(x, p)
def
= inf(α,a)∈Σ×Γ (〈βδ0(p), a〉R

+ 〈p, α〉H + L(x, α, a)) .

Before introducing a suitable definition of the (viscosity) solution of the HJB
equation, we give some preliminary definitions.

Definition 2.10. A function v ∈ C(H) is Lipschitz with respect to the B-norm,
or B-Lipschitz, if there exists a constant C such that

|v(x) − v(y)| ≤ C|(x− y)|B
def
= C|B1/2(x− y)|H

for every choice of x and y in H. In the same way we can give the definition of a
locally B-Lipschitz function.

Definition 2.11. A function v ∈ C(H) is said to be B-continuous at a point
x ∈ H if for every xn ∈ H, with xn ⇀ x and |B(xn − x)| → 0, it holds that v(xn) →
v(x). In the same way we can define the B-upper/lower semicontinuity.

Definition 2.12. We say that a function φ such that φ ∈ C1(H) and φ is B-
lower semicontinuous is a test function of type 1, and we write φ ∈ test1, if ∇φ(x) ∈
D(A∗) for all x ∈ H and A∗∇φ : H → H is continuous.

Definition 2.13. We say that g ∈ C2(H) is a test function of type 2, and we
write g ∈ test2, if g(x) = g0(|x|) for some nondecreasing function g0 : R

+ → R.
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Definition 2.14. A function u ∈ C(H) bounded and Lipschitz with respect to
the B-norm, is a subsolution of the HJB equation (or simply a “ subsolution”) if for
every φ ∈ test1, g ∈ test2, and local maximum point x of u− (φ + g) we have

(12) ρu(x) − 〈A∗∇φ(x), x〉 − 〈∇φ(x) + ∇g(x),−μx〉

− inf
(α,a)∈Σ×Γ

(
〈βδ0(∇φ(x), a)〉

R
+ 〈∇φ(x) + ∇g(x), α〉H + L(x, α, a)

)

≤ g′0(|x|)
|x| β

‖Γ‖2

2
.

Definition 2.15. A function v ∈ C(H) bounded and Lipschitz with respect to
the B-norm is a supersolution of the HJB equation (or simply a “ supersolution”) if
for every φ ∈ test1, g ∈ test2, and local minimum point x of v + (φ + g) we have

(13) ρv(x) + 〈A∗∇φ(x), x〉 + 〈∇φ(x) + ∇g(x),−μx〉

− inf
(α,a)∈Σ×Γ

(
− 〈βδ0(∇φ(x), a)〉

R
− 〈∇φ(x) + ∇g(x), α〉H + L(x, α, a)

)

≥ −g′0(|x|)
|x| β

‖Γ‖2

2
.

Definition 2.16. A function v ∈ C(H) bounded and Lipschitz with respect to
the B-norm is a solution of the HJB equation if it is at the same time a supersolution
and a subsolution.

Remark 2.17. In the definition of viscosity solution we have used two kinds of
test functions: those in test1 and those in test2, which, as usual in the literature,
play a different role. In view of their properties the functions of the first set (test1)
represent the “good part.” More difficult is to deal with the functions of the set test2,
which have the role of localizing the problem. A difficulty of our case is the following:
The trajectory is not Lipschitz with respect to the H-norm, and so, given a function
g ∈ test2, the term

(14)
g(x(s)) − g(x)

s

(where x(s) is a trajectory starting from x) cannot be treated with standard argu-
ments. The idea then is to consider only a B-Lipschitz solution so that the max-
ima/minima considered in Definitions 2.14 and 2.15 are in D(A∗). If the starting
point x is in D(A∗), there are some advantages in the estimate of (14), but some
problems remain: In such a case we will prove in Proposition 4.5 that (if α(·) is
continuous in 0)∣∣∣∣g(x(s)) − g(x)

s
− 〈∇g(x),−μx + α(0)〉

∣∣∣∣ ≤ g′0(|x|)
|x| β

‖Γ‖2

2
+ O(s),

where the rest O(s)
s→0−−−→ 0 and does not depend on the control. So the most chal-

lenging case is the one described in the definition.

3. The value function and its properties. The value function is, as usual,
the candidate unique solution of the HJB equation. In this section we define the value
function V (·) of the problem, and then we verify that it has the regularity properties
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required to be a solution. Namely, we will check that V (·) is B-Lipschitz (Proposition
3.4). To obtain such a result we prove an approximation result (Proposition 3.1) and
then a suitable estimate for the solution of the state equation (Proposition 3.3).

The value function of our problem is defined as

V (x)
def
= inf

(α(·),a(·))∈E×A
J(x, α(·), a(·)).

We consider the functions {
ηn : [0, s̄] → R,

ηn(r)
def
= [2n− 2n2r]+

(where [·]+ is the positive part). We then define{
C∗n : R → H,
C∗n : γ �→ γηn.

Such functions are linear and continuous, and their adjoints are

(15)

{
Cn : H → R,
Cn : x �→ 〈x, ηn〉 .

The functions Cn approximate the delta measure in some sense. The approximating
state equations we consider are

(16)

{
d
dsxn(s) = Axn(s) − μxn(s) + α(s) + βC∗na(s),
xn(0) = x.

In the following proofs we will use (8) together with the mild form of the approximating
state equations (that can be found in [30, page 105, equation (2.3)]):

(17) xn(s) = e−μsesAx+

∫ s

0

e−(s−τ)μe(s−τ)Aα(τ)dτ

∫ s

0

e−(s−τ)μe(s−τ)AβC∗na(τ)dτ.

Proposition 3.1. For T > 0 and (α(·), a(·)) ∈ E ×A

lim
n→∞

sup
s∈[0,T ]

|xn(s) − x(s)|H = 0.

Proof. By using (8) and (17) we find

(18) |x(s) − xn(s)| =

∣∣∣∣−A

∫ s

0

e−(s−τ)μe(s−τ)A(a(τ)ν)dτ

−
∫ s

0

e−(s−τ)μe(s−τ)AβC∗n(a(τ))dτ

∣∣∣∣ .
To estimate such an expression we will use the explicit expression of the two terms
(as a two-variable function). We simplify the notation by using the extension ã(·) of
a(·) on all R given by

ã(s) =

{
0 if s < 0,
a(s) if s ≥ 0.
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So

y(s, r)
def
=

(
−A

∫ s

0

e−(s−τ)μe(s−τ)A(a(τ)ν)dτ

)
[r] = e−

μ
β rã(s− r/β),

(19) yn(s, r)
def
=

(∫ s

0

e−(s−τ)μe(s−τ)AβC∗n(a(τ))dτ

)
[r]

=

∫ r∧(1/n)

0

e−
μ
β (r−θ)[2n− 2n2θ]+ã

(
θ − r

β
+ s

)
dθ.

Now for all s ∈ [0, T ] we have

(20) |y(s, ·) − yn(s, ·)|2H

≤
(∫ s̄

1/n

∣∣∣∣∣e−μ
β rã(s− r/β) −

∫ 1/n

0

e−
μ
β (r−θ)[2n− 2n2θ]+ã

(
θ − r

β
+ s

)
dθ

∣∣∣∣∣
2

dr

)

+

(∫ 1/n

0

∣∣∣∣e−μ
β rã(s− r/β) −

∫ r

0

e−
μ
β (r−θ)[2n− 2n2θ]+ã

(
θ − r

β
+ s

)
dθ

∣∣∣∣
2

dr

)

(for s̄ ≤ T )

(21) ≤
(
e|μ|s

∫ T

0

∣∣∣∣e−μ( r
β−s)ã(s− r/β)

−
∫ 1/n

0

e−μ( r−θ
β −s)[2n− 2n2θ]+ã

(
s +

θ − r

β

)
dθ

∣∣∣∣
2

dr

)
+

(
1

n
e|μ|/βT 2‖Γ‖

)
.

Such an estimate does not depend on s; the integral term goes to zero because it is
the convolution of a function in L2(0, T ) with an approximate unit, and the second
goes to zero for n → ∞.

Proposition 3.2. Let φ ∈ C1(H) be such that ∇φ : H → D(A∗) is continuous.
Then, for an admissible control (α(·), a(·)), if we call x(·) the trajectory starting from
x and subject to the control (α(·), a(·)), we have that, for every s > 0,

(22) φ(x(s)) = φ(x) +

∫ s

0

[〈A∗∇φ(x(τ)), x(τ)〉 + 〈βδ0(∇φ(x(τ))), a(τ)〉
R

+ 〈∇φ(x(τ)), α(τ)〉 + 〈∇φ(x(τ)),−μx(τ)〉] dτ.

Proof. In the approximating state equation (16) the unbounded term βδ0 does
not appear (βC∗n are continuous), and then (see [29, Proposition 5.5, page 67]) for
every φ(·) ∈ C1(H) such that A∗∇φ(·) ∈ C(H) we have

(23) φ(xn(s)) = φ(x) +

∫ s

0

[〈A∗∇φ(xn(τ)), xn(τ)〉 + 〈∇φ(xn(τ)), βC∗na(τ)〉

+ 〈∇φ(xn(τ)), α(τ)〉 + 〈∇φ(xn(τ)),−μxn(τ)〉] dτ

= φ(x) +

∫ s

0

[〈A∗∇φ(xn(τ)), xn(τ)〉 + 〈βCn∇φ(xn(τ)), a(τ)〉

+ 〈∇φ(xn(τ)), α(τ)〉 + 〈∇φ(xn(τ)),−μxn(τ)〉] dτ,
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where we passed to the adjoint in view of the continuity of the operator C∗n (see (15)
for the explicit form of Cn).

Now we prove that every integral term of (23) converges to the corresponding term
of (22). This fact, together with the pointwise convergence of φ(xn(s)) to φ(x(s)) (due
to Proposition 3.1), will imply the claim.

First we note that, in view of Proposition 3.1 and of the continuity of x, xn(τ) is
bounded uniformly in n and τ ∈ [0, s], and, in view of the continuity of ∇φ, ∇φ(xn(τ))
is bounded uniformly in n and τ ∈ [0, s]. So we can apply the Lebesgue theorem (the
pointwise convergence is given by Proposition 3.1 and |α(τ)| ≤ ‖Σ‖), and we derive
that

(24)

∫ s

0

[〈∇φ(xn(τ)), α(τ)〉 + 〈∇φ(xn(τ)),−μxn(τ)〉] dτ

n→∞−−−−→
∫ s

0

[〈∇φ(x(τ)), α(τ)〉 + 〈∇φ(x(τ)),−μx(τ)〉] dτ.

Next we observe that, in view of the continuity of A∗∇φ and of Proposition 3.1, the
term A∗∇φ(xn(τ)) is bounded uniformly in n and τ ∈ [0, s], so the same is true for

|A∗∇φ(xn(τ)) −A∗∇φ(x(τ))|.

Therefore we can use the Lebesgue theorem (the pointwise convergence is given by
Proposition 3.1) to conclude that∫ s

0

〈A∗∇φ(xn(τ)), xn(τ)〉dτ →
∫ s

0

〈A∗∇φ(x(τ)), x(τ)〉dτ.

We now have to prove that

(25)

∫ s

0

〈βCn∇φ(xn(τ)), a(τ)〉dτ →
∫ s

0

〈βδ0(∇φ(x(τ))), a(τ)〉
R

dτ.

We first note that Cn
n→∞−−−−→ δ0 in H−1(0, s̄) and then in D(A∗)′. Indeed given

z ∈ H1(0, s̄) we have

(26) |(Cn − δ0)z| =

∣∣∣∣
∫ s̄

0

z[τ ]ηn[τ ]dτ − z[0]

∣∣∣∣
=

∣∣∣∣∣
∫ 1/n

0

(
z[0] +

∫ τ

0

∂ωz[r]dr

)
ηn[τ ]dτ − z[0]

∣∣∣∣∣
(∂ωz is the weak derivative of z), and integrating by parts

(27) =

∣∣∣∣∣
(
z[0] +

∫ 1/n

0

∂ωz[r]dr

)(∫ 1/n

0

ηn[r]dr

)

−
∫ 1/n

0

∂ωz[τ ]

∫ τ

0

ηn[r]drdτ − z[0]

∣∣∣∣∣
and then, writing ηn in explicit form (note that

∫ 1/n

0
ηn[r]dr = 1),

≤
∣∣∣∣
∫ s̄

0

χ[0,1/n][τ ]|∂ωz[τ ]|dτ
∣∣∣∣ ≤ 1√

n
‖z‖H1(0,s̄).
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In summary, by Proposition 3.1, xn(·) n→∞−−−−→ x(·) in C([0, T ];H), then (by hypothesis

on φ) ∇φ(xn(·)) n→∞−−−−→ ∇φ(x(·)) in C([0, T ];D(A∗)), and then, by the last estimate,

βCn(∇φ(xn(·))) n→∞−−−−→ βδ0(∇φ(x(·))) in C([0, T ]; R). Then (25) follows by Cauchy–
Schwartz inequality.

Proposition 3.3. Given T > 0 and a control (α(·), a(·)) ∈ E × A, there exists
cT such that for every x, y ∈ H

sup
s∈[0,T ]

|xx(s) − xy(s)|2B ≤ cT |x− y|2B ,

where xy(·) is the solution of{
d
ds i
∗x(s) = Ax(s) + α(s) − μx(s) + βδ0a(s),

x(0) = y

and xx(·) the solution with initial data x.
Proof. We use Proposition 3.2 with φ(x) = 〈Bx, x〉 so that ∇φ(x) = 2Bx. More-

over xx(·) − xy(·) satisfies the equation{
d
ds i
∗(xx(s) − xy(s)) = A(xx(s) − xy(s)) − μ(xx(s) − xy(s)),

(xx − xy)(0) = x− y

(the one of Proposition 3.2 with control identically 0), and then by (10)

(28) |xx(s) − xy(s)|2B = |x− y|2B + 2

∫ s

0

〈A∗B(xx(r) − xy(r)), (xx(r) − xy(r))〉

− μ 〈B(xx(s) − xy(s)), xx(s) − xy(s)〉dr

≤ |x− y|2B + 2(1 + |μ|)
∫ s

0

〈B(xx(r) − xy(r)), (xx(r) − xy(r))〉dr.

Finally we can use Gronwall’s lemma to obtain the claim.
Proposition 3.4. The value function V is Lipschitz with respect to the B-norm.
Proof. Assume V (y) > V (x), ε > 0, and (α(·), a(·)) ∈ E ×A an ε-optimal control

for x. We have

|V (y) − V (x)| − ε ≤
∫ ∞

0

e−ρt|L(xy(s), α(s), a(s)) − L(xx(s), α(s), a(s))|ds.

If we look, the explicit form of xx(·) and xy(·) as two-variable functions depends on
the initial data only for s ∈ [0, s̄

β ] and afterwards only on the control. Indeed, for

s > s̄
β , xx(s) = xy(s), and the previous integral is equal to

∫ s̄/β

0

e−ρt|L(xy(s), α(s), a(s)) − L(xx(s), , α(s), a(s))|ds

by (L1) and Proposition 3.3

≤
∫ s̄/β

0

e−ρtCL|xy(s) − xx(s)|Bds ≤ s̄

β
cs̄CL|x− y|B .

By letting ε → 0 we have the thesis.
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4. Existence and uniqueness of a solution. In this section we will prove
that the value function is a viscosity solution of the HJB equation (Theorem 4.7) and
that the HJB equation admits at most one solution (Theorem 4.8).

We remind the reader that we use HB to denote the completion of H in the
B-norm. This notation will be used in the next propositions.

Proposition 4.1. Let u ∈ C(H) be a locally B-Lipschitz function. Let ψ ∈
C1(H), and let x be a local maximum (or a local minimum) of u−ψ. Then ∇ψ(x) ∈
R(B1/2) ⊆ D(A∗).

Proof. We give the proof only when x is a local maximum, as the case of the
minima is similar.

We take ω ∈ H, with |ω| = 1 and h ∈ (0, 1). Then for every h small enough

(u(x− hω) − ψ(x− hω))

h
≤ u(x) − ψ(x)

h
,

so that

ψ(x) − ψ(x− hω)

h
≤ C|w|B ,

and by passing to the limit we have 〈∇ψ(x), ω〉 ≤ C|ω|B . Likewise

(u(x + hω) − ψ(x + hω))

h
≤ u(x) − ψ(x)

h
,

so that

ψ(x) − ψ(x + hω)

h
≤ C|w|B ,

and by passing to the limit we have −〈∇ψ(x), ω〉 ≤ C|ω|B .
The two inequalities together then give

| 〈∇ψ(x), ω〉 | ≤ C|ω|B

for all ω ∈ H. Then we can consider the linear extension to HB of the continuous
linear functional ω �→ 〈∇ψ(x), ω〉 that we denote with Φx. By the Riesz representation
theorem, we can find zx ∈ HB such that

Φx(ω) = 〈zx, ω〉HB
∀ω ∈ HB

and note afterwards that

(29) 〈zx, ω〉HB
=

〈
B1/2(zx), B1/2(ω)

〉
H

=
〈
B1/2(B1/2(zx)), ω

〉
(HB)′×(HB)

=
〈
B1/2(mx), ω

〉
(HB)′×(HB)

,

where mx
def
= (B1/2(zx)) ∈ H. Now for ω ∈ H〈

B1/2(mx), ω
〉

(HB)′×(HB)
=

〈
B1/2(mx), ω

〉
H
,

and therefore ∇ψ(x) = B1/2(mx) ∈ R(B1/2) ⊆ D(A∗), where the last inclusion
follows from Remark 2.6.
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4.1. Existence. We start by proving a lemma and two propositions that will
be used to prove the existence theorem (Theorem 4.7). We will use the notation
introduced in Remark 2.1 on “x(s)” and “x[r].” Moreover we will continue to use the
symbol δ0 in the text so that x[0] = δ0x if x ∈ D(A∗).

Lemma 4.2. Let x be a function of H1(0, s̄), and then

(i) lim
s→0+

(∫ s̄

s

(x[r] − x[r − s])2

s
dr

)
= 0,(30)

(ii) lim
s→0+

(∫ s̄−s

s

(x[r + s] − x[r])

s
x[r]dr

)
=

x2[s̄] − x2[0]

2
.(31)

Proof. Part (i): We have

∫ s̄

s

(x[r] − x[r − s])2

s
dr =

∫ s̄

0

ψs[r]dr,

where ψs : [0, s̄] → R is defined in the following way:

ψs[r] =

{
0 if r ∈ [0, s),
(x[r]−x[r−s])2

s if r ∈ [s, s̄].

We prove the thesis by means of the Lebesgue theorem. First we show that ψs

converges a.e. to zero. For r > s:

ψs[r] ≤

∣∣∣∫ r

r−s ∂ωx[τ ]dτ
∣∣∣

s
|x[r] − x[r − s]| ,

where ∂ωx is the weak derivative of x. Now almost every r is a Lebesgue point, which
implies that

∣∣∣∫ r

r−s ∂ωx(τ)dτ
∣∣∣

s

s→0+

−−−−→ |∂ωx[r]| a.e. in r ∈ (0, s̄],

while the term |x[r] − x[r − s]| goes uniformly to 0.
In order to dominate the convergence we note that by Morrey’s theorem ([18,

Theorem 4, page 266]) every x ∈ H1(0, s̄) is 1/2-Holder continuous, and then there
exists a positive constant C such that for every s ∈ (0, s̄] and every r ∈ [s, s̄] we have

|x[r] − x[r − s]|√
s

≤ C.

Then

|ψs[r]| ≤
|x[r] − x[r − s]|2

s
≤ C2,

and the proof of part (i) is complete.
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Now we prove part (ii):

(32) I(s)
def
=

∫ s̄−s

s

(x[r + s] − x[r])

s
x[r]dr

=

∫ s̄−s

s

(x[r + s]x[r])

s
dr −

∫ s̄−2s

0

(x[r + s]x[r + s])

s
dr

= −
∫ s̄−2s

s

(x[r + s] − x[r])

s
x[r + s]dr +

∫ s̄−s

s̄−2s

(x[r + s]x[r])

s
dr

+

∫ s

0

− (x[r + s])2

s
dr

def
= −I1(s) + I2(s) + I3(s).

By the continuity of x we see that

I2(s)
s→0+

−−−−→ x2[s̄]

and

I3(s)
s→0+

−−−−→ −x2[0].

Moreover, by using arguments similar to those in (i), we find that

(33) lim
s→0+

(I(s) − I1(s)) = lim
s→0+

∫ s̄−2s

s

− (x[r + s] − x[r])2

s
dr

+ lim
s→0+

∫ s̄−s

s̄−2s

(x[r + s] − x[r])

s
x[r]dr = 0,

so, since I(s) + I1(s) = I2(s) + I3(s), the limit lims→0+ I(s) exists if and only if there

exists the limit lims→0+
I1(s)+I(s)

2 , and in such a case they have the same value. As

I1(s) + I(s)

2
=

I2(s) + I3(s)

2

s→0+

−−−−→ x2[s̄] − x2[0]

2
,

then

lim
s→0+

(∫ s̄−s

s

(x[r + s] − x[r])

s
x[r]dr

)
=

x2[s̄] − x2[0]

2
.

Notation 4.3. We will call from now on O(s) a generic function O(·) : [0,+∞) →
[0,+∞) such that O(s)

s→0+

−−−−→ 0 and O(0) = 0. In what follows such notation will be
used to express in particular the estimates that do not depend on the control.

Lemma 4.4. Given x ∈ D(A∗), there exists an O(s), independent of the control,
such that, for every control (α(·), a(·)) ∈ E ×A, we have that

|x(s) − x| ≤ O(s)

(where we called x(s) the trajectory that starts from x and subject to the control
(α(·), a(·))).
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Proof. We consider s ∈ (0, 1]. By means of (6) we have

(34) ‖x(s) − x‖2
H=

=

∫ s̄

βs

∣∣∣∣e−μsx[r − βs] +

∫ s

0

e−μτα(s− τ, r − βτ)dτ − x[r]

∣∣∣∣
2

dr

+

∫ βs

0

∣∣∣∣∣e−μ
β ra(s− r/β) +

∫ r/β

0

e−μτα(s− τ, r − βτ)dτ − x[r]

∣∣∣∣∣
2

dr

≤ 2

∫ s̄

βs

∣∣e−μsx[r − βs] − x[r]
∣∣2 dr + 2

∫ s̄

βs

∣∣∣∣
∫ s

0

e|μ|‖Λ‖dτ
∣∣∣∣
2

dr

+

∫ βs

0

∣∣∣∣∣e|μ|/β‖Γ‖ +

∫ r/β

0

e|μ|‖Λ‖dτ + |x|L∞(0,s̄)

∣∣∣∣∣
2

dr,

where we have used that x ∈ D(A∗) ⊆ W 1,2(0, s̄) ⊆ L∞(0, s̄)

(35) ≤ 2

∫ s̄

0

∣∣e−μsx[(r − βs) ∧ 0] − x[r]
∣∣2 dr + 2s2s̄

(
e|μ|‖Λ‖

)2

+ sβ
(
e|μ|/β‖Γ‖ + |x|L∞ + se|μ|‖Λ‖

)2

.

Observe that in this estimate the control (α(·), a(·)) does not appear. The second
and the third terms go to zero for s → 0, while for the first we can use the Lebesgue
theorem by observing that∣∣e−μsx[(r − βs) ∧ 0] − x[r]

∣∣ ≤ e|μ||x|L∞ + |x|L∞ ∀(s, r) ∈ (0, 1] × [0, s̄]

and that |e−μsx[(r − βs) ∧ 0] − x[r]| s→0−−−→ 0 pointwise.
Proposition 4.5. Given x ∈ D(A∗) and g ∈ test2, there exists an O(s), in-

dependent of the control, such that, for every control (α(·), a(·)) ∈ E × A, with a(·)
continuous, we have that∣∣∣∣∣g(x(s)) − g(x)

s
−

∫ s

0
〈∇g(x), α(r)〉

s
− 〈∇g(x),−μx〉

∣∣∣∣∣ ≤ g′0(|x|)
|x| β

‖Γ‖2

2
+ O(s)

(where we called x(s) the trajectory that starts from x and subject to the control
(α(·), a(·))).

Proof. First we observe

(36)
g(x(s)) − g(x)

s
− 〈∇g(x),−μx〉 −

∫ s

0
〈∇g(x), α(r)〉

s

=
g(x(s)) − g(y(s)) + g(y(s)) − g(x)

s
− 〈∇g(x),−μx〉 −

∫ s

0
〈∇g(x), α(r)〉

s
,

where y(·) is the mild solution of

(37)

{
ẏ(s) = Ay(s) + βδ0a(s),
y(0) = x
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corresponding to (11) with μ = 0 and α(·) = 0. The difference x(s) − y(s) can be
expressed in the mild form as

x(s) − y(s) =

∫ s

0

e(s−τ)A(α(τ) − μx(τ))dτ.

Now we come back to (36), and we have

(38)

∣∣∣∣∣g(x(s)) − g(x)

s
−

∫ s

0
〈∇g(x), α(r)〉dr

s
− 〈∇g(x),−μx〉

∣∣∣∣∣
≤

∣∣∣∣∣g(x(s)) − g(y(s))

s
−

∫ s

0
〈∇g(x), α(r)〉dr

s
− 〈∇g(x),−μx〉

∣∣∣∣∣ +

∣∣∣∣g(y(s)) − g(x)

s

∣∣∣∣ .
In order to estimate the first addendum we use the Taylor expansion as follows:

(39)
g(x(s)) − g(y(s))

s
=

〈
∇g(y(s)),

x(s) − y(s)

s

〉

+

〈
∇g(ξ(s)) −∇g(y(s)),

x(s) − y(s)

s

〉
,

where ξ(s) is a point between x(s) and y(s)

(40) =

〈
∇g(y(s)),

∫ s

0
e(s−τ)A(α(τ) − μx(τ))dτ

s

〉

+

〈
∇g(ξ(s)) −∇g(y(s)),

∫ s

0
e(s−τ)A(α(τ) − μx(τ))dτ

s

〉
.

We know by Lemma 4.4 that x(s)
s→0−−−→ x and y(s)

s→0−−−→ x uniformly in the control

(α(·), a(·)), and then ∇g(y(s))
s→0−−−→ ∇g(x) uniformly in the control and |∇g(y(s)) −

∇g(ξ(s))| s→0−−−→ 0 uniformly in the control. Moreover, since in addition the control is

bounded and x(s)
s→0−−−→ x uniformly in the control, we infer that the term∣∣∣∣∣

∫ s

0
e(s−τ)A(α(τ) − μx(τ))dτ

s

∣∣∣∣∣
H

is bounded uniformly in the control α(·) and in s. From this we conclude that the
second term is (40) goes to zero uniformly in (α(·), a(·)) and that

(41)

∣∣∣∣∣g(x(s)) − g(y(s))

s
−

∫ s

0
〈∇g(x), α(r)〉dr

s
− 〈∇g(x),−μx〉

∣∣∣∣∣ ≤ O(s)

for some function O(s) independent of the control.
Now we estimate the second term of (38).
We first note that

∇g(x) = g′0(|x|)
x

|x|
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and

D2g(x) = g′′0 (|x|) x

|x| ⊗
x

|x| + g′0(|x|)
(

I

|x| −
x⊗ x

|x|3

)
.

We consider the Taylor’s expansion of g at x:

(42)
g(y(s)) − g(x)

s
=

〈∇g(x), y(s) − x〉
s

+
1

2

(y(s) − x)T (D2g(x))(y(s) − x)

s

+
o(|y(s) − x|2)

s

=
g′0(|x|)
|x|

(〈
x,

y(s) − x

s

〉
+

1

2

〈y(s) − x, y(s) − x〉
s

)

+
1

2

(
g′′0 (|x|)
|x|2 − g′0(|x|)

|x|3

)
〈x, y(s) − x〉2

s
+

o(|y(s) − x|2)
s

def
= P1 + P2 + P3.

First we prove that P2 and P3 go to zero uniformly in (α(·), a(·)), and then we
estimate P1. We proceed in three steps.

Step 1. There exists a constant C such that for every admissible control (α(·), a(·))
∈ E ×A with a(·) continuous, and every s ∈ (0, 1]4∣∣∣∣ 〈x, y(s) − x〉

s

∣∣∣∣ ≤ C.

We observe first that the explicit solution of y(s)[r] can be found by taking μ = 0 and
α = 0 in (6). We have

y(s, r) =

{
x[r − βs], r ∈ [βs, s̄],
a(s− r/β), r ∈ [0, βs),

so

(43)
〈x, y(s) − x〉

s
=

∫ s̄

βs

x[r]
(x[r − βs] − x[r])

s
dr +

∫ βs

0
x[r](a(s− r/β) − x[r])dr

s

=

∫ s̄−βs

βs

x[r]
(x[r + βs] − x[r])

s
dr +

∫ s̄

s̄−βs −x2[r]dr

s
+

∫ βs

0
x[r]x[r + βs]dr

s

+

∫ βs

0
x[r]a(s− r/β)dr

s
−

∫ βs

0
x2[r]dr

s
.

When s → 0, the third and the fifth terms have opposite limits, while the second goes
to zero as x is continuous and x(s̄) = 0. The first term goes to −β

2x
2[0] = 〈A∗x, x〉 in

view of Lemma 4.2. The control appears only in the fourth term that we estimate as
follows: ∣∣∣∣∣

∫ βs

0
x[r]a(s− r/β)dr

s

∣∣∣∣∣ ≤
∫ βs

0
|x[r]|‖Γ‖dr

s
≤ β max

r∈[0,s̄]
|x[r]|‖Γ‖.

4In the expression of y(·) the distributed control α(·) does not appear, so we will speak from now
on only of the boundary control a(·)
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Step 2. There exists a constant C such that for every admissible control a(·) ∈ A,
with a(·) continuous, and every s ∈ (0, 1]

|y(s) − x|2
s

≤ C.

Indeed

(44)

∣∣∣∣ 〈y(s) − x, y(s) − x〉
s

∣∣∣∣ =

∣∣∣∣
∫ s̄

βs

(x[r − βs] − x[r])2

s
dr

∣∣∣∣
+

∣∣∣∣∣
∫ βs

0
(a(s− r/β) − x[r])2dr

s

∣∣∣∣∣ ,
since x ∈ D(A∗) ⊆ H1(0, s̄) and Lemma 4.2 holds; then the first term goes to zero.
Moreover the second term is less than or equal to

(45)

∫ βs

0
‖Γ‖2dr

s
+

∫ βs

0
2|x[r]|‖Γ‖dr

s
+

∫ βs

0
|x[r]|2dr
s

≤ C.

This completes Step 2.
From Step 2 it follows that

o(|y(s) − x|2)
s

=
o(|y(s) − x|2)
|y(s) − x|2

|y(s) − x|2
s

s→0+

−−−−→ 0

uniformly in a(·). Thus |P3| s→0−−−→ 0 uniformly in a(·). Moreover

〈x, y(s) − x〉2

s
≤ | 〈x, y(s) − x〉 |

s
|x||y(s) − x|,

and then, from Step 1 and Lemma 4.4, |P2| s→0−−−→ 0 uniformly in a(·).
Step 3. (Conclusion.) We now estimate P1. We can write a more explicit form

of P1 as in the proofs of Steps 1 and 2 ((43), (44), and (45)), and by using the same
arguments we can see that there exists a function O(s) (depending only on x and
independent of the control) such that for every continuous control a(·)

(46) P1 =
g′0(|x|)
|x|

(
〈A∗x, x〉 +

∫ βs

0
x[s]a(s− r/β)dr

s
+

1

2

∫ βs

0
(a(s− r/β))2dr

s

+
1

2

∫ βs

0
x2[r]dr

s
+

1

2

∫ βs

0
−2x[r]a(s− r/β)dr

s

)
+ O(s).

The fourth term above does not depend on the control and converges to β x[0]2

2 that
is the opposite of the first term. The second and the fifth terms are opposite. Then
we have that

P1 = O(s) +
g′0(|x|)
|x|

(
1

2

∫ βs

0
(a(s− r/β))2dr

s

)
≤ O(s) +

1

2

g′0(|x|)
|x| β‖Γ‖2.
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Now, by using the estimates on P1, P2, and P3, we see that∣∣∣∣g(y(s)) − g(x)

s

∣∣∣∣ ≤ O(s) +
1

2

g′0(|x|)
|x| β‖Γ‖2.

By using this fact and (41) in (38), we have proved the proposition.
Proposition 4.6. If x ∈ D(A∗) and φ ∈ test1, then there exists an O(s),

independent of the control, such that, for every control (α(·), a(·)) ∈ E × A, with a(·)
continuous, we have that

(47)

∣∣∣∣∣φ(x(s)) − φ(x)

s
−

∫ s

0
〈∇φ(x), α(r)〉dr

s
− 〈∇φ(x),−μx〉

− 〈A∗∇φ(x), x〉 −
∫ s

0
〈βδ0(∇φ(x)), a(r)〉

R
dr

s

∣∣∣∣∣ ≤ O(s)

(where we called x(s) the trajectory that starts from x and subject to the control
(α(·), a(·))).

Proof. We proceed as in the proof of Proposition 4.5 by observing that

φ(x(s)) − φ(x)

s
=

φ(x(s)) − φ(y(s))

s
+

φ(y(s)) − φ(x)

s
,

where y(·) is the solution of (37). It is possible to prove, by using exactly the same
arguments in the proof of Proposition 4.5, that∣∣∣∣∣φ(x(s)) − φ(y(s))

s
− 〈∇φ(x),−μx〉 −

∫ s

0
〈∇φ(x), α(r)〉dr

s

∣∣∣∣∣ ≤ O(s),

where O(s) does not depend on the control. What is left to show is∣∣∣∣∣φ(y(s)) − φ(x)

s
− 〈A∗∇φ(x), x〉 −

∫ s

0
β 〈δ0∇φ(x), a(r)〉

R
dr

s

∣∣∣∣∣ ≤ O(s),

where O(s) does not depend on the control.
We write

(48)
φ(y(s)) − φ(x)

s
= I0 + I1

def
=

〈
∇φ(x),

y(s) − x

s

〉

+

〈
∇φ(ξ(s)) −∇φ(x),

y(s) − x

s

〉
,

where ξ(s) is a point between x and y(s). In view of Lemma 4.4, |y(s) − x| s→0−−−→ 0

uniformly in the control, so that |ξ(s) − x| s→0−−−→ 0 uniformly in a(·). By hypothesis
∇φ : H → D(A∗) is continuous so that

(49) |∇φ(ξ(s)) −∇φ(x)|D(A∗)
s→0−−−→ 0

uniformly in a(·).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1042 GIORGIO FABBRI

If we read (37) in D(A∗)′ it appears as an equation of the form{
u̇(t) = Āu(t) + f(t),
u(0) = x,

where f(t) is a bounded measurable function, with |f(t)|D(A∗)′ ≤ β|δ0|D(A∗)′‖Γ‖, and
Ā is an extension of A that generates of a C0-semigroup on D(A∗)′. So5 we can choose
a constant C that depends on x such that, for all admissible continuous control a(·)
and all s ∈ (0, 1],

(50)
|y(s) − x|D(A∗)′

s
≤ C.

Thus from (49) and (50), we can say that |I1|
s→0−−−→ 0 uniformly in a(·). Therefore∣∣∣∣φ(y(s)) − φ(x)

s
− 〈∇φ(x), y(s) − x〉

s

∣∣∣∣ s→0−−−→ 0

uniformly in a(·). We now write

(51)
〈∇φ(x), y(s) − x〉

s
=

∫ s̄

βs

∇φ(x)[r]
(x[r − βs] − x[r])

s
dr

+

∫ βs

0
∇φ(x)[r](a(s− r/β) − x[r])dr

s

=

∫ s̄−βs

βs

x[r]
∇φ(x)[r + βs] −∇φ(x)[r]

s
dr +

∫ s̄

s̄−βs

(−∇φ(x)[r]x[r])

s
dr

+

∫ βs

0
(∇φ(x)[r + βs]x[r])dr

s
+

∫ βs

0
∇φ(x)[r]a(s− r/β)dr

s

+

∫ βs

0
−∇φ(x)[r]x[r]dr

s
.

The third and the fifth terms, which do not depend on the control, have opposite
limits, the second goes to zero because ∇φ(x) and x are in D(A∗), and then x[s̄] =
0 = ∇φ(x)[s̄]. The first term tends to 〈A∗∇φ(x), x〉. Finally we observe that the only
term that depends on the control is the fourth and∣∣∣∣∣

∫ βs

0
∇φ(x)[r]a(s− r/β)dr

s
− β

∫ s

0
∇φ(x)[0]a(s− r′)dr′

s

∣∣∣∣∣ s→0−−−→ 0

uniformly in a(·) and, since φ(x)[0] is a constant,

β

∫ s

0
∇φ(x)[0]a(s− r)dr

s
=

∫ s

0
〈βδ0∇φ(x), a(r)〉

R
dr

s
.

This complete the proof.
We can now prove that the value function is a solution of the HJB equation.
Theorem 4.7. The value function V is bounded and B-Lipschitz, and it is a

solution of the HJB equation.

5In view of the fact that x is in H ⊆ D(Ā) ⊆ D(A∗)′; see [20] for a proof.
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Proof. The boundedness of V follows from the boundedness of L (assumption
(L2)). The B-Lipschitz property is the result of Proposition 3.4. It remains to verify
that V is a solution of the HJB equation.

V is a subsolution: Let x be a local maximum of V − (φ+ g) for φ ∈ test1 and
g ∈ test2. Due to Proposition 4.1 we know that ∇(φ + g)(x) ∈ D(A∗). Moreover we
know that ∇φ(x) ∈ D(A∗) for the definition of the set test1. So ∇g(x) = g′0(|x|) x

|x| ∈
D(A∗), which implies that x ∈ D(A∗). We can assume that V (x) − (φ + g)(x) = 0.
We consider the constant control (α(·), a(·)) ≡ (α, a) ∈ Σ× Γ and x(s) the trajectory
starting from x and subject to (α, a). Then for s small enough

V (x(s)) − (φ + g)(x(s)) ≤ V (x) − (φ + g)(x),

and thanks to Bellman’s principle of optimality we know that

V (x) ≤ e−ρsV (x(s)) +

∫ s

0

e−ρrL(x(r), α, a)dr,

so that

(52)
1 − e−ρs

s
V (x(s)) − φ(x(s)) − φ(x)

s
− g(x(s)) − g(x)

s

−
∫ s

0
e−ρrL(x(r), α, a)dr

s
≤ 0.

By using Propositions 4.5 and 4.6 and letting s → 0, we obtain

(53) ρV (x) − 〈∇φ(x),−μx〉 − 〈∇g(x),−μx〉

−
(
〈A∗∇φ(x), x〉 + 〈βδ0(∇φ(x)), a〉

R
+ 〈∇φ(x), α〉 + 〈∇g(x), α〉 + L(x, α, a)

)

≤ g′0(|x|)
|x| β

‖Γ‖2

2
.

By taking the inf(α,a)∈Σ×Γ we obtain the subsolution inequality.
V is a supersolution: Let φ ∈ test1 and g ∈ test2 and x be a minimum for

V +(φ+g) and such that V +(φ+g)(x) = 0. Then as observed above x ∈ D(A∗). For
some ε > 0 let (αε(·), aε(·)) be an ε2-optimal strategy. With no loss of generality we
can assume aε(·) continuous. We call x(s) the trajectory starting from x and subject
to (αε(·), aε(·)). Now for s small enough

V (x(s)) + (φ + g)(x(s)) ≥ V (x) + (φ + g)(x),

and due to the ε2-optimality and Bellman’s principle we know that

V (x) + ε2 ≥ e−ρsV (x(s)) +

∫ s

0

e−ρrL(x(r), αε(r), aε(r))dr.

Then for s = ε we have

(54)
1 − e−ρε

ε
V (x(ε)) +

φ(x(ε)) − φ(x)

ε
+

g(x(ε)) − g(x)

ε

−
∫ ε

0
e−ρrL(x(r), αε(r), aε(r))dr

ε
+

ε2

ε
≥ 0.
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In view of Propositions 4.5 and 4.6 we can choose, independently of the control
(αε(·), aε(·)), an O(s) such that:

(55) ρV (x) + 〈A∗∇φ(x), x〉 + 〈∇φ(x) + ∇g(x),−μx〉

−
(∫ ε

0
〈−βδ0(∇φ(x), aε(r)〉R

+ e−ρrL(x, αε(r), aε(r))dr

ε

−
∫ ε

0
〈∇φ(x) + ∇g(x), αε(r)〉dr

ε

)
≥ O(ε) − g′0(|x|)

|x| β
‖Γ‖2

2
.

Next we take the infimum as α and a varying in Σ × Γ inside the integral and let
ε → 0 to obtain that

(56) ρV (x) + 〈A∗∇φ(x), x〉 + 〈∇φ(x) + ∇g(x),−μx〉

− inf
(α,a)∈Σ×Γ

(
− 〈βδ0(∇φ(x)), a〉

R
+ L(x, α, a) − 〈∇φ(x) + ∇g(x), α〉

)

≥ −g′0(|x|)
|x| β

‖Γ‖2

2

(we observe again that the fact that O(s)
ε→0−−−→ 0 uniformly in the control is essential).

Therefore V is a solution of the HJB equation.

4.2. Uniqueness. Now we prove a uniqueness result in the case μ �= 0. The
proof of the case μ = 0 is similar with minor changes.

Theorem 4.8. Given a supersolution v of the HJB equation and a subsolution u
we have

u(x) ≤ v(x) for every x ∈ H.

In particular there exists at most one solution of the HJB equation.
Proof. We proceed by contradiction. Assume that u is a subsolution of the HJB

equation and v a supersolution, and suppose that there exists x̌ ∈ H and γ > 0 such
that

(u(x̌) − v(x̌)) >
3γ

ρ
> 0.

We choose γ < 1. Given ϑ > 0 small enough we have

(57) u(x̌) − v(x̌) − ϑ|x̌|2 >
2γ

ρ
> 0.

We consider ε > 0 and ψ : H×H → R given by

ψ(x, y)
def
= u(x) − v(y) − 1

2ε
|B1/2(x− y)|2 − ϑ

2
|x|2 − ϑ

2
|y|2.

Thanks to the boundedness of u and v, chosen ϑ > 0, there exist Rϑ > 0 such
that

(58) ψ(0, 0) ≥
(

sup
(|x|≥Rϑ) or (|y|≥Rϑ)

(ψ(x, y))

)
+ 1.
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We set

S = {(x, y) ∈ H ×H : |x| ≤ Rϑ and |y| ≤ Rϑ} .

If we choose Rϑ big enough x̌ ∈ S. By standard techniques (see [29, page 252]), given
σ > 0, we can find p and q in H, with |p| < σ and |q| < σ, and such that

(x, y) �→ ψ(x, y) − 〈Bp, x〉 − 〈Bq, y〉

attains a maximum (x̄, ȳ) in S. If we choose σ small enough (for example, such that
σ‖B‖Rϑ < 1

4
γ
ρ ), we know from (58) that such a maximum is in the interior of S and,

thanks to (57), that

ψ(x̄, ȳ) − 〈Bp, x̄〉 − 〈Bq, ȳ〉 > 3γ

2ρ
.

Moreover

(59) ψ(x̄, ȳ) >
γ

ρ
and so u(x̄) − v(ȳ) >

γ

ρ
.

In order to find an estimate in contradiction with (59) we prove some preliminary
estimates.

Estimates 1 (on ε): We observe that

{
M : (0, 1] → R,

M : ε �→ sup(x,y)∈H×H

(
u(x) − v(y) − 1

2ε

∣∣B1/2(x− y)
∣∣2)

is nonincreasing and bounded and so it admits a limit for ε → 0+. So there exists a
ε̄ > 0 such that for every ε1, ε2 ∈ (0, ε̄] we have that

(60) |M(ε1) −M(ε2)| <
(

γ

16(1 + |μ|)

)2

.

We choose now ε that will be fixed in the proof:

(61) ε := min

{
ε̄,

1

32C2
L

}

(CL is the constant introduced in hypotheses (L1) and (L2)). This concludes the
estimates on ε.

Now we state and prove a claim that we will use in the estimate on σ and ϑ.
Claim. If x̃ ∈ H and ỹ ∈ H satisfy

(62) u(x̃) − v(ỹ) − 1

2ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2 ≥ M(ε) −

(
γ

16(1 + |μ|)

)2

,

then

(63)
1

ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2 ≤ 1

32

(
γ

(1 + |μ|)

)2

.
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Proof of the claim. (We follow the idea used in Lemma 3.2 of [16])

(64) M(ε/2) ≥ u(x̃) − y(ỹ) − 1

4ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2

= u(x̃) − y(ỹ) − 1

2ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2 +

1

4ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2

≥ M(ε) −
(

γ

16(1 + |μ|)

)2

+
1

4ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2 ,

so that

(65)
1

4ε

∣∣∣B1/2(x̃− ỹ)
∣∣∣2 ≤ M(ε/2) −M(ε) +

(
γ

16(1 + |μ|)

)2

≤
(

γ

16(1 + |μ|)

)2

+

(
γ

16(1 + |μ|)

)2

= 2

(
γ

16(1 + |μ|)

)2

,

where the inequality M(ε/2) − M(ε) < ( γ
16(1+|μ|) )

2 follows from the definition of ε

(61) that implies ε ≤ ε̄ and then (60). The claim follows.
Note that from (61) we have

1√
ε
≥ 4

√
2CL,

and then, if x̃, ỹ satisfy the hypothesis (62) of the claim, we have

(66) CL |x̃− ỹ|B ≤ γ

32(1 + |μ|) .

Estimates 2 (on σ): We have already imposed σ < γ/ρ
4‖B‖Rϑ

we set here and in

the following

(67) σ = min

{
γ

8ρ‖B‖Rϑ
, ϑ,

ϑ

Rϑ

}
,

so that

(68) σ
ϑ→0−−−→ 0

and

(69) σRϑ
ϑ→0−−−→ 0.

We recall that we have already fixed ε in (61). From the choice of σ (67) follows that

(70) |〈Bp, x̄〉| ≤ ‖B‖σRϑ
ϑ→0−−−→ 0, |〈Bq, ȳ〉| ≤ ‖B‖σRϑ

ϑ→0−−−→ 0.

Moreover, in view of the continuity of the linear operator A∗B : H → H with norm
‖A∗B‖, we have

(71) |〈A∗Bp, x̄〉| ≤ ‖A∗B‖σRϑ
ϑ→0−−−→ 0, |〈A∗Bq, ȳ〉| ≤ ‖B‖σRϑ

ϑ→0−−−→ 0.

This concludes the estimates on σ.
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Estimates 3 (on ϑ): One can prove that with fixed ε we have

(72) ϑ |x̄|2 ϑ→0−−−→ 0, ϑ |ȳ|2 ϑ→0−−−→ 0

(it is a quite standard fact; see, for example, [16]). So

(73) lim
ϑ→0

(ψ(x̄, ȳ) − 〈Bp, x̄〉 − 〈Bq, ȳ〉)

= sup
(x,y)∈H×H

(
x(x) − v(y) − 1

2ε

∣∣∣B1/2(x− y)
∣∣∣2) > 2

γ

ρ

(where the last inequality follows from (57)). In (67) we chose σ as a function of ϑ,
and now we fix ϑ. We begin by taking

ϑ <
γ

64β‖Γ‖2

so that

(74) βϑ‖Γ‖2 <
γ

64
.

We know from (70) and (71) that, if we choose ϑ small enough, we have

(75)

|μ| |〈Bp, x̄〉| < γ

16
, |μ| |〈Bq, ȳ〉| < γ

16
,

|〈A∗Bp, x̄〉| < γ

16
, |〈A∗Bq, ȳ〉| < γ

16
.

From (72) we know that, if we choose ϑ small enough, we have

(76) |μ|ϑ |x̄|2 <
γ

32
, |μ|ϑ |ȳ|2 <

γ

32
.

Moreover (72) implies also that

ϑ |x̄| ϑ→0−−−→ 0, ϑ |ȳ| ϑ→0−−−→ 0,

and then, if we choose ϑ small enough, we have

(77) ϑ‖Σ‖ (|x̄| + |ȳ|) < γ

32
.

Moreover in view of (73) we know that, if we choose ϑ small enough, then x̄ and
ȳ satisfy the hypothesis (62) of the claim, and then, from (63), we have

(78)
1

ε

∣∣∣B1/2(x̄− ȳ)
∣∣∣2 ≤ 1

32

(
γ

(1 + |μ|)

)2

≤ 1

32

γ

(1 + |μ|) ≤ γ

32

(we took 0 < γ < 1 and then γ2 < γ). From (63) in the same way we obtain

(79)
|μ|
ε

∣∣∣B1/2(x̄− ȳ)
∣∣∣2 ≤ γ

32

and, from (66),

(80) CL

∣∣∣B1/2(x̄− ȳ)
∣∣∣ ≤ γ

32
.
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Eventually, if we choose ϑ small enough in (68), we have

(81) 2‖B‖|p|‖Σ‖ ≤ 2‖B‖σ‖Σ‖ ≤ γ

64

and

(82) 2σβ‖δ0 ◦B‖‖Γ‖ ≤ γ

32
,

where ‖δ0 ◦B‖ is the norm of the linear continuous functional δ0 ◦B : H → R.
Finally we fix ϑ > 0 small enough to satisfy (75), (76), (77), (78), (79) (80), (81),

and (82).
Now we proceed with the proof of the theorem. The map

x �→ u(x) −
(

1

2ε
|B1/2(x− ȳ)|2 +

ϑ

2
|x|2 + 〈Bp, x〉

)

attains a maximum at x̄, and

y �→ v(y) +

(
1

2ε
|B1/2(x̄− y)|2 +

ϑ

2
|y|2 + 〈Bq, y〉

)

attains a minimum at ȳ.
Note that, due to Proposition 4.1, x̄ and ȳ are in D(A∗). We can now use the

definition of sub- and supersolution to obtain

(83) ρu(x̄) − 1

ε
〈A∗B(x̄− ȳ), x̄〉 − 1

ε
〈B(x̄− ȳ),−μx̄〉 − 〈A∗Bp, x̄〉

− 〈Bp,−μx̄〉 − ϑ 〈x̄,−μx̄〉 − inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
+ 〈βδ0(Bp), a〉

R

+ ϑ 〈x̄, α〉 +
1

ε
〈B(x̄− ȳ), α〉 + 〈Bp, α〉 + L(x̄, α, a)

)
≤ ϑβ‖Γ‖2

2

and

(84) ρv(ȳ) − 1

ε
〈A∗B(x̄− ȳ), ȳ〉 − 1

ε
〈B(x̄− ȳ),−μȳ〉 + 〈A∗Bq, ȳ〉

+ 〈Bq,−μȳ〉 + ϑ 〈ȳ,−μȳ〉 − inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
− 〈βδ0(Bq), a〉

R

− ϑ 〈ȳ, α〉 +
1

ε
〈B(x̄− ȳ), α〉 − 〈Bq, α〉 + L(ȳ, α, a)

)
≥ −ϑβ‖Γ‖2

2
.
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The two estimates together give

(85) ρu(x̄) − ρv(ȳ) − 1

ε
〈A∗B(x̄− ȳ), (x̄− ȳ)〉

− 1

ε
〈B(x̄− ȳ),−μ(x̄− ȳ)〉 − 〈A∗Bp, x̄〉 − 〈A∗Bq, ȳ〉

− 〈Bp,−μx̄〉 − 〈Bq,−μȳ〉 − ϑ 〈x̄,−μx̄〉 − ϑ 〈ȳ,−μȳ〉

− inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
+ 〈βδ0(Bp), a〉

R

+ ϑ 〈x̄, α〉 +
1

ε
〈B(x̄− ȳ), α〉 + 〈Bp, α〉 + L(x̄, α, a)

)

+ inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
− 〈βδ0(Bq), a〉

R

− ϑ 〈ȳ, α〉 +
1

ε
〈B(x̄− ȳ), α〉 − 〈Bq, α〉 + L(ȳ, α, a)

)
≤ βϑ‖Γ‖2.

We now note that from (10) A∗B ≤ B, and then we have

(86) −1

ε
〈A∗B(x̄− ȳ), (x̄− ȳ)〉 ≥ −1

ε
〈B(x̄− ȳ), (x̄− ȳ)〉 = −1

ε
|x̄− ȳ|2B .

Moreover we observe that

(87) − inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
+ 〈βδ0(Bp), a〉

R

+ ϑ 〈x̄, α〉 +
1

ε
〈B(x̄− ȳ), α〉 + 〈Bp, α〉 + L(x̄, α, a)

)

+ inf
(α,a)∈Σ×Γ

(
1

ε
〈βδ0(B(x̄− ȳ)), a〉

R
− 〈βδ0(Bq), a〉

R

− ϑ 〈ȳ, α〉 +
1

ε
〈B(x̄− ȳ), α〉 − 〈Bq, α〉 + L(ȳ, α, a)

)

≥ inf
(α,a)∈Σ×Γ

(
− 〈βδ0(Bp), a〉

R
− 〈βδ0(Bq), a〉

R
+ L(ȳ, α, a) − L(x̄, α, a)

− ϑ 〈ȳ, α〉 − ϑ 〈x̄, α〉 − 〈Bq, α〉 − 〈Bp, α〉
)

≥ inf
(α,a)∈Σ×Γ

(
L(ȳ, α, a) − L(x̄, α, a)

)

− sup
(α,a)∈Σ×Γ

(
〈βδ0(Bp), a〉

R
+ 〈βδ0(Bq), a〉

R

)

− sup
(α,a)∈Σ×Γ

(
ϑ 〈ȳ, α〉 + ϑ 〈x̄, α〉

)
− sup

(α,a)∈Σ×Γ

(
〈Bq, α〉 + 〈Bp, α〉

)

≥ −CL|x̄− ȳ|B − 2σβ‖δ0 ◦B‖‖Γ‖ − ‖Σ‖ϑ(|x̄| + |ȳ|) − 2‖B‖σ‖Σ‖.
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Thus by using (86) and (87) in (85) we derive

(88) ρ
(
u(x̄) − v(ȳ)

)
− 1

ε
|x̄− ȳ|2B

− μ

ε
〈B(x̄− ȳ),−(x̄− ȳ)〉 − 〈A∗Bp, x̄〉 − 〈A∗Bq, ȳ〉

− 〈Bp,−μx̄〉 − 〈Bq,−μȳ〉 − ϑ 〈x̄,−μx̄〉 − ϑ 〈ȳ,−μȳ〉

− CL|x̄− ȳ|B − 2σβ‖δ0 ◦B‖‖Γ‖ − ‖Σ‖ϑ(|x̄| + |ȳ|) − 2‖B‖σ‖Σ‖ − βϑ‖Γ‖2 ≤ 0,

and from the preceding and from (78), (79), (75), (76), (80), (82), (77), (81), and (74)
we obtain

(89) ρ(u(x̄)− v(ȳ))− 2
( γ

32

)
− 4

( γ

16

)
− 2

( γ

32

)
− γ

32
− γ

32
− γ

32
− γ

64
− γ

64
≤ 0;

that is,

(90) ρ(u(x̄) − v(ȳ)) − 1

2
γ ≤ 0.

Now we recall that from (59) we have ρ
(
u(x̄) − v(ȳ)

)
> γ, and then we obtain from

(90)

1

2
γ = γ − 1

2
γ < ρ(u(x̄) − v(ȳ)) − 1

2
γ ≤ 0,

which yields a contradiction because γ > 0. The theorem is proved.
Remark 4.9. Now we can better explain the remark in the introduction saying

that it is difficult to treat the case of a nonconstant coefficient. We can estimate
the term 1

ε 〈B(x̄− ȳ),−μ(x̄− ȳ)〉 because we use the term 1
ε |x− y|2B to penalize the

doubling of the variables with respect to the B-norm. If μ is a function of r, such a
term is replaced by 1

ε 〈B(x̄− ȳ),−μ(·)(x̄− ȳ)〉, where −μ(·)(x̄ − ȳ) is the pointwise
product of the L∞(0, s̄) function μ(·) and the L2(0, s̄) function (x̄− ȳ), which cannot
be estimated by using similar arguments.
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STABILITY AND ERGODICITY OF PIECEWISE DETERMINISTIC
MARKOV PROCESSES∗

O. L. V. COSTA† AND F. DUFOUR‡

Abstract. The main goal of this paper is to establish some equivalence results on stability,
recurrence, and ergodicity between a piecewise deterministic Markov process (PDMP) {X(t)} and
an embedded discrete-time Markov chain {Θn} generated by a Markov kernel G that can be explicitly
characterized in terms of the three local characteristics of the PDMP, leading to tractable criterion
results. First we establish some important results characterizing {Θn} as a sampling of the PDMP
{X(t)} and deriving a connection between the probability of the first return time to a set for the
discrete-time Markov chains generated by G and the resolvent kernel R of the PDMP. From these
results we obtain equivalence results regarding irreducibility, existence of σ-finite invariant measures,
and (positive) recurrence and (positive) Harris recurrence between {X(t)} and {Θn}, generalizing
the results of [F. Dufour and O. L. V. Costa, SIAM J. Control Optim., 37 (1999), pp. 1483–1502]
in several directions. Sufficient conditions in terms of a modified Foster–Lyapunov criterion are also
presented to ensure positive Harris recurrence and ergodicity of the PDMP. We illustrate the use of
these conditions by showing the ergodicity of a capacity expansion model.

Key words. piecewise deterministic Markov process, recurrence, ergodicity

AMS subject classifications. 60J25, 60J10, 93E15
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1. Introduction. Piecewise deterministic Markov processes (PDMPs) were in-
troduced in the literature by Davis [6] as a general class of stochastic models. PDMPs
are a family of Markov processes involving deterministic motion punctuated by ran-
dom jumps. The motion of the PDMP {X(t)} depends on three local characteristics,
namely, the flow Φ, the jump rate λ, and the transition measure Q, which specifies
the postjump location. Starting from x the motion of the process follows the flow
Φ(x, t) until the first jump time T1, which occurs either spontaneously in a Poisson-
like fashion with rate λ or when the flow Φ(x, t) hits the boundary of the state space.
In either case the location of the process at the jump time T1 is selected by the tran-
sition measure Q(Φ(x, T1), .) and the motion restarts from this new point as before.
A suitable choice of the state space and the local characteristics Φ, λ, and Q provide
stochastic models covering a great number of problems in operations research [6].

Over the past decades a great deal of attention has been given to the stability
properties and related ergodic theory of Markov processes. One of the main ap-
proaches to dealing with these problems is to show that the recurrence properties of
the Markov process under consideration are related to the recurrence properties of
an associated discrete-time Markov chain obtained from a sampling of the original
process, so that the well-known discrete-time Markov chains results could be used
(see, for example, the books [12, 17, 18] and the references therein).
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In the continuous-time context, Azéma, Duflo, and Revuz [1, 2] showed that
a general Markov process and its associated resolvent admit the same recurrence
properties. It was proved by Tuominen and Tweedie [19] that the recurrence structure
of a Markov process {X(t)} with transition semigroup {P t} and the Markov chain
with kernel KF =

∫
P tF (dt), where F is a distribution on [0,∞), are essentially

equivalent, provided that a continuity assumption on {P t} is satisfied, an assumption
later suppressed in a fundamental paper by Meyn and Tweedie [11]. It must be pointed
out that these results are related to the sampling of a continuous-time process {X(t)},
sampled at random times defined by an independent undelayed renewal process. This
idea of randomized sampling was generalized to state-dependent sampling to provide
some more powerful state-dependent drift criteria in order to ensure stability of the
original Markov process. Within this context, Malyšev and Men’̌sikov [9] derived
a modified Foster–Lyapunov criterion to establish recurrence properties for discrete-
time Markov chains with countable state space. Meyn and Tweedie [15] generalized
this work to discrete-time Markov chains with a general state space and furthermore
obtained state-dependent drift conditions to get geometric ergodic properties. The
generalization to continuous-time models was established by Dai and Meyn [5] in the
context of general state space Markovian queuing models. In particular, they provided
sufficient conditions for the existence of bounds on the long-run average moments and
rates of convergence of the pth moments to their steady-state values. Another paper
related to this subject is [4].

The main goal of this paper is to establish equivalence results on stability, recur-
rence, and ergodicity between a PDMP and a discrete-time Markov chain generated
by a kernel G (see (2.2)–(2.4) for its definition) that can be explicitly characterized
in terms of the three local characteristics of the PDMP leading to tractable criteron
results. From a practical point of view, it should be noted that the results developed
in [2, 11, 19] would be hard to apply for PDMPs because the transition semigroup
of the PDMP as well as its associated resolvent kernel cannot be explicitly calcu-
lated from its local characteristics, which is not the case regarding the kernel G.
As shown in Theorem 3.1 below, G generates a Markov chain that corresponds to
a state-dependent sampling of the PDMP {X(t)}, providing an interesting parallel
between our work in the continuous-time context and the results obtained in [15] in
the discrete-time setting. However, it must be stressed that [15] provides general suf-
ficient conditions to ensure that stability of the sampled chain implies stability of the
Markov process, but not the converse. One of the main goals of our paper is to show
the converse for PDMPs and, in fact, that the PDMP and the discrete-time Markov
chain generated by this tractable kernel G have an equivalent recurrence structure.
This is an important feature that distinguishes our work from [15]. We show that the
following equivalence results hold:

(i) The PDMP {X(t)} is irreducible if and only if the Markov chain {Θn} asso-
ciated to G is irreducible; see Proposition 4.1.

(ii) There is a one-to-one correspondence between the set of invariant measures
for the PDMP {X(t)} and for the Markov chain {Θn} associated to G; see
Theorem 4.2.

(iii) The PDMP {X(t)} is recurrent if and only if the Markov chain {Θn} associ-
ated to G is recurrent; see Theorem 4.4.

(iv) The PDMP is Harris recurrent if and only if the Markov chain associated to
G is Harris recurrent; see Theorem 4.6.

(v) The PDMP is positive recurrent (respectively, positive Harris recurrent) if and
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only if the Markov chain associated to G is recurrent (respectively, Harris
recurrent) with invariant measure satisfying a boundedness condition; see
Corollary 4.5 (respectively, Corollary 4.7).

It is interesting to note that (v) also highlights some differences between our
approach and some general results in the literature [2, 11, 15, 19]. Indeed, as shown
in [11, Theorem 3.1], the Markov chain generated by KF is positive Harris recurrent
if and only if the process {X(t)} is positive Harris recurrent, while in our case the
PDMP is positive Harris recurrent if and only if the Markov chain associated to G is
Harris recurrent with its unique invariant measure satisfying a boundedness condition,
which is far less demanding than positive Harris recurrence.

It should be pointed out that the proof of the Harris recurrence equivalence (item
(iv)) requires two important results. One of them, Theorem 3.3, establishes a connec-
tion between the probability of the first return time to a set considering the Markov
kernels generated by G and the resolvent kernel R. From this result we obtain the
first part of the equivalence; if the process {X(t)} is Harris recurrent, then so is the
Markov chain {Θn}. The other result is presented in Theorem 3.1, which provides
the sample path characterization of the Markov chain generated by G through the
PDMP {X(t)}. From this result we get the second part of the equivalence; if the
Markov chain {Θn} is Harris recurrent, then so is the PDMP {X(t)}.

After we obtain the recurrence structure for PDMPs in terms of G, a natural
question that would arise is what could be said about tractable ergodicity conditions
for the PDMPs. As shown in [13, Theorem 6.1], if {X(t)} is positive Harris recurrent,
then it is ergodic if and only if some skeleton chain is irreducible. Again, the problem is
that the transition semigroup and consequently the skeleton chain for {X(t)} cannot
be explicitly calculated from the local characteristics of the PDMP. We provide a
tractable and equivalent condition to ensure that a skeleton chain is irreducible.

We conclude the paper by presenting sufficient conditions in a modified Foster–
Lyapunov criterion form, written in terms of G, to ensure the following for the PDMP:
the existence of an invariant probability measure, positive Harris recurrence, and
ergodicity.

The paper is organized as follows. In section 2 we present some basic defini-
tions related to the motion of a PDMP, introduce the Markov kernel G, and recall
some classical definitions related to Markov processes both in the discrete-time and
continuous-time contexts. Some preliminary results are derived in section 3 that will
be important to obtain the equivalence properties for the stability of the PDMPs and
the Markov kernel G. In section 4, it will be established that the stability and ergodic
properties are equivalent for the PDMPs and the kernel G. In section 5 we estab-
lish some sufficient conditions to ensure various concepts of stability of the PDMP
through a Foster–Lyapunov criterion for the kernel G. Section 6 illustrates the use of
these conditions by showing the ergodicity of a capacity expansion model. The last
two sections (7 and 8) are devoted to the proofs of Theorems 3.1 and 3.3.

2. Definition of the PDMP and the Markov kernel G. In this section we
first present some standard notation and some basic definitions related to the motion
of a PDMP {X(t)}. For further details the reader is referred to [6]. Afterwards we
introduce the Markov kernel G, which we will use for characterizing the recurrence and
the Harris recurrence structure of the PDMP {X(t)}. At the end of this section, we
recall some classical definitions related to Markov processes both in the discrete-time
and continuous-time contexts. For a complete exposition on the subject, the reader
is referred to the works of Meyn and Tweedie [12, 10, 14, 13]. We follow closely the
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notation in Meyn and Tweedie [12].
Let R+ be the set of nonnegative real numbers. The set of natural numbers is

denoted by N, and N
∗ .

= N − {0}. For any metric space H, the Borel σ-field of
H is denoted by B(H). The indicator of a set A is denoted by 1A (1A(x) = 1 if
x ∈ A, 1A(x) = 0 if x /∈ A). Let E and F be two metric spaces. A kernel K on
E × B(F ) is a map K : E × B(F ) −→ R+ ∪{+∞} such that for x ∈ E, K(x, .)
is a nonnegative σ-finite measure on (F,B(F )) and for any A ∈ B(F ), K(., A) is a
measurable function on E. The kernel IA on (E,B(E)) is defined for any set A ∈ B(E)
by IA(x,B) = 1A∩B(x). For two kernels K1 and K2 defined on E×

(
B(E)⊗B(R+)

)
,

the convolution K1 ∗K2 is again a kernel on E ×
(
B(E) ⊗ B(R+)

)
defined as

K1 ∗K2(x,A× Γ)
.
=

∫
E

∫
R+

K1(x, dy × dt)K2(y,A× (Γ − t)),

where A ∈ B(E), Γ ∈ B(R+), and Γ − t = {u − t : u ∈ Γ}. The notation K∗n

represents the n-fold convolution K ∗ · · · ∗K. For a positive real-valued measurable
function f defined on E × R+ the convolution K1 ∗ f is defined for x ∈ E, t ∈ R+ as

K1 ∗ f(x, t)
.
=

∫
E

∫ t

0

f(y, t− s)K1(x, dy × ds).

For a substochastic kernel D we define UD as UD .
=
∑∞

k=1 D
k.

We denote by γ the Lebesgue measure on
(
R+,B(R+)

)
.

We present next the definition of the motion of a PDMP. Let E0 be an open subset
of R

n and let ∂E0 be its boundary. A PDMP is determined by its local characteristics
(X, λ,Q) where the following hold:

• X is a Lipschitz continuous vector field. X : R
n −→ R

n, which determines a
flow Φ(x, t) such that ∂

∂tΦ(x, t) = X(Φ(x, t)) and Φ(x, 0) = x for all x ∈ R
n.

Define

Γ+ .
= {x ∈ ∂E0: x = Φ(y, t) for some y ∈ E0, t > 0, and Φ(y, s) ∈ E0 ∀s ∈ [0, t[},

and

Γ−
.
= {x ∈ ∂E0: x = Φ(y,−t) for some y ∈ E0, t > 0, and Φ(y,−s) ∈ E0 ∀s ∈ [0, t[}.

Γ+ ⊂ ∂E0 represents the boundary points at which the flow exits from E0. Γ− ⊂ ∂E0

is characterized by the fact that the flow starting from a point in Γ− will not leave
E0 immediately. Therefore it is natural to define the state space for the PDMP by
E

.
= E0∪Γ−−Γ−∩Γ+. For all x in E, let us denote t∗(x)

.
= inf{t > 0 : Φ(x, t) ∈ ∂E0},

with the convention inf ∅ = ∞.
• The jump rate λ : E → R+ is assumed to be a measurable function satisfying

(∀x ∈ E) (∃ε > 0) such that
∫ ε

0
λ(Φ(x, s))ds < ∞.

• Q : E ∪ Γ+ × B(E) → [0, 1] is a transition measure satisfying the following
property: (∀x ∈ E ∪ Γ+) Q(x,E − {x}) = 1.

From these characteristics, it can be shown [6, pp. 62–66] that there exists a
filtered probability space (Ω,F , {Ft}, {Px}x∈E) such that the motion of the process
{X(t)} starting from a point x ∈ E may be constructed as follows. Take a random
variable T1 such that

Px(T1 > t)
.
=

{
e−Λ(x,t) for t < t∗(x),

0 for t ≥ t∗(x),
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where for x ∈ E and t ∈ [0, t∗(x)[

(2.1) Λ(x, t)
.
=

∫ t

0

λ(Φ(x, s))ds.

If T1 generated according to the above probability is equal to infinity, then for t ∈ R+,
X(t) = Φ(x, t). Otherwise select independently an E-valued random variable (labeled
X1) having distribution Q(Φ(x, T1), .). The trajectory of {X(t)} starting at x, for
t ≤ T1, is given by

X(t)
.
=

{
Φ(x, t) for t < T1,

X1 for t = T1.

Starting from X(T1) = X1, we now select the next interjump time T2 − T1 and post-
jump location X(T2) = X2 in a similar way.

This gives a strong Markov process {X(t)} with jump times
{
Tk

}
k∈N

(where

T0
.
= 0). The transition semigroup of the process {X(t)} is denoted by {P t}t∈R+ . We

denote by {FX
t }t∈R+ the filtration generated by the process {X(t)}.

It is assumed throughout that for all (t, x) ∈ R+ × E, Ex

[∑
k 1{Tk≤t}

]
< ∞,

implying in particular that Tk → ∞ as k → ∞. This is a standard assumption; see,
for example, (24.4) or (24.8) in [6].

Now let us introduce the substochastic kernels H and J and the Markov kernel
G:

H(x,A)
.
=

∫ t∗(x)

0

e−{s+Λ(x,s)}1A(Φ(x, s))ds,(2.2)

J(x,A)
.
=

∫ t∗(x)

0

λ(Φ(x, s))e−{s+Λ(x,s)}Q(Φ(x, s), A)ds

+ e−{t∗(x)+Λ(x,t∗(x))}Q(Φ(x, t∗(x)), A),(2.3)

G(x,A)
.
= J(x,A) + H(x,A).(2.4)

In [8], it was shown that G as defined in (2.4) is a Markov kernel.
The resolvent kernel associated to the process {X(t)}t∈R+ is denoted by

R(x,A)
.
=

∫ ∞
0

P t(x,A)e−tdt.(2.5)

As shown in [8], R can be written in terms of H and J as follows:

(2.6) R =

∞∑
j=0

JjH.

Let {Θn} (respectively, {Υn}) be the Markov chain associated to the Markov kernel
G (respectively, R). In Theorem 3.1 below it will be shown how the Markov chain
{Θn} can be generated from the sample paths of the PDMP {X(t)}.

In what follows we will present some definitions considering a discrete-time Markov
chain {χn} with Markov kernel S that could be either {Θn} (with S = G) or {Υn}
(with S = R). The first return time of a set A ∈ B(E) for the PDMP {X(t)} and for
the Markov chain {χn} are defined, respectively, as follows:

τXA
.
= inf{t > 0 : X(t) ∈ A}, τSA

.
= inf{n ≥ 1 : χn ∈ A}.
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Associated to these first return times are the return time probability of a set A ∈ B(E)
for the PDMP {X(t)} and for the Markov chain {χn}, given, respectively, by

LX(x,A)
.
= Px(τXA < ∞), LS(x,A)

.
= Px(τSA < ∞).

The number of visits to a set A is defined for the PMDP {X(t)} and for the Markov
chain {χn}, respectively, as

ηXA
.
=

∫ ∞
0

1A(X(t))dt, ηSA
.
=

∞∑
n=1

1A(χn).

If F is a probability distribution on R+ (respectively, b is a probability on N
∗), then

the stochastic kernel KX
F (respectively, KS

b ) associated to {X(t)} (respectively, {χn})
is defined on E × B(E) by

(∀x ∈ E) (∀A ∈ B(E)) KX
F (x,A)

.
=

∫ ∞
0

P t(x,A)F (dt),(2.7)

(∀x ∈ E) (∀A ∈ B(E)) KS
b (x,A)

.
=

∞∑
k=0

b(k)Sk(x,A).(2.8)

A set C ∈ B(E) is called a petite set for {X(t)} (respectively, {χn}) if there exist
a probability distribution F on R+ (respectively, a probability b on N

∗) and a non-
trivial measure ν on (E,B(E)) such that (∀A ∈ B(E)) (∀x ∈ C) KX

F (x,A) ≥ ν(A)
(respectively, (∀A ∈ B(E)) (∀x ∈ C) KS

b (x,A) ≥ ν(A)).
A positive measure μ (respectively, π) is called an invariant for the PMDP {X(t)}

(respectively, for the Markov chain {χn}) if it is a σ-finite measure satisfying μ = μP t

for all t ≥ 0 (respectively, π = πS). The PDMP {X(t)} is said to be ergodic if it has
an invariant probability measure μ such that

(∀x ∈ E) lim
t→∞

‖P t(x, .) − μ(.)‖ = 0,

where ‖.‖ denotes the total variation norm.
The following definitions apply for both the continuous-time as well as the discrete-

time processes, and therefore we suppress the superscript X or S. A Markov process
is called ϕ-irreducible (and ϕ is an irreducibility measure) if for some σ-finite measure
ϕ we have that Ex(ηA) > 0 for all x ∈ E whenever ϕ(A) > 0. A set A ∈ B(E) is
said to be full if ϕ(Ac) = 0. An irreducibility measure ψ is called maximal irreducible
if for any other ϕ irreducibility measure we have that ψ � ϕ. A Markov process
is called recurrent if for some σ-finite measure ϕ we have that Ex(ηA) = ∞ for all
x ∈ E whenever ϕ(A) > 0, and is called Harris recurrent if Ex(ηA) = ∞ is replaced
by Px(ηA = ∞) = 1. If the Markov process is Harris recurrent, then there exists a
unique (up to constant multiples) invariant measure. The Markov process is said to
be positive Harris recurrent if it is Harris recurrent and the invariant measure is finite.

3. Preliminary results. In this section we present some preliminary results
that will be very important in characterizing the recurrence and Harris recurrence
structure of the PDMP {X(t)}. First, in Theorem 3.1 the Markov chain {Θn} gener-
ated by the kernel G is shown to be related to the sample path of the PDMP. Since
the proof of Theorem 3.1 is rather long and technical, it is presented in an indepen-
dent section near the end of the paper (see section 7). It is interesting to note that
{Θn} corresponds to a sampling of the continuous-time process {X(t)} at random
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times that depends on a combination of a sequence of independent and identically
distributed exponential times with the sequence {Tk} of jump times of the PDMP
{X(t)}. Moreover it must be pointed out that the Markov kernel G does not corre-
spond to a generalized resolvent, as studied in the fundamental paper of Meyn and
Tweedie [11]. An easy consequence of Theorem 3.1 presented in Corollary 3.2 is that
if the first return time of the Markov chain {Θn} to a set A is finite, then the first
return time of the PDMP {X(t)} to the same set A is finite. Consequently, it will
be easy to deduce from this result that if the Markov chain {Θn} is Harris recurrent,
then so is the process {X(t)}. The last two theorems of this section show that

• the probability of the first return time of {Θn} to a set A to be finite is
bounded below by the probability of the first return time of {Υn} to the
same set A to be finite (see Theorem 3.3);

• the average number of visits of {Θn} to a set A is bounded below by the av-
erage number of visits of the Markov chain {Υn} (generated by the resolvent)
to the same set A (see Theorem 3.4).

Theorem 3.4 will be used in the next section to show that if the process {X(t)} is
recurrent, then so is the Markov chain {Θn}. An important consequence of Theo-
rem 3.3 is that if the process {X(t)} is Harris recurrent, then so is the Markov chain
{Θn}. Theorem 3.3 is surprising and far from trivial to show. The last section of the
paper (see section 8) is devoted to its proof.

We have the following result, which shows how the Markov chain {Θn} could be
generated from the sample path realizations of {X(t)}.

Theorem 3.1. On the probability space (Ω,FX
t ,F , Px) let {sn}n≥0 be a sequence

of independent and identically distributed R+-valued random variables with exponen-
tial distribution with parameter equal to 1 such that ∨t≥0FX

t and σ{sk : k ≥ 0} are
independent. Let the sequence of stopping times

{
τn
}
n∈N

be defined as follows: τ0 = 0
and

τn+1
.
=

n∑
k=0

1{Tk≤τn<Tk+1}

[
(τn + sn+1) ∧ Tk+1

]
.(3.1)

Then {X(τn)} is a Markov chain with transition probability given by G.
The proof of this result is presented in section 7.
Remark 3.1. Roughly speaking the sequence

{
τn
}
n∈N

is defined as

τ1 = 1{T0≤τ0<T1}

[
(τ0 + s1) ∧ T1

]

=

{
s1 if s1 < T1,

T1 otherwise,

τ2 = 1{T0≤τ1<T1}

[
(τ1 + s2) ∧ T1

]
+ 1{T1≤τ1<T2}

[
(τ1 + s2) ∧ T2

]

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
τ1 + s2 if τ1 < T1 (equivalently s1 < T1), and τ1 + s2 < T1,

T1 if τ1 < T1 (equivalently s1 < T1), and τ1 + s2 ≥ T1,

T1 + s2 if τ1 = T1 (equivalently s1 ≥ T1), and T1 + s2 < T2,

T2 otherwise,

and so on.
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Without loss of generality, it can be considered that Θn = X(τn), since {Θn} was
defined in section 2 as a Markov chain generated by G, and, from the previous theo-
rem, that {Θn} and {X(τn)} have the same probability distribution. An important
corollary of the previous theorem is the following inclusion for the first return times
of the Markov chain {Θn} and the process {X(t)}.

Corollary 3.2. For any set A ∈ B(E),{
τGA < ∞

}
⊂
{
τXA < ∞

}
.(3.2)

Proof. This is a straightforward consequence from the fact that we can consider
Θn = X(τn), as shown in Theorem 3.1.

We have the following important theorem establishing a link between the proba-
bility of the first return time to a set for the Markov chains {Θn} and {Υn}.

Theorem 3.3. For every x ∈ E and for A ∈ B(E),

LG(x,A) ≥ LR(x,A).(3.3)

The proof of this result is presented in section 8.
Combining (3.2) and (3.3) we have, for every x ∈ E and A ∈ B(E), the following

important inequalities:

LR(x,A) ≤ LG(x,A) ≤ LX(x,A).

We conclude this section with the following theorem, providing a link between the
average numbers of visits for the Markov chains generated by the kernel G and R.

Theorem 3.4. For every x ∈ E and for A ∈ B(E),

UG(x,A) ≥ UR(x,A).(3.4)

Proof. From Lemma 4.1 in [17], we have Gn = (J+H)n = Jn+
∑n

j=1 J
j−1HGn−j

for any n ∈ N
∗. Consequently, it follows that

UG = UJ +

∞∑
n=1

∞∑
j=1

Jj−1HGn−j1{j≤n}

= UJ + R + RUG,

where the last equality follows from (2.6). Hence, by iteration on n in the previous
equation, we get that for all n ≥ 1,

UG = UJ +

n−1∑
j=1

RjUJ +

n∑
j=1

Rj + RnUG ≥
n∑

j=1

Rj .

Taking the limit as n goes to ∞, we get the result.

4. Characterization of the recurrence and Harris recurrence structures
of the PDMP in terms of the Markov kernel G. The aim of this section is to
characterize the (Harris) recurrence properties between the PMDP {X(t)} and the
Markov chain {Θn} generated by the kernel G. First, it is proved in Proposition 4.1
that {X(t)} is irreducible if and only if {Θn} is irreducible. Then a generalization of
Theorem 3.5 in [8] is presented in Theorem 4.2 giving a one-to-one correspondence
between the invariant (positive and σ-finite) measures for the PDMP {X(t)} and the
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Markov chain {Θn}. Using the preliminary results derived in the previous section, it
is shown in Theorems 4.4 and 4.6 that the PDMP {X(t)} is recurrent (respectively,
Harris recurrent) if and only if the Markov chain {Θn} is recurrent (respectively,
Harris recurrent). One would expect a natural generalization of such equivalence
results for positivity between the processes {X(t)} and {Θn}. In fact, this result
does not hold. Indeed, it is shown in Corollary 4.5 that the positive recurrence of the
process {X(t)} is equivalent to a weaker form of stability for the Markov chain {Θn}.
Namely, {X(t)} is positive recurrent if and only if {Θn} is recurrent and its unique
invariant measure π satisfies the condition given by πH(E) < ∞, which is far less
demanding than positive recurrence for {Θn}. A similar result will be proved for the
positive Harris recurrence of {X(t)} (see Corollary 4.7).

We have the following proposition characterizing the irreducibility of the process{
X(t)

}
and the Markov chain {Θn}.

Proposition 4.1. The PDMP
{
X(t)

}
is irreducible if and only if the Markov

chain {Θn} is irreducible.
Proof. Suppose that the Markov chain {Θn} is ϕ-irreducible. From Proposition

4.2.1 in [12, p. 87], whenever ϕ(A) > 0 for any A ∈ B(E) we have that LG(x,A) > 0
for all x ∈ E. From (3.2) we have that LX(x,A) > 0 for all x ∈ E whenever ϕ(A) > 0
for A ∈ B(E). By using Proposition 2.1 in [13], it follows that the PDMP

{
X(t)

}
is

μ-irreducible with μ = ϕR, where we recall that R is the resolvent defined in (2.5).
Now suppose that {X(t)} is Ψ-irreducible. Then for A ∈ B(E) with Ψ(A) > 0,

we have, for all x ∈ E, Ex

[
ηXA
]
> 0. Since Ex

[
ηXA
]

= UR(x,A) (see, for instance,
[19]), it implies that LR(x,A) > 0. From Theorem 3.3, we get the result.

Recall that by definition an invariant measure is always σ-finite and positive.
The next result shows that there exists a one-to-one correspondence between the set
of invariant measures for the PDMP {X(t)} and the set of invariant measures for
the Markov chain {Θn} generated by G. It extends Theorem 3.5 in [8], which was
restricted to the set of invariant probability measures for the PDMPs.

Theorem 4.2. (i) If μ is an invariant measure for {X(t)}, then μ
∑∞

j=0 J
j is

invariant for {Θn} and μ
∑∞

j=0 J
jH = μ.

(ii) If π is an invariant measure for {Θn}, then πH is invariant for {X(t)} and
πH

∑∞
j=0 J

j = π.
Proof. Let us show (i). Let μ be an invariant measure for {X(t)} and set

π =
∑∞

j=0 μJ
j . Let us show that π is σ-finite. Since μ is σ-finite, there exists

a partition {Ai} of E such that μ(Ai) < ∞. Define Cn =
⋃n

i=1 Ai and Bn,m =
{y ∈ E : H(y, Cn) > 1

m} for m ∈ N
∗. Notice now that for every x ∈ E, we

have that 0 < H(x,E) < 1, and so
⋃

n,m Bn,m = E. From (2.6) we have that

μ = μR =
∑∞

j=0 μJ
jH = πH, so that

∞ > μ(Cn) =

∫
E

H(y, Cn)π(dy) ≥
∫
Bn,m

H(y, Cn)π(dy) ≥ 1

m
π(Bn,m),

showing that π is σ-finite. Finally notice from (2.4) and (2.6) that

πG = πJ + πH =
∞∑
j=1

μJj + μR =

∞∑
j=1

μJj + μ =

∞∑
j=0

μJj = π,

showing that π is invariant for {Θn}. Moreover,

μ
∞∑
j=0

JjH = μR = μ,
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completing the proof of (i).
Let us now show (ii). Let π be an invariant measure for {Θn}. For any n ∈ N

∗,
we have

π

n∑
j=1

JjH + πH = πG

n∑
j=0

JjH = π

n∑
j=1

JjH + πJn+1H + πH

n∑
j=0

JjH.

In order to cancel out the identical term π
∑n

j=1 J
jH on both sides of the previous

equation, one must first check that all the measures under consideration are σ-finite.
Since π = πG = πH + πJ , it can be shown easily by induction that πJjH ≤ π
and so πJjH is σ-finite for all j ∈ N. Consequently, for all j ∈ N

∗, the measures
π
∑n

j=1 J
jH, πH, πJn+1H, and πH

∑n
j=0 J

jH are σ-finite, implying that

πH = πJn+1H + πH

n∑
j=0

JjH.(4.1)

Moreover, it can be shown that Jn(x,A) = Ex

[
e−Tn1A[X(Tn)]

]
for all n ∈ N

∗,
x ∈ E, and A ∈ B(E). By using the dominated convergence theorem and the fact
that limn→∞ Tn = +∞, it follows that for all A ∈ B(E)

lim
n→∞

πJn(A) = 0.(4.2)

Combining (4.1) and (4.2), we have that μ = πH = πH
∑∞

j=0 J
jH = μR, and from

Lemma 1 in [1] it follows that μ is an invariant measure for {X(t)}. Now we have
that

πH

n∑
j=0

Jj + πJn+1 + π

n∑
j=1

Jj = π + π

n∑
j=1

Jj .

It follows that πH
∑n

j=0 J
j + πJn+1 = π by using the same arguments as above.

Equation (4.2) yields that limn→∞ πH
∑n

j=0 J
j = π, showing (ii).

Remark 4.1. A straightforward consequence of Theorem 4.2 is the following
result: There exists a finite invariant measure for {X(t)} if and only if there exists
an invariant measure π for {Θn} satisfying πH(E) < ∞. Note that this result was
already proved in Theorem 3.5 in [8].

The next two results show that if the PDMP is recurrent, then so is the Markov
chain generated by G, and vice versa.

Proposition 4.3. If H ∈ B(E) is recurrent for the process {X(t)}, then H is
recurrent for the Markov chain {Θn}.

Proof. If H ∈ B(E) is recurrent for {X(t)}, then there exists a measure ν on
(H,B(H)) such that for all A ∈ B(H) with ν(A) > 0, Ex

[
ηXA
]

= UR(x,A) = ∞
for every x ∈ H. From Theorem 3.4, it follows that UG(x,A) = ∞, showing the
result.

Theorem 4.4. The PDMP {X(t)} is recurrent if and only if the Markov chain
{Θn} associated to G is recurrent.

Proof. Suppose that {X(t)} is transient and {Θn} is recurrent. Let ϕ be a
maximal irreducibility measure for {Θn}. Then from Proposition 9.0.1 in [12], E =
H ∪T , where T ∈ B(E) is ϕ-null and transient for {Θn}, H ∈ B(E) is nonempty
and absorbing for {Θn}, and every subset of H in B(E)+

.
= {A ∈ B(E) : ϕ(A) > 0}
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is Harris recurrent. On the other hand, since {X(t)} is transient, it follows that
E = ∪∞i=1 Ei with Ex

[
ηXEi

]
≤ Mi < ∞ for every x ∈ E. Define An

.
= ∪n

i=1 Ei ∩H.
Consider k ∈ N

∗ such that ϕ(Ak) > 0. For every x ∈ E, we have

Ex

[
ηXAk

]
≤

k∑
i=1

Ex

[
ηXEi

]
≤ M,

with M
.
=
∑k

i=1 Mi. However, since Ak is a subset of H and belongs to B(E)+, the
set Ak is Harris recurrent for {Θn}. Consequently, by using (3.2), we have that for
every x ∈ Ak, 1 = LG(x,A) ≤ LX(x,A), contradicting the fact that Ex

[
ηXAk

]
≤ M .

Therefore, if {Θn} is recurrent, then {X(t)} is recurrent.
The converse follows from Proposition 4.3, giving the result.
The next corollary emphasizes a split with the previous equivalence results. In-

deed it is shown that the process is positive recurrent if and only if {Θn} satisfies
a weaker condition: recurrence and a technical condition for its unique (σ-finite)
invariant measure.

Corollary 4.5. The PDMP {X(t)} is positive recurrent if and only if the
Markov chain {Θn} associated to G is recurrent with invariant measure π satisfying
πH(E) < ∞.

Proof. The result easily follows from Remark 4.1 and Theorem 4.4.
We prove now that the Harris recurrent properties are equivalent for {X(t)} and

{Θn}.
Theorem 4.6. The PDMP {X(t)} is Harris recurrent if and only if the Markov

chain {Θn} is Harris recurrent.
Proof. Suppose that the Markov chain {Θn} is Harris recurrent. Denote by

ΨG a maximal irreducibility measure for the Markov chain {Θn}. Then for any set
A ∈ B(E) satisfying ΨG(A) > 0 it follows from Corollary 3.2 that 1 = LG(x,A) ≤
LX(x,A) for all x ∈ E. Therefore, {X(t)} is Harris recurrent by using Theorem 1.1
in [11].

Now assume that the PDMP {X(t)} is Harris recurrent. From the equivalence
results in [19], if the PDMP {X(t)} is Harris recurrent, then the Markov chain
{Υn} associated to the resolvent R is Harris recurrent. Moreover, by using Propo-
sition 4.1 {Θn} is irreducible. Let us denote by ΨG (respectively, ΨR) a maximal
irreducible measure for {Θn} (respectively, {Υn}). According to the definition of
Harris recurrence (see [12, p. 200]), we want to show that if ΨG(A) > 0, then
Px

(
∩∞j=1 ∪∞n=j{Θn ∈ A}

)
= 1 for all x ∈ E. From (ii) and (iii) of Proposition 5.5.5

in [12], it follows that there exists an increasing sequence of petite sets
{
Ck

}
k∈N

for

{Θn} such that E = ∪k∈N Ck with ΨG(Ck) > 0 and ΨR(Ck) > 0 for all k ∈ N. Since
{Υn} is Harris recurrent we have for all k ∈ N that LR(x,Ck) = 1 for all x ∈ Ck. From
Theorem 3.3 we have that LG(x,Ck) = 1 for all x ∈ Ck, and from Proposition 9.1.1
in [12], it follows that Ck is Harris recurrent for {Θn}. The remainder of the proof
now follows the same steps as the end of the proof of Theorem 9.1.4 in [12], and it will
be presented for the sake of completeness. From Lemma 5.5.1 in [12], we have that
for all A ∈ B(E) with ΨG(A) > 0 there exists δ > 0 such that infx∈Ck

LG(x,A) > δ.
However, Ck is Harris recurrent for {Θn}, and from Theorem 9.1.3(i) in [12], we have
that for all x ∈ Ck, Px

(
∩∞j=1 ∪∞n=j{Θn ∈ A}

)
= 1. The result follows after recalling

that E = ∪k∈N Ck.
Remark 4.2. In the previous proof note that if A is a set such that ψG(A) > 0,

then it does not necessarily imply that ψR(A) > 0. That is why we needed to proceed
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through the tool of petite sets.
As for the positive recurrence property, the following result points out the split

with the previous theorem by showing that the positive Harris recurrence is equivalent
to a weaker form of stability for the chain {Θn}.

Corollary 4.7. The PDMP {X(t)} is positive Harris recurrent if and only if
the Markov chain {Θn} associated to G is Harris recurrent with invariant measure π
satisfying πH(E) < ∞.

Proof. Combining Remark 4.1 and Theorem 4.6, we obtain the result.
The final result of this section gives a condition for the PDMP to be ergodic. As

shown in [13, Theorem 6.1], if {X(t)} is positive Harris recurrent, then it is ergodic
if and only if some skeleton chain is irreducible. Thus from Corollary 4.7 it remains
only to obtain a tractable and equivalent condition to show that some skeleton chain
is irreducible. Let N be the kernel defined on E × B(E) ⊗ B(R+) by

N(x,A× Γ) =

∫ t∗(x)

0

1Γ(s)λ(Φ(x, s))e−Λ(x,s)Q(Φ(x, s), A)ds

+ 1Γ(t∗(x))e−Λ(x,t∗(x))Q(Φ(x, t∗(x)), A),(4.3)

where A ∈ B(E), Γ ∈ B(R+). Define M : E × B(E) × R+ → R by

M t(x,A)
.
= 1{t<t∗(x)}1A(Φ(x, t))e−Λ(x,t)(4.4)

for A ∈ B(E), t ∈ R+, and x ∈ E. For x ∈ E and k ∈ N, define the measure αk(x, .)
on (E × R+,B(E) ⊗ B(R+)) by

αk(x,B)
.
=

∫
B

N∗k ∗M t(x, dy)γ(dt)

for B ∈ B(E) ⊗ B(R+).
Theorem 4.8. Suppose that the Markov chain {Θn} is positive Harris recur-

rent and denote by ΨG a maximal irreducibility measure for {Θn}. The following
propositions are equivalent:

(i) There exist a set C ∈ B(E) with ΨGH(C) > 0 such that for all x ∈ C there
exists k ∈ N for which the measure αk(x, .) is nonsingular with respect to the
measure ΨGH ⊗ γ.

(ii) The PDMP {X(t)} is ergodic.
Proof. From Lemma (27.3) in [6], it is easy to obtain that for all x ∈ E and for

A ∈ B(E),

P t(x,A) =

∞∑
k=0

N∗k ∗M t(x,A).(4.5)

Consequently, for any B ∈ B(E) ⊗ B(R+), we have

∫
B

P t(x, dy)γ(dt) =

∞∑
k=0

αk(x,B).(4.6)

From Corollary 4.7, the PDMP {X(t)} is positive Harris recurrent. Denote by μ
the invariant probability measure for {X(t)} and by ΨX a maximal irreducibility
measure for {X(t)}. From Proposition 4.1 there exists a positive σ-finite measure



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STABILITY OF PIECEWISE DETERMINISTIC PROCESSES 1065

(labeled π) invariant for G satisfying πH = μ. By hypothesis, we also have that G is
irreducible. From Theorem 10.4.9 in [12] we obtain that μ ∼ ΨX and π ∼ ΨG, and
thus ΨGH ∼ ΨX .

According to Proposition 6.2 of Niemi and Nummelin [16] and by using (4.6), a
skeleton chain is irreducible if and only if there exists a set C satisfying ΨX(C) > 0
and such that for all x ∈ C there exists an integer k for which the measure αk(x, .) is
nonsingular with respect to the measure ΨX ⊗ γ. However, from Theorem 6.1 in [13]
and by using the fact that ΨGH ∼ ΨX , we have that the PDMP {X(t)} is ergodic if
and only if item (i) is satisfied, showing the result.

5. Sufficient conditions for stability and ergodicity of PDMPs. Based on
the results derived in the previous section we now present some sufficient conditions
for the existence of an invariant probability measure, positive Harris recurrence, and
ergodicity for the PDMP {X(t)}. These various stability conditions are inspired by
the results obtained in [12, 15] and are based on modified Foster–Lyapunov criteria
through the Markov kernel G. As mentioned before, this will lead to tractable criteria
since the kernel G can be explicitly characterized in terms of the three local character-
istics of the PDMP. It must be pointed out that the results derived in [12, 15] are not
directly applicable to our case mainly because we need to obtain a criterion ensuring
the existence of σ-finite invariant measure for G satisfying πH(E) < ∞.

We present next a Foster–Lyapunov criterion, based on the stochastic kernel G,
for obtaining an invariant probability measure μ for the PDMP {X(t)} satisfying∫
E
f(x)μ(dx) < ∞, for any measurable function f ≥ 1. This result generalizes Corol-

lary 4.5 in [8] by relaxing the hypotheses on the Lyapunov function V and the test
set D, and allowing us to consider the measurable function f ≥ 1.

Proposition 5.1. Let f : E → [1,∞) be a measurable function. Suppose that
the Markov kernel G is recurrent and that the following Foster–Lyapunov criterion is
satisfied:

(∀x ∈ E) GV (x) ≤ V (x) −Hf(x) + bID(x),(5.1)

where D is a petite set for the Markov chain associated to G, and V : E → [0,∞]
is a measurable function (with V (x0) < +∞ for at least one x0 ∈ E). Then there
exists a unique invariant probability measure μ for the PDMP {X(t)} and moreover∫
E
f(x)μ(dx) < ∞.
Proof. Let ΨG be a maximal irreducibility measure for G. From Proposition 5.5.5

in [12], there exists a sequence of petite sets, say
{
Cn

}
, such that Cn ↑ E. Define

Bn = Cn ∩{x ∈ E : V (x) ≤ n}. Notice that the set A = {x ∈ E : V (x) < +∞} is
absorbing (indeed, from (5.1), if x ∈ A, then GV (x) < ∞ and thus G(x,A) = 1), and
thus from Proposition 4.2.3 in [12], it is full. It follows that there exists k ∈ N such
that ΨG(Bk) > 0. Clearly, Bk is a petite set for G, and V is bounded in Bk. Now

applying Theorem 14.2.3 in [12] we obtain that supx∈Bk
Ex

[∑τBk
−1

j=0 Hf(Θj)
]
< +∞.

By using the same arguments as in Theorem 4.4 of [8], it follows that there exists
a unique invariant measure π of G which, moreover, satisfies

∫
E
f(x)πH(dx) < ∞.

Consequently, it follows from Theorem 4.2 and Remark 4.1 that the measure μ defined
by πH is finite, invariant for the PDMP, and satisfies

∫
E
f(x)μ(dx) < ∞. We get the

uniqueness by using Proposition 4.1 since G is irreducible, showing the result.
Next we present a theorem that requires only ϕ-irreducibility of the Markov kernel

G, replacing the recurrence condition by another Lyapunov criterion. Moreover this
result shows that the PDMP {X(t)} is positive Harris recurrent.
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Theorem 5.2. Let f : E → [1,∞) be a measurable function. Suppose that the
Markov kernel G is irreducible and satisfies the following Lyapunov criterion:

(∀x ∈ Cc) GW (x) ≤ W (x),(5.2)

(∀x ∈ E) GV (x) ≤ V (x) −Hf(x) + bID(x),(5.3)

where C and D are petite sets for the Markov chain associated to G, V : E →
[0,∞] is a measurable function (with V (x0) < +∞ for at least one x0 ∈ E), and W
is a function unbounded off petite sets. Then the PDMP {X(t)} is positive Harris
recurrent and its unique invariant probability measure μ satisfies

∫
E
f(x)μ(dx) < ∞.

Proof. From Theorem 9.1.8 in [12], inequality (5.2) implies that G is Harris
recurrent, showing that the PDMP is Harris recurrent from Theorem 4.6. From
Proposition 5.1 we get the result.

Next we present a state-dependent criterion based on Theorem 2.2 of [15]. For
this consider a random variable ςx on N

∗ for each x ∈ E, independent of {Θk}, and
with distribution ax(k), k ∈ N

∗. Recall that KG
ax

(x,A) =
∑∞

k=1 ax(k)Gk(x,A) for
any A ∈ B(E). Suppose that

∑
i>k ax(i) ≤ Bxax(k). We have the following theorem.

Theorem 5.3. Let f : E → [1,∞) be a measurable function. Suppose that the
Markov kernel G is ϕ-irreducible and satisfies the following Lyapunov criterion:

(∀x ∈ Cc) KG
ax
W (x) ≤ W (x),(5.4)

(∀x ∈ E) KG
ax
V (x) ≤ V (x) −Hf(x) + bID(x),(5.5)

where C and D are petite sets for the Markov chain associated to G, V : E → [0,∞]
is a measurable function bounded on D, and W is a nonnegative function unbounded
off petite sets. Then the PDMP {X(t)} is positive Harris recurrent and its unique
invariant probability measure μ satisfies

∫
E
f(x)μ(dx) < ∞.

Proof. From Theorem 2.2(i) in [15], inequality (5.4) implies that G is Harris
recurrent. From (5.5) and the proof of Theorem 2.2(i) in [15, p. 158], we have
that for some nonnegative function W (x), with W (x) < ∞ for all x ∈ E, that
GW (x) ≤ W (x) − Hf(x) + bID(x) for all x ∈ E. From Theorem 5.2 we get the
desired result.

Finally we present a sufficient tractable condition for the PDMP to be ergodic.
Theorem 5.4. Suppose that the hypotheses of Theorem 5.2 and item (i) of The-

orem 4.8 are satisfied. Then the PDMP
{
X(t)

}
is ergodic.

Proof. The result follows by combining Theorems 4.8 and 5.2.
Remark 5.1. The results have been developed considering the stochastic kernel

G defined on the measurable state space (E,B(E)). It may be convenient in some
applications to consider the extended state space E ∪ Γ+ instead of E, with the
stochastic kernel G extended to include the points in Γ+. Let us define the kernel G
on (E ∪Γ+,B(E ∪Γ+)) (corresponding to an extension of G) by (∀x ∈ E ∪Γ+) (∀A ∈
B(E ∪ Γ+))

G(x,A)
.
= 1E(x)G(x,A ∩ E) + 1Γ+(x)Q(x,A ∩ E).

It is easy to see that G is a stochastic kernel on (E ∪ Γ+,B(E ∪ Γ+)). Moreover, it
can be easily shown that G has the following important properties:

(a) ϕ is an irreducibility measure for G if and only if ϕ is an irreducibility measure
for G.

(b) π is an invariant measure for G if and only if π is an invariant measure for G.
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(c) G is Harris recurrent if and only if G is Harris recurrent.
Consequently, the result presented in Theorem 5.4 remains valid if the Markov kernel
G is replaced by the Markov kernel G.

6. Example. This example is based on the capacity expansion model, analyzed
in [7], [6, Example (34.45)], and [3, section 7]. The existence of an invariant probability
measure for a generalized version of this model was studied in [8]. In the present work
this example is revisited and the result of [8] is strengthened: Proposition 6.1 gives
sufficient conditions to ensure that this general capacity expansion model is ergodic.

Capacity expansions are general processes of adding facilities to meet a rising
demand. The demand for some utility is modeled as a random point process; i.e., it
increases by one unit at random times. This demand is met by consecutive construc-
tion of expansion projects. Each project meets Ki units of demand when completed,
where i corresponds the present level of excess demand. We assume that if there is an
excess demand of at least p units, then the construction of a new project is started at
a rate ri per unit of time and is completed after a lead time of Li units of time. If the
excess demand is less than p, then no construction takes place. New demand occurs
with rate λi(u), where u is the time spent by the current project. This problem can
be modeled as a PDMP {xt} with state space

E
.
= {{p−Kp, . . . , p− 1} × {0}} ∪

∞⋃
n=p

{n, [0,Ln[} ,(6.1)

where p ∈ N and
(
Ki

)
i≥p is a sequence of integers, and

(
Li

)
i≥p is an increasing

sequence of strictly positive real numbers. Np denotes the set of integers greater than
or equal to p. The local characteristics are given by

λ((i, u))
.
= λi(u),(6.2)

Φ((i, u), t) =

{
(i, 0) for i ∈ {p−Kp, . . . , p− 1},
(i, u + rit) for i ≥ p,

(6.3)

Q((i, u), {(i + 1, u)}) = 1 and Q((i,Li), {(i−Ki, 0)}) = 1.(6.4)

Consequently, we have Γ+ = {(n,Ln) : n ≥ p}. Let us introduce the following as-
sumptions:

(H1) There exists r > 0 such that for all i, ri ≥ r.
(H2) For i ≥ p, i−Ki ≥ p−Kp > 0 and limi→∞ i−Ki = ∞.

(H3) There exists an integer k0 such that for all i ≥ k0,
Ki

Li
≤ Ki+1

Li+1
.

(H4) For i ≥ p, λi(u) is a continuous real-valued function on [0,Li].
(H5) For i ∈ {p−Kp, . . . , p− 1}, λi > 0.
(H6) lim supi→∞

Li

Kiri
maxu∈[0,Li] λi(u) < 1 .

We have the following result.
Proposition 6.1. If (H1)–(H6) hold, then the PDMP {X(t)} is ergodic.
Proof. Following the proof of Proposition 5.1 in [8], we have that the Markov

kernel G defined on (E ∪Γ+,B(E ∪Γ+)) is weak Feller and for the real-valued function
defined on E ∪ Γ+ by

V ((i, u)) = i− Ki

Li
u,

there exist (ε, b) ∈ R
2
+ and an integer k0 such that

GV (i, u) − V (i, u) ≤ −εH((i, u), E) + b1Ck0
((i, u)),
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where Ck0

.
= {{p−Kp, . . . , p− 1} × {0}} ∪

⋃k0

n=p {n, [0,Ln]}.
Using the hypotheses, it can be shown that δ{(p−1,0)} is an irreducibility measure

for {X(t)}. The support of δ{(p−1,0)} clearly has a nonempty interior. It follows
from item (ii) of Theorem 3.4 in [13] that all compact subsets of E ∪ Γ+ are petite
sets. Therefore, Ck0 is a petite set and the function V is unbounded off petite sets.
Consequently, the hypotheses of Theorem 5.2 are satisfied.

Now let us show that item (i) of Theorem 4.8 is satisfied for the Markov kernel
G. Define C

.
= {(p− 1, 0)}. Clearly, δ{(p−1,0)}(C) > 0 and

(∀x ∈ C) (∀A ∈ B(E) ⊗ B(R+)) α0(x,A) =

∫
A

δ{(p−1,0)}(dy)e
−λp−1(0)sγ(ds),

since t∗((p− 1, 0)) = +∞ and Φ((p− 1, 0), s) = (p− 1, 0). Using assumption (H5), we
obtain that

(∀x ∈ C) α0(x, .) ∼ δ{(p−1,0)} ⊗ γ(.).(6.5)

Consequently, for all x ∈ C, α0(x, .) is nonsingular with respect to the measure

δ{(p−1,0)} ⊗ γ. However, if ΨG denotes an irreducibility measure for G, then ΨGH

is a maximal irreducibility for {X(t)} and so δ{(p−1,0)} � ΨGH. Consequently, item

(i) of Theorem 4.8 is satisfied for the Markov kernel G. Combining Remark 5.1 and
Theorem 5.4, we obtain the result.

7. Proof of Theorem 3.1. In this section we present the proof of Theorem 3.1.
First, Lemma 7.1 gives another expression for the Markov kernel G. The following
results (see Lemmas 7.2 and 7.4 and Proposition 7.3) will give some relations between
the sequence of stopping times {τn} and the jump times of the PDMP {Tn} that will
be used in what follows. The filtration generated by the PDMP stopped at times
{τn} and at times {Tn} are studied in Lemma 7.5. Finally, the proof of Theorem 3.1
follows by combining Proposition 7.6 and the previous results.

Lemma 7.1. Assume that ∨t≥0Fx
t and σ{sk : k ≥ 0} are independent. Then

G(x,A) = Ex

[
1A

[
X(T1 ∧ s0)

]]
.

Proof. From the definition of G it follows by a straightforward calculation that
G(x,A) =

∫ +∞
0

Ex

[
1A

[
X(T1 ∧ t)

]]
e−tdt, showing the result.

Lemma 7.2. For any x ∈ E and for all n ∈ N, we have

Px

(
τn ≤ Tn

)
= 1,(7.1)

Px

(
τn < τn+1

)
= 1,(7.2)

Px

⎛
⎝ ∞∑

j=n

1{τj=Tn} = 1

⎞
⎠ = 1.(7.3)

For all n ∈ N
∗, k < n, j ∈ {k, k + 1, . . . , n− 1}, and x ∈ E,

τn = Tk +

n∑
i=j+1

si,(7.4)

Px-a.s. on
{
Tk ≤ τn < Tk+1

}
∩
{
τj = Tk

}
.
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Proof. These results can be shown easily by induction on the definition of τn.
The proof is therefore omitted.

Proposition 7.3. For all n ∈ N∗, k < n,

τn 1{Tk≤τn<Tk+1} =

n−1∑
j=k

1{τj=Tk}

⎡
⎣Tk +

n∑
i=j+1

si

⎤
⎦1{Tk≤τn<Tk+1} + 1{Tk=τn}Tk.(7.5)

Proof. From (7.3), we have

τn 1{Tk≤τn<Tk+1} = τn 1{Tk≤τn<Tk+1}

⎡
⎣ n∑
j=k

1{τj=Tk} +

∞∑
j=n+1

1{τj=Tk}

⎤
⎦ ,(7.6)

and from (7.2), we get
{
Tk ≤ τn < Tk+1

}
∩
{
τj = Tk

}
= ∅ for j ≥ n+1. Consequently,

the last term in (7.6) cancels out, and, by using (7.4), the result follows.
It is important to point out that in the next lemma the function Hk,p(τp−1, T1, . . . ,

Tk, s1, . . . , sp) does not depend on Tk+1.
Lemma 7.4. For all (k, p, n) ∈ N

3
∗ such that p ≤ n and k < n, there exists a

measurable function Hk,p such that

τp 1{Tk≤τn<Tk+1} = Hk,p(T1, . . . , Tk, s1, . . . , sp) 1{Tk≤τn<Tk+1}.

Proof. For p ≤ n and k < n and from the definition of τp, we have

τp 1{Tk≤τn<Tk+1} =

p−1∑
j=0

1{Tj≤τp−1<Tj+1}

[
(τp−1 + sp) ∧ Tj+1

]
1{Tk≤τn<Tk+1}.(7.7)

However, if k < p − 1, then
{
Tj ≤ τp−1 < Tj+1

}
∩
{
Tk ≤ τn < Tk+1

}
= ∅ for

j ∈ {k + 1, . . . , p− 1} by using (7.2). Consequently, it follows from (7.7) that

τp 1{Tk≤τn<Tk+1} =

k∧(p−1)∑
j=0

1{Tj≤τp−1<Tj+1}

[
(τp−1 + sp) ∧ Tj+1

]
1{Tk≤τn<Tk+1}

=

(k−1)∧(p−2)∑
j=0

1{Tj≤τp−1<Tj+1}

[
(τp−1 + sp) ∧ Tj+1

]
1{Tk≤τn<Tk+1}

+ 1{p−1<k}1{Tp−1≤τp−1<Tp}

[
(τp−1 + sp) ∧ Tp

]
1{Tk≤τn<Tk+1}

+ 1{p−1≥k}1{Tk≤τp−1<Tk+1}

[
(τp−1 + sp) ∧ Tk+1

]
1{Tk≤τn<Tk+1}.(7.8)

However, by using (7.1) we have
{
Tp−1 ≤ τp−1 < Tp

}
=
{
Tp−1 = τp−1

}
, and

{
Tk ≤

τp−1 < Tk+1

}
∩
{
Tk ≤ τn < Tk+1

}
=
{
Tk ≤ τp−1

}
∩
{
Tk ≤ τn < Tk+1

}
. On the set{

Tk ≤ τp−1 < Tk+1

}
∩
{
Tk ≤ τn < Tk+1

}
, we get (τp−1 + sp) ∧ Tk+1 = τp−1 + sp.

Taking these remarks into consideration, (7.8) becomes

τp 1{Tk≤τn<Tk+1} =

{
(k−1)∧(p−2)∑

j=0

1{Tj≤τp−1<Tj+1}

[
(τp−1 + sp) ∧ Tj+1

]

+ 1{p−1<k}1{Tp−1=τp−1}

[
(τp−1 + sp) ∧ Tp

]

+ 1{p−1≥k}1{Tk≤τp−1}(τp−1 + sp)

}
1{Tk≤τn<Tk+1}.
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Consequently, there exists a measurable function Hp,k such that

τp 1{Tk≤τn<Tk+1} = Hk,p(τp−1, T1, . . . , Tk, s1, . . . , sp) 1{Tk≤τn<Tk+1}.

Now repeating the same arguments for τp−11{Tk≤τn<Tk+1}, the result follows by in-
duction.

Lemma 7.5. Define Gn = σ{X(t∧ τn) : t ∈ R+}∨σ{τj : j ≤ n}, and Sn = σ{sj :
j ≤ n}. For n ∈ N∗ and k < n, we have that

[
Gn ∩ {Tk ≤ τn < Tk+1}

]
⊂
[(

Sn ∨ σ
{
X(t ∧ Tk) : t ∈ R+

})
∩ {Tk ≤ τn < Tk+1}

]
.

Proof. For all t ∈ R+, it follows from Lemma 7.4 that for all p ≤ n,

{τp ≤ t} ∩ {Tk ≤ τn < Tk+1} ∈
(
Sn ∨ σ

{
X(t ∧ Tk) : t ∈ R+

})
∩ {Tk ≤ τn < Tk+1}.

Now, from Proposition 7.3, we have on the set
{
t ≥ Tk

}
∩
{
Tk ≤ τn < Tk+1

}

X(t ∧ τn) =

n−1∑
j=k

1{τj=Tk}Φ

⎛
⎝X(Tk), (t− Tk) ∧

n∑
i=j+1

si

⎞
⎠+ 1{τn=Tk}Φ(X(Tk), 0).

Therefore, for any B ∈ B(R) and for all t ∈ R+, we have

{X(t ∧ τn) ∈ B} ∩ {Tk ≤ τn < Tk+1} =

([
{t < Tk} ∩ {X(t ∧ Tk) ∈ B}

]

∪

⎡
⎣n−1⋃

j=k

⎡
⎣{τj = Tk} ∩

⎧⎨
⎩Φ

⎛
⎝X(Tk), (t− Tk) ∧

n∑
i=j+1

si

⎞
⎠∈ B

⎫⎬
⎭ ∩ {Tk ≤ t}

⎤
⎦
⎤
⎦

∪
[
{τn = Tk} ∩

{
X(Tk) ∈ B

}
∩ {Tk ≤ t}

])
∩ {Tk ≤ τn < Tk+1}.

Using again Lemma 7.4, it follows that

{X(t∧τn) ∈ B}∩{Tk ≤ τn < Tk+1} ∈
(
Sn∨σ

{
X(t∧Tk) : t ≥ 0

})
∩{Tk ≤ τn < Tk+1},

showing the result.
Proposition 7.6. Assume that ∨t≥0Fx

t and σ{sk : k ≥ 0} are independent. For
n ∈ N∗ and k ≤ n, we have that

Ex

[
1{t+τn<Tk+1}|Gn

]
1{Tk≤τn<Tk+1} = F (t,Θn) 1{Tk≤τn<Tk+1},

where F (t, x) = 1{t<t∗(x)}e
−
∫ t
0
λ(Φ(x,s))ds.

Proof. Denote Sk+1 = Tk+1−Tk. Consider first the case where n ∈ N∗ and k = n.
From (7.1) and by Theorem 25.5 in [6] and its proof, it follows that

Ex

[
1{t+τn<Tk+1}|Gn

]
1{Tk≤τk<Tk+1} = F (t,X(τk)) 1{Tk≤τk<Tk+1}.
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Now consider the case where n ∈ N∗ and k < n. From Proposition 7.3, we have

Ex

[
1{t+τn<Tk+1}|Gn

]
1{Tk≤τn<Tk+1} =

[
n−1∑
j=k

Ex

[
1{τj=Tk}1{Sk+1>

∑n
i=j+1 si+t}|Gn

]

+ Ex

[
1{τn=Tk}1{Sk+1>t}|Gn

]]
1{Tk≤τn<Tk+1}.(7.9)

From Lemma 7.5, we obtain that for any A ∈ Gn, there exists B ∈ Sn ∨σ
{
X(t∧Tk) :

t ∈ R+

}
such that

A ∩ {Tk ≤ τn < Tk+1} = B ∩ {Tk ≤ τn < Tk+1}.

By denoting Hk = σ{sj : j ≥ 0} ∨ σ
{
X(t ∧ Tk) : t ∈ R+

}
, we have for j ≤ n− 1∫

A

1{Sk+1>
∑n

i=j+1 si+t}1{Tk≤τn<Tk+1}1{τj=Tk}dP

=

∫
B

1{τj=Tk}Ex

[
1{Sk+1>

∑n
i=j+1 si+t}|Hk

]
dP.

However, since ∨t≥0FX
t and σ{sk : k ≥ 0} are independent, we have that

Ex

[
1{Sk+1>

∑n
i=j+1 si+t}|Hn,k

]
= F

⎛
⎝ n∑

i=j+1

si + t,X(Tk)

⎞
⎠ .

Therefore, by using the semigroup property of Φ, we obtain∫
A

1{Sk+1>
∑n

i=j+1 si+t}1{Tk≤τn<Tk+1}1{τj=Tk}dP

=

∫
A

1{Tk≤τn<Tk+1}1{τj=Tk}F (t,X(τn))dP.

Consequently, it follows that for j ≤ n− 1

Ex

[
1{Sk+1>

∑n
i=j+1 si+t}|Gn

]
= F (t,X(τn))(7.10)

on the set {τj = Tk}∩{Tk ≤ τn < Tk+1}. Similarly, we have that

1{τn=Tk}Ex

[
1{Sk+1>t}|Gn

]
= 1{τn=Tk}F (t,X(τn)).(7.11)

Combining (7.9), (7.10), and (7.11), we have that

Ex

[
1{t+τn<Tk+1}|Gn

]
1{Tk≤τn<Tk+1} = 1{Tk≤τn<Tk+1}F (t,X(τn))

n∑
j=k

1{τj=Tk},

showing the result.
Using the previous results, we now present the proof of Theorem 3.1.
Proof. Consider n ∈ N∗ and denote σ{X(τk) : k ≤ n} by FΘ

n . From the definition
of τn (see (3.1)), we have

Ex

[
1A(Θn+1)|FΘ

n

]
= Ex

[
n∑

k=0

1{Tk≤τn<Tk+1}1A[X((τn + sn+1) ∧ Tk+1)]|FΘ
n

]
.
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However, by using the facts that ∨t≥0FX
t and σ{sk : k ≥ 0} are independent and that

{sn}n≥0 is a sequence of independent and identically distributed R+-valued random
variables with exponential distribution, we obtain

Ex

[
1A(Θn+1)|FΘ

n

]
=

∫ +∞

0

Ex

[
n∑

k=0

1{Tk≤τn<Tk+1}1A[X((τn + t) ∧ Tk+1)]|FΘ
n

]
e−tdt

=

∫ +∞

0

Ex

[
n∑

k=0

1{Tk≤τn<Tk+1}Ex

[
1A[X((τn + t) ∧ Tk+1)]|Gn

]
|FΘ

n

]
e−tdt,(7.12)

where for the last equality we have used
{
Tk ≤ τn < Tk+1

}
∈ Gn and FΘ

n ⊂ Gn. For
k ≤ n, by using Proposition 7.6 we have that on the set {Tk ≤ τn < Tk+1}

Ex

[
1A[X((τn + t) ∧ Tk+1)]|Gn

]
= EX(τn)

[
1A[X(T1 ∧ t)]

]
.(7.13)

Combining (7.12) and (7.13), it follows that

Ex

[
1A(Θn+1)|FΘ

n

]
=

∫ +∞

0

Ex

[
n∑

k=0

1{Tk≤τn<Tk+1}EX(τn)

[
1A[X(T1 ∧ t)]

]
|FΘ

n

]
e−tdt

=

∫ +∞

0

EX(τn)

[
1A[X(T1 ∧ t)]

]
Ex

[
n∑

k=0

1{Tk≤τn<Tk+1}|FΘ
n

]
e−tdt

= G(X(τn), A),

showing the result.

8. Proof of Theorem 3.3. In this section we present the proof of Theorem
3.3. Propositions 8.1 and 8.2 show how we can represent LR as an infinite sum of
substochastic kernels. Proposition 8.3 presents iterative equations for LR and LG,
which, combined with the previous propositions and some limit convergence proved
in Proposition 8.4, yield the proof of Theorem 3.3.

Proposition 8.1. Let f be an R+-valued measurable function defined on E. For
B ∈ B(E) and n ∈ N,

(HIB)n+1f(x) = Ex

[∫ T1

0

vn,B(x, s)e−sf(X(s))1B(X(s))ds

]
,(8.1)

(HIB)nJf(x) = Ex

[
vn,B(x, T1)e

−T1f(X(T1))
]
,(8.2)

where

(8.3) vn,B(x, s) =
1

n!

[∫ s

0

1B

(
Φ(x, u)

)
du

]n
.

Proof. Notice that for s ≥ t we have that

vn,B(Φ(x, t), s− t) =
1

n!

[∫ s−t

0

1B

(
Φ(x, u + t)

)
du

]n
=

1

n!

[∫ s

t

1B

(
Φ(x, u)

)
du

]n

and thus

(8.4)
dvn,B(Φ(x, t), s− t)

dt
= −vn−1,B(Φ(x, t), s− t)1B(Φ(x, t)).
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Let us first show (8.1) by induction on n. For n = 1 the result follows from the fact
that

H(x,A) = Ex

[ ∫ T1

0

e−s1A(X(s))ds

]
.(8.5)

Suppose it holds for n. Note that for any R+-valued measurable function h defined
on R, we have

Ex

[∫ T1

0

h(s)ds

]
=

∫ t∗(x)

0

h(s)e−Λ(x,s)ds.(8.6)

Combining (8.5) and (8.6), we have

(HIB)n+1f(x) = HIB(HIB)nf(x)

=

∫ t∗(x)

0

1B(Φ(x, s))(HIB)nf(Φ(x, s))e−{s+Λ(x,s)}ds.(8.7)

However, from the induction hypothesis and (8.6), we have

(HIB)nf(x) =

∫ t∗(x)

0

vn−1,B(x, u)1B(Φ(x, u))f(Φ(x, u))e−{u+Λ(x,u)}du.

Using the semigroup property of Φ, it follows that

(HIB)nf(Φ(x, s)) = e{s+Λ(x,s)}
∫ t∗(x)

s

vn−1,B(Φ(x, s), u− s)1B(Φ(x, u))

× f(Φ(x, u))e−{u+Λ(x,u)}du.(8.8)

Combining (8.7) and (8.8), we obtain that

(HIB)n+1f(x) =

∫ t∗(x)

0

1B(Φ(x, u))f(Φ(x, u))e−{u+Λ(x,u)}

×
∫ t∗(x)

0

vn−1,B(Φ(x, s), u− s)1B(Φ(x, s))1[0,u](s) ds du.

Now from (8.4), we have∫ u

0

vn−1,B(Φ(x, s), u− s)1B(Φ(x, s))ds = vn,B(x, u),

and so

(HIB)n+1f(x) =

∫ t∗(x)

0

vn,B(x, u)1B(Φ(x, u))f(Φ(x, u))e−{u+Λ(x,u)}du.

Finally, using (8.6), we obtain

(HIB)n+1f(x) = Ex

[∫ T1

0

vn,B(x, s)e−sf(X(s))1B(X(s))ds

]
,

showing the first part of the result.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1074 O. L. V. COSTA AND F. DUFOUR

The second part of the result can be obtained by using the same arguments and
the fact that

Ex

[
g(T1)f(X(T1))

]
=

∫ t∗(x)

0

λ(Φ(x, s))e−Λ(x,s)g(s)Qf(Φ(x, s))ds

+ e−Λ(x,t∗(x))g(t∗(x))Qf(Φ(x, t∗(x)))

for any R+-valued measurable function f (respectively, g) defined on R (respectively,
E). Indeed, for n = 0 the result follows from the fact that

J(x,A) = Ex

[
e−T11A(X(T1))

]
.

Now, suppose it holds for n. Then

(HIB)n+1Jf(x) =

∫ t∗(x)

0

1B(Φ(x, s))(HIB)nJf(Φ(x, s))e−{s+Λ(x,s)}ds

and

(HIB)nJf(Φ(x, t)) =

[
e−Λ(x,t∗(x))Qf(Φ(x, t∗(x)))vn,B(Φ(x, t), t∗(x) − t)

+

∫ t∗(x)

t

λ(Φ(x, s))e−Λ(x,s)Qf(Φ(x, s))vn,B(Φ(x, t), s− t)ds

]
e{t+Λ(x,t)}.

Combining the two previous equations and (8.4) gives

(HIB)n+1Jf(x) =

∫ t∗(x)

0

λ(Φ(x, s))e−{s+Λ(x,s)}Qf(Φ(x, s))vn+1,B(x, s)ds

+ e−{t∗(x)+Λ(x,t∗(x))}Qf(Φ(x, t∗(x)))vn+1,B(x, t∗(x)).

From (8.9) we have (HIB)n+1Jf(x) = Ex[vn,B(x, T1)e
−T1f(X(T1))], completing the

proof.
Proposition 8.2. For any A ∈ B(E) define the kernel HA on (E,B(E)) as

HA =

∞∑
n=0

(HIAc)n.

Then

(8.9) LR(x,A) =

∞∑
n=0

(
HAJ

)n
HAH1A(x).

Proof. From Proposition 8.1 we have that for any R+-valued measurable function
g defined on E

HAg(x) = g(x) + Ex

[∫ T1

0

∞∑
n=0

vn,Ac(x, s)e−sg(X(s))1Ac(X(s))ds

]

= g(x) + Ex

[∫ T1

0

e−s+
∫ s
0

1Ac (Φ(x,u))dug(Φ(x, s))1Ac(Φ(x, s))ds

]

= g(x) +

∫ t∗(x)

0

e−
∫ s
0

1A(Φ(x,u))dug(Φ(x, s))1Ac(Φ(x, s))e−Λ(x,s)ds.
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However, H1A(Φ(x, s)) =
∫ t∗(x)

t
1A(Φ(x, s))e−[s+Λ(x,s)]ds et+Λ(x,t). Consequently,

HAH1A(x) =

∫ t∗(x)

0

1A(Φ(x, s))e−[s+Λ(x,s)]

∫ s

0

et−
∫ t
0
1A(Φ(x,u))du1Ac(Φ(x, t))dtds

+ H1A(x)

=

∫ t∗(x)

0

1A(Φ(x, s))e−[s+Λ(x,s)]
[
e−

∫ s
0

1Ac (Φ(x,u))du − 1
]
ds + H1A(x)

=

∫ t∗(x)

0

1A(Φ(x, s))e−Λ(x,s)e−
∫ s
0

1A(Φ(x,u))duds

= Ex

[∫ T1

0

e−
∫ t
0
1A(X(u))du1A(X(t))dt

]
.(8.10)

Using Proposition 8.1, we have that for any R+-valued measurable function f defined
on E

HAJf(x) = Ex

[ ∞∑
n=0

vn,Ac(x, T1)e
−T1f(X(T1))

]

= Ex

[
e−T1+

∫ T1
0 1Ac (Φ(x,u))duf(X(T1))

]

= Ex

[
e−

∫ T1
0 1A(Φ(x,u))duf(X(T1))

]
.(8.11)

From (8.10), (8.11), and the Markov property of the process {X(t)}, we get by induc-
tion

(8.12)
(
HAJ

)n
HAH1A(x) = Ex

[∫ Tn+1

Tn

e−
∫ t
0
1A(X(u))du1A(X(t))dt

]
.

Taking the sum over n in (8.12) and recalling that a.s. Tn → ∞ as n → ∞, it follows
that

∞∑
n=0

(
HAJ

)n
HAH1A(x) = Ex

[∫ ∞
0

e−
∫ t
0
1A(X(u))du1A(X(t))dt

]

= 1 − Ex

[
e−

∫∞
0

1A(X(u))du
]

= 1 − Ex

[
e−η

X
A

]
= LR(x,A),

where the last equality follows from, for instance, Theorem 2.3(ii) of [11].
Proposition 8.3. We have that

LR(x,A) = HAH(x,A) + HAJL
R(x,A),(8.13)

LG(x,A) = HAG(x,A) + HAJIAcLG(x,A).(8.14)

Proof. Note that LR(x,A)=
∑∞

n=1(RIAc)(n−1)R(x,A). Since R=
∑∞

j=0 J
jH we

have that R = H+JR. Therefore, from [17, Lemma 4.1], it follows that for any n ∈ N
∗

(RIAc)n = (HIAc + JRIAc)n

= (HIAc)n +

n∑
j=1

(HIAc)j−1J(RIAc)(RIAc)n−j

= (HIAc)n +

n∑
j=1

(HIAc)j−1J(RIAc)n+1−j .
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Taking the sum over n and using the fact that R = H + JR, we get that

LR(x,A) =

∞∑
n=0

(
HIAc

)n
R(x,A) +

∞∑
n=1

∞∑
j=1

(
HIAc

)j−1
J
(
RIAc

)n+1−j
R(x,A)I{j≤n}

= HAR(x,A) +

∞∑
j=1

(
HIAc

)j−1
J

∞∑
n=j

(
RIAc

)n+1−j
R(x,A)

= HAH(x,A) + HAJR(x,A) + HAJ

∞∑
n=1

(
RIAc

)n
R(x,A),

giving (8.13). Similarly for G, we have LG(x,A) =
∑∞

n=1(GIAc)(n−1)G(x,A) and so

LG(x,A) =

∞∑
n=0

(
HIAc

)n
G(x,A) +

∞∑
n=1

∞∑
j=1

(
HIAc

)j−1
JIAc

(
GIAc

)n−j
G(x,A)I{j≤n}

= HAG(x,A) +

∞∑
j=1

(HIAc)j−1JIAc

∞∑
n=j

(GIAc)
n−j

GIA(x),

showing the last part of the result.
Proposition 8.4. For every x ∈ E and for A ∈ B(E), we have that

lim
n→∞

(
HAJ

)n
LR(x,A) = 0

and the limit

lim
n→∞

(
HAJIAc

)n
LG(x,A)

exists.
Proof. From (8.13) we have that for every x ∈ E and all n ∈ N

∗,

(8.15)

n∑
k=0

(
HAJ

)k
HAH1A(x) +

(
HAJ

)n+1
GR(x,A) = LR(x,A).

Taking the limit as n → ∞ in (8.15), the first part of the result follows from (8.9).
Similarly, from (8.14) we have that every x ∈ E and all n ∈ N

∗

(8.16)

n∑
k=0

(
HAJIAc

)k
HAG1A(x) +

(
HAJIAc

)n+1
LG(x,A) = LG(x,A).

Since
∑n

k=0

(
HAJIAc

)k
HAG1A(x) ≥ 0, and

(
HAJIAc

)n+1
LG(x,A) ≥ 0 for all x ∈ E

and all n ∈ N
∗, it follows that limn→∞

∑n
k=0

(
HAJIAc

)k
HAG1A(x) exists in R+,

implying the existence of limn→∞
(
HAJIAc

)n
LG(x,A), completing the proof.

Using the previous results, we now present the proof of Theorem 3.3.
Proof. From (8.13) and (8.14), it follows that for all x ∈ E,

LG(x,A) − LR(x,A) = HA (G(x,A) −H(x,A)) + HAJIAcUG(x,A)

− HAJ (IAc + IA)LR(x,A)

= HAJ(x,A) − HAJIAL
R(x,A)

+ HAJIAc

[
LG(x,A) − LR(x,A)

]
= HAJIA

[
1E(x) − LR(x,A)

]
+ HAJIAc

[
LG(x,A) − LR(x,A)

]
.
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Consequently, for all x ∈ E and all n ∈ N
∗,

LG(x,A) − LR(x,A) =

n∑
k=0

[
HAJIAc

]n
HAJIA

[
1E(x) − LR(x,A)

]
+
[
HAJIAc

]n+1[
LG(x,A) − LR(x,A)

]
.

From Proposition 8.4, and using the fact that limn→∞
(
HAJ1Ac

)n
LG(x,A) is non-

negative, it follows that

LG(x,A) − LR(x,A) ≥
∞∑
k=0

[
HAJIAc

]n
HAJIA

[
1E(x) − LR(x,A)

]
.

Since for all x ∈ E, A ∈ B(E), LR(x,A) ≤ 1E(x), the result follows.
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SINGULAR TRAJECTORIES OF CONTROL-AFFINE SYSTEMS∗

YACINE CHITOUR† , FRÉDÉRIC JEAN‡ , AND EMMANUEL TRÉLAT§

Abstract. When applying methods of optimal control to motion planning or stabilization prob-
lems, we see that some theoretical or numerical difficulties may arise, due to the presence of specific
trajectories, namely, minimizing singular trajectories of the underlying optimal control problem. In
this article, we provide characterizations for singular trajectories of control-affine systems. We prove
that, under generic assumptions, such trajectories share nice properties, related to computational
aspects; more precisely, we show that, for a generic system—with respect to the Whitney topology—
all nontrivial singular trajectories are of minimal order and of corank one. These results, established
both for driftless and for control-affine systems, extend results of [Y. Chitour, F. Jean, and E. Trélat,
Comptes Rendus Math., 337 (2003), pp. 49–52 (in French); Y. Chitour, F. Jean, and E. Trélat, J.
Differential Geom., 73 (2006), pp. 45–73]. As a consequence, for generic control-affine systems (with
or without drift) defined by more than two vector fields, and for a fixed cost, there do not exist
minimizing singular trajectories. Besides, we prove that, given a control-affine system satisfying
the Lie algebra rank condition (LARC), singular trajectories are strictly abnormal, generically with
respect to the cost. We then show how these results can be used to derive regularity results for the
value function and in the theory of Hamilton–Jacobi equations, which in turn have applications for
stabilization and motion planning, from both theoretical and implementational points of view.

Key words. singular trajectory, control-affine system, genericity, optimal control
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1. Introduction. When addressing standard issues of control theory such as
motion planning and stabilization, one may adopt an approach based on optimal
control, e.g., Hamilton–Jacobi type methods and shooting algorithms. One is then
immediately facing intrinsic difficulties due to the possible presence of singular tra-
jectories. It is therefore important to characterize these trajectories by studying,
in particular, their existence, their optimality status, and the related computational
aspects. In this paper, we provide solutions to the aforementioned difficulties for
control-affine systems, under generic assumptions, and then investigate consequences
in optimal control and its applications.

Let M be a smooth (i.e., C∞) manifold of dimension n. Consider the control-
affine system

(Σ) ẋ = f0(x) +

m∑
i=1

uifi(x),

where x ∈ M , m is a positive integer, (f0, . . . , fm) is an (m + 1)-tuple of smooth
vector fields on M , and the control u = (u1, . . . , um) takes values in an open subset
Ω of R

m. For x0 ∈ M and T > 0, a control u ∈ L∞([0, T ],Ω) is said to be admissible
if the trajectory x(·, x0, u) of (Σ) associated to u and starting at x0 is well defined on
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[0, T ]. On the set Ux0,T of admissible controls, define the end-point mapping by

Ex0,T (u) := x(T, x0, u).

It is classical that Ux0,T is an open subset of L∞([0, T ],Ω) and that Ex0,T : Ux0,T → M
is a smooth map.

Definition 1.1. A control u ∈ Ux0,T is said to be singular if u is a critical point
of the end-point mapping Ex0,T ; i.e., its differential at u, DEx0,T (u), is not surjective.
A trajectory x(·, x0, u) is said to be singular if u is singular and of corank one if the
codimension in the tangent space of the range of Ex0,T (u) is equal to one.

In other words, a control u ∈ Ux0,T is singular if the linearized system along
the trajectory x(·, x0, u) is not controllable on [0, T ]. Singular trajectories appear as
singularities in the set of trajectories of (Σ) joining two given points, and hence, they
play a crucial role in variational problems associated to (Σ) and in optimal control,
as described next.

Let x0 and x1 be two points of M , and let T > 0. Consider the following optimal
control problem: From among all the trajectories of (Σ) steering x0 to x1, determine
a trajectory minimizing the cost

(1.1) CU,α,g(T, u) =

∫ T

0

(
1

2
u(t)TU(x(t))u(t) + α(x(t))Tu(t) + g(t, x(t))

)
dt,

where α = (α1, . . . , αm) ∈ C∞(M,Rm), g ∈ C∞(R ×M), and U takes values in the
set of symmetric positive definite m×m matrices.

According to the Pontryagin maximum principle (see [21]), for every optimal
trajectory x(·) := x(·, x0, u), there exists a nonzero pair (λ(·), λ0), where λ0 is a
nonpositive real number and λ(·) is an absolutely continuous function on [0, T ] (called
adjoint vector) with λ(t) ∈ T ∗x(t)M such that, almost everywhere on [0, T ],

ẋ(t) =
∂H

∂λ
(t, x(t), λ(t), λ0, u(t)),

λ̇(t) = −∂H

∂x
(t, x(t), λ(t), λ0, u(t)),

∂H

∂u
(t, x(t), λ(t), λ0, u(t)) = 0,

(1.2)

where

H(t, x, λ, λ0, u) :=

m∑
i=1

ui〈λ, fi(x)〉 + λ0

(
1

2
uTU(x)u + α(x)Tu + g(t, x)

)

is the Hamiltonian of the system. An extremal is a 4-tuple (x(·), λ(·), λ0, u(·)) solution
of the system of equations (1.2). The extremal is said to be normal if λ0 �= 0 and
abnormal if λ0 = 0.

The relevance of singular trajectories in optimal control lies in the fact that they
are exactly the projections of abnormal extremals. Note that a singular trajectory
may be the projection of several abnormal extremals, and also of a normal extremal.
A singular trajectory is said to be strictly abnormal if it is not the projection of a
normal extremal. Notice that a singular trajectory is of corank one if and only if
it admits a unique (up to scalar normalization) abnormal extremal lift; it is strictly
abnormal and of corank one if and only if it admits a unique extremal lift which is
abnormal.
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For a normal extremal, it is standard to adopt the normalization λ0 = −1 and to
derive the control u as the feedback function of (x, λ),

(1.3) u(t) =

⎛
⎜⎝

u1(t)
...

um(t)

⎞
⎟⎠ = U(x(t))−1

⎛
⎜⎝

h1(t) − α1(x(t))
...

hm(t) − αm(x(t))

⎞
⎟⎠ ,

for every t ∈ [0, T ], where hi(t) := 〈λ(t), fi(x(t))〉, for i = 1, . . . ,m. In particular,
normal extremals are smooth on [0, T ].

For abnormal extremals, the situation is much more involved, since system (1.2)
does not provide directly an expression for abnormal controls. Abnormal extremals
may be nonsmooth, and it is not always possible to determine an explicit expression
for singular controls. Indeed, it follows from (1.2) that

(1.4) hi(·) ≡ 0 on [0, T ], i = 1, . . . ,m,

along every abnormal extremal. At that point, in order to compute the singular
control, one usually differentiates iteratively (1.4) with respect to t until the control
appears explicitly (in an affine way). To recover the control, an invertibility property
is then required, which may not hold in general.

In this paper, we prove that, in a generic context, such an invertibility property
is obtained with a minimal number of differentiations (cf. Theorem 2.6). This is the
concept of minimal order, defined in Definition 2.5. Here, genericity means that the
(m + 1)-tuple (f0, . . . , fm) belongs to an open and dense subset of the set of vector
fields equipped with the Whitney topology. The corank one property is also proved
to hold generically. We obtain similar results in the driftless case for generic m-tuples
(f1, . . . , fm) (cf. Theorem 2.17).

Note that the latter result can be directly derived from [14] under the additional
assumption that the m-tuples (f1, . . . , fm) are everywhere linearly independent. Such
a geometric assumption is not adapted for control applications, e.g., whenever the
state space is a product of manifolds involving a sphere of even dimension. One of the
main novelties of this paper consists in dropping that assumption. As pointed out in
[12], this raises serious technical difficulties, which furthermore cannot be treated by
the methods of [14].

In a preliminary step for deriving the above theorems, we establish two results of
independent interest, asserting that any trajectory of a generic control-affine system
satisfies ẋ = 0 almost everywhere on the set where the vector fields are linearly
dependent (cf. Theorems 2.1 and 2.13).

When considering optimal control problems, we see that minimizing singular tra-
jectories may exist, and play a major role, since they are not dependent on the spe-
cific minimization problem. The issue of such minimizing trajectories was already
well known in the classical theory of calculus of variations (see, for instance, [9, 32])
and proved to be a major focus, during the 1940s, when the whole domain eventually
developed into optimal control theory (cf. [10]). The optimality status of singular
trajectories was chiefly investigated in [11, 30] in relation to control-affine systems
with m = 1, in [1, 18, 19, 30] regarding driftless systems with m = 2, and in [2, 27]
for general nonlinear control systems.

In this paper, we prove that, for generic systems with m � 2 (and m � 3 in the
driftless case) and for a fixed cost CU,α,g, there does not exist minimizing singular
trajectories (cf. Corollaries 2.9 and 2.20). We also prove that, given a fixed system
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(Σ), singular trajectories are strictly abnormal, generically with respect to the cost
(1.1) (cf. Propositions 2.12 and 2.22). We then show how the above mentioned results
can be used to derive regularity results for the value function and in the theory
of Hamilton–Jacobi equations, which in turn have applications for stabilization and
motion planning.

This paper is organized as follows. Section 2 is devoted to the statement of the
main results, first in the control-affine case, and second in the driftless case. The
consequences are detailed in section 3, and proofs are provided in section 4.

2. Statement of the main results. Let M be a smooth, n-dimensional man-
ifold. Throughout the paper, V F (M) denotes the set of smooth vector fields on M ,
endowed with the C∞ Whitney topology.

2.1. Trajectories of control-affine systems. Let T be a positive real number.
Consider the control-affine system

(2.1) ẋ(t) = f0(x(t)) +

m∑
i=1

ui(t)fi(x(t)),

where (f0, . . . , fm) is an (m + 1)-tuple of smooth vector fields on M , and the set of
admissible controls u = (u1, . . . , um) is an open subset of L∞([0, T ],Ω).

For every trajectory x(·) := x(·, x0, u) of (2.1), define Idep(x(·)) as the closed
subset of [0, T ],

(2.2) Idep(x(·)) := {t ∈ [0, T ] | rank{f0(x(t)), . . . , fm(x(t))} < m + 1}.

Note that, on the open subset of R
n, where rank{f0, . . . , fm} = m + 1, there

is a one-to-one correspondence between trajectories and controls. In contrast, on
Idep(x(·)), there is no uniqueness of the control associated to x(·); in particular, x(·)
may be associated to both singular and nonsingular controls. This fact emphasizes
the following result, which describes, in a generic context, trajectories on the subset
of R

n, where rank{f0, . . . , fm} < m + 1.
Theorem 2.1. Let m < n be a nonnegative integer. There exists an open and

dense subset Om+1 of V F (M)m+1 so that, if the (m+1)-tuple (f0, . . . , fm) belongs to
Om+1, then every trajectory x(·) of the associated control-affine system ẋ = f0(x) +∑m

i=1 uifi(x) verifies

(2.3) ẋ(t) = 0, for almost every t ∈ Idep(x(·)).

In addition, for every integer N , the set Om+1 can be chosen so that its complement
has codimension greater than N .

Remark 2.2. In light of the previous result, one can choose the admissible con-
trol u on Idep(x(·)) such that, for every t ∈ Idep(x(·)), u(t) consists of any m-tuple
(α1, . . . , αm) so that

f0(x(t)) +

m∑
i=1

αifi(x(t)) = 0.

In particular, on any subinterval of Idep(x(·)), the trajectory x(·) is constant, and the
control can be chosen constant as well.

Remark 2.3. A trajectory x(·) is said to be trivial if it reduces to a point;
otherwise it is said to be nontrivial. It is clear that, if Idep(x(·)) �= [0, T ], then
ẋ(t) �= 0 for t /∈ Idep(x(·)) and x(·) is nontrivial.
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Let x(·) be a trajectory of a control-affine system associated to an (m + 1)-tuple
of Om+1. As a consequence of Theorem 2.1, x(·) is trivial if and only if Idep(x(·)) =
[0, T ].

2.2. Singular trajectories. Recall that a singular trajectory x(·) is the pro-
jection of an abnormal extremal (x(·), λ(·)). For t ∈ [0, T ] and i, j ∈ {0, . . . ,m}, we
define

hi(t) := 〈λ(t), fi(x(t))〉, hij(t) := 〈λ(t), [fi, fj ](x(t))〉.

Along an abnormal extremal, we have for every t ∈ [0, T ],

(2.4) h0(t) = constant, hi(t) = 0, i = 1, . . . ,m.

Differentiating (2.4), one gets, almost everywhere on [0, T ],

(2.5) hi0(t) +

m∑
j=1

hij(t)uj(t) = 0, i ∈ {0, . . . ,m}.

Definition 2.4. Along an abnormal extremal (x(·), λ(·), u(·)) of the system (2.1),
the Goh matrix G(t) at time t ∈ [0, T ] is the m×m skew-symmetric matrix given by

(2.6) G(t) :=
(
hij(t)

)
1�i,j�m

.

Since G(t) is skew-symmetric, rank G(t) is even, and (2.5) is rewritten as, almost
everywhere on [0, T ],

(2.7) G(t)u(t) = b(t),

with b(t) := −(hi0(t))1�i�m.
Note that, if G(t) is invertible, then u(t) is uniquely determined by (2.7). This

only occurs for m even.
If m is odd, G(t) is never invertible. However, a similar construction is derived

as follows. Define

(2.8) G(t) :=
(
hij(t)

)
0�i,j�m

.

Since G(t) is skew-symmetric, the determinant of G(t) is the square of a polyno-
mial P (t) in the hij(t) with degree (m + 1)/2, called the Pfaffian of G(t) (see [6]).
From (2.5), G(t) is not invertible, and thus, along the extremal, P (t) = 0. After
differentiation, one gets, almost everywhere on [0, T ],

(2.9) {P , h0}(t) +

m∑
i=1

uj(t){P , hj}(t) = 0.

Define the (m+1)×m matrix G̃(t) as G(t) augmented with the row ({P , hj}(t))1�j�m,

and the (m + 1)-dimensional vector b̃(t) as b(t) augmented with the coefficient
−{P , h0}(t). Then, from (2.7) and (2.9), there holds, almost everywhere on [0, T ],

(2.10) G̃(t)u(t) = b̃(t).

If G̃(t) is of rank m, then u(t) is uniquely determined by (2.10).
These facts, combined with Remark 2.2, motivate the following definition.
Definition 2.5. If m is even (resp., odd), a singular trajectory x(·) is said to be

of minimal order if
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(i) ẋ(t) = 0 for almost every t ∈ Idep(x(·));
(ii) it admits an abnormal extremal lift such that, for almost every t ∈ [0, T ]\Idep,

rank G(t) = m if m is even, resp., rank G̃(t) = m if m is odd.
On the opposite side, for arbitrary m, a singular trajectory is said to be a Goh tra-

jectory if it admits an abnormal extremal lift along which the Goh matrix is identically
equal to 0.

Theorem 2.6. Let m < n be a positive integer. There exists an open and dense
subset Om+1 of V F (M)m+1 so that, if the (m+1)-tuple (f0, . . . , fm) belongs to Om+1,
then every nontrivial singular trajectory of the associated control-affine system ẋ(t) =
f0(x(t)) +

∑m
i=1 ui(t)fi(x(t)) is of minimal order and of corank one. In addition, for

every integer N , the set Om+1 can be chosen so that its complement has codimension
greater than N .

Corollary 2.7. With the notation of Theorem 2.6 and if m � 2, there exists an
open and dense subset Om+1 of V F (M)m+1 so that every control-affine system defined
with an (m + 1)-tuple of Om+1 does not admit nontrivial Goh singular trajectories.

2.3. Minimizing singular trajectories. We keep here the notation of the
previous sections. Consider the control-affine system

(2.11) ẋ(t) = f0(x(t)) +

m∑
i=1

ui(t)fi(x(t)),

and the quadratic cost given by

(2.12) CU,g(T, u) =
1

2

∫ T

0

(
u(t)TU(x(t))u(t) + g(t, x(t))

)
dt,

where U ∈ S+
m(M) and g ∈ C∞(R × M). Here, S+

m(M) denotes the set of smooth
mappings x �→ U(x) on M , taking values in the set S+

m of m×m real positive definite
matrices.

For x0 ∈ M and T > 0, define the optimal control problem

(2.13) inf{CU,g(T, u) | Ex0,T (u) = x}.

We next state two sets of genericity results, which depend, resp., on whether the cost
or the control system is fixed.

2.3.1. Genericity with respect to the control system, with a fixed cost.
Proposition 2.8. Fix U ∈ S+

m(M) and g ∈ C∞(R ×M). There exists an open
and dense subset Om+1 of V F (M)m+1 such that every nontrivial singular trajectory
of a control-affine system defined by an (m + 1)-tuple of Om+1 is strictly abnormal
for the optimal control problem (2.13).

Corollary 2.7, together with Proposition 2.8, yields the next corollary.
Corollary 2.9. Fix U ∈ S+

m(M) and g ∈ C∞(R × M). Let m � 2 be an
integer. There exists an open and dense subset Om+1 of V F (M)m+1 so that the
optimal control problem (2.13) defined with an (m+ 1)-tuple of Om+1 does not admit
nontrivial minimizing singular trajectories.

Remark 2.10. In both previous results, the set Om+1 can be chosen so that its
complement has an arbitrary codimension.

2.3.2. Genericity with respect to the cost, with a fixed control system.
We endow S+

m(M) with the Whitney topology. An (m + 1)-tuple (f0, . . . , fm) of
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V F (M)m+1 is said to verify the Lie algebra rank condition (LARC) if the Lie algebra
generated by f0, . . . , fm is of dimension n at every point of M .

Proposition 2.11. Fix (f0, . . . , fm) ∈ V F (M)m+1 so that the LARC is satisfied
and the zero control u ≡ 0 is not singular. Let g ∈ C∞(R ×M). Then, there exists
an open and dense subset Am of S+

m(M) such that every nontrivial singular trajectory
of the control-affine system associated to the (m + 1)-tuple (f0, . . . , fm) is strictly
abnormal for the optimal control problem (2.13) defined with U ∈ Am and g.

Assuming that the zero control u ≡ 0 is not singular is a necessary hypothesis.
Indeed, the fact that a control u is singular is a property of the sole (m + 1)-tuple
(f0, . . . , fm) and is independent of the cost. On the other hand, every trajectory
x := x(·, x0, 0) associated to the zero control is always the projection of the normal
extremal (x(·), 0,−1, 0) of any optimal control problem (2.13). As a consequence, if
the zero control is singular, such a trajectory x(·, x0, 0) cannot be strictly abnormal.

In order to handle the case of a singular zero control, it is therefore necessary to
consider more general quadratic costs such as

(2.14) CU,α,g(T, u) =

∫ T

0

(
1

2
u(t)TU(x(t))u(t) + α(x(t))Tu(t) + g(t, x(t))

)
dt,

where U ∈ S+
m(M), α ∈ C∞(M,Rm) and g ∈ C∞(R ×M).

Proposition 2.12. Fix (f0, . . . , fm) ∈ V F (M)m+1 satisfying the LARC and g ∈
C∞(R×M). Then, there exists an open and dense subset Bm of S+

m(M)×C∞(M,Rm)
such that every nontrivial singular trajectory of the control-affine system associated
to the (m + 1)-tuple (f0, . . . , fm) is strictly abnormal for the optimal control problem
(2.11)–(2.14) defined with (U,α) ∈ Bm and g.

2.4. Driftless control-affine systems. Let T be a positive real number. Con-
sider the driftless control-affine system

(2.15) ẋ(t) =

m∑
i=1

ui(t)fi(x(t)),

where (f1, . . . , fm) is an m-tuple of smooth vector fields on M , and the set of admis-
sible controls u = (u1, . . . , um) is an open subset of L∞([0, T ],Ω).

For every trajectory x(·) := x(·, x0, u) of (2.1), define Idep(x(·)) as the closed
subset of [0, T ],

Idep(x(·)) := {t ∈ [0, T ] | rank{f1(x(t)), . . . , fm(x(t))} < m}.

Theorem 2.13. Let m � n be a positive integer. There exists an open and
dense subset Om of V F (M)m so that, if the m-tuple (f1, . . . , fm) belongs to Om, then
every trajectory x(·) of the associated driftless control-affine system ẋ =

∑m
i=1 uifi(x)

verifies

ẋ(t) = 0 for almost every t ∈ Idep(x(·)).

In addition, for every integer N , the set Om can be chosen so that its complement has
codimension greater than N .

Remark 2.14. As a consequence, one can simply choose the admissible control
u on Idep(x(·)) such that, for every t ∈ Idep(x(·)), u(t) = 0. This choice induces a
one-to-one correspondence between trajectories and controls.
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2.4.1. Singular trajectories. Let x(·) be a singular trajectory; it is the projec-
tion of an abnormal extremal (x(·), λ(·)). Similarly to the previous section, we define,
for t ∈ [0, T ] and i, j ∈ {1, . . . ,m},

hi(t) := 〈λ(t), fi(x(t)〉, hij(t) := 〈λ(t), [fi, fj ](x(t))〉.

For every t ∈ [0, T ],

(2.16) hi(t) = 0, i = 1, . . . ,m.

Differentiating (2.16), one gets, almost everywhere on [0, T ],

(2.17)

m∑
j=1

hij(t)uj(t) = 0, i ∈ {1, . . . ,m}.

Definition 2.15. Along an abnormal extremal (x(·), λ(·), u(·)) of the system
(2.1), the Goh matrix G(t) at time t ∈ [0, T ] is the m × m skew-symmetric matrix
given by

(2.18) G(t) :=
(
hij(t)

)
1�i,j�m

.

Since G(t) is skew-symmetric, rank G(t) is even, and (2.17) is rewritten, almost
everywhere on [0, T ], as

(2.19) G(t)u(t) = 0.

Note that, if rank G(t) = m − 1, one can deduce from (2.19) an expression for
u(t), up to time reparameterization. This only occurs for m odd.

If m is even, rank G(t) is always smaller than m−1. However, a similar construc-
tion is derived as follows. The determinant of G(t) is the square of the Pfaffian P (t),
and, along the extremal, P (t) ≡ 0. After differentiation, one gets, almost everywhere
on [0, T ],

(2.20)
m∑
i=1

uj(t){P, hj}(t) = 0.

Define the (m+1)×m matrix G̃(t) as G(t) augmented with the row ({P, hj}(t))1�j�m.
Then, from (2.19) and (2.20), there holds, almost everywhere on [0, T ],

(2.21) G̃(t)u(t) = 0.

If G̃(t) is of rank m−1, one can deduce from (2.21) an expression for u(t), up to time
reparameterization.

Definition 2.16. If m is odd (resp., even), a singular trajectory x(·) is said to
be of minimal order if

(i) ẋ(t) = 0 for almost every t ∈ Idep(x(·));
(ii) it admits an abnormal extremal lift such that, for almost every t ∈ [0, T ]\Idep,

rank G(t) = m− 1 if m is odd, resp., rank G̃(t) = m− 1 if m is even.
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On the opposite side, for arbitrary m, a singular trajectory is said to be a Goh tra-
jectory if it admits an abnormal extremal lift along which the Goh matrix is identically
equal to 0.

Theorem 2.17. Let m be an integer such that 2 � m � n. There exists an
open and dense subset Om of V F (M)m so that, if the m-tuple (f1, . . . , fm) belongs to
Om, then every nontrivial singular trajectory of the associated driftless control-affine
system ẋ(t) =

∑m
i=1 ui(t)fi(x(t)) is of minimal order and of corank one. In addition,

for every integer N , the set Om can be chosen so that its complement has codimension
greater than N .

Corollary 2.18. With the notation of Theorem 2.17 and if m � 3, there exists
an open and dense subset Om of V F (M)m so that every driftless control-affine system
defined with an m-tuple of Om does not admit nontrivial Goh singular trajectories.

2.4.2. Minimizing singular trajectories. Consider the optimal control prob-
lem associated to the driftless control-affine system

(2.22) ẋ(t) =
m∑
i=1

ui(t)fi(x(t)),

with the quadratic cost given by

(2.23) CU,g(T, u) =
1

2

∫ T

0

(
u(t)TU(x(t))u(t) + g(t, x(t))

)
dt,

where U ∈ S+
m(M) and g ∈ C∞(R ×M).

For x0 ∈ M and T > 0, define the optimal control problem

(2.24) inf{CU,g(T, u) | Ex0,T (u) = x}.

We next state genericity results with respect to the control system, with a fixed cost.
Proposition 2.19. Fix U ∈ S+

m(M) and g ∈ C∞(R×M). There exists an open
and dense subset Om of V F (M)m such that every nontrivial singular trajectory of a
driftless control-affine system defined by an m-tuple of Om is strictly abnormal for the
optimal control problem (2.24).

Corollary 2.18, together with Proposition 2.19, yields the next corollary.
Corollary 2.20. Fix U ∈ S+

m(M) and g ∈ C∞(R×M). Let m � 3 be an integer.
There exists an open and densee subset Om of V F (M)m so that the optimal control
problem (2.24) defined with an m-tuple of Om does not admit nontrivial minimizing
singular trajectories.

Remark 2.21. In both previous results, the set Om can be chosen so that its
complement has an arbitrary codimension.

We also have a genericity result with respect to the cost, with a fixed control
system.

Proposition 2.22. Fix (f1, . . . , fm) ∈ V F (M)m so that the LARC is satisfied.
Let g ∈ C∞(R×M). Then, there exists an open and dense subset Am of S+

m(M) such
that every nontrivial singular trajectory of the driftless control-affine system associated
to the m-tuple (f1, . . . , fm) is strictly abnormal for the optimal control problem (2.24)
defined with U ∈ Am and g.

Remark 2.23. In the driftless case, the control u ≡ 0 is always singular but
corresponds to a trivial trajectory. Therefore, in opposition to the control-affine case,
it is not necessary to add the linear term α(x)Tu in the cost.
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3. Consequences.

3.1. Regularity of the value function. Consider the optimal control problem
(2.13), associated to the control-affine system (2.11) and the cost (2.12). The value
function is defined by

(3.1) Sx0,T (x) := inf{CU,g(T, u) | Ex0,T (u) = x}

for every x ∈ R
n (with, as usual, inf ∅ := −∞). We assume in what follows that all

data are analytic.
The regularity of Sx0,T is closely related to the existence of nontrivial minimizing

singular trajectories starting from x0. It is proved in [29] that, in the absence of
minimizing singular trajectories, the value function is continuous and subanalytic
(see, e.g., [16] for a definition of a subanalytic function). For driftless control-affine
systems and g ≡ 0, the value function coincides with the square of a sub-Riemannian
distance (see [7] for an introduction to sub-Riemannian geometry). In particular, in
this case, the value function is always continuous, but the trivial trajectory x(·) ≡ x0

is always minimizing and singular. Moreover, if there is no nontrivial minimizing
singular trajectories, then the value function is subanalytic outside x0 (see [3, 4]).
This situation holds for generic distributions of rank greater than or equal to three
(see [5, 14]).

The results of section 2.3 have the following consequence on the regularity of
Sx0,T .

Corollary 3.1. With the notation of Corollary 2.9, and if in addition the
functions g, U and the vector fields of the (m + 1)-tuple in Om+1 are analytic, then
the associated value function Sx0,T is continuous and subanalytic on its domain of
definition.

Remark 3.2. If there exists a nontrivial minimizing singular trajectory, the value
function may fail to be subanalytic or even continuous. For example, consider the
control-affine system in R

2 given by

ẋ(t) = 1 + y(t)2, ẏ(t) = u(t),

and the cost C(T, u) =
∫ T

0
u(t)2dt. The trajectory (x(t) = t, y(t) = 0), associated

to the control u = 0, is a nontrivial minimizing singular trajectory, and the value
function S(0,0),T has the asymptotic expansion, near the point (T, 0),

S(0,0),T (x, y) =
1

4

y4

x− T
+

y4

x− T
exp

(
− y2

x− T

)
+ o

(
y4

x− T
exp

(
− y2

x− T

))

(see [29] for details). Hence, it is neither continuous nor subanalytic at the point
(T, 0).

In the driftless control-affine case, by using the results of section 2.4.2, we derive
the following similar consequence.

Corollary 3.3. With the notation of Corollary 2.20, and if in addition the
functions g, U and the vector fields of the m-tuple in Om are analytic, then the
associated value function Sx0,T is subanalytic outside x0.

3.2. Regularity of viscosity solutions of Hamilton–Jacobi equations.
Assume that the assumptions of the previous subsection hold. It is standard (see
[15, 17]) that the value function v(t, x) = Sx0,t(x) is a viscosity solution of the
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Hamilton–Jacobi equation

(3.2)
∂v

∂t
+ H

(
x,

∂v

∂x

)
= g(t, x),

where H(x, p) = 〈p, f0(x)〉 + 1
2

∑m
i,j=1(U

−1(x))ij〈p, fi(x)〉〈p, fj(x)〉.
Conversely, the viscosity solution of (3.2) with analytic Dirichlet-type conditions

is subanalytic, as soon as the corresponding optimal control problem does not admit
minimizing singular trajectories (see [31]). Using the results of the previous sections,
this situation holds generically if m � 2 (and, similarly for driftless control-affine
systems, if m � 3).

As a consequence, the analytic singular set Sing(v) of the viscosity solution v,
i.e., the subset of R

n where v is not analytic, is a (subanalytic) stratified manifold of
codimension greater than or equal to one (see [28] for more details on the subject).
Since Sing(v) is also the locus where characteristic curves intersect, the above men-
tioned property turns out to be instrumental for the global convergence of numerical
schemes for (3.2) (see [15]). Indeed, the analytic singular set must be as “nice” as
possible in order to integrate energy functions on the set of characteristic curves.

3.3. Applications to stabilization and motion planning. For a driftless
control-affine system verifying the LARC, there exist general stabilizing strategies
stemming from dynamic programming. As usual, the stabilizing feedback is computed
using the gradient of the value function S for a suitable optimal control problem.
Of course this is only possible outside the singular set Sing(S), and one must devise
another construction for the feedback on Sing(S). Let us mention two such strategies,
the first one providing a hybrid feedback (see [22]) and the second one a smooth
repulsive stabilizing (SRS) feedback (see [23, 24]). Both strategies crucially rely on
the fact that Sing(S) is a stratified manifold of codimension greater than or equal to
one.

As seen before, the latter fact holds generically in the analytic category for m � 3.
On the other hand, the absence of minimizing singular trajectories is the basic

requirement for the convergence of usual algorithms in optimal control (such as direct
or indirect methods; see, e.g., [8, 20]). We have proved that this situation holds
generically for control-affine systems if m � 2 and for driftless control-affine systems
if m � 3.

As a final application, consider a driftless control-affine system verifying the
LARC. According to Proposition 2.22, it is possible to choose a (generic) cost function
CU,g such that all singular trajectories are strictly abnormal. Combining that fact
with [25, Theorem 1.1], we deduce that there exists a dense subset N of R

n such that
every point of N is reached by a unique minimizing trajectory, which is, moreover,
nonsingular. As a consequence, a shooting method with a target in N will converge.
That fact may be used for solving (at least approximately) motion planning problems.

4. Proofs of the results.

4.1. Proofs of Theorems 2.1 and 2.13. Every trajectory of the control-affine
system ẋ = f0(x) +

∑m
i=1 uifi(x) is also a trajectory of the driftless control system

ẋ =
∑m

i=0 uifi(x), with u0 ≡ 1. Therefore, Theorem 2.1 follows from Theorem 2.13,
whose proof is provided next.

Let x(·) = x(·, x0, u) be a trajectory of the driftless control system ẋ =∑m
i=1 uifi(x), with 2 � m � n. Consider the set Idep(x(·)) defined by (2.2). We

argue by contraposition and assume that Idep(x(·)) contains a subset I of positive
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measure such that ẋ(t) �= 0 for t ∈ I. Since Lebesgue points of u are of full Lebesgue
measure, we assume that u is continuous on I.

Up to considering a subset of I, and relabeling the fi’s, we assume that, for every
t ∈ I, that

(i) there exists 1 � k < m such that

rank{f1(x(t)), . . . , fm(x(t))} = k;

(ii) f1(x(t)), . . . , fk(x(t)) are linearly independent, and thus, there exist real num-
bers αj

i (t), i = 1, . . . , k, j = k + 1, . . . ,m, such that

fj(x(t)) =

k∑
i=1

αj
i (t)fi(x(t)), j = k + 1, . . . ,m.

Therefore, ẋ(t) =
∑k

i=1 δi(t)fi(x(t)), where δi(t) := ui(t)+
∑m

j=k+1 α
j
i (t)uj(t);

(iii) δ1(t) �= 0.
Remark 4.1. Up to reducing I, we furthermore assume that I is contained in an

open interval I on which rank{f1(x(t)), . . . , fk(x(t))} = k.
Set ad0g(h) = h, where g, h ∈ VF(M), and adkg(h) = [g, adk−1g(h)] for k � 1.

The length of the iterated Lie bracket [fi1 , [fi2 , [· · · , fik ] · · · ] of f1, . . . , fm is the integer
k.

Proposition 4.2. Let N be a positive integer. There exists a subset JN ⊂ I of
positive measure such that, for every t ∈ JN and every � ∈ {1, . . . , N},

(4.1) δ1(t)
�−1ad�−1f1(fm)(x(t)) = h�

t(x(t)) + R�
t(x(t)),

where
• h�

t(x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))};
• R�

t is a linear combination of iterated Lie brackets of f1, . . . , fm, of length
smaller than �−1, and of iterated Lie brackets of f1, . . . , fk, of length smaller
than or equal to �.

Proof. For t ∈ I, let Ft ∈ V F (M) be the vector field defined by

Ft(x) :=

k∑
i=1

δi(t)fi(x).

Notice that ẋ(t) = Ft(x(t)) for t ∈ I. For the argument of Proposition 4.2, we need
the following lemma.

Lemma 4.3. Consider a set J ⊂ I of positive measure and h ∈ V F (M) so that
h(x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))} on J ; i.e., for every t ∈ J , there exist real
numbers βi(t), i = 1, . . . , k, such that

(4.2) h(x(t)) =
k∑

i=1

βi(t)fi(x(t)).

For t ∈ J , define gt ∈ V F (M) by

gt(x) := h(x) −
k∑

i=1

βi(t)fi(x).
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Then, there exists a set J ′ ⊂ J of positive measure such that

(4.3) [Ft, gt](x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))} on J ′.

Proof of Lemma 4.3. Using Remark 4.1, we see that there exist ej ∈ V F (M),
k + 1 � j � n, so that, for every t ∈ I, the vectors f1(x(t)), . . . , fk(x(t)), ek+1(x(t)),
. . . , en(x(t)) span Tx(t)M . Thus, there exist n smooth functions bi, 1 � i � n, defined
on M , such that

h(x) =

k∑
i=1

bi(x)fi(x) +

n∑
i=k+1

bi(x)ei(x),

for x in an open neighborhood of x(I). For i = 1, . . . , n, define βi(t) := bi(x(t)) for
t ∈ I (this notation is consistent with (4.2)). The β′is are absolutely continuous on I
and differentiable everywhere on J . For i = k + 1, . . . , n, there holds βi ≡ 0 on J and
therefore, it follows that β̇i ≡ 0 on a subset J ′ ⊂ J of full measure (cf. [26, Lemma
p. 177]).

For t ∈ J , using that gt(x(t)) = 0 and Ft(x(t)) = ẋ(t), it holds that

[Ft, gt](x(t)) = dgt ◦ Ft(x(t))

=

k∑
i=1

(dbi(x(t)).ẋ(t))fi(x(t)) +

n∑
i=k+1

(dbi(x(t)).ẋ(t))ei(x(t))

=
k∑

i=1

β̇i(t)fi(x(t)) +

n∑
i=k+1

β̇i(t)ei(x(t)).

On J ′, the second sum of the right-hand side of the last equation vanishes, and the
lemma follows.

Applying Lemma 4.3 to h = fm and J = I, we get

[Ft, g
1
t ](x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))} on J1,

where J1 ⊂ I and g1
t := fm −

∑k
i=1 α

m
i (t)fi.

Set h1
t = [Ft, g

1
t ]. We next iterate the above procedure for 1 � � � N . Assume

that the vector fields h�
t, g

�
t and the set J� of positive measure are defined such that

h�
t(x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))} on J�. For every t ∈ J�, let β�

i (t), i = 1, . . . , k,
be the real numbers such that

h�
t(x(t)) =

k∑
i=1

β�
i (t)fi(x(t)),

and define g�+1
t ∈ V F (M) by g�+1

t := h�
t −

∑k
i=1 β

�
i (t)fi. Set h�+1

t := [Ft, g
�+1
t ].

Applying Lemma 4.3, there exists a subset J�+1 ⊂ J� of positive measure such that
h�+1
t (x(t)) ∈ Span{f1(x(t)), . . . , fk(x(t))} on J�+1.

For t ∈ JN , and for � = 1, . . . , N , we express h�
t(x(t)) using iterated Lie brackets

of f1, . . . , fm, and an easy induction yields (4.1).
Combining Proposition 4.2 with routine transversality arguments (see, for in-

stance, [12] and [14]), it follows that the (m+1)-tuple (f0, . . . , fm) belongs to a closed
subset of V F (M)m+1 of codimension greater than or equal to N . Theorem 2.13
follows.

Remark 4.4. The fact that f1(x(t)) �= 0 is essential in order to derive, from (4.1),
an infinite number of independent relations, and then to apply the above mentioned
transversality arguments.
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4.2. Proof of Theorem 2.6. The minimal order and corank one properties are
proved separately in the following lemmas.

Lemma 4.5. There exists an open and dense subset O1
m+1 of V F (M)m+1 so that,

if the (m + 1)-tuple (f0, . . . , fm) belongs to O1
m+1, then every singular trajectory of

the associated control-affine system ẋ(t) = f0(x(t))+
∑m

i=1 ui(t)fi(x(t)) is of minimal
order. In addition, for every integer N , the set O1

m+1 can be chosen so that its
complement has codimension greater than N .

Lemma 4.6. There exists an open and dense subset Om+1 of O1
m+1 so that, if

the (m+ 1)-tuple (f0, . . . , fm) belongs to Om+1, then every nontrivial singular trajec-
tory of the associated control-affine system ẋ(t) = f0(x(t)) +

∑m
i=1 ui(t)fi(x(t)) is of

corank one. In addition, for every integer N , the set Om+1 can be chosen so that its
complement has codimension greater than N .

The conclusion of Theorem 2.6 follows.

4.2.1. Proof of Lemma 4.5. From Theorem 2.1, there exists an open and dense
subset O11

m+1 of V F (M)m+1 such that, if (f0, . . . , fm) ∈ O11
m+1, then every trajectory

x(·) of ẋ = f0(x) +
∑m

i=1 uifi(x) verifies item (i) of Definition 2.5.
It is therefore enough to show the existence of an open and dense subset O12

m+1

of V F (M)m+1 such that, if (f0, . . . , fm) ∈ O12
m+1, then every singular trajectory x(·)

of ẋ = f0(x) +
∑m

i=1 uifi(x) verifies item (ii) of Definition 2.5. Then, by choosing
O1

m+1 := O11
m+1 ∩O12

m+1, the conclusion of Lemma 4.5 follows.
Consider a singular trajectory x(·) := x(·, x0, u) of ẋ = f0(x) +

∑m
i=1 uifi(x),

admitting an abnormal extremal (x(·), λ(·)). Assume that there exists J ⊂ [0, T ] \
Idep(x(·)) of positive measure such that G(t) is not of rank m if m is even, resp., G̃(t)
is not of rank m if m is odd. We will show that the (m+1)-tuple (f0, . . . , fm) belongs
to a subset of arbitrary codimension in V F (M)m+1 whose complement contains an
open and dense subset.

Note that, on [0, T ] \ Idep(x(·)), the vector fields f0(x(t)), . . . , fm(x(t)) are lin-
early independent. The remaining part of the argument consists of reformulating
the problem in order to follow the chain of arguments in the proof of [14, Theorem
2.4] concerning the case of everywhere linearly independent vector fields. For that
purpose, we distinguish the cases m even and m odd.

Assume first that m is even. As in (2.8), define, for t ∈ J , G(t) :=
(
hij(t)

)
0�i,j�m

.

From (2.7), we have, for t ∈ J ,

G(t) =

(
0

(
G(t)u(t)

)T
−G(t)u(t) G(t)

)
.

Since the ranks of both G(t) and G(t) are even, they must be equal, for t ∈ J , and
hence, the rank of G(t) is smaller than m on J . This is exactly the starting point of the
proof of [14, Lemma 3.8]. The machinery of [14] then applies and we deduce that the
(m+1)-tuple (f0, . . . , fm) belongs to a subset of arbitrary codimension in V F (M)m+1

whose complement contains an open and dense subset O2
m+1 of V F (M)m+1.

Assume next that m is odd. Define the (m + 2) × (m + 1) matrix Ĝ(t) as G(t)
augmented in the last row with ({P , hj}(t))0�j�m.

Lemma 4.7. With the notation above, rank Ĝ(t) � rank G̃(t) + 1.

Proof. It amounts to showing that ξ ∈ ker G̃(t) implies (0, ξ) ∈ ker Ĝ(t). This

follows from the fact that if G̃(t)ξ = 0, then G(t)ξ = 0, and thus ξ is orthogonal to
the range of G(t) since G(t) is skew-symmetric.
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Using Lemma 4.7, we see that the rank of Ĝ(t) is less than m + 1 on J . This
is exactly the starting point of the proof of [14, Lemma 3.9]. The machinery of [14]
then applies and we deduce that the (m+1)-tuple (f0, . . . , fm) belongs to a subset of
arbitrary codimension in V F (M)m+1 whose complement contains an open and dense
subset O12

m+1 of V F (M)m+1.

4.2.2. Proof of Lemma 4.6. We argue by contraposition. Consider a nontrivial
singular trajectory x(·) := x(·, x0, u) of ẋ = f0(x)+

∑m
i=1 uifi(x), with (f0, . . . , fm) ∈

O1
m+1. Assume x(·) admits two abnormal extremal lifts (x(·), λ[1](·)) and (x(·), λ[2](·))

such that, for some t0 ∈ [0, T ], λ[1](t0) and λ[2](t0) are linearly independent. By
linearity, λ[1](·) and λ[2](·) are linearly independent everywhere on [0, T ]. Since x(·)
is nontrivial, it follows from Remark 2.3 that there exists a nonempty subinterval J
of [0, T ] \ Idep(x(·)). We are now in a position to exactly follow the arguments of [14]
corresponding to the corank one property, i.e., [14, Lemma 4.4].

4.3. Proof of Theorem 2.17. We start with the proof of the statement dealing
with the minimal order property.

From Theorem 2.13, there exists an open and dense subset O1
m of V F (M)m such

that, if (f1, . . . , fm) ∈ O1
m, then every trajectory x(·) of ẋ =

∑m
i=1 uifi(x) verifies

item (i) of Definition 2.16.
It is therefore enough to show the existence of an open and dense subset O2

m of
V F (M)m such that, if (f1, . . . , fm) ∈ O2

m, then every singular trajectory x(·) of ẋ =∑m
i=1 uifi(x) verifies item (ii) of Definition 2.16. Then, by choosing Om := O1

m ∩O2
m,

the statement dealing with the minimal order property in Theorem 2.17 follows.
Consider a singular trajectory x(·) := x(·, x0, u) of ẋ =

∑m
i=1 uifi(x) admitting

an abnormal extremal (x(·), λ(·)). Assume that there exists J ⊂ [0, T ] \ Idep(x(·)) of

positive measure such that G(t) is not of rank m− 1 if m is odd, resp., G̃(t) is not of
rank m− 1 if m is even. Following exactly the proofs of Lemmas 3.8 and 3.9 in [14],
the m-tuple (f1, . . . , fm) belongs to a subset of arbitrary codimension in V F (M)m

whose complement contains an open and dense subset.
We proceed similarly for an argument of the statement dealing with the corank

one property.

4.4. Proofs of Propositions 2.8 and 2.19. We only treat the control-affine
case, as the argument for the driftless control-affine case is identical. We argue by
contraposition. Consider a nontrivial singular trajectory x(·) := x(·, x0, u) of ẋ =
f0(x) +

∑m
i=1 uifi(x), with (f0, . . . , fm) ∈ V F (M)m+1. Assume that x(·) admits on

the one part a normal extremal lift (x(·), λ[n](·)) and on the other part an abnormal
extremal lift (x(·), λ[a](·)).

Let us introduce some notation. For k ∈ N, let L = l1 · · · lk be a multi-index of
{0, . . . ,m}. The length of L is |L| = k and fL is the vector field defined by

fL := [[. . . [fl1 , fl2 ], . . . ], flk ].

A multi-index L = jl · · · l with k consecutive occurrences of the index l is denoted as
L = jlk.

For every multi-index L of {0, . . . ,m} and t ∈ [0, T ], set

h
[n]
L (t) = 〈λ[n](t), fL(x(t))〉 and h

[a]
L (t) = 〈λ[a](t), fL(x(t))〉.
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After time differentiation, we have on [0, T ],

d

dt
h

[n]
L (t) =

m∑
l=1

ul(t)h
[n]
Ll (t),(4.4)

d

dt
h

[a]
L (t) =

m∑
l=1

ul(t)h
[a]
Ll (t).(4.5)

Recall that, according to the Pontryagin maximum principle, there holds

(4.6) u(t) =

⎛
⎜⎝

u1(t)
...

um(t)

⎞
⎟⎠ = U(x(t))−1

⎛
⎜⎜⎝
h

[n]
1 (t)
...

h
[n]
m (t)

⎞
⎟⎟⎠ ,

and, for every t ∈ [0, T ],

(4.7) h
[a]
0 (t) = constant, h

[a]
l (t) = 0,

for every l ∈ {1, . . . ,m}, and t ∈ [0, T ]. Since the trajectory x(·) is nontrivial, there
exists an open interval J ⊂ [0, T ] and i ∈ {0, . . . ,m} such that ui(·)fi(x(·)) is never
vanishing (with the convention u0 ≡ 1). Fix j ∈ {0, . . . ,m} \ {i}. Differentiating s

times (with s � 1) the relation h
[a]
j (t) = constant with respect to t ∈ J , one gets, by

using (4.4), (4.5), and (4.6), that

(4.8) 0 =
ds

dts
h

[a]
j (t) = (ui(t))

sh
[a]
jis(t) + Rs(t),

where Rs(t) is polynomial in h
[n]
L (t) and h

[a]
K (t), |L| � s, |K| � s+1, with K different

from jis and ijis−1. Fix t ∈ J . Since ui(t) �= 0 and fi(x(t)) �= 0, we are in a position to
apply routine transversality arguments. It follows that the (m+1)-tuple (f0, . . . , fm)
belongs to a closed subset of V F (M)m+1 of arbitrary codimension. Proposition 2.8
follows.

4.5. Proofs of Propositions 2.11, 2.12, and 2.22. We first prove Proposition
2.12 and argue by contraposition. Consider a nontrivial singular trajectory x(·) :=
x(·, x0, u) of ẋ = f0(x) +

∑m
i=1 uifi(x). Assume that x(·) admits on the one part a

normal extremal lift (x(·), λ[n](·)) and on the other part an abnormal extremal lift
(x(·), λ[a](·)).

From the Pontryagin maximum principle, there holds, for l = 1, . . . ,m,

ul(t) =

m∑
p=1

Qlp(x(t))βp(x(t)), βp(x(t)) := h[n]
p (t) − αp(x(t)),

where the Qlp(x) and the αp(x) are, resp., the coefficients of U−1(x) and of α(x).
Note that the ul’s are smooth functions of the time.

Since the trajectory x(·) is nontrivial, there exists an open interval J ⊂ [0, T ] such
that ẋ is never vanishing on J and one of the two following cases holds.

Case 1. u ≡ 0 on J .
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In that case, ẋ(t) = f0(x(t)) for t ∈ J , and f0(x(·)) is never vanishing on J .

Moreover, for p = 1, . . . ,m, βp ≡ 0 on J , i.e., αp(x(t)) = h
[n]
p (t) for t ∈ J . By

differentiating the latter relation with respect to the time, we deduce that, for all
N � 0, t ∈ J , and p = 1, . . . ,m,

LN
f0
αp(x(t)) = LN

f0
h[n]
p (x(t)),

where Lf0 denotes the Lie derivative with respect to the vector field f0. Apply-
ing routine transversality arguments, it follows that α belongs to a closed subset of
C∞(M,Rm) of arbitrary codimension.

Case 2. u is never vanishing on J .
Using (2.4) and the LARC, there exist a multi-index L, an index j0 ∈ {0, . . . ,m},

and a subinterval of J (still denoted J), such that

h
[a]
L (t) = constant and h

[a]
Lj0

(t) �= 0

for every t ∈ J . Differentiating h
[a]
L on J , one gets

0 =
d

dt
h

[a]
L (t) = h

[a]
L0(t) +

m∑
l=1

ul(t)h
[a]
Ll (t)

= h
[a]
L0(t) +

∑
1�l�p�m

clp(t)Q
lp(x(t)),

(4.9)

where cll(t) := βl(t)h
[a]
Ll (t), and clp(t) := βp(t)h

[a]
Ll (t) + βl(t)h

[a]
Lp(t) if l < p.

Lemma 4.8. Up to reducing the interval J , there exist indices j and l in {1, . . . ,m}
such that clj(t) or cjl(t) is never vanishing on J .

Proof. If j0 = 0, then h
[a]
L0(t) �= 0, and it follows from (4.9) that there exist

l, j ∈ {1, . . . ,m} such that clj(t) �= 0. Otherwise, take j := j0. In that case, one
of the βp’s does not vanish on J since u is not zero. First, assume that βj(t) is not
identically equal to zero on J ; then, up to reducing J , cjj(t) is never vanishing on J .
Otherwise, there exists l �= j such that, up to reducing J , βl is never vanishing on J
and thus similarly for clj (or cjl).

For t ∈ J , let Ft ∈ V F (M) be the vector field defined by

Ft(x) := f0(x) +

m∑
i=1

ui(t)fi(x).

Notice that Ft(x(t)) = ẋ(t) �= 0. For all N � 0 and t ∈ J , we get, by taking the

(N + 1)th time derivative of h
[a]
L on J ,

0 =
dN+1

dtN+1
h

[a]
L (t) = clj(t)L

N
Ft
Qjl(x(t)) + RN (t),

where RN (t) is a linear combination of Ls
Ft
Qpi(x(t)) with s � N , p � i in {1, . . . ,m},

and s < N if (p, i) = (j, l), and of Ls
fr
Qpi(x(t)) with s < N , p � i in {1, . . . ,m},

and r ∈ {0, . . . ,m}. Applying routine transversality arguments, it follows that (U,α)
belongs to a closed subset of S+

m(M)×C∞(M,Rm) of arbitrary codimension. Propo-
sition 2.12 is proved.

To show Propositions 2.11 and 2.22, we simply note that the argument of Case 2
with α = 0 applies with suitable modifications.
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bilinear systems to the time-varying setting. In particular, we show that the absolute regularity and
detectability assumptions ensure the existence of an observer for this kind of systems.

Key words. evolution family, well-posed bilinear systems, Lebesgue extension, representation,
feedback bilinear systems, detectability, observer
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1. Introduction. In this paper, we deal with the large class of infinite-dimen-
sional time-varying bilinear systems which allow some degree of unboundedness in
control and observation. These systems are of the following form:{

ẋ(t) = A(t)x(t) + u(t)B(t)x(t), t ≥ s ≥ 0,
y(t) = C(t)x(t), x(s) = x0,

(1.1)

where A(t), t ≥ 0, generate an evolution family T(·, ·) on X. The inputs u(·) are L2
loc-

integrable scalar functions. The Banach spaces X and Y are state space and output
space, respectively. The linear operators B(t) are bounded from X to its extension
Xt, which is a Banach space, and C(t) are densely defined linear operators from Xt to
Y , with Xt ⊂ X ⊂ Xt. Such operators, called “unbounded,” arise from the modeling
of point or boundary control and sensing; see, e.g., [6]. The bilinear systems can
be considered as an intermediate subclass between the linear and nonlinear systems.
Their relation to several phenomena, especially in engineering areas (see, e.g., [7, 26])
justify their importance. The system (1.1) is a generalized time-varying version of the
systems considered recently in [6].

If we consider the particular case Xt = X = Xt, then the state x and the output
y of the system (1.1) can be interpreted by the following functional equations:

x(t) = T(t, s)x0 + Φt,s(u, x) for t ≥ s,(1.2)

y = Ψsx0 + Fs(u, x) on [0, t],(1.3)

where Φt,s(u, x) :=
∫ t
s

T(t, τ)u(τ)B(τ)x(τ)dτ (the bilinear input-state operator),
(Ψsx0)(t) := C(t)T(t, s)x0 (the linear state-output operator), and Fs(u, x)(t) := C(t)

∗Received by the editors May 24, 2005; accepted for publication (in revised form) October 5,
2007; published electronically March 19, 2008.

http://www.siam.org/journals/sicon/47-3/63224.html
†Department of Mathematics, Laboratory of Applied Mathematics and Applications (LAMA),

Faculty of Sciences, Ibn Zohr University, P.O. Box 8106, 80000 Agadir, Morocco (bounith@yahoo.fr).
‡Department of Mathematics, Faculty of Sciences Semlalia, Cadi Ayyad University, P.O. Box

2390, 40000 Marrakech, Morocco (idrissi@ucam.ac.ma).

1097



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1098 HAMID BOUNIT AND ABDELALI IDRISSI

Φt,s(u, x) (the bilinear input-output operator). In our setting, where the unbound-
edness of control and observation operators is considered, we just conserve, in an
abstract formulation, the algebraic relations interconnecting the operators T,Φ,Ψ,
and F. These also interpret the different relations between the three components
of the time-varying bilinear systems: input, state, and output. This approach was
first introduced by Salamon [29] and developed by Weiss [36] for time-invariant linear
systems. Later, many studies of time-varying linear systems have proposed different
generalizations of this approach; see, e.g., [19, 21, 22, 25, 31].

In the present work we combine the notion of well-posed time-varying linear sys-
tems due to Schnaubelt [31] and that of well-posed time-invariant bilinear systems
(i.e., A(t) = A,B(t) = B and C(t) = C), which we have introduced in [6]. The main
motivation of our framework is the study of the observer design problem for the well-
posed time-varying bilinear system constituted by the quadruple Σ := (T,Φ,Ψ,F)
(see section 4).

By setting up our abstract framework, we give some topological properties of the
bilinear input-state operator Φ and the bilinear input-output operator F (see Lemmas
3.3 and 3.4). This will be used to give a representation of the abstract system Σ in
terms of some control and observation operators. More precisely, we prove that the
bilinear input-state operator Φ is still “approximately” represented by some bounded
operators Bn(·) (see Proposition 3.9), and under regularity assumptions, which assume
a certain smoothness of Fs at initial time s (see Definition 3.10), we also prove that
Fs can be represented via some unbounded observation operator C(·) (see Theorem
3.12). This later is extracted by means of the Lebesgue points of the functions Ψsx0

(the output of Σ with u = 0 and initial state x0). This technique was used by
Weiss [35] for time-invariant linear systems and later by Schnaubelt [31] for the time-
varying situation. We have to mention that in the time-invariant setting we can
give, by means of the extrapolation theory, a representation of the bilinear input-
state operators Φ as convolutions of the semigroups with some unbounded control
operators B (see [20, Cor. 3.11]). The extrapolation theory developed for semigroups
(see, e.g., [15, sect. VI.9]) shows that the approximation leads to the existence of
the unbounded admissible control operator B, and if X is reflexive, the operator B
has to be bounded (see [20, Cor. 4.8]). This theory, however, has no counterpart for
evolution families. But the approximation procedure still holds, in our setting, for the
convolutions associated with T and Bn(·). A similar result has been also established
by Schnaubelt for time-varying linear systems [31, Prop. 3.5].

In Theorem 3.14 we show that the state trajectory x(·) of the well-posed time-
varying bilinear system Σ exists and is unique by solving the equation (1.2). Further,
for any input u ∈ L2(s,∞) the associated state is given by x(t) = Tu(t, s)x0, where
the evolution family Tu satisfies the “variation of constants formula”

Tu(t, s)x0 = T(t, s)x0 + Φt,s(u,Tu(·, s)x0)

for t ≥ s and x0 ∈ X (see Theorem 3.14). On the other hand, the regularity gives sense
to the output function y of Σ given by (1.3), since x(t) fits in D(C(t)) for a.e. t ≥ s
(see Theorem 3.15). We show also that the unbounded observation operators C(·)
issued from Σ are still admissible for the evolution family Tu whence u ∈ L2(s,∞) ∪
L∞(s,∞); i.e., the linear state-output operator Ψu associated with C(·) and Tu can
map any initial state x0 ∈ X to an L2

loc-function which coincides with the output of
Σ (see Proposition 3.17).
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The results thus obtained in section 3 will serve us to study the observer design
problem for the well-posed time-varying bilinear systems Σ. In contrast to the linear
systems, the existence and the type of the observer depend on the injected inputs and
this even for time-invariant bilinear systems. In the finite-dimensional situation we
can cite, e.g., the works by Funahashi [16] and Hara and Furuta [18], who have been
interested in the inputs which make the system unobservable called “bad” inputs.
Bornard, Couenne, and Celle [2] and Celle et al. [8] were interested in the observer
design exited by a class of inputs called “regularly persistent” inputs. In the infinite-
dimensional case there are the works by Gauthier, Xu, and Bounabat [17] and Bounit
and Hammouri [5], who have adapted the notion of regular persistent input to the
infinite-dimensional skew-adjoint bilinear systems. In [4] Bounit and Hammouri have
also proposed an exponential observer for bilinear systems when the semigroup is con-
tractive on Hilbert space X, and the control and observation operators are supposed
bounded. Recently, we have given some generalization of the previous results to the
regular time-invariant bilinear systems on Banach spaces [6]. We have proved the ex-
istence of a Luenberger-like observer for such systems without restrictive conditions
on the semigroup [6, Thm. 5.7].

In this paper, we investigate the problem of observer design for the well-posed
time-varying bilinear systems Σ. We establish, in Theorem 4.5, the existence of
the so-called “feedback” bilinear systems ΣK := (TK ,ΦK ,ΨK ,FK) which describe
exactly the estimation error and inherit the absolute regularity. In Proposition 4.7,
we prove that the system ΣK can be represented by the same control and observation
operators issued from the observed system Σ. The main result in section 4 (Theorem
4.9) gives the existence of an exponential Luenberger-like observer for the systems Σ.
This extends the results of [4, 6] to the present setting. Our condition on the pair
(T,Ψ)—detectability (see Definition 4.8)—is somewhat stronger than that introduced
by Schnaubelt [31, Def. 5.8], but it coincides with that considered by Rebarber [28,
Def. 1.5] for time-invariant linear systems.

The article is organized as follows: In section 2 we review the notions of well-posed
and regular time-varying linear systems and collect necessary tools for our study. In
section 3 we introduce and develop the notions of well-posed and regular time-varying
bilinear systems. Section 4 is devoted to designing an observer for absolutely regular
time-varying bilinear systems. We give a time-varying version of the results already
obtained for this kind of system. Finally, in section 5 we present an example of a
system with boundary control and unbounded observation which can be written as
an absolutely regular time-varying bilinear systems. We show also the existence of
exponential observers for this system.

2. Well-posed and regular time-varying linear systems: Review. In this
section we recall the necessary background on time-varying linear systems which al-
low some unboundedness in controls and observations. These systems were initially
introduced and studied by Curtain and Pritchard [10], Hinrichsen and Pritchard [19],
Jacob [22, 23], and Jacob, Dragan, and Pritchard [25]. Here we recall some notions
and collect recent results due to Schnaubelt [31]. The proofs will be omitted and will
be referenced.

We begin, first, by fixing some notations which will be used throughout the pa-
per. For a complex Banach space E and p ∈ [1,+∞] we set Ep := Lp([0,∞), E),
and for s ≥ 0 we denote by Ep,s

loc and Ep
loc := Ep,0

loc the spaces Lp
loc([s,∞);E) and

Lp
loc([0,∞);E), respectively, endowed with their standard Fréchet topology. L∞([0,∞),
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Ls(E,F )) is the space of (essentially) bounded strongly measurable operator-valued
functions. For f ∈ Ep,s

loc we denote by f |J the restriction of f to the interval J . We
say that t ∈ R+ is a p-Lebesgue point of f ∈ Ep

loc if

lim
τ↘0

1

τ

∫ t+τ

t

‖f(t) − f(σ)‖p dσ = 0.

It is known (see, e.g., [14, sect. I.1.8], [37, Lem. 6.1]) that almost every t ∈ R+

is a Lebesgue point of f . We use χI to denote the characteristic function of the
interval I. For a vector z ∈ E we shall use the tensor notation χR+

⊗ z to denote
the function defined by (χR+ ⊗ z)(t) = z. For Banach spaces E, F , and G, L(E,F )
denotes the space of bounded linear operators from E into F (L(E) := L(E,E)), and
BL(E × F,G) is the space of bounded bilinear operators from E × F to G.

Definition 2.1. Let X be a Banach space and Δ := {(t, s), 0 ≤ s ≤ t}. An
evolution family is a set T := (T(t, s))(t,s)∈Δ of bounded linear operators on X such
that

(i) T(s, s) = I;
(ii) T(t, s) = T(t, r)T(r, s) for all 0 ≤ s ≤ r ≤ t;
(iii) (t, s) 
−→ T(t, s) is strongly continuous on X.
We define the exponential growth bound of evolution family T by

ω0(T) := inf{ω ∈ R : ∃Mω ≥ 1 with ‖T(t, τ)‖ ≤ Mωe
ω(t−τ) for (t, τ) ∈ Δ}.

In contrast to strongly continuous semigroups, the evolution family may not be ex-
ponentially bounded (i.e. ω0(T) = +∞). For this reason and in order to obtain
some estimations, we need to deal with the exponentially bounded evolution family.
If ω0(T) < 0, we say that the evolution family T is exponentially stable. For more
details on evolution families and the associated time-varying Cauchy problems, we
refer to [9], [15, sect. VI.9], and [30].

We now recall some properties of well-posed and regular time-varying linear sys-
tems as introduced by Schnaubelt [31]. Those systems are necessary for studying
the problem of observer design for the introduced time-varying bilinear systems; see
section 4.

Definition 2.2. Let U,X, and Y be Banach spaces. A well-posed time-varying
linear system on (X,U, Y ) for state space X, control space U , and output space Y is
the quadruple Γ := (T,K,Ψ,L), where

(i) T := (T(t, s))(t,s)∈Δ is an evolution family on X;

(ii) K := (Kt,s)(t,s)∈Δ is a family of operators in L(U2,s
loc , X) such that

Kt,su = Kt,r(u|[r,∞)) + T(t, r)Kr,s(u), s ≤ r ≤ t, and(2.1)

‖Kt,s(u)‖X ≤ β‖u‖L2([s,t],U), s ≤ t ≤ s + t0,(2.2)

for u ∈ U2,s
loc and some/all t0 and β = β(t0) > 0. The pair (T,K) is called a

time-varying linear control system on (X,U);
(iii) Ψ := (Ψs)s≥0 is a family of operators in L(X,Y 2,s

loc ) such that

Ψsx = ΨtT(t, s)x, on [t,∞), and(2.3) ∫ s+t0

s

‖(Ψsx)(t)‖2 dt ≤ δ2‖x‖2,(2.4)

for (t, s) ∈ Δ, x ∈ X, and some/all t0 and constant δ = δ(t0) > 0. The pair
(T,Ψ) is called a time-varying linear observation system on (X,Y );
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(iv) L := (Ls)s≥0 is a family of operators in L(U2,s
loc , Y

2,s
loc ) such that

Lsu = ΨtKt,su + Lt(u|[t,∞)) on [t,∞), and(2.5)

‖Lsu‖L2([s,s+t0],Y ) ≤ κ‖u‖L2([s,s+t0],U)(2.6)

for u ∈ U2,s
loc , (t, s) ∈ Δ, and some/all t0 and constant κ = κ(t0) > 0. The

operators Ls, s ≥ 0, are called input-output operators.
The above definition can be extended to the case of p ∈ [1,∞) instead of p = 2.

As for time-invariant linear observation systems, it was shown [31] that time-varying
observation systems are typically given by some unbounded operators which we define
as follows.

Definition 2.3. Let T be an evolution family on X and C(s) : X ⊃ D(C(s)) −→
Y, s ≥ 0, be densely defined linear operators. We say that C(·) are T-admissible
observation operators if

(i) T(·, s)x ∈ Ds(C(·)),
(ii)
∫ s+t0
s

‖C(t)T(t, s)x‖2 dt ≤ δ2‖x‖2

for s ≥ 0, x ∈ D(C(s)), and some constants δ, t0 > 0.
Here Ds(C(·)) :=

{
f ∈ X2,s

loc : f(t) ∈ D(C(t)) for a.e. t ≥ s, C(·)f(·) ∈ Y 2,s
loc

}
.

By the above admissibility, the mapping

Ψs : D(C(s)) −→ Y 2,s
loc , s ≥ 0,

x 
−→ Ψsx := C(·)T(·, s)x(2.7)

has a unique extension (again noted by Ψs) to linear bounded operators from X to
Y 2,s
loc , and the pair (T,Ψ) is a time-varying linear observation system represented by

C(·). Conversely, it was shown [31] that a time-varying observation system (T,Ψ) can
be represented by admissible observation operators. This extends the time-invariant
case given in [35]. In fact, we define the operators C(·) as follows:

(2.8) D(C(s)) = Xs :=

{
x ∈ X : ∃ C(s)x := Y − lim

τ↘0

1

τ

∫ s+τ

s

(Ψsx)(σ) dσ

}
,

equipped with the norm

‖x‖Xs
:= ‖x‖ + sup

0<τ≤1

∥∥∥∥1

τ

∫ s+τ

s

(Ψsx)(σ) dσ

∥∥∥∥
Y

for x ∈ Xs. Then (Xs, ‖ · ‖s), s ≥ 0, are Banach spaces, Xs ⊂ X, and C(s) is linear
continuous. It was shown (see [31, Thm. 2.7]) that the operators C(·) are admissible
and (Ψsx)(t) = C(t)T(t, s)x for all Lebesgue points t of Ψsx.

A more important subclass of well-posed linear systems is those which are regular.
This concept was first introduced by Weiss [37] and generalized latter by Schnaubelt
[31] to the time-varying systems.

Definition 2.4. Let Γ = (T,K,Ψ,L) be a time-varying linear system. Then
Γ is called a regular linear system (with feedthrough D = 0) if for v ∈ U, t ≥ 0 the
following limit exists in Y :

(2.9) lim
τ↘0

1

τ

∫ t+τ

t

Lt(χR+ ⊗ v)(σ) dσ = 0,
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and absolutely regular if

lim
τ↘0

1

τ

∫ t+τ

t

‖Lt(χR+ ⊗ v)(σ)‖2 dσ = 0.

One can remark that Γ = (T,K,Ψ,L) is regular if the step response Lt(χR+ ⊗ v)
has a Lebesgue point at t equal to zero for all t ≥ 0.

3. Well-posed and regular time-varying bilinear systems. In this section,
we follow what we have presented in the previous section. We give the time-varying
analogue of the well-posed bilinear systems introduced in [6].

Definition 3.1. Let X and Y be Banach spaces. A well-posed time-varying
bilinear system on (X,C, Y ), for state space X, control space C, and output space Y ,
is the quadruple Σ := (T,Φ,Ψ,F), where

(i) T and Ψ satisfy (i) and (iii) of Definition 2.2, respectively;
(ii) Φ := (Φt,s)(t,s)∈Δ is a family of operators in BL(C2,s

loc ×X2,s
loc , X) satisfying

Φt,s(u, x) = Φt,r(u|[r,∞), x|[r,∞)) + T(t, r)Φr,s(u, x), s ≤ r ≤ t, and(3.1)

‖Φt,s(u, x)‖X ≤ β‖u‖L2[s,t]‖x‖L2([s,t],X), s ≤ t ≤ s + t0,(3.2)

for u ∈ C
2,s
loc, x ∈ X2,s

loc , and constants t0, β = β(t0) > 0. Then the pair (T,Φ)
is called a time-varying bilinear control system on X;

(iii) F := (Fs)s≥0 is a family of operators in BL(C2,s
loc ×X2,s

loc , Y
2,s
loc ) such that

Fs(u, x) = ΨtΦt,s(u, x) + Ft(u|[t,∞), x|[t,∞)) on [t,∞) and(3.3)

‖Fs(u, x)‖L2([s,s+t0],Y ) ≤ κ‖u‖L2[s,s+t0]‖x‖L2([s,s+t0],X)(3.4)

for u ∈ C
2,s
loc, x ∈ X2,s

loc , (t, s) ∈ Δ, and constants t0, κ = κ(t0) > 0.
Remark 3.2.
(i) The property (3.3) shows that the operator Fs is causal, i.e., Fs(u, x)|[t,∞) =

Ft(u|[t,∞), x|[t,∞)). Thus, one can define the restriction

Ft,s := Fs : L2[s, t] × L2([s, t], X) → L2([s, t], Y ).

(ii) If (T,Φ) is a well-posed time-varying bilinear control system on X, then
(T,Φ(χR+ , ·)) is a well-posed time-varying linear control system on (X,U :=
X). Conversely, let X = U , and assume that the pair (T, ϕ) is a linear control
system for p = 1; then (T,Φ) is a bilinear control system on (X,U) for all
p ∈ (1,∞) where Φt,s(u, x) := ϕt,s(u · x). Moreover, if Σ = (T,Φ,Ψ,F) is
a well-posed time-varying bilinear system on (X,C, Y ), then the associated
quadruple ΓΣ = (T,Φ(χR+ , ·),Ψ,F(χR+

, ·)) is a time-varying linear system on
(X,X, Y ).

We start with some lemmas which will be used in the subsequent developments.
Lemma 3.3. Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear system on

(X,C, Y ) with ω0(T) < ∞. Then

‖Φt,s(u, x)‖X ≤ d(ω, t− s)‖u‖L2[s,t]‖x‖L2([s,t],X),(3.5)

‖Φ·,s(u, x)‖L2([s,t],X) ≤ d(ω, t− s)‖u‖L2[s,t]‖x‖L2([s,t],X),(3.6)

‖Fs(u, x)‖L2([s,s+t1],Y ) ≤ d(ω, t1)‖u‖L2[s,s+t1]‖x‖L2([s,s+t1],X)(3.7)
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for t1 ≥ 0, t ≥ s ≥ 0, u ∈ C
2,s
loc, x ∈ X2,s

loc , where ω > ω0(T),

d(ω, t) :=

⎧⎨
⎩

d0(w)eωt if ω > 0,

d0(w) (1 + t
t0

)
1
2 if ω = 0,

d0(ω)eωt0 if ω < 0,

and d0, t0 are positive constants.
Proof. Let t0 be the constant given in Definition 3.1(ii). For s ≤ t ≤ s + t0, the

assertion (3.5) is clear. Now let t > s + t0 and n := [ t−st0
] (the integer part of t−s

t0
),

and set sk := s + kt0 for k ∈ N := {0, 1, . . . }. Then t ∈ In := [sn, sn+1]. Let uk and
xk be the restriction of u and x to Ik ∩ [s, t] for k = 0, . . . , n, respectively. By using
(3.1) and proceeding by induction we obtain

Φt,s(u, x) = Φt,sn(un, xn) +

n∑
k=1

T(t, sk)Φsk,sk−1
(uk−1, xk−1).

That means

‖Φt,s(u, x)‖ ≤ β(t0)‖un‖L2[s,t]‖xn‖L2([s,t],X)

+ Mβ(t0)

n∑
k=1

eω(t−sk)‖uk−1‖L2[s,t]‖xk−1‖L2([s,t],X)

≤ Mβ(t0)e
ω−t0

( ∞∑
k=0

eωt0(n−k)‖uk‖L2[s,t]‖xk‖L2([s,t],X)

)

= Mβ(t0)e
ω−t0

( ∞∑
k=0

e(n−k)‖uk‖L2[s,t]‖xk‖L2([s,t],X)

)
,

where ω− := min{ω, 0} and ek := eωt0k if k = 0, . . . , n and ek := 0 elsewhere.
Thus, Young’s and Hölder’s inequalities yield estimation (3.5). Estimation (3.6) is
straightforward.

The assertion (3.7) is clear for t1 ≤ t0. Assume, now that t1 > t0, as in (i) that
there is n ∈ N

∗ := N − {0} such that t1 ∈ In := [sn, sn+1). By using (3.1) and (3.3)
we obtain

Fs(u, x) = ΨskΦsk,s(u, x) + Fsk(uk, xk) on Ik

= Fsk(uk, xk) +

k∑
j=1

ΨskT(sk, sj)Φsj ,sj−1(uj−1, xj−1).

Hence

‖Fs(u, x)‖L2(Ik,Y ) ≤ κ(t0)‖uk‖L2(Ik)‖xk‖L2(Ik,X)

+ Mκ(t0)δ(t0)

k∑
j=1

eωt0(k−j)‖uj−1‖L2(Ij−1)‖xj−1‖L2(Ij−1,X)

≤ c(t0)e
ω−t0

k∑
j=1

eωt0(k−j)‖uj−1‖L2(Ij−1)‖xj−1‖L2(Ij−1,X),



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1104 HAMID BOUNIT AND ABDELALI IDRISSI

where c(t0) := max{κ(t0)Mκ(t0)δ(t0)}. Therefore it follows that

‖Fs(u, x)‖L2([s,s+t1],Y ) ≤
(

n∑
k=0

‖Fs(u, x)‖2
L2(Ik,Y )

)1/2

≤ c(t0)e
ω−t0

⎛
⎜⎝ n∑

k=0

⎛
⎝ k∑

j=0

eω(k−j)‖uj‖L2(Ij)‖xj‖L2(Ij ,X)

⎞
⎠

2
⎞
⎟⎠

1
2

≤ c(t0)e
ω−t0

⎛
⎜⎝ ∞∑

k=0

⎛
⎝ k∑

j=0

e(k−j)‖uj‖L2(Ij)‖xj‖L2(Ij ,X)

⎞
⎠

2
⎞
⎟⎠

1
2

.

By applying once again Young’s and Hölder’s inequalities, we then obtain

‖Fs(u, x)‖L2([s,s+t1],Y ) ≤ c(t0)e
ω−t0

(
n∑

k=0

e2ωt0k

) 1
2

‖u‖L2[s,s+t1]‖x‖L2([s,s+t1],X).

Thus the asserted estimate follows.
Lemma 3.4. Let (T,Φ) be a time-varying bilinear control system on X with

ω0(T) < ∞. If u ∈ C
2,s
loc and x ∈ X2,s

loc , then the following properties hold:
(i) t 
→ Φt,s(u, x) ∈ X is continuous from the right for t ≥ s;
(ii) s 
→ Φt,s(u, x) ∈ X is continuous for s ∈ [0, t] (locally uniformly in t);
(iii) (t, s) 
→ Φt,s(u, x) is measurable in X.
Proof. In view of (3.1), we get

Φt′,s(u, x) − Φt,s(u, x) = Φt′,t(u, x) + (T(t′, t) − I)Φt,s(u, x) and

Φt,s(u, x) − Φt,s′(u, x) = T(t, s′)Φs′,s(u, x)

for all t′ ≥ t ≥ s′ ≥ s ≥ 0. Thus, we can estimate

‖Φt′,s(u, x) − Φt,s(u, x)‖ ≤ κ‖u‖L2[t,t′]‖x‖L2([t,t′],X) + ‖(T(t′, t) − I)Φt,s(u, x)‖ and

‖Φt,s(u, x) − Φt,s′(u, x)‖ ≤ Mκe|ω|(t−s)‖u‖L2[s,s′]‖x‖L2([s,s′],X).

Thus the lemma is proved.
Definition 3.5. Let (T,Φ) be a time-varying bilinear control system on X, (T,Ψ)

be a time-varying linear observation system on (X,Y ), and C(·) be the observation
operator associated with (T,Ψ) given by (2.8). We say that the bilinear triple (T,Φ,Ψ)
is admissible on (X,C, Y ) if for all s ≥ 0, u ∈ C

2,s
loc, and x ∈ X2,s

loc

(i) Φ·,s(u, x) ∈ Ds(C(·)) and
(ii) ‖C(·)Φ·,s(u, x)‖L2([s,s+t0],Y ) ≤ κ‖u‖L2[s,s+t0]‖x‖L2([s,s+t0],X)

for some constants κ, t0 > 0.
Proposition 3.6. Let (T,Φ,Ψ) be an admissible triple on (X,C, Y ). Define

Fs(u, x) := C(·)Φ·,s(u, x). Then (T,Φ,Ψ,F) is a well-posed time-varying bilinear
system on (X,C, Y ).
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Proof. We have only to verify (3.3) for all u ∈ C
2,s
loc, x ∈ X2,s

loc , and (t, s) ∈ Δ. By
definition, we have

Fs(u, x)(τ) = C(τ)Φτ,s(u, x)

= C(τ)
(
Φτ,t(u|[t,∞), x|[t,∞)) + T(τ, t)Φt,s(u, x)

)
= C(τ)Φτ,t(u|[t,∞), x|[t,∞)) + C(τ)T(τ, t)Φt,s(u, x)

= Ft(u|[t,∞), x|[t,∞))(τ) +
(
ΨtΦt,s(u, x)

)
(τ)

for a.e. τ ≥ t.
Let Xt, t ≥ 0, be Banach spaces in which X is densely and continuously em-

bedded. We assume that T(t, s) has a locally uniformly bounded extension T(t, s) :
Xs −→ Xt verifying (i) and (ii) of Definition 2.1. We assume that T(t, ·) is strongly
continuous. The following definition of admissible control operators is a simple
extension of that given in [20] for the time-invariant case. For (t, s) ∈ Δ and
f ∈ L1

loc([s,∞), X) we define

(VT

sf)(t) :=

∫ t

s

T(t, τ)f(τ) dτ.

Definition 3.7. We say that B(t) ∈ L(X,Xt), t ≥ 0, is T-admissible control
operators if the following hold:

(i) The function T(t, ·)u(·)B(·)x(·) is integrable in Xt and

(3.8) [VT

s (uB(·))x](t) :=

∫ t

s

T(t, τ)u(τ)B(τ)x(τ) dτ ∈ X.

(ii) There are constants t0, β > 0 such that

(3.9) ‖[VT

s (uB(·))x](t)‖X ≤ β‖u‖L2(s,t)‖x‖L2([s,t],X)

for all 0 ≤ s ≤ t ≤ s + t0, u ∈ L2[s, t], and x ∈ L2([s, t], X).
Remark 3.8.
(i) By means of the admissible control operators B(·) we can define a time-

varying bilinear control system (T,Φ) on X by setting

Φt,s(u, x) :=
[
V

T

s (uB(·)x)
]
(t), (t, s) ∈ Δ.(3.10)

Let us mention that every time-invariant bilinear control system on X is given
by a T-admissible control operator due to [20, Thm. 3.9], where Xt coincides
with the extrapolation space X−1 associated with T. However, one can extend
this result only to the time-dependent setting in the “approximate” sense
because we have not an extrapolation theory for evolution families.

(ii) If B(s) and C(s), s ≥ 0, are T-admissible control and observation oper-
ators, then the triple (T, B(·), C(·)) is called admissible if (T,Φ,Ψ) is ad-
missible, where Φ and Ψ are given by (3.10) and (2.7), respectively. More-
over, an admissible triple (T, B(·), C(·)) on (X,C, Y ) gives rise to a well-
posed time-varying bilinear system Σ = (T,Φ,Ψ,F), on (X,C, Y ), where

Fs = C(·)VT

s (uB(·)x) (via Proposition 3.6).
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Let (T,Φ) be a time-varying bilinear control system on X. Let (u, x) ∈ C
2
loc ×

X2
loc, z ∈ X, and n ∈ N

∗. We define

Bn(u, x)(t) :=

{
nΦt,t− 1

n
(u, x) if t− 1

n ≥ 0,

nΦt,0(u, x) if t− 1
n < 0,

and(3.11)

Bn(t)z := Bn(χR+
, χR+

⊗ z)(t) for t ≥ 0.(3.12)

Due to Lemma 3.4, Bn(u, x) ∈ X1
loc and Bn(t) ∈ L(X). The following result shows

that the input operator Φt,s can be approximated by the convolutions:

Φn
t,s(u, x) := [VT

sBn(u, x)](t), (t, s) ∈ Δ.(3.13)

Proposition 3.9. Let (T,Φ) be a time-varying bilinear control system on X,
0 ≤ t− s ≤ t0, z ∈ X,u ∈ C

2
loc, and x ∈ X2

loc. Then the following hold:
(i) Φn

t,s(u, x) → Φt,s(u, x) in X as n → ∞, and

‖Φn
t,s(u, x)‖X ≤ β‖u‖L2[s,t]‖x‖L2([s,t],X) (with β > 0).

(ii) (t, s) 
→ Φt,s(u, x) and Bn(·)z are continuous in X.

(iii)
[
V

T

s (uBn(·)x)](t) → Φt,s(u, x) as n → ∞ if u ∈ W 1,2
loc (R) and x ∈ W 1,2

loc (R, X).
(iv) ‖[VT

s (uBn(·)x)](t)‖X ≤ β‖u · x‖L2([s,t],X) if u · x ∈ L2([s, t], X).
The limits in (i) and (iv) are taken in X and locally uniform in (t, s) ∈ Δ.

Proof. The assertions (i)–(ii) can be obtained by proceeding as in the proof of
[31, Prop. 3.5]. We now concentrate on the claims in (iii) and (iv). To prove (iii) we
proceed by steps.

(iii) Step 1. We first show that Ξk(u, x) := Bk(u, x) − uBk(·)x → 0 as k → ∞ in
X1

loc. Take u ∈ W 1,2
loc (R) and x ∈ W 1,2

loc (R, X). Then, via (3.2), we have

‖Ξk(u, x)‖L1([s,s+t0],X)

≤ k

∫ s+t0

s

‖Φτ,τ− 1
k
(u, x) − u(τ)Φτ,τ− 1

k
(χR+ , χR+ ⊗ x(τ))‖dτ

≤ k

∫ s+t0

s

(
‖Φτ,τ− 1

k
(u− χR+ ⊗ u(τ), x)‖ + ‖Φτ,τ− 1

k
(χR+ ⊗ u(τ), x− χR+ ⊗ x(τ))‖

)
dτ

≤ βk

∫ s+t0

s

(∫ τ

τ− 1
k

|u(σ) − u(τ)|2dσ
)1/2(∫ τ

τ− 1
k

‖x(σ)‖2dσ

)1/2

dτ

+βk1/2

∫ s+t0

s

|u(τ)|
(∫ τ

τ− 1
k

‖x(σ) − x(τ)‖2dσ

)1/2

dτ.

This can be also decomposed as

‖Ξk(u, x)‖L1([s,s+t0],X)

≤ βk

∫ s+t0

s

(∫ τ

τ− 1
k

|u(σ) − u(τ)|2dσ
)1/2(∫ τ

τ− 1
k

‖x(σ) − x(τ)‖2dσ

)1/2

dτ

+ βk1/2

∫ s+t0

s

‖x(τ)‖
(∫ τ

τ− 1
k

|u(σ) − u(τ)|2dσ
)1/2

dτ

+ βk1/2

∫ s+t0

s

|u(τ)|
(∫ τ

τ− 1
k

‖x(σ) − x(τ)‖2dσ

)1/2

dτ.
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Therefore, one can write

‖Ξk(u, x)‖L1([s,s+t0],X) ≤ βk

∫ s+t0

s

|uk(τ)|‖xk(τ)‖dτ + cuβk
1/2

∫ s+t0

s

‖xk(τ)‖dτ

+ cxβk
1/2

∫ s+t0

s

|uk(τ)|dτ,

where fk(τ) := (
∫ τ
τ− 1

k
‖f(σ) − f(τ)‖2dσ)1/2 and cf := sups≤σ≤s+t0 ‖f(σ)‖E for f ∈

W 1,2
loc (R, E).

Step 2. We have to show that

(3.14) lim
k→∞

k

∫ s+t0

s

‖fk(τ)‖2dτ = 0

for all f ∈ W 1,2
loc (R, E). In fact, we have

∫ s+t0

s

‖fk(τ)‖2dτ =

∫ s+t0

s

∫ τ

τ− 1
k

‖f(σ) − f(τ)‖2dσdτ

=

∫ s+t0

s

∫ τ

τ− 1
k

∥∥∥∥
∫ τ

σ

f
′
(μ)dμ

∥∥∥∥
2

dσdτ

≤
∫ s+t0

s

∫ τ

τ− 1
k

(∫ τ

σ

‖f ′
(μ)‖dμ

)2

dσdτ

≤ 1

k

∫ s+t0

s

(∫ τ

τ− 1
k

‖f ′
(μ)‖dμ

)2

dτ.

By using Hölder’s inequality and interchanging integrals we obtain

∫ s+t0

s

‖fk(τ)‖2dτ ≤ 1

k2

∫ s+t0

s

∫ 1
k

0

‖f ′
(τ − μ)‖2dμ dτ

≤ 1

k2

∫ 1
k

0

∫ s+t0

s

‖f ′
(τ − μ)‖2dτ dμ.

It follows that

k

∫ s+t0

s

‖fk(τ)‖2dτ ≤ 1

k

∫ 1
k

0

∫ s+t0

s

‖f ′
(τ − μ)‖2dτ dμ.

Therefore by the fact that

k

∫ s+t0

s

|uk(τ)|‖xk(τ)‖dτ ≤ k

2

∫ s+t0

s

|uk(τ)|2dτ +
k

2

∫ s+t0

s

‖xk(τ)‖2dτ

we obtain the limit (3.14).
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(iv) Consider now u ∈ L2([s, t]), x ∈ L2([s, t], X), t > s ≥ 0, and extend u and x
by zero to R. By making a straightforward computation based on (3.1) we get

(
V

T

suBn(·)x
)
(t) = n

∫ t

s− 1
n

(
Φt,τ

(
χR+

⊗ u

(
τ +

1

n

)
, χR+

⊗ x

(
τ +

1

n

))

− Φt,τ (χR+
⊗ u(τ), χR+

⊗ x(τ)

)
dτ

= lim
k→∞

n

∫ t

s− 1
n

∫ t

τ

T(t, μ)Bk(μ)

(
u

(
τ +

1

n

)
· x
(
τ +

1

n

)

− u(τ) · x(τ)

)
dμ dτ

= lim
k→∞

n

∫ t

s− 1
n

T(t, μ)Bk(μ)

∫ μ

s− 1
n

(
u

(
τ +

1

n

)
· x
(
τ +

1

n

)

− u(τ) · x(τ)

)
dμ dτ.

Observe that Bk(·) are exactly the control operators associated with time-varying
linear control system (T,Φ(χR+ , ·)) on (X,X); see Remark 3.2. It follows from [31,
Prop. 3.15(iii)] that (

V
T

suBn(·)x
)
(t) = Φt,s− 1

n
(χR+

, (u · x)(n)),

with

(u · x)(n)(σ) = n

∫ σ+ 1
n

σ

(u · x)(τ)dτ

satisfying the estimate

‖(u · x)(n)‖L2([s,t],X) ≤ ‖u · x‖L2([s,t],X).

Finally, by means of the latter and (2.2) we then obtain

‖
(
V

T

suBn(·)x
)
(t)‖ ≤ β(t0 + 1)‖u · x‖L2([s,t],X).

As for the time-invariant setting, to show that the converse of Proposition 3.6
holds we need the following concepts of regularity.

Definition 3.10. A well-posed time-varying bilinear system Σ = (T,Φ,Ψ,F) is
called regular (with feedthrough D = 0) if the following limit exists in Y :

lim
τ↘0

1

τ

∫ t+τ

t

[Ft(χR+
, χR+

⊗ x)](σ) dσ = 0,(3.15)

and absolutely regular if

lim
τ↘0

1

τ

∫ t+τ

t

‖[Ft(χR+ , χR+ ⊗ x)](σ)‖2
Y dσ = 0(3.16)

for all t ≥ 0 and x ∈ X.
Remark 3.11. One can remark that the (absolute) regularity of time-varying bilin-

ear system Σ = (T,Φ,Ψ,F) is equivalent to that of time-varying linear system ΓΣ :=
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(T,Φ(χR+
, ·),Ψ,F(χR+

, ·)); see Remark 3.2. Trivially, the triple (T, B(·), C(·) := I)
gives rise to an absolutely regular well-posed time-varying bilinear control system
where B(·) is an admissible control operator for T; see Remark 3.8.

We say that (T,Φ,Ψ) is an admissible (absolutely) regular triple if the associated
well-posed time-varying bilinear system (see Proposition 3.6) is (absolutely) regular.
For the time-invariant case, the regularity of Σ has been characterized by that of ΓΣ

(cf. [6, Thm. 4.8]).
Now we show a time-varying version of the representation theorem (see [6, Thm.

4.11]).
Theorem 3.12. Let Σ = (T,Φ,Ψ,F) be a regular time-varying bilinear system

and C(s) be given by (2.8). Then Φ·,s(u, x) ∈ Ds(C(·)) and Fs(u, x) = C(·)Φ·,s(u, x)

for all s ≥ 0, u ∈ C
2,s
loc, and x ∈ X2,s

loc .

Proof. Set εf (σ, t) := f(σ) − f(t), σ ≥ t. Let (u, x) ∈ C
2,s
loc × X2,s

loc and t ≥ s,
where t ∈ Pu∩Px∩PFs(u,x) such that the regularity condition (3.15) holds at t. Here
Pf is the set of 2-Lebesgue points of f ; see section 2. These intersections are not void,
since its complement in [s,∞) is negligible. Then, by invoking (3.3), we obtain

Fs(u, x) = ΨtΦt,s(u, x) + Ft(εu(·, t) + χR+
⊗ u(t), εx(·, t) + χR+ ⊗ x(t)) on [t,∞).

(3.17)

Set I(τ, t) := 1
τ ‖
∫ t+τ

t
Ft(εu(·, t) + χR+ ⊗ u(t), εx(·, t) + χR+ ⊗ x(t))(σ)dσ‖. We get

I(τ, t) ≤ 1

τ

∥∥∥∥
∫ t+τ

t

Ft(εu(·, t), εx(·, t) + χR+
⊗ x(t))(σ)dσ

∥∥∥∥
+

1

τ

∥∥∥∥
∫ t+τ

t

Ft(χR+
⊗ u(t), εx(·, t))(σ)dσ

∥∥∥∥
+

1

τ

∥∥∥∥
∫ t+τ

t

Ft(χR+
⊗ u(t), χR+

⊗ x(t))(σ)dσ

∥∥∥∥
=: I1(τ, t) + I2(τ, t) + I3(τ, t).

By regularity of Σ, it follows that I3(τ, t) goes to zero when τ → 0. By means of
Hölder’s inequality and (3.4) we obtain

I2
1 (τ, t) ≤ 1

τ2

(∫ t+τ

t

‖Ft(εu(·, t), x)(σ)‖dσ
)2

≤ κ2

τ

∫ t+τ

t

‖u(σ) − u(t)‖2dσ

∫ t+τ

t

‖x(σ)‖2dσ.

Thus, I1(τ, t) goes to zero when τ → 0. Similarly, we can also show that I2(τ, t) goes
to zero when τ → 0. Therefore we conclude, via (3.17) and (2.8), that Φ·,s(u, x) ∈
Ds(C(·)) and Fs(u, x)(·) = C(·)Φ·,s(u, x) for a.e. t ≥ s.

Remark 3.13. By adopting a technique from the proof of [31, Prop. 3.12], it is
easy to show that for an absolutely regular time-varying bilinear system

C(·)Φn
·,s(u, x) → Fs(u, x) in Y 2,s

loc as n → ∞

for all u ∈ C
2,s
loc, x ∈ X2,s

loc , and s ≥ 0.
Now let (T,Φ) be a time-varying bilinear control system on X, and consider the

equation

x(t) = T(t, s)x0 + Φt,s(u, x), (t, s) ∈ Δ,(3.18)
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for a given u ∈ C
2,s
loc, x0 ∈ X, and s ≥ 0. So we are looking for the function (called

the state trajectory of (T,Φ)) x(·) ∈ C([s,∞), X) solution of (3.18). In particular, if

Φ·,s(u, z) = V
TuB(·)z for admissible control operators B(·), then x(·) is a solution of

the following variation of constants formula:

x(t) = T(t, s)x0 +

∫ t

s

T(t, τ)u(τ)B(τ)x(τ)dτ, (t, s) ∈ Δ.(3.19)

Equation (3.19) can also be related to the absolutely regular time-varying linear sys-
tem (T, φ,Ψ,L) on (X,X,X) where

φt,s x := [VT

s (B(·)x)](t), Ψsx0 := T(·, s)x0 (i.e., C(·) = I) and Lsx := V
T

sB(·)x

for x ∈ X2,s
loc , x0 ∈ X, and (t, s) ∈ Δ. Thus, if the input u ∈ C

∞, then one can apply
[31, Thm. 4.4, Rem. 4.6(a)], with admissible feedback operators Δ(·) := u(·)I (see
[31, Def. 4.1] or Remark 4.4(ii) for definition), to show the existence of a solution to
(3.19). Yet, for inputs u ∈ C

2,s
loc one cannot apply this result since, in this case, the

feedback operators Δ(·) do not fit in the setting of [31, Thm. 4.4]. Here we show that
(3.18) admits a unique solution and is given by an evolution family on X.

Theorem 3.14. Let (T,Φ) be a time-varying bilinear control system on X with
ω0(T) < ∞. Then for every u ∈ C

2,s
loc and x0 ∈ X there exists an evolution family

Tu := (Tu(t, s))t≥s on X such that x(·) := Tu(·, s)x0 is the unique solution of the
functional equation

x(t) = T(t, s)x0 + Φt,s(u, x), (t, s) ∈ Δ.(3.20)

Proof: Existence. Define a sequence T
n
u(t, s) for (t, s) ∈ Δ by

T
0
u(t, s) := T(t, s) and T

n+1
u (t, s)x0 := Φt,s(u,T

n
u(·, s)x0).

The operators T
n
u(t, s) ∈ L(X). By using Proposition 3.9 and Lemma 3.3, we obtain

by induction

‖T
n
u(t, s)‖ ≤ c1

(
(c2‖u‖L2[s,t](t− s))n

n!

) 1
2

(3.21)

for some positive constants c1 and c2. It follows from (3.21) that
∑∞

n=0 T
n
u(t, s)

converges with respect to the L(X)-norm and uniformly on any compact subset of Δ.
The operators Tu(t, s) :=

∑∞
n=0 T

n
u(t, s) ∈ L(X) are strongly continuous in X, since

(t, s) 
→ T
n
u(t, s)x0 ∈ X is continuous.

Now let us show that Tu(·, s)x0 satisfies (3.18). In fact, we can write

n∑
k=0

T
k
u(t, s)x0 = T(t, s)x0 +

n∑
k=1

T
k
u(t, s)x0

= T(t, s)x0 +

n−1∑
k=0

Φt,s(u,T
k
u(·, s)x0)

= T(t, s)x0 + Φt,s

(
u,

n−1∑
k=0

T
k
u(·, s)x0

)
.(3.22)
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Since Sn
u(·, s) :=

∑n
k=0 T

k
u(·, s) and Tu(·, s) are strongly continuous on X, it follows

that Sn
u(·, s)x0 → Tu(·, s)x0 in X2,s

loc as n → ∞. By (3.22) and Lemma 3.3 we can
show that Tu(t, s)x0 verifies (3.18). Clearly property (i) of Definition 2.1 is satisfied
by Tu. To prove the evolution property (ii), let T ≥ t ≥ r ≥ s ≥ 0. By invoking
(3.18) and (3.1) we get

Tu(t, r)Tu(r, s)x0

= T(t, r)Tu(r, s)x0 + Φt,r(u,Tu(·, r)Tu(r, s)x0)

= T(t, r)T(r, s)x0 + T(t, r)Φr,s(u,Tu(·, s)x0) + Φt,r(u,Tu(·, r)Tu(r, s)x0)

= T(t, s)x0 + T(t, r)Φr,s(u,Tu(·, s)x0) + Φt,r(u,Tu(·, s)x0)

+ Φt,r(u,Tu(·, r)Tu(r, s)x0 − Tu(·, s)x0)

= T(t, s)x0 + Φt,s(u,Tu(·, s)x0) + Φt,r(u,Tu(·, r)Tu(r, s)x0 − Tu(·, s)x0)

= Tu(t, s)x0 + Φt,r(u,Tu(·, r)Tu(r, s)x0 − Tu(·, s)x0),

which implies that

Tu(t, r)Tu(r, s)x0 − Tu(t, s)x0 = Φt,r(u,Tu(·, r)Tu(r, s)x0 − Tu(·, s)x0).(3.23)

Set ϕr(τ) := Tu(τ, r)Tu(r, s)x0 − Tu(τ, s)x0 for τ ∈ [r, t]. Then (3.23) and (3.2) give

‖ϕr(τ)‖2 = ‖Φt,r(u, ϕr)‖

≤ c(u, T )

∫ t

r

‖ϕr(τ)‖2dτ.

By Gronwall’s lemma we obtain ϕr(τ) = 0 on [r, t] and Tu(t, r)Tu(r, s)x0 = Tu(t, s)x0.
Since T > 0 and x0 ∈ X are arbitraries, we have (ii) for Tu.

Uniqueness. Suppose that x̃(·) ∈ C([s,∞), X) is another solution of (3.18), and
set ξ(t) := x(t)− x̃(t); then we have ξ(t) = Φt,s(u, ξ). By using Lemma 3.3, we obtain

‖ξ(t)‖2 ≤ const ‖u‖2
L2[s,t]

∫ t

s

‖ξ(τ)‖2dτ.

Again, from Gronwall’s lemma we deduce that ξ(t) = 0 for all t ≥ s.
The following result shows that the regularity allows an explicit expression of the

output function y(·) in terms of the observation operators C(·) issued from the system
(T,Ψ). This extends the representation theorem obtained for time-invariant bilinear
systems; see [6, Thm. 11].

Theorem 3.15. Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear system
on (X,C, Y ) and ω0(T) < ∞. Let C(·) be the observation operator associated with
(T,Ψ) given by (2.8). Then, for any s ≥ 0, x0 ∈ X, and u ∈ C

2,s
loc, there is a unique

solution (xΣ, yΣ) ∈ C([s,∞), X) × Y 2,s
loc of the functional equations

(3.24)

{
xΣ(t) = T(t, s)x0 + Φt,s(u, xΣ), t ≥ s,
yΣ = Ψsx0 + Fs(u, xΣ).

If, furthermore, Σ is regular, then xΣ(·) ∈ Ds(C(·)), and the output yΣ satisfies

yΣ(t) = C(t)xΣ(t) for a.e. t ≥ s.(3.25)

Proof. The existence and the uniqueness of the xΣ(·) solution of the first equation
in (3.24) have been proved in Theorem 3.14 and that yΣ ∈ Y 2,s

loc is trivial. Now assume



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1112 HAMID BOUNIT AND ABDELALI IDRISSI

that Σ is regular, and let us show that xΣ(·) ∈ Ds(C(·)) and yΣ satisfies (3.25). By
[31, Thm. 2.7], we have

(3.26) T(·, s)x0 ∈ Ds(C(·)) and (Ψsx0)(·) = C(·)T(·, s)x0.

By using (3.26) and applying Theorem 3.12 we obtain that xΣ(·) ∈ Ds(C(·)) and

yΣ(t) = C(t)T(t, s)x0 + C(t)Φt,s(u, xΣ)
= C(t)xΣ(t)

for a.e. t ≥ s.
Remark 3.16. If we consider a regular time-varying bilinear system Σ, Theorems

3.14–3.15 give us some additional information: The evolution family Tu is such that
Tu(·, s)x0 ∈ Ds(C(·)) for all u ∈ C

2,s
loc, x0 ∈ X, and s ≥ 0. Then we ask under what

condition C(·) is still an admissible observation operator for the evolution Tu and
that the observation system (Tu,Ψu) is also represented by C(·), where Ψu is given
by (Ψu)sx0 := C(·)Tu(·, s)x0.

The following proposition provides a sufficient condition for the invariance of
admissibility of observation for a perturbed evolution family in terms of input u.

Proposition 3.17. Let Σ = (T,Φ,Ψ,F) be a regular time-varying bilinear system
on (X,C, Y ) and ω0(T) < ∞. Let C(·) be the observation operator associated with
(T,Ψ) given by (2.8). If u ∈ C

2∪C
∞, then the pair (Tu,Ψu) (Ψu is defined in Remark

3.16) is a time-varying observation system which is represented by C(·).
Proof. By taking into account Theorems 3.14 and 3.15, we have only to verify (ii)

in Definition 2.3. So, let x0 ∈ X and t0, s ≥ 0; then in view of the result above we
have∫ s+t0

s

‖[(Ψu)sx0](t)‖2 dt =

∫ s+t0

s

‖yΣ(t)‖2 dt

=

∫ s+t0

s

‖
(
Ψsx0

)
(t) +

(
Fs(u,Tu(·, s)x0)

)
(t)‖2 dt

≤ 2

∫ s+t0

s

(
‖
(
Ψsx0

)
(t)‖2 + ‖

(
Fs(u,Tu(·, s)x0)

)
(t)‖2

)
dt

≤ 2
(
γ2‖x0‖2 + κ2‖u‖2

L2[s,s+t0]

∫ s+t0

s

‖Tu(t, s)x0‖2 dt
)
.

By making a straightforward computation based on the fact that u ∈ C
2 ∪ C

∞ and
(3.21), we can show that the evolution family Tu is exponentially bounded. Therefore,
we obtain ∫ s+t0

s

‖[(Ψu)sx](t)‖2 dt ≤ 2
(
γ2 + κ2Mu

(e2ωut0 − 1)

2ωu
‖u‖2

C2

)
‖x‖2

for some positive constants Mu and ωu.
It remains to show that Ψu is represented by C(·). Let s ≥ 0, t > 0, and x ∈ X.

Then

1

t

∫ s+t

s

[(Ψu)sx](τ) dτ − 1

t

∫ s+t

s

(Ψsx)(τ) dτ =
1

t

∫ s+t

s

[Fs(u,Tu(·, s)x)](τ) dτ.

(3.27)
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By using (3.7) and Hölder’s inequality we obtain∥∥∥∥1

t

∫ s+t

s

[Fs(u,Tu(·, s)x)](τ) dτ

∥∥∥∥ ≤ d(ω, t)‖u‖L2[s,s+t]‖Tu(·, s)x‖L2([s,s+t],X).

(3.28)

As the right-hand side of (3.28) tends to zero as t → 0, identity (3.27) shows that

lim
t→0

1

t

∫ s+t

s

[(Ψu)sx](τ) dτ = lim
t→0

1

t

∫ s+t

s

(Ψsx)(τ) dτ,

which ends the proof.
Proposition 3.17 means that a regular time-varying (or -invariant) bilinear sys-

tem Σ has the same state and output as the linear time-varying observation system
(Tu,Ψu) whenever the input u ∈ C

2 ∪ C
∞. Consequently, an input u ∈ C

2 ∪ C
∞

is universal on [s, t] for a well-posed time-varying bilinear system Σ if the associated
time-varying linear observation system (Tu,Ψu) is observable on [s, t] (see the com-
ment after Definition 4.1 about these notions). Based on this, the author in [3] gives
some topological properties for observers input extending the results given in [2, 8] and
in [4, 5, 17] in infinite dimensions to absolutely regular time-varying bilinear systems.

4. Observer design. Motivated by the results obtained for time-invariant bilin-
ear systems [6], this section deals with the problem of synthesis of observers for more
general systems, namely, for the absolutely regular time-varying bilinear systems in-
troduced in section 3. Thus, the problem of approximating the state of an absolutely
regular time-varying bilinear system is solved by a Luenberger-like observer whenever
the system is detectable. Contrary to the linear case, this observer has the property
that the dynamics of the error estimation depend on the inputs being applied.

Definition 4.1. Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear sys-
tem. An observer for Σ is given by a system (Õ) (not necessarily bilinear) controlled
by the inputs and the outputs of Σ:

(Õ)

{
ζ(t) = Ω(ζ, u, yΣ), ζ(s) = ζ0 ∈ X,
x̂(t) = Ξ(ζ(t))

such that the output x̂ is an approximation to the state xΣ for any initial states of Σ
and (Õ). That means

(4.1) lim
t→+∞

‖x̂(t, ζ0, u, yΣ) − xΣ(t, x0, u)‖ = 0 for any ζ0, x0 ∈ X.

Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear system on (X,C, Y ).
A pair of points x0 and x0 (x0 �= x0) is indistinguishable if for every input u ∈ L2[s, t]
the associated outputs yΣ and yΣ are identically equal on [s, t]. The system Σ with
an input u ∈ C

2,s
loc is called observable on [s, t] if every pair of points x0 and x0 is

distinguishable on [s, t]. In this case we say that u is a universal input for Σ on [s, t].
If the time-varying linear observation system (T,Ψ) is observable on [s, t] (i.e.,

Ψt,s := χ[s,t]Ψs is injective), then automatically the null input is universal for Σ =
(T,Φ,Ψ,F) on [s, t]. It is worth mentioning that, when a well-posed time-varying (or
-invariant) linear system is observable, any input distinguishes any two distinct states,
while for a bilinear (generally nonlinear) system this is no longer true. Even if the
system is observable, some inputs cannot distinguish between states. Furthermore,
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these “bad” inputs give rise to singularities in the observation design. The study of
universal inputs has been initiated by Sontag [32] for the discrete case. For finite-
dimensional bilinear systems, universal inputs do exist and are generic in the analytic
case [34]. Now we give a definition of a Luenberger-like observer for the well-posed
time-varying bilinear systems.

Definition 4.2. Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear sys-
tem, let xΣ and yΣ be the corresponding state trajectory and the output given by (3.24),
respectively, let u ∈ C

2,s
loc, and let K := (Kt,s)(t,s)∈Δ ∈ L(Y 2,s

loc , X). The system

(O)

{
ζ(t) = T(t, s)ζ0 + Φt,s(u, ζ) + Kt,s(C(·)ζ(·) − yΣ), t ≥ s, ζ0 ∈ X,
x̂(t) = ζ(t), t ≥ s,

is called an exponential Luenberger-like observer for Σ if ζ(·) ∈ C([s,∞), X)∩Ds(C(·))
and

‖x̂(t) − xΣ(t)‖ ≤ d ‖ζ0 − x0‖ e−δt, t ≥ s,

for any ζ0, x0 ∈ X with constants d, δ > 0.
As in the finite-dimensional case, the observer system is obtained as an output

injection of the original system where the difference ŷ − yΣ (with ŷ := C(·)ζ(·)) is
another input used to correct the estimated state x̂(·).

Notice that, by taking the difference between the equations (O) and (3.24), we
formally obtain the system which describes the estimation error

(4.2) εΣK (t) = T(t, s)ε0 + Φt,s(u, εΣK ) + Kt,s(ŷ − yΣ)

for a.e. t ≥ s, where ε0 := ζ0 − x0.
Contrary to the observer system (O), we can show that the system (4.2) aug-

mented by the output hΣK := ŷ − yΣ generates a well-posed time-varying bilinear
system ΣK in the sense of Theorem 3.15; i.e., the solution εΣK (·) and the output
function hΣK associated with ΣK , as in (3.24), are given by{

εΣK (t) = T
K(t, s)ε0 + ΦK

t,s(u, εΣK ),
hΣK = ΨK

s ε0 + F
K
s (u, εΣK )

for t ≥ s.
Definition 4.3. Let (T,Ψ) be a time-varying observation system. The family

K = (Kt,s)(t,s)∈Δ ∈ L(Y 2,s
loc , X) is called admissible for (T,Ψ) if the following hold:

(i) (T,K,Ψ) is an admissible regular linear triple, and
(ii) I is an admissible feedback for the time-varying linear system (T,K,Ψ,LK)

where the notions in (i) and (ii) are defined and commented in the following remark.
Remark 4.4.
(i) As for the bilinear case (see Remark 3.11), condition (i) means that the system

(T,K,Ψ,LK), where L
K
s y := C(·)K·,sy, y ∈ Y 2,s

loc , is a time-varying regular
linear system (see Definition 2.4), with C(·) is defined by (2.8).

(ii) Condition (ii) of Definition 4.3 means that there exists t0 > 0 such that the
operators I − L

K
s+t0,s, s ≥ 0, are invertible on L2([s, s + t0], Y ) and have

uniformly bounded inverses. This is equivalent to the invertibility of I −
L
K
s+t1,s on L2([s, s + t1], Y ) for all t1 > 0 [31, Lem. 4.2]. A time-invariant

version of this result was given in the paper of Staffans and Weiss [33] about
the flow inversion of abstract linear systems.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

TIME-VARYING BILINEAR SYSTEMS 1115

Now we state the following result on the existence of the so-called feedback bilinear
system without any regularity assumption on the open-loop system.

Theorem 4.5. Let Σ = (T,Φ,Ψ,F) be a well-posed time-varying bilinear system.
If a family K = (Kt,s)(t,s)∈Δ is admissible for (T,Ψ), then the quadruple ΣK :=
(TK ,ΦK ,ΨK ,FK) defined by

(4.3)
F
K
s := (I − L

K
s )−1

Fs, ΨK
s := (I − L

K
s )−1Ψs,

ΦK
t,s := Φt,s + Kt,sF

K
s , T

K(t, s) := T(t, s) + Kt,sΨ
K
s

for all (t, s) ∈ Δ is a well-posed time-varying bilinear system, where L
K
s is the linear

input-output map defined in Remark 4.4(i). Moreover, if Σ is absolutely regular, then
ΣK is so as well.

Proof. Let us prove that the four operators in (4.3) satisfy the conditions of
Definition 3.1. Thus, the two upper identities in (4.3) give

(4.4) F
K
s (u, x) = Fs(u, x) + L

K
s F

K
s (u, x) and ΨK

s x0 = Ψsx0 + L
K
s ΨK

s x0

for all u ∈ C
2,s
loc, x ∈ X2,s

loc , x0 ∈ X, and s ≥ 0. By combining the first identity in (4.4)
with the properties (2.5) and (3.3), we obtain

F
K
s (u, x) = Ft(u, x) + ΨtΦt,s(u, x) + L

K
t F

K
s (u, x) + ΨtKt,sF

K
s (u, x)

= Ft(u, x) + Ψt

(
Φt,s(u, x) + Kt,sF

K
s (u, x)

)
+ L

K
t F

K
s (u, x)

= Ft(u, x) + ΨtΦ
K
t,s + L

K
t F

K
s (u, x)(4.5)

on [t,∞), which implies that

(I − L
K
t )FK

s (u, x) = Ft(u, x) + ΨtΦ
K
t,s(u, x) on [t,∞).

Thus, the definitions of F
K
t and ΨK

t in (4.3) give the equation required in (3.3) for
F
K
s .

Now, by using the second identity in (4.4) and applying (2.5) and (2.3), we obtain

ΨK
s x0 = ΨtT(t, s)x0 + L

K
t ΨK

s x0 + ΨtKt,sΨ
K
s x0

= Ψt

(
T(t, s) + Kt,sΨ

K
s )x0 + L

K
t ΨK

s x0(4.6)

on [t,∞) for (t, s) ∈ Δ and x0 ∈ X.
Therefore, the equation required in (2.3) for ΨK

s follows from the definitions of
T
K(t, s) and ΨK

t in (4.3).
By combining now (2.1) and (3.1) we obtain

ΦK
t,s(u, x) = Φt,s(u, x) + Kt,sF

K
s (u, x)

= Φt,l(u, x) + T(t, l)Φl,s(u, x) + Kt,lF
K
s (u, x) + T(t, l)Kl,sF

K
s (u, x)

for t ≥ l ≥ s. By using (3.3) for F
K
s and definitions of ΦK and T

K in (4.3), it follows
that

ΦK
t,s(u, x) = Φt,l(u, x) + T(t, l)Φl,s(u, x) + Kt,l

(
F
K
l (u, x)

+ ΨK
l ΦK

l,s(u, x)
)

+ T(t, l)Kl,sF
K
s (u, x)

= ΦK
t,l(u, x) + T(t, l)

(
Φl,s(u, x) + Kl,sF

K
s (u, x)

)
+ Kt,lΨ

K
l ΦK

l,s(u, x)

= ΦK
t,l(u, x) +

(
T(t, l) + Kt,lΨ

K
l

)
ΦK

l,s(u, x)

= ΦK
t,l(u, x) + T

K(t, l)ΦK
l,s(u, x)(4.7)
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for t ≥ l ≥ s, which proves (3.1) for ΦK
t,s. Since (I − L

K
s )−1 is uniformly bounded on

L2([s, s + t], Y ) and Σ is a well-posed time-varying bilinear system, the estimations
(2.4), (3.2), and (3.4) hold for ΨK

s ,ΦK
t,s, and F

K
s , respectively. It remains to show that

T
K is an evolution family on X. Due to the fact that Kt,t = 0 and T(t, t) = I, we

obtain T
K(t, t) = I. By applying (2.1) and (2.3) for (T,K) and (TK ,ΨK), respectively,

we get

T
K(t, s)x0 = T(t, s)x0 + Kt,sΨ

K
s x0

= T(t, r)T(r, s)x0 + Kt,rΨ
K
s x0 + T(t, r)Kr,sΨ

K
s x0

= T(t, r)
(
T(r, s) + Kr,sΨ

K
s

)
x0 + Kt,rΨ

K
s x0

= T(t, r)TK(r, s)x0 + Kt,rΨ
K
r T

K(r, s)x0

= T
K(t, r)TK(r, s)x0

for all (t, s) ∈ Δ and x0 ∈ X. The strong continuity of T
K is obtained as in [31, Thm.

4.4].
Finally, the definition of F

K in (4.3) yields∫ t+τ

t

‖F
K
t (χR+

, χR+
⊗ x)(σ)‖2 dσ ≤ const

∫ t+τ

t

‖Ft(χR+
, χR+

⊗ x)(σ)‖2 dσ.

Thus ΣK is a well-posed bilinear system, and if Σ is absolutely regular, then ΣK is
so as well.

Remark 4.6. In the time-invariant setting (see [6, sect. 5]) we have proved that the
regularity is even conserved by the systems ΣK . This was established by means of the
transfer functions introduced for well-posed time-invariant bilinear systems ΣK and
its relation with that of Σ; see [6, Rem. 6(ii)]. But the proof is essentially based on
the Laplace transform of the input-output maps and the use of [6, Prop. 4.9], which
has no version in our setting.

We now show more representation of ΣK . We begin by giving the expressions
of ΨK , F

K , and the observation operators CK(·) associated with (TK ,ΨK). This
requires the initial observation operators associated with (T,Ψ). We show that, if
Φ is represented by an admissible control operators, ΦK has a representation by the
same control operators. This is the time-varying analogue of the result given in [6,
Prop. 5.5].

Proposition 4.7. Let Σ = (T,Φ,Ψ,F) be an absolutely regular time-varying
bilinear system and ω0(T) < ∞. Let C(·) be the observation operator associated with
(T,Ψ) and K is admissible for (T,Ψ), and let ΣK be the absolutely regular time-varying
bilinear system given in Theorem 4.5. Then the following hold:

(i) T
K(·, s)x0 and ΦK

·,s(u, x) belong to Ds(C(·)), and we have

ΨK
s x0 = C(·)TK(·, s)x0, F

K
s (u, x) = C(·)ΦK

·,s(u, x)(4.8)

for all x0 ∈ X,u ∈ C
2,s
loc, and x ∈ X2,s

loc .

(ii) For any z0 ∈ X,u ∈ C
2,s
loc, the unique solutions (zΣK , hΣK ) ∈ C([s,∞), X) ×

Y 2,s
loc of the functional equations

(4.9)

{
zΣK (t) = T

K(t, s)z0 + ΦK
t,s(u, zΣK ),

hΣK = ΨK
s z0 + F

K
s (u, zΣK )

are such that zΣK ∈ Ds(C(·)) ∩Ds(C
K(·)) and hΣK (t) = C(t)zΣK (t) for a.e.

t ≥ s.
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(iii) Let X be a Banach space in which X is dense and continuously embed-
ded. Assume that Φt,s is represented by admissible control operators B(·) ∈
L∞(R+,Ls(X,X)) (see Remark 3.8(i)) and T

K(t, s) has a locally uniformly

bounded extension T
K

(t, s) : X → X. Thus, T
K

satisfies (i) and (ii) of
Definition 2.1. Then

ΦK
·,s(u, x) = V

T
K

s (uB(·)x) and F
K
s (u, x) = C(·)VT

K

s (uB(·)x)(4.10)

for all (u, x) ∈ C
2,s
loc ×X2,s

loc .
Proof. (i) From identity (4.4) we have, for all x0 ∈ X,

ΨK
s x0 = Ψsx0 + L

K
s ΨK

s x0

= C(·)T(·, s)x0 + C(·)K·,sΨK
s x0 (by Remark 4.4(i))

= C(·)
(
T(·, s) + K·,sΨ

K
s

)
x0

= C(·)TK(·, s)x0 (by (4.3)),

and this shows that T
K(·, s)x0 ∈ Ds(C(·)).

By using again (4.4) and Remark 4.4(i) and applying Theorem 3.12, we obtain

F
K
s (u, x) = Fs(u, x) + L

K
s F

K
s (u, x)

= C(·)Φ·,s(u, x) + C(·)K·,sFK
s (u, x)

= C(·)
(
Φ·,s(u, x) + K·,sF

K
s (u, x)

)
= C(·)ΦK

·,s(u, x) (by (4.3))

for all u ∈ C
2,s
loc and x ∈ X2,s

loc . Therefore ΦK
·,s(u, x) ∈ Ds(C(·)).

(ii) As ω0(T) < ∞ we deduce from [31, Thm. 4.4] that ω0(T
K) < ∞. Then,

according to Theorems 4.5 and 3.15, the functional equations (4.9) have a unique
solution (zΣK , hΣK ) such that zΣK ∈ Ds(C

K(·)) and hΣK (t) = CK(t)zΣK (t) for a.e.
t ≥ s. From (i) it follows that zΣK (·) ∈ Ds(C(·)), and, for a.e. t ≥ s, we obtain

hΣK (t) = (ΨK
s z0)(t) + F

K
s (u, zΣK )(t)

= C(t)TK(t, s)z0 + C(t)ΦK
t,s(u, zΣK )

= C(t)zΣK (t).

(iii) By [31, Prop. 2.11] we can see that V
T

sBk(u, x) ∈ Ds(C(·)), and by proceeding
as in the proof of [31, Form. (4.14)] we can obtain

V
T
K

s Bk(u, x) = V
T

sBk(u, x) + K·,s(I − L
K
s+t1,s)

−1C(·)VT

sBk(u, x)(4.11)

for all u ∈ C
2,s
loc, x ∈ X2,s

loc , and t1 large enough. By using Proposition 3.9 and Remark
3.13 and taking the limit in (4.11) on C([s, s + t1], X), we obtain

ΦK
t,s(u, x) = lim

k→∞
[VT

K

s Bk(u, x)](t)

= Φt,s(u, x) + Kt,s(I − L
K
s+t1,s)

−1
Fs(u, x).(4.12)

Hence, it follows from Remark 4.4(i) that ΦK
·,s(u, x) ∈ Ds(C(·)). Our aim now is to

show that for all (u, x) ∈ A2,s := {(u, x) ∈ C
2,s
loc ×X2,s

loc , u.x ∈ X2,s
loc}

Bk(u, x) → uB(·)x as k → ∞ in X
2,s

loc,(4.13)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1118 HAMID BOUNIT AND ABDELALI IDRISSI

where the operator Bk is defined in (3.11). Let (u, x) ∈ C
2,s
loc×X2,s

loc , and set Dk(u, x) :=

Bk(u, x) − uB(·)x. Then Dk(u, x) ∈ X
2,s

loc if (u, x) ∈ A2,s. By means of Hölder’s
inequality and Fubini’s theorem we estimate

‖Dk(u, x)‖L2([0,T ],X) = k2

∫ T

0

∥∥∥∥∥
∫ τ

τ− 1
k

T(τ, μ)u(μ)B(μ)x(μ)dμ− u(τ)B(τ)x(τ)

∥∥∥∥∥
2

dτ

≤ k

∫ 1
k

0

∫ T

0

‖T(τ + μ, τ)u(τ)B(τ)x(τ) − u(τ + μ)B(τ + μ)x(τ + μ)‖2dτdμ,

which gives (4.13). By combining now (4.12) and (4.13) we obtain

V
T
K

s Bk(u, x)(t) = V
T
K

s Bk(u, x)(t) →
(
V

T
K

s uB(·)x
)
(t) as k → ∞.(4.14)

Thus ΦK
·,s(u, x) = V

T
K

s (uB(·)x) for all (u, x) ∈ A2,s.
Let E := Cc([s,∞),C)×Cc([s,∞), X), where Cc([s,∞), X) is the space of continu-

ous functions with compact support in [s,∞). Since the space E is dense in C
2,s
loc×X2,s

loc

and is included in A2,s, we deduce that this latter is also dense in C
2,s
loc ×X2,s

loc . Thus,
by the continuity of both sides of (4.14) we obtain the first equality in (4.10). The
second equality in (4.10) is immediate from the first equality.

We now turn back to the problem of the observer. This leads us to introduce the
following concept of detectability.

Definition 4.8. Let (T,Ψ) be a time-varying observation system. We say that
(T,Ψ) is admissibly detectable if there exists a family K such that:

(i) K is admissible for (T,Ψ) (see Definition 4.3);
(ii) the evolution family T

K on X defined in (4.3) is such that ω0(T
K) < 0.

For the time-invariant Hilbert space setting, Rebarber [28, Def. 1.5] has introduced
a somewhat general version of detectability. However, in the time-varying Banach
space setting, Schnaubelt [31, Def. 5.8] has proposed a more general definition of
detectability with no regularity assumption on the system. But one can remark that
if the pair (T,Ψ) is detectable in the sense of Definition 4.8, then, by Theorem 4.5,
the closed-loop evolution family

T
K(t, s) = T(t, s) + Kt,s(I − L

K
s )−1Ψs, (t, s) ∈ Δ,

is exponentially stable on X. By letting φK
t,s := Kt,s(I − L

K
s )−1, it is easy to see

that the pair (TK , φK) is a linear control system on X which implies that (T,Ψ) is
detectable in the sense of [31, Def. 5.8]. It is not known if Schnaubelt’s definition is
genuinely more general; i.e., there exists a pair (T,Ψ) which is detectable in the sense
of [31, Def. 5.8] but it is not in the sense of Definition 4.8.

The problem to design an observer for any input holds even in the finite-dimensional
case; see, e.g., [16, 18]. The following result gives sufficient conditions for the existence
of a Luenberger-like observer for an absolutely regular time-varying bilinear system.

Theorem 4.9. Let Σ = (T,Φ,Ψ,F) be an absolutely regular time-varying bilinear
system and ω0(T) < ∞. If (T,Ψ) is admissibly detectable by K, then the system (O)
is an exponential Luenberger-like observer for Σ working for some small inputs.

Proof. First, for ε0 ∈ X and s ≥ 0, we are looking for a function εΣK (·) ∈
Ds(C(·)) ∩ Ds(C

K(·)) satisfying (4.2). So let ΣK be the absolutely regular time-
varying bilinear systems associated with Σ as defined in Theorem 4.5 and consider
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the system

(4.15)

{
εΣK (t) = T

K(t, s)ε0 + ΦK
t,s(u, εΣK ),

hΣK = ΨK
s ε0 + F

K
s (u, εΣK )

for u ∈ C
2,s
loc. According to Theorem 3.15, the solution εΣK (·) of ΣK associated with

u exists in C([s,∞), X), and, via Proposition 4.7(i), it fits in Ds(C(·)) ∩ Ds(C
K(·)).

Therefore, we have hΣK (t) = CK(t)εΣK (t) = C(t)εΣK (t) for a.e. t ≥ s. Again by
Theorem 3.15, the solution xΣ(·) of Σ associated with u exists in C([s,∞), X) ∩
Ds(C

K(·)). Thus, ζ(·) := xΣ(·) + εΣK (·) ∈ C([s,∞), X) ∩ Ds(C(·)), and the output
function is then given by

(4.16)

hΣK (t) = CK(t)εΣK (t)
= C(t)

(
ζ(t) − xΣ(t)

)
= ŷ(t) − yΣ(t)

for a.e. t ≥ s. On the other hand, by using the first equation in (4.15) and (4.3), we
can write

εΣK (t) = T(t, s)ε0 + Φt,s(u, εΣK ) + Kt,s

(
ΨK

s ε0 + F
K
s (u, εΣK )

)
= T(t, s)ε0 + Φt,s(u, εΣK ) + Kt,shΣK .

By combining this with (4.16), we deduce that εΣK (·) is the unique solution of (4.2)
and that ζ(·) is the unique solution of the observer (O). Now, by detectability and
Lemma 3.3, δ := sup(t,s)∈Δ ‖ΦK

t,s‖BL(L2(s,t)×L2(s,t;X),X) is finite, and, via (4.15), we
have

‖εΣK (t)‖ ≤ Me−θ(t−s)‖ε0‖ + δ‖u‖C2,s

(∫ t

s

‖εΣK (σ)‖2dσ

) 1
2

,

where ω := ω0(T
K) < 0, θ ∈]0,−ω[, and M ≥ 1. By taking the square of both terms

of the above inequality and using Gronwall’s lemma, it then follows that

‖εΣK (t)‖ ≤ M
√

2 e(δ2‖u‖2
C2,s−ε)(t−s)‖ε0‖.

Thus, the system (O) is an exponential observer for Σ for all inputs satisfying ‖u‖C2,s <

�, with � :=
√
−ω
δ .

5. Application. We consider the following partial differential equation with
mixed boundary conditions:

(5.1)

⎧⎪⎪⎨
⎪⎪⎩

∂1
t φ(t, ξ) = α(t)∂2

ξφ(t, ξ) for t ≥ s, ξ ∈ [0, 1],

φ(t, 0) = 0, ∂1
ξφ(t, 1) + u(t)

∫ 1

0

π(ξ)φ(t, ξ)dξ = 0 for t ≥ s,

φ(s, ξ) = ϕ(ξ) for ξ ∈ [0, 1],

where ∂i
ς := ∂i

∂ςi , i = 1, 2, ϕ ∈ X := L1(0, 1), the input function u ∈ L2
loc(R+), and

the coefficient α ∈ C(R+) is a strictly positive function such that 0 < α0 ≤ α(t) ≤ αm

for all t ≥ 0. For simplicity, we assume that the boundary coefficient π ∈ L∞(0, 1).
Let A := ∂2

ξ with D(A) := {f ∈ W 2,1[0, 1], f(0) = f ′(1) = 0}. It is known
that (A,D(A)) generates an analytic semigroup (S(t))t≥0 on the space X. For the
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reformulation of our system in bilinear form we define the space X−1 as the completion
of X with respect to the new norm ‖x‖−1 := ‖(λI −A)−1x‖ for some λ fixed in ρ(A).
This space is independent of the choice of λ and is called the extrapolation space of
X with respect to A. The semigroup (S(t))t≥0 can be extended to a C0-semigroup
(S−1(t))t≥0 on X−1, with the generator denoted by (A−1, D(A−1)). Notice that A−1

is an extension of A to X, with D(A−1) = X, and the norm of X is equivalent to the
graph norm of A−1. On the other hand, let Xa (respectively, Xb−1)) be the domain
of the fractional power (λ − A)a (respectively, (λ − A−1)

b), endowed with the graph
norm, with a, b ∈ [0, 1]. Then it is known that

S−1(t) ∈ L(Xb−1, Xa) and(5.2)

‖S(t)(λ−A)bx‖Xa ≤ � eωt max{1, t−(a+b)}‖x‖(5.3)

for all t ≥ 0 and x ∈ X, where � = �(λ) > 0, ω ≥ 0, and a, b ∈ [0, 1]. For more details
we can see, e.g., [15, sect. II.5] and [1].

Here we suppose that our system (5.1) is coupled with the output function

(5.4) y(t) =

∫ 1

0

ξθφ(t, ξ) dξ

for t ≥ s, where θ ∈] − 1, 0[. We will show that (5.1) and (5.4) can be reformulated
as a well-posed time-varying bilinear system Σ.

Let t ≥ 0 and λ > 0. We first remark that the solution of the elliptic problem

(λ− α(t)∂2
ξ )βλ,t = 0, with βλ,t(0) = 0 and ∂1

ξβλ,t(1) = 1,(5.5)

exists, and it is explicitly given by

βλ,t(ξ) =

√
α(t)

λ

sinh(
√

λ
α(t) ξ)

cosh(
√

λ
α(t) )

.(5.6)

In what follows, we fix λ > 0, and we introduce the time-varying operators

A(t) := α(t)A−1, with D(A(t)) := D(A−1) = X, t ≥ 0,

and

Bλ(t) := (λ−A(t))(βλ,t ⊗ L),

where

L(f) :=

∫ 1

0

π(ξ)f(ξ) dξ and (βλ,t ⊗ L)f := L(f)βλ,t, f ∈ X.

Thus, we obtain the following result, which shows that the system (5.1) is equivalent
to some time-varying bilinear system.

Proposition 5.1. If z is a solution of (5.1), i.e., z ∈ C1([s,∞), X) ∩ C([s,∞),
C2[0, 1]) and verifies (5.1), then x(t) := z(t, ·) is a solution of the bilinear system

ẋ(t) = A(t)x(t) + u(t)Bλ(t)x(t), x(s) = ϕ, t ≥ s.(5.7)
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Conversely, if x ∈ C1([s,∞), X) ∩ C([s,∞), C2[0, 1]) is a solution of (5.7) and verifies

x(t) − u(t)(βλ,t ⊗ L)x(t) ∈ D(A)(5.8)

for all t ≥ s, then z(t, ·) := x(t) is a solution of (5.1).
Proof. Let z be a solution of (5.1). Then, from the boundary conditions, we

deduce that x(t) := z(t, ·) verifies the condition (5.8). By invoking (5.5) together with
(5.8), we get

ẋ(t) = λx(t) −
(
λ− α(t)

∂2

∂ξ2

)
x(t)

= λx(t) − (λ− α(t)A)(x(t) + u(t)(βλ,t ⊗ L)x(t))

= λx(t) − (λ−A(t))(x(t) + u(t)(βλ,t ⊗ L)x(t))

= A(t)x(t) + u(t)Bλ(t)x(t).

It is straightforward to see that the converse also holds.
We know that the evolution family generated by α(·)A is given by T(t, s) :=

S(
∫ t
s
α(τ)dτ), (t, s) ∈ Δ. This family can be extended on the extrapolated space X−1

to the evolution family T(t, s) := S−1(
∫ t
s
α(τ)dτ) which is generated by A(·). Let us

define the operator

Φt,s(u, x) :=

∫ t

s

T(t, σ)u(σ)Bλ(σ)x(σ) dσ

for (u, x) ∈ C
2,s
loc×X2,s

loc and (t, s) ∈ Δ. We show that the pair (T,Φ) is a time-varying
bilinear control system on X. We proceed by steps.

Step 1. We show that the operator Φt,s ∈ BL(C2,s
loc×X2,s

loc , X): For each (s, t) ∈ Δ

and (u, x) ∈ C
2,s
loc ×X2,s

loc we define the functions

γ(σ) :=

∫ t

σ

α(τ) dτ and f(σ) := u(σ)(λ−A(t))L(x(σ))βλ,σ, σ ∈ [s, t].

The function γ ∈ C1([s, t]) and is strictly decreasing and hence bijective. Thus, by
changing variables, one can write

Φt,s(u, x) =

∫ t

s

S−1(γ(σ))f(σ) dσ

=

∫ γ(s)

0

S−1(r)
f(γ−1(r))

α(γ−1(r))
dr

=

∫ γ(s)

0

S−1(γ(s) − r)g(γ(s) − r) dr,(5.9)

where g(·) := f(γ−1(·))
α(γ−1(·)) .

We now introduce the Favard space associated with a semigroup (V (t))t≥0 (with
generator G) on some Banach space E which is defined by

FG :=

{
x ∈ E : sup

t>0

1

t

∥∥e−ωtV (t)x− x
∥∥ < ∞

}
,

with ω > ω0 fixed (ω0 is the growth bound of the semigroup (V (t))t≥0). The space
FG endowed with the norm ‖x‖FG

:= supt>0
1
t ‖e−ωtV (t)x− x‖ is a Banach space;



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1122 HAMID BOUNIT AND ABDELALI IDRISSI

see, e.g., [15, sect. II.5] for further properties. We have to note that in our case
Fα(t)A = FA for all t ≥ 0.

Proposition 5.2. We have the following properties:
(i) The function βλ,t ∈ FA for each t ≥ 0.
(ii) The function t 
→ βλ,t is continuous from R+ to FA.
(iii) The function g defined in (5.9) is locally integrable with values in FA−1

.
Proof. (i) In fact, a simple computation gives

‖βλ,t‖X ≤ αm

λ
(5.10)

for all λ > 0, and then by applying [13, Thm. 16] we obtain our claim.
(ii) The estimate (5.10) implies that the space Xm := {f ∈ W 1,2(0, 1), f(0) =

0}, endowed with the W 1,2-norm, is continuously embedded in the Favard space FA;
see [11, Prop. 4.1]. Hence, via (i) and (5.5), we can write

‖βλ,t − βλ,t0‖FA
≤ const ‖βλ,t − βλ,t0‖Xm

≤ const (1 + λ) ‖βλ,t − βλ,t0‖X .

Thus, it is enough to prove the continuity of βλ,· with respect to the topology of
X. For this we can simply use (5.6) and the fact that the function cosh is locally
Lipschitz.

(iii) Remark that λ0 − A−1 ∈ L(FA, FA−1
) for all λ0 ∈ ρ(A) = ρ(A−1); see, e.g.,

[15, sect. II.5]. Then the function g takes values in FA−1
. To obtain our aim we

show that the function (λ− α(·)A−1)βλ,· is continuous from R+ to FA−1 . In fact, let
t, t′ ≥ 0 and λ0 ∈ ρ(A). Then by the estimate

‖(λ− α(t)A−1)βλ,t − (λ− α(t′)A−1)βλ,t′‖FA−1
≤ α(t)

∣∣∣∣ λ

α(t)
− λ

α(t′)

∣∣∣∣ ‖βλ,t‖FA

+

{∣∣∣∣ λ

α(t′)
− λ0

∣∣∣∣+ ‖λ0 −A−1‖L(FA,FA−1
)

}
‖α(t)βλ,t − α(t′)βλ,t′‖FA

together with the continuity of the function α and (ii), we obtain (iii).
To conclude this step, we apply the Nagel–Sinestrari result (see [27, Prop. 3.1])

and use (iii) to obtain that the range of Φt,s is contained in X. Therefore, by using
the fact that X (= D(A−1)) is continuously injected in X−1 and the open mapping
theorem for bilinear operators, we can deduce that Φt,s ∈ BL(C2,s

loc ×X2,s
loc , X).

Step 2. We prove the estimate (3.2): By applying again [27, Prop. 3.1] and using
(5.9) we obtain

‖Φt,s(u, x)‖ ≤ Neωγ(s)‖g‖L1(0,γ(s);FA−1
),(5.11)

with constants ω, N ≥ 0 independent of s and t. Now, by using successively Hölder’s
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inequality and changing variables we can estimate

‖g‖L1(0,γ(s);FA−1
) ≤
(∫ γ(s)

0

1

α(γ−1(r))
|u(γ−1(r))|2 dr

) 1
2

×
(∫ γ(s)

0

(
|Lx(γ−1(r))|‖(λ− α(γ−1(r))A−1)βλ,γ−1(r)‖FA−1

)2
dr

) 1
2

≤ α2
m

α0
‖π‖L∞

(∫ t

s

|u(r)|2 dr
) 1

2

⎛
⎝∫ t

s

(
‖x(r)‖

∥∥∥∥
(

λ

α(r)
−A−1

)
βλ,r

∥∥∥∥
FA−1

)2

dr

⎞
⎠

1
2

.

(5.12)

On the other hand, we have the following continuous injection Xm ↪→ FA−1 (Xm is
defined in (ii)). Thus, by using the fact that ‖βλ,r‖Xm

≤ const (1 + λ)‖βλ,r‖X and
(5.10), we obtain∥∥∥∥
(

λ

α(r)
−A−1

)
βλ,r

∥∥∥∥
FA−1

≤
∥∥∥∥
(

λ

α(r)
− λ0

)
βλ,r

∥∥∥∥
FA−1

+ ‖(λ0 −A−1)βλ,r‖FA−1

≤ const αm
1 + λ

λ

(
λ

α0
+ λ0 + 1

)
.(5.13)

Therefore, the estimate (3.2) can be deduced from (5.11) and (5.13) with the constant

β(t0) = const

{
α3
m

α0
N‖π‖L∞

1 + λ

λ

(
λ

α0
+ λ0 + 1

)}
eωαmt0 .

Finally, the property of composition (3.1) is immediate, and then the pair (T,Φ) is a
time-varying bilinear control system on X.

Our observation operator Cθf :=
∫ 1

0
ξθf(ξ) dξ is unbounded with maximal domain

D(Cθ) = Lr(0, 1), r > 1
1+θ . But one can prove by using the change of variables in

(5.9) and [12, Lem. 6.5] that Cθ is a T-admissible observation operator. Remark also
that the operator Cθ is bounded on Xa, where a ∈]0, 1

2 [. Hence, according to (5.2),
the output map Ψ is given by Ψs(x) = CθT(·, s)x for x ∈ X.

Since the Favard space FA is continuously embedded in Xa when a ∈ [0, 1[ and
due to Proposition 5.2, we have that T(t, s)Bλ(t) ∈ L(X,Xa), which is continuous
w.r.t. t ≥ s. On the other hand, by using (5.3) we can easily deduce that

‖T(t, s)Bλ(t)‖L(X,Xa) ≤ �1 eω(t−s)(t− s)(b−a−1),(5.14)

where a ∈]0, 1[, b ∈]0, 3
4 [, and �1 = �1(L, a, b, α) > 0. This proves that Φt,s(u, x) ∈ Xa,

and if a ∈]0, 1
2 [ and b ∈]0, 3

4 [, then we estimate

|CθΦt,s(u, x)| ≤ �2

∫ t

s

eω(τ−s)(τ − s)(b−a−1)u(τ)x(τ) dτ,

where �2 := �1‖Cθ‖L(Xa,C). This implies that

‖CθΦ·,s(u, x)‖2
L2(s,s+t0)

≤ �2

∫ s+t0

s

(∫ t

s

eω(τ−s)(τ − s)(b−a−1)u(τ)x(τ) dτ

)2

dt.
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By applying successively Young and Hölder inequalities and assuming that b−a > 1/2,
we have

‖CθΦ·,s(u, x)‖L2(s,s+t0) ≤ �3 eωt0t
(b−a− 1

2 )
0 ‖u‖L2(s,s+t0)‖x‖L2([s,s+t0],X),(5.15)

where �3 = �3(a, b, �2) > 0.
Thus we have proved that, if a ∈]0, 1

2 [, b ∈]0, 3
4 [, and b − a > 1/2, the triple

(T,Φ,Ψ) is admissible on (L1(0.1),C,C), which means that the system Σ :=
(T,Φ,Ψ,F), where Fs(u, x) := CθΦ·,s(u, x), is a well-posed time-varying bilinear sys-
tem on (L1(0.1),C,C); see Proposition 3.6. Under the same condition we can also
deduce from (5.15) that our system is absolutely regular.

Now it remains to prove that the pair (T,Ψ) is detectable. Since the spectral
bound s(A) = −π2/4 and S(·) is an analytic semigroup, then via the spectral mapping
theorem the semigroup S(·) is exponentially stable. Hence the evolution family T is
so as well. Therefore (T,Ψ) is detectable by the operator K = 0. However, one can
see that this pair is still detectable by nontrivial, but not “too greater,” operators. In
fact, let k ∈ X2

loc, and set

(5.16) Kt,s(y) :=

∫ t

s

T(t, σ)y(σ)k(σ) dσ,

where y ∈ C
2,s
loc and t ≥ s ≥ 0.

Proposition 5.3. There is a constant k0 > 0 such that the pair (T,Ψ) is admis-
sibly detectable by K for all functions k ∈ X∞, with ‖k‖X∞ < k0.

Proof. The time-varying linear observation system (T,Ψ) is represented by Cθ;
then by [31, Prop. 2.11], Kt,sy ∈ D(Cθ) for all t ≥ s, and the time-varying linear
system Γ := (T,K,Ψ,LK), where L

K
s := CθK·,s, is well-posed. The system Γ is also

regular since k ∈ X∞. Similarly, the time-varying linear system ΓI := (T,KI ,Ψ,LI),
where K

I
t,sf := (VT

sf)(t) for f ∈ X2,s
loc , and L

I
s := CθK

I
·,s, is well-posed and regular.

On the other hand, I is an admissible feedback for Γ, since the constant κ(t0) =
κ0t

1/2
0 (see (2.6)) tends to 0 when t0 tends to 0. Similarly, the operators k(·) ∈

L∞([0,∞),Ls(C, X)) are admissible feedback for ΓI . This means that there exists
t0 > 0 such that the operators I − L

I
s+t0,sk(·), s ≥ 0, are invertible on L2[s, s + t0]

and have uniformly bounded inverses. Therefore, according to [31, Thm. 5.6], there
exists a constant k0 > 0 such that for all k ∈ X∞, with ‖k‖X∞ < k0, the feedback
evolution family T

K , associated with ΓI and the feedback k, is exponentially stable.
Finally, it is easy to see that the feedback evolution family T

K coincides with that of
the feedback bilinear system ΣK .

From this result and Theorem 4.9 we can deduce that, with K given in (5.16) and
under conditions in Proposition 5.3, the system (O) is an exponential Luenberger-like
observer for Σ with some small inputs.
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OPTIMAL TRANSPORTATION PROBLEM BY STOCHASTIC
OPTIMAL CONTROL∗

TOSHIO MIKAMI† AND MICHÈLE THIEULLEN‡

Abstract. We address an optimal mass transportation problem by means of optimal stochastic
control. We consider a stochastic control problem which is a natural extension of the Monge–
Kantorovich problem. Using a vanishing viscosity argument we provide a probabilistic proof of two
fundamental results in mass transportation: the Kantorovich duality and the graph property for the
support of an optimal measure for the Monge–Kantorovich problem. Our key tool is a stochastic
duality result involving solutions of the Hamilton–Jacobi–Bellman PDE.

Key words. optimal mass transportation theory, Monge–Kantorovich problem, Monge prob-
lem, duality, stochastic control, Hamilton–Jacobi–Bellman PDE, value function, vanishing viscosity,
semiconvex functions
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1. Introduction. Our goal in the present paper is to show that stochastic opti-
mal control theory can be used efficiently to study deterministic optimal mass trans-
portation problems. Let us recall that optimal transportation theory consists of the
following two minimization problems, where P0 and P1 are given Borel probability
measures on Rd and the cost function c : Rd × Rd → R+ ∪ {+∞} is measurable. In
this paper the cost function has the form

(1.1) c(x, y) = L(y − x)

with L(u) : Rd → [0,∞) convex in u. In the Monge problem the object of study is

(1.2) TM (P0, P1) := inf

{∫
Rd

L(g(x) − x)P0(dx)

}
,

and the infimum is taken over all measurable maps g : Rd �→ Rd such that the image
of P0 by g is P1. In the Monge–Kantorovich problem (MKP), one considers

(1.3) TMK(P0, P1) := inf

{∫
Rd×Rd

L(y − x)μ(dxdy)

}

on the set of probability measures μ on Rd ×Rd with marginals P0 and P1 (namely,
such that μ(A× Rd) = P0(A) and μ(Rd ×B) = P1(B)). The resolution of (1.2) is a
difficult problem. Kantorovich introduced the relaxed version (1.3) as a step to solve
(1.2). It is easy to check that

(1.4) TMK(P0, P1) ≤ TM (P0, P1).
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Indeed, any measurable mapping g : Rd �→ Rd such that the image measure of P0 by
g is P1 satisfies

(1.5)

∫
Rd

L(g(x) − x)P0(dx) =

∫
Rd×Rd

L(y − x)μg(dxdy),

where μg is the image measure of P0 by the mapping

Rd �→ Rd × Rd,(1.6)

x �→ (x, g(x)).(1.7)

Inequality (1.4) follows since μg is a probability measure on Rd ×Rd with marginals
P0 and P1. Moreover, an optimal measure for (1.3) always exists (cf. [14]). If any
such measure is supported by the graph of a measurable map, we say that the graph
property holds; that is, if for any μ∗ optimal for (1.3), there exists a set Γ satisfying
μ∗(Γ) = 1 and

(1.8) Γ = {(x, θ(x));x ∈ Rd}

for some measurable mapping θ. If the graph property holds, it provides a solution to
Monge problem (1.2). Indeed, in this case TMK(P0, P1) =

∫
Rd×Rd L(y−x)μ∗(dxdy) =∫

Rd L(θ(x) − x)P0(dx). Using (1.4), we see that the mapping θ minimizes Monge
problem (1.2). In order to check whether the graph property is satisfied, Kantorovich
duality for (1.3) plays a fundamental role. It was first proved by Kantorovich (cf. [7])
when the cost function is a distance and later generalized by Kellerer (cf. [8]). It runs
as follows:

(1.9) TMK(P0, P1) = sup

{∫
Rd

ψ(y)P1(dy) −
∫
Rd

ϕ(x)P0(dx)

}
,

where the supremum is taken over all pairs (ϕ,ψ) ∈ L1(P0)×L1(P1) satisfying ψ(y)−
ϕ(x) ≤ L(y − x). To go from Kantorovich duality to the graph property, two types
of arguments have been used: differentiability properties of convex functions for the
quadratic cost (cf. [1]) and geometrical properties of cyclically monotone sets for
general costs (cf. [6]).

In the present paper we show that Kantorovich duality and the graph property can
be proved by stochastic optimal control combined with a vanishing viscosity argument.
It is not clear a priori that stochastic optimal control theory is well suited to studying
problems such as TMK or TM , where the initial and the final distributions are both
imposed. However, for the case when the cost is L(u) = |u|2, one of us (cf. [10])
addressed (1.2) directly without using (1.3) and gave a probabilistic proof of existence
and uniqueness of a solution to (1.2). The proof in [10] relies on h-path processes
and cyclically monotone sets. In the present paper, on the contrary, we focus on
(1.3) and on duality arguments. We rely on a stochastic duality result which we
proved in [11]. The basis of this result is the correspondence between solutions of
the Hamilton–Jacobi–Bellman (HJB) partial differential equation (PDE) and value
functions of stochastic control. We do not use cyclically monotone sets. By vanishing
viscosity we prove Kantorovich duality and we recover the graph property. Thus
the present paper together with [11] provides a global treatment of these two building
blocks of optimal transportation theory by stochastic optimal control. Let us mention
that here L is more general than |u|2 and our method greatly simplifies the arguments
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of [10]. Classically (cf. [14]) the graph property is proved for L satisfying a cone-type
condition which is easy to check only for radial L. We prove the graph property
without any additional cone condition when L is not necessarily radial such that
L(u) ∼ |u|2 at infinity.

In our approach by vanishing viscosity there are still open questions left. One
question is the convergence of the optimal process for the stochastic control problem
(see section 2 below) to the optimal trajectory for (1.2). It is known that when

L(u) = |u|2, each optimal process is an h-path process, which is a rather explicit
property. Using this information, it was proved in [10] that these optimal h-path
processes converge to the deterministic optimal trajectory of (1.2) when their diffusion

part tends to zero. To prove an analogous convergence when L(u) ∼ |u|2 at infinity,
we may be willing to use the following result obtained in [11] which can be compared

to the h-path process property: when L(u) ∼ |u|2 at infinity, the optimal process of
the stochastic control problem solves a forward-backward system (cf. [11] Theorem
2.2).

The paper is organized as follows. In section 2 we review the stochastic duality
theorem that we have proved in [11]. Sections 3 and 4 present two applications of
this stochastic duality combined with a vanishing viscosity argument: Kantorovich
duality in section 3 as well as the graph property in section 4 are proved using this
method.

2. A stochastic duality result. We will be working under the following as-
sumptions: L(u) : Rd → [0,∞) is convex in u,

(A.1) for some δ > 1,

lim inf
|u|→∞

L(u)

|u|δ > 0.

(A.2) (i) L ∈ C3(Rd),
(ii) D2

uL(u) is positive definite for all u ∈ Rd.
We denote by H the Legendre transform of L:

(2.1) H(z) := sup
u∈Rd

{〈z, u〉 − L(u)},

for z ∈ Rd; ∇ := (∂/∂xi)
d
i=1 and 〈·, ·〉 denotes the inner product in Rd.

2.1. The stochastic control problem. We consider the following stochastic
optimization problem. For ε > 0, let

Vε(P0, P1) := inf

{
E

[∫ 1

0

L(βX(t,X))dt

]∣∣∣∣ ∀X ∈ Aε such that

PX−1
0 = P0, PX−1

1 = P1

}
,(2.2)

where Aε is the set of all Rd-valued, continuous semimartingales {X(t)}0≤t≤1 on a
probability space (Ω,B, P ) such that there exists a Borel measurable βX : [0, 1] ×
C([0, 1]) �→ Rd for which

(i) ω �→ βX(t,X(ω)) is Bt(C)+-measurable for all t ∈ [0, 1], where Bt(C) denotes
the Borel σ-field of C([0, t]);
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(ii) {X(t) − X(0) −
∫ t

0
βX(s,X)ds :=

√
εWX(t)}0≤t≤1, where WX is a σ[X(s) :

0 ≤ s ≤ t]-Brownian motion.
Results about existence and uniqueness of a minimizer for Vε are gathered in the
following statement.

Theorem 2.1. Let ε > 0. Let us assume that Vε(P0, P1) < +∞ and that
assumptions (A.1) and (A.2) hold. Then

(i) Vε(P0, P1) admits a minimizer.
(ii) if assumption (A.1) holds with δ = 2, Vε(P0, P1) admits a Markovian mini-

mizer.
(iii) if L is strictly convex and assumption (A.1) holds with δ = 2, then Vε(P0, P1)

admits a unique minimizer (which is Markovian from (ii)).
Actually statements (ii) and (iii) will be of no use in the present paper. They

were important in [11] in order to characterize the minimizer of (2.2) as the solution
of a forward-backward system which consists of the coupling of a usual stochastic
differential equation (SDE) with a backward one (we refer the reader to [2] for a
study of such systems).

2.2. Stochastic duality. We now recall (Theorem 2.3 below) the stochastic
duality result we obtained in [11]. In order to set the framework, we first quote a
fundamental result of optimal stochastic control theory.

In the same way as Aε, we define the set of semimartingales Aε
t in C([t, 1]) and

we notice that (A.2)(ii) implies the strict convexity of u �→ L(u). Moreover, the HJB
equation with diffusion coefficient (or viscosity) ε is the following PDE with given
terminal value ϕ(1, ·) = f(·):

(2.3)
∂ϕ(t, x)

∂t
+

ε

2
�ϕ(t, x) + H(∇ϕ(t, x)) = 0 ((t, x) ∈ (0, 1) × Rd),

where � :=
∑d

i=1 ∂
2/∂x2

i and ∇ := ( ∂
∂xi

; 1 ≤ i ≤ d).
Theorem 2.2 (cf. [5]). Suppose that (A.1) and (A.2) hold. Then for any f ∈

C∞b (Rd), the HJB equation (2.3) with ϕ(1, ·) = f has a unique solution ϕ ∈ C1,2([0, 1]×
Rd) ∩ C0,1

b ([0, 1] × Rd), which can be written as follows (as a value function):

ϕ(t, x) = sup
X∈Aε

t

{
E[f(X(1))|X(t) = x](2.4)

−E

[∫ 1

t

L(βX(s,X))ds

∣∣∣∣X(t) = x

]}
,

and for the minimizer X ∈ Aε
t, the following holds:

βX(s,X) = DxH(∇ϕ(s,X(s))).

In other words, this theorem establishes a one-to-one correspondence between
classical solutions of (2.3) and value functions of stochastic control problems with
smooth terminal cost. Actually it is a duality result since the supremum in (2.4)
involves L, while (2.3) involves its Legendre transform H.

In [11] we proved the following duality theorem for the minimization problem
(2.2).

Theorem 2.3 (stochastic duality). Let ε > 0 be fixed and Vε(P0, P1) be as defined
in (2.2). Let us assume that (A.1), (A.2) are satisfied and

(2.5) Vε(P0, P1) < +∞.
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Then, the following identity holds:

(2.6) Vε(P0, P1) = νε(P0, P1)

with νε(P0, P1) defined by

(2.7) νε(P0, P1) := sup

{∫
Rd

ϕ(1, y)P1(dy) −
∫
Rd

ϕ(0, x)P0(dx)

}
,

where the supremum is taken over all classical solutions ϕ, to HJB equation (2.3) for
which ϕ(1, ·) ∈ C∞b (Rd).

Remark 2.1. Actually a stronger version of Theorem 2.3 is proved in [11]: (2.6)
holds true without assuming that Vε(P0, P1) < +∞; moreover, this identity still holds
when the supremum in νε is taken over all bounded, uniformly Lipschitz continuous
viscosity solutions ϕ of (2.3).

Before proceeding further we check that the right-hand side of (2.6) is finite when
Vε(P0, P1) < +∞ and give an outline of the proof of this theorem. For the detailed
proof we refer the reader to [11].

Let us first notice that Theorem 2.2 recalled above ensures, in particular, that
given f ∈ C∞b (Rd), a classical solution of HJB PDE (2.3) exists with f as a terminal

value and belongs to C1,2([0, 1] × Rd) ∩ C0,1
b ([0, 1] × Rd). For more details we refer

the reader to [5, p. 206, Theorem 11.1 and p. 210, Remark 11.2]. Therefore the set
on which the supremum in (2.7) is taken is not empty.

Let us now assume that Vε(P0, P1) < +∞. For all X ∈ Aε and ϕ solution of (2.3)
satisfying ϕ(1, ·) ∈ C∞b (Rd), the constraints on the marginals of X combined with
the Ito formula imply the following identities:

(2.8)

∫
Rd

ϕ(1, y)P1(dy) −
∫
Rd

ϕ(0, x)P0(dx) = E(ϕ(1, X1) − ϕ(0, X0))

(2.9) = E

∫ 1

0

(
∂ϕ(s,Xs)

∂t
+

ε

2
�ϕ(s,Xs) + βX(s,X)∇ϕ(s,Xs)

)
ds.

Since ϕ solves (2.3) and H is the Legendre transform of L, it follows that

(2.10)

∫
Rd

ϕ(1, y)P1(dy) −
∫
Rd

ϕ(0, x)P0(dx) ≤ E

∫ 1

0

L(βX(s,X))ds.

Hence

(2.11)

∫
Rd

ϕ(1, y)P1(dy) −
∫
Rd

ϕ(0, x)P0(dx) ≤ Vε(P0, P1)

since ϕ and X have been chosen independently.
The scheme of the proof of Theorem 2.3 proceeds as follows. We show first that the

function Q �→ Vε(P0, Q) is lower semicontinuous and convex on the set of probability
measures on Rd. Therefore it coincides with its double dual, in particular at point
P1; namely,

(2.12) Vε(P0, P1) = sup
f∈Cb(Rd)

{∫
Rd

f(x)P1(dx) − Vε(P0, ·)∗(f)

}
,
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where for f ∈ Cb(R
d),

(2.13) Vε(P0, ·)∗(f) := sup
Q∈M1(Rd)

{∫
Rd

f(x)Q(dx) − Vε(P0, Q)

}
.

In this identity, Q plays the role of a terminal law and is arbitrary. Hence we are back
in the framework of classical stochastic control; in particular, we can use Theorem
2.2. For all of the details, see [11].

3. Kantorovich duality by vanishing viscosity. We start with a precise
statement of Kantorovich duality mentioned in the introduction. For the sake of
coherence we keep a cost function of the form c(x, y) = L(y−x), but this result holds
true for general costs (cf. [12] or [14]).

Theorem 3.1 (cf. [7], [8]). Let L : Rd → R+∪{+∞} be a lower semicontinuous
function. Let P0 and P1 be given Borel probability measures on Rd. Let us keep the
notation TMK(P0, P1) for the MKP as in (1.3) and define

(3.1) T (P0, P1) = sup

{∫
Rd

ψ(y)P1(dy) −
∫
Rd

ϕ(x)P0(dx)

}
,

where the supremum is taken over all pairs (ϕ,ψ) ∈ L1(P0)×L1(P1) satisfying ψ(y)−
ϕ(x) ≤ L(y − x). Then

(3.2) TMK(P0, P1) = T (P0, P1).

We now apply our stochastic duality (Theorem 2.3) in order to prove Kantorovich
duality with the help of a vanishing viscosity argument. The first part of the following
statement is our key tool to go from ε > 0 to ε = 0. Remember that T (P0, P1) is
defined by (3.1).

Theorem 3.2. Let us assume that TMK(P0, P1) < +∞ and that assumptions
(A.1)–(A.2) hold. Let us recall that Vε (resp., νε) has been defined in (2.2) (resp.,
(2.7)). We denote by gε � P1 the convolution of P1 with the Gaussian kernel gε(x) =

(2πε)
− d

2 exp(− |x|
2

2ε ). Then
(1.i) for all ε > 0,

(3.3) νε(P0, gε � P1) ≤ T (P0, P1).

(1.ii) Moreover,

(3.4) TMK(P0, P1) ≤ lim infε→0Vε(P0, gε � P1).

(2) As a consequence we recover the Kantorovich duality,

(3.5) TMK(P0, P1) = T (P0, P1).

Proof of Theorem 3.2. The only thing to prove is TMK(P0, P1) ≤ T (P0, P1).
Indeed, the converse inequality is easy, as we now check. Let (u, v) ∈ L1(P0)×L1(P1)
be such that v(y) − u(x) ≤ L(y − x) and μ with marginals P0 and P1. Then∫

Rd

v(y)P1(dy) −
∫
Rd

u(x)P0(dx) =

∫
Rd×Rd

(v(y) − u(x))μ(dxdy)

≤
∫
Rd×Rd

L(y − x)μ(dxdy),
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which yields

(3.6) T (P0, P1) ≤ TMK(P0, P1).

Let us now prove the converse.
(1.i) Take ε > 0 and let ϕ(t, x) denote a solution to the HJB PDE (2.3) with

ϕ(1, ·) ∈ C∞b (Rd), which implies that ϕ ∈ C1,2([0, 1]×Rd)∩C0,1
b ([0, 1]×Rd). Let us

define

uε(x) := ϕ(0, x),(3.7)

vε(y) := E(ϕ(1, y +
√
εW1)).(3.8)

The pair (uε, vε) belongs to L1(P0) × L1(P1) and satisfies∫
Rd

ϕ(1, y)gε � P1(dy) −
∫
Rd

ϕ(0, x)P0(dx)

=

∫
Rd

vε(y)P1(dy) −
∫
Rd

uε(x)P0(dx).

Moreover, by definition

(3.9) vε(y) − uε(x) = E(ϕ(1, Xx,y
1 ) − ϕ(0, Xx,y

0 )),

where Xx,y
t := x+ t(y− x) +

√
εWt. Using the Ito formula and the fact that ϕ solves

(2.3), we obtain

(3.10) E(ϕ(1, Xx,y
1 ) − ϕ(0, Xx,y

0 )) = E

∫ 1

0

(〈y − x,∇ϕ〉 −H(∇ϕ))(s,Xx,y
s )ds,

which implies vε(y) − uε(x) ≤ L(y − x). Inequality (3.3) follows.
(1.ii) Let us first notice that

(3.11) 0 ≤ lim infε→0Vε(P0, gε � P1)

since by definition Vε is positive. Moreover,

(3.12) lim infε→0Vε(P0, gε � P1) < +∞.

Indeed, (3.6) and (1.i) imply νε(P0, gε � P1) ≤ TMK(P0, P1) < +∞, and stochastic
duality applied to the pair (P0, gε � P1) yields (3.12). Let us now consider a sequence
(εn) which converges to 0 such that Vεn(P0, gεn �P1) converges to lim infε→0Vε(P0, gε �
P1). Let us denote by Xn a minimizer of Vεn(P0, gεn � P1) (cf. Theorem 2.1). For
each n, Xn ∈ Aεn . In particular, with the notation of (2.2),

(3.13) lim
n→+∞

E

∫ 1

0

L(βXn(s,Xn))ds = lim infε→0Vε(P0, gε � P1).

The superlinearity of L (namely, L(u) ≥ |u|δ with δ > 1) ensures that the sequence
of semimartingales (Xn) is tight and any converging subsequence converges to an

absolutely continuous process (cf. [15]). Let Xt = X0 +
∫ t

0
bX(s)ds be the limit of a

converging subsequence. From the convexity property of L,

(3.14) E

∫ 1

0

L(bX(s))ds ≥ E(L(X1 −X0)).

The law of X1 is equal to P1 since it is the limit in distribution of a subsequence of
gε � P1. Using Fatou’s lemma we obtain (3.4).

(2) By combining inequalities (3.3), (3.4), and (3.6) with stochastic duality applied
to the pair (P0, gε � P1), we recover Kantorovich duality.
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4. Graph property by vanishing viscosity.

4.1. Graph property. We sketch the argument briefly, for the quadratic cost.
For a complete exposition we refer the reader to [14].

So, let us assume for a short while that L(y − x) = 1
2 |y − x|2. In this case,

(4.1) TMK(P0, P1) := inf

{∫
Rd×Rd

1

2
|y − x|2μ(dxdy)

}

on the set of probability measures μ on Rd ×Rd with marginals P0 and P1 satisfying∫
Rd |y|2P1(dy) < +∞ (resp.,

∫
Rd |x|2P0(dx) < +∞). Kantorovich duality (3.2) takes

the form

(4.2) TMK(P0, P1) = sup

{∫
Rd

ψ(y)P1(dy) −
∫
Rd

ϕ(x)P0(dx)

}
,

where the supremum is taken over all pairs (ϕ,ψ) ∈ L1(P0)×L1(P1) satisfying ψ(y)−
ϕ(x) ≤ 1

2 |y − x|2. Using the identity
∫
Rd×Rd

1
2 |y|

2
μ(dxdy) =

∫
Rd

1
2 |y|

2
P1(dy) (resp.,∫

Rd×Rd
1
2 |x|

2
μ(dxdy) =

∫
Rd

1
2 |x|

2
P0(dx)), and setting u(x) := ϕ(x) + 1

2 |x|
2

(resp.,

v(y) := 1
2 |y|

2 − ψ(y)), identity (4.2) can be rewritten as

(4.3) sup

∫
Rd×Rd

〈x, y〉μ(dxdy) = inf

∫
Rd

v(y)P1(dy) +

∫
Rd

u(x)P0(dx),

where the supremum on the left-hand side is taken over all probabilities with marginals
P0 and P1 with finite second order moments, and the infimum on the right-hand side
is over pairs (u, v) ∈ L1(P0) × L1(P1) satisfying

(4.4) 〈x, y〉 ≤ u(x) + v(y) ∀(x, y) ∈ Rd × Rd.

This simple remark has an important consequence (cf. [14]): On the right-hand side
of (4.3) it is sufficient to consider pairs (u, v) such that u is convex and v is the
Legendre transform of u. Now let μ∗ be optimal for (1.3) and (u∗, v∗) be optimal
for the right-hand side of (4.3) (cf. [14] for the respective existence of these optima).
Then

(4.5) 〈x, y〉 = u∗(x) + v∗(y) for μ∗-a.a. (x, y).

Let us assume, moreover, that P0 is absolutely continuous w.r.t. Lebesgue measure.
Then, differentiability properties of convex functions imply that u∗ is differentiable
P0-a.s. on Rd. Let us consider x0 ∈ Rd such that (x0, y0) ∈ Suppμ∗ for some y0. Let
u∗ be differentiable at x0. Comparison of identity (4.4), written for (u∗, v∗) valid for
all (x, y0), x ∈ Rd on the one hand and (4.5) at (x0, y0) on the other hand, implies
that y0 = ∇u∗(x0). We conclude that μ∗ is indeed supported on a graph, which is
the graph of ∇u∗: the graph property holds.

We now come back to general costs and recall precise statements on the graph
property obtained, respectively, by Brenier and Benamou (quadratic cost) and Gangbo
and McCann (more general costs). The proof of Gangbo and McCann relies on
cyclically monotone sets. These authors assume that L has the following property:
For (p, θ, r) ∈ Rd×]0, π[×]0,+∞[, when the norm of p is large enough, there exists a
z ∈ Rd such that the restriction of L to the set

(4.6) K(p, z, θ, r) :=

{
x ∈ Rd; |x− p||z| cos

(
θ

2

)
≤ 〈z, x− p〉 ≤ r|z|

}
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attains its maximum at p. Let us notice that K(p, z, θ, r) is a truncated cone (with
vertex p, angle 1

2θ, direction z); for this reason we call this condition the cone condi-
tion. A drawback of the cone condition is that it can be easily checked only for radial
functions L.

Theorem 4.1 (cf. [1], [6]). Let us assume that TMK(P0, P1) < +∞ and P0 is
absolutely continuous w.r.t. the Lebesgue measure on Rd.

(1) Let L(u) = 1
2 |u|

2
. There exists a unique μ∗ minimizing (1.3). The support of

μ∗ is the graph of ∇u, where u is convex.

(2) Let L be superlinear (lim|u|→∞
L(u)
|u| = +∞) and strictly convex, satisfying

the cone condition. Let H denote the Legendre transform of L. Then there exists a
unique μ∗ minimizing (1.3). There exists φ, L-concave, such that the support of μ∗ is
the graph of the mapping

(4.7) g(x) = x + ∇H(−∇φ(x)).

Let us recall that a function γ : Rd → R ∪ {−∞} is L-concave if there exists
β : Rd → R ∪ {−∞} with β �≡ −∞ such that

(4.8) ∀x ∈ Rd γ(x) = inf
y∈Rd

(L(y − x) − β(y)).

4.2. Vanishing viscosity method. In this section we apply stochastic duality
to recover the fact that an optimal measure for (1.3) is supported on a graph when P0 is
absolutely continuous w.r.t. the Lebesgue measure on Rd. More precisely, stochastic
duality will enable us to reach a weak form of the situation just described for the
quadratic cost, where we had at the same time identities (4.4) and (4.5). However,
this weak form will turn out to be sufficient to conclude. In what follows we denote
by μ∗ an optimal measure for (1.3). The following statement exhibits a set S which
supports μ∗.

Theorem 4.2. Let us assume that (A.1)–(A.2) hold true. Let μ∗ be optimal for
the MKP (1.3). There exists a sequence (εn, ϕεn) such that εn → 0,

(4.9)
∂ϕεn(t, x)

∂t
+

εn
2
�ϕεn(t, x) + H(∇ϕεn(t, x)) = 0,

as well as ϕεn(1, ·) ∈ C∞b (Rd) for all n, and μ∗(S) = 1, where

(4.10) S :=

{
(x, y); lim

n→+∞
E(ϕεn(1, y +

√
εnW1)) − ϕεn(0, x) = L(y − x)

}
.

Proof. For each ε > 0, by the definition of νε(P0, gε � P1), we can choose ϕε(t, x)
such that

(4.11)
∂ϕε(t, x)

∂t
+

ε

2
�ϕε(t, x) + H(∇ϕε(t, x)) = 0,

and choose ϕε(1, ·) ∈ C∞b (Rd) as well as

(4.12) νε(P0, gε � P1) − ε ≤
∫
Rd

ϕε(1, y)gε � P1(dy) −
∫
Rd

ϕε(0, x)P0(dx).

Since μ∗ has marginals P0 and P1, the right-hand side of this inequality can be written
as

(4.13)

∫
Rd×Rd

(E(ϕε(1, y +
√
εW1)) − ϕε(0, x))μ∗(dxdy).
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Let us substract TMK(P0, P1) =
∫
Rd×Rd L(y − x)μ∗(dxdy) from both sides of (4.12).

We know that L(y−x)− (E(ϕε(1, y+
√
εW1))−ϕε(0, x)) always remains nonnegative

and limε→0 νε(P0, gε � P1) = TMK(P0, P1) (cf. Theorem 3.2 and its proof). Therefore

(4.14) E(ϕε(1, y +
√
εW1)) − ϕε(0, x) − L(y − x)

converges to 0 in L1(μ∗) when ε goes to 0, which implies μ∗-a.s. convergence for a
subsequence (εn).

At this stage, let us assume that both sequences of functions (ϕεn(0, ·)) and
(E(ϕεn(1, · + √

εnW1))) admit limits when n → +∞ which we denote, respectively,
by u(·) and v(·). The pair (u, v) then satisfies

(4.15) v(y) − u(x) ≤ L(y − x) ∀(x, y) ∈ Rd × Rd

with equality on S. If we know that u(·) is differentiable at any interior point (x0, y0)
of S, we can conclude, as we did for the quadratic cost, that the following holds:

(4.16) ∇u(x0) = ∇L(y0 − x0)

and consequently y0 = x0 + ∇H(∇u(x0)). The graph property will hold if this argu-
ment is applicable at any (x0, y0) in S. Unfortunately neither separate convergence
nor differentiability holds true in general; we also do not know whether interior points
exist. Moreover, in the quadratic example, differentiability of u(·) was a consequence
of its convexity; actually existence of partial derivatives ∂u

∂xi
would have been sufficient

to conclude. In what follows we will approach the ideal quadratic situation by taking
advantage of semiconvexity properties of value functions under relevant assumptions.

Definition 4.1. Let Φ be a function defined on a convex subset of Rd with values
in R ∪ {+∞}. The function Φ is semiconvex with constant C if there exists C > 0

such that x �→ Φ(x) + C |x|
2

2 is convex.
Proposition 4.1 (cf. [5, p. 229]). Let G be a compact subset of Rd and Φ a

semiconvex function on G. Let us assume that x0 maximizes Φ on G and belongs to
the interior of G. Then Φ is differentiable at x0 with DΦ(x0) = 0.

Theorem 4.3. Let us assume that L satisfies

(4.17) ∃ C > 0, D2
uL ≤ C.

Let ϕ(t, x) be a value function given by (2.4). Then, ϕ(0, ·) is semiconvex with constant
C.

The proofs of Theorem 4.3 and Proposition 4.1 are given in the appendix. For
other sufficient conditions which guarantee that the value function is semiconvex we
refer the reader to [5]. Definition 4.1 is equivalent to the requirement

(4.18) ∀(x, z) Φ(x + z) + Φ(x− z) − 2Φ(x) ≥ −C|z|2

Note. From now on we will be working under assumption (4.17). We do not
require L to satisfy the cone condition.

Definition 4.2. Let (εn) denote a sequence given by Theorem 4.2. For a ∈ Rd,

(4.19) ψa(x) := lim supn→+∞(ϕεn(0, x) − ϕεn(0, a)).

Proposition 4.2. Under assumption (4.17), the set Da := {x ∈ Rd;ψa(x) <
+∞} is a convex set independent of a ∈ π1(S) := {x ∈ Rd;∃y ∈ Rd, (x, y) ∈ S}.
Moreover, ψa is semiconvex on Da.
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Proposition 4.3. Let us denote by (ei, 1 ≤ i ≤ n) the canonical basis of Rd

and assume that L ∈ C1(Rd). Let a belong to π1(S) and (a, b) ∈ S. If for some

i ∈ {1, . . . , d} there exist sequences (h
(i)
n ) and (y

(i)
n ) such that h

(i)
n → 0, y

(i)
n → b, and

for all n, (a + h
(i)
n ei, y

(i)
n ) ∈ S, then limn→+∞

1

h
(i)
n

ψa(a + h
(i)
n ei) exists and coincides

with ∂iL(b− a).
Proof of Proposition 4.2. Since (a, b) ∈ S for all (u, c) ∈ Rd × Rd,

(4.20) ψa(u) ≥ L(b− a) − L(b− u),

(4.21) ψa(u) ≥ ψc(u) + L(b− a) − L(b− c).

Indeed, since ϕεn(0, c) − E(ϕεn(1, b +
√
εnW1) ≥ −L(b− c), the following holds:

ϕεn(0, u) − ϕεn(0, a)

≥ ϕεn(0, u) − ϕεn(0, c) + E(ϕεn(1, b +
√
εnW1)) − ϕεn(0, a) − L(b− c).

To obtain (4.21) it remains to let n go to +∞ and apply Theorem 4.2. Inequality
(4.20) follows when u equals c. Semiconvexity of ψa on its domain Da follows from
Theorem 4.3 and the fact that if (Φn) is a sequence of semiconvex functions with
the same constant C, then lim supΦn is itself semiconvex with this same constant.
Therefore the set Da is convex since it coincides with the domain of the convex
function ψa + C

2 | · |
2
. Moreover, let a and a′ in π1(S). By applying (4.21) twice, to

(a, a′) and to (a′, a), we conclude that Da = Da′ .
Proof of Proposition 4.3. Take i ∈ {1, . . . , d}, a ∈ π1(S) and b such that (a, b) ∈ S.

Inequality (4.21) implies

(4.22) L(b−a)−L(b−(a+h(i)
n ei)) ≤ ψa(a+h(i)

n ei) ≤ L(y(i)
n −a)−L(y(i)

n −(a+h(i)
n ei)).

The desired statement follows since L is C1 by letting n → +∞.
For a ∈ π1(S) and b such that (a, b) belongs to S, we see that the function

x �→ L(b−a)−ψa(x) plays the same role as x �→ v(b)−u(x) in (4.15): L(b−a)−ψa(x) ≤
L(b−x) on Rd with equality when x = a. We cannot apply Proposition 4.1 since we do
not know whether π1(S) has interior points. However, suppose that the assumptions
of Proposition 4.3 are satisfied for all i ∈ {1, . . . , d}. Then we can set ∇ψa to be the
vector

(4.23) ∇ψa :=

(
lim

n→+∞

1

h
(i)
n

ψa(a + h(i)
n ei); i ≤ 1 ≤ d

)
.

Hence b is uniquely given by a + ∇H(∇Ψa).
Let us now assume that P0 is absolutely continuous w.r.t. the Lebesgue measure

on Rd. We prove below that the set of points a ∈ π1(S), where ∇ψa(a) does not exist,
has Lebesgue measure 0. It suffices to show that the set Π := {a ∈ π1(S); ∂1ψa(a)
does not exist} has Lebesgue measure 0. Let us first make the following remark: For
α ∈ π1(S) and β such that (α, β) ∈ S, consider

U+
n (α, β) = {(x, y) ∈ Rd × Rd;x = α + he1, h > 0, |h|2 + |y − β|2 < n−2},

U−n (α, β) = {(x, y) ∈ Rd × Rd;x = α + he1, h < 0, |h|2 + |y − β|2 < n−2};

if U+
n (α, β)∩S �= ∅ or U−n (α, β)∩S �= ∅ for a sequence of integers n going to +∞, then

∂1ψα(α) exists as a consequence of Proposition 4.3. Take now a ∈ Π and (a, b) ∈ S.
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There exists N = N(a, b) ≥ 1 such that U+
N (a, b) ∩ S = U−N (a, b) ∩ S = ∅. Therefore

the set σ := {x ∈ R; a + xe1 ∈ Π} is at most countable and thus has Lebesgue
measure 0. We have just proved the following theorem.

Theorem 4.4. Let P0(dx) � dx and TMK(P0, P1) < +∞. Under assumption
(4.17), the graph property holds.

5. Appendix.
Proof of Theorem 4.3. Let (Xx

t ; t ∈ [0, 1]) in Aε be optimal for (2.4); namely,

Xx
t = x +

∫ t

0
∇H(∇ϕ(s,Xx

s ))ds +
√
εWt and

(5.1) ϕ(0, x) = E

[
f(Xx

1 ) −
∫ 1

0

L(∇H(∇ϕ(s,Xx
s )))ds

]

with ϕ(1, ·) = f(·). For z ∈ Rd let us set X1
t := Xx

t +(1−t)z and X2
t := Xx

t −(1−t)z;
these processes both belong to Aε and satisfy X1

0 = x + z, X2
0 = x − z, and X1

1 =
X2

1 = Xx
1 . Let βx

t := ∇H(∇ϕ(t,Xx
t )). From the definition of ϕ in (2.4) it follows

that

ϕ(0, x + z) + ϕ(0, x− z) − 2ϕ(0, x)

≥ E

∫ 1

0

(2L(βx
t ) − L(βx

t + z) − L(βx
t − z))dt.(5.2)

The conclusion follows from assumption (4.17).
Proof of Proposition 4.1. Let B be an open ball centered at x0 included in G.

Such a ball exists since x0 is an interior point of G. The function x �→ Ψ(x) :=

Φ(x) + C |x−x0|2
2 is convex on B for some constant C > 0. Therefore there exists a

vector b ∈ Rd such that, for all x ∈ B, Ψ(x) ≥ Ψ(x0) + 〈b, x − x0〉. Moreover, since
x0 maximizes Φ on B,

(5.3) 〈b, x− x0〉 ≤ C
|x− x0|2

2
∀x ∈ B.

For ε > 0 small enough, the point x = x0 + εb belongs to B. We conclude that b = 0
since it must satisfy ε|b|2 ≤ C

2 ε
2|b|2 for all ε small enough.
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CONSTANT COEFFICIENTS AND PURE DELAY∗
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Abstract. The purpose of this contribution is to develop a controllability method for linear
discrete systems with constant coefficients and with pure delay. To do this, a representation of
solutions with the aid of a discrete matrix delayed exponential is used. Such an approach leads to
new conditions of controllability. Except for a criterion of relative controllability, a control function
is constructed as well.
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1. Introduction. In control theory, one of the best solved problems is the prob-
lem of controllability of linear time-independent differential systems with one input,

(1.1) ẋ(t) = Ax(t) + bu(t),

where x : R+ := [0,∞) → Rn is continuously differentiable, A is an n × n constant
matrix, b is a constant vector, and input u : R+ → R (see, e.g., [9, 11]). As usual,
system (1.1) is called controllable if, for arbitrary finite initial state x(0) = x0 and
terminal state x(t1) = x1 with finite t1 > 0, there exists a control u∗(t) such that the
system

ẋ(t) = Ax(t) + bu∗(t)

has a solution x = x∗(t) satisfying x∗(0) = x0 and x∗(t1) = x1.
A much more complicated situation occurs if we deal with differential equations

with an aftereffect having, e.g., the form

ẋ(t) = Bx(t− τ) + bu(t), t > 0,

x(t) = ϕ(t), −τ ≤ t ≤ 0, τ > 0,

where x : [−τ,∞) → Rn is continuously differentiable on (0,∞), B is an n×n constant
matrix, b is a constant vector, and input u : R+ → R, τ = const and ϕ : [−τ, 0] → Rn.
We refer to [6], where various classes of control for delayed differential systems are
considered and different variants of controllability are developed.
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We use the following notation: For integers s, q, s ≤ q we define Zq
s := {s, s + 1,

. . . , q}, where either s = −∞ or q = ∞ is admitted, too. Throughout this paper,
using notation Zq

s (perhaps with another pair of integers), we always assume s ≤ q.
In the present paper we consider discrete controlled systems with pure delay,

(1.2) Δx(k) = Bx(k −m) + bu(k),

where m ≥ 1 is a fixed integer, k ∈ Z∞0 , B is a constant n × n matrix, Δx(k) =
x(k+1)−x(k), x : Z∞−m → Rn is an unknown solution, b ∈ Rn is a given nonzero vector,
and u : Z∞0 → R is the input scalar function. Following the standard terminology
(used, e.g., in [1, 2]) we refer to (1.2) as a delayed discrete system if m ≥ 1 and as a
nondelayed discrete system if m = 0. Discrete systems containing only one delay are
often called systems with pure delay.

Together with (1.2) we consider an initial (Cauchy) problem

(1.3) x(k) = ϕ(k)

with a given initial function ϕ : Z0
−m → Rn. The existence and uniqueness of the

solution of the initial problem (1.2), (1.3) on Z∞−m are obvious. We recall that a
solution x : Z∞−m → Rn of initial Cauchy problem (1.2), (1.3) is defined as an infinite
sequence

{x(−m) = ϕ(−m), x(−m+1) = ϕ(−m+1), . . . , x(0) = ϕ(0), x(1), x(2), . . . , x(k), . . .}

such that, for any k ∈ Z∞0 , equality (1.2) holds.
Throughout the paper we adopt the customary notation for the sum and the prod-

uct:
∑k

i=k+s ◦(i) = 0 and
∏k

i=k+s ◦(i) = 1, where k is an integer, s is a positive integer,
and “◦” denotes the function considered independently of whether it is defined for in-
dicated arguments or not. For ϕ : Zq

s → Rn we define ‖ϕ‖sq := maxj=s,...,q ‖ϕ(j)‖
with ‖ϕ(j)‖ := maxi=1,...,n |ϕi(j)|.

1.1. Description of the problem considered. Problems of control in discrete
systems are considered, e.g., in [5, 7, 10, 12]. In [10] attention is paid to discrete
delayed systems as well. Unlike the given recommendation to transform delayed
systems into systems without delay but with greater dimensionality, we perform direct
investigation using a new technique.

We will consider controllability on finite intervals. In this paper we deal with
the so-called relatively controllable discrete systems (1.2) within the meaning of the
following definition.

Definition 1.1. System (1.2) is relatively controllable if for any initial function
ϕ : Z0

−m → Rn, any finite terminal state x = x∗ ∈ Rn, and any finite terminal point
k1 greater than or equal to a fixed integer k∗ ∈ Z∞1 there exists a discrete function
u∗ : Zk1−1

0 → R such that the system (1.2) with the input u = u∗, i.e., the system

Δx(k) = Bx(k −m) + bu∗(k),

has a solution x∗ : Zk1
−m → Rn such that x∗(k1) = x∗ and x∗(k) = ϕ(k) if k ∈ Z0

−m.
In this paper we will derive not only conditions for relative controllability of

system (1.2), but also an explicit form of a possible control function u∗.

2. Preliminaries. In investigating relative controllability we use an auxiliary
result, which is an analogy of the well-known basic lemma of variational calculus.
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1142 J. DIBLÍK, D. YA. KHUSAINOV, AND M. RŮŽIČKOVÁ

Lemma 2.1. Let a function Φ: Zq
s → R be given. Then the equality

(2.1)

q∑
k=s

Φ(k)η(k) = 0

with an arbitrary function η : Zq
s → R holds if and only if Φ(k) = 0 on Zq

s .
The proof of the lemma is obvious and we omit it.
The known proof of controllability for linear differential systems with one input

(Kalman’s criterion) is based on two important results. The first is the formula for
integral representation of a solution of a Cauchy problem for nonhomogeneous system
(1.1),

x(t) = eAtx0 + b

∫ t

0

eA(t−s)u(s)ds,

where exp(At) is the matrix exponential defined as

eAt = I +
1

1!
At +

1

2!
(At)2 + · · · + 1

k!
(At)k + · · ·

with a unit n×n matrix I. The second is the Cayley–Hamilton theorem, which states
that every power Ai, i = n, n + 1, . . . , of a given n × n constant matrix A can be
expressed as a linear combination of a finite number of matrices I, A,A2, . . . , An−1.
Concerning these facts (which serve as motivation in our research) we refer the reader
to, e.g., [8].

In this paper we will use what is called a discrete matrix delayed exponential
expm(Bk). Its definition was given in [3, 4]. We reproduce this definition. Let a
constant n× n matrix B be given. Then

eBk
m :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θ if k ∈ Z−m−1
−∞ ,

I if k ∈ Z0
−m,

I + B ·
(
k
1

)
if k ∈ Zm+1

1 ,

I + B ·
(
k
1

)
+ B2 ·

(
k −m

2

)
if k ∈ Z

2(m+1)
(m+1)+1,

I + B ·
(
k
1

)
+ B2 ·

(
k −m

2

)
+ B3 ·

(
k − 2m

3

)
if k ∈ Z

3(m+1)
2(m+1)+1,

. . .

I + B ·
(
k
1

)
+ B2 ·

(
k −m

2

)
+ · · · + B� ·

(
k − (�− 1)m

�

)
if k ∈ Z

�(m+1)
(�−1)(m+1)+1, � = 0, 1, 2, . . . ,

where Θ is an n× n null matrix.
The following result is proved in [4].
Lemma 2.2. Let B be a constant n× n matrix. Then

(2.2) Δ eBk
m = BeB(k−m)

m

for k ∈ Z∞−m.
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The discrete matrix delayed exponential expm(Bk) of the n× n constant matrix
B can be successfully used for representing the solutions of discrete systems. In [4] a
formula expressing the solution of an initial Cauchy problem with the aid of a discrete
matrix exponential was given. In the case of the problem (1.2), (1.3) it takes the form

x(k) = eBk
m ϕ(−m) +

0∑
j=−m+1

eB(k−m−j)
m Δϕ(j − 1)(2.3)

+

k∑
j=1

eB(k−m−j)
m bu(j − 1),

where k ∈ Z∞1 .
Definition 2.3. Let a positive number r be given. We define a class of bounded

discrete functions Ωr(s, q) as

Ωr(s, q) := {ω : Zq
s → R, ‖ω‖sq ≤ r}.

Definition 2.4. We define a domain of reachability Qϕ ⊆ Rn as a set of all
points x(k1), where x is a solution of the system (1.2) corresponding to fixed initial
data (1.3) and to an arbitrary control u ∈ Ωr(0, k1 − 1).

3. Main results. We obtain conditions for relative controllability and we find
the control function u = u∗(k), k ∈ Zk1−1

0 , for the problem

Δx(k) = Bx(k −m) + bu(k), k ∈ Zk1−1
0 ,(3.1)

x(k) = ϕ(k), k ∈ Z0
−m,(3.2)

x(k1) = x∗.(3.3)

We define an auxiliary n× n matrix

S :=
(
b,Bb,B2b, . . . , Bn−1b

)
and the vector

(3.4) ξ := x∗ − eBk1
m ϕ(−m) −

0∑
j=−m+1

eB(k1−m−j)
m Δϕ(j − 1).

Moreover, we define a number

(3.5) k∗ := (n− 1)(m + 1) + 1.

3.1. Criterion of relative controllability of the problem (3.1)–(3.3).
Theorem 3.1. Problem (3.1)–(3.3) is relatively controllable if and only if as-

sumptions

(3.6) rankS = n

and

(3.7) k1 ≥ k∗

hold simultaneously.
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1144 J. DIBLÍK, D. YA. KHUSAINOV, AND M. RŮŽIČKOVÁ

Proof. (a) Let the system (3.1) be relatively controllable. Then, in accordance
with Definition 1.1 for any arbitrary initial function ϕ : Z0

−m → Rn, arbitrary finite
terminal state x = x∗ ∈ Rn, and arbitrary finite terminal point k1 greater than or
equal to a fixed integer k∗ ∈ Z∞1 , there exists a discrete function u∗ : Zk1−1

0 → R such
that the system (3.1) has a solution x∗ : Zk1

−m → Rn satisfying assumption (3.3). We
show that, in this case, (3.6) and (3.7) with k∗ defined by (3.5) hold. We use the
formula (2.3) to represent the solution x∗ of the problem (3.1)–(3.3). At the moment
k = k1 we have

x∗ = x∗(k1) = eBk1
m ϕ(−m) +

0∑
j=−m+1

eB(k1−m−j)
m Δϕ(j − 1)(3.8)

+

k1∑
j=1

eB(k1−m−j)
m bu∗(j − 1).

We rewrite (3.8) (using (3.4)) as

(3.9)

k1∑
j=1

eB(k1−m−j)
m bu∗(j − 1) = ξ.

The discrete matrix delayed exponential expm(Bk) contains the same maximal degree
p(k) of the matrix B for every set of values

k = (�− 1)(m + 1) + 1, (�− 1)(m + 1) + 2, . . . , �(m + 1)

with fixed � = 0, 1, 2, . . . . It is easy to see (the function [ · ] is the greatest integer
function) that

p(k) =

{ [
k−1
m+1

]
+ 1 if k = 1, 2, . . . ,

0 if k < 1.

Consequently, the definition of a discrete matrix delayed exponential can be shortened
to

eBk
m =

⎧⎪⎪⎨
⎪⎪⎩

0 if k ∈ Z−m−∞,

I +

p(k)∑
i=1

Bi ·
(
k − (i− 1)m

i

)
if k ∈ Z∞−m.

Since k1 ≥ 1, the relation (3.9) becomes

(3.10)

k1∑
j=1

⎡
⎣I +

p(k1−m−j)∑
i=1

Bi ·
(
k1 −m− j − (i− 1)m

i

)⎤⎦ bu∗(j − 1) = ξ.

The left-hand side is a linear combination of q + 1 vectors

(3.11) b,Bb, . . . , Bqb

with

(3.12) q = p(k1 −m− 1) =

[
k1 −m− 1 − 1

m + 1

]
+ 1 =

[
k1 − 1

m + 1

]
.
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In other words, (3.10) can be written in the form

(3.13) C1 · b + C2 ·Bb + · · · + Cq+1 ·Bqb = ξ

with “constants” C1, C2, . . . , Cq+1 (being functions of u∗(0), u∗(1), . . . , u∗(k1 − 1)).
We conclude that, for q + 1 < n, system (3.13) is, in general, overdetermined and
its solution (for arbitrary ξ) does not always exist. Therefore, a necessary condition
for the solvability of (3.13) is the inequality q + 1 ≥ n. Then, the solution of (3.13)
always exists. Finally, we have that (see (3.12))

q =

[
k1 − 1

m + 1

]
≥ n− 1

or

k1 ≥ (n− 1)(m + 1) + 1 = k∗.

The validity of inequality (3.7) is now obvious. By the Cayley–Hamilton theorem,
any matrix Bi with i ≥ n can be expressed as a linear combination of matrices

I,B,B2, . . . , Bn−1.

If q ≥ n, then the linear combination (3.13) of vectors of system (3.11) can be
reduced to a linear combination of vectors of the following system:

b,Bb, . . . , Bn−1b.

Thus, the above-mentioned system (3.13) of n linear equations is solvable for any
arbitrary right-hand side ξ if and only if detS 
= 0, i.e., rankS = n. Consequently,
condition (3.6) holds.

(b) Let (3.6), (3.7) be valid. We show that the system (3.1) is relatively con-
trollable. First, we prove that the dimension of the domain of reachability equals
n. Suppose the contrary, i.e., dimQϕ < n. Then there exists a nontrivial constant
vector y = (y1, y2, . . . , yn)T ∈ Rn such that, for any control u ∈ Ωr(0, k1 − 1) and the
corresponding solution x = x(k;u, ϕ) of the problem (3.1), (3.2), we have

(3.14) yTx(k1) = 0.

We choose the zero initial function ϕ(k) = 0, k ∈ Z0
−m. Then, with the aid of formula

(2.3), we get

(3.15) x(k1) =

k1∑
j=1

eB(k1−m−j)
m bu(j − 1),

and (3.14) becomes

(3.16) yT
k1∑
j=1

eB(k1−m−j)
m bu(j − 1) = 0.

Since (3.16) holds for arbitrary control u ∈ Ωr(0, k1 − 1) then, by Lemma 2.1,

(3.17) yT eB(k1−m−j)
m b = 0, j ∈ Zk1

0 .
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Now we apply (2.2) to (3.17). We obtain

Δ
[
yT eB(k1−m−j)

m b
]

= yTΔ
[
eB(k1−m−j)
m

]
b = yTBeB(k1−2m−j)

m b = 0

or

(3.18) yTBeB(k1−2m−j)
m b = 0, j ∈ Zk1

0 .

We repeatedly apply the operator Δ to (3.18) for a total (n − 2) times. Then, in
accordance with (2.2),

yTB2eB(k1−3m−j)
m b = 0, j ∈ Zk1

0 ,(3.19)

yTB3eB(k1−4m−j)
m b = 0, j ∈ Zk1

0 ,(3.20)

· · ·
yTBn−1eB(k1−nm−j)

m b = 0, j ∈ Zk1
0 .(3.21)

We put j = k1 in (3.17), j = k1 −m in (3.18) and, step by step,

j = k1 − 2m, j = k1 − 3m, . . . , j = k1 − (n− 1)m

in (3.19), (3.20), and (3.21). Since, due to (3.7), inequality k1 ≥ (n − 1)(m + 1) + 1
holds, we get k1 − (n− 1)m ≥ n ≥ 1, and all choices of indices j are admissible. Since

e
B(−m)
m ≡ I, system (3.17)–(3.21) (with respect to b) reduces to

(3.22) yT b = 0, yTBb = 0, . . . , yTBn−1b = 0.

We use the definition of the matrix S and rewrite (3.22) as

(3.23) yTS = 0.

The homogeneous system (3.23) has a nontrivial solution if and only if its matrix is
singular. This means detS = 0. We get a contradiction with (3.6). Consequently, the
inequality dimQϕ < n does not hold and the dimension of the domain of reachability
equals n.

Since the domain of reachability Qϕ contains the point −x(k1) corresponding to
a control −u ∈ Ωr(0, k1 − 1) together with a point x(k1) corresponding to a control
u ∈ Ωr(0, k1 − 1) (in view of the choice of a zero initial function and in view of
representation (3.15)), we conclude that Qϕ is symmetric. Moreover, the domain of
reachability contains the segment connecting the point x(k1) with the point −x(k1).
Consequently, due to the linearity of the problem considered, it contains a ball of a
radius δ:

Uδ := {x ∈ Rn, ‖x‖ < δ}

with positive δ. Obviously, if r → ∞ in Ωr(0, k1 − 1), then, due to the finiteness
of the interval Zk1−1

0 , we conclude that δ → ∞ in the definition of Uδ. Therefore,
the domain Qϕ coincides with the whole space Rn. Simultaneously it says that, for
every point x∗ ∈ Rn, there exists a control u = u∗ solving the problem (3.1)–(3.3).
This conclusion remains valid even in the case of the nonzero initial function ϕ.
Indeed, a simple transformation x(k) = xϕ(k)+ z(k), where xϕ(k) is a solution of the
homogeneous problem

Δxϕ(k) = Bxϕ(k −m), k ∈ Zk1−1
0 ,

xϕ(k) = ϕ(k), k ∈ Z0
−m,

leads to the same problem with respect to z with a zero initial function.
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3.2. A control function for the problem (3.1)–(3.3). In this section we
construct a control function u = u∗ for the problem (3.1)–(3.3). To do this, we need
some auxiliary results.

Definition 3.2. We say that the pair (B, b) is controlled if rankS = n.
Lemma 3.3. Let the pair (B, b) be controlled and k1 ≥ k∗. Then the elements(

eBk
m b

)
i
, i = 1, 2, . . . , n, of the vector eBk

m b are linearly independent on Zk∗−1
−m , i.e., no

nontrivial constant vector l = (l1, l2, . . . , ln)T exists such that

(3.24) lT eBk
m b = 0 for k ∈ Zk∗−1

−m .

Proof. Suppose that, on the contrary, there exists a nontrivial vector l such that
(3.24) holds. Itemizing (3.24) in accordance with the definition of the discrete matrix
exponential expm(Bk) and noting that k∗ − 1 = (n− 1)(m + 1), we get

(3.25) 0 = lT eBk
m b =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

lT b if k ∈ Z0
−m,

lT
[
I + B ·

(
k
1

)]
b if k ∈ Zm+1

1 ,

lT
[
I + B ·

(
k
1

)
+ B2 ·

(
k −m

2

)]
b if k ∈ Z

2(m+1)
(m+1)+1,

. . .

lT
[
I + B ·

(
k
1

)
+ · · · + Bn−1 ·

(
k − (n− 2)m

n− 1

)]
b

if k ∈ Z
(n−1)(m+1)
(n−2)(m+1)+1, where (n− 1)(m + 1) = k∗ − 1.

From (3.25) we get (due to formula (2.2))

0 = Δ
[
lT eBk

m b
]

= lTΔ
[
eBk
m

]
b = lTBeB(k−m)

m b,

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if k ∈ Z1
−m,

lTBb if k ∈ Zm
0 ,

lTB

[
I + B ·

(
k
1

)]
b if k ∈ Z2m+1

m+1 ,

. . .

lT
[
I + B ·

(
k
1

)
+ · · · + Bn−2 ·

(
k − (n− 3)m

n− 2

)]
b

if k ∈ Z
(n−1)(m+1)−1
(n−2)(m+1) , where (n− 1)(m + 1) − 1 = k∗ − 2.

(3.26)

We continue to compute further differences up to those of order (n− 1). Finally, we
get from (3.26) (due to formula (2.2))

0 = Δn−1
[
lT eBk

m b
]

= lTBn−1eB(k−(n−1)m)
m b

=

{
0 if k ∈ Z

(n−2)m−1
−m ,

lTBn−1b = 0 if k ∈ Z
(n−1)m
(n−2)m , where (n− 1)m = k∗ − n.

(3.27)

Now we select the equation lT b = 0 from (3.25), the equation lTBb = 0 from (3.26),
and, proceeding similarly up to the last formula (3.27), we finally select the equality
lTBn−1b = 0. We get the system of equations

lTS = 0.
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This is a system of homogeneous equations and its nontrivial solution can exist only
in the case of detS = 0. This is a contradiction with our supposition, and the
components of the vector eBk

m b in (3.24) are linearly independent on the interval

Zk∗−1
−m .

Lemma 3.4. Let k1 ≥ k∗. Then the matrix

G =

k1∑
j=1

eB(k1−m−j)
m bbT

(
eB(k1−m−j)
m

)T

is nonsingular.
Proof. Since the components (eBk

m b)i, i = 1, 2, . . . , n, of the vector eBk
m b are

linearly independent on interval Zk∗−1
−m by Lemma 3.3, we have

(
eB(k1−m−j)
m b

)T

l =

n∑
i=1

li

(
eB(k1−m−j)
m b

)
i

= 0

for arbitrary nontrivial vectors l = (l1, l2, . . . , ln)T and for j = k1−n(m+1)+1, . . . , k1

(note that k1 −m− j ∈ Zk∗−1
−m ), or

k1∑
j=1

[(
eB(k1−m−j)
m b

)T

l

]2

> 0

since k1 ≥ n. Let us transform the expression on the left-hand side of the last
inequality. We have

k1∑
j=1

[(
eB(k1−m−j)
m b

)T

l

]2

=

k1∑
j=1

[(
eB(k1−m−j)
m b

)T

l

] [(
eB(k1−m−j)
m b

)T

l

]

=

k1∑
j=1

[
lT eB(k1−m−j)

m b
] [

bT
(
eB(k1−m−j)
m

)T

l

]

= lT

⎡
⎣ k1∑
j=1

eB(k1−m−j)
m bbT

(
eB(k1−m−j)
m

)T

⎤
⎦ l

= lTGl.

Thus, lTGl > 0 and therefore detG 
= 0.
Using the assertions given by Lemmas 3.3 and 3.4, it is easy to prove the final

result.
Theorem 3.5. Let the conditions of relative controllability (3.6), (3.7) be valid.

Then a control function u = u∗ for the problem (3.1)–(3.3) can be expressed in the
form

(3.28) u∗(k) = bT
(
eB(k1−m−k−1)
m

)T

G−1ξ,

where the vector ξ is defined by formula (3.4) and k ∈ Zk1−1
0 .

Proof. Since the control function u∗(j), j ∈ Zk1−1
0 , should satisfy (3.8), it is

necessary to prove that the system

(3.29)

k1∑
j=1

eB(k1−m−j)
m bu(j − 1) = ξ
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has a solution u(j − 1) = u∗(j − 1), j ∈ Zk1
1 . Let us try to find the control function

in the form of a linear combination

(3.30) u(j − 1) =
(
eB(k1−m−j)
m b

)T

D,

where D = (D1, D2, . . . , Dn)T is an unknown vector. We apply representation (3.30)
to (3.29). Then we get a linear homogeneous system with respect to D1, D2, . . . , Dn:⎡

⎣ k1∑
j=1

eB(k1−m−j)
m bbT

(
eB(k1−m−j)
m

)T

⎤
⎦D = ξ

or, in a matrix form,

GD = ξ.

By Lemma 3.4, the matrix G is nonsingular and it is clear that D = G−1ξ. From
(3.30) we get

u(j − 1) =
(
eB(k1−m−j)
m b

)T

G−1ξ,

which is equivalent to (3.28).
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Abstract. In this paper we develop a priori error analysis for Galerkin finite element discretiza-
tions of optimal control problems governed by linear parabolic equations. The space discretization
of the state variable is done using usual conforming finite elements, whereas the time discretization
is based on discontinuous Galerkin methods. For different types of control discretizations we pro-
vide error estimates of optimal order with respect to both space and time discretization parameters.
The paper is divided into two parts. In the first part we develop some stability and error estimates
for space-time discretization of the state equation and provide error estimates for optimal control
problems without control constraints. In the second part of the paper, the techniques and results of
the first part are used to develop a priori error analysis for optimal control problems with pointwise
inequality constraints on the control variable.

Key words. optimal control, parabolic equations, error estimates, finite elements
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1. Introduction. In this paper we develop a priori error analysis for space-time
finite element discretizations of parabolic optimization problems. We consider the
following linear-quadratic optimal control problem for the state variable u and the
control variable q:

(1.1a) Minimize J(q, u) =
1

2

∫ T

0

∫
Ω

(u(t, x) − û(t, x))2 dx dt +
α

2

∫ T

0

∫
Ω

q(t, x)2 dx dt

subject to

(1.1b)
∂tu− Δu = f + q in (0, T ) × Ω,

u(0) = u0 in Ω,

combined with either homogeneous Dirichlet or homogeneous Neumann boundary
conditions on (0, T )×∂Ω. A precise formulation of this problem including a functional
analytic setting is given in the next section.

While the a priori error analysis for finite element discretization of optimal control
problems governed by elliptic equations is discussed in many publications (see, e.g.,
[12, 15, 1, 16, 22, 4]), there are only a few published results on this topic for parabolic
problems; see [20, 28, 17, 19, 24].
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In this paper, we will use discontinuous finite element methods for time discretiza-
tion of the state equation (1.1b), as proposed, e.g., in [7, 10]. The spatial discretization
will be based on usual H1-conforming finite elements. In [2] this type of discretiza-
tion is shown to allow for a natural translation of the optimality conditions from the
continuous to the discrete level. This gives rise to exact computation of the deriva-
tives required in the optimization algorithms on the discrete level. In [21] a posteriori
error estimates for this type of discretization are derived and an adaptive algorithm
is developed.

Throughout, we will use a general discretization parameter σ consisting of three
discretization parameters σ = (k, h, d), where k corresponds to the time discretiza-
tion of the state variable, h to the space discretization of the state variable, and d
to the discretization of the control variable q, respectively. The space and time dis-
cretizations of the control variable may differ from the discretizations of the state.
Therefore, the discretization parameter d consists of the discretization parameters kd
and hd for the time and space discretizations of the control variable. In this paper we
will derive a priori error estimates of optimal order with respect to all discretization
parameters, where the influences of different parts of the discretization are clearly
separated. Moreover, the temporal and spatial regularity properties of the solution
to the continuous problem (1.1) are separated as well.

For the discretization error between the solution of the continuous optimization
problem (q̄, ū) and the solution of the discretized problem (q̄σ, ūσ), we will prove error
estimates of the following structure:

(1.2) ‖q̄− q̄σ‖L2((0,T )×Ω) ≤ C1(ū, z̄) k
r+1+C2(ū, z̄)h

s+1+C3(q̄) k
rd+1
d +C4(q̄)h

sd+1
d ,

where r, rd are the highest degrees of the polynomials in the time discretization of
the state and the control variable, respectively, and s, sd are the highest degree of the
polynomials in the space discretization of the control and the state variable. The con-
stants C1(ū, z̄) and C2(ū, z̄) depend on the temporal and the spatial regularity of the
optimal state ū and the corresponding adjoint state z̄, respectively; cf. Theorem 6.1.
The temporal and spatial regularity of the optimal control q̄ determines the constants
C3(q̄) and C4(q̄), respectively.

In [19] a similar result is proved for the case r = 0, s = 1, and under the as-
sumption k ≈ h2. We would like to emphasize that the discretization parameters
k, h, kd, hd in estimate (1.2) can be chosen independently of each other.

The purpose of this paper is twofold. The first goal is to derive a priori error
estimates for optimal control problem (1.1) of the above structure. The second goal is
to provide techniques which will be used in the second part of the paper for derivation
of a priori error estimates for problems involving pointwise inequality constraints on
the control variable.

The paper is organized as follows. In the next section we recall the function
analytic setting and optimality conditions for the optimal control problem under con-
sideration. In section 3 the space-time finite element discretization is presented. Based
on stability estimates developed in section 4, we provide a priori error analysis for the
state equation in section 5. The main result on the error analysis for the considered
optimal control problem is given in section 6. In this section error estimates for the
error in the control, state, and adjoint variables are developed. In the last section we
present a numerical example illustrating our results.

2. Optimization. In this section we briefly discuss the precise formulation of the
optimization problem under consideration. Furthermore, we recall theoretical results
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on existence, uniqueness, and regularity of optimal solutions as well as optimality
conditions.

To set up a weak formulation of the state equation (1.1b), we introduce the
following notation: For a convex polygonal domain Ω ⊂ R

n, n ∈ { 2, 3 }, we denote V
to be either H1(Ω) or H1

0 (Ω) depending on the prescribed type of boundary conditions
(homogeneous Neumann or homogeneous Dirichlet). Together with H = L2(Ω), the
Hilbert space V and its dual V ∗ build a Gelfand triple V ↪→ H ↪→ V ∗. Here and in
what follows, we employ the usual notion for Lebesgue and Sobolev spaces.

For a time interval I = (0, T ) we introduce the state space

X :=
{
v
∣∣ v ∈ L2(I, V ) and ∂tv ∈ L2(I, V ∗)

}
and the control space

Q = L2(I, L2(Ω)).

In addition, we use the following notation for the inner products and norms on L2(Ω)
and L2(I, L2(Ω)):

(v, w) := (v, w)L2(Ω), (v, w)I := (v, w)L2(I,L2(Ω)),

‖v‖ := ‖v‖L2(Ω), ‖v‖I := ‖v‖L2(I,L2(Ω)).

In this setting, a standard weak formulation of the state equation (1.1b) for given
control q ∈ Q, f ∈ L2(I,H), and u0 ∈ V reads as follows: Find a state u ∈ X
satisfying

(2.1)
(∂tu, ϕ)I + (∇u,∇ϕ)I = (f + q, ϕ)I ∀ϕ ∈ X,

u(0) = u0.

For simplicity of notation, we skip here and throughout the paper the dependence of
the solution variable on x and t.

For this formulation of the state equation, we recall the following result on exis-
tence and regularity.

Proposition 2.1. For fixed control q ∈ Q, f ∈ L2(I,H), and u0 ∈ V there
exists a unique solution u ∈ X of problem (2.1). Moreover, the solution exhibits the
improved regularity

u ∈ L2(I,H2(Ω) ∩ V ) ∩H1(I, L2(Ω)) ↪→ C(Ī , V ).

It holds the stability estimate

‖∂tu‖I + ‖∇2u‖I ≤ C
{
‖f + q‖I + ‖∇u0‖

}
.

Proof. The proof of existence and uniqueness is given, e.g., in [18] and [29]. The
improved regularity relies on the fact that Ω is polygonal and convex and is proved,
e.g., in [11]. The embedding of L2(I,H2(Ω) ∩ V ) ∩H1(I, L2(Ω)) into C(Ī , V ) can be
found, for instance, in [6].

The weak formulation of the optimal control problem (1.1) is given as follows:

(2.2) Minimize J(q, u) :=
1

2
‖u− û‖2

I +
α

2
‖q‖2

I subject to (2.1) and (q, u) ∈ Q×X,

where û ∈ L2(I,H) is a given desired state and α > 0 is the regularization parameter.
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Proposition 2.2. For given f, û ∈ L2(I,H), u0 ∈ V , and α > 0, the optimal
control problem (2.2) admits a unique solution (q̄, ū) ∈ Q×X. The optimal control q̄
possesses the regularity

q̄ ∈ L2(I,H2(Ω)) ∩H1(I, L2(Ω)).

Proof. For existence and uniqueness we refer to [18]. First order necessary op-
timality conditions and Proposition 2.1 imply the stated regularity of the optimal
control.

The existence result for the state equation in Proposition 2.1 ensures the existence
of a control-to-state mapping q �→ u = u(q) defined through (2.1). By means of this
mapping we introduce the reduced cost functional j : Q → R:

j(q) := J(q, u(q)).

The optimal control problem (2.2) can then be equivalently reformulated as follows:

(2.3) Minimize j(q) subject to q ∈ Q.

The first order necessary optimality condition for (2.3) reads as

(2.4) j′(q̄)(δq) = 0 ∀δq ∈ Q.

Due to the linear-quadratic structure of the optimal control problem this condition is
also sufficient for optimality.

Utilizing the adjoint state equation for z = z(q) ∈ X given by

(2.5)
−(ϕ, ∂tz)I + (∇ϕ,∇z)I = (ϕ, u(q) − û)I ∀ϕ ∈ X,

z(T ) = 0,

the first derivative of the reduced cost functional can be expressed as

(2.6) j′(q)(δq) = (αq + z(q), δq)I .

3. Discretization. In this section we describe the space-time finite element dis-
cretization of the optimal control problem (2.2).

3.1. Semidiscretization in time. At first, we present the semidiscretization
in time of the state equation by discontinuous Galerkin methods. We consider a
partitioning of the time interval Ī = [0, T ] as

(3.1) Ī = {0} ∪ I1 ∪ I2 ∪ · · · ∪ IM

with subintervals Im = (tm−1, tm] of size km and time points

0 = t0 < t1 < · · · < tM−1 < tM = T.

We define the discretization parameter k as a piecewise constant function by setting
k
∣∣
Im

= km for m = 1, 2, . . . ,M . Moreover, we denote by k the maximal size of the
time steps, i.e., k = max km.

The semidiscrete trial and test space is given as

Xr
k =

{
vk ∈ L2(I, V )

∣∣∣vk∣∣Im ∈ Pr(Im, V ), m = 1, 2, . . . ,M
}
.
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Here, Pr(Im, V ) denotes the space of polynomials up to order r defined on Im with
values in V . On Xr

k we use the notation

(v, w)Im := (v, w)L2(Im,L2(Ω)) and ‖v‖Im := ‖v‖L2(Im,L2(Ω)).

To define the discontinuous Galerkin (dG(r)) approximation using the space Xr
k

we employ the following definitions for functions vk ∈ Xr
k :

v+
k,m := lim

t→0+
vk(tm + t), v−k,m := lim

t→0+
vk(tm − t) = vk(tm), [vk]m := v+

k,m − v−k,m

and define the bilinear form B(·, ·) for uk, ϕ ∈ Xr
k by

(3.2) B(uk, ϕ) :=

M∑
m=1

(∂tuk, ϕ)Im + (∇uk,∇ϕ)I +

M∑
m=2

([uk]m−1, ϕ
+
m−1) + (u+

k,0, ϕ
+
0 ).

Then, the dG(r) semidiscretization of the state equation (2.1) for a given control
q ∈ Q reads as follows: Find a state uk = uk(q) ∈ Xr

k such that

(3.3) B(uk, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr

k .

The existence and uniqueness of solutions to (3.3) can be shown by using Fourier
analysis; see [27] for details.

Remark 3.1. Using a density argument, it is possible to show that the exact
solution u = u(q) ∈ X also satisfies the identity

B(u, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr

k .

Thus, we have here the property of Galerkin orthogonality

B(u− uk, ϕ) = 0 ∀ϕ ∈ Xr
k ,

although the dG(r) semidiscretization is a nonconforming Galerkin method (Xr
k 
⊂

X).
The semidiscrete optimization problem for the dG(r) time discretization has the

following form:

(3.4) Minimize J(qk, uk) subject to (3.3) and (qk, uk) ∈ Q×Xr
k .

Proposition 3.2. The semidiscrete optimal control problem (3.4) admits for
α > 0 a unique solution (q̄k, ūk) ∈ Q×Xr

k .
Proof. The proof is done by translating standard arguments from the proof in the

continuous case and by employing the continuity of the mapping q �→ uk(q) provided
by the stability estimates derived in the next section (cf. Theorem 4.3).

Note that the optimal control q̄k is searched for in the continuous space Q and
the subscript k indicates the usage of the semidiscretized state equation.

Similar to the continuous case, we introduce the semidiscrete reduced cost func-
tional jk : Q → R:

jk(q) := J(q, uk(q))

and reformulate the semidiscrete optimal control problem (3.4) as follows:

Minimize jk(qk) subject to qk ∈ Q.
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The first order necessary optimality condition reads as

(3.5) j′k(q̄k)(δq) = 0 ∀δq ∈ Q,

and the derivative of jk can be expressed as

(3.6) j′k(q)(δq) = (αq + zk(q), δq)I .

Here, zk = zk(q) ∈ Xr
k denotes the solution of the semidiscrete adjoint equation

(3.7) B(ϕ, zk) = (ϕ, uk(q) − û)I ∀ϕ ∈ Xr
k .

Note that by using integration by parts in time, the bilinear form B(·, ·) defined
by (3.2) can equivalently be expressed as

(3.8) B(ϕ, zk) = −
M∑

m=1

(ϕ, ∂tzk)Im + (∇ϕ,∇zk)I −
M−1∑
m=1

(ϕ−m, [zk]m) + (ϕ−M , z−k,M ).

3.2. Discretization in space. To define the finite element discretization in
space, we consider two or three dimensional shape-regular meshes; see, e.g., [5].
A mesh consists of quadrilateral or hexahedral cells K, which constitute a non-
overlapping cover of the computational domain Ω. The corresponding mesh is denoted
by Th = {K}, where we define the discretization parameter h as a cellwise constant
function by setting h

∣∣
K

= hK with the diameter hK of the cell K. We use the symbol
h also for the maximal cell size, i.e., h = maxhK .

On the mesh Th we construct a conforming finite element space Vh ⊂ V in a
standard way:

V s
h =

{
v ∈ V

∣∣v∣∣
K

∈ Qs(K) for K ∈ Th
}
.

Here, Qs(K) consists of shape functions obtained via (bi-/tri-)linear transformations

of polynomials in Q̂s(K̂) defined on the reference cell K̂ = (0, 1)n, where

Q̂s(K̂) = span

⎧⎨
⎩

n∏
j=1

x
αj

j

∣∣∣∣∣αj ∈ N0, αj ≤ s

⎫⎬
⎭ .

Remark 3.3. The definition of V s
h can be extended to the case of triangular

meshes in the obvious way.
To obtain the fully discretized versions of the time discretized state equation (3.3),

we utilize the space-time finite element space

Xr,s
k,h =

{
vkh ∈ L2(I, V s

h )
∣∣∣vkh∣∣Im ∈ Pr(Im, V s

h )
}
⊂ Xr

k .

Remark 3.4. Here, the spatial mesh and, therefore, also the space V s
h is fixed for

all time intervals. We refer to [25] for a discussion of treatment of different meshes
T m
h for each of the subintervals Im.

The so-called cG(s)dG(r) discretization of the state equation for given control
q ∈ Q has the following form: Find a state ukh = ukh(q) ∈ Xr,s

k,h such that

(3.9) B(ukh, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr,s

k,h.
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Remark 3.5. The notation cG(s)dG(r) is taken from [7] and describes a method
with conforming (continuous) discretization in space of order s and discontinuous
discretization in time of order r.

Then, the corresponding optimal control problem is given as follows:

(3.10) Minimize J(qkh, ukh) subject to (3.9) and (qkh, ukh) ∈ Q×Xr,s
k,h,

and by means of the discrete reduced cost functional jkh : Q → R,

jkh(q) := J(q, ukh(q)),

it can be reformulated as follows:

Minimize jkh(qkh) subject to qkh ∈ Q.

The uniquely determined optimal solution of (3.10) is denoted by (q̄kh, ūkh) ∈ Q ×
Xr,s

k,h.
The optimal control q̄kh ∈ Q fulfills the first order optimality condition

(3.11) j′kh(q̄kh)(δq) = 0 ∀δq ∈ Q,

where j′kh(q)(δq) is given by

(3.12) j′kh(q)(δq) = (αq + zkh(q), δq)I

with the discrete adjoint solution zkh = zkh(q) ∈ Xr,s
k,h of

(3.13) B(ϕ, zkh) = (ϕ, ukh(q) − û)I ∀ϕ ∈ Xr,s
k,h.

3.3. Discretization of the controls. To obtain the fully discrete optimal con-
trol problem we restrict the control space Q to a finite dimensional subspace Qd ⊂ Q.
The optimal control problem on this level of discretization is given as follows:

(3.14) Minimize J(qσ, uσ) subject to (3.9) and (qσ, uσ) ∈ Qd ×Xr,s
k,h .

The unique optimal solution of (3.14) is denoted by (q̄σ, ūσ) ∈ Qd × Xr,s
k,h, where

the subscript σ collects the discretization parameters k, h, and d. The optimality
condition is given using the discrete reduced cost functional jkh introduced in the
previous section by

(3.15) j′kh(q̄σ)(δq) = 0 ∀δq ∈ Qd.

Most of our results presented below hold true independently of the choice of the
control discretization; see Theorem 6.1. However, we present here some possibilities
for construction of the discrete control space Qd, which will play a role in the discussion
of the error in the state and adjoint variables (see section 6.2) and which will be
employed for the numerical example in section 7.

For the construction of Qd it is possible to use spatial and temporal meshes, which
are different from those employed for the discretization of the state variable. However,
for simplicity of notation we will use the same time-partitioning (3.1). Using a spatial
mesh Thd

we consider two corresponding finite element spaces:

V sd
hd

=
{
v ∈ C(Ω̄)

∣∣v∣∣
K

∈ Qsd(K) for K ∈ Thd

}
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and

Ṽ sd
hd

=
{
v ∈ L2(Ω)

∣∣v∣∣
K

∈ Qsd(K) for K ∈ Thd

}
.

The space V sd
hd

consists of continuous cellwise polynomial functions of order sd, whereas

the functions in the space Ṽ sd
hd

are discontinuous. Using these spaces we define two
possibilities for the choice of Qd.

The first possibility is similar to the construction of the state space Xr,s
k,h, consist-

ing of functions which are continuous in space and discontinuous in time, and results
in the following definition:

Qd =
{
vkh ∈ L2(I, V sd

hd
)
∣∣∣vkh∣∣Im ∈ Prd(Im, V sd

hd
)
}
.

We will refer to this control discretization as cG(sd)dG(rd). If the control mesh Thd

coincides with the state mesh Th and one chooses the same order of polynomials
(r = rd, s = sd), then the state space Xr,s

k,h coincides with the control space Qd in case

of homogeneous Neumann boundary conditions and is a subspace of it, i.e., Xr,s
k,h ⊂ Qd

in the presence of homogeneous Dirichlet boundary conditions. In this case one can
show (cf. the discussion in section 6) that q̄kh = q̄σ. This means that a complete
discretization of the optimal control problem is achieved already after discretization
of the state equation; cf. [16].

For the second possibility we employ the space Ṽ sd
hd

of discontinuous cellwise
polynomials and obtain the following definition:

Qd =
{
vkh ∈ L2(I, Ṽ sd

hd
)
∣∣∣vkh∣∣Im ∈ Prd(Im, Ṽ sd

hd
)
}
.

We will refer to this control discretization as dG(sd)dG(rd). The special choice sd = 0
leads to cellwise constant discretization in space.

4. Stability estimates for the state and adjoint equations. The first step
in proving the desired a priori estimate is to prove stability estimates for the solution
of the semidiscrete (3.3) and the fully discretized (3.9) state equation. Throughout
this section we discuss the uncontrolled situation and set therefore q = 0.

In the following theorem we provide a stability estimate for semidiscretization in
time, which has a structure similar to the estimate on the continuous level given in
Proposition 2.1. A comparable estimate is shown in [8, 9] for the case f = 0.

Theorem 4.1. For the solution uk ∈ Xr
k of the dG(r) semidiscretized state

equation (3.3) with right-hand side f ∈ L2(I,H), initial condition u0 ∈ V , and q = 0,
the stability estimate

M∑
m=1

‖∂tuk‖2
Im + ‖Δuk‖2

I +

M∑
m=1

k−1
m ‖[uk]m−1‖2 ≤ C

{
‖f‖2

I + ‖∇u0‖2
}

holds. The constant C depends only on the polynomial degree r and the domain Ω.
The jump term [uk]0 at t = 0 is defined as u+

k,0 − u0.

Proof. By means of the definition [uk]0 = u+
k,0 −u0, the solution uk ∈ Xr

k of (3.3)
fulfills for all ϕ ∈ Pr(Im, V ) the following system of equations:

(4.1) (∂tuk, ϕ)Im + (∇uk,∇ϕ)Im + ([uk]m−1, ϕ
+
m−1) = (f, ϕ)Im , m = 1, 2, . . . ,M.

The proof of the desired estimate consist of three steps—one for each term of the
left-hand side of (4.1). The steps are based on consecutively testing with ϕ = −Δuk,
ϕ = (t− tm−1)∂tuk, and ϕ = [uk]m−1.
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Step (i). At first, we want to choose ϕ = −Δuk. For applying integration by parts
in space to (4.1), it is necessary to prove Δuk

∣∣
Im

∈ Pr(Im, H). This assertion

follows immediately from applying elliptic regularity theory (cf. [11]) to the
transformed time stepping equation

(∇uk,∇ϕ)Im = (f − ∂tuk, ϕ)Im − ([uk]m−1, ϕ
+
m−1).

The fact that uk

∣∣
Im

is polynomial in time with values in V ⊆ H implies that

the right-hand side is in H for almost all t ∈ Im. Thus, Δuk

∣∣
Im

is also in H

for almost all t ∈ Im, and since uk

∣∣
Im

is polynomial with respect to time, this

yields Δuk

∣∣
Im

∈ Pr(Im, H).

Consequently, it is feasible to integrate (4.1) by parts in space to obtain the
formulation

(4.2)
(∂tuk, ϕ)Im − (Δuk, ϕ)Im + ([uk]m−1, ϕ

+
m−1) = (f, ϕ)Im , m = 1, 2, . . . ,M.

The arising boundary terms vanish for both homogeneous Neumann and ho-
mogeneous Dirichlet boundary conditions.
Since there are no spatial derivatives on the test function ϕ anymore, formu-
lation (4.2) holds not only for all ϕ ∈ Pr(Im, V ) but by the density of V in
H also for all ϕ ∈ Pr(Im, H). Hence, we may choose ϕ = −Δuk as a test
function and get, by applying integration by parts in space a second time,

(∂t∇uk,∇uk)Im + (Δuk,Δuk)Im + ([∇uk]m−1,∇u+
k,m−1) = (f,−Δuk)Im .

Again, the arising boundary terms vanish due to the prescribed homogeneous
boundary conditions of Neumann or Dirichlet type.
By means of the identities

(∂tv, v)Im =
1

2
‖v−m‖2 − 1

2
‖v+

m−1‖2,(4.3a)

([v]m−1, v
+
m−1) =

1

2
‖v+

m−1‖2 +
1

2
‖[v]m−1‖2 − 1

2
‖v−m−1‖2,(4.3b)

we achieve

1

2
‖∇u−k,m‖2 +

1

2
‖[∇uk]m−1‖2 − 1

2
‖∇u−k,m−1‖2 + ‖Δuk‖2

Im = (f,−Δuk)Im .

Summation of the equations for m = 1, 2, . . . ,M leads to

1

2
‖∇u−k,M‖2 +

1

2

M∑
m=1

‖[∇uk]m−1‖2 + ‖Δuk‖2
I = (f,−Δuk)I +

1

2
‖∇u0‖2.

Using Young’s inequality for the right-hand side, we obtain the first interme-
diary result

(4.4) ‖Δuk‖2
I ≤ ‖f‖2

I + ‖∇u0‖2.
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Step (ii). To bound the time derivative ∂tuk, we will use the inverse estimate

(4.5) ‖vk‖2
Im ≤ Ck−1

m

∫
Im

(t− tm−1)‖vk‖2 dt,

which holds true for all vk ∈ Pr(Im, V ). To obtain this estimate one trans-
forms both sides of the inequality into the reference time interval [0, 1], uses
equivalence of norms for finite dimensional spaces, and transforms the in-
equality back into the real interval Im.
We choose ϕ = (t− tm−1)∂tuk and obtain, utilizing the fact that ϕ+

m−1 = 0,

∫
Im

(t− tm−1)‖∂tuk‖2 dt =

∫
Im

(t− tm−1)(f + Δuk, ∂tuk) dt

≤
(∫

Im

(t− tm−1)‖f + Δuk‖2 dt

) 1
2
(∫

Im

(t− tm−1)‖∂tuk‖2 dt

) 1
2

.

The inverse estimate (4.5) yields, by means of Hölder’s inequality,

‖∂tuk‖2
Im ≤ Ck−1

m

∫
Im

(t− tm−1)‖f + Δuk‖2 dt ≤ C
{
‖f‖2

Im + ‖Δuk‖2
Im

}
.

Then, (4.4) implies the second intermediary result

(4.6)

M∑
m=1

‖∂tuk‖2
Im ≤ C

{
‖f‖2

I + ‖∇u0‖2
}
.

Step (iii). It remains to estimate the jump terms. To this end, we choose ϕ =
[uk]m−1 constant in time on Im and obtain

‖[uk]m−1‖2 = (f + Δuk − ∂tuk, [uk]m−1)Im

≤ km
2

‖f + Δuk − ∂tuk‖2
Im +

1

2km
‖[uk]m−1‖2

Im .

Since [uk]m−1 is constant in time, we have ‖[uk]m−1‖2
Im

= km‖[uk]m−1‖2.
This implies

k−1
m ‖[uk]m−1‖2 ≤ ‖f + Δuk − ∂tuk‖2

Im .

The results (4.4) and (4.6) yield the remaining estimate

M∑
m=1

k−1
m ‖[uk]m−1‖2 ≤ C

{
‖f‖2

I + ‖∇u0‖2
}
.

The result of the previous theorem will also be applied to dual (adjoint) equations.
Let g ∈ L2(I,H) be a given right-hand side and zT ∈ V a given terminal condition;
then the corresponding semidiscretized dual equation is given by

(4.7) B(ϕ, zk) = (ϕ, g)I + (ϕ−M , zT ) ∀ϕ ∈ Xr
k .
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Note that the semidiscrete adjoint solution defined in (3.7) can be obtained by setting
g = uk(q) − û and zT = 0.

Corollary 4.2. For the solution zk ∈ Xr
k of the semidiscrete dual equation

(4.7) with right-hand side g ∈ L2(I,H) and terminal condition zT ∈ V , the estimate
from Theorem 4.1 reads as

M∑
m=1

‖∂tzk‖2
Im + ‖Δzk‖2

I +

M∑
m=1

k−1
m ‖[zk]m‖2 ≤ C

{
‖g‖2

I + ‖∇zT ‖2
}
.

Here, the jump term [zk]M at t = T is defined as zT − z−k,M .
Proof. Let zk ∈ Xr

k be the solution of (4.7). Then formula (3.8) implies that it
also fulfills for all ϕ ∈ Pr(Im, V ) the following system of equations:

−(ϕ, ∂tzk)Im + (∇ϕ,∇zk)Im − (ϕ−m, [zk]m) = (g, ϕ)Im , m = 1, 2, . . . ,M.

Based on this representation, all steps of the proof of Theorem 4.1 can be repeated
similarly to obtain the stated result.

For proving a priori estimates for the control problem (2.2), we will additionally
need stability estimates for the L2(I,H)-norm of the solution ‖uk‖I and of its gradient
‖∇uk‖I , which are given in the following theorem.

Theorem 4.3. For the solution uk ∈ Xr
k of the dG(r) semidiscretized state

equation (3.3) with right-hand side f ∈ L2(I,H), initial condition u0 ∈ V , and q = 0,
the stability estimate

‖uk‖2
I + ‖∇uk‖2

I ≤ C
{
‖f‖2

I + ‖∇u0‖2 + ‖u0‖2
}

holds true with a constant C that depends only on the polynomial degree r, the domain
Ω, and the final time T .

Remark 4.4. In the case of homogeneous Dirichlet boundary conditions, the
estimate can be proved by means of Poincaré’s inequality with a constant independent
of T .

Proof. The proof is done using a duality argument: Let z̃ ∈ X be the solution of

−(ϕ, ∂tz̃)I + (∇ϕ,∇z̃)I = (ϕ, uk)I ∀ϕ ∈ X

together with the terminal condition z̃(T ) = z̃T = 0. Thus, due to Remark 3.1, which
applies similarly to dual or adjoint equations, z̃ also fulfills

B(ϕ, z̃) = (ϕ, uk)I ∀ϕ ∈ Xr
k .

By means of this equality, we write

‖uk‖2
I = B(uk, z̃)

=
M∑

m=1

(∂tuk, z̃)Im + (∇uk,∇z̃)I +

M∑
m=2

([uk]m−1, z̃(tm−1)) + (u+
k,0, z̃(0)).

Using the setting [uk]0 = u+
k,0 − u0 we obtain

‖uk‖2
I =

M∑
m=1

(∂tuk, z̃)Im + (∇uk,∇z̃)I +

M∑
m=1

([uk]m−1, z̃(tm−1)) + (u0, z̃(0)),
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from which we get, with integration by parts in space and Hölder’s inequality,

‖uk‖2
I ≤

(
M∑

m=1

‖∂tuk‖2
Im

) 1
2

‖z̃‖I + ‖Δuk‖I‖z̃‖I

+

(
M∑

m=1

k−1
m ‖[uk]m−1‖2

) 1
2
(

M∑
m=1

km‖z̃(tm−1)‖2

) 1
2

+ ‖u0‖‖z̃(0)‖.

The stability estimate for the continuous solution z̃ ∈ X

max
t∈Ī

‖z̃(t)‖ ≤ C‖uk‖I ,

which makes use of the continuity of the mapping uk �→ z̃ (cf. [18]) and the continuous
embedding of X into C(Ī , H), implies

‖uk‖I ≤ C
√
T

(
M∑

m=1

‖∂tuk‖2
Im

) 1
2

+ C
√
T‖Δuk‖I

+ C
√
T

(
M∑

m=2

k−1
m ‖[uk]m−1‖2

) 1
2

+ C‖u0‖,

from which the desired estimate for ‖uk‖2
I follows by application of Theorem 4.1.

To prove the estimate for ‖∇uk‖2
I , we proceed similarly to the proof of Theo-

rem 4.1 and test (4.1) with ϕ = uk. We obtain for m = 1, 2, . . . ,M

(∂tuk, uk)Im + (∇uk,∇uk)Im + ([uk]m−1, u
+
k,m−1) = (f, uk)Im .

The identities (4.3) lead to

1

2
‖u−k,m‖2 +

1

2
‖[uk]m−1‖2 − 1

2
‖u−k,m−1‖2 + ‖∇uk‖2

Im = (f, uk)Im .

After summing up these equations for m = 1, 2, . . . ,M and by application of Young’s
inequality, we have

‖∇uk‖2
I ≤ 1

2

{
‖f‖2

I + ‖uk‖2
I + ‖u0‖2

}
.

Insertion of the already proved estimate for ‖uk‖2
I completes the proof.

Corollary 4.5. For the solution zk ∈ Xr
k of the semidiscrete dual equation

(4.7) with right-hand side g ∈ L2(I,H) and terminal condition zT ∈ V , the estimate
from Theorem 4.3 reads as

‖zk‖2
I + ‖∇zk‖2

I ≤ C
{
‖g‖2

I + ‖∇zT ‖2 + ‖zT ‖2
}
.

Proof. The proof is done similarly to the proof of Theorem 4.3.
All the estimates proved in this section hold true also for the fully discrete

cG(s)dG(r) solutions ukh, zkh ∈ Xr,s
k,h almost without any changes. Only two dif-

ferences have to be regarded: We have to replace the continuous Laplacian Δ by a
discrete analogue Δh : V s

h → V s
h defined by

(Δhu, ϕ) = −(∇u,∇ϕ) ∀ϕ ∈ V s
h ,
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and the jump terms [ukh]0 and [zkh]M are given here by means of the spatial L2-
projection Πh : V → V s

h as

[ukh]0 = u+
kh,0 − Πhu0 and [zkh]M = ΠhzT − z−kh,M .

Here, zkh ∈ Xr,s
k,h is the solution of the fully discretized dual equation with given

right-hand side g ∈ L2(I,H) and terminal condition zT ∈ V given by

(4.8) B(ϕ, zkh) = (ϕ, g)I + (ϕ−M , zT ) ∀ϕ ∈ Xr,s
k,h.

For convenience of the reader, we state here the estimates for the fully discrete
solutions.

Theorem 4.6. For the solution ukh ∈ Xr,s
k,h of the discrete state equation (3.9)

with right-hand side f ∈ L2(I,H), initial condition u0 ∈ V , and q = 0, the stability
estimate

M∑
m=1

‖∂tukh‖2
Im + ‖Δhukh‖2

I +

M∑
m=1

k−1
m ‖[ukh]m−1‖2 ≤ C

{
‖f‖2

I + ‖∇Πhu0‖2
}

holds. The constant C depends only on the polynomial degree r and the domain Ω.
The jump term [ukh]0 at t = 0 is defined as u+

kh,0 −Πhu0. Furthermore, the estimate

‖ukh‖2
I + ‖∇ukh‖2

I ≤ C
{
‖f‖2

I + ‖∇Πhu0‖2 + ‖Πhu0‖2
}

holds true with a constant C that depends only on the polynomial degree r, the domain
Ω, and the final time T .

Corollary 4.7. For the solution zkh ∈ Xr,s
k,h of the discrete dual equation (4.8)

with right-hand side g ∈ L2(I,H) and terminal condition zT ∈ V , the estimates from
Theorem 4.6 read as

M∑
m=1

‖∂tzkh‖2
Im + ‖Δhzkh‖2

I +

M∑
m=1

k−1
m ‖[zkh]m‖2 ≤ C

{
‖g‖2

I + ‖∇ΠhzT ‖2
}

and

‖zkh‖2
I + ‖∇zkh‖2

I ≤ C
{
‖g‖2

I + ‖∇ΠhzT ‖2 + ‖ΠhzT ‖2
}
.

Here, the jump term [zkh]M at t = T is defined as ΠhzT − z−kh,M .

5. Analysis of the discretization error for the state equation. The goal of
this section is to prove an a priori error estimate for the discretization error of the (un-
controlled) state equation. Due to the choice of the control space Q = L2(I, L2(Ω)),
we will need error estimates for the error in the state (and adjoint) variable with
respect to the norm of L2(I, L2(Ω)); cf. the discussion in section 6. Similar error
estimates with respect to the L∞(I, L2(Ω))-norm can be found in [8, 9], and with
respect to the L2(I,H1(Ω))-norm in [13].

Let u ∈ X be the solution of the state equation (2.1) for q = 0, uk ∈ Xr
k be the

solution of the corresponding semidiscretized equation (3.3), and ukh ∈ Xr,s
k,h be the

solution of the fully discretized state equation (3.9). To separate the influences of the
space and time discretizations, we split the total discretization error e := u−ukh into
its temporal part ek := u − uk and its spatial part eh := uk − ukh. The temporal
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discretization error will be estimated in the following subsection, and the spatial
discretization error is treated in section 5.2.

Throughout this section we will assume that the solutions u ∈ X and uk ∈ Xr
k

possess the regularity ∂r+1
t u ∈ L2(I, L2(Ω)) and ∇s+1uk ∈ L2(I, L2(Ω)). Note that

Proposition 2.1 and Theorem 4.1 ensure this assumption for s = 1 and r = 0 for
convex polygonal domains Ω. Better regularity results (r > 0, s > 1) usually require
stronger assumptions on the domain Ω and additional compatibility relations.

5.1. Analysis of the temporal discretization error. In this section, we will
prove the following error estimate for the temporal discretization error ek.

Theorem 5.1. For the error ek := u−uk between the continuous solution u ∈ X
of (2.1) and the dG(r) semidiscretized solution uk ∈ Xr

k of (3.3), we have the error
estimate

‖ek‖I ≤ Ckr+1‖∂r+1
t u‖I ,

where the constant C is independent of the size of the time steps k.
For clarity of presentation, we divide the proof of this theorem into several steps,

which are discussed in the following lemmas.
Before doing so, we define a semidiscrete projection πk : C(Ī , V ) → Xr

k for m =
1, 2, . . . ,M by πku

∣∣
Im

∈ Pr(Im, V ) and

(πku− u, ϕ)Im = 0 ∀ϕ ∈ Pr−1(Im, V ) for r > 0,(5.1a)

πku(t−m) = u(t−m).(5.1b)

In the case r = 0, πku is defined solely by condition (5.1b). The projection πk is
well-defined by these conditions; see, for instance, [27] or [26]. By Proposition 2.1 the
solution u of (2.1) belongs to C(Ī , V ), and therefore πk is applicable to the state u.

To shorten the notation in the following analysis, we introduce the abbreviations

ηk := u− πku and ξk := πku− uk

and split the error ek as

ek = ηk + ξk.

Lemma 5.2. For the projection error ηk defined above, the identity

B(ηk, ϕ) = (∇ηk,∇ϕ)I

holds for all ϕ ∈ Xr
k .

Proof. By means of (3.8), we have

B(ηk, ϕ) = −
M∑

m=1

(ηk, ∂tϕ)Im + (∇ηk,∇ϕ)I −
M−1∑
m=1

(η−k,m, [ϕ]m) + (η−k,M , ϕ−k,M ).

The term (ηk, ∂tϕ)Im vanishes due to (5.1a), and η−k,m = 0 for all m due to (5.1b).
This completes the proof.

Lemma 5.3. The temporal discretization error ek = u − uk is bounded by the
projection error ηk with respect to the L2(I, L2(Ω))-norm, that is,

‖ek‖I ≤ C‖ηk‖I .
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Proof. We define z̃k ∈ Xr
k to be the solution of

B(ϕ, z̃k) = (ϕ, ek)I ∀ϕ ∈ Xr
k .

Thus, we obtain by Galerkin orthogonality the relation B(ξk + ηk, z̃k) = 0 (cf. Re-
mark 3.1) which implies

‖ek‖2
I = (ξk, ek)I + (ηk, ek)I = B(ξk, z̃k) + (ηk, ek)I = −B(ηk, z̃k) + (ηk, ek)I .

Using Lemma 5.2 and integration by parts in space, and the stability estimate from
Corollary 4.2, it follows that

−B(ηk, z̃k) = −(∇ηk,∇z̃k)I = (ηk,Δz̃k)I ≤ ‖ηk‖I‖Δz̃k‖I ≤ C‖ηk‖I‖ek‖I .

Note that the arising boundary terms vanish for both homogeneous Neumann and
homogeneous Dirichlet boundary conditions. This leads, by means of Cauchy’s in-
equality, to the desired assertion.

Lemma 5.4. For the projection error ηk = u− πku the following estimate holds:

‖ηk‖Im ≤ Ckr+1
m ‖∂r+1

t u‖Im .

Proof. Similarly to [27], the proof is done by standard arguments utilizing the
Bramble–Hilbert lemma from [3].

After these preparations, we are able to give the proof of Theorem 5.1.
Proof of Theorem 5.1. From the Lemmas 5.3 and 5.4 we directly obtain

‖ek‖2
I ≤ C‖ηk‖2

I = C

M∑
m=1

‖ηk‖2
Im ≤ C

M∑
m=1

k2r+2
m ‖∂r+1

t u‖2
Im ≤ Ck2r+2‖∂r+1

t u‖2
I ,

which implies the stated result.

5.2. Analysis of the spatial discretization error. In this section we give a
proof of the following result.

Theorem 5.5. For the error eh := uk − ukh between the dG(r) semidiscretized
solution uk ∈ Xr

k of (3.3) and the fully cG(s)dG(r) discretized solution ukh ∈ Xr,s
k,h

of (3.9), we have the error estimate

‖eh‖I ≤ Chs+1‖∇s+1uk‖I ,

where the constant C is independent of the mesh size h and the size of the time steps
k.

Similar to the previous subsection, the proof is divided into several steps which
are collected in the following lemmas.

We define the projection πh : Xr
k → Xr,s

k,h by means of the spatial L2-projection
Πh : V → V s

h pointwise in time as

(πhuk)(t) = Πhuk(t).

For the solutions of the semidiscrete and fully discretized state equations uk ∈ Xr
k

and ukh ∈ Xr,s
k,h, and for z̃k ∈ Xr

k being the solution of the dual equation (4.7) with
right-hand side g = eh and terminal condition z̃T = 0, we use the abbreviations

ηh := uk − πhuk, ξh := πhuk − ukh, and η∗h := z̃k − πhz̃k,
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and split the error eh as

eh = ηh + ξh.

Lemma 5.6. For the projection errors ηh and η∗h defined above, the identities

B(ηh, ϕ) = (∇ηh,∇ϕ)I and B(ϕ, η∗h) = (∇ϕ,∇η∗h)I

hold for all ϕ ∈ Xr,s
k,h.

Proof. As in the proof of Lemma 5.2 we obtain

B(ηh, ϕ) = −
M∑

m=1

(ηh, ∂tϕ)Im + (∇ηh,∇ϕ)I −
M−1∑
m=1

(η−h,m, [ϕ]m) + (η−h,M , ϕ−M )

= (∇ηh,∇ϕ)I

by means of the definition of πh. The assertion for B(ϕ, η∗h) follows directly when
employing representation (3.2) instead of (3.8).

Lemma 5.7. For the error ξh and the projection error ηh, the estimate

‖∇ξh‖I ≤ ‖∇ηh‖I

holds.
Proof. As in [13], we have for all v ∈ Xr

k by (3.2) and (3.8)

B(v, v) =

M∑
m=1

(∂tv, v)Im + (∇v,∇v)I +

M−1∑
m=1

([v]m, v+
m) + (v+

0 , v+
0 ),

B(v, v) = −
M∑

m=1

(v, ∂tv)Im + (∇v,∇v)I +

M−1∑
m=1

(−v−m, [v]m) + (v−M , v−M ).

We arrive at

B(v, v) ≥ (∇v,∇v)I

by adding these two identities. Utilizing the Galerkin orthogonality of the space
discretization, we obtain

‖∇ξh‖2
I = (∇ξh,∇ξh)I ≤ B(ξh, ξh) = −B(ηh, ξh) = −(∇ηh,∇ξh)I ≤ ‖∇ηh‖I‖∇ξh‖I .

Division by ‖∇ξh‖I leads to the asserted result.
Lemma 5.8. For the projection errors ηh and η∗h we have the intermediary result

B(ηh, η
∗
h) ≤ ‖∇ηh‖I‖∇η∗h‖I + C‖ηh‖I‖eh‖I .

Proof. Since πhz̃k ∈ Xr,s
k,h, it holds by (3.8) and the definition of πh that

B(ηh, η
∗
h) = −

M∑
m=1

(ηh, ∂tz̃k)Im + (∇ηh,∇η∗h)I −
M−1∑
m=1

(η−h,m, [z̃k]m) + (η−h,M , z̃−k,M ).
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Using z̃T = 0, we subtract the term (η−h,M , z̃T ) and obtain by means of the definition

[z̃k]M = z̃T − z̃−k,M

(5.2) B(ηh, η
∗
h) = −

M∑
m=1

(ηh, ∂tz̃k)Im + (∇ηh,∇η∗h)I −
M∑

m=1

(η−h,m, [z̃k]m).

Now, we separately treat the three terms on the right-hand side above: For the term
containing spatial derivatives, we have immediately

(5.3) (∇ηh,∇η∗h)I ≤ ‖∇ηh‖I‖∇η∗h‖I .

For the term containing the time derivatives, we achieve by Cauchy’s inequality and
with the stability estimate from Corollary 4.2

(5.4) −
M∑

m=1

(ηh, ∂tz̃k)Im ≤ ‖ηh‖I

(
M∑

m=1

‖∂tz̃k‖2
Im

) 1
2

≤ C‖ηh‖I‖eh‖I .

For the jump terms, we obtain again by Cauchy’s inequality

−
M∑

m=1

(η−h,m, [z̃k]m) ≤
(

M∑
m=1

km‖η−h,m‖2

) 1
2
(

M∑
m=1

k−1
m ‖[z̃k]m‖2

) 1
2

.

Utilizing the inverse estimate (cf. [8])

km‖η−h,m‖2 ≤ C‖ηh‖2
Im ,

which holds true for polynomials in time, and the stability estimate from Corollary 4.2,
we finally obtain

(5.5) −
M∑

m=1

(η−h,m, [z̃k]m) ≤ C‖ηh‖I‖eh‖I .

We complete the proof by inserting the three estimates (5.3), (5.4), and (5.5) into
(5.2).

We are now prepared to give the proof of Theorem 5.5.
Proof of Theorem 5.5. The solution z̃k ∈ Xr

k defined above satisfies

B(ϕ, z̃k) = (ϕ, eh)I ∀ϕ ∈ Xr
k .

Due to Galerkin orthogonality, which is applicable for πhz̃k ∈ Xr,s
k,h, the identity

‖eh‖2
I = B(eh, z̃k) = B(eh, z̃k − πhz̃k) = B(ξh, η

∗
h) + B(ηh, η

∗
h)

is fulfilled. For the first term we obtain, using Lemma 5.6 and Lemma 5.7,

B(ξh, η
∗
h) = (∇ξh,∇η∗h)I ≤ ‖∇ξh‖I‖∇η∗h‖I ≤ ‖∇ηh‖I‖∇η∗h‖I .

This yields, together with Lemma 5.8,

(5.6) ‖eh‖2
I ≤ 2‖∇ηh‖I‖∇η∗h‖I + C‖ηh‖I‖eh‖I .
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Due to the definition of πh, well-known a priori estimates for the spatial L2-projection
Πh can be employed to directly obtain estimates for ηh and η∗h. We have

‖ηh‖I ≤ Chs+1‖∇s+1uk‖I , ‖∇ηh‖I ≤ Chs‖∇s+1uk‖I , ‖∇η∗h‖I ≤ Ch‖∇2z̃k‖I .

These estimates applied to (5.6) lead to

‖eh‖2
I ≤ Chs+1‖∇s+1uk‖I

{
‖∇2z̃k‖I + ‖eh‖I

}
.

Due to the fact that the domain Ω is polygonal and convex, elliptic regularity theory
yields

‖∇2zk‖I ≤ C‖Δzk‖I ,

and we obtain the stated result by the stability estimate from Corollary 4.2.

6. Error analysis for the optimal control problem. In this section, we prove
the main results of this article, namely, an estimate of the error between the solution
(q̄, ū) of the continuous optimal control problem (2.2) and the solution (q̄σ, ūσ) of the
discretized problem (3.14).

Throughout this section, we will indicate the dependence of the state and the
adjoint state on the specific control q ∈ Q by the notation introduced in section 2 and
section 3, that is, u(q), z(q) on the continuous level, uk(q), zk(q) on the semidiscrete
and ukh(q), zkh(q) on the discrete level.

6.1. Error in the control variable. In this section we analyze the error with
respect to the control variable and prove the following result.

Theorem 6.1. The error between the solution q̄ ∈ Q of the continuous optimiza-
tion problem (2.2) and the solution q̄σ ∈ Qd of the discrete optimization problem (3.14)
can be estimated as

‖q̄ − q̄σ‖I ≤ C

α
kr+1

{
‖∂r+1

t u(q̄)‖I + ‖∂r+1
t z(q̄)‖I

}

+
C

α
hs+1

{
‖∇s+1uk(q̄)‖I + ‖∇s+1zk(q̄)‖I

}
+
(
2 +

C

α

)
inf

pd∈Qd

‖q̂ − pd‖I ,

where q̂ ∈ Q can be chosen either as the continuous solution q̄ or as the solution q̄kh
of the purely state discretized problem (3.10). The constants C are independent of the
mesh size h, the size of the time steps k, and the choice of the discrete control space
Qd ⊂ Q.

We first discuss the infimum term appearing on the right-hand side of the error
estimate above. Thereby, we make use of the two possible formulations of this term
for q̂ = q̄ or q̂ = q̄kh: From the optimality conditions (3.11) for the optimal control
problem (3.10) obtained after the discretization of the state equation in space and
time, we get

(q̄kh, δq)I =
1

α
(zkh(q̄kh), δq)I ∀δq ∈ Q,

and therefore q̄kh = 1
αzkh(q̄kh) ∈ Xr,s

k,h ⊂ Q. Thus, if Qd is chosen such that Qd ⊃
Xr,s

k,h, the term

inf
pd∈Qd

‖q̄kh − pd‖I
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vanishes. In this case, the solution q̄σ of the fully discretized optimal control prob-
lem (3.14) coincides with the solution q̄kh; cf. [16]. Consequently, it is reasonable to
discretize the control at most as fine as the adjoint state. The same conclusion can
be drawn by inspection of the a posteriori error estimates developed in [21].

If the discrete control space Qd does not fulfill the condition Qd ⊃ Xr,s
k,h, it is

desirable to choose q̂ = q̄ in the above theorem to obtain an estimate for the infimum
term. For both choices of the space Qd described in section 3.3 we obtain the following
estimate using interpolation theory:

inf
pd∈Qd

‖q̄ − pd‖I ≤ Ckrd+1‖∂rd+1
t q̄‖I + Chsd+1

d ‖∇sd+1q̄‖I .

Here, hd is the discretization parameter corresponding to the spatial mesh employed
for the control discretization.

The proof of Theorem 6.1 makes use of the assertions of the following lemmas
and will be given at the end of this section.

Lemma 6.2. Let q ∈ Q be a given control. The error between the continuous
state u = u(q) ∈ X determined by (2.1) and the discrete state ukh = ukh(q) ∈ Xr,s

k,h

determined by (3.9) can be estimated as

‖u(q) − ukh(q)‖I ≤ Ckr+1‖∂r+1
t u(q)‖I + Chs+1‖∇s+1uk(q)‖I .

For the error between the continuous adjoint state z = z(q) ∈ X determined by (2.5)
and the discrete adjoint state zkh = zkh(q) ∈ Xr,s

k,h determined by (3.13), the following
estimate holds:

‖z(q) − zkh(q)‖I ≤ Ckr+1
{
‖∂r+1

t u(q)‖I + ‖∂r+1
t z(q)‖I

}
+ Chs+1

{
‖∇s+1uk(q)‖I + ‖∇s+1zk(q)‖I

}
.

Proof. The estimate for the error in terms of the state variable is immediately
obtained by Theorems 5.1 and 5.5 since for q ∈ Q the right-hand side f + q of the
state equation (2.1) is in L2(I,H) and thus fulfills the assumptions of Proposition 2.1.

For estimating the error in z, we introduce additionally the solutions z̃k ∈ Xr
k

and z̃kh ∈ Xr,s
k,h which solve

B(ϕ, z̃k) = (ϕ, u(q) − û)I ∀ϕ ∈ Xr
k and

B(ϕ, z̃kh) = (ϕ, uk(q) − û)I ∀ϕ ∈ Xr,s
k,h.

Since the adjoint solution z(q) ∈ X is determined by (2.5), we may apply Theorem 5.1
to obtain

‖z(q) − z̃k‖I ≤ Ckr+1‖∂r+1
t z(q)‖I .

Correspondingly, due to the definition of the semidiscrete adjoint solution zk(q) ∈ Xr
k

by (3.7), Theorem 5.5 yields the estimate

‖zk(q) − z̃kh‖I ≤ Chs+1‖∇s+1zk(q)‖I .

Using (3.7) for zk(q), we obtain that the difference z̃k − zk(q) solves

B(ϕ, z̃k − zk(q)) = (ϕ, u(q) − uk(q))I ∀ϕ ∈ Xr
k .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

FINITE ELEMENTS FOR PARABOLIC OPTIMAL CONTROL 1169

Then, the stability estimate from Corollary 4.2 yields

‖z̃k − zk(q)‖I ≤ C‖u(q) − uk(q)‖I .

Similarly, using (3.13) for zkh(q), we obtain for the difference z̃kh−zkh(q) the identity

B(ϕ, z̃kh − zkh(q)) = (ϕ, uk(q) − ukh(q))I ∀ϕ ∈ Xr,s
k,h,

and the stability estimate from Corollary 4.7 implies

‖z̃kh − zkh(q)‖I ≤ C‖uk(q) − ukh(q)‖I .

Finally, the triangle inequality and the error estimates from Theorems 5.1 and 5.5 for
the error in the state variable lead to the proposed result.

Lemma 6.3. For given controls q, r ∈ Q, the difference between the derivatives
of the continuous reduced functional j and the discrete reduced functional jkh can be
estimated by

|j′(q)(r) − j′kh(q)(r)| ≤ ‖z(q) − zkh(q)‖I‖r‖I .

Proof. The representations (2.6) and (3.12) for j′ and j′kh, respectively, imply
directly the assertion

|j′(q)(r) − j′kh(q)(r)| = |(z(q) − zkh(q), r)I | ≤ ‖z(q) − zkh(q)‖I‖r‖I .

Lemma 6.4. The derivatives of the discrete reduced functional jkh are Lipschitz
continuous on Q. That is, for arbitrary p, q, r ∈ Q, the estimate

|j′kh(q)(r) − j′kh(p)(r)| ≤ (C + α)‖q − p‖I‖r‖I

holds true.
Proof. By means of (3.12), we have

|j′kh(q)(r) − j′kh(p)(r)| ≤ α|(q − p, r)I | + |(zkh(q) − zkh(p), r)I |

≤ α‖q − p‖I‖r‖I + ‖zkh(q) − zkh(p)‖I‖r‖I .

Since zkh(q) − zkh(p) solves

B(ϕ, zkh(q) − zkh(p)) = (ϕ, ukh(q) − ukh(p))I ∀ϕ ∈ Xr,s
k,h,

and ukh(q) − ukh(p) satisfies

B(ukh(q) − ukh(p), ϕ) = (q − p, ϕ)I ∀ϕ ∈ Xr,s
k,h,

the stability estimates for zkh from Corollary 4.7 and for ukh from Theorem 4.6 yield

‖zkh(q) − zkh(p)‖I ≤ C‖ukh(q) − ukh(p)‖I ≤ C‖q − p‖I ,

which implies the desired result.
With the aid of these preliminary results, we now prove Theorem 6.1.
Proof of Theorem 6.1. To obtain the asserted result, we split the error to be

estimated in two different ways:

‖q̄ − q̄σ‖I ≤ ‖q̄ − pd‖I + ‖pd − q̄σ‖I ,(6.1)

‖q̄ − q̄σ‖I ≤ ‖q̄ − q̄kh‖I + ‖q̄kh − pd‖I + ‖pd − q̄σ‖I .(6.2)
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Here, pd is an arbitrary element of Qd and q̄, q̄kh, and q̄σ are the optimal solutions
on the different levels of discretization.

Due to the linear-quadratic structure of the optimal control problem under con-
sideration, we have for all p, r ∈ Q,

j′′kh(p)(r, r) ≥ α‖r‖2
I ,

and j′′kh(p) does not depend on p. This implies, for arbitrary p, pd ∈ Qd,

α‖pd − q̄σ‖2
I ≤ j′′kh(p)(pd − q̄σ, pd − q̄σ) = j′kh(pd)(pd − q̄σ) − j′kh(q̄σ)(pd − q̄σ).

Since q̄, q̄kh, and q̄σ are the optimal solutions of the continuous, semidiscrete, and
discrete optimization problems, we have by (2.4), (3.11), and (3.15),

j′kh(q̄σ)(pd − q̄σ) = j′kh(q̄kh)(pd − q̄σ) = j′(q̄)(pd − q̄σ) = 0.

Using these identities, we obtain for the separation (6.1) (which we use to prove the
theorem in the case q̂ = q̄) the estimate

α‖pd − q̄σ‖2
I ≤ j′kh(pd)(pd − q̄σ) − j′(q̄)(pd − q̄σ)

= j′kh(pd)(pd − q̄σ) − j′kh(q̄)(pd − q̄σ) + j′kh(q̄)(pd − q̄σ) − j′(q̄)(pd − q̄σ).

By means of Lemmas 6.3 and 6.4, we achieve

α‖pd − q̄σ‖2
I ≤ (C + α)‖pd − q̄‖I‖pd − q̄σ‖I + ‖z(q̄) − zkh(q̄)‖I‖pd − q̄σ‖I .

Using (6.1) we get the estimate

(6.3) ‖q̄ − q̄σ‖I ≤ 1

α
‖z(q̄) − zkh(q̄)‖I +

(
2 +

C

α

)
‖q̄ − pd‖I .

To use separation (6.2) for proving the theorem in the case q̂ = q̄kh, we estimate
alternatively by means of Lemma 6.4,

α‖pd − q̄σ‖2
I ≤ j′kh(pd)(pd − q̄σ) − j′kh(q̄kh)(pd − q̄σ) ≤ (C + α)‖pd − q̄kh‖I‖pd − q̄σ‖I .

In the same manner as before, we can estimate ‖q̄ − q̄kh‖I by Lemma 6.3 as

α‖q̄ − q̄kh‖2
I ≤ j′′kh(p)(q̄ − q̄kh, q̄ − q̄kh)

= j′kh(q̄)(q̄ − q̄kh) − j′kh(q̄kh)(q̄ − q̄kh)

= j′kh(q̄)(q̄ − q̄kh) − j′(q̄)(q̄ − q̄kh)

≤ ‖z(q̄) − zkh(q̄)‖I‖q̄ − q̄kh‖I .

Then, the two latter estimates imply

(6.4) ‖q̄ − q̄σ‖I ≤ 1

α
‖z(q̄) − zkh(q̄)‖I +

(
2 +

C

α

)
‖q̄kh − pd‖I .

Finally, the inequalities (6.3) and (6.4) prove the assertion by means of the esti-
mate for ‖z(q̄) − zkh(q̄)‖I from Lemma 6.2.

To concretize the result of Theorem 6.1, we consider the following choice of dis-
cretizations: The state space is discretized by the cG(1)dG(0) method, that is, we
consider the case when r = 0 and s = 1. Using for simplicity the same triangulation
of the spatial domain (hd = h) and the same distribution of the time steps (kd = k)
as for the discretization of the state, we discuss the following two possibilities for the
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control discretization (cf. section 3.3):
1. cG(1)dG(0) discretization, i.e., cellwise (bi-/tri-)linear in space and piecewise

constant in time: In this case the infimum term in the estimate in Theorem 6.1
vanishes, since Qd ⊃ Xr,s

k,h; see the above discussion. Thus, Theorem 6.1
implies that the discretization error is of order

‖q̄ − q̄σ‖I = O(k + h2).

2. dG(0)dG(0) discretization, i.e., cellwise constant in space and piecewise con-
stant in time: In this case the infimum term of the error estimation from
Theorem 6.1 has to be taken into account, leading to the discretization error
of order

‖q̄ − q̄σ‖I = O(k + h).

Note that the regularity of the optimal solutions required for these estimates is en-
sured by Propositions 2.1 and 2.2 for the continuous solutions q, u, and z, and by
Theorem 4.1 and Corollary 4.2 for the time-discrete solutions uk and zk. A numerical
validation of these estimates will be given in section 7.

6.2. Error in the state and in the adjoint variable. In this subsection we
prove error estimates for the state and adjoint state variables. That is, we consider
the discretization errors

‖ū− ūσ‖I = ‖u(q̄) − ukh(q̄σ)‖I and ‖z̄ − z̄σ‖I = ‖z(q̄) − zkh(q̄σ)‖I .

By means of the stability estimates derived in section 4, one simply obtains the
following result.

Theorem 6.5. Let (q̄, ū) be the solution of the continuous optimal control prob-
lem (2.2) and z̄ = z(q̄) be the corresponding adjoint state. Let, moreover, (q̄σ, ūσ)
be the solution of the discrete optimal control problem (3.14) with the corresponding
discrete adjoint state z̄σ = zkh(q̄σ). Then, the following estimates hold:

(i) ‖ū− ūσ‖I ≤ ‖u(q̄) − ukh(q̄)‖I + C‖q̄ − q̄σ‖I ,

(ii) ‖z̄ − z̄σ‖I ≤ ‖z(q̄) − zkh(q̄)‖I + C‖q̄ − q̄σ‖I .

Proof. Using the fact that ū = u(q̄) and ūσ = ukh(q̄σ), we have

(6.5) ‖ū− ūσ‖I ≤ ‖u(q̄) − ukh(q̄)‖I + ‖ukh(q̄) − ukh(q̄σ)‖I .

By means of the stability result from Theorem 4.6, we obtain

‖ukh(q̄) − ukh(q̄σ)‖I ≤ C‖q̄ − q̄σ‖I .

This proves the first assertion. The second assertion follows in the same way utilizing
the stability of the adjoint state given by Corollary 4.7.

Employing the discretization of the control by cG(1)dG(0), the above theorem
leads to the optimal order of convergence using Lemma 6.2 and Theorem 6.1. That
is, we have

‖u(q̄) − ukh(q̄)‖I = O(k + h2), ‖z(q̄) − zkh(q̄)‖I = O(k + h2),

‖q̄ − q̄σ‖I = O(k + h2),
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and thus

‖ū− ūσ‖I = O(k + h2) and ‖z̄ − z̄σ‖I = O(k + h2).

However, in the case of dG(0)dG(0) discretization, this theorem does not lead to
the optimal order of convergence: In this case, we have indeed as before,

‖u(q̄) − ukh(q̄)‖I = O(k + h2) and ‖z(q̄) − zkh(q̄)‖I = O(k + h2)

since the discretization of the state space is unaffected by the discretization of the
controls, but we have only

‖q̄ − q̄σ‖I = O(k + h)

due to the first order discretization of the control space. This would lead to O(k+ h)
for the state and the adjoint variable.

Utilizing a more detailed analysis, we can prove also in this case the optimal order
of convergence O(k + h2) for the errors ‖ū− ūσ‖I and ‖z̄ − z̄σ‖I .

For both choices of the space Qd described in section 3.3 the following results
hold.

Theorem 6.6. Let (q̄, ū) be the solution of the continuous optimal control prob-
lem (2.2) and z̄ = z(q̄) be the corresponding adjoint state. Let, moreover, (q̄σ, ūσ)
be the solution of the discrete optimal control problem (3.14) with the corresponding
discrete adjoint state z̄σ = zkh(q̄σ). In addition we assume r = rd, i.e., the same
discretization of the state and control variable in time. Then, the following estimates
hold:

(i) ‖ū− ūσ‖I ≤ ‖u(q̄) − ukh(q̄)‖I + Chd

(
1 +

1

α

)
‖q̄ − πdq̄‖I +

C

α
‖z(q̄) − zkh(q̄)‖I ,

(ii) ‖z̄ − z̄σ‖I ≤ Chd

(
1 +

1

α

)
‖q̄ − πdq̄‖I + C

(
1 +

1

α

)
‖z(q̄) − zkh(q̄)‖I ,

where πd : Q → Qd is the space-time L2-projection on Qd.
Proof. For proving (i) we split the error ‖ū− ūσ‖I as follows:

(6.6) ‖ū− ūσ‖I ≤ ‖u(q̄)−ukh(q̄)‖I + ‖ukh(q̄)−ukh(πdq̄)‖I + ‖ukh(πdq̄)−ukh(q̄σ)‖I .

The second term on the right-hand side of (6.6) is estimated using the following
duality argument: Let z̃kh ∈ Xr,s

k,h be the solution of

B(ϕ, z̃kh) = (ϕ, ukh(q̄) − ukh(πdq̄))I ∀ϕ ∈ Xr,s
k,h.

By means of the discrete state equation (3.9) for ukh(q̄) and ukh(πdq̄), we obtain

‖ukh(q̄) − ukh(πdq̄)‖2
I = B(ukh(q̄) − ukh(πdq̄), z̃kh) = (q̄ − πdq̄, z̃kh)I .

Since πd is the L2-projection, we have

(6.7) ‖ukh(q̄) − ukh(πdq̄)‖2
I = (q̄ − πdq̄, z̃kh − πdz̃kh)I ≤ ‖q̄ − πdq̄‖I‖z̃kh − πdz̃kh‖I .

Using the fact that r = rd and that therefore the same time discretization is employed
for the control and state variable, the space-time L2-projection πd applied to z̃kh can
be expressed as spatial L2-projection Πhd

z̃kh.
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Applying an interpolation estimate and the stability estimate from Corollary 4.7
we obtain

‖z̃kh − πdz̃kh‖I = ‖z̃kh − Πhd
z̃kh‖I ≤ Chd‖∇z̃kh‖I ≤ Chd‖ukh(q̄) − ukh(πdq̄)‖I .

Plugging this estimate into (6.7) yields

(6.8) ‖ukh(q̄) − ukh(πdq̄)‖I ≤ Chd‖q̄ − πdq̄‖I .

For the third term in (6.6) we obtain, using Theorem 4.6,

‖ukh(πdq̄) − ukh(q̄σ)‖I ≤ C‖πdq̄ − q̄σ‖I .

For estimating the term ‖πdq̄ − q̄σ‖I we proceed as in the proof of Theorem 6.1 for
the term ‖pd − q̄σ‖I :

α‖πdq − qσ‖2
I ≤ j′kh(πdq)(πdq − qσ) − j′(q)(πdq − qσ).

Using representation (3.12) of j′kh and (2.6) of j′ we have

α‖πdq̄ − q̄σ‖2
I ≤ α(πdq̄ − q̄, πdq̄ − q̄σ)I + (zkh(πdq̄) − z(q̄), πdq̄ − q̄σ)I .

Since πdq̄− q̄σ ∈ Qd, the term (πdq̄− q̄, πdq̄− q̄σ)I vanishes, and due to Corollary 4.7,
we end up with

α‖πdq̄ − q̄σ‖I ≤ ‖zkh(πdq̄) − z(q̄)‖I

≤ ‖zkh(πdq̄) − zkh(q̄)‖I + ‖zkh(q̄) − z(q̄)‖I

≤ C‖ukh(πdq̄) − ukh(q̄)‖I + ‖zkh(q̄) − z(q̄)‖I ,

which implies, by using (6.8), the estimate

‖ukh(πdq̄) − ukh(q̄σ)‖I ≤ C

α
‖ukh(πdq̄) − ukh(q̄)‖I +

C

α
‖zkh(q̄) − z(q̄)‖I

≤ C

α
hd‖q̄ − πdq̄‖I +

C

α
‖zkh(q̄) − z(q̄)‖I .

(6.9)

Plugging (6.8) and (6.9) into (6.6) we complete the proof of (i). The assertion (ii)
follows using (6.8), (6.9), and the following estimate exploiting the stability result
from Corollary 4.7:

‖z̄ − z̄σ‖I

≤ ‖z(q̄) − zkh(q̄)‖I + ‖zkh(q̄) − zkh(πdq̄)‖I + ‖zkh(πdq̄) − zkh(q̄σ)‖I

≤ ‖z(q̄) − zkh(q̄)‖I + C‖ukh(q̄) − ukh(πdq̄)‖I + C‖ukh(πdq̄) − ukh(q̄σ)‖I .

For the case of dG(0)dG(0) discretization of the control space with hd = h and
kd = k this theorem leads to the improved (optimal) order of convergence

‖ū− ūσ‖I = O(k + h2) and ‖z̄ − z̄σ‖I = O(k + h2).
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7. Numerical results. In this section, we are going to validate the a priori
error estimates for the error in the control, state, and adjoint state numerically. To
this end, we consider the following concretion of the model problem (2.2) with known
analytical exact solution on Ω × I = (0, 1)2 × (0, 0.1) and homogeneous Dirichlet
boundary conditions. The right-hand side f, the desired state û, and the initial
condition u0 are given in terms of the eigenfunctions

wa(t, x1, x2) := exp(aπ2t) sin(πx1) sin(πx2), a ∈ R,

of the operator ±∂t − Δ as

f(t, x1, x2) := −π4wa(T, x1, x2),

û(t, x1, x2) :=
a2 − 5

2 + a
π2wa(t, x1, x2) + 2π2wa(T, x1, x2),

u0(x1, x2) :=
−1

2 + a
π2wa(0, x1, x2).

For this choice of data and with the regularization parameter α chosen as α = π−4,
the optimal solution triple (q̄, ū, z̄) of the optimal control problem (2.2) is given by

q̄(t, x1, x2) := −π4{wa(t, x1, x2) − wa(T, x1, x2)},

ū(t, x1, x2) :=
−1

2 + a
π2wa(t, x1, x2),

z̄(t, x1, x2) := wa(t, x1, x2) − wa(T, x1, x2).

We are going to validate the estimates developed in the previous section by sepa-
rating the discretization errors. That is, we consider at first the behavior of the error
for a sequence of discretizations with decreasing size of the time steps and a fixed
spatial triangulation with N = 1089 nodes. Second, we examine the behavior of the
error under refinement of the spatial triangulation for M = 2048 time steps.

The state discretization is chosen as cG(1)dG(0), i.e., r = 0, s = 1. For the control
discretization we use the same temporal and spatial meshes as for the state variable
and present the result for two choices of the discrete control space Qd: cG(1)dG(0)
and dG(0)dG(0). For the following computations, we choose the free parameter a to
be −

√
5. For this choice the right-hand side f and the desired state û do not depend

on time which avoids side effects introduced by numerical quadrature.
The optimal control problems are solved by the optimization library RoDoBo

[23] and the finite element toolkit Gascoigne [14] using a conjugate gradient method
applied to the reduced problem (3.14).

Figure 7.1(a) depicts the development of the error under refinement of the tem-
poral step size k. Up to the spatial discretization error it exhibits the proven con-
vergence order O(k) for both kinds of spatial discretization of the control space. For
piecewise constant control (dG(0)dG(0) discretization), the discretization error is al-
ready reached at 128 time steps, whereas in the case of bilinear control (cG(1)dG(0)
discretization), the number of time steps could be increased up to M = 4096 until
reaching the spatial accuracy.
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Fig. 7.1. Discretization error ‖q̄ − q̄σ‖I .
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Fig. 7.2. Discretization error ‖ū− ūσ‖I .
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(a) Refinement of the time steps for N =
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Fig. 7.3. Discretization error ‖z̄ − z̄σ‖I .

In Figure 7.1(b) the development of the error in the control variable under spa-
tial refinement is shown. The expected order O(h) for piecewise constant control
(dG(0)dG(0) discretization) and O(h2) for bilinear control (cG(1)dG(0) discretiza-
tion) is observed.

Figures 7.2 and 7.3 show the errors in the state and the adjoint variables, ‖ū−ūσ‖I
and ‖z̄− z̄σ‖I , for separate refinement of the time and space discretization. Thereby,
we observe convergence of order O(k+h2) regardless of the type of spatial discretiza-
tion used for the controls. This is consistent with the results proven in the previous
section.
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THE “PRINCESS AND MONSTER” GAME ON AN INTERVAL∗
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GEERT-JAN OLSDER‡

Abstract. A minimizing searcher S and a maximizing hider H move at unit speed on a closed
interval until the first (capture, or payoff ) time T = min{t : S(t) = H(t)} that they meet. This
zero-sum princess and monster game or less colorfully search game with mobile hider was proposed
by Rufus Isaacs for general networks Q. While the existence and finiteness of the value V = V (Q)
has been established for such games, only the circle network has been solved (value and optimal
mixed strategies). It seems that the interval network Q = [−1, 1] had not been studied because it
was assumed to be trivial, with value 3/2 and “obvious” searcher mixed strategy going equiprobably
from one end to the other. We establish that this game is in fact nontrivial by showing that V < 3/2.
Using a combination of continuous and discrete mixed strategies for both players, we show that
15/11 ≤ V ≤ 13/9. The full solution of this very simple game is still open and appears difficult,
though many properties of the optimal strategies are derived here.

Key words. differential game, search game, zero-sum game, interval
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1. Introduction. In the final chapter of his classic book Differential Games
[15], Rufus Isaacs introduced search games with mobile hiders, which he also called
princess and monster games (see also [7], Example 1.4). A searcher (monster) and
a hider (princess) move about a space Q, which we take to be a network (and later
specialize to an interval). The searcher chooses as his pure strategy a path S = S(t) of
known speed, which we take to be 1. He says, “We permit the princess full freedom of
locomotion,” which we take to be any continuous path H = H(t). (We will establish
for the interval that she need never go faster than the searcher.) The payoff for this
zero-sum game Γ(Q) is the capture time

(1) T = T (S,H) = min {t : S (t) = H (t)} .

Taking the topology of uniform convergence on compact subsets, the payoff function T
is upper semicontinuous and the searcher mixed strategy space is compact Hausdorff.
Consequently the minimax theorem of Alpern and Gal [4] can be used, as shown in
Appendix A of [6] or [11] to establish the existence of the value V (Q), an optimal mixed
searcher strategy, and an ε-optimal hider mixed strategy. Recall that a strategy is
ε-optimal if the expected payoff is at least V −ε against any strategy of the opponent.
Upper bounds on V = V (Q) in terms of the structure of Q (and hence the finiteness
of V ) are derived in [3]. For general networks Q, it is sometimes advantageous for the
searcher to wait for a while at a node, a so-called ambush strategy, and these games are
known to be difficult—none have been solved. So the only networks that might appear
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possible to solve are those with no nodes (of degree greater than 2)—namely, the circle
and the interval. The game Γ(Q) when Q is a circle was indeed a problem suggested
by Isaacs [15, Example 12.4.2] and was solved a long time ago [20], [1]. The solution,
for both players, is the cohatu strategy: start randomly (uniform distribution); flip
a coin; if head (tails) go to antipodal point half way around circle clockwise (anti-
clockwise), at unit speed. No one seems to have considered this problem for the other
network without nodes, the interval. It seems to have generally been believed that
the game on the interval was trivial. The searcher should simply start at a random
end and go directly to the other end. (Against this, the hider waits at 0 until time
1 − ε, then goes equiprobably to either end.)

It should be noted that this “simple” search strategy, of starting at a random
end and going to the other, is indeed optimal in the related search game with im-
mobile hider, also introduced by Isaacs [15, section 12.3]. Indeed, for trees [9] and
trees with Eulerian networks attached [2], an optimal search strategy is to traverse
a Chinese postman path (minimal covering path) equiprobably in either direction
[10, 12]. Of course this is obvious for the interval, where the hider can hide uniformly
or equiprobably at the ends (or many other optimal strategies—the full class has not
been determined). The value is 1 for this game on an interval of length 2. A related
problem on the interval, also with two mobile agents (they both have unit speed), was
analyzed by Howard [14] and by Chester and Tutuncu [8]. In this rendezvous version
of the problem, both players wish to minimize the meeting time T. Related problems
have been analyzed in [13, 16, 18].

The paper is organized as follows. In section 2 we establish some elementary
lemmas which restrict the strategies we need to consider in the rest of the paper. In
section 3 we show that the game Γ(I) is not trivial by using some finitely supported
mixed strategies to obtain estimates on its value V . In section 4 we obtain the bound
V ≤ 13/9 by using a continuous mixed searcher strategy. In section 5 we obtain the
bound V ≥ 15/11 by using a continuous mixed hider strategy.

2. Properties of optimal strategies. In this section we present results which
restrict the strategies (pure and mixed) that we will need to consider in the remainder
of the paper. We begin by noting that the pure strategy space for the hider is the
space H consisting of all continuous paths H : [0,∞) → I = [−1, 1]. For the searcher
the pure strategy space S consists of all paths in H with Lipschitz constant 1, that is

(2) S = {S : [0,∞) → I ; |S (t) − S (t′)| ≤ |t− t′| ∀t, t′ ≥ 0} .

If a searcher chooses paths that do not cover the entire interval, then hiding at some
end gives a payoff that is infinite. This is absurd, so we may assume that searcher
paths are onto. We show that once the searcher reaches an end, he should go directly
to the other end, but if the hider reaches an end, he should stay there. The hider,
while unrestricted in speed, need never go faster than speed 1 (the searcher’s maximum
speed). We show that both players can optimally use mixed strategies which respect
the symmetry of the interval, that is, the reflection φ(x) = −x, and that in an optimal
hider mixed strategy, the pure strategies do not intersect. Finally, we give some
properties of optimal response searcher strategies.

We say that a pure strategy S is end-reflecting if whenever S(t0) = ±1, we have
|S(t)−S(t0)| = t−t0 for t0 ≤ t ≤ t0+1. We say that a pure strategy H is end-absorbing
if H(t0) = ±1 implies H(t) = H(t0) for t ≥ t0. We say that a mixed strategy (for
either player) is symmetric if it is invariant under the reflection φ(x) = −x.
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The first three lemmas concern pure strategies which we may ignore in our sub-
sequent analysis because they are dominated.

Proposition 1. Every pure searcher strategy S ∈ S is dominated by one which
is end-reflecting.

Proof. Suppose S is not end-reflecting and reaches, say, +1 at first time t0. Define
S∗ as S up to time t0 and then equal to 1+t0−t. Consider any H ∈ H. If T (S,H) ≤ t0,
then T (S∗, H) = T (S,H). If T (S,H) = t1 > t0, then H(t1) − S∗(t1) ≥ 0, and since
H is continuous and H(t0) − S∗(t0) = H(t0) − 1 ≤ 0 the intermediate value theorem
implies that T (S∗, H) = t2 for some t2 with t0 ≤ t2 ≤ t1. Thus in all cases the
end-reflecting strategy S∗ satisfies T (S∗, H) ≤ T (S,H).

Proposition 2. Every pure hider strategy H is dominated by one which is end-
absorbing.

Proof. Assume that H is not end-absorbing and arrives at, say, +1 at first time
t0. Let H∗ be the end-absorbing strategy that agrees with H up to t0 and then stays
at +1. Consider any S ∈ S and assume, as we may, that T (S,H∗) = t1 > t0. Then
S(t1) = 1 ≥ H(t1) and S(t0) < 1 = H(t0) so the searcher meets the hider H between
t0 and t1 by the intermediate value theorem. It follows that T (S,H) ≤ T (S,H∗) for
any pure searcher strategy.

We say that a continously differentiable function is smooth. By reasons that will
become clear below, we may restrict the pure hider strategies to any subset that is
dense in S. In particular, we may consider smooth paths only, without changing the
value of the game.

Proposition 3. Every smooth hider strategy in H is dominated by one in S,
that is, one with speed bounded by 1.

Proof. Essentially, the idea is that if H is any smooth hider and if H∗ is a hider
that follows H but has speed bounded by 1, then H∗ cannot be caught from behind
since the searcher has the same speed limit. Let t0 = inf{t ∈ [0,∞) : |H ′(t)| > 1}
and assume, as we may, that t0 is finite. Define H∗(t) = H(t) for t ≤ t0. For t > t0
the hider H∗ continues to move at speed 1. Since the interval is bounded, H∗ meets
H at some time τ > t0. Now let t1 = inf{t ∈ [τ,∞) : |H ′(t)| > 1} and repeat the
construction inductively.

Suppose that a searcher S finds H at a time T = T (S,H) when the hiders H and
H∗ are in different locations. So suppose that t0 < T < τ . By symmetry, we may
assume as well that H ′(t0) = +1. Then H∗ has velocity +1 and H∗(t) < H(t) for all
t ∈ (t0, t1). Since S(T ) = H(T ) > H∗(T ) and since the searcher moves with bounded
speed, S(t) > H∗(t) for all t ∈ (t0, T ). This implies that T (S,H∗) > T (S,H).

From now on, we shall only consider hider paths of speed ≤ 1. We say that a
hider or a searcher runs at time t if |H ′(t)| = 1 or |S′(t)| = 1, respectively. We now
consider mixed strategies, i.e., probability measures on the Borel σ-algebra of S

Proposition 4. There is an optimal searcher mixed strategy and (for any ε) an
ε-optimal hider mixed strategy, which are invariant under the reflection φ(x) = −x.

Proof. The proof is just a special case of Theorem 3 of Alpern and Asic [3],
where the existence of such strategies invariant under the isometry group (distance-
preserving homeomorphisms) of a network Q is established. In the case of Q = I, this
group consists just of the identity and φ.

The capture time T (S,H) is upper semicontinuous as a function on the pure
strategies H ∈ H and S ∈ S. This implies that for any ε there exists a ε-optimal
finite mixed strategy and in principle it is possible to determine the value of the game
by considering finite mixed strategies only.
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Fig. 1. The searcher strategy for V < 47/32 in a space–time diagram.

Proposition 5. Suppose the hider is using a mixed strategy concentrated on a
finite number of pure strategies Hj ∈ S, j = 1, . . . , J. Then the optimal response by
the searcher is concentrated on a finite number of strategies as well. In particular, the
searcher picks a random permutation σ of 1, . . . , J and runs towards Hσ(j+1) as soon
as he has met Hσ(j).

Proof. Let S be any optimal response to the hider mixed strategy. The searcher S
meets the Hj in a certain order and this defines a permutation σ of 1, . . . , J . Now it is
obviously optimal for the searcher to run toward Hσ(j+1) after he has met Hσ(j).

This result is a simplified version of a similar observation for rendezvous on the
line due to Alpern and Gal [5] (repeated as Theorem 16.10 of [6]). It follows that we
can restrict our attention to pure strategies in which the searcher runs all the time.
In a space–time diagram [−1, 1] × [0,∞), such search paths are depicted as broken
lines of slope ±1 with finitely many turning points; see Figure 1.

Definition 6. A pair of pure hider strategies H1, H2 is called noncrossing if
(possibly after reordering) we have H1(t) ≤ H2(t) for all t ≥ 0. If the inequality holds
strictly, we say that they are nonintersecting.

For pure hider strategies H1 and H2, define new pure strategies H1 ∧ H2(t) =
min{H1(t), H2(t)} and H1 ∨ H2(t) = max{H1(t), H2(t)}. Obviously, H1 ∧ H2 and
H1 ∨H2 are noncrossing.

Proposition 7. The hider strategy that mixes two pure strategies H1, H2 with
equal probability is dominated by the noncrossing hider strategy that mixes H1 ∧
H2, H1 ∨ H2 with equal probability. Consequently, any finite mixed hider strategy
may be assumed to consist of noncrossing pure strategies.
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Proof. Note that at for all t the sets {H1(t), H2(t)} and {H1 ∧H2(t), H1 ∨H2(t)}
are the same. So if S catches the first of the two original hiders H1, H2, then at the
same time he catches the first of the noncrossing hiders H1 ∧ H2, H1 ∨ H2. Denote
this time by t1. By renumbering indices or reflecting the interval we may assume that
S(t1) = H1(t1) and that H1(t1) ≤ H2(t1). Now under these assumptions, H2 and
H1 ∨ H2 are in the same location at time t1 and the searcher is to their left. Since
H1 ∨ H2(t) ≥ H2(t) for all t, the searcher cannot catch H1 ∨ H2 before he catches
H2.

It follows from Proposition 4 that there exist noncrossing ε-optimal hider strate-
gies that are symmetric. Any finite collection of noncrossing paths can be approx-
imated arbitrarily closely by a collection of nonintersecting paths. So, there exist
ε-optimal mixed hider strategies that are finite, symmetric and nonintersecting.

Proposition 8. Any pure strategy H in a nonintersecting symmetric hider strat-
egy is contained in half of the interval, that is, H(t) ∈ [−1, 0] or H(t) ∈ [0, 1] for all t.

Proof. If the pure strategy H is used in a symmetric mixed strategy, then so
is −H. If H(t) = 0, then H and −H intersects −H(t), but the mixed strategy is
nonintersecting. So either H(t) 
= 0 for all t or H is immobile and remains in 0. In
both cases, H is contained in half of the interval.

3. The interval game is not trivial. The interval game has some fairly obvious
strategies for each player that appear like they might be optimal. If any of these were
indeed optimal, we would consider the game to be trivial. The purpose of this section
is to show that none of these strategies are in fact optimal. For the searcher, the
obvious strategy is to start at a random end and run to the other end; this gives an
estimate V ≤ 3/2 and the bound can be obtained if the hider waits at the center until
time 1−ε and then runs to a random end. For the hider, the two stationary strategies
may be considered that are optimal in the immobile version of the game: one of these
is to wait at a random end; the other is to wait randomly along the interval. Both
guarantee V ≥ 1, where 1 is the value of the immobile hider game. We show that the
game is not trivial by exhibiting fairly simple strategies establishing that

1 <
97

75
< V <

47

32
<

3

2
.

Suppose that the hider starts out with the strategy of hiding at an end point
E(t) = 1 and symmetrically −E(t) = −1. According to Lemma 5 the optimal response
of the searcher is to start at an end point and run to the other end A(t) = 1 − t, or
symmetrically −A(t) = −1 + t. The strategies A and −A are what Howard [14]
called the sweepers in his rendezvous version. The expected meeting time for this
optimal response is 1 and this is a lower bound on V . Similarly, suppose that the
searcher adopts the sweeper strategies A and −A. Against any hider path H either
V (A,H) ≤ 1 or V (−A,H) ≤ 1. So if the searcher adopts the sweeping strategy, then
the payoff is ≤ 3/2 against any mixed hider strategy and this puts an upper bound on
V . The game would be trivial if V = 1 or V = 3/2, but it is not. In this section we
show that 1 < V < 3/2. It is ε-optimal against the sweeping strategy to loiter around
0 until time 1−ε and then run to one of the end points. The searcher can ambush such
loiterers by adding a search path that patrols the center. More specifically, strategy
B starts at 0; runs to the left; joins sweeper −A from the time (1/2) when he meets
him, until reaching +1; then (by Lemma 1) goes to −1. Strategies ±A are each used
with probability 7/16, while ±B are each used with probability 1/16. The searcher
strategies ±A,±B are drawn in a space–time diagram in Figure 1.
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We show that this mixed strategy ensures a meeting time less than 3/2, though
admittedly not much less.

Theorem 9. V ≤ 47
32 = 1. 468 8.

Proof. Consider the mixed strategy s in which the searcher uses ±A each with
probability 7/16 and ±B each with probability 1/16. Let H be any hiding strategy.
Let P (t) denote the probability that T ≤ t. There are two cases: (1) |H(1/2)| ≤ 1/2,
and (2) |H(1/2)| > 1/2.

(i) In this case P (1/2) ≥ 1/16 (because B or −B has been met) and P (1) ≥ 8/16
(because also A or −A has been met). Furthermore P (2) = 1. Thus

T ≤ 1

16
· 1

2
+

7

16
· 1 +

1

2
· 2 =

47

32
.

(ii) By symmetry we may assume H(1/2) > 1/2. Then P (1/2) ≥ 7/16 (A has
been met), P (2) ≥ 15/16 (A,-A,B have been met), and P (4) = 1 (all met).
Hence

(3) T ≤ 7

16
· 1

2
+

8

16
· 2 +

1

16
· 4 =

47

32
.

We now consider the lower bound on V . In the search game with an immobile
hider, the hider has two particular mixed strategies that guarantee him an expected
capture time of half the length of the interval: (1) Hide equiprobably at the ends (end-
hiding is optimal on trees for such games [9], and symmetry implies the equiprobabil-
ity), or (2) hide uniformly (this is optimal for all networks with Eulerian paths [2]).
Mobility usually helps the hider, for example, when Q is the circle of circumference c
an immobile hider can be found (by a random tour) in mean time c/2, while a mobile
hider can be found with best play on both ends in time 3c/4 [1]. The intuitive expla-
nation is usually that when the hider is immobile, the searcher does not have to search
again any part of Q already searched (and hence can employ a minimal, Chinese post-
man, search path)—but a mobile hider might not be met by such a path. However
this explanation does not apply to the interval (though to all other networks), since
a Chinese postman path on an interval will indeed find a mobile hider—it has search
number 1 in the sense of Parsons [17].

Mobility helps the hider, since V > 1 if the hider is mobile. To prove that this is
true, we select hider strategies by considering the searcher strategies A and B. The
optimal hider strategy against A,B is to loiter around ± 1

2 and just before time 1
2

run either to the middle and back, or to the end. These two possible paths G,H and
their symmetric counterparts are depicted in thick lines in the left-hand diagram in
Figure 2 (the paths do not cross the center). We combine these with the two other
hider strategies that we considered above: E, hiding at an end, or F , loitering in the
center F (t) = max{0, t+ε−1}. Then we get a mixed strategy in which the hider uses
{E,F,G,H} and their symmetric counterparts. According to Lemma 5 the searcher
adopts strategies that start at 0,± 1

2 ± 1 and then run between hider paths. If the
searcher starts out from an end, then by Proposition 1 it is optimal to adopt strategy
A. If he starts out in 0, then the searcher runs to ± 1

2 at which point he may turn,
“strategy B,” or continue to an end and run back, “strategy M” in Figure 2. Starting
from ± 1

2 the searcher either runs to the near end, “strategy C,” or to the remote end,
“strategy D.” So the optimal optimal response to a mixed hider strategy on G and
H is a mixed searcher strategy on {A,B,C,D,M} and their symmetric counterparts.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1184 S. ALPERN, R. FOKKINK, R. LINDELAUF, AND G.-J. OLSDER

Fig. 2. Hider paths are bold. Left: the pure paths in an optimal mixed hider strategy against
A,B in a space–time diagram are E,F,G,H. Right: the searcher’s response to {E,F,G,H}. Apart
from A and B the only relevant paths, up to symmetry, are C,D,M .

Ignoring ε these strategies give the zero-sum game matrix:

(4)

E F G H
A

B

C

D
M

⎡
⎢⎢⎢⎢⎢⎢⎣

1 3
2

3
2

5
4

3 0 5
4

3
3
2

15
8

5
4

5
4

5
2

1
2

3
8

3
4

2 0 7
4

2

⎤
⎥⎥⎥⎥⎥⎥⎦

The value of this matrix game 97
75 puts a lower bound on V .

Theorem 10. V ≥ 97
75 = 1. 29 3.

In principle, it is possible to compute the value of the game in the following
iterative manner. Give finitely many pure strategies to the hider; according to Propo-
sition 5 the searcher needs finitely many pure strategies to optimize his response to
the hider. From the space–time diagram it is obvious that the hider can now optimize
his response to the searcher by a finite number of additional pure strategies, etc. In
this way we get an ever-increasing set of pure strategies for the hider and the searcher,
but the convergence is slow and the increase is exponential. The convergence to the
value of the game appears to be slow and not effectively computable.
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4. A searcher strategy with a continuous initial distribution. To improve
on the upper bound V < 47/32 of Theorem 9, we extend the mixed searcher strategy
which uses {A,B}. We replace the pure strategy B by a continuous mixed strategy sΦ.
In this strategy sΦ the searcher picks a point x according to a continuous distribution
function on the interval Φ(x) and runs to the right until he meets the sweeper A, then
joins the sweeper until he reaches −1 and runs back to the other end. The symmetric
strategy −sΦ starts according to Φ(−x) and the searcher runs to the left until he
meets the sweeper −A, etc.

Lemma 11. Suppose that the searcher uses the mixed strategy sΦ. Let H be a pure
hider strategy and let y = y(H) be the first time that the hider meets a sweeper. Then
the searcher finds the hider before time y if and only if he starts in (H(y) − y,H(0)]
and runs to the right, or if he starts in [H(0), H(y) + y) and runs to the left.

Proof. By Proposition 8 we may assume that H ≥ 0, so H meets the right
sweeper A first and H(y) = 1 − y. We consider only the case that the searcher S
initially runs to the right until he meets A. If S runs to the left the argument is the

same. Suppose that S starts in (1 − 2y,H(0)], so S meets A at time t = 1−S(0)
2 < y.

Then S(0) < H(0) and S(t) > H(t) since H(t) < A(t) for t < y. Therefore S finds
H in between time 0 and time t. Now suppose that S does not start in the interval
(1 − 2y,H(0)], so either S(0) > H(0) or S(0) < 1 − 2y. In the first case, S runs
toward A and finds the hider at time y. In the second case, the searcher cannot meet
A at time y, while the hider can. So the paths of S and H cannot cross before time
y.

Lemma 12. Let f = Φ′ be the probability density. Searchers that start in (H(y)−
y,H(0)] and run to the right catch the hider with expected time

(5)

∫ y

0

tf (H(t) − t) (1 −H ′(t))dt.

Searchers that start in [H(0), H(y)+y) and run to the left catch the hider with expected
time

(6)

∫ y

0

tf (−H(t) − t) (1 + H ′(t))dt.

Proof. Consider a small time interval [t, t + Δt] when the hider moves from H(t)
to H(t) + ΔH. Searchers that meet the hider in that time interval and that have
started out from the right have started in [H(t)− t+ΔH−Δt,H(t)− t]. Here we use
that |ΔH| ≤ Δt since we may assume that a hider moves at no greater speed that 1.
The probability of a hider starting out in that interval is f(H(t)− t)(ΔH−Δt) up to
first order. The time of capture is t up to first order. By taking the limit of Δt → 0
we obtain the integral in (5). By symmetry we obtain (6).

If a hider has chosen x = H(0) and y, then he maximizes the expected time of
capture, which comes down to maximizing

(7)

∫ y

0

t [f (H(t) − t) (1 −H ′(t)) + f (−H(t) − t) (1 + H ′(t))] dt.

This integral can be simplified by partial integration, which gives the sum of a constant
−yΦ(1 − 2y) and the integral in (8).

Lemma 13. Let y be the first time that the hider meets a sweeper. The optimal
hider path from H(0) to H(y) maximizes

(8)

∫ y

0

Φ (−t + H(t)) + Φ (−t−H(t)) dt.
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This is a variational problem. Its Euler–Lagrange equation is f(−t + H(t)) =
f(−t − H(t)), where as before f is the probability density. A stationary value is
H(t) = 0 and this makes sense, since sΦ is designed against loitering hiders and
H(t) = 0 is a minimum. If Φ is the uniform distribution, then the Euler–Lagrange
equation is satisfied by any path and the integral does not depend on H: it is equal
to y(1 − y/2).

The integral in (8) represents the payoff against the searchers that start in (H(0)−
y,H(0) + y) and run toward H(0). Once the hider has met a sweeper, he should run
to the end since if the searcher uses sΦ he joins the sweeper. So we can determine the
payoff V (sΦ, H). Denote x = H(0); then this payoff is

1 − Φ(−x) + 2Φ(1 − 2y) +
y

2
(1 − Φ(x)) − y

2
Φ(1 − 2y)

+
1

2

∫ y

0

Φ(−t + H(t)) + Φ(−t−H(t))dt.(9)

This equation is derived as follows. A searcher starts out left from x and runs to
the left with probability (1 − Φ(−x))/2. Such a searcher catches H at time 2. This
gives the first term. A searcher starts out left from 1− 2y and runs to the right with
probability Φ(1−2y)/2. Such a searcher catches H at time 4 and this gives the second
term. A searcher starts out right from x and runs right with probability (1−Φ(x))/2.
Such a searcher catches H at time T . This gives the third term. The fourth term
−yΦ(1 − 2y) turns up in the partial integration and the final term is the variational
integral.

We consider a mixed strategy σ for the searcher, as follows. Use the sweeper strat-
egy ±A with probability p and use the continuous mixed strategy sΦ with probability
1 − p. If Φ is the uniform distribution then (9) is equal to

(10)
10 + 2x− (7 + x)y + y2

4
,

which is maximal at x = 1 for any 0 ≤ y ≤ 1 and decreasing in y. If the searcher
takes p = 7/9, then V (σ,H) = 13/9 − y/18 + y2/18 which is maximal at y = 0 and
y = 1. So against σ, the hider optimizes in either of two ways: stick to an end, or run
from an end to the middle and back. The payoff is 13/9, which puts an upper bound
on the value of the game that is sharper than the bound 47/32 that we found in the
previous section. We summarize this in a theorem.

Theorem 14. If the searcher uses the mixed strategy σ, then the optimal response
of the hider gives a matrix game with value 13/9. In particular V ≤ 13/9.

Now the obvious way to try to improve on this bound is by varying the distribution
Φ. Our computer experiments indicated that the bound of 13/9 can be improved only
marginally in this way. To prove that there is only room for marginal improvement,
we consider a specific noncrossing hider strategy: Hx starts in H(0) = x ≥ 0 and
runs toward the sweeper A; turning just ε in front of the sweeper; then Hx runs back
toward the middle but turns once again at time y, before reaching the middle, to run
to the end. So, ignoring ε we can describe this path by Hx(t) = x+ t if t ≤ (1− x)/2
and Hx(t) = 1 − t if (1 − x)/2 ≤ t ≤ y for x ≥ 0. The variational integral (8) over
this path is

(11)
1

2

(
Φ(x)(1 − x) +

∫ −x
0

Φ(t)dt +

∫ x

1−2y

Φ(t)dt

)
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Suppose that y = 1. Then the payoff V (Hx, A) against the sweeper strategy is
3/2. Against the continuous strategy it is

(12) V (Hx, sΦ) =
3

2
− Φ(−x) − Φ(x)

(1 + x)

4
+

1

4

∫ −x
−1

Φ(t)dt +
1

4

∫ x

−1

Φ(t)dt.

Suppose that the searcher uses a mixed strategy σΦ on {A, sΦ}. Suppose that
the hider uses a mixed strategy γ on {E,H1, H 1

2
, H0}, where E is the end point

strategy. The integrals in (12) can be bounded from below by finite sums such as∫ 0

−1
Φ(t)dt ≥ 1

2Φ(− 1
2 ) + 1

2Φ(0). Bounding the integrals in this way we get a 4 × 2
zero-sum matrix game, the value of which is a lower bound on V (γ, σΦ):[

1 3
2

3
2

3
2

3 1 + 1
8
Φ(− 1

2
) + 1

8
Φ(0) + 1

8
Φ( 1

2
) 3

2
+ 1

4
Φ(− 1

2
) − 5

4
Φ(0) 3

2
− 7

8
Φ(− 1

2
) + 1

8
Φ(0) − 3

8
Φ( 1

2
)

]
.

By linear programming we find that the value of the matrix game is 337
237 = 1.4219 . . . ,

which is only marginally smaller than 13/9.
Theorem 15. If the searcher uses a mixed strategy σΦ on {A, sΦ} for any dis-

tribution Φ, then the hider can respond by a strategy γΦ such that V (σΦ, γ) > 1.
42 1.

5. A hider strategy with a continuous initial distribution. To improve
on the lower bound V > 97/75 of Theorem 10, we extend the mixed hider strategy
which uses {E,F,G}. We replace the loitering strategies F and G by a continuous
mixed strategy hΦ. In this strategy the hider picks a point x ∈ [ε, 1− ε] according to
a distribution function Φ(x) and he waits at x until the sweeper A is ε close. Then
the hider runs to ε, turns, and runs back to 1. In the symmetric strategy −hΦ the
hider picks a point in [−1 + ε,−ε].

It follows from Proposition 5 that the searcher S either starts at an end, in which
case the S is a sweeper, or starts in [−1 + ε,−ε ] ∪ [ ε, 1− ε ]. Let y be the first time
that S gets ε close to a sweeper. By symmetry we may assume that this sweeper is
A. Since A runs all the time S(t) < A(t) for t < y. We conclude that S approaches A
from the left, so up to time y he catches hiders that have remained immobile. Clearly,
the searcher should maximize the interval [S(0), S(y)] to catch as many immobile
hiders as possible. So S starts in 1 − 2T − ε and runs to 1 − T − ε. At time y the
searcher catches all the loitering hiders that have started out from x > S(0) and are
running ε in front of A. The searcher now effectively has two possibilities, and we
leave it to the reader to check this: either he turns and runs to −1 and back to +1,
let’s call this S1, or he continues and runs to +1 and then back to −1, let’s call this S2.
Against the end point strategy the payoffs are V (S1, E) = 3 and V (S2, E) = 1 + 2T .
Ignoring ε the payoffs of these two strategies against hΦ are

V (S1, hΦ) = (1 − Φ(2y − 1)) +
1

2

∫ 2y−1

0

f(t)dt

+
y(1 − Φ(1 − y)) + Φ(1 − 2y) +

∫ 1−y
1−2y

f(t)dt

2
,

V (S2, hΦ) = (1 + y)(1 − Φ(2y − 1)) +
1

2

∫ 2y−1

0

f(t)dt

+
y(1 − Φ(1 − y)) + (1 + y)Φ(1 − 2y) +

∫ 1−y
1−2y

f(t)dt

2
,
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0.8

1.3

0.9

1.1

T

10.80.60.40.20

1.5

1.4

1.2

1

Fig. 3. V (S1, hΦ) as a function of y.

where, as before, f denotes the density of Φ. To see why this is true, note that the
first two terms in V (S1, hΦ) concern loitering hiders that start out from x < 0: the
term first represents the hiders that start from x < 0 and that are found at the end
point −1; the second term represents the hiders that start from 1−2y < x < 0, which
are caught before time y. The third term represents hiders that start from x > 0. In
the same way we obtain V (S2, hΦ). Both payoffs are functions of y.

We simplify the analysis and consider only the case that Φ is the uniform distri-
bution. Let γ be the mixed strategy in which the hider uses {E, hΦ} with Φ equal to
the uniform distribution.

Since V (S1, E) does not depend on T it is optimal for the searcher to choose y
such that V (S1, hΦ) is minimal.

Theorem 16. If the hider uses the mixed strategy γ, then the optimal response
of the searcher gives a matrix game with value 15/11. In particular V ≥ 15/11.

Proof. Since V (S1, E) does not depend on y, the searcher should choose y such
that V (S1, hΦ) is minimal. As is shown in Figure 3, the minimum is at y = 1. So
the searcher S1 runs ε ahead of the sweeper and the payoff is 3

4 . If the searcher only

uses a mixed strategy on {A,S1}, then we get a 2× 2 matrix game
[
1 3/2
3 3/4

]
which has

value 15/11. In this game it is optimal for the hider to choose the end point strategy
E with probability 3

11 and the loitering strategy hΦ with probability 8
11 . It turns out

that the searcher cannot decrease the value of the game by including the strategy S2:
3
11V (S2, E) + 8

11V (S2, hΦ) ≥ 15
11 as illustrated in Figure 4. So if the hider uses the

mixed strategy γ in which he chooses E with probability 3
11 then the searcher cannot

do better than expected capture time 15/11.

6. Conclusions. This paper introduces the apparently easy problem of how best
to search for a mobile hider who is restricted to a known interval. The existence of
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1.9

1.8

1.7

1.6

1.4

1.5

T

10.80.60.20 0.4

Fig. 4. 3
11

V (S2, hΦ) + 8
11

V (S2, hΦ) as a function of y.

a Value for this game, and of ε-optimal strategies for the searcher and the hider,
follows from a minimax theorem by Alpern and Gal. However, the determination of
the value V , much less optimal strategies, seems difficult. The problem has resisted
our attempts to solve it, but we have made significant progress in that direction.
We have established many properties of optimal searcher and hider paths, that is,
those that can be used in optimal mixed strategies. We have established bounds
15/11 ≤ V ≤ 13/9 on the value of the game by developing a variational theory that
can be used to evaluate certain mixed strategies which start according to a continuous
distribution on the interval. We present this problem, the princess and monster game
on an interval as a challenge to the zero-sum game community. We conjecture that
its value is 1.4.
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A DIRECT SOLUTION METHOD FOR STOCHASTIC IMPULSE
CONTROL PROBLEMS OF ONE-DIMENSIONAL DIFFUSIONS∗

MASAHIKO EGAMI†

Abstract. We consider stochastic impulse control problems where the process is driven by
one-dimensional diffusions. Impulse control problems are widely applied to financial engineering
and decision-making problems including the dividend payout problem, portfolio optimization with
transaction costs, and inventory control. We shall show a new mathematical characterization of
the value function in the continuation region as a linear function in a certain transformed space.
The merits of our approach are as follows: (1) One does not have to guess optimal strategies or
verify the optimality via a verification lemma, (2) the method of finding the solution (based on the
new characterization of the value function) is simple and direct, and thereby (3) one can handle a
broader class of reward and cost functions than the conventional methods that use quasi-variational
inequalities.

Key words. stochastic impulse control, diffusions, optimal stopping, concavity
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1. Introduction. This paper proposes a general solution method of stochastic
impulse control problems for one-dimensional diffusion processes. Stochastic impulse
control problems have attracted a growing interest of many researchers for the past
two decades. Under a typical setting, the controller faces some underlying process
and reward/cost structure. There exist continuous and instantaneous components
of reward/cost functions. By exercising impulse controls, the controller moves the
underlying process from one point to another. At the same time, the controller receives
rewards associated with the instantaneous shifts of the process. Then the controller’s
objective is to maximize the total discounted expected net income.

The mathematical framework to these types of problems is in Bensoussan and
Lions [4]. Impulse control has been studied widely in inventory control (Harrison,
Sellke, and Taylor [15]), the exchange rate problem (Jeanblanc-Picqué [17], Mundaca
and Øksendal [23], Cadenillas and Zapatero [7]), dividend payout problems (for exam-
ple, Jeanblac-Picqué and Shiryaev [18]), and portfolio optimization with transaction
costs (Korn [19], Morton and Pliska [22]). It is worth mentioning that Korn [20]
surveys the applications in mathematical finance. Also see Chancelier, Øksendal, and
Sulem [10] for a combination of optimal stopping and impulse control problems. In
many economic and financial applications where the controlled process is described as
an Itô diffusion, the solution to the problem demands a thorough study of a related
Hamilton–Jacobi–Bellman equation and quasi-variational inequalities. The method
based on quasi-variational inequalities is the following: One guesses the form of (a)
the continuation region and the intervention region, (b) the associated optimal policy,
and (c) the value function. Then one specifies the value function by using appropriate
boundary conditions and verifies optimality of the candidate policy. Both steps are
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often very difficult, and success depends heavily on the form of the controlled process,
reward, and cost functions.

Alternatively, an impulse control problem can be viewed as a sequence of optimal
stopping problems. The connection between impulse control and optimal stopping has
been investigated by Davis [12] and Øksendal and Sulem [25] among others. In this
setting, the value functions of a sequence of optimal stopping problems converge to the
value function of the impulse control problem under suitable conditions. In this regard,
we utilize the results of Dynkin [14] (see, e.g., Theorem 16.4) about the functional
concavity characterization of α-excessive mappings and Dayanik and Karatzas [13]
that give a general characterization of optimal stopping times of one-dimensional
diffusions. We use these results to identify a new and useful characterization of the
solution of the original impulse control problem. At the end, we get rid of the sequence
of optimal stopping problems altogether and directly find the value function: The
new characterization allows us to propose a new direct solution method for impulse
control problems. Other works similar to our approach include Alvarez [1], Alvarez
and Lempa [3], and Alvarez and Virtanen [2].

Similar recursive formulations for one-dimensional diffusions appear in multiple
stopping problems in the context of swing options; see, for example, Carmona and
Dayanik [8]. See also Carmona and Touzi [9] and Dahlgren and Korn [11] for the
valuation of swing options. It is worth pointing out the differences of this article from
Carmona and Dayanik [8], where, given a reward function, the controller can exercise
their options n times under the condition that the controller has to wait at least certain
units of time between two exercising times. By using a recursive formulation, we are
able to obtain the result that the value function has to be linear in the continuation
region of the transformed space. This linear characterization enables us to present
the three-step optimization procedure (described in section 3.3) that does not require
us to use the recursive stopping scheme, while Carmona and Dayanik [8] do not have
this kind of geometric specification due to the nature of their problem; one needs to
solve multiple stopping problems.

In the next section, we briefly go over the solution method for optimal stopping
problems of one-dimensional diffusions. We describe the impulse control problem and
its solution in section 3. Examples are presented in section 4. Finally, extensions and
concluding remarks are in section 5.

2. Summary of the key results of optimal stopping. Let (Ω,F ,P) be a
complete probability space with a standard Brownian motion W = {Wt; t ≥ 0}, and
consider the diffusion process X0 with state pace I ⊆ R and dynamics

(2.1) dX0
t = μ(X0

t )dt + σ(X0
t )dWt

for some Borel functions μ : I → R and σ : I → (0,∞). We emphasize here that
X0 is an uncontrolled process. We assume that I is an interval with end points
−∞ ≤ c < d ≤ +∞ and that X0 is regular in (c, d); in other words, X0 reaches y
with positive probability starting at x for every x and y in (c, d). We shall denote by
F = {Ft} the natural filtration generated by X0 and assume that the usual condition
is satisfied.

Let α ≥ 0 be a real constant and h(·) a Borel function such that E
x[e−ατh(X0

τ )]
is well-defined for every F-stopping time τ and x ∈ I. We first consider

(2.2) V (x) � sup
τ∈S

E
x[e−ατh(X0

τ )], x ∈ I,
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the value function of the optimal stopping problem with the reward function h(·) :
I → R where the supremum is taken over the class S of all F-stopping times.

Let z ∈ I be a fixed point of the state space and τz be the first hitting time of
z ∈ I by X0. Let us denote the infinitesimal generator of X0 by A and consider the
ODE (A− α)v(x) = 0. This equation has two fundamental solutions: ψ(·) and ϕ(·).
We set ψ(·) to be the increasing and ϕ(·) to be the decreasing solution. They are
linearly independent positive solutions and uniquely determined up to multiplication.
It is well known that

E
x[e−ατz ] =

⎧⎨
⎩

ψ(x)
ψ(z) , x ≤ z,

ϕ(x)
ϕ(z) , x ≥ z.

For the complete characterization of ψ(·) and ϕ(·) corresponding to various types of
boundary behavior, refer to Itô and McKean [16]. Let us now define

F (x) � ψ(x)

ϕ(x)
, x ∈ I.(2.3)

Then F (·) is continuous and strictly increasing. Next, following Dynkin [14, pp. 238],
we define concavity of a function with respect F as follows: A real-valued function u
is called F -concave on I if, for every x ∈ [l, r] ⊆ I,

u(x) ≥ u(l)
F (r) − F (x)

F (r) − F (l)
+ u(r)

F (x) − F (l)

F (r) − F (l)
.

We will use the notion of F -concavity to provide a new characterization of the value
function of stochastic impulse control problems. Before doing that, the first step is
to present the following results of optimal stopping problems, the proofs of which we
refer to Dayanik and Karatzas [13].

Proposition 2.1. The value function V (·) of (2.2) is the smallest nonnegative
majorant of h(·) such that V (·)/ϕ(·) is F -concave on I.

Proposition 2.2. Let W (·) be the smallest nonnegative concave majorant of
H � (h/ϕ)◦F−1 on [F (c), F (d)], where F−1(·) is the inverse of the strictly increasing
function F (·) in (2.3). Then V (x) = ϕ(x)W (F (x)) for every x ∈ I.

Proposition 2.3. Define

(2.4) S � {x ∈ [c, d] : V (x) = h(x)} and τ∗ � inf{t � 0 : X0
t ∈ S}.

If h(·) is continuous on I, then τ∗ is an optimal stopping rule.

3. Impulse control problem and its solution. Suppose that, at any time
t ∈ R+ and any state x ∈ I, we can intervene and give the system an impulse ξ ∈ R.
Once the system gets intervened, the point moves from x to y ∈ R. An impulse
control for the system is a double sequence:

ν = (T1, T2, . . . Ti . . . ; ξ1, ξ2, . . . ξi . . . ),

where 0 ≤ T1 < T2 < · · · are an increasing sequence of F-stopping times and ξ1,
ξ2 . . . are FTi-measurable random variables representing impulses exercised at the
corresponding intervention times Ti, with ξi ∈ Z for all i, where Z ∈ R is a given
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set of admissible impulse amounts. The controlled process is, in general, described as
follows:

dXt = μ(Xt)dt + σ(Xt)dWt, Ti−1 ≤ t < Ti,(3.1)

XTi
= Γ(XTi−, ξi)(3.2)

with some mapping Γ : R × R → R.
Let 0 be the absorbing state, without loss of generality, and τ0 � inf{t : Xt = 0}

the ruin time. With the absorbing state at 0, it is natural to consider a set of problems
where Z ∈ R+ (i.e., ξi = xi−yi > 0 for all i) and XTi = XTi−−ξi. (We shall comment
on cases where interventions are allowed in both positive and negative directions in
section 5.)

With each pair (Ti, ξi), we associate the intervention reward

(3.3) K(XTi−, XTi
),

where K(x, y) : I × R → R is a given function continuous in the first and second
arguments. Our result below does not depend on the specification of K(·). We
assume that, for any point x ∈ I,

(3.4) K(x, x) < 0

due to the existence of fixed costs. We consider the following performance measure
with ν ∈ V, a collection of admissible strategies:

(3.5) Jν(x) = E
x

[∫ τ0

0

e−αsf(Xs)ds + e−ατ0P +
∑

Ti<τ0

e−αTiK(XTi−, XTi
)

]
,

where P ∈ R− is a constant penalty1 at the ruin time and f : R → R is a continuous
function, satisfying:

(3.6) E
x

[∫ ∞
0

e−αs|f(Xs)|ds
]
< ∞.

We also assume the standard polynomial growth condition on f(·) and K(x, y) = K(z)
by setting z := x − y: That is, there exist constants Ci and mi (i = 1, 2) such that,
for all x, z ∈ R,

|f(x)| ≤ C1(1 + |x|m1) and |K(z)| ≤ C2(1 + |z|m2).(3.7)

Our goal is to find the optimal strategy ν∗(Ti, ξi)i≥0 and the corresponding value
function

(3.8) v(x) � sup
ν∈V

Jν(x) = Jν∗
(x).

Let us briefly go over our plan. In section 3.1, we introduce a recursive optimal
stopping scheme that eventually solves the original impulse control problem as in
Øksendal and Sulem [25]. In section 3.2, we consider a special case where the mapping

1Equation (3.5) can be rewritten as Jν(x) = P + E
x[

∫ τ0
0 e−αs(f(Xs) − αP )ds +

∑
Ti<τ0

e−αTi

K(XTi−, XTi
)]. Hence we could define f̃(x) � f(x) − αP to get rid of P . We, however, maintain

the original formulation to make the penalty term explicit.
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x → K
ϕ (x) : I → R is F -concave. We show, under this assumption, that the optimal

intervention times Ti are characterized as exit times from an interval, say, (0, b∗), for
every i. Then we characterize the value function for impulse control problems and
present a solution method based on the characterization of the intervention times and
value function. In section 3.4, we consider the general case where the F -concavity
assumption above does not hold.

3.1. A sequence of optimal stopping problems. In this subsection, we con-
sider a recursive optimal stopping with a view to characterizing intervention times for
the impulse control problems. Here we assume that no absorbing boundary exists.
As we will see in the next subsection, the existence of an absorbing state is easily
incorporated. Hence by using the same v(x), we consider the problem

(3.9) v(x) = sup
ν∈V

E
x

[∫ ∞
0

e−αsf(Xs)ds +
∑
i

e−αTiK(XTi−, XTi)

]
.

Let us also define the set Sn and the objective function vn as follows:

Sn � {ν ∈ S; ν = (T1, T2, . . . Tn+1; ξ1, ξ2, . . . ξn);Tn+1 = +∞}

and

(3.10) vn(x) � sup
ν∈Sn

E
x

[∫ ∞
0

e−αsf(Xs)ds +
∑
Ti

e−αTiK(XTi−, XTi)

]
.

In other words, we are allowed to make at most n interventions. For this recursive
approach, see, for example, Davis [12] and Øksendal and Sulem [25]. We use the
following notation for convenience:

(3.11) g(x) � E
x

[∫ ∞
0

e−αsf(X0
s )ds

]
.

Let H denote the space of all Borel functions. Define the two operators M : H → H
and L : H → H as follows:

(3.12) Mu(x) � sup
y∈R

[K(x, y) − (g(x) − g(y)) + u(y)]

and

(3.13) Lu(x) � sup
τ∈S

E
x[e−ατMu(Xτ−)]

for u ∈ H. From the definition of the two operators, a1(x) ≤ a2(x) for x ∈
R, a1(·), a2(·) ∈ H implies Ma1(x) ≤ Ma2(x) and La1(x) ≤ La2(x) for all x ∈ R.

On the other hand, consider the following recursive formula:

{
w0(x) = g(x),

wn(x) = supτ∈S,ξ∈R+
E
x
[∫ τ

0
e−αsf(Xs)ds + e−ατ (K(Xτ−, Xτ ) + wn−1(Xτ ))

]
(3.14)

for n = 1, 2, 3, . . . . It should be noted that, for each n, this is an optimal stopping
problem over τ . The second line of (3.14) is equivalent to

(3.15) wn+1(x) − g(x) = sup
τ∈S,ξ∈R+

E
x[e−ατ (K(Xτ−, Xτ ) − g(Xτ−) + wn(Xτ ))]
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by applying the strong Markov property (with (3.6)) at time τ to the integral term.
Note that, on {ω : 0 ≤ t ≤ τ(ω)−}, we have X(ω) = X0(ω) almost surely. In fact,
this derivation is explained in detail in subsection 3.2. By defining

φ � w − g,

and adding and subtracting g(Xτ ) on the right-hand side of (3.15), it becomes

φn+1(x) = sup
τ∈S

E
x[e−ατMφn(Xτ−)].

Then it can be further simplified, by using the operator L defined in (3.13):

(3.16) φn+1(x) = Lφn(x).

Let us start this recursive scheme with w0(x) = g(x) (i.e., no interventions are
allowed, equivalently φ0(x) = 0) and define recursively φn(x) � wn(x) − g(x) =
L(wn−1(x) − g(x)) = Lφn−1. Clearly,

φ1(x) = Lφ0(x) = sup
τ∈S

E
x[e−ατ (M(w0(Xτ−) − g(Xτ−)))]

= sup
τ∈S,ξ∈R+

E
x[e−ατ {K(Xτ−, Xτ ) − g(Xτ−) + g(Xτ )}].

On the other hand, by looking at the first (and the sole) intervention time,

v1(x) − g(x) = sup
ν∈S1

E
x

[∫ ∞
0

e−αsf(Xs)ds + e−ατK(Xτ−, Xτ )

]

− E
x

[∫ ∞
0

e−αsf(X0
s )ds

]

= sup
τ∈S,ξ∈R+

E
x

[∫ τ

0

e−αsf(Xs)ds + e−ατ
(

E
Xτ

[∫ ∞
0

e−αsf(Xs)ds

]

+ K(Xτ−, Xτ )

)
−
∫ τ

0

e−αsf(X0
s )ds− e−ατg(Xτ−)

]
= sup

τ∈S,ξ∈R+

E
x[e−ατ {K(Xτ−, Xτ ) − g(Xτ−) + g(Xτ )}].

The last equation is due to the fact that only one intervention is allowed. Hence we
have w1(x) = v1(x). By the definition of the recursive scheme, wn is an increasing
sequence (i.e., w1(x) ≤ w2(x) ≤ · · · for all x ∈ R). In fact, we shall prove that
wn = vn for all n in Lemma 3.2. Before that, we need the following lemma to relate
this recursive scheme with the method described in section 2.

Lemma 3.1. The mapping x → Lφ(x)
ϕ(x) : I → R is F -concave.

Proof. We shall fix some x ∈ (l, r) ⊆ I. Since Mφ(·) is bounded there, for a given
ε > 0, there are admissible ε-optimal intervention pairs (σl

ε, ξ
l
ε) and (σr

ε , ξ
r
ε) such that

E
l[e−ασ

l
εMφ(Xσl

ε
)] > Lφ(l) − ε and E

r[e−ασ
r
εMφ(Xσr

ε
)] > Lφ(r) − ε.

Define another stopping time σlr
ε ∈ S, with

σlr
ε �

{
τ l + σl

ε ◦ θτ l if τ l < τ r,

τ r + σr
ε ◦ θτr if τ l > τ r.
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Putting it all together, with the strong Markov property of X, which is X0 a.s. until
the stopping time τ ,

Lφ(x) ≥ E
x[e−ασ

lr
ε Mφ(Xσlr

ε
)]

> (Lφ(l) − ε)Ex[e−ατ
l

1{τ l<τr}] + (Lφ(r) − ε)Ex[e−ατ
r

1{τ l>τr}]

≥ Lφ(l)

ϕ(l)
ϕ(x)

F (r) − F (x)

F (r) − F (l)
+

Lφ(r)

ϕ(r)
ϕ(x)

F (x) − F (l)

F (r) − F (l)
− ε.

Since ε is arbitrary, we have an F -concavity.
This lemma guarantees that we can use Propositions 2.1–2.3 to identify the value

function and an optimal stopping rule for each of the recursive optimal stopping
problems (3.14).

3.2. Characterization of the intervention times and the value function:
F -concave reward case. Based on the results in the previous subsection, we first
consider a special case where the mapping x → K̄

ϕ (x) : I → R is F -concave. Let us
define, for notational convenience,

(3.17) K̄(x, y) � K(x, y) − (g(x) − g(y)).

Further, we prove the following properties of the recursive optimization scheme.
Lemma 3.2. If we define wn by (3.14) (with w0 = g) and vn by (3.10), then

wn(x) = vn(x) for each n and v(x) = lim
n→∞

wn(x).

Moreover, w(x) � limn→+∞ wn(x) is the smallest solution majorizing g of the func-
tional equation w − g = L(w − g).

Proof. The proof is given in the appendix.
Hence if we solve the optimal stopping problem

(3.18) φn+1(x) = sup
τ∈S

E
x[e−ατMφn(Xτ−)]

recursively for each n, then we obtain φ(x) � limn→∞ φn(x) = limn→∞ vn(x)−g(x) =
v(x)− g(x). By summarizing the above argument, we have the following proposition.

Proposition 3.3. The value function v(x) for (3.9) is given by the smallest
solution majorizing g of the functional equation v − g = L(v − g), and v−g

ϕ (= φ
ϕ ) is

always F -concave.
Proof. The first statement comes from Lemma 3.2. By the recursive method that

we described above, we are solving a series of optimal stopping problems for each φn.
Hence Lemma 3.1 and Proposition 2.1 give the second statement.

Note that the functional equation v−g = L(v−g) is in essence the same as (2.8) in
Alvarez [1], where the optimal boundary is found by ordinary optimization techniques
in a case where the size of the control is exogenously given. Similar ideas are also in
Alvarez and Virtanen [2] and Alvarez and Lempa [3] that extend Alvarez [1] by finding
optimal size of control as well under some practically reasonable assumptions on the
reward and cost function. These papers identify the function (along with optimal
control) that satisfies this relationship, by using the idea of α-excessive mappings
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and proving optimality with the verification of a weaker version of quasi-variational
inequalities under the assumptions on the reward function. Now we consider different
paths to reach the solution and develop a new method.

The argument in the previous subsection is modified to incorporate the existence
of the ruin state. Instead of (3.10) and (3.14), we define, respectively,

vn(x) � sup
ν∈Sn

E
x

[∫ τ0

0

e−αsf(Xs)ds + e−ατ0P +
∑

Ti<τ0

e−αTiK(XTi−, XTi)

]
,

wn+1(x) � sup
τ∈S,ξ

E
x

[∫ τ0∧τ

0

e−αsf(Xs)ds + e−ατ0P1{τ0<τ}

+ e−ατ{K(Xτ−, Xτ ) + wn(Xτ )}1{τ<τ0}

]
,

with

w0(x) = E
x

[∫ ∞
0

e−αsf(X0
s )1{s<τ0}ds + e−ατ0P

]
� g0(x).

Then by defining the operator L : H → H instead of (3.13),

(3.19) Lu(x) � sup
τ∈S

E
x[e−ατMu(Xτ−)1{τ<τ0} + e−ατ0(P − g(0))1{τ0<τ}],

we have the same recursion formula as in (3.16). We can obtain the same results as
in Lemmas 3.1 and 3.2. Proposition 3.3 also holds with one change that the value
function is given by the smallest solution majorizing g0 of the functional equation
v − g = L(v − g), where L : H → H is given by (3.19). Now we consider the
characterization of the intervention times.

Proposition 3.4. If the mapping x → K̄
ϕ (x) : R+ → R is F -concave and 0 is an

absorbing state, then the optimal intervention times T ∗i are given, for some b∗ ∈ R+,
by

T ∗i = inf{t > T ∗i−1;Xt /∈ (0, b∗), i = 1, 2, . . . }.

Proof. Our proof is constructive, describing the procedure of recursive optimiza-
tion steps. For any n ≥ 1, in view of Lemma 3.1, φn(x)/ϕ(x) is the smallest F -concave

majorant of Lφn−1(x)/ϕ(x). We claim that this majorant (that passes (F (0), P−g(0)
ϕ(0) )

in the transformed space) always exists. Indeed, since we consider the case of ξi > 0,
i.e., x > y for K(x, y) and

Mφ0(x) = sup
y∈R+

[K(x, y) − (g(x) − g(y)) + φ0(y)]

= sup
y∈R+

[K(x, y) − (g(x) − g(y)) + (g0(y) − g(y))],

we should check whether the concave majorant exists, namely, that

(3.20) lim
x↓0

(K(x, y) − g(x) + g0(y)) < P − g(0)

holds when y ↓ 0. Note that limy↓0 g0(y) = P and g(x) → g(0) as x → 0 due to the
continuity of f . Hence (3.20) holds in the neighborhood of y = 0 because of (3.4). In
the subsequent iterations, we consider

Mφ1(x) = sup
y∈R+

[K(x, y) − (g(x) − g(y)) + φ1(y)].



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

A DIRECT SOLUTION FOR STOCHASTIC IMPULSE CONTROL 1199

We should check if the expression inside the supremum operator becomes less than P−
g(0) as x ↓ 0 and y ↓ 0. Since limy↓0 φ1(y) = φ1(0) = P −g(0) by the concavity (hence
continuity) of φ1 and since limx↓0 g(x) = limy↓0 g(y), we have, in the neighborhood of
y = 0, that

lim
x↓0

K(x, 0) + P − g(0) < P − g(0)

holds. Hence the concave majorant always exists also in the subsequent iterations.
Now the F -concavity of φn is obviously maintained for all n. The limit func-

tion of the increasing sequence of functions φ(x) = limn→∞ φn(x) exists and is also
F -concave. Accordingly, K̄(x, y)/ϕ(x) + φ(y)/ϕ(x) is F -concave for all y. Hence
φ(x)/ϕ(x) and (K̄(x, y) + φ(y))/ϕ(x) meet once and only once in the transformed
space. Recall that the value function satisfies φ = Lφ. This implies that the
continuous region is in the form of (0, b∗) for some b∗ ∈ R+, which completes the
proof.

By using the above characterization of intervention times, we next want to char-
acterize the value function and reduce the impulse control problem (3.8) to some
optimal stopping problem. Moreover, we shall present a method that does not have
to go through the iteration scheme. Let us first simplify Jν :

(3.21) Jν(x) = E
x

[∫ τ0

0

e−αsf(Xs)ds + e−ατ0P +
∑

Ti<τ0

e−αTiK(XTi−, XTi)

]
.

This is just a reproduction of (3.5). Let us split the right-hand side of (3.21) into
pieces and use the strong Markov property of the uncontrolled process X0 at the first
intervention time T1 (together with the shift operator θ(·)) with each of them. Note
that, on {ω : 0 ≤ t ≤ T1(ω)−}, we have X(ω) = X0(ω) almost surely. The first term
becomes

E
x

[∫ τ0

0

e−αsf(Xs)ds

]
= E

x

[
1{T1<τ0}

{∫ T1

0

e−αsf(Xs)ds

+ e−αT1E
XT1

∫ ∞
0

e−αsf(Xs)1{s<τ0}ds

}]

+ E
x

[
1{T1>τ0}

∫ τ0

0

f(Xs)ds

]

since
∫ T1

T1− e−αsf(Xs)ds = 0. The second and third terms become

E
x[e−ατ0P ] = E

x
[
1{T1<τ0}e

−αT1E
x[e−α(τ0−T1)P |FT1 ]

]
+ E

x
[
1{T1>τ0}e

−ατ0P
]

= E
x
[
1{T1<τ0}e

−αT1E
x[e−α(τ0◦θ(T1))P |FT1 ]

]
+ E

x
[
1{T1>τ0}e

−ατ0P
]

= E
x
[
1{T1<τ0}e

−αT1E
XT1 (e−ατ0P )

]
+ E

x
[
1{T1>τ0}e

−ατ0P
]



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1200 MASAHIKO EGAMI

and

E
x

[ ∑
Ti<τ0

e−αTiK(XTi−, XTi)

]

= E
x

[
1{T1<τ0}

{
e−αT1K(XT1−, XT1) + e−αT1

∑
i=2

e−α(Ti−T1)K(XTi−, XTi)1{Ti<τ0}

}]

= E
x

[
1{T1<τ0}

{
e−αT1K(XT1−, XT1)

+ e−αT1E
x

[ ∑
Ti<τ0

e−α(Ti◦θ(T1))K(XSi− , XSi
) | FT1

]}]

= E
x

[
1{T1<τ0}e

−αT1

{
K(XT1−, XT1) + E

XT1

∑
i=1

e−αTiK(XTi−, XTi)1{Ti<τ0}

}]
,

where Si � T1 + Ti ◦ θ(T1) and the index i runs from 1 for the sum in the second
equality. By combining the three terms and rearranging, we have

(3.22)

Jν(x) = E
x

[
1{T1<τ0}

{∫ T1

0

e−αsf(Xs)ds + e−αT1K(XT1−, XT1) + e−αT1Jν(XT1)

}]

+ E
x

[
1{T1>τ0}

{∫ τ0

0

e−αsf(Xs)ds + e−ατ0P

}]
.

For any F stopping time τ , the strong Markov property of X0, with our assumption
(3.6), gives us

E
x

[∫ τ

0

e−αsf(X0
s )ds

]
= g(x) − E

x
[
e−ατg(X0

τ )
]
,

where g(·) is defined as in (3.11). We apply this result to (3.22) by reading τ = T1

and τ = τ0 to derive

Jν(x) = E
x
[
1{T1<τ0}e

−αT1{K(XT1−, XT1) − g(X0
T1

) + Jν(XT1)}
]

+ E
x
[
1{T1>τ0}e

−ατ0{P − g(Xτ0)}
]
+ g(x).(3.23)

By noting that g(X0
T1

) = g(XT1−), adding and subtracting g(XT1), and further defin-
ing

u(x) � Jν(x) − g(x),

(3.23) finally becomes

u(x) = E
x
[
1{T1<τ0}e

−αT1{K(XT1−, XT1
) + u(XT1

) − g(XT1−) + g(XT1
)}
]

+ E
x
[
1{T1>τ0}e

−ατ0{P − g(Xτ0)}
]
,(3.24)

and we consider the maximization of this u(·) function and add back g(x) since
supu(x) = sup{Jν(x) − g(x)} = supJν(x) − g(x). Note that this simplification
leading to (3.24) does not depend on the F -concavity assumption.
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Since we have confirmed that optimal intervention times are exit times of the
process from an interval, let us use a simpler notation: XTi− = b and XTi = a for all
i = 0, 1, 2 . . . . We can denote Ti− = τb � inf{t > Ti−1;Xt ≥ b}. By observing (3.24),

u(b) = u(XT1−) = K(XT1−, XT1) + g(XT1) − g(XT1−) + u(XT1
)

= K(b, a) + g(a) − g(b) + u(a) = K̄(b, a) + u(a),(3.25)

u(0) = u(Xτ0) = P − g(Xτ0) = P − g(0),

and we have

u(x) =

{
u0(x), x ∈ [0, b),

K̄(x, a) + u0(a), x ∈ [b,∞),
(3.26)

where

u0(x) � E
x[1{τb<τ0}e

−ατbu(b)] + E
x[1{τb>τ0}e

−ατ0u(0)].

The second equation of (3.26) is obtained from (3.24) by noticing that, on x ∈ [b,∞),
P
x(T1 < τ0) = 1. Indeed, in this case, we immediately jump to a, so that XT1− = x

and XT1 = a. Since a ∈ (0, b), u(a) = u0(a). Now let us note that we have the
following representations in (3.24):

E
x[e−ατr1{τr<τl}] =

ψ(l)ϕ(x) − ψ(x)ϕ(l)

ψ(l)ϕ(r) − ψ(r)ϕ(l)
, x ∈ [l, r],

where τl � inf{t > 0;Xt = l} and τr � inf{t > 0;Xt = r}; ϕ(·) and ψ(·) are
defined in the previous section. Finally, with F (·) being defined as in (2.3), we have
a characterization of u(x) in the continuation region:

(3.27)
u(x)

ϕ(x)
=

u(b)(F (x) − F (0))

ϕ(b)(F (b) − F (0))
+

u(0)(F (b) − F (x))

ϕ(0)(F (b) − F (0))
, x ∈ [0, b].

Define the transformation

W � u

ϕ
◦ F−1,(3.28)

and (3.27) becomes, for any a > 0 and b > 0,

(3.29) W (F (x)) = W (F (b))
F (x) − F (0)

F (b) − F (0)
+ W (F (0))

F (b) − F (x)

F (b) − F (0)
, x ∈ [0, b],

which represents a linear function that passes a fixed point (F (0),W (F (0))).
To discuss how to find the optimal pair (a∗, b∗), we write u(x) as ua,b(x) to

emphasize the dependence on a, b, then on x ∈ [0, b]:

sup
a∈R+b∈R+

ua,b(x) = sup
a∈R+

sup
b∈R+

{E
x[1{τb<τ0}e

−ατb(K̄(b, a)

+ ua,b(a))] + E
x[1{τb>τ0}e

−ατ0ua,b(0)]}.(3.30)
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This can be considered as a two-stage optimization problem. First, let a be fixed. For
each a, the inner maximization of (3.30) becomes

(3.31)
Va(x) � sup

τb∈S
{E

x[1{τb<τ0}e
−ατb(K̄(b, a) + Va(a))] + E

x[1{τb>τ0}e
−ατ0(P − g(0))]},

and, among a′s, choose an optimal a in the sense that ṽ(x) � supa Va(x) for any x.
It should be pointed out that Va(x) may take negative values if P − g(0) does. Now
we discuss a solution method of the first stage optimization (3.31). For this purpose,
we need a technical lemma.

Lemma 3.5. If we define

G(x, γ) � sup
τ∈S

E
x[e−ατ (h(X0

τ ) + γ)], x ∈ R, γ ∈ R,

for some Borel function h : R → R and with condition (3.6), then, for γ1 > γ2 ≥ 0,

(3.32) G(x, γ1) −G(x, γ2) ≤ γ1 − γ2

for any x.
Proof. The left-hand side of (3.32) is well-defined due to (3.6). It is clear that

G(x, γ) is convex in γ for any x. Then D+
γ G(x, γ0) � limγ↓γ0

G(x,γ0)−G(x,γ)
γ0−γ exists at

every γ0 ∈ R, and

(3.33)
G(x, γ1) −G(x, γ2)

γ1 − γ2
≤ D+

γ G(x, γ1).

Consider the bound of G(x, γ) for x fixed:

G(x, γ) ≤ sup
τ∈S

E
x[e−ατ |h(X0

τ )|] + |γ| sup
τ∈S

E
x[e−ατ ].

The first term on the right-hand side is constant in γ; the second term is linear
in γ, and E

x[e−ατ ] ≤ 1 for any τ ∈ S. Due to the convexity of G(x, γ) in γ, for the
above inequality to hold, D+

γ G(x, γ) ≤ 1 for all γ ∈ R. On account of (3.33), we have
(3.32).

Coming back to (3.31), we need some care because the value function Va(x)
contains its value at a, i.e., Va(a) in the definitive equation. Let us consider a family
of optimal stopping problem parameterized by γ ∈ R:

V γ
a (x) � sup

τ∈S

{
E
x[1{τ<τ0}e

−ατ (K̄(Xτ , a) + γ)] + E
x[1{τ>τ0}e

−ατ0(P − g(0))]
}

= sup
τ∈S

E
x[e−ατrγ(Xτ , a)],(3.34)

where

rγ(x, a) =

{
P − g(0), x = 0,

K̄(x, a) + γ, x > 0.

Obviously, this parameterized problem can be solved by using Propositions 2.1–2.3.
Now we link this parameterized optimal stopping problem to (3.31).

Lemma 3.6. For a > 0 given, if there exists a solution to (3.34), then there
always exists unique γ such that γ = V γ

a (a) holds, provided that (3.4) holds.
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Proof. Without loss of generality, we need only to consider the case where

(3.35) sup
x∈R+

K̄(x, a) > 0

for some a > 0. Indeed, suppose that there is no such a, and let us consider a
sequence of optimal stopping scheme. In each iteration, the value function for the
optimal stopping problem takes negative values, so that φn(·) < 0 for all n. Then in
the next iteration, K̄(x, y) function will be shifted downwards, leading to φn+1(·) < 0.
Hence the “no interventions” strategy is trivially optimal.

In (3.34), since γ is some constant parameter, we benefit from Proposition 2.1
and claim that V γ

a (x) is characterized as the smallest F -concave majorant of rγ(·, a)
that passes (F (0), P−g(0)

ϕ(0) ). In terms of the notation of Proposition 2.3, if we define

W γ
a (·) such that

V γ
a (x) = ϕ(x)W γ

a (F (x)),

then W γ
a (·) passes through the fixed point A = (F (0),W γ

a (F (0))) and is the smallest

concave majorant of Hγ(·, a) � rγ(F−1(·),a)
ϕ(F−1(·)) = K̄(F−1(·),a)

ϕ(F−1(·)) + γ
ϕ(F−1(·)) .

Now fix a. Our approach here is that, by starting with γ = 0, we move γ
upwards, evaluate V γ

a (a), and try to find γ such that γ = V γ
a (a). Due to (3.35),

we have W 0
a (F (a)) > 0. By the monotonicity of F , it is equivalent to saying that

V 0
a (a) > 0 = γ. As γ increases, W γ

a (F (a)) increases monotonically: See the right-
hand side of (3.34).

Lemma 3.5 implies that, for γ1 > γ2 ≥ 0,

(3.36) V γ1
a (x) − V γ2

a (x) ≤ γ1 − γ2

for any x ∈ R+. Note that W γ
a (F (a)) ≥ Hγ(F (a), a). However, since V γ

a has less than
the linear growth in γ as demonstrated by (3.36), there is a certain γ

′
large enough

such that W γ
a (F (a)) = Hγ(F (a), a) for γ ≥ γ

′
. This implies that

ϕ(a)W γ
′

a (F (a)) = ϕ(a)Hγ′
(F (a), a)

⇔ V γ′

a (a) = K̄(a, a) + γ′ < γ′,

where the inequality is due to the assumption (3.4). For this γ
′
, we have V γ

′

a (a) < γ
′
.

The monotonicity and continuity of W γ(F (a)) (due to the convexity of V γ
a (·))

with respect to γ, together with (3.36), implies that, for any a, there exists one and
only one γ such that V γ

a (a) = γ.

3.3. Methodology to find v(x) and (a∗, b∗). By using (3.27), namely, the
characterization of ua,b, we describe an optimization procedure based on Propositions
2.2 and 2.3.

1. Fix a > 0. Consider the function

(3.37) R(·, a) � K̄(F−1(·), a)
ϕ(F−1(·)) .

Define Wa(·) such that Va(x) = ϕ(x)Wa(F (x)) and, by the linear characteri-
zation (3.29), it is a straight line with a slope, say, β(a), and passes through

(F (0),Wa(F (0))) = (F (0), P−g(0)
ϕ(0) ). We can write the linear majorant, in

general,

(3.38) Wa(y) = β(a)y + δ.
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2. First stage optimization: For each slope β(a), we can calculate the value of
Wa(F (a)), but we have to find the Wa(·) function such that, at some point
F (b(a)), we have

(3.39) Wa(F (b)) = R(F (b), a) + Wa(F (a))
ϕ(a)

ϕ(b)
,

where we write b(a) ≡ b for notational simplicity. This requirement is equiv-
alent to finding γ in (3.34) in Lemma 3.6 such that

γ

ϕ(a)
= W γ

a (F (a)).

Let us denote the right-hand side of (3.39) by

(3.40) Φ(y, a) � R(y, a) + Wa(F (a))
ϕ(a)

ϕ(F−1(y))
, y ∈ (F (c), F (d)).

By Proposition 3.4, (0, b(a)) is the continuation region. If R is a differentiable
function with respect to the first argument, we can find the optimal point b(a)
analytically. In fact, it is to find a point b(a) such that the linear majorant
and the shifted function Φ(y, a) have a tangency point. This is equivalent
to calculating the smallest linear majorant of Φ(y, a) (due to Proposition 3.3
and the linear characterization (3.29)). Explicitly, we solve

(3.41)

(
K̄(b, a)

ϕ(b)

)′
− ϕ′(b)ϕ(a)

ϕ(b)2
δ = β(a)

(
F ′(b) +

ϕ′(b)ϕ(a)

ϕ(b)2
F (a)

)

for b(a), where β(a) is

(3.42) β(a) =
ϕ(b)R(F (b), a) − δ(ϕ(b) − ϕ(a))

F (b)ϕ(b) − F (a)ϕ(a)
.

For the absorbing boundary case, these equations can be easily modified. Let
us denote that D � Wa(F (0)) = (P − g(0))/ϕ(0). Then (3.41) and (3.42)
become, by substituting

δ = D − β(a)F (0)(3.43)

in (3.41),

(3.44)(
K̄(b, a)

ϕ(b)

)′
− ϕ′(b)ϕ(a)

ϕ(b)2
D = β(a)

(
F ′(b) +

ϕ′(b)ϕ(a)

ϕ(b)2
(F (a) − F (0))

)

and

(3.45) β(a) =
ϕ(b)R(F (b), a) −D(ϕ(b) − ϕ(a))

(F (b) − F (0))ϕ(b) − (F (a) − F (0))ϕ(a)
,

respectively.
3. Second stage optimization: To summarize up to this point, we set a and find

b(a) and in turn β(a). Now, let a vary, and choose, among β(a), the largest
slope β∗ � maxa∈R+ β(a), if it exists, and also the corresponding a∗ and
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b(a∗). Due to the characterization of the value function with (3.30), these a∗

and b∗ � b(a∗) must be the solution to (3.8).
If K̄(x, y) is a differentiable function with respect to both the first and second
arguments, then we can find a∗ analytically. If, for any a ∈ R+, Φ(y, a) is
strictly concave in y at F (b), a∗ must satisfy

(3.46)

(
∂K̄(b, a)

∂a
+ δϕ′(a)

)
(ψ(b) − ψ(a))

= −
(
K̄(b, a) − δ(ϕ(b) − ϕ(a))

)
(F ′(a)ϕ(a) + F (a)ϕ′(a)).

Therefore, in this case, our nonlinear optimization procedure is just to solve
(3.41) and (3.46) with (3.42), simultaneously. We postpone the derivation of
(3.46) to the appendix.

Remark 3.1. With respect to the third point of the proposed method above, we
should check if there exists a concave majorant as a ↓ 0. Namely, we consider whether

lim
x↓0

(K(x, a) − (g(x) − g(a)) + u(a)) < P − g(0)

holds in the neighborhood of a = 0. Since limx↓0 g(x) = lima↓0 g(a) and lima→0 u(a) =
u(0) = P − g(0) by the continuity of u, the last inequality holds due to (3.4).

3.4. Characterization of the intervention times and the value function:
General case. Let us move on to a general case where the mapping x → K̄

ϕ (x) :
R+ → R+ is not necessarily F -concave. First, we extend Proposition 3.4 to charac-
terize optimal intervention times.

Proposition 3.7. The value function v(x) for (3.8) is given by the smallest
solution majorizing g of v − g = L(v − g), and optimal intervention times T ∗i are
given by exit times from an interval if and only if, for all y ∈ R+,

(3.47) x → K̄(x, y) is continuous and q � lim sup
x→∞

D−
(
K̄

ϕ
◦ F−1

)
(x) is finite,

where D−f(x0) � lim supx↑x0

f(x)−f(x0)
x−x0

.
Proof. For any given a ∈ R+, if we can find the smallest linear majorant of

K̄(F−1(·),a)+γ
ϕ(F−1(·)) for an arbitrary γ ∈ R+, we can find γ = ϕ(a)Wa(F (a)) by Lemma 3.6.

Due to the constancy of γ, it suffices to show that condition (3.47) is necessary and

sufficient for the existence of concave majorant of K̄
ϕ ◦ F−1 on F (I). The sufficiency

is immediate. For the necessity, we assume that q = +∞. We can take a sequence
of points {xk} ⊂ R such that xk → ∞ and D−( K̄ϕ ◦ F−1)(xk) → ∞ as k → ∞.

If necessary, by taking a subsequence, we can make this sequence {xk} monotone.

Consider the smallest concave majorant of K̄
ϕ ◦F−1 on [F (0), F (xk)]. Call it vk(x). It

is clear that vk(x) is monotone increasing in k for all x ∈ [F (0), F (xk)]. As k → ∞,
xk → ∞ and v(x) ≥ vk(x). We thus have v(x) = limk→∞ vk(x) = ∞ for all x ∈ R+.
There is no optimal intervention policy.

Suppose that the F -concavity of the reward function is violated, so that the
intervention point may be multiple. For the rest of this subsection, as is practically
the case (see our examples in section 4), we study the case where Φ(y, a), with y =
F (x), is increasing to infinity and becomes eventually concave and then derive linear
characterization as in section 3.2.
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Let us consider a strategy where we have two intervention points b1 and b2 being
arbitrarily chosen such that 0 < b1 < b2. We want to characterize function Jν(x) as
in (3.5) again. Recall that there are no controls in a way that the process is pulled
up to avoid ruin. In other words, P

x[τ0 < ∞] = 1. Assume, for the moment, that
we always apply control at these boundaries b1 and b2 and then, once applied, the
process moves to a1 < b1 and a2 < b2, respectively.

If we start with a point x ∈ [0, b1], the problem is equivalent to the case we
considered already, since the process cannot go beyond the level b1. Hence by following
(3.26), we have for x ∈ [0, b1]

Jν
1 (x) � E

x

[∫ τ0

0

e−αsf(Xs)ds + e−ατ0P +
∑

Ti<τ0

e−αTiK(XTi−, XTi)

]

and

u1(x) = E
x[1{τb1<τ0}e

−ατb1u1(b1)] + E
x[1{τb1>τ0}e

−ατ0u1(0)], x ∈ [0, b1],

by defining u1(x) � Jν
1 (x) − g(x). If we start with a point x ∈ [b1, b2], there are two

strategies available:
(A) Let Xt move along. (It hits either b1 or b2 first.)
(B) Apply the control immediately (t = 0) by moving the process from x to a1

(the postcontrol point that corresponds to b1), and let the process start at
a1. (Recall that we do not let X enter into (b1,∞) after moving to a1.)

Consider strategy (A) first. Let us define

Jν
2 (x) � E

x

⎡
⎣∫ τb1

0

e−αsf(Xs)ds +
∑

Ti<τb1

e−αTiK(XTi−, XTi)

⎤
⎦ x ∈ [b1, b2].

By using the strong Markov property at the first intervention, we can reduce Jν
2 to a

simpler form. For any (a1, b1) and (a2, b2), we have

Jν
2 (x) = E

x[1{τb1<τb2}e
−ατb1K(Xτb1− , Xτb1

)−g(Xτb1
)+Jν

1 (Xτb1
)+g(Xτb1

)−g(Xτb1−)]

+ E
x[1{τb1>τb2}e

−ατb2K(Xτb2− , Xτb2
)−g(Xτb2

)+Jν
2 (Xτb2

)+g(Xτb2
)−g(Xτb2−)]+g(x).

We shall use u1(x) = Jν
1 (x) − g(x) in the first term. Now let us define u2(x) �

Jν
2 (x) − g(x). Then the last equation becomes

u2(x) = E
x[1{τb1<τb2}e

−ατb1K(Xτb1− , Xτb1
) + u1(Xτb1

) + g(Xτb1
) − g(Xτb1−)]

+ E
x[1{τb1>τb2}e

−ατb2K(Xτb2− , Xτb2
) + u2(Xτb2

) + g(Xτb2
) − g(Xτb2−)]

= E
x[1{τb1<τb2}e

−ατb1 (K̄(b1, a1) + u1(a1))]

+ E
x[1{τb1>τb2}e

−ατb2 (K̄(b2, a2) + u2(a2))](3.48)

on x ∈ [b1, b2]. By identifying K̄(b2, a2) + u2(a2) = u2(b2) and u2(b1) = K̄(b1, a1) +
u1(a1) = u1(b1) (the latter shows that u1(x) and u2(x) are connected at x = b1),
(3.49)

u2(x) =
ϕ(x)

ϕ(b1)

F (b2) − F (x)

F (b2) − F (b1)
u2(b1) +

ϕ(x)

ϕ(b2)

F (x) − F (b1)

F (b2) − F (b1)
u2(b2), x ∈ [b1, b2].
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To summarize this result, if we define Wi(·) � ui

ϕ ◦F−1(·) for i = 1, 2 on F (I), this is

again a linear function for each i. Hence by defining

WA(F (x)) �

⎧⎨
⎩
W1(F (x)) = W1(F (0))F (b1)−F (x)

F (b1)−F (0) + W1(F (b1))
F (x)−F (0)
F (b1)−F (0) , x ∈ [0, b1],

W2(F (x)) = W2(F (b1))
F (b2)−F (x)
F (b2)−F (b1)

+ W2(F (b2))
F (x)−F (b1)
F (b2)−F (b1)

, x ∈ [b1, b2],

we have a piecewise linear function on F (I).
Next consider strategy (B), whose value function is

WB(F (x)) �
{
W1(F (x)), 0 ≤ x ≤ b1,

W1(F (x)) � ϕ(a1)
ϕ(x) W1(F (a1)) + R(F (x), a1), b1 < x.

(3.50)

Lemma 3.8. (A) is better than (B) only if

β1 � W (F (b1)) −W (F (0))

F (b1) − F (0)
<

W (F (b2)) −W (F (b1))

F (b2) − F (b1)
� β2.

Proof. Since the value function of strategy (B) is (3.50), choosing (A) over (B) is
equivalent to

W1(F (x)) < W2(F (x)) on x > b1.

If W1(F (x)) majorizes W1(F (x)) on x ∈ [0,∞), then this problem reduces to the
F -concavity case discussed in the previous subsection. Hence we consider the case
where there exists some x ∈ [b1,∞) such that

W1(F (x)) < W1(F (x)).

Now suppose that we have β1 ≥ β2. Then it is clear that we cannot have W2(F (x)) >
W1(F (x)) on x ∈ [b1,∞).

There are two cases to consider:
(1) If W2(F (x)) majorizes W1(F (x)) on x ∈ [b1,∞), then we adopt the point b2

as an intervention point. In this case, β2 > β1 holds. However, this implies
that if we connect A � (F (0),W1(F (0))) and C � (F (b2),W2(F (b2))), then
this line segment AC is above the line segment connecting, piece by piece,
points A, B � (F (b1),W1(F (b1))) and C. We can show that there exists a
point b′ ≥ b2 such that its corresponding linear majorant W ′(F (x)) satisfies
W ′(F (x)) > W1(F (x)) on x ∈ [0, b1] and W ′(F (x)) > W2(F (x)) on [b1, b2].
The proof of the existence of a postintervention point a′ corresponding to this
point b′ follows in a similar manner to Lemma 3.6.

(2) If W2(F (x)) does not majorize W1(F (x)), we can find another point b̄, instead
of b1, such that the linear (not piecewise linear) function W (F (x)) corre-

sponding to b̄ majorizes R(F (x), ā)+W (F (ā))ϕ(ā)
ϕ(x) on x ∈ R+ by Proposition

3.7.
In either case, the value function in the transformed space should be a linear func-
tion that attains the largest slope among all of the possible linear majorants. This
argument holds true for any b1 and b2 with b1 < b2. We can continue this argument
inductively to the case of n intervention points (b1, . . . bn). We here summarize our
argument up to this point as a main proposition.
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Proposition 3.9. Suppose that (3.47) holds and the optimal continuation re-
gion is connected. The value function corresponding to (3.5) of the impulse problem
described in (3.3)–(3.8) is written as

v(x) =

{
v0(x) � ϕ(x)W ∗(F (x)) + g(x), 0 ≤ x ≤ b∗,

v0(a
∗) + K(x, a∗), b∗ ≤ x,

(3.51)

where W ∗(·) is the line segment connecting (F (0),W ∗(F (0))) and (F (b∗),W ∗(F (b∗)))
and satisfies the following:

1. W ∗(F (·)) is the smallest linear majorant of W ∗(F (a∗))ϕ(a∗)
ϕ(·) +R(F (·), a∗) and

meets with W ∗(F (a∗)) + R(F (·), a∗)ϕ(a∗)
ϕ(·) at point F (b∗) and passes (F (0),

P−g(0)
ϕ(0) ). If R is differentiable, (a∗, b∗) satisfy (3.41).

2. The slope of W ∗(·), denoted as β∗, is the largest slope among β(a)’s of all of
the possible linear majorants Wa(·).

Moreover, if the mapping x → K̄
ϕ (x) : R+ → R+ is F -concave, then the optimal

continuation region (0, b∗) is uniquely determined.
Note that, at x = 0,

v(0) = ϕ(0)W ∗(F (0)) + g(0) = ϕ(0)
P − g(0)

ϕ(0)
+ g(0) = P

as expected.
Remark 3.2. If the F -concavity of K̄/ϕ is violated, there are at least two possible

cases (and a combination of them) where we have multiple continuation regions with
a linear value function in the continuation region of the transformed space.

1. For some a∗i , with i = 1, 2, . . . , we have the common β∗. This is the case
which we shall show in the next example. In this case, the continuation
region is C = {(0, b∗1), (b∗1, b∗2), (b∗2, b∗3) . . . }, where b∗i corresponds to a∗i for
each i, and the intervention region is Γ = {{b∗1}, {b∗2}, {b∗3} . . . }. Each time
the process hits one of the points {b∗i }, the control pulls the process back to
the corresponding a∗i .

2. Another case is that, for the unique optimal a∗, there exist nonunique b∗1 and
b∗2. In this case, the continuation region is C = {(0, b∗1), (b∗1, b∗2)}, and the
stopping region is Γ = {{b∗1}, [b∗2,∞)}. If the process hits b∗1 or b∗2, then the
control pulls the process back to a∗ in either situation. It makes sense to
continue in the region (b∗1, b

∗
2) because there is a positive probability that one

can extract K̄(b∗2, a
∗)(> K̄(b∗1, a

∗)) within a finite time.

3.5. No absorbing boundary case. Next, we extend our argument to a prob-
lem without the absorbing boundary. Hence the process can move along in the state
space in an infinite amount of time. The problem becomes

(3.52) Jν(x) = E
x

[∫ ∞
0

e−αsf(Xs)ds +
∑
i=1

e−αTiK(XTi−, XTi)

]
.

We can characterize intervention times as exit times from a certain boundary and
simplify the performance measure (3.52):

Jν(x) = E
x

[∫ ∞
0

e−αsf(Xs)ds +
∑
i=1

e−αTiK(XTi−, XTi
)

]

= E
x[e−αT1{K(XT1−, XT1) − g(XT1−) + Jν(XT1)}] + g(x).
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The second equation is easily obtained in the same way as in the previous section by
noting that P

x(T1 < ∞) = 1. The last term does not depend on controls, so we define
u(x) � Jν(x) − g(x):

u(x) = E
x[e−αT1{K(XT1−, XT1) − g(XT1−) + g(XT1) + u(XT1)}].

Again, we consider the F -concave case with the notation Ti− = τb for all i, and we
have

u(x) = E
x[e−ατb(K(b, a) − g(b) + g(a) + u(a))] = E

x[e−ατb(K̄(b, a) + u(a))].

By defining W = (u/ϕ) ◦ F−1, we have

W (F (x)) = W (F (c))
F (b) − F (x)

F (b) − F (c)
+ W (F (b))

F (x) − F (c)

F (b) − F (c)
, x ∈ (c, b].

We should note that F (c) � F (c+) = ψ(c+)/ϕ(c+) = 0 and

W (F (c)) = lc � lim sup
x↓c

K̄(x, a)+

ϕ(x)

for any a ∈ (c, d]. For a more detailed mathematical meaning of this value lc, we refer
the reader to Dayanik and Karatzas [13]. We can effectively consider (F (c), lc) as the
absorbing boundary.

4. Examples. In this section, we work out some examples from financial engi-
neering problems. As described in section 3.3, the main task to find solutions now
reduces to analyzing the reward function in the transformed space and finding the
smallest linear majorant. Let us recall that, for given a ∈ R, the shifted reward
function in the transformed space is (3.40), that is,

(4.1) Φ(y, a) = R(y, a) + Wa(F (a))
ϕ(a)

ϕ(F−1(y))
, y ∈ (F (c), F (d)),

in which R(·, a) is given by (3.37) and Wa(·) is given by (3.38). For the purpose of
analyzing Φ(·, a), we recall some useful observations: If h(·) is twice-differentiable at
x ∈ I and y � F (x), then H

′
(y) = m(x) and H

′′
(y) = m

′
(x)/F

′
(x), with

(4.2) m(x) =
1

F ′(x)

(
h

ϕ

)′

(x), and H
′′
(y)(A− α)h(x) ≥ 0, y = F (x),

with strict inequality if H
′′
(y) 
= 0. These identities are of practical use in identifying

the concavities of H(·) when it is hard to calculate its derivatives explicitly. Before
the transformation defined by (3.28), (4.1) is of the form K̄(x, a) + u(a). Hence, for
a fixed a, we read h(x) = K̄(x, a) for the first term of (4.1) and h(x) = constant for
the second term of (4.1) to apply (4.2).

Remark 4.1. It is worth examining h(x) = k, where k ∈ R+ is a constant. The

first equation of (4.2) is m(x) = − kϕ′(x)
F ′(x)ϕ(x)2 > 0 since ϕ′(x) < 0 and F ′(x) > 0 for all

x ∈ I. As to the second inequality of (4.2), (A− α)k = −αk < 0. These facts imply
that the second term of (4.1) is always increasing and concave in the transformed
space for an a that makes Wa(F (a)) > 0.
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Example 4.1. Øksendal [24] considers the following problem:

(4.3) Jν
o (x) = E

x

[∫ ∞
0

e−αsX2
sds +

∞∑
i

e−αTi(c + λξi)

]
,

where X0
t = Bt is a standard Brownian motion and c > 0 and λ ≥ 0 are constants.

The Brownian motion represents the exchange rate of some currency, and each impulse
represents an interventions taken by the central bank in order to keep the exchange
rate in a given target zone. Here we are allowed only to give the system impulses
ζ with values in (0,+∞). By reducing a level from b to a (i.e., b > a) through
interventions, one can save continuously incurred cost (which is high if the process
is at a high level). The problem is to minimize the expected total discounted cost
vo(x) = infν J

ν
o (x). We want to solve its sup version and change the sign afterwards

(i.e., vo(x) = −v(x)):

v(x) = sup
ν

E
x

[∫ ∞
0

e−αs(−X2
s )ds−

∞∑
i

e−αTi(c + λξi)

]
.

Data: The continuous cost rate f(x) = −x2, and the intervention cost is K(x, y) =
−c − λ(x − y) in our terminology. By solving the equation (A− α)v(x) = 1

2v
′′
(x) −

αv(x) = 0, we find ψ(x) = ex
√

2α and ϕ(x) = e−x
√

2α. Hence F (x) = e2x
√

2α and
F−1(x) = log x

2
√

2α
. g(x) can be calculated by Fubini’s theorem:

g(x) = E
x

[∫ ∞
0

−e−αs(x + Bs)
2ds

]
= −

(
x2

α
+

1

α2

)
.

Note that, when b > a, g(a)− g(b) > 0 is the source of cost savings. Hence K̄(x, a) =

−c− λ(x− a) + x2−a2

α .

Analysis of the reward function: Let us fix a > 0 and consider h(x) � K̄(x, a) =

−c − λ(x − a) + x2−a2

α and H(y) � (h/ϕ)(F−1(y)), y > 0. By the first equation

in (4.2), the sign of ( h
ϕ )′(x) will lead us to conclude that H(F (x)) is increasing to

infinity from a certain point, say, x = p on (p,∞), and so is H(F (x)). Also, by direct
calculation, H ′(+∞) = 0, from which we can assert that the value function is finite
by Proposition 3.7.

If we set p(x) � −x2 + a2 + λα(x− a) + αc + 1/α, then (A− α)h(x) = p(x) for
every x > 0. This quadratic function p(x) possibly has one or two positive roots. Let
k be the largest one. Since limx→∞ p(x) = −∞, by the second inequality in (4.2),
H(·) is concave on (F (k),+∞). Hence H(y, a) is increasing (to infinity) and concave
on y ∈ (F (k),∞). Since it is obvious that there exists a such that W (F (a)) > 0, due
to Remark 4.1, the second term of (4.1) is increasing and concave on R+.

Since the cost function in the transformed space is increasing and concave from
a certain point on, there is a linear majorant that touches the cost function once and
only once. We can conclude that, for any a > 0 and the parameter set, we have a
connected continuation region in the form of (0, b∗).

Solution: For a fixed a, let us define Wa(·) such that Va(x) = ϕ(x)Wa(F (x)) and

r(x, a) = −c if x < a and r(x, a) = h(x) = −c− λ(x− a) + x2

α − a2

α if x ≥ a. Then we
have, for any a > 0,

(4.4) l−∞ = lim sup
x↓−∞

r(x, a)+

ϕ(x)
= 0.
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Recall that the left boundary −∞ is natural for a Brownian motion. Hence Wa(y) that
passes the origin of the transformed space is the straight-line majorant of R(·, a) +
Wa(F (a))/ϕ(F−1(·)), where R(·, a) is defined in (3.37):

R(y, a) =

{
−c

√
y, 0 ≤ y ≤ F (a),

H(y, a) =
√
y
(
−c− λ

2
√

2α
log y + λa + (log y)2

8α2 − a2

α

)
, y > F (a).

We can represent Wa as W (y) = βy. Since R(x, a) is differentiable with respect to x
on x ≥ a, we can use (3.41) to find b(a) and corresponding β(a). Then by varying a,
one can find the optimal (a∗, b∗, β∗). Going back to the original space, on x ∈ (−∞, b∗]

ṽ(x) � supu(x) = ϕ(x)W ∗(F (x)) = ϕ(x)(β∗)F (x) = β∗ex
√

2α.

To get v(x) = supν J
ν(x), we add back g(x):

v(x) = ṽ(x) + g(x) = β∗ex
√

2α −
(
x2

α
+

1

α2

)
.

Finally, flip the sign, and obtain the optimal cost function

vo(x) =

{
v̂o(x) �

(
x2

α + 1
α2

)
− β∗ex

√
2α, 0 ≤ x ≤ b∗,

v̂o(a
∗) + c + λ(x− a∗), b∗ ≤ x,

which coincides with the solution given by Øksendal [24]. Figure 1 displays the solu-
tion with parameters (c, λ, α) = (150, 50, 0.2).

Example 4.2. This example is a dividend payout problem where the underlying
process follows an Ornstein–Uhlenbeck process. This problem was originally studied
by Cadenillas, Sarkar, and Zapatero [6]. Suppose that X0 has the dynamics

dX0
t = δ(m−Xt)dt + σdWt, t ≥ 0,

where δ > 0, σ > 0, and m ∈ R. Only positive impulse is allowed in this problem.
We consider the impulse control problem

v(x) � sup
ν∈S

E
x

[ ∞∑
Ti<τ0

e−αTi(−K + kξγi )

]
,

with some positive constants K, k and the risk-aversion parameter γ ∈ (0, 1].
Data: x = 0 is an absorbing boundary. Since ξ ∈ R+, we have

K̄(x, y) = k(x− y)γ −K, x > y > 0.

Since f(x) = 0 for all x ∈ R, we have g(x) = 0. The functions ψ(·) and ϕ(·) are
positive, increasing, and decreasing solutions of the differential equation (A−α)v(x) =
(1/2)σ2v

′′
(x)+δ(m−x)v

′
(x)−αv(x) = 0. We denote, by ψ̃(·) and ϕ̃(·), the functions

of the fundamental solutions for the auxiliary process Zt � (Xt −m)/σ, t ≥ 0, which
satisfies dZt = −δZtdt + dWt. For every x ∈ R,

ψ̃(x) = eδx
2/2D−α/δ(−x

√
2δ), ϕ̃(x) = eδx

2/2D−α/δ(x
√

2δ),
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Fig. 1. (a) The plot of β(a) against a, the former being maximized at a∗ = 5.077 with β∗ =

0.0492. (b) The functions R(F (·), a∗) shifted by the amount Wa∗ (F (a∗))
ϕ(a)
ϕ(x)

(lower curve) and the

majorant Wa∗ (F (·)) (upper curve) corresponding to a∗, giving us b∗ = 12.261. (c) The cost function
vo(x). (d) The derivative of vo(x), showing that the smooth-fit principle holds at b∗.

ψ(x) = ψ̃((x−m)/σ), and ϕ(x) = ϕ̃((x−m)/σ), where Dν(·) is the parabolic cylinder
function (see [5, Appendices 1.24 and 2.9] and [8, Section 6.3]). By using the relation

(4.5) Dν(z) = 2−ν/2e−z
2/4Hν(z/

√
2), z ∈ R,

in terms of the Hermite function Hν of degree ν and its integral representation,

(4.6) Hν(z) =
1

Γ(−ν)

∫ ∞
0

e−t
2−2tzt−ν−1dt, Re(ν) < 0

(see, for example, [21, pp. 284, 290]).
Analysis of the reward function: Let us consider the function

h(x) � k(x− a)γ −K, x > 0, γ ∈ (0, 1].

Since the function h(·) is positive when x is large enough and it is increasing to infinity
on the whole real line, so is the function H(y) = (h/ϕ) ◦ F−1(y), y ∈ (0,∞).

Since it is obvious that there exists a such that W (F (a)) > 0, due to Remark 4.1,
the second term of (4.1) is increasing and concave on (F (0),∞). Let us concentrate
on the first term and define the function

p(x) � 1

2
σ2kγ(γ − 1)xγ−2 + mδkγxγ−1 − k(δγ + α)xγ + αK,

which satisfies (A − α)h(x) = p(x). By using (4.2), H
′′
(y) and p(F−1(y)) have the

same sign at every y where h is twice-differentiable. Hence we study the (positive)
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roots of p(x) = 0. We have to divide two cases: (1) γ = 1 and (2) γ < 1. In either
case, it can be shown that H

′
(+∞) < ∞ by using (4.5) and (4.6) and the identity

H′ν(z) = 2νHν−1(z), z ∈ R. Therefore, the finiteness of the value function is proved.
(1) γ = 1: h(·) reduces to a linear function, and p(x) = 0 always has one positive

root, say, p > 0. The H(·) function is convex on [0, F (p)) and concave on
(F (p),+∞). Hence we have a connected continuation region (0, b∗).

(2) γ < 1: We observe that limx↓0 p(x) =−∞, limx↑+∞ p(x) =−∞, limx↓0 p
′(x) =

+∞, and limx↑+∞ p(x) = 0−. A direct analysis of p
′
(x) shows that there is

only one stationary point in (0,∞), and the number of the roots of p(x) = 0
is either 0, 1, or 2. Hence, in the first two cases, H(·) is concave on [0,∞) and
the continuation region is connected. In the last case there are two roots, say,
0 < p1 < p2. The H(·) function is then concave on [0, F (p1)) ∪ (F (p2),+∞)
and is convex on (F (p1), F (p2)). Since H(·) increases and is concave on
y ∈ (F (p2),∞), we can conclude that the continuation region is connected in
this case as well.

Solution: Let us move on to finding an optimal continuation region. Unlike the
previous example, it is not easy (at least analytically) to find F−1(y) explicitly. But
it is not necessary. We can solve (3.44) for b(a) with D = 0:(

K̄(b, a)

ϕ(b)

)′
=

K̄(b, a)

ϕ(b)(F (b) − F (0)) − ϕ(a)(F (a) − F (0))

(
F ′(b) +

ϕ′(b)ϕ(a)

ϕ(b)2
(F (a) − F (0))

)
.

As in the previous examples, Wa(·) is a straight line passing (F (0), 0) in the form of
Wa(y) = β(y − F (0)). The value function v(x) in x ∈ (0, b∗) is

v̂(x) = ϕ(x)W (F (x)) = β(F (x) − F (0))ϕ(x)

= β∗(ψ(x) − F (0)ϕ(x)) = β∗e
δ
2

(x−m)2

σ2

{
D−α/δ

(
−
(
x−m

σ

)√
2δ

)

− F (0)D−α/δ
((

x−m

σ

)√
2δ

)}
.

Therefore, the solution to the problem is

v(x) =

{
v̂(x), 0 ≤ x ≤ b∗,

v̂(a∗) + k(x− a∗)γ −K, b∗ ≤ x.

This solves the problem. See Figure 2(b) for the value function in the case of pa-
rameters δ = 0.1, m = 0.9, σ = 0.35, α = 0.105 for the diffusions. As for the
reward/cost function parameters, k = 0.7, K = 0.1, and γ = 0.75. The solution is
(a∗, b∗, β) = (0.2192, 0.6220, 0.5749).

Example 4.3. We show a simple example where we have multiple continuation
regions, the first case of Remark 3.2. Let the uncontrolled process be a standard
Brownian motion Bt, and let α = 0, f = 0, and

K(x, y) = −c(sinx− sin y) − δ,

with c ∈ R+ and δ ∈ R+ being some constant parameters. We want to solve

v(x) = sup
ν∈S

E
x

[ ∑
Ti<τ0

(ξi − δ)

]
.
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(b)

Fig. 2. (a) The value function for the Cadenillas–Sarkar–Zapatero [6] problem and (b) its
derivative.

In this case F (x) = x, and let us define

R(x, a) = r(x, a) =

{
0, x = 0,

−c(sinx− sin a) − δ, x > 0.

By solving (3.41) with some parameter (c, δ) = (10, 0.35), we find that a∗k = 2.75+4kπ
and b∗k = 3.52 + 4kπ, with k = 0, 1, 2 . . . . For all of these pairs, β∗ has a common
value of 9.30. Hence all of these pairs are optimal. This implies that if the initial state
x ∈ (b∗k, b

∗
k+1), then we let the process move until it reaches b∗k or b∗k+1. If it reaches

b∗k first, then an intervention is made to a∗k. Now we are in the interval (b∗k−1, b
∗
k). We

continue until the process is absorbed at x = 0.

5. Conclusions. Before we conclude this article, we shall mention an immediate
extension to two boundary impulse control problems:

(5.1)

Jν(x) = E
x

⎡
⎣∫ ∞

0

e−αsf(Xs)ds +
∑
i=1

e−αTiC1(XTi−, XTi) +
∑
j=1

e−αSjC2(XSj−, XSj )

⎤
⎦

and

(5.2) v(x) = sup
ν

Jν(x) = Jν∗
(x)

for all x ∈ R, where

ν = (T1, T2, . . . ; ζ1, ζ2, . . . ;S1, S2, . . . ; η1, η2, . . . ),

with ζi > 0 corresponding to interventions at the upper boundary at intervention
time Ti and ηj < 0 at the lower boundary at intervention time Sj .

Examples of this type include the storage model analyzed by Harrison, Sellke, and
Taylor [15] and the foreign exchange rate model studied by Jeanblanc-Picqué [17]. The
former problem, for example, is that a controller continuously monitors the inventory
so that the inventory level will not fall below the zero level. He is allowed to make
interventions by increasing and decreasing the inventory by paying costs associated
with interventions. In this case, the process remains within some band(s). In other
words, the optimal intervention times are characterized as exit times from an interval
in the form of (p∗, b∗) for 0 ≤ p∗ < b∗. See Korn [20] for a survey.
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Under suitable assumptions, we can develop an argument similar to the previous
sections. Among others, the intervention times can be characterized as exit times
from an interval (p∗, b∗). We can also simplify the performance measure:

Jν(x) = E
x[1{T1<S1}e

−αT1{C1(XT1−, XT1
) − g(XT1−) + Jν(XT1

)}]
+ E

x[1{T1>S1}e
−αS1{C2(XS1−, XS1) − g(XS1−) + Jν(XS1)}] + g(x),

where g(x) = E
x
∫∞
0

e−αsf(X0
s )ds as usual. Again, the last term does not depend on

controls, we define u(x) as u(x) = Jν(x) − g(x),

(5.3) u(x) = E
x[1{τb<τp}e

−ατbu(b)] + E
x[1{τb>τp}e

−ατpu(p)], x ∈ [p, b],

where T1 = τb and S1 = τp, and it follows that

u(x)

ϕ(x)
=

u(b)(F (x) − F (p))

ϕ(b)(F (b) − F (p))
+

u(p)(F (b) − F (x))

ϕ(p)(F (b) − F (p))
, x ∈ [p, b].(5.4)

Hence if we define W � u
ϕ ◦ F−1, we have linear characterization again in the trans-

formed space:

(5.5) W (F (x)) = W (F (b))
F (x) − F (p)

F (b) − F (p)
+ W (F (p))

F (b) − F (x)

F (b) − F (p)
, x ∈ [p, b],

and the solution to the problem is described as

u(x) =

⎧⎪⎨
⎪⎩
C̄2(x, q) + u0(q), x ≤ p,

u0(x) � E
x[1{τb<τp}e

−ατbu(b)] + E
x[1{τb>τp}e

−ατpu(p)], p ≤ x ≤ b,

C̄1(x, a) + u0(a), b ≤ x,

where C̄i(x, y) = Ci(x, y) − g(x) + g(y) for i = 1 and 2.
We have studied impulse control problems. The intervention times are character-

ized as exit times of the process from a finite union of disjoint intervals on the real
line. A sufficient condition is given for the connectedness of the continuation region.
The value function is shown to be linear in the continuation region of the transformed
space, and a direct calculation method is described. This method can handle im-
pulse control problems with nonsmooth reward and cost functions. The finiteness of
the value function is shown to be equivalent to the existence of a concave majorant
of the suitable transformed reward function. The latter is easier to check by using
elementary geometric arguments.

The new characterization of the value function and optimal strategies can be
extended to other optimization problems, such as optimal switching and combined
problems of optimal stopping and impulse control. If an optimal strategy exists in
the class of exit times, then the problem can be reduced to a sequence of optimal
stopping problems, and an effective characterization of the value function is possible.

Appendix A.

A.1. Proof of Lemma 3.2. To make the proof more intuitive, we will work with
(3.14) rather than with (3.15) where the integration part is converted to g functions.
For this purpose, it is convenient to define the following two operators Mo : H → H
and Lo : H → H:

(A.1) Mou(x) = sup
y∈R

[K(x, y) + u(y)]
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and

(A.2) Lou(x) = sup
τ∈S

E
x

[∫ τ

0

e−αsf(Xs)ds + e−ατMou(Xτ−)

]
.

Hence we can proceed with the arguments developed by Davis [12]. In terms of the
two operators just defined, (3.14) becomes

wn+1(x) = sup
τ∈S

E
x

[∫ τ

0

e−αsf(Xs)ds + e−ατMown(Xτ−)

]
(A.3)

= Lown(x).(A.4)

(1) wn = vn for all n: Note that F -concavity of the function K̄/ϕ guarantees
that the value u(y) in (3.12) is a finite number as is shown in Proposition 3.4. Hence
f and Mwn satisfy the condition (polynomial growth) of Theorem 7.2 in Øksendal
and Sulem [25], which shows that wn = vn.

(2) v(x) = limn→∞ wn(x): Since wn is monotone increasing, the limit w(x) =
limn→ wn(x) exists. Since Sn ⊂ S, wn(x) ≤ v(x). Hence w(x) ≤ v(x). To show the
reverse inequality, we define S∗ be a set of interventions such that

S∗ = {ν ∈ S : Jν(x) < ∞ for all x ∈ R}.

Let us assume that v(x) < +∞ and consider strategy ν∗ ∈ S∗ such that

(A.5) Jν∗
(x) ≥ v(x) − ε

for some ε > 0 and another strategy νn that coincides with ν∗ up to and including
time Tn and then takes no further interventions.

Jν∗
(x) − Jνn(x) = E

x

⎡
⎣∫ ∞

Tn

e−αs(f(Xs) − f(X0
s ))ds +

∑
i≥n+1

e−αTiK(XTi−, XTi)

⎤
⎦ ,

which implies that

|Jν∗
(x)−Jνn(x)| ≤ E

x

⎡
⎣∫ ∞

Tn

e−αs(|f(Xs)| + |f(X0
s )|)ds +

∑
i≥n+1

e−αTi |K(XTi−, XTi)|

⎤
⎦ .

As n → +∞, Tn → +∞, and the first term of the right-hand side can be arbitrarily
small due to (3.6); so is the second term by the finiteness of v(x) with (3.7). Hence it
is shown that |Jν∗

(x)−Jνn(x)| < ε for n large enough, which implies with (A.5) that

lim inf
n→+∞

Jνn(x) ≥ Jν∗
(x) − ε ≥ v(x) − 2ε

so that v(x) ≤ limn→+∞ vn(x) since ε is arbitrary. Now we have established that
v(x) = limn→ wn(x) when v(x) < +∞. Next, consider the case of v(x) = +∞. Then
by the recursive method described in section 3.1, we see that v1(x) = w1(x) = ∞.
By the first statement of this lemma, we can conclude that vn(x) = wn(x) = ∞ for
all n ∈ N, obtaining v(x) = limn→∞ wn(x). This completes the proof of the second
statement.
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(3) w = Low : Since wn ↑ w, we have the following chain of equalities:

Mow(x) = sup
y∈R

[K(x, y) + w(y)] = sup
y∈R

sup
n∈N

[K(x, y) + wn(y)]

= sup
n∈N

sup
y∈R

[K(x, y) + wn(y)] = sup
n∈N

Mown(x).

In view of this, if we take the limit on both sides of (A.3) as n → ∞, by the monotone
convergence theorem,

w(x) = sup
τ∈S

E
x

[∫ τ

0

e−αsf(Xs)ds + e−ατMow(Xτ−)

]
.

This shows that w = Low. Suppose that w′(x) satisfies w′ = Low
′ and majorizes

g(x) = v0(x). Then w′ = Low
′ ≥ Lov0 = w1. If we assume that w′ ≥ vn, then

w′ = Low
′ ≥ Lovn = vn+1 = wn+1.

This shows that, by the induction argument, we have w′ ≥ wn for all n, leading to
w′ ≥ limn→∞ wn = w. Thus it shows that w is the smallest solution majorizing g of
the functional equation w− g = L(w− g). This completes the third statement of the
lemma.

A.2. Derivation of (3.46). The first order condition of the optimality with
respect to a is

(A.6) dβ(a)/da = dβ/db× db/da = 0.

For a fixed a, from (3.41) by viewing β as a function of state x = F−1(y), that is,
β = β(F−1(y)), it is clear that dβ(F−1(y))/dy = 1

F ′(x)dβ/dx. Since F ′(x) > 0 for all

x ∈ I, we have dβ(F−1(y))/dy = 0 if and only if dβ/dx = 0. But dβ(F−1(y))/dy = 0
at x = F−1(y) = b implies the following: At x = b(a), where the shifted function
Φ(y, a) becomes tangent to the linear function Wa(F (x)) = β(a)F (x) + δ, the second
derivative of the shifted function vanishes. But it is clearly impossible if Φ(y, a) is
strictly concave at F (b). Hence in view of (A.6), we can claim that dβ(a)/da = 0
only if db/da = 0, provided that Φ(y, a) is strictly concave at y = F (b). Now we
differentiate (3.42) with respect to a with noting db/da = 0, and we obtain (3.46). In
particular, for the case of absorbing boundary, (3.46) is of the form:

(
∂K̄(b, a)

∂a
+ Dϕ′(a)

)
((F (b) − F (a))ϕ(b) − (F (a) − F (0))ϕ(a))

= −
(
K̄(b, a) −D(ϕ(b) − ϕ(a))

)
(F ′(a)ϕ(a) + (F (a) − F (0))ϕ′(a)) ,

which is to be solved simultaneously with (3.44) and (3.45).
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LOCAL CONTROLLABILITY OF A ONE-DIMENSIONAL BEAM
EQUATION∗

KARINE BEAUCHARD†

Abstract. We prove that the beam equation with clamped ends is locally controllable in a
H5+ε × H3+ε((0, 1),R)-neighborhood of a particular trajectory of the free system, with ε > 0 and
with control functions in H1

0 ((0, T ),R). Ball,. Marsden, and Slemrod already proved that this
equation is not controllable in H2

0 × L2((0, 1),R) with control functions in Lr
loc(R,R), r > 1. This

article justifies that their negative result is due to a choice of functional spaces which does not allow
controllability. Our proof uses moment theory and the Nash–Moser theorem.

Key words. control of partial differential equations, bilinear control problem, beam equation,
Nash–Moser theorem, trigonometric moment problem
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1. Introduction.

1.1. Main result. We consider the beam equation with clamped ends

(Σ)

{
utt + uxxxx + p(t)uxx = 0, (t, x) ∈ R+ × (0, 1),
u = ux = 0 at x = 0, 1.

It is a nonlinear control system where
• the state is the couple (u, ut) and
• the control is the real-valued function t �→ p(t).

We introduce the operator A defined by

(1.1) D(A) := H4 ∩H2
0 ((0, 1),R), Av :=

d4v

dx4
.

Let (λn)n∈N∗ ⊂ R
∗
+ be the increasing sequence of eigenvalues of A and (ϕn)n∈N∗

associated orthonormalized eigenvectors. Then, for every n ∈ N
∗, the functions

ϕn(x) cos(
√

λnt) and ϕn(x) sin(
√

λnt)

are solutions of (Σ), with p ≡ 0. For s > 0, we introduce the space

(1.2) Hs
(0)((0, 1),R) := D(As/4),

equipped with the norm

(1.3) ‖ϕ‖Hs
(0)((0,1),C) :=

( ∞∑
k=1

|λs/4
k 〈ϕ,ϕk〉|2

)1/2

.
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In particular, we have

(1.4)
Hs

(0)((0, 1),R) = {ϕ ∈ Hs((0, 1),R);ϕ = ϕ′ = 0 at x = 0, 1} for s ∈ {2, 3, 4},
H5

(0)((0, 1),R) = {ϕ ∈ H5((0, 1),R);ϕ = ϕ′ = ϕ(4) = 0 at x = 0, 1},
Hs

(0)((0, 1),R) = {ϕ ∈ Hs((0, 1),R);ϕ = ϕ′ = ϕ(4) = ϕ(5) = 0 at x = 0, 1}
for s = 6, 7, 8.

The main result of this article is the following one.
Theorem 1. Let T := 8/π, ε > 0, and

(1.5) uref (t, x) := ϕ2(x) sin(
√

λ2t) + ϕ3(x) sin(
√

λ3t).

There exists a neighborhood V0 of (uref (0), u̇ref (0)) and a neighborhood VT of (uref (T ),
u̇ref (T )) in H5+ε

(0) × H3+ε
(0) ((0, 1),R) such that, for every (u0, u̇0) ∈ V0, for every

(uT , u̇T ) ∈ VT , there exists p ∈ H1
0 ((0, T ),R) such that the solution of (Σ) with

(u(0), u̇(0)) = (u0, u̇0) and control p satisfies (u(T ), u̇(T )) = (uT , u̇T ).

1.2. A previous noncontrollability result. In [1], Ball, Marsden, and Slem-
rod discuss the controllability of infinite dimensional bilinear control systems of the
form

(1.6) ẇ(t) = Aw(t) + p(t)Bw(t).

Thanks to the Baire lemma, they prove the following noncontrollability result.
Theorem 2. Let X be a Banach space with dim(X) = +∞. Let A generate a

C0-semigroup of bounded linear operators on X and B : X → X be a bounded linear
operator. Let w0 ∈ X be fixed, and let w(t; p, w0) denote the unique solution of (1.6)
for p ∈ L1

loc([0,+∞),R). The set of states accessible from w0 defined by

S(w0) := {w(t; p, w0); t � 0, p ∈ Lr
loc([0,∞),R), r > 1}

is contained in a countable union of compact subsets of X and, in particular, has a
dense complement.

We can write (Σ) in the first order form (1.6), with

(1.7) w :=

(
u
ut

)
, A :=

(
0 I

−A 0

)
, B =

⎛
⎝ 0 0

− d2

dx2
0

⎞
⎠ .

Let X := H2
0 ((0, 1),R) × L2((0, 1),R), with inner product

〈(u1, u2), (v1, v2v)〉X :=

∫ 1

0

(
A1/2u1A

1/2v1 + u2v2

)
dx.

As noticed in [1], Theorem 2 shows that, for every (u0, u̇0) ∈ X, the set of (u, ut) in X
accessible from (u0, u̇0) with controls in Lr

loc([0,∞),R), r > 1, has a dense complement
in X. In particular, (Σ) is not controllable in H2

0 ((0, 1),R)×L2((0, 1),R), with control
functions p in L2

loc([0,+∞),R).
However, this theorem does not give any obstruction for having controllability in

other spaces. For example, Theorem 2 does not apply with

X̃ := Hs
(0) ×Hs−2

(0) ((0, 1),R) for s ∈ N
∗, s � 3

instead of X. Indeed,
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• A generates a C0-semigroup of bounded linear operators of X̃ (we refer to
Remark 1 in section 2 for a justification of this statement),

• for w = (w1, w2)
t ∈ X̃, Bw = (0,−w′′2 )t belongs to Hs

(0) ×Hs−2((0, 1),R),

• but in general w′′2 does not vanish at x = 0, 1, so Bw does not belong to X̃

(see (1.4)), and thus B does not map X̃ into X̃.
Notice that Theorem 2 does not apply either with

X := H3
(0) ×H1((0, 1),R)

(which is a space such that B maps X into X) instead of X, because A does not
generate a C0 semigroup of bounded operators of X (we refer to Proposition 8 for a
proof of this statement).

In this article, we prove a local controllability result in H5+ε
(0) ×H3+ε

(0) ((0, 1),R), with

ε > 0 and with control functions p in H1
loc(R+,R). Thus, the noncontrollability result

proved by Ball, Marsden, and Slemrod relies on the fact that the choice of functional
spaces does not allow controllability. In order to state affirmative controllability
results, one must

• either control (u, ut) in H2
0 × L2((0, 1),R) but with a control functions set

larger than ∪r>0L
r
loc(R+,R), for example, H−1

loc (R+,R),
• or control (u, ut) using the control functions set L2

loc(R+,R) but in a smaller
space than H2

0 × L2((0, 1),R), for example, H3
(0) ×H1

0 ((0, 1),R).

1.3. Sketch of the proof. The result of Theorem 1 is a local controllability
result, in time T = 8/π, around the trajectory (uref , u̇ref , p ≡ 0) for the nonlinear
control system (Σ). It is equivalent to a local surjectivity property for the map

(1.8) ΦT : (u0, u̇0, p) �→ (u0, u̇0, u(T ), ut(T )),

where T = 8/π and u is a solution of (Σ) with initial condition u(0) = u0, ut(0) = u̇0.
For the proof of such results, there exists a classical approach which consists of

• first proving the global controllability of the linearized system around the
trajectory considered (which corresponds to the surjectivity of dΦT (uref (0),

uref
t (0), 0)) and

• then applying the inverse mapping theorem to the nonlinear map ΦT , which
gives a local surjectivity property for ΦT around (uref

0 , u̇ref
0 , 0).

The general strategy adopted in this article is this one, but we will see that the
classical inverse mapping theorem is not sufficient to conclude. Thus, we use a more
elaborate version of the inverse mapping theorem, namely, the Nash–Moser implicit
functions theorem. This strategy has already been used for Schrödinger equations in
[3], [4], [2].

First, we consider the linearized system around the trajectory (uref , u̇ref , p ≡ 0)
defined by (1.5), which is

(Σref
l )

{
Utt + Uxxxx + P (t)uref

xx = 0, (t, x) ∈ (0,∞) × R,
U = Ux = 0 at x = 0, 1.

It is a linear control system where
• the state is the couple (U,Ut) and
• the control is the real-valued function t �→ P (t).

We prove the following controllability result for this system.
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Theorem 3. (1) For every T > π/
√
λ2, for every (UT , U̇T ) ∈ H3

(0)×H1
0 ((0, 1),R),

there exists P ∈ L2((0, T ),R) such that the solution of (Σref
l ) with (U(0), U̇(0)) =

(0, 0) and control P satisfies (U(T ), U̇(T )) = (UT , U̇T ).
(2) For every T > 0, there exists (UT , U̇T ) ∈ H3

(0)×H1
0 ((0, 1),R), (resp., (UT , U̇T ) ∈

H2
0 × L2((0, 1),R)) such that, for every P ∈ H1((0, T ),R) (resp., P ∈ L2((0, T ),R)),

the solution of (Σref
l ) with (U(0), U̇(0)) = (0, 0) and control P satisfies (U(T ), U̇(T )) �=

(UT , U̇T ).

Therefore, the linear system (Σref
l ) is controllable in H3

(0) × H1
0 ((0, 1),R) with

control functions in L2((0, T ),R), but it is neither controllable in H3
(0) ×H1

0 ((0, 1),R)

with control functions in H1((0, T ),R) nor controllable in H2
0 × L2((0, 1),R) with

control functions in L2((0, T ),R). As we will see precisely in section 4, statement
(2) of Theorem 3 shows that the local controllability around (uref , u̇ref , 0) cannot be
obtained by applying the classical inverse mapping theorem. Roughly speaking, the
controls built for the control of the linearized system are not smooth enough for the
application of the inverse mapping theorem.

Thus, in order to prove Theorem 1, we use a Nash–Moser theorem. This theorem
is an elaborate version of the inverse mapping theorem. It gives the local surjectivity
of a nonlinear map Θ around a point xref thanks to essentially 3 assumptions:

(1) There exist decreasing sequences of spaces (Ea)a�0, (Fb)b�0 such that
– Θ : Ea → Fa is C2 for every a,
– there exist smoothing linear operators (Sθ)θ>0 (resp., (S̃θ)θ>0) defined

on the spaces Ea (resp., Fb) with Sθ → Id (resp., S̃θ → Id) when
θ → +∞,

– the norms of the operators Id − Sθ, Sθ : Ea → EA for a �= A (resp.,
Id− S̃θ, S̃θ : Fb → FB for b �= B) are bounded by an explicit expression
in terms of θ, a, A (resp., θ, b, B)

(2) one knows a particular explicit bound on the second differential d2Θ(x) for x
in a neighborhood of xref ;

(3) for every x in a neighborhood of xref , the differential dΘ(x) has a right
inverse dΘ(x)−1 : Fb1 → Ea1

, where a1 < b1, that satisfies particular explicit
estimates, called “tame estimates.”

We refer to section 5 to see more precisely what the explicit expressions mentioned
above look like (the bounds on the smoothing operators mentioned in (1) are given in
(5.1), (5.2), (5.3), (5.4); the bound of the second differential mentioned in (2) is given
in (5.6); the tame estimates mentioned in (3) are given in (5.7), (5.8)).

The main differences between the inverse mapping theorem and the Nash–Moser
theorem are the following:

• The Nash–Moser theorem needs a weaker surjectivity property on dΘ(xref ).
Indeed, the inverse mapping theorem needs the surjectivity of the map
dΘ(xref ) : Ea1

→ Fa1
(with the same index a1 in both sides; i.e., the non-

linear map Θ has to be C1 between Ea1
and Fa1

), whereas the Nash–Moser
theorem needs the existence of a right inverse dΘ(xref )−1 defined on a space
Fb1 strictly included in Fa1 , with values in Ea1 . Thus dΘ(xref ) does not need
to be surjective from Ea1 to Fa1 .

• The Nash–Moser theorem needs a surjectivity property for all of the differ-
entials dΘ(x) for x in a neighborhood of xref , whereas the inverse mapping
theorem requires the surjectivity of the differential dΘ(x) only at the point
x = xref . This assumption is often the most difficult to check in the applica-
tions of this theorem.
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The rest of the paper is organized as follows.
In section 2, we give the definition of solutions for the nonlinear system (Σ), and

we recall classical results about the existence, the uniqueness, and the regularity of
these solutions. We also prove bounds on those solutions that will be used many times
in this article. Finally, we define spaces Ea and Fb such that the map ΦT defined by
(1.8) is a C1 map from Ea to Fa for every a.

Section 3 is devoted to the proof of Theorem 3. In subsection 3.1, we state and
prove some preliminary results about the eigenvalues and eigenvectors of the operator
A defined by (1.1). In subsection 3.2, we prove Theorem 3.

In section 4, we explain in detail why Theorem 1 cannot be deduced from the
first statement of Theorem 3 by applying the classical inverse mapping theorem to
the map ΦT .

In section 5, we state and prove a Nash–Moser implicit function theorem inspired
by [20]. The following sections are dedicated to the verification of each assumption of
this theorem, i.e., points (1), (2), and (3) presented above.

In section 6, we present a construction of smoothing operators Sθ, on the spaces
Ea and Fb (defined in section 2), with the desired explicit bounds in terms of θ, a,
and A for the linear map Sθ : Ea → EA, a < A (i.e., point (1)).

In section 7, we prove a bound on the second differential d2ΦT (i.e., point (2)).

In section 8, we prove the existence of a right inverse for dΦT (uref
0 , u̇ref

0 , 0) with
tame estimates (i.e., the case x = xref in point (3)).

In section 9, we prove the existence of a right inverse for dΦT (u0, u̇0, p) with tame

estimates, for every (u0, u̇0, p) in a small neighborhood of (uref
0 , u̇ref

0 , 0) (i.e., point
(3)). This part of the proof is the most technical one.

Finally, in section 10, we give some remarks, conjectures, and prospects.
In this work, we use the same letter C to denote different constants. The value

of C can change from one expression to another.

2. Regularity and bound for the solutions of the nonlinear system. This
section is dedicated to the statement of existence, uniqueness, regularity results, and
bounds for the solutions of the Cauchy problem

(CY ) :

⎧⎨
⎩

utt + uxxxx + p(t)uxx + f(t) = 0, x ∈ (0, 1), t ∈ R+,
u = ux = 0 at x = 0, 1,
u(0, x) = u0(x), ẇ(0, x) = u̇0(x).

These bounds, presented in subsection 2.1, will be used many times in this article.
Then, in subsection 2.2, we deduce the spaces Ea and Fb between which the map ΦT

defined by (1.8) is of class C1.
All of these results are classical, but we give proofs for the sake of completeness.

The reading of the proofs in this section is not necessary for the understanding of the
next sections of this article.

2.1. Existence, uniqueness, regularity, and bounds. We introduce the first
order Cauchy problem

(CY) :

{
dw
dt = −Aw − p(t)Bw + F (t),
w(0) = w0,

where A and B are linear operators with domains

D(A) := H4
(0) ×H2

0 ((0, 1),R), D(B) := H2
0 × L2((0, 1),R)
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defined by

A
(

w1

w2

)
:=

(
−w2

w1
xxxx

)
, B

(
w1

w2

)
:=

(
0

w1
xx

)
,

and F : (0, T ) → H2
0 × L2((0, 1),R).

The Cauchy problem (CY ) is equivalent to the Cauchy problem (CY) with w =
(u, ut), w0 = (u0, u̇0), and F = (0,−f). Thus, in this section, we work only on (CY).

The operator A generates a C0-group of isometries of H2
0 ×L2((0, 1),R) with the

following explicit: expression

(2.1) e−tA
(

u0

u̇0

)
=

( ∑∞
k=1

(
〈u0, ϕk〉 cos(

√
λkt) + 1√

λk
〈u̇0, ϕk〉 sin(

√
λkt)

)
ϕk∑∞

k=1

(
−
√
λk〈u0, ϕk〉 sin(

√
λkt) + 〈u̇0, ϕk〉 cos(

√
λkt)

)
ϕk

)

for every (u0, u̇0) ∈ H2
0×L2((0, 1),R), where 〈., .〉 denotes the usual L2((0, 1),R)-scalar

product.
Remark 1. With this explicit expression of the C0-group generated by A, it is

clear that e−At is an isometry of Hs+2
(0) × Hs

(0)((0, 1),R) for every s ∈ N
∗ (with the

definition (1.2) and (1.3)) as claimed in section 1.2.
Proposition 1. Let T > 0, p ∈ L1((0, T ),R), w0 ∈ H2

0 × L2((0, 1),R), and
F ∈ L1((0, T ), H2

0 × L2((0, 1),R)). There exists a unique weak solution of (CY), i.e.,
a function w ∈ C0([0, T ], H2

0 ×L2((0, 1),R)), such that the following equality holds in
H2

0 × L2((0, 1),R) for every t ∈ [0, T ]:

(2.2) w(t) = e−tAw0 +

∫ t

0

e−(t−s)A[−p(s)Bw(s) + F (s)]ds.

Moreover, it satisfies

(2.3) ‖w‖C0([0,T ],H2
0×L2) �

(
‖w0‖H2

0×L2 + ‖F‖L1((0,T ),H2
0×L2)

)
e‖p‖L1((0,T ),R) .

Proof of Proposition 1. The existence and uniqueness result comes from a fixed
point argument on the map Θ : C0([0, T ], H2

0 ×L2) → C0([0, T ], H2
0 ×L2), Θ(ξ) = w,

where w is defined by

w(t) = e−Atw0 +

∫ t

0

e−A(t−s)[−p(s)Bξ(s) + F (s)]ds.

When ‖p‖L1((0,T ),R) is small enough, Θ is a contraction of C0([0, T ], H2
0×L2), and thus

it has a unique fixed point w ∈ C0([0, T ], H2
0 ×L2) that satisfies (2.2). If ‖p‖L1((0,T ),R)

is not small enough, one may use 0 = T0 < T1 < · · · < Tn = T where, for i = 0, . . . , n−
1, ‖p‖L1((Ti,Ti+1),R) is small enough so that the previous result holds on [Ti, Ti+1] for
i = 0, . . . , n−1. Then we glue the solutions defined on [T0, T1], [T1, T2], . . . , [Tn−1, Tn].
We deduce from the equality (2.2) that

‖w(t)‖H2
0×L2 � ‖w0‖H2

0×L2 +

∫ t

0

[|p(s)|‖w(s)‖H2
0×L2 + ‖F (s)‖H2

0×L2 ]ds,

and thus

‖w(t)‖H2
0×L2 � ‖w0‖H2

0×L2 + ‖F‖L1((0,T ),H2
0×L2) +

∫ t

0

|p(s)|‖w(s)‖H2
0×L2ds,

and Gronwall’s Lemma gives (2.3).
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Proposition 2. Let T > 0, p ∈ W 1,1((0, T ),R), w0 ∈ H4
(0) ×H2

0 ((0, 1),R), and

F ∈ W 1,1((0, T ), H2
0×L2((0, 1),R)). The solution w of (2.2) belongs to C1([0, T ], H2

0×
L2) and to C0([0, T ], H4

(0) × H2
0 ). Moreover, for every r > 0, there exists C(r) > 0

such that, when ‖p‖W 1,1 � r, the quantities

(2.4) ‖w‖C0([0,T ],H4
(0)×H2

0 ) and ‖w‖C1([0,T ],H2
0×L2)

are bounded by

(2.5) C(r)[‖w0‖H4
(0)×H2

0
+ ‖F‖W 1,1((0,T ),H2

0×L2)].

Proof of Proposition 2. Under the assumptions of Proposition 2, one can prove,
by using the equality (2.2), that w ∈ C1([0, T ], H2

0 × L2) and that

(2.6)
dw

dt
(t) = −Aw(t) − p(t)Bw(t) + F (t) in H2

0 × L2((0, 1),R) ∀t ∈ [0, T ].

We also have

dw

dt
(t) = e−At[−Aw0 − p(0)Bw0 + F (0)]

+

∫ t

0

e−A(t−s)
[
−p(s)Bdw

dt
(s) − ṗ(s)Bw(s) + Ḟ (s)ds

]
.

By applying Proposition 1 to dw
dt , we get dw

dt ∈ C0([0, T ], H2
0 × L2) and∥∥∥∥dwdt

∥∥∥∥
C0([0,T ],H2

0×L2)

� C
[
‖w0‖H4

(0)×H2
0

+ |p(0)|‖w0‖H2
0×L2 + |F (0)|H2

0×L2

+ ‖ṗ‖L1‖w‖C0([0,T ],H2
0×L2) + ‖Ḟ‖L1((0,T ),H2

0×L2)

]
e‖p‖L1 .

Therefore, by using (2.3), we get a universal constant C1 > 0 such that

(2.7)∥∥∥∥dwdt
∥∥∥∥
C0([0,T ],H2

0×L2)

� C1[‖w0‖H4
(0)×H2

0
+ ‖p‖W 1,1‖w0‖H2

0×L2 + |F (0)|H2
0×L2

+ ‖F‖W 1,1((0,T ),H2
0×L2) + ‖p‖W 1,1‖F‖L1((0,T ),H2

0×L2)]e
2‖p‖L1.

Then by using (2.6), we get w ∈ C0([0, T ], H4
(0) ×H2

0 ((0, 1),R)) and

‖Aw‖C0([0,T ],H2
0×L2) =

∥∥∥∥dwdt + pBw − F

∥∥∥∥
C0([0,T ],H2

0×L2)

�
∥∥∥∥dwdt

∥∥∥∥
C0([0,T ],H2

0×L2)

+ ‖p‖W 1,1‖w‖C0([0,T ],H2
0×L2)

+ ‖F‖C0([0,T ],H2
0×L2).

Thanks to (2.7) and (2.3), the quantities in (2.4) are bounded by

C ′(r)[‖w0‖H4
(0)×H2

0
+ ‖p‖W 1,1‖w0‖H2

0×L2 + ‖F‖W 1,1((0,T ),H2
0×L2)

+ ‖p‖W 1,1‖F‖L1((0,T ),H2
0×L2)]

when ‖p‖L1((0,T ),R) � r, where C ′(r) > 0. Finally, (2.5) is a direct consequence of the
previous inequality.
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Proposition 3. Let T > 0, p ∈ W 2,1((0, T ),R), with p(0) = p(T ) = 0, w0 ∈
H6

(0) × H4
(0)((0, 1),R), and F ∈ W 2,1((0, T ), H2

0 × L2) ∩ C0([0, T ], H4 × H2), with

F (0), F (T ) ∈ H4
(0)×H2

(0)((0, 1),R). The solution w of (2.2) belongs to C2([0, T ], H2
0 ×

L2), C1([0, T ], H4
(0) ×H2

(0)), C
0([0, T ], H6 ×H4), and w(T ) ∈ H6

(0) ×H4
(0). Moreover,

for every r > 0, there exists C(r) > 0 such that, when ‖p‖W 1,1 � r, the quantities

‖w‖C0([0,T ],H6×H4), ‖w‖C1([0,T ],H4×H2), and ‖w‖C2([0,T ],H2
0×L2)

are bounded by

(2.8)
C(r)[‖w0‖H6

(0)×H4
(0)

+ ‖p‖W 2,1‖w0‖H2
0×L2 + ‖F‖W 2,1((0,T ),H2

0×L2)

+ ‖p‖W 2,1‖F‖L1((0,T ),H2
0×L2) + ‖F‖C0([0,T ],H4×H2)].

Proof of Proposition 3. By applying Proposition 2 to dw
dt , we get dw

dt ∈ C0([0, T ], H4
(0)×

H2
0 ) ∩ C1([0, T ], H2

0 × L2). Notice that the assumptions p(0) = 0 and F (0) ∈
H4

(0) ×H2
(0)((0, 1),R)) are useful to ensure that the initial condition

dw

dt
(0) = −Aw0 − p(0)Bw0 + F (0)

belongs to H4
(0) × H2

0 . Indeed, when w = (w1, w2) ∈ H6
(0) × H4

(0)((0, 1),R), then

w′′1 ∈ H2((0, 1),R), but in general w′′1 does not vanish at x = 0, 1, and thus Bw does
not belong to H4

(0)×H2
0 ((0, 1),R). Proposition 2 also gives the existence of a constant

C(r) > 0 such that, when ‖p‖W 1,1((0,T ),R) � r, the quantities

(2.9)

∥∥∥∥dwdt
∥∥∥∥
C0([0,T ],H4

(0)×H2
0 )

and

∥∥∥∥dwdt
∥∥∥∥
C1([0,T ],H2

0×L2)

are bounded by

C

[∥∥∥∥dwdt (0)

∥∥∥∥
H4

(0)×H2
0

+ ‖ṗw − Ḟ‖W 1,1((0,T ),H2
0×L2)

]

� C

[
‖w0‖H6

(0)×H4
(0)

+ |F (0)|H4
(0)×H2

(0)
+ ‖p‖W 2,1‖w‖C0([0,T ],H2

0×L2)

+ ‖p‖W 1,1

∥∥∥∥dwdt
∥∥∥∥
C0([0,T ],H2

0×L2)

+ ‖F‖W 2,1((0,T ),H2
0×L2)

]
.

By using (2.3) and (2.5), we get the following bounds for the quantities written in
(2.9):

(2.10)
C
[
‖w0‖H6×H4 + ‖p‖W 2,1‖w0‖H2

0×L2 + ‖F (0)‖H4
(0)×H2

0

‖F‖W 2,1((0,T ),H2
0×L2) + ‖p‖W 2,1‖F‖L1((0,T ),H2

0×L2)

]
.

Now, by using (2.6), we deduce that Aw ∈ C0([0, T ], H4×H2) and Aw(T ) ∈ H4
(0)×H2

0

because p(T ) = 0 and F (T ) ∈ H4
(0) ×H2

0 . Moreover,

‖Aw‖C0([0,T ],H4×H2) �
∥∥∥∥dwdt

∥∥∥∥
C0([0,T ],H4

(0)×H2
0 )

+ ‖p‖W 1,1‖w‖C0([0,T ],H4
(0)×H2

0 )

+ ‖F‖C0([0,T ],H4×H2).

Thanks to the previous inequality, (2.10), and (2.5), we get (2.8).
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Proposition 4. Let T > 0, p ∈ W 3,1((0, T ),R), with p(0) = p(T ) = ṗ(0) =
ṗ(T ) = 0, w0 ∈ H8

(0)×H6
(0)((0, 1),R), and F ∈ W 3,1((0, T ), H2

0 ×L2)∩C1([0, T ], H4×
H2) ∩ C0([0, T ], H6 × H4), with F (0), F (T ) ∈ H6

(0) × H4
(0)((0, 1),R), Ḟ (0), Ḟ (T ) ∈

H4
(0)×H2

(0)((0, 1),R). The solution w of (2.2) belongs to C3([0, T ], H2
0×L2), C2([0, T ], H4

(0)×
H2

0 ), C1([0, T ], H6 ×H4), C0([0, T ], H8 ×H6), and w(T ) ∈ H8
(0) ×H6

(0). Moreover,

for every r > 0, there exists C(r) > 0 such that, when ‖p‖W 1,1 � r, the quantities

‖w‖C0([0,T ],H8×H6), ‖w‖C1([0,T ],H6×H4), ‖w‖C2([0,T ],H4×H2), and ‖w‖C3([0,T ],H2
0×L2)

are bounded by

(2.11)

C(r)
[
‖w0‖H8×H6 + ‖p‖W 2,1‖w0‖H4

(0)×H2 + ‖p‖W 3,1‖w0‖H2
0×L2

+ ‖F‖W 3,1((0,T ),H2
0×L2) + ‖p‖W 2,1‖F‖W 1,1((0,T ),H2

0×L2)

+ ‖p‖W 3,1‖F‖L1((0,T ),H2
0×L2)

‖F‖C0([0,T ],H6×H4) + ‖p‖W 2,1‖F‖C0((0,T ),H2
0×L2) + ‖F‖C1([0,T ],H4×H2)

]
.

Proof of Proposition 4. We apply Proposition 3 to dw
dt .

2.2. Spaces between which ΦT is C1. For T > 0 fixed, we introduce the
spaces

(2.12)

E2 := H2
0 ((0, 1),R) × L2((0, 1),R) × L2((0, T ),R),

E4 := H4
(0)((0, 1),R) ×H2

0 ((0, 1),R) ×H1((0, T ),R),

E6 := H6
(0)((0, 1),R) ×H4

(0)((0, 1),R) ×H2 ∩H1
0 ((0, T ),R),

E8 := H8
(0)((0, 1),R) ×H6

(0)((0, 1),R) ×H3 ∩H2
0 ((0, T ),R),

and, for s > 0,

(2.13) Fs := Hs
(0)((0, 1),R) ×Hs−2

(0) ((0, 1),R) ×Hs
(0)((0, 1),R) ×Hs−2

(0) ((0, 1),R),

where Hs
(0)((0, 1),R) is defined by (1.2). Notice that the spaces Ea depend on T and

should be called Ea,T . However, since no confusion is possible, we omit the subscript
T in order to simplify the notations.

Proposition 5. For every T > 0 and for every a ∈ {2, 4, 6, 8}, the map ΦT de-
fined by (1.8) is C1 from Ea to Fa, and, for every (u0, u̇0, p) ∈ Ea, dΦT (u0, u̇0, p).(U0,
U̇0, P ) = (U0, U̇0, U(T ), Ut(T )), where U is the weak solution of

(2.14)

⎧⎪⎪⎨
⎪⎪⎩

Utt + Uxxxx + p(t)Uxx + P (t)uxx = 0, x ∈ (0, 1), t ∈ [0, T ],
U = Ux = 0 at x = 0, 1,
U(0, x) = U0(x),

Ut(0, x) = U̇0(x),

and u is the weak solution of

(2.15)

⎧⎪⎪⎨
⎪⎪⎩

utt + uxxxx + p(t)uxx = 0, x ∈ (0, 1), t ∈ [0, T ],
u = ux = 0 at x = 0, 1,
u(0, x) = u0(x),
ut(0, x) = u̇0(x).

Proof of Proposition 5. By using Propositions 1, 2, and 3 we see that ΦT : Ea →
Fa is continuous for a = 2, 4, 6. Let us prove that ΦT : E2 → F2 is C1 (the cases a =
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4, 6, 8 can be treated in the same way). Let (u0, u̇0, p), (U0, U̇0, P ) ∈ E2, u be the weak
solutions of (2.15), U be the weak solutions of (2.14), and ũ be the weak solution of⎧⎪⎪⎨

⎪⎪⎩
ũtt + ũxxxx + (p + P )(t)ũxx = 0, x ∈ (0, 1), t ∈ [0, T ],
ũ = ũx = 0 at x = 0, 1,
ũ(0, x) = (u0 + U0)(x),

ũt(0, x) = (u̇0 + U̇0)(x).

Then Δ := ũ− u− U is the weak solution of⎧⎪⎪⎨
⎪⎪⎩

Δtt + Δxxxx + p(t)Δxx + P (t)(ũ− u)xx = 0, x ∈ (0, 1), t ∈ [0, T ],
Δ = Δx = 0 at x = 0, 1,
Δ(0, x) = 0,
Δt(0, x) = 0.

Thus, Proposition 1 gives

(2.16)
‖Δ(T )‖H2

0
+ ‖Δt(T )‖L2 � ‖P (t)(ũ− u)xx‖L1((0,T ),L2)e

‖p‖L1

� C‖P‖L1‖ũ− u‖C0([0,T ],H2).

Moreover, ũ− u is the weak solution of⎧⎪⎪⎨
⎪⎪⎩

(ũ− u)tt + (ũ− u)xxxx + p(t)(ũ− u)xx + P (t)ũxx = 0, x ∈ (0, 1), t ∈ [0, T ],
ũ− u = (ũ− u)x = 0 at x = 0, 1,
(ũ− u)(0, x) = U0(x),

(ũ− u)t(0, x) = U̇0(x).

Thus, Proposition 1 gives

(2.17) ‖ũ− u‖C0([0,T ],H2) �
(
‖(U0, U̇0)‖H2×L2 + ‖P‖L1‖ũxx‖C0([0,T ],L2)

)
e‖p‖L1 .

Again, thanks to Proposition 1, we have

(2.18) ‖ũ‖C0([0,T ],H2) � ‖(u0 + U0, u̇0 + U̇0)‖H2×L2e‖p+P‖L1 .

Therefore, by using (2.16), (2.17), and (2.18), we get

‖Δ(T )‖H2
0

+ ‖Δt(T )‖L2 = o
(
‖(U0, U̇0, P )‖E2

)
when ‖(U0, U̇0, P )‖E2 → 0. This proves that ΦT is differentiable at (u0, u̇0, p) and that

dΦT (u0, u̇0, p).(U0, U̇0, P ) = (U0, U̇0, U(T ), Ut(T )).

The continuity of the map

E2 → L(E2, F2)
(u0, u̇0, p) �→ dΦT (u0, u̇0, p)

is a consequence of the estimate (2.3).

3. Controllability of the linearized system around (uref , u̇ref , p ≡ 0).
The aim of this section is the proof of Theorem 3. First, in subsection 3.1, we prove
some preliminary results, mainly about the eigenvalues and the eigenvectors of the
operator A defined by (1.1). The reading of the proofs in this subsection is not
necessary for the understanding of the next sections. Then, in subsection 3.2, we
prove Theorem 3.
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3.1. Preliminaries.
Proposition 6. The eigenvalues (λn)n∈N∗ of the operator A are the numbers

(3.1) λn = ν4
n,

where (νn)n∈N∗ is the increasing sequence of positive solutions of the equation

(3.2) cos(νn) cosh(νn) = 1.

We have, for every k ∈ N
∗,

(3.3) ν2k−1 ∈ (2kπ − π/2, 2kπ − π/4), ν2k ∈ (2kπ + π/4, 2kπ + π/2).

We have, for every n ∈ N
∗,

(3.4) νn =
π

2
(2n + 1) − (−1)nxn, where 0 < xn <

π

2 cosh(νn)
,

(3.5)

∣∣∣∣√λn − π2

4
Kn

∣∣∣∣ < π2

16
,

where, for every n ∈ N
∗,

(3.6) Kn := (2n + 1)2.

For every n ∈ N
∗, the function

(3.7) vn := ξn(cos(νnx) − cosh(νnx)) + ζn(sin(νnx) − sinh(νnx)),

where

(3.8) ξn := sin(νn) − sinh(νn), ζn := − cos(νn) + cosh(νn),

is an eigenvector of A associated to the eigenvalue λn and satisfies

(3.9) vn(1 − x) = (−1)nvn(x).

Moreover, there exists a constant C ∈ R
∗ such that, when n → +∞,

(3.10) ‖vn‖L2((0,1),R) ∼ Ceνn .

Proof of Proposition 6. The relation (3.2) comes from the condition v = v′ = 0
on x = 0, 1 imposed on any eigenvector v of the operator A. The intermediate values
theorem gives (3.3). Equation (3.2) provides, for every n ∈ N

∗,

(3.11) sin(xn) cosh(νn) = 1,

which gives (3.4) thanks to the convexity inequality

(3.12) x � π

2
sin(x) ∀x ∈ [0, π/2].

For every n ∈ N
∗, we have

√
λn − π2

4
Kn = π(2n + 1)xn − (−1)nx2

n.
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Thus, we just need to justify that, for every n ∈ N
∗,

2(2n + 1)

cosh νn
+

1

cosh(νn)2
<

1

4
.

This can be proved for n = 1 by using ν1 > 3π/2 and for n � 2 by using νn � nπ.
The property (3.9) comes from the explicit expression (3.7) together with (3.2) and
the relation sin(νn) = (−1)n

√
1 − cos(νn)2, which is a consequence of (3.3). By using

(3.7) and a change of variable, we get∫ 1

0

vn(x)2dx =
ξ2
n

νn
I1(νn) +

ζ2
n

νn
I2(νn) +

2ξnζn
νn

I3(νn),

where

I1(ν) :=

∫ ν

0

[cos(y) − cosh(y)]2dy

=
sinh(2ν)

4
+ ν − sin(ν) cosh(ν) − cos(ν) sinh(ν) +

sin(2ν)

4
,

I2(ν) :=

∫ ν

0

[sin(y) − sinh(y)]2dy

=
sinh(2ν)

4
− sin(ν) cosh(ν) + cos(ν) sinh(ν) − sin(2ν)

4
,

I3(ν) :=

∫ ν

0

[cos(y) − cosh(y)][sin(y) − sinh(y)]dy

=
cosh(2ν)

4
− sin(ν) sinh(ν) − cos(2ν)

4
.

By using the following behaviors, when n → +∞,

(3.13)
cos(νn) = O(e−νn), sin(νn) = (−1)n + O(e−2νn),
sin(2νn) = O(e−νn), cos(2νn) = −1 + O(e−2νn),

which are consequences of (3.4), we get∫ 1

0

vn(x)2dx ∼ Ce2νn .

The orthonormal basis (ϕn)n∈N∗ of L2((0, 1),R) made of eigenvectors of A has
been introduced in section 1.1. Up to a change of sign, one may assume that

(3.14) ϕn =
vn

‖vn‖L2((0,1),R)
.

This equality will be assumed in the remainder of this article.
Proposition 7. Let m ∈ N

∗. For every n ∈ N
∗, we have

(3.15) 〈ϕ′′m, ϕn〉 �= 0 iff m and n have the same parity.

Moreover, there exists a constant Cm such that, when n tends to +∞ with the same
parity as m,

(3.16) 〈ϕ′′m, ϕn〉 ∼
Cm

n
.
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Proof of Proposition 7. When m and n have different parities, the equality
〈ϕ′′m, ϕn〉 = 0 comes from (3.14) and (3.9). We have

〈ϕ′′m, ϕm〉 = −
∫ 1

0

|ϕ′m(x)|2dx < 0.

Let n ∈ N
∗ with the same parity as m and different from m. Thanks to integrations

by parts and (3.9), we get

(λn − λm)〈v′′m, vn〉 = 2(v′′′mv′′n − v′′mv′′′n )(0).

The explicit expression (3.7) leads to

(3.17) (λn − λm)〈v′′m, vn〉 = 8ν2
mν2

n(−ξmνnζn + ζmνmξn).

The function f : R+ → R defined by

f(x) :=
sinh(x) − sin(x)

x(cosh(x) − cos(x))

decreases on R+. If n < m (resp., n > m), the inequality f(νn) > f(νm) (resp.,
f(νn) < f(νm)) provides −ξmνnζn + ζmνmξn < 0 (resp., > 0). Thus 〈v′′m, vn〉 �= 0.
Thanks to (3.8), we get

(3.18) 〈v′′m, vn〉 ∼ −4ν2
mξm
νn

eνn when n → +∞, with the same parity as m,

which together with (3.10) gives the asymptotic behavior (3.16).
At this step, one can justify the following property, claimed in section 1.2.
Proposition 8. The operator A defined by (1.7) and (1.1) does not generate a

C0-semigroup of bounded operators of X := H3
(0) ×H1((0, 1),R).

Proof of Proposition 8. We argue by contradiction. Let us assume that A gener-
ates a C0-semigroup of bounded operators of X. Then there exists m > 0 such that,
for every t ∈ [0, 1], for every (u0, u̇0) ∈ H3

(0) ×H1((0, 1),R),

e−tA
(

u0

u̇0

)
∈ H3

(0) ×H1((0, 1),R)

and

(3.19)

∥∥∥∥e−tA
(

u0

u̇0

)∥∥∥∥
H3

(0)×H1

� m‖(u0, u̇0)‖H3
(0)×H1 .

Let us consider (u0, u̇0) ∈ H3
(0) ×H1((0, 1),R) defined by u0 := 0 and u̇0 := ϕ′′1 . By

using (2.1), we get

e−tA
(

u0

u̇0

)
=

( ∑∞
k=1

1√
λk

〈ϕ′′1 , ϕk〉 sin(
√
λkt)ϕk∑∞

k=1〈ϕ′′1 , ϕk〉 cos(
√
λkt)ϕk

)
.

Thanks to (3.19), the H3
(0)((0, 1),R)-norm of the first component of the right-hand

side is bounded by m‖ϕ′′1‖H1 for every t ∈ [0, 1]; i.e., (see (1.3) for the definition of
the H3

(0)((0, 1),R)-norm)

(3.20)

∞∑
k=1

|λ1/4
k 〈ϕ′′1 , ϕk〉 sin(

√
λkt)|2 � m2‖ϕ′′1‖2

H1 ∀t ∈ [0, 1].
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Thanks to (3.1), (3.3), and Proposition 7, there exists an odd integer N0 ∈ N
∗ and

C0 > 0 such that

(3.21) |λ1/4
k 〈ϕ′′1 , ϕk〉|2 � C0 ∀k � N0, k odd.

Thus, (3.20) and (3.21) imply

(3.22) C0

∞∑
k=N0,k odd

| sin(
√
λkt)|2 � m2‖ϕ′′1‖2

H1 ∀t ∈ [0, 1].

Let N ∈ N
∗ be such that N � N0 and π/(2

√
λN ) � 1. Let tN := π/(2

√
λN ).

For every k ∈ N
∗, odd with N0 � k � N , we have

√
λktN ∈ (0, π/2), and thus

sin(
√
λktN ) � (2/π)

√
λktN . We also have tN ∈ [0, 1], so we deduce from (3.22) that

1

2
C0

(
2

π

)2 N∑
k=N0

λkt
2
N � m2‖ϕ′′1‖2

H1 .

Thanks to (3.1), (3.3), and the definition of tN , there exists C1 > 0 such that

N∑
k=N0

λkt
2
N � C1

N4

N∑
k=N0

k4 � C1

N4

∫ N

N0

x4dx � C1

5N4
(N5 −N5

0 ).

We have proved that, for every N ∈ N
∗ such that N � N0 and π/(2

√
λN ) � 1, the

following inequality holds:

1

2
C0

(
2

π

)2
C1

5N4
(N5 −N5

0 ) � m2‖ϕ′′1‖2
H1 .

We get a contradiction by considering large enough N .
Lemma 1. The frequencies

0, 2
√
λ2, 2

√
λ3,

√
λ3 ±

√
λ1,

√
λ4 ±

√
λ2,

√
λ2k ±

√
λ2,

√
λ2k−1 ±

√
λ3

for k ∈ N
∗, k � 3,

are all different.
Proof of Lemma 1. First, we claim that the nonnegative integers

0, 2K2, 2K3,K3 ±K1,K4 ±K2,K2k−1 ±K3,K2k ±K2 for k ∈ N
∗, k � 3,

where Kn is defined by (3.6), are all different. First, for every k � 5, we have

K2k−1 + K3 < K2k −K2 < K2k + K2 < K2k+1 −K3.

Indeed, for k � 5, we have

(K2k −K2) − (K2k−1 + K3) = (4k + 1)2 − (4k − 1)2 − 25 − 49 � 16k − 74 � 6,

(K2k+1 −K3) − (K2k + K2) = (4k + 3)2 − (4k + 1)2 − 25 − 49 � 16k − 66 � 14.

Moreover, we have

2K2 = 50, 2K3 = 98, K3 −K1 = 40, K3 + K1 = 58,
K4 −K2 = 56, K4 + K2 = 106, K5 −K3 = 72, K5 + K3 = 170,
K6 −K2 = 144, K6 + K2 = 194, K7 −K3 = 176, K7 + K3 = 274,
K8 −K2 = 264, K8 + K2 = 314, K9 −K3 = 312,

and thus the claim is proved. We deduce Lemma 1 from the previous result and the
inequality (3.5).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LOCAL CONTROLLABILITY OF A 1D BEAM EQUATION 1233

3.2. Proof of Theorem 3.
Proof of statement (1) of Theorem 3. Since the system (Σref

l ) is linear and e−TA

is a bounded operator of H3
(0) ×H1

0 ((0, 1),R), it is sufficient to prove Theorem 3 with

U0 = U̇0 = 0.
Let T > 0 and U be a solution of (Σref

l ) for some P ∈ L2((0, T ),R), with

U(0) = U̇(0) = 0. Then (U,Ut) ∈ C0([0, T ], H2
0 × L2((0, 1),R)). The family (ϕk)k∈N∗

is an orthonormal basis of L2((0, 1),R), and thus, for every t ∈ [0, T ],

U(t) =

∞∑
k=1

xk(t)ϕk, where xk(t) :=

∫ 1

0

U(t, x)ϕk(x)dx.

By recalling that uref is given by (1.5), the partial differential equation satisfied
by U provides, for every k ∈ N

∗, the following explicit expression:

xk(t) = − 1√
λk

∫ t

0

P (τ)[bk sin(
√
λ2τ) + ck sin(

√
λ3τ)] sin[

√
λk(t− τ)]dτ,

where, for every k ∈ N
∗,

bk := 〈ϕ′′2 , ϕk〉, ck := 〈ϕ′′3 , ϕk〉.

The equality (U(T ), U̇(T )) = (UT , U̇T ) is equivalent to

(3.23)

∫ T

0

P (t)[bk sin(
√
λ2t) + ck sin(

√
λ3t)]e

−i
√
λktdt

= −e−i
√
λkT

(
〈U̇T , ϕk〉 + i

√
λk〈UT , ϕk〉

)
∀k ∈ N

∗.

Thanks to Proposition 7, the equality (3.23) is satisfied if P solves the following
moment problem:

(3.24)

⎧⎨
⎩

∫ T

0
P (t) sin(

√
λ3t)e

−i
√

λ2k−1tdt = d2k−1(UT , U̇T ) ∀k ∈ N
∗,∫ T

0
P (t) sin(

√
λ2t)e

−i
√
λ2ktdt = d2k(UT , U̇T ) ∀k ∈ N

∗,

where, for every k ∈ N
∗,

d2k−1(UT , U̇T ) := −e−i
√

λ2k−1T

c2k−1

(
〈U̇T , ϕ2k−1〉 + i

√
λ2k−1〈UT , ϕ2k−1〉

)
,

d2k(UT , U̇T ) := −e−i
√
λ2kT

b2k

(
〈U̇T , ϕ2k〉 + i

√
λ2k〈UT , ϕ2k〉

)
.

The moment problem (3.24) is satisfied, in particular, when

(3.25)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∫ T

0
P (t)dt = 0,∫ T

0
P (t)e−i2

√
λ3tdt = −2id3,∫ T

0
P (t)ei(−

√
λ2k−1±

√
λ3)tdt = ±id2k−1(UT , U̇T ) ∀k ∈ N

∗, k �= 2,∫ T

0
P (t)e−i2

√
λ2tdt = −2id2,∫ T

0
P (t)ei(−

√
λ2k±

√
λ2)tdt = ±id2k(UT , U̇T ) ∀k ∈ N

∗, k �= 1.
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Let (ωn)n∈N be the nondecreasing sequence of the frequencies appearing in the
previous moment problem, writt en in the following way:∫ T

0

P (t)eiωntdt = δn ∀n ∈ N.

For large enough indexes, the successive terms of the sequence (ωn)n∈N are√
λ2k−1−

√
λ3 <

√
λ2k−1+

√
λ3 <

√
λ2k−

√
λ2 <

√
λ2k+

√
λ2 <

√
λ2k+1−

√
λ3 < · · · .

The gap between the first and the second terms (resp., the third and the fourth terms)
is 2

√
λ3 (resp., 2

√
λ2). The gap between the second and the third terms (resp., the

fourth and the fifth terms) tends to +∞ when k → +∞; indeed, by using (3.1) and
(3.3), we have

(
√
λ2k −

√
λ2) − (

√
λ2k−1 +

√
λ3) = ν2

2k − ν2
2k−1 − ν2

2 − ν2
3

= (ν2k − ν2k−1)(ν2k + ν2k−1) − ν2
2 − ν2

3

� π

2

(
4kπ − π

4

)
− ν2

2 − ν2
3 ,

(
√
λ2k+1 −

√
λ3) − (

√
λ2k +

√
λ2) = ν2

2k+1 − ν2
2k − ν2

2 − ν2
3

= (ν2k+1 − ν2k)(ν2k+1 + ν2k) − ν2
2 − ν2

3

� π

(
4kπ +

7π

4

)
− ν2

2 − ν4
3 .

Thus,

liminfn→+∞(ωn+1 − ωn) = 2
√

λ2.

The frequencies appearing in (3.25) are all different (see Lemma 1), and thus the mo-
ment problem (3.25) has a solution P ∈ L2((0, T ),R) when T > π/

√
λ2 and (dn(UT ,

U̇T ))n∈N∗ belongs to l2(N∗,C) (see [22, Chap. 1.2]). Thanks to (3.16), the assumption
that (UT , U̇T ) ∈ H3

(0) × H1
0 ((0, 1),R) guarantees that (dn(UT , U̇T ))n∈N∗ belongs to

l2(N∗,C).

Proof of statement (2) of Theorem 3. We assume that the system (Σref
l ) is con-

trollable in H3
(0) × H1

0 ((0, 1),R) with control functions in H1((0, T ),R). Thanks to

the equivalence between the controllability of (Σref
l ) and the solvability of the mo-

ment problem (3.24), we deduce that, for every d = (dk)k∈N∗ ∈ l2(N∗,C), there exists
P ∈ H1((0, T ),R) such that

(3.26)

∫ T

0

P (t) sin(
√

λ3t)e
−i
√

λ2k−1tdt = dk ∀k ∈ N
∗.

However, thanks to (3.1) and (3.3), for any P ∈ H1((0, T ),R), an integration by parts
shows that ∣∣∣∣∣

∫ T

0

P (t) sin(
√

λ3t)e
−i
√

λ2k−1tdt

∣∣∣∣∣ � C

k2
‖P‖H1((0,T ),R).

Thus, for every d = (dk)k∈N∗ ∈ l2(N∗,C), there exists C > 0 such that

|dk| � C

k2
.
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We get a contradiction by considering, for example, dk = 1/k. Therefore, the

system (Σref
l ) is not controllable in H3

(0) × H1
0 ((0, 1),R) with control functions in

H1((0, T ),R).

We assume that the system (Σref
l ) is controllable in H2

0×L2((0, 1),R) with control
functions in L2((0, T ),R). Then, for every d = (dk)k∈N∗ ∈ h−1(N∗,C), i.e.,

∞∑
k=1

∣∣∣∣1kdk
∣∣∣∣
2

< ∞,

there exists P ∈ L2((0, T ),R) such that (3.26) holds. However, for any P ∈ L2((0, T ),
R), the Cauchy–Shwarz inequality shows that∣∣∣∣∣

∫ T

0

P (t) sin(
√

λ3t)e
−i
√

λ2k−1tdt

∣∣∣∣∣ �
√
T‖P‖L2((0,T ),R).

Thus, for every d ∈ h−1(N∗,C), there exists C > 0 such that |dk| � C for every
k ∈ N

∗. We get a contradiction by considering, for example, dk = k1/4. Therefore,
the system (Σref

l ) is not controllable in H2
0 × L2((0, 1),R) with control functions in

L2((0, T ),R).

4. Why the inverse mapping theorem does not apply. As we have seen
in Proposition 5, for every T > 0, the map ΦT defined by (1.8) is C1 between the
following spaces:

H2
0 ((0, 1),R) × L2((0, 1),R) × L2((0, T ),R) → H2

0 × L2 ×H2
0 × L2((0, 1),R).

In the same way we proved that ΦT is C1 from H4
(0)((0, 1),R) × H2

(0)((0, 1),R) ×
H1((0, T ),R) to H4

(0) × H2
(0) × H4

(0) × H2
(0)((0, 1),R), one can prove that ΦT is C1

between the following spaces:

H3
(0)((0, 1),R) ×H1

0 ((0, 1),R) ×H1((0, T ),R) → H3
(0) ×H1

0 ×H3
(0) ×H1

0 ((0, 1),R).

Thus, in order to apply the inverse mapping theorem on the map ΦT , one needs to
prove the surjectivity of dΦT (uref

0 , u̇ref
0 , 0)

• from H2
0 ((0, 1),R)×L2((0, 1),R)×L2((0, T ),R) to H2

0×L2×H2
0×L2((0, 1),R)

• or from H3
(0)((0, 1),R) ×H1

0 ((0, 1),R) ×H1((0, T ),R) to H3
(0) ×H1

0 ×H3
(0) ×

H1
0 ((0, 1),R).

It means that one needs to prove the controllability of the linear system (Σref
l )

• in H2
0 × L2 with controls in L2

• or in H3
(0) ×H1

0 with controls in H1.

However, as seen in statement (2) of Theorem 3, this is impossible. Thus the inverse
mapping theorem cannot be applied with these spaces.

Let us emphasize that the inverse mapping theorem could be applied if we could
prove that the map ΦT is well-defined and C1 between the following spaces:

H3
(0)((0, 1),R) ×H1

0 ((0, 1),R) × L2((0, T ),R) → H3
(0) ×H1

0 ×H3
(0) ×H1

0 ((0, 1),R).

With further developments, one can prove that the map ΦT is well-defined between
these spaces but it is not C1. Thus, we have the same pathology as in [8], [3], [4], [2].
The strategy developed in this article to solve this pathology is different from the one
of [8] and similar to the one of [3], [4], [2].
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5. The Nash–Moser theorem used. In order to get local controllability for
the nonlinear system (Σ) around (uref , u̇ref , p ≡ 0), we use a Nash–Moser theorem
given by Hörmander in [20]. In this section, we recall the context and the statement
of this theorem. We repeat the proof in order to justify that, in our situation, we
need only a finite number of bounds on the right inverse of the differential map.

We consider a family of Hilbert spaces (Ea)a∈[2,8] with continuous injections Eb →
Ea of norm � 1 when b � a. We suppose that we have linear operators Sθ : E2 → E8

for θ � 1. We also assume that there exists a constant K > 0 such that, for every
a, b ∈ [2, 8] and for every u ∈ Ea,

(5.1) ‖Sθu‖b � K‖u‖a when b � a,

(5.2) ‖Sθu‖b � Kθb−a‖u‖a when b > a,

(5.3) ‖u− Sθu‖b � Kθb−a‖u‖a when b < a,

(5.4)

∥∥∥∥ d

dθ
Sθu‖b � Kθb−a−1

∥∥∥∥u‖a.
We fix a sequence (θj)j∈N of the form θj := (j + 1)δ where 0 < δ, and we set, for

every j ∈ N, Δj := θj+1 − θj . For every u ∈ Ea, we have a decomposition

u =

∞∑
j=0

ΔjRju

with convergence in Eb when b < a, where

Rju :=
1

Δj
(Sθj+1 − Sθj )u if j > 0 and R0u :=

1

Δ0
Sθ1u.

Moreover there exists a constant K ′ such that, for every b ∈ [2, 8],

‖Rju‖b � K ′θb−a−1
j ‖u‖a.

From (5.2) and (5.3), we get the logarithmic convexity of the norms: There exists a
constant c � 1 such that, for every a, b ∈ [2, 8] with a < b, λ ∈ [0, 1], and u ∈ Eb,

(5.5) ‖u‖λa+(1−λ)b � c‖u‖λa‖u‖1−λ
b .

We refer to [20] for the proof of the two previous properties.
We have another family (Fa)a∈[2,8] with the same properties as above, and we

use the same notations for the smoothing operators. Moreover, we assume that the
injection Fb → Fa is compact when b > a.

Theorem 4. Let β be a real number such that

5 < β < 6.

Let V be a E4-neighborhood of zero and Φ a map from V to F4 which is twice differ-
entiable and satisfies

(5.6) ‖Φ′′(u; v, w)‖6 � C
∑

(1 + ‖u‖m)‖v‖m′‖w‖m′′ ,
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where the sum is taken over the following values:

m m′ m′′

6 2 2
4 6 2
4 2 6

We assume that Φ : E4 → F4 is continuous for every a ∈ [2, 8]. We assume that, for
every v ∈ V ∩ E8, Φ′(v) has a right inverse ψ(v) : F7 → E6, that (v, g) �→ ψ(v, g) is
continuous from (V ∩ E6) × F7 → E6, and that there exists a constant C such that,
for every (v, g) ∈ (V ∩ E6) × F7,

(5.7) ‖ψ(v)g‖2 � C‖g‖3,

(5.8) ‖ψ(v)g‖6 � C[‖g‖7 + ‖v‖8‖g‖3].

Then, for every f ∈ Fβ with a sufficiently small norm, there exists u ∈ E4 such that
Φ(u) = Φ(0) + f .

Remark 2. The differences between the previous statement and Hörmander’s
statement are the following ones:

• First, here we do not use the weak spaces E′a defined by Hörmander, which
simplifies the statement a little bit;

• then, here, the number of tame estimates to be proved is finite, which is more
practical for the application of the theorem.

Proof of Theorem 4. Let g ∈ Fβ . We have a decomposition

(5.9) g =
∞∑
j=0

Δjgj , with ‖gj‖b � K ′‖g‖βθb−β−1
j ∀b ∈ [2, 8],

where gj := Rjg for every j ∈ N. We claim that, when ‖g‖β is small enough, we can
define a sequence (uj)j∈N with u0 = 0 and the recursive formula

uj+1 := uj + Δj u̇j , u̇j := ψ(vj)gj , vj := Sθjuj .

We also claim that there exist constants C1, C2, C3, C4 such that, for every j ∈ N
∗,

(5.10) ‖u̇j‖a � C1‖g‖βθa−βj ∀a ∈ {2, 4, 6},

(5.11) ‖uj‖4 � C2‖g‖β and ‖uj‖6 � C2‖g‖βθ7−β
j ,

(5.12) ‖vj‖4 � C3‖g‖β , ‖vj‖a � C3‖g‖βθa−β+1
j ∀a ∈ {6, 8},

(5.13) ‖uj − vj‖a � C4‖g‖βθa−β+1
j ∀a ∈ {2, 4, 6}.

More precisely, we prove by induction on k ∈ N the following property:

Pk : uj is well-defined for j = 0, . . . , k + 1,
(5.10) is satisfied for j = 0, . . . , k,
(5.11), (5.12), and (5.13) are satisfied for j = 0, . . . , k + 1.

We introduce r > 0 such that, for every u ∈ E4, ‖u‖α < r implies u ∈ V .
Property P0 is obvious. Let k ∈ N

∗. We assume that property Pk−1 is satisfied.
Let us prove Pk.
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The vector uk+1 is well-defined if vk ∈ V . By using (5.1) and (5.10), we get

‖vk‖4 � KC1‖g‖β
k−1∑
j=0

Δjθ
4−β
j .

Since β < 5, the sum

S :=

∞∑
j=0

Δjθ
4−β
j

is convergent. Therefore, when

‖g‖β � r

C1KS
,

vk ∈ V and uk+1 is well-defined.
Let us prove (5.10) for j = k. By using (5.7) and (5.9), we get

‖u̇k‖2 � CK ′‖g‖βθ2−β
k .

By using (5.8), (5.12), and (5.9), we get

‖u̇k‖6 � CK ′‖g‖β [θ6−β
k + C3‖g‖βθ9−β

k θ2−β
k ] � 2CK ′‖g‖βθ6−β

k ,

when ‖g‖β < 1/C3. The convexity of the norm (5.5) provides

‖u̇k‖4 � c
√

2CK ′‖g‖βθ4−β
k .

Therefore, we have (5.10) for j = k, when ‖g‖β < 1/C3 for C1 = max{2, c
√

2}CK ′.
Let us prove (5.11) for j = k + 1. As noticed at the beginning of the proof by

induction, we have

‖uk+1‖4 � C1‖g‖β
k∑

j=0

Δjθ
4−β
j � C1‖g‖βS.

Thanks to (5.10), we have

‖uk+1‖6 � C1‖g‖β
k∑

j=0

Δjθ
6−β
j � C1‖g‖β

θ7−β
k+1

7 − β
.

Therefore, we have (5.11) for j = k + 1, with

C2 := C1 max

{
S,

1

7 − β

}
.

We get (5.12) for j = k + 1 thanks to (5.1) and (5.2), with C3 := KC2. We get
(5.13) for j = k + 1 thanks to (5.11) and (5.12) for a = 6 and thanks to (5.3) and
(5.11) for a ∈ {2, 4}, with C4 := max{C2 + C3;KC2}.

Inequality (5.10) proves that (uk) converges in E4 toward

u :=
∞∑
j=0

Δj u̇j .

The continuity of the map Φ : E4 → F4 implies that Φ(uk) converges to Φ(u) in F4.
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Let us study the limit of the sequence (Φ(uk))k∈N in a different way. We have

Φ(uj+1) − Φ(uj) = Δj(e
′
j + e′′j + gj),

where

e′j :=
1

Δj
(Φ(uj + Δj u̇j) − Φ(uj) − Φ′(uj)Δj u̇j)

= Δj

∫ 1

0

(1 − t)Φ′′(uj + tΔj u̇j ; u̇j , u̇j)dt,

e′′j := (Φ′(uj) − Φ′(vj))u̇j =

∫ 1

0

Φ′′(vj + t(uj − vj);uj − vj , u̇j).

Thanks to (5.6), we have

‖e′j‖6 � C
∑

(1 + ‖uj‖m + Δj‖u̇j‖m)‖u̇j‖m′‖u̇j‖m′′

� C[(1 + (C1 + C2)‖g‖βθ7−β
j )C2

1‖g‖2
βθ

4−2β
j

+ 2(1 + (C1 + C2)‖g‖β)C2
1‖g‖2

βθ
8−2β
j ]

� C‖g‖2
βθ

8−2β
j ,

‖e′′j ‖6 � C
∑

(1 + ‖vj‖m + ‖uj − vj‖m)‖uj − vj‖m′‖u̇j‖m′′

� C[(1 + (C3 + C4)‖g‖βθ7−β
j )C1C4‖g‖2

βθ
5−2β
j

+ 2(1 + (C3 + C4)‖g‖β)C1C4‖g‖2
βθ

9−2β
j ]

� C‖g‖2
βθ

9−2β
j .

Since 9 − 2β < −1, then
∑

Δj(e
′
j + e′′j ) converges in F6 and∥∥∥∥∥∥

∞∑
j=0

Δj(e
′
j + e′′j )

∥∥∥∥∥∥
6

� C‖g‖2
β .

The uniqueness of the limit of the sequence (Φ(uk))k∈N gives the following equality
in F4:

Φ(u) = g + T (g),

where T (g) ∈ F6 and

‖T (g)‖6 � C‖g‖2
β .

We conclude by applying the Leray–Schauder fixed point theorem.
Remark 3. The proof can also be done thanks to the Banach fixed point the-

orem, instead of the Leray–Schauder fixed point theorem, provided one adds new
assumptions (see [3, Appendix C]). In this situation, one does not need any longer
the compactness of the injections Fb → Fa for b > a.

6. Smoothing operators. In this section, we build smoothing operators on
the spaces Ea and Fb defined by (2.12) and (2.13). First, we smooth the functions in
Ha

(0)((0, 1),R) for every integer a ∈ {2, . . . , 8}. Let s ∈ C∞(R,R) be such that

s = 1 on [0, 1], 0 � s � 1, s = 0 on [2,+∞).
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We define

Sθu :=

∞∑
k=1

s

(
k

θ

)
〈u, ϕk〉ϕk.

The proof of the following proposition is easy.
Proposition 9. There exists a constant K > 0 such that, for every integer

a ∈ {2, . . . , 8}, for every u ∈ Ha
(0)((0, 1),R) and and for every θ � 1, we have

‖Sθu‖Hb((0,1),R) � K‖u‖Ha((0,1),R) for every b ∈ {2, . . . a},

‖Sθu‖Hb((0,1),R) � Kθb−a‖u‖Ha((0,1),R) for every b ∈ {a + 1, . . . , 8},

‖u− Sθu‖Hb((0,1),R) � Kθb−a‖u‖Ha((0,1),R) for every b ∈ {2, . . . , a− 1},∥∥∥∥ d

dθ
Sθu

∥∥∥∥
Hb((0,1),R)

� Kθb−a−1‖u‖Ha((0,1),R) for every b ∈ {2, . . . , 8}.

Suitable smoothing operators for the control function p can be built with convo-
lution products and truncations with C∞-function having compact support as in [3,
sect. 3.3.2]. This construction is inspired by [19].

7. Bound on Φ′′
T . The aim of this section is the proof of inequality (5.6) on the

map ΦT defined by (1.8). More precisely, we prove the following proposition.
Proposition 10. Let T > 0. The map ΦT : E6 �→ F6 is twice differentiable,

and, for every (u0, u̇0, p), (λ0, λ̇0, ρ), (μ0, μ̇0, θ) ∈ E6,

Φ′′T (u0, u̇0, p).((λ0, λ̇0, ρ), (μ0, μ̇0, θ)) = (0, 0, h(T ), ht(T )),

where⎧⎨
⎩

utt + uxxxx + p(t)uxx = 0,
u = ux = 0 at x = 0, 1,
u(0) = u0, u̇(0) = u̇0,

⎧⎨
⎩

λtt + λxxxx + p(t)λxx + ρ(t)uxx = 0,
λ = λx = 0 at x = 0, 1,

λ(0) = λ0, λ̇(0) = λ̇0,⎧⎨
⎩

μtt + μxxxx + p(t)μxx + θ(t)uxx = 0,
μ = μx = 0 at x = 0, 1,
μ(0) = μ0, μ̇(0) = μ̇0,⎧⎨

⎩
htt + hxxxx + p(t)hxx + ρ(t)μxx + θ(t)λxx = 0,
h = hx = 0 at x = 0, 1,

h(0) = 0, ḣ(0) = 0.

For every r > 0, there exists a constant C(r) > 0 such that, for every (u0, u̇0, p),
(λ0, λ̇0, ρ), (μ0, μ̇0, θ) ∈ E6, with ‖(u0, u̇0, p)‖4 � r,

(7.1)

‖Φ′′T (u0, u̇0, p).((λ0, λ̇0, ρ), (μ0, μ̇0, θ))‖6

� C(r)
∑

(1 + ‖(u0, u̇0, p)‖m)‖(λ0, λ̇0, ρ)‖m′‖(μ0, μ̇0, θ)‖m′′

where the sum is taken over the following values:

m m′ m′′

6 2 2
4 6 2
4 2 6
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Proof of Proposition 10. The regularity C2 of the map ΦT can be proved thanks
to Propositions 1, 2, and 3 in a very similar way as for the regularity C1 in Proposition
5. Here we only justify (7.1). By applying Proposition 3 (which is possible because
‖p‖W 1,1((0,T ),R) �

√
T‖p‖H1((0,T ),R) �

√
Tr) we get C = C(r) > 0 such that

(7.2)

‖(h, ht)‖C0([0,T ],H6×H4)

� C
[
‖f‖W 2,1((0,T ),L2) + ‖p‖W 2,1‖f‖L1((0,T ),L2) + ‖f‖C0([0,T ],H2)

]
,

where f(t) := ρ(t)μxx(t) + θ(t)λxx(t). Let us define f1(t) := ρ(t)μxx(t) and f2(t) :=
θ(t)λxx(t). We work only on f1, and we deduce the same results for f2 just by
exchanging (μ, ρ) and (λ, θ). By using Propositions 1, 2, nad 3, we get constants
C = C(r) such that, when ‖(u0, u̇0, p)‖E4

� r,

‖f1‖L1((0,T ),L2) � C‖ρ‖L1‖μ‖C0((0,T ),H2),

‖f1‖W 2,1((0,T ),L2) � C[‖ρ‖H2‖μ‖C0([0,T ],H2) + ‖ρ‖H1‖μ‖C1([0,T ],H2)

+ ‖ρ‖L2‖μ‖C2([0,T ],H2)],

‖f1‖C0([0,T ],H2) � C‖ρ‖H1‖μ‖C0([0,T ],H4),

where

‖μ‖C0([0,T ],H2) � C[‖(μ0, μ̇0)‖H2
0×L2 + ‖θuxx‖L1((0,T ),L2)]

� C[‖(μ0, μ̇0)‖H2
0×L2 + ‖θ‖L2‖(u0, u̇0)‖H2

0×L2 ]

� C‖(μ0, μ̇0, θ)‖E2 ,

‖μ‖C0([0,T ],H4), ‖μ‖C1([0,T ],H2) � C[‖(μ0, μ̇0)‖H4
(0)×H2

0
+ ‖θuxx‖W 1,1((0,T ),L2)]

� C[‖(μ0, μ̇0)‖H4
(0)×H2

0
+ ‖θ‖H1‖(u0, u̇0)‖H2

0×L2

+ ‖θ‖L1‖(u0, u̇0)‖H4
(0)×H2

0
]

� C‖(μ0, μ̇0, θ)‖E4 ,

‖μ‖C2([0,T ],H2) � C[‖(μ0, μ̇0)‖H6
(0)×H4

(0)
+ ‖p‖W 2,1‖(μ0, μ̇0)‖H2

0×L2

+ ‖θuxx‖W 2,1((0,T ),L2) + ‖p‖W 2,1‖θuxx‖L1((0,T ),L2)

+ ‖θuxx‖C0([0,T ],H2)].

We have

‖θuxx‖W 2,1((0,T ),L2) � C[‖θ‖H2‖u‖C0([0,T ],H2) + ‖θ‖H1‖u‖C1([0,T ],H2)

+ ‖θ‖L2‖u‖C2([0,T ],H2)]

� C{‖θ‖H2‖(u0, u̇0)‖H2
0×L2 + ‖θ‖H1‖(u0, u̇0)‖H4

(0)×H2
0

+ ‖θ‖L2 [‖(u0, u̇0)‖H6
(0)×H4

(0)
+ ‖p‖W 2,1‖(u0, u̇0)‖H2

0×L2 ]}
� C[‖θ‖H2 + ‖θ‖L2‖(u0, u̇0, p)‖E6 ],

‖θuxx‖L1((0,T ),L2) � C‖θ‖L2‖(u0, u̇0)‖H2
0×L2

� C‖θ‖L2 ,

‖θuxx‖C0([0,T ],H2) � C‖θ‖H1‖(u0, u̇0)‖H4
(0)×H2

0

� C‖θ‖H1 ,

and thus

‖μ‖C2([0,T ],H2) � C[‖(μ0, μ̇0, θ)‖E6 + ‖(u0, u̇0, p)‖E6‖(μ0, μ̇0, θ)‖E2 ].
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We deduce from the previous computations that

(7.3)

‖f1‖L1((0,T ),L2) � C‖ρ‖L2‖(μ0, μ̇0, θ)‖E2 ,

‖f1‖W 2,1((0,T ),L2) � C{‖ρ‖H2‖(μ0, μ̇0, θ)‖E2
+ ‖ρ‖H1‖(μ0, μ̇0, θ)‖E4

+ ‖ρ‖L2‖(μ0, μ̇0, θ)‖E6

+ ‖ρ‖L2‖(u0, u̇0, p)‖E6
‖(μ0, μ̇0, θ)‖E2

},
‖f1‖C0([0,T ],H2) � C‖ρ‖H1‖(μ0, μ̇0, θ)‖E4 .

The inequalities (7.2) and (7.3) give the conclusion.

8. Controllability of the linearized system around (uref , u̇ref , p ≡ 0)
with Nash–Moser bounds. In all of this section, T := 8/π. We recall that the
spaces Ea and Fb are defined by (2.12) and (2.13). The goal of this section is the
proof of the following result.

Proposition 11. There exists C > 0 such that the map dΦT (uref
0 , u̇ref

0 , 0) has
a right inverse

dΦT (uref
0 , u̇ref

0 , 0)−1 : F7 → E6

and, for every (U0, U̇0, UT , U̇T ) ∈ F7,

‖dΦT (uref
0 , u̇ref

0 , 0)−1.(U0, U̇0, UT , U̇T )‖E2
� C‖(U0, U̇0, UT , U̇T )‖F3

,

‖dΦT (uref
0 , u̇ref

0 , 0)−1.(U0, U̇0, UT , U̇T )‖E6
� C‖(U0, U̇0, UT , U̇T )‖F7

.

We introduce the linear map M , defined on L2((0, T ),R) by M(P ) =
(M(P )k)k∈N∗ ,

M(P )2k−1 :=
1

T

∫ T

0

P (t) sin(
√

λ3t)e
−i
√

λ2k−1tdt ∀k ∈ N
∗,

M(P )2k :=
1

T

∫ T

0

P (t) sin(
√

λ2t)e
−i
√
λ2ktdt ∀k ∈ N

∗.

For s > 0, we introduce the space

hs(N∗,C) :=

{
d = (dn)n∈N∗ ;

∞∑
n=1

|nsdn|2 < +∞
}
.

Thanks to the equivalence between the controllability of the linearized system
(Σref

l ) and the solvability of the moment problem (3.24) (which is explained in the
proof of statement (1) of Theorem 3, in section 3.2), Proposition 11 is a consequence
of the following result.

Proposition 12. There exists C > 0 such that the map M has a right inverse

M−1 : h4(N∗,C) → H2
0 ((0, T ),R)

and, for every d ∈ h4(N∗,C),

‖M−1(d)‖L2((0,T ),R) � C‖d‖l2(N∗,C),

‖M−1(d)‖H2
0 ((0,T ),R) � C‖d‖h4(N∗,C).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LOCAL CONTROLLABILITY OF A 1D BEAM EQUATION 1243

Proposition 11 is a consequence of Proposition 12, but they are not equivalent.
Indeed, Proposition 12 provides a right inverse dΦT (u0, u̇0, 0)−1 defined on F7 with
values in H7

(0)((0, 1),R)×H5
(0)((0, 1),R)×H2

0 ((0, T ),R) which is stricly smaller than

E6 (see (2.12) for a definition of E6).

We will prove Proposition 12 by using an auxiliary linear map M̃ , which is easier
to deal with than M and close enough to M so that the surjectivity of M̃ implies the
surjectivity of M . Let us introduce the map M̃ : L2((0, T ),R) → l2(N∗,C) defined by

(8.1)

M̃(P )2k−1 :=
1

T

∫ T

0

P (t) sin

(
π2

4
K3t

)
e−i

π2

4 K2k−1tdt ∀k ∈ N
∗,

M̃(P )2k :=
1

T

∫ T

0

P (t) sin

(
π2

4
K2t

)
e−i

π2

4 K2ktdt ∀k ∈ N
∗,

where (Kn)n∈N∗ is defined by (3.6). The linear map M̃ maps L2((0, T ),R) into
l2(N∗,C), H1

0 ((0, T ),R) into h2(N∗,C), and H2
0 ((0, T ),R) into h4(N∗,C). Indeed, each

term of the sequence is the sum of two Fourier coefficients of P . Note that T = 8/π is

chosen so that, for every n ∈ N
∗, ei

π2

4 Knt is T -periodic. Thus, the previous statement
is a consequence of Bessel Parseval equality and integrations by parts.

For technical reasons, the space hs(N∗,C) is equipped with the unusual norm

‖d‖hs(N∗,C) :=

( ∞∑
n=1

|Ks/2
n dn|2

)1/2

.

On the spaces L2((0, T ),R), H1
0 ((0, T ),R), and H2

0 ((0, T ),R) we use

‖f‖L2((0,T ),R) :=

(
1

T

∫ T

0

|f(t)|2dt
)1/2

,

‖f‖H1
0 ((0,T ),R) := ‖f ′‖L2((0,T ),R) , ‖f‖H2

0 ((0,T ),R) := ‖f ′′‖L2((0,T ),R).

More precisely, we prove Proposition 12 by applying the next proposition to M =
M and M̃ = M̃ .

Proposition 13. Let M and M̃ be continuous linear maps from L2((0, T ),R)
to l2(N∗,C), from H1

0 ((0, T ),R) to h2(N∗,C), and from H2
0 ((0, T ),R) to h4(N∗,C).

We assume that there exist positive constants C0, C1, C2, C such that M̃ has a right
inverse

M̃−1 : h4(N∗,C) → H2
0 ((0, T ),R)

which satisfies, for every d ∈ h4(N∗,C),

‖M̃−1(d)‖L2((0,T ),R) � C0‖d‖l2(N∗,C),

‖M̃−1(d)‖H1
0 ((0,T ),R) � C1‖d‖h2(N∗,C) + C‖d‖l2(N∗,C),

‖M̃−1(d)‖H2
0 ((0,T ),R) � C2‖d‖h4(N∗,C) + C‖d‖h2(N∗,C).

We also assume that there exist positive constants C0, C1, C2, C3, C4, C5 such that, for
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every P ∈ H2
0 ((0, T ),R),

‖(M̃ −M)(P )‖l2(N∗,C) � C0‖P‖L2((0,T ),R),

‖(M̃ −M)(P )‖h2(N∗,C) � C1‖P‖H1
0 ((0,T ),R) + C3‖P‖L2((0,T ),R),

‖(M̃ −M)(P )‖h4(N∗,C) � C2‖P‖H2
0 ((0,T ),R) + C4‖P‖H1

0 ((0,T ),R) + C5‖P‖L2((0,T ),R).

We assume that C0C0, C1C1, and C2C2 are < 1. Then there exists a constant m > 0
such that M has a right inverse

M−1 : h4(N∗,C) → H2
0 ((0, T ),R)

which satisfies, for every d ∈ h4(N∗,C),

‖M−1(d)‖L2((0,T ),R) � m‖d‖l2(N∗,C),
‖M−1(d)‖H1

0 ((0,T ),R) � m‖d‖h2(N∗,C),

‖M−1(d)‖H2
0 ((0,T ),R) � m‖d‖h4(N∗,C).

Remark 4. One of the interests of this proposition, when we apply it, is that the
constants C and Cj for j = 3, 4, 5 can be large. In the application of this proposition

to the maps M and M̃ , we will put all of the possible terms in the factor with C or
Cj for j = 3, 4, 5 in order to reduce C1 and C2 and ensure C1C1 < 1 and C2C2 < 1.

Proof of Proposition 13. We introduce Δi := CiCi for i = 0, 1, 2. Let d ∈
h4(N∗,C). We define by induction the sequence (wn)n∈N in H2

0 ((0, T ),R) by{
w0 := M̃−1(d),

wn+1 := M̃−1[(M̃ −M)(wn)].

Then we have, for every n ∈ N
∗,

‖wn‖L2((0,T ),R) � C0Δ
n
0‖d‖l2(N∗,C),

‖wn‖H1
0 ((0,T ),R) � C1Δ

n
1‖d‖h2(N∗,C) + xn‖d‖l2(N∗,C),

‖wn‖H2
0 ((0,T ),R) � C2Δ

n
2‖d‖h4(N∗,C) + yn‖d‖h2(N∗,C) + zn‖d‖l2(N∗,C),

where x0 = y0 = C, z0 = 0, and, for every n ∈ N
∗,

xn+1 = Δ1xn + XC0Δ
n
0 , yn+1 = Δ2yn + Y C1Δ

n
1 , zn+1 = Δ2zn + Y xn + ZC0Δ

n
0 ,

X := CC0 + C1C3, Y := C2C4 + CC1, Z := C2C5 + CC3.

Under the assumption that Δi < 1 for i = 0, 1, 2, the sums
∑

xn,
∑

yn, and
∑

zn
converge and

(1 − Δ1)

∞∑
n=0

xn = C +
XC0

1 − Δ0
, (1 − Δ2)

∞∑
n=0

yn = C +
Y C1

1 − Δ1
,

(1 − Δ2)

∞∑
n=0

zn = Y

∞∑
n=0

xn +
ZC0

1 − Δ0
.
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Thus
∑

wn converges in H2
0 ((0, T ),R) to a function w which satisfies

‖w‖L2((0,T ),R) � C0

1 − Δ0
‖d‖l2 ,

‖w‖H1
0 ((0,T ),R) � C1

1 − Δ1
‖d‖h2 +

1

1 − Δ1

(
C +

XC0

1 − Δ0

)
,

‖w‖H2
0 ((0,T ),R) � C2

1 − Δ2
‖d‖h4 +

1

1 − Δ1

(
C +

Y C1

1 − Δ1

)
‖d‖h2

+
1

1 − Δ2

[
Y

1 − Δ1

(
C +

XC0

1 − Δ0

)
+

ZC0

1 − Δ0

]
‖d‖l2 .

For every n ∈ N
∗, we have

M
(

n∑
k=0

wk

)
= d + (M−M̃)(wn),

where (M− M̃)(wn) → 0 in l2 because wn → 0 in L2 and (M− M̃) is continuous
from L2 to l2, and thus M(w) = d.

In the next proposition, we check the first assumption of Proposition 13 with
M̃ = M̃ .

Proposition 14. The linear map M̃ defined by (8.1) has a right inverse M̃−1 :
h4(N∗,C) → H2

0 ((0, T ),R) such that, for every d ∈ h4(N∗,C),

(8.2) ‖M̃−1(d)‖L2((0,T ),R � C0‖d‖l2(N∗,C),

(8.3) ‖M̃−1(d)‖H1
0 ((0,T ),R � C1‖d‖h2(N∗,C) + C‖d‖l2(N∗,C),

(8.4) ‖M̃−1(d)‖H2
0 ((0,T ),R � C2‖d‖h4(N∗,C) + C‖d‖h2(N∗,C),

where C0 := 2
√

3, C1 :=
√

3
2
√

2
π2, C2 :=

√
3

8
√

2
π4, and C is a positive constant.

Proof of Proposition 14. Let d ∈ h4(N∗,C). For a function P ∈ H2
0 ((0, T ),R), the

equality M̃(P ) = d is satisfied in particular when

(8.5)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
T

∫ T

0
P (t)dt = 0,

1
T

∫ T

0
P (t)e−i

π2

4 2K3tdt = −2id3,
1
T

∫ T

0
P (t)e−i

π2

4 (K2k−1−K3)tdt = id2k−1 ∀k ∈ N
∗ such that k �= 2,

1
T

∫ T

0
P (t)e−i

π2

4 (K2k−1+K3)tdt = −id2k−1 ∀k ∈ N
∗ such that k �= 2,

1
T

∫ T

0
P (t)e−i

π2

4 2K2tdt = −2id2,
1
T

∫ T

0
P (t)e−i

π2

4 (K2k−K2)tdt = id2k ∀k ∈ N
∗ such that k �= 2,

1
T

∫ T

0
P (t)e−i

π2

4 (K2k+K2)tdt = −id2k ∀k ∈ N
∗ such that k �= 2.

Let us consider the candidate

P (t) := 2�
[
− 2id3e

iπ2

4 2K3t − 2id2e
iπ2

4 2K2t

+

∞∑
k=1,k 
=2

id2k−1

(
ei

π2

4 (K2k−1−K3)t − ei
π2

4 (K2k−1+K3)t
)

+

∞∑
k=2

id2k

(
ei

π2

4 (K2k−K2)t − ei
π2

4 (K2k+K2)t
)] 1

2
(1 − ei

π2

4 t)(1 − e−i
π2

4 t).
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Then P ∈ H2
0 ((0, T ),R) because d ∈ h4(N∗,C) and t �→ (1 − eiπ

2t/4)(1 − e−iπ
2t/4)

belongs to H2
0 ((0, T ),R). The positive integers

2K3, 2K3 ± 1, 2K2, 2K2 ± 1,K3 ±K1,K3 ±K1 ± 1,K4 ±K2,K4 ±K2 ± 1,

K2k−1 ±K3,K2k−1 ±K3 ± 1,K2k ±K2,K2k ±K2 ± 1, for k ∈ N such that k � 3,

are all different except K3 +K1 −1 = K4 −K2 +1 (which concerns the coefficients d1

and d4 in P ) and K8 +K2 − 1 = K9 −K3 + 1 (which concerns the coefficients d8 and
d9 in P ). This statement can be proved in the same way as the claim in the proof
of Lemma 1. Thanks to the orthogonality of the different terms in P , the function P
solves the moment problem (8.5). We have

2id3e
iπ2

4 2K3t
(1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

= 2id3

[
−1

2
ei

π2

4 (2K3+1)t + ei
π2

4 2K3t − 1

2
ei

π2

4 (2K3−1)t

]
,

where all of the terms are orthogonal, and thus∥∥∥∥∥2�[2id3e
iπ2

4 2K3t]
(1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

= 4|d3|2
(

1

4
+ 1 +

1

4

)
∗ 2

= 12|d3|2.

For the same reason, we have∥∥∥∥∥2�[2id2e
iπ2

4 2K2t]
(1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

= 12|d2|2.

We have

id2k

(
ei

π2

4 (K2k−K2)t − ei
π2

4 (K2k+K2)t
) (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

= id2k

[
−1

2
ei

π2

4 (K2k−K2−1)t + ei
π2

4 (K2k−K2)t − 1

2
ei

π2

4 (K2k−K2+1)t

]

− id2k

[
−1

2
ei

π2

4 (K2k+K2−1)t + ei
π2

4 (K2k+K2)t − 1

2
ei

π2

4 (K2k+K2+1)t

]
,

where the terms are orthogonal, and thus∥∥∥∥∥2�
[
id2k

(
ei

π2

4 (K2k−K2)t − ei
π2

4 (K2k+K2)t
)] (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

= |d2k|2
(

1

4
+ 1 +

1

4

)
∗ 4 = 6|d2k|2.

For the same reason, we have∥∥∥∥∥2�
[
id2k−1

(
ei

π2

4 (K2k−1−K3)t − ei
π2

4 (K2k−1+K3)t
)] (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

= 6|d2k−1|2.
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Since K8 + K2 − 1 = K9 −K3 + 1, we have[
id8

(
ei

π2

4 (K8−K2)t − ei
π2

4 (K8+K2)t
)

+ id9

(
ei

π2

4 (K9−K3)t − ei
π2

4 (K9+K3)t
)] (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

= id8

[
−1

2
ei

π2

4 (K8−K2−1)t + ei
π2

4 (K8−K2)t − 1

2
ei

π2

4 (K8−K2+1)t

]

− id8

[
ei

π2

4 (K8+K2)t − 1

2
ei

π2

4 (K8+K2+1)t

]

+ id9

[
−1

2
ei

π2

4 (K9−K3−1)t + ei
π2

4 (K9−K3)t

]

− id9

[
−1

2
ei

π2

4 (K9+K3−1)t + ei
π2

4 (K9+K3)t − 1

2
ei

π2

4 (K9+K3+1)t

]

+ i(d8 − d9)
1

2
ei

π2

4 (K8+K2−1)t,

where all of the terms are orthogonal, and thus∥∥∥∥∥2�
[
id8

(
ei

π2

4 (K8−K2)t − ei
π2

4 (K8+K2)t
)

+ id9

(
ei

π2

4 (K9−K3)t − ei
π2

4 (K9+K3)t
)] (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

= [|d8|2 + |d9|2] ∗
11

4
∗ 2 + |d8 − d9|2 ∗

1

4
∗ 2

� 13

2
[|d8|2 + |d9|2].

For the same reasons, we have∥∥∥∥∥2�
[
id4

(
ei

π2

4 (K4−K2)t − ei
π2

4 (K4+K2)t
)

+ id1

(
ei

π2

4 (K1−K3)t − ei
π2

4 (K1+K3)t
)] (1 − ei

π2

4 t)(1 − e−i
π2

4 t)

2

∥∥∥∥∥
2

L2((0,T ),R)

� 13

2
[|d1|2 + |d4|2].

Thus, we have

‖P‖2
L2 � 12

∑
n∈{1,2,3,4,8,9}

|dn|2 + 6
∑

n∈N∗,n/∈{1,2,3,4,8,9}
|dn|2

which justifies (8.2) with C0 = 2
√

3. For the computation of ‖P ′‖2
L2 , we use the same

kind of arguments together with

(Kn −Kj)
2 + (Kn + Kj)

2

+
(Kn −Kj − 1)2 + (Kn + Kj + 1)2 + (Kn −Kj + 1)2 + (Kn + Kj − 1)2

4

= 3

(
K2

n + K2
j +

1

3

)
.
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This gives (8.3) with C1 = π2
√

3/(2
√

2). For the computation of ‖P ′′‖2
L2 , we also use

the same kind of arguments, together with

(Kn −Kj)
4 + (Kn + Kj)

4

+
(Kn −Kj − 1)4 + (Kn + Kj + 1)4 + (Kn −Kj + 1)4 + (Kn + Kj − 1)4

4

= 3K4
n + 6K2

n(3K2
j + 1) + 3K4

j + 6K2
j + 1.

This gives (8.4) with C2 = π4
√

3/(8
√

2).
In the next proposition, we check the second assumption of Proposition 13 with

M̃ = M̃ and M = M .
Proposition 15. For every P ∈ H2

0 ((0, T ),R), we have

‖(M̃ −M)(P )‖l2(N∗,C) � C0‖P‖L2((0,T ),R),

‖(M̃ −M)(P )‖h2(N∗,C) � C1‖P‖H1
0 ((0,T ),R) + C3‖P‖L2((0,T ),R),

‖(M̃ −M)(P )‖h4(N∗,C) � C2‖P‖H2
0 ((0,T ),R) + C4‖P‖H1

0 ((0,T ),R) + C5‖P‖L2((0,T ),R),

where

C0 :=
√

S0 +
T√
2

(∣∣∣∣√λ3 −
π2

4
K3

∣∣∣∣
2

+

∣∣∣∣√λ2 −
π2

2
K2

∣∣∣∣
2
)1/2

, C2 :=
4

π2
C1,

C1 :=
2
√

2

π2
T

(∣∣∣∣√λ3 −
π2

4
K3

∣∣∣∣ +

∣∣∣∣√λ2 −
π2

2
K2

∣∣∣∣
)
,

S0 := 2

∞∑
n=1

(
1 − sinc

[
T

(√
λn − π2

4
Kn

)])
,

sinc(x) := sin(x)/x, and Cj is a positive constant for j = 3, 4, 5.
Proof of Proposition 15. By using decompositions of the form

(8.6)

(M − M̃)(P )2k−1 =
1

T

∫ T

0

P (t) sin(
√

λ3t)(e
−i
√

λ2k−1t − e−i
π2

4 K2k−1t)dt

+
1

T

∫ T

0

P (t)

[
sin(

√
λ3t) − sin

(
π2

4
K3t

)]
e−i

π2

4 K2k−1tdt,

the Cauchy–Schwarz inequality, and Bessel Parseval inequality, we get

‖(M − M̃)(P )‖l2(N∗,C) �
(

1

2

∥∥∥∥P (t)

[
sin(

√
λ3t) − sin

(
π2

4
K3t

)]∥∥∥∥
2

L2

+
1

2

∥∥∥∥P (t)

[
sin(

√
λ2t) − sin

(
π2

4
K2t

)]∥∥∥∥
2

L2

)1/2

+ ‖P‖L2

( ∞∑
n=1

1

T

∫ T

0

|e−i
√
λnt − e−i

π2

4 Knt|2dt
)1/2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LOCAL CONTROLLABILITY OF A 1D BEAM EQUATION 1249

(the factor 1
2 comes from the fact that we sum only positive frequencies of a real-valued

function), which gives the first bound of the proposition. By using decompositions of
the form (8.6), the triangular inequality, the Cauchy–Schwarz inequality, and integra-
tions by parts, we get

‖(M − M̃)(P )‖h2 � ‖P‖L2

√
S1 +

2
√

2

π2

(∥∥∥∥ d

dt

{
P (t)

[
sin(

√
λ3t) − sin

(
π2

4
K3t

)]}∥∥∥∥
L2

+

∥∥∥∥ d

dt

{
P (t)

[
sin

(√
λ2t

)
− sin

(
π2

4
K2t

)]}∥∥∥∥
L2

)
,

where

S1 :=

∞∑
n=1

K2
n

1

T

∫ T

0

∣∣∣e−i√λnt − e−i
π2

4 Knt
∣∣∣2 dt.

In the same way, we get

‖(M − M̃)(P )‖h4 � ‖P‖L2

√
S2 +

8
√

2

π4

(∥∥∥∥ d2

dt2

{
P (t)

[
sin(

√
λ3t) − sin

(
π2

4
K3t

)]}∥∥∥∥
L2

+

∥∥∥∥ d2

dt2

{
P (t)

[
sin(

√
λ2t) − sin

(
π2

4
K2t

)]}∥∥∥∥
L2

)
,

where

S2 :=

∞∑
n=1

K4
n

1

T

∫ T

0

∣∣∣e−i√λnt − e−i
π2

4 Knt
∣∣∣2 dt.

Finally, in the next proposition, we check the last assumption of Proposition 13
with M̃ = M̃ and M = M .

Proposition 16. The constants C0, C1, C2, C0, C1, C2 defined in Propositions
14 and 15 satisfy C1C1 = C2C2, C0C0 < 1, and C1C1 < 1.

Proof of Proposition 16. First, let us give a bound on the last term in C0. We
have

cos

(
5π

2

)
cosh

(
5π

2

)
= 0 < 1,

cos

(
5π

2
− 1

1000

)
cosh

(
5π

2
− 1

1000

)
= 1.286 . . . > 1,

and thus, thanks to the intermediate values theorem, x2 ∈ (0, 1/1000). We have

√
λ2 −

π2

4
K2 =

(
5π

2
− x2

)2

− π2

4
K2 = −5πx2 + x2

2.

The two terms of the right-hand side have different signs and x2 < 5π, and thus

(8.7)

(√
λ2 −

π2

4
K2

)2

< (5πx2)
2 < 25π210−6.
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In the same way, we deduce from

cos

(
7π

2

)
cosh

(
7π

2

)
= 0 < 1

and cos

(
7π

2
+

1

10000

)
cosh

(
7π

2
+

1

10000

)
= 2.98 . . . > 1

that x3 ∈ (0, 1/10000). Moreover,

√
λ3 −

π2

4
K3 =

(
7π

2
+ x3

)2

− π2

4
K3 = 7πx3 + x2

3,

and thus (√
λ3 −

π2

4
K3

)2

< (7π10−4 + 10−8)2 < π210−6.

Therefore

(8.8)

T√
2

[(√
λ2 −

π2

4
K2

)2

+

(√
λ3 −

π2

4
K3

)2
]1/2

<
1√
2

8

π
(26π210−6)1/2 = 8

√
13∗10−3.

Now let us give a bound on S0. We have

(8.9) S0 � 2

∞∑
n=1

1

6

[
T

(√
λn − π2

4
Kn

)]2

� T 2

3

∞∑
n=1

(√
λn − π2

4
Kn

)2

.

First, we study the cases where n is odd. We have

ν2k−1 = 2kπ − π

2
+ x2k−1 = (4k − 1)

π

2
+ x2k−1,

and thus (√
λ2k−1 −

π2

4
K2k−1

)2

=
(
π(4k − 1)x2k−1 + x2

2k−1

)2
.

For every k � 2, we have x2k−1 � π(4k − 1), and thus, by using (3.3) and (3.4), we
get

(√
λ2k−1 −

π2

4
K2k−1

)2

� [2π(4k − 1)x2k−1]
2

� 4
[
π(4k − 1)

π

2 cosh(ν2k−1)

]2

� π2 [(4k − 1)π]2

cosh(2kπ − π/2)2

� π2

a

1

cosh(2kπ − π/2)

� 2π2

a
e−2kπ+π

2 ,
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where

a :=
1

2(7π)2

(
e

7π
2 − 1 − 7π

2

)
.

Indeed, for k � 2, we have

cosh
(
2kπ − π

2

)
= cosh

(
(4k − 1)

π

2

)

� 1

2

∞∑
n=2

1

n!

(
(4k − 1)

π

2

)2
(

7π

2

)n−2

� 1

2

(
2

7π

)2 (
e

7π
2 − 1 − 7π

2

)(
(4k − 1)

π

2

)2

� a[(4k − 1)π]2.

Thus,

T 2

3

∞∑
n=1,n odd

(√
λn − π2

4
Kn

)2

� T 2

3

{(√
λ1 −

π2

4
K1

)2

+
2π2

a

∫ ∞
1

e−2πx+π
2 dx

}
,

We have

cos

(
3π

2
+

1

55

)
cosh

(
3π

2
+

1

55

)
= 1.030 . . . > 1,

and thus x1 ∈ (0, 1/55). Therefore

(8.10)
T 2

3

∞∑
n=1,n odd

(√
λn − π2

4
Kn

)2

� 1

3

(
8

π

)2
⎧⎨
⎩
(

3π

55
+

(
1

55

)2
)2

+
π

a
e−3π/2

⎫⎬
⎭

Now we deal with even integers in the sum S0. We have

ν2k = 2kπ +
π

2
− x2k = (4k + 1)

π

2
− x2k,

and thus, for k � 2, by using (3.4), we get

(√
λ2k − π2

4
K2k

)2

=
(
π(4k + 1)x2k − x2

2k

)2

� (π(4k + 1)x2k)
2

� π2

4

[(4k + 1)π]2

cosh(2kπ + π/4)2

� π2

4b

1

cosh(2kπ + π/4)

� π2

2b
e−2kπ−π/4,

where

b :=
2

(18π)2

(
e17π/4 − 1 − 17π

4

)
.
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Indeed, for k � 2, we have

cosh
[
2kπ +

π

4

]
cosh

[(
4k +

1

2

)
π

2

]

� 1

2

∞∑
n=2

1

n!

[(
4k +

1

2

)
π

2

]2 (
17π

4

)n−2

� 1

2

(
4

17π

)2 {
e

17π
4 − 1 − 17π

4

}(
4k + 1

2

4k + 1

)2 (
(4k + 1)

π

2

)2

� 1

2

(
4

17π

)2 {
e

17π
4 − 1 − 17π

4

}(
17

18

)2 (
(4k + 1)

π

2

)2

� b[(4k + 1)π]2.

Thus,

(8.11)

T 2

3

∞∑
n=2,n even

(√
λn − π2

4
Kn

)2

� T 2

3

{(√
λ2 −

π2

4
K2

)2

+
π2

2b

∫ ∞
1

e−2πx−π
2 dx

}
.

Thanks to (8.11), we get

(8.12)
T 2

3

∞∑
n=2,n even

(√
λn − π2

4
Kn

)2

� 1

3

(
8

π

)2 {
25π210−6 +

π

4b
e−5π/2

}
.

Thanks to the explicit expression of C0 and C0 and the inequalities (8.8), (8.9), (8.10),
and (8.12), we get

C0C0 = 0.9847 . . . < 1.

Finally, we have

C2C2 = C1C1 =

√
3

2
√

2
π2 2

√
2

π2

8

π

(
5πx2 + 7πx3 + x2

3

)

�
√

3
8

π

(
5π

1000
+

14π

10000

)
= 0.0886 . . . < 1.

In this proof, there are two numerical values. They were computed thanks to the soft-
ware Maple, with a precision that guarantees the validity of the first deci-
mals.

9. Controllability of the linearized system around (u, ut, p). In all of this
section, T := 8/π. The goal of this section is the proof of the following result, which
is the only assumption of Theorem 4 which is missing, for its application to the map
ΦT , defined by (1.8).

Proposition 17. There exist δ∗ > 0, C > 0 such that
• for every (u0, u̇0, p) ∈ E8 ∩ V , where

V := {(u0, u̇0, p) ∈ E4; ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E4 < δ∗},

the map dΦT (u0, u̇0, p) has a right inverse

dΦT (u0, u̇0, p)
−1 : F7 → E6
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such that, for every (U0, U̇0, UT , U̇T ) ∈ F7,

‖dΦT (u0, u̇0, p)
−1.(U0, U̇0, UT , U̇T )‖E2 � C‖(U0, U̇0, UT , U̇T )‖E3 ,

‖dΦT (u0, u̇0, p)
−1.(U0, U̇0, UT , U̇T )‖E6 � C[‖(U0, U̇0, UT , U̇T )‖E7

+ ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E8‖(U0, U̇0, UT , U̇T )‖E3 ]

• and the map

E8 ∩ V × F7 → E6

((u0, u̇0, p) , (U0, U̇0, UT , U̇T )) �→ dΦT (u0, u̇0, p)
−1.(U0, U̇0, UT , U̇T )

is continuous.
Remark 5. A natural strategy for proving Proposition 17 consists in deducing it

from Proposition 11 together with an argument of close linear maps. Indeed, if we
prove that, for (u0, u̇0, p) ∈ E8∩V , dΦT (u0, u̇0, p) is a continuous linear map from E6

to F7 such that

(9.1)
∥∥∥dΦT (u0, u̇0, p) − dΦT (uref

0 , u̇ref
0 , 0)

∥∥∥
L(E6,F7)

< 1,

then we know that dΦT (u0, u̇0, p) has a right inverse dΦT (u0, u̇0, p)
−1 : F7 → E6. This

strategy is more or less the one used in this section. However, we chose to use the
closeness between moment problems (associated to the controllability of the linearized

systems) instead of the closeness between dΦT (u0, u̇0, p) and dΦT (uref
0 , u̇ref

0 , 0). Note
that the results of section 2 are not sufficient to prove (9.1). Indeed, Proposition 3
ensures only that dΦT (u0, u̇0, p) is a continuous linear map from E6 to F6 (and not
F7) and provides bounds only for

(9.2)
∥∥∥dΦT (u0, u̇0, p) − dΦT (uref

0 , u̇ref
0 , 0)

∥∥∥
L(E6,F6)

.

Therefore, in order to get (9.1), we need to work more.
In subsection 9.1, we detail the strategy of the proof. We explain that the proof

of Proposition 17 is the consequence of two other results stated in Proposition 20s
and 21. The proof of these propositions needs preliminary work done in subsection
9.2. Finally, in subsection 9.3, we prove Proposition 20, and, in subsection 9.4, we
prove Proposition 21.

9.1. Strategy. In order to prove Proposition 17, we will transform the control-
lability of the linearized system around a trajectory (u, ut, p) into the solvability of
a “generalized moment problem.” Then we will use the closeness between the gener-
alized moment problem associated to the linearized system around (u, ut, p) and the

moment problem associated to the linearized system around (uref , uref
t , 0) to deduce

the solvability of the first one from the solvability of the second one (which was proved
in the previous section).

First, let us write the controllability of the linearized system around a trajectory
(u, ut, p) into a generalized moment problem. In order to do that, we need some new
notations. For γ ∈ R, we introduce the operator Aγ defined by

D(Aγ) := H4 ∩H2
0 ((0, 1),C), Aγu := uxxxx + γuxx.

It is a symmetric unbounded operator on L2((0, 1),R). Let (λk,γ)k∈N∗ be the non-
decreasing sequence of the eigenvalues of Aγ and (ϕk,γ)k∈N∗ associated eigenvectors,
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which form an orthonormal basis of L2((0, 1),R). The maps γ �→ λk,γ and γ �→ ϕk,γ

are analytic, which gives a sense to the notations

dϕk,γ

dγ

]
γ1

and
d

dγ

[
1√
λk,γ

ϕk,γ

]
γ1

,

which are, respectively, the derivative of the map γ �→ ϕk,γ considered at the point
γ = γ1 and the derivative of the map γ �→ ϕk,γ/

√
λk,γ considered at the point γ = γ1.

Now we transform the controllability of the linearized system around a trajec-
tory (u, ut, p) into a generalized moment problem. Let (u0, u̇0, p) ∈ E8 and u ∈
C0([0, T ], H8((0, 1),R)) be the solution of⎧⎨

⎩
utt + uxxxx + p(t)uxx = 0, x ∈ (0, 1), t ∈ (0, T ),
u = ux = 0 at x = 0, 1,
u(0) = u0, ut(0) = u̇0.

Let (U0, U̇0, P ) ∈ E6. We have

dΦT (u0, u̇0, P ).(U0, U̇0, P ) = (U0, U̇0, U(T ), Ut(T )),

where U ∈ C0([0, T ], H6((0, 1),R)) is the solution of⎧⎨
⎩

Utt + Uxxxx + p(t)Uxx + P (t)uxx = 0, x ∈ (0, 1), t ∈ (0, T ),
U = Ux = 0 at x = 0, 1,

U(0) = U0, Ut(0) = U̇0.

We have, for every t ∈ [0, T ],

(9.3)

(
U(t)
Ut(t)

)
=

∞∑
k=1

2�
(
xk(t)Xk,p(t)

)
,

where, for every k ∈ N
∗,

(9.4) xk(t) :=
1

2

∫ 1

0

[
U(t, x)ϕk,p(t)(x) − U̇(t, x)

1

i
√
λk,p(t)

ϕk,p(t)(x)

]
dx,

(9.5) Xk,γ :=

(
ϕk,γ

−i
√
λk,γϕk,γ

)
.

By using the partial differential equation solved by U , we get

ẋk =
1

2

∫ 1

0

(
Utϕk,p + [Uxxxx + p(t)Uxx + P (t)uxx]

ϕk,p

i
√
λk,p

)
dx

+
ṗ

2

∫ 1

0

⎛
⎝U

[
dϕk,γ

dγ

]
p(t)

− Ut
d

dγ

[
ϕk,γ

i
√
λk,γ

]
p(t)

⎞
⎠ dx

= −i
√
λk,p(t)xk(t) −

i

2
P (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉

+
1

2
ṗ(t)

⎛
⎝
〈
U(t),

dϕk,γ

dγ

]
p(t)

〉
+ i

〈
U̇(t),

d

dγ

[
ϕk,γ√
λk,γ

]
p(t)

〉⎞
⎠ .
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This first order ordinary differential equation can be solved explicitly. Then the
equality

dΦT (u0, u̇0, p).(U0, U̇0, P ) = (U0, U̇0, UT , U̇T )

is equivalent to (U(T ), U̇(T )) = (UT , U̇T ), which is equivalent to the generalized
moment problem

Υ(u0,u̇0,p)(P ) = d(U0, U̇0, UT , U̇T ),

where Υ(u0,u̇0,p)(P ) := (Υ(u0,u̇0,p)(P )k)k∈N∗ , d(U0, U̇0, UT , U̇T ) := (d(U0, U̇0, UT ,

U̇T )k)k∈N∗ , and, for every k ∈ N
∗,

(9.6)

Υ(u0,u̇0,p)(P )k :=

∫ T

0

⎧⎨
⎩−i

2
P (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
+

1

2
ṗ(t)

〈
U(t),

dϕk,γ

dγ

]
p(t)

〉

+
i

2
ṗ(t)

〈
U̇(t),

d

dγ

[
ϕk,γ√
λk,γ

]
p(t)

〉⎫⎬
⎭ ei

∫ t
0

√
λk,p(s)dsdt,

d(U0, U̇0, UT , U̇T )k :=
1

2
ei

∫ T
0

√
λk,p(s)ds

[
〈UT , ϕk〉 −

1

i
√
λk

〈U̇T , ϕk〉
]

− 1

2

[
〈U0, ϕk〉 −

1

i
√
λk

〈U̇0, ϕk〉
]
.

Notice that the right-hand side d(U0, U̇0, UT , U̇T ) belongs to h7(N∗,C) when
(U0, U̇0, UT , U̇T ) ∈ F7. Thus, Proposition 17 is equivalent to the following propo-
sition.

Proposition 18. There exist δ∗ > 0, C > 0 such that
• for every (u0, u̇0, p) ∈ E8 ∩ V , where

V := {(u0, u̇0, p) ∈ E4; ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E4
< δ∗},

the map Υ(u0,u̇0,p) has a right inverse

Υ(u0,u̇0,p)−1 : h7(N∗,C) → H2 ∩H1
0 ((0, T ),R)

such that, for every d ∈ h7(N∗,C),

‖Υ−1
(u0,u̇0,p)

.d‖L2((0,T ),R) � C‖d‖h3 ,

‖Υ−1
(u0,u̇0,p)

.d‖H2 � C[‖d‖h7 + ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E8‖d‖h3 ],

• the map

E8 ∩ V × h7(N∗,C) → H2 ∩H1
0 ((0, T ),R)

((u0, u̇0, p) , d) �→ Υ−1
(u0,u̇0,p)

.d

is continuous.
We will get Proposition 18 by applying the following proposition with M̃ re-

placed by Υ(uref
0 ,u̇ref

0 ,0), M replaced by Υ(u0,u̇0,p), Δ4 replaced by C‖(u0 − uref
0 , u̇0 −

u̇ref
0 , p)‖E4

, and Δ8 replaced by C‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E8
.
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Proposition 19. Let M̃ be a continuous linear map L2((0, T ),R) → h3(N∗,C)

and H2
0 ((0, T ),R) → h7(N∗,C) that has a continuous right inverse M̃−1 : h7(N∗,C) →

H2
0 ((0, T ),R) satisfying, for every d ∈ h7(N∗,C),

‖M̃−1(d)‖L2 � C0‖d‖h3 ,

‖M̃−1(d)‖H2
0

� C0‖d‖h7 ,

with some positive constant C0.
(1) Every linear map M for which there exists Δ4,Δ8 > 0, with C0Δ4 < 1 such

that, for every P ∈ H2
0 ((0, T ),R),

(9.7)
‖(M̃ −M)(P )‖h3 � Δ4‖P‖L2 ,

‖(M̃ −M)(P )‖h7 � Δ4‖P‖H2
0

+ Δ8‖P‖L2 ,

has a right inverse M−1 : h7(N∗,C) → H2
0 ((0, T ),R) such that, for every d ∈

h7(N∗,C),

(9.8)

‖M−1(d)‖L2 � C0

1 − C0Δ4
‖d‖h3 ,

‖M−1(d)‖H2
0

� C0

1 − C0Δ4
‖d‖h7 +

(
C0

1 − C0Δ4
+

C0Δ8

(1 − C0Δ4)2

)
‖d‖h3 .

(2) Let (Mε)ε>0, M be linear maps that satisfy the assumptions of statement (1)
with constants Δε

4, Δε
8, Δ4, Δ8. Let (dε)ε>0, d ∈ h7(N∗,C). We assume the following:

(a) Mε → M weakly in L(H2
0 ((0, T ),R), h7(N∗,C)), i.e., for every P ∈ H2

0 ((0, T ),R),
Mε(P ) → M(P ) in h7(N∗,C)) when ε → 0;

(b) dε → d in h7(N∗,C) when ε → 0;
(c) there exists Δ∗4,Δ

∗
8 > 0 such that C0Δ

∗
4 < 1, and for every ε > 0, Δε

4 � Δ∗4
and Δε

8 � Δ∗8.
Then M−1

ε (dε) → M−1(d) in H2
0 ((0, T ),R).

Proof of Proposition 19. First, we prove statement (1). Let d ∈ h7(N∗,C)). We
define a sequence (Pn)n∈N∗ ⊂ H2

0 ((0, T ),R) by{
P0 := M̃−1(P0),

Pn+1 := M̃−1[(M̃ −M)(Pn)] ∀n ∈ N.

Then, for every n ∈ N, we have

(9.9) M
(

n∑
k=0

Pk

)
= d + (M−M̃)(Pn).

Thanks to (9.7), we have, for every n ∈ N,

(9.10)
‖Pn‖L2 � C0(C0Δ4)

n‖d‖h3 ,
‖Pn‖H2

0
� C0(C0Δ4)

n‖d‖h7 + yn‖d‖h3 ,

where (yn)n∈N ⊂ R is defined by

(9.11)

{
y0 = C0,
yn+1 = C0Δ4yn + C0Δ8(C0Δ4)

n+1 ∀n ∈ N.
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Since C0Δ4 < 1, then
∑

Pn converges in H2
0 ((0, T ),R) to P :=

∑∞
n=0 Pn. By using

(9.9), the convergence of Pn to zero in H2
0 ((0, T ),R), and the continuity of M−M̃ :

H2
0 → h7, we get M(P ) = d. Moreover, we have

‖P‖L2 �
∞∑

n=0

‖Pn‖L2 �
∞∑

n=0

C0(C0Δ4)
n‖d‖h3 � C0

1 − C0Δ4
‖d‖h3 ,

‖P‖H2
0

�
∞∑

n=0

‖Pn‖H2
0

� C0

1 − C0Δ4
‖d‖h7 +

( ∞∑
n=0

yn

)
‖d‖h3 .

By using (9.11), we get( ∞∑
n=0

yn

)
− C0 = C0Δ4

( ∞∑
n=0

yn

)
+

C2
0Δ4Δ8

1 − C0Δ4
,

which gives (9.8).
Now we prove statement (2). Let P ε := M−1

ε (dε), P := M−1(d) ∈ H2
0 ((0, T ),

R) built with the previous construction, i.e., P ε =
∑∞

n=0 P
ε
n and P =

∑∞
n=0 Pn. We

want to prove that P ε → P in H2
0 ((0, T ),R) when ε → 0.

First we prove by induction on n ∈ N that, for every n ∈ N,

H(n) : P ε
n → Pn in H2

0 ((0, T ),R) when ε → 0.

It is clear that P ε
0 := M̃−1(dε) converges to P0 = M̃−1(d) in H2

0 ((0, T ),R).

Indeed, M̃−1 : h7 → H2
0 is continuous and dε → d in h7. This proves H(0).

Let n ∈ N. We assume H(n). Let us recall that

P ε
n+1 = M̃−1[(M̃ −Mε)(P

ε
n)].

Since

M̃ −Mε → M̃−M weakly in L(H2
0 , h

7) when ε → 0,

and P ε
n → Pn strongly in H2

0 , then

(M̃ −Mε)(P
ε
n) → (M̃ −M)(Pn) in h7 when ε → 0.

Thanks to the continuity of M̃−1 : h7 → H2
0 , we deduce that H(n + 1) holds. This

ends the proof by induction.
Now, let us prove statement (2) thanks to the dominated convergence theorem.

For every ε > 0, for every n ∈ N
∗, we know that

‖P ε
n‖H2

0
� C0(C0Δ

ε
4)

n‖d‖h7 + yεn‖d‖h3 ,

where (yεn)ε>0 ⊂ R is defined by{
yε0 = C0,
yεn+1 = C0Δ

ε
4y

ε
n + C0Δ

ε
8(C0Δ

ε
4)

n ∀n ∈ N.

Let (y∗n)ε>0 ⊂ R be defined by{
y∗0 = C0,
y∗n+1 = C0Δ

∗
4y
∗
n + C0Δ

∗
8(C0Δ

∗
4)

n.

Since C0Δ
∗
4 < 1, then (y∗n)n∈N ∈ l1(N,C). Moreover, for every ε > 0, for every n ∈ N,

yεn � y∗n. Therefore, we have
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• P ε
n → Pn in H2

0 ((0, T ),R) when ε → 0,
• and for every ε > 0 and for every n ∈ N,

‖P ε
n‖H2

0
� C0(C0Δ

∗
4)

n‖d‖h7 + C0Δ
∗
8y
∗
n‖d‖h3 .

The right-hand side of the previous inequality defines a sequence in l1(N,C), and thus
the dominated convergence theorem allows one to conclude that

P ε =

∞∑
n=0

P ε
n →

∞∑
n=0

Pn = P in H2
0 ((0, T ),R) when ε → 0.

This ends the proof of Proposition 19.
Now let us explain how we apply Proposition 19 with M̃ = Υ(uref

0 ,u̇ref
0 ,0), M =

Υ(u0,u̇0,p), Mε = Υ(uε
0,u̇

ε
0,p

ε), where (uε
0, u̇

ε
0, p

ε) → (u0, u̇0, p) in E8. First, note that the

first assumption of Proposition 19, with M̃ = Υ(uref
0 ,u̇ref

0 ,0), holds thanks to Proposi-

tion 12. In order to prove the estimate (9.7), we use the following decomposition:

(Υ(u0,u̇0,p) − Υ(uref (0),u̇ref (0),0))(P )

=
−i

2
Υ1

(u0,u̇0,p)
(P ) +

1

2
Υ2

(u0,u̇0,p)
(P ) +

i

2
Υ3

(u0,u̇0,p)
(P ),

where, for every k ∈ N
∗,

Υ1
(u0,u̇0,p)

(P )k

:=

∫ T

0

P (t)

(〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)ds −

〈
uref
xx (t),

ϕk√
λk

〉
ei
√
λkt

)
dt,

Υ2
(u0,u̇0,p)

(P )k :=

∫ T

0

ṗ(t)

〈
U(t),

dϕk,γ

dγ

]
p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt,

Υ3
(u0,u̇0,p)

(P )k :=

∫ T

0

ṗ(t)

〈
U̇(t),

d

dγ

[
ϕk,γ√
λk,γ

]
p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt.

In sections 9.3 and 9.4, we prove the following proposition that allows us to deduce
Proposition 18 from Proposition 19.

Proposition 20. There exist δ∗ > 0, C > 0 such that, for every j ∈ {1, 2, 3},
for every (u0, u̇0, p) ∈ E8, and for every P ∈ H2

0 ((0, T ),R),

‖Υj
(u0,u̇0,p)

(P )‖h3(N∗,C) � C‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E4
‖P‖L2 ,

‖Υj
(u0,u̇0,p)

(P )‖h7(N∗,C)

� C[‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E8‖P‖L2 + ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E4‖P‖H2
0
].

Proposition 21. Let ((uε
0, u̇

ε
0, p

ε))ε>0, (u0, u̇0, p) in E8 such that (uε
0, u̇

ε
0, p

ε) →
(u0, u̇0, p) in E8 when ε → 0. Then Υ(uε

0,u̇
ε
0,p

ε) → Υ(u0,u̇0,p) weakly in L(H2
0 , h

7), when
ε → 0.

The proofs of Propositions 20 and 21 need preliminary work that is developed in
the next subsection.
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9.2. Preliminaries. In this subsection, we prove technical results which are
useful for the proof of Propositions 20 and 21.

9.2.1. Technical results about λk,γ and ϕk,γ . In this section, we state some
useful results on the eigenvalues (λk,γ)k∈N∗ and eigenfunctions (ϕk,γ)k∈N∗ introduced
in section 9.1. When γ = 0, we write λk and ϕk instead of λk,0 and ϕk,0. In this case,
explicit expressions and asymptotic behaviors are given in Proposition 6. It is well
known that ϕk,γ and λk,γ are analytic functions of the parameter γ:

(9.12)
ϕk,γ = ϕk + γϕ

(1)
k + γ2ϕ

(2)
k + γ3ϕ

(3)
k + · · · ,

λk,γ = λk + γλ
(1)
k + γ2λ

(2)
k + γ3λ

(3)
k + · · · .

Lemma 2. There exists c ∈ (0, 1) such that, for every j, k ∈ N
∗ with the same

parity

(9.13) (1 − c)π|k − j| � |νk − νj | � (1 + c)π|k − j|,

(9.14)

(1− c)
(π

2

)4

|(2k+1)4 − (2j+1)4| � |λk−λj | � (1+ c)

(
π2

2

)4

|(2k+1)4 − (2j+1)4|.

Proof of Lemma 2. When k, j ∈ N
∗, k �= j, and k, j have the same parity, thanks

to (3.3), we have

π

2
|k − j| � |νk − νj | � 2π|k − j|

and ∣∣∣∣(λk − λj) −
(π

2

)4

[(2k + 1)4 − (2j + 1)4]

∣∣∣∣
� max

{∣∣∣∣λk −
(π

2
(2k + 1)

)4
∣∣∣∣ ,

∣∣∣∣λj −
(π

2
(2j + 1)

)4
∣∣∣∣
}
.

Moreover, by using (3.4), we get∣∣∣∣λk −
(π

2
(2k + 1)

)4
∣∣∣∣ � 15

(π
2

(2k + 1)
)3

xk because 0 < xk < 1

�
(π

2

)4

m
15

2320

(2k + 1)3

cosh(kπ)
,

where m := inf{|(2l+1)4−(2i+1)4|; l �= i ∈ N
∗ with the same parity} = 2320. Thus,∣∣∣∣λk −

(π
2

(2k + 1)
)4

∣∣∣∣ �
(π

2

)4

mc1

�
(π

2

)4 ∣∣∣(2k + 1)4 − (2j + 1)4
∣∣∣c1,

where

c1 := sup

{
15

2320

(2k + 1)3

cosh(π)
; k ∈ N

∗
}

=
81

464 cosh(π)
< 1,

which ends the proof.
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Proposition 22. For every k ∈ N
∗, we have

(9.15)
d4ϕ

(1)
k

dx4
+

d2ϕk

dx2
= λkϕ

(1)
k + λ

(1)
k ϕk,

(9.16) λ
(1)
k = −‖ϕ′k‖2

L2((0,1),R),

(9.17) ϕ
(1)
k =

∑
j∈N∗,j 
=k,P (j)=P (k)

xk,jϕj , where xk,j :=
〈ϕ′′k , ϕj〉
(λk − λj)

,

where the sum is taken over all of the integers j different from k, with the same parity
as k. There exists a constant C > 0 such that, for every k ∈ N

∗,

(9.18) |λ(1)
k | � Ck2,

(9.19) ‖ϕ(1)
k ‖L2((0,1),R) � C

k
.

Proof of Proposition 22. Equation (9.15) corresponds to the term of first order
with respect to γ, in the equality Aγϕk,γ = λk,γϕk,γ developed thanks to (9.12).
Notice that the equality

‖ϕk,γ‖L2((0,1),R) = 1

implies 〈ϕ(1)
k , ϕk〉 >= 0. Then we get (9.16) by taking the L2-scalar product of (9.15)

with the vector ϕk. The expression (9.17) comes from (9.15), and the parity of the
functions ϕj justify that half of the components vanish.

Thanks to (9.16), the convexity of the Hs-norms, the behavior (3.3), and the
equalities

‖ϕk‖L2((0,1),R) = 1,

∥∥∥∥d4ϕk

dx4

∥∥∥∥
L2((0,1),R)

= λk,

we get (9.18). By using (9.14) and ‖ϕ′′k‖L2 =
√
λk � Ck2, we get

‖ϕ(1)
k ‖L2((0,1),R) =

⎡
⎣ ∑
j∈N∗,j 
=k,P (j)=P (k)

(
〈ϕ′′k , ϕj〉 >
λk − λj

)2
⎤
⎦

1/2

� Ck2

⎡
⎣ ∑
j∈N∗,j 
=k,P (j)=P (k)

1

[(2k + 1)4 − (2j + 1)4]2

⎤
⎦

1/2

.

Thanks to the explicit expression for x > 0, x �= K,∫
dx

(x4 −K4)2
=

3

16K7
ln

(
x + K

|x−K|

)

− 1

16K6

2x

x2 −K2
+

3

8K7
arctan

( x

K

)
+

1

8K6

x

x2 + K2

we get

(9.20)
∑

j∈N∗,j 
=k,P (j)=P (k)

1

[(2k + 1)4 − (2j + 1)4]2
� C

k6
,

which gives the conclusion.
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Corollary 1. There exist γ∗ > 0 and C > 0 such that, for every γ1 ∈ (−γ∗, γ∗),
for every k ∈ N

∗, we have

(9.21) ‖ϕk,γ1 − ϕk‖Hs((0,1),R) � C|γ1|ks−1 for every integer s ∈ [0, 4],

(9.22) |λk,γ1 − λk| � C|γ1|k2,

(9.23) |
√
λk,γ1 −

√
λk| � C|γ1|.

Proof of Corollary 1. The inequalities (9.22) and (9.23) are consequences of (9.18).
The inequality (9.21) for s = 0 is a consequence of (9.19). By using the equation

d4

dx4
[ϕk,γ1 − ϕk] + γ1ϕ

′′
k,γ1

= λk,γ1(ϕk,γ1
− ϕk) + (λk,γ1 − λk)ϕk,

we get (9.21) for s = 4. Indeed, we have (9.22) and

‖ϕ′′k,γ1
‖L2((0,1),R) =

√
λk,γ1 � Ck2.

Then (9.21) for s = 2, 3 comes from the logarithmic convexity of the Hs-norm.
Proposition 23. For every k ∈ N

∗, we have

(9.24)
d4ϕ

(2)
k

dx4
+

d2ϕ
(1)
k

dx2
= λkϕ

(2)
k + λ

(1)
k ϕ

(1)
k + λ

(2)
k ϕk,

(9.25) λ
(2)
k =

〈
d2ϕ

(1)
k

dx2
, ϕk

〉
,

(9.26) ϕ
(2)
k = −1

2
‖ϕ(1)

k ‖2
L2ϕk +

∑
j∈N∗,j 
=k,P (j)=P (k)

〈d
2ϕ

(1)
k

dx2 , ϕj〉 − λ
(1)
k xk,j

(λk − λj)
ϕj .

There exists a constant C > 0 such that, for every k ∈ N
∗,

(9.27) ‖ϕ(2)
k ‖L2((0,1),R) � C

k2
,

(9.28) |λ(2)
k | � Ck.

Proof of Proposition 23. The proof of this proposition is very similar to the one
of Proposition 22; thus, here, we justify only the bound (9.27). By using (9.14), we
get

‖ϕ(2)
k ‖L2 � 1

2
‖ϕ(1)

k ‖2
L2 + C

(∥∥∥∥∥d
2ϕ

(1)
k

dx2

∥∥∥∥∥
L2

+ |λ(1)
k |‖ϕ(1)

k ‖L2

)
⎡
⎣ ∞∑
j=1,j 
=k,P (j)=P (k)

1

[(2k + 1)4 − (2j + 1)4]2

⎤
⎦

1/2

.

Equation (9.24) gives ∥∥∥∥∥d
4ϕ

(1)
k

dx4

∥∥∥∥∥
L2

� Ck3,

which, with (9.19) and the convexity of the norms, leads to∥∥∥∥∥d
2ϕ

(1)
k

dx2

∥∥∥∥∥
L2

� Ck.

We conclude by using also (9.18), (9.19), and (9.20).
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The vectors ϕk and the real numbers λk,γ are analytic functions of the parameter
γ, so we can consider their derivatives with respect to γ. We introduce the notations

djϕk,γ

dγj

]
γ1

for the jth derivative of the function γ �→ ϕk,γ evaluated at the point γ = γ1 and

λ′k,γ1
, λ′′k,γ1

for the first and the second derivative, respectively, of the function γ �→ λk,γ evaluated
at the point γ = γ1.

Corollary 2. There exist γ∗ > 0, C > 0, and l ∈ R such that, for every
γ1 ∈ (−γ∗, γ∗), for every k ∈ N

∗, we have

(9.29)

∥∥∥∥∥ dϕk,γ

dγ

]
γ1

− dϕk,γ

dγ

]
0

∥∥∥∥∥
Hs((0,1),R)

� C|γ1|ks−2 for every integer s ∈ [0, 4],

(9.30)

∥∥∥∥∥ dϕk,γ

dγ

]
γ1

∥∥∥∥∥
Hs((0,1),R)

� Cks−1,

(9.31) ‖ϕk,γ1
− ϕk − γ1ϕ

(1)
k ‖L2((0,1),R) � C

|γ1|2
k2

,

(9.32) |λ′k,γ1
− λ′k| � C|γ1|k and |λ′k,γ1

| � Ck2,

(9.33)
∣∣∣√λk,γ1

−
√
λk − γ1l

∣∣∣ � C
|γ1|
k

.

Proof of Corollary 2. The proof of Corollary 2 is similar to the one of Corollary 1;
thus we justify only (9.33). We deduce from (9.28) that there exist C > 0 and γ∗ > 0
such that, for every γ ∈ (−γ∗, γ∗), for every k ∈ N

∗,

∣∣∣∣√λk,γ −
√
λk − γ

λ′k
2
√
λk

∣∣∣∣ � C
γ2

k
.

Thus, we need only to prove the existence of constants C > 0 and l ∈ R such that,
for every k ∈ N

∗,

(9.34)

∣∣∣∣ λ′k
2
√
λk

− l

∣∣∣∣ � C

k
.

By using (9.16), (3.7), and (3.14), we get

λ′k√
λk

= − 1

νk‖vk‖2
L2

(
ξ2
kI1(νk) + ζkI2(νk) + 2ξkζkI3(νk)

)
,
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where

I1(x) :=

∫ x

0

(sin(y) + sinh(y))2dy

=
sinh(2x)

4
+ sin(x) cosh(x) − cos(x) sinh(x) − sin(2x)

4
,

I2(x) :=

∫ x

0

(cos(y) − cosh(y))2dy

=
sinh(2x)

4
− cos(x) sinh(x) − sin(x) cosh(x) + x +

sin(2x)

4
,

I3(x) :=

∫ x

0

(sin(y) + sinh(y))(− cos(y) + cosh(y))dy

=
cosh(2x)

4
− cos(x) cosh(x) +

1

4
+

cos(x)2

2
.

We get (9.34) thanks to (3.8) and the asymptotic behaviors (3.13).
In the same way as we proved the two previous propositions, we can get the next

one.
Proposition 24. There exists C > 0 such that, for every k ∈ N

∗,

‖ϕ(3)
k ‖L2 � C

k2
.

Thus, there exist γ∗ > 0 and C > 0 such that, for every γ ∈ (−γ∗, γ∗), for every
k ∈ N

∗, we have

(9.35)

∥∥∥∥∥ d2ϕk,γ

dγ2

]
γ1

∥∥∥∥∥
L2

� C

k2
.

9.2.2. Technical results about sequences with the same form as
Υ(u0,u̇0,p)(P ). In this section, we prove bounds for the h1- or h3-norm of sequences
S = (Sk)k∈N∗ that have a form similar to the one of Υ(u0,u̇0,p)(P ). For example,

Sk :=

∫ T

0

w(t)

〈
f(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)ds,

where p, w : [0, T ] → R and f : [0, T ] → L2((0, 1),R).
Lemma 3. Let γ∗ be as in Corollaries 1 and 2. There exists C > 0 such that, for

every γ1 ∈ (−γ∗, γ∗), for every f ∈ L2((0, 1),R),

(9.36)

∞∑
k=1

∣∣∣∣∣k
〈
f,

dϕk,γ

dγ

]
γ1

〉∣∣∣∣∣
2

� C‖f‖2
L2((0,1),R),

(9.37)

∞∑
k=1

∣∣∣k〈f, ϕk,γ1 − ϕk〉
∣∣∣2 � Cγ2

1‖f‖2
L2((0,1),R).

Proof of Lemma 3. Note that, in order to get (9.36), it is sufficient to prove
it with γ1 = 0. Indeed, by using Corollary 2, we have, for γ1 ∈ (−γ∗, γ∗) and
f ∈ L2((0, 1),R),∣∣∣∣∣k

〈
f,

dϕk,γ

dγ

]
γ1

− dϕk,γ

dγ

]
0

〉∣∣∣∣∣ � ‖f‖L2((0,1),R)
C|γ1|
k

.
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For f ∈ L2((0, 1),R), we have

∞∑
k=1

∣∣∣∣k
〈
f,

dϕk,γ

dγ

]
0

〉∣∣∣∣
2

=

∞∑
k=1

∣∣∣∣∣∣
∞∑

j=1,j 
=k,P (j)=P (k)

ak,j〈f, ϕj〉

∣∣∣∣∣∣
2

,

where the second sum is taken over all j ∈ N
∗ having the same parity as k such that

j �= k, ak,j := kxk,j , xk,j is defined in (9.17) when P (k) = P (j), and ak,j = 0 when
P (k) �= P (j).

If we prove that there exists C > 0 such that

(9.38)

∀j ∈ N
∗

∑
k∈N∗,k 
=j,P (k)=P (j)

|ak,j | � C and ∀k ∈ N
∗

∑
j∈N∗,j 
=k,P (j)=P (k)

|ak,j | � C,

then Cauchy–Schwarz inequality provides

∀(xj)j∈N∗ ∈ l2(N∗,C),

∞∑
k=1

∣∣∣∣∣∣
∞∑
j=1

aj,kxj

∣∣∣∣∣∣ � C2
∞∑
j=1

|xj |2,

which gives the conclusion. Let us prove (9.38).
By using (3.14), (3.10), (3.17), and (9.14), we get

|ak,j | � C
k3j2 max{k, j}

[(2k + 1)4 − (2j + 1)4]2
when P (k) �= P (j).

Thus, we have, for every k ∈ N
∗,

∞∑
j=1

|ak,j | � Ck4
∞∑

j<k,P (j)=P (k)

j2

[(2k + 1)4 − (2j + 1)4]2

+ Ck3
∞∑

j>k,P (j)=P (k)

j3

[(2j + 1)4 − (2k + 1)4]2

� Ck4

∫ 2k

3

x2

[(2k + 1)4 − x4]2
dx + Ck3

∫ ∞
2k+2

x3

[(2k + 1)4 − x4]2
dx � C.

For every j ∈ N
∗, we have

∞∑
k=1

|ak,j | � Cj3
∞∑

k<j,P (j)=P (k)

k3

[(2j + 1)4 − (2k + 1)4]2

+ Cj2
∞∑

k>j,P (j)=P (k)

k4

[(2j + 1)4 − (2k + 1)4]2

� Cj3

∫ 2j

3

x3

[(2j + 1)4 − x4]2
dx + Cj2

∫ ∞
2j+2

x4

[(2j + 1)4 − x4]2
dx � C.

Now let us prove (9.37). We use the decomposition

ϕk,γ1
− ϕk =

(
ϕk,γ1

− ϕk − γ1
dϕk,γ

dγ

]
0

)
+ γ1

dϕk,γ

dγ

]
0

.

For the first term, we use (9.31), and, for the second one, we apply (9.36).
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Lemma 4. Let γ∗ be as in Corollaries 1 and 2. There exists C > 0 such that, for
every γ1 ∈ (−γ∗, γ∗), for every f ∈ H2

0 ((0, 1),R),

(9.39)
∞∑
k=1

∣∣∣∣∣k3

〈
f,

dϕk,γ

dγ

]
γ1

〉∣∣∣∣∣
2

� C‖f‖2
H2

0 ((0,1),R).

Proof of Lemma 4. First, we prove Lemma 4 for γ1 = 0 with the same argument
as for the previous lemma. For f ∈ H2

0 ((0, 1),R), thanks to integrations by parts, we
get

∞∑
k=1

∣∣∣∣k3

〈
f,

dϕk,γ

dγ

]
0

〉∣∣∣∣
2

=

∞∑
k=1

∣∣∣∣∣∣
∞∑
j=1

bk,j

〈
f ′′,

ϕ′′j√
λj

〉∣∣∣∣∣∣
2

,

where

bk,j :=
k3√
λj

xk,j when P (k) = P (j), k �= j,

bk,j = 0 in the other cases, and xk,j is defined in (9.17). Note that (ϕ′′j /
√
λj)j∈N∗ is

an orthonormal family of L2((0, 1),R), and thus

∞∑
j=1

∣∣∣∣∣
〈
f ′′,

ϕ′′j√
λj

〉∣∣∣∣∣
2

� ‖f‖H2
0 ((0,1),R).

We have

|bk,j | � C
k5 max{k, j}

[(2k + 1)4 − (2j + 1)4]2
when P (k) �= P (j).

We have, for every k ∈ N
∗,

∞∑
j=1

|bk,j | � Ck6
∞∑

j<k,P (j)=P (k)

1

[(2k + 1)4 − (2j + 1)4]2

+ Ck5
∞∑

j>k,P (j)=P (k)

j

[(2j + 1)4 − (2k + 1)4]2

� Ck6

∫ 2k

3

1

[(2k + 1)4 − x4]2
dx + Ck5

∫ ∞
2k+2

x

[(2k + 1)4 − x4]2
dx � C.

For every j ∈ N
∗, we have

∞∑
k=1

|bk,j | � Cj

∞∑
k<j,P (j)=P (k)

k5

[(2j + 1)4 − (2k + 1)4]2

+ C

∞∑
k>j,P (j)=P (k)

k6

[(2j + 1)4 − (2k + 1)4]2

� Cj

∫ 2j

3

x5

[(2j + 1)4 − x4]2
dx + C

∫ ∞
2j+2

x6

[(2j + 1)4 − x4]2
dx � C.

This gives the conclusion for γ1 = 0.
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Now let us prove that, for γ1 ∈ (−γ∗, γ∗) and f ∈ H2
0 ((0, 1),C), we have

(9.40)

∣∣∣∣∣
〈
f,

dϕk,γ

dγ

]
γ1

− dϕk,γ

dγ

]
0

〉∣∣∣∣∣ � C|γ1|
k4

‖f‖H2
0 ((0,1),R),

which gives the conclusion. Thanks to the equation

Aγ1

dϕk,γ

dγ

]
γ1

+ ϕ′′k,γ1
= λk,γ1

dϕk,γ

dγ

]
γ1

+ λ′k,γ1
ϕk,γ1

,

we have〈
f,

dϕk,γ

dγ

]
γ1

− dϕk,γ

dγ

]
0

〉
=

1

λk,γ1

〈
f ′′,

(
dϕk,γ

dγ

]
γ1

− dϕk,γ

dγ

]
0

)′′〉

+
γ1

λk,γ1

〈
f ′′,

dϕk,γ

dγ

]
γ1

〉

+
1

λk,γ1

〈f ′′, ϕk,γ1
− ϕk〉 −

λ′k,γ1

λk,γ1

〈f, ϕk,γ1
− ϕk〉

+

(
1

λk,γ1

− 1

λk

)(〈
f ′′,

dϕk,γ

dγ

]′′
0

〉
+ 〈f ′′, ϕk〉

)

−
(
λ′k,γ1

λk,γ1

− λ′k
λk

)
〈f, ϕk〉.

We get (9.40) by using (9.29), (9.30), (9.21), (9.22), and (9.32).
Proposition 25. There exists a constant C > 0 such that, for every w ∈

L2((0, T ),R) and for every f ∈ C0([0, T ], H1((0, 1),R)), the h1(N∗,C)-norm of the
sequence (Sk)k∈N∗ defined by

Sk :=

∫ T

0

w(t)〈f(t), ϕk〉e−i
√
λktdt

is bounded by

C‖w‖L2((0,T ),R)‖f‖C0((0,T ),H1((0,T ),R)).

Proof of Proposition 25. We introduce the function g ∈ C0([0, T ], H1
0 ((0, T ),R))

defined by

g(t, x) := f(t, x) − f(t, 0)(1 − x) − f(t, 1)x.

We have

(9.41)

Sk =

∫ T

0

w(t)〈g(t), ϕk〉e−i
√
λktdt

+〈(1 − x), ϕk〉
∫ T

0

w(t)f(t, 0)e−i
√
λkt + 〈x, ϕk〉

∫ T

0

w(t)f(t, 1)e−i
√
λkt.
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Thanks to Cauchy–Schwarz inequality in L2((0, T ),R), we get the following bound
for the h1-norm of the first term of the right-hand side of (9.41):

‖w‖L2

(∫ T

0

∞∑
k=1

|k〈g(t), ϕk〉|2dt
)1/2

� C‖w‖L2‖g‖C0([0,T ],H1
0 ((0,1),R)).

Thanks to (3.7), (3.8), and (3.10) we get

(−1)k〈(1 − x), ϕk〉 = 〈x, ϕk〉 ∼
C

νk
,

which gives the conclusion.
Proposition 26. Let γ∗ be as in Corollaries 1 and 2. There exists a constant

C > 0 such that, for every p ∈ H1((0, T ),R), with ‖p‖L∞((0,T ),R) < γ∗, for every
w ∈ L2((0, T ),R), and for every f ∈ C0([0, T ], H1((0, 1),R)), the h3(N∗,C)-norm of

the sequences (Sk)k∈N∗ , (S̃k)k∈N∗ defined by

Sk :=

∫ T

0

w(t)

〈
f(t),

ϕk,p(t)√
λk,p(t)

〉
e−i
√
λktdt,

S̃k :=

∫ T

0

w(t)

〈
f(t),

ϕk,p(t)√
λk,p(t)

〉
e−i

∫ t
0

√
λk,p(s)dsdt

are bounded by

C‖w‖L2((0,T ),R)‖f‖C0([0,T ],H1((0,T ),R),

and, moreover,

‖S − S̃‖h3 � C‖p‖L∞‖w‖L2‖f‖C0([0,T ],L2).

Proof of Proposition 26. Let us consider the decomposition Sk = S1 + S2 + S3,
where, for every k ∈ N

∗,

(9.42)

S1
k :=

∫ T

0

w(t)

(
1√

λk,p(t)

− 1√
λk

)
〈f(t), ϕk,p(t)〉ei

√
λktdt,

S2
k :=

1√
λk

∫ T

0

w(t)〈f(t), ϕk,p(t) − ϕk〉ei
√
λktdt,

S3
k :=

1√
λk

∫ T

0

w(t)〈f(t), ϕk〉ei
√
λktdt.

Thanks to (9.23) we have ∣∣∣∣∣ 1√
λk,p(t)

− 1√
λk

∣∣∣∣∣ � C|p(t)|
k4

.

Thus, thanks to the Cauchy–Schwarz inequality, the h3(N∗,C)-norm of S1 is bounded
by

C‖w‖L2‖p‖L∞‖f‖C0([0,T ],L2) � C‖w‖L2‖f‖C0([0,T ],L2).
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Thanks to Lemma 3, the h3(N∗,C)-norm of S2 is bounded by

C‖w‖L2‖p‖L∞‖f‖C0([0,T ],L2) � C‖w‖L2‖f‖C0([0,T ],L2).

We conclude the study of S by applying Proposition 25 to S3.
By using (see Corollary 1)

(9.43)
√
λk,p(s) =

√
λk + p(s)l + εk(s), where l ∈ R and |εk(s)| � C

‖p‖L∞

k
,

we get S̃ − S = δS1 + δS2, where, for every k ∈ N
∗,

(9.44)

δS1
k :=

∫ T

0

w(t)(eil
∫ t
0
p(s)ds − 1)

〈
f(t),

ϕk,p(t)√
λk,p(t)

〉
ei
√
λktdt

δS2
k :=

∫ T

0

w(t)eil
∫ t
0
p(s)ds

〈
f(t),

ϕk,p(t)√
λk,p(t)

〉
ei
√
λkt[ei

∫ t
0
εk(s)ds − 1]dt.

The first part of Proposition 26 gives the following bound for the h3(N∗,C)-norm of
δS1:

C‖w‖L2‖p‖L∞‖f‖C0([0,T ],H1).

Thanks to Cauchy–Schwarz inequality and the bound on εk given in (9.43), we get
the following bound for the h3(N∗,C)-norm of δS2:

C‖w‖L2‖p‖L∞‖f‖C0([0,T ],L2).

9.3. Proof of Proposition 20. In all of this section, (u0, u̇0, p) ∈ E8 is fixed,
and we use the notations

(9.45)

δ4 := ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E4 ,

δ6 := ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E6 ,

δ8 := ‖(u0 − uref
0 , u̇0 − u̇ref

0 , p)‖E8
.

We assume that δ4 ∈ [0, 1] and that δ4 is small enough so that ‖p‖L∞((0,T ),R) < γ∗,

where γ∗ is given in Corollaries 1 and 2. We write Υj instead of Υj
(u0,u̇0,p)

(P ).

Proof of Proposition 20 for j = 1. For the study of Υ1 in h3(N∗,C), we consider
the decomposition

(9.46)

Υ1(P )k =

∫ T

0

P (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
[ei

∫ t
0

√
λk,p(s)ds − ei

√
λkt]dt

+

∫ T

0

P (t)

(
1√

λk,p(t)

− 1√
λk

)
〈uxx(t), ϕk,p(t)〉ei

√
λktdt

+
1√
λk

∫ T

0

P (t)〈uxx(t), ϕk,p(t) − ϕk〉ei
√
λktdt

+

∫ T

0

P (t)

〈
(u− uref )xx(t),

ϕk√
λk

〉
eiλktdt.
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Thanks to Proposition 26, we have the following bound for the h3(N∗,C)-norm of the
first term of the right-hand side of (9.46):

C‖P‖L2‖p‖L∞‖u‖C0([0,T ],H2) � Cδ4(1 + δ4)‖P‖L2 � Cδ4‖P‖L2 .

Thanks to (9.23) and Proposition 1, the h3(N∗,C)-norm of the second term of the
right-hand side of (9.46) is bounded by

C‖P‖L2‖p‖L∞‖u‖C0([0,T ],H2) � Cδ4(1 + δ4)‖P‖L2 � Cδ4‖P‖L2 .

Thanks to Lemma 3 and Proposition 1, we have the following bound for the h3(N∗,C)-
norm of the third term of the right-hand side of (9.46):

C‖P‖L2‖p‖L∞‖u‖C0([0,T ],H2) � Cδ4(1 + δ4)‖P‖L2 � Cδ4‖P‖L2 .

Thanks to Propositions 25 and 2, we have the following bound for the h3(N∗,C)-norm
of the last term of the right-hand side of (9.46):

C‖P‖L2‖(u− uref )xx‖C0([0,T ],H1) � C‖P‖L2δ4.

In conclusion, we have proved that

‖Υ1‖h3 � Cδ4‖P‖L2 .

In order to study Υ1 in h7, first we study it in h5(N∗,C). By using an integration
by parts, one gets

(9.47)

−Υ1
k =

1

i
√
λk

∫ T

0

Ṗ (t)

(〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)ds −

〈
uref
xx (t), ϕk

〉
eiλkt

)
dt

+

∫ T

0

(
1

i
√
λk,p(t)

− 1

i
√
λk

)
Ṗ (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt

+
1

i
√
λk

∫ T

0

P (t)

(〈
u̇xx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)ds −

〈
u̇ref
xx (t),

ϕk√
λk

〉
eiλkt

)
dt

+

∫ T

0

(
1

i
√
λk,p(t)

− 1

i
√
λk

)
P (t)

〈
u̇xx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt

+i

∫ T

0

P (t)ṗ(t)
λ′k,p(t)
λ2
k,p(t)

〈uxx(t), ϕk,p(t)〉ei
∫ t
0

√
λk,p(s)dsdt

+

∫ T

0

P (t)ṗ(t)
1

iλk,p(t)

〈
uxx(t),

dϕk,γ

dγ

]
p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt.

Thanks to the study of Υ1 in h3(N∗,C), we have the following bound for the h5(N∗,C)-
norm of the first (resp., third) term of the right-hand side of (9.47):

C‖P‖H1
0
δ4 (resp., C‖P‖L2δ6).

Thanks to (9.23), we get the following bound for the h5(N∗,C)-norm of the second
(resp., fourth) term of the right-hand side of (9.47):

C‖P‖H1
0
δ4 (resp., C‖P‖L2δ4).
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Thanks to (9.32), we get the following bound for the h5(N∗,C)-norm of the fifth term
of the right-hand side of (9.47):

C‖P‖L2‖p‖H2‖u‖C0([0,T ],H2) � C‖P‖L2δ6.

Thanks to Lemma 3, we get the following bound for the h5(N∗,C)-norm of the last
term of the right-hand side of (9.47):

C‖P‖L2δ4.

In conclusion, we have proved that

‖Υ1‖h5(N∗,C) � C[‖P‖L2δ6 + ‖P‖H1
0
δ4].

Finally, let us study Υ1 in h7(N∗,C). Thanks to the study of Υ1 in h5(N∗,C), we
have the following bound for the h7(N∗,C)-norm of the first (resp., third) term of the
right-hand side of (9.47):

C[‖P‖H1
0
δ6 + ‖P‖H2

0
δ4] (resp., C[‖P‖L2δ8 + ‖P‖H1

0
δ6]).

The study of the second and fourth terms of the right-hand side of (9.47) can be done
in the same way. Let us work on the first one. We use (9.43). We have
(9.48)∫ T

0

lp(t) + εk(t)√
λk,p(t)λk

Ṗ (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt =

l

λk

∫ T

0

Ṗ (t)p(t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt

+
l√
λk

∫ T

0

(
1√

λk,p(t)

− 1√
λk

)
Ṗ (t)p(t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt

+

∫ T

0

εk(s)√
λk

√
λk,p(t)

Ṗ (t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt.

Thanks to Proposition (26), we get the following bound for the h7(N∗,C)-norm of the
first term of the right-hand side of (9.48):

C‖P‖H1
0
‖p‖L∞‖u‖C0([0,T ],H3) � Cδ4(1 + δ4)‖P‖H1

0
� Cδ4‖P‖H1

0
.

By using (9.23), we get the following bound for the h7(N∗,C)-norm of the second term
of the right-hand side of (9.48):

C‖P‖H1
0
‖p‖L∞‖u‖C0([0,T ],H2) � Cδ4‖P‖H1

0
.

Thanks to the asymptotic behavior of εk, we get the same bound for the the h7(N∗,C)-
norm of the last term of the right-hand side of (9.48).

Finally, we get the following bound for the h7(N∗,C)-norm of the second (resp.,
fourth) term of the right-hand side of (9.47):

C‖P‖H1
0
δ4 (resp., C‖P‖L2δ6).
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For the study of the fifth term of the right-hand side of (9.47), we consider the
decomposition∫ T

0

P (t)ṗ(t)
λ′k,p(t)
λ2
k,p(t)

〈uxx(t), ϕk,p(t)〉ei
∫ t
0

√
λk,p(s)dsdt

=
λ′k

λ
3/2
k

∫ T

0

P (t)ṗ(t)

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt

+

∫ T

0

P (t)ṗ(t)

⎛
⎝λ′k,p(t)

λ
3/2
k,p(t)

− λ′k

λ
3/2
k

⎞
⎠

〈
uxx(t),

ϕk,p(t)√
λk,p(t)

〉
ei

∫ t
0

√
λk,p(s)dsdt.

We study the first term of this decomposition with Proposition 26 and (9.32) and the
second one with (9.32); then we get the following bound for the h7(N∗,C)-norm of
the fifth term of the right-hand side of (9.47):

C‖P‖L2δ6.

For the last term of the right-hand side of (9.47), we cannot apply Lemma 4 because
uxx /∈ H2

0 ((0, 1),R); thus, we perform another integration by parts:

(9.49)

−i

∫ T

0

P (t)ṗ(t)
1

λk,p(t)

〈
uxx(t),

dϕk,γ

dγ

]
p(t)

〉
ei
√

λk,p(s)dsdt

=

∫ T

0

[Ṗ (t)ṗ(t) + P (t)p̈(t)]
1

(λk,p(t))3/2

〈
uxx(t),

dϕk,γ

dγ

]
p(t)

〉
ei
√

λk,p(s)dsdt

+

∫ T

0

P (t)ṗ(t)
1

(λk,p(t))3/2

〈
u̇xx(t),

dϕk,γ

dγ

]
p(t)

〉
ei
√

λk,p(s)dsdt

−
∫ T

0

P (t)ṗ(t)2
3λ′k,p(t)

2(λk,p(t))5/2

〈
uxx(t),

dϕk,γ

dγ

]
p(t)

〉
ei
√

λk,p(s)dsdt

+

∫ T

0

P (t)ṗ(t)2
1

(λk,p(t))3/2

〈
uxx(t),

d2ϕk,γ

dγ2

]
p(t)

〉
ei
√

λk,p(s)dsdt.

We study the first two terms of the right-hand side of (9.49) thanks to Lemma 3 and
the last two thanks to (9.32) and (9.35). In conclusion, we have proved that

‖Υ1‖h7(N∗,C) � C[‖P‖L2δ8 + ‖P‖H1
0
δ6 + ‖P‖H2

0
δ4],

and the logarithmic convexity of the norms justifies that

‖Υ1‖h7(N∗,C) � C[‖P‖L2δ8 + ‖P‖H2
0
δ4].

Proof of Proposition 20 for j = 2, 3. Lemma 4 gives the bound in h3(N∗,C) for
Υ2. As in the previous proof, one can study Υ2 in h5 thanks to an integration by
parts. Then we deduce the bound in h7(N∗,C). The study of Υ3 can be done in the
same way.

9.4. Proof of Proposition 21. The goal of this section is to sketch the proof
of Proposition 21. Let ((uε

0, u̇
ε
0, p

ε))ε>0, (u0, u̇0, p) ∈ E8 such that (uε
0, u̇

ε
0, p

ε) →
(u0, u̇0, p) in E8 and P ∈ H2

0 ((0, T ),R). By doing again for

Υ(uε
0,u̇

ε
0,p

ε)(P ) − Υ(u0,u̇0,p)(P )
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the same analysis we did for

Υ(u0,u̇0,p)(P ) − Υ(uref
0 ,u̇ref

0 ,0)(P )

in the previous subsection, one can prove that

Υ(uε
0,u̇

ε
0,p

ε)(P ) → Υ(u0,u̇0,p)(P ) in h7(N∗,C) when ε → 0.

10. Remarks, conjectures, prospects. In Theorem 1, the regularity assump-
tion H5+ε

(0) × H3+ε
(0) ((0, 1),R), with ε > 0, is technical and related to the use of the

Nash–Moser theorem. We conjecture that (Σ) is controllable
• in H3

(0) ×H1
0 ((0, 1),R) with control functions in L2

loc(R,R),

• in H5
(0) ×H3

(0)((0, 1),R) with control functions in H1
loc(R,R),

• in H7
(0) ×H5

(0)((0, 1),R) with control functions in H2
loc(R,R), etc.,

because it is the case for the linearized system studied in section 3.
Theorem 1 provides the local controllability in time T := 8/π. This choice (T :=

8/π) is also technical. The existence of a minimal time for the controllability of this
system is an open problem.

Most probably, the proof presented in this article also works for the proof of the
local controllability of the same system around

ϕk(x)

⎧⎨
⎩

cos(
√
λkt)

or
sin(

√
λkt)

⎫⎬
⎭ + ϕj(x)

⎧⎨
⎩

cos(
√
λjt)

or
sin(

√
λjt)

⎫⎬
⎭

when k and j are integers with different parities. The same argument should also be
adaptable to the beam equation with follower loads⎧⎨

⎩
utt + uxxxx + p(t)uxx = 0, (t, x) ∈ R+ × (0, 1),
u = ux = 0 at x = 0,
uxx = uxxx = 0 at x = 1,

which is also proved to be not controllable in H2×L2((0, 1),R) with Lr
loc(R,R)-control

functions, in [1].
Since the coefficients 〈ϕ′′1 , ϕk〉 vanish when k is even, the linearized system of (Σ)

around the trajectory (u(t, x) = ϕ1(x) sin(
√
λ1t), p ≡ 0) is not controllable. In order

to prove the local controllability of (Σ) around this trajectory, the return method
would probably work, as in [3]. This method was introduced by Coron in [5] in order
to solve a stabilization problem. It has been used in order to get controllability results
for partial differential equations by Coron in [8], [6], [7], by Coron and Fursikov in [9],
by Fursikov and Imanuvilov in [11], by Glass in [12], [14], [16], [13], [15], [17], [18],
and by Horsin in [21]; see also the book [10] by Coron.

The strategy developed in [4] could be used in order to prove steady-state con-
trollability results of the type: For every k, l ∈ N

∗, there exists T > 0 and p ∈
H1

0 ((0, T ),R) such that the solution of (Σ) with u(0) = ϕk and control p satisfies
u(T ) = ϕl.

Acknowledgments. The author thanks J.-M. Coron for fruitful discussions and
advice on this work, E. Zuazua for having attracted her attention to this controllability
problem, and O. Glass for interesting remarks.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LOCAL CONTROLLABILITY OF A 1D BEAM EQUATION 1273

REFERENCES

[1] J. M. Ball, J. E. Marsden, and M. Slemrod, Controllability for distributed bilinear systems,
SIAM J. Control Optim., 20 (1982), pp. 575–597.

[2] K. Beauchard, Controllability of a quantum particle in a 1D variable domain, ESAIM Control
Optim. Calc. Var., 14 (2008), pp. 105–147.

[3] K. Beauchard, Local controllability of a 1D Schrödinger equation, J. Math. Pures Appl., 9
(2005), pp. 851–956.

[4] K. Beauchard and J.-M. Coron, Controllability of a quantum particle in a moving potential
well, J. Funct. Anal., 232 (2006), pp. 328–389.

[5] J.-M. Coron, Global asymptotic stabilization for controllable systems without drift, Math.
Control Signals Systems, 5 (1992), pp. 295–312.
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STOCHASTIC CONTROL WITH IMPERFECT MODELS∗
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Abstract. We consider the problem of worst case performance estimation for a stochastic
dynamic model in the presence of model uncertainty. This is cast as a nonclassical controlled diffusion
problem. An infinite dimensional linear programming formulation is given and its dual is derived.
The dual is successively approximated on a bounded domain by a semi-infinite and a finite linear
program. This uses function approximation based on a reproducing kernel Hilbert space. Error
analysis for the approximation is provided along with an estimate of the sample complexity.
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1. Introduction. An important problem in finance as well as several other areas
is that of estimating risk (or more generally, an appropriate performance index) under
model uncertainty. We consider this problem in the context of an underlying state
process that is a continuous time diffusion. We take the “worst case” approach, that is,
we estimate the minimal performance (≈ negative of maximal risk in risk estimation)
over the allowed class of models.

We identify the following two basic forms of uncertainties (see section 2):
• The first is the modelling uncertainty wherein the drift and diffusion coeffi-

cients of the diffusion are not exactly known. We model this by introducing a
hypothetical control process. This changes it to a controlled diffusion model.
We then minimize the performance over the allowed control processes. With
finance applications in mind, we consider this problem with additional con-
straints, thereby making it a “constrained” control problem [9].

• The second form of uncertainty has to do with unmodelled dynamics. Here
we assume that there may be certain state variables about whose dynamics
something is known, but these are not observed. On the other hand, certain
other state variables are observed and are modelled separately by Markov
diffusions, but there is uncertainty about their dependence structure. We
call this scenario “uncertainty in dynamics.” This formulation is explicitly
motivated by problems arising in credit risk (see, e.g., [22, Chap. 9]), where
stochastic dynamic models for two or more processes are separately available,
but their dependence structure is unknown.

Combining both of these, we cast the problem as an abstract linear program
over appropriately defined “occupation measures” (see section 3). This is an infinite
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dimensional linear program over a space of functions with an unbounded domain.
Motivated by computational considerations, we restrict these functions to a bounded
domain. The resulting approximate linear program is then successively approximated
further first by a semi-infinite linear program and then by a finite linear program using
a specific function approximation scheme based on reproducing kernel Hilbert spaces
(RKHS). Error estimates for the approximation (see section 4) provide a rigorous
justification for its use. Section 5 of this paper deals with the calculation of the sample
complexity required to achieve a specified tolerance on the approximation error for
RKHS functions (as described above) defined on a compact domain with a smooth
boundary. Section 6 sketches an extension to Markov-modulated diffusions, which
capture the regime-switching phenomena.

This work is purely theoretical. In a related work [3], we also present some
preliminary computational results for the simplest case of modelling uncertainty alone.
To put this work in context, we briefly mention some relevant literature that it builds
upon. The constrained nature of the above problem and the unmodelled dynamics
make the problem inconvenient for a dynamic programming based approach. This
suggests a linear programming formulation. The linear programming approach to
discrete time or state stochastic control is by now classical [21] and its extensions
to continuous state space have been extensively developed in [8], [15], [16], and [17].
Similar developments are available in continuous time as well (see [5], [13], [28]).

Another important antecedent to our work is the work on the celebrated Monge–
Kantorovich optimal mass transportation problem [2]. Here the objective is to max-
imize or minimize the expected value of a function of two random variables over all
possible joint distributions thereof, subject to the constraint that they have prescribed
marginals. Our formulation can be viewed as a dynamic version of this with the ad-
ditional provision for constraints and unmodelled components, as will become clear
later.

As these are perforce infinite dimensional problems, considerable attention has
been devoted in recent times to approximation issues (see [14], [18], [19], [24]). Our
approach is that of [18], [19], except that we specialize to a specific form of function
approximation: We approximate functions by finite linear combinations of translates
of a C∞ Mercer kernel. This procedure is justified by the theory of RKHS associ-
ated with such kernels. These functions are attractive on many grounds. First and
foremost, the “best” approximation turns out to be simply a linear combination of
the same kernel function centered at the sampled points. This offers tremendous
computational advantages. This fact has driven the extensive use of RKHS in signal
processing. Further, a rich theory recently developed in statistical learning theory lit-
erature (wherein the applications of RKHS are motivated by similar considerations)
allows us to obtain precise error estimates (see [10], [25], [26], [27], [30]).

To summarize, the main contributions of this article are the following:
• A novel and comprehensive formulation of the risk/performance estimation

problem under uncertainty;
• conversion thereof to an infinite dimensional linear program that subsumes

classical linear programming formulations of stochastic control;
• a rigorous approximation theory for the same.

We qualify the last of the above by observing that our error analysis for the approxi-
mation yields only “order of magnitude” estimates of the kind prevalent in theoretical
computer science, not the tight bounds that numerical analysts love. Nevertheless,
we feel that this is an important first step, as such bounds did not seem to be around
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until now. Furthermore, our approach charts out a step-by-step procedure for error
analysis, many features of which are bound to have a much broader applicability.

2. Problem formulation. Our underlying state process is a d-dimensional dif-
fusion process x(·) = [x1(·), . . . , xd(·)]T described by the stochastic differential equa-
tion (SDE)

(1) dx(t) = m∗(x(t))dt + σ∗(x(t))dW (t), x(0) = x0, t ≥ 0,

where W (·) is a standard Brownian motion in Rd and the drift vector m∗(·) : Rd → Rd

and the diffusion matrix σ∗(·) : Rd → Rd×d are assumed to be Lipschitz. This ensures
the well-posedness of (1), but can be relaxed in special cases. (Alternatively, one may
invoke the “genericity” arguments of [20].) The law of x0 is fixed, say, φ0. The two
forms of uncertainty we consider are captured by the following two basic formulations.

Problem 1: Model uncertainty. Here we suppose that m∗, σ∗ are not known
exactly, but only up to a certain approximation. The latter is captured by the
conditions

(2) m∗(x) ∈ m(x, U), (σ∗(σ∗)T )(x) ∈ (σσT )(x, U) ∀x,

where
• U is a prescribed compact metric space;
• m(·, ·) = [m1(·, ·), . . . ,md(·, ·)]T : Rd × U → Rd is continuous and Lipschitz

in the first argument uniformly w.r.t. the second, and, in addition, m(x, U)
is convex for each x;

• σ(·, ·) = [[σij(·, ·)]]1≤i,j≤d : Rd×U → Rd×d is continuous and Lipschitz in the
first argument uniformly w.r.t. the second, and, in addition, (σσT )(x, U) is
convex for each x. Also, the nondegeneracy condition holds, i.e., there exists
a constant c > 0 such that for all (x, u) ∈ Rd × U and ξ ∈ Rd,

(3) ξTσσT (x, u)ξ ≥ c|ξ|2.

Familiar “measurable selection” arguments from stochastic control (see, e.g., [6, Chaps.
I–II]) then allow us to replace (1) by

(4) dx(t) = m(x(t), u′(t))dt + σ(x(t), u′′(t))dW (t),

where u′(t), u′′(t) are U -valued processes of the form v′(x(t)), v′′(x(t)), t ≥ 0, for
some measurable v′, v′′ : Rd → U . One can be a bit more ambitious and allow for
“model drift,” thus permitting u′(t), u′′(t) of the form v′(x(t), t), v′′(x(t), t) for mea-
surable v′, v′′ : Rd ×R+ → U . This in fact will also be more convenient, as explicit
time dependence is hard to suppress in our formulation. The final liberty we take
is to permit more general arbitrary nonanticipative u′(·), u′′(·), i.e., satisfying that
u′(·), u′′(·) have measurable paths and that for any t ≥ 0, W (t+ ·)−W (t) is indepen-
dent of x0, u

′(s), u′′(s),W (s), s ≤ t. But this relaxation is no relaxation at all, as we
shall soon observe. We shall refer to [u′(·), u′′(·)] of the form [v′(x(·), ·), v′′(x(·), ·)] as
Markov controls.

Fix the time horizon T > 0 and let Z
def
= [0, T ] × Rd. Let u(t) = [u′(t), u′′(t)],

viewed as a U2-valued process. Further, by abuse of terminology, we shall replace
U by U2, using the former symbol to mean the latter, and write m(x, u), σ(x, u) for
m(x, u′), σ(x, u′′), respectively, with u = [u′, u′′]. For a Polish space S, let P(S)
denote the Polish space of probability measures on S with the Prohorov topology
(see [7, Chap. 2]). Associated with (4) is the occupation measure ν ∈ P(Z × U)
defined by
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(5)

∫
Z×U

fdν
def
=

1

T
E

[∫ T

0

f(t, x(t), u(t))dt

]
, f ∈ Cb(Z × U).

Associated with x(·) is the controlled extended generator L : D(L)
def
= {f ∈ C1,2

b ([0, T ]×
Rd) : f(T, ·) ≡ 0} → Cb(Z × U) given by

Lg(t, x, u)
def
=

∂g

∂t
(t, x) + 〈m(x, u),∇g(t, x)〉 +

1

2
tr
(
σ(x, u)σT (x, u)∇2g(t, x)

)
.

Let M denote the set of occupation measures.
Lemma 2.1. M is convex compact and is characterized by

M =

{
ν ∈ P(Z × U) : T

∫
Z×U

Lgdν = −
∫
Rd

g(0, ·)dφ0 ∀ g ∈ D(L)

}
.

Furthermore, this set does not change if we restrict u(·) to the class of Markov con-
trols.

This is proved in [5]. The second half of the lemma justifies our relaxation to
nonanticipative controls without loss of generality. Our goal will be to estimate a
performance metric of the form

(6)

∫
Z×U

kdν ≡ 1

T
E

[∫ T

0

k(t, x(t), u(t))dt

]

for a prescribed k(·) ∈ Cb(Z×U), for x(·) described by (1). Without loss of generality,
we can assume k(·) > 0. In view of the uncertainty about the coefficients in (1), we
take a “worst case” viewpoint and estimate the minimum of this functional over all
possible solutions to (4), i.e., over M. As M is characterized by linear constraints,
this is an infinite dimensional linear program.

We qualify this formulation further by including additional constraints

(7)

∫
Z×U

kidν = ci, 1 ≤ i ≤ m.

Here ki(·) ∈ Cb(Z×U) for all i, and the ci’s are prescribed values. Again, without loss
of generality, we can assume ki(·) > 0, 1 ≤ i ≤ m. (One can also consider inequalities
in (7). The analysis will be similar.) Note that ki(·) > 0 implies that ci > 0. We also
assume

c
def
= [c1, . . . , cm] is an interior point of the set(†) {[∫

k1dμ, . . . ,

∫
kmdμ

]
: μ ∈ M

}
⊂ Rm.

This is the constrained control problem studied in [9] and has found many appli-
cations. The inclusion of (7) complicates the dynamic programming approach to such
problems, but makes only a small alteration to the linear programming approach.

Note that if it were a cost or risk rather than a (positive) performance metric, one
would consider the maximum thereof. This can be reduced to the above framework
by taking negative risk as the performance metric.

Problem 2: Unmodelled dynamics. Here we assume that we can separately
observe for some integer l ≥ 1 only the following:
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(8) x̃j(·)
def
=
[
x∑j−1

k=1 d̃k+1(·), . . . , x∑j
k=1 d̃k

(·)
]
, 1 ≤ j ≤ l, d̃j ≥ 1,

l∑
k=1

d̃k ≤ d.

Let ν̃j ∈ P(Z̃j) for Z̃j
def
= [0, T ] ×Rd̃j denote the corresponding occupation measures

defined by

(9)

∫
Z̃j

fdν̃j
def
=

1

T
Ẽj

[∫ T

0

f(t, x̃j(t))dt

]
, f ∈ Cb(Z̃j), 1 ≤ j ≤ l.

We posit that observing samples of x̃j(·) allows us to estimate ν̃j . On the other hand,

Lemma 2.1 allows us to mimic ν̃j by a d̃j-dimensional diffusion x̂j(·) given by (say)

(10) dx̂j(t) = m̃j(t, x̂j(t))dt + σ̃j(t, x̂j(t))dW̃j(t), 1 ≤ j ≤ l.

Here W̃j(·) is a d̃j-dimensional standard Brownian motion and the law φ̃0j of x̂j(0) is

the image of φ0 under the projection Rd → Rd̃j .
We view (10) as the model fitted to the observed data x̃j(·). The justification for

this is twofold. First, as already observed, Lemma 2.1 does justify a model such as
(10) as long as we are interested in only the occupation measures. Second, fitting
such a model is precisely what one does in much of time series analysis.

Finally, the unobserved components [x∑l
k=1 d̃k+1(·), . . . , xd(·)] then correspond to

unmodelled dynamics, a notion familiar from robust control literature.
Remark 1. It is important to note that there is a compatibility issue here. Not

every ν̃j as above will be compatible with the feasible ν’s in the background. We
assume that the feasible set M′ defined below is nonempty. This is reasonable in
view of our underlying premise that the ν̃j ’s have been arrived at empirically and
therefore are perforce compatible with the underlying dynamics.

If l = 2 and d̃1 + d̃2 = d, then we have models for two component processes
whose dependence structure is unknown. This is the typical situation in credit risk
problems, which is generalized above. It is also the exact dynamic counterpart of the
Monge–Kantorovich optimal mass transportation problem.

We shall assume that for all j = 1, . . . , l, m̃j , σ̃j are continuous and Lipschitz
in the space variable uniformly w.r.t. the time variable. This is not free, i.e., it
does not follow from our assumptions until now, but is an additional assumption. It
is not unreasonable in view of the fact that one usually fits “nice” models (linear,
composition of sigmoids, etc.) to data. Its main purpose here is to simplify the well-
posedness issues, which now become nonissues. More generally, one must allow for
measurable coefficients, in which case one may need to invoke genericity arguments
for well-posedness facilitated by [20]. We avoid the additional complications implicit
therein by taking this simple and not entirely unreasonable option. Also, we assume
the nondegeneracy condition similar to (3) for the σ̃j ’s.

Let L̃j , 1 ≤ j ≤ l, denote the extended generator of x̂j(·),

L̃jf(t, x)
def
=

∂f

∂t
(t, x) + 〈m̃j(t, x),∇f(t, x)〉 +

1

2
tr(σ̃j(t, x)σ̃T

j (t, x)∇2f(t, x))

for all f ∈ C1,2
b ([0, T ] × Rd̃j ). Let D(L̃j)

def
= {f ∈ C1,2

b ([0, T ] × Rd̃j ) : f(T, ·) ≡ 0}.
Then ν̃j is characterized by

T

∫
L̃jfdν̃j = −

∫
f(0, ·)dφ̃0j ∀ f ∈ D(L̃j).
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This is the same as

T

∫
L̃jfν(dtdxj ×Rd−d̃j × U)

= −
∫

f(0, ·)φ0(dx
j ×Rd−d̃j ) ∀ f ∈ D(L̃j),(11)

where we partition x ∈ Rd ≈ Rd̃1 × · · · × Rd̃j × · · · × Rd̃l ×Rd−
∑l

j=1 d̃j as x = [x1 :

· · · : xj : · · · : xl : y], with xj ∈ Rd̃j , y ∈ Rd−
∑l

j=1 d̃j . The goal then is to minimize∫
Z×U kdν over a convex compact set M′ defined as

M′ def
= {ν ∈ M : (11) holds for 1 ≤ j ≤ l}.

In the remainder of this paper, we consider a combined problem that has both
features. That is, our problem is as follows:

Minimize
∫
Z×Ukdν over M∗ def

= {ν ∈ M′ : (7) holds}.

We shall assume that the feasibility condition holds; i.e., the feasible set of the
above minimization problem is a nonempty subset of M′ (see Remark 1 above). It
is clear that M∗ is closed compact and

∫
kdν is a continuous linear functional over

M∗. Thus by Weierstrass’ theorem, we get the following.
Lemma 2.2. There exists a ν∗ ∈ M∗ such that∫

Z×U
kdν∗ = min

ν∈M∗

∫
Z×U

kdν.

We conclude this section with a remark on notation. Superscript “∗” will stand for
the formal adjoint of an operator throughout and D(A) for the domain of an operator
A. 〈·, ·〉X,Y denotes the standard pairing (bilinear form) between two topological
vector spaces X,Y in duality.

3. Dual linear programs. We now consider the dual linear program associated
with the above problem and its approximation. The advantages of working with a
dual are that, first of all, it provides an approximate lower bound. In the kind of
applications we have in mind, this is more useful than an approximate upper bound
that the primal might provide. Furthermore, when additional constraints as in (7) are
present, it converts a “min-max” problem into a pure maximization problem, because
the Lagrange multipliers associated with these constraints are not being dualized.

We introduce the following notation: X
def
= P(Z × U), Y

def
= Cb(Z × U), Γ

def
=

D(L)∗, Γ̃j
def
= D(L̃j)

∗, 1 ≤ j ≤ l. Given k(·) ∈ Cb(Z × U), our primal problem can be
stated as follows: Find

(12) inf
ν∈X

〈k, ν〉 : Fν = δ0 × φ0, F̃jν = δ0 × φ̃0j , Fcν = −c, 1 ≤ j ≤ l,

where
• F : X → Γ is defined by Fν = μ, where

〈g, μ〉D(L),Γ = −T

∫
Z×U

Lgdν ∀ g ∈ D(L).

• F̃j : X → Γ̃j is defined by F̃jν = μj , where

〈g̃j , μj〉D(L̃j),Γ̃j
= −T

∫
Z×U

L̃j g̃jdν ∀ g̃j ∈ D(L̃j), 1 ≤ j ≤ l.
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• c
def
= [c1, . . . , cm]T ∈ Rm and Fc : X → Rm is defined by Fcν = r, where

r = [−
∫

k1dν, . . . ,−
∫

kmdν].

Following the developments of Chapter 3 of [2], the dual program is to find

sup
g∈D(L), g̃j∈D(L̃j) ∀j, λ∈Rm

∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j −

m∑
i=1

λici(13)

:
k(x, u) +

∑m
i=1 λiki(x, u)

T
+ Lg(x, u)

+

l∑
j=1

L̃j g̃j(x̃j) ≥ 0, (x, u) ∈ Z × U

for x̃j as defined in (8). In view of the comments that follow Remark 1 above, this
may be viewed as the dynamic version of the Kantorovich dual in mass transportation
theory (see, e.g., [29]). Hence we dub it the generalized Kantorovich dual.

Theorem 3.1. There exists strong duality between (12) and (13).
Proof. It is easy to verify that the set

{(Fν, F̃1ν, . . . , F̃lν, Fcν, 〈k, ν〉Y,X) : ν ∈ X}

is closed. Then the result follows from [2, Theorem 3.22, p. 61] and the discussion
following it.

Let D def
= C1,2

b (Z)×C1,2
b (Z̃1)× · · · ×C1,2

b (Z̃l) equipped with the product Sobolev
norm defined by

‖(g, g̃1, . . . , g̃l)‖C1,2
b

def
= max

(
‖g‖C1,2

b
, max
1≤j≤l

(‖g̃j‖C1,2
b

)
)
,

where ‖f‖C1,2
b

def
= (max0≤|α|≤2 ‖Dα

xf‖∞)∨||Dtf ||∞. (Here Dt denotes the time deriva-

tive and Dα
x the space derivative of multi-index α.) Let

BLR
def
= {(g, g̃1, . . . , g̃l) ∈ D : ‖(g, g̃1, . . . , g̃l)‖C1,2

b
≤ R}.

We have the following trivial consequence of Lemma 2.2 and Theorem 3.1, stated here
for later use.

(∗) There exists a large enough R∗ < ∞,1 and a sufficiently large compact subset
Λ ⊂ Rm, such that the supremum in (13) is attained at some (g∗, g̃∗1 , . . . , g̃

∗
l , λ
∗) ∈

BLR∗ × Λ, with g∗ ∈ D(L) and g̃∗j ∈ D(L̃j), 1 ≤ j ≤ l.

4. Approximation of dual programs.

4.1. Bounded domain approximation. We shall now describe the approxi-

mation scheme for (13) in several steps. Let ΩM
def
= [−M,M ]d. As a first step of

approximation, we can take ZM
def
= [0, T ] × ΩM for some M � 0, T > 0. We as-

sume that support(φ0) ⊂ ΩM . (Otherwise, there is an additional error term, which

1See also Lemma 4.5.
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can be easily handled.) Let ∂ZM
def
= {T} × ΩM ∪ [0, T ] × ∂ΩM . Let Z̃Mj denote

the projection of ZM on [0, T ] × Rd̃j , 1 ≤ j ≤ l. We define ∂Z̃Mj similarly. Let

τM
def
= inf{t ≥ 0 : X(t) /∈ ΩM}. We shall now, in a manner analogous to the previ-

ous section, define MM ,M′
M ,M∗

M ,DM (L),DM (L̃j),DM , etc. Define the occupation
measure νM by

∫
fdνM

def
=

1

T
E

[∫ T∧τM

0

f(t, x(t), u(t))dt

]
, f ∈ Cb(ZM × U).

Let DM (L)
def
= {f ∈ C1,2

b (ZM ) : f |∂ZM
≡ 0}. Then the set of occupation measures

MM is equivalently defined as

MM =

{
νM ∈ P(ZM × U) : T

∫
LgdνM = −

∫
g(0, ·)dφ0 ∀ g ∈ DM (L)

}
.

Our additional constraints (7) become

(14)

∫
ZM×U

kidνM = ci, 1 ≤ i ≤ m.

Once again, we assume the following counterpart of (†), which is reasonable for large
M , as the νM ’s are then close to the corresponding ν’s:

c
def
= [c1, . . . , cm] is an interior point of the set(††) {[∫

k1dμ, . . . ,

∫
kmdμ

]
: μ ∈ MM

}
⊂ Rm.

For (9), (10), let ν̃Mj ∈ P(Z̃Mj) denote the corresponding occupation measures
defined by

(15)

∫
fdν̃Mj

def
=

1

T
Ẽj

[∫ τM∧T

0

f(t, x̃j(t))dt

]
, f ∈ Cb(Z̃Mj), 1 ≤ j ≤ l.

Let DM (L̃j)
def
= {f ∈ C1,2

b (Z̃Mj) : f |∂Z̃Mj
≡ 0}. Then ν̃Mj is characterized by

T

∫
L̃jfdν̃Mj = −

∫
f(0, ·)dφ̃0j ∀ f ∈ DM (L̃j).

This is the same as, for all f ∈ DM (L̃j),

T

∫
L̃jfνM

(
dtdxj × Ω

d−d̃j

M × U
)

= −
∫

f(0, ·)φ0

(
dxj × Ω

d−d̃j

M

)
,(16)

where we partition x ∈ ΩM ≈ Ωd̃1

M ×· · ·×Ω
d̃j

M ×· · ·×Ωd̃l

M ×Ω
d−

∑l
j=1 d̃j

M as x = [x1 : · · · :

xj : · · · : xl : y] with xj ∈ Ω
d̃j

M , y ∈ Ω
d−

∑l
j=1 d̃j

M and Ω
d̃j

M denotes the d̃j-dimensional
image of ΩM under the projection to the appropriate factor space. The goal then is
to minimize

∫
ZM×U kdν over a convex compact set M′

M defined as

M′
M

def
= {νM ∈ MM : (16) holds for 1 ≤ j ≤ l}.
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As before, we consider a combined problem that has both constraints (14) and un-
modelled dynamics. Then the bounded domain approximation to the original problem
(6) is as follows:

Minimize over M∗
M

def
= {νM ∈ M′

M : (14) holds} the functional

(17)

∫
ZM×U

kdνM ≡ 1

T
E

[∫ τM∧T

0

k(t, x(t), u(t))dt

]
.

As before, define DM
def
= C1,2

b (ZM )×C1,2
b (Z̃M1)× · · · ×C1,2

b (Z̃Ml) equipped with the
appropriate Sobolev norm (see the discussion between Theorem 3.1 and (∗)). The
corresponding dual becomes the following: For all (x, u) ∈ ZM × U ,

sup
g∈DM (L), g̃j∈DM (L̃j) ∀j, λ∈Rm

∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j −

m∑
i=1

λici

:
k(x, u) +

∑m
i=1 λiki(x, u)

T
+ Lg(x, u)

+

l∑
j=1

L̃j g̃j(x̃j) ≥ 0(18)

for x̃j defined as in (8). Results analogous to Lemma 2.2, Theorem 3.1, and (∗) also
hold. Let us define εj(M), 1 ≤ j ≤ m + 1, to be

εj(M)
def
=

∣∣∣∣ 1T E

[∫ T

0

kj(t, x(t), u(t))dt

]
− 1

T
E

[∫ τM∧T

0

kj(t, x(t), u(t))dt

]∣∣∣∣,
where km+1(·)

def
= k(·). We define the unconstrained domain approximation error as

(19) ε(M)
def
= max

1≤j≤m+1
εj(M).

The following lemma shows that (19) goes to zero as ΩM ↑ Rm and in the process,
gives an upper bound on ε(M).

Lemma 4.1. ε(M)
M↑∞−→ 0.

Proof.

εj(M) =

∣∣∣∣ 1T E

[∫ T

0

kj(t, x(t), u(t))I{t ≥ τM}dt
]∣∣∣∣

≤ 1

T
E

[∫ T

0

(kj(t, x(t), u(t)))2dt

]1/2

E

[∫ T

0

I{t ≥ τM}dt
]1/2

= C̄j

[∫ T

0

P (T ≥ t ≥ τM )dt

]1/2

≤ C̄j

√
TP (T ≥ τM )1/2

= C̄j

√
TP

(
sup

t∈[0,T ]

‖x(t)‖∞ ≥ M

)1/2
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≤ C̄j

√
T
E
[
supt∈[0,T ] ‖x(t)‖2

∞
]1/2

M

≤ C̄j

√
TC̃(1 + E[‖x(0)‖2)1/2

M
,

where C̄j is a constant bound on kj(·), and C̃ is a constant depending on T and the
Lipschitz constant of the drift/diffusion terms in (1). The last inequality is an easy
consequence of Gronwall’s inequality. Taking C̄ = max1≤j≤m+1 C̄j we get

ε(M) ≤ C̄
√
TC̃(1 + E[‖x(0)‖2])1/2

M
.

The result follows.
Let βo and βd denote the optimal values for (13) and (18), respectively. Next

we find a bound on the constrained domain approximation error ζ(M)
def
= |βo − βd|.

Using (∗), we can write

βo = min
ν∈M∗

〈ν, k〉,

where, as before, M∗ = {ν ∈ M′ :
∫
Z×U kjdν = cj , 1 ≤ j ≤ m}, and

βd = min
νM∈M∗

M

〈νM , k〉,

where M∗
M = {νM ∈ M′

M :
∫
ZM×U kjdνM = cj , 1 ≤ j ≤ m}.

Let us define a map F : M′ → Rm+1 as follows:

M′ � ν �−→ Fν =

[∫
Z×U

k1dν, . . . ,

∫
Z×U

kmdν,

∫
Z×U

kdν

]
≡ [y1(ν), . . . , ym(ν), ym+1(ν)] ∈ Rm+1.

Map F ′ is defined over M′
M in an analogous manner. Note that F, F ′ are bounded

linear maps and map the compact convex sets M′,M′
M , respectively, to compact

convex sets in Rm+1.
The following lemma is the main result of this subsection.

Lemma 4.2. ζ(M) ≤ Cdε(M)
M↑∞−→ 0 for some constant Cd = Cd(M) > 0 which

remains uniformly bounded as M ↑ ∞.
Proof. Using the definition of F, F ′, we can write

βo = min
[c1,...,cm,ym+1(ν)]∈F (M′)

ym+1(ν)

and

βd = min
[c1,...,cm,ym+1(νM )]∈F ′(M′

M )
ym+1(νM ).

Note that by (††), the hypersurfaces yj(ν) = cj , 1 ≤ j ≤ m, generate a 2m-partition
of the compact convex set F (M′). Then we must have that βo = the minimum of
ym+1(ν) over at least one of these 2m-partitions. Without loss of generality, let us

assume that this is so for the orthant Y1
def
= {[y1(ν), . . . , ym(ν), ym+1(ν)] ∈ F (M′) :
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yj(ν) ≤ cj , 1 ≤ j ≤ m}. Hence for M∗
1

def
= F−1(Y1) = {ν ∈ M′ :

∫
Z×U kjdν ≤ cj , 1 ≤

j ≤ m}, we have

(20) βo = min
ν∈M∗

1

〈ν, k〉.

Using analogous arguments, we suppose that

βd = min
νM∈M∗

M,1

〈νM , k〉

for M∗
M,1

def
= {νM ∈ M′

M :
∫
ZM×U kjdνM ≤ cj , 1 ≤ j ≤ m}. (We have chosen the

orthant corresponding to (20) above. This is purely for notational convenience; in
reality it could be a different orthant.) Using the Lagrange multiplier formulation we
can write

βo = max
λ≥0

min
ν∈M′

{
〈ν, k〉 +

m∑
i=1

∫
Z×U

λikidν − 〈λ, c〉
}
,

βd = max
λM≥0

min
νM∈M′

M

{
〈νM , k〉 +

m∑
i=1

∫
ZM×U

λMikidνM − 〈λM , c〉
}
.

Let λ∗, λ∗M ≥ 0 be the Lagrange multipliers (i.e., the maximizing values of λ, λM ,
respectively, on the r.h.s.) for the two cases, respectively. By (†), there exists an inte-
rior point ν̄ of M∗

1, i.e.,
∫
Z×U kidν̄ < ci, 1 ≤ i ≤ m. Let ν∗ = argminν∈M∗

1
〈ν, k〉. Simi-

larly, by (††), we have an interior point ν̄M ∈ M∗
M,1. Let ν∗M = argminνM∈M∗

M,1
〈νM , k〉.

Suppose βo ≥ βd. Then we have

|βo − βd| = max
λ≥0

min
ν∈M′

{
〈ν, k〉 +

m∑
i=1

∫
Z×U

λikidν − 〈λ, c〉
}

− max
λM≥0

min
νM∈M′

M

{
〈νM , k〉 +

m∑
i=1

∫
ZM×U

λMikidνM − 〈λM , c〉
}

≤ min
ν∈M′

{
〈ν, k〉 +

m∑
i=1

∫
Z×U

λ∗i kidν − 〈λ∗, c〉
}

− min
νM∈M′

M

{
〈νM , k〉 +

m∑
i=1

∫
ZM×U

λ∗i kidνM − 〈λ∗, c〉
}

≤ max
L(x(·),u(·))

∣∣∣∣(〈ν, k〉 − 〈νM , k〉) +

m∑
i=1

λ∗i (〈ν, ki〉 − 〈νM , ki〉)
∣∣∣∣

≤ (1 + ‖λ∗‖1)ε(M),

where L(x(·), u(·)) denotes the joint law of (x(·), u(·)). (Note that each pair (ν, νM )
corresponds to one such law.) The βd ≥ βo case is exactly symmetric with λ∗M in
place of λ∗. Hence we have

|βo − βd| ≤ (1 + (‖λ∗‖1 ∨ ‖λ∗M‖1))ε(M).

Now it follows from Exercise 5.3.1, p. 516 of [4], that

‖λ∗‖1 ≤ 〈ν̄, k〉 − 〈ν∗, k〉
min1≤i≤m(ci −

∫
Z×U kidν̄)

,

‖λ∗M‖1 ≤ 〈ν̄M , k〉 − 〈ν∗M , k〉
min1≤i≤m(ci −

∫
ZM×U kidν̄M )

.
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Since k(·) > 0, we have 〈ν∗, k〉 > 0, 〈ν∗M , k〉 > 0, and hence

|βo − βd| ≤ (1 + ‖k‖∞A(c, k1, . . . , km))ε(M),

where

A(c, k1, . . . , km)
def
=

1

min1≤i≤m(ci −
∫
Z×U kidν̄)

∧
min1≤i≤m(ci −

∫
ZM×U kidν̄M )

.

Also,

A(c, k1, . . . , km) → 1

min1≤i≤m (ci − ‖ki‖∞)
< ∞

as M ↑ ∞. The result follows.
In anticipation of the finite dimensional approximation to be introduced in the

next subsection, we will have to specify boundary conditions to be not exactly zero,
but bounded by a given small constant η > 0. This is because the approximation of
an RKHS function vanishing on the boundary by one in a finite dimensional subspace
thereof will be small but not necessarily zero on the boundary. This converts the
problem (18) to the following: For all (x, u) ∈ ZM × U ,

sup
(g,g̃1,...,g̃l)∈DM , λ∈Rm

∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j −

m∑
i=1

λici(21)

:
k(x, u) +

∑m
i=1 λiki(x, u)

T
+ Lg(x, u)

+

l∑
j=1

L̃j g̃j(x̃j) ≥ 0;

|g|∂ZM
| ≤ η; |g̃j |∂Z̃Mj

| ≤ η ∀j

with x̃j as in (8).
Let βx denote the optimal value for (21). We define the error function ε̂(η) due

to this further approximation as ε̂(η)
def
= |βd − βx|. Define a family of functions

Fη
def
= {h(·) : ZM → R continuous, |h(x)| ≤ η ∀x ∈ ∂ZM}.

Lemma 4.3. ε̂(η) ≤ η(l + 1).
Proof. Let

f(x, u)
def
=

k(x, u) +
∑m

i=1 λiki(x, u)

T
,

G
def
=

{
(g, g̃1, . . . , g̃l, λ) ∈ DM ×Rm : f(x, u) + Lg(x, u) +

l∑
j=1

L̃j g̃j(x̃j) ≥ 0

}
,

and

G′
def
= {(g, g̃1, . . . , g̃l) ∈ DM : Lg(x, u) = 0; L̃j g̃j(x̃j) = 0 ∀j; g|∂ZM

= h|∂ZM
,

g̃j |∂Z̃Mj
= hj |∂Z̃Mj

∀j, h, hj ∈ Fη}.
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Then,

βd = sup
(g,g̃1,...,g̃l,λ)∈G

∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

: g|∂ZM
≡ 0, g̃j |∂Z̃Mj

≡ 0,

βx = sup
(g,g̃1,...,g̃l,λ)∈G

∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

: | g|∂ZM
| ≤ η, | g̃j |∂Z̃Mj

| ≤ η.

Note that βx can be written as

βx = sup

∫
(g1(0, ·) + g2(0, ·))dφ0 +

l∑
j=1

∫
(g̃1

j (0, ·) + g̃2
j (0, ·))dφ̃0j − 〈λ, c〉

: (g1, g̃1
1 , . . . , g̃

1
l , λ) ∈ G, g1|∂ZM

≡ 0; g̃1
j |∂Z̃Mj

≡ 0,

(g2, g̃2
1 , . . . , g̃

2
l ) ∈ G′.

But then g2
j is of the form g̃2

j (x̃j) = Ex̃j [hj(X̂j(τM ∧ T ))], where X̂j(·) is a d̃j-

dimensional diffusion given by (10). In particular, |g2
j (·)| ≤ η. Similar results hold for

g2(·). So, we get

|βd − βx| ≤ sup
(g2,g̃2

1 ,...,g̃
2
l )∈G′

∣∣∣∣
∫

g2(0, ·)dφ0 +

l∑
j=1

∫
g̃2
j (0, ·)dφ̃0j

∣∣∣∣
= sup

h(·),h1(·),...,hl(·)

∣∣∣∣
∫

Ex[h(X(τM ∧ T ))]dφ0(x)

+
l∑

j=1

∫
Ex̃j

[hj(X̂j(τM ∧ T ))]dφ̃0j(x̃j)

∣∣∣∣
≤ η(l + 1).

The claim follows.
Henceforth we drop the subscript M in the notation and assume that all defini-

tions are for the bounded domain ZM under consideration.

4.2. Finite dimensional approximation. In this subsection, we give approx-
imation error bounds for our problem (21) using finite dimensional functions with a
finite number of constraints.

Let K(x, y) denote a C∞ Mercer (i.e., continuous, symmetric, and positive defi-
nite) kernel on Z ×Z. Hence so will be its restriction K̃(x, y) to Z̃j × Z̃j . Associated

with this is a unique RKHS HK of functions on Z and H̃Kj of functions on Z̃j ,
characterized by ([10, p. 35]):

1. For all x ∈ Z, Kx
def
= K(x, ·) ∈ HK ;

2. span{Kx : x ∈ Z} is dense in HK ;
3. For all f ∈ HK , f(x) = 〈Kx, f〉,

and likewise for H̃Kj , 1 ≤ j ≤ l. The kernel K defines (see [10, Proposition 1, p. 33])
the Hilbert–Schmidt integral operator LK by

LK(f)(z) =

∫
Z

K(z, t)f(t)dν(t), z ∈ Z, f ∈ L2
ϑ(Z),
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with ϑ = the Lebesgue measure on Z. Let {φk}k≥1 be the eigenvectors corresponding
to the eigenvalues {λk}k≥1 of LK . By [10, Theorem 4, p. 37], the inner product on
HK can be defined by

〈f, g〉K =

∞∑
k=1

fkgk
λk

.

Here f =
∑∞

k=1 fkφk, g =
∑∞

k=1 gkφk. The corresponding norm is defined by ‖f‖K
def
=

(
∑∞

k=1
f2
k

λk
)

1
2 . Analogous statements hold for Z̃j , H̃Kj .

From an approximation point of view, the attractive features of HK are the
following:

• They are spanned by the translates of a single function Kx, and the best
least squares estimate of any f sampled at a discrete subset Z̄ of Z, with
a regularity penalty, turns out to be a linear combination of the Kz, z ∈ Z̄.
The latter is a version of the Shannon sampling theorem (see [25], [26], [27]).

• For any n > d+ 1, HK is densely embedded in H
n
2 (Z) and the embedding is

bounded (see the proof of [10, Theorem D, p. 41]). By the Rellich–Kondrachov
theorem ([1, Theorem 6.3, part II, p. 168]), Hm+2(Z) is densely embedded
in C1,2

b (Z) and the embedding is compact whenever m > d+1
2 . Thus HK is

compactly and densely embedded in C1,2
b (Z) if we choose n = 2m+4 > d+5.

Similar statements apply to Z̃j , d̃j , m̃j , H̃Kj in place of Z, d,m,HK . Thus

H def
= HK × H̃K1 × · · · × H̃Kl is compactly and densely embedded in D.

This makes it a convenient space for approximation (hypothesis space in the
language of statistical learning theory; see [10]).

For future reference, let I denote this injection. Let us define the product Sobolev
space W as follows:

W def
=

{
(u, ũ1, . . . , ũl) ∈ Hm+2(Z) ×Hm̃1+2(Z̃1) × · · · ×Hm̃l+2(Z̃l)

: m >
d + 1

2
, m̃j >

d̃j + 1

2
, 1 ≤ j ≤ l

}
.(22)

Let Z̄ ⊂ Z, ¯̃Zj ⊂ Z̃j , 1 ≤ j ≤ l, be finite. Define a Hilbert space HK,Z̄ of functions
f : Z → R as the linear span of K(zi, ·), zi ∈ Z̄, with inner product〈∑

i

aiKzi ,
∑
j

bjKzj

〉
K,Z̄

def
=
∑
i,j

aibjK(zi, zj).

This is a finite dimensional Hilbert space of dimension |Z̄|. The | ¯̃Zj |-dimensional

Hilbert spaces H̃Kj,Z̄ , 1 ≤ j ≤ l, of functions f̃j : Z̃j → R are defined analogously.

These norms are compatible with the norms of HK , H̃Kj , respectively, relativized to

HK,Z̄ , H̃Kj,Z̄ , viewed as subspaces thereof.

For R > 0, BR
def
= the closed ball of radius R in H, centered at the origin. By

the properties of H noted above, I(BR) is compact in D and ∪R>0I(BR) is dense
in D. For R∗ as in (∗), we shall fix any R > 0 such that R ≥ ‖I‖−1R∗. (See also
Lemma 4.5 below for a specific choice.) Thus we get BLR∗ ⊆ I(BR). Let Aε for any
set A ⊂ D denote its ε-thickening, i.e., the set of all points which are at most ε away
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from A in the ‖ · ‖C1,2
b

norm. We shall approximate I(BR) by its intersection with

H̄ def
= HK,Z̄ × H̃K1,Z̄ × · · · × H̃Kl,Z̄ . The quality of this approximation is described

by Theorem 5.1 in section 5. Let the sampling approximation error Ξ be defined as

(23) Ξ
def
= sup

(g,g̃1,...,g̃l)∈I(BR)

inf
(ḡ,¯̃g1,...,¯̃gl)∈H̄∩I(BR)

||(g, g̃1, . . . , g̃1) − (ḡ, ¯̃g1, . . . , ¯̃gl)||C1,2
b

.

Using R fixed as above, we now consider a semi-infinite approximation to (21).
This is semi-infinite because, while it has finitely many variables, it still has infinitely
many constraints. Specifically, this will be

sup

{∫
g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉 : (g, g̃1, . . . , g̃l) ∈ H̄ ∩ I(BR),

λ ∈ Λ, and,
k(x, u) +

∑m
i=1 λiki(x, u)

T
+ Lg(x, u) +

l∑
j=1

L̃j g̃j(x̃j) ≥ 0

∀ (x, u) ∈ Z × U, | g|∂Z | ≤ η, | g̃j |∂Z̃j
| ≤ η

}
(24)

with x̃j is defined as in (8). Let βs denote the optimal value for (24).
Let us now prove two important lemmas. The first is a technical one which is a

slight generalization of the result in Exercise 5.3.1, p. 516 of [4]. Let G be a convex
subset of D ×Rm. Let F be a concave mapping from G into R. Assume that there
exists a (ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) ∈ G such that F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄)) > 0. Let f be a real-valued
convex functional on G. Let

β∗
def
= argmaxGf(g, g̃1, . . . , g̃l, λ) : F(g, g̃1, . . . , g̃l, λ) ≥ 0.

Lemma 4.4. There exists an element ν∗ ∈ Cb(Z)∗ with ν∗ ≥ 0 such that

||ν∗|| ≤ β∗ − f(ḡ, ¯̃g1, . . . , ¯̃gl, λ̄)

minx∈Z F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x)
.

Proof. It follows from [23, Theorem 1, p. 217] that there exists ν∗ ∈ Cb(Z)∗ such
that ν∗ ≥ 0 and

−β∗ = inf
(g,g̃1,...,g̃l,λ)∈G

[−f(g, g̃1, . . . , g̃l, λ) + 〈−F((g, g̃1, . . . , g̃l, λ)), ν∗〉].

Then

−β∗ + f(ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) ≤ 〈−F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄)), ν∗〉.

Since minx∈Z F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x) ≤ F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x), we have

β∗ − f(ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) ≥
(
min
x∈Z

F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x)
)∫

Z

dν∗

= ||ν∗||
(
min
x∈Z

F((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x)
)
.

The last equality holds because ν∗ ≥ 0. The claim follows.
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Now define F : H×Rm → Cb(Z) as

F((g, g̃1, . . . , g̃l, λ))(x)
def
= inf

u∈U

(
k(x, u) +

∑m
i=1 λiki(x, u)

T
+ Lg(x, u)

)

+
l∑

j=1

L̃j g̃j(x̃j) ∀x ∈ Z

with x̃j defined as in (8). Note that this is a concave functional. Furthermore,

||L|| ≤ 1 + sup
(x,u)∈ΩM×U

|m(x, u)| + 1

2
sup

(x,u)∈ΩM×U
|tr(σ(x, u)σT (x, u))| and

||L̃j || ≤ 1 + sup
(t,x)∈Z

|m̃j(t, x)| + 1

2
sup

(t,x)∈Z
|tr(σ̃j(t, x)σ̃T

j (t, x))|, 1 ≤ j ≤ l.

Lemma 4.5. Let Ξ = ε. Given any ξ, η > 0, for sufficiently small ε > 0, there
exists a solution (v, ṽ1, . . . , ṽl, λ) ∈ (H̄ ∩ I(BR)) × Λ to the inequality

F((g, g̃1, . . . , g̃l, λ)) ≥ ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) > 0,

| g|∂Z | ≤ η,

| g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l,

for large enough R∗, and R satisfying R ≥ ‖I‖−1R∗.
Proof. Consider the HJB equation

inf
u∈U

(
k(t, x, u) +

∑m
i=1 λiki(t, x, u)

T
+ Lg(t, x, u) − ξ

)
= 0, (t, x) ∈ Z,

g|∂Z =
η

2
,

for a prescribed ξ > 0. Since nondegeneracy (3) holds, by [12, Theorem 4.2, p. 169],
it has a solution g(·) ∈ C1,2

b (Z). By [12, Theorem 3.1, p. 163],

g(t, x) = inf
u(·)

Et,x

[∫ τM∧T

t

(
k(s, x(s), u(s)) +

∑m
i=1 λiki(s, x(s), u(s))

T
− ξ

)
dt +

η

2

]
,

(25)

where x(·) is a d-dimensional diffusion given by (4). Similarly, for 1 ≤ j ≤ l, we get
that

L̃j g̃j(t, x̃j) = ξ, (t, x̃j) ∈ Z̃j ,

g̃j |∂Z̃j
=

η

2

has a solution g̃j(·) ∈ C1,2
b (Z̃j) given by

(26) g̃j(t, x̃j) = Et,x̃j

[
−
∫ τM∧T

t

ξdt +
η

2

]
.
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Then, adding these equations, we get that

inf
u∈U

(
k(t, x, u) +

∑m
i=1 λiki(t, x, u)

T
+ Lg(t, x, u)

)

+
l∑

i=1

L̃j g̃j(t, x̃j) = ξ(l + 1) > 0,

g|∂Z =
η

2
,

g̃j |∂Z̃j
=

η

2

has a solution (g, g̃1, . . . , g̃l) ∈ D such that (g, g̃1, . . . , g̃l) ∈ BR∗
2

for R∗ chosen large

enough. Choose ε > 0 such that

(27) ε < min

(
ξ(l + 1)

‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖
,
η

2

)
.

Since H̄ ∩BR∗
2

is ε-dense in BR∗
2

, we can find a (v, ṽ1, . . . , ṽl) ∈ H̄ ∩BR∗ such that

inf
u∈U

(
k(t, x, u) +

∑m
i=1 λiki(t, x, u)

T
+ Lv(t, x, u)

)
+

l∑
i=1

L̃j ṽj(t, x̃j)

≥ ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) > 0,

| v|∂Z | ≤ η

2
+ ε ≤ η,

∀j, | ṽj |∂Z̃j
| ≤ η

2
+ ε ≤ η.

The claim follows.
We now state the first main result of this section.

Theorem 4.6. If Ξ = ε > 0 and (27) holds, then |βo − βs| ≤ C1(ε + η + 1
M ) for

some η > 0 chosen small enough and a constant C1 = C1(M) > 0 independent of ε, η
which remains uniformly bounded as M ↑ ∞.

Proof. Define the concave functional Fε : H×Rm → Cb(Z) as

Fε((g, g̃1, . . . , g̃l, λ))
def
= F((g, g̃1, . . . , g̃l, λ)) + ε

(
‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖

)
.

Now define

G1
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : F((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η; | g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l},

G2
def
= {(g, g̃1, . . . , g̃l, λ) ∈ I(BR) × Λ : F((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η; | g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l},

G3
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : Fε((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η; | g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l},
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and

G′3
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : Fε((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η + ε; | g̃j |∂Z̃j
| ≤ η + ε, 1 ≤ j ≤ l}.

Note that these sets are convex and G1, G3, G
′
3 compact. Let

Gε
1

def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR))ε × Λ : F((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η; | g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l}

and

Gε
3

def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR))ε × Λ : Fε((g, g̃1, . . . , g̃l, λ)) ≥ 0;

| g|∂Z | ≤ η + ε; | g̃j |∂Z̃j
| ≤ η + ε, 1 ≤ j ≤ l}.

Note that these sets are also convex and relatively compact in the C0,1
b ×Rm topology.

It follows from Lemma 4.5 that all these sets are nonempty. As discussed before, using
(∗) and Lemma 4.5, choosing R ≥ ‖I‖−1R∗, and the fact that H is dense in D, we
see that

(28) βx = sup
G2

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠ .

Let βs, β
′, β′′, β1

ε , β
′
ε, respectively, denote the supremum of the quantity in parentheses

on the right over G1, G3, G
′
3, G

ε
1, G

ε
3. Note that G1 ⊂ G2 ⊂ Gε

1 ⊂ Gε
3. Hence,

βs ≤ βx ≤ β1
ε ≤ β′ε. Therefore

(29) |βx − βs| ≤ |β1
ε − β′′| + |β′′ − β′| + |β′ − βs|.

Of these, βs ≤ β′ ≤ β′′ as G1 ⊂ G3 ⊂ G′3. An argument similar to the proof of
Lemma 4.3 allows us to conclude that

|β′′ − β′| ≤ ε(l + 1).

Also,

β′ − βs = |β′ − βs| ≤ (||ν|| ∨ ||νε||)(||L|| + ||L̃1|| + · · · + ||L̃l||)ε

by [23, Theorem 1, p. 222], where ν, νε ≥ 0 are the minimizing Lagrange multipliers
(measures) for the convex programs

sup
G1

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠

and

sup
G3

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠ ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1292 ARNAB BASU AND VIVEK S. BORKAR

respectively. It follows from Lemma 4.4 that

‖ν‖ ≤ βs − β̄

minx∈ZF((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x)
,

where β̄ =
∫
ḡdφ0 +

∑l
j=1

∫
¯̃gjdφ̃0j − 〈λ̄, c〉 for some (ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) ∈ G1 such

that F(ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) ≥ ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) > 0. That such a
(ḡ, ¯̃g1, . . . , ¯̃gl, λ̄) indeed exists is guaranteed by Lemma 4.5. Hence, using the stochas-
tic representation of Lemma 4.5, we have, by the ε-density of H̄ ∩ I(BR) in I(BR)
that

ḡ(t, x) ≥ inf
u(·)

Et,x

[∫ τM∧T

t

(
k(s, x(s), u(s)) +

∑m
i=1 λ̄iki(s, x(s), u(s))

T
− ξ

)
dt+

η

2

]
− ε

and

¯̃gj(t, x̃j) ≥ Et,x̃j

[
−
∫ τM∧T

t

ξdt +
η

2

]
− ε.

Hence we have

β̄ ≥ Cλ̄ − ξT (l + 1) − ε(l + 1) +
η

2
(l + 1),

where

Cλ̄
def
=

∫ (
inf
u(·)

Et,x

[∫ τM∧T

0

(
k(s, x(s), u(s)) +

∑m
i=1 λ̄iki(s, x(s), u(s))

T

)
dt

])
dφ0

− 〈λ̄, c〉.

Since λ̄ is fixed, and the k(·) and the ki(·)’s are bounded functions, Cλ̄ is independent

of ξ and we have Cλ̄

ξ → 0 as ξ ↑ ∞. Also,

‖ν‖ ≤ βs − β̄

minx∈ZF((ḡ, ¯̃g1, . . . , ¯̃gl, λ̄))(x)

≤
βs + ξT (l + 1) + ε(l + 1) − η

2 (l + 1) − Cλ̄

ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖)

≤ T +
βs + ε(l + 1) + η

2 (l + 1) + εT (‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) − Cλ̄

ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖)
.

(30)

Since ξ can be arbitrarily large, we let ξ ↑ ∞ (note that ε remains fixed by (27) as η
is fixed) to obtain

‖ν‖ ≤ T.

Similarly, we have

‖νε‖ ≤ β′ − β̄ε

minx∈Z Fε((ḡε, ¯̃gε1, . . . , ¯̃gεl, λ̄ε))(x)
,
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where β̄ε =
∫
ḡεdφ0 +

∑l
j=1

∫
¯̃gεjdφ̃0j − 〈λ̄ε, c〉 for some (ḡε, ¯̃gε1, . . . , ¯̃gεl, λ̄ε) ∈ G3 such

that Fε(ḡε, ¯̃gε1, . . . , ¯̃gεl, λ̄ε) ≥ ξ(l + 1) − ε(‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) > 0. We argue as
above to deduce ‖νε‖ ≤ T . Thus we have

(31) |β′ − βs| ≤ εT
(
‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖

)
.

On the other hand, let (g∗, g̃∗1 , . . . , g̃
∗
l , λ
∗) ∈ Gε

1 be such that the value of (
∫
g(0, ·)dφ0+∑l

j=1

∫
g̃(0, ·)dφ̃0j−〈λ, c〉) at this point is within ε of its supremum over Gε

1. Suppose

β1
ε ≥ β′′. Then, for any (gε, g̃ε1, . . . , g̃

ε
l , λ
∗) ∈ G′3, we have

0 ≤ β1
ε − β′′ = sup

Gε
1

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠

− sup
G′

3

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠

≤
∫

g∗(0, ·)dφ0 +

l∑
j=1

∫
g̃∗j (0, ·)dφ̃0j − 〈λ∗, c〉 + ε

−
∫

gε(0, ·)dφ0 −
l∑

j=1

∫
g̃εj(0, ·)dφ̃0j + 〈λ∗, c〉

=

∫
(g∗(0, ·) − gε(0, ·))dφ0 +

l∑
j=1

∫
(g̃∗j (0, ·) − g̃εj(0, ·))dφ̃0j + ε.

Now since (g∗, g̃∗1 , . . . , g̃
∗
l , λ
∗) ∈ Gε

1, this (gε, g̃ε1, . . . , g̃
ε
l , λ
∗) ∈ G′3 can be chosen such

that

||(g∗, g̃∗1 , . . . , g̃∗l ) − (gε, g̃ε1, . . . , g̃
ε
l )||C1,2

b
≤ ε.

Thus we get

β1
ε − β′′ ≤ ‖g∗ − gε‖∞ +

l∑
j=1

‖g̃∗j − g̃εj‖∞ + ε ≤ 2ε.

Now consider the case β′′ ≥ β1
ε . Then, since G′3 ⊂ Gε

3 we have β′ε ≥ β′′. Hence

0 ≤ β′′ − β1
ε ≤ β′ε − β1

ε = |β′ε − β1
ε |.

Arguments similar to the proofs of Lemmas 4.3 and 4.5 and the analysis exactly as
in the derivation of (31) allow us to conclude that

|β′ε − β1
ε | ≤ ε

(
T (‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) + (l + 1)

)
.

So we have

|β1
ε − β′′| ≤ ε

(
(T (‖L‖ + ‖L̃1‖ + · · · + ‖L̃l‖) + (l + 1)) ∨ 2

)
.
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Also, by Lemmas 4.1 and 4.2, we have

|βo − βd| ≤ Cd(M)
C̄
√
TC̃(1 + E[‖x(0)‖2])1/2

M
,

and by Lemma 4.3, we have

|βd − βx| ≤ η(l + 1).

From (29), we get

|βo − βs| ≤ |βo − βd| + |βd − βx| + |β1
ε − β′′| + |β′′ − β′| + |β′ − βs|.

Combining both the inequalities above, we get the result.
We next prove the second main result of this section. We consider a finite linear

program that approximates the semi-infinite linear program (24). For this purpose,
let Z̄0 ⊂ Z be a finite set such that

� def
= max

y∈Z
min
z∈Z̄0

||y − z|| = δ

for a prescribed δ > 0. For example, Z̄0 could be a regular grid of width � = δ.
By arguments similar to those used to claim a compact embedding of H in D, one
can also claim compact embedding thereof in C1,3

b (Z) × C1,3
b (Z̃1) × · · · × C1,3

b (Z̃l),

whence there is a common Lipschitz constant L for (f, f̃1, . . . , f̃l) ∈ BR. Define
Fδ : H×Rm → Cb(Z) as

Fδ((g, g̃1, . . . , g̃l, λ))
def
= F((g, g̃1, . . . , g̃l, λ)) + Lδ.

Note that this is a concave functional. Now define convex compact sets G4, G5, and
G′5 as follows:

G4
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : F(g, g̃1, . . . , g̃l, λ) ≥ 0, x ∈ Z̄0,

|g|Z̄0∩∂Z | ≤ η; |g̃j |Z̄0∩∂Z̃j
| ≤ η, 1 ≤ j ≤ l},

G5
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : Fδ(g, g̃1, . . . , g̃l, λ) ≥ 0, x ∈ Z,

|g|∂Z | ≤ η + Lδ; |g̃j |∂Z̃j
| ≤ η + Lδ, 1 ≤ j ≤ l},

G′5
def
= {(g, g̃1, . . . , g̃l, λ) ∈ (H̄ ∩ I(BR)) × Λ : Fδ(g, g̃1, . . . , g̃l, λ) ≥ 0, x ∈ Z,

|g|∂Z | ≤ η; |g̃j |∂Z̃j
| ≤ η, 1 ≤ j ≤ l}.

These are nonempty by Lemma 4.5. Let

βf
def
= sup

G4

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠ ,

βδ
def
= sup

G5

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠ ,

β′δ
def
= sup

G′
5

⎛
⎝(0, ·)dφ0 +

l∑
j=1

∫
g(0, ·)dφ0 + 〈λ, c〉

⎞
⎠ .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STOCHASTIC CONTROL WITH IMPERFECT MODELS 1295

Theorem 4.7. Given Ξ = ε > 0, η > 0, as in Theorem 4.6, and grid size � =
δ > 0, it follows that |βo−βf | ≤ C2(ε+η+ 1

M +δ) for some constant C2 = C2(M) > 0
independent of ε, η, δ which remains uniformly bounded as M ↑ ∞.

Proof. Note that G1 ⊂ G4 ⊂ G5. Hence, βs ≤ βf ≤ βδ. Therefore,

|βo − βf | ≤ |βo − βs| + |βs − βf |,
|βs − βf | ≤ |βs − βδ| ≤ |βs − β′δ| + |β′δ − βδ|.

An argument similar to the proof of Lemma 4.3 allows us to conclude that

|β′δ − βδ| ≤ Lδ(l + 1).

Thus the claim follows by arguments similar to those used to prove Theorem 4.6, with

C2
def
= L((||ν|| ∨ ||νδ||) + (l + 1)) ∨ C1(M), where νδ ≥ 0 is the minimizing Lagrange

multiplier (measure) for the convex program

sup
G′

5

⎛
⎝∫ g(0, ·)dφ0 +

l∑
j=1

∫
g̃(0, ·)dφ̃0j − 〈λ, c〉

⎞
⎠ ,

and ν, C1(M) are as in Theorem 4.6. Note also that by Lemmas 4.4 and 4.5, we have,
as in (30),

‖νδ‖ ≤ T.

Thus the claim follows.

5. Estimation of sample complexity. In this section we calculate the sample
complexity for RKHS functions, i.e., the minimum number of sample points (and
hence minimum number of basis functions) required to approximate the cost function
to a given degree of accuracy. We shall assume the functions to be defined over a
set Z which is now a compact subset of [0, T ] × ΩM with C∞ boundary. Hence, by
definition, the Z̃j ’s are also compact with a C∞ boundary. This additional regularity
of the boundary is needed for technical reasons. Refer to section 4 for definitions.

Note that the map H I−→ D can be factored into

H J−→ W J
↪→ D,

where I = JJ . Given a normed space S with norm ‖ · ‖S , let B1
def
= {x ∈ S :

‖x‖S ≤ 1}. Also, given Banach spaces E and F and a linear map T : E → F , let

ek(T )
def
= ek(T (B1)) for k ≥ 1, where the entropy number ek(S) is defined as

(32) ek(S)
def
= inf

{
ε > 0 : S ⊂

2k−1⋃
j=1

(bj + εB1), b1, . . . , b2k−1 ∈ S

}
.

Thus under the product topology in W and D, by taking s1 = m + 2(m̃j + 2), p1 =
s2 = 2, p2 = ∞ in a very general “theorem” of [11, p. 105], we get

(33) ek(J) ≤ max

(
C(Z,m)

(
1

k

)m/(d+1)

, max
1≤j≤l

(
C(Z̃j , m̃j)

(
1

k

)m̃j/(d̃j+1)
))
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for k ≥ 1, where m, d and m̃j , d̃j satisfy the conditions in definition (22) of W above

and C is a constant depending on the (Z,m) or the (Z̃j , m̃j)’s, but not on k.
Given some η > 0 and a bounded set A in some normed space S as above, the

covering number N (A, η) is the minimum number of η-balls required to cover the set
A, i.e.,

(34) N (A, η)
def
= inf

{
N > 0 : A ⊂

N⋃
j=1

(bj + ηB1), b1, . . . , bN ∈ A

}
,

where B1 is a unit ball in S as defined above.

Given ε > 0, the sample complexity is defined as d∗(ε)
def
= the minimum |Z̄| +∑l

j=1 |
¯̃Zj | such that the sampling approximation error Ξ satisfies Ξ ≤ ε. We look

for a good estimate d(ε) of d∗(ε). First, we state and prove the following theorem.

Theorem 5.1. Let C ′
def
= ‖J ‖, C ′′

def
= ‖I‖, and

r
def
=

1

min(m/(d + 1),min1≤j≤l m̃j/(d̃j + 1))
.

Then

A. ln(N (I(BR), 2ε)) < 1 +

(
RC ′max(C(Z,m),max1≤j≤l C(Z̃j , m̃j))

2ε

)r

.

B. d∗(ε) ≥ ln(N (I(BR), 2ε))

ln(4RC′′

ε )
.

Proof. A. By (33), we get

ek(I) = ek(JJ ) ≤ ek(J)‖J ‖

≤ C ′max

(
C(Z,m)

(
1

k

)m/(d+1)

, max
1≤j≤l

(
C(Z̃j , m̃j)

(
1

k

)m̃j/(d̃j+1)
))

≤ C ′max

(
C(Z,m), max

1≤j≤l
C(Z̃j , m̃j)

)(
1

k

)1/r

(35)

for k ≥ 1. By [10, Lemma 4, p. 16] we have

N (I(BR), 2ε) ≤ 2k − 1 ⇐⇒ ek(I(BR)) = Rek(I) ≤ 2ε.(36)

Let

k =

⎡
⎢⎢⎢
⎛
⎝RC ′max

(
C(Z,m),max1≤j≤l C(Z̃j , m̃j)

)
2ε

⎞
⎠

r⎤
⎥⎥⎥ .

Then from (35) and (36) we have (see [10, Proposition 6, p. 16]),

ln
(
N
(
I(BR), 2ε

))
= ln

(
N
(
I(B1),

2ε

R

))

< k < 1 +

(
RC ′max(C(Z,m),max1≤j≤l C(Z̃j , m̃j))

2ε

)r

.

(37)
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B. Since H̄ ∩ I(BR) is a finite dimensional Banach space, we have by [10,
Proposition 5, p. 15] that

lnN (H̄ ∩ I(BR), ε) ≤ d�(ε) ln

(
4R∗

ε

)
≤ d�(ε) ln

(
4RC ′′

ε

)
,(38)

where the last inequality follows from the fact ‖ · ‖C1,2
b

≤ C ′′‖ · ‖H. Also since

Ξ ≤ ε, i.e., every point in I(BR) is at most ε-distance away from some point
in H̄ ∩ I(BR), we have

N (I(BR), 2ε) ≤ N (I(BR) ∩ H̄, ε).(39)

Assuming 0 < ε < R
2 since ε is sufficiently small, we see, combining (38) and

(39), that

(40) d�(ε) ≥ ln(N (I(BR), 2ε))

ln(4RC′′

ε )
.

Hence we have the claim.
Remark 2. Note that (37) and (40) together suggest that d(ε) given by

d(ε) =
1 +

(
RC′ max(C(Z,m),max1≤j≤l C(Z̃j ,m̃j))

2ε

)1/min(m/(d+1),min1≤j≤l m̃j/(d̃j+1))

ln(4RC′′

ε )

is a reasonable estimate for d∗(ε).
Remark 3. The above bound on the sample complexity shows that by choosing

m > d+1
2 , m̃j >

d̃j+1
2 large enough we can make the exponent almost a constant

independent of the dimension of the underlying state space. On the other hand, the
dependence of the constant C on d,m (respectively, (d̃j , m̃j)’s) may be exponential as
is the case for approximation of C0 functions on [0, 1]d by Gaussian kernels (see [30,
Example 4, p. 23]).

6. Markov-modulated diffusions. Now we briefly sketch the extension of the
foregoing to Markov-modulated diffusions, a popular model when regime-switching
phenomena are present. Let α(·) be a continuous time stationary Markov chain taking
values in a finite state space S = {1, . . . , N}. Let W (·) be a standard Brownian motion
in Rd independent of α(·). The Markov chain has a generator Q∗ = [[q∗ij ]]1≤i,j≤N ∈
RN×N , i.e., its transition probabilities are given by

(41) P (α(t + δt) = j|α(t) = i) = q∗ijδt + o(δt), i �= j, i, j ∈ S.

We shall assume that our underlying state process is a d-dimensional process x(·) =
[x1(·), . . . , xd(·)]T described by the SDE

(42) dx(t) = m∗(x(t), α(t))dt + σ∗(x(t), α(t))dW (t), x(0) = x0, α(0) = i0, t ≥ 0,

where the drift vector m∗(·) : Rd×S → Rd and the diffusion matrix σ∗(·) : Rd×S →
Rd×d are assumed to be Lipschitz. (This ensures the well-posedness of (42) and can
be relaxed in special cases.) The law of (x0, i0) is fixed; say, φ0. See section 2 for
definitions. The two forms of uncertainty we considered in section 2 are captured by
the following two basic formulations.
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Problem 1: Model uncertainty. We suppose that m∗, σ∗, and Q∗ = [[q∗ij ]] are
not known exactly, but only approximately. The latter is captured by the conditions

(43) m∗(x, i) ∈ m(x, i, U), (σ∗(σ∗)T )(x, i) ∈ (σσT )(x, i, U), Q∗ ∈ Q(U) ∀x, i,

where
• U is a prescribed compact metric space;
• m(·, i, ·) = [m1(·, i, ·), . . . ,md(·, i, ·)]T : Rd × S × U → Rd is continuous and

Lipschitz in x ∈ Rd uniformly w.r.t. u ∈ U , and, in addition, m(x, i, U) is
convex for each x, for each i ∈ S;

• σ(·, i, ·) = [[σij(·, i, ·)]]1≤i,j≤d : Rd×S×U → Rd×d is continuous and Lipschitz
in x ∈ Rd uniformly w.r.t. u ∈ U , and, in addition, (σσT )(x, i, U) is convex
for each x, for each i ∈ S and satisfies the nondegeneracy condition as in (3);

• Q(·) = [[qij(·)]]1≤i,j≤N : U → RN×N is bounded and convex.
Now using familiar measurable selection arguments as in section 2, we can rewrite

the SDE (42) as

(44) dx(t) = m(x(t), α(t), u(t))dt + σ(x(t), α(t), u(t))dW (t), t ≥ 0,

where the Markov chain has the controlled extended generator

Q(·) = [[qij(·)]]1≤i,j≤N : U → RN×N

and transition probabilities

(45) P (α(t + δt) = j|α(t) = i) = qij(u(t))δt + o(δt), i �= j, i, j ∈ S.

Associated with x(·) is the controlled extended generator A:

Ag(t, x, i, u)
def
=

∂g

∂t
(t, x, i) + 〈m(x, i, u),∇g(t, x, i)〉

+
1

2
tr
(
σ(x, i, u)σT (x, i, u)∇2g(t, x, i)

)
+

N∑
j=1

qij(u)g(t, x, j)

for all f ∈ D(A)
def
=
⋃

i∈S Di(A), where Di(A)
def
= {f(·, ·, i) ∈ C1,2

b (Z) : f(T, ·, i) ≡ 0}.
Problem 2: Unmodelled dynamics. As in section 2, we separately observe

for a given integer l ≥ 1 only x̃j(·), j = 1, . . . , l (see definition (8)) and mimic it by a

d̃j-dimensional process given by (say)

(46) dx̂j(t) = m̃j(t, x̂j(t), α̃j(t))dt + σ̃j(t, x̂j(t), α̃j(t))dW̃j(t), 1 ≤ j ≤ l,

where, as before, α̃j(·) is the correspondingly observed S-valued Markov chain with

generator Q̃j(·) = [[q̃jkl(·)]]1≤k,l≤N : [0, T ] → RN×N and transition probabilities

(47) P̃j(α̃j(t + δt) = l|α̃j(t) = k) = q̃jkl(t)δt + o(δt), k �= l, k, l ∈ S, 1 ≤ j ≤ l.

We view (46) and (47) as the model fitted to the observed data (x̃j(t), α̃j(t)). Define
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the extended generator Ãj of x̂j(·) by

Ãjf(t, x, i)
def
=

∂f

∂t
(t, x, i) + 〈m̃j(t, x, i),∇f(t, x, i)〉

+
1

2
tr(σ̃j(t, x, i)σ̃

T
j (t, x, i)∇2f(t, x, i))

+

N∑
k=1

q̃jik(t)f(t, x, k)

for all f ∈ D(Ãj)
def
=
⋃

i∈S Di(Ãj), where Di(Ãj)
def
= {f(·, ·, i) ∈ C1,2

b (Z̃j) : f(T, ·, i) ≡
0}.

Now define occupation measures as in section 2 (see definitions (5) and (9)).
Replacing L by A and the L̃j ’s by Ãj ’s and using the general results of [5], we get
the characterizations of the corresponding M,M′, and M∗. Then the minimization
problem becomes

minimize

∫
kdν over M∗.

The rest of the analysis is exactly similar and the details are omitted.
In conclusion, we note some potential extensions that hold promise:
1. extensions to SDEs driven by both a Brownian motion and a point process;
2. an additional layer of approximation replacing the differential operators by

their finite difference approximations;
3. families of approximating functions other than those from an RKHS.

Acknowledgment. The first author thanks Prof. K. T. Joseph for helpful dis-
cussions.
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1. Introduction. In this paper we develop a priori error analysis for space-time
finite element discretizations of parabolic optimization problems. We consider the
following linear-quadratic optimal control problem for the state variable u and the
control variable q involving pointwise control constraints:

(1.1a) Minimize J(q, u) =
1

2

∫ T

0

∫
Ω

(u(t, x) − û(t, x))2 dx dt +
α

2

∫ T

0

∫
Ω

q(t, x)2 dx dt

subject to

(1.1b)
∂tu− Δu = f + q in (0, T ) × Ω,

u(0) = u0 in Ω

and subject to

(1.1c) qa ≤ q(t, x) ≤ qb a.e. in (0, T ) × Ω,

combined with either homogeneous Dirichlet or homogeneous Neumann boundary
conditions on (0, T )×∂Ω. A precise formulation of this problem including a functional
analytic setting is given in the next section.
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Although the a priori error analysis for finite element discretization of optimal
control problems governed by elliptic equations is discussed in many publications
(see, e.g., [10, 12, 1, 13, 21, 7]), there are only a few published results on this topic
for parabolic problems; see [19, 28, 16, 18, 23].

In the first part of our work on a priori error analysis of parabolic optimal control
problems [20], we developed a priori error estimates for problems without control
constraints. The consideration of control constraints (1.1c) leads to many additional
difficulties. In the absence of inequality constraints the regularity of the optimal
solution (q̄, ū) of (1.1a)–(1.1b) is restricted only by the regularity of the domain Ω;
by the regularity of the data f, u0, û; and possibly by some compatibility conditions.
Therefore, in this case it is reasonable to assume high regularity of (q̄, ū) leading
to a corresponding order of convergence of the finite element discretization; see the
discussion in [20].

The presence of control constraints (1.1c) leads to a stronger restriction of the
regularity of the optimal solution, which is often reflected in a reduction of the order
of convergence of the finite element discretization. For a discussion of the regularity
of solutions to parabolic optimal control problems with control constraints, we refer,
e.g., to [15].

In order to describe the claims and challenges of a priori error analysis for finite
element discretization of (1.1), we first recall some corresponding results in the elliptic
case. Using a finite element discretization with discretization parameter h, one can
define a discretized optimal control problem with the discrete solution (q̄h, ūh).

Many authors made an effort to analyze the behavior of ‖q̄− q̄h‖L2(Ω) with respect
to h: In the first papers concerning approximation of elliptic optimal control problems
(see [10, 12]), the convergence order O(h) was established using a cellwise constant
discretization of the control variable; see also [8, 1, 7]. For finite element discretization
of the control variable by (bi-/tri-)linear H1-conforming elements, the convergence

order O(h
3
2 ) can be shown; see, e.g., [5, 24, 2]. Recently, two approaches achieving

O(h2)-convergence for the error in the control variable have been established; see
[13, 21]. In [13] a variational approach is proposed, where no explicit discretization of
the control variable is used. The discrete control variable is obtained by the projection
of the discretized adjoint state on the set of admissible controls. In [21] a cellwise
constant discretization is utilized, and a postprocessing step is used to obtain the
desired accuracy. The latter technique is extended to optimal control of the Stokes
equations in [25].

For discretization of parabolic problems such as (1.1), the state variable has to be
discretized with respect to space and time leading to two discretization parameters
h, k; see section 3 for a detailed description. The solution of the discretized optimal
control problem is denoted by (q̄σ, ūσ), where σ = (k, h, d) is a general discretization
parameter and d denotes an abstract discretization parameter for the control space;
cf. [20].

The main purpose of this paper is to analyze the behavior of ‖q̄− q̄σ‖L2(0,T ;L2(Ω))

with respect to all involved discretization parameters. Our aim is to discuss the
following four approaches for the discretization of the control variable, which extend
some techniques known from the elliptic case:

1. Discretization using cellwise constant ansatz functions with respect to space
and time. In this case we obtain, similar to [16, 18], the order of convergence
O(h + k): The result is obtained under weaker regularity assumptions than
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in [16, 18]. Moreover, we separate the influences of the spatial and temporal
regularity on the discretization error; see Corollary 5.3.

2. Discretization using cellwise (bi-/tri-)linear, H1-conforming finite elements in
space, and piecewise constant functions in time: For this type of discretization

we obtain the improved order of convergence O(k+h
3
2−

1
p ); see Corollary 5.8.

Here, p depends on the regularity of the adjoint solution. In two space dimen-
sions we show the assertion for any p < ∞, whereas in three space dimensions
the result is proved for p ≤ 6. Under an additional regularity assumption,
one can choose p = ∞ leading to O(k + h

3
2 ). Again the influences of spatial

and temporal regularity as well as of spatial and temporal discretization are
clearly separated.

3. The discretization following the variational approach from [13], where no
explicit discretization of the control variable is used: In this case we obtain
an optimal result O(k + h2); see Corollary 5.11. The usage of this approach
requires a nonstandard implementation and more involved stopping criteria
for optimization algorithms, since the control variable does not lie in any
finite element space associated with the given mesh. However, there are no
additional difficulties caused by the time discretization.

4. The postprocessing strategy extending the technique from [21] to parabolic
problems: In this case we use the cellwise constant ansatz functions with re-
spect to space and time. For the discrete solution (q̄σ, ūσ), a postprocessing
step based on a projection formula is proposed leading to an approxima-

tion q̃σ with order of convergence ‖q̄ − q̃σ‖L2(0,T ;L2(Ω)) = O(k + h2− 1
p ); see

Corollary 5.17. Here, p can be chosen as discussed for the cellwise linear dis-
cretization. Under an additional regularity assumption, one can also choose
p = ∞ leading to O(k + h2).

The paper is organized as follows. In the next section, we present a functional
analytic setting for the optimal control problem (1.1) and discuss optimality conditions
and the regularity of optimal solutions. Section 3 is devoted to the discretization of
the considered optimal control problem. Therein, we address the temporal and spatial
discretizations of the state equation by Galerkin finite element methods. Moreover, we
give a detailed presentation of the four possibilities for discretizing the control variable
introduced above. In section 4 we provide basic results on stability and approximation
quality proved in the first part of this article [20]. In section 5 we develop our main
results on a priori error analysis for the four mentioned types of control discretizations.
Finally, we illustrate our theoretical results by numerical experiments.

2. Optimization. In this section we briefly discuss the precise formulation of the
optimization problem under consideration. Furthermore, we recall theoretical results
on existence, uniqueness, and regularity of optimal solutions as well as optimality
conditions.

To set up a weak formulation of the state equation (1.1b), we introduce the
following notation: For a convex polygonal domain Ω ⊂ R

n, n = 2, 3, we denote V to
be either H1(Ω) or H1

0 (Ω) depending on the prescribed type of boundary conditions
(homogeneous Neumann or homogeneous Dirichlet). Together with H = L2(Ω), the
Hilbert space V and its dual V ∗ build a Gelfand triple V ↪→ H ↪→ V ∗. Here and in
what follows, we employ the usual notion for Lebesgue and Sobolev spaces.

For a time interval I = (0, T ) we introduce the state space

X :=
{
v|v ∈ L2(I, V ) and ∂tv ∈ L2(I, V ∗)

}
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and the control space

Q = L2(I, L2(Ω)).

In addition, we use the following notation for the inner products and norms on L2(Ω)
and L2(I, L2(Ω)):

(v, w) := (v, w)L2(Ω), (v, w)I := (v, w)L2(I,L2(Ω)),

‖v‖ := ‖v‖L2(Ω), ‖v‖I := ‖v‖L2(I,L2(Ω)).

In this setting, a standard weak formulation of the state equation (1.1b) for given
control q ∈ Q, f ∈ L2(I,H), and u0 ∈ V reads as follows: Find a state u ∈ X
satisfying

(2.1)
(∂tu, ϕ)I + (∇u,∇ϕ)I = (f + q, ϕ)I ∀ϕ ∈ X,

u(0) = u0.

As in Proposition 2.1 in [20] the following result on existence and regularity holds.
Proposition 2.1. For fixed control q ∈ Q, f ∈ L2(I,H), and u0 ∈ V there

exists a unique solution u ∈ X of problem (2.1). Moreover, the solution exhibits the
improved regularity

u ∈ L2(I,H2(Ω) ∩ V ) ∩H1(I, L2(Ω)) ↪→ C(Ī , V ).

Furthermore, the stability estimate

‖∂tu‖I + ‖∇2u‖I ≤ C
{
‖f + q‖I + ‖∇u0‖

}
holds.

To formulate the optimal control problem we introduce the admissible set Qad,
collecting the inequality constraints (1.1c) as

Qad := {q ∈ Q|qa ≤ q(t, x) ≤ qb a.e. in I × Ω} ,

where the bounds qa, qb ∈ R fulfill qa < qb.
The weak formulation of the optimal control problem (1.1) is given as follows:

(2.2) Minimize J(q, u) :=
1

2
‖u− û‖2

I +
α

2
‖q‖2

I subject to (2.1) and (q, u) ∈ Qad ×X,

where û ∈ L2(I,H) is a given desired state and α > 0 is the regularization parameter.
Proposition 2.2. For given f, û ∈ L2(I,H), u0 ∈ V , and α > 0 the optimal

control problem (2.2) admits a unique solution (q̄, ū) ∈ Qad ×X.
For the standard proof we refer, e.g., to [17].
The existence result for the state equation in Proposition 2.1 ensures the existence

of a control-to-state mapping q �→ u = u(q) defined through (2.1). By means of this
mapping we introduce the reduced cost functional j : Q → R:

j(q) := J(q, u(q)).

The optimal control problem (2.2) can then be equivalently reformulated as follows:

(2.3) Minimize j(q) subject to q ∈ Qad.
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The first order necessary optimality condition for (2.3) reads as

(2.4) j′(q̄)(δq − q̄) ≥ 0 ∀δq ∈ Qad.

Due to the linear-quadratic structure of the optimal control problem, this condition
is also sufficient for optimality.

Utilizing the adjoint state equation for z = z(q) ∈ X given by

(2.5)
−(ϕ, ∂tz)I + (∇ϕ,∇z)I = (ϕ, u(q) − û)I ∀ϕ ∈ X,

z(T ) = 0,

the first derivative of the reduced cost functional can be expressed as

(2.6) j′(q)(δq) = (αq + z(q), δq)I .

The second derivative j′′(q)(·, ·) is independent of q and positive definite, i.e.,

(2.7) j′′(q)(p, p) ≥ α‖p‖2
I ∀p ∈ Q.

Using a pointwise projection on the admissible set Qad,

(2.8) PQad
: Q → Qad, PQad

(r)(t, x) = max(qa,min(qb, r(t, x))),

the optimality condition (2.4) can be expressed as

(2.9) q̄ = PQad

(
− 1

α
z(q̄)

)
.

It is well known that the projection PQad
possesses the following property:

(2.10)
‖∇(PQad

(v))(t)‖Lp(Ω) ≤ ‖∇v(t)‖Lp(Ω) ∀v ∈ L2(I,W 1,p(Ω)) and for a.a. t ∈ I.

Employing formulation (2.9) of the optimality condition, we obtain the following
regularity result.

Proposition 2.3. Let (q̄, ū) be the solution of the optimization problem (2.2)
and z̄ = z(q̄) be the corresponding adjoint state. Then there holds

ū, z̄ ∈ L2(I,H2(Ω)) ∩H1(I, L2(Ω)),

q̄ ∈ L2(I,W 1,p(Ω)) ∩H1(I, L2(Ω)) ∩ L∞(I × Ω)

for any p < ∞ when n = 2 and p ≤ 6 when n = 3.
Proof. The regularity of ū, z̄ follows directly from Proposition 2.1. The embedding

H2(Ω) ↪→ W 1,p(Ω) and property (2.10) imply the desired result for q̄.

3. Discretization. In this section we describe the space-time finite element dis-
cretization of optimal control problem (2.2).

3.1. Semidiscretization in time. At first, we present the semidiscretization
in time of the state equation by discontinuous Galerkin methods following along the
lines of the first part of this article [20]. We consider a partitioning of the time interval
Ī = [0, T ] as

(3.1) Ī = {0} ∪ I1 ∪ I2 ∪ · · · ∪ IM
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with subintervals Im = (tm−1, tm] of size km and time points

0 = t0 < t1 < · · · < tM−1 < tM = T.

We define the discretization parameter k as a piecewise constant function by setting
k
∣∣
Im

= km for m = 1, 2, . . . ,M . Moreover, we denote by k the maximal size of the
time steps, i.e., k = max km.

The semidiscrete trial and test space is given as

Xr
k =

{
vk ∈ L2(I, V )|vk

∣∣
Im

∈ Pr(Im, V ), m = 1, 2, . . . ,M
}
.

Here, Pr(Im, V ) denotes the space of polynomials up to order r defined on Im with
values in V . On Xr

k we use the notation

(v, w)Im := (v, w)L2(Im,L2(Ω)) and ‖v‖Im := ‖v‖L2(Im,L2(Ω)).

To define the discontinuous Galerkin approximation (dG(r)) using the space Xr
k ,

we employ the following definition for functions vk ∈ Xr
k :

v+
k,m := lim

t→0+
vk(tm + t), v−k,m := lim

t→0+
vk(tm − t) = vk(tm), [vk]m := v+

k,m − v−k,m

and define the bilinear form B(·, ·) for uk, ϕ ∈ Xr
k by

(3.2) B(uk, ϕ) :=

M∑
m=1

(∂tuk, ϕ)Im + (∇uk,∇ϕ)I +

M∑
m=2

([uk]m−1, ϕ
+
m−1) + (u+

k,0, ϕ
+
0 ).

Then, the dG(r) semidiscretization of the state equation (2.1) for given control q ∈ Q
reads as follows: Find a state uk = uk(q) ∈ Xr

k such that

(3.3) B(uk, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr

k .

The existence and uniqueness of solutions to (3.3) can be shown by using Fourier
analysis; see [27] for details.

Remark 3.1. Using a density argument, it is possible to show that the exact
solution u = u(q) ∈ X satisfies the identity

B(u, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr

k .

Thus, we have here the property of Galerkin orthogonality

B(u− uk, ϕ) = 0 ∀ϕ ∈ Xr
k ,

although the dG(r) semidiscretization is a nonconforming Galerkin method (Xr
k �⊂

X).
Throughout the paper we restrict ourselves to the case r = 0. The resulting dG(0)

scheme is a variant of the implicit Euler method. In this case the semidiscrete state
equation (3.3) can be explicitly rewritten as the following time-stepping scheme, using
the fact that uk is piecewise constant in time. We use the notation Um = uk

∣∣
Im

∈ V
and obtain

(U1, ψ) + k1(∇U1,∇ψ) = (f + q, ψ)Im + (u0, ψ) ∀ψ ∈ V,

(Um, ψ) + km(∇Um,∇ψ) = (f + q, ψ)Im + (Um−1, ψ) ∀ψ ∈ V, m = 2, 3, . . . ,M.
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The semidiscrete optimization problem for the dG(0) time discretization has the
following form:

(3.4) Minimize J(qk, uk) subject to (3.3) and (qk, uk) ∈ Qad ×X0
k .

As in Proposition 3.2 in [20] the following result holds.
Proposition 3.2. For α > 0, the semidiscrete optimal control problem (3.4)

admits a unique solution (q̄k, ūk) ∈ Qad ×X0
k .

Note that the optimal control q̄k is searched for in the subset Qad of the continuous
space Q, and the subscript k indicates the usage of the semidiscretized state equation.

Similarly to the continuous case, we introduce the semidiscrete reduced cost func-
tional jk : Q → R:

jk(q) := J(q, uk(q))

and reformulate the semidiscrete optimal control problem (3.4) as follows:

Minimize jk(qk) subject to qk ∈ Qad.

The first order necessary optimality condition reads as

(3.5) j′k(q̄k)(δq − q̄k) ≥ 0 ∀δq ∈ Qad,

and the derivative of jk can be expressed as

(3.6) j′k(q)(δq) = (αq + zk(q), δq)I .

Here, zk = zk(q) ∈ X0
k denotes the solution of the semidiscrete adjoint equation

(3.7) B(ϕ, zk) = (ϕ, uk(q) − û)I ∀ϕ ∈ X0
k .

As on the continuous level, the second derivative j′′k (q) is independent of q and
positive definite, i.e.,

(3.8) j′′k (q)(p, p) ≥ α‖p‖2
I ∀p ∈ Q.

Similarly to (2.9), the optimality condition (3.5) can be rewritten as

(3.9) q̄k = PQad

(
− 1

α
zk(q̄k)

)
.

This projection formula implies particularly that the optimal solution q̄k is piecewise
constant in time. We will make use of this fact in section 5.

3.2. Discretization in space. To define the finite element discretization in
space, we consider two or three dimensional shape-regular meshes; see, e.g., [9].
A mesh consists of quadrilateral or hexahedral cells K, which constitute a non-
overlapping cover of the computational domain Ω. The corresponding mesh is denoted
by Th = {K}, where we define the discretization parameter h as a cellwise constant
function by setting h

∣∣
K

= hK with the diameter hK of the cell K. We use the symbol
h also for the maximal cell size, i.e., h = maxhK .

On the mesh Th we construct a conform finite element space Vh ⊂ V in a standard
way:

V s
h =

{
v ∈ V |v

∣∣
K

∈ Qs(K) for K ∈ Th
}
.
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Here, Qs(K) consists of shape functions obtained via (bi-/tri-)linear transformations

of polynomials in Q̂s(K̂) defined on the reference cell K̂ = (0, 1)n; cf. section 3.2 in
[20].

To obtain the fully discretized versions of the time discretized state equation (3.3),
we utilize the space-time finite element space

Xr,s
k,h =

{
vkh ∈ L2(I, V s

h )|vkh
∣∣
Im

∈ Pr(Im, V s
h )

}
⊂ Xr

k .

Remark 3.3. Here, the spatial mesh, and therefore also the space V s
h , is fixed for

all time intervals. We refer to [26] for a discussion of treatment of different meshes
T m
h for each of the subintervals Im.

The so-called cG(s)dG(r) discretization of the state equation for given control
q ∈ Q has the following form: Find a state ukh = ukh(q) ∈ Xr,s

k,h such that

(3.10) B(ukh, ϕ) = (f + q, ϕ)I + (u0, ϕ
+
0 ) ∀ϕ ∈ Xr,s

k,h.

Throughout this paper we will restrict ourselves to the consideration of (bi-/tri-)linear
elements, i.e., we set s = 1 and consider the cG(1)dG(0) scheme.

Then, the corresponding optimal control problem is given as follows:

(3.11) Minimize J(qkh, ukh) subject to (3.10) and (qkh, ukh) ∈ Qad ×X0,1
k,h,

and by means of the discrete reduced cost functional jkh : Q → R,

jkh(q) := J(q, ukh(q)),

it can be reformulated as follows:

Minimize jkh(qkh) subject to qkh ∈ Qad.

The uniquely determined optimal solution of (3.11) is denoted by (q̄kh, ūkh) ∈ Qad ×
X0,1

k,h.
The optimal control q̄kh ∈ Qad fulfills the first order optimality condition

(3.12) j′kh(q̄kh)(δq − q̄kh) ≥ 0 ∀δq ∈ Qad,

where j′kh(q)(δq) is given by

(3.13) j′kh(q)(δq) = (αq + zkh(q), δq)I

with the discrete adjoint solution zkh = zkh(q) ∈ X0,1
k,h of

(3.14) B(ϕ, zkh) = (ϕ, ukh(q) − û)I ∀ϕ ∈ X0,1
k,h.

For the second derivative of jkh we have, as before,

(3.15) j′′kh(q)(p, p) ≥ α‖p‖2
I ∀p ∈ Q.

3.3. Discretization of the controls. In this subsection, we describe four dif-
ferent approaches for the discretization of the control variable. Choosing a subspace
Qd ⊂ Q, we introduce the corresponding admissible set

Qd,ad = Qd ∩Qad.
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Note that in what follows, the space Qd will be either finite dimensional or the whole
space Q. The optimal control problem on this level of discretization is given as follows:

(3.16) Minimize J(qσ, uσ) subject to (3.10) and (qσ, uσ) ∈ Qd,ad ×X0,1
k,h .

The unique optimal solution of (3.16) is denoted by (q̄σ, ūσ) ∈ Qd,ad × X0,1
k,h, where

the subscript σ collects the discretization parameters k, h, and d. The optimality
condition is given using the discrete reduced cost functional jkh introduced before:

(3.17) j′kh(q̄σ)(δq − q̄σ) ≥ 0 ∀δq ∈ Qd,ad.

3.3.1. Cellwise constant discretization. The first possibility for the control
discretization is to use cellwise constant functions. Employing the same time parti-
tioning and the same spatial mesh as for the discretization of the state variable, we
set

Qd =
{
q ∈ Q|q

∣∣
Im×K ∈ P0(Im ×K), m = 1, 2, . . . ,M, K ∈ Th

}
.

The discretization error for this type of discretization will be analyzed in section 5.1.

3.3.2. Cellwise linear discretization. Another possibility for the discretiza-
tion of the control variable is to choose the same control discretization as for the state
variable, i.e., piecewise constant in time and cellwise (bi-/tri-)linear in space. Using
a spatial space

Qh =
{
v ∈ C(Ω̄)|v

∣∣
K

∈ Q1(K) for K ∈ Th
}
,

we set

Qd =
{
q ∈ Q|q

∣∣
Im

∈ P0(Im, Qh)
}
.

The state space X0,1
k,h coincides with the control space Qd in the case of homogeneous

Neumann boundary conditions and is a subspace of it, i.e., Qd ⊃ X0,1
k,h in the presence

of homogeneous Dirichlet boundary conditions.
The discretization error for this type of discretization will be analyzed in sec-

tion 5.2.

3.3.3. Variational approach. Extending the discretization approach presented
in [13], we can choose Qd = Q. In this case the optimization problems (3.11) and
(3.16) coincide, and therefore q̄σ = q̄kh ∈ Qad.

We use the fact that the optimality condition (3.12) can be rewritten employing
the projection (2.8) as

q̄kh = PQad

(
− 1

α
zkh(q̄kh)

)
,

and we obtain that q̄kh is a piecewise constant function in time. However, q̄kh is in
general not a finite element function corresponding to the spatial mesh Th. This fact
requires more care for the construction of algorithms for computation of q̄kh; see [13]
for details.

The discretization error for this type of discretization will be analyzed in sec-
tion 5.3.
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3.3.4. Postprocessing strategy. The strategy described in this section extends
the approach from [21] to parabolic problems. For the discretization of the control
space we employ the same choice as in section 3.3.1, i.e., cellwise constant discretiza-
tion. After the computation of the corresponding solution q̄σ, a better approximation
q̃σ is constructed by a postprocessing, making use of the projection operator (2.8):

(3.18) q̃σ = PQad

(
− 1

α
zkh(q̄σ)

)
.

Note that, similar to the solution obtained by the variational approach in section 3.3.3,
the solution q̃σ is piecewise constant in time and is generally not a finite element
function in space with respect to the spatial mesh Th. This solution can be simply
evaluated pointwise; however, the corresponding error analysis requires an additional
assumption on the structure of active sets; see the discussion in section 5.4.

4. Auxiliary results. In this section we recall some results provided in the first
part of this article [20], which will be used in what follows.

The first proposition provides a stability result for the purely time discretized
state and adjoint solutions. It follows from Theorems 4.1 and 4.3 and Corollaries 4.2
and 4.5 of [20] as well as from elliptic regularity.

Proposition 4.1. For q ∈ Q let the solutions uk(q) ∈ X0
k and zk(q) ∈ X0

k be
given by the semidiscrete state equation (3.3) and adjoint equation (3.7), respectively.
Then it holds that

‖∇2uk(q)‖I + ‖∇uk(q)‖I + ‖uk(q)‖I ≤ C
{
‖f + q‖I + ‖∇u0‖ + ‖u0‖

}
,

‖∇2zk(q)‖I + ‖∇zk(q)‖I + ‖zk(q)‖I ≤ C‖uk(q) − û‖I .

A similar result holds for the fully discretized solutions of the state and adjoint
equations; cf. Theorem 4.6 and Corollary 4.7 in [20].

Proposition 4.2. For q ∈ Q let the solutions ukh(q) ∈ X0,1
k,h and zkh(q) ∈ X0,1

k,h

be given by the discrete state equation (3.10) and adjoint equation (3.14), respectively.
Then it holds that

‖∇ukh(q)‖I + ‖ukh(q)‖I ≤ C
{
‖f + q‖I + ‖∇Πhu0‖ + ‖Πhu0‖

}
,

‖∇zkh(q)‖I + ‖zkh(q)‖I ≤ C‖ukh(q) − û‖I ,

where Πh : V → Vh denotes the spatial L2-projection.
In the following two propositions, we recall a priori estimates for the errors due to

temporal and spatial discretizations of the state and adjoint variables. The assertions
are proved in [20] by means of Theorems 5.1 and 5.5 as well as by Lemma 6.2 presented
therein.

Proposition 4.3. For q ∈ Q let the solutions u(q) ∈ X and z(q) ∈ X be
given by the state equation (2.1) and adjoint equation (2.5), respectively. Moreover,
let uk(q) ∈ X0

k and zk(q) ∈ X0
k be determined as solutions of the semidiscrete state

equation (3.3) and adjoint equation (3.7). Then the following error estimates hold:

‖u(q) − uk(q)‖I ≤ Ck‖∂tu(q)‖I ,

‖z(q) − zk(q)‖I ≤ Ck
{
‖∂tu(q)‖I + ‖∂tz(q)‖I

}
.

Proposition 4.4. For q ∈ Q let the solutions uk(q) ∈ X0
k and zk(q) ∈ X0

k be
given by the semidiscrete state equation (3.3) and adjoint equation (3.7), respectively.
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Moreover, let ukh(q) ∈ X0,1
k,h and zkh(q) ∈ X0,1

k,h be determined as solutions of the
discrete state equation (3.10) and adjoint equation (3.14). Then the following error
estimates hold:

‖uk(q) − ukh(q)‖I ≤ Ch2‖∇2uk(q)‖I ,

‖zk(q) − zkh(q)‖I ≤ Ch2
{
‖∇2uk(q)‖I + ‖∇2zk(q)‖I

}
.

Proposition 4.2 provides a stability result for the discrete adjoint solution with re-
spect to the norm of L2(I,H1(Ω)). For later use we additionally prove a corresponding
result with respect to the norm of L2(I, L∞(Ω)).

Lemma 4.5. For q ∈ Q let the solutions ukh(q) ∈ X0,1
k,h and zkh(q) ∈ X0,1

k,h be
given by the discrete state equation (3.10) and adjoint equation (3.14), respectively.
Then it holds that

‖zkh(q)‖L2(I,L∞(Ω)) ≤ C‖ukh(q) − û‖I .

Proof. We define an additional adjoint solution z̃k ∈ X0
k as solution of

B(ϕ, z̃k) = (ϕ, ukh(q) − û)I ∀ϕ ∈ X0
k .

Since z̃k and zkh(q) are given by means of the same right-hand side ukh(q) − û, it is
possible to apply standard a priori error estimates to the discretization error zkh(q)−z̃k
similar to Proposition 4.4.

By inserting the solution z̃k and utilizing the embedding L2(I,H2(Ω)) ↪→ L2

(I, L∞(Ω)), we get

‖zkh(q)‖L2(I,L∞(Ω)) ≤ ‖zkh(q) − z̃k‖L2(I,L∞(Ω)) + ‖z̃k‖L2(I,L∞(Ω))

≤ ‖zkh(q) − z̃k‖L2(I,L∞(Ω)) + C‖z̃k‖L2(I,H2(Ω)).

For the first term we obtain, by inserting a spatial interpolation ihz̃k ∈ X0,1
k,h,

(4.1) ‖zkh(q)− z̃k‖L2(I,L∞(Ω)) ≤ ‖zkh(q)− ihz̃k‖L2(I,L∞(Ω)) +‖ihz̃k− z̃k‖L2(I,L∞(Ω)).

For the first term on the right-hand side of (4.1) we proceed by means of an inverse
estimate between L∞(Ω) and L2(Ω) for discrete functions, an estimate for the error
due to space discretization (cf. Theorem 5.1 of [20]), and an estimate for the spatial
interpolation error as

‖zkh(q) − ihz̃k‖2
L2(I,L∞(Ω)) =

M∑
m=1

km‖zkh(q)(tm) − ihz̃k(tm)‖2
L∞(Ω)

≤ Ch−n
M∑

m=1

km‖zkh(q)(tm) − ihz̃k(tm)‖2

≤ Ch−n
{
‖zkh(q) − z̃k‖2

I + ‖z̃k − ihz̃k‖2
I

}
≤ Ch4−n‖∇2z̃k‖2

I .

By standard interpolation estimates, we have for the second term on the right-hand
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side of (4.1),

‖ihz̃k − z̃k‖2
L2(I,L∞(Ω)) =

M∑
m=1

km‖ihz̃k(tm) − z̃k(tm)‖2
L∞(Ω)

≤ Ch4−n
M∑

m=1

km‖∇2z̃k(tm)‖2

= Ch4−n‖∇2z̃k‖2
I .

We complete the proof by collecting all estimates and application of the stability
result from Proposition 4.1:

‖zkh(q)‖L2(I,L∞(Ω)) ≤ Ch4−n‖∇2z̃k‖I + C‖z̃k‖L2(I,H2(Ω)) ≤ C‖ukh(q) − û‖I .

5. Error estimates. In this section we provide a priori error estimates for the
different discretization approaches described in section 3. We start with an assertion
of the error between the solution q̄ of the continuous problem (2.2) and the solution
q̄k of the semidiscretized problem (3.4).

Theorem 5.1. Let q̄ ∈ Qad be the solution of optimization problem (2.2) and
q̄k be the solution of the semidiscretized problem (3.4). Then the following estimate
holds:

‖q̄ − q̄k‖I ≤ 1

α
‖z(q̄) − zk(q̄)‖I .

Proof. Using the optimality conditions (2.4) and (3.5), we obtain the relation

−j′k(q̄k)(q̄ − q̄k) ≤ 0 ≤ −j′(q̄)(q̄ − q̄k).

From (3.8) we have with any p ∈ Q:

α‖q̄ − q̄k‖2
I ≤ j′′k (p)(q̄ − q̄k, q̄ − q̄k)

= j′k(q̄)(q̄ − q̄k) − j′k(q̄k)(q̄ − q̄k)

≤ j′k(q̄)(q̄ − q̄k) − j′(q̄)(q̄ − q̄k).

By means of the representations (2.6) and (3.6) of j′ and j′k, respectively, we obtain

α‖q̄ − q̄k‖2
I ≤ (z(q̄) − zk(q̄), q̄ − q̄k)I .

The desired assertion follows by Cauchy’s inequality.

5.1. Cellwise constant discretization. In this section we are going to prove
an estimate for the error ‖q̄− q̄σ‖I when the control is discretized by cellwise constant
polynomials in space and time; see section 3.3.1.

For doing so, we will extend the techniques presented in [8] to the case of parabolic
optimal control problems. This demands the introduction of the solution q̄d of the
following purely control discretized problem:

(5.1) Minimize j(qd) subject to qd ∈ Qd,ad.
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The uniquely determined solution q̄d fulfills the optimality condition

(5.2) j′(q̄d)(δq − q̄d) ≥ 0 ∀δq ∈ Qd,ad.

To formulate the main result of this section, we introduce the L2-projection πd : Q →
Qd and note that, due to the cellwise constant discretization, the following property
holds true:

πdQad ⊂ Qd,ad.

Theorem 5.2. Let q̄ ∈ Qad be the solution of the optimal control problem (2.2),
and let q̄σ ∈ Qd,ad be the solution of the discretized problem (3.16), where the cellwise
constant discretization for the control variable is employed. Moreover, let q̄d ∈ Qd,ad

be the solution of the purely control discretized problem (5.1). Then the following
estimate holds:

‖q̄ − q̄σ‖I ≤ ‖q̄ − πdq̄‖I +
1

α
‖z(q̄d) − πdz(q̄d)‖I +

1

α
‖z(q̄d) − zkh(q̄d)‖I .

Proof. We split the error

‖q̄ − q̄σ‖I ≤ ‖q̄ − q̄d‖I + ‖q̄d − q̄σ‖I

and estimate both terms on the right-hand side separately. For treating the first term,
we use the fact that πdq̄ ∈ Qd,ad and obtain from the optimality conditions (2.4) and
(5.2) the inequalities

j′(q̄)(q̄ − q̄d) ≤ 0 and − j′(q̄d)(πdq̄ − q̄d) ≤ 0.

Using (2.7) we proceed with any p ∈ Q:

α‖q̄ − q̄d‖2
I ≤ j′′(p)(q̄ − q̄d, q̄ − q̄d)

= j′(q̄)(q̄ − q̄d) − j′(q̄d)(q̄ − q̄d)

= j′(q̄)(q̄ − q̄d) − j′(q̄d)(q̄ − πdq̄) − j′(q̄d)(πdq̄ − q̄d)

≤ −j′(q̄d)(q̄ − πdq̄).

By means of the representation of the derivative j′ from (2.6) and the properties of
πd, we have

α‖q̄ − q̄d‖2
I ≤ −j′(q̄d)(q̄ − πdq̄)

= −(αq̄d + z(q̄d), q̄ − πdq̄)I

= (πdz(q̄d) − z(q̄d), q̄ − πdq̄)I ,

and by Young’s inequality we obtain the intermediary result

(5.3) ‖q̄ − q̄d‖2
I ≤ ‖q̄ − πdq̄‖2

I +
1

4α2
‖z(q̄d) − πdz(q̄d)‖2

I .

In order to estimate the term ‖q̄d − q̄σ‖I we exploit the optimality conditions (5.2)
and (3.17) leading to the following relation:

−j′kh(q̄σ)(q̄d − q̄σ) ≤ 0 ≤ −j′(q̄d)(q̄d − q̄σ).
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Using (3.15) and the representations (2.6) for j′ and (3.13) for j′kh, respectively, we
obtain

α‖q̄d − q̄σ‖2
I ≤ j′′kh(p)(q̄d − q̄σ, q̄d − q̄σ)

= j′kh(q̄d)(q̄d − q̄σ) − j′kh(q̄σ)(q̄d − q̄σ)

≤ j′kh(q̄d)(q̄d − q̄σ) − j′(q̄d)(q̄d − q̄σ)

≤ ‖z(q̄d) − zkh(q̄d)‖I‖q̄d − q̄σ‖I .

Thus, we achieve

(5.4) ‖q̄d − q̄σ‖I ≤ 1

α
‖z(q̄d) − zkh(q̄d)‖I .

Collecting estimates (5.3) and (5.4), we complete the proof.
This theorem directly implies the following result.
Corollary 5.3. Under the conditions of Theorem 5.2, the following estimate

holds:

‖q̄ − q̄σ‖I ≤ C

α
k {‖∂tq̄‖I + ‖∂tu(q̄d)‖I + ‖∂tz(q̄d)‖I}

+
C

α
h
{
‖∇q̄‖I + ‖∇z(q̄d)‖I + h

(
‖∇2uk(q̄d)‖I + ‖∇2zk(q̄d)‖I

)}
= O(k + h).

Proof. The assertion follows from Theorem 5.2 by interpolation estimates and
Propositions 4.3 and 4.4. Due to the fact that q̄, q̄d ∈ Qad, we obtain, using the
stability estimates from Proposition 4.1, that all norms involved in this estimate are
bounded by a constant independent of all discretization parameters.

5.2. Cellwise linear discretization. This section is devoted to the error anal-
ysis for the discretization of the control variable by piecewise constants in time and
cellwise (bi-/tri-)linear functions in space as described in section 3.3.2. To this end
we split the error

‖q̄ − q̄σ‖I ≤ ‖q̄ − q̄k‖I + ‖q̄k − q̄σ‖I

and use the result of Theorem 5.1 for the first part. For treating the error ‖q̄k − q̄σ‖I
we adapt the technique described in [4] and [6] to parabolic problems.

The analysis in this section is based on an assumption on the structure of the
active sets. For each time interval Im we group the cells K of the mesh Th depending
on the value of q̄k on K into three sets Th = T 1

h,m ∪ T 2
h,m ∪ T 3

h,m with T i
h,m ∩ T j

h,m = ∅
for i �= j. The sets are chosen as follows:

T 1
h,m := {K ∈ Th|q̄k(tm, x) = qa or q̄k(tm, x) = qb ∀x ∈ K} ,

T 2
h,m := {K ∈ Th|qa < q̄k(tm, x) < qb ∀x ∈ K} ,

T 3
h,m := Th \ (T 1

h,m ∪ T 2
h,m).

Hence, the set T 3
h,m consists of the cells which contain the free boundary between the

active and the inactive sets for the time interval Im.
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Assumption 1. We assume that there exists a positive constant C independent
of k, h, and m such that ∑

K∈T 3
h,m

|K| ≤ Ch

separately for all m = 1, 2, . . . ,M .
Remark 5.4. A similar assumption is used in [21, 25, 2]. This assumption is valid

if the boundary of the level sets

{x ∈ Ω|q̄k(tm, x) = qa} and {x ∈ Ω|q̄k(tm, x) = qb}

consists of a finite number of rectifiable curves.
We consider the usual nodal interpolation operator Id which maps into the space

of cellwise (bi-/tri-)linear functions Qh. It is defined for functions g ∈ C(Ω) by
pointwise setting

(5.5) Idg(xi) = g(xi) for each node xi of Th.

The operator Id will also be applied to time-dependent functions g by the setting
(Idg)(t) = Idg(t).

In the following theorem we provide an assertion on the error ‖q̄k − q̄σ‖I .
Theorem 5.5. Let q̄k ∈ Qad be the solution of the semidiscretized optimal control

problem (3.4) and q̄σ ∈ Qd,ad be the solution of the discrete problem (3.16), where the
cellwise (bi-/tri-)linear discretization for the control variable is employed. Then the
following estimate holds:

‖q̄k − q̄σ‖I ≤ C
(
1 +

1

α

)
‖Idq̄k − q̄k‖I

+
C

α
‖zk(q̄k) − zkh(q̄k)‖I +

C√
α

(
j′k(q̄k)(Idq̄k − q̄k)

) 1
2 .

Proof. We split

(5.6) ‖q̄k − q̄σ‖I ≤ ‖q̄k − Idq̄k‖I + ‖Idq̄k − q̄σ‖I

and estimate the term ‖Idq̄k− q̄σ‖I . Due to the optimality conditions (3.17) and (3.5),
and since Idq̄k ∈ Qd,ad, we have

−j′kh(q̄σ)(Idq̄k − q̄σ) ≤ 0 ≤ −j′k(q̄k)(q̄k − q̄σ),

and due to (3.15) we obtain for any p ∈ Q,

α‖Idq̄k − q̄σ‖2
I ≤ j′′kh(p)(Idq̄k − q̄σ, Idq̄k − q̄σ)

≤ j′kh(Idq̄k)(Idq̄k − q̄σ) − j′kh(q̄σ)(Idq̄k − q̄σ)

≤ j′kh(Idq̄k)(Idq̄k − q̄σ) − j′k(q̄k)(q̄k − q̄σ)

= j′kh(Idq̄k)(Idq̄k − q̄σ) − j′kh(q̄k)(Idq̄k − q̄σ)

+ j′kh(q̄k)(Idq̄k − q̄σ) − j′k(q̄k)(Idq̄k − q̄σ)

+ j′k(q̄k)(Idq̄k − q̄k).

(5.7)
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The representations (3.6) of j′k and (3.13) of j′kh yield, by means of Proposition 4.2,
that for any p, q, r ∈ Q,

|j′kh(p)(r)− j′kh(q)(r)| ≤
{
α‖p− q‖I + ‖zkh(p)− zkh(q)‖I

}
‖r‖I ≤ (C +α)‖p− q‖I‖r‖I

and

|j′kh(q)(r) − j′k(q)(r)| ≤ ‖zk(q) − zkh(q)‖I‖r‖I .

Applying these inequalities to the right-hand side of (5.7) leads to

α‖Idq̄k − q̄σ‖2
I ≤ (C + α)‖Idq̄k − q̄k‖I‖Idq̄k − q̄σ‖I

+ ‖zk(q̄k) − zkh(q̄k)‖I‖Idq̄k − q̄σ‖I + j′k(q̄k)(Idq̄k − q̄k).

With Young’s inequality, we obtain

‖Idq̄k − q̄σ‖2
I ≤ C

(
1 +

1

α2

)
‖Idq̄k − q̄k‖2

I

+
C

α2
‖zk(q̄k) − zkh(q̄k)‖2

I +
C

α
j′k(q̄k)(Idq̄k − q̄k).

Inserting this estimate into (5.6) completes the proof.
In the following two lemmas we provide estimates for the terms j′k(q̄k)(Idq̄k − q̄k)

and ‖Idq̄k − q̄k‖I appearing on the right-hand side of the assertion of Theorem 5.5.
Lemma 5.6. Let q̄k ∈ Qad be the solution of the semidiscretized optimization

problem (3.4) and Idq̄k be the interpolation constructed by (5.5). Then, if Assump-
tion 1 is fulfilled, the following estimate holds for n < p ≤ ∞, provided zk(q̄k) ∈
L2(I,W 1,p(Ω)):

|j′k(q̄k)(Idq̄k − q̄k)| ≤
C

α
h3− 2

p ‖∇zk(q̄k)‖2
L2(I,Lp(Ω)).

Proof. Using representation (3.6) of j′k we have

j′k(q̄k)(Idq̄k − q̄k) = (αq̄k + zk(q̄k), Idq̄k − q̄k)I

=

M∑
m=1

∫
Im

(αq̄k(t) + zk(q̄k)(t), Idq̄k(t) − q̄k(t)) dt

=
M∑

m=1

km(αq̄k(tm) + zk(q̄k)(tm), Idq̄k(tm) − q̄k(tm)).

(5.8)

With the abbreviation dm := αq̄k(tm) + zk(q̄k)(tm) we obtain

(dm, Idq̄k(tm) − q̄k(tm)) =
∑

K∈Th

(dm, Idq̄k(tm) − q̄k(tm))L2(K)

=
∑

K∈T 3
h,m

(dm, Idq̄k(tm) − q̄k(tm))L2(K),
(5.9)

since it holds Idq̄k(tm) = q̄k(tm) on T 1
h,m by construction and dm = 0 on T 2

h,m due to
representation formula (3.9).
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In every cell K ∈ T 3
h,m there is a point xK with dm(xK) = 0. Thus, we get

|(dm, Idq̄k(tm) − q̄k(tm))L2(K)|

≤ |K|1− 2
p ‖dm‖Lp(K)‖Idq̄k(tm) − q̄k(tm)‖Lp(K)

= |K|1− 2
p ‖dm − dm(xK)‖Lp(K)‖Idq̄k(tm) − q̄k(tm)‖Lp(K)

≤ Ch2|K|1− 2
p ‖∇dm‖Lp(K)‖∇q̄k(tm)‖Lp(K).

Inserting this estimate into (5.9) yields, together with Assumption 1,

|(dm, Idq̄k(tm) − q̄k(tm))| ≤ Ch2
∑

K∈T 3
h,m

|K|1− 2
p ‖∇dm‖Lp(K)‖∇q̄k(tm)‖Lp(K)

≤ Ch2

⎛
⎝ ∑

K∈T 3
h,m

|K|

⎞
⎠

1− 2
p

‖∇dm‖Lp(Ω)‖∇q̄k(tm)‖Lp(Ω)

≤ Ch3− 2
p ‖∇dm‖Lp(Ω)‖∇q̄k(tm)‖Lp(Ω).

Then, the estimate

‖∇dm‖Lp(Ω) ≤ α‖∇qk(q̄k)(tm)‖Lp(Ω) + ‖∇zk(q̄k)(tm)‖Lp(Ω),

representation formula (3.9), and property (2.10) imply

|(dm, Idq̄k(tm) − q̄k(tm))| ≤ C

α
h3− 2

p ‖∇zk(q̄k)(tm)‖2
Lp(Ω).

Hence, by inserting this last estimate into (5.8) we obtain the proposed assertion

|j′(q̄k)(Idq̄k − q̄k)| ≤
C

α
h3− 2

p

M∑
m=1

km‖∇zk(q̄k)(tm)‖2
Lp(Ω)

=
C

α
h3− 2

p ‖∇zk(q̄k)‖2
L2(I,Lp(Ω)).

Lemma 5.7. Let q̄k ∈ Qad be the solution of the semidiscretized optimization
problem (3.4) and Idq̄k be the interpolation constructed by (5.5). Then, if Assump-
tion 1 is fulfilled, the following estimate holds for n < p ≤ ∞, provided zk(q̄k) ∈
L2(I,W 1,p(Ω)):

‖Idq̄k − q̄k‖I ≤ C

α

{
h2‖∇2zk(q̄k)‖I + h

3
2−

1
p ‖∇zk(q̄k)‖L2(I,Lp(Ω))

}
.

Proof. Since q̄k is piecewise constant in time we write

(5.10) ‖Idq̄k − q̄k‖2
I =

M∑
m=1

∫
Im

‖Idq̄k(t) − q̄k(t)‖2 dt =

M∑
m=1

km‖Idq̄k(tm) − q̄k(tm)‖2.
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For each m = 1, 2, . . . ,M , we split

‖Idq̄k(tm) − q̄k(tm)‖2 =
∑

K∈Th

‖Idq̄k(tm) − q̄k(tm)‖2
L2(K)

=
∑

K∈T 2
h,m

‖Idq̄k(tm) − q̄k(tm)‖2
L2(K)

+
∑

K∈T 3
h,m

‖Idq̄k(tm) − q̄k(tm)‖2
L2(K).

(5.11)

Here, the sum over K ∈ T 1
h,m vanishes since on T 1

h,m it holds that Idq̄k = q̄k.
The first term on the right-hand side of (5.11) can be estimated as∑

K∈T 2
h,m

‖Idq̄k(tm) − q̄k(tm)‖2
L2(K) ≤ Ch4

∑
K∈T 2

h,m

‖∇2q̄k(tm)‖2
L2(K)

≤ C

α2
h4‖∇2zk(q̄k)(tm)‖2,

since q̄k(tm) = − 1
αzk(q̄k)(tm) on all cells K ∈ T 2

h,m. For the second term on the
right-hand side of (5.11) we proceed by means of representation formula (3.9), prop-
erty (2.10), and Assumption 1:∑

K∈T 3
h,m

‖Idq̄k(tm) − q̄k(tm)‖2
L2(K) ≤

∑
K∈T 3

h,m

|K|1− 2
p ‖Idq̄k(tm) − q̄k(tm)‖2

Lp(K)

≤ Ch2
∑

K∈T 3
h,m

|K|1− 2
p ‖∇q̄k(tm)‖2

Lp(K)

≤ Ch2

⎛
⎝ ∑

K∈T 3
h,m

|K|

⎞
⎠

1− 2
p

‖∇q̄k(tm)‖2
Lp(Ω)

≤ C

α2
h3− 2

p ‖∇zk(q̄k)(tm)‖2
Lp(Ω).

Inserting the last two estimates into (5.11) and plugging (5.11) into (5.10) implies the
stated result.

Corollary 5.8. Under the conditions of Theorem 5.5 and Lemmas 5.6 and 5.7,
the following estimate holds:

‖q̄ − q̄σ‖I ≤ C

α
k
{
‖∂tu(q̄)‖I + ‖∂tz(q̄)‖I

}
+

C

α

(
1 +

1

α

){
h2‖∇2uk(q̄k)‖I

+ h2‖∇2zk(q̄k)‖I + h
3
2−

1
p ‖∇zk(q̄k)‖L2(I,Lp(Ω))

}
= O(k + h

3
2−

1
p ).

Proof. The result follows directly from Theorems 5.1 and 5.5, Lemmas 5.6 and 5.7,
and Proposition 4.4.

In what follows we discuss the result from Corollary 5.8 in more details. This
result holds under the assumption that zk(q̄k) ∈ L2(I,W 1,p(Ω)). From the stability
result in Proposition 4.1 and the fact that q̄k ∈ Qad, we know that

‖zk(q̄k)‖L2(I,H2(Ω)) ≤ C.
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By a Sobolev embedding theorem we have H2(Ω) ↪→ W 1,p(Ω) for all p < ∞ in
two space dimensions and for p ≤ 6 in three dimensions. This implies the order of

convergence O
(
k + h

3
2−

1
p
)

for all 2 < p < ∞ in two dimensions and O
(
k + h

4
3

)
in

three dimensions, respectively. If in addition ‖zk(q̄k)‖L2(I,W 1,∞(Ω)) is bounded, then

we have in both cases the order of convergence O
(
k + h

3
2

)
.

Remark 5.9. The above result relies on Assumption 1. This assumption is valid
in the majority of practical cases; cf. Remark 5.4. In the absence of this assumption
a weaker result for the behavior of the spatial error can be shown, i.e.,

lim
h→0

1

h
‖q̄k − q̄σ‖I = 0.

The proofs in this section can simply be adapted to this situation. For the corre-
sponding result for elliptic optimal control problems, we refer to [4].

5.3. Variational approach. In this subsection we prove an estimate for the
error ‖q̄ − q̄σ‖I in the case of no control discretization; see section 3.3.3. In this case
we choose Qd = Q, and thus Qd,ad = Qad. This implies q̄σ = q̄kh.

Theorem 5.10. Let q̄ ∈ Qad be the solution of optimization problem (2.2) and
q̄kh ∈ Qad be the solution of the discretized problem (3.11). Then the following esti-
mate holds:

‖q̄ − q̄kh‖I ≤ 1

α
‖z(q̄) − zkh(q̄)‖I .

Proof. The proof is similar to the proof of Theorem 5.1. The optimality condi-
tions (2.4) and (3.12) lead to

−j′kh(q̄kh)(q̄ − q̄kh) ≤ 0 ≤ −j′(q̄)(q̄ − q̄kh).

Using (3.15) we have with any p ∈ Q,

α‖q̄ − q̄kh‖2
I ≤ j′′kh(p)(q̄ − q̄kh, q̄ − q̄kh)

= j′kh(q̄)(q̄ − q̄kh) − j′kh(q̄kh)(q̄ − q̄kh)

≤ j′kh(q̄)(q̄ − q̄kh) − j′(q̄)(q̄ − q̄kh)

= (z(q̄) − zkh(q̄), q̄ − q̄kh)I .

The desired assertion follows by Cauchy’s inequality.
This approach provides the optimal order of convergence stated in the following

corollary.
Corollary 5.11. Let the conditions of Theorem 5.10 be fulfilled. Then there

holds

‖q̄ − q̄kh‖I ≤ C

α
k
{
‖∂tu(q̄)‖I + ‖∂tz(q̄)‖I

}

+
C

α
h2

{
‖∇2uk(q̄)‖I + ‖∇2zk(q̄)‖I

}
= O(k + h2).

Proof. The proof follows directly from Theorem 5.10 and Propositions 4.3
and 4.4.
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5.4. Postprocessing strategy. In this section, we extend the postprocessing
techniques initially proposed in [21] to the parabolic case. As described in section 3.3.4
we discretize the control by piecewise constants in time and space. To improve the
quality of the approximation, we additionally employ the postprocessing step (3.18).

In what follows we will use the operator Rd defined for functions g ∈ C(Ω̄) cellwise
by

Rdg
∣∣
K

= g(SK), K ∈ Th,

where SK denotes the barycenter of the cell K. This operator allows for the following
interpolation estimates.

Lemma 5.12. Let K ∈ Th be a given cell. Then we have that
• for g ∈ H2(K),∣∣∣∣

∫
K

(g(x) − (Rdg)(x)) dx

∣∣∣∣ ≤ Ch2|K| 12 ‖∇2g‖L2(K);

• for g ∈ W 1,p(K) with n < p ≤ ∞,

‖g −Rdg‖Lp(K) ≤ Ch‖∇g‖Lp(K).

Proof. The proof is done by standard arguments using the Bramble–Hilbert
lemma; see [21] for details.

The operator Rd will also be used for time-dependent functions g by setting
(Rdg)(t) = Rdg(t). There holds the following lemma.

Lemma 5.13. For a function gk ∈ X0
k ∩ L2(I,H2(Ω)) and a cellwise constant

function pd ∈ Qd, the estimate

(pd, gk −Rdgk)I ≤ Ch2‖pd‖I‖∇2gk‖I

holds.
Proof. Using Lemma 5.12 we obtain

(pd, gk −Rdgk)I =

M∑
m=1

∫
Im

(pd(t), gk(t) −Rdgk(t)) dt

=

M∑
m=1

km(pd(tm), gk(tm) −Rdgk(tm))

=

M∑
m=1

km
∑

K∈Th

pd(tm, SK)

∫
K

(gk(tm, x) − (Rdgk)(tm, x)) dx

≤ Ch2
M∑

m=1

km
∑

K∈Th

|pd(tm, SK)| |K| 12 ‖∇2gk(tm)‖L2(K).

We complete the proof by Cauchy’s inequality.
Lemma 5.14. Let q̄k ∈ Qad be the solution of the semidiscrete optimization

problem (3.4) and q̄σ ∈ Qd,ad be the solution of the discrete problem (3.16), where the
cellwise constant control discretization is employed. Then the following relation holds:

(αRdq̄k + Rdzk(q̄k), q̄σ −Rdq̄k)I ≥ 0.
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Proof. From the optimality condition (3.5) for q̄k, we obtain

(αq̄k(tm, x) + zk(q̄k)(tm, x)) · (δq(tm, x) − q̄k(tm, x)) ≥ 0

for any δq ∈ Qd,ad pointwise a.e. in Ω and for m = 1, 2, . . . ,M . For an arbitrary cell
K ∈ Th we apply this formula for x = SK and δq = q̄σ:

(αq̄k(tm, SK) + zk(q̄k)(tm, SK)) · (q̄σ(tm, SK) − q̄k(tm, SK)) ≥ 0.

This can be done because of the spatial continuity of zk(q̄k), q̄k, and q̄σ. Due to the
definition of Rd, this is equivalent to

(αRdq̄k(tm, SK) + Rdzk(q̄k)(tm, SK)) · (q̄σ(tm, SK) −Rdq̄k(tm, SK)) ≥ 0.

Then, integration over K and Im, summation over all K ∈ Th, and m = 1, 2, . . . ,M
lead to the proposed relation.

Lemma 5.15. Let q̄k ∈ Qad be the solution of the semidiscrete optimization
problem (3.4) and let ψkh ∈ X0,1

k,h. Moreover, let Assumption 1 be fulfilled and n <
p ≤ ∞. Then, it holds that

(ψkh, q̄k −Rdq̄k)I ≤ C

α
h2

{
‖∇ψkh‖I‖∇zk(q̄k)‖I + ‖ψkh‖L2(I,L∞(Ω))‖∇2zk(q̄k)‖I

}

+
C

α
h2− 1

p ‖ψkh‖L2(I,L∞(Ω))‖∇zk(q̄k)‖L2(I,Lp(Ω)),

provided that zk(q̄k) ∈ L2(I,W 1,p(Ω)).
Proof. By means of the L2-projection πd : Q → Qd, we split

(ψkh, q̄k −Rdq̄k)I = (ψkh, q̄k − πdq̄k)I + (ψkh, πdq̄k −Rdq̄k)I .

Using the optimality condition (3.9) and property (2.10) of the projection operator
PQad

, we have for the first term

(ψkh, q̄k − πdq̄k)I = (ψkh − πdψkh, q̄k − πdq̄k)I ≤ Ch2‖∇ψkh‖I‖∇q̄k‖I

≤ C

α
h2‖∇ψkh‖I‖∇zk(q̄k)‖I .

(5.12)

For the second term we obtain

(ψkh, πdq̄k −Rdq̄k)I =

M∑
m=1

∫
Im

(ψkh(t), πdq̄k(t) −Rdq̄k(t)) dt

=

M∑
m=1

km(ψkh(tm), πdq̄k(tm) −Rdq̄k(tm)).

Utilizing the fact that πdq̄k(tm) as well as Rdq̄k(tm) are constant on each cell K, we
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proceed with

(ψkh(tm), πdq̄k(tm) −Rdq̄k(tm))

=
∑

K∈Th

∫
K

ψkh(tm, x)(πdq̄k(tm, x) − (Rdq̄k)(tm, x)) dx

=
∑

K∈Th

1

|K|

∫
K

ψkh(tm, x) dx

∫
K

(πdq̄k(tm, x) − (Rdq̄k)(tm, x)) dx

≤ ‖ψkh(tm)‖L∞(Ω)

∑
K∈Th

∣∣∣∣
∫
K

(q̄k(tm, x) − (Rdq̄k)(tm, x)) dx

∣∣∣∣ .

(5.13)

As in section 5.2, we split the last sum using the separation Th = T 1
h,m ∪ T 2

h,m ∪ T 3
h,m

for m = 1, 2, . . . ,M . For the sum over T 1
h,m∪T 2

h,m we obtain by means of Lemma 5.12

and the fact that q̄k(tm) equals either qa, qb, or − 1
αzk(q̄k)(tm):

∑
K∈T 1

h,m∪T 2
h,m

∣∣∣∣
∫
K

(q̄k(tm, x) −Rdq̄k(tm, x)) dx

∣∣∣∣
≤ Ch2

∑
K∈T 1

h,m∪T 2
h,m

|K| 12 ‖∇2q̄k(tm)‖L2(K)

≤ C

α
h2‖∇2zk(q̄k)(tm)‖.

(5.14)

For the part of the sum over T 3
h,m, the estimate of Lemma 5.12, Assumption 1, the

optimality condition (3.9), and property (2.10) lead to

∑
K∈T 3

h,m

∣∣∣∣
∫
K

(q̄k(tm, x) −Rdq̄k(tm, x)) dx

∣∣∣∣ ≤ ∑
K∈T 3

h,m

|K|1− 1
p ‖q̄k(tm) −Rdq̄k(tm)‖Lp(K)

≤ Ch
∑

K∈T 3
h,m

|K|1− 1
p ‖∇q̄k(tm)‖Lp(K)

≤ C

α
h2− 1

p ‖∇zk(q̄k(tm))‖Lp(Ω).

(5.15)

Inserting (5.14) and (5.15) into (5.13) and collecting the estimates (5.12) and (5.13)
completes the proof.

The following theorem provides a supercloseness result on the difference Rdq̄k−q̄σ.
Theorem 5.16. Let q̄k ∈ Qad be the solution of the semidiscretized optimization

problem (3.4) and q̄σ ∈ Qd,ad be the solution of the discrete problem (3.16), where
the cellwise constant discretization for the control variable is employed. Moreover, let
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Assumption 1 be fulfilled and n < p ≤ ∞. Then, it holds that

‖Rdq̄k − q̄σ‖I ≤ C

α
h2

{
‖∇2uk(q̄k)‖I +

1

α
‖∇zk(q̄k)‖I +

(
1 +

1

α

)
‖∇2zk(q̄k)‖I

}

+
C

α2
h2− 1

p ‖∇zk(q̄k)‖L2(I,Lp(Ω)),

provided that zk(q̄k) ∈ L2(I,W 1,p(Ω)).
Proof. As before, we proceed with an arbitrary p ∈ Q,

α‖Rdq̄k − q̄σ‖2
I ≤ j′′kh(p)(Rdq̄k − q̄σ, Rdq̄k − q̄σ)

= j′kh(Rdq̄k)(Rdq̄k − q̄σ) − j′kh(q̄σ)(Rdq̄k − q̄σ).

By means of the inequality

−j′kh(q̄σ)(Rdq̄k − q̄σ) ≤ 0 ≤ −(αRdq̄k + Rdzk(q̄k), Rdq̄k − q̄σ)I ,

which is implied by the optimality of q̄σ and Lemma 5.14, and by means of the explicit
representation of j′kh from (3.13), we obtain

α‖Rdq̄k − q̄σ‖2
I ≤ (zkh(Rdq̄k) −Rdzk(q̄k), Rdq̄k − q̄σ)I

≤ (zkh(Rdq̄k) − zk(q̄k), Rdq̄k − q̄σ)I

+ (zk(q̄k) −Rdzk(q̄k), Rdq̄k − q̄σ)I .

(5.16)

For the first term on the right-hand side of (5.16), we have by Cauchy’s inequality,

(zkh(Rdq̄k) − zk(q̄k), Rdq̄k − q̄σ)I ≤ ‖zkh(Rdq̄k) − zk(q̄k)‖I‖Rdq̄k − q̄σ‖I .

By insertion of zkh(q̄k), the term ‖zkh(Rdq̄k) − zk(q̄k)‖I is further estimated as

(5.17) ‖zkh(Rdq̄k) − zk(q̄k)‖I ≤ ‖zkh(Rdq̄k) − zkh(q̄k)‖I + ‖zkh(q̄k) − zk(q̄k)‖I .

Due to the stability estimate of the fully discrete adjoint solution (see Proposition 4.2),
the first term is bounded by

(5.18) ‖zkh(Rdq̄k) − zkh(q̄k)‖I ≤ C‖ukh(Rdq̄k) − ukh(q̄k)‖I .

Further, we have by means of the discrete state equation (3.10) and the discrete
adjoint equation (3.14),

‖ukh(Rdq̄k) − ukh(q̄k)‖2
I = (zkh(q̄k) − zkh(Rdq̄k), q̄k −Rdq̄k)I .

With ψkh = zkh(q̄k) − zkh(Rdq̄k) in Lemma 5.15, we have

‖ukh(Rdq̄k) − ukh(q̄k)‖2
I ≤ C

α
h2

{
‖∇(zkh(q̄k) − zkh(Rdq̄k))‖I‖∇zk(q̄k)‖I

+ ‖zkh(q̄k) − zkh(Rdq̄k)‖L2(I,L∞(Ω))‖∇2zk(q̄k)‖I
}

+
C

α
h2− 1

p ‖zkh(q̄k) − zkh(Rdq̄k)‖L2(I,L∞(Ω))‖∇zk(q̄k)‖L2(I,Lp(Ω)),
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and the stability estimates from Proposition 4.2 and Lemma 4.5,

‖∇(zkh(qk) − zkh(Rdqk))‖I ≤ C‖ukh(Rdqk) − ukh(qk)‖I ,

‖zkh(qk) − zkh(Rdqk)‖L2(I,L∞(Ω)) ≤ C‖ukh(Rdqk) − ukh(qk)‖I ,

yield the following intermediary result:

‖ukh(Rdq̄k) − ukh(q̄k)‖I ≤ C

α
h2

{
‖∇zk(q̄k)‖I + ‖∇2zk(q̄k)‖I

}

+
C

α
h2− 1

p ‖∇zk(q̄k)‖L2(I,Lp(Ω)).

We proceed by inserting this in (5.18) and in (5.17). Together with an estimate for
the second term on the right-hand side of (5.17) from Proposition 4.4, this leads to

(5.19) ‖zkh(Rdq̄k) − zk(q̄k)‖I ≤ Ch2

{
‖∇2uk(q̄k)‖I +

1

α
‖∇zk(q̄k)‖I

+
(
1 +

1

α

)
‖∇2zk(q̄k)‖I

}
+

C

α
h2− 1

p ‖∇zk(q̄k)‖L2(I,Lp(Ω)).

By applying Lemma 5.13 with pd = Rdq̄k − q̄σ to the second term on the right-hand
side of (5.16), we get

(zk(q̄k) −Rdzk(q̄k), Rdq̄k − q̄σ)I ≤ Ch2‖Rdq̄k − q̄σ‖I‖∇2zk(q̄k)‖I .

The asserted result is obtained by insertion of the last two estimates into (5.16).
Based on this theorem, we state the main result of this section concerning the

order of convergence of the error between q̄ and q̃σ, where q̃σ is defined using the
postprocessing step (3.18).

Corollary 5.17. Let the conditions of Theorem 5.16 be fulfilled. Then, there
holds

‖q̄ − q̃σ‖I ≤ C

α

(
1 +

1

α

)
k
{
‖∂tu(q̄)‖I + ‖∂tz(q̄)‖I

}

+
C

α

(
1 +

1

α

)
h2

{
‖∇2uk(q̄k)‖I +

1

α
‖∇zk(q̄k)‖I +

(
1 +

1

α

)
‖∇2zk(q̄k)‖I

}

+
C

α2

(
1 +

1

α

)
h2− 1

p ‖∇zk(q̄k)‖L2(I,Lp(Ω)) = O
(
k + h2− 1

p
)
.

Proof. From the optimality condition (2.9) and the definition (3.18) of q̃σ we have
the representation

‖q̄ − q̃σ‖I =

∥∥∥∥PQad

(
− 1

α
z(q̄)

)
− PQad

(
− 1

α
zkh(q̄σ)

)∥∥∥∥
I

.

By means of the Lipschitz continuity of PQad
on L2(I, L2(Ω)), this leads to

(5.20) α‖q̄ − q̃σ‖I ≤ ‖z(q̄) − zkh(q̄σ)‖I ≤ ‖z(q̄) − zk(q̄k)‖I + ‖zk(q̄k) − zkh(q̄σ)‖I .
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The first term is controlled by means of Proposition 4.1, Theorem 5.1, and Proposi-
tion 4.3 as

‖z(q̄) − zk(q̄k)‖I ≤ ‖z(q̄) − zk(q̄)‖I + ‖zk(q̄) − zk(q̄k)‖I

≤ ‖z(q̄) − zk(q̄)‖I + C‖uk(q̄) − uk(q̄k)‖I

≤ ‖z(q̄) − zk(q̄)‖I + C‖q̄ − q̄k‖I

≤
(
1 +

C

α

)
‖z(q̄) − zk(q̄)‖I

≤ C
(
1 +

1

α

)
k
{
‖∂tu(q̄)‖I + ‖∂tz(q̄)‖I

}
.

The second term can be estimated by means of the stability result of Proposition 4.2
as

‖zk(q̄k) − zkh(q̄σ)‖I ≤ ‖zk(q̄k) − zkh(Rdq̄k)‖I + ‖zkh(Rdq̄k) − zkh(q̄σ)‖I

≤ ‖zk(q̄k) − zkh(Rdq̄k)‖I + C‖ukh(Rdq̄k) − ukh(q̄σ)‖I

≤ ‖zk(q̄k) − zkh(Rdq̄k)‖I + C‖Rdq̄k − q̄σ‖I .

Inserting the two last inequalities into (5.20) and applying the estimates from (5.19)
and Theorem 5.16 yield the stated assertion.

The choice of p in Corollary 5.17 follows the description in section 5.2 requiring
zk(q̄k) ∈ L2(I,W 1,p(Ω)). Due to the fact that ‖zk(q̄k)‖L2(I,H2(Ω)) is bounded indepen-
dently of k, the result in Corollary 5.17 holds for any n < p < ∞ in the two dimensional

case, leading to the order of convergence O
(
k+ h2− 1

p
)
. In the three dimensional case

we obtain p = 6 and therefore O
(
k + h

11
6

)
. If in addition ‖zk(q̄k)‖L2(I,W 1,∞(Ω)) is

bounded, then we have in both cases the order of convergence O(k + h2).

6. Numerical results. In this section, we are going to validate the a priori error
estimates for the error in the control, state, and adjoint state numerically. To this
end, we consider the following concretion of the optimal control problem (2.2) with
known exact solution on Ω×I = (0, 1)2×(0, 0.1) and homogeneous Dirichlet boundary
conditions. According to the first part of this article [20], the right-hand side f , the
desired state û, and the initial condition u0 are given in terms of the eigenfunctions

wa(t, x1, x2) := exp(aπ2t) sin(πx1) sin(πx2), a ∈ R,

of the operator ±∂t − Δ as

f(t, x1, x2) := −π4wa(t, x1, x2) − PQad

(
−π4{wa(t, x1, x2) − wa(T, x1, x2)}

)
,

û(t, x1, x2) :=
a2 − 5

2 + a
π2wa(t, x1, x2) + 2π2wa(T, x1, x2),

u0(x1, x2) :=
−1

2 + a
π2wa(0, x1, x2),

with PQad
given by (2.8) with qa = −70 and qb = −1. For this choice of data and

with the regularization parameter α chosen as α = π−4, the optimal solution triple
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(q̄, ū, z̄) of the optimal control problem (2.2) is given by

q̄(t, x1, x2) := PQad

(
−π4{wa(t, x1, x2) − wa(T, x1, x2)}

)
,

ū(t, x1, x2) :=
−1

2 + a
π2wa(t, x1, x2),

z̄(t, x1, x2) := wa(t, x1, x2) − wa(T, x1, x2).

We are going to validate the estimates developed in the previous section by sepa-
rating the discretization errors. That is, we consider at first the behavior of the error
for a sequence of discretizations with decreasing size of the time steps and a fixed
spatial triangulation with N = 1089 nodes. Second, we examine the behavior of the
error under refinement of the spatial triangulation for M = 2048 time steps.

The state discretization is chosen as cG(1)dG(0), i.e., r = 0, s = 1. For the control
discretization we use the same temporal and spatial meshes as for the state variable
and present results for two choices of the discrete control space Qd: cG(1)dG(0)
and dG(0)dG(0). For the following computations, we choose the free parameter a to
be −

√
5.

The optimal control problems are solved by the optimization library RoDoBo

[22] and the finite element toolkit Gascoigne [11] using a primal-dual active set
strategy (cf. [3, 14]) in combination with a conjugate gradient method applied to the
reduced problem (3.16).

Figure 6.1(a) depicts the development of the error under refinement of the tempo-
ral step size k. Up to the spatial discretization error it exhibits the proven convergence
order O(k) for both kinds of spatial discretization of the control space.
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(a) Refinement of the time steps for N =
1089 spatial nodes.
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(b) Refinement of the spatial triangulation
for M = 2048 time steps.

Fig. 6.1. Discretization error ‖q̄ − q̄σ‖I .
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(a) Refinement of the time steps for N =
1089 spatial nodes.
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(b) Refinement of the spatial triangulation
for M = 2048 time steps.

Fig. 6.2. Discretization error ‖ū− ūσ‖I .
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(a) Refinement of the time steps for N =
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(b) Refinement of the spatial triangulation
for M = 2048 time steps.

Fig. 6.3. Discretization error ‖z̄ − z̄σ‖I .
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For piecewise constant control (dG(0)dG(0) discretization), the discretization error is
already reached at 128 time steps, whereas in the case of bilinear control (cG(1)dG(0)
discretization), the number of time steps could be increased up to M = 1024 until
reaching the spatial accuracy. This illustrates the convergence results from sections 5.1
and 5.2 with respect to the temporal discretization.

In Figure 6.1(b) the development of the error in the control variable under spa-
tial refinement is shown. The expected order O(h) for piecewise constant control

(dG(0)dG(0) discretization) and O(h
3
2 ) for bilinear control (cG(1)dG(0) discretiza-

tion) are observed. This illustrates the convergence results from sections 5.1 and 5.2
with respect to the spatial discretization.

Figures 6.2 and 6.3 show the errors in the state and in the adjoint variables,
‖ū− ūσ‖I and ‖z̄− z̄σ‖I , for separate refinement of the time and space discretization.
Thereby, we observe convergence of order O(k + h2) regardless of the type of spatial
discretization used for the controls. This is consistent with the results proved in the
previous section. Since the postprocessing strategy presented in section 5.4 relies
essentially on the convergence properties of the adjoint variable, Figure 6.3 confirms
the proven order of convergence of the error ‖q̄ − q̃σ‖I .
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OPTIMAL TRANSPORTATION WITH TRAFFIC CONGESTION
AND WARDROP EQUILIBRIA∗
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Abstract. In the classical Monge–Kantorovich problem, the transportation cost depends only
on the amount of mass sent from sources to destinations and not on the paths followed by this mass.
Thus, it does not allow for congestion effects. Using the notion of traffic intensity, we propose a
variant, taking into account congestion. This variant is a continuous version of a well-known traffic
problem on networks that is studied both in economics and in operational research. The interest of
this problem is in its relations with traffic equilibria of Wardrop type. What we prove in the paper is
exactly the existence and the variational characterization of equilibria in a continuous space setting.
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1. Introduction. Researchers in the field of applied traffic modeling have long
emphasized the role of congestion in networks. In the early 1950s, Wardrop (see
[14]) considered the situation where a large number of vehicles have to go from one
location to another, connected by a finite number of different roads. Each vehicle has
to choose one road (or a probability on the set of possible roads) to minimize some
transportation cost which depends not only on the road chosen but also on the total
flow of vehicles on this road. Some roads may be better than others, for instance,
because they are shorter or wider, but they are all affected by congestion effects: the
“cost” (in terms of time, say) for a vehicle of following a road depends increasingly on
the total number of vehicles that choose to use it. Wardrop gave a minimal stability
requirement for transportation strategies: the cost of every actually used road should
be less than or equal to that which would be experienced by a single vehicle on any
other road. In particular, there is an equilibrium concept (all actually used roads
have the same cost, i.e., they compensate in terms of congestion for their differences
given by length and other conditions) and a minimality concept as well (those roads
are minimal among all the possible ones). This natural equilibrium concept has been
very popular since its introduction because of its applications to networks, of course,
but also due to the development of noncooperative game theory. To the best of our
knowledge, the study of Wardrop equilibria has mainly been restricted to the case
where admissible roads are given by a finite graph. In the present paper our main
goal is to introduce Wardrop’s concepts in a continuous state setting, to prove the
existence of such equilibria, and to relate it to the optimal transportation problem
with congestion (Theorem 4.2).

The key point of the discrete theory about Wardrop equilibria is the fact that
such an equilibrium problem may be linked to a variational one (see, for instance,
[2] and the references therein). Suppose the cost for a road σ is given by

∫
σ
g(i),
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where i denotes the traffic intensity along the road (it can be nonconstant, since at
branching points of different roads, the traffic splits according to Kirchhoff’s law)
where g ≥ 0 is an increasing function modeling congestion effects. We may say that
g(i) is the cost per unit length for a road where the traffic intensity is i. It is known
that looking for an equilibrium is equivalent to solving a minimization problem with
total congestion cost

∫
N
H(i), where N represents the whole network and H is another

increasing function which is linked to g. The relation which is necessary to ensure
that minima of the variational problem coincide with solutions of the equilibrium one
is H ′ = g. Notice that solving this problem does not amount, in general, to finding
the configuration which minimizes the total cost paid by vehicles, since this quantity
is represented instead by the integral

∫
N
ig(i). The two functions H(i) and ig(i) are

the same up to multiplicative constants in the case of power functions, but otherwise
they give rise to different optimization problems.

The unknown, both in the equilibrium and in the optimization problems, is the
distribution of vehicles along the possible paths. In a continuous-setting language,
this is a measure on the set of paths. The constraints on such a measure are given
by the data: usually the total amount of vehicles commuting from a point x to a
point y of the network is prescribed for every pair (x, y). This corresponds to fixing
a measure γ on the set of sources-destinations pairs. As a possible alternative, one
could prescribe the total quantity of vehicles leaving x and the total quantity reaching
y, and look at all possible couplings between these “boundary data.” In this case,
the fixed data are two measures μ0 and μ1 modeling the distribution of sources and
destinations separately. Also the coupling or transport plan γ (i.e., a measure on the
sources-destinations space whose projections on the two coordinates are μ0 and μ1)
is part of the unknowns.

In the present paper, we introduce a variational problem in a continuous setting,
i.e., when the data on sources and destinations are arbitrary probability measures on
a domain Ω ⊂ R

2 and the allowed paths are all possible Lipschitz curves connecting
points of Ω. In this problem, the functional is built as a total cost arising from the
congested transport problem. This means that we start from a congestion function
g and we look at a minimization problem involving the function i �→ H(i) = ig(i).
Obviously, the concept of traffic intensity associated to a probability measure on a
suitable set of paths has to be carefully defined in the continuous framework, which we
do in section 2.2. The definition of traffic intensity we provide is the path-dependent
analogue of the well-known notion of transport density in Monge’s problem (see Bou-
chitté, Buttazzo, and Seppecher [4], Bouchitté and Buttazzo [3], Caffarelli, Feldman,
and McCann [7]).

After defining the cost and the constraint, we may forget about the origin of the
function H and, as in the discrete case, look at the minimization problem: we are
concerned with existence, finiteness of the minimum value, and optimality conditions.
Interestingly, in the continuous case, this variational problem takes the form of a
path-dependent optimal transportation problem.

We show, under some extra assumptions on H, that solutions of the variational
problem exist and are characterized by two optimality conditions. One of them is
nothing but the continuous counterpart of Wardrop equilibria: the quantity H ′(i) ≥ 0
defines a metric on Ω and the paths that are actually used must be geodesics for this
metric. The other optimality condition is peculiar to the case of nonfixed couplings
and is much more linked to Monge–Kantorovich optimal transport theory (which can
be traced back to Monge [12]; see [1], [5], and [13] for a modern account of the theory).
In fact, once a solution is found, we can call c(x, y) the minimal cost for commuting
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from x to y, according to the previously mentioned metric H ′(i). It turns out that,
for an optimal solution, γ solves the optimal transport problem between μ0 and μ1

with respect to the cost c. The case of a nonfixed transport plan is the one which is
developed in this paper because it is the richest case from a mathematical point of
view. Moreover, it allows for a direct comparison with optimal transport problems
à la Monge and Kantorovich. A variant of the problem we study is the case where,
instead of allowing any transport plan between μ0 and μ1, we prescribe a given convex
and compact subset of couplings compatible with the data. All of the results of this
paper can be extended to such a variant, which includes the case of a single prescribed
transport plan.

In the minimization problem we study, the functional is linked to a Monge trans-
port cost, in the case of a nonuniform metric. It corresponds to a cost

∫
d(x, y) dγ(x, y),

where d is a distance which in this case is unknown as it depends on the traffic in-
tensity itself. Other transportation costs, for instance, squared distances, are very
important for the applications of the Monge–Kantorovich theory but are not directly
linked to this equilibrium problem. Notice, however, that, from an individual point of
view (i.e., the viewpoint of the equilibrium issue), minimizing the displacement cost
or its square is the same.

The presentation of the model, the construction of the functional, and its links
with the Monge–Kantorovich theory follow the discrete case in its generality. Yet,
most of the results require some additional assumptions on the function H. In partic-
ular, H is required to behave like a power H(i) = iq with 1 < q < 2. This is needed
both for technical and feasibility reasons. First, it ensures the validity of some cru-
cial estimates giving continuity results, providing well-defined transport costs c(x, y).
Second, it turns out that if γ is discrete (i.e., any path is allowed but the set of
sources and destinations is finite), then the condition for having a finite minimal cost
is exactly q < 2. Moreover, if we come back to the congestion function g, then this
condition on H corresponds to g behaving like a concave power iq−1, which is very
natural from an economic point of view.

2. Optimal transportation with congestion.

2.1. Notation. Given a Polish (i.e., metrizable, separable, and complete) space
X, we will denote, respectively, by M+(X) and M1

+(X) the set of positive and finite
Radon measures on X and the set of Radon probability measures on X. If X and
Y are Polish spaces, μ ∈ M1

+(X), and f : X → Y is a Borel map, we shall denote
by f�μ the push forward of μ through f , i.e., the element of M1

+(Y ) defined by
f�μ(B) = μ(f−1(B)) for every Borel subset B of Y .

In what follows, Ld denotes the d-dimensional Lebesgue measure. If μ and ν are
in M1

+(Rd), then dμ
dν denotes the Radon–Nikodym derivative of μ with respect to ν.

We shall write μ � ν to express that μ is absolutely continuous with respect to ν,
in which case, slightly abusing notation, we will identify μ with the Radon–Nikodym
derivative dμ

dν .

The data of our problem are Ω (its closure Ω modeling the city, say), which is
some open bounded convex subset of R

2, and two probability measures μ0 and μ1 in
M1

+(Ω) giving, respectively, the distribution of residents and services in the city Ω.
The set of transportation plans associated to μ0 and μ1 will be denoted Π(μ0, μ1) and
consists of the probability measures on Ω × Ω having μ0 and μ1 as marginals:

(2.1) Π(μ0, μ1) := {γ ∈ M1
+(Ω × Ω) : π0�γ = μ0, π1�γ = μ1},

where (π0(x, y), π1(x, y)) := (x, y) stand for the canonical projections (x and y in Ω).
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Introducing congestion naturally leads us to consider spaces of paths, lengths of
such paths, and sets of probability measures on sets of paths. From now on, we shall
denote the following:

• C := W 1,∞([0, 1],Ω), viewed as a subset of C0([0, 1],R2), i.e., equipped with
the uniform topology;

• Cx,y := {σ ∈ C : σ(0) = x, σ(1) = y} (x, y in Ω);

• l(σ) :=
∫ 1

0
|σ̇(t)| dt, the length of σ ∈ C;

• for σ ∈ C, σ̃ denotes the constant speed reparameterization of σ belonging
to C, and hence | ˙̃σ(t)| = l(σ) = l(σ̃) for a.e. t ∈ [0, 1];

• C̃ := {σ ∈ C : |σ̇| is constant} = {σ̃, σ ∈ C};
• slightly abusing notation, we will denote Q ∈ M1

+(C), whenever Q ∈ M1
+(C0

([0, 1],R2)) and Q(C) = 1;

• for Q ∈ M1
+(C), we define Q̃ ∈ M1

+(C̃) as the push forward of Q through
the map σ �→ σ̃;

• for ϕ ∈ C0(Ω,R) and σ ∈ C, we define

Lϕ(σ) :=

∫ 1

0

ϕ(σ(t))|σ̇(t)|dt = l(σ)

∫ 1

0

ϕ(σ̃(t))dt;

• e0(σ) := σ(0), e1(σ) := σ(1) for all σ ∈ C0([0, 1],R2).

2.2. Traffic congestion modeling. The classical Monge–Kantorovich optimal
transportation problem for a given cost function c ∈ C0(Ω × Ω,R) is

(2.2) inf

{∫
Ω×Ω

c(x, y)dγ(x, y) : γ ∈ Π(μ0, μ1)

}
.

Note that, in the linear problem (2.2), the cost of transporting one unit of mass from
x to y, c(x, y), is given and does not depend on the path(s) followed by the mass
from x to y. In order to take into account congestion effects, we explicitly introduce
probabilities over Cx,y as part of the optimization problem. More precisely, the overall
transportation cost will depend not only on the transportation plan γ ∈ Π(μ0, μ1)
but also on the way travelers commuting from x to y use the different possible paths
σ ∈ Cx,y. In what follows, the way commuters from x to y are split according to the
different paths will be given by a probability measure px,y on Cx,y. Put differently,
px,y(Σ) is the proportion of travelers from x to y using a path σ ∈ Σ ⊂ Cx,y. This
naturally leads to the following definition.

Definition 2.1. A transportation strategy consists of a pair (γ, p) with γ ∈
Π(μ0, μ1) and where p = (px,y)(x,y)∈Ω×Ω is a Borel family of probability measures

on C (i.e., (x, y) →
∫
C
F (σ)dpx,y(σ) is Borel for every bounded Borel function F :

C → R) such that px,y(Cx,y) = 1 for γ-a.e. (x, y) ∈ Ω × Ω.
Thanks to Lemma 2.7 proved below, for every ϕ ∈ C0(Ω,R+), the map σ → Lϕ(σ)

is l.s.c., and hence Borel on C (equipped with the uniform topology). For Q ∈
M1

+(C) one can therefore define
∫
C
Lϕ(σ)dQ(σ) and this integral is finite for every

ϕ ∈ C0(Ω,R+) whenever
∫
C
l(σ)dQ(σ) < +∞, i.e., the average for the probability Q

length is finite. Hence, there results, from the use of a transportation strategy (γ, p),
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an overall traffic intensity Iγ,p ∈ M+(Ω) defined by∫
Ω

ϕ(x)dIγ,p(x) :=

∫
Ω×Ω

(∫
Cx,y

(∫ 1

0

ϕ(σ(t))|σ̇(t)|dt
)
dpx,y(σ)

)
dγ(x, y)

=

∫
Ω×Ω

(∫
Cx,y

Lϕ(σ)dpx,y(σ)

)
dγ(x, y) ∀ϕ ∈ C0(Ω,R+)

(2.3)

and an overall probability over paths Qγ,p ∈ M1
+(C) given by Qγ,p = px,y ⊗ γ, i.e.,

(2.4)

∫
C

F (σ)dQγ,p(σ) =

∫
Ω×Ω

(∫
Cx,y

F (σ)dpx,y(σ)

)
dγ(x, y) ∀F ∈ C0(C,R).

One could consider the probability Qγ,p as if it represented the total number of trav-
elers that use a path σ ∈ Σ given the global transportation strategy (γ, p).

Let us remark that if we set Q := Qγ,p ∈ M1
+(C), then Iγ,p depends only on Q

and can be written as Iγ,p = iQ ∈ M+(Ω), where iQ is defined for every Q ∈ M1
+(C)

by

(2.5)

∫
Ω

ϕ(x)diQ(x) =

∫
C

Lϕ(σ)dQ(σ) ∀ϕ ∈ C0(Ω,R+).

Let us also remark that since Lϕ(σ) = Lϕ(σ̃), one has iQ = iQ̃, for all Q ∈ M1
+(C).

Finally, let us note that the total mass of iQ is the average length with respect to Q:

(2.6) iQ(Ω) =

∫
C

l(σ)dQ(σ).

If the probability Q is concentrated on injective curves, one can also express the
measure iQ through H1-integrals as explained in the next remark.

Remark 2.2. If a curve σ is injective, then one could also write l(σ) = H1(σ([0, 1]))
and Lϕ(σ) =

∫
σ([0,1])

ϕdH1. Moreover, if for γ-a.e. (x, y) the probability px,y is

concentrated on the set of injectives curves from x to y, one could also define the
measure Iγ,p by replacing the integral with respect to |σ̇(t)|dt in (2.3) with an integral
in dH1. Notice, moreover, that for every Borel subset A ⊂ Ω one would have

Iγ,p(A) =

∫
Ω×Ω

(∫
Cx,y

H1(A ∩ σ)dpx,y(σ)

)
dγ(x, y) =

∫
C

H1(A ∩ σ)dQγ,p(σ).

If we imagine that, for each σ ∈ Cx,y, the mass of travelers commuting on σ is uni-
formly distributed on σ, this means that Iγ,p(A) represents the cumulative traffic
through the region A. The same formula remains true, under no injectivity assump-
tion, if we replace H1(A∩σ) with L1A

(σ), and in this case the cumulative traffic takes
into account the number of times a path σ passes through the points of A.

In what follows, it will be convenient to formulate our optimization problem in
terms of Q = Qγ,p rather than in the transportation strategy (γ, p). To that end, we
shall use the following.

Lemma 2.3. Let us define

Q(μ0, μ1) := {Qγ,p : (γ, p) transportation strategy};

then one has

Q(μ0, μ1) = {Q ∈ M1
+(C) : e0�Q = μ0, e1�Q = μ1}.
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Proof. If (γ, p) is a transportation strategy, then e0�Qγ,p = π0�γ = μ0 and
e1�Qγ,p = π1�γ = μ1. Now let Q ∈ M1

+(C) be such that e0�Q = μ0, e1�Q = μ1. If we
define γ := (e0, e1)�Q, we have γ ∈ Π(μ0, μ1). It then follows from the disintegration
theorem (see [9]) that there exists p = (px,y)(x,y)∈Ω×Ω, a Borel family of probability

measures on C, such that px,y(Cx,y) = 1 for γ-a.e. (x, y) ∈ Ω × Ω and Q = px,y ⊗ γ.
Hence Q = Qγ,p for a transportation strategy (γ, p).

At this point, a natural way to model traffic congestion is, for a given transporta-
tion strategy (γ, p), to consider that the transportation cost per unit of mass between
x and y is given by

(2.7) cγ,p(x, y) =

∫
Cx,y

LGIγ,p
(σ)dpx,y(σ),

where GIγ,p
is a nonnegative function which depends (in a way that will be specified

later) on the traffic intensity Iγ,p. The optimal transportation with traffic congestion
then takes the form (to be compared with the usual Monge–Kantorovich problem
(2.2))

(2.8) inf

{∫
Ω×Ω

cγ,p(x, y)dγ(x, y) : (γ, p) transportation strategy

}
.

Setting Q = Qγ,p and using formally (2.5), we see that the total transportation cost
in (2.8) can be rewritten as∫

Ω×Ω

cγ,p(x, y)dγ(x, y) =

∫
C

LGiQ
(σ)dQ(σ) =

∫
Ω

GiQ(x)diQ(x).

Hence using Lemma 2.3, we can reformulate (2.8) in terms of Q only:

(2.9) inf

{∫
Ω

GiQ(x)diQ(x) : Q ∈ Q(μ0, μ1)

}
.

Note that in the definition (2.7), it is required that GIγ,p is continuous (or at least
l.s.c.), whereas the form (2.9) allows for more general forms of congestion through
i �→ Gi. From now on, we assume that G has the following local form:

(2.10) Gi(x) = g

(
di

dL2
(x)

)
,

where di
dL2 is the Radon–Nikodym derivative of i with respect to the Lebesgue measure

and g is a nondecreasing function R+ → R+ such that the function H defined by
H(z) = zg(z) for all z ∈ R+ is convex and superlinear (i.e., limz→+∞ g(z) = +∞).

The optimization problem we shall study now then reads as

(2.11) inf
Q∈Q(μ0,μ1)

H(iQ), where H(i) =

{ ∫
Ω
H(i(x))dx if i � L2,

+∞ otherwise.

In what follows, we shall say that a transportation strategy (γ, p) is optimal if Qγ,p

solves (2.11).
Remark 2.4. It will be clear in what follows that the probability Qγ,p associated

to an optimal transportation strategy (γ, p) will be concentrated on injective curves,
so that the interpretation in terms of H1-integrals (see Remark 2.2) may apply.
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2.3. Existence of minimizers. From now on, we make the following assump-
tions:

• H is convex and nondecreasing on R+ with H(0) = 0;
• there exists q > 1, and positive constants a and b such that azq ≤ H(z) ≤
b(zq + 1) for all z ∈ R+;

• H is differentiable on R+, and there exists a positive constant c such that
0 ≤ H ′(z) ≤ c(zq−1 + 1), for all z ∈ R+;

• the set

(2.12) Qq(μ0, μ1) := {Q ∈ Q(μ0, μ1) : iQ ∈ Lq}

is nonempty (in the definition of Qq(μ0, μ1), we intend, of course, both iQ �
L2 and

diQ
dL2 ∈ Lq).

These assumptions enable us to simply rewrite (2.11) as

(2.13) inf
Q∈Qq(μ0,μ1)

∫
Ω

H(iQ(x))dx.

Remark 2.5. Let us discuss the assumption that Qq(μ0, μ1) 
= ∅ which, at first
glance, may seem difficult to check. In order to have the existence of a Q ∈ Q(μ0, μ1)
such that iQ ∈ Lq it is sufficient that μ0 and μ1 are in Lq. This result, which is
not obvious, follows from the regularity results of De Pascale and Pratelli (see [10]
and [11]) who proved that Lq regularity of μ0 and μ1 implies that for γ solving the
Monge–Kantorovich problem (2.2) with c(x, y) = |x− y| and px,y = δ[x,y] (the Dirac
mass at the segment [x, y]) for every x and y the corresponding traffic density Iγ,p is
Lq.

Remark 2.6. It is not necessary, however, that μ0 and μ1 are absolutely continuous
for the assumption to be satisfied. Indeed, in the discrete case, i.e., when μ0 and μ1

have finite support, one can easily prove that Qq(μ0, μ1) 
= ∅ for every q ∈ (1, 2).
Finally, let us consider, for instance, the case where Ω = [0, 1]2 and μ0 and μ1 are,
respectively, the one-dimensional Hausdorff measures of the segments [(0, 0), (0, 1)]
and [(1, 0), (1, 1)]. If we define γ := (id, id + (1, 0))�μ0 and px,y = δ[x,y], then a
straightforward computation shows that Iγ,p is uniform on [0, 1]2.

Under the assumptions above, we are going to prove that (2.13) admits a solution.
The proof of existence involves some preliminary lemmas.

Lemma 2.7. For any ϕ ∈ C0(Ω,R+), Lϕ is l.s.c. on C for the uniform topology;
indeed, for any σ ∈ C, one has

(2.14) Lϕ(σ) = sup

{
n∑

i=1

(
inf

[ti,ti+1]
(ϕ ◦ σ)

)
|σ(ti+1) − σ(ti)| :

([ti, ti+1])i is a subdivision of [0, 1]

}
.
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Proof. For any subdivision ([ti, ti+1])i=1,...,n, we have

Lϕ(σ) =

n∑
i=1

∫ ti+1

ti

ϕ(σ(t))|σ̇(t)| dt

≥
n∑

i=1

inf
[ti,ti+1]

(ϕ ◦ σ)

∫ ti+1

ti

|σ̇(t)| dt

≥
n∑

i=1

inf
[ti,ti+1]

(ϕ ◦ σ)|σ(ti+1) − σ(ti)|.

Taking the supremum over all such divisions, we get

Lϕ(σ) ≥ sup

{
n∑

i=1

inf
[ti,ti+1]

(ϕ◦σ)|σ(ti+1)−σ(ti)| : ([ti, ti+1])i is a subdivision of [0, 1]

}
.

Let us prove the converse inequality. Let ε > 0; since ϕ ◦ σ is uniformly continuous,
there is a δ > 0 such that

∀t, t′ ∈ [0, 1]2, (|t− t′| ≤ δ ⇒ |ϕ(σ(t)) − ϕ(σ(t′))| ≤ ε) .

For any subdivision ([ti, ti+1])i=1,...,n such that |ti − ti+1| ≤ δ for all i, we have

Lϕ(σ) ≤
n∑

i=1

(
inf

[ti,ti+1]
(ϕ ◦ σ) + ε

)∫ ti+1

ti

|σ̇(t)| dt

=

n∑
i=1

(
inf

[ti,ti+1]
(ϕ ◦ σ) + ε

)
sup

{∑
j

|σ(τj) − σ(τj+1)| :

([τj , τj+1])j is a subdivision of [ti, ti+1]

}

≤ sup

{∑
i

∑
j

(
inf

[τj ,τj+1]
(ϕ ◦ σ) + ε

)
|σ(τj) − σ(τj+1)| :

([τj , τj+1])j is a subdivision of [ti, ti+1]

}

= sup

{
n∑

i=1

(
inf

t∈[ti,ti+1]
(ϕ ◦ σ) + ε

)
|σ(ti+1) − σ(ti)| :

([ti, ti+1])i is a subdivision of [0, 1]

}
.

As this last inequality is true for any ε > 0, we get (2.14). The lower semicontinuity
is then obvious since, by (2.14), Lϕ is the supremum of the family of l.s.c. functions
on C0([0, 1],Ω).

Lemma 2.8. Let (Qn)n ∈ M1
+(C0([0, 1],R2))N such that Qn(C) = 1 for all n,

and let there exist a constant M > 0 such that

sup
n

∫
C

l(σ) dQn(σ) ≤ M.
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Then the sequence (Q̃n)n is tight and admits a subsequence that converges weakly∗ to
a probability Q such that Q(C) = 1.

Proof. The tightness of (Q̃n)n easily follows from the inequality

Q̃n

(
{σ ∈ C̃ : |σ̇| > K}

)
= Qn ({σ ∈ C : l(σ) > K})

≤ 1

K

∫
C

l(σ) dQn(σ).(2.15)

By the Prokhorov theorem, we may therefore assume, passing to a subsequence if
necessary, that (Q̃n)n converges weakly∗ to Q ∈ M1

+(C0([0, 1],R2). It remains to
show that Q(C) = 1. For K > 0 let us define CK := {σ ∈ C : |σ̇| ≤ K}; then

inequality (2.15) and the fact that the measures Q̃n are concentrated on C̃ yield

sup
n

Q̃n
C

CK
= sup

n
Q̃n

C̃

CK
≤ M

K
,

for every K > 0, which implies

1 = lim sup
n

Q̃n(C) ≤ lim sup
n

Q̃n(CK) + lim sup
n

Q̃n
C

CK

≤ Q(CK) +
M

K
.

Letting K tend to ∞, we then get Q(C) = supK Q(CK) = 1.
Lemma 2.9. Let (Qn)n be a sequence in M1

+(C) that converges weakly∗ to some

Q ∈ M1
+(C). If there exists i ∈ M+(Ω) such that iQn

converges weakly∗ to i in

M+(Ω), then we have iQ ≤ i.
Proof. Let ϕ ∈ C0(Ω,R+). We first have∫

Ω

ϕdi = lim
n

∫
Ω

ϕdiQn
= lim

n

∫
C

LϕdQn;

it easily follows from Lemma 2.7 that Q �→
∫
C
LϕdQ is l.s.c. for the weak∗ topology

of M1
+(C). We then have∫

Ω

ϕdi ≥
∫
C

LϕdQ =

∫
Ω

ϕdiQ.

Now, we are in position to prove the following.
Theorem 2.10. The minimization problem (2.13) admits a solution.
Proof. Our assumptions imply that the value of (2.13) is finite. Let (Qn)n be some

minimizing sequence of (2.13). From the identity iQ = iQ̃, we may assume Qn = Q̃n

for all n. We deduce from our growth condition on H that (iQn
)n is bounded in Lq.

On the one hand, extracting a subsequence if necessary, we may therefore assume that
(iQn)n converges weakly in Lq to some i. On the other hand, since iQn is bounded in
Lq and hence in L1, we have

sup
n

∫
C

l(σ)dQn(σ) = sup
n

∫
Ω

iQn < +∞.

Moreover, Qn = Q̃n and we deduce from Lemma 2.8 that (up to some subsequence)
(Qn)n weakly∗ converges to some Q in M1

+(C). Since Q(μ0, μ1) is obviously weakly∗
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closed, we have Q ∈ Q(μ0, μ1), and Lemma 2.9 implies that iQ ≤ i (consequently, to
this inequality iQ is absolutely continuous). From the monotonicity and convexity of
H we then have∫

Ω

H(iQ(x))dx ≤
∫

Ω

H(i(x))dx ≤ lim inf
n

∫
Ω

H(iQn(x))dx,

which proves that Q solves (2.13).
Let us remark that if H is furthermore assumed to be strictly convex, then if Q1

and Q2 solve (2.13), then iQ1 = iQ2 so that the optimal traffic intensity is unique
(of course, this does not imply, in general, that Q1 = Q2 or that the corresponding
optimal transportation strategy is unique).

3. Characterization of the minimizers. In what follows, we shall denote by
q∗ the conjugate exponent of q, given by q∗ = q/(q − 1).

3.1. Optimality conditions. The variational inequalities characterizing solu-
tions of the convex problem (2.13) can be expressed as follows.

Proposition 3.1. Q ∈ Qq(μ0, μ1) solves (2.13) if and only if

(3.1)

∫
Ω

ξiQ = inf

{∫
Ω

ξiQ : Q ∈ Qq(μ0, μ1)

}
with ξ := H ′(iQ) ∈ Lq∗ .

Proof. Assume that Q solves (2.13); then for every Q ∈ Qq(μ0, μ1), one has

0 ≤ lim
ε→0+

1

ε
[H(iQ+ε(Q−Q)) −H(iQ)] = lim

ε→0+

1

ε
[H(iQ + ε(iQ − iQ)) −H(iQ)]

=

∫
Ω

H ′(iQ)(iQ − iQ) =

∫
Ω

ξ(iQ − iQ),

which proves (3.1). Conversely, if Q ∈ Qq(μ0, μ1) satisfies (3.1), then by convexity of
H, for every Q ∈ Qq(μ0, μ1), one has

H(iQ) −H(iQ) ≥
∫

Ω

ξ(iQ − iQ) ≥ 0.

Sections 3.2 and 3.3 will be devoted to investigating the precise meaning of (3.1).
Before going further, let us do some formal manipulations to give a formal interpreta-
tion of (3.1) in terms of optimal transportation strategy. Let us assume that Q solves
(2.13) and let us write Q = Qγ,p for some (optimal) transportation strategy (γ, p)
and define ξ := H ′(iQ); then (3.1) formally can be rewritten as∫

Ω

ξiQ =

∫
C

Lξ(σ)dQ(σ)

=

∫
Ω×Ω

(∫
Cx,y

Lξ(σ)dpx,y(σ)

)
dγ(x, y)

= inf
(γ,p) transp. strategy

∫
Ω×Ω

(∫
Cx,y

Lξ(σ)dpx,y(σ)

)
dγ(x, y)

= inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

(
inf

p∈M1
+(Cx,y)

∫
Cx,y

Lξ(σ)dp(σ)

)
dγ(x, y)

= inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

(
inf

σ∈Cx,y
Lξ(σ)

)
dγ(x, y),
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defining (again formally) the transportation cost

cξ(x, y) = inf
σ∈Cx,y

Lξ(σ).

We then first have∫
Ω×Ω

cξ(x, y)dγ(x, y) ≤
∫
C

LξdQ = inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y)

so that γ solves the Monge–Kantorovich problem:

inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Second, ∫
C

Lξ(σ)dQ(σ) =

∫
Ω×Ω

cξ(x, y)dγ(x, y)

=

∫
C

cξ(σ(0), σ(1))dQ(σ),

and since Lξ(σ) ≥ cξ(σ(0), σ(1)), we get

Lξ(σ) = cξ(σ(0), σ(1)) for Q-a.e. σ,

or, in an equivalent way, for γ-a.e. (x, y) one has

Lξ(σ) = cξ(x, y) for px,y-a.e. σ.

Since ξ is only Lq∗, Lξ and cξ are not well defined and the previous arguments are
purely formal. In section 3.2, we will extend the definition of cξ to the case where ξ
is only Lq∗ under the additional assumption q < 2. This will enable us to make the
formal argument above rigorous and to characterize optimal transportation strategies
in section 3.3.

3.2. The transportation cost cξ when ξ is Lq∗
. For a nonnegative function

ξ ∈ C0(Ω,R+) we define

cξ(x, y) = inf{Lξ(σ) : σ ∈ Cx,y}.

Proposition 3.2. Assume that q < 2 and define α := 1−2/q∗; then there exists a
nonnegative constant C such that for every ξ ∈ C0(Ω,R+) and every (x1, y1, x2, y2) ∈
Ω4, one has

(3.2) |cξ(x1, y1) − cξ(x2, y2)| ≤ C‖ξ‖Lq∗ (Ω) (|x1 − x2|α + |y1 − y2|α) .

Consequently, if (ξn)n ∈ C0(Ω,R+)N is bounded in Lq∗ , then (cξn)n admits a subse-
quence that converges in C0(Ω × Ω,R+).

Proof. Let ξ ∈ C0(Ω,R+) and x, y ∈ Ω2. For k > 0 let σk ∈ Cx,y be such that

∫ 1

0

ξ(σk(t))|σ̇k(t)| dt ≤ cξ(x, y) +
1

k
.
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Then for all ε > 0 and z such that y+εz ∈ Ω and t0 ∈ (0, 1) we consider the following
element of Cx,y+εz:

σk,t0(t) :=

⎧⎨
⎩

σk

(
t
t0

)
if t ∈ [0, t0],

y +
(

t−t0
1−t0

)
εz if t ∈ [t0, 1].

We then have, for all k > 0,

cξ(x, y + εz) ≤
∫ 1

0

ξ(σk,t0(t))|σ̇k,t0(t)| dt

=

∫ 1

0

ξ(σk(t))|σ̇k(t)| dt +

∫ 1

0

ξ(y + tεz)ε|z| dt

≤ cξ(x, y) + ε|z|
∫ 1

0

ξ(y + tεz)dt +
1

k
.

Now we let k tend to ∞ and we get

cξ(x, y + εz) − cξ(x, y)

ε
≤ |z|

∫ 1

0

ξ(y + tεz) dt,

and by a similar argument,

cξ(x, y) − cξ(x, y + εz)

ε
≤ |z|

∫ 1

0

ξ(y + (1 − t)εz) dt.

This implies that cξ(x, .) ∈ W 1,∞ and

(3.3) |∇ycξ(x, .)| ≤ |ξ(.)| ∀ x.

By symmetry we also have

(3.4) |∇xcξ(., y)| ≤ |ξ(.)| ∀ y.

Since q∗ > 2, we deduce from (3.3), (3.4), and Morrey’s theorem (see [6, Chapter
IX]), that there is a constant C such that

|cξ(x, y1) − cξ(x, y2)| ≤ C‖ξ‖Lq∗ |y1 − y2|α ∀ x, y1, y2 in Ω,

|cξ(x1, y) − cξ(x2, y)| ≤ C‖ξ‖Lq∗ |x1 − x2|α ∀ x1, x2, y in Ω.

This proves (3.2). The second claim in the proposition then follows from (3.2), the
identity cξn(x, x) = 0, and Ascoli’s theorem.

From now on, we further assume that q < 2. For a nonnegative function ξ ∈
Lq∗(Ω) we then define

cξ(x, y) = sup {c(x, y) : c ∈ A(ξ)} ,

where

A(ξ) =
{

lim
n

cξn in C0(Ω × Ω) : (ξn)n ∈ C0(Ω), ξn ≥ 0, ξn → ξ in Lq∗
}
.

Remark 3.3. The definition of cξ is unchanged if one replaces ξn → ξ in Lq∗ by
ξn ⇀ ξ in Lq∗ in the definition of A(ξ). Indeed, if we do so, we obviously obtain a
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function which is larger than cξ. Now, let us assume that ξn ⇀ ξ in Lq∗ , and cξn
converges to c in C0(Ω × Ω); using Mazur’s lemma there exists a sequence ηn which
converges strongly to ξ and such that each ηn is in the convex hull of {ξk, k ≥ n}. It
is clear that for fixed x, y, ξ → cξ(x, y) is concave, and hence c(x, y) = lim cξn(x, y) ≤
lim sup cηn(x, y) ≤ cξ(x, y).

When ξ is continuous, one has the following.
Lemma 3.4. If ξ is continuous and nonnegative, then cξ = cξ.
Proof. The inequality cξ ≥ cξ is obvious, as one can always choose the constant

sequence ξn = ξ in the definition of cξ. Let us show now the opposite inequality. Take
x, y ∈ Ω, ε > 0, and σ ∈ Cx,y such that Lξ(σ) < cξ(x, y) + 1/k. We can choose σ so
that it is piecewise linear by density of this kind of curve and using the continuity of
ξ. Let (Si)i=0,...,m−1 be the segments which compose σ with Si = xixi+1, x0 = x, and
xm = y. Let us fix, moreover, a sequence ξn → ξ such that cξn → c. Now, we want to
prove c ≤ cξ. Fix a small number δ > 0, and for any α ∈ [0, δ] let us define a curve σα

in the following way: let R be the clockwise 90◦ rotation in the plane; let x′i(α) and
x′′i (α) be the only points such that xix

′
i(α) = αRei and xi+1x

′′
i (α) = αRei, where ei

is the tangent unit vector to σ in the Si part; define σα by linking any point x′i(α)
to x′′i (α) by some segments S′i(α) and x′′i (α) to x′i+1(α) by some arcs Ai+1(α) with
center xi+1 and radius α. In this way we have σα ∈ Cxα,yα , where xα = x′0(α) and
yα = x′′m(α). Let Ri(δ) be the rectangle whose vertices are the points xi, x

′
i(δ), x

′′
i (δ),

and xi+1 and let Bi(δ) be the circular sector centered at xi and whose vertices are
x′′i−1(δ) and x′i(δ).

If we compute
∫ δ

0
Lξn(σα) dα, it is not difficult to see that we get

∫ δ

0

Lξn(σα) dα =

m−1∑
i=0

(∫
Ri(δ)

ξndL2

)
+

m−1∑
i=1

(∫
Bi(δ)

ξndL2

)
.

Moreover, it holds that cξn(xα, yα) ≤ Lξn(σα), and hence we get

∫ δ

0

cξn(xα, yα) dα ≤
m−1∑
i=0

(∫
Ri(δ)

ξndL2

)
+

m−1∑
i=1

(∫
Bi(δ)

ξndL2

)
.

If we pass to the limit as n → ∞, then by using the uniform convergence of cξn to c
on the left-hand side and the Lq∗ convergence of ξn to ξ on the right-hand side, we
get

∫ δ

0

c(xα, yα) dα ≤
m−1∑
i=0

(∫
Ri(δ)

ξdL2

)
+

m−1∑
i=1

(∫
Bi(δ)

ξdL2

)
.

Then we divide by δ and pass to the limit as δ → 0. Using the fact that c is continuous,
we have

lim
δ→0

1

δ

∫ δ

0

c(xα, yα) dα = c(x, y).

On the other hand, we may notice that the areas of the sectors Bi(δ) may be estimated
by Cδ2, and hence we have, for δ → 0,

1

δ

m−1∑
i=1

(∫
Bi(δ)

ξdL2

)
≤ mC|ξ|δ → 0.
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On the contrary the integrals over Ri(δ), when divided by δ, converge on the integrals
on the segments Si, which give exactly the integral over the curve σ, i.e., Lξ(σ). We
have, consequently,

lim
δ→0

1

δ

(
m−1∑
i=0

(∫
Ri(δ)

ξdL2

)
+

m−1∑
i=1

(∫
Bi(δ)

ξdL2

))
= Lξ(σ) < cξ(x, y) +

1

k
.

This gives

c(x, y) < cξ(x, y) +
1

k
,

and, k being arbitrary, we also get c ≤ cξ and the thesis.
Lemma 3.5. Let us assume that q < 2 and let ξ be a nonnegative function

belonging to Lq∗; then there exists a sequence (ξn)n ∈ C0(Ω), ξn ≥ 0, ξn → ξ in Lq∗,
such that cξn converges uniformly to cξ on Ω × Ω.

Proof. It is easy to see that for every (x, y) ∈ Ω2 there exists a sequence of non-
negative continuous functions (ξn)n converging to ξ in Lq∗(Ω) such that cξn converges
in C0 and cξ(x, y) = limn cξn(x, y). Let I be a finite set, (xi, yi) ∈ Ω2 for all i ∈ I,
and for every i, let (ξin) be a sequence of nonnegative continuous functions converging
to ξ in Lq∗(Ω) such that cξ(xi, yi) = limn cξin(xi, yi). Let us set ξn := maxi∈I ξ

i
n. We

then have (ξn)n converging to ξ in Lq∗(Ω), and

cξ(xi, yi) ≤ lim inf
n

cξn(xi, yi) ≤ lim sup
n

cξn(xi, yi) ≤ cξ(xi, yi).

We thus have cξ(xi, yi) = limn cξn(xi, yi) for every i ∈ I. Now, let (xi, yi)i∈N be
a dense sequence of points of Ω2. From what precedes, for every n, there exists a
continuous nonnegative ξn such that

‖ξn − ξ‖Lq∗ ≤ 1

n
, |cξ(xk, yk) − cξn(xk, yk)| ≤

1

n
∀k ≤ n.

By the Hölder estimate of Proposition 3.2 and Ascoli’s theorem, passing to a sub-
sequence, if necessary, we may assume that cξn converges in C0 to some c. Since
obviously c(xk, yk) = cξ(xk, yk) for all k, we deduce c = cξ, and the desired result
follows.

The next lemma enables us to extend Lξ in some sense when ξ ≥ 0 is only Lq∗ .
Lemma 3.6. Let us assume that q < 2. Let Q ∈ Qq(μ0, μ1), ξ be a nonnegative

element of Lq∗ , and (ξn)n be a sequence of nonnegative continuous functions that
converges to ξ in Lq∗ . Then we have the following:

(i) (Lξn)n converges strongly in L1(C,Q) to some limit which is independent of
the approximating sequence (ξn)n and which will again be denoted Lξ.

(ii) The following equality holds:

(3.5)

∫
Ω

ξ(x)iQ(x) dx =

∫
C

Lξ(σ) dQ(σ).

(iii) The following inequality holds for Q-a.e. σ ∈ C:

(3.6) Lξ(σ) ≥ cξ(σ(0), σ(1)).
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Proof. For all n and m in N, we have

∫
C

|Lξn(σ) − Lξm(σ)| dQ(σ)=

∫
C

∣∣∣∣
∫ 1

0

(ξn(σ(t))−ξm(σ(t))) |σ̇(t)| dt
∣∣∣∣ dQ(σ)

≤
∫

Ω

|ξn(x) − ξm(x)|iQ(x) dx

≤ ‖ξn − ξm‖Lq∗ ‖iQ‖Lq .

This implies that (Lξn)n is a Cauchy sequence in L1(C,Q), and it is obvious from
the previous inequality that its L1(C,Q) limit does not depend on the approximating
sequence (ξn)n.

The proof of (ii) follows from (i):∫
Ω

ξ(x)iQ(x) dx = lim
n

∫
Ω

ξn(x)iQ(x) dx

= lim
n

∫
C

Lξn(σ) dQ(σ)

=

∫
C

Lξ(σ) dQ(σ).

To prove (iii) we choose an approximating sequence (ξn)n as in Lemma 3.5 and
pass to the limit in

Lξn(σ) ≥ cξn(σ(0), σ(1)).

Remark 3.7. The condition q < 2 may seem restrictive; however, if, for instance,
μ0 and μ1 are discrete (and μ0 
= μ1), this condition is in fact sharp. Indeed, in this
case, it can easily be proved that Qq(μ0, μ1) 
= ∅ for q ∈ (1, 2) but Q2(μ0, μ1) = ∅. To
see that Q2(μ0, μ1) = ∅, assume on the contrary that there is a Q ∈ Q(μ0, μ1) such
that iQ ∈ L2, and define the vector measure �iQ by

∫
Ω

X(x)d�iQ(x) =

∫
C

(∫ 1

0

X(σ(t)) · σ̇(t)dt

)
dQ(σ) ∀X ∈ C0(Ω,R2).

It is easy to check that

div(�iQ) = μ0 − μ1 and ‖�iQ‖L2 ≤ ‖iQ‖L2 < +∞.

But, since μ0 − μ1 /∈ H−1(Ω), we get the desired contradiction (and in fact we have
proved that Q2(μ0, μ1) = ∅ as soon as μ0 − μ1 /∈ H−1(Ω)). In other words, if q ≥ 2,
the congestion effect is so strong that the total congested cost in (2.13) is always +∞
as soon as μ0 − μ1 /∈ H−1(Ω).

Remark 3.8. We have assumed throughout the paper that the ambient dimension
is 2, and we have seen in this case that one can extend the definitions of cξ and Lξ to
the case ξ ∈ Lq∗, ξ ≥ 0, provided q < 2. In dimension d ≥ 2, it is easy to see that the
Hölder estimate of Proposition 3.2 still holds for q∗ > d, i.e., q < d/(d − 1). All the
results of the paper in fact extend to this more general case.

3.3. Characterization of optimal transport strategies. In this section, our
goal is to make the formal arguments of section 3.1 rigorous in order to characterize
optimal transport strategies. This can be done under the additional assumption that
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H is strictly convex. First, we relate the optimality condition (3.1) to the Monge–
Kantorovich problem with cost cξ as follows.

Proposition 3.9. Let us assume that q < 2 and that H is strictly convex. If Q
solves (2.13) and ξ := H ′(iQ), then we have

(3.7)

∫
Ω

ξiQ = inf
Q∈Qq(μ0,μ1)

∫
Ω

ξiQ = inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Proof. Let us recall that from Proposition 3.1, we have

(3.8)

∫
Ω

ξiQ = inf
Q∈Qq(μ0,μ1)

∫
Ω

ξiQ.

Let ξ be a nonnegative element of Lq∗ and let Q ∈ Qq(μ0, μ1). Using Lemma 3.6
and the definition of Qq(μ0, μ1) yields∫

Ω

ξiQ =

∫
C

LξdQ ≥
∫
C

cξ(σ(0), σ(1))dQ(σ)

≥ inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

We then have, for all ξ ∈ Lq∗ , ξ ≥ 0,

(3.9) inf
Q∈Qq(μ0,μ1)

∫
Ω

ξiQ ≥ inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

By a similar argument and using Lemma 3.4, we also have, for all ξ ∈ C0(Ω,R+),

(3.10) inf
Q∈Q(μ0,μ1)

∫
Ω

ξdiQ ≥ inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Let ξ ∈ C0(Ω,R+) and ε > 0. For every x and y in Ω, there exists σx,y
ε ∈ Cx,y

such that (x, y) �→ σx,y
ε is measurable (see, for instance, [8]), and by Lemma 3.4,

(3.11) Lξ(σ
x,y
ε ) ≤ cξ(x, y) + ε = cξ(x, y) + ε.

Let γ ∈ Π(μ0, μ1) and let us define the element of Q(μ0, μ1): Qε := δσx,y
ε

⊗ γ. We
then have ∫

Ω

ξdiQε =

∫
Ω×Ω

Lξ(σ
x,y
ε )dγ(x, y) ≤

∫
Ω×Ω

cξ(x, y)dγ(x, y) + ε.

Since γ and ε are arbitrary, using (3.10) we obtain

(3.12) inf
Q∈Q(μ0,μ1)

∫
Ω

ξdiQ = inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y) ∀ξ ∈ C0(Ω,R+).

In what follows, for every μ ∈ M+(Ω), we extend μ by 0 outside Ω. Let (ρn)n be
a standard mollifying sequence. For n ∈ N

∗ let us consider the regularized problem

(3.13) inf
Q∈Q(μ0,μ1)

∫
R2

H(ρn � iQ).
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The existence of a solution Qn of (3.13) can be obtained by similar arguments as
in Theorem 2.10 (using Lemma 2.8 and the fact that the L1 norm of ρn � iQ equals
the total mass of iQ). Proceeding as in Proposition 3.1 and defining jn := ρn � iQn

,

ξn := H ′(jn), ηn := ρn � ξn, we have

(3.14)

∫
R2

H ′(ρn � iQn
)(ρn � iQn

) =

∫
R2

ξnjn =

∫
R2

ηndiQn
= inf

Q∈Q(μ0,μ1)

∫
R2

ηndiQ.

With (3.12), we then get

(3.15)

∫
R2

ηndiQn
=

∫
R2

ξnjn = inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cηn
(x, y)dγ(x, y).

By convexity of H, we also have

(3.16)

∫
R2

H(jn) ≤
∫

R2

H(ρn � iQ) ≤
∫

R2

ρn � H(iQ),

which implies that jn is bounded in Lq. Passing to subsequences, we may therefore
assume

(3.17) jn ⇀ j in Lq, ξn ⇀ ξ in Lq∗ , ηn ⇀ ξ in Lq∗ .

Since the total mass of iQn
is the same as that of jn, and jn is bounded in Lq (and

hence in L1), we get a bound on iQn
(Ω) and, from Lemma 2.8, we may also assume

(3.18) Qn
∗
⇀ Q in M+(C), iQn

∗
⇀ i in M+(Ω).

It is obvious that i = j and that Lemma 2.9 implies j ≥ iQ. With (3.16) and the
monotonicity of H, we then get

(3.19)

∫
Ω

H(iQ) ≤
∫

Ω

H(j) ≤ lim inf
n

∫
R2

H(jn) ≤
∫

Ω

H(iQ).

With the strict convexity of H and the optimality of Q, this also yields

(3.20) iQ = iQ = j ∈ Lq and lim inf
n

∫
R2

H(jn) =

∫
R2

H(iQ).

Up to some subsequence (as ξ = H ′(iQ) ∈ Lq∗), this also implies

H(jn) −H(iQ) − ξ(jn − iQ) → 0 a.e. and in L1,

and using the strict convexity of H, we deduce that jn converges a.e. to iQ. This

implies that ξn converges a.e. to ξ = H ′(iQ) and that ξ = ξ. With Fatou’s lemma
and (3.15), we therefore obtain∫

Ω

ξiQ =

∫
R2

H ′(iQ)iQ

≤ lim inf
n

∫
R2

ξnjn

= lim inf
n

inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cηn(x, y)dγ(x, y).
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Using ηn ⇀ ξ and Remark 3.3, from the uniform convergence of cηn
to a cost c ≤ cξ

we get ∫
Ω

ξiQ ≤ inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Together with (3.8) and (3.9), this completes the proof.
The characterization of optimal transport strategies then reads as follows.
Theorem 3.10. Let us assume that q < 2 and that H is strictly convex. A

transportation strategy (γ, p) is optimal if and only if, setting Q := Qγ,p and ξ :=
H ′(iQ), one has that

1. γ solves the Monge–Kantorovich problem

(3.21) inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y);

2. for Q-a.e. σ ∈ C, one has

(3.22) Lξ(σ) = cξ(σ(0), σ(1)).

Proof. Let us assume first that the transportation strategy (γ, p) is optimal and
set Q := Qγ,p and ξ := H ′(iQ). From Proposition 3.9 and Lemma 3.6, we get∫

Ω×Ω

cξ(x, y)dγ(x, y) =

∫
C

cξ(σ(0), σ(1))dQ(σ)

≤
∫
C

LξdQ =

∫
Ω

ξiQ

= inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

This proves that γ solves (3.21) and implies that the inequalities above are equalities.
We therefore deduce (3.22) from the inequality cξ(σ(0), σ(1)) ≤ Lξ(σ) .

Conversely, assume that the transportation strategy (γ, p) satisfies the two con-
ditions of the theorem. Condition (3.22) first yields∫

Ω

ξiQ =

∫
C

LξdQ =

∫
C

cξ(σ(0), σ(1))dQ(σ) =

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Second, if Q = Qγ,p ∈ Qq(μ0, μ1), one has∫
Ω

ξiQ =

∫
C

LξdQ ≥
∫
C

cξ(σ(0), σ(1))dQ(σ) =

∫
Ω×Ω

cξ(x, y)dγ(x, y),

and since γ solves (3.21), we finally have∫
Ω

ξiQ ≤
∫

Ω

ξiQ ∀Q ∈ Qq(μ0, μ1),

which, with Proposition 3.1, proves that (γ, p) is optimal.
Let us see, through an easy example, an application of Theorem 3.10.
Example 3.11. Suppose that Ω contains the two segments A = {0} × [0, 1] and

B = {1} × [0, 1] and the square S = [0, 1] × [0, 1], which is their convex hull. Set
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μ1 = H1 A and μ2 = H1 B and denote by T : A → C the map that associates to
every point (0, x) ∈ A the curve T (x) given by T (x)(t) = (t, x), i.e., the horizontal
segment from A to B starting from x. Set Q = T�μ1. It is clear that Q comes from
an admissible transportation strategy linking μ1 to μ2, and it is not difficult to see
that the traffic intensity iQ has constant density 1 on S and 0 elsewhere. We consider
only two particular cases: we claim that Q is optimal if Ω =]0, 1[×]0, 1[, while it is
not if S is compactly contained in Ω. Indeed, if Ω = S, the metric induced by iQ is
the Euclidean metric, the paths T (x) are geodesic, and the transport plan induced by
Q is optimal according to this metric. On the other hand, if Ω is larger than S, then
all the segments T (x) that are very close to the upper or lower boundary of S are
not geodesic according to this metric, because they could be improved by nonstraight
line paths which arrive up to zone Ω \ S, where iQ = 0 and the transportation is
cheaper. In the former case, consequently, the sufficient optimality conditions are
satisfied, while in the latter the geodesic conditions on the paths (Wardrop condition;
see the next section) is not and prevents optimality.

Remark 3.12. Let us remark that ξ = H ′(iQ) (with Q solving (2.13)) solves the
following (dual of (2.13)) problem:

(3.23) sup
ξ∈Lq∗ , ξ≥0

W (ξ) −
∫

Ω

H∗(ξ(x))dx,

where H∗ is the Fenchel transform of H, and

W (ξ) := inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Indeed, it follows from Proposition 3.9 and ξ = H ′(iQ) that

W (ξ) −
∫

Ω

H∗(ξ(x))dx =

∫
Ω

(ξiQ −H∗(ξ)) =

∫
Ω

H(iQ).

If ξ ∈ Lq∗ is nonnegative, we deduce from (3.9) and Young’s inequality,

W (ξ) ≤
∫

Ω

ξiQ ≤
∫

Ω

H(iQ) +

∫
Ω

H∗(ξ),

which proves that ξ solves (3.23).
Remark 3.13. It is very natural to investigate numerical schemes for the primal

problem (2.13). We believe that the dual problem (3.23) offers a tractable and con-
venient way to address this numerical issue. We are not developing this point further
here and leave the numerical approximation of (2.13) and (3.23) for future research.

4. Application to equilibria of Wardrop type. In this final section, we relate
the results of the previous sections to some concepts of equilibria of Wardrop type.
Modeling congestion as in section 2.2 enables us to extend the concept of Wardrop
equilibrium to a continuous setting.

Let us consider a congestion function g : R+ → R+, which is continuous increasing
and satisfies azq−1 ≤ g(z) ≤ b(zq−1 + 1) for all z ∈ R+ and some q ∈ (1, 2) and
nonnegative constants a and b. Then for any transportation strategy (γ, p) such that
Iγ,p (defined by (2.3)) belongs to Lq, the transportation cost function resulting from
the strategy (γ, p) is cξ for ξ := g ◦ Iγ,p ∈ Lq∗ . Roughly speaking, an equilibrium
is then a transportation strategy (γ, p) that satisfies the Wardrop stability condition
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(i.e., Qγ,p gives full mass to the set of geodesics for the metric ξ = g ◦ Iγ,p) and the
additional requirement that γ is an optimal transportation plan between μ0 and μ1

for the cost resulting from (γ, p). This leads to the following.
Definition 4.1. A transportation strategy (γ, p) is said to be an equilibrium if

Iγ,p ∈ Lq and, setting ξ := g ◦ Iγ,p, one has
1. Lξ(σ) = cξ(σ(0), σ(1)) for Qγ,p-a.e. σ ∈ C;
2. γ solves the Monge–Kantorovich problem

inf
γ∈Π(μ0,μ1)

∫
Ω×Ω

cξ(x, y)dγ(x, y).

Only the first condition above is linked to Wardrop’s original equilibrium concept.
Imagine that some social planner chooses the transportation plan γ; then the second
equilibrium condition expresses that γ is optimal for the transportation cost result-
ing from γ itself and the traveler’s individual behavior. Our notion of equilibrium
can therefore be viewed either as a refinement of the Wardrop equilibrium or as its
generalization to the case where the transportation plan is not given a priori.

Defining the function Hg : R+ → R by

(4.1) H ′g(z) = g(z) ∀z ∈ R+, Hg(0) = 0,

a direct application of Theorems 2.10 and 3.10 then gives the existence of equilibria
together with a variational characterization as follows.

Theorem 4.2. If Qq(μ0, μ1) 
= ∅, there exists an equilibrium. Moreover, (γ, p)
is an equilibrium if and only if Q := Qγ,p solves the minimization problem

(4.2) inf
Q∈Qq(μ0,μ1)

∫
Ω

Hg(iQ(x))dx,

where Hg is defined by (4.1).
Remark 4.3. We have always assumed that the congestion function g depends

only on the intensity z. It is, of course, straightforward to extend all our results to
the case of a congestion function (x, z) → g(x, z) that also depends on x. In this case,
one finds equilibria by solving

inf
Q∈Qq(μ0,μ1)

∫
Ω

Hg(x, iQ(x))dx,

where Hg is defined by Hg(x, 0) = 0 and ∂zHg(x, z) = g(x, z).
Remark 4.4. A slightly different situation, which can be relevant in some appli-

cations, occurs when not only the marginals μ0 and μ1 are fixed but also when the
transportation plan γ ∈ Π(μ0, μ1) is fixed. In this case, one defines equilibria as the
set of p’s such that (γ, p) satisfies the first condition (Wardrop) of Definition 4.1. If
the set

Qq(γ) := {Q ∈ M1
+(C) : (e0, e1)�Q = γ, iQ ∈ Lq}

is nonempty, then by slightly adapting our arguments we have existence of equilibria,
and p is an equilibrium if and only if Q := Qγ,p solves the minimization problem

inf
Q∈Qq(γ)

∫
Ω

Hg(iQ(x))dx.
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CONTROLLABILITY AND OBSERVABILITY OF SECOND ORDER
DESCRIPTOR SYSTEMS∗

PHILIP LOSSE† AND VOLKER MEHRMANN‡

Abstract. We analyze controllability and observability conditions for second order descriptor
systems and show how the classical conditions for first order systems can be generalized to this
case. We show that performing a classical transformation to first order form may destroy some
controllability and observability properties. As an example, we demonstrate that the loss of impulse
controllability in constrained multibody systems is due to the representation as a first order system.
To avoid this problem, we will derive a canonical form and new first order formulations that do not
destroy the controllability and observability properties.

Key words. descriptor system, impulse controllability, impulse observability, second order
system, order reduction, index reduction, complete controllability, strong controllability, complete
observability, strong observability
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1. Introduction. We study linear second order constant coefficient descriptor
control problems of the form

Mẍ + Gẋ + Kx = Bu,(1.1)

y = Cx,(1.2)

x(0) = x0, ẋ(0) = ẋ0(1.3)

with coefficients M, G, K ∈ R
n,n, C ∈ R

p,n, and B ∈ R
n,m. Here R

n,� denotes the
vector space of n×� real matrices, x is the state, u is the input or control, and y is the
output of the system. In particular, we study descriptor systems, where the matrix
M is singular, and, despite the fact that formally ẍ and ẋ occur in (1.1), we require
that ẍ only has to exist outside the kernel of M and that ẋ has to exist outside the
kernel of G.

All of the results in this paper also carry over to the complex case, and they
can also be easily extended to systems of higher than second order, but, for ease of
notation and because this is the most important case in practice, we restrict ourselves
to the real second order case.

In the following we denote by I or In the identity matrix of size n×n and by AT the
transpose of a matrix A. We denote a matrix with orthonormal columns spanning
the right null space of the matrix M by S∞(M) and a matrix with orthonormal
columns spanning the left null space of M by T∞(M). These matrices are not uniquely
determined, although the corresponding spaces are. Nevertheless, for simplicity, we
speak of these matrices as the corresponding spaces.
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Second order descriptor systems arise in the control of constrained mechanical
systems (see, e.g., [14, 19, 23, 36, 38, 39, 40]) in the control of electrical and electrome-
chanical systems [2, 3], and in particular in heterogeneous systems, where different
models are coupled together [37].

Usually, in the classical theory of ordinary differential equations and classical state
space systems (i.e., descriptor systems where the leading coefficient is the identity),
second order systems are turned into first order systems by introducing new variables
for the first derivative. This gives rise to linear first order descriptor (or generalized
state space) systems of the form

Eξ̇ = Aξ + B1u,(1.4)

y = C1ξ,(1.5)

ξ(0) = ξ0.(1.6)

Let us briefly recall some results for first order descriptor systems; see, e.g., [4,
9, 12, 44]. In contrast to classical state space systems, where E = I, the response
of a descriptor system can consist of step functions or can be discussed only in a
distributional setting [10, 18, 43], if the input function u is not sufficiently smooth.
But here we are interested only in classical solutions in the sense that Mẍ and Gẋ
exist, and we explicitly want to avoid impulsive terms in the solution; thus, we do not
use this formulation.

The response of system (1.4) can be described in terms of the eigenstructure of
the matrix pencil αE − βA. The pencil and the corresponding system (1.4)–(1.5)
are said to be regular if det(αE − βA) �= 0 for some (α, β) ∈ C

2. Regular systems
are solvable in the sense that (1.4) admits a classical solution ξ : R → R

n, with ξ
differentiable in the image of E for all sufficiently smooth controls u and consistent
initial conditions ξ0 [9, 12, 44].

For regular pencils, generalized eigenvalues are the pairs (α, β) ∈ C
2 \ {(0, 0)}

for which det(αE − βA) = 0. If β �= 0, then the pair represents the finite eigenvalue
λ = α/β. If β = 0, then (α, β) represents an “infinite” eigenvalue. In the following,
for simplicity, we use the notation with λ.

The solution and many properties of the free descriptor system (with u = 0) can
be characterized in terms of the Weierstraß canonical form (WCF) for regular matrix
pencils.

Theorem 1.1 (see [16]). If λE −A is a regular pencil, then there exist nonsin-
gular matrices X =

[
Xr X∞

]
∈ R

n,n and Y =
[
Yr Y∞

]
∈ R

n,n for which

(1.7) Y TEX =

[
Y T
r

Y T
∞

]
E
[
Xr X∞

]
=

[
I 0
0 N

]

and

(1.8) Y TAX =

[
Y T
r

Y T
∞

]
A
[
Xr X∞

]
=

[
J 0
0 I

]
,

where J is a matrix in real Jordan canonical form whose eigenvalues are the finite
eigenvalues of the pencil and N is a nilpotent matrix, also in Jordan form. J and N
are unique up to permutation of Jordan blocks.

Usually, the index of nilpotency ν of the nilpotent matrix N in (1.7) is called
the differentiation index or index of the system, and if E is nonsingular, then the
pencil is said to be of index zero. In recent years the theory of descriptor systems has
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been extended to rectangular, time-varying, and even nonlinear systems, and different
index concepts, in particular the strangeness index, have been introduced; see [30] for
a recent textbook. The strangeness index generalizes the index of a linear descriptor
system to over- and underdetermined linear and nonlinear systems, and it uses a
slightly different counting; i.e., systems of the form (1.4) with an index of at most one
have a strangeness index of zero and are called strangeness-free. For all other systems
where the differentiation index is defined, it is the strangeness index plus 1. Since we
restrict ourselves to square systems, we will use only the differentiation index ν and
call it the index of the system.

For first order systems (1.4) the index describes the degree of differentiability of
the input function that is needed to achieve a continuous solution with the property
that Ex is continuously differentiable. In analogy we define the index of the second
order system (1.1) to be the degree of differentiability of the input function that is
needed to achieve a continuous solution with the property that Mx is twice and Gx
is once continuously differentiable.

In the notation of (1.7)–(1.8), classical solutions of (1.4) take the form

ξ(t) = Xrz1(t) + X∞z2(t),

where

ż1 = Jz1 + Y T
r B1u,

Nż2 = z2 + Y T
∞B1u.(1.9)

This system admits the explicit solution

z1(t) = etJz1(t0) +

∫ t

t0

e(t−s)JY T
r B1u(s) ds,

z2(t) = −
ν−1∑
i=0

di

dti
(
N iY T

∞B1u(t)
)
,(1.10)

where ν is the index of the system. Equation (1.10) shows that, for regular systems
that are not of index at most one, in order to have classical, continuous solutions,
the input u has to be sufficiently smooth, and, to ensure a smooth response for every
continuous input u, the system must be regular and of index at most one. Under
certain further requirements that we discuss below, this property may, however, be
achieved by feedback. If this is the case, then the system is said to be regularizable.

Equation (1.10) also shows that the initial condition ξ0 is restricted. For a given
input function u, the set of consistent initial conditions is given by

S =

{
Xrz1 + X∞z2

∣∣∣∣∣ z1 ∈ R
r, z2 = −

ν−1∑
i=0

(
di

dti
(N iY T

∞B1u)(0)

)}
.(1.11)

The set R of reachable states or reachable set of (1.4) from the set S of consistent
initial conditions is S itself [44].

Coming back to second order descriptor systems and their first order represen-
tations, one should note first that there is no unique way of performing this trans-
formation to first order; see [33] for large vector spaces of first order formulations
in the context of eigenvalue problems. As a consequence, the solution space and
the set of admissible controls may be different for different first order formulations.
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This has recently been shown in the context of the numerical solution of higher order
differential-algebraic systems [35, 41]. There, it also has been demonstrated that the
classical first order formulations may even lead to false results if certain smoothness
conditions are not met or if the initial conditions are not chosen properly.

Let us illustrate these difficulties with the well-known example of mechanical
multibody systems.

Example 1.2. Consider a simplified, linearized model of a two-dimensional, three-
link mobile manipulator [22]. The Lagrangian equations of motion in its linearized
form are given by a linear second order system

M0z̈ + G0ż + K0z = B0u−HT
0 φ,

H0z = 0,

where M0 represents the nonsingular mass matrix, G0 the coefficient matrix associated
with damping, centrifugal, gravity, and Coriolis forces, K0 the stiffness matrix, and
H0 the constraint, whereas φ is a vector of Lagrange multipliers.

By setting x = [x1

x2
] = [zφ], and adding an output equation

y = Cz =
[
C0 0

]
x,

we obtain a descriptor system of the form (1.1)–(1.2) given by[
M0 0
0 0

]
ẍ +

[
G0 0
0 0

]
ẋ +

[
K0 HT

0

H0 0

]
x =

[
B0

0

]
u,

y =
[
C0 0

]
x.

If one would follow the usual approach for ordinary differential equations, then
one would introduce a new state vector, often called a descriptor vector,

ξ =

[
ẋ
x

]
=

⎡
⎢⎢⎣

ż

φ̇
z
φ

⎤
⎥⎥⎦ .

Under the usual assumptions that M0 is invertible and that H0 has full row rank,
it is easy to check that the resulting descriptor system has blocks of size 4 in the
Weierstraß form associated with the eigenvalue ∞ and thus an index ν = 4. It follows
that the input functions have to be at least three times continuously differentiable to
obtain a continuous solution.

As a simple example, consider the system

(1.12)

[
1 0
0 0

]
ẍ +

[
1 0
0 0

]
ẋ +

[
1 1
1 0

]
x =

[
1
0

]
u,

which has the structure of a constrained and damped mechanical system. The classical
first order version yields

E =

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ , A =

⎡
⎢⎢⎣

1 0 1 1
0 0 1 0
−1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦ .
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A transformation (Ê, Â) = P (E,A)Q, with

P =

⎡
⎢⎢⎣

0 0 0 −1
−1 1 −1 0
0 −1 1 0
0 1 0 0

⎤
⎥⎥⎦ , Q =

⎡
⎢⎢⎣

0 0 −1 −1
1 0 0 0
0 0 0 1
0 −1 0 0

⎤
⎥⎥⎦ ,

yields the Weierstraß canonical form

(Ê, Â) =

⎛
⎜⎜⎝
⎡
⎢⎢⎣

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦
⎞
⎟⎟⎠ ,

which consists only of one block associated with the eigenvalue ∞ of size 4.
This classical approach, however, is usually not taken in practice, since on one

hand it would introduce the unnecessary derivative of the Lagrange multiplier φ, which
may not be differentiable, and also this approach would require extra initial values
associated with φ̇(t0) which usually are not available. In practice, one therefore uses
the knowledge about the structure of the system and introduces the reduced descriptor
vector

ξ =

⎡
⎣ ξ1

ξ2
ξ3

⎤
⎦ =

⎡
⎣ ż

z
φ

⎤
⎦ .

In this way one obtains a first order descriptor system of the form⎡
⎣ M0 0 0

0 0 0
0 I 0

⎤
⎦ ξ̇ =

⎡
⎣ −G0 −K0 −HT

0

0 −H0 0
I 0 0

⎤
⎦ ξ +

⎡
⎣ B0

0
0

⎤
⎦u,

y =
[

0 C0 0
]
ξ,(1.13)

which has index ν = 3.
For the simple system (1.12) the first order formulation (1.13) has

E =

⎡
⎣ 1 0 0

0 0 0
0 1 0

⎤
⎦ , A =

⎡
⎣ −1 −1 −1

0 −1 0
1 0 0

⎤
⎦ .

If we use the transformation (Ê, Â) = P (E,A)Q, with

P =

⎡
⎣ −1 0 0

0 0 −1
0 1 0

⎤
⎦ , Q =

⎡
⎣ 0 −1 0

0 0 −1
1 1 1

⎤
⎦ ,

then we obtain the Weierstraß canonical form

(Ê, Â) =

⎛
⎝
⎡
⎣ 0 1 0

0 0 1
0 0 0

⎤
⎦ ,

⎡
⎣ 1 0 0

0 1 0
0 0 1

⎤
⎦
⎞
⎠ ,

which has only one block of size 3.
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From this example we see that different first order formulations lead to different
indexes and therefore to different differentiability requirements for the input functions
u which we assume to be at least piecewise continuous functions.

But there is a second difficulty which both first order formulations in Example 1.2
share that is connected to the controllability and observability of the descriptor system
and its first order formulations.

To describe this second difficulty we return again to our review of results for first
order descriptor systems (1.4)–(1.5). Typically one or more of the following conditions
is essential for most classical control design aims:

(1.14)

C0: rank[αE − βA, B1] = n for all (α, β) ∈ C
2 \ {(0, 0)};

C1: rank[λE −A, B1] = n for all λ ∈ C;
C2: rank[E, AS∞(E), B1] = n.

A regular first order descriptor system is called completely controllable or C-controllable
if C0 holds [44] and controllable in the reachable set or R-controllable if condition C1
holds. The system is called strongly controllable or S-controllable if C1 and C2 hold
[5]. C-controllability ensures that for any given initial and final states ξ0, ξf there
exists a piecewise continuous control u that transfers the system from ξ0 to ξf in finite
time [44], while S-controllability ensures the same for any given initial and final states
in the reachable set, i.e., ξ0, ξf ∈ R. Systems that satisfy condition C2 are called
controllable at infinity, impulse-controllable, or I-controllable [11, 27, 43]. For these
systems, impulsive modes that arise from a high index of (E,A) can be avoided by a
suitable linear feedback; see [4, 5]. It has been shown in [12] that a first order descrip-
tor system is C-controllable if and only if it is R-controllable and rank [E B1] = n.
To have S-controllability, however, the condition that rank [E B1] = n is not needed;
see [4, 5].

Observability for descriptor systems is the dual of controllability. Consider the
following conditions:

(1.15)

O0: rank

[
αE − βA

C1

]
= n for all (α, β) ∈ C

2 \ {(0, 0)};

O1: rank

[
λE −A

C1

]
= n for all λ ∈ C;

O2: rank

⎡
⎣ E

TT
∞(E)A
C1

⎤
⎦ = n.

A regular descriptor system is called completely observable or C-observable if condition
O0 holds, observable in the reachable set or R-observable if condition O2 holds,
and strongly observable or S-observable if conditions O1 and O2 hold. A system
that satisfies condition O2 is called observable at infinity, impulse-observable, or I-
observable. Analogous to the controllable case, a system is C-observable if and only

if it is R-observable and rank [EC1
] = n; see [12].

Note that the conditions (1.14) are preserved under equivalence transformations
of the system and under state and output feedback. Analogous properties hold for
(1.15).

Classical design approaches in control require the system to be at least S-control-
lable and S-observable; see [12, 30, 34]. But it is well known that in many practical
examples, e.g., in the context of constrained mechanical systems, the resulting system
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in neither of the first order formulations as described in Example 1.2 is I-controllable
and I-observable.

Example 1.3. Consider the first order formulation (1.13) in Example 1.2 with

E =

⎡
⎣ M0 0 0

0 0 0
0 I 0

⎤
⎦ , A =

⎡
⎢⎢⎣

−G0 −K0 −HT
0

0 −H0 0
I 0 0

⎤
⎥⎥⎦ ,

B1 =

⎡
⎣ B0

0
0

⎤
⎦ , C1 =

[
0 C0 0

]
.

Here we immediately see that

[
E AS∞(E) B1

]
=

⎡
⎣ M0 0 0 −HT

0 B0

0 0 0 0 0
0 I 0 0 0

⎤
⎦

does not have full row rank if constraints are present, and hence the system is not
I-controllable. Similarly,

⎡
⎣ E

TT
∞(E)A
C1

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣

M0 0 0
0 0 0
0 I 0
0 −H0 0
0 C0 0

⎤
⎥⎥⎥⎥⎦

does not have full column rank either; i.e., the system is not I-observable. Further-

more, neither [E B1] has full row rank, nor [EC1
] has full column rank, and hence the

system is neither C-controllable nor C-observable.
It should be noted that a first order system that is regular and of index at most one

is always I-controllable, since already rank[E,AS∞(E)] is full, which follows directly
from the Weierstraß canonical form.

Since the conditions of I-controllability and I-observability are so important, it
has been discussed, for the first order case in [6] for linear systems with constant coef-
ficients and in [7, 26, 29, 31] for linear variable coefficient and nonlinear systems (see
also [30]), how systems that are not I-controllable can be modified by a combination
of index reduction and feedback to have this property. It has also been argued in
[6] that if the system is not I-observable, then the modeling of the system should be
reconsidered, since this means that the solution can be formulated only with the help
of distributions, but these impulsive parts are not observed.

In view of all of these difficulties it is a natural question to ask whether the choice
of the first order formulation may be the reason for the described difficulties with
the I-controllability and I-observability. To analyze this question is the topic of the
present paper which is organized as follows.

In section 2 we derive normal forms that allow us to check the controllability and
observability conditions and the construction of adequate first order formulations. In
sections 3 and 4 we then derive the controllability and observability conditions for sec-
ond order systems analogous to C0, C1, C2 and O1, O2, O3. We demonstrate that
we can always find first order formulations which are guaranteed to be I-controllable
and I-observable, so that the described difficulties can be avoided. We finish with
some conclusions.
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2. Normal forms. In this section we will discuss partial normal forms for matrix
triples. The general results for matrix tuples can be found in [35].

Definition 2.1. Two second order descriptor systems of the form (1.1) with
system matrices (M,G,K,B), and (M̂, Ĝ, K̂, B̂) are called strongly equivalent if there
exist nonsingular matrices P ∈ R

n,n, Q ∈ R
n,n, and V ∈ R

m,m such that

(2.1) M̂ = PMQ, Ĝ = PGQ, K̂ = PKQ, B̂ = PBV.

We write (M,G,K,B) ∼ (M̂, Ĝ, K̂, B̂).
Canonical forms under strong equivalence are known only for the case of matrix

pairs, giving the Weierstraß and Kronecker canonical forms [15, 16]. For matrix triples
or larger tuples, such canonical forms are not known. Condensed forms which present
partial information about the invariants associated with the eigenvalue ∞ and the
singular chains have recently been given in [35]. We will recall and extend these
results below.

Another class of equivalence transformations that is studied in matrix polynomials
is unimodular transformations such as adding the λa multiple of one row to another (or
the same for columns) without increasing the degree of the polynomial. The analogue
of these transformations in the context of descriptor systems is well studied [30] and
has been discussed in the context of higher order systems in [35]. We reformulate
these transformations by using the concept of differential polynomials; see, e.g., [25].
Let R[Di] be the set of ith order differential polynomials with coefficients in R, i.e.,

R[Di] :=

{
a0 + a1

d

dt
+ a2

d2

dt2
+ . . . + ai

di

dti

∣∣∣∣ ak ∈ R, k = 0, 1, . . . , i

}
.

Since we do not want to increase the order of the polynomial, we consider only the
following restricted transformations.

Definition 2.2. Systems Mẍ+Gẋ+Kx = Bu and M̂ẍ+ Ĝẋ+ K̂x = B̂u, with
M,G,K, M̂, Ĝ, K̂ ∈ R

n,n, B, B̂ ∈ R
n,m, are called order-preserving unimodularily

equivalent, or opu-equivalent, if there exists P ∈ R[D2]
n,n with a constant nonzero

determinant such that

P (Mẍ + Gẋ + Kx−Bu) = M̂ẍ + Ĝẋ + K̂x− B̂u.

The concept of opu-equivalence requires that the order of differentiation in x, u
does not increase. In section 4 we will make use of analogous transformations which do
not increase the order of differentiation in x but allow derivatives of the input function
u to be introduced. To distinguish these two types of transformations we call the latter
ones state order-preserving unimodularily equivalences, or sopu-equivalences.

Note that the set of consistent initial conditions is not altered by opu- and sopu-
equivalence transformations, since the solution set is not altered.

In the following we will show that, as in the first order case, regularization and
index reduction can be obtained via a combination of unimodular equivalence trans-
formations and appropriate feedback transformations.

Definition 2.3. Systems Mẍ + Gẋ + Kx = Bu and Mẍ + Ĝẋ + K̂x = Bû are
called equivalent under proportional feedback if there exists a matrix F0 of appropriate
dimension such that K̂ = K + BF0.

They are called equivalent under first order derivative feedback if there exists a
matrix F1 of appropriate dimension such that Ĝ = G + BF1.

After introducing the definitions, we now describe a condensed form under strong
equivalence.
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Theorem 2.4. Consider the system (1.1). Then there exist nonsingular matrices
P,Q ∈ R

n,n such that the coefficients in the transformed system

(2.2) M̂ ¨̂x + Ĝ ˙̂x + K̂x̂− B̂u = PMQ¨̂x + PGQ ˙̂x + PKQx̂− PBu

that are obtained by setting x = Qx̂ have the following form:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Is(0,1,2) 0 0 0 0 0 0 0
0 Is(1,2) 0 0 0 0 0 0
0 0 Is(0,2) 0 0 0 0 0
0 0 0 Id(2) 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ∗ ∗ 0 0 ∗ ∗
0 0 ∗ ∗ 0 0 ∗ ∗
0 0 ∗ ∗ 0 0 ∗ ∗
0 0 ∗ ∗ 0 0 ∗ ∗
0 0 0 ∗ Is(0,1) 0 0 0
0 0 0 0 0 Id(1) 0 0

Is(0,1,2) 0 0 0 0 0 0 0
0 Is(1,2) 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 ∗ 0 ∗
0 0 0 0 0 0 Ia 0
0 0 0 0 Is(0,1) 0 0 0
0 0 Is(0,2) 0 0 0 0 0

Is(0,1,2) 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B̂1

B̂2

B̂3

B̂4

B̂5

B̂6

B̂7

B̂8

B̂9

B̂10

B̂11

B̂12

B̂13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,(2.3)

where s(0,1,2), s(1,2), s(0,2), s(0,1), d(2) d(1), a, and v are nonnegative integers and the
blocks denoted by ∗ are not specified.

Proof. This result follows directly from Theorem 12 in [35] with f = Bu.
Based on Theorem 2.4 we can then show the following result.
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Theorem 2.5. Consider system (1.1)–(1.2). Then there exists a sequence of
strong and opu-equivalence transformations such that the transformed system

M̂ ¨̂x + Ĝ ˙̂x + K̂x̂ = B̂û

has the form⎡
⎢⎢⎢⎢⎢⎢⎣

I 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

¨̂x +

⎡
⎢⎢⎢⎢⎢⎢⎣

Ĝ11 0 Ĝ13 0
0 I 0 0

Ĝ31 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

˙̂x +

⎡
⎢⎢⎢⎢⎢⎢⎣

K̂11 K̂12 K̂13 0

K̂21 K̂22 K̂23 0

K̂31 K̂32 K̂33 0

K̂41 K̂42 K̂43 0
0 0 0 0
0 0 0 I

⎤
⎥⎥⎥⎥⎥⎥⎦
x̂

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

B̂1

B̂2

B̂3

B̂4

B̂5

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
û,

y =
[
Ĉ1 Ĉ2 Ĉ3 Ĉ4

]
x̂,

where

x̂ =
[
x̂T

1 x̂T
2 x̂T

3 x̂T
4

]T
,

and, furthermore, B̂3, B̂4, and B̂5 have full row rank.
Proof. A detailed constructive proof is given in Appendix A of [32].
Theorem 2.6. Consider system (1.1)–(1.2). Then there exists a sequence of

strong and opu-equivalence transformations, as well as proportional feedbacks and
first order derivative feedbacks such that the transformed system

M̂ ¨̂x + Ĝ ˙̂x + K̂x̂ = B̂û

has the form⎡
⎢⎢⎣

I 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ¨̂x +

⎡
⎢⎢⎣

Ĝ11 0 Ĝ13 0
0 I 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ˙̂x +

⎡
⎢⎢⎣

K̂11 K̂12 K̂13 0

K̂21 K̂22 K̂23 0
0 0 0 0
0 0 0 I

⎤
⎥⎥⎦ x̂

=

⎡
⎢⎢⎣

B̂1

B̂2

B̂3

0

⎤
⎥⎥⎦ û,

y =
[
Ĉ1 Ĉ2 Ĉ3 Ĉ4

]
x̂,(2.4)

where

x̂ =
[
x̂T

1 x̂T
2 x̂T

3 x̂T
4

]T
,

and B̂3 has full row rank.
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Proof. A detailed constructive proof is given in Appendix B of [32].
Remark 2.7. It is important to note that, in general, a combination of all of the

described types of transformations in Theorem 2.6 is needed to achieve the condensed
form (2.4). Furthermore, even though the proofs to Theorems 2.5 and 2.6 as well as
that of the condensed form (2.3) are constructive (see [32, 35]), in general they cannot
be implemented in a numerically reliable way. As an alternative way, for matrix
pencils, staircase algorithms have been constructed that determine the structural
information in the condensed forms via orthogonal transformations; see, e.g., [13, 42].

We can use the normal form (2.4) to derive a first order formulation which, as we
will show later, avoids the difficulties of other first order formulations.

Corollary 2.8. Consider system (1.1)–(1.2). Then there exists a bijective map
between the solutions of (1.1) and the components ξ2, . . . , ξ5 of the first order system
Êξ̇ = Âξ + B̃1û given by

⎡
⎢⎢⎢⎢⎣

I Ĝ11 0 Ĝ13 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0
0 I 0 0 0

⎤
⎥⎥⎥⎥⎦ ξ̇ =

⎡
⎢⎢⎢⎢⎣

0 −K̂11 −K̂12 −K̂13 0

0 −K̂21 −K̂22 −K̂23 0
0 0 0 0 0
0 0 0 0 −I
I 0 0 0 0

⎤
⎥⎥⎥⎥⎦ ξ +

⎡
⎢⎢⎢⎢⎣

B̂1

B̂2

B̂3

0
0

⎤
⎥⎥⎥⎥⎦ û,

y =
[

0 Ĉ1 Ĉ2 Ĉ3 Ĉ4

]
ξ,(2.5)

where B̂3 has full row rank,

ξ =
[
ξT1 ξT2 ξT3 ξT4 ξT5

]T
=
[

˙̂xT
1 x̂T

1 x̂T
2 x̂T

3 x̂T
4

]T
,

and x̂ = [x̂T
1 x̂T

2 x̂T
3 x̂T

4 ]T is a solution of (2.4).
Furthermore, the first order system (2.5) is I-controllable.
Proof. By solving for ξ1 in the last block row of (2.5) we obtain (2.4), which is

equivalent to (1.1)–(1.2).
The I-controllability of (2.5) follows immediately from the definition, since in this

case

[E,AS∞(E), B] =

⎡
⎢⎢⎢⎢⎣

I Ĝ11 0 Ĝ13 0 −K̂13 0 B̂1

0 0 I 0 0 −K̂23 0 B̂2

0 0 0 0 0 0 0 B̂3

0 0 0 0 0 0 −I 0

0 I 0 0 0 −Ĝ13 0 0

⎤
⎥⎥⎥⎥⎦

has full rank.
Remark 2.9. The bijectivity of the map in Corollary 2.8 follows from the fact that

strong equivalence transformations form a bijection and that the linear combination of
derivatives of equations that do contain the output (opu-equivalence) does not change
the solution sets of classical solutions. Note that the relationship between u and û is
just a change of basis.

If the system is considered in the distributional setting, then one has to be careful
with opu-equivalences, since then the impulse order may change but the smooth parts
of the solution are still mapped in a bijective way. See [17, 30] for a detailed discussion
of this issue.

Let us illustrate these results with some examples.
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Example 2.10. Consider the artificial second order descriptor system (1.1) with

M = 0, G =

[
0 1
0 0

]
, K =

[
0 0
1 0

]
, B =

[
1
0

]
.

Since this is in fact a first order system, we can check its I-controllability using con-
dition C2 with E = G, A = −K, B1 = B and see that

rank
[
E AS∞(E) B

]
= rank

[
0 1 0 1
0 0 −1 0

]
= 2.

But if we perform the classical transformation to first order, then we obtain

Ẽ =

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ , Ã =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 −1
−1 0 0 0

⎤
⎥⎥⎦ , B̃ =

⎡
⎢⎢⎣

0
0
1
0

⎤
⎥⎥⎦ .

In this case

[
Ẽ ÃS∞(Ẽ) B̃

]
=

⎡
⎢⎢⎣

1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 0 0 0 −1 1
0 0 0 0 0 0 0

⎤
⎥⎥⎦

does not have full row rank, and hence the system is not I-controllable.
In this system we can easily reduce the classical first order formulation to one

which is I-controllable by carrying out an index reduction procedure on the first
order formulation.

The previous example seems artificial, but a similar phenomenon arises for con-
strained mechanical systems.

Example 2.11. Consider again the system (1.12). The first order version (1.13)
yields

E =

⎡
⎣ 1 0 0

0 0 0
0 1 0

⎤
⎦ , A =

⎡
⎣ −1 −1 −1

0 −1 0
1 0 0

⎤
⎦ , B1 =

⎡
⎣ 1

0
0

⎤
⎦ ,

which is obviously not I-controllable.
If, however, we use the construction to the normal form (2.4), then we obtain a

system with

M̂ = 0, Ĝ = 0, K̂ = K, B̂ = B,

and this system is I-controllable.
We see from these examples that the choice of the first order formulation is im-

portant. While the classical first order formulation of the system may not be I-
controllable, the normal form (2.4) allows one to obtain a first order formulation that
is I-controllable.

Remark 2.12. A natural question that arises is whether we could not just for-
mally first introduce a first order formulation and then perform index reduction via
transformation to normal form, including opu-equivalence transformations. This is
indeed possible if the original triple is regular, i.e., det(λ2M + λG + K) �= 0, since
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it is then known that the length of chains associated with the eigenvalue ∞ is kept
invariant under the classical companion formulation [20]. This is not true any longer
if det(λ2M + λG+K) vanishes identically as the following example of [8] shows. For
the singular matrix polynomial

P (λ) =

[
λ2 + λ 0

1 0

]
,

the right null space is x(λ) = e2, which creates a chain of length 1, and the left null
space is y(λ) = [−1 λ2 + λ], which gives y0 = −e1, y1 = e2, and y2 = e2, and thus
the chain has length 3.

By considering the first companion linearization, we get

L(λ) = λ

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

1 0 0 0
0 0 1 0

−1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦ .

The right and left null space vector polynomials are

x(λ) =

⎡
⎢⎢⎣

0
λ
0
1

⎤
⎥⎥⎦ , y(λ) =

⎡
⎢⎢⎣

1
−λ2 − λ
λ + 1

0

⎤
⎥⎥⎦ ,

and clearly the right chain does not have the same length as in the original matrix
polynomial.

Furthermore, performing a first order formulation first may substantially change
the sensitivity of the problem, in particular when computing the index reduction; see
[35] for an illustrative example.

Thus it is generally preferable to perform index reductions and reformulations on
the original data which is the second order pencil.

In the next section we will show how we can use the condensed forms of this
section to check the different controllability and observability conditions directly for
second order systems and how to derive first order formulations that preserve these
conditions.

3. Controllability for second order systems. For a descriptor system (1.1)–
(1.3), the following definitions extend the concepts of C-controllability and C-
observability to second order descriptor systems.

Definition 3.1. Consider a system as in (1.1)–(1.3). A set R ⊆ R
n is called

reachable from x0, ẋ0 if for every xf ∈ R there exists a piecewise continuous input
function u that transfers the system in finite time from x(t0) = x0 to xf .

A set R ⊆ R
n × R

n is called R2-reachable from x0, ẋ0 if for every xf , ẋf ∈ R
there exists a piecewise continuous input function u that transfers the system in finite
time from x(t0) = x0, ẋ(t0) = ẋ0 to xf , ẋf . The system is called

(i) C-controllable if for any x0 and ẋ0 and any xf ∈ R
n there exist a time tf and

a piecewise continuous input function u : [t0, tf ] → R
m such that x(tf ) = xf ;

(ii) strongly C2-controllable if for any x0, ẋ0 and any xf , ẋf ∈ R
n there exist a

time tf and a piecewise continuous input function u : [t0, tf ] → R
m such that

x(tf ) = xf , ẋ(tf ) = ẋf ;
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(iii) R-controllable if any state xf in the reachable set R can be reached from any
admissible x0, ẋ0 in finite time;

(iv) R2-controllable if any state and derivative (xf , ẋf ) in the R2-reachable set
can be reached from any admissible x0, ẋ0 in finite time.

By using the normal form (2.4) we get a variation of C2-controllability, which is
better adapted to the problem.

Definition 3.2. A system in normal form (2.4) is called C2-controllable if for
any x̂(0), ˙̂x1(0) and any x̂f ∈ R

n, x̂1,f ∈ R
dim(x̂1) there exists a time tf and a piecewise

continuous input function u : [t0, tf ] → R
m such that x̂(tf ) = x̂f , ˙̂x(tf ) = ˙̂x1,f .

We immediately see that a strongly C2-controllable second order descriptor sys-
tem is also C2-controllable, that a C2-controllable second order descriptor system is
also C-controllable, and that an R2-controllable second order descriptor system is
also R-controllable.

For the analysis of controllability conditions let us first discuss the case that
M is invertible; i.e., we have an implicitly defined second order ordinary differential
equation. Then it is known that C-controllability is equivalent to C2-, strong C2-, R2-,
and R-controllability, and all five are characterized by the Hautus criterion [1, 24],

(3.1) rank
[
λ2M + λG + K B

]
= n for all λ ∈ σ(M,G,K),

where σ(M,G,K) denotes the spectrum of the matrix polynomial P (λ) = λ2M +
λG + K, i.e., the roots of detP (λ).

Strong C2-controllability and R2-controllability is trivially characterized via the
classical (companion) first order form.

Corollary 3.3. Consider a second order descriptor system (1.1) and its classical
(companion) first order form

(3.2)

[
M 0
0 I

]
ż =

[
−G −K
I 0

]
z +

[
B
0

]
u.

(i) System (1.1) is strongly C2-controllable if and only if (3.2) is C-controllable.
(ii) System (1.1) is R2-controllable if and only if (3.2) is R-controllable.
To characterize the other controllability conditions for second order descriptor

systems, we make use of the condensed forms of section 2. From (2.4) we see that, for
a consistent initial condition in the variables that occurs only in first order, we can
prescribe only initial values and not initial derivatives. This immediately implies the
following corollary.

Corollary 3.4.

(i) A second order system in normal form (2.4) is C2-controllable if and only if
the associated first order system (2.5) is C-controllable.

(ii) A second order system in normal form (2.4) is R2-controllable if and only if
the associated first order system (2.5) is R-controllable.

We can illustrate the difference between strong C2-controllability and C2-
controllability by the following example.

Example 3.5. Consider the following C2-controllable second order system in nor-
mal form (2.4):

[
1 0
0 0

]
ẍ +

[
0 0
0 1

]
ẋ +

[
0 0
−1 0

]
=

[
1
0

]
u.
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The first order formulation given in Corollary 2.8 is given by⎡
⎣ 1 0 0

0 0 1
0 1 0

⎤
⎦ ξ̇ =

⎡
⎣ 0 0 0

0 1 0
1 0 0

⎤
⎦ ξ +

⎡
⎣ 1

0
0

⎤
⎦u.

This system is C-controllable, since

rank
[
αE − βA B1

]
=

⎡
⎣ α 0 0 1

0 −β α 0
−β α 0 0

⎤
⎦ = 3 for all (α, β) ∈ C

2 \ {(0, 0)}.

But the classical first order formulation⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ ż =

⎡
⎢⎢⎣

0 0 0 0
0 1 −1 0
−1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦ z +

⎡
⎢⎢⎣

1
0
0
0

⎤
⎥⎥⎦u

is not C-controllable, since

rank
[
αE − βA B1

]
=

⎡
⎢⎢⎣

α 0 0 0 1
0 −β β 0 0
β 0 α 0 0
0 β 0 α 0

⎤
⎥⎥⎦ �= 4 for β = 0,

and hence the original system is not strongly C2-controllable. It is easily checked that
both first order formulations are R-controllable.

In order to study I-controllability we will make use of different types of feedback.
Definition 3.6. Consider a second order descriptor system (1.1)–(1.2).
(i) The system is called proportionally I-controllable if there exists a state feed-

back u = û− F0x such that the resulting system with coefficients (M,G,K +
BF0) is regular and of index at most one.

(ii) The system is called differentially I-controllable if there exists a first order
derivative feedback u = û−F1ẋ such that the resulting system with coefficients
(M,G + BF1,K) is regular and of index at most one.

(iii) The system is called proportionally and differentially I-controllable or just I-
controllable if there exist a proportional and a first order derivative feedback
u = û−F0x−F1ẋ such that the resulting system given by (M,G+BF1,K +
BF0) is regular and of index at most one.

It is straightforward to show that strong equivalence transformations preserve all
types of controllability for second order descriptor systems.

The same is true for proportional and first order derivative feedback. On the other
hand, opu-equivalence transformations preserve C-, C2-, and strong C2-controllability
as well as R- and R2-controllability but may turn a system that is not I-controllable
into one that is I-controllable.

Example 3.7. Consider the first order descriptor system (1.4) given by

⎡
⎣ 1 0 0

0 0 0
0 0 0

⎤
⎦ ξ̇ +

⎡
⎣ 0 0 0

0 1 0
1 0 0

⎤
⎦ ξ =

⎡
⎣ 1

1
0

⎤
⎦u.
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The system is not I-controllable, since

rank
[
E AS∞(E) B1

]
= rank

⎡
⎣ 1 0 0 0 0 1

0 0 0 1 0 1
0 0 0 0 0 0

⎤
⎦ = 2,

but if we apply the opu-equivalence transformation of multiplying by

P =

⎡
⎣ 1 0 − d

dt
0 1 0
0 0 1

⎤
⎦

from the left, then we obtain the I-controllable system⎡
⎣ 0 0 0

0 0 0
0 0 0

⎤
⎦ ξ̇ +

⎡
⎣ 0 0 0

0 1 0
1 0 0

⎤
⎦ ξ =

⎡
⎣ 1

1
0

⎤
⎦u.

As we will see below, a combination of opu-equivalence transformations and pro-
portional and first order derivative feedbacks together always allows one to make a sec-
ond order system regular and of index at most one, which then implies I-controllability.
See also [30, 31] for similar results in the first order case.

In the following we derive algebraic characterizations for the different controlla-
bility conditions. We begin with systems in normal form (2.4).

Theorem 3.8. Consider a second order descriptor system (1.1) in normal form
(2.4), and let (2.5) be the first order system derived from this normal form.

(i) The first order system (2.5) is R-controllable if the system matrices of the
normal form (2.4) satisfy (3.1).

(ii) System (2.5) is I-controllable.
(iii) System (2.5) is C-controllable if and only if it is R-controllable and the 4th

row in (2.4) is void.
Proof. Let n1 be the size of the component ξ1. To see that (i) holds, we observe

that (2.5) is R-controllable if and only if

rank

⎡
⎢⎢⎢⎢⎣

λI λĜ11 − K̂11 −K̂12 λĜ13 − K̂13 0 B̂1

0 −K̂21 λI − K̂22 −K̂23 0 B̂2

0 0 0 0 0 B̂3

0 0 0 0 −I 0
−I −λI 0 0 0 0

⎤
⎥⎥⎥⎥⎦ = n + n1,

and this is the case if and only if

rank

⎡
⎢⎢⎢⎢⎣

0 −λ2I + λĜ11 − K̂11 −K̂12 λĜ13 − K̂13 0 B̂1

0 −K̂21 λI − K̂22 −K̂23 0 B̂2

0 0 0 0 0 B̂3

0 0 0 0 −I 0
I 0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ = n + n1,

which holds if and only if

rank

⎡
⎢⎢⎣

−λ2I + λĜ11 − K̂11 −K̂12 λĜ13 − K̂13 0 B̂1

−K̂21 λI − K̂22 −K̂23 0 B̂2

0 0 0 0 B̂3

0 0 0 −I 0

⎤
⎥⎥⎦ = n.
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By comparison with (2.4) we see that this holds if and only if rank[−λ2M + λG−K
B] = n for all λ ∈ C, which proves the assertion.

(ii) We first carry out a strong equivalence transformation by a change of basis
that eliminates Ĝ11, Ĝ13 and turn (2.5) to the form

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0
0 −I 0 0 0

⎤
⎥⎥⎥⎥⎦

˙̂
ξ +

⎡
⎢⎢⎢⎢⎣

0 K̂11 K̂12 K̂13 0

0 K̂21 K̂22 K̂23 0
0 0 0 0 0
0 0 0 0 I

I Ĝ11 0 Ĝ13 0

⎤
⎥⎥⎥⎥⎦ ξ̂ =

⎡
⎢⎢⎢⎢⎣

B̂1

B̂2

B̂3

0
0

⎤
⎥⎥⎥⎥⎦ û.

This system is I-controllable if the matrix

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0 K̂13 0 B̂1

0 0 I 0 0 K̂23 0 B̂2

0 0 0 0 0 0 0 B̂3

0 0 0 0 0 0 I 0

0 −I 0 0 0 Ĝ13 0 0

⎤
⎥⎥⎥⎥⎦

has full row rank. But this follows since B̂3 has full row rank.
(iii) Since (see, e.g., [4]) a first order descriptor system is C-controllable if it is

R-controllable and [E B1] has full row rank, we can just check this rank condition.
In the given case this matrix has the form

⎡
⎢⎢⎢⎢⎣

I Ĝ11 0 Ĝ13 0 B̂1

0 0 I 0 0 B̂2

0 0 0 0 0 B̂3

0 0 0 0 0 0
0 −I 0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

and since B̂3 has full row rank, this matrix has full row rank if and only if the 4th
block row is void. By considering system (2.5), we see that this holds if and only if
the part ξ5 is void. But ξ5 = x̂4, and thus we have finished the proof.

Theorem 3.9. Consider a second order descriptor system (1.1) in normal form
(2.4). Then the 4th component x̂4 in (2.4) is void if and only if rank[M G B] = n.

Proof. From the proof of Theorem 2.6 we see that the component x̂4 is void if
and only if there is no rank deficit in [B̂T

9 B̂T
10 B̂T

11 B̂T
12 B̂T

13]
T , with B̂9, . . . , B̂13

as in (2.3).
It remains to show that this is equivalent to rank[M G B] = n. Since this

rank is invariant under strong equivalence transformations, it remains to show that
rank[M̂ Ĝ B̂] = n in (2.3) if and only if [B̂T

9 B̂T
10 B̂T

11 B̂T
12 B̂T

13]
T has full row
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rank. But

rank
[
M̂ Ĝ B̂

]

= rank

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 0 0 0 0 0 0 ∗ ∗ 0 0 ∗ ∗ B̂1

0 I 0 0 0 0 0 0 0 0 ∗ ∗ 0 0 ∗ ∗ B̂2

0 0 I 0 0 0 0 0 0 0 ∗ ∗ 0 0 ∗ ∗ B̂3

0 0 0 I 0 0 0 0 0 0 ∗ ∗ 0 0 ∗ ∗ B̂4

0 0 0 0 0 0 0 0 0 0 0 ∗ I 0 0 0 B̂5

0 0 0 0 0 0 0 0 0 0 0 0 0 I 0 0 B̂6

0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 B̂7

0 0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 B̂8

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B̂9

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B̂10

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B̂11

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B̂12

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B̂13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= rank

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0 0
0 0 I 0 0 0 0 0 0
0 0 0 I 0 0 0 0 0
0 0 0 0 0 0 I 0 0
0 0 0 0 0 0 0 I 0
0 0 0 0 I 0 0 0 0
0 0 0 0 0 I 0 0 0

0 0 0 0 0 0 0 0 B̂9

0 0 0 0 0 0 0 0 B̂10

0 0 0 0 0 0 0 0 B̂11

0 0 0 0 0 0 0 0 B̂12

0 0 0 0 0 0 0 0 B̂13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and hence the assertion follows.
Theorem 3.10. Consider a second order descriptor system (1.1) and the corre-

sponding classical (companion) first order form (3.2). Then (3.2) is C-controllable if
and only if (1.1) is R2-controllable and rank[M,B] = n.

Proof. System (3.2) is C-controllable if and only if

rank

[
αM − βG −βK B

βI αI 0

]
= 2n.

Setting β = 0 gives rank[M,B] = n, and β �= 0 gives the R2-controllability condi-
tion.

Obviously, for a second order descriptor system (1.1), rank[λ2M + λG + K B]
is invariant under strong equivalence transformations, proportional and first order
derivative feedback, and opu-equivalence transformations. Thus, we can combine
these results with Corollaries 3.3 and 3.4.

Corollary 3.11. A second order descriptor system of the form (1.1) is
(i) R2-controllable if and only if

rank
[
λ2M + λG + K B

]
= n for all λ ∈ C;

(ii) C2-controllable if and only if it is R2-controllable and

rank
[
M G B

]
= n;
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(iii) strongly C2-controllable if and only if it is R2-controllable and

rank
[
M B

]
= n.

Let us illustrate this result with an example.
Example 3.12. By continuing with the data of Example 2.11, we obtain

rank
[
λ2M + λG + K B

]
= rank

[
λ2 + λ + 1 1 1

1 0 0

]
= 2 for all λ ∈ C.

Hence, the system is R2-controllable, while

rank
[
M G B

]
= rank

[
1 0 1 0 1
0 0 0 0 0

]
= 1,

and thus the system is not C2-controllable.
To characterize I-controllability we use the condensed form (2.3) which can be

obtained by using only strong equivalence transformations.
Theorem 3.13. Consider a second order descriptor system (1.1) in condensed

form (2.3). The system is
(i) proportionally I-controllable if and only if in (2.3) the 7th and 8th block rows

are void and the matrix [B̂T
10 . . . B̂T

13]
T has full row rank;

(ii) first order derivative I-controllable if and only if in (2.3) the 10th to 12th block
rows are void and the matrix [B̂T

7 B̂T
8 B̂T

13]
T has full row rank;

(iii) proportional and first order derivative I-controllable if and only if in (2.3) the
matrix [B̂T

7 B̂T
8 B̂T

10 . . . B̂T
13]

T has full row rank.
Proof. From the proof of Theorem 2.6 we observe the following:
(a) If in (2.3) the 7th and 8th block rows are void, then we do not need a first

order derivative feedback to make the system regular and of index at most one. If
these are not void, then proportional feedback is not enough to achieve this.

(b) Similarly, if in (2.3) the 10th to 12th block rows are void, then we do not need
a proportional feedback to make the system regular and of index at most one. If these
are not void, then first order derivative feedback is not enough to achieve this.

(c) If in (2.3) the matrix

[
B̂T

7 B̂T
8 B̂T

10 . . . B̂T
13

]T
has full row rank, then we do not need opu-equivalence transformations to make the
system regular and of index at most one. If there is a rank deficit, then proportional
and first order derivative feedback is not sufficient to make the system regular and of
index at most one.

Then with (c) we obtain (iii), with (a) and (c) we obtain (i), and with (b) and
(c) we get (ii).

Theorem 3.13 shows that the condensed form (2.3) and the canonical from (2.4)
allow one to check the different controllability properties for second order descriptor
systems. For mathematical elegance and a simpler description it would also be nice
to have a coordinate-free algebraic characterization. This is given in the following
theorem.

Theorem 3.14. Consider a second order descriptor system (1.1) and its con-
densed form (2.3), and let s(0,1,2), s(0,2), s(0,1), and s(1,2) be the integer quantities
defined in Theorem 2.4. Then the system is
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(i) proportionally and first order derivative I-controllable if and only if

(3.3) rank
[
M GS1

∞ KS2
∞ B

]
= n,

where the columns of the matrix S1
∞ form a basis of kernelM , the columns

of S2
∞ form a basis of

kernel
[

M

ZT
1 G

]
\ kernel

[
M

ZT
1 G

ZT
3 K

]
,

the columns of Z1 form a basis of kernelMT , and those of Z3 form a basis of

kernel [M
T

GT ];

(ii) proportionally I-controllable if and only if it satisfies (i) and s(0,1,2) = s(1,2) =
0;

(iii) first order derivative I-controllable if and only if it satisfies (i) and s(0,1,2) =
s(0,2) = s(0,1) = 0.

Proof. (i) In the condensed form (2.3) we have[
M GS1

∞ KS2
∞ B

]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Is(0,1,2) 0 0 0 0 0 0 0 0 0 ∗ ∗ 0 B̂1

0 Is(1,2) 0 0 0 0 0 0 0 0 ∗ ∗ 0 B̂2

0 0 Is(0,2) 0 0 0 0 0 0 0 ∗ ∗ 0 B̂3

0 0 0 Id(2) 0 0 0 0 0 0 ∗ ∗ 0 B̂4

0 0 0 0 0 0 0 0 Is(0,1) 0 0 0 0 B̂5

0 0 0 0 0 0 0 0 0 Id(1) 0 0 0 B̂6

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂7

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂8

0 0 0 0 0 0 0 0 0 0 0 0 Ia B̂9

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂10

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂11

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂12

0 0 0 0 0 0 0 0 0 0 0 0 0 B̂13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Thus, rank[M GS1
∞ KS2

∞ B] = n if and only if the matrix sfif [B̂T
7 B̂T

8 B̂T
10

. . . B̂T
13]

T has full row rank. Then by Theorem 3.13(iii) the system is proportionally
and first order derivative I-controllable.

It remains to show that rank
[
M GS1

∞ KS2
∞ B

]
is invariant under strong

equivalence. For this let

M̃ = PMQ, G̃ = PGQ, K̃ = PKQ, B̃ = PBV,

and let Z̃1, Z̃3, S̃1
∞, S̃2

∞ be the corresponding subspaces. Since M̃v = 0 if and only
if PMQv = 0 if and only if MQv = 0, we obtain QS̃1

∞ = S1
∞ and analogously in

Theorem PT Z̃1 = Z1 and PT Z̃3 = Z3. Since, furthermore,[
M̃

Z̃T
1 G̃

]
v = 0 ⇔

[
PMQ

ZT
1 P−1PGQ

]
v = 0 ⇔

[
M

ZT
1 G

]
Qv = 0

and ⎡
⎣ M̃

Z̃T
1 G̃

Z̃T
3 K̃

⎤
⎦ v = 0 ⇔

⎡
⎣ PMQ

ZT
1 P−1PGQ

ZT
3 P−1PKQ

⎤
⎦ v = 0 ⇔

⎡
⎣ M

ZT
1 G

ZT
3 K

⎤
⎦Qv = 0,
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we have QS̃2
∞ = S2

∞. Thus, altogether we have

rank[M̃, G̃S̃1
∞, K̃S̃2

∞, B̃]

= rank[PMQ,PGQQ−1S1
∞, PKQQ−1S2

∞, PBV ]

= rank[M,GS1
∞,KS2

∞, B].

This finishes the proof of (i). Parts (ii) and (iii) then follow from Theorem 3.13.
Remark 3.15. If in Theorem 3.14 we have M = 0, then S1

∞ = I, Z1 = I, Z3 is a
basis of kernelGT , and S2

∞ is a basis of

kernelG \ kernel

[
G

Z3K

]
.

Thus, rank[M GS1
∞ KS2

∞ B] = rank[G KS2
∞ B]. In this case, the condensed

form is ⎛
⎜⎜⎜⎜⎜⎝0,

⎡
⎢⎢⎢⎢⎣

Is(0,1) 0 0 0
0 Id(1) 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 ∗ 0 ∗
0 ∗ 0 ∗
0 0 Ia 0

Is(0,1) 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎣

B̂5

B̂6

B̂9

B̂10

B̂13

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠ ,

and thus

rank
[
G KS2

∞ B
]

= rank

⎡
⎢⎢⎢⎢⎢⎣

Is(0,1) 0 0 0 0 B̂5

0 Id(1) 0 0 0 B̂6

0 0 0 0 Ia B̂9

0 0 0 0 0 B̂10

0 0 0 0 0 B̂13

⎤
⎥⎥⎥⎥⎥⎦

= rank
[
G KS∞(G) B

]
.

This shows that Theorem 3.14 is a direct generalization of the I-controllability results
for first order systems.

Example 3.16. By continuing with Example 2.10, we obtain that the system is pro-
portionally and first order derivative I-controllable if and only if rank
[G KS∞(G) B] = n, which we have seen already. Since M = 0 we have s(0,1,2) =

s(1,2) = s(0,2) = 0, and, thus, the system is proportionally I-controllable as well as
first order derivative I-controllable.

This example also demonstrates that condition (3.3) in Theorem 3.14(i) is not
equivalent to condition C2 in (1.14), since the classical first order companion form
does not satisfy C2 but (3.3). Other examples with M �= 0 are easily constructed.

Example 3.17. In Example 1.2 we have

GS1
∞ =

[
0
0

]
, ZT

1 G =
[

0 0
]
, ZT

3 K =
[
H1 0

]
,

and

kernel

[
M

ZT
1 G

]
\ kernel

⎡
⎣ M

ZT
1 G

ZT
3 K

⎤
⎦ = ∅.

Then rank[M GS1
∞ KS2

∞ B] = 3 < n = 5; i.e., the system is not I-controllable.
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We also have similar R-controllability.
Theorem 3.18. Consider a second order descriptor system (1.1) and its first

order formulation (2.5). Let R be the reachable set of (2.5), and let

E0 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦

be partitioned as Ê in (2.5). Then the following are equivalent:
(i) The system is C-controllable.
(ii) In the first order formulation (2.5) for ξ2(t0), . . . , ξ5(t0) and ξ2f , . . . , ξ5f ,

there exist tf and an input function u : [t0, tf ] → R
m such that ξ2(tf ) =

ξ2f , . . . , ξ5(tf ) = ξ5f .
(iii) The system is R-controllable and Im(E0) ⊂ R.
(iv) The system is R-controllable and rank

[
M G B

]
= n.

Proof. The equivalence of (i) and (ii) is obvious. To prove the other equiva-
lences, consider the first order system (2.5). By carrying out a strong equivalence
transformation with

P =

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 0 0 0 −I
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0

⎤
⎥⎥⎥⎥⎦ , Q =

⎡
⎢⎢⎣

I −Ĝ11 0 −Ĝ13 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0

⎤
⎥⎥⎦

from left and right, respectively, we obtain the system⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

˙̂
ξ +

⎡
⎢⎢⎢⎢⎣

0 K̂11 K̂12 K̂13 0

−I Ĝ11 0 Ĝ13 0

0 K̂21 K̂22 K̂23 0
0 0 0 0 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦ ξ̂ =

⎡
⎢⎢⎢⎢⎣

B̂1

0

B̂2

B̂3

0

⎤
⎥⎥⎥⎥⎦ û,

where ξ = Qξ̂. Since B̂3 has full row rank, we can compress its columns and eliminate
with the full-rank part upwards. This gives the system⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

˙̂
ξ +

⎡
⎢⎢⎢⎢⎣

0 K̂11 K̂12 K̂13 0

−I Ĝ11 0 Ĝ13 0

0 K̂21 K̂22 K̂23 0
0 0 0 0 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦ ξ̂ =

⎡
⎢⎢⎢⎢⎣

0 B̃1

0 0

0 B̃2

I 0
0 0

⎤
⎥⎥⎥⎥⎦
[

u1

u2

]
.

By choosing a proportional feedback u1 = v1− ξ̂4, u2 = v2, which does not change the

R-controllability or the reachable set R, we obtain a closed loop system E
˙̂
ξ+Aξ̂ = Bv

of the form⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

˙̂
ξ +

⎡
⎢⎢⎢⎢⎣

0 K̂11 K̂12 K̂13 0

−I Ĝ11 0 Ĝ13 0

0 K̂21 K̂22 K̂23 0
0 0 0 I 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦ ξ̂ =

⎡
⎢⎢⎢⎢⎣

0 B̃1

0 0

0 B̃2

I 0
0 0

⎤
⎥⎥⎥⎥⎦
[

v1

v2

]
.
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By eliminating further in the second coefficient matrix, we get

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

˙̂
ξ +

⎡
⎢⎢⎢⎢⎣

0 K̂11 K̂12 0 0

−I Ĝ11 0 0 0

0 K̂21 K̂22 0 0
0 0 0 I 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦ ξ̂ =

⎡
⎢⎢⎢⎢⎣

−K̂13 B̃1

−Ĝ13 0

−K̂23 B̃2

I 0
0 0

⎤
⎥⎥⎥⎥⎦
[

v1

v2

]
.

This system has the form

(3.4)

[
I 0
0 N

]
˙̂
ξ +

[
A1 0
0 I

]
ξ̂ =

[
B̄1

B̄2

]
v.

By following [12], we can determine the reachable set as

R = R
n1 ⊕K(N, B̄2),

where n1 = rank(E), n2 = n− n1 and

K(N, B̄2) = Im[B̄2, NB̄2, N
2B̄2, . . . , N

n2−1B̄2].

Since N = 0 we obtain

R = Im

[
I 0

0 B̄2

]
= Im

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ .

By incorporating the change of variables in the beginning, it remains to show that

(3.5) Im

⎡
⎢⎢⎢⎢⎣

0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

⎤
⎥⎥⎥⎥⎦ ⊂ Im

⎡
⎢⎢⎢⎢⎣

I −Ĝ11 0 −Ĝ13

0 I 0 0
0 0 I 0
0 0 0 I
0 0 0 0

⎤
⎥⎥⎥⎥⎦

if and only if rank[M G B] = n. But (3.5) holds if and only if the last row is void,

which is by Theorem 3.9 the case if and only if rank
[
M G B

]
= n.

Theorem 3.19. The second order descriptor system (1.1) is R-controllable if
and only if for the corresponding first order system (3.4) the matrix[

0 I 0
0 0 I

]
[B̄1, A1B̄1, A

2
1B̄1, . . . , A

n1−1
1 B̄1]

has full row rank.
Proof. From [12] it is known that for a first order system in the form (3.4)

the reachable set is R = R
n1 ⊕ Im(K(N, B̄2)) and the reachable set from ξ0 = 0 is

R(0) = Im(K(A1, B̄1))⊕Im(K(N, B̄2)). Thus, the first order system is R-controllable
if and only if Im(K(A1, B̄1)) = R

n1 . The second order descriptor system has in its
state only the variables ξ2, . . . , ξ4; the other variables come from the transformation
to first order and are not relevant. Hence the proof follows.
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We conclude this section with a summary of the obtained results. We have shown
that natural extensions of the rank conditions C0, C1, C2 allow one to characterize
C-, C2-, strong C2- R-, R2-, and I-controllability for second order systems but that the
common transformations to first order form may destroy the I-controllability. This
implies two possible routes for second order descriptor systems. Either one works
directly with the second order form and avoids the transformation to first order, or
one performs a transformation to first order that preserves the I-controllability. The
latter approach would require the computation of the normal form (2.4). If a first
order formulation is desirable, then, however, it is essential to first regularize the
system and to reduce the index to at most one.

4. Observability of second order descriptor systems. In this section we
derive the corresponding observability conditions for second order descriptor systems
and analyze, in particular, the duality between controllability and observability. For
this we will need the subspace spanned by the right eigenvectors and principal vectors
corresponding to the finite eigenvalues of λ2M + λG+K; see [21]. We call this space
the right finite eigenspace of λ2M + λG + K and denote by Pr,2 the projection onto
this space.

Definition 4.1. Consider a system as in (1.1)–(1.2). The system is called
(i) C-observable if from an output y = 0 for the input u = 0 it already follows

that the system has only the trivial solution x = 0;
(ii) R-observable if from an output y = 0 for the input u = 0 it already follows

that the solution x satisfies Pr,2x = 0;
(iii) I-observable if the impulsive behavior of the solution is uniquely determined

by the impulsive behavior of the output y and the jump behavior of the input
u.

Remark 4.2. Since for the trivial solution also its derivative vanishes, it makes no
sense to define a concept like C2-observability.

Because the transformation from (2.4) to (2.5) leaves input and output unchanged
and the impulsive behavior of the newly introduced variables is uniquely determined
by the impulsive behavior of the old variables, I-observability of second order systems
is a direct generalization of I-observability for first order systems. Thus, it follows
immediately that a system (2.4) is I-observable if and only if the corresponding first
order system (2.5) is I-observable.

Theorem 4.3. Consider a second order descriptor system (1.1)–(1.2), in normal
form (2.4), and let (2.5) be the first order system derived from this normal form.
Then the system (2.4) is R-observable if and only if the first order system (2.5) is
R-observable.

Proof. Let P̂r,2 be the projection onto the right finite eigenspace of λ2M̂+λĜ+K̂,

with M̂ , Ĝ, K̂ as in (2.4), and let P̂r,1 be the projection onto the right finite eigenspace

of λÊ + Â, with Ê, Â as in (2.5). If we choose the partitioning as in (2.4), then

P̂r,2 =

⎡
⎢⎢⎣

I 0
0 I
0 0
0 0

⎤
⎥⎥⎦ .

So, if (2.4) is R-observable and if we set u = 0 and y = 0, then it follows that
x̂1 = 0 and thus also ˙̂x1 = 0. From the fifth block row of (2.5) it then follows that



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONTROLLABILITY OF SECOND ORDER DESCRIPTOR SYSTEMS 1375

ξ1 = ˙̂x1 = 0. Accordingly ξ has the form ξ = [0, x̂T ]T . Because

(4.1) P̂r,1 =

[
I 0

0 P̂r,2

]
,

it follows that P̂r,1ξ = 0, and so (2.5) is R-observable. For the converse, observe that

the solution ξ of (2.5) has the form ξ = [ξ1x̂ ], where x̂ is the solution of (2.4). From

P̂r,1ξ = 0 and (4.1) it then follows immediately that P̂r,2x̂ = 0.
It is again straightforward to show that strong equivalence preserves all types of

observability for second order descriptor systems. The same is true for opu-equivalence
transformations. Proportional or first order derivative feedback, on the other hand,
may change the observability properties.

Example 4.4. The second order descriptor system Mẍ+Gẋ+Kx = Bu, y = Cx,
with

M =

⎡
⎣ 1

0
0

⎤
⎦ , G =

⎡
⎣ 0

1
0

⎤
⎦ , K =

⎡
⎣ 0

0
1

⎤
⎦ ,

B =

⎡
⎣ 0

0
1

⎤
⎦ , C =

[
1 0 0
0 1 0

]
,

is clearly C-observable, because from u = 0 one obtains x3 = 0 and from y = 0 one
gets x1 = x2 = 0. For the proportional feedback u = v + x3 and the closed loop
system with input v, we obtain

M̂ =

⎡
⎣ 1

0
0

⎤
⎦ , Ĝ =

⎡
⎣ 0

1
0

⎤
⎦ , K̂ =

⎡
⎣ 0

0
0

⎤
⎦ ,

B =

⎡
⎣ 0

0
1

⎤
⎦ , C =

[
1 0 0
0 1 0

]
.

Here we can no longer make any statement about x3. Similar examples can be con-
structed by using first order derivative feedback. Analogously one can also show that
R-observability is not invariant.

To see the noninvariance of I-observability, consider a modification of system (1.12)

(4.2)

[
1 0
0 0

]
ẍ +

[
1 0
0 0

]
ẋ +

[
1 1
1 0

]
x =

[
0
1

]
u, y =

[
1 0

]
x.

By using as input the Heaviside function H(t), which is 0 for t < 0 and 1 for
t ≥ 0, the solution is x1 = H(t) and x2 = −H(t) − Ḣ − Ḧ, but this impulsive
solution is not observed in the output y = x1. By choosing the proportional feedback
u = −x2+x1+v, we obtain x2 = v and x1 solves the second order differential equation
ẍ1 + ẋ1 +x1 +x2 = 0. A jump in the input v will be integrated, and hence the output
cannot contain impulsive parts if the input is piecewise continuous; i.e., all potential
impulsive parts of the solution (of which there are none) are observed in the output.

The noninvariance under proportional or first order derivative feedback poses a
problem insofar as we cannot use Theorem 2.6 to construct a system that can be
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correctly transformed to first order. For this reason we proceed in a different way and
make use of Theorem 14 in [35], which implies the following result.

Theorem 4.5. Consider a second order descriptor system (1.1)–(1.2) with differ-
entiation index ν, and suppose that Bu is ν−1 times continuously differentiable. Then
there exists a sequence of strong equivalence transformations and sopu-equivalence
transformations such that the transformed system has the coefficients

(M̂, Ĝ, K̂, B̂)

=

⎛
⎜⎜⎝
⎡
⎢⎢⎣

Id2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

G̃1,1 0 0 G̃1,4

0 Id1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

K̃1,1 K̃1,2 0 K̃1,4

K̃2,1 K̃2,2 0 K̃2,4

0 0 Ia 0
0 0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

B̂1

B̂2

B̂3

B̂4

⎤
⎥⎥⎦
⎞
⎟⎟⎠ ,

where M̂, Ĝ, K̂ ∈ R
n×n and B̂ ∈ R[Dμ]n×m.

Note here that we allow sopu-equivalences, which do not increase the differentia-
tion order of x but may introduce derivatives of u.

Remark 4.6. In contrast to Theorem 2.6, the transformed system with coefficients
as in Theorem 4.5 requires derivatives of u. But since we consider u = 0 only to check
R- and C-observability, this is not a problem.

Now that we have a transformation to normal form that preserves R-, C-, and
I-observability, we immediately observe that the first order duality of controllability
and observability [12, 28] also holds in the second order case if the particular output
y = Cx is used, since transposing and changing the roles of B and CT can be carried
out also in the specific reduction order given by (2.5). Thus we have the following
immediate consequences for the dual system to (1.1) given by

(4.3) MT ẍ + GT ẋ + KTx = CTu.

Theorem 4.7. Consider a second order descriptor system (1.1)–(1.2). The sys-
tem is C-observable if and only if the dual system (4.3) is C2-controllable.

Proof. Let (1.1)–(1.2) be in normal form (2.4). The system is C-observable if
and only if the corresponding first order system (2.5) is C-observable. This, however,
is the case if and only if the dual first order system is C-controllable; see, e.g., [12].
But the dual first order system is C-controllable if and only if the dual second order
system is C2-controllable.

The result for R-observability is analogous.
Theorem 4.8. Consider a second order descriptor system (1.1)–(1.2). The sys-

tem is R-observable if and only if the dual system (4.3) is R2-controllable.
Proof. By using Theorem 4.3 the proof is analogous to that of Theorem 4.7.
Theorem 4.9. Consider a second order descriptor system (1.1)–(1.2). The sys-

tem is I-observable if and only if the dual system (4.3) is proportionally and first order
derivative I-controllable.

Proof. The proof is analogous to that of Theorem 4.7.
For completeness we will also present coordinate-free algebraic conditions that can

be immediately derived from the duality between controllability and observability.
Corollary 4.10. A second order descriptor system (1.1)–(1.2) is
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(i) R-observable if and only if

rank

[
λ2M + λG + K

C

]
= n;

(ii) C-observable if and only if it is R-observable and

rank

⎡
⎣ M

G
C

⎤
⎦ = n;

(iii) I-observable if and only if

rank

⎡
⎢⎢⎣

M
T 1
∞G

T 2
∞K
C

⎤
⎥⎥⎦ = n,

where the rows of the matrix T 1
∞ form a basis of cokernel M and the rows of

T 2
∞ form a basis of

cokernel
[
M GZ2

]
\ cokernel

[
M GZ2 KZ5

]
,

the columns of Z2 form a basis of kernelM , and those of Z5 form a basis of

kernel [MG ].

Remark 4.11. In the output equation (1.2) we could have also considered a term
C1ẋ. If such a term is present, then we can still transform to the form (2.4) and inves-
tigate the observability. In this case, however, the duality may be lost if derivatives
of x̂2, . . . , x̂5 occur.

5. Conclusion. We have shown how to extend the analysis of controllability and
observability conditions to second order descriptor systems. We have demonstrated
that the straightforward idea of using a classical first order formulation and then
applying the first order results does not work, because in particular I-controllability
and I-observability are not invariant under this transformation to first order. We have
derived normal forms which can be used to check the controllability and observability
conditions and from which we can obtain new first order formulations which preserve
I-controllability and I-observability.

All of the presented results can be extended to nonreal, rectangular, and also
higher order descriptor systems.
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SHAPE OPTIMIZATION∗
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Abstract. We propose an alternative to the classical post-treatment of the homogenization
method for shape optimization. Rather than penalize the material density once the optimal composite
shape is obtained (by the homogenization method) in order to produce a workable shape close to the
optimal one, we macroscopically project the microstructure of the former through an appropriate
procedure that roughly consists in laying the material along the directions of lamination of the
composite. We have tested our approach in the framework of compliance minimization in two-
dimensional elasticity. Numerical results are provided.
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1. Introduction. Shape optimization consists in finding the optimal shape (rep-
resented by an open set) that minimizes a given cost-function (a mapping from the set
of open sets into R). The homogenization method in shape optimization extends the
space of admissible shapes to composite shapes, that is, shapes containing microholes.
This approach is motivated by theoretical as well as practical considerations and is
now well established (see the books [1], [6], [8], and [10]). Theoretically, the problem
does not, in general, admit solutions in a classical sense if the shape is not submitted
to conditions; it is often useful to nucleate a multitude of tiny holes. Practically,
optimization by the homogenization method allows the substitution of a nonstandard
admissible space (the space of open sets) by a vector space (the parameters of the
composite material). Solving the relaxed problem then leads to the obtention of a
composite optimal shape.

However, more than an optimal shape, we are looking for a workable shape, i.e.,
a sufficiently smooth open set. A commonly used procedure consists in continuing
the optimization, by the homogenization method, of the optimal composite solution
obtained, albeit simultaneously penalizing the intermediate material densities. The
main drawback of this method lies in the difficulty of controlling the level of detail
with respect to the qualitative loss of optimality of the shape. Moreover, only the
material density of the composite shape is explicitly used in the penalization proce-
dure. The pattern of its microstructure is not directly exploited when the latter holds
important information that can be turned into profit. In this paper, we propose an
alternative method that consists in reconstituting a shape close to the optimal by
straightforwardly reproducing the underlying microstructure at a macroscopic scale.
A parameter allows us to control the desired degree of detail.

Let us mention that our work was prompted by another algorithm, which we have
proposed in [13], that automatically combined the homogenization method with the
boundary variation, and a topological criterion for nucleating holes. Indeed, we had
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noticed that following the nucleation of a hole, the algorithm tended to produce areas
of low density around the hole that were reminiscent of the underlying microstructure.
Finally, note that our method is not a visual post-treatment intended to display the
local microstructure of the optimal composite shape (see, for instance, [11]).

We first recall some classical results from the homogenization theory in elasticity.
At this point, we present two important classes of composite materials: the periodic
materials and the laminates. We have tested our procedure on the compliance min-
imization problem for an elastic structure in dimension two. It is a paradigm of the
shape optimization problem, since it has the nonnegligible advantage of possessing an
explicit relaxed formulation. The optimal shape can be attained in the special class
of composite shapes made of laminates. This allows the numerical computation of
(at least almost) optimal composite shapes. The compliance minimization problem
as well as its relaxed version are presented in section 3. Lastly, in section 4, we intro-
duce a new method that builds a sequence of shapes close to the optimal solution of
the compliance minimization problem obtained through the homogenization method.
This is illustrated by some numerical examples.

2. Preliminaries. The theory of homogenization. This section is a brief
review of classical homogenization results in linear elasticity. We refer the reader to
the monograph of Allaire [1] for more details on this topic (see also [6], [8], and [10]).

As stated in the introduction, the majority of problems arising in shape optimiza-
tion are ill posed. The minimizing sequences do not converge to a classical shape. In
effect, the nucleation of microscopic holes turns out to be profitable more often than
not. The sequence of open sets thus obtained does not “converge” in the space of open
sets. However, we can still define a notion of convergence for which these sequences
are compact. The limits that may be attained in this fashion constitute the set of
composite bodies. For simplicity, instead of considering bodies made of a mixture of
material and void, we shall study composite bodies, occupying a fixed domain, made
of two distinct materials. The theory of homogenization is actually better under-
stood in this context. Numerically, void shall be approximated by a material of weak
resistance, also called soft material.

2.1. Composite materials: Homogenization in elasticity. All the results
presented in this section are classical. Their proofs can be found, for instance, in [1].
Let Ω be an open set in R

N . An elastic body occupying the domain Ω is characterized
in every point x of the domain Ω by its Hooke law A(x), a fourth-order tensor operating
on N×N symmetric matrices. Let α and β be two positive real numbers. We introduce
the following subsets of Hooke laws:

Mα,β :=
{
A ∈ M4

N : Aξ : ξ ≥ α|ξ|2 and A−1ξ : ξ ≥ β|ξ|2 for all ξ ∈ Ms
N

}
,

where M4
N denotes the space of fourth-order tensors operating on symmetric matrices

and Ms
N is the space of N × N symmetric matrices. We assume the body Ω to be

clamped on its boundary, submitted to dead loads f ∈ L2(Ω; RN ). The elasticity
system consists in determining the displacement u of the structure, i.e., the unique
solution to the boundary value problem:{

−div(Ae(u)) = f in Ω,
u = 0 on ∂Ω,

where e(u) is the linearized metric tensor associated with the displacement u:

e(u) =
1

2
(∇u + ∇uT ).
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Consider a sequence of Hooke laws Aε ∈ L∞(Ω;Mα,β). The sequence Aε is said to
H-converge to A∗ ∈ L∞(Ω;Mα,β) if and only if, for all f ∈ L2(Ω; RN ), the sequence
of displacements uε of the boundary value problems:{

−div(Aεe(uε)) = f in Ω,
uε = 0 on ∂Ω,

converges in L2(Ω; RN ) to the solution u of the boundary value problem:{
−div(A∗e(u)) = f in Ω,
u = 0 on ∂Ω.

A remarkable property of H-convergence is that every sequence in L∞(Ω;Mα,β) ad-
mits a convergent subsequence.

Remark 1. If a sequence Aε H-converges to A∗, the convergence result extends
to elasticity problems with mixed boundary conditions.

Consider two elastic materials of Hooke laws A and B. A composite body made
of these materials is a linear elastic body whose Hooke law may be obtained as an
H-limit of a sequence of elements Aε such that for all x ∈ Ω, Aε(x) is equal to either
A or B. For all mapping θ ∈ L∞(Ω; [0, 1]), we call Gθ the set of Hooke laws A∗ ∈
L∞(Ω;Mα,β) derived using the materials A and B with respective local proportions
θ(x) and 1 − θ(x). In other words,

Gθ :=
{
A∗ ∈ L∞(Ω;Mα,β) : ∃χε ∈ L∞(Ω; {0, 1})

such that Aε = χεA + (1 − χε)B
H−→ A∗ and χε L∞−∗−−−−→ θ

}
.

Another noteworthy property of H-convergence is that the set of Hooke laws A(x)
achieved at a point depends only on the value of θ(x). Hence, for all real θ ∈ [0, 1],
there exists a closed subspace Gθ of Mα,β satisfying

Gθ =
{
A∗ ∈ L∞(Ω;Mα,β) : A∗(x) ∈ Gθ(x)

}
.

In particular, this allows us to be content with the study of homogeneous composite
solids in order to determine the properties of composite materials.

2.2. Periodic composites. A special family of composites is obtained by ar-
ranging periodically the two types of material A and B, as shown in Figure 1. Let
Y =]0, 1[N . Let χ ∈ L∞(RN ; {0, 1}) be a Y -periodic function, i.e., χ(x + fi) = χ(x)
for all x ∈ R

N and all vector fi (i = 1, . . . , N) of the canonical basis of R
N . For all

real ε > 0, we denote by Aε the element of L∞(Ω;Mα,β) defined for all x ∈ Ω by

Aε(x) = χ(x/ε)A + (1 − χ(x/ε))B.

The sequence Aε H-converges to a constant element A∗ ∈ L∞(Ω;Mα,β) defined for
all symmetric matrices of Nth order by

A−∗σ · σ = min⎧⎨
⎩
τ∈L2

�(Y ;Ms
N )∫

Y
τdx=σ

div(τ)=0

∫
Y

(
χ(x)A + (1 − χ(x))B

)−1
τ · τdx,

where L2
� (Y ;Ms

N ) is the set of Y -periodic L2 functions with values in Ls
N . We call

Pθ the set of periodic composites obtained using A and B with respective proportions
θ and 1 − θ. Yet another remarkable property is the fact that P θ = Gθ; i.e., any
composite may be approximated by a periodic material.
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Fig. 1. Periodic composite.

e1

e2

Fig. 2. Rank-2 laminate.

2.3. Sequential laminates. A rank-1 sequential laminate is obtained by suc-
cessively layering the materials A and B. Higher-rank laminates are obtained recur-
sively by repeating the procedure with the lower-rank laminate and A (or B). Figure
2 shows a rank-2 laminate. The significant property of laminates consists in the fact
that, unlike periodic composites, which necessitate solving variational problems, there
are explicit formulas that enable us to compute the associated homogenized Hooke
laws. In what follows, we shall consider only rank-2 laminates. Let us consider the
limit case B = 0. A laminate is determined by several parameters: the density θ of
the material used, the successive directions of lamination ei, and the proportions of
lamination mi, which represent the fraction of material with respect to the total quan-
tity of material θ used at each step of the manufacture of the laminate. In particular,∑

i mi = 1. The Hooke law A∗ associated with such a composite is

A∗−1 = A−1 +
1 − θ

θ

(
N∑
i=1

mif
c
A(ei)

)−1

,

where for all unit vectors e of R
2, fc

A(e) is the fourth-order tensor defined for all
symmetric matrix ξ by the quadratic form

f c
A(e)ξ · ξ = Aξ · ξ − 1

μ
|Aξ|2 +

μ + λ

μ(2μ + λ)
((Aξ)e · e)2.

For all densities θ ∈ [0, 1], we call Lθ,p the set of all the Hooke laws generated by
rank-p laminates.

3. Compliance optimization. We restrict our analysis henceforth to the two-
dimensional case, N = 2. Let Ω, a connected open set of R

2, be the reference configu-
ration of a homogeneous and isotropic linearly elastic body. Assume that the boundary
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of Ω consists of three parts: the portion ΓD along which the body is clamped, the
portion ΓF which is left free, and the last portion ΓN which is submitted to surface
loads g. The displacement of the structure u is the unique element,

u ∈ V := {v ∈ H1(Ω) : u = 0 a.e. on ΓD},

where for all v ∈ V , we have∫
Ω

Ae(u) · e(v) dx =

∫
ΓN

g · v dx.

In the above, A is the used material’s Hooke law defined for all symmetric tensors ξ
by

Aξ = 2μξ + λ tr ξ Id,

where λ and μ are the Lamé coefficients of the constitutive material of the solid Ω,
and e(v) is the linearized metric tensor of v:

e(v) =
1

2
(∇v + ∇vT ).

The compliance associated with the shape Ω is defined as the work of exterior forces
exerted on the solid, that is,

J(Ω) =

∫
ΓN

g · u dx =

∫
Ω

2μ|e(u)|2 + λ(div u)2 dx.

The weaker the compliance, the more rigid the structure. Since we neglect the weight
of the body, it is always advantageous to add material in order to strengthen the struc-
ture and reduce its compliance. We consider the compliance minimization problem
that consists in determining Ω∗ ∈ Uad satisfying

(3.1) J(Ω∗) = min
Ω∈Uad

J(Ω),

where Uad denotes the set of open sets whose boundaries contain ΓN and ΓD, and
whose volumes do not exceed a given maximal volume V :

Uad = {Ω open set in R
2 such that ΓN ∪ ΓD ⊂ ∂Ω and |Ω| ≤ V }.

3.1. Relaxation by the homogenization method. Problem (3.1) is ill posed:
it does not have an optimal solution. Minimizing sequences of J consist of shapes Ω
having an increasing number of holes, and do not converge to an element of Uad.
In order to solve this problem, it is necessary to enlarge the space of admissible
designs by allowing for composite shapes. Such a structure is determined through
the local density of the used material θ(x), and through its effective Hooke law A∗(x)
corresponding to its microstructure. In the particular case we are concerned with, an
optimal solution may be obtained thanks to the particular class of composite materials
that consists of the rank-2 sequential laminates. Should we impose upon the shape
to be contained in a fixed box D, the relaxed minimization problem associated with
the compliance minimization problem consists in solving the following minimization
problem:

min⎧⎨
⎩

0≤θ≤1
A∗∈Lθ,2∫
D

θdx≤V

J(θ,A∗),
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with

J(θ,A∗) =

∫
ΓN

g · u dx,

where

u ∈ W := {v ∈ H1(D)2 : v = 0 a.e. on ΓD},

and the displacement of the structure satisfies for all v ∈ W ,∫
D

A∗e(u) · e(v) dx =

∫
ΓN

g · v dx.

To conclude, let us recall that the above problem may be rewritten, using the dual
(or complementary) energy principle, as the minimization of a functional that does
not directly involve the solution of a variational problem. More precisely, we have

(3.2) J(θ,A∗) = min{
σ∈L2(D;Ms

2)
div σ=0 in D
σn=g on ΓN

∫
D

A∗−1σ · σ dx.

The asset of such a formulation is that it enables swapping the different steps of
minimization. Now, for a given θ and σ, we may explicitly determine the tensor A∗

of Lθ,2 that minimizes A∗σ ·σ. In addition, we infer that the directions of lamination
coincide with the eigenvectors of the matrix σ (in particular, they are orthogonal)
and that the respective proportions of lamination are

m1 =
|σ2|

|σ1| + |σ2|
and m2 =

|σ1|
|σ1| + |σ2|

.

Lastly, we have

min
A∗∈Lθ,2

A∗−1σ · σ = A−1σ · σ +
1 − θ

θ
g∗(σ),

with

g∗(σ) =
κ + μ

2μκ
(|σ1| + |σ2|)2.

The relaxed problem (3.2) is classically solved by successive minimizations with re-
spect to (θ,A∗) and σ; minimizing with respect to σ requires, at each iteration, solving
a variational problem.

4. Projection of a composite shape. In the previous section, we have recalled
how the optimal solution to the compliance minimization problem is determined.
Unfortunately, the solution obtained is a composite shape that is not workable in
practice. To make up for this problem, it is natural to try to build up a sequence of
shapes Ωε that reproduce at a macroscopic scale the underlying microstructure of the
optimal composite. This sequence shall be built so that its limit behavior is that of the
optimal composite shape. However, this construction is difficult to achieve because
of the different scales the construction of the shape involves: the size of the structure
L, and the two scales of the microstructure. Indeed, the principal microstructure (of
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ε1

ε2
L

Fig. 3. Three scales for one shape (L � ε1 � ε2).

characteristic scale ε1) itself contains a composite material (a micro-microstructure
in a certain sense), namely, a rank-1 laminate (of characteristic scale ε2); see Figure
3. We may consider proceeding in two steps. First, reproduce a microstructure (at
the macroscopic level) composed of a mixture of material, and a rank-1 laminate.
Next, apply once again this procedure in order to end up with a noncomposite shape.
Seemingly, three different scales have to be introduced. From a practical viewpoint,
the smallest scale ε2 is bounded from below by the size of the smallest workable detail.
The other magnitude scale ε1 is submitted to two contradictory constraints: it has
to be small compared with the size of the structure L, and it has to be large with
respect to the former scale ε2, i.e., the smallest details allowed for; see Figure 3.
Details must therefore be of a size order twice as small as the structure. Since the
size of the smallest details, as well as the scale of the structure, are both parameters
of the problem, they do not necessarily agree with this constraint. Moreover, the
relationship between the Hooke law and the microstructure is not univocal. The
same Hooke law may be achieved by different microstructures. Hence, the choice of
reproducing the microstructure of a rank-2 laminate at a macroscopic scale proves to
be somewhat arbitrary, all the more so as, even in this subclass of composite materials,
different microstructures lead to the same Hooke law. For instance, changing the
order of lamination (e1 with e2, and m1 with m2) produces different microstructures
without changing the Hooke law. These observations have induced us into opting for
a slightly different approach that consists in reproducing, at a macroscopic level, a
locally periodic shape whose associated constitutive law remains close (without being
identical, however) to that of a rank-2 laminate. Such a shape has (locally) only one
scale parameter, that is, the period.

4.1. Construction of locally periodic elastic bodies. As stated in section
2, in the nondegenerate case (A and B ∈ Mα,β ), every solid, whose Hooke law is that
of a homogeneous composite solid pointwise (i.e., belonging to Gθ), may be obtained
as the limit of solid bodies with Hooke laws taking their values in {A,B}. However,
we do not have at our disposal a similar result in the general case (in particular, if
B = 0). Therefore, it is not obvious that we shall manage to build up a sequence of
shapes Ωε whose limit behavior converges to an optimal composite solid belonging to
Gθ. Since we are not able to identify the set of composite solids that can be obtained
with a unique elastic material A (combined with void), we set out to exhibit some of
them. This shall enable us to project the optimal composite on an element of this
subclass and accordingly build up a sequence of real shapes that converges to this
element.

The constructions of homogeneous periodic solids and homogeneous sequential
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D

ϕ

ϕ−1
ωε

Ωε
ϕ

Fig. 4. Construction of Ωε
ϕ.

laminates proposed in section 2 extend to the case B = 0. Homogeneous periodic
solids are obtained as limits of the open sets:

Ωε = D ∩ ωε,

where

ωε = {x ∈ R
2 : ε−1x ∈ ω},

and ω is a Y -periodic open set, i.e.,

x ∈ ω ⇔ x + f1 ∈ ω ⇔ x + f2 ∈ ω,

where (f1, f2) is the canonical basis of R
2. It is easy to modify this definition in

order to produce nonhomogeneous solids by allowing the open set ω to depend on the
considered point x. Let ω be a smooth enough mapping from D into the space of
Y -periodic open sets of R

2. The sequence of open sets

Ωε = {x ∈ D : ε−1x ∈ ω(x)}

converges to a composite solid whose Hooke law at every point x is that of a ho-
mogeneous periodic solid associated with ω(x). The set of composite solids that we
may build up, in this fashion, remains limited after all. In particular, all the cells of
periodicity are square (when we may likewise use rectangular cells) and identically
oriented. Let ϕ be a smooth mapping of D into R

2; the sequence of open sets

(4.1) Ωε
ϕ = {x ∈ D : ε−1x ∈ ϕ−1(ω(x))}



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1388 O. PANTZ AND K. TRABELSI

e1

e2

Dϕ

Periodicity cell Open set ωθ,m

f1

f2

p1

p2

Fig. 5. Open set ωθ,m.

converges to a composite solid whose Hooke law A∗ is, at every point x, that of
a periodic homogeneous body of period Dϕ−1(x)Y , associated with the open set
Dϕ−1(x)ω(x); see Figure 4. It should be mentioned that Briane [9] proposes a different
construction that is also based on the deformation of a periodic network.

4.2. An alternate composite material. We substitute the optimal composite
shape by a composite whose behavior is close and that may be obtained by the
construction (4.1) described in the previous section.

At each point x of the domain D, the optimal laminate is determined by the
orthogonal directions of lamination e1 and e2, the density of the material θ, and the
proportions of lamination m1 and m2. First of all, with all parameters m1, m2, and
θ, we associate the Y -periodic open set ωθ,m defined by

ωθ,m ∩ Y = {x ∈ Y : 2|x1 − 1/2| > p1 and 2|x1 − 1/2| > p2},

where p1 and p2 are positive reals that satisfy

1 − p1p2 = θ and (1 − p1)m2 = (1 − p2)m1.

We assume that the directions of lamination e = (e1, e2) of the optimal shape consti-
tute a regular field and that D is simply connected. Furthermore, we introduce the
set Fe of functions from D into R

2 defined by

(4.2) Fe =
{
ϕ : D → R

2 : det(Dxϕ) �= 0,

Dxϕ(e1) ∧ f1(x) = 0 and Dxϕ(e2) ∧ f2(x) = 0
}
.

The following lemma ensures that Fe is not empty.

Lemma 4.1. Let D be a smooth connected bounded open set, and let e1 ∈
C1(D; R2) be a vector field of unit norm defined in a neighborhood of Ω; then the
set Fe defined by (4.2) is not empty.

This result is standard. However, it is not easy to find in the literature under the
current formulation. For the reader’s convenience, a proof is given in the appendix.

Remark 2. Should the directions of lamination reveal pointwise singularities or
should D be not simply connected, Fe may be empty.
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For all elements ϕ ∈ Fe, we call Ωε
ϕ the sequence of open sets produced by the

previous construction applied to ϕ and ω = ωθ,m,

Ωε
ϕ =

{
x ∈ D : ε−1x ∈ ϕ−1(ωθ,m(x))

}
.

The sequence of open sets Ωε
ϕ converges to a locally periodic composite whose density

is that of the optimal laminate. Conditions Dxϕ(ei)∧ fi(x) = 0 (i = 1, 2) ensure that
periodicity cells are oriented along the directions of lamination.

Remark 3. The limit behavior of the sequence of open sets Ωε
ϕ is a locally periodic

body whose periodicity cells are of the form Rωθ,m, where R is a linear mapping (more
precisely, R = Dϕ−1). Instead of solving the compliance minimization problem over
rank-2 laminates, it is possible to perform only a partial relaxation by restricting the
minimization to this class of composites. This approach was developed by Bendsøe
and Kikuchi [7] for periodicity cells of the form above, where R is a rotation.

5. Numerical applications. It remains to determine an element ϕ of Fe in
order to infer the sequence of open sets Ωε

ϕ. We choose to determine the element ϕ
of Fe that minimizes

I(ϕ) =
1

2

∫
D

|∇ϕ1 − e1|2 + |∇ϕ2 − e2|2 dx.

The shape Ωε
ϕ is then defined by

Ωε
ϕ =

{
x ∈ D : cos(ϕ1(x)/ε) > cos(π(1 − p1)),

and cos(ϕ2(x)/ε) > cos(π(1 − p2))

}
.

The choice made is somewhat arbitrary, but it entails a linear system that is easily
solved. Other choices are conceivable. The selection of the element ϕ of Fe has
an influence on the relative size of the nucleated holes and on their (more or less
elongated) shape. We may consider selecting ϕ in order to minimize the error when
substituting the optimal composite shape by the limit composite of the sequence
Ωε

ϕ. However, an explicit formula expressing a periodic material’s Hooke law is not
available, so this seems to be quite delicate to carry out.

5.1. Orientation of eigenvectors. The procedure described here requires the
orientation of eigenvalues in a consistent fashion. Nevertheless, we can avoid such a
computation. Assume that such an orientation has been established. We introduce
vectors v1 and v2 defined by v1 = ϕ1e1 and v2 = ϕ2e2. In this case, for i = 1, 2 and
j = 1, 2, we have

∇ϕi · ej = (∇vi · ei) · ej .
Hence, minimizers of I(ϕ) also minimize the functional

I(v) =
1

2

∫
D

|(∇v1 · e1) · e1 − 1|2 + |(∇v2 · e2) · e2 − 1|2 dx

on the set of vectors v = (v1, v2) : D → R
2 × R

2 that satisfy

(5.1) v1 ∧ e1 = 0, v2 ∧ e2 = 0, (∇v1 · e2) · e1 = 0, and (∇v2 · e1) · e2 = 0.

Moreover, we have |ϕ1| = ‖v1‖ and |ϕ2| = ‖v2‖. Now, the definition of Ωε
ϕ depends

only on the moduli of ϕ1 and ϕ2. Therefore, in order to fully determine Ωε
ϕ, it suffices

to minimize I under the constraints (5.1), which is independent from the orientation
of the eigenvectors e1 and e2.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1390 O. PANTZ AND K. TRABELSI

5.2. Computing a minimizer of I. Note that the computations of v1 and
v2 are disconnected so that they can be carried out separately. To compute v1, we
introduce the Lagrangian

L(v1, p, P ) =
1

2

∫
D

|(∇v1 · e1) · e1 − 1|2 + |∇(v1 · e2)|2 + |(∇v1 · e2) · e1|2

+

∣∣∣∣σv1 − λv1

λ1 − λ2

∣∣∣∣
2

+ |v1 · (∇e1 · e1)|2 − |P ∧ e1|2 dx

+

∫
D

(∇v1 · e2) · e1)p +
σv1 − λ1v1

λ1 − λ2)
· P dx,

where the functions p and P are valued in R and R
2, respectively. Minimizers of I

are saddle points of the Lagrangian. In order to determine a stationary point of the
Lagrangian, we have used Lagrange finite elements P1 for all unknowns. An easy, but
somewhat tedious, computation allows us to explicitly specify the different terms that
appear in the Lagrangian L in terms of v1 and σ. In particular,

(∇v1 · e1) · e1 = δ−1

(
(λ1 − σ22)

∂v1
1

∂x1
+ σ12

(
∂v2

1

∂x1
+

∂v1
1

∂x2

)
+ (λ1 − σ11)

∂v2
1

∂x2

)
,

∇(v1 · e2) · e2 =

δ−1

(
σ12

(
∂v1

1

∂x1
− ∂v2

1

∂x2

)
+ (λ1 − σ11)

∂v2
1

∂x1
− (λ1 − σ22)

∂v1
1

∂x2

)

−δ−3

[(
σ12(λ1 − σ11)

∂σ22 − σ11

∂x1
− σ2

12

∂σ22 − σ11

∂x2

−(σ22 − σ11)(λ1 − σ11)
∂σ12

∂x1
+ σ12(σ22 − σ11)

∂σ12

∂x2

)
v1
1

−
(
σ2

12

∂σ22 − σ11

∂x1
− σ12(λ1 − σ22)

∂σ22 − σ11

∂x2

−(σ22 − σ11)σ12
∂σ12

∂x1
+ (σ22 − σ11)(λ1 − σ22)

∂σ12

∂x2

)
v2
1

]
,

∇(v1 · e2) · e1 =

δ−1

(
σ12

(
∂v2

1

∂x1
+

∂v1
1

∂x2

)
− (λ1 − σ22)

∂v1
1

∂x1
+ (λ1 − σ11)

∂v2
1

∂x2

)

−δ−3

[(
− σ2

12

∂σ22 − σ11

∂x1
− σ12(λ1 − σ11)

∂σ22 − σ11

∂x2

+(σ22 − σ11)σ12
∂σ12

∂x1
+ (σ22 − σ11)(λ1 − σ11)

∂σ12

∂x2

)
v1
1

+

(
σ12(λ1 − σ22)

∂σ22 − σ11

∂x1
+ σ2

12

∂σ22 − σ11

∂x2

−(σ22 − σ11)(λ1 − σ22)
∂σ12

∂x1
− σ12(σ22 − σ11)

∂σ12

∂x2

)
v2
1

]
,
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(a) power pylon (b) cantilever

(c) bridge (d) two-load bridge

Fig. 6. Optimal composite shapes and their projections.

and

(∇v1 · e2) · e1 = δ−1

(
σ12

(
∂v2

1

∂x2
− ∂v1

1

∂x1

)
+ (λ1 − σ22)

∂v1
1

∂x2
− (λ1 − σ11)

∂v2
1

∂x1

)
,

where

λ1 =
1

2
(σ11 + σ22 + δ) ,

is the greatest eigenvalue with δ =
√

(σ11 − σ22)2 + 4σ2
12 and v1 = (v1

1 , v
2
1). We have

tested our approach for the compliance minimization of various structures: a power
pylon, a cantilever, and several bridges. The results obtained are displayed in Figure
6. For each configuration, we show, on the one hand, the density of the optimal
composite produced by the homogenization method, and, on the other, the projected
shape Ωε

ϕ derived by our method. Each structure is clamped on a part of its boundary
(represented by a hatched block) and submitted to dead surface loads on another part
of it (applied forces are represented by arrows). The weight of the structures was not
taken into account. Finally, let us mention that the optimization may be naturally
pursued by a geometric optimization method. To this end, a level set method (see [5],
[3], [4], [2], [14], [15], [12]) seems quite appropriate. Figure 7 displays the shapes Ωε

ϕ
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(a) ε = 0.3, compliance = 23.48 (b) ε = 0.25, compliance = 18.82

(c) ε = 0.2, compliance = 17.58 (d) ε = 0.15, compliance = 17.15

Fig. 7. Cantilever Ωε
ϕ for different values of ε.

obtained for different values of ε. In the case at hand, the compliance of the optimal
composite is 16.28. We notice that the compliance decreases proportionally with the
parameter ε.

5.3. Singularity of the field of eigenvectors. The proposed method does not
allow for the projection of laminates whose directions of lamination (i.e., the eigenvec-
tors of the stress tensor σ of the optimal composite) show singularities. Generically,
the singularities of the eigenvector field are made of a finite set of points for which σ
is proportional to the identity. In such an instance, the eigenvector field is not ori-
entable: it performs u-turns around singularities. Two different kinds of singularities
are likely to occur according to the direction of rotation of the eigenvector field around
the singularity. A singularity is said to be positive if along a small circle around it
the eigenvector field has the standard trigonometric orientation; otherwise, it is said
to be negative. Such a singularity typically appears in the case of a bridge with two
loads as displayed in Figure 6(d). Figure 8 shows the (nonorientable) eigenvector field
of the constraint σ of the optimal composite associated with the greatest eigenvalue
λ1 around the singularity (located between the two loads, slightly above the platform
of the bridge). We have also plotted the level sets orthogonal to the eigenvector fields
e1 and e2. We notice that the network thus obtained is not diffeomorphic to a square
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Fig. 8. Nonorientable eigenvector field.

Fig. 9. Negative singularity of the eigenvector field.

network. It has a defect; i.e., the cell containing the singularity has five right angles.
The trick, introduced earlier, that consists in bringing in the vectors v1 and v2 allows
us to circumvent the problem in the case of a single singularity. Actually, the set
of vector fields v1 of zero gradient and satisfying the constraints (5.1) is not empty,
contrary to Fe. Figures 9 and 10 display the eigenvector field e1 associated with,
respectively, a negative and a positive singularity, as well as the projection plotted for
different values of the parameter ε (with θ = 1/2 and m1 = m2 = 1/2).
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Fig. 10. Positive singularity of the eigenvector field.

In the case of several singularities, the set of vector fields v1 of zero gradient
meeting the constraints (5.1) may be empty, and our algorithm is no longer adapted.
Figures 11 and 12 display the eigenvector field e1 associated with, respectively, nega-
tive and positive singularities, as well as the projection plotted for several values of the
parameter ε (with θ = 1/2 and m1 = m2 = 1/2). The result of the projection is not
satisfactory. In particular, it is different from the shape produced by symmetrizing
shapes obtained for isolated singularities.

Our method cannot be applied as is if such a combination of singularities occurs.
We may always consider partitioning the domain in order to isolate each singularity,
apply our method to each part, then glue back the pieces. Yet, such a procedure is
difficult to automate.

6. Conclusion. The post-treatment of the homogenization method presented
here provides, in the framework of compliance minimization, quite interesting results
compared to the classical penalization method. The main advantage is that it enables
a sharp control of the size of the details of the final shape. Furthermore, the compu-
tational time it demands is negligible with respect to the homogenization procedure,
whereas the material density penalization requires as much time as the latter. Several
issues deserve to be investigated. First of all, this method should be coupled with a
level set algorithm in order to sharpen the final shape. Besides, the suggested post-
treatment of the homogenization method applies to the case where the directions of
lamination exhibit at most one singularity. This is a strong limitation if we wanted
to extend it to more general objective functions and/or complex geometries. In both
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Fig. 11. Two negative singularities of the eigenvector field.

cases, the directions of lamination of the solutions computed by the homogenization
method are likely to have more than one singularity. In the three-dimensional case,
even more tricky situations may arise as lines (and not points) of singularities will
have to be handled. Therefore, one needs to break free from this limitation. To con-
clude, this method potentially offers the prospect of an alternative to the classical
topological gradient method by allowing us to nucleate a multitude of holes (or bars)
in one iteration.

Appendix A. Proof of Lemma 4.1. We set out to exhibit an element of Fe.
First of all, we note that a function ϕ = (ϕ1, ϕ2) belongs to Fe if and only if

(A.1) ∇ϕ1 �= 0, ∇ϕ1 · e2 = 0

and

(A.2) ∇ϕ2 �= 0, ∇ϕ2 · e1 = 0.

The conditions, to which ϕ1 and ϕ2 are submitted, are independent of one another.
Therefore, it suffices to build a function ϕ1 satisfying hypotheses (A.1), since the
function ϕ2 is produced by a similar procedure.

If ϕ1 satisfies (A.1), the level sets are smooth curves tangent to e2. For all elements
x in D, we denote by X2(x, t) the solution of the following equation:{

X2(x, 0) = x,
∂X2

∂t (x, t) = e2(X(x, t)).
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Fig. 12. Two positive singularities of the eigenvector field.

X2(x, t2)
X2(x, t1)

Fig. 13. Alteration of the vector fields in Gy.

Likewise, we define X1(x, t) (by changing e2 into e1). By the Cauchy–Lipschitz theo-
rem, there exists a unique maximal solution to this equation, since e2 is Lipschitzian.
We call T−x ∈ R∪{−∞} and T+

x ∈ R∪{+∞} the lower and upper bounds of the time
interval in which the maximal solution is defined, and we call Sx the set of points
spanned by X(x, t):

Sx = {y = X(x, t)}.

Note that there exists Tx > 0 for which the mapping Gx from ]−Tx, Tx[2 into Ω that
maps (t1, t2) onto X2(X1(x, t2), t1) is defined. Moreover, for Tx > 0 small enough,
Gx is a diffeomorphism, since D(Gx)(x) = (e1, (x), e2(x)). Now, D is a compact set
included in the image of functions Gx, so there exists a finite subset X of elements of
D such that D ⊂ ∪x∈X Im(Gx). We set ω = ∪x∈X Im(Gx). Should we replace Ω by
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ω, we may assume that Ω = ω. We shall prove, on the one hand, that Sx cannot be a
closed curve (it necessarily has endpoints), and, on the other hand, that it is of finite
length, that is, T−x and T+

x are finite. Assume that this is not true; every component
of the preimage of Gy (for an element y ∈ X ) by the map ]T−x , T+

x [→ Ω, t �→ X2(x, t)
has its diameter bounded from below (by 2 maxz∈X Tz). Thus, if the interval ]T−x , T+

x [
is not bounded, there exists an element y ∈ X such that X2(x, ·)−1(Gy) has an infinity
of connected components. As we shall show, this is impossible. If this were the case,
there would exist t1 and t2 in ]T−x , T+

x [ such that t2 > t1,

X2(x, t1) = Gy(Ty, h1), and X2(x, t2) = Gy(−Ty, h2).

Without loss of generality, we may assume that t1 = 0.
In addition, should we alter the field e1 as it is illustrated in Figure 13, we may

assume that h1 = h2, and so Sx is diffeomorphic to a circle. However, all injections of
the circle into R

2 are isotopic either to the canonical injection, or to the latter com-
posed with a central symmetry. Therefrom, we infer the existence of a diffeomorphism
F from the unit disc D1 onto the open set U included in D, and satisfying F (S1) = Sx.
Let f ∈ C0(D1;S1) be defined by f(x) = DF−1(e1(F (x)))/|DF−1(e1(F (x)))|. For all
elements s ∈ S1, f(s) is nothing but s rotated by π/2. Now, according to Brouwer’s
theorem, such a field cannot be extended into a continuous field defined on the whole
circle, which is exactly what f achieves. We have come to a contradiction, our initial
hypothesis is accordingly false, and Rx is an open curve of finite length.

For all elements x in D, we denote by Hx the mapping defined in a neighborhood
of the origin of R

2 by Hx(t, h) = X2(X1(x, h), t). The restriction of Hx(t, h) to the
axis h = 0 is nothing but the injection t �→ X2(x, t) of image Sx. Furthermore, the
map Hx is differentiable, and

∂Hx

∂t
= Ẋ2(X1(x, h), t) = e2(X2(X1(x, h)), t),

∂Hx

∂h
= DX1((x,h),t)X2e1(X1(x, h)).

Wherefrom, we deduce, in particular, that

∂

∂t
Dh,tHx = DX2(X1(x,h),t)e2Dh,tHx

and that

˙det(D(h,t)H) = Tr(DX2(X1(x,h),t)e2) det(D(h,t)H).

However, Dh=0,t=0Hx = (e1, e2), so that det(D(h=0,t)H) > 0 for all t. Let δx > 0

be small enough for the endpoints of X2(x, ]T
−
x + δx, T

+
x − δx[) to belong to ω \ D.

According to the local inversion theorem, for hx > 0 small enough, the map ]T−x +
δx, T

+
x − δx[×] − hx, hx[→ ω, (t, h) �→ Hx(t, h) = X2(X1(x, h), t) is a diffeomorphism

onto its image, called Vx.
Once this tubular neighborhood is built, it is somewhat easy to build a function

ϕx having the aforementioned properties in a neighborhood of Sx ∩D. To do so, we
first remark that D \ Sx consists of two distinct connected components (since ω is
simply connected). We call D+

x the connected component of D \ Sx that contains
Hx(t = 0, hx), and D−x the one that contains Hx(t = 0,−hx). We denote by π2
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the projection of R
2 on the second coordinate. Let T be an infinitely differentiable

increasing mapping satisfying T (x) = x in ]−1/2, 1/2[, and T (x) is constant if |x| > 1.
We define the mapping ϕx : D → R by ϕx(y) = T (π2 ◦H−1

x (y)/hx) for all y ∈ Vx∩D,

ϕ(y) = T (1) for all y ∈ D
+

x \ Vx, and ϕ(y) = T (−1) for all y ∈ D
−
x \ Vx. The map ϕx

is C1 and satisfies ∇ϕx · e2 = 0, ∇ϕx · e1 ≥ 0. Finally, ∇ϕx · e1 > 0 in a neighborhood
Wx of D∩Sx in D. Now, D is compact, which implies the existence of a finite family
τ of elements x ∈ D such that D = ∪x∈τWx. The function ϕ1 =

∑
x∈τ ϕx satisfies

(A.1); thus Fe is not empty as claimed.
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Abstract. We consider the optimal control problem for null curves in de Sitter 3-space defined
by a functional which is linear in the curvature of the trajectory. We show how techniques based on
the method of moving frames and exterior differential systems, coupled with the reduction procedure
for systems with a Lie group of symmetries, lead to the integration by quadratures of the extremals.
Explicit solutions are found in terms of elliptic functions and integrals.
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1. Introduction. Let M3 be a 3-dimensional Lorentz space form and γ ⊂ M3

a null curve parametrized by the natural (pseudo-arc) parameter s which normalizes
the derivative of its tangent vector field. It is known that, in general, γ admits a
curvature kγ(s) that is a Lorentz invariant and that uniquely determines γ up to
Lorentz transformations. We consider the variational problem on null curves defined
by the Lorentz invariant functional

(1.1) L(γ) =

∫
γ

(m + kγ)ds, m ∈ R,

and ask how to determine the explicit form for the extremal trajectories. Motivations
are provided by optimal control theory and recent work on relativistic particle mod-
els associated with action functionals of the type above (cf. [19], [18], [17], [7], and
references therein).

From the Euler–Lagrange equation of the action it follows that the curvature of an
extremal trajectory either is constant or is an elliptic function (possibly degenerate)
of the natural parameter. In the first case, the extremals are orbits of 1-parameter
subgroups of the group of Lorentz transformations and can be described in terms of
elementary functions [6]. In the second case, we are led to a linear system of ODEs
whose coefficients are doubly periodic functions. By the Fuchsian theory of ODEs, and
in particular the results of Picard [20], the trajectories are then expressible in terms
of the Weierstrass elliptic functions ℘, σ, and ζ. Alternatively, we follow a general
scheme for the reduction of constrained variational problems on homogeneous spaces.
We will use techniques from optimal control theory based on the method of moving
frames and on Cartan’s exterior differential systems [4], [11], [8], [9], coupled with
the reduction procedure for systems admitting a Lie group of symmetries extended to
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this setting [2]. For other applications of this general scheme of integration we refer
to [10], [15], [16].

In this article, we determine the explicit form of the extremal curves when the
target manifold is de Sitter 3-space. In this case, the functional (1.1) is invariant
under the group SL(2,C), which doubly covers the identity component of the isometry
group of de Sitter 3-space. The starting point of our study is the replacement of the
original variational problem on null curves in de Sitter 3-space by an SL(2,C)-invariant
variational problem for integral curves of a control system on M ∼= SL(2,C)×R defined
by a suitable Pfaffian differential ideal (I, ω) with an independence condition. This is
accomplished by proving the existence of a preferred SL(2,C)-invariant frame along
null curves without flex points (cf. section 2). We then follow a general construction
due to Griffiths [11] and carry out a calculation to associate to the variational problem
a Pfaffian differential system J , the Euler–Lagrange system, whose integral curves are
stationary for the associated functional. The Euler–Lagrange system is defined on the
momentum space Y ∼= SL(2,C) × R

3, which turns out to carry a contact structure,
whose characteristic curves coincide with the integral curves of J . As a matter of
fact, in the case at hand all extremal trajectories arise as projections of integral curves
of the Euler–Lagrange system. The theoretical reason for this is that all the derived
systems of (I, ω) have constant rank (cf. [1]). Further, we show that the characteristic
flow factors over a flow in an affine 3-dimensional subspace of sl(2,C) and find a Lax
formulation of its defining differential equation. This implies that the momentum map
induced by the Hamiltonian action of SL(2,C) on Y is constant on solution curves
of the Euler–Lagrange system, which leads to the integration by quadratures of the
extremals (cf. section 4).

The paper is organized as follows. Section 2 gives the details of the construction
of the canonical frame along null curves with no flex points by the method of moving
frames, and defines the Pfaffian differential system of such frames. Section 3 studies
the action functional (1.1), introduces the corresponding Euler–Lagrange system, and
proves the constancy of the momentum map on its integral curves. Section 4 focuses
on the integration procedure. It first outlines some facts from the theory of elliptic
functions and then carries out the explicit integration of the extremals in terms of
elliptic functions and elliptic integrals of the third kind.

2. Preliminaries.

2.1. The geometry of de Sitter 3-space. Let Herm(2) be the 4-dimensional
space of 2× 2 Hermitian complex matrices endowed with the Lorentz metric given by
the quadratic form 〈X,X〉 = −detX for all X ∈ Herm(2). De Sitter 3-space, S

3
1, can

be viewed as the set of 2 × 2 Hermitian matrices of determinant −1,

(2.1) S
3
1 = {X ∈ Herm(2) |detX = −1} ,

with the induced metric g. The special linear group SL(2,C) acts transitively by
isometries on S

3
1 via the action

A ·X = AXA∗,

where A∗ stands for the conjugate transpose of A. The stability subgroup at

J =

(
0 −i
i 0

)
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is the group SL(2,R), and S
3
1 may be described as a Lorentzian symmetric space

S
3
1
∼= SL(2,C)/SL(2,R).

The projection

π : SL(2,C) � A �→ AJA∗ ∈ S
3
1

makes SL(2,C) into a principal bundle with structure group SL(2,R).
Let Ω = α + iβ be the Maurer–Cartan form of SL(2,C), where

(2.2) α =

(
α1

1 α1
2

α2
1 −α1

1

)
, β =

(
β1

1 β1
2

β2
1 −β1

1

)
.

Note that the matrix of 1-forms β is semibasic1 for the projection π, and that the
Lorentz metric g on S

3
1 is given by

g =
(
β1

1

)2 − β2
1β

1
2 .

The matrix α amounts to the Levi–Civita (spinor) connection of g. The Maurer–
Cartan equations of SL(2,C), or the structure equations, are given by⎧⎪⎨

⎪⎩
dα1

1 = −α1
2 ∧ α2

1 + β1
2 ∧ β2

1 ,

dα2
1 = 2α1

1 ∧ α2
1 − 2β1

1 ∧ β2
1 ,

dα1
2 = −2α1

1 ∧ α1
2 + 2β1

1 ∧ β1
2 ,⎧⎪⎨

⎪⎩
dβ1

1 = −β1
2 ∧ α2

1 + β2
1 ∧ α1

2,

dβ2
1 = 2β1

1 ∧ α2
1 − 2β2

1 ∧ α1
1,

dβ1
2 = −2β1

1 ∧ α1
2 + 2β1

2 ∧ α1
1.

2.2. The canonical frame along a null curve. A smooth parametrized curve

γ : I → S
3
1,

where I denotes any open interval of real numbers, is null (or light-like) if the velocity
vector field γ′ is null along γ, i.e., g(γ′(t), γ′(t)) = 0, for each t ∈ I. We will assume
throughout that γ has no flex points, i.e., γ′(t) and γ′′(t) are linearly independent,
for each t ∈ I, where γ′′ denotes the covariant derivative of γ′ along the curve.

A frame field along γ is a smooth map Γ : I → SL(2,C) such that γ = π ◦ Γ.
For any such frame, let Θ = Γ∗Ω denote the pullback of the Maurer–Cartan form of
SL(2,C) and write Θ = φ + iθ. Given a frame field along γ, any other is given by

Γ̃ = ΓX,

where X : I → SL(2,R) is a smooth map. If Θ̃ = Γ̃∗Ω = φ̃ + iθ̃, then

(2.3) Θ̃ = X−1ΘX + X−1dX.

1We recall that a differential form ϕ on the total space of a fiber bundle π : P → B is said to be
semibasic if its contraction with any vector field tangent to the fibers of π vanishes, or equivalently,
if its value at each point p ∈ P is the pullback via π∗

p of some form at π(p) ∈ B. Some authors call
such a form horizontal. A stronger condition is that ϕ is basic, meaning that it is locally the pullback
via π∗ of a form on the base B.
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A frame field Γ : I → SL(2,C) along γ is said to be of first order if

(2.4) θ1
1 = θ1

2 = 0, θ2
1 �= 0.

It is easily seen that first-order frame fields exist locally. If Γ : I → SL(2,C) is a first-
order frame along γ, then any other is given by Γ̃ = ΓX, where X : I → G1 ⊂ SL(2,R)
is a smooth map, and

G1 =

{(
a 0
c a−1

)
: a �= 0, c ∈ R

}
.

According to (2.3), one computes

(2.5) φ̃1
2 = a2φ1

2, θ̃2
1 =

1

a2
θ2
1.

Moreover, for first-order frames the form φ1
2 is semibasic. If the curve γ has no flex

points, then φ1
2 �= 0. We say that the curve has positive or negative spin according to

whether φ1
2 is a positive or negative multiple of θ2

1.
Under our assumption, it follows from the transformation formula (2.3) that there

always exist local first-order frames along γ such that

(2.6) φ1
2 = εθ2

1,

where ε = ±1, according to whether γ has positive or negative spin. A first-order
frame field is said to be of second order if it satisfies (2.6) on I.

A second-order frame field along γ is said to be a canonical frame if

(2.7) φ1
1 = 0.

Note that canonical frame fields exist on I, and that if Γ is a canonical frame, then
any other is given by ±Γ.

Summarizing, we have proved the following.
Proposition 2.1. Let γ : I ⊂ R → S

3
1 be a null curve with no flex points. Then

there exists a frame along γ, the canonical frame,

Γ : I → SL(2,C),

such that

(2.8) Γ−1dΓ =

(
0 ε

k + i 0

)
ω,

where ε = ±1, ω is a nowhere vanishing 1-form, the canonical pseudo-arc element,
and k : I → R is a smooth function, the curvature of γ. Moreover, if Γ is a canonical
frame field along γ, then any other canonical frame field is given by ±Γ.

Remark 1. Henceforth, we abuse the terminology and refer to the Z2-class [Γ] =
{±Γ} as the canonical frame Γ of a null curve γ.

Remark 2. Conversely, for a smooth function k : I → R, let H(k) : I → sl(2,C)
be

(2.9) H(k) =

(
0 ε

k + i 0

)
.
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Then by solving a linear system of ODEs, we see that there exists a unique (up to
left multiplication)

Γ : I → SL(2,C)

such that

(2.10) Γ−1Γ′ = H(k).

In particular, γ = ΓJΓ∗ : I → S
3
1 is a null curve without flex points and with

curvature k.
Remark 3 (null helices). The simplest examples are null helices, that is, null

curves with constant curvature. Such curves are orbits of 1-parameter subgroups of
SL(2,C) (cf. Remark 9) and have been described by elementary functions in [6].

2.3. The Pfaffian system of canonical frames. Let (I, ω) be the Pfaffian
differential system on M := SL(2,C)×R defined by the differential ideal I generated
by the linearly independent 1-forms{

η1 = β1
1 , η2 = β1

2 , η3 = α1
1 − εω,

η4 = α1
1, η5 = α2

1 − kω,

where

ω := β2
1

gives the independence condition ω �= 0.
Now, let γ : I → S

3
1 be a null curve without flex points. Then, by Proposition 2.1,

the curve g = (Γγ , kγ) : I → M , whose components are, respectively, the canonical
frame field along γ and the curvature of γ, is an integral curve of the Pfaffian system
(I, ω). Conversely, if g = (Γ, k) : I → M is an integral curve of the Pfaffian system
(I, ω), then γ = ΓJΓ∗ : I → S

3
1 defines a null curve with no flex points, Γ is the

canonical frame field along γ, and k is the curvature of γ. For this reason, null curves
without flex points in S

3
1 can be identified with the integral curves of the Pfaffian

system (I, ω).
Definition 2.2. The Pfaffian differential system (I, ω) will be referred to as the

canonical system.
Remark 4. A smooth curve g = (Γ, k) : I → M is an integral curve of the

canonical system if and only if Γ : I → SL(2,C) is a solution of the linear system

Γ−1(t)Γ′(t) = H(k(t)).

The function k plays the role of a control. Note that if we assign a smooth map
k : I → R and a point A0 ∈ SL(2,C), then there exists a unique integral curve
g = (Γ, k) of the control system satisfying the initial condition Γ(t0) = A0 for t0 ∈ I.

Exterior differentiation and use of the Maurer–Cartan equations give, modulo the
algebraic ideal generated by η1, . . . , η5, the quadratic equations of (I, ω):

(2.11)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

dω ≡ 2(kη1 + η4) ∧ ω,

dη1 ≡ −(kη2 + η3) ∧ ω,

dη2 ≡ −2εη1 ∧ ω,

dη3 ≡ −2ε(kη1 + 2η4) ∧ ω,

dη4 ≡ (η2 − kη3 + εη5) ∧ ω,

dη5 ≡ −
(
dk + 2(1 + k2)η1

)
∧ ω.
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3. The variational problem and the Euler–Lagrange system.

3.1. The constrained variational problem. Let N be the space of null curves
in S

3
1 without flex points. We consider the action functional

(3.1) Lm : γ ∈ N �→
∫
Iγ

(m + kγ)ωγ , m ∈ R,

where Iγ is the domain of definition of the curve, kγ is its curvature, and ωγ the
canonical pseudo-arc element (cf. section 2). We refer to [18], [19], [17], [7], and the
references therein for a discussion on the particle model associated with this action
functional.

Definition 3.1. A curve γ ∈ N is said to be an extremal trajectory (or simply a
trajectory) in S

3
1 if it is a critical point of the action functional Lm when one considers

compactly supported variations. The constant m is called the Lagrange multiplier of
the trajectory.

Remark 5. As usual, by a compactly supported variation of γ ∈ N we mean a
mapping V : I × (−ε, ε) → S

3
1 such that (1) for all u ∈ (−ε, ε), the map γu := V (t, u) :

I → S
3
1 is a null curve without flex points; (2) γ0 = γ(t) for all t ∈ I; and (3) there

exists a closed interval [a, b] ⊂ I such that

(3.2) V (t, u) = γ(t) ∀t ∈ I \ [a, b], ∀u ∈ (−ε, ε).

Accordingly, a curve γ ∈ N is an extremal trajectory if, for every compactly supported
variation V , we have that

d

du

(∫ bV

aV

(m + kγu) dsu

)∣∣∣∣∣
u=0

= 0,

where [aV , bV ] is the support of the variation, i.e., the smallest closed interval for
which (3.2) holds, and dsu is the canonical pseudo-arc element of the curve γu.

In [7], the authors derive the Euler–Lagrange equation associated with (3.1) for
null curves with prescribed endpoints and the same canonical frame at each end.

By the preceding discussion (cf. Proposition 2.1 and section 2.3), a curve γ ∈ N
is an extremal trajectory if and only if the pair g = (Γγ , kγ) of its canonical frame
field and curvature function is a critical point of the variational problem on the space
V(I, ω) of all integral curves of (I, ω) defined by the functional,

(3.3) L̂ : g ∈ V(I, ω) �→
∫
Ig

g∗((m + k)ω),

when one considers compactly supported variations through integral curves of (I, ω).
Remark 6. The replacement of the original functional by the functional (3.3)

is the starting point in the application of the Griffiths formalism. This approach to
constrained variational problems with one independent variable provides conditions
for criticality in terms of Pfaffian differential systems and is particularly well suited
when one considers compactly supported variations among constrained curves. More
importantly, it furnishes the appropriate setting for the explicit integration of the
extremals (cf. [11], [1], [2], [12], and below).
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3.2. The Euler–Lagrange system. Associated to the functional L̂ we will in-
troduce, following Griffiths [11], the Euler–Lagrange system (J , ω) on a new manifold
Y , which will be made explicit below.

For this, let Z ⊂ T ∗M be the affine subbundle defined by

Z = (m + k)ω + I ⊂ T ∗M,

where I is the subbundle of T ∗M associated to the differential ideal I. The 1-forms
(η1, . . . , η5, ω) induce a global affine trivialization of Z, which may be identified with
M × R

5 by setting

M × R
5 � ((Γ, k);x1, . . . , x5) �→ ω|(Γ,k) + xjη

j
|(Γ,k) ∈ Z

(throughout we use summation convention). Thus, the Liouville (canonical) 1-form
of T ∗M restricted to Z is given by

μ = (m + k)ω + xjη
j .

Exterior differentiation and use of the quadratic equations (2.11) give

dμ≡ dk ∧ ω + 2(m + k)(kη1 + η4) ∧ ω + dxj ∧ ηj

−x1(kη
2 + η3) ∧ ω − 2εx2η

1 ∧ ω

−2εx3(kη
1 + 2η4) ∧ ω + x4(η

2 − kη3 + εη5) ∧ ω

−x5(dk + 2(1 + k2)η1) ∧ ω mod {ηi ∧ ηj}.

Next, we compute the Cartan system C(dμ) ⊂ T ∗Z determined by the 2-form dμ,
i.e., the Pfaffian system generated by the 1-forms

{iξdμ | ξ ∈ X(Z)} ⊂ Ω1(Z).

Contracting dμ with the vector fields of the tangent frame(
∂

∂ω
,
∂

∂k
,

∂

∂η1
, . . . ,

∂

∂η5
,

∂

∂x1
, . . . ,

∂

∂x5

)

on Z, dual to the coframe (
ω, dk, η1, . . . , η5, dx1, . . . , dx5

)
,

we find the 1-forms

η1, . . . , η5,(3.4)

π1 = (x5 − 1)dk,(3.5)

π2 = (1 − x5)ω,(3.6)

β1 = dx1 − 2
{
km + k2 − εx2 − εkx3 − x5(1 + k2)

}
ω,(3.7)

β2 = dx2 + (kx1 − x4)ω,(3.8)

β3 = dx3 + (x1 + kx4)ω,(3.9)

β4 = dx4 − {2(m + k) − 4εx3}ω,(3.10)

β5 = dx5 − εx4ω.(3.11)

We have proven the following.
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Lemma 3.2. The Cartan system (C(dμ), ω) associated to (I, ω) is the differential
ideal on Z ∼= M × R

5 generated by{
η1, . . . , η5, π1, π2, β1, . . . , β5

}
and with independence condition ω.

Definition 3.3. The involutive prolongation of (C(dμ), ω) on Z gives rise to a
Pfaffian differential system (J , ω) on a submanifold Y ⊂ Z, which is called the Euler–
Lagrange differential system associated to the variational problem. The submanifold
Y is called the momentum space. We refer the reader to the book of Griffiths [11] for
a discussion of how this system is derived and for more details on Pfaffian systems.

Lemma 3.4. The momentum space Y is the 9-dimensional submanifold of Z
defined by the equations

x5 = 1, x4 = 0, x3 =
ε

2
(m + k).

The Euler–Lagrange system (J , ω) is the Pfaffian differential system on Y with in-
dependence condition ω generated by the 1-forms⎧⎪⎪⎪⎨

⎪⎪⎪⎩
η1
|Y , . . . , η

5
|Y ,

σ1 = dx1 +
(
k2 −mk + 2εx2 + 2

)
ω,

σ2 = dx2 + kx1ω,

σ3 = dk + 2εx1ω.

Moreover,

μ|Y =
1

2
(m− k)β2

1 − ε

2
k′β1

1 +
1

2

(
k′′

2
− εk(k −m) − 2ε

)
β1

2

+
ε

2
(m + k)α1

2 + α2
1.

Proof. Let V1(dμ) ↪→ P[T (Z)] → Z be the totality of 1-dimensional integral
elements of C(dμ). In view of (3.5) and (3.6), we find that

V1(dμ)|((Γ,k);x) �= ∅ ⇐⇒ x5 = 1.

Thus, the first involutive prolongation of (C(dμ), ω), i.e., the image Z1 ⊂ Z of V1(dμ)
with respect to the natural projection V1(dμ) → Z, is given by

Z1 = {((Γ, k);x) ∈ Z : x5 = 1}.

Next, the restriction of β5 to Z1 takes the form −εx4ω. Thus, the second involutive
prolongation Z2 is characterized by the equations

x5 = 1, x4 = 0.

Considering then the restriction of β4 to Z2 yields the equations

x5 = 1, x4 = 0, x3 =
ε

2
(m + k),

which define the third involutive prolongation Z3. Now, the restriction C3(dμ) to Z3

of C(dμ) is generated by the 1-forms η1, . . . , η5 and

σ1 = dx1 +
(
k2 −mk + 2εx2 + 2

)
ω,

σ2 = dx2 + kx1ω,

σ3 = dk + 2εx1ω.
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This implies that there exists an integral element of V1(dμ) over each point of Z3,
i.e., V1(dμ)p �= ∅, for each p ∈ Z3. Hence Y := Z3 and (J , ω) := (C3(dμ), ω) is the
involutive prolongation of the Cartan system (C(dμ), ω).

Remark 7. The importance of this construction is that the natural projection
πY : Y → M maps integral curves of the Euler–Lagrange system to extremals of
the variational problem associated to (M, I). The converse is not true in general.
However, it is known to be true if all the derived systems of (I, ω) are of constant
rank (cf. [1], [12]). In our case, one can easily check, using (2.11), that all the derived
systems of (I, ω) have indeed constant rank, so that all the extremals do arise as
projections of integral curves of the Euler–Lagrange system (see also section 3.3).

Remark 8. A direct calculation shows that

(3.12) μ|Y ∧ (dμ|Y )4 �= 0

on Y , i.e., the variational problem is nondegenerate.2 This implies that μ|Y is a
contact form and that there exists a unique vector field ζ ∈ X(Y ), the characteristic
vector field of the contact structure, such that μ|Y (ζ) = 1 and iζ dμ|Y = 0. In particu-
lar, the integral curves of the Euler–Lagrange system coincide with the characteristic
curves of ζ.

3.3. The natural equation of integral curves. Let V(J , ω) be the set of
integral curves of the Euler–Lagrange Pfaffian system (J , ω). If y = ((Γ, k);x1, x2) :
I → Y is in V(J , ω), then equations

η1 = η2 = · · · = η5 = 0

and the independence condition ω �= 0 tell us that Γ defines a canonical frame along
the null curve γ = ΓJΓ∗ and that k is the curvature of γ.

Next, for the smooth function k : I → R, let k′, k′′, and k′′′ be defined by

dk = k′ω, dk′ = k′′ω, dk′′ = k′′′ω.

Equation σ3 = 0 implies

x1 = −ε

2
k′.

Further, σ1 = 0 gives

x2 =
1

4
k′′ − ε

2
(k2 −mk + 2).

Finally, σ2 = 0 yields

(3.13) k′′′ − 6εkk′ + 2εmk′ = 0.

2A variational problem is said to be nondegenerate in the case when

dimY = 2m + 1 and μ|Y ∧ (dμ|Y )m �= 0.

Let V (J , ω) and V (C(dμ|Y ), ω) denote the set of integral elements of the Euler–Lagrange system
and of the Cartan system. For nondegenerate problems we have V (J , ω) = V (C(dμ|Y ), ω), whereas
in general we have only inclusion V (J , ω) ⊂ V (C(dμ|Y , ω) (cf. [11, p. 84]). For a discussion on the
relation between the classical Legendre transform and the construction of the Euler–Lagrange system
on the momentum space, with special attention to the nondegeneracy condition, we refer the reader
to [11, Chapter I, section e]).
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This is the Euler–Lagrange equation of the extremals of (3.1). It has been computed,
for example, in [7]. Thus, an integral curve of the Euler–Lagrange system projects to
an extremal trajectory in S

3
1.

Conversely, let γ : I → S
3
1 be a null curve without flex points, Γγ its canonical

frame, and kγ its curvature. Define the lift yγ : I → Y of γ to the momentum space
Y by

yγ(t) =

(
(Γγ , kγ);−ε

2
k′γ ,

1

4
k′′γ − ε

2
(k2

γ −mk + 2)

)
.

Then, yγ is an integral curve of the Euler–Lagrange system if and only if kγ satisfies
(3.13) if and only if γ is an extremal trajectory. Thus, the integral curves of the
Euler–Lagrange system arise as lifts of trajectories in S

3
1.

3.4. The Lax formulation. Introduce the reduced curvature

h :=
ε

2

(
k − m

3

)
and identify Y ∼= SL(2,C) × R

3, where R
3 has coordinates (h, h′, h′′). Then, the

Pfaffian equations defining the Euler–Lagrange system J are given by

(3.14)

⎧⎪⎪⎨
⎪⎪⎩

ηj = 0, (j = 1, . . . , 5),
dh = h′ω,
dh′ = h′′ω,
dh′′ = 12hh′ω,

where ω �= 0 is the independence condition. Equation (3.13) becomes

h′′′ − 12hh′ = 0,(3.15)

H(h) =

(
0 ε

2εh + m
3 + i 0

)
(3.16)

and we also have

μ = −
(
εh− m

3

)
β2

1 − h′β1
1 +

ε

2

(
h′′ − 4h2 +

2

3
εmh +

2

9
m2 − 2

)
β1

2

+

(
h +

2

3
εm

)
α1

2 + α2
1.

Next, define the momentum associated with h, U(h) ∈ sl(2,C), by

(3.17)

(
ih′ 2iε

(
h− ε

(
m
3 + i

))
2
(
h + 2εm

3

)
− iε
(
h′′ − 4h2 + 2εmh

3 + 2m2

9 − 2
)

−ih′

)
.

A direct computation shows that (3.15) is equivalent to

U(h)
′
= [U(h), H(h)] .

The above discussion yields the following result.
Proposition 3.5. A map (A;h, h′, h′′) : I ⊂ R → Y is an integral curve of the

Euler–Lagrange system (J , ω) if and only if

(3.18)

{
A−1A′ = H(h),

U(h)
′
= [U(h), H(h)] .
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As a consequence, we have the following.
Corollary 3.6. The momentum map

Φ : Y → sl(2,C), (A;h, h′, h′′) �→ AU(h)A−1

is constant on integral curves of the Euler–Lagrange system.
Remark 9. The momentum space Y may be identified with SL(2,C) × a, where

a = span {U(h)} is an affine subspace of sl(2,C). The group SL(2,C) acts on (Y, μ)
by

g · (A;U(h)) = (gA;U(h)), for each g ∈ SL(2,C), U(h) ∈ a,

in a Hamiltonian way. Using the isomorphism of sl(2,C) with its dual Lie algebra
induced by the Killing form, one sees that the momentum map associated with this
action is given by Φ. Moreover, if y = (A(t), U(h)(t)) is an integral curve of the
characteristic vector field ζ, then U(h)(t) is an integral curve of the vector field

Xζ : U(h) �→ [U(h), H(h)]

and ζ can be written

ζ|y = H(h)|A + Xζ(U(h)),

for all y = (A,U(h)) ∈ Y . If as denotes the singular set of Xζ , then the integral
curves through (A,U(h)) ∈ SL(2,C) × as are orbits of the 1-parameter subgroups
generated by H(h). By (3.17), these project to curves with constant curvature (null
helices). Next, consider Φ : SL(2,C)×ar → sl(2,C), where ar denotes the complement
of as in a. For each regular value � ∈ sl(2,C) of Φ, the isotropy subgroup at �,
SL(2,C)�, is abelian and dim SL(2,C)� = rank SL(2,C)� = 2. The reduced space
Y� = Φ−1(�)/SL(2,C)� is then 1-dimensional. This implies that an integral curve y
with momentum � (i.e., Φ ◦ y = �) can be found by quadratures. Any other integral
curve with momentum � is given by b · y for some b ∈ SL(2,C)�.

Note that when the action of the symmetry group on the momentum space is
co-isotropic (as in the present case), the equation governing the flow of Xζ can always
be written in Lax form. See, for instance, [10].

4. Integration of the trajectories.

4.1. Preparatory material. From (3.15), it follows that the reduced curvature
h satisfies

(4.1) (h′)2 = 4h3 − g2h− g3

for real constants g2 and g3. Hence h is expressed by the real values of either a
Weierstrass ℘-function with invariants g2, g3, or one of its degenerate forms.

We call a solution to (4.1) a potential with analytic invariants g2, g3. Two po-
tentials are considered equivalent if they differ by a reparametrization of the form
s �→ s+ c, where c is a constant.3 For real g2 and g3, let Δ(g2, g3) = 27g2

3 − g3
2 be the

discriminant of the cubic polynomial

P (t; g2, g3) = 4t3 − g2t− g3.

3When invariants g2 and g3 are given, such that 27g2
3 �= g3

2 , the general solution of the differential

equation ( dy
dz

)2 = 4y3 − g2y − g3 can be written in the form ℘(z + α; g2, g3), where α is a constant
of integration.
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The study of the real values of the Weierstrass ℘-function with real invariants g2, g3

(and its degenerate forms) leads to primitive half-periods ω1, ω3 such that (see for
instance [14])

• Δ(g2, g3) < 0: ω1 > 0, ω3 = iνω1, ν > 0.
• Δ(g2, g3) > 0: ω1 > 0, ω3 = 1

2 (1 + iν)ω1, ν > 0.
• Δ(g2, g3) = 0 and g3 > 0: ω1 > 0, ω3 = +i∞.
• Δ(g2, g3) = 0 and g3 < 0: ω1 = +∞, −iω3 > 0.
• g2 = g3 = 0: ω1 = +∞, ω3 = +i∞.

Accordingly, denoting by D(g2, g3) the fundamental period-parallelogram spanned by
2ω1 and 2ω3, the only possible cases for the potential function h : I → R are

• Δ < 0: h(s) = ℘(s; g2, g3), I = (0, 2ω1).
• Δ < 0: h(s) = ℘3(s; g2, g3) = ℘(s + ω3; g2, g3), I = R.
• Δ > 0: h(s) = ℘(s; g2, g3), I = (0, 2ω1).
• Δ = 0, g3 = −8a3 > 0:

h(s) = −3a tan2
(√

−3as
)
− 2a, I =

(
− π√

−12a
,

π√
−12a

)
.

• Δ = 0, g3 = −8a3 < 0:

h(s) = 3a tanh2 (
√

3as) − 2a, I = R.

• g2 = g3 = 0: h(s) = s−2, I = (−∞, 0), or I = (0,+∞).
Let h be a Weierstrass potential with real invariants g2, g3, and let U(h) be the

corresponding momentum as given by (3.17). Then

detU(h) =

(
4

27
m3 − 4m− m

3
g2 − εg3

)
+ iε

(
4

3
m2 − g2 − 4

)

= P
(
ε
(m

3
+ i
)

; g2, g3

)
.

Let

ν(m,h) :=

√
P
(
ε
(m

3
+ i
)

; g2, g3

)
,

chosen once for all. Then ±ν(m,h) are the eigenvalues of the momentum U(h).
Next, define

(4.2) φ(m,h) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫
ν(m,h)

h− ε
(
m
3 + i

)ds, ν(m,h) �= 0,

∫
1

h− ε
(
m
3 + i

)ds, ν(m,h) = 0.

These are elliptic integrals of the third kind. Let w(m,h) be the unique point in the
period-parallelogram D(g2, g3) such that

h(w) = ε
(m

3
+ i
)

and h′(w) = ν(m,h).

Denote by σh and ζh, respectively, the sigma and zeta Weierstrassian functions corre-
sponding to the potential h, i.e., the unique analytic odd functions whose meromorphic
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extensions satisfy ζ ′h = −h and σ′h/σh = ζh. Under the above assumptions, we now
compute the elliptic integrals (4.2). Three cases are considered.

Case I. ν(m,h) �= 0. In this case,

φ(m,h) =

∫
h′(w)

h(s) − h(w)
ds = log

σh(s− w)

σh(s + w)
+ 2sζh(w) + const.

Case II. ν(m,h) = 0 and g2
2 + g2

3 �= 0. In this case, h(w) = ε
(
m
3 + i

)
is a root of

the cubic polynomial P , say e3. If e1, e2 denote the other two roots, we have

φ(m,h) =

∫
ds

h(s) − e3
=

∫
h(s + w) − e3

(e3 − e1)(e3 − e2)
ds

=
1

g2

4 − 3
(
m
3 + i

)2 {ζh(s + w) + ε
(m

3
+ i
)
s
}

+ const.

Case III. ν(m,h) = 0 and g2 = g3 = 0. In this case,

φ(m,h) =
1

3
s3 + const.

4.2. Explicit integration. We are now in a position to explicitly integrate the
extremal trajectories. This amounts to integrating by quadratures the reduced system
associated to the Hamiltonian action of SL(2,C) on Y (cf. Remark 9). The key to
explicit integration is the conservation of the momentum map along integral curves
of the Euler–Lagrange system.

Theorem 4.1. Let γ : I → S
3
1 be an extremal trajectory with Lagrange multiplier

m and reduced curvature h with real invariants g2, g3. Let Uγ(h) be the momentum
of h given by (3.17), and assume that γ is parametrized by the canonical parameter
s, i.e., ω = ds. According to whether detUγ(h) is zero or different from zero, we
distinguish two cases.

Case I. If detU(h) �= 0, then the canonical frame field Γ : I → SL(2,C) along γ
is given by

Γ(s) = A ·M(s),

where A ∈ SL(2,C) and M(s) takes the form

1√
−4iεν

(
eφ(m,h) 0

0 e−φ(m,h)

)
⎛
⎜⎜⎜⎜⎜⎝

ih′ + ν√
h− ε

(
m
3 + i

) 2iε
√

h− ε
(
m
3 + i

)
−ih′ + ν√

h− ε
(
m
3 + i

) −2iε
√

h− ε
(
m
3 + i

)

⎞
⎟⎟⎟⎟⎟⎠

Case II. If detU(h) = 0, then the canonical frame field Γ : I → SL(2,C) along γ
is given by

Γ(s) = A ·M(s),

where A ∈ SL(2,C) and M(s) takes the form

1√
−2iε

⎛
⎝ 1√

h− ε(m3 + i)

−φ(m,h)

2i

0 1

⎞
⎠
⎛
⎝ 1 0

−ih′√
h− ε(m3 + i)

−2iε
√
h− ε(m3 + i)

⎞
⎠
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Proof of Case I. Let Γ = (C1, C2) : I → SL(2,C) be a canonical frame along γ
and Uγ(h) be the momentum of γ given by (3.17). Consider the eigenvalues ±ν(m,h)
of Uγ(h) and denote by L± the corresponding eigenspaces. From the definition of
Uγ(h), it follows that

L+ = −2iε
(
h− ε

(m
3

+ i
))

C1 + (ih′ − ν(m,h))C2 : I → L+,

L− = −2iε
(
h− ε

(m
3

+ i
))

C1 + (ih′ + ν(m,h))C2 : I → L−

are eigenvectors of Uγ(h) corresponding to ν(m,h) and −ν(m,h), respectively. Thus,
we must have

L′+ = ρ1L+, L′− = ρ2L−

for analytic functions ρ1, ρ2. Using the Maurer–Cartan equation Γ′ = ΓH(m,h), we
compute

L′+ =
h′ + ν(m,h)

2
(
h− ε

(
m
3 + i

))L+, L′− =
h′ − ν(m,h)

2
(
h− ε

(
m
3 + i

))L−.
We thus see that the two vectors

Λ1 := exp

(
−
∫

h′ + ν(m,h)

2
(
h− ε

(
m
3 + i

))ds
)
L+,

Λ2 := exp

(
−
∫

h′ − ν(m,h)

2
(
h− ε

(
m
3 + i

))ds
)
L−

are constant along γ. By (4.2), they become

Λ1 =
exp (−φ(m,h))√
h− ε

(
m
3 + i

)L+, Λ2 =
exp (φ(m,h))√
h− ε

(
m
3 + i

)L−.
Hence

Γ ·R(m,h) · S(m,h) = Λ = (Λ1,Λ2),

where

R(m,h) =

(
−2iε

(
h− ε

(
m
3 + i

))
−2iε

(
h− ε

(
m
3 + i

))
ih′ − ν(m,h) ih′ + ν(m,h)

)

and

S(m,h) =

⎛
⎜⎜⎝

1√
h− ε(m3 + i)

0

0
1√

h− ε(m3 + i)

⎞
⎟⎟⎠
(

exp (−φ(m,h)) 0
0 exp (φ(m,h))

)
.

From this, we obtain

Γ

⎛
⎜⎜⎝

−2iε
√
h− ε(m3 + i) −2iε

√
h− ε(m3 + i)

ih′ − ν√
h− ε(m3 + i)

ih′ + ν√
h− ε(m3 + i)

⎞
⎟⎟⎠
(

e−φ(m,h) 0

0 eφ(m,h)

)
= Λ,
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and hence

Γ = Λ̃

(
eφ(m,h) 0

0 e−φ(m,h)

)
⎛
⎜⎜⎜⎜⎝

ih′ + ν√
h− ε

(
m
3 + i

) 2iε
√

h− ε
(
m
3 + i

)
−ih′ + ν√

h− ε
(
m
3 + i

) −2iε
√

h− ε
(
m
3 + i

)
⎞
⎟⎟⎟⎟⎠ .

Proof of Case II. Again, let Γ = (C1, C2) : I → SL(2,C) be a canonical frame
along γ and Uγ(h) be the momentum of γ. If ν(m,h) = 0, then

L1 = −2iε
(
h− ε

(m
3

+ i
))

C1 + ih′C2

belongs to the kernel of Uγ(h), and proceeding as in Case I, we see that the vector

(4.3) Λ1 =
1√

h− ε
(
m
3 + i

)L1

is a first integral. In order to find another first integral, we look for analytic functions
f and g such that

(4.4) Λ2 := gC2 + fL1

is a constant vector. Differentiating and using the Maurer–Cartan equation Γ′ =
ΓH(m,h), we obtain

g′C2 + gεC1 + f ′L1 = 0,

from which we compute

g =
1√

h− ε
(
m
3 + i

) , f =
1

2i

∫
ds

h− ε
(
m
3 + i

) =
1

2i
φ(m,h).

Now, from (4.3) and (4.4), we obtain

Γ

⎛
⎜⎝ −2iε

√
h− ε(m3 + i) 0

ih′√
h− ε(m3 + i)

1

⎞
⎟⎠
⎛
⎜⎝ 1

1

2i
φ(m,h)

0
1√

h− ε(m3 + i)

⎞
⎟⎠ = Λ = (Λ1,Λ2),

and hence the required result.
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ON THE BOUNDEDNESS OF THE SPECTRAL FACTORIZATION
MAPPING ON DECOMPOSING BANACH ALGEBRAS∗
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Abstract. In [SIAM J. Control Optim., 40 (2001), pp. 88–106], Jacob and Partington studied
the continuity and boundedness of the spectral factorization mapping on decomposing Banach al-
gebras. Many function spaces considered in systems theory are decomposing Banach algebras. The
most well known example is the Wiener algebra, the space of all absolutely convergent Fourier series.
Jacob and Partington showed in the above paper that the spectral factorization is locally Lipschitz
continuous on all decomposing algebras, but unbounded on the most important examples of decom-
posing algebras. Our paper gives an extension of this result and shows that the spectral factorization
mapping is unbounded on every decomposing algebra.

Key words. spectral factorization, boundedness of the factorization, decomposing Banach
algebras
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1. Introduction. Let f be a real valued function given on the unit circle. Then
the spectral factorization of f is the process by which a function f+ is determined
such that f can be written as f = f+ f∗+, in which the spectral factor f+ is an
outer function and f∗+ its para-Hermitian conjugate. This operation arises in many
different applications. In communications and signal processing, it is an important
tool for filter design [6, 9, 11, 23] and spectral estimation [5, 17]. In control theory, it
is closely related to H∞ and quadratic optimal control [10, 20]. Moreover, it plays a
prominent roll in the theory of stochastic processes [8, 24].

The question of whether the spectral factorization mapping S : f �→ f+ is contin-
uous and bounded is of fundamental importance in practical applications since these
properties are linked to the robustness of the operation with respect to disturbances
of the given data and to the stability of the resulting spectral factor (see, e.g., [3, 13]).
Whether the spectral factorization mapping is continuous or bounded depends cru-
cially on the normed space on which one is working. Consequently, there exists several
results [1, 2, 16] on the continuity of S on different function spaces. In [7], Clancy
and Gohberg introduced a general class of Banach algebras of continuous functions,
so-called decomposing Banach algebras, on which the spectral factorization exists. In
[18] a slightly more restricted definition of a decomposing Banach algebra was given
and used to study the problem of best approximation of analytic function. In fact,
many of the most important Banach algebras used in system theory are decomposing.
Examples include the Wiener algebra, the set of Hölder continuous functions, and the
space of functions of vanishing mean oscillation (VMO).
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The present paper was motivated by the work of Jacob and Partington [15], where
the continuity and boundedness of the spectral factorization mapping on decomposing
Banach algebras was investigated in depth. It was shown that the spectral factoriza-
tion is locally Lipschitz continuous on all decomposing Banach algebras, but since
the spectral factorization mapping is nonlinear, this continuity does not imply the
boundedness of S. However, in [15] a necessary condition for the boundedness of
S on decomposing Banach algebras was derived. Based on this condition, it was
shown that the spectral factorization is unbounded on a large number of concrete
Banach algebras. In fact, [15] contains no example of a decomposing Banach algebra
on which the spectral factorization is bounded. This observation may suggest that
there exists no decomposing Banach algebra at all on which the spectral factorization
is bounded. This conjecture will be proved in the present paper. It will be shown
that the condition for the boundedness of the spectral factorization mapping given in
[15] is contradictory to the axioms of a decomposing Banach algebra.

The outline of the paper is as follows. Sections 2 and 3 briefly review the concept of
decomposing Banach algebras and of the spectral factorization, respectively. Section 4
gives an extension of the boundedness condition in [15] and derives some consequences
regarding Fourier series. Based on these consequences, we prove in section 5 that there
exists no decomposing Banach algebra on which the spectral factorization is bounded.
The paper closes with some discussions in section 6 and a conclusion in section 7.

2. Decomposing Banach algebras. This section introduces notation and
briefly recalls the concept of decomposing Banach algebras. Moreover, it states some
known results which are used frequently in this paper and gives some examples of
decomposing algebras.

Throughout this paper, D := {z ∈ C : |z| < 1} and T := {z ∈ C : |z| = 1} denote
the unit disc and the unit circle in the complex plane, respectively. The imaginary
unit is denoted by i =

√
−1, and z is the conjugate complex of z. The set C(T)

of all continuous functions on T is a Banach space under the usual supremum norm
‖f‖∞ = supζ∈T

|f(ζ)|. The Banach space of p-integrable functions (1 < p < ∞) on

T with the usual norm ‖f‖p := ( 1
2π

∫
T
|f(ζ)|p dζ)1/p is denoted by Lp(T). Moreover,

L∞(T) denotes the set of all measurable and essentially bounded functions on T. For
any function f ∈ L1(T), the Fourier coefficients are defined by

f̂(k) =
1

2π

∫ π

−π
f(eiτ ) e−ikτ dτ , k = 0,±1,±2, . . . .(2.1)

Let A ⊂ L1(T) be a commutative Banach algebra with unity and with norm ‖·‖A.
We define the two subspaces A+ and A− of A by

A+ := {f ∈ A : f̂(k) = 0 for all k < 0},

A− := {f ∈ A : f̂(k) = 0 for all k ≥ 0} .

In particular, let A = Lp(T), 1 < p ≤ ∞; then [Lp(T)]+ coincides with the Hardy
space Hp(D) of functions in Lp(T) which are analytic in D. The mapping

∞∑
k=−∞

f̂(k) zk �−→
∞∑
k=0

f̂(k) zk,(2.2)

which assigns to every f ∈ A with Fourier coefficients (2.1) a corresponding function
in A+, will be denoted by P+ and is called the Riesz projection. Inserting the Fourier
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coefficients (2.1) into (2.2) yields a closed form integral representation of the Riesz
projection P+ : A → A+:

(P+f)(z) =
1

2π

∫ π

−π
f(eiτ )

eiτ

eiτ − z
dτ .

A linear functional h : A → C is called a homomorphism (a multiplicative linear
functional) on A if h(φψ) = h(φ)h(ψ) for all φ, ψ ∈ A. The set of all homomorphisms
on A will be denoted by Γ(A). Moreover, G(A) will stand for the set of all invertible
elements of A. Thus G(A) is the set of all f ∈ A for which there exists a function
f−1 ∈ A such that f · f−1 = 1, where 1 denotes the unity of A. Accordingly, G(A+)
denotes the set of all invertible elements in A+. Let f ∈ A and define (exp f)(ζ) :=∑∞

k=0
1
k! f(ζ)k. By the properties of a Banach algebra, it is clear that ‖ exp f‖A ≤

exp(‖f‖A); from what follows, that exp f ∈ A. Moreover, it holds that exp(f) ∈ G(A).
Another important subset of A that will be needed frequently is the set

Apos = {f ∈ A : f(ζ) > 0 for all ζ ∈ T}

of all strictly positive functions in A.
Next, we recall the notion of decomposing Banach algebras and review some

of their most important properties. In general, a decomposing Banach algebra is a
Banach algebra A with an identity which can be written as a direct sum A = A+⊕A−
of two closed subalgebras A+ and A− [7]. However, as in [15], we are interested in
decomposing Banach algebras B, which are subspaces of L2(T). Then, a decomposing
Banach algebra is defined by the following four axioms [15].

Definition 2.1. A commutative Banach algebra B ⊂ L2(T) is called a decom-
posing Banach algebra if the following hold:

(A1) If f ∈ B, then f ∈ B and P+f ∈ B.
(A2) B is a Banach algebra with respect to pointwise multiplication.
(A3) The set of all trigonometric polynomials is dense in B.
(A4) Every multiplicative functional on B coincides with a functional f �→ f(ζ)

defined as the value f(ζ) at some point ζ ∈ T.
Note that this definition coincides with the definition given by Peller and Khrush-

chev in [18]. The following results recall some essential properties of decomposing
Banach algebras.

Proposition 2.2. Let B be a decomposing Banach algebra. Every f ∈ B with
f(ζ) �= 0 for all ζ ∈ T belongs to G(B).

Proof. Let ζ ∈ T be arbitrary; then (A2) implies that the functional h : B → C

defined by h(φ) := φ(ζ) is a homomorphism on B, and (A4) shows that all possible
homomorphisms on B are obtained in this way. Therefore, φ(ζ) �= 0 for all ζ ∈ T

implies h(φ) �= 0 for all h ∈ Γ(B), and by the Beurling–Gelfand theorem, φ ∈ B is
invertible in B if and only if h(φ) �= 0 for all h ∈ Γ(B); see, e.g., [19, section 11.5].

Proposition 2.3. Every decomposing Banach algebra B is continuously embed-
ded in C(T) with

‖f‖∞ ≤ ‖f‖B for all f ∈ B .

Proof. By (A2) and (A4), for every ζ ∈ T there exists an h ∈ Γ(B) such that
h(φ) = φ(ζ) for every φ ∈ B. Since each complex homomorphism of B is bounded
by 1 (see, e.g., [19, section 10.7]), one has |φ(ζ)| = |h(φ)| ≤ ‖φ‖B, which implies
‖φ‖∞ ≤ ‖φ‖B. By (A3), for every ε > 0 there exists a trigonometric polynomial ψ
such that ‖φ− ψ‖∞ ≤ ‖φ− ψ‖B < ε, which proves that φ ∈ C(T).
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The next lemma, taken from [15], will be used frequently in what follows.
Lemma 2.4. Let B be a decomposing Banach algebra. Then there exists a constant

m1 > 0 such that

‖f‖B ≤ m1 ‖f‖B for all f ∈ B .

From now on, the symbol B always stands for a decomposing Banach algebra.
The unity in B will be denoted by 1 is given by 1(ζ) = 1 for all ζ ∈ T.

We complete this section with some examples of decomposing and nondecompos-
ing Banach algebras. All these examples can be found in [15] or [18] along with their
corresponding proofs.

Example 2.5 (Wiener algebra). The Wiener algebra W is the set of all functions
of the form

f(eiω) =

∞∑
k=−∞

ak e
ikω,

which are bounded with respect to the norm

‖f‖W =

∞∑
k=−∞

|ak| .

The Wiener algebra W is a decomposing Banach algebra.
Example 2.6 (Hölder continuous functions). For 0 < α < 1, denote by Λα the

set of all functions on T for which the norm

‖f‖α = ‖f‖∞ + sup
ζ,z∈T, ζ �=z

|f(ζ) − f(z)|
|ζ − z|α

is bounded. The closure of all trigonometric polynomials under the norm ‖ · ‖α is
denoted by λα, and it can be shown that λα is a decomposing Banach algebra.

Example 2.7 (nondecomposing Banach algebras). The set of continuous functions
C(T) on the unit circle T is a Banach algebra under pointwise multiplication and
satisfies also the axioms (A3) and (A4) of a decomposing Banach algebra. However,
it does not satisfy the second part of property (A1) since there exist functions f ∈ C(T)
for which the Riesz projection P+f is not continuous. This follows, e.g., from the
counterexample given in [21], or it can be seen from the last paragraph of the proof
of Theorem 5.3. The same holds also for L∞(T). It does not satisfy the second part
of (A1) since there exists no bounded projection L∞(T) to H∞(D) [14, Chapter 9].

3. Spectral factorization. This sections briefly reviews the notation and defi-
nitions of the spectral factorization, as far as it is needed in this paper.

Definition 3.1. Let B be a Banach algebra of functions on the unit circle T. An
element f ∈ B possesses a spectral factorization if there exists an invertible element
f+ ∈ G(B+) such that

f(eiω) = f+(eiω) f+(eiω) for all ω ∈ [−π, π) .(3.1)

The function f+ is called a spectral factor of f , and every f ∈ B which possesses a
spectral factorization is called a spectral density.

Which elements of a decomposing Banach algebra B are spectral densities? The
answer is given by the following proposition, which is taken from [15].
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Proposition 3.2. Let B be a decomposing Banach algebra. An element f ∈ B
is a spectral density if and only if f ∈ Bpos. One spectral factor is given by

f+(z) = (Sf)(z) = exp

(
1

4π

∫ π

−π
log f(eiτ )

eiτ + z

eiτ − z
dτ

)
, z ∈ D .(3.2)

This spectral factor is unique up to a constant of modulus 1.
Remark 3.3. The above proposition holds also for some nondecomposing Banach

algebras. It holds, e.g., for L∞(T), but it does not hold for C(T) because, as is well
known [14, 21], there exist functions f ∈ C(T) with f(ζ) > 0 for all ζ ∈ T but for
which the spectral factor (3.2) is not continuous.

Remark 3.4. Note that the spectral factorization mapping (3.2) is well defined
already for all functions f ∈ B which satisfy the so-called Paley–Wiener condition,∫

T
log f(ζ) dζ > −∞. However, if f ∈ B had a zero on T, then by (3.1) the function

Sf also would have a zero on T, and because of property (A4) of a decomposing
Banach algebra, Sf would not be invertible in B+. By Definition 3.1 of the spectral
factorization, this implies that Sf is no spectral factor of f in this case.

Note that the spectral factorization mapping (3.2) can also be written in terms
of the Riesz projection P+:

f+(z) = (Sf)(z) = exp

[
(P+[log f ])(z) − 1

2
(P+[log f ])(0)

]

= A(f) exp [ (P+[log f ])(z) ](3.3)

with the constant A(f), which is determined by the zeroth Fourier coefficient of log f .
Note also that the spectral factorization mapping is nonlinear. Therefore, for every
constant α > 0, it holds in particular that S(α f) = S(α) S(f) =

√
αS(f).

4. Basic results. This paper investigates the boundedness of the spectral factor-
ization mapping on decomposing Banach algebras. The boundedness of the mapping
guarantees that the norm of the spectral factor is small whenever the norm of the
spectral density is small.

Definition 4.1. Let B be a decomposing Banach algebra. Then the spectral
factorization mapping S : B → B+ is said to be bounded if there exists a constant
C < ∞ such that for every f ∈ Bpos with ‖f‖B ≤ 1, it always holds that

‖f+‖B = ‖Sf‖B ≤ C .(4.1)

In [15] a simple equivalent condition for the boundedness of the spectral factor-
ization on a decomposing Banach algebra was given as follows.

Proposition 4.2. The spectral factorization mapping is bounded on a decom-
posing algebra B if and only if there exists a constant m2 > 0 such that

m2 ‖h‖2
B ≤ ‖hh‖B for all h ∈ G(B+) .(4.2)

Thus, in order for the spectral factorization to be bounded on the decomposing
Banach algebra B, condition (4.2) has to be satisfied for all functions h ∈ G(B+).
It was annotated in [15] that condition (4.2) cannot be satisfied for all elements of
the decomposing algebra B because this would imply that B is isomorphic to C(T),
which is not a decomposing Banach algebra. However, our paper will show that
there exists no decomposing algebra on which the spectral factorization mapping is
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bounded. This will be done in several steps: In the following subsection, we show that
the boundedness of the spectral factorization implies that condition (4.2) holds for
all f ∈ B+, and in section 4.2 we derive consequences of this extension with respect
to Fourier series in decomposing Banach algebras in which the spectral factorization
is bounded. These results are used in section 5 to show that condition (4.2) holds
even for all f ∈ B. Then, the above cited argument from [15] implies immediately
that there exists no decomposing Banach algebra on which the spectral factorization
is bounded.

4.1. Extension to B+. The result of this subsection shows that condition (4.2)
for the boundedness of the spectral factorization on a decomposing Banach algebra
can be extended to every f ∈ B+.

Lemma 4.3. The spectral factorization is bounded on a decomposing Banach
algebra B if and only if there exists a constant m3 > 0 such that

m3 ‖f‖2
B ≤ ‖f f‖B for all f ∈ B+ .(4.3)

Remark 4.4. Lemmas 4.3 and 2.4 together give the relation

m3 ‖f‖2
B ≤ ‖f f‖B ≤ m1 ‖f‖2

B for all f ∈ B+

in every decomposing Banach algebra B on which the spectral factorization is bounded.
Proof. Since G(B+) ⊂ B+, Proposition 4.2 implies that (4.3) is sufficient for

the boundedness of the spectral factorization. The necessity of (4.3) is shown by
contradiction: Assume that the spectral factorization is bounded but that there exists
no constant m3 > 0 such that (4.3) holds. Then, for every ε > 0 there exists a
g ∈ B+ with ‖g‖B = 1 and such that ‖g g‖B ≤ ε2. Moreover, it holds obviously that
‖g g‖∞ = supζ∈T

|g(ζ)|2 = ‖g‖2
∞. These facts and Proposition 2.3 together give

‖g‖2
∞ = ‖g g‖∞ ≤ ‖g g‖B ≤ ε2 .(4.4)

Next, we consider the function f := g + ‖g‖∞ + ε. By this definition, it is clear that
|f(z)| ≥ ε for all z ∈ D, i.e., f ∈ G(B+). Using the triangle inequality and (4.4), one
gets a lower bound and an upper bound for the norm of this function,

1 − 2 ε ≤ ‖f‖B ≤ 1 + 2 ε .(4.5)

Therewith, one obtains that

‖f f‖B ≤ ‖g g‖B + (‖g‖∞ + ε) ‖g + g‖B + (‖g‖∞ + ε)2 ‖1‖B

≤ ε2 + 2 ε (1 + m1) + 4 ε2 ‖1‖B = C1 ε
2 + C2 ε

with the constants C1 = 1+4 ‖1‖B and C2 = 2 (1+m1) and in which inequality (4.4)
and Lemma 2.4 were used to obtain the second line. On the other hand, since it was
assumed that the spectral factorization is bounded, and since f ∈ G(B+), one can
apply Proposition 4.2. Together with (4.5) this gives the lower bound

‖f f‖B ≥ m2 ‖f‖2
B ≥ m2 (1 − 2 ε)2

with m2 > 0. Combining the lower bound and the upper bound for ‖f f‖B, one
obtains that

0 < m2 ≤ ε
C1 ε + C2

(1 − 2 ε)2
.
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The right-hand side of this expression tends to zero as ε → 0. Therefore, this last
inequality gives a contradiction for sufficiently small ε. This shows that if the spectral
factorization is bounded on B, then there exists a constant m3 > 0 such that (4.3)
holds.

This extension of the statement of Proposition 4.2 from G(B+) onto the whole
B+ has some important consequences for decomposing Banach algebras on which the
spectral factorization is bounded. Some of these consequences are discussed in the
following subsection.

4.2. Fourier series. Recall [12, 14] that an inner function is a function ϕ ∈
H∞(D) such that |ϕ(ζ)| = 1 for almost all ζ ∈ T. Assume now that ϕ ∈ B is an
arbitrary inner function. Then it is clear that ϕ ∈ B+, and Lemma 4.3 implies that
m3 ‖ϕ‖2

B ≤ ‖ϕϕ‖B = ‖1‖B. This shows that in every decomposing Banach algebra B
on which the spectral factorization is bounded, one has a universal upper bound on
the norm for every inner function in B,

‖ϕ‖B ≤

√
‖1‖B
m3

=: C3,

which depends only on the algebra B.
Next, we show that in a decomposing Banach algebra B on which the spectral

factorization is bounded, the Fourier series of every f ∈ B converges uniformly. To
this end, define for n = 0, 1, 2, . . . the function sn(z) = zn. Since the trigonometric
polynomials are dense in every decomposing algebra, sn ∈ B+ for all n ∈ N and every
sn is obviously an inner function. Moreover, the functions s−n := sn, n ∈ N, belong
to B, and because of Lemmas 2.4 and 4.3, one obtains a uniform upper bound

‖sn‖B ≤ m1 C3 for all n ∈ Z(4.6)

for the norms of these functions.
Let f ∈ B ⊂ L2(T) with Fourier series representation f(ζ) =

∑∞
k=−∞ f̂(k) ζk.

For every n ∈ N, we consider the operators An : B → B and A−n : B → B defined by

(An f)(ζ) =

n−1∑
k=−∞

f̂(k) ζk = f(ζ) − sn(ζ) [P+(sn f)] (ζ),(4.7)

(A−n f)(ζ) =

∞∑
k=−n

f̂(k) ζk = sn(ζ) [P+(sn f)] (ζ) .

As n tends to infinity, both Anf and A−nf should converge to f . That this really
happens is the statement of the following proposition.

Proposition 4.5. Let B be a decomposing Banach algebra on which the spectral
factorization is bounded. Then there exist constants m4 and m5 such that

‖Anf‖B ≤ m4 ‖f‖B and ‖A−nf‖B ≤ m5 ‖f‖B(4.8)

for all f ∈ B and all n ∈ N. Moreover, for all f ∈ B it holds that

lim
n→∞

‖f − Anf‖B = 0 and lim
n→∞

‖f − A−nf‖B = 0 .(4.9)
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Proof. Since B is decomposing, the Riesz projection is bounded; i.e., there exists
a constant C4 such that ‖P+ f‖B ≤ C4 ‖f‖B for all f ∈ B. The uniform boundedness
of An follows immediately from its definition (4.7) and from the properties of the
Banach algebra B and the shift functions sn:

‖Anf‖B ≤ ‖f‖B + C4 ‖sn‖B ‖sn‖B ‖f‖B ≤
(
1 + C4 m

2
1 C

2
3

)
‖f‖B .

It is clear that (4.9) holds for all polynomials in B, and since the polynomials are
dense in B, and since the operator sequence An is uniformly bounded, (4.9) follows.
The statements for A−n are proved in exactly the same way.

5. Boundedness of the spectral factorization. In this section we finally
show that there exists no decomposing Banach algebra on which the spectral fac-
torization is bounded. First, we extend the statement of Lemma 4.3 to the whole
decomposing Banach algebra B.

Lemma 5.1. Let B be a decomposing Banach algebra and assume that there exists
a constant m3 such that (4.3) holds. Then there exists a constant m6 such that

m6 ‖f‖2
B ≤ ‖f f‖B for all f ∈ B .(5.1)

Proof. Let f(ζ) =
∑∞

k=−∞ f̂(k) ζk with ζ ∈ T be an arbitrary element of B, and
let sn(ζ) = ζn. Note that the Fourier series of f (and all the following Fourier series
in this proof) converge in the B-norm by Proposition 4.5. Applying the upper bound
(4.6) for the shift function sn, one obtains for an arbitrary n ∈ N that

‖f‖B = ‖sn sn f‖B ≤ ‖s−n‖B ‖sn f‖B ≤ m1 C3 ‖sn f‖B .(5.2)

It is easily checked that

sn f − P+(sn f) = sn Rn f with (Rn f)(ζ) =

−n−1∑
k=−∞

f̂(k) ζk .(5.3)

For the operator Rn it holds that ‖Rn f‖B → 0 as n → ∞ for every f ∈ B. This
follows from Proposition 4.5 after (5.3) is multiplied by sn. Therefore, one gets from
(5.3) that for every ε > 0 there exists an n0 > 0 such that

‖sn f‖B ≤ ‖P+(sn f)‖B + ε for all n ≥ n0 .

Together with (5.2) this shows that

‖f‖B −m1 C3 ε ≤ m1 C3 ‖P+(sn f)‖B for all n ≥ n0 .(5.4)

It is clear that P+(sn f) ∈ B+. Therefore, by the requirements of Lemma 5.1, in-
equality (4.3) holds such that

(5.5) m3 ‖P+(sn f)‖2
B ≤ ‖P+(sn f) P+(sn f)‖B

= ‖sn P+(sn f) · sn P+(sn f)‖B = ‖gn gn‖B

wherein gn = A−nf = sn P+(snf). By Proposition 4.5, it holds therefore that
limn→∞ ‖f − gn‖B = 0.
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Finally, we consider the expression f f − gn gn. By the triangle inequality, one
obtains

‖f f − gn gn‖B ≤ ‖f‖B ‖f − gn‖B + ‖gn‖B ‖f − gn‖B

≤ m1 (1 + m5) ‖f‖B ‖f − gn‖B,

where the second line follows from Lemma 2.4 and Proposition 4.5. Since the right-
hand side of the last inequality converges to zero as n tends to infinity, so does the
left-hand side. Therefore, for every ε > 0 there exists an n1 ≥ n0 > 0 such that

‖gn gn‖B ≤ ‖f f‖B + ε for all n ≥ n1 .(5.6)

Now, we can put together all the previous steps. This gives

(‖f‖B −m1 C3 ε)
2

(5.4)

≤ m2
1 C

2
3 ‖P+(sn f)‖2

B

(5.5)

≤ m2
1 C

2
3

m3
‖gn gn‖B

(5.6)

≤ m2
1 C

2
3

m3

(
‖f f‖B + ε

)
for all n ≥ n1. Since ε was chosen arbitrarily, one obtains

m3

m2
1 C

2
3

‖f‖2
B ≤ ‖f f‖B

for all f ∈ B. This is the statement of the theorem with m6 = m3/(m1 C3)
2.

Lemmas 4.3 and 5.1 show that if the spectral factorization is bounded on a de-
composing Banach algebra B, then (5.1) holds for all elements in B. However, as
already mentioned in [15], this implies that B is isomorphic to C(T), which is no de-
composing Banach algebra. For the sake of completeness, we give a separate proof of
this reasoning in the following.

Lemma 5.2. Let B be a decomposing Banach algebra and assume that there exists
a constant 0 < m6 < ∞ such that (5.1) holds for all f ∈ B. Then it holds that

‖f‖∞ ≤ ‖f‖B ≤ 2

m6
‖f‖∞ for all f ∈ B .(5.7)

Proof. The lower bound in (5.7) is a consequence of Proposition 2.3. To prove the
upper bound, first let h ∈ B be a real valued function. Then because of assumption
(5.1), it holds that m6 ‖h‖2

B ≤ ‖hh‖B = ‖h2‖B. Moreover, since h2 belongs again
to B, (5.1) can be applied to h2, which gives m6 ‖h2‖2

B ≤ ‖h4‖B. Together with the
previous inequality, one has m6 m

2
6 ‖h‖4

B ≤ m6 ‖h2‖2
B ≤ ‖h4‖B. Applying this upper

bound repeatedly, one obtains

‖h‖B ≤ C5 ‖h2n‖1/2n

B with C5 =

(
n−1∏
k=0

(m6)
2k

)−1/2n

= (m6)
− 2n−1

2n .

By the spectral radius formula, it holds ‖h‖∞ = limn→∞ ‖hn‖1/n
B . For n → ∞ this

gives in our case that

‖h‖B ≤ 1

m6
‖h‖∞(5.8)

for every real valued function h ∈ B. Now let f = f1 + i f2 be a complex function in
B with real functions f1, f2 ∈ B. Then it follows from (5.8) and Proposition 2.3 that
‖f‖B ≤ 1

m6
(‖f1‖∞ + ‖f2‖∞) ≤ 2

m6
‖f‖∞, which is the upper bound in (5.7).
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With these preparations, we prove the following main result of this paper.
Theorem 5.3. There exists no decomposing Banach algebra B on which the

spectral factorization mapping is bounded.
Proof. The theorem is proved by contradiction. Assume that the spectral fac-

torization is bounded on the decomposing Banach algebra B; then (5.7) holds. Now,
let f ∈ C(T) be an arbitrary continuous function, and let pn, n = 1, 2, . . . , be a
sequence of polynomials which converges to f in C(T): limn→∞ ‖f − pn‖∞ = 0.
This shows, together with (5.7), that pn is a Cauchy sequence in B, and since B is
complete, there exists a g ∈ B such that limn→∞ ‖g − pn‖B = 0. Because of (5.7)
this implies also that limn→∞ ‖g − pn‖∞ = 0. By the triangle inequality, one has
‖f − g‖∞ ≤ ‖f − pn‖∞ + ‖pn − g‖∞. Both terms on the right-hand side converge to
zero as n tends to infinity. This shows that f = g and therefore f ∈ B.

Finally, let again f ∈ C(T), and let An be the approximation operator defined in
(4.7). Then by (5.7) and Proposition 4.5, it holds that

(5.9) ‖Anf‖∞ ≤ ‖Anf‖B ≤ m4 ‖f‖B ≤ 2m4

m6
‖f‖∞,

where the constants m4,m6 are independent of n. However, this inequality does not
hold for all continuous functions f ∈ C(T). As an example, consider for an arbitrary

but fixed n ∈ N the function fn(eiω) =
(

1
π

∑n
k=1

sin(kω)
k

)
einω. Clearly, fn ∈ C(T)

with ‖fn‖∞ ≤ 1, and it holds that

(An fn)(eiω) =
1

2πi

n−1∑
k=0

eikω

n− k
.

It follows that |(An fn)(1)| = 1
2π

∑n
k=1

1
k , which shows that ‖Anfn‖∞ ≥ 1

2π log n.
Since the right-hand side of (5.9) is a constant, (5.9) gives a contradiction for the
function fn and for a sufficiently large n. This shows that (5.7) cannot hold. Conse-
quently, the spectral factorization mapping has to be unbounded in B.

6. Discussions. In a sense, the most vital axiom of a decomposing Banach
algebra is the second part of the axiom (A1), namely, that f ∈ B always implies that
P+f ∈ B, which is equivalent to the boundedness of the Riesz projection P+ on B.
Let us consider Banach algebras of continuous functions. These are Banach algebras
A that are closed subspaces of C(T) and that satisfy the axioms (A2)–(A4) and the
first part of (A1) of a decomposing Banach algebra. Then the boundedness of the
Riesz projection P+ on A will determine whether A is a decomposing algebra or not.

In the following, let A be a Banach algebra of continuous functions. Then Theo-
rem 5.3 implies that the spectral factorization mapping S is unbounded on A if the
Riesz projection is bounded on A. Next, we give a different condition for the un-
boundedness of the spectral factorization. To this end, we consider Banach algebras
with the following property.

Definition 6.1 (log-property). Let A be a Banach algebra of continuous func-
tions on T. We say that A possesses the log-property if every f ∈ A+ has the property
that |f(z)| > 0 for all z ∈ D implies log f ∈ A+.

Remark 6.2. The Wiener algebra (Example 2.5) and the algebra λα of Hölder
continuous functions (Example 2.6) are examples of algebras having the log-property.

With this property, one gets the following alternative condition for the unbound-
edness of the spectral factorization on Banach algebras of continuous functions.

Corollary 6.3. If a Banach algebra of continuous functions A possesses the
log-property, then the spectral factorization is unbounded on A.
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Proof. Since A ⊂ C(T) ⊂ L∞(T), every f ∈ Apos possesses a spectral factorization
with a spectral factor f+ ∈ H∞(D) (cf. Remark 3.3). Moreover, since f is continuous
and T is closed, there exists a ζ0 ∈ T such that infζ∈T |f(ζ)| = f(ζ0) =: c > 0. In
contradiction to the statement of the corollary, we assume that the spectral factoriza-
tion is bounded on A. Then f+ ∈ A+, and (3.1) shows that |f+(ζ)| ≥

√
c > 0 for all

ζ ∈ D. Since A possesses the log-property, log f+ ∈ A. Because of (3.3) it holds that
log f+(z) = (P+[log f ])(z) − 1

2 α0, in which the constant α0 = 1
2π

∫ π

−π log f(eiτ ) dτ is
just the zeroth Fourier coefficient of log f . Since log f+ ∈ A, this shows that the Riesz
projection of log f belongs to A as well. Thus, under the assumption that A has the
log-property and that the spectral factorization is bounded on A, we have that

P+[log f ] ∈ A for all f ∈ Apos .(6.1)

Let g ∈ A be an arbitrary real valued function in A. Then f := exp g ∈ Apos,
and it follows from (6.1) that P+g ∈ A whenever g ∈ A. For complex functions
g = g1+i g2 ∈ A with real functions g1, g2 ∈ A one obtains P+g = P+g1+iP+g2 ∈ A.
This implies that A is a decomposing Banach algebra, and by Theorem 5.3 it follows
that the spectral factorization mapping S is unbounded on A. This conflicts with the
assumption that S is bounded and therefore proves the corollary.

By (3.3), the spectral factorization mapping S is a concatenation of the logarithm
of the Riesz projection and of the exponential function: S = exp ◦P+◦log. If one con-
siders Banach algebras of continuous functions A, Theorem 5.3 shows that S will be
unbounded if the Riesz projector P+ is bounded, and Corollary 6.3 shows that S will
be unbounded if A has the log-property. It is interesting to compare this behavior with
the Banach algebra L∞(T). On this algebra, the spectral factorization is bounded,
but the Riesz projection is unbounded and L∞(T) does not possess the log-property.

It was shown that the spectral factorization is unbounded on every decomposing
Banach algebra B. However, it is possible to characterize subsets M of B such that
the spectral factor is bounded for every f ∈ M. These subsets M are characterized
by the minimum value of the spectral densities in M: For a fixed constant c > 0 and
a certain decomposing Banach algebra B, we consider the set M(c,B) := {f ∈ B :
‖f‖B ≤ 1, f(ζ) ≥ c for all ζ ∈ T} and the number

C(c,B) = sup
f∈M(c,B)

‖ log f‖B .

Assume that for a certain constant c > 0 it holds that C(c,B) < ∞; then the spectral
factorization is bounded on M(c,B).

Proposition 6.4. Let B be a decomposing Banach algebra, and let c > 0 such
that the constant C(c,B) < ∞; then for all f ∈ M(c,B) it holds that

‖f+‖B = ‖Sf‖B ≤ exp

(
1

2
C(c,B) ‖P+‖B→B

)
.(6.2)

Proof. For every f ∈ M(c,B) holds∥∥∥∥1

2
P+(log f)

∥∥∥∥
B

≤ 1

2
‖P+‖B→B ‖ log f‖B ≤ 1

2
‖P+‖B→BC(c,B) .

By the definition of the spectral factorization mapping (3.2), one obtains therewith

‖f+‖B ≤
∞∑
k=0

1

k!

(
1

2

)k

‖P+(log f)‖kB ≤ exp

(
1

2
‖P+‖B→BC(c,B)

)

which is the statement of the proposition.
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For which constants c the value C(c,B) remains bounded depends strongly on the
algebra B. This is illustrated by two examples.

Example 6.5. For the Wiener algebra W, it follows from Wiener’s classical result
[22] that C(c,W) ≤ log(1/[2 c − 1]) for every c > 1/2, and it can be shown [4] that
C(c,W) = +∞ for all c ≤ 1/4. It is not quite clear whether C(c,W) is bounded for
1/4 < c ≤ 1/2 or not.

Example 6.6. For the decomposing Banach algebra λα of all Hölder continuous
function on T, it is easy to verify [3] that for every arbitrary constants c > 0, the
value C(c, λα) is upper bounded by | log c| < ∞.

7. Conclusions. This paper presented a supplement to a result of Jacob and
Partington [15] on the boundedness of the spectral factorization mapping on decom-
posing Banach algebras. It was shown that there exists no decomposing Banach
algebra on which the spectral factorization is bounded. Together with the continu-
ity result in [15], one has therefore that the spectral factorization is continuous but
unbounded on every decomposing Banach algebra.

The boundedness of the spectral factorization mapping would allow us to bound
the norm of the spectral factors in terms of the norm of the given spectrum. This
possibility is of some importance in certain applications. As a practical example
we mention the approximation of the spectral factors by polynomials. To this end,
consider the Banach algebra λα of Hölder continuous functions (see Example 2.6), and
let φ ∈ λα be an arbitrary spectrum which should be approximated by a polynomial
φN of degree N . It is well known (see, e.g., [25, section III.13]) that the approximation
error is upper bounded by

‖φ− φN‖∞ ≤ C

Nα
‖φ‖α

with a fixed constant C. Thus, for all spectral densities with, say, ‖φ‖α ≤ 1, a
sufficient approximation degree N0 can be found such that the approximation error
remain always below a desired threshold. However, if one wants to approximate the
corresponding spectral factor φ+, no such minimal approximation degree N0 for all
φ with ‖φ‖α ≤ 1 can be found since ‖φ+ − φN‖∞ ≤ C

Nα ‖φ+‖α, and because of the
unboundedness of the spectral factorization mapping, the right-hand side cannot be
upper bounded by the norm of φ. Thus, in order to determine a sufficient approxi-
mation degree for the approximation polynomial of φ+, one needs to determine the
spectral factor and its norm, in general. If, on the other hand, the spectral factoriza-
tion mapping would be bounded, it would be possible to find for every ε > 0 a degree
N0 such that there always exists a polynomial φN0 such that ‖φ+ −φN0‖∞ < ε for all
spectra with ‖φ‖α < 1, without the need to control the norm of the spectral factors.
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Abstract. We study an optimal design problem consisting in mixing two anisotropic (electric
or thermal) materials in order to minimize a functional depending on the gradient of the state. It is
known that this type of problem has no solution in general, and then it is necessary to introduce a
relaxed formulation. Here we prove that this relaxation is obtained by using composite materials, is
constructed by homogenization, and takes a particular extension of the cost functional to these new
materials. We obtain an integral representation of this relaxed cost functional. Besides, we show
that our results contain some previous results obtained by other authors for isotropic materials.
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1. Introduction. We consider a control problem for a linear elliptic partial
differential equation where the control variable is the diffusion matrix (control problem
in the coefficients). This type of problem appears in optimal design. Recall that the
thermic or electric properties of a material are given by the corresponding diffusion
matrix, and so choosing an optimal matrix diffusion is equivalent to choosing an
optimal material. To simplify the exposition we consider a two-phase optimization
problem; i.e., we assume that the materials are constructed by mixing two fixed
materials (nonisotropic in general) represented by their diffusion matrices A and B,
which we take to be symmetric and elliptic.

As a model problem we consider the following one: For a bounded open set
Ω ⊂ RN , we look for a measurable set ω ⊂ Ω such that for a given source term
f ∈ L2(Ω) (or more generally in H−1(Ω)) the solution u of

{
−div (Aχω + BχΩ\ω)∇u = f in Ω,

u = 0 on ∂Ω

minimizes a given functional J on the Sobolev space H1
0 (Ω). We also assume that the

measure of ω is less than or equal to κ|Ω|, with 0 < κ < 1; i.e., we dispose only of a
limited quantity of material A.

It is well known (see, e.g., [20], [21]) that, in general, this problem has no solution
(some existence results can be obtained in particular situations [12]), and so it is
necessary to relax the problem. By denoting, for p ∈ [0, 1], K(A,B, p) as the set of
matrices constructed via homogenization, mixing A and B with respective proportions
p and 1−p, and assuming J sequentially continuous for the weak topology of H1

0 (Ω), it
is well known (see, e.g., [1], [11], [16], [17], [22], [24], [26], [27], [29]) that the relaxation
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of the model control problem is obtained by replacing the set of controls

(1.1) {Aχω + BχΩ\ω : ω ⊂ Ω measurable, |ω| ≤ κ|Ω|}

by the larger set

(1.2)

{
(M, θ) measurable : θ ∈ [0, 1], M∈K(A,B, θ) a.e. in Ω,

∫
Ω

θdx ≤ κ|Ω|
}
.

In the present paper we are interested in functionals depending on the gradient
of the state function, and so they are not sequentially continuous in general on the
weak topology of H1

0 (Ω). For simplicity, we restrict ourselves to the functional

(1.3) J(u) =

∫
Ω

F (∇u) dx + G(u), u ∈ H1
0 (Ω),

where F is a Hölder-continuous function in RN with a quadratic growth and G is
sequentially continuous for the weak topology of H1

0 (Ω). Thus, the control problem
considered in this paper is given by

(1.4)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

inf

{∫
Ω

F (∇u) dx + G(u)

}
,

−div (Aχω + BχΩ\ω)∇u = f in Ω,

u ∈ H1
0 (Ω), ω ⊂ Ω measurable, |ω| ≤ κ|Ω|.

Some control problems related to (1.4) have also been considered by other authors.
In this way, for the case

(1.5) A = αI, B = βI, J(u) =

∫
Ω

|∇(u− v)|2 dx,

it is proved in [30] that there exists a dense subset of v ∈ H1(Ω) such that, by taking as
control variable the functions of L∞(Ω) valuated in [0, 1], instead of the characteristic
functions of measurable subsets of Ω, problem (1.4) has a unique solution (the fact
that A = αI, B = βI is not relevant in the reasoning used in [30]).

Related to this result, we mention that, for N = 2, A = αI, B = βI, and
F (ξ) = G(|ξ|), convex in ξ, and growth not necessarily quadratic, it is proved in [25]
that a relaxation of (1.4) can be obtained by just replacing the characteristic functions
by functions valuated in [0, 1].

On the other hand, a relaxation of problem (1.4) when A,B, and J are given by
(1.5) is obtained in [3], [10], [18]. We also refer to [15], [31], where, from a partial
relaxation, it is realized a numerical study of the problem.

Some relaxation and numerical results for (1.4) have also been obtained in [2]
when A and B are not necessarily scalar matrices but B −A is small.

Other relaxation problems for anisotropic materials (in diffusion and elasticity)
have been considered in [12], [13], [14], where the functional is sequentially continuous
with respect to the weak topology of H1

0 (Ω), but constraints appear on the gradients
of the state functions.

In the present paper, for general A, B, and F , we show that the relaxation of (1.4)
is given by replacing (as when J was sequentially continuous in the weak topology of
H1

0 (Ω)) the set of controls (1.1) by (1.2) and the functional J by∫
Ω

H(∇u,M∇u, θ) dx + G(u),
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where H : {(ξ, η, p) ∈ RN × RN × [0, 1] : η ∈ K(A,B, p)ξ} → R is defined by (4.6).
We prove that the function H is continuous, satisfies the growth condition

|H(ξ, η, p)| ≤ C(1 + |ξ|2),

and has some convexity properties given in Proposition 4.6.
We also obtain a characterization of the set K(A,B, p)ξ for every ξ ∈ RN , and

we explicitly calculate H on{
(ξ, η, p) ∈ RN × RN × [0, 1] : η ∈ ∂K(A,B, p)ξ

}
(here ∂ denotes the boundary with respect to the affine hull). This can be useful to
the study of optimality conditions for the relaxed problem. We refer to [1], [5], [6],
[16], [24] for the study of optimality conditions for control problems in the coefficients.

Finally, we obtain an explicit expression of H in its whole domain for the case
where

F (ξ) = sAξ · ξ,

where s ∈ R and s(A − B) is nonnegative. This example contains in particular (see
Corollary 6.2) the case where A, B, and J are given by (1.5).

Although, to simplify the exposition, we have assumed that J is given by (1.3),
our techniques apply for a more general functional given by∫

ω

F1(x, u,∇u) dx +

∫
Ω\ω

F2(x, u,∇u) dx + G(u),

with G as above and F1, F2 satisfying similar conditions to F . It is also possible to
consider more than two materials (but then, we do not have an explicit characteri-
zation of the domain of H) and the more realistic case where the set of materials is
invariable by rotations.

2. Notation. The space of linear applications from RN into RN , which we
assume to be identified with the space of matrices of dimension N ×N , is denoted by
MN . The subspace of MN corresponding to the symmetric matrices is denoted by
Ms

N .
The kernel and the range of M ∈ MN are, respectively, denoted by Ker(M) and

Ran(M).
For M ∈ Ms

N , not necessarily invertible, we define M† : Ran(M) → Ran(M) the
pseudoinverse of M , i.e., the inverse of the restriction of M to its range.

The unitary cube in RN , (0, 1)N is denoted by Y .
For two sets Z and Z ′, we denote by Z�Z ′ its symmetric difference; i.e., Z�Z ′ =

(Z \ Z ′) ∪ (Z ′ \ Z).
We use the subindex � to mean Y -periodicity. For example, the space of functions

in the Sobolev space H1
loc(R

N ) which are Y -periodic is denoted by H1
� (Y ). Indeed,

in the present paper all of the functions defined on Y are assumed to be extended to
RN by Y -periodicity.

Throughout the paper we denote by A and B two fixed positive symmetric ma-
trices.

We define Ξ : Ran(A−B) → A−1Ran(A−B) (= B−1Ran(A−B)) by

(2.1) Ξζ = ν ⇔
{

(B −A)ν = ζ

Aν ∈ Ran(A−B)
⇔

{
(B −A)ν = ζ

Bν ∈ Ran(A−B)
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for every ζ ∈ Ran(A−B) or, equivalently,

(2.2) Ξ = (rA + sB)−1(B −A)
(
(B −A)(rA + sB)−1(B −A)

)†
for every r, s ≥ 0, r + s > 0. Note that if B −A is invertible, then Ξ = (B −A)−1.

For p ∈ [0, 1], we define Λp as the arithmetic mean of A and B with respective
proportions p and 1 − p; i.e.,

Λp = pA + (1 − p)B.

We denote by Ω ⊂ RN a fixed bounded open set, smooth enough for Meyer’s
theorem [19] to be satisfied and such that there exist Ω̂ open bounded with Ω ⊂ Ω̂
and a linear continuous prolongation operator from H1(Ω) into H1

0 (Ω̂).
For a sequence Mn ∈ L∞(Ω;MN ), uniformly elliptic and bounded, and M ∈

L∞(Ω;MN ), we write Mn
H→ M to mean that Mn converges to M in the sense of

the H-convergence [22], [27]. Indeed, as we usually deal with symmetric matrices,
H-convergence is equivalent to the G-convergence of Spagnolo [26].

For p ∈ [0, 1] we denote by K(A,B, p) the set of materials constructed via homog-
enization mixing the materials corresponding to the diffusion matrices A and B, with
respective proportions p and 1 − p; i.e.,

(2.3)
K(A,B, p) =

{
M ∈ Ms

N : ∃ωn ⊂ RN measurable,

χωn

∗
⇀ p in L∞(RN ), Aχωn + B(1 − χωn)

H→ M
}
.

Clearly, K(A,B, 1) = {A}, K(A,B, 0) = {B}.
For ξ ∈ RN , p ∈ [0, 1] we write

K(A,B, p)ξ =
{
η ∈ RN : ∃M ∈ K(A,B, p), with η = Mξ

}
.

3. Preliminary results. To our knowledge, an explicit characterization of the
set K(A,B, p) is known only for isotropic materials (see, e.g., [17], [29]). Fortunately,
for the purpose of the present paper, we need only to know the set K(A,B, p)ξ for
every ξ ∈ RN . A characterization of this set is obtained in the present section.

We recall the following result due to Dal Maso and Kohn [9] (see also [1], [11]),
which shows that the set K(A,B, p) can be obtained via periodic homogenization.

Theorem 3.1. For p ∈ [0, 1], the set of matrices M for which there exists Z ⊂ Y ,
with |Z| = p, such that for every ξ ∈ RN ,

(3.1) Mξ =

∫
Y

(AχZ + BχY \Z)(ξ + ∇w) dy,

with w the solution of

(3.2)

⎧⎪⎨
⎪⎩
w ∈ H1

� (Y ),

∫
Y

w dy = 0,

−div
(
(AχZ + BχY \Z)(ξ + ∇w)

)
= 0 in RN ,

is dense in K(A,B, p).
The following result gives some properties of the solution w of (3.2).
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Lemma 3.2. For p ∈ (0, 1), we consider ξ, η ∈ RN and Z ⊂ Y measurable, with
|Z| = p, such that the solution w of (3.2) satisfies

(3.3)

∫
Y

(AχZ + BχY \Z)(ξ + ∇w) dy = η.

Then the following equalities hold:

(3.4)

∫
Z

A∇w · ∇w dy +

∫
Y \Z

B∇w · ∇w dy = (Λpξ − η) · ξ,

(3.5) (B −A)

∫
Z

∇w dy = −(B −A)

∫
Y \Z

∇w dy = Λpξ − η,

(3.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Z

A

(
∇w − 1

p

∫
Z

∇w dz

)
·
(
∇w − 1

p

∫
Z

∇w dz

)
dy

+

∫
Y \Z

B

(
∇w − 1

1 − p

∫
Y \Z

∇w dz

)
·
(
∇w − 1

1 − p

∫
Y \Z

∇w dz

)
dy

= (Λpξ − η) · ξ −
(
A

p
+

B

1 − p

)(∫
Z

∇w dy

)
·
(∫

Z

∇w dy

)
.

Proof. By using w as a test function in (3.2), and taking into account (3.3), we
easily get (3.4).

Since w is periodic, we have∫
Z

∇w dy +

∫
Y \Z

∇w dy = 0.

On the other hand, by (3.3) we obtain

A

∫
Z

∇w dy + B

∫
Y \Z

∇w dy = η − Λpξ.

From these equalities we conclude (3.5).
To prove (3.6), it is enough to develop the left-hand side and then use (3.4).
As a consequence of Lemma 3.2, we have the following.
Proposition 3.3. If N = 1, p ∈ [0, 1], we have

(3.7) K(A,B, p) =

{(
p

A
+

1 − p

B

)−1
}
.

If N ≥ 2, p ∈ (0, 1), ξ ∈ RN , then, by denoting by E(ξ, p) the ellipsoid

E(ξ, p) =

{
ν ∈ RN :

(
A

p
+

B

1 − p

)
ν · ν ≤ (B −A)ν · ξ

}
,

we have

(3.8) K(A,B, p)ξ = Λpξ + (A−B)E(ξ, p).
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Proof. The case N = 1 is well known. Indeed, it can be easily obtained by using
the fact that for every Z ⊂ Y , with |Z| = p, the solution w of (3.2) satisfies

(3.9) ξ +
dw

dx
=

⎧⎪⎨
⎪⎩

η

A
a.e. in Z,

η

B
a.e. in Y \ Z,

with

(3.10) η =

(
p

A
+

1 − p

B

)−1

ξ.

Assume now that N ≥ 2, p ∈ (0, 1). For Z ⊂ Y , with |Z| = p, and the w ∈ H1
� (Y )

solution of (3.2), the left-hand side of (3.6) is nonnegative, and so equality (3.5) proves
that the vector

ν =

∫
Z

∇w dy

is in E(ξ, p) and satisfies η = Λpξ + (A − B)ν. Since by Theorem 3.1 the set of η
constructed in this way is dense in K(A,B, p)ξ, we then deduce the inclusion

K(A,B, p)ξ ⊂ Λpξ + (A−B)E(ξ, p).

Reciprocally, let us now prove that every ν ∈ E(ξ, p) satisfies that Λpξ+(A−B)ν
belongs to K(A,B, p)ξ.

If ν belongs to ∂E(ξ, p) \ {0}, this can be easily shown by using a lamination of
A and B with respective proportions p and 1 − p in the direction of ν. If ν = 0, we
consider a lamination as above but now in an orthogonal direction to (B −A)ξ.

If ν belongs to the interior of E(ξ, p), then, for λ > 1 such that λν belongs to
∂E(ξ, p), we take two matrices M1,M2 ∈ K(A,B, p) such that M1ξ = Λpξ, M2ξ =
Λpξ + λ(A − B)ν. A lamination of M1 and M2 with respective proportions 1 − 1/λ
and 1/λ in an orthogonal direction to (M2 −M1)ξ provides a matrix M ∈ K(A,B, p)
such that Λpξ + (A−B)ν = Mξ.

Corollary 3.4. For N ≥ 2, p ∈ (0, 1), and ξ ∈ RN , we have

(3.11)

K(A,B, p)ξ =

{
η ∈ RN : Λpξ − η ∈ Ran(A−B),

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η) ≤ ξ · (Λpξ − η)

}
.

Proof. By Proposition 3.3, we have that η belongs to K(A,B, p)ξ if and only if
there exists ν ∈ RN , such that Λpξ − η = (B −A)ν and(

A

p
+

B

1 − p

)
ν · ν ≤ (Λpξ − η) · ξ

or, equivalently, if and only if Λpξ − η ∈ Ran(A−B) and

(3.12) min

{(
A

p
+

B

1 − p

)
ν · ν : Λpξ − η = (B −A)ν

}
≤ (Λpξ − η) · ξ.
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The minimum of this problem is attained in ν = Ξ(Λpξ− η), with Ξ defined by (2.1).
By using the fact that by (2.2)

Ξ =

(
A

p
+

B

1 − p

)−1

(B −A)

(
(B −A)

(
A

p
+

B

1 − p

)−1

(B −A)

)†
,

we obtain (3.11).
As a consequence of this result, we have the following.
Corollary 3.5. For N ≥ 2, p ∈ (0, 1), ξ ∈ RN , the set K(A,B, p)ξ reduces to

{Λpξ} if and only if ξ ∈ Ker(A−B).
Proof. By Corollary 3.4, we have K(A,B, p)ξ = {Λpξ}, if and only if for every

ζ ∈ Ran(A−B), ζ �= 0, one has

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
ζ · ζ > ξ · ζ,

but this is equivalent to ξ ∈ Ran(A−B)⊥ = Ker(A−B).

4. Formulation of the problem and main results. Let us consider a function
F : RN → R such that there exist L > 0, � ∈ (0, 1] which satisfy

(4.1) |F (ξ) − F (ξ′)| ≤ L(1 + |ξ| + |ξ′|)2−�|ξ − ξ′|� ∀ ξ, ξ′ ∈ RN .

Without loss of generality, we can also assume that

(4.2) F (0) = 0.

These properties imply that F satisfies

(4.3) |F (ξ)| ≤ L(1 + |ξ|)2 ∀ ξ ∈ RN .

For the open set Ω and the matrices A, B given in section 2, our aim here is to
obtain a relaxation of the problem

(4.4)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

inf

{∫
Ω

F (∇u) dx + G(u)

}
,

−div (Aχω + BχΩ\ω)∇u = f in Ω,

u ∈ H1
0 (Ω), ω ⊂ Ω measurable, |ω| ≤ κ|Ω|,

where G is a sequentially continuous functional in the weak topology of H1
0 (Ω), f ∈

H−1(Ω), and κ ∈ (0, 1). For this purpose, given δ > 0, we define Hδ : RN × RN ×
[0, 1] → R ∪ {+∞} by

(4.5)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Hδ(ξ, η, p) = inf

∫
Y

F (ξ + ∇w) dy,

−div(AχZ + BχY \Z)(ξ + ∇w) = 0 in RN , w ∈ H1
� (Y ),∣∣∣∣

∫
Y

(AχZ + BχY \Z)(ξ + ∇w) dy − η

∣∣∣∣ < δ,

Z ⊂ Y measurable, |Z| = p,
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for every (ξ, η, p) ∈ RN ×RN × [0, 1]. In the above expression, the infimum over the
empty set is defined as +∞.

By using the fact that Hδ is decreasing with respect to δ, we define H : RN ×
RN × [0, 1] → R ∪ {+∞} by

(4.6) H(ξ, η, p) = lim
δ→0

Hδ(ξ, η, p) ∀ (ξ, η, p) ∈ RN × RN × [0, 1].

Remark 4.1. Definition (4.6) of H implies that for every (ξ, η, p) ∈ D(H) there
exists a sequence of measurable sets Zn ⊂ Y , with |Zn| = p, such that by defining
Sn ∈ L∞(Ω;Ms

n) by Sn = AχZn
+ BχY \Zn

, and taking the wn ∈ H1
� (Y ) solution of

−divSn(ξ + ∇wn) = 0 in RN

and

ηn =

∫
Y

Sn(ξ + ∇wn) dy,

we have

(4.7) η = lim
n→∞

ηn,

(4.8) H(ξ, η, p) = lim
n→∞

∫
Y

F (ξ + ∇wn) dy.

For N = 1, the following proposition gives an explicit expression of H.
Proposition 4.1. If N = 1, the function H is given by

(4.9) H(ξ, η, p) =

⎧⎪⎨
⎪⎩

pF
( η

A

)
+ (1 − p)F

( η

B

)
if η =

(
p

A
+

1 − p

B

)−1

ξ,

+∞ in another case.

For N ≥ 2 we do not have an explicit expression for H, but we can show the
following result.

Theorem 4.2. If N ≥ 2, the function H satisfies the following properties.
The domain of H is given by

(4.10)
Dom(H)

def
=

{
(ξ, η, p) ∈ RN × RN × [0, 1] : H(ξ, η, p) < +∞

}
=

{
(ξ, η, p) ∈ RN × RN × [0, 1] : η ∈ K(A,B, p)ξ

}
.

The function H is lower semicontinuous in Dom(H), and, for

α = min
{
eigenvalues of A and B

}
, β = max

{
eigenvalues of A and B

}
,

it satisfies

(4.11) |H(ξ, η, p)| ≤ L

(
β

α
|ξ|

)� (
1 +

β

α
|ξ|

)2−�
∀(ξ, η, p) ∈ Dom(H).

Moreover, we have

(4.12) H(ξ, Aξ, 1) = H(ξ,Bξ, 0) = F (ξ) ∀ ξ ∈ RN ,
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(4.13)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

H(ξ, η, p) = pF

(
ξ + Ξ

(
Λpξ − η

p

))
+ (1 − p)F

(
ξ − Ξ

(
Λpξ − η

1 − p

))

∀(ξ, η, p) ∈ RN × RN × (0, 1) with Λpξ − η ∈ Ran(A−B) and(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η)·(Λpξ − η) = ξ·(Λpξ − η).

If F is convex, then

F (ξ) ≤ min

{
pF

(
ξ+

ν

p

)
+(1 − p)F

(
ξ− ν

1 − p

)
: (B −A)ν=Λpξ−η, ν ∈ E(ξ, p)

}

≤ H(ξ, η, p) ∀ (ξ, η, p) ∈ Dom(H), p ∈ (0, 1).

(4.14)

Remark 4.2. A consequence of Theorem 4.2 is that if N ≥ 2, then H(ξ,Λpξ, p) =
F (ξ) for every ξ ∈ RN and every p ∈ [0, 1].

Remark 4.3. If (ξ, η, p) ∈ RN × RN × (0, 1) is such that Λpξ − η ∈ Ran(A−B)
and

(4.15)

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η) = ξ · (Λpξ − η),

then the set of ν ∈ E(ξ, p) such that (B −A)ν = Λpξ − η reduces to ν = Ξ(Λpξ − η).
Therefore, (4.13) shows that the second inequality in (4.14) is an equality for such
(ξ, η, p).

By using the function H, we obtain the following theorem.
Theorem 4.3. For every G : H1

0 (Ω) → R sequentially continuous in the weak
topology of H1

0 (Ω), every κ ∈ (0, 1), and every f ∈ H−1(Ω), a relaxation of problem
(4.4) is given by

(4.16)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min

{∫
Ω

H(∇u,M∇u, θ) dx + G(u)

}
,

−divM∇u = f in Ω,

u ∈ H1
0 (Ω),

θ ∈ L∞(Ω), 0 ≤ θ ≤ 1 a.e. in Ω,

∫
Ω

θ dx ≤ κ|Ω|,

M measurable, M(x) ∈ K(A,B, θ(x)) for a.e. x ∈ Ω,

with H given by (4.6).
Remark 4.4. Problem (4.16) can also be written as

(4.17)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min

{∫
Ω

H(∇u, σ, θ) dx + G(u)

}
,

−div σ = f in Ω,

u ∈ H1
0 (Ω),

θ ∈ L∞(Ω), 0 ≤ θ ≤ 1 a.e. in Ω,

∫
Ω

θ dx ≤ κ|Ω|,

σ ∈ K(A,B, θ)∇u a.e. in Ω measurable.
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Theorem 4.3 is a consequence of Theorem 4.5 below, which is interesting by itself.
We need the following definition.

Definition 4.4. We say that (un, σn, θn) ∈ H1(Ω) × L2(Ω)N × L∞(Ω) T -
converges to (u, σ, θ) ∈ H1(Ω) × L2(Ω)N × L∞(Ω) if and only if

un ⇀ u in H1(Ω), |∇un|2 equi-integrable,

σn ⇀ σ in L2(Ω)N , div σn → div σ in H−1(Ω)N ,

θn
∗
⇀ θ in L∞(Ω).

Remark 4.5. In the applications, we are interested in sequences (un, σn, θn) such
that there exists a sequence of uniformly elliptic and bounded matrix functions Mn,
which satisfies Mn∇un = σn. Then we recall that, thanks to Meyer’s regularity
theorem [19], the weak convergence of un in H1(Ω) and the strong convergence of
σn in L2(Ω)N imply the equi-integrability of |∇un|2 at least for Ω smooth and un

satisfying “good” boundary conditions (if not, we always hold the equi-integrability
on compact subsets of Ω).

Theorem 4.5. The lower semicontinuous envelope with respect to the T -
convergence of the functional F : H1(Ω)×L2(Ω)N ×L∞(Ω) → R∪ {+∞} defined by

(4.18) F(u, σ, θ)=

⎧⎪⎨
⎪⎩
∫

Ω

F (∇u) dx if θ = χω, ω ⊂ Ω measurable, σ = Λθ∇u,

+∞ in another case

is given by

(4.19) F(u, σ, θ)=

⎧⎪⎨
⎪⎩
∫

Ω

H(∇u, σ, θ) dx if 0 ≤ θ ≤ 1, σ ∈ K(A,B, θ)∇u, a.e. in Ω,

+∞ in another case.

Remark 4.6. Analogously to the proof of Theorem 4.3, we can use Theorem
4.5 to obtain the relaxation of some other related control problems. For example
(assuming smoothness enough to have the equi-integrability of |∇un|2, with un the
state functions corresponding to a minimizing sequence), we can consider different
boundary conditions for the state equation and some other restrictions. In this way,
we can apply Theorem 4.5 to obtain a relaxation of the control problem defining Hδ

(see (4.5)). This permits us to prove that the function H given by (4.6) satisfies

(4.20)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(ξ, η, p) = inf

∫
Y

H(ξ + ∇w,M(ξ + ∇w), θ) dy

θ ∈ L∞� (Y ), 0 ≤ θ ≤ 1 a.e. in RN ,

∫
Y

θ dy = p,

M ∈ K(A,B, θ) a.e. in RN , w ∈ H1
� (Y ),

−divM(ξ + ∇w) = 0 in RN ,∫
Y

M(ξ + ∇w)dy = η.
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Remark 4.7. In Step 3 in the proof of Theorem 4.5, for (u, σ, θ) ∈ Dom(F)
given, we show how to construct ωn ⊂ Ω and un ∈ H1(Ωn) such that the sequence
(un, (Aχωn + Bχωn)∇un, χωn) ∈ Dom(F) satisfies

F̄(u, σ, θ) = lim
n→∞

F(un, (Aχωn + Bχωn)∇un, χωn).

By applying this procedure to a solution (u, σ, θ) of problem (4.17), this gives a way
to construct a minimizing sequence for problem (4.4). Unfortunately, to apply this
procedure it is necessary, for (ξ, η, p) ∈ Dom(H), to know how to construct Zn ⊂ Y
in the conditions of Remark 4.1. We do not know how to make this, in general.
In particular, we do not know if this can be carried out by using laminations, as it
happens in some particular cases where the function H can be explicitly calculated
(see, e.g., [3], [10], and Remark 6.2 in the present paper). When η ∈ ∂K(A,B, p)ξ
(here ∂ denotes the boundary with respect to the affine hull), the set Zn is obtained
by using a simple lamination in the direction of ν = Ξ(Λpξ − η), if η �= Λpξ, or in
an orthogonal direction to (B − A)ξ, if η = Λpξ. In this sense, we remark that if H
is derivable (which we do not know if it is true) and θ, M , u is a solution of (4.16),
then, by introducing the adjoint state q as the solution of{

−divM∇q = −div
(
∇ξH(∇u,M∇u, θ) + M∇ηH(∇u,M∇u, θ)

)
in Ω,

q ∈ H1
0 (Ω),

the optimality conditions for problem (4.16) show (see, e.g., [1], [5], [16], [24] for related
results) that a.e. on the set {x ∈ Ω : ∇q(x) �= ∇ηH(∇u(x),M(x)∇u(x), θ(x))}, one
has that M∇u ∈ ∂K(A,B, θ)∇u.

Remark 4.8. In order to solve numerically problem (4.16) the main difficulty is,
as in the previous remark, that we have only an explicit expression of H on the points
(ξ, η, p) such that η ∈ ∂K(A,B, p)ξ (see (4.13)). But, as we observed above, if θ, M ,
u is a solution of (4.16), H is sufficiently smooth, and ∇q �= ∇ηH(∇u,M∇u, θ) a.e.
in Ω, then M∇u ∈ ∂K(A,B, θ)∇u a.e. in Ω. Moreover, in this case M is obtained
by just one lamination. By taking into account these remarks, one can consider a
numerical method consisting, for example, of taking a triangulation of Ω and then
searching the state function u piecewise affine, the proportion θ, and the matrix M
piecewise constants, with M corresponding to a lamination in each triangle (so the
choice of M in each triangle is reduced to the choice of the corresponding lamination
vector). This provides a numerical method similar to the one used in [15] and [31] for
the case where F (ξ) = |ξ|2, A = αI, B = βI, α, β > 0.

By using the fact that by Theorem 4.5 the functional F is lower semicontinuous
for the T -convergence, we can deduce some convexity properties for H. The result is
essentially a consequence of the compensated compactness theory of Murat [23] and
Tartar [28].

Proposition 4.6. The function H defined by (4.6) satisfies the following con-
vexity properties:

(i) If N = 1, then

(4.21) H(λξ1+(1 − λ)ξ2, η, λp1+(1 − λ)p2) ≤ λH(ξ1, η, p1) + (1 − λ)H(ξ2, η, p2)

for every ξ1, ξ2, η ∈ R and every p1, p2, λ ∈ [0, 1].
(ii) If N ≥ 2, then

(4.22)
H(λξ1 + (1 − λ)ξ2, λη1 + (1 − λ)η2, λp1 + (1 − λ)p2)

≤ λH(ξ1, η1, p1) + (1 − λ)H(ξ2, η2, p2)
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for every ξ1, ξ2, η1, η2 ∈ RN , with (ξ2−ξ1)·(η2−η1) = 0, and every p1, p2, λ ∈ [0, 1].
As a consequence of this result we will prove the following proposition which

improves Theorem 4.2.
Proposition 4.7. The function H is continuous on its domain.
Remark 4.9. In Theorem 4.2, we gave a lower bound for H by assuming F convex.

An analogous proof shows that for F concave we have

H(ξ, η, p)

≤ max

{
pF

(
ξ+

ν

p

)
+(1 − p)F

(
ξ− ν

1 − p

)
: (B −A)ν=Λpξ−η, ν ∈ E(ξ, p)

}

for every (ξ, η, p) ∈ Dom(H). Indeed, since H is defined by a minimum, it is not
difficult to obtain upper bounds for H. In this way, by using (4.13), (4.22), and H
lower semicontinuous for the T -convergence, we can use the reasoning at the end of
the proof of Proposition 3.3 to show that for every F satisfying (4.1) and (4.2) (not
necessarily concave), every (ξ, η, p) ∈ Dom(H), p ∈ (0, 1), and every ν ∈ E(ξ, p), with
(B −A)ν = Λpξ − η, we have

H(ξ, η, p) ≤
(

1 − 1

λ

)
F (ξ) +

1

λ

(
pF

(
ξ +

λν

p

)
+ (1 − p)F

(
ξ − λν

1 − p

))
,

where

λ =
(Λpξ − η) · ξ(

A

p
+

B

1 − p

)
ν · ν

∈ [0, 1].

In particular, for F concave, this proves that

H(ξ, η, p)

≤ min

{
pF

(
ξ+

ν

p

)
+(1 − p)F

(
ξ− ν

1 − p

)
: (B −A)ν=Λpξ−η, ν ∈ E(ξ, p)

}
.

5. Proofs of the results of section 4. Throughout this section, for a mea-
surable set Z ⊂ Y and ξ ∈ RN , we usually associate a matrix function S, defined
by

(5.1) S = AχZ + BχY \Z ,

and a function w solution of (3.2).
Proof of Proposition 4.1. The result is a simple consequence of Remark 4.1 and

the fact that the solution w of (3.2) with |Z| = p ∈ [0, 1] satisfies (3.9), with η given
by (3.10).

In order to prove Theorem 4.2, we first obtain some bounds for ∇w, with the w
solution of (3.2). This will be done in Lemmas 5.1 and 5.2 below.

Lemma 5.1. For every Z ⊂ Y measurable and ξ ∈ RN , the function w satisfies

(5.2) ‖ξ + ∇w‖L2(Y )N ≤ β

α
|ξ|.

Moreover, there exist r > 2 and C > 0, which depend only on β/α and N , such that
w ∈ W 1,r

� (Y ) and

(5.3) ‖ξ + ∇w‖Lr(Y )N ≤ C|ξ|.
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Proof. The proof of (5.2) easily follows by using w as a test function in (3.2).
Estimate (5.3) is a consequence of Meyer’s regularity theorem [19] and (5.2).

Lemma 5.2. There exist C > 0 and ρ ∈ (0, 1) (which depend only on β/α and N)
such that, for every ξ, ξ′ ∈ RN and every Z,Z ′ ⊂ Y measurable, the corresponding
functions S, S′, w,w′ satisfy

(5.4) ‖ξ + ∇w − ξ′ −∇w′‖L2(Y )N ≤ C (|ξ − ξ′| + |ξ′||Z � Z ′|ρ) ,

(5.5)

∣∣∣∣
∫
Y

S(ξ + ∇w) dy −
∫
Y

S′(ξ′ + ∇w′) dy

∣∣∣∣ ≤ C (|ξ − ξ′| + |ξ′||Z � Z ′|ρ) .

Proof. By taking w − w′ as a test function in the difference of the equations
satisfied by w and w′ and adding and subtracting convenient terms, we get∫

Y

S(ξ + ∇w − ξ′ −∇w′) · (ξ + ∇w − ξ′ −∇w′) dx

=

∫
Y

(S′ − S)(ξ′ + ∇w′) · (ξ + ∇w − ξ′ −∇w′) dy

+

∫
Y

S(ξ + ∇w − ξ′ −∇w′) · (ξ − ξ′) dy −
∫
Y

(S′ − S)(ξ′ + ∇w′) · (ξ − ξ′) dy.

By using the ellipticity of S, Young’s inequality, and S = S′ in Y \ (Z�Z ′), we obtain

(5.6)

∫
Y

|ξ + ∇w − ξ′ −∇w′|2 dy ≤ C

(∫
Z�Z′

|ξ′ + ∇w′|2 dy + |ξ − ξ′|2
)
,

where C depends only on β/α. The first term on the right-hand side of this inequality
can be estimated by (5.3), which gives

(5.7)

∫
Z�Z′

|ξ′ + ∇w′|2 dy≤
(∫

Y

|ξ′ + ∇w′|r dy
) 2

r

|Z�Z ′|1−
2
r ≤ C|ξ′|2 |Z�Z ′|1−

2
r .

By substituting (5.7) into (5.6) we get (5.4).
In order to prove (5.5) we now use∣∣∣∣

∫
Y

S(ξ + ∇w) dy −
∫
Y

S′(ξ′ + ∇w′) dy

∣∣∣∣
≤

∣∣∣∣
∫
Y

S(ξ + ∇w − ξ′ −∇w′) dy

∣∣∣∣ +

∣∣∣∣
∫
Y

(S − S′)(ξ′ + ∇w′) dy

∣∣∣∣
≤ C

(∫
Y

|ξ + ∇w − ξ′ −∇w′| dy +

∫
Z�Z′

|ξ′ + ∇w′| dy
)
.

By using the Cauchy–Schwarz inequality, (5.4), and (5.7), we obtain (5.5).
Let us now use Lemma 5.2 to study some semicontinuity properties for Hδ.
Lemma 5.3. There exist C > 0 (depending on L, β/α, �, and N) and ρ ∈ (0, 1)

(depending on β/α and N) such that, for every (ξ, η, p) ∈ RN ×RN × [0, 1] and every
δ, ε > 0, there exists τ ∈ [0, δ), with

(5.8)
Hτ+λ′+|η−η′|(ξ

′, η′, p′) ≤ Hδ(ξ, η, p) + (1 + |ξ| + |ξ′|)2−�(λ′)� + ε

∀ (ξ′, η′, p′) ∈ RN × RN × [0, 1],
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where we have denoted

λ′ = C
(
|ξ − ξ′| + |ξ′||p− p′|ρ).

Proof. To prove (5.8), we consider (ξ, η, p) ∈ RN × RN × [0, 1] and δ, ε > 0. If
(ξ, η, p) does not belong to the domain of Hδ, then (5.8) is trivial. In another case,
by definition (4.5) of Hδ there exists Z ⊂ Y , with |Z| = p, such that, by taking S and
w as the corresponding functions associated to Z and ξ and defining τ by

τ =

∣∣∣∣
∫
Y

S(ξ + ∇w) dy − η

∣∣∣∣ ,
we have τ < δ and

Hδ(ξ, η, p) >

∫
Y

F (ξ + ∇w) dy − ε.

Now we consider (ξ′, η′, p′) ∈ RN ×RN × [0, 1]. Then (by adding or subtracting a
measurable set of Y to Z) we construct a set Z ′, with |Z ′| = p′ and |Z�Z ′| = |p−p′|.
We take w′ and S′ as the corresponding functions associated to Z ′ and ξ′. From
Lemma 5.2, there exist C > 0 and ρ ∈ (0, 1), which depend only on β/α and N , such
that (5.4) and (5.5) hold. By using then (4.1), (5.2), and (5.4), we have (for another
constant C)∣∣∣∣

∫
Y

(F (ξ + ∇w) − F (ξ′ + ∇w′)) dy

∣∣∣∣
≤ L

∫
Y

(1 + |ξ + ∇w| + |ξ′ + ∇w′|)2−�|ξ + ∇w − ξ′ −∇w′|� dy

≤ L
(
1 + ‖ξ + ∇w‖L2(Y ) + ‖ξ′ + ∇w′‖L2(Y )

)2−� ‖ξ + ∇w − ξ′ −∇w′‖�L2(Y )

≤ C(1 + |ξ| + |ξ′|)2−�(|ξ − ξ′| + |ξ′||p− p′|ρ)� ≤ (1 + |ξ| + |ξ′|)2−�(λ′)�.

On the other hand, by (5.5) and the definition of τ , we have∣∣∣∣
∫
Y

S′(ξ′ + ∇w′) dy − η′
∣∣∣∣ ≤

∣∣∣∣
∫
Y

S′(ξ′ + ∇w′) dy −
∫
Y

S(ξ + ∇w) dy

∣∣∣∣
+

∣∣∣∣
∫
Y

S(ξ + ∇w) dy − η

∣∣∣∣ + |η − η′| ≤ λ′ + τ + |η − η′|.

Then, by definition (4.5) of Hδ, we get

Hτ+λ′+|η−η′|(ξ
′, η′, p′) ≤

∫
Y

F (ξ′ + ∇w′) dy

≤
∫
Y

F (ξ + ∇w) dy +

∣∣∣∣
∫
Y

(F (ξ + ∇w) − F (ξ′ + ∇w′)) dy

∣∣∣∣
≤ Hδ(ξ, η, p) + ε + (1 + |ξ| + |ξ′|)2−�(λ′)�.

Remark 5.1. Since Hδ(ξ, η, p) is decreasing in δ inequality (5.8) implies that

Hδ+λ′+|η−η′|(ξ
′, η′, p′) ≤ Hδ(ξ, η, p) + (1 + |ξ| + |ξ′|)2−�(λ′)� + ε

∀ (ξ′, η′, p′) ∈ RN × RN × [0, 1]
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for every ε > 0. So by taking ε converging to zero we get

(5.9)
Hδ+λ′+|η−η′|(ξ

′, η′, p′) ≤ Hδ(ξ, η, p) + (1 + |ξ| + |ξ′|)2−�(λ′)�

∀ (ξ′, η′, p′) ∈ RN × RN × [0, 1].

We are now in position to prove that Hδ satisfies the following properties.
Proposition 5.4. For every δ > 0, Hδ is upper semicontinuous in RN ×RN ×

[0, 1] and satisfies

(5.10) |Hδ(ξ, η, p)| ≤ L

(
β

α
|ξ|

)� (
1 +

β

α
|ξ|

)2−�
∀(ξ, η, p) ∈ Dom(Hδ).

Moreover, the following lower semicontinuity result holds:

(5.11) Hδ+s(ξ, η, p) ≤ lim inf
n→∞

Hδ(ξn, ηn, pn) ∀ δ, s > 0

for every (ξ, η, p) ∈ RN × RN × [0, 1] and for every sequence (ξn, ηn, pn) ∈ RN ×
RN × [0, 1] which converges to (ξ, η, p).

Proof. The proof of (5.10) immediately follows from definition (4.5) of Hδ, by
taking into account that (5.2), (4.2), and (4.1) imply that for every ξ ∈ RN and every
Z ⊂ Y measurable the solution w of (3.2) satisfies

(5.12)

∣∣∣∣
∫
Y

F (ξ + ∇w) dy

∣∣∣∣ ≤ L

(
β

α
|ξ|

)� (
1 +

β

α
|ξ|

)2−�
.

To prove the upper semicontinuity of H we consider (ξ, η, p) and (ξn, ηn, pn) as
above. By (5.8), for every δ, ε > 0, there exists τ ∈ [0, δ) (which does not depend on
n) such that

Hτ+λn+|η−ηn|(ξn, ηn, pn) ≤ Hδ(ξ, η, p) + (1 + |ξ| + |ξn|)2−�λ�
n + ε ∀n ∈ N,

with λn = C
(
|ξ−ξn|+ |ξn||p−pn|ρ). So, since for n large enough τ +λn + |η−ηn| < δ

and Hμ is decreasing in μ, we have

Hδ(ξn, ηn, pn) ≤ Hδ(ξ, η, p) + (1 + |ξ| + |ξn|)2−�λ�
n + ε.

By taking the limsup in n and then letting ε decrease to zero, we deduce the upper
semicontinuity of Hδ.

In order to prove (5.11), we take (ξ, η, p), (ξn, ηn, pn) as above. By (5.9) we have

Hδ+λn+|η−ηn|(ξ, η, p) ≤ Hδ(ξn, ηn, pn) + (1 + |ξ| + |ξ′n|)2−�λ�
n,

with λn = C
(
|ξ − ξn| + |ξ||p − pn|ρ). So, by using as above the fact that Hμ is

decreasing in μ, we have for every s > 0 and n large enough

Hδ+s(ξ, η, p) ≤ Hδ(ξn, ηn, pn) + (1 + |ξ| + |ξ′n|)2−�λ�
n.

By taking the liminf in n we deduce (5.11).
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Thanks to the previous results, we can now prove Theorem 4.2.
Proof of Theorem 4.2. By definition (4.6) of H and (5.12), we have that (ξ, η, p) ∈

Dom(H) if and only if for every δ > 0 there exists Z ⊂ Y measurable, with |Z| = p,
such that the solution w of (3.2) satisfies∣∣∣∣

∫
Y

S(∇w + ξ) dy − η

∣∣∣∣ < δ.

By Theorem 3.1 this holds if and only if η belongs to K(A,B, p)ξ. This proves (4.10).
In order to prove the lower semicontinuity of H, we consider (ξ, η, p) ∈ RN ×

RN × [0, 1] and (ξn, ηn, pn) ∈ RN ×RN × [0, 1], which converges to (ξ, η, p). By (5.11)
with s = δ and Hδ(ξn, ηn, pn) ≤ H(ξn, ηn, pn), we have

H2δ(ξ, η, p) ≤ lim inf
n→∞

H(ξn, ηn, pn) ∀ δ > 0.

By taking the limit when δ tends to zero we conclude that

H(ξ, η, p) ≤ lim inf
n→∞

H(ξn, ηn, pn)

and then the lower semicontinuity of H.
Inequality (4.11) immediately follows from (5.10).
To show (4.12) it is enough to use Remark 4.1 and the fact that, if Z ⊂ Y has

measure 0 or 1, the solution w of (3.2) is zero.
To prove (4.13), we consider (ξ, η, p) ∈ RN × RN × (0, 1) such that Λpξ − η ∈

Ran(A−B) and

(5.13)

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η) = ξ · (Λpξ − η).

Then we consider Zn, Sn, wn, ηn as in Remark 4.1, and we define

νn =

∫
Zn

∇wn dy = −
∫
Y \Zn

∇wn dy.

By (3.5) and (3.6), νn satisfies that (B −A)νn = Λpξ − ηn and

(5.14)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Zn

A

(
∇wn − νn

p

)
·
(
∇wn − νn

p

)
dy

+

∫
Y \Zn

B

(
∇wn +

νn
1 − p

)
·
(
∇wn +

νn
1 − p

)
dy

= (Λpξ − ηn) · ξ −
(
A

p
+

B

1 − p

)
νn · νn.

This implies in particular (use the fact that the left-hand side of (5.14) is nonnegative)
that νn is bounded, and so, up to a subsequence, we have that νn converges to some
ν̂ ∈ RN such that (B −A)ν̂ = Λpξ − η and

(5.15)

(
A

p
+

B

1 − p

)
ν̂ · ν̂ ≤ (Λpξ − η) · ξ.
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By using the fact that (5.13) can also be written as

(Λpξ − η) · ξ = min

{(
A

p
+

B

1 − p

)
ν · ν : Λpξ − η = (B −A)ν

}
,

we then deduce that ν̂ gives the minimum above, and so ν̂ = Ξ(Λpξ−η). In particular,
this implies that (5.15) is an equality, and then by passing to the limit in (5.14) we
have

lim
n→0

(∫
Zn

∣∣∣∣∇wn − νn
p

∣∣∣∣
2

dz +

∫
Y \Zn

∣∣∣∣∇wn +
νn

1 − p

∣∣∣∣
2

dz

)
= 0,

which, joining to (4.1), allows us to calculate the limit which appears in the right-hand
side of (4.8) and then to conclude (4.13).

To finish the proof of Theorem 4.2, let us now prove (4.14). For (ξ, η, p) ∈
Dom(H), p ∈ (0, 1), we take Zn and wn as in Remark 4.1. By Lemma 3.2, we can
assume that ∫

Zn

∇wn dy → ν̂ ∈ E(ξ, p), (B −A)ν̂ = Λpξ − η.

Jensen’s inequality, wn-periodic, and |Zn| = p give∫
Y

F (ξ + ∇wn) dy =

∫
Zn

F (ξ + ∇wn) dy +

∫
Y \Zn

F (ξ + ∇wn) dy

≥ pF

(
ξ +

1

p

∫
Zn

∇wn dy

)
+ (1 − p)F

(
ξ − 1

1 − p

∫
Zn

∇wn dy

)
.

By taking the limit in this inequality we deduce that

H(ξ, η, p) = lim
n→∞

∫
Y

F (ξ + ∇wn) dy ≥ pF

(
ξ +

ν̂

p

)
+ (1 − p)F

(
ξ − ν̂

1 − p

)
,

and then (4.14).
To prove Theorem 4.5 we need the following corrector result. We use some ideas

which appear in the proof of Theorem 3.1 given in [1] and [11].
Lemma 5.5. We consider a bounded open set Ω ⊂ RN , a sequence of matrices

Mn ∈ L∞(Ω;MN ), uniformly bounded and elliptic, and a sequence un ∈ H1(Ω). We
assume that un converges weakly in H1(Ω) to a function u and that −divMn∇un is
compact in H−1(Ω). For ε > 0 small enough, we take

(5.16) Ωε = {x ∈ Ω : dis(x, ∂Ω) > ε},

and, for h ∈ (0, ε√
N

), we define wh
n ∈ L2(Ωε;H

1
� (Y )) as the unique solution of

(5.17)

⎧⎪⎨
⎪⎩

wh
n(x, .) ∈ H1

� (Y ),

∫
Y

wh
n(x, y) dy = 0,

−divy Mn(x + hy)(∇u(x) + ∇yw
h
n(x, y)) = 0 in RN , a.e. x ∈ Ωε.

Then we have

(5.18) lim
h→0

lim sup
n→∞

‖∇un(x + hy) −∇u−∇yw
h
n‖L2(Ωε×Y )N = 0.
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Proof. By extracting a subsequence if necessary, we can assume that Mn H-
converges to a matrix-valued function M . Then, by (5.17), we get

(5.19) ∇u(x) · y + wh
n(x, y) ⇀ ∇u(x) · y + wh(x, y) in H1(Y ), a.e. x ∈ Ωε,

when n tends to infinity, with wh ∈ L2(Ωε;H
1
� (Y )) the unique solution of the problem

(5.20)

⎧⎪⎨
⎪⎩

wh(x, .) ∈ H1
� (Y ),

∫
Y

wh(x, y) dy = 0,

−divy (M(x + hy)(∇u(x) + ∇yw
h(x, y))) = 0 in RN , a.e. x ∈ Ωε.

By using in (5.20) the fact that M(x+hy) converges to M strongly in Lq(Ωε×Y ;MN ),
1 ≤ q < +∞, and ∗-weakly in L∞(Ωε × Y ;MN ), when h tends to zero, it is easy to
prove that

(5.21) wh → 0 in L2(Ωε;H
1
� (Y )).

On the other hand, the strong convergence in H−1(Ω) of −divMn∇un implies
that

−divy [Mn(x + hy)∇un(x + hy)] → −divy [M(x + hy)∇u(x + hy)] in H−1(Y )

for every x ∈ Ωε, when n tends to infinity. Thanks to (5.17), we can then apply the
div-curl lemma (see, e.g., [23], [28]) to deduce that

Mn(x + hy)
(
∇un(x + hy) −∇u−∇yw

h
n

)
·
(
∇un(x + hy) −∇u−∇yw

h
n

)
⇀ M(x + hy)

(
∇u(x + hy) −∇u−∇yw

h
)
·
(
∇u(x + hy) −∇u−∇yw

h
)

in the sense of the distributions in Y , for a.e. x ∈ Ωε, when n tends to infinity. By
Meyer’s theorem this convergence holds in L1(Y ) weakly, for a.e. x ∈ Ωε, and thus
we have

(5.22)

∫
Y

Mn(x+hy)
(
∇un(x+hy)−∇u−∇yw

h
n

)
·
(
∇un(x+hy)−∇u−∇yw

h
n

)
dy

→
∫
Y

M(x+hy)
(
∇u(x + hy)−∇u−∇yw

h
)
·
(
∇u(x+hy)−∇u−∇yw

h
)
dy

for a.e. x ∈ Ωε. Moreover, by (5.17) there exists C > 0 such that ‖∇u+∇yw
h
n‖L2(Y )N ≤

C|∇u| a.e. in Ωε, and so, for another constant C, we have∫
Y

Mn(x+hy)
(
∇un(x+hy)−∇u−∇yw

h
n

)
·
(
∇un(x+hy)−∇u−∇yw

h
n

)
dy

≤ C

hN

∫
Ω

|∇un|2 dx + C|∇u|2, a.e. in Ωε,

which together with (5.22) allows us to apply the Lebesgue dominated convergence
theorem to deduce that∫

Ωε

∫
Y

Mn(x+hy)
(
∇un(x+hy)−∇u−∇yw

h
n

)
·
(
∇un(x+hy)−∇u−∇yw

h
n

)
dydx

→
∫

Ωε

∫
Y

M(x+hy)
(
∇u(x + hy)−∇u−∇yw

h
)
·
(
∇u(x+hy)−∇u−∇yw

h
)
dydx,
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when n tends to infinity, for every h ∈ (0, ε/
√
N). By (5.21), the right-hand side of

this equality tends to zero when h tends to zero, and then, thanks to the ellipticity of
M , we get (5.18).

Proof of Theorem 4.5. In the proof we will separate the cases N = 1 and N ≥ 2.
We make this distinction because for N ≥ 2 we will use a convexity property of the
set K(A,B, p)ξ which does not hold for N = 1 (see Step 3 in the proof). On the
other hand, we think it is interesting to show that the one-dimensional case follows
by using elementary arguments.

The proof of the theorem will be divided in three steps.
In Step 1 we will consider the case N = 1, while steps 2 and 3 are devoted to

N ≥ 2.
In Step 2 we will prove the inequality

(5.23)

⎧⎨
⎩

lim inf
n→∞

F(un, σn, θn) ≥ F(u, σ, θ) ∀ (u, σ, θ) ∈ H1(Ω)×L2(Ω)N×L∞(Ω)

∀ (un, σn, θn) ∈ H1(Ω)×L2(Ω)N × L∞(Ω), (un, σn, θn)
T→(u, σ, θ).

The proof of (5.23) will follow from Lemma 5.5, which provides an approximation of
∇un in the strong topology of H1(ω) (ω ⊂⊂ Ω) by using periodic homogenization.

In Step 3 we prove that for every (u, σ, θ) ∈ H1(Ω)×L2(Ω)N ×L∞(Ω) there exists
(un, σn, θn) ∈ H1(Ω) × L2(Ω)N × L∞(Ω) such that

(5.24) (un, σn, θn)
T→(u, σ, θ), lim sup

n→∞
F(un, σn, θn) ≤ F(u, σ, θ)

which joined to (5.23) will give the proof of Theorem 4.5 in the case N ≥ 2. The
main idea to prove the existence of (un, σn, θn) satisfying (5.24) will be to use an
approximation by finite elements of (u, σ, θ) which reduces the problem to the case
where there exists a triangulation τ such that ∇u, σ, and θ are constant in each
element of τ .

Step 1. Let us first prove the result for N = 1.
Consider (u, σ, θ) ∈ H1(Ω) × L2(Ω) × L∞(Ω) and a sequence (un, σn, θn) ∈

H1(Ω) × L2(Ω) × L∞(Ω) which T -converges to (u, σ, θ). Let us prove that

(5.25) F(u, σ, θ) ≤ lim inf
n→∞

F(un, σn, θn).

By definition (4.18) of F , it is enough to consider the case where there exists a sequence
of measurable sets ωn ⊂ Ω such that

θn = χωn
, σn =

(
Aχωn

+ BχΩ\ωn

) dun

dx
a.e. in Ω,

and thus

(5.26)
dun

dx
=

σn

A
χωn +

σn

B
χΩ\ωn

a.e. in Ω.

Since σn converges weakly to σ in L2(Ω) and dσn

dx converges strongly to dσ
dx in H−1(Ω),

we have that σn converges strongly to σ in L2(Ω). So by (5.26) we get

du

dx
=

(
θ

A
+

1 − θ

B

)
σ a.e. in Ω
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and

lim
n→∞

F(un, σn, θn) = lim
n→∞

∫
Ω

F

(
dun

dx

)
dx

= lim
n→∞

∫
Ω

(
F
(σn

A

)
χωn

+ F
(σn

B

)
χΩ\ωn

)
dx=

∫
Ω

(
F
( σ

A

)
θ + F

( σ

B

)
(1 − θ)

)
dx.

By (4.9), we have then proved that (u, σ, θ) belongs to Dom(H) a.e. in Ω and

F(u, σ, θ) =

∫
Ω

H

(
du

dx
, σ, θ

)
dx = lim

n→∞
F(un, σn, θn).

To finish the proof of Step 1, we need to prove that for every (u, σ, θ) ∈ H1(Ω)×
L2(Ω)×L∞(Ω) there exists (un, σn, θn) ∈ H1(Ω)×L2(Ω)×L∞(Ω), which T -converges
to (u, σ, θ) and satisfies

(5.27) lim sup
n→∞

F(un, σn, θn) ≤ F(u, σ, θ).

Clearly, it is enough to consider the case where (u,σ, θ) ∈ Dom(H) a.e. in Ω, but
then θ ∈ [0, 1] a.e. in Ω, and so there exists ωn ⊂ Ω such that χωn converges weakly-∗
in L∞(Ω) to θ. By taking

θn = χωn , σn = σ,
dun

dx
=

σ

A
χωn +

σ

B
χΩ\ωn

and reasoning as above, we deduce (5.27).
In the remainder of the proof we always assume that N ≥ 2.
Step 2. Let us prove (5.23).
We can assume that

lim inf
n→∞

F(un, σn, θn) < +∞,

and thus, by extracting a subsequence if necessary, there exists a sequence of measur-
able sets ωn ⊂ Ω such that θn = χωn

and σn = Mn∇un, with Mn = Aχωn
+BχΩ\ωn.

By using the compactness theorem for the H-convergence (see, e.g., [1], [11], [22], [26],
[27]), we can also assume that there exists an elliptic matrix M ∈ L∞(Ω;Ms

N ) such
that Mn H-converges to M . Since div σn converges strongly to div σ in H−1(Ω), and
Mn∇un = σn, we have

(5.28) σ = M∇u a.e. in Ω.

In order to prove (5.23), we consider ε > 0. By defining Ωε by (5.16) and taking
h ∈ (0, ε/

√
N) in such a way that Ωε ⊂ Ω − hy for every y ∈ Y , we have

(5.29)

∫
Ω

F (∇un) dx =

∫
Ω−hy

F (∇un(x + hy)) dx

=

∫
Ωε

F (∇un(x + hy)) dx +

∫
(Ω−hy)\Ωε

F (∇un(x + hy)) dx

=

∫
Ωε

F (∇un(x + hy)) dx +

∫
Ω\(Ωε+hy)

F (∇un) dx,
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and so, by integrating in y ∈ Y , we have

(5.30)

∫
Ω

F (∇un) dx=

∫
Y

∫
Ωε

F (∇un(x+hy)) dxdy+

∫
Y

∫
Ω\(Ωε+hy)

F (∇un) dxdy.

By using the fact that Ω \ (Ωε + hy) ⊂ Ω \ Ω2ε for every y ∈ Y , (4.3), and the fact
that |∇un|2 is equi-integrable (which follows from the definition of T -convergence),
we have

(5.31)

lim
ε→0

lim sup
n→∞

∣∣∣∣∣
∫
Y

∫
Ω\(Ωε+hy)

F (∇un) dxdy

∣∣∣∣∣
≤ L lim

ε→0
lim sup
n→∞

∫
Ω\Ω2ε

(1 + |∇un|)2 dx = 0.

To estimate the first term of (5.30), we use the decomposition

(5.32)

∫
Y

∫
Ωε

F (∇un(x + hy)) dxdy =

∫
Y

∫
Ωε

(F (∇un(x+hy))−F (∇u + ∇yw
h
n))dxdy

+

∫
Ωε

∫
Y

F (∇u + ∇yw
h
n) dydx,

with wh
n given by (5.17). Thanks to (4.1) and (5.18), we have

(5.33) lim
h→0

lim sup
n→∞

∫
Y

∫
Ωε

|F (∇un(x + hy)) − F (∇u + ∇yw
h
n)|dxdy = 0 ∀ ε > 0.

To estimate the second term on the right-hand side of (5.32), we denote for a.e.
x ∈ Ωε and a.e. y ∈ Y

Zh
n(x) = Y ∩ ωn − x

h
, θhn(x) = |Zh

n(x)| =

∫
Y

θn(x + hy) dy,

Mn(x + hy) = Aχωn
(x + hy) + BχΩ\ωn

(x + hy) = AχZh
n(x)(y) + BχY \Zh

n(x)(y),

σh
n(x) =

∫
Y

Mn(x + hy)(∇u + ∇yw
h
n) dy.

Then, by definition (5.17) of wh
n and definition (4.6) of H, we obtain

(5.34)

∫
Y

F (∇u + ∇yw
h
n) dy ≥ H(∇u, σh

n, θ
h
n), a.e. in Ωε.

By the H-convergence of Mn to M and the convergence in L∞(Ω) weak-∗ of θn to
θ, we have that σh

n and θhn, respectively, converge a.e. in Ωε to σh ∈ L2(Ωε)
N and

θh ∈ L∞(Ωε), defined by

σh(x) =

∫
Y

M(x + hy)(∇u + ∇yw
h) dy, θh(x) =

∫
Y

θ(x + hy) dy, a.e. x ∈ Ωε.

From (4.11) and ‖∇u + ∇yw
h
n‖L2(Y ) ≤ C|∇u| a.e. in Ω, we also have

|H(∇u, σh
n, θ

h
n)| ≤ C (1 + |∇u|)2 a.e. in Ωε.
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Then, by (5.34), the lower semicontinuity of H, and Fatou’s lemma we deduce that

lim inf
n→∞

∫
Ωε

∫
Y

F (∇u + ∇yw
h
n)dydx ≥ lim inf

n→∞

∫
Ωε

H(∇u, σh
n, θ

h
n) dx

≥
∫

Ωε

H(∇u, σh, θh) dx

for every h ∈ (0, ε/
√
N). By now using the fact that, for h tending to zero, σh

converges strongly to σ in L2(Ωε)
N and θh converges to θ strongly in Lr(Ωε), 1 ≤ r <

+∞, weak-∗ in L∞(Ωε), we can use again the lower semicontinuity of H and Fatou’s
lemma to obtain

(5.35) lim inf
h→0

lim inf
n→∞

∫
Ωε

∫
Y

F (∇u + ∇yw
h
n)dydx ≥

∫
Ωε

H(∇u, σ, θ) dx.

By (5.30), (5.31), (5.32), (5.33), and (5.35), by passing to the limit in (5.29), first in
n, then in h, and then in ε, we have

lim inf
n→∞

∫
Ω

F (∇un) dx ≥
∫

Ω

H(∇u, σ, θ) dx.

This proves (5.23).
Step 3. Let us prove that for every (u, σ, θ) ∈ H1(Ω) × L2(Ω)N × L∞(Ω) there

exists (un, σn, θn) ∈ H1(Ω) × L2(Ω)N × L∞(Ω), which satisfies (5.24).
It is enough to consider the case where 0 ≤ θ ≤ 1 and σ ∈ K(A,B, θ)∇u a.e.

in Ω.
We consider an open cube Q, with Ω ⊂ Q, and a prolongation of u, still denoted

by u, in H1
0 (Q). This prolongation exists thanks to Ω being smooth. We also extend

θ and σ to the whole Q by θ = 1, σ = A∇u a.e. in Q \ Ω. The multiapplication
x ∈ Ω �→ {M̃ ∈ K(A,B, θ(x)) : M̃∇u(x) = σ(x)} is closed and measurable. The
measurability follows by using the fact that for every closed set C ⊂ Ms

N we have{
x ∈ Ω : ∃ M̃ ∈ C ∩ K(A,B, θ(x)), with M̃∇u(x) = σ(x)

}
=

⋂
m∈N

(∇u, σ, θ)−1(Km),

where

Km =

{
(ξ, η, p) ∈ RN × RN × [0, 1] : ∃ M̃ ∈ K(A,B, p) ∩ C with |M̃ξ − η| ≤ 1

m

}

is closed for every m ∈ N. Thus (see, e.g., [7]) there exists M ∈ L∞(Ω;Ms
N ) such

that M ∈ K(A,B, θ) and M∇u = σ a.e. in Q.
For a regular sequence of triangulations τn = {T k

n}1≤k≤kn of Q by N -simplex,
whose diameter tends to zero when n tends to infinity (see, e.g., [8]), we consider the
space of finite elements

Vn =
{
vn ∈ C0

0 (Q) : vn is affine in T k
n ∀ k ∈ {1, . . . , kn}

}
.

Then we define ûn as the solution of⎧⎪⎨
⎪⎩

ûn ∈ Vn,∫
Q

M∇ûn∇v =

∫
Q

σ∇v dx ∀ v ∈ Vn,
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and we take

θ̂n =

kn∑
k=1

(
1

|T k
n |

∫
Tk
n

θ dx

)
χTk

n
, σ̂n =

kn∑
k=1

(
1

|T k
n |

∫
Tk
n

M∇ûn dx

)
χTk

n
.

The sequence θ̂n converges to θ in Lr(Q), 1 ≤ r < +∞, and in L∞(Q) weak-∗.
Since τn is regular, and σ = M∇u a.e. in Q, we also have that ûn converges strongly
in H1

0 (Q) to u (see, e.g., [8]). Thus, M∇ûn and then σ̂n converge strongly to σ in
L2(Q)N . By Egorov’s theorem, there exist a subsequence of n, still denoted by n, and
a sequence Qn of closed subsets of Q such that

(5.36) |Q−Qn| <
1

n
, C(|∇ûn −∇u| + |∇u||θ̂n − θ|ρ) + |σ̂n − σ| < 1

n
in Qn,

with C > 0 and ρ ∈ (0, 1) given by Lemma 5.3.
Since ∇ûn is constant in every N -simplex T k

n of τn and, for every ξ ∈ RN , the
set K(A,B, p)ξ is closed in RN and satisfies the following convexity property (this
property does not hold for N = 1, and so it is the reason to prove the cases N = 1,
N ≥ 2 separately):

λK(A,B, p1)ξ + (1−λ)K(A,B, p2)ξ ⊂ K
(
A,B, λp1 + (1−λ)p2

)
ξ ∀λ, p1, p2 ∈ [0, 1],

we have

σ̂n =

(
1

|T k
n |

∫
Tk
n

M dx

)
∇ûn ∈ K

(
A,B,

1

|T k
n |

∫
Tk
n

θ dx

)
∇ûn

in T k
n , for every k ∈ {1, . . . , kn}, i.e., σ̂n ∈ K(A,B, θ̂n)∇ûn a.e. in Q, or equivalently

(∇ûn, σ̂n, θ̂n) ∈ Dom(H) a.e. in Q.

We consider an N -simplex T k
n , with k ∈ {1, . . . , kn}, and we denote by ξkn = ∇ûn,

ηkn = σ̂n, and pkn = θ̂n the constant values of ∇ûn, σ̂n, and θ̂n, respectively, in T k
n .

From definition (4.5) of H 2
n
(ξkn, η

k
n, p

k
n), there exists Zk

n ⊂ Y , with |Zk
n| = pkn, such

that, by defining Sk
n ∈ L∞� (Y ;Ms

N ) by Sk
n = AχZk

n
+ BχY \Zk

n
a.e. in Y , and taking

wk
n the solution of ⎧⎪⎨

⎪⎩
wk

n ∈ H1
� (Y ),

∫
Y

wk
n dy = 0,

−divSk
n(ξkn + ∇wk

n) = 0 in RN ,

we have

(5.37)

∣∣∣∣
∫
Y

Sk
n(ξkn + ∇wk

n) dy − ηkn

∣∣∣∣ < 2

n

and

(5.38)

∫
Y

F (ξkn + ∇wk
n) dy < H 2

n
(ξkn, η

k
n, p

k
n) +

1

n
.

We take

(5.39) σ̌n =

kn∑
k=1

(∫
Y

Sk
n(ξkn + ∇wk

n) dy

)
χTk

n
,
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and by (5.37), we observe that

(5.40)

∫
Q

|σ̌n − σ̂n|2 dx <
4

n2
|Q|.

For n ∈ N, and ε > 0, we define

ωn,ε =

kn⋃
k=1

[
T k
n

⋂( ⋃
l∈ZN

(εl + εZk
n)

)]
,

Mn,ε = Aχωn,ε + B(1 − χωn,ε),

and un,ε ∈ H1
0 (Q) as the solution of

(5.41) −divMn,ε∇un,ε = −div σ̌n in Q.

Since |Zk
n| = pkn, the sequence ωn,ε satisfies

(5.42) χωn,ε

∗
⇀ θ̂n in L∞(Ω), when ε → 0.

By using the fact that ∇ûn = ξkn in each T k
n and the definition (5.39) of σ̌n, we deduce

by periodic homogenization (see, e.g., [1], [4], [11]) that

(5.43) un,ε ⇀ ûn in H1
0 (Q), when ε → 0,

(5.44) Mn,ε∇un,ε ⇀ σ̌n in L2(Q)N , when ε → 0,

(5.45) ∇un,ε −
kn∑
k=1

(
ξkn + ∇wk

n

(x
ε

))
χTk

n
→ 0 in L2(Q)N , when ε → 0.

By (5.45), (4.1), ∇wk
n-periodic, and (5.38), we then have

(5.46)

lim
ε→0

∫
Ω

F (∇un,ε) dx =

kn∑
k=1

lim
ε→0

∫
Tk
n∩Ω

F
(
ξkn + ∇wk

n

(x
ε

))
dx

=

kn∑
k=1

∫
Tk
n∩Ω

∫
Y

F (ξkn + ∇wk
n) dy dx <

∫
Ω

H 2
n
(∇ûn, σ̂n, θ̂n) dx +

|Ω|
n

.

We consider a dense countable subset {hj} of L1(Ω) and a dense countable subset
{gj} of L2(Ω)N . By using (5.42), (5.43), (5.46), for every n ∈ N, we choose εn > 0
such that

(5.47)

∣∣∣∣
∫

Ω

(χωn,εn
− θ̂n)hj dx

∣∣∣∣ < 1

n
∀ j ∈ {1, . . . , n},

(5.48)

∣∣∣∣
∫

Ω

(Mn,εn∇un,εn − σ̌n)gj dx

∣∣∣∣ < 1

n
∀ j ∈ {1, . . . , n},

(5.49)

∫
Ω

|un,εn − ûn|2 dx <
1

n
,
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(5.50)

∫
Ω

F (∇un,εn) dx <

∫
Ω

H 2
n
(∇ûn, σ̂n, θ̂n) dx +

|Ω|
n

.

Then we define

un = un,εn , σn = Mn,εn∇un,εn , θn = χωn,εn
.

Thanks to (5.40) and σ̂n converging strongly to σ in L2(Ω)N , we have that σ̌n con-
verges strongly to σ in L2(Ω)N . So, by (5.41), un is bounded in H1(Ω), which joined to
(5.49) and ûn converging strongly to u in H1(Ω) implies that un converges weakly to
u in H1(Ω). Equation (5.41) and the strong convergence of σ̌n (see Remark 4.5) also
give that |∇un|2 is equi-integrable and that −div σn = −div σ̌n converges strongly
to −div σ in H−1(Ω). By (5.48), we also have that σn converges weakly to σ in

L2(Ω)N . Finally (5.47) and the convergence of θ̂n to θ in L∞(Q) weak-∗ proves that
θn converges to θ in L∞(Ω) weak-∗. Hence, (un, σn, θn) T -converges to (u, σ, θ).

By (5.50) and the definition (4.18) of F , we obtain

(5.51) F(un, σn, θn) =

∫
Ω

F (∇un) dx <

∫
Ω

H 2
n
(∇ûn, σ̂n, θ̂n) dx +

|Ω|
n

.

On the other hand, by (5.36), Hδ(ξ, η, p) decreasing in δ, and (5.9), we have

H 2
n
(∇ûn, σ̂n, θ̂n) ≤ H 1

n+λn(x)+|σ̂n−σ|(∇ûn, σ̂n, θ̂n)

≤ H 1
n
(∇u, σ, θ) + (1 + |∇u| + |∇ûn|)2−�(λn)�

≤ H 1
n
(∇u, σ, θ) + (1 + |∇u| + |∇ûn|)2−�

1

n�
,

a.e. in Qn, with

λn = C(|∇(ûn − u)| + |∇u| |θ̂n − θ|ρ).

By then using (5.10), we get

(5.52)

∫
Ω

H 2
n
(∇ûn, σ̂n, θ̂n) dx

≤
∫
Qn∩Ω

H 1
n
(∇u, σ, θ) dx +

1

n�

∫
Qn∩Ω

(1 + |∇u| + |∇ûn|)2−� dx

+L

∫
Ω\Qn

(
β

α
|∇ûn|

)� (
1 +

β

α
|∇ûn|

)2−�
dx.

By the definition of H and (5.10) we can apply the Lebesgue dominated convergence
theorem to deduce that

H 1
n
(∇u, σ, θ) → H(∇u, σ, θ) in L1(Ω).

By using also the fact that ∇ûn converges strongly in L2(Ω)N and that |Ω\Qn| tends
to zero, we then deduce by (5.51) and (5.52) that

lim sup
n→∞

F(un, σn, θn) ≤
∫

Ω

H(∇u, σ, θ) dx = F(u, σ, θ).

This proves (5.24).
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Proof of Theorem 4.3. We denote by I the infimum of problem (4.4) and by J
the infimum of problem (4.16).

Step 1. Let us first prove that I is bigger than or equal to J . For this purpose it
is enough to observe that thanks to (4.12)∫

Ω

F (∇u) dx =

∫
Ω

H(∇u,M∇u, θ) dx,

when θ = χω with ω ⊂ Ω measurable and M = Aχω + BχΩ\ω. So in (4.4) we are
minimizing the same functional as that in (4.16) but in a smaller set. This proves
I ≥ J .

Step 2. Let us now use the direct method of the calculus of variations to prove
that problem (4.16) has a minimum. We consider θn ∈ L∞(Ω), with 0 ≤ θn ≤ 1 a.e.
in Ω, ∫

Ω

θn dx ≤ κ|Ω|,

and Mn ∈ K(A,B, θ) a.e. in Ω such that the solution un of{
−divMn∇un = f in Ω,

un ∈ H1
0 (Ω)

satisfies

∃ lim
n→∞

(∫
Ω

H(∇un,Mn∇un, θn) dx + G(un)

)
= J.

Thanks to θn being bounded in L∞(Ω) and the compactness of the H-convergence, by
extracting a subsequence if necessary, we can assume that there exist θ ∈ L∞(Ω) and
M ∈ L∞(Ω;Ms

N ) such that θn converges weak-∗ in L∞(Ω) to θ and Mn H-converges
to M . Therefore, (un,Mn∇un, θn) T -converges to (u,M∇u, θ) (the equi-integrability
of |∇un|2 is an easy consequence of Meyer’s theorem [19]), where

0 ≤ θ ≤ 1 a.e. in Ω,

∫
Ω

θ dx ≤ κ|Ω|, M ∈ K(A,B, θ) a.e. in Ω,

{
−divM∇u = f in Ω,

u ∈ H1
0 (Ω).

Since F is lower semicontinuous for the T -convergence and G is sequentially contin-
uous for the weak convergence in H1

0 (Ω), we have

J = lim
n→∞

(∫
Ω

H(∇un,Mn∇un, θn) dx + G(un)

)
≥

∫
Ω

H(∇u,M∇u, θ) dx + G(u).

Thus u, M , θ is a solution of (4.16), and hence J is a minimum.
Step 3. To finish the proof of Theorem 4.3, let us now prove that, for every

solution u,M, θ of (4.16), there exists a sequence ωn of measurable subsets of Ω, with
|ωn| ≤ κ|Ω| such that the solution un of

(5.53)

{
−div

(
Aχωn + BχΩ\ωn

)
∇un = f in Ω,

un ∈ H1
0 (Ω)
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satisfies

(5.54) lim
n→∞

(∫
Ω

F (∇un) dx + G(un)

)
= J,

and it is such that (un, (Aχωn
+ BχΩ\ωn

)∇un, χωn
) T -converges to (u,M∇u, θ).

By Theorem 4.5, we know that there exist ω̃n ⊂ Ω measurable and ũn ∈ H1
0 (Ω)

such that, for M̃n = (Aχω̃n + BχΩ\ω̃n
), the sequence (ũn, M̃n∇ũn, χω̃n) T -converges

to (u,M∇u, θ) and

(5.55) lim
n→∞

∫
Ω

F (∇ũn) dx =

∫
Ω

H(∇u,M∇u, θ) dx.

From the compactness of the H-convergence, we can also assume that there exists M̂
such that M̃n H-converges to M̂ . Then M̂ ∈ K(A,B, θ) a.e. in Ω and, thanks to the
definition of T -convergence, M̂∇u = M∇u a.e. in Ω. The weak-∗ convergence of χω̃n

to θ also implies that

lim
n→∞

|ω̃n| =

∫
Ω

θ dx ≤ κ|Ω|.

Now, for every n ∈ N, we consider ωn ⊂ ω̃n measurable such that

|ω̃n \ ωn| = max {|ω̃n| − κ|Ω|, 0} → 0,

and we define un as the solution of (5.53).
By taking into account

−div M̃n∇un = f − div (M̃n −Mn)∇un in Ω,

with Mn = Aχωn + BχΩ\ωn
, the equi-integrability of |∇un|2, and the fact that

(5.56) lim
n→∞

∣∣∣{x ∈ Ω : M̃n(x) −Mn(x) �= 0}
∣∣∣ = lim

n→∞
|ω̃n \ ωn| = 0,

we have that (M̃n−Mn)∇un tends to zero in L2(Ω)N strongly. Therefore −div M̃n∇un

tends to f strongly in H−1(Ω). By the definition of T -convergence and −divM∇u = f
in Ω, we also have that −div M̃n∇ũn converges strongly to f in H−1(Ω). The div-
curl lemma then gives that M̃n∇(un− ũn) ·∇(un− ũn) converges to zero in the sense
of the distributions. The equi-integrability of |∇un|2 and |∇ũn|2 implies that this
convergence holds in fact in L1(Ω) weakly, and so

lim
n→∞

∫
Ω

M̃n∇(un − ũn) · ∇(un − ũn) dx = 0,

which by the ellipticity of M̃n implies that ∇(un − ũn) converges strongly to zero
in L2(Ω)N . Thus, (un,Mn∇un, χωn

) T -converges to (u,M∇u, θ), and, by (4.1), the
sequential continuity of G with respect to the weak topology in H1

0 (Ω), and (5.55),
we have

lim
n→∞

(∫
Ω

F (∇un) dx + G(un)

)
= limn→∞

(∫
Ω
F (∇ũn) dx + G(un)

)
=

∫
Ω
H(∇u,M∇u, θ) dx + G(u) = J.
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Proof of Proposition 4.6. We consider λ, p1, p2 ∈ [0, 1], ξ1, ξ2, η1, η2 ∈ RN such
that η1 = η2 for N = 1, and (ξ1 − ξ2) · (η1 − η2) = 0 for N > 1.

We take χ =
∑

k∈Z χ(k,k+λ) ∈ L∞� (0, 1).

If ξ1 �= ξ2, we define un ∈ W 1,∞
loc (RN ), σn ∈ L∞(RN )N , and θn ∈ L∞(RN ) by

un(x) = ξ2 · x +
1

n

∫ n(ξ1−ξ2)·x

0

χ(s) ds, σn(x) = η2 +
(
η1 − η2)χ(n(ξ1 − ξ2) · x

)
,

θn(x) = p2 + (p1 − p2)χ
(
n(ξ1 − ξ2) · x

)
, a.e. x ∈ RN ,

respectively, and we observe that, by defining

u(x) = (λξ1 + (1 − λ)ξ2) · x, σ(x) = λη1 + (1 − λ)η2,

θ(x) = λp1 + (1 − λ)p2, a.e. x ∈ RN ,

we have that, for every smooth bounded open set ω ⊂ RN , un converges to u in
W 1,∞(ω) weak-∗, σn converges to σ in L∞(ω)N weak-∗, and θn converges to θ in
L∞(ω) weak-∗ and div σn = 0 in ω. In particular, (un, σn, θn) T -converges to (u, σ, θ).
Since the functional F defined by (4.19) is lower semicontinuous in ω for the T -
convergence (use Theorem 4.5, with Ω replaced by ω), we get∫

ω

H(λξ1 + (1 − λ)ξ2, λη1 + (1 − λ)η2, λp1 + (1 − λ)p2) dx

= F(u, σ, θ) ≤ lim
n→∞

F(un, σn, θn)

= lim
n→∞

∫
ω

(
H(ξ1, η1, p1)χ(n(ξ1 − ξ2) · x) + H(ξ2, η2, p2)

(
1 − χ(n(ξ1 − ξ2) · x)

))
dx

=

∫
ω

(
λH(ξ1, η1, p1) + (1 − λ)H(ξ2, η2, p2)

)
dx,

which by the arbitrariness of ω implies (4.22) (or (4.21) if N = 1).
If ξ1 = ξ2 (and then N > 1), we reason analogously, by taking ζ �= 0 orthogonal

to η1 − η2 and defining

un(x) = ξ1 · x, σn(x) = η2 +
(
η1 − η2)χ(nζ · x

)
,

θn(x) = p2 + (p1 − p2)χ
(
nζ · x

)
, a.e. x ∈ RN .

Proof of Proposition 4.7. We recall that convex and bounded functions are locally
Lipschitz in the interior of their domain. This can be easily generalized to functions
of several variables, convex in each one of these variables. Then Proposition 4.6 and
(4.11) prove that H is continuous in the interior of its domain. On the other hand,
we consider (ξ, η, p) ∈ Dom(H), p ∈ (0, 1). By reasoning similarly as in the proof of
Theorem 4.2, it is not difficult to show that if p is close to 0 or 1, then H(ξ, η, p) is
close to F (ξ) and that if

ξ · (Λpξ − η) −
(

(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η)

is small, then∣∣∣∣H(ξ, η, p) − pF

(
ξ + Ξ

(
Λpξ − η

p

))
− (1 − p)F

(
ξ − Ξ

(
Λpξ − η

1 − p

))∣∣∣∣
is small. This proves the continuity of H in the boundary of its domain.
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6. Example. In this section we give an example in dimension N ≥ 2 of a
quadratic function F for which we obtain an explicit expression of the function H
defined by (4.6) in its whole domain. This is given by the following theorem.

Theorem 6.1. We consider N ≥ 2, A,B ∈ Ms
N definite positive, s ∈ R such

that s(A−B) is definite nonnegative, and

F (ξ) = sAξ · ξ ∀ξ ∈ RN .

Then, for every (ξ, η, p) ∈ RN × RN × (0, 1) such that η ∈ K(A,B, p)ξ, we have that
the function H defined by (4.6) is given by

(6.1) H(ξ, η, p) = sAξ · ξ + s(Λpξ − η) · ξ +
s

1 − p
(A−B)ν · ν,

where ν is any vector in RN which satisfies (B −A)ν = Λpξ − η.
In the cases p = 0, p = 1, we have

H(ξ, Aξ, 1) = H(ξ,Bξ, 0) = sAξ · ξ ∀ξ ∈ RN .

Remark 6.1. Since Ran(A−B) = Ker(A−B)⊥, it is clear that the second member
of (6.1) does not depend on the choice of ν. By taking ν = (A − B)†(Λpξ − η), we
have

H(ξ, η, p) = sAξ · ξ + s(Λpξ − η) · ξ +
s

1 − p
(A−B)†(Λpξ − η) · (Λpξ − η)

for every (ξ, η, p) ∈ RN × RN × (0, 1) such that η ∈ K(A,B, p)ξ.
Proof of Theorem 6.1. By (4.12) it is enough to prove (6.1).
For (ξ, η, p) ∈ RN × RN × (0, 1) such that η ∈ K(A,B, p)ξ, we consider Zn, Sn,

wn, ηn as in Remark 4.1, and we define

νn =

∫
Zn

∇wn dy = −
∫
Y \Zn

∇wn dy.

By using that ∇wn has mean value zero and (3.4), we have

(6.2)

∫
Y

sA(ξ + ∇wn) · (ξ + ∇wn)dy = sAξ · ξ +

∫
Y

sA∇wn · ∇wndy

= sAξ · ξ + s(Λpξ − ηn) · ξ +

∫
Y \Zn

s(A−B)∇wn · ∇wn dy.

Thanks to s(A−B) nonnegative, the Cauchy–Schwarz inequality proves that

s(A−B)νn · νn = −
∫
Y \Zn

s(A−B)∇wn · νn dy

≤
∫
Y \Zn

(s(A−B)∇wn · ∇wn)
1
2 (s(A−B)νn · νn)

1
2 dy

≤
(∫

Y \Zn

s(A−B)∇wn · ∇wndy

) 1
2 (

(1 − p)s(A−B)νn · νn
) 1

2

and so

s

1 − p
(A−B)νn · νn ≤

∫
Y \Zn

s(A−B)∇wn · ∇wndy,
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which substituted in (6.2) and then passed to the limit in n proves that

(6.3) H(ξ, η, p) ≥ sAξ · ξ + s(Λpξ − η) · ξ +
s

1 − p
(A−B)ν · ν,

where ν equals the limit of νn (it exists for a subsequence) and satisfies (A− B)ν =
η − Λpξ.

In order to prove the contrary inequality, we remark that if η ∈ Λpξ+Ran(A−B)
is such that

(6.4)

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η) = ξ · (Λpξ − η),

then (6.1) follows from Theorem 4.2 by taking ν = Ξ(Λpξ − η) and using(
A

p
+

B

1 − p

)
ν · ν = (Λpξ − η) · ξ.

Thus, it is enough to consider the case where η ∈ Λpξ + Ran(A−B) satisfies

(6.5)

(
(A−B)

(
A

p
+

B

1 − p

)−1

(A−B)

)†
(Λpξ − η) · (Λpξ − η) < ξ · (Λpξ − η).

By taking as above ν = Ξ(Λpξ − η), we have

η = Λpξ + (A−B)ν,

(
A

p
+

B

1 − p

)
ν · ν < (B −A)ν · ξ.

The last inequality implies that there exists r ∈ (0, p) such that(
1

p− r
− 1

p

)
Aν · ν = (B −A)ν · ξ −

(
A

p
+

B

1 − p

)
ν · ν.

For ν̂ = ν/(1− r) we then have that η̂ = Λp̂ξ+(A−B)ν̂, p̂ = (p− r)/(1− r) are such
that η̂ ∈ Λp̂ξ + Ran(A−B) and that (6.4) holds with η and p, respectively, replaced
by η̂ and p̂. By taking into account

p = r + (1 − r)p̂, η = rAξ + (1 − r)η̂

and using the convexity property (4.22) of H, we then obtain

(6.6)

H(ξ, η, p) ≤ rH(ξ, Aξ, 1) + (1 − r)H(ξ, η̂, p̂)

= sAξ · ξ + s(A−B)ν · ξ +
s

1 − p
(A−B)ν · ν.

This finishes the proof of Theorem 6.1.
Remark 6.2. By the proof of Theorem 6.1, we see that the sequence Zn given by

Remark 4.1 must be chosen in such a way that the value of ∇wn in Y \ Zn is close
to a constant. For N ≥ 2, (ξ, η, p) ∈ RN × RN × (0, 1), η ∈ K(A,B, p)ξ, η �= Λpξ,
this can be carried on by using two laminations as follows: We take ν = Ξ(Λpξ − η)
and r and p̂ as in the proof of Theorem 6.1, and then we construct a matrix M by a
lamination of A and B in the direction of ν with respective proportions p̂ and 1−p̂ and
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then a lamination of A and M in an orthogonal direction to (M −A)ξ with respective
proportions r and 1−r. This is the idea that we used in the proof of inequality (6.6).

As a particular case of Theorem 6.1, we have the following result.
Corollary 6.2. Assume that N ≥ 2, A = αI, B = βI, with 0 < α < β, and

for s ∈ R take F (ξ) = s|ξ|2 for every ξ ∈ RN . Then the function H defined by (4.6)
satisfies

H(ξ, η, p) = s|ξ|2 +
s

β
(Λpξ − η) · ξ +

s

β(β − α)p
|Λpξ − η|2 if s ≥ 0,

H(ξ, η, p) = s|ξ|2 +
s

α
(Λpξ − η) · ξ − s

α(β − α)(1 − p)
|Λpξ − η|2 if s ≤ 0

for every ξ ∈ RN , p ∈ (0, 1), η ∈ K(A,B, p)ξ.
Proof. It is enough to apply Theorem 6.1 where the matrices A and B and the

constant s must be replaced, respectively, by βI, αI, and s/β in the case s ≥ 0 and
by αI, βI, and s/α in the case s ≤ 0.

Remark 6.3. Corollary 6.2 and Theorem 4.3 give the relaxation of the problem⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

inf

{
s

∫
Ω

|∇u|2 dx
}
,

−div (αχω + βχΩ\ω)∇u = f in Ω,

u ∈ H1
0 (Ω),

ω ⊂ Ω measurable, |ω| ≤ κ|Ω|.

In the case where s > 0, this relaxation was obtained by Bellido and Pedregal in [3]
(see also [15]) for N = 2 and independently by Grabovsky in [10] for arbitrary N . The
method used in the present paper is different from the ones used by these authors.
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DISSIPATIVE BOUNDARY CONDITIONS FOR ONE-DIMENSIONAL
NONLINEAR HYPERBOLIC SYSTEMS∗

JEAN-MICHEL CORON† , GEORGES BASTIN‡ , AND BRIGITTE D’ANDRÉA-NOVEL§

Abstract. We give a new sufficient condition on the boundary conditions for the exponential
stability of one-dimensional nonlinear hyperbolic systems on a bounded interval. Our proof relies on
the construction of an explicit strict Lyapunov function. We compare our sufficient condition with
other known sufficient conditions for nonlinear and linear one-dimensional hyperbolic systems.
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1. Introduction. We are concerned with the following one-dimensional n × n
nonlinear hyperbolic system:

(1.1) ut + F (u)ux = 0, x ∈ [0, 1], t ∈ [0,+∞),

where u : [0,∞) × [0, 1] → R
n and F : R

n → Mn,n(R), Mn,n(R) denoting, as
usual, the set of n × n real matrices. We consider the case where, possibly after an
appropriate state transformation, F (0) is a diagonal matrix with distinct and nonzero
eigenvalues:

F (0) := diag (Λ1,Λ2, . . . ,Λn),(1.2)

Λi > 0 ∀i ∈ {1, . . . ,m},
Λi < 0 ∀i ∈ {m + 1, . . . , n},

Λi �= Λj ∀(i, j) ∈ {1, . . . , n}2 such that i �= j.(1.3)

In (1) and in what follows, diag (Λ1,Λ2, . . . ,Λn) denotes the diagonal matrix whose
ith element on the diagonal is Λi.

Our concern is to analyze the asymptotic behavior of the classical solutions of the
system under the following boundary condition:

(1.4)

(
u+(t, 0)

u−(t, 1)

)
= G

(
u+(t, 1)

u−(t, 0)

)
, t ∈ [0,+∞),

where the map G : R
n → R

n vanishes at 0, while u+ ∈ R
m, u− ∈ R

n−m are defined
by requiring that u := (utr

+, u
tr
−)tr. The problem is to find the map G such that
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†Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie and Institut Universitaire de

France, B.C. 187, 4 place Jussieu, 75252 Paris Cedex 05, France (coron@ann.jussieu.fr). This author’s
research was partially supported by the “Agence Nationale de la Recherche” (ANR), Project C-QUID,
number BLAN-3-139579.

‡Center for Systems Engineering and Applied Mechanics (CESAME), Université Catholique de
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the boundary condition (1.4) is dissipative, i.e., implies that the equilibrium solution
u ≡ 0 of system (1.1) with the boundary condition (1.4) is exponentially stable.

This problem has been considered in the literature for more than 20 years. To
our knowledge, the first results were published by Slemrod in [21] and Greenberg and
Li in [9] for the special case of 2× 2 (i.e., u ∈ R

2) systems. A generalization to n× n
systems was given by the Li school. Let us mention in particular [17] by Qin, [25] by
Zhao, and [14, Theorem 1.3, page 173] by Li. All these results rely on a systematic
use of direct estimates of the solutions and their derivatives along the characteristic
curves. They give rise to sufficient dissipative boundary conditions which are kinds of
“small gain conditions.” The weakest sufficient condition [14, Theorem 1.3, page 173]
is formulated as follows: ρ(|G′(0)|) < 1, where ρ(A) denotes the spectral radius of
A ∈ Mn,n(R) and |A| denotes the matrix whose elements are the absolute values of
the elements of A ∈ Mn,n(R).

In this paper we follow a different approach, which is based on a Lyapunov sta-
bility analysis. The special case of 2 × 2 systems and F (u) diagonal has recently
been treated in our previous paper [6]. In the present paper, by using a more general
strict Lyapunov function (see section 4), we get a new weaker dissipative boundary
condition, stated as follows:

Inf {‖ΔG′(0)Δ−1‖; Δ ∈ Dn,+} < 1,

where ‖ ‖ denotes the usual 2-norm of matrices in Mn,n(R) and Dn,+ denotes the
set of diagonal matrices whose elements on the diagonal are strictly positive.

Moreover, our proof is rather elementary, and the existence of a strict Lyapunov
function may be useful for studying robustness issues.

Our paper is organized as follows. In section 2, after some mathematical pre-
liminaries, a precise technical definition of our new dissipative boundary condition is
followed by the statement of our exponential stability theorem. Section 3 is then de-
voted to a discussion of the optimality properties of our dissipative boundary condition
and to a comparison of this condition with other stability criteria from the literature,
namely the criterion [14, Theorem 1.3, p, 173] mentioned above and a stability cri-
terion for linear hyperbolic systems due to Silkowski. The proof of our exponential
stability theorem, including the Lyapunov stability analysis, is thoroughly given in
section 4. The paper ends with two appendices, where some technical properties of
our dissipative boundary condition are given.

2. A sufficient condition for exponential stability. For

x := (x1, . . . , xn)tr ∈ C
n,

|x| denotes the usual Hermitian norm of x:

|x| :=

√√√√ n∑
i=1

|xi|2.

For n ∈ N \ {0} and m ∈ N \ {0}, we denote by Mn,m(R) the set of n × m real
matrices. We define, for K ∈ Mn,m(R),

‖K‖ := max{|Kx|;x ∈ R
n, |x| = 1} = max{|Kx|;x ∈ C

n, |x| = 1},

and, if n = m,

ρ1(K) := Inf {‖ΔKΔ−1‖; Δ ∈ Dn,+},(2.1)
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where Dn,+ denotes the set of n × n real diagonal matrices with strictly positive
diagonal elements.

For ε, let Bε be the open ball of R
n of radius ε. We assume that, for some ε0 > 0,

F : Bε0 → Mn,n(R) is of class C2 and that there exists m ∈ {0, . . . , n} and n real
numbers Λ1, . . . ,Λn such that

Λi > 0 ∀i ∈ {1, . . . ,m} and Λi < 0 ∀i ∈ {m + 1, . . . , n},(2.2)

F (0) = diag (Λ1, . . . ,Λn),(2.3)

Λi �= Λj ∀(i, j) ∈ {1, . . . , n}2 such that i �= j.(2.4)

For u ∈ R
n, u+ ∈ R

m and u− ∈ R
n−m are defined by requiring

u =

(
u+

u−

)
.

As mentioned in the introduction, we are mainly interested in analyzing the
asymptotic convergence of the classical solutions of the following Cauchy problem:

ut + F (u)ux = 0, x ∈ [0, 1], t ∈ [0,+∞),(2.5) (
u+(t, 0)

u−(t, 1)

)
= G

(
u+(t, 1)

u−(t, 0)

)
, t ∈ [0,+∞),(2.6)

u(0, x) = u0(x), x ∈ [0, 1].(2.7)

Concerning G, we assume that G : Bε0 → R
n is of class C2 and satisfies G(0) = 0. We

define F+(u) ∈ Mm,n(R), F−(u) ∈ M(n−m),n(R), G+(u) ∈ R
m, and G−(u) ∈ R

n−m

by requiring

F (u) =

(
F+(u)

F−(u)

)
, G(u) =

(
G+(u)

G−(u)

)
.

Regarding the existence of the solutions to the Cauchy problem (2.5)–(2.7), we
have the following proposition.

Proposition 2.1. There exists δ0 > 0 such that, for every u0 ∈ H2((0, 1),Rn)
satisfying

|u0|H2((0,1),Rn) � δ0

and the compatibility conditions(
u0

+(0)

u0
−(1)

)
= G

(
u0

+(1)

u0
−(0)

)
,(2.8)

(2.9) F+(u0(0))u0
x(0) =

[
G′+u+

(
u0

+(1)

u0
−(0)

)]
F+(u0(1))u0

x(1)

+

[
G′+u−

(
u0

+(1)

u0
−(0)

)]
F−(u0(0))u0

x(0),
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(2.10) F−(u0(1))u0
x(1) =

[
G′−u+

(
u0

+(1)

u0
−(0)

)]
F+(u0(1))u0

x(1)

+

[
G′−u−

(
u0

+(1)

u0
−(0)

)]
F−(u0(0))u0

x(0),

the Cauchy problem (2.5)–(2.7) has a unique maximal classical solution

u ∈ C0([0, T ), H2((0, 1),Rn))

with T ∈ [0,+∞]. Moreover, if

|u(t, ·)|H2((0,1),Rn) � δ0 ∀t ∈ [0, T ),

then T = +∞.
For a proof of this proposition, see, for instance, [12] by Kato, [13, pp. 2–3] by

Lax, [16, pp. 35–43] by Majda, or [20, pp. 106–114] by Serre. Actually [12, 13, 16, 20]
deal with R instead of [0, 1], but the proofs given there can be adapted to treat this
new case. See also [15, pp. 96–107] by Li and Yu for the well-posedness of the Cauchy
problem (2.5)–(2.7) in the framework of functions u of class C1. Let us briefly explain
how to adapt these proofs in order to get, for example, the existence of a solution
u ∈ C0([0, T ], H2((0, 1),Rn)) to the Cauchy problem (2.5)–(2.7) if m = n (just to
simplify the notation), for T ∈ (0,+∞) given, and for every u0 ∈ H2((0, 1),Rn)
satisfying the compatibility conditions (2.8)–(2.9) (when m = n, condition (2.10)
disappears) and such that |u0|H2((0,1),Rn) is small enough (the smallness depending
on T in general). We first deal with the case where

T ∈ (0,min{Λ−1
1 , . . . ,Λ−1

n }).

The basic ingredient is the following fixed point method, which is related to the one
given in [15, page 97] (see also the pioneering works [12] and [13, pp. 2–3], where the
authors deal with R instead of [0, 1]). For R > 0 and for u0 ∈ H2((0, 1),Rn) satisfying
the compatibility conditions (2.8)–(2.9), let CR(u0) be the set of

u ∈ L∞((0, T ), H2((0, 1),Rn)) ∩W 1,∞((0, T ), H1((0, 1),Rn))

∩W 2,∞((0, T ), L2((0, 1),Rn))

such that

|u|L∞((0,T ),H2((0,1),Rn)) � R,

|u|W 1,∞((0,T ),H1((0,1),Rn)) � R,

|u|W 2,∞((0,T ),L2((0,1),Rn)) � R,

u(·, 1) ∈ H2((0, T ),Rn) and |u(·, 1)|H2((0,T ),Rn) � R2,

u(0, ·) = u0,

ut(0, ·) = −F (u0)u0
x.
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The set CR(u0) is a closed subset of L∞((0, T ), L2((0, 1),Rn)) (at least if |u0|H2((0,1),Rn)

is small enough so that |u0|C0([0,1],Rn) < ε0). Given R > 0, the set CR(u0) is not empty
if |u0|H2((0,1),Rn) is small enough. Let F : CR(u0) → L∞((0, T ), H2((0, 1),Rn)) ∩
W 1,∞((0, T ), H1((0, 1),Rn)) ∩ W 2,∞((0, T ), L2((0, 1),Rn)) be defined by F(ũ) = u,
where u is the solution of the linear hyperbolic Cauchy problem

ut + F (ũ)ux = 0, u(t, 0) = G(ũ(t, 1)), t ∈ [0, T ],(2.11)

u(0, x) = u0(x), x ∈ [0, 1].

The set CR(u0) is a closed subset of L∞((0, T ), L2((0, 1),Rn)) (at least if |u0|H2((0,1),Rn)

is small enough so that |u0|L∞((0,1),Rn) � ε0/2). Moreover, given R > 0, CR(u0) is
not empty if |u0|H2((0,1),Rn) is small enough. Using standard energy estimates and
the finite speed of propagation inherent in (2.11), one gets the existence of M > 0
and R0 > 0 such that, for every R ∈ (0, R0], there exists δ > 0 such that, for every
u0 ∈ H2((0, 1),Rn) such that |u0|H2((0,1),Rn) � δ and satisfying the compatibility
conditions (2.8)–(2.9),

F(CR(u0)) ⊂ CR(u0)(2.12)

and

|F(ũ2) −F(ũ1)|L∞((0,T ),L2((0,1),Rn)) + M |F(ũ2)(·, 1) −F(ũ1)(·, 1)|L2((0,1),Rn)

� 1

2
|ũ2−ũ1|L∞((0,T ),L2((0,1),Rn))+

M

2
|ũ2(·, 1)−ũ1(·, 1)|L2((0,1),Rn) ∀(ũ1, ũ2) ∈ CR(u0).

This allows us to prove that F has a fixed point u ∈ CR(u0); i.e., there exists a solution
u ∈ CR(u0) to the Cauchy problem (2.5)–(2.7). In order to get the extra regularity
property u ∈ C0([0, T ], H2((0, 1),Rn)), one can adapt [16, pp. 44–46] by noticing that,
when one uses usual energy estimates to get (2.12), one also gets, for u := F(ũ) with
ũ ∈ CR(u0), the “hidden regularity” uxx(·, 1) ∈ L2((0, T ),Rn) together with estimates
on |uxx(·, 1)|L2((0,T ),Rn) which are sufficient to take care of the boundary terms which
now appear when one does integrations by parts. The case of general T ∈ (0 + ∞)
follows by applying the above result to [0, T1], [T1, 2T1], [2T1, 3T1], . . . , with T1 given
in (0,min{Λ−1

1 , . . . ,Λ−1
n }). This concludes our sketch of the proof of Proposition 2.1.

We adopt the following definition of the exponential stability of the equilibrium
solution u ≡ 0.

Definition 2.2. The equilibrium solution u ≡ 0 of the nonlinear hyperbolic
system (2.5)–(2.6) is exponentially stable (for the H2-norm) if there exist ε > 0, ν > 0,
and C > 0 such that, for every u0 ∈ H2((0, 1),Rn) satisfying |u0|H2((0,1),Rn) � ε
and the compatibility conditions (2.8)–(2.10), the classical solution u to the Cauchy
problem (2.5)–(2.7) is defined on [0,+∞) and satisfies

|u(t, ·)|H2((0,1),Rn) � Ce−νt|u0|H2((0,1),Rn) ∀t ∈ [0,+∞).(2.13)

Our main result is the following theorem.
Theorem 2.3. If ρ1

(
G′(0)

)
< 1, then the equilibrium u ≡ 0 of the quasi-linear

hyperbolic system (2.5)–(2.6) is exponentially stable.
The proof of this theorem is given in section 4.
As mentioned in the introduction, the next section is devoted to a comparison of

our dissipative boundary condition (i.e., ρ1(G
′(0)) < 1) with other stability criteria

from the literature, namely the criterion given in [14, Theorem 1.3, page 173] and a
stability criterion for linear hyperbolic systems.
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3. Comparison with other stability conditions. In this section, we first
compare our condition ρ1(G

′(0)) < 1 for exponential stability (Theorem 2.3) with
a prior condition found by Li [14, Theorem 1.3, page 173]. In the second part of
this section we shall compare our condition to conditions for the stability of linear
hyperbolic systems.

3.1. Comparison with the Li condition. Let us first introduce some notation
and definitions. For K ∈ Mn,m(R), we denote by Kij the term on the ith line and
jth column of the matrix K and denote by |K| the matrix in Mn,m(R) defined by

|K|ij := |Kij | ∀i ∈ {1, . . . , n}, ∀j ∈ {1, . . . ,m}.

We define, for K ∈ Mn,n(R),

R2(K) := Max

⎧⎨
⎩

n∑
j=1

|Kij |; i ∈ {1, . . . , n}

⎫⎬
⎭ ,

ρ2(K) := Inf {R2(ΔKΔ−1); Δ ∈ Dn,+}.

Note that, by [14, Lemma 2.4, page 146],

ρ2(K) = ρ(|K|),(3.1)

where, for A ∈ Mn,n(R), ρ(A) is the spectral radius of A. In the following theorem,
we recall the sufficient condition for exponential stability introduced by Li.

Theorem 3.1 (see [14, Theorem 1.3, page 173]). Assume that ρ2(G
′(0)) <

1; then 0 ∈ C1([0, 1],Rn) is locally exponentially stable in the C1([0, 1])-norm for
the hyperbolic system (2.5)–(2.6); i.e., there exist ε > 0, ν > 0, and C > 0 such
that, for every u0 ∈ C1([0, 1],Rn) satisfying |u0|C1([0,1],Rn) � ε and the compatibility
conditions (2.8)–(2.10), the Cauchy problem (2.5)–(2.7) has a unique solution u in
C1([0,+∞) × [0, 1],Rn), and this solution satisfies

|u(t, ·)|C1([0,1],Rn) � Ce−νt|u0|C1([0,1],Rn) ∀t ∈ [0,+∞).

The following proposition and (3.3) show that our new sufficient condition, namely
ρ1(G

′(0)) < 1, is weaker than the previous one.
Proposition 3.2. For every K ∈ Mn,n(R),

ρ1(K) � ρ2(K).(3.2)

Let us point out that there are matrices K such that inequality (3.2) is strict.
For example, for a > 0, let

Ka :=

(
a a

−a a

)
∈ M2,2(R).

Then

ρ1(Ka) =
√

2a < 2a = ρ2(Ka).(3.3)

Remark 3.3. In fact, in [14, Theorem 1.3, page 173], it is assumed that G+

depends only on u− and that G− depends only on u+. However, if one takes

K :=

(
0 Ka

Ka 0

)
∈ M4,4(R),
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n = 4, m = 2, and G(u) := Ku, which are allowed by the type of boundary conditions
considered in [14, Theorem 1.3, page 173], one again gets ρ1(K) =

√
2a < 2a =

ρ2(K).
Proof of Proposition 3.2. Let us first prove the following lemma.
Lemma 3.4. For every K ∈ Mn,n(R), for every D ∈ Dn,+, for every Δ ∈ Dn,+,

for every X ∈ R
n, and for every Y ∈ R

n,

Y trΔKΔ−1X � 1

2
R2(DΔ−1KtrΔD−1)|X|2 +

1

2
R2(DΔKΔ−1D−1)|Y |2.(3.4)

Proof of Lemma 3.4. Replacing, if necessary, K by ΔKΔ−1, we may assume with-
out loss of generality that Δ is the identity map of R

n. We write X := (X1, . . . , Xn)tr ∈
R

n, Y := (Y1, . . . , Yn)tr ∈ R
n, D := diag (D1, . . . , Dn). One has

Y trKX =

n∑
i=1

Yi

⎛
⎝ n∑

j=1

KijXj

⎞
⎠ =

n∑
i=1

n∑
j=1

Kij

DiDj
DiYiDjXj

� 1

2
Q1 +

1

2
Q2,(3.5)

with

Q1 :=

n∑
i=1

n∑
j=1

|Kij |
DiDj

D2
jX

2
j and Q2 :=

n∑
i=1

n∑
j=1

|Kij |
DiDj

D2
i Y

2
i .

Note that

Q1 =

n∑
j=1

(
n∑

i=1

|Kij |D−1
i Dj

)
X2

j =

n∑
j=1

(
n∑

i=1

|(D−1KD)tr)ji|
)
X2

j

�
n∑

j=1

R2((D
−1KD)tr)X2

j = R2(DKtrD−1)|X|2.(3.6)

Similarly,

Q2 =

n∑
i=1

⎛
⎝ n∑

j=1

Di|Kij |D−1
j

⎞
⎠Y 2

i =

n∑
i=1

⎛
⎝ n∑

j=1

|(DKD−1)ij |

⎞
⎠Y 2

i

�
n∑

i=1

R2(DKD−1)Y 2
i = R2(DKD−1)|Y |2.(3.7)

Inequality (3.4) follows from (3.5), (3.6), and (3.7). This concludes the proof of
Lemma 3.4.

Let us go back to the proof of Proposition 3.2. One easily sees that

{(DΔ−1, DΔ); D ∈ Dn,+, Δ ∈ Dn,+} = Dn,+ ×Dn,+.(3.8)

Equality (3.8) implies that

(3.9) ρ2(K
tr) + ρ2(K)

= Inf {R2(DΔ−1KtrΔD−1) + R2(DΔKΔ−1D−1); D ∈ Dn,+, Δ ∈ Dn,+}.
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Using (3.1), we have

ρ2(K
tr) = ρ(|Ktr|) = ρ(|K|tr) = ρ(|K|) = ρ2(K),(3.10)

which, together with (3.9), gives

(3.11) Inf {R2(DΔ−1|K|trΔD−1) + R2(DΔ|K|Δ−1D−1); D ∈ Dn,+, Δ ∈ Dn,+}

= 2ρ2(K).

Finally, let us note that, for every Δ in Dn,+,

Sup {Y trΔKΔ−1X; X ∈ R
n, Y ∈ R

n, |X| = |Y | = 1} = ‖ΔKΔ−1‖ � ρ1(K).

(3.12)

Proposition 3.2 follows from (3.4), (3.11), and (3.12).

3.2. Comparison with stability conditions for linear hyperbolic sys-
tems. Replacing, if necessary, y(t, x) by(

y+(t, x)

y−(t, 1 − x)

)
,

it may be assumed, without loss of generality, that the speeds of propagation Λi are
all positive. More precisely we consider the special case of linear hyperbolic systems

yt + Λyx = 0, y(t, 0) = Ky(t, 1),(3.13)

where

Λ := diag (Λ1, . . . ,Λn), with Λi > 0 ∀i ∈ {1, . . . , n}.(3.14)

In order to avoid compatibility conditions, one can deal with the case where y(t, ·) ∈
L2((0, 1),Rn) (instead of y(t, ·) ∈ H2((0, 1),Rn), as we consider above for the nonlin-
ear hyperbolic system (2.5)–(2.6)). It is well known that the Cauchy problem associ-
ated with (3.13) is well posed in L2((0, 1),Rn); that is, for every y0 ∈ L2((0, 1),Rn),
there exists a unique

y ∈ C0([0,+∞), L2((0, 1),Rn))

solution of (3.13) satisfying the initial condition

y(0, ·) = y0.(3.15)

Of course, (3.13) has to be understood in the classical weak sense; i.e., for every
ϕ ∈ C1([0,+∞) × [0, 1]; Rn) with compact support and satisfying

ϕtr(t, 1)Λ − ϕtr
+(t, 0)ΛK = 0 ∀t ∈ [0,+∞),

we have ∫ +∞

0

∫ 1

0

(ϕtr
t + ϕtr

x Λ)ydxdt +

∫ 1

0

ϕtr(0, x)y0(x)dx = 0.
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See, for example, [5, section 2.1].
As usual, we say that 0 ∈ L2((0, 1),Rn) is exponentially stable for (3.13) (for

the norm of L2((0, 1),Rn)) if there exist ν > 0 and C > 0 such that, for every
y0 ∈ L2((0, 1),Rn), the solution of the Cauchy problem (3.13), (3.15) satisfies

|y(t, ·)|L2((0,1),Rn) � Ce−νt|y0|L2((0,1),Rn) ∀t ∈ [0,+∞).

One easily checks that (3.13) is equivalent to

φi(t) =

n∑
j=1

Kijφj(t− rj) ∀i ∈ {1, . . . , n},(3.16)

with

φj(t) := yj(t, 0), rj :=
1

Λj
, j ∈ {1, . . . , n}.

Hence (3.13) can be considered as a linear time-delay system. By a classical result on
linear time-delay systems (see, e.g., [10, Theorem 3.5 page 275] by Hale and Verduyn
Lunel), 0 ∈ L2((0, 1),Rn) is exponentially stable for the system (3.13) if and only if
there exists δ > 0 such that(

det (Idn − (diag (e−r1z, . . . , e−rnz))K) = 0, z ∈ C

)
⇒ (
(z) � −δ),(3.17)

where Idn is the identity map of R
n and 
(z) denotes the real part of the complex

number z. Note that ρ1(K) < 1 implies the existence of δ > 0 such that (3.17) holds.
Indeed, let us assume that ρ1(K) < 1. Then, by (2.1), there exist μ ∈ (0, 1) and
D ∈ Dn,+ such that

‖DKD−1‖ � μ.(3.18)

Let us assume that z ∈ C is such that

det
(
Idn − (diag (e−r1z, . . . , e−rnz))K

)
= 0.

Then

det
(
Idn − (diag (e−r1z, . . . , e−rnz))DKD−1

)
= det

(
D(Idn − (diag (e−r1z, . . . , e−rnz))K)D−1

)
= det

(
Idn − (diag (e−r1z, . . . , e−rnz))K

)
= 0,

which implies that

‖(diag (e−r1z, . . . , e−rnz))DKD−1)‖ � 1.(3.19)

Since

‖(diag (e−r1z, . . . , e−rnz))DKD−1)‖ � ‖diag (e−r1z, . . . , e−rnz)‖‖DKD−1‖

� e−min{r1�(z),...,rn�(z)}‖DKD−1‖,
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one has, also using (3.18) and (3.19),

e−min{r1�(z),...,rn�(z)}μ � 1.(3.20)

Inequality (3.20) implies that (3.17) holds with δ := ln(μ)/(max{r1, . . . , rn}) < 0.
The converse is false: the existence of δ > 0 such that (3.17) holds does not imply

that ρ1(K) < 1. For example, let us choose r1 := 1, r2 := 2, and

K :=

(
a a

a a

)
, a ∈ R.

(This example is borrowed from [10, page 285].) It is easily seen that ρ1(K) = 2|a|.
Hence ρ1(K) < 1 is equivalent to a ∈ (−1/2, 1/2). However, the existence of δ > 0
such that (3.17) holds is equivalent to a ∈ (−1, 1/2).

If we want to try to apply results on the stability of the linear hyperbolic system
(3.13) in order to get the stability of our nonlinear hyperbolic system (2.5)–(2.6), since
F (u) depends on u, it is natural to ask for the robustness of the stability of the linear
hyperbolic system (3.13) with respect to small changes on the Λi’s, i.e., on the speeds
of propagation. (One can easily sees that the stability is robust with respect to small
changes on K.) Let us adopt the following definition.

Definition 3.5. The linear system (3.13) is robustly exponentially stable with
respect to the speeds of propagation if there exists ε > 0 such that, for every Λ̃ :=
diag (Λ̃1, . . . , Λ̃n) ∈ Dn,+ such that

|Λ̃i − Λi| � ε ∀i ∈ {1, . . . , n},

0 ∈ L2((0, 1),Rn) is exponentially stable for the perturbed linear hyperbolic system

yt + Λ̃yx = 0, y(t, 0) = Ky(t, 1).

One has, then, the following theorem, which is due to Silkowski (see [10, Theo-
rem 6.1, page 286]; see also [26, 11]).

Theorem 3.6. Let

ρ0(K) := max{ρ(diag (eιθ1 , . . . , eιθn)K); (θ1, . . . , θn)tr ∈ R
n},(3.21)

with ι :=
√
−1. If the (r1, . . . , rn) are rationally independent, the linear system (3.13)

is exponentially stable if and only if ρ0(K) < 1. In particular (note that ρ0(K) depends
continuously on K), whatever (r1, . . . , rn) ∈ (0,+∞)n is, the linear system (3.13) is
robustly exponentially stable with respect to the speeds of propagation if and only if
ρ0(K) < 1.

From this theorem the interest of comparing ρ0(K) and ρ1(K) is clear. This is
done in the following proposition.

Proposition 3.7. For every n ∈ N and for every K ∈ Mn,n(R),

ρ0(K) � ρ1(K).(3.22)

For every n ∈ {1, 2, 3, 4, 5} and for every K ∈ Mn,n(R),

ρ0(K) = ρ1(K).(3.23)

For every n ∈ N \ {1, 2, 3, 4, 5}, there exists K ∈ Mn,n(R) such that

ρ0(K) < ρ1(K).(3.24)

The proof of Proposition 3.7 is given in Appendix B.
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4. Proof of Theorem 2.3. For the clarity of the analysis, we first deal in detail
with the case where m = n and then give only the main modifications to deal with
the case m < n. When m = n the boundary condition (2.6) reads

u(t, 0) = G(u(t, 1)), t ∈ [0,+∞),(4.1)

and the compatibility conditions (2.8)–(2.10) become

u0(0) = G(u0(1)),(4.2)

F (u0(0))u0
x(0) = G′(u0(1))F (u0(1))u0

x(1).(4.3)

Let us introduce some simplifying notation,

(4.4) Λ := F (0) ∈ Dn,+, K := G′(0), v := ux, w := vx = uxx,

and let us denote by Sn the set of n× n real symmetric matrices and by Sn,+ the set
of n× n real symmetric positive definite matrices.

We shall repeatedly use the following lemma.
Lemma 4.1. Let Λ := diag (Λ1, . . . ,Λn) ∈ Dn be such that (2.4) holds. Let Δ ∈

Dn. Then there exist a positive real number η and a map N : {M ∈ Mn,n(R); ‖M −
Λ‖ < η} → Sn of class C∞ such that

N(Λ) = Δ,

N(M)M −M trN(M) = 0 ∀M ∈ Mn,n(R) such that ‖M − Λ‖ < η.

Proof of Lemma 4.1. Let An be the set of matrices A ∈ Mn,n(R) such that
Atr = −A. For M ∈ Mn,n(R), let us consider the following linear map:

LM : Sn → An ×Dn,

S �→ (SM −M trS,Diag (S)),

where Diag (S) := diag (S11, . . . , Snn). Noticing that

SΛ − ΛtrS = (Λj − Λi)Sij ∀i ∈ {1, . . . , n},∀j ∈ {1, . . . , n},∀S ∈ Sn

and using (2.4), it is easily checked that LΛ : Sn → An × Dn is an isomorphism.
Hence there exists η > 0 such that, for every M ∈ Mn,n(R) such that ‖M − Λ‖ < η,
LM is an isomorphism. It then suffices to define N by

N(M) = L−1
M (0,Δ).

This concludes the proof of Lemma 4.1.
For the stability analysis, we now introduce the Lyapunov function candidate

(4.5) V (u, v, w) = V1(u) + V2(u, v) + V3(u, v, w),

with

V1(u) =

∫ 1

0

utrQ(u)u e−μxdx,(4.6)

V2(u, v) =

∫ 1

0

vtrR(u)v e−μxdx,(4.7)

V3(u, v, w) =

∫ 1

0

wtrS(u)w e−μxdx,(4.8)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DISSIPATIVE BOUNDARY CONDITIONS 1471

where μ > 0, Q(u), R(u), and S(u) are symmetric positive definite matrices which
will be defined later.

Remark 4.2. The weight e−μx is essential to get a strict Lyapunov function. It is
similar to the one introduced in [4] to stabilize the Euler equation of incompressible
fluids (see the definition of V given on page 1886 of [4]). It has also been used by
Xu and Sallet in [24] for quite general linear hyperbolic systems (see also [22] by
Tchousso, Besson, and Xu).

Let us compute the time derivative V̇1 of V1 along the classical C1-solutions of
system (2.5) with boundary conditions (4.1). One has

V̇1 =

∫ 1

0

{
2utrQ(u)ut + utr

(
Q(u)

)
t
u
}
e−μxdx

=

∫ 1

0

{
−2utrQ(u)F (u)ux + utr[Q′(u)ut]u

}
e−μxdx,

where Q′(u) is the linear map from R
n to Sn which stands for the derivative of Q at

the point u. Hence

V̇1 =

∫ 1

0

{
−
(
utrQ(u)F (u)u

)
x

+ utr
(
Q(u)F (u)

)
x
u− utr

[
Q′(u)F (u)v

]
u
}
e−μxdx.

(4.9)

For f ∈ C0([0, 1],Rn), we denote by |f |0 its C0-norm: |f |0 := max{|f(x)|; x ∈ [0, 1]}.
From now on, V1 and V̇1 are considered as functionals defined, respectively, by (4.6)
and (4.9) on the set V1 of u ∈ C1([0, 1],Rn) satisfying |u|0 < ε0 and the compatibility
condition

u0 = G(u1),(4.10)

with u0 := u(0) and u1 := u(1).
Since ρ1(K) < 1 by assumption, there exists D ∈ Dn,+ such that ‖DKD−1‖ < 1.

The matrix Q(u) is selected as the matrix N(F (u)) of Lemma 4.1 with Δ := D2Λ−1.
Our estimates on V1 and V̇1 are in the following lemma.
Lemma 4.3. There exists μ1 > 0 such that, for every μ ∈ (0, μ1), there exist

positive real constants α1, β1, δ1 such that, for every u ∈ V1 such that |u|0 � δ1,

1

β1

∫ 1

0

|u|2dx � V1(u) � β1

∫ 1

0

|u|2dx,(4.11)

V̇1(u) � −α1V1(u) + β1

∫ 1

0

|u|2|ux|dx.(4.12)

Proof of Lemma 4.3. Throughout this proof, u is assumed to be in V1. From the
construction of Q,

Q(0)F (0) = Q(0)Λ = D2 ∈ Dn,+,(4.13)

and there exists δ11 ∈ (0, ε0/2) such that

Q(a) ∈ Sn,+ and Q(a)F (a) ∈ Sn,+ ∀a ∈ R
n such that |a| � δ11.(4.14)
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Clearly, from (4.14), we obtain that, for every μ > 0, there exists β1 > 0 such that
(4.11) holds if |u|0 � δ11.

Let us now deal with the estimate (4.12) on V̇1(= V̇1(u)). Let us decompose V̇1

in the following way:

(4.15) V̇1 = T11 + T12 + T13,

with

T11 := −μ

∫ 1

0

(
utrQ(u)F (u)u

)
e−μxdx,(4.16)

T12 := −
∫ 1

0

(
utrQ(u)F (u)ue−μx

)
x
dx,(4.17)

T13 :=

∫ 1

0

{
utr
(
[Q′(u)v]F (u) + Q(u)[F ′(u)v] − [Q′(u)F (u)v]

)
u
}
e−μxdx.(4.18)

Analysis of the first term T11. By (4.11) and (4.14), for every μ > 0, there exists
a positive real constant α1 > 0 such that, if |u|0 � δ11,

(4.19) T11 � −α1V1.

Analysis of the second term T12. One has

T12 = −
[
utrQ(u)F (u)ue−μx

]1
0

= −
(
utr

1 Q(u1)F (u1)u1e
−μ − utr

0 Q(u0)F (u0)u0

)
.

Let us introduce a notation in order to deal with estimates on “higher order terms.”
We denote by O(X,Y ), with X � 0 and Y � 0, quantities such that there exist C > 0
and ε > 0, independent of u, v and w, satisfying

(Y � ε) ⇒ (|O(X,Y )| � CX).

Using the compatibility condition (4.10), we have

T12 = −
(
utr

1 Q(u1)F (u1)u1e
−μ − (G(u1))

trQ
(
G(u1)

)
F
(
G(u1)

)
G(u1)

)

= −utr
1

(
Q(0)Λe−μ −KtrQ(0)ΛK

)
u1 + O(|u1|3; |u1|).(4.20)

For u1 ∈ R
n, we define ζ := Du1. Then, using (4.13), we have, for every u1 ∈ R

n,

utr
1 K

trQ(0)ΛKu1 = utr
1 K

trDDKu1 =
(
ζtrD−1KtrD

) (
DKD−1ζ

)
= |DKD−1ζ|2.

Hence, using (4.13) once again, we have, for every u1 ∈ R
n,

(4.21) utr
1 K

trQ(0)ΛKu1 � ‖DKD−1‖2ζtrζ = ‖DKD−1‖2utr
1 Q(0)Λu1.

From this inequality and the fact that ‖DKD−1‖ < 1, it follows that, taking μ > 0
small enough (which is always implicitly assumed), Q(0)Λe−μ − KtrQ(0)ΛK is a
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positive definite matrix. Then, using (4.20), there exists δ12 > 0 such that, if |u1| �
δ12,

(4.22) T12 � 0.

Analysis of the third term T13. The integrand of T13 is linear with respect to v
and, at least, quadratic with respect to u. It follows that, increasing the value of β1

if necessary, there exists a real positive constant δ13 such that, for |u|0 � δ13,

(4.23) T13 � β1

∫ 1

0

|u|2|v|dx.

Then, collecting inequalities (4.19), (4.22), and (4.23) together, if

|u|0 � δ1 := min{δ11, δ12, δ13},

we conclude that

(4.24) V̇1 = T11 + T12 + T13 � −α1V1 + β1

∫ 1

0

|u|2|v|dx.

This completes the proof of Lemma 4.3.
From Lemma 4.3 it appears that it is clearly necessary to examine the dynamics

of v = ux in order to carry out the Lyapunov stability analysis. This is the reason
why the Lyapunov function (4.5) is extended with terms involving v. By time differ-
entiation of the system equations (2.5) and (4.1), it may be shown that v satisfies the
dynamics

vt + F (u)vx + [F ′(u)v]v = 0, x ∈ [0, 1], t ∈ [0,+∞),(4.25)

F (u(t, 0))v(t, 0) = G′
(
u(t, 1)

)
F
(
u(t, 1)

)
v(t, 1), t ∈ [0,+∞).(4.26)

Let us compute the time derivative of V2 along the classical C1-solutions of system
(4.25) with boundary conditions (4.26). One has

V̇2 =

∫ 1

0

{
2vtrR(u)vt + vtr

(
R(u)

)
t
v
}
e−μxdx

=

∫ 1

0

{
−2vtrR(u)F (u)vx − 2vtrR(u)[F ′(u)v]v − vtr[R′(u)F (u)v]v

}
e−μxdx.(4.27)

From now on, V2 and V̇2 are considered as functionals defined, respectively, by
(4.7) and (4.27) on the set V2 of (u, v) ∈ C2([0, 1],Rn) × C1([0, 1],Rn) such that

|u|0 < ε0,(4.28)

ux = v,(4.29)

u0 = G(u1),(4.30)

F (u0)v0 = G′
(
u1

)
F
(
u1

)
v1,(4.31)

where u0 := u(0), u1 := u(1) as above, and v0 := v(0), v1 := v(1).
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The matrix R(u) is selected as the matrix N(F (u)) of Lemma 4.1 now with
Δ := ΛD2. Our estimates on V2 and V̇2 are in the following lemma.

Lemma 4.4. There exists μ2 > 0 such that, for every μ ∈ (0, μ2), there exist
positive real constants α2, β2, δ2 such that, for every (u, v) ∈ V2 such that |u|0 � δ2,

1

β2

∫ 1

0

|v|2dx � V2(u, v) � β2

∫ 1

0

|v|2dx,(4.32)

V̇2(u, v) � −α2(V2(u, v) + |v1|2) + β2

∫ 1

0

|v|3dx.(4.33)

Proof of Lemma 4.4. Throughout this proof, (u, v) is assumed to be in V2. By
the construction of R, we have

F (0)−1R(0) = Λ−1R(0) = D2 ∈ Dn,+(4.34)

and the existence of δ21 ∈ (0, ε0/2) such that

R(a) ∈ Sn,+ and R(a)F (a) ∈ Sn,+ ∀a ∈ R
n such that |a| � δ21.(4.35)

Clearly, from (4.35), for every μ > 0, there exists β2 > 0 such that (4.32) holds if
|u|0 � δ21.

Let us now deal with the estimate (4.33) on V̇2(= V̇2(u, v)). Let us decompose V̇2

in the following way:

(4.36) V̇2 = T21 + T22 + T23,

with

T21 := −μ

∫ 1

0

(
vtrR(u)F (u)v

)
e−μxdx,

T22 := −
∫ 1

0

(
vtrR(u)F (u)ve−μx

)
x
dx,

T23 :=

∫ 1

0

{
vtr
(
[(R(u)F (u))xv] − 2R(u)[F ′(u)v] − [R′(u)F (u)v]

)
v
}
e−μxdx.

Analysis of the first term T21. By (4.32) and (4.35), for every μ > 0, there exists
a positive real constant α21 > 0 such that, if |u|0 � δ21,

(4.37) T21 � −α21V2.

Analysis of the second term T22. One has

T22 = −
[
vtrR(u)F (u)ve−μx

]1
0

= −
(
vtr
1 R(u1)F (u1)v1e

−μ − vtr
0 R(u0)F (u0)v0

)
.

Under the boundary condition (4.31), we have

T22 = −vtr
1

(
R(u1)F (u1)e

−μ − F (u1)
tr
(
G′(u1)

)tr
(F (G(u1))

−1)trR(G(u1))G
′(u1

)
F (u1)

)
v1,
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which implies that

T22 = −vtr
1

(
R(0)Λe−μ − ΛKtrΛ−1R(0)KΛ

)
v1 + O(|v1|2|u1|; |u1|).(4.38)

We define ζ := Dv1. Then, using (4.34), we have, for every v1 ∈ R
n,

(4.39)

vtr
1 KtrΛ−1R(0)Kv1 = vtr

1 KtrDDKv1 =
(
ζtrD−1KtrD

) (
DKD−1ζ

)
= |DKD−1ζ|2.

Therefore, using (4.34) once again, we get that, for every v1 ∈ R
n,

(4.40) vtr
1 KtrΛ−1R(0)Kv1 � ‖DKD−1‖2ζtrζ = ‖DKD−1‖2vtr

1 Λ−1R(0)v1.

From (4.40) and the fact that ‖DKD−1‖ < 1, it follows that, choosing μ > 0 small
enough, Λ−1R(0)e−μ − KtrΛ−1R(0)K is a positive definite matrix, which, in turn,
implies that the matrix R(0)Λe−μ−ΛKtrΛ−1R(0)KΛ is also positive definite. Hence
there exist α22 > 0 and δ22 > 0 such that, if |u1| � δ22, we have

(4.41) T22 � −α22|v1|2.

Analysis of the third term T23. The integrand of T23 is, at least, cubic with respect
to v. It follows that, increasing the value of β2 if necessary, there exists δ23 ∈ (0, ε0/2)
such that, for |u|0 � δ23,

(4.42) T23 � β2

∫ 1

0

|v|3dx.

Then, collecting inequalities (4.37), (4.41), and (4.42) together, we conclude that if
|u|0 � δ2 := min{δ21, δ22, δ23} and if α2 := min{α21, α22}, then

(4.43) V̇2 = T21 + T22 + T23 � −α2(V2 + |v1|2) + β2

∫ 1

0

|v|3dx.

This completes the proof of Lemma 4.4.

Note that V2 is not sufficient to get an upper bound on
∫ 1

0
|v|3dx. For that

reason, we also need to consider the dynamics of w to complete the Lyapunov stability
analysis. By a further time differentiation of the system equations (4.25)–(4.26), we
obtain

(4.44)

wt + F (u)wx + [F ′(u)w]v + 2[F ′(u)v]w + [F ′′(u)(v, v)]v = 0,

x ∈ [0, 1], t ∈ [0,+∞),

under the boundary condition

(4.45)

F (u0)w0 + [F ′(u0)v0]v0 = [H ′(u1)F (u1)v1]v1 + H(u1)F (u1)w1 + H(u1)[F
′(u1)v1]v1,

with the notation w0 := w(0), w1 := w(1), and H(u) := F (G(u))−1G′(u)F (u). Using
the previous boundary conditions (4.30) and (4.31), this boundary condition (4.45)
may be written in compact form as

(4.46) w0 = F (G(u1))
−1H(u1)F (u1)w1 + Z(u1, v1),
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where Z is continuous on a neighborhood of 0 ∈ R
n × R

n and such that

Z(u1, v1) = O
(
|v1|2; |u1|

)
.(4.47)

Let us compute the time derivative of V3 along the classical C1-solutions of system
(4.44) with boundary conditions (4.46). One has

V̇3 =

∫ 1

0

{
2wtrS(u)wt + wtr

(
S(u)

)
t
w
}
e−μxdx

=

∫ 1

0

{
−2wtrS(u)F (u)wx − 2wtrS(u)

(
[F ′(u)w]v + 2[F ′(u)v]w + [F ′′(u)(v, v)]v

)
−wtr[S′(u)F (u)v]w

}
e−μxdx.(4.48)

From now on, V3 and V̇3 are considered as functionals defined, respectively, by (4.8)
and (4.48) on the set V3 of (u, v, w) ∈ C3([0, 1],Rn) × C2([0, 1],Rn) × C1([0, 1],Rn)
such that

|u|0 < ε0,(4.49)

ux = v, vx = w,(4.50)

u0 = G(u1),(4.51)

F (u0)v0 = G′
(
u1

)
F
(
u1

)
v1,(4.52)

w0 = F (G(u1))
−1H(u1)F (u1)w1 + Z(u1, v1),(4.53)

with u0 := u(0), u1 := u(1), v0 := v(0), and v1 := v(1) as above, and w0 := w(0) and
w1 := w(1).

The matrix S(u) is selected as the matrix N(F (u)) of Lemma 4.1 now with
Δ := Λ2D2Λ. Our estimates on V3 and V̇3 are in the following lemma.

Lemma 4.5. There exists μ3 > 0 such that, for every μ ∈ (0, μ3), there exist
positive real constants α3, β3, δ3 such that, for every (u, v, w) ∈ V3 such that |u|0 +
|v|0 � δ3, one has

1

β3

∫ 1

0

|w|2dx � V3(u, v, w) � β3

∫ 1

0

|w|2dx,(4.54)

V̇3(u, v, w) � −α3V3(u, v, w) + β3|v1|4 + β3

∫ 1

0

(
|v|2|w| + |w|2|v|

)
dx.(4.55)

Proof of Lemma 4.5. Throughout this proof, we assume that (u, v, w) ∈ V3. By
the construction of S, we have

Λ−2S(0)Λ−1 = D2 ∈ Dn,+(4.56)

and the existence of δ31 ∈ (0, ε0/2) such that

S(a) ∈ Sn,+ and S(a)F (a) ∈ Sn,+ ∀a ∈ R
n such that |u| � δ31.(4.57)

Clearly, from (4.57), we obtain that, for every μ > 0, there exists β3 > 0 such that
(4.54) holds if |u|0 � δ31.
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Let us now deal with the estimate (4.55) on V̇3(= V̇3(u, v, w)). Let us decompose
V̇3 in the following way:

(4.58) V̇3 = T31 + T32 + T33,

with

T31 := −μ

∫ 1

0

(
wtrS(u)F (u)w

)
e−μxdx,

T32 := −
∫ 1

0

(
wtrS(u)F (u)we−μx

)
x
dx,

T33 := −
∫ 1

0

{
−wtr

(
[(S(u)F (u))xv] + [S′(u)F (u)v]

)
w + 2wtrS(u)[F ′(u)w]v

+ 4wtrS(u)[F ′(u)v]w + 2wtr[F ′′(u)(v, v)]v
}
e−μxdx.

Analysis of the first term T31. By (4.54) and (4.57), for every μ > 0, there exists
a positive real constant α3 > 0 such that, if |u|0 � δ31,

(4.59) T31 � −α3V3.

Analysis of the second term T32.

T32 = −
[
wtrS(u)F (u)we−μx

]1
0

= −
(
wtr

1 S(u1)F (u1)w1e
−μ − wtr

0 S(u0)F (u0)w0

)
.

Under the boundary conditions (4.51) and (4.53), we have, also using (4.47),

T32 = −wtr
1

(
S(u1)F (u1)e

−μ

− F (u1)
trH(u1)

tr
(
F (G(u1))

−1
)tr

S
(
G(u1)

)
H(u1)F (u1)

)
w1

+ O(|v1|4 + |v1|2|w1|; |u1|)

= −wtr
1

(
S(0)Λe−μ − Λ2KtrΛ−2S(0)Λ−1KΛ2

)
w1

+ O
(
|v1|4 + |v1|2|w1| + |w1|2|u1|; |u1|

)
.(4.60)

For w1 ∈ R
n, we define ζ := Dw1. Then, using (4.56), we have, for every w1 ∈ R

n,

wtr
1 KtrΛ−2S(0)Λ−1Kw1 = wtr

1 KtrDDKw1

=
(
ζtrD−1KtrD

) (
DKD−1ζ

)
= |DKD−1ζ|2.

Therefore, for every w1 ∈ R
n, we have, using (4.56) once again,

wtr
1 KtrΛ−2S(0)Λ−1Kw1 � ‖DKD−1‖2ζtrζ = ‖DKD−1‖2wtr

1 Λ−2S(0)Λ−1w1.
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From this inequality and the fact that ‖DKD−1‖2 < 1, it follows that, choosing μ > 0
small enough, Λ−2S(0)Λ−1e−μ − KtrΛ−2S(0)Λ−1K is a positive definite symmetric
matrix, which, in turn, implies that the matrix

(4.61) S(0)Λe−μ − Λ2KtrΛ−2S(0)Λ−1KΛ2

is also positive definite. Moreover, for every η > 0 and for every (v1, w1) ∈ R
n × R

n,

|v1|2|w1| � 1

4η
|v1|4 + η|w1|2.

Hence, taking η > 0 small enough and also using (4.60), one gets the existence of
δ32 > 0 and β32 > 0 such that, if |u|0 + |v|0 � δ32,

(4.62) T32 � β32|v1|4.

Analysis of the third term T33. Note that

(F (u)G(u))x = [F ′(u)v]G(u) + F (u)G′(u)v.

It follows that there exist δ33 > 0 and β33 > 0 such that, if |u|0 + |v|0 � δ33, then

(4.63) T33 � β33

∫ 1

0

(
|v|2|w| + |w|2|v|

)
dx.

Then, collecting inequalities (4.59), (4.62), and (4.63) together, we conclude that if
|u|0 + |v|0 � δ3 := min{δ31, δ32, δ33} and β3 := max{β32, β33}, then

(4.64) V̇3 = T31 + T32 + T33 � −α3V3 + β3|v1|4 + β3

∫ 1

0

(
|v|2|w| + |w|2|v|

)
dx.

This completes the proof of Lemma 4.5.
Finally, we deal with V (see (4.5)) and V̇ , which are now considered as functionals

on the set V of u ∈ C3([0, 1],Rn) satisfying (4.49), (4.51), (4.52), and (4.53) with v :=
ux and w := uxx, u0 := u(0), u1 := u(1), v0 := ux(0), v1 := ux(1), w0 := uxx(0), and
w1 := uxx(1). Of course, we “define” V̇ by V̇ (u) := V̇1(u)+ V̇2(u, ux)+ V̇3(u, ux, uxx).
The following lemma holds.

Lemma 4.6. Let μ ∈ (0,min{μ1, μ2, μ3}). There exist positive real constants α,
β, and δ such that, for every u ∈ V such that |u|0 + |ux|0 � δ, we have

1

β

∫ 1

0

(|u|2 + |ux|2 + |uxx|2)dx � V (u) � β

∫ 1

0

(|u|2 + |ux|2 + |uxx|2)dx,(4.65)

V̇ � −αV.(4.66)

Proof of Lemma 4.6. Throughout this proof, u is assumed to be in V. Let
δ̄ := min{δ1, δ2, δ3}, ᾱ := min{α1, α2, α3}, and β̄ := max{β1, β2, β3}. It readily
follows from (4.11), (4.32), and (4.54) that if |u|0 + |ux|0 � δ̄, then

1

β̄

∫ 1

0

(|u|2 + |ux|2 + |uxx|2)dx � V (u) � β̄

∫ 1

0

(|u|2 + |ux|2 + |uxx|2)dx.(4.67)
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In order to check (4.66) (for δ > 0 small enough and β > 0 large enough), let us
first point out that, for every η > 0,

∫ 1

0

|ux|2|uxx|dx �
∫ 1

0

(
1

4η
|ux|4 + η|uxx|2

)
dx

� 1

4η
|ux|20

∫ 1

0

|ux|2dx + η

∫ 1

0

|uxx|2dx.(4.68)

In order to get (4.66), it suffices to use (4.12), (4.33), (4.54), (4.55), (4.67), (4.68)
with η := α3/(2β3)

2 and to point out that

∫ 1

0

|u|2|ux|dx � |ux|0
∫ 1

0

|u|2dx,

∫ 1

0

|ux|3dx � |ux|0
∫ 1

0

|ux|2dx,

∫ 1

0

|uxx|2|ux|dx � |ux|0
∫ 1

0

|uxx|2dx.

This concludes the proof of Lemma 4.6.
Finally, let us explain how to deduce Theorem 2.3 from Proposition 2.1 and

Lemma 4.6. By the Sobolev inequality (see, for instance, [3, Théorème VII, page
129]), there exists C > 0 such that, for every u in the Sobolev space H2((0, 1),Rn),

|u|0 + |ux|0 � C0|u|H2((0,1),Rn),(4.69)

with

|u|H2((0,1),Rn) :=

(∫ 1

0

(|u|2 + |ux|2 + |uxx|2)dx
)1/2

.

We choose μ ∈ (0,min{μ1, μ2, μ3}]. Let us point out that a simple density argument
shows that (4.65) and (4.66) hold for every u ∈ H2((0, 1),Rn) satisfying (4.51), (4.52),
and |u|0 + |ux|0 � δ. Let

ε := min

{
δ

2C0β
,
δ0
β

}
.(4.70)

Note that β � 1. Using Lemma 4.6, (4.69), and (4.70), the following implications
hold for every u ∈ H2((0, 1),Rn) satisfying (4.51) and (4.52):

(
|u|H2((0,1),Rn) � ε

)
⇒
(
|u|0 + |ux|0 � δ

2
and V (u) � βε2

)
,(4.71)

(
|u|0 + |ux|0 � δ and V (u) � βε2

)
⇒
(
|u|0 + |ux|0 � δ

2
and |u|H2((0,1),Rn) � δ0

)
,

(4.72)

(|u|0 + |ux|0 � δ) ⇒ (V̇ (u) � 0).(4.73)
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Now let u0 ∈ H2((0, 1),Rn) satisfying (4.2), (4.3), and

|u0|H2((0,1),Rn) � ε.

Let u ∈ C0([0, T ), H2((0, 1),Rn)) be the maximal classical solution the Cauchy prob-
lem (2.5)–(2.7). Using implications (4.71) to (4.73), one gets that

|u(t, ·)|H2((0,1),Rn) � δ0 ∀t ∈ [0, T ),(4.74)

|u(t, ·)|0 + |ux(t, ·)|0 � δ ∀t ∈ [0, T ).(4.75)

Using Proposition 2.1 and (4.74), one gets that T = +∞. Using Lemma 4.6 and
(4.75), one gets that

|u(t, ·)|2H2((0,1),Rn) � βV (u(t, ·)) � βV (u0)e−αt � β2|u0|2H2((0,1),Rn)e
−αt.

This concludes the proof of Theorem 2.3 when m = n.
Let us now explain the modifications we use in order to deal with the case 0 <

m < n (of course, the case m = 0 can be reduced to the case m = n by considering
ũ(t, x) := u(t, 1 − x)).

One first needs the following parametric version of Lemma 4.1.
Lemma 4.7. Let Λ := diag (Λ1, . . . ,Λn) ∈ Dn be such that (2.4) holds. There

exist a positive real number η and a map N : {M × Δ ∈ Mn,n(R) ×Dn; ‖M − Λ‖ <
η} → Sn of class C∞ such that

N (Λ,Δ) = Δ ∀Δ ∈ Dρ
n,

N (M,Δ)M −M trN (M,Δ) = 0 ∀(M,Δ) ∈ Mn,n(R) ×Dn such that ‖M − Λ‖ < η.

Proof of Lemma 4.7. With the notation of the proof of Lemma 4.1, it suffices to
define N (M,D) by N (M,D) := L−1

M (0,Δ).
The Lyapunov function V now has the following structure:

(4.76) V (u, v, w) = V1(u) + V2(u, v) + V3(u, v, w),

with

V1(u) =

∫ 1

0

utrQ(x, u)udx,(4.77)

V2(u, v) =

∫ 1

0

vtrR(x, u)vdx,(4.78)

V3(u, v, w) =

∫ 1

0

wtrS(x, u)wdx,(4.79)

where Q(x, u), R(x, u), and S(x, u) are symmetric positive definite matrices depending
on x ∈ [0, 1] defined in the following way. We fix D ∈ Dn,+ such that ‖DKD−1‖ < 1.
Let μ ∈ (0,+∞), which will be chosen small enough later. Let us recall that |Λ| =
diag (|Λ1|, . . . , |Λn|) = diag (Λ1, . . . ,Λm, |Λm+1|, . . . , |Λn|).

(i) We define Q(x, u) by

Q(x, u) := N
(
F (u), D2|Λ|−1diag (e−μx, . . . , e−μx, eμx, . . . , eμx)

)
.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DISSIPATIVE BOUNDARY CONDITIONS 1481

(ii) We define R(x, u) by

R(x, u) := N
(
F (u), D2|Λ|diag (e−μx, . . . , e−μx, eμx, . . . , eμx)

)
.

(iii) Finally, we define R(x, u) by

S(x, u) := N
(
F (u), D2|Λ|3diag (e−μx, . . . , e−μx, eμx, . . . , eμx)

)
.

(In the above equalities and in the following, in diag (e−μx, . . . , e−μx, eμx, . . . , eμx),
e−μx is repeated m times and eμx is repeated (n −m) times.) In order to deal with
the boundary conditions on u and v, let us define

a0 :=

(
u+(0)

u−(1)

)
, a1 :=

(
u+(1)

u−(0)

)
, b0 :=

(
v+(0)

v−(1)

)
, b1 :=

(
v+(1)

v−(0)

)
.(4.80)

The boundary condition (4.10) is now (see (2.6))

a0 = G(a1).(4.81)

Now V1 is defined as the set of u ∈ C1([0, 1],Rn) such that (4.81) holds and |u|0 < ε0.
Clearly, the estimate on V1 given in Lemma 4.3 still holds. Let us check that the

estimate of this lemma on V̇1 also holds.
The decomposition (4.15)–(4.18) becomes

V̇1 = T11 + T12 + T13,

with

T11 :=

∫ 1

0

utrQx(x, u)F (u)udx,

T12 := −
∫ 1

0

(
utrQ(x, u)F (u)u

)
x
dx,

T13 :=

∫ 1

0

utr
(
[Q′u(x, u)v]F (u) + Q(x, u)[F ′(u)v] − [Q′u(x, u)F (u)v]

)
udx.

Noticing that

Qx(x, 0) = −μD2Λ−1diag (e−μx, . . . , e−μx, eμx, . . . , eμx)
)
,

the term T11 can be treated as above. Similarly the term T13 can also be treated as
above. Concerning T12, one has

T12 = −u1Q(1, u1)F (u1)u1 + u0Q(0, u0)F (u0)u0

= −utr
1 D

2|Λ|−1Λu1 + utr
0 D

2|Λ|−1Λu0 + O(|u1|3; |u1|) + O(μ|u1|2;μ).(4.82)

Let

K++ ∈ Mm,m(R), K+− ∈ Mm,(n−m)(R),

K−+ ∈ M(n−m),n(R), K−− ∈ M(n−m),(n−m)(R)
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be such that

K =

(
K++ K+−

K−+ K−−

)
.

Using (4.80) and (4.81), one has

u0 =

(
K++ K+−

0 Idn−m

)
a1 + O(|a1|2; |a1|), u1 =

(
Idm 0

K−+ K−−

)
a1 + O(|a1|2; |a1|).

(4.83)

Using (4.82) and (4.83), straightforward computations lead to

T12 = −atr
1 (D2 −KtrD2K)a1 + O(|a1|3; |a1|) + O(μ|a1|2;μ).(4.84)

However, ‖DKD−1‖ < 1 implies (and is in fact equivalent to) the property “the
symmetric matrix tr(D2 −KtrD2K) is positive definite,” which, together with (4.84),
implies again the existence of δ12 > 0 such that (4.22) holds if |a1| � δ12. Hence
Lemma 4.3 still holds.

Similarly it can be checked that Lemmas 4.4 and 4.5 also hold, except that in
(4.33) and (4.55), |v1| has to be replaced by |b1| (and the definitions of V2 and V3 have
to be modified in order to deal with the new compatibility conditions). The proof of
Theorem 2.3 is then completed as in the case m = n.

Remark 4.8. One can give a lower bound on the exponential decay in Theorem 2.3.
Indeed, it follows from our proof of this theorem that, if ρ1(G

′(0)) < 1, for every
ν ∈ (0,−min{|λ1|, . . . , |λn|} ln(ρ1(G

′(0)))), there exist ε > 0 and C > 0 such that,
for every u0 ∈ H2((0, 1),Rn) satisfying |u0|H2((0,1),Rn) � ε and the compatibility
conditions (2.8)–(2.10), the classical solution u to the Cauchy problem (2.5)–(2.7) is
defined on [0,+∞) and satisfies (2.13).

5. Conclusion and final remarks. We have presented a new sufficient con-
dition on the boundary conditions for the exponential stability of one-dimensional
nonlinear hyperbolic systems on a bounded interval. Our analysis relies on the con-
struction of an explicit strict Lyapunov function. Moreover, we have compared our
sufficient condition with other known sufficient conditions for nonlinear and linear
systems. We conclude the paper with two additional comments.

1. The Lyapunov stability analysis presented in this paper can be extended to
nonlinear hyperbolic systems of the form

(5.1) ut + F (u)ux = h(u),

i.e., systems having a nonzero right-hand side h(u) with the map h : R
n → R

n

of class C2 vanishing at zero (h(0) = 0). Our main theorem (Theorem 2.3)
can be extended, in a straightforward way, to system (5.1) with boundary
conditions (1.4), provided ‖h′(0)‖ is sufficiently small.

2. For the sake of simplicity, we have assumed throughout the paper that the
diagonal matrix F (0) has distinct nonzero diagonal entries. It turns out
that this assumption may be slightly relaxed when the matrix F (u) is block-
diagonal. Indeed, in such a case, it is sufficient to assume that the Λi values
are different in each block, but different blocks may share identical Λi values.
This situation typically occurs when the system ut + F (u)ux = 0 is a model
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for a network of interconnected 2 × 2 hyperbolic systems. Typical examples
are hydraulic networks modeled by Saint Venant equations [7], road networks
modeled by Aw–Rascle equations [1, 8], or pipeline networks modeled by
isentropic Euler equations [2].

Appendix A. Some properties of the function ρ1. In this appendix we give
some properties which are useful for estimating and computing ρ1. Some of these
properties are used to prove Proposition 3.7.

Proposition A.1. Let l ∈ {1, . . . , n− 1}. Let K1 ∈ Ml,l(R), K2 ∈ Ml,n−l(R),
K3 ∈ Mn−l,l(R), K4 ∈ Mn−l,n−l(R) and let K ∈ Mn,n(R) be defined by

K :=

(
K1 K2

K3 K4

)
.

Then

ρ1(K) � max{ρ1(K1), ρ1(K4)}.(A.1)

Moreover, if K2 = 0 or K3 = 0, then

ρ1(K) = max{ρ1(K1), ρ1(K4)}.(A.2)

Proof of Proposition A.1. Let D ∈ Dn,+. Let D1 ∈ Dl,+ and D2 ∈ Dn−l,+ be
such that

D =

(
D1 0

0 D2

)
.

Let

M := DKD−1.

We have

M trM =

(
M11 M12

M21 M22

)
,

with

M11 := D−1
1 Ktr

1 D2
1K1D

−1
1 + D−1

1 Ktr
3 D2

2K3D
−1
1 ,

M12 := D−1
1 Ktr

1 D2
1K2D

−1
2 + D−1

1 Ktr
3 D2

2K4D
−1
2 ,

M21 := D−1
2 Ktr

2 D2
1K1D

−1
1 + D−1

2 Ktr
4 D2

2K3D
−1
1 ,

M22 := D−1
2 Ktr

2 D2
1K2D

−1
2 + D−1

2 Ktr
4 D2

2K4D
−1
2 .

For X ∈ R
l, let X̃ ∈ R

n be defined by

X̃ :=

(
X

0

)
.
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Note that |X̃| = |X| and that

X̃trM trMX̃ = XtrD−1
1 Ktr

1 D2
1K1D

−1
1 X + XtrD−1

1 Ktr
3 D2

2K3D
−1
1 X

� XtrD−1
1 Ktr

1 D2
1K1D

−1
1 X.

Hence

max{ZtrM trZ; Z ∈ R
n, |Z| = 1} � max{XtrD−1

1 Ktr
1 D2

1K1D
−1
1 X; X ∈ R

l, |X| = 1}

� ρ1(K1)
2,

which implies that ρ1(K1) � ρ1(K). Similarly ρ1(K4) � ρ1(K). This proves (A.1).
Let us now prove (A.2). We deal only with the case K3 = 0 (the case K2 = 0

being similar). Let η > 0. Let D1 ∈ Dl,+ and D2 ∈ Dn−l,+ be such that

‖D1K1D
−1
1 ‖ � ρ1(K1) + η, ‖D2K4D

−1
2 ‖ � ρ1(K4) + η.(A.3)

Let ε > 0 and

D :=

(
εD1 0

0 D2

)
∈ Dn,+, M := DKD−1 ∈ Mn,n(R).

Let Z ∈ R
n and let X ∈ R

l and Y ∈ R
n−l be such that

Z =

(
X

Y

)
.

We have

ZtrM trMZ = XtrD−1
1 Ktr

1 D2
1K1D

−1
1 X + 2εXtrD−1

1 Ktr
1 D2

1K2D
−1
2 Y

+ ε2Y trD−1
2 Ktr

2 D2
1K2D

−1
2 Y + Y trD−1

2 Ktr
4 D2

2K4D
−1
2 Y.

Hence there exists a constant C > 0 independent of Z and ε > 0 such that

ZtrM trMZ � (‖D1K1D
−1
1 ‖|X|)2 + (‖D2K4D

−1
2 ‖|Y |)2 + Cε|Z|2.(A.4)

From (2.1), (A.3), and (A.4), we obtain that

ρ1(K)2 � max{(ρ1(K1) + η)2, (ρ1(K4) + η)2} + Cε.(A.5)

Letting ε → 0 and η → 0 in (A.5), one gets that ρ1(K)2 � max{ρ1(K1)
2, ρ1(K4)

2}.
This concludes the proof of Proposition A.1.

Proposition A.2. The map ρ1 : Mn,n(R) → [0,+∞) is continuous.
Proof of Proposition A.2. We proceed by induction on n. For n = 1 the function

ρ1 satisfies ρ(k) = |k| for every k ∈ R = M1,1(R) and is therefore continuous. We
now assume that ρ1 is continuous on Mp,p(R) for every p ∈ {1, . . . , n − 1} and
prove that ρ1 is continuous on Mn,n(R). Since, for every D ∈ Dn,+, the function
K ∈ Mn,n(R) �→ ‖K‖ ∈ R is continuous, it readily follows from (2.1) that ρ1 is upper
semicontinuous on Mn,n(R). It remains only to check that ρ1 is lower semicontinuous.
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We argue by contradiction: let K ∈ Dn,n(R) and let (Kk)k∈N be a sequence of elements
of Mn,n(R) such that

Kk → K as k → +∞,(A.6)

lim
k→+∞

ρ1(Kk) < ρ1(K).(A.7)

Let (Dk)k∈N be a sequence of elements of Dn,+ such that

‖DkKkD
−1
k ‖ � ρ1(Kk) + k−1 ∀k ∈ N \ {0}.(A.8)

Note that, denoting by (e1, . . . , en) the canonical basis of R
n,

|Aij | = |etr
i Aej | � ‖A‖ ∀A ∈ Mn,n(R), ∀i ∈ {1, . . . , n}, ∀j ∈ {1, . . . , n}.

Hence, if we denote by Kijk the term on the ith line and jth column of the matrix
Kk,

|Kijk|
dik
djk

� ‖DkKkD
−1
k ‖ ∀(i, j) ∈ {1, . . . , n}2, ∀k ∈ N,(A.9)

where (dik)i∈{1,...,n} is defined by Dk = diag (d1k, . . . , dnk). After suitable reorderings
(note that ρ1(ΣAΣ−1) = ρ1(A) for every A ∈ Mn,n(R) and for every permutation
matrix Σ) and extracting subsequences if necessary, we may assume without loss of
generality that

d1k � d2k � · · · � d(n−1)k � dnk ∀k ∈ N.(A.10)

A simple scaling argument also shows that we may assume without loss of generality
that

d1k = 1 ∀k ∈ N.(A.11)

Extracting subsequences if necessary, there exist l ∈ {1, . . . , n}, (d1, . . . , dl) ∈ [1,+∞)l

such that

dik → di as k → +∞ ∀i ∈ {1, . . . , l},(A.12)

dik → +∞ as k → +∞ ∀i ∈ {l + 1, . . . , n}.(A.13)

We first treat the case where l = n. Let D := diag (d1, . . . , dn) ∈ Dn,+. From (A.12),
we have

Dk → D as k → +∞.(A.14)

From (2.1), we have

ρ1(K) � ‖DKD−1‖,(A.15)

which, together with (A.8) and (A.14), implies that

lim inf
k→+∞

ρ1(Kk) � ρ1(K),

in contradiction with (A.7).
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It remains to deal with the case where l < n. Let us denote Kij the term on the
ith line and jth column of the matrix K. From (A.6), (A.7), (A.8), (A.9), (A.12),
and (A.13), one gets that

Kij = 0 ∀(i, j) ∈ {l + 1, . . . , n} × {1, . . . , l}.(A.16)

Let K1 ∈ Ml,l(R), K2 ∈ Ml,n−l(R), K4 ∈ Mn−l,n−l(R) be such that

K =

(
K1 K2

0 K4

)
.

Similarly, for k ∈ N, let K1
k ∈ Ml,l(R), K2

k ∈ Ml,n−l(R), K3
k ∈ Mn−l,l(R), K4

k ∈
Mn−l,n−l(R) be defined by

K :=

(
K1

k K2
k

K3
k K4

k

)
.

From (A.2), we have

ρ1(K) = max{ρ1(K
1), ρ1(K

4)}.(A.17)

From (A.1), we have

ρ1(Kk) � max{ρ1(K
1
k), ρ1(K

4
k)} ∀k ∈ N.(A.18)

From our induction hypothesis (the continuity of ρ1 on Mp,p(R) for every p ∈
{1, . . . , n− 1}) and (A.6), we get that

lim
k→+∞

ρ1(K
1
k) = ρ1(K

1), lim
k→+∞

ρ1(K
4
k) = ρ1(K

4),

which, together with (A.17) and (A.18), again leads to a contradiction with (A.7).
This concludes the proof of Proposition A.2.

Our next proposition shows a case where the value of ρ1(K) may be given directly.
(For a converse of this proposition, see Proposition B.1.)

Proposition A.3. Let l ∈ {1, . . . , n}. Let (Aj)j∈{1,...,l} and (Bj)j∈{1,...,l} be two
sequences of vectors in R

n such that

Atr
j Ak = Btr

j Bk ∀(j, k) ∈ {1, . . . , l}2,(A.19)

l∑
j=1

A2
ij =

l∑
j=1

B2
ij ∀i ∈ {1, . . . , n},(A.20)

where Aij (resp., Bij) is the element on the ith line of the vector Aj (resp., Bj).
We assume that the l vectors A1, . . . , Al are linearly independent. Let R � 0 and let
K ∈ Mn,n(R) be such that

KAj = RBj ∀j ∈ {1, . . . , l},(A.21)

|KX| � R|X| ∀X ∈ R
n such that XtrAj = 0 ∀j ∈ {1, l}.(A.22)

Then ρ1(K) = R.
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Proof of Proposition A.3. It readily follows from the assumptions of this proposi-
tion that ‖K‖ = R. Hence it remains only to check that

‖DKD−1‖ � R ∀D ∈ Dn,+.(A.23)

Let D := diag (D1, . . . , Dn) ∈ Dn,+. For j ∈ {1, . . . , l}, let us define

Ej := (E1j , . . . , Enj)
tr ∈ R

n \ {0}, Fj := (F1j , . . . , Fnj)
tr ∈ R

n \ {0}

by

Ej := DAj , Fj := DBj .

We have, for every j ∈ {1, . . . , l},

DKD−1Ej = RFj ,(A.24)

Eij = DiAij , Fij = DiBij ∀i ∈ {1, . . . , n}.(A.25)

Using (A.20), (A.24), and (A.25), we get

l∑
j=1

|DKD−1Ej |2 =R2
l∑

j=1

(
n∑

i=1

F 2
ij

)

=R2
n∑

i=1

D2
i

⎛
⎝ l∑

j=1

B2
ij

⎞
⎠

=R2
n∑

i=1

D2
i

⎛
⎝ l∑

j=1

A2
ij

⎞
⎠

=R2
l∑

j=1

|Ej |2.

In particular, there exists p ∈ {1, . . . l}, such that

|DKD−1Ep|2 � R2|Ep|2,

which, together with the fact that Ep �= 0, implies that ‖DKD−1‖ � R. This
concludes the proof of Proposition A.3.

Appendix B. Proof of Proposition 3.7. Inequality (3.22) is obvious: indeed,
for every (θ1, . . . , θn)tr ∈ R

n and for every D ∈ Dn,+,

ρ(diag (eιθ1 , . . . , eιθn)K) = ρ(Ddiag (eιθ1 , . . . , eιθn)KD−1)

= ρ(diag (eιθ1 , . . . , eιθn)DKD−1)

� ‖diag (eιθ1 , . . . , eιθn)DKD−1‖

� ‖diag (eιθ1 , . . . , eιθn)‖‖DKD−1‖ = ‖DKD−1‖.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1488 J.-M. CORON, G. BASTIN, AND B. D’ANDRÉA-NOVEL

The proof of (3.23) for every n ∈ {1, 2, 3, 4, 5} is more complicated and relies on
various independent propositions. The first proposition provides the converse (up to
the D) to Proposition A.3 for generic K ∈ Mn,n(R).

Proposition B.1. Let K ∈ Mn,n(R) be such that, for every M > 0, there exists
δ > 0 such that

(B.1)

(
D := (D1, . . . , Dn) ∈ Dn,+,

n∑
i=1

Di = 1, min{D1, . . . , Dn} < δ

)

⇒ (‖DKD−1‖ > M).

(It is easily checked that this property holds, for example, if Kij �= 0, for every (i, j) ∈
{1, . . . , n}2 such that i �= j, which is a generic property.) Then there exist D ∈ Dn,+,
an integer l ∈ {1, . . . , n}, l vectors Aj ∈ R

n, j ∈ {1, . . . , l}, and l vectors Bj ∈ R
n,

j ∈ {1, . . . , l}, such that (A.19) and (A.20) hold and

the vectors Aj ∈ R
n, j ∈ {1, . . . , l}, are linearly independent,(B.2)

DKD−1Aj = ρ1(K)Bj ∀j ∈ {1, . . . l},(B.3)

|DKD−1X| � ρ1(K)|X| ∀X ∈ R
n.(B.4)

Remark B.2. Proposition B.1 is false if assumption (B.1) is removed. Indeed, let
us take n = 2 and

K =

(
0 1

0 0

)
.

Then ρ1(K) = 0, and it is easily seen that the conclusion of Proposition B.1 does not
hold.

Proof of Proposition B.1. From (B.1), one gets the existence of D̃ ∈ Dn,+ such
that

‖D̃KD̃−1‖ = ρ1(K).(B.5)

Replacing K by D̃KD̃−1, we may assume without loss of generality that D̃ is the
identity map Idn of R

n. Then

‖K‖ = ρ1(K).(B.6)

Clearly, (B.1) implies that K �= 0, and therefore, by (B.6),

ρ1(K) �= 0.(B.7)

(In fact, if K = 0, the conclusion of Proposition B.1 obviously holds.) Note that (B.6)
implies (B.4) with D := Idn. Let p ∈ {1, . . . , n} be the dimension of the kernel of
KtrK − ρ1(K)2Idn and let (X1, . . . , Xp) be an orthonormal basis of this kernel. For
j ∈ {1, . . . , p}, let Yj := KXj . One has

|Yj |2 = Xtr
j KtrKXj = ρ1(K)2|Xj |2 ∀j ∈ {1, . . . , p},(B.8)

Y tr
k Yj = Xtr

k KtrKXj = ρ1(K)2Xtr
k Xj = 0 ∀(k, j) ∈ {1, . . . , p}2 such that k �= j.

(B.9)
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For i ∈ {1, . . . , n} and j ∈ {1, . . . , p}, let us denote by Xij (resp., Yij) the ith com-
ponent of Xj (resp., Yj). For j ∈ {1, . . . , p}, let us denote by Ej the element of R

n

whose ith component is

Eij := Y 2
ij −X2

ij .(B.10)

Let us assume, for the moment, that

∀τ ∈ R
n, there exists j ∈ {1, . . . , p} such that τ trEj � 0.(B.11)

Applying the separation principle for convex sets to {0} and the convex hull of the
vectors Ej , j ∈ {1, . . . , p} (see, e.g., [19, Theorem 3.4(b), page 58]), it follows from
(B.11) that 0 ∈ R

n is in the convex hull of the vectors E1, . . . Ep : there exist p
nonnegative real numbers t1, . . . , tp such that

p∑
j=1

ti = 1,

p∑
j=1

tiEi = 0.

Let l ∈ {1, . . . , p} be the number of the ti’s which are not equal to 0. Reordering the
Xi’s if necessary, we may assume that

tj > 0 ∀j ∈ {1, . . . , l}, tj = 0 ∀j ∈ {l + 1, . . . p}.

For j ∈ {1, . . . , l}, we define Aj ∈ R
n and Bj ∈ R

n by

Aj :=
√

tjXj , Bj :=
√

tjYj .(B.12)

Then it is easily checked that the vectors A1, . . . , Al are linearly independent, that
(A.19) and (A.20) hold (one even has Atr

k Aj = Btr
k Bj = 0 for every (k, j) ∈ {1, . . . , l}2

such that k �= j), and that (B.3) holds with D := Idn.
It remains only to prove (B.11). Let τ := (τ1, . . . , τn)tr ∈ R

n. For s ∈ R, let

D(s) := diag (1 + sτ1, . . . , 1 + sτn) ∈ Dn.

For s small enough, D(s) ∈ Dn,+, and therefore, by (B.6),

‖D(s)KD(s)−1‖2 � ‖K‖2 = ‖D(0)KD(0)−1‖2.(B.13)

Let us estimate the left-hand side of (B.13). By a classical theorem due to Rellich
(see, e.g., [18, Theorem XII.3, page 4]) on perturbations of the spectrum of self-adjoint
operators, there exist ε > 0, p real functions λ1, . . . , λp of class C1 from (−ε, ε) into
R, and p maps x1, . . . , xp of class C1 from (−ε, ε) into R

n such that

λj(0) = ρ1(K)2, xj(0) = Xj ∀j ∈ {1, . . . , p},(B.14)

D(s)−1KtrD(s)2KD(s)−1xj(s) = λj(s)xj(s) ∀s ∈ (−ε, ε), ∀j ∈ {1, . . . , p},(B.15)

xj(s)
trxj(s) = 1 ∀s ∈ (−ε, ε), ∀j ∈ {1, . . . , p},(B.16)

xj(s)
trxk(s) = 0 ∀s ∈ (−ε, ε), ∀(j, k) ∈ {1, . . . , p}p such that k �= j,(B.17)

‖D(s)KD(s)−1‖2 = max{λ1(s), . . . , λp(s)} ∀s ∈ (−ε, ε).(B.18)
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Differentiating (B.15) with respect to s and using (B.10), (B.14), (B.16), and (B.17),
one gets

λ′j(0) = 2ρ1(K)2τ trEj ∀j ∈ {1, . . . , p}.(B.19)

Property (B.11) follows from (B.7), (B.13), (B.18), and (B.19). This concludes the
proof of Proposition B.1.

The number l appearing in Proposition B.1 turns out to be important to compare
ρ0 and ρ1: we have the following proposition.

Proposition B.3. Let K ∈ Mn,n(R), D ∈ Dn,+, l ∈ {1, . . . , n}, l vectors Aj ∈
R

n, j ∈ {1, . . . , l}, and l vectors Bj ∈ R
n, j ∈ {1, . . . , l}, be such that (A.20), (B.2),

(B.3), and (B.4) hold. If l = 1, there exist X ∈ R
n and Υ := diag (Υ1, . . . ,Υn) ∈ Dn

such that

|X| �= 0,(B.20)

Υi ∈ {1,−1} ∀i ∈ {1, . . . , n},(B.21)

KX = ρ1(K)ΥX.(B.22)

If l = 2, there exist X ∈ C
n and (Υ1, . . . ,Υn) ∈ C

n such that

|X| �= 0,(B.23)

|Υi| = 1 ∀i ∈ {1, . . . , n},(B.24)

KX = ρ1(K)diag (Υ1, . . . ,Υn)X.(B.25)

In both cases (l = 1 or l = 2), one has (3.23).
Proof of Proposition B.3. Let us first consider the case l = 1. Let i ∈ {1, . . . , n}.

From (A.20), one has |Ai1| = Bi1, and therefore there exists Υi ∈ {−1, 1} such that
Bi1 = εiAi1. From (B.3), one gets (B.22) if one defines X by X := D−1A1. Let us
check that (3.23) holds. Let (θ1, . . . , θn)tr ∈ R

n be defined by

θi = 0 if Υi = 1, θi = −π if Υi = −1.

Then (B.22) implies that

diag (eιθ1 , . . . , eιθn)KX = ρ1(K)X.(B.26)

From (3.21), (B.20), and (B.26), we get that

ρ0(K) � ρ1(K),(B.27)

which, together with (3.22), gives (3.23).
Let us now turn to the case l = 2. Let i ∈ {1, . . . , n}. From (A.20), one has

|Ai1 + ιAi2| = |Bi1 + ιBi2|,

and therefore there exists Υi ∈ C such that |Υi| = 1 and Bi1 + ιBi2 = Υi(Ai1 + ιAi2).
From (B.3), one gets (B.22) if one defines X by X := D−1(A1 + ιA2). Finally,
the proof of (3.23) is the same as in the case l = 1. This concludes the proof of
Proposition B.3.

The next proposition deals with the case n = l.
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Proposition B.4. Let K ∈ Mn,n(R), D ∈ Dn,+, l ∈ {1, . . . , n}, l vectors
Aj ∈ R

n, j ∈ {1, . . . , l}, and l vectors Bj ∈ R
n, j ∈ {1, . . . , l}, be such that (A.20),

(B.2), (B.3), and (B.4) hold. If l = n, there exist X ∈ C
n satisfying (B.23) and θ ∈ R

such that

KX = e−ιθρ1(K)X(B.28)

and (3.23) again holds.
Proof of Proposition B.4. If ρ1(K) = 0, then K = 0 and the conclusion of

Proposition B.4 holds. If ρ1(K) > 0, it follows from (A.19), (B.2), and (B.3) and
the assumption l = n that ρ1(K)−1KDKD−1 is an isometry. Hence there exist
Y ∈ C

n \ {0} and θ ∈ R such that ρ1(K)−1DKD−1Y = e−ιθY , which implies (B.28)
if X := D−1Y . Finally, (3.23) again follows from (B.23) and (B.28). This concludes
the proof of Proposition B.4.

Note that ρ0 is continuous. Hence, from Proposition A.2, Proposition B.1, Propo-
sition B.3, and Proposition B.4, in order to get (3.23) (for every n ∈ {1, . . . , 5}) of
Proposition 3.7, it remains to address, with the notation of the conclusion of Propo-
sition B.1, the cases (l, n) = (3, 4), (l, n) = (3, 5), and (l, n) = (4, 5). This is done in
the following proposition.

Proposition B.5. Let K ∈ Mn,n(R), D ∈ Dn,+, l ∈ {1, . . . , n}, l vectors
Aj ∈ R

n, j ∈ {1, . . . , l}, and l vectors Bj ∈ R
n, j ∈ {1, . . . , l}, be such that (A.20),

(B.2), (B.3), and (B.4) hold. If (l, n) ∈ {(3, 4), (3, 5), (4, 5)}, there exist X ∈ C
n and

(Υ1, . . . ,Υn) ∈ C
n such that (B.23), (B.24), and (B.25) hold. In particular, one has

(3.23).
Proof of Proposition B.5. The fact that (3.23) is implied by the assumptions of

Proposition B.5, (B.23), (B.24), and (B.25) has already been pointed out in the proof
of Proposition B.3. The case (l, n) = (3, 4) follows from the case (l, n) = (3, 5) by
replacing K ∈ M4,4(R) by the matrix

K̃ :=

(
K 0

0 0

)
.

Hence we may assume that n = 5. Taking X := D−1(Y1A1 + Y2A2 + · · · + YlAl) it
suffices to prove the existence of Y := (Y1, Y2, . . . , Yl)

tr ∈ C
l \ {0} such that

|Y1Bi1 + Y2Bi2 + · · · + YlBil|2 − |Y1Ai1 + Y2Ai2 + · · · + YlAil|2 = 0 ∀i ∈ {1, 2, 3, 4, 5}.
(B.29)

Let us recall that, for p ∈ N \ {0}, Sp denotes the set of elements Q ∈ Mp,p such
that Qtr = Q. For i ∈ {1, 2, 3, 4, 5}, there exists a unique Qi ∈ Sl such that, for every
Y := (Y1, Y2, . . . , Yl)

tr ∈ C
l,

Y trQiȲ
tr = |Y1Bi1 + Y2Bi2 + · · · + YlBil|2 − |Y1Ai1 + Y2Ai2 + · · · + YlAil|2,

with Ȳ := (Ȳ1, Ȳ2, . . . , Ȳl) (z̄ denoting the complex conjugate of z ∈ C). Then (B.29)
is equivalent to

Y trQiȲ
tr = 0 ∀i ∈ {1, 2, 3, 4, 5}.(B.30)

For a matrix M ∈ Mp,p(C), let us denote by tr (M) its trace. Using (A.20) we have
that

tr (Qi) = 0 ∀i ∈ {1, 2, 3, 4, 5}.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1492 J.-M. CORON, G. BASTIN, AND B. D’ANDRÉA-NOVEL

Using (A.19), one gets that

Y trQ1Ȳ
tr + Y trQ2Ȳ + Y trQ3Ȳ + Y trQ4Ȳ + Y trQ5Ȳ = 0 ∀Y ∈ C

l.

Hence (B.30) is equivalent to

Y trQiȲ
tr = 0 ∀i ∈ {1, 2, 3, 4}.

Therefore Proposition B.5 is a consequence of the following proposition due to Voisin
[23].

Proposition B.6. Let l ∈ {3, 4}. Let Q1, Q2, Q3, and Q4 be four elements of
Sl such that

tr (Qi) = 0 ∀i ∈ {1, 2, 3, 4}.(B.31)

Then there exists Y ∈ C
l \ {0} such that

Y trQiȲ = 0 ∀i ∈ {1, 2, 3, 4}.(B.32)

Proof of Proposition B.6. We reproduce the proof of [23]. For l ∈ N, let Sl,+ be
the set of semidefinite positive S ∈ Sl. The first step is the following lemma.

Lemma B.7. Let l, p, and n be three positive integers. Let Qi, i ∈ {1, . . . , n}, be
n elements of Sl. Assume that

tr (Qi) = 0 ∀i ∈ {1, . . . , n},(B.33)

n <
(p + 1)(p + 2)

2
− 1.(B.34)

Then there exists S ∈ Sl,+ \ {0} such that

the rank of S is less than or equal to p,(B.35)

tr (SQi) = 0 ∀i ∈ {1, . . . , n}.(B.36)

Proof of Proposition B.7. Let

C := {S ∈ Sl,+; tr (S) = l, tr (SQi) = 0 ∀i ∈ {1, . . . , n}}.

The set C is a closed convex bounded subset of Ml,l(R). By (B.33), Idl ∈ C, and
therefore C is not empty. Hence, by the Krein–Milman theorem (see, e.g., [19, The-
orem 3.21, page 70]), the convex set C has at least an extreme point. Let S be an
extreme point of C. Then S ∈ Sl,+ \ {0} and satisfies (B.36). It remains only to
check that (B.35) holds. Let k be the rank of S. There exist an orthonormal matrix
O ∈ Ml,l(R) and a definite positive matrix S0 ∈ Sk such that

S = Otr

(
S0 0

0 0

)
O.(B.37)

Let

Π :=

{
Otr

(
S′ 0

0 0

)
O; S′ ∈ Sk, tr (S′) = 0

}
⊂ Sl.(B.38)
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Let us assume that

n <
k(k + 1)

2
− 1.(B.39)

Since Π is a vector subspace of Sl of dimension (k(k + 1)/2) − 1, (B.39) implies that
there exists S0 ∈ Π \ {0} such that

tr (S0Qi) = 0 ∀i ∈ {1, . . . , n}.(B.40)

Then, for τ ∈ R with |τ | small enough, S + τS0 is in C, which contradicts the fact
that S is an extreme point of C. Hence (B.39) does not hold, which, together with
(B.34), implies that k � p. This concludes the proof of Lemma B.7.

Let us go back to the proof of Proposition B.6. We apply Lemma B.7 with n = 4
and p = 2 (then (B.34) holds). We get the existence of S ∈ Sl,+ \ {0} satisfying

the rank of S is less than or equal to 2,(B.41)

tr (SQi) = 0 ∀i ∈ {1, . . . , 4}.(B.42)

Let λ1 > 0, λ2 � 0, and 0 be the eigenvalues of S. Let

S0 =

⎛
⎜⎝
λ1 0 0

0 λ2 0

0 0 0

⎞
⎟⎠ ∈ Sl,+.

There exists an orthonormal matrix O such that

S = OtrS0O.(B.43)

Let Z := (
√
λ1, ι

√
λ2, 0) ∈ C

l \ {0} and Y := OtrZ ∈ C
l \ {0}. Then, using (B.42)

and (B.43), one gets that, for every i ∈ {1, . . . , 4},

2Y trQiY = tr ((Y Y
tr

+ Y Y )trQi) = tr (Otr(ZZ
tr

+ ZZtr)OQi)

= 2tr (OtrStr
0 OQi) = tr (SQi) = 0,

which concludes the proof of Proposition B.6 and therefore the proof of Proposi-
tion B.5.

Finally, in order to end the proof of Proposition 3.7, it remains only to check that,
for n = 6 and therefore for every n � 6, there exists K ∈ Mn,n(R) such that l = 3
and (3.24) hold. This is done in the following example.

Example B.8. Let (u1, v1, w1)
tr ∈ R

3, (u2, v2, w2)
tr ∈ R

3, (x1, y1, z1)
tr ∈ R

3, and
(x2, y2, z2)

tr ∈ R
3. We define A1 ∈ R

6, A2 ∈ R
6, A3 ∈ R

6, B1 ∈ R
6, B2 ∈ R

6, and
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B3 ∈ R
6 by

A1 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

1

u1

u2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, A2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

0

0

v1

v2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, A3 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

0

w1

w2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B1 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1/
√

2

x1

x2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B2 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

1/
√

2

−1/
√

2

y1

y2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B3 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1/
√

2

0

z1

z2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

One easily checks that (A.20) holds if (and only if)

u2
1 + v2

1 + w2
1 = x2

1 + y2
1 + z2

1 ,(B.44)

u2
2 + v2

2 + w2
2 = x2

2 + y2
2 + z2

2 .(B.45)

Similarly (A.19) holds if (and only if)

3

2
+ u2

1 + u2
2 − x2

1 − x2
2 = 0,(B.46)

−1 + v2
1 + v2

2 − y2
1 − y2

2 = 0,(B.47)

−1

2
+ w2

1 + w2
2 − z2

1 − z2
2 = 0,(B.48)

1

2
+ u1v1 + u2v2 − x1y1 − x2y2 = 0,(B.49)

u1w1 + u2w2 − x1z1 − x2z2 = 0,(B.50)

−1

2
+ v1w1 + v2w2 − y1z1 − y2z2 = 0.(B.51)

Note that (B.44), (B.46), (B.47), and (B.48) imply (B.45).
We take l := 3 and R := 1. We define K ∈ M6,6(R) by requiring (A.21) and

KX = 0 ∀X ∈ R
6 such that XtrA1 = XtrA2 = XtrA3 = 0.

From Proposition A.3 we get that if (B.44) and (B.46) to (B.51) hold, then

ρ1(K) = 1.

Let us assume, for the moment, that (B.46) to (B.51) hold. If (3.24) does not hold, we
have ρ0(K) = ρ1(K) = 1, and therefore there exist X ∈ C

6 and (Υ1, . . . ,Υ6)
tr ∈ C

n

such that (B.23), (B.24), and (B.25) hold. Clearly,

|KX| = |X|.(B.52)
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Since

|K(Y + Z)| = |Y | ∀Y ∈ CA1 + CA2 + CA3,

∀Z ∈ C
n such that ZtrA1 = ZtrA2 = ZtrA3 = 0,

it follows from (B.52) that X ∈ CA1 +CA2 +CA3. Hence, there exist ξ1 ∈ C, ξ2 ∈ C,
and ξ3 ∈ C such that

X = ξ1A1 + ξ2A2 + ξ3A3.(B.53)

Using (B.25), one gets (KX)1 = Υ1X1 and (KX)2 = Υ1X2, which, together with
(A.21) and (B.24), imply that

|ξ1| = |ξ2| = |ξ3|.(B.54)

Using (B.23) and (B.54) one sees that, without loss of generality, we may assume that

ξ1 = 1, |ξ2| = |ξ3| = 1.

Hence there exist θ2 ∈ R and θ3 ∈ R such that

ξ2 = eiθ2 , ξ3 = eiθ3 .(B.55)

Now using |(KX)3| = |X3|, one gets

|ξ2 + ξ3| =
√

2,

which, together with (B.55), is equivalent to

cos(θ3 − θ2) = 0;

i.e., there exists ε3 ∈ {1,−1} such that

ξ3 = ε3ιξ2.(B.56)

Proceeding similarly with the fourth of KX, one gets the existence of ε2 ∈ {1,−1}
such that

ξ2 = ε2ι.(B.57)

Then |(KX)5| = |X5| and |(KX)6| = |X6| are equivalent to

(u1 + ε1w1)
2 + v2

1 = (x1 + ε1z1)
2 + y2

1 ,(B.58)

(u2 + ε1w2)
2 + v2

2 = (x2 + ε1z2)
2 + y2

2(B.59)

with

ε1 := −ε2ε3 ∈ {1,−1}.

Let

F : R
12 → R

7,

P := (u1, v1, w1, x1, y1, z1, u2, v2, w2, x2, y2, z2)
tr �→ F (P )

(B.60)
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be defined by

F (P ) :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3

2
+ u2

1 + u2
2 − x2

1 − x2
2

−1 + v2
1 + v2

2 − y2
1 − y2

2

−1

2
+ w2

1 + w2
2 − z2

1 − z2
2

1

2
+ u1v1 + u2v2 − x1y1 − x2y2

u1w1 + u2w2 − x1z1 − x2z2

−1

2
+ v1w1 + v2w2 − y1z1 − y2z2

u2
1 + v2

1 + w2
1 − x2

1 − y2
1 − z2

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Let Σ be the subset of R
12 defined by

Σ := {P ∈ R
12; F (P ) = 0 and the rank of F ′(P ) is 7}.

Let

P̃ :=

(
0, 1, 0, 1, 0, 0,−1

4
,
1

2
,
3

4
,
3

4
,
1

2
,−1

4

)tr

∈ R
12.

One easily checks that F (P̃ ) = 0. Straightforward computations give

F ′(P̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 −2 0 0 −1

2
0 0 −3

2
0 0

0 2 0 0 0 0 0 1 0 0 −1 0

0 0 0 0 0 0 0 0
3

2
0 0

1

2

1 0 0 0 −1 0
1

2
−1

4
0 −1

2
−3

4
0

0 0 0 0 0 −1
3

4
0 −1

4

1

4
0 −3

4

0 0 1 0 0 0 0
3

4

1

2
0

1

4
−1

2

0 2 0 −2 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.(B.61)

In particular, the rank of F ′(P̃ ) is 7. Hence P̃ is in Σ, and the set Σ is not empty and
is a submanifold of R

12 of dimension 12 − 7 = 5. The tangent space to this manifold
at P̃ is Ker F ′(P̃ ). Let G+ be the map

G+ : R
12 → R

2,

P := (u1, v1, w1, x1, y1, z1, u2, v2, w2, x2, y2, z2)
tr �→ G+(P )

defined by

G+(P ) :=

(
(u1 + w1)

2 + v2
1 − (x1 + z1)

2 − y2
1

(u2 + w2)
2 + v2

2 − (x2 + z2)
2 − y2

2

)
.
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Similarly, let G− be the map

G− : R
12 → R

2,

P := (u1, v1, w1, x1, y1, z1, u2, v2, w2, x2, y2, z2)
tr �→ G−(P )

defined by

G−(P ) :=

(
(u1 − w1)

2 + v2
1 − (x1 − z1)

2 − y2
1

(u2 − w2)
2 + v2

2 − (x2 − z2)
2 − y2

2

)
.

Let S+ ⊂ R
12 and S− ⊂ R

12 be defined by

S+ := {P ∈ R
12; G+(P ) = 0},

S− := {P ∈ R
12; G−(P ) = 0}.

It suffices to check that

Σ is not a subset of S− ∪ S+.(B.62)

Note that P̃ ∈ S− ∩ S+ and

G′−(P̃ ) =

(
0 2 0 −2 0 2 0 0 0 0 0 0

0 0 0 0 0 0 −2 1 2 −2 −1 2

)
,(B.63)

G′+(P̃ ) =

(
0 2 0 −2 0 −2 0 0 0 0 0 0

0 0 0 0 0 0 1 1 1 −1 −1 −1

)
.(B.64)

In particular the rank of G′−(P̃ ) and the rank of G′+(P̃ ) are both equal to 2. Hence, if

r > 0 is small enough, the set {P ∈ S−; |P−P̃ | < r} and the set {P ∈ S+; |P−P̃ | < r}
are submanifolds of R

12 of dimension 12 − 2 = 10 whose tangent spaces at P̃ are
Ker G′−(P̃ ) and Ker G′+(P̃ ), respectively. Therefore (B.62) holds if

Ker F ′(P̃ ) is not a subset of Ker G′−(P̃ ) ∪ Ker G′+(P̃ ).(B.65)

Property (B.65) follows from (B.61), (B.63), and (B.64). This concludes the proof of
Proposition 3.7.
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Fondations, Diderot Editeur, Paris, 1996.

[21] M. Slemrod, Boundary feedback stabilization for a quasilinear wave equation, in Control The-
ory for Distributed Parameter Systems and Applications, Lecture Notes in Control and
Inform. Sci. 54, Springer-Verlag, Berlin, 1983, pp. 221–237.

[22] A. Tchousso, T. Besson, and C.-Z. Xu, Exponential stability of distributed parameter systems
governed by symmetric hyperbolic partial differential equations using Lyapunov’s second
method, ESAIM Control Optim. Calc. Var., to appear.

[23] C. Voisin, private communication, 2007.
[24] C.-Z. Xu and G. Sallet, Exponential stability and transfer functions of processes governed by

symmetric hyperbolic systems, ESAIM Control Optim. Calc. Var., 7 (2002), pp. 421–442.
[25] Y. C. Zhao, The boundary value problem for systems of first-order quasilinear hyperbolic

equations, Chinese Ann. Math. Ser. A, 7 (1986), pp. 629–643; an English summary appears
in Chinese Ann. Math. Ser. B, 8 (1987), pp. 127–128.
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Abstract. This paper deals with an iterative method, in a real Hilbert space, for approximating a
common element of the set of fixed points of a demicontractive operator (possibly quasi-nonexpansive
or strictly pseudocontractive) and the set of solutions of a variational inequality problem for a mono-
tone, Lipschitz continuous mapping. The considered algorithm can be regarded as a combination
of a variation of the hybrid steepest descent method and the so-called extragradient method. Un-
der classical conditions, we prove the strong convergence of the sequences of iterates given by the
considered scheme.
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1. Introduction. Variational inequalities as well as fixed point problems are well
known to be very useful and efficient tools in mathematics. They provide a unified
framework for studying many problems arising in engineering sciences, structural
analysis, and other fields (see, e.g., [14, 15, 46, 47, 51, 53]). A closely related subject
of current interest is the problem of finding common elements of the set of fixed
points of operators and the set of solutions of variational inequalities [35, 48, 54]. The
motivation for this subject is mainly due to its possible applications to mathematical
modeling of concrete complex problems. Indeed, a classical strategy to construct
such mathematical models consists in introducing constraints which can be expressed
as subproblems of a more general problem. In some cases, these constraints can be
given by variational inequalities [37], by fixed point problems [46, 47], or by problems
of different types [1]. The purpose of our work is to propose a strongly convergent
iterative method for computing a common element of the set of fixed points of a wide
class of operators and the set of solutions of a variational inequality problem for a
non–strictly monotone mapping. It is worthwhile recalling that strongly convergent
algorithms are of fundamental importance for solving problems in infinite dimensional
spaces (see, for instance, [3]).

Throughout this paper, H is a real Hilbert space with an inner product 〈., .〉 and its
induced norm | . |. Let us denote by Ω the set of solutions of the following variational
inequality problem, which we abbreviate as V IP (A,C) (see [14, 15, 24, 43]):

find u ∈ C such that 〈v − u,Au〉 ≥ 0 ∀v ∈ C,(1.1)

where C is a nonempty closed convex set in H and A : H → H is a monotone mapping
on C, i.e.,

〈Ax−Ay, x− y〉 ≥ 0 ∀x, y ∈ C.
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Also consider an operator T : H → H such that Fix(T )∩Ω 	= ∅, where Fix(T ) is the
fixed point set of T , namely the set of solutions of the following problem:

find u ∈ H such that u = Tu.(1.2)

In the present work, we are interested in approximating a common solution of (1.1)
and (1.2), which can be obviously written as

find u ∈ Ω ∩ Fix(T ).(1.3)

There is an extensive literature on numerical approaches to solving either varia-
tional inequalities (e.g., projection methods [5, 15, 22, 23, 31, 41, 42], merit functions
[45], outer approximation methods [9]), or fixed point problems for different classes of
mappings (e.g., outer approximation methods [3], viscosity approximation methods
[2, 7, 8, 17, 20, 25, 28, 34, 38, 39, 49], relaxed or Mann-type algorithms [10, 26, 30],
inertial-type algorithms [29]). A natural way we can attempt to construct a method
for solving (1.3) is to combine solution techniques for fixed point problems and those
for variational inequalities. Such combinations would probably give rise to different
kinds of methods of more or less practical interest regarding convergence properties
and requirements on the operators. In the present work, we will restrict ourselves to
the study of an iterative process which involves projection methods, relaxation, and
viscosity approximations.

An outline of this paper is as follows. In section 2, an overview of some related
methods is presented. In section 3, we propose a new extragradient-viscosity algorithm
for solving (1.3). Section 4 is devoted to our main convergence result and its proof.
In section 5, we apply the main convergence theorem to some specific examples.

2. Some existing algorithms. Before we proceed with other related methods,
we give some reminders regarding projection-type methods, relaxed (or Mann-type)
iterations, and viscosity-type approximations.

On the one hand, projection-type methods related to (1.1) were suggested by its
equivalent fixed point formulation:

find u ∈ C such that u = PC(u− λAu),(2.1)

where λ ∈ (0,+∞) and PC : H → C is the metric projection from H onto C,
characterized for all x ∈ H by PC(x) ∈ C and |PC(x) − x| = miny∈C |x− y| (also see
Remark 4.1). In particular, the simplest of these projection methods was given for
H = R

n (finite dimensional case) by the following algorithm ([5, 41]):

[
x0 ∈ R

n,

xn+1 = PC(xn − λAxn) ∀n ≥ 0,
(2.2)

where λ is a judiciously chosen positive stepsize. However, for convergence, this last
algorithm requires the restrictive assumption that A be either strongly monotone and
Lipschitz continuous on C, or co-coercive on C. Let us recall that A is called strongly
monotone on C if there exists θ > 0 such that 〈Ax − Ay, x − y〉 ≥ θ|x − y|2 for all
x, y ∈ C; Lipschitz continuous on C if there exists k > 0 such that |Ax−Ay| ≤ k|x−y|
for all x, y ∈ C; co-coercive (also called inverse strongly monotone) on C if there exists
θ > 0 such that 〈Ax−Ay, x− y〉 ≥ θ|Ax−Ay|2 for all x, y ∈ C.
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To overcome the drawbacks of (2.2), Korpelevich [23] introduced the following
so-called extragradient method (also see [22, 31, 42] for extensions):⎡

⎢⎣
x0 ∈ R

n,

xn = PC(xn − λAxn),

xn+1 = PC(xn − λAxn) ∀n ≥ 0,

(2.3)

where A : R
n → R

n is monotone, k-Lipschitz continuous on C (i.e., |Ax−Ay| ≤ k|x−y|
for all x, y ∈ C) and λ ∈ (0, 1/k). He proved that the two sequences (xn) and (xn)
converge to the same point in the solution set Ω.

On the other hand, a classical method for computing fixed points of an operator
T : H → H was given by Mann’s iteration [30]:

xn+1 = αnxn + (1 − αn)Txn,(2.4)

where (αn) ⊂ (0, 1). It has been applied successfully to various concrete problems
in the finite dimensional setting [10]. However, in infinite dimensional spaces, the
iterative method (2.4) does not converge strongly in general, even when T belongs
to a relatively small class of nonexpansive mappings (i.e., |Tx− Ty| ≤ |x− y| for all
x, y ∈ H), except for very restrictive conditions on the operator T and the space H.

As an alternative to Mann’s iteration, viscosity approximations were proposed to
select a particular fixed point of a nonexpansive operator T : H → H, by the following
process [2, 7, 8, 17, 25, 49]:[

x0 ∈ H,

xn+1 = αnw + (1 − αn)Txn ∀n ≥ 0,
(2.5)

where w is any element in H and where (αn) ⊂ (0, 1) is a slow decreasing sequence,
in the sense that αn → 0 and

∑
n≥0 αn = ∞. The iteration (2.5) was introduced first

by Halpern [17] in the case when w = 0. It is well known that, under some additional
conditions on (αn), the sequence given by (2.5) converges strongly to PFix(T )(w),
where PFix(T ) is the metric projection from H onto Fix(T ). Later on, similar conver-
gence results were established by Moudafi [34] in the case when the constant element
w is replaced by a more general contraction (also see [20, 28]).

Now, let us recall some existing methods for solving (1.3), such as the following.
(1) A typical algorithm when T is nonexpansive (i.e., |Tx− Ty| ≤ |x− y| for all

x, y ∈ H) and A is (1/k)-co-coercive (i.e., 〈Ax−Ay, x− y〉 ≥ (1/k)|Ax−Ay|2 for all
x, y ∈ H) was discussed by Takahashi and Toyoda [48]:[

x0 ∈ C,

xn+1 = αnxn + (1 − αn)TPC(xn − λnAxn) ∀n ≥ 0,
(2.6)

where (αn) ⊂ (0, 1) and (λn) ⊂ (0, 2/k). It combines Mann’s iteration [30] and the
basic projection method. They proved that the sequence (xn) generated by (2.6)
converges weakly to some element in Fix(T ) ∩ Ω.

(2) Another iterative process based on Korpelevich’s extragradient method [23]
and Mann’s iteration [30] was proposed later by Nadezhkina and Takahashi [35] when
T is nonexpansive and A is monotone and k-Lipschitz continuous (i.e., |Ax − Ay| ≤
k|x− y| for all x, y ∈ H):⎡

⎢⎣
x0 ∈ H,

yn = PC(xn − λnAxn),

xn+1 = αnxn + (1 − αn)TPC(xn − λnAyn) ∀n ≥ 0,

(2.7)
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where (λn) ⊂ [a, b] for some a, b ∈ (0, 1/k) and (αn) ⊂ [c, d] for some c, d ∈ (0, 1).
They showed that the two sequences (xn) and (yn) given by (2.7) converge weakly to
the same point in Fix(T )∩Ω. Observe that the assumptions required for convergence
are weaker for (2.7) than for (2.6), since co-coercivity implies Lipschitz continuity.

(3) Recently, a variation of Nadezhkina and Takahashi’s process [35] was suggested
by Zeng and Yao [54]. This last algorithm combines Korpelevich’s extragradient
method [23] and the Halpern-type iteration [2, 25, 49]. The main result obtained can
be summarized as follows.

Theorem 2.1 (see [54, Theorem 3.1]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let A : C → H be a monotone, k-Lipschitz continuous
mapping and T : C → C be a nonexpansive mapping such that Fix(T ) ∩ Ω 	= ∅. Let
(xn) and (yn) be the sequences generated by

⎡
⎢⎣

x0 ∈ H,

yn = PC(xn − λnAxn),

xn+1 = αnx0 + (1 − αn)TPC(xn − λnAyn) ∀n ≥ 0,

(2.8)

where (λn) and (αn) satisfy the conditions

(a) (kλn) ⊂ [a, b] for some a, b ∈ (0, 1);

(b) (αn) ⊂ (0, 1),
∑

n≥0 αn = ∞, αn → 0.

Then the sequences (xn) and (yn) converge strongly to the same point PFix(T )∩Ωx0

provided |xn+1 − xn| → 0.

Remark 2.1. The original condition (a) of Theorem 3.1 in [54] is “(kλn) ⊂ (0, 1−δ)
for some δ ∈ (0, 1),” which allows λn → 0, but it seems there is something wrong;
nevertheless, a correct condition is given in Theorem 2.1.

3. A new extragradient-viscosity algorithm. It is noteworthy that the con-
vergence results given by Takahashi and Toyoda [48] for (2.6) do not include important
classes of mappings, even in the finite dimensional setting. Consider, for instance, the
case of a linear complementary problem, with an associated matrix which is pos-
itively semidefinite but not positively definite. It is then easily checked that the
corresponding mapping A is monotone and Lipschitz continuous but not co-coercive.
The method (2.7) of Nadezhkina and Takahashi [35] is then applicable to a wider class
of problems; however, its efficiency is valid only in finite dimensional spaces, because
only weak convergence is obtained. Furthermore, in all the previously mentioned
examples, the mapping T is assumed to be nonexpansive, while certain operators
arising for instance in subgradient-projection techniques are not nonexpansive but
quasi-nonexpansive (see Definition 3.2 and also, e.g., [3, 29, 52]).

In this paper, we propose an alternative method (algorithm (3.6)) for solving
(1.3) in the more general case when A is monotone and Lipschitz continuous while T
is demicontractive and demiclosed. Regarding this framework, Ω is a closed convex set
(see [6]), as is Fix(T ) (see Remark 4.2); hence so is Ω∩Fix(T ). A strong convergence
theorem is also established (Theorem 4.1). For convergence, our method does not
require such a restrictive condition as |xn+1 − xn| → 0, which is needed by Zeng and
Yao [54]; additionally it covers a much more general class of problems.

Let us recall some definitions of common use in optimization theory.

Definition 3.1 (see [16]). A mapping T : H → H is called demiclosed if, for
any sequence (zk) ⊂ H and z ∈ H, the following holds:

zk → z weakly, (I − T )(zk) → 0 strongly ⇒ z ∈ Fix(T ).
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Definition 3.2 (see [32, 33, 36]). A mapping T : H → H is called (i) quasi-
nonexpansive if |Tx− q| ≤ |x− q| for all (x, q) ∈ H × Fix(T ); (ii) ρ-strictly pseudo-
contractive if |Tx − Ty|2 ≤ |x − y|2 + ρ|x − y − (Tx − Ty)|2 for all (x, y) ∈ H × H
(for some ρ ∈ [0, 1)); (iii) demicontractive if there exists β ∈ [0, 1) such that

|Tx− q|2 ≤ |x− q|2 + β|x− Tx|2 ∀(x, q) ∈ H × Fix(T ).(3.1)

Remark 3.1. It is easily checked (thanks to (4.3)) that (3.1) can be equivalently
rewritten as

〈x− Tx, x− q〉 ≥ (1/2)(1 − β)|x− Tx|2 ∀(x, q) ∈ H × Fix(T ).(3.2)

A mapping satisfying (3.1) or (3.2) will be referred to as β-demicontractive. Let
us observe that the set of demicontractive operators contains fundamental classes of
mappings (nonexpansive, quasi-nonexpansive, and strictly pseudocontractive maps
with fixed points), commonly found in various areas of applied mathematics [19, 32,
33]. More precisely, the class of 0-demicontractive mappings contains all the quasi-
nonexpansive operators, while this latter set of mappings contains that of nonexpan-
sive operators with fixed points. In addition, it is easily checked that all the nonex-
pansive operators are ρ-strictly pseudocontractive, while this latter type of operators
(with fixed points) is ρ-demicontractive. Moreover, the strictly pseudocontractive
maps as well as many quasi-nonexpansive operators (including subgradient-projection
operators [3, 29]) are well known to be demiclosed.

To select a particular solution of (1.3), we will focus our attention on solving the
variational inequality problem V IP (F ,Ω ∩ Fix(T )):

find x∗ ∈ Fix(T ) ∩ Ω s.t. 〈v − x∗,F(x∗)〉 ≥ 0 ∀v ∈ Fix(T ) ∩ Ω,(3.3)

where T is assumed to be demicontractive and F : C → H satisfies the following two
conditions:

(LC) F is L-Lipschitz continuous (for some L ≥ 0),
i.e., |F(x) −F(y)| ≤ L|x− y| ∀x, y ∈ C;

(SM) F is η-strongly monotone (for some η > 0),
i.e., 〈F(x) −F(y), x− y〉 ≥ η|x− y|2 ∀x, y ∈ C.

It is routine to see that the existence and the uniqueness of a solution of (3.3)
are ensured by the conditions (LC) and (SM) and by the fact that Ω ∩ Fix(T ) is a
nonempty closed and convex set (thanks to the considered hypothesis).

The algorithm, which we propose in the sequel, is based on the extragradient
method and some variant of the following so-called hybrid steepest descent method
initiated in [51, 52] (also see [50]):[

x0 ∈ H,

xn+1 = Txn − αn+1F(Txn) ∀n ≥ 0,
(3.4)

where (αn) ⊂ (0, 1) is a slow decreasing sequence. This latter process was suggested
by Yamada [51] as an extension of viscosity approximation methods for solving the
variational inequality V IP (F , F ix(T )) in the case when F is strongly monotone and
Lipschitz continuous. Strong convergence theorems were obtained for (3.4) when
T belongs to a subclass of the quasi-nonexpansive maps (so-called quasi-shrinking
operators). Note that, by letting zn = Txn ((xn) being the sequence given by (3.4)),
we immediately obtain

zn+1 = T (zn − αn+1F(zn)).(3.5)
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Furthermore, when T is a projection operator and F is the gradient of a real-valued
function, (3.5) reduces to the gradient projection method. This latter algorithm
is nothing but an extension of the steepest descent method from unconstrained to
constrained minimization (see, e.g., [4] for a brief review on this topic).

For solving (3.3), we investigate the asymptotic behavior of the sequence (xn)
generated, from an arbitrary x0 in H, by the following algorithm:⎡

⎢⎢⎢⎣
x0 ∈ H,

yn = PC(xn − λnAxn),

tn = PC(xn − λnAyn),

xn+1 := [(1 − w)I + wT ]vn, vn := tn − αnF(tn),

(3.6)

where I : H → H is the identity mapping and the parameters are such that (αn) ⊂
[0, 1), (λn) ⊂ (0,∞), and w ∈ (0, 1). In the special case when A = 0 and C = H
(hence Ω = H), (3.6) reduces to a relaxed version of (3.5). In the same frame, (3.3)
reduces to V IP (F , F ix(T )), which is exactly the problem considered by Yamada and
Ogura [51, 52] in the less general case of certain quasi-nonexpansive mappings. In
the case when T = I and αn = 0, (3.6) becomes Korpelevich’s extragradient method
[23]. Clearly, (3.6) can be regarded as a combination of the extragradient method and
a relaxed variant of the hybrid steepest descent method. Note that the relaxation
process induced by the mapping (1−w)I +wT in (3.6) was mainly suggested by the
work of Suzuki [44] (see also [19, 30, 51]). It is also interesting to see that the limit
attained by the iterates of the method (2.8) is nothing but the solution of (3.3) in the
particular case when F := I − x0.

Under classical assumptions on the operators and the parameters, we prove that
the sequences (xn), (yn), and (tn) generated by the scheme (3.6) converge strongly
to the unique solution of (3.3). Then by the algorithm (3.6), we provide an efficient
selecting-type method for solving the initial mixed problem (1.3) for a new broad class
of maps. Moreover, the techniques used are simple and different from the usual ones.

4. Main convergence result. In this section, we establish our main conver-
gence result given by the following theorem.

Theorem 4.1. Let β ∈ [0, 1). Suppose A : H → H is monotone on C and
k-Lipschitz continuous on H. Suppose T : H → H is β-demicontractive, demiclosed
with Fix(T ) ∩ Ω 	= ∅. Let F : H → H satisfy (LC) and (SM) and assume that the
following conditions hold:

(H1) w ∈ (0, 1−β
2 ];

(H2) (αn) ⊂ [0, 1), αn → 0;
(H3) (kλn) ⊂ [δ1, δ2] (where 0 < δ1 ≤ δ2 < 1);
(SP)

∑
n≥0 αn = ∞.

Then the sequences (xn), (yn), and (tn) generated by (3.6) converge strongly to x∗,
the unique solution of (3.3).

Before proving Theorem 4.1, we need a sequence of preliminaries. In particular,
we state some crucial inequalities resulting from (3.6). We also prove the boundedness
of the sequences generated by (3.6), and we give sufficient conditions so that the weak
cluster points of theses sequences lies in the solution set Ω ∩ Fix(T ).

4.1. Estimates on the numerical method. In what follows, we first establish
useful inequalities related to the extragradient part and the fixed point part of the
method (3.6). To begin with, we recall some classical results related to PC , the metric
projection from H onto C (a nonempty convex and closed subset of H).
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Remark 4.1. PC : H → C is a nonexpansive operator defined for all x ∈ H
by PCx := argminz∈C |z − x|. Furthermore, PC is alternatively characterized by the
following inequality (see, for instance, [47])

〈x− PCx, PCx− y〉 ≥ 0 ∀(x, y) ∈ H × C,(4.1)

or equivalently

|x− y|2 ≥ |x− PCx|2 + |y − PCx|2 ∀(x, y) ∈ H × C.(4.2)

The equivalence of (4.1) and (4.2) can be deduced from the obvious equality:

〈a, b〉 = −(1/2)|a− b|2 + (1/2)|a|2 + (1/2)|b|2.(4.3)

The next lemma is concerned with estimates regarding the extragradient part of
the method. It is obtained with the same techniques as in [54], and its proof is given
for the sake of completeness.

Lemma 4.2. Suppose A : H → H is k-Lipschitz continuous on H and let (tn),
(yn), and (xn) be sequences in H such that

yn = PC(xn − λnAxn) and tn = PC(xn − λnAyn).(4.4)

Then the following inequality holds:

|yn − tn| ≤ kλn|xn − yn|.(4.5)

If, in addition, Ω 	= ∅ and A is monotone on C, then the following holds:

|tn − u|2 ≤ |xn − u|2 − (1 − k2λ2
n)|xn − yn|2,(4.6)

where u is any element in Ω.
Proof. From (4.4), we have |yn − tn| = |PC(xn − λnAxn) − PC(xn − λnAyn)|;

since PC is nonexpansive and A is assumed to be k-Lipschitz continuous, we get
|yn − tn| ≤ λn|Axn − Ayn| ≤ kλn|xn − yn|, that is, (4.5). Let us prove (4.6). Given
u ∈ Ω (hence u ∈ C) and using (4.4) , we have |tn−u| = |u−PC(xn−λnAyn)|, which
by (4.2) yields |tn − u|2 ≤ |xn − u− λnAyn|2 − |xn − tn − λnAyn|2, namely

|tn − u|2 ≤ |xn − u|2 − |xn − tn|2 + 2λn〈Ayn, u− tn〉.(4.7)

The last term in the right-hand side of (4.7) can be rewritten as

〈Ayn, u− tn〉 = 〈Ayn −Au, u− yn〉 + 〈Au, u− yn〉 + 〈Ayn, yn − tn〉.(4.8)

It is easily seen that the first and second terms in the right-hand side of (4.8) are
negative, because of the monotonicity of A on C, the fact that u is a solution of
V IP (A,C), and since yn ∈ C. Clearly, we then deduce 〈Ayn, u− tn〉 ≤ 〈Ayn, yn− tn〉,
which by (4.7) amounts to |tn−u|2 ≤ |xn−u|2−|xn−tn|2+2λn〈Ayn, yn−tn〉, namely

|tn − u|2 ≤ |xn − u|2 − |xn − yn|2 − |yn − tn|2 + 2〈xn − λnAyn − yn, tn − yn〉.(4.9)

Furthermore, setting un := xn − λnAxn (hence yn := PC(un)), we immediately have

〈xn − λnAyn − yn, tn − yn〉 = 〈un − PC(un), tn − PC(un)〉 + λn〈Axn −Ayn, tn − yn〉.
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In light of (4.1), we observe that the first term in the right-hand side of this last
equality is negative, which entails 〈xn−λnAyn−yn, tn−yn〉 ≤ λn〈Axn−Ayn, tn−yn〉.
Hence, using the Lipschitz continuity of A, we obtain

〈xn − λnAyn − yn, tn − yn〉 ≤ (kλn|xn − yn|) × |tn − yn|,

which by Young’s inequality leads to

〈xn − λnAyn − yn, tn − yn〉 ≤ (1/2)(kλn)2|xn − yn|2 + (1/2)|tn − yn|2.

By joining this last inequality to (4.9), we get the desired result.
In the following remark, we put out some fundamental properties induced by the

relaxation process occurring in the fixed point part of the method.
Remark 4.2. Let T be a β-demicontractive self-mapping on H with Fix(T ) 	= ∅

and set Tw := (1 − w)I + wT for w ∈ (0, 1]. Then Tw is quasi-nonexpansive if
w ∈ [0, 1 − β]. Indeed, for any arbitrary element (x, q) ∈ H × Fix(T ), we have

|Twx− q|2 = |x− q|2 − 2w〈x− q, x− Tx〉 + w2|Tx− x|2,

which by (3.2) yields

|Twx− q|2 ≤ |x− q|2 − w(1 − β − w)|Tx− x|2.(4.10)

Furthermore, it is routine to see that Fix(T ) = Fix(Tw) if w 	= 0. As a consequence,
Tw is quasi-nonexpansive for w ∈ [0, 1−β] and Fix(T ) is then a closed convex subset
of H (see [52, Proposition 1], [21, Corollary 1]).

Now, we state our main inequality resulting from the combination of the extra-
gradient part and the fixed point part of the method.

Lemma 4.3. Let β ∈ [0, 1). Suppose T : H → H is β-demicontractive with
Fix(T ) ∩ Ω 	= ∅, and let a mapping F : H → H satisfy (LC) and (SM). Suppose
A : H → H is monotone on C, k-Lipschitz continuous on H. Assume in addition that
the following condition holds:

(H1) w ∈ (0, 1−β
2 ].

Then the sequence (xn), (tn), and (yn) given by (3.6) satisfies, for all n ≥ 0,

|xn+1 − q|2 − |xn − q|2

+|xn+1 − tn|2 + (1 − λ2
nk

2)|xn − yn|2 ≤ −2αn〈xn+1 − q,F(tn)〉,
(4.11)

where q is any element in Fix(T ) ∩ Ω.
Proof. Let q ∈ Fix(T ) ∩ Ω. From (3.6) and (4.10), we get

|xn+1 − q|2 ≤ |vn − q|2 − w(1 − β − w)|vn − Tvn|2,(4.12)

while by (3.6) we have Tvn − vn = (1/w)(xn+1 − vn). Consequently, setting ρ :=
(1/w)(1 − β − w), we obtain

|xn+1 − q|2 ≤ |vn − q|2 − ρ|xn+1 − vn|2.(4.13)

Hence, for w ∈ (0, 1−β
2 ] (so that ρ ≥ 1) and recalling that vn = tn − αnF(tn), we

deduce

|xn+1 − q|2 ≤ |vn − q|2 − |xn+1 − vn|2

= |(tn − q) − αnF(tn)|2 − |(tn − xn+1) − αnF(tn)|2

= |tn − q|2 − 2αn〈xn+1 − q,F(tn)〉 − |xn+1 − tn|2,

(4.14)
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which by Lemma 4.2 entails the desired result.
The underlying idea for proving the strong convergence of the method (3.6) relies

on the estimate (4.11), but we also need to check that the iterates of (3.6) satisfy
some other classical properties.

4.2. Boundedness of the iterates. In the next lemma, we establish the bound-
edness of the sequences generated by the method (3.6). This property will be needed,
for instance, to ensure the existence of weak cluster points for theses sequences.

Lemma 4.4. Let β ∈ [0, 1). Suppose T : H → H is β-demicontractive with
Ω ∩ Fix(T ) 	= ∅, and let F : H → H satisfy (LC) and (SM). Suppose A : H → H is
monotone on C and k-Lipschitz continuous on H. Assume, in addition, w ∈ (0, 1−β],
(kλn) ⊂ [0, 1], and (αn) ⊂ [0, δ) (for some small enough δ > 0). Then the sequences
(xn), (tn), and (yn) generated by (3.6) are bounded.

Proof. Without loss of generality, we assume 0 < η < L (where η and L are
constants given by conditions (SM) and (LC)). Fix μ > 0 and let x, y ∈ H. From
(SM) and (LC), we obtain

|(μF − I)(x) − (μF − I)(y)|2

= μ2|F(x) −F(y)|2 − 2μ〈x− y,F(x) −F(y)〉 + |x− y|2

≤ μ2L2|x− y|2 − 2μη|x− y|2 + |x− y|2,

so that

|(μF − I)(x) − (μF − I)(y)| ≤ (
√

1 − 2μη + μ2L2)|x− y|.(4.15)

Furthermore, taking q ∈ Fix(T ) ∩ Ω and recalling that vn+1 = tn+1 − αn+1F(tn+1),
we have

|vn+1 − (q − αn+1F(q))| = |(tn+1 − αn+1F(tn+1)) − (q − αn+1F(q))|

=

∣∣∣∣
(

1 − αn+1

μ

)
(tn+1 − q) − αn+1

μ
[(μF − I)(tn+1) − (μF − I)(q)]

∣∣∣∣
≤

(
1 − αn+1

μ

)
|tn+1 − q| + αn+1

μ
|(μF − I)(tn+1) − (μF − I)(q)|,

provided that (αn) ⊂ [0, μ), which by (4.15) yields

|vn+1 − (q − αn+1F(q))| ≤
(

1 − αn+1

μ
ν

)
|tn+1 − q|,(4.16)

where ν := 1 −
√

1 − 2μη + μ2L2. Clearly, we have ν ∈ (0, 1) provided that μ ∈
(0, μ0), where μ0 is some small enough positive value. Using (4.6) and observing that
Tw := (1 − w)I + wT is quasi-nonexpansive for w ∈ (0, 1 − β] (see Remark 4.2), we
additionally have

|tn+1 − q| ≤ |xn+1 − q| = |Twvn − q| ≤ |vn − q|,(4.17)

provided that (kλn) ⊂ [0, 1]. Combining (4.16) and (4.17), we then get

|vn+1 − (q − αn+1F(q))| ≤
(

1 − αn+1

μ
ν

)
|vn − q|.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1508 PAUL-EMILE MAINGÉ

As a consequence, we deduce

|vn+1 − q| ≤ |vn+1 − (q − αn+1F(q))| + |(q − αn+1F(q)) − q|

≤
(

1 − αn+1ν

μ

)
|vn − q| + αn+1|F(q)|

=

(
1 − αn+1ν

μ

)
|vn − q| +

(
αn+1ν

μ

)(
μ|F(q)|

ν

)
,

hence, for all n ≥ 0, we get max{|vn+1 − q|, μ|F(q)|
ν } ≤ max{|vn − q|, μ|F(q)|

ν }, so that

|vn − q| ≤ max{|v0 − q|, μ|F(q)|
ν }. Thus (vn) is bounded, which by (4.17) leads to

the boundedness of (xn) and (tn). That of (yn) is then deduced from the formula
yn = PC(xn − λnAxn) (because A and PC are Lipschitz continuous and (λn) is
assumed to be bounded).

4.3. Preliminary convergence analysis. In what follows, we are interested
in locating the set of weak cluster points of the sequence (tn) generated by (3.6). To
this end, we recall some results of fundamental importance.

Remark 4.3. Let NC : C → 2H be the normal cone to C, defined for all x ∈ C
by NCx := {w ∈ H; 〈x − z, w〉 ≥ 0 ∀z ∈ C} and let B : H → 2H be the mapping
defined for any x ∈ H by

Bx :=

[
Ax + NCx if x ∈ C,

∅ otherwise,
(4.18)

where A : C → H is assumed to be monotone and Lipschitz continuous. Then B
is maximal monotone (see, for instance, [6, 40, 54]); namely its graph defined by
G(B) = {(x, y) ∈ H × H; y ∈ Bx} is not properly contained in the graph of any
other monotone mapping. In other words, for all (x, y) ∈ H ×H, there holds

〈x− v, y − w〉 ≥ 0 ∀(v, w) ∈ G(B) ⇒ y ∈ Bx.

Furthermore, as a classical result we have

0 ∈ Bu ⇔ u ∈ Ω.

Consequently, we immediately deduce the following key property:

〈u− v,−w〉 ≥ 0 ∀(v, w) ∈ G(B) ⇒ u ∈ Ω.(4.19)

Throughout the next lemma, we give sufficient conditions ensuring that the weak
cluster points of (tn) belong to the set Ω. This lemma was given implicitly in [54],
but its proof needs to be detailed for the sake of completeness.

Lemma 4.5. Suppose A : H → H is monotone and Lipschitz continuous on C.
Let (λn) ⊂ [δ,∞) (for some δ > 0) and let (tn), (yn), and (xn) be sequences in H
such that (yn) ⊂ C and tn = PC(xn − λnAyn). Assume in addition that there exists
a subsequence (tnk

) of (tn) such that
(i) (tnk

) converges weakly to some u in C;
(ii) |xnk

− ynk
| → 0 and |tnk

− ynk
| → 0.

Then u belongs to the set Ω.
Proof. Let B be the mapping defined in (4.18). According to Remark 4.3, B is

maximal monotone, because A is assumed to be monotone and Lipschitz continuous
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on C, so that the key property (4.19) holds. To reach the conclusion of the lemma, we
then prove that the limit u in condition (i) satisfies this latter property. Given (v, w)
in G(B) (the graph of B), we easily have w−Av ∈ NCv, so that 〈v − z, w−Av〉 ≥ 0
for all z ∈ C. In particular, since (tn) ⊂ C, we get

〈v − tnk
, w〉 ≥ 〈v − tnk

, Av〉.(4.20)

From (4.1), we additionally have 〈xnk
− λnk

Aynk
− tnk

, tnk
− v〉 ≥ 0, because tn :=

PC(xn − λnAyn) and v ∈ C, which by (4.20) yields

〈v − tnk
, w〉 ≥ 〈v − tnk

, Av〉 − 1

λnk

〈tnk
− v, xnk

− λnk
Aynk

− tnk
〉

= 〈v − tnk
, Av −Atnk

〉 + 〈v − tnk
, Atnk

−Aynk
〉 −

〈
v − tnk

,
tnk

− xnk

λnk

〉
;

hence, by the monotonicity of A, we obtain

〈v − tnk
, w〉 ≥ 〈v − tnk

, Atnk
−Aynk

〉 −
〈
v − tnk

,
tnk

− xnk

λnk

〉
.(4.21)

Clearly, (tnk
) is a bounded sequence, because it is assumed to be weakly convergent

(by condition (i)). Then, in light of condition (ii) (hence |Atnk
− Aynk

| → 0 by the
Lipschitz continuity of A), recalling that tnk

converges weakly to u, and passing to
the limit in (4.21), we obtain 〈v − u,w〉 ≥ 0 (since λn ≥ δ > 0). Therefore, by the
key property (4.19) we conclude that u ∈ Ω.

At once, we give sufficient conditions so that any weak cluster-point of the se-
quence (tn) given by (3.6) lies in the solution set Fix(T ) ∩ Ω.

Lemma 4.6. Suppose A : H → H is monotone on C and k-Lipschitz continuous
on H, T : H → H is demiclosed with Fix(T ) ∩ Ω 	= ∅ and let F : H → H satisfy
(LC). Suppose also the following conditions hold:

(C1) (λn) ⊂ [δ,∞) (for some δ > 0);
(H2) (αn) ⊂ [0, 1), αn → 0.

Let (tn), (yn), (xn) be the sequences generated by (3.6) and assume further that there
exists a subsequence (tnk

) of (tn) such that
(i) |tnk

− xnk+1| → 0; (ii) |xnk
− ynk

| → 0; (iii) |tnk
− ynk

| → 0.
Then any weak cluster-point of (tnk

) belongs to Fix(T ) ∩ Ω.
Proof. Let u ∈ H be a weak cluster-point of (tnk

); that is, there exists a bounded
subsequence of (tnk

) (labeled (tmk
)) which converges weakly to u. By (i), (ii), and

(iii), we also have |xmk+1 − tmk
| → 0 and |xmk

− ymk
| → 0 and |tmk

− ymk
| → 0. If in

addition αn → 0, we easily deduce that vmk
:= tmk

− αmk
F(tmk

) converges weakly
to u (because F(tmk

) is bounded thanks to (LC); hence αmk
|F(tmk

)| → 0), which by
(3.6) entails

|Tvmk
− vmk

| = (1/w)|xmk+1 − vmk
| = (1/w)|(xmk+1 − tmk

) + αmk
F(tmk

)| → 0.

As T is assumed to be demiclosed, we then obtain u ∈ Fix(T ). Furthermore, recalling
that |xmk

− ymk
| → 0, |tmk

− ymk
| → 0, λn ≥ δ > 0 and applying Lemma 4.5, we get

u ∈ Ω. Consequently, the set of weak cluster-points of (tnk
) is included in Ω∩Fix(T ),

which ends the proof.
Now we are in position to prove our main convergence result.
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4.4. Proof of Theorem 4.1. To prove the strong convergence of the method,
we set Γn := |xn − x∗|2 and we focus our analysis on the fact that the real sequence
(Γn) is either monotonous at infinity (Case 1) or not (Case 2):

• Case 1. There exists n0 such that the sequence (Γn)n≥n0
is either nonincreasing

or nondecreasing.

• Case 2. For any n0, there exist integers p ≥ n0 and q ≥ n0 such that Γp ≤ Γp+1

and Γq+1 ≤ Γq.

More precisely, regarding the situation when (Γn) is monotonous at infinity (Case
1) and bounded (hence convergent), we prove that its only possible limit is zero.
Concerning the alternative situation (Case 2), we exhibit some subsequence (Γφ(n))
of (Γn) such that Γn ≤ Γφ(n) for all n ≥ m0 (where m0 is some large enough integer)
and Γφ(n) → 0 (as n → ∞).

Remark 4.4. In Case 2 above, we know that, for any integer n0, there exists
another integer q such that q ≥ n0 and Γq ≤ Γq+1. Let n0 be such that Γn0 ≤ Γn0+1

and introduce the set of integers defined for all n ≥ n0 by

Jn = {k ∈ N; n0 ≤ k ≤ n, Γk ≤ Γk+1}.(4.22)

It is obviously seen that Jn 	= ∅, Jn ⊂ Jn+1, 1 ≤ Card(Jn) ≤ n − n0 + 1 and
Card(Jn) → +∞ as n → ∞, where Card(Jn) denotes the cardinal of Jn. Also
consider the sequence (τ(n)) ⊂ N defined for all n ≥ n0 by

τ(n) := max(Jn).(4.23)

Clearly, (τ(n))n≥n0
is a nondecreasing sequence (since Jn ⊂ Jn+1) such that τ(n) →

+∞ as n → +∞ and Γτ(n) ≤ Γτ(n)+1 (for n ≥ n0). Furthermore, for all n ≥ n0, we
have either τ(n) = n or τ(n) < n. The former case yields Γn = Γτ(n) ≤ Γτ(n)+1, while
the latter case amounts to Γτ(n)+1 > Γτ(n)+2 > · · · > Γn−1 > Γn (i.e., Γj > Γj+1 for
τ(n) + 1 ≤ j ≤ n− 1), so that Γn ≤ Γτ(n)+1. As a consequence, we obtain

0 ≤ Γn ≤ Γτ(n)+1 ∀n ≥ n0.(4.24)

Then, to prove the strong convergence of the method, it is sufficient to prove that
Γτ(n)+1 → 0 as n → ∞.

To begin with, the boundedness of (xn), (yn), and (tn) is a straightforward con-
sequence of Lemma 4.4. It is then immediate that there exists a constant C ≥ 0
verifying |〈xn+1 − x∗,F(tn)〉| ≤ C for all n ≥ 0, which by Lemma 4.3 and condition
(H3) entails

Γ2
n+1 − Γ2

n + |xn+1 − tn|2 + (1 − δ2
2)|xn − yn|2 ≤ 2Cαn,(4.25)

where δ2 is some constant in (0, 1). The rest of the proof can be divided into the
following two cases.

Case 1. Assume (Γn) is monotonous at infinity. In other words, for n0 large
enough, (Γn)n≥n0 is either nondecreasing or nonincreasing; hence (Γn) is convergent
(being also bounded). Set λ = limn→∞ |xn − x∗|; we assume λ > 0 and we show
that this latter hypothesis is impossible. Clearly, we have Γ2

n+1 − Γ2
n → 0 (since the

sequence (Γn) is convergent), which by (4.25) yields

|xn+1 − tn| → 0 and |xn − yn| → 0(4.26)
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(since αn → 0 by (H2)); hence by (4.5) we get |tn − yn| → 0. Using condition (SM),
we additionally have 〈tn − x∗,F(tn) −F(x∗)〉 ≥ η|tn − x∗|2, namely

〈xn+1 − x∗,F(tn)〉 ≥ η|tn − x∗|2 + 〈tn − x∗,F(x∗)〉 + 〈xn+1 − tn,F(tn)〉.(4.27)

Let us estimate separately each term in the right-hand side of the above inequality.
Since (tn) is a bounded sequence, so is the quantity 〈tn − u∗,F(u∗)〉. It is then
immediate that there exists a subsequence (tmk

) of (tn) such that

lim inf
n→∞

〈tn − u∗,F(u∗)〉 = lim
k→∞

〈tmk
− u∗,F(u∗)〉.(4.28)

Observe also that there exists another subsequence of (tmk
) (again denoted (tmk

))
which converges weakly to some element v in H. Applying Lemma 4.6, we then have
v ∈ Fix(T ) ∩ Ω. Consequently, by the weak convergence of (tmk

) and recalling that
u∗ is solution of (3.3), we get lim infk→∞〈tmk

− u∗,F(u∗)〉 = 〈v − u∗,F(u∗)〉 ≥ 0,
which by (4.28) amounts to

lim inf
n→∞

〈tn − x∗,F(x∗)〉 ≥ 0.(4.29)

Moreover, observing that |xn − tn| → 0 (since |xn − yn| → 0 and |tn − yn| → 0) and
recalling that limn→∞ |xn − x∗| = λ, we immediately have

lim
n→∞

|tn − x∗| = λ.(4.30)

In addition, as (tn) is a bounded sequence, |xn+1 − tn| → 0, and using the Lipschitz
continuity of F (given by (LC)), we get

lim
n→∞

〈xn+1 − tn,F(tn)〉 = 0.(4.31)

Therefore, by (4.26)–(4.31), we obtain lim infn→∞〈xn+1 − x∗,F(tn)〉 ≥ ηλ2. Thus,
for ε = (1/2)ηλ2 (hence ε > 0), there exists some integer n1 such that, for n ≥ n1,
there holds 〈xn+1 − x∗,F(tn)〉 ≥ ηλ2 − ε = 1

2ηλ
2. Then, for n ≥ n1 and taking

into account Lemma 4.3, we deduce |xn+1 − x∗|2 − |xn − x∗|2 ≤ −αn(ηλ2), which
leads to |xn+1 − x∗|2 − |xn1

− x∗|2 ≤ −λ2η
∑n

k=n1
αk. As

∑
k αk = ∞ (by condition

(SP)), we observe that this last inequality amounts to limn→∞ |xn+1 − x∗|2 = −∞ if
λ > 0, which is absurd. As a straightforward consequence, we deduce λ = 0; namely,
(xn) converges strongly to x∗ and so do (yn) and (tn) (since |xn − yn| → 0 and
|tn − yn| → 0).

Case 2. Assume (Γn) is not monotonous at infinity and let (τ(n))n≥n0 be the
sequence introduced in (4.23). As Γτ(n) ≤ Γτ(n)+1 (for n ≥ n0) and referring to
(4.25), we get |xτ(n)+1 − tτ(n)|2 + (1 − δ2

2)|xτ(n) − yτ(n)|2 ≤ 2Cατ(n) → 0, so that

|xτ(n)+1 − tτ(n)| → 0 and |xτ(n) − yτ(n)| → 0;(4.32)

hence by (4.5) we obtain

|tτ(n) − yτ(n)| → 0.(4.33)

Now we can prove that the sequence (tτ(n)) converges strongly to x∗ as n → ∞. Let
(tτ(nk)) be any subsequence of (tτ(n)) which converges weakly to some q in H (as
k → ∞). Clearly, the existence of such a subsequence is ensured by the boundedness
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of (tτ(n)). It is also observed that |xτ(nk)+1 − tτ(nk)| → 0, |xτ(nk) − yτ(nk)| → 0, and
|tτ(nk) − yτ(nk)| → 0 as k → ∞ (thanks to (4.32) and (4.33)), which by Lemma 4.6
amounts to q ∈ Fix(T ) ∩ Ω. Furthermore, using Lemma 4.3 and given any j ≥ 0,
we have 〈xj+1 − x∗,F(tj)〉 > 0 ⇒ Γj+1 < Γj . As a consequence, since Γτ(n) ≤
Γτ(n)+1, we get

〈xτ(n)+1 − x∗,F(tτ(n))〉 ≤ 0 ∀n ≥ n0.(4.34)

For n ≥ n0 and using (SM), we additionally have

η|tτ(n) − x∗|2

≤ 〈tτ(n) − x∗,F(tτ(n)) −F(x∗)〉

= 〈xτ(n)+1 − x∗,F(tτ(n))〉 + 〈tτ(n) − xτ(n)+1,F(tτ(n))〉 − 〈tτ(n) − x∗,F(x∗)〉,

which by (4.34) entails

|tτ(n) − x∗|2 ≤ (1/η)[〈tτ(n) − xτ(n)+1,F(tτ(n))〉 − 〈tτ(n) − x∗,F(x∗)〉].(4.35)

It is also immediate that limk→∞〈tτ(nk) − x∗,F(x∗)〉 = 〈q − x∗,F(x∗) and that
limk→∞〈tτ(nk) − xτ(nk)+1,F(tτ(nk))〉 = 0, which by (4.35) and (3.3) amounts to

lim sup
k→+∞

|tτ(nk) − x∗|2 ≤ −(1/η)〈q − x∗,F(x∗)〉 ≤ 0;

hence limk→+∞ |tτ(nk) − x∗| = 0. It is then routine to see that the whole sequence
(tτ(n)) converges strongly to x∗. Therefore, by (4.32), (4.33), and the uniqueness of
x∗, we deduce that |xτ(n) − x∗| → 0 and |xτ(n)+1 − xτ(n)| → 0. It is then immediate
that limn→∞ Γτ(n)+1 = 0, which by (4.24) leads to limn→∞ Γn = 0; that is, (xn)
converges strongly to x∗. In light of (4.25) and recalling that Γn → 0, we also obtain
|xn − yn| → 0 (hence |yn − x∗| → 0), which by (4.5) entails |tn − yn| → 0 (hence
|tn − x∗| → 0).

5. Applications. In the same manner as in [35, 54], we derive two applications
of Theorem 4.1.

Theorem 5.1. Suppose A : H → H is monotone and k-Lipschitz continuous on
H and T : H → H is nonexpansive with Fix(T ) ∩ A−1(0) 	= ∅. Let (xn), (yn), and
(tn) be the sequences generated by⎡

⎢⎢⎢⎣
x0 ∈ H,

yn = xn − λnAxn,

tn = xn − λnAyn,

xn+1 := [(1 − w)I + wT ]vn, vn := αnu + (1 − αn)tn,

(5.1)

where u is any element in H and where (αn), (λn), and w satisfy the following con-
ditions:

(H1)′ w ∈ (0, 1
2 ];

(H2) (αn) ⊂ [0, 1), αn → 0;
(H3) (kλn) ⊂ [δ1, δ2] (where 0 < δ1 ≤ δ2 < 1);
(SP)

∑
n≥0 αn = ∞.

Then the sequences (xn), (yn), and (tn) converge strongly to PFix(T )∩A−1(0)(u) (i.e.,
the nearest element of u in Fix(T ) ∩A−1(0)).
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Proof. This result is a straightforward consequence of Theorem 4.1 with C := H
(hence Ω = A−1(0) and PC = I), F := I − u (hence F is Lipschitz continuous and
strongly monotone) and recalling that a nonexpansive mapping is 0-demicontractive
and demiclosed.

The second application is related to the approximation of common zeroes of mono-
tone operators (see also [27]).

Theorem 5.2. Let A : H → H be monotone and k-Lipschitz continuous mapping
on H and let JD

r := (I+λD)−1 (for r > 0) be the resolvent of D : H → 2H, a maximal
monotone mapping such that A−1(0) ∩ D−1(0) 	= ∅. Let (xn), (yn), and (tn) be the
sequences generated by⎡

⎢⎢⎢⎣
x0 ∈ H,

yn = xn − λnAxn,

tn = xn − λnAyn,

xn+1 := [(1 − w)I + wJD
r ]vn, vn := αnu + (1 − αn)tn,

(5.2)

where u ∈ H and (αn), (λn), and w satisfy the conditions (H1)′, (H2), (H3), and (SP)
in Theorem 5.1.

Then the sequences (xn), (yn), and (tn) converge strongly to PD−1(0)∩A−1(0)(u)
(i.e., the nearest element of u in D−1(0) ∩A−1(0)).

Proof. This result is immediately deduced from Theorem 4.1 with C := H (hence
Ω = A−1(0) and PC = I), F := I − u (hence F is Lipschitz continuous and strongly
monotone) and recalling that JD

r is a nonexpansive mapping (hence 0-demicontractive
and demiclosed) such that Fix(JD

r ) = D−1(0).

6. Conclusion. The purpose of this article is to establish the convergence in
norm of some new splitting iterative methods for finding solutions of infinite di-
mensional problems involving both monotone variational inequalities and fixed point
problems. These algorithms are based on known processes (extragradient, relaxation,
viscosity), and the main theorem (Theorem 4.1) improves, in either form or require-
ments of operators, most of the existing known results on this subject, including some
recent ones: Nadezhkina and Takahashi [35], Zeng and Yao [54]. To the best of our
knowledge, there is no existing result that is an equivalent of Theorem 4.1 in terms
of a continuous dynamical system. Note also that the (demicontractive) operators
occurring in the considered fixed point problems are not necessarily continuous (con-
trary to nonexpansive mappings which are Lipschitz continuous), so that our analysis
is completely different from usual analyses regarding viscosity approximations. More-
over, it is very probable that the techniques of analysis proposed in this paper may
pave the way for forthcoming developments regarding more general equilibrium [12]
and fixed point problems, especially in designing new algorithms including inexact or
perturbed technology [11, 13, 18] as well as inertial-type extrapolation [29].
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Abstract. We present a new approach to mixed H2/H∞ output feedback control synthesis. Our
method uses nonsmooth mathematical programming techniques to compute locally optimal H2/H∞-
controllers, which may have a predefined structure. We prove global convergence of our method and
present tests to validate it numerically.
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1. Introduction. Mixed H2/H∞ output feedback control is a prominent exam-
ple of a multiobjective design problem, where the feedback controller has to respond
favorably to several performance specifications. Typically in H2/H∞ synthesis, the
H∞ channel is used to enhance the robustness of the design, whereas the H2 channel
guarantees good performance of the system. Due to its importance in practice, mixed
H2/H∞ control has been addressed in various ways over the years, and we briefly
review the main trends.

The interest in H2/H∞ synthesis was originally piqued by three publications
[22, 23, 27] in the late 1980s and early 1990s. The numerical methods proposed
by these authors are based on coupled Riccati equations in tandem with homotopy
methods, but the numerical success of these strategies remains to be established.
With the rise of linear matrix inequalities (LMIs) in the later 1990s, different strate-
gies which convexify the problem became increasingly popular. The price to pay for
convexifying is either a considerable conservatism, or controllers with a large state
dimension [29, 25].

In [45, 47, 48] Scherer developed LMI formations for H2/H∞ synthesis for full-
order controllers [48] and reduced the problem to solving LMIs in tandem with non-
linear algebraic equalities [48, 45]. In this form, H2/H∞ problems could in principle
be solved via nonlinear semidefinite programming techniques like specSDP [24, 40, 50]
or Pennon [31, 32, 36], if only these techniques were suited for medium or large size
problems. Alas, one of the disappointing lessons learned in recent years from investi-
gating BMI (bilinear matrix inequality) and LMI problems is that this is just not the
case. Due to the presence of Lyapunov variables, whose number grows quadratically
with the system size [14, p. 20ff], BMI and LMI programs quickly lead to problem
sizes where existing numerical methods fail.
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Following [3, 4, 5, 7, 6], we address H2/H∞ synthesis by employing a new strategy
which avoids the use of Lyapunov variables. This leads to a nonsmooth and semi-
infinite optimization program, which we solve with a spectral bundle method, inspired
by the nonconvex spectral bundle method of [37, 38] and [3, 5]. Important forerunners
[19, 41, 28] are based on convexity and optimize functions of the form λ1◦A with affine
A. We have developed our method further to deal with typical control applications like
multidisk [6] and multifrequency band synthesis [7], design under integral quadratic
constraints (IQCs) [4, 9, 8], and loop-shaping techniques [2, 1].

The structure of the paper is as follows. The problem setting is given in section 2.
Computing the H2 and H∞ norms is briefly recalled in sections 3 and 4. The algorithm
and its rationale are presented in section 5. Global convergence is established in
section 6. The implementation is discussed in section 7, and numerical test examples
are discussed in section 8. Our terminology follows [17, 30, 52].

2. Problem setting. We consider a plant in state space form:

P :

⎡
⎢⎢⎢⎣

ẋ
z∞

z2

y

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

A B∞ B2 B
C∞ D∞ 0 D∞u

C2 0 0 D2u

C Dy∞ Dy2 0

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

x
w∞

w2

u

⎤
⎥⎥⎥⎦ ,(2.1)

where x ∈ R
nx is the state, u ∈ R

nu is the control, y ∈ R
ny is the output, w∞ → z∞

is the H∞ performance channel, and w2 → z2 is the H2 performance channel. We
seek an output feedback controller:

K :

[
ẋK

u

]
=

[
AK BK

CK DK

][
xK

y

]
,(2.2)

where xK ∈ R
nK is the state of the controller, such that the closed-loop system,

obtained by substituting (2.2) into (2.1), satisfies the following properties:
1. Internal stability. K stabilizes P exponentially in closed-loop.
2. Fixed H∞ performance. The H∞ performance channel has a prespecified

performance level ‖Tw∞→z∞(K)‖∞ ≤ γ∞.
3. Optimal H2 performance. The H2 performance ‖Tw2→z2(K)‖2 is minimized

among all K satisfying properties 1 and 2.
We will solve the H2/H∞ synthesis problem by way of the following mathematical
program:

minimize f(K) := ‖Tw2→z2
(K)‖2

2

subject to g(K) := ‖Tw∞→z∞(K)‖2
∞ ≤ γ2

∞,
(2.3)

where Tw2→z2
(K, s) denotes the transfer function of the H2 closed-loop performance

channel, while Tw∞→z∞(K, s) stands for the H∞ robustness channel. Notice that
f(K) is a smooth function, whereas g(K) is not, being an infinite maximum of max-
imum eigenvalue functions. The unknown K is in the space R

(nK+nu)×(nK+ny), so
the dimension n = (nK +ny)(nK +nu) of (2.3) is usually small, which is particularly
attractive when small or medium size controllers for large systems are sought. Notice
that as a BMI or LMI problem, H2/H∞ synthesis (2.3) would feature n2

x additional
Lyapunov variables, which would arise through the use of the bounded real lemma.
See, e.g., [46, 14].
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Remark. Naturally, the approach chosen in (2.3) to fix the H∞ performance and
optimize H2 performance is just one among many other strategies in multiobjective
optimization. One could just as well optimize the H∞ norm subject to an H2 norm
constraint, or minimize a weighted sum or even the maximum of both criteria. Other
ideas have been considered, and even game theoretic approaches exist [35].

3. The H2 norm. In program (2.3) we minimize composite functions f = ‖·‖2
2◦

Tw2→z2 , where ‖ · ‖2 denotes the H2 norm. Let us for brevity write T2 := Tw2→z2
for

the H2 transfer channel in (2.1). The corresponding plant P 2 is obtained by deleting
the w∞ column and the z∞ line in P . The objective function can be written as

f(K) = ‖T2(K, ·)‖2
2 =

1

2π

∫ +∞

−∞
Tr(T2(K, jω)HT2(K, jω))dω.

Algorithmically it is convenient to compute function values using a state space real-
ization of P 2:

P 2(s) =

[
0 D2u

Dy2 0

]
+

[
C2

C

]
(sI −A)−1[ B2 B ].

Introducing the closed-loop state space data,

A(K) =

[
A + BDKC BCK

BKC AK

]
, B2(K) =

[
B2 + BDKDy2

BKDy2

]
,

C2(K) = [ C2 + D2uDKC D2uCK ], D2(K) = D2uDKDy2 = 0,

we assume either D2u = 0 or Dy2 = 0, or that the controller K is strictly proper,
to ensure finiteness of the H2 norm. Then a realization of the closed-loop transfer
function T2 is given as

T2(K, s) = C2(K)(sI −A(K))−1B2(K)

and (see, e.g., [21]) the objective function f may be rewritten as

f(K) = Tr(B2(K)T X(K) B2(K)) = Tr(C2(K) Y (K) C2(K)T ),

where X(K) and Y (K) are the solutions of two Lyapunov equations:

(3.1)
A(K)TX(K) + X(K)A(K) + C2(K)TC2(K) = 0,

A(K)Y (K) + Y (K)A(K)T + B2(K)B2(K)T = 0.

As observed in [43, section 3], one proves differentiability of the objective f over
the set D of closed-loop stabilizing controllers K. In order to write the derivative
f ′(K)dK in a gradient form, we introduce the gradient ∇f(K) of f at K defined by

f ′(K)dK = Tr[∇f(K)T dK],

meaning that ∇f(K) is now an element of the same matrix space as K. These results
lead to the following lemma, which is an extension of [43, Theorem 3.2].

Lemma 3.1. The objective function f is differentiable on the open set D of
closed-loop stabilizing gains. For K ∈ D, the gradient of f at K is

∇f(K) = 2
[
BTX(K) + DT

2uC2(K)
]
Y (K)CT + 2BTX(K)B2(K)DT

y2,

where X(K) and Y (K) solve (3.1).
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4. The H∞ norm. The next element required in (2.3) is the constraint function
g = ‖ · ‖2

∞ ◦ Tw∞→z∞ , a composite function of the H∞ norm. To compute it we will
use a frequency domain representation of the H∞ norm. Let us for brevity write
T∞ := Tw∞→z∞ . The corresponding plant is P∞, obtained by deleting the w2 column
and the z2 line in P . The constraint function g may be written as

g(K) = max
ω∈[0,∞]

σ (T∞(K, jω))
2

= max
ω∈[0,∞]

λ1

(
T∞(K, jω)HT∞(K, jω)

)
,

where σ is the maximum singular value of a matrix, and λ1 is the maximum eigenvalue
of a Hermitian matrix. We rewrite this as

g(K) = max
ω∈[0,∞]

g(K,ω), g(K,ω) = λ1

(
T∞(K, jω)HT∞(K, jω)

)
.

Then it is clear that g(K) is nonsmooth with two possible sources of nonsmoothness,
the infinite maximum and the maximum eigenvalue function, which is convex but
nonsmooth. We present two basic results, which allow us to exploit the structure of
g algorithmically. The following can be found in several places; see, e.g., [12, 11].

Lemma 4.1. Let K be closed-loop stabilizing. Then g(K) = ‖T∞(K)‖2
∞ < ∞, and

the set of active frequencies at K, defined as Ω(K) = {ω ∈ [0,∞] : g(K) = g(K,ω)},
is either finite or Ω(K) = [0,∞].

The case Ω(K) = [0,∞] is when the closed-loop system is all-pass. It may very
well arise in practice; for instance, full order (nx = nK) optimal H∞ controllers are
all-pass; see [26]. A similar result holds for full-order H2/H∞ control; see [20]. But
we never observed it in cases where the order of the controller nK < nx is way smaller
than the order of the system.

The following result was already used in [5, 6]. It allows us to compute Clarke
subgradients of the H∞ norm and its composite function g. To represent it, we find
it convenient to introduce the notation[

T∞(K, s) G∞12(K, s)

G∞21(K, s) �

]
=

[
C∞(K)

C

]
(sI −A(K))−1 [ B∞(K) B ]

+

[
D∞(K) D∞u

Dy∞ �

]
,

where the closed-loop state space data (A(K),B∞(K), C∞(K),D∞(K)) are given by

A(K) =

[
A + BDKC BCK

BKC AK

]
, B∞(K) =

[
B∞ + BDKDy∞

BKDy∞

]
,

C∞(K) =
[
C∞ + D∞uDKC D∞uCK

]
, D∞(K) = D∞ + D∞uDKDy∞.

Lemma 4.2 (see [5, section IV], [13, p. 304]). Suppose K is closed-loop stabilizing
and Ω(K) is finite. Then the Clarke subdifferential of g at K is the set

∂g(K) =

⎧⎨
⎩ΦY : Y = (Yω)ω∈Ω(K), Yω 	 0,

∑
ω∈Ω(K)

Tr(Yω) = 1, Yω ∈ S
rω

⎫⎬
⎭ ,

where rω is the multiplicity of λ1

(
T∞(K, jω)HT∞(K, jω)

)
, and where

ΦY =
∑

ω∈Ω(K)

2Re
(
G∞21(K, jω)T∞(K, jω)HQωYωQ

H
ω G∞12(K, jω)

)T
.
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Here the columns of the m×rω matrix Qω form an orthonormal basis of the eigenspace
of T∞(K, jω)HT∞(K, jω) ∈ S

m associated with its maximum eigenvalue.
Remark. Notice that the result extends to the all-pass case by replacing convex

combinations over a finite set Ω(K) by Radon probability measures on [0,∞]. This
may still be exploited algorithmically, should the case of an all-pass system ever arise
in practice. Since this never occurred in our tests, this line is not investigated here.

5. Nonsmooth algorithm. In this central section we present our main result, a
nonsmooth and nonconvex optimization method for program (2.3). In subsection 5.1
we will have a look at the necessary optimality conditions for program (2.3). The
algorithm is elaborated and presented in subsections 5.2–5.4. The convergence proof
will follow in section 6.

As the reader will notice, our method can be applied to a larger class of programs
with a structure similar to (2.3). In consequence, during what follows we aim at a
certain level of generality. In particular, to comply with the more standard notation in
optimization, we denote the decision variable as x ∈ R

n, where n = (nK + nu)(nK +
ny) in our previous terminology. This means vectorization of the matrix variable
previously denoted K.

5.1. Optimality conditions. Following an idea in [42], we address program
(2.3) by introducing a progress function:

F (y;x) = max
{
f(y) − f(x) − μ[g(x) − γ2

∞]+; [g(y) − γ2
∞] − [g(x) − γ2

∞]+
}
,(5.1)

where μ > 0 is a fixed parameter. All we need to know about f is that it is of class
C2, while g is assumed to be of the form

g(x) = max
ω∈[0,∞]

g(x, ω) = max
ω∈[0,∞]

λ1(G(x, ω)),

with G : R
n × [0,∞] → S

m of class C2 in the variable x ∈ R
n, and jointly continuous

in (x, ω). This is in accordance with our previous terminology, where G(x, ω) =
T∞(K, jω)HT∞(K, jω) with x = vec(K), and where m = nz∞ or m = nw∞ , and
where n = (nK + ny)(nK + nu). We have the following preparatory lemma.

Lemma 5.1. (1) If x̄ ∈ R
n is a local minimum of (2.3), then x̄ is also a local

minimum of F (·; x̄). In particular, this implies 0 ∈ ∂1F (x̄; x̄).
(2) If x̄ satisfies the F. John necessary optimality conditions for program (2.3),

then 0 ∈ ∂1F (x̄; x̄).
(3) Conversely, suppose 0 ∈ ∂1F (x̄; x̄) for some x̄ ∈ R

n. Then we have the
following possibilities: Either

(i) g(x̄) > γ2
∞, in which case x̄ is a critical point of g, called a critical point of

constraint violation, or
(ii) g(x̄) ≤ γ2

∞, in which case x̄ satisfies the F. John necessary optimality condi-
tions for program (2.3). In addition, there are two subcases: Either
(a) x̄ is a Karush–Kuhn–Tucker (KKT) point of (2.3), or
(b) x̄ fails to be a KKT point of (2.3). This could only happen when g(x̄) =

γ2
∞ and at the same time 0 ∈ ∂g(x̄).

Proof. (a) Let us prove statement (1). Notice that F (x̄; x̄) = 0. We therefore
have to show F (x; x̄) ≥ 0 for x in a neighborhood of x̄. If x is feasible in (2.3), i.e.,
g(x) ≤ γ2

∞, then F (x; x̄) = max{f(x) − f(x̄); g(x) − γ2
∞} ≥ f(x) − f(x̄) ≥ 0 for

x in a neighborhood of x̄. Here we use the fact that x̄, being optimal, is feasible,
so [g(x̄) − γ2

∞]+ = 0. On the other hand, when x is infeasible, we find F (x; x̄) ≥
g(x) − γ2

∞ > 0. This settles statement (1).
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(b) To prepare the remaining statements, let us first notice that 0 ∈ ∂1F (x̄; x̄)
is equivalent to the following condition: There exists 0 ≤ t̄ ≤ 1 such that 0 =
t̄f ′(x̄)+(1− t̄)φ for some φ ∈ ∂g(x̄), where both branches of F (x̄; x̄) have to be active
as soon as 0 < t̄ < 1. The latter allows one to distinguish the cases g(x̄) > γ2

∞ and
g(x̄) ≤ γ2

∞.
(c) First consider the case g(x̄) > γ2

∞. Here the left-hand branch of F (x̄; x̄), being
strictly negative, cannot be active, which means t̄ = 0. In consequence, 0 ∈ ∂g(x̄).
This is the case of a critical point of constraint violation, so it proves (i) in (3).

(d) Next consider the case g(x̄) ≤ γ2
∞. In order to show that x̄ satisfies the F. John

necessary optimality conditions, it remains to check complementarity. If g(x̄) = γ2
∞,

there is nothing to prove, so assume g(x̄) < γ2
∞. Then the right-hand branch of

F (x̄; x̄) is negative, so it cannot be active, meaning that (1− t̄) = 0. Since this is the
Lagrange multiplier for the constraint, this proves the first part of statement (3)(ii).

(e) It remains to distinguish the two cases (ii)(a) and (ii)(b). Let us see in which
cases an F. John critical point can fail to satisfy the KKT conditions. That concerns
the case where t̄ = 0, and at the same time g(x̄) ≤ γ2

∞. But g(x̄) < γ2
∞ is impossible

here, because the right-hand branch of F (x̄; x̄) has to be active. Then it turns out
that g(x̄) = γ2

∞ and 0 ∈ ∂g(x̄) is the only case where KKT fails. It may be considered
as the limiting case of a critical point x̄ of constraint violation. This settles all cases
in statement (3).

(f) Finally, to prove statement (2), let x̄ satisfy the F. John necessary opti-
mality conditions for (2.3). From (b) we immediately see that it also satisfies 0 ∈
∂1F (x̄; x̄).

Remark. (1) Lemma 5.1 shows why we should search for points x̄ satisfying
0 ∈ ∂1F (x̄; x̄). It also indicates that minimizing F leads to so-called phase I/phase II
methods (see [42, section 2.6]). Namely, as long as iterates stay infeasible, the right-
hand term in F is dominant, so reducing F reduces constraint violation. This corre-
sponds to phase I. Once a feasible iterate has been found, phase I terminates success-
fully, and iterates will henceforth stay feasible. This is where phase II begins and f
is optimized.

(2) Condition (i) above addresses the case where phase I fails because iterates
get stuck at a limit point x̄ with value g(x̄) > γ2

∞, which is a local minimum (a crit-
ical point) of g alone. A first-order method may get trapped at such points, and in
classical mathematical programming second-order techniques are used to avoid them.
Here we are working with a nonsmooth program, where second-order methods are
difficult to come up with (see, however, [38], where such a method is discussed, and
also [11, 39]). Fortunately, in H2/H∞ control, feasible iterates are usually available,
so phase I can even be avoided. Notice also that case (ii)(b) may be considered the
limiting case of (i).

(3) In [44] Sagastizábal and Solodov use a different progress function, referred
to as an improvement function, which does not feature the penalty term μ[g(x) −
γ2
∞]+. Since this term equals 0 in phase II, both criteria lead essentially to the

same steps in phase II, and differences could occur only in phase I. Now observe
that with the improvement function, every step has to be a descent step for both
the objective f and the constraint g. In contrast, in our approach, when reducing
constraint violation, a slight increase in f not exceeding μ[g(x) − γ2

∞]+ is granted.
This helps the algorithm in not being trapped at infeasible local minima of f alone,
and is therefore a possible advantage. Naturally, the difficulty of local minima of g
alone (local minima of constraint violation) remains with both criteria. We will come
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back to this issue in section 7.5, where numerical results are discussed. It turns out
that a sound choice of μ is important and gives better numerical results.

5.2. First local model. In this section we introduce a local model for F in a
neighborhood of the current iterate x. Let us first introduce an approximation of g
in a neighborhood of x by linearizing the operator y �→ G(y, ω) around x:

g̃(y;x) = max
ω∈[0,∞]

λ1 (G(x, ω) + G′(x, ω)(y − x))(5.2)

= max
ω∈[0,∞]

max
Z∈C

Z • (G(x, ω) + G′(x, ω)(y − x)) ,

where C = {Z ∈ S
m : Z 	 0, tr(Z) = 1}, and where the derivative G′(x, ω) refers to

the variable x. Notice that g̃(x;x) = g(x). By Taylor’s theorem we expect g̃(y;x) to
be a good approximation of g(y) for y in a neighborhood of x.

We now obtain an approximation of F in a neighborhood of x by introducing the
following:

(5.3)

F̃ (y;x) = max
{
f ′(x)(y − x) − μ[g(x) − γ2

∞]+; [g̃(y;x) − γ2
∞] − [g(x) − γ2

∞]+
}
.

Notice that F̃ (x;x) = F (x;x), and that F̃ (y;x) is close to F (y;x) for y close to x.
The following result renders these statements exact.

Lemma 5.2. Let B ⊂ R
n be a bounded set. Then there exists L > 0 such that for

all x, y ∈ B,

|g(y) − g̃(y;x)| ≤ L‖y − x‖2 and |F (y;x) − F̃ (y;x)| ≤ L‖y − x‖2.

Proof. By Weyl’s theorem we have λm(E) ≤ λ1(A + E) − λ1(A) ≤ λ1(E) for all
matrices A,E ∈ S

m. We apply this to A = G(y, ω) and A+E = G(x, ω)+G′(x, ω)(y−
x). Then E = O(‖y − x‖2), uniformly over x, y ∈ B and uniformly over ω ∈ [0,∞],
which is a compact set. Here we use the fact that the operators G(·, ω) are of class
C2 in x and jointly continuous in (x, ω). More precisely

sup
ω∈[0,∞]

sup
z∈co(B)

‖G′′(z, ω)‖ < ∞.

This proves |g(y) − g̃(y;x)| ≤ L1‖y − x‖2 for some L1 > 0 and all x, y ∈ B.
Moreover, f is of class C2, so that by Taylor’s formula there exists L2 > 0 such

that |f(y) − f(x) − f ′(x)(y − x)| ≤ L2‖y − x‖2 uniformly over x, y ∈ B. With
L = max{L1, L2} we obtain

|F (y;x) − F̃ (y;x)| ≤ max {|f(y) − f(x) − f ′(x)(y − x)|; |g(y) − g̃(y;x)|}
≤ L‖y − x‖2.

It is convenient to represent the local model (5.2) differently. Let us introduce

α(ω,Z) = [Z •G(x, ω) − γ2
∞] − [g(x) − γ2

∞]+ ∈ R, φ(ω,Z) = G′(x, ω)�Z ∈ R
n,

where dependence on the point x is suppressed for convenience. Then the right-hand
branch of F̃ (y;x) may be written as the envelope of cutting planes,

[g̃(y;x) − γ2
∞] − [g(x) − γ2

∞]+ = sup
ω∈[0,∞]

sup
Z∈C

α(ω,Z) + φ(ω,Z)T (y − x).
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Adding the left-hand branch of F̃ (y;x) by introducing

α0 = −μ[g(x) − γ2
∞]+, φ0 = f ′(x),

we can introduce

G = co ({(α(ω,Z), φ(ω,Z)) : ω ∈ [0,∞], Z ∈ C} ∪ {(α0, φ0)}) .

Then the local model F̃ (y;x) may be written as

F̃ (y;x) = max{α + φT (y − x) : (α, φ) ∈ G}.(5.4)

The advantage of (5.4) over (5.3) is that elements (α, φ) of G are easier to store than
elements (ω,Z) ∈ [0,∞]× C. Also, as we shall see, it is more convenient to construct
approximations Gk of G. This is addressed in the next section.

5.3. Second local model and tangent program. Suppose x is the current
iterate of our algorithm to be designed. In order to generate trial steps away from
x, we will recursively generate approximations F̃k(y;x) of F̃ (y;x), referred to as the
working models. Using (5.4), these will be of the form

F̃k(y;x) = max{α + φ�(y − x) : (α, φ) ∈ Gk},(5.5)

where Gk ⊂ G. In particular, F̃k(y;x) ≤ F̃ (y;x), with exactness F̃k(x;x) = F̃ (x;x) =
F (x;x) = 0 at y = x. Moreover, our construction presented below ensures that

∂1F̃k(x;x) ⊂ ∂1F (x;x) for all k and that the F̃k get closer to F̃ as k increases. In
tandem with the proximity control management described in section 6, this will also
ensure that the F̃k get closer to the true F . Once the set Gk is formed, a new trial
step yk+1 is computed via the tangent program:

min
y∈Rn

F̃k(y;x) + δk
2 ‖y − x‖2.(5.6)

Here δk > 0 is the so-called proximity control parameter, which is specified anew at
each step. How this should be organized will be explained in section 6.

Notice that by convexity yk+1 is a solution of (5.6) as soon as

(5.7) 0 ∈ ∂1F̃k(y
k+1;x) + δk(y

k+1 − x).

The first question is, what happens if the solution of the program (5.6) is yk+1 = x?
Lemma 5.3. Suppose yk+1 = x is the solution of the tangent program (5.6). Then

0 ∈ ∂1F (x;x).

This is indeed clear in view of (5.7), because we get 0 ∈ ∂1F̃k(x;x), which implies

0 ∈ ∂1F (x;x) by the property ∂1F̃k(x;x) ⊂ ∂1F (x;x) of a working model. The

conclusion is that as soon as 0 �∈ ∂1F (x;x), then 0 �∈ ∂1F̃k(x;x), and the trial step
yk+1 will always offer something new. In particular, if 0 �∈ ∂1F (x, x), then we know

for sure that F̃k(y
k+1;x) < F̃ (x;x) = 0, so that there is always a progress predicted

by F̃k.
Remark. In light of Lemma 5.3 it may seem natural to confine the test 0 ∈

∂1F̃ (x;x) (step 2 of the algorithm) to the first instance of the tangent program k = 1.

Indeed, if 0 ∈ ∂1F̃1(x;x), then the first tangent program will detect this and return
y2 = x, in which case we quit. However, notice that this does not work the other
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way round. If 0 ∈ ∂1F (x;x), then the tangent program based on F̃k may still find
yk+1 �= x, in which case we would not necessarily stop the inner loop. Only when
∂1F̃k(x;x) = ∂1F (x;x) are we certain that yk+1 = x. In other words, if we wish to
confine the test in step 2 of the algorithm to the first instance of the tangent program
in step 4, we have to use the full subdifferential ∂1F̃1(x;x) = ∂1F (x;x). As soon as
y2 �= x, then the inner loop is entered, and this condition is no longer required for the
following F̃k. In any case, letting ∂1F̃k(x;x) = ∂1F (x;x) does not pose a numerical
problem if ∂1F (x;x) is not exceedingly large.

From now on we assume 0 /∈ ∂1F (x, x). The solution yk+1 of (5.6) is then predict-
ing a decrease of the value of the progress function (5.1) at yk+1. This gives yk+1 the
option to improve over the current iterate x and become the new iterate x+. For this
to happen, we have to make sure that F̃k is a good model of F in the neighborhood
of x.

According to standard terminology, when yk+1 is accepted as the new iterate x+,
it is called a serious step, while trial points yk+1 which are rejected are called null
steps. If yk+1 is a null step and has to be rejected, we use it to improve the model
Gk+1 at the next sweep.

Let us now show in detail how to construct the sets Gk. We choose them of the
form

Gk = co (G0 ∪ Gc
k ∪ G∗k) , k = 1, 2, . . . ,(5.8)

where we refer to G0 as the subgradient elements, to Gc
k as the cutting planes, and

to G∗k as the aggregate element. The first property concerns G0, which is held fixed
during the iteration k.

Lemma 5.4. Let ω0 ∈ Ω(x) be any of the active frequencies at x. Choose a nor-
malized eigenvector e0 associated with the maximum eigenvalue g(x) = λ1(G(x, ω0)) of
G(x, ω0), and let Z0 := e0e

T
0 ∈ C. If we let (α0, φ0) ∈ G0 and (α(ω0, Z0), φ(ω0, Z0)) ∈

G0, and if G0 ⊂ Gk, then we have F̃k(x;x) = F (x;x) = 0 at all times k.
In practice it is useful to enrich the set G0 so that it contains the subdifferential

∂1F (x;x) at x. This can be arranged in those cases where Ω(x), the set of active
frequencies, is finite. For every ω ∈ Ω(x) let rω ≥ 1 be the eigenvalue multiplicity
of λ1 (G(x, ω)). Let the rω columns of Qω be an orthonormal basis of the maximum
eigenspace of G(x, ω). Then put

G0 = co

(
{(α(ω,Zω), φ(ω,Zω)) : ω ∈ Ω(x), Zω = QT

ωYωQω,

Yω ∈ S
rω , Yω 	 0,Tr(Yω) = 1} ∪ {(α0, φ0)}

)
.(5.9)

We observe that this set is not finitely generated, but can be handled as a semidefinite
programming constraint via the matrices Yω. However, for our convergence proof it
would be sufficient to keep just the one element required by Lemma 5.4 in G0.

Let us now look at the cutting plane sets Gc
k. Here we use a recursive construction.

Suppose the solution yk+1 of tangent program (5.6) based on the latest model Gk is a
null step. Then we need to improve the next model Gk+1, and this is done by including
a cutting plane in the new set Gc

k+1, which cuts away the unsuccessful trial step yk+1.

Lemma 5.5. Let yk+1 be the solution of tangent program (5.6) at stage k and
suppose yk+1 is a null step. Suppose the right-hand branch of (5.3) is active at
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yk+1, and let ωk+1 ∈ [0,∞] and Zk+1 ∈ C be one of the pairs where the maxi-
mum (5.2) is attained, that is, g̃(yk+1;x) − γ2

∞ − [g(x) − γ2
∞]+ = α(ωk+1, Zk+1) +

φ(ωk+1, Zk+1)
T (yk+1 − x). If we keep (α(ωk+1, Zk+1), φ(ωk+1, Zk+1)) ∈ Gc

k+1, then

F̃k+1(y
k+1;x) = F̃ (yk+1;x).

Remark. (1) Following standard terminology, we refer to this procedure as the
cutting plane element. In fact, adding ωk+1 and Zk+1 to the approximations at the
next step k + 1 will cut away the unsuccessful null step yk+1, paving the way for a
better yk+2 at the next sweep.

(2) If the right-hand branch in (5.3) is not active, it suffices to have the pair
(α0, φ0) ∈ Gk+1. As we keep this in G0 anyway, no action on cutting planes is required
in this event; i.e., we may have Gc

k+1 = ∅.
In practice it will be useful to enrich the set Gc

k+1 by what we call anticipating
cutting planes. Let us again consider the case of a finite set Ω(x). We select a finite
extension Ωe(x) of Ω(x) along the lines described in [5]. We let

(5.10)

Gc
k+1 = co

(
{(α(ωk+1, Zk+1), φ(ωk+1, Zk+1))}

∪
{
(α(ω,Zω), φ(ω,Zω)) : ω ∈ Ωe(x) \ Ω(x), Zω = QT

ωYωQω, Yω 	 0,Tr(Yω) = 1
})

,

where the columns of Qω are an orthonormal basis of some invariant subspace of
λ1 (G(x, ω)). Notice that for ω ∈ Ωe(x) \ Ω(x), the support planes belonging to
(α(ω,Zω), φ(ω,Zω)) are indeed different in nature from those retained in G0, because
they will not be exact at y = x. We may have α(ω,Zω) < 0, so these planes resemble
cutting planes, which are exact at the null steps yk+1.

Notice that convergence theory requires only (α(ωk+1, Zk+1), φ(ωk+1, Zk+1)) ∈
Gc
k+1 for the element of Lemma 5.5.

Remark. Notice that the planes in G0 are exact at x, while genuine cutting
planes are exact at the null steps yk+1. Anticipated cutting planes need not be exact
anywhere, but we have observed that they often behave similarly to true cutting
planes and can help to avoid a large number of unsuccessful null steps.

We need yet another process to improve the model Gk+1, which in the nonsmooth
terminology is referred to as aggregation, and which is needed in order to avoid storing
an increasing number of cutting planes. Suppose that the solution yk+1 of the old
tangent program (5.6) based on Gk is a null step. By the optimality condition we have

0 ∈ ∂1F̃k(y
k+1;x) + δk(y

k+1 − x). Using the representation (5.4) and the form (5.8),
we find (α0, φ0) ∈ G0, (αk+1, φk+1) ∈ Gc

k, and (α∗k, φ
∗
k) ∈ G∗k together with convex

coefficients τ0 ≥ 0, τk+1 ≥ 0, τ∗k ≥ 0, τ0 + τk+1 + τ∗k = 1, such that

0 = τ0φ0 + τk+1φk+1 + τ∗kφ
∗
k + δk(y

k+1 − x).

We put α∗k+1 = τ0α0 + τk+1αk+1 + τ∗kα
∗
k ∈ R, φ∗k+1 = τ0φ0 + τk+1φk+1 + τ∗kφ

∗
k ∈ R

n

and keep (α∗k+1, φ
∗
k+1) ∈ G∗k+1, calling it the aggregate element. Notice that we have

(α∗k+1, φ
∗
k+1) ∈ G by convexity. Altogether, this shows

0 = φ∗k+1 + δk(y
k+1 − x).(5.11)
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Lemma 5.6. Keeping the aggregate element (α∗k+1, φ
∗
k+1) in the new G∗k+1 ensures

that F̃k+1(y
k+1;x) ≥ F̃k(y

k+1;x) and that (5.11) is satisfied.
To conclude this section, let us outline how the tangent program based on the

forms (5.4) and (5.8) is solved. Notice first that elements of G0 ∪ Gc
k have the same

form (α(ω,Zω), φ(ω,Zω)), where ω ∈ Ωe(x) for some finite extension of Ω(x), and
Zω = QT

ωYωQω for some Yω 	 0, Tr(Yω) = 1. To this we add the aggregate element

(α∗k, φ
∗
k), and the element (α0, φ0) coming from the left-hand branch of F̃ . This means,

after relabeling the finite set Ωe(x) as {ω1, . . . , ωp}, we can write (5.6) in the form

min
y∈Rn

max

{
α0 + φT

0 (y − x); max
r=1,...,p

max
Yr	0,Tr(Yr)=1

αr(Yr) + φr(Yr)
T (y − x);

αp+1 + φT
p+1(y − x)

}
+

δk
2
‖y − x‖2,

where αr(Yr) = α(ωr, Zωr
), etc., and where the aggregate element (α∗k, φ

∗
k) is relabeled

(αp+1, φp+1). Replacing the maximum over the three branches by a maximum over
the convex hull of the three does not change the value of this program. Using Fenchel
duality, we may then swap the min and max operators. Then the inner minimum can
be computed explicitly, which leads to the expression

yk+1 = x− 1

δk

(
τ0φ0 +

p∑
r=1

τrφr(Yr) + τp+1φp+1

)
,

where (τ, Y ) is the dual variable. Substituting this back into the dual program, using
linearity of φ(Y ) in Y , and rewriting τrYr as a new matrix Yr with Tr(Yr) = τr leads
to the dual program

maximize τ0α0 +

p∑
r=1

αr(Yr) + τp+1αp+1 −
1

2δk

∥∥∥∥∥τ0φ0 +

p∑
r=1

φr(Yr) + τp+1φp+1

∥∥∥∥∥
2

subject to τ0 ≥ 0, τp+1 ≥ 0, Yr 	 0, and τ0 +

p+1∑
r=0

Tr(Yr) + τp+1 = 1,

which we recognize as the concave form of a semidefinite program (SDP), as soon as
we write φr(Yr) in its original form G′(x, ωr)

�QT
ωr
YrQωr . The return formula becomes

yk+1 = x− 1

δk

(
τ∗0φ0 +

p∑
r=1

φr(Y
∗
r ) + τ∗p+1φp+1

)
,(5.12)

where the dual optimal solution is (τ∗0 , Y
∗
1 , . . . , Y

∗
p , τ

∗
p+1). Notice that this SDP is

usually of small size, so that solving a succession of these programs seems a satisfactory
strategy.

To conclude, we consider the case of particular interest in which the eigenvalue
multiplicity of all matrices involved is 1, or where we decide to keep only one eigen-
vector for each leading eigenvalue. If λ1(G(x, ω)) has eigenvalue multiplicity rω = 1,
the matrices Qω are just column vectors eω, where eω is the normalized eigenvector
associated with λ1(G(x, ω)) and Yω = 1. Similarly, for the latest cutting plane we
then have Qω = eω for the normalized eigenvector of λ1(G(x, ω)+G′(x, ω)(yk+1−x)).
In this case the sets G0, Gc

k are finite, and so Gk itself is a polyhedron co{(α0, φ0), . . . ,
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(αp+1, φp+1)}, where card(Ωe(x)) = p. In this case the dual program is a convex
quadratic program which can be solved very efficiently:

maximize

p+1∑
r=0

τrαr −
1

2δk

∥∥∥∥∥
p+1∑
r=0

τrφr

∥∥∥∥∥
2

subject to τr ≥ 0, r = 0, . . . , p + 1, and

p+1∑
r=0

τr = 1,

with dual optimal solution τ∗, and the return formula is yk+1 = x− 1
δk

∑p+1
r=0 τ

∗
r φr.

5.4. The algorithm. In this section we present the nonsmooth spectral bundle
algorithm for program (2.3).

6. Management of the proximity parameter. In this section the conver-
gence proof of Algorithm 1 will be given.

To begin with, let us explain the management of the proximity control parameter
in steps 5 and 8. Notice that there are two control mechanisms, governed by the
control parameters ρk and ρ̃k. In step 5, test parameter ρk compares the current
model F̃k to the truth F . The ideal case would be ρk ≈ 1, but we accept yk+1 = xj+1

much earlier, namely, if ρk ≥ γ, where the reader might for instance imagine γ = 1
4 .

Let us call yk+1 bad if ρk < γ. So null steps are bad, while serious steps are not bad.
Imagine further that Γ = 3

4 ; then steps yk+1 with ρk > Γ are good steps. In the good

case the model F̃k seems very reliable, so we can relax proximity control a bit at the
next outer step. This is arranged by memorizing δ+ = δk/2 in step 5 of the algorithm.

It is more intriguing to decide what we should do when ρk < γ, meaning that yk+1

is bad (a null step). Here we need the second control parameter ρ̃k in step 8 to support

our decision. Adopting the same terminology, we say that the agreement between F̃
and F̃k is bad if ρ̃k < γ̃. If this is the case, we keep δk+1 = δk unchanged, being
reluctant to increase the δ-parameter prematurely, and continue to rely on cutting
planes and aggregation, hoping that this will drive F̃k closer to F̃ (and also to F )
and bring home the bacon in the end. On the other hand, if ρ̃k ≥ γ̃, then we have to
accept that driving F̃k closer to F̃ alone will not do the job, simply because F̃ itself
is too far from the true F . Here we need to tighten proximity control by increasing
δk+1 = 2δk at the next sweep. This is done in step 8 and brings F̃ closer to F .

Remark. Notice that the control parameters ρk and ρ̃k in steps 5 and 8 are well
defined because we enter the inner loop only when 0 �∈ ∂1F (x;x), in which case we

have F̃k(y
k+1;x) < F̃k(x;x) = 0.

6.1. Finiteness of inner loop. Let x be the current iterate of the outer loop.
We start our convergence analysis by showing that the inner loop terminates after a
finite number of updates k with a serious step yk+1 = x+. This will be proved in the
next three lemmas.

Recall that yk+1 is the solution of the tangent program (5.6) and may be obtained
from the dual optimal solution by the return formula (5.12), which is of the form

yk+1 = x− 1

δk

⎡
⎣τ0f ′(x) +

∑
ω∈Ωe(x)

τωG
′(x, ω)�Zω

⎤
⎦

for a finite extension Ωe(x) of Ω(x) and for certain Zω ∈ C. Since the sequence δk in
the inner loop is nondecreasing, we have the following lemma.
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Algorithm 1. Proximity control algorithm for the H2/H∞ program (2.3).

Parameters: 0 < γ < γ̃ < Γ < 1.
1: Initialize outer loop. Find initial x1 such that f(x1) < ∞ and g(x1) < ∞. Put

outer loop counter j = 1.
2: Outer loop. At outer loop counter j, stop at the current iterate xj if 0 ∈

∂1F (xj ;xj). Otherwise compute Ω(xj) and continue with inner loop.
3: Initialize inner loop. Choose approximation G1 of G as in (5.8), where G0

contains (α(ω0, Z0), φ(ω0, Z0)) for some fixed ω0 ∈ Ω(xj) and Z0 = e0e
T
0 , where

e0 is a normalized eigenvector associated with λ1(G(xj , ω0)). Possibly enrich G0

as in (5.9). Initialize Gc
1 = ∅, G∗1 = ∅, but possibly enrich using anticipated cutting

planes (5.10). Initialize proximity parameter δ1 > 0. If memory element δ+ for δ
is available, use it to initialize δ1. Put inner loop counter k = 1.

4: Trial step. At inner loop counter k for given approximation Gk and proximity
control parameter δk > 0, solve tangent program:

min
y∈Rn

F̃k(y;x
j) +

δk
2
‖y − xj‖2,

whose solution is yk+1.
5: Test of progress. Check whether

ρk =
F (yk+1;xj)

F̃k(yk+1;xj)
≥ γ.

If this is the case, accept trial step yk+1 as the new iterate xj+1 (serious step).
Compute new memory element δ+ as:

δ+ =

⎧⎨
⎩

δk
2

if ρk > Γ,

δk otherwise.

Increase outer loop counter j → j + 1, and go back to step 2. If ρk < γ, continue
inner loop with step 6 (null step).

6: Cutting plane. Select a frequency ωk+1 where g̃(yk+1, xj) is active and pick
a normalized eigenvector ek+1 associated with the maximum eigenvalue of G(xj ,
ωk+1)+G′(xj , ωk+1)(y

k+1−xj). Put Zk+1 = ek+1e
T
k+1 and assure (α(ωk+1, Zk+1),

φ(ωk+1, Zk+1)) ∈ Gc
k+1. Possibly enrich Gc

k+1 by anticipating cutting planes as in
(5.10).

7: Aggregation. Keep aggregate pair (α∗k+1, φ
∗
k+1) as in (5.11) in G∗k+1.

8: Proximity control. Compute control parameter

ρ̃k =
F̃ (yk+1;xj)

F̃k(yk+1;xj)
.

Update proximity parameter δk as

δk+1 =

{
δk if ρk < γ and ρ̃k < γ̃,
2δk if ρk < γ and ρ̃k ≥ γ̃.

Increase inner loop counter k and go back to step 4.
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Lemma 6.1. The solutions yk+1 of (5.6) satisfy

‖yk+1‖ ≤ ‖x‖ + δ−1
1

(
‖f ′(x)‖ + max

ω∈[0,∞]
‖G′(x, ω)�‖

)
< ∞.(6.1)

We are now ready to prove finite termination of the inner loop. Our first step is
the following.

Lemma 6.2. Suppose the inner loop turns forever and creates an infinite sequence
yk+1 of null steps with ρk < γ. Then there must be an instant k0 such that the control
parameter ρ̃k satisfies ρ̃k < γ̃ for all k ≥ k0.

Proof. Indeed, by assumption none of the trial steps yk+1 passes the acceptance
test in step 5, so ρk < γ at all times k. Suppose now that ρ̃k ≥ γ̃ for inifinitely many
times k. Then according to step 8 the proximity control parameter δk is increased
infinitely often, meaning δk → ∞.

Using the fact that yk+1 is the optimal solution of the tangent program (5.6) gives

0 ∈ ∂1F̃k(y
k+1;x) + δk(y

k+1 − x). Using convexity of F̃k(·;x), we deduce that

−δk(y
k+1 − x)T (x− yk+1) ≤ F̃k(x;x) − F̃k(y

k+1;x).

Using F̃k(x;x) = F (x;x) = 0, ensured by keeping (α(ω0, Z0), φ(ω0, Z0)) ∈ G0 ⊂ Gk at
all times (Lemma 5.4), we obtain

δk‖yk+1 − x‖2

−F̃k(yk+1;x)
≤ 1.(6.2)

Next, applying Lemma 5.2 to the bounded set B = {yk+1 : k ∈ N} ∪ {x} gives

(6.3)
∣∣∣F (yk+1;x) − F̃ (yk+1;x)

∣∣∣ ≤ L‖yk+1 − x‖2

for some L > 0 and every k ∈ N. Now we expand the control parameters ρk and ρ̃k
as follows:

ρ̃k = ρk +
F (yk+1;x) − F̃ (yk+1;x)

−F̃k(yk+1;x)

≤ ρk +
L‖yk+1 − x‖2

−F̃k(yk+1;x)
≤ ρk +

L

δk
(using (6.3) and then (6.2)).

Since L/δk → 0, we deduce lim sup ρ̃k ≤ lim sup ρk ≤ γ < γ̃, which contradicts ρ̃k > γ̃
for infinitely many k.

So far we know that if the inner loop turns forever, this implies ρk < γ and ρ̃k < γ̃
from some counter k0 onwards. Our next lemma shows that this cannot happen. We
refer the interested reader to [18, Proposition 4.3], where essentially the same result
is proved. For the sake of completeness and the coherence of notation we give our
own proof below.

Lemma 6.3. Suppose the inner loop turns forever and produces iterates yk+1 with
ρk < γ and ρ̃k < γ̃ for all k ≥ k0. Then 0 ∈ ∂1F (x;x).

Proof. (1) Step 8 of the algorithm tells us that from counter k0 onwards we are
in the case where the proximity parameter is no longer increased. We may therefore
assume that it remains unchanged for k ≥ k0, that is, δ := δk for all k ≥ k0.
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(2) For later use, let us introduce the function

ψk(y;x) = F̃k(y;x) + δ
2‖y − x‖2.

As we have seen already, the necessary optimality condition for the tangent program
implies

δ‖yk+1 − x‖2 ≤ F (x;x) − F̃k(y
k+1;x) = −F̃k(y

k+1;x).

Now remember that in step 7 of the algorithm we keep the aggregate (α∗k+1, φ
∗
k+1) ∈

Gk+1. Let us define the function

ψ∗k(y;x) = α∗k+1 + φ∗Tk+1(y − x) + δ
2‖y − x‖2.

We claim that

ψ∗k(y
k+1;x) = ψk(y

k+1;x) and ψ∗k(y;x) ≤ ψk+1(y;x).(6.4)

Indeed, the inequality on the right is clear because (α∗k+1, φ
∗
k+1) is retained in Gk+1

and therefore contributes to the supremum building ψk+1. As for the equality on the
left, observe that the aggregate subgradient φ∗k is the one which realizes the necessary
optimality condition for tangent program (5.6) at stage k. Now ψk(·;x) is just the
objective of this program, so the function ψ∗k(·;x) must be exact at yk+1.

We now prove the relationship

ψ∗k(y;x) = ψ∗k(y
k+1;x) + δ

2‖y − yk+1‖2.(6.5)

Indeed, notice that ψ∗k is a quadratic function, so expanding it gives

ψ∗k(y;x) = ψ∗k(y
k+1;x) + ∇ψ∗k(y

k+1;x)T (y − yk+1)

+ 1
2 (y − yk+1)T∇2ψ∗k(y

k+1;x)(y − yk+1).

But ∇2ψ∗k(y
k+1;x) = δI, so in order to establish (6.5), we have but to show that

∇ψ∗k(y
k+1;x) = 0. To prove this observe that

∇ψ∗k(y
k+1;x) = φ∗k+1 + δ(yk+1 − x)

= −δ(yk+1 − x) + δ(yk+1 − x) = 0 (using (5.11)),

so (6.5) is proved. Using this and the previous relations gives

ψk(y
k+1;x) ≤ ψ∗k(y

k+1;x) + δ
2‖yk+2 − yk+1‖2 (using (6.4) left)

= ψ∗k(y
k+2;x) (using (6.5))

≤ ψk+1(y
k+2;x) (using (6.4) right)

≤ ψk+1(x;x) (yk+2 is minimizer of ψk+1)

= F̃k(x;x) = F (x;x) = 0.

This proves that the sequence ψk(y
k+1;x) is monotonically increasing and bounded

above, so it converges to some limit ψ∗ ≤ F (x;x) = 0. Since the term δ
2‖yk+2−yk+1‖2

is squeezed in between two terms with the same limit ψ∗, we deduce that

δ
2‖yk+2 − yk+1‖2 → 0.
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Since the sequence yk+1 is bounded by Lemma 6.1, we deduce using a geometric
argument that

‖yk+2 − x‖2 − ‖yk+1 − x‖2 → 0.(6.6)

Recalling the relation F̃k(y;x) = ψk(y;x) − δ
2‖y − x‖2, we finally obtain

F̃k+1(y
k+2;x)−F̃k(y

k+1;x)(6.7)

= ψk+1(y
k+2;x) − ψk(y

k+1;x) − δ
2‖yk+2 − x‖2 + δ

2‖yk+1 − x‖2,

which converges to 0 due to ψk(y
k+1;x) → ψ∗ proved above and property (6.6).

(3) Let (αk+1, φk+1) be the cutting plane element obtained from the null step
yk+1 which we retain in Gk+1. By construction this defines an affine support plane

of F̃ (·;x) at yk+1. But on the other hand the pair (αk+1, φk+1) also contributes to

the building of the new model F̃k+1(·;x); thus the new model must be exact at yk+1,

because always F̃k+1 ≤ F̃ , so the value of F̃ is the best F̃k+1 could possibly attain.

In other words, φk+1 is also a subgradient of F̃k+1(·;x) at yk+1. That means

φT
k+1(y − yk+1) ≤ F̃k+1(y;x) − F̃k+1(y

k+1;x).

Using F̃k+1(y
k+1;x) = F̃ (yk+1;x) we therefore have

F̃ (yk+1;x) + φT
k+1(y − yk+1) ≤ F̃k+1(y;x).(6.8)

Now observe that

0 ≤ F̃ (yk+1;x) − F̃k(y
k+1;x)

= F̃ (yk+1;x) + φT
k+1(y

k+2 − yk+1) − F̃k(y
k+1;x) − φT

k+1(y
k+2 − yk+1)

≤ F̃k+1(y
k+2;x) − F̃k(y

k+1;x) + ‖φk+1‖‖yk+2 − yk+1‖ (using (6.8)),

and this term tends to 0 because of (6.7) and the boundedness of φk+1, and because
yk+1 − yk+2 → 0. We conclude that

F̃ (yk+1;x) − F̃k(y
k+1;x) → 0.(6.9)

(4) We now show that F̃k(y
k+1;x) → F (x;x) = 0, and therefore by (6.9) also

F̃ (yk+1;x) → F (x;x) = 0. Suppose, contrary to the claim, that η := F (x;x) −
lim sup F̃k(y

k+1;x) > 0. Choose 0 < θ < (1 − γ̃)η. It follows from (6.9) that there
exists k1 ≥ k0 such that

F̃ (yk+1;x) − θ ≤ F̃k(y
k+1;x)

for all k ≥ k1. Using ρ̃k < γ̃ for all k ≥ k1 gives

γ̃(F̃k(y
k+1;x) − F (x;x)) ≤ F̃ (yk+1;x) − F (x;x)

≤ F̃k(y
k+1;x) + θ − F (x;x).

Passing to the limit implies γ̃η ≥ η − θ, contradicting the choice of θ. This proves
η = 0, as claimed.
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(5) Having shown F̃k(y
k+1;x) → F (x;x) = 0, we now argue that we must have

yk+1 → x. This follows from the definition of yk+1, because

ψk(y
k+1;x) = F̃k(y

k+1;x) + δ
2‖yk+1 − x‖2 ≤ ψk(x;x) = F (x;x) = 0.

Since F̃k(y
k+1;x) → 0 by part (4), we have indeed yk+1 → x. To finish the proof,

observe that 0 ∈ ∂1ψk(y
k+1;x) implies

δ(x− yk+1)T (y − yk+1) ≤ F̃k(y;x) − F̃k(y
k+1;x)

≤ F̃ (y;x) − F̃k(y
k+1;x)(6.10)

for every y. Passing to the limit gives

0 ≤ F̃ (y;x) − F̃ (x;x),

because the left-hand side in (6.10) converges to 0 in view of yk+1 → x, and since

F̃k(y
k+1;x) → F (x;x) by (3) above. Since ∂1F̃ (x;x) ⊂ ∂1F (x;x), we are done.

6.2. Convergence of outer loop. Let us consider the sequence (xj)j∈N of
serious steps generated by Algorithm 1. We want to show that 0 ∈ ∂1F (x̄; x̄) for
every accumulation point x̄ of (xj)j∈N. We start by proving that under reasonable
hypotheses, the sequence of serious iterates of our algorithm is bounded.

Lemma 6.4. Suppose the following two hypotheses are satisfied:
(H1) g is weakly coercive in the sense that if a sequence xj satisfies ‖xj‖ → ∞ and

g(xj) > γ2
∞, then g(xj) is not strictly monotonically decreasing.

(H2) f is weakly coercive on the level set {x ∈ R
n : g(x) ≤ γ2

∞} in the sense that if
xj is a sequence of feasible iterates with ‖xj‖ → ∞, then f(xj) is not strictly
monotonically decreasing.

Then the sequence xj of serious iterates with starting point x1 generated by our algo-
rithm is bounded.

Proof. There are two cases to be discussed.
(a) Suppose the iterates are all infeasible g(xj) > γ2

∞. In that case we use axiom
(H1). Notice that in phase I we have g(xj+1) − g(xj) ≤ F (xj+1, xj) < 0, so the
sequence g(xj) is strictly decreasing. Then xj is bounded by axiom (H1).

(b) Suppose next that the iterates are feasible for j ≥ j0. In phase II we have
F (xj+1, xj) = max{f(xj+1) − f(xj), g(xj+1) − γ2

∞} ≤ 0, and hence f(xj+1) < f(xj)
for j ≥ j0. Then by axiom (H2) the sequence xj could not be unbounded.

Remark. Notice that axiom (H2) is certainly satisfied if f is coercive in the usual
sense on the feasible set, that is, if f(xj) → ∞ for feasible iterates with ‖xj‖ → ∞.
Similarly, (H1) could be replaced by the hypothesis that the set {x ∈ R

n : γ2
∞ <

g(x) ≤ g(x1)} is bounded.
We are now ready to prove convergence of the outer loop of Algorithm 1.
Theorem 6.5. Let axioms (H1) and (H2) be satisfied. Then every accumulation

point x̄ of the sequence of serious steps xj generated by the algorithm satisfies 0 ∈
∂1F (x̄; x̄). In particular, x̄ is either a critical point of constraint violation or an
F. John critical point of the mixed H2/H∞ program (2.3).

Proof. The second part of the statement follows from Lemma 5.1. Let us prove
0 ∈ ∂1F (x̄; x̄).

(1) We first prove convergence F (xj+1;xj) → 0 (j → ∞). By construction, we
know that F (xj+1;xj) ≤ 0 for every j ∈ N. We now distinguish two cases.
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Case 1: there exists j0 ∈ N such that g(xj0) ≤ γ2
∞. From that index onwards we

have

F (xj+1;xj) = max
{
f(xj+1) − f(xj); g(xj+1) − γ2

∞
}
≤ 0,

and hence f(xj+1) ≤ f(xj) and g(xj) ≤ γ2
∞. That means the sequence (f(xi))i∈N

is monotone decreasing from j0 onwards. For any accumulation point x̄ of (xj)j∈N,
continuity of f shows that f(x̄) is an accumulation point of (f(xi))i∈N, and by the
monotone sequences theorem, this implies f(xj) −→ f(x̄). Now for j ≥ j0 we have

F (xj+1;xj) = max
{
f(xj+1) − f(xj); g(xj+1) − γ2

∞
}
,

and hence lim infj→∞ F (xj+1;xj) ≥ limj→∞ f(xj+1) − f(xj) = 0. In tandem with
F (xj+1;xj) ≤ 0 this clearly implies F (xj+1;xj) → 0 (j → ∞).

Case 2: g(xj) > γ2
∞ for all j ∈ N. Here

F (xj+1;xj) = max
{
f(xj+1) − f(xj) − μ[g(xj) − γ2

∞]; g(xj+1) − g(xj)
}
≤ 0.

Hence (g(xj))j∈N is monotonically decreasing. As in the first case, we prove that by
continuity of g, g(x̄) is an accumulation point and so a limit point of (g(xj))j∈N. We
deduce in the same way that F (xj+1;xj) → 0.

(2) Suppose that at the jth stage of the outer loop the inner loop accepts a serious
step at k = kj . Then xj+1 = ykj+1. By the definition of ykj+1 as minimizer of the
tangent program (5.6), this means

δkj

(
xj − xj+1

)
∈ ∂1F̃kj (x

j+1;xj).

By the subgradient inequality this gives

δkj

(
xj − xj+1

)T (
xj − xj+1

)
≤ F̃kj (x

j ;xj) − F̃kj
(xj+1;xj) = −F̃kj

(xj+1;xj),

where F̃kj
(xj ;xj) = F (xj ;xj) = 0 by Lemma 5.4. Since xj+1 = ykj+1 was accepted

in step 4 of the algorithm, we have ρkj ≥ γ, i.e., −F̃kj (x
j+1;xj) ≤ −γ−1F (xj+1;xj).

Altogether

0 ≤ δkj‖xj − xj+1‖2 ≤ −γ−1F (xj+1;xj).

Since F (xj+1;xj) converges to 0 by part (1), we deduce δkj
‖xj − xj+1‖2 → 0. We

claim that this implies φj = δkj

(
xj − xj+1

)
→ 0 (j → ∞).

(3) Suppose on the contrary that there exists an infinite subsequence j ∈ N of N

such that ‖φj‖ = δkj‖xj − xj+1‖ ≥ η > 0 for some η > 0 and every j ∈ N . Therefore

δkj
‖xj − xj+1‖2 ≥ η‖xj − xj+1‖ ≥ 0

for j ∈ N , which implies (xj −xj+1)j∈N → 0. That is possible only when (δkj )j∈N →
∞. We now argue that there exists yet another infinite subsequence N ′ of N with
the property that δkj → ∞, (j ∈ N ′), and such that in addition for each j ∈ N ′, the
doubling rule to increase δk in step 7 of the algorithm was applied at least once before
xj+1 = ykj+1 was accepted by the inner loop. To construct N ′, we associate with
every j ∈ N the last outer-loop instant j′ ≤ j where the δ-parameter was increased
at least once while the inner loop was turning, and we let N ′ consist of all these j′,
j ∈ N . It could happen that j′ = j, but in general we know only that

2δkj′−1
≤ δkj′ and δkj′ ≥ δkj′+1

≥ · · · ≥ δkj
.

The latter ensures δkj′ → ∞, j′ ∈ N ′.
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Let us say that for j ∈ N ′, the doubling rule was applied for the last time at
kj − νj for some νj ≥ 1. That is, we have δkj−νj+1 = 2δkj−νj

, while the δ-parameter
was frozen during the remaining steps before acceptance, i.e.,

δkj
= δkj−1 = · · · = δkj−νj+1 = 2δkj−νj .(6.11)

Recall from step 7 of the algorithm that we have ρk < γ and ρ̃k ≥ γ̃ for those k,
where the step was not accepted and the doubling rule was applied. That is,

ρkj−νj
=

F (xj ;xj) − F (ykj−νj+1;xj)

F (xj ;xj) − F̃kj−νj
(ykj−νj+1;xj)

=
F (ykj−νj+1;xj)

F̃kj−νj (y
kj−νj+1;xj)

< γ

and

ρ̃kj−νj =
F (xj ;xj) − F̃ (ykj−νj+1;xj)

F (xj ;xj) − F̃kj−νj
(ykj−νj+1;xj)

=
F̃ (ykj−νj+1;xj)

F̃kj−νj
(ykj−νj+1;xj)

≥ γ̃.

By definition of ykj−νj+1 and according to (6.11), we now have

1
2δkj

(
xj − ykj−νj+1

)
∈ ∂1F̃kj−νj

(ykj−νj+1;xj).

Using F̃kj−νj
(xj ;xj) = F (xj ;xj) = 0 and the subgradient inequality for F̃kj−νj

(·;xj)
at ykj−νj+1 gives

1
2δkj

(
xj − ykj−νj+1

)T (
xj − ykj−νj+1

)
≤ F̃kj−νj

(xj ;xj) − F̃kj−νj
(ykj−νj+1;xj)

≤ −F̃kj−νj
(ykj−νj+1;xj).

This could also be written as

δkj‖xj − ykj−νj+1‖2

−F̃kj−νj (y
kj−νj+1;xj)

≤ 2.(6.12)

Now we know from Lemma 6.4 that the set of serious iterates xj is bounded. In
tandem with Lemma 6.1, which relates the norm of the null steps yk+1 to the norm
of xj , we deduce that the set B = {xj : j ∈ N} ∪ {yk+1 : k = 1, . . . , kj , j ∈ N} is
bounded. Then Lemma 5.2 provides L > 0 such that

(6.13) |F (ykj−νj+1;xj) − F̃ (ykj−νj+1;xj)| ≤ L‖ykj−νj+1 − xj‖2

for all j ∈ N ′. Now expanding the expression ρ̃kj−νj gives

ρ̃kj−νj
= ρkj−νj

+
F (ykj−νj+1;xj) − F̃ (ykj−νj+1;xj)

−F̃kj−νj (y
kj−νj+1;xj)

≤ ρkj−νj +
L‖xj − ykj−νj+1‖2

−F̃kj−νj
(ykj−νj+1;xj)

(using (6.13))

≤ ρkj−νj +
2L

δkj

(using (6.12)).
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Since ρj < γ and L/2δkj
→ 0 for the infinite subsequence j ∈ N ′, we deduce

lim supj∈N ′ ρ̃kj−νj
≤ lim supj∈N ′ ρkj−νj

≤ γ < γ̃, contradicting ρ̃j ≥ γ̃ > γ for the in-
finitely many j ∈ N ′. This proves that an infinite sequence j ∈ N with ‖φj‖ ≥ η > 0
could not exist. The conclusion is that (φj)j∈N = (δkj (x

j − xj+1))j∈N converges to 0.
(4) Let x̄ be an accumulation point of the sequence of serious steps xj and pick

a convergent subsequence xj → x̄, j ∈ N . We have to prove 0 ∈ ∂1F (x̄; x̄).

Since φj = δkj (x
j − xj+1) is a subgradient of F̃kj

(·, xj) at ykj+1 = xj+1 we have

φT
j h ≤ F̃kj (x

j+1 + h;xj) − F̃kj (x
j+1;xj)

≤ F̃ (xj+1 + h;xj) − F̃kj
(xj+1;xj) (using F̃kj

≤ F̃ )

for every test vector h ∈ R
n. Now we use the fact that ykj+1 = xj+1 was accepted in

step 4 of the algorithm. That means

−F̃kj (x
j+1;xj) ≤ −γ−1F (xj+1;xj).

Combining these two estimates gives

φT
j h ≤ F̃ (xj+1 + h;xj) − γ−1F (xj+1;xj)(6.14)

for every test vector h. Now fix h′ ∈ R
n and choose the test vector hj = xj−xj+1 +h′

for j ∈ N ′. Substituting this in (6.14) we obtain

(6.15) δkj‖xj − xj+1‖2 + φT
j h
′ ≤ F̃ (xj + h′;xj) − γ−1F (xj+1;xj).

Now observe that δkj‖xj − xj+1‖2 → 0 by part (2), and φj = δkj
(xj − xj+1) → 0 by

part (3). This means that the left-hand side of (6.15) converges to 0. As for the terms
on the right, recall that F (xj+1;xj) → 0 by part (1) of the proof. Finally, by joint

continuity of F̃ (·; ·), the term F̃ (xj + h′;xj) converges to F̃ (x̄ + h′; x̄). We conclude,

passing to the limit j ∈ N ′ in (6.15) and using F̃ (x̄; x̄) = 0, that

0 ≤ F̃ (x̄ + h′; x̄) = F̃ (x̄ + h′; x̄) − F̃ (x̄; x̄).

As this works for every h′ ∈ R
n, we have shown 0 ∈ ∂1F̃ (x̄; x̄), and hence also

0 ∈ ∂1F (x̄; x̄).

7. Implementation. Algorithm 1 has been implemented for both structured
and unstructured mixed synthesis, and we use the enriched versions of G0 and Gc

k to
speed up convergence. Notice that in some of the examples in section 8, the controller
has to be strictly proper to ensure well-posedness of the H2 norm. (Namely, DK = 0
in (2.2) when D2u and Dy2 are nonzero in the plant (2.1).) In those cases the data in
(2.2) are no longer freely assigned, the parameterizations being K = K(AK , BK , CK)
with a linear operator K. More general types of parameterizations would equally well
fit into our approach and are referred to as structural constraints on the controller.

7.1. Stopping criteria. Notice that Algorithm 1 is a first-order method, which
may be slow in the neighborhood of a local solution of (2.3). As in [5], we have there-
fore implemented termination criteria, which avoid pointless computational efforts
during the final phase, where iterates make minor progress. Our first stopping test
checks criticality 0 ∈ ∂1F (x;x) by computing

inf{||h|| : h ∈ ∂1F (x;x)} < ε1.
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Fig. 1. H2/H∞ optimal static controllers K(γ∞) = (K1(γ∞),K2(γ∞)) ∈ R
2 for the vehicular

suspension control problem. [‖T∞(K∞)‖∞, ‖T∞(K2)‖∞] � γ∞ �→ K(γ∞) continuously transforms
the H∞ optimal gain K∞ into the H2 optimal gain K2.

Notice that this program is similar (but easier) than the SDP discussed in section 5.3,
because the linear terms in that cast are not needed.

A second test compares the progress of the local model around the current iterate:

(7.1) |F (x+;x)| ≤ ε2.

Our third test compares the relative step length to the controller gains:

(7.2) ||x+ − x|| ≤ ε3(1 + ||x||).

For stopping, we require that either the first or the second and third to be satisfied.

7.2. Choice of the performance level γ∞. In all test examples we first com-
pute (locally) optimal H2- and H∞-controllers K2 and K∞. It is now trivial (see,
e.g., [10]) that the performance level γ∞ in program (2.3) has to satisfy

‖T∞(K∞)‖∞ ≤ γ∞ < ‖T∞(K2)‖∞.(7.3)

Indeed, the mixed H2/H∞ problem (2.3) is infeasible for γ∞ < ‖T∞(K∞)‖∞, while for
γ∞ ≥ ‖T∞(K2)‖∞ the optimal H2-controller K2 is also optimal for (2.3). Disregarding
complications due to (multiple) local minima, it would make sense, in a specific case
study, to consider the entire one-parameter family K(γ∞) of solutions of (2.3) as
a function of the gain value γ∞ over the range (7.3), as this would transform K∞
continuously into K2 (see, e.g., Figure 1). In our tests we only compute K(γ∞) for
those values γ∞ which allow comparison to previous results in the literature.

Table 1 reports the problem dimensions nx, ny, nu and the synthesized controller
orders nK . Columns 5 and 6 report ‖T∞(K∞)‖∞ and ‖T∞(K2)‖∞, which are the
bounds in (7.3), needed to choose γ∞ correctly. In column 4 we report ‖T2(K2)‖2,
because it gives a lower bound on the optimal value ‖T2(K(γ∞))‖2 of (2.3).

Notice that in columns ‖T2(K2)‖2 and ‖T∞(K∞)‖∞ we would expect decreasing
values for a fixed example as nK increases. However, in CM4 the orders 0 and 50
give, respectively, 9.2645e-01 and 9.3844e-01, which is not as it should be, because
the order 50 controller is worse than the static controller. This phenomenon is due
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Table 1

Problem dimensions and bounds obtained from locally optimal H2 and H∞ synthesis for the
test examples in section 8.

Problem (nx, ny , nu) nK ‖T2(K2)‖2 ‖T∞(K2)‖∞ ‖T∞(K∞)‖∞

Academic ex. [10] (2, 1, 1) 0 6
1
4 3√

5
1

Academic ex. [49] (3, 1, 1) 3 7.748 23.586 9.5196

Vehicular (4, 2, 1) 0 32.416 6.3287 4.8602

suspension [51] 2 32.299 6.1828 4.8573

4 32.267 6.3260 4.6797

Four disks [27] (8, 1, 1) 2 0.5319 3.1658 0.31411

4 0.4767 2.6194 0.31393

8 0.3782 1.39 0.27537

From COMPleib:

AC14 (40, 4, 3) 1 21.369 230.8318 104.15

10 8.1039 100.4121 100.11

20 7.5628 100.3566 100

BDT2 (82, 4, 4) 0 7.9389e-01 1.3167 0.67421

10 7.8877e-01 1.1386 0.72423

41 7.7867e-01 1.1302 0.77405

HF1 (130, 1, 2) 0 5.8193e-02 0.4611 0.44721

10 5.8151e-02 0.4617 0.44721

25 5.8149e-02 0.4613 0.44721

CM4 (240, 1, 2) 0 9.2645e-1 1.6546 0.81650

50 9.3844e-1 4.2541 0.81746

to the fact that in all cases nK < nx, we only compute local minima of the H∞
program, and similarly, of the H2 program. As nK increases, more local minima
appear, and it may be very difficult to improve the situation. This is obviously
very unsatisfactory, and appropriate procedures to initialize at a given order nK are
currently being investigated.

7.3. Initialization by a stabilizing controller. In all our test examples, we
use the techniques in [11] to compute a closed-loop stabilizing initial K0, which is
not necessarily feasible for (2.3). This allows us to test phase I of our method. K∞
may always be chosen as a feasible initial iterate, so that phase I could in principle be
avoided, but we prefer to use various ways to initialize Algorithm 1. In the full-order
case nK = nx, K2 and K∞ are computed by algebraic Riccati equations (AREs)
as routinely available in the MATLAB control toolbox. In the reduced-order case
nK < nx, things are more complicated, and minima are in general only local. The
locally optimal H∞-controller K∞ is computed by the method of [5], which uses the
initial closed-loop stabilizing K0 to initialize the procedure. Methods to compute K2

in the reduced-order case nK < nx are discussed in [43]. Since the objective function
f(K) is not defined everywhere, standard software for unconstrained programming
may face difficulties, and we have implemented a Polak–Rivière conjugate gradient
method (with a special safeguard to stay in the set D of exponentially stabilizing
controllers) to compute K2. An alternative is of course to use Algorithm 1 with
γ∞ so large that γ∞ > ‖T∞(K2)‖2 can be ensured. But this is often slow, because
Algorithm 1 is a first-order method. This confirms the observation of the authors of
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Fig. 2. Full-order mixed H2/H∞ synthesis for the four disks problem: the values of the H2

norm in relation to the number of serious steps are shown for four different values of the penalty
parameter μ. Here we choose μ ∈ {0, 0.1, 0.5, 10}. Vertical lines point out the instant at which the
iterates become feasible.

[43], who report slow convergence for H2 synthesis based on first-order (gradient-type)
methods and recommend using second-order methods instead.

7.4. Stability constraint. Notice that closed-loop stability of K is not a con-
straint in the usual sense of mathematical programming, because the set D of closed-
loop exponentially stabilizing K is an open domain. In the program (2.3), closed-loop
stability K ∈ D is a hidden constraint, which may cause problems because the func-
tions f and g are not defined outside D. The strategy which we adopt here is to
compute an initial closed-loop stabilizing controller K0 ∈ D and ignore the hidden
constraint during the optimization process. Since f(K0) < ∞ and g(K0) < ∞, our
algorithm produces iterates Kj with f(Kj) < ∞ and g(Kj) < ∞ at all times j, and
most of the time this ensures that Kj remains closed-loop stabilizing, i.e., Kj ∈ D.

7.5. Choice of μ. In [42, section 2.6] a similar progress function is discussed
for objectives which are maxima of finite or infinite families of smooth functions,
but a line search method is obtained. In both cases convergence theory works for
arbitrary values of the parameter μ, so that no immediate insight into the choice of
μ is obtained. Yet in practice the choice of μ may influence the actual performance
of the algorithm.

Figure 2 and Table 2 present the numerical results of our nonsmooth algorithm for
the four disks problem presented in section 8. After computing an initial stabilizing
controller K0, the nonsmooth algorithm is run with four different values of the penalty
parameter μ, including the case μ = 0 to compare with the improvement function of
[44].

As we can see in Table 2, for μ = 0 the algorithm fails to reach a feasible point.
This is indeed a case where we could identify the final K of phase I where g(K) > γ2

∞
as a local minimum of f alone. Recall that when μ = 0, every descent step of the
improvement function is a descent step of both f and g, and the algorithm then gets
trapped as soon as it reaches a local minimum of either f or g. Choosing μ > 0
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Table 2

Data and numerical results of H2/H∞ synthesis for the four disks for four different values of μ.

Problem Four disks [27]

(nx, ny , nu) (8, 1, 1)

γ∞ 0.6

μ 0 0.1 0.5 10

Serious steps 43 24 53 36

‖T2(K(γ∞))‖2
2 0.1795 0.2087 0.2054 0.2068

‖T∞(K(γ∞))‖∞ 0.7411 0.6000 0.6000 0.6000

Stop test Tests (7.1) and (7.2) Criticality

allows a possible increase of the objective f during phase I, so that being trapped at
an infeasible local minimum of f alone can be avoided.

Among the choices μ > 0 we have noticed that when μ is not too small, the number
of iterations needed to reach a feasible point decreases as μ increases. However,
choosing too large a μ, as shown by the two last columns in Table 2, does not give the
best results either, so this trend seems to be true only for a certain range. Nothing
decisive can be proposed to date, but μ of the same order of magnitude as the progress
function without the penalty term so far gave the best results in practice.

7.6. Choice of Γ. The last issue we address is the choice of Γ, which is crucial,
because step 5 is the only place in the algorithm where the proximity parameter δk
can be reduced. Too large a Γ gives few reductions of δk, and since the latter is often
increased during the inner loop, this bears the risk of exceedingly large δk, causing
the algorithm to stop.

To illustrate this observation, we have run the four disks example in section 8 for
three different values Γ ∈ {0.4, 0.6, 0.8}; see Table 3. The results are illustrated in
Figure 3 and Table 3. We observe that the number of iterations increases with the
values of Γ. The best numerical results were obtained for Γ = 0.6, and this is the
value we retained for all the numerical tests. At least over a certain range one can
say that the larger Γ, the smaller the steps accepted as serious steps x → x+, and the
more outer iterations are needed to reach the same H2 performance.

Table 3

Full-order mixed H2/H∞ synthesis for the four disks problem for three different values of the
parameter Γ ∈ {0.4, 0.6, 0.8}.

Problem Four disks [27]

(nx, ny , nu) (8, 1, 1)

γ∞ 0.6

μ 0.5

Γ 0.4 0.6 0.8

Serious steps 36 53 77

‖T2(K(γ∞))‖2
2 0.2062 0.2054 0.2106

‖T∞(K(γ∞))‖∞ 0.6000 0.6000 0.6000

8. Numerical experiments. In this section we test our nonsmooth algorithm
on a variety of H2/H∞ synthesis problems from the literature.

8.1. Two academic examples. We first present two academic examples whose
models are described in [10] and [49, Example 1]. Notice that the first one is simple
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Fig. 3. Full-order mixed H2/H∞ synthesis for the four disks problem: the values of the H2

norm versus the number of serious steps for three different values of the parameter Γ ∈ {0.4, 0.6, 0.8}.

enough to allow explicit computation of static output feedback controllers u = Ky
for H2, H∞, and H2/H∞ synthesis. The problem data are given in Table 1.

Table 4 confirms that our proximity control algorithm successfully performs the
H2/H∞ synthesis on the two considered examples. We not only improve the results
computed by the LMI approaches in [10] and [49], we even obtain the theoretical
values of the H2 and H∞ norms.

Table 4

Results of H2/H∞ synthesis for two academic examples.

Problem Academic ex. [10] Academic ex. [49]

(nx, ny , nu) (2, 1, 1) (3, 1, 1)

μ 10 1

nK 0 0 1 3

γ∞ 2 1.2 1.2 23.6 12

Serious steps 6 8 14 83 56

‖T2(K(γ∞))‖2 1.5651 1.5735 1.5394 7.7484 10.4538

‖T∞(K(γ∞))‖∞ 1.3416 1.2 1.2 23.591 12.0000

K(γ∞) [ −0.8165 ] [ −0.9458 ] Kf1 Kf2 Kf3

Stop test Criticality

(LMI) H2 norm - 1.5778 - 8.07 -

Explicit H2 norm - 1.5735 - 7.748 -

Kf1
=

[
−1.437 −0.8101

0.8141 −0.4998

]
, Kf2

=

⎡
⎢⎢⎢⎣
−2.5810 1.0823 −0.0623 −0.5097

−0.5748 −1.5170 2.1121 1.6238

−0.1396 −2.8266 −2.1852 1.7986

0.2724 −0.4702 −2.6967 0

⎤
⎥⎥⎥⎦,

Kf3
=

⎡
⎢⎢⎢⎣
−1.9113 −0.7161 −1.8332 −0.0065

0.6940 −4.4787 1.7584 −2.1896

0.5231 −3.2821 −3.0458 3.4518

−3.2830 1.1238 −2.6107 0

⎤
⎥⎥⎥⎦
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Table 5

Mixed H2/H∞ synthesis for the vehicular suspension problem.

Problem Vehicular suspension controller design [51]

(nx, ny , nu) (4, 2, 1)

nK 0 0 2 4

μ 1 1 102 102

γ∞ 10 5.225 5.225 5.225

Serious steps 502 155 496 157

‖T2(K(γ∞))‖2 32.474 34.446 33.312 33.311

‖T∞(K(γ∞))‖∞ 6.2641 5.2250 5.2250 5.2236

K(γ∞) [ 37016 1473 ] [ 41600 2393 ] Kf1 Kf2

Stop test Criticality

Kf1
=

⎡
⎢⎣ 0.0895 0.3310 0.7272 0.0644

−0.0670 −0.1540 0.4871 −0.0103

0.7986 0.2764 0.1618 1.7366

⎤
⎥⎦ e + 03,

Kf2
=

⎡
⎢⎢⎢⎢⎢⎣

−0.2156 −0.5614 −0.0012 0.0006 −0.0927 0.0817

0.0728 0.1511 −0.0042 0.0020 −0.5677 −0.0378

0.0010 −0.0003 0.0011 0.0044 0.0004 0.0005

0.0044 −0.0018 −0.0006 −0.0018 0.0007 0.0005

0.4743 −0.2764 0.0004 0.0004 0.0922 1.7370

⎤
⎥⎥⎥⎥⎥⎦ e + 03

8.2. Vehicular suspension controller design. The model of the vehicular
suspension is described in [15] and [51]. We first focus on static H2/H∞ synthesis.
The H∞ performance level in (2.3) is chosen as γ∞ = 5.225 and the optimal solution
we obtain is

K(γ∞) = [ 41600 2393 ].

The H2 norm computed by our algorithm is ||T2(K(γ∞))||2 = 34.446, compared
to 35.8065 obtained in [51], which gives an improvement of 3.8%. Moreover, the
H∞ performance is ||T∞(K(γ∞))||∞ = 5.2250, compared to 5.0506 obtained in [51].
This shows that the H∞ constraint is not active in the heuristic [51], highlighting
the inevitable conservatism of the LMI approaches. In contrast, our method always
attains the constraint within the numerical precision.

These results are shown in Table 5, which also gives the results of H2/H∞ syn-
thesis for dynamic controllers of order nK = 2, 4. Notice that in the first column
of Table 5 by choosing the H∞ performance level γ∞ > γ2 = ‖T∞(K2)‖∞, where
‖T∞(K2)‖∞ is given in Table 1, the H2/H∞ solution is close to the solution of the
H2 synthesis.

8.3. Four disks. The four disks model is originally described in [16] and has
previously been studied to evaluate reduced-order design methods. The open loop
plant is of order nx = 8 and has two stable poles.

We first focus on mixed H2/H∞ synthesis of full-order controllers in order to
compare our nonsmooth algorithm to the original Riccati equation approach in [27].
The results are presented in Table 6. We also give results of H2/H∞ synthesis of
reduced-order controllers in Table 7.

As can be seen in Table 6, our method gives significant improvement over the
older results in [27] based on coupled Riccati equations. This highlights the reduction
of conservatism of our approach compared to Riccati and LMI methods.

8.4. COMPleib examples. The models in this section are from the COMP leib
collection [34]: aircraft model AC14, distillation tower BDT2, heat flow in a thin rod



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1542 P. APKARIAN, D. NOLL, AND A. RONDEPIERRE

Table 6

Full-order mixed H2/H∞ synthesis for the four disks problem (nK = 8): the square H2 norm
is computed in order to compare our results to those in [27].

Problem Four disks [27]

(nx, ny , nu) (8, 1, 1)

μ 0.1 0.1 0.1 0.1 0.5

γ∞ 1 0.9 0.8 0.7 0.52

Serious steps 35 17 29 49 39

‖T2(K(γ∞))‖2
2 0.1558 0.1612 0.1707 0.1829 0.2299

‖T∞(K(γ∞))‖∞ 1.000 0.9000 0.8000 0.7000 0.5200

Stop test Criticality

Square H2 norm in [27] 0.168 0.176 0.187 0.203 0.262

H∞ norm in [27] 0.855 0.797 0.732 0.661 0.511

Improvement 7.26% 8.41 % 8.72% 9.90% 12.25%

Table 7

Reduced-order mixed H2/H∞ synthesis for the four disks problem.

Problem Four disks [27]

(nx, ny , nu) (8, 1, 1)

μ 1

γ∞ 0.52

nK 2 4 6 7

Serious steps 23 18 30 47

‖T2(K(γ∞))‖2 0.2321 0.2308 0.23041 0.2304

‖T∞(K(γ∞))‖∞ 0.52 0.52 0.52 0.52

Stop test Criticality

HF1, and cable mass model CM4. They are originally designed for H∞ synthesis, so
an H2 channel was added as suggested by Leibfritz [33, 34]. The same channel is used
for both H2 and H∞ performance in example AC14, while we choose B2 = B∞ and
Dy2 = 0 for the three other models. This way the H2 norm is well-posed.

In each example, we first choose the H∞ performance level γ∞ larger than
‖T∞(K2)‖∞. In doing this we have to obtain an estimate of the optimal H2 per-
formance ‖T2(K2)‖2 given in Table 1. Numerical results are in Tables 8 and 9.

As an illustration, Figures 4 and 5 show the evolution of the H2 and H∞ norms,
for example, BDT2, during the first iterations.

In Figure 4 we observe phases I and II of the algorithm. As long as iterates remain
infeasible, descent steps to reduce constraint violation are generated, sometimes caus-
ing the objective to increase. As soon as the feasible domain g(x) ≤ γ2

∞ is reached,
descent of the objective f begins, and iterates stay feasible.

Figure 5 shows the frequency plot ω �→ λ1

(
T∞(Ki, jω)HT∞(Ki, jω)

)
of the H∞

constraint during the first 6 iterations (serious steps) Ki, i = 1, . . . , 6, along with
the second eigenvalue λ2. As can be seen, the maximum ‖T∞(Ki)‖2

∞ is sometimes
attained at a single marked peak ω, while other cases feature rather a flat plateau in
the low frequency band. Multiple peaks appear usually at the end of the process, but
cannot be ruled out at any moment, as shown by the lower right plot, which has a
plateau where λ1 and λ2 are close. Stars indicate frequencies kept in the extended set
Ωe(Ki).
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Table 8

Results of mixed H2/H∞ synthesis for test examples from COMPleib. Criticality is pointed out
by a � on the number of serious steps.

Problem (nx, ny , nu) nK γ∞ Serious steps ‖T2(K(γ∞))‖2 ‖T∞(K(γ∞))‖∞
AC14 (40, 4, 3) 1 1000 300(max.) 21.370 231.31

10 1000 300(max.) 8.7813 101.26

1 200 263� 21.476 200

20 200 300(max.) 7.9879 100

BDT2 (82, 4, 4) 0 10 148� 8.0402e-01 1.0585

10 10 543� 7.6480e-01 1.1438

0 0.8 324� 7.9092e-01 7.9999e-01

10 0.8 404� 7.7146e-01 0.8000

41 0.8 115� 7.8882e-01 0.8000

HF1 (130, 1, 2) 0 10 7 5.8193e-02 4.6087e-01

0 0.45 7� 5.8795e-02 4.4999e-01

10 0.45 7� 5.8706e-02 4.5000e-01

25 0.45 33� 5.8700e-02 4.4993e-01

CM4 (240, 1, 2) 0 10 5� 9.2645e-01 1.6555

0 1 20� 9.8438e-01 1

25 1 15� 9.5330e-01 1.000

50 1 41� 9.4038e-01 1.000

Table 9

Static H2/H∞ output feedback controllers for examples from COMPleib.

Problem γ∞ K(γ∞)

BDT2 10

⎡
⎢⎢⎢⎣

−0.6186 −0.1426 −0.5414 4.929

0.6357 −0.5457 −3.851 16.85

−0.07527 0.2962 −1.287 6.601

0.9223 0.4668 −4.091 22.34

⎤
⎥⎥⎥⎦

0.8

⎡
⎢⎢⎢⎣

−0.9207 0.9647 −5.4243 9.8225

0.7452 −1.3280 −4.4241 −0.8141

−0.7119 2.1754 −10.226 14.3827

0.0887 1.7433 −13.4102 12.1358

⎤
⎥⎥⎥⎦

HF1 10 [ −0.1002 −1.1230 ]

0.45 [ −0.2521 −1.116 ]

CM4 10 [ −0.5448 −1.3322 ]

1 [ −0.5146 −0.8073 ]

9. Conclusion. We have studied and tested a nonlinear mathematical program-
ming approach to the mixed H2/H∞-controller synthesis problem. The importance
of this problem was recognized in the late 1980s, but approaches based on AREs
could not be brought to work satisfactorily. It is possible to characterize the optimal
H2/H∞-controller by way of the Q-parameterization, but as soon as the controller
has to satisfy additional structural constraints, such as, for instance, reduced-order
nK < nx, an analytic solution does not exist. In that situation convexity methods
based on LMIs and AREs are no longer suitable, and finding the globally optimal
solution is known to be NP -hard. As a consequence, we propose a strategy based on
local optimization, which comes with a weaker certificate, but has the benefit of work-
ing in practice. The problem being nonconvex, nonsmooth, and semi-infinite, we have
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Fig. 4. Example BDT2: H2 norm during the first 50 iterations.
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Fig. 5. Example BDT2: Largest and second largest eigenvalues versus frequency in logarithmic
scale, the first 6 iterations. Observe that the second eigenvalue λ2 is strictly below the first one on
the range ω ≤ 104, except for the bottom right plot, where coalescence on a low frequency band seems
to occur.

developed a nonsmooth constrained programming technique suited for the H2/H∞
problem and other programs of a similar structure. The new method has been tested
on several benchmark studies and shown to perform better than existing methods.
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[44] C. Sagastizábal and M. Solodov, An infeasible bundle method for nonsmooth convex con-
strained optimization without a penalty function or a filter, SIAM J. Optim., 16 (2005),
pp. 146–169.

[45] C. W. Scherer, Multiobjective H2/H∞ control, IEEE Trans. Automat. Control, 40 (1995),
pp. 1054–1062.

[46] C. W. Scherer, Mixed H2/H∞ control, in Trends in Control: A European Perspective,
A. Isidori, ed., Springer-Verlag, Berlin, 1995, pp. 173–216.

[47] C. W. Scherer, Lower bounds in multi-objective H2/H∞ problems, in Proceedings of the 38th
IEEE Conference on Decision and Control, 1999, pp. 3605–3610.

[48] C. W. Scherer, An efficient solution to multi-objective control problems with LMI objectives,
Systems Control Lett., 40 (2000), pp. 43–57.

[49] C. Scherer, P. Gahinet, and M. Chilali, Multi-objective output-feedback control via LMI
optimization, IEEE Trans. Automat. Control, 42 (1997), pp. 896–911.

[50] J.-B. Thevenet, D. Noll, and P. Apkarian, Non linear spectral SDP method for BMI con-
strained problems: Applications to control design, in Proceedings of the First International
Conference on Informatics in Control, Automation and Robotics, INSTICC Press, Setúbal,
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GENERALIZED S-PROCEDURE FOR INEQUALITY CONDITIONS
ON ONE-VECTOR-LOSSLESS SETS AND

LINEAR SYSTEM ANALYSIS∗

YOSHIO EBIHARA† , KATSUTOSHI MAEDA† , AND TOMOMICHI HAGIWARA†

Abstract. The generalized version of the S-procedure, recently introduced by Iwasaki and
co-authors and Scherer independently, has proved to be very useful for robustness analysis and
synthesis of control systems. In particular, this procedure provides a nonconservative way to convert
specific inequality conditions on lossless sets into numerically verifiable conditions represented by
linear matrix inequalities (LMIs). In this paper, we introduce a new notion, one-vector-lossless sets,
and propose a generalized S-procedure to reduce inequality conditions on one-vector-lossless sets
into LMIs without any conservatism. By means of the proposed generalized S-procedure, we can
examine various properties of matrix-valued functions over some regions on the complex plane. To
illustrate the usefulness, we show that full rank property analysis problems of polynomial matrices
over some specific regions on the complex plane can be reduced into LMI feasibility problems. It
turns out that many existing results such as Lyapunov’s inequalities and LMIs for state-feedback
controller synthesis readily follow from the suggested generalized S-procedure.

Key words. S-procedure, one-vector-lossless set, linear matrix inequalities
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1. Introduction. Recently, the generalized version of the S-procedure has been
introduced independently by Iwasaki and Hara [7, 8], Iwasaki, Meinsma, and Fu [9],
Iwasaki and Shibata [10], and Scherer [14, 15, 16, 17]. Basically speaking, this proce-
dure enables us to convert intractable semi-infinite parametrized linear matrix inequal-
ities into numerically verifiable finite-dimensional linear matrix inequalities (LMIs).
The scope of its application is wide and includes a variety of robustness analysis and
synthesis problems in linear control system theory.

Among these recent papers, in [9, 8], the following inequality condition with
respect to a Hermitian matrix Θ and a subset S of Hermitian matrices is discussed:

(1.1) ζ∗Θζ > 0 ∀ζ ∈ G, G := {ζ ∈ Cn : ζ �= 0, ζ∗Sζ ≥ 0 ∀S ∈ S} .
It can be easily seen that a sufficient condition for (1.1) is given by

(1.2) ∃S ∈ S such that Θ � S.

The procedure to replace (1.1) by (1.2) is called the generalized S-procedure in [9,
8]. Generally, this replacement introduces conservatism; the condition (1.2) is only
sufficient for (1.1) and may not be necessary. The significance of the studies in [9, 8]
lies in the fact that the generalized S-procedure has been proved to be nonconservative
if the set S is lossless1 [9, 8]. If the set S is lossless, then the set S is convex and hence

∗Received by the editors March 25, 2005; accepted for publication (in revised form) February 8,
2008; published electronically May 14, 2008. This work was supported in part by the Ministry
of Education, Science, Sports and Culture, Grant-in-Aid for Young Scientists (B), 18760319. A
conference version of this paper was presented at the 43rd IEEE Conference on Decision and Control,
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1In the paper [8], the terminology “rank-one separable” is used in place of “lossless.”
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the LMI condition (1.2) can be verified numerically via sophisticated interior-point
methods [1, 4].

When we deal with linear system analysis and synthesis problems by working with
the generalized S-procedure in [9, 8], the underlying idea is that inequality conditions
on matrix-valued functions G(λ) over curves λ ∈ Λ (Λ ⊂ C) can be reformulated into
a conformable form to the condition (1.1) by considering an appropriate Hermitian
matrix Θ and a lossless set S [9, 8]. When dealing with a linear system, its various
properties can be characterized by inequality conditions on their transfer functions in
the frequency domain [1, 20, 21]. In [9, 8], those frequency domain inequalities are
reformulated in the form of (1.1) so that the generalized S-procedure can be applied.
It follows that we can verify various properties of linear systems without introducing
any conservatism by solving LMIs resulting from the generalized S-procedure.

For linear system analysis and synthesis, however, we also need to verify inequality
conditions on matrix-valued functions G(λ) over region λ ∈ D (D ⊂ C). For example,
full rank property analysis of polynomial matrices over some specific regions on the
complex plane forms an important basis for the stability analysis of linear systems
[1, 6]. In view of these facts, it should be quite natural to pose the following question:
Can we verify various properties of matrix-valued functions G(λ) over region λ ∈ D
(D ⊂ C) by following similar lines to the generalized S-procedure?

To answer this question, in this paper, we first introduce a new notion, one-vector-
lossless sets, and provide a nonconservative generalized S-procedure for inequality
conditions on this set. More precisely, by taking account of the fact that the properties
of lossless sets are fully used to represent curves on the complex plane [9, 8], we first
consider to relax the requirements for the lossless sets and define one-vector-lossless
sets, which enables us to represent regions on the complex plane. Then, we clarify
under what condition the generalized S-procedure for inequality conditions on this
set is nonconservative. It follows that we can provide a counterpart result of [9, 8] in
the case of the one-vector-lossless sets.

To illustrate the usefulness of the proposed generalized S-procedure, we show
that full rank property analysis problems of polynomial matrices over some regions
D ⊂ C can be reduced into LMI feasibility problems. It turns out that the well-
known results such as Lyapunov’s inequalities for stability analysis of linear systems
[1, 5] and LMIs for state-feedback controller synthesis [1, 18] follow immediately from
the full rank property analysis by means of the proposed generalized S-procedure.
Thus, in conjunction with the results in [8, 16], the present paper reveals that most
LMI results in linear system theory can be captured in a unified fashion within the
framework of the generalized S-procedure.

We use the following notation in this paper. For a matrix A, its transpose and
complex conjugate transpose are denoted by AT and A∗, respectively. For a matrix
A ∈ Cn×m with rank(A) = r < n, A⊥ ∈ C(n−r)×n is a matrix such that A⊥A = 0
and A⊥(A⊥)∗ � 0. The symbols Hn and Pn denote the sets of n × n Hermitian
matrices and positive-definite Hermitian matrices, respectively. For matrices Ψ and
P , we denote by Ψ ⊗ P their Kronecker product. For λ ∈ C and Ψ ∈ H2, we define
a function σ : C × H2 → R by

σ(λ,Ψ) :=

[
λ
1

]∗
Ψ

[
λ
1

]
.

2. Generalized S-procedure for inequality conditions on one-vector-
lossless sets. The notion of one-vector-lossless sets plays an important role in this
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paper. In this section, we first describe its precise definition and provide a noncon-
servative generalized S-procedure for inequality conditions on this set.

Definition 2.1 (one-vector-lossless sets). A subset S ⊂ Hn is said to be one-
vector-lossless if it has the following properties:

(a) S is convex.
(b) S ∈ S ⇒ τS ∈ S ∀τ > 0.
(c) For each nonzero matrix H ∈ Cn×n with rank r that satisfies

(2.1) H = H∗ � 0, trace(SH) ≥ 0 ∀S ∈ S,

there exist vectors ζi ∈ Cn (i = 1, . . . , r) such that H =
∑r

i=1 ζiζ
∗
i and the

condition ζ∗j Sζj ≥ 0 (∀S ∈ S) holds for at least one index j.
This definition has been introduced by relaxing the requirements for the lossless

sets given in [9]. Indeed, Definition 2.1 becomes the requirements for the lossless sets
by replacing (c) by (c’) given in the following:

(c’) For each nonzero matrix H ∈ Cn×n with rank r that satisfies (2.1), there
exist vectors ζi ∈ Cn (i = 1, . . . , r) such that

H =

r∑
i=1

ζiζ
∗
i , ζ∗i Sζi ≥ 0 ∀i, ∀S ∈ S.

This property is referred to as rank-one separable in [8]. Detailed analysis on this
property can also be found in [13].

By comparing the conditions (c) and (c’), we see that the condition ζ∗j Sζj ≥ 0
(∀S ∈ S) is required only for one index j in the definition of the one-vector-lossless
sets. Hence, it is obvious that a lossless set is one-vector-lossless.

In the case where the set S is lossless, the condition (1.1) can be converted into
(1.2) without introducing any conservatism. The following theorem gives a counter-
part of this result in the case where the set S is one-vector-lossless.

Theorem 2.2 (the generalized S-procedure for inequality conditions on one-
vector-lossless sets). Let Θ ∈ Hn and a one-vector-lossless set S ⊂ Hn be given. If
Θ = Θ∗ � 0, then the following statements are equivalent:

(i) ζ∗Θζ > 0 ∀ζ ∈ G, G := {ζ ∈ Cn : ζ �= 0, ζ∗Sζ ≥ 0 ∀S ∈ S}.
(ii) There exists S ∈ S such that Θ � S.
Proof. (ii) ⇒ (i). Suppose (ii) holds. Then, there exists S0 ∈ S such that

ζ∗(Θ − S0)ζ > 0 (∀ζ �= 0). This inequality implies that

ζ∗Θζ > 0 ∀ζ ∈ G0, G0 := {ζ ∈ Cn : ζ �= 0, ζ∗S0ζ ≥ 0} .

Since G ⊂ G0, we can conclude that the condition (ii) implies (i).
(i) ⇒ (ii). Suppose (ii) does not hold, i.e., there is no S ∈ S such that Θ � S.

Then, since S is convex, it follows from the separating hyperplane theorem [11] that
there exists a nonzero matrix H ∈ Cn×n such that

(2.2) H = H∗ � 0, trace((Θ − S)H) ≤ 0 ∀S ∈ S.

In view of the property (b) of the one-vector-lossless set, we see that the following
conditions are necessary for the second condition in (2.2) to hold:

(2.3) trace(ΘH) ≤ 0, trace(SH) ≥ 0 ∀S ∈ S.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1550 Y. EBIHARA, K. MAEDA, AND T. HAGIWARA

Since S is one-vector-lossless, it follows from the property (c) of Definition 2.1 that
the second condition from (2.3) implies the existence of the vectors ζi (i = 1, . . . , r)
such that H =

∑r
i=1 ζiζ

∗
i and ζ∗j Sζj ≥ 0 (∀S ∈ S) for some j, where r is the rank of

H. For those vectors ζi, the first condition in (2.3) implies ζ∗i Θζi = 0 (i = 1, . . . , r)
due to the assumption Θ = Θ∗ � 0. These facts in particular imply that ζ∗j Θζj = 0
and ζj ∈ G for at least one index j. This clearly contradicts the condition (i).

We note that, in comparison with the case where the set S is lossless [9], an
additional condition Θ = Θ∗ � 0 has been imposed in Theorem 2.2. This could be
regarded as a price to pay for relaxing the requirements on the set S from a lossless
one to a one-vector-lossless one.

By means of the generalized S-procedure in Theorem 2.2, we can convert the
semi-infinite inequality condition (i) into the numerically verifiable LMI condition
in (ii). Hence, when we deal with control system analysis and synthesis problems
at hand, a crucial step is to reduce those problems into a form conformable to the
condition (i). This step is not obvious in general. When exploring such reduction, it
is indispensable to see concretely what sets are indeed one-vector-lossless. In the next
theorem, we will show a class of one-vector-lossless sets that is relevant to control
system analysis and synthesis.

Theorem 2.3. Let Ψ ∈ H2 with det(Ψ) < 0 and Γ ∈ C2n×l be given. Define a
subset of Hermitian matrices by

(2.4) S := {Γ∗(Ψ ⊗ P )Γ : P ∈ Pn} .

Then the set S is one-vector-lossless.
Proof. The proof is rather technical and thus given in the appendix.
It is meaningful to examine the property of one-vector-lossless set S given by (2.4)

in comparison with the lossless set Sl discussed in [8], where

Sl := {Γ∗(Ψ ⊗ P )Γ : P ∈ Hn} .

To see a significant difference between these two sets, let us take Ψ = diag(−1, 1) and
Γ = I2n for simplicity and consider the following set that concerns the condition (i)
in Theorem 2.2:
(2.5)

G :=

{[
f1

f0

]
∈ C2n : f0, f1 ∈ Cn,

[
f1

f0

]
�= 0,

[
f1

f0

]∗
S

[
f1

f0

]
≥ 0 ∀S ∈ S

}
.

Then, we can show that the above set defined from the one-vector-lossless set S
coincides with

(2.6) L :=

{[
f1

f0

]
∈ C2n : f1 = sf0 for some s ∈ D

}
,

where D denotes the closure of the open unit disc D on the complex plane. On the
other hand, if we replace the one-vector-lossless set S in (2.5) by the lossless set Sl,
then the resulting set Gl coincides with the set Ll obtained by replacing D in (2.6)
by ∂D. These observations clearly indicate that the lossless sets are related to curves
on the complex plane, while the one-vector-lossless sets are related to regions on the
complex plane. This is the key observation to develop the generalized S-procedure
for inequality conditions on the one-vector-lossless sets. We show in the next section
that full rank property analysis problems of polynomial matrices over some regions
on the complex plane can be dealt with by the proposed generalized S-procedure.
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3. Linear system analysis using generalized S-procedure. For given com-
plex matrices Mk ∈ Cn×m (k = 0, . . . , N) with n ≥ m, let us consider the n × m

complex polynomial matrix represented by M(s) =
∑N

k=0 s
kMk. We assume that the

normal rank of M(s) is m. Following the discussions in [6, 19], we define a (finite)
zero of M(s) as a complex value z ∈ C for which the rank of M(s) drops from its
normal value, i.e., rank(M(z)) < m. In linear system analysis and synthesis, it is of
great importance to determine whether the zeros of given polynomial matrix M(s)
belong to a specific region D ⊂ C. This can be restated equivalently in the way that
the polynomial matrix M(s) is of full-column rank for all s ∈ Dc, where Dc denotes
the complement of the region D in C. In the subsequent discussions, we restrict our
attention to the regions defined below.

Definition 3.1. For given Ψ ∈ H2 with det(Ψ) < 0, we define a set DΨ and its
complement Dc

Ψ by

(3.1) DΨ := {λ ∈ C : σ(λ,Ψ) < 0} , Dc
Ψ := {λ ∈ C : σ(λ,Ψ) ≥ 0} .

By selecting the Hermitian matrix Ψ in (3.1) appropriately, we can obtain several
important regions in linear system analysis and synthesis. In particular, by letting

(3.2) Ψc :=

[
0 1
1 0

]
, Ψd :=

[
1 0
0 −1

]
,

we see that DΨc
and DΨd

coincide with the open left half plane C− and the open unit
disc D, respectively. These regions are particularly important for stability analysis of
continuous- and discrete-time linear systems.

We are now in the right position to show that the full rank property analysis
problems of polynomial matrices can be reduced into LMI feasibility problems by
means of the proposed generalized S-procedure. We note that such reduction into
LMIs is also investigated in the preceding studies, and similar results to the next
theorem can also be found in the literature; see, for example, [6].

Theorem 3.2. Let complex matrices Mk ∈ Cn×m (k = 0, . . . , N) with n ≥ m

and Ψ =
[ ψ11 ψ12

ψ∗
12 ψ22

]
∈ H2 with det(Ψ) < 0 be given, and define M(s) :=

∑N
k=0 s

kMk,

M := [ MN · · · M0 ]. Suppose either of the following assumptions holds:
1. MN is of full-column rank.
2. ψ11 < 0.

Then, the following conditions are equivalent:
(i) The polynomial matrix M(s) is of full-column rank for all s ∈ Dc

Ψ.
(ii)

f∗M∗Mf > 0 ∀f ∈ L,
L :=

{
f ∈ C(N+1)m : f �= 0, f∗Sf ≥ 0 ∀S ∈ SW

}
,

SW := {W ∗(Ψ ⊗ P )W : P ∈ PNm} ,

W :=

[
W1

W2

]
, W1 :=

[
INm

0m,Nm

]∗
, W2 :=

[
0m,Nm

INm

]∗
.

(iii) There exists P ∈ PNm such that

(3.3) M∗M−W ∗(Ψ ⊗ P )W � 0.

If the matrices Mk (k = 0, . . . , N) and Ψ are all real, then the equivalence still holds
when we restrict P to be real.
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Proof. The proof for the equivalence of (i) and (ii) is given in the appendix. The
main step of the proof, the equivalence of (ii) and (iii), follows immediately from
Theorems 2.2 and 2.3. Indeed, the set SW is one-vector-lossless by Theorem 2.3
while it is clear that M∗M � 0. Hence the generalized S-procedure in Theorem 2.2
establishes the equivalence of (ii) and (iii). Noting that the real case results can be
shown by following similar arguments to [9], we complete the proof.

From this theorem, we see that full rank property of polynomial matrices can
be assessed by simply solving the LMI (3.3), provided that either assumption 1 or 2
is satisfied. From the definition of Dc

Ψ in (3.1), we see that the assumption ψ11 < 0
enforces the region Dc

Ψ to be bounded. To put it another way, our assumption requires
that the matrix MN is of full-column rank if the region Dc

Ψ is unbounded. When
studying the full rank property of polynomial matrices over unbounded regions, it is
well-known that we have to take a special care on zeros at infinity [2, 3, 6, 19], and the
assumption 1 is surely a sufficient condition for the absence of the zeros at infinity.
Hence, under the assumption 1, delicate problems stemming from zeros at infinity
have been excluded from our discussions.

It is obvious that the result in Theorem 3.2 forms an important basis for dealing
with stability related issues in linear system analysis. In particular, the (generalized)
Lyapunov’s inequality [1, 5] is surely a special case of (3.3). In addition, existing
LMI results for D-stabilizability also follow from Theorem 3.2, where a matrix pair
A ∈ Cn×n, B ∈ Cn×m is said to be D-stabilizable iff there exists K ∈ Cm×n such
that sI − (A+BK) is nonsingular for all s ∈ Dc. From the Popov–Belevitch–Hautus
(PBH) tests [20, 21], this condition can be restated equivalently as [ sI −A B ]∗ is
of full-column rank for all s ∈ Dc. Hence, for the region DΨ, we can conclude from
Theorem 3.2 that the pair (A,B) is DΨ-stabilizable iff there exists P ∈ Pn such that

[
In −A∗

0m,n B∗

]∗ [
In −A∗

0m,n B∗

]
− ΨT ⊗ P � 0.

From Finsler’s lemma [1], this LMI can be rewritten as

(3.4) B⊥
[
A I

]
(ΨT ⊗ P )

[
A∗

I

]
(B⊥)∗ ≺ 0.

The condition (3.4) is known as the elimination-of-variables type LMI condition
for state-feedback stabilizing controller synthesis with respect to the stability re-
gion DΨ [18]. In this way, we can derive existing stability-related LMI conditions
straightforwardly by means of the generalized S-procedure for inequality conditions
on one-vector-lossless set.

4. Conclusion. In this paper, we first introduced a new notion, one-vector-
lossless sets, and provided a nonconservative generalized S-procedure for inequality
conditions on the one-vector-lossless sets. We next showed that full rank property
analysis problems of polynomial matrices over some regions on the complex plane
can be reduced into LMI feasibility problems by means of the proposed generalized
S-procedure. It turned out that many existing results such as Lyapunov’s inequalities
for stability analysis of linear systems and LMIs for state-feedback controller synthesis
can be viewed as particular cases of this result. To summarize, in conjunction with
[8, 16], this paper clarified that most LMI results in linear control system theory can
be grasped within the unified framework of the generalized S-procedure.
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5. Appendix.

5.1. Proof of Theorem 2.3. We need the following lemma for the proof.
Lemma 5.1. For given F,G ∈ Cn×m, and Ψ =

[ ψ11 ψ12

ψ∗
12 ψ22

]
∈ H2 with det(Ψ) < 0,

suppose

(5.1) ψ11FF ∗ + ψ∗12FG∗ + ψ12GF ∗ + ψ22GG∗ � 0.

Then, there exists a unitary matrix U ∈ Cm×m such that

(5.2) ψ11f̃1f̃
∗
1 + ψ∗12f̃1g̃

∗
1 + ψ12g̃1f̃

∗
1 + ψ22g̃1g̃

∗
1 � 0,

where

(5.3)
[
f̃1 · · · f̃m

]
:= FU,

[
g̃1 · · · g̃m

]
:= GU, f̃i, g̃i ∈ Cn (i = 1, . . . ,m).

Proof. We give the proof only for the case ψ11 > 0. Other cases can be proved
similarly. If ψ11 > 0, then the condition (5.1) can be rewritten equivalently as(

F +
ψ12

ψ11
G

)(
F +

ψ12

ψ11
G

)∗
� −ψ−2

11 det(Ψ)GG∗.

From [12], this condition holds iff there exists a matrix W ∈ Cm×m such that

(5.4)

√
−ψ−2

11 det(Ψ)G =

(
F +

ψ12

ψ11
G

)
W, ||W || ≤ 1.

Since ||W || ≤ 1, for each eigenvalue λ of W and its associated eigenvector ξ, we have
Wξ = λξ, |λ| ≤ 1, ξ∗ξ = 1. Taking one such ξ, we can construct a unitary matrix U
of the form U =

[
ξ U

]
, U ∈ Cm×(m−1). Then, we see from (5.4) that the vectors f̃1

and g̃1 defined by (5.3) with this unitary matrix U satisfy√
−ψ−2

11 det(Ψ)g̃1 =

(
f̃1 +

ψ12

ψ11
g̃1

)
λ (|λ| ≤ 1).

This implies (5.2).
Now we are ready to prove Theorem 2.3.
Proof. It is obvious that the set S given in (2.4) has the properties (a) and (b)

in Definition 2.1. To prove the property (c), let H ∈ Cl×l be a nonzero matrix that
satisfies (2.1). In addition, we denote the full rank factorization of H by

(5.5) H = LL∗, L ∈ Cl×r, r := rank(H).

With this L, define

(5.6)

[
F
G

]
:= ΓL, F,G ∈ Cn×r.

Then, the second condition in (2.1) can be rewritten as

trace((ψ11FF ∗ + ψ∗12FG∗ + ψ12GF ∗ + ψ22GG∗)P ) ≥ 0 ∀P ∈ Pn.

It can be seen that this condition holds iff (5.1) holds. Hence, from Lemma 5.1, there
exists a unitary matrix U ∈ Cr×r that satisfies (5.2) with f̃i, g̃i ∈ Cn (i = 1, . . . ,m)
given by (5.3). Here, note that (5.2) is equivalent to

(5.7) trace((ψ11f̃1f̃
∗
1 + ψ∗12f̃1g̃

∗
1 + ψ12g̃1f̃

∗
1 + ψ22g̃1g̃

∗
1)P ) ≥ 0 ∀P ∈ Pn.

By defining [ ζ1 · · · ζr ] := LU , we have H =
∑r

i=1 ζiζ
∗
i . On the other hand, from

(5.6) and (5.3), it is apparent that [ f̃∗1 g̃∗1 ]∗ = Γζ1. Hence, we see from (5.7) that the
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condition ζ∗1Γ∗(Ψ⊗P )Γζ1 ≥ 0 (∀P ∈ Pn) holds or, equivalently, ζ∗1Sζ1 ≥ 0 (∀S ∈ S).
This clearly shows that the set S satisfies the property (c) of Definition 2.1.

5.2. Proof of the equivalence of (i) and (ii) in Theorem 3.2. The condi-
tion (i) can be restated equivalently as

f∗M∗Mf > 0 ∀f ∈ K,
K :=

{
f = [ f∗N · · · f∗0 ]∗ ∈ C(N+1)m : f0 �= 0,

∃s ∈ Dc
Ψ such that fk+1 = sfk (k = 0, . . . , N − 1)} .

Hence, to prove the equivalence of (i) and (ii), it suffices to show that K = L. To this
end, we first note that K = L′, where

L′ := {f = [ f∗N · · · f∗0 ]∗ ∈ C(N+1)m :
fk ∈ Cm (k = 0, . . . , N),
f0 �= 0, f∗Sf ≥ 0 ∀S ∈ SW }.

To see this, suppose f = [ f∗N · · · f∗0 ]∗ ∈ K, and define fu, fl ∈ CNm by

(5.8) fu := [ f∗N · · · f∗1 ]∗ = W1f, fl := [ f∗N−1 · · · f∗0 ]∗ = W2f.

Then, from the definition of K, the following inequality holds for all P ∈ PNm:

f∗W ∗(Ψ ⊗ P )Wf =

[
fu
fl

]∗
(Ψ ⊗ P )

[
fu
fl

]

=

[
sfl
fl

]∗
(Ψ ⊗ P )

[
sfl
fl

]
= σ(s,Ψ)f∗l Pfl ≥ 0.

This shows that f ∈ L′, and hence K ⊂ L′. On the other hand, suppose f =
[ f∗N · · · f∗0 ]∗ ∈ L′, and define fu and fl by (5.8). Then, from the definition of L′, we
have

trace ((ψ11fuf
∗
u + ψ∗12fuf

∗
l + ψ12flf

∗
u + ψ22flf

∗
l )P ) ≥ 0 ∀P ∈ PNm.

It can be easily seen that the above condition implies

(5.9) ψ11fuf
∗
u + ψ∗12fuf

∗
l + ψ12flf

∗
u + ψ22flf

∗
l � 0.

Moreover, under the assumption f0 �= 0, we have fl �= 0, and hence (5.9) holds iff
fu = sfl for some s ∈ Dc

Ψ [12]. This clearly shows that f ∈ K and hence L′ ⊂ K.
Thus we can conclude K = L′.

To complete the proof, note that L = L′ ∪ J ′, where

J ′ := {f = [ f∗N · · · f∗0 ]∗ ∈ C(N+1)m :
fk ∈ Cm (k = 0, . . . , N), f �= 0, f0 = 0, f∗Sf ≥ 0 ∀S ∈ SW }.

Moreover, we can show that the set J ′ is equivalent to

J := {f = [ f∗N · · · f∗0 ]∗ ∈ C(N+1)m :
fk ∈ Cm (k = 0, . . . , N),
fN �= 0, fk = 0 (k = 0, . . . , N − 1), f∗Sf ≥ 0 ∀S ∈ SW }.

To see the equivalence of J ′ and J , let us take a vector f ∈ J ′. Furthermore, define
fu and fl by (5.8) and suppose fl �= 0. Then, the vectors fu and fl should satisfy
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(5.9), and thus fu = sfl holds for some s ∈ Dc
Ψ. Since f0 = 0, however, fu = sfl

implies fl = 0. This clearly contradicts the assumption fl �= 0. Hence, we have fl = 0
and thus f ∈ J . This shows that J ′ ⊂ J . On the other hand, it is apparent that
J ⊂ J ′, and hence we have J ′ = J .

Summarizing the above arguments, L = K ∪ J holds. Hence, the equivalence of
(i) and (ii) can be verified by showing that the condition f∗M∗Mf > 0 holds for all
f ∈ J under either assumption 1 or 2. If ψ11 < 0, however, it can be easily seen
that the set J is empty. On the other hand, if ψ11 ≥ 0, then we have M∗NMN � 0
from the assumption. This indicates that f∗M∗Mf = f∗NM∗NMNfN > 0 (∀f ∈ J ).
Hence, we can conclude that the conditions (i) and (ii) are equivalent under either
assumption 1 or 2. This completes the proof.
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Abstract. This paper is devoted to the analysis of a second order method for recovering the
a priori unknown shape of an inclusion ω inside a body Ω from boundary measurement. This inverse
problem—known as electrical impedance tomography—has many important practical applications
and hence has been the focus of much attention during the past few years. However, to the best of
our knowledge, no work has yet considered a second order approach for this problem. This paper
aims to fill that void: We investigate the existence of second order derivative of the state u with
respect to perturbations of the shape of the interface ∂ω. Then we choose a cost function in order
to recover the geometry of ∂ω and derive the expression of the derivatives needed to implement the
corresponding Newton method. We then investigate the stability of the process and explain why
this inverse problem is severely ill-posed by proving the compactness of the Hessian at the global
minimizer.
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1. Introduction. Let Ω be a bounded open set with smooth boundary in R
N ,

with N ≥ 3. Consider an L∞ function σ such that there exists a real c with σ(x) ≥
c > 0. Consider the elliptic equation

(1) −div
(
σ(x)∇u

)
= 0 in Ω,

with the Dirichlet boundary condition

(2) u = f on ∂Ω.

Define the Dirichlet-to-Neumann map as

Λσ : f �→ σ (∂nu)|∂Ω ,

where u solves (1), (2) and n is the outer unit normal vector to ∂Ω. The inverse
conductivity problem of Calderón is to determine σ from Λσ. Electrical impedance
tomography aims to form an image of the conductivity distribution σ from the knowl-
edge of Λσ. When σ is smooth enough, one can reconstruct σ from Λσ (see the works
of Sylvester and Uhlmann [23], Nachman [16, 17], and Novikov [18]). When the con-
ductivity distribution is only L∞, Astala and Päivärinta have recently shown in [4]
that, in dimension two, the map Λσ determines σ ∈ L∞(Ω).

We are interested in a particular case of that problem: when a body is inserted
inside a given object with a distinct conductivity, the question of determining its
shape from boundary measurement arises in many fields of modern technology. In
the context of the inverse problem of conductivity of Calderón, we restrict the range
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of admissible conductivity distributions to the family of piecewise constant functions
which take only two distinct values, σ1, σ2 > 0, which are assumed to be known. The
conductivity distribution is then defined by an open subset ω as

(3) σ = σ1χΩ\ω + σ2χω.

Here, the only unknown of the problem is ω, a subdomain of Ω with a smooth bound-
ary ∂ω; its outer unit normal vector is denoted by n. The notation χω (respectively,
χΩ\ω) denotes the characteristic function of ω (respectively, Ω \ ω). The second main
difference arises from practical considerations: it is unrealistic from the point of view
of applications to know the full graph of Dirichlet-to-Neumann. Therefore, we will
assume that one has access to a single point in that graph. This nondestructive test-
ing problem is usually written from a numerical point of view as the minimization
of a cost function: typically a least-squares matching criterion. Many authors have
investigated the steepest descent method for this problem [13, 8, 11, 20, 3] with the
methods of shape optimization since the unknown parameter is a geometrical domain.

This work is devoted to the study of second order methods for this problem, which
has only be considered before for simplified models in [6, 2]. By introducing second
order methods, one aims to reach two distinct objectives.

• On one hand, we provide all the needed material to design a Newton algo-
rithm. By Newton algorithm, we mean the usual second order scheme of
optimization. We will give differentiability results for the state function and
for the objective that we have chosen to study in this work. Nevertheless, we
point out that the discretization of a Newton method for this problem turns
out to be very delicate; this is why, in the present paper, we will neither
discuss this problem nor present numerical examples. Some simulations in
the bidimensional case are presented in [1].

• On the other hand, we analyze rigorously the well-posedness of the optimiza-
tion method. This is justified by the huge numerical literature devoted to the
numerical study of this question in the field of inverse problems; the numer-
ical experiments insist on the ill-posedness of this problem. We will explain
the instability in the continuous settings in terms of shape optimization. We
show that the shape Hessian is not coercive. In fact, its Riesz operator is
compact. This property explains the instability of the minimization process.

2. Statement of the results. Let us describe the precise problem under consid-
eration and the notation. We consider a bounded domain Ω ⊂ R

N with a C2 boundary.
It is filled with a material whose conductivity is σ1 and with an unknown inclusion ω
in Ω of conductivity σ2 �= σ1. We search to reconstruct the shape of ω by measuring
∂Ω, the input voltage, and the corresponding output current. In what follows, we fix
d0 > 0 and consider inclusions ω such that ω ⊂⊂ Ωd0 = {x ∈ ω, d(x, ∂Ω) > d0}. We
also assume that the boundary ∂ω is of class C4,α. The inverse problem arises when
one has access to the normal vector derivative of the potential u that solves (1), (2)
when the conductivity distribution is defined by (3). Assume that one knows

(4) σ1∂nu = g on ∂Ω.

Then the problem (1), (2), (4) is overdetermined. The electrical impedance tomogra-
phy problem we consider is to recover the shape of ω from the knowledge of the single
Cauchy pair (f, g).

In order to recover the shape of the inclusion ω, an usual strategy is to mini-
mize a cost function. Many choices are possible; however, it turns out that a Kohn
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and Vogelius–type objective leads to a minimization problem with nicer properties
than the least-squares fitting approaches (we refer to [3] for a comparison of different
objectives with order one methods, and to [2] for the case of a perfectly insulated
inclusion). Therefore, we study such a cost function in this work.

Let us define this criterion. Its distinctive feature is to involve two state functions,
ud and un: the state ud solves (1), (2), while un solves (1), (4). The Kohn–Vogelius
objective JKV is then defined as

(5) JKV (ω) =

∫
Ω

σ|∇(ud − un)|2.

Let us sum up the results of this paper concerning the minimization of this objective.
We first prove differentiability results for the state ud. In what follows, we use the
convention that a bold character denotes a vector. If h denotes a deformation field, it
can be written as h = hτ +hnn on ∂ω. Note also that in the following lines, n denotes
the outer normal field to ∂ω pointing into Ω\ω. Hence, for x ∈ ∂ω, we define, when the
limit exists, u±(x) (respectively, (∂nu)±(x)) as the limit of u(x± tn(x)) (respectively,
〈∇u(x ± tn(x),n(x))) when t > 0 tends to 0. Note that hτ is a vector while hn is a
scalar quantity.

The admissible deformation fields have to preserve ∂Ω and the regularity of the
boundaries: therefore the space of admissible fields is

H = {h ∈ C4,α(Rd,Rd),Supp(h) ⊂ Ωd0}.

The following result concerns the first order derivative of the state functions ud and
un. It was derived in [8, 20, 3].

Theorem 1. Let Ω be an open smooth subset of R
N and let ω be an element

of Ωd0
with a boundary of class C4,α. Then the state functions ud and un are shape

differentiable; furthermore their shape derivatives u′d and u′n belong to H1(Ω \ ω) ∪
H1(ω) and satisfy

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Δu′d = 0 in Ω \ ω and in ω,[
u′d
]

= hn

[σ]

σ1
∂nu

−
d on ∂ω,[

σ∂nu
′
d

]
= [σ]divτ (hn∇τud) on ∂ω,

u′d = 0 on ∂Ω.

(6)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Δu′n = 0 in Ω \ ω and in ω,[
u′n
]

= hn

[σ]

σ1
∂nu

−
n on ∂ω,[

σ∂nu
′
n

]
= [σ]divτ (hn∇τun) on ∂ω,

∂u′n = 0 on ∂Ω.

(7)

The first main result of this work concerns the second order derivative. It is given
in the following theorem.

Theorem 2. Let Ω be an open smooth subset of R
N and let ω be an element of

Ωd0 with a C4,α boundary. Let h1 and h2 be two deformation fields in H. Then the
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state ud has a second order shape derivative u′′d ∈ H1(Ω \ ω) ∪ H1(ω) that solves

(8)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu′′d = 0 in Ω \ ω and in ω,[
u′′d
]

=
(
h1,nh2,nH − h1τ .(Dnh2τ )

)
[∂nud] −

(
h1,n[∂n(ud)

′
2] + h2,n[∂n(ud)

′
1]
)

+
(
h1τ .∇h2,n + h2τ .∇h1,n

)
[∂nud] on ∂ω,[

σ∂nu
′′
d

]
= divτ

(
h2,n

[
σ∇τ (ud)

′
1

]
+ h1,n

[
σ∇τ (ud)

′
2

]
+ h1τ .(Dnh2τ )[σ∇τud]

)
− divτ

(
(h1τ .∇τh2,n + ∇τh1,n.h2τ ) [σ∇τud]

)
− divτ

(
h2,nh1,n(2Dn −HI) [σ∇τud]

)
on ∂ω,

u′′d = 0 on ∂Ω.

Here, (ud)
′
i denotes the first order derivative of u in the direction of hi as given in (6),

Dn stands for the second fundamental form of the manifold ∂ω, and H stands for the
mean curvature of ∂ω. Note that H is then the sum of the main curvatures and not
the scaled version (divided by n− 1) in dimension n.

The twin result concerning un is an easy adaption of Theorem 2. Once the differ-
entiability of the state function has been established, one can consider the objectives.
In [3], we have shown the first order result.

Theorem 3. Let Ω be an open smooth subset of R
N and let ω be an element

of Ωd0
with a C4,α boundary. Let h1 and h2 be two deformation fields in H. The

Kohn–Vogelius objective is differentiable with respect to the shape, and its derivative
in the direction of a deformation field h is given by

(9) DJKV (ω)h = [σ]

∫
∂ω

[
σ1

σ2

(
|∂nu

+
d |2 − |∂nu

+
n |2
)

+ |∇τud|2 − |∇τun|2
]
hn.

We now give the second order derivative of the Kohn–Vogelius criterion.
Theorem 4. Let Ω be an open smooth subset of R

N and ω an element of Ωd0 with
a C4,α boundary. Let h1 and h2 be two deformation fields in H. The Kohn–Vogelius
objective is twice differentiable with respect to the shape, and its second derivative in
the directions h1 and h2 is given by

D2JKV (ω)(h1,h2) =

∫
∂ω

[
σ|∇v|2

] (
h1τ .∇τ (h2,n) + h2τ .∇τ (h1,n) − h2τ .(Dnh1τ )

)

−
∫
∂ω

∂n

([
σ|∇v|2

])
h1,nh2,n + 2

[
σ∇v.(h1,n∇v′2 + h2,n∇v′1)

]

+

∫
∂ω

[
σ
(
∂n(un)′1v

′
2 + ∂n(un)′2v

′
1 − ∂nv

′
1(ud)

′
2 − ∂nv

′
2(ud)

′
1

)]

+ 2

∫
∂ω

v
[
σ∂n(un)′′1,2

]
− σ1∂nv

+
[
(ud)

′′
1,2

]
,

(10)

where we have set v = ud − un.
To investigate the properties of stability of this cost function, we are led to con-

sider an admissible inclusion ω∗ to solve both (1), (2) and (1), (4) in order to obtain
the corresponding measurements f∗ and g∗. It is obvious that the domain ω∗ real-
izes the absolute minimum of the criterion JKV since, by construction, we can write
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ud = un in Ω and hence JKV (ω∗) = 0. We will check that the Euler equation

DJKV (ω∗)(h) = 0

holds. We will also prove that

(11) D2JKV (ω∗)(h,h) =

∫
Ω

σ|∇v′|2.

Moreover, if hn �= 0, then D2JKV (ω∗)(h,h) > 0 holds. Nevertheless, (11) does not
mean that the minimization problem is well-posed. In fact, the second important
result is the following theorem that explains the instability of standard minimization
algorithms.

Theorem 5. Assume that ω∗ is a critical shape of JKV for which the additional
condition un = ud holds. Then the Riesz operator corresponding to D2JKV (ω∗) de-
fined from H1/2(∂ω∗) with values in H−1/2(∂ω∗) is compact. Moreover, the minimiza-
tion problem is severely ill-posed in the following sense: if the target domain is C∞
and if λn denotes the nth eigenvalue of D2JKV (ω∗), then λn = o(n−s) for all s > 0.

Theorem 5 has two main consequences. First, the shape Hessian at the global
minimizer is not coercive. This means that this minimizer may not be a local strict
minimum of the criterion. Moreover, the criterion provides no control of the distance
between the parameter ω and the target ω∗. The second consequence concerns any
numerical scheme used to obtain this optimal domain ω∗. One has to face this dif-
ficulty, and this explains why frozen Newton or Levenberg–Marquard schemes have
been used to solve numerically this problem [8, 3].

The paper is organized as follows. In a first section, we state some preliminary
results on shape derivatives. Some are well-known facts in shape optimization and will
be recalled without proof for the sake of readability. Some of them (e.g., the derivatives
of a Laplace–Beltrami operator and the tangential regularity of the solution to (1),
(2) along the discontinuity of the conductivity distribution) are less known and will
be proved thanks to potential layer methods. Hence we will tackle the computations
in section 4 that we consider as the core of this work: it is essentially devoted to
proving Theorem 2. After a first part where we prove the existence of a second order
derivative for the state, we propose two distinct methods to find the boundary value
problem solved by this second order derivative. The method presented in the core of
the paper consists in a direct differentiation of the boundary conditions. Section 5
is devoted to the analysis of the criterion, and we establish Theorems 4 and 5. We
explain their consequences on the stability of critical shapes.

In the final section, we present some appendices. Section 6.1 is devoted to prov-
ing tangential regularity along the interface for solution of (1), (2). In section 6.2,
we consider the bidimensional case that requires an additional size assumption on the
inclusion. Section 6.3 deals gives a second proof of Theorem 2. It follows along the
lines of classical proofs of shape differentiability by differentiating the weak formula-
tion of problem (1), (2) and interpreting the result in terms of differential operator
and boundary conditions.

3. Elements of shape calculus. Before entering the proof of Theorem 2, we
recall without proof some basic facts from shape optimization (see [7] for references).
Let h be a deformation field in C2(Ω,Rd) with ‖h‖C2 < 1. We set Tt(h, .) = Id + th
and denote by Ωt the transported domain Ωt = Tt(Ω). To avoid heavy notations, we
will use the notation Tt instead of Tt(h, .).
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Material and shape derivatives. Classically, in the mechanics of continuous
media, the material derivative is defined as being a positive limit. In our context, for
any vector field h ∈ H, we define the material derivative of the domain functional
y = y(Ω) at Ω in an admissible direction h as the limit:

(12) ẏ(Ω;h) = lim
t→0

y(Ωt) ◦ Tt − y(Ω)

t
.

Similarly, one can define the material derivative ẏ(∂Ω,h) for any domain functional
y = y(∂Ω) which depends on ∂Ω. Another kind of derivative occurs, called the shape
derivative of y(Ω,h). It is viewed as a first local variation. Its definition is given by
the following definition.

Definition 1. The shape derivative y′ = y′(Ω;h) of a functional y(Ω) at Ω in
the direction of a vector field h is given by

(13) y′ = ẏ − h.∇y.

For more details on these derivations, the reader can consult [22, 7].

Elements of tangential derivatives. In what follows, we will need to manipu-
late the tangential differential operators on a manifold. For the reader’s convenience,
we recall from [5, 7] some definitions and also some useful rules of calculus.

Definition 2. The tangential divergence of a vector field V ∈ C1(Rd,Rd) is
given by

(14) divτ (V) = div (V) −DV.n.n,

where the notation DV denotes the Jacobian matrix of V. When the vector V ∈
C1(∂Ω,Rd) is defined on ∂Ω, then the following notation is used to define the tangen-
tial divergence:

(15) divτ (V) = div
(
Ṽ
)
− (DṼ.n).n,

where Ṽ stands for an arbitrary C1 extension of V on an open neighborhood of ∂Ω.
We introduce now the notion of tangential gradient ∇τ of any smooth scalar

function f in C1(∂Ω,Rd).
Definition 3. Let an element f ∈ C1(∂Ω,Rd) be given and let f̃ be an extension

of f in the sense that f̃ ∈ C1(U) and f̃ |∂Ω = f and where U is an open neighborhood
of ∂Ω. Then the following notation is used to defined the tangential gradient:

(16) ∇τf = ∇f̃ |∂Ω −∇f̃ .n n on ∂Ω.

The details for the existence of such an extension can be found in [5]. Let us
remark that these definitions do not depend on the choice of the extension. Further-
more, one can show the important relation

(17)

∫
∂Ω

∇τf.F = −
∫
∂Ω

f divτ (F)

for all elements f ∈ C1(∂Ω) and all vector fields F ∈ C1(∂Ω,Rd) satisfying Fn =
〈F, n〉 = 0.
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Integration by parts on ∂Ω. In general, the condition above, Fn = 0, is not
always satisfied. We are then led to find another formula to extend the formula to
the general case. The extension of this integration by parts formula to fields with a
normal vector component involves curvature.

First, we point out that the curvature is connected to the normal vector via
the tangential divergence operator. Recall that the mean curvature of ∂Ω is defined
as H = divτ (n). Making use of the form of divτ (n) on the boundary, one shows
straightforwardly the following statement.

Proposition 1. Let Ω be an open subset of R
N with a C2 boundary. For any

unitary extension N of n on a neighborhood of ∂Ω, one has

div (N ) = H on ∂Ω.

Assume that the manifold ∂Ω has no borders. If F ∈ H2(∂Ω)3 and f ∈ H2(∂Ω), then
we have

(18)

∫
∂Ω

∇τf.F + fdivτ (F) =

∫
∂Ω

(∇f.n + Hf)F.n.

We assume now that the domain Ω has a C3 boundary. The simplest second order
derivative is the Laplace–Beltrami operator; it is defined as follows (see [5, 7]), thanks
to the following usual chain rule.

Definition 4. Let f ∈ H2(∂Ω). The Laplace–Beltrami Δτ of f is defined as

(19) Δτf = divτ (∇τf) .

There is a relation connecting the Laplace operator and the Laplace–Beltrami
operator. Let us denote ∂2

nnf = (D2f.n).n, where D2f stands for the Hessian of f .
Proposition 2. Let Ω be a domain with a boundary ∂Ω of class C3. For all

functions f ∈ H3(Ω), it holds that

(20) Δf = Δτf + H∂nf + ∂2
nnf on ∂Ω.

Some useful derivatives. We need to compute shape and material derivatives
of special vector fields: the outer unit normal vector n, the tangential gradient, and
the Laplace–Beltrami operator applied to a function. While the derivative of the
normal vector is obtained by a straightforward calculus, we have to transport from
∂Ωt to ∂Ω the Laplace–Beltrami operator and the tangential gradient in order to
compute the other derivatives.

Derivatives of the normal vector. We describe the material and shape derivatives
of the normal vector. We will denote by n the gradient of the signed distance to
∂Ω. This is a unitary extension of the unitary normal vector n at ∂Ω which is
smooth in the vicinity of ∂Ω. This extension furnishes a symmetric Jacobian Dn that
satisfies Dnn = 0 on ∂Ω. The direction h will be supposed to be in C2(Rd,Rd) or in
C2(∂Ω,Rd).

Proposition 3. The material derivative ṅ of the normal vector n at Ω in the
direction of a vector field h ∈ C1(Rd,Rd) is given by

ṅ = −∇τ (h.n) + Dnhτ ,

where hτ = h − h.n n.
Concerning its shape derivative defined as n′ = (∂tnt)|t=0, where nt is any smooth

unitary extension of n to ∂Ωt, we obtain the following.
Proposition 4. The shape derivative n′ in the direction of h is given by

n′ = −∇τ (h.n).
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Derivative of the tangential gradient. For f ∈ H3(∂Ω), we compute the material
derivative of ∇τf .

Proposition 5. For all functions f ∈ C2(R3) and directions h ∈ C2(∂Ω,R3),
one has

˙∇τf = ∇τf
′ + (D2fh)τ −∇f.n ṅ−∇f.ṅ n.

Proof. We differentiate ∇f and ∇f.n n and obtain

∇̇f = ∇f ′ + D2fh,

while

˙∇f.n n = ∇f.ṅ n + ∇f.n ṅ + ∇f ′.n n + (D2fh).n n.

The two former equations give the desired result.
Derivative of the Laplace–Beltrami operator. Now, we want to compute the ma-

terial derivative ˙Δτf . We begin to study how to transport the Laplace–Beltrami
operator when one works on ∂Ωt. Let Δτ,t denote the Laplace–Beltrami operator
on the manifold ∂Ωt. To compute the derivative of a Laplace–Beltrami operator, we
need the following proposition, which we quote from [22].

Proposition 6. Let f ∈ H5/2(Rd). Then∫
∂Ω

[(
Δτ,tf

)
◦ Tt γτ (t)

]
φ(21)

= −
∫
∂Ω

[
C(t)

(
∇(f ◦ Tt) − (B(t) n).∇(f ◦ Tt)

)]
.∇φ ∀φ ∈ D(Rd).

In the former proposition, we set

(22)

γ(t) = detDTt,

γτ (t) = γ(t)‖(DT−1
t )T .n‖Rd ,

B(t) =
D(T−1

t )(D(Tt)
−1)T

‖(DT−1
t )T .n‖2

Rd

,

C(t) = γτ (t)D(T−1
t )(D(Tt)

−1)T .

A straightforward computation gives

(23)

γ′(0) = divτ (h) ,

γ′τ (0) = divτ (h) = divτ (hτ ) + Hhn,

B′(0) = 2(Dhn).nI − (Dh + (Dh)T ),

C ′(0) = divτ (h) I − (Dh + (Dh)T ).

We then have the following result.
Theorem 6. Let f ∈ D(Rd). The material derivative of Δτf in the direction h

is given by

˙Δτf = Δτ ḟ + ∇τf.∇τ

[
divτ (hτ )

]
(24)

+ ∇τ (Hhn).∇τf − divτ

(((
Dh + (Dh)T

)
∇τf

)
τ

)
.
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Proof. Formula (24) is shown in a weak sense. For each test function φ ∈ C∞(∂Ω),
there exists an extension φ̃ ∈ D(Rd) such that ∂nφ̃ = 0; this can be done by extending
φ as a constant along the orbits of the gradient of the signed distance function to ∂Ω
and through the use of a cut-off function. For f ∈ D(Rd), we set

A(t) =

∫
∂Ω

(Δτ,tf) ◦ Tt − Δτf

t
γτ (t) φ.

After an integration by parts on ∂Ω, we obtain

A(t) =

∫
∂Ω

1 − γτ (t)

t
(Δτ,tf) ◦ Tt φ +

∫
∂Ω

γτ
t

(
(Δτ,tf) ◦ Ttφ

)
+

1

t
∇τf.∇τφ,

=

∫
∂Ω

1 − γτ (t)

t
(Δτ,tf) ◦ Tt φ

+

∫
∂Ω

1

t

([
∇τf − C(t)∇ (f ◦ Tt)

]
.∇φ̃ +

[
(B(t)n.∇(f ◦ Tt)

]
C(t) n.∇φ̃

)
.

Since ∂nφ̃ = 0 and C(0) = I, we get

A(t) =

∫
∂Ω

1 − γτ (t)

t
(Δτ,tf) ◦ Tt φ +

∫
∂Ω

∇τ (f − f ◦ Tt)

t
.∇τ φ̃

+

∫
∂Ω

C(0) − C(t)

t
∇(f ◦ Tt).∇τ φ̃.

When t → 0, then∫
∂Ω

˙Δτfφ = −
∫
∂Ω

γ′τ (t)Δτfφ + ∇τ ḟ .∇τφ +
(
C ′(0).∇f

)
.∇τφ,

=

∫
∂Ω

(
Δτ ḟ − divτ (h) Δτf

)
φ +

(
Dh + (Dh)T − divτ (h) I

)
∇f.∇τφ,

=

∫
∂Ω

[
Δτ ḟ − divτ (h) Δτf + divτ

(
divτ (h)∇τf

)

−divτ

(((
Dh + (Dh)T

)
∇f

)
τ

)]
φ.

Expanding the double divergence term, we obtain

˙Δτf = Δτ ḟ + ∇τf.∇τdivτ (h) − divτ

(((
Dh + (Dh)T

)
∇f

)
τ

)
.

In order to make these derivatives explicit, we let the curvatures of ∂Ω appear by
means of

∇τf.∇τdivτ (h) = ∇τf.∇τ

[
divτ (hτ ) + Hhn

]
,

and this ends the proof of Theorem 6.
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Structure of second order shape derivatives. Since the fundamental work
of J. Hadamard, domain derivatives of order one are well known to depend only on
the normal component of the deformation field h: It is written as l1(h.n). The reason
for this is that, if the field h is tangent to Ω, then its flow preserves for small time at
order one the domain Φt(Ω) = Ω + o(t), with abuse of notation.

This property is lost for second order derivatives as illustrated by Theorem 5.9.2
of [7]. As shown in [19], the second order derivative of a function E can be written as

D2E(h1,h2) = l2(h1.n,h2.n) + l1(Z),

where Z denotes

Z = (Dτnh1τ ).h2τ −∇τ (h1.n).h2τ −∇τ (h2.n).h1τ .

The important point is that a second order shape derivative also depends on the
tangential component of the deformation fields and that this dependence disappears
at critical shapes.

4. Existence of the second order derivative of the state. Proof of The-
orem 2. This section is devoted to the proof of Theorem 2. We follow the usual
strategy to derive existence in shape optimization. In the first step, we will write the
weak formulation of the problem, then transport it on the reference domain, pass to
the limit, and obtain existence of the material derivative. In the second step, we will
seek a boundary value problem solved by the material derivative. This will provide a
characterization of the second order shape derivative. Two strategies, which we will
detail, are possible: The first one, explored in section 6.1, consists in working on the
variational formulation, while the second one uses the tangential differential calculus
by differentiating the boundary conditions. The latter approach will be presented in
section 4. Both approaches require that the trace on the interface of discontinuity ∂ω
of the solution to the boundary value problem have tangential derivatives. For the
sake of readability, we postponed all the needed justifications until section 6.2.

Preliminary results. In what follows, we will use some technical formulae. To pre-
serve the readability of the proof of the main result, we state them in this paragraph.
The tools needed for proving these results can be found in [22]. Given a smooth vector
field h, we denote

Ah = Dh + DhT − div (h) I.

We begin with the following formula.
Lemma 1. It holds that

(25) ∇u.Ah∇v = ∇(h.∇u).∇v + ∇(h.∇v)∇u− div
(
(∇u.∇v)h

)
.

Given two smooth vector fields h1 and h2, we set

(26) A = Dh2Ah1
+ Ah1

Dh2
T −Ah1

div (h2) − (Ah1
)′(h2)

and

b = (h2.∇u)Ah1∇v + (h2.∇v)Ah1∇u− ((Ah1∇u).∇v)h2.

Here, the notation (Ah1)
′(h2) stands for the matrix defined by its elements:

((Ah1)
′(h2))k,l = ∇(((Ah1)

′)k,l).h2.
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Lemma 2. One has

(27) ∇u.A∇v = div (b) − (h2.∇u)div
(
(Ah1∇v)

)
− (h2.∇v)div

(
(Ah1∇u)

)
.

We need the following crucial result.
Lemma 3. If u is harmonic, then

(28) div
(
Ah1

∇u
)

= Δ(h1.∇u).

Proof. For any harmonic function u in Ω and for every test function φ ∈ D(Ω),
we can write ∫

Ω

∇u̇∇φ =

∫
Ω

Ah∇u.∇φ.

Then ∫
Ω

Δu̇ φ =

∫
Ω

div (Ah∇u) φ.

Since u̇ = u′ + h.∇u and since u′ is harmonic in Ω, we obtain the result.
We follow Hettlich and Rundell [9] and Simon [21] to define the second order

derivative of an operator with respect to a domain. We compute the second derivative
by considering two admissible deformations fields, h1,h2 ∈ H, that will describe the
small variations of ∂ω. Simon showed that the second derivative F ′′(∂ω;h1,h2) of
F (∂ω) is defined as a bounded bilinear operator satisfying

(29) F ′′(∂ω;h1,h2) =
(
F ′(∂ω;h1)

)′
h2 − F ′(∂ω;Dh1 h2).

For more details, the reader can consult the appendix on page 613 of [9].
Step 1: Existence of the second order derivative. Let us begin the proof. Let

h1,h2 ∈ H be two vector fields. The direction h1 being fixed, we consider u̇1,h2 the
variation of u̇1 with respect to the direction h2. We recall from [3] that the material
derivative u̇1 of u in the direction h1 satisfies

∀v ∈ H1
0 (Ω),

∫
Ω

σ∇u̇1.∇v =

∫
Ω

σ∇u.Ah1
∇v.

Let φ2 : Ω �→ Ω be the diffeomorphism defined by φ2(x) = x + h2(x), and set
ψ2 = φ−1

2 . Setting ωh2
=
{
x + h2(x), x ∈ ω

}
, Ωh2

=
{
x + h2(x), x ∈ Ω

}
= Ω, and

σh2 = σ ◦ φ2, we get

(30)

∫
Ωh2

σh2∇u̇1,h2 .∇v =

∫
Ωh2

σh2∇uh2 .Ah1∇v,

where uh2 is the solution of the original problem with ωh2
instead of ω. Making the

change of variables x = φ2(X), we get the integral identity on the fixed domain Ω:∫
Ω

σ∇˜̇u1,h2 .
(
Dψ2(Dψ2)

Tdet(Dφ2)
)
∇v(31)

=

∫
Ω

σ∇ũh2 .
(
Dψ2Ãh1(Dψ2)

T det(Dφ2)
)
∇v,
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with the notation ũ = u ◦ φ2 and Ãh1 = Ah1 ◦ φ2. Since the material derivative u̇1 of
u with respect to the direction h1 satisfies∫

Ω

σ∇u̇1.∇v =

∫
Ω

σ∇u.Ah1∇v,

the difference of (30) and (31) gives∫
Ω

σ∇
(˜̇u1,h2

− u̇1

)
.∇v =

∫
Ω

σ∇˜̇u1,h2
.
(
I −Dψ2(Dψ2)

T det(Dφ2)
)
∇v

+

∫
Ω

σ∇ũh2 .
(
Dψ2Ãh1

(Dψ2)
T det(Dφ2) −Ah1

)
∇v

+

∫
Ω

(∇ũh2
−∇u).Ah1

∇v.

We quote from [13] and [9] the following asymptotic formulae:

‖det(Dφi) − 1 − div (hi) ‖∞ = O(‖hi‖2
C2),

‖Dψi(Dψi)
T det(Dφi) − I + Ahi‖∞ = O(‖hi‖2

C2),

‖Dψ2Ãh1(Dψ2)
T det(Dφ2) −Ah1 + Dh2Ah1

+ Ah1(Dh2)
T − div (h2)Ah1 − (Ah1)

′(h2)‖∞ = O(‖h2‖2
C2).

Making the adequate substitutions, we easily check that the material derivative of u̇1

with respect to h2 exists. This derivative, denoted by ü1, satisfies

(32)

∫
Ω

σ∇ü1.∇v dx =

∫
Ω

σ
[
∇u̇1.Ah2∇v + ∇u̇2.Ah1

∇v −∇u.A∇v
]
,

where A is defined in (26).

Step 2: Derivation of (8) by differentiation of the boundary conditions on ∂ω.
The aim of this section is to compute the second order shape derivative of the state
by differentiating the boundary conditions. We start with the expression of the flux

jump [σ∂nu
′′] by computing the normal derivatives of each of the expressions

˙
[σ∇u′].n

and
˙

divτ

(
h1,n[σ∇τu]

)
. Since

[σ∇u′].n = divτ

(
h1,n[σ∇τu]

)
= h1,n[σΔτu] + ∇τh1,n.[σ∇τu],

then we get

˙
[σ∇u′].n =

˙
divτ

(
h1,n[σ∇τu]

)
= ˙h1,n[σΔτu] + h1,n

˙
[σΔτu] + ˙∇τh1,n.[σ∇τu] + ∇τh1,n.

˙
[σ∇τu].

(33)

In order to avoid lengthy computations, we shall concentrate on each normal derivative
appearing in the above formula. Some of the results are straightforward and their
proofs will be left to the reader. Combining Propositions 3 and 5, we conclude that

˙∇τh1,n = −∇τ (h1.∇τh2,n) + (D2h1,n.h2)τ −∇h1,n.ṅ n −∇h1,n.n ṅ.
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In the same manner, we also get

˙
[σ∇τu] = [σ∇τu

′
2] + ([σD2u].h2)τ − [σ∇τu].ṅ n − [σ∇τu]n ṅ.

We use Proposition 3 and obtain

˙h1.n = ḣ1.n + h1.ṅ

= h2.∇h1,n −∇τh2,n.h1τ .

Formula (33) becomes

˙
divτ

(
h1,n[σ∇τu]

)
= ˙h1,n[σΔτu] + h1,n

˙
[σΔτu] + ˙∇τh1,n.[σ∇τu] + ∇τh1,n.

˙
[σ∇τu].

=
(
−∇τ (h1.∇τh2,n) + (D2h1,n.h2)τ −∇h1,n.n ṅ

)
[σ∇τu]

+ ∇τh1,n

(
[σ∇τu

′
2] + ([σD2u].h2)τ

)
+
(
h2.∇h1,n −∇τh2,n.h1τ

)
.[σΔτu] + h1,n

˙
[σΔτu].

(34)

Let us pose A = [σ (D2u.h2)τ ].∇τh1,n and B = [σ∇τu].(D2h1,n.h2)τ ; by formula
(73), we simplify A and B as follows:

A = −[σ∇τu].(Dn∇τh1,n)h2,n + [σD2u]h2τ .∇τh1,n,

B = (D2h1,n.h2τ ).[σ∇τu] + ∇τ (∂nh1,n).[σ∇τu]h2,n − [σ∇τu].(Dn∇τh1,n)h2,n.

After this computation and the formula of ṅ, (34) becomes

˙
divτ

(
h1,n[σ∇τu]

)
=
(
−∇τ (h1τ .∇τh2,n)

)
.[σ∇τu] − ∂nh1,n

(
Dnh2τ −∇τh2,n

)
[σ∇τu]

+ (D2h1,n.h2τ ).[σ∇τu] + ∇τ (∂nh1,n).[σ∇τu]h2,n

− 2[σ∇τu].(Dn∇τh1,n)h2,n.

+ ∇τh1,n[σ∇τu
′
2] + [σD2u]h2τ .∇τh1,n

+
(
h2,n∂n(h1,n) −∇τh2,n.h1τ

)
.[σΔτu]

+ h2τ .∇τh1,n[σΔτu] + h1,n
˙

[σΔτu].

(35)

We tackle the computation of (∂nu
′)′. For the sake of clarity, we subdivide the work

into several steps.
First step. We simplify the quantity

˙
divτ

(
h1,n[σ∇τu]

)
. According to (35), and

by using the formula of divergence and by adding and cutting the quantity [σΔτu
′
2],

we obtain

˙
divτ

(
h1,n[σ∇τu]

)
= divτ

(
h1,n[σ∇τu

′
2] + (h2,n∂nh1,n −∇τh2,n.h1τ )[σ∇τu]

)
+[σΔτu]∇τh1,n.h2τ

−∂nh1,[σ∇τu].(Dnh2τ ) + [σ∇τu].(D2h1,n.h2τ )

−2h2,n[σ∇τu].(Dn∇τh1,n)

+[σD2u]h2τ .∇τh1,n + h1,n

(
˙

[σΔτu] − [σΔτu
′
2]

)
.(36)
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Second step. We compute
˙

[σ∂nu′1]. From the expression of ṅ, we get after some
straightforward computations

˙
[σ∂nu′1] =

˙
[σ∇u′1].n + [σ∇u′1].ṅ

= [σ∂n(u′1)
′
2] + ([σD2u′1]h2).n + [σ∇τu

′
1].(Dnh2τ −∇τh2,n).

(37)

Third step. We compute σ∂n(u′1)
′
2. From the jump condition on the flux of the

derivative (6) and from (36) and (37), we obtain

[σ∂(u′1)
′
2] =

˙
divτ

(
h1,n[σ∇τu]

)
− ([σD2u′1]h2).n − [σ∇τu

′
1].(Dnh2τ −∇τh2,n)

= divτ

(
h1,n[σ∇τu

′
2] +

(
h2,n∂nh1,n −∇τh2,n.h1τ

)
[σ∇τu]

)
− ([σD2u′1]h2).n + [σ∇τu

′
1].
(
∇τh2,n −Dnh2τ

)
− ∂nh1,n[σ∇τu].(Dn h2τ )

+ (D2h1,n h2τ ).[σ∇τu] + [σD2u]h2τ .∇τh1,n − 2h2,n(Dn [σ∇τu]).∇τh1,n

+ ∇τh1,n.h2τ [σΔτu] + h1,n

(
˙

[σΔτu] − [σΔτu
′
2]

)
.

Taking into account the calculation

− ([σD2u′1]h2).n + [σ∇τu
′
1].∇τh2,n

= −
(
h2,n[σD2u′1]n + [σD2u′1]h2τ

)
.n + [σ∇τu

′
1].∇τh2,n,

= h2,n

(
[σΔτu

′
1] + H[σ∂nu

′
1]
)

+ [σ∇τu
′
1].∇τh2,n − ([σD2u′1]h2τ ).n,

= divτ

(
h2,n[σ∇τu

′
1]
)

+ Hh2,n[σ∂nu
′
1] − ([σD2u′1]h2τ ).n,

we get

[σ∂n(u′1)
′
2] = divt

(
h1,n[σ∇τu

′
2] + h2,n[σ∇τu

′
1](38)

+
(
h2,n∂nh1,n −∇τh2,n.h1τ

)
[σ∇τu]

)
+ [σΔτu]∇τh1,n.h2τ + Hh2,n[σ∂nu

′
1] − ([σD2u′1]h2τ ).n

−
(
[σ∇τu

′
1] + ∂nh1,n[σ∇τu]

)
.(Dnh2τ ) + (D2h1,n h2τ ).[σ∇τu]

− 2h2,n∇τh1,n.(Dn [σ∇τu]) + [σD2u]h2τ .∇τh1,n

+ h1,n

(
˙

[σΔτu] − [σΔτu
′
2]

)
.

This formula remains hard to handle. To get a more convenient one, we decide to
derive, tangentially to the direction h2, the boundary identity

[σ∂nu
′
1] = h1,n[σΔτu] + ∇τh1,n.[σ∇τu].

This leads to

([σD2u′1]h2τ ).n + (Dnh2τ ).[σ∇τu
′
1]

= ∇τh1,n.h2τ [σΔτu] + h1,n∇τ [σΔτu].h2τ

+ (D2h1,n h2τ ).[σ∇τu] − ∂nh1,n[σ∇τu].(Dnh2τ ) + [σD2u]h2τ .∇τh1,n.
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The preceding formula enables us to simplify the expression (38):

[σ∂n(u′1)
′
2] = divτ

(
h1,n[σ∇τu

′
2] + h2,n[σ∇τu

′
1] +

(
h2,n∂nh1,n −∇τh2,n.h1τ

)
[σ∇τu]

)
+Hh2,n[σ∂nu

′
1] − 2h2,n∇τh1,n.(Dn [σ∇τu])

−h1,n∇τ [σΔτu].h2τ + h1,n

(
˙

[σΔτu] − [σΔτu
′
2]

)
.(39)

From (24)

˙
[σΔτu] = [σΔτ u̇] + ∇τdivτ (h2τ ) .[σ∇τu] + ∇τ (Hh2,n).[σ∇τu]

− divτ

(((
Dh2 + (Dh2)

T
)

[σ∇τu]

)
τ

)
,

(40)

and we have

[σΔτ u̇] = [σΔτu
′] + Δτ

(
[σ∇u].h2

)
.

That gives

(
˙

[σΔτu] − [σΔτu
′
2]

)
= Δτ

(
[σ∇u].h2

)
+ ∇τdivτ (h2τ ) .[σ∇τu]

+ ∇τ (Hh2,n).[σ∇τu] − divτ

(((
Dh2 + (Dh2)

T
)

[σ∇τu]

)
τ

)
.

(41)

We break up h2 into normal and tangential components and use the formula of di-
vergence; then expression (39) becomes

[σ∂n(u′1)
′
2]

= divτ

(
h1,n[σ∇τu

′
2] + h2,n[σ∇τu

′
1] +

(
h2,n∂nh1,n −∇τh2,n.h1τ

)
[σ∇τu]

)
+ divτ

(
h1,nh2,n(HI − 2Dn).[σ∇τu]

)
− h1,n

(
∇τ [σΔτu].h2τ − Δτ [σ∇τu].h2τ

)

+ h1,n

⎛
⎝∇τdivτ (h2τ ) .[σ∇τu] − divτ

(((
Dh2τ + (Dh2τ )

T
)

[σ∇τu]

)
τ

)⎞
⎠ .

Lemma 4. We have

−∇τ [σΔτu].h2τ + Δτ [σ∇τu].h2τ

+ ∇τdivτ (h2τ ) .[σ∇τu] − divτ

(((
Dh2τ + (Dh2τ )

T
)

[σ∇τu]

)
τ

)
= 0.

Proof. By using the relation between the material and shape derivatives, we
obtain

˙
[σΔτu] = [σΔτu

′] + ∇
(
[σΔτu]

)
.h2 and [σΔτ u̇] = [σΔτu

′] + Δτ

(
[σ∇u].h2

)
.
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Let us inject these relations in (40) and while applying for the direction h2τ , we obtain

Δτ ([σ∇τu].h2τ ) + ∇τdivτ (h2τ ) .[σ∇τu]

= ∇τ [σΔτu].h2τ + divτ

(((
Dh2τ + (Dh2τ )

T
)

[σ∇τu]

)
τ

)
.

This completes the proof.
According to Lemma 4, we obtain

[σ∂n(u′1)
′
2] = divτ

(
h1,n[σ∇τu

′
2] + h2,n[σ∇τu

′
1] +

(
h2,n∂nh1,n −∇τh2,n.h1τ

)
[σ∇τu]

)
+ divτ

(
h1,nh2,n(HI − 2Dn).[σ∇τu]

)
.

As a conclusion, we use the relation of second derivative

[σ∂nu
′′
1,2] = [σ∂n(u′1)

′
2] − [σ∂nu

′
Dh1 h2

] = [σ∂n(u′1)
′
2] − divτ

(
Dh1h2.n[σ∇τu]

)
.

Let us split the field h2 in two parts: Dh1 h2.n = h2,nn.Dh1 n + Dh1 h2τ .n. In the
spirit of (73), we obtain

(42) Dh1h2τ .n = ∇τh1,n.h2τ − h1τ .Dnh2τ .

Thanks to (72), the jump [σ∂nu
′
Dh1 h2

] can then be written in the form

[σ∂nu
′
Dh1 h2

] = divτ

(
(h2,nn.∇h1,n + ∇τh1,n.h2τ − h1τ .Dnh2τ )[σ∇τu]

)
.

Gathering all the terms, simplifications occur and we obtain the desired result:

[σ∂nu
′′
1,2] = divτ

(
h2,n

[
σ∇τu

′
1

]
+ h1,n

[
σ∇τu

′
2

])

− divτ

(
(h1τ .∇τh2,n + ∇τh1,n.h2τ ) [σ∇τu]

)
− divτ

(
h2,nh1,n(2Dn −HI) [σ∇τu]

)
+ divτ

(
h1τ .Dnh2τ )[σ∇τu]

)
.

To get the jumps of the potential, we use (29) and (68):[
u′′1,2

]
=
[
(u′1)

′
2

]
−
[
u′Dh1 h2

]
= −h1.

[
∇u′2

]
− h2. [∇u̇1] −

[
u′Dh1 h2

]
= −h2,n

[
∂nu

′
1

]
− h1,n

[
∂nu

′
2

]
− h2τ .

[
∇τu

′
1

]
− h1τ .

[
∇τu

′
2

]
− h2,nn.

[
∇(h1.∇u)

]
− h1,nn.

[
∇(h2.∇u)

]
−
[
u′Dh1 h2

]
.

Thanks to the jump of the potential for the first order shape derivative given in (6),
we obtain

h2τ .
[
∇τu

′
1

]
= −h2τ .

[
∇(h1.∇u)

]
and h1τ .

[
∇τu

′
2

]
= −h1τ .

[
∇(h2.∇u)

]
and then [

u′′1,2

]
= −h2,n

[
∂nu

′
1

]
− h1,n

[
∂nu

′
2

]
− h2,nn.

[
∇(h1.∇u)

]
(43)

+ h1τ .
[
∇(h2.∇u)

]
−
[
u′Dh1 h2

]
.
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Computing the other jumps that appeared in the former expression, we get

[
∇(h2.∇u)

]
= (Dh2)

T [∇u] +
[
D2u

]
h2,

h1τ .
[
∇(h2.∇u)

]
= n.Dh2h1τ [∂nu] + h2,nh1τ .

[
D2u

]
n + h1τ .

[
D2u

]
h2τ ,

h2,nn.
[
∇(h1.∇u)

]
= h2,n [∂nu]n.Dh1n + h2,nh1,nn.

[
D2u

]
n + h2,nn.

[
D2u

]
h1τ ,[

u′Dh1 h2

]
= −Dh1 h2.n [∂nu] = −

(
h2,nn.Dh1n + n.Dh1h2τ

)
[∂nu] .

With the help of formula (42), we obtain

−h2,nn.
[
∇(h1.∇u)

]
+ h1τ .

[
∇(h2.∇u)

]
−
[
u′Dh1 h2

]
=
(
∇τh1,n.h2τ + ∇τh2,n.h1τ

)
[∂nu]

− 2h1τ .Dnh2τ [∂nu] + h1τ .
[
D2u

]
h2τ − h2,nh1,nn.

[
D2u

]
n,

n.
[
D2u

]
n = − [Δτu] −H [∂nu] = −H [∂nu] ,

h1τ .
[
D2u

]
h2τ = h1τ .D([∇u])h2τ = h1τ .D([∂nu]n)h2τ = [∂nu]h1τ .Dnh2τ .

Finally, we gather the results of these computations to write

[
u′′1,2

]
= −

(
h2,n

[
∂nu

′
1

]
+ h1,n

[
∂nu

′
2

])
+
(
∇τh1,n.h2τ + ∇τh2,n.h1τ

)
[∂nu]

+
(
h2,nh1,nH − h1τ .Dnh2τ

)
[∂nu]).

(44)

Case of Neumann boundary conditions. Since the admissible deformation
fields have a support with no intersection points with the outer boundary, it is a
straightforward application of the preceding computations to show that the un so-
lution to (1), (4) is twice differentiable with respect to the shape. Furthermore, its
second order derivative u′′n belongs to H1(Ω \ ω) ∪ H1(ω) and solves

(45)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu′′n = 0 in ω \ ω and in ω,[
u′′n
]

=
(
h1,nh2,nH − h1τ .Dnh2τ

)
[∂nun] −

(
h1,n[∂n(un)′2] + h2,n[∂n(un)′1]

)
+
(
h1τ .∇h2,n + h2τ .∇h1,n

)
[∂nun] on ∂ω,[

σ∂nu
′′
n

]
= divτ

(
h2,n

[
σ∇τ (un)′1

]
+ h1,n

[
σ∇τ (un)′2

]
+ h1τ .Dn.h2τ )[σ∇τun]

)
−divτ

(
(h1τ .∇τh2,n + ∇τh1,n.h2τ

+h2,nh1,n(2Dn −HI)) [σ∇τun]
)

on ∂ω,

∂nu
′′
n = 0 on ∂Ω,

where we use the notation of Theorem 2.
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5. Second order derivatives for the criterion.

5.1. Proof of Theorem 4. The differentiability of the objective is a direct
application of Theorem 2. The computation we make here is based on the relation

(46) D2JKV (ω)(h1,h2) = D
(
DJKV (w)h1

)
h2 −DJKV (w)Dh1h2.

To obtain (10), we compute in the first step the shape gradient in the direction h1.
Then, in the second step, we differentiate the obtained expression in the direction of
h2. In what follows, we adopt the notation v = ud−un to obtain concise expressions.

DJKV (ω)h1 = σ1

∫
Ω\ω

div
(
|∇v|2h1

)
+ 2∇v.∇v′1 + σ2

∫
ω

div
(
|∇v|2h1

)
+ 2∇v.∇v′1

= σ1(A1 + 2B1) + σ2(A2 + 2B2),

where

A1 =

∫
Ω\ω

div
(
|∇v|2h1

)
, B1 =

∫
Ω\ω

∇v.∇v′1,

A2 =

∫
ω

div
(
|∇v|2h1

)
, B2 =

∫
ω

∇v.∇v′1.

Now, we use the classical formulae to differentiate a domain integral:

DA1(ω)h2 =

∫
Ω\ω

div

(
div

(
|∇v|2h1

)
h2

)
+ 2div

(
∇v.∇v′2 h1

)

= −
∫
∂ω

div
(
|∇v+|2h1

)
h2,n + 2∇v+.∇(v′2)

+ h1,n,

DA2(ω)h2 =

∫
∂ω

div
(
|∇v−|2h1

)
h2,n + 2∇v−.∇(v′2)

− h1,n.

The terms DBi, i = 1, 2, require more precision. First, we write

DB1(ω)h2 =

∫
Ω\ω

div
(
∇v.∇v′1h2

)
+ ∇v′1.∇v′2 + ∇v.∇(v′1)

′
2,

= −
∫
∂ω

∇v+.∇(v′1)
+h2,n + ∂nv

+((v′1)
+)′2

+
1

2

(
∂n(v′1)

+(v′2)
+ + ∂n(v′2)

+(v′1)
+
)

−
∫
∂Ω

∂nv((un)′1)
′
2 +

1

2

(
∂n(ud)

′
1(un)′2 + ∂n(ud)

′
2(un)′1

)
.

Note that we used the Green formula twice to keep the symmetry in h1 and h2. We
also use the fact that the derivatives (ud)

′
i are harmonic in Ω \ ω to transform the

boundary integral on the exterior boundary into an integral on the moving boundary.
We obtain

DB1(ω)h2 = −
∫
∂ω

∇v+.∇(v′1)
+h2,n + ∂nv

+(((ud)
′
1)
′
2)

+ − v∂n(((un)′1)
′
2)

+

−
∫
∂ω

1

2

(
∂n(v′1)

+((ud)
′
2)

+ + ∂n(v′2)
+((ud)

′
1)

+

− ∂n((un)′1)
+(v′2)

+ − ∂n((un)′2)
+(v′1)

+
)
.
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By the same methods, we get

DB2(ω)h2 =

∫
∂ω

∇v−.∇(v′1)
−h2,n + ∂nv

−((v′1)
′
2)
−

+
1

2

(
∂n(v′1)

−(v′2)
− + ∂n(v′2)

−(v′1)
−
)
.

We regroup the different terms, and after some straightforward computations, we
obtain

D
(
DJKV (ω)h1

)
(ω)h2

= −
∫
∂ω

div

([
σ|∇v|2h1

])
+ 2

[
σ∇v.

(
h1,n∇v′2 + h2,n∇v′1

)]

−
∫
∂ω

[
σ
(
(ud)

′
2∂nv

′
1 + (ud)

′
1∂nv

′
2 − ∂n(un)′2v

′
1 − ∂n(un)′1v

′
2

)]

+ 2

∫
∂ω

v
[
σ∂n((un)′1)

′
2

]
− σ1∂nv

+
[
((ud)

′
1)
′
2

]
.

In order to compute D2JKV (ω)(h1,h2), the first order derivative of the Kohn–Vogelius
objective is needed. It can be written as follows:

DJKV (w)h = −
∫
∂ω

[
σ|∇v|2

]
hn + 2

∫
∂ω

v
[
σ∂n(un)′

]
− σ1∂nv

+
[
(ud)

′
]
.

Gathering (46) with the jump relations for the second order derivatives, we write the
second derivative of the Kohn–Vogelius criterion as

D2JKV (ω)(h1,h2)

= −
∫
∂ω

div

([
σ|∇v|2h1

])
−
[
σ|∇v|2

]
(Dh1h2).n

−
∫
∂ω

[
σ
(
(ud)

′
2∂nv

′
1 + (ud)

′
1∂nv

′
2 − ∂n(un)′2v

′
1 − ∂n(un)′1v

′
2

)]

+ 2

∫
∂ω

[
σ∇v.

(
h1,n∇v′2 + h2,n∇v′1

)]
+ v

[
σ∂n(un)′′1,2

]
− σ1∂nv

+
[
(ud)

′′
1,2

]
.

Let us give a simplified version for the first term. We decompose the field h2 into
normal vector and tangential parts and use (42). After some elementary computations,
we obtain

−
∫
∂ω

div

([
σ|∇v|2h1

])
−
[
σ|∇v|2

]
(Dh1h2).n

=

∫
∂ω

[
σ|∇v|2

] (
h1τ .∇τh2,n + h2τ .∇τh1,n − h2τ .Dnh1τ

)

−
∫
∂ω

∂n

([
σ|∇v|2

])
h1,nh2,n.
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Finally, the second order derivative of the Kohn–Vogelius objective becomes

D2JKV (ω)(h1,h2) =

∫
∂ω

[
σ|∇v|2

] (
h1τ .∇τh2,n + h2τ .∇τh1,n − h2τ .Dnh1τ

)

−
∫
∂ω

∂n

([
σ|∇v|2

])
h1,nh2,n + 2

[
σ∇v.

(
h1,n∇v′2 + h2,n∇v′1

)]

−
∫
∂ω

[
σ
(
(ud)

′
2∂nv

′
1 + (ud)

′
1∂nv

′
2 − ∂n(un)′2v

′
1 − ∂n(un)′1v

′
2

)]

+ 2

∫
∂ω

v
[
σ∂n(un)′′1,2

]
− σ1∂nv

+
[
(ud)

′′
1,2

]
.

(47)

5.2. Analysis of stability. Proof of Theorem 5. Now, we specify the domain
ω that is assumed to be a critical shape for JKV . Moreover, we assume that the
additional condition ud = un holds. To emphasize that we deal with such a special
domain, we will denote it ω∗. The assumptions mean that the measurements are
compatible and that ω∗ is a global minimum of the criterion. From the necessary
condition of order two at a minimum, the shape Hessian is positive at such a point.

Let us notice that only the normal component of h appears. Let us also emphasize
that there is no hope to get h = 0 from the structure theorem for the second order
shape derivative (see [7]). The deformation field h appears in D2JKV (ω∗)(h,h) only
through its normal component hn since ω∗ is a critical point for JKV . This remark
explains why we consider in the statement of Theorem 5 the scalar Sobolev space
corresponding to the normal components of the deformation field.

We now prove Theorem 5. From (47), we deduce

DJ2
KV (ω∗)[h, h](48)

= −2

∫
∂ω∗

[
σ
(
u′d∂nv

′ − ∂nu
′
nv
′
)]

= 2 [σ]

∫
∂ω∗

(
(u′+d − u′+n )divτ (hn∇τud) −

σ1

σ2
∂nu

+
d hn∂n(u′d − u′n)+

)

= 2 [σ]

(〈
u′+d − u′+n ,divτ (hn∇τud)

〉
−

σ1

σ2

〈
∂nudhn, ∂n

(
u′d − u′n

)+
〉)

,

where 〈, 〉 denotes the duality between H1/2(∂ω∗) × H−1/2(∂ω∗). Let us introduce
the operators

T1 : H1/2(∂ω∗) → H−1/2(∂ω∗), h �→ divτ (hn∇τud) ,

M1 : H1/2(∂ω∗) → H1/2(∂ω∗), h �→ u′+d − u′+n ,

T2 : H1/2(∂ω∗) → H1/2(∂ω∗), h �→ hn∂nu
+
d ,

M2 : H1/2(∂ω∗) → H−1/2(∂ω∗), h �→ ∂n

(
u′+d − u′+n

)
.

The Hessian can then be written in the form

D2JKV (ω∗)(h,h) = 2 [σ]

(〈
M1(h), T1(h)

〉
−

σ1

σ2

〈
T2(h),M2(h)

〉)
.
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From the classical results of Maz’ya and Shaposhnikova on multipliers [15, 24], we
get easily that T1 and T2 are continuous operators. In fact, the compactness of the
Hessian is a consequence of the fact that both operators M1 and M2 are compact. We
use a regularity argument and remark that M1 is the composition of the operators

R1 : H1/2(∂ω∗) → H
1/2
� (∂Ω) R2 : H

1/2
� (∂Ω) → H1/2(∂ω∗)

and
h �→ −u′n φ �→ ψ,

where ψ is the trace on ∂ω∗ of the Ψ solution of

(49)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−ΔΨ = 0 in Ω \ ω∗ and in ω∗,

[Ψ] = 0 on ∂ω∗,

[σ∂nΨ] = 0 on ∂ω∗,

Ψ = φ on ∂Ω.

While R1 is a continuous operator, we prove that R2 is compact. Let us express
u|∂ω∗ = ψ. We use the integral representation formula. The definition of the layer
operators and all the justifications are postponed until section 6.1 for the lightness of
the presentation. If u solves the boundary value problem (49), then it also solves the
following system of integral equations:

⎡
⎢⎢⎢⎣

1

2
I + μKω∗

σ1

σ2 + σ1
S∂Ω∂ω∗

μK∂ω∗∂Ω

σ1

σ2 + σ1
SΩ

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

(u)|∂ω∗

(∂nu)|∂Ω

⎤
⎥⎥⎥⎦ =

σ1

σ1 + σ2

⎡
⎢⎢⎢⎢⎣

K∂Ω∂ω∗φ

(
−

1

2
+ KΩ

)
φ

⎤
⎥⎥⎥⎥⎦ .

The matrix operator arising in this equation appears also in (55). It has a continuous
inverse thanks to Theorem 7, proved in section 6.1. Let us express u|∂ω∗ = ψ:

⎡
⎣
(

1

2
I + μKω∗

)
− μS∂Ω∂ω∗S−1

Ω K∂ω∗∂Ω

⎤
⎦ψ(50)

=
σ1

σ1 + σ2

⎡
⎣K∂Ω∂ω∗ − S∂Ω∂ω∗S−1

Ω

(
1

2
I −KΩ

)⎤
⎦φ.

Since the operators K∂Ω∂ω∗ and S∂Ω∂ω∗ are compact, the operator R2 is compact,
and hence M1 is compact. The proof of compactness of M2 is similar. Let us mention
that a similar strategy of proof can be found in [6].

The natural question is then as to how this optimization problem is ill-posed.
This question is related directly to the rate at which the singular values of the Hessian
operator are decreasing. Equation (50) shows that this rate is that of the operators
K∂Ω∂ω∗ , and S∂Ω∂ω∗ . Now, since for every u ∈ H1/2(∂Ω), the functions K∂Ω∂ω∗u and
S∂Ω∂ω∗u are harmonic outside of ∂Ω and therefore in Ω, their restrictions on ∂ω∗ are
as smooth as ∂ω∗. We conclude that if ∂ω∗ is C∞, then the restriction belongs to
each Hs(∂ω∗) for s > 1/2, and that if λn denotes the nth eigenvalue of D2JKV (ω∗),
then λn = o(n−s) for all s > 0.
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6. Appendices.

6.1. An auxiliary boundary value problem. We have to justify rigorously
that the right-hand sides of (6)–(8) make sense. They involve tangential derivatives of
un and ud along the interface ∂ω up to order three. The existence of these derivatives
is not clear a priori since the gradient of the solution has a discontinuity along this
interface. Our first aim is to make the tangential regularity precise along the interface
∂ω of the solution u of (1) with either Dirichlet or Neumann boundary conditions. Our
strategy is to find an integral equation solved by this trace and to use known properties
on the layers operators to obtain regularity on the solution of the integral equation.

We should have access to the trace of u on the interface ∂ω. To that end, we
introduce for any α ∈ H1/2(∂ω) and β ∈ H−1/2(∂ω) the following boundary value
problems:

(51)

(D)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δv = 0 in Ω \ ω and in ω,

[v] = α on ∂ω,

[σ∂nv] = β on ∂ω,

v = f1 on ∂Ω,

(N)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δv = 0 in Ω \ ω and in ω,

[v] = α on ∂ω,

[σ∂nv] = β on ∂ω,

∂nv = g1 on ∂Ω,

where (f1, g1) ∈ H1/2(∂Ω) ×H−1/2(∂Ω). Note that for α = 0, β = 0, and (f1, g1) =
(f, g), then (ud) and un solve, respectively, (D) and (N); furthermore the choice of

(52) α =
[σ]

σ2
hn∂nu

+ and β = [σ] divτ (hn∇τu)

leads to (6) and (7) when we take (f1, g1) = (0, 0).

Existence of solutions to (D) and (N). To study these problems, we use the inte-
gral representation in terms of layer potentials.

In the first step, we recall some definitions. The fundamental solution to the
Laplace equation Γ is defined as

Γ(x, y) = −
1

4π

1

|x− y| if n = 3.

The integral equations applying to the direct problem will be obtained from a study of
the classical single- and double-layer potentials. We begin to introduce the following
operators:

S∂Ω∂ω : u �→ S∂Ω∂ωu(x) :=

∫
∂Ω

Γ(x, y)u(y) dσ(y), x ∈ ∂ω;

S∂ω∂Ω : u �→ S∂ω∂Ωu(x) :=

∫
∂ω

Γ(x, y)u(y) dσ(y), x ∈ ∂Ω;

K∂Ω∂ω : u �→ K∂Ω∂ωu(x) :=

∫
∂Ω

∂nΓ(x, y)u(y) dσ(y), x ∈ ∂ω;

K∂ω∂Ω : u �→ K∂ω∂Ωu(x) :=

∫
∂ω

∂nΓ(x, y)u(y) dσ(y) , x ∈ ∂Ω.
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Note that all these operators have a smooth kernel since the boundaries ∂ω and ∂Ω
are assumed to have no common point. We also denote

SΩ : u �→ SΩu(x) :=

∫
∂Ω

Γ(x, y)u(y) dσ(y), x ∈ ∂Ω;

KΩ : u �→ KΩu(x) :=

∫
∂Ω

∂nΓ(x, y)u(y) dσ(y), x ∈ ∂Ω;

Sω : u �→ Sωu(x) :=

∫
∂ω

Γ(x, y)u(y) dσ(y), x ∈ ∂ω;

Kω : u �→ Kωu(x) :=

∫
∂Ω

∂nΓ(x, y)u(y) dσ(y), x ∈ ∂ω.

We obtain some systems of integral equations to compute the state function and
their shape derivatives. Since v is harmonic in Ω \ ω and for all x ∈ ∂Ω ∪ ∂ω, it has
the classical boundary representation:

1

2
v(x) =

∫
∂Ω

∂nΓ(x, y)v(y) −
∫
∂ω

∂nΓ(x, y)v(y)(53)

−
∫
∂Ω

Γ(x, y)∂nv(y) +

∫
∂ω

Γ(x, y)∂nv(y).

Similarly since v is harmonic in ω, for all x ∈ ∂ω we can write

(54)
1

2
v(x) =

∫
∂ω

∂nΓ(x, y)v(y) −
∫
∂ω

Γ(x, y)∂nv(y).

Let us denote by vd the solution of the boundary value problem (D) in (51). Let us
show how to compute their restrictions and also their normal vector derivatives on
the boundaries. Incorporating the jump conditions, a straightforward computation
leads to the boundary integral equations⎡

⎢⎢⎢⎣
1

2
I + μKω

σ1

σ2 + σ1
S∂Ω∂ω

μK∂ω∂Ω

σ1

σ2 + σ1
SΩ

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

(v+
d )|∂ω

(∂nvd)|∂Ω

⎤
⎥⎥⎥⎦(55)

=
1

σ1 + σ2

⎡
⎢⎢⎢⎢⎣
σ2

(
1

2
I −Kω

)
Sω

−σ2K∂ω∂Ω S∂ω∂Ω

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
α

β

⎤
⎥⎥⎥⎦+

σ1

σ1 + σ2

⎡
⎢⎢⎢⎢⎣

K∂Ω∂ωf1(
−

1

2
+ KΩ

)
f1

⎤
⎥⎥⎥⎥⎦ ,

where μ = [σ]/(σ1 + σ2). Thanks to (54), the quantity (∂nvd)
+ is then given by

Sω(∂nvd)
+
|∂ω =

σ2

σ1

(
−

1

2
I + Kω

)(
v+
d (x)|∂ω − α

)
+

1

σ1
Sωβ.

Concerning vn, the solution of the Neumann problem (N) in (51), the same kind of
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computation gives⎡
⎢⎢⎢⎢⎣

1

2
I + μKω −

σ1

σ2 + σ1
K∂Ω∂ω

μK∂ω∂Ω −
σ1

σ2 + σ1

(
−

1

2
I + KΩ

)
⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

(v+
n )|∂ω

(vn)|∂Ω

⎤
⎥⎥⎥⎦(56)

=
1

σ1 + σ2

⎡
⎢⎢⎢⎢⎣
σ2

(
1

2
I −Kω

)
Sω

−σ2K∂ω∂Ω S∂ω∂Ω

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
α

β

⎤
⎥⎥⎥⎦−

σ1

σ1 + σ2

⎡
⎢⎣S∂Ω∂ωg1

SΩg1

⎤
⎥⎦ .

Finally, the computation of (∂nvn)+|∂ω is given by

Sω(∂nvn)+|∂ω =
σ2

σ1

(
−

1

2
I + Kω

)(
v+
n (x)|∂ω − α

)
+

1

σ1
Sωβ.

Concerning the well-posedness of (55), we can state the following result.
Theorem 7. The linear system of integral equations (55) has a unique solution

in H1/2(∂ω) × H−1/2(∂Ω).
Proof. Let A be the matrix operator defined on H1/2(∂ω) × H−1/2(∂Ω) as

(57) A =

⎡
⎢⎢⎢⎣

1

2
I + μKω

σ1

σ2 + σ1
S∂Ω∂ω

μK∂ω∂Ω

σ1

σ1 + σ2
SΩ

⎤
⎥⎥⎥⎦ .

The main argument of the proof is based on the Fredholm alternative. We have to
show that the adjoint operator A∗ is injective. Since the boundaries are bounded, the
adjoint operator A∗ defined on H−1/2(∂ω) × H1/2(∂Ω) can be written in the form

(58) A∗ =

⎡
⎢⎢⎢⎣

1

2
I + μK∗ω μK∗∂Ω∂ω

σ1

σ2 + σ1
S∂ω∂Ω

σ1

σ2 + σ1
SΩ

⎤
⎥⎥⎥⎦ .

Let (u, v) ∈ H−1/2(∂ω) × H1/2(∂Ω) be in the kernel of A∗. Consider the potential W
defined for each x ∈ R

d by

(59) W (x) =
σ1

σ2 + σ1

(∫
∂ω

Γ(x, y)u(y) +

∫
∂Ω

Γ(x, y)v(y)

)
.

In the first step, we show that W = 0. The function W satisfies ΔW = 0 in R
d \

(∂ω∪∂Ω) by construction. We check that W |∂Ω = 0 from the equation corresponding
to the second line of A∗. By the properties of the single-layer potential, [W ] = 0 on
∂ω. Furthermore, it holds that [σ∂nW ] = 0 on ∂ω. Indeed, we can have [14]

∂nW
+ =

σ1

σ1 + σ2

((
1

2
+ K∗ω

)
u + K∗∂Ω∂ωv

)
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and

∂nW
− =

σ1

σ1 + σ2

((
−1

2
+ K∗ω

)
v + K∗∂Ω∂ωv

)
,

and hence

σ1∂nW
+ − σ2∂nW

− = σ1

⎛
⎝
(

1

2
I + μK∗ω

)
u + μK∗∂Ω∂ωv

⎞
⎠ .

This corresponds to the first line of A∗(u, v). Then W solves the Laplace equation (1)
with homogeneous Dirichlet boundary conditions. By the uniqueness of the solution,
we get W = 0 in Ω.

In the second step, we deduce that u = v = 0. Since W = 0 in Ω, we see that
[∂nW ] = 0 on ∂ω. Since [∂nW ] = σ1u/(σ1 + σ2) on ∂ω, we deduce u = 0. From
the second line of A∗(u, v) = 0, we see that SΩv = 0 on ∂Ω. Since the single-layer
potential operator SΩ : H−1/2(∂Ω) �→ H1/2(∂Ω) is an isomorphism, v = 0 holds. The
injectivity of A∗ is proved. Since 2A = I + C, where C is a compact operator, we
conclude that A has a continuous inverse thanks to the Fredholm alternative.

In a similar way, the problem (56) is well-posed under some additional assump-
tions. We define the adequate space

H
1/2
♦ (∂Ω) =

{
φ ∈ H1/2(∂Ω) :

∫
∂Ω

φ = 0

}
.

We can state the following result.

Theorem 8. If we impose the normalizing condition∫
∂Ω

vn =

∫
∂Ω

f1,

then there exists one unique couple ((vn)|∂ω, (vn)|∂Ω) ∈ H1/2(∂ω)×H
1/2
♦ (∂Ω) solution

of (56).

Proof. Set

(60) B =

⎡
⎢⎢⎢⎢⎣

1

2
I + μKω −

σ1

σ2 + σ1
K∂Ω∂ω

μK∂ω∂Ω −
σ1

σ1 + σ2

(
−

1

2
I + KΩ

)
⎤
⎥⎥⎥⎥⎦

as the operator defined on H1/2(∂ω) × H
1/2
♦ (∂Ω). The adjoint B∗ can be written in

the form

(61) B∗ =

⎡
⎢⎢⎢⎢⎣

1

2
I + μK∗ω μK∗∂Ω∂ω

−
σ1

σ1 + σ2
K∗∂ω∂Ω −

σ1

σ1 + σ2

(
−

1

2
I + K∗Ω

)
⎤
⎥⎥⎥⎥⎦ .
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We begin to show that B∗ is injective. Let (u, v) ∈ H1/2(∂ω) × H1/2(∂Ω) be in the
kernel of B∗. We introduce the potential

Z(x) = − σ1

σ1 + σ2

(∫
∂ω

Γ(x, y)u(y) +

∫
∂Ω

Γ(x, y)v(y)

)
, x ∈ R

d.

We can see that Z is a harmonic function in R
d\(∂ω∪∂Ω), satisfying ∂nZ = 0 on ∂Ω.

By the properties of the single-layer potential, [Z] = 0. Furthermore, a straightfor-
ward calculation shows that [σ∂nZ] = 0 on ∂ω. Hence, Z solves the boundary value
problem

−div (σ∇Z) = 0 in Ω,

∂nZ = 0 on ∂Ω.

The function is therefore constant in Ω. Writing [∂nZ] = 0 on ∂ω, we get easily u = 0

and then (− 1
2 +K∗Ω)v = 0. Since the operator λI−K∗Ω is one-to-one on H

1/2
♦ (∂Ω), we

deduce that v = 0. We conclude the proof thanks to the Fredholm alternative.
Tangential regularity results. In order to give a sense to the jump conditions

arising in (6)–(8), we need to work in the space of functions of higher regularity. We
choose the framework of Hölder spaces. We quote [12] to make the behavior of the
layer potentials on these spaces precise.

Theorem 9 (Kirsch [12]).
1. If ∂ω is of class C2,α, 0 < α < 1, then the operators Sω and Kω map Cβ(∂ω)

continuously into C1,β for all 0 < β ≤ α.
2. Let k ∈ N with k �= 0. If ∂ω is of class Ck+1,α with 0 < α < 1, then the

operators Sω and Kω map Ck,β(∂ω) continuously into Ck+1,β(∂ω) for all
0 < β ≤ α.

3. Let k be an integer. If ∂ω is of class Ck+2,α, then K∗ω maps Ck,β continuously
into Ck+1,β(∂ω) for all 0 < β ≤ α.

Proposition 7. Assume that ∂ω is of class C4,α. Then the trace of ud solution of
the boundary value problem (1), (2) belongs to C3,α(∂ω,R), while ∂nud ∈ C2,α(∂ω,R).

Proof. We consider now the particular case where both α and β are the zero
function and (f1, g1) = (f, g), where f and g are, respectively, the Dirichlet and
Neumann boundary data. To recover the tangential regularity of the solution u along
∂ω, we look at the first line of (55) to deduce that

(62)

[
1

2
I + μKω

]
(ud)|∂ω = −

σ1

σ2 + σ1
S∂Ω∂ω∂nud|∂Ω +

σ1

σ1 + σ2
K∂Ω∂ωf

and

(63) Sω(∂nud)
+
|∂ω =

σ2

σ1

(
−

1

2
I + Kω

)
u+
d (x)|∂ω.

It is easy to deduce that (ud)|∂ω ∈ C3,α(∂ω). Indeed, from (62), which we consider
as an equation in (ud)|∂ω with data f and (∂nud)|∂Ω = g, we see that (f, (∂nvd)|∂Ω)

belongs to H1/2(∂Ω) × H−1/2(∂Ω), thanks to Theorem 7.
Since the two boundaries have no intersection point and since ∂ω is of class C4,α,

it follows that the right-hand side of the former equation is of class C3,α(∂ω). We then
conclude that the solution of (62) will be of class C3,α since the operator 1/2I +μKω

is an isomorphism from C3,α(∂ω) into itself. With the same arguments, we show
straightforwardly that (∂nun)+|∂ω ∈ C2,α.
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About the regularity of the jumps of the second derivative. The equa-
tions giving the jump conditions [u′d] and [∂u′d] show obviously that [u′d] and [∂nu

′
d]

belong, respectively, to C2,α(∂ω) and C1,α(∂ω). Hence, it comes straightforwardly
that [u′′d ] ∈ C1,α. With the same arguments, we show that [∂nu

′′
d ] ∈ C0,α (see [22]

for more details) and then that all the formal computations to get the equations
describing the second derivative make sense.

Remark on the interest of (51) for numerical schemes. In view of a nu-
merical discretization of the state equation, one has to emphasize that the choice
of a finite elements method seems inappropriate: one should extract a tangential
derivative of high order on the interface ∂ω. The obtained numerical accuracy is not
sufficient to incorporate the results in an optimization scheme. On the contrary, the
systems of boundary integral equations (55) and (56) are well suited for this kind of
computation. Any numerical discretization needs to compute the state, its derivatives
with respect to the shape, and the normal derivatives along the interface ∂ω. This
can be done for both ud and u′d with just a change in the right-hand side of the same
system. Nevertheless, a discussion of adapted schemes should be precise and is out of
the scope of this manuscript.

6.2. The bidimensional case. The results obtained in the three-dimensional
case can be extended to the bidimensional up to the additional assumption:

(H) The diameter of the outer domain Ω is strictly less than 1.
In fact, the proofs extends to the bidimensional case on every step except the

following fact: for a bidimensional domain D, the single-layer potential SD is not
in general an isomorphism from Hs(∂D) into Hs+1(∂D) for s ∈ R. However, Hsiao
and Wendland have shown in [10] that, provided that diam(D) < 1, the single-
layer potential is an isomorphism from Hs(∂D) into Hs+1(∂D) for all s ∈ R. In the
previously presented results, we used the inverse of SΩ in the proof of Theorem 5, and
the inverse of Sω in the proof of Theorem 7, and assumption (H) ensures that SΩ and
Sω are both invertible.

The diverse notions of curvatures coincide in dimension two. Hence the expression
of the second order derivative is simpler in dimension two. For example, the state ud

has a second order shape derivative u′′d ∈ H1(Ω \ ω) ∪ H1(ω) that solves

(64)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu′′d = 0 in Ω \ ω and in ω,[
u′′d
]

=
((

h1,nh2,n − h1,τh2,τ

)
H
)

[∂nud] −
(
h1,n[∂n(ud)

′
2] + h2,n[∂n(ud)

′
1]
)

+
(
h1τ .∇h2,n + h2τ .∇h1,n

)
[∂nud] on ∂ω,[

σ∂nu
′′
d

]
= divτ

(
h2,n

[
σ∇τ (ud)

′
1

]
+ h1,n

[
σ∇τ (ud)

′
2

]
+ (h1,τh2,τ − h1,nh2,n)H[σ∇τud]

)
− divτ

(
(h1τ .∇τh2,n + ∇τh1,n.h2τ ) [σ∇τud]

)
on ∂ω,

u′′d = 0 on ∂Ω.

6.3. Another derivation of (8). As usual in the derivation of boundary con-
ditions satisfied by shape derivatives, two strategies are at hand. First, one can
differentiate the boundary conditions satisfied by the state equation. This choice,
presented in section 4, is the shortest solution but requires dealing with tangential
derivations. One can alternatively deal with the weak form of the state equation
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and perform as many integrations by parts as required to transform the volume in-
tegral into surface integrals that can be seen as boundary conditions. This second
method will be presented now. It uses more elementary mathematical tools but re-
quires lengthy computations. These computations are presented here only for the
completeness of the presentation.

We want to make explicit the problem solved by (u′)′. To achieve this, we should
write the right-hand side of (32),

F =

∫
Ω

σ
[
∇u̇1.Ah2

∇v + ∇u̇2.Ah1∇v −∇u.A∇v
]
,

as the sum of an integral with ∇v in factor and an integral of a divergence to identify
the jump conditions on ∂ω. To that end, we will use algebraic identities that involve
second order derivatives of u, u̇i and of the test function v ∈ D(Ω). Using Lemma 1,
we obtain

∫
Ω

σ∇u̇1.Ah2∇v =

∫
Ω

σ

[
∇(h2.∇u̇1).∇v + ∇(h2.∇v)∇u̇1 − div

(
(∇u̇1.∇v)h2

) ]
,

∫
Ω

σ∇u̇2.Ah1
∇v =

∫
Ω

σ

[
∇(h1.∇u̇2).∇v + ∇(h1.∇v)∇u̇2 − div

(
(∇u̇2.∇v)h1

) ]
.

Concerning the remaining terms, we use Lemma 2 to get

∫
Ω

σ∇u.A∇v =

∫
Ω

σ div
(
(h2.∇u)Ah1

∇v + (h2.∇v)Ah1
∇u− (Ah1

∇u.∇v)h2

)

− σ

[
(h2.∇u)div

(
Ah1∇v

)
+ (h2.∇v)div

(
Ah1∇u

) ]
.

We apply Lemma 3 and gather the expressions obtained for F .

F =

∫
Ω

σ

[
∇ (h1.∇u̇2 + h2.∇u̇1) .∇v + ∇(h2.∇v).∇u̇1 + ∇(h1.∇v).∇u̇2

]

+

∫
Ω

σ div
(
(Ah1∇u.∇v −∇u̇1.∇v)h2 − (∇u̇2.∇v)h1

)

+

∫
Ω

σ

[
(h2.∇v)Δ(h1.∇u) − div

(
(h2.∇v)Ah1∇u

)
−∇(h2.∇u).Ah1∇v

]
.

(65)

Using (25), we remove the dependency on Ah1
∇v:

∇(h2.∇u).Ah1∇v = ∇(h1.∇(h2.∇u)).∇v

+ ∇(h1.∇v)∇(h2.∇u) − div
(
(∇(h2.∇u).∇v)h1

)
.
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Therefore, we write F = F1 + F2, where

(66)

F1 =

∫
Ω

σ

[
∇ (h1.∇u̇2 + h2.∇u̇1) −∇(h1.∇(h2.∇u))

]
.∇v,

F2 =

∫
Ω

σ

[
∇(h1.∇v).∇(u̇2 − h2.∇u) + ∇(h2.∇v).∇u̇1 + (h2.∇v)Δ(h1.∇u)

]

+

∫
Ω

σ div
(
(Ah1∇u.∇v −∇u̇1.∇v)h2

+
(
∇(h2.∇u).∇v −∇u̇2.∇v

)
h1 − (h2.∇v)Ah1∇u

)
.

The connection between second order material and shape derivatives is given by

ü1 = (u′1)
′
2 + h1.∇u̇2 + h2.∇u̇1 − h1.∇(h2.∇u).

Incorporating this expression into (66), we rewrite (32) as

(67) ∀v ∈ H1
0 (Ω),

∫
Ω

σ∇(u′1)
′
2.∇v = F2.

Testing it against v ∈ D(Ω \ ∂ω), we get Δ(u′1)
′
2 = 0 in Ω \ ω and in ω. We now

deduce the jump conditions for (u′1)
′
2. To obtain the jump of the potential, we simply

write that ü1 ∈ H1
0(Ω), hence [ü1] = 0 on ∂ω, and then

(68) [(u′1)
′
2] = −h1.[∇u′2] − h2.[∇u̇1].

To express the jump of the flux, we then apply the Gauss formula in (67) to get

(69) −
∫
∂ω

[σ∂n(u′1)
′
2]v = F2.

The second term F2 contains all the jumps of the flux on the interface ∂ω.

A simplified expression of F2. To get a simplified formula for F2 under a
boundary integral, some lengthy but straightforward calculations are needed. We
summarize the result by means of the following lemma.

Lemma 5. One has

F2 =

∫
∂ω

divτ

(
2h2,nh1,nDn [σ∇τu] − h2,nn.∇h1,n [σ∇τu] + h2,nh1τ .Dnn [σ∇τu]

)
v

+

∫
∂ω

divτ

(
h1τ .∇τ (h2,n) [σ∇τu] − h1,nh2,nH [σ∇τu]

)
v

−
∫
∂ω

(
divτ

(
h2,n

[
σ∇τu

′
1

])
+ divτ

(
h1,n

[
σ∇τu

′
2

]))
v.

(70)

Proof. First, write∫
Ω

σ∇(h1.∇v).∇(u̇2 − h2.∇u) = σ1

∫
Ω\ω

∇(h1.∇v).∇u′2 + σ2

∫
ω

∇(h1.∇v).∇u′2

= −
∫
∂ω

[σ∂nu
′
2](h1.∇v).
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Note that the normal vector is oriented from ω to Ω \ ω. In the same spirit, we write

∇(h2.∇v).∇u̇1 + (h2.∇v)Δ(h1.∇u) = ∇(h2.∇v).∇(u̇1 − h1.∇u)

+ div
(
(h2.∇v).∇(h1.∇u)

)
.

By an argument of symmetry, we then can write∫
Ω

σ∇(h2.∇v).∇(u̇1 − h1.∇u) = −
∫
∂ω

[σ∂nu
′
1](h2.∇v).

To drop the dependency in Ah1
, we use (25) and get after expansion

div
((

Ah1
∇u.∇v

)
h2

)
= div

((
∇(h1.∇v).∇u + ∇(h1.∇u)∇v

)
h2

)
−div

(
div

(
(∇u.∇v)h1

)
h2

)
,

div
(
(h2.∇v)Ah1

∇u
)

= ∇(h2.∇v).Ah1
∇u + (h2.∇v)div

(
Ah1∇u

)
= ∇(h1.∇(h2.∇v)).∇u + ∇(h1.∇u)∇(h2.∇v)

+ (h2.∇v)Δ(h1.∇u) − div
((

∇(h2.∇v).∇u
)
h1

)
= ∇

(
h1.∇(h2.∇v)

)
.∇u

+ div
(
(h2.∇v)∇(h1.∇u) −

(
∇(h2.∇v).∇u

)
h1

)
.

After integrating by parts, we conclude, thanks to the state equation, with∫
Ω

σ∇
(
h1.∇(h2.∇v)

)
.∇u = −

∫
Ω

(
h1.∇(h2.∇v)

)
div (σ∇u) = 0.

We substitute the shape derivative u′ to the material derivative u̇:

F2 = −
∫
∂ω

[σ∂nu
′
1](h2.∇v) + [σ∂nu

′
2](h1.∇v) −

∫
Ω

σ div
(
div

(
(∇u.∇v)h1

)
h2

)

+

∫
Ω

σ div

(((
∇(h1.∇v).∇u)h2 + (∇(h2.∇v).∇u

)
h1

)

−
(
(∇u′2.∇v)h1 + (∇u′1.∇v)h2

))
.

First, we use the continuity of the flux on ∂ω, then we integrate by parts on ∂ω,
and finally we incorporate the expressions of the jumps of the shape derivatives u′ to
obtain ∫

Ω

σdiv
(
h1.

(
∇(h2.∇v).∇u

))

= −
∫
∂ω

[
σ∇u.∇(h2.∇v)

]
h1,n = −

∫
∂ω

[σ∇τu]h1,n∇τ (h2.∇v)

=

∫
∂ω

divτ

(
[σ∇τu]h1,n

)
h2.∇v =

∫
∂ω

[
σ∂nu

′
1

]
h2.∇v.
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This leads to a simplified expression for F2:

F2 = −
∫

Ω

σ div

(
div

(
(∇u.∇v)h1

)
h2 +

(
(∇u′1.∇v)h2 + (∇u′2.∇v)h1

))
.

Let us study each term of this sum. Using the Gauss formula and integrating by parts
on the manifold ∂ω, we obtain∫

Ω

σ div
(
∇u′1.∇v)h2

)

= −
∫
∂ω

h2,n

[
σ∇u′1.∇v

]
= −

∫
∂ω

h2,n

[
σ∂nu

′
1

]
∂nv −

∫
∂ω

h2,n

[
σ∇τu

′
1

]
∇τv

= −
∫
∂ω

h2,n

[
σ∂nu

′
1

]
∂nv +

∫
∂ω

divτ

(
h2,n

[
σ∇τu

′
1

])
v.

By symmetry, we also get∫
Ω

σ div
(
∇u′2.∇v)h1

)
= −

∫
∂ω

h1,n

[
σ∂nu

′
2

]
∂nv +

∫
∂ω

divτ

(
h1,n

[
σ∇τu

′
2

])
v.

We now turn to the term with a double divergence. We first write it as a boundary
integral thanks to the Gauss formula:∫

Ω

σ div
(
div

(
(∇u.∇v)h1

)
h2

)
= −

∫
∂ω

h2,ndiv
(
h1

[
σ(∇u.∇v)

])
.

Then we use (14) to introduce the tangential operators:∫
Ω

σ div
(
div

(
(∇u.∇v)h1

)
h2

)
= −

∫
∂ω

h2,ndivτ

(
h1

[
σ(∇u.∇v)

])

−
∫
∂ω

h2,nD
(
h1

[
σ(∇u.∇v)

])
n.n.

We study each of these terms, starting with the one involving tangential derivatives:
we expand the tangential divergence to incorporate the jump relation for the state u:

divτ

(
h1

[
σ(∇u.∇v)

])
= divτ (h1)

[
σ(∇u.∇v)

]
+ h1.∇τ [σ∇u.∇v]

= divτ (h1) [σ∇τu] .∇τv + h1.∇τ [σ∇τu.∇τv] .

Then the first term becomes∫
∂ω

h2,ndivτ

(
h1

[
σ(∇u.∇v)

])
=

∫
∂ω

h2,ndivτ (h1) [σ∇τu] .∇τv

+

∫
∂ω

h2,nh1.∇τ [σ∇τu∇τv] .

We use the integration by parts formula (18) to get∫
∂ω

h2,ndivτ

(
h1

[
σ(∇u.∇v)

])

=

∫
∂ω

h1,nh2,nH [σ∇τu] .∇τv − divτ

(
divτ (h1)h2,n [σ∇τu]

)
v

− divτ

(
h1h2,n

)
[σ∇τu] .∇τv

=

∫
∂ω

divτ

((
divτ

(
h1h2,n

)
− divτ (h1)h2,n − h1,nh2,nH

)
[σ∇τu]

)
v.
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Expanding

divτ

(
divτ

(
h1h2,n

)
[σ∇τu]

)
v

= divτ

(
divτ (h1)h2,n [σ∇τu] + h1.∇τ (h2,n) [σ∇τu]

)
v

= divτ

(
divτ (h1)h2,n [σ∇τu]

)
v + divτ

(
h1τ∇τh2,n [σ∇τu]

)
v,

we obtain the new expression:

(71)∫
∂ω

h2,ndivτ

(
h1

[
σ(∇u.∇v)

])
=

∫
∂ω

divτ

((
h1τ∇τh2,n − h1,nh2,nH

)
[σ∇τu]

)
v.

Now, we consider the term involving normal components. We have

n.D(h1

[
σ(∇u.∇v)

]
)n = n.∇(h1,n [σ∇u.∇v]) − [σ∇u.∇v]h1τ .Dnn

= n.∇(h1,n) [σ∇τu]∇τv + h1,nn.∇([σ∇u.∇v]).
(72)

Then we get∫
∂ω

h2,nD(h1

[
σ(∇u.∇v)

]
)n.n

=

∫
∂ω

h2,nn.∇(h1,n) [σ∇τu] .∇τv + h2,nh1,nn.∇([σ∇u.∇v])

=

∫
∂ω

−divτ

(
h2,nn.∇(h1,n) [σ∇τu]

)
v + h2,nh1,nn.∇([σ∇u.∇v]).

A straightforward calculus leads to

n.∇([σ∇u.∇v]) = n.

([
σD2u∇v

]
+ D2v [σ∇u]

)

= n.

(
∂nv

[
σD2u

]
n +

[
σD2u

]
∇τv + D2v [σ∇τu]

)

= ∂nv

[
σ
∂2u

∂n2

]
+ n.

[
σD2u

]
∇τv + n.D2v [σ∇τu] ,

where D2u is the Hessian matrix of u. From (20) and from the jump conditions for
the state u, we deduce that [

σ
∂2u

∂n2

]
= − [σΔτu] .

When one differentiates the relation expressing the continuity of the flux for the state
along the tangential direction ∇τv, one gets (see [7, p. 235])

0 = ∇[σ∂nu].∇τv = [σD2u]∇τv.n + [σ∇u].(Dn∇τv).

In the same spirit, it comes that

(73) ∇∂nv.[σ∇τu] = D2v[σ∇τu].n + ∇v.(Dn[σ∇τu]).
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Since Dn is a symmetric matrix and Dnn = 0, one checks ∇v.(Dn[σ∇τu]) =
[σ∇u].(Dn∇τv). Then

n.∇([σ∇u.∇v]) = − [σΔτu] ∂nv − 2Dn [σ∇τu] .∇τv + [σ∇τu]∇τ∂nv.

We integrate this expression on ∂ω and obtain after some integration by parts∫
∂ω

h2,nh1,nn.∇([σ∇u.∇v])

= −
∫
∂ω

h2,nh1,n [σΔτu] ∂nv +

∫
∂ω

h2,nh1,n [σ∇τu]∇τ∂nv

− 2

∫
∂ω

h2,nh1,nDn [σ∇τu] .∇τv,

= −
∫
∂ω

[
h2,nh1,n [σΔτu] + divτ

(
h2,nh1,n [σ∇τu]

)]
∂nv

+ 2

∫
∂ω

divτ

(
h2,nh1,nDn [σ∇τu]

)
v.

Hence ∫
∂ω

h2,nD(h1

[
σ(∇u.∇v)

]
)n.n

= −
∫
∂ω

[
h2,nh1,n [σΔτu] + divτ

(
h2,nh1,n [σ∇τu]

)]
∂nv

+

∫
∂ω

divτ

(
2h2,nh1,nDn [σ∇τu] − h2,nn.∇τh1,n [σ∇τu]

)
v,

∫
Ω

σdiv
(
div

(
(∇u.∇v)h1

)
h2

)

=

∫
∂ω

[
h2,nh1,n [σΔτu] + divτ

(
h2,nh1,n [σ∇τu]

)]
∂nv

−
∫
∂ω

divτ

(
2h2,nh1,nDn [σ∇τu] − h2,nn.∇h1,n [σ∇τu]

)
v

−
∫
∂ω

divτ

(
h1τ .∇τ (h2,n) [σ∇τu] − h1,nh2,nH [σ∇τu]

)
v.

Gathering all the terms, we write F2 as

F2 =

∫
∂ω

divτ

(
2h2,nh1,nDn [σ∇τu]

+
(
h1τ .∇τ (h2,n) − h2,nn.∇h1,n − h1,nh2,nH

)
[σ∇τu]

)
v

−
∫
∂ω

(
divτ

(
h2,n

[
σ∇τu

′
1

])
+ divτ

(
h1,n

[
σ∇τu

′
2

]))

−
∫
∂ω

(
h2,nh1,n [σΔτu] + divτ

(
h2,nh1,n [σ∇τu]

))
∂nv

+

∫
∂ω

(
h1,ndivτ

(
h2,n [σ∇τu]

)
+ h2,ndivτ

(
h1,n [σ∇τu]

))
∂nv.
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We end the proof after expanding the tangential divergence of the last term of F2.

Let us return to the weak formulation (69) of the derivative. By identification,
we get

[σ∂n(u′1)
′
2] = divτ

(
h2,n

[
σ∇τu

′
1

])
+ divτ

(
h1,n

[
σ∇τu

′
2

])

− divτ

(
h2,nh1,n(2Dn −HI) [σ∇τu]

)
− divτ

(
h1τ .∇τ (h2,n) [σ∇τu]

−h2,nn.∇h1,n [σ∇τu] + h2,nh1τ .Dnn [σ∇τu]
)
.

Finally, we conclude the expression giving the jump of the flux for the second order
derivative by relation (29).
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A VIABILITY THEOREM FOR MORPHOLOGICAL INCLUSIONS∗

THOMAS LORENZ†

Abstract. The aim of this paper is to adapt the viability theorem from differential inclusions
(governing the evolution of vectors in a finite-dimensional space) to so-called morphological inclusions
(governing the evolution of nonempty compact subsets of the Euclidean space). In this morphological
framework, the evolution of compact subsets of R

N is described by means of flows along bounded
Lipschitz vector fields (similarly to the velocity method (a.k.a. speed method) in shape analysis).
Now for each compact subset, more than just one vector field is admitted—correspondingly to the
set-valued map of a differential inclusion in finite dimensions. We specify sufficient conditions on the
given data such that for every initial compact set, at least one of these compact-valued evolutions
satisfies fixed state constraints in addition. The proofs follow an approximative track similar to the
standard approach for differential inclusions in R

N , but they use tools about weak compactness and
weak convergence of Banach-valued functions. Finally an application to shape optimization under
state constraints is sketched.

Key words. shape evolutions with state constraints, velocity method (speed method), morpho-
logical equations, Nagumo’s theorem, viability condition, Clarke’s generalized shape derivative

AMS subject classifications. 49J53, 34A60, 47N10, 49J24, 49Q10, 93C15

DOI. 10.1137/060670778

1. Introduction. State constraints provide challenging questions in any form
of dynamic system. For the problem of finding sufficient and necessary conditions on
the state constraints, the first complete answer for ordinary differential equations was
given by Nagumo [26] in 1942, and this characterization (using Bouligand tangent
cones) has been rediscovered many times during previous decades.

If solutions of any given initial value problem are not unique, then two versions
of this question are to be distinguished from each other: we demand that either all
solutions have their values in the fixed set of constraints or that (just) at least one
solution with this property exists. In the first case, the corresponding set of constraints
is called invariant and, in the latter case, it is viable or weakly invariant.

For autonomous differential inclusions in R
N , the results are presented in Aubin’s

monograph Viability Theory [2], for example.
The main goal of this paper is a sufficient characterization of viability for shapes.
To be more precise, we leave the familiar Euclidean space R

N and consider
evolutions of nonempty compact subsets of R

N instead. Correspondingly, the so-
lution x : [0, T ] −→ R

N (of a differential inclusion) is now replaced by a curve
K : [0, T ] −→ K(RN ), with K(RN ) denoting the set of nonempty compact subsets of
R

N usually supplied with the Pompeiu–Hausdorff distance

dl(K1,K2) := sup
x∈K2,
y∈K1

max
{

dist(x,K1), dist(y,K2)
}

= sup
z∈RN

|dist(z,K1) − dist(z,K2)| .
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The state constraints are again formulated as a subset, i.e., now V ⊂ K(RN ) (instead
of V ⊂ R

N for differential inclusions).

Lipschitz vector fields for specifying time derivatives of curves in
(K(RN), dl). For formulating the viability problem in the metric space (K(RN ), dl),
we have to specify how compact subsets of R

N are “deformed.” The so-called velocity
method or speed method has led Céa, Delfour, Zolésio, and others to remarkable results
about shape optimization (see, e.g., [9, 12, 11, 33, 38] and the references there). It is
based on prescribing a vector field v : R

N × [0, T ] −→ R
N such that the corresponding

ordinary differential equation d
dt x(·) = v(x(·), ·) induces a unique flow on R

N . Indeed,
supposing v to be sufficiently smooth, the Cauchy problem

d

dt
x(·) = v(x(·), ·) in [0, T ], x(0) = x0 ∈ R

N

is always well-posed, and any compact initial set K ⊂ R
N is deformed to

ϑv(t,K) :=

{
x(t)

∣∣∣ ∃x(·) ∈ C1([0, t],RN ) :
d

dt
x(·) = v(x(·), ·) in [0, t], x(0) ∈ K

}

after an arbitrary time t ≥ 0. As a key advantage, this concept of set evolution does
not require any regularity conditions on the compact set K or its topological boundary
(but only on the vector field v). In other words, v can be interpreted as a “direction
of deformation” for (K(RN ), dl). So it is “possible to define directional derivatives and
speak of shape gradient and shape Hessian with respect to (w.r.t.) the associated
vector space of velocities. This second approach has been known in the literature
as the velocity method ” [12, Chapter 1, section 6]. (The “first” approach mentioned
there in [12] refers to perturbations of the identity map and applying techniques of
differential geometry.)

Aubin seized this notion for extending ordinary differential equations to this met-
ric space of compact subsets. The so-called morphological equations are sketched in
[3] and then presented in [5, 4] in more detail. (They seem to be closer to ordinary
differential equations in R

N than Panasyuk’s concept of “quasi-differential equations”
[29, 28, 27]. In contrast to [1], morphological equations dispense with any aspects of
affine-linear structure.)

For a given curve K(·) : [0, T ] −→ K(RN ), autonomous Lipschitz vector fields
R

N −→ R
N are used for specifying the counterparts of time derivatives. To be

more precise, a Lipschitz continuous field g : R
N −→ R

N represents a first-order
approximation of K(·) at time t ∈ [0, T [ if

(∗) lim sup
h↓0

1

h
· dl
(
K(t + h), ϑg(h, K(t))

)
= 0

(see Figure 1.1). Obviously, this limit superior being equal to 0 is even a limit because
distances are always nonnegative by definition. Of course, such a field g(·) does not
have to be unique, and thus all bounded Lipschitz vector fields with property (∗) form

the so-called mutation
◦
K(t) of K(·) at time t ∈ [0, T [. In particular, the mutation is a

subset of all bounded Lipschitz functions R
N −→ R

N and extends the time derivative
to curves in the metric space (K(RN ), dl).

Solving a morphological equation with state constraints: Aubin’s adap-
tation of Nagumo’s theorem. The step from specifying a time derivative (of a



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

VIABILITY THEOREM FOR MORPHOLOGICAL INCLUSIONS 1593

Fig. 1.1.

curve) to formulating a (generalized) differential equation is rather small. It is based
just on prescribing the time derivative as a function of the current state. In connec-
tion with nonempty compact subsets of R

N , a function f : K(RN ) −→ Lip(RN ,RN )
is given with Lip(RN ,RN ) denoting the set of all bounded and Lipschitz continuous
functions R

N −→ R
N .

For any initial set K0 ∈ K(RN ), we are looking for K(·) : [0, T ] −→ K(RN )
satisfying the following:

1. K(·) is Lipschitz continuous w.r.t. the Pompeiu–Hausdorff distance dl;

2. f(K(t)) ∈
◦
K(t) for a.e. t ∈ [0, T [, i.e., limh↓0

1
h ·dl

(
K(t + h), ϑf(K(t))(h, K(t))

)
= 0;

3. K(0) = K0.

Then K(·) is called a solution of the (autonomous) morphological equation
◦
K(·) �

f(K(·)) in [0, T ] with initial value K0.
At first glance, the symbol � here seems to be contradictory to the term “equa-

tion.” The mutation
◦
K(t), however, is defined as a subset of all transitions provid-

ing a first-order approximation of K(t + ·), and so the “right-hand side” f(K(t)) ∈
Lip(RN ,RN ) should be one of its elements. (In the classical framework of differen-
tiable functions and vector spaces, the mutation consists of just one vector.)

Considering now additional state constraints, the question about existence of a
solution has been answered completely by Aubin in [4, Theorem 0.1]. In particular, the
assumptions about state constraints and f(·) justify its interpretation as a counterpart
of Nagumo’s theorem. Some applications and further studies are presented in [19, 17,
21]. The asymptotic condition related to the term “contingent” here is explained in
more detail in the subsequent remarks after Definition 2.9 and Theorem 2.10.

Proposition 1.1 (Nagumo’s theorem for morphological equations [5, 4]). Sup-
pose V ⊂ K(RN ) to be nonempty and closed w.r.t. dl.

Let f : (K(RN ), dl) −→
(
Lip(RN ,RN ), ‖ · ‖∞

)
be a continuous function satisfying

1. the uniform bound of Lipschitz constants: supM∈K(RN ) Lip f(M) < ∞;
2. the uniform bound of supremum norms: supM∈K(RN ) ‖f(M)‖∞ < ∞.

For any M ∈ V, let f(M) ∈ Lip(RN ,RN ) be contingent to V at M in the sense that

0 = lim inf
h↓0

1
h · dist

(
ϑf(M)(h,M), V

)
Def.
= lim inf

h↓0
1
h · inf

C∈V
dl
(
ϑf(M)(h,M), C

)
.

Then from any K0 ∈ V starts a solution K(·) : [0,∞[ −→ K(RN ) of the morpho-

logical equation
◦
K(·) � f(K(·)) which is viable in V, i.e., K(t) ∈ V for all t.
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The new step to morphological inclusions. This paper focuses on the cor-
responding conditions (of viability) if more than one Lipschitz field is admitted for
each compact set, i.e., the single-valued function f : K(RN ) −→ Lip(RN ,RN ) is
replaced by a set-valued map F : K(RN ) � Lip(RN ,RN ). This modification of
given data leads directly to the following definition: A Lipschitz continuous curve
K(·) : [0, T ] −→ (K(RN ), dl) is called a solution of the morphological inclusion

◦
K(·) ∩ F(K(·)) �= ∅ in [0, T [

with starting value K(0) ⊂ R
N if F(K(t)) ∩

◦
K(t) �= ∅ for almost every t ∈ [0, T [; i.e.,

there exists w ∈ F(K(t)) ⊂ Lip(RN ,RN ) with

lim
h↓0

1

h
· dl (K(t + h), ϑw(h, K(t))) = 0.

Obviously, every morphological equation can be regarded as a morphological inclusion
(just with single-valued F). So this step provides a real extension.

Considering now additional state constraints on K(·), we note that Doyen [16] has
given sufficient and some necessary conditions on F(·) and V ⊂ K(RN ) for the invari-
ance of V (i.e., all continuous solutions starting in V stay in V). His key notion is first
to extend Filippov’s existence theorem from differential inclusions (in R

N ) to mor-
phological inclusions in K(RN ) [16, Theorem 7.1] and then to verify dist(K(t),V) = 0
for all t ∈ [0, T [ (under the assumption that the values of F(·) are always contained
in the corresponding contingent cone to V) [16, Theorem 8.2].

The main result here concerns sufficient conditions on F(·) and V ⊂ K(RN ) for
the viability of V; i.e., at least one Lipschitz continuous solution has to stay in V. This
question (in a more general environment) was pointed out as open in [5, section 2.3.3]
and, to the best of my knowledge, has not been answered even for the special case of
morphological inclusions in any article submitted before.

In fact, the following statement is very similar to the viability theorem for differ-
ential inclusions in R

N (as it is discussed in [2, Theorems 3.3.2 and 3.3.4] and quoted
here in Theorem 3.3). Roughly speaking, F is supposed to be upper semicontinu-
ous with closed convex values—after specifying a suitable topology on Lip(RN ,RN )
in a moment—and we require (at least) one “contingent direction” in the value
F(K) ⊂ Lip(RN ,RN ) for each K ∈ V.

Theorem 1.2 (viability theorem for morphological inclusions). Let F : K(RN ) �

Lip(RN , R
N ) be a set-valued map and V ⊂ K(RN ) a nonempty closed subset satisfying

the following:
1. all values of F are nonempty and convex (i.e., for any λ ∈ [0, 1] and g1,

g2 ∈ F(K) ⊂ Lip(RN ,RN ), the function λ · g1 + (1 − λ) · g2 ∈ Lip(RN ,RN )
also belongs to F(K));

2. supM∈K(RN ) supf∈F(M) Lip f < ∞ (uniformly bounded Lipschitz constants),
supM∈K(RN ) supf∈F(M) ‖f‖∞ < ∞ (uniformly bounded supremum norms);

3. the graph of F is closed (w.r.t. locally uniform convergence in Lip(RN ,RN ));
4. for each K ∈ V, some w ∈ F(K) ⊂ Lip(RN ,RN ) is contingent to V at K in

the sense that 0 = lim infh↓0
1
h · dist

(
ϑw(h,K), V

)
.

Then for every initial compact set K0 ∈ V, there exists at least one solution

K(·) : [0, 1] −→ K(RN ) of the morphological inclusion
◦
K(·) ∩ F(K(·)) �= ∅ with

K(0) = K0 and K(t) ∈ V for all t ∈ [0, 1].
The new analytical aspects are closely related to the proof of this theorem. Indeed,

Haddad and others realized the theorem of Alaoglu as a powerful tool for constructing
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solutions of differential inclusions in R
N under state constraints. The counterparts of

time derivatives here, however, form a bounded sequence in L∞
(
[0, 1], Lip(RN ,RN )

)
which cannot be identified with a dual space in an obvious way. So results of Ülger
[34] and Kisielewicz [23] come now into play for characterizing weakly compact subsets
of the Bochner integrable functions [0, 1] −→ X (denoted by L1([0, 1], X)) and the
set C0(K,X) of continuous functions K −→ X with a real Banach space X and a
nonempty compact set K ⊂ R

N .

Sketching an application to shape optimization under state constraints.
In shape optimization, the essential aim is to detect a minimizer of a given functional
J : K(RN ) −→ R evaluating each nonempty compact set via a real number (see, e.g.,
[12, 11, 24, 33]). An additional set of constraints, V ⊂ K(RN ), makes the problem
rather complicated in general.

As an application of our viability theorem, Theorem 1.2, we suggest a set-valued
map F : K(RN ) � Lip(RN , R

N ), with the objective that every solution K(·) :

[0,∞[ −→ K(RN ) of the morphological inclusion
◦
K(·) ∩ F(K(·)) �= ∅ satisfy the

following two conditions and thus provide candidates (for the wanted minimizer):
(i) J ◦K : [0,∞[ −→ R, t �−→ J(K(t)) is nonincreasing, and
(ii) every compact set C being the limit of (K(tn))n∈N in V in the sense of

Painlevé–Kuratowski for some sequence tn ↗ ∞ satisfies a necessary con-
dition on minimizers (in the form of Fermat’s rule).

Then Theorem 1.2 provides sufficient conditions on F and V for the existence of at
least one solution K(·) with all its values in V (see Proposition 4.6).

This introduction (section 1) reflects the structure of the paper: Aubin’s theory
of morphological equations is summarized in section 2; in particular, we mention the
counterparts of Filippov’s and Nagumo’s theorems for evolutions in the metric space(
K(RN ), dl

)
. Then section 3 provides the step to morphological inclusions. It starts

with the viability theorem about differential inclusions (in section 3.1), collects the
tools for Banach-valued functions (in section 3.2), and verifies the viability theorem
for morphological inclusions (in section 3.3). Finally, in section 4, we present the
analytical details of the application to shape optimization.

2. A brief outline of morphological equations. Morphological equations
provide typical geometric examples of so-called mutational equations. First presented
in [3] and elaborated in [4, 5], mutational equations extend ordinary differential equa-
tions to a metric space (E, d). In a word, the key idea is to describe derivatives by
means of continuous maps (called transitions) ϑ : [0, 1] × E −→ E, (h, x) �−→ ϑ(h, x)
instead of affine-linear maps (h, x) �−→ x + h v (which are usually used in vector
spaces). Strictly speaking, such a transition specifies the point ϑ(t, x) ∈ E to which
any initial point x ∈ E has been moved after time t ∈ [0, 1].

It can be interpreted as a first-order approximation of a curve ξ : [0, T [ −→ E at
time t ∈ [0, T [ if

lim
h↓0

1

h
· d
(
ξ(t + h), ϑ(h, ξ(t))

)
= 0.

So-called morphological equations apply this concept to the set K(RN ) of nonempty
compact subsets of R

N supplied with the Pompeiu–Hausdorff distance dl,

dl(K1,K2) := sup
x∈K2,
y∈K1

max
{

dist(x,K1), dist(y,K2)
}

= inf
{
ρ > 0

∣∣K1 ⊂ K2 + ρ B1, K2 ⊂ K1 + ρ B1

}
.
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Here B1 always denotes the closed unit ball in R
N , i.e., B1 := {x ∈ R

N | |x| ≤ 1}.
This is a very general starting point for geometric evolution problems as there are no
a priori restrictions in regard to the regularity of sets and their boundaries. Motivated
by the velocity method (often used in shape optimization; see, e.g., [9, 12, 11, 33, 38]),
ordinary differential equations are here to lay the basis for transitions.

Definition 2.1. Lip(RN ,RN ) consists of all bounded and Lipschitz continuous
functions R

N −→ R
N .

Definition 2.2. Choosing any function f : R
N × [0, T ] −→ R

N , the so-called
reachable set ϑf (t,K) of the initial set K ∈ K(RN ) at time t ∈ [0, T ] is defined as

ϑf (t,K) :=
{
x(t) ∈ R

N
∣∣∣ ∃ x(·) ∈ W 1,1([0, t], R

N ) : x(0) ∈ K,

d

dτ
x(τ) = f(x(τ), τ) for a.e. τ ∈ [0, t]

}
(and correspondingly for an autonomous function f : R

N −→ R
N ).

The special case of constant functions f(·) ≡ v (with an arbitrary vector v ∈ R
N )

leads to the Minkowski sum ϑf (t,K) = K + h · v ⊂ R
N , and for an initial set

K = {x} with just one element, in particular, we return to the familiar affine-linear
map (h, x) �−→ x + h · v that has already been mentioned as motivation.

An essential contribution of Aubin was to specify appropriate continuity con-
ditions on the maps ϑ : [0, 1] × E −→ E, (h, x) �−→ ϑ(h, x) so that the familiar
track of ordinary differential equations can be followed in a metric space (E, d). Here
we quote his definition introduced in the monograph [5] (emphasizing the local fea-
tures slightly more than his original version in [4]). Reachable sets of every function
f ∈ Lip(RN ,RN ) satisfy these conditions in the metric space (K(RN ), dl).

Definition 2.3 (see [5, Definition 1.1.2]). Let (E, d) be a metric space. A map
ϑ : [0, 1]×E −→E is called a transition on (E, d) if it satisfies the following conditions:

1. ϑ(0, x) = x for all x ∈ E;
2. limh↓0

1
h · d (ϑ(t + h, x), ϑ(h, ϑ(t, x))) = 0 for all x ∈ E, t ∈ [0, 1[;

3. α(ϑ) := max
(
0, supx�=y lim suph↓0

d(ϑ(h,x), ϑ(h,y))−d(x,y)
h·d(x,y)

)
< ∞;

4. β(ϑ) := supx∈E lim suph↓0
1
h · d(x, ϑ(h, x)) < ∞.

For any two transitions ϑ1, ϑ2 : [0, 1]×E −→ E on the same metric space (E, d), the
transitional distance between ϑ1 and ϑ2 is defined by

dΛ(ϑ1, ϑ2) := sup
x∈E

lim sup
h↓0

1

h
· d (ϑ1(h, x), ϑ2(h, x)) .

Compact reachable sets of ordinary differential equations supplied with metric dl
satisfy all these conditions on transitions—as a consequence of the classical Cauchy–
Lipschitz theorem (about solutions of ordinary differential equations).

Lemma 2.4. For every f ∈ Lip(RN ,RN ), the map ϑf : [0, 1]×K(RN ) −→ K(RN ),
(h,K) �−→ ϑf (h,K) of reachable sets (as introduced in Definition 2.2) is a well-defined
transition on the metric space (K(RN ), dl) according to Definition 2.3.

To be more precise, the reachable sets satisfy the following for all initial sets
K,K1,K2 ∈ K(RN ), vector fields f, g ∈ Lip(RN ,RN ), and times t, h ≥ 0:

ϑf (0,K) = K,

ϑf (t + h,K) = ϑf (h, ϑf (t,K)),

dl(ϑf (h,K1), ϑf (h,K2)) ≤ dl(K1,K2) · eLip f ·h,

dl(ϑf (h,K), ϑg(h,K)) ≤ ‖f − g‖∞ · h eLip f ·h,

dl(ϑf (t,K), ϑf (t + h,K)) ≤ ‖f‖∞ h.
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Thus, α(ϑf ) ≤ Lipf, β(ϑf ) ≤ ‖f‖∞, dΛ(ϑf , ϑg) ≤ ‖f−g‖∞
Def.
= supx∈RN |f(x)−g(x)|.

In particular, dl (ϑf (h,K1), ϑg(h,K2)) ≤ eLip f ·h (dl(K1,K2) + h · ‖f − g‖∞).
The proof is presented in [5, Proposition 3.5.3]. In particular, this lemma justifies

calling ϑf a shape transition on (K(RN ), dl) (or morphological transition, in accordance
with [5, Definition 3.7.2]). For the sake of simplicity, f ∈ Lip(RN ,RN ) is sometimes
identified with its shape transition ϑf .

These reachable sets provide the tools for specifying (generalized) shape deriva-
tives of a compact-valued tube K(·) : [0, T [ � R

N , i.e., a curve K(·) : [0, T [ −→
K(RN ). So the next step will be to solve equations prescribing an element of the
shape mutation.

Definition 2.5 (see [5, section 3.5.4]). For any compact-valued tube K(·) :

[0, T [ � R
N , the shape mutation

◦
K (t) at time t ∈ [0, T [ consists of all f ∈ Lip(RN ,RN )

satisfying

lim
h↓0

1

h
· dl (ϑf (h, K(t)), K(t + h)) = 0.

Definition 2.6. For any given function f : K(RN ) × [0, T [ −→ Lip(RN ,RN ), a
compact-valued K(·) : [0, T [ � R

N is called a solution of the morphological equation

◦
K(·) � f(K(·), ·)

if
1. K(·) : [0, T [ � R

N is Lipschitz continuous with respect to dl, and

2. for almost every t ∈ [0, T [, f(K(t), t) ∈ Lip(RN ,RN ) belongs to
◦
K(t) or,

equivalently, limh↓0
1
h · dl

(
ϑf(K(t),t)(h,K(t)),K(t + h)

)
= 0.

These conditions on a solution are in accordance with [5, Definition 1.3.1] being
formulated for the autonomous case (i.e., f not depending on time explicitly).

As an essential result of [5, 4], the Euler algorithm can be applied in the framework
of morphological equations, and so the Cauchy–Lipschitz theorem (about ordinary dif-
ferential equations) has the following counterpart that is proved in [5, Theorem 4.1.2]
for the more general case that the values of f are bounded Lipschitz continuous set-
valued maps.

Theorem 2.7. Suppose f : (K(RN ), dl) −→
(
Lip(RN ,RN ), ‖ · ‖∞

)
to be Lip-

schitz continuous with Lipschitz constant λ and M := supK∈K(RN ) Lip f(K) < ∞.

For every initial set K0 ∈ K(RN ) and time T > 0, there exists a unique compact-

valued solution K(·) : [0, T [ � R
N of the morphological equation

◦
K(·) � f(K(·)) with

K(0) = K0.
Furthermore every Lipschitz compact-valued tube Q : [0,∞[ � R

N with
◦
Q(t) �= ∅

for every t ≥ 0 satisfies the following estimate at each time t ≥ 0:

dl(K(t), Q(t)) ≤ dl(K0, Q(0)) · e(M+λ) t +

∫ t

0

e(M+λ) (t−s) · inf
g∈

◦
Q(s)

‖f(Q(s)) − g‖∞ ds.

In particular, the solution K(·) depends on the initial set K0 and the right-hand side
f in a Lipschitz continuous way.

Existence under (additional) state constraints proves to be a very interesting ques-
tion for many applications. In the particular case of ordinary differential equations,
Nagumo’s theorem gives a necessary and sufficient condition on the set of constraints
V for existence of local solutions. It uses the contingent cone (in the sense of Bouli-
gand) and has served as a key motivation for viability theory (see, e.g., [2]).
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Definition 2.8 (see [2, Definition 1.1.3]). Let X be a normed vector space, let
V ⊂ X be nonempty, and let x ∈ V. The contingent cone to V at x (in the sense of
Bouligand) is

TV (x) :=

{
u ∈ X

∣∣ lim inf
h↓0

1

h
· dist(x + hu, V ) = 0

}
.

This classical definition of contingent cone in a normed vector space is now ex-
tended to the metric space (K(RN ), dl) by using the shape transitions of Lip(RN ,RN )
(instead of affine-linear maps as in vector spaces).

Definition 2.9 (see [5, Definition 1.5.2]). For nonempty V ⊂ K(RN ) and K ∈ V,

TV(K) :=

{
f ∈ Lip(RN ,RN )

∣∣∣ lim inf
h↓0

1

h
· dist

(
ϑf (h,K), V

)
= 0

}

is called a contingent transition set of V at K.
Remark. Considering here the metric space (K(RN ), dl) (instead of a normed

vector space as in Definition 2.8) has an immediate consequence: By definition of the
distance from a subset V ⊂ K(RN ),

dist
(
ϑF (h,K), V

) Def.
= inf

C∈V
dl
(
ϑf (h,K), C

)
,

with the Pompeiu–Hausdorff metric dl on the right-hand side. In particular, we cannot
expect any trivial identities of the contingent cone to a compact subset V ⊂ R

N and
the contingent transition set to V := {V } ⊂ K(RN ). Furthermore, Theorem 2.10 below
and the main result of this paper, i.e., Theorem 3.11, become definitely incorrect if
the Pompeiu–Hausdorff distance dl is replaced by the one-sided distance part called
Pompeiu–Hausdorff excess (as defined in [5, section 3.2.1]). A counterexample is given
in the remark after Theorem 2.10.

Remark. The “geometric” background of reachable sets implies an additional
property of shape transitions in TV(K) ⊂ Lip(RN , R

N ). Indeed, for any f ∈ TV(K),
every function g ∈ Lip(RN ,RN ) with f(·) = g(·) in a neighborhood of ∂K is also
contained in TV(K) because the Cauchy–Lipschitz theorem about ordinary differential
equations ensures ∂ϑf (t,K) = ϑf (t, ∂K) = ϑg(t, ∂K) = ∂ϑg(t,K) for small t ≥
0. So in other words, the criterion of TV(K) depends only on an arbitrarily small
neighborhood of the boundary ∂K.

In fact, Nagumo’s theorem also holds for morphological equations, as shown in
[5, Theorem 4.1.7] (again for the more general case that f is a single-valued function
whose values are uniformly bounded Lipschitz continuous set-valued maps R

N � R
N ).

Theorem 2.10 (Nagumo theorem for morphological equations [5, Theorem 4.1.7]).
Suppose V ⊂ K(RN ) to be nonempty and closed w.r.t. dl.

Let f : (K(RN ), dl) −→
(
Lip(RN ,RN ), ‖ · ‖∞

)
be a continuous function satisfying

1. supM∈K(RN ) Lip f(M) < ∞,
2. supM∈K(RN ) ‖f(M)‖∞ < ∞.
Then from any initial state K0 ∈ V starts at least one Lipschitz solution K(·) :

[0, T [ −→ K(RN ) of
◦
K (·) � f(K(·)) viable in V (i.e., K(t) ∈ V for all t) if and only

if V is a viability domain of f in the sense of f(M) ∈ TV(M) for each M ∈ V.
Remark. A simple example proves that the one-sided Hausdorff distance—a.k.a.

Pompeiu–Hausdorff excess—(as defined in [5, section 3.2.1]), namely,

h�(K1,K2) := sup
x∈K1

inf
y∈K2

|x− y| for K1,K2 ∈ K(RN ),
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must not replace the Pompeiu–Hausdorff metric in Definition 2.9 of the contingent
transition set. Consider V := {B1} with the closed unit ball B1 ⊂ R

N and the constant
map f(·) ≡ f0 with f0 : R

N −→ R
N , x �−→ −x

1+|x| . Indeed, the flow along f0 makes

the unit ball shrink strictly, and thus ϑf0(t,B1) ⊂ R
N is contained in the interior of

the unit ball B1 for any t > 0, i.e., ϑf0
(t,B1) /∈ V and h�(ϑf0

(t,B1), B1) = 0.
h� can be useful, however, for other types of viability problems, such as those

examples discussed in [30].

3. The step to morphological inclusions. The main goal now is to prove a
similar viability theorem for morphological inclusions; i.e., the single-valued function
f : K(RN ) −→ Lip(RN ,RN ) of the right-hand side is to be replaced by a set-valued
map F : K(RN ) � Lip(RN ,RN ). Correspondingly to Definition 2.6, we introduce the
solution of a morphological inclusion in the following way.

Definition 3.1. For any given function F : K(RN ) � Lip(RN ,RN ), a compact-
valued K(·) : [0, T [ � R

N is called a solution of the morphological inclusion

◦
K(·) ∩ F(K(·), ·) �= ∅

if
1. K(·) : [0, T [ � R

N is Lipschitz continuous w.r.t. dl, and

2. F(K(t))∩
◦
K(t) �= ∅ for almost every t; i.e., some w ∈ F(K(t)) ⊂ Lip(RN ,RN )

belongs to
◦
K(t) or, equivalently, limh↓0

1
h · dl (K(t + h), ϑw(h, K(t))) = 0.

3.1. The (well-known) viability theorem for differential inclusions. The
situation has already been investigated extensively for differential inclusions in R

N

(see, e.g., [2, 6]). For clarifying the new aspects of morphological inclusions, we now
quote the corresponding result from [2, Theorems 3.3.2 and 3.3.5] after specifying the
required terms.

Definition 3.2 (see [2, Definition 2.2.4]). Let X and Y be normed vector spaces.
A set-valued map F : X � Y is called a Marchaud map if it has the following
properties:

1. F is nontrivial, i.e., Graph F �= ∅;
2. F is upper semicontinuous; i.e., for any x ∈ X, neighborhood V ⊃ F (x),

∃ neighborhood U ⊂ X of x s.t. F (U) ⊂ V ;
3. F has compact convex values;
4. F has linear growth, i.e., supy∈F (x) |y| ≤ C (1 + |x|) for all x ∈ X.

Theorem 3.3 (viability theorem for differential inclusions [2, Theorems 3.3.2
and 3.3.5]). Consider a Marchaud map F : R

N � R
N and a nonempty closed subset

V ⊂ R
N with F (x) �= ∅ for all x ∈ V.

Then for any T ∈ ]0,∞[, the following two statements are equivalent:
1. For every point x0 ∈ V, there is at least one solution x(·) ∈ W 1,1([0, T ], R

N )
of x′(·) ∈ F (x(·)) (almost everywhere) with x(0) = x0 and x(t) ∈ V for all t.

2. F (x) ∩ TV (x) �= ∅ for all x ∈ V.
The implication (1.) =⇒ (2.) is rather obvious. For proving (2.) =⇒ (1.), a stan-

dard approach uses an “approximating” sequence
(
xn(·)

)
n∈N

in W 1,∞([0, 1],RN ) such

that supt dist(xn(t), V ) −→ 0 (n → ∞) and
(
xn(t), d

dt xn(t)
)

is close to Graph F ⊂
R

N ×R
N for almost every t. Then the theorems of Arzelà–Ascoli and Alaoglu provide

a subsequence
(
xnj

(·)
)
j∈N

and limits x(·) ∈ C0([0, 1],RN ), w(·) ∈ L∞([0, 1],RN ) with

xnj (·) −→ x(·) uniformly,
d

dt
xnj (·) −→ w(·) weakly* in L∞([0, 1],RN ).
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Due to the continuous embedding L∞([0, 1],RN ) ⊂ L1([0, 1],RN ), we even obtain
the convergence d

dt xnj (·) −→ w(·) weakly in L1([0, 1],RN ). Thus, w(·) is the weak
derivative of x(·), and x(·) is Lipschitz continuous. Finally Mazur’s lemma quoted in
Proposition 3.5 below implies

w(t) ∈
⋂
ε>0

co
( ⋃

z∈Bε(x(t))

F (z)
)

= F (x(t)) for a.e. t.

Considering now morphological inclusions on (K(RN ), dl) (instead of differential
inclusions), an essential aspect changes: The derivative of a curve is no longer repre-
sented as a function in L1([0, 1],RN ), but rather as a function [0, 1] −→ Lip(RN ,RN ).
So the classical theorems of Arzelà–Ascoli, Alaoglu, and Mazur might have to be re-
placed by their counterparts concerning functions with their values in a Banach space
(instead of R

N ).

3.2. Tools for functions with values in metric or Banach spaces. Before
adapting this concept for finite-dimensional differential inclusions to Banach-valued
functions, we collect briefly the main tools in this framework. They consist mainly
of (particularly weakly sequential) compactness criteria for both Bochner-integrable
functions on a probabilistic space and continuous functions on a compact Hausdorff
space.

First of all, the theorems of Arzelà–Ascoli and Mazur do not change significantly.
Indeed, we always use the following general versions in this paper.

Proposition 3.4 (Arzelà–Ascoli in metric spaces [22]). Let (E1, d1), (E2, d2) be
precompact metric spaces; i.e., for any ε > 0, each set Ei (i = 1, 2) can be covered
by finitely many ε-balls w.r.t. metric di. Moreover, suppose the sequence (fn)n∈N of
functions E1 −→ E2 to be uniformly equicontinuous (i.e., with a common modulus of
continuity in E1).

Then there exists a subsequence (fnj )j∈N that is a Cauchy sequence w.r.t. uniform
convergence. If (E2, d2) is complete in addition, then (fnj )j∈N converges uniformly to
a continuous function E1 −→ E2.

Proposition 3.5 (Mazur’s lemma [36, section V.1, Theorem 2]). For any weakly
converging sequence (xn)n∈N in a normed vector space, its weak limit is contained in
the closed convex hull of {xn | n ∈ N}.

The so-called Bochner integral extends the familiar concept of integration from
real-valued functions to Banach-valued functions on the basis of “simple” functions.

Definition 3.6 (see [15]). Let (Ω,Σ, μ) be a finite measure space and X a Banach
space. A function f : Ω −→ X is called simple if there exist x1, x2, . . . , xn ∈ X and
E1, E2, . . . , En ∈ Σ such that f =

∑n
j=1 xj χEj

, with χEj
: Ω −→ {0, 1} denoting the

characteristic function of Ej ⊂ Ω.
A function f : Ω −→ X is called μ-measurable if there exists a sequence (fn)n∈N

of simple functions Ω −→ X with ‖f − fn‖X −→ 0 μ-almost everywhere for n → ∞.
A μ-measurable function f : Ω −→ X is called Bochner integrable if there exists

a sequence (fn)n∈N of simple functions Ω −→ X such that

lim
n→∞

∫
Ω

‖f − fn‖X dμ = 0.

Then the Bochner integral of f over E ∈ Σ is defined by
∫
E

f dμ := limn→∞
∫
E

fn dμ.
Let L1(μ,X) denote the Banach space of Bochner integrable functions Ω −→ X
equipped with its usual L1 norm.
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In the nineties, Ülger proved that restricting the values of Bochner integrable
functions to a weakly compact subset of X implies the relative weak compactness
of these functions in L1(μ,X). For real-valued Lebesgue integrable functions, this is
closely related with Alaoglu’s theorem and a compact embedding.

Proposition 3.7 (see [34, Proposition 7]). Let (Ω,Σ, μ) be a probabilistic space
and X an arbitrary Banach space. For any weakly compact subset W ⊂ X, the set{

h ∈ L1(μ,X)
∣∣ h(ω) ∈ W for μ-a.e. ω ∈ Ω

}
is relatively weakly compact in L1(μ,X).

An earlier version of this result is presented in [13], and [14] considers weak
compactness of Bochner integrable functions with values in an arbitrary Banach space
under weaker assumptions (see also [8]). The next proposition of Ülger provides a
“weakly pointwise” characterization of weakly convergent sequences in L1(μ,X).

Proposition 3.8 (see [34, Corollary 5]). Let (Ω,Σ, μ) be a probabilistic space
and X an arbitrary Banach space as in Proposition 3.7.

Set W :=
{
g ∈ L1(μ,X)

∣∣ |g(ω)| ≤ 1 for μ-almost every ω ∈ Ω
}
.

A sequence
(
gn(·)

)
n∈N

in W ⊂ L1(μ,X) converges weakly to g ∈ L1(μ,X) if and

only if, for any subsequence
(
gnk

(·)
)
k∈N

given, there exists a sequence
(
hk(·)

)
k∈N

with

hk ∈ co
{
gnk

, gnk+1
. . .
}

such that for μ-almost every ω ∈ Ω,

hk(ω) −→ g(ω) (k −→ ∞) weakly in X.

In fact, the classical theorem of Scorza-Dragoni [32] has a counterpart for Banach-
valued functions as shown by Ricceri and Villani [31]. A so-called Carathéodory
function depends on two arguments, and it is measurable w.r.t. the first one and con-
tinuous w.r.t. the second one. The key point of Scorza-Dragoni is to ensure continuity
w.r.t. both arguments on “almost” the whole domain in the following sense.

Proposition 3.9 (see [31, Theorem 1]). Let S be a compact Hausdorff topological
space, μ a Radon measure on S, and X,Y metric spaces. Suppose X to be separable.

Then every Carathéodory function g : S ×X −→ Y satisfies the so-called Scorza-
Dragoni property; i.e., for every ε > 0, there exists a closed subset Sε ⊂ S with
μ(S \ Sε) < ε such that the restriction g|Sε×X is continuous.

So this proposition can be regarded as a counterpart of the well-known Lusin
theorem (relating measurability to continuity almost everywhere)—but for functions
with two arguments.

Last but not least, we quote a result of Kisielewicz characterizing weakly converg-
ing sequences of continuous functions on a compact Hausdorff space (like [0, T ] ⊂ R).

Proposition 3.10 (see [23, Theorem 3]). Let S be a compact Hausdorff space
and X an arbitrary Banach space. C0(S,X) denotes the Banach space of continuous
functions S −→ X supplied with the supremum norm ‖ · ‖∞.

A sequence
(
gn(·)

)
n∈N

in C0(S,X) converges weakly to g ∈ C0(S,X) if and only if

∧{
sup
n

∥∥gn∥∥∞ < ∞ and

gn(s) −→ g(s) weakly in X (n −→ ∞) for every s ∈ S.

3.3. Adapting this concept to morphological inclusions. Now F : K(RN )
� Lip(RN ,RN ) and a set of constraints V ⊂ K(RN ) are given.

Correspondingly to Theorem 3.3 about differential inclusions, we focus on the
so-called viability condition, demanding from each compact set K ∈ V that the value
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F(K) and the contingent transition set TV(K) ⊂ Lip(RN ,RN ) have at least one
transition in common. Lacking a concrete counterpart of the Aumann integral in the
metric space (K(RN ), dl), the question of its necessity (for the existence of solutions
“viable in V”) is more complicated than for differential inclusions in R

N , and thus we
skip it here deliberately.

The main contribution of this paper is that in combination with appropriate
assumptions about F(·) and V, the viability condition is sufficient.

Theorem 3.11. Let F : K(RN ) � Lip(RN , R
N ) be a set-valued map and V ⊂

K(RN ) a nonempty closed subset satisfying the following:
1. all values of F are nonempty and convex;
2. A := supM∈K(RN ) supf∈F(M) Lip f < ∞, B := supM∈K(RN ) supf∈F(M) ‖f‖∞

< ∞;
3. the graph of F is closed (w.r.t. locally uniform convergence in Lip(RN , R

N ));
4. TV(M) ∩ F(M) �= ∅ for all M ∈ V.

Then for every initial compact set K0 ∈ V, there exists at least one compact-
valued Lipschitz continuous solution K(·) : [0, 1] � R

N of the morphological inclusion
◦
K(·) ∩ F(K(·)) �= ∅ with K(0) = K0 and K(t) ∈ V for all t ∈ [0, 1].

The proof is given in several steps using the notation of Theorem 3.11 (about
constants A,B). It is based on approximative solutions.

Lemma 3.12 (constructing approximative solutions). Choose any ε > 0.
Under the assumptions of the viability theorem, Theorem 3.11, there exist a B-

Lipschitz continuous function Kε(·) : [0, 1] −→ K(RN ) and a piecewise constant func-
tion fε(·) : [0, 1[ −→ Lip(RN , R

N ) satisfying the following with Rε := ε eA:
(a) Kε(0) = K0;
(b) dist

(
Kε(t), V

)
≤ Rε for all t ∈ [0, 1];

(c) fε(t) ∈
◦
Kε(t) ∩ F

(
BRε

(Kε(t))
)
�= ∅ for all t ∈ [0, 1[.

Proof. The proof follows the same track as [5, Lemma 1.6.5] and uses Zorn’s
lemma: For ε > 0 fixed, let Aε(K0) denote the set of all tuples (τK , K(·), f(·))
consisting of some τK ∈ [0, 1], a B-Lipschitz continuous function K(·) : [0, τK ] −→
(K(RN ), dl), and some piecewise constant function f(·) : [0, 1[ −→ Lip(RN , R

N ) such
that

(a) K(0) = K0;
(b′) (1) dist

(
K(τK), V

)
≤ rε(τK) with rε(t) := ε eA t t,

(2) dist
(
K(t), V

)
≤ Rε for all t ∈ [0, τK ];

(c) f(t) ∈
◦
K (t) ∩ F

(
BRε

(K(t))
)
�= ∅ for all t ∈ [0, τK [.

Obviously, Aε(K0) is not empty since it contains (0, K(·) ≡ K0, f(·) ≡ z0) with the
zero function z0 ≡ 0 ∈ Lip(RN , R

N ). Moreover, an order relation � on Aε(K0) is
specified by

(τK , K(·), f(·)) � (τM , M(·), g(·)) :⇐⇒ τK ≤ τM , M
∣∣
[0,τK ]

= K, g
∣∣
[0,τK [

= f.

So Zorn’s lemma provides a maximal element
(
τ, Kε(·), fε(·)

)
∈ Aε(K0).

As all considered functions with values in K(RN ) have been supposed to be B-
Lipschitz continuous, Kε(·) is also B-Lipschitz continuous in [0, τ [. In particular, Kε(·)
can always be extended to the closed interval [0, τ ] ⊂ [0, 1] in a unique way.

Assuming τ < 1 for a moment, we obtain a contradiction if Kε(·), fε(·) can be
extended to a larger interval [0, τ + δ] ⊂ [0, 1] (δ > 0) preserving conditions (b′), (c).

Since closed bounded balls of (K(RN ), dl) are compact, the closed set V contains
an element Z ∈ K(RN ) with dl(Kε(τ), Z) = dist(Kε(τ), V) ≤ rε(τ), and assumption 4
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of Theorem 3.11 provides an element

g ∈ TV(Z) ∩ F(Z) ⊂ Lip(RN , R
N ).

Due to Definition 2.9 of the contingent transition set TV(Z), there is a sequence hm ↓ 0
in ]0, 1 − τ [ such that dist(ϑg(hm, Z), V) ≤ ε hm for all m ∈ N. Now set

Kε(t) := ϑg

(
t− τ, Kε(τ)

)
, fε(t) := g for each t ∈ [τ, τ + h1].

Obviously, Lemma 2.4 implies g ∈
◦
Kε(t) for all t ∈ [τ, τ + h1[. Moreover, it leads to

dl
(
Kε(t), Z

)
≤ dl

(
ϑg(t− τ, Kε(τ)), Kε(τ)

)
+ dl

(
Kε(τ), Z

)
≤B · (t− τ) + ε eAτ τ ≤ Rε

for every t ∈ [τ, τ + δ[ with δ := min
{
h1, ε eA 1−τ

1+B

}
; i.e., conditions (b′)(2) and (c)

hold in the interval [τ, τ + δ]. For any index m ∈ N with hm < δ,

dist
(
Kε(τ + hm), V

)
≤ dl

(
ϑg(hm, Kε(τ)), ϑg(hm, Z)

)
+ dist

(
ϑg(hm, Z), V

)
≤ dl

(
Kε(τ), Z

)
· eA hm + ε · hm

≤ ε eAτ τ · eA hm + ε · hm ≤ rε(τ + hm);

i.e., condition (b′)(1) is also satisfied at time t = τ + hm with any large m ∈ N.
So Kε(·)

∣∣
[0, τ+hm]

and fε(·)
∣∣
[0, τ+hm[

provide the wanted contradiction, and thus

τ = 1.
Using the abbreviation K̃j := Bj+B(K0)

Def.
=
{
x ∈ R

N
∣∣ dist(x,K0) ≤ j + B

}
(j ∈ N) for (arbitrarily large) compact neighborhoods of the initial set K0, we obtain
the following.

Lemma 3.13 (selecting an approximative subsequence). Under the assumptions
of the viability theorem, Theorem 3.11, there are sequences Kn(·) : [0, 1] −→ K(RN ),
fn(·) : [0, 1[−→ Lip(RN , R

N ) (n ∈ N) and functions K(·) : [0, 1] −→ K(RN ), f(·) :
[0, 1[−→ Lip(RN , R

N ) such that for every j, n ∈ N,
(a) K0 = Kn(0) = K(0);
(b) K(·) and Kn(·) are B-Lipschitz continuous w.r.t. dl;
(c) fn(·) is piecewise constant, supt∈[0,1[ Lip fn(t) ≤ A < ∞,

supt∈[0,1[ ‖fn(t)‖∞ ≤ B < ∞;

(d) dist
(
Kn(t), V

)
≤ 1

n for all t ≤ 1;

(e) fn(t) ∈
◦
Kn(t) ∩ F

(
B1/n(Kn(t))

)
�= ∅ for all t < 1;

(f) dl
(
Km(·), K(·)

)
−→ 0 uniformly in [0, 1] for m −→ ∞;

(g) fm(·)|
K̃j

−→ f(·)|
K̃j

weakly in L1
(
[0, 1], C0(K̃j ,R

N )
)

for m −→ ∞;

(h) Lip f(t)(·) ≤ A, ‖f(t)(·)‖∞ ≤ B for almost every t < 1.
Proof. The proof is based on the approximative solutions of Lemma 3.12, of

course.
Indeed, for each index n ∈ N, Lemma 3.12 provides Kn(·) : [0, 1] −→ K(RN ) and

fn(·) : [0, 1[−→ Lip(RN , R
N ) corresponding to ε := 1

n e−A. Obviously, they satisfy
the properties (a)–(e) claimed here.

In particular, these features stay correct whenever we consider subsequences in-
stead and again abbreviate them as (Kn(·))n∈N, (fn(·))n∈N, respectively.

For property (f) about uniform convergence of (Kn(·)) w.r.t. dl. The B-Lipschitz
continuity of each Kn(·) has two important consequences:

1. all Kn(·) : [0, 1] −→
(
K(RN ), dl

)
(n ∈ N) are equicontinuous, and
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2.
⋃

n∈N

t∈[0,1]

{
Kn(t)

}
is contained in the compact subset BB(K0) of

(
K(RN ), dl

)
.

So, Proposition 3.4 of Arzelà–Ascoli provides a subsequence (again denoted by)
(Kn(·))n converging uniformly to a continuous function K(·) : [0, 1] −→ (K(RN ), dl).
In particular, K(·) is also B-Lipschitz continuous with K(0) = K0; i.e., properties
(a)–(f) are fulfilled completely.

For property (g) about weak convergence of fn(·)|
K̃

with fixed compact K̃ ⊂ R
N .

We can no longer follow the same track as for differential inclusions. Indeed, the
functions fn(·) of shape transitions have their values in Lip(RN ,RN ), which cannot
be regarded as a dual space in an obvious way. So Alaoglu’s theorem (stating that
closed balls of dual Banach spaces are weakly* compact) cannot be applied similarly
to differential inclusions.

Alternatively, we restrict our considerations to a compact neighborhood K̃ of⋃
n∈N

t∈[0,1]
Kn(t) ⊂ R

N and use a sufficient condition on relatively weakly compact sets

in L1
(
[0, 1], C0(K̃, R

N )
)
. Here C0(K̃, R

N ) (supplied with the supremum norm ‖·‖∞)

denotes the Banach space of all continuous functions K̃ −→ R
N .

In fact, the set
{
fn(t)

∣∣ n ∈ N, t ∈ [0, 1]
}
⊂ C0(RN , R

N ) is uniformly bounded
by B and equicontinuous (due to property (c)). So according to Proposition 3.4 of

Arzelà–Ascoli, the set of their restrictions to K̃

W :=
{
fn(t)

∣∣
K̃

∣∣∣ n ∈ N, t ∈ [0, 1]
}
⊂ C0(K̃, R

N )

is relatively compact w.r.t. ‖ · ‖∞. Thus,
{
fn(·)|

K̃

∣∣ n ∈ N
}

is relatively weakly com-

pact in L1
(
[0, 1], C0(K̃, R

N )
)

according to Proposition 3.7, and we obtain a subse-

quence (again denoted by) (fn(·))n∈N and some g(·) ∈ L1
(
[0, 1], C0(K̃, R

N )
)

with

fn(·)|
K̃

−→ g(·) weakly in L1
(
[0, 1], C0(K̃, R

N )
)
.

Obviously, both the subsequence and g(·) depend on K̃, however.

For property (g) about fn(·)|
K̃j

with every compact K̃j ⊂ R
N (j ∈ N). Now this

construction of subsequences is applied to the compact subsets K̃j
Def.
= Bj+B(K0) of

R
N for j = 1, 2, 3 . . . successively. By means of Cantor’s diagonal construction, we

obtain a subsequence (again denoted by) (fn(·))n∈N and a function gj(·) ∈ L1
(
[0, 1],

C0(K̃j , R
N )
)

(for each j ∈ N) such that for each j ∈ N,

fn(·)|
K̃j

−→ gj(·)(n −→ ∞) weakly in L1
(
[0, 1], C0(K̃j , R

N )
)
.

As restrictions to K̃j of one and the same subsequence (fn(·))n∈N converge weakly for

each j ∈ N, the inclusion K̃j ⊂ K̃j+1 implies that for any indices j < k

gj(t)(·) = gk(t)(·)|K̃j
∈ C0(K̃j , R

N ) for a.e. t ∈ [0, 1],

and so (gj(·))j∈N induces a single function f : [0, 1[ −→ C0(RN ,RN ) defined as

f(t)(x) := gj(t)(x) for x ∈ K̃j and a.e. t ∈ [0, 1[.

For property (h) about Lipschitz continuity and bounds of limit function f(·).
Finally, we verify f(t) ∈ Lip(RN , R

N ),Lip f(t) ≤ A, and ‖f(t)‖∞ ≤ B for almost
every t ∈ [0, 1[. Indeed, as in the case of differential inclusions (section 3.1), Mazur’s
lemma in Proposition 3.5 ensures here for each j ∈ N (fixed) that

f(·)|
K̃j

∈
⋂
n∈N

co
{
fn(·)|

K̃j
, fn+1(·)|K̃j

. . .
}

in L1
(
[0, 1], C0(K̃j , R

N )
)
.
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Thus, f(·)|
K̃j

can be approximated by convex combinations of
{
f1(·)|K̃j

, f2(·)|K̃j
. . .
}

w.r.t. the L1 norm. A further subsequence (of these convex combinations) converges
to f(·)|

K̃j
almost everywhere in [0, 1]. So, for almost every t ∈ [0, 1], f(t)|

K̃j
belongs

to the same compact convex subset of (C0(K̃j , R
N ), ‖ ·‖∞) as f1(t)|K̃j

, f2(t)|K̃j
, . . . ,

namely,
{
w ∈ Lip(K̃j , R

N )
∣∣ Lip w ≤ A, ‖w‖∞ ≤ B

}
.

Lemma 3.14 (the limit function is a solution). Under the assumptions of the
viability theorem, Theorem 3.11, consider both Kn(·),K(·) : [0, 1] −→ K(RN ) (n ∈ N)
and fn(·), f(·) : [0, 1[ −→ Lip(RN ,RN ) specified in Lemma 3.13.

Then K(·) is a solution of the morphological inclusion
◦
K(·) ∩ F(K(·)) �= ∅ with

K(0) = K0 and K(t) ∈ V for all t ∈ [0, 1].
Proof. K(t) ∈ V for all t ∈ [0, 1] results directly from properties (d) and (f) of

Lemma 3.13 because V is assumed to be a closed subset of
(
K(RN ), dl

)
.

So it remains to prove f(t) ∈
◦
K(·) ∩ F(K(·)) for Lebesgue-almost every t ∈ [0, 1].

The Carathéodory property of each fn(·) and every Kn(·) is a reachable set. As
each fn : [0, 1[ −→ Lip(RN ,RN ) from Lemma 3.13 is piecewise constant, it can be
regarded as a measurable/Lipschitz function [0, 1[ × R

N −→ R
N , (t, x) �−→ fn(t)(x)

in the sense of [7, Definition 9.5.1], i.e.,

fn(·)(x) : [0, 1[ −→ R
N is Lebesgue measurable for every x ∈ R

N ,

fn(t)( ·) : R
N −→ R

N is A-Lipschitz continuous for every t ∈ [0, 1[.

In addition, ‖fn(t)(·)‖∞ ≤ B for every t ∈ [0, 1[, n ∈ N.
Moreover, each compact set Kn(t) ⊂ R

N coincides with the reachable set

ϑfn(t,K0)
Def.
= {x(t) | ∃x ∈ W 1,1([0, t],RN ) : x′(s) = fn(s)(x(s)) for a.e. s, x(0) ∈ K0}

of the initial set K0 and the function fn(·)(·) : [0, 1[ × R
N −→ R

N . Indeed, con-
sider a subinterval [s1, s2[⊂ [0, 1[ in which fn(·) is constant, i.e., fn(·)|[s1,s2[ ≡ g ∈
Lip(RN ,RN ), and assume Kn(s1) = ϑfn(s1,K0) (with subsequent induction in mind).
Then both Kn(·) and the reachable set ϑfn(·,K0) satisfy the morphological equa-

tion
◦
Q(·) � g in [s1, s2[ and are B-Lipschitz continuous. So due to Theorem 2.7,

Kn(·) ≡ ϑfn(·,K0) in [s1, s2]. By means of induction, we conclude Kn(·) ≡ ϑfn(·,K0)
in [0, 1].

For characterizing K(t) as a reachable set of f(·). K(t) ⊂ ϑf (t,K0) for every t.
Indeed, Lemma 3.13 (f) implies the characterization as a limit with respect to dl (or,
equivalently for compact sets here, in the sense of Painlevé–Kuratowski):

K(t) = Limn→∞ Kn(t) = Limn→∞ ϑfn(t,K0).

For every x ∈ K(t), there is a sequence
(
xn(·)

)
n∈N

of functions in W 1,1([0, t],RN )
satisfying⎧⎪⎪⎪⎨

⎪⎪⎪⎩
x′n(s) = fn(s)(xn(s)) for a.e. s ∈ [0, t],

xn(0) ∈ K0,

xn(s) ∈ ϑfn(s,K0) ⊂ B1+B(K0)
Def.
= K̃1 for each s ∈ [0, t],

xn(t) −→ x for n −→ ∞.

Seizing the notions of [2, Convergence Theorem 2.4.4], the theorems of Arzelà–Ascoli
and Alaoglu provide a subsequence

(
xnj

(·)
)
j∈N

and functions x(·) ∈ C0([0, t],RN ),
v(·) ∈ L1([0, t],RN ) such that

xnj (·) −→ x(·) uniformly in [0, t], x′nj
(·) −→ v(·) weakly in L1([0, t],RN ),
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implying the absolute continuity of x(·) with x′(·) = v(·).
For verifying x′(·) = f(·)(x(·)) (almost everywhere), we now prove fnj (·)(xnj (·))

−→ f(·)(x(·)) weakly in L1([0, t],RN ) for j −→ ∞. For any g ∈ L∞([0, t],RN ) ∼=(
L1([0, t],RN )

)∗
, the A-Lipschitz continuity of each fnj (s) implies

∫ t

0

g(s)T fnj
(s)(xnj

(s)) ds ∈
∫ t

0

g(s)T fnj
(s)(x(s)) ds + c ‖x(·) − xnj

(·)‖∞ B1.

As L1
(
[0, 1], C0(K̃1,R

N )
)
−→ R, h �−→

∫ t

0
g(s)T h(s)(x(s)) ds is continuous,

∫ t

0

g(s)T fnj (s)(xnj (s)) ds −→
∫ t

0

g(s)T f(s)(x(s))ds for j −→ ∞.

Thus, x = x(t) ∈ ϑf (t,K0).
For characterizing K(t) as a reachable set of f(·). ϑf (t,K0) ⊂ K(t) for every t.

The next step is to verify that the tube K(·) : [0, 1] � R
N is invariant under f ; i.e.,

for every initial point x ∈ K(t) (with t ∈ [0, 1[), the solution x(·) ∈ W 1,1([t, 1],RN )
of x′(·) = f(·)(x(·)) (almost everywhere) with x(t) = x satisfies x(τ) ∈ K(τ) for
any τ ∈ [t, 1]. Due to K(0) = K0, this property implies ϑf (t,K0) ⊂ K(t) for every
t ∈ [0, 1].

Indeed, existence and uniqueness of this solution x(·) result from (generalized)
Filippov’s theorem (see, e.g., [35, Theorem 2.4.3]) since [0, 1]×R

N , (s, y) �−→ f(s)(y)
is measurable/Lipschitz (in the sense of [7, Definition 9.5.1]). Each x ∈ K(t) =
Limn→∞ Kn(t) is the limit of a sequence (xn)n∈N with xn ∈ Kn(t), and there ex-
ist corresponding solutions xn(·) ∈ W 1,1([t, 1],RN ) (n ∈ N) of x′n(·) = fn(·)(xn(·))
(almost everywhere) with xn(t) = xn. For the same reasons as before, we obtain a
subsequence

(
xnj

(·)
)
j∈N

and a limit function y(·) ∈ W 1,1([t, 1],RN ) satisfying

⎧⎪⎨
⎪⎩

xnj (·) −→ y(·) uniformly in [t, 1],

x′nj
(·) −→ y′(·) weakly in L1([t, 1],RN ),

fnj (·)(xnj (·)) −→ f(·)(y(·)) weakly in L1([t, 1],RN ).

So y(·) is identical to the uniquely determined solution x(·) of x′(·) = f(·)(x(·)) (almost
every where) with x(t) = x; i.e., the limit y(·) does not depend on the selection of
the subsequence

(
xnj

(·)
)
j∈N

. This implies indirectly that even the whole sequence(
xn(·)

)
n∈N

converges to x(·) uniformly and all its derivatives tend weakly to x′(·). In

particular, x(τ) = limn→∞ xn(τ) ∈ Limn→∞ Kn(τ) = K(τ) for every τ ∈ [t, 1].
Thus, K(t) = ϑf (t,K0) for every t ∈ [0, 1].
K(t) as a reachable set and Scorza-Dragoni ensure solution property at almost

every time. That is, describing K(t) as a reachable set of f(·)(·) : [0, 1[×R
N −→ R

N

implies that f(t) ∈ Lip(RN ,RN ) belongs to the shape mutation
◦
K(t) for almost every

t ∈ [0, 1]:

lim
h↓0

1

h
· dl
(
ϑf(t)(h,K(t)), K(t + h)

)
= 0.

Indeed, f(·)(·) : [0, 1[×R
N −→ R

N is measurable/Lipschitz, and thus Proposition 3.9
ensures the following (slightly modified) Scorza–Dragoni property:

For any ε > 0, there exists a closed subset Jε ⊂ [0, 1− ε] with L1([0, 1] \ Jε) < 2ε
such that the restriction of f(·)(·) to Jε×R

N is continuous. Seizing an idea in the proof
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of [20, Lemma 2.6], let J̃ε be the subset of all density points of Jε that are also Lebesgue

points of the characteristic function χ[0,1]\Jε
(·). Then L1(J̃ε) = L1(Jε) > 1 − 2ε,

because Lebesgue points of each L1 function always have full Lebesgue measure [37,
Theorem 1.3.8] and so, in particular, density points of any measurable set also have
full Lebesgue measure.

For any t ∈ J̃ε, x ∈ K(t), there exist unique solutions x(·), y(·) ∈ Lip([t, 1],RN ) of

x′(·) = f(·)(x(·)), y′(·) = f(t)(y(·)) a.e. in [t, 1],

respectively, with x(t) = x = y(t). Then we obtain for every τ ∈ ]t, 1]

∣∣x(τ) − y(τ)
∣∣ =

∣∣∣ ∫ τ

t

(
f(s)(x(s)) − f(t)(y(s))

)
ds
∣∣∣

≤
∣∣∣ ∫

[t,τ ]∩Jε

(
f(s)(x(s)) − f(t)(y(s))

)
ds
∣∣∣+ 2B · L1([t, τ ] \ Jε)

≤
∫

[t,τ ]∩Jε

∣∣f(s)(x(s)) − f(t)(x(s))
∣∣ ds + 2B · L1([t, τ ] \ Jε)

+

∫
[t,τ ]∩Jε

A · |x(s) − y(s)| ds.

For δ > 0 arbitrarily small and each t ∈ J̃ε, the construction of Jε (in regard to

continuity of f(·)(·)|Jε×RN ) and the definition of J̃ε (in regard to Lebesgue points of
χ[0,1]\Jε

(·)) provide some T ∈ ]t, 1] satisfying⎧⎪⎪⎨
⎪⎪⎩

sup
s∈[t,T ]∩Jε

sup
z:dist(z,K0)≤B

|f(s)(z) − f(t)(z)| < δ,

sup
s∈[t,T ]

1

|s− t| · L
1([t, s] \ Jε) < δ;

thus,
∣∣x(τ) − y(τ)

∣∣ ≤ A
∫
[t,τ ]

|x(s) − y(s)| ds + δ
(
1 + 2B

)
(τ − t) for any τ ∈ ]t, T ].

Gronwall’s lemma implies
∣∣x(τ) − y(τ)

∣∣ ≤ δ
(
1 + 2B

)
eA·(τ−t) (τ − t) for any τ.

As x ∈ K(t) is chosen arbitrarily and T does not depend on x (but only on
δ, ε, t), the reachable sets ϑf(t)(h,K(t)) and K(t + h) = ϑf (h,K(t)) satisfy for any
h ∈ [0, T − t]

dl
(
ϑf(t)(h,K(t)), K(t + h)

)
≤ δ

(
1 + 2B

)
eAh h,

i.e.,

lim
h↓0

1
h ·dl

(
ϑf(t)(h,K(t)), K(t + h)

)
= 0 for every t ∈ J̃ε.

Finally, f(t) ∈ F(K(t)) for almost every t ∈ [0, 1[. Due to Lemma 3.13 (e),(g),

fn(·)|
K̃j

−→ f(·)|
K̃j

weakly in L1
(
[0, 1], C0(K̃j ,R

N )
)

for each compact set K̃j :=

Bj+B(K0) (j ∈ N), and fn(t) ∈ F
(
B1/n(Kn(t))

)
for every n ∈ N, t ∈ [0, 1[.

Fixing the index j ∈ N of compact sets arbitrarily, Proposition 3.8 provides a
sequence (hj,n(·))n∈N with hj,n(·) ∈ co {fn(·)|

K̃j
, fn+1(·)|K̃j

. . .} ⊂ L1([0, 1], C0(K̃j ,

R
N )) such that for L1 almost every t ∈ [0, 1],

hj,n(t) −→ f(t)|
K̃j

(n −→ ∞) weakly in C0(K̃j ,R
N ).
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Proposition 3.10 and assumption 2 of Theorem 3.11, i.e.,

sup
M∈K(RN )

sup
g∈F(M)

Lip g ≤ A < ∞, sup
M∈K(RN )

sup
g∈F(M)

‖g‖∞ ≤ B < ∞,

imply hj,n(t) −→ f(t)|
K̃j

uniformly in K̃j for n −→ ∞ and almost every t ∈ [0, 1[.

Let Cj ⊂ [0, 1[ denote the set of full measure for which this uniform convergence
holds. Then C :=

⋂
j∈N

Cj ⊂ [0, 1[ is also a set of full measure, i.e., L1([0, 1]\C) = 0.
Choose t ∈ C arbitrarily. Then for each j ∈ N, there exists an index nj > j such

that nj > nj−1 and
∥∥hj,nj (·)|K̃j

− f(·)|
K̃j

∥∥
∞ < 1

j .

Due to hj,n(·) ∈ co
{
fn(·)|

K̃j
, fn+1(·)|K̃j

. . .
}
, each hj, nj (t)|K̃j

has a continuation

to R
N in co

{
fn(t), fn+1(t) . . .

}
⊂ C0(RN ,RN ) (that again is denoted by hj,nj (t)),

and hj, nj
(t) −→ f(t) locally uniformly in R

N for j −→ ∞.
Furthermore, co

{
fn(t), fn+1(t) . . .

}
⊂ co F

(
B1/n

(⋃
m≥n Km(t)

))
.

So finally, dl(Kn(t),K(t)) −→ 0 and assumption 3 of Theorem 3.11 about the
closed graph of F (with its convex values) imply f(t) ∈ F(K(t)).

4. An application to shape optimization under state constraints. Let
J : K(RN ) −→ R be a functional that is Lipschitz continuous w.r.t. the Pompeiu–
Hausdorff distance dl. Moreover, V ⊂ K(RN ) denotes a nonempty closed set of con-

straints. Detecting a minimizer K̂ ∈ V of the optimization problem

inf
{
J(K)

∣∣ K ∈ V ⊂ K(RN )
}

usually proves to be rather complicated ([12, 11]; see [18, 25, 38] supplementarily).
Thus, we prefer here to isolate candidates (for a minimizer) constructively by means
of a necessary condition (similarly to [24]). The viability theorem, Theorem 3.11, for
morphological inclusions then lays the basis for a curve K(·) : [0,∞[ −→ V ⊂ K(RN )
such that

(i) J ◦K : [0,∞[ −→ R, t �−→ J(K(t)) is nonincreasing, and
(ii) every compact set C = Limn→∞ K(tn) ∈ V (for some sequence tn ↗ ∞)

satisfies a necessary condition on minimizers (in the form of Fermat’s rule).
The first step is to specify a map F : K(RN ) � Lip(RN ,RN ) satisfying the following
conditions on its values:

1. all values of F are convex and closed (w.r.t. locally uniform convergence);
2. supM∈K(RN ) supf∈F(M) (‖f‖∞ + Lip f) < ∞,

Essentially, the choice of F is to guarantee that the composition t �→ J(K(t)) is
nonincreasing for every compact-valued solution K(·) : [0, 1] � R

N of the morpho-

logical inclusion
◦
K (·) ∩ F(K(·)) �= ∅. For combining this aim with the conditions on

its values, we do not use the so-called shape semiderivative of J in direction v(·),

δJ(K)(v) := lim
h↓0

1

h
· (J(ϑv(h,K)) − J(K)) ,

for K ∈ K(RN ) (assuming the limit to exist) as in [12, section 7.2], [11], but we prefer
the notion of Clarke’s generalized directional derivative in a Banach space (see, e.g.,
[10, section 1.2]) and extend it to shape transitions.

Definition 4.1. Let J :
(
K(RN ), dl

)
−→ R be Lipschitz continuous.

Clarke’s generalized shape derivative of J at K ∈ K(RN ) in direction v ∈ Lip(RN ,
R

N ) is defined as

δCJ(K)(v) := lim sup
h↓0, M→K

(M∈K(RN ))

1

h
· (J(ϑv(h,M)) − J(M)) .
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Set ιJ(K) := lim sup M−→K
(M∈K(RN ))

inf
{
δCJ(M)(v)

∣∣ v ∈ Lip(RN ,RN ), ‖v‖∞+Lipv ≤ 1
}
.

Remark. 1. Let Λ ≥ 0 denote the Lipschitz constant of J :
(
K(RN ), dl

)
−→ R.

Then, due to Lemma 2.4, |J(ϑv(h,K)) − J(K)| ≤ Λ · dl (ϑv(h,K), K) ≤ Λ · ‖v‖∞ h
for every v ∈ Lip(RN ,RN ), and thus

∣∣δCJ(K)(v)
∣∣ ≤ Λ ‖v‖∞, ιJ(K) ≥ −Λ.

In particular, δCJ(K)(0) = 0 for every K ∈ K(RN ).
2. ιJ(·) : K(RN ) −→ R is the upper semicontinuous envelope of the minimal

generalized shape derivative δCJ(·)(v) over all v in the unit ball of Lip(RN ,RN ).
Furthermore, ιJ(K) ≤ δCJ(K)(0) = 0 for all K ∈ K(RN ).

Definition 4.2. Using the notation of Definition 4.1, set F : K(RN ) � Lip(RN ,
R

N ),

F(K) :=

{
v ∈ Lip(RN ,RN )

∣∣∣ ‖v‖∞ + Lip v ≤ 1, δCJ(K)(v) ≤ 1

2
· ιJ(K)

}
.

Here both the bound 1 and the factor 1
2 are rather arbitrary and can be replaced

by any constants in [0,∞[ and ]0, 1[, respectively. We show in Lemma 4.5 below that
all values of the set-valued map F are nonempty, convex, and closed w.r.t. locally
uniform convergence.

Lemma 4.3. Let J : (K(RN ), dl) −→ R be Lipschitz continuous and K(·) :
[0, 1] � R

N any compact-valued Lipschitz solution of the morphological inclusion
◦
K(·)∩F(K(·)) �= ∅, with F(·) introduced in Definition 4.2. Then we have the following:

1. J ◦K : [0, 1] −→ R, t �−→ J(K(t)) is nonincreasing.
2. Suppose infK(RN ) J(·) > −∞ in addition, and let C belong to the ω-limit set

of K(·) in K(RN ), i.e., dl(K(tn), C) −→ 0 for some tn ↗ ∞. Then ιJ(C) = 0.
Proof. 1. The proof of item 1 results from the Lipschitz continuity of the com-

position [0, 1] −→ R, t �−→ J(K(t)) and the definition of F . Indeed, at almost
every time t ∈ [0, 1], there exists v ∈ F(K(t)) ⊂ Lip(RN ,RN ) with limh↓0

1
h ·

dl (K(t + h), ϑv(h, K(t))) = 0. Thus,

lim sup
h↓0

1

h
· (J(K(t + h)) − J(K(t)))

≤ lim sup
h↓0

1

h
·
(
J(ϑv(h, K(t))) − J(K(t))+ Lip J · dl(ϑv(h,K(t)), K(t + h))

)
≤ δCJ(K(t)) (v) + 0

≤ 1

2
· ιJ(K(t)) (since v ∈ F(K(t)))

≤ 0 (due to preceding remark (item 2)).

2. Assume the contrary, i.e., κ := ιJ(C) < 0. Then there exists some small ρ > 0
such that all sets M ∈ K(RN ) with dl(M,C) ≤ 2 ρ satisfy ιJ(M) < κ

2 < 0. For all
n ∈ N sufficiently large, K(tn) has the Pompeiu–Hausdorff distance < ρ from C. As
all values of F contain only functions v ∈ Lip(RN ,RN ) with ‖v‖∞ + Lip v ≤ 1, every

compact-valued solution K(·) of the morphological inclusion
◦
K(·) ∩ F(K(·)) �= ∅ has

Lipschitz constant ≤ 1 (w.r.t. dl) similarly to Lemma 2.4.
Thus, dl(K(s), C) < 2 ρ for all s ∈ [tn − ρ, tn + ρ]. Now the same approach

of estimating as in Lemma 4.3 (1) implies J(K(s2)) ≤ J(K(s1)) + κ
4 · (s2 − s1)

for all tn − ρ ≤ s1 ≤ s2 ≤ tn + ρ and large n ∈ N—contradicting the hypothesis
inf J(·) > −∞.

The next lemma will be used for verifying the convexity of all values of F in
Lemma 4.5.
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Lemma 4.4. For every λ ∈ ]0, 1[, there exists μ ∈ L1([0, 1]) satisfying

1

t
·
∫ t

0

(μ(s) − λ) ds −→ 0 (t ↓ 0), μ(·) ∈ {0, 1}

piecewise constant in ]0, 1[.
Proof. μ(·) is defined to be piecewise constant in each interval

[
1√
n+1

, 1√
n

[
(n ∈ N).

Set

μ(t) :=

{
0 for 1√

n+1
≤ t < λ√

n+1
+ 1−λ√

n
,

1 for λ√
n+1

+ 1−λ√
n

≤ t < 1√
n

for each n ∈ N. Then

∫ 1√
n

1√
n+1

(μ(s) − λ) ds = 0,

and thus ∫ 1√
n

0

(μ(s) − λ) ds = 0.

Moreover,

∫ 1√
n

1√
n+1

|μ(s) − λ| ds = 2 λ (1 − λ)

(
1√
n
− 1√

n + 1

)

implies

sup
1√
n+1
≤t≤ 1√

n

1

t
·
∣∣∣∣
∫ t

0

(μ(s) − λ) ds

∣∣∣∣ ≤ √
n + 1 ·

∫ 1√
n

1√
n+1

|μ(s) − λ| ds n→∞−→ 0.

Lemma 4.5. Consider Lip(RN ,RN ) with the topology of locally uniform conver-
gence. All values of the set-valued map F : K(RN ) � Lip(RN ,RN ) introduced in
Definition 4.2 are nonempty, convex, and closed.

Proof. For every K ∈ K(RN ), the value F(K) is a nonempty because either
• ιJ(K) = 0, and then 0 ∈ F(K), or
• ιJ(K) < 0, and then there is v ∈ Lip(RN ,RN ) with ‖v‖∞ + Lip v ≤ 1,

δCJ(K)(v) ≤ 3
4 · ιJ(K) < 0 (due to the definition of infimum); i.e., v ∈ F(K)

induces a shape transition along which J(·) is strictly decreasing for short
times.

Each value F(K) ⊂ Lip(RN ,RN ) of F is convex. Indeed, choose any v, w ∈ F(K)
and λ ∈ ]0, 1[. According to Lemma 4.4, there exists some μ ∈ L1([0, 1]) satisfying

1

t
·
∫ t

0

(μ(s) − λ) ds −→ 0 (t ↓ 0), μ(·) ∈ {0, 1} piecewise constant in ]0, 1[.

Now we compare the evolution of an arbitrary set K ∈ K(RN ) along the autonomous
Lipschitz field

u : R
N −→ R

N , x �−→ λ · v(x) + (1 − λ) · w(x)
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and along the nonautonomous vector field

g : R
N × [0, 1] −→ R

N , (x, t) �−→ μ(t) · v(x) + (1 − μ(t)) · w(x).

We verify dl(ϑu(t,M), ϑg(t,M)) ≤ o(t) for t ↓ 0 uniformly in M.
For any initial point x0 ∈ R

N given, let x(·) ∈ C1([0, 1],RN ) denote the (unique)
solution to x′(·) = u(x(·)), x(0) = x0. As each g(·, t) is Lipschitz continuous (with
Lipschitz constant ≤ 1), Filippov’s theorem (applied to differential equations here)
guarantees that the Cauchy problem

{
y′(·) = g(y(·), ·) a.e. in [0, 1],

y(0) = x0 ∈ R
N

has a solution y(·) ∈ W 1,1([0, t],RN ). These solutions x(·), y(·) always satisfy

|x(t) − y(t)|

=
∣∣∣ ∫ t

0

(
λ v(x(s)) − μ(s) v(y(s)) + (1 − λ) w(x(s)) − (1 − μ(s)) w(y(s))

)
ds
∣∣∣

≤
∣∣∣ ∫ t

0

(
(λ− μ(s)) v(x(s)) + (μ(s) − λ) w(x(s))

)
ds
∣∣∣

+

∫ t

0

μ(s) · Lip v · |x(s) − y(s)| ds +

∫ t

0

(1 − μ(s)) · Lip w · |x(s) − y(s)| ds

≤
∣∣∣ ∫ t

0

(λ− μ(s)) ·
(
v(x0) − w(x0)

)
ds
∣∣∣

+

∫ t

0

∣∣λ− μ(s)
∣∣ (Lip v + Lip w)

∣∣x(s) − x0

∣∣ ds +

∫ t

0

|x(s) − y(s)| ds

≤ 2
∣∣∣ ∫ t

0

(λ− μ(s)) ds
∣∣∣+ ∫ t

0

1 · 2 · s ds +

∫ t

0

|x(s) − y(s)| ds

due to ‖v‖∞ + Lip v ≤ 1, ‖w‖∞ + Lip w ≤ 1.
Gronwall’s lemma ensures |x(t) − y(t)| ≤ o(t) for t ↓ 0 uniformly in x0 ∈ R

N . (In
particular, the estimate of Filippov’s theorem is difficult to apply here immediately,
as the integral mean of μ(·) − λ, but not of |μ(·) − λ|, is o(t) for t ↓ 0.)

Thus, for any initial set M ∈ K(RN ), the reachable sets satisfy

dist (ϑu(t,M), ϑg(t,M)) ≤ o(t) for t ↓ 0 uniformly in M ∈ K(RN ).

The same uniform estimates holds for dist (ϑg(t,M), ϑu(t,M)) since the preceding
solutions x(·) and y(·) have needed only a joint initial point x0 ∈ R

N .
According to the proof of Lemma 4.4, we can suppose to have a sequence sn ↘

0 in ]0, 1[ such that μ(·) ∈ {0, 1} is constant in [sn+1, sn[ for each n ∈ N. So for
every set M ∈ K(RN ) and time t ∈ [sn+1, sn], the reachable set ϑg(t,M) is either
ϑv

(
t− sn+1, ϑg(sn+1,M)

)
or ϑw

(
t− sn+1, ϑg(sn+1,M)

)
.
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Fix ε > 0 arbitrarily small. For any h ∈ ]0, s1] sufficiently small, we choose m ∈ N

with sm < h ≤ sm−1 and obtain for M ∈ K(RN ) sufficiently close to K

J(ϑu(h,M)) − J(M)

≤ J(ϑg(h,M)) − J(M) + o(h)

= J(ϑg(h,M)) − J(ϑg(sm,M)) +

∞∑
n=m

(
J(ϑg(sn,M)) − J(ϑg(sn+1,M))

)
+ o(h)

≤ (h− sm) ·
(
ιJ(K)

2
+ ε

)
+
∞∑

n=m

(sn − sn+1) ·
(
ιJ(K)

2
+ ε

)
+ o(h)

= h ·
(
ιJ(K)

2
+ ε

)
+ o(h).

So, δCJ(K)(u) ≤ ιJ(K)
2 + ε with any ε > 0, i.e., u

Def.
= λ v + (1 − λ) w ∈ F(K).

Each value F(K) ⊂ Lip(RN ,RN ) is closed w.r.t. locally uniform convergence.
Let (vn)n∈N be a sequence in F(K) ⊂ Lip(RN ,RN ) converging to v ∈ Lip(RN ,RN )
locally uniformly. Obviously, the limit holds ‖v‖∞ + Lip v ≤ 1. Moreover, similarly
to Lemma 2.4, Filippov’s theorem implies

sup
M∈K(RN )
dl(K,M)≤1

dl
(
ϑvn(h,M), ϑv(h,M)

)
≤ h eh · sup

B2(K)

|vn(·) − v(·)| −→ 0

for n −→ ∞ uniformly in h ∈ [0, 1] and for every set K ∈ K(RN ). So due to the
Lipschitz continuity of J(·), Clarke’s generalized shape derivative satisfies

δCJ(K)(v) ≤ lim sup
h↓0, M→K

(M∈K(RN ))

1

h
·
(
J(ϑvn(h,M)) − J(M)

)
+ Lip J · sup

B2(K)

|vn(·) − v(·)|

≤ 1

2
· ιJ(K) + Lip J · sup

B2(K)

|vn(·) − v(·)|.

n −→ ∞ reveals v ∈ F(K).
Remark. In regard to the viability theorem, Theorem 3.11, the graph of F :

K(RN ) � Lip(RN ,RN ) ought to be closed (still using the topology of locally uni-
form convergence). This feature is closely related with the lower semicontinuity of
δCJ(·)(v) : K(RN ) −→ R (with v ∈ Lip(RN ,RN ) fixed), and it will be used here as
an additional assumption on J.

So now Lemmas 4.3 and 4.5 have laid the basis for applying the morphological
viability theorem, Theorem 3.11. We summarize the main result of this section.

Proposition 4.6. Suppose J : K(RN ) −→ R to be Lipschitz continuous w.r.t.
the Pompeiu–Hausdorff distance dl and bounded from below.

Using Definitions 4.1 and 4.2, F : K(RN ) � Lip(RN ,RN ) is assumed to have a
closed graph w.r.t. locally uniform convergence on Lip(RN ,RN ).

Let V ⊂ K(RN ) be nonempty and closed such that for every K ∈ V, the intersec-
tion F(K) ∩ TV(K) is nonempty.

Then there exists a Lipschitz continuous solution K : [0,∞[ −→ V ⊂ K(RN ) of

the morphological inclusion
◦
K (·) ∩ F(K(·)) �= ∅ such that

1. J ◦K : [0,∞[ −→ R, t �−→ J(K(t)) is nonincreasing, and
2. every element C ∈ K(RN ) of its ω-limit set in K(RN ) satisfies the following

necessary condition on minimizers of J(·) in K(RN ): ιJ(C) = 0.
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[6] J.-P. Aubin and A. Cellina, Differential Inclusions, Grundlehren Math. Wiss. 264, Springer-

Verlag, Berlin, 1984.
[7] J.-P. Aubin and H. Frankowska, Set-Valued Analysis, Systems Control Found. Appl.,
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THE BREZIS–EKELAND PRINCIPLE FOR DOUBLY NONLINEAR
EQUATIONS∗
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Abstract. The celebrated Brezis–Ekeland principle [C. R. Acad. Sci. Paris Ser. A-B, 282
(1976), pp. Ai, A1197–A1198, Aii, and A971–A974] characterizes trajectories of nonautonomous
gradient flows of convex functionals as solutions to suitable minimization problems. This note extends
this characterization to doubly nonlinear evolution equations driven by convex potentials. The
characterization is exploited in order to establish approximation results for gradient flows, doubly
nonlinear equations, and rate-independent evolutions.
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1. Introduction. Let H denote a Hilbert space and T > 0 be some final refer-
ence time. Moreover, let φ : H → (−∞,∞] be convex, proper, and lower semicon-
tinuous, f ∈ L2(0, T ;H), and u0 ∈ D(φ) := {v ∈ H : φ(v) �= ∞}. The variational
principle formulated by Brezis and Ekeland [17, 18] and Nayroles [77, 78] (see also [9,
sect. 3.4]) characterizes solutions u ∈ H1(0, T ;H) of the gradient flow

(1.1) u′ + ∂φ(u) � f a.e. in (0, T ), u(0) = u0

(where the prime stands for time differentiation and ∂φ is the subdifferential of φ
in the sense of convex analysis; see below) as a global minimizer of the functional
J : H1(0, T ;H) → [0,∞] defined as

(1.2) J(u) :=

∫ T

0

(
φ(u) + φ∗(f − u′) − (f, u)

)
+

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0|2.

Here (·, ·) is the scalar product in H, | · | is the corresponding norm, and we have
denoted by φ∗ the conjugate of φ, i.e., φ∗(w) := sup{(w, u) − φ(u), u ∈ H} for all
w ∈ H. Let us stress that φ(u) + φ∗(w) ≥ (w, u) for all u,w ∈ H and that the
equality holds iff w ∈ ∂φ(u). In particular, one readily checks that J(v) ≥ 0 for
all v ∈ H1(0, T ;H) and that J(u) = minJ = 0 iff u solves the gradient flow (1.1).
Namely, the unique solution to (1.1) and the unique minimizer of J coincide, and we
have the following.

Theorem 1.1 (Brezis and Ekeland [17, 18]). u solves (1.1) iff J(u) = 0.
The aim of this note is to extend the latter characterization result to the more

general situation of doubly nonlinear equations. In particular, let a second convex,
proper, and lower semicontinuous functional ψ : H → (−∞,∞] be given. We are
interested in solving for u ∈ W 1,p(0, T ;H), p ∈ [1,∞], the equation

(1.3) ∂ψ(u′) + ∂φ(u) � f a.e. in (0, T ), u(0) = u0,

where now f ∈ Lq(0, T ;H), with 1/p + 1/q = 1 (usual convention: 1/∞ = 0).
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The latter equation arises in a variety of different applicative contexts. In particu-
lar, inclusion (1.3) may represent a generalized balance relation in thermomechanics.
The reader is referred to Moreau [74, 75] and Germain [30] for some justification
and to Colli and Visintin [23] and Colli [22] for existence results for functionals ψ
of p-growth for 1 < p < ∞ (see also Barbu [12], Arai [3], and Senba [95] among
others). The linear-growth case p = 1 is strictly related with the modeling of rate-
independent evolution and has been considered in connection with elasto-plasticity
[25, 26, 58, 59, 60, 61], damage [68], brittle fractures [27], delamination [56], ferroelec-
tricity [73], shape-memory alloys [67, 71, 72], and vortex pinning in superconductors
[94]; see Mielke [62] for a comprehensive survey of mathematical results.

We shall make precise problem (1.3) by introducing an auxiliary function. Namely,
we consider (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H) such that

v ∈ ∂ψ(u′) a.e. in (0, T ),(1.4)

v + ∂φ(u) � f a.e. in (0, T ),(1.5)

u(0) = u0.(1.6)

The above relations have a clear mechanical interpretation. By letting u represent the
displacement of a body from its reference configuration, φ can be interpreted as the
corresponding energy, and ψ stands for the related dissipation potential. In particular,
relation (1.5) expresses the balance among the system of conservative forces ∂φ(u),
the dissipative (viscous) force v, and the external load f . On the other hand, relation
(1.4) consists of a multivalued constitutive relation for the dissipative forces.

Let now the functional I : W 1,p(0, T ;H) × Lq(0, T ;H) → [0,∞] be defined as

I(u, v) :=

(∫ T

0

(
ψ(u′) + ψ∗(v) − (f, u′)

)
+ φ(u(T )) − φ(u0)

)+

+

∫ T

0

(
φ(u) + φ∗(f − v) − (f − v, u)

)
+ |u(0) − u0|2.(1.7)

Note that, exactly as for J , no derivatives of the potentials appear in the definition
of I, making its formulation suited for nonsmooth situations.

The key point of this note is to check that solutions of (1.4)–(1.6) are precisely
the (possibly nonunique) minimizers of the nonnegative functional I. In particular,
we prove the following.

Theorem 1.2. (u, v) solves (1.4)–(1.6) iff I(u, v) = 0.
Let us explicitly remark that Theorem 1.2 implies the Brezis–Ekeland character-

ization of Theorem 1.1; namely, the present analysis extends the former. In order to
prove this fact, some care has to be used since in the quadratic case ψ(·) = | · |2/2
the functionals I(u, u′) and J(u) do not coincide. Precisely, we shall define K :
H1(0, T ;H) → [0,∞] by

(1.8) K(u) := I(u, u′) =

(∫ T

0

(
|u′|2 − (f, u′)

)
+ φ(u(T )) − φ(u0)

)+

+ J(u).

Theorem 1.1 will follow from Theorem 1.2 once we check that K and J have the same
minimizer. This is exactly the point of the following.

Lemma 1.3. K(u) = 0 iff J(u) = 0.
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Indeed, by letting J(u) = 0 we shall prove that K(u) = 0 (the converse implication
being obvious). Since u is a solution to (1.1) by Theorem 1.1, the chain rule [16, Lem.
3.3, p. 73] yields

φ(u(T )) − φ(u0) =

∫ T

0

d

dt
φ(u) =

∫ T

0

(f − u′, u′).

Hence, the positive part in (1.8) is 0, and K(u) = J(u) = 0.
The functional J is convex and lower semicontinuous with respect to the weak

topology of H1(0, T ;H). Hence, one is tempted to exploit the Brezis–Ekeland char-
acterization of Theorem 1.1 in order to obtain solutions to the gradient flow (1.1) by
applying the direct method to J . This strategy is, however, much more involved than
the classical maximal-monotone operator techniques (see Brezis [16]). The difficulty
arises from the fact that one is not just asked to minimize J but also to prove that
the minimum is 0 (the difficulty of proving the existence of a minimizer for J without
using the equation was already pointed out in [18, Rem. 1]). Incidentally, note that J
may fail to be coercive with respect to the weak topology of H1(0, T ;H) unless φ∗ has
at least a quadratic growth and hence φ is quadratically bounded (take φ∗(·) = | · |,
f = 0, u0 = 0, and un to be any W 1,1(0, T ;H)-bounded sequence with |un| ≤ 1
and u′n unbounded in L2(0, T ;H)). On the other hand, K is clearly convex, lower
semicontinuous, and coercive with respect to the weak topology of H1(0, T ;H).

Conditional existence results for the gradient flow (1.1) by means of the direct
method were first obtained by Rios [85, 88] (see also [86, 87]). Later on, Auch-
muty [10] proved that in the controlled-growth case the minimum problem can be
reformulated as a saddle point problem for which the minimax value 0 is achieved
(see also [8]). Again in the controlled-growth case and by assuming φ to be contin-
uously differentiable, Roub́ıček [90] directly checked that the optimality conditions
imply (1.1) (see also the recent monograph [91, sect. 8.10]). Finally, the full extent of
maximal-monotone methods has been recovered via the Brezis–Ekeland approach by
Ghoussoub and Tzou [39]. In the latter paper, the authors eventually overcome the
controlled-growth assumption and recast the problem within the far-reaching theory of
(anti)self-dual Lagrangians by Ghoussoub [35, 34, 31, 32, 33, 37, 41, 40] (see also the
monograph [36]). We mention some further results by Ghoussoub and McCann [38]
for quadratic perturbations of convex functionals and the analysis of the long-time
dynamics of autonomous gradient flows by Lemaire [51].

Our main focus here is, however, not on existence but rather on the application
of the characterization result of Theorem 1.2 to the analysis of general approximation
issues. Since solutions and minimizers of the respective functionals coincide, a quite
natural idea in order to frame an abstract approach to limiting procedures is that of
considering the corresponding approximating minimum problems via Γ-convergence
[43, 24]. We shall apply this perspective and generalize some known approximation
results for both gradient flows (section 6) and doubly nonlinear equations (section 7).
Moreover, we obtain a new proof of a convergence result by Mielke, Roub́ıček, and
Stefanelli [69] for the case of rate-independent problems in section 8.

The key step in the direction of approximations is a suitable Γ-lim inf tool settled
in the frame of Young measures with values in separable and reflexive Banach spaces
(see subsection 4.2). Let us mention that this perspective has already been considered
by Pedregal [81, 82] and Michaille and Valadier [57] in the frame of Sobolev spaces.
Here, moving from some recent version in weak topologies of the fundamental result
by Balder [11, Thm. 1], we deduce a useful tool in order to pass to lower limits in
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sequences of integral functionals whose integrands fulfill a suitable Γ-lim inf inequality.
As a by-product, we obtain some generalization of former results by Salvadori [92,
Thm. 3.1].

By applying the above-mentioned approximation results, we show in subsection
7.1 the existence of solutions for a class of doubly nonlinear equations by passing to the
limit via Theorem 1.2 within a suitable class of regularized problems. In particular,
we recover by means of a variational technique a former existence result by Colli and
Visintin [23, Thm. 2.1].

Let us mention that some refined version of the functional I and Theorem 1.2 is
discussed in [103] for the specific situation of linearized elastoplasticity with hardening.
In particular, the (classical) well-posedness theory and the (more recent) convergence
for time and space discretizations [47] is there recovered by means of a variational
technique.

Let us close this introduction by observing that, besides the Brezis–Ekeland prin-
ciple, a variety of global variational principles for dissipative evolutions have already
been proposed. We mention Biot’s work on irreversible thermodynamics [15] and
Gurtin’s principle for viscoelasticity and elastodynamics [44, 45, 46] among many
others (see also the survey in Hlaváček [48]). We shall not attempt to give here a
comprehensive report on the literature but rather concentrate on the specific case of
doubly nonlinear evolutions. In this concern, the reader is referred to Visintin [105],
where generalized solutions are obtained as minimal elements of a certain partial-order
relation on the trajectories, and Mielke and Ortiz [63] (see also [70]), where solutions
in the rate-independent case are recovered as suitable limits of relaxed global mini-
mization problems.

Remark 1.4. The formulation in (1.2) is not the original one but is rather some
modification due to Rockafellar (see again [18]) also considered in Ghoussoub and
Tzou [39].

2. Characterization. The Brezis–Ekeland characterization of Theorem 1.1
makes no essential use of the Hilbert-space structure. Hence, let us move from the
very beginning to the reflexive Banach-space framework and start by enlisting our
assumptions:

(A1) p ∈ [1,∞], 1/p+1/q = 1, and H is a real reflexive Banach space with norm
| · |. We shall use the symbol (·, ·) for the duality pairing between H∗ (dual)
and H.

(A2) φ, ψ : H → (−∞,∞] are proper, convex, and lower semicontinuous.
(A3) f ∈ Lq(0, T ;H∗) and u0 ∈ D(φ) := {v ∈ H : φ(v) �= ∞}.
The subdifferentials occurring in the formulation of the Cauchy problem (1.4)–

(1.6) are now acting from H to H∗ being defined as

w ∈ ∂φ(z) iff z ∈ D(φ) and (w, x− z) ≤ φ(x) − φ(z) ∀x ∈ H

and analogously for ∂ψ. Notations have been chosen in such a way that the definition
of the functional I in (1.7) still makes sense in the above Banach-space setting. For
the sake of clarity, we shall restate here our main result.

Theorem 2.1. Under assumptions (A1)–(A3), the pair (u, v) solves (1.4)–(1.6)
iff I(u, v) = 0.

The proof of Theorem 2.1 relies on a suitable Banach version of the chain rule
[16, Lem. 3.3, p. 73]. We state it here for the sake of completeness and provide a
direct proof.
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Proposition 2.2 (chain rule). Under assumption (A1), let φ : H → (−∞,∞] be
proper, convex, and lower semicontinuous, u ∈ W 1,p(0, T ;H), and w ∈ Lq(0, T ;H∗)
be such that w ∈ ∂φ(u) almost everywhere in (0, T ). Then t 
→ φ(u(t)) is absolutely
continuous and

φ(u(t)) − φ(u(s)) =

∫ t

s

(z, u′) ∀0 ≤ s ≤ t ≤ T,

for all z ∈ Lq(0, T ;H∗), with z ∈ ∂φ(u) almost everywhere in (0, T ).
Proof. Let us assume from the very beginning that both H and H∗ are strictly

convex (H can be equivalently renormed in such a way that this holds [5, 6]). We let
wε := ∂φε(u) for ε > 0, where φε is the Yosida approximation of φ (see [13, Prop. 1.1,
p. 42] for definition and properties). Since φε is Gâteaux differentiable [13, Thm. 2.2,
p. 57] we have

(2.1) φε(u(t)) − φε(u(s)) =

∫ t

s

(wε, u
′) ∀0 ≤ s ≤ t ≤ T.

Moreover, one has |wε|∗ ≤ |w◦|∗ ≤ |w|∗ almost everywhere in (0, T ), where | · |∗
is the norm of H∗ and w◦ := (∂φ(u))◦ is the element of minimal norm in ∂φ(u).
Hence, for all t ∈ (0, T ) such that |wε(t)|∗ ≤ |w◦(t)|∗ ≤ |w(t)|∗, one can extract a
not relabeled (and a priori depending on t) weakly convergent subsequence wε(t). On
the other hand, by using [13, Prop. 1.1, p. 42] we have wε(t) → w◦(t) weakly in H∗.
In particular, the whole sequence wε(t) converges, and we have wε → w◦ weakly in
H∗ pointwise almost everywhere in (0, T ). By exploiting the convergence of Yosida
approximations and the dominated convergence theorem and by passing to the limit
as ε → 0 in (2.1), we prove that t 
→ φ(u(t)) is absolutely continuous on [0, T ].

Let now t ∈ (0, T ) be a point, where t 
→ φ(u(t)) is differentiable and u(t) ∈
D(∂φ) := {v ∈ H : ∂φ(v) �= ∅}, and let z ∈ ∂φ(u(t)). Then

(z, x− u(t)) ≤ φ(x) − φ(u(t)) ∀x ∈ H.

By choosing x = u(t±h) for h > 0 and passing to the limit as h → 0 we readily check
that

d

dt
φ(u(t)) = (z, u′(t)),

and the assertion follows.
Proof of Theorem 2.1. Let (u, v) ∈ W 1,p(0, T ;H)×Lq(0, T ;H∗) solve (1.4)–(1.6).

In particular, we have

φ(u) + φ∗(f − v) = (f − v, u), ψ(u′) + ψ∗(v) = (v, u′) a.e. in (0, T )

so that I(u, v) < ∞. Moreover, owing to Proposition 2.2, the map t 
→ φ(u(t)) is
absolutely continuous and

(2.2) φ(u(T )) − φ(u0) =

∫ T

0

d

dt
φ(u) =

∫ T

0

(f − v, u′).

Hence, since u(0) = u0,

I(u, v) =

(∫ T

0

(
ψ(u′) + ψ∗(v) − (v, u′)

))+

= 0.
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On the other hand, let (u, v) ∈ W 1,p(0, T ;H)×Lq(0, T ;H∗) be such that I(u, v) = 0.
The functional I results from the sum of three nonnegative contributions, namely,
the positive-part term, the integral term, and the term taking into account the initial
datum. As I(u, v) = 0, one has that all three terms must be 0. In particular, u(0) =
u0, and relation (1.5) holds. By using Proposition 2.2 and the already established
(1.5) we have ∫ T

0

(
ψ(u′) + ψ∗(v) − (v, u′)

)
=

∫ T

0

(
ψ(u′) + ψ∗(v) − (f, u′)

)
+ φ(u(T )) − φ(u0) ≤ 0,

where the last inequality follows from the fact that the positive-part term in I(u, v) is
0. Finally, as ψ(u′) +ψ∗(v) ≥ (v, u′) almost everywhere in (0, T ), relation (1.4) holds
as well.

Let us remark that the reflexive Banach frame of assumption (A1) includes the
original Hilbert-space setting of Theorem 1.1. In particular, the Brezis–Ekeland char-
acterization follows from Theorem 2.1 via Lemma 1.3.

Before going on, we shall comment that the alternative (and somehow more nat-
ural) choice Ĩ : W 1,p(0, T ;H) × Lq(0, T ;H) → [0,∞] given by

Ĩ(u, v) :=

∫ T

0

(
ψ(u′) + ψ∗(v) − (v, u′)

)
+

∫ T

0

(
φ(u) + φ∗(f − v) − (f − v, u)

)
+ |u(0) − u0|2

would lead to the same characterization of Theorem 2.1. On the other hand, the
presence of the term (v, u′) prevents the functional Ĩ from being lower semicontinuous
with respect to the natural topologies related to the doubly nonlinear problem (1.3)
(see below), making the functional Ĩ not interesting.

In the specific case of a Hilbert space H and a quadratic potential φ(·) = | · |2/2,
relation (1.3) takes the form

(2.3) ∂ψ(u′) + u � f a.e. in (0, T ), u(0) = u0.

By letting the functional Q : W 1,p(0, T ;H) → [0,∞] be defined as

Q(u) :=

∫ T

0

(
ψ(u′) + ψ∗(f − u) − (f, u′)

)
+

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0|2,

one easily checks via Fenchel’s duality that u ∈ W 1,p(0, T ;H) solves (2.3) iff Q(u) =
minQ = 0. On the other hand, in the same spirit of (1.8), one could consider
R : W 1,p(0, T ;H) → [0,∞] as R(u) := I(u, f − u), and the analogue of Lemma 1.3
holds.

The case of a quadratic potential φ bears some relevance with respect to appli-
cations (see section 8 and [103]). Hence, we shall explicitly consider the functional Q
in the following.

3. Some extension. As already mentioned in the introduction, Theorem 2.1
is valid in some more general frames. In particular, we shall consider the doubly
nonlinear relation

(3.1) ∂ψ(u′(t)) + ∂ϕ(t, u(t)) � 0 for a.e. t ∈ (0, T ), u(0) = u0,
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where the time dependence is now included in ϕ and the second subdifferential is
referred to the variable u only.

Letting X be a separable metric space, we denote by B(X) its Borel σ-algebra,
by L the σ-algebra of the Lebesgue measurable subsets of (0, T ), and by L ⊗ B(X)
the respective product σ-algebra. A L ⊗ B(X)-measurable function g : (0, T ) ×X →
(−∞,∞] is said to be a normal integrand if

u 
→ g(t, u) is lower semicontinuous for a.e. t ∈ (0, T ).

The assumptions read as follows:
(A4) ψ : H → (−∞,∞] is convex, proper, and lower semicontinuous,

ϕ : [0, T ] ×H → (−∞,∞] is such that:
u 
→ ϕ(t, u) is proper and convex for a.e. t ∈ (0, T ),
for all separable subspaces X ⊂ H, the restriction of ϕ to [0, T ] × X is a
normal integrand,
there exists π : W 1,p(0, T ;H) → L1(0, T ) such that, for u ∈ W 1,p(0, T ;H)
and w ∈ Lq(0, T ;H∗), with w(t) ∈ ∂ϕ(t, u(t)) for a.e. t ∈ (0, T ), the map-
ping t 
→ ϕ(t, u(t)) is absolutely continuous and satisfies

ϕ(t, u(t)) − ϕ(s, u(s)) =

∫ t

s

(w, u′) +

∫ t

s

π(u) ∀0 ≤ s ≤ t ≤ T.(3.2)

(A5) u0 ∈ D(ϕ(0, ·)) := {v ∈ H : ϕ(0, v) �= ∞}.
Assumption (A4) implies via Pettis’ theorem that t 
→ ϕ(t, u(t)) is measurable

for all measurable t 
→ u(t).
As for the generalized chain rule stated in (A4), let us mention that π represents

a power of external actions since, at least formally, π = ∂tϕ (see also section 8 below).
The chain rule (3.2) frequently holds in practice. In particular, it holds in the smooth
case and if ϕ is a smooth perturbation of a convex function. The reader is referred to
[64, Prop. 2.6] for a result in the nonperturbative case.

We will consider solutions (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗) of the Cauchy
problem (see (1.4)–(1.6))

v ∈ ∂ψ(u′) a.e. in (0, T ),(3.3)

−v(t) ∈ ∂ϕ(t, u(t)) for a.e. t ∈ (0, T ),(3.4)

u(0) = u0.(3.5)

Hence, let us define the functional I acting on W 1,p(0, T ;H) × Lq(0, T ;H∗) as

I(u, v) :=

(∫ T

0

(
ψ(u′) + ψ∗(v) − π(u)

)
+ ϕ(T, u(T )) − ϕ(0, u0)

)+

+

∫ T

0

(
ϕ(·, u) + ϕ∗(·,−v) + (v, u)

)
+ |u(0) − u0|2,

where the duality ϕ∗ is taken with respect to the variable u only. The formulation of
Theorem 1.2 in this setting reads as follows.

Theorem 3.1. Under assumptions (A1) and (A4)–(A5), the pair (u, v) solves
(3.3)–(3.5) iff I(u, v) = 0.

Sketch of the proof. This argument follows along the same lines as that of Theorem
1.2. All solutions to (3.3)–(3.5) are easily proved to be minimizers of I by means of
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the chain rule (3.2). On the other hand, let (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗) be
such that I(u, v) = 0. Then one has u(0) = u0 and −v(t) ∈ ∂ϕ(t, u(t)) for almost
every t ∈ (0, T ). Again by (3.2) one gets∫ T

0

(
ψ(u′) + ψ∗(v) − (v, u′)

)
=

∫ T

0

(
ψ(u′) + ψ∗(v) − π(u)

)
+ ϕ(T, u(T )) − ϕ(0, u0) ≤ 0,

and the assertion follows.
Remark 3.2. Let us stress that the present situation of (3.1) is not directly

extending (1.3) as some extra time regularity is here exploited. As a matter of fact,
the case ϕ(t, u) = φ(u) − (f(t), u) is included in the frame of (A4) for the smooth
choice f ∈ W 1,q(0, T ;H∗) only.

Remark 3.3. We shall mention that the generalized situation of the equation

(3.6) ∂ψ(u(t), u′(t)) + ∂φ(t, u(t)) � 0 for a.e. t ∈ (0, T ), u(0) = u0,

where the functional ψ : H ×H → (−∞,∞] is convex in its second occurrence and
subdifferentials are taken with respect to second variables, has recently attracted a
good deal of attention. In particular (3.6) arises in connection with quasi-variational
problems and has been considered in Aso, Frémond, and Kenmochi [4], Mielke [62],
and Mielke, Rossi, and Savaré [66, 65]. The formulation of the above characterization
result in Theorem 3.1 could be easily tailored to the case of (3.6) as well as to even
more general situations (the nonlocal situations of [97, 98, 99, 100, 49], for instance)
with no particular intricacy.

Before closing this section, let us explicitly mention that the choice H Hilbert
space, p = 2, and ψ(·) = | · |2/2 in relation (3.1) give rise to the generalized gradient
flow

(3.7) u′(t) + ∂ϕ(t, u(t)) � 0 a.e. in (0, T ), u(0) = u0,

whose consideration has to be traced back to Peralba [83, 84]. We shall consider (3.7)
from the point of view of approximation in section 6 below. Let us explicitly observe
there that the extension of the functional K to the latter time-dependent situation is
K : H1(0, T ;H) → [0,∞] defined by

K(u) := I(u, u′) =

(∫ T

0

(
|u′|2 − π(u)

)
+ ϕ(T, u(T )) − ϕ(0, u0)

)+

+

∫ T

0

(
ϕ(·, u) + φ∗(·,−u′)

)
+

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0|2.

4. Applications to approximation. We now apply the characterization re-
sults of Theorems 2.1 and 3.1 to the approximation of solutions of the gradient flows
(1.1) and (3.7) and of the doubly nonlinear equations (1.3) and (3.1). As already
mentioned in the introduction, we shall make here use of the notion of Γ-convergence.
The reader is referred to the monographs by Attouch [7] and Dal Maso [24] for some
comprehensive discussion of this topic as well as to subsection 4.1 for a (minimal)
selection of results to be used later.

Our aim will be to present suitable assumptions for the corresponding approxi-
mating functionals to be Γ-converging (or rather Mosco-converging; see below). More
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precisely, since Theorems 2.1 and 3.1 directly quantify the value of the minima to be 0,
what is actually needed for passing to limits are Γ-lim inf inequalities only. In subsec-
tion 4.2 we shall prepare a tool in order to deal with these kinds of problems in a quite
general fashion. In particular, we will provide a Γ-lim inf result by exploiting the the-
ory of Young measures for weak topologies in separable (and reflexive) Banach spaces.
The application of the latter to the current convex situation is discussed in subsec-
tion 4.3 along with some relation with the former analysis by Salvadori [92]. Then in
section 5 we systematically apply the Γ-lim inf tool to the functionals introduced in
sections 1 and 3 and obtain the corresponding Γ-lim inf inequalities. Convergence re-
sults will then follow by simply checking the uniform coercivity of the approximating
functionals with respect to suitable topologies. In the case of the gradient flows (1.1)
and (3.7), we will show in section 6 that a natural choice is that of the weak topology
in H1(0, T ;H) (note that K is lower semicontinuous and coercive with respect to the
latter). This leads us to generalize some known convergence results (see [7, sect. 3.9.2,
p. 386]).

In the case of the doubly nonlinear equations (1.3) and (3.1) for p ∈ (1,∞), we
will provide in section 7 some conditions implying uniform coercivity with respect to
the topology

(4.1) T (p) = (weak-W 1,p(0, T ;H) + strong-Lp(0, T ;H)) × weak-Lq(0, T ;H∗)

(recall that I is lower semicontinuous with respect to T (p)). Hence, under suitable
nondegeneracy and growth-type assumptions (see (7.1)–(7.2)), section 7 leads to some
generalization of former convergence results by Aizicovici and Yan [1].

The situation p = 1 is much more delicate, and we shall deal with it in the
specific yet relevant case of rate-independent problems in section 8. By focusing on
the functional frame of the recent well-posedness theory by Mielke and Rossi [64], we
shall provide a new proof of a convergence result by Mielke, Roub́ıček, and Stefanelli
[69], although in a simplified setting. Finally, the special case of (2.3) is discussed.

4.1. Preliminaries on Mosco convergence. Recall that H is a real reflexive
Banach space. By letting φn, φ : H → (−∞,∞] be convex, proper, and lower semi-
continuous, we say that the sequence φn is uniformly proper iff there exists a bounded
sequence un such that un ∈ D(φn). Moreover, we say that φn → φ in the Mosco
sense [7, 76] iff, for all u ∈ H,

φ(u) ≤ lim inf
n→∞

φn(un) ∀un → u weakly in H,

∃un → u strongly in H such that φ(u) = lim sup
n→∞

φn(un).

In particular, φn → φ in the Mosco sense iff φn → φ in the sense of Γ-convergence
with respect to both the weak and the strong topology in H. Let us stress that if
φn → φ in the Mosco sense, then the sequence φn is uniformly proper. One has the
following characterization.

Lemma 4.1. The following are equivalent:

(i) φn → φ in the Mosco sense in H,

(ii)

⎧⎪⎨
⎪⎩

φ(u) ≤ inf
{

lim inf
n→∞

φn(un) : un → u weakly in H
}
,

φ∗(u) ≤ inf
{

lim inf
n→∞

φ∗n(un) : un → u weakly in H∗
}
,

and the sequence φ∗n is uniformly proper.
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Proof. Assumption (i) is equivalent to φ∗n → φ∗ in the Mosco sense [7, Thm. 3.18,
p. 295]. Hence (ii) follows by the definition of Mosco convergence.

The converse implication (ii) ⇒ (i) is more involved. Let us set for convenience,
for all u ∈ H and v ∈ H∗,

φ�(u) := min
{

lim sup
n→∞

φn(un) : un → u strongly in H
}
,

φ�(v) := inf
{

lim inf
n→∞

φ∗n(vn) : vn → v weakly in H∗
}
,

Owing to [7, Thm. 1.13, p. 29], the minimum in the definition of φ� is always attained
in (−∞,∞]. In particular, for all u ∈ H,

∃un → u strongly in H such that φ�(u) = lim sup
n→∞

φn(un).(4.2)

The sequence φ∗n is uniformly proper, and we can apply [7, Thm. 3.7, p. 271] in order
to deduce that φ� = (φ�)

∗. Hence, since by the second part of (ii) we have φ∗ ≤ φ�,
we obtain by duality that φ� = (φ�)

∗ ≤ φ. Finally, the first part of (ii) and (4.2) yield
(i).

Let us comment that, for the sake of establishing the following approximation re-
sults, only the implication (i) ⇒ (ii) is exploited. We stated the above characterization
in order to underline the fact that the Mosco convergence is the natural requirement
for passing to the lim inf in the sum of functionals and their respective duals (which
is precisely our situation).

4.2. A general Γ-lim inf result. We shall now discuss a technical tool which
will be at the basis of the forthcoming analysis. In particular, we present here a
Γ-lim inf result in the frame of Young measures for weak topologies. The reader
is referred to Castaing, Raynaud de Fitte, and Valadier [20] for a comprehensive
discussion of Young measures on separable Banach spaces.

Recall that, by letting X be a separable metric space, a L ⊗ B(X)-measurable
function g : (0, T ) ×X → (−∞,∞] is said to be a normal integrand if

u 
→ g(t, u) is lower semicontinuous for a.e. t ∈ (0, T ).

We denote by M(0, T ;X) the set of all L-measurable functions w : (0, T ) →
X. Following [11], a sequence wn ∈ M(0, T ;X) is said to be tight if there exists a
nonnegative normal integrand g such that

{w ∈ X : g(t, w) ≤ c} is compact for a.e. t ∈ (0, T ) and all c ≥ 0,(4.3)

and sup
n

∫ T

0

g(t, wn(t)) dt < ∞.(4.4)

In case X is a Banach space, a L⊗B(X)-measurable function h : (0, T )×X → (−∞,∞]
is called a weakly normal integrand if

(4.5) u 
→ h(t, u) is weakly lower semicontinuous for a.e. t ∈ (0, T ),

and a sequence un ∈ M(0, T ;X) is said to be weakly tight if there exists a nonnegative
weakly normal integrand h such that

lim
|u|→∞

h(t, u) = ∞ for a.e. t ∈ (0, T ),(4.6)

and sup
n

∫ T

0

h(t, un(t)) dt < ∞.(4.7)

We prepare a result which will turn out to be useful in the proof of Theorem 4.3.
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Lemma 4.2 (weak tightness implies tightness of the norms). Let H be a separable
and reflexive Banach space and un be weakly tight. Then |un| is tight in R.

Proof. Let h : (0, T ) ×H → [0,∞] be a weakly normal integrand fulfilling (4.6)–
(4.7), and define h̃ : (0, T ) × [0,∞] → [0,∞] as

(4.8) h̃(t, r) := inf
|w|≥r

h(t, w).

We shall prove that h̃ is a normal integrand and that

{r ≥ 0 : h̃(t, r) ≤ c} is compact for a.e. t ∈ (0, T ) and all c ≥ 0,(4.9)

and sup
n

∫ T

0

h̃(t, |un(t)|) dt < ∞.(4.10)

Ad measurability: One directly checks that, given α > 0, the set M = {(t, u) ∈
(0, T )×H : h(t, u) < α} belongs to L⊗B(H) and hence N = {(t, |u|) : (t, u) ∈ M} ∈
L⊗B([0,∞)). Note that, for all Borel sets A ∈ L⊗B([0,∞)), the set ∪(t,ρ)∈A{t}×[0, ρ]
belongs to L ⊗ B([0,∞)) as well. Now we have

h̃−1
(
(−∞, α)

)
= {(t, r) : ∃(t, u) ∈ M such that |u| ≥ r} =

⋃
(t,ρ)∈N

{t} × [0, ρ].

In particular h̃−1((−∞, α)) ∈ L ⊗ B([0,∞)), and h̃ is L ⊗ B([0,∞))-measurable.
Ad lower semicontinuity: We start by noting that r 
→ h̃(t, r) is nondecreasing

for all t ∈ (0, T ). Assume by contradiction that there exists t ∈ (0, T ) such that
u 
→ h(t, u) is lower semicontinuous while r → h̃(t, r) is not, namely, that there exist
an increasing sequence 0 ≤ rn → r and δ > 0 such that, for all n ∈ N,

(4.11) h̃(t, rn) + 2δ ≤ h̃(t, r).

Let now wn ∈ H be such that |wn| ≥ rn and h̃(t, rn) + δ ≥ h(t, wn) (such wn exist by
(4.8)). Then surely |wn| ≤ r as, if this was not the case, one would have

h(t, wn)
(4.8)

≥ h̃(t, r)
(4.11)

≥ h̃(t, rn) + 2δ ≥ h(t, wn) + δ.

Hence, we can extract a not relabeled subsequence wn weakly converging to some w
in H and compute

h(t, w)
(4.5)

≤ lim inf
n→∞

h(t, wn) ≤ lim
n→∞

h̃(t, rn) + δ
(4.11)

≤ h̃(t, r) − 2δ + δ < h̃(t, r),

contradicting the very definition (4.8). Namely, r 
→ h̃(t, r) is lower semicontinuous
for almost every t ∈ (0, T ).

As a consequence, the sets {(t, r) : h̃(t, r) ≤ c} are closed intervals for almost
every t ∈ (0, T ). Moreover, they are also bounded for almost every t ∈ (0, T ) due to
(4.7), and we have proved (4.9). Finally, one easily checks that

sup
n

∫ T

0

h̃(t, |un(t)|) dt ≤ sup
n

∫ T

0

h(t, u(t)) dt
(4.7)
< ∞,

and (4.10) follows.
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A parametrized measure on X is a collection ν = {νt}t∈(0,T ) of Borel probability
measures on X such that

t 
→ νt(B) is L-measurable ∀B ∈ B(X),

and the set of all parametrized measures is denoted by Y(0, T ;X).
Theorem 4.3 (Γ-lim inf tool). Let H be a separable and reflexive Banach space

and gn, g∞ : (0, T ) ×H → (−∞,∞] be weakly normal integrands such that

g∞(t, u) ≤ inf
{

lim inf
n→∞

gn(t, un) : un → u weakly in H
}

∀u ∈ H and for a.e. t ∈ (0, T ).(4.12)

Moreover let un be weakly tight. Then there exists a subsequence k 
→ nk and a
parametrized measure ν ∈ Y(0, T ;H) such that, for a.e. t ∈ (0, T ),

(4.13) νt is concentrated on the set

∞⋂
j=1

clw

(
{unk

(t) : k ≥ j}
)
,

where clw denotes the weak closure in H, and, whenever t 
→ g−nk
(t, unk

(t)) = max
{−gnk

(t, unk
(t)), 0} are uniformly integrable, namely,

lim
|A|→0

sup
k∈N

∫
A

g−nk
(t, unk

(t)) dt = 0

(the limit being restricted to Lebesgue measurable sets A ⊂ (0, T ); |A| denotes the
Lebesgue measure), we have

∫ T

0

(∫
H

g∞(t, ξ) dνt(ξ)

)
dt ≤ lim inf

k→∞

∫ T

0

gnk
(t, unk

(t)) dt.

Proof. The statement follows directly from the fundamental theorem by Balder
[11, Thm. 1] adapted to weak topologies along the same lines of Rossi and Savaré
[89, Thm. 3.2] (see also [64, Thm. B.1]). The idea is to rephrase the dependence of
the functionals from n ∈ N := N ∪ {∞} as an extra variable. As we shall see below,
condition (4.12) ensures that the augmented integrand is still normal. The only
difficulty arises from the fact that the weak topology of H is not globally metrizable
(apart from finite-dimensional cases). By following closely the proof of [89, Thm. 3.2],
we will circumvent this fact by considering the set

V :=
{
(u, r, n) ∈ H × R ×N : |u| ≤ r

}
⊂ H × R ×N

and endowing it with the metric

d(v1, v2) := |||u1 − u2|||2 + |r1 − r2| + | arctan(n1) − arctan(n2)|
∀vi = (ui, ri, ni) ∈ V, i = 1, 2.

In the latter, we have used the convention arctan(∞) = π/2, and, given a countable
dense subset wn of the unit ball in H∗, we have (classically) defined

|||u|||2 :=

∞∑
k=0

2−k|(wk, u)|2 ∀u ∈ H.
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Hence, (V, d) is a separable and complete metric space since

vk = (uk, rk, nk) → v = (u, r, n) in V iff

uk → u weakly in H, rk → r in R, and nk → n in N

(where N is endowed with the arctan metric). Let us remark that any bounded closed
set in (V, d) is compact with respect to the latter topology. Hence, all intersections of
closed balls of H × R ×N with V are Borel subsets of V , namely,

(4.14) B ∈ B(H × R ×N) ⇒ B ∩ V ∈ B(V ),

and any Borel measure on V can be trivially extended to a Borel measure on H×R×N .
We apply Balder’s theorem [11, Thm. 1] to the family vn = (un, |un|, n) which

turns out to be tight by Lemma 4.2 as N is compact. Hence, we find a subsequence
k 
→ nk and a parametrized measure μ = {μt}t∈(0,T ) ∈ Y(0, T ;V ) such that, for
almost every t ∈ (0, T ),

μt is concentrated on the set Λ(t) :=

∞⋂
j=1

clV

(
{vnk

(t) : k ≥ j}
)
,

namely, the set of V -limit points of vnk
(t).

Let now f : (0, T ) × V → (−∞,∞] be defined by

f(t, v) := gn(t, u) ∀v = (u, r, n) ∈ V, t ∈ (0, T ).

Given any L ∈ L, B ∈ B(H), and n ∈ N , by using (4.14) one checks that(
L×B × R × {n}

)
∩
(
(0, T ) × V

)
∈ L ⊗ B(V ).

Hence, we have (
L ⊗ B(H) × R × {n}

)
∩
(
(0, T ) × V

)
⊂ L⊗ B(V ).

On the other hand, for all a ∈ R,{
(t, v) : f(t, v) ≤ a

}
=

∞⋃
n=1

((
{(t, u) : gn(t, u) ≤ a} × R × {n}

)
∩
(
(0, T ) × V

))
∈ L ⊗ B(V ),

since all elements under the union sign are in L ⊗ B(V ). Hence, the function f is
L ⊗ B(V )-measurable. Moreover, f is a normal integrand. Indeed, let vk → v in V .
Then either nk = n definitely or nk → ∞. In the first case, lower semicontinuity
follows from the weak sequential lower semicontinuity of gn, whereas in the second
case it can be deduced from (4.12).

Since t 
→ f−(t, vnk
(t)) = g−nk

(t, unk
(t)) are uniformly integrable, again by [11,

Thm. 1] we have∫ T

0

(∫
V

f(t, ζ) dμt(ζ)

)
dt ≤ lim inf

k→∞

∫ T

0

f(t, vnk
(t)) dt

= lim inf
k→∞

∫ T

0

gnk
(t, unk

(t)) dt.(4.15)
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By recalling that Λ(t) ⊂ H × R × {∞} for all t ∈ (0, T ) and letting

νt(B) := μt

(
(B × R ×N) ∩ V

)
∀B ∈ B(H),

we obtain a parametrized measure ν = {νt}t∈(0,T ) ∈ Y(0, T ;H) which fulfills (4.13)
and is such that∫ T

0

(∫
V

f(t, ζ) dμt(ζ)

)
dt =

∫ T

0

(∫
H

g∞(t, ξ) dνt(ξ)

)
dt,

which, together with (4.15), entails the result.
Let us remark that, under the frame of Theorem 4.3, whenever un → u weakly

in Lp(0, T ;H) for some p ∈ [1,∞) (weakly star for p = ∞), then

(4.16) u(t) =

∫
H

ξ dνt(ξ) for a.e. t ∈ (0, T ).

This fact was already remarked in [89, Thm. 3.2] for p ∈ (1,∞) (and hence, for p = ∞
as well). As for p = 1, one can readily choose the weakly normal integrands

g(t, u) := (w(t), u) ∀u ∈ H, a.e. t ∈ (0, T ), with w ∈ L∞(0, T ;H∗),

and exploit Theorem 4.3 with the constant sequence gn = g (or [64, Thm. B.1]) in
order to conclude.

4.3. The Γ-lim inf result for normal convex integrands. Let us now specify
the result of Theorem 4.3 in the case of normal convex integrands gn, g∞ : [0, T ]×H →
(−∞,∞].

Corollary 4.4. Let p ∈ [1,∞], H be a separable and reflexive Banach space,
and gn, g∞ : (0, T ) × H → (−∞,∞] be normal convex integrands such that (4.12)
holds. Moreover, let un → u weakly in Lp(0, T ;H) (weakly star if p = ∞). Then,
whenever t 
→ g−n (t, un(t)) are uniformly integrable, we have

(4.17)

∫ T

0

g∞(t, u(t)) dt ≤ lim inf
n→∞

∫ T

0

gn(t, un(t)) dt.

Proof. Let j 
→ nj ∈ N be an increasing sequence. As un are uniformly bounded
in Lp(0, T ;H), the family unj

is weakly tight. Hence, by applying Theorem 4.3, we
may extract a further subsequence k 
→ njk such that

lim inf
k→∞

∫ T

0

gnjk
(t, unjk

(t)) dt ≥
∫ T

0

(∫
H

g∞(t, ξ) dνt(ξ)

)
dt

≥
∫ T

0

g∞(t, u(t)) dt,(4.18)

where the last inequality follows from (4.16) and Jensen’s inequality. Namely, for
all subsequences of un there exist further subsequences such that (4.18) holds. An
easy argument ensures that indeed (4.18) holds for the whole sequence gn(·, un(·)) as
well.

Let us now comment on the uniform integrability condition of Corollary 4.4.
First of all, it is clear that the latter holds if gn are uniformly bounded below. More
generally, one can consider the case

gn(t, u) ≥ −c0|u| − γ(t) for some c0 > 0, γ ∈ L1(0, T ),

∀u ∈ H, n ∈ N, for a.e. t ∈ (0, T ).(4.19)
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In fact, whenever un converges weakly in Lp(0, T ;H) (weakly star in p = ∞), the
functions t 
→ |un(t)| are uniformly integrable [28, Thm. 4, p. 104], and (4.19) entails
the uniform integrability of t 
→ g−n (t, un(t)).

We shall explicitly remark that, in case gn are independent of time, the lower
bound (4.19) follows directly from the condition (4.12). Indeed, owing to [7, Thm.
3.7, p. 271], by letting v ∈ D(g∗∞) be fixed, there exist vn such that vn → v strongly
in H∗ and lim supn→∞ g∗n(vn) = g∗∞(v). Then (4.19) follows with the choice

c0 = sup
n

|vn|∗, γ(t) = g∗∞(v) + 1.

In particular, we have the following.
Corollary 4.5 (gn independent of time). Let p ∈ [1,∞], H be a separable

and reflexive Banach space, and gn, g∞ : H → (−∞,∞] be convex, proper, and lower
semicontinuous such that (4.12) holds. Moreover, let un → u weakly in Lp(0, T ;H)
(weakly star if p = ∞). Then we have

(4.20)

∫ T

0

g∞(u(t)) dt ≤ lim inf
n→∞

∫ T

0

gn(un(t)) dt.

Before moving on, we remark that some result in the direction of Corollary 4.4
was already contained in the convergence analysis by Salvadori [92, Thm. 3.1]. The
latter was focused on establishing conditions under which the integral functionals

Gn(u) =

⎧⎨
⎩

∫ T

0

gn(t, u(t))dt if t 
→ g+
n (t, u(t)) ∈ L1(0, T ),

∞ otherwise

would Mosco-converge to the limit functional

G∞(u) =

⎧⎨
⎩

∫ T

0

g∞(t, u(t))dt if t 
→ g+
∞(t, u(t)) ∈ L1(0, T ),

∞ otherwise

(and analogously for G∗n and G∗∞, which are defined from g∗n and g∗∞, respectively).
The Mosco-convergence result in [92, Thm. 3.2] was obtained under some uniform
quantitative properness of the functionals. In particular, both sequences Gn and
G∗n are asked to be uniformly proper on Lp(0, T ;H) and Lq(0, T ;H∗), respectively.
Moreover, by letting un and vn be the corresponding bounded sequences, the existence
of two functions f, f∗ ∈ L1(0, T ) such that

|gn(t, un(t))| ≤ f(t) and |g∗n(t, vn(t))| ≤ f∗(t) for a.e. t ∈ (0, T )

is required.
The frame of Corollary 4.4 is quite weaker, since we are not assuming any control

on the domains of the functionals but rather some standard uniform integrability of
negative parts of the integrands. Hence, by exploiting the characterization of Lemma
4.1 and restricting to the case where p ∈ (1,∞), we can obtain a refined version of
[92, Thm. 3.1] as follows.

Corollary 4.6. Let p ∈ (1,∞), H be a separable and reflexive Banach space,
and gn, g∞ : (0, T ) ×H → (−∞,∞] be normal convex integrands such that gn → g∞
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in the Mosco sense. Moreover, assume that

t → g−n (t, un(t)) and t → (g∗n)−(t, vn(t)) are uniformly integrable

∀(un, vn) → (u, v) weakly in Lp(0, T ;H) × Lq(0, T ;H∗),(4.21)

Gn and G∗n are proper on Lp(0, T ;H) and Lq(0, T ;H∗), respectively,

and either Gn or G∗n is uniformly proper.(4.22)

Then Gn → G∞ in the Mosco sense in Lp(0, T ;H) and G∗n → G∗∞ in the Mosco sense
in Lq(0, T ;H∗). In particular, both sequences Gn and G∗n are uniformly proper.

Proof. Owing to (4.21), Corollary 4.4 gives the Γ-lim inf inequalities for Gn

and G∗n. Owing to the properness of Gn and G∗n, we have that (Gn)∗ = G∗n and
(G∗n)∗ = Gn [21, Thm. VII.7, p. 200]. Since Lp(0, T ;H) is reflexive, the assertion
follows from the uniform properness in (4.22) and Lemma 4.1.

In the same spirit of Corollary 4.5, whenever gn are independent of time, both
the uniform integrability condition (4.21) and the uniform properness condition (4.22)
are straightforward.

5. Lim inf inequalities. We shall now apply this functional convergence ma-
chinery to our problems. Throughout the remainder of the paper, we will assume
that

(A6) p ∈ [1,∞], 1/p + 1/q = 1, and
H is a real, separable, and reflexive Banach space.

As for the sequences of approximating functionals we will systematically ask that

t → g−n (t, un(t)) and t → (g∗n)−(t, vn(t)) are uniformly integrable

∀(un, vn) → (u, v) weakly (star) in Lp(0, T ;H) × Lq(0, T ;H∗)(5.1)

for the choices gn = φn, ψn, ϕn and admit the limiting cases p = 1,∞ as well.
Let us start from the case of the gradient flow (1.1). Assume that we are given

data φn, fn, and un
0 as in section 1, and define the corresponding approximating

functionals Jn,Kn : H1(0, T ;H) → [0,∞] for all u ∈ H1(0, T ;H) as

Jn(u) :=

∫ T

0

(
φn(u) + φ∗n(fn − u′) − (fn, u)

)
+

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0

n|2,

Kn(u) :=

(∫ T

0

(
|u′|2 − (fn, u

′)
)

+ φn(u(T )) − φn(u0
n)

)+

+ Jn(u).

We have the following.
Lemma 5.1 (lim inf inequality for Kn). Assume (A6), and let H be a Hilbert

space, φn → φ in the Mosco sense, fn → f strongly in L2(0, T ;H), u0
n → u0 in H,

and φn(u0
n) → φ(u0). Then, for all u ∈ H1(0, T ;H),

K(u) ≤ inf
{

lim inf
n→∞

Kn(un) : un → u weakly in H1(0, T ;H)
}
.

Proof. By applying Corollary 4.5 we readily check that∫ T

0

(
φ(u) + φ∗(f − u′)

)
≤ lim inf

n→∞

∫ T

0

(
φn(un) + φ∗n(fn − u′n)

)
.
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On the other hand, owing to the strong convergence of fn we have

∫ T

0

(fn, un) →
∫ T

0

(f, u) and

∫ T

0

(fn, u
′
n) →

∫ T

0

(f, u′),

and, by the pointwise weak convergences un(T ) → u(T ) and un(0) → u(0) in H and
the Mosco convergence of φn, one obtains

φ(u(T )) ≤ lim inf
n→∞

φn(un(T )) and

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0|2 =

1

2
|u(T )|2 +

1

2
|u(0)|2 + |u0|2 − 2(u(0), u0)

≤ lim inf
n→∞

(
1

2
|un(T )|2 +

1

2
|un(0)|2 + |u0

n|2 − 2(un(0), u0
n)

)

= lim inf
n→∞

(
1

2
|un(T )|2 − 1

2
|un(0)|2 + |un(0) − u0

n|2
)
.

Finally, the assertion follows by lower semicontinuity.
In fact, an analogous result holds for Jn as well, the convergence of the initial

energies φn(u0
n) not being needed. We prefer to state the lim inf inequality for Kn

since, as already remarked, the sublevels of Kn are uniformly bounded in H1(0, T ;H)
whereas those of Jn are not, in general.

Let us now move to the doubly nonlinear situation by fixing p ∈ [1,∞] and
recalling that 1/p + 1/q = 1. Assume that we are given φn, ψn, fn, and un

0 as in
section 2, and define the corresponding approximating functionals In : W 1,p(0, T ;H)×
Lq(0, T ;H∗) → [0,∞] for all (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗) as

In(u, v) :=

(∫ T

0

(
ψn(u′) + ψ∗n(v) − (fn, u

′)
)

+ φn(u(T )) − φn(u0
n)

)+

+

∫ T

0

(
φn(u) + φ∗n(fn − v) − (fn − v, u)

)
+ |u(0) − u0

n|2.

Hence, by recalling (4.1), we have the following lemma.
Lemma 5.2 (lim inf inequality for In). Assume (A6), and let φn → φ and ψn → ψ

in the Mosco sense and fulfill (5.1), fn → f strongly in Lq(0, T ;H∗), u0
n → u0 in H,

and φn(u0
n) → φ(u0). Then, for all (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗),

I(u, v) ≤ inf
{

lim inf
n→∞

In(un, vn) : (un, vn) → (u, v) in T (p)
}
.

Proof. The proof of the latter lemma follows along the very same lines as that of
Lemma 5.1 by systematically considering the p − q frame and additionally applying
once again Corollary 4.5 in order to deduce that

∫ T

0

(
ψ(u) + ψ∗(v)

)
≤ lim inf

n→∞

∫ T

0

(
ψn(un) + ψ∗n(vn)

)
.

We shall explicitly mention that, in the separable Hilbert-space setting and in the
(quadratic) case of (2.3), namely, for φ(·) = φn(·) = |·|2/2, the above lim inf inequality
holds also in some stronger form. By introducing the approximating functionals Qn :
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W 1,p(0, T ;H) → [0,∞] as

Qn(u) :=

∫ T

0

(
ψn(u′) + ψ∗n(fn − u) − (fn, u

′)
)

+
1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0

n|2,

we have the following.
Lemma 5.3 (lim inf inequality for Qn). Assume that H is a separable Hilbert

space, ψn → ψ in the Mosco sense and fulfill (5.1), fn → f strongly in Lq(0, T ;H),
and u0

n → u0 in H. Then, for all u ∈ W 1,p(0, T ;H),

Q(u) ≤ inf
{

lim inf
n→∞

Qn(un) : un → u weakly (star) in W 1,p(0, T ;H)
}
.(5.2)

The assertion follows via the same arguments of the proofs above, this case being
indeed simplified since φ is quadratic.

Finally, we consider the generalized situation of (3.1) by letting ψn, ϕn, πn, and
un

0 be as in section 3 and defining the functionals In : W 1,p(0, T ;H)×Lq(0, T ;H∗) →
[0,∞] for all (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗) as

In(u, v) :=

(∫ T

0

(
ψn(u′) + ψ∗n(v) − πn(u)

)
+ ϕn(T, u(T )) − ϕn(0, u0

n)

)+

+

∫ T

0

(
ϕn(·, u) + ϕ∗n(·,−v) + (u, v)

)
+ |u(0) − u0

n|2.

In order to establish a lim inf inequality result for In, the limiting behavior of πn has to
be prescribed. We shall directly ask that, for all (u, v) ∈ W 1,p(0, T ;H)×Lq(0, T ;H∗),

(5.3)

∫ T

0

π(u) ≥ sup

{
lim sup
n→∞

∫ T

0

πn(un) : (un, v) → (u, v) in T (p)

}
.

The latter is readily fulfilled if ϕn(t, u) = φn(u)− (fn(t), u), ϕ(t, u) = φ(u)− (f(t), u),
and fn → f strongly in W 1,p(0, T ;H∗); see Remark 3.2. We have the following.

Lemma 5.4 (lim inf inequality for In). Assume (A6), and let ϕn → ϕ and
ψn → ψ in the Mosco sense and fulfill (5.1) and (5.3), u0

n → u0 in H, and ϕn(0, u0
n) →

ϕ(0, u0). Then, for all (u, v) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗),

I(u, v) ≤ inf
{

lim inf
n→∞

In(un, vn) : (un, vn) → (u, v) in T (p)
}
.

Sketch of the proof. This proof differs from that of Lemma 5.2 for the sole use of
(5.3) instead of the strong convergence of fn.

Before closing this section, let us explicitly consider the case of the nonautonomous
gradient flow (3.7). To this aim, let the approximating functionals Kn : H1(0, T ;H) →
[0,∞] be defined as

Kn(u) :=

(∫ T

0

(
|u′|2 − πn(u)

)
+ ϕn(T, u(T )) − ϕn(0, u0

n)

)+

+

∫ T

0

(
ϕn(·, u) + ϕ∗n(·,−u′)

)
+

1

2
|u(T )|2 − 1

2
|u(0)|2 + |u(0) − u0

n|2.
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In order to possibly obtain some stronger convergence result in this case, we shall need
some additional convergence property for πn. Namely, we ask, for all u ∈ H1(0, T ;H),
that

(5.4)

∫ T

0

π(u) ≥ sup

{
lim sup
n→∞

∫ T

0

πn(un) : un → u weakly in H1(0, T ;H)

}
.

Again, in the case where ϕn(t, u) = φn(u) − (fn(t), u), ϕ(t, u) = φ(u) − (f(t), u), the
latter is fulfilled if fn → f strongly in H1(0, T ;H∗). Hence, we have the following.

Lemma 5.5 (lim inf inequality for Kn). Assume (A6), and let ϕn → ϕ in the
Mosco sense and fulfill (5.1) and (5.4), u0

n → u0 in H, and ϕn(0, u0
n) → ϕ(0, u0).

Then, for all u ∈ H1(0, T ;H),

K(u) ≤ inf
{

lim inf
n→∞

Kn(un) : un → u weakly in H1(0, T ;H)
}
.

The proof of the latter is obtained by easily adapting the arguments of Lemmas
5.1 and 5.4. Let us stress that, in case the weaker convergence (5.3) holds, a lim inf
inequality for Kn is still available as a corollary to Lemma 5.4.

6. Approximation of gradient flows. We shall exploit Theorems 2.1 and 3.1
and Lemmas 5.1 and 5.5 in order to recover and further generalize some approximation
results for gradient flows under the separability assumption in (A6). By assuming the
above notations and recalling the uniform coercivity of Kn with respect to the weak
topology in H1(0, T ;H), we obtain a first convergence result which we state below by
omitting the easy proof.

Lemma 6.1 (convergence for gradient flows). Under the assumptions of Lemma
5.1, let un ∈ H1(0, T ;H) be such that Kn(un) → 0. Then un → u weakly in
H1(0, T ;H) and K(u) = 0.

Note in particular that the whole approximating sequence un converges since K
admits a unique minimizer u.

By reducing ourselves to the case Kn(un) = 0 (i.e., letting un be solutions to the
respective differential problems), the above lemma recovers the result by Attouch on
the approximation of gradient flows under the Mosco convergence of the functionals
[7, Thm. 3.74(2), p. 388] under the separability assumption in (A6) (here no strong
H1(0, T ;H) nor energy convergence is proved, though). Let us, however, remark that
our result turns out to be slightly more general than the former since un are a pri-
ori not required to be solutions at level n. In particular, the functions un could be
approximated solutions of the corresponding gradient flows as well. Moreover, the
functional frame is here extended from (separable) Hilbert to separable reflexive Ba-
nach spaces. One has, however, to mention that the specific case of regularization by
means of the Yosida approximation (in Hilbert spaces) was already discussed within
the existence proof by Ghoussoub and Tzou [39]. In case the convergence of the
initial energies φn(u0

n) does not hold, one is still in the position of proving a conver-
gence result by arguing on Jn if Jn(un) = 0 (or, more generally, in case of a weakly
H1(0, T ;H)-precompact sequence un such that Jn(un) → 0).

Our second convergence result concerns the generalized situation of (3.7). Again,
the following lemma is implied by the fact that, by assuming πn to be uniformly
linearly bounded, Kn are uniformly coercive with respect to the weak topology of
H1(0, T ;H).

Lemma 6.2 (convergence for generalized gradient flows). Under the assumptions
of Lemma 5.5, let πn to be uniformly linearly bounded and un ∈ H1(0, T ;H) be such
that Kn(un) → 0. Then un → u weakly in H1(0, T ;H) and K(u) = 0.
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The latter convergence result for the nonautonomous gradient flow (3.7) is to
be compared with the former results by Ortner [79, sect. 3.2] which hold in the
general metric and λ-geodesically convex setting but under more restrictive functional
convergence assumptions (see also [80]). We shall, however, stress that here the
approximating un need not be solutions to the corresponding differential problems at
level n.

Before closing this section, we shall mention the work by Mabrouk [52, 53] where
the Brezis–Ekeland principle is exploited within an approximation procedure in or-
der to establish the existence of generalized solutions to some semilinear parabolic
equation with measure data (see also the results by the same author [54, 55] for some
second order in time equations). Moreover, we mention that some identification re-
sult for nonlinear parabolic problems based on (a variational technique related to) the
Brezis–Ekeland principle has been obtained by Barbu and Kunisch [14]. Finally, the
issue of approximating nonconvex gradient flows has recently attracted some attention
(see Ambrosio, Gigli, and Savaré [2] and Sandier and Serfaty [93]).

7. Approximation of doubly nonlinear equations. Let us now move to the
situation of the doubly nonlinear relation (1.3) and fix from the very beginning and
throughout this section

p ∈ (1,∞).

For Lemma 5.2 to serve as the basis for a convergence result, one just needs to provide
coercivity for In with respect to the topology T (p) (see (4.1)). The latter holds, for
instance, in the situation of potentials ψn of p-growth and functionals φn with compact
sublevels. In particular, we let

c1|w|p − c2 ≤ ψ(w) ≤ c3(|w|p + 1) ∀w ∈ H,(7.1)

φ(w) ≥ c4‖w‖p − c5 ∀w ∈ V ⊂ H,(7.2)

where the injection of the reflexive Banach space V into H is compact, ‖ · ‖ is the
norm in V , and c1, c3, c4 > 0, c2, c5 ≥ 0 are given. In this case, it may be checked that
c6|w|q∗ − c7 ≤ ψ∗(w) for all w ∈ H∗ and with some constants c6, c7 > 0 depending on
c3 and p (| · |∗ is the norm in H∗). Hence, all sublevels of I are relatively compact
with respect the topology T (p) by means of well-known compactness results (see, e.g.,
Simon [96]). Namely, we have the following.

Lemma 7.1 (convergence for doubly nonlinear equations). Under the assumptions
of Lemma 5.2, let φn and ψn fulfill (7.1)–(7.2) uniformly with respect to n. Moreover,
let (un, vn) ∈ W 1,p(0, T ;H) × Lq(0, T ;H∗) be such that In(un, vn) → 0. Then there
exists a (not relabeled) subsequence such that (un, vn) → (u, v) in T (p) and I(u, v)
= 0.

Here the convergence of the whole sequence (un, vn) cannot be expected since the
limiting minimum problem for I need not admit a unique minimizer.

By restricting to the case of a sequence (un, vn) of solutions to the approximating
doubly nonlinear problem (i.e., imposing In(un, vn) = 0), we recover the convergence
result of Aizicovici and Yan [1, Thm. 3.1] under the extra separability assumption in
(A6). The referred result is in fact slightly stronger, since the subdifferentials ∂ψn are
replaced by general maximal monotone operators An and the growth and compactness
requirements are weaker (although quite similar). On the other hand, under assump-
tions (7.1)–(7.2), our result turns out to be more general than the former, since the
approximating (un, vn) need not be solutions to the corresponding equations. This
fact allows some possible extra freedom in the choice of the approximating sequence.
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Finally, we are in the position of providing a convergence lemma which applies to
the generalized situation of (3.1). The following is to our knowledge the first result
in this direction.

Theorem 7.2 (convergence for generalized doubly nonlinear equations). Under
the assumptions of Lemma 5.4, let ϕn(t, ·) and ψn fulfill (7.1)–(7.2) for almost every
t ∈ (0, T ) and uniformly with respect to n. Moreover, let (un, vn) ∈ W 1,p(0, T ;H) ×
Lq(0, T ;H∗) be such that In(un, vn) → 0. Then there exists a (not relabeled) subse-
quence such that (un, vn) → (u, v) in T (p) and I(u, v) = 0.

Lemma 7.3 (convergence for case φ(·) = φn(·) = | · |2/2). Under the assumptions
of Lemma 5.3, for p ∈ (1,∞] let ψn fulfill (7.1) uniformly with respect to n. Moreover,
let un ∈ W 1,p(0, T ;H) be such that Qn(un) → 0. Then there exists a (not relabeled)
subsequence such that un → u weakly in W 1,p(0, T ;H) and Q(u) = 0.

Note that, in the frame of Lemma 7.3, if f ∈ W 1,1(0, T ;H), then the solution of
(2.3) is unique and the whole sequence un of the statement converges.

7.1. Existence for some doubly nonlinear equation via the Brezis–
Ekeland approach. We shall now apply the above-developed convergence theory
in order to possibly (re)obtain the existence of solutions of some specific doubly non-
linear equation (1.3) via the variational characterization of Theorem 3.1. For the sake
of simplicity, we reduce our attention to the Hilbert-space framework of Colli and
Visintin [23]. More specifically, we shall ask that

(7.3) H is a real Hilbert space and p = 2.

Lemma 7.4. Under assumptions (A2) and (A3) and (7.1)–(7.3), there exists a
solution (u, v) of (1.4)–(1.6).

Note that the latter stands as a weaker version of [23, Thm. 2.1] where indeed
∂ψ is replaced by a general maximal monotone operator and some weaker coercivity
assumption on φ is considered.

Proof. For all n ∈ N let

ψn(u) =
1

2n
|u|2 + ψ(u) and φn(u) = inf

v∈H

(n
2
|v − u|2 + φ(v)

)
.

Namely, φn is the Yosida approximation of φ at level 1/n. The corresponding regu-
larized problem reads now as follows:

v ∈ 1

n
u′ + ∂ψ(u′), v + ∂φn(u) = f a.e. in (0, T ), u(0) = u0,

and clearly admits a unique solution (un, vn) ∈ H1(0, T ;H)×L2(0, T ;H) since (1/n+
∂ψ)−1 ◦ ∂φn is Lipschitz continuous. Hence, by Theorem 2.1 we have that In(un, vn)
= 0.

We now aim at applying the lim inf result of Lemma 5.2. First of all, we have
ψn → ψ and φn → φ in the Mosco sense [7, Thm. 3.26, p. 305]. Second, condition
(5.1) is trivially satisfied by ψn since we are requiring (7.1). In particular, ψ ≤ ψn

and ψ∗n ≥ −ψ(0). Moreover, owing to the fact that (φn)∗(u) = φ∗(u)+ |u|2/(2n) (see,
for instance, [42, subsect. 4.1]), we have

φn(u) = sup
v∈H

(
(v, u) − φ∗(v) − 1

2n
|v|2

)
≥ (w, u) − φ∗(w) − 1

2
|w|2

for any fixed w ∈ D(φ∗). Finally, the fact that

(φn)∗(u) ≥ φ∗(u) ≥ (u, z) − φ(z) ∀u ∈ H,

for some z ∈ D(φ) fixed, entails that condition (5.1) holds for φn as well.
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It is a standard matter to determine new constants c′1, c
′
2, and c′3 in such a way that

ψn fulfills the corresponding nondegeneracy and growth assumption (7.1) uniformly
with respect to n. In particular, we have the fact that

(7.4) u′n and vn are bounded in L2(0, T ;H) independently of n.

Since D(φn) = H, the coercivity (7.2) cannot hold at level n. In fact one can check
that

φn(u) =
1

2n
|∂φn(u)|2 + φ(jnu) ≥ c4‖jnu‖2 − c5 ∀u ∈ H,

where jn := (1 + (1/n)∂φ)−1 is the resolvent. By recalling that jn is Lipschitz con-
tinuous, uniformly with respect to n, we have the fact that

(7.5) jnun is bounded in H1(0, T ;H) ∩ L2(0, T ;V ) independently of n.

The bounds (7.4)–(7.5) imply that (un, vn) is precompact in T (2). By extracting a
not relabeled subsequence (un, vn) → (u, v) in T (2) and applying Lemma 5.2, we get
I(u, v) = 0, and the assertion follows from Theorem 2.1.

Let us comment that the Hilbert-space frame of (7.3) is chosen as a possible first
illustration of this technique and that the Brezis–Ekeland approach applies to the
more general Banach case as well. However, in the latter case, one should consider a
time-discretized problem rather than a regularized one (this was exactly the strategy
in [22]). The development of a discrete version of the characterization of Theorem 3.1
is presented and applied to the convergence of time discretizations for (1.3) in [101].
As a by-product, the existence of solutions to the doubly nonlinear equation (1.3) in
the Banach framework is there recovered by a purely variational technique.

8. Approximation of rate-independent evolutions. Let us now focus on a
specific class of potentials ψ of growth p = 1 (see (7.1)). In particular, in addition to
(A4) we shall ask that

(8.1) ψ is positively homogeneous of degree 1,

letting the evolution problem be rate-independent (see Mielke [62]). Equivalently, ψ
is required to be the support function of a convex and closed set C ⊂ H∗ containing
0, namely,

(8.2) ψ(w) = sup{(v, w) : v ∈ C} ∀w ∈ H.

Note in particular that D(ψ) = H. In the present rate-independent situation we are
allowed to weaken the assumptions on ψ in (7.1) and ask for the upper bound only.
Owing to positive homogeneity, we take with no loss of generality

(8.3) ψ(w) ≤ c3|w| ∀w ∈ H,

which in particular says that C is contained in a ball of center 0 and radius c3. As
for ϕ, besides (A4) we require

(8.4) t 
→ ϕ(t, u) differentiable and t 
→ ∂tϕ(t, u) measurable ∀u ∈ H.

Moreover, we ask for a nonnegative function λ ∈ L1(0, T ) and a constant c8 > 0 such
that

|∂tϕ(t, u)| ≤ λ(t)(ϕ(t, u) + 1) ∀u ∈ H,(8.5)

|∂tϕ(t, u) − ∂tϕ(t, w)| ≤ c8|u− w| ∀u,w ∈ H, for a.e. t ∈ (0, T ).(8.6)
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The latter and [64, Prop. 2.6] entail that the choice π(u(t)) := ∂tϕ(t, u(t)) is admissible
and fulfills the chain rule (3.2). Finally, we ask for the uniform convexity of ϕ, namely,

∃κ > 0 such that, ∀u0, u1 ∈ H, ∀t ∈ [0, T ], ∀θ ∈ [0, 1],

ϕ(t, (1 − θ)u0 + θu1)

≤ (1 − θ)ϕ(t, u0) + θϕ(t, u1) −
κ

2
θ(1 − θ)|u0 − u1|2.(8.7)

In [64, subsect. 4.2] the authors discuss a nontrivial situation inspired by continuum
mechanics where the latter conditions (8.2)–(8.7) are met. The crucial point now
is that uniform convexity yields the Lipschitz time regularity of the solutions. In
particular, under assumptions (8.2)–(8.7), all solutions (u, v) to the doubly nonlinear
equation (3.1) fulfill [64, Thm. 3.2]

(8.8) ‖u′‖L∞(0,T ;H) ≤ c8/κ.

Lemma 8.1 (convergence for rate-independent problems). Under the assump-
tions of Lemma 5.4, let ψn fulfill (8.1) and (8.3) and ϕn fulfill (7.2) and (8.4)–(8.7)
uniformly with respect to n. Moreover, let (un, vn) ∈ W 1,1(0, T ;H) × L∞(0, T ;H∗)
be such that In(un, vn) = 0. Then there exists a (not relabeled) subsequence such that
(un, vn) → (u, v) weakly star in W 1,∞(0, T ;H) × L∞(0, T ;H∗) and I(u, v) = 0.

Proof. First of all, one has that vn ∈ C almost everywhere in (0, T ) and hence are
uniformly bounded in L∞(0, T ;H∗). Moreover, since (un, vn) are solutions to (3.1),
the Lipschitz continuity estimate (8.8) holds uniformly with respect to n. Additionally,
un are uniformly bounded in L1(0, T ;V ) due to (7.2). Hence, Lemma 5.4 yields the
result.

We shall mention that, differently from Lemmas 6.1 and 7.2, the latter result
holds for sequences of solutions only since the estimate (8.8) is crucially used in order
to obtain strong compactness in L1(0, T ;H) for un. In particular, we are not entitled
to approximate a rate-independent situation by means of rate-dependent approxima-
tions. The reader is referred instead to Efendiev and Mielke [29] and Mielke, Rossi,
and Savaré [66, 65] for some results in this direction.

The above convergence result could be alternatively obtained by applying the
abstract analysis by Mielke, Roub́ıček, and Stefanelli [69, Thm. 3.1]. In the latter,
besides the convergences of the functionals ψn → ψ and ϕn → ϕ, some extra closure
condition, indeed fulfilled in the present situation, is crucially required [69, equation
(2.11)]. Let us mention that [69] is devoted to a quite more general situation where
the state space is just a Hausdorff topological space (in particular, no convexity is
assumed on ϕn).

We specialize further the results on rate-independent evolutions by explicitly dis-
cussing the fundamental case of (2.3), i.e., the so-called play operator in a Hilbert
space H. The latter stands as the basic element for the construction of a relevant
class of hysteresis operators, namely, the so-called Prandtl–Ishlinskĭı operators. The
reader is referred to the classic monographs by Brokate and Sprekels [19], Krejč́ı [50],
and Visintin [104] for a comprehensive collection of results on these operators. In
particular, let us mention the convergence result [50, Thm. 3.12, p. 34] where the
approximation of play operators under the Hausdorff convergence of the related char-
acteristic convex sets Cn (see (8.2)) is discussed. Here we exploit instead the quite
weaker situation of Cn → C in the Mosco sense [7] (namely, the corresponding indi-
cator functions Mosco-converge).
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Comparing the case of the play operator with the above general result for rate-
independent problems, we stress that, owing to the lim inf inequality (5.2), no strong
compactness is here needed, and (7.2) can be omitted. We have the following conver-
gence result.

Lemma 8.2 (convergence for the play operator). Let H be a separable Hilbert
space and ψn → ψ in the Mosco sense and fulfill (5.1), (8.1), and (8.3) uniformly
with respect to n. Moreover, let fn → f strongly in C([0, T ];H∗), fn be uniformly
Lipschitz continuous, and u0

n → u0 in H. Finally, let un ∈ W 1,1(0, T ;H) be such that
Qn(un) = 0. Then un → u weakly star in W 1,∞(0, T ;H) and Q(u) = 0.

Proof. The Lipschitz regularity of fn entails (8.5)–(8.6). Hence, the uniform
control of (8.3) yields via (8.8) the uniform bound of un in W 1,∞(0, T ;H). The
assertion follows by extracting weakly star convergent subsequences and exploiting
Lemma 5.3. In particular, the convergence of the whole sequence is ensured by the
uniqueness of the solution of the limit problem [50, Thm. 3.1, p. 27 and Prop. 3.9,
p. 33].

The latter convergence result extends the former analysis by this author [102,
Lemma 4.4] to the more natural setting W 1,1. One has, however, to mention that
the former result was including the possibility of approximating the play operator
with non-rate-independent evolutions (such as those stemming from penalizations or
singular perturbations, for instance) while Lemma 8.2 is restricted to approximating
plays only. On the other hand, the present convergence result is slightly more precise
than the former since no strong convergence on the derivatives f ′n is required. The
reader is referred to [103] for further results in this direction.
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[2] L. Ambrosio, N. Gigli, and G. Savaré, Gradient flows in metric spaces and in the space of
probability measures, in Lectures Math. ETH Zürich, Birkhäuser-Verlag, Basel, 2005.
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paraboliques. Le cas dépendant du temps, C. R. Acad. Sci. Paris Ser. A-B, 282 (1976),
pp. Ai, A1197–A1198.

[18] H. Brezis and I. Ekeland, Un principe variationnel associé à certaines équations
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Abstract. We consider the class of nonlinear optimal control problems (OCPs) with polynomial
data, i.e., the differential equation, state and control constraints, and cost are all described by
polynomials, and more generally for OCPs with smooth data. In addition, state constraints as well
as state and/or action constraints are allowed. We provide a simple hierarchy of LMI- (linear matrix
inequality)-relaxations whose optimal values form a nondecreasing sequence of lower bounds on the
optimal value. Under some convexity assumptions, the sequence converges to the optimal value of
the OCP. Preliminary results show that good approximations are obtained with few moments.
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1. Introduction. Solving a general nonlinear optimal control problem (OCP)
is a difficult challenge, despite the powerful theoretical tools available, e.g., the maxi-
mum principle and Hamilton–Jacobi–Bellman (HJB) optimality equation. The prob-
lem is even more difficult in the presence of state and/or control constraints. State
constraints are particularly difficult to handle, and the interested reader is referred to
Capuzzo-Dolcetta and Lions [8] and Soner [41] for a detailed account of HJB theory
in the case of state constraints. There exist many numerical methods to compute
the solution of a given OCP [37, 43]; for instance, multiple shooting techniques which
solve two-point boundary value problems as described, e.g., in [42, 36], or direct meth-
ods, as, e.g., in [46, 13, 15], which use, among other things, descent or gradient-like
algorithms. To deal with OCPs with state constraints, some adapted versions of the
maximum principle have been developed (see [27, 34], and see [16] for a survey of this
theory) but are very hard to implement in general.

On the other hand, the OCP can be written as an infinite-dimensional linear
program (LP) over two spaces of measures. This is called the weak formulation of the
OCP in Vinter [45] (stated in the more general context of differential inclusions). The
two unknown measures are the state-action occupation measure (o.m.) up to the final
time T , and the state o.m. at time T . The optimal value of the resulting LP always
provides a lower bound on the optimal value of the OCP, and under some convexity
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assumptions, both values coincide; see Vinter [45] and Hernandez-Hernandez et al. [20]
as well. See Gaitsgory and Rossomakhine [14] for a more recent related work where,
in addition, a numerical scheme is also defined for approximating an optimal control.

The dual of the original infinite-dimensional LP has an interpretation in terms
of “subsolutions” of related HJB-like optimality conditions, as for the unconstrained
case. The only difference with the unconstrained case is the underlying function space
involved, which directly incorporates the state constraints. Namely, the functions are
only defined on the state constraint set.

An interesting feature of this LP approach with o.m.’s is that state constraints,
as well as state and/or action constraints, are all easy to handle; indeed they simply
translate into constraints on the supports of the unknown o.m.’s. It thus provides an
alternative to the use of maximum principles with state constraints. Although this
LP approach is valid for any OCP, solving the corresponding (infinite-dimensional)
LP is difficult in general; however, general LP approximation schemes based on grids
have been proposed in, e.g., Hernández-Lerma and Lasserre [22].

This LP approach has also been used in the context of discrete-time Markov con-
trol processes, and is dual to Bellman’s optimality principle. For more details the
interested reader is referred to the convex analytic approach described in Borkar [6],
Hernández-Lerma and Lasserre [21, 23, 24], and the many references therein. For some
continuous-time stochastic control problems (e.g., modeled by diffusions) and optimal
stopping problems, the LP approach has also been used with success to prove existence
of stationary optimal policies; see, for instance, Bhatt and Borkar [4], Cho and Stock-
bridge [9], Helmes and Stockbridge [18], Helmes, Röhl, and Stockbridge [17], Kurtz
and Stockbridge [29], and also Fleming and Vermes [12]. In some of these works, the
moment approach is also used to approximate the resulting infinite-dimensional LP.

Contribution. In this paper, we consider the particular class of nonlinear OCPs
with state and/or control constraints, for which all data describing the problem (dy-
namics and state and control constraints) are polynomials. The approach also extends
to the case of problems with smooth data and compact sets, because polynomials are
dense in the space of functions considered; this point of view is detailed in section 4.
In this restricted polynomial framework, the LP approach has interesting additional
features that can be exploited for effective numerical computation. Indeed, for the
class of OCPs considered, the following features make this LP approach attractive:

• Only the moments of the o.m.’s appear in the LP formulation, so that we already
end up with countably many variables—a significant progress.

• Constraints on the support of the o.m.’s translate easily into either LP or SDP
(semidefinite programming) necessary constraints on their moments. Even more, for
(semialgebraic) compact supports, relatively recent powerful results from real alge-
braic geometry make these constraints also sufficient.

• When truncating to finitely many moments, the resulting LPs or SDPs are
solvable and their optimal values form a monotone nondecreasing sequence (indexed
by the number of moments considered) of lower bounds on the optimal value of the
LP (and thus of the OCP). See [19, 30] for applications of this technique to nonconvex
polynomial optimization.

Therefore, based on the above observations, we propose an approximation of
the optimal value of the OCP via solving a hierarchy of SDPs (or linear matrix
inequalities, LMIs) that provides a monotone nondecreasing sequence of lower bounds
on the optimal value of the weak LP formulation of the OCP. In addition, under some
compactness assumption of the state and control constraint sets, the sequence of lower
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bounds is shown to converge to the optimal value of the LP, and thus to the optimal
value of the OCP when the former and latter are equal.

As such, it could be seen as a complement to the above shooting or direct methods
and, when the sequence of lower bounds converges to the optimal value, as a test
of their efficiency. Finally this approach can also be used to provide a certificate of
infeasibility. Indeed, if, in the hierarchy of LMI-relaxations of the minimum time OCP,
one is infeasible, then the OCP itself is infeasible. It turns out that sometimes this
certificate is provided at an early stage in the hierarchy, i.e., with very few moments.
This is illustrated in two simple examples.

In a pioneering paper, Dawson [11] had suggested the use of moments in the LP
approach with o.m.’s, but results on the K-moment problem by Schmüdgen [40] and
Putinar [39] were not available at that time. Later, Helmes and Stockbridge [18] and
Helmes, Röhl, and Stockbridge [17] used LP moment conditions for computing some
exit time moments in some diffusion model, whereas for the same models, Lasserre
and Priéto-Rumeau [31] showed that SDP moment conditions are superior in terms
of precision and number of moments to consider; in [32], they extended the moment
approach for options pricing problems in some mathematical finance models. More
recently, Lasserre, Prieur, and Henrion [33] used the o.m. approach for minimum time
OCP without state constraint. Preliminary experimental results on Brockett’s inte-
grator example and on the double integrator show fast convergence with few moments.

2. Occupation measures and the LP approach.

2.1. Definition of the OCP. Let n and m be nonzero integers. Consider on
R

n the control system

(2.1) ẋ(t) = f(t, x(t), u(t)),

where f : [0,+∞)× R
n × R

m −→ R
n is smooth, and where the controls are bounded

measurable functions, defined on intervals [0, T (u)] of R
+, and taking their values in

a compact subset U of R
m. Let x0 ∈ R

n, and let X and K be compact subsets of R
n.

For T > 0, a control u is said to be admissible on [0, T ] whenever the solution x(·) of
(2.1), such that x(0) = x0, is well defined on [0, T ] and satisfies

(2.2) (x(t), u(t)) ∈ X × U a.e. on [0, T ]

and

(2.3) x(T ) ∈ K.

Denote by UT the set of admissible controls on [0, T ].
For u ∈ UT , the cost of the associated trajectory x(·) is defined by

(2.4) J(0, T, x0,u) =

∫ T

0

h(t, x(t), u(t))dt + H(x(T )),

where h : [0,+∞) × R
n × R

m −→ R and H : R
n → R are smooth functions.

Consider the optimal control problem (OCP) of determining a trajectory solution
of (2.1), starting from x(0) = x0, satisfying the state and control constraints (2.2),
the terminal constraint (2.3), and minimizing the cost (2.4). The final time T may or
may not be fixed.

If the final time T is fixed, we set

(2.5) J∗(0, T, x0) := inf
u∈UT

J(0, T, x0,u),
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and if T is free, we set

(2.6) J∗(0, x0) := inf
T>0, u∈UT

J(0, T, x0,u).

Note that a particular OCP is the minimal time problem from x0 to K, by letting
h ≡ 1, H ≡ 0. In this particular case, the minimal time is the first hitting time of the
set K.

It is possible to associate a stochastic or deterministic OCP with an abstract
infinite-dimensional LP problem P together with its dual P∗ (see, for instance, Hernán-
dez-Lerma and Lasserre [21] for discrete-time Markov control problems, and Vinter
[45], Hernandez et al. [20] for deterministic optimal control problems, as well as the
many references therein). We next describe this LP approach in the present context.

2.2. Notations and definitions. For a topological space X , let M(X ) be the
Banach space of finite signed Borel measures on X , equipped with the norm of total
variation, and denote by M(X )+ its positive cone, that is, the space of finite measures
on X . Let C(X ) be the Banach space of bounded continuous functions on X , equipped
with the sup-norm. Notice that when X is compact Hausdorff, then M(X ) � C(X )∗;
i.e., M(X ) is the topological dual of C(X ).

Let R[x] = [x1, . . . , xn] (resp., R[t, x, u] = R[t, x1, . . . , xn, u1, . . . , um]) denote the
set of polynomial functions of the variable x (resp., of the variables t, x, u).

Let Σ := [0, T ]×X, S := Σ×U, and let C1(Σ) be the Banach space of functions
ϕ ∈ C(Σ) that are continuously differentiable. For ease of exposition we use the same
notation g (resp., h) for a polynomial g ∈ R[t, x] (resp., h ∈ R[x]) and its restriction
to the compact set Σ (resp., K).

Next, with u ∈ U, let A : C1(Σ) → C(S) be the mapping

(2.7) ϕ �→ Aϕ(t, x, u) :=
∂ϕ

∂t
(t, x) + 〈f(t, x, u),∇xϕ(t, x)〉.

Notice that ∂ϕ/∂t + 〈∇xϕ, f〉 ∈ C(S) for every ϕ ∈ C1(Σ), because both X and U
are compact, and f is understood as its restriction to S.

Next, let L : C1(Σ) → C(S) × C(K) be the linear mapping

(2.8) ϕ �→ Lϕ := (−Aϕ,ϕT ),

where ϕT (x) := ϕ(T, x) for all x ∈ X. Obviously, L is continuous with respect to the
strong topologies of C1(Σ) and C(S) × C(K).

Both (C(S),M(S)) and (C(K),M(K)) form a dual pair of vector spaces, with
duality brackets

〈h, μ〉 =

∫
h dμ ∀ (h, μ) ∈ C(S) ×M(S)

and

〈g, ν〉 =

∫
g dν ∀ (g, ν) ∈ C(K) ×M(K).

Let L∗ : M(S) ×M(K) → C1(Σ)∗ be the adjoint mapping of L, defined by

(2.9) 〈(μ, ν),Lϕ〉 = 〈L∗(μ, ν), ϕ〉

for all ((μ, ν), ϕ) ∈ M(S) ×M(K) × C1(Σ).
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Remark 2.1.

(i) The mapping L∗ is continuous with respect to the weak topologies σ(M(S)×
M(K), C(S) × C(K)) and σ(C1(Σ)∗, C1(Σ)).

(ii) Since the mapping L is continuous in the strong sense, it is also continu-
ous with respect to the weak topologies σ(C1(Σ), C1(Σ)∗) and σ(C(S) ×
C(K),M(S) ×M(K)).

(iii) In the case of a free terminal time T ≤ T0, it suffices to redefine L : C1(Σ) →
C(S) × C([0, T0] × K) by Lϕ := (−Aϕ,ϕ). The operator L∗ : M(S) ×
M([0, T0]×K) → C1(Σ)∗ is still defined by (2.9) for all ((μ, ν), ϕ) ∈ M(S)×
M([0, T0] × K) × C1(Σ).
For time-homogeneous free terminal time problems, one needs functions ϕ of
x only, and so Σ = S = X × U and L : C1(Σ) → C(S) × C(K).

2.3. Occupation measures and primal LP formulation. Let T > 0, and
let u = {u(t), 0 ≤ t < T} be a control such that the solution of (2.1), with x(0) = x0,
is well defined on [0, T ]. Define the probability measure νu on R

n, and the measure
μu on [0, T ] × R

n × R
m, by

νu(D) := ID [x(T )], D ∈ Bn,(2.10)

μu(A×B × C) :=

∫
[0,T ]∩A

IB×C [(x(t), u(t))] dt(2.11)

for all rectangles (A× B × C), with (A,B,C) ∈ A × Bn × Bm, and where Bn (resp.,
Bm) denotes the usual Borel σ-algebra associated with R

n (resp., R
m), A the Borel

σ-algebra of [0, T ], and IB(•) the indicator function of the set B.
The measure μu is called the occupation measure (o.m.) of the state-action (de-

terministic) process (t, x(t), u(t)) up to time T , whereas νu is the o.m. of the state
x(T ) at time T .

Remark 2.2. If the control u is admissible on [0, T ], i.e., if the trajectory x(·)
satisfies the constraints (2.2) and (2.3), then νu is a probability measure supported
on K (i.e., νu ∈ M(K)+), and μu is supported on [0, T ]×X×U (i.e., μu ∈ M(S)+).
In particular, T = μu(S).

Conversely, if the support of μu is contained in S = [0, T ]×X×U and if μu(S) = T ,
then (x(t), u(t)) ∈ X × U for almost every t ∈ [0, T ]. Indeed, with (2.11),

T =

∫ T

0

IX×U [(x(s), u(s))] ds

⇒ IX×U [(x(s), u(s))] = 1 a.e. in [0, T ],

and hence (x(t), u(t)) ∈ X×U for almost every t ∈ [0, T ]. If moreover the support of
νu is contained in K, then x(T ) ∈ K. Therefore, u is an admissible control on [0, T ].

Then observe that the optimization criterion (2.5) can now be written as

J(0, T, x0,u) =

∫
K

H dνu +

∫
S

h dμu = 〈(μu, νu), (h,H)〉,

and one infers from (2.1), (2.2), and (2.3) that

(2.12)

∫
K

gT dνu − g(0, x0) =

∫
S

(
∂g

∂t
+ 〈∇xg, f〉

)
dμu
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for every g ∈ C1(Σ) (where gT (x) ≡ g(T, x) for every x ∈ K), or equivalently, in view
of (2.8) and (2.9),

〈g,L∗(μu, νu)〉 = 〈g, δ(0,x0)〉 ∀g ∈ C1(Σ).

This in turn implies that

L∗(μu, νu) = δ(0,x0).

Therefore, consider the infinite-dimensional linear program P:

(2.13) P : inf
(μ,ν)∈Δ

{〈(μ, ν), (h,H)〉 | L∗(μ, ν) = δ(0,x0)}

(where Δ := M(S)+ ×M(K)+). Denote by inf P its optimal value and by minP the
infimum attained, in which case P is said to be solvable. The problem P is said to be
feasible if there exists (μ, ν) ∈ Δ such that L∗(μ, ν) = δ(0,x0).

Note that P is feasible whenever there exists an admissible control.
The linear program P is a rephrasing of the OCP (2.1)–(2.5) in terms of the

o.m.’s of its trajectories (t, x(t), u(t)). Its dual LP reads

(2.14) P∗ : sup
ϕ∈C1(Σ)

{〈δ(0,x0), ϕ〉 | Lϕ ≤ (h,H)},

where

Lϕ ≤ (h,H) ⇔
{

Aϕ(t, x, u) + h(t, x, u) ≥ 0 ∀(t, x, u) ∈ S,

ϕ(T, x) ≤ H(x) ∀x ∈ K.

Denote by supP∗ its optimal value and by maxP∗ the supremum attained, i.e., if P∗

is solvable.
Discrete-time stochastic analogues of the LPs P and P∗ are also described in

Hernández-Lerma and Lasserre [21, 23] for discrete-time Markov control problems.
Similarly, see Cho and Stockbridge [9], Kurtz and Stockbridge [29], and Helmes and
Stockbridge [17] for some continuous-time stochastic problems.

Theorem 2.3. If P is feasible, then the following hold:
(i) P is solvable, i.e., inf P = minP ≤ J(0, T, x0).
(ii) There is no duality gap, i.e., supP∗ = minP.
(iii) If, moreover, for every (t, x) ∈ Σ the set f(t, x,U) ⊂ R

n is convex, and the
function

v �→ gt,x(v) := inf
u∈U

{ h(t, x, u) : v = f(t, x, u)}

is convex, then the OCP (2.1)–(2.5) has an optimal solution and

supP∗ = inf P = minP = J∗(0, T, x0).

For a proof see section A.1. Theorem 2.3(iii) is due to Vinter [45].

3. Semidefinite programming relaxations of P. The LP P is infinite-
dimensional, and thus not tractable as it stands. Therefore, we next present a relax-
ation scheme that provides a sequence of SDPs, or linear matrix inequality relaxations
(in short, LMI-relaxations) {Qr}, each with finitely many constraints and variables.
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Assume that X and K (resp., U) are compact semialgebraic subsets of R
n (resp.,

of R
m) of the form

X := {x ∈ R
n | vj(x) ≥ 0, j ∈ J},(3.1)

K := {x ∈ R
n | θj(x) ≥ 0, j ∈ JT },(3.2)

U := {u ∈ R
m | wj(u) ≥ 0, j ∈ W}(3.3)

for some finite index sets JT , J , and W , where vj , θj , and wj are polynomial functions.
Define

(3.4) d(X,K,U) := max
j∈J1, l∈J, k∈W

(deg θj ,deg vl,degwk).

To highlight the main ideas, in this section we assume that f , h, and H are
polynomial functions, that is, h ∈ R[t, x, u], H ∈ R[x], and f : [0,+∞) × R

n × R
m →

R
n is polynomial; i.e., every component of f satisfies fk ∈ R[t, x, u] for k = 1, . . . , n.

3.1. The underlying idea. Observe the following important facts.
The restriction of R[t, x] to Σ belongs to C1(Σ). Therefore,

L∗(μ, ν) = δ(0,x0) ⇔ 〈g,L∗(μ, ν)〉 = g(0, x0) ∀g ∈ R[t, x],

because Σ being compact, polynomial functions are dense in C1(Σ) for the sup-norm.
Indeed, on a compact set, one may simultaneously approximate a function and its
(continuous) partial derivatives by a polynomial and its derivatives uniformly (see
[26, pp. 65–66]). Hence, the LP P can be written

P :

{
inf

(μ,ν)∈Δ
〈(μ, ν), (h,H)〉

s.t. 〈g,L∗(μ, ν)〉 = g(0, x0) ∀g ∈ R[t, x],

or equivalently, by linearity,

(3.5) P :

{
inf

(μ,ν)∈Δ
〈(μ, ν), (h,H)〉

s.t. 〈Lg, (μ, ν)〉 = g(0, x0) ∀ g = (tp xα); (p, α) ∈ N × N
n.

The constraints of P,

(3.6) 〈Lg, (μ, ν)〉 = g(0, x0) ∀ g = (tp xα); (p, α) ∈ N × N
n,

define countably many linear equality constraints linking the moments of μ and ν,
because if g is polynomial, then so are ∂g/∂t and ∂g/∂xk, for every k, and 〈∇xg, f〉.
And so, Lg is polynomial.

The functions h,H being also polynomial, the cost 〈(μ, ν), (h,H)〉 of the OCP
(2.1)–(2.5) is also a linear combination of the moments of μ and ν.

Therefore, the LP P in (3.5) can be formulated as an LP with countably many
variables (the moments of μ and ν) and countably many linear equality constraints.
However, it remains to express the fact that the variables should be moments of some
measures μ and ν, with support contained in S and K, respectively.

At this stage, one will make some (weak) additional assumptions on the polynomi-
als that define the compact semialgebraic sets X,K, and U. Under such assumptions,
one may then invoke recent results of real algebraic geometry on the representation of
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polynomials positive on a compact set, and get necessary and sufficient conditions on
the variables of P to be indeed moments of two measures μ and ν, with appropriate
support. We will use Putinar’s Positivstellensatz [39] described in the next section,
which yields SDP constraints on the variables.

One might also use other representation results like, e.g., Krivine [28] and Vasilescu
[44] and obtain linear constraints on the variables (as opposed to SDP constraints).
This is the approach taken by, e.g., Helmes, Röhl, and Stockbridge [17]. However, a
comparison of the use of LP constraints versus SDP constraints on a related problem
[31] has dictated our choice of the former.

Finally, if g in (3.6) runs only over all monomials of degree less than r, one then
obtains a corresponding relaxation Qr of P, which is now a finite-dimensional SDP
that one may solve with public software packages. At last, one lets r → ∞.

3.2. Notations, definitions, and auxiliary results. For a multi-index α =
(α1, . . . , αn) ∈ N

n, and for x = (x1, . . . , xn) ∈ R
n, denote xα := xα1

1 · · ·xαn
n . Con-

sider the canonical basis {xα}α∈Nn (resp., {tpxαuβ}p∈N,α∈Nn,β∈Nm) of R[x] (resp., of
R[t, x, u]).

Given two sequences y = {yα}α∈Nn and z = {zγ}γ∈N×Nn×Nm of real numbers,
define the linear functional Ly : R[x] → R by

H

(
:=

∑
α∈Nn

Hαx
α

)
�→ Ly(H) :=

∑
α∈Nn

Hαyα,

and similarly, define the linear functional Lz : R[t, x, u] → R by

h �→ Lz(h) :=
∑

γ∈N×Nn×Nm

hγ zγ =
∑

p∈N,α∈Nn,β∈Nm

hpαβ zpαβ ,

where h(t, x, u) =
∑

p∈N,α∈Nn,β∈Nm hpαβ t
pxαuβ .

Note that for a given measure ν (resp., μ) on R (resp., on R × R
n × R

m), there
holds, for every H ∈ R[x] (resp., for every h ∈ R[t, x, u]),

〈ν,H〉 =

∫
R

Hdν =

∫
R

∑
Hαx

αdν =
∑

Hαyα = Ly(H),

where the real numbers yα =
∫
xαdν are the moments of the measure ν (resp., 〈μ, h〉 =

Lz(h), where z is the sequence of moments of the measure μ).
Definition 3.1. For a given sequence z = {zγ}γ∈N×Nn×Nm of real numbers, the

moment matrix Mr(z) of order r associated with z has its rows and columns indexed
in the canonical basis {tpxαuβ} and is defined by

(3.7) Mr(z)(γ, β) = zγ+β , γ, β ∈ N × N
n × N

m, |γ|, |β| ≤ r,

where |γ| :=
∑

j γj. The moment matrix Mr(y) of order r associated with a given
sequence y = {yα}α∈Nn has its rows and columns indexed in the canonical basis {xα}
and is defined in a similar fashion.

Note that if z has a representing measure μ, i.e., if z is the sequence of moments
of the measure μ on R×R

n ×R
m, then Lz(h) =

∫
hdμ for every h ∈ R[t, x, u], and if

h denotes the vector of coefficients of h ∈ R[t, x, u] of degree less than r, then

〈h,Mr(z)h〉 = Lz(h
2) =

∫
h2 dμ ≥ 0.
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This implies that Mr(z) is symmetric nonnegative (denoted Mr(z) � 0) for every r.
The same holds for Mr(y).

Conversely, not every sequence y that satisfies Mr(y) � 0 for every r has a
representing measure. However, several sufficient conditions exist, in particular the
following one due to Berg [3].

Proposition 3.2. If y = {yα}α∈Nn satisfies |yα| ≤ 1 for every α ∈ N
n, and

Mr(y) � 0 for every integer r, then y has a representing measure on R
n, with support

contained in the unit ball [−1, 1]n.
We next present another sufficient condition which is crucial in the proof of our

main result.
Definition 3.3. For a given polynomial θ ∈ R[t, x, u], written

θ(t, x, u) =
∑

δ=(p,α,β)

θδ t
pxαuβ ,

define the localizing matrix Mr(θ z) associated with z, θ, and with rows and columns
also indexed in the canonical basis of R[t, x, u], by

(3.8) Mr(θ z)(γ, β) =
∑
δ

θδ zδ+γ+β γ, β ∈ N × N
n × N

m, |γ|, |β| ≤ r.

The localizing matrix Mr(θ y) associated with a given sequence y = {yα}α∈Nn is defined
similarly.

Note that if z has a representing measure μ on R×R
n×R

m with support contained
in the level set {(t, x, u) : θ(t, x, u) ≥ 0}, and if h ∈ R[t, x, u] has degree less than r,
then

〈h,Mr(θ, z)h〉 = Lz(θ h
2) =

∫
θh2 dμ ≥ 0.

Hence, Mr(θ z) � 0 for every r.
Let Σ2 ⊂ R[x] be the convex cone generated in R[x] by all squares of polynomials,

and let Ω ⊂ R
n be the compact basic semialgebraic set defined by

(3.9) Ω := {x ∈ R
n|gj(x) ≥ 0, j = 1, . . . ,m}

for some family {gj}mj=1 ⊂ R[x].
Definition 3.4. The set Ω ⊂ R

n defined by (3.9) satisfies Putinar’s condition
if there exists u ∈ R[x] such that u = u0 +

∑m
j=1 ujgj for some family {uj}mj=0 ⊂ Σ2,

and the level set {x ∈ R
n | u(x) ≥ 0} is compact.

Putinar’s condition is satisfied if, e.g., the level set {x : gk(x) ≥ 0} is compact
for some k, or if all the gj ’s are linear, in which case Ω is a polytope. In addition,
if one knows some M such that ‖x‖ ≤ M whenever x ∈ Ω, then it suffices to add
the redundant quadratic constraint M2 − ‖x‖2 ≥ 0 in the definition (3.9) of Ω, and
Putinar’s condition is satisfied (take u := M2 − ‖x‖2).

Theorem 3.5 (Putinar’s Positivstellensatz [39]). Assume that the set Ω defined
by (3.9) satisfies Putinar’s condition.

(a) If f ∈ R[x] and f > 0 on Ω, then

(3.10) f = f0 +

m∑
j=1

fj gj

for some family {fj}mj=0 ⊂ Σ2.
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(b) Let y = {yα}α∈Nn be a sequence of real numbers. If

(3.11) Mr(y) � 0 ; Mr(gj y) � 0, j = 1, . . . ,m; ∀ r = 0, 1, . . . ,

then y has a representing measure with support contained in Ω.

3.3. LMI-relaxations of P. Consider the LP P defined by (3.5).
Since the semialgebraic sets X,K, and U defined, respectively, by (3.1), (3.2),

and (3.3) are compact, with no loss of generality we assume (up to a scaling of the
variables x, u, and t) that T = 1, X,K ⊆ [−1, 1]n, and U ⊆ [−1, 1]m.

Next, given a sequence z = {zγ} indexed in the basis of R[t, x, u], denote z(t),
z(x), and z(u) its marginals with respect to the variables t, x, and u, respectively.
These sequences are indexed in the canonical basis of R[t], R[x], and R[u], respectively.
For instance, writing γ = (k, α, β) ∈ N × N

n × N
n,

{z(t)} = {zk,0,0}k∈N; {z(x)} = {z0,α,0}α∈Nn ; {z(u)} = {z0,0,β}β∈Nm .

Let r0 be an integer such that 2r0 ≥ max (deg f,deg h,degH, 2d(X,K,U)), where
d(X,K,U) is defined by (3.4). For every r ≥ r0, consider the LMI-relaxation

(3.12) Qr :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

inf
y,z

Lz(h) + Ly(H),

Mr(y), Mr(z) � 0,

Mr−deg θj (θj y) � 0, j ∈ J1,

Mr−deg vj
(vj z(x)) � 0, j ∈ J,

Mr−degwk
(wk z(u)) � 0, k ∈ W,

Mr−1(t(1 − t) z(t)) � 0,

Ly(g1) − Lz(∂g/∂t + 〈∇xg, f〉) = g(0, x0) ∀g = (tpxα),

with p + |α| − 1 + deg f ≤ 2r,

whose optimal value is denoted by inf Qr.

OCP with free terminal time. For the OCP (2.6), i.e., with free terminal
time T ≤ T0, we need to adapt the notation because T is now a variable. As already
mentioned in Remark 2.1(iii), the measure ν in the infinite-dimensional LP P defined
in (2.13) is now supported in [0, T0] × K (and [0, 1] × K after rescaling) instead of
K previously. Hence, the sequence y associated with ν is now indexed in the basis
{tpxα} of R[t, x] instead of {xα} previously. Therefore, given y = {ykα} indexed in
that basis, let y(t) and y(x) be the subsequences of y defined by

y(t) := {yk0}k, k ∈ N; y(x) = {y0α}, α ∈ N
n.

Then again (after rescaling), the LMI-relaxation Qr now reads

(3.13) Qr :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

inf
y,z

Lz(h) + Ly(H),

Mr(y), Mr(z) � 0,

Mr−r(θj)(θj y) � 0, j ∈ J1,

Mr−r(vj)(vj z(x)) � 0, j ∈ J,

Mr−r(wk)(wk z(u)) � 0, k ∈ W,

Mr−1(t(1 − t) y(t)) � 0,

Mr−1(t(1 − t) z(t)) � 0,

Ly(g) − Lz(∂g/∂t + 〈∇xg, f〉) = g(0, x0) ∀g = (tpxα),

with p + |α| − 1 + deg f ≤ 2r.
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The particular case of the minimal time problem is obtained with h ≡ 1, H ≡ 0.
For time-homogeneous problems, i.e., when h and f do not depend on t, one

may take μ (resp., ν) supported on X×U (resp., K), which simplifies the associated
LMI-relaxation (3.13).

The following is the main result.
Theorem 3.6. Let X,K ⊂ [−1, 1]n and U ⊂ [−1, 1]m be compact basic semi-

algebraic sets defined, respectively, by (3.1), (3.2), and (3.3). Assume that X,K, and
U satisfy Putinar’s condition (see Definition 3.4), and let Qr be the LMI-relaxation
defined in (3.12). Then

(i) inf Qr ↑ minP as r → ∞;
(ii) if, moreover, for every (t, x) ∈ Σ, the set f(t, x,U) ⊂ R

n is convex and the
function

v �→ gt,x(v) := inf
u∈U

{ h(t, x, u) | v = f(t, x, u)}

is convex, then inf Qr ↑ minP = J∗(0, T, x0), as r → ∞.
The proof of this result is postponed to section A.2 of the appendix.
Remark 3.7. It is known that the HJB optimality equation

(3.14) inf
u∈U

{Av(s, x, u) + h(s, x, u)} = 0, (s, x) ∈ Σ,

with boundary condition vT (x) (= v(T, x)) = H(x) for all x ∈ K, may have no
continuously differentiable solution v : [0, T ] × R

n → R, because of possible shocks
of characteristics. On the other hand, a function ϕ ∈ C1(Σ) is said to be a smooth
subsolution of the HJB equation (3.14) if it is a feasible solution of P∗, i.e.,

(3.15) Aϕ(t, x, u) + h(t, x, u) ≥ 0, (t, x, u) ∈ S; ϕ(T, x) ≤ H(x), x ∈ K;

see, e.g., Vinter [45]. The dual of the LMI-relaxation Qr, which is also an SDP
denoted Q∗r , is a reinforcement of P∗ in the sense that we consider only polynomial
subsolutions, and, in addition, the positivity condition in (3.15) is replaced by the
Putinar representation (3.10). Next, as Q∗r is an approximation of P∗, a topic of
further research, beyond the scope of the present paper, is how to use Q∗r to provide
some information on an optimal solution of the OCP (2.1)–(2.5).

3.4. Certificates of uncontrollability. For minimum time OCPs, i.e., with
free terminal time T and instantaneous cost h ≡ 1 and H ≡ 0, the LMI-relaxations
Qr defined in (3.13) may provide certificates of uncontrollability.

Indeed, if for a given initial state x0 ∈ X some LMI-relaxation Qr in the hierarchy
has no feasible solution, then the initial state x0 cannot be steered to the origin in
finite time. In other words, inf Qr = +∞ provides a certificate of uncontrollability
of the initial state x0. It turns out that sometimes such certificates can be provided
at cheap cost, i.e., with LMI-relaxations of low order r. This is illustrated on the
Zermelo problem in section 5.3.

Moreover, one may also consider controllability in given finite time T ; that is,
consider the LMI-relaxations as defined in (3.12) with T fixed and H ≡ 0, h ≡ 1.
Again, if for a given initial state x0 ∈ X the LMI-relaxation Qr has no feasible
solution, then the initial state x0 cannot be steered to the origin in less than T units
of time. And so inf Qr = +∞ also provides a certificate of uncontrollability of the
initial state x0.
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4. Generalization to smooth OCPs. In the previous section, we assumed,
to highlight the main ideas, that f , h, and H were polynomials. In this section, we
generalize Theorem 3.6 and simply assume that f , h, and H are smooth. Consider
the LP P defined in the previous section:

P :

{
inf

(μ,ν)∈Δ
{〈(μ, ν), (h,H)〉

s.t. 〈g,L∗(μ, ν)〉 = g(0, x0) ∀g ∈ R[t, x].

Since the sets X, K, and U, defined previously, are compact, it follows from [10]
(see also [26, pp. 65–66]) that f (resp., h, H) is the limit in C1(S) (resp., C1(S),
C1(K)) of a sequence of polynomials fp (resp., hp, Hp) of degree p as p → +∞.

Hence, for every integer p, consider the LP Pp,

Pp :

{
inf

(μ,ν)∈Δ
{〈(μ, ν), (hp, Hp)〉

s.t. 〈g,L∗p(μ, ν)〉 = g(0, x0) ∀g ∈ R[t, x],

to be the smooth analogue of P, where the linear mapping Lp : C1(Σ) → C(S)×C(K)
is defined by

Lpϕ := (−Apϕ,ϕT ),

and where Ap : C1(Σ) → C(S) is defined by

Apϕ(t, x, u) :=
∂ϕ

∂t
(t, x) + 〈fp(t, x, u),∇xϕ(t, x)〉.

For every integer r ≥ max(p/2, d(X,K,U)), let Qr,p denote the LMI-relaxation (3.12)
associated with the LP Pp.

Recall that from Theorem 3.6 if K, X, and U satisfy Putinar’s condition, then
inf Qr,p ↑ minPp as r → +∞.

The next result, generalizing Theorem 3.6, shows that it is possible to let p tend
to +∞. For convenience, set

vr,p = inf Qr,p, vp = minPp, v = minP.

Theorem 4.1. Let X,K ⊂ [−1, 1]n and U ⊂ [−1, 1]m be compact semialgebraic
sets defined, respectively, by (3.1), (3.2), and (3.3). Assume that X,K, and U satisfy
Putinar’s condition (see Definition 3.4). Then

(i) v = limp→+∞ limr→+∞
2r>p

vr,p = limp→+∞ supr>p/2 vr,p ≤ J∗(0, T, x0);

(ii) moreover, if for every (t, x) ∈ Σ, the set f(t, x,U) ⊂ R
n is convex and the

function

v �→ gt,x(v) := inf
u∈U

{ h(t, x, u) | v = f(t, x, u)}

is convex, then v = J∗(0, T, x0).
The proof of this result is in section A.3 of the appendix.
From the numerical point of view, depending on the functions f , h, H, the degree

of the polynomials of the approximate OCP Pp may be required to be large, and hence
the hierarchy of LMI-relaxations (Qr) in (3.12) might not be efficiently implementable,
at least in view of the performances of public SDP solvers presently available.
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Remark 4.2. The previous construction extends to smooth OCPs on Riemannian
manifolds, as follows. Let M and N be smooth Riemannian manifolds. Consider on
M the control system (2.1), where f : [0,+∞) × M × N −→ TM is smooth, and
where the controls are bounded measurable functions, defined on intervals [0, T (u)]
of R

+, and taking their values in a compact subset U of N . Let x0 ∈ M , and let X
and K be compact subsets of M . Admissible controls are defined as previously. For
an admissible control u on [0, T ], the cost of the associated trajectory x(·) is defined
by (2.4), where h : [0,+∞) ×M ×N −→ R and H : M → R are smooth functions.

According to the Nash embedding theorem [35], there exists an integer n (resp.,
m) such that M (resp., N) is smoothly isometrically embedded in R

n (resp., R
m). In

this context, all previous results apply.
This remark is important for the applicability of the method described in this

article. Indeed, many practical control problems (particularly in mechanics) are ex-
pressed on manifolds, and since the OCP investigated here is global, such problems
cannot be expressed in general as control systems in R

n (in a global chart).

5. Illustrative examples. We consider here the minimal time OCP, that is, we
aim to approximate the minimal time to steer a given initial condition to the origin.
We have tested the above methodology on two test OCPs, the double integrator and
the Brockett integrator, for which the associated optimal value T ∗ can be calculated
exactly. The numerical examples in this section were processed with our MATLAB
package GloptiPoly 3.1

5.1. The double integrator. Consider the double integrator system in R
2,

(5.1)
ẋ1(t) = x2(t),

ẋ2(t) = u(t),

where x = (x1, x2) is the state and the control u = u(t) ∈ U satisfies the constraint
|u(t)| ≤ 1 for all t ≥ 0. In addition, the state is constrained to satisfy x2(t) ≥ −1
for all t. In this time-homogeneous case, and with the notation of section 2, we have
X = {x ∈ R

2 : x2 ≥ −1}, K = {(0, 0)}, and U = [−1, 1].
Observe that X is not compact and so the convergence result of Theorem 3.6

may not hold. In fact, we may impose the additional constraint ‖x(t)‖∞ ≤ M
for some large M (and modify X accordingly), because for initial states x0 with
‖x0‖∞ relatively small with respect to M , the optimal trajectory remains in X. How-
ever, in the numerical experiments, we have not enforced an additional constraint.
We have maintained the original constraint x2 ≥ −1 in the localizing constraint
Mr−r(vj)(vjz(x)) � 0, with x �→ vj(x) = x2 + 1.

5.1.1. Exact computation. For this very simple system, one is able to compute
exactly the optimal minimum time [43]. Denoting T (x) the minimal time to reach
the origin from x = (x1, x2), we have the following:

If x1 ≥ 1−x2
2/2 and x2 ≥ −1, then T (x) = x2

2/2+x1 +x2 +1. If −x2
2/2 signx2 ≤

x1 ≤ 1−x2
2/2 and x2 ≥ −1, then T (x) = 2

√
x2

2/2 + x1+x2. If x1 < −x2
2/2 signx2 and

x2 ≥ −1, then T (x) = 2
√

x2
2/2 − x1−x2. Note that the expressions in section III.A.1

of [33] are incorrect.

5.1.2. Numerical approximation. Table 1 displays the values of the initial
state x0 ∈ X, and denoting inf Qr(x0) the optimal value of the LMI-relaxation (3.13)
for the minimum time OCP (5.1) with initial state x0, Tables 2, 3, and 4 display

1GloptiPoly 3 can be downloaded from www.laas.fr/∼henrion/software.
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Table 1

Double integrator: data initial state x0 = (x01, x02).

x01 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
x02 −1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0

Table 2

Double integrator: ratio inf Q2/T (x0).

Second LMI-relaxation: r = 2

0.4598 0.3964 0.3512 0.9817 0.9674 0.9634 0.9628 0.9608 0.9600 0.9596 0.9595
0.4534 0.3679 0.9653 0.9347 0.9355 0.9383 0.9385 0.9386 0.9413 0.9432 0.9445
0.4390 0.9722 0.8653 0.8457 0.8518 0.8639 0.8720 0.8848 0.8862 0.8983 0.9015
0.4301 0.7698 0.7057 0.7050 0.7286 0.7542 0.7752 0.7964 0.8085 0.8187 0.8351
0.4212 0.4919 0.5039 0.5422 0.5833 0.6230 0.6613 0.6870 0.7121 0.7329 0.7513
0.0000 0.2238 0.3165 0.3877 0.4476 0.5005 0.5460 0.5839 0.6158 0.6434 0.6671
0.4501 0.3536 0.3950 0.4403 0.4846 0.5276 0.5663 0.5934 0.6204 0.6474 0.6667
0.4878 0.4493 0.4699 0.5025 0.5342 0.5691 0.5981 0.6219 0.6446 0.6647 0.6824
0.5248 0.5142 0.5355 0.5591 0.5840 0.6124 0.6312 0.6544 0.6689 0.6869 0.7005
0.5629 0.5673 0.5842 0.6044 0.6296 0.6465 0.6674 0.6829 0.6906 0.7083 0.7204
0.6001 0.6099 0.6245 0.6470 0.6617 0.6792 0.6972 0.7028 0.7153 0.7279 0.7369

Table 3

Double integrator: ratio inf Q3/T (x0).

Third LMI-relaxation: r = 3

0.5418 0.4400 0.3630 0.9989 0.9987 0.9987 0.9985 0.9984 0.9983 0.9984 0.9984
0.5115 0.3864 0.9803 0.9648 0.9687 0.9726 0.9756 0.9778 0.9798 0.9815 0.9829
0.4848 0.9793 0.8877 0.8745 0.8847 0.8997 0.9110 0.9208 0.9277 0.9339 0.9385
0.4613 0.7899 0.7321 0.7401 0.7636 0.7915 0.8147 0.8339 0.8484 0.8605 0.8714
0.4359 0.5179 0.5361 0.5772 0.6205 0.6629 0.7013 0.7302 0.7540 0.7711 0.7891
0.0000 0.2458 0.3496 0.4273 0.4979 0.5571 0.5978 0.6409 0.6719 0.6925 0.7254
0.4556 0.3740 0.4242 0.4789 0.5253 0.5767 0.6166 0.6437 0.6807 0.6972 0.7342
0.4978 0.4709 0.5020 0.5393 0.5784 0.6179 0.6477 0.6776 0.6976 0.7192 0.7347
0.5396 0.5395 0.5638 0.5955 0.6314 0.6600 0.6856 0.7089 0.7269 0.7438 0.7555
0.5823 0.5946 0.6190 0.6453 0.6703 0.7019 0.7177 0.7382 0.7539 0.7662 0.7767
0.6255 0.6434 0.6656 0.6903 0.7193 0.7326 0.7543 0.7649 0.7776 0.7917 0.8012

the numerical values of the ratios inf Qr(x0)/T (x0) for r = 2, 3, and 5, respectively.
Columns and rows in Tables 2, 3, and 4 are, respectively, indexed by values of x01 and
x02 indicated in Table 1. A ratio near 1 indicates a good approximation in relative
value.

Figures 1, 2, and 3 display the level sets of the ratios inf Qr/T (x0) for r = 2, 3,
and 5, respectively. The closer the color is to white, the closer the ratio inf Qr/T (x0)
is to 1.

Finally, for this double integrator example we have plotted in Figure 4 the level
sets of the function Λ5(x) − T (x), where T (x) is the known optimal minimum time
to steer the initial state x to 0; the problem being time-homogeneous, one may take
Λr ∈ R[x] instead of R[t, x]. For instance, one may verify that when the initial state
is in the region where the approximation is good, then the whole optimal trajectory
also lies in that region.
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Table 4

Double integrator: ratio inf Q5/T (x0).

Fifth LMI-relaxation: r = 5

0.7550 0.5539 0.3928 0.9995 0.9995 0.9995 0.9994 0.9992 0.9988 0.9985 0.9984
0.6799 0.4354 0.9828 0.9794 0.9896 0.9923 0.9917 0.9919 0.9923 0.9923 0.9938
0.6062 0.9805 0.9314 0.9462 0.9706 0.9836 0.9853 0.9847 0.9848 0.9862 0.9871
0.5368 0.8422 0.8550 0.8911 0.9394 0.9599 0.9684 0.9741 0.9727 0.9793 0.9776
0.4713 0.6417 0.7334 0.8186 0.8622 0.9154 0.9448 0.9501 0.9505 0.9665 0.9637
0.0000 0.4184 0.5962 0.7144 0.8053 0.8825 0.9044 0.9210 0.9320 0.9544 0.9534
0.4742 0.5068 0.6224 0.7239 0.7988 0.8726 0.8860 0.9097 0.9263 0.9475 0.9580
0.5410 0.6003 0.6988 0.7585 0.8236 0.8860 0.9128 0.9257 0.9358 0.9452 0.9528
0.6106 0.6826 0.7416 0.8125 0.8725 0.9241 0.9305 0.9375 0.9507 0.9567 0.9604
0.6864 0.7330 0.7979 0.8588 0.9183 0.9473 0.9481 0.9480 0.9559 0.9634 0.9733
0.7462 0.8032 0.8564 0.9138 0.9394 0.9610 0.9678 0.9678 0.9696 0.9755 0.9764

Fig. 1. Double integrator: level sets inf Q2/T (x0).

Fig. 2. Double integrator: level sets inf Q3/T (x0).
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Fig. 3. Double integrator: level sets inf Q5/T (x0).
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Fig. 4. Double integrator: level sets Λ5(x)−T (x) and optimal trajectory starting from x1(0) =
x2(0) = 1.

5.2. The Brockett integrator. Consider the so-called Brockett system in R
3

(see [7]),

(5.2)

ẋ1(t) = u1(t),

ẋ2(t) = u2(t),

ẋ3(t) = u1(t)x2(t) − u2(t)x1(t),

where x = (x1, x2, x3), and the control u = (u1(t), u2(t)) ∈ U satisfies the constraint

(5.3) u1(t)
2 + u2(t)

2 ≤ 1 ∀t ≥ 0.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

OPTIMAL CONTROL AND LMI-RELAXATIONS 1659

In this case, we have X = R
3, K = {(0, 0, 0)}, and U is the closed unit ball of R

2,
centered at the origin.

Note that set X is not compact and so the convergence result of Theorem 3.6
may not hold; see the discussion at the beginning of Example 5.1. Nevertheless, in
the numerical examples, we have not enforced additional state constraints.

5.2.1. Exact computation. Let T (x) be the minimum time needed to steer an
initial condition x ∈ R

3 to the origin. We recall the following result of [2] (given in
fact for an equivalent (reachability) OCP of steering the origin to a given point x).

Proposition 5.1. Consider the minimum time OCP for the system (5.2) with
control constraint (5.3). The minimum time T (x) needed to steer the origin to a point
x = (x1, x2, x3) ∈ R

3 is given by

(5.4) T (x1, x2, x3) =
θ
√

x2
1 + x2

2 + 2|x3|√
θ + sin2 θ − sin θ cos θ

,

where θ = θ(x1, x2, x3) is the unique solution in [0, π) of

(5.5)
θ − sin θ cos θ

sin2 θ
(x2

1 + x2
2) = 2|x3|.

Moreover, the function T is continuous on R
3 and is analytic outside the line x1 =

x2 = 0.
Remark 5.2. Along the line x1 = x2 = 0, one has

T (0, 0, x3) =
√

2π|x3|.

The singular set of the function T , i.e., the set where T is not C1, is the line x1 =
x2 = 0 in R

3. More precisely, the gradients ∂T/∂xi, i = 1, 2, are discontinuous at
every point (0, 0, x3), x3 �= 0. For the interested reader, the level sets {(x1, x2, x3) ∈
R

3 | T (x1, x2, x3) = r}, with r > 0, are displayed, e.g., in Prieur and Trélat [38].

5.2.2. Numerical approximation. Recall that the convergence result of The-
orem 3.6 is guaranteed for X compact only. However, in the present case X = R

3

is not compact. One possibility is to take for X a large ball of R
3 centered at the

origin because for initial states x0 with norm ‖x0‖ relatively small, the optimal tra-
jectory remains in X. However, in the numerical experiments presented below, we
have chosen to maintain X = R

3, that is, the LMI-relaxation Qr does not include any
localizing constraint Mr−r(vj)(vj z(x)) � 0 on the moment sequence z(x).

Recall that inf Qr ↑ minP as r increases, i.e., the more moments we consider, the
closer to the exact value we get.

In Table 5 we have displayed the optimal values inf Qr for 16 different values of
the initial state x(0) = x0, in fact, all 16 combinations of x01 = 0, x02 = 0, 1, 2, 3,
and x03 = 0, 1, 2, 3. So, the entry (2, 3) of Table 5 for the second LMI-relaxation is
inf Q2 for the initial condition x0 = (0, 1, 2). At some (few) places in the table, the ∗

indicates that the SDP solver encountered some numerical problems, which explains
why one finds a lower bound inf Qr−1 slightly higher than inf Qr, when practically
equal to the exact value T ∗.

Notice that the upper triangular part (i.e., when both first coordinates x02, x03

of the initial condition are away from zero) displays very good approximations with
low order moments. In addition, the further the coordinates from zero, the better.

For another set of initial conditions x01 = 1 and x0i = {1, 2, 3} Table 6 displays
the results obtained at the LMI-relaxation Q4.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1660 LASSERRE, HENRION, PRIEUR, AND TRÉLAT

Table 5

Brockett integrator: LMI-relaxations: inf Qr.

First LMI-relaxation: r = 1

0.0000 0.9999 1.9999 2.9999
0.0140 1.0017 2.0010 3.0006
0.0243 1.0032 2.0017 3.0024
0.0295 1.0101 2.0034 3.0040

Second LMI-relaxation: r = 2

0.0000 0.9998 1.9997∗ 2.9994∗

0.2012 1.1199 2.0762 3.0453
0.3738 1.2003 2.1631 3.1304
0.4946 1.3467 2.2417 3.1943

Third LMI-relaxation: r = 3

0.0000 0.9995 1.9987∗ 2.9984∗

0.7665 1.3350 2.1563 3.0530
1.0826 1.7574 2.4172 3.2036
1.3804 2.0398 2.6797 3.4077

Fourth LMI-relaxation: r = 4

0.0000 0.9992 1.9977 2.9952
1.2554 1.5925 2.1699 3.0478
1.9962 2.1871 2.5601 3.1977
2.7006 2.7390 2.9894 3.4254

Optimal time T ∗

0.0000 1.0000 2.0000 3.0000
2.5066 1.7841 2.1735 3.0547
3.5449 2.6831 2.5819 3.2088
4.3416 3.4328 3.0708 3.4392

Table 6

Brockett integrator: inf Q4 with x01 = 1.

Fourth LMI-relaxation: r = 4

1.7979 2.3614 3.2004
2.3691 2.6780 3.3341
2.8875 3.0654 3.5337

Optimal time T ∗

1.8257 2.3636 3.2091
2.5231 2.6856 3.3426
3.1895 3.1008 3.5456

The regularity property of the minimal time function seems to be an important
topic of further investigation.

5.3. Certificate of uncontrollabilty in finite time. Consider the so-called
Zermelo problem in R

2 studied by Bokanowski et al. [5]:

(5.6)
ẋ1(t) = 1 − a x2(t) + v cos θ,

ẋ2(t) = v sin θ,

with a = 0.1. The state x is constrained to remain in the set X := [−6, 2]× [−2, 2] ⊂
R

2, and we also have the control constraints 0 ≤ v ≤ 0.44, as well as θ ∈ [0, 2π]. The
target K to reach from an initial state x0 is the ball B(0, ρ), with ρ := 0.44.

With the change of variable u1 = v cos θ, u2 = v sin θ, and U := {u : u2
1+u2

2 ≤ ρ2},
this problem is formulated as a minimum time OCP with associated hierarchy of LMI-
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Fig. 5. Zermelo problem: uncontrollable states with Q1.

Fig. 6. Zermelo problem: uncontrollable states with Q2.

relaxations (Qr) defined in (3.13). Therefore, if an LMI-relaxation Qr at some stage
r of the hierarchy is infeasible, then the OCP itself is infeasible; i.e., the initial state
x0 cannot be steered to the target K while the trajectory remains in X.

Figures 5 and 6 display the uncontrollable initial states x0 ∈ X found with the
infeasibility of the LMI-relaxations Q1 and Q2, respectively. With Q1, i.e., by using
only second moments, we already have a very good approximation of the controllable
set displayed in [5], and Q2 brings only a small additional set of uncontrollable states.

Appendix.

A.1. Proof of Theorem 2.3. We first prove item (i). Consider the LP P
defined in (2.13), and assumed to be feasible. From the constraint L∗(μ, ν) = δ(0,x0),
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one has∫
K

g(T, x)dν −
∫
S

(
∂g

∂t
(t, x) +

〈
∂g

∂x
(t, x), f(t, x, u)

〉)
dμ = g(0, x0) ∀g ∈ C1(Σ).

In particular, taking g(t, x) = 1 and g(t, x) = T − t, it follows that μ(S) = T and
ν(K) = 1. Hence, for every (μ, ν) satisfying L∗(μ, ν) = δ(0,x0), the pair ( 1

T μ, ν)
belongs to the unit ball B1 of (M(S) ×M(K)). From the Banach–Alaoglu theorem,
B1 is compact for the weak	 topology, and even sequentially compact because B1 is
metrizable (see, e.g., Hernández-Lerma and Lasserre [25, Lemma 1.3.2]). Since L∗
is continuous (see Remark 2.1), it follows that the set of (μ, ν) satisfying L∗(μ, ν) =
δ(0,x0) is a closed subset of B1 ∩ (M(S)+ ×M(K)+), and thus is compact. Moreover,
since the LP P is feasible, this set is nonempty. Finally, since the linear functional to
be minimized is continuous, P is solvable.

We next prove item (ii). Consider the set

D := {(L∗(μ, ν), 〈(h,H), (μ, ν)〉) | (μ, ν) ∈ M(S)+ ×M(K)+}.

To prove that D is closed, consider a sequence {(μn, νn)}n∈N of M(S)+ × M(K)+
such that

(A.1) (L∗(μα, να), 〈(h,H), (μα, να)〉) → (a, b)

for some (a, b) ∈ C1(Σ)∗×R. This means that L∗(μn, νn) → a and 〈(h,H), (μn, νn)〉 →
b. In particular, taking ϕ0 := T − t and ϕ1 = 1, there must hold

μn(S) = 〈ϕ0,L∗(μn, νn)〉 → 〈ϕ0, a〉, νn(K) = 〈ϕ1,L∗(μn, νn)〉 → 〈ϕ1, a〉.

Hence, there exist n0 ∈ N and a ball Br of M(S)×M(K), such that (μn, νn) ∈ Br for
every n ≥ n0. Since Br is compact, along a subsequence, (μn, νn) converges weakly to
some (μ, ν) ∈ M(S)+ ×M(K)+. This fact, combined with (A.1) and the continuity
of L∗, yields a = L∗(μ, ν) and b = 〈(h,H), (μ, ν)〉. Therefore, the set D is closed.

From Anderson and Nash [1, Theorems 3.10 and 3.22], it follows that there is no
duality gap between P and P∗, and hence, with (i), supP∗ = minP.

Item (iii) follows from Vinter [45, Theorems 2.1 and 2.3] applied to the mappings

F (t, x) := f(t, x, U) , l(t, x, v) := inf
u∈U

{ h(t, x, u) | v = f(t, x, u) }

for (t, x) ∈ R × R
n.

A.2. Proof of Theorem 3.6. First of all, observe that Qr has a feasible solu-
tion. Indeed, it suffices to consider the sequences y and z consisting of the moments
(up to order 2r) of the o.m.’s νu and μu associated with an admissible control u ∈ U
of the OCP (2.1)–(2.5).

Next, observe that for every couple (y, z) satisfying all constraints of Qr, there
must holds y0 = 1 and z0 = 1. Indeed, it suffices to choose g(t, x) = 1 and g(t, x) =
1 − t (or t) in the constraint

Ly(g1) − Lz(∂g/∂t + 〈∇xg, f〉) = g(0, x0).

We next prove that for r sufficiently large, one has |z(x)α| ≤ 1, |z(u)β | ≤ 1
|z(t)k| ≤ 1 for every k, and |yα| ≤ 1. We provide details only of the proof for z(x),
the arguments being similar for z(u), z(t), and y.
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Let Σ2 ⊂ R[x] be the space of sum of squares polynomials, and let Q ⊂ R[x] be
the quadratic modulus generated by the polynomials vj ∈ R[x] that define X, i.e.,

Q :=

{
σ ∈ R[x]

∣∣∣∣ σ = σ0 +
∑
j∈J

σj vj with σj ∈ Σ2 ∀ j ∈ {0} ∪ J

}
.

In addition, let Q(t) ⊂ Q be the set of elements σ of Q which have a representation
σ0 +

∑
j∈J σj vj for some sum of squares family {σj} ⊂ Σ2 with deg σ0 ≤ 2t and

deg σjvj ≤ 2t for every j ∈ J .
Let r ∈ N be fixed. Since X ⊂ [−1, 1]n, there holds 1 ± xα > 0 on X for

every α ∈ N
n with |α| ≤ 2r. Therefore, since X satisfies Putinar’s condition (see

Definition 3.4), the polynomial x �→ 1±xα belongs to Q (see Putinar [39]). Moreover,
there exists l(r) such that x �→ 1 ± xα ∈ Q(l(r)) for every |α| ≤ 2r. Of course,
x �→ 1 ± xα ∈ Q(l) for every |α| ≤ 2r whenever l ≥ l(r).

For every feasible solution z of Ql(r) one has

|z(x)α| = | Lz(x
α) | ≤ z0 = 1, |α| ≤ 2r.

This follows from z0 = 1, Ml(r)(z) � 0, and Ml(r)−r(vj)(vj z(x)) � 0 which implies

z0 ± z(x)α = Lz(1 ± xα) = Lz(σ0) +

m∑
j=1

Lz(x)(σj vj) ≥ 0.

With similar arguments, one redefines l(r) so that, for every couple (y, z) satisfying
the constraints of Ql(r), one has

0 ≤ zk(t) ≤ 1 and |z(x)α|, |z(u)β |, |yα| ≤ 1 ∀ k, |α|, |β| ≤ 2r.

From this, and with l(r) := 2l(r), we immediately deduce that |zγ | ≤ 1 whenever
|γ| ≤ 2r. In particular, Ly(H) + Lz(h) ≥ −

∑
β |Hβ | −

∑
γ |hγ |, which proves that

inf Ql(r) > −∞, and so inf Qr > −∞ for r sufficiently large.
Let ρ := inf P = minP (by Theorem 2.3), let r ≥ l(r0), and let (zr, yr) be a

nearly optimal solution of Qr with value

(A.2) inf Qr ≤ Lzr (h) + Lyr (H) ≤ inf Qr +
1

r

(
≤ ρ +

1

r

)
.

Complete the finite vectors yr and zr with zeros to make them infinite sequences.
Since for arbitrary s ∈ N one has |yrα|, |zrγ | ≤ 1 whenever |α|, |γ| ≤ 2s, provided r is
sufficiently large, by a standard diagonal argument, there exists a subsequence {rk}
and two infinite sequences y and z, with |yα| ≤ 1 and |zγ | ≤ 1 for all α, γ, and such
that

(A.3) lim
k→∞

yrkα = yα ∀α ∈ N
n, lim

k→∞
zrkγ = zγ ∀γ ∈ N × N

n × N
m.

Next, let r be fixed arbitrarily. Observe that Mrk(yrk) � 0 implies Mr(y
rk) � 0

whenever rk ≥ r, and similarly Mr(z
rk) � 0. Therefore, from (A.3) and Mr(y

rk) � 0,
we deduce that Mr(y) � 0, and similarly Mr(z) � 0. Since this holds for arbitrary
r, and |yα|, |zγ | ≤ 1 for all α, γ, one infers from Proposition 3.2 that y and z are
moment sequences of two measures ν and μ with support contained in [−1, 1]n and
[0, 1] × [−1, 1]n × [−1, 1]m, respectively. In addition, from the equalities yrk0 = 1 and
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zrk0 = 1 for every k, it follows that ν and μ are probability measures on [−1, 1]n and
[0, 1] × [−1, 1]n × [−1, 1]m.

Next, let (t, α) ∈ N × N
n be fixed arbitrarily. From

Lyrk (g1) − g(0, x0) − Lzrk (∂g/∂t + 〈∇xg, f〉) = 0, with g = (tpxα),

and the convergence (A.3), we obtain

Ly(g1) − g(0, x0) − Lz(∂g/∂t + 〈∇xg, f〉) = 0, with g = (tpxα),

that is, 〈Lg, (μ, ν)〉 = 〈g, δ(0,x0)〉. Since (t, α) ∈ N × N
n is arbitrary, we have

〈g,L∗(μ, ν)〉 = 〈L g, (μ, ν)〉 = 〈g, δ(0,x0)〉 ∀ g ∈ R[t, x],

which implies that L∗(μ, ν) = δ(0,x0).
Let z(x), z(u), and z(t) denote the moment vectors of the marginals of μ with

respect to the variables x ∈ R
n, u ∈ R

m, and t ∈ R, respectively, i.e.,

z(x)α =

∫
xα μ(d(t, x, u)) ∀α ∈ N

n, z(u)β =

∫
uβ μ(d(t, x, u)) ∀β ∈ N

m,

and z(t)k =
∫
tk μ(d(t, x, u)) for every k ∈ N.

With r fixed arbitrarily, and using again (A.3), we also have Mr(θjy) � 0 for
every j ∈ JT , and

Mr(vj z(x)) � 0 ∀j ∈ J, Mr(wk z(u)) � 0 ∀k ∈ W, Mr(t(1 − t) z(t)) � 0.

Since X, K, and U satisfy Putinar’s condition (see Definition 3.4), from The-
orem 3.5 (Putinar’s Positivstellensatz), y is the moment sequence of a probability
measure ν supported on K ⊂ [−1, 1]n. Similarly, z(x) is the moment sequence of a
measure μx supported on X ⊂ [−1, 1]n, z(u) is the moment sequence of a measure μu

supported on U ⊂ [−1, 1]m, and z(t) is the moment sequence of a measure μt sup-
ported on [0, 1]. Since measures on compact sets are moment determinate, it follows
that μx, μu, and μt are the marginals of μ with respect to x, u, and t, respectively.
Therefore, μ has its support contained in S, and from L∗(μ, ν) = δ(0,x0) it follows
that (μ, ν) satisfies all constraints of the problem P.

Moreover, one has

lim
k→∞

inf Qrk = lim
k→∞

Lzrk (h) + Lyrk (H) (by (A.2))

= Lz(h) + Ly(H) (by (A.3))

=

∫
h dμ +

∫
H dν ≤ ρ = minP.

Hence, (μ, ν) is an optimal solution of P, and minQr ↑ minP (the sequence is mono-
tone nondecreasing). Item (i) is proved.

Item (ii) follows from Theorem 2.3(iii).

A.3. Proof of Theorem 4.1. It suffices to prove that vp → v as p → +∞. For
every integer p, vp = minPp is attained for a couple of measures (μp, νp). As in the
proof of Theorem 2.3, the sequence {(μp, νp)}p∈N is bounded in M(S)+ × M(K)+,
and hence, along a subsequence, it converges to an element (μ, ν) of this space for the
weak	 topology.
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On the one hand, by definition, L∗p(μp, νp) = δ(0,x0) for every p. On the other,
L∗p tends strongly to L∗, and so L∗(μ, ν) = δ(0,x0). Moreover, since (hp, Hp) tends
strongly to (h,H) in C1(S) × C1(K), one has

vp = 〈(μp, νp), (hp, Hp)〉 −→ 〈(μ, ν), (h,H)〉,

and so v ≤ 〈(μ, ν), (h,H)〉. We next prove that v = 〈(μ, ν), (h,H)〉.
Since (μp, νp) is an optimal solution of Pp,

〈(μp, νp), (hp, Hp)〉 ≤ 〈(μ̄, ν̄)〉, (hp, Hp) ∀(μ̄, ν̄) | L∗p(μ̄, ν̄) = δ(0,x0).

Hence, passing to the limit,

〈(μ, ν), (h,H)〉 ≤ 〈(μ̄, ν̄)〉, (h,H) ∀(μ̄, ν̄) | L∗(μ̄, ν̄) = δ(0,x0),

and so (μ, ν) is an optimal solution of P, i.e., v = 〈(μ, ν), (h,H)〉.
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DUALITY IN LINEAR PROGRAMMING PROBLEMS RELATED TO
DETERMINISTIC LONG RUN AVERAGE PROBLEMS OF

OPTIMAL CONTROL∗
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Abstract. It has been established recently that, under mild conditions, deterministic long run
average problems of optimal control are “asymptotically equivalent” to infinite-dimensional linear
programming problems (LPPs) and that these LPPs can be approximated by finite-dimensional
LPPs. In this paper we introduce the corresponding infinite- and finite-dimensional dual problems
and study duality relationships. We also investigate the possibility of using solutions of finite-
dimensional LPPs and their duals for numerical construction of the optimal controls in periodic
optimization problems. The construction is illustrated with a numerical example.

Key words. long run average optimal control, occupational measures, averaging, linear pro-
gramming, duality

AMS subject classifications. 34E15, 34C29, 34A60, 93C70

DOI. 10.1137/060676398

1. Introduction. Infinite horizon problems of optimal control have been stud-
ied intensively in both deterministic and stochastic settings (see [1], [2], [3], [6], [7],
[8], [9], [12], [14], [18], [19], [20], [21], [23], [26], [31], [37], [42], [43], [47], [56], and
references therein for a sample of the literature on the subject) with linear program-
ming formulations being one of the main tools of treating stochastic problems (see,
e.g., [13], [16], [5], [38], [39], [41], [46], [51], [52], [60]).

A linear programming approach to deterministic long run average problems of op-
timal control was considered in [32] and [33], where it was established that these prob-
lems are “asymptotically equivalent” to infinite-dimensional (I-D) linear programming
problems (LPPs) similar to those arising in stochastic control (see [13], [16], [41], [52]),
and it has been shown that these I-D LPPs can be approximated by finite-dimensional
(F-D) LPPs (F-D approximations of I-D LPPs arising in stochastic control problems
and in deterministic problems on finite intervals of time have been studied in [38], [46],
and in [48], respectively; F-D approximations of I-D LPPs arising in certain problems
of calculus of variations have been considered in [24]).

In this paper we introduce problems dual to the LPPs considered in [32] and
[33] (both F-D and I-D), and we study the corresponding duality relationships. We
also investigate the possibility of using solutions of F-D LPPs and their duals for
numerical construction of optimal controls in periodic optimization problems (thus
refining the corresponding results of [32], where the option of using dual solutions was
not considered).
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Periodic optimization problems (POPs) constitute a special family of long run
average problems of optimal control, in which solutions are sought over the class of
periodic regimes. POPs arise in various applications, including vibration damping,
production planning, flight control, chemical engineering, ecological modeling (see
[40], [45], [50], [53], [59], and references therein). A linear programming approach that
we continue to develop in the present paper provides a new analytical and numerical
tool for dealing with this important family of control problems.

The paper is organized as follows. Sections 2 and 3 contain some preliminaries,
the purpose of which is to help the reader put the developments of the subsequent
sections into perspective. In section 2, long run average problems of optimal control
and their reformulations in terms of occupational measures are considered. In section
3, some results of [32] and [33] that establish connections between the long run average
problems of optimal control and the I-D LPPs are restated.

Sections 4, 5, and 6 contain the main duality results. In section 4, the problem
dual to the I-D LPP is introduced and duality relationships are established (Theorem
4.1). The dual problem proves to be closely related to the Hamilton–Jacobi–Bellman
equation. Its solution is used to state some necessary and sufficient optimality condi-
tions (Proposition 4.3 and Corollaries 4.4 and 4.5). In section 5, duality relationships
for an I-D LPP with a finite number of constraints are discussed (Theorem 5.2) and
convergence properties (as the number of constraints goes to infinity) are established
(Proposition 5.1 and Theorem 5.6). In section 6, an F-D LPPs (defined on grid points)
and its dual are considered, with their convergence properties (as the grid size goes to
zero) being established (Theorems 6.1 and 6.2). Also, in this section, a construction
of an approximate solution of the problem dual to the I-D LPPs introduced in section
4 is discussed (Proposition 6.3).

Sections 7 and 8 are devoted to construction of solutions of periodic optimization
problems. In section 7, it is established that, under certain conditions, the control
found with the help of an approximate solution of the problem dual to the I-D LPP
(constructed in section 6) converges to the optimal control (Theorem 7.1 and Corollary
7.2). In section 8, a numerical example is considered to illustrate the construction.

In sections 9 and 10, the proofs for sections 4, 5, 6, and 7, respectively, are
collected.

2. Preliminaries I: Occupational measures formulations. Consider the
control system

(2.1) ẏ(τ) = f(u(τ), y(τ)), τ ∈ [0, S],

where the function f(u, y) : U×R
m → R

m is continuous in (u, y) and satisfies Lipschitz
conditions in y; the controls are Lebesgue measurable functions u(τ) : [0, S] → U and
U is a compact metric space.

A pair (u(τ), y(τ)) will be called admissible on the interval [0, S] if (2.1) is satisfied
for almost all τ ∈ [0, S] and y(τ) ∈ Y ∀τ ∈ [0, S], where Y is a given compact subset
of R

m. The pair will be called admissible on [0,∞) if it is admissible on any interval
[0, S], S > 0.

Let P(U) be the space of probability measures defined on the Borel subsets of

U and f̄(ν, y)
def

=
∫
U
f(u, y)ν(du). Along with (2.1), let us consider a relaxed control

system

(2.2) ẏ(τ) = f̄(ν(τ), y(τ)), τ ∈ [0, S],
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in which controls are measurable functions ν(τ) ∈ P(U) (see [58]).
A pair (ν(τ), y(τ)) will be called relaxed admissible on the interval [0, S] if (2.2)

is satisfied for almost all τ ∈ [0, S] and y(τ) ∈ Y ∀τ ∈ [0, S]. The pair will be called
relaxed admissible on [0,∞) if it is relaxed admissible on any interval [0, S], S > 0.

Let g(u, y) : U × R
m → R

1 be a continuous function. We will be considering the
optimal control problem

(2.3)
1

S
inf

(u(·),y(·))

∫ S

0

g(u(τ), y(τ))dτ
def

= G(S)

and the corresponding relaxed optimal control problem

(2.4)
1

S
inf

(ν(·),y(·))

∫ S

0

ḡ(ν(τ), y(τ))dτ
def

= Ḡ(S),

where ḡ(ν, u)
def

=
∫
U
g(u, y)ν(du), and the first (second) inf is over all admissible (re-

spectively, relaxed admissible) pairs.
Let P(U × Y ) stand for the space of probability measures defined on the Borel

subsets of U × Y . Given an admissible pair (u(·), y(·)), a probability measure γ ∈
P(U × Y ) will be said to be generated by this pair on the interval [0, S] if

(2.5)

∫
U×Y

q(u, y)γ(du, dy) =
1

S

∫ S

0

q(u(τ), y(τ))dτ

for any q(·) ∈ C(U × Y ) (the space of continuous functions on U × Y ). A probability
measure γ ∈ P(U × Y ) will be said to be generated by an admissible pair (u(·), y(·))
on [0,∞) if

(2.6)

∫
U×Y

q(u, y)γ(du, dy) = lim
S→∞

1

S

∫ S

0

q(u(τ), y(τ))dτ

for any q(·) ∈ C(U ×Y ) (the limit in the right-hand side of (2.6) is assumed to exist).
Given a relaxed admissible pair (ν(τ), y(τ)), a probability measure γ ∈ P(U ×Y ) will
be said to be generated by this pair on the interval [0, S] if

(2.7)

∫
U×Y

q(u, y)γ(du, dy) =
1

S

∫ S

0

q̄(ν(τ), y(τ))dτ

for any q(·) ∈ C(U × Y ), with

(2.8) q̄(ν, u)
def

=

∫
U

q(u, y)ν(du).

A probability measure γ ∈ P(U × Y ) will be said to be generated by an admissible
pair (ν(·), y(·)) on [0,∞) if

(2.9)

∫
U×Y

q(u, y)γ(du, dy) = lim
S→∞

1

S

∫ S

0

q̄(ν(τ), y(τ))dτ

for any q(·) ∈ C(U ×Y ) and q̄(·) is as in (2.8) (the limit in the right-hand side of (2.9)
is assumed to exist).
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Thus defined probability measures are called occupational measures (see, e.g.,
[7] and [30]). In what follows γ(S,u(·),y(·)), γ(u(·),y(·)) will stand for the occupational
measures generated by an admissible pair (u(·), y(·)) on [0, S] and [0,∞), respectively,
and γ(S,ν(·),y(·)), γ(ν(·),y(·)) will stand for the occupational measures generated by a
relaxed admissible pair (ν(·), y(·)) on [0, S] and [0,∞), respectively.

Denote by Γ(S) ⊂ P(U × Y ) and Γ̄(S) ⊂ P(U × Y ) the set of all occupational
measures generated by the admissible (respectively, relaxed admissible) pairs on the
interval [0, S]. That is,

(2.10) Γ(S)
def

=
⋃

(
u(·), y(·)

)
{
γ(S,u(·),y(·))

}
, Γ̄(S)

def

=
⋃

(
ν(·), y(·)

)
{
γ(S,ν(·),y(·))

}
,

where the unions are over all admissible and, respectively, relaxed admissible pairs on
[0, S]. Using these notations, one can rewrite the problem (2.3) as

(2.11) inf
γ∈Γ(S)

∫
U×Y

g(u, y)γ(du, dy) = G(S)

and the problem (2.4) as

(2.12) inf
γ∈Γ̄(S)

∫
U×Y

g(u, y)γ(du, dy) = Ḡ(S).

Note that Γ(S) ⊂ Γ̄(S) and G(S) ≥ Ḡ(S). In a special case when Y is forward
invariant with respect to the solutions of (2.1), from Filippov–Wazewski’s theorem
(see, e.g., Theorem 10.4.4 in [11]) it follows that Γ̄(S) is equal to the closure of Γ(S)
and G(S) = Ḡ(S) for any S > 0.

Let us introduce a metric ρ(·, ·) on P(U × Y ) by the equation

(2.13) ρ(γ′, γ′′)
def

=

∞∑
j=1

1

2j

∣∣∣∣
∫
U×Y

qj(u, y)γ
′(du, dy) −

∫
U×Y

qj(u, y)γ
′′(du, dy)

∣∣∣∣ ,
where γ′, γ′′ ∈ P(U ×Y ), and qj(·), j = 1, 2, . . . , is a sequence of Lipschitz continuous
functions that is dense in the unit ball of C(U×Y ). Note that this metric is consistent
with the topology of weak convergence in P(U×Y ). Namely, a sequence γk ∈ P(U×Y )
converges to γ ∈ P(U × Y ) in this metric if and only if

(2.14) lim
k→∞

∫
U×Y

q(u, y)γk(du, dy) =

∫
U×Y

q(u, y)γ(du, dy)

for any q(·) ∈ C(U × Y ). Note also that the space P(U × Y ) is known to be compact
in the topology of weak convergence (see, e.g., [15]), and, hence, being equipped with
the metric (2.13), it becomes a compact metric space.

Using ρ(·, ·), one can define the Hausdorff metric on the subsets of P(U × Y ) as
follows: for any Γ1 ⊂ P(U × Y ) and Γ2 ⊂ P(U × Y ),

(2.15)

ρH(Γ1,Γ2)
def

= max{ sup
γ∈Γ1

ρ(γ,Γ2), sup
γ∈Γ2

ρ(γ,Γ1)},

ρ(γ,Γi)
def

= inf
γ′∈Γi

ρ(γ, γ′), i = 1, 2.

Note that, although, by some abuse of terminology, we call ρH(·, ·) a metric on the set
of subsets of P(U × Y ), it is, in fact, a semimetric on this set (since ρH(Γ1,Γ2) = 0
implies that Γ1 = Γ2 if and only if Γ1 and Γ2 are closed).
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3. Preliminaries II: Limit linear programming problem. Define the set
W ⊂ P(U × Y ) by the equation

(3.1) W
def

=

{
γ ∈ P(U × Y ) :

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0 ∀φ(·) ∈ C1

}
,

where C1 is the space of continuously differentiable functions φ(y) : R
m → R

1 and
φ′(y) is a vector column of partial derivatives (the gradient) of φ(y).

It is easy to see that W is closed and compact in weak convergence topology of
P(U × Y ). Also, it is easy to see that W is convex.

Assuming that W is not empty (see Remark 4.2 below about a necessary and
sufficient condition for this to be the case), let us consider the problem

(3.2) min
γ∈W

∫
U×Y

g(u, y)γ(du, dy)
def

= G∗,

where g(·) is the same as in (2.3) and (2.11). Since both the objective function and
the constraints defining W are linear in γ, the problem (3.2) is that of I-D linear
programming (see, e.g., [4]). Note that a problem similar to (3.2) was introduced in
[41] and [52] in a much more general stochastic setting. The problem (3.2) will in
what follows be referred to as the limit linear programming problem (LLPP). In the
rest of this section we restate some results of [32] and [33] that are important for our
further consideration.

Theorem 3.1. (i) If the set W is empty, then there exists S0 > 0 such that Γ̄(S)
(and, hence, Γ(S)) are empty for S ≥ S0. If W is not empty, then Γ̄(S) is not empty

for S > 0. If W is not empty and, in addition, the set f(U, y)
def

= {η : η = f(u, y), u ∈
U} is convex for all y ∈ Y , then Γ(S) is not empty for S > 0.

(ii) Let W be not empty. Then

(3.3) lim
S→∞

ρH(coΓ̄(S),W ) = 0

and

(3.4) lim
S→∞

Ḡ(S) = G∗.

(iii) If Y is forward invariant, then

(3.5) lim
S→∞

ρH(coΓ(S),W ) = 0

and

(3.6) lim
S→∞

G(S) = G∗.

Proof. The statements (i) and (ii) have been established in [33], their proofs being
similar to the proofs of Theorem 2.1 in [29] and Proposition 5 in [32]. The statement
(iii) is implied by Proposition 5 in [32].

Remark 3.2. In the terminology introduced in [10], the fact that the set Γ(s)
(or Γ̄(s)) is not empty for all S > 0 means that the viability kernel of the control
system (2.1) (respectively, relaxed control system (2.2)) is not empty in Y . Hence,
from Theorem 3.1(i) it follows that the viability kernel of the relaxed control system
(2.2) is not empty in Y if and only if W is not empty, and, under the condition that
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the set f(U, y) is convex for all y ∈ Y , the viability kernel of the control system (2.1)
is not empty in Y if and only if W is not empty. Note that an alternative way of
establishing this statement was proposed by Quincampoix, and it will be included in
a separate publication.

Theorem 3.3. Assume that W is not empty. Then, corresponding to any extreme
point γ of W , there exists a relaxed admissible pair (ν(·), y(·)) such that γ is generated
by this pair on [0,∞) (that is, γ = γ(ν(·),y(·))).

Proof. The theorem has been established in [33]. The proof is based on Proposi-
tion 4.4 in [17] and on Lemma 5.1 in [29].

Consider the problem

(3.7) inf
(u(·),y(·))

lim
S→∞

1

S

∫ S

0

g(u(τ), y(τ))dτ
def

= G∞

and the problem

(3.8) inf
(ν(·),y(·))

lim
S→∞

1

S

∫ S

0

ḡ(ν(τ), y(τ))dτ
def

= Ḡ∞,

where the infs in (3.7) and (3.8) are over all admissible and, respectively, over all
relaxed admissible pairs on the interval [0,∞) such that the corresponding limits
exist.

Corollary 3.4. If W is not empty, then Ḡ∞ = G∗ and the problem (3.8) has
a solution. That is, there exists (ν(·), y(·)), a relaxed admissible pair on [0,∞), such
that

(3.9) lim
S→∞

1

S

∫ S

0

ḡ(ν(τ), y(τ))dτ = G∗.

Proof. The statement is implied by Theorem 3.3 and by the fact that LLPP (3.2)
always has an extreme point solution.

For the problem (3.7) to have a solution, one needs to introduce additional as-
sumptions. In particular, one can use Corollary 3.4 and a standard measurable selec-

tion argument to show that, if (g, f)(U, y)
def

= {(ζ, η) : ζ = g(u, y), η = f(u, y), u ∈ U}
is convex for all y ∈ Y , then G∞ = G∗ and there exists (u(·), y(·)), an admissible pair
on [0,∞), such that

(3.10) lim
S→∞

1

S

∫ S

0

g(u(τ), y(τ))dτ = G∗.

Along with the problems considered above, let us also consider the problem

(3.11) inf
(u(·),y(·))per

lim
S→∞

1

S

∫ S

0

g(u(τ), y(τ))dτ
def

= Gper,

where inf is over all periodic admissible pairs, that is, over the admissible pairs such
that

(3.12) (u(τ), y(τ)) = (u(τ + T ), y(τ + T )) ∀τ ≥ 0,

for some T > 0. Note that the problem (3.11) is equivalent to a so-called periodic
optimization problem

(3.13) inf
(u(·),y(·))

1

T

∫ T

0

g(u(τ), y(τ))dτ = Gper,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DUALITY IN LP PROBLEMS RELATED TO OPTIMAL CONTROL 1673

where inf is over the length of the time interval T and over the admissible pairs defined
on [0, T ] which satisfy the periodicity condition y(0) = y(T ).

In the general case the optimal values of the problems (2.3), (3.7), and (3.11)
satisfy the inequalities

(3.14) limS→∞G(S) ≤ G∞ ≤ Gper ⇒ G∗ ≤ Gper,

and, under some additional assumptions,

(3.15) lim
S→∞

G(S) = G∞ = Gper ⇒ G∗ = Gper.

Sufficient conditions for the equalities (3.15) to be valid have been considered in [27],
[28], [35], and [36].

Lemma 3.5. If there exists a solution of the LLPP (3.2) that is generated by
a periodic admissible pair, then this pair is a solution of the periodic optimization
problem (3.13), and the inequalities (3.14) turn into equalities (3.15). Conversely, if
equalities (3.15) are valid and if a solution of the periodic optimization problem (3.13)
exists, then the occupational measure generated by this pair is a solution of the LLPP
(3.2).

Proof. The proof follows from (3.14) and from the definition of the occupational
measures.

4. Dual problem and duality relationships. Define the problem dual to
LLPP (D-LLPP) by the equation

(4.1) sup
(μ,ψ(·))∈D

μ
def

= μ∗,

with the feasible set D ⊂ R
1 × C1 defined as

(4.2) D def

= {(μ, ψ(·)) : μ = min
(u,y)∈U×Y

{g(u, y) + (ψ′(y))T f(u, y)} , ψ(·) ∈ C1} .

It can be readily seen that, if W 
= ∅ and γ ∈ W , then for any (μ, ψ(·)) ∈ D (note
that D is never empty),

(4.3) μ ≤
∫
U×Y

(g(u, y) + (ψ′(y))T f(u, y))γ(du, dy) =

∫
U×Y

g(u, y)γ(du, dy)

(4.4) ⇒ μ∗ ≤ G∗.

The following statements establish more elaborate connections between LLPP (3.2)
and D-LLPP (4.1).

Theorem 4.1.

(i) The optimal value of D-LLPP (4.1) is bounded (that is, μ∗ < ∞) if and only
if the set W is not empty.

(ii) If the optimal value of D-LLPP (4.1) is bounded, then

(4.5) μ∗ = G∗.

(iii) The optimal value of D-LLPP (4.1) is unbounded (that is, μ∗ = ∞) if and
only if there exists a function ψ(·) ∈ C1 such that

(4.6) max
(u,y)∈U×Y

(ψ′(y))T f(u, y) < 0.
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Proof. The proof of Theorem 4.1 is given in section 9.
Note that, in a stochastic setting, a duality result similar to Theorem 4.1(ii) (with

Y = R
m) has been obtained in [16].

Remark 4.2. From the statements (i) and (ii) it follows that the set W and, hence,
the set Γ̄(S) (and also the set Γ(S) provided that f(U, y) is convex for all y ∈ Y ) are
not empty (see Theorem 3.1(i)) if and only if a function ψ(·) ∈ C1 satisfying (4.6)
does not exist. Note that, if such a function ψ(·) exists, then the fact that Γ̄(S)
(and, hence, Γ(S)) are empty for S ≥ S0 (for some S0 > 0) follow from the fact that
this ψ(·) can be used as a Liapunov function decreasing along the trajectories of the
system (2.2) (respectively, (2.1)) and “forcing” them to leave Y in a finite time.

Assume that μ∗ < ∞. A function ψ∗(·) ∈ C1 will be called a solution of D-LLPP
(4.1) if

(4.7) μ∗ = min
(u,y)∈U×Y

{g(u, y) + (ψ′∗(y))
T f(u, y)}.

Defining H(p, y) by the equation

(4.8) H(p, y)
def

= min
u∈U

{g(u, y) + pT f(u, y)}

and rewriting (4.7) in the form

(4.9) μ∗ = min
y∈Y

H(ψ′∗(y), y) ⇒ μ∗ ≤ H(ψ′∗(y), y) ∀y ∈ Y,

one can come to a conclusion that a solution ψ∗(·) of D-LLPP (4.1) is a smooth
viscosity subsolution of the corresponding Hamilton–Jacobi–Bellman equation (see
[12] and [26] for relevant definitions and developments).

Given a solution ψ∗(·) of D-LLPP (4.1), define the set Ω∗ ⊂ U×Y by the equation

(4.10) Ω∗
def

= {(u, y) ∈ U × Y : g(u, y) + (ψ′∗(y))
T f(u, y) = μ∗}.

Proposition 4.3. Let μ∗ < ∞ and ψ∗(·) be a solution of D-LLPP (4.1). Then
γ ∈ W will be a solution of the LLPP (3.2) if and only if

(4.11) γ(Ω∗) = 1.

Proof. By Theorem 4.1(ii), a probability measure γ belonging to W will be a
solution of the LLPP (3.2) if and only if

(4.12) μ∗ =

∫
U×Y

g(u, y)γ(du, dy) =

∫
U×Y

(g(u, y) + (ψ′∗(y))
T f(u, y))γ(du, dy).

Since (see (4.7))

(4.13) μ∗ ≤ g(u, y) + (ψ′∗(y))
T f(u, y) ∀(u, y) ∈ U × Y,

the equality (4.12) can be valid if and only if (4.11) is true. This proves the
proposition.

Corollary 4.4. For a relaxed admissible pair (ν(·), y(·)) generating the occupa-
tional measure γ(ν(·),y(·)) on [0,∞) to be optimal in the problem (3.8) it is necessary
and sufficient that γ(ν(·),y(·))(Ω∗) = 1.
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Proof. By Corollary 3.4, the pair (ν(·), y(·)) will be optimal in (3.8) (that is, it
satisfies (3.9)) if and only if γ(ν(·),y(·)) is a solution of the LLPP (3.2). Hence, the
statement is implied by Proposition 4.3.

Let

(4.14) Y∗
def

= {y ∈ Y : H(ψ∗(y), y) = μ∗}

and

(4.15) U∗(y)
def

= {u ∈ U : g(u, y) + (ψ′∗(y))
T f(u, y) = H(ψ′∗(y), y)}.

Corollary 4.5. Let ψ∗(·) be a solution of D-LLPP (4.1). A T -periodic admis-
sible pair (u(τ), y(τ)) will be a solution of the periodic optimization problem (3.13) if
and, under the condition that the equalities (3.15) are valid, only if

(4.16) y(τ) ∈ Y∗ ∀τ ∈ [0, T ], u(τ) ∈ U∗(y(τ)) for almost all τ ∈ [0, T ].

Proof. By Lemma 3.5, a T -periodic admissible pair (u(τ), y(τ)) will be a solu-
tion of the periodic optimization problem (3.13) if and, under the condition that the
equalities (3.15) are valid, only if the occupational measure γ(u(·),y(·)) generated by
this pair is a solution of LLPP (3.2). According to Proposition 4.3, this is the case if
and only if γ(u(·),y(·))(Ω∗) = 1, which is equivalent to (u(τ), y(τ)) ∈ Ω∗ for almost all
τ ∈ [0, T ]. The latter, in turn, is equivalent to the inclusions (4.16) being satisfied for
almost all τ ∈ [0, T ] since

(4.17) Ω∗ = {(u, y) : u ∈ U∗(y), y ∈ Y∗}.

The fact that the first inclusion in (4.16) is valid for all τ ∈ [0, T ] follows from the
fact that the function y(·) is continuous and that the set Y∗ is compact.

Note that a solution of D-LLPP (4.1) defined as a C1 function satisfying (4.9)
may not exist, and one can consider the possibility of defining the solution as a
nondifferentiable function, which satisfies (4.9) in the viscosity sense (see, e.g., [12,
p. 399]). We, however, do not follow this path. Instead, in the next sections we discuss
a way of constructing C1 functions that solve D-LLPP (4.1) approximately. First, in
section 5, we approximate the LLPP (3.2) with I-D LLPs having a finite number of
constraints N (N = 1, 2, . . .), and we study the problem dual to the latter (section
5). Then, in section 6, we approximate the problem with N constraints and its dual
by a family of F-D LPPs defined on grid points of U ×Y and the corresponding dual,
and we show that, by solving these F-D LPPs, one can construct a family of functions
ψN,Δ(·) ∈ C1 (Δ being the parameter of the grid) such that, for any δ > 0,

(4.18) μ∗ − δ ≤ min
(u,y)∈U×Y

{g(u, y) + (ψ′N,Δ(y))T f(u, y)} = min
y∈Y

H(ψ′N,Δ(y), y)

if N is large and Δ is small enough (see (4.7) and (4.9)). We also show (see section 7)
that, under some additional conditions, a feedback control function uN,Δ(·) : Y → U
satisfying the inclusion

(4.19) uN,Δ(y) ∈ UN,Δ(y)
def

= {u ∈ U : g(u, y) + (ψ′N,Δ(y))T f(u, y) = H(ψ′N,Δ(y), y)}

can serve as an approximation to the optimal feedback control defined on the optimal
periodic orbit (provided that the latter exists).
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Note also that D-LLPP (4.1) can be rewritten in the form

(4.20) sup
ψ(·)∈C1

min
y∈Y

H(ψ′(y), y) = μ∗.

Problems similar to (4.20) (but in a different setting and under a different set of
conditions) have been considered in the literature, particularly, in relation to finding
so-called effective Hamiltonians arising in the homogenization theory (see [34] and
references therein). It seems plausible that results that we discuss below could be
applicable in this area, but we do not investigate this matter in the present paper.

Finally, to conclude this section, let us also mention that problems dual to I-D
LPPs that arise in dealing with deterministic optimal control problems on finite time
intervals and the way of how these dual problems can be used for formulating necessary
and sufficient optimality conditions have been studied in [57] (see also references
therein).

5. N-approximating problem and its dual. Let {φi(·) ∈ C1, i = 1, 2, . . .} be
a sequence of functions having continuous partial derivatives of second order such that
any function ψ(·) ∈ C1 and its gradient ψ′(·) can be simultaneously approximated on
Y by linear combinations of functions from {φi(·), i = 1, 2, . . .} and their corresponding
gradients. That is, for any ψ(·) ∈ C1 and any δ > 0, there exist β1, . . . , βk (real
numbers) such that

(5.1) max
y∈Y

{∣∣∣∣∣ψ(y) −
k∑
1

βiφi(y)

∣∣∣∣∣ +

∥∥∥∥∥ψ′(y) −
k∑
1

βiφ
′
i(y)

∥∥∥∥∥
}

≤ δ,

with || · || being a norm in R
m. An example of such an approximating sequence is the

sequence of monomials yi11 . . . yimm , i1, . . . , im = 0, 1, . . ., where yj(j = 1, . . . ,m) stands
for the jth component of y (see, e.g., [44]). In what follows it will be assumed that
the gradients φ′i(y), i = 1, 2, . . . , N, are linearly independent on Y . That is,

(5.2)

N∑
i=1

viφ
′
i(y) = 0 ∀y ∈ Y ⇒ vi = 0, i = 1, 2, . . . , N.

Note that this is satisfied automatically if φi(y) are chosen to be monomials and intY
(interior of Y ) is not empty.

Let us define the set WN by the equation
(5.3)

WN
def

=

{
γ | γ ∈ P(U × Y );

∫
U×Y

(φ′i(y))
T f(u, y)γ(du, dy) = 0, i = 1, 2, . . . N

}

and consider the linear programming problem

(5.4) min
γ∈WN

∫
U×Y

q(u, y)γ(du, dy)
def

= GN .

This problem will be referred to as N -approximating LLPP (or just N -LLPP). Note
that WN is a convex and compact subset of P(U × Y ) and W ⊂ WN , which implies

(5.5) G∗ ≥ GN .

The connection between LLPP (3.2) and N -LLPP (5.4) is established by the
following proposition (see [32]).
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Proposition 5.1. The set W is not empty if and only if there exists N0 ≥ 1
such that WN is not empty for N ≥ N0. If W is not empty, then

(5.6) lim
N→∞

ρH(WN ,W ) = 0

and

(5.7) lim
N→∞

GN = G∗.

Also, if γN is a solution of the problem (5.4) and limN ′→∞ ρ(γN ′
, γ) = 0 for

some subsequence of integers N ′ tending to infinity, then γ is a solution of (3.2).
If the solution γ∗ of the problem (3.2) is unique, then, for any solution γN of (5.4),
limN→∞ ρ(γN , γ∗) = 0 .

Proof. The proof follows from Proposition 7 in [32].
Let us define the problem dual to N -LLPP (5.4) (referred in what follows to as

D-N -LLPP) by the equation

(5.8) sup
(μ,v)∈DN

μ
def

= μN ,

with the feasible set DN ⊂ R
1 × R

N defined as
(5.9)

DN
def

=

{
(μ, v) : μ = min

(u,y)∈U×Y

{
g(u, y) +

N∑
i=1

vi(φ
′
i(y))

T f(u, y)

}
, v = (vi) ∈ R

N

}
.

For a fixed N , the relationships between N -LLPP (5.4) and D-N -LLPP (5.8) are
similar to those between (3.2) and (4.1). For example, similarly to (4.3), one can
obtain that, if WN 
= ∅ and γ ∈ WN , then for any (μ, v) ∈ DN (DN is never empty),
(5.10)

μ ≤
∫
U×Y

(
g(u, y) +

N∑
i=1

vi(φ
′
i(y))

T f(u, y)

)
γ(du, dy) =

∫
U×Y

g(u, y)γ(du, dy)

(5.11) ⇒ μN ≤ GN .

Also, the following result similar to Theorem 4.1 is valid.
Theorem 5.2. (i) The optimal value of D-N -LLPP (5.8) is bounded (that is,

μN < ∞) if and only if the set WN is not empty.
(ii) If the optimal value of D-N -LLPP (5.8) is bounded, then

(5.12) μN = GN .

(iii) The optimal value of D-N -LLPP (5.8) is unbounded (that is, μN = ∞) if
and only if there exists v = (v1, . . . , vN ) such that

(5.13) max
(u,y)∈U×Y

(ψ′v(y))
T f(u, y) < 0 , ψv(y)

def

=

N∑
i=1

viφi(y).

Proof. The proof of the theorem follows exactly the same steps as those in the
proof of Theorem 4.1. For completeness we briefly outline these steps in section
9.
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A vector v = (vi), i = 1, . . . , N, will be called a solution of D-N -LLPP (5.8) if

(5.14) μN = min
(u,y)∈U×Y

{g(u, y) + (ψ′v(y))
T f(u, y)} , ψv(y)

def

=

N∑
i=1

viφi(y).

Let us introduce the following two assumptions used in the consideration below.
Assumption 1. The inequality

(5.15) (ψ′v(y))
T f(u, y) ≤ 0 ∀(u, y) ∈ U × Y, ψv(y)

def

=

N∑
i=1

viφi(y),

can be valid only with vi = 0, i = 1, . . . , N .
Assumption 2. The inequality

(5.16) (ψ′(y))T f(u, y) ≤ 0 ∀(u, y) ∈ U × Y, ψ(·) ∈ C1,

can be valid only with ψ′(y) = 0 ∀y ∈ Y .
Proposition 5.3. Assumption 1 is equivalent to the assumption that

(5.17) 0 ∈ int(coKN ),

where int(coKN ) stands for the interior of the convex hull of KN ,
(5.18)

KN
def

= {z ∈ R
N : z = (zi), zi = (φ′i(y))

T f(u, y), i = 1, . . . , N, (u, y) ∈ U × Y }.

Proof. The proof is in section 9.
Remark 5.4. (i) It is easy to see that Assumption 2 implies the validity of

Assumption 1 with any N = 1, 2, . . .. In fact, if the former is satisfied, then the
inequality

∑N
i=1 vi(φ

′
i(y))

T f(u, y) ≤ 0 ∀(u, y) ∈ U × Y implies that
∑N

i=1 viφ
′
i(y) =

0 ∀y ∈ Y and, hence, by (5.2), vi = 0, i = 1, . . . , N . Sufficient conditions for
Assumption 2 to be satisfied and special cases in which it is satisfied have been
considered in [32] (see Proposition 8 and Remark 2 of [32]).

(ii) Assumption 1 implies that the function ψv(·) satisfying (5.13) does not exist,
and Assumption 2 implies that the function ψ(·) satisfying (4.6) does not exist. Thus,
from the former it follows that μN is bounded (by Theorem 5.2(iii)) and from the
latter that μ∗ is bounded (by Theorem 4.1(iii)).

Theorem 5.5. (i) If Assumption 1 is satisfied, then the set of solutions of D-N -
LLPP (5.8) is nonempty and bounded. That is (see (5.14)),
(5.19)

∅ 
= VN
def

=

⎧⎨
⎩v = (vi) : μN = min

(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

(
N∑
i=1

viφ
′
i(y)

)T

f(u, y)

⎫⎬
⎭
⎫⎬
⎭ ,

(5.20) max
v∈VN

||v|| ≤ cN = const.

(ii) Conversely, if (5.19) and (5.20) are true, then Assumption 1 is satisfied.
Proof. Proof is in section 9.
Let us now establish that the optimal values of the D-N -LLPP (5.8) converge to

the optimal value of D-LLPP (4.1) as N → ∞. Note that, as follows directly from
the definitions of D-N -LLPP and D-LLPP (see (5.8) and (4.1)),

(5.21) μ1 ≤ μ2 ≤ · · · ≤ μN ≤ · · · ≤ μ∗.
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Theorem 5.6. The optimal value of D-N -LLPP (5.8) converges to the optimal
value of D-LLPP (4.1). That is,

(5.22) lim
N→∞

μN = μ∗,

the statement being valid for both μ∗ < ∞ and μ∗ = ∞.
Proof. If Assumption 2 is satisfied, then μ∗ = G∗ and μN = GN for N = 1, 2, . . ..

Hence, (5.22) follows from (5.7). The proof of the general case is in section 9.
In conclusion of this section, let us introduce a regularity condition, which will

be used in section 7 below. Let Assumption 2 be satisfied and let v = (vi) ∈ VN ,

ψv(y)
def

=
∑N

i=1 viφi(y). Define the sets Ωv
N , Yv

N by the equations

(5.23) Ωv
N

def

= {(u, y) ∈ U × Y : g(u, y) + (ψ′v(y))
T f(u, y) = μN},

(5.24) Yv
N

def

= {y : (u, y) ∈ Ωv
N} = {y ∈ Y : H(ψ′v(y), y) = μN}

and the set Uv
N (y) by the equation

(5.25) Uv
N (y)

def

= {u ∈ U : g(u, y) + (ψ′v(y))
T f(u, y) = H(ψ′v(y), y)},

where H(p, y) is as in (4.8).
N -regularity condition (N -RC) on Q. Given Q ⊂ Y , we shall say that N -RC is

satisfied on Q if, for any v ∈ VN and any y ∈ Yv
N ∩Q, a solution of the problem

(5.26) max
u∈U

{g(u, y) + (ψ′v(y))
T f(u, y)}

is unique. That is, Uv
N (y) is a singleton for v ∈ VN and y ∈ Yv

N ∩Q.
Note that N -RC is satisfied on any Q ⊂ Y and with any N = 1, 2, . . . if g(u, y) is

strictly convex and f(u, y) is linear in u and if U is a convex set.

6. NΔ-approximating problem and its dual. Assume first that N is fixed
and that, for any Δ > 0, Borel sets QΔ

l,k ⊂ U × Y (l = 1, . . . , LΔ, k = 1, . . . ,KΔ)
(called cells) are defined in such a way that two different cells do not intersect, the
union of all cells is equal to U × Y , and

(6.1) sup
(u,y)∈QΔ

l,k

||(u, y) − (ul, yk)|| ≤ cΔ, c = const,

for some point (ul, yk) ∈ QΔ
l,k . For simplicity of notation, it is assumed (from now

on) that U is a compact subset of R
n and || · || stands for a norm in R

n+m. Let us
fix the points (ul, yk) (l = 1, . . . , LΔ, k = 1, . . . ,KΔ) and define a polyhedral set

WN,Δ ⊂ R
LΔ+KΔ

by the equation
(6.2)

WN,Δ
def

=

⎧⎨
⎩γ = {γl,k} ≥ 0 :

∑
l,k

γl,k = 1,
∑
l,k

(φ′i(yk))
T f(ul, yk)γl,k = 0, i = 1, . . . N

⎫⎬
⎭ ,

where
∑

l,k

def

=
∑LΔ

l=1

∑KΔ

k=1. Consider the problem

(6.3) min
γ∈WN,Δ

∑
l,k

γl,kg(ul, yk)
def

= GN,Δ.
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This is an F-D LLP which will be referred to as NΔ-approximating LLPP (or NΔ-
LLPP).

Note that the polyhedral set WN,Δ is the set of probability measures on U × Y
which assign nonzero probabilities only to the points (ul, yk), and, as such,

(6.4) WN,Δ ⊂ WN ⇒ GN,Δ ≥ GN .

Theorem 6.1. Let Assumption 1 be satisfied. Then the set WN is not empty
and there exists Δ0 > 0 such that WN,Δ is not empty for Δ ≤ Δ0. Also

(6.5) lim
Δ→0

ρH(WN,Δ,WN ) = 0

and

(6.6) lim
Δ→0

GN,Δ = GN .

If γN,Δ is a solution of the problem (6.3) and limΔ′→0 ρ(γ
N,Δ′

, γN ) = 0 for some
sequence of Δ′ tending to zero, then γN is a solution of (5.4). If the solution γN of the
problem (5.4) is unique, then, for any solution γN,Δ of (6.3), limΔ→0 ρ(γ

N,Δ, γN ) = 0.
Proof. The fact that WN is not empty if Assumption 1 is satisfied follows from

Theorem 5.2(i) and from the fact that μN is bounded (see Remark 5.4(ii)). The proofs
of all other statements of the theorem follow from Proposition 9 in [32].

Consider the F-D LPP
(6.7)

max
(μ,λ)∈R1×RN

{
μ : μ ≤ g(ul, yk) +

N∑
i=1

λi(φ
′
i(yk))

T f(ul, yk) ∀(ul, yk)

}
def

= μN,Δ,

which is dual to NΔ-LLPP (6.3) and which will be referred to as D-NΔ-LLPP. From
the duality theory for F-D LPPs (see, e.g., [22]) it follows, in particular, that, if WN,Δ

is not empty, then the optimal value of NΔ-LLPP (6.3) is equal to the optimal value
of D-NΔ-LLPP (6.7)

(6.8) GN,Δ = μN,Δ

and the solutions set of D-NΔ-LLPP (6.7) is not empty:
(6.9)

∅ 
= ΛN,Δ
def

=

{
λ = (λi) : μN,Δ = min

(ul,yk)

{
g(ul, yk) +

N∑
i=1

λi(φ
′
i(yk))

T f(ul, yk)

}}
.

Theorem 6.2. Let Assumption 1 be satisfied. Then

(6.10) lim
Δ→0

max
λ∈ΛN,Δ

dist(λ, VN ) = 0, dist(λ, VN )
def

= min
v∈VN

||λ− v||,

where VN is the solutions set of D-N -LLPP (5.8) (explicitly defined in (5.19)).
Proof. The proof is in section 10. Let us only note here that, by Theorem 6.1,

the set WN,Δ is not empty under Assumption 1, and hence, (6.8) and (6.9) are valid
for Δ small enough.

Let us now address the issue of constructing ψN,Δ(·) that approximately solves
D-LLPP (4.1) (see the end of section 4).
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Proposition 6.3. Let Assumption 2 be satisfied. Then, for any δ > 0, there
exist Nδ > 0 and ΔN > 0 such that the function ψN,Δ(·) defined by the equation

(6.11) ψN,Δ(y)
def

=

N∑
i=1

λN,Δ
i φi(y), λN,Δ = (λN,Δ

i ) ∈ ΛN,Δ,

satisfies (4.18) with N ≥ Nδ and Δ ≤ ΔN .
Proof. As was mentioned above (see Remark 5.4(i)), the validity of Assumption

2 implies the validity of Assumption 1 with all N . Having this in mind, let us choose
Nδ in such a way that

(6.12) μ∗ −
δ

2
≤ μN

for any N ≥ Nδ (this is possible due to Theorem 5.6). By Theorem 5.5(i), the set VN

is not empty and

(6.13) μ∗ −
δ

2
≤ min

(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

(
N∑
i=1

viφ
′
i(y)

)T

f(u, y)

⎫⎬
⎭ ∀v = (vi) ∈ VN .

From (6.10) it follows that, for any Δ ≤ ΔN (ΔN being positive small enough) and

any λ ∈ ΛN,Δ, there exists vN,Δ = (vN,Δ
i ) ∈ VN such that

min
(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

(
N∑
i=1

vN,Δ
i φ′i(y)

)T

f(u, y)

⎫⎬
⎭− δ

2

≤ min
(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

(
N∑
i=1

λN,Δ
i φ′i(y)

)T

f(u, y)

⎫⎬
⎭

⇒ μ∗ − δ ≤ min
(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

(
N∑
i=1

λN,Δ
i φ′i(y)

)T

f(u, y)

⎫⎬
⎭ .

The latter is (4.18) with ψN,Δ(·) as in (6.11).

7. Convergence to the optimal periodic solution. In this section we will
show that, under certain additional conditions, the control satisfying (4.19), that is,
defined as a solution of the problem

(7.1) min
u∈U

{g(u, y) + (ψ′N,Δ(y))T f(u, y)},

where ψN,Δ(·) is as in (6.11), converges (as N → ∞ and Δ → 0) to the optimal
feedback control defined on the optimal periodic orbit. To ensure the existence of the
latter, throughout this section it is assumed that there exists a solution γ∗ of LLPP
(3.2) that is generated by a T -periodic admissible pair (u∗(·), y∗(·)) (note that this
assumption implies that the pair is a solution of the periodic optimization problem
(3.13); see Lemma 3.5).

Define sets Θ∗ and Y∗ by the equations

(7.2) Θ∗
def

= {(u, y) : (u, y) = (u∗(τ), y∗(τ)) for some τ ∈ [0, T ]},
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(7.3) Y∗
def

= {y : y = y∗(τ) for some τ ∈ [0, T ]} = {y : (u, y) ∈ Θ∗}.

The set Θ∗ can be considered as the graph of the optimal feedback control function,

which is defined on the optimal orbit Y∗ by the equation u∗(y)
def

= u∀(u, y) ∈ Θ∗. For
this definition to make sense, it is assumed that from the fact that (u′, y) ∈ Θ∗ and
(u′′, y) ∈ Θ∗ it follows that u′ = u′′ (this assumption is satisfied if the closed curve
defined by y∗(τ), τ ∈ [0, T ], does not intersect itself).

Note that the set Y∗ defined in (7.3) is different from the set defined in (4.14)
(despite the fact that the same notation is used in both cases). Underline that in
this section it is not assumed that a solution ψ∗(·) of D-LLPP (4.1) (which is used
in (4.14)) exists. If, however, it does exist, then by Corollary 4.5, the set defined in
(7.3) is contained in the set defined in (4.14).

Let us introduce the following assumption about the set Θ∗.
Assumption 3. For any (u, y) ∈ Θ̄∗ (the closure of Θ∗) and any r > 0, the set

Br(u, y)
def

= ((u, y)+rB)∩(U×Y ) (B being the open unit ball in R
n+m) has a nonzero

γ∗-measure: γ∗(Br(u, y)) > 0.
Note that this assumption is satisfied if the optimal control function u∗(·) :

[0, T ] → U is piecewise continuous and at every discontinuity point τ the value of
u∗(τ) is equal either to the limit from the left (u∗(τ) = limτ ′→τ− u∗(τ

′)) or to the
limit from the right (u∗(τ) = limτ ′→τ+ u∗(τ

′)).
Under the validity of Assumption 2, from Proposition 5.1 and Theorem 6.1 it

follows that there exist solutions γN,Δ = {γN,Δ
l,k } of the NΔ-LLPP (6.3) (considered

with N → ∞ and Δ → 0) such that

(7.4) lim
N→∞

lim
Δ→0

ρ(γN,Δ, γ∗) = 0,

with the latter being valid for any solution of the NΔ-LLPP (6.3) if γ∗ is a unique
solution of LLPP (3.2).

For any Borel subset Θ of U × Y , let γN,Δ(Θ) stand for the γN,Δ measure of Θ.

That is, γN,Δ(Θ)
def

=
∑

(ul,yk)∈Θ γN,Δ
l,k .

Theorem 7.1. Let Assumptions 2 and 3 be satisfied.
(i) Let Q be an open subset of Y such that the N -regularity condition (see the

end of section 5) is satisfied on Q for all N large enough and such that the solution
uN,Δ(·) of the problem (7.1) is unique on Q, and it is uniformly equicontinuous on
any closed subset Q̄′ of Q for N large and Δ small enough. That is,

(7.5) ||uN,Δ(y′) − uN,Δ(y′′)|| ≤ ω(||y′ − y′′||) ∀y′, y′′ ∈ Q̄′,

where ω(θ) tends to zero as θ tends to zero and N ≥ N0, Δ ≤ ΔN (ω(·) and N0 may
be different for different Q̄′ ⊂ Q). Then

(7.6) lim
N→∞

lim
Δ→0

||uN,Δ(y) − u∗(y)|| = 0 ∀y ∈ Y∗ ∩Q,

with the convergence being uniform on any closed subset of Y∗ ∩Q.
(ii) Assume, in addition, that

(7.7) limN→∞limΔ→0γ
N,Δ(Q̄) = 1,

where Q̄ is the closure of Q and that γ∗(Q̄/Q) = 0. Then γ∗(Y∗ ∩ Q) = 1. That is,
uN,Δ(y) converges to u∗(y) for γ∗-almost all y ∈ Y .
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The second statement of the theorem allows an extension, which we state in the
form of the following corollary.

Corollary 7.2. Let Assumptions 2 and 3 be satisfied, and let Qj , j = 1, . . . J , be
nonintersecting open subsets of Y , such that, for every j, the N -regularity condition
is satisfied on Qj, and (7.5) is valid on any closed Q̄′ ⊂ Qj. Assume also that

(7.8) limN→∞limΔ→0γ
N,Δ(∪jQj) = 1

and that

(7.9) γ∗(∪jQj/ ∪j Qj) = 0,

where ∪jQj is the closure of ∪jQj. Then

(7.10) lim
N→∞

lim
Δ→0

||uN,Δ(y) − u∗(y)|| = 0

for γ∗-almost all y ∈ Y .
Proof. The proofs of Theorem 7.1 and Corollary 7.2 are given in section 10. They

are based on a result of [32] establishing that the sets

(7.11) ΘN,Δ
def

= {(ul, yk) : γN,Δ
l,k > 0},

(7.12) YN,Δ
def

= {y : (u, y) ∈ ΘN,Δ} =

{
yk :

∑
l

γN,Δ
l,k > 0

}

are “approaching” the sets Θ∗ and Y∗ as N → ∞ and Δ → 0 (see Theorem 7.3
below).

Theorem 7.3. Let Assumption 2 be satisfied, (7.4) be valid, and γ∗, γ
N,Δ be as

above. Then the following hold.
(i) Corresponding to an arbitrary small r > 0 and arbitrary small δ > 0, there

exists N0 such that, for N ≥ N0 and Δ ≤ ΔN ,

(7.13) γN,Δ(ΘN,Δ/(Θ∗ + rB)) < δ, γN,Δ(YN,Δ/(Y∗ + rD)) < δ

and

(7.14) ΘN,Δ,δ ⊂ Θ∗ + rB, YN,Δ,δ ⊂ Y∗ + rD,

where B and D are open unit balls in R
n+m and R

m, respectively, and

ΘN,Δ,δ
def

= {(ul, yk) : γN,Δ
l,k ≥ δ }, YN,Δ,δ

def

=

{
yk :

∑
l

γN,Δ
l,k ≥ δ

}
.

(ii) If, in addition, Assumption 3 is satisfied, then, corresponding to an arbitrary
small r > 0, there exists N0 such that, for N ≥ N0 and Δ ≤ ΔN ,

(7.15) Θ∗ ⊂ ΘN,Δ + rB, Y∗ ⊂ YN,Δ + rB.

Proof. The validity of (i) and (ii) is implied by Propositions 10 and 11 from
[32].
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Note that from (7.4) it follows that γN,Δ def

= {γN,Δ
l,k } can be considered as an

“approximation” of γ∗ for N large and Δ small enough. Due to the fact that γ∗
is the occupational measure generated by the optimal periodic pair (u∗(·), y∗(·)), an

element γN,Δ
l,k of γN,Δ can be interpreted as an estimate of “proportion” of time spent

by the optimal pair in a “small” vicinity of the point (ul, yk), while the fact that γΔ
l,k

is positive or zero can be interpreted as an indication of whether or not the optimal
pair attends this vicinity. Theorem 7.3 can be viewed as a justification of the latter
interpretation.

Based on the consideration above, one can propose the following steps to construct
an approximate solution to the periodic optimization problem.

(1) Find the optimal value GN,Δ and a solution γN,Δ of NΔ-LLPP (6.3), and
also find a solution μN,Δ, λN,Δ of problem (6.7) dual to NΔ-LLPP (6.3).

(2) Define the sets ΘN,Δ and YN,Δ according to (7.11) and (7.12).
(3) Construct the function ψN,Δ(y) according to (6.11) and find the control

uN,Δ(y) by solving the problem (7.1) for every y in a neighborhood of YN,Δ.
(4) Integrate the system (2.1) starting from an initial point y(0) ∈ YN,Δ and using

uN,Δ(y) as the feedback control. One can expect that the obtained solution of the
system will return to a small vicinity of the starting point y(0) and it will be possible
to identify the end point of the integration period, TN,Δ, as the moment of entering
this vicinity.

(5) Adjust the initial condition and/or control to obtain a periodic admissible
pair (uN,Δ(τ), yN,Δ(τ)) defined on the interval [0, TN,Δ]. Calculate the integral

1

TN,Δ

∫ TN,Δ

0

g(uN,Δ(τ), yN,Δ(τ))dτ

and compare it with GN,Δ. If the value of the integral proves to be close to GN,Δ,
then the constructed admissible pair is a “good” approximation to the solution of the
periodic optimization problem.

Note that these steps are similar to the procedure described in [32]. The difference
is that the approximation uN,Δ(·) to the optimal control is determined as a solution
of the problem (7.1). The objective function of the latter is constructed with the help
of a solution of the problem (6.7) dual to NΔ-LLPP (6.3) (the opportunity of using
dual solutions for finding an approximation to the optimal control was not discussed
in [32]). In the next section we consider a numerical example to illustrate the above
steps.

Let us conclude this section by noting that most of the existing computational
methods for periodic optimization problems are either aimed at solving the system
of necessary optimality conditions (so-called dynamic optimization schemes; see, e.g.,
[45], [53], and references therein) or based on approximating the POP with F-D non-
linear mathematical programming problems. The latter are defined either via a dis-
cretization of the time interval (as in direct optimization schemes; see, e.g., [45]) or
with the help of special parametrization techniques (as in the flatness-based algorithm
of [54]). In all instances the time interval (period) is assumed to be finite, with its
length being one of the optimization parameters.

In contrast to these methods, the approach of this paper is based on the fact that,
if the optimal periodic regime exists, then, under mild conditions, it is a solution of
the long run average optimal control problem, and, also, it generates the occupational
measure that is a solution of the LLPP (3.2); the latter does not involve the time
parameter at all. As has been noticed in section 4, finding a solution of the problem
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dual to LLPP (3.2) is equivalent to finding a subsolution of the Hamilton–Jacobi–
Bellman equation for the corresponding long run average problem of optimal control.
Thus, the approach under consideration can be characterized as one belonging to
the class of algorithms that solve Hamilton–Jacobi–Bellman equations for infinite
time horizon optimal control problems via a discretization of the state and control
spaces (see [25], [26], [43], and references therein). The obvious advantage of the
approach is in its simplicity (no software except standard linear programming and
ordinary differential equation solvers is needed). Its disadvantage is in computer
memory requirements (especially in problems of higher dimensions). A comparison
of the linear programming approach with other algorithms of the given class will be
a matter of further research.

8. A numerical example. Let m = 2, n = 1, and let

y(t) = (y1(t), y2(t)) ⊂ Y
def

= [−0.25, 0.25] × [1.3, 1.9], u(t) ∈ U
def

= [−0.4, 0.4].

Also, let f(·) and g(·) be defined by the equations

fT (u, y1, y2)
def

= (y2 − 1.6 , u) ,(8.1)

g(u, y1, y2)
def

= ((y2 − 3)(y2 − 1)2 + 2.5)(y2 − 1) + 3 + 1.126y2
1 + 0.4u2.(8.2)

The periodic optimization problem (3.13) with this data was considered and numeri-
cally solved using the “flatness-based algorithm” in [54]. Below we present a numerical
solution of the problem obtained by following the steps outlined in section 7. Define
the grid of U × Y by the equations

uΔ
i

def

= iΔ − 0.4, yΔ
1,j

def

= jΔ − 0.25, yΔ
2,k

def

= kΔ + 1.3,

where i = 0, 1, . . . , 0.8
Δ , j = 0, 1, . . . , 0.5

Δ , and k = 0, 1, . . . , 0.6
Δ (Δ is chosen in such a

way that 0.8
Δ , 0.5

Δ , and 0.6
Δ are integers). In this case, the NΔ-approximating LLPP

(6.3) can be written in the form

(8.3) GN,Δ
def

= min
γ∈WN,Δ

∑
i,j,k

g(uΔ
i , y

Δ
1,j , y

Δ
2,k)γi,j,k,

with WN,Δ being the polyhedral set defined by the equation

WN,Δ
def

=

⎧⎨
⎩γ = {γi,j,k} ≥ 0 :

∑
i,j,k

γi,j,k = 1,

∑
i,j,k

(φ′i1,i2(y
Δ
1,j , y

Δ
2,k))

T f(uΔ
i , y

Δ
1,j , y

Δ
2,k)γi,j,k = 0, (i1, i2) ∈ IN

⎫⎬
⎭ .(8.4)

Here, φi1,i2(y1, y2)
def

= yi11 yi22 and IN is the set of multi-indices

IN
def

= {i : i = (i1, i2), i1, i2 = 0, 1, . . . , N, i1 + i2 ≥ 1} .

Note that g(·) in (8.3) and f(·) in (8.4) are as in (8.2) and (8.1), respectively.
The problem (8.3) was solved using the CPLEX linear programming solver [61]

for different values of N and Δ. The obtained optimal values GN,Δ are summarized
in the following table:
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N
Δ 4 5 6

0.05 4.1959526 4.1959709 4.1959726
0.025 4.1958774 4.1958808 4.1958807

0.0125 4.1958750 4.1958751 4.1958751

On the basis of this data, one may conclude that G6 = limΔ→0 G6,Δ ≈ 4.1958751 ≈
4.196, the latter coinciding with the optimal value of the given periodic optimization
problem obtained in [54]. Thus, if for some T -periodic admissible pair (u(τ), y(τ)),

1

T

∫ T

0

[
((y2(τ) − 3)(y2(τ) − 1)2 + 2.5)(y2(τ) − 1)

+ 3 + 1.126y1(τ)2 + 0.4u(τ)2
]
dτ ≈ 4.196,(8.5)

then this pair is an approximate solution of the periodic optimization problem under
consideration.

Let γN,Δ = {γN,Δ
i,j,k } stand for the solution of (8.3), and let λN,Δ = {λN,Δ

i1,i2
} stand

for the solution of the problem dual to (8.3)

max
(μ,λ)

{
μ : μ ≤ g(uΔ

i , y
Δ
1,j , y

Δ
2,k)

−
∑

(i1,i2)∈IN

λi1,i2(φ
′
i1,i2(y

Δ
1,j , y

Δ
2,k))

T f(uΔ
i , y

Δ
1,j , y

Δ
2,k) ∀(uΔ

i , y
Δ
1,j , y

Δ
2,k)

}
(8.6)

(see (6.7) for comparison). Define the sets ΘN,Δ and YN,Δ by the equations

(8.7) ΘN,Δ
def

=
{

(uΔ
i , y

Δ
1,j , y

Δ
2,k) : γN,Δ

i,j,k 
= 0
}
,

(8.8) YN,Δ
def

=

{
(yΔ

1,j , y
Δ
2,k) :

∑
i

γN,Δ
i,j,k 
= 0

}

(see (7.11) and (7.12) for comparison). For N = 6 and Δ = 0.0125, the graphs
of ΘN,Δ and YN,Δ are depicted in Figures 1 and 2 below (the points belonging to
these sets are marked). As follows from Theorem 7.3, these graphs can serve as
approximations, respectively, to the graph of the optimal periodic control Θ∗ and to
the optimal periodic orbit Y∗.

Define the function ψN,Δ(y1, y2) by the equation (see (6.11) for comparison)

(8.9) ψN,Δ(y1, y2)
def

=
∑

(i1,i2)∈IN

λN,Δ
i1,i2

φi1,i2(y1, y2).

The problem (7.1) is in this case of the form

(8.10) min
u∈[−0.4,0.4]

ΦN,Δ(u, y1, y2),



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DUALITY IN LP PROBLEMS RELATED TO OPTIMAL CONTROL 1687

−0.2

−0.1

0

0.1

0.2
1.4

1.5

1.6

1.7

1.8

−0.4

−0.2

0

0.2

0.4

y
2y

1

u

Fig. 1. ΘN,Δ. Approximation to the graph of the optimal periodic control Θ∗.
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Fig. 2. YN,Δ. Approximation to the optimal periodic orbit Y∗.

where

ΦN,Δ(u, y1, y2) =

[
((y2 − 3)(y2 − 1)2 + 2.5)(y2 − 1) + 3 + 1.126y2

1 + 0.4u2

+

(
∂ψN,Δ(y1, y2)

∂y1
(y2 − 1.6) +

∂ψN,Δ(y1, y2)

∂y2
u

)]
.(8.11)

Note that the function ΦN,Δ(u, y1, y2) is strictly convex in u and, hence, the N -
regularity condition is satisfied on every subset Q of Y . Also, the solution uN,Δ(y1, y2)
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of the problem (8.10) is unique and is defined by the equation
(8.12)

uN,Δ(y1, y2) =

⎧⎪⎨
⎪⎩

−1.25
∂ψN,Δ(y1,y2)

∂y2
, −0.4 ≤ −1.25

∂ψN,Δ(y1,y2)
∂y2

≤ 0.4,

−0.4, −1.25
∂ψN,Δ(y1,y2)

∂y2
< −0.4,

0.4, −1.25
∂ψN,Δ(y1,y2)

∂y2
> 0.4.

The graph of this function (with N and Δ as in Figures 1 and 2 is depicted in Figure
3, where the points belonging to the set ΘN,Δ are marked, for convenience, as well
(the latter being visibly close to the surface defined by uN,Δ(·)).
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Fig. 3. uN,Δ(y1, y2). Obtained feedback control function.

As can be seen from Figures 2 and 3, the function uN,Δ(y1, y2), being defined
by the right-hand side of (8.12), is smooth in a neighborhood Q of YN,Δ, the lat-
ter being close to the optimal periodic orbit Y∗. Hence, one can assume (based on
Theorem 7.1) that uN,Δ(y1, y2) can serve as an approximation for the optimal con-
trol u∗(y1, y2) on Y∗. To verify that this is the case, we used MATLAB to integrate
our system with the feedback control uN,Δ(y1, y2) and with the initial conditions
y1(0) = 0, y2(0) = 1.848 (a point in YN,Δ). The result of such integration is the
T -periodic solution y(τ) = (y1(τ), y2(τ)) and the corresponding T -periodic control

u(τ)
def

= uN,Δ(y1(τ), y2(τ)), with T = 4.8597. The graphs of these functions are shown
in Figures 4 and 5 below (which look very similar to those obtained in [54]). The value
of the objective function obtained on this periodic solution is evaluated to be equal
to 4.195877 ≈ 4.196. That is, (8.5) is satisfied and, hence, an approximate solution
to the periodic optimization problem is found. Note that the closed curve Y defined
by (y1(τ), y2(τ)),

(8.13) Y def

= {(y1, y2) : (y1, y2) = (y1(τ), y2(τ)) for some τ ∈ [0, T ]},

passes very close to the points of YN,Δ as illustrated by Figure 6.

9. Proofs for sections 4 and 5. Due to the approximating property of the
sequence of the functions φi(·), i = 1, 2, . . . , (see (5.1)), the set W can be presented
in the form

(9.1) W =

{
γ ∈ P(U × Y ) :

∫
U×Y

(φ′i(y))
T f(u, y)γ(du, dy) = 0, i = 1, 2, . . .

}
,
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Fig. 4. (y1(τ), y2(τ)). Obtained periodic solution.
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Fig. 5. u(τ). Obtained periodic control.
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Fig. 6. Y. Obtained periodic orbit.

where, without loss of generality, one may assume that the functions φi(·) satisfy the
following normalization conditions:

(9.2) maxy∈D̂{|φi(y)|, ||φ′i(y)||, ||φ′′i (y)||} ≤ 1

2i
, i = 1, 2, . . . .
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In the above expression, ||φ′′i (y)|| is a norm of the Hessian (the matrix of second

derivatives of φi(y)) in R
m×R

m, ||φ′i(y)|| is a norm of φ′i(y) in R
m, and D̂ is a closed

ball in R
m that contains Y in its interior.

Let l1 and l∞ stand for the Banach spaces of infinite sequences such that, for

any x = (x1, x2, . . .) ∈ l1, ||x||l1
def

=
∑

i |xi| < ∞ and, for any λ = (λ1, λ2, . . .) ∈ l∞,

||λ||l∞
def

= supi|λi| < ∞. It easy to see that, given an element λ ∈ l∞, one can define a
linear continuous functional λ(·) : l1 → R

1 by the equation

(9.3) λ(x) =
∑
i

λixi ∀x ∈ l1, ||λ(·)|| = ||λ||l∞ .

It is also known (see, e.g., [49, p. 86]) that any continuous linear functional λ(·) : l1 →
R

1 can be presented in the form (9.3) with some λ ∈ l∞.
By (9.2), (φ1(y), φ2(y), . . .) ∈ l1 and (∂φ1

∂yj
, ∂φ2

∂yj
, . . .) ∈ l1 for any y ∈ Y . Hence,

the function ψλ(y),

(9.4) ψλ(y)
def

=
∑
i

λiφi(y), λ = (λ1, λ2, . . .) ∈ l∞,

is continuously differentiable, with ψ′λ(y) =
∑

i λiφ
′
i(y).

Proof of Theorem 4.1(iii). If the function ψ(·) satisfying (4.6) exists, then
min(u,y)∈U×Y (−ψ′(y))T f(u, y) > 0 and, hence,

(9.5) lim
α→∞

min
(u,y)∈U×Y

{g(u, y) + α(−ψ′(y))T f(u, y)} = ∞.

This implies that the optimal value of the dual problem is unbounded (μ∗ = ∞).
Assume now that the optimal value of the dual problem is unbounded. That is,

there exists a sequence (μk, ψk(·)) such that

(9.6) μk ≤ g(u, y) + (ψ′k(y))
T f(u, y) ∀(u, y) ∈ U × Y, lim

k→∞
μk = ∞

(9.7) ⇒ 1 ≤ 1

μk
g(u, y) +

1

μk
(ψ′k(y))

T f(u, y) ∀(u, y) ∈ U × Y.

For k large enough, 1
μk

|g(u, y)| ≤ 1
2 ∀(u, y) ∈ U × Y . Hence

1

2
≤ 1

μk
(ψ′k(y))

T f(u, y) ∀(u, y) ∈ U × Y.

That is, the function ψ(y)
def

= − 1
μk

ψk(y) satisfies (4.6).

Proof of Theorem 4.1(i). From (4.4) it follows that, if W is not empty, then the
optimal value of the dual problem is bounded.

Conversely, let us assume that the optimal value μ∗ of the dual problem is bounded
and let us establish that W is not empty. Assume that this is not true and W is empty.
Define the set Q by the equation

(9.8) Q def

=

{
x = (x1, x2, . . .) : xi =

∫
u,y

(φ′i(y))
T f(u, y)γ(du, dy), γ ∈ P(U × Y )

}
.

It is easy to see that the set Q is a convex and compact subset of l1 (the fact that Q
is relatively compact in l1 is implied by (9.2); the fact that it is closed follows from
that P(U × Y ) is compact in weak convergence topology).
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By (9.1), the assumption that W is empty is equivalent to the assumption that the
set Q does not contain the “zero element” (0 
∈ Q). Hence, by a separation theorem
(see, e.g., [49, p. 59]), there exists λ̄ = (λ̄1, λ̄2, . . .) ∈ l∞ such that

0 = λ̄(0) > maxx∈Q
∑
i

λ̄ixi = maxγ∈P(U×Y )

∫
U×Y

(ψ′λ̄(y))T f(u, y)γ(du, dy)

= max(u,y)∈U×Y (ψ′λ̄(y))T f(u, y),

where ψλ̄(y) =
∑

i λ̄iφi(y) (see (9.4)). This implies that the function ψ(y)
def

= ψλ̄(y)
satisfies (4.6), and, by Theorem 4.1(iii), μ∗ is unbounded. Thus, we have obtained a
contradiction that proves that W is not empty.

Proof of Theorem 4.1(ii). By Theorem 4.1(i), if the optimal value of the dual
problem (4.1) is bounded, then W is not empty and, hence, a solution of the problem
(3.2) exists.

Define the set Q̂ ⊂ R
1 × l1 by the equation

Q̂ def

=

{
(θ, x) : θ ≥

∫
U×Y

g(u, y)γ(du, dy),

(9.9) x = (x1, x2, . . .), xi =

∫
U×Y

(φ′i(y))
T f(u, y)γ(du, dy), γ ∈ P(U × Y )

}
.

The set Q̂ is convex and closed. Also, for any j = 1, 2, . . ., the point (θj , 0) 
∈ Q̂, where

θj
def

= G∗− 1
j and 0 is the zero element of l1. On the basis of a separation theorem (see

[49, p. 59]), one may conclude that there exists a sequence (κj , λj) ∈ R
1 × l∞, j =

1, 2, . . . (with λj def

= (λj
1, λ

j
2, . . .)) such that

κj

(
G∗ −

1

j

)
+ δj ≤ inf

(θ,x)∈Q̂

{
κjθ +

∑
i

λj
ixi

}
= inf

γ∈P(U×Y )

{
κjθ

(9.10) +

∫
U×Y

(ψ′λj (y))T f(u, y)γ(du, dy) s.t. θ ≥
∫
U×Y

g(u, y)γ(du, dy)

}
,

where δj > 0 for all j and ψλj (y) =
∑

i λ
j
iφi(y). From (9.10) it immediately follows

that κj ≥ 0. Let us show that κj > 0. In fact, if this were not the case, one would
obtain that

0 < δj ≤ min
γ∈P(U×Y )

∫
U×Y

(ψ′λj (y))T f(u, y)γ(du, dy) = min
(u,y)∈U×Y

{(ψ′λj (y))T f(u, y)}

⇒ max
(u,y)∈U×Y

{(−ψ′λj (y))T f(u, y)} ≤ −δj < 0.

The latter would lead to the validity of the inequality (4.6) with ψ(y) = −ψλj (y),
which, by Theorem 4.1(iii), would imply that the optimal value of the dual problem
is unbounded. Thus, κj > 0.
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Dividing (9.10) by κj one can obtain that

G∗ −
1

j
<

(
G∗ −

1

j

)
+

δj

κj

≤ min
γ∈P(U×Y )

{∫
U×Y

(
g(u, y) +

1

δj
(ψ′λj (y))T f(u, y)

)
γ(du, dy)

}

= min
(u,y)∈U×Y

{
g(u, y) +

1

δj
(ψ′λj (y))T f(u, y)

}
≤ μ∗ ⇒ G∗ ≤ μ∗.

The latter and (4.4) prove (4.5).
Proof of Theorem 5.2. The proof statement (iii) of the theorem follows the ar-

gument used in the proof of Theorem 4.1(iii), with the replacement of ψ(y) in (9.5)

by ψv(y) =
∑N

1 viφi(y), v = (vi) ∈ R
N , and with the replacement of ψk(y) in (9.6),

(9.7) by ψvk(y) =
∑N

1 vki φi(y), v
k = (vki ) ∈ R

N .
The proofs of statements (i) and (ii) of the theorem are based on a separation

theorem in F-D spaces and follow the argument used in the proofs of Theorem 4.1(i)
and Theorem 4.1(ii), with the replacement of the set Q defined in (9.8) by the set
Q′ ⊂ R

N ,
(9.11)

Q′ def

=

{
x = (x1, . . . , xN ) : xi =

∫
u,y

(φ′i(y))
T f(u, y)γ(du, dy), γ ∈ P(U × Y )

}
,

and with the replacement of the set Q̂ defined in (9.9) by the set Q̂′ ⊂ R
1 × R

N ,

Q̂′ def

=

{
(θ, x) : θ ≥

∫
U×Y

g(u, y)γ(du, dy),

(9.12)

x = (x1, . . . , xN ), xi =

∫
U×Y

(φ′i(y))
T f(u, y)γ(du, dy), γ ∈ P(U × Y )

}
.

Proof of Proposition 5.3. Let (5.17) be valid. Then, for some positive r,

rB̄ ⊂ coKN ,

where B̄ is a closed unit ball in R
N . By (5.18), the inequality (5.15) is equivalent to

(9.13) max
z=(zi)∈KN

N∑
i=1

vizi ≤ 0 ⇒ max
z=(zi)∈rB̄

N∑
i=1

vizi ≤ 0.

Since maxz=(zi)∈rB̄
∑N

i=1 vizi = r||v||, the second inequality in (9.13) implies that
v = 0. That is, Assumption 1 is satisfied.

Assume now that (5.17) is not valid, that is, either 0 is a boundary point of coKN

or it does not belong to the closure of coKN . Then, by separation theorem, there
exists a vector v = (vi) 
= 0 such that

(9.14) max
z=(zi)∈KN

N∑
i=1

vizi = max
z=(zi)∈coKN

N∑
i=1

vizi ≤ 0.

This implies that Assumption 1 is not satisfied.
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Proof of Theorem 5.5. The fact that Assumption 1 is satisfied implies, in par-
ticular, that the function ψv(·) satisfying (5.13) does not exist. Hence, by Theorem
5.2(iii), the optimal value μN of the D-N -LLPP (5.8) is bounded. Let vk = (vki ) ∈ R

N

be such that

(9.15) μN − 1

k
≤ g(u, y)+

(
N∑
i=1

vki φ
′
i(y)

)T

f(u, y) ∀(u, y) ∈ U ×Y, k = 1, 2, . . . .

Show that the sequence vk is bounded. That is,

(9.16) ||vk|| ≤ cN , k = 1, 2, . . . .

In fact, if vk, k = 1, 2, . . . , were not bounded, then there would exist a subsequence
vk

′
such that

(9.17) lim
k′→∞

||vk′ || = ∞, lim
k′→∞

vk
′

||vk′ ||
def

= ṽ, ||ṽ|| = 1.

Dividing (9.15) by ||vk|| and passing to the limit over the subsequence {k′}, one would
obtain the following inequality:

(9.18) 0 ≤
(

N∑
i=1

ṽiφ
′
i(y)

)T

f(u, y) ∀(u, y) ∈ U × Y.

By Assumption 1, the fact that (9.18) is valid implies that ṽ = (ṽi) = 0, which is in
contradiction to (9.17). Thus, the validity of (9.16) is established.

Due to (9.16), there exists a subsequence {k′} such that there exists a limit

(9.19) lim
k′→∞

vk
′ def

= v.

Passing over this subsequence to the limit in (9.15), one obtains

(9.20) μN ≤ g(u, y)+

(
N∑
i=1

viφ
′
i(y)

)T

f(u, y) ∀(u, y) ∈ U×Y ⇒ v = (vi) ∈ VN .

The latter proves that VN is not empty. The proof of that VN is bounded follows the
same argument as that used above to establish (9.16). This completes the proof of
statement (i) of the theorem.

To prove statement (ii), let us assume that (5.19) and (5.20) are valid but As-
sumption 1 is not satisfied, and, hence, there exists a vector v = (vi) 
= 0 such that

(9.21)

(
N∑
i=1

viφ
′
i(y)

)T

f(u, y) ≤ 0 ∀(u, y) ∈ U × Y.

By (9.21), for an arbitrary v0 = (v0
i ) ∈ VN and for an arbitrary α ≥ 0,

(9.22) μN ≤ g(u, y) +

(
N∑
i=1

(v0
i − αvi)φ

′
i(y)

)T

f(u, y) ∀(u, y) ∈ U × Y.
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The latter implies that (v0 − αv) ∈ VN ∀α ≥ 0, which contradicts the fact that VN is
bounded (postulated by (5.20)). This proves statement (ii) of the theorem.

Proof of Theorem 5.6. Consider first the case when μ∗ < ∞. For arbitrary small
δ > 0, there exists a function ψ(·) ∈ C1 such that

min
(u,y)∈U×Y

{g(u, y) + ψ′(y)f(u, y)} ≥ μ∗ − δ.

By the approximating property (5.1), there exist numbers v1, v2, . . . , vN̄ (with N̄ being
large enough) such that

(9.23) max
y∈Y

∥∥∥∥∥∥ψ′(y) −
N̄∑
i=1

viφ
′
i(y)

∥∥∥∥∥∥ ≤ δ

⇒
∣∣∣∣ min
(u,y)∈U×Y

{g(u, y) + ψ′(y)f(u, y)}

(9.24) − min
(u,y)∈U×Y

⎧⎨
⎩g(u, y) +

N̄∑
i=1

vi(φ
′
i(y))

T f(u, y)

⎫⎬
⎭

∣∣∣∣ ≤ cδ,

where c
def

= max(u,y)∈U×Y ||f(u, y)||. From the above expressions and from the fact
that

(9.25) min
(u,y)∈U×Y

{
g(u, y) +

N∑
i=1

vi(φ
′
i(y))

T f(u, y)

}
≤ μN̄ ,

it follows that μ∗− δ ≤ μN̄ + cδ. This and (5.21) imply that 0 ≤ μ∗−μN ≤ c(1 + δ)
for N ≥ N̄ . Since δ is arbitrarily small, the latter proves (5.22) for bounded μ∗.

Assume now that μ∗ = ∞. Then, for an arbitrary large A > 0, there exists a
function ψ(·) ∈ C1 such that

min
(u,y)∈U×Y

{g(u, y) + ψ′(y)f(u, y)} ≥ A.

By the approximating property (5.1), there exist numbers v1, v2, . . . , vN̄ (with N̄
being large enough), such that (9.23) and (9.24) are valid. Also, the inequality (9.25)
remains valid due to the definition of μN (see (5.8)). Consequently, μN̄ ≥ A − cδ.
Since δ > 0 can be chosen arbitrarily small, the latter implies that μN̄ ≥ A. Hence,
limN→∞ μN = ∞.

10. Proofs for sections 6 and 7.
Proof of Theorem 6.2. First, let us show that the set ΛN,Δ is bounded for Δ small

enough. That is, show that

(10.1) sup
λ∈ΛN,Δ

||λ|| ≤ cN = const

for Δ ≤ ΔN (ΔN > 0). Assume that this is not true and, hence, there exist sequences
Δs and λN,Δs ∈ ΛN,Δs , s = 1, 2, . . . , such that

lim
s→∞

Δs = 0, lim
s→∞

||λN,Δs || = ∞.
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Without loss of generality one may assume that there exists a limit

(10.2) lim
s→∞

λN,Δs

||λN,Δs ||
def

= v, ||v|| = 1.

From the definition of ΛN,Δ (see (6.9)) it follows that the inequality

(10.3) μN,Δ ≤ g(ul, yk) +

N∑
i=1

λN,Δ
i (φ′i(yk))

T f(ul, yk)

is valid for any grid point (ul, yk) ∈ U × Y . Substituting Δs for Δ in (10.3) and then
dividing the latter by ||λN,Δs || and passing to the limit as s → ∞, one can prove that

(10.4) 0 ≤
N∑
i=1

vi(φ
′
i(y))

T f(u, y) ∀(u, y) ∈ U × Y.

Note that the proof of the above inequality is based on the fact that (see (5.12), (6.6),
and (6.8))

(10.5) lim
Δ→0

μN,Δ = μN ,

which, in particular, implies that μN,Δs remains bounded as s → ∞, and also on the
fact that any point (u, y) in U × Y can be presented as a limit of a sequence of grid
points. From Assumption 1 it now follows that v = (vi) = 0, which contradicts (10.2).
This proves (10.1).

Let us now prove (6.10). Assuming that it is not true, one can come to a conclusion
that there exist a positive number α and sequences Δs and λN,Δs ∈ ΛN,Δs , s =
1, 2, . . . , such that

(10.6) lim
s→∞

Δs = 0, dist(λN,Δs , VN ) ≥ α, s = 1, 2, . . . .

Due to (10.1), one may assume without loss of generality that there exists a limit

(10.7) lim
s→∞

λN,Δs
def

= vN ⇒ dist(vN , VN ) ≥ α.

Substituting Δs for Δ in (10.3), taking into account (10.5), and passing to the limit
as s → ∞, one can obtain that
(10.8)

μN ≤ g(u, y) +

N∑
i=1

vNi (φ′i(y))
T f(u, y) ∀(u, y) ∈ U × Y ⇒ vN = (vNi ) ∈ VN .

The latter contradicts (10.7) and, thus, proves (6.10).
Proofs of Theorem 7.1 and Corollary 7.2. Fix an arbitrary ȳ ∈ Y∗ ∩ Q. From

Theorem 7.3(ii) it follows that there exists (ulN,Δ
, ykN,Δ

) ∈ ΘN,Δ such that

(10.9) lim
N→∞

lim
Δ→0

||(ulN,Δ
, ykN,Δ

) − (u∗(ȳ), ȳ)|| = 0.

Note that, since Q is open, from (10.9) it follows that there exists r > 0 such that,
for N large and Δ small enough,

(10.10) ykN,Δ
∈ ȳ + rD̄ ⊂ Q, D̄

def

= {y : ||y|| ≤ 1}.
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Show that the validity of (10.9) also implies the validity of

(10.11) lim
N→∞

lim
Δ→0

||uN,Δ(ykN,Δ
) − u∗(ȳ)|| = 0

if N -RC is satisfied.
Assume that N -RC is satisfied on Q but (10.11) is not true. Then, due to (10.9),

there exist a number α > 0 and sequences Ns (lims→∞Ns = ∞), Δs,j (limj→∞Δs,j =
0) such that

(10.12) ||uNs,Δs,j
(ykNs,Δs,j

) − ulNs,Δs,j
|| ≥ α.

Without loss of generality, one may assume that there exist limits
(10.13)

lim
j→∞

ykNs,Δs,j

def

= yNs , lim
j→∞

uNs,Δs,j (ykNs,Δs,j
)

def

= ũNs , lim
j→∞

ulNs,Δs,j

def

= ˜̃uNs ,

and also that there exists a limit

(10.14) lim
j→∞

λNs,Δs,j
def

= vNs , vNs = (vNs
i ) ∈ VNs

,

where the validity of the last inclusion is implied by Theorem 6.2 (remember that
λNs,Δs,j ∈ ΛNs,Δs,j

). From the duality relationships between the solutions of NΔ-
LLPP (6.3) and the solutions of D-NΔ-LLPP (6.7) it follows that, for any (ul, yk) ∈
ΘN,Δ,

(10.15) μN,Δ = g(ul, yk) +

N∑
i=1

λN,Δ
i (φ′i(yk))

T f(ul, yk).

From (10.15) and from the fact that uN,Δ(·) is defined as a solution of (7.1) it also
follows that, for any yk ∈ YN,Δ,

(10.16) μN,Δ ≥ g(uN,Δ(yk), yk) +

N∑
i=1

λN,Δ
i (φ′i(yk))

T f(uN,Δ(yk), yk).

Via substituting Ns, Δs,j , ulNs,Δs,j
, ykNs,Δs,j

for, respectively, N , Δ, ul, yk in (10.15)

and then passing to the limit as j → ∞, one can obtain (see (10.13), (10.14) and
(5.12), (6.6), (6.8)) that

(10.17) μNs = g(˜̃uNs
, yNs

) +

N∑
i=1

vNs
i (φ′i(yNs

))T f(˜̃uNs
, yNs

).

Similarly, via substituting Ns, Δs,j , uNs,Δs,j (ykNs,Δs,j
), ykNs,Δs,j

for, respectively, N ,

Δ, uN,Δ(yk), yk in (10.16) and passing to the limit as j → ∞, one obtains that

(10.18) μNs
≥ g(ũNs

, yNs
) +

N∑
i=1

vNs
i (φ′i(yNs

))T f(ũNs
, yNs

)

(10.19) ⇒ μNs = g(ũNs , yNs) +

N∑
i=1

vNs
i (φ′i(yNs))

T f(ũNs , yNs).
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The equality (10.19) is implied by the inequality (10.18) due to the fact that

(10.20) μNs = min
(u,y)∈U×Y

{
g(u, y) +

N∑
i=1

vNs
i (φ′i(y))

T f(u, y)

}
,

which is a consequence of vNs ∈ VNs (see (5.19)).
From (10.17) and (10.19) it follows (see the notation introduced in (5.23), (5.24),

and (5.25)) that

(10.21) yNs ∈ YvNs

Ns
, ˜̃uNs ∈ UvNs

Ns
(yNs), ũNs ∈ UvNs

Ns
(yNs).

By (10.10), yNs
∈ Q ∩ YvNs

Ns
for s large enough. Hence, due to the validity of N -RC

on Q (with N = Ns), UvNs

Ns
(yNs) is a singleton. Consequently, by (10.21),

(10.22) ˜̃uNs = ũNs .

Since, on the other hand, by (10.12) and (10.13), ||ũNs
− ˜̃uNs || ≥ α, one obtains a

contradiction that establishes the validity of (10.11).
To prove (7.6), let us assume that it is not valid for the given ȳ and, hence, there

exist sequences N ′ → ∞ and Δ′ → 0 such that

(10.23) lim
N ′→∞

lim
Δ′→0

uN ′,Δ′(ȳ) = ũ 
= u∗(ȳ).

The functions uN ′,Δ′(·) are uniformly equicontinuous on Q̄′ = ȳ + rD̄. Consequently,
by the Arzela–Ascoli theorem, there exist subsequences N ′′ → ∞ and Δ′′ → 0 of N ′

and Δ′, and there exist a uniformly continuous function u0(·) : ȳ+ rD̄ → U such that

(10.24) lim
N ′′→∞

lim
Δ′′→0

max
x∈ȳ+rD̄

||uN ′′,Δ′′(x) − u0(x)|| = 0,

where, by (10.23),

(10.25) u0(ȳ) = ũ 
= u∗(ȳ).

On the other hand, passing to the limit over the subsequences N ′′ and Δ′′ in the
inequality

||u0(ȳ) − u∗(ȳ)|| ≤ ||u0(ȳ) − uN,Δ(ȳ)||

+ ||uN,Δ(ȳ) − uN,Δ(ykN,Δ
)|| + ||uN,Δ(ykN,Δ

) − u∗(ȳ)||

and using (7.5), (10.11), and (10.24), one can obtain that ||u0(ȳ)−u∗(ȳ)|| = 0, which
contradicts (10.25) and, thus, proves (7.6). The uniform convergence of uN,Δ(·) to
u∗(·) on any closed subset of Y∗∩Q follows from (7.6) and the Arzela–Ascoli theorem.
Thus, statement (i) of the theorem is proved.

Statement (ii) of theorem is a special case (J = 1) of Corollary 7.2, which we now
will prove. By Theorem 7.1(i) established above, (7.10) is valid for any

y ∈ ∪j(Y∗ ∩Qj) = Y∗ ∩ (∪jQj).

Thus, to establish the validity of the required result, one needs to verify that

(10.26) γ∗(Y∗ ∩ (∪jQj)) = 1.
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From (7.4) and (7.8) it follows that γ∗(∪jQj) = 1, which implies that

y∗(τ) ∈ ∪jQj ∀τ ∈ [0, T ].

The latter is equivalent to Y∗ ⊂ ∪jQj and, hence,

(10.27) γ∗(Y∗ ∩ (∪jQj)) = γ∗(Y∗ ∩ (∪jQj)) − γ∗(Y∗ ∩ (∪jQj/ ∪j Qj)).

This and (7.9) imply (10.26).
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L∞-NULL CONTROLLABILITY FOR THE HEAT EQUATION AND
ITS CONSEQUENCES FOR THE TIME OPTIMAL CONTROL

PROBLEM∗

GENGSHENG WANG†

Abstract. In this paper, we establish a certain L∞-null controllability for the internally con-
trolled heat equation in Ω× [0, T ], with the control restricted to a product set of an open nonempty
subset in Ω and a subset of positive measure in the interval [0, T ]. Based on this, we obtain a bang-
bang principle for the time optimal control of the heat equation with controls taken from the set
Uad = {u(·, t) : [0,∞)→L2(Ω) measurable; u(·, t) ∈ U, a.e. in t}, where U is a closed and bounded
subset of L2(Ω). Namely, each optimal control u∗(·, t) of the problem satisfies necessarily the bang-
bang property: u∗(·, t) ∈ ∂U for almost all t ∈ [0, T ∗], where ∂U denotes the boundary of the set U
and T ∗ is the optimal time. We also get the uniqueness of the optimal control when the target set
S is convex and the control set U is a closed ball.

Key words. null controllability, time optimal control, bang-bang principle, heat equation
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1. Introduction. Let T be a positive number and let Ω be a bounded domain
in Rn, n ≥ 1, with a C∞-smooth boundary. Let ω stand for an open and nonempty
subset of Ω. Denote by χω the characteristic function of ω. Consider the following
controlled heat equation:

(1.1)

⎧⎨
⎩

yt(x, t) − Δy(x, t) = χω(x)u(x, t) in Ω × (0, T ),
y(x, t) = 0 on ∂Ω × (0, T ),
y(x, 0) = y0(x) in Ω,

where y0(·) is a function in L2(Ω) and u(x, t) is a control function taken from the
space L∞(0, T ;L2(Ω)).

In this paper, we establish the following L∞-null controllability for (1.1).

Theorem 1.1. Let T be a positive number and let E be a subset of positive
measure in the interval [0, T ]. For each δ ≥ 0, we write Eδ for the set {t ∈ R1; t+ δ ∈
E} and denote by χEδ

the characteristic function of the set Eδ. Then there exists
a number δ0 with 0 < δ0 < T such that for each δ with 0 ≤ δ ≤ δ0 and for each
element y0 in L2(Ω), there is a control uδ in the space L∞(0, T − δ;L2(Ω)) such that
the solution yδ to the following controlled heat equation:
(1.2)⎧⎨

⎩
yδt (x, t) − Δyδ(x, t) = χEδ

(t)χω(x)uδ(x, t) in Ω × (0, T − δ),
yδ(x, t) = 0 on ∂Ω × (0, T − δ),
yδ(x, 0) = y0(x) in Ω
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reaches zero at time T − δ, namely, yδ(x, T − δ) = 0 over Ω. Moreover, the control
uδ satisfies the following estimate:

(1.3) ‖uδ‖2
L∞(0,T−δ;L2(Ω)) ≤ L‖y0‖2

L2(Ω),

where L is a positive number independent of δ and y0.
Notice that we shall give an explicit expression for the constant L in section 2,

from which one can see how the constant L depends on the set E and the number δ0.
The main motivation for such an investigation is, besides the novelty of it (to our

best knowledge), its applications to the following time optimal control problems for
the heat equation:

(P) Min {t̃; y(·, t̃;u,y0) ∈ S, u ∈ Uad}.

Here y(·, t;u, y0) is the solution of the following controlled heat equation:

(1.4)

⎧⎨
⎩

yt(x, t) − Δy(x, t) = χω(x)u(x, t) in Ω × (0,∞),
y(x, t) = 0 on ∂Ω × (0,∞),
y(x, 0) = y0(x) in Ω,

and

Uad = {v : [0,∞) → L2(Ω) measurable; v(·, t) ∈ U for almost all t ≥ 0},

with U being a bounded and closed subset of L2(Ω), and S being a subset of L2(Ω).
In the problem (P), we shall call the set S the target set, the set U the control set,
and the set Uad the control function set. For simplicity, we shall call a control function
a control. We write T ∗ for the number Min {t̃; y(·, t̃;u, y0) ∈ S, u ∈ Uad} and call it
the optimal time for the problem (P). A control u∗ in the set Uad having the property

y(x, T ∗;u∗, y0) ∈ S

is called an optimal control for problem (P).
The most internally null controllability results for linear parabolic differential

equations with control restricted on (0, T ) × ω were obtained by making use of the
equivalent observability inequality for the dual equations, which were derived by the
Carleman inequality for the linear parabolic equation established in [9]. We can
prove that Theorem 1.1 is equivalent to the following observability inequality (see the
appendix):

(O) There exist positive numbers L and δ0 with δ0 < T such that

(1.5) d

∫
Ω

(pδ(x, 0))2dx]
1
2 ≤ L

∫ T−δ

0

{∫
Ω

[χEδ
(t)χω(x)pδ(x, t)]2dx

} 1
2

dt

for each number δ with 0 ≤ δ ≤ δ0 and each function pδT (x) ∈ L2(Ω), where pδ(x, t)
is the solution to the following adjoint equation:

(1.6)

⎧⎨
⎩

pδt (x, t) + Δpδ(x, t) = 0 in Ω × (0, T − δ),
pδ(x, t) = 0 on ∂Ω × (0, T − δ),
pδ(x, T − δ) = pδT (x) in Ω.

However, since the control in this work is restricted in the set E × ω, where E
is an arbitrary measurable set of positive measure in the interval (0, T ), but not in
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the set (0, T ) × ω as in most works on the internally null controllability of linear
parabolic equations, we do not know how to prove the observability inequality (O)
either directly or by making use of the Carleman inequality. We establish Theorem
1.1 by applying an iterative argument stimulated by that in [10] (see also [11] and
[15]). The iterative argument used here is based on a sharp observability estimate on
the eigenfunctions of the Laplacian due to Lebeau and Zuazua in [11] (see also [10])
and also based on a special result in the measure theory given in [14].

With regard to the equivalence of Theorem 1.1 and the observability inequality
(O), we cannot find the exact same results in the literature, but similar results,
where the control is restricted in (0, T ) × ω, were partially given in [8], [4], [2], and
[17]; namely, the L1 observability implies the L∞ controllability. For the sake of
completeness of the paper, we give the proof in the appendix.

Based on Theorem 1.1, we obtain the following bang-bang principle and the
uniqueness for the time optimal control for problem (P).

Theorem 1.2. Let the target S be any subset in L2(Ω). Assume that the problem
(P) has at least a solution u∗, with the corresponding optimal time T ∗. Also assume
that the control set U is closed and bounded in L2(Ω). Then it holds that u∗(t) ∈ ∂U
for almost all t ∈ [0, T ∗]. If we further assume that χωU ⊂ U , then it holds that
χωu

∗(t) ∈ ∂U for almost all t ∈ [0, T ∗].
Theorem 1.3. Suppose that the target set S is convex and the control set U is a

closed ball. Then the optimal control of problem (P) is unique.
Combining Theorem 1.3 and the existence results for the time optimal control

obtained in [17] (see also [20] and [22]), we can have the following unique existence
result for problem (P).

Theorem 1.4. Suppose that the target set S is a closed and convex subset, which
contains the origin of L2(Ω), and the control set U is a closed ball in L2(Ω). Then
there exists a unique time optimal control for problem (P).

To my best knowledge, the observation that the bang-bang principle of time
optimal control of the linear parabolic equations is related to a null controllability
of the equation with the control restricted to a subset of positive measure in the
time interval [0, T ] was first given in [16]. In [16], the authors established such a
controllability result for the one-dimensional boundary controlled heat equation. For
other works related to the time optimal control problems, we would like to mention
[5], [6], [14], [7], [18], [19], [12], [23], [13], [22], [20], [17], and [21].

The rest of the paper is organized as follows. In section 2, we give the proof
of Theorem 1.1. In section 3, we prove Theorems 1.2 and 1.3 and also give some
consequences of these theorems.

2. The null controllability (C). In this section, we shall prove Theorem 1.1.
The proof is based on a sharp estimate on the eigenfunctions of the Laplacian due to
Lebeau and Zuazua (see [11]) and also based on a fundamental result in the measure
theory, which will be given later. Let {λi}∞i=1, 0 < λ1 < λ2 ≤ · · · , be the eigenvalues of
−Δ with the Dirichlet boundary condition, and let {Xi(x)}∞i=1 be the corresponding
eigenfunctions, which serve as an orthonormal basis of L2(Ω). Then we have the
following result (see [11]).

Theorem 2.1. Let Ω be a bounded domain in Rn, n ≥ 1, with a C∞-smooth
boundary. Then there exist two positive constants C1, C2 > 0 such that

(2.1)
∑
λi≤r

|ai|2 ≤ C1e
C2
√
r

∫
ω

∣∣∣∣ ∑
λi≤r

aiXi(x)|2dx
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for every finite r > 0 and every choice of the coefficients {ai}λi≤r with ai ∈ R1.
Notice that the reason we assume the domain Ω has a C∞-smooth boundary is

because Theorem 2.1 needs the domain Ω to have such a property and the proof of
Theorem 1.1 is based on Theorem 2.1.

Now, we shall first use Theorem 2.1 to derive a certain controllability result,
which will help us in the proof of Theorem 1.1. For each r > 0, we set Xr =
span {Xi(x)}λi≤r and consider the following dual equation:

(2.2)

⎧⎨
⎩

ϕt(x, t) + Δϕ(x, t) = 0 in Ω × (0, T ),
ϕ(x, t) = 0 on ∂Ω × (0, T ),
ϕ(x, T ) ∈ Xr.

Here, each element ϕ(x, T ) in Xr can be written as

ϕ(x, T ) =
∑
λi≤r

aiXi(x)

for a certain sequence of real numbers {ai}λi≤r. Then the solution ϕ(x, t) to (2.2)
can be expressed by

ϕ(x, t) =
∑
λi≤r

aie
−λi(T−t)Xi(x) for all t ∈ [0, T ].

Set bi(t) = aie
−λi(T−t), t ∈ [0, T ]. Then by (2.1), we have

∑
λi≤r

|bi(t)|2 ≤ C1e
C2
√
r

∫
ω

∣∣∣∣ ∑
λi≤r

bi(t)Xi(x)|2dx

= C1e
C2
√
r

∫
ω

∣∣∣∣ϕ(x, t)|2dx for all t ∈ [0, T ].

On the other hand,∑
λi≤r

|bi(t)|2 =
∑
λi≤r

a2
i e
−2λi(T−t) ≥

∑
λi≤r

a2
i e
−2λiT

=

∫
Ω

ϕ2(x, 0)dx for all t ∈ [0, T ].

Hence, ∫
Ω

ϕ2(x, 0)dx ≤ C1e
C2
√
r

∫
ω

|ϕ(x, t)|2dx for all t ∈ [0, T ],

or equivalently,

[∫
Ω

ϕ2(x, 0)dx

] 1
2

≤ (C1e
C2
√
r)

1
2

[∫
ω

|ϕ(x, t)|2dx
] 1

2

for all t ∈ [0, T ],

from which it follows that

∫
E

[∫
Ω

ϕ2(x, 0)dx

] 1
2

dt ≤ (C1e
C2
√
r)

1
2

∫
E

[∫
ω

|ϕ(x, t)|2dx
] 1

2

dt.
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Namely, we obtained that for each ϕ(·, T ) ∈ Xr,

(2.3)

∫
Ω

ϕ2(x, 0)dx ≤ C1e
C2
√
r

(m(E))2

{∫ T

0

[∫
Ω

|χE(t)χω(x)ϕ(x, t)|2dx
] 1

2

dt

}2

=
C1e

C2
√
r

(m(E))2
‖χEχωϕ‖2

L1(0,T ;L2(Ω)).

Write Pr for the orthogonal projection from L2(Ω) to Xr. We next use (2.3) to obtain
the following controllability result.

Lemma 2.2. For each r > 0, there exists a control ur in the space L∞(0, T ;L2(Ω))
with the estimate

(2.4) ‖ur‖L∞(0,T ;L2(Ω)) ≤
C1e

C2
√
r

(m(E))2
‖y0‖2

L2(Ω)

such that Pr(y(·, T )) = 0, where y(x, t) is the solution of (1.2) with δ = 0 and u = ur,
and where C1 and C2 are the positive constants given in Theorem 2.1.

Proof. Let y(x, t) be the solution of (2.1) with δ = 0, and let ϕ(x, t) be a solution
of (2.2). Then

〈y(·, T ), ϕ(·, T )〉 − 〈y0(·), ϕ(·, 0)〉 =

∫ T

0

∫
Ω

χE(t)χω(x)u(x, t)ϕ(x, t)dxdt.

Here and in what follows, 〈·, ·〉 denotes the inner product in L2(Ω). If we can show
that 〈y(·, T ), ϕ(·, T )〉 = 0 for all ϕ(x, T ) ∈ Xr, then Pr(y(·, T )) = 0. Thus, it suffices
to prove that there exists a control ur ∈ L∞(0, T ;L2(Ω)) with the estimate (2.4) such
that

−〈y0(·), ϕ(·, 0)〉 =

∫ T

0

∫
Ω

χE(t)χω(x)ur(x, t)ϕ(x, t)dxdt for all ϕ(·, T ) ∈ Xr.

Now, we set

Yr = {χE(t)χω(x)ϕ(x, t); ϕ(x, t) is the solution to (2.2)}.

It is clear that Yr is a linear subspace of L1(0, T ;L2(Ω)). We define a linear functional
Fr : Yr → R1 by Fr(χEχωϕ) = −〈y0(·), ϕ(·, 0)〉. By inequality (2.3), we see that

|Fr(χEχωϕ)|2 ≤ ‖y0‖2
L2(Ω) · ‖ϕ(·, 0)‖2

L2(Ω)

≤ C1e
C2
√
r

(m(E))2
‖y0‖2

L2(Ω) · ‖χEχωϕ‖2
L1(0,T ;L2(Ω)).

Namely,

‖Fr‖2
L(Yr;R1) ≤

C1e
C2
√
r

(m(E))2
‖y0‖2

L2(Ω),

where ‖Fr‖2
L(Yr;R1) denotes the operator norm of Fr from the subspace Yr, endowed

with the norm of L1(0, T ;L2(Ω)), into the space R1. Thus, Fr is a bounded linear
functional on Yr. By the Hahn–Banach theorem, there is a bounded linear functional

Gr : L1(0, T ;L2(Ω)) → R1
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such that

Gr = Fr on Yr,

and such that

‖Gr‖2
L(L1(0,T ;L2(Ω));R1) = ‖Fr‖2

L(Yr;R1) ≤
C1e

C2
√
r

(m(E))2
‖y0‖2

L2(Ω).

Here ‖Gr‖L(L1(0,T ;L2(Ω));R1) denotes the operator norm of Gr from the space
L1(0, T ;L2(Ω)) to R1.

Then, by making use of the Riesz representation theorem (see, [3, p. 59]), there
exists a function ur in the space L∞(0, T ;L2(Ω)) such that

Gr(f) =

∫ T

0

∫
Ω

furdxdt for all f ∈ L1(0, T ;L2(Ω)),

and such that

‖ur‖2
L∞(0,T ;L2(Ω)) = ‖Gr‖2

L(L1(0,T ;L2(Ω));R1) ≤
C1e

C2
√
r

(m(E))2
‖y0‖2

L2(Ω).

In particular,

Fr(χEχωϕ) =

∫ T

0

∫
Ω

χEχωϕurdxdt for all χEχωϕ ∈ Yr.

Namely,

−〈y0(·), ϕ(·, 0)〉 =

∫ T

0

∫
Ω

χEχωϕurdxdt for all ϕ(·, T ) ∈ Xr.

This completes the proof.
The following lemma from the measure theory will be used in our later discussion,

whose proof can be found in [14, pp. 256–257].
Lemma 2.3. For almost all t̃ in the set E, there exists a sequence of numbers

{ti}∞i=1 in the interval [0, T ] such that

(2.5) t1 < · · · < ti < ti+1 < · · · < t̃, ti → t̃ as i → ∞,

(2.6) m(E ∩ [ti, ti+1]) ≥ ρ(ti+1 − ti), i = 1, 2, . . . ,

and

(2.7)
ti+1 − ti

ti+2 − ti+1
≤ C0, i = 1, 2, . . . ,

where ρ and C0 are two positive constants which depend on the set E.
Before proceeding with the proof of Theorem 1.1, we introduce briefly our main

strategy. By applying Lemma 2.3, there exist a number t̃ and a sequence {tN}∞N=1

in the interval (0, T ) such that (2.5)–(2.7) hold. The main part of the proof is to
show that for each ỹ0 in L2(Ω), there exists a control ũ in the space L∞(t1, t̃;L

2(Ω))
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with the estimate ‖ũ‖2
L∞(t1,t̃;L2(Ω))

≤ L‖ỹ0‖2
L2(Ω) for a certain positive constant L

independent of ỹ0 such that the solution ỹ(x, t) to the equation

(2.8)

⎧⎨
⎩

ỹt(x, t) − Δỹ(x, t) = χE(t)χω(x)ũ(x, t) in Ω × ( t1, t̃ ),

ỹ(x, t) = 0 on ∂Ω × ( t1, t̃ ),
ỹ(x, t1) = ỹ0(x) in Ω

has zero value at time t̃, namely, ỹ(x, t̃) = 0 over Ω. To this end, we write

[t1, t̃) =

∞⋃
N=1

(IN ∪ JN ),

where IN = [t2N−1, t2N ] and JN = [t2N , t2N+1], N = 1, 2, . . .. Then we choose a
suitable sequence of positive numbers {rN}∞N=1 having the following properties:

(a) r1 < r2 < · · · < rN < · · · ,
(b) rN → ∞ as N → ∞.

On the subinterval IN , we control the heat equation with a control uN restricted
on the subdomain ω × (IN ∩ E) such that PrN (yN (·, t2N )) = 0, where PrN denotes
the orthogonal projection from L2(Ω) onto span {Xi(x)}rNi=1. On the subinterval JN ,
we let the heat equation freely evolve. We start by having the initial data for the
equation on I1 be y0. For the initial data on IN , N = 2, 3, . . ., we define it to be
the ending value of the solution for the equation on JN−1. The initial data of the
equation on JN , N = 1, 2, . . ., is given by the ending value of the solution for the
equation on IN . Moreover, by making use of Lemmas 2.2 and 2.3, we will show that
there is a sequence {rN}∞N=1, having the properties (a) and (b) as above, such that

the L∞(IN ;L2(Ω))-norm of the control uN is bounded by L
1
2 ‖ỹ0‖L2(Ω) for a certain

positive constant L independent of N and ỹ0. Then, we construct a control ũ by
setting

ũ(x, t) =

{
uN (x, t), x ∈ Ω, t ∈ IN , N = 1, 2, . . . ,
0, x ∈ Ω, t ∈ JN , N = 1, 2, . . . .

We can show that this control ũ makes the corresponding trajectory ỹ of (2.8) have
zero value at time t̃.

Now, we set

u(x, t) =

{
ũ(x, t) in Ω × (t1, t̃),
0 in Ω × ((0, T )\(t1, t̃))

and take ỹ0 to be ψ(x, t1), where ψ(x, t) is the solution of the heat equation on Ω ×
(0, t1) with the initial data y0. Then it is clear that this control u makes the trajectory
y(x, t) of (1.2) with δ = 0 have zero value at time T . Moreover, ‖u‖2

L∞(0,T ;L2(Ω)) ≤
L‖y0‖2

L2(Ω).

We next replace the sequence {tN}∞N=1 and the number t̃ by the sequence {tN −
δ}∞N=1 and the number (t̃−δ), respectively, where the number δ is such that 0 ≤ δ ≤ t1.
Then by making use of the same argument as above, we obtain that for each number
δ with 0 ≤ δ ≤ t1, there exists a control uδ in the space L∞(0, T − δ;L2(Ω)) with
the estimate ‖uδ‖2

L∞(0,T−δ;L2(Ω)) ≤ Lδ‖y0‖2
L2(Ω) for a certain positive number Lδ
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independent of y0, such that the corresponding solution yδ to (1.2) reaches zero value
at time T − δ, namely, yδ(x, T − δ) = 0 over Ω. We finally prove that Lδ = L is
independent of δ.

Now we prove Theorem 1.1.
Proof of Theorem 1.1. Without loss of generality, we can assume that C1 ≥ 1,

where C1 is the positive constant given in Theorem 2.1. By making use of Lemma
2.3, we can take a number t̃ in the set E with t̃ < T and a sequence {tN}∞N=1 in the
open interval (0, T ) such that (2.5)–(2.7) hold for certain positive numbers ρ and C0

and such that

t̃− t1 ≤ Min{λ1, 1}.

We shall first prove that for each ỹ0 in L2(Ω), there exists a control ũ in the space
L∞(t1, t̃;L

2(Ω)) with the estimate ‖ũ‖2
L∞(t1,t̃;L2(Ω))

≤ L‖ỹ0‖2
L2(Ω) for a certain posi-

tive constant L independent of ỹ0, such that the solution ỹ to (2.8) reaches zero value
at time t̃, namely, ỹ(x, t̃ ) = 0 over Ω.

To this end, we shall use the strategy presented above. We set IN = [t2N−1, t2N ],
JN = [t2N , t2N+1] for N = 1, 2, . . .. Then

[t1, t̃ ) =

∞⋃
N=1

(IN ∪ JN ).

Notice that for each N ≥ 1, it holds that m(E ∩ IN ) > 0.
Now, on the interval I1 ≡ [t1, t2], we consider the following controlled heat equa-

tion:⎧⎨
⎩

y′1(x, t) − Δy1(x, t) = χE(t)χω(x)u1(x, t) in Ω × ( t1, t2 ),
y1(x, t) = 0 on ∂Ω × ( t1, t2 ),
y1(x, t1) = ỹ0(x) in Ω.

By Lemma 2.2, for any r1 > 0, there exists a control u1 in the space L∞(t1, t2;L
2(Ω))

with the estimate

‖u1‖2
L∞(t1,t2;L2(Ω)) ≤ C1e

C2
√
r1

(m(E ∩ [t1, t2]))2
‖ỹ0‖2

L2(Ω),

such that Pr1(y1(·, t2)) = 0. Then, by (2.6) and (2.7) in Lemma 2.3, we see that

‖u1‖2
L∞(t1,t2;L2(Ω)) ≤ C1e

C2
√
r1

ρ2(t2 − t1)2
‖ỹ0‖2

L2(Ω)

≡ C1

ρ2(t2 − t1)2
· α1‖ỹ0‖2

L2(Ω),

where α1 = eC2
√
r1 . Moreover, we have

‖y1(·, t2)‖2
L2(Ω) ≤ ‖y1(·, t1)‖2

L2(Ω) +
1

λ1

∫ t2

t1

‖u1(·, s)‖2
L2(Ω)ds

≤ ‖ỹ0‖2
L2(Ω) +

(t2 − t1)

λ1
‖u1‖2

L∞(t1,t2;L2(Ω))

≤ 2
C1

ρ2(t2 − t1)2
· α1‖ỹ0‖2

L2(Ω).
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Here we have used the facts that (t2 − t1) ≤ Min (λ1, 1), ρ < 1, and C1 > 1.

On the interval J1 ≡ [t2, t3], we consider the following heat equation without
control: ⎧⎨

⎩
z′1(x, t) − Δz1(x, t) = 0 in Ω × (t2, t3),
z1(x, t) = 0 on ∂Ω × (t2, t3),
z1(x, t2) = y1(x, t2) in Ω.

Since Pr1(y1(·, t2)) = 0, we have

‖z1(·, t3)‖2
L2(Ω) ≤ exp (−2r1(t3 − t2)) · ‖y1(·, t2)‖2

L2(Ω)

≤ 2
C1

ρ2(t2 − t1)2
α1 · exp (−2r1(t3 − t2)) · ‖ỹ0‖2

L2(Ω).

On the interval I2 ≡ [t3, t4], we consider the controlled heat equation as follows:⎧⎨
⎩

y′2(x, t) − Δy2(x, t) = χE(t)χω(x)u2(x, t) in Ω × (t3, t4),
y2(x, t) = 0 on ∂Ω × (t3, t4),
y2(x, t3) = z1(x, t3) in Ω.

Then by Lemma 2.2, for any r2 > 0, there exists a control u2 in the space L∞(t3, t4;L
2(Ω))

with the estimate

‖u2‖2
L∞(t3,t4;L2(Ω)) ≤

C1e
C2
√
r2

m(E ∩ [t3, t4]))2
· ‖z1(·, t3)‖2

L2(Ω),

such that Pr2(y2(·, t4)) = 0. By (2.6) and (2.7) in Lemma 2.3, we get

‖u2‖2
L∞(t3,t4;L2(Ω)) ≤ 2

(
C1

ρ2(t2 − t1)2

)2

C4
0 · α1 · α2 · ‖ỹ0‖2

L2(Ω),

where α2 = exp (C2
√
r2)exp (−2r1(t3 − t2)). Moreover, it holds that

‖y2(·, t4)‖2
L2(Ω) ≤ ‖z1(·, t3)‖2

L2(Ω) +
1

λ1
(t4 − t3)‖u2‖2

L∞(t3,t4;L2(Ω))

≤ 22

(
C1

ρ2(t2 − t1)2

)2

C4
0 · α1 · α2 · ‖ỹ0‖2

L2(Ω).

On the interval J2 ≡ [t4, t5], we consider the following heat equation without
control: ⎧⎨

⎩
z′2(x, t) − Δz2(x, t) = 0 in Ω × (t4, t5),
z2(x, t) = 0 on ∂Ω × (t4, t5),
z2(x, t4) = y2(x, t4) in Ω.

Since Pr2(y2(·, t4)) = 0, we have

‖z2(·, t5)‖2
L2(Ω) ≤ exp (−2r2(t5 − t4))‖y2(·, t4)‖2

L2(Ω)

≤ 22

(
C1

ρ2(t2 − t1)2

)2

C4
0 · α1 · α2 · ‖ỹ0‖2

L2(Ω) · exp (−2r2(t5 − t4)).
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On the interval I3 ≡ [t5, t6], we consider the following controlled heat equation:⎧⎨
⎩

y′3(x, t) − Δy3(x, t) = χE(t)χω(x)u3(x, t) in Ω × (t5, t6),
y3(x, t) = 0 on ∂Ω × (t5, t6),
y3(x, t5) = z2(x, t5) in Ω.

Then by Lemma 2.2, for any r3 > 0, there exists a control u3 in the space L∞(t5, t6;L
2(Ω))

with the estimate

‖u3‖2
L∞(t5,t6;L2(Ω)) ≤

C1e
C2
√
r3

(m(E ∩ [t5, t6]))2
‖z2(·, t5)‖2

L2(Ω),

such that Pr3(y3(·, t6)) = 0. By making use of (2.6) and (2.7) again, we get

‖u3‖2
L∞(t5,t6;L2(Ω)) ≤ 22

(
C1

ρ2(t2 − t1)2

)3

C4
0 · C4·2

0 · α1 · α2 · α3 · ‖ỹ0‖2
L2(Ω),

where α3 = exp (C2
√
r3) exp (−2r2(t3 − t2)C

−2
0 ).

Generally, on the interval IN , we consider the controlled heat equation⎧⎨
⎩

y′N (x, t) − ΔyN (x, t) = χE(t)χω(x)uN (x, t) in Ω × (t2N−1, t2N ),
yN (x, t) = 0 on ∂Ω × (t2N−1, t2N ),
yN (x, t2N−1) = zN−1(x, t2N−1) in Ω.

On the interval JN , we consider the following heat equation without control:⎧⎨
⎩

z′N (x, t) − ΔzN (x, t) = 0 in Ω × (t2N , t2N+1),
zN (x, t) = 0 on ∂Ω × (t2N , t2N+1),
zN (x, t2N ) = yN (x, t2N ) in Ω.

Then by making use of the induction argument, we can obtain the following: For
each rN > 0, there exists a control uN in the space L∞(IN ;L2(Ω)) with the following
estimate:

‖uN‖2
L∞(IN ;L2(Ω))

≤ 2N−1

(
C1

ρ2(t2 − t1)2

)N

C4
0 · C4·2

0 · · ·C4(N−1)
0 · α1 · α2 · · ·αN · ‖ỹ0‖2

L2(Ω),

where

(2.9) αN =

{
exp (C2

√
r1), N = 1,

exp (C2
√
rN ) exp (−2rN−1(t3 − t2)C

−2(N−2)
0 ), N ≥ 2,

such that PrN (yN (·, t2N )) = 0. It is easily seen that for each N ≥ 1,

(2.10) ‖uN‖2
L∞(IN ;L2(Ω)) ≤ (C̃)N(N−1)α1 · · ·αN · ‖ỹ0‖2

L2(Ω),

where

(2.11) C̃ =
2C1

ρ2(t2 − t1)2
· C2

0 .
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Now, we set

(2.12) rN =

[
2

(t3 − t2)
C̃N−1

]4

≡ [A · C̃N−1]4, N ≥ 1.

Because we have C̃ > C2
0 > 1 and t3 − t2 < 1, it holds that

24 < r1 < r2 < · · · < rN < rN+1 < · · · and rN → ∞ as N → ∞.

Moreover, we have

rN−1
1
4 (t3 − t2)C

−2(N−2)
0 ≥ 2 for each N ≥ 2.

Then we get

(2.13) exp {−2rN−1(t3 − t2)C
−2(N−2)
0 } ≤ exp (−4rN−1

3
4 ) for each N ≥ 2.

Since

C̃N(N−1)exp (−rN−1
3
4 ) =

C̃N(N−1)

(exp(rN−1
1
4 ))rN−1

1
2

≤ C̃N(N−1)

(exp (2C̃N−1))rN−1

1
2

≤ C̃N(N−1)

C̃(N−1)·2·rN−1

1
2

,

for each N ≥ 2, we derive from (2.12) that there exists a natural number N1 with
N1 ≥ 2 such that for each N ≥ N1,

(2.14) C̃N(N−1)exp (−rN−1
3
4 ) ≤ 1.

By making use of (2.12) again, we obtain that for each N ≥ 2,

exp (C2

√
rN ) exp (−rN−1

3
4 ) = exp (C2A

2C̃2(N−1)) exp (−A3C̃3(N−2)).

Thus, there exists a natural number N2 with N2 ≥ 2 such that for each N ≥ N2,

(2.15) exp (C2

√
rN ) exp (−rN−1

3
4 ) ≤ 1.

Now we set

(2.16) N0 = max {N1, N2}.

Then by (2.13), (2.14), and (2.15), we see that for all N ≥ N0,

(2.17)

C̃N(N−1)αN

= C̃N(N−1)exp (C2
√
rN ) exp (−2rN−1(t3 − t2)C

−2(N−2)
0 )

≤ C̃N(N−1)exp (C2
√
rN )exp (−4rN−1

3
4 )

≤ exp (−2rN−1
3
4 ).

Moreover, it is obvious that

(2.18) αN ≤ 1 for all N ≥ N0.
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Now, we set

(2.19) L = max { (C̃)N(N−1)α1 · · ·αN , 1 ≤ N ≤ N0 }.

It follows from (2.10), (2.17), (2.18), and (2.19) that for all N ≥ 1,

(2.20) ‖uN‖2
L∞(IN ;L2(Ω)) ≤ L‖ỹ0‖2

L2(Ω).

Then we construct a control ũ by setting

(2.21) ũ(x, t) =

{
uN (x, t), x ∈ Ω, t ∈ IN , N ≥ 1,
0, x ∈ Ω, t ∈ JN , N ≥ 1.

From (2.20) and (2.21), we easily see that the control ũ is in the space L∞(t1, t̃;L
2(Ω))

and satisfies the estimate

‖ũ‖2
L∞(t1,t̃;L2(Ω))

≤ L‖ỹ0‖2
L2(Ω).

Let ỹ be the solution of (2.8) corresponding to the control ũ constructed in (2.21).
Then on the interval IN , ỹ(·, t) = yN (·, t). Since PrN (yN (·, t2N )) = 0 for all N ≥ 1
and r1 < r2 < · · · < rN < · · · , by making use of (2.21) again, we see that

(2.22) PrN (ỹ(·, t2M )) = 0 for all M ≥ N.

On the other hand, since t2M → t̃ as M → ∞, we obtain that

ỹ(·, t2M ) → ỹ(·, t̃ ) strongly in L2(Ω) as M → ∞.

This, together with (2.22), implies that PrN (ỹ(·, t̃ )) = 0 for all N ≥ 1. Since
rN → ∞ when N → ∞, it holds that ỹ(·, t̃ ) = 0. Thus, we have proved that
for each ỹ0 ∈ L2(Ω), there exists a control ũ ∈ L∞(t1, t̃;L

2(Ω)) with the estimate
‖ũ‖2

L∞(t1,t̃;L2(Ω))
≤ L‖ỹ0‖2

L2(Ω), where the constant L is given by (2.19), such that the

solution ỹ to (2.8) reaches zero value at time t̃, namely, ỹ(x, t̃ ) = 0 over Ω.
Now, we take ỹ0(x) to be ψ(x, t1), where ψ(x, t) is the solution to the following

equation: ⎧⎨
⎩

ψt(x, t) − Δψ(x, t) = 0 in Ω × (0, t1),
ψ(x, t) = 0 on ∂Ω × (0, t1),
ψ(x, 0) = y0(x) in Ω,

and we construct a control u by setting

(2.23) u(x, t) =

⎧⎨
⎩

0 in Ω × (0, t1),

ũ(x, t) in Ω × (t1, t̃ ),

0 in Ω × (t̃, T ).

It is clear that this control u is in the space L∞(0, T ;L2(Ω)) and that the correspond-
ing solution y of (1.2) with δ = 0 reaches zero value at time T , namely, y(x, T ) = 0
over Ω. Moreover, the control u constructed in (2.23) satisfies the following estimate:

‖u‖2
L∞(0,T ;L2(Ω)) ≤ L‖y0‖2

L2(Ω),

where L is given by (2.19).
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Next, we take δ0 to be the number t1 given above. For each δ with 0 ≤ δ ≤ δ0,
we set

t̃δ = t̃− δ and tN,δ = tN − δ for all N = 1, 2, . . . .

Then it holds that

0 ≤ t1,δ < t2,δ < · · · < tN,δ → t̃δ < T − δ.

Moreover, we have for each N ≥ 1,

m(Eδ ∩ [tN,δ, tN+1,δ]) = m(E ∩ [tN , tN+1]) ≥ ρ(tN+1 − tN )

and

tN+1,δ − tN,δ

tN+2,δ − tN+1,δ
=

tN+1 − tN
tN+2 − tN+1

≤ C0,

where C0 and ρ are the positive constants as above.

Now, we can use exactly the same argument as above to get for each δ with
0 ≤ δ ≤ δ0 the existence of a control uδ(t) in the space L∞(0, T − δ;L2(Ω)) such
that the corresponding solution yδ to (1.2) reaches zero value at time T − δ, namely,
yδ(x, T − δ) = 0 over Ω. Moreover, this control uδ satisfies the following estimate (see
(2.9)–(2.12) and (2.19)):

‖uδ‖2
L∞(0,T−δ;L2(Ω)) ≤ Lδ · ‖y0‖2

L2(Ω).

The constant Lδ is given by

Lδ = max {(C̃δ)
N(N−1)α1,δ · · ·αN,δ, 1 ≤ N ≤ N0},

where

C̃δ =
2C1

ρ2(t2,δ − t1,δ)2
· C2

0

and

αN,δ =

{
exp (C2

√
r1,δ), N = 1,

exp (C2
√
rN,δ) exp (−2rN−1,δ(t3,δ − t2,δ)C

−2(N−2)
0 ), N ≥ 2,

with

rN,δ =

[
2

(t3,δ − t2,δ)
C̃N−1

δ

]4

, N = 1, 2, . . . ,

and where the natural number N0 is given by (2.16). Since

tN+1,δ − tN,δ = tN+1 − tN for all N = 1, 2, . . . ,

we see easily that C̃δ = C̃ and αN,δ = αN for all N ≥ 1. Then it holds that Lδ = L
for all δ with 0 ≤ δ ≤ δ0. This completes the proof.
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3. Applications to the time optimal control problem. In this section, we
shall prove Theorems 1.2 and 1.3. We also will give some consequences of these
theorems. Throughout this section, we shall denote by y(t;u, y0) the solution of (1.3)
corresponding to the control u and the initial data y0.

Proof of Theorem 1.2. Seeking a contradiction, we suppose that there exist a
subset E of positive measure in the interval [0, T ∗] and a positive number ε such that
the following holds:

u∗(t) ∈ U and d(u∗(t), ∂U) ≥ ε for each t in the set E,

where d(u∗(t), ∂U) denotes the distance of the point u∗(t) to the set ∂U in L2(Ω).
Then we would get

(3.1) B
(
u∗(t),

ε

2

)
⊂ U for each t in the set E.

We shall obtain from (3.1) that there exist a positive number δ with δ < T ∗ and
a control vδ in the set Uad such that the following holds:

(3.2) y(T ∗ − δ; vδ, y0) = y(T ∗;u∗, y0).

Thus, T ∗ could not be the optimal time for problem (P), which leads to a contradic-
tion.

We write {G(t)}t≥0 for the semigroup generated by Δ with the Dirichlet boundary
condition and observe that

y(T ∗ − δ; vδ, y0) = G(T ∗ − δ)y0 +

∫ T∗−δ

0

G(T ∗ − δ − σ)χωvδ(σ)dσ,

y(T ∗;u∗, y0) = G(T ∗)y0 +

∫ T∗

0

G(T ∗ − σ)χωu
∗(σ)dσ.

Hence, (3.2) is equivalent to the following: There exist a positive number δ with
δ < T ∗ and a control vδ in the set Uad such that the following holds:

(3.3)∫ T∗−δ

0

G(T ∗−δ−σ)χωvδ(σ)dσ = [G(T ∗)−G(T ∗−δ)]y0 +

∫ T∗

0

G(T ∗−σ)χωu
∗(σ)dσ.

Notice that for any positive number δ with δ < T ∗, we have

∫ T∗

0

G(T ∗ − σ)χωu
∗(σ)dσ

=

∫ δ

0

G(T ∗ − σ)χωu
∗(σ)dσ +

∫ T∗

δ

G(T ∗ − σ)χωu
∗(σ)dσ

= G(T ∗ − δ)

∫ δ

0

G(δ − σ)χωu
∗(σ)dσ +

∫ T∗−δ

0

G(T ∗ − δ − σ)χωu
∗(δ + σ)dσ

and

[G(T ∗) −G(T ∗ − δ)]y0 = G(T ∗ − δ)[(G(δ) − I)y0].
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Therefore, (3.3) is equivalent to the following: There exist a positive number δ with
δ < T ∗ and a control vδ in the set Uad such that the following holds:

(3.4)

∫ T∗−δ

0

G(T ∗ − δ − σ)χωvδ(σ)dσ

= G(T ∗ − δ)

[∫ δ

0

G(δ − σ)χωu
∗(σ)dσ + (G(δ) − I)y0

]

+

∫ T∗−δ

0

G(T ∗ − δ − σ)χωu
∗(σ + δ)dσ

≡ G(T ∗ − δ)hδ +

∫ T∗−δ

0

G(T ∗ − δ − σ)χωu
∗(σ + δ)dσ,

where

(3.5) hδ =

∫ δ

0

G(δ − σ)χωu
∗(σ)dσ + (G(δ) − I)y0.

For each positive number δ, we write Eδ for the set {t; t + δ ∈ E} and de-
note by χEδ

the characteristic function of the set Eδ. We first claim the following:
For each positive number δ sufficiently small, there exists a control uδ in the space
L∞(0,∞;L2(Ω)) such that

(3.6) ‖uδ(t)‖L2(Ω) ≤
ε

2
for almost all t ≥ 0,

and such that

(3.7) y(T ∗ − δ;χEδ
uδ, 0) = G(T ∗ − δ)hδ.

Recall that y(t;χEδ
uδ, 0) is the solution of the controlled heat equation (1.3) with u

and y0 being replaced by χEδ
uδ and 0, respectively, and that ϕ(t) ≡ G(t)hδ is the

solution of (1.3) with u and y0 being replaced by 0 and hδ, respectively. Then, what
we claimed above is obviously equivalent to the following: For each positive number
δ sufficiently small, there exists a control uδ with the estimate

‖uδ(t)‖L2(Ω) ≤
ε

2
for almost all t ≥ 0,

such that the following holds:

zδ(T ∗ − δ) = 0,

where zδ(t) is the solution to the following controlled heat equation:

(3.8)

{
zδt (t) − Δzδ(t) = χωχEδ

(t)uδ(t) in (0, T ∗ − δ),

zδ(0) = −hδ.

However, by Theorem 1.1, there exist positive numbers δ0 and L such that for each
δ with 0 < δ ≤ δ0, there is a control uδ in the space L∞(0, T ∗ − δ;L2(Ω)) with the
estimate

(3.9) ‖uδ‖2
L∞(0,T∗−δ;L2(Ω)) ≤ L‖hδ‖2

L2(Ω),
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such that the following holds:

(3.10) zδ(T ∗ − δ) = 0.

On the other hand, by (3.5), we can get a positive number δ̃ such that for each positive

number δ with δ ≤ δ̃, the following holds:

‖hδ‖2
L2(Ω) ≤

(ε
2

)2

/L.

This, together with (3.9), implies that for each positive number δ with δ ≤ min{δ0, δ̃},
there is a control uδ with the estimate

(3.11) ‖uδ‖L∞(0,T∗−δ;L2(Ω)) ≤
ε

2
,

such that the corresponding solution zδ to (3.8) satisfies (3.10).
Next, we fix a positive number δ and the corresponding control uδ such that

(3.10) and (3.11) hold. Then we extend the control uδ(·) by setting it to be zero on
the interval (T ∗− δ,∞) and still denote the extension by uδ(·). Clearly, this extended
control uδ is in the space L∞(0,∞;L2(Ω)) and makes (3.6) and (3.7) hold. Thus, we
have proved the above mentioned claim.

Now, we take an element u0 from the control set U and construct a control vδ by
setting

(3.12) vδ(t) =

{
u∗(t + δ) + χEδ

(t)uδ(t) if t ∈ [0, T ∗ − δ],
u0 if t > T ∗ − δ.

It is clear that vδ(·) : [0,∞) → L2(Ω) is measurable. We shall prove vδ(t) ∈ U
for almost all t ≥ 0. Here is the argument: When t is in the set [0, T ∗ − δ] ∩ Eδ, we
have t + δ ∈ E. Then by (3.1), we get B(u∗(t + δ), ε

2 ) ∈ U . Since ‖uδ(t)‖L2(Ω) ≤ ε
2

for almost all t ≥ 0, we have

‖vδ(t) − u∗(t + δ)‖L2(Ω) = ‖uδ(t)‖L2(Ω) ≤
ε

2
for almost all t in [0, T ∗ − δ] ∩ Eδ,

namely, vδ(t) ∈ B(u∗(t + δ), ε
2 ) for almost all t in the set [0, T ∗ − δ] ∩ Eδ. Hence,

vδ(t) ∈ U for almost all t in the set [0, T ∗ − δ] ∩ Eδ. On the other hand, for almost
all t ∈ [0, T ∗ − δ] ∩ (Eδ)

c, we have vδ(t) = u∗(t + δ) ∈ U . Therefore, we have proved
vδ ∈ Uad.

Then, by (3.7) and (3.12), we see easily that this control vδ makes the equality
(3.4) hold, which leads to a contradiction to the optimality of T ∗ for problem (P).
Thus we have proved u∗(t) ∈ ∂U for almost all t ∈ [0, T ∗].

Finally, if the control set U has the additional property that χωU ⊂ U , then we
have χωu

∗ ∈ Uad. It is clear that y(T ∗;χωu
∗, y0) = y(T ∗;u∗, y0). Thus, χωu

∗ is also
an optimal control for problem (P). Hence, it holds that χωu

∗(t) ∈ ∂U for almost all
t ∈ [0, T ∗]. This completes the proof.

By Theorem 1.2, we immediately get the following consequence.
Corollary 3.1. Suppose that the control set U is the ball B(0, R) with R > 0

and that the target set S is nonempty in L2(Ω). Let T ∗ be the optimal time and u∗

be an optimal control for problem (P). Then it holds that ‖χωu
∗(·, t)‖L2(Ω) = R for

almost all t ∈ [0, T ∗].
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Remark 3.2. From the proof of Theorem 1.2, we see that if an admissible control
u(·, t) does not take its value on the boundary of the control set U in a subset of
positive measure in the interval [0, T ], where the number T is such that y(T ;u, y0) ∈ S,
then there exists “room” for us to construct another admissible control v such that
the corresponding trajectory y(t; v, y0) reaches y(T ;u, y0) before the time T . Hence,
such an admissible control u cannot be optimal. This idea has been used in [6], [14],
[16], and [19]. The key point is how to use this “room” to construct such an admissible
control v. In this work, the null controllability result established in Theorem 1.1 shows
us how. It was already observed in [16] that the null controllability of the boundary
controlled one-dimensional heat equation in (0, 1)× (0, T ), with controls restricted on
an arbitrary subset E ⊂ [0, T ] of positive measure, leads to a bang-bang principle of
time optimal boundary controls for the one-dimensional heat equation.

Next, we shall use Theorem 1.1 to derive the uniqueness of the optimal control
for problem (P) with certain target sets and control sets.

Proof of Theorem 1.3. Let U be the closed ball B(v0, R) in L2(Ω), centered at
v0 and of positive radius R. Let T ∗ be the optimal time for problem (P). Seeking a
contradiction, we suppose that there exist two different optimal controls u∗ and v∗ for
problem (P). Then there would exist a subset E1 of positive measure in the interval
[0, T ∗] such that u∗(t) �= v∗(t) for every t ∈ E1. We first observe that

y(T ∗;u∗, y0), y(T
∗; v∗, y0) ∈ S.

Then we construct a control w∗(t) by setting

w∗(t) =
u∗(t) + v∗(t)

2
for almost all t ∈ [0,∞).

It is clear that w∗ ∈ Uad. Moreover, since S is convex, we have

y(T ∗;w∗, y0) =
y(T ∗;u∗, y0) + y(T ∗; v∗, y0)

2
∈ S.

On the other hand, we see that for almost all t ∈ E1,

‖w∗(t) − v0‖2
L2(Ω) = 2

(∥∥∥∥u∗(t) − v0

2

∥∥∥∥
2

L2(Ω)

+

∥∥∥∥v∗(t) − v0

2

∥∥∥∥
2

L2(Ω)

)

−
∥∥∥∥u∗(t) − v0

2
− v∗(t) − v0

2

∥∥∥∥
2

L2(Ω)

= R2 − 1

4

∥∥∥∥u∗(t) − v∗(t)

∥∥∥∥
2

L2(Ω)

< R2.

Thus, there exist a positive number ε and a subset E of positive measure in the set
E1 such that for each t ∈ E, d(w∗(t), ∂B(v0, R)) ≥ ε. Then, we can use the same
argument as in the proof of Theorem 1.2 to derive a contradiction to the optimality
of T ∗. This completes the proof.

With regard to the existence of the time optimal controls for problem (P), we
recall that if the target set S is closed and convex in L2(Ω), which contains the origin in
L2(Ω), and if the control set U is the ball B(0, R) with R > 0, then problem (P) with
any initial data y0 ∈ L2(Ω) has an optimal control (see [17] and [20]). Thus, Theorem
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1.4 follows immediately from Corollary 3.1, Theorem 1.3, and the aforementioned
existence result.

Appendix. In what follows, we shall give the proof of the equivalence of Theorem
1.1 and the observability inequality (O).

We shall first prove that Theorem 1.1 implies inequality (O). To this end, we
multiply (1.2) by pδ, where pδ is the solution of (1.6) with pδT (x) ∈ L2(Ω) being
arbitrarily given, and then integrate it over Ω × (0, T − δ). Thus we obtain

(A.1)

∫ T−δ

0

∫
Ω

(∂ty
δ − Δyδ)pδdxdt =

∫ T−δ

0

∫
Ω

[χEδ
(t)χω(x)pδ(x, t)uδ(x, t)]dxdt.

By using integration by parts, we see that the following equality holds for each
y0(·) ∈ L2(Ω):

(A.2)

∫ T−δ

0

∫
Ω

(∂ty
δ − Δyδ)pδdxdt =

[∫
Ω

yδpδdx

]T−δ
0

= −
∫

Ω

y0p
δ(x, 0)dx.

Now, we choose y0(x) = pδ(x, 0) in the above, and then it follows from (1.3),
(A.1), and (A.2) that for each ε > 0, we have

∫
Ω

|pδ(x, 0)|2dx = −
∫ T−δ

0

∫
Ω

[χEδ
(t)χω(x)pδ(x, t)uδ(x, t)]dxdt

≤
∫ T−δ

0

‖χEδ
χωuδ‖L2(Ω)‖χEδ

χωp
δ‖L2(Ω)dt

≤ ‖uδ‖L∞(0,T−δ;L2(Ω))‖χEδ
χωp

δ‖L1(0,T−δ;L2(Ω))

≤ 1

2ε
‖uδ‖2

L∞(0,T−δ;L2(Ω)) +
ε

2
‖χEδ

χωp
δ‖2

L1(0,T−δ;L2(Ω))

≤ 1

2ε
L‖y0‖2

L2(Ω) +
ε

2
‖χEδ

χωp
δ‖2

L1(0,T−δ;L2(Ω)).

Since y0 = pδ(·, 0), we can get the desired inequality (1.5) by taking ε = L in the
above inequality.

Next, we prove that inequality (O) implies Theorem 1.1.
By (1.2) and (1.6), we have for any pδT ∈ L2(Ω) and y0 ∈ L2(Ω),

〈yδ(·, T − δ), pδ(·, T − δ)〉 − 〈y0(·), pδ(·), pδ, pδ(·, 0)〉

=

∫ T−δ

0

∫
Ω
[χEδ

(t)χω(x)pδ(x, t)uδ(x, t)]dxdt.

Here and in what follows, the notation 〈·, ·〉 stands for the inner product of L2(Ω). If
we can show that there exists a control uδ ∈ L∞(0, T − δ;L2(Ω)) with the estimate
(1.3) such that

〈yδ(·, T − δ), pδ(·, T − δ)〉 = 0 for all pδT ∈ L2(Ω),

then it holds that yδ(·, T −δ) = 0. Thus, it suffices to prove that there exists a control
uδ ∈ L∞(0, T − δ;L2(Ω)) with the estimate (1.3) such that

−〈y0(·), pδ(·, 0)〉 =

∫ T−δ

0

∫
Ω

[χEδ
(t)χω(x)pδ(x, t)uδ(x, t)]dxdt
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for any pδT ∈ L2(Ω).

Now, we set

X = {χEδ
(t)χω(x)pδ(x, t); pδ solves (1.6) with pδT ∈ L2(Ω)}.

It is clear that X is a linear subspace of L1(0, T − δ;L2(Ω)). We define a linear
functional F : X → R1 by setting

F (χEδ
(t)χω(x)pδ) = −〈y0(·), pδ(·, 0)〉.

Then it follows from (1.5) that

|F (χEδ
(t)χω(x)pδ)|2

≤ ‖y0‖2
L2(Ω)‖pδ(·, 0)‖2

L2(Ω)

≤ L‖y0‖2
L2(Ω)‖χEδ

χωp
δ‖2

L1(0,T−δ;L2(Ω)).

Namely,

‖F‖L(X;R1) ≤ L2‖y‖2
L2(Ω).

Thus, F is a bounded linear functional on X. By the Hahn–Banach theorem, there
exists a bounded linear functional G : L1(0, T − δ;L2(Ω)) → R1 such that G = F on
X and such that

‖G‖2
L(L1(0,T−δ;L2(Ω));R1) = ‖F‖2

L(X,R1) ≤ L‖y0‖2
L2(Ω).

Then by making use of the Riesz representation theorem, there exists a function
uδ ∈ L∞(0, T − δ;L2(Ω)) such that for any f ∈ L1(0, T − δ;L2(Ω)),

G(f) =

∫ T−δ

0

∫
Ω

fuδdxdt,

and such that

‖uδ‖2
L∞(0,T−δ;L2(Ω)) = ‖G‖2

L(L1(0,T−δ;L2(Ω));R1) ≤ L‖y0‖2
L2(Ω).

Hence,

F (χEδ
(t)χω(x)pδ) =

∫ T−δ

0

∫
Ω

[χEδ
(t)χω(x)pδ(x, t)uδ(x, t)]dxdt.

Namely, for all pδT ∈ L2(Ω), it holds that

−〈y0(·), pδ(·, 0)〉 =

∫ T−δ

0

∫
Ω

[χEδ
(t)χω(x)pδ(x, t)uδ(x, t)]dxdt.

This completes the proof.
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GOAL-ORIENTED ADAPTIVITY IN CONTROL CONSTRAINED
OPTIMAL CONTROL OF PARTIAL DIFFERENTIAL EQUATIONS∗

M. HINTERMÜLLER† AND R. H. W. HOPPE‡

Abstract. Dual-weighted goal-oriented error estimates for a class of pointwise control con-
strained optimal control problems for second order elliptic partial differential equations are derived.
It is demonstrated that the constraints give rise to a primal-dual weighted error term representing the
mismatch in the complementarity system due to discretization. The paper also contains a posteriori
error estimators for the L2-norm of the error in the state and in the adjoint state.

Key words. adaptive finite element method, a posteriori error estimate, control constraints,
goal-oriented adaptivity, PDE-constrained optimization
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1. Introduction. In many computations involving the discretization of (par-
tial) differential equations or variational inequalities, one is interested in the accurate
evaluation of some target quantity. This might be the value of the solution of a par-
tial differential equation (PDE) at some reference point in the domain of interest, a
physically relevant quantity such as the drag in airfoil design, or, in optimal control,
the value of the objective function at the solution of the underlying minimization
problem. Highly accurate numerical evaluations of these targets can be guaranteed
by using uniform meshes with a small mesh size h. This, however, usually repre-
sents a significant computational challenge due to the resulting large scale of the
discrete problems. Therefore, one seeks to adaptively refine the meshes with the goal
of achieving a desired accuracy in the evaluation of the output quantity of interest
while keeping the computational cost as small as possible.

For this purpose, recently for (systems of) PDEs an approach based on dual-
weighted residual-based error estimates was proposed. Here we point to the pioneering
work summarized in [1, 3] and the references therein; see also [7] for related literature.
It essentially relies on employing the dual problem of the underlying system with the
target on the right-hand side. In fact, let A denote some possibly nonlinear partial
differential operator and let f be some fixed data. Then, in some abstract form, the
primal problem (or PDE) is given by

(1.1) A(y) = f.

Let yh be the result of a Galerkin finite element discretization of the underlying
problem. If G(·) represents some desired target quantity (or goal), then the dual
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1722 M. HINTERMÜLLER AND R. H. W. HOPPE

approach consists of considering

(1.2) A′(yh)�ph = G(·)

from which an a posteriori error estimate of the type

|G(y) −G(yh)| ≤
∑
T∈Th

pT (yh)dT (ph)

is derived. Above, A′(·)� is the dual operator of the Frechét-derivative A′(·) of A(·).
Further, Th = {T} denotes a computational mesh consisting of elements T , and pT

and dT stand for the primal residual and the dual weight on each cell T , respectively.
In [2] this concept was transferred to PDE-constrained optimal control problems

of the type

(P0) minimize J(y, u) subject to A(y) = f + B(u),

where (y, u) denotes the state-control pair and B models the control impact. The first
order optimality system of (P0) can be formally written as

A(y) −B(u) = f,(1.3a)

Jy(y, u) + A′(y)�p = 0,(1.3b)

Ju(y, u) −B′(u)�p = 0.(1.3c)

Here, Jy and Ju are the partial derivatives of J with respect to y and u. The variable
p is called the adjoint state. Often, (1.3c) results in an algebraic equation, while
(1.3a)–(1.3b) form a primal-dual pair of PDEs similar to (1.1)–(1.2). Since (1.3a)–
(1.3b) represent a system of PDEs, the dual-weighted approach can be readily carried
over to this optimal control setting.

The situation, however, changes significantly if, in addition to the PDE constraint
in (P0), one has to account for pointwise almost everywhere (a.e.) constraints on the
control variable. In this case, the resulting problem becomes

(Pc)

⎧⎨
⎩

minimize J(y, u)
subject to A(y) = f + B(u),

a ≤ u ≤ b a.e. on ΩC ⊂ Ω,

where Ω ⊂ R
n denotes some suitable domain with ΩC �= ∅ a measurable subset, and

where a < b are given bounds. The corresponding first order necessary optimality
system now involves a variational inequality as follows:

A(y) −B(u) = f,(1.4a)

Jy(y, u) + A′(y)�p = 0,(1.4b)

〈Ju(y, u) −B′(u)�p, v − u〉 ≥ 0 ∀v ∈ Uad, u ∈ Uad,(1.4c)

where the set

Uad = {v : a ≤ v ≤ b}

represents the feasible controls, and 〈·, ·〉 denotes a suitable duality pairing. The
variational inequality induces some nonsmoothness in the first order optimality sys-
tem. This can be seen best when defining the Lagrange multiplier λ pertinent to the
pointwise constraints via

(1.5) Ju(y, u) −B′(u)�p + λ = 0
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and, assuming that λ permits a pointwise interpretation,

(1.6) λ ≥ 0 a.e. on {u = b}, λ ≤ 0 a.e. on {u = a}, λ = 0 else.

The conditions in (1.6) represent the so-called complementarity system. It can be
written equivalently as

(1.7) λ = min{0, λ + σ(u− a)} + max{0, λ + σ(u− b)},

where σ > 0 is an arbitrarily fixed real and the max- and min-operations are un-
derstood in the pointwise sense. From (1.7) the nonsmoothness involved in the first
order necessary optimality conditions becomes apparent. Of course, suitable a pos-
teriori error concepts have to reflect this situation in order to accurately resolve the
influence of the constraints on the solution of the optimal control problem.

We note that for pointwisely constrained problems such as variational inequalities
of obstacle type, finite element methods based on various concepts in the a posteriori
analysis have been considered in the literature. The goal-oriented dual-weighted ap-
proach was used in [4], whereas residual-type and hierarchical-type estimators were
derived and analyzed in [5, 10, 13, 16]. Although the situation under consideration
is different from obstacle-type problems as the pointwise constraints in our case are
imposed on the control acting on the right-hand side of the PDE, a common feature
in the a posteriori error analysis is the appropriate treatment of the complementarity
conditions.

In this paper, our starting point will be a sufficiently general model problem class
of the type (Pc). Based on the Lagrange function

L(y, u, p, λ) = J(y, u) + 〈A(y) − f −B(u), p〉 + (u− b, λ)

of (Pc), for convenience written here for a unilaterally constrained version of the
minimization problem, and with the objective function as the goal, we derive an error
representation of the type

J(y, u) − J(yh, uh) = −1

2
〈∇xxL(xh, λh)(xh − x), xh − x〉 + (uh − b, λ)

+ osch + r(xh, x)

with x = (p, y, u) and its discretized version xh = (ph, yh, uh), respectively, and (·, ·)
some inner product. Further, osch represents data oscillations and r is the remainder
term resulting from a Taylor expansion of L. In a second step we then estimate the
term due to the inequality constraints and utilize the a posteriori error estimators
derived in [8] in order to obtain a computable error representation.

The rest of the paper is organized as follows. In the next section we derive our new
dual-weighted residual-based error estimator for a representative control constrained
optimal control model problem. Section 3 is devoted to possible extensions. In fact,
we study the bilaterally constrained case, a class of nonlinear governing equations,
and alternative concepts for obtaining a posteriori estimates pertinent to the com-
plementarity system. In the appendix, for our constrained optimal control problem
we derive a new a posteriori error estimate with respect to the L2-norm. Finally, in
section 4 we report on numerical results due to our new error estimator.

Notation. Throughout we use ‖ · ‖0,Ω and (·, ·)0,Ω for the usual L2(Ω)-norm and
L2(Ω)-inner product, respectively. For convenience, with respect to the notation we
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shall not distinguish between the norm (respectively, inner product) for scalar-valued
or vector-valued arguments. We also use (·, ·)0,S , which is the L2(S)-inner product
over a (measurable) subset S ⊂ Ω. By | · |1,Ω we denote the H1(Ω)-seminorm |y|1,Ω =
‖∇y‖0,Ω, which, by the Poincaré–Friedrichs inequality, is a norm on H1

0 (Ω). The
norm in H1(Ω) is written as ‖ · ‖1,Ω. By Th = Th(Ω) we denote a shape regular finite
element triangulation of the domain Ω. The subscript h = max{diam(T ) | T ∈ Th}
indicates the mesh size of Th.

2. Residual-based error estimate. For deriving the structure of the new error
estimate due to the inequality constraints, we consider the model problem

(P)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

minimize J(y, u) := 1
2‖y − z‖2

0,Ω + α
2 ‖u‖2

0,Ω

over (y, u) ∈ H1
0 (Ω) × L2(Ω)

subject to −Δy = u + f,

u ≤ b a.e. in Ω,

which is a particular instance of (Pc). The domain Ω ∈ R
2 is assumed to be bounded

and polygonal with boundary Γ := ∂Ω. For the data we assume z, b, f ∈ L2(Ω) and
α > 0. It is well known that (P) admits a unique solution (y∗, u∗) ∈ H1

0 (Ω) × L2(Ω)
(cf., e.g., [12]). Moreover, the optimal solution is characterized by the existence of
an adjoint state p∗ ∈ H1

0 (Ω) and a Lagrange multiplier λ∗ ∈ L2(Ω) which satisfy the
first order necessary (and in this case, also sufficient) conditions

−Δy∗ = u∗ + f,(2.1a)

−Δp∗ + y∗ = z,(2.1b)

αu∗ + λ∗ − p∗ = 0,(2.1c)

u∗ ≤ b, λ∗ ≥ 0, (u∗ − b, λ∗)0,Ω = 0.(2.1d)

We define the Lagrange functional L : H1
0 (Ω) × L2(Ω) × H1

0 (Ω) × L2(Ω) → R

pertinent to (P) as

(2.2) L(y, u, p, λ) = J(y, u) + (∇y,∇p)0,Ω − (u + f, p)0,Ω + (u− b, λ)0,Ω.

For convenience we use x := (p, y, u), x∗ = (p∗, y∗, u∗), and X = P × Y × L =
H1

0 (Ω)×H1
0 (Ω)×L2(Ω). Obviously, the weak form of (2.1a)–(2.1b) and (2.1c) of the

optimality system (2.1) is equivalent to

(2.3) ∇xL(x∗, λ∗)(ϕ) = 0 ∀ϕ ∈ X.

Let Xh ⊂ X, with Xh = Ph ×Yh ×Lh, denote a finite dimensional subspace with
the subscript h indicating the mesh size of the discretization obtained by a standard
Galerkin method, let λh ∈ Lh ⊂ L2(Ω) denote the discrete (finite dimensional) coun-
terpart of λ (analogously for λ∗), and let fh, bh, zh ∈ Lh be the L2-projections of f ,
b, z onto Lh. The finite dimensional version of (2.1) reads

∇xLh(x∗h, λ
∗
h)(ϕh) = 0 ∀ϕh ∈ Xh,(2.4a)

u∗h ≤ bh, λ∗h ≥ 0, (u∗h − bh, λ
∗
h)0,Ω = 0,(2.4b)

where the discrete Lagrange function is given by

Lh(xh, λh) = Jh(yh, uh) + (∇yh,∇ph)0,Ω − (uh + fh, ph)0,Ω

+ (uh − bh, λh)0,Ω
(2.5)
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with Jh(yh, uh) = 1
2‖yh − zh‖2

0,Ω + α
2 ‖uh‖2

0,Ω. Observe that the pointwise representa-
tion (2.1c) in the discrete setting reads

(2.6) αu∗h + λ∗h −Mhp
∗
h = 0,

where Mh represents a projection operator from Ph onto Lh.
Further note that for x ∈ X, λ ∈ L2(Ω) and xh ∈ Xh, λh ∈ Lh,

L(x, λh) = L(x, λ) + (u− b, λh − λ)0,Ω,(2.7)

∇xL(xh, λh)(ϕh) = ∇xL(xh, λ)(ϕh) + (δuh, λh − λ)0,Ω(2.8)

for all (δph, δyh, δuh) = ϕh ∈ Xh. Moreover, for our model problem (P) the second
derivative of L with respect to x does not depend on x and λ. Thus, we can write
∇xxL(ϕ, ϕ̂) instead of ∇xxL(x, λ)(ϕ, ϕ̂). Similar observations hold true for Lh. Due
to Xh ⊂ X, we have for ϕh = (δph, δyh, δuh) ∈ Xh,

0 = ∇xL(x∗, λ∗)(ϕh)

= ∇xL(x∗h, λ
∗)(ϕh) + ∇xxL(x∗ − x∗h, ϕh)

= ∇xL(x∗h, λ
∗
h)(ϕh) + (δuh, λ

∗ − λ∗h)0,Ω + ∇xxL(x∗ − x∗h, ϕh)

= ∇xLh(x∗h, λ
∗
h)(ϕh) − (f − fh, δph)0,Ω − (z − zh, δyh)0,Ω(2.9)

+ (δuh, λ
∗ − λ∗h)0,Ω + ∇xxL(x∗ − x∗h, ϕh)

= (δuh, λ
∗ − λ∗h)0,Ω + ∇xxL(x∗ − x∗h, ϕh) − (f − fh, δph)0,Ω

− (z − zh, δyh)0,Ω.

From this we further derive the relations

∇xxL(x∗h − x∗, x∗h − x∗)(2.10)

= ∇xxL(x∗h − x∗, x∗h − x∗ + ϕh) − (δuh, λ
∗ − λ∗h)0,Ω

+ (f − fh, δph)0,Ω + (z − zh, δyh)0,Ω,

∇xL(x∗h, λ
∗)(x∗ − x∗h − ϕh) = ∇xxL(x∗h − x∗, x∗ − x∗h − ϕh)(2.11)

and also

∇xL(x∗h, λ
∗
h)(x∗ − x∗h − ϕh)

= ∇xL(x∗, λ∗h)(x∗ − x∗h − ϕh) + ∇xxL(x∗h − x∗, x∗ − x∗h − ϕh)(2.12)

= (λ∗h − λ∗, u∗ − u∗h − δuh)0,Ω + ∇xxL(x∗h − x∗, x∗ − x∗h − ϕh).

These preliminary results are now used to prove the following theorem.
Theorem 2.1. Let (x∗, λ∗) ∈ X × L2(Ω) and (x∗h, λ

∗
h) ∈ Xh × Lh denote the

solution of (2.1) and its finite dimensional counterpart (2.4). Then

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −1

2
∇xxL(x∗h − x∗, x∗h − x∗)

+ (u∗h − b, λ∗)0,Ω + osch(x∗h),
(2.13)

where the oscillations osch(x∗h) are given by

osch(x∗h) = (y∗h − zh, zh − z)0,Ω +
1

2
‖z − zh‖2

0,Ω + (fh − f, p∗h)0,Ω.
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Proof. Observe that J(y∗, u∗) = L(x∗, λ∗) and Jh(y∗h, u
∗
h) = Lh(x∗h, λ

∗
h). Using

Taylor expansions and (2.7)–(2.8), we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) = L(x∗, λ∗) − Lh(x∗h, λ

∗
h)

= L(x∗, λ∗) − Lh(x∗, λ∗h) −∇xLh(x∗, λ∗h)(x∗h − x∗)

− 1

2
∇xxLh(x∗h − x∗, x∗h − x∗)

= J(y∗, u∗) − Jh(y∗, u∗) + (fh − f, p∗)0,Ω − (u∗ − bh, λ
∗
h)0,Ω

−∇xLh(x∗, λ∗h)(x∗h − x∗) − 1

2
∇xxLh(x∗h − x∗, x∗h − x∗)

= osch(x∗h) − (u∗ − bh, λ
∗
h)0,Ω −∇xL(x∗, λ∗h)(x∗h − x∗)

− 1

2
∇xxLh(x∗h − x∗, x∗h − x∗)

= osch(x∗h) − (u∗ − u∗h, λ
∗
h)0,Ω + (λ∗ − λ∗h, u

∗
h − u∗)0,Ω

− 1

2
∇xxLh(x∗h − x∗, x∗h − x∗)

= osch(x∗h) + (λ∗, u∗h − b)0,Ω − 1

2
∇xxLh(x∗h − x∗, x∗h − x∗),

where we also used the complementarity relations (2.1d) and (2.4b) as well as (2.3)
and (2.4a).

Assume, for the moment, that λ∗ = 0 and λ∗h = 0; i.e., the continuous and
the discrete control constraints are inactive. Then we infer from (2.10) that for all
ϕh ∈ Xh there holds

∇xxL(x∗h − x∗, x∗h − x∗) = ∇xxL(x∗h − x∗, x∗h − x∗ + ϕh)

+ (f − fh, δph)0,Ω + (z − zh, δyh)0,Ω

as well as

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1

2
∇xLh(xh, λh)(x∗ − x∗h − ϕh)

+
1

2
(fh − f, p∗ − p∗h)0,Ω +

1

2
(zh − z, y∗ − y∗h)0,Ω(2.14)

+ osch(x∗h)

due to (2.12). This corresponds to the result in [2, Proposition 4.1] for the uncon-
strained version of (P).

If bh ≤ b a.e. in Ω, then (2.13) implies

J(y∗, u∗) ≤ Jh(y∗h, u
∗
h) + osch(x∗h).

Next we interpret the new, second term in the right-hand side of (2.13). For this
purpose we define the active set A∗ and the inactive set I∗ at the optimal solution
(x∗, λ∗) of (P) by

(2.15) A∗ := {x ∈ Ω : u∗(x) = b(x)}, I∗ := Ω \ A∗.

Analogously we define the discrete counterparts A∗h and I∗h. Obviously, u∗ < b a.e. in
I∗. By (2.1d), this implies λ∗ = 0 a.e. in I∗. Therefore, the term (u∗h − b, λ∗)0,Ω
satisfies

(u∗h − b, λ∗)0,Ω = (u∗h − bh, λ
∗)0,A∗∩I∗h + (bh − b, λ∗)0,A∗ .
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The right-hand side above reflects the error in complementarity. In fact, the second
term represents the data oscillation in the bound in the active set weighted by the
continuous Lagrange multiplier. For this term we introduce the notation

oscA
∗

h (b;λ∗) := (bh − b, λ∗)0,A∗ .

The first term captures a primal-dual weighted mismatch in complementarity in A∗ ∩
I∗h.

Let ih := (iph, i
y
h, i

u
h) be an interpolation operator such that ihx ∈ Xh for x ∈

X. Moreover, for y, p ∈ H1
0 (Ω) there exist iph and iyh such that max{‖iphp − p‖H1 ,

‖iyhy − y‖H1} → 0 for h → 0. In connection with Theorem 2.1 we have the following
result.

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Then

J(y∗, u∗) − Jh(y∗h, u
∗
h)

= −1

2

(
(y∗h − zh, i

y
hy
∗ − y∗)0,Ω + (∇(iyhy

∗ − y∗),∇p∗h)0,Ω

+ (∇(iphp
∗ − p∗),∇y∗h)0,Ω − (u∗h + fh, i

p
hp
∗ − p∗)0,Ω

+ (Mhp
∗
h − p∗h, i

u
hu
∗ − u∗)0,Ω

)
(2.16)

+
1

2

[
(u∗h − b, λ∗)0,Ω + (bh − u∗, λ∗h)0,Ω

]
+

1

2
(f − fh, p

∗
h − p∗)0,Ω

+
1

2
(z − zh, y

∗
h − y∗)0,Ω + osch(x∗h).

Proof. Utilizing (2.10)–(2.11) and considering ϕh = (δph, δyh, δuh) ∈ Xh, we
obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1

2
∇xxL(x, λ∗h)(x∗ − x∗h, x

∗
h − x∗ + ϕh)

+
1

2
(δuh, λ

∗ − λ∗h)0,Ω +
1

2
(fh − f, δph)0,Ω +

1

2
(zh − z, δyh)0,Ω

+ (u∗h − b, λ∗)0,Ω + osch(x∗h)

= −1

2
∇xL(x∗h, λ

∗
h)(x∗h − x∗ + ϕh) +

1

2
(λ∗h + λ∗, u∗h − u∗)0,Ω

+
1

2
(fh − f, δph)0,Ω +

1

2
(zh − z, δyh)0,Ω + osch(x∗h)

= −1

2
∇xLh(x∗h, λ

∗
h)(x∗h − x∗ + ϕh) +

1

2
(λ∗h + λ∗, u∗h − u∗)0,Ω

+
1

2
(f − fh, p

∗
h − p∗)0,Ω +

1

2
(z − zh, y

∗
h − y∗)0,Ω + osch(x∗h).

Choosing ϕh = (iphp
∗ − p∗h, i

y
hy
∗ − y∗h, i

u
hu
∗ − u∗h) ∈ Xh and using complementary

slackness, we continue with

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −1

2
∇xLh(x∗h, λ

∗
h)(ihx

∗ − x∗)

+
1

2

[
(λ∗h, bh − u∗)0,Ω + (λ∗, u∗h − b)0,Ω

]
+

1

2
(f − fh, p

∗
h − p∗)0,Ω +

1

2
(z − zh, y

∗
h − y∗)0,Ω

+ osch(x∗h).
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The assertion now follows from (2.2) and αu∗h −Mhp
∗
h + λ∗h = 0 a.e. in Ω.

This result is interesting in several ways as follows:
(i) For ‖Mhph − ph‖0,Ω → 0 as h → 0 sufficiently fast, only the convergence

properties implied by iph and iyh are required for obtaining an a posteriori
error estimate based on (2.16). Since y∗ and p∗ solve elliptic PDEs, they
usually enjoy more regularity than u∗ and λ∗.

(ii) The term in brackets on the right-hand side in (2.16) is again related to
errors coming from complementary slackness. The first term of the sum
can be interpreted as before, while the second term of the sum reflects the
symmetric case, i.e.,

(bh − u∗, λ∗h)0,Ω = (b− u∗, λ∗h)0,A∗
h∩I∗ + (bh − b, λ∗h)0,A∗

h
.

Hence, the first term of the right-hand side above represents the primal-dual
weighted mismatch in complementarity in I∗ ∩ A∗h, while the second term
denotes the data oscillation on A∗h weighted by the discrete multiplier, i.e.,

osc
A∗

h

h (b;λ∗h) := (bh − b, λ∗h)0,A∗
h
.

Of course, (2.16) is not immediately amenable to numerical realization since u∗

and λ∗ are involved. Before we tackle this point, let us first state a posteriori error
bounds for the control and the adjoint state which were derived in [8]. A coarser
estimate was established in [14]. Recall that Uad denotes the set of admissible controls,
and let Uad

h be its discretization. Then the following a posteriori error estimates hold
true:

max(‖λ∗ − λ∗h‖2
0,Ω, ‖u∗ − u∗h‖2

0,Ω) ≤ C2
1η

2
1 + C2

2η
2
2 + C2

bμ
2
h(b),(2.17a)

|p∗ − p∗h|21,Ω ≤ C2
2η

2
2 + C2

z osc2
h(z).(2.17b)

In what follows we also use

C2
3η

2
3 := C2

1η
2
1 + C2

2η
2
2 + C2

bμ
2
h(b) and C2

4η
2
4 := C2

2η
2
2 + C2

z osc2
h(z).

Here and below, Ci > 0, i = 1, 2, 3, 4, denote constants which depend on α, Ω, and
the shape regularity of Th. The error bounds η1 and η2 are defined as

η2
1 =

∑
T

∫
T

h2
T (p∗h −Mhp

∗
h)

2
,(2.18)

η2
2 =

∑
T

∫
T

h2
T (f + u∗h + Δy∗h)

2
+
∑
F

∫
F

hF [∇y∗h · n]2(2.19)

+
∑
T

∫
T

h2
T (z − y∗h + Δp∗h)

2
+
∑
F

∫
F

hF [∇p∗h · n]2.

Further, the data oscillations

μ2
h(b) =

∑
T∈Th

‖b− bh‖2
0,T ,(2.20)

osc2
h(z) =

∑
T∈Th

h2
T ‖z − zh‖2

0,T(2.21)

are involved.
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Above, T denotes an element of the triangulation Th of Ω. Further, F denotes a
face of T , and hF is the maximal diameter of the face F . Moreover, [∇y∗h · n] is the
normal derivative jump over an interior face F . As noted before, the operator Mh

represents the projection of a mesh function in Ph (= Yh, typically in our context)
onto Lh. If Lh is given by

Lh = {uh ∈ L2(Ω) : uh|T ∈ P0(T ), T ∈ Th},

i.e., the function uh is piecewise constant on Th, then the action of Mh in T is given
by

(Mhph)|T =
1

|T |

∫
T

ph(x) dx, T ∈ Th.

A final observation concerns the unconstrained case, which is Uad = L2(Ω). In this
situation we have λ∗ = 0 a.e. in Ω. From (2.18)–(2.19) we see that the error estimator
remains unaffected.

Our investigations concentrate now on the term

(2.22)
1

2

[
(u∗h − b, λ∗)0,Ω + (bh − u∗, λ∗h)0,Ω

]
=: Ψ∗(Ω),

which contains u∗ and λ∗. A simple manipulation yields

Ψ∗(Ω) =
1

2

[
(λ∗h − λ∗, bh − u∗)0,Ω + (λ∗ − λ∗h, u

∗
h − b)0,Ω + (λ∗ + λ∗h, bh − b)0,Ω

]
.

From first order optimality we recall

u∗ ≤ b, λ∗ ≥ 0, (u∗ − b, λ∗)0,Ω = 0, αu∗ − p∗ + λ∗ = 0,(2.23)

u∗h ≤ bh, λ∗h ≥ 0, (u∗h − bh, λ
∗
h)0,Ω = 0, αu∗h −Mhp

∗
h + λ∗h = 0.(2.24)

Obviously, we have

Ψ∗(I∗ ∩ I∗h) = 0,(2.25a)

Ψ∗(A∗ ∩ A∗h) =
1

2
(λ∗ − λ∗h, bh − b)0,A∗∩A∗

h
+ (λ∗h, bh − b)0,A∗∩A∗

h
,(2.25b)

where Ψ∗(S) = 1
2 [(u∗h− b, λ∗)0,S +(bh−u∗, λ∗h)0,S ]. In the right-hand side of (2.25b),

typically the latter term dominates. It is nonpositive if bh ≤ b a.e. in A∗h. Note that
if bh = b a.e. in Ω, then Ψ∗(A∗ ∩A∗h) = 0. From the structure of Ψ∗(A∗ ∩A∗h) we can
see that it represents a dual-weighted data oscillation on A∗ ∩ A∗h. Subsequently we
use

(2.26) oscSh (b;λ∗ + λ∗h) := (bh − b, λ∗h + λ∗)0,S .

Note that osc
I∗∩I∗h
h (b;λ∗ + λ∗h) = 0.

Utilizing (2.23)–(2.26), for C∗1 = A∗ ∩ I∗h and C∗2 = I∗ ∩ A∗h we obtain

Ψ∗(C∗1 ) =
α

2
‖u∗h − u∗‖2

0,C∗1 +
1

2
(p∗ −Mhp

∗
h, u
∗
h − u∗)0,C∗1 ,(2.27a)

Ψ∗(C∗2 ) =
1

2
(bh − α−1p∗, λ∗h)0,C∗2 .(2.27b)
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On the respective sets we get the following estimates:
(i) In C∗1 we have u∗|C∗1

= b|C∗1 . Thus,

|Ψ∗(C∗1 )| ≤ 1

2

(
‖Mhp

∗
h − p∗h‖0,C∗1 + ‖p∗h − p∗‖0,C∗1 + α‖u∗h − b‖0,C∗1

)
‖u∗h − b‖0,C∗1 .

Given C∗1 and the discrete control u∗h and adjoint state p∗h, the first and third terms
in parentheses above are computable a posteriori. We therefore study ‖p∗h − p∗‖0,C∗1
next. Since p∗h, p

∗ ∈ H1
0 (Ω) and, for n ≥ 2, H1

0 (Ω) ⊂ Ls(Ω) for some s ∈ (2,+∞),
from Hölder’s inequality we obtain

(2.28) ‖p∗h − p∗‖0,C∗1 ≤ meas(C∗1 )r(s)|p∗ − p∗h|1,C∗1 ≤ C4 meas(C∗1 )r(s)η4

with r(s) := 1
2 − 1

s > 0. Hence, we get

(2.29) ‖p∗h − p∗‖0,C∗1 ≤ min
(
Cp

0η0,p, C4 meas(C∗1 )r(s)η4

)
=: Cp(C∗1 ),

where η0,p denotes the a posteriori estimator for ‖p∗− p∗h‖0,Ω (see Appendix A for its
derivation) and Cp

0 > 0 is a constant. This yields

|Ψ∗(C∗1 )| ≤ 1

2

(
‖Mhp

∗
h − p∗h‖0,C∗1 + Cp(C∗1 ) + α‖u∗h − b‖0,C∗1

)
· ‖u∗h − b‖0,C∗1 =: μ1(C∗1 ).

(2.30)

(ii) In C∗2 we use the identities λ∗h = Mhp
∗
h − αu∗h and p∗ = αu∗. From this, and

assuming bh ∈ Lt(Ω), 2 ≤ t ≤ s, we infer

2|Ψ∗(C∗2 )| = |(u∗h − u∗, λ∗h)C∗2 |
≤ meas(C∗2 )r(t)‖bh − α−1p∗‖t,C∗2 ‖λ

∗
h‖0,C∗2

≤ meas(C∗2 )r(t)
(
‖bh − α−1p∗h‖t,C∗2 + α−1|p∗h − p∗|1,Ω

)
‖λ∗h‖0,C∗2

≤ meas(C∗2 )r(t)
(
‖bh − α−1p∗h‖t,C∗2 + α−1C4η4

)
‖λ∗h‖0,C∗2

with r(t) ≥ 0. Alternatively, we may use (2.17a) for estimating ‖u∗h−u∗‖0,M∗
2
. Hence,

setting

Cu(C∗2 ) := min
(
meas(C∗2 )r(t)

(
‖bh − α−1p∗h‖t,C∗2 + α−1C4η4

)
, C3η3

)
,

we obtain

(2.31) |Ψ∗(C∗2 )| ≤ 1

2
Cu(C∗2 )‖λ∗h‖0,C∗2 := μ2(C∗2 ).

Since λ∗h = 0 in I∗h, we obviously have μ2(I∗h) = 0.
In both cases above we assume μ1(∅) = 0 and μ2(∅) = 0. Summarizing, we obtain

|Ψ∗(Ω)| = |Ψ∗(A∗ ∩ A∗h) + Ψ∗(C∗1 ) + Ψ∗(C∗2 )|

≤ 1

2

∣∣osc
A∗∩A∗

h

h (b;λ∗ + λ∗h)
∣∣ + μ1(C∗1 ) + μ2(C∗2 ).

An alternative (and possibly coarse) estimate of Ψ∗(Ω) uses only the error esti-
mate η3 and ‖λ∗h‖0,A∗

h
as follows:

|Ψ∗(Ω)| =
1

2
|(λ∗h + λ∗, u∗ − u∗h)| ≤ 1

2
C3η3(C3η3 + 2‖λ∗h‖0,A∗

h
) =: μ3(Ω).
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If the original problem is unconstrained with respect to u, then λ∗ = 0. As a
consequence, the first order conditions yield αu∗ = p∗, i.e., u∗ inherits the regularity
of p∗ ∈ H1

0 (Ω). Then we may choose the same ansatz when discretizing p and u.
Thus, we obtain η1 = 0, since Mh becomes the identity operator, and—up to data
oscillations—η2 = η3, and further, ‖Mhp

∗
h − p∗h‖0,C∗1 = 0 in μ1.

Finally, we express μ1 and μ2 such that we obtain cell-oriented error estimates.
Let us first consider μ1(C∗1 ). We have

μ1(C∗1 ) =
1

2

(
Cp(C∗1 ) + ‖Mhp

∗
h − p∗h‖0,C∗1 + α‖u∗h − b‖0,C∗1

)
‖u∗h − b‖0,C∗1

=
1

2

(
Ĉp(C∗1 ) + Ĉ5(C∗1 )‖Mhp

∗
h − p∗h‖2

0,C∗1 + α‖u∗h − b‖2
0,C∗1

)
.

Above, we use

Ĉp
0 :=

{
Cp

0

‖u∗
h−b‖0,C∗

1

η0,p
if meas(C∗1 ) �= 0 and η0,p > 0,

0 if meas(C∗1 ) = 0,

as well as

Ĉ4(C∗1 ) :=

{
C4
‖u∗

h−b‖0,C∗
1

η4
if meas(C∗1 ) �= 0 and η4 > 0,

0 if meas(C∗1 ) = 0,

and further,

Ĉ5(C∗1 ) :=

{ ‖u∗
h−b‖0,C∗

1

‖Mhp∗
h−p∗

h‖0,C∗
1

if meas(C∗1 ) �= 0 and ‖Mhp
∗
h − p∗h‖0,C∗1 > 0,

0 if meas(C∗1 ) = 0.

We therefore have

Ĉp(C∗1 ) = min
(
Ĉp

0η
2
0,p, Ĉ4(C∗1 ) meas(C∗1 )r(s)η2

4

)
.

Finally, we turn to μ2(C∗2 ). We obtain

μ2(C∗2 ) =
1

2
Ĉu(C∗2 ),

with

Ĉi(C∗2 ) :=

{
Ci
‖λ∗

h‖0,C∗
2

ηi
if meas(C∗2 ) �= 0 and ηi > 0,

0 if meas(C∗2 ) = 0,

for i = 3, 4, and

Ĉu(C∗2 ) := min
(
meas(C∗2 )r(t)

(
‖bh − α−1p∗h‖t,C∗2 ‖λ

∗
h‖0,C∗2

+ α−1Ĉ4(C∗2 )η2
4

)
, Ĉ3(C∗2 )η2

3

)
.

We summarize our above findings in the following proposition.
Proposition 2.1. Let the assumptions of Theorem 2.1 be satisfied. Then

(2.32) |Ψ∗(Ω)| ≤ min

(
1

2

∣∣osc
A∗∩A∗

h

h (b;λ∗ + λ∗h)
∣∣ + μ1(C∗1 ) + μ2(C∗2 ), μ3(Ω)

)
.
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We denote the right-hand side in (2.32) by ν̂. In the case where the solution of (P)
satisfies u∗ < b a.e. on Ω, we expect that ν̂ ≈ 0. Indeed, for sufficiently small h we
have λ∗h ≈ 0 (or even λ∗h = 0). Thus, μ2(C∗2 ) ≈ 0 (or μ2(C∗2 ) = 0) holds true. Further,
μ1(C∗1 ) = 0 since A∗ = ∅. Then (2.32) yields ν̂ ≈ 0 (or ν̂ = 0). If (P) involves
no inequality constraints on u, which means that we can set b ≡ +∞ on Ω, then
we naturally obtain ν̂ = 0. Hence, we recover the error estimator for unconstrained
optimal control problems; compare [2, 14].

For deriving the full error estimate, it remains to consider the first term in paren-
theses on the right-hand side of (2.16) in Theorem 2.2. This term is independent of
the control constraints and corresponds to the usual expression obtained for (uncon-
strained) optimal control problems; see [2, 14]. A standard argument yields

|(∇y∗h,∇(iphp
∗ − p∗))0,Ω − (u∗h + fh, i

p
hp
∗ − p∗)0,Ω|

≤
∑
T

‖−Δy∗h − u∗h − fh‖0,T ‖p∗ − iphp
∗‖0,T(2.33)

+
∑
F

∥∥∥∥
[
∂y∗h
∂n

]∥∥∥∥
0,F

‖p∗ − iphp
∗‖0,F =: ηp2

for the primal equation,

|(y∗h − zh, i
y
hy
∗ − y∗)0,Ω + (∇(iyhy

∗ − y∗),∇p∗h)0,Ω|

≤
∑
T

‖−Δp∗h + y∗h − zh‖0,T ‖y∗ − iyhy
∗‖0,T(2.34)

+
∑
F

∥∥∥∥
[
∂p∗h
∂n

]∥∥∥∥
0,F

‖y∗ − iyhy
∗‖0,F =: ηd2

for the dual equation, and

(2.35) |(Mhp
∗
h − p∗h, i

u
hu
∗ − u∗)0,Ω| =: ηu2 .

The overall residual- and complementarity-based error estimate is given in the
following theorem.

Theorem 2.3. Let the assumptions of Theorem 2.1 be satisfied. Then we have
the following error estimate:

|J(y∗, u∗) − J(y∗h, u
∗
h)| ≤ 1

2
(ηp2 + ηd2 + ηu2 ) + ν̂

+
1

2

[
Cp

0η0,p‖f − fh‖0,Ω + Cy
0 η0,y‖z − zh‖0,Ω

]
(2.36)

+ |osch(x∗h)|

with ηp2 , ηd2 , ηu2 , and ν̂ defined by (2.33), (2.34), (2.35), and (2.32), respectively.
Further, Cy

0 > 0 is a constant and η0,y denotes an error estimate for ‖y∗h − y∗‖0,Ω.
For the definition of η0,p and η0,y see (A.10) and (A.11) in Appendix A.

The numerical evaluation of (2.36) depends on estimates of ‖iyhy∗−y∗‖0,T , ‖iyhy∗−
y∗‖0,F , and analogously, for iphp

∗ − p∗. When discretizing the state and the adjoint
state in two dimensions by continuous piecewise linear finite elements, the following
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averaging technique, replacing ηp2 and ηd2 in (2.33) and (2.34), respectively, is appro-
priate:

ηp2,h :=
1

3

∑
T

⎛
⎝hT ‖−Δy∗h − u∗h − fh‖0,T

∑
F (T )

h
1/2
F

∥∥∥∥
[
∂p∗h
∂n

]∥∥∥∥
0,F

⎞
⎠

+
∑
F

hF

∥∥∥∥
[
∂y∗h
∂n

]∥∥∥∥
0,F

∥∥∥∥
[
∂p∗h
∂n

]∥∥∥∥
0,F

(2.37)

for the primal equation, and

ηd2,h :=
1

3

∑
T

⎛
⎝hT ‖−Δp∗h + y∗h − zh‖0,T

∑
F (T )

h
1/2
F

∥∥∥∥
[
∂y∗h
∂n

]∥∥∥∥
0,F

⎞
⎠

+
∑
F

hF

∥∥∥∥
[
∂p∗h
∂n

]∥∥∥∥
0,F

∥∥∥∥
[
∂y∗h
∂n

]∥∥∥∥
0,F

(2.38)

for the dual equation, where F (T ) denotes the edges pertinent to triangle T . Notice
that (2.37) and (2.38) yield typically sharper estimates than residual-based estimators
for our model problem; compare (2.17) and [8]. Further observe that we can only
expect boundedness of ‖iuhu∗ − u∗‖0,Ω in general. However, typically ‖Mhp

∗
h − p∗h‖0,Ω

is small, or, when using the same ansatz for discretizing u∗ as well as p∗, it is even
zero.

For the numerical evaluation of ν̂ observe that I∗h \ A∗ ⊂ I∗, and hence λ∗h = 0
and λ∗ = 0 on this set. Consequently, we obtain

Ψ∗(I∗h \ A∗) = 0.

Next observe that I∗h = C∗1 ∪̇ (I∗h \ A∗). Therefore, we have

(2.39) Ψ∗(C∗1 ) = Ψ∗(I∗h) − Ψ∗(I∗h \ A∗) = Ψ∗(I∗h).

If bh = b, then we obtain Ψ∗(A∗h \ I∗) = 0, and further,

(2.40) Ψ∗(C∗2 ) = Ψ∗(A∗h) − Ψ∗(A∗h \ I∗) = Ψ∗(A∗h).

The estimates μ1(C∗1 ) and μ1(C∗2 ), however, do not satisfy relations analogous to
(2.39)–(2.40) even when bh = b. Hence, ν̂ is not a posteriori. In order to have a
fully a posteriori estimate, we replace ν̂ in (2.36) by

(2.41) ν̂a = min (μ1(I∗h), μ3(Ω)) + min (μ2(A∗h), μ3(Ω)) .

An alternative technique based on set estimation is the subject of section 3.2.

3. Extensions. Now we consider possible extensions of the concept derived in
the previous section. We focus on two aspects as follows: (i) effects due to nonlin-
ear PDEs and/or bilateral constraints; and (ii) alternative ways of making ν̂ fully
a posteriori.
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3.1. Semilinear PDEs and bilateral constraints. Next we assume that the
underlying PDE is semilinear as follows:

(3.1) A(y) = Bu + f,

where the operators A and B induce a semilinear form a(·)(·) and a bilinear form
b(·, ·), respectively. Hence, the weak form of (3.1) becomes

a(y)(v) = (f, v)0,Ω + b(u, v) ∀v ∈ Y.

For our arguments to follow, we assume that A (respectively, a) is sufficiently often
differentiable. Further, we suppose that the control is subject to bilateral constraints,
i.e.,

a ≤ u ≤ b a.e. in Ω.

The Lagrange function corresponding to the associated minimization problem has the
structure

L(x, λa, λb) = J(y, u) + a(y)(p) − (f, p)0,Ω − b(u, p) + (a− u, λa)0,Ω + (u− b, λb)0,Ω,

where λa, λb ∈ L2(Ω) represent the Lagrange multipliers pertinent to the bilateral
pointwise constraints. The first order necessary optimality conditions are given by

A(y∗) −Bu∗ = f,(3.2a)

A′(y∗)�p∗ + Jy(y
∗, u∗) = 0,(3.2b)

Ju(y∗, u∗) + λ∗b − λ∗a −B�p∗ = 0,(3.2c)

u∗ ≥ a, λ∗a ≥ 0, (u∗ − a, λ∗a)0,Ω = 0,(3.2d)

u∗ ≤ b, λ∗b ≥ 0, (u∗ − b, λ∗b)0,Ω = 0.(3.2e)

As the pointwise control constraints are affine, the error estimator for the nonlinear
case is similar to the linear case. This parallels the situation in [2], where the uncon-
strained case was considered. Due to essentially the same proof arguments as in [2,
Proposition 6.1], the following result holds true. In what follows, we use

L0(x) = J(y, u) + a(y)(p) − (f, p)0,Ω − b(u, p),

and use L0,h(x) for its discrete counterpart.
Theorem 3.1. For a Galerkin finite element discretization of the first order

necessary optimality conditions (3.2), the following relation holds true:

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1

2
∇xL0,h(x∗h)(x∗ − ihx

∗)

+
1

2

[
(u∗h − b, λ∗b)0,Ω + (bh − u∗, λ∗b,h)0,Ω

]
+

1

2

[
(a− u∗h, λ

∗
a)0,Ω + (u∗ − ah, λ

∗
a,h)0,Ω

]
+

1

2
((f − fh, p

∗
h − p∗)0,Ω + (z − zh, y

∗
h − y∗)0,Ω) + osch(x∗h)

+ r(x∗, x∗h),

where r(x∗, x∗h) denotes the remainder term of a Taylor expansion of L0 about x∗h. It
is bounded by

|r(x∗, x∗h)| ≤ sup
x̄∈[x∗

h,x
∗]

|∇3
xL0(x̄)[x∗ − x∗h]3|.
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3.2. Alternative a posteriori estimate for ν̂. At the end of section 2 we
derived an a posteriori estimate for ν̂; recall ν̂a in (2.41), where we replaced C∗1 by I∗h
and C∗2 by A∗h, respectively. This may give rise to an overestimation of the error term
pertinent to the complementarity system. In the following we provide an alternative
approach based on set estimation.

Assuming, without loss of generality, bh = b, we focus on the unilaterally con-
strained case and start by considering μ̂1(C∗1 ). For this purpose recall that C∗1 =
I∗h ∩ A∗. Similarly to [11, section 3.3] we estimate the continuous active set A∗ by

χA
∗

h = 1 − b− u∗h
γ hr + b− u∗h

,

where γ denotes some (possibly small) positive constant, and r > 0 is fixed. Note that
χA

∗

h = 1 in A∗h. Further, let χ(S) denote the characteristic function of a set S ⊂ Ω.
We briefly argue that our approximation is useful. In fact, assume that T ⊂ A∗. Then

‖χ(A∗) − χA
∗

h ‖0,T =

∥∥∥∥ b− u∗h
γhr + b− u∗h

∥∥∥∥
0,T

≤ min{1, γ−1h−r‖u∗ − u∗h‖0,T },

which tends to zero whenever ‖u∗ − u∗h‖0,T = O(hq) with q > r. If T ∈ I∗, then we
distinguish two cases as follows:

(i) T ⊂ {b− u∗h > γhεr} for some 0 ≤ ε < 1. Then

‖χ(A∗) − χA
∗

h ‖0,T =

∥∥∥∥ γhr

γhr + b− u∗h

∥∥∥∥
0,T

≤ h(1−ε)r → 0 as h → 0.

(ii) Finally, in the case where T ∈ {b − u∗h ≤ γhεr}, we use T ⊂ I∗ and ‖u∗ −
u∗h‖0,Ω → 0 to conclude that the measure of this set tends to zero as h → 0.

We therefore use the following approximation of χ(C∗1 ):

χ(C∗1 ) ≈ χ(I∗h)χA
∗

h =: χ
C∗1
h .

In the definition of μ1(C∗1 ), we then use

‖χC
∗
1

h (u∗h − b)‖0,Ω instead of ‖u∗h − b‖0,C∗1

and analogously for ‖Mhp
∗
h − p∗h‖0,C∗1 . Further, the measure of C∗1 is approximated by

meas(C∗1 ) ≈
∫

Ω

χ
C∗1
h dx.

The definition of μ2 involves the set C∗2 = A∗h ∩ I∗. Here we employ the approxi-
mation

χ
C∗2
h := χ(A∗h)χI

∗

h

with χI
∗

h = 1 − χA
∗

h . Then we replace ‖λ∗h‖0,C∗2 by ‖χC
∗
2

h λ∗h‖0,Ω, ‖b − αp∗h‖t,C∗2 by

‖χC
∗
2

h (b− α−1p∗h)‖t,Ω, and obtain

meas(C∗2 ) ≈
∫

Ω

χ
C∗2
h dx.

The extension of this concept to the bilaterally constrained case is straightforward.
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4. Numerics. For the practical realization of the goal-oriented dual-weighted
approach, we follow the cycle SOLVE, ESTIMATE, MARK, and REFINE known
from adaptive finite element methods. Here, SOLVE stands for the numerical solution
of the discrete optimal control problem which is taken care of by a primal-dual active
set strategy [9]. The following step, ESTIMATE, is devoted to the computation of
the edge and element residuals of the error estimator ηh, the local components of the
consistency error ν̂h, and the data oscillations. We note that

(4.1) ηh := ηp2,h + ηd2,h + ηu2,h.

Here, ηp2,h and ηd2,h are given by (2.38) and (2.37). Moreover, ηu2,h is given by (2.35)

with iuhu
∗ − u∗ replaced by u∗h − ū∗h, where ū∗h|T := |T |−1

∫
T
u∗h dx, T ∈ Th. We refer

to ηp2,T , ηd2,T , ηu2,T , T ∈ Th, as the elementwise contributions to ηp2,h, ηd2,h, and ηu2,h,
respectively, so that

ηh =
∑
T∈Th

ηT , ηT := ηp2,T + ηd2, T + ηu2,T .

Likewise, we have

(4.2) ν̂h =
∑
T∈Th

ν̂aT ,

where ν̂aT , T ∈ Th, are the elementwise contributions to ν̂a that can be easily deduced
from (2.32). Finally, we summarize the remaining terms of (2.36) in Theorem 2.3
according to

(4.3) osch :=
1

2
[Cp

0η0,p‖f − fh‖0,Ω + Cy
0 η0,y‖z − zh‖0,Ω] + |osch(x∗h)|

and observe

osch =
∑
T∈Th

oscT ,

where again oscT , T ∈ Th, refers to the elementwise contribution to osch. In the
step MARK of the adaptive cycle, we specify constants Θi ∈ (0, 1) and select subsets
Mi ⊂ Th, 1 ≤ i ≤ 3, by means of the bulk criteria

Θ1

∑
T∈Th

ηT ≤
∑

T∈M1

ηT ,(4.4a)

Θ2

∑
T∈Th

ν̂aT ≤
∑

T∈M2

ν̂aT ,(4.4b)

Θ3

∑
T∈Th

oscT ≤
∑

T∈M3

oscT(4.4c)

known from the convergence analysis of adaptive finite element methods (cf., e.g.,
[6, 15]). The bulk criteria can be realized by a greedy algorithm (cf., e.g., [8]). The
final step REFINE of the adaptive loop is devoted to the creation of a new refined
mesh based on longest edge bisection of any element T ∈ Th that has been marked,
i.e., T ∈

⋃3
i=1 Mi.
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Fig. 4.1. Example 1: Optimal state (left) and optimal control (right).

Fig. 4.2. Example 1: Adaptively refined grid after 6 (left) and 10 (right) refinement steps
(Θi = 0.6, 1 ≤ i ≤ 3).

Finally, we provide documentation of numerical results illustrating the perfor-
mance of the goal-oriented dual-weighted approach for two representative distributed
optimal control problems that have been considered in [8] in the framework of an error
analysis of residual-type a posteriori error estimators for control constrained optimal
control problems.

Example 1 (constant obstacle). This first example features a constant obstacle.
The data are as follows:

Ω := (0, 1)2, z :=

{
200x1x2(x1 − 0.5)2(1 − x2) if 0 ≤ x1 ≤ 0.5,

200(x1 − 1)x2(x1 − 0.5)2(1 − x2) if 0.5 < x1 ≤ 1,

α := 0.01, b := 1, f := 0.

Figures 4.1 and 4.2 show a visualization of the optimal state and the optimal control
as well as the adaptively refined grids after 6 and 10 refinement steps in the case
when Θi = 0.6, 1 ≤ i ≤ 3 in the bulk criteria (4.4). The active region is an ellipse
(cf. the plateau in Figure 4.1 (right)). The convergence history of the adaptive loop
is displayed in Table 4.1, containing the total number of degrees of freedom NDOF ,
the error δh := |J(y∗, u∗)−Jh(y∗h, u

∗
h)| in the objective functional, the error estimator

ηh, the consistency error ν̂ah, and the data oscillations osch. Finally, Figure 4.3 shows
the error δh as a function of the total number of degrees of freedom in the case of
adaptive refinement (solid line) and uniform refinement (dotted line). Since in this
example the optimal state and adjoint state are smooth, there is only a slight benefit
gained when using the adaptive process.
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Table 4.1

Example 1: Convergence history of the goal-oriented dual-weighted approach.

� Ndof δh ηh ν̂ah osch
0 12 2.73e-03 1.47e-02 0.00e+00 1.17e-01
1 25 8.57e-04 2.03e-02 2.04e-03 6.23e-02
2 42 5.09e-04 1.42e-02 4.86e-03 3.44e-02
3 80 2.54e-04 7.63e-03 3.13e-03 2.17e-02
4 138 1.52e-04 4.61e-03 1.66e-04 1.27e-02
5 282 7.32e-05 2.30e-03 1.62e-05 7.26e-03
6 478 4.24e-05 1.35e-03 3.67e-05 4.20e-03
7 928 1.77e-05 6.45e-04 1.43e-05 5.24e-03
8 1706 9.91e-06 3.67e-04 4.27e-06 2.08e-03
9 3236 5.13e-06 1.85e-04 1.54e-06 1.20e-03

10 6237 2.52e-06 9.95e-05 3.82e-07 6.60e-04
11 11292 1.42e-06 5.25e-05 1.56e-07 3.73e-04
12 22639 5.92e-07 2.74e-05 1.63e-07 1.63e-04
13 38549 4.20e-07 1.53e-05 4.41e-08 1.12e-04
14 81325 1.57e-07 7.57e-06 7.60e-09 5.05e-05
15 136571 1.17e-07 4.38e-06 6.78e-09 3.24e-05
16 299028 4.65e-08 2.05e-06 1.32e-09 1.58e-05

Fig. 4.3. Example 1: Adaptive refinement (solid line) versus uniform refinement (dotted line).

Example 2 (variable obstacle). This example is constructed in such a way that
there is a lack of strict complementarity. It differs from the general setting insofar
as the term containing the control in the objective functional additionally includes a
fixed shift control w ∈ L2(Ω) as follows:

J(y, u) :=
1

2
‖y − z‖2

0,Ω +
α

2
‖u− w‖2

0,Ω.

The data are as follows:

Ω := (0, 1)2, z := 0, w := û + α−1 (σ̂ + Δ−2û) ,

b :=

{
(x1 − 0.5)8 if (x1, x2) ∈ Ω1,
(x1 − 0.5)2 otherwise,

α := 0.1, f := 0.

Here, û and σ̂ are given by

û :=

{
b(x1, x2) if (x1, x2) ∈ Ω1 ∪ Ω2,

−1.01 b(x1, x2) otherwise
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Fig. 4.4. Example 2: Optimal state (left) and optimal control (right).

Fig. 4.5. Example 2: Adaptively refined grid after 6 (left) and 10 (right) refinement steps
(Θi = 0.6, 1 ≤ i ≤ 3).

and

σ̂ :=

{
2.25 (x1 − 0.75) · 10−4 if (x1, x2) ∈ Ω2,

0 otherwise

with Ω1 and Ω2 specified as follows:

Ω1 := {(x1, x2) ∈ Ω | ((x1 − 0.5)2 + (x2 − 0.5)2)1/2 ≤ 0.15},
Ω2 := {(x1, x2) ∈ Ω | x1 ≥ 0.75}.

We note that Ω2 corresponds to the strongly active set (where strict complementarity
holds true, i.e., λ∗ > 0 a.e. in Ω2), whereas the set Ω1 ∪ {(x1, x2) ∈ Ω | x1 = 0.5}
represents the weakly active set, where strict complementarity does not hold true,
i.e., λ∗ = 0 a.e. in this set.

The shift control w ∈ L2(Ω) is approximated by wh ∈ Lh, giving rise to an
additional term in the data oscillations osch(x∗h).

Figure 4.4 displays the computed optimal state and optimal control. Figure 4.5
shows the adaptively refined grids after 6 and 10 refinements steps, where we have
chosen Θi = 0.6, 1 ≤ i ≤ 3 in the bulk criteria (4.4). Table 4.2 reflects the convergence
history of the refinement process in terms of the same data as in the first example,
and Figure 4.6 shows the comparison between adaptive and uniform refinement. In
this example, the benefits of adaptive refinement are more pronounced than in the
previous one.
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1740 M. HINTERMÜLLER AND R. H. W. HOPPE

Table 4.2

Example 2: Convergence history of the goal-oriented dual-weighted approach.

� Ndof δh ηh ν̂ah osch
0 5 2.41e-04 2.58e-06 0.00e+00 1.07e-01
1 12 1.61e-04 5.26e-06 2.71e-07 8.11e-02
2 26 7.62e-05 4.78e-06 4.19e-07 5.25e-02
3 43 3.50e-05 3.69e-06 5.82e-07 3.71e-02
4 73 1.54e-05 2.08e-06 0.00e+00 2.89e-02
5 133 8.59e-06 1.29e-06 0.00e+00 2.22e-02
6 253 4.09e-06 6.45e-07 0.00e+00 1.59e-02
7 475 2.38e-06 3.78e-07 8.08e-11 1.17e-02
8 953 1.16e-06 1.79e-07 9.86e-12 8.39e-03
9 1776 6.44e-07 9.86e-08 1.79e-12 6.05e-03

10 3507 3.41e-07 4.87e-08 2.66e-13 4.70e-03
11 6645 1.82e-07 2.64e-08 7.94e-14 3.34e-03
12 12684 1.03e-07 1.33e-08 3.08e-14 2.59e-03
13 24746 5.36e-08 7.06e-09 1.25e-14 1.91e-03
14 45486 2.99e-08 3.71e-09 2.23e-15 1.52e-03
15 90991 1.57e-08 1.91e-09 1.75e-15 1.13e-03
16 165366 8.12e-09 1.05e-09 2.65e-16 9.06e-04

Fig. 4.6. Example 2: Adaptive refinement (solid line) versus uniform refinement (dotted line).

It should be noted that in both examples there is comparably less refinement
than in the case of the residual-type a posteriori error estimator from [8]. This does
not come as a surprise. As we noted before, the error estimation derived from the
goal-oriented dual-weighted approach provides a finer estimate, since the residual-type
upper bound can be derived from it by further estimation. On the other hand, the
residual-type estimator from [8] has been designed for an estimation of the errors in
the state, the adjoint state, the control, and the adjoint control. Therefore, a more
pronounced refinement has to be expected.

Appendix A. A posteriori estimates in the L2-norm. In this section we
derive a posteriori error estimates for ‖p∗− p∗h‖0,Ω and ‖y∗− y∗h‖0,Ω. The subsequent
proof technique is based on a combination of the approaches in [8] and [17].

In what follows, we assume that Ω is convex and that b = bh a.e. in Ω, and we
use a(y, w) = (∇y,∇w)0,Ω. Given u∗h ∈ Lh, by y(u∗h), p(u∗h) ∈ H1

0 (Ω) we denote the
solutions to

a(y(u∗h), v) = (f + u∗h, v)0,Ω,

a(p(u∗h), v) = (z − y(u∗h), v)0,Ω
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for all v ∈ H1
0 (Ω). The Poincaré–Friedrichs inequality yields

‖p(u∗h) − p∗‖0,Ω ≤ c(Ω)‖y(u∗h) − y∗‖0,Ω,(A.1)

‖y(u∗h) − y∗‖0,Ω ≤ c(Ω)‖u∗h − u∗‖0,Ω,(A.2)

where we assume that y∗ ∈ H1
0 (Ω) satisfies a(y∗, v) = (f +u∗, v)0,Ω for all v ∈ H1

0 (Ω),
and c(Ω) is a constant depending only on the domain Ω. Hence, for p∗ ∈ H1

0 (Ω)
satisfying a(p∗, v) = (z − y∗, v)0,Ω for all v ∈ H1

0 (Ω), we get

(A.3) ‖p∗ − p∗h‖0,Ω ≤ ‖p(u∗h) − p∗h‖0,Ω + c(Ω)2‖u∗h − u∗‖0,Ω.

Next let us assume that u∗, respectively, u∗h, satisfies the system

αu∗ − p∗ + λ∗ = 0 and αu∗h −Mhp
∗
h + λ∗h = 0.

Then we obtain

α‖u∗ − u∗h‖2
0,Ω ≤ (λ∗h − λ∗, u∗ − u∗h)0,Ω + (p∗ − p∗h, u

∗ − u∗h)0,Ω

+
α

4
‖u∗ − u∗h‖2

0,Ω +
1

α
‖p∗h −Mhp

∗
h‖2

0,Ω

≤ (p∗ − p∗h, u
∗ − u∗h)0,Ω +

α

4
‖u∗ − u∗h‖2

0,Ω

+
1

α
‖p∗h −Mhp

∗
h‖2

0,Ω

(A.4)

since (λ∗h − λ∗, u∗ − u∗h)0,Ω ≤ 0. One also has

(p∗ − p(u∗h), u∗ − u∗h)0,Ω ≤ 0.

Hence, we have

(p∗ − p∗h, u
∗ − u∗h)0,Ω ≤ (p(u∗h) − p∗h, u

∗ − u∗h)0,Ω

≤ α

4
‖u∗ − u∗h‖2

0,Ω +
1

α
‖p∗h − p(u∗h)‖2

0,Ω.

This allows us to continue (A.4) as follows:

(A.5) ‖u∗ − u∗h‖2
0,Ω ≤ 2

α2
‖p∗h − p(u∗h)‖2

0,Ω +
2

α2
‖p∗h −Mhp

∗
h‖2

0,Ω.

Combining the above estimates results in

‖p∗ − p∗h‖0,Ω ≤
(

1 +

√
2

α
c(Ω)2

)
‖p∗h − p(u∗h)‖0,Ω(A.6)

+

√
2

α
c(Ω)2‖p∗h −Mhp

∗
h‖0,Ω,

‖y∗ − y∗h‖0,Ω ≤ ‖y(u∗h) − y∗h‖0,Ω +

√
2

α
c(Ω)

(
‖p∗h − p(u∗h)‖0,Ω(A.7)

+ ‖p∗h −Mhp
∗
h‖0,Ω

)
.

Utilizing standard L2-estimates (see, e.g., [17, Proposition 3.8]) we infer

‖y(u∗h) − y∗h‖2
0,Ω ≤ C

(∑
T

h2
T η

2
y,T +

∑
F

h2
F η

2
y,F

)
=: Cη̃2

0,y,(A.8)

‖p(u∗h) − p∗h‖2
0,Ω ≤ C

(∑
T

h2
T η̃

2
p,T +

∑
F

h2
F η

2
p,F

)
=: Cη̃2

0,p,(A.9)
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where the element and edge residuals are given by

ηy,T := hT ‖f + u∗h‖0,T ,

ηy,F := h
1/2
F ‖nF · [∇y∗h]‖0,F ,

η̃p,T := hT ‖z − y(u∗h)‖0,T ,

ηp,F := h
1/2
F ‖nF · [∇p∗h]‖0,F

with nF denoting the exterior unit normal of T . The triangle inequality yields∑
T

h4
T ‖z − y(u∗h)‖2

0,T ≤ C h2η̃2
0,y + 2

∑
T

h2
T η

2
p,T

with the element residual

ηp,T := h2
T ‖z − y∗h‖0,T .

Finally, we derive the estimate

‖p∗ − p∗h‖0,Ω ≤ C

(
h2η̃2

0,y +
∑
T

h2
T η

2
p,T +

∑
F

h2
F η

2
p,F

)1/2

+

√
2

α
c(Ω)2‖p∗h −Mhp

∗
h‖0,Ω + osc0,h(z) + osc0,h(f)(A.10)

=: Cp
0η0,p + osc0,h(z) + osc0,h(f),

where the data oscillations are given by

osc0,h(z) =

(∑
T

h2
T oscT (z)2

)1/2

,

oscT (z) = hT ‖z − zh‖0,T

and analogously for osc0,h(f).
The error in the state is estimated a posteriori by

‖y∗ − y∗h‖0,Ω ≤ Cη̃0,y +

√
2

α
c(Ω) (η̃0,p + ‖p∗h −Mhp

∗
h‖0,Ω)

+ osc0,h(f) + osc0,h(z)(A.11)

=: Cy
0 η0,y + osc0,h(f) + osc0,h(z).
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PARTIAL INFORMATION LINEAR QUADRATIC CONTROL FOR
JUMP DIFFUSIONS∗

YAOZHONG HU† AND BERNT ØKSENDAL‡

Abstract. We study a stochastic control problem in which the state process is described by a
stochastic differential equation (SDE) that is driven by a Brownian motion and a Poisson random
measure, and is affine in both the state and the control. The performance functional is quadratic
in the state and the control. All the coefficients are allowed to be random and non-Markovian.
Moreover, we may allow the control to be predictable to a given subfiltration of the filtration of the
Brownian motion and the random measure (partial information control).

Key words. partial information, linear quadratic control, jump diffusions, backward stochastic
Riccati equations
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1. Introduction. The problem of stochastic control is always hard. Only in a
few cases is there an explicit solution. There are two important approaches to the
general stochastic optimal control problem. One is the Bellman dynamic programming
principle, which results in the Hamilton–Jacobi–Bellman equation. This approach is
applicable when the controlled system is Markovian. Another important approach is
the maximum principle. For detailed accounts of the approaches to systems driven
by Brownian motions, see the books [7] and [18] and the references therein.

In this paper we will consider the stochastic optimal control problems in which the
controlled system is a jump-diffusion. There have been some recent developments in
the case when the controlled system is Markovian. See the book [15] and the references
therein. Some explicit control problems arising from finance and their solutions are
also presented in this book.

Let (Wt, t ≥ 0) be a Brownian motion and (N(ds, dz) , s ≥ 0 , z ∈ R) be a Poisson
random measure with the intensity measure given by ν(dz). The compensated Poisson
random measure is denoted by Ñ(ds, dz). We will consider only the case when the
state xt at time t is described by a linear controlled jump-diffusion of the form

dxt = [Atxt + Btut + αt] dt + [Ctxt + Dtut + βt] dWt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz) , t ∈ [0, T ],(1.1)

x0 = x ∈ R .

Here ut is our control process and At, Bt, αt, Ct, Dt, βt, Et(z), Ft(z), and γt(z) are
given Ft-predictable processes, where Ft is the filtration generated by the Brownian
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motion W (s), s ≤ t, and the Poisson random measures are Ñ(ds, dz), s ≤ t. The
control ut is required to be Et-predictable, where Et ⊆ Ft is a given filtration repre-
senting the information available to the controller at time t. For example, we could
have

Et = F(t−δ)+ , t ∈ [0, T ] ,

where δ > 0 is a fixed delay of information.
The performance functional is assumed to have the form

(1.2)

J(x, u) = E
{
H1x

2
T + H2xT

}
+ E

{∫ T

0

[
Q11(t)x

2
t + 2Q12(t)xtut + Q22(t)u

2
t + R1(t)xt + 2R2(t)ut

]
dt

}
,

where Qij(t) and Ri(t) are given bounded Ft-adapted processes and Hi are given
FT -measurable bounded random variables satisfying certain conditions (see section
2). Even in the absence of jumps, namely,

Et(z) = Ft(z) = γt(z) = 0

(the diffusion case), the theory of classical linear quadratic control deals only with
the case when

Et = Ft (complete information case)

and

H2 = 0 , αt = 0 , βt = 0 , R1(t) = R2(t) = 0 .

Namely, there are no first-order terms in the utility functional and there are no con-
stant terms in the system. If the coefficients are random (but predictable) and/or
Et ⊂ Ft, then the system is no longer Markovian. The most effective method is the
technique of completing squares.

However, even if Et = Ft, the classical technique of completing squares is not
directly applicable to the system we consider because of the appearance of the first-
order terms in the utility functional and the constant terms in the controlled system.
The appearance of such terms is important when we apply the results to minimum
variance portfolio selection, for example.

In this paper we introduce an additional auxiliary backward Riccati equation to
handle the extra terms. Thus we will have two (coupled) Riccati equations. Fortu-
nately, they are only weakly coupled in the sense that we can solve one equation first
and then substitute the solution into the other. This introduction of an additional
equation, which handles the linear and constant terms, was given earlier in [17] for
the constant term and in [13] for both linear and constant terms. There is a rich
literature on stochastic linear quadratic control and associated Riccati equations; see,
e.g., [1], [2], [5], [6], [10], [16], [17].

We will apply our results to minimum variance portfolio selection problems with
or without partial information [3], [4], [8]. The results extend those in [9] (which use
the Hamilton–Jacobi–Bellman dynamic programming principle) to the case of random
coefficients.
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It should be pointed out that the approach of the dynamic programming principle
or the maximum principle cannot be applied directly here, both because of the general
random coefficients in the controlled system and in the utility functional and because
of partial information. Moreover, the technique of completing the square also leads
us to the solution of the partial information problem.

2. The complete information case. Let us first consider the case with com-
plete information, i.e., Et = Ft. Let the system be described by a one-dimensional
stochastic differential equation, driven both by Brownian white noise and Poissonian
random measure, as follows:

dxt = dx
(u)
t = [Atxt + Btut + αt] dt + [Ctxt + Dtut + βt] dWt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz) , 0 ≤ t ≤ T,(2.1)

x0 = x ∈ R .

We assume that At, Ct, Et(z), Bt, Dt, Ft(z), αt, βt, and γt(z) are bounded R-valued
Ft-predictable processes (they can be random). The goal is to minimize the cost
functional

(2.2)

J(x, u) = E
{
H1x

2
T + H2xT

}
+ E

{∫ T

0

[
Q11(t)x

2
t + 2Q12(t)xtut + Q22(t)u

2
t + R1(t)xt + 2R2(t)ut

]
dt

}
,

where Qij(t) and Ri(t), i, j = 1, 2, are given bounded Ft-adapted (real-valued)
stochastic processes and H1 and H2 are FT -measurable bounded random variables.

We assume throughout this paper that

Q22(t) + Θ3(t) ≥ 0 for a.a. t, ω,

where Θ3(t) is defined by (2.14). This is a linear system with a quadratic utility
functional. We say that the control ut is admissible and write ut ∈ AF if ut is Ft-

predictable and equation (2.1) has a unique strong solution xt = x
(u)
t for 0 ≤ t ≤ T

and

E

[∫ T

0

{
u2(t) +

(
x

(u)
t

)2
}
dt

]
< ∞ .

We define

ρ1(t) =

∫
R

Et(z)
2ν(dz) , ρ2(t) =

∫
R

μt(z)
[
Et(z)

2 + 2Et(z)
]
ν(dz),

ρ3(t) =

∫
R

Et(z)Ft(z)ν(dz) , ρ4(t) =

∫
R

μt(z) [Et(z)Ft(z) + 2Ft(z)] ν(dz),

ρ5(t) =

∫
R

Ft(z)
2ν(dz) , ρ6(t) =

∫
R

μt(z)Ft(z)
2ν(dz),

ρ7(t) =

∫
R

γt(z)Et(z)ν(dz) , ρ8(t) =

∫
R

μt(z)γt(z) [1 + Et(z)] ν(dz),

ρ9(t) =

∫
R

γt(z)Ft(z)ν(dz) , ρ10(t) =

∫
R

γt(z)μt(z)Ft(z)ν(dz),
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ρ11(t) =

∫
R

γt(z)
2ν(dz) , ρ12(t) =

∫
R

γt(z)
2μt(z)ν(dz),

ρ13(t) =

∫
R

μ̃t(z)Et(z)ν(dz) , ρ14(t) =

∫
R

μ̃t(z)Ft(z)ν(dz),

ρ15(t) =

∫
R

μ̃t(z)γt(z)ν(dz) .

We introduce the following system of backward Riccati/backward linear stochastic
differential equations in the two unknown processes pt and p̃t:

(2.3)

dpt +
[
2ptAt + ptC

2
t + 2ηtCt + ρ1(t)pt + ρ2(t) + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1 [
ptBt + ptCtDt + ηtDt

+ρ3(t)pt + ρ4(t) + Q12(t)
]2
dt

− ηtdWt −
∫

R

μt(z)Ñ(dt, dz) = 0,

pT = H1,(2.4)

(2.5)

dp̃t + [2ptαt + 2βtptCt + 2βtηt + 2ptρ7(t) + 2ρ8(t)] dt

+ [p̃tAt + Ctη̃t + ρ13(t) + R1(t)] dt

− 2
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1 [
ptBt + ptCdDt + ηtDt + ρ3(t)pt + ρ4(t)

+Q12(t)
]
,[

ptβtDt + ptρ9(t) + ρ10(t) +
1

2
p̃tBt +

1

2
η̃tDt +

1

2
ρ14(t) + R2(t)

]
dt

− η̃tdWt −
∫

R

μ̃t(z)Ñ(dt, dz) = 0,

p̃T = H2 .(2.6)

Here the Ft-predictable, square integrable processes ξt, ηt, μt(z) and ξ̃t, η̃t, μ̃t(z)
are (implicitly) determined from pt and p̃t, respectively, through the semimartingale
representations

dpt = ξtdt + ηtdWt +

∫
R

μt(z)Ñ(dt, dz)(2.7)

and

dp̃t = ξ̃tdt + η̃tdWt +

∫
R

μ̃t(z)Ñ(dt, dz) .(2.8)

We now state the first main theorem of this paper.
Theorem 2.1. Suppose the system of backward Riccati equations (2.3)–(2.6) has

a solution pt and p̃t. Define

ut = −
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1
,(2.9) {

[ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) + Q12(t)]xt−

+ ptβtDt + ptρ9(t) + ρ10(t) +
1

2
(p̃t + η̃tDt + ρ14(t)) + R2(t)

}
.
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Suppose ut ∈ AF and

E

[∫ T

0

{
x4
tη

2
t + (x4

t + u4
t )(p

2
t +

∫
R

μ2
t (z)ν(dz)

}
dt

]
< ∞ .(2.10)

Then ut is the unique solution of the complete information linear quadratic control
problem (2.1)–(2.2). The corresponding value function is also quadratic and given by

E (p0)x
2 + E (p̃0)x(2.11)

+E

∫ T

0

{
Θ6(t) + Θ9(t) − [Q22(t) + Θ3(t)]

−1
[Θ5(t) + Θ8(t) + R2(t)]

2
}
dt ,

where pt and p̃t are found from solving the above backward equation and Θi(t), i =
3, 5, 6, 8, 9, are defined by (2.12)–(2.20).

Remark 2.2. The existence of a solution to (2.3) has been proved recently by Hu
and Song. See [11].

If all the parameters are deterministic, then we can take ηt, η̃t, μt(z), and μ̃t(z) to
be 0. In this case the stochastic Riccati equation reduces to the usual (deterministic)
Riccati equation.

If at least one of the parameters is stochastic and all of them depend only on
Brownian white noise W , then we may choose μt(z) and μ̃t(z) to be 0, but ηt and η̃t
cannot both be 0. If at least one of them is stochastic and all of them depend only
on Poisson noise N(·, dz), then we may choose ηt and η̃t to be 0. But μt(z) and μ̃t(z)
cannot both be 0.

Proof of Theorem 2.1. We shall use the technique of completing squares.
Applying (2.7) and the integration by parts formula, we have

dx2
t = 2xt−dxt + [Ctxt + Dtut + βt]

2
dt +

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)]
2
N(dt, dz)

= 2xt−

{
[Atxt + Btut + αt] dt + [Ctxt + Dtut + βt] dWt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz)

}
+ [Ctxt + Dtut + βt]

2
dt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)]
2
Ñ(dt, dz)

+

∫
R

[Et(z)xt + Ft(z)ut + γt(z)]
2
ν(dz)dt .

Another integration by parts yields

d(ptx
2
t ) = 2pt−xt−

{
[Atxt + Btut + αt] dt + [Ctxt + Dtut + βt] dWt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz)

}

+ pt [Ctxt + Dtut + βt]
2
dt +

∫
R

pt− [Et(z)xt− + Ft(z)ut + γt(z)]
2
N(dt, dz)

+x2
t−

[
ξtdt + ηtdWt +

∫
R

μt(z)Ñ(dt, dz)

]
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+ 2ηtxt [Ctxt + Dtut + βt] dt +

∫
R

μt(z) [Et(z)xt− + Ft(z)ut + γt(z)]
2
N(dt, dz)

+ 2

∫
R

μt(z)xt− [Et(z)xt− + Ft(z)ut + γt(z)]N(dt, dz) .

Denote

dη1(t) = x2
t−

[
ηtdWt +

∫
R

μt(z)Ñ(dt, dz)

]
+ 2ptxt [Ctxt + Dtut + βt] dWt

+

∫
R

{
μt(z)x

2
t− + 2pt−xt− [Et(z)xt− + Ft(z)ut + γt(z)]

+ (pt− + μt(z)) [Et(z)xt− + Ft(z)ut + γt(z)]
2

}
Ñ(dt, dz)

+ 2

∫
R

μt(z)xt− [Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz)

and η1(0) = 0. Then we see from (2.10) that E η1(t) = 0 for all t ≥ 0. We can rewrite

d(ptx
2
t ) = x2

t ξtdt + 2ptxt [Atxt + Btut + αt] dt

+ pt [Ctxt + Dtut + βt]
2
dt + 2xtηt [Ctxt + Dtut + βt] dt

+

∫
R

{
[pt + μt(z)] [Et(z)xt + Ft(z)ut + γt(z)]

2

}
ν(dz)dt

+ 2

∫
R

μt(z)xt [Et(z)xt + Ft(z)ut + γt(z)] ν(dz)dt + dη1(t) .

Introduce the notation

Θ1(t) = ξt + 2ptAt + ptC
2
t + 2ηtCt

+

∫
R

[
ptEt(z)

2 + μt(z)Et(z)
2 + 2μt(z)Et(z)

]
ν(dz) ;(2.12)

Θ2(t) = ptBt + ptCtDt + ηtDt

+

∫
R

{ptEt(z)Ft(z) + μt(z)Et(z)Ft(z) + μt(z)Ft(z)} ν(dz) ;(2.13)

Θ3(t) = ptD
2
t +

∫
R

{
ptFt(z)

2 + μt(z)Ft(z)
2
}
ν(dz) ;(2.14)

Θ4(t) = 2ptαt + 2βtptCt + 2βtηt

+2

∫
R

[(pt + μt(z))γt(z)Et(z) + μt(z)γt(z)] ν(dz) ;(2.15)

Θ5(t) = ptβtDt +

∫
R

(pt + μt(z))γt(z)Ft(z)ν(dz) ;(2.16)
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and

Θ6(t) = ptβ
2
t +

∫
R

(pt + μt(z))γ
2
t (z)ν(dz) .(2.17)

Then we have

E
{
pTx

2
T

}
= E

{
p0x

2
}

+ E

∫ T

0

{
Θ1(t)x

2
t + 2Θ2(t)xtut + Θ3(t)u

2
t

+ Θ4(t)xt + 2Θ5(t)ut + Θ6(t)

}
dt .(2.18)

To deal with the first-order terms which appeared above (2.18), we combine (2.8) with
the integration by parts formula to get

d(p̃txt) = xt−

[
ξ̃tdt + η̃tdWt +

∫
R

μ̃t(z)Ñ(dt, dz)

]

+ p̃t−

{
[Atxt + Btut + αt] dt + [Ctxt + Dtut + βt] dWt

+

∫
R

[Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz)

}
+ η̃t [Ctxt + Dtut + βt] dt

+

∫
R

μ̃t(z) [Et(z)xt + Ft(z)ut + γt(z)] ν(dz)dt

+

∫
R

μ̃t(z) [Et(z)xt− + Ft(z)ut + γt(z)] Ñ(dt, dz) .

Hence

E [p̃TxT ] = E

[
p̃0x +

∫ T

0

{
xtξ̃t + p̃t [Atxt + Btut + αt]

+ η̃t [Ctxt + Dtut + βt] +

∫
R

μ̃t(z) [Et(z)xt + Ft(z)ut + γt(z)] ν(dz)

}
dt

]

= E

[
p̃0x +

∫ T

0

{
Θ7(t)xt + 2Θ8(t)ut + Θ9(t)

}
dt

]
,(2.19)

where

Θ7(t) = ξ̃t + p̃tAt + Ctη̃t +

∫
R

μ̃t(z)Et(z)ν(dz),(2.20)

Θ8(t) =
1

2

{
p̃tBt + η̃tDt +

∫
R

μ̃t(z)Ft(z)ν(dz)

}
,(2.21)

Θ9(t) = p̃tαt + η̃tβt +

∫
R

μ̃t(z)γt(z)ν(dz) .(2.22)

Let

pT = H1 and p̃T = H2 .
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Therefore

J(x, u)

=

{∫ T

0

[
Q11(t)x

2
t + 2Q12(t)xtut + Q22(t)u

2
t + R1(t)xt + 2R2(t)ut

]
dt + pTx

2
T + p̃TxT

}

= E (p0x
2) + E (p̃0x) + E

∫ T

0

{
[Θ1(t) + Q11(t)]x

2
t + 2 [Θ2(t) + Q12(t)]xtut

+ [Q22(t) + Θ3(t)]u
2
t + [Θ4(t) + Θ7(t) + R1(t)]xt

+ 2 [Θ5(t) + Θ8(t) + R2(t)]ut + Θ6(t) + Θ9(t)
}
dt

= E (p0x
2) + E (p̃0x)

+ E

∫ T

0

{[
Θ1(t) + Q11(t) − [Q22(t) + Θ3(t)]

−1
[Θ2(t) + Q12(t)]

2
]
x2
t

+

[
Θ4(t) + Θ7(t) + R1(t) − 2 [Q22(t) + Θ3(t)]

−1
[Θ2(t) + Q12(t)]

× [Θ5(t) + Θ8(t) + R2(t)]

]
xt

+ [Q22(t) + Θ3(t)]
{
ut + [Q22(t) + Θ3(t)]

−1
[Θ2(t) + Q12(t)]xt

+ [Q22(t) + Θ3(t)]
−1

[Θ5(t) + Θ8(t) + R2(t)]
}2

,

Θ6(t) + Θ9(t) − [Q22(t) + Θ3(t)]
−1

[Θ5(t) + Θ8(t) + R2(t)]
2

}
dt .

If

(2.23)⎧⎪⎪⎨
⎪⎪⎩

Θ1(t) + Q11(t) −
[
Q22(t) + Θ3(t)

]−1[
Θ2(t) + Q12(t)

]2
= 0,

Θ4(t) + Θ7(t) + R1(t) − 2
[
Q22(t) + Θ3(t)

]−1[
Θ2(t) + Q12(t)

][
Θ5(t) + Θ8(t) + R2(t)

]
= 0,

then

J(x, u) = E (p0x
2) + E (p̃0x) + E

∫ T

0

J0(t)dt

+ E

∫ T

0

[Q22(t) + Θ3(t)]
{
ut + [Q22(t) + Θ3(t)]

−1
[Θ2(t) + Q12(t)]xt−

+ [Q22(t) + Θ3(t)]
−1

[Θ5(t) + Θ8(t) + R2(t)]
}2

dt ,(2.24)

where

J0(t) = Θ6(t) + Θ9(t) − [Q22(t) + Θ3(t)]
−1

[Θ5(t) + Θ8(t) + R2(t)]
2

is independent of ut and xt. This utility functional will achieve its minimum

E (p0x
2) + E (p̃0x) + E

∫ T

0

J0(t)dt
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when

ut = − [Q22(t) + Θ3(t)]
−1 {[Θ2(t) + Q12(t)]xt− + Θ5(t) + Θ8(t) + R2(t)} .(2.25)

Thus the optimal control is also a feedback one which is linear and depends only on
the state xt.

Using the notation of ρi(t), we may rewrite (2.12)–(2.17) and (2.20)–(2.22) as

Θ1(t) = ξt + 2ptAt + ptC
2
t + 2ηtCt + ρ1(t)pt + ρ2(t) ,(2.26)

Θ2(t) = ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) ,(2.27)

Θ3(t) = ptD
2
t + ρ5(t)pt + ρ6(t) ,(2.28)

Θ4(t) = 2ptαt + 2βtptCt + 2βtηt + 2ptρ7(t) + 2ρ8(t) ,(2.29)

Θ5(t) = ptβtDt + ptρ9(t) + ρ10(t) ,(2.30)

Θ6(t) = ptβ
2
t + ptρ11(t) + ρ12(t) ,(2.31)

Θ7(t) = ξ̃t + p̃tAt + Ctη̃t + ρ13(t) ,(2.32)

Θ8(t) =
1

2
{p̃tBt + η̃tDt + ρ14(t)} ,(2.33)

Θ9(t) = p̃tαt + η̃tβt + ρ15(t) .(2.34)

The first equation of (2.23) becomes

ξt + 2ptAt + ptC
2
t + 2ηtCt + ρ1(t)pt + ρ2(t) + Q11(t)

+
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1

× [ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) + Q12(t)]
2

= 0 .

Multiplying by dt, we get

ξtdt +
[
2ptAt + ptC

2
t + 2ηtCt + ρ1(t)pt + ρ2(t) + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1

× [ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) + Q12(t)]
2
dt = 0 .

Substituting

ξtdt = dpt − ηtdWt −
∫

R

μt(z)Ñ(dt, dz)

into the equation, we have the following backward Riccati equation for pt:

dpt +
[
2ptAt + ptC

2
t + 2ηtCt + ρ1(t)pt + ρ2(t) + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1 [
ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t)

+Q12(t)
]2
dt

−ηtdWt −
∫

R

μt(z)Ñ(dt, dz) = 0 .

In a similar way, we can reduce the second equation of (2.23) to

dp̃t + [2ptαt + 2βtptCt + 2βtηt + 2ptρ7(t) + 2ρ8(t)] dt

+ [p̃tAt + Ctη̃t + ρ13(t) + R1(t)] dt
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−2
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1
[ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) + Q12(t)] ,[

ptβtDt + ptρ9(t) + ρ10(t) +
1

2
p̃tBt +

1

2
η̃tDt +

1

2
ρ14(t) + R2(t)

]
dt

−η̃tdWt −
∫

R

μ̃t(z)Ñ(dt, dz) = 0 .

3. The partial information case. We now study the case when our control ut

is required to be Et-predictable, where

Et ⊆ Ft for all t ∈ [0, T ]

is a given subfiltration representing the information available to the controller at time
t. The corresponding family of admissible controls is denoted by AE .

Theorem 3.1 (partial information linear quadratic control). Suppose the system
of Riccati equations (2.3)–(2.6) has a solution pt and p̃t. Define

u∗t = −
(
E

[
{Q22(t) + Θ3(t)}

∣∣∣Et])−1

,

E

[
{(Θ2(t) + Q12(t))xt− + Θ5(t) + Θ8(t) + R2(t)}

∣∣∣Et] ,(3.1)

where Θi(t) are given by (2.26)–(2.34).
Suppose u∗t ∈ AE and that (2.10) holds. Then u∗t is the unique solution of the

partial information linear quadratic control problem. The value function JE(x) in the
partial observation case is given by

JE(x) = JF (x) + E

[∫ T

0

{
LtM

2
t − E

[
Lt

∣∣Et]−1 (
E

[
LtMt

∣∣Et])2} dt

]
,(3.2)

where JF is the value function in the complete information case and

Lt = Q22(t) + Θ3(t)(3.3)

and

Mt = L−1
t [(Θ2(t) + Q12(t))xt + Θ5(t) + Θ8(t) + R2(t)] .(3.4)

Proof. We use the computation in the proof of Theorem 2.1. By (2.24), we have

J(x, u) = JF (x) + E

[∫ T

0

Lt(ut + Mt)
2dt

]
.(3.5)

Note that Lt does not depend on Xt (or ut). For each t, define the measure Qt by

dQt = LtdPt on Ft .(3.6)

Then

E

[∫ T

0

Lt(ut + Mt)
2dt

]
=

∫ T

0

E Qt

[
(ut + Mt)

2
]
dt .
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We can minimize this for each t. By the well-known Kallianpur–Striebel formula [12]
we know that the minimum of E Qt

[
(ut + Mt)

2
]

over all Et-measurable ut is attained
at

ut = u∗t = −E Qt [Mt|Et]

= −
E

[
LtMt

∣∣Et]
E

[
Lt

∣∣Et]
= −

E
[
{(Θ2(t) + Q12(t))xt− + Θ5(t) + Θ8(t) + R2(t)}

∣∣Et]
E

[
{Q22(t) + Θ3(t)}

∣∣Et] .(3.7)

This proves (3.1). Substituting (3.7) into (3.6), we get

JE(x) = JF (x) + E

[∫ T

0

Lt(u
∗
t + Mt)

2dt

]

= JF (x) + E

[∫ T

0

{
LtM

2
t −

(
E

[
Lt

∣∣Et])−1 (
E

[
LtMt

∣∣Et])2} dt

]
,

which proves (3.2).
Remark 3.2. We may regard the term

JE(x) − JF (x) = E

[∫ T

0

{
LtM

2
t −

(
E

[
Lt

∣∣Et])−1 (
E

[
LtMt

∣∣Et])2} dt

]

as the reduction of performance (or cost increase) due to the reduced information flow
Et.

4. Some particular cases.

4.1. Absence of Poissonian noise. Let us first consider the case when the
system is under the influence of Brownian white noise. In the controlled system (2.1),
we let

Et(z) = Ft(z) = γt = 0,

let all the coefficients be adapted with respect to the filtration FW
t = σ(Ws, s ≤ t),

and let H1, H2 be FW
T measurable. Then

ρi(t) = 0 for all 1 ≤ i ≤ 15 .

We may assume μt = μ̃t = 0 and write (2.3)–(2.6) as

(4.1)

dpt +
[
2ptAt + ptC

2
t + 2ηtCt + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t

]−1
[ptBt + ptCtDt + ηtDt + Q12(t)]

2
dt− ηtdWt = 0,

pT = H1,(4.2)

(4.3)

dp̃t + [2ptαt + 2βtptCt + 2βtηt] dt + [p̃tAt + Ctη̃t + R1(t)] dt

−2
[
Q22(t) + ptD

2
t

]−1
[ptBt + ptCtDt + ηtDt + Q12(t)] ,[

ptβtDt +
1

2
p̃tBt +

1

2
η̃tDt + R2(t)

]
dt− η̃tdWt = 0,

p̃T = H2 .(4.4)
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Theorem 4.1. Suppose the system of backward Riccati equations (4.1)–(4.4) has
a solution pt and p̃t. Define

ut = −
[
Q22(t) + ptD

2
t

]−1

{
[ptBt + ptCtDt + ηtDt + Q12(t)]xt−

−ptβtDt +
1

2
(p̃t + η̃tDt −R2(t))

}
.(4.5)

Suppose ut ∈ AF and that (2.10) holds. Then ut is the unique solution of the complete
information linear quadratic control problem (2.1)–(2.2). The corresponding value
function is also quadratic and is given by

E (p0)x
2 + E (p̃0)x + E

∫ T

0

{
Θ6(t) + Θ9(t) − [Q22(t) + Θ3(t)]

−1
[Θ5(t) + Θ8(t)

+R2(t)]
2

}
dt ,

where pt and p̃t are found from solving the above backward equations and

Θ3(t) = ptD
2
t , Θ5(t) = ptβtDt , Θ6(t) = ptβ

2
t ,

Θ8(t) =
1

2
(p̃t + η̃tDt) , Θ9(t) = p̃tαt + η̃tβt .

4.2. Absence of Brownian white noise. If, in the controlled system (2.1),
Ct = Dt = βt = 0 and all the coefficients are adapted to the filtration FP

t =
σ(N(ds, dz), s ≤ t), and H1, H2 are FP

T measurable, then we may consider the system

(4.6)

dpt + [2ptAt + ρ1(t)pt + ρ2(t) + Q11(t)] dt

− [Q22(t) + ρ5(t)pt + ρ6(t)]
−1

[ptBt + ρ3(t)pt + ρ4(t)]
2
dt−

∫
R

μt(z)Ñ(dt, dz) = 0,

pT = H1,(4.7)

dp̃t + [2ptαt + 2βtηt + 2ptρ7(t) + 2ρ8(t)] dt + [p̃tAt + ρ13(t) + R1(t)] dt(4.8)

−2 [Q22(t) + ρ5(t)pt + ρ6(t)]
−1

[ptBt + ρ3(t)pt + ρ4(t) + Q12(t)] ,[
ptρ9(t) + ρ10(t) +

1

2
p̃tBt +

1

2
ρ14(t) + R2(t)

]
dt−

∫
R

μ̃t(z)Ñ(dt, dz) = 0,

p̃T = H2 .(4.9)

Theorem 4.2. Suppose the system of backward Riccati equations (2.3)–(2.6) has
a solution pt and p̃t. Define

(4.10)

ut = − [Q22(t) + ρ5pt + ρ6(t)]
−1

{
[ptBt + ρ3(t)pt + ρ4(t) + Q12(t)]xt− − ptρ9(t)

+ρ10(t) +
1

2
(p̃t + ρ14(t)) −R2(t)

}
.
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Suppose ut ∈ AF and that (2.10) holds. Then ut is the unique solution of the complete
information linear quadratic control problem (2.1)–(2.2). The corresponding value
function is also quadratic and is given by

E (p0)x
2 + E (p̃0)x

+ E

∫ T

0

{
Θ6(t) + Θ9(t) − [Q22(t) + Θ3(t)]

−1
[Θ5(t) + Θ8(t) + R2(t)]

2
}
dt ,

where pt and p̃t are found from solving the above backward equations and Θi are given
by corresponding formulas of (2.26)–(2.34).

4.3. Classical Riccati equations. To obtain the classical Riccati equation, we
may assume that in the controlled system (2.1),

αt = 0 , βt = 0 , γt = 0 , H2 = 0 , Q12(t) = R1(t) = R2(t) = 0 .

In this case, we have

ρ7(t) = ρ9(t) = ρ10(t) = ρ11(t) = ρ12(t) = 0 .

The backward stochastic Riccati equation for p̃t becomes

dp̃t + [p̃tAt + Ctη̃t + ρ13(t)] dt− 2
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1
,

[ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t)] ,[
1

2
p̃tBt +

1

2
η̃tDt +

1

2
ρ14(t)

]
dt− η̃tdWt −

∫
R

μ̃t(z)Ñ(dt, dz) = 0,

p̃T = 0 .

Apparently, this equation has a solution 0. Moreover, (2.3) becomes

(4.11)

dpt +
[
2ptAt + ptC

2
t + 2ηtCt + ρ1(t)pt + ρ2(t) + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1 [
ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t)

+Q12(t)
]2
dt

−ηtdWt −
∫

R

μt(z)Ñ(dt, dz) = 0,

pT = H1 .(4.12)

Theorem 4.3. Suppose the system of backward Riccati equations (4.11)–(4.12)
has a solution pt. Define

ut = −
[
Q22(t) + ptD

2
t + ρ5pt + ρ6(t)

]−1
,{

[ptBt + ptCtDt + ηtDt + ρ3(t)pt + ρ4(t) + Q12(t)]xt−

−ptβtDt + ptρ9(t) + ρ10(t) −R2(t)

}
.(4.13)

Suppose that ut ∈ AF and that (2.10) holds. Then ut is the unique solution of the
complete information linear quadratic control problem (2.1)–(2.2). The corresponding
value function is also quadratic and is given as before.
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If in Theorem 4.3 we further assume

Et(z) = Ft(z) = γt = 0 , Q12(t) = R1(t) = R2(t) = 0 ,

then we have the following.

Corollary 4.1. Suppose the backward Riccati equation

dpt +
[
2ptAt + ptC

2
t + 2ηtCt + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t

]−1
[ptBt + ptCtDt + ηtDt]

2
dt− ηtdWt = 0,

pT = H1

has a solution pt. Define

ut = −
[
Q22(t) + ptD

2
t

]−1 {
[ptBt + ptCtDt + ηtDt]xt− − ptβtDt + ptρ9(t) + ρ10(t)

−R2(t)
}
.

Suppose ut ∈ AF and that (2.10) holds. Then ut is the unique solution of the complete
information linear quadratic control problem (2.1)–(2.2). The corresponding value
function is also quadratic and is given as before.

Remark 4.4. This equation coincides with the equation in [13], for example.

4.4. Deterministic linear quadratic problem. If all the data are determin-
istic, then we may assume pt and p̃t to be deterministic, too. Hence

ηt = μt(z) = η̃t = μ̃t(z) = 0

and we have the following.

Theorem 4.5. Consider the following system of backward Riccati/backward lin-
ear stochastic differential equations:

(4.14)

dpt +
[
2ptAt + ptC

2
t + ρ1(t)pt + ρ2(t) + Q11(t)

]
dt

−
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1
[ptBt + ptCtDt + ρ3(t)pt + ρ4(t) + Q12(t)]

2
dt = 0,

(4.15)

dp̃t + [2ptαt + 2βtptCt + 2ptρ7(t) + ρ8(t)] dt + [p̃tAt + ρ13(t) + R1(t)] dt

−2
[
Q22(t) + ptD

2
t + ρ5(t)pt + ρ6(t)

]−1
[ptBt + ptCtDt + ρ3(t)pt + ρ4(t) + Q12(t)] ,[

ptβtDt + ptρ9(t) + ρ10(t) +
1

2
p̃tBt +

1

2
ρ14(t) + R2(t)

]
dt = 0 .

The terminal conditions are

pT = H1 and p̃T = H2 .

If the Riccati system (4.14)–(4.16) has solutions pt and p̃t, then the linear quadratic
control problem (2.1)–(2.2) has a solution with the optimal control given by
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(4.16)

ut = −
[
Q22(t) + ptD

2
t + ρ5pt + ρ6(t)

]−1
,{

[ptBt + ptCtDt + ρ3(t)pt + ρ4(t) + Q12(t)]xt−

−
[
ptβtDt + ptρ9(t) + ρ10(t) +

1

2
(p̃t + η̃tDt + ρ14(t))

]
−R2(t)

}
,

provided that ut ∈ AF and that (2.10) holds. The corresponding value function is
given by (2.11) with

Q6(t) = ptβ
2
t

∫
R

ptγ
2
t (z)ν(dz),

Q9(t) = p̃tαt,

Q3(t) = ptD
2
t + p2

t

∫
R

F 2
t (z)ν(dz),

Q5(t) = ptβtDt +

∫
R

ptγt(z)Ft(z)ν(dz),

Q8(t) =
1

2
p̃tBt .

5. Partial information mean-variance portfolio problem. We now apply
our results to a partial information mean-variance portfolio problem in finance.

Suppose we have a market with the following two investment possibilities:
(i) a risk free asset, whose unit price S0(t) at time t is given by

dS0(t) = ρtS0(t)dt , S0(0) = 1, 0 ≤ t ≤ T ;(5.1)

(ii) a risky asset, whose unit price S1(t) at time t is given by

dS1(t) = S1(t−)

[
atdt + btdWt +

∫
R

ct(z)Ñ(dt, dz)

]
, 0 ≤ t ≤ T,(5.2)

S1(0) > 0.

Here ρt, at, bt, and ct(z) are given Ft-predictable processes. We assume that

E

[∫ T

0

{
|ρt| + |at| + b2t +

∫
R

ct(z)
2ν(dz)

}
dt

]
< ∞;(5.3)

there exists ε > 0 such that ct(z) > −1 + ε a.s. for a.a. t, z;(5.4)

ptb
2
t +

∫
R

(pt + μt(z))ct(z)
2ν(dz) > 0 for a.a. t, ω,(5.5)

where pt is the solution of (5.14)–(5.15) following.
Conditions (5.3)–(5.4) ensure that the solution to (5.2) is given by

(5.6)

S1(t) = S1(0) exp

{∫ t

0

(
as −

1

2
b2s

)
ds +

∫ t

0

bsdWs

+

∫ t

0

∫
R

{log(1 + cs(z)) − cs(z)} ν(dz)ds +

∫ t

0

∫
R

log(1 + cs(z))Ñ(ds, dz)

}
.
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A portfolio in this market is a predictable process φ(t) = (φ0(t), φ1(t)) ∈ R
2 giving

the number of units of the risk-free and the risky asset, respectively, held at time t.
The corresponding wealth process x(t) = xφ(t) is defined by

xφ(t) = φ0(t)S0(t) + φ1(t)S1(t) .(5.7)

We say that φ(t) is self-financing if

dxφ(t) = φ0(t)dS0(t) + φ1(t)dS1(t) .(5.8)

Suppose we are given a subfiltration

Et ⊆ Ft , t ∈ [0, T ] .

Let

ut = φ1(t)S1(t)

be the amount (instead of number of shares) invested in the risky asset at time t.
We say that ut is admissible and write ut ∈ AE if ut is Et-predictable, φ1(t) = ut

S1(t)
is

self-financing, and x(u)(t) := x(φ)(t) is lower bounded. Combining the above, we see
that if φ ∈ AE , then

dx(u)(t) =
{
ρtx

(u)(t) + (at − ρt)ut

}
dt + btutdW (t) + ut

∫
R

ct(z)Ñ(dt, dz),(5.9)

x(u)(0) = x > 0 .

We now consider the partial information mean-variance portfolio problem, which is to
find the portfolio û ∈ AE which minimizes the variance

E
[
xφ(T ) − E xφ(T )

]2
(5.10)

under the constraint

E
[
xφ(T )

]
= K ,(5.11)

where K is a given constant.
Using the Lagrange multiplier method, we see that the problem is equivalent to

minimizing

E
[
xφ(T ) − λ

]2
(5.12)

for a given constant λ ∈ R, without constraints. We refer the reader to [18], [14], and
[8] for more information about the mean-variance portfolio problem.

For the case when Et = Ft and the coefficients are all deterministic, this problem
was solved in [8] by using the maximum principle for jump-diffusions.

Subsequently this was extended to the partial information case Et ⊆ Ft (but still
with deterministic coefficients) by Baghery and Øksendal [3].

We now show how Theorem 3.1 gives us a solution also in the case of stochastic
coefficients.

Here

At = ρt , Bt = at − ρt , αt = 0 , Ct = 0 , Dt = bt , βt = 0,

Et(z) = 0 , Ft(z) = ct(z) , γt(z) = 0 , Qij(t) = Ri(t) = 0
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and

H1 = 1 , H2 = −2λ .

Then (3.1) gives the following candidate for the optimal partial information portfolio:

u∗t = −
(
E

[
Θ3(t)

∣∣Et])−1
E

[{
Θ2(t)x

(u)(t−) + Θ5(t) + Θ8(t)
} ∣∣Et] ,(5.13)

where Θi(t), i = 2, 3, 5, 8 are defined by (2.26)–(2.34). Hence

u∗t = −
(

E

[{
ptb

2
t +

∫
R

(pt + μt(z))ct(z)
2ν(dz)

} ∣∣Et
])−1

×E

[{
(pt(at − ρt)+ ηtbt)x

(u)(t−) +
1

2
(p̃t + η̃tbt) +

∫
R

μ̃t(z)ct(z)ν(dz)
}∣∣Et

]
.

Here pt, ηt, μt(z) and p̃t, η̃t, μ̃t(z) are the solutions of the backward Riccati equations
(2.3)–(2.6), i.e.,

dpt = −
{

2ρtpt +

[
ptb

2
t +

∫
R

(pt + μt(z))c
2
t (z)ν(dz)

]−1 [
pt(at − ρt) + ηtbt(5.14)

+

∫
R

μt(z)ct(z)ν(dz)

]2
}
dt + ηtdWt +

∫
R

μt(z)Ñ(dt, dz), t < T,

pT = 1,(5.15)

and

dp̃t = −
{
ρtp̃t +

1

2

[
ptb

2
t +

∫
R

(pt + μt(z))c
2
t (z)ν(dz)

]−1 [
pt(at − ρt) + η̃tbt

+

∫
R

μt(z)ct(z)ν(dz)

]}
dt + η̃tdWt +

∫
R

μ̃t(z)Ñ(dt, dz), t < T,(5.16)

p̃T = −2λ .(5.17)

Summarizing the above, we get the following.
Theorem 5.1. Suppose the system of backward Riccati equations (5.14)–(5.17)

has a unique solution pt and p̃t. Define

(5.18)

u∗t = −
(
E

[{
ptb

2
t +

∫
R

(pt + μt(z))ct(z)
2ν(dz)

}∣∣Et
])−1

E

[{
(pt(at − ρt) + ηtbt)x

(u)(t−)

+
1

2
(p̃t + η̃tbt) +

∫
R

μ̃t(z)ct(z)ν(dz)

}∣∣Et
]
.

Suppose u∗t ∈ AE and that (2.10) holds. Then u∗t is the unique solution to the minimum
variance problem (5.12).

Remark 5.2. Suppose the conditions of Theorem 5.1 hold for each choice of
λ ∈ R. Let x∗λ(T ) be the optimal terminal wealth determined by the optimal control
u∗t = u∗λ,t corresponding to λ. Then, in order to solve the original mean-variance
portfolio problem (5.10), it remains to determine λ such that

E [x∗λ(T )] = K .

We omit the discussion of this equation.
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ABSTRACT SECOND ORDER HYPERBOLIC SYSTEM AND
APPLICATIONS TO CONTROLLED NETWORK OF STRINGS∗
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Abstract. In this paper we study an abstract second order hyperbolic system valued in C
N

with appropriate boundary conditions. We prove that the system is well-posed and associates with
a C0 semigroup in a Hilbert state space. Under certain conditions, we show that the spectra of the
system operator are located in the vertical strip, and that there is a sequence of eigenvectors and
generalized eigenvectors that forms a Riesz basis with parentheses for the Hilbert state space, and
hence that the system satisfies the spectrum determined growth assumption. As applications, we
investigate the exponential stability of a controlled tree-shaped network of 7-strings and a network
of N -connected strings.

Key words. hyperbolic system, spectral distribution, Riesz basis, exponential stability, tree-
shaped network
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1. Introduction. Many mechanical systems (such as cables, spacecraft with
flexible attachments, robots with flexible links, etc.) contain certain parts whose dy-
namic behavior can be rigorously described by the partial differential equations

(1.1) M
∂2Y (x, t)

∂t2
= T

∂2Y (x, t)

∂x2
+ P

∂Y (x, t)

∂x
+ QY (x, t), x ∈ (0, 1), t > 0,

with appropriate boundary conditions, where Y (x, t) is a function valued in C
N ;

M , T , P , and Q are N × N matrices; and M and T are positive definite matrices.
For such systems, we study not only their dynamic behavior but also the control
problem. To achieve their control goals, scientists have designed many passive and
active controllers.

In the past decade, boundary control of systems governed by partial differential
equations has become an important research field. For concrete systems many bound-
ary feedback controllers are used to stabilize the system. For example, in [1], [2], [3],
[4], and [19] the authors used boundary and pointwise feedback controllers to stabi-
lize one-dimensional wave systems, and in [9], [10], [11], and the references therein,
the boundary feedback controllers have been used in string networks; these are the
simplest cases of (1.1) when P = Q = 0.

For the Timoshenko system whose motion is governed by{
ρwtt(x, t) = K(wxx(x, t) − ϕx(x, t)), 0 < x < �, t > 0,

Iρϕtt(x, t) = EIϕxx(x, t) + K(wx(x, t) − ϕ(x, t)), 0 < x < �, t > 0,

which is exactly of the form in (1.1), the authors in [12], [13], [14], and [20] used the
boundary feedback controllers to exponentially stabilize the systems.
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The one-dimensional selling porous solid system, whose dynamic behavior is gov-
erned by{

ρ0utt(x, t) = μuxx(x, t) + βϕx(x, t), 0 < x < �, t > 0,

ρ0Kϕtt(x, t) = αϕxx(x, t) − βux(x, t) − ξϕ(x, t) − γϕt(x, t), 0 < x < �, t > 0,

is a case of (1.1) with damping. Within this system, [15] and [16] discussed the
slow decay, and [17] used the boundary feedback controllers to achieve the uniform
stabilization.

We observe that in all the works mentioned above, the stability analysis of the
corresponding closed loop system is the most difficult part; it becomes much more
difficult when one uses the method of spectral analysis. This is because one asserts
the stability of a system from its spectral distribution only when the system satisfies
the spectrum determined growth assumption, which means that the decay rate of
the system is determined via the spectrum of the system operator. For a distributed
parameter system, to prove that the system itself satisfies the spectrum determined
growth assumption is a tough problem. Note that if the system is a Riesz one, that
is, the multiplicities of eigenvalues are uniformly bounded and there is a sequence of
eigenvectors and generalized eigenvectors that forms a Riesz basis for the Hilbert state
space, then the spectrum determined growth assumption holds. So verification of the
Riesz basis property in the literature becomes an important component (see [4], [14],
[20]). Recently, we found a method for verifying the Riesz basis property (see [24],
[25]). This method depends only on the distribution of eigenvalues and not on their
expression and eigenvectors, which makes it possible to obtain the Riesz basis of the
system by determining the asymptotic distribution of the spectrum.

A practice calculation (see, e.g., [14], [20]) shows that the asymptotic spectra of
the system (1.1) are entirely determined by its principal part, i.e., P = Q = 0. Based
on this fact, in this paper we shall discuss a special case of the system (1.1) with
P = Q = 0 under appropriate boundary conditions. More precisely, we shall study
the following system valued in C

N :

(1.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M
∂2Y (x, t)

∂t2
= T

∂2Y (x, t)

∂x2
, x ∈ (0, 1), t > 0,

Y (0, t) = CY (1, t), t > 0,

T
∂Y (1, t)

∂x
− CτT

∂Y (0, t)

∂x
= −Γ

∂Y (1, t)

∂t
, t > 0,

Y (x, 0) = Y0(x),
∂Y (x, 0)

∂t
= Y1(x), x ∈ (0, 1),

where M , T , and Γ are positive definite N ×N matrices; C is a real N ×N matrix
satisfying det(I −C) �= 0; and Cτ denotes the transpose of matrix C. We shall prove
that the system is well-posed and that under certain conditions, the eigenvectors and
generalized eigenvectors of the system generate a Riesz basis for the Hilbert state
space. Under certain conditions, the system decays exponentially.

It is worth mentioning that system (1.2) is different from those systems mentioned
before because it has coupled equations and nonseparable boundary conditions. These
properties cause some difficulty in practice. However, such a system has many impor-
tant applications.

The contents of this paper are organized as follows. In section 2, we shall formulate
the problem (1.2) into a Hilbert state space and then prove that the system associates
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with a C0 semigroup and is asymptotically stable. In section 3, we shall study the
spectral distribution of the system operator and prove the Riesz basis property of
eigenvectors and generalized eigenvectors, which deduces that the system satisfies the
spectrum determined growth assumption. Finally, in section 4, we give two examples:
a tree-shaped network of 7-strings and a network of N-connected strings. We shall
show that both systems are exponentially stable.

2. Well-posedness of abstract differential equations. In this section, we
shall formulate system (1.2) into a Hilbert space and then discuss whether the system
is well-posed.

Let an abstract hyperbolic system valued in C
N be given by

(2.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M
∂2Y (x, t)

∂t2
= T

∂2Y (x, t)

∂x2
, x ∈ (0, 1), t > 0,

Y (0, t) = CY (1, t), t > 0,

T
∂Y (1, t)

∂x
− CτT

∂Y (0, t)

∂x
= −Γ

∂Y (1, t)

∂t
, t > 0,

Y (x, 0) = Y0(x),
∂Y (x, 0)

∂t
= Y1(x), x ∈ (0, 1),

where M , T , and Γ are positive definite matrices, and C is a real matrix satisfying
det(I − C) �= 0.

Set

V k
E (0, 1) =

{
f ∈ Hk

(
[0, 1],CN

) ∣∣ f(0) = Cf(1)
}
,

where Hk((0, 1),CN ) is the Sobolev space of order k.
Let

H = V 1
E(0, 1) × L2([0, 1],CN )

be equipped with the inner product

〈(f1, f2), (g1, g2)〉H =

∫ 1

0

(Tf ′1(x), g′1(x))dx +

∫ 1

0

(Mf2(x), g2(x))dx,

and hereafter we always denote by (·, ·) the inner product in C
N and by 〈·, ·〉H the

inner product in H.
It is easy to see that for (f1, f2) ∈ H,

‖(f1, f2)‖H =

(∫ 1

0

(Tf ′1(x), f ′1(x))dx +

∫ 1

0

(Mf2(x), f2(x))dx

)1/2

is a norm on H, and that H is a Hilbert space.
Define an operator A in H by

D(A) =
{
(f, g) ∈ V 2

E(0, 1) × V 1
E(0, 1)

∣∣ Tf ′(1) − CτTf ′(0) = −Γg(1)
}
,(2.2)

A(f, g) = (g(x),M−1Tf ′′(x)) ∀(f, g) ∈ D(A).(2.3)

With the help of the above notation we can rewrite (2.1) as an evolutionary
equation in H as follows:

(2.4)

⎧⎪⎨
⎪⎩

d
dtZ(t) = AZ(t), t > 0,

Z(t) = (Y (x, t), Yt(x, t)),

Z(0) = (Y0(x), Y1(x)).
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Theorem 2.1. Let H and A be defined as before; then A is a dissipative operator,
A−1 exists and is compact on H, and hence A generates a C0 semigroup of contraction
on H.

Proof. Let H and A be defined as before. It is easy to verify that A is a closed
and densely defined linear operator in H. For any (f, g) ∈ D(A), we have

〈A(f, g), (f, g)〉H =

∫ 1

0

(Tg′(x), f ′(x))dx +

∫ 1

0

(M(M−1T )f ′′(x), g(x))dx

= (Tg(x), f ′(x))
∣∣∣1
0
−
∫ 1

0

(Tg(x), f ′′(x))dx +

∫ 1

0

(Tf ′′(x), g(x))dx,

〈(f, g),A(f, g)〉H =

∫ 1

0

(Tf ′(x), g′(x))dx +

∫ 1

0

(Mg(x), (M−1Tf ′′(x)))dx

= (Tf ′(x), g(x))
∣∣∣1
0
−
∫ 1

0

(Tf ′′(x), g(x))dx +

∫ 1

0

(Tg(x), f ′′(x))dx,

and hence

�〈A(f, g), (f, g)〉H = �(Tg(x), f ′(x))
∣∣∣1
0

= �(Tf ′(1), g(1)) −�(Tf ′(0), g(0))

= �(Tf ′(1), g(1)) −�(Tf ′(0), Cg(1))

= �(Tf ′(1) − CτTf ′(0), g(1))

= −(Γg(1), g(1)) ≤ 0,(2.5)

where we have used the conditions g(0) = Cg(1) and Tf ′(1) − CτTf ′(0) = −Γg(1)
and Γ is a positive definite matrix. So A is a dissipative operator.

Now we show that 0 ∈ ρ(A). For any given (u, v) ∈ H, we consider the solvability
of equation

A(f, g) = (u, v), (f, g) ∈ D(A),

i.e.,

(2.6)

{
g(x) = u(x), x ∈ [0, 1],

M−1Tf ′′(x) = v(x), x ∈ (0, 1).

For the second equation in (2.6), integrating from x to 1 leads to

(2.7) Tf ′(1) − Tf ′(x) =

∫ 1

x

Mv(s)ds, x ∈ (0, 1),

and

(2.8) (1 − x)Tf ′(1) − Tf(1) + Tf(x) =

∫ 1

x

dr

∫ 1

r

Mv(s)ds, x ∈ (0, 1).

From (2.7) and (2.8) we get

Tf ′(1) − Tf ′(0) =

∫ 1

0

Mv(s)ds,(2.9)

Tf ′(1) − Tf(1) + Tf(0) =

∫ 1

0

dr

∫ 1

r

Mv(s)ds.(2.10)
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Multiplying (2.9) by Cτ and recalling the boundary condition Tf ′(1) − CτTf ′(0) =
−Γg(1) = −Γu(1) yield

(2.11) (I − Cτ )Tf ′(1) = −Γu(1) −
∫ 1

0

CτMv(s)ds.

Since det(I − Cτ ) �= 0, we have

(2.12) Tf ′(1) = −[I − Cτ ]−1

[
Γu(1) +

∫ 1

0

CτMv(s)ds

]
.

Substituting f(0) = Cf(1) into (2.10) yields

(2.13) Tf ′(1) − Tf(1) + TCf(1) =

∫ 1

0

dr

∫ 1

r

Mv(s)ds.

Thus we get from (2.12) and (2.13) that

f(1) = −[I − C]−1T−1[I − Cτ ]−1

[
Γu(1) +

∫ 1

0

CτMv(s)ds

]

− [I − C]−1T−1

∫ 1

0

dr

∫ 1

r

Mv(s)ds.

(2.14)

Therefore,

f(x) = f(1) − (1 − x)f ′(1) + T−1

∫ 1

x

dr

∫ 1

r

Mv(s)ds

= −
[
xI + (I − C)−1C

]
T−1(I − Cτ )−1

[
Γu(1) +

∫ 1

0

CτMv(s)ds

]

− (I − C)−1CT−1

∫ 1

0

dr

∫ 1

r

Mv(s)ds− T−1

∫ x

0

dr

∫ 1

r

Mv(s)ds.(2.15)

Let f be given by (2.15) and g(x) = u(x). Then (f, g) ∈ D(A) and A(f, g) =
(u, v). Thus the inverse operator theorem implies that 0 ∈ ρ(A). Note that u ∈
V 1
E(0, 1) and f has an integral representation. The Sobolev embedding theorem asserts

that A−1 is compact on H. Therefore by the Lumer–Philips theorem (cf. [18]), A
generates a C0 semigroup of contraction on H.

Corollary 2.2. Let A be defined by (2.2) and (2.3) and S(t) be the semigroup
generated by A. Then σ(A) consists of all isolated eigenvalues of finite multiplicity,
and σ(A) ⊂

{
λ ∈ C

∣∣ �λ < 0
}
. Therefore, S(t) is asymptotically stable.

Proof. The first assertion follows from A−1 being a compact operator on H. For
any λ ∈ σ(A), we shall prove that �λ < 0. If it is not true, then there is at least
one λ ∈ σ(A) with �λ = 0. Clearly, λ �= 0. Let (f, g) ∈ D(A) be a corresponding
eigenvector. Then we have g(x) = λf(x) and

0 = �λ||(f, g)||2H = �λ〈(f, g), (f, g)〉H = �〈A(f, g), (f, g)〉H = −(Γg(1), g(1)) ≤ 0.

Since Γ is a positive definite matrix, we must have g(1) = 0, and hence f(1) = 0. So
the vector-valued function f(x) satisfies the following differential equation:

(2.16)

{
λ2Mf(x) = Tf ′′(x), x ∈ (0, 1),

f(0) = 0 = f(1), T f ′(1) − CτTf ′(0) = 0.
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Since M and T are positive definite matrices, so also is matrix T−1/2MT−1/2. Set
B2 = T−1/2MT−1/2, where B also is a positive definite matrix. Then the general
solution of (2.16) has the form

f(x) = T−1/2 sin(xλB)v, v ∈ C
N .

Substituting the above into the boundary conditions in (2.16) leads to

T 1/2 sin(λB)v = 0, λ
(
T 1/2B cos(λB) − CτT−1/2B

)
v = 0.

Since λ �= 0, we get from the above that

(I − Cτ )T 1/2Bv = 0.

Notice that det((I−Cτ )T 1/2B) �= 0. So v = 0, i.e., f(x) = 0, and hence (f, g) = (0, 0).
This gives the contradiction that (f, g) is an eigenvector of A. Therefore, �λ < 0 for
any λ ∈ σ(A). The second assertion is proved. The asymptotical stability of S(t)
follows from Lyubich and Phóng’s theorem [21].

3. Spectral analysis of A. In order to investigate the properties of the semi-
group S(t) generated by A, we need to find some spectral properties of A. In this
section, we shall study the distribution of σ(A), the completeness of eigenvectors and
the generalized eigenvectors of A and their Riesz basis property.

We begin with the eigenvalue problem. Let λ ∈ C be an eigenvalue of A and
(f, g) be a corresponding eigenvector. Then we have

(3.1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

g(x) = λf(x), x ∈ [0, 1],

λ2Mf(x) = Tf ′′(x), x ∈ (0, 1),

f(0) = Cf(1),

T f ′(1) − CτTf ′(0) = −λΓf(1).

Set

f̂(x) = T 1/2f(x), ĝ(x) = T 1/2g(x), B2 = T−1/2MT−1/2,

where B is a positive definite matrix. Then (3.1) is equivalent to the following equa-
tion:

(3.2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ĝ(x) = λf̂(x), x ∈ [0, 1],

λ2B2f̂(x) = f̂ ′′(x), x ∈ (0, 1),

f̂(0) = T 1/2CT−1/2f̂(1),

f̂ ′(1) − T−1/2CτT 1/2f̂ ′(0) = −λT−1/2ΓT−1/2f̂(1).

Clearly, the general solution of the differential equation in (3.2) is of the form

(3.3) f̂(x) = exλBu + e−xλBv, u, v ∈ C
N .

Substituting this into the boundary conditions in (3.2) leads to

(3.4)

⎧⎪⎨
⎪⎩

(B + T−1/2ΓT−1/2)eλBu + (T−1/2ΓT−1/2 −B)e−λBv

= T−1/2CτT 1/2B(u− v),

(u + v) = T 1/2CT−1/2(eλBu + e−λBv).
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The above algebraic equation has a nonzero solution (u, v) and this implies that the
determinant of the coefficient matrix vanishes, i.e.,

(3.5) D(λ) = det

[
I − ĈeλB I − Ĉe−λB

(B + Γ̂)eλB − ĈτB (Γ̂ −B)e−λB + ĈτB

]
= 0,

where Ĉ = T 1/2CT−1/2, Γ̂ = T−1/2ΓT−1/2.
Conversely, if λ ∈ C such that D(λ) = 0, then (3.4) has a nonzero solution

(u, v). We can define function f̂ as being the same as (3.3). Obviously, f̂ satisfies the
equation

f̂ ′′(x) = λ2B2f̂(x).

Equation (3.4) implies that f̂ satisfies the boundary conditions in (3.2). Consequently,
the functions

f(x) = T−1/2f̂(x), g(x) = λT−1/2f̂(x)

satisfy (3.1). Therefore, λ is an eigenvalue of A.
Since

D(λ) = det

[
I − ĈeλB I − Ĉe−λB

(B + Γ̂)eλB − ĈτB (Γ̂ −B)e−λB + ĈτB

]

= det

[
e−λB − Ĉ I − Ĉe−λB

(B + Γ̂) − ĈτBe−λB (Γ̂ −B)e−λB + ĈτB

]
det

[
eλB 0
0 I

]

= det

[
I − ĈeλB eλB − Ĉ

(B + Γ̂)eλB − ĈτB (Γ̂ −B) + ĈτBeλB

]
det

[
I 0
0 e−λB

]
,

when �λ → ±∞, we have

(3.6) lim
�λ→+∞

D(λ)

det(eλB)
= det

[
−Ĉ I

(B + Γ̂) ĈτB

]
= (−1)n det[Γ̂ + B + ĈτBĈ]

and

(3.7) lim
�λ→−∞

D(λ)

det(e−λB)
= det

[
I −Ĉ

−ĈτB (Γ̂ −B)

]
= det[Γ̂ −B − ĈτBĈ].

Therefore, we have the following result.
Theorem 3.1. Let A be defined as in (2.2) and (2.3) and let

(3.8) B2 = T−1/2MT−1/2, Ĉ = T 1/2CT−1/2, Γ̂ = T−1/2ΓT−1/2,

and D(λ) be defined by (3.5). Then

(3.9) σ(A) =
{
λ ∈ C

∣∣ D(λ) = 0
}
.

When det[Γ̂ −B − ĈτBĈ] �= 0, there is a positive constant h > 0 such that

(3.10) σ(A) ⊂
{
λ ∈ C

∣∣ −h ≤ �λ < 0
}
.
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In this case, σ(A) is a union of finite many separated sets.
Proof. Let λ ∈ C with λ �= 0. For any given (u, v) ∈ H, we consider the resolvent

equation (λI −A)(f, g) = (u, v), i.e.,

(3.11)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λf − g = u,

λg −M−1Tf ′′ = v,

f(0) = Cf(1),

T f ′(1) − CτTf ′(0) = −Γg(1).

So, g = λf − u, and f satisfies the following differential equation:

(3.12)

⎧⎪⎨
⎪⎩

λ2f(x) −M−1Tf ′′(x) = λu(x) + v(x), x ∈ (0, 1),

f(0) = Cf(1),

T f ′(1) − CτTf ′(0) + λΓf(1) = Γu(1).

Set

f̂(x) = T 1/2f(x), ĝ(x) = T 1/2g(x), û(x) = T 1/2u(x), v̂(x) = T 1/2v(x).

Then (3.12) is changed into

(3.13)

⎧⎪⎨
⎪⎩

λ2B2f̂(x) − f̂ ′′(x) = λB2û(x) + B2v̂(x), x ∈ (0, 1),

f̂(0) = Ĉf̂(1),

f̂ ′(1) − Ĉτ f̂ ′(0) + λΓ̂f̂(1) = Γ̂û(1),

where B, Ĉ, and Γ̂ are defined as in (3.8).
Clearly, the differential equation in (3.13) has the general solution

(3.14) f̂(x) = exλBy + e−xλBz −
∫ x

0

sinh(λ(x− s)B)[Bû(s) + λ−1Bv̂(s)]ds,

where y, z ∈ C
N . Substituting (3.14) into the boundary conditions in (3.13) yields

(3.15)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(I − ĈeλB)y + (I − Ĉe−λB)z

= −Ĉ

∫ 1

0

sinh(λ(1 − s)B)[Bû(s) + λ−1Bv̂(s)]ds,[
(Γ̂ + B)eλB − ĈτB

]
y +

[
(Γ̂ −B)e−λB + ĈτB

]
z

=

∫ 1

0

[
B cosh(λ(1 − s)B) + Γ̂ sinh(λ(1 − s)B)

]
[Bû(s) + λ−1Bv̂(s)]ds

+ λ−1Γu(1).

Since the coefficient matrix of the above algebraic equations is

(3.16) G̃(λ) =

(
I − ĈeλB I − Ĉe−λB

(Γ̂ + B)eλB − ĈτB (Γ̂ −B)e−λB + ĈτB

)
,

when D(λ) = det G̃(λ) �= 0, we have

(3.17) G̃−1(λ) =
adj G̃(λ)

D(λ)
=

1

D(λ)

(
Ĝ11(λ) Ĝ12(λ)

Ĝ21(λ) Ĝ22(λ)

)
,
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where adj (S) denotes the adjoint matrix of S. We define functionals F1, F2 on H by

F1(u, v, λ) = −Ĝ11(λ)Ĉ

∫ 1

0

sinh(1 − s)[Bû(s) + λ−1Bv̂(s)]ds

+ Ĝ12(λ)

∫ 1

0

[
Γ̂ sinh(λ(1 − s)B) + B cosh(λ(1 − s)B)

]
[Bû(s) + λ−1Bv̂(s)]ds

+ Ĝ12(λ)λ−1Γ̃û(1),

(3.18)

F2(u, v, λ) = −Ĝ21(λ)Ĉ

∫ 1

0

sinh(λ((1 − s)B)[Bû(s) + λ−1Bv̂(s)]ds

+ Ĝ22(λ)

∫ 1

0

[
B cosh(λ(1 − s)B + Γ̂ sinh(λ(1 − s)B)

]
[Bû(s) + λ−1Bv̂(s)]ds

+ G22(λ)λ−1Γ̂û(1).

(3.19)

Obviously, F1 and F2 as defined by (3.18) and (3.19), respectively, are bounded linear
functionals on H, and the solution to (3.15) is given by

(y, z) = D−1(λ)(F1(u, v, λ), F2(u, v, λ)).

Therefore, when λ ∈ C with D(λ) �= 0, we have

f̂(x) = D−1(λ)
[
exλBF1(u, v, λ) + e−xλBF2(u, v, λ)

]
−
∫ x

0

sinh((x− s)λB)[Bû(s) + λ−1Bv̂(s)]ds.
(3.20)

Set

(3.21) f(x) = T−1/2f̂(x), g(x) = λT−1/2f̂(x) − u(x).

A straightforward calculation shows (f, g) ∈ D(A) and

(λI −A)(f, g) = (u, v).

So we have that λ ∈ ρ(A). The first assertion follows.
Now let D(λ) be defined by (3.5). Then D(λ) is an entire function of finite

exponential type on complex plane C. From (3.6) and (3.7) we can see that, when

det[Γ̂ − B − ĈτBĈ] �= 0, there are positive constants c1, c2, and h such that, as
|�λ| ≥ h,

(3.22) c1 det(e|λ|B) ≤ |D(λ)| ≤ c2 det(e|λ|B).

This means that D(λ) is a sine-type function on C (see [23, Definition II.1.27, p. 61]).
Levin’s theorem (see [23, Proposition II.1.28]) asserts that the set of zeros of D(λ)
is a union of finitely many separable sets. So also is σ(A). The proof is then com-
plete.

In what follows we shall discuss the completeness of eigenvectors and generalized
eigenvectors of A. For this purpose, we begin with the following proposition.

Proposition 3.2. Let H be defined as before. Define operator A0 in H by

D(A0) =
{
(f, g) ∈ V 2

E(0, 1) × V 1
E(0, 1)

∣∣ Tf ′(1) − CτTf ′(0) = 0
}
,

A0 (f, g) =
(
g(x),M−1Tf ′′(x)

)
.
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Then A0 is a skew adjoint operator in H, and for any (u, v) ∈ H, λ ∈ R, the solution
(fλ, gλ) of the resolvent equation

λ(f, g) −A0(f, g) = (u, v)

satisfies

||gλ(1)|| ≤ M‖(u, v)‖H,

where M > 0 is a constant.
Proof. For any (fi, gi) ∈ D(A0), i = 1, 2, it holds that

〈A0(f1, g1), (f2, g2)〉H =

∫ 1

0

(Tg′1(x), f ′2(x))dx +

∫ 1

0

(MM−1Tf ′′1 (x), g2(x))dx

= (Tg1(x), f ′2(x))
∣∣∣1
0
−
∫ 1

0

(Tg1(x), f ′′2 (x))dx

+ (Tf ′1(x), g2(x))
∣∣∣1
0
−
∫ 1

0

((Tf ′1(x), g′2(x))dx

= (Tg1(x), f ′2(x))
∣∣∣1
0

+ (Tf ′1(x), g2(x))
∣∣∣1
0
− 〈(f1, g1), A0(f2, g2)〉H

= (g1(1), T f ′2(1)) − (g1(0), T f ′2(0)) + (Tf ′1(1), g2(1)) − (Tf ′1(0), g2(0))

− 〈(f1, g1), A0(f2, g2)〉H
= (g1(1), T f ′2(1) − CτTf ′(0)) + (Tf ′1(1) − CτTf ′1(0), g2(1)) − 〈(f1, g1),A0(f2, g2)〉H
= −〈(f1, g1),A0(f2, g2)〉H.

So, A∗0 = −A0.
Now let (u, v) ∈ H be given and λ ∈ R. Let (fλ, gλ) satisfy the resolvent equation

(λI −A0)(f, g) = (u, v), (f, g) ∈ D(A0),

i.e.,

λfλ(x) − gλ(x) = u(x), λgλ(x) −M−1Tf ′′λ (x) = v(x)

and

fλ(0) = Cfλ(1), T f ′λ(1) − CτTf ′λ(0) = 0.

Since

fλ(1) =

∫ 1

0

f ′λ(x)dx + fλ(0) =

∫ 1

0

f ′λ(x)dx + Cfλ(1),

we have

fλ(1) = (I − C)−1

∫ 1

0

f ′λ(x)dx.

Similarly,

u(1) = (I − C)−1

∫ 1

0

u′(x)dx.
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Thus,

gλ(1) = λfλ(1) − u(1) = (I − C)−1T−1/2

[
λ

∫ 1

0

T 1/2f ′(x)dx−
∫ 1

0

T 1/2u′(x)dx

]
.

Consequently,

‖gλ(1)‖ ≤
∥∥∥(I − C)−1T−1/2

∥∥∥ [|λ|∫ 1

0

(Tf ′(x), f ′(x))dx +

∫ 1

0

(Tu′(x), u′(x))dx

]

≤
∥∥∥(I − C)−1T−1/2

∥∥∥ [|λ|‖R(λ,A0)(u, v)‖H + ‖(u, v)‖H] .

Since A0 is a skew adjoint operator, ||λR(λ,A0)|| ≤ 1, λ ∈ R, we have

‖gλ(1)‖ ≤ 2‖(I − C)−1T−1/2‖‖(u, v)‖H ∀λ ∈ R.

The desired result follows.
Theorem 3.3. Let H and A be defined as before. If det(Γ̂ − B − ĈτBĈ) �= 0,

then the system of eigenvectors and generalized eigenvectors of A is complete in H.
Proof. Let H and A be defined as before, and let A0 be as defined in Proposi-

tion 3.2. Denote

Sp(A) = span
{∑

yk, yk ∈ E(λk,A)H ∀λk ∈ σ(A)
}
,

where E(λk,A) is the Riesz projector corresponding to λk. We shall prove Sp(A) = H.
Let (u0, v0) ∈ H and (u0, v0) ⊥ Sp(A). Then R∗(λ,A)(u0, v0) is an entire function

on C valued in H. For any (u, v) ∈ H, we define a function on complex plane C by

F (λ) = 〈(u, v), R∗(λ,A)(u0, v0)〉H .

Clearly, F (λ) is an entire function of finite exponential type, and

|F (λ)| ≤ (�λ)−1‖(u, v)||H||(u0, v0)‖H, �λ > 0,

and hence lim�λ→+∞ |F (λ)| = 0.
Now we consider the solution of equations

(λI −A)(f1λ, g1λ) = (u, v), (λI −A0)(f2λ, g2λ) = (u, v), λ ∈ ρ(A) ∩ ρ(A0) ∩ R−.

Set

ϕ(x) = f1λ(x) − f2λ(x), ψ(x) = g1λ(x) − g2λ(x).

Then we have

R(λ,A)(u, v) = (f1λ, g1λ) = (f2λ, g2λ) + (ϕ,ψ) = R(λ,A0)(u, v) + (ϕ,ψ),

ψ(x) = λϕ(x), and ϕ satisfies the following equations:⎧⎪⎨
⎪⎩

λ2Mϕ(x) = Tϕ′′(x), x ∈ (0, 1),

ϕ(0) = Cϕ(1),

Tϕ′(1) − CτTϕ′(0) + λΓϕ(1) = Γg2λ(1).
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Setting ϕ̂(x) = T 1/2ϕ(x) and using the previous notation, we have

ϕ̂(x) = exλBy + e−xλBz, y, z ∈ C
N ,

where y and z solve the equations⎧⎨
⎩

(I − ĈeλB)y + (I − Ĉe−λB)z = 0,[
(Γ̂ + B)eλB − ĈτB

]
y +

[
(Γ̂ −B)e−λB + ĈτB

]
z = λ−1T 1/2Γg2λ(1).

Thus ⎧⎨
⎩

y = (I − ĈeλB)−1(Ĉ − eλB)e−λBz = (Ĉ −O1(λ))e−λBz,[
Γ̂ −B − ĈτBĈ −O2(λ)

]
e−λBz = λ−1T 1/2Γg2λ(1),

where ‖Oj(λ)‖ = o(λ−1), j = 1, 2, as λ → −∞. This means that

e−λBz = λ−1(Γ̂ −B − ĈτBĈ + O2(λ))−1T 1/2Γg2λ(1).

Therefore, when |λ| is sufficiently large, we have

ϕ̂(1) = eλBy + e−λBz = eλB(Ĉ −O1(λ))e−λBz + e−λBz

= (I + O3(λ))e−λBz

= λ−1(I + O3(λ))(Γ̂ −B − ĈτBĈ + O2(λ))−1T 1/2Γg2λ(1).

So, there is a constant M1 > 0 such that

‖ϕ̂(1)‖ ≤ M1|λ−1|‖g2λ(1)‖.

Thus,

‖(ϕ,ψ)‖2
H =

∫ 1

0

(Tϕ′(x), ϕ′(x))dx +

∫ 1

0

(Mψ(x), ψ(x))dx

= (Tϕ′(1), ϕ(1)) − (Tϕ′(0), ϕ(0))

= −λ(Γϕ(1), ϕ(1)) + (Γg2λ, ϕ(1))

= −λ(Γ̂ϕ̃(1), ϕ̃(1)) + (T−1/2Γg2λ(1), ϕ̃(1))

≤ −λ‖Γ̂‖‖ϕ̃(1)‖2 + ‖T−1/2Γ‖‖g2λ‖‖ϕ̃(1)‖
≤ |λ−1|‖Γ‖M2

1 ‖g2λ(1)‖2 + ‖T−1/2Γ‖‖g2λ(1)‖M1|λ−1|‖g2λ‖
≤ M2|λ−1|‖g2λ(1)‖2,

where M2 is a positive constant. According to Proposition 3.2, we have ‖g2λ(1)‖ ≤
M‖(u, v)‖H, and hence there is a positive constant M3 such that

‖(ϕ,ψ)‖H ≤ M3

√
|λ−1|‖(u, v)‖H.

Therefore we get that, for λ ∈ ρ(A) ∩ R− with |λ| large enough,

|F (λ)| = |〈R(λ,A)(u, v), (u0, v0)〉H| = |〈R(λ,A0)(u, v), (u0, v0)〉H + 〈(ϕ,ψ), (u0, v0)〉H|
≤ |λ−1|‖(u, v)‖H‖(u0, v0)‖H + ‖(ϕ,ψ)‖H‖(u0, v0)‖H
≤ |λ−1|‖(u, v)‖H‖(u0, v0)‖H + M3

√
|λ−1|‖(u, v)‖H‖(u0, v0)‖H.
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Since F (λ) is an entire function of finite exponential type, the above inequality,
together with the Phragmén–Lindelöf theorem (cf. [22]), implies F (λ) ≡ 0. So
R∗(λ,A)(u0, v0) ≡ 0, which implies (u0, v0) = 0. Thus Sp(A) = H. The proof is
then complete.

In order to obtain the Riesz basis property of eigenvectors and generalized eigen-
vectors of A, we need the following theorem, which comes from [25] and is an extension
of the result in [24].

Theorem 3.4. Let A be the generator of a C0 semigroup T (t) on a separable
Hilbert space H. Suppose that the following conditions are satisfied:

(1) The spectrum of A has a decomposition

(3.23) σ(A) = σ1(A) ∪ σ2(A),

where σ2(A) consists of the isolated eigenvalues of A of finite multiplicity (repeated
many times according to its algebraic multiplicity).

(2) There exists a real number α ∈ R such that

(3.24) sup{�λ, λ ∈ σ1(A)} ≤ α ≤ inf{�λ, λ ∈ σ2(A)}.

(3) The set σ2(A) is a union of finite many separated sets.
Then the following statements are true:
(i) There exist two T (t)-invariant closed subspaces H1 and H2 with the property

that σ
(
A
∣∣
H1

)
= σ1(A), σ

(
A
∣∣
H2

)
= σ2(A), and there exists a finite combination

E(Ωk,A) of some {E(λk,A)}∞k=1,

(3.25) E(Ωk,A) =
∑

λ∈Ωk∩σ2(A)

E(λ,A),

such that {E(Ωk,A)H2}k∈N forms a Riesz basis of subspaces for H2 (see [26, p. 332]).
Furthermore,

H = H1 ⊕H2.

(ii) If supk≥1 ||E(λk,A)|| < ∞, then

(3.26) D(A) ⊂ H1 ⊕H2 ⊂ H.

(iii) H has a decomposition of the topological direct sum, H = H1 ⊕ H2, if and
only if

(3.27) sup
n≥1

∥∥∥∥∥
n∑

k=1

E(Ωk,A)

∥∥∥∥∥ < ∞.

Combining Theorems 3.1, 3.3, and 3.4, we can get the following result.
Theorem 3.5. Let A be defined by (2.2) and (2.3); let S(t) be the C0 semi-

group associated with A; and let B, Γ̂, and Ĉ be defined as in Theorem 3.1. If

det(Γ̂ − B − ĈτBĈ) �= 0, then there is a sequence of eigenvectors and generalized
eigenvectors of A that forms a Riesz basis with parentheses for H. Therefore, S(t)
satisfies the spectrum determined growth assumption. In addition, S(t) is in fact a
C0 group on H.

Proof. Let A be defined by (2.2) and (2.3), and let S(t) be the C0 semigroup
associated with A. Set σ1(A) = {−∞}, σ2(A) = σ(A). Theorem 3.1 shows that
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all the conditions in Theorem 3.4 are fulfilled, so the results of Theorem 3.4 apply.
Thus there is a sequence of eigenvectors and generalized eigenvectors of A that forms
a Riesz basis with parentheses for H2. Theorem 3.3 says that the eigenvectors and
generalized eigenvectors sequence is complete in H, that is, H2 = H. Therefore the
sequence is also a Riesz basis with parentheses for H. The basis property, together
with the uniform boundedness of the multiplicities of eigenvalues of A, implies that
S(t) satisfies the spectrum determined growth assumption. Also, the basis property
of eigenvectors and generalized eigenvectors, together with the spectral distribution
of A, asserts that A generates a C0 group on H. The proof is then complete.

As a consequence of the Riesz basis property, we have the following stability result
of the system.

Theorem 3.6. Let H and A be defined as before, and let B, Γ̂, and Ĉ be defined
as in Theorem 3.1. Let det(Γ̂−B − ĈτBĈ) �= 0 and D(λ) be defined as (3.5). Then
the following statements are true:

(1) If infλ∈iR |D(λ)| �= 0, then the system (2.4) is exponentially stable.
(2) If infλ∈iR |D(λ)| = 0, then the system (2.4) is asymptotically stable but not

exponentially stable.
Proof. Under the above assumptions, Theorem 3.5 shows that the system (2.4) is

a Riesz system and satisfies the spectrum determined growth condition. Note that

σ(A) =
{
λ ∈ C

∣∣ D(λ) = 0
}
.

If infλ∈iR |D(λ)| �= 0, then the imaginary axis is not an asymptote of σ(A), which
implies the system is exponentially stable. If infλ∈iR |D(λ)| = 0, then the imaginary
axis is an asymptote of σ(A), and hence the system is asymptotically stable but not
exponentially stable. The proof is then complete.

In the discussion above, we assumed that Γ is a positive definite matrix to ensure
that there are no eigenvalues on the imaginary axis. This restriction can be relaxed—
indeed, if Γ is a nonnegative matrix, then the results in Theorems 3.5 and 3.6 apply.

4. Applications. In this section we shall give two examples of this problem in
practice. One is the tree-shaped network of 7-strings and the other is a network of
N -connected strings. Both examples are put into the framework of (2.1), and we shall
prove that both systems are exponentially stable.

4.1. Tree-shaped network of 7-strings. In this subsection we discuss the
tree-shaped network of strings whose configuration is a simple, connected graph with-
out closed paths.

In the past decade, the controllability and observability, as well as the stabiliza-
tion, of networks of strings has been a hot topic. Many authors have obtained some
nice results. For example, the authors in [5], [6], [7], and [8] discussed the problem of
observability and controllability of a tree-shaped network of n strings, and the authors
in [9] and [10] discussed the stabilization problem of star-shaped networks and generic
trees of strings. For a more general discussion on networks of strings, and for a com-
prehensive list of papers on this subject, we refer the reader to the recently published
book [11]. As an example, here we give the Riesz basis property and exponential
stability of this system for n = 7 with the shape shown in Figure 1.

First, we formulate the model into a normal form. We denote the strings by uj ,
j = 1, 2, . . . , 7. We normalize the strings to length one, and then they satisfy the
equation

(4.1) mjuj,tt(x, t) = Tjuj,xx(x, t), x ∈ (0, 1), j = 1, 2, . . . , 7.
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The root and the connected conditions are given by

u1(0, t) = 0, u1(1, t) = u2(0, t) = u3(0, t),

u2(1, t) = u4(0, t) = u5(0, t), u3(1, t) = u6(0, t) = u7(0, t),
(4.2)

and the forced conditions at the nodes and edges are

T1u1,x(1, t) − [T2u2,x(0, t) + T3u3,x(0, t)] = −α1u1,t(1, t),

T2u2,x(1, t) − [T4u4,x(0, t) + T5u5,x(0, t)] = −α2u2,t(1, t),

T3u3,x(1, t) − [T6u6,x(0, t) + T7u7,x(0, t)] = −α3u3,t(1, t),

T4u4,x(1, t) = −α4u4,t(1, t),

T5u5,x(1, t) = −α5u5,t(1, t),

T6u6,x(1, t) = −α6u6,t(1, t),

T7u7,x(1, t) = −α7u7,t(1, t).

(4.3)

Set

Y = [u1(x, t), u2(x, t), u3(x, t), u4(x, t), u5(x, t), u6(x, t), u7(x, t)]
τ

and denote

M = diag[m1,m2, . . . ,m7], T = diag[T1, T2, . . . , T7],

Γ = diag[α1, α2, . . . , α7],
(4.4)

and

(4.5) C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Then (4.1)–(4.3) can be rewritten as

(4.6)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

M ∂2Y (x,t)
∂2t = T ∂Y (x,t)

∂2x , x ∈ (0, 1), t > 0,

Y (0, t) = CY (1, t), t > 0,

T ∂Y (1,t)
∂x − CτT ∂Y (0,t)

∂x = −Γ∂Y (1,t)
∂t , t > 0,

Y (x, 0) = Y0(x), ∂Y (x,0)
∂t = Y1(x),

where Y0(x) and Y1(x) are given suitable initial value conditions.
According to Theorem 3.5, we have the following result.
Theorem 4.1. The system (4.6) is well-posed and asymptotically stable.
To obtain exponential stability, we discuss the eigenvalue problem of the system.
Let λ ∈ C, Y (x, t) = eλtY (x); then we have

(4.7)

⎧⎪⎨
⎪⎩

λ2MY (x) = TYxx(x), x ∈ (0, 1),

Y (0) = CY (1),

TYx(1) − CτTYx(0) = −λΓY (1).

Let B2 = diag[ρ2
1, ρ

2
2, . . . , ρ

2
7], where ρ2

j =
mj

Tj
. Then we have

(4.8)

⎧⎪⎨
⎪⎩

λ2B2Y (x) = Yxx(x), x ∈ (0, 1),

Y (0) = CY (1),

TYx(1) − CτTYx(0) = −λΓY (1).

Thus Y (x) has the following form:

Y (x) = sinh(xλB)u + cosh(xλB)v, u, v ∈ C
7.

Substituting it into the boundary conditions leads to

v = C[sinhλBu + coshλBv],

TB[coshλBu + sinhλBv] − CτTBu = −Γ[sinhλBu + coshλBv].

So λ is an eigenvalue if and only if
(4.9)

D(λ) = det

(
I − C coshλB −C sinhλB

TB sinhλB + Γ coshλB TB coshλB + Γ sinhλB − CτTB

)
= 0.

When det[Γ − TB − CτTBC] �= 0, all eigenvalues are located in a strip. Note that

TB =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1ρ1 0 0 0 0 0 0
0 T2ρ2 0 0 0 0 0
0 0 T3ρ3 0 0 0 0
0 0 0 T4ρ4 0 0 0
0 0 0 0 T5ρ5 0 0
0 0 0 0 0 T6ρ6 0
0 0 0 0 0 0 T7ρ7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,(4.10)

CτTBC =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

T2ρ2 + T3ρ3 0 0 0 0 0 0
0 T4ρ4 + T5ρ5 0 0 0 0 0
0 0 T6ρ6 + T7ρ7 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.(4.11)
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The condition det[Γ − TB − CτTBC] �= 0 means that

α1 �= T1ρ1 + T2ρ2 + T3ρ3, α2 �= T2ρ2 + T4ρ4 + T5ρ5,

α3 �= T3ρ3 + T6ρ6 + T7ρ7, αj �= Tjρj , j = 4, 5, 6, 7.

Set {
wj(λ) = Tjρj coshλρj + αj sinhλρj ,

vj(λ) = Tjρj sinhλρj + αj coshλρj ,
j = 1, 2, 3, 4, 5, 6, 7,(4.12)

{
F2(λ) = 1

T2ρ2
[(w5v4T4ρ4 + w4v5T5ρ5) sinhλρ2 + w2w4w5] ,

G2(λ) = 1
T2ρ2

[(w5v4T4ρ4 + w4v5T5ρ5) coshλρ2 + v2w4w5] ,
(4.13)

and

(4.14)

{
F3(λ) = 1

T3ρ3
[(w7v6T6ρ6 + w6v7T7ρ7) sinhλρ3 + w3w6w7] ,

G3(λ) = 1
T3ρ3

[(w7v6T6ρ6 + w6v7T7ρ7) coshλρ3 + v3w6w7] .

A complicated calculation shows that

D(λ) = [T2ρ2G2(λ)F3(λ) + T3ρ3G3(λ)F2(λ)] sinhλρ1

+ w1(λ)F2(λ)F3(λ).
(4.15)

Now we are in a position to calculate infσ∈R |D(iσ)|. Note that

inf
σ∈R

|wj(iσ)| �= 0, inf
σ∈R

|vj(iσ)| �= 0, j = 1, 2, 3, 4, 5, 6, 7,

vj(iσ)

wj(iσ)
=

vj(iσ)wj(iσ)

|wj(iσ)|2 =
αjTjρj + i

T 2
j ρ

2
j−α

2
j

2 sin 2σρj

T 2
j ρ

2
j cos2 σρj + α2

j sin2 σρj
,

and

i sinσρj
wj(iσ)

=
i sinσρj(Tjρj cosσρj − iαj sinσρj)

|wj(iσ)|2 =
αj sin2 σρj + i

Tjρj

2 sin 2σρj

T 2
j ρ

2
j cos2 σρj + α2

j sin2 σρj
,

where j = 1, 2, 3. From (4.13)–(4.14) we can get

inf
σ∈R

|F2(iσ)| > 0, inf
σ∈R

|F3(iσ)| > 0,

�(G2(iσ)F2(iσ)) = [|w5(iσ)|2α4(T4ρ4)
2 + |w4(iσ)|2α5(T5ρ5)

2]T2ρ2

+ α2T2ρ2|w4(iσ)|2|w5(iσ)|2 > 0,

and

�(G3(iσ)F3(iσ)) = [|w7(iσ)|2α6(T6ρ6)
2 + |w6(iσ)|2α7(T7ρ7)

2]T3ρ3

+ α3T3ρ3|w6(iσ)|2|w7(iσ)|2 > 0.
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Consequently, we have

D(iσ)

w1(iσ)F2(iσ)F3(iσ)
=

[
T2ρ2

G2(iσ)F2(iσ)

|F2(iσ)|2 + T3ρ3
G3(iσ)F3(iσ)

|F3(iσ)|2

]
i sinσρ1w1(iσ)

|w1(iσ)|2 + 1

=

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
α1 sin2 σρ1

|w1(iσ)|2 + 1

−
[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
T1ρ1 sin 2σρ1

2|w1(iσ)|2

+ i

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
T1ρ1 sin 2σρ1

2|w1(iσ)|2

+ i

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
α1 sin2 σρ1

|w1(iσ)|2 .

When sinσρ1 → 0, we have D(iσ) �→ 0. Now we assume that sinσρ1 �→ 0, and then[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
T1ρ1 sin 2σρ1

2|w1(iσ)|2

+

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
α1 sin2 σρ1

|w1(iσ)|2 → 0

if and only if

−
[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]

=

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
T1ρ1 cosσρ1

α1 sinσρ1
+ o(1).

From above we get that

D(iσ)

w1(iσ)F2(iσ)F3(iσ)
=

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
α1 sin2 σρ1

|w1(iσ)|2 + 1

+

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
T 2

1 ρ
2
1 cos2 σρ1

α1|w1(iσ)|2

+ o(1) + io(1)

=

[
T2ρ2

�(G2(iσ)F2(iσ))

|F2(iσ)|2 + T3ρ3
�(G3(iσ)F3(iσ))

|F3(iσ)|2

]
1

α1
+ 1 + o(1) + io(1).

Therefore,

inf
σ∈R

|D(iσ)| �= 0.

According to Theorems 3.5 and 3.6, we have the following result.
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Theorem 4.2. Let H be defined as in section 3 and let α1 �= T1ρ1 +T2ρ2 +T3ρ3,
α2 �= T2ρ2+T4ρ4+T5ρ5, α3 �= T3ρ3+T6ρ6+T7ρ7, αj �= Tjρj, j = 4, 5, 6, 7. Then there
is a sequence of eigenvectors and generalized eigenvectors of the system that forms a
Riesz basis with parentheses for the state space H. The system (4.6) is exponentially
stable.

As shown in Theorem 4.2, Γ being a positive definite matrix is only a sufficient
condition for the system (4.1)–(4.3) to decay exponentially. In fact, if we suppose
that the network of strings satisfies Tj = mj = 1, then we can use three controllers
to exponentially stabilize the network. The controllers are set up as follows:

(1) α1 �= 0, α5α7 �= 0;
(2) α1 = α1 = α3 = 0; one of αj , j = 4, 5, 6, 7, is 0.
In both cases, it always holds that infσ∈R |D(iσ)| > 0. Here we omit the details

of calculation.
Remark. In this example, we discussed only tree-shaped networks of 7-strings (see

Figure 1), the goal being to give an exact expression of the condition det(Γ − TB −
CτTBC) �= 0, and to calculate infσ∈R |D(iσ)|. Indeed, in the same manner we can
discuss any tree-shaped network of strings. The matrix C is just the connective matrix,
and the condition f(0) = Cf(1) is the condition of the displacement continuity. The
difficulty we encounter is that the condition

det[Γ − TB − CτTBC] �= 0

is not obvious, and there is not a general method of calculating the value infσ∈R |D(iσ)|.
4.2. N-connected strings. In this subsection we discuss the N -connected

strings with internal nodes and boundary controls. This problem was proposed and
discussed for N = 2 in [2]. The exponential stability was investigated in [3]. Here, we
give the exponential decay rate of the system and Riesz basis property. Let us recall
the model.

Let y(x, t), the transverse displacement of N -connected strings at location x at
time t, satisfy

(4.16) mi
∂2y(x, t)

∂t2
− Ti

∂2y(x, t)

∂x2
= 0, i− 1 < x < i, i = 1, 2, . . . , N, t > 0.

We assume the Dirichlet condition at the left-hand x = 0 and Neumann boundary
condition at the right-hand x = N , where a control force uN (t) is applied, i.e.,

(4.17) y(0, t) = 0,
∂y(N, t)

∂x
= uN (t), t > 0.

At the ith intermediate node x = i, we assume the continuity of displacement

(4.18) y(i+, t) = y(i−, t), i = 1, 2, . . . , N − 1, t > 0,

and discontinuity of vertical force component

(4.19) Ti
∂y(i−, t)

∂x
− Ti+1

∂y(i+, t)

∂x
= ui(t), i = 1, 2, . . . , N − 1, t > 0,

where uj(t), j = 1, 2, . . . , N − 1, are applied external forces.
An important task in engineering is to design controllers U = (u1(t), u2(t), . . . , uN (t))

such that the system comes back to its equilibrium. The authors in [2] designed the
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following feedback controllers at the intermediated point x = i and the right-hand
x = N :

(4.20) ui(t) = −αi
∂y(i, t)

∂t
, αi > 0, i = 1, 2, . . . , N.

Then (4.16), together with (4.17)–(4.20), forms a closed loop system. In what follows,
we shall prove that this closed loop system is a Riesz system and decays exponentially.

Let yi(x, t) = y(i− 1 + x, t), x ∈ (0, 1), and

Y (x, t) = (y1(x, t), y2(x, t), . . . , yN (x, t)), x ∈ (0, 1), t > 0.

Then (4.16) is equivalent to an equation in C
N ,

(4.21) M
∂2Y (x, t)

∂t2
= T

∂2Y (x, t)

∂x2
, x ∈ (0, 1), t > 0,

where

(4.22) M = diag(m1,m2, . . . ,mN ), T = diag(T1, T2, . . . , TN ).

The continuity conditions at intermediate nodes, together with the condition at the
left-hand endpoint, can be written into

(4.23) Y (0, t) = CY (1, t),

where

(4.24) C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
...

. . .
. . .

...
...

. . .
. . .

...
0 0 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The discontinuity condition of vertical force at the intermediate nodes, together with
the condition at the right-hand endpoint, can be written as

(4.25) T
∂Y (1, t)

∂x
− CτT

∂Y (0, t)

∂x
= U(t) = −Γ

∂Y (1, t)

∂t
,

where Cτ denotes the conjugate transpose matrix of C, and

(4.26) Γ = diag(α1, α2, . . . , αN )

is an N ×N positive definite matrix. Thus the closed loop system can be written as

(4.27)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M
∂2Y (x, t)

∂t2
= T

∂2Y (x, t)

∂x2
, x ∈ (0, 1), t > 0,

Y (0, t) = CY (1, t), t > 0,

T
∂Y (1, t)

∂x
− CτT

∂Y (0, t)

∂x
= −Γ

∂Y (1, t)

∂t
, t > 0,

Y (x, 0) = Y0(x),
∂Y (x, 0)

∂t
= Y1(x), x ∈ (0, 1),
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where Y0(x) and Y1(x) are given suitable initial data.
In this case, we can take the matrix

B2 = diag

[
m1

T1
,
m2

T2
, . . . ,

mN

TN

]
,

and then condition (3.5) is equivalent to

D(λ) = det

(
(I − C)eλB (I − C)e−λB

(Γ + TB)eλB − CτTB (Γ + TB)e−λB + CτTB

)
,

and then condition det[Γ̂−B−ĈτBĈ] �= 0 is equivalent to det[Γ−TB−CτTBC] �= 0.
Now let us determine D(λ). Let λ ∈ C be an eigenvalue, and let Y = (y1, y2, . . . , yN )

be a corresponding eigenfunction. Then

mjλ
2yj(x) = Tjyj,xx,

y1(0) = 0, yj(1) = yj+1(0), j = 1, 2, . . . , N.(4.28)

Tjyj,x(1) − Tj+1yj+1,x(0) = −αjλyj(1), j = 1, 2, . . . , N − 1,

TNyN,x(1) = −αNλyN (1).
(4.29)

Set ρ2
j =

mj

Tj
and

y1(x) = a1 sinhλρ1, yj(x) = aj sinhλρj + bj coshλρj , j = 2, 3, . . . , N.

From (4.28) and (4.29) we get

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

[TNρN coshλρN + αN sinhλρN ]aN + [TNρN sinhλρN + αN coshλρN ]bN = 0,

[Tjρj coshλρj + αj sinhλρj ]aj + [Tjρj sinhλρj + αj coshλρj ]bj = Tj+1ρj+1aj+1,

j = 2, . . . , N − 1,

sinhλρjaj + coshλρjbj = bj+1, j = 2, . . . , N − 1,

[T1ρ1 coshλρ1 + α sinhλρ1]a1 = T2ρ2a2,

[sinhλρ1]a1 = b2.

(4.30)

Set TN+1ρN+1 = 1 and

wj(λ) =
1

Tj+1ρj+1
[Tjρj coshλρj + αj sinhλρj ],

vj(λ) =
1

Tj+1ρj+1
[Tjρj sinhλρj + αj coshλρj ].(4.31)

We can rewrite (4.30) as

(1, 0)

(
wN (λ) vN (λ)

sinhλρN coshλρN

)(
aN
bN

)
= 0,(

wj(λ) vj(λ)
sinhλρj coshλρj

)(
aj
bj

)
=

(
aj+1

bj+1

)
,(

a2

b2

)
=

(
w1(λ) v1(λ)

sinhλρ1 coshλρ1

)(
a1

0

)
.(4.32)
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Therefore, for 1 ≤ k ≤ N − 1, we have

(4.33)

(
ak+1

bk+1

)
=

⎡
⎣k−1∏

j=0

(
wk−j(λ) vk−j(λ)

sinhλρk−j coshλρk−j

)⎤⎦( a1

0

)
.

Note that, for j = 1, 2, . . . , N , the matrices

(
wj(λ) vj(λ)

sinhλρj coshλρj

)
=

(
Tjρj

Tj+1ρj+1

αj

Tj+1ρj+1

0 1

)(
coshλρj sinhλρj
sinhλρj coshλρj

)

are invertible. So λ ∈ C is an eigenvalue if and only if

(4.34) D(λ) = (1, 0)

⎡
⎣N−1∏

j=0

(
wN−j(λ) vN−j(λ)

sinhλρN−j coshλρN−j

)⎤⎦( 1
0

)
= 0

or

(4.35) D(λ) = D(λ)τ = (1, 0)

⎡
⎣ N∏
j=1

(
wj(λ) sinhλρj
vj(λ) coshλρj

)⎤⎦( 1
0

)
= 0.

As before, a complicated calculation shows that

inf
σ∈R

|D(iσ)| > 0.

The condition det[Γ − TB − CτTBC] �= 0 becomes

(4.36) αj �= Tjρj + Tj+1ρj+1, j = 1, 2, . . . , N − 1, αN �= TNρN .

Combining this with Theorem 3.5, we have the following result.
Theorem 4.3. Let (4.36) hold. Then system (4.27) is exponentially stable. There

is a sequence of eigenvectors and generalized eigenvectors of the system that forms a
Riesz basis with parentheses for the space H defined as in section 3.
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OPTIMAL REFLECTION OF DIFFUSIONS AND BARRIER
OPTIONS PRICING UNDER CONSTRAINTS∗

BRUNO BOUCHARD†

Abstract. We introduce a new class of control problems in which the gain depends on the solu-
tion of a stochastic differential equation (SDE) reflected at the boundary of a bounded domain, along
directions which are controlled by a bounded variation process. We provide a PDE characterization
of the associated value function. This study is motivated by applications in mathematical finance,
where such equations are related to the pricing of barrier options under portfolio constraints.
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constraints
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1. Introduction. This paper is motivated by a previous work [2], where a new
class of parabolic PDE with Neumann and Dirichlet conditions is introduced. The
starting point of [2] is the problem of hedging a barrier option under portfolio con-
straints. It shows that the superhedging price is a viscosity solution of an equation of
the form

(1.1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

min

{
−Lϕ, min

e∈E
Heϕ

}
= 0 on [0, T ) ×O,

min

{
ϕ, min

e∈E
Heϕ

}
= 0 on [0, T ) × ∂O,

ϕ− ĝ = 0 on {T} × Ō .

Here, O is an open domain of R
d outside of which the option is desactivated, E is

a compact subset of R
� which depends on the constraints imposed on the portfolio,

Lϕ = ∂
∂tϕ + 1

2Trσσ∗D2ϕ is the Dynkin operator of the diffusion which models the
evolution of the risky assets, Heϕ := δ(·, e)ϕ−〈γ(·, e), Dϕ〉 for some (oblique) inward
direction γ(x, e), and ĝ is a “smoothed” version of the payoff of the option which
satisfies mine∈E Heĝ ≥ 0 (see [2] for details and section 4 below for an example).

When the solution ϕ of the above equation is positive, the spatial boundary
condition reduces to mine∈E Heϕ = 0 on [0, T )×∂O, and, in particular cases (see [14]
and [15]), the constraint Heϕ ≥ 0 on the parabolic boundary of [0, T )×O propagates
in the domain, which allows us to simplify the above equation in

(1.2)

⎧⎪⎨
⎪⎩

−Lϕ = 0 on [0, T ) ×O,

min
e∈E

Heϕ = 0 on [0, T ) × ∂O,

ϕ− ĝ = 0 on {T} × Ō .
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When E is a singleton {e0}, such equations formally admit a Feynman–Kac represen-
tation of the form

E

[
e−

∫ T
t

δ(X(s),e0)dL(s)ĝ(X(T ))
]
,(1.3)

where L is a nondecreasing process such that (X,L) solves on [t, T ]

X(s) = x +

∫ s

t

σ(X(r))dW (r) +

∫ s

t

γ(X(r), e0)dL(r),

X(s) ∈ Ō and L(s) =

∫ s

t

I{X(r)∈∂O} dL(r), t ≤ s ≤ T,(1.4)

for a given standard Brownian motion W . Thus, in this particular case, the price of the
barrier option is, at least formally, given by the expectation of a functional depending
on the solution of a stochastic differential equation (SDE) which is reflected at the
boundary of O along the direction γ(·, e0). This phenomenon was already observed
in [14] in a particular setting and can be easily explained when ĝ ≥ 0 and ĝ is
nondecreasing on O; see Remark 4.4 below.

By analogy, (1.2) should be associated with a control problem of the form

sup
ε∈E

E

[
e−

∫ T
t

δ(Xε(s),ε(s))dLε(s)ĝ(Xε(T ))
]
,(1.5)

where (Xε, Lε) is the solution on [t, T ] of

Xε(s) = x +

∫ s

t

σ(Xε(r))dW (r) +

∫ s

t

γ(Xε(r), ε(r))dLε(r),

Xε(s) ∈ Ō and Lε(s) =

∫ s

t

I{Xε(r)∈∂O} dL
ε(r), t ≤ s ≤ T,(1.6)

and E is a suitable set of adapted processes with values in E. The difference with (1.3)
is that the direction of reflection is now controlled by the process ε ∈ E .

This naturally leads to the introduction of a new class of control problems of the
form (1.5), which, to the best of our knowledge, have not been studied so far.

In this paper, we first show that (1.6) admits a strong solution in the case where O
is bounded, |γ| = 1, and (O, γ) satisfies the following uniform exterior cone condition:⋃

0≤λ≤r
B (x− λγ(x, e), λr) ⊂ Oc for all (x, e) ∈ ∂O × R

� .(1.7)

There is a huge literature on reflected SDEs and we refer to [7] for an overview of main
results. In the case where (X, ε) is the solution of an SDE with Lipschitz coefficients,
the existence of a strong solution under the exterior cone condition (1.7) is easily
deduced from [6]. Indeed, it suffices to consider the extended system (X, ε) reflected
at the boundary of O×Ẽ for some open ball Ẽ = B(0, r̃), which contains the compact
set E along a smooth direction γ̃ such that γ̃ = (γ, 0) on O×E and γ̃ = (γ,−e/r̃)/

√
2

on O×∂Ẽ. This system satisfies the exterior cone condition of [6]. Since ε takes values
in E, the reflection does not operate on this component and we deduce the existence of
a solution to (1.6) from the results of [6]. However, this formulation is quite restrictive
and we are interested in a more general class of controls.
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We therefore come back to the initial deterministic Skorokhod problem and follow
the steps of [6], which are inspired by [12]. The existence of the Skorokhod problem
with directions of reflection controlled by a continuous function ε with bounded varia-
tions is deduced from [6] by using the above arguments, which consists of considering
an extended system. We then use suitable estimates on a family of test functions
introduced in [5] to prove the existence of a solution to (1.6) in our general setting.
Moreover, by considering SDEs with random coefficients, we are able to incorpo-
rate another control on the direction which takes the form of an Itô process; see
section 2.

We then introduce a control problem which generalizes (1.5) and prove that its
value function is a viscosity solution of an equation of the form (1.2), for which we
provide a comparison result. In the case where γ(x, e) does not depend on e, it
essentially follows from the results of [5]. In this paper, we propose a new set of
conditions which is more adapted to our setting and does not seem to be covered in
the existing literature; see section 3.4 below.

In the last section, we discuss the link between (1.5) and the pricing of barrier
options under portfolio constraints. In a particular setting, we prove that (1.5) co-
incides with the superhedging price of the option, when (1.2) admits a sufficiently
smooth solution. This generalizes previous results of [14]. When E is reduced to a
singleton, this leads to a natural Monte–Carlo approach for its estimation. We leave
the discussion of more general cases for future research.

Also, we should point out that an extension of the results of [14] to American
options was carried out by [11] within a similar model as in [14], but with infinite time
horizon. In mathematical terms, it essentially corresponds to mixing the problem (1.5)
with an optimal stopping one. We think that our approach could be used in this setting
too. We also leave this for future research.

Notation. Given E ⊂ R
m, m ≥ 1, and Ei ⊂ R

mi , mi ≥ 1, for i ≤ I, we denote
by Ck1,...,kI (E1 ×· · ·×EI , E) (resp., Ck1,...,kI

b (E1 ×· · ·×EI , E)) the set of continuous
maps ϕ from E1 ×· · ·×EI into E that admit continuous (resp., bounded) derivatives
up to order ki in their ith component xi. We omit ki when it is equal to 0 and only
write Ck1(E1 × · · · ×EI , E) when k1 = k2 = · · · = kI . We omit E when E = R, and,
in this case, we denote by Dxiϕ and D2

xi
ϕ the (partial) Jacobian and Hessian matrices

with respect to xi. We simply write Dϕ and D2ϕ for Dx2ϕ and D2
x2
ϕ if I = 2. For

T > 0, we define BV([0, T ], E) as the set of continuous maps from [0, T ] into E with
a bounded total variation. For ε ∈ BV([0, T ], E), we set |ε| :=

∑
i≤m |εi|, where |εi|(t)

is the total variation of εi on [0, t], t ≥ 0. We write Ec for R
m \E, ∂E and Ē denote

the boundary and the closure of E, R
m
+ = [0,∞)m, and R

m
− = −R

m
+ . The Euclidean

norm of x = (x1, . . . , xm) ∈ R
m is denoted by |x|, B(x, r) is the open ball centered on

x with radius r, and 〈·, ·〉 is the natural scalar product on R
m. We denote by M

m the
set of square matrices of dimension m and we extend the definition of | · | with M

m by
identifying M

m with R
m×m. For x ∈ R

m, diag x is the diagonal matrix of M
m whose

ith diagonal element is xi, TrM is the trace of M ∈ M
m, and M∗ its transposition.

All inequalities between random variables have to be taken in the a.s. sense.

2. SDEs with controlled reflecting directions. The goal of this section is
to construct an SDE which is reflected at the boundary of some bounded open set
O ⊂ R

d, d ≥ 1, along a direction which is controlled by an adapted continuous process
with bounded variations taking values in a compact subset E of R

�, 	 ≥ 1. We follow
the arguments of [6] and start with the resolution of the associated (deterministic)
Skorokhod problem.
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2.1. The Skorokhod problem with controlled reflecting directions. For
the sake of completeness, we first recall one of the main results of [6] which provides
a solution to the Skorokhod problem for oblique reflection on general bounded sets.

Theorem 2.1 (Dupuis and Ishii [6]). Fix γ ∈ C2(Rd,Rd) with |γ| = 1. Assume
that there exists some r ∈ (0, 1) such that

⋃
0≤λ≤r

B (x− λγ(x), λr) ⊂ Oc for all x ∈ ∂O .(2.1)

Then, for all ψ ∈ C([0, T ],Rd) satisfying ψ(0) ∈ Ō, there exists (φ, η) ∈ C([0, T ], Ō)×
BV([0, T ],R+) such that η is nondecreasing and

φ(t) = ψ(t) +

∫ t

0

γ(φ(s))dη(s), η(t) =

∫ t

0

I{φ(s)∈∂O}dη(s), t ≤ T .

Moreover, (φ(t), η(t)) ∈ σ(ψ(s), s ≤ t) for all t ≤ T , and uniqueness holds if ψ ∈
BV([0, T ],Rd).

Proof. See Theorem 4.8 and the discussion after Corollary 5.2 in [6].
We now fix an open bounded set O ⊂ R

d, a compact set E ⊂ R
�, and γ satisfying

γ ∈ C2(Rd+�,Rd), |γ| = 1,(2.2)

∃ r ∈ (0, 1) s.t.
⋃

0≤λ≤r
B (x− λγ(x, e), λr) ⊂ Oc for all (x, e) ∈ ∂O × R

� .(2.3)

We then deduce from Theorem 2.1 the following result.
Corollary 2.1. Let the conditions (2.2) and (2.3) hold. Then, for all ψ ∈

BV([0, T ],Rd) satisfying ψ(0) ∈ Ō and ε ∈ BV([0, T ], E), there exists a unique pair
(φ, η) ∈ C([0, T ], Ō) × BV([0, T ],R+) such that η is nondecreasing and

(2.4) φ(t) = ψ(t) +

∫ t

0

γ(φ(s), ε(s))dη(s) and η(t) =

∫ t

0

I{φ(s)∈∂O}dη(s), t ≤ T .

Moreover, (φ(t), η(t)) ∈ σ((ψ(s), ε(s)), s ≤ t) for all t ≤ T .
Proof. This is an immediate consequence of Theorem 2.1. Since ε is valued in a

compact set, it suffices to apply the above result to an extended fictitious reflected
system (ψ, ε). We detail the proof for completeness. Fix r̃ > 0 so that Ẽ := B(0, r̃)
strictly contains E. Fix ζ ∈ C2(R�, [0, 1]) such that ζ(e) = 0 for e ∈ E and ζ(e) =
1 for e ∈ ∂Ẽ and set, on R

d+�, γ̃(x, e) = (γ(x, e),−eζ(e)/r̃)/|(γ(x, e),−eζ(e)/r̃)|.
Since |γ| = 1, |(γ(x, e),−eζ(e)/r̃)| ≥ 1 and γ̃ ∈ C2(Rd+�,Rd+�). Moreover, |(γ(x, e),
−eζ(e)/r̃)|2 ≤ 2 on the closure of O × Ẽ, |(γ(x, e),−eζ(e)/r̃)|2 = 2 if e ∈ ∂Ẽ, and
B(e + λe/r̃, λr) ∩ Ẽ = ∅ for all e ∈ ∂Ẽ and λ > 0; recall that r < 1. We then deduce
from (2.3) that for (x, e) ∈ ∂(O × Ẽ) and λ ∈ [0, r/

√
2],

|(y, f) − ((x, e) − λγ̃(x, e))|2 ≤ λ2(r/
√

2)2 ⇒ (y, f) /∈ O × Ẽ .

We can therefore apply Theorem 2.1 to the pair (ψ, ε) reflected at the boundary
of O × Ẽ. Since ε does not reach the boundary of Ẽ, this leads to the required
result.
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2.2. The stochastic Skorokhod problem with controlled reflecting di-
rection. We now consider some probability space (Ω,F ,P) supporting a d-dimen-
sional standard Brownian motion W . We denote by F = (Ft)t≤T the natural filtra-
tion induced by W , satisfying the usual conditions, and assume that F = FT . Given
two uniformly Lipschitz functions μ and σ from R

d into R
d and M

d, respectively, it
is shown in [6] that, under the condition (2.1), there exists a unique pair (X,L) of
F-adapted continuous processes such that L is real valued, nondecreasing and

X(t) = x +

∫ t

0

μ(X(s))ds +

∫ t

0

σ(X(s))dW (s) +

∫ t

0

γ(X(s))dL(s),

X(t) ∈ Ō and L(t) =

∫ t

0

I{X(s)∈∂O} dL(s), t ≤ T .(2.5)

The aim of this section is to extend this result to the case where μ and σ are
random and γ is controlled by some continuous bounded variation process ε taking
values in the compact set E. We refer to Remarks 2.2 and 2.3 below for comments
on this a priori strong regularity assumption on the control ε.

In the following, given two subsets E1 and E2 of R
m1 and R

m2 , m1,m2 ≥ 1, we
denote by LF(E1, E2) the set of measurable maps

f : (ω, t, x) ∈ Ω × [0, T ] × E1 −→ ft(ω, x) ∈ E2

such that t �→ ft(·, x) is progressively measurable for each x ∈ E1, and

|ft(ω, x) − ft(ω, y)| ≤ K|x− y| for all x, y ∈ E1 dP(ω)-a.s.

for some K > 0 independent of (t, ω) ∈ [0, T ] × Ω. In what follows, we shall write
only ft(x) for ft(ω, x).

We denote by BVF(E2) the set of E2-valued continuous adapted processes with
bounded variations. For ease of notation, we write E for BVF(E) and set

Eb
m := {ε ∈ E : |ε|(T ) ≤ m P-a.s.} , m > 0 .

In the rest of this section, we fix (μ, σ) ∈ LF(Rd,Rd × M
d) and assume that the

conditions (2.2) and (2.3) hold. Our first result extends Theorem 5.1 in [6].
Lemma 2.1. Let X be a continuous semimartingale with values in Ō. Fix m >

0 and ε ∈ Eb
m. Assume that Y is a continuous semimartingale with values in Ō

satisfying, for 0 ≤ t0 ≤ t ≤ T ,

Y (t) = X(t0) +

∫ t

t0

μs(X(s))ds +

∫ t

t0

σs(X(s))dW (s) +

∫ t

t0

γ(Y (s), ε(s))dL(s) ,

where L is a nondecreasing element of BVF(R+) such that

L(t) =

∫ t

t0

I{Y (s)∈∂O} dL(s), t0 ≤ t ≤ T .

Let X ′ be another continuous semimartingale with values in Ō and assume that
(Y ′, L′) satisfies the same properties as (Y, L) with X ′ in place of X. Then, there
is a constant Cm > 0 such that

E

[
sup

t0≤s≤t
|ΔY (s)|4

]
≤ CmE

[
|ΔX(t0)|4 +

∫ t

t0

sup
t0≤s≤u

|ΔX(s)|4du
]
, t0 ≤ t ≤ T,
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where ΔY and ΔX stand for Y − Y ′ and X −X ′.
In order to prove Lemma 2.1, we shall appeal to the following technical result. It

is a simple extension of Theorem 3.2 in [6], which is based on Theorem 4.1 in [5].
Lemma 2.2. Given θ ∈ (0, 1) there exists a family of functions (fε)ε>0 in C2(Ō×

Ō × E) and a constant K > 0 independent of ε > 0 such that, for all (y, y′, e) ∈
Ō × Ō × E,

|y − y′|2
ε

≤ fε(y, y
′, e) ≤ K

(
ε +

|y − y′|2
ε

)
,(2.6)

〈γ(y, e), Dyfε(y, y
′, e)〉 ≤ K

|y − y′|2
ε

if 〈y′ − y, γ(y, e)〉 ≥ −θ|y − y′| ,(2.7)

〈γ(y′, e), Dy′fε(y, y
′, e)〉 ≤ K

|y − y′|2
ε

if 〈y − y′, γ(y′, e)〉 ≥ −θ|y − y′| ,(2.8)

|Dyfε(y, y
′, e) + Dy′fε(y, y

′, e)| ∨ |Defε(y, y
′, e)| ≤ K

|y − y′|2
ε

,(2.9)

|Dyfε(y, y
′, e)| ∨ |Dy′fε(y, y

′, e)| ≤ K
|y − y′|

ε
,(2.10)

D2
(y,y′)fε(y, y

′, e) ≤ C

ε

(
Id −Id

−Id Id

)
+ K

|y − y′|2
ε

I2d .(2.11)

Moreover, there is h ∈ C2(Ō × E) with nonnegative values such that

〈Dyh(y, e), γ(y, e)〉 ≥ 1 for all (y, e) ∈ ∂O × E .(2.12)

Proof. This follows from the proof of Theorem 4.1 in [5]. Since it is long, we
provide only the main arguments. Let g : (p, x) ∈ R

d ×R
d be as in Lemma 4.4 of [5].

In particular, it satisfies

|Dxg(p, x)| ≤ C |p|2(2.13)

for some C > 0. Let ψ ∈ C2(R) be a real nondecreasing function such that ψ(t) = t
for t ≥ 2, ψ(t) = 1 for t ≤ 1/2, and ψ(t) ≥ t for all t ∈ [1/2, 2]. For ε > 0, we then
define

fε(x, y, e) := εg̃

(
x− y

ε
, x, e

)
, (x, y, e) ∈ R

d × R
d × R

� ,

with

g̃(p, x, e) := ψ(g(p, γ(x, e))), (p, x, e) ∈ R
d × R

d × R
� .

All the estimates, except the one on |Defε(y, y
′, e)|, follow directly from the property

of g stated in Lemma 4.4 of [5], as in the proof of Theorem 4.1 in [5, pp. 1136–1137],
for fixed values of e. Here, the constant K can be taken independent of e because
E is bounded. The estimate on |Defε(y, y

′, e)| follows from (2.13), the smoothness
condition on γ, and the boundedness of O, and E. The existence of the function h
follows from Theorem 3.2 in [6]; see (3.20) of this paper. It suffices to repeat the
argument of the proof of Corollary 2.1; i.e., consider a fictitious extended reflected
system (x, e).
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Remark 2.1. Observe that given θ ∈ (0, 1) such that θ2 > 1 − r2, we can find
δ ∈ (0, r) for which 〈y′−y, γ(y, e)〉 ≥ −θ|y−y′| for all e ∈ E, y ∈ ∂O, and y′ ∈ Ō such
that |y − y′| ≤ δ. This follows from (2.3) and the observation that 〈y′ − y, γ(y, e)〉 ≤
−θ|y − y′|, |y − y′| ≤ δ, and |γ| = 1 imply that

|y′ − (y − λγ(y, e))|2 ≤ |y′ − y|2 − 2λθ|y − y′| + λ2 = λ2(1 − θ2) ≤ λ2r2

for λ := |y − y′|/θ ≤ δ/(1 − r2)
1
2 with δ small enough so that λ ≤ r.

Proof of Lemma 2.1. As in [6], we first observe that we can restrict our attention
to the case |Y −Y ′| ≤ δ, where δ is defined as in Remark 2.1 for θ := (1+

√
1 − r2)/2.

Indeed, since O is bounded, there is r̃ > 0 such that B(0, r̃/2) ⊃ Ō, and if τ is the
first time after t0 when |Y − Y ′| ≥ δ, then

E

[
sup

t0≤s≤T
|ΔY (s)|4

]
≤ r̃4

δ4
E

[
sup

t0≤s≤τ
|ΔY (s)|4

]
.

From now on, we therefore assume that |Y − Y ′| ≤ δ. For ease of notation, we also
restrict our attention to the case where t0 = 0; the general case is handled similarly.

Recall from Lemma 2.2 the definitions of h and fε for θ defined as above. We fix
ε, λ > 0 and define the smooth function f̃ε on Ō × Ō × E by

f̃ε(y, y
′, e) := e−λ(h(y,e)+h(y′,e))fε(y, y

′, e) .(2.14)

Fix K̄ > 0. Set

At :=

∫ t

0

e−K̄|ε|(s)
(∣∣∣Def̃ε(Y (s), Y ′(s), ε(s))

∣∣∣− K̄f̃ε(Y (s), Y ′(s), ε(s))
)
d|ε|(s)

and βs := e−K̄|ε|(s)e−λ(h(Y (s),ε(s))+h(Y ′(s),ε(s))). Since, by the estimates of Lemma 2.2,

e−K̄|ε|(s)
∣∣∣Def̃ε(Y (s), Y ′(s), ε(s))

∣∣∣
≤ βs

(
2λ sup

(y,e)∈Ō×E
|Deh(y, e)| + 1

)
K

(
ε +

|Y (s) − Y ′(s)|2
ε

)

and

e−K̄|ε|(s)K̄f̃ε(Y (s), Y ′(s), ε(s)) ≥ βsK̄
|Y (s) − Y ′(s)|2

ε
,

we can find C > 0, independent of λ and ε, such that At ≤ λCε for K̄ large enough
with respect to K, λ, and |Deh|.

Thus, applying Itô’s lemma to ξ := (e−K̄|ε|(t)f̃ε(Y (t), Y ′(t), ε(t)))t≤T leads to

ξt ≤ ξ0 + TλCε + Gt + G′t + Ht,(2.15)

where

Gt :=

∫ t

0

e−K̄|ε|(s)〈Dy f̃ε(Y (s), Y ′(s), ε(s)), γ(Y (s), ε(s))〉dL(s),

G′t :=

∫ t

0

e−K̄|ε|(s)〈Dy′ f̃ε(Y (s), Y ′(s), ε(s)), γ(Y ′(s), ε(s))〉dL′(s) ,
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and

Ht :=

∫ t

0

e−K̄|ε|(s)〈Dy f̃ε(Y (s), Y ′(s), ε(s)), μs(X(s)) − μs(X
′(s))〉ds

+

∫ t

0

e−K̄|ε|(s)〈Dy f̃ε(Y (s), Y ′(s), ε(s)), [σs(X(s)) − σs(X
′(s))]dWs〉

+

∫ t

0

e−K̄|ε|(s)〈Dy′ f̃ε(Y (s), Y ′(s), ε(s)) + Dy f̃ε(Y (s), Y ′(s), ε(s)), μs(X
′(s))〉ds

+

∫ t

0

e−K̄|ε|(s)〈Dy′ f̃ε(Y (s), Y ′(s), ε(s)) + Dy f̃ε(Y (s), Y ′(s), ε(s)), σs(X
′(s))dWs〉

+
1

2

∫ t

0

e−K̄|ε|(s)Tr
[
D2

(y,y′)f̃ε(Y (s), Y ′(s), ε(s))as(X(s), X ′(s))
]
ds

with

as(x, x
′) =

[
σs(x)σs(x)∗ σs(x)σs(x

′)∗

σs(x
′)σs(x)∗ σs(x

′)σs(x
′)∗

]
,

where ∗ denotes the transposition.
Now, observe that the estimates (2.6), (2.7), and (2.12) of Lemma 2.2, Remark 2.1,

and the assumption |Y − Y ′| ≤ δ imply that

Gt =

∫ t

0

βs〈Dyfε(Y (s), Y ′(s), ε(s)), γ(Y (s), ε(s))〉dL(s)

− λ

∫ t

0

βsfε(Y (s), Y ′(s), ε(s))〈Dyh(Y (s), ε(s)), γ(Y (s), ε(s))〉dL(s)

≤ (K − λ)

∫ t

0

βs
|ΔY (s)|2

ε
dL(s) .

Similarly,

G′t ≤ (K − λ)

∫ t

0

βs
|ΔY (s)|2

ε
dL′(s) .

Taking λ = K, it then follows from (2.15) that

ξt ≤ ξ0 + TλCε + Ht .(2.16)

Moreover, it follows from Doob’s inequality, the estimates of Lemma 2.2, the a.s.
Lipschitz continuity of μ and σ, the fact that Y , Y ′, X, and X ′ are bounded, and the
inequality α2β2 ≤ α4 + β4, α, β ∈ R, that

E

[
sup
s≤t

H2
s

]
≤ C ′ E

[∫ t

0

e−2K̄|ε|(s)

ε2

(
ε4 + |ΔY (s)|4 + |ΔX(s)|4

)
ds

]
,
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where C ′ is a positive constant which does not depend on ε. Since |ε|(T ) ≤ m, it
follows from (2.16) and the left-hand side of (2.6) of Lemma 2.2 that

E

[
sup
s≤t

|ΔY (s)|4
]
≤ Cm

(
ε4 + |ΔX(0)|4 +

∫ t

0

E

[
sup
r≤s

|ΔY (r)|4 + sup
r≤s

|ΔX(r)|4
]
ds

)
,

where Cm is a positive constant independent of ε. The required result is then obtained
by sending ε → 0 and using Gronwall’s lemma.

We can now provide the main result of this section, which ensures the strong
existence and uniqueness of an SDE with random coefficients and controlled reflecting
directions.

Theorem 2.2. Fix ε ∈ E, t ∈ [0, T ], and ξ a Ft-measurable random variable with
values in Ō. Then, there exists a unique continuous adapted process (X,L) such that
L is a nondecreasing element of BVF(R+) and

X(s) = ξ +

∫ s

t

μr(X(r))dr +

∫ s

t

σr(X(r))dW (r) +

∫ s

t

γ(X(r), ε(r))dL(r),

L(s) =

∫ s

t

I{X(r)∈∂O} dL(r), t ≤ s ≤ T .(2.17)

Proof. Observe that Lemma 4.7 in [6] can be easily extended to our setting by
appealing to the arguments already used in the proof of Corollary 2.1. The existence
and uniqueness when |ε|(T ) is uniformly bounded then follow from Corollary 2.1,
Lemma 2.1, and the same arguments as in [6] (see the discussion after their Corol-
lary 5.2), or as in the proof of Proposition 4.1 in [12]. In the case where |ε|(T ) is
not uniformly bounded, we use a localization argument. For each m ≥ 1, we define
τm := inf{s ≥ t : |ε|(s) ≥ m} and let (Xm, Lm) be the unique solution of (2.17)
associated with εm(·) := ε(· ∧ τm). We then define (X,L) by

(X,L)(s) := (X1, L1)(s)I{t≤s≤τ1} +
∑
m≥2

(Xm, Lm)(s)I{τm−1<s≤τm} .

It solves (2.17) associated with ε. The same argument provides uniqueness.
Remark 2.2. The presence of the control ε in γ plays a similar role as the time de-

pendence in nonlinear Neumann-type boundary conditions of the form L(t, x, u,Du) = 0
in the viscosity literature. To the best of our knowledge the papers dealing with such
a time dependence impose rather strong regularity conditions. The less stringent
seem to appear in [3] where, for fixed (x, u, p), the map t �→ L(t, x, u, p) is absolutely
continuous with respect to the Lebesgue measure; see condition (H6) of this paper.
In particular, t �→ L(t, x, u, p) has bounded variations. It is therefore not surprising
to retrieve such a condition in the definition of the set of controls E .

Remark 2.3. Let (a, b) be a progressively measurable process with values in
M

� × R
� satisfying ∫ t

0

(|b(s)| + |a(s)|2) < ∞ P-a.s.,

and assume that the process Z defined on [t, T ] by

Z(s) := z +

∫ s

t

b(r)dr +

∫ s

t

a(r)dW (r)
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takes values in a compact set F of R
�. Then, it follows from Theorem 2.2 that

existence and uniqueness hold for

X(s) = x +

∫ s

t

μr(X(r))dr +

∫ s

t

σr(X(r))dW (r) +

∫ s

t

γ̃(X(r), Z(r), ε(r))dL(r),

L(s) =

∫ s

t

I{X(r)∈∂O} d|L|(r), t ≤ s ≤ T,

when γ̃ ∈ C2(Rd × R
� × R

�,Rd) satisfies

⋃
0≤λ≤r

B (x− λγ̃(x, z, e), λr) ⊂ Oc for all (x, z, e) ∈ ∂O × R
2�

for some r ∈ (0, 1). This is easily checked by arguing as in the proof of Corollary 2.1;
i.e., introduce the fictitious reflected system (X,Z) and apply Theorem 2.2. This
allows us to introduce a new control on the direction of reflection which corresponds
to an Itô process.

3. Optimal control. As in the previous section, we consider a bounded open
set O ⊂ R

d and γ ∈ C2(Rd+�,Rd) such that |γ| = 1 and (2.3) holds.

3.1. Definitions and assumptions. We fix a compact subset A of R
� and

denote by A the set of progressively measurable processes with values in A.
Let μ and σ be two continuous maps on R

d × A with values in R
d and M

d,
respectively. We assume that both are Lipschitz with respect to their first variable,
uniformly in the other ones, so that (μα, σα) defined by

(μα
t , σ

α
t )(·) := (μ, σ)(·, α(t)), t ≤ T,

belongs to LF(Rd; Rd ×M
d) for all α ∈ A. It then follows from Theorem 2.2 that, for

all (t, x) ∈ [0, T ] × Ō, there exists a unique solution (Xα,ε
t,x , L

α,ε
t,x ) to (2.17) associated

with (μα, σα) with initial conditions given by (Xα,ε
t,x , L

α,ε
t,x )(t) = (x, 0).

The goal of this section is to provide a PDE characterization for the control
problem

v(t, x) := sup
(α,ε)∈A×E

J(t, x;α, ε),(3.1)

where

J(t, x;α, ε) := E

[
βα,ε
t,x (T )g

(
Xα,ε

t,x (T )
)

+

∫ T

t

βα,ε
t,x (s)f

(
Xα,ε

t,x (s), α(s)
)
ds

]
,

βα,ε
t,x (s) := e−

∫ s
t
ρ(Xα,ε

t,x (r),ε(r))dLα,ε
t,x (r),

and ρ, g, f are continuous real valued maps on Ō ×E, Ō and Ō ×A, respectively. In
order to ensure that J is well defined, we assume that ρ ≥ 0. We also assume that

(i) g is Lipschitz continuous;
(ii) f is Lipschitz continuous in its first variable, uniformly in its second one;
(iii) ρ is C1 with Lipschitz first derivative in its first variable, uniformly in its

second one, and Lipschitz in its second variable, uniformly in the first one.
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3.2. Dynamic programming. We first provide some useful estimates on Xα,ε
t,x

and J which will be used to derive the dynamic programming principle of Lemma 3.2
below.

Proposition 3.1. For each m > 0, there is a constant Cm > 0 such that for all
(α, ε) ∈ A× Eb

m, t ≤ t′ ≤ T , and x, x′ ∈ Ō, we have

E

[
sup

t′≤s≤T
|Xα,ε

t,x (s) −Xα,ε
t′,x′(s)|4

] 1
4

≤ Cm

(
|x− x′| + |t′ − t| 14

)
,(3.2)

E

[
sup

t≤s≤t′
|Xα,ε

t,x (s) − x|4
] 1

4

+ E
[
Lα,ε
t,x (t′)2

] 1
2 ≤ Cm |t′ − t| 14 ,(3.3)

E

[
sup

t′≤s≤T
| ln(βα,ε

t,x (s)) − ln(βα,ε
t′,x′(s))|

]
≤ Cm

(
|x− x′| + |t′ − t| 14

)
.(3.4)

Proof. We write (X,L, β) and (X ′, L′, β′) for (Xα,ε
t,x , L

α,ε
t,x , β

α,ε
t,x ) and (Xα,ε

t′,x′ , L
α,ε
t′,x′ ,

βα,ε
t′,x′).

1. It follows from Lemma 2.1 and Gronwall’s lemma that

E

[
sup

t′≤s≤T
|X(s) −X ′(s)|4

]
≤ Cm E

[
|X(t′) − x′|4

]
,

where Cm > 0 denotes a generic constant independent of (t, t′, x, x′). Choosing some
large K̄ > 0, applying Itô’s lemma to (e−K̄|ε|(t)f̃ε(X(t), y, ε(t)))t≤T , y ∈ Ō, and

f̃ε defined as in (2.14), and using the same arguments as in Lemma 2.1 (the terms
corresponding to At and Gt are treated similarly; the term corresponding to Ht is
bounded by using the fact that the integrands are bounded by C/ε for some C > 0
by Lemma 2.2), leads to

E

[
sup

t≤s≤t′
|X(s) − y|4

]
≤ Cm (|t′ − t| + |x− y|4) .(3.5)

This proves (3.2) and the bound for the first term in (3.3).
2. We now provide the bound for the second term in (3.3). Let h be defined as

in Lemma 2.2. Applying Itô’s lemma to h(X, ε) − h(x, ε) and using (2.12) leads to

0 ≤ L(t′) ≤
∫ t′

t

〈Dxh(X(s), ε(s)), γ(X(s), ε(s))〉dL(s)

= h(X(t′), ε(t′)) − h(x, ε(t′))

−
∫ t′

t

(
〈Dxh(X(s), ε(s)), μs(X(s))〉 +

1

2
Tr[D2

xh(X(s), ε(s))σsσ
∗
s (X(s))]

)
ds

−
∫ t′

t

〈Dxh(X(s), ε(s)), σs(X(s))dWs〉

−
∫ t′

t

〈Deh(X(s), ε(s)) −Deh(x, ε(s)), dε(s)〉,
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where, by the Lipschitz continuity of Deh,∣∣∣∣∣
∫ t′

t

〈Deh(X(s), ε(s)) −Deh(x, ε(s)), dε(s)〉
∣∣∣∣∣ ≤ C sup

t≤s≤t′
|X(s) − x| |ε|(T )

for some C > 0 which depends only on h. Since |ε|(T ) ≤ m, the bound for the
second term in (3.3) then follows from the Lipschitz continuity of the coefficients, the
previous estimates, and the boundedness of O and E.

3. We finally prove (3.4). Since |γ| = 1 and ρ|γ|2 is bounded, we have for s ∈ [t′, T ]

| lnβ(s) − lnβ′(s)|

=

∣∣∣∣
∫ s

t

(ρ|γ|2)(X(r), ε(r))dL(r) −
∫ s

t′
(ρ|γ|2)(X ′(r), ε(r))dL′(r)

∣∣∣∣
≤
∣∣∣∣
∫ s

t

〈(ργ)(X(r), ε(r)), γ(X(r), ε(r))〉dL(r)

−
∫ s

t′
〈(ργ)(X(r), ε(r)), γ(X ′(r), ε(r))〉dL′(r)

∣∣∣∣
+

∣∣∣∣
∫ s

t′
〈(ργ)(X(r), ε(r)) − (ργ)(X ′(r), ε(r)), γ(X ′(r), ε(r))〉dL′(r)

∣∣∣∣
≤
∣∣∣∣
∫ s

t′
〈ργ(X(r), ε(r)), γ(X(r), ε(r))〉dL(r)

−
∫ s

t′
〈ργ(X(r), ε(r)), γ(X ′(r), ε(r))〉dL′(r)

∣∣∣∣
+ C

(
L(t′) + sup

t′≤s≤T
|X(s) −X ′(s)|L′(T )

)

for some C > 0 independent of (s, x, x′, t, t′). If we assume that ρ ∈ C2,1(Rd+�,R),
then applying Itô’s lemma to 〈X −X ′, γ(X, ε)ρ(X, ε)〉 on [t′, s] leads to

〈X(s) −X ′(s), γ(X(s), ε(s))ρ(X(s), ε(s))〉

= 〈X(t′) −X ′(t′), γ(X(t′), ε(t′))ρ(X(t′), ε(t′))〉

+

∫ s

t′
〈γ(X(r), ε(r))ρ(X(r), ε(r)), μr(X(r)) − μr(X

′(r))〉dr

+

∫ s

t′

∑
i≤d

(γ(X(r), ε(r))ρ(X(r), ε(r)))
i
(σr(X(r)) − σr(X

′(r)))
i·
dWr

+

∫ s

t′
〈ργ(X(r), ε(r)), γ(X(r), ε(r))〉dL(r)

−
∫ s

t′
〈ργ(X(r), ε(r)), γ(X ′(r), ε(r))〉dL′(r)
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+

∫ s

t′

∑
i≤d

(X(r) −X ′(r))i
(
〈Dx([γρ]i)(X(r), ε(r)), μr(X(r))〉

)
dr

+

∫ s

t′

∑
i≤d

(X(r) −X ′(r))i
(

1

2
Tr[D2

x([γρ]i)(X(r), ε(r))σrσ
∗
r (X(r))]

)
dr

+

∫ s

t′

∑
i≤d

(X(r) −X ′(r))i
(
〈Dx([γρ]i)(X(r), ε(r)), γ(X(r), ε(r))〉

)
dL(r)

+

∫ s

t′

∑
i≤d

(X(r) −X ′(r))i〈Dx([γρ]i)(X(r), ε(r)), σr(X(r))dWr〉

+

∫ s

t′

∑
i≤d

(X(r) −X ′(r))i〈De([γρ]
i)(X(r), ε(r)), dε(r)〉

+

∫ s

t′

∑
i≤d

〈σr(X(r)) − (σr(X
′(r))i·,

∑
k≤d

(Dx([γρ]i)(X(r), ε(r)))kσk·
r (X(r))〉dr,

where M j· denotes the jth column of a matrix M . Using the Lipschitz continuity of
the coefficients and the bound |ε|(T ) ≤ m thus leads to

E

[
sup

t′≤s≤T

∣∣∣∣
∫ s

t′
〈ργ(X(r), ε(r)), γ(X(r), ε(r))〉dL(r)

−
∫ s

t′
〈ργ(X(r), ε(r)), γ(X ′(r), ε(r))〉dL′(r)

∣∣∣∣
]

≤ Cm E

[
sup

t′≤s≤T
|X(s) −X ′(s)|2

] 1
2 (

1 + E
[
L(T )2

] 1
2

)
,

where Cm depends on ρ only through the bounds on |ρ|, on the first and second
derivatives in its first variable, and on the first derivative in its second variable. Thus,
by the previous inequality and the Cauchy–Schwarz inequality,

E

[
sup

t′≤s≤T
| lnβ(s) − lnβ′(s)|

]

≤ Cm

(
E [L(t′)] + E

[
sup

t′≤s≤T
|X(s) −X ′(s)|2

] 1
2 (

E
[
(L′(T ))2

] 1
2 + E

[
(L(T ))2

] 1
2 + 1

))

for some Cm > 0 as above. In view of the previous estimates, the result follows for ρ
smooth enough. Since the estimate of (3.3) clearly does not depend on ρ, this result
is easily extended to the general case by a standard approximation argument.

Remark 3.1. It follows from the pathwise uniqueness result of Theorem 2.2 and
standard arguments (see, e.g., Theorems 5.3.19 and 5.4.20 of [10]), that Xα,ε

t,x is a
strong Markov process.

Lemma 3.1. Fix m > 0 and set

vm(t, x) := sup
(α,ε)∈A×Ebm

J(t, x;α, ε), (t, x) ∈ [0, T ] × Ō .
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Then, there is Cm > 0 such that

|J(t, x;α, ε) − J(t′, x′;α, ε)| + |vm(t, x) − vm(t′, x′)| ≤ Cm

(
|t− t′| 14 + |x− x′|

)
for all (t, t′, x, x′) ∈ [0, T ]2 ×Ō2 and (α, ε) ∈ A×Eb

m. Moreover, v = limm→∞ ↑ vm =
supm>0 vm on [0, T ] × Ō and v is lower semicontinuous.

Proof. Since

|vm(t, x) − vm(t′, x′)| ≤ sup
(α,ε)∈A×Ebm

|J(t, x;α, ε) − J(t′, x′;α, ε)| ,

the first assertion follows from the uniform estimates of Proposition 3.1, the Lipschitz
continuity assumptions on the parameters g and f , and the fact that ρ ≥ 0 so that
βα,ε
t,x ≤ 1 for all (t, x) ∈ [0, T ]×Ō and (α, ε) ∈ A×E . Clearly (vm)m>0 is nondecreasing

and v ≥ supm>0 vm. Thus, it remains to prove that when v ≤ supm>0 vm, the lower
semicontinuity of v will then follow from the continuity of each vm. To see this, fix
(t, x) ∈ [0, T ) × Ō, (α, ε) ∈ A × E and set τm := inf{s ∈ [t, T ] : |ε|(s) ≥ m} and
εm := ε(· ∧ τm), m > 0. Since τm → ∞, we have βα,εm

t,x f(Xα,εm
t,x , α) → βα,ε

t,x f(Xα,ε
t,x , α)

dt× dP-a.e. on [t, T ] and (Xα,εm
t,x , βα,εm

t,x )(T ) → (Xα,ε
t,x , β

α,ε
t,x )(T ) P-a.s. as m → ∞. By

dominated convergence and the continuity of g, we then deduce that J(t, x;α, εm)
→ J(t, x;α, ε). This implies that, for each ε > 0, we can find m > 0 such that
v(t, x) − ε ≤ vm(t, x) and therefore v(t, x) ≤ supm>0 vm(t, x).

We can now prove the following dynamic programming principle.
Lemma 3.2. Fix (t, x) ∈ [0, T ] × Ō. For all [t, T ]-valued stopping times θ, we

have

v(t, x) = sup
(α,ε)∈A×E

E

[
βα,ε
t,x (θ)v

(
θ,Xα,ε

t,x (θ)
)

+

∫ θ

t

βα,ε
t,x (s)f

(
Xα,ε

t,x (s), α(s)
)
ds

]
.

Proof. Fix (t0, x0) ∈ [0, T )×Ō (the case t0 = T is trivial). The fact that v(t0, x0)
is bounded from above by

sup
(α,ε)∈A×E

E

[
βα,ε
t0,x0

(θ)v
(
θ,Xα,ε

t0,x0
(θ)
)

+

∫ θ

t0

βα,ε
t0,x0

(s)f
(
Xα,ε

t0,x0
(s), α(s)

)
ds

]

follows from the Markov feature of our model; see Remark 3.1. We now prove the
converse inequality.

1. Fix m > 0. Let (Bn)n≥1 be a partition of [0, T ] × Ō and (tn, xn)n≥1 be
a sequence such that (tn, xn) ∈ Bn for each n ≥ 1. By definition, we can find
ξn := (αn, εn) ∈ A× Eb

m such that

J(tn, xn; ξn) ≥ vm(tn, xn) − ε/3 ,(3.6)

where ε > 0 is a fix parameter. Moreover, by the uniform continuity of vm and J(·; ξ)
for ξ ∈ A× Eb

m (see Lemma 3.1), we can choose (Bn, tn, xn)n≥1 in such a way that

|J(·; ξn) − J(tn, xn; ξn)| + |vm − vm(tn, xn)| ≤ ε/3 on Bn .(3.7)

2. Given ξ ∈ A × Eb
m and θ a stopping time with values in [t0, T ], we define

ξ̄ ∈ A× Eb
m by

ξ̄(t) := ξ(t)I{t<θ} + I{t≥θ}
∑
n≥1

ξn(t) I{(θ,Xξ
t0,x0

(θ))∈Bn} .
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Using successively the Markov feature of our model (see Remark 3.1, (3.7), (3.6),
(3.7)) again and the fact that ρ ≥ 0 (which implies that β·t0,x0

(θ) ≤ 1), we deduce

that, for all ξ = (α, ε) ∈ A× Eb,

J(t0, x0; ξ̄) ≥ E

[
βξ
t0,x0

(θ)J(θ,Xξ
t0,x0

(θ); ξ̄) +

∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]

= E

⎡
⎣βξ

t0,x0
(θ)

∑
n≥1

J(θ,Xξ
t0,x0

(θ); ξn)I{(θ,Xξ
t0,x0

(θ))∈Bn}

⎤
⎦

+ E

[∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]

≥ E

⎡
⎣βξ

t0,x0
(θ)

∑
n≥1

J(tn, xn; ξn)I{(θ,Xξ
t0,x0

(θ))∈Bn}

⎤
⎦

+ E

[∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]
− ε/3

≥ E

⎡
⎣βξ

t0,x0
(θ)

⎛
⎝∑

n≥1

vm(tn, xn; ξn)I{(θ,Xξ
t0,x0

(θ))∈Bn}

⎞
⎠
⎤
⎦

+ E

[∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]
− 2ε/3

≥ E

[
βξ
t0,x0

(θ)vm(θ,Xξ
t0,x0

(θ)) +

∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]
− ε .

By arbitrariness of ε > 0, this shows that

v(t0, x0) ≥ E

[
βξ
t0,x0

(θ)vm(θ,Xξ
t0,x0

(θ)) +

∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]
.(3.8)

Since vm → v as m → ∞ by Lemma 3.1, it follows by dominated convergence that,
for all ξ ∈ A× Eb,

v(t0, x0) ≥ E

[
βξ
t0,x0

(θ)v(θ,Xξ
t0,x0

(θ)) +

∫ θ

t

βξ
t0,x0

(s)f(Xξ
t0,x0

(s), α(s))ds

]
.

The same localization argument as in the proofs of Theorem 2.2 and Lemma 3.1 then
implies that the above inequality actually holds for all ξ ∈ A× E .

3.3. PDE characterization for the optimal control problem. In this sec-
tion, we show that v is a solution of

Kϕ = 0,
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where

Kϕ :=

⎧⎪⎪⎨
⎪⎪⎩

min
a∈A

(−Laϕ− f(·, a)) = 0 on [0, T ) ×O,

min
e∈E

Heϕ = 0 on [0, T ) × ∂O,

ϕ− g = 0 on {T} × Ō,

and, for a smooth function ϕ on [0, T ] × Ō and (a, e) ∈ A× E, we set

Laϕ :=
∂

∂t
ϕ + 〈μ(·, a), Dϕ〉 +

1

2
Trσ(·, a)σ(·, a)∗D2ϕ,

Heϕ := ρ(·, e)ϕ− 〈γ(·, e), Dϕ〉 .

3.3.1. Definitions. Since v may not be smooth, we need to consider the above
equation in the viscosity sense. Moreover, the boundary conditions may not be satis-
fied in a strong sense and, as usual, we have to consider a relaxed version; see, e.g.,
[4]. We therefore introduce the operator K+ and K− defined as

K+ϕ :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Kϕ on [0, T ] ×O,

max

{
min
a∈A

−Laϕ− f(·, a) , min
e∈E

Heϕ

}
on [0, T ) × ∂O,

ϕ− g on {T} × ∂O

and

K−ϕ :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Kϕ on [0, T ] ×O,

min

{
min
a∈A

−Laϕ− f(·, a) , min
e∈E

Heϕ

}
on [0, T ) × ∂O,

min

{
ϕ− g , min

e∈E
Heϕ

}
on {T} × ∂O .

Definition 3.1.We say that a lower-semicontinuous (resp., upper-semicontinuous)
function w on [0, T ] × Ō is a viscosity supersolution (resp., subsolution) of

Kϕ = 0(3.9)

if for all ϕ ∈ C1,2([0, T ]×Ō) and all (t, x) ∈ [0, T )×Ō, which realizes a local minimum
(resp., maximum) of w − ϕ equal to 0, we have K+ϕ ≥ 0 (resp., K−ϕ ≤ 0). We say
that a locally bounded function w is a (discontinuous) viscosity solution of (3.9) if w∗
(resp., w∗) is a supersolution (resp., subsolution) of (3.9), where

w∗(t, x) := lim sup
(t′,x′)→(t,x), (t′,x′)∈D

w(t′, x′),

w∗(t, x) := lim inf
(t′,x′)→(t,x), (t′,x′)∈D

w(t′, x′), (t, x) ∈ [0, T ] × Ō ,

with D := [0, T ) ×O.
Remark 3.2. Take E = K̃1 := K̃∩∂B(0, 1), where K̃ is the domain of the support

function δ of a closed convex set K ⊂ R
�, i.e.,

δ(e) := sup
y∈K

〈y, e〉, e ∈ R
� ,
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and assume that ρ(x, e) = δ(e) and γ(x, e) = e on ∂O×E. Then, for ϕ ∈ C1(Ō, (0,∞)),
the constraint

min
e∈E

Heϕ = min
e∈E

(δ(e)ϕ− 〈e,Dϕ〉) ≥ 0

means that Dϕ/ϕ ∈ K; see, e.g., [13]. In this case, the term Heϕ ≥ 0 can be
assimilated into a constraint on the gradient of the logarithm of the solution at the
boundary of O. A similar constraint appears in [2], but in the whole domain.

Remark 3.3. Assume that O is C2 and that σ satisfies the noncharacteristic
boundary condition

min
a∈A

|σ(x, a)ξ| > 0 for all x ∈ ∂O and ξ ∈ R
d \ {0} .(3.10)

Then, it follows from the same arguments as in step 2 of the proof of Proposition 6.3
of [2] that w is a supersolution of K+ϕ = 0 only if it is a supersolution of K̄+ϕ = 0,
where

K̄+ϕ :=

{
K+ϕ on ([0, T ] ×O) ∪ ({T} × Ō),

min
e∈E

Heϕ on [0, T ) × ∂O.

Similarly, it follows from the same arguments as in step 2 of Proposition 6.6 in [2]
that w is a subsolution of K−ϕ = 0 only if it is a subsolution of K̄−ϕ = 0, where

K̄−ϕ :=

{
K−ϕ on ([0, T ] ×O) ∪ ({T} × Ō),

min
e∈E

Heϕ on [0, T ) × ∂O .

3.3.2. Super- and subsolution properties.
Proposition 3.2. The function v∗ is a viscosity supersolution of (3.9).
Proof. The fact that v∗ ≥ g on {T}×Ō is a direct consequence of the lower semi-

continuity of v; see Lemma 3.1. Fix (t0, x0) ∈ [0, T ) × Ō and ϕ ∈ C1,2([0, T ] × Ō)
such that

0 = (v∗ − ϕ)(t0, x0) = min
[0,T ]×Ō

(v∗ − ϕ) .

1. We first assume that (t0, x0) ∈ [0, T ) × ∂O and that

max

{
min
a∈A

−Laϕ(t0, x0) − f(x0, a) , min
e∈E

Heϕ(t0, x0)

}
=: −2ε < 0

and work toward a contradiction. Under the above assumption, we can find (a0, e0) ∈
A× E and δ ∈ (t0, T − t0) for which

(3.11) max {−La0ϕ− f(·, a0) , He0ϕ} ≤ −ε

on B̄0 ∩ D̄0 where B0 := B(t0, δ) × B(x0, δ) and D0 := (t0 − δ, t0 + δ) ×O. Observe
that we can assume, without loss of generality, that (t0, x0) achieves a strict local
minimum so that

inf
∂pB0∩D̄0

(v∗ − ϕ) =: ζ > 0 ,(3.12)
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where ∂pB0 = ([t0 − δ, t0 + δ]× ∂B(x0, δ)) ∪ ({t0 + δ} ×B(x0, δ)). Let (tk, xk)k≥1 be
a sequence in B0 ∩D0 satisfying

(tk, xk) −→ (t0, x0) and v(tk, xk) −→ v∗(t0, x0) as k −→ ∞

so that

ηk := v(tk, xk) − ϕ(tk, xk) −→ 0 as k −→ ∞ .(3.13)

Let us write (Xk, Lk, βk) for (Xa0,e0
tk,xk

, La0,e0
tk,xk

, βa0,e0
tk,xk

), where (a0, e0) is viewed as an
element of A× E . Set

θk := inf
{
s ≥ tk : (s,Xk(s)) /∈ B0

}
, ϑk := inf

{
s ≥ tk : Xk(s) /∈ O

}
.

It then follows from Itô’s lemma, (3.11), and (3.12) that

v(tk, xk) ≤ ηk + E

[
βk(θk)v(θk, Xk(θk)) +

∫ θk

tk

βk(s)f(Xk(s), a0)ds

]

− E
[
ζI{θk<ϑk} +

(
βk(θk)ζ + εLk(θk)

)
I{θk≥ϑk}

]
,

where we used the fact that βk(θk) = 1 on {θk < ϑk}. Let c > 0 be such that |ρ| ≤ c
on Ō × E and observe that

ν := inf
�∈[0,∞)

e−c�ζ + ε	 > 0 .

It follows that

v(tk, xk) ≤ ηk − ζ ∧ ν + E

[
βk(θk)v(θk, Xk(θk)) +

∫ θk

tk

βk(s)f(Xk(s), a0)ds

]
,

which leads to a contradiction to Lemma 3.2 for k large enough; recall (3.13).
2. The case where (t0, x0) ∈ [0, T ) ×O is treated similarly. We assume that

min
a∈A

−Laϕ(t0, x0) − f(x0, a) =: −2ε < 0

and repeat the above argument with δ small enough so that B(x0, δ) ⊂ O and therefore
θk < ϑk (so that the reflection does not operate on [t0, θ

k]).
Proposition 3.3. The function v∗ is a viscosity subsolution of (3.9).
Proof. Fix (t0, x0) ∈ [0, T ) × Ō and ϕ ∈ C1,2([0, T ] × Ō) such that

0 = (v∗ − ϕ)(t0, x0) = max
[0,T ]×Ō

(v∗ − ϕ) .

The case where (t0, x0) ∈ [0, T ) × Ō is treated by similar arguments as in the proof
of Proposition 3.2; see also what follows. We therefore assume that t0 = T .

1. We first consider the case where x0 ∈ ∂O. We assume that

min

{
ϕ− g , min

e∈E
Heϕ

}
=: 2ε > 0 .

Set φ(t, x) = ϕ(t, x)+
√
T − t so that (∂/∂t)φ(t, x) → −∞ as t → T and observe that

(T, x0) also achieves a maximum for v∗−φ. Without loss of generality, we can therefore
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assume that (∂/∂t)ϕ(t, x) → −∞ as t → T and that we can find δ ∈ (t0, T − t0) for
which

(3.14) min

{
min
a∈A

−Laϕ− f(·, a), ϕ− g, min
e∈E

Heϕ

}
≥ ε

on B̄0 ∩ D̄0 where B0 := [t0 − δ, T ) × B(x0, δ) and D0 := (t0 − δ, T ) × O. Observe
that we can assume, without loss of generality, that (t0, x0) achieves a strict local
maximum so that

max
∂pB0∩D̄0

(v∗ − ϕ) =: −ζ < 0 ,(3.15)

where ∂pB0 = ([t0−δ, T ]×∂B(x0, δ))∪({T}×B(x0, δ)). Let (tk, xk)k≥1 be a sequence
in B0 ∩D0 satisfying

(tk, xk) −→ (t0, x0) and v(tk, xk) −→ v∗(t0, x0) as k −→ ∞

so that

ηk := v(tk, xk) − ϕ(tk, xk) −→ 0 as k −→ ∞ .(3.16)

Let us write (Xk, Lk, βk) for (Xα,ε
tk,xk

, Lα,ε
tk,xk

, βα,ε
tk,xk

), where (α, ε) is a given element of
A× E . Set

θk := inf
{
s ≥ tk : (s,Xk(s)) /∈ B0

}
, ϑk := inf

{
s ≥ tk : Xk(s) /∈ O

}
.

It follows from Itô’s lemma, (3.14), (3.15), and the identity v(T, ·) = g that

v(tk, xk) ≥ ηk + E

[
βk(θk)v(θk, Xk(θk)) +

∫ θk

tk

βk(s)f(Xk(s), α(s))ds

]

+ E
[
ζI{θk<ϑk} +

(
βk(θk)(ζ ∧ ε) + εLk(θk)

)
I{θk≥ϑk}

]
.

Arguing as in step 1 of the proof of Proposition 3.2, this implies that

v(tk, xk) ≥ ηk + ζ ∧ ν

+ E

[
βk(θk)v(θk, Xk(θk)) +

∫ θk

tk

βk(s)f(Xk(s), α(s))ds

]

for some ν > 0 independent of (α, ε). By arbitrariness of (α, ε) and (3.16), this leads
to a contradiction to Lemma 3.2 for k large enough.

2. The case where x0 ∈ O is treated similarly. It suffices to take δ small enough
so that B(x0, δ) ⊂ O and therefore θk < ϑk.

3.4. A comparison result. A lot of work has been done so far on compar-
ison results for quasi-linear second-order parabolic PDEs with nonlinear or oblique
derivative Neumann conditions; see, e.g., [1], [9], [3], or [5] and the references therein.
However, as in the first three papers, they usually require additional smoothness
conditions on O or, as in [5], do not allow for nonlinearities at the boundary.

In this section, we provide a comparison theorem for (3.9) in the case where there
exist ē and e in E such that

e ∈ arg min{ρ(x, e), e ∈ E}, ē ∈ arg max{ρ(x, e), e ∈ E} for all x ∈ ∂O(3.17)
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and additional conditions on the directions of reflection are imposed as follows:
1. As in section 7.B of [4], we first make a uniform exterior ball assumption in

the direction γ:

∃ b > 0 s.t. B(x− bγ(x, e), b) ∩ O = ∅ for all (x, e) ∈ ∂O × E .(3.18)

2. We then assume that there is a C2(Ō) function ĥ such that

〈γ(x, e), Dĥ(x)〉 ≥ 1 for all x ∈ ∂O and e ∈ E .(3.19)

3. The direction γ(·, ē) satisfies

inf
e∈E

〈γ(x, e), γ(x, ē)〉 > 0 for all x ∈ ∂O .(3.20)

Remark 3.4. The condition (3.19) holds in the case where E is a singleton;
see (2.12). When ∂O is C2, i.e., the algebraic distance d to ∂O is C2, and

min
e∈E

〈γ(x, e), Dd(x)〉 ≥ ε for all x ∈ ∂O

for some ε > 0, then we can choose ĥ = ε−1d. This imposes a restriction on the
direction of reflection with respect to the unit normal inward vector at x ∈ ∂O.

Under these conditions, we can state the following comparison theorem for super-
and subsolutions of (3.9).

Proposition 3.4. Assume that (3.17), (3.18), (3.19), and (3.20) hold. Let
u (resp., w) be a bounded upper-semicontinuous viscosity subsolution (resp., lower-
semicontinuous viscosity supersolution) of (3.9). Then, u ≤ w on [0, T ] × Ō.

Proof. We argue by contradiction and assume that maxD̄(u − w) > 0, with
D := [0, T ) ×O. We can then find ε > 0 small enough and (t0, x0) ∈ D̄ such that

max
D̄

(ũ− w̃ − 2εH) = (ũ− w̃ − 2εH)(t0, x0) =: η > 0,(3.21)

where ũ(t, x) = eκtu(t, x), w̃(t, x) = eκtw(t, x), and H(t, x) := e−κt−ĥ(x), where ĥ is
defined as in (3.19) and κ > 0 is a constant parameter such that

−LaH ≥ 0 on D̄ for all a ∈ A .(3.22)

We first assume that

u(t0, x0) ≥ 0 .(3.23)

The case u(t0, x0) < 0 will be treated in step 4 below.
Given λ ∈ N, we next define

Φλ(t, x, y) := ũ(t, x) − w̃(t, y) − Ψλ(t, x, y),

where

Ψλ(t, x, y) := ε(H(t, x) + H(t, y)) + ρ(x0, e)u(t0, x0)〈γ(x0, e) , x− y〉

+
λ

2
|x− y|2 + |t− t0|2 + |x− x0|4

for some ζ > 0.
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Let (tλ, xλ, yλ) be a global maximum point for Φλ on D̄. Using standard argu-
ments, one easily checks that

(3.24)

(tλ, xλ) → (t0, x0), λ|xλ − yλ|2 → 0, (ũ(tλ, xλ), w̃(tλ, yλ)) → (ũ(t0, x0), w̃(t0, x0))

as λ → ∞; see, e.g., Lemma 3.1 and Proposition 3.7 in [4].
Moreover, Ishii’s lemma (see Theorem 8.3 in [4]) implies that we can find pλ,1,

pλ,2 ∈ R, and two symmetric matrices Xα,λ and Yα,λ, depending on a parameter
α > 0, such that

(pλ,1, DxΨλ(tλ, xλ, yλ), Xα,λ) ∈ P̄2,+

Ō ũ(tλ, xλ),

(pλ,2,−DyΨλ(tλ, xλ, yλ), Yα,λ) ∈ P̄2,−
Ō w̃(tλ, yλ)

(3.25)

and

pλ,1 − pλ,2 = 2(tλ − t0) − κε(H(tλ, xλ) + H(tλ, yλ)),(3.26) (
Xα,λ 0

0 −Yα,λ

)
≤ (Aλ + Bλ) + α (Aλ + Bλ)

2
,(3.27)

where

Aλ := ε

(
D2H(tλ, xλ) 0

0 D2H(tλ, yλ)

)
+ 12(xλ − x0) ⊗ (xλ − x0),

Bλ := λ

(
Id −Id

−Id Id

)
,

see [4] for the notations P̄2,+

Ō and P̄2,−
Ō .

1. Assume that xλ ∈ ∂O. Fix e ∈ E. Since yλ ∈ Ō, it follows from (3.18) that
|xλ − bγ(xλ, e) − yλ|2 ≥ b2. Since |γ| = 1, this implies

2〈γ(xλ, e) , yλ − xλ〉 ≥ −b−1|xλ − yλ|2 .(3.28)

Then, it follows from the definition of e, the fact that |γ| = 1, the assumptions ρ ≥ 0,
(3.23), (3.17), (3.19), (3.24), and (3.28) that

ρ(xλ, e)u(tλ, xλ) − 〈γ(xλ, e) , DxΨλ(tλ, xλ, yλ)〉

= (ρ(x0, e) − ρ(x0, e))u(t0, x0) + ρ(x0, e)u(t0, x0)(1 − 〈γ(x0, e) , γ(x0, e)〉)

+O(λ−1) − 〈γ(xλ, e) , λ(xλ − yλ) − εDĥ(xλ)H(tλ, xλ)〉

≥ O(λ−1) + εH(t0, x0) .

Arguing as above, using the inequalities ρ ≥ 0, and u(t0, x0) ≥ w(t0, x0), and observ-
ing that 〈γ(yλ, e), γ(x0, e)〉 → 1, we also deduce that, if yλ ∈ ∂O,

ρ(yλ, e)w(tλ, yλ) − 〈γ(yλ, e) , −DyΨλ(tλ, xλ, yλ)〉

≤ ρ(x0, e)(w(t0, x0) − u(t0, x0)) − εH(t0, x0) + O(λ−1)

≤ −εH(t0, x0) + O(λ−1) .
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2. We now assume that, up to a subsequence, tλ = T for all λ ∈ N. By step 1 and
the fact that H(t0, x0) > 0, we must have u(tλ, xλ) ≤ g(xλ) and g(yλ) ≤ w(tλ, yλ).
Since g is continuous, we deduce from (3.24) that u(t0, x0) ≤ w(t0, w0), which contra-
dicts (3.21); recall that H > 0.

3. The rest of the proof is standard. We first observe that ũ and w̃ are viscosity
super- and subsolutions of K̃+ϕ = 0 and K̃−ϕ = 0, where K̃+ and K̃− are defined as
K+ and K− with La replaced by L̃a defined by

L̃aϕ = −κϕ + Laϕ .

In view of steps 1 and 2 and H(t0, x0) > 0, we may find aλ in the compact set A such
that, after possibly passing to a subsequence,

0 ≥ κũ(tλ, xλ) − pλ,1 − 〈μ(tλ, xλ, aλ), DxΨλ(tλ, xλ, yλ)〉

− 1

2
Trσσ∗(tλ, xλ, aλ)Xη,λ − f(tλ, xλ, aλ)

0 ≤ κw̃(tλ, yλ) − pλ,2 − 〈μ(tλ, yλ, aλ),−DyΨλ(tλ, xλ, yλ)〉

− 1

2
Trσσ∗(tλ, yλ, aλ)Yη,λ − f(tλ, yλ, aλ) .

Taking the difference of these two equations and using (3.21) and (3.22), the Lipschitz
continuity of the coefficients, and the fact that A and O are bounded, (3.26) and (3.27)
leads to

κη + O(λ−1) ≤ κ (ũ(tλ, xλ) − w̃(tλ, yλ))

≤ O
(
|tλ − t0| + λ|xλ − yλ|2 + |xλ − x0|2 + Cλα

)
,

where C > 0 is independent of λ and α, and Cλ depends only on λ. Sending α → 0
and then λ → ∞ thus leads to a contradiction; recall (3.24).

4. The case u(t0, x0) < 0 is treated similarly. It suffices to consider the test
function

Ψλ(t, x, y) := ε(H(t, x) + H(t, y)) + b̃−1ρ(x0, ē)u(t0, x0)〈γ(x0, ẽ) , x− y〉

+
λ

2
|x− y|2 + |t− t0|2 + |x− x0|4 ,

where ē is defined in (3.17), and b̃ > 0 and ẽ ∈ E satisfy

min
e∈E

〈γ(x0, ē), γ(x0, e)〉 = 〈γ(x0, ē), γ(x0, ẽ)〉 = b̃;

recall (3.20). With this modification, the arguments of step 1 becomes

ρ(xλ, e)u(tλ, xλ) − 〈γ(xλ, e) , DxΨλ(tλ, xλ, yλ)〉

= (ρ(x0, e) − ρ(x0, ē))u(t0, x0) + ρ(x0, ē)u(t0, x0)(1 − b̃−1〈γ(x0, e) , γ(x0, ẽ)〉)

+O(λ−1) − 〈γ(xλ, e) , λ(xλ − yλ) − εDĥ(xλ)H(tλ, xλ)〉

≥ O(λ−1) + εH(t0, x0)
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in the case where xλ ∈ ∂O, and becomes

ρ(yλ, ē)w(tλ, yλ) − 〈γ(yλ, ē) , −DyΨλ(tλ, xλ, yλ)〉

≤ ρ(x0, ē)(w(t0, x0) − u(t0, x0))

+ ρ(x0, ē)u(t0, x0)(1 − b̃−1〈γ(x0, ē) , γ(x0, ẽ)〉) − εH(t0, x0) + O(λ−1)

≤ −εH(t0, x0) + O(λ−1)

in the case where yλ ∈ ∂O. The rest of the proof is similar to the above.
Remark 3.5. Observe that the right-hand sides of conditions (3.17) and (3.20) are

only used in step 4 of the above proof to treat the case u(t0, x0) < 0. It is therefore not
required if u ≥ 0 on [0, T )× ∂O. Similarly, it can be dropped if w ≥ 0 on [0, T )× ∂O
since, in this case, (3.21) also implies that u(t0, x0) ≥ 0.

Remark 3.6. Assume that

μ(x, a) = diag xμ̄(x, a), σ(x, a) = diag xσ̄(x, a) on R
d
+ ×A

and

γ(x, e) = diag xγ̄(x, e) on (∂O ∩ (0,∞)d) × E

with μ̄, σ̄, and γ̄ such that μ, σ, and γ satisfy the general assumptions of this section.
Then, the process Xα,ε

t,x takes values in (0,∞)d whenever x ∈ (0,∞)d. It is therefore

natural to consider the PDE Kϕ = 0 on [0, T ] × (Ō ∩ (0,∞)d), with a notion of
viscosity solution similar to the one of Definition 3.1 with O, ∂O, and Ō replaced by
O∗ := O ∩ (0,∞)d, ∂O∗ := ∂O ∩ (0,∞)d, and Ō∗ := Ō ∩ (0,∞)d.

The proofs of Propositions 3.2 and 3.3 are easily adapted to this context. We
therefore obtain that v is a viscosity solution of Kϕ = 0 on [0, T ]×Ō∗. Moreover, the
proof of the comparison principle of Proposition 3.4 can also be extended. It suffices
to add an additional penalty function of the form k

∑
i≤d |xi|−1, with k → ∞, as in

[2].
Remark 3.7. The smoothness assumptions on ρ and γ are only used either to

construct (Xα,ε
t,x , L

α,ε
t,x ) or to prove the dynamic programming principle of Lemma 3.2.

We shall see, through an example in section 4.3 below, how they can be relaxed.

4. Application to the pricing of barrier options under constraints. As
already stated in the introduction, our main motivation comes from applications in
mathematical finance. More precisely, [2] provides a PDE characterization of the
superhedging price of barrier options under portfolio constraints, which is very similar
to the equation Kϕ = 0 up to an additional term inside the domain O which imposes
a constraint on the gradient of the logarithm of the solution.

The aim of this section is to show that the superhedging price of barrier options
under portfolio constraints can actually admit a dual formulation in terms of an
optimal control problem for a reflected diffusion in which the direction of reflection is
controlled. Due to the additional term, which appears in the PDE of [2], we cannot
expect this result to be general and we shall restrict our attention to a Black–Scholes
type model; see below.

In order to simplify the presentation, we shall work under quite restrictive condi-
tions, assuming, for instance, that the equation Kϕ = 0 admits a sufficiently smooth
solution for a suitable choice of parameters. The general case is left for future research.
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4.1. Problem formulation. We briefly present the hedging problem. Details
can be found in [2] and the references contained in this paper.

We consider a financial market which consists of one nonrisky asset, whose price
process is normalized to unity, and d risky assets St,x = (Si

t,x)i≤d which solve on [t, T ]

St,x(s) = x +

∫ s

t

diagSt,x(r)Σ dW (r),

where Σ is a d-dimensionnal invertible matrix. A financial strategy is described by a
d-dimensional predictable process π = (π1, . . . , πd) (viewed as a line vector) satisfying
the integrability condition ∫ T

0

|π(s)|2ds < ∞ P-a.s.,(4.1)

where πi(s) is the proportion of wealth invested at time s in the risky asset Si
t,x. We

associate with an initial capital y ∈ R and a financial strategy π the induced wealth
process Y π

t,y which solves on [t, T ]

Y (s) = y +

∫ s

t

Y (r)π(r) diagSt,x(r)
−1

dSt,x(r) = y +

∫ s

t

Y (r)π(r)Σ dW (r) .(4.2)

In this paper, we restrict our attention to the case where the proportions invested in
the risky asset are constrained to be bounded from below. Given mi > 0, i ≤ d, we
set

K :=

d∏
i=1

[−mi,∞)

and denote by ΠK the set of financial strategies π satisfying

π ∈ K dt× dP-a.e.(4.3)

We consider an up-and-out type option. More precisely, we take O such that

O∗ := O ∩ (0,∞)d =

{
x ∈ (0,∞)d :

d∑
i=1

xi < κ

}
, κ > 0 .

The “payoff” of the barrier option is a continuous map g defined on R
d
+ satisfying

g ≥ 0 on O∗and g = 0 on ∂O∗ := ∂O ∩ (0,∞)d .(4.4)

In order to apply the general results of [2], we assume that the map ĝ defined by

ĝ(x) = sup
y∈R

d
−

e−δ(y)g(x1ey
1

, . . . , xdey
d

), x ∈ Ō∗ := Ō ∩ (0,∞)d

is continuous. Here, δ is the support function of K; see Remark 3.2. We also assume
that ĝ is almost everywhere differentiable on Ō∗ and we denote by Dĝ its gradient
when it is well defined.

Remark 4.1. One easily checks that

ĝ(x) = sup
y∈R

d
−

e−δ(y)ĝ(x1ey
1

, . . . , xdey
d

), x ∈ Ō∗;
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see [2], which implies

inf
{
δ(e)ĝ(x) − 〈e, diag xDĝ(x)〉, e ∈ K̃1

}
≥ 0

for all x ∈ Ō∗ where Dĝ is well defined. Here, K̃1 := R
d
− ∩ ∂B(0, 1) is the set of unit

elements of the domain of δ; see Remark 3.2.
The option pays g(St,x(T )) at T if and only if St,x does not exit O∗ before T .

Since St,x has positive components, this corresponds to the situation where

τt,x := inf{s ∈ [t, T ] : St,x(s) /∈ O} > T ,

with the usual convention inf ∅ = ∞.
The super-replication cost of the barrier option is then defined as the minimal

initial wealth y such that Y π
t,y(T ) ≥ g(St,x(T ))I{T<τt,x} for some suitable strategy

π ∈ ΠK . This leads to the introduction of the value function defined on [0, T ] × Ō∗
by

w(t, x) := inf
{
y ∈ R : Y π

t,y(T ) ≥ g(St,x(T ))I{T<τt,x} for some π ∈ ΠK

}
.(4.5)

4.2. PDE characterization. We define L as L0 with A = {0}, μ = 0, σ(x, ·) =
diag xΣ, and f = 0. The next result is a consequence of [2].

Theorem 4.1 (see Bentahar and Bouchard [2]). The value function w is the
unique viscosity solution in the class of bounded functions on [0, T ] × (Ō ∩ R

d
+) of

Gϕ = 0, where Gϕ equals⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

min

{
−Lϕ(t, x) , min

e∈K̃1

(δ(e)ϕ(t, x) − 〈e,diag xDϕ(t, x)〉)
}

on [0, T ) ×O∗,

min

{
ϕ , min

e∈K̃1

(δ(e)ϕ(t, x) − 〈e,diag xDϕ(t, x)〉)
}

on [0, T ) × ∂O∗,

ϕ− ĝ on {T} × Ō∗ .

In the above theorem, the notion of viscosity solution has to be taken in the
classical sense.

When (4.6), (4.7), (4.8) below admit a sufficiently smooth solution, the above
equation can be simplified as follows.

Proposition 4.1. Assume that there is a bounded nonnegative C1,3([0, T )×O∗)∩
C0,1([0, T ) × Ō∗) ∩ C([0, T ] × Ō∗) function ψ such that ∂ψ/∂t ∈ C0,1([0, T ) × Ō∗)
and satisfying

− Lψ(t, x) = 0 on [0, T ) ×O∗,(4.6)

min
e∈K̃1

(δ(e)ψ(t, x) − 〈e,diag xDψ(t, x)〉) = 0 on [0, T ) × ∂O∗,(4.7)

ψ = ĝ on {T} × Ō∗,(4.8)

lim
(t′, x′) → (T, x)

(t′, x′) ∈ [0, T ) × O∗

Dψ(t′, x′) = Dĝ(x) almost everywhere on Ō∗ .(4.9)

Then, ψ = w on [0, T )×O∗ and ψ is the unique bounded solution to (4.6)-(4.7)-(4.8)
on [0, T ] × Ō∗.
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Proof. In view of Theorem 4.1, it suffices to show that ψ is a solution of Gϕ = 0.
Clearly, it is a subsolution. Since ψ ≥ 0, the supersolution property holds if, in
addition to (4.6), (4.7), (4.8), we have

min
e∈K̃1

(δ(e)ψ(t, x) − 〈e,diag xDψ(t, x)〉) ≥ 0 on [0, T ) ×O∗ .(4.10)

To see this, observe that (4.6) implies that each component φk := (Dψ)k of Dψ solves,
on [0, T ) ×O∗,

− ∂

∂t
φk(t, x) − 1

2
Tr diag xΣΣ′ diag xD2φk(t, x) − 〈Dφk(t, x)∗ diag xΣ, Σk〉 = 0,

where Σk denotes the kth line of Σ. Applying Itô’s lemma to 〈e,diagSt,xDψ(·, St,x)〉,
e ∈ K̃1, and (t, x) ∈ [0, T ) ×O∗, and using (4.9), we deduce that

〈e,diag xDψ(t, x)〉 = E
[
〈e,diagSt,x(τt,x)Dψ(τt,x, St,x(τt,x))〉I{τt,x<T}

]
+ E

[
〈e,diagSt,x(T )Dĝ(St,x(T ))〉I{τt,x≥T}

]
.

Since by (4.6) and (4.8),

ψ(t, x) = E
[
ψ(τt,x, St,x(τt,x))I{τt,x<T} + ĝ(St,x(T ))I{τt,x≥T}

]
,

it follows from (4.7) and Remark 4.1 that

δ(e)ψ(t, x) − 〈e,diag xDψ(t, x)〉 ≥ 0

which, by arbitrariness of e, provides the required result.

4.3. Dual formulation. Equations (4.6), (4.7), (4.8) are very similar to Kϕ = 0
with E = K̃1 and

ρ(x, e) := δ(e)/|diag xe|, γ(x, e) = diag xe/|diag xe| .

However, the gradient of diag xe/|diag xe| may blow up near ∂(0,∞)d, and it is not
possible to consider a smooth extension of γ on R

2d (even on R
d
+ × K̃1).

In order to overcome this difficulty, we use the following construction. First, we
define O as

O :=

{
x ∈ R

d :

d∑
i=1

|xi| < κ

}

so that O∗ = {x ∈ (0,∞)d :
∑d

i=1 x
i < κ}. Let r ∈ (0, 1/2) be such that B(0, 2r) ⊂

O. Then, given a nonincreasing C2(R, [0, 1]) function φ such that φ(y) = 1 if y ≤ 1
and φ(y) = 0 if y ≥ 3/2, we set, for n ≥ 1,

zn(e) :=
(
eiφ(nei + 2) − (1 − φ(nei + 2))

)
i≤d .

Observe that zn(e) = e on En := {e ∈ K̃1 : ei ≤ −n−1 for all i ≤ d}, zn(e) ∈
(−∞,−1/(2n)]d for all e ∈ R

d, and

|diag xe| ≥ r/(2n) := ηn for (x, e) ∈ B(0, r)c × (−∞,−1/(2n)]d .(4.11)
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We then set (with 1d = (1, . . . , 1) ∈ R
d)

γ̄n(x, e) := diag xzn(e)

(
1 − φ

(
3

2
|diag xe|/ηn

))
− 1dφ

(
3

2
|diag xe|/ηn

)
,

γn(x, e) := γ̄n(x, e)/|γ̄n(x, e)| .

Using (4.11), one easily checks that γn ∈ C2(R2d,Rd). Moreover, γn(x, e) = γ(x, e) =
diag xe/|diag xe| on B(0, r)c × En, and (2.3) holds for (O, γn).

For ε ∈ E0 := ∪n≥1 BVF(En) and (t, x) ∈ [0, T ] × Ō∗, we can then define

(Xε
t,x, L

ε
t,x) := (X0,ε

t,x , L
0,ε
t,x) as in section 3 with μ = 0, σ(x, a) = diag xΣ, and γ

defined as above. Clearly, Xε
t,x takes values in (0,∞)d.

We next define ρ on R
d × K̃1 as

ρ(x, e) = (δ(e)/|diag xe|)(1 − φ(|x|/r + 1/2))

so that ρ is continuous on R
d× K̃1, satisfies the assumption of section 3 as a function

on R
d × En for all n ≥ 1, and

ρ(x, e) = δ(e)/|diag xe| on ∂O∗ × (∪n≥1En) .

With this construction, we can now consider the control problem

v(t, x) := sup
ε∈E0

E

[
e−

∫ T
t

ρ(Xε
t,x(s),ε(s))dLε

t,x(s)ĝ
(
Xε

t,x(T )
)]

, (t, x) ∈ [0, T ] × Ō∗ .

Proposition 4.2. The function v is a bounded viscosity solution on [0, T ] × Ō∗
of (4.6), (4.7), (4.8).

Proof. For n ≥ 1 and (t, x) ∈ [0, T ] × Ō∗, set

vn(t, x) := sup
ε∈En

E

[
e−

∫ T
t

ρ(Xε
t,x(s),ε(s))dLε

t,x(s)ĝ
(
Xε

t,x(T )
)]

,

where En := BVF(En). It follows from the previous discussion that we can apply
Lemma 3.2 to vn. Since v = supn≥1 vn = limn→∞ ↑ vn, a monotone convergence
argument shows that the dynamic programming principle of Lemma 3.2 holds for v.
Following the arguments used in Propositions 3.2 and 3.3, and using the continuity
of ρ and γ on (B(0, r)c ∩ (0,∞)d) × K̃1 ⊃ ∂O∗ × K̃1, we deduce that v is a viscosity
solution of Kϕ = 0 on [0, T ] × Ō∗; see Remark 3.6. Since

δ(e)y − 〈e,diag xp〉 ≥ 0 ⇔ |diag xe|−1 (δ(e)y − 〈e,diag xp〉) ≥ 0

for (x, e, y, p) ∈ ∂O∗ × K̃1 × R × R
d, this implies that v is a viscosity solution on

[0, T ] × Ō∗ of (4.6), (4.7), (4.8).
In view of Proposition 4.1, we finally obtain the main result of this section, which

provides a dual formulation for the superhedging price w.
Theorem 4.2. Let the conditions of Proposition 4.1 hold. Then, for all (t, x) ∈

[0, T ] ×O∗,

w(t, x) = sup
ε∈E0

E

[
e−

∫ T
t

ρ(Xε
t,x(s),ε(s))dLε

t,x(s)ĝ
(
Xε

t,x(T )
)]

.(4.12)

Remark 4.2. It follows from Theorem 4.1, Proposition 4.2, and Theorem 7.1 in [2]
that

w(t, x) ≥ sup
ε∈E0

E

[
e−

∫ T
t

ρ(Xε
t,x(s),ε(s))dLε

t,x(s)ĝ
(
Xε

t,x(T )
)]
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even if the conditions of Proposition 4.1 are not satisfied.
Remark 4.3. When d = 1, we retrieve the results of [14]; see also [15]. In this

case, E0 = {−1} and the right-hand side quantity in (4.12) can be computed by using
Monte–Carlo methods.

Remark 4.4. It follows from [2] that w admits the dual formulation

w(t, x) = sup
ϑ∈Θ

E
ϑ
[
e−

∫ T
t

δ(ϑ(s))dsĝ (St,x(T )) I{τt,x>T}

]
,

where Θ denotes the set of bounded adapted processes with values in R
d
−, and E

ϑ is
the expectation operator under the equivalent probability measure Q

ϑ under which
the process Wϑ defined by

Wϑ(t) = W (t) −
∫ t

0

Σ−1ϑ(s)ds, t ≤ T ,

is a Brownian motion. Since

St,x(s) = x +

∫ s

t

diagSt,x(r)ΣdWϑ(r) +

∫ s

t

diagSt,x(r)ϑ(r)dr ,

and Wϑ has the same law under Q
ϑ as W under P, this is, at least formally, equivalent

to

w(t, x) = sup
ϑ∈Θ

E

[
e−

∫ T
t

δ(ϑ(s))dsĝ
(
Sϑ
t,x(T )

)
I{τϑ

t,x>T}

]

with Sϑ
t,x now defined as the solution of

Sϑ
t,x(s) = x +

∫ s

t

diagSϑ
t,x(r)ΣdW (r) +

∫ s

t

diagSϑ
t,x(r)ϑ(r)dr .

A formal change of variable (ϑ = |ϑ̃|ϑ̃/|diagSϑ̃
t,xϑ̃|) then leads to

w(t, x) = sup
ϑ̃∈Θ

E

[
e−

∫ T
t
|ϑ̃(s)|ρ(Sϑ̃

t,x(s),ϑ̃(s))dsĝ
(
Sϑ̃
t,x(T )

)
I{τ ϑ̃

t,x>T}

]
,(4.13)

where

Sϑ̃
t,x(s) = x +

∫ s

t

diagSϑ̃
t,x(r)ΣdW (r) +

∫ s

t

|ϑ̃(s)|γ(Sϑ̃
t,x(r), ϑ̃(r))dr ,

ρ(x, e) = δ(e)/|diag xe|, γ(x, e) = diag xe/|diag xe|, τ̃ϑt,x is the first exit time of Sϑ̃
t,x

from O∗, and we use the convention 0/0 = 0.

For very large values of |ϑ̃|, the process Sϑ̃ is “essentially” reflected in the direction

γ(Sϑ̃
t,x, ϑ̃).

Moreover, since ĝ ≥ 0, we should seek a control ϑ̃ such that τ ϑ̃t,x > T , i.e., which

“causes reflection” of Sϑ̃ at least at the boundary ∂O∗. The “reflection” should also
be optimal so that the right-hand side of (4.13) is maximal. If d = 1 and ĝ is non-
decreasing on O∗, the action of ϑ̃ should then be minimal since it decreases the value

of Sϑ̃
t,x(T ) and ρ(x, e) > 0 if e �= 0. Thus, at the limit, the process should be reflected

only at the boundary ∂O∗. This phenomenon, which was already observed in [14] in
the one-dimensional case, naturally leads to the formulation (4.12).
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HOMOGENEOUS APPROXIMATION, RECURSIVE OBSERVER
DESIGN, AND OUTPUT FEEDBACK∗

VINCENT ANDRIEU† , LAURENT PRALY‡ , AND ALESSANDRO ASTOLFI§

Abstract. We introduce two new tools that can be useful in nonlinear observer and output
feedback design. The first one is a simple extension of the notion of homogeneous approximation
to make it valid both at the origin and at infinity (homogeneity in the bi-limit). Exploiting this
extension, we give several results concerning stability and robustness for a homogeneous in the
bi-limit vector field. The second tool is a new recursive observer design procedure for a chain of
integrator. Combining these two tools, we propose a new global asymptotic stabilization result by
output feedback for feedback and feedforward systems.

Key words. homogeneous approximation, output feedback and observer
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1. Introduction. The problems of designing globally convergent observers and
globally asymptotically stabilizing output feedback control laws for nonlinear systems
have been addressed by many authors following different routes. Many of these ap-
proaches exploit domination ideas and robustness of stability and/or convergence. In
view of possibly clarifying and developing further these techniques we introduce two
new tools. The first one is a simple extension of the technique of homogeneous ap-
proximation to make it valid both at the origin and at infinity. The second tool is a
new recursive observer design procedure for a chain of integrator. Combining these
two tools, we propose a new global asymptotic stabilization result by output feedback
for feedback and feedforward systems.

To place our contribution in perspective, we consider the following system, for
which we want to design a global asymptotic stabilizing output feedback:

(1.1) ẋ1 = x2, ẋ2 = u + δ2(x1, x2), y = x1 ,

where (see notation (1.4))

(1.2) δ2(x1, x2) = c0 x
q
2 + c∞ xp

2, (c0, c∞) ∈ R
2, p > q > 0 .

In the domination’s approach, the nonlinear function δ2 is not treated per se in
the design but considered as a perturbation. In this framework the output feedback
controller is designed on the linear system

(1.3) ẋ1 = x2, ẋ2 = u, y = x1,
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and will be suitable for the nonlinear system (1.1), provided the global asymptotic
stability obtained for the origin of the closed-loop system is robust to the nonlinear
disturbance δ2. For instance, the design given in [13, 27] provides a linear output
feedback controller which is suitable for the nonlinear system (1.1) when q = 1 and
c∞ = 0. This result has been extended recently in [26] employing a homogeneous
output feedback controller which allows us to deal with p ≥ 1 and c0 = 0.

Homogeneity in the bi-limit and the novel recursive observer design proposed in
this paper allow us to deal with the case in which c0 �= 0 and c∞ �= 0. In this case,
the function δ2 is such that

1. when |x2| is small and q = 1, δ2(x2) can be approximated by c0 x2 and the
nonlinearity can be approximated by a linear function;

2. when |x2| is large, δ2(x2) can be approximated by c∞ xp
2, and hence we have

a polynomial growth which can be handled by a weighted homogeneous con-
troller as in [26].

To deal with both linear and polynomial terms we introduce a generalization of
weighted homogeneity which highlights the fact that a function becomes homoge-
neous as the state tends to the origin or to infinity but with different weights and
degrees.

The paper is organized as follows. Section 2 is devoted to general properties
related to homogeneity. After giving the definition of homogeneous approximation
we introduce homogeneous in the bi-limit functions and vector fields (section 2.1)
and list some of their properties (section 2.2). Various results concerning stability
and robustness for homogeneous in the bi-limit vector fields are given in section 2.3.
In section 3 we introduce a novel recursive observer design method for a chain of
integrator. Section 4 is devoted to the homogeneous in the bi-limit state feedback.
Finally, in section 5, using the previous tools, we establish new results on stabilization
by output feedback.

Notation.
• R+ denotes the set [0,+∞).
• For any nonnegative real number r the function w �→ wr is defined as

(1.4) wr = sign(w) |w|r ∀ w ∈ R .

According to this definition,

(1.5)
dwr

dw
= r|w|r−1 , w2 = w|w| , (w1 > w2 and r > 0) ⇒ wr

1 > wr
2 .

• The function H : R
2
+ → R+ is defined as

(1.6) H(a, b) =
a

1 + a
[1 + b] .

• Given r = (r1, . . . , rn)T in R
n
+ and λ in R+, λr 
 x = (λr1 x1, . . . , λ

rn xn)
T

is
the dilation of a vector x in R

n with weight r. Note that

λr
1 
 (λr

2 
 x) = (λ1 λ2)
r 
 x .

• Given r = (r1, . . . , rn)T in (R+ \ {0})n, |x|r = |x1|
1
r1 + · · · + |xn|

1
rn is the

homogeneous norm with weight r and degree 1. Note that

|λr 
 x|r = λ |x|r,
∣∣∣∣
(

1

|x|r

)r


 x

∣∣∣∣
r

= 1 .
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• Given r in (R+ \ {0})n, Sr = {x ∈ R
n | |x|r = 1} is the unity homogeneous

sphere. Note that each x in R
n can be decomposed in polar coordinates; i.e.,

there exist λ in R+ and θ in Sr satisfying

(1.7) x = λr 
 θ with

{
λ = |x|r,
θ =

(
1
|x|r

)r

 x .

2. Homogeneous approximation.

2.1. Definitions. The use of homogeneous approximations has a long history
in the study of stability of an equilibrium. It can be traced back to the Lyapunov
first order approximation theorem and has been pursued by many authors; see, for
example, Massera [16], Hahn [8], Hermes [9], and Rosier [29]. Similarly, this technique
has been used to investigate the behavior of the solutions of dynamical systems at
infinity; see, for instance, Lefschetz in [14, Chapter IX.5] and Orsi, Praly, and Mareels
in [20]. In this section, we recall the definitions of homogeneous approximation at the
origin and at infinity and restate and/or complete some related results.

Definition 2.1 (homogeneity in the 0-limit).
• A function φ : R

n → R is said to be homogeneous in the 0-limit with asso-
ciated triple (r0, d0, φ0), where r0 in (R+ \ {0})n is the weight, d0 in R+ the
degree, and φ0 : R

n → R the approximating function, if φ is continuous, φ0

is continuous and not identically zero, and, for each compact set C in R
n\{0}

and each ε > 0, there exists λ0 such that

max
x∈C

∣∣∣∣φ(λr0 
 x)

λd0
− φ0(x)

∣∣∣∣ ≤ ε ∀ λ ∈ (0, λ0] .

• A vector field f =
∑n

i=1 fi
∂

∂xi
is said to be homogeneous in the 0-limit with

associated triple (r0, d0, f0), where r0 in (R+ \ {0})n is the weight, d0 in R

is the degree, and f0 =
∑n

i=1 f0,i
∂

∂xi
is the approximating vector field, if, for

each i in {1, . . . , n}, d0 + r0,i ≥ 0 and the function fi is homogeneous in the
0-limit with associated triple (r0, d0 + r0,i, f0,i).

This notion of local approximation of a function or of a vector field can be found
in [9, 29, 2, 10].

Example 2.2. The function δ2 : R → R introduced in the illustrative system (1.1)
is homogeneous in the 0-limit with associated triple (r0, d0, δ2,0) = (1, q, c0 x

q
2). Fur-

thermore, if q < 2, then the vector field f(x1, x2) = (x2, δ2(x2)) is homogeneous in
the 0-limit with associated triple

(2.1) (r0, d0, f0) =
(
(2 − q, 1), q − 1, (x2, c0 x

q
2)
)
.

Definition 2.3 (homogeneity in the ∞-limit).
• A function φ : R

n → R is said to be homogeneous in the ∞-limit with
associated triple (r∞, d∞, φ∞), where r∞ in (R+ \ {0})n is the weight, d∞ in
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R+ is the degree, and φ∞ : R
n → R is the approximating function, if φ is

continuous, φ∞ is continuous and not identically zero, and, for each compact
set C in R

n \ {0} and each ε > 0, there exists λ∞ such that

max
x∈C

∣∣∣∣φ(λr∞ 
 x)

λd∞
− φ∞(x)

∣∣∣∣ ≤ ε ∀ λ ≥ λ∞ .

• A vector field f =
∑n

i=1 fi
∂

∂xi
is said to be homogeneous in the ∞-limit with

associated triple (r∞, d∞, f∞), where r∞ in (R+ \ {0})n is the weight, d∞ in
R is the degree, and f∞ =

∑n
i=1 f∞,i

∂
∂xi

is the approximating vector field, if,
for each i in {1, . . . , n}, d∞ + r∞,i ≥ 0 and the function fi is homogeneous
in the ∞-limit with associated triple (r∞, d∞ + r∞,i, f∞,i).

Example 2.4. The function δ2 : R → R given in the illustrative system (1.1) is
homogeneous in the ∞-limit with associated triple (r∞, d∞, δ2,∞) = (1, p, c∞ xp

2).
Furthermore, when p < 2, the vector field f(x1, x2) = (x2, δ2(x2)) is homogeneous
in the ∞-limit with associated triple

(2.2) (r∞, d∞, f∞) =
(
(2 − p, 1), p− 1, (x2, c∞ xp

2)
)
.

Definition 2.5 (homogeneity in the bi-limit). A function φ : R
n → R (or a

vector field f : R
n → R

n) is said to be homogeneous in the bi-limit if it is homogeneous
in the 0-limit and homogeneous in the ∞-limit.

Remark 2.6. If a function φ (resp., a vector field f) is homogeneous in the bi-limit,
then the approximating function φ0 or φ∞ (resp., the approximating vector field f0

or f∞) is homogeneous in the standard sense1 (with the same weight and degree).
Example 2.7. As a consequence of Examples 2.2 and 2.4, the vector field f(x1, x2) =

(x2, δ2(x2)) is homogeneous in the bi-limit with the associated triples given in (2.1)
and (2.2) as long as 0 < q < p < 2.

Example 2.8. The function x �→ |x|d0
r0 + |x|d∞

r∞ , where (d0, d∞) are in R
2
+ and

(r0, r∞) are in (R+ \ {0})2n, is homogeneous in the bi-limit with associated triples(
r0, d0, |x|d0

r0

)
and

(
r∞, d∞, |x|d∞

r∞

)
, provided that

(2.3)
d∞
r∞,i

>
d0

r0,i
∀ i ∈ {1, . . . , n} .

Example 2.9. We recall (1.6) and consider two homogeneous and positive definite
functions φ0 : R

n → R+ and φ∞ : R
n → R+ with weights (r0, r∞) in (R+\{0})2n and

degrees (d0, d∞) in (R+\{0})2. The function x �→ H(φ0(x), φ∞(x)) is positive definite
and homogeneous in the bi-limit with associated triples (r0, d0, φ0) and (r∞, d∞, φ∞).
This way of constructing a homogeneous in the bi-limit function from two positive
definite homogenous functions is extensively used in this paper.

2.2. Properties of homogeneous approximations. To begin, we note that
the weight and degree of a homogeneous in the 0- (resp., ∞-) limit function are

1This is proved by noting that, for all x in R
n and all μ in R+ \ {0},

φ0(μr0 � x)

μd0
=

1

μd0
lim
λ→0

φ (λr0 � (μr0 � x))

λd0
= lim

λ→0

φ ((λμ)r0 � x)

(λμ)d0
= φ0(x) ,

and similarly for the homogeneous in the ∞-limit function.
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not uniquely defined. Indeed, if φ is homogeneous in the 0- (resp., ∞-) limit with
associated triple (r0, d0, φ0) (resp., (r∞, d∞, φ∞)), then it is also homogeneous in the
0- (resp., ∞-) limit with associated triple (k r0, k d0, φ0) (resp., (k r∞, k d∞, φ∞)) for
all k > 0. (Simply change λ into λk.)

It is straightforward to show that if φ and ζ are two functions homogeneous in
the 0- (resp., ∞-) limit, with weights rφ,0 and rζ,0 (resp., rφ,∞ and rζ,∞), degrees dφ,0
and dζ,0 (resp., dφ,∞ and dζ,∞), and approximating functions φ0 and ζ0 (resp., φ∞
and ζ∞), then the following hold:

P1: If there exists k in R+ such that k rφ,0 = rζ,0 (resp., k rφ,∞ = rζ,∞), then
the function x �→ φ(x) ζ(x) is homogeneous in the 0- (resp., ∞-) limit with
weight rζ,0, degree k dφ,0+dζ,0 (resp., rζ,∞, k dφ,∞+dζ,∞) and approximating
function x �→ φ0(x) ζ0(x) (resp., x �→ φ∞(x) ζ∞(x)).

P2: If, for each j in {1, . . . , n}, dφ,0

rφ,0,j
<

dζ,0

rζ,0,j
(resp.,

dφ,∞
rφ,∞,j

>
dζ,∞
rζ,∞,j

), then

the function x �→ φ(x) + ζ(x) is homogeneous in the 0- (resp., ∞-) limit
with degree dφ,0 and weight rφ,0 (resp., dφ,∞ and rφ,∞) and approximating
function x �→ φ0(x) (resp., x �→ φ∞(x)). In this case we say that the function
φ dominates the function ζ in the 0-limit (resp., in the ∞-limit).

P3: If the function φ0 + ζ0 (resp., φ∞ + ζ∞) is not identically zero and, for each

j in {1, . . . , n}, dφ,0

rφ,0,j
=

dζ,0

rζ,0,j
(resp.,

dφ,∞
rφ,∞,j

=
dζ,∞
rζ,∞,j

), then the function

x �→ φ(x) + ζ(x) is homogeneous in the 0- (resp., ∞-) limit with degree
dφ,0 and weight rφ,0 (resp., dφ,∞ and rφ,∞) and approximating function x �→
φ0(x) + ζ0(x) (resp., x �→ φ∞(x) + ζ∞(x)).

Some properties of the composition or inverse of functions are given in the following
two propositions, the proofs of which are given in Appendices A and B.

Proposition 2.10 (composition function). If φ : R
n → R and ζ : R → R are

homogeneous in the 0- (resp., ∞-) limit functions, with weights rφ,0 and rζ,0 (resp.,
rφ,∞ and rζ,∞), degrees dφ,0 > 0 and dζ,0 ≥ 0 (resp., dφ,∞ > 0 and dζ,∞ ≥ 0),
and approximating functions φ0 and ζ0 (resp., φ∞ and ζ∞), then ζ ◦ φ is homoge-

neous in the 0- (resp., ∞-) limit with weight rφ,0 (resp., rφ,∞), degree
dζ,0 dφ,0

rζ,0
(resp.,

dζ,∞ dφ,∞
rζ,∞

), and approximating function ζ0 ◦ φ0 (resp., ζ∞ ◦ φ∞).

Proposition 2.11 (inverse function). Let φ : R → R be a bijective homogeneous
in the 0- (resp., ∞-) limit function with associated triple

(
1, d0, ϕ0 x

d0
)

with ϕ0 �= 0

and d0 > 0 (resp.,
(
1, d∞, ϕ∞ xd∞

)
with ϕ∞ �= 0 and d∞ > 0). Then the inverse

function φ−1 : R → R is a homogeneous in the 0- (resp., ∞-) limit function with

associated triple (1, 1
d0
, ( x

ϕ0
)

1
d0 ) (resp., (1, 1

d∞
, ( x

ϕ∞
)

1
d∞ )).

Despite the existence of well-known results concerning the derivative of a homo-
geneous function, it is not possible to say anything, in general, when dealing with
homogeneity in the limit. For example, the function

φ(x) = x3 + x2 sin(x2) + x3 sin(1/x) + x2, x ∈ R ,

is homogeneous in the bi-limit with associated triples(
1, 2, x2

)
,

(
1, 3, x3

)
.

However, its derivative is homogeneous in neither the 0-limit nor the ∞-limit. Nev-
ertheless the following result holds, the proof of which is elementary.

Proposition 2.12 (integral function). If the function φ : R
n → R is homoge-

neous in the 0- (resp., ∞-) limit with associated triple (r0, d0, φ0) (resp., (r∞, d∞, φ∞)),
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then the function Φi(x) =
∫ xi

0
φ(x1, . . . , xi−1, s, xi+1, . . . , xn) ds is homogeneous in

the 0- (resp., ∞-) limit with associated triple (r0, d0 + r0,i,Φi,0) (resp., (r∞, d∞ +
r∞,i,Φi,∞)), with Φi,0(x) =

∫ xi

0
φ0(x1, . . . , xi−1, s, xi+1, . . . , xn) ds (resp., Φi,∞(x) =∫ xi

0
φ∞(x1, . . . , xi−1, s, xi+1, . . . , xn) ds).
By exploiting the definition of homogeneity in the bi-limit, it is possible to estab-

lish results which are straightforward extensions of well-known results based on the
standard notion of homogeneity. These results are given as corollaries of the following
key technical lemma, the proof of which is given in Appendix C.

Lemma 2.13 (key technical lemma). Let η : R
n → R and γ : R

n → R+ be two
functions homogeneous in the bi-limit, with weights r0 and r∞, degrees d0 and d∞,
and approximating functions, η0, η∞ and γ0, γ∞ such that the following hold:

{ x ∈ R
n \ {0} : γ(x) = 0 } ⊆ { x ∈ R

n : η(x) < 0 } ,

{ x ∈ R
n \ {0} : γ0(x) = 0 } ⊆ { x ∈ R

n : η0(x) < 0 } ,

{ x ∈ R
n \ {0} : γ∞(x) = 0 } ⊆ { x ∈ R

n : η∞(x) < 0 } .

Then there exists a real number c∗ such that, for all c ≥ c∗ and for all x in R
n \ {0},

η(x) − c γ(x) < 0 , η0(x) − c γ0(x) < 0 , η∞(x) − c γ∞(x) < 0 .(2.4)

Example 2.14. To illustrate the importance of this lemma, consider, for (x1, x2)
in R

2, the functions

η(x1, x2) = x1 x2 − |x1|
r1+r2

r1 , γ(x1, x2) = |x2|
r1+r2

r2 ,

with r1 > 0 and r2 > 0. They are homogeneous in the standard sense, and therefore
in the bi-limit, with the same weight r = (r1, r2) and the same degree d = r1 + r2.
Furthermore, the function γ takes positive values, and for all (x1, x2) in {(x1, x2) ∈
R

2 \ {0} : γ(x1, x2) = 0} we have

η(x1, x2) = −|x1|
r1+r2

r1 < 0 .

Thus Lemma 2.13 yields the existence of a positive real number c∗ such that for all
c ≥ c∗, we have

(2.5) x1 x2 − |x1|
r1+r2

r1 − c |x2|
r1+r2

r2 < 0 ∀ (x1, x2) ∈ R
2 \ {0} .

This is a generalization of the procedure known as the completion of the squares in
which, however, the constant c∗1 is not specified.

Corollary 2.15. Let φ : R
n → R and ζ : R

n → R+ be two homogeneous in the
bi-limit functions with the same weights r0 and r∞, degrees dφ,0, dφ,∞ and dζ,0, dζ,∞,
and approximating functions η0, φ∞ and ζ0, ζ∞. If the degrees satisfy dφ,0 ≥ dζ,0 and
dφ,∞ ≤ dζ,∞, and the functions ζ, ζ0 and ζ∞ are positive definite, then there exists a
positive real number c satisfying

φ(x) ≤ c ζ(x) ∀ x ∈ R
n .

Proof. Consider the two functions

η(x) := φ(x) + ζ(x), γ(x) := ζ(x) .
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By property P2 (or P3)2 in section 2.2, they are homogeneous in the bi-limit with
degrees dζ,0 and dζ,∞. The function γ and its homogeneous approximations being
positive definite, all assumptions of Lemma 2.13 are satisfied. Therefore there exists
a positive real number c such that

c γ(x) > η(x) > φ(x) ∀ x ∈ R
n \ {0} .

Finally, by continuity of the functions φ and ζ at zero, we can obtain the claim.

2.3. Stability and homogeneous approximation. A very basic property of
asymptotic stability is its robustness. This fact was already known to Lyapunov, who
proposed his second method, in which (local) asymptotic stability of an equilibrium is
established by looking at the first order approximation of the system. The case of local
homogeneous approximations of higher degree has been investigated by Massera [16],
Hermes [9], Rosier [29], and Kawski [12].

Proposition 2.16 (see [29]). Consider a homogeneous in the 0-limit vector field
f : R

n → R
n with associated triple (r0, d0, f0). If the origin of the system

ẋ = f0(x)

is locally asymptotically stable, then the origin of

ẋ = f(x)

is locally asymptotically stable.
Consequently, a natural strategy to ensure local asymptotic stability of an equi-

librium of a system is to design a stabilizing homogeneous control law for the homo-
geneous approximation in the 0-limit (see [9, 12, 5], for instance).

Example 2.17. Consider the system (1.1), with q = 1 and p > q, and the linear
control law

u = −(c0 + 1)x2 − x1 .

The closed-loop vector field is homogeneous in the 0-limit with degree d0 = 0,
weight (1, 1) (i.e., we are in the linear case), and associated vector field f0(x1, x2) =

(x2,−x1 − x2)
T
. Selecting the Lyapunov function of degree 2,

V0(x1, x2) =
1

2
|x1|2 +

1

2
|x2 + x1|2 ,

yields

∂V0

∂x
(x) f0(x) = −|x1|2 − |x2 + x1|2 .

It follows, from Lyapunov’s second method, that the control law locally asymptotically
stabilizes the equilibrium of the system. Furthermore, local asymptotic stability is
preserved in the presence of any perturbation which does not change the approximat-
ing homogeneous function, i.e., in the presence of perturbations which are dominated
by the linear part (see P2 in section 2.2).

2If φ0(x) + ζ0(x) = 0 (resp., φ∞(x) + ζ∞(x) = 0), the proof can be completed by replacing ζ
with 2ζ.
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In the context of homogeneity in the ∞-limit, we have the following result.
Proposition 2.18. Consider a homogeneous in the ∞-limit vector field f :

R
n → R

n with associated triple (r∞, d∞, f∞). If the origin of the system

ẋ = f∞(x)

is globally asymptotically stable, then there exists an invariant compact subset of R
n,

denoted C∞, which is globally asymptotically stable3 for the system

ẋ = f(x) .

The proof of the proposition is given in Appendix D.
As in the case of homogeneity in the 0-limit, this property can be used to design

a feedback, ensuring boundedness of solutions.
Example 2.19. Consider the system (1.1) with 0 < q < p < 2 and the control

law

(2.6) u = − 1

2 − p
x

p−1
2−p

1 x2 − x
p

2−p

1 − c∞ xp
2 −
(
x2 + x

1
2−p

1

)p

.

This control law is such that the closed-loop vector field is homogeneous in the ∞-limit
with degree d∞ = p − 1, weight (2 − p, 1), and associated vector field f∞(x1, x2) =

(x2,− 1
2−p x

p−1
2−p

1 x2 − x
p

2−p

1 −(x2 + x
1

2−p

1 )p)T . For the homogeneous Lyapunov function
of degree 2,

V∞(x1, x2) =
2 − p

2
|x1|

2
2−p +

1

2

∣∣∣∣x2 + x
1

2−p

1

∣∣∣∣
2

,

we get

∂V∞
∂x

(x) f∞(x) = −|x1|
p+1
2−p −

∣∣∣∣x2 + x
1

2−p

1

∣∣∣∣
p+1

.

It follows that the control law (2.6) guarantees boundedness of the solutions of the
closed-loop system. Furthermore, boundedness of solutions is preserved in the pres-
ence of any perturbation which does not change the approximating homogeneous
function in the ∞-limit, i.e., in the presence of perturbations which are negligible
with respect to the dominant homogeneous part (see P2 in section 2.2).

The key step in the proof of Propositions 2.16 and 2.18 is the converse Lyapunov
theorem given by Rosier in [29]. This result can also be extended to the case of
homogeneity in the bi-limit.

Theorem 2.20 (homogeneous in the bi-limit Lyapunov functions). Consider
a homogeneous in the bi-limit vector field f : R

n → R
n, with associated triples

(r∞, d∞, f∞) and (r0, d0, f0) such that the origins of the systems

(2.7) ẋ = f(x), ẋ = f∞(x), ẋ = f0(x)

are globally asymptotically stable equilibria. Let dV∞ and dV0 be real numbers such
that dV∞ > max1≤i≤n r∞,i and dV0

> max1≤i≤n r0,i. Then there exists a C1, positive
definite, and proper function V : R

n → R+ such that, for each i in {1, . . . , n},

3See [34] for the definition of global asymptotical stability for invariant compact sets.
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the function x �→ ∂V
∂xi

is homogeneous in the bi-limit with associated triples (r0,

dV0 − r0,i,
∂V0

∂xi
) and (r∞, dV∞ − r∞,i,

∂V∞
∂xi

), and the functions x �→ ∂V
∂x (x) f(x), x �→

∂V0

∂x (x) f0(x), and x �→ ∂V∞
∂x (x) f∞(x) are negative definite.

The proof is given in Appendix E. A direct consequence of this result is an input-
to-state stability (ISS) property with respect to disturbances (see [31]). To illustrate
this property, consider the system with exogenous disturbance δ = (δ1, . . . , δm) in
R

m,

(2.8) ẋ = f(x, δ) ,

with f : R
n×R

m a continuous vector field homogeneous in the bi-limit with associated
triples (d0, (r0, r0), f0) and (d∞, (r∞, r∞), f∞), where r0 and r∞ in (R+ \ {0})m are
the weights associated with the disturbance δ.

Corollary 2.21 (ISS property). If the origins of the systems

ẋ = f(x, 0), ẋ = f0(x, 0), ẋ = f∞(x, 0)

are globally asymptotically stable equilibria, then under the hypotheses of Theorem
2.20 the function V given by Theorem 2.20 satisfies,4 for all δ = (δ1, . . . , δm) in R

m

and x in R
n,

∂V

∂x
(x) f(x, δ) ≤ −cV H

(
V (x)

dV0
+d0

dV0 , V (x)
dV∞+d∞

dV∞

)

(2.9) + cδ

m∑
j=1

H

(
|δj |

dV0
+d0

r0,j , |δj |
dV∞+d∞

r∞,j

)
,

where cV and cδ are positive real numbers.
In other words, system (2.8) with δ as input satisfies an ISS property. The proof

of this corollary is given in Appendix F.
Finally, we have also the following small-gain result for homogeneous in the bi-

limit vector fields.
Corollary 2.22 (small-gain). Under the hypotheses of Corollary 2.21, there

exists a real number cG > 0 such that, for each class K function γz and KL function
βδ, there exists a class KL function βx such that, for each function t ∈ [0, T ) �→
(x(t), δ(t), z(t)), T ≤ +∞, with x C1 and δ and z continuous, which satisfy (2.8) on
[0, T ) and, for all 0 ≤ s ≤ t ≤ T ,

|z(t)| ≤ max

{
βδ

(
|z(s)|, t− s

)
, sup
s≤κ≤t

γz(|x(κ)|)
}

,(2.10)

|δi(t)| ≤ max

{
βδ

(
|z(s)|, t− s

)
, cG sup

s≤κ≤t

{
H
(
|x(κ)|r0,ir0 , |x(κ)|r∞,i

r∞

)}}
,(2.11)

we have

(2.12) |x(t)| ≤ βx(|(x(s), z(s))|, t− s), 0 ≤ s ≤ t ≤ T .

4The function H is defined in (1.6).
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The proof is given in Appendix G.
Example 2.23. An interesting case, which can be dealt with by Corollary 2.22, is

when the δi’s are outputs of auxiliary systems with state zi in R
ni , i.e.,

(2.13) δi(t) := δi(zi(t), x(t)), żi = gi(zi, x) .

It can be checked that the bounds (2.11) and (2.10) are satisfied by all the solutions
of (2.8) and (2.13) if there exist positive definite and radially unbounded functions
Zi : R

ni → R+; class K functions ω1, ω2, and ω3; and a positive real number ε in
(0, 1) such that for all x in R

n, for all i in {1, . . . ,m}, and zi in R
ni , we have

|δi(zi, x)| ≤ ω1(x) + ω2(Zi(zi)),
∂Zi

∂zi
(zi) gi(zi, x) ≤ −Zi(zi) + ω3(|x|) ,

ω1(x) + ω2 ([1 + ε]ω3(|x|)) ≤ cGH
(
|x|r0,ir0 , |x|r∞,i

r∞

)
.

Another important result exploiting Theorem 2.20 deals with finite time conver-
gence of solutions toward a globally asymptotically stable equilibrium (see [4]). It is
well known that when the origin of the homogeneous approximation in the 0-limit
is globally asymptotically stable with a strictly negative degree, then solutions con-
verge to the origin in finite time (see [3]). We extend this result by showing that if,
furthermore, the origin of the homogeneous approximation in the ∞-limit is globally
asymptotically stable with strictly positive degree, then the convergence time doesn’t
depend on the initial condition. This is expressed by the following corollary.

Corollary 2.24 (uniform and finite time convergence). Under the hypotheses
of Theorem 2.20, if we have d∞ > 0 > d0, then all solutions of the system ẋ = f(x)
converge in finite time to the origin, uniformly in the initial condition.

The proof is given in Appendix H.

3. Recursive observer design for a chain of integrators. The notion of
homogeneity in the bi-limit is instrumental in introducing a new observer design
method. Throughout this section we consider a chain of integrators, with state Xn =
(X1, . . . ,Xn) in R

n, namely,

(3.1) Ẋ1 = X2 , . . . , Ẋn = u, or in compact form, Ẋn = Sn Xn + Bn u ,

where Sn is the shift matrix of order n, i.e., Sn Xn = (X2, . . . ,Xn, 0)
T

and Bn =
(0, . . . , 0, 1)T . By selecting arbitrary vector field degrees d0 and d∞ in (−1, 1

n−1 ), we
see that, to possibly obtain homogeneity in the bi-limit of the associated vector field,
we must choose the weights r0 = (r0,1, . . . , r0,n) and r∞ = (r∞,1, . . . , r∞,n) as

(3.2)
r0,n = 1 , r0,i = r0,i+1 − d0 = 1 − d0 (n− i) ,

r∞,n = 1 , r∞,i = r∞,i+1 − d∞ = 1 − d∞ (n− i) .

The goal of this section is to introduce a global homogeneous in the bi-limit observer
for the system (3.1). This design follows a recursive method, which constitutes one of
the main contributions of this paper.

The idea of designing an observer recursively starting from Xn and going back-
wards towards X1 is not new. It can be found, for instance, in [28, 26, 23, 30, 35] and
in [7, Lemma 6.2.1]. Nevertheless, the procedure we propose is new and extends the
results in [23, Lemmas 1 and 2] to the homogeneous in the bi-limit case.
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Also, as opposed to what is proposed in [28, 26],5 this observer is an exact observer
(with any input u) for a chain of integrators. The observer is given by the system6

(3.3)
˙̂
Xn = Sn X̂n + Bn u + K1(X̂1 − X1) ,

with state X̂n = (X̂1, . . . , X̂n), and where K1 : R
n → R

n is a homogeneous in the
bi-limit vector field with weights r0, r∞ and degrees d0, d∞. The output injection
vector field K1 has to be selected such that the origin is a globally asymptotically
stable equilibrium for the system

(3.4) Ė1 = Sn E1 + K1(e1), E1 = (e1, . . . , en)T ,

and also for its homogeneous approximations. The construction of K1 is performed
via a recursive procedure whose induction argument is as follows.

Consider the system on R
n−i given by

(3.5) Ėi+1 = Sn−i Ei+1 + Ki+1(ei+1), Ei+1 = (ei+1, . . . , en)T ,

with Sn−i the shift matrix of order n − i, i.e., Sn−i Ei+1 = (ei+2, . . . , en, 0)
T
, and

Ki+1 : R
n−i → R

n−i a homogeneous in the bi-limit vector field, whose associated
triples are ((r0,i+1, . . . , r0,n), d0,Ki+1,0) and ((r∞,i+1, . . . , r∞,n), d∞,Ki+1,∞).

Theorem 3.1 (homogeneous in the bi-limit observer design). Consider the sys-
tem (3.5) and its homogeneous approximation at infinity and around the origin,

Ėi+1 = Sn−i Ei+1 + Ki+1,0(ei+1), Ėi+1 = Sn−i Ei+1 + Ki+1,∞(ei+1) .

Suppose the origin is a globally asymptotically stable equilibrium for these systems.
Then there exists a homogeneous in the bi-limit vector field Ki : R

n−i+1 → R
n−i+1,

with associated triples ((r0,i, . . . , r0,n), d0,Ki,0) and ((r∞,i, . . . , r∞,n), d∞,Ki,∞), such
that the origin is a globally asymptotically stable equilibrium for the systems

Ėi = Sn−i+1 Ei + Ki(ei) ,

Ėi = Sn−i+1 Ei + Ki,0(ei), Ei = (ei, . . . , en)T ,(3.6)

Ėi = Sn−i+1 Ei + Ki,∞(ei) .

Proof. We prove this result in two steps. First, we define a homogeneous in the
bi-limit Lyapunov function. Then we construct the vector field Ki, depending on a
parameter � which, if sufficiently large, renders negative definite the derivative of this
Lyapunov function along the solutions of the system.

Step 1. Definition of the Lyapunov function. Let dW0 and dW∞ be positive real
numbers satisfying

(3.7) dW0 > 2 max1≤j≤n r0,j + d0, dW∞ > 2 max1≤j≤n r∞,j + d∞ ,

and

(3.8)
dW∞

r∞,i
≥ dW0

r0,i
.

5Note the term xi in (3.15) of [28], for instance.
6To simplify the presentation, we use the compact notation K1(X̂1−X1) for K1(X̂1−X1, 0, . . . , 0).
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The selection (3.2) implies r0,j + d0 > 0 and r∞,j + d∞ > 0 for each j in {1, . . . , n}.
Hence,

dW0 > max
1≤j≤n

r0,j , dW∞ > max
1≤j≤n

r∞,j ,

and we can invoke Theorem 2.20 for the system (3.4) and its homogeneous approxima-
tions given in (3.5). This implies that there exists a C1, positive definite, and proper

function Wi+1 : R
n−i → R+ such that, for each j in {i+1, . . . , n}, the function ∂Wi+1

∂ej

is homogeneous in the bi-limit with associated triples(
(r0,i+1, . . . , r0,n), dW0

− r0,j ,
∂Wi+1,0

∂ej

)
and

(
(r∞,i+1, . . . , r∞,n), dW∞ − r∞,j ,

∂Wi+1,∞
∂ej

)
.

Moreover, for all Ei+1 ∈ R
n−i \ {0}, we have

∂Wi+1

∂Ei+1
(Ei+1) (Sn−i Ei+1 + Ki+1(ei+1)) < 0 ,

∂Wi+1,0

∂Ei+1
(Ei+1) (Sn−i Ei+1 + Ki+1,0(ei+1)) < 0 ,(3.9)

∂Wi+1,∞
∂Ei+1

(Ei+1) (Sn−i Ei+1 + Ki+1,∞(ei+1)) < 0 .

Consider the function qi : R → R defined as

(3.10) qi(s) =

⎧⎨
⎩

r0,i
r0,i+d0

s
r0,i+d0

r0,i , |s| ≤ 1 ,

r∞,i

r∞,i+d∞
s

r∞,i+d∞
r∞,i +

r0,i
r0,i+d0

− r∞,i

r∞,i+d∞
, |s| ≥ 1 .

Since we have 0 < r0,i + d0 and 0 < r∞,i + d∞, this function is well defined and
continuous on R, strictly increasing and onto, and C1 on R \ {0}. Furthermore, it is
by construction homogeneous in the bi-limit with approximating continuous functions

r0,i
r0,i+d0

s
r0,i+d0

r0,i and
r∞,i+d∞

r∞,i
s

r∞,i+d∞
r∞,i . The inverse function q−1

i of qi is defined as

q−1
i (s) =

⎧⎪⎨
⎪⎩
(

r0,i+d0

r0,i
s
) r0,i

r0,i+d0
, |s| ≤ r0,i+d0

r0,i
,((

s− r0,i
r0,i+d0

+
r∞,i

r∞,i+d∞

)
r∞,i+d∞

r∞,i

) r∞,i
r∞,i+d∞

, |s| ≥ r0,i+d0

r0,i
.

By (3.8), the function

(3.11) s �→ q−1
i (s)

dW0
−r0,i

r0,i + q−1
i (s)

dW∞−r∞,i
r∞,i

is homogeneous in the bi-limit with associated approximating functions

(
r0,i+d0

r0,i
s)

dW0
−r0,i

r0,i+d0 and (
r∞,i+d∞

r∞,i
s)

dW∞−r∞,i
r∞,i+d∞ . Furthermore, by (3.7), it is C1 on R, and

its derivative is homogeneous in the bi-limit with continuous approximating functions

s �→ dW0
−r0,i

r0,i

∣∣∣dW0
−r0,i

r0,i+d0
s
∣∣∣ dW0

−2r0,i−d0

r0,i+d0
and s �→ dW∞−r∞,i

r∞,i

∣∣∣dW∞−r∞,i

r∞,i+d∞
s
∣∣∣ dW∞−2r∞,i−d∞

r∞,i+d∞
.
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Let Wi : R
n−i+1 → R+ be defined by

Wi(Ei+1, s) = Wi+1(Ei+1) +

∫ s

q−1
i (ei+1)

(
h

dW0
−r0,i

r0,i + h
dW∞−r∞,i

r∞,i

)
dh

−
∫ s

q−1
i (ei+1)

(
q−1
i (ei+1)

dW0
−r0,i

r0,i + q−1
i (ei+1)

dW∞−r∞,i
r∞,i

)
dh .

This function is C1, and by (3.8), Proposition 2.12 yields that it is homogeneous in
the bi-limit with weights (r0,i+1, . . . , r0,n) and (r∞,i+1, . . . , r∞,n) for Ei+1, r0,i and
r∞,i for s, and degrees dW0

and dW∞ . Furthermore, for each j in {i + 1, . . . , n}, the
functions ∂Wi

∂ej
(Ei+1, s) are also homogeneous in the bi-limit with the same weights

and with degrees dW0 − r0,j and dW∞ − r∞,j .
Step 2. Construction of the vector field Ki. Given a positive real number �, we

define the vector field Ki : R
n−i → R

n−i as

Ki(ei) =

(
−qi(�ei)

Ki+1(qi(�ei))

)
.

By Proposition 2.10 and the properties we have established for qi, Ki is a homogeneous
in the bi-limit vector field. We show now that selecting � large enough yields the
asymptotic stability properties. To begin with, note that for all Ei = (Ei+1, ei) in
R

n−i,

∂Wi(Ei+1, �ei)

∂Ei
(Ei) (Sn−i+1 Ei + Ki(ei)) ≤ T1(Ei+1, �ei) − � T2(Ei+1, �ei) ,

with the functions T1 and T2 defined as

T1(Ei+1, ϑi) =
∂Wi

∂Ei+1
(Ei+1, ϑi) (Sn−i Ei+1 + Ki+1(qi(ϑi))) ,

T2(Ei+1, ϑi) =

(
ϑ

dW0
−r0,i

r0,i

i − q−1
i (ei+1)

dW0
−r0,i

r0,i + ϑ

dW∞−r∞,i
r∞,i

i − q−1
i (ei+1)

dW∞−r∞,i
r∞,i

)

×(qi(ϑi) − ei+1) .

These functions are homogeneous in the bi-limit with weights (r∞,i, . . . , r∞,n) and
(r0,i, . . . , r0,n), degrees d0 + dW0 and d∞+ dW∞ , and continuous approximating func-
tions

T1,0(Ei+1, ϑi) =
∂Wi,0

∂Ei+1
(Ei+1, ϑi) (Sn−i Ei+1 + Ki+1,0(qi,0(ϑi))) ,

T1,∞(Ei+1, ϑi) =
∂Wi,∞
∂Ei+1

(Ei+1, ϑi) (Sn−i Ei+1 + Ki+1,∞(qi,∞(ϑi))) ,

T2,0(Ei+1, ϑi) =

(
ϑ

dW0
−r0,i

r0,i

i − q−1
i,0 (ei+1)

dW0
−r0,i

r0,i

)
(qi,0(ϑi) − ei+1) ,

and

T2,∞(Ei+1, ϑi) =

(
ϑ

dW∞−r∞,i
r∞,i

i − q−1
i,∞(ei+1)

dW∞−r∞,i
r∞,i

)
(qi,∞(ϑi) − ei+1) .
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As the function q−1
i is continuous, strictly increasing and onto, the function

ϑ

dW0
−r0,i

r0,i

i − q−1
i (ei+1)

dW0
−r0,i

r0,i + ϑ

dW∞−r∞,i
r∞,i

i − q−1
i (ei+1)

dW∞−r∞,i
r∞,i

has a unique zero at qi(ϑi) = ei+1 and has the same sign as qi(ϑi) − ei+1. It follows
that

T2(Ei+1, ϑi) ≥ 0 ∀ (Ei+1, ϑi) ∈ R
n−i ,

T2(Ei+1, ϑi) = 0 ⇒ qi(ϑi) = ei+1 .

On the other hand, for all Ei �= 0,

T1(Ei+1, q
−1
i (ei+1)) =

∂Wi+1

∂Ei+1
(Ei+1) (Sn−i Ei+1 + Ki+1(ei+1)) < 0 .

Hence (3.9) yields{
(Ei+1, ϑi) ∈ R

n−i+1 \ {0} : T2(Ei+1, ϑi) = 0
}

⊆
{
(Ei+1, ϑi) ∈ R

n−i+1 : T1(Ei+1, ϑi) < 0
}

.

By following the same argument, it can be shown that this property holds also for
the homogeneous approximations, i.e.,{
(Ei+1, ϑi) ∈ R

n−i+1 \ {0} : T2,0(Ei+1, ϑi) = 0
}

⊆
{
(Ei+1, ϑi) ∈ R

n−i+1 : T1,0(Ei+1, ϑi) < 0
}

,{
(Ei+1, ϑi) ∈ R

n−i+1 \ {0} : T2,∞(Ei+1, ϑi) = 0
}

⊆
{
(Ei+1, ϑi) ∈ R

n−i+1 : T1,∞(Ei+1, ϑi) < 0
}

.

Therefore, by Lemma 2.13, there exists �∗ such that, for all � ≥ �∗ and all (Ei+1, ϑi) �=
0,

T1(Ei+1, ϑi) − � T2(Ei+1, ϑi) < 0 ,

T1,0(Ei+1, ϑi) − � T2,0(Ei+1, ϑi) < 0 ,

T1,∞(Ei+1, ϑi) − � T2,∞(Ei+1, ϑi) < 0 .

This implies that the origin is a globally asymptotically stable equilibrium of the
systems (3.6), which concludes the proof.

To construct the function K1, which defines the observer (3.3), it is sufficient to
iterate the construction proposed in Theorem 3.1 starting from

Kn(en) = −
{ 1

1+d0
(�nen)1+d0 , |�nen| ≤ 1 ,

1
1+d∞

(�nen)1+d∞ + 1
1+d0

− 1
1+d∞

, |�nen| ≥ 1 ,

where �n is any strictly positive real number. Indeed, Kn is a homogeneous in the
bi-limit vector field with approximating functions Kn,0(en) = 1

1+d0
(�nen)1+d0 and

Kn,∞(en) = 1
1+d∞

(�nen)1+d∞ . This selection implies that the origin is a globally
asymptotically stable equilibrium for the systems ėn = Kn(en), ėn = Kn,0(en),
and ėn = Kn,∞(en).
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Consequently the assumptions of Theorem 3.1 are satisfied for i+ 1 = n. We can
apply it recursively up to i = 1, obtaining the vector field K1.

As a result of this procedure we obtain a homogeneous in the bi-limit observer,
which globally asymptotically observes the state of the system (3.1), and also the
state for its homogeneous approximations around the origin and at infinity. In other
words, the origin is a globally asymptotically stable equilibrium of the systems

(3.12) Ė1 = SnE1 + K1(e1) , Ė1 = SnE1 + K1,0(e1) , Ė1 = SnE1 + K1,∞(e1) .

Remark 3.2. Note that when 0 ≤ d0 ≤ d∞, we have 1 ≤ r0,i+d0

r0,i
≤ r∞,i+d∞

r∞,i
for

i = 1, . . . , n and we can replace the function qi in (3.10) by the simpler function

qi(s) = s
r0,i+d0

r0,i + s
r∞,i+d∞

r∞,i ,

which has been used already in [1].
Example 3.3. Consider a chain of integrators of dimension two, with the following

weights and degrees:

(r0, d0) =
(
(2 − q, 1), q − 1

)
, (r∞, d∞) =

(
(2 − p, 1), p− 1

)
.

When q ≥ p (i.e., d0 ≤ d∞), by following the above recursive observer design we
obtain two positive real numbers �1 and �2 such that the system

˙̂X1 = X̂2 − q1(�1e1) , ˙̂X2 = u− q2(�2 q1(�1e1)) , e1 = X̂1 − y ,

with

(3.13) q2(s) =

{
1
q sq, |s| ≤ 1,
1
ps

p + 1
q − 1

p , |s| ≥ 1,
q1(s) =

{
(2 − q) s

1
2−q , |s| ≤ 1,

(2 − p)s
1

2−p + p− q, |s| ≥ 1,

is a global observer for the system Ẋ1 = X2, Ẋ2 = u, y = X1. Furthermore, its ho-
mogeneous approximations around the origin and at infinity are also global observers
for the same system.

4. Recursive design of a homogeneous in the bi-limit state feedback.
It is well known that the system (3.1) can be rendered homogeneous by using a
stabilizing homogeneous state feedback which can be designed by backstepping (see
[21, 25, 19, 26, 33, 10], for instance). We show in this section that this property can
be extended to the case of homogeneity in the bi-limit. More precisely, we show that
there exists a homogeneous in the bi-limit function φn such that the system (3.1) with
u = φn(Xn) is homogeneous in the bi-limit, with weights r0 and r∞ and degrees d0

and d∞. Furthermore, its origin and the origin of the approximating systems in the
0-limit and in the ∞-limit are globally asymptotically stable equilibria.

To design the state feedback we follow the approach of Praly and Mazenc [25]. To
this end, consider the auxiliary system with state Xi = (X1, . . . ,X i) in R

i, 1 ≤ i < n,
and dynamics

(4.1) Ẋ1 = X2, . . . , Ẋ i = u or in compact form Ẋi = Si Xi + Bi u ,

where u is the input in R, Si is the shift matrix of order i, i.e., Si Xi = (X2, . . . ,X i, 0)
T
,

and Bi = (0, . . . , 1)T is in R
i. We show that, if there exists a homogeneous in the
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bi-limit stabilizing control law for the origin of the system (4.1), then there is one for
the origin of the system with state Xi+1 = (X1, . . . ,X i+1) in R

i+1 defined by

(4.2) Ẋ1 = X2, . . . , Ẋ i+1 = u, i.e., Ẋi+1 = Si+1 Xi+1 + Bi+1 u .

Let d0 and d∞ be in (−1, 1
n−1 ) and consider the weights and degrees defined in (3.2).

Theorem 4.1 (homogeneous in the bi-limit backstepping). Suppose there exists
a homogeneous in the bi-limit function φi : R

i → R with associated triples (r0, d0 +
r0,i, φi,0) and (r∞, d∞ + r∞,i, φi,∞) such that the following hold:

1. There exists αi ≥ 1 such that the function ψi(Xi) = φi(Xi)
αi is C1 and

for each j in {1, . . . , i} the function ∂ψi

∂Xj
is homogeneous in the bi-limit with

weights (r0,1, . . . , r0,i), (r∞,1, . . . , r∞,i), degrees αi(r0,i + d0)− r0,j, αi(r∞,i +

d∞) − r∞,j, and approximating functions ∂ψi0

∂Xj
, ∂ψi∞

∂Xj
.

2. The origin is a globally asymptotically stable equilibrium of the systems

(4.3)

Ẋi = Si Xi + Bi φi(Xi) , Ẋi = Si Xi + Bi φi,0(Xi) , Ẋi = Si Xi + Bi φi,∞(Xi) .

Then there exists a homogeneous in the bi-limit function φi+1 : R
i+1 → R with

associated triples (r0, d0 + r0,i+1, φi+1,0) and (r∞, d∞ + r∞,i+1, φi+1,∞) such that the
same properties hold, i.e.,

1. there exists a real number αi+1 > 1 such that the function ψi+1(Xi+1) =

φi+1(Xi+1)
αi+1 is C1 and for each j in {1, . . . , i + 1} the function ∂ψi+1

∂Xj
is

homogeneous in the bi-limit with weights (r0,1, . . . , r0,i+1), (r∞,1, . . . , r∞,i+1),
degrees αi+1(r0,i+1 +d0)− r0,j, αi+1(r∞,i+1 +d∞)− r∞,j, and approximating

functions
∂ψi+1,0

∂Xj
,

∂ψi+1,∞
∂Xj

;

2. the origin is a globally asymptotically stable equilibrium of the systems

Xi+1 = Si+1 Xi+1 + Bi+1 φi+1(Xi+1) ,

Xi+1 = Si+1 Xi+1 + Bi+1 φi+1,0(Xi+1) ,(4.4)

Xi+1 = Si+1 Xi+1 + Bi+1 φi+1,∞(Xi+1) .

Proof. We prove this result in three steps. First, we construct a homogeneous in
the bi-limit Lyapunov function; then we define a control law parametrized by a real
number k. Finally, we show that there exists k such that the time derivative, along
the trajectories of systems (4.4), of the Lyapunov function and of its approximating
functions is negative definite.

Step 1. Construction of the Lyapunov function. Let dV0 and dV∞ be positive real
numbers satisfying

(4.5) dV0 > max
j∈{1,...,n}

{r0,j}, dV∞ > max
j∈{1,...,n}

{r∞,j} ,

and

(4.6)
dV∞

r∞,i+1
≥ dV0

r0,i+1
> 1 + αi .

With this selection, Theorem 2.20 gives the existence of a C1, proper, and positive
definite function Vi : R

i → R+ such that, for each j in {1, . . . , n}, the function ∂Vi

∂Xj
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is homogeneous in the bi-limit with weights (r0,1, . . . , r0,i), (r∞,1, . . . , r∞,i), degrees

dV0 − r0,j , dV∞ − r∞,j , and approximating functions
∂Vi,0

∂Xj
,

∂Vi,∞
∂Xj

. Moreover, we have

for all Xi ∈ R
i \ {0},

∂Vi

∂Xi
(Xi) [Si Xi + Bi φi(Xi)] < 0 ,

∂Vi,0

∂Xi
(Xi) [Si Xi + Bi φi,0(Xi)] < 0 ,(4.7)

∂Vi,∞
∂Xi

(Xi) [Si Xi + Bi φi,∞(Xi)] < 0 .

Following [21], consider the Lyapunov function Vi+1 : R
i+1 → R+ defined by

Vi+1(Xi+1) = Vi(Xi) +

∫ Xi+1

φi(Xi)

(
h

dV0
−r0,i+1

r0,i+1 − φi(Xi)
dV0

−r0,i+1
r0,i+1

)
dh

+

∫ Xi+1

φi(Xi)

(
h

dV∞−r∞,i+1
r∞,i+1 − φi(Xi)

dV∞−r∞,i+1
r∞,i+1

)
dh .

This function is positive definite and proper. Furthermore, as dV∞ and dV0 satisfy
(4.6), we have

dV∞ − r∞,i+1

r∞,i+1
≥ dV0 − r0,i+1

r0,i+1
> αi ≥ 1 .

Since the function ψi(Xi) = φi(Xi)
αi is C1, this inequality yields that the function

Vi+1 is C1 . Finally, for each j in {1, . . . , n}, the function ∂Vi+1

∂Xj
is homogeneous in

the bi-limit with associated triples(
(r0,1, . . . , r0,i+1), dV0 − r0,j ,

∂Vi+1,0

∂X j

)
,

(
(r∞,1, . . . , r∞,i+1), dV∞ − r∞,j ,

∂Vi+1,∞
∂X j

)
.

Step 2. Definition of the control law. Recall (1.6) and consider the function
ψi+1 : R

i+1 → R defined by

ψi+1(Xi+1) = −k

∫ X
αi
i+1−φi(Xi)

αi

0

H

(
|s|αi+1

d0+r0,i+1
αi r0,i+1

−1
, |s|αi+1

d∞+r∞,i+1
αi r∞,i+1

−1
)

ds ,

where k in R+ is a design parameter and αi+1 is selected as

αi+1 ≥ max

{
αi r0,i+1

d0 + r0,i+1
,

αi r∞,i+1

d∞ + r∞,i+1
, 1

}
.

ψi+1 takes values with the same sign as X i+1 − φi(Xi), is C1, and, by Proposition
2.12, is homogeneous in the bi-limit. Furthermore, by Proposition 2.10, for each j
in {1, . . . , i + 1}, the function ∂ψi+1

∂Xj
is homogeneous in the bi-limit, with weights

(r0,1, . . . , r0,i+1), (r∞,1, . . . , r∞,i+1), degrees αi+1(r0,i+1 + d0) − r0,j , αi+1(r∞,i+1 +

d∞) − r∞,j , and approximating functions
∂ψi+1,0

∂Xj
,

∂ψi+1,∞
∂Xj

. With this at hand, we

choose the control law φi+1 as

φi+1(Xi+1) = ψi+1(Xi+1)
1

αi+1 .
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Step 3. Selection of k. Note that

(4.8)
∂Vi+1

∂Xi+1
(Xi+1) [Si+1 Xi+1 + Bi+1 φi+1(Xi+1)] = T1(Xi+1) − k T2(Xi+1) ,

with the functions T1 and T2 defined as

T1(Xi+1) =
∂Vi+1

∂Xi
(Xi+1) [Si Xi + BiX i+1)]

T2(Xi+1) =

(
X

dV0
−r0,i+1

r0,i+1

i+1 − φi(Xi)
dV0

−r0,i+1
r0,i+1

+ X

dV∞−r∞,i+1
r∞,i+1

i+1 − φi(Xi)
dV∞−r∞,i+1

r∞,i+1

)
φi+1(Xi+1) .

By the definition of homogeneity in the bi-limit and Proposition 2.10, these functions
are homogeneous in the bi-limit with weights (r0,1, . . . , r0,i+1) and (r∞,1, . . . , r∞,i+1)
and degrees dV0

+ d0 and dV∞ + d∞. Moreover, since φi+1(Xi+1) has the same sign as
X i+1 − φi(Xi), T2(Xi+1) is nonnegative for all Xi+1 in R

i+1 and, as φi+1(Xi+1) = 0
only if X i+1 − φi(Xi) = 0, we get

T2(Xi+1) = 0 =⇒ X i+1 = φi(Xi) ,

X i+1 = φi(Xi) =⇒ T1(Xi+1) =
∂Vi

∂Xi
(Xi) [Si Xi + Biφi(Xi)] .

Consequently, equations (4.7) yield{
Xi+1 ∈ R

i+1 \ {0} : T2(Xi+1) = 0
}

⊆
{
Xi+1 ∈ R

i+1 : T1(Xi+1) < 0
}

.

The same implication holds for the homogeneous approximations of the two functions
at infinity and around the origin, i.e.,{

Xi+1 ∈ R
i+1 \ {0} : T2,0(Xi+1) = 0

}
⊆

{
Xi+1 ∈ R

i+1 : T1,0(Xi+1) < 0
}

,{
Xi+1 ∈ R

i+1 \ {0} : T2,∞(Xi+1) = 0
}

⊆
{
Xi+1 ∈ R

i+1 : T1,∞(Xi+1) < 0
}

.

Hence, by Lemma 2.13, there exists k∗ > 0 such that, for all k ≥ k∗, we have for all
Xi+1 �= 0,

∂Vi+1

∂Xi+1
(Xi+1) [Si+1 Xi+1 + Bi+1φi+1(Xi+1)] < 0 ,

∂Vi+1,0

∂Xi+1
(Xi+1) [Si+1 Xi+1 + Bi+1φi+1,0(Xi+1)] < 0 ,

∂Vi+1,∞
∂Xi+1

(Xi+1) [Si+1 Xi+1 + Bi+1φi+1,∞(Xi+1)] < 0 .

This implies that the origin is a globally asymptotically stable equilibrium of the
systems (4.4).

To construct the function φn it is sufficient to iterate the construction in Theorem
4.1 starting from

φ1(X1) = ψ1(X1)
1

α1 , ψ1(X1) = −k1

∫ X1

0

H

(
|s|α1

r0,2
r0,1
−1

, |s|α1
r∞,2
r∞,1

−1
)

ds ,

with k1 > 0.
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At the end of the recursive procedure, we have that the origin is a globally asymp-
totically stable equilibrium of the systems

Xn = Sn Xn + Bn φn(Xn) ,

Xn = Sn Xn + Bn φn,0(Xn) ,(4.9)

Xn = Sn Xn + Bn φn,∞(Xn) .

Remark 4.2. Note that if d0 ≥ 0 and d∞ ≥ 0, then we can select αi = 1 for all
1 ≤ i ≤ n, and if d0 ≤ 0 and d∞ ≥ d0, then we can select αi =

r0,1
r0,i+1

. Finally, if

d∞ ≤ 0 and d0 ≥ d∞, then we can select αi =
r∞,1

r∞,i+1
.

Remark 4.3. As in the observer design, when d0 ≤ d∞, we have
r0,i+1+d0

r0,i+1
≤

r∞,i+1+d∞
r∞,i+1

for i = 1, . . . , n and we can replace the function ψi by the simpler function

(4.10) ψi+1(Xi+1) = −k

(
|Xαi

i+1 − φi(Xi)
αi |αi+1

d0+r0,i+1
αi r0,i+1

+|Xαi
i+1 − φi(Xi)

αi |αi+1
d∞+r∞,i+1
αi r∞,i+1

)
.

Finally, if 0 ≤ d0 ≤ d∞, then by taking αi = 1 (see Remark 4.2) and φ(Xi+1) =
ψi+1(Xi+1) as defined in (4.10), we recover the design in [1].

Example 4.4. Consider a chain of integrators of dimension two with weights and
degrees

(r0, d0) =
(
(2 − q, 1), q − 1

)
, (r∞, d∞) =

(
(2 − p, 1), p− 1

)
,

with 2 > p > q > 0. Given k1 > 0, using the proposed backstepping procedure we
obtain a positive real number k2 such that the feedback

(4.11) φ2(X1,X2) = −k2

∫ X1−φi(X1)

0

H
(
|s|q−1, |s|p−1

)
ds ,

with φ1(X1) = −k1

∫ X1

0
H(|s|

q−1
2−q , |s|

p−1
2−p ) ds, renders the origin a globally asymptoti-

cally stable equilibrium of the closed-loop system. Furthermore, as a consequence of
the robustness result in Corollary 2.22, there is a positive real number cG such that, if
the positive real numbers |c0| and |c∞| associated with δi in (1.2) are smaller than cG,
then the control law φ2 globally asymptotically stabilizes the origin of system (1.1).

5. Application to nonlinear output feedback design.

5.1. Results on output feedback. The tools presented in the previous sections
can be used to derive two new results on stabilization by output feedback for the
origin of nonlinear systems. The output feedback is designed for a simple chain of
integrators,

(5.1) ẋ = Sn x + Bn u, y = x1 ,

where x is in R
n, y is the output in R, and u is the control input in R. It is then

shown to be adequate to solve the output feedback stabilization problem for the origin
of systems for which this chain of integrators can be considered as the dominant part
of the dynamics.
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Such a domination approach has a long history. It is the cornerstone of the results
in [13] (see also [27] and [24]), where a linear controller was introduced to deal with
nonlinear systems. This approach has also been followed with nonlinear controllers in
[22] and more recently in combination with weighted homogeneity in [35, 26, 28] and
the references therein.

In the context of homogeneity in the bi-limit, we use this approach exploiting the
proposed backstepping and recursive observer designs. Following the idea introduced
by Qian in [26] (see also [27]), the output feedback we proposed is given by

˙̂
Xn = L

(
Sn X̂n + Bnφn(X̂n) + K1(x1 − X̂1)

)
, u = Ln φn(X̂n) ,(5.2)

with X̂n in R
n and where φn and K1 are continuous functions and L is a positive

real number. Employing the recursive procedure given in sections 3 and 4, we get the
following theorem, whose proof is in section 5.2.

Theorem 5.1. For all real numbers d0 and d∞ in (−1, 1
n−1 ), there exists a

homogeneous in the bi-limit function φn : R
n → R with associated triples (r0, 1 +

d0, φn,0) and (r∞, 1 + d∞, φn,∞) and a homogeneous in the bi-limit vector field K1 :
R

n → R
n with associated triples (r0, d0,K1,0) and (r∞, d∞,K1,∞) such that for all

real numbers L > 0 the origin is a globally asymptotically stable equilibrium of the
systems (5.1) and (5.2) and their homogeneous approximations.

We can then apply Corollary 2.22 to get an output feedback result for nonlinear
systems described by

(5.3) ẋ = Sn x + Bn u + δ(t), y = x1 ,

where δ : R+ → R
n is a continuous function related to the solutions as described in

the two corollaries below and proved in section 5.2. Depending on whether d0 ≤ d∞
or d∞ ≤ d0, we get an output feedback result for systems in feedback or feedforward
form.

Corollary 5.2 (feedback form). If, in the design of φn and K1, we select
d0 ≤ d∞, then for all positive real numbers c0 and c∞ there exists a real number
L∗ > 0 such that for every L in [L∗,+∞), the following holds:

• For every class K function γz and class KL function βδ, we can find two class
KL functions βx and βx̂ such that, for each function t ∈ [0, T ) �→ (x(t), X̂n(t), δ(t), z(t)),

T ≤ +∞, with (x, X̂n) C1 and δ and z continuous, which satisfies (5.3), (5.2), and
for i in {1, . . . , n} and 0 ≤ s ≤ t < T ,

|z(t)| ≤ max
{
βδ

(
|z(s)|, t− s

)
, sups≤κ≤t γz(|x(κ)|)

}
,

|δi(t)| ≤ max

⎧⎨
⎩βδ

(
|z(s)|, t− s

)
,

(5.4) sup
s≤κ≤t

⎧⎨
⎩c0

i∑
j=1

|xj(κ)|
1−d0(n−i−1)
1−d0(n−j) + c∞

i∑
j=1

|xj(κ)|
1−d∞(n−i−1)
1−d∞(n−j)

⎫⎬
⎭
⎫⎬
⎭ ,

we have for all 0 ≤ s ≤ t ≤ T ,

|x(t)| ≤ βx(|(x(s), X̂n(s), z(s))|, t− s), |X̂n(t)| ≤ βx̂(|(x(s), X̂n(s), z(s))|, t− s) .
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Corollary 5.3 (feedforward form). If, in the design of φn and K1, we select
d∞ ≤ d0, then for all positive real numbers c0 and c∞ there exists a real number
L∗ > 0 such that for every L in (0, L∗], the following holds:

• For every class K function γz and class KL function βδ, we can find two class
KL functions βx and βx̂ such that, for each function t ∈ [0, T ) �→ (x(t), X̂n(t), δ(t),

z(t)), T ≤ +∞, with (x, X̂n) C1 and δ and z continuous, which satisfies (5.3), (5.2),
and for i in {1, . . . , n} and 0 ≤ s ≤ t < T ,

|z(t)| ≤ max

{
βδ

(
|z(s)|, t− s

)
, sup

s≤κ≤t
γz(|x(κ)|)

}
,

|δi(t)| ≤ max

⎧⎨
⎩βδ(|z(s)|, t− s) ,

(5.5) sup
s≤κ≤t

⎧⎨
⎩c0

n∑
j=i+2

|xj(κ)|
1−d0(n−i−1)
1−d0(n−j) + c∞

n∑
j=i+2

|xj(κ)|
1−d∞(n−i−1)
1−d∞(n−j)

⎫⎬
⎭
⎫⎬
⎭ ,

we have for all 0 ≤ s ≤ t ≤ T ,

|x(t)| ≤ βx(|(x(s), X̂n(s), z(s))|, t− s), |X̂n(t)| ≤ βx̂(|(x(s), X̂n(s), z(s))|, t− s) .

Example 5.4. Following Example 2.23, we can consider the case where the δi’s are
outputs of auxiliary systems given in (2.13). Suppose there exist n positive definite
and radially unbounded functions Zi : R

ni → R+, three class K functions ω1, ω2, ω3,
and a positive real number ε in (0, 1) such that

|δi(zi, x)| ≤ ω1(x) + ω2(Zi(zi)),
∂Zi

∂zi
(zi) gi(zi, x) ≤ −Zi(zi) + ω3(|x|) ;

then, if there exist two real numbers d0 and d∞ satisfying −1 < d0 ≤ d∞ < 1
n−1 and

(5.6) ω1(x) + ω2 ([1 + ε]ω3(|x|)) ≤

⎛
⎝ i∑

j=1

|xj |
1−d0(n−i−1)
1−d0(n−j) +

i∑
j=1

|xj |
1−d∞(n−i−1)
1−d∞(n−j)

⎞
⎠ ,

then Corollary 5.2 gives L∗ > 0 such that for all L in [L∗,+∞), the output feedback
(5.2) is globally asymptotically stabilizing. Compared to already published results (see
[13] and [26], for instance), the novelty of this case is in the simultaneous presence of

the terms |xj |
1−d0(n−i−1)
1−d0(n−j) and |xj |

1−d∞(n−i−1)
1−d∞(n−j) .

On the other hand, if there exist two real numbers d0 and d∞ satisfying −1 <
d∞ ≤ d0 < 1

n−1 and

ω1(x) + ω2 ([1 + ε]ω3(|x|)) ≤

⎛
⎝ n∑

j=i+2

|xj |
1−d0(n−i−1)
1−d0(n−j) +

n∑
j=i+2

|xj |
1−d∞(n−i−1)
1−d∞(n−j)

⎞
⎠ ,

then Corollary 5.3 gives L∗ > 0 such that for all L in (0, L∗], the output feedback
(5.2) is globally asymptotically stabilizing.
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Example 5.5. Consider the illustrative system (1.1). The bound (5.6) gives the
condition

(5.7) 0 < q < p < 2 .

This is almost the least conservative condition we can obtain with the domination
approach. Specifically, it is shown in [18] that, when p > 2, there is no stabilizing out-
put feedback. However, when p = 2, (5.6) is not satisfied, although the stabilization
problem is solvable (see [18]).

By Corollary 2.24, when (5.7) holds, the output feedback

u = L2φ2(X̂1, X̂2),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

˙̂X1 = L X̂2 − Lq1(�1e1) ,

˙̂X2 =
u

L
− Lq2(�2 q1(�1e1)) ,

e1 = X̂1 − y ,

with �1, �2, φ2, q1, and q2 defined in (3.13) and (4.11) and with picking d0 in (−1, q−1]
and d∞ in [p− 1, 1), globally asymptotically stabilizes the origin of the system (1.1),
with L chosen sufficiently large. Furthermore, if d0 is chosen strictly negative and d∞
strictly positive, by Corollary 2.24, convergence to the origin occurs in finite time,
uniformly in the initial conditions.

Example 5.6. To illustrate the feedforward result consider the system7

ẋ1 = x2 + x
3
2
3 + z3 , ẋ2 = x3 , ẋ3 = u , ż = −z4 + x3 , y = x1 .

For any ε > 0, there exists a class KL function βδ such that

|z(t)|3 ≤ max

{
βδ(|z(s)|, t− s), (1 + ε) sup

s≤κ≤t
|x3(κ)| 34

}
.

Therefore by letting δ1 = x
3
2
3 +z3 we get, for all 0 ≤ s ≤ t < T on the time of existence

of the solutions,

|δ1(t)| ≤ max

{
βδ(|z(s)|, t− s), sup

s≤κ≤t
(1 + ε)|x3(κ)| 34 + |x3(κ)| 32

}
.

This is inequality (5.5) with d0 = − 1
2 and d∞ = 1

4 . Consequently, Corollary 5.3 says
that it is possible to design a globally asymptotically stabilizing output feedback.

5.2. Proofs of output feedback results.
Proof of Theorem 5.1. The homogeneous in the bi-limit state feedback φn and the

homogeneous in the bi-limit vector field K1 involved in this feedback are obtained by
following the procedures given in sections 3 and 4. They are such that the origin is
a globally asymptotically stable equilibrium of the systems given in (4.9) and (3.12).
To this end, as in [26], we write the dynamics of this system in the coordinates

X̂n = (X̂1, . . . , X̂n) and E1 = (e1, . . . , en) and in the time τ defined by

(5.8) ei = X̂ i − xi

Li−1
,

d

dτ
=

1

L

d

dt
.

7Recall the notation (1.4).
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This yields

(5.9)

⎧⎪⎪⎨
⎪⎪⎩

d

dτ
X̂n = Sn X̂n + Bnφn(X̂n)) + K1(e1) ,

d

dτ
E1 = Sn E1 + K1(e1)

with E1 = (e1, . . . , en), X̂n = (X̂1, . . . , X̂n). The right-hand side of (5.9) is a vector
field which is homogeneous in the bi-limit with weights (r0, r0), (r∞, r∞).

Given dU > maxj{r0,j , r∞,j}, by applying Theorem 2.20 twice, we get two C1,
proper, and positive definite functions V : R

n → R+ and W : R
n → R+ such that

for each i in {1, . . . , n}, the functions ∂V
∂xi

and ∂W
∂ei

are homogeneous in the bi-limit,
with weights r0 and r∞, degrees dU −r0,i and dU −r∞,i, and approximating functions
∂V0

∂X̂j
, ∂V∞

∂X̂j
and ∂W0

∂ej
, ∂W∞

∂ej
. Moreover, for all X̂n �= 0,

∂V

∂X̂
(X̂n)

[
Sn X̂n + Bnφn(X̂n)

]
< 0 ,

∂V0

∂X̂n

(X̂n)
[
Sn X̂n + Bnφn,0(X̂n)

]
< 0 ,(5.10)

∂V∞

∂X̂n

(X̂n)
[
Sn X̂n + Bnφn,∞(X̂n)

]
< 0 ,

and for all E1 �= 0,

∂W

∂E1
(E1) (Sn E1 + K1(e1)) < 0 ,

∂W0

∂E1
(E1) (Sn E1 + K1,0(e1)) < 0 ,(5.11)

∂W∞
∂E1

(E1) (Sn E1 + K1,∞(e1)) < 0 .

Consider now the Lyapunov function candidate

(5.12) U(X̂n, E1) = V (X̂n) + cW (E1) ,

where c is a positive real number to be specified. Let

η(X̂n, E1) =
∂V

∂X̂n

(X̂n)
(
Sn X̂n + Bnφn(X̂n) + K1(e1)

)
,

γ(E1) = − ∂W

∂E1
(E1) (Sn E1 + K1(e1)) .

These two functions are continuous and homogeneous in the bi-limit with associ-
ated triples ((r0, r0), dU + d0, η0), ((r∞, r∞), dU + d∞, η∞) and ((r0, r0), dU + d0, γ0),
((r∞, r∞), dU + d∞, γ∞), where γ0, γ∞ and η0, η∞ are continuous functions. Further-
more, by (5.11), γ(E1) is negative definite. Hence, by (5.10), we have{

(X̂n, E1) ∈ R
2n \ {0} : γ(E1) = 0

}
⊆
{

(X̂n, E1) ∈ R
2n : η(X̂n, E1) < 0

}
,{

(X̂n, E1) ∈ R
2n \ {0} : γ0(E1) = 0

}
⊆
{

(X̂n, E1) ∈ R
2n : η0(X̂n, E1) < 0

}
,{

(X̂n, E1) ∈ R
2n \ {0} : γ∞(E1) = 0

}
⊆
{

(X̂n, E1) ∈ R
2n : η∞(X̂n, E1) < 0

}
.
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Consequently, by Lemma 2.13, there exists a positive real number c∗ such that, for all
c > c∗ and all (X̂n, E1) �= (0, 0), the Lyapunov function U , defined in (5.12), satisfies

∂U

∂X̂n

(X̂n, E1)
(
Sn X̂n + Bnφn(X̂n) + K1(e1)

)
+

∂U

∂E1
(X̂n, E1)(E1) (Sn E1 + K1(e1)) < 0

and the same holds for the homogeneous approximations in the 0-limit and in the
∞-limit; hence the claim.

Proof of Corollary 5.2. We write the dynamics of the system (5.3) in the coordi-

nates X̂n and E1 and in the time τ given in (5.8). This yields

(5.13)

⎧⎪⎪⎨
⎪⎪⎩

d

dτ
X̂n = Sn X̂n + Bnφn(X̂n)) + K1(e1),

d

dτ
E1 = Sn E1 + K1(e1) + D(L)

with

D(L) =

(
δ1
L
, . . . ,

δn
Ln

)
.

We denote the solution of this system, starting from (X̂n(0), E1(0)) in R
2n at time τ ,

by (X̂τ,n(τ), Eτ,1(τ)). We have

(5.14) xi(t) = Li−1 (X̂τ,i (Lt) − eτ,i (Lt)) .

The right-hand side of (5.13) is a vector field which is homogeneous in the bi-limit

with weights (r0, r0), (r∞, r∞) for (X̂n, E1) and (r0, r∞) for D(L), where r0,i = r0,i+d0

and r∞,i = r∞,i + d∞ for each i in {1, . . . , n}.
The time function τ �→ δ( τ

L ) is considered as an input, and when D(L) = 0,
Theorem 5.1 implies global asymptotic stability of the origin of the system (5.13)
and of its homogeneous approximations. To complete the proof we show that there
exists L∗ such that the “input” D(L) satisfies the small-gain condition (2.11) of Corol-
lary 2.22 for all L > L∗. Using (5.8) and (5.14), assumption (5.4) becomes, for all
0 ≤ σ ≤ τ < LT and all i in {1, . . . , n},∣∣δi ( τL)∣∣

Li
≤ max

{
1

Li
βδ

(∣∣∣z (σ
L

)∣∣∣ , τ − σ

L

)
,

L−i supσ≤κ≤τ

{
c0

i∑
j=1

∣∣∣L(j−1)(X̂τ,j(κ) − eτ,j(κ))
∣∣∣ 1−d0(n−i−1)

1−d0(n−j)

(5.15) + c∞

i∑
j=1

∣∣∣L(j−1)(X̂τ,j(κ) − eτ,j(κ))
∣∣∣ 1−d∞(n−i−1)

1−d∞(n−j)

} }
.

Note that when 1 ≤ j ≤ i ≤ n, the function s �→ 1−(n−i−1) s
1−(n−j) s is strictly increas-

ing, mapping (−1, 1
n−1 ) in ( n−i

n+1−j ,
i

j−1 ). As d0 ≤ d∞ < 1
n−1 , we have for all

1 ≤ j ≤ i ≤ n,

1 − d0(n− i− 1)

1 − d0(n− j)
≤ 1 − d∞(n− i− 1)

1 − d∞(n− j)
<

i

j − 1
.
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Hence, selecting L ≥ 1, there exists a real number ε > 0 such that

L−ε ≥ L(j−1) 1−d∞(n−i−1)
1−d∞(n−j) −i ≥ L(j−1)

1−d0(n−i−1)
1−d0(n−j) −i .

This implies∣∣δi ( τL)∣∣
Li

≤ max

{
1

Li
βδ

(∣∣∣z (σ
L

)∣∣∣ , τ − σ

L

)
,

L−ε supσ≤κ≤τ

{
c0

i∑
j=1

|(X̂τ,j(κ) − eτ,j(κ))|
1−d0(n−i−1)
1−d0(n−j)

+ c∞

i∑
j=1

|(X̂τ,j(κ) − eτ,j(κ))|
1−d∞(n−i−1)
1−d∞(n−j)

} }
.

On the other hand, the function

(X̂n, E1) �→ c0

i∑
j=1

|X̂ j − ej |
1−d0(n−i−1)
1−d0(n−j) + c∞

i∑
j=1

|X̂ j − ej |
1−d∞(n−i−1)
1−d∞(n−j)

is homogeneous in the bi-limit with weights (r0, r0) and (r∞, r∞) and degrees 1 −
d0(n − i − 1) = r0,i + d0 and 1 − d∞(n − i − 1) = r∞,i + d∞ (see (3.2)). Hence, by
Corollary 2.15, there exists a positive real number c1 such that

c0

i∑
j=1

|X̂ j − ej |
1−d0(n−i−1)
1−d0(n−j) + c∞

i∑
j=1

|X̂ j − ej |
1−d∞(n−i−1)
1−d∞(n−j)

(5.16) ≤ c1 H

(
|(X̂n, E1)|d0+r0,i

(r0,r0)
, |(X̂n, E1)|d∞+r∞,i

(r∞,r∞)

)
.

Hence, by Corollary 2.22 (applied in the τ time-scale), there exists cG such that for
any L∗ large enough such that c1L

∗−ε ≤ cG, the conclusion holds.
Proof of Corollary 5.3. The proof is similar to the previous one with the only

difference being that, when i and j satisfy 3 ≤ i + 2 ≤ j ≤ n, the function s �→
1−(n−i−1) s
1−(n−j) s is strictly decreasing, mapping (−1, 1

n−1 ) in ( i
j−1 ,

n−i
n+1−j ). Moreover the

condition −1 < d∞ ≤ d0 < 1
n−1 gives the inequalities

1 − d∞(n− i− 1)

1 − d∞(n− j)
≥ 1 − d0(n− i− 1)

1 − d0(n− j)
>

i

j − 1
.

Hence (5.16) holds, and by selecting L < 1 we obtain the existence of a positive real
number ε such that

Lε ≥ L(j−1)
1−d0(n−i−1)
1−d0(n−j) −i ≥ L(j−1) 1−d∞(n−i−1)

1−d∞(n−j) −i .

From (5.5), this yields, for all 0 ≤ σ ≤ τ < LT and all i in {1, . . . , n},
∣∣δi ( τL)∣∣

Li
≤ max

{
1

Li
βδ

(∣∣∣z (σ
L

)∣∣∣ , τ − σ

L

)
,

Lε supσ≤κ≤τ

{
c0

n∑
j=i+2

|(X̂τ,j(κ) − eτ,j(κ))|
1−d0(n−i−1)
1−d0(n−j)

+ c∞

n∑
j=i+2

|(X̂τ,j(κ) − eτ,j(κ))|
1−d∞(n−i−1)
1−d∞(n−j)

} }
.
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From Corollary 2.22, the result holds for all L∗ small enough to satisfy c1L
∗ε ≤

cG.

6. Conclusion. We have presented two new tools that can be useful in nonlinear
control design. The first one is introduced to formalize the notion of homogeneous
approximation valid both at the origin and at infinity. With this formalism we have
given several novel results concerning asymptotic stability, robustness analysis, and
also finite time convergence (uniformly in the initial conditions). The second one is
a new recursive design for an observer for a chain of integrators. The combination of
these two tools allows us to obtain a new result on stabilization by output feedback
for systems whose dominant homogeneous in the bi-limit part is a chain of integrators.

Appendix A. Proof of Proposition 2.10. We give the proof only in the 0-
limit case since the ∞-limit case is similar. Let C be an arbitrary compact subset of
R

n \ {0} and ε any strictly positive real number. By the definition of homogeneity in
the 0-limit, there exists λ1 > 0 such that we have∣∣∣∣φ(λrφ,0 
 x)

λdφ,0
− φ0(x)

∣∣∣∣ ≤ 1 ∀ x ∈ C , ∀ λ ∈ (0, λ1] .

Hence, as φ0 is a continuous function on R
n, for all λ in (0, λ1], the function x �→

φ(λr0� x)

λdφ,0
takes its values in a compact set Cφ = φ0(C) + B1, where B1 is the

unity ball.
Now, as ζ0 is continuous on the compact subset Cφ, it is uniformly continuous;

i.e., there exists ν > 0 such that

|z1 − z2| < ν =⇒ |ζ0(z1) − ζ0(z2)| < ε .

Also there exists με > 0 satisfying∣∣∣∣ζ(μrζ,0z)

μdζ,0
− ζ0(z)

∣∣∣∣ ≤ ε ∀ z ∈ Cφ , ∀ μ ∈ (0, με] ,

or equivalently, since dφ,0 > 0,∣∣∣∣∣ζ(λ
dφ,0z)

λ
dφ,0 dζ,0

rζ,0

− ζ0(z)

∣∣∣∣∣ ≤ ε ∀ z ∈ Cφ , ∀ λ ∈
(

0, μ

rζ,0
dφ,0
ε

]
.

Similarly, there exists λν such that∣∣∣∣φ(λrφ,0 
 x)

λdφ,0
− φ0(x)

∣∣∣∣ ≤ ν ∀ x ∈ C , ∀ λ ∈ (0, λν ] .

It follows that∣∣∣∣∣ζ(φ(λrφ,0 
 x))

λ
dφ,0 dζ,0

rζ,0

− ζ0 (φ0(x))

∣∣∣∣∣ ≤
∣∣∣∣∣ζ(φ(λrφ,0 
 x))

λ
dφ,0 dζ,0

rζ,0

− ζ0

(
φ(λrφ,0 
 x)

λdφ,0

)∣∣∣∣∣
+

∣∣∣∣ζ0
(
φ(λrφ,0 
 x)

λdφ,0

)
− ζ0 (φ0(x))

∣∣∣∣
≤ 2 ε ∀ x ∈ C , ∀ λ ∈ min

{
λ1, λν , μ

rζ,0
dφ,0
ε

}
.

This establishes homogeneity in the 0-limit of the function ζ ◦ φ.
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Appendix B. Proof of Proposition 2.11. We give the proof only in the 0-
limit case since the ∞-limit case is similar. The function φ being a bijection, we can
assume without loss of generality that it is a strictly increasing function (otherwise we
take −φ). This, together with homogeneity in the 0-limit, implies that ϕ0 is strictly
positive. Moreover, for each δ > 0, there exists t0(δ) > 0 such that∣∣∣∣φ(t)

td0
− ϕ0

∣∣∣∣ ≤ δ ∀ t ∈ (0, t0(δ)] .

By letting λ = φ(t), this gives

ϕ0 − δ ≤ λ

φ−1(λ)d0
≤ ϕ0 + δ ∀ λ ∈ (0, φ(t0(δ))] , ∀ δ > 0 .

Since for δ < ϕ0 the term on the left is strictly positive, these inequalities give(
1

ϕ0 + δ

) 1
d0

≤ φ−1(λ)

λ
1
d0

≤
(

1

ϕ0 − δ

) 1
d0

∀ λ ∈ (0, φ−1(t0(δ))], ∀ δ ∈ (0, ϕ0) .

Then since the function δ �→ ( 1
ϕ0−δ )

1
d0 is continuous at zero, for every ε1 > 0 there

exists δ1(ε1) > 0 satisfying

(
1

ϕ0

) 1
d0

− ε1 ≤
(

1

ϕ0 + δ1(ε1)

) 1
d0

≤
(

1

ϕ0 − δ1(ε1)

) 1
d0

≤
(

1

ϕ0

) 1
d0

+ ε1 .

This yields ∣∣∣∣∣φ
−1(λ)

λ
1
d0

−
(

1

ϕ0

) 1
d0

∣∣∣∣∣ ≤ ε1 ∀ λ ∈ (0, λ−(ε1)] ,

with λ−(ε1) = φ(t0(δ1(ε1))). With a similar argument, we get∣∣∣∣∣φ
−1(−λ)

λ
1
d0

+

(
1

ϕ0

) 1
d0

∣∣∣∣∣ ≤ ε1 ∀ λ ∈ (0, λ+(ε1)]

for some λ+ > 0. Let λ0 = min{λ−, λ+}.
Now, for x �= 0 and λ > 0, we have∣∣∣∣∣φ

−1(λx)

λ
1
d0

−
(

x

ϕ0

) 1
d0

∣∣∣∣∣ = |x|
1
d0

∣∣∣∣∣φ
−1(λx)

(xλ)
1
d0

−
(

1

ϕ0

) 1
d0

∣∣∣∣∣ .
Therefore, for any compact set C of R\{0} and any ε > 0, by letting ε1 = ε

maxx∈C |x|
1
d0

,

we have

|x|
1
d0 ε1 ≤ ε, 0 < |λx| ≤ λ0 (ε1) ∀ λ ∈

(
0,

λ0 (ε1)

maxx∈C |x|

]
, ∀ x ∈ C,

and therefore∣∣∣∣∣φ
−1(λx)

λ
1
d0

−
(

x

ϕ0

) 1
d0

∣∣∣∣∣ ≤ ε ∀ λ ∈
(

0,
λ0 (ε1)

maxx∈C |x|

]
, ∀ x ∈ C .

This establishes homogeneity in the 0-limit of the function φ−1.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

HOMOGENEOUS OBSERVER DESIGN 1841

Appendix C. Proof of Lemma 2.13. The proof of this lemma is divided into
three parts.

1. We first show, by contradiction, that there exists a real number c0 satisfying

η0(θ) − c γ0(θ) < 0 ∀ θ ∈ Sr0 , ∀ c ≥ c0 .

Suppose there is no such c0. This means there is a sequence (θi)i∈N in Sr0

which satisfies

η0(θi) − i γ0(θi) ≥ 0 ∀ i ∈ N .

The sequence (θi)i∈N lives in a compact set. Thus we can extract a convergent
subsequence (θi�)�∈N which converges to a point denoted θ∞.
As the functions η0 and γ0 are bounded on Sr0 and γ0 takes nonnegative
values,8 γ0(θi�) must go to 0 as i� goes to infinity. Since the functions η0 and
γ0 are continuous, we get γ0(θ∞) = 0 and η0(θ∞) ≥ 0, which is impossible.
Consequently, there exist c0 and ε0 > 0 such that

(C.1) η0(θ) − c γ0(θ) ≤ −ε0 < 0 ∀ θ ∈ Sr0 , ∀ c ≥ c0 .

Moreover, since the functions η0 and γ0 are homogeneous in the standard
sense (see Remark 2.6), we have the second inequality in (2.4).
Following the same argument, we can find positive real numbers c∞ and ε∞
such that

(C.2) η∞(θ) − c γ∞(θ) < −ε∞ ∀ θ ∈ Sr∞ , ∀ c ≥ c∞,

and the third inequality in (2.4) holds.
In the rest of the proof, let

c1 = max{c0, c∞}, ε1 = min{ε0, ε∞} .

2. Since η and γ are homogeneous in the 0-limit, there exists λ0 such that, for
all λ ∈ (0, λ0] and all θ ∈ Sr0 , we have

η(λr0 
 θ) ≤ λd0 η0(θ) + λd0
ε1

4
, λd0 γ0(θ) − λd0

ε1

4c1
≤ γ(λr0 
 θ) ,

which readily gives

η(λr0 
 θ) − c1 γ(λr0 
 θ) ≤ λd0 η0(θ) + λd0
ε1

2
− c1λ

d0 γ0(θ) .

Using (C.1), we get

η(λr0 
 θ) − c1 γ(λr0 
 θ) ≤ −λd0
ε1

2
∀ λ ∈ (0, λ0] , ∀ θ ∈ Sr0 ,

and therefore, since γ takes nonnegative values,

η(λr0 
 θ) − c γ(λr0 
 θ) ≤ −λd0
ε1

2
∀ λ ∈ (0, λ0] , ∀ θ ∈ Sr0 , ∀ c ≥ c1 .

8Indeed, if we had γ0(x) < 0 for some x in R
n \ {0}, by letting ε = − γ0(x)

2
, the homogeneity in

the 0-limit of γ would give a real number λ > 0 satisfying γ(λr0�x)

λd0
≤ γ0(x) + ε = γ0(x)

2
< 0. This

contradicts the fact that γ takes nonnegative values only. Also by continuity we have γ0(0) ≥ 0.
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Similarly, there exists λ∞ satisfying

η(λr∞
θ)−c γ(λr∞
θ) ≤ −λd∞
ε1

2
∀ λ ∈ [λ∞,+∞) , ∀ θ ∈ Sr∞ , ∀ c ≥ c1 .

Consequently, for each c ≥ c1, the set

{x ∈ R
n \ {0} | η(x) − c γ(x) ≥ 0} ,

if not empty, must be a subset of

C = {x ∈ R
n : |x|r0 ≥ λ0}

⋃
{x ∈ R

n : |x|r∞ ≤ λ∞} ,

which is compact and does not contain the origin.
3. Suppose now that for all c the first inequality in (2.4) is not true. This means

that, for all integers c larger than c1, there exists xc in R
n satisfying

η(xc) − c γ(xc) ≥ 0 ,

and therefore xc is in C. Since C is a compact set, there is a convergent
subsequence (xc�)�∈N which converges to a point denoted x∗ different from
zero. Also as above, we must have γ(x∗) = 0 and η(x∗) ≥ 0. But this
contradicts the assumption, namely,

{ x ∈ R
n \ {0} , γ(x) = 0 } ⇒ η(x) < 0 .

Appendix D. Proof of Proposition 2.18. Because the vector field f is ho-
mogeneous in the ∞-limit, its approximating vector field f∞ is homogeneous in the
standard sense (see Remark 2.6). Let dV∞ be a positive real number larger than
r∞,i for all i in {1, . . . , n}. Following Rosier [29], there exists a C1, positive definite,
proper, and homogeneous function V∞ : R

n → R+, with weight r∞ and degree dV∞ ,
satisfying

(D.1)
∂V∞
∂x

(x)f∞(x) < 0 ∀ x �= 0 .

From P1 in section 2.2, we know that the function x �→ ∂V∞
∂x (x)f(x) is homogeneous

in the ∞-limit with associated triple
(
r∞, d∞ + dV∞ , ∂V∞

∂x (x)f∞(x)
)
. Let

ε∞ = −1

2
max

θ∈Sr∞

{
∂V∞
∂x

(θ)f∞(θ)

}
,

and note that, by inequality (D.1), ε∞ is a strictly positive real number. By the
definition of homogeneity in the ∞-limit, there exists λ∞ such that∣∣∣∣∣

∂V∞
∂x (λr∞ 
 θ)f(λr∞ 
 θ)

λdV∞+d∞
− ∂V∞

∂x
(θ)f∞(θ)

∣∣∣∣∣ ≤ ε∞ ∀ θ ∈ Sr∞ , ∀ λ ≥ λ∞ .

This yields

∂V∞
∂x

(λr∞ 
 θ)f(λr∞ 
 θ) ≤ λdV∞+d∞

(
∂V∞
∂x

(θ)f∞(θ) + ε∞

)
≤ −λdV∞+d∞ ε∞ ∀ θ ∈ Sr∞ , ∀ λ ≥ λ∞ ,
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or in other words,

(D.2)
∂V∞
∂x

(x) f(x) < 0 ∀x : |x|r∞ ≥ λ∞ .

This establishes global asymptotic stability of the compact set

C∞ = {x : V∞(x) ≤ v∞} ,

where v∞ is given by

v∞ = max
|x|r∞ =λ∞

{V∞(x)} .

Appendix E. Proof of Theorem 2.20. The proof is divided into three steps.
First, we define three Lyapunov functions V0, Vm, and V∞. Then we build another
Lyapunov function V from these three. Finally, we show that its derivative along
the trajectories of the system (2.7) and its homogeneous approximations are negative
definite.

1. As established in the proof of Proposition 2.18, there exist a positive real
number λ∞ and a C1 positive definite, proper, and homogeneous function
V∞ : R

n → R+, with weight r∞ and degree dV∞ satisfying (D.2). Similarly,
there exist a number λ0 > 0 and a C1 positive definite, proper, and homoge-
neous function V0 : R

n → R+, with weight r0 and degree dV0
, satisfying

(E.1)
∂V0

∂x
(x) f(x) < 0 ∀x : 0 < |x|r0 ≤ λ0 .

Finally, the global asymptotic stability of the origin of the system ẋ = f(x)
implies the existence of a C1, positive definite, and proper function Vm :
R

n → R+ satisfying

(E.2)
∂Vm

∂x
(x) f(x) < 0 ∀x �= 0 .

2. Now we build a function V from the functions Vm, V∞, and V0. For this, we
follow a technique used by Mazenc in [17] (see also [15]). Let v∞ and v0 be
two strictly positive real numbers such that v0 < v∞ and

v∞ ≥ max
x: |x|r∞ ≤λ∞

Vm(x), v0 ≤ min
x: |x|r0 ≥λ0

Vm(x) .

This implies

{x ∈ R
n : Vm(x) ≥ v∞} ⊆ {x ∈ R

n : |x|r∞ ≥ λ∞} ,

{x ∈ R
n : Vm(x) ≤ v0} ⊆ {x ∈ R

n : |x|r0 ≤ λ0} .

Let ω0 and ω∞ be defined as

ω0 = min
x : 1

2 v0≤Vm(x)≤v0

Vm(x)

V0(x)
, ω∞ = max

x : v∞≤Vm(x)≤2 v∞

Vm(x)

V∞(x)
.

We have

ω∞ V∞(x) − Vm(x) ≥ 0 ∀x : v∞ ≤ Vm(x) ≤ 2 v∞ ,

Vm(x) − ω0 V0(x) ≥ 0 ∀x :
1

2
v0 ≤ Vm(x) ≤ v0 .
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Let

V (x) = ω∞ ϕ∞(Vm(x))V∞(x)

+ [1 − ϕ∞(Vm(x))]ϕ0(Vm(x))Vm(x) + ω0 [1 − ϕ0(Vm(x))]V0(x) ,

where ϕ0 and ϕ∞ are C1 nondecreasing functions satisfying

ϕ0(s) = 0 ∀ s ≤ 1

2
v0, ϕ0(s) = 1 ∀ s ≥ v0 ,(E.3)

ϕ∞(s) = 0 ∀ s ≤ v∞, ϕ∞(s) = 1 ∀ s ≥ 2v∞ .(E.4)

Then V is C1, positive definite, and proper. Moreover, by construction,

V (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω0 V0(x) ∀ x : Vm(x) ≤ 1
2v0 ,

ϕ0(Vm(x))Vm(x) + ω0 [1 − ϕ0(Vm(x))]V0(x)
∀ x : 1

2v0 ≤ Vm(x) ≤ v0 ,

Vm(x) ∀ x : v0 ≤ Vm(x) ≤ v∞ ,

ω∞ ϕ∞(Vm(x))V∞(x) + [1 − ϕ∞(Vm(x))] Vm(x)
∀ x : v∞ ≤ Vm(x) ≤ 2 v∞ ,

ω∞ V∞(x) ∀ x : Vm(x) ≥ 2 v∞ .

Thus for each i in {1, . . . , n},

(E.5)
∂V

∂xi
(x) = ω∞

∂V∞
∂xi

(x) ∀ x : Vm(x) > 2 v∞

and

(E.6)
∂V

∂xi
(x) = ω0

∂V0

∂xi
(x) ∀ x : Vm(x) <

1

2
v0 .

Since ∂V∞
∂xi

and ∂V0

∂xi
are homogeneous in the standard sense, this proves that

for each i in {1, . . . , n}, ∂V
∂xi

is homogeneous in the bi-limit, with weights r0
and r∞ and degrees dV0

− r0,i and dV∞ − r∞,i.
3. It remains to show that the Lie derivative of V along f is negative definite.

To this end note that, for all x such that 1
2v0 ≤ Vm(x) ≤ v0,

∂V

∂x
(x)f(x) = ϕ′0(Vm(x)) [Vm(x) − ω0 V0(x)]

∂Vm

∂x
(x)f(x)

+ ω0 [1 − ϕ0(Vm(x))]
∂V0

∂x
(x)f(x) + ϕ0(Vm(x))

∂Vm

∂x
(x)f(x)

and, for all x such that v∞ ≤ Vm(x) ≤ 2 v∞,

∂V

∂x
(x)f(x) = ϕ′∞(Vm(x)) [ω∞ V∞(x) − Vm(x)]

∂Vm

∂x
(x)f(x)

+ ω∞ ϕ∞(Vm(x))
∂V∞
∂x

(x)f(x) + [1 − ϕ∞(Vm(x))]
∂Vm

∂x
(x)f(x) .

By (D.2), (E.1), (E.2), (E.3), and (E.4), these inequalities imply

∂V

∂x
(x) f(x) < 0 ∀x �= 0 ,

which proves the claim.
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Appendix F. Proof of Corollary 2.21. Recall (1.6) and consider the functions
η1 : R

n × R
m → R and γ1 : R

n × R
m → R+ defined as

η1(x, δ) =
∂V

∂x
(x)

[
f(x, δ) − 1

2
f(x, 0)

]
, γ1(x, δ) =

m∑
j=1

H

(
|δj |

dV0
+d0

r0,j , |δj |
dV∞+d∞

r∞,j

)
.

These functions are homogeneous in the bi-limit with weights r0 and r∞ for x and r0

and r∞ for δ and degrees dV0 +d0 and dV∞ +d∞. Since the function x �→ ∂V
∂x (x) f(x, 0)

is negative definite, then

{(x, δ) ∈ R
n+m \ {0} : γ1(x, δ) = 0} ⊆ {(x, δ) ∈ R

n+m : η1(x, δ) < 0} .

Moreover, since the homogeneous approximations of η are negative definite, we get

{(x, δ) ∈ R
n+m \ {0} : γ1,0(x, δ) = 0} ⊆ {(x, δ) ∈ R

n+m : η1,0(x, δ) < 0} ,

{(x, δ) ∈ R
n+m \ {0} : γ1,∞(x, δ) = 0} ⊆ {(x, δ) ∈ R

n+m : η1,∞(x, δ) < 0} .

Hence, by Lemma 2.13, there exists a positive real number cδ such that

(F.1)
∂V

∂x
(x)

[
f(x, δ) − 1

2
f(x, 0)

]
≤ cδ

m∑
j=1

H

(
|δj |

dV0
+d0

r0,j , |δj |
dV∞+d∞

r∞,j

)
.

Consider now the functions η2 : R
n → R+ and γ2 : R

n → R+ defined as

η2(x) = H

(
V (x)

dV0
+d0

dV0 , V (x)
dV∞+d∞

dV∞

)
, γ2(x) = −1

2

∂V

∂x
(x) f(x, 0) .

They are homogeneous in the bi-limit with weights r0 and r∞ and degrees dV0 + d0

and dV∞ + d∞. Since γ2 and its homogeneous approximations are positive definite,
by Corollary 2.15 there exists a positive real number cV such that

(F.2)
1

2

∂V

∂x
(x) f(x, 0) ≤ −cV H

(
V (x)

dV0
+d0

dV0 , V (x)
dV∞+d∞

dV∞

)
.

The two inequalities (F.1) and (F.2) yield the claim.

Appendix G. Proof of Corollary 2.22. Let dV0
and dV∞ be such that the

assumption of Theorem 2.20 holds. For each i in {1, . . . ,m}, let μi : R+ → R+ be
the strictly increasing function defined as (see (1.6))

(G.1) μi(s) = H (sqi , spi) ,

where

pi =
d∞ + dV∞

r∞,i
, qi =

d0 + dV0

r0,i
.

We first prove that the inequality given by Corollary 2.21 implies that the system
(2.8), with δ as input and x as output, is ISS with a linear gain between

∑m
i=1 μi(|δi|)

and H(|x|d0+dV0
r0 , |x|d∞+dV∞

r∞ ). To do so we introduce the function α : R+ → R+ as

α(s) = H

(
s

d0+dV0
dV0 , s

d∞+dV∞
dV∞

)
, s ≥ 0 .
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This function is a bijection, strictly increasing, and homogeneous in the bi-limit with

approximating functions s
dV0

+d0

dV0 and s
dV∞+d∞

dV∞ . Moreover, from Proposition 2.10,
the function x �→ α(V (x)) is positive definite and homogeneous in the bi-limit with
associated weights r0 and r∞ and degrees d0 + dV0 and d∞ + dV∞ . Moreover, its

approximating homogeneous functions V0(x)
dV0

+d0

dV0 and V∞(x)
dV∞+d∞

dV∞ are positive
definite as well. Hence, we get from Corollary 2.15 the existence of a positive real
number c1 satisfying

(G.2) H

(
|x|d0+dV0

r0 , |x|d∞+dV∞
r∞

)
≤ c1 α(V (x)) ∀ x ∈ R

n .

On the other hand, from inequality (2.9) in Corollary 2.21, we have the property{
(x, δ) ∈ R

n × R
m : α(V (x)) ≥ 2

cδ
cV

m∑
i=1

μi(|δi|)
}

(G.3) ⊆
{

(x, δ) ∈ R
n × R

m :
∂V

∂x
(x) f(x, δ) ≤ −cV

2
α(V (x))

}
.

In the following, let t ∈ [0, T ) �→ (x(t), δ(t), z(t)) be any function which satisfies (2.8)
on [0, T ) and (2.10) and (2.11) for all 0 ≤ s ≤ t ≤ T . From [32], we know the inclusion
(G.3) implies the existence of a class KL function βV such that, for all 0 ≤ s ≤ t ≤ T ,

(G.4)

V (x(t)) ≤ max

⎧⎨
⎩βV (V (x(s)), t− s) , sup

s≤κ≤t

⎧⎨
⎩α−1

⎛
⎝2cδ

cV

m∑
j=1

μj(|δj(κ)|)

⎞
⎠
⎫⎬
⎭
⎫⎬
⎭ .

With α acting on both sides of inequality (G.4), (G.2) gives, for all 0 ≤ s ≤ t ≤ T ,

H

(
|x(t)|d0+dV0

r0 , |x(t)|d∞+dV∞
r∞

)

(G.5) ≤ max

⎧⎨
⎩c1 α ◦ βV (V (x(s)), t− s) ,

2c1cδ
cV

sup
s≤κ≤t

⎧⎨
⎩

m∑
j=1

μj(|δj(κ)|)

⎫⎬
⎭
⎫⎬
⎭ .

This is the linear gain property required. To conclude the proof it remains to show
the existence of cG such that a small gain property is satisfied.

First, note that the function x �→ H(|x|d0+dV0
r0 , |x|d∞+dV∞

r∞ ) is positive definite
and homogeneous in the bi-limit with weights r0 and r∞ and degrees d0 + dV0

and
d∞ + dV∞ . By Proposition 2.10, for i in {1, . . . ,m} the same holds with the function
x �→ μi

(
H
(
|x|r0,ir0 , |x|r∞,i

r∞

))
. Hence, by Corollary 2.15, there exists a positive real

number c2 satisfying

(G.6) μi

(
H
(
|x|r0,ir0 , |x|r∞,i

r∞

))
≤ c2 H

(
|x|d0+dV0

r0 , |x|d∞+dV∞
r∞

)
∀ x ∈ R

n .

Let Ci for i in {1, . . . ,m} be the class K∞ functions defined as

Ci(c) = max{cqi , cpi} + c
piqi

qi+pi + cpi+qi .

From (G.1), we get, for each s > 0 and c > 0,

μi(cs)

μi(s)
= cqi

(1 + sqi)(1 + cpispi)

(1 + spi)(1 + cqisqi)
≤ cqi

[
1 + cpispi+qi

1 + cqispi+qi
+

sqi

1 + cqisqi+pi
+

cpispi

1 + spi

]
,
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where

cqi
1 + cpispi+qi

1 + cqispi+qi
≤ max{cqi , cpi} ,

cqisqi

1 + cqisqi+pi
≤ c

piqi
qi+pi ,

cqicpispi

1 + spi
≤ cpi+qi .

Hence, by continuity at 0, we have

(G.7) μi(c s) ≤ Ci(c)μi(s) ∀ (c, s) ∈ R
2
+ .

Consider the positive real numbers c1, c2, cδ, and cV previously introduced, and select
cG in R+ satisfying

(G.8) cG < min
1≤i≤m

C−1
i

(
cV

2mc1 c2 cδ

)
.

To show that such a selection for cG is appropriate, observe that by (G.6) and (G.7)
and μi acting on both sides of the inequality (2.11), we get for each i in {1, . . . ,m}
and all 0 ≤ s ≤ t ≤ T ,

μi(|δi(t)|) ≤ max
{
μi ◦ βδ(|z(s)|, t− s) ,

Ci(cG) c2 sup
s≤κ≤t

{
H

(
|x(κ)|d0+dV0

r0 , |x(κ)|d∞+dV∞
r∞

)}}
.

Consequently
m∑
i=1

μi(|δi(t)|) ≤ max
{
m max

1≤i≤m
{μi ◦ βδ(|z(s)|, t− s)} ,

(G.9) (mmax1≤i≤m Ci(cG) c2) sups≤κ≤t

{
H

(
|x(κ)|d0+dV0

r0 , |x(κ)|d∞+dV∞
r∞

)}}
.

Since (G.8) yields

2c1cδ
cV

m max
1≤i≤m

Ci(cG) c2 < 1 ,

the existence of the function βx follows from (2.10), (G.5), (G.9), and the (proof of
the) small-gain theorem [11].

Appendix H. Proof of Corollary 2.24. First, observe that the continuity of
f0, at least, on R

n \ {0} implies

|d0| = −d0 ≤ min
1≤i≤n

r0,i ≤ max
1≤i≤n

r0,i < dV0 .

Then, let V be the function given in Theorem 2.20 and, since d0 < 0 < d∞, the func-

tion φ(x) = V (x)
dV0

+d0

dV0 + V (x)
dV∞+d∞

dV∞ is homogeneous in the bi-limit with weights

r0 and r∞, degrees dV0 + d0 and dV∞ + d∞, and approximating functions V (x)
dV0

+d0

dV0

and V (x)
dV∞+d∞

dV∞ . Moreover, the function ζ(x) = −∂V
∂x (x) f(x) is homogeneous in

the bi-limit with the same weights and degrees as φ. Furthermore, since the function
ζ and its homogeneous approximations are positive definite, Corollary 2.15 yields a
strictly positive real number c such that

(H.1)
∂V

∂x
(x) f(x) ≤ −c

(
V (x)

dV0
+d0

dV0 + V (x)
dV∞+d∞

dV∞

)
∀ x ∈ R

n .
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Let xic in R
n \ {0} be the initial condition of a solution of the system ẋ = f(x), and

let Vxic
: R+ → R+ be the function of time given by the evaluation of V along this

solution. Then

˙︷ ︷
Vxic(t) ≤ −c Vxic

(t)
dV∞+d∞

dV∞ ∀ t ≥ 0 ,

from which we get

Vxic
(t) ≤ 1(

d∞
dV∞

ct + V (xic)
− d∞

dV∞

) dV∞
d∞

≤ 1(
d∞
dV∞

ct
) dV∞

d∞

∀ t > 0 .

Therefore, setting T1 =
dV∞
cd∞

, we have

Vxic
(t) ≤ 1 ∀ t ≥ T1, ∀ xic ∈ R

n

and

˙︷ ︷
Vxic(t) ≤ −c Vxic(t)

dV0
−|d0|

dV0 ∀ t ≥ 0 .

As a result, we get

Vxic(t) ≤ max

⎧⎨
⎩
(
−|d0|
dV0

c(t− T1) + Vxic(T1)
|d0|
dV0

) dV0
|d0|

, 0

⎫⎬
⎭ ,

≤ max

⎧⎨
⎩
(

1 − |d0|
dV0

c(t− T1)

) dV0
|d0|

, 0

⎫⎬
⎭ ∀ t ≥ T1 .

Therefore, setting T2 =
dV0

c|d0| yields

Vxic
(t) = 0 ∀ t ≥ T1 + T2 =

1

c

(
dV∞

d∞
+

dV0

|d0|

)
, ∀ xic ∈ R

n ,

hence the claim.

Acknowledgments. The second author is extremely grateful to Wilfrid Perru-
quetti and Emmanuel Moulay for the many discussions about the notion of homo-
geneity in the bi-limit. Also, all the authors would like to thank the anonymous
reviewers for their comments, which were extremely helpful in improving the quality
of the paper.

REFERENCES

[1] V. Andrieu, L. Praly, and A. Astolfi, Nonlinear output feedback design via domination and
generalized weighted homogeneity, in Proceedings of the 45th IEEE Conference on Decision
and Control, San Diego, 2006, pp. 6391–6396.

[2] A. Bacciotti and L. Rosier, Liapunov Functions and Stability in Control Theory, Lecture
Notes in Control and Inform. Sci. 267, Springer, Berlin, 2001.

[3] S. P. Bhat and D. S. Bernstein, Geometric homogeneity with applications to finite-time
stability, Math. Control Signals Systems, 17 (2005), pp. 101–127.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

HOMOGENEOUS OBSERVER DESIGN 1849

[4] S. P. Bhat and D. S. Bernstein, Finite-time stability of continuous autonomous systems,
SIAM J. Control Optim., 38 (2000), pp. 751–766.

[5] J.-M. Coron and L. Praly, Adding an integrator for the stabilization problem, Systems Con-
trol Lett., 17 (1991), pp. 89–104.

[6] J.-M. Coron and L. Rosier, A relation between continuous time-varying and discontinuous
feedback stabilization, J. Math. Systems Estim. Control, 4 (1994), pp. 67–84.

[7] J. P. Gauthier and I. Kupka, Deterministic Observation Theory And Applications, Cam-
bridge University Press, Cambridge, UK, 2001.

[8] W. Hahn, Stability of Motion, Springer-Verlag, Berlin, 1967.
[9] H. Hermes, Homogeneous coordinates and continuous asymptotically stabilizing feedback con-

trols, in Differential Equations: Stability and Control, Lecture Notes in Pure Appl.
Math. 109, S. Elaydi, ed., Marcel Dekker, New York, 1991, pp. 249–260.

[10] Y. Hong, Finite-time stabilization and stabilizability of a class of controllable systems, Systems
Control Lett., 46 (2002), pp. 231–236.

[11] Z.-P. Jiang, A. Teel, and L. Praly, Small-gain theorem for ISS systems and applications,
Math. Control Signals Systems, 7 (1994), pp. 95–120.

[12] M. Kawski, Stabilization of nonlinear systems in the plane, Systems Control Lett., 12 (1989),
pp. 169–175.

[13] H. Khalil and A. Saberi, Adaptive stabilization of a class of nonlinear systems using high-
gain feedback, IEEE Trans. Automat. Control, 32 (1987), pp. 1031–1035.

[14] S. Lefschetz, Differential Equations: Geometric Theory, 2nd ed., Dover, New York, 1977.
[15] W. Liu, Y. Chitour, and E. Sontag, On finite-gain stabilizability of linear systems subject

to input saturation, SIAM J. Control Optim., 34 (1996), pp. 1190–1219.
[16] J. L. Massera, Contributions to stability theory, Ann. of Math., 64 (1956), pp. 182–206.
[17] F. Mazenc, Stabilisation de trajectoires, ajout d’intégration, commandes saturées, Mémoire
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INVARIANT CARNOT–CARATHEODORY METRICS ON S3, SO(3),
SL(2), AND LENS SPACES∗

UGO BOSCAIN† AND FRANCESCO ROSSI‡

Abstract. In this paper we study the Carnot–Caratheodory metrics on SU(2) � S3, SO(3), and
SL(2) induced by their Cartan decomposition and by the Killing form. Besides computing explicitly
geodesics and conjugate loci, we compute the cut loci (globally), and we give the expression of the
Carnot–Caratheodory distance as the inverse of an elementary function. We then prove that the
metric given on SU(2) projects on the so-called lens spaces L(p, q). Also for lens spaces, we compute
the cut loci (globally). For SU(2) the cut locus is a maximal circle without one point. In all other
cases the cut locus is a stratified set. To our knowledge, this is the first explicit computation of the
whole cut locus in sub-Riemannian geometry, except for the trivial case of the Heisenberg group.

Key words. left-invariant sub-Riemannian geometry, Carnot–Caratheodory distance, global
structure of the cut locus, lens spaces
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1. Introduction. In this paper we study the global structure of the cut locus
(the set of points reached optimally by more than one geodesic) for the simplest sub-
Riemannian structures on three-dimensional simple Lie groups (i.e., SU(2), SO(3),
and SL(2)), namely, the left-invariant sub-Riemannian structures induced by their
Cartan decomposition and by the Killing form.

Let G be a simple real Lie group of matrices with associated Lie algebra L and
Killing form Kil(·, ·). Let L = k ⊕ p be its Cartan decomposition with the usual
commutation relations [k,k] ⊆ k, [p,p] ⊆ k, [k,p] ⊆ p. If L is noncompact, we
also require k to be the maximal compact subalgebra of L. The most natural left-
invariant sub-Riemannian structure that one can define on G is the one in which the
distribution is generated by left translations of p, and the sub-Riemannian metric 〈·, ·〉
at the identity is generated by a scalar multiple of the Killing form restricted to p.
The scalar must be chosen positive or negative in such a way that the scalar product
is positive definite. We call G, endowed with such a sub-Riemannian structure, a k⊕p
sub-Riemannian manifold.

k ⊕ p sub-Riemannian manifolds have very special features: there are no strict
abnormal minimizers, and the Hamiltonian system given by the Pontryagin maximum
principle (PMP) is integrable in terms of elementary functions (products of exponen-
tials). More precisely, if we write the distribution at a point g ∈ G as Δ(g) = gp,
we have the following expression for geodesics parametrized by arclength, starting at
time zero from g0 (see [3, 10, 14, 22, 23]):

g(t) = g0e
(Ak+Ap)te−Akt,(1)

where Ak ∈ k, Ap ∈ p, and we have 〈Ap, Ap〉 = 1. Thanks to left-invariance, without
loss of generality we can always assume that g0 is the identity, and we will do so
throughout the paper.
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Fig. 1. Local structure of sub-Riemannian spheres and of cut and conjugate loci for 3-dim k⊕p
sub-Riemannian manifolds.

In all three-dimensional cases (i.e., SU(2), SO(3), and SL(2)), p has dimension 2,
while k has dimension 1. Writing p = span {p1, p2}, where {p1, p2} is an orthonormal
frame for the sub-Riemannian structure (i.e., 〈pi, pj〉 = δij) and k = span {k}, we
can write Ap = cos(θ)p1 + sin(θ)p2 and Ak = ck with θ ∈ R/2π, c ∈ R. The map
associating to the triple (θ, c, t) the final point of the corresponding geodesic starting
from the identity is called the exponential map,

Exp :
S1 × R × R

+ → G,

(θ, c, t) �→ Exp(θ, c, t) = e(Ak+Ap)te−Akt.

For three-dimensional k ⊕ p sub-Riemannian manifolds, the local structure of
the sub-Riemannian spheres, cut loci, and conjugate loci starting from the identity
has been described by Agrachev (unpublished), and, due to cylindrical symmetry
of the Killing form in the p subspace, it is very similar to that of the Heisenberg
group. Indeed, locally, the cut locus coincides with the first conjugate locus (i.e., the
set where local optimality is lost) and is made by two connected one-dimensional
manifolds adjacent to the identity and transversal to the distribution; see Figure 1.

However, the global structure of the cut locus was still unknown. Indeed, to our
knowledge, no global structure of the cut locus is known in sub-Riemannian geometry
apart from that of the Heisenberg group.

The main result of our paper is the following.

Theorem 1. Let KId be the cut locus starting from the identity. We have the
following:

(i) For SU(2), KId is a maximal circle S1 without one point (the identity).
(ii) For SO(3), KId is a stratified set made by two manifolds glued in one point.

The first manifold is RP
2; the second manifold is a maximal circle S1 without one

point (the identity).
(iii) For SL(2), KId is a stratified set made by two manifolds glued in one point.

The first manifold is R
2; the second manifold is a circle S1 without one point (the

identity).

A picture of the three cut loci is given in Figure 2.

For all cases, the one-dimensional strata contain the cut locus appearing in the
local analysis.

Notice that the k⊕p sub-Riemannian manifold SU(2) has the structure of a CR
(Cauchy–Riemann) manifold and is a tight structure [7, 16].

Once the cut locus is computed, one can obtain the expression of the sub-
Riemannian distance from the identity. The following theorem gives the sub-
Riemannian distance for SU(2). The proof, given in section 5.1.1, can be adapted
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Fig. 2. The cut loci for the k ⊕ p sub-Riemannian manifolds SU(2), SO(3), and SL(2).

to get similar results in the cases of SO(3) and SL(2).
Theorem 2. Let

SU(2) =

{(
α β

−β α

)
| α, β ∈ C, |α|2 + |β|2 = 1

}
.

Consider the sub-Riemannian distance from Id defined by

ġ = g

(
u1

2

(
0 1
−1 0

)
+

u2

2

(
0 i
i 0

))
,

d(Id, g1) := inf

{∫ T

0

√
u2

1 + u2
2 | g(0) = Id, g(T ) = g1

}
.

It holds that

d

(
Id,

(
α β

−β α

))
=

{
2
√

arg(α) (2π − arg(α)) if β = 0,

ψ(α) if β 	= 0,
(2)

where arg (α) ∈ [0, 2π] and ψ(α) = t is the unique solution of⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

− ct
2 + arctan

(
c√

1+c2
tan

(√
1+c2t
2

))
= arg(α),

sin

(√
1+c2t
2

)
√

1+c2
=
√

1 − |α|2,
t ∈

(
0, 2π√

1+c2

)
.

(3)

This theorem and its analogues for SO(3) and SL(2) are useful to give esti-
mates for the fundamental solutions of the hypoelliptic heat equation induced by the
sub-Riemannian structure (see [5, 12, 17, 19]). Moreover, this theorem can be seen
as the answer, in the case of SU(2), to the question (formulated in [14]) about the
possibility of inverting the matrix equation (1); i.e., for every matrix g ∈ SU(2),
find a matrix A = Ak + Ap, with 〈Ap, Ap〉 = 1, being a solution to the equation
g = g0e

(Ak+Ap)te−Akt. If β 	= 0, then this equation has one and only one solu-
tion; otherwise it has more than one solution (indeed, infinitely many; see sections 3
and 5).
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Then we study the most natural sub-Riemannian structures on the lens spaces
L(p, q) induced by the one on SU(2). The lens space L(p, q) (with p, q coprime integers,
p, q 	= 0) is the quotient of SU(2) by the equivalence relation(

α1 β1

−β1 α1

)
∼
(

α2 β2

−β2 α2

)
if ∃ ω ∈ C pth root of unity such that

(
α2

β2

)
=

(
ω 0
0 ωq

)(
α1

β1

)
.

The lens spaces are three-dimensional manifolds, but they are neither Lie groups nor
homogeneous spaces of SU(2), except for the case L(2, 1) � SO(3) .

In the case of lens spaces, we get that the cut locus is much more complicated
with respect to those on SU(2) and SL(2). It is still a stratified set, but in general
with more strata. The precise description is given in section 5.2.

Sub-Riemannian structures on the lens space L(4, 1) are particularly interest-
ing for mechanical applications and for problems of geometry of vision on the two-
dimensional sphere. Indeed, L(4, 1) � PTS2, the bundle of directions of S2. These
applications are the subject of a forthcoming paper.

The structure of this paper is the following. In section 2 we recall the definition of
sub-Riemannian manifold, state the PMP (that is a first order necessary condition for
optimality for problems of calculus of variations with nonholonomic constraints), and
define the cut and conjugate loci. Then we define k ⊕ p sub-Riemannian manifolds.
In section 3 we define k⊕ p sub-Riemannian structures on SU(2), SO(3), and SL(2)
and compute the corresponding geodesics and conjugate loci. In section 4 we give
sub-Riemannian structures on lens spaces as quotients of the k ⊕ p sub-Riemannian
structure on SU(2). The core of the paper is section 5, where we compute the cut loci
and the sub-Riemannian distance. The general idea is the following: we first identify
the prolongation of the cut locus arising locally, then we compute the part of the cut
locus due to the symmetries of the problem, and finally, we show that there is no
other cut point.

2. Basic definitions.

2.1. Sub-Riemannian manifold. An (n,m)-sub-Riemannian manifold is a tri-
ple (M,Δ,g), where

(i) M is a connected smooth manifold of dimension n;
(ii) Δ is a Lie bracket generating smooth distribution of constant rank m < n;

i.e., Δ is a smooth map that associates to q ∈ M an m-dim subspace Δ(q) of TqM ,
and ∀ q ∈ M , we have

(4)

span {[f1, [. . . [fk−1, fk] . . .]](q) | fi ∈ Vec(M) and fi(p) ∈ Δ(p) ∀ p ∈ M} = TqM.

Here Vec(M) denotes the set of smooth vector fields on M .
(iii) gq is a Riemannian metric on Δ(q), that is, smooth as a function of q.
The Lie bracket generating condition (4) is also known as the Hörmander

condition.
A Lipschitz continuous curve γ : [0, T ] → M is said to be horizontal if γ̇(t) ∈

Δ(γ(t)) for almost every t ∈ [0, T ]. Given a horizontal curve γ : [0, T ] → M , the
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length of γ is

l(γ) =

∫ T

0

√
gγ(t)(γ̇(t), γ̇(t)) dt.(5)

The distance induced by the sub-Riemannian structure on M is the function

d(q0, q1) = inf{l(γ) | γ(0) = q0, γ(T ) = q1, γ horizontal}.(6)

The hypothesis of connectedness of M and the Lie bracket generating assumption
for the distribution guarantee the finiteness and the continuity of d(·, ·) with respect
to the topology of M (Chow’s theorem; see, for instance, [3]).

The function d(·, ·) is called the Carnot–Caratheodory distance and gives to M
the structure of metric space (see [6, 18]).

It is a standard fact that l(γ) is invariant under reparametrization of the curve
γ. Moreover, if an admissible curve γ minimizes the so-called energy functional

E(γ) =

∫ T

0

gγ(t)(γ̇(t), γ̇(t)) dt

with T fixed (and fixed initial and final point), then v =
√

gγ(t)(γ̇(t), γ̇(t)) is constant
and γ is also a minimizer of l(·). On the other hand, a minimizer γ of l(·) such that
v is constant is a minimizer of E(·) with T = l(γ)/v.

A geodesic for the sub-Riemannian manifold is a curve γ : [0, T ] → M such
that for every sufficiently small interval [t1, t2] ⊂ [0, T ], γ|[t1,t2]

is a minimizer of

E(·). A geodesic for which gγ(t)(γ̇(t), γ̇(t)) is (constantly) equal to one is said to be
parametrized by arclength.

Locally, the pair (Δ,g) can be given by assigning a set of m smooth vector fields
that are orthonormal for g, i.e.,

Δ(q) = span {F1(q), . . . , Fm(q)} , gq(Fi(q), Fj(q)) = δij .(7)

When (Δ,g) can be defined as in (7) by m vector fields defined globally, we say that
the sub-Riemannian manifold is trivializable.

Given a (n,m)-trivializable sub-Riemannian manifold, the problem of finding a
curve minimizing the energy between two fixed points q0, q1 ∈ M is naturally formu-
lated as the optimal control problem

q̇ =

m∑
i=1

uiFi(q) , ui ∈ R ,

∫ T

0

m∑
i=1

u2
i (t) dt → min, q(0) = q0, q(T ) = q1.(8)

It is a standard fact that this optimal control problem is equivalent to the minimum
time problem with controls u1, . . . , um satisfying u2

1 + · · · + u2
m ≤ 1.

When the manifold is analytic and the orthonormal frame can be assigned through
m analytic vector fields, we say that the sub-Riemannian manifold is analytic.

In this paper we are concerned with sub-Riemannian manifolds that are trivial-
izable and analytic since they are given in terms of left-invariant vector fields on Lie
groups.
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2.2. First order necessary conditions, cut locus, and conjugate locus.
Consider a trivializable (n,m)-sub-Riemannian manifold. Solutions to the optimal
control problem (8) are computed via the PMP (see, for instance, [3, 11, 21, 24])
that is a first order necessary condition for optimality and generalizes the Weierstraß
conditions of the calculus of variations. For each optimal curve, the PMP provides
a lift to the cotangent bundle that is a solution to a suitable pseudo-Hamiltonian
system.

Theorem 3 (PMP for the problem (8)). Let M be an n-dimensional smooth
manifold, and consider the minimization problem (8), in the class of Lipschitz contin-
uous curves, where Fi, i = 1, . . . ,m are smooth vector fields on M and the final time
T is fixed. Consider the map H : T ∗M × R × R

m → R defined by

H(q, λ, p0, u) :=

〈
λ,

m∑
i=1

uiFi(q)

〉
+ p0

m∑
i=1

u2
i (t).

If the curve q(.) : [0, T ] → M corresponding to the control u(.) : [0, T ] → R
m is

optimal, then there exist a never vanishing Lipschitz continuous covector λ(.) : t ∈
[0, T ] �→ λ(t) ∈ T ∗q(t)M and a constant p0 ≤ 0 such that, for a.e. t ∈ [0, T ],

(i) q̇(t) = ∂H
∂λ (q(t), λ(t), p0, u(t)),

(ii) λ̇(t) = −∂H
∂q (q(t), λ(t), p0, u(t)), and

(iii) ∂H
∂u (q(t), λ(t), p0, u(t)) = 0.

Remark 1. A curve q(.) : [0, T ] → M satisfying the PMP is said to be an extremal.
In general, an extremal may correspond to more than one pair (λ(.), p0). If an extremal
satisfies the PMP with p0 	= 0, then it is called a normal extremal. If it satisfies the
PMP with p0 = 0 it is called an abnormal extremal. An extremal can be both normal
and abnormal. For normal extremals one can normalize p0 = −1/2.

If an extremal satisfies the PMP only with p0 = 0, then it is called a strict
abnormal extremal. If a strict abnormal extremal is optimal, then it is called a strict
abnormal minimizer. For a deep analysis of abnormal extremals in sub-Riemannian
geometry, see [8, 15].

It is well known that all normal extremals are geodesics (see, for instance, [3]).
Moreover, if there are no strict abnormal minimizers, then all geodesics are normal
extremals for some fixed final time T . This always will be the case in this paper; indeed,
we are concerned with sub-Riemannian manifolds of dimension 3, defined by a pair of
vector fields F1 and F2 such that ∀ q ∈ M , span {F1(q), F2(q), [F1(q), F2(q)]} = TqM ,
i.e., the so called three-dimensional contact case, for which there are no abnormal
extremals (not even nonstrict).

In this case, from (iii) one gets ui(t) = 〈λ(t), Fi(t)〉, i = 1, . . . ,m, and the PMP
becomes much simpler: a curve q(.) is a geodesic if and only if it is the projection on
M of a solution (λ(t), q(t)) for the Hamiltonian system on T ∗M corresponding to

H(λ, q) =
1

2

(
m∑
i=1

〈λ, Fi(q)〉2
)
, q ∈ M , λ ∈ T ∗q M

satisfying H(λ(0), q(0)) 	= 0.
Remark 2. Notice that H is constant along any given solution of the Hamiltonian

system. Moreover, H = 1
2 if and only if the geodesic is parametrized by arclength. In

the following, for simplicity of notation we assume that all geodesics are defined for
t ∈ [0,+∞).

Fix q0 ∈ M . For every λ0 ∈ T ∗q0M satisfying

H(λ0, q0) = 1/2(9)
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and every t > 0, define the exponential map Exp(λ0, t) as the projection on M of the
solution, evaluated at time t, of the Hamiltonian system associated with H, with initial
condition λ(0) = λ0 and q(0) = q0. Notice that condition (9) defines a hypercylinder
Λq0 � Sm−1 × R

n−m in T ∗q0M .
Definition 4. The conjugate locus from q0 is the set Cq0 of critical values of

the map

Exp :
Λq0 × R

+ → M,
(λ0, t) �→ Exp(λ0, t).

For every λ̄0 ∈ Λq0 , let t(λ̄0) be the nth positive time, if it exists, for which the
map (λ0, t) �→ Exp(λ0, t) is singular at (λ̄0, t(λ̄0)). The nth conjugate locus from
q0 Cn

q0 is the set {Exp(λ̄0, t(λ̄0)) | t(λ̄0)exists}.
The cut locus from q0 is the set Kq0 of points reached optimally by more than

one geodesic, i.e., the set

Kq0 =

⎧⎪⎪⎨
⎪⎪⎩q ∈ M | ∃ λ1, λ2 ∈ Λq0 , λ1 	= λ2,

t ∈ R
+ such that

q = Exp(λ1, t),
q = Exp(λ2, t),
Exp(λ1, ·) optimal in [0, t],
Exp(λ2, ·) optimal in [0, t].

⎫⎪⎪⎬
⎪⎪⎭

Remark 3. It is a standard fact that for every λ̄0 satisfying (9), the set T (λ̄0) =
{t̄ > 0 | Exp(λ, t) is singular at (λ̄0, t̄)} is a discrete set (see, for instance, [3]).

Remark 4. Let (M,Δ,g) be a sub-Riemannian manifold. Fix q0 ∈ M and assume
that

(i) Each point of M is reached by an optimal geodesic starting from q0;
(ii) there are no abnormal minimizers.

The following facts are well known (a proof in the three-dimensional contact case can
be found in [4]):

(i) The first conjugate locus C1
q0 is the set of points where the geodesics starting

from q0 lose local optimality;
(ii) if q(.) is a geodesic starting from q0, and t̄ is the first positive time such that

q(t̄) ∈ Kq0 ∪ C1
q0 , then q(.) loses optimality in t̄; i.e., it is optimal in [0, t̄] and not

optimal in [0, t] for any t > t̄;
(iii) if a geodesic q(.) starting from q0 loses optimality at t̄ > 0, then q(t̄) ∈

Kq0 ∪ C1
q0 .

As a consequence, when the first conjugate locus is included in the cut locus (as in
our cases; see section 5), the cut locus is the set of points where the geodesics lose
optimality.

Remark 5. It is well known that, while in Riemannian geometry Kq0 is never
adjacent to q0, in sub-Riemannian geometry this is always the case. See [2].

2.3. k ⊕ p sub-Riemannian manifolds. For the sake of simplicity in the
exposition, throughout the paper, when we deal with Lie groups and Lie algebras, we
always consider that they are groups and algebras of matrices.

Let L be a simple Lie algebra and Kil(X,Y ) = Tr(adX ◦ adY ) its Killing form.
Recall that the Killing form defines a nondegenerate pseudoscalar product on L. In
the following we recall what we mean by a Cartan decomposition of L.

Definition 5. A Cartan decomposition of a simple Lie algebra L is any decom-
position of the form

L = k ⊕ p, where [k,k] ⊆ k, [p,p] ⊆ k, [k,p] ⊆ p.(10)
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Definition 6. Let G be a simple Lie group with Lie algebra L. Let L = k⊕ p be
a Cartan decomposition of L. In the case in which G is noncompact, assume that k
is the maximal compact subalgebra of L.

On G, consider the distribution Δ(g) = gp endowed with the Riemannian metric
gg(v1, v2) = 〈g−1v1, g

−1v2〉, where 〈 , 〉 := α Kil
∣∣
p( , ) and α < 0 (resp., α > 0) if G

is compact (resp., noncompact).
In this case we say that (G,Δ,g) is a k ⊕ p sub-Riemannian manifold.
The constant α is clearly not relevant. It is chosen just to obtain good normal-

izations.
Remark 6. In the compact (resp., noncompact) case, the fact that g is positive

definite on Δ is guaranteed by the requirement α < 0 (resp., by the requirements
α > 0 and k maximal compact subalgebra).

Let {Xj} be an orthonormal frame for the subspace p ⊂ L, with respect to
the metric defined in Definition 6. Then the problem of finding the minimal energy
between the identity and a point g1 ∈ G in fixed time T becomes the left-invariant
optimal control problem

ġ = g

⎛
⎝∑

j

ujXj

⎞
⎠, uj ∈ L∞(0, T ),

∫ T

0

∑
j

u2
j (t) dt → min, g(0) = Id, g(T ) = g1.

This problem admits a solution; see, for instance, Chapter 5 of [13].
For k⊕p sub-Riemannian manifolds, one can prove that strict abnormal extremals

are never optimal, since the Goh condition (see [3]) is never satisfied. Moreover, the
Hamiltonian system given by the PMP is integrable and the explicit expression of
geodesics starting from the identity and parametrized by arclength is

g(t) = e(Ak+Ap)te−Akt,(11)

where Ak ∈ k, Ap ∈ p, and 〈Ap, Ap〉 = 1. This formula is well known in the com-
munity. It was used independently by Agrachev [1], Brockett [14], and Kupka (oral
communication). The first complete proof was written by Jurdjevic in [22]. The proof
that strict abnormal extremals are never optimal was first written in [10]. See also
[3, 23].

Remark 7. In the three-dimensional case, the Hamiltonian system given by the
PMP is indeed integrable even if the cost is not built with the Killing form (biinvari-
ant) but is only left-invariant. For the case of SO(3) see [9].

3. SU(2), SO(3), SL(2), their geodesics, and their conjugate loci. In
this section we fix coordinates on SU(2), SO(3), SL(2), and we apply formula (11)
in order to get the explicit expressions for geodesics and conjugate loci.

3.1. The k ⊕ p problem on SU(2). The Lie group SU(2) is the group of
unitary unimodular 2 × 2 complex matrices

SU(2) =

{(
α β

−β α

)
∈ Mat(2,C) | |α|2 + |β|2 = 1

}
.

It is compact and simply connected. The Lie algebra of SU(2) is the algebra of anti-
Hermitian traceless 2 × 2 complex matrices

su(2) =

{(
iα β

−β −iα

)
∈ Mat(2,C) | α ∈ R, β ∈ C

}
.
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A basis of su(2) is {p1, p2, k}, where

p1 =
1

2

(
0 1
−1 0

)
, p2 =

1

2

(
0 i
i 0

)
, k =

1

2

(
i 0
0 −i

)
,(12)

whose commutation relations are [p1, p2] = k, [p2, k] = p1, and [k, p1] = p2. Recall
that for su(n) we have Kil(X,Y ) = 2nTr(XY ) (see [20, pp. 186, 516]); thus for
su(2), Kil(X,Y ) = 4Tr(XY ) and, in particular, Kil(pi, pj) = −2δij . The choice of the
subspaces

k = span {k} p = span {p1, p2}

provides a Cartan decomposition for su(2). Moreover, {p1, p2} is an orthonormal frame
for the inner product 〈·, ·〉 = − 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SU(2),Δ,g)
is a k ⊕ p sub-Riemannian manifold.

Remark 8. Observe that all the k ⊕ p structures that one can define on SU(2)
are equivalent. For instance, one could set k = span {p1} and p = span {p2, k}.

Recall that

SU(2) � S3 =

{(
α
β

)
∈ C

2 | |α|2 + |β|2 = 1

}

via the isomorphism

φ :
SU(2) → S3,(
α β

−β α

)
�→

(
α
β

)
.

In the following we always write elements of SU(2) as pairs of complex numbers.

3.1.1. Expression of geodesics. We compute the explicit expression of geode-
sics using the formula (11). Consider an initial covector λ = λ(θ, c) = cos(θ)p1 +
sin(θ)p2 + ck ∈ ΛId. The corresponding exponential map is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

(
α
β

)

with

α =
c sin( ct2 ) sin(

√
1 + c2 t

2 )√
1 + c2

+ cos

(
ct

2

)
cos

(√
1 + c2

t

2

)

+ i

(
c cos( ct2 ) sin(

√
1 + c2 t

2 )√
1 + c2

− sin

(
ct

2

)
cos

(√
1 + c2

t

2

))
,

β =
sin(

√
1 + c2 t

2 )√
1 + c2

(
cos

(
ct

2
+ θ

)
+ i sin

(
ct

2
+ θ

))
.

We have the following symmetry properties:
(i) cylindrical symmetry :

Exp(θ, c, t) =

(
1 0
0 eiθ

)
Exp(0, c, t);
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Fig. 3. Left: construction of the 2-dim picture of S2. Right: the 3-dim picture of S3.

(ii) central symmetry : Set
( α

β

)
= Exp(θ, c, t). We have

Exp(θ,−c, t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
α

e2i(θ−arg(β))β

)
if β 	= 0,

(
α

0

)
if β = 0.

3.1.2. Pictures of S2 and S3. We recall a standard construction for repre-
senting S2 in a two-dimensional space and S3 in a three-dimensional space. For more
details, see, e.g., [26]. Consider S2 ⊂ R

3 and flatten it on the equator plane, pushing
the northern hemisphere down and the southern hemisphere up, getting two super-
imposed disks D2 joined along their circular boundaries. The construction is drawn
in Figure 3 (left). Similarly, consider S3 ⊂ C

2 � R
4: it can be viewed as two superim-

posed balls joined along their boundaries. In this case the boundaries are two spheres
S2. A picture of S3 is given in Figure 3 (right).

3.1.3. The conjugate locus. Recall that all the partial derivatives of Exp eval-
uated in (θ, c, t) lie in TgSU(2) = g · su(2) with g = Exp(θ, c, t). One can easily check

that the three vectors g−1 · ∂Exp
∂θ |(θ,c,t)

, g−1 · ∂Exp
∂c |(θ,c,t)

, g−1 · ∂Exp
∂t |(θ,c,t)

∈ su(2) are

linearly dependent (hence g is a conjugate point) if and only if

sin

(√
1 + c2

t

2

)(
2 sin

(√
1 + c2

t

2

)
−
√

1 + c2t cos

(√
1 + c2

t

2

))
= 0.

The first term is 0 if and only if g ∈ ek =
{( α

0

)
| |α| = 1

}
, while the second van-

ishes if and only if
√

1 + c2 t
2 = tan

(√
1 + c2 t

2

)
; hence we have two series of conjugate
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Fig. 4. k ⊕ p problem on SU(2): projection of the odd conjugate loci.

Fig. 5. k ⊕ p problem on SU(2): projection of the 2nd, 4th, and 6th conjugate loci.

times as follows:

(i) first series: t2n−1 = 2nπ√
1+c2

, to which correspond the conjugate loci C2n−1
Id =

ek \ Id;
(ii) second series: t2n = 2xn√

1+c2
, where {x1, x2, . . .} is the ordered set of the

strictly positive solutions of x = tan(x), to which correspond the conjugate loci

C2n
Id =

{(
c sin(xn)√

1+c2
ei(

π
2−yn) + cos(xn)e−iyn

sin(xn)√
1+c2

eiθ

)∣∣∣∣∣ c ∈ R,
θ ∈ R/2π

}
,

where yn = cxn√
1+c2

.

Remark 9. Notice that all the geodesics have a countable number of conjugate
times.

We present some images of conjugate loci (Figures 4 and 5). For simplicity we
present images of their sections with the plane Re (β) = 0. The complete images can
be recovered using cylindrical symmetry.

Remark 10. Notice that the second conjugate locus is a two-dimensional sub-
manifold of SU(2), while the other even conjugate loci have self-intersections.

3.2. The k ⊕ p problem on SO(3). The Lie group SO(3) is the group of
special orthogonal 3 × 3 real matrices

SO(3) =
{
g ∈ Mat(3,R) | ggT = Id,det(g) = 1

}
.

It is compact and its fundamental group is Z2. The Lie algebra of SO(3) is the algebra
of skew-symmetric 3 × 3 real matrices

so(3) =

⎧⎨
⎩
⎛
⎝ 0 −a b

a 0 −c
−b c 0

⎞
⎠ ∈ Mat(3,R)

⎫⎬
⎭ .
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A basis of so(3) is {p1, p2, k}, where

p1 =

⎛
⎝ 0 0 0

0 0 −1
0 1 0

⎞
⎠, p2 =

⎛
⎝ 0 0 1

0 0 0
−1 0 0

⎞
⎠, k =

⎛
⎝ 0 −1 0

1 0 0
0 0 0

⎞
⎠,

whose commutation relations are [p1, p2] = k, [p2, k] = p1, and [k, p1] = p2. Recall
that so(3) and su(2) are isomorphic as Lie algebras, while SU(2) is a double covering
of SO(3).

For so(3) we have Kil(X,Y ) = Tr(XY ) so, in particular, Kil(pi, pj) = −2δij . The
choice of the subspaces

k = span {k} , p = span {p1, p2}

gives a Cartan decomposition for so(3). Moreover, {p1, p2} is an orthonormal frame
for the inner product 〈·, ·〉 = − 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SO(3),Δ,g)
is a k⊕ p sub-Riemannian manifold. As for SU(2), all the k⊕ p structures that one
can define on SO(3) are equivalent.

3.2.1. Expression of geodesics. Consider an initial covector λ = λ(θ, c) =
cos(θ)p1 + sin(θ)p2 + ck ∈ ΛId. Using formula (11), we have that the exponential
map is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

⎛
⎝ a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠

with

a11 = K1 cos(ct) + K2 cos(2θ + ct) + K3c sin(ct),

a12 = K1 sin(ct) + K2 sin(2θ + ct) −K3c cos(ct), a13 = K4 cos(θ) + K3 sin(θ),

a21 = −K1 sin(ct) + K2 sin(2θ + ct) + K3c cos(ct),

a22 = K1 cos(ct) −K2 cos(2θ + ct) + K3c sin(ct), a23 = −K3 cos(θ) + K4 sin(θ),

a21 = K4 cos(θ + ct) −K3 sin(θ + ct), a22 = K3 cos(θ + ct) + K4 sin(θ + ct),

a23 =
cos

(√
1 + c2t

)
+ c2

1 + c2
,

K1 =
1 +

(
1 + 2c2

)
cos

(√
1 + c2t

)
2 (1 + c2)

, K2 =
1 − cos

(√
1 + c2t

)
2 (1 + c2)

,

K3 =
sin

(√
1 + c2t

)
√

1 + c2
, K4 =

c
(
1 − cos

(√
1 + c2t

))
1 + c2

.

The set of geodesics has symmetry properties similar to the SU(2) case. The
conjugate locus can be obtained from that of the SU(2) by the canonical projection
SU(2) → SO(3). As for SU(2), all the geodesics have a countable number of conjugate
points.

3.3. The k⊕p problem on SL(2). The Lie group SL(2) is the group of 2×2
real matrices with determinant 1,

SL(2) = {g ∈ Mat(2,R) | det(g) = 1} .
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It is a noncompact group and its fundamental group is Z. The Lie algebra of SL(2)
is the algebra of traceless 2 × 2 real matrices

sl(2) =

{(
a b
c −a

)
∈ Mat(2,R)

}
.

A basis of sl(2) is {p1, p2, k}, where

p1 =
1

2

(
1 0
0 −1

)
, p2 =

1

2

(
0 1
1 0

)
, k =

1

2

(
0 −1
1 0

)
,

whose commutation relations are [p1, p2] = −k, [p2, k] = p1, and [k, p1] = p2. For sl(n)
we have Kil(X,Y ) = 2nTr(XY ) (see [20]); hence for sl(2), Kil(X,Y ) = 4Tr(XY ) and,
in particular, Kil(pi, pj) = 2δij . The choice of the subspaces

k = span {k} , p = span {p1, p2}

provides a Cartan decomposition for sl(2). For sl(2) the Cartan decomposition is
unique, since k must be the maximal compact subalgebra. Moreover, {p1, p2} is a
orthonormal frame for the inner product 〈·, ·〉 = 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SL(2),Δ,g)
is a k ⊕ p sub-Riemannian manifold.

3.3.1. Expression of geodesics. Consider an initial covector λ = λ(θ, c) =
cos(θ)p1 +sin(θ)p2 + ck ∈ ΛId. Using formula (11), we have that the exponential map
is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

(
a11 a12

a21 a22

)

with

a11 = K1 cos

(
c
t

2

)
+ K2

(
cos

(
θ + c

t

2

)
+ c sin

(
c
t

2

))
,

a12 = K1 sin

(
c
t

2

)
+ K2

(
sin

(
θ + c

t

2

)
− c cos

(
c
t

2

))
,

a21 = −K1 sin

(
c
t

2

)
+ K2

(
sin

(
θ + c

t

2

)
+ c cos

(
c
t

2

))
,

a22 = K1 cos

(
c
t

2

)
+ K2

(
− cos

(
θ + c

t

2

)
+ c sin

(
c
t

2

))
,

K1 =

{
Cosh

(√
1 − c2 t

2

)
, c ∈ [−1, 1],

cos
(√

c2 − 1 t
2

)
, c ∈ (−∞,−1) ∪ (1,+∞),

K2 =

⎧⎪⎪⎨
⎪⎪⎩

Sinh(
√

1−c2 t
2 )√

1−c2 , c ∈ (−1, 1),
t
2 , c ∈ {−1, 1} ,
sin(
√
c2−1 t

2 )√
c2−1

, c ∈ (−∞,−1) ∪ (1,+∞).

3.3.2. A useful decomposition of SL(2).

Proposition 7. For every g ∈ SL(2), there exists a unique pair r ∈ ek, s ∈ ep

such that g = rs.
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Fig. 6. A picture of SL(2).

Proof. First, notice that ek = SO(2) and that ep is the set of 2 × 2 symmetric
matrices with determinant 1 and positive trace.

Take

r =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
∈ ek and g =

(
α + δ β − γ
β + γ α− δ

)
∈ SL(2).

Notice that (α, γ) 	= (0, 0). We have to prove that there exists a unique θ ∈ R/2π
such that s = r−1g is symmetric with positive trace. By direct computation, one gets
that s is symmetric if and only if α sin(θ) = γ cos(θ). For any (α, γ) ∈ R

2\(0, 0), there
exist two solutions of this equation θ1, θ2 ∈ R/2π with θ2 = θ1 + π. Thus

Tr

((
cos(θ1) sin(θ1)
− sin(θ1) cos(θ1)

)
g

)
= −Tr

((
cos(θ2) sin(θ2)
− sin(θ2) cos(θ2)

)
g

)
.

Observing that a symmetric matrix with determinant 1 has nonvanishing trace, either
θ1 or θ2 provide Tr(s) > 0.

Topologically, ek � S1 and ep � R
2; hence SL(2) � S1×R

2. In the following, we
represent SL(2) as the set R

2 × [0, 1] with the identification rule (a, b, 0) ∼ (a, b, 1).
See Figure 6.

3.3.3. Symmetries in the SL(2) problem. We have the following symmetry
properties:

(i) cylindrical symmetry: Exp(θ, c, t) = ez0kexp1+yp2 , where(
x
y

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x0

y0

)

and (x0, y0, z0) are defined by Exp(0, c, t) = ez0kex0p1+y0p2 ;
(ii) central symmetry: Exp(θ,−c, t) = e−z0kexp1+yp2 , where(

x
y

)
=

(
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)

)(
x0

y0

)

and (x0, y0, z0) are defined by Exp(θ, c, t) = ez0kex0p1+y0p2 .

3.3.4. The conjugate locus. With arguments similar to those of section 3.1.3,
one checks that g = Exp(θ, c, t) is a conjugate point if and only if⎧⎪⎨

⎪⎩
Sinh (d)

(
2Sinh (d) − t

√
1 − c2Cosh (d)

)
= 0, c ∈ (−1, 1),

± t4

12 = 0, c = ±1,

sin (d)
(
2 sin (d) − t

√
c2 − 1 cos (d)

)
= 0, c 	∈ [−1, 1]
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Fig. 7. k ⊕ p problem on SU(2): Section of the 2nd conjugate locus.

with d =
√

1 − c2 t
2 when c ∈ (−1, 1) and d =

√
c2 − 1 t

2 when c 	∈ [−1, 1].
The first two equations have only the trivial solution t = 0. The third gives two

series of conjugate times as follows:
(i) first series: t2n−1 = 2nπ√

c2−1
, to which correspond the conjugate loci C2n−1

Id =

ek \ Id;
(ii) second series: t2n = 2xn√

c2−1
, where {x1, x2, . . .} is the ordered set of the

strictly positive solutions of x = tan(x), to which correspond the conjugate loci

C2n
Id =

{(
an11(c, t) an12(c, t)
an21(c, t) an22(c, t)

) ∣∣∣∣∣ c ∈ R,
θ ∈ R/2π

}

with

an11(c, t) = cos(xn) cos(yn) +
sin (xn)√
c2 − 1

(cos (θ) + c sin (yn)) ,

an12(c, t) = cos(xn) sin(yn) +
sin (xn)√
c2 − 1

(sin (θ) − c cos (yn)) ,

an21(c, t) = − cos(xn) sin(yn) +
sin (xn)√
c2 − 1

(sin (θ) + c cos (yn)) ,

an22(c, t) = cos(xn) cos(yn) +
sin (xn)√
c2 − 1

(− cos (θ) + c sin (yn)) ,

where yn = cxn√
c2−1

.

Remark 11. Notice that not all geodesics have conjugate points. Indeed, Exp(θ, c, ·)
has a conjugate point if and only if c ∈ (−∞,−1) ∪ (1,+∞).

We present an image of the 2nd conjugate locus (Figure 7). For simplicity we

present an image of its intersection with
{
ekeap1 |a ∈ R

}
. The complete picture can

be recovered using the cylindrical symmetry.
Remark 12. Notice that all even conjugate loci have self-intersection.

4. A sub-Riemannian structure on lens spaces.

4.1. Definition of L(p, q). Fix two coprime integers p, q ∈ Z, p, q 	= 0. The
lens space L(p, q) is defined as the quotient of SU(2) with respect to the identification
rule (

α1

β1

)
∼
(

α2

β2

)
if ∃ ω ∈ C pth root of unity such that

(
α2

β2

)
=

(
ω 0
0 ωq

)(
α1

β1

)
.
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Lens spaces are three-dimensional compact manifolds, but, except for L(2, 1) � SO(3),
they are neither Lie groups nor homogeneous spaces of SU(2). The following topo-
logical equivalences hold: ∀ p, q, k ∈ Z, p, q coprime, p, q 	= 0, we have L(p, q) �
L(p,−q) � L(−p, q) � L(p, q + kp). Lens spaces have highly nontrivial topology; for
details we refer the reader to [25].

The following theorem permits us to choose a representative of L(p, q) in SU(2).
Proposition 8. Consider the set

Ep =

⎧⎪⎨
⎪⎩
(

α
β

)
∈ SU(2)| Re (α) > 0,

Im (α)
2

sin
(

π
p

)2 + |β|2 < 1

⎫⎪⎬
⎪⎭ ⊂ SU(2)

and define ∂E+
p = ∂Ep ∩ {Im (α) ≥ 0}, ∂E−p = ∂Ep ∩ {Im (α) ≤ 0}. Endow Ep with

the equivalence relation ÷ defined as follows:
1. The relation is reflexive;

2. moreover, given
(

α+

β+

)
∈ ∂E+

p and
(

α−

β−

)
∈ ∂E−p , we have

(
α+

β+

)
÷(

α−

β−

)
if

(i) either Im (α+) = −Im (α−) 	= 0 and β+ = e2πi q
p β−; or

(ii) Im (α+) = Im (α−) = 0 and β+ = e2πin
p β− for some n ∈ {1, . . . , p}.

The manifold Ep/÷ is diffeomorphic to L(p, q).

Proof. Take
(

α
β

)
∈ SU(2) and let us look for ω pth root of unity such that(

ωα
ωqβ

)
∈ Ep. This condition is equivalent to

Re (ωα) ≥ 0 and
Im (ωα)

2

sin
(

π
p

)2 + |ωqβ|2 ≤ 1.(13)

Recalling that |ωqβ|2 = |β|2 = 1 − |α|2 and that Im (ωα) = |α| sin(arg(ωα)) if α 	= 0,
we see that (13) is equivalent to

arg (ωα) ∈
[
−π

p
,
π

p

]
or α = 0.(14)

Thus,
(i) if α 	= 0, there exists at least one solution ω1 of arg (ωα) ∈

[
−π

p ,
π
p

]
.

Moreover, we have two distinct solutions ω1, ω2 if and only if arg (ω1α) = −π
p and

arg (ω2α) = π
p . In this case,(

ω1α
ωq

1β

)
=

(
|α|e−iπ

p

ωq
1β

)
and

(
ω2α
ωq

2β

)
=

(
|α|eiπ

p

ωq
2β

)
;

observe that (
ω1α
ωq

1β

)
÷
(

ω2α
ωq

2β

)
.

(ii) if α = 0, every ω pth root of unity satisfies
(

0
ωqβ

)
∈ Ep; observe that for

all the pairs ω1, ω2 we have (
0

ωq
1β

)
÷
(

0
ωq

2β

)
.
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Hence ∀
(

α
β

)
∈ SU(2) we have a unique

[(
ωα
ωqβ

)]
÷
∈ Ep/÷;

i.e., the function

ψ :

L(p, q) = SU(2)/∼ → Ep/÷,[(
α
β

)]
�→

[(
ωα
ωqβ

)]
÷

is bijective.
Remark 13. A crucial observation for what follows is that the projection

Π :
SU(2) → L(p, q),

g �→ [g]

is a local diffeomorphism. Moreover, Π|Ep
: Ep → L(p, q)\ [∂Ep] is a diffeomorphism.

In particular, Ep contains only one representative for each equivalence classes of
L(p, q); i.e., if g, h ∈ Ep and [g] = [h], then g = h.

Remark 14. Proposition 8 provides a picture of L(p, q); recall that SU(2) is drawn
as two balls in R

3 (see section 3.1.2). Hence Ep ⊂ SU(2) is drawn as a closed ellipsoid
inside one of the two balls, via the map

ρ :
Ep → B1(0) ⊂ R

3,(
α
β

)
�→ (Re (β) , Im (β) , Im (α)).

The picture of Ep is

Fp =

⎧⎪⎨
⎪⎩(x1, x2, x3) ∈ B1(0) | x2

1 + x2
2 +

x2
3

sin
(

π
p

)2 < 1

⎫⎪⎬
⎪⎭ ,

and the one of Ep is Fp; see Figure 8 (left). The identification ÷ induces the following
identification on Fp: given (x+

1 , x
+
2 , x

+
3 ) ∈ ∂F+

p = ∂Fp ∩ {x3 ≥ 0} and (x−1 , x
−
2 , x

−
3 ) ∈

∂F−p = ∂Fp ∩ {x3 ≤ 0}, they are identified when

x+
3 = −x−3 and

(
x+

1

x+
2

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x−1
x−2

)

with θ = 2πq
p ; see Figure 8 (right).

Remark 15. Observe that the identification rule on F p gives a 1-to-1 identifica-
tion between ∂Fp ∩ {x3 > 0} and ∂Fp ∩ {x3 < 0}, while there are, in general, more
identified points on

{
x2

1 + x2
2 = 1

}
∩ {x3 = 0}; see Figure 9.

4.2. Sub-Riemannian quotient structure on L(p, q).
Proposition 9. The sub-Riemannian structure on SU(2) given in section 3.1

induces a 2-dim sub-Riemannian structure on L(p, q) = SU(2)/∼ via the quotient
map

Π :
SU(2) → L(p, q),

x �→ [x];
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Fig. 8. Left: F 4. Right: the representation of L(4, 1), with some examples of the identification
rule.

Fig. 9. L(4, 1): some examples of the identification rule on
{
x2
1 + x2

2 = 1
}
∩ {x3 = 0}.

i.e.,
(i) the map

Δ̃ : [g] �→ Π∗ (Δ(h)) ⊂ T[g]L(p, q) with h ∈ [g]

is a 2-dim smooth distribution on L(p, q) that is Lie bracket generating;
(ii) g̃[g](v∗, w∗) = 〈v∗, w∗〉[g] := 〈v, w〉h with h ∈ [g], v, w ∈ ThSU(2), Π∗(v) =

v∗, Π∗(w) = w∗ is a smooth positive definite scalar product on Δ̃.
Proof. The role of the maps Π and Π∗|g is illustrated in Figure 10.

The map Π is a local diffeomorphism; thus Π∗|g : TgSU(2) → T[g]L(p, q) is a

linear isomorphism, and hence Π∗|g (Δ(g)) is a 2-dim subspace of T[g]L(p, q).
The following two statements are consequences of Lemma 10, presented below:

(i) the distribution Δ̃([g]) is well defined; i.e., ∀ h1, h2 ∈ [g] we have

Π∗|h1
(Δ(h1)) = Π∗|h2

(Δ(h2)) .

(ii) The positive definite scalar product 〈v∗, w∗〉[g] is well defined; i.e., ∀ h1, h2 ∈
[g], v1, w1 ∈ Th1SU(2), v2, w2 ∈ Th2SU(2) such that Π∗|h1

(v1) = Π∗|h2
(v2) and

Π∗|h1
(w1) = Π∗|h2

(w2), we have 〈v1, w1〉h1 = 〈v2, w2〉h2 .

Lemma 10. Let h1, h2 ∈ [g] with h2 =
(

ω 0
0 ωq

)
h1. The map

φ :

p → p⎛
⎝ n1

m1

0

⎞
⎠ �→

⎛
⎝ Re

(
ωq−1

)
−Im

(
ωq−1

)
0

Im
(
ωq−1

)
Re

(
ωq−1

)
0

0 0 0

⎞
⎠
⎛
⎝ n1

m1

0

⎞
⎠
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Fig. 10. The role of the maps Π and Π∗.

is bijective. Moreover, it is an isometry with respect to the positive definite scalar
product 〈 , 〉 and satisfies, ∀ η ∈ p,

d

dt |t=0

[
h1e

tη
]

=
d

dt |t=0

[
h2e

tφ(η)
]
.

Proof. Let h =
(

a
b

)
∈ SU(2) and η = (n,m, 0) ∈ p. We have

hetη =

(
a cos

(√
n2 + m2 t

2

)
− b sin

(√
n2 + m2 t

2

)
n−im√
n2+m2

b cos
(√

n2 + m2 t
2

)
+ a sin

(√
n2 + m2 t

2

)
n+im√
n2+m2

)
.(15)

Take h1, h2 ∈ [g] with h2 =
(

ω 0
0 ωq

)
h1 and η1, η2 ∈ p with coordinates η1 =

(n1,m1, 0) and η2 = (n2,m2, 0). Consider the trajectories

[
h1e

tη1
]

=

⎡
⎢⎣
⎛
⎜⎝ a cos

(√
n2

1 + m2
1
t
2

)
− b sin

(√
n2

1 + m2
1
t
2

)
n1−im1√
n2

1+m2
1

b cos
(√

n2
1 + m2

1
t
2

)
+ a sin

(√
n2

1 + m2
1
t
2

)
n1+im1√
n2

1+m2
1

⎞
⎟⎠
⎤
⎥⎦

and

[h2e
tη2 ] =

⎡
⎢⎣
⎛
⎜⎝ ωa cos

(√
n2

2 + m2
2
t
2

)
− ωqb sin

(√
n2

2 + m2
2
t
2

)
n2−im2√
n2

2+m2
2

ωqb cos
(√

n2
2 + m2

2
t
2

)
+ ωa sin

(√
n2

2 + m2
2
t
2

)
n2+im2√
n2

2+m2
2

⎞
⎟⎠
⎤
⎥⎦

=

⎡
⎢⎣
⎛
⎜⎝ a cos

(√
n2

2 + m2
2
t
2

)
− ωq−1b sin

(√
n2

2 + m2
2
t
2

)
n2−im2√
n2

2+m2
2

b cos
(√

n2
2 + m2

2
t
2

)
+ ω1−qa sin

(√
n2

2 + m2
2
t
2

)
n2+im2√
n2

2+m2
2

⎞
⎟⎠
⎤
⎥⎦ .

Thus d
dt |t=0

[h1e
tη1 ] = d

dt |t=0
[h2e

tη2 ] in the case

⎧⎪⎨
⎪⎩
n2

1 + m2
1 = n2

2 + m2
2,

n1 − im1 = ωq−1(n2 − im2),

n1 + im1 = ω1−q(n2 + im2),

that is equivalent to ωq−1(n1 + im1) = n2 + im2. This equation is verified for η2 =
φ(η1).
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Since Π is a local diffeomorphism, ∀ g ∈ SU(2) ∃ B(g) such that the map Π∗|B(g)
:

TB(g)SU(2) → TB([g])L(p, q) is a diffeomorphism, and thus Δ̃ is smooth and Lie
bracket generating, and 〈v∗, w∗〉[g] is smooth as a function of [g].

Proposition 9 implies that the sub-Riemannian structures on SU(2) and L(p, q)
defined above are locally isometric via the map Π. As a consequence, the geodesics
of (L(p, q), Δ̃, g̃) are the projection of geodesics of (SU(2),Δ,g). The conjugate locus
for L(p, q) can be obtained from that of SU(2) by the projection Π.

Remark 16. One can check that the sub-Riemannian structure induced by SU(2)
on L(2, 1) � SO(3) is equivalent to the k ⊕ p sub-Riemannian structure on SO(3)
defined in section 3.2.

5. Cut loci and distances. In this section we prove the main theorems of the
paper; i.e., we compute cut loci for SU(2), SO(3), lens spaces, and SL(2), and we
prove the formula (3) for the sub-Riemannian distance on SU(2).

Recall that our problems satisfy the following assumptions:
(i) Each point of M is reached by an optimal geodesic starting from Id; see

section 2.3;
(ii) we are in the three-dimensional contact case, and thus there are no abnormal

minimizers. Hence Remark 4 applies.
Proposition 11. Let T (θ, c) be the cut time for Exp(θ, c, ·) (possibly +∞ if

Exp(θ, c, ·) is optimal on [0,+∞)). Define

D =
{
(θ, c, t) ∈ ΛId × R

+ | 0 < t < T (θ, c)
}

and M ′ = M\ (KId ∪ Id). The function Exp|D : D → M ′ is a diffeomorphism from D
to M ′.

Proof. Let us first check that Exp(D) ⊂ M ′. By contradiction, let Exp(θ, c, t) ∈
M\M ′; thus t = 0 or t = T (θ, c) or Exp(θ, c, ·) is not optimal in [0, t], i.e., t > T (θ, c).
This is a contradiction. Let us verify that Exp|D is injective; by contradiction, let
Exp(θ1, c1, t1) = Exp(θ2, c2, t2) with (θ1, c1, t1) 	= (θ2, c2, t2). If t1 	= t2, one of the
two geodesics Exp(θ1, c1, ·),Exp(θ2, c2, ·) has already lost optimality, and thus ti ≥
T (θi, ci); hence (θi, ci, ti) 	∈ D, a contradiction. If t1 = t2, we have that Exp(θ1, c1, t1)
is a cut point, and hence t1 ≥ T (θ1, c1), a contradiction. To verify that Exp|D is
surjective, take g ∈ M ′ and observe that there is an optimal geodesic Exp(θ, c, ·)
reaching it at time t ≤ T (θ, c). But t = T (θ, c) implies g ∈ KId; thus t < T (θ, c).

The smoothness of Exp|D and of its inverse follows from the facts that Exp is
a local diffeomorphism outside the critical points (i.e., points where the differential
of Exp is not of full rank) and that the critical points do not belong to D. Indeed,
by contradiction, let (θ, c, t) ∈ D be a critical point, and hence t is a conjugate time
as follows: it is either the first conjugate time that coincides with the cut time (i.e.,
t = T (θ, c)) or a greater conjugate time (i.e., t > T (θ, c)). In both cases (θ, c, t) 	∈ D,
a contradiction.

5.1. The cut locus for SU(2).
Theorem 12. The cut locus for the k ⊕ p problem on SU(2) is

KId = ek \ Id =
{
eck | c ∈ (0, 4π)

}
.

Proof. Let

g ∈ ek \ Id =

{(
α
0

)
| α ∈ C, |α| = 1, α 	= 1

}
,
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and let Exp(θ, c, ·) be the minimizing geodesic steering Id to g in time T . As a conse-
quence of the cylindrical symmetry, we have that Exp(ψ, c, T ) = g ∀ ψ ∈ R/2π; thus(
ek\Id

)
⊂ KId.

The core of the proof is to show that there are no cut points outside ek. Recall
the expression of geodesics given in section 3.1.1. By contradiction, assume that g ∈
SU(2)\ek is reached by two different optimal trajectories Exp(θ, c, ·) and Exp(ψ, d, ·)
at time T . Observe that Exp(θ, c, 2π√

1+c2
) and Exp(ψ, d, 2π√

1+c2
) ∈ ek ⊂ KId; thus

0 < T < min

{
2π√

1 + c2
,

2π√
1 + d2

}
.(16)

Observe that Exp(θ, c, T ) = Exp(ψ, d, T ) implies that |β| is equal in the two cases,
i.e.,

sin(
√

1+c2T
2 )√

1 + c2
=

sin(
√

1+d2T
2 )√

1 + c2
.(17)

From this equation it follows that |c| = |d|. Indeed (17) is equivalent to

sin(
√

1+c2T
2 )

√
1+c2T

2

=
sin(

√
1+d2T

2 )
√

1+d2T
2

.

From the facts that
√

1+c2T
2 ,

√
1+d2T

2 ∈ (0, π) and that the function sin p
p is injective

for p ∈ (0, π), it follows that
√

1+c2T
2 =

√
1+d2T

2 , and hence |c| = |d|.
Thus we consider the following two cases:

(i) c = d ∈ R: the cylindrical symmetry implies that either θ = ψ (so the two

geodesics coincide) or g ∈ ek. This is a contradiction.
(ii) c = −d ∈ R\ {0}: with no loss of generality we assume c > 0. Since by the

central and cylindrical symmetries, we have

Exp(ψ,−c, t) =

(
α

ei(ψ+θ−arg(β))β

)
, where Exp(θ, c, t) =

(
α
β

)
,

Exp(θ, c, t) = Exp(ψ,−c, t) implies Im (α) = 0. Hence

c cos

(
ct

2

)
sin

(√
1 + c2t

2

)
=
√

1 + c2 sin

(
ct

2

)
cos

(√
1 + c2t

2

)
.(18)

The terms c, sin
(√

1+c2t
2

)
,
√

1 + c2, sin
(
ct
2

)
are nonzero because of (16) and c <√

1 + c2. Thus cos
(
ct
2

)
= 0 if and only if cos

(√
1+c2t
2

)
= 0, which is impossible

because 0 < ct
2 <

√
1+c2t
2 < π. Hence we rewrite (18) as

tan
(√

1+c2t
2

)
√

1+c2t
2

=
tan

(
ct
2

)
ct
2

and state that (0, tan(0)) ,
(
ct
2 , tan

(
ct
2

))
,
(√

1+c2t
2 , tan

(√
1+c2t
2

))
are three distinct

points aligned on the graph of the function tan in [0, π), which is impossible. This is
a contradiction.

The cut locus for the k⊕p sub-Riemannian manifold SU(2) is given in Figure 11.
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Fig. 11. The cut locus for the k ⊕ p sub-Riemannian manifold SU(2).

5.1.1. The sub-Riemannian distance in SU(2). In this section we compute
the sub-Riemannian distance on SU(2), i.e., we prove Theorem 2.

Let

g =

(
α
0

)
=

(
ei arg(α)

0

)
∈ ek.

g is reached by a geodesic Exp(θ, c, ·) at time 2π√
1+c2

for some c ∈ R. Observe that

Exp

(
θ, c,

2π√
1 + c2

)
= Exp

(
θ,±

√
4π2

t2
− 1, t

)
(19)

=

⎛
⎝ − cos

(√
π2 − t2

4

)
∓ i sin

(√
π2 − t2

4

)
0

⎞
⎠ =

⎛
⎝ e

i

(
π±

√
π2− t2

4

)

0

⎞
⎠.

Thus the distance d(g, Id) is the smallest t > 0 such that ei
(
π±

√
π2− t2

4

)
= ei arg(α),

whose solution is t = 2
√

arg (α) (2π − arg (α)), where arg (α) is chosen in [0, 2π].

Let g =
( α

β

)
∈ SU(2)\ek. Applying Proposition 11, we have that Exp−1

|D (g) is

well defined on D =
{

(θ, c, t) ∈ ΛId × R
+ | 0 < t < 2π√

1+c2

}
. Thus the sub-Rieman-

nian distance of g from the origin is d(g, Id) = t, where t is the third component of
Exp−1

|D (g), i.e., the unique solution t of Exp(θ, c, t) = g with (θ, c, t) ∈ D. Using the

explicit form of Exp given in (3.1.1), one checks that the system{
Exp(θ, c, t) = g,

(θ, c, t) ∈ D

is equivalent to ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

− ct
2 + arctan

(
c√

1+c2
tan

(√
1+c2t
2

))
= arg(α),

sin

(√
1+c2t
2

)
√

1+c2
=
√

1 − |α|2,
cos( ct2 + θ) + i sin( ct2 + θ) = arg(β).
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The third equation has no role in the computation of distance as a consequence of the
cylindrical symmetry.

Remark 17. The distance is a bounded function; this is due to its continuity and
the compactness of SU(2). The farthest point starting from Id is −Id, whose distance
is 2π.

Notice that ∀ α, β1, β2 ∈ C, |β1| = |β2|, we have

d

((
α
β1

)
, Id

)
= d

((
α
β2

)
, Id

)
= d

((
α
β1

)
, Id

)
.

This is due to the cylindrical and central symmetries.

5.2. The cut locus for SO(3) and lens spaces. In this section we compute
the cut locus for lens spaces L(p, q). As a particular case, we get the cut locus for
SO(3) � L(2, 1).

Theorem 13. The cut locus for the sub-Riemannian problem on L(p, q) defined
in section 9 is a stratification

K[Id] = Ksym
[Id] ∪Kloc

[Id]

with

Ksym
[Id] = [∂Ep] =

⎧⎨
⎩
[(

α
β

)]
| a, b ∈ C,Re (α) ≥ 0,

Im (α)
2

sin
(
π
p

)2 + |β|2 = 1

⎫⎬
⎭ ,

Kloc
[Id] =

[
ek
]
\ [Id] =

{[(
α
0

)]
| α ∈ C, |α| = 1, αp 	= 1

}
.

Proof. Let us first prove the following lemma.

Lemma 14. A geodesic γ(·) in L(p, q) steering [Id] to [g] in minimum time T
admits a unique lift γ0(·) in SU(2) starting from Id.

Moreover, γ0(t) = Exp(θ0, c0, t) ∀ t ∈ [0, T ] for some θ0 ∈ R/2π, c ∈ R.

Proof. Take γ(·) as in the hypotheses. Since L(p, q) and SU(2) are locally diffeo-
morphic via Π, there is a unique lift γ0(·) in SU(2) starting from Id; i.e., γ0(0) = Id
and [γ0(t)] = γ(t) ∀ t ∈ [0, T ].

Let us prove that γ0(·) is an optimal trajectory reaching γ0(T ). By contradiction,
there exists a trajectory γ1(·) such that γ1(t1) = γ0(T ) with t1 < T . Hence, its
projection [γ1(·)] satisfies [γ1(t1)] = [g] with t1 < T , a contradiction.

Since γ0(·) is an optimal trajectory, it is a geodesic of SU(2), and there exist
θ ∈ R/2π, c ∈ R such that γ0(t) = Exp(θ0, c0, t) ∀ t ∈ [0, T ].

Let us prove that Kloc
[Id] ⊂ K[Id]. Consider [g] ∈ Kloc

[Id], a geodesic steering [Id]

to [g] in minimum time T with unique lift Exp(θ0, c0, ·). By the definition of Kloc
[Id],

we have Exp(θ0, c0, T ) ∈ ek\Id ⊂ SU(2); i.e., Exp(θ0, c0, T ) lies in the cut locus for
the sub-Riemannian problem on SU(2). Thus there exists another optimal geodesic
Exp(θ1, c1, ·) defined in [0, T ] such that Exp(θ1, c1, T ) = Exp(θ0, c0, T ) ∈ [g]. Thus
the geodesic [Exp(θ1, c1, ·)] reaches [g] in minimum time. The geodesics in SU(2) are
distinct in a neighborhood of Id, so their projections in a neighborhood of [Id] are
distinct as well.
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Let us now prove that Ksym
[Id] ⊂ K[Id]. Consider [g] ∈ Ksym

[Id] , a geodesic steering [Id]

to [g] in minimum time T with unique lift Exp(θ0, c0, ·); call Exp(θ0, c0, T ) =
( α

β

)
∈

[g]. If β = 0, we have [g] ∈ Kloc
[Id] or [g] = [Id], so assume β 	= 0. Due to the cylindrical

and central symmetries, we have

Exp(θ0 + ψ,−c0, T ) =

(
α

e2i(θ0−arg(β))+iψβ

)
.

Consider ψ+ ∈ R/2π being a solution of e2i(θ0−arg(β))+iψ+

= e2πi q
p and ψ− ∈ R/2π

being a solution of e2i(θ0−arg(β))+iψ−
= e−2πi q

p . If Exp(θ0, c0, T ) ∈ ∂E+
p , we have

[Exp(θ0 + ψ+,−c0, T )] = [Exp(θ0, c0, T )] = [g]; if Exp(θ0, c0, T ) ∈ ∂E−p , we have
similarly [Exp(θ0 + ψ−,−c0, T )] = [Exp(θ0, c0, T )] = [g]. If c0 	= 0, we have found two
distinct trajectories reaching [g] in optimal time; if c0 = 0, we have Exp(θ0, c0, T ) ∈
∂E+

p ∩ ∂E−p , and thus at least one of ψ+ and ψ− is not null, so at least one of
Exp(θ0+ψ+, 0, ·) and Exp(θ0+ψ−, 0, ·) is distinct from Exp(θ0, 0, ·) in a neighborhood
of Id, as are their projections in a neighborhood of [Id].

Finally, consider [g] ∈ L(p, q)\
(
Kloc

[Id] ∪Ksym
[Id] ∪ [Id]

)
and assume by contradiction

that there exist two distinct geodesics steering [Id] to [g] in minimum time T with
distinct lifts Exp(θ0, c0, ·), Exp(θ1, c1, ·). There are two possibilities as follows:

(i) Exp(θ0, c0, T ) = Exp(θ1, c1, T ). In this case, Exp(θ0, c0, T ) lies in the cut lo-
cus for the sub-Riemannian problem on SU(2), and hence [g] ∈ Kloc

[Id], a contradiction.

(ii) Exp(θ0, c0, T ) 	= Exp(θ1, c1, T ). Since by hypothesis [g] 	∈ Ksym
[Id] , we have

Exp(θ0, c0, T ),Exp(θ1, c1, T ) 	∈ ∂Ep. Recall that, if [Exp(θ0, c0, T )] = [Exp(θ0, c0, T )]
and Exp(θ0, c0, T ),Exp(θ1, c1, T ) ∈ Ep, then Exp(θ0, c0, T ) = Exp(θ1, c1, T ), due to
Remark 13. Thus we have that Exp(θi, ci, T ) ∈ SU(2)\Ep for i = 0 or i = 1. We
assume without loss of generality that Exp(θ0, c0, T ) ∈ SU(2)\Ep; thus the geodesic
Exp(θ0, c0, t) with t ∈ [0, T ] steers Id ∈ Ep to Exp(θ0, c0, T ) ∈ SU(2)\Ep, and hence
∃ t̃ ∈ (0, T ) such that Exp(θ0, c0, t̃) ∈ ∂Ep. Then we have that γ0(t̃) = [Exp(θ0, c0, t̃)] ∈
Ksym

[Id] , and thus γ0(t) is no more optimal for t ∈ [0, T ], a contradiction.

Remark 18. Notice that Kloc
[Id] is a manifold (a circle without a point), while Ksym

[Id]

is not in general. Indeed, it is an orbifold. It can be seen as S2 ⊂ R
3 with the following

identification: (x+
1 , x

+
2 , x

+
3 ) ∈ S2 ∩ {x3 ≥ 0} and (x−1 , x

−
2 , x

−
3 ) ∈ S2 ∩ {x3 ≤ 0} are

identified when x+
3 = −x−3 and(

x+
1

x+
2

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x−1
x−2

)

with θ = 2πq
p . In the case SO(3) � L(2, 1), we have that Ksym

[Id] = RP
2 (see Figure 12

(left)), while in the other cases it is not locally Euclidean; in fact, take a neighborhood
of a point P on the equator and observe that it is topologically equivalent to a set of
p half-planes with a common line as the boundary.

Next we give an idea of the topology of the cut locus for L(4, 1). Consider
the space T1 made by the two intersecting strips

{
(a, b, 0) ∈ R

3 | a, b ∈ [−1, 1]
}

and{
(a, 0, b) ∈ R

3 | a, b ∈ [−1, 1]
}

with the following identification: (−1, b, 0) ∼ (1, 0, b)
and (−1, 0, b) ∼ (1,−b, 0). The boundary of this set is topologically a circle S1. Con-
sider now a two-dimensional semisphere T2. The cut locus Ksym

[Id] is topologically equiv-

alent to the space given by gluing T1 and T2 along their boundaries S1. The cut locus
K[Id] is given by gluing Ksym

[Id] with a circle S1 along a point on T2 and then removing
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Fig. 12. Left: The cut locus for the sub-Riemannian problem on SO(3). Right: The cut locus
for the sub-Riemannian problem on L(4, 1).

a point on S1 (the starting point). See a picture of it in Figure 12 (right).

5.3. The cut locus for SL(2).

Theorem 15. The cut locus for the k ⊕ p problem on SL(2) is a stratification

KId = Ksym
Id ∪Kloc

Id

with

Ksym
Id = e2πkep =

{
g ∈ SL(2) | g = gT ,Trg < 0

}
,

Kloc
Id = ek \ Id =

{(
cos(α) − sin(α)
sin(α) cos(α)

)
| α ∈ R/2π, α 	= 0

}
.

Proof. Let us first prove that Kloc
Id ⊂ KId. Let g ∈ ek \ Id; it is reached optimally

by a geodesic Exp(θ, c, ·) at time T . Due to the cylindrical symmetry, we have g =
Exp(ψ, c, T ) ∀ ψ ∈ R/2π; thus g ∈ KId.

Let us now prove that Ksym
Id ⊂ KId. Let g = e2πkex0p1+y0p2 ∈ e2πkep; it is reached

optimally by a geodesic Exp(θ, c, ·) at time T . If x2
0+y2

0 = 0, we have g = e2πk ∈ Kloc
Id ;

thus it is a cut point. If x2
0 + y2

0 	= 0, due to the cylindrical and central symmetry, we
have Exp(θ + ψ,−c, T ) = e−2πkexp1+yp2 with

(
x
y

)
=

(
cos(2θ + ψ) sin(2θ + ψ)
sin(2θ + ψ) − cos(2θ + ψ)

)(
x0

y0

)
.
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Choose ψ in such a way that θ+ ψ
2 is the angle on the plane of the line passing through

(0, 0) and (x0, y0). In this way we have
( x

y

)
=
( x0

y0

)
. Observing that e−2πk = e2πk,

we finally have that g = Exp(θ, c, T ) = Exp(θ+ψ,−c, T ). Observe that c 	= 0 because
Exp(θ, 0, ·) ∈ ep; thus the two geodesics Exp(θ, c, ·), Exp(θ + ψ,−c, ·) are distinct.

We now prove that there is no cut point outside Ksym
Id ∪Kloc

Id . By contradiction,
let g ∈ SL(2) \

(
Ksym

Id ∪Kloc
Id ∪ Id

)
be reached by two optimal trajectories Exp(θ, c, ·)

and Exp(ψ, d, ·) at time T . Writing

Exp(θ, c, t) =

(
g11(θ, c, t) g12(θ, c, t)
g21(θ, c, t) g22(θ, c, t)

)
,

we have

r(c, t) :=
√

(g11 − g22)2 + (g12 + g21)2

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Sinh(
√

1−c2 t
2 )√

1−c2

2

, c ∈ (−1, 1) ,

t, c ∈ {−1, 1} ,
sin(
√
c2−1 t

2 )√
c2−1
2

, c ∈ (−∞,−1) ∪ (1,+∞).

(20)

The identity Exp(θ, c, T ) = Exp(ψ, d, T ) implies r(c, T ) = r(d, T ), which implies
c2 = d2. Indeed, observe that in the three cases described in (20) we have, respectively,
r(c, t) > t, r(c, t) = t, r(c, t) < t; thus c, d ∈ (−1, 1) or c, d ∈ {−1, 1} or c, d ∈
(−∞,−1) ∪ (1,+∞). In each of the three cases, the identity r(c, T ) = r(d, T ) implies
c2 = d2. Indeed we have the following three cases.

Case c, d ∈ (−1, 1). In this case the conclusion follows from the fact that Sinh(p)
p is

injective for p ∈ (0,+∞).
Case c, d ∈ {−1, 1}. This case is straightforward.

Case c, d ∈ (−∞,−1) ∪ (1,+∞). Let us prove first that
√
c2−1T

2 ∈ (0, π). By contra-

diction, assume
√
c2−1T

2 ≥ π. There exists t ∈ (0, T ] such that
√
c2−1t
2 = 0;

hence r(c, t) = 0, from which it follows that Exp(θ, c, t) ∈ ek.
Hence either t < T (and Exp(θ, c, ·) is not optimal on [0, T ], a contradiction) or

t = T (and g ∈ Kloc
Id ∪ Id, a contradiction). Similarly we prove that

√
d2−1T

2 ∈
(0, π).
Now observe that r(c, T ) = r(d, T ) implies

sin
(√

c2 − 1T
2

)
√
c2−1T

2

=
sin

(√
d2 − 1T

2

)
√
d2−1T

2

.

Recalling that sin p
p is injective for p ∈ (0, π), we have

√
c2−1T

2 =
√
d2−1T

2 ;

hence c2 = d2.

We have the following two cases:

(i) c = d ∈ R. The identity g11(θ, c, T ) = g11(ψ, c, T ) implies either θ = ψ (i.e.,
the geodesics coincide) or c ∈ (−∞,−1)∪ (1,+∞), and thus sin

(√
c2 − 1T

2

)
= 0, i.e.,

exp(θ, c, T ) ∈ ek; hence either g = Id or g ∈ Kloc
Id , a contradiction.

(ii) c = −d ∈ R\ {0}. Writing g = ezkex0p1+y0p2 , we have Exp(ψ,−c, T ) =
e−zkexp1+yp2 . The identity Exp(θ, c, T ) = Exp(ψ,−c, T ) and the uniqueness of the
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Fig. 13. The cut locus for the k ⊕ p sub-Riemannian manifold SL(2).

decomposition from section 3.3.2 imply ezk = ±Id. Thus g is symmetric, i.e.,
g12(θ, c, T ) = g21(θ, c, T ).

If c ∈ (−1, 1) this equation implies

tan
(
cT2

)
cT2

=
Tanh

(√
1 − c2 T

2

)
√

1 − c2 T
2

.

Choosing c > 0, observe that the first positive solution T1 of the equation

tan
(
cT1

2

)
cT1

2

=
Tanh

(√
1 − c2 T1

2

)
√

1 − c2 T1

2

satisfies T1 ∈
(
π, 3π

2

)
. The other cases, c ∈ {−1, 1} and c ∈ (−∞,−1) ∪ (1,+∞), are

treated similarly and lead to T1 ∈
(
π, 3π

2

)
.

Thus cos
(
cT1

2

)
< 0, and hence Tr (g) < 0. But Exp(θ, c, T1) symmetric and

Tr (g) < 0 implies Exp(θ, c, T1) ∈ Ksym
Id ; i.e., T1 is a cut time. Thus either T = T1

(meaning that Exp(θ, c, t) ∈ Ksym
Id ) or T > T1 and Exp(θ, c, ·) is not optimal in [0, T ],

a contradiction.
We give a picture of the cut locus for the k⊕ p sub-Riemannian manifold SL(2)

in Figure 13.
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ACCESSIBILITY AND CONTROLLABILITY IN THE PRESENCE OF
FAST OSCILLATIONS∗

G. GRAMMEL†

Abstract. The accessibility properties of time-variant nonlinear control systems with fast time
variables are investigated. It turns out that local accessibility can be carried from a time-invariant
averaged system to the original system, provided the time variable is sufficiently fast, or equivalently,
the singular perturbation parameter is sufficiently small. It is shown that the reachable sets of the
averaged and the original systems contain common open sets. To this end, the singular perturbation
parameter is considered as a homotopy parameter, and mapping degree methods are used. An
application to controllability properties of time-variant nonlinear control systems with fast time
variables is presented as well.
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1. Introduction. We consider the singularly perturbed control system (SPCS)

ż(t) = f

(
z(t),

t

ε
, u(t)

)
,(1)

where the parameter ε > 0 is small and hence reflects that the state z(t) moves slowly
in comparison with the scaled time variable t

ε . Obviously this system is time-variant
and hence difficult to investigate with respect to any structural properties. As for
exponential stability properties, it is common practice to construct an averaged system
and to carry over information about the averaged system to the perturbed system, at
least for small perturbation parameters. This method works perfectly for differential
equations with slow and fast time variables whenever an averaged system can be
constructed; see [11] and the references therein. It seems that much less attention
has been paid to similar considerations with respect to controllability properties. In
the present work we make use of local accessibility properties of the averaged control
system (ACS) and show that these are transferred to the SPCS, at least for sufficiently
small perturbation parameters ε > 0. To this end it is shown that the reachable sets
of the ACS and the SPCS have certain open sets in common for sufficiently small
perturbation parameters. This is a well-known fact for regular perturbations; see [2],
where a corresponding proof relies on an application of the implicit function theorem
to a certain mapping obtained via geometric control theory. In the present work
the method of proof is entirely different. Whereas we still make use of elementary
geometric control theory, as presented in [10, 15], the transfer from the ACS to the
SPCS relies on mapping degree arguments along with a particular approximation of a
given trajectory to the ACS. For this purpose, the singular perturbation parameter is
used to obtain a suitable homotopy. The result obtained on robust local accessibility
is applied to show a transfer of controllability properties from the ACS to the SPCS.
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1880 G. GRAMMEL

The relation between averaging techniques and Lie brackets of vector fields has
been the focus of a number of articles; see, e.g., [7, 8, 9] and the references therein.
However, the main goal in these works is the construction of a meaningful limiting
system, and the complications arise by an unbounded right-hand side of the differential
equations involved. In the present paper we deal with a simpler situation. Since
the fast oscillations are locally uniformly bounded, the construction of an ACS is
straightforward and follows the pioneering work of Plotnikov [12], who, however, used
a differential inclusion setting. The approximation results on nonlinear systems with
two time scales, as presented in [1, 4, 13, 16], could be used just as well, if tailored
in an appropriate way. It turns out that the Lie brackets for the ACS are averages of
the corresponding Lie brackets for the SPCS.

The paper is organized as follows. The construction of the ACS is performed
in section 2. The setting is fixed there as well. Section 3 contains the core of our
presentation. Here it is shown that one can deduce local accessibility from the ACS
to the SPCS. An application to a transfer of controllability properties is discussed in
section 4.

2. Preliminaries. The setting is as follows.
Assumption 2.1 (regularity). The state space of the singularly perturbed control

system is the Euclidean space Rn. The control range is a compact metric space Ω.
The controls are measurable functions u : R → Ω, and the set of those controls is
denoted by U . For fixed ω ∈ Ω and s ∈ R, the vector field Rn � z �→ f(z, s, ω) ∈ Rn

is of class C∞. The mapping Rn ×R× Ω � (z, s, ω) �→ f(z, s, ω) ∈ Rn is continuous
and uniformly Lipschitz continuous in the first argument; i.e., there is a constant
L ≥ 0 such that one has

‖f(z1, s, ω) − f(z2, s, ω)‖ ≤ L‖z1 − z2‖

for all z1, z2 ∈ Rn, s ∈ R, and ω ∈ Ω.
Assumption 2.2 (periodicity). There is a time S > 0, the period, such that we

have

f(z, s, ω) = f(z, s + S, ω)

for all (z, s, ω) ∈ Rn × R × Ω.
For ε > 0, z0 ∈ Rn, t0 ∈ R, and u ∈ U , let R � t �→ zε(t, z

0, t0, u) ∈ Rn be the
unique trajectory to the SPCS (1) with initial condition z(t0) = z0. For t ≥ t0, the
reachable set of the SPCS (1) is defined by

Rε(t, z
0, t0) :=

⋃
u∈U

{zε(t, z0, t0, u)}.

Note that the reachable sets Rε(t, z
0, t0) ⊂ Rn are bounded.

In what follows, we make use of the periodicity in order to construct an ACS
reflecting the situation when the singular perturbation parameter tends to zero. An
S-periodic control u ∈ U generates an averaged vector field ωu

0 on Rn by

ωu
0 (z) :=

1

S

∫ S

0

f(z, s, u(s))ds.

Let Ω0 ⊂ C∞(Rn;Rn) be the collection of all averaged vector fields. In order to
produce a control system with the averaged vector fields, we define a mapping f0 :
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Rn × Ω0 → Rn by

f0(z, ω0) := ω0(z).

Then, the ACS on Rn is given by

ż(t) = f0(z(t), u0(t)),(2)

where u0 : R → Ω0 is measurable. Let U0 be the set of measurable controls u0 : R →
Ω0.

For z0 ∈ Rn, t0 ∈ R, t ∈ R, and u0 ∈ U0, let R � t �→ z0(t, z
0, t0, u0) ∈ Rn be

the unique trajectory to the ACS (2) with initial condition z(t0) = z0. For t ≥ t0,
z0 ∈ Rn, the reachable set of the ACS (2) is defined by

R0(t, z
0, t0) :=

⋃
u0∈U0

{z0(t, z
0, t0, u0)}.

The relation between the SPCS (1) and the ACS (2), in terms of reachable sets, is as
follows.

Lemma 2.3. Let Assumptions 2.1 and 2.2 be satisfied. For any initial state
z0 ∈ Rn and any time horizon T > 0, there is a constant K = K(z0, T ) ≥ 0 such
that for all t0 ∈ R, t ∈ [t0, t0 + T ], and all ε > 0, the estimation

dH(R0(t, z
0, t0),Rε(t, z

0, t0)) ≤ K ε

holds true, where dH(·, ·) denotes the Hausdorff semimetric for bounded sets in Rn.
Proof. The proof follows from [5, Lemma 2.2 and its proof]. The result also can

be deduced from [6, Theorem 2.3 and its proof].
Note that in case of ordinary differential equations, i.e., Ω = {ω} consists of one

point only, the ACS (2) is reduced to

ż(t) = f0(z(t)),

where the averaged vector field f0 : Rn → Rn is given by

f0(z) :=
1

S

∫ S

0

f(z, s, ω)ds.

In this case a proof of Lemma 2.3 can be found in [14].

3. Accessibility via the averaged system. In what follows we make use of
local accessibility properties of the ACS.

Assumption 3.1 (accessibility). The ACS (2) is locally accessible on Rn; i.e., for
any z0 ∈ Rn and any T > 0 the reachable set R0([0, T ], z0, 0) has interior points in
Rn.

Note that for any initial value z0 ∈ Rn and for any open neighborhood V ⊂ Rn

about z0 ∈ Rn, there is a time TV > 0 with

R0([0, TV ], z
0, 0) ⊂ V.

This property easily can be deduced from Assumptions 2.1 and 2.2 using Gronwall’s
lemma. Hence, the interior points of the reachable set R0([0, T ], z0, 0) are produced
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locally about z0 ∈ Rn, and standard results on the relationship between local acces-
sibility and Lie algebras generated by vector fields, such as Theorem 11 in [15], can
be used.

The SPCS (1) is uniformly locally accessible on Rn in the following sense.
Theorem 3.2. Let Assumptions 2.1, 2.2, and 3.1 be satisfied. For any initial

value z0 ∈ Rn, T > 0, there are ε0 > 0, z1 ∈ Rn, r > 0 such that for any ε ∈ [0, ε0]
and any initial time t0 ∈ R, the inclusion

B(r; z1) ⊂ Rε([t
0, t0 + T ], z0, t0)

is valid.
Proof. The proof is based on the homotopy invariance of the mapping degree. To

this end we consider the perturbation parameter as a homotopy parameter.
Step 1. By the local accessibility of the ACS there is an open and dense set

X0 ⊂ Rn such that for all z0 ∈ X0 the Lie algebra generated by the vector fields
ω0 ∈ Ω0 has full rank n = dim(Rn); see, e.g., [15, Theorem 11, p. 177]. Let z0 ∈ X0

(the case z0 /∈ X0 easily can be reduced to the case z0 ∈ X0). Then (see, e.g., [15,
Lemma 4.2.8, p. 152]), there are averaged vector fields ω1

0 , . . . , ω
n
0 ∈ Ω0 and times

(t01, . . . , t
0
n) ∈

(
0, T

n

)n
such that the derivative of the mapping(

0,
T

n

)n

� (t1, . . . , tn) �→ (eω
n
0 tn ◦ · · · ◦ eω1

0t1)(z0) ∈ Rn

has full rank n = dim(Rn) at (t01, . . . , t
0
n) ∈

(
0, T

n

)n
. Here, the mapping R × Rn �

(t, z0) �→ etωz0 ∈ Rn denotes the flow generated by the vector field ω on Rn. Let
O ⊂

(
0, T

n

)n
be an open ball about (t01, . . . , t

0
n) ∈

(
0, T

n

)n
such that the mapping

H0 : O → Rn, (t1, . . . , tn) �→ (eω
n
0 tn ◦ · · · ◦ eω1

0t1)(z0)

is regular and injective. We set

z1 := H0(t
0
1, . . . , t

0
n).

Then we have

deg(H0,O, z1) �= 0,

where deg denotes the mapping degree of Brouwer. For an introduction to elementary
properties of Brouwer’s mapping degree, consult, for instance, [3]. It is convenient
to describe the mapping H0 via a certain control function for the ACS (2). For
(t1, . . . , tn) ∈ O we define

u
(t1,...,tn)
0 (t) :=

⎧⎪⎨
⎪⎩

ω1
0 for t ∈ (−∞, t1),

ωi
0 for t ∈ [t1 + · · · + ti−1, t1 + · · · + ti), 2 ≤ i ≤ n− 1,

ωn
0 for t ∈ [t1 + · · · + tn−1,∞).

Then we have

H0(t1, . . . , tn) = z0(t1 + · · · + tn, z
0, 0, u

(t1,...,tn)
0 ).

Step 2. For ε > 0, t0 ∈ R, we define a control u
(t1,...,tn)
ε ∈ U for the SPCS (1) in

the following way. We set

u(t1,...,tn)
ε (t) :=

⎧⎪⎨
⎪⎩

u1(
t
ε ) for t ∈ (−∞, t0 + t1),

ui(
t
ε ) for t ∈ [t0 + t1 + · · · + ti−1, t

0 + t1 + · · · + ti), 2 ≤ i ≤ n− 1,

un( t
ε ) for t ∈ [t0 + t1 + · · · + tn−1,∞),
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where, for i = 1, . . . , n, ui ∈ U is an S-periodic control function generating ωi
0. We

define a mapping

Hε : O → Rn, (t1, . . . , tn) �→ zε(t
0 + t1 + · · · + tn, z

0, t0, u(t1,...,tn)
ε ).

The continuity of Hε is obvious.
Step 3. Next we show that the mapping

[0,∞) ×O � (ε, t1, . . . , tn) �→ Hε(t1, . . . , tn) ∈ Rn

is continuous as well. This is obviously the case at ε > 0 but has to be shown at ε = 0.
To this end we prove that there is a constant C = C(z0, T ) ≥ 0 with

max
t∈[0,T ]

‖zε(t0 + t, z0, t0, u(t1,...,tn)
ε ) − z0(t, z

0, 0, u
(t1,...,tn)
0 )‖ ≤ C ε(3)

for all t0 ∈ R, (t1, . . . , tn) ∈ O and sufficiently small ε > 0. We set sk := kεS for

k = 0, 1, . . . ,
[
T
εS

]
and use the abbreviations u0 = u

(t1,...,tn)
0 , z0(·) := z0(·, z0, 0, u0).

Then we have

z0(sk+1) = z0(sk) +

∫ sk+1

sk

f0(z0(s), u0(s))ds.

We can also write

z0(sk+1) = z0(sk) +

∫ sk+1

sk

f0(z0(sk), ω
i(k)
0 )ds + εSLEk,1 + Ek,2,

where the errors Ek,1 ∈ Rn are caused by the fact that possibly z0(sk) �= z0(s) for
some s ∈ (sk, sk+1). Note that we can estimate

‖Ek,1‖ ≤ max
sk≤s≤sk+1

‖z0(s) − z0(sk)‖ ≤ εSP,

where P = P (T, z0) ≥ 0 is an upper bound for the norm of the vector fields f (and
hence for f0 as well) along the trajectories starting in z0 ∈ Rn. The errors Ek,2 ∈ Rn

are of a different kind and appear because the discretization times sk might not be
the switching times of the control function u0. Hence, the errors Ek,2 appear for at
most n = dim(Rn) different indices k. Alternatively, we can write

z0(sk+1) = z0(sk) +

∫ sk+1

sk

f

(
z0(sk),

t0 + s

ε
, uε(t

0 + s)

)
ds + εSLEk,1 + Ek,2,

where uε = u
(t1,...,tn)
ε . As for the corresponding trajectory of the SPCS (1), we use

the abbreviations zε(·) = zε(·, z0, t0, uε) and obtain

zε(t
0 + sk+1) = zε(t

0 + sk) +

∫ sk+1

sk

f

(
zε(t

0 + s),
t0 + s

ε
, uε(t

0 + s)

)
ds.

Replacing zε(t
0 + s) by zε(t

0 + sk), we possibly produce errors which are expressed
by Ek,3 ∈ Rn in the following equality:

zε(t
0 + sk+1) = zε(t

0 + sk) +

∫ sk+1

sk

f

(
zε(t

0 + sk),
t0 + s

ε
, uε(t

0 + s)

)
ds + εSLEk,3.
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Note that we can estimate

‖Ek,3‖ ≤ max
sk≤s≤sk+1

‖zε(t0 + s) − zε(t
0 + sk)‖ ≤ εSP.

Defining Δk := ‖zε(t0 + sk) − z0(sk)‖, we obtain Δ0 = 0 along with the recursive
relation

Δk+1 ≤ Δk +

∫ sk+1

sk

LΔkds + εSLEk,1 + Ek,2 + εSLEk,3

≤ Δk(1 + εSL) + εSLEk,1 + Ek,2 + εSLEk,3,

where the number of indices k ∈ {0, 1, . . . ,
[
T
εS

]
} with ‖Ek,2‖ > 0 is not exceeding

n = dim(Rn). For those indices, we have the error estimations

‖Ek,2‖ ≤ 2εSP.

In the recursive relation above, the error Δk is amplified by the factor 1 + εSL ≥ 1
to obtain an estimation for Δk+1. Hence, an early appearance of the errors Ek,2 ≥ 0
has a large effect. In the worst case, we have

‖Ek,2‖ =

{
2εSP for k = 0, 1, . . . , n− 1,

0 for k = n, n + 1, . . . ,
[

n
εS

]
.

This yields the estimation

Δk ≤ (εSLεSP + 2εSP + εSLεSP )

k−1∑
l=0

(1 + εSL)l ≤ 2(ε2S2LP + εSP )neLT

for k = 0, 1, . . . , n− 1. For k = n− 1, n, . . . ,
[
T
εS

]
, we obtain the recursive relation

Δk+1 ≤ Δk(1 + εSL) + εSL‖Ek,1‖ + εSL‖Ek,3‖,

which yields

Δk ≤ Δn−1(1 + εS)k−n+1 + 2ε2S2PL

k−n∑
l=0

(1 + εSL)l

≤ 2(ε2S2LP + εSP )ne2LT + 2εSPLeLT ,

from which (3) immediately follows. Now we take (t1, . . . , tn), (t̂1, . . . , t̂n) ∈ O and an
ε > 0 sufficiently small. Then we can estimate

‖Hε(t1, . . . , tn) −H0(t̂1, . . . , t̂n)‖

≤ ‖Hε(t1, . . . , tn) −H0(t1, . . . , tn)‖ + ‖H0(t1, . . . , tn) −H0(t̂1, . . . , t̂n)‖

≤ Cε + ‖H0(t1, . . . , tn) −H0(t̂1, . . . , t̂n)‖,

and the claim follows from the continuity of H0.
Step 4. There is a ball B(r; z1) about z1 ∈ Rn and an ε0 > 0 such that

Hε(∂O) ∩B(r; z1) = ∅
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for all ε ∈ [0, ε0]. By the homotopy invariance property of the mapping degree, we
conclude that

deg(Hε,O, z) �= 0

for all ε ∈ [0, ε0] and all z ∈ B(r; z1), and the proof is finished.
The Lie algebraic condition on local accessibility of the ACS is specified in the

following remark.
Remark 3.3. Let ω1

0 , ω
1
0 ∈ Ω0 be two averaged vector fields on Rn; i.e., there are

u1, u2 ∈ U such that we can write

ωi
0(z) =

1

S

∫ S

0

f(z, s, ui(s))ds, i = 1, 2,

for all z ∈ Rn. A straightforward calculation shows that we can represent the Lie
brackets of the averaged vector fields in the following way:

[
ω1

0 , ω
2
0

]
(z) =

1

S2

∫ S

0

∫ S

0

[
f(·, s1, u

1(s1)), f(·, s2, u
2(s2))

]
(z)ds1ds2

for all z ∈ Rn. Similarly, higher order Lie brackets of the averaged vector fields are
obtained by averaging higher order Lie brackets of the original vector fields.

4. Controllability via the averaged system. Theorem 3.2 has immediate
applications to controllability properties of the singularly perturbed systems. Since
complete controllability is an uncommon property of nonlinear control systems, the
notion of a control set is presented in [2]. Roughly speaking a control set is a subset
of the state space in which complete controllability holds. We give a similar notion of
controllability for the time-variant singularly perturbed systems.

Definition 4.1. Let M ⊂ Rn. We say that the ACS (2) is controllable on M if

M ⊂ R0([0,∞), z0, 0)

for any initial state z0 ∈ M . For a fixed ε > 0, we say that the SPCS (1) is controllable
on M if

M ⊂ Rε([t
0,∞), z0, t0)

for any pair of initial conditions (z0, t0) ∈ M × R.
Theorem 4.2. Let Assumptions 2.1, 2.2, and 3.1 be satisfied. Let M ⊂ Rn be

compact with intM �= ∅. If the ACS (2) is controllable on M , then there is an εM > 0
such that the SPCS (1) is controllable on M for all ε ∈ (0, εM ]. In particular, there
is a time TM > 0 such that

M ⊂ Rε([t
0, t0 + TM ], z0, t0)

for any pair of initial conditions (z0, t0) ∈ M × R and ε ∈ (0, εM ].
Proof. Let z0 ∈ intM . There are ε0 > 0, z1 ∈ M , r > 0, T > 0 such that for any

ε ∈ [0, ε0], any initial time t0 ∈ R, and any initial state x0 ∈ B(r; z1), we have the
inclusion

z0 ∈ Rε([t
0, t0 + T ], x0, t0) ⊂ M.
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This follows immediately from Theorem 3.2 via time reversal. Since the ACS (2) is
controllable on M , for any z ∈ M there is an averaged control u0 ∈ U0 and a time
Tz > 0 with

z0(t
0 + Tz, z, t

0, u0) = z1.

Additionally, by Lemma 2.3 there are εz > 0 and rz > 0 such that for any ε ∈ [0, εz],
any t0 ∈ R, and any x ∈ B(rz; z), we have

Rε([t
0, t0 + Tz], x, t

0) ∩B(r; z1) �= ∅.

By compactness of M , there are a time T+
M > 0 and an ε+M > 0 such that

z0 ∈ Rε([t
0, t0 + T+

M ], z, t0)

for all ε ∈ (0, ε+M ], all t0 ∈ R, and all z ∈ M . Note that the ACS (2) is controllable on
M if we replace f by −f , i.e., after a time reversal. Hence, similar arguments show
that there are a time T−M > 0 and an ε−M > 0 such that

z ∈ Rε([t
0, t0 + T−M ], z0, t0)

for all ε ∈ (0, ε−M ] and all z ∈ M . Overall, we obtain the required result with

εM := min(ε+M , ε−M ), TM := T+
M + T−M ,

and the proof is finished.
Clearly, the compactness of M is necessary in order to obtain a uniform max-

imal controllability time TM ≥ 0 and a uniform bound εM > 0 for the singularly
perturbed systems. Compactness does not mean an enormous restriction, since for
noncompact M one still can consider compact subsets. A more serious restriction
to the applicability of Theorem 4.2 is given by the presence of interior points in M .
However, the following counterexample shows that it is indispensable for the transfer
of controllability.

Example 4.3. Consider the SPCS in R2 given by

ż1(t) = z1(t) sin

(
t

ε

)
− z2(t) + z1(t)u(t),

ż2(t) = z1(t) + z2(t) sin

(
t

ε

)
+ z2(t)u(t),

where u(t) ∈ Ω := {0, 1} for a.a. t ∈ R. The ACS can be written as

ż1(t) = −z2(t) + z1(t)w(t),

ż2(t) = z1(t) + z2(t)w(t),

where w(t) ∈ [0, 1] for a.a. t ∈ R. Clearly, the ACS is controllable on

M := S1 = {(z1, z2) ∈ R2 : z2
1 + z2

2 = 1}.

Just take the constant control w ≡ 0 in order to keep the radius r(t) =
√
z1(t)2 + z2(t)2

constant. Using polar coordinates via the transformation

z1(t) = r(t) cos(φ(t)), z2(t) = r(t) sin(φ(t)),
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the SPCS becomes

ṙ(t) = r(t)

(
sin

(
t

ε

)
+ u(t)

)
, φ̇(t) = 1.

The variation of constants yields the solution

r(t) = eε(1−cos( t
ε )) e

∫ t
0
u(s)ds

to the initial value r(0) = 1. Hence, for t > 0, we have r(t) = 1 if and only if t ∈ ε2πN
and u(s) = 0 for a.a. s ∈ [0, t]. Accordingly, for rational ε > 0, the set of points in
M = S1 that can be reached from an initial value (z0

1 , z
0
2) ∈ M is only finite. Clearly,

the SPCS is not controllable on M = S1. Notice that the ACS does not exactly
meet Assumption 3.1, since it is not accessible at the origin. However, we can add
additional controls locally about the origin in order to achieve local accessibility of
the ACS without affecting the described behavior near the unit sphere S1.
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ERGODIC CONTROL OF CONTINUOUS-TIME MARKOV CHAINS
WITH PATHWISE CONSTRAINTS∗
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Abstract. This paper deals with unichain ergodic continuous-time controlled Markov chains
(CMCs) with a denumerable state space and possibly unbounded reward rates as well as unbounded
transition rates. The problem we are concerned with is to find control policies that maximize a sample-
path average reward over the family of admissible policies for which a certain pathwise average cost
is below a given value with probability one. To study this problem, first, we give conditions for
the existence of sample-path average optimal policies. Then we analyze constrained average reward
CMCs with “expected” constraints, and, finally, we apply these results to our original control problem
with pathwise constraints. Examples on the control of a queueing system and an epidemic process
illustrate the feasibility of our approach.

Key words. continuous-time controlled Markov chains, Markov decision processes, dynamic
programming, ergodic control, constrained control problems
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1. Introduction. This paper studies unichain ergodic continuous-time denu-
merable-state controlled Markov chains (CMCs), also known as Markov decision
processes (MDPs). The corresponding transition and reward rates can both be un-
bounded. The problem we are concerned with is to maximize a long-run sample-path
(or pathwise) average reward for the given CMC, subject to constraints on a given
long-run pathwise average cost. (For expositional convenience we consider a single
constraint, but it should be evident how to extend our results to any finite number of
constraints.)

To analyze our problem we proceed in three steps. In the first one, we study
unconstrained pathwise average reward CMCs. In the second step we give conditions
for the existence of optimal policies for constrained CMCs with expected constraints;
see (4.1). In the third and final step we extend the results in the former steps to our
problem with pathwise constraints (also known in the literature as hard constraints);
see (3.1). Our approach is illustrated with examples on the control of a queueing
system and the control of an epidemic process.

As can be seen in recent papers, e.g., [3, 16, 19, 30] and their references, stochastic
control problems with constraints form a very active area of research because they
naturally arise in many important applications. However, almost all of the literature
is concentrated on problems with expected constraints. In contrast, for problems with
pathwise constraints, there is, to the best of our knowledge, just a handful of pa-
pers. For instance, Haviv [14] and Ross and Varadarajan [26, 27] study finite-state,
finite-action, discrete-time Markov decision processes, mainly in the multichain case.
The paper by Haviv is particularly interesting because it clearly shows, by means
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of examples, that pathwise constraints are in general more “natural” than expected
constraints—see also Ross and Varadarajan [26, Example 1]. We should also men-
tion Wu, Arapostathis, and Shakkottai [28] who begin with a constrained queue in
heavy traffic and end up with the ergodic control of a diffusion process with pathwise
constraints—see [28, equations (6a), (6b)].

As can be seen in the related literature, there are several standard techniques for
analyzing constrained control problems, such as convex analysis, Lagrange multipliers,
linear programming, and dynamic programming. Our approach in this paper uses,
mainly, a combination of the last three techniques.

The remainder of this paper is organized as follows. In section 2 we introduce the
control model we will be dealing with. In section 3 we state our main results on CMCs
with pathwise constraints (Theorem 3.3). The corresponding proofs are postponed to
section 4. These proofs require several preliminary results which are of valuable in-
terest by themselves. More precisely, we study the existence and characterization of
(unconstrained) pathwise average optimal policies; see Theorem 4.3. Also, we consider
problems with expected constraints which, as far as we know, have not been system-
atically studied for average reward CMCs; see Theorems 4.9 and 4.10. In section 5
we introduce the examples mentioned above, and we conclude in section 6 with some
general remarks. Finally, in section 7 we give the proofs of two interesting results: one
concerns the so-called Lyapunov conditions, and the other gives an easily verifiable
condition for uniform exponential ergodicity of CMCs.

2. Model definition and main assumptions. We will deal with the control
model

{S, (A(i), i ∈ S), qij(a), r(i, a), u(i, a)},

where
• S is the state space, which we assume to be a denumerable set. Without loss

of generality we will assume that S is the set of nonnegative integers, i.e.,
S := {0, 1, 2, . . .}. (See the second example in section 5 for a bidimensional
state space that can be suitably enumerated in the form 0, 1, 2, . . . .)

• for each i ∈ S, A(i) is the set of admissible control actions in the state i,
and it is assumed to be a Borel space, that is, a Borel subset of a complete
and separable metric space. The action space A(i) is endowed with its Borel
σ-algebra, denoted by B(A(i)). We also define the set K := {(i, a) : i ∈ S,
a ∈ A(i)}.

• for every i, j ∈ S and a ∈ A(i), qij(a) denotes the transition rate from i to j
under the action a ∈ A(i). The function a �→ qij(a) is measurable on B(A(i))
(measurability on the real numbers set R is always with respect to the usual
Borel σ-algebra) for each i, j ∈ S. By definition, the transition rates verify
qij(a) ≥ 0 for every (i, a) ∈ K and j ∈ S such that i �= j. We will also assume
that they are conservative, i.e.,∑

j∈S
qij(a) = 0 ∀ (i, a) ∈ K,(2.1)

and stable, i.e.,

q(i) := sup
a∈A(i)

{−qii(a)} < ∞ ∀ i ∈ S.(2.2)
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• the reward rate function r : K → R and the cost rate function u : K → R

are measurable on A(i) for each fixed i ∈ S. We interpret r as a reward to
be (somehow) maximized with the restriction that the cost u does not exceed
(in a suitably defined sense) a given value.

This control model is the same as in, e.g., [9, 10, 12, 25], except that these refer-
ences deal with unconstrained MDPs and so the control model does not include the
cost rate u(i, a).

Control policies. Let Φm be the family of functions ϕ ≡ {ϕt(B|i)}, where t ≥ 0,
i ∈ S, and B ∈ B(A(i)), such that

• for each t ≥ 0 and i ∈ S, B �→ ϕt(B|i) is a probability measure on (A(i),
B(A(i)));

• for each i ∈ S and B ∈ B(A(i)), the function t �→ ϕt(B|i) is measurable on
[0,∞).

We say that ϕ ∈ Φm is a (randomized) Markov policy. Given ϕ ∈ Φm, we will use the
following notation:

qij(t, ϕ) :=

∫
A(i)

qij(a)ϕt(da|i) ∀ i, j ∈ S, t ≥ 0,(2.3)

which is finite as a consequence of (2.1) and (2.2). We also define

r(t, i, ϕ) :=

∫
A(i)

r(i, a)ϕt(da|i) and u(t, i, ϕ) :=

∫
A(i)

u(i, a)ϕt(da|i)(2.4)

for i, j ∈ S and t ≥ 0. In what follows, we will impose conditions ensuring that the
integrals in (2.4) are well defined and finite.

In the family of Markov policies, we will consider two especially relevant classes
of policies: stationary policies and deterministic stationary policies.

Given a Markov policy ϕ ≡ {ϕt(B|i)}, we say that ϕ is stationary if it does not
depend on t ≥ 0, and we will write ϕ ≡ {ϕ(B|i)}. The set of stationary (randomized)
policies is denoted by Φs.

A stationary policy ϕ is deterministic if ϕ(·|i) is a Dirac probability measure for
each i ∈ S. The set of deterministic stationary policies can be identified with the class
F of functions f : S → ∪i∈SA(i) such that f(i) ∈ A(i) for every i ∈ S. Therefore, we
have

F ⊆ Φs ⊆ Φm.

When considering stationary policies ϕ ∈ Φs, the expressions in (2.3) and (2.4)
will be simply written as qij(ϕ), r(i, ϕ), and u(i, ϕ).

For each ϕ ∈ Φm there exists a nonhomogeneous Q-process with transition rates
given by qij(t, ϕ); for a proof, we refer to [29]. To ensure the regularity of the Q-process,
we must impose further conditions on the control model.

Assumptions. We next state the assumptions on our control model. Our As-
sumptions A, B, and C below are mainly taken from [10, 25].

Assumption A. There exists a nondecreasing function w ≥ 1 on S such that
(a) limi→∞ w(i) = ∞;
(b) there exist constants b ≥ c > 0 and a finite set S0 ⊂ S such that∑

j∈S
qij(a)w(j) ≤ −cw(i) + bIS0

(i) ∀ (i, a) ∈ K,

where I denotes the indicator function;
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(c) there exists a constant M > 0 such that |r(i, a)| ≤ Mw(i) and |u(i, a)| ≤
Mw(i) for every (i, a) ∈ K.

The function w in Assumption A is often referred to as a Lyapunov function or
a moment-like function. Assumptions A(a) and A(b) ensure that, for each ϕ ∈ Φm,
there exists a Markov process {xϕ(t)}, with transition function pϕ(s, i, t, j), for i, j ∈ S
and t ≥ s ≥ 0, whose transition rates are given by qij(t, ϕ). For a proof we refer to
[9, Theorem 3.1].

Given an initial state i ∈ S at time s ≥ 0 and a Markov policy ϕ ∈ Φm, we will
denote by Pϕ

s,i and Eϕ
s,i the probability measure and the corresponding expectation

operator defined by pϕ(s, i, t, j). When s = 0, Pϕ
0,i, E

ϕ
0,i, and pϕ(0, i, t, j) will be simply

written as Pϕ
i , Eϕ

i , and pϕ(i, t, j), respectively.

Definition 2.1. Given ϕ ∈ Φm, i ∈ S, and T ≥ 0, we define the total pathwise
reward and the total expected reward on [0, T ] as

J0
T (i, ϕ) :=

∫ T

0

r(t, x(t), ϕ)dt and JT (i, ϕ) := Eϕ
i

[∫ T

0

r(t, x(t), ϕ)dt

]
,(2.5)

respectively. Replacing the reward rate r with the cost rate u, we obtain the definition
of J0

u,T (i, ϕ) and Ju,T (i, ϕ).

The long-run pathwise average reward (or pathwise average reward, for short)
and the long-run expected average reward (also referred to as gain or expected average
reward) are given by

J0(i, ϕ) := lim inf
T→∞

1

T
J0
T (i, ϕ) and J(i, ϕ) := lim inf

T→∞

1

T
JT (i, ϕ),

respectively. Similarly, the pathwise average cost and the expected average cost are,
respectively, defined as

J0
u(i, ϕ) := lim sup

T→∞

1

T
J0
u,T (i, ϕ) and Ju(i, ϕ) := lim sup

T→∞

1

T
Ju,T (i, ϕ).

These definitions follow a standard convention for CMCs: since r is a reward rate,
J0(i, ϕ) and J(i, ϕ) are defined as a “lim inf”; when u is a cost rate, J0

u(i, ϕ) and
Ju(i, ϕ) are defined as a “lim sup.”

We note that in (2.5) the Markov process is denoted by x(t) rather than xϕ(t).
This is because, for instance, in the notation J0

T (i, ϕ) the initial state i and the policy ϕ
completely determine the probability measure Pϕ

i , and thus writing xϕ(t) is somewhat
redundant.

Remark 2.2. Observe that, if ϕ ∈ Φm is not randomized, then the random vari-
ables J0(i, ϕ) and J0

u(i, ϕ) denote the long-run average reward and cost of a given
sample path of {xϕ(t)}t≥0, while if ϕ ∈ Φm is randomized, then the corresponding
reward and cost are integrated with respect to ϕt(da|x(t)) (recall (2.4)). The reason
for this is that the transition rates themselves of the Markov process {xϕ(t)} are de-
fined by integration with respect to ϕt(da|x(t)); see (2.3). This is, however, the usual
definition of the long-run pathwise average reward and cost for a randomized policy;
see, e.g., [8].

The next lemma, which follows from [9, Theorem 3.1(a)], [10, Lemma 3.2(a)], and
[15, Lemma 2.1], yields an estimate on the expected growth of w(x(t)).
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Lemma 2.3. If Assumptions A(a) and A(b) hold, then

Eϕ
i w(x(t)) ≤ e−ctw(i) +

b

c
(1 − e−ct) ∀ ϕ ∈ Φm, i ∈ S, t ≥ 0.(2.6)

Proof. We give a sketch of the proof. The inequality∑
j∈S

qij(a)w(j) ≤ −cw(i) + bIS0(i) ∀ (i, a) ∈ K(2.7)

in Assumption A(b) implies the inequality∑
j∈S

qij(t, ϕ)w(j) ≤ −cw(i) + b ∀ ϕ ∈ Φm, i ∈ S, t ≥ 0.(2.8)

To see this, integrate (2.7) with respect to ϕt(da|i). Then, the interchange of sum
and integral is derived from the conservative and stability properties (2.1) and (2.2).
Now, (2.8) is similar to the condition (a2) in [10, Lemma 3.2(a)]. Therefore, the result
follows.

Furthermore, if Assumption A(c) holds, then we derive from Lemma 2.3 that, for
every ϕ ∈ Φm and i ∈ S,

|J(i, ϕ)| ≤ bM/c and |Ju(i, ϕ)| ≤ bM/c.(2.9)

Our next assumption imposes the usual continuity-compactness conditions. The
function w is taken from Assumption A.

Assumption B.
(a) For each i ∈ S, the action space A(i) is compact.
(b) For every i ∈ S, q(i) ≤ w(i).
(c) For each i, j ∈ S, the functions r(i, a), u(i, a), qij(a), and

∑
k∈S qik(a)w(k)

are continuous on A(i).
(d) There exist constants c′ > 0 and b′ ≥ 0 such that∑

j∈S
qij(a)w

2(j) ≤ c′w2(i) + b′ ∀ (i, a) ∈ K.

Observe that the continuity of the qij(a), together with Assumptions A(a) and
B(d), implies that the series

∑
k∈S qik(a)w(k) is uniformly convergent on A(i) and,

hence, continuous (cf. the last statement of Assumption B(c)).
Assumption B(b) is not strictly necessary. Indeed, it suffices that the function

i �→ w(i)q(i) is bounded by a function w′ satisfying a Lyapunov condition as the one
stated in Assumption B(d). However, in practice, q(i) and w(i) are of the same order,
and there is no loss of generality in assuming that q(i) ≤ w(i).

Assumption C(a). For each ϕ ∈ Φs, the Markov process {xϕ(t)}t≥0 is irreducible.
By Assumptions A and C(a), for each ϕ ∈ Φs the Markov process has a unique

invariant probability measure, denoted by μϕ, and

μϕ(w) :=

∫
S

wdμϕ

is finite; see [23, Theorem 4.2]. Moreover, by integration of (2.6) with respect to μϕ,
we obtain

∫
S
wdμϕ ≤ b/c for all ϕ ∈ Φs. It follows also that J(i, ϕ) and Ju(i, ϕ) in
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Definition 2.1 are constant if ϕ ∈ Φs (i.e., they do not depend on the initial state of
the system), and they verify

J(i, ϕ) = lim
T→∞

1

T
JT (i, ϕ) =

∑
j∈S

r(j, ϕ)μϕ{j} =: g(ϕ)

and

Ju(i, ϕ) = lim
T→∞

1

T
Ju,T (i, ϕ) =

∑
j∈S

u(j, ϕ)μϕ{j} =: gu(ϕ)(2.10)

for all i ∈ S.
The following strong law of large numbers holds. Its proof is a direct consequence

of the results in [2] and is therefore omitted. (Next, we will use the standard abbre-
viation “a.s.” for “almost surely.”)

Proposition 2.4. Suppose that Assumptions A and C(a) hold. For each ϕ ∈ Φs

and every initial state i ∈ S,

J0(i, ϕ) = lim
T→∞

1

T

∫ T

0

r(x(t), ϕ)dt = g(ϕ) Pϕ
i -a.s.

and

J0
u(i, ϕ) = lim

T→∞

1

T

∫ T

0

u(x(t), ϕ)dt = gu(ϕ) Pϕ
i -a.s.

3. Main results. Now we are ready to define the ergodic control problem with
pathwise constraints. Our goal is to maximize with probability one the long-run path-
wise average reward J0(i, ϕ) over the family of policies ϕ ∈ Φm that satisfy the
following constraint on the long-run pathwise average cost (which can be interpreted
as a budgetary restriction):

J0
u(i, ϕ) ≤ θ0 Pϕ

i -a.s.

for i ∈ S, where θ0 ∈ R is a given constant. In short (writing “s.t.” for “subject to”),

max J0(i, ϕ) s.t. ϕ ∈ Φm and J0
u(i, ϕ) ≤ θ0 for i ∈ S.(3.1)

It is worth noting that if the stationary policy ϕ ∈ Φs verifies gu(ϕ) ≤ θ0, then,
as a consequence of Proposition 2.4, J0

u(i, ϕ) ≤ θ0 with Pϕ
i -probability one for every

i ∈ S. Our definition of an optimal stationary policy for (3.1) is the following.
Definition 3.1. We say that a policy ϕ∗ ∈ Φs such that gu(ϕ∗) ≤ θ0 is opti-

mal for the pathwise constrained CMC (3.1), or pathwise constrained optimal, if for
each ϕ ∈ Φm and every i ∈ S such that J0

u(i, ϕ) ≤ θ0 Pϕ
i -a.s., we have J0(i, ϕ) ≤

g(ϕ∗) Pϕ
i -a.s.

If ϕ∗ ∈ Φs is a pathwise constrained optimal policy, then we define the optimal
value of the constrained CMC (3.1) as V ∗ := g(ϕ∗).

Further assumptions. Before stating our next assumption, we introduce some
notation. We define the following norm on the space of functions v : S → R:

||v||w := sup
i∈S

|v(i)|
w(i)

,
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and we denote by Bw(S) the Banach space of functions on S with finite w-norm.
Sufficient conditions for Assumption C(b) below are given in [10, 25]. More pre-

cisely, a monotonicity condition is proposed in [10], and a uniform integrability con-
dition is given in [25]. Moreover, in Theorem 7.2 in the appendix we propose a new
condition yielding Assumption C(b).

Assumption C(b). The control model is w-exponentially ergodic on F; that is,
there exist constants δ > 0 and R > 0 such that

sup
f∈F

|Ef
i v(x(t)) − μf (v)| ≤ Re−δt||v||ww(i)

for every i ∈ S, t ≥ 0, and v ∈ Bw(S), where μf (v) :=
∫
S
vdμf .

We state our last assumption.
Assumption D. There exist constants b̃ ≥ c̃ > 0 and a finite set S̃0 ⊂ S such that∑

j∈S
qij(a)w

2(j) ≤ −c̃w2(i) + b̃IS̃0
(i) ∀ (i, a) ∈ K.

Obviously, Assumption D implies Assumption B(d). Theorem 7.1 in the appendix
proves that Assumption D implies Assumption A(b). For future reference we note that,
under Assumptions A(a) and D, a result similar to Lemma 2.3 holds. Namely,

Eϕ
i w

2(x(t)) ≤ e−c̃tw2(i) +
b̃

c̃
(1 − e−c̃t) ∀ ϕ ∈ Φm, i ∈ S, t ≥ 0.(3.2)

If in addition Assumption C(a) is satisfied, then, by integration of (3.2) with respect
to μϕ, ∫

S

w2dμϕ ≤ b̃/c̃ ∀ ϕ ∈ Φs.(3.3)

Before stating our main theorem, we need to recall some results on expected av-
erage reward optimality taken from [10].

Average reward optimality. We say that a policy ϕ∗ ∈ Φm is average reward
optimal or gain optimal for the reward rate function r if

J(i, ϕ∗) = sup
ϕ∈Φm

J(i, ϕ) =: J∗(i) ∀ i ∈ S,

where the above supremum is finite as a consequence (2.9). Our next theorem char-
acterizes the optimal value function J∗ and the class of average reward optimal sta-
tionary policies; for a proof, see [10, Theorem 4.1].

Theorem 3.2. Suppose that Assumptions A, B, and C hold. Then
(i) there exists a solution (g∗, h∗) ∈ R×Bw(S) to the average reward optimality

equation (AROE)

g∗ = max
a∈A(i)

{
r(i, a) +

∑
j∈S

qij(a)h
∗(j)

}
∀ i ∈ S;(3.4)

(ii) a deterministic stationary policy f∗ ∈ F is gain optimal if and only if f∗(i)
attains the maximum in (3.4) for every i ∈ S. A stationary policy ϕ ∈ Φs is
gain optimal if and only if ϕ(·|i) is supported on the set of maxima of (3.4)
for each i ∈ S;
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(iii) the constant g∗ is the optimal gain, i.e., J∗(i) = g∗ for each i ∈ S.
The policies f ∈ F attaining the maximum in the AROE (3.4) are usually referred

to as canonical. The set of canonical policies is denoted by Fca. Since it is straightfor-
ward to see that Fca is nonempty, Theorem 3.2(ii) tacitly states the existence of gain
optimal policies in F.

Obviously, a result similar to Theorem 3.2 holds when the reward rate function r
is replaced with any reward rate function satisfying Assumptions A(c) and B(c).

Pathwise constrained optimality. Now we state our main results on the exis-
tence of pathwise constrained optimal policies and the characterization of the corre-
sponding value function. (At this point, recall Definition 3.1.)

Under our standing assumptions (in particular, see (2.9) and Theorem 3.2) both

θmin := min
ϕ∈Φs

gu(ϕ) and θmax := max
ϕ∈Φs

gu(ϕ)(3.5)

are finite. When dealing with the constrained problem (3.1), to avoid trivial situations
we will assume that the constant θ0 verifies

θmin < θ0 < θmax.(3.6)

Theorem 3.3. Suppose that Assumptions A, B, C, and D hold, and consider the
pathwise constrained CMC (3.1) with θ0 ∈ R as in (3.6). Then

(i) there exists a pathwise constrained optimal policy ϕ∗ ∈ Φs, that is, g(ϕ∗) = V ∗

and gu(ϕ∗) ≤ θ0; in addition, ϕ∗ is such that it randomizes in at most one
state;

(ii) there exist λ0 ≤ 0 and h ∈ Bw(S) such that

V ∗ = max
a∈A(i)

⎧⎨
⎩r(i, a) + λ0(u(i, a) − θ0) +

∑
j∈S

qij(a)h(j)

⎫⎬
⎭ ∀ i ∈ S;

(iii) for each λ ∈ (−∞, 0], let (g(λ), hλ) ∈ R×Bw(S) be a solution to the following
AROE (such a solution indeed exists as a consequence of Theorem 3.2):

g(λ) = max
a∈A(i)

⎧⎨
⎩r(i, a) + λ(u(i, a) − θ0) +

∑
j∈S

qij(a)hλ(j)

⎫⎬
⎭ ∀ i ∈ S.

Then V ∗ = minλ≤0 g(λ).
For the proof of Theorem 3.3, see section 4 below.

4. Proofs. To prove the main result of this paper, Theorem 3.3, we need several
preliminary results. These concern sample-path average optimality and CMCs with
expected constraints.

Sample-path average optimality. In what follows, we will suppose that
Assumptions A, B, C, and D are satisfied. Theorem 3.2 proves the existence of a
gain (or expected average reward) optimal policy. Now we prove that there exist poli-
cies that are pathwise average reward optimal as in Definition 4.1 below.

Similar results for discrete-time Markov decision processes can be found in [18,
Chapter 11]. Pathwise average optimality for continuous-time controlled Markov chains,
under hypotheses similar to ours, has also been studied in [8]. For a discussion of the
results in [8] and ours, see Remark 4.4 below.
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Definition 4.1. A policy ϕ∗ ∈ Φs is said to be sample-path average optimal if
for every ϕ ∈ Φm and i ∈ S, J0(i, ϕ) ≤ g(ϕ∗) Pϕ

i -a.s.
In order to obtain a characterization of sample-path average optimal policies, we

need a preliminary result that uses the notation (2.3). We also use
p−→ to denote

convergence in probability.
Lemma 4.2. Suppose that Assumptions A(a), B(b), and D are verified. Given a

Markov policy ϕ ∈ Φm, an initial state i ∈ S, and an arbitrary h ∈ Bw(S), we have

1

n

∫ n

0

Lϕ,th(x(t))dt
p−→ 0 as n → ∞

with respect to Pϕ
i , where (Lϕ,th)(i) :=

∑
j∈S qij(t, ϕ)h(j) for i ∈ S.

Proof. By the theory of Markov processes we know that Zϕ
t := h(x(t))−h(x(0))−∫ t

0
Lϕ,sh(x(s))ds, for t ≥ 0, is a Pϕ

i -martingale. Consider now the discrete-time mar-
tingale difference

Zϕ
n+1 − Zϕ

n = h(x(n + 1)) − h(x(n)) −
∫ n+1

n

Lϕ,sh(x(s))ds for n ≥ 0.

Observe that, by Assumptions A(b) (which is implied by Assumption D; see Theo-
rem 7.1) and B(b), |(Lϕ,th)(i)| ≤ ||h||w(2 + b)w2(i) and thus, using (3.2), we deduce
that

sup
n∈N

Eϕ
i |Z

ϕ
n+1 − Zϕ

n | < ∞.

As a consequence of [13, Theorem 2.18], Zϕ
n /n converges to 0 in probability. Moreover,

it is easily proved that h(x(n))/n also converges in probability to 0. Hence, the result
follows.

The next result, together with Theorem 3.2, gives a characterization of sample-
path average optimal stationary policies and the corresponding optimal value.

Theorem 4.3. Suppose that Assumptions A, B, C, and D hold. A stationary
policy is sample-path average optimal if and only if it is gain optimal.

Proof. As a consequence of Proposition 2.4, sample-path average optimal policies
are necessarily gain optimal. Let us prove the converse result. Let (g∗, h∗) ∈ R×Bw(S)
be a solution of the AROE (3.4). We will show that, given a Markov policy ϕ ∈ Φm

and an initial state i ∈ S, J0(i, ϕ) ≤ g∗ Pϕ
i -a.s.

To this end, note that by the AROE, for every s ≥ 0,

r(s, x(s), ϕ) + Lϕ,sh∗(x(s)) ≤ g∗,

and thus

1

t

∫ t

0

r(s, x(s), ϕ)ds +
1

t

∫ t

0

Lϕ,sh∗(x(s))ds ≤ g∗ ∀ t > 0.

By Lemma 4.2, there exists a sequence {tn}n≥0 such that tn → ∞ and

1

tn

∫ tn

0

Lϕ,sh∗(x(s))ds
Pϕ

i -a.s.−→ 0 as n → ∞.

Therefore, recalling Definition 2.1,

J0(i, ϕ) ≤ lim inf
n→∞

1

tn

∫ tn

0

r(s, x(s), ϕ)ds ≤ g∗ Pϕ
i -a.s.,
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as we wanted to prove.
Remark 4.4. As we have already mentioned, sample-path average optimality has

been analyzed in [8]. In that paper, it is proved that canonical policies are sample-path
average optimal under the “lim sup criterion” by imposing a Lyapunov condition on
w4 (see [8, Assumption C(2)]), whereas our Theorem 4.3 shows that under a Lyapunov
condition on w2 we reach sample-path average optimality for the “lim inf criterion.”

It is worth noting that, when dealing with stationary policies, the “lim inf” and
the “lim sup” criteria are equivalent (see Proposition 2.4). When dealing with nonsta-
tionary policies, however, proving an inequality such as, e.g., J0(i, ϕ) ≤ g∗ Pϕ

i -a.s.,
is more difficult for the lim sup than for the lim inf criterion.

CMCs with expected constraints. As was remarked in section 1, there are
several approaches to analyzing constrained CMCs. Here, we combine the Lagrange
multipliers and the linear programming techniques with the dynamic programming
equation approach. We assume that Assumptions A, B, C, and D hold.

We want to maximize, for every initial state i ∈ S, J(i, ϕ) over the set of policies
ϕ ∈ Φm such that Ju(i, ϕ) ≤ θ0, where θ0 is as in (3.6). In short, we consider the
following constrained problem:

max J(i, ϕ) s.t. ϕ ∈ Φm and Ju(i, ϕ) ≤ θ0, for i ∈ S.(4.1)

Definition 4.5. We say that a policy ϕ∗ ∈ Φm such that Ju(i, ϕ∗) ≤ θ0 for every
i ∈ S is optimal for the constrained CMC (4.1) if, for each i ∈ S and every ϕ ∈ Φm

such that Ju(i, ϕ) ≤ θ0, we have J(i, ϕ) ≤ J(i, ϕ∗).
We denote by V ∗(i, θ0) the optimal value function of (4.1), i.e.,

V ∗(i, θ0) := sup
ϕ∈Φm

{J(i, ϕ) : Ju(i, ϕ) ≤ θ0} for i ∈ S.

Now we need to introduce some notation. We define the following norm on the
space of functions v : S → R:

||v||1 := sup
i∈S

|v(i)|,

and we denote by B1(S) the Banach space of functions on S with finite 1-norm. We
also define Cw(K) as the set of functions v : K → R such that i �→ supa∈A(i) |v(i, a)|
is in Bw(S), and, in addition, a �→ v(i, a) is continuous on A(i) for each i ∈ S. By
Assumptions A(c) and B(c), the functions r and u are in Cw(K).

We denote by Pw(S) the family of probability measures on S for which the integral
of w is finite. In particular, for every ϕ ∈ Φs, μϕ is in Pw(S). Similarly, we denote by
Pw(K) the set of probability measures μ on K such that

∑
i∈S w(i)μ({i}×A(i)) < ∞.

Finally, for each ϕ ∈ Φs, we define μ̂ϕ ∈ Pw(K) as follows: for i ∈ S and measurable
B ⊆ A(i),

μ̂ϕ({i} ×B) := μϕ{i}ϕ(B|i).

We consider the w-weak topology on Pw(K), i.e., the smallest topology for which

μ̂ �→
∫
K

vdμ̂

is continuous for every v ∈ Cw(K). The space Pw(K) with the w-weak topology is a
Borel space [5, Appendix A.5].
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In what follows, we will analyze several properties of the set

Γ := {μ̂ϕ : ϕ ∈ Φs} ⊆ Pw(K).

Lemma 4.6 below is a standard result (see, e.g., [20, section 3]). However, the de-
numerability of the state space S simplifies its proof and weakens its hypotheses.
Actually, we use the well-known fact that if μϕ is an invariant probability measure for
the Markov process with transition rates {qij(ϕ)}, then

∑
i∈S μϕ(i)qij(ϕ) = 0 (see [1,

Chapter 5]).
Lemma 4.6. Given μ̂ ∈ Pw(K), a necessary and sufficient condition for μ̂ ∈ Γ is

that ∫
K

Lv dμ̂ = 0 for every v ∈ B1(S),(4.2)

where (Lv)(i, a) :=
∑

j∈S qij(a)v(j) for (i, a) ∈ K.
Proof of the necessity. Fix μ̂ ∈ Γ and v ∈ B1(S). Hence, μ̂ = μ̂ϕ for some ϕ ∈ Φs.

We have

∫
K

Lv dμ̂ =
∑
i∈S

∫
A(i)

⎡
⎣∑
j∈S

qij(a)v(j)

⎤
⎦ϕ(da|i)μϕ{i}

=
∑
i∈S

∑
j∈S

qij(ϕ)v(j)μϕ{i}

=
∑
j∈S

v(j)
∑
i∈S

μϕ{i}qij(ϕ) = 0,(4.3)

where the interchange of the sums in (4.3) follows from Assumptions A(b), B(b),
and (3.3). This proves (4.2).

Proof of the sufficiency. Suppose that (4.2) holds for some μ̂ ∈ Pw(K). Therefore,
by a standard result on the disintegration of measures [17, Proposition D.8], there
exists ϕ ∈ Φs such that, for each i ∈ S and measurable B ⊆ A(i),

μ̂({i} ×B) = μ{i}ϕ(B|i),

where μ ∈ Pw(S) denotes the marginal of μ̂ on S. Hence, as in the proof of the
necessary condition, and letting v(·) := I{j}(·), we can show that

∑
i∈S μ{i}qij(ϕ) =

0 for every j ∈ S, and then μ is necessarily the invariant probability measure of
{xϕ(t)}t≥0. Thus μ̂ = μ̂ϕ, as we wanted to prove.

Lemma 4.7. The set Γ is convex and compact for the w-weak topology.
Proof. It follows directly from Lemma 4.6 that any convex combination of mea-

sures in Γ lies in Γ.
For the compactness statement, we derive from Assumptions A(a) and B(a) that

the sets {(i, a) ∈ K : w2(i) ≤ nw(i)} are compact in K for every n ≥ 1. We also have,
by (3.3),

sup
μ̂∈Γ

∫
K

w2dμ̂ = sup
ϕ∈Φs

∫
S

w2dμϕ < ∞.

Therefore, from [5, Corollary A.30(c)], Γ is compact.
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Observe that, when dealing with constrained CMCs, convexity is usually referred
to the class of policies (see, e.g., [11, Lemma 3.3]). In this paper, however, we exploit
convexity properties of the class of invariant state-action occupation measures, and
thus our approach is quite different from that in [11].

Our next result is a direct consequence of the convexity property of Γ proved in
Lemma 4.7, and it is stated without proof.

Lemma 4.8. The function θ �→ V (θ) := sup{
∫
K
rdμ̂ : μ̂ ∈ Γ,

∫
K
udμ̂ ≤ θ} is

concave and nondecreasing on [θmin, θmax]. (Recall the notation (3.5).)
In particular, since V ∗(i, θ0) is a supremum over Φm (see Definition 4.5) and

V (θ0) is a supremum over Φs, we have

V (θ0) ≤ V ∗(i, θ0) ∀ i ∈ S.(4.4)

A standard result for control problems with n constraints is that there exists an
optimal randomized stationary policy that is a convex combination of at most n + 1
deterministic stationary policies. (See, e.g., [7].) Part (iii) in the following theorem
gives a more explicit characterization of this optimal policy. We use the notation
introduced in Definition 4.5.

Theorem 4.9. Suppose that Assumptions A, B, C, and D hold, and consider the
constrained CMC (4.1) with θ0 as in (3.6). Then

(i) the value function V ∗(i, θ0) does not depend on i ∈ S, and V (θ0) ≡ V ∗(i, θ0);
(ii) there exist λ0 ≤ 0 and h ∈ Bw(S) such that

V (θ0) = max
a∈A(i)

⎧⎨
⎩r(i, a) + λ0(u(i, a) − θ0) +

∑
j∈S

qij(a)h(j)

⎫⎬
⎭ ∀ i ∈ S;

(iii) there exists an optimal randomized stationary policy which randomizes in at
most one state.

Proof of (i). By Lemma 4.8, the function V , defined on a closed bounded interval,
is concave, and therefore its hypograph is a convex set. Notice that for every μ̂ ∈ Γ,
the point with coordinates (

∫
K
udμ̂,

∫
K
rdμ̂) belongs to the hypograph of V .

Let −λ0, with λ0 ≤ 0, be a superdifferential (in analogy to a subdifferential) of
V at θ0. The hypograph of V is contained in the half-space

{(x, y) ∈ R
2 : λ0(x− θ0) + (y − V (θ0)) ≤ 0}.

In particular, for every μ̂ ∈ Γ,∫
K

(r + λ0(u− θ0))dμ̂ ≤ V (θ0),

and thus

max
μ̂∈Γ

∫
K

(r + λ0(u− θ0))dμ̂ ≤ max
μ̂∈Γ

{∫
K

rdμ̂ :

∫
K

udμ̂ ≤ θ0

}
= V (θ0).(4.5)

Note that the two maxima above are attained because the functions
∫
K
rdμ̂ and∫

K
udμ̂ are continuous on Γ, by the definition of the w-weak topology, and because

the sets Γ and {μ̂ ∈ Γ :
∫
K
udμ̂ ≤ θ0} are compact; recall Lemma 4.7.

Now, let us prove that (4.5) holds with equality. Let μ̂∗ ∈ Γ attain the maximum
in the right-hand equality of (4.5). Since λ0 ≤ 0,

V (θ0) =

∫
K

rdμ̂∗ ≤
∫
K

(r + λ0(u− θ0))dμ̂
∗ ≤ max

μ̂∈Γ

∫
K

(r + λ0(u− θ0))dμ̂.
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Hence, we have shown that (4.5) holds with equality or, equivalently,

max
ϕ∈Φs

∫
K

(r + λ0(u− θ0))dμ̂ϕ = max
ϕ∈Φs

{∫
K

rdμ̂ϕ :

∫
K

udμ̂ϕ ≤ θ0

}
= V (θ0).

The left-most term of this equality equals the optimal value of an expected average
reward control problem with reward rate given by r+λ0(u− θ0). Therefore, by Theo-
rem 3.2, there exists h ∈ Bw(S) such that (V (θ0), h) is a solution of the corresponding
AROE, i.e.,

V (θ0) = max
a∈A(i)

⎧⎨
⎩r(i, a) + λ0(u(i, a) − θ0) +

∑
j∈S

qij(a)h(j)

⎫⎬
⎭(4.6)

= sup
ϕ∈Φm

{
lim inf
T→∞

1

T
Eϕ

i

∫ T

0

[r(t, x(t), ϕ) + λ0(u(t, x(t), ϕ) − θ0)]dt

}

for every i ∈ S.
Now, fix an initial state i ∈ S and an arbitrary policy ϕ ∈ Φm such that Ju(i, ϕ) ≤

θ0. We have

J(i, ϕ) ≤ J(i, ϕ) + lim inf
T→∞

1

T
Eϕ

i

∫ T

0

λ0[u(t, x(t), ϕ) − θ0]dt

≤ lim inf
T→∞

1

T
Eϕ

i

∫ T

0

[r(t, x(t), ϕ) + λ0(u(t, x(t), ϕ) − θ0)]dt

≤ V (θ0),

and thus V ∗(i, θ0) ≤ V (θ0) for every i ∈ S, which together with (4.4) shows that
V ∗(i, θ0) = V (θ0) for every i ∈ S. This proves statement (i).

Proof of (ii). Statement (ii) follows now from (4.6).
Proof of (iii). We know from Theorem 7.2 that the control model is w-expo-

nentially ergodic on Φs, and it follows that for every ϕ ∈ Φs the gain g(ϕ) verifies
the corresponding Poisson equation (see [10, Lemma 5.1]). Then, by considering the
topology of weak convergence on Φs (see the proof of Theorem 7.2), one can extend
the proof of Lemmas 5.3 and 5.4 in [24] and Lemma 5.16 in [12] and prove that the
“gain function” (recall (2.10))

ϕ �→ gu(ϕ)(4.7)

is continuous on Φs.
From the feasibility condition (3.6) and by the same argument as in the proof of

[11, Theorem 2.1], we deduce that there exist two canonical policies (for the AROE
(4.6)) f∗1 and f∗2 in F, which differ in at most one state i0 ∈ S, and such that gu(f∗1 ) ≤
θ0 ≤ gu(f∗2 ). Fix 0 ≤ α ≤ 1, and let ϕ∗α ∈ Φs coincide with f∗1 and f∗2 in the states
j �= i0, and let ϕ∗α(·|i0) randomize between f∗1 (i0) and f∗2 (i0) with probabilities α and
1 − α, respectively.

We know that (see Theorem 3.2(ii)) for every α ∈ [0, 1], the policy ϕ∗α is expected
average optimal for the reward rate r + λ0(u − θ0). By the continuity property of
α �→ gu(ϕ∗α) (recall (4.7)), it follows that for some α∗ ∈ [0, 1], gu(ϕ∗α∗) = θ0, and thus
ϕ∗α∗ is an optimal policy for the constrained CMC (4.1).
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Theorem 4.9 shows that the constrained control problem (4.1) is equivalent to a
nonconstrained CMC depending on a constant λ0 ≤ 0. However, the constant λ0 is
unknown. Moreover, its value is derived from the function V , which is precisely the
function that we want to determine! To overcome this situation, we propose our next
result, based on Ky-Fan’s minimax theorem [6].

Theorem 4.10. Suppose that Assumptions A, B, C, and D are satisfied and
consider the constrained CMC (4.1) with θ0 as in (3.6).

For each λ ∈ (−∞, 0], let (g(λ), hλ) ∈ R × Bw(S) be a solution to the AROE

g(λ) = max
a∈A(i)

⎧⎨
⎩r(i, a) + λ(u(i, a) − θ0) +

∑
j∈S

qij(a)hλ(j)

⎫⎬
⎭ ∀ i ∈ S.

Then V (θ0) = minλ≤0 g(λ).
Proof. Consider the function H : Γ × (−∞, 0] → R defined by

H(μ̂, λ) :=

∫
K

(r + λ(u− θ0))dμ̂.

Obviously, H is concave (as it is linear) on Γ for fixed λ, and it is convex on (−∞, 0]
for every μ̂. Moreover, Γ is convex and compact (recall Lemma 4.7), and H is contin-
uous on Γ for fixed λ (by the definition of the w-weak topology). It follows from [6,
Theorem 8] that

max
μ̂∈Γ

inf
λ≤0

H(μ̂, λ) = inf
λ≤0

max
μ̂∈Γ

H(μ̂, λ).

Hence, on the one hand, infλ≤0 H(μ̂, λ) equals −∞ if
∫
K
udμ̂ > θ0 and equals∫

K
rdμ̂ otherwise. Therefore, by Theorem 4.9,

V (θ0) = max
μ̂∈Γ

inf
λ≤0

H(μ̂, λ).

On the other hand, by arguments similar to those in Theorem 4.9,

max
μ̂∈Γ

H(μ̂, λ) = g(λ).

Therefore, V (θ0) = infλ≤0 g(λ). As a consequence of Theorem 4.9, this infimum is
attained at λ0. This completes the proof.

Theorem 4.10 shows that the constrained CMC can be solved by means of a
parametric family of AROEs, which do not depend on unknown parameters, as it was
the case for Theorem 4.9.

Finally, we give the proof of the main result in this paper.
Proof of Theorem 3.3. Proof of (i). By Theorem 4.9, we know that there exists

an optimal stationary policy ϕ∗ ∈ Φs for the “expected” constrained problem (4.1),
which randomizes in at most one state. Let us show that ϕ∗ is also optimal for (3.1).

We know that

g(ϕ∗) = V (θ0) and gu(ϕ∗) ≤ θ0.(4.8)

Let λ0 be as in Theorem 4.9. Fix an initial state i ∈ S and an arbitrary policy ϕ ∈ Φm.
We know from Theorems 4.3 and 4.9 that

lim inf
T→∞

1

T

∫ T

0

[r(t, x(t), ϕ) + λ0(u(t, x(t), ϕ) − θ0)]dt ≤ V (θ0) Pϕ
i -a.s.
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Therefore (recalling that λ0 ≤ 0),

V (θ0) ≥ J0(i, ϕ) + λ0(J
0
u(i, ϕ) − θ0) Pϕ

i -a.s.

Hence, if ϕ ∈ Φm verifies J0
u(i, ϕ) ≤ θ0 Pϕ

i -a.s., then J0(i, ϕ) ≤ V (θ0) Pϕ
i -a.s.

Therefore, by (4.8), g(ϕ∗) = V ∗ = V (θ0), and thus ϕ∗ is optimal for (3.1).

Proof of (ii) and (iii). Since V ∗ = V (θ0), these results easily follow from Theo-
rems 4.9 and 4.10. This completes the proof of Theorem 3.3.

5. Examples. A single-server controlled queueing system. Consider a
queueing system with state space S = {0, 1, 2, . . .}. The state variable is interpreted as
the number of jobs (waiting or being served) in the system. For each i ∈ S, the action
space A(i) is a compact metric space. Jobs arrive at a rate λ > 0 and they are served
at a rate μ > 0. The decision-maker controls a service parameter h1(i, a) (which allows
either an increase or decrease in the service rate) and an arrival parameter h2(i, a),
which is interpreted similarly. We suppose that the functions h1 and h2 are bounded
and continuous on K. The transition rates of the system are given by

q01(a) = −q00(a) = h2(0, a) ∀ a ∈ A(0),

assumed to be positive. In addition, for i ≥ 1,

qi,i−1(a) = μi + h1(i, a) and qi,i+1(a) = λi + h2(i, a),

both assumed to be positive, and qii(a) = −qi,i−1(a) − qi,i+1(a) for every a ∈ A(i).

The decision-maker obtains a reward with rate r(i, a) = pi, where p > 0, when
there are i jobs in the system, and incurs a cost with rate c(i, a) depending on the
control actions, where c(i, a) is assumed to be continuous on A(i) for each fixed i ∈ S
and bounded on K.

This is the same controlled queueing system as in [10, section VI]. In that ref-
erence, the authors consider the net reward rate r − c. It seems plausible, however,
that the controller may have an a priori estimate of the maximal cost per time unit
that can be incurred when controlling the system. Therefore, the controller should
maximize the long-run average reward with rate r subject to the restriction that the
long-run average cost with rate c is less than or equal to, say, θ0, assumed to belong
to the range of c (see (3.6)). Moreover, in this case, pathwise constraints are very
realistic because, for instance, fitting a budget in terms of an “expected value” does
not make much sense.

Proposition 5.1. Consider the controlled queueing system defined above, and
suppose that μ > λ. Then the controller has a pathwise constrained optimal policy.

Proof. Let w(i) := C(i + 1), where C ≥ 1. Obviously, Assumptions A(a), B(a),
B(c), and C(a) hold. Choosing C large enough, one can easily prove that Assump-
tions A(c) and B(b) are also satisfied. By Theorems 7.1 and 7.2, if we prove that
Assumption D holds, that is, there exist constants c̃ > 0 and b̃ ≥ 0, and a finite set
S̃0 ⊂ S such that

∑
j∈S

qij(a)w
2(j) ≤ −c̃w2(i) + b̃IS̃0

(i) ∀ (i, a) ∈ K,(5.1)

then Assumptions A, B, and C will be satisfied.
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To obtain (5.1) we first note that, by a simple calculation,

∑
j∈S

qij(a)w
2(j) ≤ w2(i)(−2(μ− λ) + F (i)) ∀ (i, a) ∈ K,

where F is a positive function such that F (i) → 0 as i → ∞. Therefore, letting
c̃ := μ− λ, there exists some i∗ such that∑

j∈S
qij(a)w

2(j) ≤ −c̃w2(i) for i > i∗ and (i, a) ∈ K.(5.2)

Also, for large enough b̃,∑
j∈S

qij(a)w
2(j) ≤ −c̃w2(i) + b̃ for i ≤ i∗ and (i, a) ∈ K.(5.3)

We can now derive (5.1) from (5.2) and (5.3), with S̃0 = {0, 1, . . . , i∗}. The stated
result follows from Theorem 3.3.

Observe that we have solved the control problem under hypotheses that are weaker
than those in [10]. Indeed, we impose only the condition μ > λ, whereas in [10] the
authors require further assumptions (see Condition E4 in [10, page 244]).

The reason for this is that, in [10], the authors derive w-exponential ergodicity
from the monotonicity conditions in [10, Assumption C]. In particular, those assump-
tions require the set S0 in our Assumption A(b) to be necessarily S0 = {0}. However,
under our hypotheses, we derive w-exponential ergodicity from a Lyapunov condition
on w2 (Theorem 7.2), and thus the set S0 in Assumption A(b) may be any petite set,
in particular, any finite set, and thus Assumption A(b) becomes easier to verify. Simi-
larly, the condition E1(b) in [8, page 43] is not needed. This shows that Assumption D
appears to be of a great applicability in models of practical interest.

The following example consists of a bidimensional denumerable state space that
can be enumerated in such a way that the Lyapunov condition in Assumption A is
easily verified, in particular, the monotonicity requirement.

A controlled epidemic process. We analyze a birth and death epidemic process
similar to the one described in [21]. We divide the population into three disjoint classes:
the susceptibles (individuals who are not infected, but who are exposed to contagion),
the infectives (who can transmit the infection to the susceptibles), and the immunized.
For expositional clarity, we will focus on the dynamic evolution of the susceptibles
and the infectives.

We assume that there are two sources of infection: either by propagation due to
the presence of infectives or by an external source. To consider a more realistic model,
we will suppose that the infectives and the susceptibles are subject to “natural” birth
and death rates. We suppose that an infected person who recovers from the disease is
immunized.

Finally, the controller wishes to minimize the average number of infectives, subject
to a certain restriction on the expenses of a quarantine program (in order to avoid
the propagation of the infection) and the level of medical treatment applied to the
population.

We consider the state space S = {0, 1, 2, . . .} × {0, 1, 2, . . .}, where (i, j) ∈ S
denotes the number of infectives and susceptibles, respectively. When the population
is at state (i, j), the possible transitions are to the following states:
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• (i+1, j−1) (that is, a susceptible has been infected) with a rate λ1(a1)
√
ij+

λ2(a2)j, where
√
ij corresponds to propagation of the infection (this expres-

sion was proposed in [22]), the control a1 ∈ A1 stands for the level of the
quarantine program, and where λ2(a2)j is the rate of infection from an exter-
nal source (corrected according to the level a2 ∈ A2 of the medical treatment);

• (i, j + 1) with a rate λS(i + j + 1), where λS > 0 is the natural birth rate of
a susceptible individual;

• (i − 1, j) with a rate μI i + μ(a2)i, where μI > 0 is the natural death rate
of an infected person, and where μ(a2)i is a recovery rate (depending on the
level a2 of the medical treatment);

• (i, j − 1) with a rate μSj, where μS > 0 is the natural death rate of the
susceptibles;

• (i + 1, j) with a rate λI(i + j + 1), where λI > 0 is the natural birth rate of
an infective.

We suppose that the action space is A = A1 × A2, where A1 and A2 are closed
bounded intervals in [0,∞). We also suppose that the functions λ1, λ2, and μ are
positive and continuous.

The reward rate to be maximized by the controller is r(i, j, a1, a2) = −i. The cost
rate in the state (i, j) ∈ S is c1(a1)i+ c2(a2)i+ c3(a2)j. The first term corresponds to
the quarantine program (applied to the infectives) and the other two to the medical
treatment (applied to both the infectives and the susceptibles). Suppose that c1, c2,
and c3 are continuous.

We denote the state process under the policy ϕ ∈ Φm by

{xϕ(t)}t≥0 ≡ {(iϕ(t), jϕ(t))}t≥0.

The controller wishes to determine a policy ϕ ∈ Φm that minimizes

lim sup
T→∞

1

T

∫ T

0

iϕ(t)dt a.s.

subject to the budgetary restriction

lim sup
T→∞

1

T

∫ T

0

[(c1(t, x
ϕ(t), ϕ) + c2(t, x

ϕ(t), ϕ))iϕ(t)

+ c3(t, x
ϕ(t), ϕ)jϕ(t)]dt ≤ θ0 a.s.,

for a given θ0 that is assumed to be in the corresponding range (see (3.6)).
We choose a Lyapunov function of the form w(i, j) = C(i + j + 1), where C ≥ 1.

Observe that this function is nondecreasing on S, provided that the state space S is
“enumerated” in the order

(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), (2, 1), (1, 2), (0, 3), (4, 0) . . . .

Proposition 5.2. Consider the controlled epidemic process described above, and
suppose that

min{μI + μS , μ(a2)} > λI + λS ∀ a2 ∈ A2.(5.4)

Then there exists a stationary pathwise constrained optimal policy.
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Proof. As in the proof of Proposition 5.1, we can show that Assumptions A, B,
C(a), and D hold, provided that the constant C (in the definition of w) is large enough.
The stated result follows from Theorem 3.3.

Note that the condition in the statement of this result depends neither on λ1 nor
on λ2. This is because the corresponding transition (from (i, j) to (i+ 1, j − 1)) does
not modify the total size i + j of the population, and thus, in terms of stability, it
does not affect the behavior of the dynamic system.

Observe that, since the state space S is bidimensional, the total population can
decrease along either i or j. Hence, the condition (5.4) involves the minimum of the
two corresponding death rates.

Once again, we see that Theorem 7.2 allows us to show the existence of optimal
policies for the corresponding control problem under fairly general assumptions. In-
deed, the condition μ > λ (Proposition 5.1) and min{μI + μS , μ(a2)} > λI + λS for
a2 ∈ A2 (Proposition 5.2) are just the usual stability conditions for a noncontrolled
dynamic system; that is, the service rate (respectively, the death rate) is greater than
the arrival rate (respectively, the birth rate).

6. Concluding remarks. Our main motivation for this paper was to study
average reward continuous-time CMCs with pathwise constraints, but, as shown in the
previous sections, on our way to the final result (Theorem 3.3) we provided a detailed
analysis of pathwise average optimality (Theorem 4.3) and constrained CMCs with
expected constraints (Theorems 4.9 and 4.10). Furthermore, the examples in section 5
clearly show that our assumptions are verifiable with no special degree of difficulty.

An important open question is whether our approach here—for denumerable-state
CMCs—can be systematically extended to more general Markov control problems, for
instance, controlled diffusions [28].

7. Appendix. The next result is useful for the verification of the Lyapunov
conditions. In particular, it shows that Assumption D implies Assumption A(b).

Theorem 7.1. Suppose that w : S → [1,∞) is a nondecreasing function such
that limi→∞ w(i) = ∞, and fix an arbitrary 0 < α < 1. Suppose also that there exist
constants b ≥ c > 0 and a finite set S0 ⊂ S such that∑

j∈S
qij(a)w(j) ≤ −cw(i) + bIS0

(i) ∀ (i, a) ∈ K,(7.1)

where the transition rates qij(a) verify the conditions (2.1) and (2.2). Then there exist

constants b̂ ≥ ĉ > 0 such that∑
j∈S

qij(a)w
α(j) ≤ −ĉwα(i) + b̂IS0(i) ∀ (i, a) ∈ K.(7.2)

Proof. Fix i ∈ S and choose a constant C > c. Let x := C + q(i). The inequality
(7.1) can be rewritten as

1

x

⎛
⎝∑

j 
=i

qij(a)w(j) + (x + qii(a))w(i)

⎞
⎠ ≤ x− c

x
w(i) +

b

x
IS0(i).

By Jensen’s inequality, it follows that∑
j∈S

qij(a)w
α(j) + xwα(i) ≤ x

(
(x− c)x−1w(i) + bx−1IS0(i)

)α
.
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Using the inequality (y + z)α ≤ yα + zα, we obtain∑
j∈S

qij(a)w
α(j) ≤ [(x− c)αx1−α − x]wα(i) + bαx1−αIS0

(i).

The concavity of the function y �→ yα implies that yα − zα ≤ α(y− z)zα−1 whenever
0 ≤ y < z. Hence,∑

j∈S
qij(a)w

α(j) ≤ −αcwα(i) + bαx1−αIS0(i) ∀ (i, a) ∈ K.

Therefore, (7.2) holds with ĉ := αc and b̂ := bα maxi∈S0{(C+q(i))1−α}. The fact that

b̂ ≥ ĉ follows from the inequality (2.6) when w is replaced with wα. This completes
the proof.

In our next result, we propose an alternative sufficient condition for uniform w-
exponential ergodicity of CMCs (in particular, for Assumption C(b)).

Theorem 7.2. Suppose that Assumptions A(a), B(a), C(a), and D, as well as
the continuity condition on a �→ qij(a) in Assumption B(c), are satisfied. Then the
control model is w-exponentially ergodic on Φs, that is, there exist constants δ > 0
and R > 0 such that

sup
ϕ∈Φs

|Eϕ
i v(x(t)) − μϕ(v)| ≤ Re−δt||v||ww(i)

for every i ∈ S, t ≥ 0, and v ∈ Bw(S).
Proof. Fix an initial state i ∈ S, an integer k ≥ 0, and t ≥ 0. By (3.2),

w2(i) + b̃/c̃ ≥ sup
ϕ∈Φs

∑
j∈S

pϕ(i, t, j)w2(j) ≥ sup
ϕ∈Φs

∑
j≥k

pϕ(i, t, j)w2(j)

≥ w(k) · sup
ϕ∈Φs

∑
j≥k

pϕ(i, t, j)w(j).

Therefore, limk→∞ supϕ∈Φs

∑
j≥k p

ϕ(i, t, j)w(j) = 0, which is precisely the uniform
integrability condition in [25, Theorem 2.5] extended to the class of randomized sta-
tionary policies.

However, in the proof of [25, Theorem 2.5], the set S0 in Assumption A(b) is
S0 = {0}, and w-exponential ergodicity reduces to the class of deterministic stationary
policies F. This is not a real problem because the proof can be modified in order to
account for the case of a finite set S0 and the class Φs. Let us mention the main steps
of this modified proof:

1. Observe that the corresponding discrete-time result (Key Theorem II in [4])
is stated for any finite so-called “taboo” set. In particular, choose S0 as the
taboo set. The proof of Theorem 2.5 in [25] is the same, except for [25,
Proposition 4.9]. However, using the same reasoning, one can prove a result
similar to [25, Proposition 4.9], but now with a taboo set S0.

2. In the set of stationary policies Φs we consider the topology of the weak
convergence, that is, ϕn → ϕ when ϕn(·|i) weakly converges to ϕ(·|i) for
every i ∈ S. With this topology, Φs is compact and metrizable. The proof of
Theorem 2.5 in [25] is now easily extended from F to Φs.

This completes the proof.
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Theorem 7.2 is of valuable interest by itself. In view of this theorem we now know
that there exist (at least) three different sets of sufficient conditions for the w-exponen-
tial ergodicity in Assumption C(b), namely, monotonicity conditions [10], uniform
integrability conditions [25], and a Lyapunov condition on w2 as in Assumption D (in
fact, we can replace w2 with w1+ε for some ε > 0).

REFERENCES

[1] W. J. Anderson, Continuous-Time Markov Chains, Springer, New York, 1991.
[2] R. N. Bhattacharya, On the functional central limit theorem and the law of the iterated

logarithm for Markov processes, Z. Wahrsch. Verw. Gebiete, 60 (1982), pp. 185–201.
[3] R. C. Chen and G. L. Blankenship, Dynamic programming equations for discounted con-

strained stochastic control, IEEE Trans. Automat. Control, 49 (2004), pp. 699–709.
[4] R. Dekker, A. Hordijk, and F. M. Spieksma, On the relation between recurrence and er-

godicity properties in denumerable Markov decision chains, Math. Oper. Res., 19 (1994),
pp. 539–559.
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CONTROLLABILITY OF THE KIRCHHOFF SYSTEM FOR BEAMS
AS A LIMIT OF THE MINDLIN–TIMOSHENKO SYSTEM∗

F. D. ARARUNA† AND E. ZUAZUA‡

Abstract. We consider the dynamical one-dimensional Mindlin–Timoshenko system for beams.
We analyze how its controllability properties depend on the modulus of elasticity in shear k. In
particular we prove that the exact boundary controllability property of the Kirchhoff system may
be obtained as a singular limit, as k → ∞, of the partial controllability of projections over a sharp
subspace of solutions generated by the eigenfunctions that converge, as k → ∞, towards the spectrum
of the Kirchhoff system.

Key words. vibrating beams, controllability, observability, Mindlin–Timoshenko, Kirchhoff,
Ingham inequality, Fourier decomposition, singular limit
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1. Introduction. The Mindlin–Timoshenko system of equations is a widely used
and, physically, fairly complete mathematical model for describing the transverse
vibrations of beams. For a beam of length L this one-dimensional system reads as
follows:

(1.1)

∣∣∣∣∣∣
ρh3

12
u′′ − uxx + k (u + vx) = 0 in Q,

ρhv′′ − k (u + vx)x = 0 in Q,

where Q = (0, L)× (0, T ) , (0, L) being the segment occupied by the beam with L > 0
and T a given positive time. In this coupled system of two second order hyperbolic
equations, the prime ′ stands for the partial derivative in time t and the subscript x
for the space derivative. The unknown u = u (x, t) represents the angle of rotation and
v = v (x, t) the vertical displacement at time t of the cross section located x units from
the end-point x = 0. The constant h > 0 represents the thickness of the beam that, for
this model, is considered to be small and uniform, independent of x. The constant ρ
is the mass density per unit volume of the beam, and the parameter k is the so-called
modulus of elasticity in shear. It is given by the formula k = k̂Eh/2 (1 + μ) , where

k̂ is a shear correction coefficient, E is the Young’s modulus, and μ is the Poisson’s
ratio, 0 < μ < 1/2.

We impose the following boundary conditions on the left-hand side:

(1.2) u (0, ·) = 0, vx (0, ·) = Θk on (0, T ) ,

∗Received by the editors May 16, 2006; accepted for publication (in revised form) March 5, 2008;
published electronically June 25, 2008.
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28049 Madrid, Spain (enrique.zuazua@uam.es). The research of this author was supported by grant
MTM2005-00714, the DOMINO Project CIT-370200-2005-10 in the PROFIT Program, the i-MATH
project of the CONSOLIDER program of the Spanish MEC, and the SIMUMAT Project of the CAM
(Spain).

1909



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1910 F. D. ARARUNA AND E. ZUAZUA

and on the right-hand side we impose

(1.3) u (L, ·) = vx (L, ·) = 0 on (0, T ) .

According to these conditions, the angle of rotation is kept fixed both at x = 0
and x = L, and the boundary control Θk is a lateral force applied on the vertical
displacement at the extreme x = 0. In particular, no control is applied at x = L. To
make the system complete, let us include the initial conditions

(1.4) u (·, 0) = u0, u
′ (·, 0) = u1, v (·, 0) = v0, v

′ (·, 0) = v1 in (0, L) .

When assuming that the linear filament of the beam remains perpendicular to the
deformed middle surface, the transverse shear effects are neglected and one obtains
the so-called Kirchhoff system (see Lagnese and Lions [7])

(1.5)

∣∣∣∣∣∣∣∣∣
ρhv′′ − ρh3

12
v′′xx + vxxxx = 0 in Q,

vx (0, ·) = vx (L, ·) = 0 on (0, T ) ,
vxxx (0, ·) = Ξ, vxxx (L, ·) = 0 on (0, T ) ,
v (·, 0) = v0, v′ (·, 0) = v1 in (0, L) .

The control Ξ enters this system through the third derivative of the state at x = 0.
Note that neglecting the shear effects of the beam is formally equivalent to making

the modulus k tend to infinity in (1.1), since k is inversely proportional to the shear
angle.

The connections of these two systems and the singular perturbation problem of
passing to the limit as k tends to infinity have been recently intensively investigated.
We refer, for instance, to [11], [12], and [13], where these issues are addressed for a
number of nonlinear models and under various boundary conditions.

This paper is devoted to the analysis of the controllability properties of these
systems and the corresponding singular perturbation problem (as k → ∞). Our main
goal is analyzing whether the exact controllability property of the Kirchhoff system
(1.5) for beams may be obtained as a limit of those of the Mindlin–Timoshenko system
(1.1)−(1.4) when the singular parameter k tends to infinity.

The problem of exact controllability for the Mindlin–Timoshenko system can be
formulated as follows: given T > 0, large enough, and initial data {u0, u1, v0, v1} , to
find a control Θk such that the solution of system (1.1)−(1.4) satisfies the conditions

u (·, T ) = u′ (·, T ) = v (·, T ) = v′ (·, T ) = 0 in (0, L) .

According to the Hilbert uniqueness method (HUM) introduced by Lions (see
[8]), this property is equivalent to a suitable observability inequality for the adjoint
system that, after reversing the sense of time, can be written as follows:

(1.6)

∣∣∣∣∣∣∣∣∣∣∣

ρh3

12
φ′′ − φxx + k (φ + ψx) = f in Q,

ρhψ′′ − k (φ + ψx)x = g in Q,
φ (0, t) = φ (L, t) = ψx (0, t) = ψx (L, t) = 0 on (0, T ) ,
φ (x, 0) = φ0 (x) , φ′ (x, 0) = φ1 (x) in (0, L) ,
ψ (x, 0) = ψ0 (x) , ψ′ (x, 0) = ψ1 (x) in (0, L) .

To be more precise, in the observability problem, f and g vanish (f ≡ g ≡ 0)
so that the problem consists of estimating the energy of the initial data in terms of
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boundary measurements. The general system (1.6) with nonvanishing right-hand side
terms is useful when analyzing the well-posedness of the nonhomogeneous boundary
value problem (1.1)−(1.4) by transposition.

We are mainly interested in the behavior of the controls Θk, as k → ∞, and
whether in the limit as k → ∞ one obtains a control Ξ such that the solution of
system (1.5) verifies

v (·, T ) = v′ (·, T ) = 0 in (0, L) .

This problem was treated initially in [7] with different boundary conditions. The
goals in [7] were

(i) to show that the control time T is independent of k, for any given initial
state, and to find, for each k, a control Θk driving the system (1.1)–(1.4) to
rest at time T , and

(ii) to study the behavior of Θk as k → ∞.

Combining the HUM and multiplier inequalities, the authors of [7] obtained a
control time independent of k. But, to prove (ii), they imposed the physically unre-
alistic extra assumption that L < h. Moreover, in [7, Remarks 3.4 and 3.5, p. 109], it
was conjectured that as k → ∞, Θk converges, in some appropriate sense, towards a
control driving the system (1.5) to equilibrium in time T.

In this paper we obtain the following main results:

• The controls Θk of the Mindlin–Timoshenko system may diverge exponen-
tially as k → ∞.

• By analyzing the underlying spectrum, it is possible to decompose the adjoint
system (1.6) into two subsystems. It is sufficient to obtain a uniform (with
relation to k) observability inequality for one of these subsystems.

• Accordingly, the exact controllability requirement on system (1.1)–(1.4) is
relaxed to a partial controllability property over a suitable projection of so-
lutions, and the controls Θk remain bounded as k → ∞.

• The partial controls Θk obtained this way converge to an exact control for
the limit system (1.5).

With these results, we conclude that the exact controllability property of the
Kirchhoff system may be obtained as a limit of the partial controllability property of
the Mindlin–Timoshenko system. This solves the problem proposed by Lagnese and
Lions in [7] for the present boundary conditions. The uniform (with respect to the
parameter k) partial controllability result is taken over the subspace of the solutions
generated by the eigenfunctions that, in the limit, cover the whole spectrum of the
limit Kirchhoff model.

The rest of the paper is organized as follows. In section 2 we briefly mention some
elementary properties (existence, uniqueness, and regularity) of solutions for system
(1.6) and we rigorously study its limit behavior as k → ∞ towards the Kirchhoff
system. In section 3 we analyze the properties of the spectrum of system (1.6), find-
ing two families of eigenvalues. As k → ∞, one of these families of eigenvalues tends
to those of the limit Kirchhoff system, while the other one diverges, disappearing in
the limit in the sense that, since they diverge, they do not lead to eigenvalues of the
limit system. This fact occurs due to (and it is in agreement with) the asymptotic
simplification that is produced when passing from a system of two equations and two
dependent variables to a scalar equation with only one unknown variable. In section
4 we discuss some elementary properties of system (1.1)–(1.4) with nonhomogeneous
boundary conditions, i.e., in the absence of controls. We also analyze the convergence,
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as k → ∞, towards the solution of the nonhomogeneous Kirchhoff system. Section 5
is devoted to the problem of observability for system (1.6). We show that the ob-
servability constant may blow up exponentially as k → ∞. In section 6, applying the
Ingham inequality in the Fourier decomposition of solutions, we get a uniform ob-
servability result filtering the eigenfunction components corresponding to eigenvalues
that diverge as k → ∞. Filtering corresponds, in other words, to projecting solutions
over the subspace of eigencomponents that are well behaved. In section 7, combin-
ing the results of the previous section with the HUM, we derive the uniform partial
controllability result. More precisely, we prove that the projection over the subspace
of solutions of (1.1)−(1.4) generated by the eigenvalues convergent (as k → ∞) and
their corresponding eigenfunctions is uniformly controllable with respect to k. In the
limit we obtain the exact boundary controllability property of the Kirchhoff system
(1.5). Therefore, we see that it suffices to consider only the solutions in a suitable
subspace to ensure that the conjecture in [7] is true.

The analysis in this paper depends on the boundary conditions we have cho-
sen that make possible the explicit computation of the spectrum. Similar results are
expected for other boundary conditions, but a further analysis of this issue is needed.

The results in this paper are related to previous ones on the behavior of controls
for systems of vibrations under singular perturbations. We refer to [2] and [3] for the
problem of control and homogenization of the wave equation, and to [5] and [17] for
the behavior of controls under numerical approximations. We also refer to [16] for a
discussion and comparison of these two topics. Similar methods have also been used
in [10] to analyze the partial controllability of a model for spherical shells.

2. Asymptotic limit of the homogeneous system. For the sake of complete-
ness, in this section we study the asymptotic limit of the solutions of the homogeneous
system (1.6) as k tends to infinity. Before, we mention some elementary properties of
these solutions.

System (1.6) is well-posed in the energy space X = H1
0 (0, L) × L2 (0, L) ×

H1 (0, L) × L2 (0, L) . More precisely, for any {φ0, φ1, ψ0, ψ1} ∈ X and {f, g} ∈
L1
(
0, T ;

[
L2
(
0, L
)]2)

there exists a unique solution in the class

(2.1) {φ, ψ} ∈ C0
(
[0, T ] ;H1

0 (0, L) ×H1 (0, L)
)
∩ C1

(
[0, T ] ;

[
L2 (0, L)

]2)
satisfying the inequality

(2.2)
‖{φ (t) , φ′ (t) , ψ (t) , ψ′ (t)}‖k ≤ C1e

C2T
(
‖{φ0, φ1, ψ0, ψ1}‖k

+ ‖{f, g}‖L1(0,T ;[L2(0,L)]2)

)
for all t ∈ [0, T ] , where the norm ‖·‖k is defined by

‖{u1, u2, v1, v2}‖2
k =

∫ L

0

|u1x|2 dx +
ρh3

12

∫ L

0

|u2|2 dx + k

∫ L

0

|u1 + v1x|2 dx

+

∫ L

0

|v1|2 dx + ρh

∫ L

0

|v2|2 dx.

On the other hand, the energy Ek (t) of the system

(2.3)

Ek (t) =
1

2

∫ L

0

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2 + |φx (x, t)|2

+ k |φ (x, t) + ψx (x, t)|2
}
dx
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satisfies

(2.4)
dEk

dt
(t) =

∫ L

0

[f (x, t)φ′ (x, t) + g (x, t)ψ′ (x, t)] dx.

In particular, when f ≡ g ≡ 0, the energy Ek is conserved along time.
Estimate (2.2) holds as a consequence of this energy identity and Gronwall’s

inequality because of the obvious relation between the energy Ek and the norm ‖·‖k.
The norm ‖·‖k is equivalent to the square root of the sum Ek +‖v1‖2

L2(0,L). Note that

the canonical norm in X can be bounded above uniformly in terms of the norm ‖·‖k
for all k ≥ 1; i.e., there exists C > 0 independent of k such that

(2.5) ‖·‖X ≤ C ‖·‖k ∀k ≥ 1,

where ‖·‖X stands for the canonical norm in X .
Let us note that the energy Ek does not define a norm in X . Accordingly, it is

natural to introduce the norm ‖·‖k and the following decomposition of the energy
space: X = X 0 ⊕X1, with

X0 = H1
0 (0, L)×L2 (0, L)×V ×H and X1 = {{0, 0, c1, c2} ∈ X ; ci ∈ R, i = 1, 2} ,

where

V = H1 (0, L) ∩H and H =

{
v ∈ L2 (0, L) ;

∫ L

0

v (x) dx = 0

}
.

In X0 the energy defines a norm which is equivalent to ‖·‖k. On the other hand, the
spaces X0 and X1 are invariant under the flow generated by system (1.6) in the sense
given in the following result.

Proposition 2.1. Given data {φ0, φ1, ψ0, ψ1} and {0, f, 0, g} belonging to Xi and
L1 (0, T ;Xi) , respectively, with i = 0, 1, the associated solution belongs to Xi for all
t ∈ [0, T ] .

Proof. First, we show that if {φ0, φ1, ψ0, ψ1} ∈ X0 and {0, f, 0, g} ∈ L1 (0, T ;X0),
then the corresponding solution belongs to X0 for all t ∈ [0, T ] . In fact, integrating
(1.6)2 ((1.6)2 means the second equation in (1.6)) on ]0, L[ and using the conditions
(1.6)3 , we have

d2

dt2

∫ L

0

ψ (x, t) dx = 0,

that is, ∫ L

0

ψ (x, t) dx =

∫ L

0

ψ0 (x) dx + t

∫ L

0

ψ1 (x) dx = 0.

Now, if {φ0, φ1, ψ0, ψ1} ∈ X1 and {0, f, 0, g} ∈ L1 (0, T ;X1) , we have φ0 = φ1 = f = 0,
ψ0 = c1, ψ1 = c2, and g = g (t) ∈ L1 (0, T ). In this way, we get, directly from the
system (1.6) , that φ ≡ ψx ≡ 0. So ψ = ψ (t) and, by (1.6)2 , we obtain

ρhψ′′ (t) = g (t) ∀t ∈ [0, T ]

and, therefore,

ψ (t) =

∫ t

0

w (s) ds + c2t + c1 ∀t ∈ [0, T ] ,

where w (σ) = (1/ρh)
∫ σ
0
g (ξ) dξ.
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We also have the following “hidden regularity” result.
Proposition 2.2. For any T > 0, there exists a constant C = C (T ) > 0,

independent of k, such that the solution {φ, ψ} of (1.6) satisfies the inequality

(2.6)
‖{φx (0, ·) , ψ (0, ·)}‖2

L2(0,T )×H1(0,T ) ≤ C
{
‖{φ0, φ1, ψ0, ψ1}‖2

k

+ ‖{f, g}‖2
L1(0,T ;[L2(0,L)]2)

}

for any {φ0, φ1, ψ0, ψ1} ∈ X and {f, g} ∈ L1
(
0, T ;

[
L2
(
0, L
)]2)

.
Proof. It is enough to consider smooth solutions since a classical density argument

allows us to extend the inequality (2.6) to finite-energy solutions. We use a multiplier
method (see [8]). We multiply (1.6)1 by (L− x)φx and (1.6)2 by (L− x)ψx, and after
integrating by parts over Q we get

(2.7)

L

2

∫ T

0

{
ρh |ψ′ (0, t)|2 + |φx (0, t)|2

}
dt =

1

2

∫
Q

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2

+ |φx (x, t)|2 + k |φ (x, t) + ψx (x, t)|2
}
dxdt−

∫
Q

{
ρh3

12
|φ′ (x, t)|2 − |φx (x, t)|2

}
dxdt

−
[
ρh3

12

∫ L

0

φ′ (x, t) (L− x)φx (x, t) dx + ρh

∫ L

0

ψ′ (x, t) (L− x)ψx (x, t) dx

]∣∣∣∣∣
T

0

+

∫
Q

f (x, t) (L− x)φx (x, t) dxdt +

∫
Q

g (x, t) (L− x)ψx (x, t) dxdt.

Using (2.2), from (2.7) we obtain the estimate

(2.8)

‖{φx (0, ·) , ψ′ (0, ·)}‖2
[L2(0,T )]2 ≤ C

{
‖{φ0, φ1, ψ0, ψ1}‖2

k + ‖{f, g}‖2
L1(0,T ;[L2(0,L)]2)

}
,

with C = C (T ) > 0 a constant independent of k.
On the other hand, by the trace theorem, there exists a constant Cγ > 0, inde-

pendent of k, such that

‖ψ (0, ·)‖L2(0,T ) ≤ Cγ ‖ψ (·, t)‖H1(Q) .

Thus by (2.2) it follows that

(2.9) ‖ψ (0, ·)‖L2(0,T ) ≤ C
(
‖{φ0, φ1, ψ0, ψ1}‖k + ‖{f, g}‖L1(0,T ;[L2(0,L)]2)

)
,

where C = C (T ) > 0 is a constant independent of k.
Combining (2.8) and (2.9), we deduce the inequality (2.6), uniformly on k ≥

1.
Concerning the asymptotic behavior of the solutions of the homogeneous Mindlin–

Timoshenko system (1.6), as k tends to infinity, the following result holds.
Theorem 2.1. Let {φk, ψk} be the unique solution of (1.6) with data

{φ0k, φ1k, ψ0k, ψ1k} ∈ X and {f, g} ∈ L1
(
0, T ;H1

0 (0, L) × L2 (0, L)
)
.

(a)Weak convergence. Assume that the initial data satisfy

(2.10) ‖{φ0k, φ1k, ψ0k, ψ1k}‖2
k ≤ C ∀k ≥ 1,
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with C being a positive constant independent of k and

(2.11) {φ0k, φ1k, ψ0k, ψ1k} → {φ0, φ1, ψ0, ψ1} weakly in X .

Then, as k → ∞, the following convergence property holds:

(2.12) {φk, φ
′
k, ψk, ψ

′
k} → {−ψx,−ψ′x, ψ, ψ

′} weakly ∗ in L∞ (0, T ;X ) ,

where ψ solves the homogeneous Kirchhoff system

(2.13)

∣∣∣∣∣∣∣∣∣∣

ρhψ′′ − ρh3

12
ψ′′xx + ψxxxx = fx + g in Q,

ψx (0, ·) = ψx (L, ·) = ψxxx (0, ·) = ψxxx (L, ·) = 0 on (0, T ) ,

ψ (·, 0) = ψ0,

[
ψ (·, 0) − h2

12
ψxx (·, 0)

]′
= ψ1 +

h2

12
φ1x in (0, L) .

(b)Strong convergence. If the initial data satisfy the additional conditions

(2.14) φ0 + ψ0x = 0, lim
k→∞

Ek (0) = E (0) ,

where E (t) is the energy of (2.13) given by

(2.15) E (t) =
1

2

∫ L

0

{
ρh |ψ′ (x, t)|2 +

ρh3

12
|ψ′x (x, t)|2 + |ψxx (x, t)|2

}
dx,

then, for 1 < p < ∞, the following strong convergence holds as k → ∞:

(2.16) {φk, φ
′
k, ψk, ψ

′
k} → {−ψx,−ψ′x, ψ, ψ

′} strongly in Lp (0, T ;X ) .

Remark 2.1.

• The existence and uniqueness of weak solutions of the limit system (2.13) can
be obtained by classical methods. More precisely, when {ψ0, ψ1, fx + g} ∈
W × H1 (0, L) × L1

(
0, T ;L2 (0, L)

)
, where W =

{
v ∈ H2 (0, L) ; vx (0) =

vx (L) = 0} , there exists a unique finite energy solution ψ in the class

ψ ∈ C0 ([0, T ] ;W ) ∩ C1
(
[0, T ] ;H1 (0, L)

)
satisfying the variational formulation of (2.13)

ρh
d

dt
(ψ′ (t) , w) +

ρh3

12

d

dt
(ψ′x (t) , wx) + (ψxx (t) , wxx) = (fx (t) + g (t) , w)

for all w ∈ W , the boundary conditions (2.13)2, and the initial conditions
(2.13)3 . Here (·, ·) represents the inner product in L2 (0, L) . Furthermore the
energy E (t) in (2.15) satisfies

E ′ (t) =

∫ L

0

[fx (x, t) + g (x, t)]ψ′ (x, t) dx.

If fx + g ≡ 0, the energy is conserved.
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• Note, however, that, in order to identify fully the initial data of the solutions
of the limit system (2.13) and, more precisely, to determine the initial data
of ψ′, an elliptic equation has to be solved. Namely, the initial datum for the
velocity ψ′ in (2.13)3 is determined by solving the elliptic equation

(2.17) ψ′ (·, 0) ∈ H1(0, L) : ρhψ′ (0) − ρh3

12
ψ′xx (0) = ρhψ1 +

ρh3

12
φ1x,

as the proof of the theorem will show.
To be more precise, this elliptic equation can be written in the variational
form

(2.18)

−ρh3

12
(ψ′x(0), wx)−ρh (ψ′(0), w) =

ρh3

12
(φ1, wx)−ρh (ψ1, w) ∀w ∈ H1(0, L)

in which the term φ1x, which is an element of (H1(0, L))′, is not the derivative
of φ1 in the sense of transposition but rather the linear mapping so that, when
acting on any element w of H1(0, L), yields the value − (φ1, wx). The same
can be said about ψ′xx (0), which represents the element of (H1(0, L))′ yielding
− (ψ′x(0), wx).

• Similar results hold when the right-hand side terms {fk, gk} depend on k and
converge in a suitable sense. But we shall not discuss this issue since it is not
needed for the purpose of this paper.

Proof of Theorem 2.1. We will prove the theorem in two steps.
Step 1.Weak convergence. Considering {f, g} ∈ L2

(
0, T ;H1

0 (0, L) × L2 (0, L)
)

and
the sequence of initial data {φ0k, φ1k, ψ0k, ψ1k} ∈ X satisfying (2.10), the right-hand
side of (2.2) and the energies Ek are uniformly bounded on k. Consequently∣∣∣∣∣

({φk, φ
′
k, ψk, ψ

′
k}) is bounded in L∞ (0, T ;X ) ,(√

k [φk + ψkx]
)

is bounded in L∞
(
0, T ;L2 (0, L)

)
.

This immediately yields a uniform bound for φ, φ′, and ψ′ in the corresponding spaces.
We also get a uniform bound on ψ in L2(0, L). The uniform bound on ψ in H1(0, L)
can be easily obtained from the bound in L2(0, L) and in ‖·‖k and the fact that

‖ψx‖L2(0,L) ≤ ‖φ + ψx‖L2(0,L) + ‖φ‖L2(0,L) ≤ k ‖φ + ψx‖L2(0,L) + ‖φ‖L2(0,L)

≤ C ‖{φ, φ′, ψ, ψ′}‖k .(2.19)

Extracting subsequences, which we still denote by ({φk, ψk}) , we get

(2.20) {φk, φ
′
k, ψk, ψ

′
k} → {φ, φ′, ψ, ψ′} weakly ∗ in L∞ (0, T ;X )

with

(2.21) φ + ψx = 0.

For test functions {z, w} ∈ H1
0 (0, L) ×H1 (0, L) satisfying

(2.22) z + wx = 0,

the variational formulation of (1.6) reduces to

(2.23)
ρh3

12

d

dt
(φ′k (t) , z) + ρh

d

dt
(ψ′k (t) , w) + (φkx (t) , zx) = (f (t) , z) + (g (t) , w) .
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Using the convergences (2.20) in (2.23) and applying identities (2.21) and (2.22),
the limit weak formulation can be written in terms of ψ as follows:

(2.24)

ρh
d

dt
(ψ′ (t) , w) +

ρh3

12

d

dt
(ψ′x (t) , wx) + (ψxx (t) , wxx) = (fx (t) + g (t) , w) ∀w ∈ W.

This identity is a weak form of (2.13)1. The two boundary conditions

ψx (0, t) = ψx (L, t) = 0 on (0, T )

are deduced from the facts that ψx = −φ and that φ satisfies the Dirichlet boundary
conditions. The other two in (2.13), namely,

ψxxx (0, t) = ψxxx (L, t) = 0 on (0, T ) ,

are implicit in the weak form of the equation since the test function w does not vanish
on the boundary.

To conclude our result, it remains to identify the initial data of the limit system.
In view of the convergences (2.20) , and classical compactness arguments, ψk → ψ
in C0

(
[0, T ] ;L2 (0, L)

)
. Then ψk (·, 0) → ψ (·, 0) in L2 (0, L) , which, combined with

(2.11), guarantees that ψ (·, 0) = ψ0. In order to identify ψ′ (·, 0) , we multiply both
sides of (2.23) by the function θδ ∈ H1 (0, T ) defined by

θδ (t) =

{
− t

δ
+ 1 if 0 ≤ t ≤ δ,

0 if δ < t ≤ T

and we integrate by parts to obtain

−ρh3

12
(φ′k (0) , z) +

ρh3

12δ

∫ δ

0

(φ′k (t) , z) dt− ρh (ψ′k (0) , w) +
ρh

δ

∫ δ

0

(ψ′k (t) , w) dt

+

∫ δ

0

(φkx (t) , zx) θδ (t) dt = −ρh3

12
(φ1k, z) − ρh (ψ1k, w) +

ρh3

12δ

∫ δ

0

(φ′k (t) , z) dt

+
ρh

δ

∫ δ

0

(ψ′k (t) , w) dt +

∫ δ

0

(φkx (t) , zx) θδ (t) dt =

∫ δ

0

(f (t) , z) θδ (t) dt

+

∫ δ

0

(g (t) , w) θδ (t) dt.

Passing to the limit in the last equality as k → ∞ and using (2.21) and (2.22), we get

ρh3

12
(φ1, wx) − ρh (ψ1, w) +

ρh3

12δ

∫ δ

0

(ψ′x (t) , wx) dt +
ρh

δ

∫ δ

0

(ψ′ (t) , w) dt

+

∫ δ

0

(ψxx (t) , wxx) θδ (t) dt =

∫ δ

0

(fx (t) , w) θδ (t) dt +

∫ δ

0

(g (t) , w) θδ (t) dt.

On the other hand, multiplying in (2.24) by θδ and integrating in time, we obtain
an expression that, compared with the previous one, yields the identity (2.18). This
completes the proof of part (a) of the theorem.

Step 2. Strong convergence. We know by (2.4) that the energy Ek (t) associated
with {φk, ψk} of (1.6) satisfies

(2.25) Ek (t) = Ek (0) +

∫ t

0

∫ L

0

[f (x, s)φ′k (x, s) + g (x, s)ψ′k (x, s)] dxdt.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1918 F. D. ARARUNA AND E. ZUAZUA

On the other hand, in view of Remark 2.1 and (2.21), it follows that the energy
of system (2.13) satisfies

E (t) = E (0) +

∫ t

0

∫ L

0

[−f (x, s)ψ′x (x, s) + g (x, s)ψ′ (x, s)] dxdt.

Therefore, combining (2.14), (2.20), (2.21), and (2.25), we get

(2.26) lim
k→∞

Ek (t) = E (t) .

As a consequence of (2.26) , we have the norm convergence which, together with the
weak convergence result (2.12), yields the strong convergence one, (b), of the theorem.

Let us develop this last argument in more detail. In view of the weak convergence
of solutions and the structure of the energy Ek, it follows that

lim inf
k→∞

∫ T

0

Ek(t)dt ≥
1

2

∫ T

0

∫ L

0

[
ρh3

12
|ψ′x|

2
+ ρh |ψ′|2 + |ψxx|2

]
dxdt =

∫ T

0

E (t) dt.

This fact, together with (2.20), (2.21), and (2.26), implies

lim
k→∞

∫ T

0

∫ L

0

|φ′k|
2
dxdt =

∫ T

0

∫ L

0

|ψ′x|
2
dxdt,

lim
k→∞

∫ T

0

∫ L

0

|ψ′k|
2
dxdt =

∫ T

0

∫ L

0

|ψ′|2 dxdt,

lim
k→∞

∫ T

0

∫ L

0

|φkx|2 dxdt =

∫ T

0

∫ L

0

|ψxx|2 dxdt,

and

(2.27) lim
k→∞

k

∫ T

0

∫ L

0

|φk + ψkx|2 dxdt → 0.

This, combined with the weak convergence, implies the strong convergence of
{φ′k, ψ′k, φkx} to {−ψ′x, ψ

′,−ψxx} in [L2(Q)]3. The strong convergence of ψk in
L2(0, T ;H1(0, L)) is then a consequence of (2.27) and the fact that φk strongly con-
verges to −ψx in L2(Q).

Strong convergence in L2(0, T ;X ), together with the uniform boundedness in
L∞(0, T ;X ), implies strong convergence in Lp(0, T ;X ) for all 1 < p < ∞.

3. Spectral analysis. This section is devoted to analyzing the asymptotic be-
havior, as k tends to infinity, of the spectrum of the Mindlin–Timoshenko system.
With this goal in mind, we write system (1.6) (with f = g = 0) in the following
abstract form:

Φ′ = −iAΦ,

where Φ = [φ, φ′, ψ, ψ′]
T

and the operator A : D (A) ⊂ X → X is given by

A = i

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0
12

ρh3

(
∂2

∂x2
− k

)
0 −12k

ρh3

∂

∂x
0

0 0 0 1
k

ρh

∂

∂x
0

k

ρh

∂2

∂x2
0

⎤
⎥⎥⎥⎥⎥⎥⎦
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with domain

D (A) =
[
H1

0 (0, L) ∩H2 (0, L)
]
×H1

0 (0, L) ×W ×H1 (0, L) .

The eigenvalue problem for the operator A reads

(3.1) AΦ = λΦ.

Let us compute the eigenvalues and the corresponding eigenfunctions. In view of
the various equations involved in (3.1) and the boundary conditions satisfied by the

components φ and ψ, the solutions Φ = [φ, φ′, ψ, ψ′]
T

associated with the eigenfunc-
tions are such that

{φ (x, t) , ψ (x, t)} = e−iλt {sin (mπx/L) , c cos (mπx/L)} ,

where the constant c is to be determined in terms of m and λ. In particular, computing
the components φ and ψ suffices to identify the 4-component vector.

From (3.1) we have

(3.2)

∣∣∣∣∣∣
λ2 ρh

3

12
φ− φxx + k (φ + ψx) = 0,

λ2ρhψ − k (φ + ψx)x = 0.

Taking the derivative of (3.2)1 with respect to x and substituting in (3.2)2 , we get

(3.3) ψ =
1

λ2ρh

(
φxxx − λ2ρh3

12
φx

)
.

Now, doing the same in (3.3) and substituting in (3.2)1 , it follows that

φxxxx −
(
ρhλ2

k
+

λ2ρh3

12

)
φxx +

(
λ4ρ2h4

12k
+ λ2ρh

)
φ = 0.

Since φ (x, t) = e−iλt sin (mπx/L), we obtain, for λ, the fourth degree equation

(3.4) λ4 −
(

12π2m2

ρh3L2
+

π2km2

ρhL2
+

12k

ρh3

)
λ2 +

12π4km4

ρ2h4L4
= 0,

while c satisfies

(3.5) c =
π3m3

λ2ρhL3
− h2mπ

12L
.

Solving (3.4), we find the eigenvalues

λ̃±k,m = ±
[

6π2m2

ρh3L2
+

π2km2

2ρhL2
+

6k

ρh3

+
1

2

√
144k2

ρ2h6
+

288π2km2

ρ2h6L2
+

24π2k2m2

ρ2h4L2
+

(
12π2m2

ρh3L2
− π2km2

ρhL2

)2
⎤
⎦

1
2
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and

λ±k,m = ±
[

6π2m2

ρh3L2
+

π2km2

2ρhL2
+

6k

ρh3

−1

2

√
144k2

ρ2h6
+

288π2km2

ρ2h6L2
+

24π2k2m2

ρ2h4L2
+

(
12π2m2

ρh3L2
− π2km2

ρhL2

)2
⎤
⎦

1
2

.

We denote by cm and c̃m the corresponding values of c according to the definition
(3.5).

For m fixed, we see easily that, as k tends to infinity,

(3.6) λ̃±k,m → ±∞.

This corresponds to that half of the spectrum that disappears when letting k tend to
infinity, in the sense that, since λ̃±k,m diverge as k → ∞, do not lead to any eigenvalue
of the limit system.

The following result describes the asymptotic behavior of the other family of
eigenvalues.

Proposition 3.1. For fixed m ∈ N, as k → ∞,

(3.7) λ±k,m → λ±m = ±

√
12π4m4

12ρhL4 + π2ρh3L2m2
.

These are the eigenvalues of the limit Kirchhoff system (2.13) (with fx + g = 0) for
which the corresponding eigenfunctions are cos(mπx/L).

Proof. It is sufficient to prove convergence for the + sign. To simplify the notation
we denote by λk,m the eigenvalues λ+

k,m. We have to observe that

(3.8)

∣∣∣∣∣λk,m −

√
12π4m4

12ρhL4 + π2ρh3L2m2

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣
λ2
k,m − 12π4m4

12ρhL4 + π2ρh3L2m2

λk,m +

√
12π4m4

12ρhL4 + π2ρh3L2m2

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣
(
12ρhL4 + π2ρh3L2m2

)
λ2
k,m − 12π4m4

(12ρhL4 + π2ρh3L2m2)λk,m +
√

(12ρhL4 + π2ρh3L2m2) (12π4m4)

∣∣∣∣∣ .
Let us now analyze separately the numerator and denominator of this expression.

Using the algebraic identity a− b =
(
a2 − b2

)
/ (a + b) , we get

(3.9)

|λk,m|2 =
12π4km4

ρ2h4L4

[
6π2m2

ρh3L2
+

π2km2

2ρhL2
+

6k

ρh3

+
1

2

√
144k2

ρ2h6
+

288π2km2

ρ2h6L2
+

24π2k2m2

ρ2h4L2
+

144π4m4

ρ2h6L4
− 24π4km4

ρ2h4L4
+

π4k2m4

ρ2h2L4

]−1

.
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Then the numerator N on the right-hand side of (3.8) can be rewritten as

N =

∣∣∣∣∣−12π4m4 +
(
12ρhL4 + π2ρh3L2m2

) 12π4km4

ρ2h4L4

[
6π2m2

ρh3L2
+

π2km2

2ρhL2
+

6k

ρh3

+
1

2

√
144k2

ρ2h6
+

288π2km2

ρ2h6L2
+

24π2k2m2

ρ2h4L2
+

144π4m4

ρ2h6L4
− 24π4km4

ρ2h4L4
+

π4k2m4

ρ2h2L4

]−1
∣∣∣∣∣∣ ,

that is,

N =

∣∣∣∣∣∣∣−12π4m4 +

(
12L2 + π2h2m2

)
12π4m4

6π2m2

k
+

π2h2m2

2
+ 6L2 +

ρh3L2

2

√
r

∣∣∣∣∣∣∣ ,
where

r =
144

ρ2h6
+

288π2m2

ρ2h6L2k
+

24π2m2

ρ2h4L2
+

144π4m4

ρ2h6L4k2
− 24π4m4

ρ2h4L4k
+

π4m4

ρ2h2L4
.

Thus, we have the following estimate:

(3.10)

N =

∣∣∣∣∣∣∣
72π4L2m4 + 6π6h2m6 − 72π6m6

k
− 6π4ρh3L2m4

√
r

6π2m2

k
+

π2h2m2

2
+ 6L2 +

ρh3L2

2

√
r

∣∣∣∣∣∣∣
≤
∣∣∣∣
(

144π2L2m2

h2
+ 12π4m4 − 144π4m4

h2k

)
− 12π2ρhL2m2

√
r

∣∣∣∣

=

∣∣∣∣∣∣∣∣∣

(
144π2L2m2

h2
+ 12π4m4 − 144π4m4

h2k

)2

−
(
12π2ρhL2m2

)2
r

144π2L2m2

h2
+ 12π4m4 − 144π4m4

h2k
+ 12π2ρhL2m2

√
r

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣ 4 (12)
3
π4L2m4

12h2L2k + π2h4m2k − 12π2h2m2 + ρh5L2k
√
r

∣∣∣∣∣ .
Dividing the numerator of the last fraction of (3.10) by the second term of its denom-
inator, it follows that

(3.11) N ≤ 4 (12)
3
π2L2m2

h4k
.

On the other hand, the denominator D of the last term of (3.8) is bounded below
by

(3.12) D ≥ 12
√

ρhπ2L2m2.

From (3.8), (3.11), and (3.12) we obtain that

(3.13)

∣∣∣∣∣∣λk,m −

√
12π4m4

12ρhL4 + π2ρh3L2m2

∣∣∣∣∣∣ ≤
c

k
,
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where c = 4 (12)
2
/h4

√
ρh. The estimate (3.13) immediately implies the statement

(3.7) of the proposition.

Remark 3.1. As we mentioned above, the eigenvalues λ̃±k,m tend to ±∞. In other
words, they disappear as k tends to infinity. This fact is intimately related to the
asymptotic simplification that the system undergoes when passing from a system
of two equations and two dependent variables to a scalar equation with only one
dependent variable. Obviously, for a complete description of the space of solutions of
(2.13), the eigenpairs (λ±m, cos(mπx/L)) obtained in the limit as k tends to infinity
suffice.

4. Asymptotic limit of the controlled system. Our interest now is to study
the asymptotic behavior of the solutions {uk, vk} of the system (1.1)−(1.4) when
k tends to infinity. They are defined by transposition (see [9]) as follows. First, we
consider the solution of the adjoint system

(4.1)

∣∣∣∣∣∣∣∣∣∣

ρh3

12
φ′′ − φxx + k (φ + ψx) = f in Q,

ρhψ′′ − k (φ + ψx)x = g in Q,
φ (0, ·) = φ (L, ·) = ψx (0, ·) = ψx (L, ·) = 0 on (0, T ) ,
φ (·, T ) = φ′ (·, T ) = ψ (·, T ) = ψ′ (·, T ) = 0 in (0, L) .

As indicated in the introduction, although, normally, the adjoint system is taken
to be homogeneous (i.e., f ≡ g ≡ 0), we consider the case where f and g are arbitrary
since this is useful to define the solution of (1.1)−(1.4) by transposition.

This system may be reduced to (1.6) by the change of variables t → T − t.
Then, when {f, g} ∈ L1

(
0, T ;H1

0 (0, L) × L2 (0, L)
)
, it admits a unique solution in

the class (2.1) satisfying (2.2) and the hidden regularity property (2.6). Moreover, the
conditions of Theorem 2.1 on the initial data and right-hand side terms are satisfied
for (4.1). Therefore, in the limit as k → ∞,

(4.2) φ + ψx = 0.

Multiplying both sides of (1.1)1 by φ and of (1.1)2 by ψ and integrating, formally,
by parts in Q, we obtain the identity

(4.3)

∫
Q

[f (x, t)u (x, t) + g (x, t) v (x, t)] dxdt =
ρh3

12

∫ L

0

φ (x, 0)u1 (x) dx

−ρh3

12

∫ L

0

φ′ (x, 0)u0 (x) dx + ρh

∫ L

0

[ψ (x, 0) v1 (x) − ψ′ (x, 0) v0 (x)] dx

−k

∫ T

0

Θkψ (0, t) dt.

In view of (2.1) and (2.6) , the right-hand side of (4.3) makes sense, provided

(4.4) {u0, u1, v0, v1} ∈ X ′ = L2 (0, L) ×H−1 (0, L) × L2 (0, L) ×
[
H1 (0, L)

]′
and

(4.5) Θk ∈
[
H1 (0, T )

]′
.

Assuming that Θk is of the form

(4.6) Θk = Θ′1k/k with Θ1k ∈ L2 (0, T ) of compact support in (0, T ) ,
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the identity (4.3) may be rewritten as

(4.7)

∫
Q

[f (x, t)u (x, t) + g (x, t) v (x, t)] dxdt =
ρh3

12
[〈u1, φ (·, 0)〉0 − (u0, φ

′ (·, 0))]

+ρh [〈v1, ψ (·, 0)〉1 − (v0, ψ
′ (·, 0))] +

∫ T

0

Θ1kψ
′ (0, t) dt,

where 〈·, ·〉0 (resp., 〈·, ·〉1) represents the duality between H−1 (0, L) (resp., (H1 (0, L))′)
and H1

0 (0, L) (resp., H1 (0, L)).
Note that in (4.6) the prime ′ stands for the classical derivative in the sense of

distributions.
We adopt (4.7) as a definition of the solution of (1.1)−(1.4) in the sense of transpo-

sition. Arguing as in [8] and in view of the hidden regularity properties in Proposition
2.2, we deduce that system (1.1)−(1.4) has a unique solution in the class

{u, v} ∈ C0
(
[0, T ] ;

[
L2 (0, L)

]2)
.

Moreover, there exists a constant C > 0, independent of k, such that

(4.8) ‖{u, v}‖L∞(0,T ;[L2(0,L)]2) ≤ C
(
‖{u0, u1, v0, v1}‖X ′ + ‖Θ1k‖L2(0,T )

)
.

Similarly one can show that

(4.9) {u, v} ∈ C1
(
[0, T ] ;H−1 (0, L) ×

[
H1 (0, L)

]′)
and show an estimate of the form

(4.10)

‖{u, v}‖W 1,∞(0,T ;H−1(0,L)×[H1(0,L)]′) ≤ C
(
‖{u0, u1, v0, v1}‖X ′ + ‖Θ1k‖L2(0,T )

)
.

The solution by transposition of the system (1.5) can be defined in a similar way.
Indeed, multiplying system (1.5) by the weak solution ψ of the backward problem
(that can be transformed into (2.13) by time-reversal)

(4.11)

∣∣∣∣∣∣∣∣
ρhψ′′ − ρh3

12
ψ′′xx + ψxxxx = fx + g in Q,

ψx (0, ·) = ψx (L, ·) = ψxxx (0, ·) = ψxxx (L, ·) = 0 on (0, T ) ,

ψ (·, T ) = ψ′ (·, T ) = 0 in (0, L)

and after integrating by parts in Q, we get

(4.12)

∫
Q

[g (x, t) + fx (x, t)] v (x, t) dxdt =
ρh3

12
[〈v1x, ψx (·, 0)〉0 − (v0x, ψ

′
x (·, 0))]

+ρh [(v1, ψ (·, 0)) − (v0, ψ
′ (·, 0))] +

∫ T

0

Ξψ (0, t) dt.

We adopt identity (4.12) as a definition of the solution of (1.5) in the sense of
transposition. In this sense, when {v0, v1} ∈ H1 (0, L) × L2 (0, L), system (1.5) pos-
sesses a unique solution in the class v ∈ C0

(
[0, T ] ;H1 (0, L)

)
∩ C1

(
[0, T ] ;L2 (0, L)

)
.

The following result describes the asymptotic behavior as k → ∞.
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Theorem 4.1. Consider initial data {u0, u1, v0, v1} ∈ X ′ independent of k such
that

(4.13) u0 + v0x = 0, u1 + v1x = 0,

and Θk satisfying (4.6) and

(4.14) Θ1k → Θ1 weakly in L2 (0, T ) , Θ1 being of compact support in (0, T ) .

Let {uk, vk} be the solution of (1.1)−(1.4). Then, as k → ∞, the convergence

(4.15) {uk, vk} → {−vx, v} weakly ∗ in L∞
(
0, T ;L2 (0, L) × L2 (0, L)

)
holds, where v is the solution of system (1.5) with Ξ = −Θ′1.

Remark 4.1. As we shall see in the application to controllability, the controls for
both the Midlin–Timoshenko and Kirchhoff systems can be taken to be of compact
support in (0, T ).

Proof of Theorem 4.1. For data {u0, u1, v0, v1,Θk} in the conditions of Theorem
4.1, we consider, for each k > 0, {uk, vk} the unique solution of (1.1) − (1.4) in the
sense of transposition.

Using (2.1), (2.2), (2.6), and (4.14), it follows, by (4.7), that

{uk, vk} is bounded in L∞
(
0, T ;L2 (0, L) × L2 (0, L)

)
.

Then we can extract a subsequence, that we still denote in the same form, such that

(4.16) {uk, vk} → {u, v} weakly ∗ in L∞
(
0, T ;L2 (0, L) × L2 (0, L)

)
.

Applying (4.2), (4.14), and (4.16) in (4.7), we obtain, in the limit,

(4.17)∫
Q

[f (x, t)u (x, t) + g (x, t) v (x, t)] dxdt =
ρh3

12
[−〈u1, ψx (·, 0)〉0 + (u0, ψ

′
x (·, 0))]

+ρh [〈v1, ψ (·, 0)〉1 − (v0, ψ
′ (·, 0))] +

∫ T

0

Θ1ψ
′ (0, t) dt,

where ψ is the weak solution of system (4.11) . Note that here we have used the fact
that the weak convergence property in Theorem 2.1 is also true for the solutions of
the adjoint system evaluated at time t = 0. This result has not been explicitly stated
in Theorem 2.1 but can be derived in view of the properties stated there and standard
arguments.

On the other hand, from (1.1)1 we have that

uk + vkx = −1

k

(
ρh3

12
u′′k − ukxx

)
.

Then, in the limit as k → ∞ (convergence takes place in a very weak topology),

u + vx = 0.

In this way, using the last equation, and the compatibility conditions on the initial
data (4.13), identity (4.17) can be written as in (4.12) with Ξ = −Θ′1. Thus, v is the
unique solution, by transposition, of system (1.5).
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5. Nonuniform observability. In this section we consider the adjoint system
(1.6) in the particular case where f ≡ g ≡ 0. More precisely, assume that {φ, ψ} solves

(5.1)

∣∣∣∣∣∣∣∣∣∣∣∣

ρh3

12
φ′′ − φxx + k (φ + ψx) = 0 in Q,

ρhψ′′ − k (φ + ψx)x = 0 in Q,
φ (0, t) = φ (L, t) = ψx (0, t) = ψx (L, t) = 0 on (0, T ) ,
φ (x, 0) = φ0 (x) , φ′ (x, 0) = φ1 (x) in (0, L) ,
ψ (x, 0) = ψ0 (x) , ψ′ (x, 0) = ψ1 (x) in (0, L) .

We have the following observability result.
Theorem 5.1. For T > 2αL, with

α = max

{√
ρh3

12
,

√
ρh

k

}
, k ≥ 1, and h ≤ min

{
3

√
3

ρ
,

1

4ρ

}
,

there exists a constant C∗k > 0 such that, for any solution of (5.1),

(5.2) ‖{φ0, φ1, ψ0, ψ1}‖2
k ≤ C∗k

∫ T

0

{
|φx (0, t)|2 + |ψ (0, t)|2 + ρh |ψ′ (0, t)|2

}
dt.

More precisely,

C∗k = ACk,

where A = A(T,L, ρ, h) is a positive constant and

(5.3) Ck =
L

2 (T − 2αL)
exp

(
√
kL +

2
√

3L

h
+ L3 + 3L

)
.

Remark 5.1.

• The observability time in Theorem 5.1 is optimal and uniform in the sense
that, for k large enough, or more precisely, for k ≥ 12/h2, we can take
T > 2L

√
ρh3/12 independent of k. However, the observability constant C∗k

diverges exponentially as k → ∞. Therefore it is not of use for getting uniform
controllability results as k tends to infinity.

• The hypotheses of Theorem 5.1 on h and k are natural since, as it was said in
the introduction, the Mindlin–Timoshenko model was deduced for thin beams
(which makes the smallness assumption on h natural) and also because we
are interested in the singular limit k → ∞.

Proof of Theorem 5.1.
Step 1. First, we consider {φ0, φ1, ψ0, ψ1} ∈ X0. In this case the energy defines a

norm equivalent to the usual one ‖·‖k . We will prove that

(5.4) Ek (0) ≤ Ck

∫ T

0

{
|φx (0, t)|2 + |ψ (0, t)|2 + ρh |ψ′ (0, t)|2

}
dt.

For this, we use a genuinely one-dimensional method which consists roughly of viewing
(5.1)1 and (5.1)2 as evolution equations with respect to x, while t plays the role of
the space variable. This argument was used in [15] when studying the controllability
of the semilinear wave equation in one space dimension.
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Let us define the functional

(5.5)
Fk (x) =

1

2

∫ T−αx

αx

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2 + |φx (x, t)|2

+ k |φ (x, t) + ψx (x, t)|2 + |ψ (x, t)|2
}
dt.

Note that

(5.6) Fk (0) =
1

2

∫ T

0

{
|φx (0, t)|2 + |ψ (0, t)|2 + ρh |ψ′ (0, t)|2

}
dt.

The derivative of the functional Fk is
(5.7)

F ′k (x) =

∫ T−αx

αx

{
ρh3

12
φ′ (x, t)φ′x (x, t) + ρhψ′ (x, t)ψ′x (x, t) + φx (x, t)φxx (x, t)

+ k (φ (x, t) + ψx (x, t)) (φ (x, t) + ψx (x, t))x + ψ (x, t)ψx (x, t)

}
dt

−1

2

∑
t=T−αx,αx

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2 + |φx (x, t)|2

+ k |φ (x, t) + ψx (x, t)|2 + |ψ (x, t)|2
}
.

Integrating by parts and using (5.1)1 , we get

(5.8)

∫ T−αx

αx

ρh3

12
φ′ (x, t)φ′x (x, t) dt = −

∫ T−αx

αx

ρh3

12
φ′′ (x, t)φx (x, t) dt

+

[
ρh3

12
φ′ (x, t)φx (x, t)

]∣∣∣∣
T−αx

αx

= −
∫ T−αx

αx

φxx (x, t)φx (x, t) dt

+

∫ T−αx

αx

k (φ (x, t) + ψx (x, t))φx (x, t) dt +

[
ρh3

12
φ′ (x, t)φx (x, t)

]∣∣∣∣
T−αx

αx

.

Since h ≤ (3/ρ)
1
3 , we have

(5.9)[
ρh3

12
φ′ (x, t)φx (x, t)

]∣∣∣∣
T−αx

αx

≤ 1

4

∑
t=T−αx,αx

{(
ρh3

6

)2

|φ′ (x, t)|2 + |φx (x, t)|2
}

≤ 1

4

∑
t=T−αx,αx

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2 + |φx (x, t)|2

+ k |φ (x, t) + ψx (x, t)|2 + |ψ (x, t)|2
}
.

Using (5.1)2 and integrating by parts, it follows that

(5.10)

∫ T−αx

αx

k (φ (x, t) + ψx (x, t)) (φ (x, t) + ψx (x, t))x dt

=

∫ T−αx

αx

ρhψ′′ (x, t) [φ (x, t) + ψx (x, t)] dt = −
∫ T−αx

αx

ρhφ′ (x, t)ψ′ (x, t) dt

−
∫ T−αx

αx

ρhψ′ (x, t)ψ′x (x, t) dt + {ρhψ′ (x, t) [φ (x, t) + ψx (x, t)]}|T−αxαx .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONTROLLABILITY OF THE KIRCHHOFF SYSTEM 1927

We also get

(5.11)

{ρhψ′ (x, t) [φ (x, t) + ψx (x, t)]}|T−αxαx ≤ 1

4

∑
t=T−αx,αx

{(2ρh)
2 |ψ′ (x, t)|2

+ |φ (x, t) + ψx (x, t)|2} ≤ 1

4

∑
t=T−αx,αx

{
ρh3

12
|φ′ (x, t)|2 + ρh |ψ′ (x, t)|2

+ |φx (x, t)|2 + k |φ (x, t) + ψx (x, t)|2 + |ψ (x, t)|2
}

because h ≤ 1/4ρ and k ≥ 1.
Thus, substituting (5.8)−(5.11) in (5.7) , we deduce

(5.12)

F ′k (x) ≤
∫ T−αx

αx

k (φ (x, t) + ψx (x, t))φx (x, t) dt +

∫ T−αx

αx

ψ (x, t)ψx (x, t) dt

−
∫ T−αx

αx

ρhφ′ (x, t)ψ′ (x, t) dt ≤
(
√
k +

2
√

3

h
+ L2 + 3

)
LFk (x)

and, therefore,

(5.13) Fk (x) ≤ exp

(
√
kL +

2
√

3L

h
+ L3 + 3L

)
Fk (0) .

Integrating (5.13) in (0, L) , we have

(5.14)

∫ L

0

Fk (x) dx ≤ L exp

(
√
kL +

2
√

3L

h
+ L3 + 3L

)
Fk (0) .

Since T > 2αL, we obtain, by conservation of energy and (5.14) ,

(5.15)

(T − 2αL)Ek (0) =

∫ T−αL

αL

Ek (0) dt =

∫ T−αL

αL

Ek (t) dt ≤
∫ L

0

Fk (x) dx

≤ L exp

(
√
kL +

2
√

3L

h
+ L3 + 3L

)
Fk (0) ,

which implies (5.4) .
Step 2. We consider now {φ0, φ1, ψ0, ψ1} ∈ X and decompose it in the following

way:

{φ0, φ1, ψ0, ψ1} = {φ0, φ1, ψ0 − c1, ψ1 − c2} + {0, 0, c1, c2} ,

where c1 = (1/L)
∫ L
0
ψ0 (x) dx and c2 = (1/L)

∫ L
0
ψ1 (x) dx. In this way, according to

inequality (5.4) , for the initial data
{
φ̃0, φ̃1, ψ̃0, ψ̃1

}
= {φ0, φ1, ψ0 − c1, ψ1 − c2} ∈ X0,

the corresponding solution
{
φ̃, ψ̃
}

of (5.1) satisfies

∥∥∥{φ̃0, φ̃1, ψ̃0, ψ̃1

}∥∥∥2
k
≤ C1k

∫ T

0

{∣∣∣φ̃x (0, t)
∣∣∣2 +

∣∣∣ψ̃ (0, t)
∣∣∣2 + ρh

∣∣∣ψ̃′ (0, t)∣∣∣2} dt,

with C1k = 2
(
1 + L + L2

)
Ck and Ck as in (5.3).
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Taking into account that ψ̃ = ψ − c2t− c1, it follows that {φ, ψ} verifies

(5.16)

‖{φ0, φ1, ψ0, ψ1}‖2
k ≤ 2 ‖{φ0, φ1, ψ0, ψ1}‖2

k + 2 ‖{0, 0, c1, c2}‖2
k

≤ 2C1k

∫ T

0

{
|φx (0, t)|2 + |(ψ − c2t− c1) (0, t)|2 + ρh |(ψ′ − c2) (0, t)|2

}
dt

+2L
[
(c1)

2
+ (c2)

2
]
≤ 4C1k

∫ T

0

{
|φx (0, t)|2 + |ψ (0, t)|2 + ρh |ψ′ (0, t)|2

}
dt

+2L

[
(1 + 4TC1k) (c1)

2
+

(
1 + 2ρhTC1k +

4T 3

3
C1k

)
(c2)

2

]
.

We now need to estimate the last term of (5.16). Integrating (5.1)2 from 0 to L and
using the initial and boundary conditions of system (5.1), we have∫ L

0

ψ′ (x, t) dx = c2L and

∫ L

0

ψ (x, t) dx = (c1 + tc2)L.

Hence

(c2)
2 ≤ 1

L

∫ L

0

|ψ′ (x, t)|2 dx ≤ 2

ρhL
Ek (t)

and

(5.17)

(c1)
2 ≤ 2

L

∫ L

0

|ψ (x, t)|2 dx + 2T 2 (c2)
2

≤ 4

L
max

{
T 2

ρh
, 1

}[
Ek (t) +

1

2

∫ L

0

|ψ (x, t)|2 dx
]
.

Combining these estimates, we see that the observability inequality in the theorem
follows easily.

In the following section we show how the uniform (with respect to k) observability
inequality can be proved in a subspace of solutions that, as k → ∞, covers the whole
energy space for the limit system.

6. Uniform observability. To prove the uniform observability of filtered solu-
tions of the Mindlin–Timoshenko system (5.1), we need the following refined version
of the classical Ingham inequality on the theory of nonharmonic Fourier series (see
Haraux [4] and Micu and Zuazua [14]).

Theorem 6.1 (see [4], [14]). Let f = f (t) be of the form f (t) =
∑

n∈Z
ane

iλnt,
where (λn)n is a sequence of real numbers such that there exist N ∈ N, γ > 0, and
γ∞ > 0 such that

(6.1) λn+1 − λn ≥ γ∞ > 0 if |n| > N,

(6.2) λn+1 − λn ≥ γ > 0 ∀n ∈ Z.

Let T > 0 be such that T > 2π/γ∞. Then, there exist two positive constants C(1) and
C(2) such that

(6.3) C(1)
∑
n∈Z

|an|2 ≤
∫ T

0

|f (t)|2 dt ≤ C(2)
∑
n∈Z

|an|2
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for all (an)n ∈ l2. More precisely, C(1) = C(1) (2N + 1) and C(2) = C(2) (2N + 1) ,
where C(i) (j) , i = 1, 2, are given by the following recurrent formulas:∣∣∣∣∣∣∣∣

C(1) (j + 1) =

[(
2C(2) (j)

|J | + 1

)
4

C(1) (j) (|J | γ∞ − 2π)
2
γ2

+
2

|J |

]−1

,

C(2) (j + 1) = 2
[
|J | (j + 1) + C(2) (0)

]
, j = 0, 1, . . . ,

and C(1) (0) , C(2) (0) are such that (6.3) holds in the particular case in which γ∞ =
γ > 0.

Remark 6.1. The particular case when γ∞ = γ corresponds to the classical result
by Ingham [6] which shows the existence of positive constants C(1) and C(2) such
that (6.3) holds when T > 2π/γ. Theorem 6.1 allows us to deduce that, for general
sequences (λn)n , inequality (6.3) holds when T is smaller, because the asymptotic
gap γ∞ is in general larger than γ.

To apply Theorem 6.1 and deduce the uniform observability of system (5.1) , we
need precise estimates on the gap of the spectrum of (5.1). For this, we will look for
solutions of this system in separated variables.

According to the asymptotic properties of the two families of eigenvalues(
λk,m

)
m∈N

and
(
λ̃k,m

)
m∈N

of (5.1) given by Proposition 3.1 and by (3.6) , respec-

tively, we consider only the family (λk,m)m∈N
, because it is precisely this one and

its corresponding eigenfunctions that generate the solutions that converge to the so-
lutions of the limit Kirchhoff system, while the other one disappears, as k tends to
infinity, in the sense that it does not lead to the eigenvalues of the limit system.

Let us now consider the class of solutions of (5.1) generated by the eigenfunctions
associated with the eigenvalues λk,m:

Wλ =

{
{φ, ψ} solution of (5.1) such that

{φ, ψ} =
∑
m∈N

(
a+
k,me−iλ

+
k,mt + a−k,me−iλ

−
k,mt
){

sin
(mπx

L

)
, cm cos

(mπx

L

)}}

with cm being as in (3.5) and a±k,m = (a0
k,m − ia1

k,m/λ±k,m)/2, where a0
k,m and a1

k,m

are the Fourier coefficients of the initial data {φ0, φ1} on the basis of sinusoidal eigen-
functions,

{φ0, φ1} =

{∑
m∈N

a0
k,m sin

(mπx

L

)
,
∑
m∈N

a1
k,m sin

(mπx

L

)}
.

Obviously, this is a strict subspace of the whole space of solutions. Indeed, in this
subspace we have excluded all the eigencomponents associated with the eigenvalues
λ̃±k,m. In this subspace there is a one-to-one correspondence between the initial data
{φ0, φ1} of φ and the initial data {ψ0, ψ1} of ψ. More precisely, the Fourier coefficients
of the latter are related to the previous ones by the relations

(6.4) b0k,m = cma0
k,m, b1k,m = cma1

k,m.

Let us analyze the gap between consecutive eigenvalues λ±km. For this, we address
the following result.
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Proposition 6.1. Given

0 < ε < π2
√

12/ (12ρhL2 + π2ρh3)/L

and

k≥8 (12)
3
L/επ

√
6ρh3

we have

(6.5)
∣∣∣λ±k,m+1 − λ±k,m

∣∣∣ ≥ γ∞ > 0 with γ∞ =
π

L

√
12

ρh3
− ε ∀m ≥ m0,

where

(6.6) m0 =
2

h
4

√
9L2

ε2 (12ρhL2 + π2ρh3)
.

On the other hand,

(6.7)
∣∣∣λ±k,m+1 − λ±k,m

∣∣∣ ≥ γ > 0 with γ =
π2

L

√
12

12ρhL2 + π2ρh3
− ε ∀m ≥ 1.

Proof. To simplify the notation, we denote by λkm both λ+
k,m and λ−k,m. In view

of (3.13) we get

|λk,m+1 − λk,m| ≥ (m + 1)π2

L

√√√√√
12

12ρhL2

(m + 1)
2 + π2ρh3

− mπ2

L

√√√√ 12

12ρhL2

m2
+ π2ρh3

− 2c

k

≥ π2

L

√√√√ 12

12ρhL2

m2
+ π2ρh3

− 2c

k
≥ π

L

√
12

ρh3
−
(

24
√

3L

h2m
√

12ρhL2 + π2ρh3m2
+

2c

k

)
,

with c being as (3.13), that is, c = 4 (12)
2
/h4

√
ρh. It is easy to see that when m ≥ m0,

with m0 as in (6.6), and k ≥ 4c/ε, then

24
√

3L

h2m
√

12ρhL2 + π2ρh3m2
+

2c

k
≤ ε.

This implies the asymptotic gap condition (6.5) .
Let us analyze now the behavior of the gap for all m ≥ 1. Proceeding as before

we have

|λk,m+1 − λk,m| ≥ π2

L

√√√√ 12

12ρhL2

m2
+ π2ρh3

− 2c

k
≥ π2

L

√
12

12ρhL2 + π2ρh3
− 2c

k

for all m ≥ 1. In this way we obtain the gap (6.7) , and this concludes the proof of
the proposition.

In view of the gap conditions (6.5) and (6.7) we have all the ingredients we need
to prove the following result.
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Theorem 6.2. Let T > 2L
√
ρh3/12. Then there exist positive constants c = c (T )

and C = C (T ) such that

(6.8) c ‖{φ0, φ1, ψ0, ψ1}‖2
k ≤
∫ T

0

|ψ′ (0, t)|2 dt ≤ C ‖{φ0, φ1, ψ0, ψ1}‖2
k

for all solutions {φ, ψ} of (5.1) in the class Wλ with initial data {φ0, φ1, ψ0, ψ1} sat-
isfying the condition

(6.9) φ0 + ψ0x = 0.

Proof. We consider {φ, ψ} ∈ Wλ as the solution of (5.1) with initial data
{φ0, φ1, ψ0, ψ1} satisfying (6.9). Thus

(6.10) ψ′ (0, t) = −i
∑
m∈N

cm

(
a+
k,mλ+

k,me−iλ
+
k,mt + a−k,mλ−k,me−iλ

−
k,mt
)
.

Let T > 2L
√
ρh3/12. Applying Theorem 6.1 to the series (6.10) and using the

gap conditions, we deduce the existence of positive constants C(1) = C(1) (T, γ) and
C(2) = C(2) (T, γ) such that

(6.11)

C(1)
∑
m∈N

c2m

[(
a+
k,mλ+

k,m

)2

+
(
a−k,mλ−k,m

)2
]

≤
∫ T

0

|ψ′ (0, t)|2 dt ≤ C(2)
∑
m∈N

c2m

[(
a+
k,mλ+

k,m

)2

+
(
a−k,mλ−k,m

)2
]
.

Since the initial data {φ0, φ1, ψ0, ψ1} satisfy (6.9), it is easy to see that, for the family
of solutions under consideration, the following equivalence holds true:

(6.12)
∑
m∈N

c2m

[(
a+
k,mλ+

k,m

)2

+
(
a−k,mλ−k,m

)2
]
∼ ‖{φ0, φ1, ψ0, ψ1}‖2

k

uniformly on k for all data {φ0, φ1, ψ0, ψ1} whose solution {φ, ψ} ∈ Wλ. Combining
(6.11) and (6.12) we complete the proof of the theorem.

Remark 6.2. Let us compare the observability inequalities in (6.8) with Theorem
5.1 as follows:

• In Theorem 5.1, the observed quantity in the right-hand side term of (5.2)
depends on both φ and ψ. This would imply a controllability result for system
(1.1)−(1.4), but with an extra control entering on u at x = 0. In (6.8) the
observed quantity depends only on ψ (more precisely on ψ′ (0, t)) and this
corresponds to using one simple control in (1.1)−(1.4).

• The time of controllability in (6.8) is smaller and the observability constant
remains bounded as k → ∞.

• We obtained inequalities (6.8) only for the solutions in the subspace Wλ,

since the other family of eigenvalues
(
λ̃k,m

)
m∈N

diverges (as k → ∞) and,
consequently, the subspace they generate does not contribute to our main
goal, which is to show the controllability of the Kirchhoff system as a limit of
the Mindlin–Timoshenko one, as we shall see in the following section.
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Remark 6.3. Let us finally mention a variant of the observability result in (6.8)
that will be used in what follows. Consider a function β : (0, T ) → [0, 1] in the class
C∞ such that

(6.13) β (t) =

{
1 if t ∈ (2ε, T − 2ε),
0 if t ∈ (0, ε) ∪ (T − ε, T )

with ε > 0 sufficiently small such that T − 2ε > 2L
√
ρh3/12. In view of the time

invariance of system (5.1) , we deduce

(6.14) c ‖{φ (·, ε) , φ′ (·, ε) , ψ (·, ε) , ψ′ (·, ε)}‖2
k ≤
∫ T

0

β (t) |ψ′ (0, t)|2 dt

for all solutions {φ, ψ} of (5.1) in the class Wλ.

7. Uniform controllability in optimal time. Due to the results of uniform
observability obtained in the previous section, we can apply the HUM to obtain a
uniform (with respect to k) controllability result for suitable projections of solutions
of the Mindlin–Timoshenko system. To be more precise, since only the eigenvalues of
the family (λk,m)m∈N

tend to eigenvalues of the limit Kirchhoff system, it is sufficient
to obtain the control result on the projections Πλ over the eigencomponents entering
in the subspace W 0

λ of Wλ as follows:

W 0
λ = {{φ, ψ} ∈ Wλ such that the initial data {φ0, φ1, ψ0, ψ1} satisfy (6.9)} .

The partial controllability condition we shall achieve at the final time t = T reads

(7.1) Πλ {uk (·, T ) , u′k (·, T ) , vk (·, T ) , v′k (·, T )} = 0.

This means that

(7.2)

ρh3

12
〈u′k (·, T ) , sin(mπx/L)〉0 + ρh 〈v′k (·, T ) , cm cos(mπx/L)〉1 = 0,

ρh3

12
(uk (·, T ) , sin(mπx/L)) + ρh (vk (·, T ) , cm cos(mπx/L)) = 0 ∀m ∈ N.

Furthermore, we also describe the asymptotic behavior of the controls, as k → ∞.
As we shall see, they converge to exact controls for the limit system. The following
holds.

Theorem 7.1. Let T > 2L
√
ρh3/12. Then, for all initial data {u0, u1, v0, v1} ∈

X ′ satisfying the compatibility condition (4.13), there exists a control Θk ∈ H−1 (0, T ) ,
with

kΘk = Θ′1k : Θ1k ∈ L2 (0, T ) of compact support in (0, T ) ,

such that the solution {uk, vk} of (1.1)–(1.4) satisfies (7.1).

Moreover, the function Θ1k may be written in the form Θ1k = −ρhβ (·) ψ̂′k (0, ·) ,
where

{
φ̂k, ψ̂k

}
∈ W 0

λ is the solution of system (5.1) with initial data
{
φ̂0k, φ̂1k,

ψ̂0k, ψ̂1k

}
minimizing the functional

(7.3)

Jk {φ0k, φ1k, ψ0k, ψ1k} =
ρh

2

∫ T

0

β (t) |ψ′k (0, t)|2 dt− ρh3

12
〈u1, φ0k〉0

+
ρh3

12
(u0, φ1k) − ρh [〈v1, ψ0k〉1 − (v0, ψ1k)]
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over W 0
λ , where {φk, ψk} ∈ W 0

λ is the solution of (5.1) with initial data
{
φ0k, φ1k,

ψ0k, ψ1k

}
. Furthermore, as k → ∞,

Θ1k → Θ1 strongly in L2 (0, T )

with Θ1 of compact support in (0, T ). The limit control Ξ = −Θ′1 ∈ H−1 (0, T ) is an
exact control driving system (1.5) to equilibrium in time T. Moreover, the function

Θ1 may be written in the form Θ1 = −ρhβ (·) ψ̂′ (0, ·), where ψ̂ is the solution of the
adjoint system

(7.4)

∣∣∣∣∣∣∣
ρhψ′′ − ρh3

12
ψ′′xx + ψxxxx = 0 in Q,

ψx (0, ·) = ψx (L, ·) = ψxxx (0, ·) = ψxxx (L, ·) = 0 on (0, T ) ,
ψ (·, 0) = ψ0, ψ′ (·, 0) = ψ1 in (0, L) ,

with initial data
{
ψ̂0, ψ̂1

}
∈ W ×H1 (0, L) minimizing the functional

(7.5)
J {ψ0, ψ1} =

ρh

2

∫ T

0

β (t) |ψ′ (0, t)|2 dt− ρh3

12
[〈v1x, ψ0x〉0 − (v0x, ψ1x)]

−ρh [(v1, ψ0) − (v0, ψ1)] ,

where ψ is the solution of (7.4) with initial data {ψ0, ψ1} .
Remark 7.1. In the hypotheses of Theorem 7.1, there are many possible controls

Θk ∈ H−1 (0, T ) and Ξ ∈ H−1 (0, T ) fulfilling the controllability requirements. The
construction we develop below, presented in the statement of the theorem, provides
controls of the form Θk = μ′k and Ξ = μ′, with μk, μ ∈ L2 (0, T ) having compact
support in time and a minimal L2

β-norm. The weight function β is chosen as in (6.13).

Proof of Theorem 7.1. We proceed in several steps.

Step 1. Existence of the control. Consider {φk, ψk} ∈ W 0
λ the unique solution of

the adjoint system (5.1) with initial data {φ0k, φ1k, ψ0k, ψ1k}. Multiplying (1.1)1 and
(1.1)2 by φk and ψk, respectively, and integrating by parts in Q, we get

ρh3

12

{[
〈u′k (·, T ) , φk (·, T )〉0 − (uk (·, T ) , φ′k (·, T ))

]
− [〈u1, φ0k〉0 − (u0, φ1k)]

}
+ρh

{[
〈v′k (·, T ) , ψk (·, T )〉1 − (vk (·, T ) , ψ′k (·, T ))

]
− [〈v1, ψ0k〉1 − (v0, ψ1k)]

}
−
∫ T

0

Θ1kψ
′
k (0, t) dt = 0.

Thus to prove (7.1) in the sense of (7.2) it is sufficient to prove the existence of
Θ1k ∈ L2 (0, T ) such that

(7.6)

−ρh3

12
[〈u1, φ0k〉0 − (u0, φ1k)] − ρh [〈v1, ψ0k〉1 − (v0, ψ1k)] −

∫ T

0

Θ1kψ
′
k (0, t) dt = 0

for all data {φ0k, φ1k, ψ0k, ψ1k} whose solution {φk, ψk} ∈ W 0
λ .

In view of the structure of β and due to (6.8) , the quadratic functional Jk de-
fined in (7.3) is continuous, strictly convex, and coercive. So, there exists a unique
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minimizer
{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
, whose solution

{
φ̂k, ψ̂k

}
∈ W 0

λ can be characterized
by the formula

(7.7)

−ρh3

12
[〈u1, φ0k〉0 − (u0, φ1k)] − ρh [〈v1, ψ0k〉1 − (v0, ψ1k)]

+ρh

∫ T

0

β (t) ψ̂′k (0, t)ψ′k (0, t) dt = 0

for all data {φ0k, φ1k, ψ0k, ψ1k} whose solution {φk, ψk} ∈ W 0
λ .

According to (7.7) , the function Θ1k = −ρhβ (·) ψ̂′k (0, ·) ∈ L2 (0, T ) , where{
φ̂k, ψ̂k

}
∈ W 0

λ solves (5.1) with the minimizer
{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
as data, verifies

(7.6). Therefore

(7.8) Θk = −ρh

k

[
β (·) ψ̂′k (0, ·)

]′
∈ H−1 (0, T )

is the control we were looking for.
Step 2. Uniform bound of the control. Let us observe that, since

{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
is the minimizer of Jk, we have

Jk

{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
≤ Jk {0, 0, 0, 0} = 0.

Consequently

(7.9)

∫ T

0

|Θ1k (t)|2 dt ≤ C ‖{u0, u1, v0, v1}‖X ′

∥∥∥{φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}∥∥∥
k
.

In view of the first inequality of (6.8) , we can estimate the last term in (7.9) by

(7.10) C ‖{u0, u1, v0, v1}‖X ′

(∫ T

0

ρhβ (t)
∣∣∣ψ̂′k (0, t)

∣∣∣2 dt
) 1

2

.

Combining (7.9) and (7.10), we obtain

(7.11) ‖Θ1k‖L2(0,T ) ≤ C ‖{u0, u1, v0, v1}‖X ′ .

Step 3. Convergence of controls. Thanks to (7.11) there exists a subsequence of
(Θ1k) (still denoted by the index k to simplify the notation) such that

(7.12) Θ1k → Θ1 weakly in L2 (0, T ) .

We now consider {uk, vk} as the solution of (1.1)−(1.4) with Θk given in (7.8) .
Thus, we are in the conditions of Theorem 4.1 and we can assert that the convergence
(4.15) holds.

It remains to prove that Ξ = −Θ′1 is the control such that the solution v of (1.5)
satisfies

(7.13) v (·, T ) = v′ (·, T ) = 0 in (0, L) ,

with

(7.14) Θ1 = −ρhβ (·) ψ̂′ (0, ·) ,
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where ψ̂ is the solution of (7.4) with initial data
{
ψ̂0, ψ̂1

}
∈ W ×H1 (0, L) minimizing

the functional (7.5) . For this, it is sufficient to prove that

(7.15)

−ρh3

12
[〈v1x, ψ0x〉0 − (v0x, ψ1x)] − ρh [(v1, ψ0) − (v0, ψ1)]

+ρh

∫ T

0

β (t) ψ̂′ (0, t)ψ′ (0, t) dt = 0 ∀ {ψ0, ψ1} ∈ W ×H1 (0, L) ,

where ψ is the solution of (7.4) with initial data {ψ0, ψ1} .
We know that, for Θ1k = −ρhβ (·) ψ̂′k (0, ·), where

{
φ̂k, ψ̂k

}
∈ W 0

λ is the solu-

tion of (5.1) with the minimizer
{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
as data, the solution of system

(1.1)−(1.4) satisfies (7.1) . Hence, we get

(7.16)

−ρh3

12
[〈u1, φ0k〉0 − (u0, φ1k)] − ρh [〈v1, ψ0k〉1 − (v0, ψ1k)] −

∫ T

0

Θ1kψ
′
k (0, t) dt = 0

for all data {φ0k, φ1k, ψ0k, ψ1k} whose solution {φk, ψk} ∈ W 0
λ .

Combining the first inequalities in (6.8) and (7.11) we deduce that the sequence({
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

})
is uniformly bounded in X . So, extracting a subsequence, that

we still denote by
({

φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

})
, we get

{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
→
{
φ0, φ1, ψ0, ψ1

}
weakly in X ,

and, by (2.2) (in this case f = g = 0), we can pass to the limit as k → ∞ on the
corresponding solutions and see that the limit ψ is the weak solution of (7.4) with
initial data

{
ψ0, ψ1

}
.

Multiplying (5.1)1 and (5.1)2 by (−ησxx) and ησx, respectively, where η belongs to

C1
0 (2ε, T − 2ε) and σ (x) = (L− x) e(x−L)3x3

, and integrating in (0, L)× (2ε, T − 2ε) ,

with ε > 0 small enough, we get the following identity for the solution
{
φ̂k, ψ̂k

}
:

(7.17)

ρh3

12

∫ T−2ε

2ε

∫ L

0

φ̂′k (x, t) η′ (t)σxx (x) dxdt−
∫ T−2ε

2ε

∫ L

0

φ̂kx (x, t) η (t)σxxx (x)

+ρh

∫ T−2ε

2ε

∫ L

0

ψ̂′xk (x, t) η′ (t)σ (x) dxdt + ρhL

∫ T−2ε

2ε

β (t) ψ̂′k (0, t) η′ (t) dt = 0,

with β being the function in (6.13) .

Passing to the limit in (7.17) we deduce that ψ satisfies

(7.18)

−ρh3

12

∫ T−2ε

2ε

∫ L

0

ψ
′
x (x, t) (x, t) η′ (t)σxx (x) dxdt− L

∫ T−2ε

2ε

Θ1η
′ (t) dt

+

∫ T−2ε

2ε

∫ L

0

ψxx (x, t) η (t)σxxx (x) + ρh

∫ T−2ε

2ε

∫ L

0

ψ
′
x (x, t) η′ (t)σ (x) dxdt = 0.

On the other hand, multiplying (7.4)1 by ησx, we have the following identity for
the limit solution ψ :
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(7.19)

ρh

∫ T−2ε

2ε

∫ L

0

ψ
′
x (x, t) η′ (t)σ (x) dxdt + ρhL

∫ T−2ε

2ε

β (t)ψ
′
(0, t) η′ (t) dt

−ρh3

12

∫ T−2ε

2ε

∫ L

0

ψ
′
x (x, t) η′ (t)σxx (x) dxdt +

∫ T−2ε

2ε

∫ L

0

ψxx (x, t) η (t)σxxx (x) = 0.

Combining (7.18) and (7.19) we finally deduce

(7.20)

∫ T−2ε

2ε

[
Θ1 + ρhβ (t)ψ

′
(0, t)

]
η′ (t) dt = 0 ∀η ∈ C1

0 (2ε, T − 2ε)

and then

(7.21) Θ1 = −ρhβ (·)ψ′ (0, ·) ,

where ψ is the solution of the adjoint system (7.4) .
To show that (7.15) is satisfied it is sufficient to pass to the limit in (7.16) using

as test functions the solutions of the corresponding adjoint systems in separated vari-
ables. In this way, one rigorously reproduces at the variational level the proof that,
heuristically, would consist of passing to the limit in (7.2) and, using the fact that
u = −vx in the limit, of deducing

(7.22) −ρh3

12
[〈v1x, ψ0x〉0 − (v0x, ψ1x)]−ρh [(v1, ψ0) − (v0, ψ1)]−

∫ T

0

Θ1ψ
′ (0, t) dt = 0

and, consequently,

(v(·, T ), cos(mπx/L)) = (v′(·, T ), cos(mπx/L)) = 0 ∀m ∈ N.

To conclude the proof of the theorem, it remains to prove that the function Θ1

can be identified as in (7.14). In fact, it follows from (7.15), (7.21), and (7.22) that∫ T

0

β (t)
[
ψ̂′ (0, t) − ψ

′
(0, t)

]
ψ′ (0, t) dt = 0

for all solutions ψ of the adjoint problem (7.4) .

Taking ψ = ψ̂ − ψ, it follows that∫ T

0

β (t)
[
ψ̂′ (0, t) − ψ

′
(0, t)

]2
dt = 0

and, therefore, we obtain (7.14). Considering (7.15) and (7.16) with data
{
ψ̂0, ψ̂1

}
and
{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
, respectively, we get

−ρh3

12

[〈
u1, φ̂0k

〉
0
−
(
u0, φ̂1k

)]
− ρh

[〈
v1, ψ̂0k

〉
1
−
(
v0, ψ̂1k

)]

+ρh

∫ T

0

β (t)
∣∣∣ψ̂′k (0, t)

∣∣∣2 dt = 0

and

−ρh3

12

[〈
v1x, ψ̂0x

〉
0
−
(
v0x, ψ̂1x

)]
− ρh

[(
v1, ψ̂0

)
−
(
v0, ψ̂1

)]

+ρh

∫ T

0

β (t)
∣∣∣ψ̂′ (0, t)∣∣∣2 dt = 0.
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It follows from the last two equations that∫ T

0

β (t)
∣∣∣ψ̂′k (0, t)

∣∣∣2 dt → ∫ T

0

β (t)
∣∣∣ψ̂′ (0, t)∣∣∣2 dt

which, together with the weak convergence (7.12) , yields

Θ1k → Θ1 strongly in L2 (0, T )

and

lim
k→∞

Jk

{
φ̂0k, φ̂1k, ψ̂0k, ψ̂1k

}
= J
{
ψ̂0, ψ̂1

}
,

proving the theorem.
Remark 7.2. According to Theorem 7.1 we can recover the exact controllability

property of the Kirchhoff system as a limit of the partial controllability properties of
the Mindlin–Timoshenko one.

Remark 7.3. Let us observe also that these results are obtained for the opti-
mal control time T > 2L

√
ρh3/12 which is the best possible one for both Mindlin–

Timoshenko and Kirchhoff systems.
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[4] A. Haraux, Séries lacunaires et contrôle semi-interne des vibrations d’une plaque retangulaire,
J. Math. Pures Appl. (9), 68 (1989), pp. 457–465.

[5] J. A. Infante and E. Zuazua, Boundary observability for the space semi-discretizations of
the 1-D wave equation, M2AN Math. Model. Numer. Anal., 33 (1999), pp. 407–438.

[6] A. E. Ingham, Some trigonometrical inequalities with applications to the theory of series,
Math. Z., 41 (1936), pp. 367–379.

[7] J. E. Lagnese and J. L. Lions, Modelling Analysis and Control of Thin Plates, Rech. Math.
Appl. 6, Masson, Paris, 1988.
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model, Appl. Math. Lett., 12 (1999), pp. 47–52.

[12] G. P. Menzala and E. Zuazua, Timoshenko’s beam equation as limit of a nonlinear one-
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theorem is established for linear shift invariant behaviors. The robust stability theorem is shown
to provide an explicit robustness interpretation to the behavioral H∞ synthesis of Willems and
Trentelmann.

Key words. linear shift invariant behaviors, maximal controllable subbehavior, gap metric,
robust stability
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1. Introduction. We begin by observing that the graph topology with its vari-
ous metrizations plays a fundamental role in the theory of robust stability for classical
linear time invariant systems [1, 4, 19]. The contribution of this paper is to develop the
basic theory of robust stability involving the gap distance directly from a behavioral
perspective, observing that recent approaches to generalizations of the gap metric [4]
have been purely trajectory based and hence are easily amenable to such an approach.
There has been previous interest in developing behavioral notions of the gap metric;
see, e.g., [11] for an example.

From a behavioral point of view [9, 14, 15, 16], the approach is especially fun-
damental. Much has been made of the intrinsic nature of behavioral definitions and
the need for “representation-free” approaches. In this note, we do not have recourse
to representations at all; indeed all proofs are at the intrinsic trajectory level and
are not restricted, for example, to differential systems. This gives this paper a dif-
ferent “flavor” to much of the recent behavioral literature which is predominately of
an algebraic nature. We illustrate our results by considering a system with a pair of
(in general) noncommensurate delays: such a system class falls out of the scope of
the existing algebraic techniques of the existing behavioral theory for delay systems
where, to achieve an algebraic structure, delays are assumed to be commensurate [5].

There are two interrelated reasons for this approach. The first is mathematical:
only a limited set-theoretic/analytic structure is required to obtain the required re-
sults; hence it is inappropriate to utilize any further structures (e.g., of an algebraic
type); this in turn yields greater generality. The second is of applied consequence: a
powerful robust stability result should impose as little structure as possible on the
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structure of the perturbations permitted: the perturbed systems may not be rep-
resentable by differential systems; and they may, for example, arise as a delay or
distributed system or even defy direct representation. A set-theoretic treatment of
the perturbed system is therefore the appropriate treatment.

Our basic robust stability theorem provides a self-contained basis for the robust-
ness interpretation of the behavioral H∞ results in [17, 12]. The composition of the
set-theoretic/analytic treatment in this paper of the resulting perturbed systems is
thus set against the controller synthesis for the nominal system, which appropriately
is in the context of systems with greater structure (i.e., differential systems).

In relation to the classical approaches, we remark that the standard H2 gap is a
metric on transfer functions and does not directly apply to systems which either have
nonzero initial conditions or which are not minimal (i.e., have noncontrollable modes).
The ν-gap [13] metric also induces the graph topology on transfer functions and can
handle nonzero initial conditions at zero by its definition on the doubly infinite time
axis. However, the ν-gap is also directly applicable only to controllable systems. By
defining systems to be limits of Cauchy sequences in the graph topology [13], the
standard gap approaches can also be extended to nonminimal cases; a contribution
of this paper from a classical perspective is to provide an alternate and slightly more
general approach to these cases. The trajectory formulation considered is also directly
applicable to infinite-dimensional systems both in the context of the nominal and
perturbed plant and controller: for example delay-differential systems are directly
handled, compared to the less direct classical techniques (e.g., the Cauchy sequence
approach). We observe also that within the classical framework there has been a
move towards representation-free approaches to the gap, e.g., especially for approaches
to nonlinear systems [4]. The behavioral approach considered here is one natural
extension of this viewpoint.

We emphasize that the main contribution is not in the minor increase in scope of
the resulting theorem (as discussed above); rather the contribution is in an alternative
and direct derivation of the results within a behavioral framework. Furthermore, we
argue that the behavioral approach taken overcomes the well-known difficulties [3] of
input-output systems theories on the doubly infinite time axis.

The paper is structured as follows. In section 3 we introduce and review fun-
damental definitions in the behavioral setting and develop an intrinsic set-theoretic
approach to the controllable part of a behavior. Section 4 discusses the controllable-
autonomous decomposition, again from a purely trajectory level viewpoint. Section
5 introduces stability definitions and the notion of a closed loop interconnection and
considers the concept of stabilizability. From this intrinsic trajectory level framework,
two independent issues are discussed. Namely, in section 6 we consider the Georgiou–
Smith double time axis “paradox” and show that the Georgiou–Smith example can
be satisfactorily treated within the framework considered. Second, in section 7, we
utilize the developed framework to develop a fundamental robust stability result. Sec-
tion 8 shows how this result provides an appropriate interpretation of the robustness
guarantee achieved by the behavioral H∞ synthesis of Willems and Trentelmann, and
section 9 concludes with an example.

2. An intrinsic approach to controllable subbehaviors. Let T denote the
time set, taken throughout to be either Z or R, and let T+ = N if T = Z and T+ = R+

if T = R. An interval, say [a, b], is understood as [a, b] = {t ∈ T , a ≤ t ≤ b}. For
n ≥ 1, let map(T ,Rn) be the set of all maps from T to R

n. An n-valued behavior
B is a subset of map(T ,Rn), i.e., B ⊂ map(T ,Rn). The shift operator σt, t ∈ T , is
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defined: σtw(·) = w(· + t).

Definition 2.1. Let B be a behavior. Then

1. B is said to be linear if B is a vector space;
2. B is said to be shift invariant (time invariant) if w ∈ B implies σtw ∈ B for

all t ∈ T .

Smooth differential behaviors are linear, shift invariant, continuous-time behaviors
which can be expressed as the kernel of a differential operator, i.e., those for which
there exists a polynomial valued matrix R such that

(2.1) B =

{
w ∈ C∞ | R

(
d

dt

)
w = 0

}
.

Equivalently in the discrete-time setting, the operator is that of unit shifts:

(2.2) B = {w ∈ map(Z,Rn) | R (σ1)w = 0} ,

and such behaviors are called difference behaviors.

Observe that in this note we will be interested in nondifferential/difference be-
haviors, for example, systems incorporating a time delay.

Definition 2.2. A behavior B is said to have memory l ≥ 0 if for any w1, w2 ∈ B

with w1|[a,a+l] = w2|[a,a+l] and a ∈ T the trajectory

w3(t) =

{
w1(t) if t ≤ a,

w2(t) if t ≥ a

also lies in B.

Clearly, a shift invariant behavior B has memory l ≥ 0 if and only if for any
w1, w2 ∈ B with w1|[0,l] = w2|[0,l] the trajectory

w3(t) =

{
w1(t) if t ≤ 0,

w2(t) if t ≥ 0
(2.3)

also lies in B.

If a behavior has memory 0 ≤ l < ∞, it is said to have finite memory; if l = 0, then
it is memoryless. Note that a nonmemoryless continuous-time differential behavior has
finite memory, and l > 0 can be taken to be arbitrarily small; a discrete time behavior
also has finite memory, and here l ≥ 0 depends on the system order. The minimal
memory l0 ≥ 0 of a behavior B is the largest number such that B has memory l for
all l > l0. Note that the minimum is not necessarily attained.

The standard definition of autonomy is that behavior B is said to be autonomous
if, for any w1, w2 ∈ B, w1|(−∞,0] = w2|(−∞,0] implies w1 = w2. Note that as far
as differential systems are concerned, autonomous behaviors have finite memory. We
therefore relax the definition for autonomy as follows.

Definition 2.3. A behavior B is said to be autonomous if there exists 0 ≤ l0 < ∞
such that, for any w1, w2 ∈ B and any interval V of length greater than l0, w1|V =
w2|V implies w1 = w2.

Nonautonomy of a behavior is thus just the existence of a trajectory in the be-
havior whose support has a complement containing an interval of length greater than
l0, e.g., a compactly supported trajectory.
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It should be observed that it is possible that if B has minimal memory l0, then,
e.g., an autonomous subbehavior can have a minimal memory (i) l = 0, (ii) 0 < l < l0,
or (iii) l = l0; for example, consider the following:

(2.4) ẏ(t) = ay(t− 2τ) + by(t− τ) + cy(t) + du(t− 2τ);

then l0 = 2τ and the autonomous behavior Bu=0 corresponds to (i) if a = b = 0, (ii)
if a = c = 0, b �= 0, and (iii) if b = c = 0, a �= 0.

The behavioral notion of controllability is defined in [9] for differential behaviors.
However, this definition is restrictive since it assumes shift invariance of the behavior
concerned. We therefore give a modified definition for behavioral controllability that
is applicable to more general behaviors but coincides with the notion of controllability
in [9] for the case of shift invariant behaviors.

Definition 2.4. A behavior B is said to be controllable if, given w1, w2 ∈ B and
s ∈ T , there exist w3 ∈ B and τ ∈ T+ such that

(2.5) w3(t) =

{
w1(t) if t ≤ s,

w2(t) if t ≥ s + τ.

This definition requires that the concatenating function w3 lies in B. This can
be hard to guarantee in certain cases, including generalizations to multidimensional
systems. Therefore we next introduce the notion of B-controllability.

Definition 2.5. Given a behavior B, a subbehavior B∗ ⊂ B is said to be B-
controllable if for all w1, w2 ∈ B∗ and s ∈ T there exist w3 ∈ B and τ ∈ T+ such
that

(2.6) w3(t) =

{
w1(t) if t ≤ s,

w2(t) if t ≥ s + τ.

We remark that if B,B∗ are both shift invariant behaviors and B∗ ⊂ B, then
B∗ is B-controllable if and only if, given any w1, w2 ∈ B∗, there exist w3 ∈ B and
τ ∈ T+ such that

w3(t) =

{
w1(t) if t ≤ 0,

w2(t) if t ≥ τ.
(2.7)

If B∗ = B, then the B-controllability of B∗ is the same as the controllability
defined by Definition 2.4. So controllability in the sense of Definition 2.4 implies B-
controllability. But the following example shows that the converse does not hold.

Example. Let B = C∞(R,R) and B∗ be the set of all constant functions. Then
both B and B∗ are linear shift invariant behaviors with finite memory and B∗ ⊂ B.
It is straightforward to check that B∗ is B-controllable. However, it is neither B∗-
controllable nor controllable in the sense of Definition 2.4. Similarly, let B = C0(R,R).
Then the subbehavior B∗ = span{et} is B-controllable, but it is not B∗-controllable.

We now consider the properties of B-controllable behaviors.
Lemma 2.6. Suppose B is a behavior. Then there exists at least one maximal

B-controllable subbehavior.
Proof. First, any behavior has at least one B-controllable subbehavior, i.e., {0}.

Second, set inclusion defines a partial order on the set of all B-controllable subbehav-
iors. Any chain of B-controllable subbehaviors,

(2.8) Bα ⊂ Bβ ⊂ · · · ⊂ Bγ ⊂ · · · ,
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where α, β, γ · · · ∈ Γ and Γ is the index set, has an upper bound:

(2.9) Bα ⊂
⋃
β∈Γ

Bβ = B
∗.

B∗ ⊂ B is B-controllable since, given any w1, w2 ∈ B∗, we have w1 ∈ Bα, w2 ∈ Bβ

for some α, β ∈ Γ, hence w1, w2 ∈ Bγ , γ = max{α, β}, and by the B-controllability
of Bγ it follows that there exists w3 ∈ B satisfying (2.6) as required. Zorn’s lemma
then gives the existence of a maximal B-controllable subbehavior as required.

Note that this set-theoretic construction is extremely general: we do not require
any linearity, memory, or differential/difference structure on B. In general, maximal
B-controllable subbehaviors are not unique. However, if the behavior B is linear, then
there exists a unique maximal B-controllable linear subbehavior.

Theorem 2.7. Suppose B is a linear behavior. Then there exists a unique maxi-
mal linear B-controllable subbehavior.

Proof. We consider the set of all linear B-controllable subbehaviors. With the
relation induced by subset inclusion, this set is partially ordered and a maximal sub-
behavior Bcont exists which is also linear.

To show the uniqueness, let B1 be another linear maximal B-controllable sub-
behavior, and let B2 denote the linear span of Bcont and B1: B2 = Bcont + B1. Let
w1, w2 ∈ B2. Without loss of generality, we may suppose that wi = αixi + βiyi with
αi, βi ∈ R, xi ∈ Bcont, yi ∈ B1, and i = 1, 2. Since 0 ∈ Bcont ∩ B1 and by the defi-
nition of B-controllability, we have the following: for all s ∈ T , there exist τ1, τ2 > 0
and z1, v1 ∈ B such that z1|(−∞,s] = x1|(−∞,s], z1|[s+τ1,∞) = 0|[s+τ1,∞), v1|(−∞,s] =
y1|(−∞,s], v1|[s+τ2,∞) = 0|[s+τ2,∞). Let τ3 = max{τ1, τ2} and w3 = α1z1 + β1v1 ∈ B.
Then we have w3|(−∞,s] = α1x1|(−∞,s] + β1y1|(−∞,s] = w1|(−∞,s] and w3|[s+τ3,∞) =
0|[s+τ3,∞). This shows that w1 is switched to 0 in B. Similarly we can prove that there
exist τ4 > 0, w4 ∈ B such that w4|(−∞,s] = 0|(−∞,s] and w4|[s+τ4,∞) = w2|[s+τ4,∞).
Write τ5 = max{τ3, τ4}, w5 = w3 + w4. Then we see that w5 ∈ B, w5|(−∞,s] =
w1|(−∞,s] and w5|[s+τ5,∞) = w2|[s+τ5,∞). This shows that B2 is B-controllable. The
maximality of Bcont along with Bcont ⊂ B2 implies that the two behaviors are the
same. Hence Bcont is unique.

In the rest of this paper, for a linear behavior B, we always use Bcont to denote
its unique maximal B-controllable subbehavior.

The above proof also shows that the sum of any two linear B-controllable sub-
behaviors is B-controllable and, therefore, so is the sum of all linear B-controllable
subbehaviors. Hence

Bcont = span{B ⊂ B : B is linear and B-controllable}.

Next we show that shift invariance is preserved for the unique maximal B-
controllable subbehaviors. In particular, in the shift invariant linear setting, Bcont

is linear and shift invariant.
Lemma 2.8. Suppose B is shift invariant and has a unique maximal B-controllable

subbehavior B∗. Then B∗ is shift invariant.
Proof. Let r, s ∈ T , σrw1, σrw2 ∈ σrB

∗ with w1, w2 ∈ B∗. Then there exist
w3 ∈ B and τ > 0 such that w3(t) = w1(t) for t ≤ s + r and w3(t) = w2(t) for
t ≥ s + r + τ . Hence

σrw3(t) =

{
σrw1(t) if t ≤ s,
σrw2(t) if t ≥ s + τ.
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Since σrw3 ∈ σrB = B, we see that σrB
∗ is B-controllable and hence σrB

∗ ⊂ B∗ as
B∗ is the unique maximal B-controllable subbehavior.

Corollary 2.9. Suppose B is linear and shift invariant. Then Bcont is linear
and shift invariant.

We conclude this section by showing that B-controllable linear subbehaviors in-
herit memory properties from the original behavior B.

Lemma 2.10. Let B be a linear shift invariant behavior with finite memory l ≥ 0.
Then Bcont has memory l ≥ 0.

Proof. First, we need a new notion: a subbehavior B∗ is 0-B-controllable if it is
shift invariant and, given any w1, w2 ∈ B∗, there exist w3 ∈ B and τ ∈ T+ satisfying
(2.7). Using the same procedure as used in Theorem 2.7, we can see that a maximal
linear 0-B-controllable subbehavior of B exists, denoted by B0

cont, which is shift
invariant. By the remark following Definition 2.5, Bcont = B0

cont.
Now let w1, w2 ∈ Bcont with w1|[0,l] = w2|[0,l]. Then

w3(t) =

{
w1(t) if t < 0
w2(t) if t ≥ 0

∈ B.

Since Bcont is B-controllable, for any w ∈ Bcont, there exist τ1 > 0 and v1 ∈ B

such that v1|(−∞,0] = w1|(−∞,0] = w3|(−∞,0] and v1|[τ1,∞) = w|[τ1,∞); that is, w3

can be switched to w. Similarly, there exist τ2 > 0 and v2 ∈ B such that v2|(−∞,0] =
w|(−∞,0] and v2|[τ2,∞) = w2|[τ2,∞) = w3|[τ2,∞); that is, w can be switched to w3. Hence
span{w3} + B0

cont is 0-B-controllable. By its maximality w3 ∈ B0
cont and therefore

w3 ∈ Bcont as shown above. This completes the proof.
We remark that all results in this section remain valid if the B-controllability is

replaced by the controllability defined in Definition 2.4.
Given a linear differential behavior B, a unique maximal controllable (as per Def-

inition 2.4) subbehavior exists, denoted by Bc. Since this controllable subbehavior is
B-controllable, Bc ⊂ Bcont. The next lemma shows that for certain behaviors (that
can be represented as kernels of certain classes of operator) the two notions of con-
trollability (Definitions 2.4 and 2.5) coincide. In particular, for differential/difference
behaviors, Bcont equals Bc.

We introduce the following notation. Let R : dom(R) → im(R) ⊂ map(T ,Rn2)
be an operator, where dom(R) ⊂ map(T ,Rn1) is the domain of R and im(R) ⊂
map(T ,Rn2) denotes the image of R.

Definition 2.11. Let R : dom(R) → im(R) ⊂ map(T ,Rn2) be an operator, where
dom(R) ⊂ map(T ,Rn1). R is said to have local action if there exists k2 ≥ k1 > 0
such that, for all t ∈ T , w1, w2 ∈ dom(R) with w1|[t−k2,t+k2] = w2|[t−k2,t+k2] implies
(Rw1)|[t−k1,t+k1] = (Rw2)|[t−k1,t+k1].

Differential operators, (backward) difference operators, and delay-differential op-
erators all have local action property. For differential operators, the constants k1, k2

can be as small as possible. For difference/delay operators, k2 − k1 should be greater
than or equal to the maximum of differences/delays involved.

Lemma 2.12. Let B be a linear behavior and Bc be the maximal controllable
subbehavior of B (as per Definition 2.4). Let R : dom(R) → map(T ,Rn1), Rc : B →
map(T ,Rn2) and S : im(Rc) → map(T ,Rn1) be linear operators, where B ⊂ dom(R) ⊂
map(T ,Rn). Suppose

(i) R = SRc;
(ii) B = {w ∈ dom(R), Rw = 0} and Bc = {w ∈ B : Rcw = 0};
(iii) the behavior BS = {w ∈ im(Rc) : Sw = 0} is autonomous; and
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(iv) Rc has local action.
Then Bcont = Bc.

Proof. Let

B1 =

⎧⎨
⎩w ∈ B :

for any s ∈ T , there exist τ1, τ2 ≥ 0, v1, v2 ∈ B such that
v1|(−∞,s] = w|(−∞,s] and v1|[s+τ1,∞) = 0|[s+τ1,−∞),
v2|(−∞,s] = 0|(−∞,s] and v2|[s+τ2,∞) = w|[s+τ2,−∞).

⎫⎬
⎭ .

We claim that Bcont = B1 and B1 = Bc, so Bcont = Bc.

We first prove Bcont = B1. Since 0 ∈ Bcont, any w ∈ Bcont can be patched to 0
in B and vice versa. This shows that Bcont ⊂ B1. To show the reverse inclusion, let
w1, w2 ∈ B1. Then for any s ∈ T there exist τi ≥ 0 and ui, vi ∈ B (i = 1, 2) such that

ui|(−∞,s] = wi|(−∞,s], ui|[s+τ1,∞) = 0|[s+τ1,−∞),

vi|(−∞,s] = 0|(−∞,s] and vi|[s+τ2,∞) = wi|[s+τ2,−∞).

From this it follows that u1 + v2 patches w1 to w2 and u2 + v1 patches w2 to w1.
So span{w1, w2} is B-controllable and therefore w1, w2 ∈ Bcont, which proves that
B1 ⊂ Bcont.

We now prove B1 = Bc. Since Bc ⊂ Bcont = B1, we need only prove B1 ⊂ Bc.
Suppose it is not the case. Then there exists w ∈ B1\Bc such that Rcw �= 0; that
is, there exists t0 ∈ T with Rcw(t0) �= 0. Since Rc has local action, there exists
k2 > k1 > 0 such that for all t ∈ T

w1, w2 ∈ B with w1|[t−k2,t+k2] = w2|[t−k2,t+k2]

implies

(Rcw1)|[t−k1,t+k1] = (Rcw2)|[t−k1,t+k1].

Let s ∈ T such that s > t0 +k2. By the definition of B1, there exist τ > 0 and ws ∈ B

such that

ws|(−∞,s] = w|(−∞,s] and ws|[s+τ,∞) = 0|[s+τ,∞).

Let vs = Rcws. Since ws ∈ B = {w : Rw = 0}, by assumption (i), Svs = SRcws =
Rws = 0 and therefore vs ∈ BS . Since Rc has local action and ws|[s+τ,∞) = 0|[s+τ,∞),
there exist a, b ≥ s + τ, a < b such that vs|[a,b] = Rcws|[a,b] = Rc0|[a,b] = 0|[a,b].
By the autonomy of BS (choosing a, b such that b − a > minimum memory of BS),
vs ≡ 0, i.e., Rcws = 0. Since ws|(−∞,s] = w|(−∞,s] and t0 < s − k2, we see that
ws|[t0−k2,t0+k2] = w|(t0−k2,t0+k2]. Therefore, by the local action assumption on Rc,
(Rcw)(t0) = (Rcws)(t0) = 0. This is a contradiction and completes the proof.

We may now apply this lemma to linear differential, delay-differential, and differ-
ence behaviors, that is, behaviors defined by systems of differential/delay-differential/
difference equations. As shown in [5, 9], those behaviors are kernels of linear operators
governed by matrices of polynomials.

Theorem 2.13. For a differential/delay-differential/difference behavior B, its
maximal B-controllable subbehavior Bcont is the same as its maximal controllable
subbehavior Bc.
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Proof. We first suppose that B is a differential behavior. Both B and Bc have
the representations

B =

{
w ∈ C

∞ : R

(
d

dt

)
w = 0

}
, Bc =

{
w ∈ B : Rc

(
d

dt

)
w = 0

}
,

where R(ξ), Rc(ξ) are m×n matrices of polynomials of ξ. Since Bc ⊂ B, there exists
a nonsingular polynomial matrix S such that R = SRc. Moreover, the kernel of S is
an autonomous behavior. So all assumptions of Lemma 2.12 hold and Bcont = Bc.

If B is a delay-differential behavior, as shown in [5], the proof is almost the same
except that the matrix operators are R( d

dt , σ), Rc(
d
dt , σ) with σ the delay operation.

Where no differentiation operators are present, we obtain the proof for the difference
behavior case.

Earlier, we have shown that

Bcont = Σ{B ⊂ B : B is linear and B-controllable}.

Since Bc = Bcont for a differential/difference behavior B, this gives us a direct set-
theoretic construction of Bc. To the best of the authors’ knowledge, this direct set-
theoretic construction of Bc does not appear in the literature. Within the behavioral
literature, the controllable subbehavior is typically constructed algebraically given the
equations governing the behavior, and it is shown via the duality between the behavior
and the algebraic structure that the controllable subbehavior is the “largest” such
subset. It is noteworthy to observe that in some settings (e.g., both one-dimensional
(1D) and n-dimensional (nD) differential systems), the existence of the corresponding
maximal algebraic object appears constructively; see [9, 8].

3. The autonomous-controllable decomposition. For 1D differential/
difference behaviors B it is well known that B can be split into a direct sum of
the controllable and an autonomous part:

B = Bc ⊕ Ba,

where Bc ⊂ B is the maximal controllable subbehavior of B as per Definition 2.4
and Ba is an autonomous subbehavior. Because of Theorem 2.13, we in fact have

(3.1) B = Bcont ⊕ Ba.

This direct sum decomposition is a special feature which holds only for certain classes
of systems (such as the differential case [9]). For example, in the nD differential/
difference setting, it is known that this sum is not direct for n > 1 (see [18]), and in
the context of delay differential systems it is known only that the sum is direct for
commensurate delays [5]. However, since an additive decomposition is critical to what
follows, we do not restrict our attention to direct sums but treat it as an important
special case.

Therefore this section examines both direct and nondirect sum decompositions
at the trajectory level and examines the relationship between autonomy of any direct
summand to the B-controllable part and the corresponding lack of controllability
of this part. We wish to show that, under certain conditions, B = Bcont ⊕ B∗ or
B = Bcont + B∗ implies that B∗ is autonomous. Behaviors with such decomposition
will be studied later on for stability and robustness. We have already established a
connection between Bcont and Bc (the maximal controllable subbehavior of B as
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per Definition 2.4). Note that in this paper we are considering only behaviors defined
over the time set T which is either Z or R.

We begin the study of these decompositions first by considering linear, shift in-
variant, autonomous behaviors.

Lemma 3.1. Let B be linear, shift invariant, autonomous behavior. Let Bcont be
the maximal linear B-controllable subbehavior of B. Then Bcont = {0}.

Proof. First, it is obvious that 0 ∈ Bcont. Suppose there exists w �= 0, w ∈ Bcont.
By B-controllability, there exist trajectories w1, w2 ∈ B and τ1, τ2 > 0 such that
w1|(−∞,0] = 0, w1|(τ1,∞) = w|(τ1,∞) and w2|(−∞,0] = w|(−∞,0], w2|(τ2,∞) = 0. By
shift invariance, σ−τ2−l0w1 ∈ B, where l0 is the minimum finite memory. Since
σ−τ2−l0w1|[τ2,τ2+l0] = 0 = w2|[τ2,τ2+l0], it follows from the autonomous assumption
that σ−τ2−l0w1(t) = w2(t) for all t ∈ T . This tells us that w2(t) = 0 for all t ∈ T and
therefore w1 = στ2+l0w2 = 0. So w ≡ 0, which is a contradiction.

Note that the above lemma is only in one direction.

For any V ⊂ T , let PV denote the natural projection (restriction) of signals
defined on T onto signals defined on V . As shorthand we write P+ for PT+ and P−
for PT \T+ .

Lemma 3.2. (1) PV (B1 + B2) = PV B1 + PV B2 for any two behaviors B1,B2.

(2) If B is a linear, shift invariant behavior with finite memory l > 0 and B =
Bcont ⊕ B∗, then PV B = PV Bcont ⊕ PV B∗ for all intervals V of length greater
than l.

Proof. Claim (1) is rather obvious. To establish claim (2), we need only prove that
the sum PV Bcont ⊕PV B∗ is direct. Let w1 ∈ B∗, w2 ∈ Bcont such that w1|V = w2|V ,
i.e., w1|V = w2|V ∈ PV Bcont ∩ PV B∗. Consider any w3 ∈ Bcont. By the memory
property w1 can be patched to w2 and conversely, and by B-controllability w2 can
be patched to w3 and conversely. This tells that w1 can be patched to w3 in B and
conversely. Hence B′ := Bcont +span(w1) is B-controllable. Since Bcont is the unique
maximal B-controllable subbehavior of B, it must contain B′. Hence w1 ∈ Bcont. By
the direct sum property it follows that w1 = 0, and hence w1|V = w2|V = 0.

Proposition 3.3. Let B be a linear, shift invariant behavior with finite memory.
Then the following are equivalent:

1. Bcont splits B; i.e., B = Bcont ⊕ B∗ for some subbehavior B∗ ⊂ B.
2. There exists a behavior B∗ for which (B∗)cont = {0} (where (B∗)cont is the

maximal linear B-controllable subbehavior of B∗) and B = Bcont ⊕ B∗.

Proof. That 2 implies 1 is obvious. It remains to show that 1 implies 2.

Since Bcont splits B, there exists B∗ such that B = Bcont⊕B∗. Then (B∗)cont ⊂
Bcont ∩ B∗ = {0}.

Note that if one considers the maximal B∗-controllable subbehavior of B∗, instead
of (B∗)cont, then the conclusion of Proposition 3.3 continues to hold. At this juncture,
we would like to comment that since Lemma 3.1 is only in one direction, we cannot
conclude that B∗ in Proposition 3.3 is autonomous. We further observe that if Bc

(the controllable part of a behavior B as per Definition 2.4) has finite codimension
(as in the differential [10] and commensurate delay [5] settings), then it is known that
Bc splits B. In these cases, we know that the summand B∗ is autonomous (by the
traditional definition).

Unfortunately the autonomy of B∗ in the present situation remains a problem.
So we introduce the following definition for the rest of this paper.

Definition 3.4. A behavior B is said to have a controllable-autonomous de-
composition if there exists an autonomous subbehavior of B, denoted by Baut, such
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that

B = Bcont + Baut.

4. Stability. Stability is determined by the signal spaces involved. We will con-
sider the spaces Lp(T ,Rn) with 0 ≤ p ≤ ∞. In the case when T = R, it is the standard
Lp spaces such as L2(R,Rn) and L∞(R,Rn) for continuous-time signals. In the case
when T = Z, it becomes the standard lp spaces used for discrete signals.

Given a general normed signal space (say) Y of signals from T or T+ to R
n, the

corresponding extended space Ye is defined as

Ye = {y : I → R
n : Tτy ∈ Y for all τ ∈ I+},

where I = T or T+ subject to on which set the space Y is defined, and Tτ is the
truncation operator, that is, (Tτy)(t) = y(t) for t ≤ τ and 0 for t > τ .

In this section, the behaviors considered will be restricted to be within the ex-
tended signal spaces Lp

e := Lp
e(T ,Rn), 1 ≤ p ≤ ∞, i.e., Lp behaviors or subsets of

Lp
e.

As shorthand we write X = Lp(T+) =: Lp(T+,R
n), 1 ≤ p ≤ ∞. So Xe = Lp

e(T+).
We remark that when the results do not need a normed structure on the signal
spaces, our discussions and definitions also remain valid for C∞ behaviors (with
X = C∞(T+)).

We generalize the standard behavioral definition of stability for autonomous sys-
tems as follows.

Definition 4.1. An autonomous system Baut is said to be X-stable if, for any
w ∈ Baut, w|[0,∞) ∈ X.

This notion of stability can be equivalently expressed as the statement that Baut

is stable if and only if P+Baut ⊂ X. For nonautonomous systems, we adopt the
following stability concept for behaviors with input-output partition (see [9]), which
captures the notion of “whatever the past, given a bounded future input, the future
output is bounded.”

Definition 4.2. A behavior B with input-output partition u|y is X-stable if for
all (u, y) ∈ B with u|T+ ∈ X we have y|T+ ⊂ X.

When X is given, throughout the paper we refer to the notion of “X-stability”
simply as “stability.”

Associated with any behavior are the stable subbehaviors which correspond to
the behavior taking zero values up to time t = 0.

Definition 4.3. The graph GB of a behavior B is defined to be

(4.1) GB := {w ∈ X | there exists v ∈ B such that v|T− = 0, v|T+ = w|T+}.

The extended graph ZB of B is defined to be

ZB := {w ∈ Xe | there exists v ∈ B such that v|T− = 0, v|T+ = w|T+}.

Note that when T = R, X = L2(R+), GB corresponds to the classical H2 graph
[13].

Lemma 4.4. Let B = Bcont⊕Baut be a linear, shift invariant behavior with finite
memory. Then ZBcont

= ZB and GBcont
= GB.

Proof. Since Bcont ⊂ B it follows that ZBcont ⊂ ZB and GBcont ⊂ GB. Con-
versely, let w ∈ ZB. By the direct sum, there exist w1 ∈ Bcont, w2 ∈ Baut such that
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w = w1 + w2. By definition of ZB, it follows that (w1 + w2)|T− = 0, so by Lemma
3.2(2), w1|T− = w2|T− = 0. By the autonomy of Baut, it follows that w2 = 0. Hence
ZB ⊂ ZBcont

and GB ⊂ GBcont .
We now introduce a notion of uniform stability, which captures the property that

in addition to stability there is a uniform gain between future inputs and outputs
when the past is zero. We will discuss the relation between this notion of stability and
dissipativity descriptions of stability in section 7.

Definition 4.5. A linear behavior with input-output partition u|y is uniformly
stable if

1. B is stable;
2. there exists a bounded operator Ψ: X → X such that for all (u, y) ∈ B such

that u|T+ ∈ X, (u, y)|T− = 0 it follows that y = Ψ(u).
Note that the existence of a single stable autonomous subbehavior Baut such

that B = Bcont ⊕ Baut does not imply stability. For an example, consider ẋ = x + u,
ż = −z, y = x + z. Then the subbehavior generated by ż = −z, u = x = 0, y = z is
stable and has the direct sum property, and yet the behavior is not stable. However,
in the context of differential systems, this property characterizes stabilizability (see [9]
for the case of X = C0(R+)).

Definition 4.6. A behavior B is said to be stabilizable if for all w1 ∈ B there
exists w2 ∈ B such that w1|(−∞,0] = w2|(−∞,0] and w2|[0,∞) ∈ X.

A useful sufficient condition for stabilizability is as follows.
Lemma 4.7. Let B be a linear shift invariant behavior with finite memory. If

B = Bcont + Baut and Baut is stable, then B is stabilizable.
Proof. Suppose there exists a stable autonomous subbehavior Baut such that

B = Bcont + Baut. Then, given any w ∈ B, there exist w1 ∈ Bcont, w2 ∈ Baut such
that w = w1 +w2. By controllability and shift invariance of Bcont, w1 can be patched
with 0 ∈ Bcont so that there exists w′1 ∈ X such that w1|(−∞,0] = w′1|(−∞,0]. By the
stability of Baut, w2 ∈ X. Hence w′ = w′1 + w2 ∈ X and w|(−∞,0] = w′|(−∞,0], and
thus B is stabilizable as required.

It is natural to ask whether the converse holds, that is, whether stabilizability of B

implies stability of Baut. For differential systems, Theorem 5.2.30 in [9] establishes the
equivalence. For delay-differential systems with commensurate delays, the equivalence
has been conjectured in [5, p. 117]. It is thus useful to define the weaker notion of
“soundly stabilizable” and to formally note the equivalence of “soundly stabilizable”
and “stabilizable” for differential systems as follows.

Definition 4.8. A behavior B is said to be soundly stabilizable if there exists a
stable Baut such that B = Baut + Bcont.

Proposition 4.9. For a differential behavior B, B is stabilizable if and only if
it is soundly stabilizable.

Proof. See Theorem 5.2.30 in [9].
We are primarily interested in the standard feedback interconnections shown in

Figures 1 and 2.
Definition 4.10. Given a plant behavior BP , a controller behavior BC , and

interconnection behavior BI ,

(4.2) B
I = {(w0, w1, w2)

T ∈ Xe | w0 = w1 + w2},

we define the closed-loop behavior BP∧IC as follows:

B
P∧IC = {(w0, w1, w2)

T ∈ B
I | w1 ∈ B

P , w2 ∈ B
C}.
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Fig. 1. The closed loop.

Fig. 2. The interconnected behaviors: wi = (ui, yi)
T , i = 0, 1, 2.

To ensure uniqueness of solutions of the closed loop (modulo the autonomous part
of the behavior) we adopt the following definition.

Definition 4.11. Given a plant behavior BP , a controller behavior BC , and
interconnection behavior BI (4.2), the behavior BP∧IC is said to be well-posed if

(4.3) Xe = ZBP ⊕ZBC .

This captures the idea that for the interconnection of behaviors with a zero past,
“w0 is an input, and for any input w0, there exist unique internal signals w1, w2.”

By (4.3), any w0 ∈ Xe has a unique decomposition w0 = w1 +w2 with w1 ∈ ZBP

and w2 ∈ ZBC . Hence two projection operators can be defined as below:

ΠP//C : Xe → ZBP , w0 �→ w1,

ΠC//P : Xe → ZBC , w0 �→ w2.(4.4)

Due to the interconnection behavior, we have

ΠP//C + ΠC//P = I.(4.5)

Definition 4.12. A controller behavior BC is said to be a stabilizing controller
for a plant behavior BP if BP∧IC is stable.

5. Double axis time theories. In [3] it is shown that classical notions of sta-
bility and causality lead to problematic inconsistencies when input-output systems
defined over a doubly infinite time axis are considered. In particular a causal and
stable system Ph was considered, defined by the following convolution:

(5.1) Ph : u �→ y : y(t) =

∫ ∞
−∞

h(t− τ)u(τ) dτ = (h ∗ u)(t),

where h(t) = exp(t) for t ≥ 0 and 0 otherwise. The interconnection of Ph with a
controller C implementing negative unity feedback with gain greater than one as in
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Figure 1 was considered. It was shown [3] that if such a closed loop is considered to
be well-posed and stable (in the sense that the (single valued) map Π: L2(R+) →
L2(R+) defined by (u0

y0
) �→ (u1

y1
) exists (and necessarily has finite induced norm)),

then necessarily the classical L2(R) graph of Ph is closed. It was further shown in [3]
that the trajectories

(5.2) ũ(t) =

{
exp(−t), t ≥ 0,

0, t < 0,
ỹ(t) =

{
− 1

2 exp(−t), t ≥ 0,

− 1
2 exp(t), t < 0,

can be obtained as the limit of a sequence of trajectories lying in the L2(R) graph
of Ph, which is a contradiction since this solution does not satisfy the relation (5.1).
Furthermore, it can be shown [3] that if w0 = (ũ, ỹ)T acts as the disturbance to the
closed loop [Ph, C], where C is negative unity feedback in Figure 1, then there is no
solution w1 = (u1, y1)

T .
We view the above observations as indicating an inadequacy of (5.1) as a complete

physical model. By linearity the input-output model (5.1) enforces that u = 0 implies
y = 0, and hence there is no nontrivial autonomous subbehavior. By the natural
inclusion of such autonomous subbehaviors, and with the corresponding relaxations of
the notions of causality, well-posedness, and stability, the example can be reconsidered
as follows.

Let BPh denote the smallest differential behavior containing all trajectories (u, y)
satisfying (5.1). It can be observed that BPh can be expressed by the following (min-
imal) kernel representation:

B
Ph =

{
w ∈ L1

loc(R) | [−1 s− 1]w = 0
}
,

where s = d
dt , where solutions are interpreted in the weak sense in L1

loc(R)1 (rather
than L1

e(R)) to avoid any possible implicit imposition of a time direction. The behavior
BPh can be explicitly expressed as

B
Ph =

{(
u
y

)
∈ L1

loc(R)

∣∣∣∣∣ y(t) = y0 exp(t) +
∫ t

−∞ exp(t− τ)u(τ) dτ,

y0 ∈ R, u ∈ L1
loc(R).

}
.

In terms of the definitions given in this paper, this behavior is indeed stabilizable, and
negative unity feedback with a gain greater than one provides a well-posed stabilizing
interconnection: if BC = {w ∈ L2

e(R+) | w = (u, y)T , u(t) = −ky(t)}, then BPh∧IC is
(uniformly) stable for k > 1. It is important to observe that(

ũ
ỹ

)
=

(
ũ

− 1
2 exp(t) +

∫ t

−∞ exp(t− τ)ũ(τ) dτ

)
∈ BPh ∩ L2(R),

since (ũ, ỹ)T can be explained by the sum of the unforced solution (0, exp(·))T and

the forced solution (ũ,
∫ t

−∞ exp(t− τ)ũ(τ) dτ)T .
It is important to observe that the approach developed in this paper provides an

alternative approach to addressing the classical problems of a doubly infinite time
axis. The approach taken here is perhaps halfway between a double and a half line
time axis, in that signals are defined over the whole of R, but stability notions are
related to boundedness of signals when restricted to R+. Only in the case of uniform

1f ∈ L1
loc(R) if, for all compact Ω ⊂ R, f |Ω ∈ L1(Ω).
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stability do we consider an induced norm and a zero past. The notion of well-posedness
again restricts our attention to the subbehavior with a zero past and importantly does
not impose uniqueness of solutions: (w0, w1, w2), (w0, v1, v2) ∈ BPh∧C does not imply
(w1, w2) = (v1, v2) in general.

The approach considered in [7] identifies the operator Ph defined by (5.1) with
its L2(R) closure P̄h. In this case, the closure exists and is the (stable) anticausal
operator P̄h = Pg : L2(R) → L2(R), where

(5.3) Pg : u �→ y : y(t) =

∫ ∞
−∞

g(t− τ)u(τ) dτ = (g ∗ u)(t),

where g(t) = − exp(t) for t ≤ 0 and zero otherwise. In [3], the identification of these
two input-output systems is interpreted as “more or less amount[ing] to abandoning
any notion of causality,” and it was stated that “this is not a natural option, however,
if the direction of time is well-defined.” It has the additional problem that P̄h is stable,
whose response on the bounded input u(t) = 1 if 0 ≤ t ≤ 1, u(t) = 0 otherwise is the
following bounded output signal:

y(t) =

⎧⎪⎨
⎪⎩

0 if t > 1,

1 − exp(1 − t) if 0 ≤ t ≤ 1,

exp(t) − exp(1 + t) if t < 0.

We view this as problematic, since Ph itself is defined as an operator L2(R) → L2
loc(R),

with the following unbounded output response to the above input:

y(t) =

⎧⎪⎨
⎪⎩

exp(t) − exp(1 + t) if t > 1,

1 − exp(t) if 0 ≤ t ≤ 1,

0 if t < 0.

These problems are avoided only in the case whereby the input-output operator has
causal closure. In the discrete setting, the class of such transfer functions has been
precisely characterized in [6] as the class of all Smirnoff functions, a class which
includes all causal stable operators and excludes all causal unstable operators (as in
the example considered), thus indicating the intrinsic difficulties with the input-output
theory over R.

In common with these other approaches to resolving the so-called Georgiou–Smith
paradox, the procedure of identifying the convolution system (5.1) with the smallest
differential behavior containing the same input-output pairs also identifies the same
behavior BP = BPh = BPg to the anticausal input-output system (5.3), as it is easily
verified that BP contains all trajectories (u, y) ∈ L1

loc satisfying (5.3).2 However, the
consideration of BP permits us to maintain a sensible notion of causality as follows.

Definition 5.1. A behavior B with input-output partition (u, y) is said to be
causal if

Tτu1 = Tτu2 =⇒ TτBu1 = TτBu2 ,

where Bu = {w ∈ B | ∃y such that w = (u, y) ∈ B}.

2Importantly, however, BP also includes unbounded trajectories such as (0, exp(·))T which are
neither of the form (u, Phu)T nor (u, Pgu).
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This can be interpreted as stating that the set of all past trajectories which
can be generated from a particular past input cannot be affected by changing the
future input, and it represents a generalization of the notion of a causal operator
(where the nonuniqueness of the output given the input is suitably accounted for).
We can now observe that BP indeed preserves causality, and we have thus arrived at
a position whereby we can consider a suitable treatment of the system (5.1) in which
the physical object under study can be thought of as causal and stabilizable. We
find the explanation of trajectories of the system as a combination of an autonomous
unforced subbehavior and a causal input to be more in line with physical thinking
than the interpretation of the trajectories arising from a noncausal input to a single
valued operator.

6. A behavioral generalization of the gap metric and robust stability.
In this section we will be concerned with deriving the behavioral version of the central
robust stability theorem for linear time invariant systems. Our concern, for now, is
with behaviors whose underlying signal space is equipped with a norm ‖ · ‖; that is,
X is a vector space and all behaviors B are such that P+B ⊂ Xe. Furthermore, we
assume that (X, ‖·‖) has the property that ‖Tτx‖ ≤ a with a > 0 for all τ ≥ 0 implies
x ∈ X. The classical Lebesgue and Sobolev signal spaces, e.g., X = Lp, lp, W p,m 1 ≤
m, p ≤ ∞, satisfy this condition.

Definition 6.1. A mapping Ψ : dom(Ψ) ⊂ Xe → Xe is said to be causal if
TτΨw = TτΨTτw for all w ∈ dom(Ψ) and τ > 0 and with Tτw ∈ dom(Ψ). Its induced
norm, denoted by ‖Ψ‖, is defined as

‖Ψ‖ = sup

{
‖TτΨw‖
‖Tτw‖

: w ∈ dom(Ψ), τ > 0, Tτw �= 0 and Tτw ∈ dom(Ψ)

}
.

Observe that ‖ΠP//C‖ ≥ 1 since, for any w0 ∈ GBP
, ΠP//Cw0 = w0. Motivated

by [4] and the considerations in section 4 we define the following notion of a gap
distance between behaviors.

Definition 6.2. Given two behaviors B1, B2 define a gap functional:

	δ(B1,B2) =

{
infΦ∈O ‖(I − Φ)|G

B1‖ if B2 is soundly stabilizable,

1 if not,
(6.1)

δ(B1,B2) = max
{
	δ(B1,B2), 	δ(B2,B1)

}
,(6.2)

where

O = {Φ: dom(Φ) ⊂ GB1 → GB2 | Φ bijective, causal, Φ(0) = 0}.

In the case of differential systems, the above definition of the gap can be related
to the classical definitions as follows. Let P1(s), P2(s) denote transfer functions cor-
responding to B

P1
cont, B

P2
cont respectively, and let (Ni, Di) ∈ RH∞ form normalized

coprime factorizations of Pi, i = 1, 2. It follows that the classical graphs for P1(s)
and P2(s) correspond (in the frequency domain) to the time domain graphs GB1

cont
,

GB2
cont

. In the case where X = L2, it has been shown in [4] and the references therein
that

inf
Φ∈O

‖(I − Φ)|GP1(s)
‖ = 	δ0(P1(s), P2(s)),(6.3)
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where the classical gap 	δ0 can be expressed in a number of equivalent manners. Here
we adopt an expression [13] which shows that the gap corresponds to the size of
smallest stable coprime factor perturbation between the two plants:

	δ0(P1(s), P2(s)) = inf

{∥∥∥∥
(

ΔN

ΔD

)∥∥∥∥
H∞

∣∣∣∣(
ΔN

ΔD

)
∈ RH∞, P2 = (N1 + ΔN )(D1 + ΔD)−1

}
.

In the context of differential systems, Lemma 4.4 shows that GB1
cont

= GB1 and
GB2

cont
= GB2 , and Proposition 4.9 shows the equivalence between the concepts of

sound stabilizability and stabilizability. Therefore it can be easily shown that the gap
functional is determined as follows:

	δ(B1,B2) =

{
	δ0(P1(s), P2(s)) if B2 is stabilizable,

1 if not.
(6.4)

We also remark, for completeness, that the directed gap can be computed via a stan-
dard H∞ optimization [2]:

	δ0(P1, P2) = inf
Q∈H∞

∥∥∥∥
(

D1

N1

)
−
(

D2

N2

)
Q

∥∥∥∥ .
Observe that Definition 6.2 is a “real” behavioral definition: everything is defined

in terms of trajectories, and all subbehaviors involved can be expressed in set-theoretic
terms from the original behavior B. From a behavioral perspective, it should also be
noted that the definition does not require a distinguished input-output partition. It
is natural to wish to substitute the condition of stabilizability for that of sound stabi-
lizability in the definition of the gap functional, but as we have discussed previously
the equivalence of these concepts is known only in the case of differential systems (see
Proposition 4.9).

The central reason for consideration of gap distances in systems theory is to obtain
robust stability results (see Theorem 6.6 below). In particular we want δ to capture
the idea that any sensible stabilizing controller for BP will also stabilize BP1 , provided
δ(BP ,BP1) is small. By definition, the distance between B and Bcont is zero if B

is soundly stabilizable—this is reasonable since any stabilizing controller for B will
automatically stabilize Bcont since Bcont ⊂ B. Consequently, δ is necessarily at most
a pseudometric; indeed the distance between two stabilizable differential systems with
the same transfer function will be 0 (since the graphs of the behaviors are identical,
the minimizing Φ in the definition of the gap distance can be taken to be the identity,
and hence the gap distance is zero).

For the controllable-autonomous decomposition of the interconnected behavior,
we have the following lemma.

Lemma 6.3. Suppose BP , BC are linear behaviors with controllable-autonomous
decompositions BP = BP

cont + BP
aut, BC = BC

cont + BC
aut. Then BP∧IC has the

following controllable-autonomous decomposition: BP∧IC = B
P∧IC
cont + B

P∧IC
aut and

B
P∧IC
cont =

{
(w1 + w2, w1, w2) | w1 ∈ B

P
cont, w2 ∈ B

C
cont

}
,

B
P∧IC
aut =

{
(w1 + w2, w1, w2) | w1 ∈ B

P
aut, w2 ∈ B

C
aut

}
.(6.5)

If, in addition, BP = BP
cont ⊕ BP

aut, BC = BC
cont ⊕ BC

aut, then BP∧IC = B
P∧IC
cont ⊕

B
P∧IC
aut .
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Proof. It is straightforward to verify that B
P∧IC
cont is the maximal controllable

behavior and that B
P∧IC
aut is autonomous. Let w ∈ BP∧IC . Then w = (v1 +v2, v1, v2),

and by the decompositions of BP , BC , there exist elements x1 ∈ BP
cont, x2 ∈ BP

aut

and y1 ∈ BC
cont, y2 ∈ BC

aut such that v1 = x1 + x2, v2 = y1 + y2. Consequently, there
exists a decomposition of w = z1 +z2, where z1 ∈ (BP

cont +BC
cont)×BP

cont×BC
cont and

z2 ∈ (BP
aut +BC

aut)×BP
aut×BC

aut, namely z1 = (x1 +y1, x1, y1), z2 = (x2 +y2, x2, y2).
When BP = BP

cont ⊕ BP
aut, BC = BC

cont ⊕ BC
aut, the existence for each of

x1, x2, y1, y2 and z1, z1 is unique. Hence BP∧IC = B
P∧IC
cont ⊕ B

P∧IC
aut .

The following key results relate a condition of stability of a particular half-line
projection to stability of the entire system behavior.

Lemma 6.4. Let BP∧IC be well-posed, and let

B̂ =
{
w = (w0, w1, w2) ∈ B

P∧IC
cont : w0|[0,∞) = 0

}
.

Suppose X = GBP ⊕ GBC . Then, for any (w0, w1, w2) ∈ B̂, w1|[0,∞), w2|[0,∞) ∈ X.

Proof. Let w = (w0, w1, w2) ∈ B̂. By controllability, there exist τ ≥ 0, w̄ =
(w̄0, w̄1, w̄2) ∈ BP∧IC such that w̄|(−∞,−τ ] = 0 and w̄[0,∞) = w|[0,∞). Therefore
στ w̄1 ∈ ZBP , στ w̄2 ∈ ZBC , and w̄0|R\(−τ,0] = 0, and hence w̄0|[0,∞), στ w̄0|[0,∞) ∈ X.
Since X = GBP ⊕GBC , στ w̄0|[0,∞) = z1+z2 for some z1 ∈ GBP , z2 ∈ GBC . By the well-
posedness assumption, it follows that z1 = στ w̄1, z2 = στ w̄2. Since w̄[0,∞) = w|[0,∞)

and z1, z2 ∈ X, we see that w1|[0,∞), w2|[0,∞) ∈ X.
Proposition 6.5. Let BP , BC be linear, shift invariant behaviors with finite

memory and BP = BP
cont + BP

aut, BC = BC
cont + BC

aut. Suppose BP and BC are
soundly stabilizable and BP∧IC is well-posed. Suppose further that X = GBP ⊕ GBC .
Then BP∧IC is stable.

Proof. Suppose w ∈ BP∧IC , and w = (w0, w1, w2). We have to show that if
w0|[0,∞) ∈ X, then w1|[0,∞), w2|[0,∞) ∈ X. Let w0 ∈ X. Since BP∧IC = B

P∧IC
cont +

B
P∧IC
aut , it follows that w = x + y, where x = (x0, x1, x2) ∈ B

P∧IC
cont and

y = (y0, y1, y2) ∈ B
P∧IC
aut . By stability of BP

aut, BC
aut we know that x0|[0,∞) =

w0 − y0|[0,∞) ∈ X.
Let

x̃0 =

{
0, t ≤ 0,
x0, t > 0.

Then x̃0|[0,∞) ∈ X. Since X = GBP ⊕ GBC , we see that

x̃0|[0,∞) = x̃1|[0,∞) + x̃2|[0,∞) for some x̃1 ∈ GBP , x̃2 ∈ GBC .(6.6)

Consider v = (v0, v1, v2) := (x0−x̃0, x1−x̃1, x2−x̃2). Since x1, x̃1 ∈ BP
cont, x2, x̃2 ∈

BC
cont, we see that x1 − x̃1 ∈ BP

cont, x2 − x̃2 ∈ BC
cont, and hence v ∈ B

P∧IC
cont . Since

v0|[0,∞) = 0, v ∈ B̂. By the above lemma, v1|[0,∞), v2|[0,∞) ∈ X. Since x̃1, x̃2 ∈ X,
we see that x1|[0,∞), x2|[0,∞) ∈ X. By the stability assumption of BP

aut and BC
aut, it

follows that w1|[0,∞), w2|[0,∞) ∈ X. This completes the proof.
We can now give the proof of the main robust stability result. Before giving the

proof we remark that the result follows straightforwardly from Proposition 6.5 once it
has been shown that X = GBP

cont
⊕GBC

cont
and that this classical condition is obtained

directly using the technique of [1]: we have included this part of the proof from [1] for
completeness.

Theorem 6.6. Suppose BP , BP1 , BC are linear, shift invariant behaviors with
finite memory. If
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1. BP ,BC are soundly stabilizable,
2. BP∧IC is well-posed, causal, and uniformly stable,
3. BP1∧IC is well-posed, causal, and
4. 	δ(BP ,BP1)‖ΠP//C‖ < 1,

then BP1∧IC is uniformly stable.
Proof. Condition 6.6 implies that there exists a stable B

P1
aut such that BP1 =

B
P1
cont + B

P1
aut by definition of the gap and since ‖ΠP//C‖ ≥ 1.

By condition 6.6, there exists a surjective mapping Φ : D ⊂ GBP → GBP1 such that

‖Φ − I‖‖ΠP//C‖ < 1.

Let (w0, w1, w2) ∈ BP1∧IC with (w0, w1, w2)|T− = 0, (w0, w1, w2)|T+ ∈ X. By
definition of the extended graph, w1 ∈ ZBP1 , w2 ∈ ZBC .

For any τ > 0, by sound stabilizability and Lemma 4.7, there exist w̄1 ∈ BP1 , w̄2 ∈
BC such that w̄i|T− = στwi|T− , w̄i|T+ ∈ X for i = 1, 2. This shows that wi|(−∞,τ ] =
wτ

i |(−∞,τ ], where wτ
i = σ−τ w̄i, and wτ

i |T− = 0, wτ
i |T+ ∈ X. By shift invariance,

wτ
1 |T+ ∈ GBP1 , w

τ
2 |T+ ∈ GBC and Tτwi = Tτw

τ
i .

Since Φ is surjective from GBP to GBP1 , there exist wτ
3 ∈ GBP and wτ

1 |T+ = Φwτ
3 .

Write xτ = wτ
3 + wτ

2 |T+ . Then by condition 6.6, ΠP//Cxτ = wτ
3 ∈ X,ΠC//Pxτ =

wτ
2 |T+ ∈ X and

Tτ (w0|T+) = Tτ (w1|T+) + Tτ (w2|T+) = Tτ (w
τ
1 |T+) + Tτ (w

τ
2 |T+) = TτΦwτ

3 + Tτ (w
τ
2 |T+)

= TτΦΠP//Cxτ + TτΠC//Pxτ = TτΦΠP//CTτxτ + TτΠC//PTτxτ

= Tτ (Φ − I)ΠP//CTτxτ + Tτxτ(6.7)

and

TτΠP1//C(w0|T+) = Tτ (w1|T+) = TτΦwτ
3 = TτΦΠP//Cxτ = TτΦΠP//CTτxτ .(6.8)

By (6.7), we have

‖Tτxτ‖ ≤ ‖Tτ (w0|T+)‖+‖Tτ (Φ−I)ΠP//CTτxτ‖ ≤ ‖w0|T+‖+‖Φ−I‖‖ΠP//C‖‖Tτxτ‖,
which gives

‖Tτxτ‖ ≤
‖w0|T+‖

1 − ‖Φ − I‖‖ΠP//C‖
.

By (6.8), we have

‖TτΠP1//C(w0|T+)‖ ≤ ‖Tτ (Φ − I)ΠP//CTτxτ‖ + ‖TτΦΠP//CTτxτ‖

≤ (1 + ‖Φ − I‖)‖ΠP//C‖
‖w0|T+‖

1 − ‖Φ − I‖‖ΠP//C‖
.

Hence w1 = ΠP1//C(w0|T+) ∈ X and, therefore, by (4.5), w2 = ΠC//P1
(w0) ∈ X.

So, for any w0 with w0|T+ ∈ X, w0|T− = 0, we have shown that there exist
w1 ∈ GBP1 , w2 ∈ GBC such that w0|T+ = w1 + w2, i.e., X = GBP1 + GBC . By the
well-posedness assumption, the sum is direct. Applying Proposition 6.5, we see that
BP1∧IC is stable. The above proof shows that both ΠP1//C and ΠC//P1

are bounded.
Hence BP1∧IC is uniformly stable.

Due to Proposition 4.9, we have the following corollary.
Corollary 6.7. Suppose BP , BP1 , BC are linear, shift invariant differential

behaviors with finite memory. If BP ,BC are stabilizable, BP∧IC is uniformly stable,
and BP1∧IC is well-posed, causal, and 	δ(BP ,BP1)‖ΠP//C‖ < 1, then BP1∧IC is
uniformly stable.
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7. Relation to the behavioral H∞ synthesis of Trentelman and Willems.
Within the context of L2 signal spaces, classical H∞ synthesis [20] provides construc-
tions for controllers C which achieve ‖ΠP//C‖ ≤ 1, i.e., solve the normalized version
of the inequality required in our robustness theorems. The classical gap robustness re-
sults then provide an explicit description of plant uncertainties tolerated in the closed
loop. In direct counterpart, and in the interests of a self-contained behavioral theory,
it is relevant to relate the results of this paper to the behavioral approach to H∞
synthesis found in [12, 17], for then our basic robust stability theorem completes a
“behavioral robust control theory” by providing an explicit robustness interpretation
of the behavioral H∞ synthesis results.

Therefore we explicitly describe the relationship between the problem formulation
of [12, 17] and this paper. We first consider Proposition 1 of [12]. By choosing the
exogenous variable d to be w0 and the endogenous “to be controlled” variable f to be
w1, we have

K = {(w0, w1) ∈ C∞ | ∃w2 ∈ C∞ such that (w0, w1, w2) ∈ B
P∧IC},

and Gw0→w1
is the transfer function corresponding to ΠP//C . Proposition 1 asserts

that if BP , BC are smooth differential behaviors and BP∧IC is controllable, then the
following are equivalent:

1. in K, w0 is the input, w1 is the output, and ‖Gw0→w1‖H∞ ≤ 1;
2. K is Σ-dissipative on R−, and m(K) = σ+(Σ);
3. ‖w1‖L2(R,Rf ) ≤ ‖w0‖L2(R,Rd), w0 is free in K, and (0, w1) ∈ K implies that

limt→∞ w1(t) = 0.

Here Σ =diag(Id,−If ), σ+(Σ) is the number of positive eigenvalues of Σ, and m(K)
is the number of “free” input variables: in the context of this paper the free variables
enter additively in both the input and output channels, and hence m(K) = dim(U×Y).
We refer the reader to [12, 17] for the definition of Σ-dissipativity on R−.

We now relate the above stability concepts to the notion of uniform stability,
within an L2 context, as considered in this paper. Consider the following condition:

4. BP∧IC is uniformly stable, and ‖ΠP//C‖L2(R+) ≤ 1.

Then we have the following proposition.

Proposition 7.1. Let X = L2(R+). Suppose Bp, BC are differential behaviors
and BP∧IC is controllable. Then 1, 2, 3, and 4 are equivalent.

Proof. Proposition 1 of [12] establishes the equivalence between 1, 2, and 3. It is
well known that ‖ΠP//C‖L2(R+) = ‖Gw0→w1‖H∞ . Hence 4 implies 1. On the other

hand, suppose 1 holds. Consider (w0, w1, w2) ∈ BP∧IC , and suppose w0|R+ ∈ X. Let
w0 = x0 + y0, where x0|R+ = 0, y0|R− = 0. Then there exist x1, x2, y1, y2 such that

(x0, x1, x2) ∈ B̂P∧IC ⊂ BP∧IC , (y0, y1, y2) ∈ BP∧IC , and x1 +y1 = w1, x2 +y2 = w2.
By Lemma 6.4, and since x0|R+

= 0 ∈ X, it follows that x1|R+
, x2|R+

∈ X. Since
Gw0→w1 ∈ H∞ and y0|R+ ∈ X it follows that y1|R+ , y2|R+ ∈ X. Hence w1|R+ , w2|R+ ∈
X, and consequently BP∧IC is stable. The inequality in 1 implies the inequality in 4,
and hence 1 implies 4 as required.

Within the context of disturbance attenuation for linear controllable differential
systems in an L2 setting, the results of [12, 17] establish conditions under which there
exists a controllable differentiable behavior BC which renders Σ-dissipativity on R− of
the closed-loop interconnection BP∧IC . Here BP is also required to be a controllable
differential behavior. Since the resulting interconnection BP∧IC is controllable, and
by the above, it follows that this synthesis yields the uniform stability condition 4
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above, and, in turn, the robust stability theorem (Theorem 6.6) provides an explicit
description of a set of plants for which stability can be guaranteed.

It is worth noting that it is observed in [17] that the synthesis can be extended
in an ad hoc manner from the controllable case to the general case by introducing
appropriate stabilizability assumptions in the analysis. Theorem 6.6 can be utilized
to achieve these observations directly. Given a (soundly) stabilizable plant behavior
BP , follow the H∞ synthesis to derive a controller BC (which is controllable) for the

controllable plant subbehavior BP
cont. Then, since 	δ(BP

cont,B
P ) = 0, Theorem 6.6 can

be applied to establish the required uniform stability for the interconnection of the
derived controller behavior BC and the original plant BP .

8. An illustrative example. We consider an example in an L∞ setting. Let
the behaviors for the nominal system P , the perturbed system P1, and the controller
C be given by

B
P =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣ u1, v1, x ∈ L∞e (R,R), ẋ = au1 + bv1

⎫⎬
⎭ ,

B
P1 =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣ u1, v1, x ∈ L∞e (R,R), ẋ = aστ1u1 + bστ2v1

⎫⎬
⎭ ,

and

B
C =

⎧⎨
⎩

⎛
⎝ cy

dy
y

⎞
⎠

∣∣∣∣∣∣ y ∈ L∞e (R,R),

⎫⎬
⎭ ,

where a, b, c, d ∈ R such that ac + bd = −1. BP ,BP1 , and BC are all linear, shift
invariant behaviors with finite memory. Moreover, they are all controllable so that
BP = BP

cont + {0},BP1 = B
P1
cont + {0}, and BC = BC

cont + {0}. We also have

GBP =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣
u1, v1, x ∈ L∞(R, R), ẋ = au1 + bv1,

u1|R− = v1|R− = x|R− = 0,

⎫⎬
⎭ ,

GBP1 =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣
u1, v1, x ∈ L∞(R,R), ẋ = aστ1u1 + bστ2v1,

u1|R− = v1|R− = x|R− = 0,

⎫⎬
⎭ ,

ZBP =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣
u1, v1, x ∈ L∞e (R,R), ẋ = au1 + bv1,

u1|R− = v1|R− = x|R− = 0,

⎫⎬
⎭ ,

ZBP1 =

⎧⎨
⎩

⎛
⎝ u1

v1

x

⎞
⎠

∣∣∣∣∣∣
u1, v1, x ∈ L∞e (R,R), ẋ = aστ1u1 + bστ2v1,

u1|R− = v1|R− = x|R− = 0.

⎫⎬
⎭ .

The parallel projection ΠP//C operator is given by

ΠP//C

⎛
⎝ u0

v0

y0

⎞
⎠ =

⎛
⎝ u0 − cy0 + cx

v0 − dy0 + dx
x

⎞
⎠ for any u0, v0, y0 ∈ L∞e (R+,R),



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

INTRINSIC BEHAVIORAL APPROACH TO THE GAP METRIC 1959

where x is the unique solution to the equation

ẋ = −x + au0 + bv0 + y0, x(0) = 0.

After straightforward calculation, we see that ‖Tτx‖ ≤ ‖Tτ (au0 + bv0 + y0)‖ for any
τ > 0 and

‖ΠP//C‖ ≤ 1 + |c| + |d|(1 + |a| + |b|).

This shows that BP∧IC is uniformly stable.
To estimate the gap between BP and BP1 , we let

Φ

⎛
⎝ u

v
x

⎞
⎠ =

⎛
⎝ u

v
y

⎞
⎠ for any

⎛
⎝ u

v
x

⎞
⎠ ∈ B

P ,

where ⎛
⎝ u

v
y

⎞
⎠ ∈ B

P1 .

Then

|x(t) − y(t)| =

∣∣∣∣
∫ t

0

(au(s) + bv(s))ds−
∫ t

0

(au(s− τ1) + bv(t− τ2))ds

∣∣∣∣
≤ |a|

∣∣∣∣
∫ t

t−τ
u(s)ds

∣∣∣∣ + |b|
∣∣∣∣
∫ t

t−τ
v(s)ds

∣∣∣∣
≤ τ1|a|‖u‖ + τ2|b|‖v‖

and so

‖(I − Φ)|G
BP

‖ = sup

⎧⎨
⎩ ‖Tτ (x− y)‖

‖Tτ (u, v, x)	‖

∣∣∣∣ τ > 0,

⎛
⎝ u

v
x

⎞
⎠ ∈ GBP ,

⎛
⎝ u

v
x

⎞
⎠ �= 0

⎫⎬
⎭

≤ τ1|a| + τ2|b|.

Hence, 	δ(BP ,BP1) ≤ |a|τ1 + |b|τ2 and, by Theorem 6.6, BP1∧IC is uniformly stable,
provided

(τ1|a| + τ2|b|)[1 + |c| + |d|(1 + |a| + |b|)] < 1.

By definition of uniform stability, this means that
(i) for any u1, v1, x, y ∈ L∞e (R,R) with ẋ = aστ1u1 + bστ2v1 on R and (u1 +

cy)|R+
, (v1 + dy)|R+

, (x + y)|R+
∈ L∞(R+,R), we have u1|R+

, v1|R+
, x|R+

, y|R+
∈

L∞(R+,R);
(ii) the mappings which map (u0, v0, x0)|R+ to (u1, v1, x1) and (cy, dy, y), re-

spectively, are both bounded, where u1 + cy = u0, v1 + dy = v0, x1 + y = x0,
(cy, dy, y)|R− = 0, (u1, v1, x1)|R− = 0, and

ẋ1 = aστ1u1 + bστ2v1.

We remark, as in the introduction, that such a system lies outside the scope of
the existing algebraic behavioral theory for delay systems where delays τ1, τ2 would
additionally be required to be commensurate [5].
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ALGEBRAIC STRUCTURES IN NONLINEAR SYSTEMS OVER
RINGS OBTAINED BY IMMERSION∗

TOSHIYUKI OHTSUKA†

Abstract. An immersion of a system is a mapping of the initial state exactly preserving the
input-output map. As has already been shown, a system is immersible into a rational-in-the-state
representation (RSR) and a polynomial-in-the-state representation (PSR) if and only if the field
generated by the observation space is finitely generated, which is true in most practical systems. In
this paper, some algebraic structures and their geometric counterparts associated with an RSR and
a PSR obtained via an immersion are discussed. First, RSRs and PSRs are viewed as systems over
rings in a unified framework, and the notions of an invariant ideal and an invariant variety, which
are related to a differential algebraic equation, are introduced. Then, it is shown that an RSR and
a PSR have invariant ideals and invariant varieties associated with an immersion. In particular, an
invariant variety of an RSR or a PSR is the Zariski closure of the image of the immersion, i.e., the
smallest variety containing the image of the immersion. The degrees of freedom in RSRs and PSRs
obtained via immersion are also investigated and are characterized in terms of invariant ideals.

Key words. system immersion, systems over rings, input-output map
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1. Introduction. An immersion [9, 15, 18, 22] of a system is a mapping of the
initial state from the original state space to another state space, so as to preserve the
input-output map exactly, and it is usually a mapping to a higher-dimensional space.
The model structure of the given system can be simplified while preserving the input-
output map with an immersion. Immersions into linear [1, 5, 12, 15], bilinear [16],
quasi-state-affine [2], and rational and polynomial [22] systems have been discussed
in the literature.

Immersion was used in [1, 2, 12, 15] to design an observer for a nonlinear system
that is immersible into a linear system or other particular forms. Similarly, immersion
into a polynomial system is potentially applicable to observer design for a broad class
of nonlinear systems if the general methodology of observer design is established for
polynomial systems. Often in system analysis and control design we assume poly-
nomial systems [4, 14, 20, 23, 26, 27]. These techniques may be applicable to a wider
class of nonlinear systems through the use of immersion. In contrast to the polyno-
mial approximation of a nonlinear system, immersion does not raise problems due
to approximation errors and can preserve the input-output map over an unbounded
region in the state space, which is useful when applying theoretical results, at the
expense of an increase in the dimension.

Although only a restricted class of nonlinear systems is immersible into linear
or bilinear systems, most practical systems are immersible into rational systems and
polynomial systems, as shown in [22]. More precisely, a nonlinear system is immersible
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into a rational-in-the-state representation (RSR), a polynomial-in-the-state represen-
tation (PSR), and a quadratic-in-the-state representation (QSR) if and only if a field
generated by the observation space is finitely generated over the field of real numbers.
Moreover, it is sufficient for immersibility into these representations that all functions
in the given system are differentially algebraic functions, which most practical sys-
tems consist of. Therefore, an RSR, a PSR, or a QSR can be used as a general model
structure for a wide class of nonlinear systems.

In contrast to previous work on immersion, this paper focuses on structures in sys-
tems obtained via immersion, rather than immersibility conditions. Although RSRs
and PSRs are general forms of nonlinear systems on their own, they have particular
structures of rational functions and polynomials, respectively. Therefore, some prop-
erties of the original system or the immersion may be reflected in additional algebraic
structures in the RSRs and PSRs. Moreover, those algebraic structures may have
some geometric interpretations. In fact, it is shown in this paper that the algebraic
structures of RSRs and PSRs can be characterized in terms of rings, and their geo-
metric counterparts are expressed naturally in terms of affine varieties rather than a
manifold in differential geometry. These algebraic and geometric structures can be
found in rational or polynomial systems aside from immersion-related problems.

This paper is organized as follows. In section 2, definitions of immersions and
immersibility conditions are briefly reviewed, and an algebraic characterization is
given for the minimal dimension of RSRs. In section 3, we show that RSRs and
PSRs can be viewed as systems over rings in a unified framework and introduce the
notions of an invariant ideal and an invariant variety. Then, we show the existence
of an invariant ideal and an invariant variety in a system over a ring obtained by
immersion. The notions of an invariant ideal and an invariant variety can be used
as fundamental tools in analysis and the control of systems over rings in general.
As a further application of algebraic tools, we characterize the degrees of freedom in
systems over a ring in section 4, which again highlights the importance of invariant
ideals in the analysis of nonlinear systems over rings. Finally, concluding remarks are
given in section 5.

2. System immersion.

2.1. Immersion and invariant immersion. We treat an input-affine nonlin-
ear system,

Σ

⎧⎪⎨
⎪⎩

ẋ = g0(x) +

m∑
i=1

gi(x)ui,

y = h(x),

where x(t) ∈ U ⊂ Rn denotes the state vector, U an open set, u(t) = [u1(t), . . . ,
um(t)]T ∈ Rm the input vector, and y(t) ∈ Rp the output vector. The system is
denoted by Σ(g0, g1, . . . , gm, h) (by Σ for short hereafter). System Σ is said to be
analytic on U if gi : U → Rn (i ∈ I0,m) and h : U → Rp are analytic functions on U .
Sets of indices are denoted as Ii1,i2 = {i ∈ Z : i1 ≤ i ≤ i2} and Ii1,∞ = {i ∈ Z : i ≥
i1}. The admissible set Ω of the input function u : [0,∞) → Rm is a set of bounded
piecewise continuous functions with a common upper bound. We assume |ui(t)| ≤ 1
(t ≥ 0, i ∈ I1,m) without loss of generality. The trajectory of the state equation of
system Σ starting from an initial state in U at t = 0 and driven by an input function
u is denoted by ΦΣ,u

t : U → U . That is, for a given initial state x0 ∈ U and an input

function u ∈ Ω, the solution of the state equation is given by x(t) = ΦΣ,u
t (x0). A set
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of all possible Lie derivatives of the output map, LΣ, and the observation space OΣ

are defined, respectively, by

LΣ = {Lgi1
. . . Lgik

hj : j ∈ I1,p, (i1, . . . , ik) ∈ Ik0,m, k ∈ I0,∞},

OΣ = spanR LΣ,

where h = [h1, . . . , hp]
T and Lgihj = (∂hj/∂x)gi. The observability codistribution at

x0 ∈ U is a vector space over R given by

dOΣ(x0) = spanR

{
∂η

∂x
(x0) : η ∈ OΣ

}
.

First, we define an immersion of a system [9, 15, 18].
Definition 2.1. An analytic system Σ(g0, . . . , gm, h) defined on an open set

U ⊂ Rn is said to be immersible on an open set U ′ ⊂ U into another ñ-dimensional
system Σ̃(g̃0, . . . , g̃m, h̃) if there exists an analytic mapping α : U ′ → Rñ such that
Σ̃ is analytic on an open set containing α(U ′), and for every x0 ∈ U ′ and for every
u ∈ Ω,

h ◦ ΦΣ,u
t (x0) = h̃ ◦ ΦΣ̃,u

t (α(x0))

holds for every sufficiently small t > 0. Such a mapping α is called an immersion of
Σ on U ′ into Σ̃. We omit U ′ when it is obvious in the context or U ′ = U .

The following proposition [22] is useful for checking whether or not a given map-
ping α is an immersion.

Proposition 2.2. Let U ⊂ Rn be an open set, let α : U → Rñ be an analytic
mapping, let Σ(g0, . . . , gm, h) be an analytic system on U , and let Σ̃(g̃0, . . . , g̃m, h̃) be
an analytic system on an open set containing α(U). The mapping α is an immersion
of Σ into Σ̃ if and only if the following holds for all x0 ∈ U :

Lgi1
. . . Lgik

h(x0) = Lg̃i1
. . . Lg̃ik

h̃(α(x0)),

(i1, . . . , ik) ∈ Ik0,m, k ∈ I0,∞.

Next, we define a particular form of an immersion [22].
Definition 2.3. An analytic system Σ(g0, . . . , gm, h) defined on an open set

U ⊂ Rn is said to be invariantly immersible on an open set U ′ ⊂ U into another ñ-
dimensional system Σ̃(g̃0, . . . , g̃m, h̃) if there exists an analytic mapping α : U ′ → Rñ

such that Σ̃ is analytic on an open set containing α(U ′), and, for all x ∈ U ′,

Lgiα(x) = g̃i(α(x)), i ∈ I0,m,

h(x) = h̃(α(x))

hold. Such a mapping α is called an invariant immersion of Σ on U ′ into Σ̃.
Often, the invariant immersion is simply called an immersion in the literature.

However, we distinguish invariant immersions from immersions in this work because
the former not only preserves the input-output map but also has additional geometric
properties. That is, for every state trajectory x(t) ∈ U ′ of the original system Σ,
α(x(t)) ∈ α(U ′) is a state trajectory of Σ̃.
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2.2. Immersibility conditions. Rational and polynomial structures with re-
spect to the state are discussed in this paper, for which the notions of fields and
rings are suitable. Let Cω(U) be the ring of all real-valued analytic functions on an
open set U ⊂ Rn. For a subset A ⊂ Cω(U), R[A] denotes the ring generated by
A over R. If U is a domain (connected open set), R[A] is an integral domain and
its fraction field R(A) is well defined and called the field generated by A over R. If
A = {α1, . . . , αν} and α = [α1, . . . , αν ]

T, R[A] and R(A) are also denoted by R[α]
and R(α), respectively. For a state vector x̃ ∈ Rñ, its elements x̃1, . . . , x̃ñ can be
regarded as analytic functions on Rñ, and R[x̃] and R(x̃) denote a polynomial ring
and a rational function field, respectively. We denote the subset of R[x̃] with the
total degree less than or equal to � as R[x̃]≤�. Then, an RSR, a PSR, and a QSR are
formally defined as follows [22].

Definition 2.4. Consider a system Σ̃(g̃0, . . . , g̃m, h̃) with a state vector x̃ ∈ Rñ.
System Σ̃ is said to be an RSR if g̃i(x̃) ∈ R(x̃)ñ (i ∈ I0,m) and h̃(x̃) ∈ R(x̃)p. System

Σ̃ is said to be a PSR if g̃i(x̃) ∈ R[x̃]ñ (i ∈ I0,m) and h̃(x̃) ∈ R[x̃]p. In particular, a

PSR Σ̃ is said to be a QSR if g̃i(x̃) ∈ R[x̃]ñ≤2 (i ∈ I0,m) and h̃(x̃) ∈ R[x̃]p≤1.
It has already been proved that immersibilities are equivalent between an RSR,

a PSR, and a QSR [22].
Proposition 2.5. For an analytic system Σ defined on an open set U , the

following three claims are equivalent:
(i) System Σ is immersible (resp., invariantly immersible) on U into an RSR.
(ii) System Σ is immersible (resp., invariantly immersible) on U into a PSR.
(iii) System Σ is immersible (resp., invariantly immersible) on U into a QSR.
Since it suffices to consider an RSR consisting of rational functions, immersibility

and invariant immersibility are well characterized in terms of fields [22].
Proposition 2.6. For an analytic system Σ defined on a domain U , the following

three claims are equivalent:
(i) On an open and dense subset of U , system Σ is invariantly immersible into

an RSR with an analytic mapping defined on U .
(ii) On an open and dense subset of U , system Σ is immersible into an RSR with

an analytic mapping defined on U .
(iii) The field R(OΣ) is finitely generated over R.

Moreover, if (iii) holds, every set of analytic generators of R(OΣ) gives an invariant
immersion in (i).

Many types of nonlinear systems satisfy condition (iii) in Proposition 2.6 and
are (invariantly) immersible into an RSR, a PSR, and a QSR. Moreover, as shown
in [22], it is sufficient for invariant immersibility into an RSR that all functions in
a given system are differentially algebraic functions, which most practical systems
consist of.

In advance of ring-theoretic discussions in subsequent sections, we give a field-
theoretic characterization for the minimal dimension of RSRs obtained by immersion.

Theorem 2.7. Suppose condition (iii) in Proposition 2.6 holds, and let ρ be the
degree of transcendency of R(OΣ) over R. If R(OΣ) is a purely transcendental ex-
tension of R, the minimal dimension of RSRs into which Σ is invariantly immersible
on an appropriate open subset of U is ρ. Otherwise, the minimal dimension of the
RSRs is ρ + 1.

Proof. Note that R(OΣ) has at least ρ generators, which are algebraically indepen-
dent of each other. If R(OΣ) is a purely transcendental extension of R, there exists a
transcendence basis {α1, . . . , αρ} ⊂ R(OΣ) such that R(OΣ) = R(α1, . . . , αρ). Since



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STRUCTURES IN NONLINEAR SYSTEMS OVER RINGS 1965

every element in OΣ ⊂ Cω(U) is analytic, it is nonzero on an open and dense subset
of U . Therefore, the mapping α = [α1, . . . , αρ]

T, consisting of elements in R(OΣ), is
analytic on an open and dense subset of U . Then, there exists an open set U ′′ ⊂ U
such that Σ is invariantly immersible on U ′′ into an RSR with α.

If R(OΣ) is not a purely transcendental extension of R, R(OΣ) 	= R(α1, . . . , αρ)
for any transcendence basis {α1, . . . , αρ} ⊂ R(OΣ). However, since R(OΣ) is finitely
generated over R, there exist a finite number of elements β1, . . . , βμ ∈ R(OΣ) (μ ≥ 1)
such that R(OΣ) = R(α1, . . . , αρ, β1, . . . , βμ), where R(α1, . . . , αρ, β1, . . . , βμ) is a
finite algebraic extension of R(α1, . . . , αρ) [19, Theorem 3.1.3]. Moreover, since the
characteristic of R(α1, . . . , αρ) is zero, its finite extension is always a simple extension
[19, Theorem 2.5.2]. That is, there exists a primitive element γ ∈ R(OΣ) such that
R(α1, . . . , αρ, β1, . . . , βμ) = R(α1, . . . , αρ, γ), which implies R(OΣ) = R(α1, . . . , αρ,
γ). The mapping α′ = [α1, . . . , αρ, γ]T is analytic on an open and dense subset of U ,
and there exists an open set U ′′ ⊂ U such that Σ is invariantly immersible on U ′′ into
a RSR with α′.

3. Algebraic structures after immersion.

3.1. Ideals associated with an immersion. Suppose, for a given system
Σ(g0, . . . , gm, h) on a domain U ⊂ Rn, we have R(OΣ) = R(α) with an analytic
mapping α : U → Rñ. Then, Proposition 2.6 implies that Σ is invariantly immersible
into an RSR Σ̃(g̃0, . . . , g̃m, h̃) with α on an open and dense subset U ′ ⊂ U . Let the
state vector of Σ̃ be x̃ ∈ Rñ. Since all functions in Σ̃ are rational functions of x̃,
we have OΣ̃ ⊂ R(x̃). Moreover, since Σ̃ is defined on an open set containing α(U ′),

denominators of the rational functions in Σ̃ do not vanish identically on α(U), which
implies a particular algebraic structure in Σ̃, as discussed below. A basic tool for
analyzing an algebraic structure in a system after immersion is a relation ideal of a
mapping [7, 19].

Definition 3.1. Given a subset S ⊂ Rñ, denote by

I(S) = {f̃ ∈ R[x̃] : f̃(x̃) = 0 for all x̃ ∈ S}

the ideal of polynomials vanishing on S. When S is an image of a mapping α : U →
Rñ, I(α(U)) is called the relation ideal of α.

Let P = I(α(U)) be the relation ideal of the immersion of Σ into the RSR Σ̃,
and let α∗ : R[x̃] → R[α] be a substitution mapping (or a pull back) defined by
α∗(f) = f(α) for f ∈ R[x̃]. Then, α∗ is a surjective ring homomorphism such that
Kerα∗ = P , which induces a ring isomorphism R[α] ∼= R[x̃]/P . Since R[α] is an
integral domain, P is a prime ideal.

As mentioned previously, every denominator of functions in the RSR Σ̃ is not iden-
tically zero on α(U) or, equivalently, does not belong to the prime ideal P . Therefore,
every element of g̃0, . . . , g̃m and h̃ belongs to not only the rational function field R(x̃)
but also the localization of R[x̃] at P , which is given by

R[x̃]P = {f/g ∈ R(x̃) : f, g ∈ R[x̃], and g /∈ P}.

Note that R[x̃]P is a local ring with the unique maximal ideal

PR[x̃]P = {f/g ∈ R(x̃) : f, g ∈ R[x̃], g /∈ P, and f ∈ P}.

It should also be noted that an element of R[x̃]P does not necessarily define a rational
function on the whole of α(U) because its denominator can vanish at some points.
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However, there exists an open and dense subset U ′ ⊂ U such that an element of R[x̃]P
is analytic on an open set containing α(U ′).

We can naturally extend the substitution mapping α∗ : R[x̃] → R[α] to a mapping
α∗ : R[x̃]P → R(α), which is also a surjective ring homomorphism with Kerα∗ =
PR[x̃]P and induces a ring isomorphism R(α) ∼= R[x̃]P /PR[x̃]P . We use the same
symbol to denote the substitution mappings for R[x̃] and R[x̃]P because their domains
are obvious from the context.

An immediate application of the maximal ideal PR[x̃]P is the test of the observ-
ability rank condition for the system after immersion.

Theorem 3.2. Let α be an invariant immersion of system Σ defined on a domain
U ⊂ Rn into an RSR Σ̃ with the state vector x̃ ∈ Rñ such that R(OΣ) = R(α),
and let P ⊂ R[x̃] be the relation ideal of α. Then, there exist r1, . . . , rñ ∈ PR[x̃]P
such that x̃i + ri ∈ R(OΣ̃) (i ∈ I1,ñ). Moreover, the observability rank condition
dim dOΣ̃(x̃) = ñ holds if

det

(
Iñ +

∂r

∂x̃
(x̃)

)
	= 0,

where r = [r1, . . . , rñ]T and Iñ denotes the ñ× ñ identity matrix.
Proof. Since every αi belongs to R(OΣ), there exist a finite number of elements

H1, . . . , Hμ ∈ OΣ and rational functions φi(X1, . . . , Xμ) (i ∈ I0,ñ) such that

αi = φi(H1, . . . , Hμ).

Then, by Proposition 2.2, there also exist a finite number of elements H̃1, . . . , H̃μ ∈ OΣ̃

such that Hi = H̃i ◦ α, and, consequently, α̃i = φi(H̃1, . . . , H̃μ) ∈ R(OΣ̃) also satisfy
αi = α̃i ◦ α. Therefore, α̃i belongs to R[x̃]P and α∗(α̃i) = αi. Since x̃i ∈ R[x̃]P
also satisfies α∗(x̃i) = αi, and α∗ : R[x̃]P → R(α) is a ring homomorphism, we have
α∗(α̃i − x̃i) = 0, which implies ri = α̃i − x̃i ∈ Kerα∗ = PR[x̃]P .

Let φ = [φ1, . . . , φñ]T, H̃ = [H̃1, . . . , H̃μ]T, and X = [X1, . . . , Xμ]T. From the

definition of α̃i, we have x̃+ r = φ(H̃). By taking partial differentiation with respect
to x̃, we have

Iñ +
∂r

∂x̃
(x̃) =

∂φ

∂X
(H̃)

∂H̃

∂x̃
(x̃).

If the determinant of the left-hand side is nonzero, the rank of ∂H̃(x̃)/∂x̃ on the
right-hand side must be ñ, which implies dim dOΣ̃(x̃) = ñ.

It should be noted that Theorem 3.2 is applicable not only to RSRs but also to
PSRs because PSRs are also RSRs.

3.2. Nonlinear systems over rings. Now, we can characterize some algebraic
structures of RSRs and PSRs after immersion in terms of such a subring of the rational
function field R(x̃) as R[x̃] and R[x̃]P rather than R(x̃) itself. To this end, we prepare
some ring-theoretic notions of nonlinear system theory in place of the usual differential
geometric settings.

Let R be a partial differential subring of R(x̃), such as R[x̃] and R[x̃]P , satisfying
(∂/∂x̃i)R ⊂ R for all i ∈ I1,ñ. Then, a PSR or an RSR Σ̃(g̃0, . . . , g̃m, h̃) is regarded

as a system over a ring such that g̃0, . . . , g̃m ∈ Rñ and h̃ ∈ Rp for an appropriate ring
R. Note that the state x̃ belongs to Euclidean space as usual in the present notion
of a system over a ring, which is different from linear systems over rings [6, 13]. It
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should also be noted that we consider a partial differential ring, while the conventional
differential algebraic system theory [8, 10, 24] is based on ordinary differential fields
with the single derivation operator d/dt.

The vector fields g̃0, . . . , g̃m can be viewed as elements of a free R-module Rñ

rather than sections of a tangent bundle. Moreover, the Lie derivative Lg̃i is regarded
as a mapping Lg̃i : R → R, which is not a ring endomorphism of R in general but
a derivation of R regarded as an R-module. The differential d is also regarded as a
mapping d : R → (Rñ)∗, where (Rñ)∗ denotes the dual module of Rñ, and (Rñ)∗

can be identified with R1×ñ. Through the use of componentwise application of the
substitution mapping α∗ : R → α∗(R) ⊂ R(α), we can define α∗ : Rñ → α∗(R)ñ and
α∗ : (Rñ)∗ → (α∗(R)ñ)∗.

An important algebraic structure in a system over a ring is the invariance of an
ideal under the Lie derivative.

Definition 3.3. An ideal I ⊂ R is said to be an invariant ideal of a system
Σ̃(g̃0, . . . , g̃m, h̃) over R if

Lg̃iI ⊂ I, i ∈ I0,m,

holds.
If the ring R is Noetherian, every ideal is finitely generated. In other words, for

any ideal I ⊂ R, there exist a finite number of elements f̃1, . . . , f̃s ∈ R such that
I = {

∑s
i=1 aif̃i : ai ∈ R}, which is denoted by I = (f̃1, . . . , f̃s). For example, R[x̃] is

Noetherian by Hilbert’s basis theorem, and its localization R[x̃]P is also Noetherian
[17]. It is readily shown that a finitely generated ideal I = (f̃1, . . . , f̃s) is an invariant
ideal if and only if

Lgi f̃j ∈ (f̃1, . . . , f̃s), i ∈ I0,m, j ∈ I1,s,(3.1)

holds. Then, it is meaningful to consider a differential algebraic equation (DAE)
over R:

Σ̃I

⎧⎪⎨
⎪⎩

˙̃x = g̃0(x) +

m∑
i=1

g̃i(x̃)ui,

0 = f̃(x̃),

(3.2)

where f̃(x̃) = [f̃1(x̃), . . . , f̃s(x̃)]T ∈ Rs. In this paper, we call x̃0 ∈ Rñ a regular
point of DAE Σ̃I if all denominators in g̃i and f̃i are nonzero at x0. Equation (3.1)
implies that if a regular point x0 satisfies f̃(x0) = 0, the trajectory starting from x0

satisfies f̃(ΦΣ,u
t (x0)) = 0 for every admissible input u ∈ Ω, as long as the trajectory

ΦΣ,u
t (x0) is defined. If Σ̃ is a PSR, R = R[x̃] and every point in Rñ is a regular point

of DAE Σ̃I .
Since a geometric counterpart of an ideal is an affine variety [7], a geometric object

related to an invariant ideal is naturally defined as an invariant variety.
Definition 3.4. Let I be an ideal of R[x̃]. An affine variety (or an algebraic

set) defined by I is a subset of Rñ given by

V(I) = {x̃ ∈ Rñ : f̃(x̃) = 0 for all f̃ ∈ I}.

When I = (f̃1, . . . , f̃s), V(I) is also denoted by V(f̃1, . . . , f̃s).
Definition 3.5. Let R be a partial differential ring such that R[x̃] ⊂ R ⊂ R(x̃),

and let P be an ideal of R[x̃]. V(P ) is called an invariant variety of a system over R
if the ideal generated by P in R, PR is an invariant ideal of the system.
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Note that if R = R[x̃], then PR = P , and if R = R[x̃]P , then PR = PR[x̃]P .
Since R[x̃] is Noetherian, V(P ) can be expressed as a set of the common zeros of a
finite number of polynomials. By the invariance of the ideal PR, these polynomials
are identically zero along a trajectory starting from a regular point x̃0 ∈ V(P ) of Σ̃.
That is, the trajectory stays in V(P ) as long as it is defined, which motivates the
notion of the invariant variety.

The notions of an invariant ideal and an invariant variety can be regarded as
generalizations of an algebraic particular integral and invariant algebraic surface [3, 25]
of a polynomial vector field. It should be noted that an invariant variety may have a
singular point as a variety and is not necessarily a manifold globally. In particular, the
existence of an invariant variety does not necessarily imply the existence of a foliation
of manifolds.

3.3. Invariance in a system after immersion. Through the use of the al-
gebraic and geometric notions defined above, we can characterize an invariance in a
system after immersion. Hereafter, we assume R to be a partial differential ring such
that R[x̃] ⊂ R ⊂ R(x̃).

Theorem 3.6. Let α be an invariant immersion of system Σ(g0, . . . , gm, h) de-
fined on a domain U ⊂ Rn into system Σ̃(g̃0, . . . , g̃m, h̃) over R, and let P ⊂ R[x̃] be
the relation ideal of α. Then, PR is an invariant ideal of Σ̃.

Proof. For r ∈ PR, we relate two Lie derivatives Lg̃ir and Lgi(r ◦ α) through
the definition of an invariant immersion to show Lg̃ir ∈ PR. First, Lg̃ir belongs
to R because R is a partial differential ring and g̃i belongs to Rñ. Moreover, since
Kerα∗ = PR, there exists an open and dense subset U ′ ⊂ U such that r is analytic
on an open set containing α(U ′) and r(α(x)) = 0 for all x ∈ U ′. Therefore, we have
Lgir(α(x)) = 0 (i ∈ I0,m) on U ′. Meanwhile, from the definition of an invariant
immersion, we have

Lgir(α(x)) =
∂r(α(x))

∂x̃

∂α(x)

∂x
gi(x)

=
∂r(α(x))

∂x̃
g̃i(α(x)) = (Lg̃ir)(α(x))

for all x ∈ U ′. In summary, (Lg̃ir)(x̃) = 0 for all x̃ ∈ α(U ′), which means
Lg̃ir ∈ PR.

Then, the invariance of an ideal implies the invariance of a variety in a system
after immersion, which is characterized in terms of the Zariski closure [7].

Definition 3.7. The Zariski closure of a subset S ⊂ Rñ is the smallest variety
containing S.

Proposition 3.8. The Zariski closure of S ⊂ Rñ is given by V(I(S)).
Theorem 3.9. Let α, Σ̃, and P be the same as in Theorem 3.6. Then, V(P ) is

the Zariski closure of α(U) and, moreover, an invariant variety of Σ̃.
Proof. Since P is the relation ideal of α, i.e., P = I(α(U)), Proposition 3.8 implies

that V(P ) is the Zariski closure of α(U). Moreover, since PR is an invariant ideal of
Σ̃ by Theorem 3.6, V(P ) is also an invariant variety.

For an invariant immersion α : U → Rñ of a given system Σ on an open and
dense subset U ′ ⊂ U into a system over R, Σ̃(g̃0, . . . , g̃m, h̃), its relation ideal P =

I(α(U)) ⊂ R[x̃] is always finitely generated according to Hilbert’s basis theorem, and
its generators are also generators of the ideal PR in R. If P = (f̃1, . . . , f̃s) holds,

then an image of any trajectory of the original system by the immersion α(ΦΣ,u
t (x0))
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(x0 ∈ U ′) is always a solution of the DAE given in (3.2). That is, α(ΦΣ,u
t (x0))

(x0 ∈ U ′) belongs to V(f̃1, . . . , f̃s). Moreover, Theorem 3.9 implies that not only the
image of a trajectory of the original system but also any trajectory starting from a
point on V(f̃1, . . . , f̃s) remains on V(f̃1, . . . , f̃s), as long as it is defined.

Example 3.1. Consider a one-dimensional analytic system on R:

Σ

⎧⎨
⎩ ẋ =

sinx

x
,

y = x.

The observation space of this system is given by

OΣ = spanR

{
x,

sinx

x
,
cosx · x− sinx

x2
· sinx

x
, . . .

}
.

We have R(OΣ) = R(x, sinx, cosx), and Σ is immersible into an RSR with α(x) =
[x, sinx, cosx]T. In fact, an RSR Σ̃(g̃0, h̃) can be readily constructed from (∂α/∂x)ẋ =
[sinx/x, sinx · cosx/x,− sin2 x/x]T as follows:

Σ̃

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎣

˙̃x1

˙̃x2

˙̃x3

⎤
⎥⎦ =

⎡
⎢⎣

x̃2/x̃1

x̃2x̃3/x̃1

−x̃2
2/x̃1

⎤
⎥⎦ ,

y = x̃1.

The RSR Σ̃ is analytic on an open set Ũ = {x̃ ∈ R3 : x̃1 	= 0} ⊃ α(R\{0}). Therefore,
Σ is immersible into the RSR Σ̃ on R \ {0}. The immersion α itself is analytic on R
and its image is a helix along the x̃1 axis.

From the algebraic relation between the trigonometric functions, sin2 x+cos2 x−
1 = 0, the relation ideal of α is P = (x̃2

2 + x̃2
3 − 1). The maximal ideal of the local

ring R[x̃]P has the form

PR[x̃]P =

{
n(x̃)

d(x̃)
(x̃2

2 + x̃2
3 − 1) : n, d ∈ R[x̃], and d /∈ P

}
.

Note that every element of PR[x̃]P vanishes when x̃ = α(x) is substituted.
Theorem 3.6 implies that PR[x̃]P is an invariant ideal of Σ̃. In fact, for any

n(x̃)(x̃2
2 + x̃2

3 − 1)/d(x̃) ∈ PR[x̃]P , we have

Lg̃0

[
n(x̃)

d(x̃)
(x̃2

2 + x̃2
3 − 1)

]

=

[
Lg̃0

n(x̃)

d(x̃)

]
(x̃2

2 + x̃2
3 − 1) +

n(x̃)

d(x̃)
Lg̃0

(x̃2
2 + x̃2

3 − 1)

=

[
Lg̃0

n(x̃)

d(x̃)

]
(x̃2

2 + x̃2
3 − 1) +

n(x̃)

d(x̃)

(
2x̃2 ·

x̃2x̃3

x̃1
+ 2x̃3 ·

− x̃2
2

x̃1

)

=

[
Lg̃0

n(x̃)

d(x̃)

]
(x̃2

2 + x̃2
3 − 1).

Note that the Lie derivative of n(x̃)(x̃2
2 + x̃2

3 − 1)/d(x̃) ∈ PR[x̃]P vanishes even when
x̃ does not belong to the image of α.
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Fig. 3.1. Trajectories on the invariant variety.

Finally, Theorem 3.9 claims that a variety V(x̃2
2 + x̃2

3 − 1), a cylinder along the
x̃1 axis, is the Zariski closure of α(R), a helix, and an invariant variety of Σ̃. Then,
for any solution x(t) of Σ, its image α(x(t)) satisfies the DAE

Σ̃P

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎣

˙̃x1

˙̃x2

˙̃x3

⎤
⎥⎦ =

⎡
⎢⎣

x̃2/x̃1

x̃2x̃3/x̃1

−x̃2
2/x̃1

⎤
⎥⎦ ,

0 = x̃2
2 + x̃2

3 − 1.

Moreover, any solution of the state equation of Σ̃ starting from a point on V(x̃2
2+x̃2

3−1)
satisfies the DAE, as long as it is defined (see Figure 3.1).

Example 3.2. According to Proposition 2.5, Σ in Example 3.1 is invariantly
immersible on R \ {0} into not only an RSR but also a PSR. In fact, an invariant
immersion into a PSR is readily obtained by augmenting α(x) with 1/x (= 1/x̃1

on α(R)) as β(x) = [x, sinx, cosx, 1/x]T, and a PSR Σ̄(ḡ0, h̄) is obtained from
(∂β/∂x)ẋ = [sinx/x, sinx · cosx/x,− sin2 x/x,− sinx/x3]T as follows:

Σ̄

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

˙̄x1

˙̄x2

˙̄x3

˙̄x4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x̄2x̄4

x̄2x̄3x̄4

−x̄2
2x̄4

−x̄2x̄
3
4

⎤
⎥⎥⎥⎦ ,

y = x̄1.

The PSR Σ̄ is analytic on R4 ⊃ β(R \ {0}).
From an additional algebraic relation x · (1/x) − 1 = 0, the relation ideal of β is

Q = (x̄2
2 + x̄2

3 − 1, x̄1x̄4 − 1). Then, Theorem 3.6 implies that Q is an invariant ideal
of Σ̄. In fact, it is readily confirmed that Lḡ0

Q ⊂ Q. For example, we have, for any
p ∈ R[x̄],

Lḡ0 [p(x̄)(x̄1x̄4 − 1)] = [Lḡ0p(x̄)](x̄1x̄4 − 1) + p(x̄)[x̄4 · x̄2x̄4 + x̄1 · (−x̄2x̄4)]

= [Lḡ0p(x̄) − p(x̄)x̄2x̄
2
4](x̄1x̄4 − 1) ∈ Q.

Finally, Theorem 3.9 states that V(x̄2
2 + x̄2

3 − 1, x̄1x̄4 − 1) is the Zariski closure of
β(R \ {0}) and an invariant variety of Σ̄. Then, for any solution x(t) of Σ, its image
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β(x(t)) satisfies the DAE

Σ̄Q

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

˙̄x1

˙̄x2

˙̄x3

˙̄x4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x̄2x̄4

x̄2x̄3x̄4

−x̄2
2x̄4

−x̄2x̄
3
4

⎤
⎥⎥⎥⎦ ,

0 = x̄2
2 + x̄2

3 − 1,

0 = x̄1x̄4 − 1.

Moreover, any solution of Σ̄ starting from a point on V(x̄2
2 + x̄2

3 − 1, x̄1x̄4 − 1) satisfies
the DAE, as long as it is defined.

4. Degrees of freedom in systems over a ring. For a given nonlinear sys-
tem, an immersion into a system over a ring is not unique, and it is meaningful to
discuss how to choose an immersion, as in Theorem 2.7. Moreover, even if an immer-
sion is fixed, a system over a ring is not unique. In order to choose an appropriate
representation for system analysis and control design, it is important to clarify the
degrees of freedom in systems over a ring obtained by one immersion.

From the definition of an invariant immersion and the fact Kerα∗ = PR, it is
straightforward to show the following parameterization of all systems over R into
which a given system is invariantly immersible with the same immersion α.

Theorem 4.1. Let Σ be an analytic system defined on a domain U ⊂ Rn, let
α : U → Rñ be an invariant immersion of Σ on an open and dense subset of U into
a system over a ring R, Σ̃(g̃0, . . . , g̃m, h̃), and let P ⊂ R[x̃] be the relation ideal of
α. Then all systems over R into which Σ is invariantly immersible on an open and
dense subset of U with α can be parameterized as Σ̃′(g̃0 + v0, . . . , g̃m + vm, h̃+ r) with
vi ∈ PRñ (i ∈ I0,m) and r ∈ PRp

P .

Proof. First, if Σ̃, vi ∈ PRñ (i ∈ I0,m), and r ∈ PRp are analytic on the image
of an open and dense subset U ′ ⊂ U by α, then it is obvious from the definition of
an invariant immersion and vi(α(x)) = 0, r(α(x)) = 0 (for all x ∈ U ′) that α is an
invariant immersion of Σ on U ′ into a system over R, Σ̃′(g̃0 + v0, . . . , g̃m + vm, h̃+ r).

Conversely, if α is an invariant immersion of Σ on an open and dense subset
U ′ ⊂ U into not only Σ̃ but also another system over R, Σ̃′(g̃′0, . . . , g̃

′
m, h̃′), then all

elements of g̃′i (i ∈ I0,m) and h̃′ also belong to R, and we have, for all x ∈ U ′,

Lgiα(x) = g̃i(α(x)) = g̃′i(α(x)), i ∈ I0,m,

h(x) = h̃(α(x)) = h̃′(α(x)).

Therefore, for all x ∈ U ′,

α∗(g̃i − g̃′i)(x) = g̃i(α(x)) − g̃′i(α(x)) = 0, i ∈ I0,m,

α∗(h̃− h̃′)(x) = h̃(α(x)) − h̃′(α(x)) = 0,

which implies g̃i − g̃′i ∈ PRñ (i ∈ I0,m) and h̃− h̃′ ∈ RRp.

Note that, as mentioned previously, Σ̃ and Σ̃′ are RSRs if R = R[x̃]P and PSRs
if R = R[x̃]. It is obvious that if Σ̃ is a QSR, the parameterization of all QSRs is
obtained with such additional constraints to the case of PSRs as g̃i + vi ∈ R[x̃]ñ≤2

(i ∈ I0,m) and h̃ + r ∈ R[x̃]p≤1.
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Now, the remaining problem is the characterization of all systems over R into
which a given system is immersible with the same immersion α that is not necessarily
an invariant immersion.

Theorem 4.2. Let Σ be an analytic system defined on a domain U ⊂ Rn, let
α : U → Rñ be an invariant immersion of Σ on an open and dense subset of U
into a system over R, Σ̃(g̃0, . . . , g̃m, h̃), and let P ⊂ R[x̃] be the relation ideal of α.
Let Σ̃′(g̃′0, . . . , g̃

′
m, h̃′) be another system over R, and let vi = g̃′i − g̃i (i ∈ I0,m) and

r = h̃′ − h̃. Then, Σ is immersible on an open and dense subset of U with α into Σ̃′

if and only if

LviLΣ̃′ ⊂ PR, i ∈ I0,m,

r ∈ PRp.

Proof. Let U ′ be an open and dense subset of U such that both Σ̃ and Σ̃′ are
analytic on α(U ′). From Proposition 2.2, α is also an immersion of Σ on U ′ into Σ̃′

if and only if, for all x ∈ U ′,

Lg̃i1
. . . Lg̃ik

h̃(α(x)) − Lg̃′
i1
. . . Lg̃′

ik
h̃′(α(x)) = 0,

(i1, . . . , ik) ∈ Ik0,m, k ∈ I0,∞,

which is equivalent to

Lg̃i1
. . . Lg̃ik

h̃j − Lg̃′
i1
. . . Lg̃′

ik
h̃′j ∈ PR,

j ∈ I1,p, (i1, . . . , ik) ∈ Ik0,m, k ∈ I0,∞.(4.1)

We will show that the claimed condition is equivalent to condition (4.1).
(If) We show the sufficiency by induction. First, for k = 0, condition (4.1) holds

because h̃′ − h̃ = r ∈ PRp by the assumption.
Next, suppose condition (4.1) holds for a certain k, and let H̃ ∈ LΣ̃ and H̃ ′ ∈ LΣ̃′

be kth order Lie derivatives corresponding to each other such that H̃ − H̃ ′ ∈ PR.
Since PR is an invariant ideal of Σ̃ by Theorem 3.6, we have, for any l ∈ I0,m,

Lg̃l(H̃ − H̃ ′) ∈ PR, which implies

Lg̃lH̃ − Lg̃lH̃
′ = Lg̃lH̃ − Lg̃′

l−vl
H̃ ′

= Lg̃lH̃ − Lg̃′
l
H̃ ′ + Lvl

H̃ ′ ∈ PR.

Since Lvl
H̃ ′ ∈ PR from the assumption, we have Lg̃lH̃ − Lg̃′

l
H̃ ′ ∈ PR, which means

that condition (4.1) also holds for k + 1.
(Only if) First, condition (4.1) with k = 0 implies h̃′ − h̃ = r ∈ PRp. Condition

(4.1) also implies

Lg̃i1
. . . Lg̃ik

h̃j − Lg̃′
i1
. . . Lg̃′

ik
h̃′j = Lg̃i1

(Lg̃i2
. . . Lg̃ik

h̃j − Lg̃i2
. . . Lg̃′

ik
h̃′j)

−Lvi1
(Lg̃′

i2
. . . Lg̃′

ik
h̃′j) ∈ PR,

j ∈ I1,p, (i1, . . . , ik) ∈ Ik0,m, k ∈ I0,∞,
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where Lg̃i2
. . . Lg̃ik

h̃j − Lg̃i2
. . . Lg̃′

ik
h̃′j ∈ PR by condition (4.1) and its Lie derivative

also belongs to PR by Theorem 3.6. Therefore, Lvi1
(Lg̃′

i2
. . . Lg̃′

ik
h̃′j) should also belong

to PR, which means Lvi
LΣ̃′ ∈ PR.

It should be noted that the state equation of Σ̃′(g̃′0, . . . , g̃
′
m, h̃′) can be rewritten

as

˙̃x = g̃′0(x̃) +

m∑
i=1

g̃′i(x̃)ui

= g̃0(x̃) +

m∑
i=1

g̃i(x̃)ui +

m∑
i=0

vi(x̃)wi,

with w0 = 1, w1 = u1, . . . , wm = um. That is, vi can be viewed as vector fields
corresponding to disturbances on Σ̃. Then, since every element of PR vanishes on

V(P ), Theorem 4.2 can be interpreted as a generalization of the condition for the
output invariance [11, 21] with the initial state restricted to V(P ).

According to Theorem 4.2, the output mapping of a system over R has a degree
of freedom in PRp, as in the case of an invariant immersion. However, the condition
Lvi

LΣ̃′ ⊂ PR is not useful for finding the free parameter vi in the vector fields because
LΣ̃′ itself contains vi. The following sufficient conditions give explicit expressions for
vi such that LviLΣ̃′ ⊂ PR holds. Note that LΣ̃ in the following does not contain vi.

Theorem 4.3. Let α, Σ̃, P, and Σ̃′ be the same as in Theorem 4.2. Σ is im-
mersible on an open and dense subset of U with α into Σ̃′ if

LviLΣ̃ ⊂ PR, LviPR ⊂ PR, i ∈ I0,m,

r ∈ PRp,

or, equivalently,

vi ∈ α∗−1 (Kerα∗(dLΣ̃ ∪ d(PR))) , i ∈ I0,m,

r ∈ PRp.

Proof. We show that condition (4.1) holds by induction. First, for k = 0, condition
(4.1) holds because h̃′ − h̃ = r ∈ PRp by the assumption. Next, suppose condition
(4.1) holds for a certain k, and let H̃ ∈ LΣ̃ and H̃ ′ ∈ LΣ̃′ be kth order Lie derivatives

corresponding to each other such that H̃−H̃ ′ ∈ PR. Then, we have, for any l ∈ I0,m,

Lg̃lH̃ − Lg̃′
l
H̃ ′ = Lg̃lH̃ − Lg̃l+vl

(H̃ + (H̃ ′ − H̃))

= −Lg̃l(H̃
′ − H̃) − Lvl

H̃ − Lvl
(H̃ ′ − H̃),

where every term on the right-hand side belongs to PR by the invariance of PR and
the assumptions. Therefore, we have Lg̃lH̃−Lg̃′

l
H̃ ′ ∈ PR, which means that condition

(4.1) also holds for k + 1.
Next, we derive an explicit expression for vi from the conditions LviLΣ̃ ⊂ PR

and LviPR ⊂ PR. The conditions mean that, for any H̃ ∈ LΣ̃ and any s ∈ PR, we
have

dH̃(vi) =
∂H̃

∂x̃
vi ∈ PR, ds(vi) =

∂s

∂x̃
vi ∈ PR,
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or, equivalently,

α∗(dH̃(vi)) = α∗(dH̃)(α∗(vi)) = 0,

α∗(ds(vi)) = α∗(ds)(α∗(vi)) = 0.

That is,

α∗(vi) ∈ Kerα∗(dH̃), α∗(vi) ∈ Kerα∗(ds).

Therefore,

α∗(vi) ∈
⋂

H̃∈LΣ̃

Kerα∗(dH̃) = Kerα∗(dLΣ̃),

α∗(vi) ∈
⋂

s∈PR

Kerα∗(ds) = Kerα∗(d(PR)),

and, moreover,

α∗(vi) ∈ Kerα∗(dLΣ̃) ∩ Kerα∗(d(PR)) = Kerα∗(dLΣ̃ ∪ d(PR)),

which is equivalent to vi ∈ α∗−1 (Kerα∗(dLΣ̃ ∪ d(PR))).
Example 4.1. Consider Σ in Example 3.1, which is invariantly immersible with

α into system Σ̃ over the local ring R[x̃]P . Theorem 4.1 implies that all RSRs into
which Σ is invariantly immersible with α are parameterized as

Σ̃′

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎣

˙̃x1

˙̃x2

˙̃x3

⎤
⎥⎦ =

⎡
⎢⎣

x̃2/x̃1 + v01(x̃)

x̃2x̃3/x̃1 + v02(x̃)

−x̃2
2/x̃1 + v03(x̃)

⎤
⎥⎦ ,

y = x̃1 + r(x̃),

(4.2)

where v01, v02, v03, and r belong to PR[x̃]P . It can readily be shown that PR[x̃]P is
also the invariant ideal of Σ̃′.

In order to demonstrate Theorems 4.2 and 4.3, let us consider another mapping
β(x) = [x, sinx, cosx, tanx]T. It is straightforward to show that R(OΣ) = R(β) and
that β is an invariant immersion of Σ into the following RSR, Σ̄(ḡ0, h̄):

Σ̄

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

˙̄x1

˙̄x2

˙̄x3

˙̄x4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x̄2/x̄1

x̄2x̄3/x̄1

−x̄2
2/x̄1,

x̄2/(x̄1x̄
2
3)

⎤
⎥⎥⎥⎦ ,

y = x̄1.

The relation ideal of β is P̄ = (x̄2
2 + x̄2

3 − 1, x̄2 − x̄3x̄4) ⊂ R[x̄], and the maximal
ideal P̄R[x̄]P̄ is an invariant ideal of Σ̄. For v̄ ∈ P̄R[x̄]4

P̄
and r̄ ∈ P̄R[x̄]P̄ , all the

conditions in Theorems 4.1, 4.2, and 4.3 hold, and β is an invariant immersion of Σ
into an RSR Σ̄′(ḡ0 + v̄, h̄ + r̄).

If v̄ = [0, 0, 0, v̄4]
T with v̄4 ∈ R[x̄]P̄ and r̄ ∈ PR[x̄]P ∩R(x̄1, x̄2, x̄3), the conditions

in Theorem 4.2 hold, while the conditions in Theorems 4.1 and 4.3 do not hold. In
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fact, v̄ /∈ P̄R[x̄]4
P̄

implies that β is not an invariant immersion but an immersion into

Σ̄′(ḡ0 + v̄, h̄+ r̄). Moreover, P̄R[x̄]P̄ is not invariant with respect to the Lie derivative
along v̄, which implies that Theorem 4.3 is not applicable. In summary, Theorem 4.2
allows an immersion that is not an invariant immersion, and there is a gap between
the necessary and sufficient conditions in Theorem 4.2 and the sufficient conditions
in Theorem 4.3.

5. Conclusion. In this paper, some algebraic structures and their geometric
counterparts in nonlinear systems over rings obtained by immersion have been dis-
cussed. In a system over a ring, vector fields are viewed as elements of a free module
rather than as sections of a tangent bundle, and an important algebraic structure is
the invariance of an ideal under the Lie derivative, which corresponds to the invari-
ance of an affine variety. In particular, it has been shown that the relation ideal of
an invariant immersion is an invariant ideal of a system over a ring obtained by that
immersion, and all systems over a ring obtained via the same invariant immersion can
be parameterized with the relation ideal. In the case of general immersions that are
not necessarily invariant immersions, it has also been shown in this paper that the
degrees of freedom in systems over a ring correspond to a generalization of the output
invariance. Aside from immersion-related problems, the notions of nonlinear systems
over rings, an invariant ideal, and an invariant variety can be used as fundamental
tools for the analysis and control of rational or polynomial systems.
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[2] G. Besançon and A. Ţiclea, Immersion-based observer design for nonlinear systems, in
Proceedings of the 45th IEEE Conference on Decision and Control, San Diego, CA, 2006,
pp. 4615–4620.
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CONVEX DUALITY AND ENTROPY-BASED MOMENT
CLOSURES: CHARACTERIZING DEGENERATE DENSITIES∗

CORY D. HAUCK† , C. DAVID LEVERMORE‡ , AND ANDRÉ L. TITS§

Abstract. A common method for constructing a function from a finite set of moments is to
solve a constrained minimization problem. The idea is to find, among all functions with the given
moments, that function which minimizes a physically motivated, strictly convex functional. In the
kinetic theory of gases, this functional is the kinetic entropy; the given moments are macroscopic
densities; and the solution to the constrained minimization problem is used to formally derive a
closed system of partial differential equations which describe how the macroscopic densities evolve
in time. Moment equations are useful because they simplify the kinetic, phase-space description of
a gas, and with entropy-based closures, they retain many of the fundamental properties of kinetic
transport. Unfortunately, in many situations, macroscopic densities can take on values for which the
constrained minimization problem does not have a solution. Essentially, this is because the moments
are not continuous functionals with respect to the L1 topology. In this paper, we give a geometric
description of these so-called degenerate densities in the most general possible setting. Our key tool
is the complementary slackness condition that is derived from a dual formulation of a minimization
problem with relaxed constraints. We show that the set of degenerate densities is a union of convex
cones and, under reasonable assumptions, that this set is small in both a topological and a measure-
theoretic sense. This result is important for further assessment and implementation of entropy-based
moment closures.

Key words. convex duality, convex optimization, optimization in function spaces, kinetic theory,
entropy-based closures, moment equations, gas dynamics
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1. Introduction. In gas dynamics, the kinetic description of a gas is often sim-
plified by using moment equations. In this reduced setting, a gas is characterized by
a finite-dimensional vector ρ of densities that are moments of the kinetic distribu-
tion function F with respect to polynomials of the microscopic velocity. Evolution
equations for ρ are derived by taking moments of the Boltzmann equation which
governs the evolution of F . The derivation requires that an approximation for F be
reconstructed from the densities ρ, giving what is called a closure.

One well-known method for prescribing a closure is to find a function that min-
imizes the kinetic entropy subject to the constraint that its moments agree with ρ.
Such closures are called entropy-based closures. In recent years, they have generated
substantial interest due to important structural properties which they inherit from
the Boltzmann equation. These properties were first brought to light in [24].
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In cases where the moments are continuous with respect to the relevant topology,
there is always an entropy minimizer [6,21]. Unfortunately, in classical gas dynamics,
this is not usually the case. As a result, there are often physically relevant densities
for which the constrained entropy minimization problem does not have a solution. In
such cases, entropy-based closures are not well-defined, and these densities are called
degenerate. In this paper, we provide a geometric description for the set of degenerate
densities in the most general possible setting. We believe that this description is an
important step in assessing the practical usefulness of entropy-based closures.

1.1. Moment systems and entropy-based closures. Consider a gas that is
enclosed in a container, represented mathematically by the set Ω ⊂ R

d (typically
d = 3). The kinetic distribution function F = F (v, x, t) which describes the kinetic
state of the gas is a nonnegative function that is defined for positions x ∈ Ω, velocities
v ∈ R

d, and times t ≥ 0 so that, for any measurable set Λ ⊂ Ω × R
d,

(1)

∫
Λ

F (v, x, t) dvdx

gives the number of particles at time t with positions x and velocities v such that
(v, x) ∈ Λ. The evolution of F is governed by the Boltzmann transport equation

(2) ∂tF + v · ∇xF = C(F ) ,

where C is an integral operator that describes the collisions between particles which
drive the system to local thermal equilibrium.

Solutions of (2) formally satisfy the local balance law [9]

(3) ∂tH(F ) + ∇x · J (F ) = S(F ) ,

where the functionals

(4) H(g) ≡ 〈g log(g) − g〉 and J (g) ≡ 〈v(g log(g) − g)〉

are the kinetic entropy and kinetic entropy flux, respectively, and

(5) S(g) ≡ 〈log(g)C(g)〉

is the kinetic entropy dissipation. Here and throughout this paper, 〈·〉 denotes Lebesgue
integration over all v ∈ R

d, and we assume for the moment that the integrals in (4)
and (5) are well-defined. According to Boltzmann’s “H-theorem” [9],

(6) S(g) ≤ 0 ,

with equality if and only if C(g) = 0. In such cases, g is said to be in a state of local
thermal equilibrium, and it takes the form of a Maxwellian distribution

(7) Mρ,u,θ(v) ≡
ρ

(2πθ)
d/2

exp

(
−|v − u|2

2θ

)
,

where ρ and θ are positive scalars and u ∈ R
d. In this way, H acts as a Lyapunov

functional for (2).
In order to reduce computational cost, the kinetic description of a gas provided

by F is often simplified by retaining only a finite number of its velocity averages,
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or moments. Equations which govern the evolution of these moments are derived by
integrating (2) with respect to a vector

(8) m = (m0, . . . ,mn−1)
T

whose components are polynomials in v. Since v commutes with the spatial gradient,
these equations take the form

(9) ∂tρ + ∇x · 〈vmF 〉 = 〈mC(F )〉 ,

where the moments

(10) ρ = ρ(x, t) ≡ 〈mF 〉

are the spatial densities associated with F . Here again, we assume that the integrals
in (9) and (10) are well-defined.

In general, (9) is not a closed system because there is no way to express the
flux terms 〈vmF 〉 and collision terms 〈mC(F )〉 in terms of ρ. Furthermore, in a
moment description, an exact expression for F is not available. An alternative is to
approximate F by an ansatz of the form

(11) F [ρ] = F(v,ρ(x, t)).

By substituting F for F in (9), the evolution of ρ can be approximated by the closed
system of balance laws

(12) ∂tρ + ∇x · f(ρ) = c(ρ),

where the flux term f and collision term c are given by

(13) f(ρ) = 〈vmF [ρ]〉 and c(ρ) = 〈mC(F [ρ])〉 .

One way to specify F is to invoke the principle of entropy minimization (or max-
imization in the physics community, where the term “entropy” refers to −H and has
been widely used for over a century). The probabilistic interpretation of entropy dates
back to Boltzmann [4,5], who argued that the entropy of a system of identical particles
depends on the number of microstates (particle arrangements in phase space) that are
consistent with the macroscopic state of the system. This dependence is expressed by
the famous logarithmic relationship known as Boltzmann’s entropy formula [8] (and
also as Boltzmann’s equation, although distinct from (2)) and was first presented in
its popular form by Planck [28, 29]. The practical application of entropy as a tool
for statistical inference was championed by Jaynes although, in [19], Jaynes himself
attributes the original mathematical concepts to Gibbs, who generalized Boltzmann’s
entropy formula [16]. Jaynes also credits Shannon [32] for illuminating the central
role that entropy plays in the theory of information. The relationship between statis-
tics and information theory was further pursued by Kullback [23]. Many of the first
rigorous results concerning entropy minimization can be found in [10] and references
therein.

Closures which are based on the entropy minimization principle use the ansatz

(14) F [ρ] = arg min
g∈Fm

{H(g) : 〈mg〉 = ρ}
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at each x and t to formally close (9). Here

(15) Fm ≡
{
g ∈ L1(Rd) : g � 0 and |mg| ∈ L1(Rd)

}
,

and | · | is the standard Euclidean norm.
It is readily checked that H is strictly convex over Fm. Thus if the minimizer

in (14) exists, it is unique and the closure is well-defined. In such cases, (12) is a
hyperbolic system of PDEs whose solutions satisfy the local dissipation law

(16) ∂th(ρ) + ∇x · j(ρ) = s(ρ),

where

(17) h(ρ) ≡ H(F [ρ])

is a strictly convex function of ρ and

(18) j(ρ) ≡ J (F [ρ]) , s(ρ) ≡ S(F [ρ]) ≤ 0.

Although any choice for the ansatz F [ρ] will yield a system of the form (12), the
entropy ansatz ensures that s(ρ) ≤ 0 and that h is strictly convex. These conditions
are important for two reasons. First, the dissipation law for a strictly convex function
of ρ, as given by (16), implies the existence of a well-posed linear L2 (Hilbert space)
theory for (12) [33]. Second, h acts as a Lyapunov function for (12). To see this, note
that (16) is simply (3) evaluated at F = F [ρ]; and like in Boltzmann’s H-theorem,
s(ρ) vanishes if and only if C(F [ρ]) = 0, in which case F [ρ] takes the form of a
Maxwellian distribution [24].

The entropy minimization procedure yields an entire hierarchy of systems with
the aforementioned properties whose members are generated by appending an initial
choice of m with additional polynomial components. For this reason, entropy-based
closures have been applied to other areas of kinetic theory such as radiation transport
[12, 13] and charge transport in semiconductors [1, 11, 22]. (Additional references for
charge transport can be found in [1].) In the case of gas dynamics, the moment
hierarchy begins with the canonical choice m = (1, v, 1

2 |v|2)T . For this choice, F [ρ] is
always a Maxwellian, and the entropy-based closure generates Euler’s equations for a
compressible gas.

1.2. Realizability and degenerate densities. A density ρ is said to be real-
ized by a function g ∈ Fm if ρ = 〈mg〉. The set of all such realizable densities will be
denoted by Rm. An entropy-based closure is applicable only to those realizable densi-
ties for which the minimization problem (14) with equality constraints has a solution.
If the moments in (14) were continuous with respect to the L1 topology, then there
would always be a minimizer. Indeed, for such cases, Borwein and Lewis have shown
in [6] that a constrained minimizer exists for a large class of convex functionals that
include the classical entropy H. However, in gas dynamics, the moments are typically
not continuous in the L1 topology. As a result, there are realizable densities for which
the minimizer in (14) does not exist. For such densities, which we term degenerate,
modifications must be made to the entropy-based procedure. There are essentially
two approaches:

1. Show that the set of nondegenerate densities is invariant under the dynamics
of the balance law (12) with the entropy-based closure (as discussed in [20])
or impose such a condition in a way that is physically reasonable and math-
ematically justifiable.
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2. Develop a modified closure that (i) is well-posed for all physically realizable
values of ρ, (ii) recovers the minimum entropy-based closures whenever the
minimizer in (14) exists, and (iii) generates systems of hyperbolic PDEs that
dissipate a physically meaningful, convex entropy. This is the approach taken
in [31].

We define Dm to be the set of all degenerate densities. In general, the set Dm

depends on m, and understanding its geometry is critical to determining whether
entropy-based closures can be used in practice. In either of the modified approaches
listed above, it is important—at the very least—to show that Dm is small in some
sense, thereby minimizing the number of physically realizable spatial densities which
require special treatment. In the first approach, this means limiting the number
of initial conditions which must be discarded; in the second, it means limiting the
number of physically realizable densities which require a modified closure.

Another reason to study Dm is that the equilibrium densities, i.e., those densities
which are moments of a Maxwellian distribution (7), lie on its boundary [20,21,24,31].
Because the kinetic entropy drives solutions of (3) toward local thermal equilibrium,
we expect that trajectories defined by solutions to (16) will, at times, come very close
to Dm. Thus it is very important to have a detailed understanding of its geometry.

Previous studies of the set Dm can be found in [20, 21, 31]. In [20], Junk pro-
vides a geometric description for Dm in a one-dimensional setting (d = 1) with
m = (1, v, v2, v3, v4)T . In turns out in this case that Dm is a codimension one man-
ifold. This result was discovered, in part, by extending the definition of h given by
(18) to include cases where the minimizer in (14) does not exist. This is done simply
by replacing the minimum in (14) with an infimum, viz.,

(19) hJ(ρ) ≡ inf
g∈Fm

{H(g) : 〈mg〉 = ρ} .

Later, in [21], Junk considers a more general case in which m consists of a radial
component |v|N , for some even integer N ≥ 2, plus polynomial components of lower
degree. For such cases, he provides an integrability condition to determine whether
Dm is nonempty. In practice, this condition is easily checked and extensible to more
general choices of m. However, a description of the geometry of Dm, as given in [20],
is still lacking for the general setting.

In [31], Schneider introduces a different extension for h by relaxing the constraints
in (14):

(20) hS(ρ) ≡ min
g∈Fm

{H(g) : 〈mg〉 
◦ ρ} .

Here the notation 〈mg〉 
◦ ρ means—roughly speaking—that inequalities between
certain components are allowed. (See section 3.2 for a precise definition.) The key
difference between (14) and (20) is that the constraint set of the latter is closed in the
weak-L1(Rd) topology, whereas the constraint set of the former is not. Schneider uses
this fact to prove that the minimizer in (20) with relaxed constraints always exists and
is equal to the minimizer with equality constraints (14) when that minimizer exists
(see our Theorem 3 and Corollary 4 below). In doing so, he provides a necessary
and sufficient condition to determine whether a given density ρ is an element of Dm.
However, this condition gives little insight into the geometry of Dm.

The main contribution of the present paper is a geometrical description of the set
Dm in the most general possible setting. Our results are based on a dual formulation
of (20) and are summarized in the following theorems.
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• In Theorems 14 and 16, we prove strong duality for both the equality con-
straint problem (19) and the relaxed constraint problem (20). One conse-
quence of these theorems is that hS = hJ, even when the infimum in (20) is
not attained. In Theorem 14, we also prove complementary slackness condi-
tions which relate the density ρ in (20) to the dual variable and serve as the
basis of our geometrical description.

• In Theorem 25, we show that the set Dm is a union of convex cones. The
vertices of these cones are nondegenerate densities that lie on the boundary
between the degenerate and nondegenerate densities in Rm. This conical
description is based on the complementary slackness condition from Theorem
14.

• In Theorem 28, we show that, under reasonable assumptions, the set Dm is a
nowhere dense subset of Rm that has Lebesgue measure zero and is restricted
to the boundary of the nondegenerate, realizable densities. The assumptions
we employ hold in all known cases. Whether they hold in general is an
interesting and (to our knowledge) open question in analysis and algebraic
geometry.

In the process of investigating Dm, we also recover and extend many previous results
from both [20,21] and [31].

The organization of the paper is as follows. In section 2 we introduce some no-
tation and background information. In section 3 we review the entropy minimization
problem. In section 4 we give a dual formulation of the minimization problem with
relaxed constraints (20) and prove duality theorems for both (19) and (20). We use
these theorems to show that hS = hJ (even when the infimum in (19) is not attained)
and to establish a complementary slackness condition. In section 5 we review the
formal structure of entropy-based closures for nondegenerate densities and determine
how that structure differs for degenerate cases. In section 6 we use the complementary
slackness condition to describe the geometry of Dm. We then introduce the assump-
tions that allow us to make further assertions about the “smallness” of Dm. At the
end of the section, we present two examples. In section 7 we give conclusions and
discuss future work. Finally, in the appendix we provide a diagram and tables to
assist the reader with notation.

2. Preliminaries. In this section, we introduce notation and present prelimi-
nary results. We refer the reader to the appendix for help in recalling the notation
and useful properties for sets and mappings given throughout the paper.

2.1. Admissible spaces. For a given moment system, the choice of m must
satisfy criteria based on physical considerations. We require that components of m
form a basis for an n-dimensional linear space M of multivariate polynomials over the
field of real numbers that satisfies the following conditions:

I. M ⊃ span{1, v1, . . . vd, |v|2} ;

II. M is invariant under translation and rotation;(21)

III. the set Mc ≡ {p ∈ M : 〈|p| exp (p)〉 < ∞} has a nonempty interior.

Our definition of Mc is slightly different than the original definition given in [24].
However, its interior is the same under both definitions.

Spaces that satisfy conditions I–III are called admissible. According to condi-
tion I, any set of moment equations will incorporate the conservation laws for mass,
momentum, and energy which are given by the moments of the kinetic distribution
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function with respect to 1, v, and 1
2 |v|2, respectively. In condition II, invariance under

translation and rotation means that, for every u ∈ R
d and every orthogonal matrix

O, the mappings v 
→ v − u and v 
→ OT v map M onto itself. These properties will
ensure that the moment equations are Galilean invariant—that is, invariant under
the transformations x 
→ x − ut and x 
→ OTx. Condition III applies specifically to
entropy-based closures. It turns out that the minimizer (14), if it exists, has the form
ep, where p ∈ Mc. Hence a nonempty interior for Mc is a necessary requirement for
any practical applications.

Typically an admissible space M is generated by the span of polynomial func-
tions whose moments are physical quantities of specific interest. (Here the canonical
examples are the polynomials 1, v, and 1

2 |v|2.) It may be that additional polynomial
components are added to m to ensure that M is admissible. It should be noted that
the vector m that generates a given M is not unique.

For convenience, we will assume, without loss of generality, that the components
of m are homogeneous. We decompose m into subvectors:

(22) m = (mT
0 ,m

T
1 ,m

T
2 , . . . ,m

T
N )T ,

where the nj components of mj are the jth degree polynomial components of m.

Consistency requires that
∑N

j=0 nj = n. Any polynomial p ∈ M can be expressed as
the sum of its homogeneous components:

(23) p = αTm =

N∑
j=1

αT
j mj ,

where α ∈ R
n is a vector of constant coefficients that decomposes into subvectors

(24) α =
(
αT

0 ,α
T
1 ,α

T
2 , . . . ,α

T
N

)T
.

We briefly outline how one can generate a space M. Given the even integer
N ≥ 2 and j < N , let Qj be the space of all homogeneous polynomials from R

d to R

of degree j. For each j, Qj can be composed into rotationally invariant subspaces in
the following way [15, Corollary 2.60]:

(25) Qj =

{
Hj ⊕ |v|2Hj−2 ⊕ |v|4 Hj−4 ⊕ · · · ⊕ |v|jH0 , j even,

Hj ⊕ |v|2Hj−2 ⊕ |v|4 Hj−4 ⊕ · · · ⊕ |v|j−1
H1 , j odd.

Here Hk is the space of harmonic polynomials of degree k given by

(26) Hk = |v|k span

{
Y k

(
v

|v|

)}
,

and Y k maps vectors on the unit sphere S
d−1 to the k-fold spherical harmonic tensor,

which is unique modulo constant multiples. (Here the term “span” refers to all real
linear combinations of the scalar components of the tensor.)

The decomposition in (25) is unique in the sense that no proper subset of the sub-
spaces in (25) is rotationally invariant [15]. Thus, in order to be rotationally invariant,
an admissible space M must be a direct sum of some combination of the subspaces in
(25) taken from each Qj , j ≤ N . In addition, the condition of translational invariance
implies that choices for larger values of j will directly affect choices for smaller values
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of j. For example, inclusion of the term |v|j requires inclusion of the lower degree
terms in the expansion of |v − u|j .

To satisfy condition III, M must include polynomials from QN which dominate
the behavior of odd degree polynomials of lower degree for large |v|. In particular,

M must include multiples of |v|N . This is because spherical harmonics (both odd
and even) other than Y 0 ≡ 1 take on both positive and negative values on the unit

sphere. Excluding |v|N would therefore lead to polynomials p, all of which satisfy
limr→∞ p(rω) = ∞ for all ω contained in some subset of S

d−1 with positive Lebesgue
measure. In such cases exp(p) is not integrable for any p ∈ M, and condition III is
violated.

In applications it is sometimes convenient to represent components of m in tensor
format. There are two reasons for this. The first reason is the convenience with which
one can express m given (25) and (26). The second reason is that the evolution of
the moment of 〈TF 〉 for any j-fold tensor T = T (v) depends on the divergence of the
(j + 1)-fold tensor 〈vTF 〉 (refer to (9)).

The tensors in which we are interested are often symmetric and sometimes trace-
less. For example, the Gaussian closure which will be described in section 5.3 is based
on the vector

(27) m =

⎛
⎝ m0

m1

m2

⎞
⎠ =

⎛
⎝ 1

v
v ∨ v

⎞
⎠ =

⎛
⎝ 1

v(
v ∨ v − 1

3 |v|2I
)

+ 1
3 |v|2I

⎞
⎠ ,

where v ∨ v is the symmetric tensor product of v with itself.1 In the strict vector
representation, m2 is composed only of the d(d+1)/2 linearly independent components
of the tensor v∨v. The components have the form vivj , where 1 ≤ i ≤ d and i ≤ j ≤ d.

Vectors α ∈ R
n can also be represented by tensors, in which case the product in

(23) is interpreted as a sum of tensor inner products.2 For a given a polynomial p,
the tensor form of α in (23) is unique under the additional requirement that it has
the same symmetry properties as m.

2.2. Cones. Many of the sets that we will encounter in this paper are cones
[3, 30]. A subset C of R

k is a cone if, for all real numbers λ > 0, y ∈ C if and only if
λy ∈ C. A cone is solid if it has a nonempty interior. A closed cone C is pointed if
−C ∩C is the origin. A closed cone that is convex, pointed, and solid is called proper.
For example, the set Fm is a solid, convex cone, whose closure in L1(Rd) is proper.
Several other cones will be introduced in the subsections that follow, and eventually
we will see that the set Dm is also a cone.

Associated with every cone C is its polar cone3

(28) C◦ ≡
{
z ∈ R

k : zT y ≤ 0 ∀ y ∈ C
}
.

It is readily checked that the polar of a proper cone is proper.
A vector z ∈ R

k is tangent to a subset Ω ⊂ R
k at a point y ∈ Ω if z = 0 or if

(29) lim
j→∞

yj − y

|yj − y| =
z

|z|

1Given a symmetric j-fold tensor S and a symmetric k-fold tensor T , the symmetric tensor
product of S and T is S ∨ T = T ∨ S ≡ 1

(j+k)!

∑
π∈Π Siπ(1),...iπ(j)

Tiπ(j+1),...iπ(j+k)
, where Π is the

set of all permutation of the integers 1, . . . , j + k.
2For k > j, the symmetric inner product (or contraction) of a symmetric j-fold tensor S and a

symmetric k-fold tensor T is (S · T )ij+1,...,ij+k
≡

∑
i1,...,ij

Si1,...,ijTi1,...,ij ,ij+1,...,ij+k
.

3The polar cone is the negative of the dual cone C∗ ≡
{
z ∈ R

k : zT y ≥ 0 ∀ y ∈ C
}
.
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for some sequence {yj}∞j=1 ⊂ Ω such that yj → y, but yj �= y for all j. The tangent
cone of Ω at y, which we denote T C(Ω, y), is the set of all vectors that are tangent to
Ω at y. A vector w ∈ R

k is normal to Ω at y ∈ Ω if there exist sequences {yj}∞j=1 ⊂ Ω

and {wj}∞j=1 ⊂ R
k such that

(30) yj → y , wj → w , wj ∈ (T C(Ω, yj))
◦ ∀ j.

The normal cone of Ω at y, which we denote NC(Ω, y), is the set of all vectors that
are normal to Ω at y. For the important case that Ω is convex,

(31) NC(Ω, y) =
{
z ∈ R

k : zT (y′ − y) ≤ 0 ∀ y′ ∈ Ω
}
.

In particular, NC(Ω, y) is convex. If ∂Ω is a C1 (continuously differentiable) manifold
containing y, then NC(Ω, y) is a ray with base point at the origin that points in
the outward normal direction to ∂Ω at y. More generally, given any C1 manifold
M � y of dimension j, NC(M,y) is a subspace of dimension n − j. If M ⊂ Ω, then
NC(Ω, y) ⊂ NC(M,y). In sections 5.4 and 6.4, we will use the notation NC0(Ω, y) to
denote the normal cone without the origin:

(32) NC0(Ω, y) ≡ NC(Ω, y)\{0} .

A particularly useful application of cones is to provide a partial ordering of ele-
ments in R

k (or, more generally, in any vector space). Given a pointed, convex cone
C and y1 and y2 in R

k, we say that y1 ≤C y2, or y2 ≥C y1, if and only if y2 − y1 ∈ C.

2.3. Realizable densities. Our motivation for solving (14), (19), or (20) is to
find a closure for the moment equations (9). Thus we are interested only in constraints
based on densities which are realizable, i.e., elements of the set

(33) Rm ≡ {ρ ∈ R
n : ρ = 〈mg〉 , g ∈ Fm} .

With this notation we formally define the set Dm:

(34) Dm ≡ {ρ ∈ Rm : the minimizer in (14) does not exist} .

A density ρ ∈ Rm has a natural decomposition based on the decomposition of m in
(22):

(35) ρ =
(
ρT

0 ,ρ
T
1 ,ρ

T
2 , . . . ,ρ

T
N

)T
,

where ρj = 〈mjg〉 for some g ∈ Fm. The set Rm has several important properties,
one of which is its relation to the cone

(36) Am ≡
{
α ∈ R

n : αTm ≤ 0
}
.

It is straightforward to verify that Am is a proper cone.
Theorem 1 (Junk [21]). The set Rm is an open, convex, solid cone, and its

closure is proper. In fact, Rm = int A◦m, and every vector in Rm is realized by a
bounded, nonnegative function with compact support.

Proof. We refer the reader to Theorem A.2 of [21] for a proof (which applies
to the case mN = |v|N but can be modified to the general case with little effort).
However, to provide the reader with some intuition, we show here that Rm ⊂ int A◦m.
Let ρ ∈ Rm. Then ρ = 〈mg〉 for some g ∈ Fm and according to (36)

(37) αTρ =
〈
αTmg

〉
≤ 0

for all α ∈ Am. Further, since αTm is a polynomial, it can be zero only on a set of
zero Lebesgue measure. Hence αTρ < 0, which proves that ρ ∈ int A◦m.
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2.4. Exponentially realizable densities. We will see below that the mini-
mizer of (20) has the form

(38) Gα ≡ exp(αTm),

where α solves the dual problem to (20). The integral of Gα is the density potential

(39) h∗(α) ≡ 〈Gα〉 ,

which was introduced in [25] as a tool for elucidating the formal structure of entropy-
based closures. As the notation suggests, h∗ is the Legendre dual of h. In section
5, we will discuss this relationship in more detail. The name “density potential” is
derived from the fact that its formal derivative r generates the moments of Gα. Given
the set

(40) Am ≡ {α ∈ R
n : Gα ∈ Fm} ,

r : Am → R
n is defined by

(41) r(α) ≡ 〈mGα〉 .

It should be noted in (40) that the condition α ∈ Am is stronger than Gα ∈ L1
(
R

d
)
,

since the latter can still yield moments that are infinite. The image of Am under r is
the set of exponentially realizable densities:

(42) Rexp
m ≡ r(Am).

The set Rexp
m is a solid cone. It need not be convex, nor is it necessarily open.

Since r(Am) = Rexp
m , it is important to understand the structure of Am. Its

interior has a rather simple expression:

(43) intAm =
{
α ∈ R

n : αT
NmN (v) < 0 ∀ v �= 0

}
= {α ∈ R

n : αN ∈ intAmN
} ,

where

(44) Amj
≡

{
αj ∈ R

nj : αT
j mj ≤ 0

}
, 1 ≤ j ≤ N,

is a proper cone for j even. (It can be checked that condition III of section 2.1 is
equivalent to intAm being nonempty.) If α ∈ intAm, then the behavior of p = αTm
is dominated for large |v| by the homogeneous component pN = αT

NmN , and

(45) lim
|v|→∞

p(v) = lim
|v|→∞

pN (v) = lim
|v|→∞

|v|NpN (v/|v|) = −∞.

For such α, Gα decays exponentially, and the moments r(α) are finite.
From (43), one can easily show that

(46) clAm = {α ∈ R
n : αN ∈ AmN

} and ∂Am ⊂ {α ∈ R
n : αN ∈ ∂AmN

} .

Even so, the boundary component Am ∩ ∂Am is, in general, very complicated. If
α ∈ ∂Am, then αN ∈ ∂AmN

and pN (λv) = 0 for some v �= 0 and all λ ∈ R, and it
may be that there are unbounded sequences {vi}∞i=1 such that limi→∞ p(vi) > −∞. In
such cases, it is not clear whether the moments r(α) are finite, i.e., whether α ∈ Am.
We will revisit this issue in section 6.3. For now, we turn our attention to the entropy
minimization problem (20).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONVEX DUALITY AND ENTROPY-BASED MOMENT CLOSURES 1987

3. Entropy minimization. Most of this section reproduces and discusses the
main result from [31]. In this setting, we then state Theorem 9, which is the basis for
our new results.

3.1. The entropy functional. Recall that the strictly convex entropy func-
tional H : Fm 
→ R ∪ {∞} is given by

(47) H(g) ≡ 〈g log g − g〉 .

By employing the convention 0 log 0 = 0—which is consistent with the fact that
limz→0 z log z = 0—one can make sense of the integrand for those values of v where
g(v) = 0. There are functions g ∈ Fm such that H(g) = +∞; however, in order
for H(g) to be well-defined, the negative contribution to the integral H−(g) must be
finite. We show that this is indeed the case.

Lemma 2. For each g ∈ Fm, let Kg =
{
v ∈ R

d : g (v) log(g (v)) − g (v) < 0
}
.

Then

(48) H− (g) ≡ −
∫
Kg

(g(v) log(g(v)) − g(v)) dv ≤
∫

Rd

(
|v|2g(v) + e−|v|

2
)
dv.

In particular, H− (g) is finite.
The proof of this lemma is based on Young’s inequality: For all z, y > 0,

(49) z log z − z ≥ y log y − y + (log y) (z − y)

or, equivalently,

(50) z log z − z ≥ z log y − y.

These two inequalities follow immediately from the convexity of the mapping z 
→
z log z − z.

Proof. Letting z = g (v) and y = e−|v|
2

in (50) gives, after integration over Kg,

(51) H− (g) ≤
∫
Kg

(
|v|2g(v) + e−|v|

2
)
dv ≤

∫
Rd

(
|v|2g(v) + e−|v|

2
)
dv,

which is finite since |v|2 ∈ M.

3.2. Schneider’s problem. Given ρ = (ρ0, . . . ,ρN ) ∈ Rm, we seek a solution
of (20), where the relation 〈mg〉 
◦ ρ (or, equivalently, ρ �◦ 〈mg〉) is shorthand for

〈mjg〉 = ρj , 0 ≤ j ≤ N − 1 ,(52a)

〈mNg〉 ≤A◦
mN

ρN ,(52b)

and A◦mN
≡ (AmN

)◦. Note that (52b) means that

(53) αT
N 〈mNg〉 ≤ αT

NρN whenever αT
NmN ≥ 0.

The components of 〈mjg〉, 0 ≤ j < N , will be referred to as lower-order moments,
and the components of 〈mNg〉 will be referred to as higher-order moments.

The main result from [31] concerning the minimization problem with relaxed
constraints (20) is the following theorem.
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Theorem 3 (Schneider [31]). For any ρ ∈ Rm, there is a unique minimizer for
the minimization problem (20). This minimizer has the form Gα given by (38), where
α ∈ Am. Conversely, for each α ∈ Am,

(54) H(Gα) = min
g∈Fm

{H(g) : 〈mg〉 
◦ r(α)} ,

where r(α) is given by (41). Moreover, Gα also satisfies the equality constraint prob-
lem (14) with ρ = r(α).

We define a : Rm → Am as the mapping which assigns to ρ ∈ Rm the vector
α ∈ Am such that Gα solves (20)—that is,

(55) Ga(ρ) ≡ arg min
g∈Fm

{H(g) : 〈mg〉 
◦ ρ} .

The converse statement of Theorem 3 implies the following.
Corollary 4. Let ρ ∈ Rexp

m . Then Ga(ρ) is the unique minimizer of the entropy
minimization problem with equality constraints (14).

To help the reader’s intuition, we provide a proof for Theorem 3 with the use of
three lemmas. The first lemma is used to prove the existence of a minimizer for the
minimization problem with relaxed constraints (20), and the first item of this lemma
is a direct consequence of Lemma 2.

Lemma 5 (Schneider [31]). The entropy functional H satisfies the following:
1. H(g) > −∞ for all g ∈ Fm.
2. H is convex and lower semicontinuous with respect to the norm ||g||L1

m(Rd) ≡
〈|mg|〉 .

3. Subsets of Fm which are bounded in the L1
m(Rd) topology and on which H is

bounded are weakly relatively compact in L1(Rd).
The second lemma is a statement about the constraint set

(56) Cm(ρ) ≡ { g ∈ Fm : 〈mg〉 
◦ ρ} .

Lemma 6. For each ρ ∈ Rm, the set Cm(ρ) is closed in the weak-L1 topology.
Proof. Let {gk}∞k=1 be any sequence in Cm(ρ) that converges in weak-L1(Rd) to a

function g∗. For the highest-order moments, Fatou’s lemma implies that if αT
NmN ≥

0, then

(57) αT
N 〈mNg∗〉 ≤ lim

k→∞
αT

N 〈mNgi〉 = αT
NρN .

For j < N , more can be said. We break up the integral 〈mjgk〉 into two pieces:

(58) ρj = 〈mjgk〉 =

∫
|v|<R

mjgk dv +

∫
|v|>R

mjgk dv,

where R > 0 is an arbitrary constant. For the first term in (58), weak-L1(Rd) con-
vergence implies that

(59)

∫
|v|<R

mjgk dv
k→∞→

∫
|v|<R

mjg∗ dv , 0 ≤ j ≤ N.

Meanwhile, in the second term

(60)
|mj |
|v|N <

C0

RN−j , |v| > R , 0 ≤ j < N,
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for some constant C0 that is independent of R. Hence

(61)

∫
|v|>R

mjgk dv ≤
∫
|v|>R

|mj |
|v|N |v|Ngk dv <

C0

RN−j sup
k

∣∣〈|v|Ngk
〉∣∣ .

Since {gk}∞k=1 ⊂ Cm, the sequence
{〈

|v|Ngk
〉}∞

k=1
is uniformly bounded in k, and it

follows from (59) and (61) that

(62)

lim
k→∞

∣∣ρj − 〈mjgk〉
∣∣ ≤ lim

k→∞

∫
|v|>R

|mjgk − mjg∗| dv

≤ C0

RN−j

(
sup
k

〈
|v|Ngk

〉
+
〈
|v|Ng∗

〉)
<

C1

RN−j

for some constant C1 > 0 that is independent of R. Since R can be arbitrarily large,
we conclude that 〈mjg∗〉 = ρj for all j < N . Hence g∗ ∈ Cm(ρ).

The third lemma is used to prove the form of the minimizer. For any bounded
measurable set K ⊂ R

d and any locally integrable function g, let

(63)
〈g〉K ≡

∫
K

g(v) dv and F
K
m ≡

{
g ∈ L1

(
R

d
)

: g � 0

and 〈|mig|〉K < ∞, i = 0, . . . , n− 1} .

On F
K
m, we define

(64) HK(g) ≡ 〈g log g − g〉K .

As with H, the negative contribution to HK must be finite (see Lemma 2) in order
for it to be well-defined, and restricting Dom(HK) to F

K
m ensures that this will be the

case.
Lemma 7 (Junk [20, 21], Borwein and Lewis [6]). For any bounded set K ⊂ R

d

and any function f ∈ F
K
m, the problem

(65) min
g∈FK

m

{
HK(g) : 〈mg〉K = 〈mf〉K

}
has a unique minimizer, which takes the form Gα for some α ∈ R

n.
Proof of Theorem 3. The proof has three parts.
1. Existence and uniqueness. Let ρ ∈ Rm. By Theorem 1, the set

(66) Cm(ρ) ≡ { g ∈ Fm : 〈mg〉 
◦ ρ}

contains bounded functions with compact support. Because such functions
have finite entropy, the subset of Cm(ρ) on which H is finite is nonempty.
Moreover, by Lemma 2, H is bounded below on Cm(ρ). Hence hS(ρ) is finite,
and there exists {gi}∞i=1 ⊂ Cm(ρ) such that H(gi) → hS(ρ). By Lemma 5,
there is a subsequence {gik}

∞
k=1 that converges in weak-L1 to a function ĝρ,

and since Cm(ρ) is closed (Lemma 6), ĝρ ∈ Cm(ρ). Finally, since H is lower
semicontinuous (Lemma 5),

(67) H(ĝρ) ≤ lim
k→∞

H(gik) = hS(ρ).

Thus ĝρ attains the minimum in (20), and strict convexity of H implies that
the minimizer is unique.
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2. Form of the minimizer. According to Lemma 7, for any bounded set K ⊂ R
d,

(68) min
{
HK(g) : 〈mg〉K = 〈mĝρ〉K

}
has a solution of the form Gα. We conclude then that ĝρ = Gα on K;
otherwise, the function

(69) g∗ρ(v) =

{
Gα(v), v ∈ K,
ĝρ, v �∈ K,

would satisfy H(g∗ρ) ≤ H(ĝρ), an obvious contradiction. Since K is arbitrary,
we conclude that ĝρ = Ga and, in order to satisfy to constraints in (20), that
α ∈ Am.

3. Converse statement. Applying Young’s inequality (49) to z = g and y = Gα

and integrating over all velocity space gives

(70) H(g) ≥ H(Gα) + αT 〈m(g −Gα)〉 .

By hypothesis, α ∈ Am, which implies that αN ∈ AmN
. Thus if g ∈ Fm

satisfies 〈mg〉 
◦ 〈mGα〉, then according to (52) and (53),

(71) αT 〈m(g −Gα)〉 =

N∑
j=1

αT
j 〈mj(g −Gα)〉 = αT

N 〈mN (g −Gα)〉 ≥ 0.

Thus, from (70), H(g) ≥ H(Gα). This concludes the proof.
The existence part of this proof provides some intuition as to why the optimization

problem with equality constraints (14) may not always have a minimizer. Suppose
that the minimizing sequence {gik}

∞
k=1 were restricted to the set

(72) C0
m(ρ) ≡ {g ∈ Fm : 〈mg〉 = ρ}

rather than merely lying in Cm(ρ). Then {gik}
∞
k=1 would still converge in the weak-

L1(Rd) topology to ĝρ, with 〈mj ĝρ〉 = ρj for j < N . However, the bound in (61)
does not help when j = N . Hence there is no way to ensure that 〈mN ĝρ〉 = ρN—
only that 〈mN ĝρ〉 ≤A◦

m
ρN . This is precisely why Schneider introduces the inequality

constraint: Cm(ρ) is closed in the weak-L1 topology, whereas C0
m(ρ) is not.

Such behavior begs the following question: For what values of ρ does a minimizing
sequence for (14) not converge inside C0

m(ρ)? These will be the densities which make
up the set Dm. In [31], Schneider attempts to address this question in the following
corollary to Theorem 3.

Corollary 8 (Schneider [31]). Given ρ ∈ Rm, the minimizer in (14) exists if
and only if there is no function of the form Gα in Cm(ρ)\C0

m(ρ).
Unfortunately, this result provides little understanding of the geometry of Dm.

A more insightful point of view is given by the following theorem.
Theorem 9. Given ρ ∈ Rm, the minimization problem with equality constraints

(14) has a minimizer if and only if ρ ∈ Rexp
m . In other words,

(73) Dm = Rm\Rexp
m .

Proof. The “if” part of this theorem is just Corollary 4. The “only if” part will
be proved at the end of section 4.3.
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An immediate consequence of Theorem 9 is that Dm is a cone. However, the
essential point of the theorem is that when Dm is nonempty there are realizable
densities ρ that cannot be realized by a functions of the form Gα. In other words,
ρ /∈ Rexp

m even though a(ρ) ∈ Am. It is this idea which lays the foundation for
the results in [20, 21], where a description of Dm is given for the case mN = |v|N .
Theorem 9 will also be the basis for the new results of this paper. However, for a
general admissible space M, we will need to formulate the dual for relaxed constraint
problem (20) and derive complementary slackness conditions in order to find a useful
geometric description for Dm. In the process, we will recover and extend many of the
results from [20,21,31].

4. Dual formulation. Because H is convex on Fm and the constraints in (20)
are linear, it is reasonable to apply a dual treatment to the relaxed-constraint problem,
e.g., [3, 7, 26]. In this section, we prove two important duality theorems and the
complementary slackness conditions that accompany them. We also give an alternate
proof of the form of the minimizer in Theorem 3 and a proof of the “only if” part of
Theorem 9.

4.1. The dual function. We define the Lagrangian function L : Fm × R
n ×

Rm → R ∪ {∞} associated to (20) by

(74) L (g,α,ρ) ≡ H(g) + αT (ρ − 〈mg〉)

and the dual function ψ : R
n ×Rm → R ∪ {−∞} by

(75) ψ(α,ρ) ≡ inf
g∈Fm

L (g,α,ρ) .

The dual function is closely related to the density potential h∗. In fact, we have the
following.

Theorem 10. For all α ∈ Am and ρ ∈ Rm,

(76) ψ(α,ρ) = L (Gα,α,ρ) = αTρ − h∗(α).

Proof. We apply Young’s inequality (50) and make the identification z = g and
y = Gα to derive the pointwise inequality

(77) (g log g − g) − αTmg ≥ −Gα.

Integration of (77) over R
d and addition of αTρ to both sides give a lower bound on

L and hence ψ:

(78) ψ(α,ρ) ≥ αTρ − h∗(α).

For α ∈ Am, the definitions of H, Gα, and h∗ (given in (47), (38), and (39), respec-
tively) imply that

(79) H (Gα) = αT 〈mGα〉 − 〈Gα〉 = αT 〈mGα〉 − h∗(α).

Thus by (74),

(80) L (Gα,α,ρ) = αTρ − h∗(α),

so that, from (75),

(81) ψ(α,ρ) ≤ αTρ − h∗(α).

Together (78), (80), and (81) imply (76).
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4.2. Smoothness properties of the dual function. The following smooth-
ness properties of ψ will be used throughout the remainder of the paper.

Theorem 11. Let ρ ∈ Rm. Then
1. ψ(·,ρ) is strictly concave on Am and infinitely Fréchet differentiable on intAm,

with derivatives

∂ψ

∂α
(α,ρ) = ρ − r(α),(82a)

∂(i)ψ

∂α(i)
(α,ρ) = −

〈
m∨(i)Gα

〉
, i > 1,(82b)

where m∨(i) is the ith tensor power of m;4

2. for any α,β ∈ Am, the function

(83) φ(τ) ≡ ψ(τα + (1 − τ)β,ρ)

is twice differentiable at each τ ∈ [0, 1] (one-sided at end points) with deriva-
tives

φ′(τ) = (α − β)
T

[ρ − r(τα + (1 − τ)β)] ,(84a)

φ′′(τ) = −
〈(

(α − β)
T

m
)2

Gτα+(1−τ)β

〉
.(84b)

In particular, the function φ′(τ) is a decreasing function of τ ;
3. the function ψ(·,ρ) is upper semicontinuous on Am.

Proof. For the proofs of the first two statements above, we refer the reader to
Lemmas 5.1 and 5.2 in [21] along with a few comments. First, the lemmas in [21]
refer to h∗ rather than to ψ(·,ρ). This makes little difference since the two functions
differ only by a linear factor (see Theorem 10). Also, the proofs in [21] are constructed
specifically for the special case when mN = |v|N ; however, modifications to the general
setting are straightforward. To prove the third statement we simply invoke Fatou’s
lemma. Given a sequence

{
α(i)

}∞
i=1

⊂ Am with limit α ∈ Am,

(85) 〈Gα〉 ≤ lim
i→∞

〈
Gα(i)

〉
.

Hence limi→∞ ψ(α(i),ρ) ≤ ψ(α,ρ).

Corollary 12. For all α ∈ intAm, h∗α(α) = r(α) and h∗αα(α) =
〈
mmTGα

〉
,

which is positive-definite on α ∈ intAm.
Several remarks should be made concerning Theorem 11. First, statement 1

implies statement 2, but only for α,β ∈ intAm. Second, for α,β ∈ Am ∩ ∂Am,
φ′′ need not be continuous and higher derivatives may not exist. Finally, in spite
of the smoothness properties given by Theorem 11, the dual function need not even
be continuous on Am ∩ ∂Am. Indeed, given a sequence

{
α(i)

}∞
i=1

∈ Am with limit
α ∈ Am∩∂Am, it is possible that h∗(α) < limi→∞ h∗(α(i)). As an example, consider
the one-dimensional case (d = 1) when m = (1, v, v2, v3, v4)T . This case has been
studied in detail in [20]. Given the following five points in the (v, w) plane:

(v0, w0) = (0, 0) , (v1, w1) = (1, 0) , (v2, w2) =
(
i,−i2

)
,

(v3, w3) = (2i, i) , (v4, w4) = (2i + 1, 0) ,

4The tensor power of a symmetric tensor S is defined recursively. For n > 1, S∨(n) ≡ S∨S∨(n−1)

while S∨(1) ≡ S.
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the unique degree-four polynomial interpolating these points is

(86) pi(v) = αT
(i)m(v) =

4∑
j=0

α(i)jv
j ,

where

α0(i) = 0 , α1(i) =
2i + 1

4i− 2
+

4i2 + 2i

i2 − 1
, α2(i) = −4i2 + 6i + 1

i2 − 1
− 2i2 + 4i + 1

4i2 − 2i
,

α3(i) =
4i + 2

i2 − 1
+

3i + 2

4i2 − 2i
, α4(i) = − 1

i2 − 1
− 1

4i2 − 2i
.

(The notation α(i) denotes a sequence of vectors rather than the usual notation αi,
which denotes the components of a single vector α corresponding to polynomials of
degree i.) As i → ∞,

(87) α(i) → α∗ =

(
0,

9

2
,−9

2
, 0, 0

)T

and Gα∗ = exp

(
−9

2
v2 +

9

2
v

)
.

The density potential h∗(α∗) moments r(α∗) are finite. Therefore α∗ ∈ Am, but
clearly α∗ �∈ intAm. Moreover, one may readily check that pi is positive and concave
on the interval [2i, 2i + 1], and hence

(88)

h∗(α(i)) =
〈
Gα(i)

〉
>

∫ 2i+1

2i

epi(v) dv >

∫ 2i+1

2i

(1 + pi(v)) dv > 1 +
i

2
→ ∞ as i → ∞.

Note that the second inequality above follows from the fact that ex > 1+x, while the
concavity of pi on [2i, 2i + 1] implies that the graph of pi lies above the line segment
� joining the points (2i, i) and (2i + 1, 0) in the (v, w) plane. Therefore the integral
of pi over [2i, 2i + 1] is bounded below by the area of the triangle formed by �, the
v-axis, and the line {v = 2i}. The area of this triangle is i/2. A similar argument
shows that, for any j ≥ 0,

〈
|v|jGα(i)

〉
→ ∞ as i → ∞ while

〈
vjGα∗

〉
is finite.

The reason that ψ(·,ρ) is discontinuous at the boundary of Am is the same reason
that the minimization problem (14) with equality constraints fails: because mass at
the tails of the functions escapes as i → ∞. In the example above, this is precisely
what happens to the mass of Gα(i)

that is supported on the interval [2i, 2i + 1]. The

same thing occurs with the minimizing sequence {gik}
∞
k=1 in the proof of Theorem 3.

The difference is that, for {gik}
∞
k=1, only the highest moments fail to converge in the

minimizing sequence, whereas none of the moments in this example converge. The
reason for this difference is that the moments 〈mgik〉 are all bounded. The moments
of {Gα(i)

}∞i=1 would converge if higher-order moments were controlled in some way.
Controlling the moments is, in effect, the same as requiring αi → α∗ along a specified
path. In fact, we will see at the very end of section 5.4 that the map ρ 
−→ ψ (a(ρ),ρ)
is continuous on Rm.

4.3. Duality theorems. The main results of this subsection are based on the
following strong duality theorem where, for a given cone C, the notations “ ≤C” and
“≥C” are defined in the last paragraph of section 2.2.

Theorem 13 (see [26]). Consider the problem

(89)
minimize f0(x)
subject to fi(x) ≤Ki 0, i = 1, . . . ,m ; Ax = b,
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where the functions f0, . . . , fm : X → R ∪ +∞ are convex over a vector space X,
A : X → R

k is a linear mapping, b ∈ R
k, and each Ki is a proper cone for i = 1, . . . ,m.

Let D be the intersection of the domains of f0, . . . , fm (i.e., D is a convex set over
which each fi is finite). Suppose there exists x̃ ∈ D, with fi(x̃) < 0, i = 1, . . . ,m, and
Ax̃ = b. Further suppose that the set {Ax− b : x ∈ D} contains a neighborhood of the
origin. Then strong duality holds, i.e.,

(90)

inf{f0(x) : fi(x) ≤Ki
0, i = 1, . . . ,m ; Ax = b}

= sup
λi≥K◦

i
0

ν∈R
k

inf
x∈D

{
f0(x) +

m∑
i=1

λifi(x) + νT (Ax− b)

}
,

and the dual optimal value is attained whenever it is not −∞.
Theorem 13 follows from [26, Exercise 8.7] and can be proven by using arguments

found in [26, Chapter 8]. It can also be proven along the lines of similar results found
in [7, sections 5.3.2 and 5.9.1]. However, whereas those results require the existence
of some x̃ in the relative interior of D, Theorem 13 requires only that x̃ ∈ D. A side
benefit of this is that there is no need to specify a topology on X. In return, our
condition that {Ax− b : x ∈ D} contains a neighborhood of the origin is not present
in the statements in [7].

To prove Theorem 13, one may repeat the arguments found in [7, section 5.3.2]
with the notation “≤” changed to curly “
.” The only difference from that proof
is in the contradiction argument showing (in the notation of [7]) that μ = 0 is not
possible. The proof in [7] first shows, with logic that remains valid under our weaker
assumptions on x̃, that if μ = 0, then there must exist ν �= 0 such that νT (Ax−b) ≥ 0
for all x ∈ D. At that point, our assumption that {Ax − b : x ∈ D} contains a
neighborhood of the origin immediately implies that ν = 0, which yields the requisite
contradiction.

The statement of Theorem 13 is of much interest in the present context for two
reasons: (i) Our primal decision variable g lies in an infinite-dimensional vector space,
and (ii) it is not straightforward to show that the relative interior condition on x̃ (or
in our case g̃) actually applies. (However, see [6, Definition 2.1], where the authors
introduce the notion of a pseudo relative interior.) On the other hand, that our
additional condition on {Ax−b : x ∈ D} holds is a direct consequence of the openness
of Rm.

Direct application of Theorem 13 leads to the following results.
Theorem 14. Let ρ ∈ Rm, and let hS and ψ be given by (20) and (75), respec-

tively. Then

(91) hS(ρ) = max
α∈Am

ψ(α,ρ),

where the maximum on the right is attained by a unique α̂ ∈ Am. If ĝρ solves (20),
then ĝρ = Gα̂. Furthermore, ĝρ and α̂ satisfy the complementary slackness condition

(92) α̂Tρ = α̂T 〈mĝρ〉 = α̂T 〈mGα̂〉 ,

and ĝρ minimizes L (g, α̂,ρ) over Fm, i.e.,

(93) ψ(α̂,ρ) = L (ĝρ, α̂,ρ) .
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Proof. Theorem 14 may be recast in the form of Theorem 13 by setting m = 1
and introducing the following mapping of notation:

X 
→ L1
m(Rd) ; f1(x) 
→ ρN − 〈mNg〉 ; Ax 
→ 〈mjg〉 , j = 1, . . . , N − 1;

x 
→ g ; K1 
→ A◦mN
; b 
→ ρj , j = 1, . . . , N − 1;

f0 
→ H ; λ 
→ αN ; ν 
→ αj , j = 1, . . . , N − 1.

All of the conditions of Theorem 13 hold. However, we must be careful to en-
sure that H is restricted to a domain on which it is finite. Thus we consider the
minimization problem over the set

(94) F̃m = {g ∈ Fm : H(g) < ∞} .

This set is convex and includes all bounded functions in Fm with compact support.
Thus by Theorem 1, the moment mapping g 
→ 〈mg〉 maps F̃m onto Rm, and since
Rm is open, the set

(95)
{
〈mig〉 − ρi : g ∈ F̃m , i < N

}
contains a neighborhood of the origin. By the polar cone theorem [3, page 162],
(A◦mN

)◦ = AmN
so that strong duality holds, i.e.,

(96) hs(ρ) = max
α∈Rn

{ψ(α,ρ) : αN ∈ AmN
} .

Moreover, because ψ is strictly concave, the maximum in (96) is attained by a unique
α̂ ∈ {α ∈ R

n : αN ∈ AmN
}. According to the constraint conditions in (52),

(97) 〈mj ĝρ〉 = ρ for j < N and α̂T
N 〈mN ĝρ〉 ≥ α̂T

NρN .

Thus α̂T (ρ − 〈mĝρ〉) ≤ 0 and

(98)
hs(ρ) = ψ(α̂,ρ) = inf

g∈Fm

{
H(g) + α̂T (ρ − 〈mg〉)

}
≤ H(ĝρ) + α̂T (ρ − 〈mĝρ〉) ≤ H(ĝρ) = hs(ρ).

Equations (92) and (93) follow immediately.
To finish the proof, we need only show that α̂ ∈ Am and ĝρ = Gα̂. For any

nonnegative function g, straightforward calculation verifies that

(99) g log g − g − α̂Tmg = φ(g) −Gα̂,

where

(100) φ(g) ≡
[
g log

(
g

Gα̂

)
+ (Gα̂ − g)

]
.

Applying (49) with z = g/Gα̂ and y = 1 shows that, for each v ∈ R
d, φ(g(v)) ≥ 0,

with equality if and only if Gα̂(v) = g(v). Now, for each R > 0, define the set
BR ≡

{
v ∈ R

d : |v| < R
}
. Setting g = ĝρ in (99) and integrating over BR gives

(101) HBR(ĝρ) −
〈
α̂Tmĝρ

〉
BR

= 〈φ(ĝρ)〉BR
− 〈Gα̂〉BR

.
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(Note that, since ĝρ ∈ Fm, all of the integrals above are well-defined.) From (74),
(101), (76), and (39), it follows that

L (ĝρ, α̂,ρ) = H(ĝρ) + α̂T (ρ − 〈mĝρ〉)

= HBR(ĝρ) + HR
d\BR(ĝρ) + α̂T

(
ρ − 〈mĝρ〉BR

− 〈mĝρ〉Rd\BR

)
= 〈φ(ĝρ)〉BR

− 〈Gα̂〉BR
+ HR

d\BR(ĝρ) + α̂T
(
ρ − 〈mĝρ〉Rd\BR

)
(102)

= L
(
GBR

α̂ , α̂,ρ
)

+ 〈φ(ĝρ)〉BR
+ HR

d\BR(ĝρ) − α̂T 〈mĝρ〉Rd\BR
,

where

(103) GBR

α̂ (v) =

{
Gα̂(v) , v ∈ BR,

0 , v /∈ BR.

Now since φ(g(v)) ≥ 0, the function R 
→ Φ(R) ≡ 〈φ(ĝρ)〉BR
is nonnegative and

nondecreasing, and Φ(R) = 0 if and only if Gα̂ and g agree on BR. On the other
hand, since H(ĝρ) and 〈mĝρ〉 are finite,

(104) HR
d\BR(ĝρ) − α̂T 〈mĝρ〉Rd\BR

→ 0 as R → ∞.

It follows then from (102) that, for R is sufficiently large,

(105) L (ĝρ, α̂,ρ) > L
(
GBR

α̂ , α̂,ρ
)

unless GBR

α̂ agrees with ĝρ on BR. Since ĝρ minimizes L (·, α̂,ρ), we conclude that this
exception is indeed the case. Moreover, since R is arbitrary, it follows that ĝρ = Gα̂.
Finally, the fact that ĝρ ∈ Fm implies that α̂ ∈ Am.

Several remarks are in order here.
1. If ρ ∈ Rexp

m , then Theorem 14 can be proven more directly using by Theorem
3. Indeed, weak duality is easy to show: If g ∈ Fm satisfies the constraint
conditions from (52), then

(106) L (g,α,ρ) = H(g) + αT (ρ − 〈mg〉) ≤ H(g)

for all α ∈ Am. By invoking the definitions of ψ (75) and hS (20), we find
that

(107)

ψ(α,ρ) = inf
g∈Fm

L(g,α,ρ) ≤ inf
g∈Fm

{L(g,α,ρ) : 〈mg〉 
◦ ρ}

≤ inf
g∈Fm

{H(g) : 〈mg〉 
◦ ρ} = hS(ρ).

On the other hand, if ρ = r(α̂) for some α̂ ∈ Am, then it follows from
Theorem 3, (76), and the definition of H (47) that

(108) hS(ρ) = H(Gα̂) = ψ(α̂,ρ).

From (107) and (108), one can easily deduce strong duality (91) and the
complementary slackness condition (92).

2. If it is known a priori that the maximum in (96) is attained by α̂ ∈ Am, then
the form of the minimizer follows almost immediately. In this case, Gα̂ ∈ Fm

(which is needed for L to be well-defined) so that (76) and (93) imply (108).
Because L is strictly convex in its first argument, its minimizer is unique, and
consequently ĝρ = Gα̂.
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3. Since ρj = 〈mjGα̂〉 for j < N , the only nontrivial part of the complementary
slackness condition (92) is

(109) α̂T
NρN = α̂T

N 〈mN ĝρ〉 = α̂T
N 〈mNGα̂〉 .

This relationship between α̂N and ρN will be the key to characterizing the
set Dm.

The following corollary will be used in section 6. It is an immediate consequence
of the complementary slackness condition.

Corollary 15. Let ρ ∈ Rm, and let α̂ ∈ Am solve (91). Then

(110) hS(ρ) = min
g∈Fm

{
H(g) : α̂T 〈mg〉 = α̂Tρ

}
,

and Gα̂ is the unique minimizer.
Proof. Let g ∈ Fm be given. Using Young’s inequality (49) with z = g and

y = Gα̂ gives

(111) H(g) ≥ H(Gα̂) + α̂T 〈m(g −Gα̂)〉 ,

which, given the complementary slackness condition (92), implies that

(112) H(g) ≥ H(Gα̂) + α̂T (〈mg〉 − ρ) .

Thus if g satisfies the constraints in (110), then H(g) ≥ H(Gα̂) = hS(ρ).
A duality theorem similar to Theorem 14 holds for the minimization problem in

(19) that defines hJ(ρ). Like Theorem 14, it is a consequence of Theorem 13, and its
proof is essentially the same.

Theorem 16. Let ρ ∈ Rm, and let hJ(ρ) and ψ be given by (19) and (75),
respectively. Then

(113) hJ(ρ) = max
α∈Am

ψ(α,ρ),

where the maximum on the right is attained by a unique α̃ ∈ Am. Furthermore, if
the infimum in (19) is attained by some function g̃ρ ∈ Fm which satisfies the equality
constraints of (19), then g̃ρ = Gα̃ and g̃ρ minimizes L (g, α̃,ρ), i.e., ψ(α̃,ρ) =
L (g̃ρ, α̃,ρ) .

The careful reader may note that application of Theorem 13 to proving Theorem
16 initially gives a statement similar to (96) but without any constraint on α. How-
ever, the arguments which follow (96) show that α ∈ Am independently of this initial
restriction.

Theorems 14 and 16 prove that the infima in (19) and (20) are equal—that is,

(114) hS(ρ) = hJ(ρ) = max
α∈Am

ψ(α,ρ),

even if the infimum in (19) is not attained. In light of (114), the definition of h given
in (17), which applies only to ρ ∈ Rexp

m , can be extended to all of Rm by setting

(115) h(ρ) ≡ max
α∈Am

ψ(α,ρ).

In addition, we can now complete the proof of Theorem 9.
Proof of Theorem 9. We have already proven the “if” statement in Theorem 9.

We now prove the “only if” statement. To this end, let ρ ∈ Rm be such that (14)
has a minimizer. According to (114) this minimizer is also the minimizer of (20) and
is therefore given by Ga(ρ). Hence, the equality constraint conditions in (14) imply

that ρ =
〈
mGa(ρ)

〉
, which means ρ ∈ Rexp

m .
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5. The relationship between α and ρ. The formal structure of entropy-based
closures depends heavily on the Legendre dual relationship between the functions h
and h∗ and their derivatives. In this section, we review this relationship for nonde-
generate densities and show how Legendre duality ensures that the resulting system
of PDEs is symmetric hyperbolic. We then discuss what aspects of the dual relation-
ship hold in degenerate densities. A similar analysis can be found in [21] for the case

mN = |v|N .

5.1. Properties for nondegenerate cases. Recall that the function a maps
each ρ ∈ Rm to the unique vector α̂ ∈ Am that solves (91). In particular,

(116) ĝρ = Ga(ρ) and h(ρ) = ψ(a(ρ),ρ).

It turns out that a, when restricted to Rexp
m , is the inverse of the function r defined

in (41).
Theorem 17. The function r is one-to-one from Am onto Rexp

m with inverse a.
It is a diffeomorphism between intAm and intRexp

m .
Proof. We first identify a as the inverse of r. Since r is (by definition) onto Rexp

m ,
we need only to show that a(r(α)) = α for each α ∈ Am. By the definition of a,

(117) H(Ga(r(α))) = min
g∈Fm

{H(g) : 〈mg〉 
◦ r(α)} .

However, Theorem 3 implies that

(118) H(Gα) = min
g∈Fm

{H(g) : 〈mg〉 
◦ r(α)} .

Since this minimizer is unique, it follows that a(r(α)) = α. If α ∈ intAm, then,
according to Corollary 12, r is the derivative of the density potential h∗ on intAm

and its Jacobian

(119)
∂r

∂α
(α) =

∂2h∗

∂α2
(α,ρ) =

〈
mmTGα

〉
is a positive-definite matrix. The inverse function theorem implies then that r is a
diffeomorphism from intAm onto intRexp

m .
The following corollary implies that Dm cannot divide Rexp

m into disjoint subsets.
Corollary 18. The set Rexp

m is pathwise-connected.
Proof. Given ρ(0),ρ(1) ∈ Rexp

m , we seek a continuous function Γ : [0, 1] → Rexp
m

such that

(120) Γ(0) = ρ(0) and Γ(1) = ρ(1).

Convexity of Am implies that

(121) αλ ≡ λa(ρ(0)) + (1 − λ)a(ρ(1)) ∈ Am ∀ λ ∈ [0, 1] .

Thus, in view of Theorem 11, the function Γ(λ) = r(αλ) satisfies (120).
An immediate consequence of Theorem 14 is that h (as the maximum of a family

of linear functions in ρ) is convex on Rm. However, more can be said if we restrict h
to convex subsets of intRexp

m .
Theorem 19. When restricted to intRexp

m and intAm, respectively, the functions
h and h∗ are locally strictly convex, Legendre duals of one another.
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Proof. We first show that h is the Legendre transform of h∗. From (76),

(122) h(r(α)) + h∗(α) = αT r(α) , α ∈ Am,

where, according to Corollary 12,

(123) r(α) = h∗α(α) , α ∈ intAm.

We next show that the Legendre transform of h∗ recovers h. The inverse relationship
between a and r (Theorem 17) implies that (122) may be rewritten in terms of ρ =
r(α):

(124) h(ρ) + h∗(a(ρ)) = a(ρ)Tρ , ρ ∈ Rexp
m .

Differentiating (124) and using (123) again gives

(125) a(ρ) = hρ(ρ), ρ ∈ intRexp
m .

Finally, for ρ ∈ intRexp
m ,

(126) hρρ(ρ) =
∂a

∂ρ
(ρ) =

[
∂r

∂α
(a(ρ))

]−1

= [h∗αα (a(ρ))]
−1

,

which, by Corollary 12, is positive-definite. Thus h and h∗ are strictly convex.

5.2. Application to kinetic moment closures. The dual relationship be-
tween h and h∗ is used in [24] to show that entropy-based closures formally produce
hyperbolic systems which dissipate a convex entropy and satisfy an H-theorem. In-
deed, if ρ ∈ intRexp

m and α̂ = a(ρ), then, according to (123), the moment system (12)
can be expressed in terms of α̂:

(127) ∂th
∗
α(α̂) + ∇x · j∗α(α̂) = c(h∗α(α̂)) ,

where j∗(α) ≡ 〈vGα〉 is the flux potential and

(128) j∗α(α̂) = f(ρ).

Carrying out the time and space derivates in (127) gives

(129) h∗αα(α̂)∂tα̂ + j∗αα(α̂) · ∇xα̂ = c(h∗α(α̂)),

which has the form of a symmetric hyperbolic system [14]. Furthermore, by multi-
plying (12) by hρ and applying relations (125) and (128), we find that h(ρ) satisfies:

(130) ∂th(ρ) + ∇x · j(ρ) = a(ρ)T c(ρ),

where j(ρ) ≡ a(ρ)T f(ρ) − j∗(a(ρ)). Then by (5) and (6),

(131) a(ρ)T c(ρ) = S(Ga(ρ)) ≤ 0

with equality if and only if Ga(ρ) is a local Maxwellian (7). This is a direct analogue
of Boltzmann’s H-theorem for (2). (See [24] for details.)
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5.3. Nondegenerate examples. For N = 2, there are two possible closures:
Maxwellian and Gaussian. Both are well-known, and in both cases Am = intAm and
Rm = Rexp

m = intRexp
m . Traditionally, these closures are expressed by using so-called

fluid variables:

(132)

density: ρ = 〈F 〉 , temperature matrix: Θ =
〈(v − u) ∨ (v − u)F 〉

〈F 〉 ,

bulk velocity: u =
〈vF 〉
〈F 〉 , temperature: θ =

1

3
trace(Θ) =

〈
|v − u|2F

〉
3 〈F 〉 .

1. Maxwellian closure. If m = (1, v, 1
2 |v|2)T , the ansatz F [ρ] in (14) is a

Maxwellian distribution:

(133) Mρ,u,θ(v) ≡
ρ

(2πθ)
d/2

exp

(
−|v − u|2

2θ

)
.

The fluid variables are related to the densities ρi by

(134) ρ0 = ρ , ρ1 = ρu , ρ2 =
1

2
ρu2 +

3

2
ρθ

and to the vectors α̂i by

(135) α̂0 = log

(
ρ

(2πθ)
d/2

)
− |u|2

2θ
, α̂1 =

u

θ
, α̂2 = −1

θ
.

The moment equations in this case are the compressible Euler equations for
a gas of point particles:

∂tρ + ∇x · (ρu) = 0 ,(136a)

∂t (ρu) + ∇x · (ρu ∨ u + ρθI) = 0,(136b)

∂t

(
1

2
ρ|u|2 +

d

2
ρθ

)
+ ∇x ·

(
1

2
ρ|u|2u +

d + 2

2
ρθu

)
= 0.(136c)

The spatial entropy

(137) h(ρ) = 〈Mρ,u,θ logMρ,u,θ −Mρ,u,θ〉 = ρ

[
log

(
ρ

(2πθ)
d/2

)
− d + 2

2

]

is locally conserved by smooth solutions for (136) but is dissipated along
shocks.

2. Gaussian closure. If m = (1, v, v ∨ v)T , the ansatz F [ρ] in (14) is a Gaussian
distribution:

(138) Gρ,u,Θ(v) =
ρ√

det(2πΘ)
exp

(
−1

2
(v − u) · Θ−1 · (v − u)

)
.

The fluid variables are related to the densities ρi by

(139) ρ0 = ρ , ρ1 = ρu , ρ2 = ρu ∨ u + ρΘ
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and to the vectors α̂i by

(140)

α̂0 = log

(
ρ√

det(2πΘ)

)
− 1

2
u ·Θ−1 ·u , α̂1 = Θ−1 ·u , α̂2 = −1

2
Θ−1.

The moment equations in this case are

∂tρ + ∇x · (ρu) = 0,(141a)

∂t (ρu) + ∇x · (ρu ∨ u + ρΘ) = 0,(141b)

∂t (ρu ∨ u + ρΘ) + ∇x · (ρu ∨ u ∨ u + 3ρΘ ∨ u) = 〈v ∨ v C(Gρ,u,Θ)〉 ,(141c)

and solutions to this system satisfy a local dissipation law for the spatial
entropy

(142)

h(ρ) = 〈Gρ,u,Θ log Gρ,u,Θ − Gρ,u,Θ〉 = ρ

[
log

(
ρ√

det(2πΘ)

)
− d + 2

2

]
.

Note that, in both of the examples above, the expressions for α̂ and ρ can be
used to determine a(ρ) explicitly. However, generally speaking, an analytical solution
is not available, and a numerical solution must be computed via (91).

5.4. Properties for degenerate cases. If ρ ∈ Dm, then the minimizer with
equality constraints (14) does not exist, and the entropy-based closure is not well-
defined. Although it is possible to recover a well-defined closure by using the relaxed
constraints in (20), much of the formal structure is lost. For example, if ρ ∈ Dm, then
(123) and (126) no longer hold because r (a(ρ)) �= ρ and, as shown in Corollary 22
below, hS fails to be strictly convex on Rm whenever Dm is nonempty. Since many
of the properties of entropy-based closures require h to be strictly convex, this fact is
critical.

The situation for degenerate densities may be best understood via the projection
operator π : Rm → Rexp

m , which assigns to each vector ρ ∈ Rm the density which is
realized by the minimizer of (20):

(143) π(ρ) ≡ r(a(ρ)) =
〈
mGa(ρ)

〉
.

Before discussing π further, we introduce some notation that will be useful for the
remainder of the paper. First we have the natural decompositions for r, a, and π
based on the decomposition of m in (22):

(144) r =
(
rT0 , r

T
1 , . . . , r

T
N

)T
, a =

(
aT

0 ,a
T
1 , . . . ,a

T
N

)T
, π =

(
πT

0 ,π
T
1 , . . . ,π

T
N

)T
.

With this notation,

(145) Ga(ρ) = exp

⎛
⎝ N∑

j=1

aj(ρ)Tmj

⎞
⎠ , rj(α) = 〈mjGα〉 , πj(ρ) = rj(a(ρ)).

Next, for any ρ ∈ R
n and any ζ ∈ R

nN , we define

(146) ρ +
N

ζ ≡ (ρT
0 ,ρ

T
1 , . . . ,ρ

T
N + ζT )T .

This notation will often be applied to subsets of R
n and R

nN in the context of set
addition.
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Proposition 20. Let ρ̄ ∈ Rexp
m , and let ᾱ = a(ρ̄). Then for any ρ ∈ R

n, the
following are equivalent:

(i) ρN − ρ̄N ∈ NC(AmN
, ᾱN );(147a)

(ii) (αN − ᾱN )
T

(ρN − ρ̄N ) ≤ 0 ∀ αN ∈ AmN
;(147b)

(iii) ᾱT
N (ρN − ρ̄N ) = 0 and αT

N (ρN − ρ̄N ) ≤ 0 ∀ αN ∈ AmN
.(147c)

Proof. Here (i) ⇔ (ii) is just the definition of a normal cone (31), and the impli-
cation that (iii) ⇒ (ii) is clear. To prove that (ii)⇒(iii), we use the freedom to choose
any αN ∈ AmN

. Setting αN = 0 and then αN = 2ᾱN in (147b) gives

(148) ᾱT
N (ρN − ρ̄N ) ≥ 0 and ᾱT

N (ρN − ρ̄N ) ≤ 0,

respectively. We conclude that ᾱT
N (ρN − ρ̄N ) = 0, which, when substituted back

into (147b), gives the inequality in (iii).
Lemma 21. The projection π satisfies the following relations:

(i) πj(ρ) = ρj ∀ ρ ∈ Rm and j < N ;(149a)

(ii) aN (ρ)TπN (ρ) = aN (ρ)TρN ∀ ρ ∈ Rm;(149b)

(iii) π(ρ) = ρ if and only if ρ ∈ Rexp
m ;(149c)

(iv) π({ρ̄ +
N
NC(AmN

, ᾱN )} ∩O) = ρ̄

∀ ρ̄ ∈ Rexp
m and any O ⊂ Rm containing ρ̄;(149d)

(v) π(Dm) = r (Am ∩ ∂Am) = Rexp
m ∩ ∂Rexp

m ;(149e)

(vi) a(π(ρ)) = a(ρ) ∀ ρ ∈ Rm;(149f)

(vii) h(π(ρ)) = h(ρ) ∀ ρ ∈ Rm.(149g)

Proof. We prove each statement in order.
1. Equation (149a) follows from the constraint conditions in (52a).
2. Equation (149b) is just a restatement of the nontrivial component of the

complementary slackness condition (109) with α̂ = a(ρ).
3. By Theorem 17, π = r ◦ a is the identity map on Rexp

m . Thus π(ρ) = ρ if
ρ ∈ Rexp

m . However, the range of π is π(Rm) = r(Am) = Rexp
m . Thus if

ρ �∈ Rexp
m , then π(ρ) cannot equal ρ.

4. Let ρ̄ ∈ Rexp
m , let O ⊂ Rm be an open set containing ρ̄, and let ᾱ = a(ρ̄).

Choose any ρ ∈ {ρ̄ +
N
NC(AmN

, ᾱN )}. Then ρ = ρ̄ for j < N , so by
Proposition 20, ᾱTρ = ᾱT ρ̄ and αTρ ≤ αT ρ̄ for all α ∈ Am. Therefore

(150) ψ(ᾱ, ρ̄) = ψ(ᾱ,ρ) ≤ ψ(a(ρ),ρ) ≤ ψ(a(ρ), ρ̄) ≤ ψ(ᾱ, ρ̄).

Here the equality in (150) follows immediately from the definition of ψ (75)
and the fact that ᾱTρ = ᾱT ρ̄. The first inequality in (150) uses the fact
that ψ(a(ρ),ρ) maximizes ψ(·,ρ) over all α ∈ Am; the second uses the
fact that αTρ ≤ αT ρ̄ for all α ∈ Am; and the third uses the fact that
ψ(ᾱ, ρ̄) maximizes ψ(·, ρ̄) over all α ∈ Am. We conclude from (150) that
ψ(a(ρ), ρ̄) = ψ(ᾱ, ρ̄). Since ᾱ is the unique maximizer of ψ(·, ρ̄) over all
α ∈ Am, it follows that a(ρ) = ᾱ. Therefore π(ρ) = r(a(ρ)) = r(ᾱ) = ρ̄.

5. We first argue by contraction to show that π(Dm) ⊂ r (Am ∩ ∂Am). Thus,
suppose there exist ρ ∈ Dm and α ∈ intAm such that π(ρ) = r(α). We
know that

(151) ψ(π(ρ),a(π(ρ))) = max
α∈Am

ψ(π(ρ),α),
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and since ψ is differentiable on intAm, first order optimality conditions imply
that

(152)
∂ψ

∂α
(π(ρ),a(π(ρ))) = ρ − π(π(ρ)) = 0.

However, π is a projection; therefore, (152) implies that ρ = π(ρ). According
to (149c), this contradicts the assumption that ρ ∈ Dm.
We next show that r (Am ∩ ∂Am) ⊂ π(Dm). Let ᾱ ∈ Am ∩ ∂Am, and let
O ⊂ Rm be an open set containing r(ᾱ) ∈ Rexp

m . Then choose (see (32))

(153) ρ ∈ {r(ᾱ) +
N
NC0(AmN

, ᾱN )} ∩O.

Since ᾱ ∈ Am ∩ ∂Am, ᾱN ∈ ∂AmN
(see (46)), and this set is nonempty. By

(149d), π(ρ) = r(ᾱ). Thus we need only show that ρ ∈ Dm. If it is not, then
ρ ∈ Rexp

m and π(ρ) = ρ = r(ᾱ), which contradicts (153). Thus ρ ∈ Dm.
Finally, we show that r (Am ∩ ∂Am) = Rexp

m ∩∂Rexp
m . Because r is one-to-one

on Am (Theorem 17),

(154) r (Am ∩ ∂Am) = r(Am)\r(intAm) = Rexp
m \ intRexp

m = Rexp
m ∩∂Rexp

m .

6. Given that a ◦ r is the identity map on Am (Theorem 17), a(π(ρ)) = (a ◦
r)(a(ρ)) = a(ρ).

7. The proof is a simple calculation. For any ρ ∈ Rm, (149a), (149b), and (149f)
give
(155)

h(π(ρ)) = ψ(a(π(ρ)),π(ρ)) = ψ(a(π(ρ)),ρ) = ψ(a(ρ),ρ) = h(ρ).

Corollary 22. The set Dm is empty if and only if Am is open. If Dm is
nonempty, then h fails to be strictly convex.

Proof. The first statement is an immediate consequence of (149e). The sec-
ond statement is a consequence of (149d) and (149g), which together imply that
h is constant on the cone {ρ̄ +

N
NC(AmN

,aN (ρ̄))} for any ρ̄ ∈ Rexp
m . If Dm is

nonempty, then by (149e), Rexp
m ∩ ∂Rexp

m is also nonempty; if ρ̄ ∈ Rexp
m ∩ ∂Rexp

m ,
then a(ρ̄) ∈ Am ∩ ∂Am and, consequently, aN (ρ̄) ∈ ∂AmN

(see (46)). As a re-
sult, {ρ̄ +

N
NC(AmN

,a(ρ̄))} is nontrivial, and h cannot be strictly convex on all of
Rm.

It turns out that Am is open only for N = 2. (To see this fact, one need only realize
that, for N > 2, the vector α ∈ Am corresponding to any Maxwellian Mρ,u,θ lies
on the boundary ∂Am.) Thus Corollary 22 shows that the Maxwellian and Gaussian
closures are the exception rather than the rule. However, in spite of the difficulties
encountered for α ∈ Am ∩ ∂Am, (124) and (125) extend to all of Rm.

Theorem 23. For all ρ ∈ Rm,

(156) h(ρ) + h∗(a(ρ)) = a(ρ)Tρ,

and the function a is the continuous Fréchet derivative of h everywhere on Rm, i.e.,

(157) a(ρ) = hρ(ρ).

Proof. Let ρ ∈ Rm, and set ρ̄ = π(ρ) ∈ Rexp
m . By (124),

(158) h(π(ρ)) + h∗(a(π(ρ))) = a(π(ρ))Tπ(ρ).
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However, according to Lemma 21, a(ρ) = a(ρ̄), h(ρ) = h(ρ̄), and a(ρ)Tρ = a(ρ)T ρ̄.
Therefore (158) and (156) are equivalent.

We now move on to proving (157). By using (116), we find that

(159)
h(ρ + δ) = ψ (a(ρ + δ),ρ + δ) ≥ ψ (a(ρ),ρ + δ)

= ψ (a(ρ),ρ) + a(ρ)T δ = h(ρ) + a(ρ)T δ

and, similarly, that

(160)
h(ρ) = ψ (a(ρ),ρ) ≥ ψ (a(ρ + δ),ρ) = ψ (a(ρ + δ),ρ + δ) − [a(ρ + δ)]

T
δ

= h(ρ + δ) − [a(ρ + δ)]
T

δ.

Together (159) and (160) imply that

(161) 0 ≤ h(ρ + δ) − h(ρ) − a(ρ)T δ ≤ |δ| |a(ρ + δ) − a(ρ)| .

Hence, to complete the proof, we need only to show that a is continuous.
Equation (159) implies also that a(ρ) is a subgradient of h at ρ [30, section 23,

page 214]. The set of all subgradients is called the subdifferential of h at ρ and is
denoted by ∂h(ρ). It is a general result from convex analysis [30, Theorem 24.7] that,
because h is convex, the set ∂h(S) ≡

⋃
ρ∈K∂h(ρ) is bounded whenever K ⊂ R

n is
bounded. In particular, if {ρ(i)}∞i=1 ⊂ Rm converges to ρ∗ ∈ Rm, then {a(ρ(i))}∞i=1

is a bounded sequence. Let α∗ be any subsequential limit for this sequence. Then

(162)
ψ(a(ρ∗),ρ∗) = lim

i→∞
ψ
(
a(ρ∗),ρ(ik)

)
≤ lim

i→∞
ψ
(
a(ρ(ik)),ρ(ik)

)
≤ ψ(α∗,ρ∗) ≤ ψ(a(ρ∗),ρ∗),

where {ik}∞i=1 is any sequence of integers such that α∗ = limi→∞ a(ρ(ik)). The first
and last inequalities in (162) follow because ψ(a(ρ),ρ) maximizes ψ(·,ρ), whereas
the middle inequality is a consequence of the fact that ψ(·,ρ) is upper semicontinuous
(Theorem 11).

From (162), we deduce that ψ(α∗,ρ) = ψ(a(ρ∗),ρ), and, since a(ρ∗) is the unique
minimizer of ψ(·,ρ), it follows that α∗ = a(ρ∗). Because {a(ρ(i))} is bounded and
all of its converging subsequences converge to a(ρ∗), it follows then that

(163) lim
i→∞

a(ρ(i)) = a(ρ∗).

Thus a is continuous, and h is continuously differentiable.
Note that, as a consequence of Theorem 23, h(ρ) = ψ(a(ρ),ρ) is a differentiable

on all of Rm even though ψ(·,ρ) may not be continuous for α ∈ Am ∩ ∂Am. We
alluded to this fact earlier in section 4.2.

6. Geometry of Dm. In this section, we give a description of the geometry of
the set D. The main results are given in Theorem 25, which shows that D is a union
of cones, and in Theorem 28, which concludes that, with additional assumptions, D
is small in both a topological and a measure-theoretic sense. We begin with some
motivation for why such results are important.

6.1. Motivation: Behavior of the closure near degeneracy. Even though
Dm is usually nonempty, there is evidence to suggest that if ρ ∈ Rexp

m initially, then
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densities in Dm might never be attained. To investigate this possibility, we introduce
the function χ : Rm → R, defined by

(164) χ(ρ) ≡
∫

Rd

|vm(v)|Ga(ρ)(v) dv.

For the entropy-based closure, χ is closely related to the flux f in (13), and we show
below that χ becomes unbounded as ρ approaches Dm. As pointed out in [20], such
divergent behavior raises the possibility that Rexp

m is invariant under the dynamics of
the closure.

Proposition 24. Let {ρ(j)}∞j=1 be a sequence in Rexp
m such that ρ(j) → ρ∗ ∈ Dm,

and for each j, let χj ≡ χ(ρ(j)). Then {χj}∞j=1 is unbounded.
Proof. Since {ρ(j)}∞j=1 ⊂ Rexp

m ,

(165) r(a(ρ(j))) = ρ(j) , j = 1, 2, . . . ,

and taking limits on both sides gives

(166) lim
j→∞

r(a(ρ(j))) = ρ∗.

We proceed by showing that if {χj}∞j=1 is bounded, then

(167) lim
j→∞

r(a(ρ(j))) = r(a(ρ∗)).

Together (166)–(167) will then imply that ρ∗ ∈ Rexp
m which, by contradicting our

hypothesis, proves the claim. Hence, suppose that {χj}∞j=1 is bounded. To conclude
(167), we calculate∣∣∣r(a(ρ∗)) − r(a(ρ(j)))

∣∣∣ =
∣∣∣〈mGa(ρ∗)

〉
−
〈
mGa(ρ(j))

〉∣∣∣
≤
∫

Rd

|m(v)|
∣∣∣Ga(ρ∗)(v) −Ga(ρ(j))

(v)
∣∣∣ dv

=

∫
|v|>R

|m(v)|
∣∣∣Ga(ρ∗)(v) −Ga(ρ(j))

(v)
∣∣∣ dv(168)

+

∫
|v|<R

|m(v)|
∣∣∣Ga(ρ∗)(v) −Ga(ρ(j))

(v)
∣∣∣ dv,(169)

where R > 0 is an arbitrary constant. We handle the integrals for |v| > R and |v| < R
in (168) separately. For |v| > R,

(170)

∫
|v|>R

|m(v)|
∣∣∣Ga(ρ∗)(v) −Ga(ρj)

(v)
∣∣∣ dv

≤
∫
|v|>R

|vm(v)|
R

∣∣∣Ga(ρ∗)(v) −Ga(ρj)
(v)

∣∣∣ dv
≤ 1

R

∫
Rd

|vm(v)|
∣∣∣Ga(ρ∗)(v) −Ga(ρj)

(v)
∣∣∣ dv ≤ C

R
,

where

(171) C ≡ 2 max

{
χ(ρ∗), sup

j
{χj}

}
.
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For |v| < R, continuity of a (see Theorem 23) implies that a(ρ(j)) → a(ρ∗). Hence

the sequence Ga(ρ(j))
is uniformly bounded on {v ∈ R

d : |v| ≤ R}. By the Lebesgue
bounded convergence theorem,

(172) lim
j→∞

∫
|v|<R

|m(v)|Ga(ρj)
(v) dv =

∫
|v|<R

|m(v)|Ga(ρ∗)(v) dv.

Together (168), (170), and (172) imply that

(173) lim
j→∞

∣∣r(a(ρ∗)) − r(a(ρj))
∣∣ ≤ C

R
.

Because R can be arbitrarily large, we conclude that (167) holds, which proves the
claim.

Note that, by uniformly bounding χj in the proof above, we are providing uniform
control on the highest-order moments in ρ(j). In general, such control is not possible,
which is why the minimizer in (14) with equality constraints does not always exist.
(See the discussion following the proof of Theorem 3.)

The behavior of χ expressed in Proposition 24 was first observed by Junk for the
one-dimensional example in [20]. In particular, for a sequence {ρ(j)}∞j=1 ∈ intRexp

m , it

was found that
〈
vmNGa(ρ)

〉
diverges to either positive or negative infinity as ρ(j) →

ρ∗ ∈ Dm, with the sign depending on the direction of approach.
Suppose now that it can be proven that Rexp

m is invariant under the dynamics
of the balance law (12) with the entropy-based closure. Then if ρ ∈ Rexp

m initially,
the entropy minimization problem with equality constraints (14) will always have
a solution, and the formal properties of the closure based on the Legendre duality
between h and h∗ will be maintained. However, it must be shown—at a minimum—
that Dm is small in some sense, thereby limiting the number of initial conditions
in Rm which must be discarded in order to maintain a well-defined closure. In the
following subsections, we use the complementary slackness conditions (92) to show
that, under reasonable hypotheses, Dm is indeed a Lebesgue measure zero set.

6.2. The complementary slackness condition and normal cones. From
the complementary slackness condition (149b), we obtain the following result.

Theorem 25. The set Rm can be expressed as the following union of cones:

(174) Rm =
⋃

ρ̄∈Rexp
m

ρ̄ +
N
NC(AmN

,aN (ρ̄)).

The proof of this theorem uses the following lemma.
Lemma 26. Let m be a vector whose polynomial components form the basis for

an admissible space M. Then Am ⊂ {α ∈ R
n : αN ∈ AmN

}, where Am and AmN
are

defined in (36) and (44), respectively.
Proof. Let α ∈ Am, and let v∗ ∈ R

d be fixed. Because the components of mi are
homogeneous polynomials of degree i, for any λ > 0,

(175) 0 ≥ 1

λN
αTm(λv∗) =

N∑
i=0

λi

λN
αT

i mi(v∗).

Taking the limit λ → ∞ in (175) gives αT
NmN (v∗) ≤ 0, and since v∗ is arbitrary, we

conclude that αN ∈ AmN
.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONVEX DUALITY AND ENTROPY-BASED MOMENT CLOSURES 2007

Proof of Theorem 25. Suppose that ρ ∈ R
n and that ρ̄ ∈ Rexp

m . Before making
any further assumptions about ρ or any relationship between ρ and ρ̄, we note that
from Proposition 20 we obtain the following set of equivalent statements:

(i) ρN − ρ̄N ∈ NC(AmN
,aN (ρ̄));(176a)

(ii) (αN − aN (ρ̄))
T

(ρN − ρ̄N ) ≤ 0 ∀ αN ∈ AmN
;(176b)

(iii) aN (ρ̄)T (ρN − ρ̄N ) = 0 and αT
N (ρN − ρ̄N ) ≤ 0 ∀ αN ∈ AmN

.(176c)

We first show containment of the left-hand side of (174). Given ρ ∈ Rm, let
ρ̄ = π(ρ) ∈ Rexp

m . Then ρj = ρ̄j for j < N and, by (149f), a(ρ̄) = a(ρ). Thus, from
(149b),

(177) aN (ρ̄)TρN = aN (ρ̄)T ρ̄N .

Meanwhile, the constraint conditions in (52) imply that

(178) αT
NρN ≤ αT

N ρ̄N ∀ α ∈ Am.

We conclude from (176)–(178) that ρN − ρ̄N ∈ NC(AmN
,aN (ρ̄)).

Next we show containment in the other direction. Suppose that ρj = ρ̄j for
j < N and that ρN − ρ̄N ∈ NC(AmN

,aN (ρ̄)). By Theorem 1, Rm = intA◦m, so it
is sufficient to prove that ρ ∈ intA◦m. Because ρ̄ ∈ Rexp

m ⊂ Rm = intA◦m, it follows
that αT ρ̄ < 0 for all α ∈ Am. Furthermore, by Lemma 26, αN ∈ AmN

for all such
α. Hence from (178),

(179) αTρ = αT ρ̄ + αT
N (ρN − ρ̄N ) < 0 ∀ α ∈ Am.

This shows that ρ ∈ intA◦m and concludes the proof.
For ρ̄ ∈ intRexp

m , NC(AmN
,aN (ρ̄)) is just the origin in R

nN . In such cases,
Theorem 25 is trivial, and the construction ρ̄ +

N
NC(AmN

,aN (ρ̄)) does not generate
any new densities. Therefore Dm is constructed entirely by convex cones attached to
ρ̄ ∈ Rexp

m ∩∂Rexp
m . Recall from (32) that NC0(AmN

,aN (ρ̄)) = NC(AmN
,aN (ρ̄))\{0}.

We have the following corollary.
Corollary 27. The degenerate densities are

(180)

Dm =
⋃

ρ̄∈Rexp
m ∩∂Rexp

m

{ρ̄ +
N
NC0(AmN

,aN (ρ̄))} =
⋃

ᾱ∈Am∩∂Am

{r(ᾱ) +
N
NC0(AmN

, ᾱN )} .

6.3. Smoothness assumptions on Am∩∂Am. Corollary 27 gives the degen-
erate densities associated with each ρ̄ ∈ Rexp

m ∩ ∂Rexp
m . However, a clean description

of Dm requires also that Rexp
m ∩ ∂Rexp

m itself have a nice structure. In particular, we
would like to say that Rexp

m ∩ ∂Rexp
m is a finite union of disjoint manifolds. At this

point we are unable to prove such a result in general, in part due to the complicated
structure of Am∩∂Am to which we alluded in section 2.4. We therefore make two as-
sumptions. The first assumption says that Am∩∂Am is a union of disjoint manifolds
with dimensional restrictions that are related to the dimensions of the normal cones
in (180) in such a way as to ensure that Dm is a lower-dimensional subset of Rm.
The second assumption says that the mapping r is diffeomorphic when restricted to
each of these manifolds. Thus each dimension k manifold in Am ∩ ∂Am will map to
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a dimension k manifold in Rexp
m ∩ ∂Rexp

m . Before stating our assumptions, we define
the orthogonal projections PN : R

n 
→ R
nN and PÑ : R

n 
→ R
n−nN by

(181)
PN (α) ≡ (0, . . . , 0, 0,αT

N )T and PÑ (α) ≡ α − PN (α) = (αT
0 ,α

T
1 , . . . ,α

T
N−1, 0)T .

Assumption I. The vector m is such that the set Am ∩ ∂Am can be decomposed
into a finite collection S of disjoint, smooth (C∞) manifolds in R

n. Furthermore, if S is
one such manifold, then PN projects S onto a manifold SN ⊂ ∂AmN

with codimension
at least one in R

nN and PÑ projects S onto a manifold SÑ of codimension at least
one in R

n−nN .
We call S a stratification of Am∩∂Am; the manifolds S that make up S are called

strata. We fully expect that S can be chosen so that, for each S ∈ S, the projection
SN is indeed a manifold. If so, SN will certainly have codimension of one or more
since, by (46), SN ⊂ ∂AmN

. Furthermore, if αN ∈ ∂AmN
, then αT

NmN (λω) = 0
for some ω ∈ S

d−1 and all λ ∈ R, which means that mN no longer provides uniform
control over lower-degree polynomials. Thus, in order to maintain the integrability
condition (40) that defines Am, we expect further restrictions on the components
αj for j < N . This is the motivation for the codimension one restriction on the
manifold SÑ in Assumption I. Since, in general, dim(S) ≤ dim(SN )+dim(SÑ ), these
restrictions together imply that S itself has codimension of at least two in R

n.
It should be noted that Assumption I is known to hold for at least two cases:

(i) d = 1 and N ≥ 2;(182a)

(ii) d > 1, N = 4, and m4 = |v|4.(182b)

(Whether or not Assumption I holds in any other case is, to our knowledge, an open
question.) For the first case above, αj = αj and n = N + 1. For i = 1, . . . , N/2, we
define the sets

(183) A2i
m = {α ∈ R

n : αj = 0 for 2i < j ≤ N and α2i < 0} .

Clearly each A2i
m is a manifold of dimension 2i + 1 such that

(184) Am ∩ ∂Am =

N/2−1⋃
i=1

A2i
m and AN

m = intAm.

For the second case, Am ∩ ∂Am = {α ∈ R
n : αT

2 m2 < 0}. If m2 = |v|2, then Gα has
the form of a Maxwellian distribution (133) on Am ∩ ∂Am; if m2 = v ∨ v, then Gα

has the form of a Gaussian distribution (138) on Am ∩ ∂Am.
One possible way to prove that Assumption I always holds is to show that the

integrability condition which defines Am can be expressed as a family of polynomial
equalities and inequalities for α. Sets expressed in this way are called semialgebraic
and are known to have a stratification with special properties [2, 27]. One can show,
for example, that the sets Amj (j even) and clAm are semialgebraic. One can also
show that the interiors and boundaries of these sets are semialgebraic. See [17] for
details.

Assumption II. The vector m is such that if Assumption I holds and if S is an
element of the stratification of Am ∩ ∂Am, then for each ρ ∈ Rm, the restriction of
ψ(·,ρ) to S is infinitely Fréchet differentiable on S.

One may easily verify that Assumption II also holds for the cases in (182). When
both Assumptions I and II hold, r is a smooth diffeomorphism with inverse a when
restricted to any manifold in the stratification of Am ∩ ∂Am.
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6.4. Fiber bundles. The construction of Dm by attaching cones to the densities
Rexp

m ∩ ∂Rexp
m is very similar to the construction of a fiber bundle. A (continuous)

fiber bundle (B, B, F,P) [18] consists of topological spaces B, B, and F along with a
projection P : B → B such that, for every y ∈ B, there is a neighborhood O ⊂ B
containing y such that P−1(O) is homeomorphic to O × F . In addition, if φ is this
homeomorphism and Π is the natural projection of O×F onto O (i.e., Π(y×F ) = y for
all y ∈ O), then Π(φ(P−1)) is the identity on O. The space B is called the base space,
F is called the fiber space, and often B itself is called the bundle. Roughly speaking,
B is constructed by attaching to each point in B a (topologically equivalent) copy of
F that varies continuously from point to point in the base space. If Assumptions I
and II hold, then for each manifold S in a stratification S of Am∩∂Am, the manifold
r(S) acts like a base space; the cones NC(AmN

,αN ), α ∈ S, are like fibers; and π is
the projection onto the base space. The entire structure is

(185) B(S) =
⋃

α∈S
{r(α) +

N
NC(AmN

,αN )} ,

and, in view of Corollary 27, Dm =
⋃

S∈S B0(S), where

(186) B0(S) = B(S)\r(S) =
⋃

α∈S
{r(α) +

N
NC0(AmN

,αN )} .

Unfortunately, we cannot conclude that B(S) is a bundle even with Assumptions I
and II. In short, we have been unable to show a local homeomorphism between the
base-fiber product space and the inverse image π−1(S). However, the sets taken from
the examples in section 6.6 below are all fiber bundles. This is fairly easy to check
because, in these examples, the convex cones AmN

and NC(AmN
,αN ), αN ∈ ∂AmN

,
have explicit expressions that are (relatively) simple.

6.5. Smallness of Dm. If Assumptions I and II hold, we can show that Dm is
small in the following sense.

Theorem 28. Suppose that Assumptions I and II hold. Then Dm has zero
Lebesgue measure, intRexp

m is a dense subset of Rm, and Dm ⊂ ∂Rexp
m .

Proof. The basic idea of the argument is that the image of a smooth map from
a lower-dimensional space to a higher-dimensional space has zero Lebesgue measure.
We will construct such a map F whose image covers a portion of Dm. We can then
cover Dm with the images from a countable number of similar maps.

Let S be a stratification of Am ∩ ∂Am as provided by Assumption I, and let
S ∈ S have dimension j. According to Assumption I, SN ≡ PNS ⊂ ∂AmN

and
SÑ ≡ PÑS are smooth manifolds with dimensions which we denote by jN and jÑ ,
respectively. In general, dim(S) ≤ dim(SN )+dim(SÑ ), and in view of Assumption I,
dim(SÑ ) < n− nN . Therefore

(187) j ≤ jN + jÑ < jN + (n− nN ).

This inequality is the key to our result. For any α ∈ S, the normal cone NC(SN ,αN )
is a subspace of dimension nN − jN , and one can readily show that

(188) NC(AmN
,αN ) ⊂ NC(SN ,αN ) , α ∈ S.

We can therefore proceed with the proof by considering the set

(189) Km ≡
⋃
S∈S

⋃
α∈S

K(α) ⊃ (Rexp
m ∩ ∂Rexp

m ) ∪ Dm,
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where the affine spaces

(190) K(α) ≡ r(α) +
N
NC(SN ,αN ) , α ∈ S,

are constructed by attaching NC(SN ,αN ) to r(α) ∈ r(S) ⊂ Rexp
m ∩ ∂Rexp

m .
Let U ⊂ S be the nonempty intersection of S with a bounded open ball in R

n.
Because S is a manifold, there exists a smooth diffeomorphism τ : U → R

j such that
τ(U) is the open unit disk D

j . Define a second mapping V : U → R
nN×(nN−jN ) such

that V(α) is a matrix whose (nN − jN ) columns are vectors in R
nN that form a basis

for NC(S,αN ). Since S is smooth, this basis can be chosen to vary smoothly over
α ∈ U . Then by using τ and V, define F : R

j × R
nN−jN → R

n by

(191) F (y,b) ≡ r(τ−1(y)) +
N

V(τ−1(y)) · b.

In view of Assumption II, F is smooth, and by (187), j + (nN − jN ) < n. Thus,
by [18, Proposition 1.2], the image F (Dj×R

nN−jN ) =
⋃

α∈U K(α) has zero Lebesgue
measure. Because measure is countably subadditive, repeating this argument for each
j-ball U in a countable cover of S and then for each S ∈ S shows that Km has zero
Lebesgue measure. Since Dm ⊂ Km, Dm also has zero Lebesgue measure, and since
Rm\Km ⊂ intRexp

m , intRexp
m and Rm have the same closure. (Otherwise, there would

exist an open set of positive measure contained in Km.) Therefore Dm ⊂ ∂Rexp
m .

6.6. Examples. We will assume that Assumptions I and II hold in the following
examples.

1. Junk’s example. The case mN = |v|N has been studied in [20, 21, 31], partic-
ularly when N = 4. For general N ,

(192) AmN
= {αN ∈ R : αN ≤ 0} and ∂AmN

= {0}.

If ρ ∈ Rm and aN (ρ) = 0, then aN−1(ρ) = 0 as well; otherwise, Ga(ρ) /∈ Fm.
With this fact in mind, we conclude from Corollary 15 that Ga(ρ) is actually
the minimizer of H subject to fewer constraints:

(193) H(Ga(ρ)) = min
g∈Fm

{
H(g) : 〈mjg〉 = ρj , j ≤ N − 2

}
.

Let m̄ contain the components of m of degree N̄ ≡ N − 2 and less:

(194) m̄ ≡ (m0,m1, . . . ,mN−2)
T
,

and let the variables ρ̄ and ᾱ and the functions r̄ and ā be defined similarly.
For this example,

(195) Am ∩ ∂Am ⊂ {α ∈ R
n : ᾱ ∈ Am̄ , αN−1 = 0 , αN = 0},

but these two sets are not necessarily equal, since the latter may include α
for which Gα ∈ Fm̄, but Gα �∈ Fm. However, one may readily conclude that
Gα ∈ Fm for all ᾱ ∈ intAm̄. Hence,

(196) {α ∈ R
n : ᾱ ∈ intAm̄, αN−1 = 0, αN = 0} ⊂ Am ∩ ∂Am.

Let S be a stratification of Am∩∂Am. The projection of any manifold S ∈ S
onto ∂AmN

is the origin in R
nN , so the normal cone attached to α ∈ S is

just the nonnegative axis:

(197) NC(AmN
, αN ) = {σN ∈ R : σN ≥ 0} = A◦mN

.
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Therefore

(198) Dm = {ρ : ρN > rN (α), α ∈ Am ∩ ∂Am} .

Because AmN
is one-dimensional, the inequality in (198) is scalar.

If N = 4, the situation simplifies further, because intAm̄ = Am̄ and the
inclusion in (195) becomes an equality. In addition, Rm̄ = Rexp

m̄ and r̄ is a
diffeomorphism on all of Am̄. Therefore

Dm = {ρ : ρN > rN (α), ᾱ ∈ Am̄, αN = αN−1 = 0}
=

{
ρ : ρN > rN (0, 0, ā(ρ̄)), ρN−1 = rN−1(0, 0, ā(ρ̄)), ρ̄ ∈ Rm̄

}
.(199)

The components rN (0, 0, ā(ρ̄)) and rN−1(0, 0, ā(ρ̄)) are simple to compute
since r(0, 0, ā(ρ̄)) =

〈
mGā(ρ̄)

〉
and ā(ρ̄) has an explicit formula when N̄ = 2.

(See the examples in section 5.3.)
2. A non-Junkian example. The situation becomes more complicated when mN

includes polynomials other than |v|N , because the inequality constraints from
the relaxed minimization problem (20) are no longer scalar. The simplest
example of this type occurs when

(200) mN = (v ∨ v) |v|N−2.

We examine in detail the two-dimensional case (d = 2) and write αN ∈ AmN

in the form of a symmetric matrix:

(201) αN =

(
(αN )11 (αN )12
(αN )21 (αN )22

)
=

(
a + b c
c a− b

)
.

As a matrix, αN must be negative-definite. Thus, with respect to the (a, b, c)
coordinates, the set AmN

is a cone in R
3 that can be found in a high school

geometry text:

(202)
AmN

=
{

(a, b, c) ∈ R
3 : a ≤ −

√
b2 + c2

}
and ∂AmN

=
{

(a, b, c) ∈ R
3 : a = −

√
b2 + c2

}
.

Let S be the stratification of Am ∩ ∂Am, and let S ∈ S so that SN ∈ ∂AmN
.

The set ∂AmN
itself has a stratification T consisting of two manifolds: T1 is

the origin in R
3, and T2 is the remainder of the cone. We consider SN as a

subset of each manifold separately.
(a) αN ∈ T1. In this case, a = b = c = 0 and

(203) NC(AmN
,αN ) = A◦mN

= {αN : αN ≥ 0} .

The situation essentially reduces to the Junkian case. The fiber bundle
associated with S ⊂ {Am ∩ ∂Am : αN = 0} is

(204) B(S) =
{

ρ : ρN ≥A◦
mN

rN (α), α ∈ S
}
,

and if N = 4,

(205)
B(S) =

{
ρ : ρN ≥A◦

mN
rN (0, 0, ā(ρ̄)), ρN−1

= rN−1(0, 0, ā(ρ̄)), ρ̄ ∈ Rm̄} ,
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where ā(ρ̄) has an explicit formula. (See the examples in section 5.3.)
However, unlike the Junkian case, the inequalities in (204) and (205) are
no longer scalar. Rather, it must be understood in terms of the polar
cone A◦mN

.
(b) αN ∈ T2. In this case a ≤ − |b| < 0. In the (a, b, c) coordinates,

NC(AmN
,αN ) is a ray:

(206) NC(AmN
,αN ) =

{
λ
(√

b2 + c2, b, c
)

: λ ≥ 0
}
,

which can then be reexpressed in terms of the components of αN by
inverting (201). The bundle associated with any S ⊂ {α ∈ Am ∩ ∂Am :
αN �= 0} is
(207)
B(S) =

{
ρ : ρN = rN (α) + NC(AmN

,αN ),ρj = rj(α), j < N ,α ∈ S
}
.

The set Dm is the union of sets of the form B0(S) = B(S)\r(S), where B(S) is a
bundle of the type given in (204) or (207).

One should note from these examples that our ability to identify degenerate
densities is currently limited by our inability to explicitly identify the elements of
Am ∩ ∂Am. However, because the set AmN

is semialgebraic, one should presumably
be able to compute NC(AmN

,αN ) for any given α ∈ Am ∩ ∂Am, even though such
computations will likely be much more tedious than in the examples given above.

7. Conclusions and discussion. We have given in this paper a description
of the set Dm of degenerate densities based on a geometric interpretation of the
complementary slackness conditions associated with the dual formulation of (20).
Roughly speaking, the set Dm is constructed by attaching a convex cone to every
point in the boundary component ∂Rexp

m ∩Rexp
m . This description recovers and extends

previous results concerning the constrained entropy minimization problem.
Analytically, we see three important open questions that must be solved. First,

one must determine if Assumptions I and II hold in a setting that is more general
than the examples in (182). Concerning Assumption I, this means understanding the
structure of the set of polynomials p for which v 
→ p(v)ep(v) is Lebesgue integrable.
For example, do the coefficients of such polynomials form a semialgebraic set? Sec-
ond, it must be determined whether the sets Rexp

m and Rm are invariant under the
dynamics of the balance law (12) with the entropy-based closure. (Although not dis-
cussed in this paper, such a condition on Rm is obviously necessary for entropy-based
closures to have any practical application.) Finally, it must be determined whether
the existence of degenerate densities and the dynamics of (12) near such densities are
simply artifacts of the entropy-based closure or if they actually reflect some physically
relevant properties of the original Boltzmann equation (2).

Numerically speaking, a full implementation of entropy-based closures for gas
dynamics faces many challenges. (An implementation has been attempted in [34],
although the issue of degenerate densities was not addressed.) Clearly a discretization
of (12) must preserve any invariant properties of Rm and Rexp

m with respect to the
balance law (12). As pointed out in [20], even if Rexp

m is invariant under (12), solving
the dual optimization problem (74) becomes extremely difficult for ρ near Dm because
the function h∗ is very hard to evaluate. The reason for this is that, as α approaches
∂Am, the function Gα can develop isolated modes that are often overlooked in a
numerical quadrature. The result is a regularization effect in which accuracy is lost.
In addition, the matrix

〈
mmTGα

〉
becomes poorly conditioned near the boundary of
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Am. Any minimization algorithm for (74) must be carefully formulated in order to
overcome these challenges. Furthermore, as with the degenerate densities themselves,
one must determine if these difficulties are by-products of the closure or related in
some way to the dynamics of the Boltzmann equation.

Appendix. The purpose of this appendix is to provide the reader with a reference
for important notation used in the main body of the paper. We includes tables
of important sets and mappings (Tables 1 and 2) and also a diagram (Figure 1)

Table 1

A list of important sets and properties used in this paper. Properties in brackets are known to
hold under Assumptions I and II.

Set Lies in. . .
Defining
equation(s)

Important
properties

Fm L1(Rd) (15) Convex cone; closure is proper

Amj R
nj (44) Proper cone for j even

Am R
n (36) Proper cone

Am R
n (40)

int(Am) = R
n−nN × intAmN ;

cl(Am) = R
n−nN ×AmN ;

∂Am ⊂ R
n−nN × ∂AmN

Rm R
n (33)

Open, solid, convex cone;
Rm = intA◦

m

Rexp
m R

n (42)
Solid cone; in general, not
convex or open; Rexp

m ⊂ Rm;
[Rm ⊂ cl(intRexp

m )]

Dm R
n (34), (73)

Dm = Rm\Rexp
m ; cone;

[zero Lebesgue measure]

Table 2

A list of important functions and properties used in this paper.

Function Domain/Range
Defining
equation(s)

Important
properties

m R
d → R

n (8) Polynomial components; see (21)

H Fm → R ∪ {∞} (4), (47)
Strictly convex and
bounded below on Fm

Gα Am → Fm (38) Positive; convex on Am

r Am → Rexp
m (41)

Bijective on Am;
diffeomorphic on intAm;
derivative of h∗ on intAm

a Rm → Am (55)
Continuous on Rm;
diffeomorphic on intRexp

m ;
a ◦ r is identity on Am

h Rm → R (14), (19), (20), (115)
Convex, differentiable on Rm;
strictly convex on intRexp

m ;
Legendre dual of h∗ on intAm;

h∗ Am → R (39)

Strictly convex; directionally
differentiable on Am;
differentiable on intAm;
Legendre dual of h on intAm;
generally not continuous
at ∂Am ∩ Am

L Fm × R
n ×Rm

→ R ∪ {∞} (74)
Strictly convex with respect
to first argument

ψ
R
n ×Rm

→ R ∪ {−∞} (75)
Strictly concave;
ψ(α,ρ) = αT ρ − h∗(α)
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Fig. 1. A commutative diagram summarizing mappings and relationships between important sets.

emphasizing the relationships between different sets. Recall that a cone is proper
when it is closed, pointed, convex, and has a nonempty interior (see section 2.2).
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INPUT-OUTPUT MODEL EQUIVALENCE OF SPIN SYSTEMS: A
CHARACTERIZATION USING LIE ALGEBRA HOMOMORPHISMS∗

FRANCESCA ALBERTINI† AND DOMENICO D’ALESSANDRO‡

Abstract. In this paper, we consider the problem of model equivalence for quantum systems.
Two models are said to be (input-output) equivalent if they give the same output for every admissible
input. In the case of quantum systems, we take as output the expectation value of a given observable
or, more generally, a probability distribution for the result of a quantum measurement. We link
the input-output equivalence of two models to the existence of a homomorphism of the underlying
Lie algebra. In several cases, a Cartan decomposition of the Lie algebra su(N) is useful to find
such a homomorphism and to determine the classes of equivalent models. We consider in detail the
important cases of two level systems with a Cartan structure and of spin networks. In the latter case,
complete results are given generalizing previous results to networks of spin particles with arbitrary
values of the spins. In treating this problem, we give independent proofs of some instrumental results
on the subalgebras of su(N).

Key words. quantum control systems, parameter identification, Lie algebraic methods, spin
systems
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1. Introduction. Structural properties of quantum systems recently have been
the subject of investigation with methods of control theory. Appropriate definitions
of controllability and observability of quantum systems have been given and practical
conditions for checking these properties have been proposed (see, e.g., [1], [10], [17],
[23]). In many cases, the tools used are those of Lie algebra and Lie group theory.
Information on the properties of the dynamics is obtained by a study of the structure
of a Lie algebra associated with the system and how this relates to the particular
equations at hand. This geometric approach has proved useful not only to analyze
the dynamics but also to design control laws (see, e.g., [3], [21], [22], [13]). This
approach can also be used to study problems of parameter identification of quantum
systems, and this is the subject of the present paper.

The problem we shall study is the classification of models of quantum systems
whose behavior cannot be distinguished by an external observer. We shall call these
models (input-output) equivalent. This problem is motivated by several experimental
scenarios. In particular consider a molecule which is a network of particles with spin
with all the other degrees of freedom neglected. A model Hamiltonian is associated
with this system in which parameters modeling the interaction between particles as
well as the interaction with an external electromagnetic field are unknown. Also,
the initial state of the system might be unknown. In experimental scenarios such
as nuclear magnetic resonance and electron paramagnetic resonance, it is possible
to drive the system with a magnetic field and measure the expectation value of a
given observable, for example, the total spin in a given direction. The question of
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fundamental and practical importance is to what extent, with this type of experiments,
it is possible to distinguish between different models. As we shall see in this paper,
this question is related to the existence of a particular Lie algebra homomorphism
which maps one into the other the equations of the two models (definitions of Lie
algebra theory are given in section 3). Further motivation for this research can be
found in [27] where it was shown that thermodynamic methods commonly used to
identify the parameters of spin networks such as in molecular magnets [5], [8] are not
always adequate.

The main results of this paper are the solution of the model equivalence problem
for a class of two level systems in Theorem 2 and Theorem 7 where we completely
solve the problem of characterizing equivalent models for networks of spin. The latter
result generalizes results previously obtained in [2] and [11], which were proven only
for networks of spin 1

2 and 1’s, to networks of interacting spins of any value and where
the spin itself is an unknown parameter to be identified. The generalization given in
this paper is obtained through a Cartan decomposition technique recently presented
in [12] which helps in determining the homomorphism between equivalent models in
the form of a Cartan involution. In the process we shall prove a number of auxiliary
results (Theorems 4–6) on the structure of the Lie algebra su(N) and in particular on
its subalgebras. These results could be formulated in terms of representation theory
of Lie algebras (see, e.g., [18]), but we give here independent proofs which use only
linear algebra arguments.

The paper is organized as follows. In section 2, we describe the problem of model
equivalence for quantum systems. In section 3 we provide some background definitions
of Lie algebra theory and describe how the quantum mechanical models we consider
are related to mathematical notions in this theory. In section 4, we link the equivalence
of two models to the existence of an appropriate Lie algebra homomorphism. This is
the content of Theorem 1. In several cases the structure of the dynamics is related to
a Cartan decomposition of su(N) and suggests the form of such a homomorphism as
well as of the classes of equivalent models. We give a two level example in section 5
and treat the case of general spin networks in section 6. Instrumental to the solution
of the model equivalence problem for spin networks are some results of independent
interest concerning the existence of subalgebras of su(N) with specific features. The
proofs of these results are presented in section 7. Concluding remarks are given in
section 8.

2. The problem of model equivalence for quantum systems. Consider a
model Hamiltonian for a quantum system, H(t) := H(u(t)), where, in a semiclassical
description, the dependence on time is due to the interaction with classical external
fields, u := u(t), which play the role of controls. For every t, H(t) is a Hermitian
operator on a Hilbert space H. The state of a quantum system is described by a
density matrix ρ, i.e., a positive, trace one, Hermitian operator on H. The evolution
of the state of the system, ρ := ρ(t), is determined, other than by H, by the initial
state ρ(0) = ρ0. In particular, ρ is the solution of the Liouville’s equation,

(1) ρ̇ = [−iH, ρ],

with initial condition ρ(0) = ρ0. Here and in the following, for two matrices A
and B, the commutator [A,B] is defined as [A,B] := AB − BA. According to the
measurement postulate of quantum mechanics, with any measured quantity there is
associated an observable S which is a Hermitian operator on H. There are various
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types of measurements (see, e.g., [6]). Considering, for simplicity, a Von Neumann–
Lüders measurement,1 writing S in terms of orthogonal projections

(2) S :=
∑
j

λjΠj ,

the probability of having a result λj , when the state is ρ, is given by

(3) Pj := Tr(Πjρ).

As the probabilities Pj are the only information that can be gathered by an external
observer, we are motivated to ask what classes of models {H, ρ0} will give the same
probabilities, for any functional form of the control u. In other words, we ask what
classes of models are indistinguishable by experiments that involve driving the system
with controls, in a given set of functions, and measuring a given observable. These
models will be called (input-output) equivalent.

Remark 2.1. The term output for the probabilities (3) or for the expectation
value (4) below needs to be clarified. We have called output the information that can
be gathered measuring a given observable S. In particular, consider a large number
of identical systems. By measuring the observable S at a fixed time t and recording
the various results, we obtain the probabilities (3). Two models that have the same
probabilities (output) at any time t are exactly equivalent from the input-output point
of view, because a measurement of S on any of them will give exactly the same result
with exactly the same probability (or will have exactly the same expectation value if
that is what interests us). Therefore, while it is convenient to call the functions (3) and
(4) output and make a mathematical analogy with classical systems, the situation is
not the same as for classical systems. In particular, for classical systems it is possible
to monitor the output continuously. For quantum systems we consider measurements
that in practice happen only at one instant of time. However, we can still ask what
the classes of models would give at any time the same expectation value (output (4))
or the same result with the same probability (output (3)).2

It is appropriate to treat the case where the result of the measurement is the
expectation value of the measurable S, i.e.,

(4) y := Tr(Sρ).

Therefore, we take (4) as the output of the system. Not only is this the case in several
experimental situations, such as nuclear magnetic resonance, but it is not a significant
restriction as compared to the case where the probabilities (3) are considered. As the
structure of the output (4) is the same as that of the outputs (3), the passage from
the treatment for the expectation value to the one for probabilities corresponds to
extending a single output treatment to a multiple output treatment. This can be
accomplished without difficulties.

We need to assume some structure on the Hamiltonian H, in order to render
the problem of characterizing the classes of equivalent models tractable. This corre-
sponds to the passage from unstructured uncertainty to parametric uncertainty, often

1Natural extensions of what we shall say can be made to general measurements.
2Considering continuous measurements in quantum mechanics is possible and of interest in several

experimental scenarios. In these cases, however, the equations of the dynamics (1) have to be modified
to take into account the back-action of the measurement (see, e.g., [6]). These types of models will
not be considered here.
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discussed in identification theory (see, e.g., [26]). In particular, it is often the case
that the Hamiltonian H = H(u) has the bilinear form

(5) H := H0 +

m∑
j=1

Hjuj(t)

for some control functions u1, . . . , um, and internal Hamiltonian H0 and interaction
Hamiltonians Hj ’s, j = 1, . . . ,m. In this paper we shall consider only finite dimen-
sional models, and therefore H0, Hj , j = 1, . . . ,m, and ρ are Hermitian matrices of
finite dimension N ×N .

Remark 2.2. A classical problem in nonlinear control theory related to the one
considered here is the realization problem. In the relevant literature, one considers
a map from a space of input functions to a space of output functions. This map
can be given in an abstract way [20], [28], or through Volterra [7], [9], [14], [19] or
Fliess [15] series. Then conditions are given for the existence and uniqueness of a
dynamical model which implements the given input-output relations. An algorithm
for the construction of this model for bilinear systems on R

N is given, for example,
in [24]. In our case, the input-output map is already given as realizable with a
given class of models where only the parameters and the dimensions are unknown.
The problem is to characterize the class of equivalence of models giving the specified
input-output map. Therefore the problem considered here is essentially a uniqueness
problem in realization theory while the existence is already assumed. In this sense the
question treated here is more in the spirit of the work done in [4] for neural networks.
The a priori assumptions on the structure of the system allow us to obtain stronger
results. In particular, while in [20], [28] (under a suitable hypothesis) the realization
is proved to be unique up to a diffeomorphism, in the results of sections 5 and 6 we
shall give the explicit map between two different realizations of the same input-output
map and therefore the explicit construction of all the input-output equivalent models.
We notice that since the model (1), (5), (4) is bilinear, we could have followed a
different approach by looking at the input-output map associated with the system,

transforming the system into a system on R
N2

, where N2 is the dimension of the
space of Hermitian matrices, and applying the results of [24]. This, however, does not
seem to be the most natural approach. In fact, in doing this, we would have hidden
some of the structure of the problem, as, for example, the fact that the linear map for
the dynamics in (1) is given in terms of the commutator with a Hermitian matrix.

3. Lie algebra theory and modeling of quantum systems. In this paper
we are interested in matrix Lie algebras over the real field, i.e., real vector spaces of
matrices closed under the commutator. Particularly important Lie algebras for us are
the Lie algebra of skew-Hermitian N × N matrices, which is denoted by u(N), and
the Lie algebra of skew-Hermitian N × N matrices with trace equal to zero, which
is denoted by su(N). Accordingly the spaces of Hermitian matrices and Hermitian
matrices with zero trace will be denoted by iu(N) and isu(N), as their elements
are obtained from those of u(N) or su(N) by multiplication by the imaginary unit
i :=

√
−1. In general, we shall often use the notation iL to denote a subspace of iu(N)

corresponding to a subspace L of u(N) (or vice versa). All the spaces are inner product
spaces when equipped with the inner product 〈A,B〉 := Tr(AB∗). A subalgebra L of
u(N) is a subspace of u(N) which is also a Lie algebra. To every matrix Lie algebra
L is associated a Lie group which is the group generated by elements eA with A
in L equipped with the structure of an analytic manifold. We shall denote this Lie
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group by eL. The Lie group associated with u(N) (su(N)) is the Lie group of unitary
matrices (with determinant equal to 1) and is denoted by U(N) (SU(N)).

In the model Hamiltonian (5) it is often true that H0 and the Hj ’s belong to two
orthogonal complementary subspaces of iu(N) corresponding to a Cartan decompo-
sition [16] of u(N). These are two orthogonal subspaces iK and iP such that the
corresponding subspaces of u(N), K and P, satisfy3

(6) u(N) = K ⊕ P

and the commutation relations

(7) [K,K] ⊆ K, [K,P] ⊆ P, [P,P] ⊆ K.

If L and L′ are two (matrix) Lie algebras, a homomorphism φ is a linear map
φ : L → L′, which preserves the commutation operation, i.e., φ([A,B]) = [φ(A), φ(B)],
where the commutators on the left and right are calculated in L and L′, respectively.
If L and L′ are two inner product spaces, associated with every linear map φ is a
dual map φ∗ which is a linear map L′ → L defined by the property 〈A, φ(B)〉L′ =
〈φ∗(A), B〉L, where the inner product 〈·, ·〉L′ (〈·, ·〉L) is defined on L′ (L). A bijective
homomorphism is called an isomorphism. An isomporphism is called an automorphism
if L = L′. An automorphism θ is called a Cartan involution if θ2 is the identity map.
Associated with every Cartan decomposition satisfying (7) is a Cartan involution θ
such that K and P are the +1 and −1 eigenspaces of θ. The following simple example
illustrates these concepts.

Example 3.1. Consider the decomposition (6) of u(N) where K and P are the
subspaces of purely real and purely imaginary matrices, respectively. It is clear that
the commutation relations (7) are verified. Moreover, the associated Cartan involution
θ is the complex conjugation which leaves unchanged the elements in K and changes
the sign of the elements in P.

Another type of automorphism of (subalgebras of) u(N) is a conjugacy which
is defined as φP (A) := PAP ∗, where P is a unitary matrix and in particular such
that PP ∗ = P ∗P = 1, where 1 is the identity matrix. Notice that if K and P
define a Cartan decomposition of u(N) as in (6), PKP ∗ and PPP ∗ also define a
decomposition.

Up to conjugacies, there are three types of Cartan decompositions of u(N) labeled
AI, AII, and AIII. In a decomposition AI, K = so(N) and P = (so(N))⊥ up to
conjugacy. so(N) is the subalgebra of u(N) of real skew-symmetric matrices. This
is the decomposition presented in Example 3.1. In a decomposition AII, N is even
and K = sp(N/2) and P = (sp(N/2))⊥ up to conjugacy. sp(N/2) is the subalgebra
of u(N) of symplectic matrices, namely, matrices A satisfying AJ + JAT = 0, where
J is the matrix

J :=

(
0 1N/2×N/2

−1N/2×N/2 0

)
.

The third type labeled AIII is not relevant here (see [16] for details).

3In the literature (see, e.g., [16]) Cartan decompositions are defined for general semisimple Lie
algebras, and the results of Cartan parametrize all the possible decompositions for su(N). From
decompositions of su(N) one can obtain decompositions of u(N) by including multiples of the identity
in one of the two subspaces K or P. Although in the literature one often refers to decompositions of
su(N), we have preferred to define decompositions in terms of u(N) to ease notation.
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If the system is a multipartite system, every Hj , j = 1, . . . ,m, in (5) is a linear
combination of Hamiltonians modeling the interaction of each individual system with
the external field. In matrix notation, Hj is a linear combination of elements of the
type 1⊗ 1⊗ · · · ⊗ 1⊗ L⊗ 1⊗ · · · ⊗ 1, where L is a Hermitian matrix of appropriate
dimensions and all the other places are occupied by identities 1. Also, H0 is very often
a linear combination of elements modeling the interaction between two subsystems,
which can be written as tensor products of matrices equal to the identity, except in
two locations. In these cases, using the Cartan decomposition (6) described in the
recent paper [12] one finds that iH0 ∈ P and iHj ∈ K, j = 1, . . . ,m. Also if S is a
sum of observables on each individual subsystem, i.e., total spin angular momentum
(see, e.g., [25]), it can always be written as a sum of tensor products all equal to the
identity, except in one position. In these cases, iS ∈ K belongs to the subspace K of
the above Cartan decomposition of [12].4 We shall describe this structure in detail in
section 6 because it is the main feature we use for the solution of the input-output
equivalence problem.

According to the results in [1], [10], [17], [23], the controllability and observability
properties of system (1), (4), (5) depend on the Lie algebra L generated by iH0 and
iHj , j = 1, . . . ,m, i.e., the smallest subalgebra of u(N) containing these matrices. In
particular the set of states reachable from a density matrix ρ0 is given by

(8) Oρ0
:= {Xρ0X

∗ | X ∈ eL}.

If, for every ρ0, Oρ0
is the set of all the density matrices with the same spectrum

as ρ0, the system is called controllable. This is the case if and only if L = u(N) or
L = su(N). The system is observable if there are no pairs of states indistinguishable
by input-output experiments. This is the case if and only if

(9) isu(N) ⊆ OS := {XSX∗ | X ∈ eL}.

Controllability implies observability for nonscalar S [10].
In the following, we shall consider, as a standing assumption, only finite dimen-

sionality of the Hamiltonian H and the bilinear form (5) and will make precise the
assumptions on the (Cartan) structure of the Hamiltonian when needed.

4. Model equivalence and Lie algebra homomorphisms. Consider two
models with a Hamiltonian of the form (5) and an output of the form (4):

ρ̇ =

[
−i

(
H0 +

m∑
j=1

Hjuj

)
, ρ

]
, ρ(0) = ρ0, y = Tr(Sρ),(10)

ρ̇′ =

[
−i

(
H ′0 +

m∑
j=1

H ′juj

)
, ρ′

]
, ρ′(0) = ρ′0, y′ = Tr(S′ρ′).(11)

The following theorem links the existence of an appropriate Lie algebra homomor-
phism to the equivalence of the two models.

Theorem 1. Let N and N ′ be the dimensions of the two models (10), (11),
respectively. Let φ be a homomorphism, φ : u(N) → u(N ′), and φ∗ its dual with
respect to the standard inner product 〈A,B〉 := tr(AB∗). Assume

(12) −iH ′0 = φ(−iH0), −iH ′j = φ(−iHj), φ∗(iS′) = iS.

4Notice that the situation may be different if we consider the case of a single output given by
the expectation value (4) and the case of several outputs given by the probabilities in (3).
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Then if

(13) iρ′0 = φ(iρ0),

the models are equivalent. Vice versa, if the models are equivalent and (11) is observ-
able, then (13) holds.

Proof. Multiply (10) and (11) by i and then apply φ to the equation obtained
from (10). Combining the two resulting equations, using the first two of (12), we
obtain

(14)
d

dt
(iρ′ − φ(iρ)) =

[
φ(−iH0) +

∑
j

φ(−iHj)uj , iρ
′ − φ(iρ)

]
.

If (13) is verified, then iρ′(t) = φ(iρ(t)) for every t and for every control. Therefore
we have from the third one in (12),

(15) Tr(S′ρ′) = Tr(−iS′i(ρ′)) = Tr(−iS′φ(iρ)) = Tr(φ∗(−iS′)iρ) = Tr(Sρ),

and the two models are equivalent. Vice versa, assume that the two models are
equivalent. From (15), we have

(16) Tr(iS′(iρ′ − φ(iρ))(t)) = 0

for every t. Writing the solution of (14) as (iρ′ − φ(iρ))(t) = X(iρ′ − φ(iρ))(0)X∗,
where X is the solution of the (Schrödinger) operator equation

(17) Ẋ =

(
φ(−iH0) +

∑
j

φ(−iHj)uj

)
X, X(0) = 1,

we have

(18) Tr (X∗iS′X (iρ′0 − φ(iρ0))) = 0.

As the system (11) is observable, we have that X∗iS′X span all of su(n′), which
implies iρ′0 = φ(iρ0).

Summarizing, the theorem says that if the equation describing the dynamics is
related through a Lie algebra homomorphism φ, and under an observability condition,
then the two models are equivalent if and only if the initial states are related through
the same Lie algebra homomorphism φ. As we shall show in the remainder of the paper
(cf. also [2]), it is possible for cases of physical interest to give a stronger version of
Theorem 1. In particular, it is possible to show that the existence of a homomorphism
φ satisfying (12) is also necessary for equivalence of two models. Moreover, it is
possible to construct such a homomorphism. This way, we can characterize the class
of equivalent models. We shall do this for a two level example in the next section and
for general spin networks in section 6. In both cases we exploit a Cartan decomposition
underlying the dynamics of the models.

In general, more structure will have to be assumed to avoid trivial cases. For
example, if S = S′ is a scalar matrix, then every two models are equivalent. To avoid
this case, an appropriate extra assumption is the observability of the two models.
Also, we need to assume that the initial states are not both perfect mixtures (i.e.,
multiples of the identity); otherwise, with S = S′, the output for any two equivalent
models will be the same, independently of the dynamics. Moreover, −iHj and −iH ′j ,
j = 0, . . . ,m, may be generally assumed traceless, as the trace only adds an extra
common phase factor to the dynamics, which cannot be detected. We shall use these
assumptions in the following.
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5. Model equivalence of two level systems. Consider a spin 1
2 particle which

is driven by an electromagnetic control field along the z axis, interacts with a constant
unknown magnetic field along an (unknown) direction in the x-y plane, and has an
unknown initial state. The practical question is to what extent, by driving the system
with the control field and measuring the average value of the spin magnetization in the
z direction, it is possible to obtain information about the unknown parameters of the
system. This type of model has a Cartan structure which is shared by several other
models of physical interest and is instrumental in finding a homomorphism between
equivalent models. We describe this below.

The Lie algebra su(2), which is the relevant Lie algebra in the two level case, has,
up to conjugacy, only one Cartan decomposition which corresponds to the classical
Euler decomposition of the Lie group SU(2) [16]. This extends to a decomposition of
u(2) which can always be written as

(19) u(2) = K ⊕ P.

Here K and P satisfy the commutation relations in (7) and are given, up to conjugacy,
by

(20) K := span{iσz}, P := span{iσx, iσy, i12×2}.

Here, 12×2 is the 2 × 2 identity matrix and σx, σy, and σz are the Pauli matrices

(21) σx :=
1

2

(
0 1
1 0

)
, σy :=

1

2

(
0 i
−i 0

)
, σz :=

1

2

(
1 0
0 −1

)
,

which satisfy the commutation relations

(22) [iσx, iσy] = iσz, [iσy, iσz] = iσx, [iσz, iσx] = iσy.

The dynamical and output equations, for the above model of a spin 1
2 particle in an

electromagnetic field, can be written as

(23) ρ̇ = [A + iσzu(t), ρ], y = Tr(σzρ), ρ(0) = ρ0,

where ρ0 is an unknown initial density matrix and A := xiσx + yiσy, with x and
y unknown. This model has a Cartan structure in that A is in P and iσz (the
control and observation part) is in K, with K and P defined as in (20). We assume
x2+y2 
= 0 which implies controllability and therefore observability [10] for this model.
The following result characterizes all the classes of equivalent models in terms of Lie
algebra homomorphisms.

Theorem 2. Consider two models

ρ̇ = [A + iσzu(t), ρ], y = Tr(σzρ), ρ(0) = ρ0,(24)

ρ̇′ = [A′ + iσzu(t), ρ], y = Tr(σzρ
′), ρ′(0) = ρ′0,(25)

with ρ0 and ρ′0 not both equal to scalar matrices (representing perfect mixtures) and
A and A′ of the form

(26) A := xiσx + yiσy and A′ := x′iσx + y′iσy

for real parameters x, y, x′, y′. Assume

(27) x2 + y2 
= 0 and x′2 + y′2 
= 0.
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Then the two models are equivalent if and only if there exists an automorphism φ :
u(2) → u(2) with

(28) φ∗(iσz) = iσz

and

(29) A′ = φ(A), φ(iσz) = iσz, iρ′0 = φ(iρ0).

Proof. It is clear that if the automorphism φ exists, satisfying (28) and (29), the
two models are equivalent. This follows from a direct application of Theorem 1, with
(28) and (29) replacing (12) and (13). To prove the opposite, first notice that, from
the equivalence assumption, we have

(30) y(t) := Tr(σzρ(t)) = Tr(σzρ
′(t)) := y′(t)

for every t ≥ 0 and every admissible control.
We consider an automorphism φ of the type

(31) φ(L) := e−iασzLeiασz , L ∈ u(2),

as α varies in R.
Clearly (28) and the second equation of (29) are verified for any α ∈ R. Moreover,

(32) φ(A) = x̄iσx + ȳiσy,

with

(33)

(
x̄
ȳ

)
= Kα

(
x
y

)
,

and

(34) Kα :=

(
cos(α) sin(α)
− sin(α) cos(α)

)
.

Also, if we write

iρ0 := ρxiσx + ρyiσy + ρziσz +
1

2
i1,

iρ′0 := ρ′xiσx + ρ′yiσy + ρ′ziσz +
1

2
i1,

(35)

we have

(36) φ(iρ0) = ρ̄xiσx + ρ̄yiσy + ρ̄ziσz +
1

2
i1,

with

(37)

(
ρ̄x
ρ̄y

)
= Kα

(
ρx
ρy

)
.

Using the equivalence assumption (30) at t = 0, we obtain

(38) ρz = ρ′z.
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Moreover, differentiating (30), using the dynamical equations (24) and (25), we obtain

(39) Tr(ρ[σz, A]) = Tr(ρ′[σz, A
′]).

Writing this at time t = 0 and using the definitions (26) and (35) along with the
commutation relation for the Pauli matrices (22), we obtain

(40) ρyx− ρxy = ρ′yx
′ − ρ′xy

′.

Differentiating (39) and using the fact that the resulting equation has to be valid for
every value of the control, we obtain the two equations

(41) Tr(σz[A, [A, ρ]]) = Tr(σz[A
′, [A′, ρ′]])

and

(42) Tr(iσz[A, [σz, ρ]]) = Tr(iσz[A
′, [σz, ρ

′]]).

From (42), as for (40), we obtain

(43) xρx + yρy = x′ρ′x + y′ρ′y.

From (41), we obtain

(44) (x2 + y2)Tr(σzρ) = (x′2 + y′2)Tr(σzρ
′).

Using the fact that Tr(σzρ) is not always zero (because of the controllability condi-
tion (27))5 and (30), we have

(46) x2 + y2 = x′2 + y′2.

Therefore, for some α, we can write

(47)

(
x′

y′

)
= Kα

(
x
y

)
,

with Kα in (34), and this, compared with (33) and (32), gives the first term of (29).
To obtain the third term (with the same φ), we recall from (27) that x2 + y2 
= 0.
Letting J :=

(
0 1
−1 0

)
and using (47), we can write (40) and (43), respectively, as

[x, y]J [ρx, ρy]
T = [x, y]KT

α J [ρ′x, ρ
′
y]

T ,(48)

[x, y][ρx, ρy]
T = [x, y]KT

α [ρ′x, ρ
′
y]

T .(49)

Since KT
α commutes with J , we can write these as

(50)

(
[x, y]J
[x, y]

)
[ρx, ρy]

T =

(
[x, y]J
[x, y]

)
KT

α [ρ′x, ρ
′
y]

T .

5From controllability (27), we cannot have

(45) Tr(σzρ(t)) ≡ Tr(σzρ
′(t)) ≡ 0

for every control. This would mean that, for every reachable evolution operator X, the solution of the
(Schrödinger) operator equation Ẋ = (A+ iσzu)X, with X(0) = 1, X∗σzX, would be orthogonal to
ρ0. However, because of controllability, X may attain all the values in SU(2), and therefore X∗σzX
span, as X varies, may attain all of isu(2). Therefore, X∗σzX is always orthogonal to ρ0 only if ρ0

is a multiple of the identity, which we have excluded.
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Since

x2 + y2 = −det

(
[x, y]J
[x, y]

)

= 0,

we can write

(51) [ρ′x, ρ
′
y]

T = Kα[ρx, ρy]
T ,

and therefore

(52) [ρ′x, ρ
′
y] = [ρ̄x, ρ̄y],

which along with ρ′z = ρz gives

(53) iρ′ = φ(iρ).

This concludes the proof of the theorem.
Remark 5.1. The proof of the above theorem also gives the explicit form of the

homomorphism relating two equivalent models.

6. Model equivalence of spin networks.

6.1. A set of models of spin networks. We consider a network of n particles
with spin that interact according to Heisenberg interaction. In particular, we denote
the spin of the jth particle by lj and by Nj := 2lj + 1 the dimension of the Hilbert
space for the state of the jth particle. The dimension of the Hilbert state space
associated with the entire network is N :=

∏n
j=1 Nj . The class of Hamiltonians we

consider is of the form

(54) H(t) := i (A + Bxux(t) + Byuy(t) + Bzuz(t)) ,

where A, modeling the Heisenberg interaction among the particles, and Bx,y,z, mod-
eling the interaction with external fields, are given by

A := −i

n∑
k<l, k,l=1

Jkl(Ikx,lx + Iky,ly + Ikz,lz),

Bv := −i

(
n∑

k=1

γkIkv

)
for v = x, y, or z,

(55)

respectively. Here and in the following we denote by Ik1v1,...,krvr
, for 1 ≤ k1 < · · · <

kr ≤ n and vj ∈ {x, y, z}, the N × N matrix which is the Kronecker product of n
matrices where in the jth position we have the Nj ×Nj identity if j /∈ {k1, . . . , kr},
while if j = ks we have the Nj × Nj representation of the vs component of spin
angular momentum for a particle with spin lj . Such matrices are given by the Pauli
matrices (21) in the case where lj = 1

2 and can be calculated for every value of the spin
(see, e.g., [25, section 3.5]). For convenience of the reader, and since these matrices
will be used several times in the following, we give their explicit form in Appendix B.
With some abuse of notation, we shall continue denoting these matrices by σx, σy,
and σz without explicit reference to the value of the spin. Therefore, for instance, we
have that for a system of three spin,

(56) I1x,3y := σx ⊗ 1 ⊗ σy
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is the Kronecker product of three matrices. σx is the representation of the spin
angular momentum in the x direction for the first spin (dimension N1 × N1), σy is
the representation of the spin angular momentum in the y direction for the third spin
(dimension N3 × N3), and the matrix 1 is the identity matrix for the second spin
(dimension N2 × N2). In all dimensions, the matrices σx, σy, and σz have several
properties we shall use in the following. In particular, they satisfy the commutation
relations (22) and

(57) σ2
x + σ2

y + σ2
z = lj(lj + 1)1Nj×Nj

(see, e.g., formula (3.5.34a) in [25]).
The real scalar parameter Jkl in (55) is the exchange constant between particle k

and particle l, and the real scalar parameter γk is the gyromagnetic ratio of particle k.
We assume that the spins of the network have all nonzero and different gyromagnetic
ratios. We can associate a graph with the model, where each node represents a particle
and an edge connects two nodes if and only if the corresponding exchange constant
is different from zero. It is not difficult to see that if the model is controllable, then,
necessarily, this graph is connected. We shall assume this to be the case. Moreover,
controllability implies observability for every output of the form (4) where S is a
nonscalar matrix [10]. In our case, we presume to measure the expectation values of
the total magnetization in the x, y, and z directions given as in (4), where S is one
of the matrices:

(58) Sv :=

n∑
k=1

Ikv with v ∈ {x, y, z}.

Remark 6.1. We have chosen to model the interaction between spins with Heisen-
berg interaction of the form A in (55) because we have in mind applications to molec-
ular magnets as described in [27], which was the first motivation for this research.
The Heisenberg interaction is the most common model of interaction between spins
when relativistic effects (and higher order terms) are neglected (see, e.g., [29]). How-
ever, other types of interaction can be more appropriate for modeling the interaction
between spins for other systems. If we consider two-body interaction, the proof of
Theorem 7 still holds in the first half but the computations in the second half use
explicitly the form of the interaction.

A model of the type described above will be denoted by Σ := Σ(n, lj , Jkl, γk, ρ0),
where the parameters n, lj , Jkl, γk, ρ0, which determine the model, are unknown. We
will assume to have two controllable models Σ and Σ′ := Σ′(n′, l′j , J

′
kl, γ

′
k, ρ
′
0) which

satisfy the previous requirements, and we look for necessary and sufficient conditions
for these two models to be equivalent. We shall mark with a prime, ′, all the quantities
concerning the system Σ′.

6.2. Relevant homomorphism of u(N). In [12] a method was described to
construct a Cartan decomposition of the Lie algebra su(N) for a multipartite system,
starting from decompositions of the Lie algebras su(Nj) associated with the single
subsystems, each of dimension Nj , with N :=

∏n
j=1 Nj . In particular, we have the

following result.
Theorem 3 (see [12, section 5]). Consider a multipartite system with n sub-

systems of dimensions N1, . . . , Nn. Consider the Lie algebra u(Nj) related to the jth
subsystem and a Cartan decomposition

(59) u(Nj) = Kj ⊕ Pj
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of type AI or AII. Denote by σj (Sj) a generic element of an orthogonal basis of
iKj (iPj). Let the (total) Lie algebra u(N1N2 · · ·Nn) be decomposed as

(60) iu(N1N2 · · ·Nn) = Io ⊕ Ie.

Io (Ie) is the vector space spanned by matrices which are the tensor products of an
odd (even) number of elements of type σj. Then u(N1N2 · · ·Nn) = iIo ⊕ iIe is a
Cartan decomposition, i.e.,

(61) [iIo, iIo] ⊆ iIo, [iIo, iIe] ⊆ iIe, [iIe, iIe] ⊆ iIo.

The decomposition (60) is called a decomposition of the odd-even type.
Associated with Cartan decomposition (61) is a Cartan involution φ which is the

identity on iIo and multiplication by −1 on iIe. The structure of system (54) and (55)
suggests that it is possible to choose this Cartan involution as a homomorphism
mapping the equations of two equivalent models as in (12). In fact, assume that
there is the same number of subsystems (spin particles) in the two models and that
corresponding subsystems have the same dimensions (namely, the same spin). If we
can display a decomposition (59) of type AI or AII for every (spin) u(Nj) such that
iσx,y,z ∈ Kj , then, for every value of the parameters, it holds that Bx,y,z(

′) ∈ iIo and
A(′) ∈ iIe. As shown in Theorems 4–6 following, decompositions of this type exist.
We shall see in the following subsection that the Cartan involution associated with
an odd-even type of Cartan decomposition is the correct homomorphism to describe
classes of equivalent spin networks. In fact, not only are models which are related
by such a homomorphism equivalent (according to Theorem 1) but the opposite is
true as well. In other words, two equivalent models are either exactly the same or are
related through such a homomorphism.

The following three theorems show the existence of a decomposition (59) of u(Nj)
of type AI or AII where the subalgebra Kj contains the matrices iσx, iσy, and iσz.

Equivalently, they show the existence of a subalgebra of sp(
Nj

2 ) (type AII) or so(Nj)
(type AI) conjugate to the Lie algebra spanned by iσx, iσy, and iσz. The proofs
are presented in the following section. We shall see that the situation is different for
integer and half-integer spins.

Theorem 4. If the dimension Nj of the system is even (half-integer spin (Fer-

mions)), there exists a subalgebra of sp(
Nj

2 ) conjugate to the Lie algebra spanned by
iσx, iσy, and iσz.

Theorem 5. If the dimension Nj of the system is odd (integer spin (Bosons)),
there exists a subalgebra of so(Nj) conjugate to the Lie algebra spanned by iσx, iσy,
and iσz.

Theorem 6. If the dimension Nj of the system is even (half-integer spin (Fer-
mions)), there is no subalgebra of so(Nj) conjugate to the Lie algebra spanned by iσx,
iσy, and iσz.

6.3. Necessary and sufficient conditions for model equivalence. In this
subsection we shall prove the equivalence result concerning models of spin networks.
This is given by the following theorem.

Theorem 7. Let Σ := Σ(n, lj , Jkl, γk, ρ0) and Σ′ := Σ(n′, l′j , J
′
kl, γ

′
k, ρ
′
0) be two

given models (see (54), (55)). Assume that both models are controllable, that for model
Σ (Σ′), all the γk (γ′k) are nonzero and different from each other, and that ρ0 and ρ′0
are not both scalar matrices. Then Σ is equivalent to Σ′ i.e.,

(62) yv(t) := Tr(Svρ(t)) ≡ y′v(t) := Tr(S′vρ
′(t)) for v ∈ {x, y, z}
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and for every control ux, uy, uz, if and only if the following condition holds:
Condition (∗):

1. n = n′,
Up to a permutation of the set {1, . . . , n} (i.e., a permutation
of the indices for the particles), the following three conditions
hold:

2.

γk = γ′k,

3.

(63) lk = l′k,

and
4. one of the following two conditions holds:

(a)

(64) A = A′ and ρ0 = ρ′0.

(b) Given the Cartan involution φ associated with the decom-
position of the odd-even type as from Theorem 3 (see also
Remark 6.2 below),

(65) A′ = φ(A) and iρ′0 = φ(iρ0).

Remark 6.2. The simplest way to describe the Cartan involution φ associated
with the odd-even decomposition is in terms of its action on the subspaces iIo and
iIe defined in Theorem 3; that is, φ leaves unchanged the elements of iIo and mul-
tiplies by −1 the elements of iIe. Io and Ie are defined in terms of the Cartan
decompositions on the single subsystems. In our case, this is done according to The-
orems 4 and 5. In particular consider the jth subsystem and assume that it has
even dimension. Then with the unitary transformation U defined in (87), u(Nj) has
the Cartan decomposition (59) of type AII, with Kj , given by Kj := U∗sp(Nj/2)U
and Pj = U∗sp(Nj/2)⊥U . Analogously if the jth system has odd dimension, one
considers the unitary transformation U defined in (92). Then u(Nj) has the Car-
tan decomposition (59) of the type AI, with Kj , given by Kj := U∗so(Nj)U , and
Pj = U∗so(Nj)

⊥U . According to Theorems 4 and 5, in both cases iσx,y,z are in Kj .
If we call σj a generic element of iKj , Io (Ie) is spanned by an odd (even) number
of σj ’s. Notice in particular that in the model (55), A ∈ iIe and Bv ∈ iIo, so that φ
changes the sign of A and leaves the Bv’s unchanged.

Theorem 7 says that, under appropriate controllability assumptions, two equiva-
lent models for spin networks are equivalent if and only they have the same number of
particles, corresponding particles have the same spin, and their dynamical models and
initial states are either exactly the same or are related through the Cartan involution
associated with a decomposition of the odd-even type. In practical terms, given a
general spin network, by driving the network with an external electromagnetic field
and measuring the total spin in the x, y, and z direction, it is, in principle, possible
to identify the number of particles, their spin, the gyromagnetic ratios of every spin,
and the exchange constants only up to a common sign factor, if the initial state is
not known. The proof that Condition (∗) implies equivalence is an application of the
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general property of Theorem 1. The proof that equivalence implies Condition (∗) is
considerably longer. However, several results can be obtained with proofs that are
formal modifications of the ones presented in [2] for the special case of spin 1

2 parti-
cles. We shall focus on the new part of the proof needed to generalize to the case of
unknown spins:

Condition (∗) implies equivalence.

It is clear that if Condition (∗) holds with (64), then the two models differ possibly
only by a permutation of the indices of the particles. So they are equivalent. Assume
now that Condition (∗) holds with (65) and assume for simplicity (and without loss
of generality) that the permutation of indices is the trivial permutation. Let φ be the
Cartan involution associated with the decomposition of the odd-even type. We notice
that

(66) φ∗(iSv) = iSv = iS′v, v = x, y, z.

In fact, given any C ∈ u(N), we can write C = Co +Ce, with Co ∈ iIo and Ce ∈ iIe.
It holds that

Tr(φ∗(iSv)C) := Tr((iSv)φ(C)) = Tr((iSv)(Co −Ce)) = Tr((iSv)Co) = Tr((iSv)C),

which, since it has to hold for every C, gives (66). Equations (65) and (66) imply
that (12) of Theorem 1 holds. Since we also have (13), from (65) we conclude that
the two models are equivalent using Theorem 1 as follows.

Equivalence implies Condition (∗).

The technique used in [2] to prove this result for networks of spin 1
2 particles

extends to the general case treated here. However, further analysis is required in this
case, in particular to prove that equivalent spin networks have the same values of the
spins, while in [2] it was assumed that the networks were composed by all spin 1

2 ’s.
The main reason why the proof in [2] can be extended to this case is that the basic
commutation relations, which were the essential ingredient of the proofs in [2], still
hold. More precisely, the matrices σx, σy, and σz still satisfy, for every value of the
spin, the commutation relations (22). This fact implies that it also holds that

(67)
[
Ik1v1,...,krvr , Ik̄vk̄

]
=

⎧⎨
⎩

0 if k̄ /∈ {k1, . . . , kr},
0 if ∃j with k̄ = kj and vk̄ = vj ,

iIk1v1,...,kj [vjvk̄],...,krvr
if ∃j with k̄ = kj and vk̄ 
= vj

independently of the values of the spins.6

Assume now that the two models Σ and Σ′ are equivalent. Then, using exactly the
same arguments as in the proof of Proposition 4.1 of [2], we obtain that the number
of the spin particle must be the same, namely, n = n′, and, up to a permutation of
the indices, γk = γ′k for all k ∈ {1, . . . , n}, which is parts 1 and 2 of Condition (∗).
Moreover, as in Proposition 4.1 of [2], we obtain

(68) Tr(Ikvρ(t)) = Tr(I ′kvρ
′(t)) ∀k ∈ {1, . . . , n}, ∀v ∈ {x, y, z}.

6In the notation used here [vv̄] give a result in agreement with the commutator of iσv

and iσv̄ (cf. (22)). Therefore, for example, [xy] := z. Moreover, Ik1v1,...,kj(−vj),...,krvr :=
−Ik1v1,...,kj(vj),...,krvr .
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Here I ′kv is defined as Ikv but for Σ′ and, at this point, it may be different from Ikv
since we have not shown yet that corresponding spins must be equal. To prove this
fact, we shall use Lemma 8 below. The proof of this lemma is a generalization of
the proof of Lemma 5.2 in [2], where we use the general property (57) instead of the
corresponding property for spin 1

2 ’s. We postpone this proof to Appendix A.
Lemma 8. Assume that for all t ≥ 0, all possible trajectories ρ(t) of Σ, and

corresponding ρ′(t) of Σ′, for fixed values 1 ≤ k1, . . . , kr ≤ n, vj ∈ {x, y, z} and for
given constants β and β′, we have

(69) βTr (Ik1v1,...,krvrρ(t)) = β′Tr
(
I ′k1v1,...,krvr

ρ′(t)
)
.

Then
1. for any pair of indices k̄, d̄ ∈ {1, . . . , n} with k̄ ∈ {k1, . . . , kr} and d̄ /∈

{k1, . . . , kr},

(70) βJk̄d̄Tr
(
Ik1v1,...,krvr,d̄v̄ρ(t)

)
= β′J ′k̄d̄Tr

(
I ′k1v1,...,krvr,d̄v̄

ρ′(t)
)

for any value v̄ ∈ {x, y, z}.
2. For any pair of indices k̄, d̄ both in {k1, . . . , kr} (for example, k̄ = k1, d̄ = k2),

β(ld̄(ld̄ + 1))Jk̄d̄Tr (Ik1v1,k3v3,...,krvrρ(t))

= β′(l′d̄(l
′
d̄ + 1))J ′k̄d̄Tr

(
I ′k1v1,k3v3,...,krvr

ρ′(t)
)
.

(71)

In other words, formula (71) means that from (69), it is possible to derive a new
formula as follows. Select two indices in the set {k1, . . . , kr}, k̄ and d̄. One of the two
indices (say, d̄) disappears from the subscript in the matrices I and corresponding I ′.
However, a coefficient ld̄(ld̄ +1) and l′

d̄
(ld̄ +1) appears in the left- and right-hand side,

respectively, as well as a coefficient Jk̄d̄ and J ′
k̄d̄

.

Analogously, for formula (70) one selects two indices k̄ and d̄ corresponding to two
given particles, with k̄ ∈ {k1, . . . , kr} and d̄ /∈ {k1, . . . , kr}. Jk̄d̄ and J ′

k̄d̄
denote the

coupling constants between the k̄th and d̄th particle in the two models. Formula (70)
is in fact three formulas, one for each value of v̄ = x, y, z.

We shall now prove that, under the assumption of equivalence, the squares of the
exchange constants Jdk and J ′dk must be proportional, with a proportionality factor
common to all pairs of indices d and k, and this will also be instrumental in the proof
of part 3 of Condition (∗).

Fix any 1 ≤ k1 < k2 ≤ n. Then, by applying statement 1 of Lemma 8, i.e.,
(70) with k̄ = k1, d̄ = k2, to (68) with k = k1, we have

(72) Jk1k2
Tr (Ik1v1,k2v2

ρ(t)) = J ′k1k2
Tr

(
I ′k1v1,k2v2

ρ′(t)
)

∀ v1, v2 ∈ {x, y, z}.

Now, to the previous equality we apply statement 2 of Lemma 8, i.e., (71) with k̄ = k1

and d̄ = k2, to get

(lk2(lk2 + 1))J2
k1k2

Tr (Ik1v1ρ(t)) = (l′k2
(l′k2

+ 1))J
′2
k1k2

Tr
(
I ′k1v1

ρ′(t)
)
,

which, by (68), implies

(73) (lk2(lk2 + 1))J2
k1k2

= (l′k2
(l′k2

+ 1))J
′2
k1k2

.

Using the facts that the two indices k1 and k2 above are arbitrary and that the graph
associated with the network is connected, by the controllability assumption (cf. the
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discussion at the end of subsection 6.1) it is easy to see that there exists a positive
constant α ∈ R such that, for all 1 ≤ d < k ≤ n,

(74) J2
dk = α2J ′

2
dk and lk(lk + 1) =

1

α2
l′k(l
′
k + 1).

Using (74), we can now prove part 3 of Condition (∗). We will do this using some
lemmas and arguing by contradiction. First, notice that from (74), we have that if
there exists a k̄ ∈ {1, . . . , n} such that lk̄ = l′

k̄
, then necessarily α2 = 1, and thus

lj = l′j for all j = 1, . . . , n, namely, all the particles have the same spin. So if we
assume that (63) does not hold, without loss of generality, we can assume l1 > l′1.
Using (74), we get that lj > l′j for all j = 1, . . . , n, and thus also Nj > N ′j . Let

R := N
N1

=
∏n

j=2 Nj and R′ := N ′

N ′
1

=
∏n

j=2 N
′
j .

Lemma 9. For all t ∈ R and all the admissible trajectories ρ and corresponding
trajectories ρ′, we have

Tr
(
(eiσzt ⊗ 1R×R)I1v(e

−iσzt ⊗ 1R×R)ρ(s)
)

= Tr
(
(eiσzt ⊗ 1R′×R′)I ′1v(e

−iσzt ⊗ 1R′×R′)ρ′(s)
)(75)

for all s ≥ 0.
Proof. First, we notice that from the Campbell–Baker–Hausdorff formula, we

have

(76) (eiσzt ⊗ 1R×R)I1v(e
−iσzt ⊗ 1R×R) =

∞∑
k=0

(
adkiσz⊗1R×R

I1v

) tk

k!
∀v ∈ {x, y, z}

and an analogous equation for Σ′. Moreover, by applying Lemma 11 in Appendix A,
with W = I1v, W

′ = I ′1v, and k = 1, v = z, we have

Tr
(
adiσz⊗1R×R

I1vρ(s)
)

= Tr
(
adiσz⊗1R′×R′ I

′
1vρ
′(s)

)
.

Now we can apply again Lemma 11 to the previous equality to get

Tr
(
ad2

iσz⊗1R×R
I1vρ(s)

)
= Tr

(
ad2

iσz⊗1R′×R′ I
′
1vρ
′(s)

)
.

By applying this procedure repeatedly we obtain

Tr
(
adkiσz⊗1R×R

I1vρ(s)
)

= Tr
(
adkiσz⊗1R′×R′ I

′
1vρ
′(s)

)
for all k ≥ 0. Using this in (76), equation (75) follows.

The proof of the following lemma is given in Appendix A.
Lemma 10. The following formula holds:

(77) (eiσzt ⊗ 1R×R)I1x(e−iσzt ⊗ 1R×R) := PN1(t) ⊗ 1R×R,

where the matrix PN1(·) is periodic with period 2π. Moreover,

(78) PN1(π) = −PN1(0) = −σx.

Using Lemmas 9 and 10, we can now conclude the proof that the spins are the
same. Let ρ̄(s) ⊗ 1R×R (resp., ρ̄′(s) ⊗ 1R′×R′) be the orthogonal component of ρ(s)
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(resp., ρ′(s)) along σx ⊗ 1R×R (resp., σx ⊗ 1R′×R′). Using (77), equality (75) with
v = x can be written as

(79) Tr (PN1
(t)ρ̄(s))R = Tr

(
PN ′

1
(t)ρ̄′(s)

)
R′.

Since we have assumed by contradiction R > R′, from (79) we have for every t,

(80) Tr (PN1(t)ρ̄(s)) < Tr
(
PN ′

1
(t)ρ̄′(s)

)
.

Now we will derive a contradiction by evaluating the previous inequality at t = 0 and
t = π and using (78). In fact we have

Tr (PN1(0)ρ̄(s)) < Tr
(
PN ′

1
(0)ρ̄′(s)

)
,

and thus

Tr (PN1(π)ρ̄(s)) = −Tr (PN1(0)ρ̄(s)) > −Tr
(
PN ′

1
(0)ρ̄′(s)

)
= Tr

(
PN ′

1
(π)ρ̄′(s)

)
.

The previous inequality contradicts (80). Thus we conclude that l1 = l′1, which implies
that (63) holds.

Since the two equivalent models Σ and Σ′ have the same spin, the positive constant
α in (74) is equal to one. Therefore, for every pair d, k ∈ {1, . . . , n}, Jdk and J ′dk only
differ possibly by the sign factor. Using the same argument as in the main theorem
of [2] we can in fact conclude that there are only two possible cases: The case where
Jdk = J ′dk for every pair d, k, and the case where Jdk = −J ′dk for every pair d, k. If we
are in the first case, then from the observability (which follows from controllability)
of the model, we must have ρ0 = ρ′0, and thus (64) holds. This is case (a) of part 4
of Condition (∗). On the other hand, if J ′kd = −Jkd for every pair 1 ≤ k < d ≤ n, we
may conclude using Theorem 1. In fact we consider the homomorphism φ given by
the Cartan involution associated with the odd-even decomposition as in the previous
part of the proof. Conditions (12) hold, and thus, since the models are equivalent and
observable, we get that

iρ′0 = φ(iρ0),

and thus (65) holds. This concludes the proof of the theorem.

7. Proofs of Theorems 4–6. In the proofs of Theorems 4 and 5, we shall use
the following two types of elementary k × k matrices:

Ck = diag(−1, 1,−1, . . . , (−1)k), Tk = adiag(1, 1, 1, . . . , 1) =

⎛
⎜⎜⎜⎝

0 · · · 0 1
0 · · · 1 0
...

...
...

...
1 0 · · · 0

⎞
⎟⎟⎟⎠ .

(81)

Thus, the matrix Ck is diagonal with alternating elements while Tk is antidiagonal
with all ones on the secondary diagonal and zeros everywhere else. Obvious properties
of these matrices are the following:

(82) C2
k = T 2

k = 1k×k, Tk = TT
k .
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We are interested in the action of these matrices by similarity transformation on
diagonal and tridiagonal k× k matrices.7 In particular, let us denote by D a generic,
real, diagonal, k× k matrix and by F a generic, real, k× k, tridiagonal matrix which
is also symmetric and has zero diagonal; thus F will be of the type

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 a1 0 0 · · · 0
a1 0 a2 0 · · · 0
0 a2 0 a3 · · · 0
...

...
...

...
...

...
0 0 · · · ak−2 0 ak−1

0 0 · · · 0 ak−1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

If Ma denotes the antitransposed of M , namely, the matrix obtained by reflecting
about the secondary diagonal, we can easily verify the following properties:

1.

(83) CkDCk = D, CkFCk = −F,

2.

(84) TkDTk = Da, TkFTk = F a.

Remark 7.1. In the proofs of Theorems 4 and 5 below we do not need to write
explicitly the matrices σx, σy, and σz, which are the representation of the x, y, and z
components of spin angular momentum; nevertheless we need to write their structure.
This structure is given by (85) and (86) for half-integer spin and by (90) and (91)
for integer spin (see, e.g., [25, section 3.5] and Appendix B). In both proofs we make
the explicit computation only for iσx and iσz; this is possible since the third of the
commutation relations (22) gives iσy = [iσz, iσx].

Now we are ready to prove Theorems 4 and 5.
Proof of Theorem 4. The matrices iσz and iσx have (for every value of the spin)

the following structure:

iσz = i

(
D 0
0 −Da

)
,(85)

iσx = i

(
F P
PT F a

)
,(86)

where F and D have the structure above specified with k :=
Nj

2 , and P is a k×k real
matrix of all zeros except in the (k, 1)st position. Now use

(87) U :=

(
Ck 0
0 Tk

)
,

which is orthogonal and therefore unitary.
We calculate, using the first terms of (83) and (84),

(88) iσ̃z := UiσzU
∗ = i

(
D 0
0 −D

)
.

7A matrix F is tridiagonal if fij = 0 when |i− j| > 1.
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Moreover, using the second terms of (83) and (84), we have

(89) iσ̃x := UiσxU
∗ = i

(
−F CkPTk

TkPCk F

)
.

It is easily seen that iσ̃z and iσ̃x are symplectic by observing that CkPTk is a real
symmetric matrix (only the (k, k)th element is different from zero). Therefore sp(

Nj

2 )
contains a subalgebra conjugate to the one spanned by iσx and iσz, and therefore iσy

and the theorem is proved.
We now proceed to the proof of Theorem 5.
Proof of Theorem 5. In this case we set k :=

Nj−1
2 . The matrix iσz has the form

(90) iσz := i

⎛
⎝−D 0 0

0 0 0
0 0 Da

⎞
⎠ ,

with D of dimension k × k. Moreover, iσx has the form

(91) iσx := i

⎛
⎝F v 0
vT 0 wt

0 w F a

⎞
⎠ ,

where F is as above and v (w) is a vector of dimension k with only the last (the first)
component different from zero, and the components different from zero are equal for
v and w. We use the unitary matrix

(92) U :=

⎛
⎜⎝

i√
2
Ck 0 (−1)k i√

2
Tk

0 1 0
1√
2
Tk 0 1√

2
Ck

⎞
⎟⎠ ,

which is easily seen to be unitary by (81) and (82). We calculate

iσ̃z := UiσzU
∗(93)

= i

⎛
⎝ 1

2 (TkD
aTk − CkDCk) 0 i

2 ((−1)kTkD
aCk − CkDTk)

0 0 0
i
2 (TkDCk − (−1)kCkD

2Tk) 0 1
2 (CkD

aCk − TkDTk)

⎞
⎠ .

Using the first terms of (83) and (84), we find that the diagonal blocks are zero. More-
over, the remaining elements of the matrix are real so that iσ̃z is real. Analogously,
we calculate

iσ̃x := UiσxU
∗(94)

= i

⎛
⎜⎝

1
2 (CkFCk + (−1)2kTkF

aTk)
i√
2
(Ckv + (−1)kTkw) i

2 (CkFTk + (−1)kTkF
aCk)

∗ 0 1√
2
(vTTk + wTCk)

∗ ∗ 1
2 (TkFTk + CkF

aCk)

⎞
⎟⎠ ,

where we have denoted by ∗ the components that can be obtained from the require-
ment that the matrix is skew-Hermitian. Now the (1, 1) and (3, 3) blocks are zero from
the second terms of properties (83) and (84), while the (2, 3) block is zero because of
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the structure of the vectors v and w. All the other blocks are purely real matrices so
that iσ̃x is also in so(N), and this completes the proof.

We now give the proof of the negative result in Theorem 6.
Proof of Theorem 6. Assume that there exists a matrix X ∈ SU(Nj) such that

XiσxX
∗ := R̃x,(95)

XiσyX
∗ := R̃y,(96)

XiσzX
∗ := R̃z,(97)

with R̃x, R̃y, and R̃z in so(Nj). Then we can use the AI Cartan decomposition of
SU(Nj) [16] to write X as

(98) X = K1AK2,

with K1 and K2 in SO(Nj) and A diagonal, i.e.,

(99) A := diag

(
eiφ1 , . . . , e

iφNj
2

)
.

Therefore we can write

(100) K1AK2iσx,y,zK
T
2 ĀKT

1 = R̃x,y,z,

or, defining Rx,y,z := KT
1 R̃x,y,zK1, which is also real skew-symmetric, we can write

(101) K2iσx,y,zK
T
2 = ĀRx,y,zA.

The real matrices Rx,y,z must satisfy the same basic commutation relations (22)
of iσx, iσy, and iσz and have the same eigenvalues of iσx, iσy, and iσz, namely, for
a (half-integer) spin j,±ji,±(j + 1)i, . . . ,± 1

2 i. We now study the structure of Rx,y,z

in (101) and get a contradiction with these facts.
First notice that, since A is diagonal as in (99), the action of A on the right-

hand side of (101), namely, R → ĀRA, changes the (real) element rjk of R into
rjke

−i(φj−φk). Since the entries on the left-hand side of (101) are either all purely
imaginary or all purely real, if φj − φk is not a multiple of π

2 , then we must have
rjk = 0. Consider the indices 1, . . . , Nj and let O be the set of indices k such that
φ1 −φk is an odd multiple of π

2 and E the set of indices k such that φ1 −φk is an even
multiple of π

2 , and N the set of indices k such that φ1 − φk is not an integer multiple
of π

2 .
From (101) it follows that since iσy is real, the terms rjk of Ry, where j and

k belong to different sets, must be zero because in that case ei(φj−φk) in (99) has
a nonzero imaginary part. Therefore only the elements rjk, where both j and k
belong to O or E or N , are possibly different from zero. Therefore after possibly
reordering rows and columns, which corresponds to a similarity transformation by a
permutation matrix, Ry must be of block diagonal form, and without loss of generality
and for simplicity we shall assume only two blocks (rather than three). Therefore we
write

(102) Ry :=

(
Y11 0
0 Y22

)
,
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where Y11 has dimensions no×no with no the cardinality of O, and Y22 has dimension
(Nj −no)× (Nj −no). Both Y11 and Y22 are skew-symmetric matrices. An analogous
argument shows that, after possibly the same reordering of column and row indices,
Rz can be written as

(103) Rz :=

(
0 Z12

−ZT
12 0

)
,

where Z12 is a general matrix of dimensions no × (Nj − no).
Now consider the possible values for no. no odd is to be excluded because this

would cause detY11 = 0 in (102), and this contradicts the fact that Ry has no zero

eigenvalues. Moreover, no 
= (Nj − no) (i.e., no 
= Nj

2 ) would cause Rz to have a
determinant equal to zero. This can be easily verified by calculating

(104) det(R2
z) = (detRz)

2 = det

(
−Z12Z

T
12 0

0 −ZT
12Z12

)

since, in this case, at least one of the matrices on the diagonal blocks does not have
full rank. These considerations already exclude the cases where

Nj

2 is an odd number
as for spins 1

2 , 5
2 , 9

2 , etc., and we can assume Ry and Rz of the form (102) and (103)

with no =
Nj

2 . To obtain a contradiction in this case too, we first notice that, since
Y11 and Y22 have even dimension and are skew-symmetric, we can apply a similarity
transformation T :=

(
T1 0
0 T2

)
, with T1 and T2 orthogonal so that TRyT

T is block
diagonal,

(105) TRyT
T =

(
D1, D2, . . . , DNj

2

)
,

where the 2 × 2 block Dk has the form

(106) Dk :=

(
0 lk

−lk 0

)
,

where each lk corresponds to a pair of complex conjugate eigenvalues of Ry so that
lk = p

2 with p odd corresponds to the pair ±p
2 i. Moreover, we choose T so that

the first
Nj

4 blocks are ordered according to the increasing value of lk, and the same

holds for the last
Nj

4 blocks. We shall therefore assume this structure of Ry in the
remainder of the proof. We notice also that the transformation TRzT

T does not
change the structure of Rz, as Z12 in (103) was chosen to be a general

Nj

2 × Nj

2 real

matrix. Express Z12 in terms of 2×2 blocks Lfk, f, k = 1, . . . ,
Nj

4 , k =
Nj

4 +1, . . . ,
Nj

2 ,

which is possible since
Nj

2 is an even number. Now, we impose the fact that Ry and
Rz have to satisfy the same commutation relations as iσy and iσz. In particular, we
must have

(107) [[Ry, Rz], Ry] = Rz.

This equation gives the following for the Lfk block:

(108) 2DfLfkDk − LfkD
2
k −D2

fLfk = Lfk.

If we write the generic Lfk as

(109) Lfk :=

(
a1 a2

a3 a4

)
,
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and recall the structure of Df and Dk,

(110) Df :=

(
0 lf

−lf 0

)
, Dk :=

(
0 lk

−lk 0

)
,

we obtain the following equations for a2 and a3 (and analogous equations for a1

and a4):

2lklfa3 = (1 − l2f − l2k)a2,(111)

2lklfa2 = (1 − l2f − l2k)a3.(112)

Combining these, we obtain

(113) 4l2kl
2
fa3 = (1 − l2k − l2f )2a3,

which shows, taking the square root of both sides, that the only possible ways to have
a3 and therefore a2 different from zero are the cases lf + lk = ±1. In these cases we
can easily see that

(114) a3 = −a2.

Similarly, one finds that we have a4 and a1 in (109) different from zero if and only if
lf + lk = ±1, and in these cases we have

(115) a1 = a4.

In conclusion, all the blocks Lfk are zero except the ones corresponding to indices f
and k with neighboring values of lf and lk, which have the structure

(116) Lfk :=

(
x y
−y x

)
.

Therefore Rz has the form in (103) where the fth block row of Z12 has at most two
blocks different from zero and with the structure in (116). We denote these blocks
by Pf and Sf , where P (S) stands for “predecessor” (“successor”) and corresponds
to the index k such that lk = lf − 1 and lk = lf + 1, respectively. Now, we argue
that a matrix Rz with this structure must necessarily have all the (purely imaginary)
eigenvalues with multiplicity at least two, and this gives the desired contradiction
because Rz should have the same spectrum of iσx,y,z, which consists of all simple
eigenvalues. In order to see this fact, reconsider the block structure of Ry in (105). If
the blocks corresponding to eigenvalues ± 1

2 i and ± 3
2 i belong to the same half, then

the corresponding matrix Rz will have a two-dimensional block row (or column) equal
to zero, and therefore 0 will be an eigenvalue with multiplicity at least 2. Therefore we
can assume that these two blocks belong to two different halves, and by the ordering
we have imposed they must be the first ones of each half. Assume that the block
corresponding to ± 1

2 i is in the first half. If this is not the case, consider the transpose
of Rz and repeat the arguments that follow. It is possible to choose a block diagonal
similarity transformation

(117) U := diag
(
G1, G2, . . . , GNj

4

, F1, F2, . . . , FNj
4

)
,
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with all the Gf ’s and Ff ’s being 2 × 2 orthogonal matrices so that URzU
T has the

same structure as before, but all the matrices Pj and Sj are scalar matrices. We
construct the matrix U proceeding by block rows. The first block row contains only
S1, as 1

2 has no predecessors. All the zero blocks remain zero and S1 is transformed
into

(118) G1S1F
T
1 .

We choose F1 = 12×2 and G1, which has the general form

(119) G1 :=

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
,

so that sin(θ)x + cos(θ)y = 0 if S1 :=
( x y
−y x

)
. This will give a scalar matrix. At the

generic fth block row, we have at most two nonzero blocks Pfk and Sfb, where we
now use an extra index k and b to indicate the block column to which they belong.
They transform into

(120) Pfk → GfPfkF
T
k

and

(121) Sfb → GfSfbF
T
b ,

respectively, while all the other blocks remain zero. If Fk has not been chosen before,
we set Fk = 12×2. In any case, we choose Gf as before to make GfPfkF

T
k a scalar

matrix. We then choose Fb to make GfSfbF
T
b a scalar matrix. Gf and Fb had not

been chosen at previous steps. This is obvious for Gf and follows by an induction
argument for Fb since all the F matrices chosen before the fth step correspond to
predecessors and successors with (column) indices strictly less than b (recall that in the
two halves of the matrix Ry the blocks are arranged in increasing order of (absolute
value of) eigenvalue). In conclusion, modulo the similarity transformation defined by
U in (117), we can assume that Rz has the form

(122) Rz = K ⊗ I2×2,

where K is a skew-symmetric
Nj

2 × Nj

2 matrix. By known results on the eigenvalues
of the Kronecker products of two matrices, it follows that the eigenvalues of Rz are
the same as those of K, each with multiplicity at least 2. This gives the desired
contradiction and concludes the proof of the theorem.

8. Conclusions. This paper has presented a collection of mathematical results
concerning the input-output equivalence of quantum systems. Models that are equiv-
alent cannot be distinguished by an external observer and therefore the determination
of parameters in a quantum Hamiltonian can be obtained only up to equivalent mod-
els. Motivated by recent results on the isospectrality of quantum Hamiltonians [27]
in molecular magnets, we have completely characterized the classes of spin networks
which are equivalent. In several cases, the characterization of equivalent models can
be obtained through a Lie algebra homomorphism, which is suggested by a Cartan
structure of the underlying dynamics.

We believe many of the results and the concepts presented in this paper for quan-
tum systems could be generalized to classes of systems relevant in other applications
with both dynamics and output linear in the state. This will be the subject of further
research.
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Appendix A: Additional results and proofs. The proof of the following
lemma can be obtained with a formal modification of the proof of Lemma 4.4 in [2]
and is therefore omitted.

Lemma 11. Let Σ and Σ′ be two equivalent models. If W and W ′ are two given
Hermitian matrices such that

(123) Tr(Wρ(t)) = Tr(W ′ρ′(t))

for every pair of corresponding trajectories ρ(t) and ρ′(t), then it also holds that

(124) Tr([W, Ikv]ρ(t)) = Tr([W ′, I ′(k)v]ρ
′(t)) ∀k ∈ {1, . . . , n}, ∀v ∈ {x, y, z},

up to a permutation of the indices.8

Proof of Lemma 8. We first state a lemma whose proof can be obtained from the
proof of Lemma 5.1 in [2] and then proceed to the proof of Lemma 8.

Lemma 12. Assume that for all t ≥ 0, all the possible trajectories ρ(t) of Σ and
corresponding ρ′(t) of Σ′, for fixed values 1 ≤ k1, . . . , kr ≤ n, and fixed vj ∈ {x, y, z},
we have

(125) Tr (Ik1v1,...,krvr
ρ(t)) = Tr

(
I ′k1v1,...,krvr

ρ′(t)
)
.

Then
1. equation (125) holds for any possible choice of the values of vj ∈ {x, y, z};
2.

Tr
([[

iId̄vd̄ , [iIk̄vk̄
, A]

]
, Ik1v1,...,krvr

]
ρ(t)

)
= Tr

([[
iI ′d̄vd̄

, [iI ′k̄vk̄
, A′]

]
, I ′k1v1,...,krvr

]
ρ′(t)

)(126)

for all the indices 1 ≤ d̄ 
= k̄ ≤ n and every {vd̄ 
= vk̄} ∈ {x, y, z}.
We now proceed to the proof of Lemma 8. First notice that from Lemma 12, it

is enough to prove (70) and (71) for a particular choice of {vj} and v̄. Moreover, we
have, for d̄ > k̄,

(127) [iId̄z, [iIk̄x, A]] = −Jk̄d̄iIk̄z,d̄x.

1. By applying Lemma 12 (equation (126)) to (69) and using (127) we get:
(128)

βTr
([
−Jk̄d̄iIk̄z,d̄x, Ik1v1,...,krvr

]
ρ(t)

)
= β′Tr

([
−J ′k̄d̄iI

′
k̄z,d̄x, I

′
k1v1,...,krvr

]
ρ′(t)

)
.

We may assume, without loss of generality, that k̄ = kj and vj = x. In this case we
have

−Jk̄d̄
[
Ik̄z,d̄x, Ik1v1,...,krvr

]
= Jk̄d̄iIk1v1,...,kjy,...,krvr,d̄x.

Combining the previous equality with (128), equation (70) follows easily.
2. Using the same procedure, we obtain again (128), but now both indices k̄

and d̄ are in {k1, . . . , kr}. Assume, for example that k1 = k̄ and k2 = d̄, and take
vk1

= vk2
= x.

8This permutation is the same and fixed for all the results in which it is mentioned.
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Now we have

(129) [Ik1z,k2x, Ik1x,k2x,...,krvr
] = Ik1y,k2x2,k3v3,...,krvr

,

where, with this notation, we mean that in the k2th position we have the matrix σ2
x.

Thus, combining (128) and (129), we get

(130) βJk1k2
Tr

(
Ik1y,k2x2,k3v3,...,krvr

ρ(t)
)

= β′J ′k1k2
Tr

(
I ′k1y,k2x2,k3v3,...,krvr

ρ′(t)
)
.

Using the same procedure, we conclude that

(131) βJk1k2Tr
(
Ik1y,k2y2,k3v3,...,krvr

ρ(t)
)

= β′J ′k1k2
Tr

(
I ′k1y,k2y2,k3v3,...,krvr

ρ′(t)
)

and

(132) βJk1k2Tr
(
Ik1y,k2z2,k3v3,...,krvr

ρ(t)
)

= β′J ′k1k2
Tr

(
I ′k1y,k2z2,k3v3,...,krvr

ρ′(t)
)
.

Adding together (130), (131), and (132) and using (57), we get

β(lk2(lk2+1))Jk1k2Tr (Ik1y,k3v3,...,krvrρ(t)) = β′(l′k2
(l′k2

+1))J ′k1k2
Tr

(
I ′k1y,k3v3,...,krvr

ρ′(t)
)
,

as desired.
Proof of Lemma 10. We recall the formulas (77) and (78) to be proved, i.e.,

(133) (eiσzt ⊗ 1R×R)I1x(e−iσzt ⊗ 1R×R) := PN1(t) ⊗ 1R×R,

where the matrix P (·) is periodic with period 2π, and

(134) PN1(π) = −PN1(0) = σx.

The proof can be done directly by computing the matrix above. This is simplified by
the fact that the matrix σz is always a diagonal matrix. We will give an outline of the
argument when l1 is a half-integer spin. The idea is to use the representations for the
matrices σz and σx given by (85) and (86). The case of integer spin can be derived
similarly starting with the representations given by (90) and (91).

Using (85) and (86), we obtain

(135) eiσztiσxe
−iσzt =

(
eiDtFe−iDt eiDtPeiD

at

eiD
atPT e−iDt e−iD

atF aeiD
at

)
.

The properties of the matrices D, P , and F are described in section 7. Moreover,
D = diag(j, j−1, . . . , 1

2 ) for a half-integer spin j. By using these properties, it follows
that all the time-dependent terms in (135) are of the form eit. Thus matrix (135) is
periodic of period 2π. The fact that the dependence is of type eit, in turn, implies
that (133) and (134) hold.

Appendix B: Matrix elements of spin angular momentum operator.
For a spin l, the matrices σx,y,z are of dimensions 2l+ 1. It is convenient to label the
rows and columns by the index −l,−l + 1, . . . , l − 1, l. With this convention we have
that σz is diagonal, and in particular,

(σz)m,s := mδms, m, s = −l,−l + 1, . . . , l − 1, l.
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σx and σy are defined through the matrices J+ and J− as

σx :=
J+ + J−

2
, σy :=

J+ − J−
2i

with

(J+)m,s :=
√

(l −m)(l + m + 1)δs(m+1), m, s = −l,−l + 1, . . . , l − 1, l,

(J−)m,s :=
√

(l + m)(l −m + 1)δ(s+1)(m), m, s = −l,−l + 1, . . . , l − 1, l.
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GLOBAL SMOOTH SOLUTIONS OF THE QUASI-LINEAR WAVE
EQUATION WITH INTERNAL VELOCITY FEEDBACK∗

ZHI-FEI ZHANG† AND PENG-FEI YAO†

Abstract. We study the existence of global smooth solutions for the quasi-linear wave equation
by an internal local damping when initial data are close to a given equilibrium. Our interest is in
studying the structure of the damping region, which guarantees the existence of global solutions.
Our results show that the structure of the damping region depends on the geometric properties of a
Riemannian metric, based on the coefficients and the equilibrium of the system. Some geometrical
conditions are presented to obtain the damping region.

Key words. quasi-linear wave equation, Riemannian metric, internal velocity feedback
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1. Introduction and main results. Let n ≥ 2 be an integer, Ω ⊂ Rn be a
bounded open set with smooth boundary Γ, and

a(x, y) = (a1(x, y), a2(x, y), . . . , an(x, y))

be a smooth mapping from Ω ×Rn to Rn with

a(x, 0) = 0 , x ∈ Ω ,(1.1)

such that (aij(x, y)) is symmetrical and

(aij(x, y)) > 0 ∀ (x, y) ∈ Ω ×Rn ,(1.2)

where aij = aiyj are the partial derivatives of ai with respect to the variable y. Let

f(x, s): Ω ×R → R be a smooth function such that

f(x, 0) = 0 , x ∈ Ω .(1.3)

We consider the following problem:

ü(t, x) − diva(x,∇u) + f(x, u̇) = 0 in (0,+∞) × Ω,(1.4)

u = w on (0,+∞) × Γ,

u(0, x) = u0(x), u̇(0, x) = u1(x) on (0,+∞) × Γ,

where w is an equilibrium solution, which satisfies

diva(x,∇w) = 0 , x ∈ Ω .(1.5)
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It is well known that solutions to the problem (1.4) usually develop singularities
after some time even if initial data (u0, u1) are close enough to (w, 0) [11]. In this
paper we study what condition on f can guarantee that the problem (1.4) admits
global smooth solutions when initial data (u0, u1) are close enough to (w, 0). For this
purpose, we assume that f satisfies

fs(x, s) ≥ 0 , x ∈ Ω, |s| ≤ 1,(1.6)

where fs(x, s) = ∂f(x,s)
∂s .

Let

G = { x ∈ Ω | fs(x, 0) > 0} .(1.7)

We call G the damping region of the system (1.4). The structure of G reflects the
effect of the internal dissipation f . We seek geometric conditions on G such that
the problem (1.4) has global smooth solutions in time; moreover, we aim to establish
energy decay estimates. We note that G = Ω is one of the choices for such purposes
(see Theorems 1.1 and 1.2). However, we are particularly interested in the case where
G is not the whole domain Ω and is as small as possible in a technical sense. We
show that such geometric conditions depend closely on a Riemannian metric, given
by (1.10) below; see Corollaries 1.1–1.3. An example is presented at the end of this
section.

Problems like (1.4) have been extensively studied, and a wealth of results on
this subject is available in the literature. For bounded domains, see [2], [6], [8], [10],
[12], [13], [14], [15], [19], [20], [24], [25], [26], [28], [39]. For the Cauchy problem, see
[29], [30], [31], [40]. For exterior domains, see [21], [22], and the references therein.
Reference [14] proved the global existence of solutions for the Kirchhoff wave equation
with a boundary feedback. The piecewise multiplier method was introduced in [19] to
study the structure of the damping region. To cope with a principal part with variable
coefficients, the geometrical method was used in [8]. This method was introduced in
[34] for the controllability of the wave equation with variable coefficients and was
extended in [3], [4], [5], [16], [17], [18], [23], [32], [35], [36], and many others. For
a recent survey on the geometric method, see [9]. Very recently, this method was
used to study problems with quasi-linear principal parts in [37], [38], and the present
paper.

We state our main results in detail, and their proofs will be given in the subsequent
sections.

Let m ≥ [n2 ] + 3 be a given positive integer. Let w ∈ Hm(Ω) be an equilibrium
of the system (1.4).

Definition 1.1. We say that (u0, u1) ∈ Hm(Ω) × Hm−1(Ω) satisfies the com-
patibility conditions of m order with w if

u0|Γ = w|Γ , uk|Γ = 0 , 1 ≤ k ≤ m− 1 ,(1.8)

where for k ≥ 2,

uk = u(k)(0),(1.9)

as computed formally (and recursively) in terms of u0 and u1, using (1.4).
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Inspired by [7], we seek to find suitable geometric conditions on G such that the
problem (1.4) has solutions u(t, x) in

m⋂
k=0

Ck((0,+∞), Hm−k(Ω)),

if

(u0, u1) ∈ Hm(Ω) ×Hm−1(Ω)

are close to (w, 0) ∈ Hm(Ω)×Hm−1(Ω), and satisfies the compatibility conditions of
m order with w.

Let A(x, y) = (aij(x, y)) be the n × n matrix, given in (1.2), for each (x, y) ∈
Ω ×Rn. We define

g = A−1 (x,∇w(x)) , x ∈ Ω ,(1.10)

as a Riemannian metric on Ω and consider the couple (Ω, g) as a Riemannian manifold
with the boundary Γ. Here the metric g depends not only on the coefficients aij(·, ·)
but also on the equilibrium w. For each x ∈ Ω, the metric g induces the inner product
and the norm on the tangent space Rn

x = Rn by

g(X,Y ) =
∑
ij

gij(x)αiβj , |X|g = g(X,X)1/2 ,(1.11)

(gij(x)) = (aij(x,∇w(x)))
−1

, X =

n∑
i=1

αi
∂

∂xi
, Y =

n∑
i=1

βi
∂

∂xi
.(1.12)

We denote the covariant differential of the metric g by Dg. If H is a vector field on
Ω, then the covariant differential DgH of H is a two order tensor field defined by

DgH(X,Y ) = g(DgY H,X) , X, Y ∈ Rn
x , x ∈ Ω .

We make the following assumption:
(H) There exist ε > 0, α > 0, Ωi ⊆ Ω with C∞ boundary ∂Ωi and vector fields

Hi, i = 1, 2, . . . , I, such that Ωi ∩ Ωj = ∅ for 1 ≤ i < j ≤ I and

DgH
i(X,X) ≥ α|X|2g ∀X ∈ Rn

x , x ∈ Ωi ,(1.13)

G ⊇ Ω ∩Nε

[
I⋃

i=1

Γi
0

⋃(
Ω

∖ I⋃
i=1

Ωi

) ]
,(1.14)

where

Nε(S) =
⋃
x∈S

{ y ∈ Rn
∣∣ |y − x| < ε} , S ⊂ Rn, Γi

0 = {x ∈ ∂Ωi |Hi(x) · νi(x) > 0 } ,

and νi(x) is the unit normal of ∂Ωi at x in the metric g, pointing towards the exterior
of Ωi.

The results on the existence of short time solutions to the quasi-linear wave equa-
tion have been established in [7], [27]. Our first goal is to obtain the global smooth
solution in time and the decay of the energy under the above assumption (H).
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Theorem 1.1. Let equilibrium w ∈ Hm(Ω) be such that assumption (H) holds.
Suppose that (u0, u1) ∈ Hm(Ω)×Hm−1(Ω) satisfies the compatibility conditions of m
order with w. Then for (u0 − w, u1) small in Hm(Ω) × Hm−1(Ω), the system (1.4)
has a global solution u in

m⋂
k=0

Ck((0,+∞), Hm−k(Ω)) .

Theorem 1.2. Under the same assumptions as in Theorem 1.1, we have that the
energy of the problem (1.4) decays exponentially; that is, there exist positive constants
C > 0, k > 0 such that

E(t) ≤ Ce−kt , t ≥ 0 ,(1.15)

where E(t) = ‖u− w‖2
Hm(Ω) +

∑m
k=1 ‖u(k)‖2

Hm−k(Ω).

Since the set in the right-hand side of (1.14) is always a subset of Ω, the results in
Theorems 1.1 and 1.2 hold if the damping region is the closure of the whole domain,
that is, G = Ω. However, we are particularly interested in the case G �= Ω.

If there is just one vector field H such that the inequality (1.13) holds for all
x ∈ Ω, we can take I = 1 and Ω1 = Ω. In this case, to obtain global smooth solutions
and the decay of the energy, the damping region G need only be supported in a
neighborhood of Γ0, where

Γ0 = {x ∈ Γ | H(x) · ν(x) > 0 } .(1.16)

This roughly means that we can dig out almost the whole Ω from the domain Ω
and that the damping region is supported only in a neighborhood of a subset of the
boundary.

Suppose that the principal part in the problem (1.4) is linear, that is, diva(x,∇u)
= Δu; then

gij(x) = δij , x ∈ Ω,

g = · is the standard metric of Rn, and Dg = ∇ is the gradient of the standard
metric. Let x0 ∈ Rn be given. Then the vector field H(x) = x − x0 on Ω meets
condition (1.13) with α = 1. Thus, the damping region need only be supported in a
neighborhood of

Γ0 = {x ∈ Γ | (x− x0) · ν(x) > 0 } .

This is the case studied in [28].
The structure of the sets in (1.14) was given in [19] for the linear wave equation

with constant coefficients, where diva(x,∇u) = Δu, gij(x) = δij , and Dg = ∇.
Reference [19] also presents several examples where the number of the vector fields is
larger than one. The present form in a general metric g was used in [8] for the linear
wave equation, but with variable coefficients.

In general, whether there exists one vector field H satisfying estimate (1.13) on
the whole domain Ω largely depends on the sectional curvature of the Riemannian
metric g. We show that if the sectional curvature of the Riemannian metric g is
nonpositive, then such a vector field exists. More generally, we can always find a
finite number of vector fields Hi and suitable subsets Ωi ⊂ Ω such that the estimate
(1.13) holds. (See Corollary 1.2 below.)
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For x ∈ Ω let Π ⊂ Rn
x be a two-dimensional subspace. Denote by kx(Π) the

sectional curvature of the subspace Π at x under the Riemannian metric g. Let

κ = sup
x∈Ω,Π⊂Rn

x

kx(Π) .(1.17)

Let x0 ∈ Ω be given. Let ρ(x) = ρ(x, x0) be the distance function from x ∈ Ω to
x0 in the metric g. If g = · is the standard metric of Rn, then ρ(x) = |x − x0|. For
a general metric g, such as (1.10), the structure of ρ(x) is very complicated. For the
properties of this function, see any Riemannian geometry book, for example, [33]. We
define a vector field H(x, x0) on Ω by

H(x, x0) = ρ(x)Dgρ(x) , x ∈ Ω .(1.18)

If g = ·, then Dg = ∇ and H(x, x0) = x− x0.
We have the following.
Corollary 1.1. Suppose that κ ≤ 0. Then the results in Theorems 1.1 and 1.2

hold for initial data close to (w, 0) if the damping region G is supported in a neigh-
borhood of

Γ0 = {x ∈ Γ | H(x, x0) · ν(x) > 0 } .(1.19)

If κ > 0, one vector field satisfying (1.13) on the whole Ω does not exist in general.
A counterexample was given in [34]. But we can dig out a finite number of geodesic
balls with the radius ≤ π/2

√
κ from Ω and let the feedback region be supported in a

neighborhood of the remaining part of Ω. This is the following.
Corollary 1.2. Let κ > 0. Suppose that there are points xi ∈ Ω for 1 ≤ i ≤ I

such that

ρ(xi, xj) >
π√
κ
, 1 ≤ i, j ≤ I, i �= j .

Let B(xi, r0) and S(xi, r0) be the geodesic ball and the geodesic sphere centered at xi

with radius r0 in the metric g, respectively, where r0 < π/2
√
κ. Let Γi

0 = {x |x ∈
S(xi, r0), H(x, xi) · ν(x) > 0 }. If

G ⊇ Ω ∩Nε

[
I⋃

i=1

Γi
0

⋃ (
Ω

∖ I⋃
i=1

B(xi, r0

) ]
,

then the results in Theorems 1.1 and 1.2 hold for initial data close to (w, 0).
Since we can dig out from Ω as many as possible geodesic balls with radii small,

the following results are immediate.
Corollary 1.3. For ε > 0 given, we can choose a damping region G ⊂ Ω with

meas (G) < ε,

where meas (G) is the n-dimensional Lebesgue measure of G such that the results in
Theorems 1.1 and 1.2 hold for initial data close to (w, 0).

We consider next a dissipation much weaker than those studied in most papers.
See [14] for boundary feedbacks and see [24] for internal ones. Let f satisfy (1.6) and
let there exist constants r > 0 and c > 0 such that∣∣∣∣ ∂f∂xi

(x, s)

∣∣∣∣ ≤ c|s|2r−1, x ∈ Ω, s ∈ R, 1 ≤ i ≤ n.(1.20)
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Let G be defined in the following way: G consists of all the points x ∈ Ω for which
there are constants c(x) > 0 such that

f(x, s)s ≥ c(x)|s|β+2, s ∈ R,(1.21)

where β ≥ 0 is a fixed number; that is,

G = {x ∈ Ω | f(x, s)s ≥ c(x)|s|β+2, c(x) > 0 } .(1.22)

For the Kirchhoff wave system, as was studied in [14] and [24], the following
estimates are obtained. The energy of the first order decays as

‖u̇(t)‖L2(Ω) + ‖u(t)‖H1(Ω) ≤
C

(1 + t)2/β
,(1.23)

and the second order energy is just bounded as

‖ü(t)‖L2(Ω) + ‖u(t)‖H2(Ω) ≤ C.(1.24)

For the Kirchhoff system it is not clear whether or not a dissipation such as (1.21)
can make the energy of the second order decay at the same rate as in (1.23).

Since the Kirchhoff system has a local regularity in time in the space H2(Ω) ×
H1(Ω), a dissipation such as (1.21) ensures the existence of global H2(Ω) solutions
(1.24) and the decay of the first order energy (1.23). But, for the system (1.4) with
a general quasi-linear principal part, we have only a local regularity in Hm(Ω) ×
Hm−1(Ω) that is much higher, m ≥ [n2 ]+3. Roughly speaking, for existence of global
solutions to such systems with a local regularity in Hm(Ω) ×Hm−1(Ω), the energies
of all the orders from 1 to m − 1 should decay in the same way and the energy
of order m should be bounded. In the case (1.7), the energy of order m actually
decays exponentially. Since we do not know whether or not a dissipation such as
(1.21) makes the energies of order larger than one decay, we consider some special
quasi-linear principal parts to lower the local regularity to let (1.21) work.

We consider the problem

ü(t, x) −
n∑

ij=1

(
aij(x, ‖∇u‖2r)uxi

)
xj

+ f(x, u̇) = 0 in (0,+∞) × Ω,(1.25)

u = 0 on ∂D,

u(0, x) = u0(x) , u̇(0, x) = u1(x) on (0,+∞) × Γ,

where ‖ · ‖ is the L2(Ω) norm and r is a constant satisfying

r >
β + 1

2
.(1.26)

In the problem (1.25), we assume that aij(x, s) are smooth functions on Ω × R such
that the matrices A(x, s) = (aij(x, s)) are symmetrical on Ω ×R satisfying

n∑
i,j=1

(aij(x, s))ξiξj ≥ a0|ξ|2 ∀ (x, s) ∈ Ω ×R, ∀ξ ∈ Rn ,(1.27)
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where a0 is a positive constant. We define a Riemann metric on Ω by

g = A−1(x, 0) .(1.28)

If aij(x, s) = a(s) for all 1 ≤ i, j ≤ n, the problem (1.25) represents a Kirchhoff
wave model; see [14] or [24].

We make the following assumption.
(H1) For any (u0, u1) ∈ H2(Ω) × H1(Ω) with appropriate compatibility, the

system (1.25) has a solution of short time in H2(Ω) ×H1(Ω).
We have the following.
Theorem 1.3. Let the assumptions (H) and (H1) hold where G is given by

(1.22). Suppose that (u0, u1) ∈ H2(Ω) ×H1(Ω) satisfies the compatibility conditions
of order 2. Then for (u0, u1) small in H2(Ω) × H1(Ω), system (1.25) has a global
solution u in

2⋂
k=0

Ck((0,+∞), H2−k(Ω)).

Moreover, the estimates in (1.23) and (1.24) hold, where u(t) is the solution to the
system (1.25).

Finally, we give an example to verify Corollary 1.1.
Let

a(y) =
(
a1(y1), a2(y2)

)
: R2 → R2,

where ai are smooth functions on R for i = 1, 2 such that

a′i(s) > 0, s ∈ R.

Let

w(x) = x1x2, x = (x1, x2) ∈ R2.

Then

div a(∇w) = 0, x ∈ R2.

The metric is

g = A−1(x,∇w) =

(
1/a′1(x2) 0

0 1/a′2(x1)

)
.

We let

a1(s) = a2(s) = arctan s, s ∈ R.

Then

g =

(
1 + x2

2 0

0 1 + x2
1

)
.

By [34, Lemma 3.2], the Gauss curvature of (R2, g) is

κ(x)= − 2 + |x|2
(1 + x2

1)
2(1 + x2

2)
2
≤ 0, x = (x1, x2) ∈ R2.(1.29)
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Conclusion. The results in Corollary 1.1 hold true for the following problem:

ü(t, x) − ux1x1(t, x)

1 + u2
x1

− ux2x2(t, x)

1 + u2
x2

+ f(x, u̇) = 0 in (0,+∞) × Ω,

u = 0 on ∂D,(1.30)

u(0, x) = u0(x) , u̇(0, x) = u1(x) on (0,+∞) × Γ

for any domain Ω ⊂ R2 bounded and m = 4.

2. Energy estimates. We assume that solutions to the system (1.4) exist for
some T > 0 when initial data (u0, u1) are in Hm(Ω) × Hm−1(Ω) satisfying the m
order compatibility conditions with a given equilibrium w ∈ Hm(Ω), and we write
those as u = w + φ. Since w does not depend on t, the system (1.4) is equivalent to

φ̈(t, x) − div b(x,∇φ) + f(x, φ̇) = 0 in (0,+∞) × Ω,(2.1)

φ = 0 on (0,+∞) × Γ,

φ(0, x) = φ0(x) , φ̇(0, x) = φ1(x) on (0,+∞) × Γ,

where we have set

b(x, y) = a(x,∇w + y) , (x, y) ∈ Ω ×Rn ,(2.2)

φ0 = u0 − w , φ1 = u1 , x ∈ Ω .(2.3)

Let φ solve the problem (2.1) for some T > 0. Denote

B(x, y) = (bij(x, y)) , bij(x, y) = aij(x,∇w + y) , (x, y) ∈ Ω ×Rn ;(2.4)

then

ḃ(x,∇φ) = Bφ(t)∇φ̇ ,(2.5)

and for j ≥ 2,

b(j)(x,∇φ) = Bφ(t)∇φ(j) +

j−1∑
k=1

B
(k)
φ (t)∇φ(j−k) ,(2.6)

where

Bφ(t) = B(x,∇φ) .(2.7)

We compute the j order derivatives of f(x, φ̇) with respect to t and obtain

(f(x, φ̇))(j) =

j∑
i=1

∑
l1+···+li=j

f (i)
y (x, φ̇)φ̇(l1)φ̇(l2) · · · φ̇(li)(2.8)

= fy(x, φ̇)φ̇(j) +

j∑
i=2

∑
l1+···+li=j

f (i)
y (x, φ̇)φ̇(l1)φ̇(l2) · · · φ̇(li).

We define

Bφ(t)v = divBφ(t)∇v , v ∈ H2(Ω) ,(2.9)
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and

vνB
= 〈Bφ(t)∇v, ν〉 , v ∈ H2(Ω), x ∈ Γ ;(2.10)

then

(Bφ(t)v, φ)L2(Ω) = −(Bφ(t)∇v,∇φ)L2(Ω) , v, φ ∈ H2(Ω) ∩H1
Γ(Ω) ,(2.11)

where

H1
Γ(Ω) = {v ∈ H1(Ω), v |Γ= 0} .

For T > 0, differentiating the system (2.1) j times with respect to t, we get

¨φ(j)(t, x) − Bφ(t)φ(j) + fy(x, φ̇) ˙φ(j) + rj(t) = 0 in (0,+∞) × Ω,(2.12)

φ(j) = 0 on (0,+∞) × Γ,

where rj(t) is defined by

(2.13)

rj(t) =

j∑
i=2

∑
l1+···+li=j

f (i)
y (x, φ̇)φ̇(l1)φ̇(l2) · · · φ̇(li) −

j−1∑
k=1

divB
(k)
φ (t)∇φ(j−k)

for 2 ≤ j ≤ m− 1 and r1(t) = 0.
For the system (2.12), we define the corresponding energy as

Vj(t) = ‖ ˙φ(j)(t, x)‖2
L2(Ω) + (Bφ(t)∇φ(j)(t, x),∇φ(j)(t, x))L2(Ω) .(2.14)

Moreover, we introduce an operator

Nφ(t)v = divNφ(t)∇v, v ∈ H2(Ω) ,(2.15)

where

Nφ(t) =

∫ 1

0

B(x, s∇φ)ds .

Then the system (2.1) can be rewritten as

φ̈(t, x) −Nφ(t)φ + f(x, φ̇) = 0 in (0,+∞) × Ω,(2.16)

φ = 0 on (0,+∞) × Γ,

with the energy defined as

V0(t) = ‖φ̇(t, x)‖2
L2(Ω) + (Nφ(t)∇φ(t, x),∇φ(t, x))L2(Ω) .(2.17)
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Next, we define

E(t) =
m∑

k=0

‖φ(k)(t, x)‖2
Hm−k(Ω) ,(2.18)

Q(t) =

m−1∑
j=0

Vj(t) ,(2.19)

P (t) = ‖φ(t, x)‖2
L2(Ω) + ‖φ̇(t, x)‖2

L2(Ω) + (Nφ(t)∇φ(t, x),∇φ(t, x))L2(Ω) ,(2.20)

R(t) =

m−1∑
j=0

‖φ(j)(t, x)‖2
L2(Ω) ,(2.21)

L(t) =
2m∑
k=3

Ek/2(t) .(2.22)

Theorem 2.1. Let γ > 0 be given and let φ be a solution to the problem (2.1)
on the interval [0, T ] for some T > 0 such that

sup
0≤t≤T

‖φ(t, x)‖Hm(Ω) ≤ γ , sup
0≤t≤T

‖φ̇(t, x)‖Hm−1(Ω) ≤ γ .(2.23)

Then there are constants C0,γ > 0 and Cγ > 0, which depend only on γ, such that for
0 ≤ t ≤ T,

C0,γQ(t) ≤ E(t) ≤ CγQ(t) + CγL(t) + Cγ‖φ(t, x)‖2
L2(Ω) ,(2.24)

−Q̇(t) ≤ CγL(t) + 2(fy(x, φ̇)φ(j+1), φ(j+1))L2(Ω) + 2(f(x, φ̇), φ̇)L2(Ω) ,(2.25)

Q̇(t) ≤ CγL(t) ,(2.26)

P (t) ≤
(
P (0) + Cγ

∫ t

0

E3/2(τ)dτ

)
et .(2.27)

We collect here a few basic properties of Sobolev spaces.
(1) Let s1 ≥ s2 > 0. For any ε > 0 there exists Cε > 0 such that

‖v‖2
Hs2 (Ω) ≤ ε‖v‖2

Hs1 (Ω) + Cε‖v‖2
L2(Ω) ∀ v ∈ Hs1(Ω) .

(2) If s > n/2, then for each k = 0, . . ., we have Hs+k(Ω) ⊂ Ck(Ω̄) with
continuous embedding.

(3) If r := min{s1, s2, s1 +s2− [n/2]−1} ≥ 0, then there exists a constant C > 0
such that

‖f1f2‖Hr(Ω) ≤ C‖f1‖Hs1 (Ω)‖f2‖Hs2 (Ω) ∀ f1 ∈ Hs1(Ω), f2 ∈ Hs2(Ω) .

(4) Let sj ≥ 0, j = 1, . . . , k, and r := min1≤i≤k minj1≤···≤ji{sj1 + · · · + sji −
(i− 1)([n/2] + 1)} ≥ 0; then there exists a constant C > 0 such that, for 1 ≤ j ≤ k,

‖f1 · · · fk‖Hr(Ω) ≤ C‖f1‖Hs1 (Ω) · · · ‖fk‖Hsk (Ω) ∀ fj ∈ Hsj (Ω) .(2.28)
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Lemma 2.1. Let γ > 0 be given. Let φ ∈ Hm(Ω) satisfy the conditions (2.23).
Let p (·, ·) and λ(·, ·) be smooth functions on Ω ×Rn and on Ω ×R, respectively. Set

P (x) = p(x,∇φ), Λ(x) = λ(x, φ̇).

Then there exists a constant Cγ > 0, depending on γ, such that for 0 ≤ k ≤ m− 1,

‖P‖Hk(Ω) ≤ Cγ

k∑
j=0

(
1 + ‖φ‖Hm(Ω)

)j
,(2.29)

‖Λ‖Hk(Ω) ≤ Cγ

k∑
j=0

(
1 + ‖φ̇‖Hm−1(Ω)

)j
.(2.30)

Proof. We prove the estimates by induction on k.
For k = 0, since sup |∇φ| ≤ C‖φ‖Hm(Ω) ≤ Cγ, we have

‖Λ‖L2(Ω) =

(∫
Ω

λ2(x,∇φ)dx

) 1
2

≤ sup
x∈Ω,|y|≤Cγ

|λ(x, y)|
√

meas(G) ≤ Cγ .

We assume that the estimate (2.30) is true for 0 ≤ k ≤ m− 2. We aim to prove
that it is true with k replaced by k + 1. Note that

Λxi(x) = λxi(x, φ̇) +

n∑
j=1

λs(x, φ̇)φ̇xi , i = 1, 2, . . . , n,

and that we have

‖Λ‖Hk+1(Ω) =

(
n∑

i=1

‖Λxi‖2
Hk(Ω) + ‖Λ‖2

L2(Ω)

)1/2

≤ Cγ + Cγ

n∑
i=1

‖λxi(x, φ̇)‖Hk(Ω) +

n∑
i=1

‖λs(x, φ̇)φ̇xi‖Hk(Ω)

≤ Cγ + Cγ

k∑
j=1

(
1 + ‖φ̇‖Hm−1(Ω)

)j

+Cγ

n∑
i,j=1

‖λs(x, φ̇)‖Hk(Ω) · ‖φ̇xi
‖Hm−2(Ω)

≤ Cγ

k+1∑
j=0

(1 + ‖φ̇‖Hm−1(Ω))
j .

The same procedure yields the estimate on P (x).
Lemma 2.2. Let γ > 0 be given and let φ be a solution to the problem (2.1) on

[0, T ) such that the condition (2.23) holds. Then for 2 ≤ j ≤ m − 1, there exists a
constant Cγ > 0, depending on γ, such that

‖rj(t)‖2
Hm−1−j(Ω) ≤ Cγ

m−1∑
k=2

Ek(t) ,(2.31)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

GLOBAL SMOOTH SOLUTIONS OF QUASI-LINEAR WAVE EQUATIONS 2055

where rj(t) is given by (2.13).
Proof. Let b(·, ·) be a function on Ω×Rn. For 1 ≤ k ≤ j−1, we have the formulas

b(k)(x,∇φ) =

k∑
s=1

∑
r1+···+rs=k

Ds
yb
(
∇φ(r1)(t, x), . . . ,∇φ(rs)(t, x)

)
,(2.32)

where Ds
yb denotes the covariant differential of order s of the function b(x, y), given

in (2.4), with respect to the variable y in the standard metric of Rn. Then rj(t) are
the sum of such functions in the form(

f(x,∇φ)φ(r1)
xj1

· · ·φ(rs)
xjs

φ(j−k)
xp

)
xq

or g(x, φ̇) ˙φ(l1) · · · ˙φ(li) ,(2.33)

with r1 + · · · + rs = k for 1 ≤ s ≤ k ≤ j − 1 and with l1 + · · · + li = j for 2 ≤ i ≤ j,
respectively. Using the estimates (2.28)–(2.30), we have

∥∥∥∥(f(x,∇φ)φ(r1)
xj1

· · ·φ(rs)
xjs

φ(j−k)
xp

)
xq

∥∥∥∥
2

Hm−1−j(Ω)

(2.34)

≤
∥∥f(x,∇φ)φ(r1)

xj1
· · ·φ(rs)

xjs
φ(j−k)
xp

∥∥2

Hm−j(Ω)

≤ Cγ

∥∥φ(r1)
xj1

∥∥2

Hm−r1−1(Ω)
· · ·
∥∥φ(rs)

xjs

∥∥2

Hm−rs−1(Ω)

∥∥φ(j−k)
xp

∥∥2

Hm−1−j+k(Ω)

≤ Cγ

∥∥φ(r1)
∥∥2

Hm−r1 (Ω)
· · ·
∥∥φ(rs)

∥∥2

Hm−rs (Ω)

∥∥φ(j−k)
∥∥2

Hm−j+k(Ω)
≤ CγEs+1(t) .

For the second term in (2.33), noticing 2 ≤ i ≤ j ≤ m− 1, we have

∥∥g(x, φ̇)φ̇(l1) · · · φ̇(li)
∥∥2

Hm−j−1(Ω)

≤
∥∥g(x, φ̇)

∥∥2

Hm−j−1(Ω)

∥∥φ̇(l1)
∥∥2

Hm−l1−1(Ω)
· · ·
∥∥φ̇(li)

∥∥2

Hm−li−1(Ω)
(2.35)

≤ CγE i(t) .

The estimate (2.31) follows from (2.34) and (2.35).
Lemma 2.3 (see [37]). Let γ > 0 be given and let φ be a solution to the problem

(2.1) on [0, T ] for some T > 0 such that the condition (2.23) holds. Then there exists
a constant Cγ > 0, depending on γ, such that

‖v‖2
Hk+1(Ω) ≤ Cγ

(
‖Bφ(t)v‖2

Hk−1(Ω) + ‖v‖2
Hk(Ω)

)
(2.36)

for v ∈ Hk+1(Ω) ∩H1
0 (Ω), 0 ≤ k ≤ m− 1, t ∈ [0, T ].

Proof of Theorem 2.1. It is clear that there exists a constant C0,γ such that

C0,γQ(t) ≤ E(t) .

Let us prove the right-hand side of the inequality (2.24).
First, we prove

‖φ(j)‖2
Hm−j(Ω) ≤ CγQ(t) + CγL(t) + ‖φ(t)‖2

L2(Ω)(2.37)
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for 1 ≤ j ≤ m by induction on j. We have

‖φ(m)‖2
L2(Ω) + ‖φ(m−1)‖2

H1(Ω)

≤ ‖φ(m)‖2
L2(Ω) + Cγ(Bφ(t)∇φ(m−1),∇φ(m−1)) + ‖φ(m−1)‖2

L2(Ω)

≤ CγQ(t) ,

which means that the inequality (2.37) holds for j = m or j = m − 1. Assume the
inequality (2.37) is valid for j = l and j = l − 1. Using the formulas (2.11), (2.12),
(2.28), and (2.36), we obtain

‖φ(l−2)‖2
Hm−l+2(Ω)≤ Cγ‖Bφ(t)φ(l−2)‖2

Hm−l(Ω) + Cγ‖φ(l−2)‖2
Hm−l+1(Ω)

≤ Cγ‖φ(l)‖2
Hm−l(Ω) + Cγ‖fy(x, φ̇)φ(l−1)‖2

Hm−l(Ω) + CγL(t)

+ ε‖φ(l−2)‖2
Hm−l+2(Ω) + Cε,γ‖φ(l−2)‖2

L2(Ω)

≤ Cγ‖φ(l)‖2
Hm−l(Ω) + Cγ‖φ(l−1)‖2

Hm−l+1(Ω) + CγL(t)

+ ε‖φ(l−2)‖2
Hm−l+2(Ω) + Cε,γ‖φ(l−2)‖2

L2(Ω),

where the following inequality is used:

‖fy(x, φ̇)φ(l−1)‖2
Hm−l(Ω) ≤ Cγ‖fy(x, φ̇)‖2

Hm−2(Ω)‖φ(l−1)‖2
Hm−l+1(Ω) .

By induction the estimate (2.37) follows.
On the other hand, using an ellipticity estimate for the operator Nφ(t) in (2.15)

similar to that for Bφ(t) in Lemma 2.3 and (2.16), we obtain

‖φ(t, x)‖2
Hm(Ω) ≤ Cγ‖Nφ(t)φ‖2

Hm−2(Ω) + Cγ‖φ(t, x)‖2
Hm−1(Ω)

≤ Cγ‖φ(2)‖2
Hm−2(Ω) + Cγ‖f(x, φ̇)‖2

Hm−2(Ω) + CγL(t)(2.38)

+ ε‖φ‖2
Hm(Ω) + Cε,γ‖φ‖2

L2(Ω) .

Combining (2.37) and (2.38), the proof of the estimate (2.24) is complete.
Let Vj(t) and V0(t) be defined by (2.14) and (2.17), respectively. We differentiate

Vj(t) and have

V̇j(t) = 2(φ(j+2)(t), φ(j+1)(t))L2(Ω)(2.39)

+ (Ḃφ(t)∇φ(j),∇φ(j))L2(Ω) + 2(Bφ(t)∇φ(j),∇φ(j+1))L2(Ω).

Using the formulas (2.12) and (2.11) in (2.39), and by Lemma 2.2, we obtain

−V̇j(t) = −(Ḃφ(t)∇φ(j),∇φ(j))L2(Ω) + 2(rj(t), φ
(j+1)(t, x))L2(Ω)(2.40)

+ 2(fy(x, φ̇)φ(j+1), φ(j+1))L2(Ω)

≤ CγL(t) + 2(fy(x, φ̇)φ(j+1), φ(j+1))L2(Ω)

≤ CγL + 2(fy(x, φ̇)φ(j+1), φ(j+1))L2(Ω) .
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Moreover, we also have, by (2.16),

−V̇0(t) = −(Ṅφ(t)∇φ,∇φ)L2(Ω) + 2(f(x, φ̇), φ̇)L2(Ω) .(2.41)

The inequalities (2.26) and (2.25) follow from (2.40) and (2.41).
Similarly we have

Ṗ (t) ≤ CγE3/2(t) + P (t) , 0 ≤ t ≤ T ,

which yields (2.27) by Gronwall’s inequality.

3. Energy estimates in integral form. In this section, we establish the fol-
lowing.

Theorem 3.1. Let all assumptions in Theorem 1.1 hold. Let γ > 0 be given
and let φ be a solution to the problem (2.1) on the interval [0, T ] for some T > 0
such that the condition (2.23) holds. Then there are constants Cγ > 0 and Tγ >
3 supx∈Ω̄ |H|g/α such that for 0 ≤ s ≤ t ≤ T , t− s ≥ Tγ ,∫ t

s

Q(τ)dτ + CγQ(t) ≤ CγQ(s) + Cγ

∫ t

s

L(τ)dτ ,(3.1)

where L(t) and α are as given in (2.22) and (1.13), respectively.
Let γ > 0 be given and let φ satisfy the problem (2.1) on the interval [0, T ] for

some T > 0 such that the condition (2.23) holds. For t ∈ [0, T ], let gφ be the metric
on Ω given by

gφ = B−1
φ (t) ,(3.2)

where the matrix Bφ(t) is defined by (2.7). Consider the pair (Ω, gφ) as a Riemannian
manifold for fixed t. Let X,Y be vector fields on Ω and let f be a function. Then

〈X,Y 〉gφ = 〈B−1
φ (t)X,Y 〉 , ∇gφf = Bφ(t)∇f ,(3.3)

where 〈·, ·〉 and 〈·, ·〉gφ are the products in the standard metric and the metric gφ,
respectively, and where ∇ and ∇gφ are the gradients in the standard metric and the
metric gφ, respectively. In addition, it is easy to check from (3.3) that there are
constants C0,γ > 0 and Cγ > 0 such that, for t ∈ [0, T ],

C0,γ |∇gf |2g ≤ |∇gφf |2gφ = 〈Bφ(t)∇f,∇f〉 ≤ Cγ |∇gf |2g , f ∈ C∞(Ω) ,(3.4)

under the condition (2.23). Let

(bij(x, y))
−1 = (bij(x, y)), (x, y) ∈ Ω ×Rn,(3.5)

where (bij(x, y)) are as given in (2.4). Then

A−1(x,∇w) = (bij(x, 0)) .(3.6)

Let Dgφ and Dg be the Levi–Civita connections in the Riemannian metrics gφ and g,

respectively. Let H be a vector field on Ω. Denote by DgφH and DgH the covariant
differentials in the metrics gφ and g, respectively. They are two order tensor fields on
Ω. We define

ζ = DgφH −DgH .(3.7)
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Lemma 3.1 (see [37]). Let H be a vector field on Ω. Suppose that the tensor field
ζ = ζ(·, ·) of order two is given in the formula (3.7). Let γ > 0 be given and let φ be
such that supx∈Ω |∇φ| ≤ γ. Then there exists a constant Cγ > 0 such that

|ζ(X,Y )| ≤ Cγ(|Dφ| + |D2φ|)|X||Y | ∀ X,Y ∈ Rn
x , x ∈ Ω ,(3.8)

where D is the covariant differential of the standard product of the Euclidean space
Rn.

Lemma 3.2. Let φ(j) be a solution to (2.12) and let Ω̂ ⊆ Ω be a subset.
(1) Suppose that H is a vector field on Ω̂. Then

∫ t

s

∫
∂Ω̂

[
H(φ(j))φ(j)

νB
+

1

2

(
( ˙φ(j))2 − |∇gφφ

(j)|2gφ
)
〈H, ν〉

]
dσdτ(3.9)

=
( ˙φ(j),H(φ(j))

)
L2(Ω̂)

∣∣t
s
+

∫ t

s

∫
Ω̂

[
rjH(φ(j)) + fy(x, φ̇) ˙φ(j)H(φ(j))

]
dxdτ

+

∫ t

s

∫
Ω̂

{
DgφH(∇gφφ

(j),∇gφφ
(j)) +

1

2

( ˙φ(j)
2
− |∇gφφ

(j)|2gφ
)
divH

}
dxdτ .

(2) Let h ∈ C2(Ω̂). We have

∫ t

s

∫
Ω̂

h
[
(( ˙φ(j))2 − |∇gφφ

(j)|2gφ)
]
dxdτ(3.10)

= ( ˙φ(j), hφ(j))L2(Ω̂)

∣∣t
s
+

∫ t

s

∫
∂Ω̂

(
1

2
(φ(j))2hνB

− hφ(j)φ(j)
νB

)
dσdτ

+

∫ t

s

∫
Ω̂

[
rj(τ)hφ(j) + fy(x, φ̇) ˙φ(j)hφ(j) − 1

2
(φ(j))2Bφ(τ)h

]
dxdτ .

Lemma 3.3. Let all assumptions in Theorem 1.1 hold. Let γ > 0 be given and let
φ be a solution to the problem (2.1) on the interval [0, T ] for some T > 0 such that the
condition (2.23) holds. Then there exist constants Cγ > 0 and Tγ > 3 supx∈Ω̄ |H|g/α
such that, if 0 ≤ s ≤ t ≤ T , t− s ≥ Tγ , then

∫ t

s

Q(τ)dτ ≤ Cγ

∫ t

s

L(τ)dτ + Cγ

∫ t

s

R(τ)dτ(3.11)

+ Cγ

∫ t

s

∫
Ω

(
fy(x, φ̇)φ(j+1)φ(j+1) + f(x, φ̇)φ̇

)
dxdτ ,

where R(t) and L(t) are as given in (2.21) and (2.22), respectively.
Proof. For 0 < ε2 < ε1 < ε0 < ε, set

Qk = Nεk

⎡
⎣ I⋃
i=1

Γi
0

⋃⎛⎝Ω

∖ I⋃
j=1

Ωi

⎞
⎠
⎤
⎦ , k = 0, 1, 2 .(3.12)

Obviously we have

Q2 ⊂ Q1 ⊂ Q0 ⊂ G .(3.13)
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Let βi, i = 1, . . . , I, satisfy

βi ∈ C∞0 (Rn), 0 ≤ βi ≤ 1 ,

βi =

{
1 on Ωi \Q1 ,

0 on Q2 .
(3.14)

For each i, 1 ≤ i ≤ I, set

Ω̂ := Ωi , H := βiHi , h :=
1

2
div (βiHi) .(3.15)

Step 1. For 1 ≤ j ≤ m− 1, we estimate the energy Vj(t).
(1) We estimate the integral∫ t

s

∫
Ω\Q1

|∇gφφ
(j)|2gφdxdτ,

where |∇gφφ
(j)|2gφ =

〈
Bφ(t)∇φ(j),∇φ(j)

〉
.

Applying the identity (3.9), we obtain∫ t

s

∫
∂Ωi

[
βiHi(φ(j))φ(j)

νB
+

1

2
( ˙φ(j)

2
− |∇gφφ

(j)|2gφ)〈βiHi, ν〉
]
dσdτ(3.16)

−1

2

∫ t

s

∫
∂Ωi

[
1

2
(φ(j))

2
(divβiHi)νB

− div(βiHi)φ(j)φ(j)
νB

]
dσdτ

=

(
˙φ(j),

1

2
div(βiHi)φ(j)

)
L2(Ωi)

∣∣t
s
+

∫ t

s

∫
Ωi

Dgφ(βiHi)(∇gφφ
(j),∇gφφ

(j))dxdτ

+
( ˙φ(j), βiHi(φ(j))

)
L2(Ωi)

∣∣t
s
− 1

4

∫ t

s

∫
Ωi

(φ(j))
2Bφ(τ)div(βiHi)dxdτ

+

∫ t

s

∫
Ωi

[
rj(τ) + fy(x, φ̇) ˙φ(j)

][
βiHi(φ(j)) +

1

2
div(βiHi)φ(j)

]
dxdτ .

Next, we show that the left-hand side of (3.16) is nonpositive. In fact, we notice
that

∂Ωi = Γi
0 ∪
(
∂Ωi \ Γ

)
∪
(
(∂Ωi \ Γi

0) ∩ Γ
)
≡ I1 ∪ I2 .

Since ∂Ωi \ Γ ⊆ Ω \ ∪I
i=1Ωi, we have βi = 0 in I1 ⊆ Q2. Since I2 ⊆ Γ, it follows from

[34] that

βiHi(φ(j))φ(j)
νB

= |∇gφφ
(j)|2gφ〈β

iHi, νi〉, φ(j) = 0 on I2 .

We get ∫ t

s

∫
∂Ωi

[
βiHi(φ(j))φ(j)

νB
+

1

2
( ˙φ(j)

2
− |∇gφφ

(j)|2gφ)〈βiHi, ν〉
]
dσdτ(3.17)

=
1

2

∫ t

s

∫
(∂Ωi\Γi

0)∩Γ

∣∣∇gφφ
(j)
∣∣2
gφ
βiHiνdσdτ ≤ 0 .
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Furthermore, we decompose ∂Ωi = (∂Ωi \ Ω)
⋃

(∂Ωi

⋂
Ω) ≡ J1

⋃
J2. Since J1 ⊆ Γ,

by the boundary condition, we get

−1

2

∫ t

s

∫
J1

[
1

2
φ(j)2(divβiHi)νB

− div(βiHi)φ(j)φ(j)
νB

]
dxdτ = 0 .(3.18)

It is easy to verify that J2 = ∂Ωi ∩ Ω ⊆ Ω \ ∪I
i=1Ωi ⊆ Q2; thus

−1

2

∫ t

s

∫
J2

[
1

2
φ(j)2(divβiHi)νB

− div(βiHi)φ(j)φ(j)
νB

]
dxdτ = 0 .(3.19)

Combining (3.17)–(3.19), it follows that the left-hand side of (3.16) is nonpositive.
We sum up (3.16) from i = 1 to i = I and obtain

I∑
i=1

∫ t

s

∫
Ωi\Q1

Dgφ(βiHi)(∇gφφ
(j),∇gφφ

(j))dxdτ(3.20)

≤ −
I∑

i=1

( ˙φ(j),M i(φ(j))
)
L2(Ωi)

∣∣t
s
+

1

4

I∑
i=1

∫ t

s

∫
Ωi

(φ(j))
2Bφ(τ) div(βiHi)dxdτ

−
I∑

i=1

∫ t

s

∫
Ωi

rj(τ)M i(φ(j)) dxdτ −
I∑

i=1

∫ t

s

∫
Ωi

fy(x, φ̇) ˙φ(j)M i(φ(j)) dxdτ

−
I∑

i=1

∫ t

s

∫
Ωi∩Q1

Dgφ(βiHi)(∇gφφ
(j),∇gφφ

(j)) dxdτ ,

where M i(φ(j)) = βiHi(φ(j))+ 1
2div (βiHi)φ(j). We estimate every item on the right-

hand side of the inequality (3.20) as

I∑
i=1

∣∣∣∣( ˙φ(j),M i(φ(j))
)
L2(Ωi)

∣∣t
s

∣∣∣∣ ≤ CγVj(t) + CγVj(s) ,(3.21)

I∑
i=1

∣∣∣∣−
∫ t

s

∫
Ωi

1

4
φ(j)2Bφ(t)div(βiHi)

∣∣∣∣ ≤ Cr

∫ t

s

∫
Ω

(φ(j))
2
dxdτ ,(3.22)

I∑
i=1

∣∣∣∣
∫ t

s

∫
Ωi

rj(t)M
i(φ(j))dxdt

∣∣∣∣(3.23)

≤ Cγ

∫ t

s

(∫
Ω

r2
j (t)dx

) 1
2

·
(∫

Ωi

(M i(φ(j)))2dx

) 1
2

dt

≤ Cγ

∫ t

s

V
1
2
j (τ) ·

(
m−1∑
k=2

E k
2 (τ)

)
dτ ≤ ε

∫ t

s

Vj(τ)dτ + Cε

∫ t

s

L(τ)dτ .

Due to (2.40), there exists Cγ > 0 such that

V̇j(t) − CγL(t) ≤ −2

∫
Ω

fy(x, φ̇)(φ(j+1))
2
dx .(3.24)
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Thus we have

I∑
i=1

∣∣∣∣
∫ t

s

∫
Ωi

fy(x, φ̇) ˙φ(j)

[
βiHi(φ(j)) +

1

2
div(βiHi)φ(j)

]∣∣∣∣(3.25)

≤ Cγ

∫ t

s

V
1
2
j (τ)

[∫
Ω

f2
y (x, φ̇) ˙(φ(j))

2
dx

] 1
2

dτ

≤ Cγ

∫ t

s

V
1
2
j (τ)(CγL(τ) − V̇j(τ))

1
2 dτ

≤ ε

∫ t

s

Vj(τ)dτ + Cε

∫ t

s

(CγL(τ) − V̇j(τ))dτ

≤ ε

∫ t

s

Vj(τ)dτ + Cγ

∫ t

s

L(τ)dτ + CεVj(s) .

We also have

(3.26)
I∑

i=1

∣∣∣∣
∫ t

s

∫
Ωi∩Q1

Dgφ(βiHi)(∇gφφ
(j),∇gφφ

(j))dxdτ

∣∣∣∣ ≤ Cγ

∫ t

s

∫
Ω∩Q1

|∇gφφ
(j)|2gφdxdτ .

On the other hand, by (3.7)–(3.8) and (1.13), (3.4), (3.14), we have

I∑
i=1

∫ t

s

∫
Ωi\Q1

Dgφ(βiHi)(∇gφφ
(j),∇gφφ

(j))dxdτ(3.27)

=
I∑

i=1

∫ t

s

∫
Ωi\Q1

[
Dg(β

iHi)(∇gφφ
(j),∇gφφ

(j)) + η(∇gφφ
(j),∇gφφ

(j))
]
dxdτ

≥ α

∫ t

s

∫
Ω\Q1

|∇gφφ
(j)|2gdxdτ − Cγ

∫ t

s

L(τ)dτ

≥ αC0,γ

∫ t

s

∫
Ω\Q1

|∇gφφ
(j)|2gφdxdτ − Cγ

∫ t

s

L(τ)dτ.

Combining (3.20)–(3.27), we obtain

αC0,γ

∫ t

s

∫
Ω\Q1

|∇gφφ
(j)|2gφdxdτ ≤ CγVj(t) + CγVj(s) + ε

∫ t

s

Vj(τ)dτ(3.28)

+Cγ

∫ t

s

L(τ)dτ + Cγ

∫ t

s

∫
Ω

(φ(j))
2
dxdτ + Cγ

∫ t

s

∫
Ω∩Q1

|∇gφφ
(j)|2gφdxdτ .

(2) We estimate

∫ t

s

∫
Ω∩Q1

|∇gφφ
(j)|2gφdxdτ.
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Let ξ ∈ C∞0 (Rn) such that 0 ≤ ξ ≤ 1, and let

ξ =

{
0 on Rn \Q0 ,

1 on Q1 .
(3.29)

We have

0 =

∫ t

s

∫
Ω

[ ¨φ(j) − Bφ(τ)φ(j) + rj(τ) + fy(x, φ̇) ˙φ(j)
]
ξφ(j)dxdτ,(3.30)

that is,

0 =

∫
Ω

˙φ(j)ξφ(j)dx

∣∣∣∣
t

s

−
∫ t

s

∫
Ω

ξ( ˙φ(j))2dxdτ +

∫ t

s

∫
Ω

fy(x, φ̇) ˙φ(j)ξφ(j)dxdτ

+

∫ t

s

∫
Ω

[
ξ|∇gφφ

(j)|2gφ + φ(j)〈∇gφφ
(j),∇gφξ〉gφ

]
dxdτ +

∫ t

s

∫
Ω

rj(τ)ξφ(j)dxdt .

We can easily get

∫ t

s

∫
Ω∩Q1

|∇gφφ
(j)|2gφ =

∫ t

s

∫
Ω∩Q1

ξ|∇gφφ
(j)|2gφ ≤

∫ t

s

∫
Ω

ξ|∇gφφ
(j)|2gφ(3.31)

≤ CγVj(s) + CγVj(t) + Cγ

∫ t

s

L(τ)dτ + Cε

∫ t

s

∫
Ω

(φ(j))
2
dxdτ

+ ε

∫ t

s

∫
Ω

|∇gφφ
(j)|2gφ + ε

∫ t

s

∫
Ω

( ˙φ(j))
2
dxdτ + Cγ

∫ t

s

∫
Q0

( ˙φ(j))
2
dxdτ .

(3) We need to further estimate

∫ t

s

∫
Q0

( ˙φ(j))
2
dxdτ.

By (1.7) and (3.13), we see that there exists c0 > 0 such that

fs(x, 0) ≥ c0 > 0 , x ∈ Q0 .(3.32)

We can take γ small in (2.23), which can guarantee that

fs(x, φ̇) ≥ 1

2
c0, x ∈ Q0,(3.33)

by the embedding theorem. Since φ̇(j)(x) = 0 on ∂Ω, we obtain

1

2
c0

∫ t

s

∫
Q0

( ˙φ(j))
2
dxdτ ≤

∫ t

s

∫
Ω̄

fy(x, φ̇)( ˙φ(j))
2
dxdτ(3.34)

≤ CγVj(s) + Cγ

∫ t

s

L(τ)dτ.
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(4) Taking h := 1
2αC0,γ and Ω̂ = Ω in the identity (3.10) yields

(3.35)

1

2
αC0,γ

∫ t

s

∫
Ω

[( ˙φ(j))2 − |∇gφφ
(j)|2gφ ]dxdτ ≤ CγVj(s) + CγVj(t) + ε

∫ t

s

Vj(τ)dτ

+Cε

∫ t

s

∫
Ω

(φ(j))
2
dxdτ + Cγ

∫ t

s

∫
Q0

( ˙φ(j))
2
dxdτ + Cγ

∫ t

s

L(τ)dτ.

Substituting (3.31) and (3.34) into (3.28), we obtain

αC0,γ

∫ t

s

∫
Ω

|∇gφφ
(j)|2gφdxdτ ≤ CγVj(s) + CγVj(t) + Cε

∫ t

s

∫
Ω

(φ(j))
2
dxdτ(3.36)

+ ε

∫ t

s

Vj(τ)dτ + Cγ

∫ t

s

L(τ)dτ .

Combining the inequalities (3.34)–(3.36), for 1 ≤ j ≤ m− 1, we finally get

1

2
αC0,γ

∫ t

s

Vj(τ)dτ(3.37)

≤ CγVj(t) + CγVj(s) + Cγ

∫ t

s

L(τ)dτ + Cγ

∫ t

s

∫
Ω

(φ(j))
2
dxdτ .

Step 2. We shall estimate V0(t). We define

hφ = N−1
φ (t),(3.38)

and replace gφ in Step 1 by hφ. By a similar process, there exists a constant denoted
by Cγ such that

V̇0(t) − CγL(t) ≤ −2

∫
Ω

f(x, φ̇)φ̇dx .(3.39)

In light of

f(x, φ̇) − f(x, 0) =

(∫ 1

0

fy(x, s∇φ)ds

)
φ̇ ,(3.40)

we have

(3.41)
I∑

i=1

∣∣∣∣
∫ t

s

∫
Ωi

f(x, φ̇)M i(φ)

∣∣∣∣ ≤Cγ

∫ t

s

V
1/2
0 (τ)

(∫
Ω

f2(x, φ̇)dx

)1/2

dτ

≤Cγ

∫ t

s

V
1/2
0 (τ)

[ ∫
Ω

f(x, φ̇)φ̇dx

]1/2
dτ

≤Cγ

∫ t

s

V
1/2
0 (τ)

[
CγL(τ) − V̇0(τ)

]1/2
dτ

≤ ε

∫ t

s

V0(τ)dτ + Cε

∫ t

s

L(τ)dτ + CγV0(t) + CγV0(s) .
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Using a method similar to that in Step 1, we obtain

1

2
αC0,γ

∫ t

s

V0(τ)dτ ≤ Cγ

(
V0(t) + V0(s) +

∫ t

s

L(τ)dτ

)
+ Cγ

∫ t

s

∫
Ω

φ2dxdτ .(3.42)

Step 3. Combining (3.37) and (3.42), we have

1

2
αC0,γ

∫ t

s

Q(τ)dτ ≤ Cγ

(
Q(t) + Q(s) +

∫ t

s

L(τ)dτ

)
+ Cγ

∫ t

s

R(τ)dxdτ ,(3.43)

where R(t) is given in (2.21). Moreover, the inequalities (2.26) in section 2 imply that

max{Q(t), Q(s)} ≤ 1

t− s

∫ t

s

Q(τ)dτ + Cγ

∫ t

s

L(τ)dτ(3.44)

+ 2

∫ t

s

∫
Ω

(
fy(x, φ̇)(φ(j+1))2 + f(x, φ̇)φ̇

)
dxdτ .

Substituting (3.44) into (3.43), we finally obtain Cγ and Tγ > 3 supx∈Ω̄ |H|g/α such
that the inequality (3.11) holds.

We now absorb the lower order terms in (3.11). This will be accomplished by
applying the following nonlinear version of the compactness-uniqueness argument.

Lemma 3.4. Let all assumptions in Theorem 3.1 hold. Then for 1 ≤ j ≤ m − 1
we have∫ t

s

∫
Ω

(φ(j))2dxdτ ≤ Cγ

∫ t

s

L(τ)dτ + Cγ

∫ t

s

∫
Ω

fy(x, φ̇)(φ(j+1))2dxdτ ,(3.45)

and for j = 0,

∫ t

s

∫
Ω

φ2dxdτ ≤ Cγ

∫ t

s

L(τ)dτ + Cγ

∫ t

s

∫
Ω

f(x, φ̇)φ̇dxdτ ,(3.46)

respectively, for t− s ≥ T0, where T0 ≥ 3 supx∈Ω̄ |H|g/α.
Proof. By Lemma 4 in [8], we need only prove that for some T0 large enough

there is Cγ > 0 such that

∫ T0

0

∫
Ω

(φ(j))2dxdτ ≤ Cγ

∫ T0

0

L(τ)dτ + Cγ

∫ T0

0

∫
Ω

fy(x, φ̇)(φ(j+1))2dxdτ .(3.47)

For convenience, we denote ψ := φ(j) and V (t) := Vj(t) for 1 ≤ j ≤ m − 1. Recall
that there exists a constant Cγ > 0 such that

V̇ (t) − CγL(t) ≤ −2

∫
Ω

fy(x, φ̇)ψ̇2dx < 0 ,

which means that V (t) − Cγ

∫ t

0

L(τ)dτ is decreasing. Hence we have

T0

(
V (T0) − Cγ

∫ T0

0

L(τ)dτ

)
≤
∫ T0

0

(
V (t) − Cγ

∫ t

0

L(τ)dτ

)
dt ,
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that is,

T0

(
V (T0) − Cγ

∫ T0

0

L(τ)dτ

)
≤
∫ T0

0

V (τ)dτ .

Using the inequality (3.37), we obtain from the above inequality that

V (T0) ≤
Cγ

T0
V (0) +

(
Cγ +

Cγ

T0

)∫ T0

0

L(τ)dτ +
Cγ

T0

∫ T0

0

∫
Ω

ψ2dxdτ .(3.48)

On the other hand, there exists Cγ > 0 such that

−V̇ (t) ≤ 2

∫
Ω

fy(x, φ̇)ψ̇2dx + CγL(t) .

Integrating the above inequality on interval [0, T0], we easily get

V (0) ≤ V (T0) + Cγ

∫ T0

0

L(τ)dτ + 2

∫ T0

0

∫
Ω

fy(x, φ̇)ψ̇2dxdτ .(3.49)

For T0 large enough, the inequalities (3.48) and (3.49) imply that

V (0) ≤ Cγ

∫ T0

0

∫
Ω

ψ2dxdτ + Cγ

∫ T0

0

L(τ)dτ + 2

∫ T0

0

∫
Ω

fy(x, φ̇)ψ̇2dxdτ .(3.50)

Now we prove (3.47) by contradiction. Let φk(t) be a sequence of solutions to the
system (2.1) such that

∫ T0

0

∫
Ω

ψ2
kdxdτ = 1 ,(3.51)

lim
k→∞

∫ T0

0

∫
Ω

fy(x, φ̇k)ψ̇k
2
dxdτ = 0 , lim

k→∞

∫ T0

0

Lk(τ)dτ = 0 ,(3.52)

where Vk is the energy of ψk.
By (3.50)–(3.52), we get

Vk(0) is bounded ∀ k .(3.53)

Then there is a subsequence of ψk (denoted by ψk again) such that

ψk(0) → some ψ̄0 weakly in H1(Ω) ,(3.54)

ψ̇k(0) → some ψ̄1 weakly in L2(Ω) .(3.55)

Denote by ψ̄ the solution corresponding to the initial data (ψ̄0, ψ̄1):

ψ̄(0, x) = ψ̄0(x) , ˙̄ψ(0, x) = ψ̄1(x) in Ω .(3.56)

Then

{ψk, ψ̇k} → {ψ̄, ˙̄ψ} in L∞(0, T0;H
1(Ω) × L2(Ω)) weakly �.(3.57)
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By Aubin’s compactness results (see [1]), it follows that

ψk → ψ̄ strongly in L∞(0, T0;L
2(Ω)) .(3.58)

Since ∫ T0

0

Ek(τ)dτ ≤
√
T0

(∫ T0

0

Lk(τ)dτ

) 1
2

→ 0 ,

we have

φk → 0 in Hm((0, T0) × Ω) , φ̇k → 0 in Hm−1((0, T0) × Ω) .

By using the imbedding theorem, we have

sup
(τ,x)∈[0,T0]×Ω̄

|φk| → 0 , sup
(τ,x)∈[0,T0]×Ω̄

|φ̇k| → 0 ,(3.59)

as k goes to infinity. The relationships (3.52), (3.59), and (1.7) imply that

ψ̇k → 0 strongly in L2(0, T0;L
2(G)) .(3.60)

Then passing to the limit in (2.12), for ψ̄ we get

¨̄ψ −Aψ̄ = 0 in (0, T0) × Ω,(3.61)

˙̄ψ = 0 on (0, T0) ×G,

ψ̄ = 0 on (0,+∞) × Γ,

where Aψ = divA(x,∇w)∇ψ.

Let ˙̄ψ = z. The above system implies

z̈ −Az = 0 in (0, T0) × Ω,(3.62)

z = 0 on (0, T0) ×G,

z = 0 on (0,+∞) × Γ.

For T0 ≥ 3 supx∈Ω̄ |H|g/α, the problem (3.62) implies z = 0. Since ψ|Γ = 0, we
have ψ = 0 on (0, T ) × Ω, which contradicts (3.51). We use the same method to
absorb the lower term in (3.42), which yields (3.46).

Proof of Theorem 3.1. From (3.24) we obtain

2

∫
Ω

fy(x, φ̇)(φ(j+1))
2
dx ≤ −V̇j(t) + CγL(t)

for 1 ≤ j ≤ m, and consequently

2

∫ t

s

∫
Ω

fy(x, φ̇)(φ(j+1))
2
dxdτ ≤ Vj(s) − Vj(t) + Cγ

∫ t

s

L(τ)dτ .

Similarly we have∫ t

s

∫
Ω

2f(x, φ̇)φ̇dxdτ ≤ V0(s) − V0(t) + Cγ

∫ t

s

L(τ)dτ .
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The inequality (3.1) follows from Lemmas 3.3 and 3.4.
By an argument similar to Lemma 3.2, the inequality in (2.24) in Theorem 2.1 of

section 2 can be improved into the following.
Lemma 3.5. Let all assumptions in Theorem 1.1 hold. Let γ > 0 be given and

let φ satisfy the problem (2.1) on the interval [0, T ] for some T > 0 such that the
condition (2.23) holds. Then there exist constants Cγ > 0 and Tγ > 0 such that

E(t) ≤ CγQ(t) + CγL(t)(3.63)

for t ≥ Tγ ≥ 3 supx∈Ω̄ |H|g/α.

4. Global smooth solutions.
Proof of Theorem 1.1. All the notations remain the same as before. Let (φ0, φ1) ∈

Hm(Ω) ×Hm−1(Ω) be given such that the problem (2.1) has a short time solution.
We look for a constant η0 such that if

E(0) ≤ η0 ,(4.1)

then solutions of the system (2.1) are global.
Throughout this section we take γ = 1. Let C0,1, C1 ≥ 1, and T1>3 supx∈Ω̄ |H|g/α

be given according to γ = 1 in the theorems of sections 2 and section 3. Let

Ξ(η) =

2m−3∑
k=0

ηk/2,(4.2)

θ(η) = 2eη max{C1C
−1
0,1 , 2C1Ξ(1), 2C2

1Ξ(1)η}(4.3)

for η ∈ (0,∞).
Let

0 < η < min{1, θ−2(2T1)/4}(4.4)

be given. We assume that

E(0) ≤ η3/2 < η .(4.5)

Then there is some δ > 0 such that

E(t) < η(4.6)

for t ∈ [0, δ). Let δ0 > 0 be the largest number such that inequality (4.6) holds for
t ∈ [0, δ0).

We show that δ0 = +∞.
Step 1. We claim δ0 > 2T1. Suppose that this is not true, i.e., δ0 ≤ 2T1. We have

a contradiction as follows.
Using the inequalities (2.24), (3.44), and (2.27), we obtain

Q(0) ≤ C−1
0,1E(0) , Q(t) ≤ C−1

0,1E(0) + 2C1T1η
3/2Ξ(1) ,

P (0) ≤ Q(0) + E(0) ≤ (C−1
0,1 + 1)E(0) ,

and

C1‖φ‖2
L2(Ω) ≤ C1P (t) ≤ C1e

2T1{(C−1
0,1 + 1)E(0) + 2C1T1η

3/2Ξ(1)} .
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Since

L(t) =

2m∑
k=3

Ek/2(t) ≤ η3/2Ξ(η) ≤ η3/2Ξ(1) ,

we have, via (4.5) and (4.6),

(4.7)

E(t)≤ C1Q(t) + C1‖φ(t)‖2
L2(Ω) + C1L(t)

≤ [C1C
−1
0,1 + e2T1C1(C

−1
0,1 + 1)]E(0) + [2C2

1T1Ξ(1) + 2C2
1T1e

2T1Ξ(1) + C1Ξ(1)]η3/2

≤ 2e2T1C1(C
−1
0,1 + 1)E(0) + 2e2T1 [2C2

1T1Ξ(1) + C1Ξ(1)]η3/2

≤ 2e2T1 max{C1(C
−1
0,1 + 1), 4C2

1T1Ξ(1), 2C1Ξ(1)}[E(0) + η3/2]

≤ Θ(2T1)[E(0) + η3/2] ≤ 2Θ(2T1)η
1/2η < η

for all t ∈ [0, δ0]. This contradicts the definition of δ0.
Step 2. Next, we prove that δ0 = +∞ by contradiction. Let T1 ≤ s < t < δ0 with

t− s ≥ T1. Integrating the inequality (3.63) over interval (s, t) yields∫ t

s

E(τ)dτ ≤ C1

∫ t

s

Q(τ)dτ + C1Ξ(1)η1/2

∫ t

s

E(τ)dτ ,

that is, ∫ t

s

E(τ)dτ ≤ C1[1 − C1Ξ(1)η1/2]−1

∫ t

s

Q(τ)dτ .(4.8)

The inequality (4.8), in turn, shows∫ t

s

L(τ)dτ ≤ Ξ(1)η1/2

∫ t

s

E(τ)dτ ≤ h(η1/2)

∫ t

s

Q(τ)dτ ,(4.9)

where

h(x) = C1Ξ(1)x[1 − C1Ξ(1)x]−1, 0 ≤ x ≤ 1 .(4.10)

Furthermore, combining the inequalities (3.1) and (4.9), we obtain

C1Q(t) +

∫ t

s

Q(τ)dτ ≤ C1Q(s) + C1h(η1/2)

∫ t

s

Q(τ)dτ ,

that is,

Q(t) + w(η)

∫ t

s

Q(τ)dτ ≤ Q(s) ,(4.11)

where w(η) = C−1
1 − h(η1/2).

We fix η > 0 small such that

η1/2 ≤
{

max{1, 4C1C
−1
0,1Θ(2T1), 2Θ(2T1), 2C1Ξ(1)}

}−1
,(4.12)

w(η) > 0 .
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If δ0 < ∞, we find a contradiction as follows. Combining (3.63) and (4.11) yields

E(t) ≤ C1Q(t) + C1L(t)(4.13)

≤ C1Q(T1) + C1Ξ(1)η3/2

≤ C1C
−1
0,1E(T1) + C1Ξ(1)η3/2

≤ 2C1C
−1
0,1Θ(2T1)η

3/2 + C1Ξ(1)η3/2 < η ,

for 0 ≤ t ≤ δ0, where the estimate E(T1) ≤ 2Θ(2T1)η
3/2 is as obtained in Step 1. This

again contradicts the definition of δ0.
Proof of Theorem 1.2. The inequality (4.11) yields

Q(t) −Q(s) + w(η)

∫ t

s

Q(τ)dτ ≤ 0(4.14)

for T1 ≤ s < t < δ0 with t− s ≥ T1. Thus we have

∫ t−T1

0

skQ(s)ds ≥ (t− T1)
k+1

k + 1
Q(t) +

w(η)

k + 1

∫ t−T1

0

τk+1Q(τ)dτ, k ≥ 0 ,(4.15)

which yields

Q(t) ≤ Q(0)e−w(η)(t−T1) , t ≥ T1 .(4.16)

The estimate (1.15) follows from (4.16).
Proof of the corollaries. We show that assumption (H) holds under the assump-

tion of Corollaries 1.1 and 1.2.
(1) Let κ ≤ 0. We will verify that the vector field H(x, x0) = ρ(x)Dgρ(x) meets

the inequality (1.13) for all x ∈ Ω where ρ(x) = ρ(x, x0) is the distance function of
the metric g in (1.10). To this end, we consider a space form M of constant curvature
κ with a Riemannian metric 〈·, ·〉M and use the Hessian comparison theorem.

Let D̃ be the Levi–Civita connection on M . Let p ∈ M . Let ρ̃(q) be the distance
function on M from p to q ∈ M . Also let r̃ : [0, b] → M be a normal geodesic from
p to q such that there is no conjugate point of p on r̃; then ρ̃(q) = b. X̃ ∈ Mq is a

vector such that 〈X̃, r̃′(b)〉M = 0 and |X̃|M = 1. We have (see [33])

D̃2ρ̃(q)(X̃, X̃) =

⎧⎪⎨
⎪⎩

√
κcot(

√
κb), κ > 0,

1
b , κ = 0,

√
−κcoth(

√
−κb), κ < 0.

(4.17)

Let x ∈ Ω and r : [0, b] → Rn be a normal minimal geodesic from x0 to x with
ρ(x) = b. Let X ∈ Rn

x such that g(X, r′(b)) = 0, where g is defined as in (1.11).
Since κ ≤ 0, the exponential map expx : Rn → Rn is a diffeomorphism by the

Cartan–Hadamard theorem. Then ρ(x) = ρ(x, x0) is smooth on Ω\x0. For all x ∈ Ω,
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we obtain from the Hessian comparison theorem that

D2
gρ(X,X)(x) = |X|2gD2

gρ

(
X

|X|g
,

X

|X|g

)
≥ |X|2gD̃2ρ̃(X̃, X̃)(4.18)

=

⎧⎨
⎩

1

ρ(x)
|X|2g, κ = 0,

√
−κcoth(

√
−κρ(x))|X|2g, κ < 0

≥ 1

ρ(x)
|X|2g , κ ≤ 0 ,

where we have used the inequality

√
−κρ

(
e
√
−κρ + e−

√
−κρ) ≥ e

√
−κρ − e−

√
−κρ , κ < 0 , ρ > 0 .

For any vector Y ∈ Rn
x , we have the decomposition as

Y = X + g(Y, r′(b))r′(b) ,(4.19)

where g(X, r′(b)) = 0.
Define a vector field on Ω̄ by H(x, x0) = ρ(x)Dgρ(x). Combining (4.18) and

(4.19), we obtain

DH(Y, Y )(x)= ρD2
gρ(Y, Y ) + g2(Y, r′(b))(4.20)

= ρD2
gρ(X,X) + g2(Y, r′(b)) ≥ |X|2g + g2(Y, r′(b)) = |Y |2g ;

that is, (1.13) is true for I = 1, and Ω1 = Ω. Also the damping region G need only
be supported in a neighborhood of Γ0, which is defined in (1.19).

(2) We assume that κ > 0. Then ρ(x) = ρ(x, xi) is smooth on each B(xi, r0) \ xi,
where ρ(x) ≤ r0 < π/2

√
κ. Using a procedure similar to (4.18), we have

D2
gρ(X,X)(x) ≥ |X|2gD̃2ρ̃(X̃, X̃) =

√
κcot(

√
κρ(x))|X|2g(4.21)

for κ > 0 and x ∈ B(xi, r0). In general, the inequality (4.21) does not hold true
on the whole Ω. It is easily checked that the function t

√
κcot(

√
κt) is monotonically

decreasing in t ∈ (0,∞), and thus

ρ(x)
√
κcot(

√
κρ) >

√
κr0cot(

√
κr0) for ρ(x) < r0 ,

and

t
√
κcot(

√
κt) ≤ 1 ∀ t ∈ (0,∞) .

For κ > 0, we set

α =
√
κr0cot(

√
κr0).

Thus, for x ∈ B(xi, r0), we have

DHi(Y, Y )(x)= ρD2
gρ(X,X) + g2(Y, r′(b)) ≥ α(|X|2g + g2(Y, r′(b))) = α|Y |2g,

where Hi = H(x, xi) = ρ(x, xi)Dgρ(x, xi) and α ≤ 1. Since the radius of the
geodesic balls is fixed, there exists a finite number of vector fields Hi satisfying the
assumption (H).
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5. Proof of Theorem 1.3. Let T > 0 be given and let u ∈ C([0, T ], H2(Ω))
satisfy the problem (1.25) on the interval [0, T ]. Let γ > 0 be given. We assume that
the solution u of (1.25) satisfies

‖∇u‖ ≤ γ, 0 ≤ t < T.(5.1)

Let gu be the metric on Ω given by

gu = A−1(x, ‖∇u‖2r) ,(5.2)

where A(x, s) = (aij(x, s)).
Consider the pair (Ω, gu) as a Riemannian manifold for fixed t ∈ [0, T ]. Let X,Y

be vector fields on Ω and f be a function. Then

〈X,Y 〉gu = 〈A−1(x, ‖∇u‖2r)X,Y 〉 , ∇guf = A(x, ‖∇u‖2r)∇f ,(5.3)

where 〈·, ·〉 and 〈·, ·〉gu are the inner products in the standard metric and the metric
gu, and ∇ and ∇gu are the gradients in the standard metric and the metric gu,
respectively.

Let the metric g be given as in (1.28). Then under the assumptions (1.27) and
(5.1) there are constants c0 > 0 and cγ > 0 such that

c0|∇gf |2g ≤ |∇guf |2gu = 〈A(x, ‖∇u‖2r)∇f,∇f〉 ≤ cγ |∇gf |2g ,(5.4)

for t ∈ [0, T ], f ∈ C∞(Ω).
Let Dgu and Dg be the Levi–Civita connections in the Riemannian metrics gu

and g, respectively. Let H be a vector field on Ω. Denote by DguH and DgH the
covariant differentials in the metrics gu and g. They are two order tensor fields on Ω.
We define

ζ = DguH −DgH .(5.5)

We have the following.
Lemma 5.1 (see [37]). Let H be a vector field on Ω. Suppose that the tensor field

of order two ζ = ζ(·, ·) is given in the formula (5.5). Let γ > 0 be given and let u
satisfy the assumption (5.1). Then there exists a constant cγ > 0, which depends only
on γ, such that

|ζ(X,Y )| ≤ cγ‖∇u‖2r|X||Y | ∀ X,Y ∈ Rn
x , x ∈ Ω .(5.6)

We define the energy of order one associated with the problem (1.25) by

E1(t) = ‖u̇‖2
L2(Ω) +

(
A(x, ‖∇u‖2r)∇u,∇u

)
L2(Ω)

,(5.7)

and define the second order energy by

E2(t) =
(
A(x, ‖∇u‖2r)∇u̇,∇u̇

)
L2(Ω)

+ ‖div
(
A(x, ‖∇u‖2r) · ∇u

)
‖2
L2(Ω) .(5.8)

We obtain the following, which is similar to Lemma 3 in [8].
Lemma 5.2. Let u be a solution of the problem (1.25) and let Ω̂ ⊆ Ω be a subset

with a boundary ∂Ω̂.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2072 ZHI-FEI ZHANG AND PENG-FEI YAO

(1) Suppose that H is a vector field on Ω̂. Then∫ t

s

E
β
2
1

∫
∂Ω̂

[
H(u)

∂u

∂νa
+

1

2

(
(u̇)2 − |∇guu|2gu

)
〈H, ν〉

]
dσdτ

= E
β
2
1

(
u̇,H(u)

)
L2(Ω̂)

∣∣t
s
+

∫ t

s

E
β
2
1

∫
Ω̂

f(x, u̇)H(u)dxdτ

− β

2

∫ t

s

E
β−2

2
1 E′1(τ)

∫
Ω̂

u̇H(u)dxdτ

+

∫ t

s

E
β
2
1

∫
Ω̂

{
DguH(∇guu,∇guu) +

1

2

(
u̇2 − |∇guu|2gu

)
div H

}
dxdτ ,

where ν is the unit normal of ∂Ω̂ pointing towards the exterior of Ω̂, and

∂u

∂νa
=

n∑
i,j=1

aij(x, ‖∇u‖2r)
∂u

∂xj
νi

is the conormal derivative.
(2) Let h ∈ C2(Ω̂). We have∫ t

s

E
β
2
1

∫
Ω̂

h(u̇2 − |∇guu|2gu)dxdτ

=

∫ t

s

E
β
2
1

∫
∂Ω̂

(
1

2
u2 ∂h

∂νa
− hu

∂u

∂νa

)
dσdτ − β

2

∫ t

s

E
β−2

2
1 E′1(τ)

∫
Ω̂

u̇h(u)dxdτ

+E
β
2
1 (τ)(u̇, hu)L2(Ω̂)

∣∣t
s
+

∫ t

s

E
β
2
1

∫
Ω̂

(
f(x, u̇)hu− 1

2
u2div∇guh

)
dxdτ .

Proof of Theorem 1.3. From (1.25), we know that

(ü, u̇)L2(Ω) +

∫
Ω

n∑
i,j=1

aij(x, ‖∇u‖2r)u̇xiuxj +

∫
Ω

f(x, u̇)u̇ = 0 ,(5.9)

which gives

E′1(t) = −2

∫
Ω

f(x, u̇)u̇ + 2

∫
Ω

n∑
i,j=1

aijs(x, ‖∇u‖2r)‖∇u‖2r−2(∇u,∇u̇)uxi
uxj

,

where aijs is the partial differential of aij with respect to s.
There exists a constant cγ > 0 such that∣∣∣∣∣

n∑
i,j=1

aijs(x, ‖∇u‖2r)‖∇u‖2r−2(∇u,∇u̇)uxiuxj

∣∣∣∣∣ ≤ 1

2
cγE

r+1/2
1 (t)E

1/2
2 (t) .(5.10)

Obviously we have

E′1(t) − cγE
r+1/2
1 (t)E

1/2
2 (t) ≤ −2

∫
Ω

f(x, u̇)u̇ ≤ 0 .(5.11)
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Notice that ∫ t

s

E
β+2
2

1 (τ)dτ =

∫ t

s

E
β
2
1

∫
Ω

(u̇2 + |∇guu|2gu)dxdτ.(5.12)

After a procedure similar to that in the proofs of Lemmas 3.3 and 3.4, we have∫ t

s

E
β+2
2

1 (τ)dτ ≤cγE
β+2
2

1 (s) + cγE
β+2
2

1 (t) + cγE1(s) − cγE1(t)

+ cγ

∫ t

s

E
β
2
1

∫
G

(u̇2 + f2(x, u̇))dxdτ + cγ

∫ t

s

E
r+1/2
1 (τ)E

1/2
2 (τ)dτ .

By (1.21) and (5.12) we have

∫
G

(u̇2 + f2(x, u̇))dx≤ c

∫
G

(u̇f(x, u̇))
2

β+2 dx ≤ c

(∫
G

u̇f(x, u̇)dx

) 2
β+2

≤ c(cγE
r+1/2
1 E

1/2
2 − E′1)

2
β+2 .

Hence, using the Young inequality, for any ε > 0 we have∫ t

s

E
β
2
1

∫
G

(u̇2 + f2(x, u̇))dxdτ ≤ c

∫ t

s

E
β
2
1 (τ)(cγE

r+1/2
1 E

1/2
2 − E′1(τ))

β+2
2 dτ

≤
∫ t

s

(εE
β+2
2

1 + c(γ, ε)E
r+1/2
1 E

1/2
2 − c(ε)E′1)dτ

≤ ε

∫ t

s

E
β+2
2

1 dτ + c(γ, ε)

∫ t

s

E
r+1/2
1 (τ)E

1/2
2 (τ)dτ + C(ε)E1(s) − C(ε)E1(t) .

Similar to (3.44), we have

max
{
E

β+2
2

1 (t), E
β+2
2

1 (s)
}
≤ 1

t− s

∫ t

s

E
β+2
2

1 (τ)dτ + cγ

∫ t

s

E
r+1/2+β/2
1 (τ)E

1/2
2 (τ)(τ)dτ

+ cγ

∫ t

s

E
3/2+β/2
1 (τ)(τ)dτ +

∫ t

s

E
β
2
1 (τ)f(x, u̇)u̇dxdτ ,

where the following estimate has been used:

−E′1(t) ≤ cE3/2(t) + cγE
r+1/2
1 E

1/2
2 (t) +

∫
Ω

f(x, u̇)u̇dx .

Then there exist constants cγ > 0 and Tγ > 3 supx∈Ω |H|g/α such that, if 0 ≤ s ≤
t ≤ T , t− s ≥ Tγ , then

∫ t

s

E
β+2
2

1 (τ)dτ + cγE1(t) + cγE
β+2
2

1 (t) ≤ cγE1(s) + cγE
β+2
2

1 (s) + cγ

∫ t

s

L(τ)dτ ,

where L(t) is the high order of the energy defined as

L(τ) = E
r+1/2+β/2
1 (τ)E

1/2
2 (τ) + E

3/2+β/2
1 (τ) + E

r+1/2
1 (τ)E

1/2
2 (τ) .
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After a discussion similar to that in section 4, we obtain the existence of global
solutions to (1.25). Furthermore, we have

E1(t) + E
β+2
2

1 (t) − E1(s) − E
β+2
2

1 (s) + w(η)

∫ t

s

E
β+2
2

1 (τ)dτ ≤ 0(5.13)

for 0 ≤ s ≤ t ≤ T , t− s ≥ Tγ , where

w(η) > 0

for η > 0 small. From (5.13) we know that

E1(t) ≤ E1(s) , 0 ≤ s ≤ t ≤ T, t− s ≥ Tγ ,

which yields

E
β+2
2

1 (s) − E
β+2
2

1 (t) ≤ c(E1(s) − E1(t))(5.14)

for η ≤ ( 2c
2+β )2/β .

Combining (5.13) and (5.14), we get

E1(t) − E1(s) + w(η)

∫ t

s

E
β+2
2

1 (τ)dτ ≤ 0

for 0 ≤ s ≤ t ≤ T , t− s ≥ Tγ , which yields

E1(t) ≤ E1(0)

(
1

1 + 2
βw(η)(t− Tγ)E

β/2
1 (0)

)2/β

, t ≥ Tγ .(5.15)

We can choose the suitable constant c such that the estimate (1.23) holds for all t > 0.
Next, we prove that the second energy is bounded. From the estimate (5.15), the

following corollary is immediate.
Corollary 5.1. If w > β/2, then∫ t

0

Ew
1 (s)ds ≤ 2w

2w − β
CE1(0)w−β/2 , t ≥ 0 .(5.16)

The equation can be written as

ü− div(A · ∇u) + f(x, u̇) = 0 .(5.17)

A computation yields

(5.18)

E′2(t) = (Ȧ · ∇u̇,∇u̇)L2(Ω) + 2(A · ∇u̇,∇ü)L2(Ω)

+
(
2div(A · ∇u), (div(Ȧ · ∇u) + div(A · ∇u̇))

)
L2(Ω)

= (Ȧ · ∇u̇,∇u̇)L2(Ω) − 2(div(A · ∇u̇), ü)L2(Ω)

+
(
2div(A · ∇u),div(Ȧ · ∇u)

)
+
(
2div(A · ∇u),div(A · ∇u̇)

)
L2(Ω)

= (Ȧ · ∇u̇,∇u̇)L2(Ω) + 2(div(A · ∇u̇), f)L2(Ω) + 2
(
div(A · ∇u),div(Ȧ · ∇u)

)
L2(Ω)

≡ I1 + I2 + I3 ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

GLOBAL SMOOTH SOLUTIONS OF QUASI-LINEAR WAVE EQUATIONS 2075

where I2 can be written as

I2 = 2(div(A · ∇u̇), f)L2(Ω) = −2

∫
Ω

n∑
i,j=1

{aij u̇xj
fxi

(x, u̇) + aij u̇xj
fs(x, u̇)u̇xi

} .

We need to estimate the term E′2(t). First, it is easily seen that

I1(t) ≤ CEr−1/2(t)E
3/2
2 (t),(5.19)

I2(t) ≤ CEr−1/2(t)E
1/2
2 (t),

I3(t) ≤ CEr−1/2(t)E2(t) ,

where the condition (1.20) is used.
Combining (5.18) and (5.19), we know that at least one of the following three

inequalities is true:

E′2(t) ≤ cEr−1/2(t)E
3/2
2 (t) ,(5.20)

E′2(t) ≤ CEr−1/2(t)E
1/2
2 (t) ,(5.21)

E′2(t) ≤ CEr−1/2(t)E2(t) .(5.22)

Letting ω = r − 1/2 in (5.16) yields

∫ t

0

Er−1/2(s)ds ≤ 2r − 1

2r − 1 − β
CE(0)r−1/2−β/2 .(5.23)

The inequalities (5.20)–(5.23) imply that the second energy E2(t) is bounded in
t ∈ [0,∞).

Acknowledgments. The authors thank the reviewers for their suggestion to
include the case (1.21).
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NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR
RELAXED AND STRICT CONTROL PROBLEMS∗

SEID BAHLALI†

Abstract. We consider a stochastic control problem where the set of strict (classical) controls is
not necessarily convex, and the system is governed by a nonlinear stochastic differential equation, in
which the control enters both the drift and the diffusion coefficients. By introducing a new approach,
we establish necessary as well as sufficient conditions of optimality for two models. The first concerns
the relaxed controls, which are measure-valued processes in which an optimal solution exists. The
second is a particular case of the first and relates to strict control problems. These results are given
in the form of global stochastic maximum principle by using only the first-order expansion and the
associated adjoint equation. This improves all of the previous works on the subject.

Key words. stochastic differential equation, strict control, relaxed control, maximum principle,
adjoint process, variational inequality

AMS subject classification. 93Exx

DOI. 10.1137/070681053

1. Introduction. We study a stochastic control problem where the system is
governed by a nonlinear stochastic differential equation (SDE) of the type{

dxv
t = b (t, xv

t , vt) dt + σ (t, xv
t , vt) dWt,

xv
0 = ξ,

where b and σ are given deterministic functions, ξ is the initial data, and W = (Wt)t≥0

is a standard d-dimensional Brownian motion, defined on a filtered probability space(
Ω,F ,

(
Ft

)
t≥0

,P
)

satisfying the usual conditions.

The control variable v = (vt), called strict (classical) control, is an Ft adapted
process with values in some set U of R

k. We denote by U the class of all strict controls.
The criteria to be minimized, over the set U , has the form

J (v) = E

[
g (xv

T ) +

∫ T

0

h (t, xv
t , vt) dt

]
,

where g and h are given maps and xv
t is the trajectory of the system controlled by v.

A control u ∈ U is called optimal if it satisfies

J (u) = inf
v∈U

J (v) .

This kind of stochastic control problems have been studied extensively, both by
the dynamic programming approach and by the Pontryagin stochastic maximum prin-
ciple. In this paper, we are concerned with the second approach, whose objective is to
establish necessary as well as sufficient conditions for optimality of controls. There are

∗Received by the editors January 26, 2007; accepted for publication (in revised form) March 18,
2008; published electronically July 16, 2008. This work is partially supported by Algerian-French
cooperation, Tassili 07 MDU 705.

http://www.siam.org/journals/sicon/47-4/68105.html
†Laboratory of Applied Mathematics, University Med Khider, P.O. Box 145, Biskra 07000, Algeria

(sbahlali@yahoo.fr).
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many works concerning this subject. The first contribution in this direction is made by
Kushner [18]. The other fundamental advance was developed by Haussmann [11, 12].
Versions of the stochastic maximum principle in which the diffusion coefficient is al-
lowed to depend explicitly on the control variable were derived by Arkin and Saksonov
[1], Bensoussan [5], Elliot [8], Elliot and Kohlmann [9], and Peng [23]. Necessary (as
well as sufficient) optimality conditions for linear systems with random coefficients,
where no Lp-bounds are imposed on the controls, are established by Cadellinas and
Karatzas [6].

The common fact in most of these works is that an optimal solution in the class
of strict controls may fail to exist. Existence of such a strict optimal control follows
from the Filippov convexity condition, which is the convexity of the image of the
action space U by the map (b (t, x, .) , σσ∗ (t, x, .) , h (t, x, .)); see [4], [7], [13], [14], [19].
Without this convexity condition, an optimal strict control does not necessarily exist
in U . To overcome this problem of existence without imposing the Filippov condition,
the idea is then to introduce a bigger new class R of processes in which the controller
chooses at time t a probability measure qt (da) on the control set U , rather than an
element vt of U . This new class of processes is called relaxed controls and has a richer
topological structure, for which the control problem becomes solvable.

In the relaxed model, the system is governed by the SDE{
dxq

t =
∫
U
b (t, xq

t , a) qt (da) dt +
∫
U
σ (t, xq

t , a) qt (da) dWt,
xq

0 = ξ.

The functional cost to be minimized, over the class R of relaxed controls, is defined
by

J (q) = E

[
g (xq

T ) +

∫ T

0

∫
U

h (t, xq
t , a) qt (da) dt

]
.

A relaxed control μ is called optimal if it solves

J (μ) = inf
q∈R

J (q) .

The relaxed control problem finds its interest in two essential points. The first
is that an optimal solution exists. Fleming [10] derived an existence result of an
optimal relaxed control with uncontrolled diffusion coefficient. The existence of an
optimal solution, where the drift and the diffusion coefficients depend explicitly on
the relaxed control variable, has been solved by El Karoui, Nguyen, and Piqué [7]. The
relaxed optimal control in this general case is shown to be Markovian. See Bahlali,
Mezerdi, and Djehiche [2] for an alternative proof for existence of an optimal relaxed
control. The second is that it is a generalization of the strict control problem. Indeed,
if qt (da) = δvt (da) is a Dirac measure concentrated at a single point vt, then we get
a strict control problem as a particular case of the relaxed one.

Motivated by the existence of an optimal solution, the unique versions of stochas-
tic maximum principle for relaxed controls were established by Mezerdi and Bahlali
[22] in the case of uncontrolled diffusion, Bahlali, Mezerdi, and Djehiche [2], where
the drift and the diffusion coefficients depend explicitly on the relaxed control vari-
able, and Bahlali, Djehiche, and Mezerdi [3] for the problem of mixed singular-relaxed
controls. All these results are obtained by using the previous works on strict controls,
Ekeland’s variational principle, and some stability properties of the trajectories and
adjoint processes with respect to the control variable.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2080 SEID BAHLALI

The general stochastic maximum principle for strict controls established by Peng
[23] and its extension to the class of measure-valued processes developed by Bahlali,
Mezerdi, and Djehiche [2], have been both obtained by using the second-order expan-
sion. Then, these two results are given with two adjoint processes and a variational
inequality of the second-order.

Our aim in this paper is to establish necessary as well as sufficient conditions of
optimality in the form of global stochastic maximum principle, for relaxed and strict
controls, without using the second-order expansion. To achieve this goal, we introduce
a new approach and derive these two main results as follows.

First, we give the optimality conditions for relaxed controls. The main idea is to
use the fact that the set of relaxed controls is convex. Then, we establish necessary
optimality conditions by using the classical way of the convex perturbation method.
More precisely, if we denote by μ an optimal relaxed control and q an arbitrary
element of R, then with a sufficiently small θ > 0 and for each t ∈ [0, T ], we can
define a perturbed control as follows:

μθ
t = μt + θ (qt − μt) .

We derive the variational equation from the state equation, and the variational
inequality from the inequality

0 ≤ J
(
μθ

)
− J (μ) .

By using the fact that the drift, the diffusion, and the running cost coefficients are
linear with respect to the relaxed control variable, necessary optimality conditions are
obtained directly in the global form. This result improves significantly that of Bahlali,
Mezerdi, and Djehiche [2], in the sense where we use only the first-order expansion
with only one adjoint process.

To achieve the first result of this paper, we prove under minimal additional
hypothesis, that these necessary optimality conditions for relaxed controls are also
sufficient.

The second main result in this paper characterizes the optimality for strict control
processes. It is directly derived from the above result by restricting from relaxed to
strict controls. The main idea is to replace the relaxed controls by a Dirac measures
charging a strict controls. Thus, we reduce the set R of relaxed controls and minimize
the cost J over the subset δ (U) = {q ∈ R/q = δv; v ∈ U}. Then, we derive neces-
sary optimality conditions by using only the first-order expansion and the associated
adjoint equation. Therefore we no longer need the second-order expansion. This re-
sult improves considerably the Peng stochastic maximum principle [23]. Moreover, we
prove that these necessary conditions becomes sufficient, without imposing either the
convexity of U or that of the Hamiltonian H in v.

This paper is organized as follows. In section 2, we formulate the strict and relaxed
control problems and give the various assumptions used throughout this paper. Section
3 is devoted to study the relaxed control problems and we establish necessary as well
as sufficient conditions of optimality for relaxed controls. In the last section, we derive
directly from the results of section 3, the optimality conditions for strict controls.

Throughout this paper, we denote by C some positive constant and we need
the following matrix notations. We denote by Mn×d (R) the space of n × d real
matrices and by Md

n×n (R) the linear space of vectors M = (M1, . . . ,Md), where
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Mi ∈ Mn×n (R).

For any M,N ∈ Md
n×n (R), L, S ∈ Mn×d (R), α, β ∈ R

n, and γ ∈ R
d, we use the

following notations:

αβ =

n∑
i=1

αiβi ∈ R is the product scalar in R
n;

LS =

d∑
i=1

LiSi ∈ R, where Li and Si are the ith columns of L and S;

ML =

d∑
i=1

MiLi ∈ R
n;

Mαγ =
d∑

i=1

(Miα) γi ∈ R
n;

MN =

d∑
i=1

MiNi ∈ Mn×n (R);

MLN =

d∑
i=1

MiLNi ∈ Mn×n (R);

MLγ =

d∑
i=1

MiLγi ∈ Mn×n (R).

We denote by L∗ the transpose of the matrix L and M∗ = (M∗1 , . . . ,M
∗
d ).

2. Formulation of the problem. Let
(
Ω,F ,

(
Ft

)
t≥0

,P
)

be a filtered probabil-

ity space satisfying the usual conditions, on which a d-dimensional Brownian motion
W = (Wt)t≥0 is defined. We assume that (Ft) is the P-augmentation of the natural
filtration of W.

Let T be a strictly positive real number and U a nonempty compact set of R
k.

2.1. The strict control problem.

Definition 1. An admissible strict control is an Ft-adapted process v = (vt) with
values in U such that

E

[
sup

0≤t≤T
|vt|2

]
< ∞.

We denote by U the set of all admissible strict controls.

For any v ∈ U , we consider the following controlled SDE:

(1)

{
dxv

t = b (t, xv
t , vt) dt + σ (t, xv

t , vt) dWt,
xv

0 = ξ,

where

b : [0, T ] × R
n × U −→ R

n,

σ : [0, T ] × R
n × U −→ Mn×d (R) ,

and ξ is an n-dimensional F0-measurable random variable such that

E |ξ|2 < ∞.
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The expected cost to be minimized is defined from U into R by

(2) J (v) = E

[
g (xv

T ) +

∫ T

0

h (t, xv
t , vt) dt

]
,

where

g : R
n −→ R,

h : [0, T ] × R
n × U −→ R.

A strict control u is called optimal if it satisfies

(3) J (u) = inf
v∈U

J (v) .

The following assumptions will be in force throughout this paper:

b, σ, g, h are continuously differentiable with respect to x.(4)

They and all their derivatives bx, σx, gx, hx are continuous in (x, v) .

bx, σx, gx, hx are uniformly bounded. b, σ, g, h are bounded by C (1 + |x| + |v|) .

Under the above assumptions, for every v ∈ U , (1) has a unique strong solution,
and the functional cost J is well defined from U into R.

2.2. The relaxed model. The strict control problem {(1), (2), and (3)} formu-
lated in the last subsection may fail to have an optimal solution without the Filippov
convexity condition, which is the convexity of the image of the action space U by
the map (b (t, x, .) , σσ∗ (t, x, .) , h (t, x, .)); see [4], [7], [13], [14], [19]. Let us begin by
a deterministic example which shows that even in simple cases, existence of a strict
optimal control is not ensured (see Fleming [10] and Yong and Zhou [24] for other
examples).

The problem is to minimize, over the set of measurable functions v : [0, T ] →
{−1, 1}, the following functional cost:

J (v) =

∫ T

0

(xv
t )

2
dt,

where xv
t denotes the solution of

{
dxv

t = vtdt,
xv

0 = 0.

We then have

inf
v∈U

J (v) = 0.

Indeed, consider the following sequence of controls:

vnt = (−1)
k

if
k

n
T ≤ t ≤ k + 1

n
T, 0 ≤ k ≤ n− 1.
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Then, clearly

∣∣∣xvn

t

∣∣∣ ≤ T

n
,

|J (vn)| ≤ T 3

n2
,

which implies that

inf
v∈U

J (v) = 0.

There is, however, no control v such that J (v) = 0. If this were the case, then
for every t, xv

t = 0. This in turn would imply that vt = 0, which is impossible. The
problem is that the sequence (vn) has no limit in the space of strict controls. This
limit, if it exists, will be the natural candidate for optimality. If we identify vnt with
the Dirac measure δvn

t
(da) and set qn (dt, dv) = δvn

t
(dv) dt, then we get a measure on

[0, 1] × U . Then, the sequence (qn (dt, dv))n converges weakly to 1
2dt [δ−1 + δ1] (da)

This suggests that the set U of strict controls is too narrow and should be em-
bedded into a wider class with a richer topological structure, for which the control
problem becomes solvable.

The idea of relaxed controls is to replace the U -valued process (vt) with P (U)-
valued process (qt), where P (U) is the space of probability measures equipped with
the topology of weak convergence.

Definition 2. A relaxed control is the term q =
(
Ω,F ,

(
Ft

)
t≥0

, P,Wt, qt, xt, ξ
)

such that (1)
(
Ω,F ,

(
Ft

)
t≥0

, P
)

is a filtered probability space satisfying the usual con-

ditions. (2) (qt)t is a P (U)-valued process, progressively measurable with respect to
(Ft)t and such that for each t, 1]0,t].q is Ft-measurable. (3) (xt)t is R

n-valued and
Ft-adapted with continuous paths such that x0 = ξ and for each f ∈ C2

b (Rn,R)

f (xt) − f (ξ) −
∫ t

0

∫
U

Lf (s, xs, a) qs (ω, da) ds

is a P -martingale, where L is the infinitesimal generator associated with (5), acting
on a map f in C2

b (Rn,R).
By a slight abuse of notation, we will often denote a relaxed control by q instead

of specifying all of the components.
Remark 3. The set of strict controls is embedded into the set of relaxed controls

by the mapping

f : v �→ fv (dt, da) = dtδvt
(da),

where δv is the atomic measure concentrated at a single point v.
For more details on relaxed controls, see [2], [3], [7], [10], [20], [21], [22].
Definition 4. An admissible relaxed control is a relaxed control q = (qt) such

that

E

[
sup

0≤t≤T
|qt|2

]
< ∞.

We denote by R the set of all admissible relaxed controls.
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For any q ∈ R, we consider the following relaxed SDE:

(5)

{
dxq

t =
∫
U
b (t, xq

t , a) qt (da) dt +
∫
U
σ (t, xq

t , a) qt (da) dWt,
xq

0 = ξ.

The expected cost to be minimized, in the relaxed model, is defined from R into
R by

(6) J (q) = E

[
g (xq

T ) +

∫ T

0

∫
U

h (t, xq
t , a) qt (da) dt

]
.

A relaxed control μ is called optimal if it solves

(7) J (μ) = inf
q∈R

J (q) .

Existence of an optimal solution for the problem {(5), (6), (7)} has been solved
by El Karoui, Nguyen, and Piqué [7] by using a compactification method. The relaxed
optimal control in this general case is shown to be Markovian. See Bahlali, Mezerdi,
and Djehiche [2] for an alternative proof for existence of an optimal relaxed control.

Remark 5. If we put

b (t, xq
t , qt) =

∫
U

b (t, xq
t , a) qt (da) ,

σ (t, xq
t , qt) =

∫
U

σ (t, xq
t , a) qt (da) ,

h (t, xq
t , qt) =

∫
U

h (t, xq
t , a) qt (da) ,

then (5) becomes

(5’)

{
dxq

t = b (t, xq
t , qt) dt + σ (t, xq

t , qt) dWt,
xq
T = ξ,

with a functional cost given by

J (q) = E

[
g (xq

T ) +

∫ T

0

h (t, xq
t , qt) dt

]
.

Hence, by introducing relaxed controls, we have replaced U by a larger space P (U).
We have gained the advantage that P (U) is both compact and convex. Furthermore,
the new coefficients of (5) and the running cost are linear with respect to the relaxed
control variable.

Remark 6. The coefficients b and σ (defined in the above remark) check, re-
spectively, the same assumptions as b and σ. Then, under assumptions (4), b and σ
are uniformly Lipschitz and with linear growth. Then, by classical results on SDEs
(the Itô theorem; see Ikeda and Watanabe [15], Karatzas and Shreve [17]), for every
q ∈ R, (5′) admits a unique strong solution. Consequently, for every q ∈ R, (5) has
a unique strong solution. On the other hand, it is easy to see that h checks the same
assumptions as h. Then, the functional cost J is well defined from R into R.
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Remark 7. If qt = δvt
is an atomic measure concentrated at a single point vt ∈ U ,

then for each t ∈ [0, T ] we have

∫
U

b (t, xq
t , a) qt (da) =

∫
U

b (t, xq
t , a) δvt (da) = b (t, xq

t , vt) ,∫
U

σ (t, xq
t , a) qt (da) =

∫
U

σ (t, xq
t , a) δvt

(da) = σ (t, xq
t , vt) ,∫

U

h (t, xq
t , a) qt (da) =

∫
U

h (t, xq
t , a) δvt (da) = h (t, xq

t , vt) .

In this case xq = xv, J (q) = J (v), and we get a strict control problem. Thus the
problem of strict controls {(1), (2), (3)} is a particular case of relaxed control problem
{(5), (6), (7)}.

Remark 8. We note that the relaxed equation (5) can be expressed in terms
of martingale measure (see El Karoui, Nguyen, and Piqué [7] and Bahlali, Mezerdi,
and Djehiche [2]). If we follow this formulation, the state equation is governed by a
martingale measure and is given by

{
dxq

t =
∫
U
b (t, xq

t , a) qt (da) dt +
∫
U
σ (t, xq

t , a)M (da, dt) ,
xq

0 = ξ.

where M (da, dt) is a martingale measure with intensity the relaxed control qt (da) dt.

In our formulation of the relaxed stochastic control problem, the state equation
(5) is governed by the Brownian motion W . This formulation was used by Ma and
Yong [20] for a relaxed control problem of forward-backward systems. See Ma and
Yong [20] for more details.

3. Necessary and sufficient optimality conditions for relaxed controls.
In this section, we study the problem {(5), (6), (7)} and we establish necessary as
well as sufficient conditions of optimality for relaxed controls.

3.1. Preliminary results. Since the set of relaxed controls R is convex, a clas-
sical way of treating such a problem is to use the convex perturbation method. More
precisely, let μ be an optimal relaxed control and xμ

t the solution of (5) controlled by
μ. Then, we can define a perturbated relaxed control as follows:

(8) μθ
t = μt + θ (qt − μt) ,

where θ > 0 is sufficiently small and q is an arbitrary element of R.

Denote by xθ
t the solution of (5) associated with μθ.

From the optimality of μ, the variational inequality will be derived from the fact
that

(9) 0 ≤ J
(
μθ

)
− J (μ) .

To this end, we need the following classical lemmas.

Lemma 9. Under assumptions (4), we have

(10) lim
θ→0

[
sup

0≤t≤T
E
∣∣xθ

t − xμ
t

∣∣2] = 0.
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Proof. We have

xθ
t − xμ

t =

∫ t

0

[∫
U

b
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

b (s, xμ
s , a)μs (da)

]
ds

+

∫ t

0

[∫
U

σ
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

σ (s, xμ
s , a)μs (da)

]
dWs

=

∫ t

0

[∫
U

b
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

b (s, xμ
s , a)μ

θ
s (da)

]
ds

+

∫ t

0

[∫
U

b (s, xμ
s , a)μ

θ
s (da) −

∫
U

b (s, xμ
s , a)μs (da)

]
ds

+

∫ t

0

[∫
U

σ
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

σ (s, xμ
s , a)μ

θ
s (da)

]
dWs

+

∫ t

0

[∫
U

σ (s, xμ
s , a)μ

θ
s (da) −

∫
U

σ (s, xμ
s , a)μs (da)

]
dWs.

By using the definition of μθ
t and taking expectation, we have

E
∣∣xθ

t − xμ
t

∣∣2 ≤ CE

∫ t

0

∣∣∣∣
∫
U

b
(
s, xθ

s, a
)
μs (da) −

∫
U

b (s, xμ
s , a)μs (da)

∣∣∣∣
2

ds

+ Cθ2
E

∫ t

0

∣∣∣∣
∫
U

b
(
s, xθ

s, a
)
qs (da) −

∫
U

b
(
s, xθ

s, a
)
μs (da)

∣∣∣∣
2

ds

+ CE

∫ t

0

∣∣∣∣
∫
U

σ
(
s, xθ

s, a
)
μs (da) −

∫
U

σ (s, xμ
s , a)μs (da)

∣∣∣∣
2

ds

+ Cθ2
E

∫ t

0

∣∣∣∣
∫
U

σ
(
s, xθ

s, a
)
qs (da) −

∫
U

σ
(
s, xθ

s, a
)
μs (da)

∣∣∣∣
2

ds.

By (4), b and σ are uniformly Lipschitz with respect to x. Hence

E
∣∣xθ

t − xμ
t

∣∣2 ≤ CE

∫ t

0

∣∣xθ
s − xμ

s

∣∣2 ds + Cθ2.

By using Gronwall’s lemma and the Buckholder–Davis–Gundy inequality, we obtain
the desired result.

Lemma 10. Let zt be the solution of the following linear equation (called varia-
tional equation):

(11)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dzt =
∫
U
bx (t, xμ

t , a)μt (da) ztdt +
∫
U
σx (t, xμ

t , a)μt (da) ztdWt

+
[∫

U
b (t, xμ

t , a)μt (da) −
∫
U
b (t, xμ

t , a) qt (da)
]
dt

+
[∫

U
σ (t, xμ

t , a)μt (da) −
∫
U
σ (t, xμ

t , a) qt (da)
]
dWt,

z0 = 0.

Then, we have

(12) lim
θ→0

E

∣∣∣∣xθ
t − xμ

t

θ
− zt

∣∣∣∣
2

= 0.

Proof. For simplicity, we put

(13) Xt =
xθ
t − xμ

t

θ
− zt.
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Then, we have

Xt =
1

θ

∫ t

0

∫
U

b
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

b (s, xμ
s , a)μ

θ
s (da) ds

+
1

θ

∫ t

0

[∫
U

b (s, xμ
s , a)μ

θ
s (da) −

∫
U

b (s, xμ
s , a)μs (da)

]
ds

+
1

θ

∫ t

0

[∫
U

σ
(
s, xθ

s, a
)
μθ
s (da) −

∫
U

σ (s, xμ
s , a)μ

θ
s (da)

]
dWs

+
1

θ

∫ t

0

[∫
U

σ (s, xμ
s , a)μ

θ
s (da) −

∫
U

σ (s, xμ
s , a)μs (da)

]
dWs

−
∫ t

0

∫
U

bx (s, xμ
s , a)μs (da) zsds−

∫ t

0

∫
U

σx (s, xμ
s , a)μs (da) zsdWs

−
∫ t

0

[∫
U

b (s, xμ
s , a)μs (da) −

∫
U

b (s, xμ
s , a) qs (da)

]
ds

−
∫ t

0

[∫
U

σ (s, xμ
s , a)μs (da) −

∫
U

σ (s, xμ
s , a) qs (da)

]
dWs.

By using the definition of μθ and taking expectation, we get

E |Xt|2 ≤ CE

∫ t

0

∫ 1

0

∫
U

|bx (s, xμ
s + λθ (Xs + zs) , a)Xs|2 μs (da) dλds

+ CE

∫ t

0

∫ 1

0

∫
U

|σx (s, xμ
s + λθ (Xs + zs) , a)Xs|2 μs (da) dλds

+ CE
∣∣αθ

t

∣∣2 ,
where αθ

t is given by

αθ
t =

∫ t

0

∫ 1

0

∫
U

bx (s, xμ
s + λθ (Xs + zs) , a)

(
xθ
s − xμ

s

)
qs (da) dλds

−
∫ t

0

∫ 1

0

∫
U

bx (s, xμ
s + λθ (Xs + zs) , a)

(
xθ
s − xμ

s

)
μs (da) dλds

+

∫ t

0

∫ 1

0

∫
U

σx (s, xμ
s + λθ (Xs + zs) , a)

(
xθ
s − xμ

s

)
qs (da) dλdWs

−
∫ t

0

∫ 1

0

∫
U

σx (s, xμ
s + λθ (Xs + zs) , a)

(
xθ
s − xμ

s

)
μs (da) dλdWs

+

∫ t

0

∫ 1

0

∫
U

bx (s, xμ
s + λθ (Xs + zs) , a) zsμs (da) dλds

+

∫ t

0

∫ 1

0

∫
U

σx (s, xμ
s + λθ (Xs + zs) , a) zsμs (da) dλdWs

−
∫ t

0

∫
U

bx (s, xμ
s , a) zsμs (da) ds−

∫ t

0

∫
U

σx (s, xμ
s , a) zsμs (da) dWs.

Since bx and σx are continuous and bounded, then

E |Xt|2 ≤ C E

∫ t

0

|Xs|2 ds + CE
∣∣αθ

t

∣∣2 ,
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lim
θ→0

E
∣∣αθ

t

∣∣2 = 0.

We conclude by using Gronwall’s lemma in the above inequality.
Lemma 11. Let μ be an optimal relaxed control minimizing the cost J over R and

xμ
t the associated optimal trajectory. Then, for any q ∈ R,we have

0 ≤ E [gx (xμ
T ) zT ] + E

∫ T

0

∫
U

hx (t, xμ
t , a)μt (da) ztdt(14)

+ E

∫ T

0

[∫
U

h (t, xμ
t , a) qt (da) −

∫
U

h (t, xμ
t , a)μt (da)

]
dt.

Proof. By (9), we have

0 ≤ E
[
g
(
xθ
T

)
− g (xμ

T )
]

+ E

∫ T

0

∫
U

h
(
t, xθ

t , a
)
μθ
t (da) dt− E

∫ T

0

∫
U

h (t, xμ
t , a)μt (da) dt

= E
[
g
(
xθ
T

)
− g (xμ

T )
]

+ E

∫ T

0

∫
U

h
(
t, xθ

t , a
)
μθ
t (da) dt− E

∫ T

0

∫
U

h (t, xμ
t , a)μ

θ
t (da) dt

+ E

∫ T

0

∫
U

h (t, xμ
t , a)μ

θ
t (da) dt− E

∫ T

0

∫
U

h (t, xμ
t , a)μt (da) dt.

By using the definition of μθ
t , we have

0 ≤ E
[
g
(
xθ
T

)
− g (xμ

T )
]

+ E

∫ T

0

[∫
U

h
(
t, xθ

t , a
)
μt (da) −

∫
U

h (t, xμ
t , a)μt (da)

]
dt

+ θE

∫ T

0

[∫
U

h
(
t, xθ

t , a
)
qt (da) −

∫
U

h
(
t, xθ

t , a
)
μt (da)

]
dt.

Hence,

0 ≤ E

∫ 1

0

gx (xμ
T + λθ (XT + zT )) zT dλ

+ E

∫ T

0

∫
U

∫ 1

0

hx (t, xμ
t + λθ (Xt + zt) , a)μt (da) ztdλdt

+ E

∫ T

0

[∫
U

h (t, xμ
t , a) qt (da) −

∫
U

h (t, xμ
t , a)μt (da)

]
dt

+ ρθt ,

where X is defined in (13) and ρθt is given by

ρθt = E

∫ 1

0

gx (xμ
T + λθ (XT + zT ))XT dλ

+ E

∫ T

0

∫
U

∫ 1

0

hx (t, xμ
t + λθ (Xt + zt) , a)μt (da)Xtdλdt.
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Using the Cauchy–Schwartz inequality, Lemma 10, and the fact that gx and hx are
continuous and bounded, we get

lim
θ→0

ρθt = 0.

The proof is completed by letting θ go to 0 in the above inequality.

3.2. Variational inequality and adjoint equation. In this subsection, we
introduce the adjoint process. With this process, we derive the variational inequal-
ity from (14). The linear terms in (11) may be treated in the following way (see
Bensoussan [5]). Let Φ be the fundamental solution of the linear equation

(15)

{
dΦt =

∫
U
bx (t, xμ

t , a)μt (da) Φtdt +
∫
U
σx (t, xμ

t , a)μt (da) ΦtdWt,
Φ0 = Id.

This equation is linear with bounded coefficients. Hence, it admits a unique strong
solution which is invertible, and its inverse Ψt is the unique solution of

(16)

⎧⎨
⎩

dΨt =
[∫

U
σx (t, xμ

t , a)μt (da) Ψt

∫
U
σ∗x (t, xμ

t , a)μt (da)
]
dt

−
∫
U
bx (t, xμ

t , a)μt (da) Ψtdt−
∫
U
σx (t, xμ

t , a)μt (da) ΨtdWt,
Ψ0 = Id.

Moreover, Φ and Ψ satisfy

(17) E

[
sup

0≤t≤T
|Φt|2

]
+ E

[
sup

0≤t≤T
|Ψt|2

]
< ∞.

We introduce the following processes:

αt = Ψtzt,(18)

X = Φ∗T gx(xμ
T ) +

∫ T

0

[
Φ∗t

∫
U

hx (t, xμ
t , a)μt (da)

]
dt,(19)

Yt = E [X / Ft] −
∫ t

0

[
Φ∗s

∫
U

hx (s, xμ
s , a)μs (da)

]
ds.(20)

We remark from (18), (19), (20) that

(21) E [αTYT ] = E [gx (xμ
T ) zT ] .

Since gx and hx are bounded, then by (17), X is square integrable. Hence, the
process (E [X / Ft])t≥0 is a square integrable martingale with respect to the natural
filtration of the Brownian motion W . Then, by Itô’s representation theorem we have

Yt = E [X] +

∫ t

0

QsdWs −
∫ t

0

∫
U

Φ∗shx (s, xμ
s , a)μs (da) ds,

where Q is an adapted process such that E
∫ T

0
|Qs|2 ds < ∞.

By applying Itô’s formula to αt, then with αtYt and using (21), the variational
inequality (14) becomes

(22) 0 ≤ E

∫ T

0

[H (t, xμ
t , qt, p

μ
t , P

μ
t ) −H (t, xμ

t , μt, p
μ
t , P

μ
t )] dt,
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where the Hamiltonian H is defined from [0, T ] × R
n × P (U) × R

n ×Mn×d (R) into
R by

H (t, x, q, p, P ) =

∫
U

h (t, x, a) q (da) +

∫
U

b (t, x, a) q (da) p +

∫
U

σ (t, x, a) q (da)P,

(pμ, Pμ) is a pair of adapted processes given by

pμt = Ψ∗tYt; pμ ∈ L2 ([0, T ] ; Rn) ,(23)

Pμ
t = Ψ∗tQt −

∫
U

σ∗x (t, xμ
t , a)μt (da) pμt ; Pμ ∈ L2

(
[0, T ] ; Rn×d) ,(24)

and the process Q satisfies∫ t

0

QsdWs = E

[
Φ∗T gx(xμ

T ) +

∫ T

0

Φ∗t

∫
U

hx (t, xμ
t , a)μt (da) dt / Ft

]
(25)

− E

[
Φ∗T gx(xμ

T ) +

∫ T

0

Φ∗t

∫
U

hx (t, xμ
t , a)μt (da) dt

]
.

The process pμ is called the adjoint process and from (19), (20), (23), it is given
explicitly by

pμt = E

[
Ψ∗tΦ

∗
T gx(xμ

T ) + Ψ∗t

∫ T

t

Φ∗s

∫
U

hx (s, xμ
s , a)μs (da) ds / Ft

]
.

By applying Itô’s formula to the adjoint processes pμ in (23), we obtain the adjoint
equation, which is a linear backward stochastic differential equation, given by

(26)

{
−dpμt =Hx (t, xμ

t , μt, p
μ
t , P

μ
t ) dt− Pμ

t dWt,
pμT = gx(xμ

T ).

3.3. Necessary optimality conditions for relaxed controls. Starting from
the variational inequality (22), we can now state the necessary optimality conditions,
for the relaxed control problem {(5), (6), (7)}, in the global form.

Theorem 12 (necessary optimality conditions for relaxed controls in global
form). Let μ be an optimal relaxed control minimizing the cost J over R and let
xμ denote the corresponding optimal trajectory. Then, there exists a unique pair of
adapted processes

(pμ, Pμ) ∈ L2 ([0, T ] ; Rn) × L2
(
[0, T ] ; Rn×d) ,

which are solution of the backward stochastic differential equations (26) such that

(27) H (t, xμ
t , μt, p

μ
t , P

μ
t ) = inf

qt∈P(U)
H (t, xμ

t , qt, p
μ
t , P

μ
t ) ; a.e., a.s.

Proof. The result follows immediately from (22).
Remark 13. Bahlali, Mezerdi, and Djehiche [2] established necessary optimality

conditions for relaxed controls of the second-order with two adjoint processes. The
result of the above theorem improves that of [2], in the sense where we consider the
same relaxed control problem, in which the control variable enters both the drift
and the diffusion coefficients, and we establish necessary optimality conditions of the
first-order with only one adjoint process.
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3.4. Sufficient optimality conditions for relaxed controls. In this subsec-
tion, we study when the necessary optimality conditions (27) become sufficient. We
recall assumptions (4) and the adjoint equation (26). For any q ∈ R, we denote by xq

the solution of (5) controlled by q.
Theorem 14 (sufficient optimality conditions for relaxed controls). If we assume

that the functions g and x �−→ H (t, x, q, p, P ) are convex, then μ is an optimal solution
of the problem {(5), (6), (7)} if it satisfies (27).

Proof. We know that the set of relaxed controls R is convex and the Hamiltonian
H is linear in q. Let μ be an arbitrary element of R (candidate to be optimal). For
any q ∈ R, we have

J (μ) − J (q) = E [g (xμ
T ) − g (xq

T )]

+ E

∫ T

0

[∫
U

h (t, xμ
t , a)μt (da) −

∫
U

h (t, xq
t , a) qt (da)

]
dt.

Since g is convex, we get

g (xq
T ) − g (xμ

T ) ≥ gx (xμ
T ) (xq

T − xμ
T ) .

Thus,

g (xμ
T ) − g (xq

T ) ≤ gx (xμ
T ) (xμ

T − xq
T ) .

Hence,

J (μ) − J (q) ≤ E [gx (xμ
T ) (xμ

T − xq
T )]

+ E

∫ T

0

[∫
U

h (t, xμ
t , a)μt (da) −

∫
U

h (t, xq
t , a) qt (da)

]
dt.

We remark that pμT = gx (xμ
T ); then we have

J (μ) − J (q) ≤ E [pμT (xμ
T − xq

T )]

+ E

∫ T

0

[∫
U

h (t, xμ
t , a)μt (da) −

∫
U

h (t, xq
t , a) qt (da)

]
dt.

Applying Itô’s formula to pμt (xμ
t − xq

t ) and taking expectation, we obtain

J (μ) − J (q) ≤ E

∫ T

0

[H (t, xμ
t , μt, p

μ
t , P

μ
t ) −H (t, xq

t , qt, p
μ
t , P

μ
t )] dt(28)

− E

∫ T

0

Hx (t, xμ
t , μt, p

μ
t , P

μ
t ) (xμ

t − xq
t ) dt.

Since H is convex in x and linear in μ, then by using the Clarke generalized gradient
of H evaluated at (xt, μt) and the necessary optimality conditions (27), it follows by
[25, Lemmas 2.2 and 2.3] that

H (t, xq
t , qt, p

μ
t , P

μ
t ) −H (t, xμ

t , μt, p
μ
t , P

μ
t ) ≥ Hx (t, xμ

t , μt, p
μ
t , P

μ
t ) (xq

t − xμ
t ) ,

or equivalently

0 ≥ H (t, xμ
t , μt, p

μ
t , P

μ
t ) −H (t, xq

t , qt, p
μ
t , P

μ
t ) −Hx (t, xμ

t , μt, p
μ
t , P

μ
t ) (xμ

t − xq
t ) .

By the above inequality and (28), we have

J (μ) − J (q) ≤ 0.

The theorem is then proved.
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4. Necessary and sufficient optimality conditions for strict controls. In
this section, we study the strict control problem {(1), (2), (3)}, and from the results of
section 3, we derive the optimality conditions for strict controls. To this end, consider
the following subset of R:

(29) δ (U) = {q ∈ R / q = δv; v ∈ U} .

The set δ (U) is the collection of all relaxed controls in the form of Dirac measure
charging a strict control.

Denote by δ (U) the action set of all relaxed controls in δ (U).
If q ∈ δ (U), then q = δv with v ∈ U . In this case we have for each t, qt ∈ δ (U)

and qt = δvt .
Remark 15. The necessary and sufficient optimality conditions for relaxed con-

trols, respectively Theorems 12 and 14, hold if we replace R by δ (U) and P (U) by
δ (U).

Lemma 16. The relaxed control μ = δu minimizes J over δ (U) if and only if the
strict control u minimizes J over U .

Proof. Let μ = δu be an optimal relaxed control minimizing the cost J over δ (U);
we then have

(30) J (μ) ≤ J (q) ∀q ∈ δ (U) .

Since q ∈ δ (U), then there exists v ∈ U such that q = δv. It is easy to see that

(31)

⎧⎪⎪⎨
⎪⎪⎩

xμ = xu,
xq = xv,

J (μ) = J (u) ,
J (q) = J (v) .

By (30), we get

J (u) ≤ J (v) ∀v ∈ U .

Conversely, let u be a strict control minimizing the cost J over U . Then

J (u) ≤ J (v) ∀v ∈ U .

Since the controls u, v ∈ U , then there exist μ, q ∈ δ (U) such that

μ = δu, q = δv.

This implies that relations (31) hold. Consequently, we get

J (μ) ≤ J (q) ∀q ∈ δ (U) .

The proof is completed.
Remark 17. (1) The relaxed optimal control μ exists, but it is not necessarily an

element of δ (U). A strict optimal control u does not necessarily exist.
(2) If the relaxed optimal control μ ∈ δ (U), then we get existence of a strict

optimal control. In this case, if we reduce the class of relaxed controls R to the set
δ (U), then the relaxed control problem simply becomes a strict control problem in
which an optimal solution exists.

(3) We know that existence of an optimal solution of strict control problem is
ensured by the Filippov condition. It is interesting to see that if we have the Filippov
condition, then the relaxed optimal control is an element of δ (U).
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4.1. Necessary optimality conditions for strict controls. Define the Hamil-
tonian in the strict case from [0, T ] × R

n × U × R
n ×Mn×d (R) into R by

H (t, x, v, p, P ) = h (t, x, v) + b (t, x, v) p + σ (t, x, v)P.

Theorem 18 (necessary optimality conditions for strict controls in global form).

Suppose that u is an optimal strict control minimizing the cost J over U and xu

denotes the solution of (1) controlled by u. Then, there exists a unique pair of adapted
processes

(pu, Pu) ∈ L2 ([0, T ] ; Rn) × L2
(
[0, T ] ; Rn×d) ,

which is a solution of the following backward stochastic differential equation:

(32)

{
−dput = Hx (t, xu

t , ut, p
u
t , P

u
t ) dt− Pu

t dWt,
puT = gx(xu

T ),

such that

(33) H (t, xu
t , ut, p

u
t , P

u
t ) = inf

vt∈U
H (t, xu

t , vt, p
u
t , P

u
t ) ; a.e., a.s.

Proof. Let u be an optimal solution of the strict control problem {(1), (2), (3)}
and v be an arbitrary element of U . Then, there exist μ, q ∈ δ (U) such that

(34) μ = δu, q = δv.

Since u minimizes the cost J over U , then by Lemma 16, μ minimizes J over δ (U).
Hence, by the necessary optimality conditions for relaxed controls (Theorem 12), there
exists a unique pair of adapted processes (pμt , P

μ
t ), which is a solution of (26) such

that

H (t, xμ
t , μt, p

μ
t , P

μ
t ) = inf

qt∈δ(U)
H (t, xμ

t , qt, p
μ
t , P

μ
t ) ; a.e., a.s.

By (34) we can easily see that

xμ = xu,

H (t, xμ
t , μt, p

μ
t , P

μ
t ) = H (t, xu

t , ut, p
u
t , P

u
t ) ,

H (t, xμ
t , qt, p

μ
t , P

μ
t ) = H (t, xu

t , vt, p
u
t , P

u
t ) ,

where the pair (pu, Pu) is the unique solution of (32). The theorem is then
proved.

Remark 19. Peng [23] established necessary optimality conditions for strict con-
trols of the second-order with two adjoint processes. The result of the above theorem
improves that of Peng, in the sense where we consider the same strict control prob-
lem, with nonconvex control domain and a general state equation in which the control
variable enters both the drift and the diffusion coefficients, and we establish necessary
optimality conditions of the first-order with only one adjoint process.
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4.2. Sufficient optimality conditions for strict controls. We recall assump-
tions (4) and the adjoint equation (32).

Theorem 20 (sufficient optimality conditions for strict controls). If we assume
that g and the map x �−→ H (t, x, v, p, P ) are convex, then u is an optimal solution of
the problem {(1), (2), (3)}, if it satisfies (33).

Proof. Let u be a strict control (candidate to be optimal) such that the necessary
optimality conditions for strict controls (33) hold. Then, we have

H (t, xu
t , ut, p

u
t , P

u
t ) = inf

vt∈U
H (t, xu

t , vt, p
u
t , P

u
t ) ; a.e., a.s.

The controls u, v are elements of U ; then there exist μ, q ∈ δ (U) such that

μ = δu, q = δv.

This implies that

xμ = xu,

H (t, xμ
t , μt, p

μ
t , P

μ
t ) = H (t, xu

t , ut, p
u
t , P

u
t ) ,

H (t, xμ
t , qt, p

μ
t , P

μ
t ) = H (t, xu

t , vt, p
u
t , P

u
t ) .

By the above equalities and the necessary optimality conditions for strict controls
(33), we deduce that

H (t, xμ
t , μt, p

μ
t , P

μ
t ) = inf

qt∈δ(U)
H (t, xμ

t , qt, p
μ
t , P

μ
t ) ; a.e., a.s.

Since H is convex in x, it is easy to see that H is convex in x, and since g is convex,
then from the sufficient optimality conditions for relaxed controls (Theorem 14), μ
minimizes the cost J over δ (U). By Lemma 16, we deduce that u minimizes the cost
J over U . The theorem is then proved.

Remark 21. The sufficient optimality conditions for strict controls are proved
without assuming either the convexity of U or that of H in v.

Acknowledgment. The author thanks the referee who offered many useful re-
marks and suggestions that improved the first version of this paper.

REFERENCES

[1] V. I. Arkin and M. T. Saksonov, Necessary optimality conditions for stochastic differential
equations, Soviet. Math. Dokl., 20 (1979), pp. 1–5.

[2] S. Bahlali, B. Mezerdi, and B. Djehiche, Approximation and optimality necessary con-
ditions in relaxed stochastic control problems, J. Appl. Math. Stoch. Anal., (5) 2006,
pp. 1–23.

[3] S. Bahlali, B. Djehiche, and B. Mezerdi, The relaxed stochastic maximum principle in
singular control of diffusions, SIAM J. Control Optim., 46 (2007), pp. 427–444.

[4] H. Becker and V. Mandrekar, On the existence of optimal random controls, J. Math. Mech.,
18 (1969), pp. 1151–1166.

[5] A. Bensoussan, Lectures on stochastic control, in Nonlinear Filtering and Stochastic Control,
Lecture Notes in Math. 972, Springer-Verlag, Berlin, 1982.

[6] A. Cadenillas and I. Karatzas, The stochastic maximum principle for linear convex optimal
control with random coefficients, SIAM J. Control. Optim., 33 (1995), pp. 590–624.

[7] N. El Karoui, N. H. Nguyen, and M. Jeanblanc-Picqué, Compactification methods in the
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A PROXIMAL-PROJECTION METHOD FOR FINDING ZEROS OF
SET-VALUED OPERATORS∗

DAN BUTNARIU† AND GÁBOR KASSAY‡

Abstract. In this paper we study the convergence of an iterative algorithm for finding zeros
with constraints for not necessarily monotone set-valued operators in a reflexive Banach space. This
algorithm, which we call the proximal-projection method is, essentially, a fixed point procedure, and
our convergence results are based on new generalizations of the Browder’s demiclosedness principle.
We show how the proximal-projection method can be applied for solving ill-posed variational in-
equalities and convex optimization problems with data given or computable by approximations only.
The convergence properties of the proximal-projection method we establish also allow us to prove
that the proximal point method (with Bregman distances), whose convergence was known to occur
for maximal monotone operators, still converges when the operator involved in it is monotone with
sequentially weakly closed graph.

Key words. Bregman distance, Bregman projection, Df -antiresolvent, Df -nonexpansivity pole,
Df -inverse strongly monotone operator, Df -firm operator, Df -nonexpansive operator, Df -resolvent,
firmly nonexpansive operator, Legendre function, maximal monotone operator, monotone operator,
nonexpansive operator, proximal mapping, proximal point method, proximal projection method, rel-
ative projection, sequentially consistent function, projected subgradient method, Tikhonov–Browder
regularization, strongly monotone operator, uniformly convex function, variational inequality
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1. Introduction. In what follows, X denotes a real reflexive Banach space with
norm ‖·‖, and X∗ denotes the (topological) dual of X with the dual norm ‖·‖∗.
Let f : X → (−∞,+∞] be a proper, lower semicontinuous convex function with
domain dom f . Then, the Fenchel conjugate f∗ : X∗ → (−∞,+∞] is also a proper
lower semicontinuous convex function and f∗∗ := (f∗)∗ = f . We assume that f is a
Legendre function in the sense given to this term in [20, Definition 5.2]; that is, f is
essentially smooth and essentially strictly convex. Then, according to [20, Theorem
5.4], the function f∗ is a Legendre function too. Moreover, by [20, Theorems 5.6 and
5.10], both functions f and f∗ have domains with nonempty interior, are (Gâteaux)
differentiable on the interiors of their respective domains,

(1.1) ran∇f = dom∇f∗ = int dom f∗ = dom ∂f∗,

(1.2) ran∇f∗ = dom∇f = int dom f = dom ∂f,
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and

(1.3) ∇f = (∇f∗)−1.

With the function f we associate the function Wf : X∗×X → (−∞,+∞] defined
by

(1.4) Wf (ξ, x) = f(x) − 〈ξ, x〉 + f∗(ξ).

By the Young–Fenchel inequality the function Wf is nonnegative and domWf =
(dom f∗)×(dom f) . It is known (see [1], [2], [19], [38] and see also section 2 below) that,
for any nonempty closed convex set E contained in X such that E ∩ int dom f 	= ∅,
the function ProjfE : int dom f∗ → X, given by

(1.5) ProjfEξ = arg min {Wf (ξ, x) : x ∈ E} ,

is well defined and its range is contained in E ∩ int dom f. In fact, this function is a
particular proximal projection, in the sense given to this term in [21], and in [38] is
called the projection onto E relative to f because, in the particular case when X is a
Hilbert space and f(x) = 1

2 ‖x‖
2
, the vector ProjfEξ coincides with the usual (metric)

projection of ξ onto E.
In this paper we are interested in the following problem.

Problem 1.1. Given an operator A : X → 2X
∗

and a nonempty closed subset C
of X such that

(1.6) ∅ 	= C ∩ domA ⊆ int dom f,

find x ∈ C such that 0∗ ∈ Ax, where 0∗ denotes the null vector in X∗.
Our purpose is to discover sufficient conditions for the following iterative proce-

dure, which we call the proximal-projection method :

x0 ∈ C0 ∩ domA ∩ int dom f and(1.7)

xk+1 ∈ ProjfCk+1∩domA(∇f(xk) −Axk) ∀k ∈ N,

to generate approximations of solutions to Problem 1.1 when {Ck}k∈N
is a sequence

of closed convex subsets of X approximating weakly (see Definition 4.5) the set C
under the following conditions of compatibility of f and Ck with the data of Problem
1.1.

Assumption 1.2. For each k ∈ N, the set Ck ∩ domA is convex, closed, and
satisfies

(1.8) C ⊆ Ck and (∇f −A)(Ck) ⊆ int dom f∗.

In this paper (1.6) and Assumption 1.2 are standing assumptions, even if not
explicitly mentioned, whenever we refer to Problem 1.1 or to the proximal-projection
method. In view of (1.6) and (1.8) the sets Ck ∩ domA ∩ int dom f are necessarily
nonempty and, consequently, (∇f − A)(Ck) is nonempty too. This fact, Assumption
1.2, and Lemma 2.1, which ensures that

dom ProjfCk∩domA = int dom f∗ and ran ProjfCk∩domA ⊆ Ck ∩ domA ∩ int dom f,

taken together guarantee that the procedure of generating sequences in (1.7) is well
defined.
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The proximal-projection method described above is a natural generalization of
Landweber’s method of finding zeros of linear operators [53], of Shor’s [75] (see also
[76]) and Ermoliev’s [46] “gradient descent” methods for finding unconstrained min-
ima of convex functions, and of Polyak’s “projected-subgradient” method for finding
constrained minima of convex functions [66]. These methods inspired the construction
of a plethora of algorithms for finding zeros of various operators as well as for other
purposes. Among them are the algorithms presented in [1], [3], [4], [6], [7], [8], [9],
[10], [11], [12], [13], [14], [17], [21], [30], [37], [38], [67], [74] which, in turn, inspired
this research. The main formal differences between the proximal-projection method
(1.7) and its classical counterparts developed in the 1950s and 1960s consist of the use
of proximal projections, instead of metric projections, and of projecting not on the
set C involved in Problem 1.1 but on some convex approximations Ck of the set C.
The use of proximal projections instead of metric projections is mostly due to the fact
that metric projections in Banach spaces which are not Hilbertian do not have many
of those properties (like single valuedness and nonexpansivity) which make them so
useful in a Hilbert space setting for establishing convergence of algorithms based on
them. As far as we know, the idea of using proximal projections instead of metric
projections in projected-subgradient type algorithms goes back to Alber’s works [1],
[2].

As we make clear in section 3.3, there is an intimate connection between the
proximal-projection method and the well-known proximal point method with Breg-
man distances—see (3.23). The proximal point method with Bregman distances con-
sidered in this paper is itself a generalization of the classical proximal point algorithm
developed in the 1950s by Krasnoselskii [51]; see also Moreau [59], [60], [61], Yosida
[78], Martinet [57], [58], and Rockafellar [70], [71], among others (see [54] for a survey
of the literature concerning the classical proximal point method). It emerged from
the works of Erlander [45], Eriksson [44], Eggermont [43], and Eckstein [42], who
studied various instances of the algorithm in R

n. Its convergence analysis in Banach
spaces which are not necessarily Hilbertian was initiated in [31], [32], and [50] (see [33]
and [31] for related references on this topic). Lemma 3.8 shows that, in our setting,
the proximal point method with Bregman distances is a particular instance of the
proximal-projection method.

Computing projections, metric or proximal, onto a closed convex set with com-
plicated geometry is, in itself, a challenging problem. It requires (see (1.5)) solving
convex nonlinear programming problems with convex constraints. Specific techniques
for finding proximal projections are presented in [5], [22], and [34]. It is obvious from
these works that it is much easier to find proximal projections onto sets with sim-
ple geometry such as, for instance, hyperplanes, half spaces, or finite intersections of
such sets. These facts naturally led to the question of whether it is possible, in the
process of computing iterates of metric or proximal projections algorithms, to replace
the constraint set C by some approximations Ck whose geometry is simple enough
to allow relatively easy calculation of the required metric or proximal projections at
each iterative step k. That this approach is sound is quite clear from the works of
Mosco [62], its subsequent developments due to Attouch [15], Aubin and Frankowska
[16], Bonnans and Shapiro [25], Dontchev and Zolezzi [41], and from the studies of
Liskovets [55], [56]. Its main difficulty in the case of the proximal-projection method is
that the approximations Ck one uses should converge to C in a manner that ensures
stable convergence of the algorithm to solutions of the problem. For some variants
of the proximal-projection method, types of convergence of the sets Ck to C which
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are sufficiently good for this purpose are presented in [4], [7], [9], [12], [13]. They are
mostly relaxed forms of Hausdorff metric convergence. It was shown in [8] that, in
some circumstances, fast Mosco convergence of the sets Ck to C (see [8, Definition
2.1]), a form of convergence significantly less demanding than Hausdorff convergence,
is sufficient to make the proximal-projection method (1.7) applied to variational in-
equalities converge. As we show below, these convergence requirements in the case of
the proximal-projection method (1.7) can be further weakened. In fact, in our con-
vergence theorems for the proximal-projection method we require only weak Mosco
convergence of the sets Ck to C (see Definition 4.5(a)), and this is significantly less
demanding than Hausdorff metric or fast Mosco convergence.

The purpose of this work is to find general conditions which guarantee that the
proximal-projection method converges weakly or strongly to solutions of Problem
1.1. Observe that there is no apparent connection between the data of Problem 1.1
and the function f involved in the definition of the proximal-projection method. Our
main question is how the function f should be chosen in order to ensure (weak or
strong) convergence of the proximal-projection method to solutions of Problem 1.1
without excessively conditioning the problem data. The function f is a parameter
of the proximal-projection method whose appropriate choice, as we show below, can
make the procedure converge to solutions of Problem 1.1 even if the problem data are
quite “bad” in the sense that they do not have properties that are usually difficult to
verify in practice, such as maximal monotonicity, strict monotonicity, various forms of
nonexpansivity, continuity, or closedness properties of some kind or another. Theorems
4.7 and 5.2 are our responses to the question posed above.

Theorem 4.7 shows that for guaranteeing that the proximal-projection method
produces weak approximations of solutions for Problem 1.1, it is sufficient to choose
a function f which, besides the conditions (1.6) and (1.8) which are meant to make
the procedure consistent with the problem data, should satisfy some requirements,
the majority of which are common features of the powers of the norm ‖·‖p with p > 1
in uniformly convex and smooth Banach spaces. The only somewhat outstanding
condition we require for f is that the operator A involved in the problem be Df -
inverse strongly monotone on C or, if the set C is approximated by sets Ck, that
Df -inverse strong monotonicity of A should occur on the union of those sets. Df -
inverse strong monotonicity, a notion introduced in this paper (see Definition 3.3), is
a generalization of the notion of firm nonexpansivity for operators in a Hilbert space
(see (4.34)). Although in Hilbert spaces provided with the function f = 1

2 ‖·‖
2

this
notion coincides with the notion of firm nonexpansivity and, also, with the notion
of Df -firmness introduced in [21] (see Definition 3.4 below), outside this particular
setting the notions of Df -inverse strong monotonicity and Df -firmness complement
each other (cf. section 3.2). In section 4.3 we present several corollaries of Theorem
4.7 and examples which clearly show that fitting a function f to the specific data of
Problem 1.1 may come naturally in many situations. If X is a Hilbert space and A is
a firmly nonexpansive operator, then the natural choice is f = 1

2 ‖·‖
2

(see Corollary
4.8). In this case the convergence of the proximal-projection method happens to be
strong if the set of solutions of the problem has nonempty interior. If in Problem
1.1 we have C = X, then the problem is equivalent to that of finding a zero for the
operator ∇f − ∇f ◦ Af , where Af is the Df -resolvent of A (a notion introduced
in [21]—see also (3.19)), and application of the proximal-projection method with
Ck = X to ∇f−∇f ◦Af is no more and no less than the proximal point method with
Bregman distances mentioned above. The operator ∇f−∇f◦Af is Df -inverse strongly
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monotone whenever the operator A is monotone (cf. Lemma 3.7). This leads us to
the application of Theorem 4.7 to the operator ∇f − ∇f ◦ Af , which is Corollary
4.9. It shows that the proximal point algorithm with Bregman distances converges
subsequentially weakly (and when A has a single zero, sequentially weakly) for a
large class of functions f whenever A is monotone and provided that its graph is
sequentially weakly closed (as happens, for instance, when graph A is convex and
closed in X ×X∗). It seems to us that this is the first time when weak convergence
of the proximal point algorithm with Bregman distances is proved without requiring
maximal monotonicity of A. The proximal-projection method is also a tool for solving
monotone variational inequalities via their Tikhonov–Browder regularization. This is
shown by Corollary 4.10, another consequence of Theorem 4.7. Corollary 4.10 also
asks for the monotone operator B : X → 2X

∗
involved in the variational inequality to

be such that ∇f −∇f ◦ProjfC ◦ [(1 − α)∇f −B] is Df -inverse strongly monotone (or,

equivalently, such that ProjfC ◦ [(1 − α)∇f −B] is Df -firm). This happens in many
situations of practical interest. Several such situations are described in Examples 4.2
and 4.11.

A careful analysis of the proof of Theorem 4.7 reveals the fact that the proximal-
projection method (1.7) is a procedure of approximating fixed points for the operator

ProjfC ◦ (∇f −A) by iterating the operator. Among the customary tools of proving
convergence of such algorithms are Browder’s demiclosedness principle [29, Theorem
8.4] and, related to it, Opial’s convergence results for orbits of asymptotically reg-
ular operators [63, Theorems 1 and 2] and their generalizations. Our Theorem 4.7
is based on Proposition 4.4, a generalization of Browder’s demiclosedness principle,
which works in reflexive Banach spaces and which is of interest by itself. If the Ba-
nach space X has finite dimension, Proposition 4.4 can be substantially improved—see
Proposition 5.1. Thus, in spaces with finite dimension we can also improve Theorem
4.7 by dropping some of the requirements made on the problem data. This is, in fact,
our Theorem 5.2, which guarantees convergence of the proximal-projection method
with less demanding conditions than closedness of the graph of A. Accordingly, in
finite-dimensional spaces the conclusions of Corollaries 4.9 and 4.10 can be reached
at lesser cost for the operators involved in them, as shown by Corollaries 5.3 and 5.4,
respectively.

This paper continues and develops a series of concepts, methods, and techniques
initiated in [1], [19], [21], [33], [38], and [50]. In sections 2 and 3 we present in a unified
approach the notions, notations, and preliminary results on which our convergence
analysis of the proximal-projection method is based. It should be noted that, in section
2, some of the notions and results are presented in a more general setting than strictly
needed in the subsequent parts of the material. This is done so because we hope to
use the framework created in the current paper as a base for a forthcoming study of
methods for solving nonclassical variational inequalities which are only tangentially
approached here.

2. Proximal mappings, relative projections, and variational inequali-
ties. In this section we present the notions, notations, and results concerning prox-
imal projections and variational inequalities which are essential for the convergence
analysis of the proximal-projection method done in what follows.

2.1. Proximal mappings and relative projections. Throughout this paper
we denote by Ff the set of proper, lower semicontinuous, convex functions ϕ : X →
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(−∞,+∞] which satisfy the conditions

(2.1) domϕ ∩ int dom f 	= ∅

and

(2.2) ϕf := inf {ϕ(x) : x ∈ domϕ ∩ dom f} > −∞.

With every ϕ ∈ Ff we associate the function Envf
ϕ : X∗ → (−∞,+∞] given by

(2.3) Envf
ϕ(ξ) = inf{ϕ(x) + Wf (ξ, x) : x ∈ X}.

This is a natural generalization of the notion of the Moreau envelope function (see [72,
Definition 1.22]). By (2.1) and (2.2) it results that the function Envf

ϕ is proper and

dom Envf
ϕ = dom f∗. Another generalization of the Moreau envelope function is the

function envf
ϕ := Envf

ϕ ◦ ∇f introduced and studied in [23]. Using Fenchel’s duality
theorem, it is easy to deduce that if ϕ ∈ Ff , then

Envf
ϕ(ξ) = f∗(ξ) − (ϕ + f)

∗
(ξ) = f∗(ξ) − (ϕ∗�f∗) (ξ),

where ϕ∗�f∗ denotes the infimal convolution of ϕ∗ and f∗.
The next result shows a way of generalizing the notion of Moreau proximal map-

ping (in the sense given to this term in [72]) whose study was initiated in [59], [60],
[61] and further developed in [70], [71]. As we will make clear below, the generalization
we propose here slightly differs from the notion of Df -proximal mapping introduced
and studied in [21]. In fact, most of the next lemma can also be deduced from [21,
Propositions 3.22 and 3.23] due to the equality (2.7) established below. We prefer to
present it here with a direct proof for the sake of completeness.

Lemma 2.1. Suppose that ϕ ∈ Ff . For any ξ ∈ int dom f∗ there exists a unique
global minimizer, denoted Proxf

ϕ(ξ), of the function ϕ(·)+Wf (ξ, ·). The vector Proxf
ϕ(ξ)

is contained in dom ∂ϕ ∩ int dom f and we have

(2.4) Proxf
ϕ(ξ) = [∂ (ϕ + f)]

−1
(ξ) = (∂ϕ + ∇f)

−1
(ξ).

Proof. Let ξ ∈ int dom f∗. Then Envf
ϕ(ξ) is finite and the function f − 〈ξ, ·〉 is

coercive (see [68, Theorem 7A] or [20, Fact 3.1]); that is, its sublevel sets

levf
≤(α) := {x ∈ X : f(x) ≤ α}

are bounded for all α ∈ R. Consequently, the function Wf (ξ, ·) is coercive too. Let{
xk

}
k∈N

be a sequence contained in domϕ ∩ dom f and such that

lim
k→∞

[
ϕ(xk) + Wf (ξ, xk)

]
= Envf

ϕ(ξ).

The sequence
{
ϕ(xk) + Wf (ξ, xk)

}
k∈N

being convergent is also bounded. So, for some
real number M > 0 we have

Wf (ξ, xk) ≤ M − ϕ(xk) ≤ M − ϕf ,

showing that the sequence
{
xk

}
k∈N

is contained in the sublevel set levψ
≤(M − ϕf ) of

the function ψ := Wf (ξ, ·). By the coercivity of Wf (ξ, ·) it follows that the sequence



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2102 DAN BUTNARIU AND GÁBOR KASSAY

{
xk

}
k∈N

is bounded. Since the space X is reflexive, it results that
{
xk

}
k∈N

has a

weakly convergent subsequence
{
xik

}
k∈N

. Let x̄ = w-limk→∞ xik . The functions f and
ϕ are sequentially weakly lower semicontinuous because they are lower semicontinuous
and convex. Hence, ϕ(·) + Wf (ξ, ·) is also sequentially weakly lower semicontinuous
and, thus, we have

ϕ(x̄) + Wf (ξ, x̄) ≤ lim inf
k→∞

[
ϕ(xik) + Wf (ξ, xik)

]
= Envf

ϕ(ξ) < +∞.

This implies that x̄ ∈ domϕ ∩ dom f and that x̄ is a minimizer of ϕ(·) + Wf (ξ, ·).
Suppose that y is any minimizer of ϕ(·) + Wf (ξ, ·). Then y is also a minimizer

of ϕ + f− ξ. Therefore, we have that 0 ∈ ∂(ϕ + f − ξ)(y), that is, ξ ∈ ∂(ϕ + f)(y).
The function f is continuous on int dom f because function f is convex and lower
semicontinuous). This and (2.1) imply (see [69]) that ∂(ϕ + f)(y) = ∂ϕ(y) + ∇f(y).
Hence,

(2.5) ξ ∈ ∂ϕ(y) + ∇f(y).

Since dom∇f = int dom f (see (1.2)), this implies that

y ∈ dom ∂ϕ ∩ dom∇f = dom ∂ϕ ∩ int dom f.

Hence, all minimizers of ϕ(·)+Wf (ξ, ·) are contained in dom ∂ϕ∩ int dom f ⊆ domϕ∩
int dom f. The Legendre function f is strictly convex on the convex subsets of dom ∂f
and, in particular, on the convex set domϕ ∩ int dom f = domϕ ∩ dom ∂f . Thus,
ϕ(·) + Wf (ξ, ·) is strictly convex on this set too. Consequently, there is at most one
minimizer of ϕ(·) + Wf (ξ, ·) on the convex set domϕ ∩ int dom f and this proves
that the minimizer x̄, whose existence was established above, is unique. Formula (2.4)
follows from (2.5) when y = x̄.

Lemma 2.1 ensures the well definedness of the function

(2.6) Proxf
ϕ : int dom f∗ → dom ∂ϕ ∩ int dom f, ξ → Proxf

ϕ(ξ)

when ϕ ∈ Ff . We call this function the proximal mapping relative to f associated to
ϕ. The well definedness of the proximal mappings relative to the Legendre function
f can also be deduced from [21, Theorem 3.18], where the well definedness of the
resolvent

(2.7) proxf
ϕ := Proxf

ϕ ◦ ∇f

was established. In more particular circumstances for f and ϕ, the well definedness
of Proxf

ϕ was proved in [1], [32], and [38].
Let E be a closed convex subset of X satisfying

(2.8) E ∩ int dom f 	= ∅.

Then the indicator function of the set E, that is, the function ιE : X → (−∞,+∞]
defined by ιE(x) = 0 if x ∈ E, and ιE(x) = +∞ otherwise, is contained in Ff . The

operator Proxf
iE

is called the projection onto E relative to f (cf. [38]) and is denoted

ProjfE in what follows. According to Lemma 2.1, we have

ProjfE = (NE + ∇f)−1,
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where NE denotes the normal cone operator associated to the set E. The operator

(2.9) projfE := proxf
ιE = Projf

E
◦ ∇f

is exactly the Bregman projection onto E relative to f , whose importance in convex
optimization was first emphasized in [24]. To see that, it is sufficient to recall that the
Bregman distance Df : X × int dom f → (−∞,+∞] is the function defined by

(2.10) Df (y, x) := f(y) − f(x) − 〈∇f(x), y − x〉 = Wf (∇f(x), y),

with domDf = (dom f) × (int dom f) .

2.2. Variational inequalities. There is an intimate connection between prox-
imal mappings and variational inequalities. It is based on the following result, which
extends the variational characterization of ProjfE given in [38] to a variational char-

acterization of Proxf
ϕ.

Lemma 2.2. Suppose that ϕ ∈ Ff and ξ ∈ int dom f∗. If x̂ ∈ dom ∂ϕ∩ int dom f ,
then the following conditions are equivalent:

(a) x̂ = Proxf
ϕ(ξ);

(b) x̂ is a solution of the variational inequality

(2.11) 〈ξ −∇f(x), y − x〉 ≤ ϕ(y) − ϕ(x) ∀y ∈ domϕ ∩ dom f ;

(c) x̂ is a solution of the variational inequality

Wf (ξ, x) + Wf (∇f(x), y) −Wf (ξ, y) ≤ ϕ(y) − ϕ(x) ∀y ∈ domϕ ∩ dom f.

Proof. (a)⇒(b). Suppose that x̂ =Proxf
ϕ(ξ). Take y ∈ domϕ∩dom f and t ∈ (0, 1).

Then (1 − t)x̂ + ty ∈ domϕ ∩ dom f and we have

ϕ(x̂) + Wf (ξ, x̂) ≤ ϕ((1 − t)x̂ + ty) + Wf (ξ, (1 − t)x̂ + ty),

that is,

(2.12) ϕ((1 − t)x̂ + ty) − ϕ(x̂) ≥ Wf (ξ, x̂) −Wf (ξ, (1 − t)x̂ + ty).

Since x̂ ∈ int dom f, there exists t0 ∈ (0, 1) such that for any t ∈ (0, t0) we have that
(1 − t)x̂ + ty ∈ int dom f. Consequently, for any t ∈ (0, t0) the function Wf (ξ, ·) is
differentiable at (1 − t)x̂ + ty. Clearly, we also have

∇Wf (ξ, ·)(u) = ∇f(u) − ξ ∀u ∈ int dom f.

Therefore, by the convexity of Wf (ξ, ·) and (2.12), we deduce

t−1 [ϕ((1 − t)x̂ + ty) − ϕ(x̂)] ≥ 〈∇Wf (ξ, ·)((1 − t)x̂ + ty), x̂− y〉
= 〈∇f((1 − t)x̂ + ty) − ξ, x̂− y〉

for any t ∈ (0, t0). The function ∇f(·) is norm-to-weak continuous (see, for instance,
[65, Proposition 2.8]). Hence, letting t → 0+ in the last inequality, we get

ϕ◦(x̂; y − x̂) ≥ 〈∇f(x̂) − ξ, x̂− y〉 ,

where ϕ◦ stands for the right-hand side derivative of ϕ, that is,

ϕ◦(x; d) = lim
s→0+

ϕ(x + sd) − ϕ(x)

s
.
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Taking into account that

ϕ(y) − ϕ(x̂) ≥ ϕ◦(x̂; y − x̂)

we obtain (2.11).
(b)⇒(a). Suppose that

〈ξ −∇f(x̂), y − x̂〉 ≤ ϕ(y) − ϕ(x̂) ∀y ∈ domϕ ∩ dom f.

Observe that

(2.13) ∇Wf (ξ, ·) = ∇f(·) − ξ.

Then, by the convexity of Wf (ξ, ·) and (2.13), for any y ∈ domϕ ∩ dom f , we have
that

Wf ( ξ, y) −Wf ( ξ, x̂) ≥ 〈∇Wf ( ξ, ·)(x̂), y − x̂〉
= 〈∇f(x̂) − ξ, y − x̂〉
≥ ϕ(x̂) − ϕ(y).

This shows that x̂ = Proxf
ϕ( ξ). The equivalence (b) ⇔ (c) results immediately by

observing that

Wf ( ξ, x) + Wf (∇f(x), y) −Wf ( ξ, y) = 〈ξ −∇f(x), y − x〉

whenever y ∈ dom f, ξ ∈ int dom f∗, and x ∈ int dom f .
A consequence of Lemma 2.2 is the following generalization of the variational

characterization of the Bregman projections originally given in [5].
Corollary 2.3. Let x ∈ int dom f and let E be a nonempty, closed, and convex

set such that E∩ int dom f 	= ∅. If x̂ ∈ E, then the following conditions are equivalent:
(i) The vector x̂ is the Bregman projection of x onto E with respect to f ;
(ii) the vector z = x̂ is the unique solution of the variational inequality

〈∇f(x) −∇f(z), z − y〉 ≥ 0 ∀y ∈ E;

(iii) the vector z = x̂ is the unique solution of the variational inequality

Df (y, z) + Df (z, x) ≤ Df (y, x) ∀y ∈ E.

Now we are in position to establish the connection between the proximal mappings
and a class of variational inequalities. It extends similar results known to hold in less
general settings (see, for instance, [1] and [47, Proposition 1.5.8]). Here we consider
the following variational inequality:

(2.14) Find x ∈ int dom f such that

∃ ξ ∈ Bx : [〈 ξ, y − x〉 ≥ ϕ(x) − ϕ(y) ∀y ∈ dom f ] ,

where ϕ ∈ Ff and B : X → 2X
∗

is an operator which satisfies the condition

(2.15) ∅ 	= domB ∩ domϕ ∩ int dom f and ran (∇f −B) ⊆ int dom f∗.
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Condition (2.15) guarantees that the operator

Proxf
ϕ (∇f −B) := Proxf

ϕ ◦ (∇f −B)

is well defined. Therefore, the following statement makes sense.

Lemma 2.4. Let ϕ ∈ Ff and x̂ ∈ dom ∂ϕ∩ int dom f . Suppose that B : X → 2X
∗

is an operator which satisfies (2.15). Then x̂ is a solution of the variational inequality
(2.14) if and only if it is a fixed point of the operator Proxf

ϕ (∇f −B).

Proof. Note that x̂ is a solution of (2.14) if and only if there exists ξ ∈ Bx̂ such
that

(2.16) 〈(∇f(x̂) − ξ) −∇f(x̂), y − x̂〉 ≤ ϕ(y) − ϕ(x̂) ∀y ∈ domϕ ∩ dom f.

According to Lemma 2.2, this is equivalent to x̂ = Proxf
ϕ (∇f(x̂) − ξ) for some ξ ∈ Bx̂

which, in turn, is equivalent to x̂ ∈ Proxf
ϕ (∇f(x̂) −Bx̂) , i.e., to the condition that x̂

is a fixed point of Proxf
ϕ (∇f −B) .

Let B : X → 2X
∗

be an operator and suppose that the closed convex subset C of
X satisfies

(2.17) ∅ 	= domB ∩ C ∩ int dom f and ran (∇f −B) ⊆ int dom f∗.

Note that if ϕ := ιC , then the variational inequality (2.14) is precisely the following
problem, which we call classical variational inequality :

(2.18) Find x ∈ C ∩ int dom f such that

∃ ξ ∈ Bx : [〈 ξ, y − x〉 ≥ 0 ∀y ∈ C ∩ dom f ] .

Applying Lemma 2.4 and (1.3) in this case, we rediscover the following known result
(cf. [2]).

Lemma 2.5. Suppose that the condition (2.17) is satisfied and that x̂ ∈ C ∩
int dom f. Then the following statements are equivalent:

(a) The vector x̂ is a solution of the classical variational inequality (2.18);

(b) the vector x̂ is a fixed point of the operator ProjfC (∇f −B);

(c) the vector x̂ is a zero for the operator V [B;C; f ] : X → 2X
∗

given by

(2.19) V [B;C; f ] := ∇f −∇f ◦ ProjfC (∇f −B) .

Lemmas 2.4 and 2.5 provided the initial motivation for this research. Observe that
Lemma 2.4 reduces the problem of finding a solution for the classical variational in-
equality (2.18) to the problem of finding a fixed point for the operator ProjfC (∇f −B).
It is well known that, in many instances, by iterating an operator starting from initial
points located in its domain, one produces sequences which converge to fixed points of
the operator. This suggests that for solving the classical variational inequality (2.18),
we would have to produce sequences defined by the iterative rule

(2.20) xk+1 ∈ ProjfC(∇f(xk) −Bxk)
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in the hope that such sequences will converge to fixed points of ProjfC (∇f −B) .

Note that any fixed point of the operator ProjfC (∇f −B) is a zero for the operator
V [B;C; f ] given by (2.19), and conversely. According to (2.9), we have that

ProjfC (∇f − V [B;C; f ]) = ProjfC ◦ ∇f ◦ ProjfC ◦ (∇f −B)(2.21)

= projfC ◦ projfC ◦ (∇f)
−1 ◦ (∇f −B)

= projfC ◦ ∇f∗ ◦ (∇f −B)

= ProjfC (∇f −B) .

Thus, we are naturally led to the question of whether, and in which conditions, the se-
quences generated according to the rule xk+1 ∈ ProjfC(∇f(xk)−V [B;C; f ]xk), which
are the same (see (2.21)) as the sequences generated according to rule (2.20), converge
to zeros of the operator V [B;C; f ]. This is, in fact, a particular instance of the more
general question of whether, and in which conditions, the proximal-projection method
(1.7) approximates zeros of an operator A (in our specific case A := V [B;C; f ]), pro-
vided that such zeros exist. In what follows we present answers to this question. It is
interesting to observe that by focusing, in our convergence analysis, on conditions con-
cerning the operator V [B;C; f ] instead of B we do not mean that computing values

of ProjfC (∇f − V [B;C; f ]) is easier than computing values of the same operator via

the formula ProjfC (∇f −B) . However, from a theoretical point of view, the operator
V [B;C; f ] associated with B via formula (2.19) may happen to be better conditioned
than B for a convergence analysis of the proximal-projection method. This aspect can
be clearly seen after a careful dissection of the considerations which lead to our main
convergence results presented in this paper. It should be taken into account that the
operator B may not have zeros in C even if the operator V [B;C; f ], associated to B
by (2.19), does. For example, take X = R, f(x) = 1

2x
2, C = [1, 2], and Bx = x for all

x ∈ X. Then V [B;C; f ]x = x − 1 vanishes at x = 1, but B does not have any zero
in C.

3. Df -nonexpansivity poles, Df -inverse strong monotonicity, and Df -
firmness of operators in Banach spaces. In this section we introduce the notion
of Df -inverse strong monotonicity for operators from X to 2X

∗
. We clarify how this

notion is related to the notions of Df -nonexpansivity pole introduced in [33] and
Df -firm operator introduced in [21]. Using these relations we show that the proximal
point method with Bregman distances can be seen as a particular instance of the
proximal-projection method applied to a Df -inverse strongly monotone operator.

3.1. Df -nonexpansivity poles. In what follows, we associate with the func-
tion f described in section 1, and with any operator A : X → 2X

∗
, the operator

Af : X → 2X given by

(3.1) Af := ∇f∗ ◦ (∇f −A) .

We call this operator the Df -antiresolvent of A. Observe that

(3.2) domAf ⊆ domA ∩ int dom f and ranAf ⊆ int dom f,

and that, if x ∈ int dom f, then 0∗ ∈ Ax if and only if x ∈ FixAf , where FixAf

denotes the set of fixed points of Af . Therefore, the (possibly empty) set of solutions
of Problem 1.1 situated in int dom f , denoted Sf (A,C), is exactly

(3.3) Sf (A,C) = C ∩ FixAf .
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We are going to prove that, for operators A which are Df -inverse strongly monotone,
the set Sf (A,C) is exactly the set of Df -nonexpansivity poles of Af over the set C,
and this fact will be later used in our convergence analysis of the proximal-projection
method. To this end, recall the following notion.

Definition 3.1 (cf. [33]). Let T : X → 2X be an operator and let Y be a subset
of X such that

(3.4) ∅ 	= T (Y ∩ int dom f) ⊆ int dom f.

The vector z ∈ X is called a Df -nonexpansivity pole of T over Y if the following
conditions are satisfied:

(3.5) z ∈ Y ∩ int dom f,

(3.6) (x ∈ Y ∩ int dom f and u ∈ Tx) ⇒ 〈∇f(x) −∇f(u), z − u〉 ≤ 0.

We denote by Nexpf
Y T the set of Df -nonexpansivity poles of T over Y.

Operators having Df -nonexpansivity poles were termed totally nonexpansive op-
erators in [33]. Operators T such that ranT ⊆ domT = int dom f and having

Nexpf
int dom f T ⊇ FixT were called B-class operators in [20] and [21]. B-class op-

erators necessarily have Nexpf
int dom f T = FixT (cf. [21, Proposition 3.3]). However,

not every operator having Df -nonexpansivity poles over some subset Y of X is B-class.

For example, the operator Tx = {x2} when X = R, f = 1
2 |·|

2
, and Y = int dom f = R

has z ∈Nexpf
int dom f T if and only if

x(1 − x)(z − x2) ≤ 0 ∀x ∈ R,

and this last inequality cannot hold because, irrespective of z, we have limx→∞ x(1−
x)(z − x2) = ∞. Hence, Nexpf

int dom f T = ∅. In spite of that, FixT = {0, 1} and, if

Y = [0, 1], then (3.6) holds for z = 0 only, i.e., Nexpf
[0,1] T = {0} 	= FixT.

The following lemma summarizes several properties of operators having nonex-
pansivity poles which are used in this work.

Lemma 3.2. Let the operator T : X → 2X and the set Y ⊆ X be such that
condition (3.4) holds. Then the following statements are true:

(a) The (possibly empty) set Nexpf
Y T is convex and closed when Y ⊆ int dom f

is convex and closed;

(b) a vector z ∈ Y ∩ int dom f is a Df -nonexpansivity pole of T over Y if and
only if

(3.7) (x ∈ Y ∩ int dom f and u ∈ Tx) ⇒ Df (z, u) + Df (u, x) ≤ Df (z, x).

(c) Nexpf
Y T ⊆ FixT and T is single-valued at any Df -nonexpansivity pole.

Proof. Statement (a) results from the fact that the function z → 〈∇f(x) −∇f(u),
z − u〉 is linear and continuous. Statement (b) follows from (3.6) and (2.10). Now, by

taking in (3.7) x = z ∈ Nexpf
Y T , one gets

Df (z, u) = Df (u, z) = 0 ∀u ∈ Tz.(3.8)
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By (3.4), if u ∈ Tz, then u ∈ int dom f. The function f being essentially strictly convex
is strictly convex on int dom f. Hence, the equalities in (3.8) cannot hold unless u = z
(cf. [33, Proposition 1.1.4]). In other words, we have the following implication:

(3.9) z ∈ Nexpf
Y T ⇒ Tz = {z}.

It shows that Nexpf
Y T ⊆FixT and that T is single-valued at Df -nonexpansivity

poles.

3.2. Df -inverse strong monotonicity and Df -firmness. The notion of a
Df -inverse strongly monotone operator, introduced in this section, and the notion of
a Df -firm operator, originally introduced in [21, Definition 3.4], are generalizations
of the notion of firmly nonexpansive operator in a Hilbert space. Recall (cf. [48, pp.
41–42]) that if X is a Hilbert space (which we always identify with its dual X∗), then
an operator A : X → X is firmly nonexpansive on a subset Y of X if and only if

(3.10) 〈Ax−Ay, x− y〉 ≥ ‖Ax−Ay‖2 ∀x, y ∈ Y.

It can be easily seen from the definitions given below that if X is a Hilbert space and
if f = 1

2 ‖·‖
2
, then the operator A is Df -inverse strongly monotone on its domain if

and only if it is firmly nonexpansive on its domain, and this happens if and only if A
is Df -firm.

It is interesting to note that if, instead of the function f = 1
2 ‖·‖

2
, we provide

the Hilbert space X with the Legendre function fq := 1
2q ‖·‖

2
for some positive real

number q, then the inequality (3.12) below with fq instead of f becomes the usual
q-inverse strong monotonicity condition (see [49, p. 256])

〈Ax−Ay, x− y〉 ≥ q ‖Ax−Ay‖2 ∀x, y ∈ X,

a generalization of the firm nonexpansivity which describes operators A : X → X
whose inverses A−1 are strongly monotone. This explains why we have chosen the
term “Df -inverse strongly monotone” in order to designate operators satisfying the
requirements of the next definition.

Returning to the general context in which X and f are as described in section 1,
we introduce the following notion.

Definition 3.3. Let Y be a subset of the space X. The operator A : X → 2X
∗

is
called Df -inverse strongly monotone on the set Y if

(3.11) Y ∩ (domA) ∩ (int dom f) 	= ∅

and

(3.12)
x, y ∈ Y ∩ int dom f
ξ ∈ Ax and η ∈ Ay

}
⇒ 〈 ξ − η,∇f∗ (∇f(x) − ξ) −∇f∗ (∇f(y) − η)〉 ≥ 0.

Operators satisfying a somewhat less restrictive condition than (3.12) were studied
in [38, section 5] under the name of inverse-monotone operators relative to f.

In our further considerations it is important to keep in mind that, in general, an
operator A (even in a Hilbert space, provided that f is not the function f = 1

2 ‖·‖
2
)

does not have to satisfy (3.10) in order to be Df -inverse strongly monotone on Y .
For instance, if the function f has a minimizer in int dom f (i.e., if the equation
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∇f(x) = 0 has a solution), and if α ∈ (0, 1), then the operator A = α∇f is Df -
inverse strongly monotone on Y = domA = int dom f without necessarily satisfying
(3.10) on Y = int dom f . Indeed, in this case, if x ∈ int dom f , then {∇f(x), 0∗} ⊂
ran∇f = int dom f∗ and, due to the convexity of int dom f∗, we have that

(1 − α)∇f(x) = (1 − α)∇f(x) + α0∗ ∈ int dom f∗ = dom∇f∗,

and, consequently, the operator

Afx = ∇f∗((1 − α)∇f(x))

has domAf = int dom f . If x, y ∈ int dom f, and if β = 1−α, then, by the monotonicity
of ∇f∗, we deduce that

〈Ax−Ay,∇f∗ (∇f(x) −Ax) −∇f∗ (∇f(y) −Ay)〉

= αβ−1 〈β∇f(x) − β∇f(y),∇f∗(β∇f(x)) −∇f∗(β∇f(y))〉 ≥ 0;

i.e., the operator A = α∇f is Df -inverse strongly monotone on int dom f. However,
the operator A = α∇f does not have to be firmly nonexpansive on its domain even if
X is a Hilbert space. For example, take the considerations above X to be any nonzero
Hilbert space and f = 1

3 ‖·‖
3
. Then, ∇f(x) = ‖x‖x and, for y = 0, (3.10) reduces to

‖x‖ ≤ α, a relation that does not hold for any x ∈ X.
We are going to show that there are strong connections between the Df -inverse

strong monotonicity of the operator A and the Df -firmness of its Df -antiresolvent
Af . For this purpose we recall the following.

Definition 3.4 (cf. [21, Definition 3.4]). An operator T : X → 2X is called
Df -firm if it satisfies the conditions

(3.13) ∅ 	= domT ∪ ranT ⊆ int dom f

and

(3.14)
u ∈ Tx and v ∈ Ty ⇒ 〈∇f(u) −∇f(v), u− v〉 ≤ 〈∇f(x) −∇f(y), u− v〉 .

We start with the following result which summarizes some basic properties of
Df -inverse strongly monotone operators.

Lemma 3.5. Let A : X → 2X
∗

be an operator and let Y be a subset of X which
satisfies (3.11). The following statements are true:

(a) The operator A is Df -inverse strongly monotone on Y if and only it satisfies
the following condition for any x, y ∈ Y ∩ int dom f :

u ∈ Afx
v ∈ Afy

}
⇒ Df (u, v) + Df (v, u) + Df (u, x) + Df (v, y) ≤ Df (v, x) + Df (u, y);

(b) if A is Df -inverse strongly monotone on Y, then A is Df -inverse strongly
monotone on any subset of Y which intersects domA ∩ int dom f ;

(c) the operator A is Df -inverse strongly monotone on its domain if and only if
its Df -antiresolvent Af is Df -firm;

(d) if A is Df -inverse strongly monotone on its domain, then Af is single valued
and all its fixed points are Df -nonexpansivity poles on int dom f .
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Proof. Statements (a), (b), and (c) result from (3.1), (3.2), (3.13), (3.14), and
(2.10). The single valuedness of Af in statement (d) is a consequence of (c) and
of [21, Proposition 3.5(iii)]. Letting y = z ∈ FixAf in the inequality of (a), and
taking into account the single valuedness of Af , one obtains that z satisfies (3.7) for
T = Af .

Whenever the operator A involved in Problem 1.1 is Df -inverse strongly monotone
on the domain C of the problem, we have

(3.15) Sf (A,C) = C ∩ FixAf = Nexpf
C Af .

This immediately follows from the next result.
Lemma 3.6. The following statements are true:
(a) If z ∈ Nexpf

C Af , then Az = {0∗};
(b) if the operator A is Df -inverse strongly monotone on C and z ∈ int dom f is

a solution of Problem 1.1, then z ∈ Nexpf
C Af .

Proof. Statement (a) results from (3.1) and Lemma 3.2(c). In order to prove (b),
note that for any x ∈ C ∩ int dom f and y ∈ Afx, we have

Df (z, x) −Df (z, y) = Df (y, x) − 〈∇f(x) −∇f(y), z − y〉

and y = ∇f∗(∇f(x)− ξ) for some ξ ∈ Ax. Thus, ∇f(y) = ∇f(x)− ξ and

(3.16) Df (z, x) −Df (z, y) = Df (y, x) + 〈0∗ − ξ, z − y〉 .

If z is a solution of Problem 1.1, then z ∈ C, 0∗ ∈ Az, and z = ∇f∗(∇f(z) − 0∗). As
a consequence,

(3.17) 〈0∗ − ξ, z − y〉 = 〈0∗ − ξ,∇f∗(∇f(z) − 0∗) −∇f∗(∇f(x) − ξ)〉 .

Since A is Df -inverse strongly monotone on C, it results that the right-hand side of
(3.17) is nonnegative (see (3.12)) for any x ∈ C ∩ int dom f . Hence, by (3.16) and

(3.17), the inequality in (3.7) results, and it shows that z ∈ Nexpf
C Af .

The class of operators which are Df -inverse strongly monotone contains some
meaningful operators. Among them are all operators A[T ] : X → 2X

∗
given by

(3.18) A [T ] = ∇f −∇f ◦ T,

where T : X → 2X is a Df -firm operator. In particular, A[T ] is Df -inverse strongly
monotone when T = Bf , where Bf : X → 2X is the Df -resolvent (cf. [21]) of a
monotone operator B : X → 2X

∗
, i.e.,

(3.19) Bf := (∇f + B)
−1 ◦ ∇f.

According to [21, Proposition 3.8], the operator T = Bf satisfies the condition (3.13).
These facts are summarized in the following lemma.

Lemma 3.7. Let T : X → 2X be an operator which satisfies (3.13). Then the
following statements are true:

(a) domA[T ] = domT , and its antiresolvent is (A [T ])
f

= T ;
(b) the operator T is Df -firm if and only if the operator A [T ] : X → 2X

∗
defined

by (3.18) is Df -inverse strongly monotone on its domain;
(c) if B : X → 2X

∗
is a monotone operator with domB ∩ int dom f 	= ∅, then Bf

is Df -firm, single-valued on its domain,

(3.20) A[Bf ] = ∇f −∇f ◦ (∇f + B)
−1 ◦ ∇f,
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and A[Bf ] is Df -inverse strongly monotone on its domain.
Proof. Statement (a) results from (3.1) and (3.18). To prove (b), observe that for

any x, y ∈ domT, for any ξ ∈ A [T ]x, and for any η ∈ A [T ] y, we have

(3.21) ξ = ∇f(x) −∇f(u) and η = ∇f(y) −∇f(v)

for some u ∈ Tx and for some v ∈ Ty. Therefore,

〈 ξ − η,∇f∗(∇f(x) − ξ) −∇f∗(∇f(y) − η)〉(3.22)

= 〈∇f(x) −∇f(y), u− v〉 − 〈∇f(u) −∇f(v), u− v〉 .

If T is Df -firm, then the right-hand side of (3.22) is nonnegative and this implies that
A [T ] is Df -inverse strongly monotone on domT . Conversely, suppose that A [T ] is
Df -inverse strongly monotone on domT . If u ∈ Tx and v ∈ Ty, then the vectors ξ and
η given by (3.21) satisfy (3.22) and the left-hand side of this equality is nonnegative.
Hence, T is Df -firm. This proves (b). In order to prove (c) recall that, since B is
monotone, its resolvent, Bf , is necessarily Df -firm and single-valued on its domain
(cf. [21, Proposition 3.8]) and, as noted above, it satisfies (3.13). Thus, according to
(b), the operator A[Bf ] is Df -inverse strongly monotone on its domain.

3.3. Connection between the proximal-projection method and the
proximal point method. Lemma 3.7 helps to establish a connection between the
proximal-projection method and the proximal point method (with Bregman distances).
The proximal point method we are referring to in this paper is the iterative procedure
which, in our setting, can be described by

(3.23) x0 ∈ domBf and xk+1 = Bf (xk) ∀k ∈ N,

where B : X → 2X
∗

is a monotone operator with domB ∩ int dom f 	= ∅. Its well
definedness is guaranteed when

(3.24) ∅ 	= ranBf ⊆ domBf .

To ensure that the inclusion in this condition holds, it is sufficient to make sure that
domBf = X. This implicitly happens when one considers the classical proximal point

method (see [70]) where X is a Hilbert space, f = 1
2 ‖·‖

2
, and B is presumed to be

maximal monotone. Alternative conditions which imply that domBf = X when B
is maximal monotone are presented in [31] in a more general setting. In particular,
those conditions hold if X is a uniformly convex and uniformly smooth Banach space,
B is maximal monotone, and f = 1

2 ‖·‖
2
.

A reason for which maximal monotonicity of B is a commonly used condition
for ensuring well definedness of the proximal point method is that, if B is maxi-
mal monotone and f = 1

2 ‖·‖
2
, then ∇f + B and ∇f∗ are surjective and, thus,

∇f∗ ◦ (∇f + B) is surjective too, that is, domBf = ran [∇f∗ ◦ (∇f + B)] = X. An
important observation, for which we are indebted to a referee, shows that in cases
when B is maximal monotone with 0∗ ∈ ranB and f is a Legendre function (as pre-
sumed in the setting of this work), condition (3.24) is satisfied whenever we have that
(i) domB ⊆ int dom f or (ii) B is 3∗-monotone and domB∩ int dom f 	= ∅. That is so
because, if (i) or (ii) is true, then, according to [21, Corollary 3.14], the operator Bf is
B-class, and this implies that (3.24) holds by the definition of B-class operators (see
[21, Definition 3.1]).
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Well definedness of the proximal point method can be sometimes ensured for
operators B which are monotone without being maximal monotone. In such cases, it
is interesting to know whether the proximal point method preserves the convergence
properties which make it so useful in applications requiring finding zeros of maximal
monotone operators. Here is an example of a monotone operator which is not maximal
and for which (3.24) holds (in spite of the fact that ∇f + B is not surjective). Take

X = R, f = 1
2 |·|

2
and let B : X → 2X

∗
be given by Bx = {0} if x ≤ 0, and Bx = ∅

if x > 0. The operator B is monotone, but it is not maximal monotone since the
operator defined by B′x = {0} for all x ∈ X is a proper monotone extension of B.
Obviously, in this case ∇f is the identity, (∇f+B)x = {x} if x ≤ 0, (∇f+B)x = ∅ if

x > 0, and, therefore, ∇f+B is not surjective. However, Bf = (∇f + B)
−1

= ∇f+B
and, hence, ranBf = domBf = (−∞, 0], showing that (3.24) is satisfied, that is, the
proximal point algorithm is well defined.

The next result establishes the connection between the proximal-projection
method and the proximal point method. It requires that domBf should be convex
and closed. This necessarily happens if ∇f + B is surjective and dom f = X. How-
ever, domBf may happen to be convex and closed even if ∇f +B is not surjective, as
one can see from the example above. Other instances in which domBf is convex and
closed are described in the remarks preceding Corollary 4.9 as well as in the body of
that corollary.

Lemma 3.8. Let B : X → 2X
∗

be a monotone operator such that domBf is convex
and closed and suppose that (3.24) is satisfied. Then the proximal point method (3.23)
is exactly the proximal-projection method applied to the Df -inverse strongly monotone
operator A[Bf ] with Ck = X for all k ∈ N.

Proof. Observe that, by (3.20), we have

ProjfdomBf
(∇f −A[Bf ]) = ProjfdomBf

[
∇f ◦ (∇f + B)

−1 ◦ ∇f
]

= projfdomBf

[
(∇f + B)

−1 ◦ ∇f
]

= Bf ,

where the last equality result holds because (3.24) is satisfied. This shows that the
proximal point method and the proximal-projection method are overlapping when one
takes A = A[Bf ] and Ck = X for all k ∈ N in (1.7).

4. Convergence analysis of the proximal-projection method. In this sec-
tion we present a convergence theorem for the proximal-projection method in reflexive
Banach spaces. Our convergence analysis is based on a generalization of Lemma 5.7
in [38] which, in turn, is a generalization of a result also known as the Browder’s
demiclosedness principle [29, Theorem 8.4]. Throughout this section we assume that
the function f and the Banach space X are as described in section 1.

4.1. A generalization of Browder’s demiclosedness principle. The demi-
closedness principle of Browder says that if X is a Banach space and if T : Y → Y is
a nonexpansive mapping on the nonempty closed convex subset Y of X, then for any
sequence

{
zk

}
k∈N

⊆ Y which is weakly convergent and has limk→∞
∥∥Tzk − zk

∥∥ = 0,

the vector z = w − limk→∞ zk is necessarily a fixed point of T. In [38, Lemma 5.7] a
similar result was shown to hold for operators T : X → X which are nonexpansive
relative to f (in the sense given to this term in [39]), i.e., such that

(4.1) Df (Tx, Ty) ≤ Df (x, y) ∀x, y ∈ Y,
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provided that dom f = dom∇f = X and that f is not only Legendre but
also totally convex (see [33]) and bounded on bounded sets, while T satisfies
limk→∞Df (Tzk, zk) = 0.

Our current generalization of Browder’s demiclosedness principle concerns set-
valued operators T satisfying a somehow less stringent nonexpansivity condition than
(4.1) with respect to a function f subjected to weaker requirements than those in-
volved in [38, Lemma 5.7]. In what follows we use the following notion which gener-
alizes that of a nonexpansive operator relative to f .

Definition 4.1. The operator T : X → 2X is said to be Df -nonexpansive if it
satisfies (3.13) and for any x ∈ domT there exists u ∈ Tx such that

(4.2) (∀y ∈ domT ) : [v ∈ Ty ⇒ Df (v, u) ≤ Df (y, x)] .

In what follows (see Theorem 4.7 below) we will be interested in operators whose
antiresolvents are simultaneously Df -firm and Df -nonexpansive. It should be noted
that the notions of Df -nonexpansivity and Df -firmness are not equivalent, although
some operators may have both properties. If X is a Hilbert space provided with
f = 1

2 ‖·‖
2
, then it is obvious that any Df -firm operator (i.e., any firmly nonexpansive

operator) is Df -nonexpansive (i.e., nonexpansive). Even in this context, the converse
implication does not generally hold. Take, for example, the case where the Hilbert
space is X = R and Ax = 2x. Its antiresolvent is Afx = −x and it is Df -nonexpansive
without being Df -firm. However, operators whose antiresolvents are simultaneously
Df -nonexpansive and Df -firm are not specific to the setting of Hilbert spaces provided

with f = 1
2 ‖·‖

2
. For instance, if X = R and f(x) = 1

4x
4, then the antiresolvent Af of

the operator A = α∇f with α ∈ (0, 1) is Df -nonexpansive and Df -firm at the same

time. Indeed, an easy calculation shows that f∗(y) = 3
4y

4
3 , thus ∇f∗(y) = y

1
3 , and

one obtains Afx = (1 − α)
1
3x. Therefore,

Df (Afy,Afx) = (1 − α)
4
3Df (y, x) ≤ Df (y, x) ∀x, y ∈ X,

showing that Af is Df -nonexpansive. On the other hand, by replacing the data above

in relation (3.14) we obtain (1 − α)
1
3 ≤ 1, which is true since α ∈ (0, 1). This shows

that Af is also Df -firm.
One still may hope that (as happens in the particular situation noted above when

X is a Hilbert space provided with f = 1
2 ‖·‖

2
) a Df -firm operator is always Df -

nonexpansive. The following example shows that this is not the case.
Example 4.2 (a Df -firm operator which is not Df -nonexpansive). Let X = R and

let f : R → R be the Legendre function given by f(x) = |x|3/2. Take the continuous,
single-valued operator T : R → R defined by

T (x) =

{
1
4 if x < 1

16 ,√
x if x ≥ 1

16 .

We first show that T is Df -firm; that is, we verify that for every x, y ∈ R one has

(4.3) [f ′(T (x)) − f ′(T (y))][T (x) − T (y)] ≤ [f ′(x) − f ′(y)][T (x) − T (y)].

For symmetry reasons we can assume that x > y. The case x, y < 1/16 being trivial,
we shall consider the following two cases.

Case 1. x, y ≥ 1/16. In this case (4.3) reduces to [ 4
√
x− 4

√
y][

√
x−√

y] ≤ (
√
x−√

y)2,
which is equivalent to the obviously true inequality 1 ≤ 4

√
x + 4

√
y.
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Case 2. x ≥ 1/16 and y < 1/16. In this case we distinguish two subcases as
follows:

(i) y ≥ 0. In this situation (4.3) can be rewritten as [ 4
√
x −

√
1/4][

√
x − 1/4] ≤

[
√
x − √

y][
√
x − 1/4], which, in turn, is equivalent to 4

√
x +

√
y ≤

√
x + 1/2. This

last inequality holds since for x ≥ 1/16 and y < 1/16 we obviously have 4
√
x +

√
y ≤

4
√
x + 1/4, and it is easy to verify that

(4.4) 4
√
x + 1/4 ≤

√
x + 1/2 ∀x ∈ [0,∞).

(ii) y < 0. In this case, the inequality (4.3) is equivalent to [ 4
√
x −

√
1/4][

√
x −

1/4] ≤ [
√
x+

√−y][
√
x−1/4], that is, to 4

√
x−1/2 ≤

√
x+

√−y. This last inequality is
true because

√
x+

√−y ≥
√
x and, by (4.4), we also have 4

√
x ≤

√
x+1/4 <

√
x+1/2

for every x > 0.
These show that the operator T is Df -firm. Now we verify that T is not Df -

nonexpansive, that is, that there exist two real numbers x and y such that

(4.5) f(T (y)) − f(T (x)) − f ′(T (x))(T (y) − T (x)) > f(y) − f(x) − f ′(x)(y − x).

Taking x = 1/8 and y = 1/16, a simple computation shows that the left-hand side of
(4.5) equals (1/2)15/4[23/4+21/2−3], while the right-hand side equals (1/2)13/2[21/2+
2 − 3]. Therefore, for the given x and y, relation (4.5) becomes

213/2[23/4 + 21/2 − 3] > 215/4[21/2 − 1].

Since

213/2[23/4 + 21/2 − 3] � 8.6895

and

215/4[21/2 − 1] � 5.5730,

we deduce that (4.5) holds.
Before proceeding with the presentation of our generalization of Browder’s demi-

closedness principle, several observations concerning its hypothesis are in order.
Remark 4.3. (a) The next result is a proper generalization of Lemma 5.7 in [38]

which, in turn, is a proper generalization of Browder’s demiclosedness principle. To
see this, observe that when the operator T : X → X is Df -nonexpansive, it satisfies
(4.7) below.

(b) The hypotheses of the next result implicitly require that the space X should be
reflexive. The fact is that a function f which is lower semicontinuous with int dom f 	=
∅ and uniformly convex on bounded subsets of int dom f exists on a Banach space X
only if X is reflexive (cf. [35, Corollary 4.3] in conjunction with [38, Theorem 2.10(ii)]).

With these facts in mind we now proceed with the presentation of the generaliza-
tion of Browder’s demiclosedness principle.

Proposition 4.4. Suppose that the function f is uniformly convex on bounded
subsets of int dom f. Let T : X → 2X be an operator satisfying (3.13) and suppose
that ∇f is bounded on bounded subsets of domT ∪ ranT . If {zk}k∈N ⊆ domT is a
sequence which converges weakly to a vector z ∈ domT and if, for some sequence{
uk

}
k∈N

satisfying

(4.6)
(
∀k ∈ N : uk ∈ Tzk

)
and lim

k→∞
Df (uk, zk) = 0,
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there exists u ∈ T (z) such that

(4.7) lim inf
k→∞

Df (uk, u) ≤ lim inf
k→∞

Df (zk, z),

then the vector z is a fixed point of T .
Proof. For any x ∈ int dom f , one has

Df (zk, x) −Df (zk, z) = Df (z, x) + 〈∇f(x) −∇f(z), z − zk〉.

This implies that

(4.8) lim inf
k→∞

Df (zk, x) = Df (z, x) + lim inf
k→∞

Df (zk, z)

because, since
{
zk

}
k∈N

converges weakly to z, we have

lim
k→∞

〈∇f(x) −∇f(z), z − zk〉 = 0.

Since the function f is Legendre, it is strictly convex on int dom f. This implies that
Df (z, x) > 0 whenever x 	= z (cf. [33, Proposition 1.1.4]) and, consequently, by (4.8)
we obtain

(4.9) x 	= z ⇒ lim inf
k→∞

Df (zk, x) > lim inf
k→∞

Df (zk, z).

We claim that

(4.10) lim inf
k→∞

Df (uk, u) = lim inf
k→∞

Df (zk, u).

To prove this claim, observe that

(4.11) Df (uk, u) = Df (zk, u) + [f(uk) − f(zk)] − 〈∇f(u), uk − zk〉.

The sequence
{
zk

}
k∈N

is bounded because it is weakly convergent. Since the function
f is uniformly convex on bounded subsets of int dom f , it is also sequentially consistent
(cf. [38, Theorem 2.10]). Therefore, by (4.6), we deduce that

(4.12) lim
k→∞

‖uk − zk‖ = 0.

Hence,
{
uk

}
k∈N

is bounded and

(4.13) lim
k→∞

〈∇f(u), uk − zk〉 = 0.

The convexity of f on int dom f implies

(4.14) 〈∇f(uk), uk − zk〉 ≥ f(uk) − f(zk) ≥ 〈∇f(zk), uk − zk〉 ∀k ∈ N.

By hypothesis, ∇f is bounded on bounded subsets of domT ∪ ranT . Therefore, the
sequences {∇f(zk)}k∈N and {∇f(uk)}k∈N are bounded. Thus, by (4.12) and (4.14),
we deduce that

lim
k→∞

[f(uk) − f(zk)] = 0.

This, combined with (4.11) and (4.13), implies (4.10), and the claim above is proved.
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Suppose by contradiction that z /∈ Tz. Then the vector u ∈ Tz whose existence
is guaranteed by hypothesis has u 	= z and then, by (4.9), we deduce

(4.15) lim inf
k→∞

Df (zk, u) > lim inf
k→∞

Df (zk, z).

On the other hand, by (4.7) and (4.10), we have that

(4.16) lim inf
k→∞

Df (zk, z) ≥ lim inf
k→∞

Df (uk, u) = lim inf
k→∞

Df (zk, u),

which contradicts (4.15). This completes the proof.

4.2. A convergence theorem for the proximal-projection algorithm. At
this stage we are in position to consider the question of convergence of the procedure
(1.7) towards solutions of Problem 1.1. For this purpose, we recall the following.

Definition 4.5. (a) (Cf. [62, p. 519]). The weak upper limit of the sequence
{Ek}k∈N

of subsets of X is the set denoted w-limk→∞Ek and consisting of all x ∈ X

such that there exists a subsequence {Eik}k∈N
of {Ek}k∈N

and a sequence
{
xk

}
k∈N

in

X which converges weakly to x and has the property that xk ∈ Eik for each k ∈ N.
(b) The operator A : X → 2X

∗
is sequentially weakly-strongly closed if its graph is

sequentially closed in X × X∗ provided with the (weak) × (strong)-topology,
that is,

(4.17)
∀k ∈ N : ξk ∈ Avk

vk ⇀ v and ξk → ξ

}
⇒ ξ ∈ Av.

Among the classes of sequentially weakly-strongly closed operators A : X → 2X
∗

is the class of maximal monotone operators (see [64]). Also, it is obvious that, if X
has finite dimension, then the class of sequentially weakly-strongly closed operators
A : X → 2X

∗
consists of all operators A with closed graph. Another class of sequen-

tially weakly-strongly closed operators of special interest in applications (related to
Fredholm integral equations; see [52, section 8.6]) is the class of compact linear op-
erators A : X → X∗. Recall (see, for instance, [52, p. 405]) that a linear operator T
between two Banach spaces is called compact if the image through T of the open unit
ball is a relatively compact set. A compact linear operator transforms weakly con-
vergent sequences into strongly convergent sequences (cf. [52, Theorem 8.1.7]). So, if
A : X → X∗ is a linear compact operator, it is necessarily sequentially weakly-strongly
closed.

Before proceeding towards the main result of this paper, the following observations
may be of use.

Remark 4.6. (a) A question which naturally comes to mind in the process of
analyzing our next theorem is whether, given a sequence {Ek}k∈N

of nonempty, closed,

convex subsets of X, the set E = w−limk→∞Ek is necessarily convex. The fact is that,
in general, the answer to this question is negative. To see this, take X = R and

Ek :=

⎧⎪⎪⎨
⎪⎪⎩

[
−1 − 1

k+1 ,−1 + 1
k+1

]
if k is even,

[
1 − 1

k+1 , 1 + 1
k+1

]
if k is odd.

It is easy to verify that the weak upper limit of this sequence of closed convex sets is
the nonconvex set {−1,+1} .
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(b) It is meaningful to note that the answer to the question posed above is af-
firmative when E = w−limk→∞Ek is the Mosco limit of {Ek}k∈N

. To make things
precise, recall (cf. [62, p. 519]) that a sequence of subsets {Ek}k∈N

of X is called
(Mosco) convergent to E ⊆ X if

s-limk→∞Ek = E = w-limk→∞Ek,

where s-limk→∞Ek stands for the collection of limit points of the convergent sequences{
vk

}
k∈N

in X such that vk ∈ Ek for all k ∈ N. According to [62, p. 520], if E is the

(Mosco) limit of a sequence {Ek}k∈N
of closed and convex subsets of X, then E is

necessarily closed and convex too.
(c) An essential part of condition (b) of Theorem 4.7 below is the requirement

that the gradient ∇f of the Legendre function f should be bounded on bounded
subsets of int dom f. It is important to observe that if the Legendre function f has
this property, then dom f = X. Indeed, since f is essentially smooth, it follows that
int dom f 	= ∅ and any sequence

{
xk

}
k∈N

contained in int dom f and converging to a

point of the boundary of int dom f has the property that limk→∞
∥∥∇f(xk)

∥∥
∗ = ∞ (cf.

[20, Theorem 5.6]). Now, suppose that
{
xk

}
k∈N

is a convergent sequence contained

in int dom f and denote by x its limit. Then the sequence
{
∇f

(
xk

)}
k∈N

is bounded

because the sequence
{
xk

}
k∈N

is bounded and ∇f is bounded on bounded subsets of

int dom f. We claim that x ∈ int dom f. Assume by contradiction that x /∈ int dom f.
Then x belongs to the boundary of int dom f. Hence, limk→∞

∥∥∇f(xk)
∥∥
∗ = ∞, and

this contradicts the boundedness of
{
∇f

(
xk

)}
k∈N

. Since int dom f contains the limit
of any convergent sequence of vectors contained in it, it follows that int dom f is,
simultaneously, a closed and open set. The space X, being a Banach space, is nec-
essarily arcways connected and, thus, a connected space (cf. [40, Theorem 10.3.2]).
Consequently, X is the only nonempty subset of X which is open and closed at the
same time (cf. [40, Theorem 10.1.8]), that is, int dom f = X.

(d) By remark (c) above, the Legendre function f has ∇f bounded on bounded
subsets of int dom f only if dom f = X. Now, suppose that the Legendre function f
has dom f = X. Then, according to [18, Proposition 7.8], ∇f is bounded on bounded
subsets of X if and only if f is bounded on bounded subsets of X. In the particular
case of a space X of finite dimension, this implies that any Legendre function f with
dom f = X has ∇f bounded on bounded subsets of X because, in these circumstances,
as being a convex function, f is continuous on X and, hence, bounded on bounded
subsets of X. In other words, if X has finite dimension, then the Legendre function f
has ∇f bounded on bounded subsets of int dom f if and only if dom f = X.

The following theorem establishes the basic convergence properties of the
proximal-projection method. It should be observed that, in view of Remark 4.6(d),
the hypothesis of point (b) of the theorem implicitly requires that dom f = X. It is
interesting to note that, in general, this theorem guarantees subsequential weak con-
vergence of the sequences generated by the proximal-projection method to solutions
of Problem 1.1. However, the theorem also shows that, in some situations of special
practical interest, the proximal-projection method produces sequences which converge
weakly to such solutions. This is the case when Problem 1.1 has a unique solution (see
(ii1)) and this is the typical situation when one has to solve regularized variational
inequalities (as emphasized in Corollary 4.10 below). Problem 1.1 may not have a
unique solution, but the sequences generated by the proximal-projection method still
may converge weakly to such solutions, provided that the Legendre function f in-
volved in the procedure has sequentially weak-to-weak continuous gradient ∇f—see
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(ii2). This condition is obviously satisfied by any Legendre function f on X when
the space X has finite dimension. If X has infinite dimension, then finding Legendre
functions with a sequentially weak-to-weak continuous gradient is somehow more chal-
lenging. We briefly describe here a class of such functions which is presented in more
detail in [36]. To this end, let G : X → X∗ be a linear continuous operator and let G∗

be its adjoint, that is, the unique linear continuous operator G∗ : X(� X∗∗) → X∗

such that 〈Gx, y〉 = 〈G∗y, x〉 for all x, y ∈ X (see [73, Theorem 4.10]). Define the
function fG : X → R by fG(x) = 〈Gx, x〉 . It is easy to see that ∇fG = G + G∗.
Consequently, ∇fG is linear and continuous and, therefore, weak-to-weak continuous
(and, thus, satisfies (ii2)). If, in addition, the operator G is positive definite and has
the property (which necessarily holds when ∇fG is onto and, in particular, when G is
strongly monotone) that lim‖x‖→∞ ‖Gx + G∗x‖∗ = +∞, then fG is a Legendre func-
tion and, hence, it is a Legendre function with a sequentially weak-to-weak continuous
gradient. The functions fG presented here have linear gradients. However, there are
Legendre functions whose sequentially weak-to-weak continuous gradient is not linear.
For instance, this is the case of the function f : �p → R defined by f(x) = 1

p ‖x‖
p

with p ∈ (1,+∞)\ {2} which has ∇f(x)j = ‖x‖p−1
sign(xj) for all j ∈ N—see [29,

Proposition 8.2]. Identifying more classes of Legendre functions with a sequentially
weak-to-weak continuous gradient is of interest not only for the implementation of
the proximal-projection method, but also for the application of other algorithms (see
[33] and the references therein).

Theorem 4.7. Suppose that the function f is uniformly convex on bounded sub-
sets of int dom f, ∇f∗ is bounded on bounded subsets of ∇f(domA), and that, in
addition to (1.6) and Assumption 1.2, the subsets Ck of X satisfy

(4.18) C = w-limk→∞Ck.

If Problem 1.1 has at least one solution, if the operator A is Df -inverse strongly
monotone on the set Q :=

⋃
k∈N

Ck, and if at least one of the following two conditions
is satisfied:

(a) ∇f is uniformly continuous on bounded subsets of int dom f and A is sequen-
tially weakly-strongly closed;

(b) ∇f is bounded on bounded subsets of int dom f, Af is Df -nonexpansive and
C ⊆ domA,
then any sequence {xk}k∈N generated by the proximal-projection method (1.7) has the
following properties:

(i) it is bounded and has weak accumulation points, and any such point is a solu-
tion of Problem 1.1;

(ii) it converges weakly and its weak limit is solution to Problem 1.1 in each of
the following situations;

(ii1) if Problem 1.1 has a unique solution;
(ii2) if ∇f is sequentially weak-to-weak continuous.

(iii) If the Banach space X has finite dimension, then {xk}k∈N converges in norm
to a solution of Problem 1.1.

Proof. Let z ∈ C be a solution of Problem 1.1. Then, clearly z ∈ domA and, by
(1.6), we deduce that z ∈ int dom f. For each k ∈ N, let ζk ∈ Axk be such that

(4.19) xk+1 = ProjfCk+1∩domA(∇f(xk) − ζk).

Denote

(4.20) uk := ∇f∗(∇f(xk) − ζk).
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Observe that

(4.21) uk ∈ Afxk and xk+1 = projfCk+1∩domAu
k ∀k ∈ N.

By hypothesis, the operator A is Df -inverse strongly monotone on the set Q and z is
a solution of Problem 1.1. Note that, since 0∗ ∈ Az and z ∈ C ⊆ Q, Lemma 3.6(b)

applies with C replaced by Q. It implies that z ∈Nexpf
Q Af . By Lemma 2.1 we have

that

(4.22) xk ∈ Ck ∩ domA ∩ int dom f ⊆ Q ∩ domA ∩ int dom f ∀k ∈ N.

First we prove the following.
Claim 1. The sequence

{
xk

}
k∈N

is bounded.

In order to show this, notice that, by applying Lemma 3.2(b) to z ∈Nexpf
Q Af we

deduce

(4.23) Df (z, uk) + Df (uk, xk) ≤ Df (z, xk) ∀k ∈ N.

This implies

(4.24) Df (z, uk) ≤ Df (z, xk) ∀k ∈ N.

By Assumption 1.2, we have that z ∈ C ⊆ Ck for all k ∈ N. Thus, taking into account
(2.10), (4.21), and Lemma 2.2 applied to ϕ = ιCk+1∩ domA, we obtain that

(4.25) Df (z, xk+1) + Df (xk+1, uk) ≤ Df (z, uk) ∀k ∈ N.

Combining (4.25) with (4.24) yields

(4.26) Df (z, xk+1) ≤ Df (z, xk) ∀k ∈ N,

showing that the nonnegative sequence {Df (z, xk)}k∈N is nonincreasing and, there-
fore, bounded. Let β be an upper bound of {Df (z, xk)}k∈N. According to (1.4), (2.10),
and (4.26), we deduce that

f∗(∇f(xk)) −
〈
∇f(xk), z

〉
+ f(z) = Wf (∇f(xk), z) = Df (z, xk) ≤ β ∀k ∈ N.

This implies that the sequence {∇f(xk)}k∈N is contained in the sublevel set

levψ
≤ (β − f(z)) of the function ψ := f∗ − 〈·, z〉 . Since z ∈ int dom f = int dom (f∗)∗,

and since the function f∗ is proper and lower semicontinuous, an application of the
Moreau–Rockafellar theorem (see [68, Theorem 7(A)] or [20, Fact 3.1]) shows that
f∗ − 〈·, z〉 is coercive. Consequently, all sublevel sets of ψ are bounded. Hence, the
sequence {∇f(xk)}k∈N is bounded. By hypothesis, ∇f∗ is bounded on bounded sub-
sets of ∇f(domA) and, according to (1.7),

{
∇f(xk)

}
k∈N

is contained in ∇f(domA).

Hence, the sequence xk = ∇f∗(∇f(xk)), k ∈ N, is bounded. This proves Claim 1.
Now we are going to prove the following.
Claim 2. The sequence

{
xk

}
k∈N

has weak accumulation points and any such point
is a solution of Problem 1.1.

The space X being reflexive, there exists a weakly convergent subsequence {xik}k∈N

of {xk}k∈N. Let x̄ = w-limk→∞ xik . In order to show that x̄ ∈ C, denote yk = xik for
each k ∈ N. According to (4.22), we have that yk ∈ Cik for every k ∈ N. By hypothe-
sis, w-limk→∞Ck = C, and this implies that x̄ ∈ C (see Definition 4.5). It remains to
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prove that 0∗ ∈ Ax̄. To this end, observe that, according to (2.10), (4.25), and (4.24),
we have

(4.27) 0 ≤ Df (z, uk) −Df (z, xk+1) ≤ Df (z, xk) −Df (z, xk+1) ∀k ∈ N.

As noted above, the sequence {Df (z, xk)}k∈N is nonincreasing and nonnegative and,
therefore, it converges. By (4.27), this implies that the sequence {D(z, uk)}k∈N con-
verges and has the same limit as {Df (z, xk)}k∈N. By (4.23) we also have that

(4.28) Df (uk, xk) ≤ Df (z, xk) −Df (z, uk) ∀k ∈ N,

and, thus,

(4.29) lim
k→∞

Df (uk, xk) = 0.

Since f is uniformly convex on bounded subsets of int dom f, it results that it is
sequentially consistent too (cf. [38, Theorem 2.10]). Therefore, the equality (4.29)
implies that

(4.30) lim
k→∞

∥∥uk − xk
∥∥ = 0.

Now, we distinguish two possible situations. First, suppose that condition (a) is sat-
isfied. Note that, according to (4.20), we have

ζk = ∇f(xk) −∇f(uk) ∀k ∈ N.

Since ∇f is uniformly continuous on bounded subsets of its domain, we deduce by
(4.30) that limk→∞ ζk = 0∗. The operator A being sequentially weakly-strongly closed,
this and the fact that

{
xik

}
k∈N

converges weakly to x̄ imply that 0∗ ∈ Ax̄. Hence, x̄

is a solution of Problem 1.1 when condition (a) is satisfied.
Alternatively, suppose that condition (b) is satisfied. Recall that, in this case, we

necessarily have dom f = X (cf. Remark 4.6(d)). By hypothesis (b), we have that
C ⊆ domA. By Assumption 1.2, we have that

(∇f −A)(C) ⊆ (∇f −A)(C0) ⊆ int dom f∗,

and, as shown above, x̄ ∈ C. Hence,

∅ 	= (∇f −A)(x̄) ⊆ int dom f∗,

which implies that x̄ ∈ domAf . From (4.2) written with xik instead of y and uik

instead of v, we obtain that there exists ū ∈ Af x̄, such that

(4.31) Df (uik , ū) ≤ Df (xik , x̄) ∀k ∈ N.

This implies

(4.32) lim inf
k→∞

Df (uik , ū) ≤ lim inf
k→∞

Df (xik , x̄).

Proposition 4.4, (4.29), and (4.32) imply that x̄ is a fixed point of Af , that is, 0∗ ∈ Ax̄.
Hence, x̄ is a solution of Problem 1.1 in this case too and Claim 2 is established. Also,
this completes the proof of (i).
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The fact that if Problem 1.1 has a unique solution, then the sequence
{
xk

}
k∈N

converges weakly to that solution is an immediate consequence of (i). Assume that the
function f has a sequentially weak-to-weak continuous gradient. We show next that, in
this case, the sequence

{
xk

}
k∈N

cannot have more than one weak accumulation point.

Suppose by contradiction that this is not the case and that x′ and x′′ are two different
weak accumulation points of

{
xk

}
k∈N

. Let
{
xik

}
k∈N

and
{
xjk

}
k∈N

be subsequences

of
{
xk

}
k∈N

converging weakly to x′ and x′′, respectively. By (i) combined with Lemma

3.6(b) it results that {x′, x′′} ⊆ Sf (A,C) =Nexpf
C(Af ). Hence, the inequality (4.26)

still holds for any z ∈ {x′, x′′} . It implies that the sequences
{
Df (x′, xk)

}
k∈N

and{
Df (x′′, xk)

}
k∈N

are convergent. Let a and b be their respective limits. For any k ∈ N

we have

Df (x′, xk) −Df (x′′, xk) = Df (x′, x′′) +
〈
∇f(x′′) −∇f(xk), x′ − x′′

〉
because of (2.10). Replacing in this equation xk by xjk and letting k → ∞, we deduce
that

(4.33) a− b = Df (x′, x′′)

because ∇f is sequentially weak-to-weak continuous. A similar reasoning with x′ and
x′′ interchanged shows that

b− a = Df (x′′, x′).

Adding this equality to (4.33) we obtain that Df (x′, x′′) = 0. This cannot happen
unless x′ = x′′ because f , being a Legendre function, is strictly convex on C∩int dom f .
Thus, we reached a contradiction and this completes the proof of (ii). It is clear that
(iii) follows from (i) and (ii) since the gradient of any convex function in a finite-
dimensional space is continuous on the interior of its domain (see, for instance, [65,
Proposition 2.8]). This completes the proof of the theorem.

4.3. Consequences of Theorem 4.7. If X is a Hilbert space provided with
the function f = 1

2 ‖·‖
2
, then Theorem 4.7 has a somewhat simpler form, and even

strong convergence of the sequence generated by the proximal-projection method can
sometimes be ensured. Note that in this case the operator A : X → 2X is Df -inverse
strongly monotone if and only if it is firmly nonexpansive in the sense that

(4.34)
x, y ∈ X

ξ ∈ Ax, η ∈ Ay

}
⇒ 〈ξ − η, x− y〉 ≥ ‖ξ − η‖2

.

Clearly, if A has this property, then A is necessarily single-valued on X, and the
operator Af (which is exactly I − A) is nonexpansive and, thus, Df -nonexpansive.

Since in this situation ProjfCk
is exactly the metric projection operator ProjCk

, we
obtain the following result.

Corollary 4.8. Let X be a Hilbert space. Suppose that A : X → X is a firmly
nonexpansive operator (i.e., it satisfies (4.34)). If C is a nonempty, closed, and convex
subset of X, if {Ck}k∈N

is a sequence of subsets of X satisfying (4.18) and such that
Ck ∩ domA is convex and closed and contains C for each k ∈ N, and if Problem 1.1
has at least one solution, then the sequence

{
xk

}
k∈N

generated according to the rule

(4.35) x0 ∈ C0 ∩ domA and xk+1 = ProjCk+1∩domA(xk −Axk)
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converges weakly to a solution of Problem 1.1. If intSf (A,C) 	= ∅, then
{
xk

}
k∈N

converges strongly.
Proof. As noted above, the operator A satisfying (4.34) is Df -inverse strongly

monotone and Df -nonexpansive. Applying Theorem 4.7(b) to f = 1
2 ‖·‖

2
, which has

∇f = I (and, hence, has ∇f sequentially weak-to-weak continuous), and taking into
account that Af = I − A, one deduces that the sequence

{
xk

}
k∈N

converges weakly

to a vector in Sf (A,C). The set Sf (A,C) = Nexpf
C Af is convex and closed (cf.

Lemma 3.2(a)). In the current circumstances, the inequality (4.26) still holds for all
z ∈ Sf (A,C). It is equivalent to the condition∥∥z − xk+1

∥∥ ≤
∥∥z − xk

∥∥ ∀z ∈ Sf (A,C), ∀k ∈ N.

Therefore, one can apply Theorem 2.16(iii) in [18], or Theorem 4.5.10 in [26], in order
to deduce that the sequence

{
xk

}
k∈N

converges strongly when intSf (A,C) 	= ∅.
It was pointed out in subsection 3.3 that there is a strong connection between

the proximal-projection method (1.7) and the proximal point method (3.23)—see
Lemma 3.8. As far as we know, convergence of the proximal point method in reflex-
ive Banach spaces was established only for maximal monotone operators. We use the
connection between the proximal point method and the proximal-projection method
to obtain convergence of the proximal point method for operators which are mono-
tone with sequentially weak-to-weak closed graphs (but are not necessarily maximal
monotone). Clearly, in spaces with finite dimension, any monotone operator with a
closed graph and, in general, monotone operators with closed convex graphs, have
this property. The other requirement of the next corollary that domBf should be
convex is necessarily satisfied if ∇f∗ and ∇f +B are surjective because, in this case,
domBf = ran∇f∗ ◦ (∇f + B) = X. This condition is sufficient without being nec-
essary, as the example preceding Lemma 3.8 shows. It can be easily verified that this
also happens whenever GraphB is convex and ∇f is linear. Since the corollary is based
on Theorem 4.7(a), the remarks preceding Theorem 4.7 concerning the implications
of the hypothesis on the domains of f and f∗ still apply here.

Corollary 4.9. Suppose that the following conditions are satisfied:
(a) f is uniformly convex on bounded subsets of int dom f ;
(b) ∇f is uniformly continuous on bounded subsets of int dom f as well as se-

quentially weak-to-weak continuous;
(c) ∇f∗ is bounded on bounded subsets of int dom f∗.

If B : X → 2X
∗

is a monotone operator with sequentially weakly-closed graph in
X ×X∗, satisfying (3.24) and such that domBf is convex, if B has at least one zero
in int dom f , and if

(d) domBf is closed in X
or

(e) ∇f is bounded on bounded subsets of int dom f,
then the sequences generated by the proximal point method (3.23) converge weakly to
zeros of the operator B.

Proof. We start by observing that, due to the boundedness on bounded subsets
of its domain of ∇f∗, we have that dom f∗ = X∗—see Remark 4.6(c). Our proof is
done in two stages. In Stage 1 we prove that the conclusion of the corollary holds
under assumption (d), i.e., when domBf is closed in X. In Stage 2 we show that, if
∇f is bounded on bounded subsets of int dom f (that is, if condition (e) holds), then
domBf is necessarily closed in X and, thus, by the result of Stage 1, the conclusion
of the corollary is true in this case too.
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Stage 1. Assume that domBf is closed in X. By Lemma 3.8, the proximal point
method is identical to the proximal-projection method applied to the operator A :=
A[Bf ] given by (3.20) and to the sets Ck = X. Therefore, for proving the conclusion
of the corollary in this case, it is sufficient to show that the operator A := A[Bf ]
satisfies the requirements of Theorem 4.7(a). In order to do that it is sufficient to
ensure that the operator A[Bf ] is Df -inverse strongly monotone on its domain and has
a sequentially weakly-strongly closed graph. Observe that, according to Lemma 3.7,
the operator A[Bf ] is Df -inverse strongly monotone on its domain. It remains to show
that A[Bf ] is sequentially weakly-strongly closed. Let

{
yk

}
k∈N

be a weakly convergent

sequence contained in domA[Bf ] and denote ξk = A[Bf ]yk. Suppose that
{
ξk
}
k∈N

converges strongly in X∗ to some vector ξ. Let y =w-limk→∞ yk. By hypothesis (b),
the sequence

{
∇f(yk)

}
k∈N

converges weakly in X∗ to ∇f(y). Thus, the sequence

(4.36) ∇f
(
yk

)
− ξk =

[
∇f ◦ (∇f + B)

−1 ◦ ∇f
]
(yk)

converges weakly in X∗ to ∇f(y)− ξ. Denote uk := ∇f∗
(
∇f

(
yk

)
− ξk

)
and observe

that, by (4.36), we have that

(4.37) uk =
[
(∇f + B)

−1 ◦ ∇f
]
(yk) = Bfy

k ∀k ∈ N.

According to hypothesis (c), the sequence
{
uk

}
k∈N

is bounded because the sequence{
∇f

(
yk

)
− ξk

}
k∈N

is bounded (as shown above, this sequence is weakly convergent).

Let
{
uik

}
k∈N

be a weakly convergent subsequence of
{
uk

}
k∈N

and let u be the weak

limit of this subsequence. By (4.37) we deduce that ∇f(yik) ∈ (∇f + B)uik for all
k ∈ N, and thus we obtain

(4.38) ∇f(yik) −∇f(uik) ∈ Buik ∀k ∈ N.

By hypothesis (b), we have that

(4.39) w- lim
k→∞

[
∇f(yik) −∇f(uik)

]
= ∇f(y) −∇f(u).

Since GraphB is sequentially weak-to-weak closed and
{
uik

}
k∈N

converges weakly to

u, the relations (4.38) and (4.39) imply that ∇f(y) − ∇f(u) ∈ Bu, i.e., ∇f(y) ∈
∇f(u) + Bu. Consequently, we have that

(4.40) u = (∇f + B)
−1

(∇f(y)) = Bfy

because the operator Bf is single-valued (cf. Lemma 3.7). On the other hand, by
(4.36), (4.37), (4.39), and (4.40), we have that

ξ = ∇f(y) − w-lim
k→∞

∇f(uik) = ∇f(y) −∇f(u) = ∇f(y) − (∇f ◦Bf ) y,

showing that (y, ξ) ∈ GraphA[Bf ]. Hence, A := A[Bf ] is sequentially weakly-strongly
closed and, by Theorem 4.7(a) combined with Lemma 3.8, it results that any sequence
generated by the proximal point method converges weakly to a zero of A[Bf ]. Noting
that

0∗ ∈ A[Bf ]x̄ ⇔ ∇f(x̄) = (∇f ◦Bf ) (x̄) ⇔ x̄ = Bf x̄ ⇔ 0∗ ∈ Bx̄,
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we deduce that any sequence generated by the proximal point method converges
weakly to a zero of B. This complete the proof in Stage 1.

Stage 2. Assume that ∇f is bounded on bounded subsets of int dom f. Then, by
Remark 4.6(c), dom f = X. We are going to show that, in this case, the set domBf

is closed. To this end, let
{
zk

}
k∈N

be a sequence contained in domBf and converging

in X to some vector z̄. Denote wk = Bfz
k. We claim that the sequence

{
wk

}
k∈N

is bounded. To show that, note that since the operator A := A[Bf ] is Df -inverse
strongly monotone (cf. Lemma 3.7(c)), all solutions of Problem 1.1 (in which A =

A[Bf ]) are in the set Nexpf
domA[Bf ] (A[Bf ])

f
(cf. Lemma 3.6). Taking into account

that, by Lemma 3.7(a,b), Bf = (A[Bf ])
f

and domBf = domA[Bf ], we deduce that

all solutions of Problem 1.1 are contained in Nexpf
domBf

Bf . Let z be such a solution.

Then, by Lemma 3.2(b), we have

Df (z, wk) + Df (wk, zk) ≤ Df (z, zk) ∀k ∈ N.

According to the definition of the modulus of total convexity of f on the bounded set{
zk

}
k∈N

denoted νf (
{
zk

}
k∈N

, ·)—see [38]—we obtain

(4.41) 0 ≤ νf

({
zk

}
k∈N

;
∥∥wk − zk

∥∥) ≤ Df (wk, zk) ≤ Df (z, zk) ∀k ∈ N.

Since ∇f is bounded on bounded subsets of X, the function f is also bounded on
bounded subsets of X. Consequently, taking into account (2.10), we deduce that the
sequence

{
Df (z, zk)

}
k∈N

is bounded. Let M be an upper bound of this sequence. Sup-

pose by contradiction that the sequence
{
wk

}
k∈N

contains a subsequence
{
wjk

}
k∈N

such that limk→∞
∥∥wjk

∥∥ = ∞. Then there exists a positive integer k0 such that for

all integers k ≥ k0 we have
∥∥wjk − zjk

∥∥ ≥ 1. By [38, Proposition 2.1(ii)] and (4.41),
we deduce that for any k ≥ k0 we have

(4.42)
∥∥wjk − zjk

∥∥ νf ({zk}k∈N
; 1
)
≤ νf

({
zk

}
k∈N

;
∥∥wjk − zjk

∥∥) ≤ M ∀k ∈ N.

The function f is, by hypothesis, uniformly convex on bounded subsets of int dom f
and, consequently, it is also totally convex on bounded subsets of int dom f ; cf. [38,
Theorem 2.10]. Therefore, νf

({
zk

}
k∈N

; 1
)
> 0. Taking this into account together with

the fact that
{
zjk

}
k∈N

is bounded (since it is convergent) and letting k → ∞ in (4.42),

we reach a contradiction. Hence, the sequence
{
wk

}
k∈N

is bounded. Let {wsk}k∈N
be

a weakly convergent subsequence of
{
wk

}
k∈N

and let w̄ be the weak limit of this

subsequence. According to (3.19), we have that

(4.43) ∇f(zk) −∇f(wk) ∈ Bwk ∀k ∈ N.

Since ∇f is sequentially weak-to-weak continuous, and since B has a sequentially
weak-to-weak closed graph, the relation (4.43), written with sk instead of k, implies
that ∇f(z̄) − ∇f(w̄) ∈ Bw̄. This shows that w̄ = Bf z̄, that is, z̄ ∈ domBf . Hence,
domBf is closed and the proof of the corollary is complete.

Another result which follows from Theorem 4.7 concerns a method of regularizing
and solving classical variational inequalities in the form (2.18). Since the problem of
solving (2.18) may be ill-posed (in the sense that it may not have solutions or it may
have multiple solutions) and, therefore, many algorithms for approximating solutions
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may not converge, or may converge only subsequentially, to solutions of the problem,
one “regularizes” the original problem by solving an auxiliary problem which has a
unique solution and whose solution is in the vicinity of the solution set of the origi-
nal problem, provided that the latter is not empty. A regularization technique, which
originates in the works of Tikhonov [77] and Browder [27], [28], consists of replac-
ing the original variational inequality (2.18) by the following regularized variational
inequality:

(4.44) Find x ∈ C ∩ int dom f such that

∃ ξ ∈ Bx : [〈ξ + α∇f(x), y − x〉 ≥ 0 ∀y ∈ C ∩ dom f ]

for some real number α > 0. If B is a monotone operator, then B + α∇f is strictly
monotone and, therefore, the variational inequality (4.44) cannot have more than one
solution. Moreover, in many practically interesting situations, the variational inequal-
ity (4.44) has a solution even if the original variational inequality (2.18) does not
and, if α is sufficiently small, then the solution of (4.44) is close to the solution set of
the unperturbed variational inequality (2.18) whenever the latter has solutions. This
is, for instance, the case (cf. [7, Theorem 3.2]) when the Banach space X is simul-
taneously uniformly convex and uniformly smooth and endowed with the Legendre
function f := 1

p ‖·‖
p

for some p > 1 and B is maximal monotone. Theorem 4.7 allows
us to prove the next corollary which extends the applicability of this regularization
technique to reflexive Banach spaces which are not necessarily uniformly convex and
uniformly smooth and to produce a weakly convergent algorithm for solving (4.44) in
this more general setting, even if B is not maximal monotone. This is of interest be-
cause closeness of the solution of (4.44) with small α > 0 to the (presumed nonempty)
solution set of the original variational inequality (2.18) can be guaranteed even if B
is not maximal monotone (cf. [9, Theorem 2.1]).

Corollary 4.10. Let B : X → 2X
∗

be a monotone operator and let C be a
nonempty, convex, and closed subset of domB ∩ int dom f . Suppose that f is uni-
formly convex on bounded subsets of int dom f, ∇f∗ is bounded on bounded subsets of
int dom f∗, and that, for some real number α > 0, we have that

(4.45) ∅ 	= ((1 − α)∇f −B)(C) ⊆ int dom f∗,

and the operator ProjfC [(1 − α)∇f −B)] is Df -firm. The iterative procedure defined
by

(4.46) x0 ∈ C and xk+1 ∈ ProjfC
[
(1 − α)∇f(xk) −Bxk

]
∀k ∈ N

is well defined and converges weakly to the necessarily unique solution of the varia-
tional inequality (4.44), provided that such a solution exists, if one of the following
conditions is satisfied:

(a) X has finite dimension, dom f = X, ∇f is uniformly continuous on bounded
subsets of X, and B has a closed graph and is bounded on bounded subsets of its
domain;

(b) ∇f is bounded on bounded subsets of int dom f, and the operator

ProjfC [(1 − α)∇f −B)]

is Df -nonexpansive.
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Proof. Well definedness of the procedure results from (4.45). The variational in-
equality (4.44) cannot have more than one solution since the operator B′ := B+α∇f
is strictly monotone. According to Lemma 2.5, finding a solution of (4.44) is equivalent
to finding a zero for the operator V := V [B′;C; f ] defined by (2.19). Note that

(4.47) V = ∇f −∇f ◦ ProjfC((1 − α)∇f −B)

and

(4.48) V f = ProjfC((1 − α)∇f −B)

and that, by (2.21) applied to B′ instead of B, we have

(4.49) ProjfC (∇f − V ) = ProjfC((1 − α)∇f −B).

Therefore, we can equivalently rewrite the procedure (4.46) as

(4.50) x0 ∈ C and xk+1 ∈ ProjfC(∇f
(
xk

)
− V xk) ∀k ∈ N.

This is exactly (1.7) applied to V instead of A with the sequence of sets Ck = C
for all k ∈ N. Now, suppose that condition (a) of our corollary is satisfied. In this
case, if we show that the graph of V is closed in X × X∗ and that V is Df -inverse
strongly monotone, then Theorem 4.7(a) applies and leads to the conclusion of the
corollary. Also, Theorem 4.7(b) implies that, if condition (b) of the corollary holds,
then the procedure (4.50) is weakly convergent to the unique solution of (4.44), pro-
vided that V is Df -inverse strongly monotone. Df -inverse strong monotonicity of V
results in both cases from Lemma 3.5 combined with (4.48) and with our hypothesis

that V f =ProjfC [(1 − α)∇f −B)] is Df -firm. So, it remains to prove that, under as-
sumption (a) of the corollary, the graph of V is closed. To this end, let

{
yk

}
k∈N

be a

sequence in domV and assume that this sequence converges to y ∈ X. Let
{
ξk
}
k∈N

be the sequence

ξk = ∇f(yk) −∇f ◦ ProjfC((1 − α)∇f(yk) − ζk),

where ζk ∈ Byk for all k ∈ N. Suppose that limk→∞ ξk = ξ. Then, by Lemma 2.1, we
have

∇f(yk) − ξk =
[
∇f ◦ (∇f + NC)

−1
]
((1 − α)∇f(yk) − ζk).

According to the hypothesis, ∇f∗ is bounded on bounded subsets of int dom f∗. This
and Remark 4.6(c) combined imply that dom f∗ = X∗. Therefore, for each k ∈ N, we
have that ∇f(yk) − ξk ∈ X∗ = int dom f∗ and, thus, from the previous equality we
deduce

(4.51) (1 − α)∇f(yk) − ζk ∈ (∇f + NC)
[
∇f∗

(
∇f(yk) − ξk

)]
∀k ∈ N.

Since B is bounded on the bounded set
{
yk

}
k∈N

, it follows that the sequence
{
ζk

}
k∈N

is bounded. Let
{
ζik

}
k∈N

be a convergent subsequence of
{
ζk

}
k∈N

and let ζ be its
limit. Since ∇f and ∇f∗ are continuous on their respective domains, dom f∗ = X∗

(as shown above), and the normality operator NC is maximal monotone (and, hence,
has a closed graph), (4.51) implies

(1 − α)∇f(y) − ζ ∈ (∇f + NC) [∇f∗ (∇f(y) − ξ)] .
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Hence, we have

∇f∗ (∇f(y) − ξ) = ProjfC [(1 − α)∇f(y) − ζ]

showing that

ξ = ∇f(y) −∇f ◦ ProjfC [(1 − α)∇f(y) − ζ] ∈ V y.

This completes the proof.
The requirement made in Corollary 4.10 that the operator V f =

ProjfC [(1 − α)∇f −B] should be Df -firm may seem unusual. Here are several exam-
ples which show that this condition is quite often satisfied without excessively costly
demands on the operator B or the function f. The next example shows that Corollary
4.10(b) is applicable to solve variational inequalities in the form (4.44) when X is any

Hilbert space, f = 1
2 ‖·‖

2
, C = domB = X, and B is a monotone operator which is

either contractive with some constant γ > 0 or strongly monotone with some constant
δ > 0 and even in more general conditions (when (4.52) holds for some α ∈ (0, 1

2 ) and
β > 0). Obviously, in this setting, (2.18) is exactly the problem of finding a zero of
B. To follow the considerations in the examples below one should first note that by
replacing in (2.18) the operator B by βB, where β is a positive constant, one obtains
a variational inequality which is equivalent to the original one.

Example 4.11. Let X be a Hilbert space and let f = 1
2 ‖·‖

2
. Suppose that C =

domB = X. If B is contractive with some constant γ > 0 or strongly monotone with
some constant δ > 0, then the operator V f = ProjfC [(1 − α)∇f − βB] is Df -firm and

Df -nonexpansive whenever α ∈ (0, 1
2 ) with β =

√
α(1 − α)γ−1 in the contractive case

and β = (1 − 2α)δ in the strongly monotone case.

In order to prove this observe that, in the current setting, ∇f = ProjfC = I. Also,
the Df -firmness condition (3.14) for T = V f is equivalent to (4.34) and this is exactly

〈[(1 − α)x− βξ] − [(1 − α)y − βη] , x− y〉

≥ ‖[(1 − α)x− βξ] − [(1 − α)y − βη]‖2
,

which can be equivalently rewritten as

(4.52) α(1 − α) ‖x− y‖2
+ (1 − 2α)β 〈ξ − η, x− y〉 ≥ β2 ‖ξ − η‖2

for all pairs (x, ξ), (y, η) ∈ GraphB. Moreover, if V f is Df -firm, then it is also Df -
nonexpansive. Due to the monotonicity of B, the inequality (4.52) holds whenever
α ∈ (0, 1

2 ) and

(4.53) α(1 − α) ‖x− y‖2 ≥ β2 ‖ξ − η‖2 ∀(x, ξ) ∈ GraphB, ∀(y, η) ∈ GraphB.

If B is contractive with constant γ, then we have

γ ‖x− y‖ ≥ ‖ξ − η‖ ∀(x, ξ) ∈ GraphB, ∀(y, η) ∈ GraphB,

and multiplying this inequality by β =
√
α(1 − α)γ−1 we deduce that (4.53) holds.

Similarly, note that (4.52) is satisfied when

(4.54) (1− 2α) 〈ξ − η, x− y〉 ≥ β ‖ξ − η‖2 ∀(x, ξ) ∈ GraphB, ∀(y, η) ∈ GraphB.
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If B is strongly monotone with constant δ, then

〈ξ − η, x− y〉 ≥ δ ‖ξ − η‖2 ∀(x, ξ) ∈ GraphB, ∀(y, η) ∈ GraphB.

Multiplying this inequality by (1− 2α) we deduce that (4.54) holds in this case.
In situations in which X is not a Hilbert space, or X is a Hilbert space but the

monotone operator B does not satisfy (4.52) for some α ∈ (0, 1
2 ) and β > 0, the

question of how to choose the “regularization function” f and the “regularization
parameter” α in the perturbed variational inequality (4.44) in order to force Df -

firmness and/or Df -nonexpansivity on V f = ProjfC((1−α)∇f −B) is relevant. Here
are examples of situations when V f is Df -firm even if X is not a Hilbert space.

Example 4.12. If the monotone operator B : X → 2X
∗

and the nonempty closed
convex subset C of domB∩ int dom f have the property (4.45), then V f = ProjfC((1−
α)∇f −B) is Df -firm in any of the following situations:

(a) C = X, α ∈ (0, 1), and the operator α∇f+B is Df -inverse strongly monotone
on its domain;

(b) X is a Hilbert space, C = X, f = 1
2 ‖·‖

2
, α ∈ (0, 1

2 ], and B is contractive with
constant α(1 − α).

In order to show this, observe that in case (a), according to Lemma 2.1, we have
V f = (α∇f +B)f and, by Lemma 3.5(c), the conclusion follows. In case (b) we have

that both ∇f and ProjfC coincide with the identity operator I. Also, B is necessarily
single-valued because it is contractive. These imply (see section 3) that verification of
the Df -firmness of V f amounts to verifying the firm nonexpansivity of (1− α)I −B.
Note that (1−α)I −B is firmly nonexpansive (see (3.10)) if and only if the operator
αI + B is firmly nonexpansive, that is, if and only if

α2‖x− y‖2 + 2α〈x− y,Bx−By〉 + ‖Bx−By‖2

≤ α‖x− y‖2 + 〈x− y,Bx−By〉 ∀x, y ∈ X.

Since α ∈ (0, 1
2 ] and B is monotone, the last inequality holds whenever

(4.55) α2‖x− y‖2 + ‖Bx−By‖2 ≤ α‖x− y‖2 ∀x, y ∈ X.

By the contractivity of B with constant α(1 − α) we deduce that ‖Bx − By‖2 ≤
α2(1 − α)2‖x− y‖2, and this shows that (4.55) is obviously satisfied.

Example 4.12(a), in conjunction with Corollary 4.10, leads to an algorithm for
solving the variational inequality (4.44) whenever it is possible to find a Legendre
function f and a number α ∈ (0, 1) such that α∇f+B is Df -inverse strongly monotone
on its domain. Example 4.12(b) points out a situation in which the assumptions
of Corollary 4.10(b) hold and, thus, weak convergence of procedure (4.46) to the
(presumed existing) solution of the variational inequality (4.44) is guaranteed.

Example 4.13. If the monotone operator B : X → 2X
∗

and the nonempty closed
convex subset C of domB ∩ int dom f have the property (4.45), and if〈

[α∇f(x) + ξ] − [α∇f(y) + η] ,(4.56)

ProjfC [(1 − α)∇f(x) − ξ] − ProjfC [(1 − α)∇f(y) − η]
〉
≥ 0,

for any (x, ξ) and (y, η) in GraphB, then the operator V f = ProjfC [(1 − α)∇f −B]
is Df -firm. In particular, this happens in any of the following situations:
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(a) B =
(

1
2 − α

)
∇f and α ∈ (0, 1

2 );

(b) the operator P : X ×X∗ → 2X
∗×X , defined by

(4.57) P (z, ζ) = (0∗,ProjfC((1 − α)∇f(z) − ζ)),

for some α ∈ (0, 1) is monotone when X ×X∗ is provided with the norm ‖(z, ζ)‖ =(∥∥z∥∥2
+
∥∥ζ∥∥2

∗
)1/2

and with the duality pairing 〈(z, ζ), (ζ ′, z′)〉 = 〈ζ ′, z〉 + 〈ζ, z′〉 (and,
therefore, its dual is isometric with X∗ ×X).

Let x, y ∈ domV f and let ξ ∈ Bx and η ∈ By. Denote

x′ = ProjfC((1 − α)∇f(x) − ξ) and y′ = ProjfC((1 − α)∇f(y) − η).

By Lemma 2.1 we have

(1 − α)∇f(x) − ξ −∇f(x′) ∈ NC(x′) and (1 − α)∇f(y) − η −∇f(y′) ∈ NC(y′),

which imply

〈(1 − α)∇f(x) − ξ, y′ − x′〉 ≤ 〈∇f(x′), y′ − x′〉

and, respectively,

〈(1 − α)∇f(y) − η, x′ − y′〉 ≤ 〈∇f(y′), x′ − y′〉 .

Summing up the last two inequalities, we obtain that

(4.58) 〈[(1 − α)∇f(x) − ξ] − [(1 − α)∇f(y) − η] , x′ − y′〉

≥ 〈∇f(x′) −∇f(y′), x′ − y′〉 .

The Df -firmness condition (3.14) for the operator T = V f is exactly

〈∇f(x) −∇f(y), x′ − y′〉 ≥ 〈∇f(x′) −∇f(y′), x′ − y′〉 .

According to (4.58), this is satisfied when

〈∇f(x) −∇f(y), x′ − y′〉 ≥ 〈[(1 − α)∇f(x) − ξ] − [(1 − α)∇f(y) − η] , x′ − y′〉 ,

and this last inequality is equivalent to (4.56). Hence, if (4.56) holds, then the operator
V f is Df -firm. In case (a) we have that α∇f + B = (1 − α)∇f − B, and using the

monotonicity of ProjfC (cf. [38, Theorem 4.6]) one deduces that (4.56) holds. Suppose
that we are in case (b) and the operator P, given by (4.57), is monotone. Then observe
that 〈

[α∇f(x) + ξ] − [α∇f(y) + η] ,

ProjfC [(1 − α)∇f(x) − ξ] − ProjfC [(1 − α)∇f(y) − η]
〉

= 〈(x, α∇f(x) + ξ) − (y, α∇f(y) + η), P (x, ξ) − P (y, η)〉 ,

and that the last expression is nonnegative due to the monotonicity of P (see [38,
Proposition 4.7]). Hence, (4.56) holds in this case too.
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Note that problem (4.44), in which B = β∇f for some β > 0, is equivalent to the
problem of finding the minimizer of f over C. The facts observed in Example 4.13(a),
in conjunction with Corollary 4.10, lead to a proximal-projection method of finding
that minimizer, provided that f satisfies the other requirements there. Obviously, the
effectiveness of that method, as well as of the other methods discussed in this work,
depends on the possibility of computing proximal projections onto C. Algorithms for
computing proximal projections are presented in [5], [22], and [38].

Observe that the definition of the operator P, given by (4.57), does not involve
the operator B but only the Legendre function f, the closed and convex set C, and
the real number α ∈ (0, 1). Thus, Example 4.13(b) shows that if P is monotone,

then ProjfC [(1 − α)∇f −B] is Df -firm for all monotone operators B : X → 2X
∗
. In

other words, if for the Legendre function f, the closed and convex set C and the real
number α ∈ (0, 1) monotonicity of P can be ensured, then Corollary 4.10 guaran-
tees solvability of a large class of variational inequalities via the particular variant
of proximal-projection method (4.46). Since in the process of solving variational in-
equalities the set C is a priori given, one should ask whether on some Banach spaces
one can find Legendre functions f for which monotonicity of P is ensured for some
α ∈ (0, 1) no matter how the closed and convex set C is chosen. We do not have any
example to prove or disprove existence of spaces X on which such a Legendre function
f exists.

5. Convergence of the proximal-projection method in spaces of finite
dimension. Theorem 4.7 and its corollaries ensure weak and, sometimes, strong con-
vergence of the proximal-projection method to solutions of Problem 1.1 under con-
ditions which, besides the Df -inverse strong monotonicity of the operator A, require
sequential weak-strong closedness of the GraphA or, alternatively, Df -nonexpansivity
of Af . In this section we show that, when the space X has finite dimension, some of
these requirements can be dropped or weakened. This is possible due to the validity
in spaces of finite dimension of another generalization of Browder’s demiclosedness
principle, which we present below.

5.1. Another variant of the generalized demiclosedness principle. The
following result applies to operators T : X → 2X which are not necessarily Df -
nonexpansive but satisfy condition (5.2) below, which is more general than Df -
firmness (compare condition (5.2) with Definition 3.4). It is interesting to observe
that, if f is uniformly convex on bounded subsets of int dom f and if T has a closed
graph, then the conclusion of the next result holds even if the hypothesis that u sat-
isfies (5.2) is removed. This happens because the equality in (5.1) implies that the
sequences

{
zk

}
k∈N

and
{
uk

}
k∈N

converge to the same limit z and, then, closedness
of the graph of T guarantees that z ∈ Tz.

Proposition 5.1. Suppose that the space X has finite dimension, f is uniformly
convex on bounded subsets of int dom f , and T : X → 2X is an operator satisfying
condition (3.13). Let {zk}k∈N be a sequence in domT converging to an element z ∈
domT . If for some sequence {uk}k∈N satisfying

(5.1) (∀k ∈ N : uk ∈ Tzk) and lim
k→∞

Df (uk, zk) = 0,

there exists u ∈ Tz such that

(5.2) lim inf
k→∞

〈∇f(uk) −∇f(u), uk − u〉 ≤ 0,

then the vector z is a fixed point of T .
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Proof. Since the function f is convex and differentiable on int dom f, the gradient
∇f is continuous on int dom f. This fact and the strict convexity of f on int dom f
imply that

(5.3) lim
k→∞

〈∇f(zk) −∇f(x), zk − x〉 = 〈∇f(z) −∇f(x), z − x〉 > 0

whenever x ∈ (int dom f) \ {z} . Because the function f is uniformly convex on bounded
subsets of int dom f, it is also sequentially consistent (cf. [38, Theorem 2.10]). There-
fore, the equality in (5.1) implies that

(5.4) lim
k→∞

∥∥zk − uk
∥∥ = 0.

Consequently, the sequences {zk}k∈N and {uk}k∈N converge to the same limit z. By
condition (3.13), the boundedness of {uk}k∈N, and the continuity of ∇f , we deduce
that

(5.5) lim
k→∞

〈∇f(zk) −∇f(z), zk − z〉 = 0 = lim
k→∞

〈∇f(zk) −∇f(z), uk − u〉.

Note that

〈∇f(uk) −∇f(u), uk − u〉 = 〈∇f(uk) −∇f(u), uk − zk〉(5.6)

+〈∇f(uk) −∇f(u), zk − u〉
= 〈∇f(uk) −∇f(u), uk − zk〉

+〈∇f(zk) −∇f(u), zk − u〉
+〈∇f(uk) −∇f(zk), zk − u〉.

Since the sequence {∇f(uk)}k∈N is bounded, it follows from (5.4) that the first term
of the last sum in (5.6) converges to zero as k → ∞. The continuity of ∇f and the
fact noted above that the sequences

{
uk

}
k∈N

and
{
zk

}
k∈N

converge to the same limit
z imply that the third term of the last sum converges to zero as k → ∞. Taking the
limit as k → ∞ on both sides of (5.6), we obtain that

(5.7) lim
k→∞

〈∇f(uk) −∇f(u), uk − u〉 = lim
k→∞

〈∇f(zk) −∇f(u), zk − u〉.

In order to conclude the proof, suppose by contradiction that z /∈ T (z). Then,
u 	= z and, therefore, by (5.5), (5.2), (5.7), and (5.3), respectively, we obtain

0 = lim
k→∞

〈∇f(zk) −∇f(z), zk − z〉 = lim
k→∞

〈∇f(zk) −∇f(z), uk − u〉

≥ lim
k→∞

〈∇f(uk) −∇f(u), uk − u〉 = lim
k→∞

〈∇f(zk) −∇f(u), zk − u〉 > 0,

which is a contradiction.

5.2. A convergence theorem for the proximal-projection method in
spaces of finite dimension. The following theorem shows that, in finite-dimensional
spaces, convergence of the proximal-projection method to solutions of Problem 1.1 can
be ensured with lesser requirements on the operator A, in addition to the Df -inverse
strong monotonicity, than those involved in Theorem 4.7 and its corollaries.

Theorem 5.2. Suppose that the space X has finite dimension, f is uniformly con-
vex on bounded subsets of int dom f, ∇f∗ is bounded on bounded subsets of ∇f(domA),
that (1.6) and Assumption 1.2 hold, and

(5.8) C ∩ domA = w-limk→∞ (Ck ∩ domA) .
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If Problem 1.1 has at least one solution, if the operator A : X → 2X
∗

is Df -inverse
strongly monotone on Q =

⋃∞
k=0 Ck, and if C ∩ domA is closed, then the sequences

generated by the proximal-projection method (1.7) are well defined and converge to
solutions of Problem 1.1.

Proof. Well definedness of the sequences generated by (1.7) follows from (1.6)
and Assumption 1.2. Suppose that, for each k ∈ N, ζk and uk are as in (4.19) and
(4.20), respectively. Then, clearly, condition (4.21) holds too. Because the operator
A is Df -inverse strongly monotone on its domain, the operator Af is Df -firm (cf.
Lemma 3.5). This means that

(5.9) 〈∇f(uk) −∇f(u), uk − u〉 ≤
〈
∇f(xk) −∇f(x), uk − u

〉
for any pair (x, u) ∈ GraphAf and for any k ∈ N. Now, repeating without change the
arguments in the proof of Theorem 4.7, one can see that Claim 1 proved there still
holds in our setting and implies that the sequence

{
xk

}
k∈N

is bounded. Let
{
xik

}
k∈N

be a convergent subsequence of
{
xk

}
k∈N

and let x̄ be its limit. An argument identical

to that made in the proof of Theorem 4.7 (Claim 2) for the same purpose shows that
x̄ ∈ C and (4.30) holds. According to (5.8), since xik ∈ Cik ∩ domA, it results that

(5.10) x̄ ∈ C ∩ domA.

This and (1.6) imply that (∇f −A) (x̄) 	= ∅. So, by Assumption 1.2, we deduce

∅ 	= (∇f −A) (x̄) ⊆ (∇f −A) (C) ⊆ (∇f −A) (Ck) ⊆ int dom f∗,

which clearly implies that x̄ ∈ domAf . Now, taking into account that, by (5.10),
Ax̄ 	= ∅, writing (5.9) for ik instead of k and x̄ instead of x, and for any u ∈ Ax̄, and
letting in the resulting inequality k → ∞, we deduce that

(5.11) lim inf
k→∞

〈∇f(uik) −∇f(u), uik − u〉 ≤ 0

because ∇f is continuous on int dom f. This shows that the sequence
{
uik

}
k∈N

satisfies

(5.2) for T = Af , z = x̄, and any u ∈ Af x̄. Also, by (4.30) and (5.11), the sequences{
xik

}
k∈N

and
{
uik

}
k∈N

satisfy (5.1). Hence, Proposition 5.1 applies to T = Af ,

z = x̄, and u ∈ Af x̄. By consequence, we have that x̄ is a fixed point of Af and,
hence, a zero of A. It remains to prove that x̄ is the only accumulation point of the
sequence

{
xk

}
k∈N

. The proof in this respect reproduces without modifications the
arguments made in the proof of Theorem 4.7 in order to show that the sequence{
xk

}
k∈N

has a single weak accumulation point when ∇f is sequentially weak-to-weak
continuous.

5.3. Consequences of Theorem 5.2. Using Theorem 5.2 instead of Theorem
4.7 we can prove again Corollaries 4.9 and 4.10 in a finite-dimensional setting with
different, and less demanding, conditions on A. Here is the new version of Corollary
4.9.

Corollary 5.3. Suppose that the space X has finite dimension, f is uniformly
convex on bounded subsets of int dom f , and dom f∗ = X∗. If B : X → 2X

∗
is a

monotone operator satisfying (3.24) and having at least one zero, and if any of the
following conditions holds:

(a) ran (∇f + B) is closed in X∗ and ∇f∗ (ran (∇f + B)) is convex;
(b) ran (∇f + B) = X∗,
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then the sequences generated by the proximal point method (3.23) converge to zeros of
the operator B.

Proof. Recall that in this setting ∇f∗ is bounded on bounded subsets of int dom f∗

(cf. Remark 4.6(d)). Observe that, according to Lemma 3.7, we have that

domA [Bf ] = domBf = ∇f∗ (ran (∇f + B)) .

Therefore, if condition (a) holds, the set domA [Bf ] = domBf is closed and convex.
Since condition (b) implies (a), this remains true when (b) holds. Again by Lemma
3.7, the operator A[Bf ] is Df -inverse strongly monotone on its domain. Consequently,
the operator A := A [Bf ] satisfies the requirements of Theorem 5.2 when C = Ck = X
for all k ∈ N. Applying Theorem 5.2 to A[Bf ] and taking into account Lemma 3.8,
the conclusion follows.

Now we give another variant of Corollary 4.10(a) in which the condition that A
should have a closed graph is replaced by less demanding requirements.

Corollary 5.4. Let B : X → 2X
∗

be a monotone operator. Suppose that the
space X has finite dimension, f is uniformly convex on bounded subsets of int dom f ,
and dom f∗ = X∗. If C is a closed convex subset of domB ∩ int dom f such that, for
some real number α > 0,

(5.12) ∅ 	= ((1 − α)∇f −B)(C) ⊆ int dom f∗,

and the operator ProjfC ◦ [(1 − α)∇f −B)] is Df -firm, then the iterative procedure
given by (4.46) is well defined and converges to the necessarily unique solution of the
variational inequality (4.44), provided that such a solution exists.

Proof. Since (4.48) and (4.49) still hold, the operator V given by (4.47) is Df -
inverse strongly monotone on its domain (cf. Lemma 3.7). By (5.12) and by the fact
that C ⊆ domB ∩ int dom f, it results that C ⊆ domV. Hence, Theorem 5.2 applies
to the operator A = V and the sets Ck = C, and the conclusion follows.
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Abstract. In this paper, we study the stability of discrete-time switched linear systems via
symbolic topology formulation and the multiplicative ergodic theorem. A sufficient and necessary
condition for μA-almost sure stability is derived, where μA is the Parry measure of the topological
Markov chain with a prescribed transition (0,1)-matrix A. The obtained μA-almost sure stability is
invariant under small perturbations of the system. The topological description of stable processes of
switched linear systems in terms of Hausdorff dimension is given, and it is shown that our approach
captures the maximal set of stable processes for linear switched systems. The obtained results cover
the stochastic Markov jump linear systems, where the measure is the natural Markov measure defined
by the transition probability matrix. Two examples are provided to illustrate the theoretical outcomes
of the paper.
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1. Introduction.

1.1. Motivation. A switched linear system consists of a family of linear subsys-
tems and a rule that governs the switching among them. These types of models are
found in many practical systems in which switching is necessary and essential as the
system dynamics evolve. More specifically, we consider the discrete-time dynamical
system in the form of

(1.1) x�+1 = Hω�
x�, � ≥ 0,

where x� ∈ R
n and n ≥ 2 is a fixed integer, ω� takes a value in a given finite-symbolic

set, say A = {1, . . . , κ}, and Hi ∈ R
n×n for i ∈ A. Let us denote the nonnegative

integer set by Z+ = {0, 1, 2, . . .} and the set of all mappings Z+ → A by

(1.2) Σκ =
{
ω : Z+ → A

}
.

Then switching can be classified into two situations: (i) arbitrary switching; i.e., the
switching rule is characterized by ΣΣΣκ defined by (1.2); (ii) switching is subject to
certain constraints; i.e., the switching rule is characterized by a subset of ΣΣΣκ.

Stability is the primary concern for switched systems. The analysis of its stability
is much more difficult and challenging than that of linear systems. When arbitrary
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switching is considered, a switched system is said to be asymptotically stable if all its
trajectories converge to the origin. This is also called absolute stability, and it requires
that all infinite products of matrices taken from {H1, H2, . . . , Hκ} converge to zero.

That is, lim�→∞
∏�−1

j=0 Hωj
= 0 for any index sequence {ω0, ω1, . . .} with ωj ∈ A. This

can be equivalently stated by requiring the joint spectral radius of {H1, H2, . . . , Hκ}
to be strictly less than one [3]. To the best of our knowledge, the study of stability of
switched linear systems (1.1) has been focused on absolute stability (for example, see
[13, 19, 29, 30, 32, 34, 35] and references therein). Currently available approaches for
showing absolute stability of switched systems are essentially based on the search of
common Lyapunov functions or variations of the same framework. The existence of a
common Lyapunov function for a given switched system is quite restrictive, since an
expecting common Lyapunov function has to guarantee that the energy of the over-
all system decreases to zero along all possible state trajectories governed by switches.
Moreover, some critical situations are not able to be addressed by using the Lyapunov
function approach. For instance, it is well known that the system (1.1) may not be
absolutely stable even if each Hi, i ∈ A, is asymptotically stable (i.e., all eigenvalues
of Hi are inside the unit circle) (e.g., see [9]). A switched system that is not abso-
lutely stable does not imply the end of stability analysis of the system. For example,
for the stochastic Markov jump systems, almost sure stability (instead of absolute
stability) plays a key role in the study of these types of systems, since it provides
important convergence information in an “average” sense (under appropriate proba-
bility measures) which has been proved to be very useful and effective in applications
(see [5, 6, 15, 16, 17, 20, 21, 23, 22, 26, 24, 27, 31, 37] and references therein). An-
other situation is when switching is subject to a subset of ΣΣΣκ (so-called admissible
switching set); in this case, how to identify the stability of (1.1) has not been clearly
characterized yet.

The main challenge for the study of switched systems results from the switched
paths that are arbitrary, although it may be subject to some constraints. The switched
mechanism basically is uncertain, and the stability analysis has to cover all possible
switchings (jumps). With such an uncertainty, the condition of absolute stability of
switched systems is hardly met as the number of switches increases (i.e., κ is getting
large). Thus, to look for condition(s) of “almost” stability instead of absolute stability
becomes more realistic in real applications.

In this paper we apply the ergodic theorem from the topology point of view to
discuss the stability of (1.1), an approach that is not available in the current litera-
ture. More specifically, we translate the problem (1.1) into a finite state topological
Markov chain setting under the framework of symbolic topology formulation. Then
we study the dynamics (1.1) by the Lyapunov exponents based on the corresponding
topological Markov chain. The main mathematical tool is the multiplicative ergodic
theorem, which is a fundamental theory for describing the qualitative behaviors of
dynamical systems in terms of the statistical characterization. We derive a neces-
sary and sufficient condition for μA-almost sure stability of (1.1) in which μA is the
Parry measure, i.e., the unique measure with maximal entropy for the underlying
setting. Moreover, we have shown that the almost sure stability is not altered un-
der small linear perturbation of the system (1.1), which is important and critical for
real applications. Furthermore, a topological description of stable processes of (1.1)
in terms of Hausdorff dimension is given, and this finding illustrates the significance
for choosing the measure μA (the Parry measure). Our obtained results cover the
stochastic Markov jump linear systems, where the measure is the natural Markov
measure defined by the transition probability matrix. The proposed approach and the
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obtained results of this paper provide a fresh point of view for the study of switched
systems.

1.2. Outlines. The paper is organized as follows. In section 2, we transform
the switched system (1.1) to a symbolic dynamical system under the framework of
topology. Then system (1.1) with constraints is expressed equivalently as a one-sided
topological Markov chain with a prescribed transition (0,1)-matrix A. The concept
of almost sure stability is introduced, and two preliminary propositions are provided
in this section. In section 3, a necessary and sufficient condition for μA-almost sure
stability of (1.1) is presented, and a topological description of stable processes of
(1.1) in terms of Hausdorff dimension is given. Section 4 addresses the connection
between our obtained results and those for stochastic Markov jump linear systems.
Two examples, one for arbitrary switching and another for restricted switching, are
provided to illustrate theoretical results of the paper in section 5. The paper ends
with concluding remarks.

1.3. Matrix norms. Let H = (hij) be an n × n matrix of real numbers.
Throughout this paper the norm, ‖H‖, of H can be either ‖H‖F , or ‖H‖1, or ‖H‖∞,
whose definitions are, respectively,

‖H‖F =

√√√√ n∑
i,j=1

|hij |2, ‖H‖1 =

n∑
i,j=1

|hij |, and ‖H‖∞ = max
1≤i,j≤n

|hij |.

It is known that these norms satisfy the following properties:

‖H + H ′‖ ≤ ‖H‖ + ‖H ′‖,(1.3a)

‖HH ′‖ ≤ ‖H‖‖H ′‖,(1.3b)

‖Hx‖ ≤ ‖H‖‖x‖,(1.3c)

where H ′ is also an n × n matrix, and x = (x1, . . . , xn)T ∈ R
n is an n-dimensional

vector. In particular (1.3c) holds for ‖H‖ in terms of corresponding induced norms in
R

n by ‖x‖ =
√∑n

i=1 |xi|2, or
∑n

i=1 |xi|, or max1≤i≤n |xi|, respectively.

2. Symbolic topology formulation. We use a symbolic string ω = (ω0ω1 · · · )
with ωj ∈ A = {1, . . . , κ} to represent a specific switching path of (1.1). The set of
all possible switching paths ω = (ω0ω1 · · · ) is the κ-dimensional one-sided symbolic
space given by (1.2), that is,

ΣΣΣκ = {ω = (ω0ω1 · · · ) |ωi ∈ A for i = 0, 1, 2, . . . },

which is a compact metric space endowed with the usual distance function

dist(ω, ω′) = ρρρ−n(ω,ω′) ∀ω, ω′ ∈ ΣΣΣκ,(2.1a)

where ρρρ > 1 is any prescribed constant and

n(ω, ω′) = inf{� ∈ Z+ |ω� �= ω′�}.(2.1b)

If ω� = ω′� for all nonnegative integers �, then n(ω, ω′) := +∞.
In order to include those cases in which switching constraints exist, let A = [aij ]

be an irreducible (0, 1)-matrix of size κ × κ, which is predefined. That is, aij equals



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2140 XIONGPING DAI, YU HUANG, AND MINGQING XIAO

either 0 or 1, and for any pair (i, j) there is some integer n > 0 such that a
(n)
ij > 0,

where a
(n)
ij is the (i, j)th element of An. The admissible set ΣΣΣA is defined to be

ΣΣΣA =
{
ω = (ω0ω1 · · · ) ∈ ΣΣΣκ | aω�ω�+1

= 1 for � = 0, 1, . . .
}
.

Thus it is clear that in general ΣΣΣA ⊂ ΣΣΣκ. For the arbitrary switching case where the
matrix A satisfies aij ≡ 1 for any 1 ≤ i, j ≤ κ, we have ΣΣΣA = ΣΣΣκ. Clearly the matrix
A contains transition information of all admissible paths, and thus it is usually called
a transition matrix.

It is not difficult to see that if (ω0ω1ω2 · · · ) ∈ ΣΣΣA, then we have (ω1ω2 · · · ) ∈ ΣΣΣA.
The ΣΣΣA-invariant mapping

σA : ΣΣΣA → ΣΣΣA; (ω0ω1 · · · ) �→ (ω1ω2 · · · )

is called the one-sided shift defined by the transition matrix A. The dynamical system
(ΣΣΣA, σA) is said to be a one-sided topological Markov chain with the transition matrix
A, which is a compact subsystem of the one-sided full-shift dynamical system (ΣΣΣκ, σ),
where σ : ΣΣΣκ → ΣΣΣκ is similarly defined by (ω0ω1 · · · ) �→ (ω1ω2 · · · ) for any ω =
(ω0ω1 · · · ) ∈ ΣΣΣκ.

We next define a random matrix over ΣΣΣA associated with the system (1.1) by

S : ΣΣΣA → {H1, . . . , Hκ}; ω �→ S(ω) = Hω0
∀ω = (ω0ω1 · · · ) ∈ ΣΣΣA.

Let us denote for any t ∈ N and for any ω ∈ ΣΣΣA

σt
A =

t times︷ ︸︸ ︷
σA ◦ · · · ◦ σA and σ0

A = id : ΣΣΣA → ΣΣΣA(2.2a)

and

S(ω, t) = S
(
σt−1
A ω

)
· · ·S(ω) : R

n → R
n.(2.2b)

Here S(·, ·) is called a linear cocycle based on (ΣΣΣA, σA). Notice that S
(
σ�
Aω
)

= Hω�

for any ω = (ω0ω1 · · · ) and � ∈ Z+. Then the system

(2.3) x�+1 = S
(
σ�
Aω
)
x�, where ω ∈ ΣΣΣA,

can be regarded as a hybrid linear system with Markovian switchings. Thus for a
specific path ω and an initial condition x0, according to (2.2), the state of (2.3) can
be expressed as

x�+1 = S(ω, � + 1)x0.(2.4a)

In fact S(·, ·) describes the discrete-time linear skew-product flow ϕσA,S based on
ergodic system (ΣΣΣA, σA) in the following sense:

ϕσA,S : ΣΣΣA × R
n × Z+ → ΣΣΣA × R

n; (ω, x, t) �→ (σt
Aω, S(ω, t)x).(2.4b)

For a given one-sided topological Markov chain (ΣΣΣA, σA) with a transition matrix
A, one always can define an invariant measure μ under the one-sided shift σA from
the classical Krylov–Bogolioubov theorem [36]. Now we are ready to introduce the
definition of μ-almost sure stability of (1.1).
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Definition 1. Let A be an irreducible transition matrix and μ be an ergodic σA-
invariant Borel probability measure on ΣΣΣA; namely, μ(σ−1

A B) = μ(B) for any Borel
subset B of ΣΣΣA, and μ(B) = 0 or 1 whenever σ−1

A B = B holds μ-mod 0.1 The switched
linear system (1.1) is said to be “μ-almost surely stable” with respect to an admissible
set ΣΣΣA if (1.1) is exponentially stable for μ-almost all switching sequences ω in ΣΣΣA.
This is equivalen to saying that, for μ-a.e. (almost everywhere) ω ∈ ΣΣΣA, we have

lim
�→∞

1

�
ln ‖x�‖ = lim

�→∞

1

�
ln ‖S(ω, �)x0‖ < 0 ∀x0 ∈ R

n.

Since ΣΣΣA is compact under the metric given by (2.1), the set of all σA-invariant
Borel probability measures on ΣΣΣA is nonempty and is a compact convex set. It contains
many elements. The question arises as to which is the most suitable member for the
study of almost sure stability. In section 3, we shall show that the Parry measure,
which has a strong ergodic property, is what we look for.

In order to introduce the concept of Lyapunov exponent, we need to show that
the following proposition holds.

Proposition 1. Let S(·, ·) be the linear cocycle as in (2.2b) based on the ergodic
system (ΣΣΣA, μ, σA). Then we have

(2.5) lim
t→∞

1

t

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω) = inf
t∈N

1

t

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω).

Proof. Let us first define

ft =

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω).

For any t1, t2 ∈ Z+, according to (2.2), for any ω ∈ ΣΣΣA one has

‖S(ω, t1 + t2)‖ = ‖S(σt1
Aω, t2)S(ω, t1)‖

≤ ‖S(σt1
Aω, t2)‖‖S(ω, t1)‖.

The property σA-invariance of μ implies∫
ΣΣΣA

ln ‖S(σt1
Aω, t2)‖ dμ(ω) =

∫
ΣΣΣA

ln ‖S(ω, t2)‖ dμ(ω) = ft2 .

Hence we have

ft1+t2 ≤
∫
ΣΣΣA

ln ‖S(σt1
Aω, t2)‖ dμ(ω) +

∫
ΣΣΣA

ln ‖S(ω, t1)‖ dμ(ω)

= ft1 + ft2 .

Therefore, the real sequence (ft)
∞
t=0 is subadditive. From Kingman’s subadditive er-

godic theorem [36], it follows that

lim
t→∞

1

t

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω) = inf
t∈N

1

t

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω),

which completes the proof.

1Two Borel sets “B = C μ-mod 0” means that μ ((B\C) ∪ (C\B)) = 0. In addition, the σA-
invariance of μ is equivalent to

∫
ΣΣΣA

f dμ =
∫
ΣΣΣA

f ◦σA dμ for all f ∈ C(ΣΣΣA), which we will use in the

proof of Proposition 1, where C(ΣΣΣA) denotes the set of all continuous real functions defined on ΣΣΣA.
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As a convention, the real number

λ(σA, S, μ) := lim
t→∞

1

t

∫
ΣΣΣA

ln ‖S(ω, t)‖ dμ(ω)

is called the Lyapunov exponent of the cocycle S(·, ·) based on the ergodic system
(ΣΣΣA, μ, σA) [18]. According to the multiplicative ergodic theorem (see, for example,
[33]), for μ-a.e. ω ∈ ΣΣΣA we know

(2.6) λ(σA, S, μ) = lim
t→∞

1

t
ln ‖S(ω, t)‖,

where the limit does not depend on the choice of the path ω. This leads to a necessary
and sufficient condition of μ-almost sure stability for system (2.3) (or, equivalently,
(1.1) subject to the constraint ΣΣΣA).

Proposition 2. Let μ be an ergodic probability measure with respect to (ΣΣΣA, σA).
Then the system

x�+1 = S
(
σ�
Aω
)
x� ∀ω ∈ ΣΣΣA

is μ-almost surely stable if and only if

λ(σA, S, μ) < 0.

Here σ�
A is defined in (2.2a).

3. Stability and topological description of stable processes.

3.1. Almost sure stability. Following convention, we now define a canonical
Markov measure generated by an irreducible (0, 1)-matrix A of size κ × κ. Let us
denote the spectral radius of the nonnegative matrix A by ρA. Then from the Perron–
Frobenius theorem it follows that there are two positive vectors

v = (v1, . . . , vκ)T and u = (u1, . . . , uκ)(3.1a)

in R
κ such that

Av = ρAv and uA = ρAu(3.1b)

with

κ∑
i=1

uivi = 1.(3.1c)

Let

pA = (p1, . . . , pκ) with pi = uivi for 1 ≤ i ≤ κ(3.2a)

and

PA = [pij ], where pij =
aijvj
ρAvi

for 1 ≤ i, j ≤ κ.(3.2b)
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Then we have pAPA = pA. The matrix PA = [pij ] can be viewed as a transition
probability matrix with pij = 0 if and only if aij = 0. The canonical σA-invariant
Markov measure μA on ΣΣΣA is derived as follows:

μA([i0 · · · i�]A) = pi0pi0i1 · · · pi�−1i� ,(3.3a)

where

[i0 · · · i�]A = {ω ∈ ΣΣΣA |ω0 = i0, . . . , ω� = i�}(3.3b)

is the cylinder defined by the word of length � + 1 for (i0 · · · i�) ∈ A�+1 with any
� + 1 ∈ N. According to [36, Theorem 1.13] we know that

(1) μA is supported on ΣΣΣA with supp(μA) = ΣΣΣA, where supp(μA) means the
minimal σA-invariant closed subset of ΣΣΣA with μA-measure 1.

(2) μA is an ergodic σA-invariant Borel probability measure on ΣΣΣA.
Remark 1. Compared to the stochastic Markovian, the above formulation is more

general since the transition rates (or the generator) of the Markov chain can be ar-
bitrary due to the fact that it is not necessary for the transition matrix A to be a
probability matrix. We now derive the first main result of this paper.

Theorem 1. Consider the switched linear system (1.1) with the switching se-
quence belonging to a topological Markov shift (ΣΣΣA, σA). For any t ∈ N, write

(3.4) λi0i1···it−1 = ‖Hit−1 · · ·Hi0‖ ∀ (i0 · · · it−1) ∈ At,

where ‖ · ‖ is the matrix norm and where At =

t times︷ ︸︸ ︷
A× · · · × A. Let pA = (p1, . . . , pκ),

PA = [pij ] and the measure μA be defined by (3.2) and (3.3), respectively. Then (1.1)
is μA-almost surely stable if and only if there is at least one t̂ ∈ N such that

(3.5)
∏

(i0···it̂−1)∈At̂

λ
pi0

pi0i1
···pi

t̂−2
i
t̂−1

i0i1···it̂−1
< 1.

Moreover, if (1.1) is μA-almost surely stable, then there exists some ε > 0 such that
every switched linear system

(1.1)′ x�+1 = H ′ω�
x�, � ≥ 0,

is also μA-almost surely stable on (ΣΣΣA, σA) whenever

(3.6) ‖Hi −H ′i‖ ≤ ε, 1 ≤ i ≤ κ.

Proof. Consider the discrete-time flow generated by system (2.3)

ϕσA,S : ΣΣΣA × R
n × Z+ → ΣΣΣA × R

n

defined by

(ω, x, t) �→ (σt
Aω, S(ω, t)x) = (σt

Aω,Hωt−1 · · ·Hω0x)

for any t ∈ Z+, x ∈ R
n and for any ω = (ω0ω1 · · · ) ∈ ΣΣΣA.
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Since (1.1) subject to the constraint ΣΣΣA and (2.3) represent the same systems, by
Proposition 2, the μA-almost sure stability of (1.1) means that the Lyapunov exponent
λ(σA, S, μA) of ϕσA,S associated with μA is strictly negative.

Assume that λ(σA, S, μA) < 0 holds. Then, it follows from Proposition 1 that
there is some t̂ ∈ N which is such that

1

t̂

∫
ΣΣΣA

ln ‖S(ω, t̂)‖ dμA(ω) < 0.

Thus, as ΣΣΣA =
⋃{

[i0 · · · it̂−1]A : (i0 · · · it̂−1) ∈ At̂
}
, where [i0 · · · it̂−1]A is defined with

respect to A, and [i0 · · · it̂−1]A are disjoint of each other, (3.5) follows from (2.2) and
(3.3).

Conversely, let (3.5) hold for some t̂ ∈ N. Then we obtain

0 >
∑

(i0···it̂−1)∈At̂

pi0pi0i1 · · · pit̂−2it̂−1
lnλi0i1···it̂−1

=
∑

(i0···it̂−1)∈At̂

∫
[i0···it̂−1]A

ln ‖S(ω, t̂)‖ dμA(ω)

=

∫
ΣΣΣA

ln ‖S(ω, t̂)‖ dμA(ω),

which implies that

0 >
1

t̂

∫
ΣΣΣA

ln ‖S(ω, t̂)‖ dμA(ω) ≥ λ(σA, S, μA)

holds.
Since pA = (p1, . . . , pκ), PA = [pij ], and μA all are independent of {H1, . . . , Hκ},

and the index

λi0i1···it−1
= ‖Hit̂−1

· · ·Hi0‖ ∀ (i0 · · · it̂−1) ∈ At̂

is continuous with respect to (H1, . . . , Hκ), the robustness follows directly from the
criterion (3.5). Thus the proof is completed.

Remark 2. The ergodic σA-invariant measure μA defined by (3.2)–(3.3) is called
the “Parry measure” of the topological Markov chain (ΣΣΣA, σA). It is a Gibbs measure
which has the maximal entropy, namely, htop(σA) = hμA

(σA), and such a property
can characterize other measures in a “maximal” way (for more detail see section 3.3
below). The proof of Theorem 1 holds as long as μA is an ergodic σA-invariant Borel
probability measure on ΣΣΣA with supp(μA) = ΣΣΣA.

Theorem 1 gives a necessary and sufficient condition for μA-almost sure stability
of topological Markov jump system (2.3). In particular, in view of (3.5), sufficient
condition can be tested by finding t̂ satisfying (3.5).

The following subsections provide a topological description of the set of stable
processes.

3.2. Hausdorff dimension. Let X be a compact metric space with a metric
d(·, ·). We denote

B(x, r) = {y ∈ X | d(x, y) ≤ r},
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which stands for a closed ball centered at x ∈ X with radius r > 0. Recall that for
s ≥ 0 the s-Hausdorff measure of Y ⊆ X for a given metric d(·, ·) is defined as

H s
d (Y ) = lim

δ→0
inf

{∑
i

|Ai|s :
⋃
i

Ai ⊇ Y and sup
i

|Ai| < δ

}
,

where {Ai} is a countable cover of Y and |Ai| represents the diameter of Ai in terms
of d(·, ·). Furthermore, the Hausdorff dimension of Y is defined by

HDd(Y ) = inf {s ∈ R+ : H s
d (Y ) = 0} .

For a given Borel probability measure μ on X, the Hausdorff dimension of μ is given
by

HDd(μ) = inf {HDd(Y ) : Y is a Borel subset of X with μ(Y ) = 1} .

The nonnegative number HDd(·), which depends upon the given metric d(·, ·), in
general satisfies only

HDd(μ) � HDd(supp(μ))(3.7a)

and

HDd(Y ) ≤ HDd(Y
′) if Y ⊆ Y ′;(3.7b)

for instance, we refer readers to [14] for more details. Here we state some important
facts (see [38]) that will be needed for the proof of our next theorem.

(a) Let μ be a Borel probability measure on X and E a Borel subset of X with

μ(E) > 0. If δ ≤ lim infr→0
lnμ(B(x,r))

ln r ≤ lim supr→0
lnμ(B(x,r))

ln r ≤ δ for all

x ∈ E, then δ ≤ HDd(E) ≤ δ.
For any δ > 0, let N(X, δ) denote the minimal number of δ-ball B(x, δ) needed

to cover X. We define the lower and upper box-dimension of X, respectively, as

dimB(X) = lim inf
δ→0

lnN(X, δ)

− ln δ

and

dimB(X) = lim sup
δ→0

lnN(X, δ)

− ln δ
.

If dimB(X) = dimB(X), denoted by dimB(X), then we call it the box-dimension of X
with respect to d(·, ·). It is well known from [14] that the following holds.

(b) HDd(X) ≤ dimB(X).

3.3. Topological entropy. Let f : (X,μ) → (X,μ) be a continuous transfor-
mation of a compact metrizable space X which preserves a Borel probability measure
μ. The topological dynamical system (X, f) is said to be Li–Yorke chaotic [28, 2]
provided that there is an uncountable subset X0 of X such that

lim sup
�→∞

d(f �x, f �y) > 0 ∀x, y ∈ X0, x �= y,
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and

lim inf
�→∞

d(f �x, f �y) = 0 ∀x, y ∈ X0, x �= y.

In order to quantitatively measure the uncertainty, randomness, or disorder of the
system (X, f), in 1958, Kolmogorov [25] introduced the concept of measure-theoretic
entropy, denoted by hμ(f), to the measure-preserving system (X,μ, f). In 1965, Adler,
Konheim, and McAndrew [1] introduced topological entropy, which is the analogous
invariant for topological dynamical systems. It soon turned out that there is a simple
relationship between these quantities: maximizing the metric entropy over a suitable
class of measures defined on a dynamical system gives its topological entropy (see, for
example, [36]). For the convenience of later discussion, we let

Bf
� (x, δ) =

{
y ∈ X |dist(f ix, f iy) ≤ δ for 0 ≤ i < �

}
for any x ∈ X and any � ∈ N, δ > 0. Clearly, B(x, δ) = Bf

1 (x, δ). Due to Brin and
Katok [8], we know that the following holds.

(c) hμ(f, x) := limδ→0 lim inf�→∞
lnμ(Bf

� (x,δ))
−� = limδ→0 lim sup�→∞

lnμ(Bf
� (x,δ))
−�

holds for μ-a.e. x ∈ X.
(d) hμ(f, x) is f -invariant; namely, hμ(f, x) = hμ(f, f �x) for all � > 0 for μ-a.e.

x ∈ X.
(e) hμ(f) =

∫
X
hμ(f, x) dμ.

(f) In particular, if μ is ergodic, then hμ(f) = hμ(f, x) for μ-a.e. x ∈ X.

Next, by N(X, �, δ) we denote the minimal number of Bowen balls Bf
� (x, δ) needed

to cover X. Then, the topological entropy of (X, f), written htop(f), is defined by the
following:

(g) htop(f) = limδ→0 lim sup�→∞
lnN(X,�,δ)

� .
According to the well-known variational principle of entropy [36], we have the follow-
ing:

(h) htop(f) = supμ hμ(f), where μ ranges over all f -invariant ergodic Borel prob-
ability measures on X.

Note that if htop(f) = hμ(f), μ is called a maximal entropy measure. By virtue of (f)
above, the maximal entropy measure μ contains almost all complexity information of
the system (X, f).

Chaos and entropy are characteristics of the complexity of system (X, f) from
two different viewpoints. Chaos is closely related to system behavior, while entropy
focuses on “physical principles.” In general, they have the following relationships:

(i) htop(f) > 0 implies that (X, f) is Li–Yorke chaotic [4].
(j) htop(σA) > 0 if and only if (ΣΣΣA, σA) is Li–Yorke chaotic [39].

3.4. Stable processes. Theorem 1 gives only a measure description of the set
of stable switching sequences of system (1.1) on ΣΣΣA. The next theorem provides a pre-
cisely topological description of the set of stable processes of (1.1), mainly motivated
by [10, 11, 12].

Theorem 2. We consider the topological Markov jump linear system (2.3). Let

ΣΣΣstab(S;A) =
{
ω ∈ ΣΣΣA |x�+1 = S(σ�

Aω)x� is exponentially stable
}
.

If λ(σA, S, μA) < 0, then we have

(3.8) HDρρρ(ΣΣΣstab(S;A)) = HDρρρ(ΣΣΣA) =
htop(σA)

lnρρρ
.
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Here HDρρρ(·) means the Hausdorff dimension under the metric ρρρ(·, ·) defined by (2.1).
Moreover, HDρρρ(ΣΣΣstab(S;A)) > 0 if and only if (ΣΣΣA, σA) is Li–Yorke chaotic.

Proof. First note ΣΣΣA ⊇ ΣΣΣstab(S;A). This implies HDρρρ(ΣΣΣA) ≥ HDρρρ(ΣΣΣstab(S;A))
from section 3.2. It follows from Proposition 2 and Definition 1 that ΣΣΣstab(S;A) has
μA-measure 1. Hence the definition of HDρρρ(μA) yields HDρρρ(ΣΣΣstab(S;A)) ≥ HDρρρ(μA).
We thus obtain

(3.9) HDρρρ(ΣΣΣA) ≥ HDρρρ(ΣΣΣstab(S;A)) ≥ HDρρρ(μA).

Since μA is the Parry measure, this implies htop(σA) = hμA
(σA). In order to finish

the proof, it is sufficient to show the following two equalities:

HDρρρ(μA) =
hμA

(σA)

lnρρρ
(3.10a)

and

HDρρρ(ΣΣΣA) ≤ htop(σA)

lnρρρ
,(3.10b)

where htop(σA) and hμA
(σA) stand for the topological entropy and the measure-

theoretic entropy with respect to μA of the Markov chain (ΣΣΣA, σA), respectively.
To prove (3.10a), we first claim that for any ergodic σA-invariant Borel probability

measure μ on ΣΣΣA we have

(3.11) HDρρρ(μ) =
hμ(σA)

lnρρρ
.

From (2.1a) we see that σA possesses the following so called “similarity property”:

(3.12) dist(σAω, σAω
′) = ρρρdist(ω, ω′) if dist(ω, ω′) < ρρρ−2.

In fact, given any ω = (ω0ω1ω2 · · · ), ω′ = (ω′0ω
′
1ω
′
2 · · · ) ∈ ΣΣΣA. If we have dist(ω, ω′) <

ρρρ−2, then n(ω, ω′) ≥ 3, which implies ω0 = ω′0, ω1 = ω′1, and ω2 = ω′2. Thus,
n(σAω, σAω

′) = n(ω, ω′)−1, and thus dist(σAω, σAω
′) = ρρρ−n(σAω,σAω′) = ρρρρρρ−n(ω,ω′) =

ρρρdist(ω, ω′).
Now for given any i ≥ 3, we have

(3.13) [ω0 · · ·ωi+�]A = B(ω,ρρρ−(i+�)) = BσA

�+1(ω,ρρρ
−i) ∀ω ∈ ΣΣΣA and ∀ � ∈ N,

because of B(σj
Aω,ρρρ

−i) = [ωj · · ·ωj+i]A and

BσA

�+1(ω,ρρρ
−i) =

�⋂
j=0

σ−jA B(σj
Aω,ρρρ

−i)

=

�⋂
j=0

σ−jA [ωj · · ·ωj+i]A.

Hence μ
(
B(ω,ρρρ−i−�)

)
= μ
(
BσA

�+1(ω,ρρρ
−i)
)
, and thus we have

lnμ
(
B(ω,ρρρ−i−�)

)
lnρρρ−i−�

=
lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

lnρρρ−i−�

=
lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−(i + �) lnρρρ
,
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which implies that

lim sup
�→∞

lnμ
(
B(ω,ρρρ−i−�)

)
lnρρρ−i−�

=
1

lnρρρ
lim sup
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�

and

lim inf
�→∞

lnμ
(
B(ω,ρρρ−i−�)

)
lnρρρ−i−�

=
1

lnρρρ
lim inf
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�
.

Thus we obtain

lim sup
δ→0

lnμ (B(ω, δ))

ln δ
=

1

lnρρρ
lim sup
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�
(3.14a)

and

lim inf
δ→0

lnμ (B(ω, δ))

ln δ
=

1

lnρρρ
lim inf
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�
.(3.14b)

Since i ≥ 3 is arbitrary, from statements (c) and (f) in section 3.3 and (3.14), we
arrive at

lim
δ→0

lnμ (B(ω, δ))

ln δ
=

1

lnρρρ
lim
i→∞

lim inf
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�

=
1

lnρρρ
lim
i→∞

lim sup
�→∞

lnμ
(
BσA

�+1(ω,ρρρ
−i)
)

−�

=
hμ(σA)

lnρρρ
μ-a.e. ω ∈ ΣΣΣA.

(3.15)

Therefore, (3.11) follows directly from statement (a) in section 3.2.
On the other hand, from (3.13) we see that

N(ΣΣΣA, ρρρ
−i−�) = N(ΣΣΣA, � + 1, ρρρ−i) ∀ � ∈ N, i ≥ 3.

Thus

lim sup
δ→0

lnN(ΣΣΣA, δ)

− ln δ
= lim sup

�→0

lnN(ΣΣΣA, ρρρ
−i−�)

− lnρρρ−i−�

= lim sup
�→∞

lnN(ΣΣΣA, � + 1, ρρρ−i)

(i + �) lnρρρ

=
1

lnρρρ
lim sup
�→∞

lnN(ΣΣΣA, � + 1, ρρρ−i)

�
.

(3.16)

For arbitrary i, according to statement (g) in section 3.3, (3.16) yields

lim sup
δ→0

lnN(ΣΣΣA, δ)

− ln δ
=

1

lnρρρ
lim
i→∞

lim sup
�→∞

lnN(ΣΣΣA, � + 1, ρρρ−i)

�

=
htop(σA)

lnρρρ
,

(3.17)
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which implies that (3.10b) holds from statement (b) in section 3.2. Therefore, (3.10)
holds.

Finally, from (3.8) and statement (j) in section 3.3, it follows directly that the
Hausdorff dimension HDρρρ(ΣΣΣstab(S;A)) is strictly positive if and only if (ΣΣΣA, σA) is
Li–Yorke chaotic.

Thus, the proof is completed.
Remark 3. Identity (3.8) implies that the μA-measure defined in (3.3) (which is

the Parry measure of (ΣΣΣA, σA)) is a desirable measure from the topological point of
view since the “size” of the set of all stable paths is the same as the set of all admissible
paths in the sense of Hausdorff dimension.

Remark 4. Suppose that there are two Parry measures of (ΣΣΣκ, σ) such that system
(1.1) is μA- and μA′ -almost surely stable with respect to two admissible sets ΣΣΣA′ and
ΣΣΣA, respectively. Assume that htop(σA) ≥ htop(σA′). Then according to Theorem 2,
we have

(3.18) HDρρρ(ΣΣΣstab(S;A)) =
htop(σA)

lnρρρ
≥ htop(σA′)

lnρρρ
= HDρρρ(ΣΣΣstab(S;A′)).

Hence, larger topological entropy of σA results in a larger set of stable paths of (1.1).
Remark 5. According to [39], if the underlying setting (ΣΣΣA, σA) is Li–Yorke

chaotic, then it has positive entropy. Thus the more Li–Yorke chaotic (ΣΣΣA, σA) be-
haves, the larger the set of μA-almost surely stable paths the switched linear system
(1.1) has.

The largest topological entropy of (ΣΣΣA, σA) is attained when ΣΣΣA = ΣΣΣκ and σA =
σ. We thus consider the switched system (1.1) with the switching paths allowed to be
the whole symbol space ΣΣΣκ. The corresponding transition matrix A = [aij ] satisfies
aij = 1 for all 1 ≤ i, j ≤ κ. In this case, the unique maximal entropy measure
μA is the ( 1

κ , . . . ,
1
κ )-product measure μκ with htop (σ) = lnκ (Theorem 8.9 in [36]).

The following corollary characterizes the μκ-almost sure stability of (1.1) without
constraints.

Corollary 1. Let us consider the switched linear system (1.1) with the switching
sequences belonging to the whole symbol space ΣΣΣκ. Then we have the following.

(1) The system is μκ-almost stable if and only if there is at least one t̂ ∈ N such
that ∏

(i0···it̂−1)∈At̂

λi0i1···it̂−1
< 1,

where λi0i1···it̂−1
is defined by (3.4).

(2) Let ΣΣΣstab(S;ΣΣΣκ) = {ω ∈ ΣΣΣκ |x�+1 = S(σ�ω)x� is exponentially stable}. Then
we have

HDρρρ(ΣΣΣstab(S;ΣΣΣκ)) = HDρρρ(ΣΣΣκ) =
lnκ

lnρρρ
,

provided that the system (1.1) is μκ-almost stable.
Proof. The proof is straightforward based on Theorems 1 and 2. Note that (3.5)

is equivalent to ⎡
⎣ ∏

(i0···it̂−1)∈At̂

λi0i1···it̂−1

⎤
⎦

( 1
κ )t̂

< 1,
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which is equivalent to ∏
(i0···it̂−1)∈At̂

λi0i1···it̂−1
< 1.

Corollary 2. Suppose that ‖Hi‖ ≤ 1 for i = 1, 2, . . . , κ and that there is at
least j with 1 ≤ j ≤ κ such that ‖Hj‖ < 1. Then the system (1.1) is μκ-almost surely
stable.

The next corollary describes the “strongest” μ-almost surely stable case.
Corollary 3. Suppose that ‖Hi‖ < 1 for i = 1, 2, . . . , κ. Then the system (1.1)

is μ-almost stable for any σ-invariant probability measure μ, and, consequently, (1.1)
is absolutely stable.

4. Stochastic Markov jump linear systems. In this section, we consider the
discrete-time system (1.1), where ωk is a discrete-time Markovian stochastic process
taking value in A = {1, . . . , κ}, with transition probabilities pij = Pr{ωk+1 = j|ωk =
i}. The matrix P = [pij ] is called the transition probability distribution. Now the
switched system given by

(4.1) x�+1 = Hω�
x�, � ≥ 0,

is a standard stochastic Markov jump linear system where ω� is a random variable.
The almost sure stability of this type of system has been discussed by many authors.
Recently a new necessary and sufficient condition for almost sure stability by the
approach of using a so-called lifted version of the system was proposed [5, Proposi-
tion 3.4]. We shall show that our results obtained in the previous section can cover
such a case.

Assume that the transition probability matrix P is irreducible. According to
the Perron–Frobenius theorem [7], there exists a unique (invariant) distribution p =
(p1, . . . , pκ) such that

(a) 0 < pi < 1,
∑κ

i=1 pi = 1;
(b) (invariance)p · P = p.

Now a natural Markov measure μp,P on ΣΣΣκ defined by (p,P) can be obtained as follows:

(4.2) μp,P([i0 · · · i�]) = pi0pi0i1 · · · pi�−1i� .

Next, we define an irreducible (0, 1)-matrix AP = [aij ]κ×κ associated with P as follows:

(4.3) aij =

{
1 if pij > 0,

0 if pij = 0.

Let (ΣΣΣAP
, σAP

) be the one-sided Markov shift defined by the transition matrix AP.
One can verify directly that
• μp,P is supported on ΣΣΣAP

with supp(μp,P) = ΣΣΣAP
;

• μp,P is an ergodic σAP
-invariant Borel probability measure on ΣΣΣAP

[36, The-
orem 1.13].

Thus, according to the proofs of Theorems 1 and 2, we immediately have the
following corollary.

Corollary 4. Consider the stochastic Markov jump linear system (4.1) with
the probability transition matrix P . Let the corresponding ergodic σAP

-invariant Borel
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probability measure μp,P be defined as (4.2). Then the system is μp,P-almost surely
stable if and only if there is at least one t̂ ∈ N such that

(4.4)
∏

(i0···it̂−1)∈At̂

λ
pi0

pi0i1
···pi

t̂−2
i
t̂−1

i0i1···it̂−1
< 1,

where λi0i1···it̂−1
is given by (3.4). Moreover, if (4.1) is μp,P-almost surely stable, then

there exists some ε > 0 such that every switched linear system

(1.1)′ x�+1 = H ′ω�
x�, � ≥ 0,

is also μp,P-almost surely stable based on (ΣΣΣAP
, σAP

) whenever

‖Hi −H ′i‖ ≤ ε, 1 ≤ i ≤ κ.

Corollary 5. Over a (p,P)-Markov shift (ΣΣΣAP
, σAP

), write

ΣΣΣstab(p,P) =

{
ω ∈ ΣΣΣAP

|x�+1 = S(σ�
AP

ω)x� with lim
�→∞

1

�
ln ‖x�‖ < 0 ∀x0 ∈ R

n

}
.

If (4.4) holds for some t̂ ∈ N, then

(4.5) HDρρρ(ΣΣΣAP
) ≥ HDρρρ(ΣΣΣstab(p,P)) ≥ HDρρρ(μp,P).

Remark 6. For the natural Markov measure defined above, in general, we have
only

HDρ(ΣΣΣAP
) ≥ HDρ(ΣΣΣstab(μp,P)),

since μp,P usually is not the Parry measure, and

HDρρρ(μp,P) =
hμp,P

(σAP
)

lnρρρ
�= HDρρρ(ΣΣΣAP

).

This is mainly due to μp,P not needing to be a maximal entropy. Hence the “size” of
the set of all stable paths is possibly smaller than that of the admissible set ΣΣΣAP

.

We close this section with two more remarks.

Remark 7. Criterion (4.4) for almost sure stability is an extension of the Fang–
Loparo–Feng criterion [15]. In fact, if t̂ = 1, then we have

∏
i∈A

‖Si‖pi < 1,

which coincides with the Fang–Loparo–Feng sufficient criterion.

Remark 8. Compared with the Bolzern–Colaneri–Nicolao criterion [5], our ap-
proach in getting (4.4) does not involve any lifting of the system (4.1). For an m-lifting

of the system, one easily obtains from a corresponding κm-dimensional (p̃, P̃)-Markov
shift (ΣΣΣÃ

P̃
, σÃ

P̃
) [5, Propositions 3.1 and 3.2], and thus it can be included in our

framework.
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5. Illustrative examples. In this section, we give two examples (with κ = 2)
to show how to apply the criteria obtained in this paper. In what follows, we denote
by μ2 the Parry measure of the full shift system (ΣΣΣ2, σ), and ‖ · ‖ stands for ‖ · ‖F ,
which is defined in section 1.3.

Example 1. Consider the switched system (1.1) with A = {1, 2}, and

H1 =

[
0.2 1
0 0.2

]
, H2 =

[
0.9 0.4
0.5 0.2

]
.

It is obvious that this system is not stable for all switching sequences ω ∈ ΣΣΣ2 since the
spectral radius of H2 is greater than 1. However, it is μ2-almost surely stable, where
μ2 is the maximal entropy measure of (ΣΣΣ2, σ), since

λ11 = ‖H1H1‖ = 0.4040, λ12 = ‖H1H2‖ = 0.7432,

λ21 = ‖H2H1‖ = 1.1377, λ22 = ‖H2H2‖ = 1.2545,∏
(i0i1)∈{1,2}×{1,2}

λi0i1 = 0.4285 < 1.

Hence, this demonstrates that the system is μ2-almost surely stable and the Hausdorff
dimension of the set of all stable sequences ω ∈ ΣΣΣ2 equals 1 (under the metric constant
ρρρ = 2) by Corollary 1.

In [5], the system with stochastic Markov chains was considered, where the tran-
sition probability distribution was

P =

[
0.6 0.4
0.1 0.9

]
.

The unique invariant distribution in this case is p = (0.2, 0.8). It is not difficult to
see that condition (4.4) holds true for t̂ = 3. Hence, the system is μp,P-almost surely
stable by Corollary 4. However, one can directly verify that the Hausdorff dimension
of the set of all stable sequences in the sense of μp,P-almost sure stability is strictly
less than 1.

We have known that the system is both μ2-almost surely stable and μp,P-almost
surely stable. Nevertheless, to check μp,P-almost surely stable, one needs to use Corol-
lary 4 since it requires the information of transition probability distribution. It is
possible for a stochastic Markov jump system to be μp,P-almost surely stable but not
to be μ2-almost surely stable since the maximal entropy measure μ2 and the ergodic
invariant measure μp,P are mutually singular.

According to Theorem 1, we know that the almost sure stability of (1.1) is robust;
that is, there exists ε > 0 such that whenever ‖H ′i −Hi‖ ≤ ε, i = 1, 2, the switched
system

(5.1) x�+1 = H ′ω�
x�, ω� ∈ {1, 2},

is also μ2-almost surely stable and the Hausdorff dimension of the set of all stable
sequences ω ∈ ΣΣΣ2 equals 1, too. Now as an example we estimate the upper bound of
admissible perturbation constant ε. Let

λij = ‖HiHj‖ ∀ i, j ∈ {1, 2}.
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We first solve the inequality

(λ11 + δ)(λ12 + δ)(λ21 + δ)(λ22 + δ)

≤ λ11λ12λ21λ22 + |δ|(λ11λ12λ21 + λ11λ12λ22 + λ11λ21λ22 + λ12λ21λ22)

+ δ2(λ11λ12 + λ11λ21 + λ11λ22 + λ12λ21 + λ12λ22 + λ21λ22)

+ |δ|3(λ11 + λ12 + λ21 + λ22) + δ4

< 1.

Substituting the values of λij into the above inequality, one can get approximately

|δ| < 0.1542.

Next, we denote Gi = H ′i −Hi, i = 1, 2. A sufficient condition for the μ2-almost sure
stability of the perturbation system (5.1) is∏

(i0i1)∈{1,2}×{1,2}
‖(Hi0 + Gi0)(Hi1 + Gi1)‖

≤
[
‖H1H1‖ + 2ε‖H1‖ + ε2

] [
‖H1H2‖ + ε(‖H1‖ + ‖H2‖) + ε2

]
[
‖H2H1‖ + ε(‖H1‖ + ‖H2‖) + ε2

] [
‖H2H2‖ + 2ε‖H2‖ + ε2

]
< 1,

where

ε = max{‖G1‖, ‖G2‖}.

Since

‖H1‖ = 1.0392, ‖H2‖ = 1.1225,

it follows that a sufficient condition for the inequality∏
(i0i1)∈{1,2}2

‖(Hi0 + Gi0)(Hi1 + Gi1)‖ ≤
∏

(i0i1)∈{1,2}2
(λi0i1 + 2.245ε + ε2) < 1

to hold is

2.245ε + ε2 = δ < 0.1542,

which yields

ε < 0.0667.

Example 2. Let us consider the system given in Example 1 with the switching
sequences ω belonging to the topological Markov chain (ΣΣΣA, σA) with the topological
transition matrix A as

A =

[
1 1
1 0

]
.

This means that during the switching process the subsystem H2 cannot be allowed to
follow itself.
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Direct computations show that the spectral radius of A is given by

ρA =
1 +

√
5

2
,

and the Perron vectors are

vT = u =

(
1 +

√
5√

10 + 2
√

5
,

√
2

5 +
√

5

)
.

Thus the Parry distribution is

pA = (0.7236, 0.2764),

and the transition probability matrix is given by

PA =

[ 2
1+
√

5
2

3+
√

5

1 0

]
=

[
0.6180 0.3820

1 0

]
.

So we have ∏
(i0i1)∈{1,2}2

λ
pi0

pi0i1
i0i1

= 0.6366 < 1.

This verifies that condition (3.5) holds for t̂ = 2. The system thus is μA-almost surely
stable, where μA is the Parry measure of (ΣΣΣA, σA), and

HDρρρ(ΣΣΣstab(S;A)) = HDρρρ(ΣΣΣA) =
ln(1 +

√
5)

ln 2
− 1 > 0,

where ρρρ = 2 (see (2.1a)).

6. Concluding remarks. By viewing switching sequences as the elements in
symbolic topology space, we have established a necessary and sufficient condition
for almost sure stability of discrete-time switched linear systems by using the mul-
tiplicative ergodic theorem. Among all ergodic probability measures, Parry measure
has been shown to be able to capture the maximal set of stable processes for linear
switched systems in the sense of Hausdorff dimension. The μA-almost sure stability is
unchanged under small linear perturbations of the system. Furthermore, a connection
between the switched system (1.1) and its corresponding symbolic dynamical system
(ΣΣΣA, σA) is identified; that is, the more Li–Yorke chaotic (ΣΣΣA, σA) behaves, the larger
the set of μA-almost surely stable paths (1.1) has. Some recent results for the stochas-
tic Markov jump linear systems can be adopted in our framework. Future research
will be concentrated on the continuous-time case as well as on nonlinear switched
systems.
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HAMILTON–JACOBI EQUATIONS ARISING FROM BOUNDARY
CONTROL PROBLEMS WITH STATE CONSTRAINTS∗

SILVIA FAGGIAN†

Abstract. The analysis of a class of infinite-dimensional Hamilton–Jacobi–Bellman (HJB) equa-
tions is undertaken related to linear convex boundary control problems for PDEs with constraints on
the state. A definition of generalized solution (namely, weak solution) of the HJB equation is provided
(weak is the limit of strong, while strong is the limit of classical, as defined in [S. Faggian, Appl.
Math. Optim., 51 (2005), pp. 123–162]). Consequently an existence and uniqueness result is provided
for weak solutions of the HJB equation, as well as existence of an optimal control, being the limit of
optimal controls of approximating problems. The study then describes an economic application to
optimal investment with vintage capital, having positivity constraints on the capital.

Key words. linear convex control, boundary control, state constraints, age-structured systems,
vintage models
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1. Introduction. The present paper is devoted to the analysis of the Hamilton–
Jacobi–Bellman (HJB) equation as related to linear convex boundary control in Hilbert
spaces with constraints on the state. More precisely, we let H and U be separable real
Hilbert spaces with scalar products (·|·)H and (·|·)U , respectively, and consider a
dynamical system of the type

(1.1)

{
y′(τ) = A0y(τ) + Bu(τ), τ ∈ [t, T ],

y(t) = x ∈ H,

where H is the state space, y : [t, T ] → H is the trajectory, U is the control space and
u : [t, T ] → U is the control, A0 : D(A0) ⊂ H → H is the infinitesimal generator of
a strongly continuous semigroup of linear operators {eτA0}τ≥0 on H, and the control
operator B is linear and unbounded, say B : U → [D(A∗0)]

′. In addition, we consider
a cost functional given by

(1.2) J(t, x, u) =

∫ T

t

[g0 (τ, y(τ)) + h (τ, u(τ))] dτ + ϕ0(y(T )),

where the functions ϕ0 and, for all fixed τ in [0, T ], g0(τ, ·) and h(τ, ·) are lower semi-
continuous (l.s.c.) and convex, and possibly infinite valued, as explained later. Our
problem is that of minimizing J(t, x, u) with respect to u over a suitable subset of
Lp(t, T ;U), p > 1, of admissible controls.

More precisely we are interested in deriving an existence and uniqueness result
for the HJB equation associated to the problem, that is,

(1.3)

{
φt(t, x) + H(T − t,−B∗φx(t, x)) − (A0x|φx(t, x))H = g0(T − t, x),

φ(0, x) = ϕ0(x)
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for all x ∈ H and t ∈ [0, T ], where

H(t, u) = sup
v∈U

{
(
u|v

)
U
− h(t, v)}.

The treatment of such a problem with not necessarily continuous g0 and ϕ0 costs
allows us to study a rather general class of problems with state constraints. Indeed
one may show that if the set of admissible controls is of the type

U(t, x) := {u ∈ Lp(t, T ;U) : y(τ ; t, x, u) ∈ C ∀τ ∈ [t, T ]},

where we denoted by y(τ ; t, x, u) the trajectory of the system at time τ which started
in x at time t, and is driven by the control u, and where

(1.4) C ⊂ H is a closed convex set

possibly having an empty interior, then the problem is equivalent to a problem with
modified costs g and ϕ (set equal to +∞ outside C), and with no constraints on the
state variable.

After recalling the results for the unconstrained problem contained in [33] and
[34], we discuss in sections 4 and 5 existence and uniqueness of a weak solution of
the HJB equation, that is, the pointwise limit of regular strong (as defined in [33])
solutions of approximating equations. Moreover we show that the value function W
defined by

W (t, x) := inf
u∈U(t,x)

J(t, x, u)

is the unique weak solution of the backward HJB equation, and it can be used in some
applied cases to provide a feedback formula for optimal controls.

It is well known that control problems with unbounded control operator B arise
when we rephrase into abstract terms some boundary control problem for PDEs (or,
more generally, problems with control on a subdomain). Indeed, our framework with
the application to the economic problem of optimal investment with vintage capital
is motivated by that of Barucci and Gozzi [13, 12], which we describe in detail in
section 6. Similar problems with an unbounded control operator have been discussed
in a series of papers by this author and others. The unconstrained case has been
studied for both finite and infinite horizons [33, 34, 36], while [35] contains the finite
horizon case with constrained controls. Then the important novelty of this paper
is that the (finite horizon) case with both boundary control and state constraints are
undertaken. In particular the paper extends to the case of boundary control the results
of existence and uniqueness for HJB equation contained in the paper by Cannarsa and
Di Blasio [17] for distributed control and with different assumptions. Moreover, our
model also takes into account the case of unconstrained problems as those in [33, 34],
but with merely l.s.c. data ϕ0 and g0 rather than differentiable ones, as in [33, 34].

In our opinion this paper contributes to the study of a subject, that of optimal con-
trol problems in infinite dimensions with boundary control and/or state constraints,
which is difficult to treat and whose literature is rather poor. Indeed, for the linear
convex problem with state constraints but bounded B, we mention again the work by
Cannarsa and Di Blasio [17]; for the case of viscosity solutions (with both bounded
B and A) we mention the papers by Gozzi, Cannarsa, and Soner [18] and Kocan and
Soravia [47]. Finally we mention the book by Fattorini [37] on maximum principle.
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Some further references on boundary control in infinite dimensions follow. We
recall that such problems have been studied in the framework of classical/strong so-
lutions and in that of viscosity solutions. Regarding dynamic programming in the
classical/strong framework, the available results mainly regard the case of linear sys-
tems and quadratic costs (where the HJB equation reduces to the operator Riccati
equation). The reader is then referred, e.g., to the books by Lasiecka and Triggiani
[48, 49], to the book by Bensoussan et al. [14], and, for the case of nonautonomous
systems, to the papers by Acquistapace, Flandoli, and Terreni [1] and Acquistapace
and Terreni [2, 3, 4]. For the case of a linear system and a general convex cost, we men-
tion the papers by this author [31, 32, 33, 34]. On the Pontryagin maximum principle
for boundary control problems, see the book by Barbu and Precupanu (Chapter 4
in [11]).

For viscosity solutions and HJB equations in infinite dimensions we mention the
series of papers by Crandall and Lions [21, 22, 23, 24, 25, 26, 27], where also some
boundary control problem arises. Moreover, for boundary control we mention Gozzi,
Cannarsa, and Soner [19] and the paper by Cannarsa, and Tessitore [20] on exis-
tence and uniqueness of viscosity solutions of the HJB equation. We note also that a
verification theorem in the case of viscosity solutions has been proved in some finite-
dimensional case in the book by Yong and Zhou [55]. We finally mention the paper
by Fabbri [30], where the author derives an existence and uniqueness result for the
viscosity solution of the HJB equation associated to optimal investment with vintage
capital (with infinite horizon and without constraints), which is the application of
section 6 of the present paper, and some continuity property of the value function,1

obtaining the results by making use of the specific properties of the state equation,
while no result is provided there for the general problem.2

We mention also some fundamental papers and books on the case of distributed
control in the classical/strong framework, such as the works by Barbu and Da Prato
[7, 8, 9] for some linear convex problems, Di Blasio [28, 29] for the case of constrained
control, Cannarsa and Di Blasio [17] for the case of state constraints, and Barbu, Da
Prato, and Popa [10] and Gozzi [42, 44, 43] for semilinear systems.

Regarding applications, on control on a subdomain (boundary or point control)
we refer the reader to the many examples contained in the books by Lasiecka and
Triggiani [48, 49] and by Bensoussan et al. [14, 15]. Moreover, for economic models
with vintage capital the reader may see the papers by Barucci and Gozzi [13, 12]
Feichtinger et al. [41, 38, 39, 40], and for population dynamic the book by Iannelli
[46], the paper by Aniţa et al. [6], and the papers by Almeder et al. [5] and the
references therein.

The paper is organized as follows. In section 2 we recall the definition of strong
solutions and the results on existence and uniqueness strong solutions with uncon-
strained state. In section 3 we formulate the problem with state constraints, and in
sections 4 and 5 we discuss existence and uniqueness for weak solutions of the HJB
equation associated to the optimal control problem; finally in section 6 we apply the
theory to optimal investment with vintage capital and positivity constraints.

2. Preliminaries: The unconstrained case. We recall here all the relevant
results in the unconstrained case that are needed in what follows. According to the
notation in [33], if X and Y are Banach spaces, we denote by | · |X the norm on X,

1More precisely, the author proves Lipschitz B-continuity, where B = (A∗ − λI)−1(A− λI)−1.
2No comparison between strong and viscosity solutions is yet available for the unconstrained

problem, even for optimal investment with vintage capital.
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by | · | the euclidean norm in R, and we set

Lip(X;Y ) =

{
f : X → Y : [f ]

L
:= sup

x,y∈X, x �=y

|f(x) − f(y)|Y
|x− y|X

< +∞
}
,

C1
Lip(X) :=

{
f ∈ C1(X) : [f ′]

L
< +∞

}
,

Br(X,Y ) :=

{
f : X → Y : |f |Br := sup

x∈X

|f(x)|Y
1 + |x|rX

< +∞
}
, Br(X) := Br(X,R).

Moreover we set

Σ0(X) := {w ∈ B2(X) : w is convex, w ∈ C1
Lip(X)}

and, for T > 0,

Y([0, T ] ×X) = {w : [0, T ] ×X → R : w ∈ C([0, T ],B2(X)),

w(t, ·) ∈Σ0(X) ∀t ∈ [0, T ], wx ∈ C([0, T ],B1(X,X ′))}.

All the spatial derivatives above have to be intended as Fréchet differentials.
Then we consider two Hilbert spaces V, V ′, being dual spaces, which we do not

identify for reasons stated in Remark 2.2, and we denote the duality pairing by 〈·, ·〉.
We set V ′ as the state space of the problem and denote by U the control space, with
U being another Hilbert space.

Given an initial time t ≥ 0, an initial state x ∈ V ′, a finite horizon T > t, a
number p ≥ 2, and a control u ∈ Lp(t, T ;U), we consider a state equation of type

(2.1)

{
y′(τ) = Ay(τ) + Bu(τ), τ ∈ ]t, τ [,

y(t) = x

and an objective functional of type

(2.2) JT (t, x, u) =

∫ T

t

[g (τ, y(τ)) + h (τ, u(τ))] dτ + ϕ(y(T )).

We deal with the problem of minimizing JT (t, x, ·) over all u ∈ Lp(t, T ;U), taking the
following set of assumptions on the data.

Assumptions 2.1.

1. A : D(A) ⊂ V ′ → V ′ is the infinitesimal generator of a strongly continuous
semigroup {eτA}τ≥0 on V ′;

2. there exists ω ≥ 0 such that |eτAx|
V ′ ≤ eωτ |x|

V ′ for all τ ≥ 0;
3. g ∈ Y([0, T ] × V ′), t �→ [gx(t, ·)]

L
∈ L1(0, T );

4. ϕ ∈ Σ0(V
′);

5. B ∈ L(U, V ′);
6. h(t, ·) is convex and l.s.c.; ∂uh(t, ·) is injective for all t ∈ [0, T ];
7. if is set H(t, u) := [h(τ, ·)]∗(u), then we assume H ∈ Y([0, T ]×U), H(t, 0) = 0,

and supt∈[0,T ][Hu(t, ·)]
L
< +∞.

We will often refer to the trajectory as to the mild solution of (2.1), that is,

(2.3) y(τ) = e(τ−t)Ax +

∫ τ

t

e(τ−σ)ABu(σ)dσ, τ ∈ [t, T ].
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Remark 2.2. We do not identify V and V ′, for in the applications the problem is
naturally set in a Hilbert space H, such that V ⊂ H ≡ H ′ ⊂ V ′ (with all bounded
inclusions). Indeed, in order to avoid the discontinuities due to the presence of B,
as they appear in (1.1)–(1.2), we work in the extended state space V ′ related to H
in the following way: V is the Hilbert space D(A∗0) endowed with the scalar product
(v|w)V := (v|w)H + (A∗0v|A∗0w)H , and V ′ is the dual space of V endowed with the
operator norm. Then assume that B ∈ L(U, V ′) and extend the semigroup {etA0}t≥0

on H to a semigroup {etA}t≥0 on the space V ′, having infinitesimal generator A, a
proper extension of A0. The reader is referred to [34] for a detailed treatment. The
coefficient ω could be any real number, but is assumed positive in order to avoid
double proofs for positive and negative signs.

Remark 2.3. Note that g and ϕ arising from applications are, as functions of the
x variable, often naturally defined in H, not on the larger space V ′, and belong to the
class C1(H). Then we need to assume here that they can be extended to functions in
C1(V ′), which is a nontrivial issue. We refer the reader to section 6 to see how such
an extension is obtained in the specific case of the economic example, and to [33] and
[34] for a thorough discussion of this issue.

Remark 2.4. In Assumption 2.1(7), we assumed H(t, 0) = 0. Such an assumption
is not restrictive since H(t, 0) = − infv∈U h(t, v), and if this value is not 0, we may
reduce to this case simply setting ḡ = g+infv∈U h(t, v) and h̄ = h− infv∈U h(t, v) and
treating the problem with ḡ and h̄ in place of g and h. Note also that the assumption
∂h(t, ·) injective is intended to yield a good definition for Hu as it is, roughly speaking,
Hu = (∂h)−1. Note also that once one has the datum h, its convex conjugate H is very
often explicitly computed. Then the assumptions on H are essentially assumptions on
its convex conjugate h, but more conveniently stated to ensure H has the desired
properties.

Such optimal control problems can be associated by means of dynamic program-
ming to the HJB equation

(2.4){
vt(t, x) −H(t,−B∗vx(t, x)) + 〈Ax|vx(t, x)〉 + g(t, x) = 0, (t, x) ∈ [0, T ] × V ′,

v(T, x) = ϕ(x),

which can be written, by the change of variable v(t, x) = φ(T − t, x), as

(2.5){
φt(t, x) + H(T − t,−B∗φx(t, x)) − 〈Ax, φx(t, x)〉 = g(T − t, x), (t, x) ∈ [0, T ] × V ′,

φ(0, x) = ϕ(x).

Finally, the value function of the problem is defined as

(2.6) WT (t, x) = inf
u∈Lp(t,T ;U)

JT (t, x, u).

Indeed in [33] Faggian proved existence and uniqueness of strong solutions, as
defined in Definition 2.5 below, for a class of more general HJB equations, that is,

(2.7)

{
φt(t, x) + F (t, φx(t, x)) − 〈Ax, φx(t, x)〉 = g(T − t, x), (t, x) ∈ [0, T ] × V ′,

φ(0, x) = ϕ(x),
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where F satisfies

(2.8) F ∈ Y([0, T ] × V ), F (t, 0) = 0, sup
t∈[0,T ]

[Fp(t, ·)]L < +∞.

Note indeed that if we set

F (t, p) := H(t,−B∗p) = sup
u∈U

{(u| −B∗p)U − h(t, u)},

then F satisfies (2.8) and it is well defined for p in V , to which φx(t, x) belongs.
Definition 2.5. Let Assumptions 2.1(1–4) and (2.8) be satisfied. We say that

φ ∈ C([0, T ],B2(V
′)) is a strong solution of (2.7) if there exists a family {φε}ε ⊂

C([0, T ],B2(V
′)) such that

(i) φε(t, ·) ∈ C1
Lip(V

′) and φε(t, ·) is convex for all t ∈ [0, T ]; φε(0, x) = ϕ(x) for
all x ∈ V ′;

(ii) there exist constants Γ1,Γ2 > 0 such that

sup
t∈[0,T ]

[φε
x(t, ·)]

L
≤ Γ1, sup

t∈[0,T ]

|φε
x(t, 0)|V ≤ Γ2 ∀ε > 0;

(iii) for all x ∈ D(A), t �→ φε(t, x) is continuously differentiable;
(iv) φε → φ, as ε → 0+, in C([0, T ],B2(V

′));
(v) there exists gε ∈ C([0, T ];B2(V

′)) such that, for all t ∈ [0, T ] and x ∈ D(A),

φε
t (t, x) + F (t, φε

x(t, x)) − 〈Ax, φε
x(t, x)〉 = gε(T − t, x),

with gε(t, x) → g(t, x) pointwise, and
∫ T

0
|gε(s, ·) − g(s, ·)|B2

ds → 0, as ε → 0 + .
The main result contained in [33] is as follows.
Theorem 2.6. Let Assumptions 2.1(1–4) and (2.8) be satisfied. There exists a

unique strong solution φ of (2.7) in the class C([0, T ],B2(V
′)) with the following prop-

erties:
(i) for all x ∈ D(A), φ(·, x) is Lipschitz continuous;
(ii) φ ∈ Y([0, T ]×V ′); moreover the following estimate is satisfied for all t ∈ [0, T ]:

(2.9) [φx(t)]L ≤ e2ωt[ϕ′]L +

∫ t

0

e2ω(t−s)[gx(T − s, ·)]Lds.

Regarding applications to the optimal control problem, in [34] we were able to
prove the following theorem.

Theorem 2.7. Let Assumptions 2.1(1–7) be satisfied, and let φ be the strong
solution of (2.5) described in Theorem 2.6. Then

WT (t, x) = φ(T − t, x) ∀t ∈ [0, T ], ∀x ∈ V ′,

that is, the value function WT of the optimal control problem is the unique strong
solution of the backward HJB equation (2.4).

Finally, we recall the result on optimal control in feedback form.
Theorem 2.8. Under Assumptions 2.1, the unique optimal control for problem

inf

{
J(t, x, u) : u ∈ Lp(t, T ;U), y(τ) := e(τ−t)Ax +

∫ s

t

e(τ−σ)ABu(σ)dσ

}
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is given by

u∗(τ) = Hu(τ,−B∗Wx(τ, y∗(τ))),

where y∗ is the unique solution of the closed loop equation

y∗(τ) := e(τ−t)Ax +

∫ s

t

e(τ−σ)ABHu(σ,−B∗Wx(σ, y∗(σ)))dσ.

3. Setting of the optimal control problem with state constraints. Next
we want to perform dynamic programming for a problem in V ′ that contains, as a
subclass, the problem set in H through (1.1)–(1.3), in the spirit of the previous section.

Then if K is a convex closed subset of V ′, we consider the general problem

inf{J(t, x, u) : u ∈ Lp(t, T ;U)}, p > 1,

for any (t, x) ∈ [0, T ] ×K, where the trajectory is given by (2.3), the cost functional
by (2.2), but with no regularity assumptions on g and ϕ, which are assumed merely
l.s.c. and convex in the x variable.

More precisely, we make the following assumptions on the data.
Assumptions 3.1. We define

ΣK ≡ ΣK(V ′) := {φ : V ′ → (−∞,+∞] : φ is convex and l.s.c., K ⊂ D(φ)},

where D(φ) = {x ∈ V ′ : φ(x) < +∞}, and assume the following:
1. A : D(A) ⊂ V ′ → V ′ is the infinitesimal generator of a strongly continuous

semigroup {eτA}τ≥0 on V ′;
2. there exists ω ≥ 0 such that |eτAx|

V ′ ≤ eωτ |x|
V ′ for all τ ≥ 0;

3. B ∈ L(U, V ′);
4. g(t, ·) ∈ ΣK for all t ∈ [0, T ]; g(·, x) is l.s.c. and L1(0, T ) for all x ∈ V ′;
5. ϕ ∈ ΣK ;
6. h(t, ·) is convex and l.s.c.; ∂uh(t, ·) is injective for all t ∈ [0, T ]; moreover

h(t, u) ≥ a(t)|u|pU + b(t), with a(t) ≥ αT > 0, b ∈ L1(0, T ; R), p > 1;
7. if it is set H(t, u) := supv∈U{(u|v)U −h(t, v)}, then we assume H ∈ Y([0, T ]×

U), H(t, 0) = 0, and supt∈[0,T ][Hu(t, ·)]
L
< +∞.

The functional J(t, x, u) has to be minimized with respect to u over the set of
admissible controls given by

U(t, x) = {u ∈ Lp(t, T ;U) : J(t, x, u) < +∞}.

The value function defined as

W (t, x) := inf
u∈U(t,x)

J(t, x, u)

is the candidate solution to the HJB equation given by (2.4).
Remark 3.2. Again, Assumptions 3.1(6–7) imply that if we set F (t, p)=H(t,−B∗p),

then F satisfies (2.8).
We end this section by explaining to which extent such a framework applies to

both the unconstrained problem (i.e., the case K = V ′) with l.s.c. data and the case
with state constraints (K a proper subset of V ′). Indeed, not all problems such as
(1.1), (1.2), (1.3) are going to fit into this framework.
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We need to assume that g0 and ϕ0 appearing in (1.2) admit l.s.c. extensions to
V ′, as shown more precisely in the following.

Assumptions 3.3. Let K = clV ′(C), the smallest closed convex set containing
C, with respect to the topology of V ′. We assume there exist l.s.c. functions g :
[0, T ]× V ′ → R and ϕ : V ′ → R, finite on [0, T ]×K, such that g(t, x) = g0(t, x), and
ϕ(x) = ϕ0(x) for all t in [0, T ] and for all x in C.

Consequently, we make the following remarks.

Remark 3.4. (a) If K is any closed convex subset of V ′ and g and ϕ are l.s.c.
functions of x in V ′, then the functions

g̃(t, x) =

{
g(t, x), x ∈ K,

+∞, x ∈ V ′ \K,

and

ϕ̃(x) =

{
ϕ(x), x ∈ K,

+∞, x ∈ V ′ \K,

are still l.s.c. in the x variable. Moreover, with such a choice, we have

D(g̃(t, ·)) = D(ϕ̃) = K ∀t.

(b) Let us assume we have a dynamical system in the space V ′ with trajectory
given by (2.3), and a cost functional of type (2.2), where g and ϕ are l.s.c. functions,
and that we want to minimize such a functional over Lp(t, T ;U) with respect to the
control u, with the constraint

y(τ) lies in K, where K is a closed and convex subset of V ′,

that is, minimize J over the set of admissible controls

(3.1) U(t, x) := {u ∈ Lp(t, T ;U) : y(τ ; t, x, u) ∈ K ∀τ ∈ [t, T ]}

for any (t, x) ∈ [0, T ] ×K. Then it is easy to check that such a problem is equivalent
to minimizing J over the whole class Lp(t, T ;U) of controls (no state constraints),
with costs g̃ and ϕ̃ as defined above, in place of g and ϕ.

(c) In the applications, as in the problem set in H, the constraints on the state
are naturally given by means of some convex closed subset C of the space H. Then
one may easily show that

C = K ∩H.

Then if one knows by dynamic programming that the optimal trajectory y∗ lies in
K, and knows by some other means—as it often happens—that whenever the initial
datum x is in H also the whole trajectory lies in H, one may derive that

x ∈ C ⇒ y∗(s) ∈ C ∀s ∈ [t, T ],

that is, the state constraint is satisfied in the original sense. The reader will find such
an application in the last section of the paper.
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4. Weak solutions of the HJB equation. In order to study the optimal
control problem just set and the associated HJB equation (2.4), we need to extend
the theory described in the previous section to equations with more general convex
coefficients, possibly taking the value +∞. We answer this issue by introducing weak
solutions of the HJB equation in the next section. The definition is given for a wider
class of equations that includes the HJB equation of the optimal control problem as
a subclass by assuming (2.8), which is implied by Assumptions 3.1.

Definition 4.1. Let Assumptions 3.1(1–5) and let (2.8) be satisfied. Then φ :
[0, T ] × V ′ → (−∞,+∞] is a weak solution of (2.7) if

(i) φ(t, ·) ∈ ΣK for all t ∈ [0, T ];
(ii) there exist sequences {ϕn}n ⊂ Σ0 and {gn} ⊂ Y([0, T ] × V ′), such that

ϕn(x) ↑ ϕ(x), gn(t, x) ↑ g(t, x) ∀x ∈ V ′, ∀t ∈ [0, T ] as n → +∞,

and, moreover, if φn is the unique strong solution of{
φt(t, x) + F (t, φx(t, x)) − 〈Ax, φx(t, x)〉 = gn(T − t, x), (t, x) ∈ [0, T ] × V ′,

φ(0, x) = ϕn(x)

in C([0, T ],B2(V
′)), then

φn(t, x) ↑ φ(t, x) ∀(t, x) ∈ [0, T ] × V ′.

Remark 4.2. Since strong solutions were proved in [34] to be Lipschitz with respect
to the time variable and C1 with respect to the space variable, and the weak solution
φ is a sup-envelope of strong solutions φn, then φ is l.s.c. in [0, t] × V ′. For the same
reason φn convex in the x variable implies that φ is convex in x as well.

Note also that by (i) in the definition, the weak solution φ is finite on K.
Theorem 4.3. Let Assumptions 3.1 be satisfied. Assume that there exists a weak

solution φ of (2.5). Then, for any (t, x) ∈ [0, T ] ×K, the following hold:
(i) The solution φ satisfies

(4.1) φ(T − t, x) = inf
U(t,x)

J(t, x, u).

(ii) There exists a pair {u∗, y∗}, optimal at (t, x), such that

φ(T − t, x) = J(t, x, u∗).

(iii) If ϕn and gn are as described in Definition 4.1, then there exists a sequence
of pairs {(u∗n, y∗n)}, optimal at (t, x) for the functional

Jn(t, x, u) =

∫ T

t

[h(τ, u(τ)) + gn(τ, y(τ))]dτ + ϕn(y(T )),

such that

u∗ = w − lim
n→+∞

u∗n in Lp(t, T ;U)

and

y∗(s) = w − lim
n→+∞

y∗n(s) in V ′ ∀s ∈ [t, T ],

y∗ = w − lim
n→+∞

y∗n in Lp(t, T ;V ′).
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Proof. First we recall that, due to Remark 3.2, weak solutions of (2.5) are well
defined. Let φ be a weak solution of (2.5) and let {gn}, {ϕn}, and {φn} be as defined
in Definition 4.1. Since φn are strong solutions of (2.5), then

φn(T − t, x) = inf
u∈Lp(t,T ;U)

Jn(t, x, u),

as stated by Theorem 2.7. Moreover, gn ≤ g and ϕn ≤ ϕ so that

φn(T − t, x) ≤ Jn(t, x, u) ≤ J(t, x, u) ∀t, x, u.

By taking the limit in the preceding estimate as n → +∞ and then the infimum with
respect to the control u, we obtain

(4.2) φ(T − t, x) ≤ inf
u∈Lp(t,T ;U)

J(t, x, u).

The reverse inequality can be proved as follows. Let t ∈ [0, T ] and x ∈ K, and
let {u∗n} be the sequence of (unique) optimal controls for Jn(t, x, u) as described in
Theorem 2.8, so that

φn(T − t, x) = Jn(t, x, u∗n).

Also let {y∗n} be the associated trajectories.
We claim that

(4.3) sup
n∈N

‖u∗n‖Lp(t,x;U) < +∞.

Indeed, note that

‖y∗n‖L∞(t,T ;V ′) ≤ C0(|x|V ′ + ‖u∗n‖Lp(t,T ;U)),

where

C0 = C0(T ) = max

{
eωT ,

eqωT − 1

qω
‖B‖L(U,V ′)

}
with

1

p
+

1

q
= 1.

Moreover, since gn and ϕn are increasing and gn ∈ Y([0, T ], V ′), there exist positive
constants C1 = C1(T ) and C2 (independent of x and t) such that

gn(t, x) ≥ g0(t, x) ≥ −C1(1 + |x|
V ′ )

and

ϕn(x) ≥ ϕ0(x) ≥ −C2(1 + |x|
V ′ ).

Recall also that h satisfies Assumptions 3.1. Then, for all n, x, and t, we have

Jn(t, x, u∗n) ≥ −C1

∫ T

t

(1 + |y∗n(s)|
V ′ )ds +

∫ T

t

a(s)|u∗n(s)|pds

+

∫ T

t

b(s)ds− C2(1 + |y∗n(T )|
V ′ )

≥ α‖u∗n‖
p
Lp(t,T ;U) − C‖u∗n‖Lp(t,T ;U) −D,

(4.4)
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with α = αT as in Assumptions 3.1, and

C := C(T ) = C0(C2 + C1T ),

D := D(T, x) = |x|
V ′ (C1T + C2) + C1T + C2 + ‖b‖L1(0,T ;R).

On the other hand, we have

(4.5) Jn(t, x, u∗n) ≤ φ(T − t, x) =: C3,

with C3 = C3(t, x) < +∞ by definition for x ∈ K. Then from (4.4) and (4.5) we
derive

α‖u∗n‖
p
Lp(t,T ;U) − C‖u∗n‖Lp(t,T ;U) ≤ C3 + D,

which implies (4.3).
Now (4.3) implies that there exists a subsequence {u∗nk

} of {u∗n} and u∗ ∈
Lp(t, T ;U) such that

u∗nk
⇀ u∗ weakly in Lp(t, T ;U).

Consequently, if y∗ is the trajectory associated to the control u∗,

y∗nk
(s) ⇀ y∗(s) weakly in V ′ ∀s ∈ [t, T ]

and

y∗nk
⇀ y∗ in Lp(t, T ;V ′).

The proof of such facts is standard and we omit it.
Next we want to show that

(4.6) lim inf
k→+∞

Jnk
(t, x, u∗nk

) ≥ J(t, x, u∗).

To this purpose, note that u �→
∫ T

t
h(s, u(s))ds being a convex function, it is also

weakly l.s.c., so that

(4.7) lim inf
k→+∞

∫ T

t

h(s, u∗nk
(s))ds ≥

∫ T

t

h(s, u∗(s))ds.

Moreover, let m ∈ N be fixed. Since ϕn is an increasing sequence, we have

ϕnk
(y∗nk

(T )) ≥ ϕm(y∗nk
(T )) ∀nk ≥ m.

Now

lim inf
k→+∞

ϕnk
(y∗nk

(T )) ≥ lim inf
k→+∞

ϕm(y∗nk
(T )) ≥ ϕm(y∗(T ))

since ϕm is convex (and then weakly l.s.c.). By letting m → +∞ we then obtain

(4.8) lim inf
k→+∞

ϕnk
(y∗nk

(T )) ≥ ϕ(y∗(T )).

In the same way we find

lim inf
k→+∞

gnk
(s, y∗nk

(s)) ≥ g(s, y∗(s)) ∀s ∈ [t, T ].
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Moreover since the sequence gn is increasing, then

gnk
(s, y∗nk

(s)) ≥ gn1(s, y
∗
nk

(s)) ≥ −C(1 + |y∗nk
(s)|2V ′)

for some C > 0, as gn1
∈ Y([0, T ] × V ′). Since yn ∈ Lp(t, T ;V ′), by Fatou’s lemma

we derive

(4.9) lim inf
k→+∞

∫ T

t

gnk
(s, y∗nk

(s))ds ≥
∫ T

t

g(s, y∗(s))ds.

By means of (4.7)–(4.9) we then obtain (4.6), which implies

(4.10) φ(T − t, x) = lim inf
k→+∞

Jnk
(t, x, u∗nk

) ≥ J(t, x, u∗).

Then, by means of (4.2), we have also

(4.11) φ(T − t, x) = lim
n→+∞

Jn(t, x, u∗n) = lim inf
k→+∞

Jnk
(t, x, u∗nk

) = J(t, x, u∗).

Hence (4.1) holds and u∗ is optimal.
The following corollary easily follows.
Corollary 4.4. If there exists a weak solution of (2.5), then it is unique.
Remark 4.5. If the function h is strictly convex in u, then the optimal control u∗

is unique and the whole sequence of optimal controls u∗n converges weakly to u∗ in
Lp(t, T ;U). Moreover, if, for example, h(t, u) = h(u) = |u|pU , then

(4.12) u∗n → u∗ strongly in Lp(t, T ;U)

and

(4.13) y∗n → y∗ in C([t, T ], V ′).

Indeed we have just showed that Jn(t, x, u∗n) → J(t, x, u∗), as n → +∞, so that∫ T

t

|u∗n(τ)|pUdτ =

∫ T

t

|u∗(τ)|pUdτ +

∫ T

t

[g(τ, y∗(τ)) − gn(τ, y∗n(τ))]dτ

+ ϕ(y∗(τ)) − ϕn(y∗n(τ)) + σ(n),

(4.14)

with σ(n) → 0 as n → 0. Hence from (4.8)–(4.9) we obtain

lim sup
k→+∞

∫ T

t

|u∗nk
(τ)|pUdτ ≤

∫ T

t

|u∗(τ)|pUdτ,

along a subsequence, which together with (4.7) implies u∗nk
→ u∗ strongly in Lp(t, T ;U)

as k → +∞. To show that the whole sequence of optimal controls u∗n converges
strongly in Lp, one assumes by contradiction that there exist an ε > 0 and a sub-
sequence {u∗nl

} such that ‖u∗nl
− u∗‖p ≥ ε for all l ∈ N. Then such a subsequence

is itself bounded and has a subsequence converging weakly and, possibly passing to
a further subsequence, strongly to some optimal control v∗. But as the optimal con-
trol is unique, this yields a contradiction. The proof of (4.13) is a straightforward
consequence of the Lebesgue theorem.

Remark 4.6. Besides existence and uniqueness for the HJB equation, Cannarsa
and Di Blasio [17] provide optimal feedback maps in the case when B is (bounded
and) invertible—which is not true in the case of the economic application of section 6.
Nevertheless, we show in an example how one can derive feedback controls when
dealing with explicitly given data B and h.
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5. An existence result. We may prove also existence of weak solutions when g
has a particular dependence on the time variable, as stated and proved in the theorem
below. To this extent we first prove the following lemma.

Lemma 5.1. If φ1 and φ2 are strong solutions of (2.5) associated to data ϕ1 ≤ ϕ2

and g1 ≤ g2, respectively, then φ1 ≤ φ2.
Proof. Note that according to the properties of strong solutions proved in [33], for

i = 1, 2 we have

φi(T − t, x) = inf
Lp(t,T ;U)

Ji(t, x, u),

where

Ji(t, x, u) =

∫ T

t

[h(τ, u(τ)) + gi(τ, y(τ))]dτ + ϕi(y(T )).

Since the assumptions on the data imply

J1(t, x, u) ≤ J2(t, x, u) ∀u ∈ Lp(t, T ;U),

by taking the infimum over Lp(t, T ;U), we get the desired inequality.
Theorem 5.2. Assume that Assumptions 3.1 are satisfied, with g of the following

type:

(5.1) g(t, x) = γ(x)η(t), γ ∈ ΣK , η ∈ C([0, T ],R).

Assume also that for each (t, x) ∈ [0, T ]× V ′ there exists an admissible control. Then
there exists a weak solution of (2.5).

Proof. We construct a sequence such as that in Definition 4.1 by using Yosida
approximations. For given λ > 0, we define

ϕλ(x) := inf
y∈V ′

{
ϕ(y) +

|x− y|2
V ′

2λ

}
, x ∈ V ′,

γλ(x) := inf
y∈V ′

{
γ(y) +

|x− y|2
V ′

2λ

}
, x ∈ V ′.

(5.2)

It is well known (see, for instance, [11, Chap. 2]) that ϕλ, γλ are in Σ0, with [ϕ′λ]
L
≤ 1

λ
and [γ′λ]

L
≤ 1

λ . Moreover

ϕλ(x) ↑ ϕ(x), γλ(x) ↑ γ(x) ∀x ∈ V ′, ∀t ∈ [0, T ] as λ ↓ 0+.

Then both ϕλ and γλ(·)η(·) satisfy Assumptions 3.1, so that there exists a unique
strong solution φλ of equation{
φt(t, x) + H(T − t, φx(t, x)) − 〈Ax, φx(t, x)〉 = γλ(x)η(T − t), (t, x) ∈ [0, T ] × V ′,

φ(0, x) = ϕλ(x).

Moreover, φλ satisfies

(5.3) φλ(T − t, x) = inf
Lp(t,T ;U)

Jλ(t, x, u),
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where

Jλ(t, x, u) =

∫ T

t

[h(τ, u(τ)) + gλ(y(τ))η(τ)]dτ + ϕλ(y(T )).

Since ϕλ(x) ↑ ϕ(x) and γλ(x) ↑ γ(x), by Lemma 5.1 we have that for all x and t the
sequence {φλ(t, x)}λ is increasing. We then set

φ(t, x) := sup
λ>0

φλ(t, x) = lim
λ→0+

φλ(t, x).

By definition, the function φ is l.s.c. in (t, x) and convex in x for all fixed t. It is then
left to show that K ⊂ D(φ(t, ·)) for all fixed t ∈ [0, T ]. Let x ∈ K, t ∈ [0, T ], and let
ū be an admissible control for the problem starting at (t, x). Then

φλ(T − t, x) ≤ Jλ(t, x, ū) ≤ J(t, x, ū) < +∞,

and so

φ(T − t, x) ≤ J(t, x, ū) < +∞.

Remark 5.3. If g depends on time, one may set

gλ(t, x) := inf
y∈V ′

{
g(t, y) +

|x− y|2
V ′

2λ

}
, x ∈ V ′.

Note that if x0 ∈ D(g(t, ·)), then

gλ(t, x) ≤ g(t, x0) +
|x− x0|2

V ′

2λ
,

so that gλ(t, ·) ∈ B2(V
′) for all t. If one is able to show that

gλ ∈ C([0, T ],B2(V
′)) and (gλ)x ∈ C([0, T ],B1(V

′)),

then the proof above may be performed as before, as both ϕλ and gλ satisfy the
assumptions in Theorem 2.6 (see also Remark 5.2 in [33]).

Theorems 5.2 and 4.3 imply the following result.
Corollary 5.4. Let Assumptions 3.1 be satisfied, with g as in (5.1). Then the

following properties are equivalent:
(i) there exists a unique weak solution of (2.5);
(ii) at each (t, x) ∈ [0, T ] ×K there exists an admissible control.
Moreover if (i) or (ii) holds, there exists an optimal pair (u∗, y∗) and

φ(T − t, x) = J(t, x, u∗).

6. Applications to vintage capital problems with state constraints. We
here describe our motivating example: the problem of optimal investment with vintage
capital in the setting introduced by Barucci and Gozzi [13, 12], and later reprised and
generalized by Feichtinger et al. [41, 38, 39] and Faggian [33, 34].

The capital accumulation is described by the system

(6.1)

⎧⎪⎪⎨
⎪⎪⎩

∂y(τ,s)
∂τ + ∂y(τ,s)

∂s + μy(τ, s) = u1(τ, s), (τ, s) ∈ ]t, T [ × ]0, s̄],

y(τ, 0) = u0(τ), τ ∈ ]t, T [,

y(t, s) = x(s), s ∈ [0, s̄],
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with t > 0 the initial time, s̄ ∈ [0,+∞[ the maximal allowed age, and τ ∈ [0, T [ with
horizon T < +∞. The unknown y(τ, s) represents the amount of capital goods of age
s accumulated at time τ , the initial datum is a function x ∈ L2(0, s̄), and μ > 0 is a
depreciation factor. Moreover, u0 : [t, T [ → R is the investment in new capital goods
(u0 is the boundary control) while u1 : [t, T [ × [0, s̄] → R is the investment at time
τ in capital goods of age s (hence, the distributed control). Investments are jointly
referred to as the control u = (u0, u1). Note that such problems are known as vintage
capital problems, for the capital goods depend jointly on time τ and on age s, which
is equivalent to their dependence on time and vintage τ − s.

In addition, we consider the firm profits represented by the functional

I(t, x;u0, u1) =

∫ T

t

e−λτ [R(Q(τ)) − c(u(τ))]dτ + e−λTR0(Q(T )),

where, for some given measurable coefficient α, we have that

Q(τ) =

∫ s̄

0

α(s)y(τ, s)ds

is the output rate (linear in y(τ)), and R,R0 are concave revenues from the output
Q. Moreover we set

c(u0, u1) = β0|u0|p + γ0u0 + β1|u1|pH + (u1|γ1)H , (u0, u1) ∈ R × L2(0, s̄),

with β1|u1|pH + (u1|γ1)H indicating the running investment cost for technologies of
age greater than 0, and with β0|u0|p + γ0u0 the investment cost in new technologies,
including adjustment innovation.

The entrepreneur’s problem is that of maximizing I(t, x;u0, u1) over all controls
(u0, u1) chosen in a set such that the corresponding trajectories are positive, that is,
such that the following constraint on the state is satisfied:

(6.2) y(τ, s; t, x, u0, u1) ≥ 0 ∀τ, s.

When rephrased in an infinite-dimensional setting, with H := L2(0, s̄) as state
space, the state equation (6.1) can be reformulated as a linear control system with an
unbounded control operator, that is,

(6.3)

{
y′(τ) = A0y(τ) + Bu(τ), τ ∈ ]t, T [,

y(t) = x,

where y : [t, T ] → H, x ∈ H, A0 : D(A0) ⊂ H → H is the infinitesimal generator of a
strongly continuous semigroup {eA0t}t≥0 on H with domain D(A0) = {f ∈ H1(0, s̄) :
f(0) = 0} and defined as A0f(s) = −f ′(s) − μf(s), the control space is U = R ×H,
the control function is a couple u ≡ (u0, u1) : [t, T ] → R×H, and the control operator
is given by Bu ≡ B(u0, u1) = u1 + u0δ0 for all (u0, u1) ∈ R ×H, δ0 being the Dirac
delta at the point 0. Although B �∈ L(U,H), note that B ∈ L(U,D(A∗0)

′).
Following Remark 2.2, we then set

V = D(A∗0) = {f ∈ H1(0, s̄) : f(s̄) = 0}

and V ′ = D(A∗0)
′. Such abstract rephrasing is discussed in detail in [34], to which the

reader is referred.
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Regarding the target functional, we set

JT (t, x;u) := −I(t, x;u0, u1),

where
• g0 : [0, T ] ×H → R, g(τ, x) = −e−λτR ((α|x)H);
• h : [0, T ]× U → R, h(t, u0, u1) = e−λt

[
β0|u0|p + γ0u0 + β1|u1|pH + (u1|γ1)H

]
;

• φ0 : H → R, φ0(x) = −e−λTR0 ((α|x)H) .
Moreover

C := {x ∈ L2(0, s̄) : x(s) ≥ 0 for a.e. s ∈ [0, s̄]},

and, for any (t, x) ∈ [0, T ]×C, the control u is chosen in the set of admissible controls

U(t, x) := {u ∈ Lp(0, T ;U) : y(τ ; t, x, u) ∈ C}.

Note that C is a convex closed subset of H, whose closure in V ′ is

K = clV ′(C) = {z ∈ V ′ : 〈z, v〉 ≥ 0 ∀v ∈ V, v ≥ 0}.

Remark 6.1. Note that K is invariant with respect to the semigroup, that is,

eτA(K) ⊂ K ∀τ ∈ [t, T ].

Indeed 〈e(τ−t)Ax, v〉 = 〈x, e(τ−t)A∗
0v〉 ≥ 0, as (see [34]) we have

[e(τ−t)A∗
0v](s) = e−μ(τ−t)v(s + τ − t)χ[0,s̄−τ+t](s) ≥ 0 ∀s ∈ [0, s̄], ∀v ∈ V.

Remark 6.2. If we want to ensure Assumptions 3.1 are satisfied, we need to better
specify the properties of the cost and the revenue functions. For instance, if we assume
α to be more regular, say α ∈ V , and R and R0 concave in R (hence continuous),
then Assumptions 3.3 are satisfied by setting g(τ, x) = −e−λτR(〈a, x〉) when x ∈ K
and g(τ, x) = +∞ elsewhere, and similarly ϕ(x) = −e−λTR0(〈a, x〉) when x ∈ K and
ϕ(x) = +∞ elsewhere. Assumptions 3.1(4–7) are then also satisfied.

Then the following existence and uniqueness result for the problem holds.
Theorem 6.3. Assume that the data of the problem described above satisfy As-

sumptions 3.1, with p ≥ 2. Assume also R bounded on bounded subsets, and α ∈ V ′.
Let t ∈ [0, T ] and x ∈ K. Then

(i) there exists a unique weak solution φ to (2.5);
(ii) for every t in [0, T ] and every x in K, there exists (u∗, y∗) optimal at (t, x)

for the optimal control problem, with y∗(τ) ∈ K for every τ in [t, T ];
(iii) J(t, x, u∗) = φ(T − t, x).
Proof. For all t and x in K the null control is admissible. Indeed

|J(t, x, 0)| =

∣∣∣∣∣
∫ T

t

e−λτR(〈α, e(τ−t)Ax〉)dτ
∣∣∣∣∣ ≤ M

e−λτ − e−λT

λ
< +∞,

where M = sup{|R(y)| : |y| ≤ |α|V eωT |x|
V ′ }. The proof is then a straightforward

application of Corollary 5.4.
Once the problem is solved in the extended state space V ′, one has to go back to

the original problem set in H. In order to do so we recall that whenever the initial
datum x is in H, the whole trajectory lies in H, as Barucci and Gozzi prove in their
paper [13].
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Theorem 6.4. Given any initial datum x ∈ H and control u ∈ Lp(t, T ;U), the
mild solution of (6.3)

y(s) = e(s−t)Ax +

∫ s

t

e(s−τ)ABu(τ)dτ

belongs to C([t, T ];H).
More precisely, it is shown in [34] that whenever x is in H, we may write the

solution also as

(6.4) y(τ) = e−(τ−t)A0x +

∫ τ

t

e−(τ−r)A0u1(r)dr −A0

∫ τ

t

e−(τ−r)A0w(r)dr,

where w(r)(s) = e−μsu0(r), or even more explicitly as

y(τ, s) = e−μ(τ−t)x(s− τ + t)χ[τ−t,s̄](s)

+ u0(τ − s)e−μsχ[0,(τ−t)∧s̄](s) +

∫ (τ−t)∧s

0

e−μqu1(τ − q, s− q)dq.
(6.5)

Then by means of the preceding theorem and Remark 3.4(c), we may infer that the
state constraints are satisfied by the optimal trajectory any time the initial datum
lies in C, as stated next.

Theorem 6.5. Let (t, x) ∈ [0, T ] ×K and let (u∗, y∗) be optimal at (t, x). Then

y∗(τ) ∈ C ∀τ ∈ [t, T ].

6.1. Feedback controls. We intend to show here that once the running cost
(or profit, as in the economic example) is explicitly given as in the example we are
treating, one may expect to derive a more meaningful feedback formula for optimal
controls than the one obtained by the limiting procedure in Theorem 4.3.

After some easy but tedious computations, one obtains

(6.6) H(t, u0, u1) = (q − 1)q−1q−qe−λt
[
β0|eλtu0 − γ0|q + β1|eλtu1 − γ1|qH

]
,

where q = p/(p− 1). Note that as h is strictly convex, the optimal control is unique,
as we remarked in section 4. Moreover it is easily shown that H satisfies Assump-
tions 3.1(7).

Lemma 6.6. Let the assumptions of Theorem 6.3 be satisfied, and let p ≥ 2.
Let (u∗, y∗) be the unique optimal couple at (t, x), and let (u∗n, y

∗
n) be the associated

sequence of optimal couples of the approximating problems. Then
(i) u∗0n → u∗0 strongly in Lp(t, T ),3 and u∗1n → u∗1 strongly in Lp(t, T ;H);
(ii) if x ∈ C, then y∗n(τ) → y∗(τ) strongly in H for all τ ∈ [t, T ].
Proof. By making use of the fact that the optimal control is unique and Jn(u∗n) →

J(u∗) as n → +∞, by weak convergence of both u∗0n and u∗1n to u∗0 and u∗1, respectively,
and proceeding as in Remark 4.5, one may show that along a subsequence

lim sup
k→+∞

∫ T

t

e−λτ
[
β0|u∗0nk

(τ)|p + β1|u∗1nk
(τ)|pH

]
dτ(6.7)

≤
∫ T

t

e−λτ [β0|u∗0(τ)|p + β1|u∗1(τ)|pH ] dτ.

3Lp(t, T ) ≡ Lp(t, T ; R).
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Since also

lim inf
n→+∞

∫ T

t

e−λτ [β0|u∗0n(τ)|p + β1|u∗1n(τ)|pH ] dτ(6.8)

≥
∫ T

t

e−λτ [β0|u∗0(τ)|p + β1|u∗1(τ)|pH ] dτ,

then the limit exists along the subsequence {u∗nk
} and coincides with the right-hand

side. Again as in Remark 4.5, one shows that the same assertion yields for the whole
sequence {u∗n}, that is,

(6.9)

lim
n→+∞

∫ T

t

e−λτ [β0|u∗0n(τ)|p + β1|u∗1n(τ)|pH ] dτ =

∫ T

t

e−λτ [β0|u∗0(τ)|p + β1|u∗1(τ)|pH ] dτ.

Note that (6.9) and the weak convergence of u∗n to u∗0 imply

lim inf
n→∞

∫ T

t

β0e
−λτ |u∗0n(τ)|pdτ =

∫ T

t

β0e
−λτ |u∗0(τ)|pdτ,

lim inf
n→∞

∫ T

t

β1e
−λτ |u∗1n(τ)|pHdτ =

∫ T

t

β1e
−λτ |u∗1(τ)|pHdτ,

so that one derives that (i) is satisfied at least along a subsequence and, by a standard
argument, along the whole sequence. The proof of (ii) is performed by making use of
the particular structure of the solution of the economic problem, given by (6.4) and
(6.5). Then

(6.10)

|y∗n(τ) − y∗(τ)|H

≤
∫ τ

t

e(τ−r)A0 |u∗1n(r) − u∗1(r)|Hdr +

∣∣∣∣A0

∫ τ

t

e−(τ−r)A0(wn(r) − w(r))dr

∣∣∣∣
H

≡ In1 (τ) + In2 (τ),

with wn(τ)(s) = e−μsu∗0n(τ). Now

In1 (τ) ≤ C‖u∗1n − u∗1‖L1(t,T ;H) ≤ C1‖u∗1n − u∗1‖Lp(t,T ;H)

for suitable positive constants C and C1, while by means of (6.5) we have

In2 (τ)2 ≤
∫ s̄∧(τ−t)

0

e−2μs|(u∗0n − u∗)(τ − s)|2ds

≤ ‖u∗0n − u∗‖2
L2(t,T ) ≤ C‖u∗0n − u∗‖2

Lp(t,T ),

(6.11)

which together yields (ii).
Theorem 6.7. In the assumptions of Theorem 6.3, let ψ be the restriction of φ

to the set [0, T ] ×H, that is,

ψ : [0, T ] ×H → R, ψ(t, x) := φ(t, x),
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and let

∂xψ(t, x) = {h ∈ H : ψ(t, y) − ψ(t, x) ≥ (h|y − x)H ∀y ∈ H}

be its spatial subgradient. Also let (u∗, y∗) be the optimal couple at (t, x) ∈ [t, T ]×H,
and τ ∈ [t, T ]. Then

(i) u∗0(τ) = limn→+∞ u∗0n(τ), where

u∗0n(τ) = −β0p
1−q∣∣eλτφn

x(T − τ, y∗n(τ))(0) + γ0

∣∣q−2
(eλτφn

x(T − τ, y∗n(τ))(0) + γ0);

(ii) there exists a selection ξ(τ) ∈ ∂xψ(T − τ, y∗(τ)) such that

u∗1(τ) = −β1p
1−q∣∣eλτξ(τ) + γ1

∣∣q−2

H
(eλτξ(τ) + γ1).

Proof. Let (t, x) be fixed in [0, T ] × K, and let u∗n be the sequence of controls,
optimal at (t, x), of the approximating problems, as in Theorem 4.3. It is easy to show
that the operator B : U → V ′, Bu = u1 + δ0u0 has adjoint

B∗ : V → U, B∗v := (v(0), v) ∈ R × V,

so that by means of the feedback formula in Theorem 2.8 applied to optimal controls
u∗n, one has
(6.12)

u∗0n(τ) = −β0p
1−q∣∣eλτφn

x(T − τ, y∗n(τ))(0) + γ0

∣∣q−2
(eλτφn

x(T − τ, y∗n(τ))(0) + γ0),

which proves the first assertion in the statement of the theorem, while

(6.13) u∗1n(τ) = −β1p
1−q|eλτφn

x(T − τ, y∗n(τ)) + γ1|q−2
H (eλτφn

x(T − τ, y∗n(τ)) + γ1).

By reversing (6.13) one obtains

(6.14) φn
x(T − τ, y∗n(τ)) = −β1−p

1 pe−λτ |u∗1n(τ)|p−2
H u∗1n(τ) + e−λτγ1,

so that by Lemma 6.6(i) there exists k �→ nk such that for almost every τ in [t, T ] one
has

(6.15) ξ(τ) := H − lim
k→∞

φnk
x (T − τ, y∗nk

(τ)) = −β1−p
1 pe−λτ |u∗1(τ)|p−2

H u∗1(τ)+ e−λτγ1.

From

φnk(T − τ, y) − φnk(T − τ, y∗nk
(τ)) ≥ 〈φnk

x (T − τ, y∗nk
(τ)), y − y∗nk

(τ)〉V,V ′ ∀y ∈ V ′,

and recalling that when x is in H the whole trajectory y∗nk
(τ) lies in H for all τ , we

derive

(6.16) φnk(T −τ, y)−φnk(T −τ, y∗nk
(τ)) ≥ (φnk

x (T −τ, y∗nk
(τ)) | y−y∗n(τ))H ∀y ∈ H.

We now would like to derive from the preceding inequality the following estimate:

(6.17) ψ(T − τ, y)− ψ(T − τ, y∗(τ)) ≥ (ξ(τ) | y− y∗(τ))H ∀y ∈ H for a.e. τ ∈ [t, T ].

Indeed, by means of the same argument that led to (4.8), we get

φ(T − τ, y) − φ(T − τ, y∗(τ)) ≥ lim sup
k→∞

(φnk(T − τ, y) − φnk(T − τ, y∗n(τ))) .
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On the other hand, for almost every τ in [t, T ], φnk
x (T − τ, y∗n(τ)) converges to ξ(τ) in

H, and y∗n(τ) converges to y∗(τ), both strongly in H (Lemma 6.6(ii)), so that

(φnk
x (T − τ, y∗n(τ)) | y − y∗n(τ))H → (ξ(τ) | y − y∗(τ))H for a.e. τ ∈ [t, T ].

Hence,

ξ(τ) ∈ ∂xψ(T − τ, y∗(τ)) for a.e. τ ∈ [t, T ],

and passing to limits in (6.13),

u∗1(τ) = −β1p
1−q|eλτξ(τ) + γ1|q−2

H (eλτξ(τ) + γ1).
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Abstract. In this paper necessary and sufficient conditions for null-controllability and approxi-
mate null-controllability are obtained for the control system wtt = wxx−q2w, wx(0, t) = u(t), x > 0,
t ∈ (0, T ), where q ≥ 0, T > 0, and u is a control bounded by a hard constant. These problems are
considered in the Sobolev spaces. Controls solving these problems are found explicitly. Bang-bang
controls solving the approximate null-controllability problem are found by means of the solutions of
the Markov power moment problem. Continuous controls solving this problem are constructed with
the aid of the Cesàro means of a Fourier series generated by the data of the control system.
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1. Introduction. Controllability problems for hyperbolic partial differential
equations were investigated in a number of papers (see, e.g., the references in [10]).

One of the most generally accepted ways to study control systems with distributed
parameters is their interpretation in the form

(1.1)
dW

dt
= AW + Bu, t ∈ (0, T ),

where T > 0, W : (0, T ) −→ H is an unknown function, u : (0, T ) −→ H is a control,
H, H are Banach spaces, A is an infinitesimal operator in H, and B : H −→ H is a
linear bounded operator. An important advantage of this approach is the possibility
of employing ideas and techniques of semigroup operator theory. At the same time it
should be noticed that the most substantial results on operator semigroups that are
the most important for applications deal with the case when the semigroup generator
A has a discrete spectrum or a compact resolvent and therefore the semigroup may be
treated by means of eigenelements of A. These assumptions correspond to differential
equations in bounded domains only.

In this paper we consider the wave equation on a half-axis. We should note that
most of the papers investigating controllability of the wave equation deal with bounded
domains and consider L2-controllability or, more generally, Lp-controllability (2 ≤
p < +∞); see [1], [4], [5], [6], [7], [11], and many others. But only L∞-controls can be
realized practically. Moreover, such controls should be bounded by a hard constant
(like in restriction (1.4)) for practical purposes. Furthermore, classical control theory
started precisely from this point of view as switching controls are the ones realized in a
concrete system. That is why we construct bang-bang controls solving the approximate
null-controllability problem in this paper. However, sometimes to control a system
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arising in nature and technology we do not necessarily have to stress the system and
drive it to a desired state immediately and directly. We often need to control a system
by letting it fluctuate while trying to drive it to a desired state without forcing it
too much. Therefore we construct continuous controls solving the approximate null-
controllability problem and satisfying (1.4).

Consider the wave equation on a half-axis,

(1.2) wtt = wxx − q2w, x > 0, t ∈ (0, T ),

controlled by the Neumann boundary condition

(1.3) wx(0, t) = u(t), t ∈ (0, T ),

where T > 0, q ≥ 0 is a real number. We also assume that the control u satisfies the
restriction

(1.4) u ∈ BU (0, T ) =
{
v ∈ L2(0, T ) | |v(t)| ≤ U a.e. on (0, T )

}
,

where U > 0 is given.
Controllability problems for the wave equation on a half-axis in the context of

controls bounded by a hard constant were investigated in [14], [15]. In these papers
the wave equation on a half-axis controlled by the Dirichlet boundary condition was
studied for q = 0. In the present paper most of the results of [14], [15] are extended
on the case of the Neumann control for q ≥ 0. If q = 0, the cases of the Dirichlet
control and the Neumann control are rather similar. If q > 0, investigation of the
null-controllability problem for (1.2) is essentially more complicated and requires ad-
ditional methods. In the present paper the operator Φ describing the influence of a
control on a target state is introduced and studied in the Sobolev spaces Hs

0 , s ≤ 1. In
fact, application of Φ is the most essential new point of the paper. In addition, contin-
uous controls u ∈ BU (0, T ) solving the approximate null-controllability problem are
constructed in the present paper. They are not considered in [14], [15].

In section 3 we obtain necessary and sufficient conditions for null-controllability
and approximate null-controllability of system (1.2), (1.3) with restrictions (1.4) on
the control. Controls solving the problems of null-controllability and approximate
null-controllability are found explicitly. If q = 0, they coincide with the initial states,
and if q > 0, they are given in the form of an integral transform of the initial state
such that its kernel is a modified Bessel function. In both cases these controls may be
of a rather complicated form.

Construction of bang-bang controls that solve the approximate null-controllability
problem is the main goal of the section 4. We show that this problem can be reduced
to a system of the Markov power moment problems. They may be solved by the
algorithm given in [14]. Further we prove that solutions of the Markov power moment
problems give us solutions of the approximate null-controllability problem for s < 1/2.

Bang-bang controls are the simplest by their structure, but they do not allow us
to solve the approximate null-controllability problem for s ≥ 1/2. Moreover, in some
cases we should avoid to stress of the control system and drive it to a desired state
in a continuous way. That is why we construct continuous controls that solve the
approximate null-controllability problem for s ≤ 1 and satisfy (1.4) in section 5. They
are obtained with the aid of the Cesàro means for a Fourier series determined by the
data of the considered system. These controls generate a continuous steering state if
an initial state is continuous. The problem of steering a finite string from a continuous
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initial state with a continuous control function that is at t = 0 compatible with the
initial state to the zero state such that the generated system state is continuous has
been considered in [4].

In the appendix (section 6) some auxiliary statements are proved. In particular,
the operators describing the influence of a control on a target state of the considered
control system are constructed and investigated. The results of this section are applied
in sections 3–5.

If we replace q by iq in (1.2), i.e., consider the equation

(1.2′) wtt = wxx + q2w, x > 0, t ∈ (0, T ),

instead of (1.2), then replacing q by iq throughout this paper gives us results analogous
to ones obtained in sections 3–6 for the control system (1.2′), (1.3).

2. Notation. Let us give definitions of the spaces used in the work. Let S be
the Schwartz space [12], [13]

S =
{
ϕ ∈ C∞ (R) | ∀m ∈ N

∀l ∈ N sup
{∣∣∣Dmϕ(x)

∣∣∣ (1 + |x|2
)l | x ∈ R

}
< +∞

}
,

and let S′ be the dual space, where D = −i∂/∂x and | · | is the Euclidean norm.
Denote by Hs

l (s, l ∈ R) the following Sobolev spaces:

Hs
l =

{
ϕ ∈ S′ |

(
1 + |x|2

)l/2 (
1 + |D|2

)s/2
ϕ ∈ L2 (R)

}
,

‖ϕ‖sl =

(∫ ∞
−∞

∣∣∣(1 + |x|2
)l/2 (

1 + |D|2
)s/2

ϕ(x)
∣∣∣2 dx

)1/2

.

Let F : S′ −→ S′ be the Fourier transform operator. For ϕ ∈ S we have

(Fϕ) (σ) = (2π)−1/2

∫ ∞
−∞

e−ixσϕ(x) dx

and (Ff, ψ) = (f,F−1ψ) for f ∈ S′, ψ ∈ S. It is well known [3, Chapter 1] that

FHs
0 = H0

s and ‖ϕ‖s0 = ‖Fϕ‖0
s if ϕ ∈ Hs

0 .
A distribution f ∈ S′ is said to be odd if (f, ϕ(ξ)) = −(f, ϕ(−ξ)), ϕ ∈ S. A

distribution f ∈ S′ is said to be even if (f, ϕ(ξ)) = (f, ϕ(−ξ)), ϕ ∈ S.
Let Ω be the odd extension operator, Ω : S′ −→ S′, (Ωf)(x) = f(x) − f(−x),

f ∈ S′, and let Ξ be the even extension operator, Ξ : S′ −→ S′, (Ξf)(x) = f(x)+f(−x),
f ∈ S′.

Further, we use the spaces

Hs =
{
ϕ ∈ S′ × S′ | suppϕ ⊂ [0,+∞) and Ξϕ ∈ Hs

0 ×Hs−1
0

}
,

H̃s =
{
ϕ ∈ Hs

0 ×Hs−1
0 | ϕ is even

}
with the norm |||ϕ|||s =

(
(‖ϕ0‖s0)2 + (‖ϕ1‖s−1

0 )2
)1/2

, ϕ =
( ϕ0
ϕ1

)
, and also the space

Ĥs =
{
ϕ ∈ H0

s ×H0
s−1 | ϕ is even

}
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with the norm [][]ϕ[][]s =
(
(‖ϕ0‖0

s)
2 + (‖ϕ1‖0

s−1)
2
)1/2

, ϕ =
( ϕ0
ϕ1

)
. We consider control

system (1.2), (1.3) in the spaces Hs
0 , s ∈ R.

Applying the even extension operator to system (1.2), (1.3) we reduce it to the
form (1.1), where

A =

(
0 1((

d
dx

)2 − q2
)

0

)
, A : H̃s−2 −→ H̃s−2, D(A) = H̃s,(2.1)

B =

(
0

−2δ(x)

)
, B : R −→ H̃s−2, D(B) = R.(2.2)

Here δ is the Dirac distribution, δ = H ′, H is the Heaviside function H(ξ) = 1 if
ξ > 0, and H(ξ) = 0 otherwise.

3. Conditions for (approximate) null-controllability. Consider control sys-
tem (1.2), (1.3) with the initial conditions

(3.1)

{
w(x, 0) = w0

0(x),

wt(x, 0) = w0
1(x),

x > 0,

where w0 =
(w0

0

w0
1

)
∈ Hs. We assume throughout this section that s ≤ 1.

Let W 0 = Ξw0, W (·, t) = Ξ
( w(·,t)
∂w(·,t)/∂t

)
. Evidently, W 0 ∈ H̃s, W (·, t) ∈ H̃s

(t ∈ (0, T )). It is easy to see that control problem (1.2), (1.3), (3.1) is equivalent to
the Cauchy problem

dW

dt
=

(
0 1((

d
dx

)2 − q2
)

0

)
W −

(
0

2δ(x)

)
u, t ∈ (0, T ),(3.2)

W (x, 0) = W 0,(3.3)

where W (·, t) ∈ H̃s, t ∈ [0, T ], W 0 ∈ H̃s, u ∈ BU (0, T ).
Thus control problem (1.2), (1.3), (3.1) can be reduced to the Cauchy problem

with initial condition (3.3) for a system of the form (1.1) with the parameter (control)
u.

Consider for (3.2), (3.3) the steering condition

(3.4) W (·, T ) = WT ,

where WT ∈ H̃s.
For given T > 0, w0 ∈ Hs denote by RU

T (w0) the set of the states WT ∈ H̃s for
which there exists a control u ∈ BU (0, T ) such that problem (3.2)–(3.4) has a unique
solution.

Definition 3.1. A state w0 ∈ Hs is called null-controllable at a given time T > 0
if 0 belongs to RU

T (w0) and approximately null-controllable at a given time T > 0 if 0

belongs to the closure of RU
T (w0) in H̃s.

Let Φ : S′ −→ S′ with D(Φ) = {g ∈ S′ | g is odd and supp g ⊂ [−T, T ]} such that

(Φg) (x) = F−1
σ→x

(
−i√

σ2 + q2

(
Fg
)(√

σ2 + q2
))

(x), g ∈ D(Φ).
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In the appendix it is proved that Φ is invertible, Φ−1 : S′ −→ S′, D(Φ−1) = R(Φ) =
{g ∈ S′ | g is even and supp g ⊂ [−T, T ]} (Lemma 6.3). Moreover, Φ is bounded from
Hs−1

0 to Hs
0 (Lemma 6.1) and Φ−1 is bounded from Hs

0 to Hs−1
0 (Lemma 6.3).

Proposition 3.2. Let W 0 ∈ S′ × S′, u ∈ BU (0, T ). Then

(3.5) W (x, T ) = E(x, T ) ∗
[
W 0(x) − Φ

(
ΩU
ΩU ′
)

(x)

]
, t ∈ [0, T ],

where U(t) = u(t) (H(t) −H(t− T )), W is a unique solution of (3.2)–(3.3), ∗ is the
convolution with respect to x, and

(3.6) E(x, t) =
1

2

(
∂/∂t 1

(∂/∂t)
2

∂/∂t

)(
J0

(
q
√
t2 − |x|2

)
(sgn t)H

(
t2 − x2

))
.

In particular, if W 0 ∈ H̃p, ΩU ∈ Hp−1, and ΞU ∈ Hp−1, then W (·, T ) ∈ H̃p, p ∈ R.

Proof. Applying the Fourier transform with respect to x to problem (3.2)–(3.4)
we obtain the following problem in S′ × S′:

dV

dt
=

(
0 1

−
(
σ2 + q2

)
0

)
V −

√
2

π

(
0

1

)
u, t ∈ (0, T ),(3.7)

V (·, 0) = V 0,(3.8)

V (·, T ) = V T ,(3.9)

where V (·, t) = FW (·, t), t ∈ [0, T ], V 0 = FW 0, V T = FWT . Then the function

(3.10) V (σ, t) = Σ(σ, t)

(
V 0(σ) −

√
2

π

∫ t

0

Σ(σ,−τ)

(
0

1

)
u(τ) dτ

)
, t ∈ [0, T ],

is a unique solution of (3.7)–(3.8) in S′ × S′. Here

Σ(σ, t) ≡

⎛
⎝ cos(ρt)

sin(ρt)

ρ

−ρ sin(ρt) cos(ρt)

⎞
⎠
∣∣∣∣∣∣√

σ2+q2

≡
(

∂/∂t 1

(∂/∂t)
2

∂/∂t

)
sin
(
t
√

σ2 + q2
)

√
σ2 + q2

.

Put E(x, t) = F−1
σ→xΣ(σ, t)/

√
2π. Let us prove that

(3.11) F−1
σ→x

⎛
⎝ sin

(
t
√

σ2 + q2
)

√
σ2 + q2

⎞
⎠ (x) =

√
π

2
J0

(
q
√
t2 − x2

)
H
(
t2 − x2

)
sgn t,

where Jν(ξ) =
∑∞

m=0
(−1)m

Γ(m+1)Γ(m+ν+1)

(
ξ
2

)2m+ν
is the Bessel function (ν ∈ R) and Γ

is the Euler gamma function. It is well known that

(3.12)

⎛
⎝F−1

(σ,q)→(x,y)

sin
(
t
√

σ2 + q2
)

√
σ2 + q2

⎞
⎠ (x) =

sgn t H
(
t2 − x2 − y2

)
√
t2 − x2 − y2

.
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Since F−1
y→q

H(a2−y2)√
a2−y2

=
√

π
2 J0(qa) then (3.11) follows from (3.12). Hence E is of the

form (3.6). It follows from (3.10) that

(3.13) W (x, T ) = E(x, T )∗

⎡
⎢⎢⎣W 0(x) −

√
2

π
F−1

∫ ∞
0

⎛
⎜⎜⎝−

sin
(
t
√

σ2 + q2
)

√
σ2 + q2

cos(t
√
σ2 + q2)

⎞
⎟⎟⎠U(t) dt

⎤
⎥⎥⎦ .

Therefore (3.5) holds. With regard to Lemmas 6.1 and 6.7 we conclude that if W 0 ∈
H̃p, ΩU ∈ Hp−1, and ΞU ∈ Hp−1, then W (·, T ) ∈ H̃p, p ∈ R. The proposition is
proved.

Thus we have

(3.14) RU
T (w0) =

{
E(x, T ) ∗

[
Ξw0(x) − Φ

(
ΩU
ΩU ′
)

(x)

]∣∣∣∣u ∈ BU (0, T )

}
.

The following theorem gives us sufficient conditions for (approximate) null-
controllability.

Theorem 3.3. For a state w0 ∈ Hs and a given time T > 0 assume that

suppw0
0 ⊂ [0, T ];(3.15)

Ξw0
0 ∈ H1

0 and
∣∣(Φ−1Ξw0

0

)
(ξ)
∣∣ ≤ U a.e. on [0, T ];(3.16)

Ξw0
1 = Φ

(
d

dξ

(
sgn ξ

(
Φ−1Ξw0

0

)))
.(3.17)

Then the state w0 is null-controllable at the time T . Moreover, the solution of the
null-controllability problem (the control u) is unique and

u(t) = − d

dt

∫ T

t

I0

(
q
√
x2 − t2

)
w0

0
′(x) dx

= w0
0
′(t) +

∫ T

t

qtI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
0
′(x) dx

= w0
1(t) +

∫ T

t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
1(x) dx a.e. on (0, T ).(3.18)

Here Iν(ξ) = i−νJν(iξ) is the modified Bessel function. Under conditions (3.15)–(3.17)
T∗ = max suppw0

0 is the optimal time and u of the form (3.18) (for T = T∗) is the
time-optimal control for the null-controllability problem.

Proof. Put

(3.19) Û = Φ−1Ξw0
0.

It follows from Lemma 6.3 and (3.16) that Û is odd and Û ∈ L∞(R). Put U(t) =

H(t)Û(t) and denote by u(t) its restriction on [0, T ]. Then Û(t) = (ΩU)(t), U(t) =
u(t)(H(t) − H(t − T )). Using again Lemma 6.4 we conclude that u ∈ BU (0, T ) and
the first part of assertion (3.18) is true for it. Taking into account (3.17), (3.19) we
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get

W 0
1 = Ξw0

1 = Φ

(
d

dt

(
sgn t

(
Φ−1Ξw0

0

)))

= Φ

(
d

dt

(
sgn t

(
Φ−1ΦΩU

)))
= Φ

(
d

dt
(sgn tΩU)

)
= ΦΩU ′.(3.20)

With regard to (3.19), (3.20) we have from (3.5) that W (·, T ) = 0. Here W is the
solution of (3.2), (3.3). Thus w0

0 is null-controllable.

It follows from (3.20) and Lemma 6.5 that (ΞU)′ = W̃ 0
1
′, where W̃ 0

1 ∈ H0
0 is even,

supp W̃ 0
1 ⊂ [−T, T ], and W̃ 0

1 (t) = W 0
1 (t) +

∫ T

|t|
qxI1(q

√
x2−t2)√

x2−t2 W 0
1 (x) dx. Since ΞU and

W̃ 0
1 have compact supports, then ΞU = W̃ 0

1 . Therefore the second part of (3.18) is
true.

Put T∗ = max suppw0
0. With regard to (3.5) we conclude that T = T∗ is the

optimal time and u of the form (3.18) (for T = T∗) is the time-optimal control for
null-controllability problem. The theorem is proved.

The following theorem asserts that conditions (3.15)–(3.17) are not only sufficient
but also necessary for (approximate) null-controllability.

Theorem 3.4. If a state w0 ∈ Hs is approximately null-controllable at a given
time T > 0, then assertions (3.15)–(3.17) are valid.

Proof. For each n ∈ N there exists a state Wn ∈ RU
T (w0) such that |||Wn|||s < 1/n.

With regard to (3.14) we have

E(x,−T ) ∗Wn(x) = W 0(x) − Φ

(
ΩUn

ΩU ′n

)
(x)

for some un ∈ BU (0, T ), where Un(t) = un(t) (H(t) −H(t− T )). Using Lemma 6.7
we get

(3.21) Φ

(
ΩUn

ΩU ′n

)
−→ W 0 as n −→ ∞ in H̃s.

According to Lemma 6.1 suppW 0
0 ⊂ [0, T ]. Applying Lemma 6.3 we have

(3.22)

(
ΩUn

ΩU ′n

)
−→ Φ−1W 0 as n −→ ∞ in H0

s−1 ×H0
s−2.

Put Û = Φ−1W 0
0 . With regard to Lemma 6.3 we get supp Û ⊂ [−T, T ], Û is odd. Let

us prove that

(3.23)
∣∣∣Û(t)

∣∣∣ ≤ U a.e. on [−T, T ].

Since ΩUn −→ Û as n −→ ∞ in Hs−1
0 then the sequence {ΩUn}∞n=1 converges to Û as

n −→ ∞ in S′ and consequently in
(
L2(R)

)′
because {ΩUn}∞n=1 is uniformly bounded

on R and S is dense in L2 (R). By the Riesz theorem Û ∈ L2 (R). Since un ∈ BU (0, T )
then (3.23) holds. With regard to Lemma 6.1 we obtain from here that (3.15), (3.16)

are true. Setting U(t) = H(t)Û(t) and taking into account (3.22) we obtain(
ΩUn

ΩU ′n

)
−→

(
ΩU
ΩU ′
)

= Φ−1W 0 as n −→ ∞ in H0
s−1 ×H0

s−2.
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Hence (3.17) holds. The theorem is proved.
Remark 3.1. According to Lemma 6.5 condition (3.16),

Ξw0
0 ∈ H1

0 and

∣∣∣∣∣w0
0
′(t) +

∫ T

t

qtI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
0
′(x) dx

∣∣∣∣∣ ≤ U a.e. on [0, T ],

is equivalent to

(3.16′) w0
1 ∈ H0

0 and

∣∣∣∣∣w0
1(t) +

∫ T

t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
1(x) dx

∣∣∣∣∣ ≤ U a.e. on [0, T ]

if (3.15) and (3.17) hold.
Remark 3.2. It follows from the proof of Theorem 3.3 that condition (3.17) is

equivalent to

(3.17′) w0
0
′(x)−w0

1(x) +

∫ ∞
x

qI1

(
q
√
ξ2 − x2

)
√
ξ2 − x2

(
xw0

0
′(ξ) − ξw0

1(ξ)
)
dξ = 0, x > 0.

And according to Lemma 6.6 condition (3.17) is equivalent to

(3.17′′) w0
1(x) = w0

0
′(x) + q

∫ ∞
x

w0
0(ξ)

I1 (q(ξ − x))

ξ − x
dξ, x > 0.

Other conditions equivalent to (3.17) are given below in Remarks 4.1 and 5.2.
Remark 3.3. Let q = 0. Then (3.17) is of the form w0

1 = w0
0
′ and (3.18) is of the

form u(t) = w0
0
′(t) = w0

1(t) a.e. on [0, T ].
Remark 3.4. With regard to Lemma 6.5

(3.24) w0
1 ∈ H0

0 and
∣∣w0

1(x)
∣∣ ≤ U

I0(qT )
a.e. on [0, T ]

is sufficient for (3.16′) (and (3.16)) and

(3.25) w0
1 ∈ H0

0 and
∣∣w0

1(x)
∣∣ ≤ U(1 + qT ) a.e. on [0, T ]

is necessary for (3.16′) (and (3.16)). If q = 0, we obtain from here that (3.16′) and
(3.16) are equivalent to

(3.26) w0
1 ∈ H0

0 and
∣∣w0

1(x)
∣∣ ≤ U a.e. on [0, T ].

It follows from Example 3.1 (see below) that (3.24) is not necessary and (3.25) is not
sufficient for (3.16′) (and (3.16)) in the case q > 0 for each T > 0.

Example 3.1. Let q > 0, T > 0, α > 0. Put f(x) = α(H(x + T ) − H(x − T )),

h(x) = f(x)−
∫∞
|x|

qtJ1(
√
t2−x2)√

t2−x2 f(t) dt = αJ0(
√
T 2 − x2)(H(x+T )−H(x−T )). With

regard to Lemma 6.5 we obtain that f(t) = h(t)+
∫∞
|t|

qxI1(
√
x2−t2)√

x2−t2 h(x) dx. Evidently,

sup {|f(x)| | x ∈ (−T, T )} = sup {|h(t)| | t ∈ (−T, T )} = α. Setting α = U we con-
clude that (3.24) is not necessary for (3.16′) (and (3.16)) for each T > 0. Setting
α = (1 + qT )U we conclude that (3.25) is not sufficient for (3.16′) (and (3.16)) for
each T > 0.
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4. Bang-bang controls. The solution found in section 3 for the null-controll-
ability problem (i.e., the control) may be too complicated for practical purposes. In
this section we find bang-bang controls solving the approximate null-controllability
problem. We consider a system of the Markov power moment problems and show
that their bang-bang solutions are solutions of the approximate null-controllability
problem if s < 1/2.

Consider control system (3.2), (3.3) and assume that for T > 0 and w0 ∈ Hs,
s ≤ 1, conditions (3.15)–(3.17) hold. According to Theorem 3.3 there exists ũ ∈
BU (0, T ) such that W 0 = Ξw0 = Φ

(
ΩŨ
ΩŨ ′

)
, where Ũ(t) = ũ(t) [H(t) −H(t− T )]. With

regard to (3.5) we obtain

(4.1) W (x, T ) = E(x, T ) ∗ Φ

⎛
⎝ Ω

(
Ũ − U

)
Ω
(
Ũ ′ − U ′

)
⎞
⎠

for a given u ∈ BU (0, T ), where U(t) = u(t) [H(t) −H(t− T )] and W is the solution
of (3.2), (3.3).

Let n ∈ N. Taking into account (3.18) we conclude that∫ T

0

tnũ(t) dt = −
∫ ∞

0

tn
d

dt

∫ T

t

I0

(
q
√
x2 − t2

)
w0

0
′(x) dx dt

= −n

∫ T

0

tn−1

(
w0

0(t) +

∫ ∞
t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
0(x) dx

)
dt.(4.2)

For f ∈ Hs and m ∈ N we have

∫ ∞
0

tm

(
f(t) +

∫ ∞
t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

f(x) dx

)
dt

=

∫ ∞
0

xmf(x) dx +

∫ ∞
0

xf(x)

∫ x

0

qtmI1
(
q
√
x2 − t2

)
√
x2 − t2

dt dx.

Since∫ x

0

tm
(
x2 − t2

)k
dt =

x2k+m+1

2

∫ 1

0

ξ(m−1)/2(1−ξ)k dξ =
x2k+m+1

2

Γ
(
m+1

2

)
Γ(k + 1)

Γ
(
k + m+1

2 + 1
)

then∫ x

0

qtmI1
(
q
√
x2 − t2

)
√
x2 − t2

dt = Γ

(
m + 1

2

) ∞∑
k=0

x2k+m+1

(k + 1)!Γ
(
k + n+1

2 + 1
) (q

2

)2k+2

= −xm−1 + Γ

(
m + 1

2

)(
2

q

)(m−1)/2

x(m−1)/2I(m−1)/2(qx).

Hence

(4.3)

∫ ∞
0

tm

(
f(t) +

∫ ∞
t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

f(x) dx

)
dt

= Γ

(
m + 1

2

)(
2

q

)(m−1)/2 ∫ ∞
0

x(m+1)/2I(m−1)/2(qx)f(x) dx
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for f ∈ Hs and m ∈ N. For n = 0,∞ and j = 0, 1 put

(4.4) ωn
j = −nΓ

(n
2

)(2

q

)(n−2)/2 ∫ ∞
0

xn/2I(n−2)/2(qx)w0
j (x) dx.

In particular, if q = 0, then ωn
j = −n

∫∞
0

xn−1w0
j (x) dx, n = 0,∞. Then

(4.5)

∫ T

0

tnũ(t) dt = ωn
0 , n = 0,∞.

Taking into account (3.17), (3.18), and (4.3) we get

∫ T

0

tnũ(t) dt =

∫ T

0

tn

(
w0

1(x) +

∫ ∞
t

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

w0
1(x) dx

)
dt = −ωn+1

1

n + 1

for n = 0,∞. Summarizing we get the following.
Remark 4.1. Condition (3.17) is equivalent to ωn

1 + nωn−1
0 = 0, n = 1,∞.

Definition 4.1. The problem of determination of a function u ∈ BU (0, T ) such
that

(4.6)

∫ T

0

tnu(t) dt = ωn
0 , n = 0,∞,

for a given {ωn
0 }
∞
n=0 and T > 0 is called the Markov power moment problem on (0, T )

for the infinite sequence {ωn
0 }
∞
n=0.

With regard to (4.1) we obtain W (x, T ) ≡ 0 ⇔ ΩŨ(t) ≡ ΩU(t). Due to the Paley–

Wiener theorem we get that ν̃ = FΩŨ and ν = FΩU are entire functions. Therefore
W (x, T ) ≡ 0 ⇔ [ν̃(m)(0) = ν(m)(0), m = 0,∞]. Taking into account (4.5) and

ν̃(m)(0) = (−i)m
√

2

π

∫ T

0

tmũ(t) dt, ν(m)(0) = (−i)m
√

2

π

∫ T

0

tmu(t) dt, m = 0,∞,

we conclude that u ∈ BU (0, T ) is a solution of the Markov power moment problem
(4.6) for {ωn

0 }
∞
n=0 given by (4.4) iff it is a solution of the null-controllability problem

for (3.2), (3.3).
With regard to Theorem 3.3 this gives us the following.
Theorem 4.2. Assume that T > 0 and for a state w0 ∈ Hs conditions (3.15)–

(3.17) hold. Assume also that {ωn
0 }
∞
n=0 is defined by (4.4). Then the Markov power

moment problem (4.6) has a unique solution on (0, T ) for {ωn
0 }
∞
n=0. Moreover, this

solution is the solution of the null-controllability problem for w0 at the time T and is
of the form (3.18).

Consider (4.6) for a finite set of n:

(4.7)

∫ T

0

tnu(t) dt = ωn
0 , n = 0, N,

where N ∈ N.
Definition 4.3. The problem of determination of a function u ∈ BU (0, T ) sat-

isfying condition (4.7) for a given {ωn
0 }

N
n=0 and T > 0 is called the Markov power

moment problem on (0, T ) for the finite sequence {ωn
0 }

N
n=0.
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Obviously, u of the form (3.18) is a solution of this problem for {ωn
0 }
∞
n=0 given by

(4.4), but it is not unique.
Let us show that solutions of moment problem (4.7) for various N give us controls

solving the approximate null-controllability problem.
Theorem 4.4. Let T > 0, w0 ∈ Hs, s < 1/2. Also, let conditions (3.15)–(3.17)

be fulfilled and {ωn
0 }
∞
n=0 be defined by (4.4). Then for all ε > 0 there exists N > 0

such that for each solution u ∈ BU (0, T ) of moment problem (4.7) the corresponding
solution W of control system (3.2), (3.3) satisfies |||W (·, T )|||s < ε.

Proof. Taking into account (4.5) we have

(
F
(
Ũ − U

))
(σ) =

1√
2π

∞∑
n=0

(−iσ)n

n!

∫ T

0

tn
(
Ũ(t) − U(t)

)
dt

=
1√
2π

∞∑
n=0

(−iσ)n

n!

(
ωn

0 −
∫ T

0

tnu(t) dt

)
.

Let N ∈ N be fixed and also let u ∈ BU (0, T ) be a solution of (4.7). Then

(4.8)
(
F
(
Ũ − U

))
(σ) =

1√
2π

∞∑
n=N+1

(−iσ)n

n!

(
ωn

0 −
∫ T

0

tnu(t) dt

)
.

Since ∣∣∣∣
(

∂

∂σ

)m (
F
(
Ũ − U

))
(σ)

∣∣∣∣ = 1√
2π

∣∣∣∣∣
∫ T

0

(ix)me−iσx (ũ(t) − u(t)) dt

∣∣∣∣∣
≤ 2UTm+1

√
2π(m + 1)

, σ ∈ R, m = 0,∞,

then ∣∣∣(F (Ũ − U
))

(σ)
∣∣∣ ≤ 2UTN+2aN+1

√
2π(N + 2)!

, |σ| ≤ a,(4.9)

∣∣∣(F (Ũ − U
))

(σ)
∣∣∣ ≤ 2UT√

2π
, σ ∈ R,(4.10)

where a > 0. Therefore(∥∥∥F (Ũ − U
)∥∥∥0

s−1

)2

=

∫ ∞
−∞

(
1 + σ2

)s−1
∣∣∣(F (Ũ − U

))
(σ)
∣∣∣2 dσ

≤ 4U2(Ta)2(N+2)

πa((N + 2)!)2
+

4(UT )2

π

∫ ∞
a

(
1 + σ2

)s−1
dσ

≤ 4U2(Ta)2(N+2)

πa((N + 2)!)2
− 4(UT )2

π

a2s−1

2s− 1
.

Applying the Stirling formula we have

(Ta)N+2

(N + 2)!
≤
(

Tae

N + 2

)N+2
1√

2π(N + 2)
.
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Setting a = (N + 2)/(2Te) we get

(∥∥∥Ũ − U
∥∥∥s−1

0

)2

=

(∥∥∥F (Ũ − U
)∥∥∥0

s−1

)2

≤ U2Te

π2(N + 2)222N+2
− (N + 2)2s−1

π(2s− 1)(2Te)2s−1
.

Applying Proposition 3.2 and Lemmas 6.7 and 6.1 we conclude that

(4.11) |||W (·, T )|||p ≤ MT
q Lp

q

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
⎛
⎝ Ω

(
Ũ − U

)
Ω
(
Ũ ′ − U ′

)
⎞
⎠
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
p−1

≤ 2MT
q Lp

q

∥∥∥Ũ − U
∥∥∥p−1

0
,

since ‖f ′‖p−1
0 ≤ ‖f‖p0, f ∈ Hp

0 , p ≤ 1. Therefore

(4.12) |||W (·, T )|||s ≤ 2MT
q Ls

q

(∥∥∥Ũ − U
∥∥∥s−1

0

)2

≤ 2MT
q Ls

q

(
U2Te

π2(N + 2)222N+2

− (N + 2)2s−1

π(2s− 1)(2Te)2s−1

)1/2

−→ 0 as N −→ ∞.

The theorem is proved.
Denote

BU
N (0, T ) = {u ∈ BU (0, T ) | ∃T∗ ∈ (0, T )(|u(t)| = U a.e. on (0, T∗))

∧ (u(t) = 0 a.e. on (T∗, T ))

∧ (u has no more than N discontinuities on (0, T∗))}.

It is well known [8, 9] that if the Markov power moment problem (4.7) is solvable,
then there exists its solution u ∈ BU

N (0, T ). Taking into account Theorem 4.4 we con-
clude that under the conditions of this theorem we can find a solution uN ∈ BU

N (0, T )
of the Markov power moment problem (4.7) for N ∈ N, and such solutions {uN}∞N=1

give us bang-bang controls solving the approximate null-controllability problem (see
also (4.12)).

Thus the following theorem is true.
Theorem 4.5. Let T > 0, w0 ∈ Hs, s < 1/2. Also, let conditions (3.15)–(3.17)

be fulfilled and {ωn
0 }
∞
n=0 be defined by (4.4). Then for all N ∈ N there exists a solution

uN ∈ BU
N (0, T ) of moment problem (4.7). Moreover, for this uN the corresponding

solution WN of control system (3.2), (3.3) satisfies the estimate

∣∣∣∣∣∣WN (·, T )
∣∣∣∣∣∣s

≤ 2MT
q Ls

q

(
U2Te

π2(N + 2)222N+2
− (N + 2)2s−1

π(2s− 1)(2Te)2s−1

)1/2

−→ 0 as N −→ ∞.

Bang-bang controls solving the approximate null-controllability problem; i.e., so-
lutions (4.7) (N ∈ N) can be found by the algorithm given in [14].

Let us show that the condition s < 1/2 of Theorems 4.4 and 4.5 is essential.
Precisely, if s = 1, then ∃w0 ∈ Hs ∀u ∈ ∪N∈NBU

N (0, T ) ∃ε0 > 0 such that for the
solution W of (3.2), (3.3) corresponding to the control u we have |||W (·, T )|||s ≥ ε0.
Thus the state w0 is not approximately null-controllable at the time T by bang-bang
controls if s = 1.
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Example 4.1. Let s = 1, T > 0. Also, let Ũ(t) = U
2 [H(t) −H(t− T )], w0 =

H(x)
(
Φ
(

ΩŨ
ΩŨ ′

))
(x). Evidently, w0 ∈ Hs and (3.15)–(3.17) hold for it. Let N ∈ N,

u ∈ BU
N (0, T ). Hence u(t) = α

∑N
k=0(−1)k [H(t− tk) −H(t− tk+1)], where α = ±U ,

0 = t0 < t1 < t2 < · · · < tN+1 = T∗ ≤ T , U(t) = (H(t) − H(t − T )). Let W be a
solution of (3.2), (3.3) corresponding to the control u. Taking into account (4.1) and
Lemmas 6.7 and 6.3 we get

|||W (·, T )|||1 ≥ 1

MT
q K0

q

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
⎛
⎝Ω

(
Ũ − U

)
Ω
(
Ũ − U

)′
⎞
⎠
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
0

≥ 1

MT
q K0

q

∥∥∥Ω(Ũ − U
)∥∥∥0

0
.

Since
∥∥Ω(Ũ−U

)∥∥0

0
≥
( ∫ T

−T |Ω
(
Ũ−U

)
(t)|2 dt

)
≥ U

√
T
2 then |||W (·, T )|||1 ≥ U

√
T√

2MT
q K0

q

=
ε0. That was to be proved.

5. Continuous controls. Note again that the solution of the null-controllability
problem (i.e., the control) found in section 3 may be too complicated for practical pur-
poses. That is why bang-bang controls solving the approximate null-controllability
problem have been constructed in section 4. They also solve the Markov power mo-
ment problem. Bang-bang controls are the simplest by their structure. But, first, they
do not allow us to solve approximate null-controllability problem for s ≥ 1/2, and sec-
ond, the algorithm for solving the Markov power moment problems (and constructing
bang-bang controls) is rather sensitive to computational errors. Moreover, in some
cases we need to avoid straining the control system and drive it to a desired state
in a continuous way. That is why we construct continuous controls that solve the
approximate null-controllability problem for s ≤ 1 and satisfy restriction (1.4). They
are obtained with the help of the Cesàro means for a Fourier series determined by the
data of the considered system. These controls generate a continuous steering state if
an initial state is continuous. The problem of steering a finite string from a continuous
initial state with a continuous control function that is at t = 0 compatible with the
initial state to the zero state such that the generated system state is continuous was
considered in [4].

Consider control system (3.2), (3.3) and assume that for s ≤ 1, T > 0, and
w0 ∈ Hs conditions (3.15)—(3.17) hold. Set

(5.1) Ũ(t) = H(t)
(
Φ−1Ξw0

0

)
(t)

and denote by ũ the restriction of Ũ on [0, T ]. By Theorem 3.3 ũ ∈ BU (0, T ). Put

νn =
2

T

∫ T

0

ũ(t) sin
πnt

T
dt, n = 0,∞.

Taking into account (5.1), (6.4), and Lemma 6.3 we get

(5.2) νn =

√
2πi

T

(
FΩŨ

)(πn
T

)
=

2πn

T 2

∫ T

0

cos
(
x
√

(πn/T )2 − q2
)
w0

0(x) dx.

Put

(5.3) un(t) =
1

n + 1

n∑
k=0

k∑
l=0

νl sin
πlt

T
=

n∑
l=0

n + 1 − l

n + 1
νl sin

πlt

T
, n = 0,∞.
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Evidently, un is a Cesàro mean for the Fourier series
∑∞

l=0 νl sin
πlt
T , n = 0,∞. Set

ν(t) =
∑∞

k=−∞(ΩŨ)(t−2Tk). It is well known [16, Chapter 3, section 3] that un(t) =
1
T

∫ T

−T ν(t+ ξ)Fn(ξ) dξ, where Fn(ξ) = 1
2(n+1)

( sin((n+1)πξ/T )
sin(πξ/T )

)2
is the Fejér kernel and

1
T

∫ T

−T Fn(ξ) dξ = 1. Hence |un(t)| ≤
∣∣ 1
T

∫ T

−T ν(t + ξ)Fn(ξ) dξ
∣∣ ≤ U

T

∫ T

−T Fn(ξ) dξ = U
since Fn(ξ) ≥ 0, ξ ∈ R. Therefore

(5.4) un ∈ BU (0, T ).

For U0
l (t) = sin πlt

T (H(t) −H(t− T )), l = 1,∞, we have

(
FΩU0

l

)
(σ) =

i√
2π

(
sin[T (σ + πl

T )]

σ + πl
T

−
sin[T (σ − πl

T )]

σ − πl
T

)
=

√
2

π

(−1)l+1 πl
T i sin(σT )

σ2 − (πlT )2
.

Hence FΩU0
l ∈ H0

p , p < 3/2, l = 1,∞. Therefore

(5.5) Un ∈ Hp
0 , p < 3/2, n = 0,∞,

where Un(t) = un(t) (H(t) −H(t− T )).
Let us prove that

(5.6) un −→ ũ as n −→ ∞ in L2(0, T ).

Since ũ ∈ BU (0, T ) ⊂ L2(0, T ) then

(5.7)
T

2

∞∑
l=0

ν2
l =

(
‖ũ‖L2(0,T )

)2

.

Taking this into account we have from [16, Chapter 3, section 1] that the first and
the second Cesàro means tend to ‖ũ‖L2(0,T ) as n → ∞, i.e.,

n∑
l=0

n + 1 − l

n + 1
ν2
l −→ T

2

∞∑
l=0

ν2
l as n −→ ∞,(5.8)

n∑
l=0

(n + 1 − l)(n + 2 − l)

(n + 1)(n + 2)
ν2
l −→ T

2

∞∑
l=0

ν2
l as n −→ ∞.(5.9)

Since (5.8) implies
∑n

l=0
l

n+1ν
2
l → 0 as n → ∞ then (5.9) yields

∑n
l=0

l2

(n+1)2 ν
2
l → 0

as n → ∞. Summarizing, we obtain

(5.10) ‖ũ− un‖L2(0,T ) =

∥∥∥∥∥
∞∑
l=0

νl sin
πlt

T
−

n∑
l=0

n + 1 − l

n + 1
νl sin

πlt

T

∥∥∥∥∥
L2(0,T )

=

√
T

2

( ∞∑
l=n+1

ν2
l +

n∑
l=0

l2

(n + 1)2
ν2
l

)1/2

−→ 0 as n −→ ∞,

and hence (5.6) holds.
Taking into account (4.11), (5.4), and (5.10) we get the following.
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Theorem 5.1. Let T > 0, w0 ∈ Hs, s ≤ 1. Also, let conditions (3.15)–(3.17)
be fulfilled, {νn}∞n=0 and {un}∞n=0 be defined by (5.2), (5.3), respectively. Then un ∈
BU (0, T ), n = 0,∞, and

|||Wn(·, T )|||s ≤
√

2TMT
q Ls

q

( ∞∑
l=n+1

ν2
l +

n∑
l=0

l2

(n + 1)2
ν2
l

)1/2

−→ 0 as n −→ ∞,

where Wn is the solution of (3.2), (3.3) corresponding to the control un. Moreover,
un ∈ C∞(0, T ) and Un ∈ Hp

0 , p < 3/2, n = 0,∞, where Un(t) = un(t)(H(t) − H
(t− T )).

Thus the continuous controls un, n = 0,∞, defined by (5.3) are solutions of the
approximate null-controllability problem.

Remark 5.1. It follows from Proposition 3.2 and (5.5) that Wn(·, T ) ∈ Hp
0 if

Ξw0
0 ∈ Hp

0 and p < 5/2. It is well known [3, Chapter 1] that H̃p ⊂ C1(R) × C(R) if
p > 3/2. Thus Wn(·, T ) ∈ C1(R) × C(R) if Ξw0

0 ∈ Hp
0 , 3/2 < p < 5/2.

For n ∈ N denote λn =
√

(πn/T )2 − q2,

ω̃n
j =

√
π

2

(
FΞw0

0

)
(λn) , j = 1, 2.

Then νn = 2i
T

√
π
2 (FΩŨ)

(
πn
T

)
= 2i

T

√
π
2

(
F
(
Φ−1Ξw0

0

)) (
πn
T

)
= − 2πn

T 2 ω̃n
0 . Condition

(3.17) is equivalent to Ωw0
1 = ΦΩŨ ′, where Ũ is given by (5.1). Therefore

ω̃n
1 =

Ti

πn

√
π

2

(
F
(
ΞŨ
)′)(πn

T

)
= −

∫ T

0

cos
πnt

T
ũ(t) dt

= −
∞∑
l=0

νl

∫ T

0

cos
πnt

T
sin

πlt

T
dt =

2

T

∞∑
l=0

(
(−1)l+n − 1

) l2

l2 − n2
ω̃l

0, n = 0,∞.

Thus the following assertion is true.
Remark 5.2. Condition (3.17) is equivalent to

ω̃n
1 =

2

T

∞∑
l=0

(
(−1)l+n − 1

) l2

l2 − n2
ω̃l

0, n = 0,∞.

Example 5.1. Let s ≤ 1, q ≥ 0, T > 0, w0
0(x) = 1

2

(
x2 − T 2

)
(H(x) −H(x− T )),

w0
1(x) =

(
Φ d

dt

(
sgn tΦ−1Ξw0

0

))
(x). Evidently, w0 ∈ Hs. With regard to Lemma 6.4

we get
(
Φ−1Ξw0

0

)
(t) = tI0

(
q
√
T 2 − t2

)
(H(t + T ) −H(t− T )).

By Theorem 3.3 the state w0 is null-controllable (and hence approximately null-
controllable) if U ≥ sup {|tI0

(
q
√
T 2 − t2

)
|
∣∣ t ∈ [0, T ]}.

Let us find the continuous controls un, n = 1,∞, of the form (5.3) that solve
approximate null-controllability problem and estimate |||Wn(·, T )|||s, where Wn is
the solution of (3.2), (3.3) corresponding to un.

For l ∈ N we have νn = − 2πn
T 2 ω̃n

0 ,

ω̃l
0 =

1

2

∫ T

0

cos (λlx)
(
x2 − T 2

)
dx =

1

λ2
l

(
T cos (λlT ) − sin (λlT )

λl

)
,

νl =
2πl

T 2λ2
l

(
sin (λlT )

λl
− T cos (λlT )

)
,
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and

un(t) =
2π

T 2

n∑
l=1

(n + 1 − l)l

(n + 1)λ2
l

(
sin (λlT )

λl
− T cos (λlT )

)
sin

πlt

T
, t ∈ [0, T ].

We have |λl| ≤ q ⇔ 1 ≤ l ≤
√

2Tq/π. Set n0 ∈ N such that n0 ≤
√

2Tq/π and
n0 + 1 >

√
2Tq/π. Therefore

|νl| ≤
8πT l sinh2(Tq/2)

(Tq)2
if 1 ≤ l ≤ n0,

|νl| ≤
8T

πl
if l ≥ n0 + 1.

Let n > n0. With regard to (5.10) we obtain

√
2T

( ∞∑
l=n+1

ν2
l +

n∑
l=1

l2

(n + 1)2
ν2
l

)1/2

≤ 4(2T )3/2

(
1

π2

∞∑
l=n+1

1

l2
+

1

π2(n + 1)2

n∑
l=n0+1

1 +
π2 sinh4(Tq/2)

(Tq)4(n + 1)2

n0∑
l=1

l4

)1/2

≤ 4(2T )3/2
(

2

π2n
+ (1 − δ0,n0)

π2 sinh4(Tq/2)

5(Tq)4
(n0 + 1)5

(n + 1)2

)
= εn,

where δkm is the Kronecker delta δkm = 1 if k = m, and δkm = 0 otherwise. According
to Theorem 5.1 |||Wn(·, T )|||s ≤ MT

q Ls
qεn. For example, for various q ≥ 0 and T > 0

we have

q = 0, T > 0, n0 = 0, εn =
8(2T )3/2

π
√
n

,

q > 0, T q = 1, n0 = 0, εn =
8(2T )3/2

π
√
n

,

q > 0, T q = 4, n0 = 1, εn = 4(2T )3/2

√
2

π2n
+

π2 sinh4 2

40(n + 1)2
,

q > 0, T q = 6, n0 = 2, εn = 4(2T )3/2

√
2

π2n
+

3π2 sinh4 3

80(n + 1)2
,

q > 0, T q = 8, n0 = 3, εn = 4(2T )3/2

√
2

π2n
+

π2 sinh4 4

20(n + 1)2
,

q > 0, T q = 10, n0 = 4, εn = 4(2T )3/2

√
2

π2n
+

π2 sinh4 5

16(n + 1)2
.

6. Appendix. We assume throughout this section that p ∈ R.
Denote ∂ : S′ −→ S′ with D(∂) = {f ∈ S′ | f is even and supp f ⊂ [−T, T ]} such

that ∂f = f ′, f ∈ D(∂). Evidently, R(∂) = {g ∈ S′ | f is odd and supp g ⊂ [−T, T ]}.
Then

(6.1) ‖∂f‖p−1
0 = ‖iσFf‖0

p−1 ≤ ‖Ff‖0
p = ‖f‖p0 , f ∈ D(∂) ∩Hp

0 ;
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i.e., ∂ is bounded linear operator from Hp
0 to Hp−1

0 . Due to the Paley–Wiener theorem
we obtain that ∂ is invertible and D

(
∂−1
)

= R (∂). According to the inverse operator
theorem we conclude that ∃Np > 0 such that

(6.2)
∥∥∂−1g

∥∥p
0
≤ Np ‖g‖p−1

0 , g ∈ R (∂) ∩Hp−1
0 = D

(
∂−1
)
∩Hp−1

0 .

Lemma 6.1. Let g ∈ D(Φ), f = Φg. Then
(i) supp f ⊂ [−T, T ];
(ii) f is even;

(iii) ‖f‖p0 ≤ Lp
q ‖g‖

p−1
0 , g ∈ D(Φ) ∩Hp

0 , where Lp
q > 0;

(iv) if q = 0, then Φ = ∂−1.
Proof. Taking into account the generalized Paley–Wiener theorem [2, Chapter 3]

we conclude that (1) G = Fg is a regular functional; (2) G is of a polynomial growth on
R; and (3) G can be extended to an entire function of the order ≤ 1 and the type ≤ T .

Evidently, G is odd. Therefore 1√
σ2+q2

G
(√

σ2 + q2
)

is an even entire function of

the order ≤ 1 and the type ≤ T with a polynomial growth on R. Using again the
generalized Paley–Wiener theorem we obtain that f ∈ S′ and (i), (ii) are true. Let us

prove (iii). Since ‖G‖0
p−1 = ‖g‖p−1

0 we then have

(
‖f ′‖p−1

0

)2

=

⎛
⎜⎝
∥∥∥∥∥∥
σG
(√

σ2 + q2
)

√
σ2 + q2

∥∥∥∥∥∥
0

p−1

⎞
⎟⎠

2

= 2

∫ ∞
0

(
1 + σ2

)p−1

∣∣∣∣∣∣
G
(√

σ2 + q2
)

√
σ2 + q2

∣∣∣∣∣∣
2

σ2 dσ

= 2

∫ ∞
q

(
1 − q2 + μ2

)p−1 |G(μ)|2
√

1 − q2

μ2
dμ ≤

(
L̃p
q

)2 (
‖g‖p−1

0

)2

,

where L̃p
q =

(
1 + q2

)−(p−1)/2
if p ≤ 1, and L̃p

q = 1 otherwise. With regard to (6.2) we

obtain ‖f‖p0 ≤ Np ‖f ′‖p−1
0 ≤ Lp

q ‖g‖
p−1
0 , where Lp

q = NpL̃p
q . Therefore (iii) holds. If

q = 0, then f = Φg = F−1
( (Fg)(σ)

(iσ)

)
= ∂−1g; i.e., (iv) is true. The lemma is proved.

Lemma 6.2. Let g ∈ D(Φ) ∩H0
0 , f = Φg. Then

f(x) = −
∫ ∞
|x|

J0

(
q
√
t2 − x2

)
g(t) dt.(6.3)

Proof. From the definition of Φ we get

f = −iF−1
σ→x

⎛
⎝
(
Fg
)(√

σ2 + q2
)

√
σ2 + q2

⎞
⎠ = − 1√

2π

∫ ∞
−∞

g(t)F−1
σ→x

⎛
⎝ sin

(
t
√

σ2 + q2
)

√
σ2 + q2

⎞
⎠ dt.

With regard to (3.11) we conclude that

f(x) = −1

2

∫ ∞
−∞

g(t)J0

(
q
√
t2 − x2

)
H
(
t2 − x2

)
sgn t dt.

Therefore 6.3 is true. The lemma is proved.
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Denote Ψ : S′ −→ S′ with D(Ψ) = {f ∈ S′ | f is even and supp g ⊂ [−T, T ]}
such that

(6.4) (Ψf) (t) = F−1
μ→t

(
iμ
(
Ff
)(√

μ2 − q2
))

(t), f ∈ D(Ψ).

Lemma 6.3. Let f ∈ D(Ψ), g = Ψf . Then
(i) supp g ⊂ [−T, T ];
(ii) g is odd;

(iii) ‖g‖p−1
0 ≤ Kp−1

q ‖f‖p0, f ∈ D(Ψ) ∩Hp
0 , where Kp

q > 0;
(iv) if q = 0, then Ψ = ∂.

In addition, R(Ψ) = D(Φ), D(Ψ) = R(Φ), and Ψ = Φ−1.
Proof. Reasoning as in the proof of Lemma 6.1 we conclude that f ∈ S′ and (i), (ii)

are true. Hence R(Ψ) ⊂ D(Φ). Let us prove (iii). We have R(Φ) ⊂ D(Ψ) and

(6.5) ΨΦg = F−1
μ→t

(
iμ (Fx→ξ (Φg) (x)) (ξ)|

ξ=
√

μ2−q2

)
= F−1

μ→t

(
μ

μ
(Fg) (μ)

)
= g;

i.e., Φ : D(Φ) −→ R(Φ) is invertible and Φ−1 = Ψ.
Denote by Φp the restriction of Φ on Hp−1

0 : Φp : D(Φ) ∩Hp−1
0 −→ R(Φ) ∩Hp

0 .
According to Lemma 6.1 Φp is bounded. It follows from (6.5) that Φp is invertible and
Φ−1

p = Ψp−1, where Ψp−1 is the restriction of Ψ on Hp
0 : Ψp : D(Ψ) ∩Hp

0 −→ R(Ψ) ∩
Hp−1

0 . Applying the inverse operator theorem we conclude that Ψp−1 is bounded,
i.e., (iii) holds. If q = 0, then g = Φf = d

dtF
−1 ((Fg) (σ)) = ∂g, i.e., (iv) is true. The

lemma is proved.
Lemma 6.4. Let f ∈ D(Φ−1) ∩H1

0 , g = Φ−1f . Then
(6.6)

g(t) = − d

dt

∫ ∞
|t|

I0

(
q
√
x2 − t2

)
f ′(x) dx = f ′(t) + qt

∫ ∞
|t|

I1
(
q
√
x2 − t2

)
√
x2 − t2

f ′(x) dx.

Proof. We have g(t) = d
dtF
−1
μ→t

( −i√
μ2−q2

(Ff ′)(
√
μ2 − q2)

)
. Since

sin(t
√

σ2+q2)√
σ2+q2

is an

entire function with respect to (σ, q), then replacing q by iq we get from (3.11)

(6.7) F−1
σ→x

⎛
⎝ sin

(
t
√

σ2 − q2
)

√
σ2 − q2

⎞
⎠ (x) =

√
π

2
I0

(
q
√
t2 − x2

)
H
(
t2 − x2

)
sgn t.

Reasoning as in the proof of Lemma 6.2 and using (6.7) instead of (3.11) we conclude
that (6.6) holds. The lemma is proved.

Lemma 6.5. Let f ∈ D(Φ−1) ∩H0
0 . Then

(6.8) Φ−1f = g̃′,

where g̃ ∈ H0
0 is even, supp g̃ ⊂ [−T, T ], and

g̃(t) = f(t) +

∫ ∞
|t|

qxI1
(
q
√
x2 − t2

)
√
x2 − t2

f(x) dx,(6.9)

f(x) = g̃(x) −
∫ ∞
|x|

qtJ1

(
q
√
t2 − x2

)
√
t2 − x2

g̃(t) dt.(6.10)
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Moreover,

(i) if |f(x)| ≤ F a.e. on [−T, T ], then |g̃(t)| ≤ FI0(qT ) a.e. on [−T, T ];
(ii) if |g̃(t)| ≤ G a.e. on [−T, T ], then |f(x)| ≤ G(1 + qT ) a.e. on [−T, T ].

Proof. It follows from Lemma 6.4 that

g̃(t) = −
∫ ∞
|t|

I0

(
q
√
x2 − t2

)
f ′(x) dx + C.

Evidently supp g̃ ⊂ [−T, T ] iff C = 0. Hence (6.9) is true. It follows from (6.8) and
Lemma 6.2 that (6.10) is also true. It remains to prove (i) and (ii). If |f(x)| ≤ F a.e.

on [−T, T ], then |g̃(t)| ≤ F
∫ T

|t|
∣∣ ∂
∂xI0

(
q
√
x2 − t2

)∣∣ dx ≤ FI0(qT ). If |g̃(t)| ≤ G a.e. on

[−T, T ], then |f(x)| ≤ G+G
∫ T

|x|
qt√

t2−x2 dt ≤ G(1+ qT ). Thus (i) and (ii) hold and the

lemma is proved.

Lemma 6.6. Let f ∈ H1
0 be even, supp f ⊂ [−T, T ], h = Φ d

dt

(
sgn tΦ−1f

)
. Then

(6.11) h(x) = sgnx f ′(x) + q

∫ ∞
|x|

f(ξ)
I1 (q(ξ − |x|))

ξ − |x| dξ.

Proof. Put F = Ff . Denote G(ξ) = 1
iξFt→ξ

(
d
dt

(
sgn t(Φ−1f)(t)

))
(ξ). Then

G =
(
Ft→ξ

(
sgn t(Φ−1f)(t)

))
=

1

π
P

1

ξ
∗ ξF

(√
ξ2 − q2

)

=
2

π
V.p.

∫ ∞
0

1

ξ2 − μ2
μ2F

(√
μ2 − q2

)
dμ.

Therefore h = −ΔqF
−1
σ→x

G(
√

σ2+q2)

σ2+q2 = − 1
2Δq

(
e−q|x|

q ∗
(
F−1
σ→xG

(√
σ2 + q2

)))
, where

Δq =
(

d
dx

)2 − q2. Hence

h =
1

2

√
2

π
Δq

∫ ∞
0

⎛
⎝
⎛
⎝e−q|x|

q
∗

sin
(
|x|
√

μ2 − q2
)

√
μ2 − q2

⎞
⎠H

(
μ2 − q2

)

−
(
e−q|x|

q
∗ e|x|

√
q2−μ2√

q2 − μ2

)
H
(
q2 − μ2

))
μ2F

(√
μ2 − q2

)
dμ

=
2

π
Δq

⎛
⎝−e−q|x|

q

∫ ∞
0

f ′(ν)

∫ ∞
0

sin
(
ν
√

μ2 − q2
)

√
μ2 − q2

dμ dν

+

∫ ∞
0

f(ν)

∫ ∞
0

cos
(
ν
√
μ2 − q2

)
sin
(
|x|
√

μ2 − q2
)

√
μ2 − q2

dμ dν

−
∫ ∞

0

f(ν)

∫ q

0

cosh
(
ν
√

q2 − μ2
)

cosh
(
x
√

q2 − μ2
)

√
q2 − μ2

dμ dν

⎞
⎠ .
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Taking into account (6.7) and 2
π

∫ 1

0
cosh(ξt)√

1−t2 dt = I0(ξ) we obtain

h(x) =
1

2
Δq

(
(f ′(x) ∗ (I0(qx) sgnx))|x=0

e−q|x|

q

+ sgnx (f(x) ∗ (I0(qx) sgnx)) − f(x) ∗ I0(qx)

)

=
1

2
(sgnxΔq (f(x) ∗ (sgnx I0(qx))) − Δq (f(x) ∗ I0(qx)))

= sgnx f ′(x) +
1

2
sgnx (f(x) ∗ (sgnx (ΔqI0(qx)))) − 1

2
f(x) ∗ (ΔqI0(qx))

= sgnx f ′(x) −
∫ ∞

0

f(ξ + |x|) (ΔqI0(qξ)) dξ.

Since ΔqI0(qξ) =
(
q2/2

)
(I2(qξ) − I0(qξ)) = −qI1(qξ)/ξ, we conclude that (6.11)

holds and the lemma is proved.
Lemma 6.7. If f ∈ Hp

0 ×Hp−1
0 and g = Ff , then

(6.12) |||E(x, t) ∗ f |||p = [][]Σ(|σ|, t)g[][]p ≤ MT
q [][]g[][]p = MT

q |||f |||p , t ∈ R,

where MT
q =

√
(2t2 + 6)(1 + q2).

Proof. For all t ∈ R we have

|||E(x, t) ∗ f |||p = [][]Σ(σ, t)g[][]p

≤
[][](

cos(t
√
σ2 + q2)

−
√
σ2 + q2 sin(t

√
σ2 + q2)

)
g0

[][]
p

+

⎡
⎢⎣
⎤
⎥⎦
⎡
⎢⎣
⎤
⎥⎦
⎛
⎜⎝

sin(t
√

σ2 + q2)√
σ2 + q2

cos(t
√
σ2 + q2)

⎞
⎟⎠ g1

⎡
⎢⎣
⎤
⎥⎦
⎡
⎢⎣
⎤
⎥⎦
p

≤
√

2
√

1 + q2 ‖g0‖0
p +

⎛
⎜⎝
⎛
⎝
∥∥∥∥∥ sin(t

√
σ2 + q2)√

σ2 + q2
g1

∥∥∥∥∥
0

p

⎞
⎠

2

+
(
‖g1‖0

p−1

)2

⎞
⎟⎠

1/2

.

Since
(
1 + |σ|2

) ∣∣ sin(t
√

σ2+q2)√
σ2+q2

∣∣2 ≤ t2 + 2 we obtain (6.12). The lemma is proved.
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OPTIMAL DIVIDEND PAYMENTS AND REINVESTMENTS OF
DIFFUSION PROCESSES WITH BOTH FIXED AND

PROPORTIONAL COSTS∗

JOSTEIN PAULSEN†

Abstract. Assets are assumed to follow a diffusion process subject to some conditions. The
owners can pay dividends at their discretion, but whenever assets reach zero, they have to reinvest
money so that assets never go negative. With each dividend payment there is a fixed and a propor-
tional cost, and so with reinvestments. The goal is to maximize the expected value of discounted
net cash flow, i.e., dividends paid minus reinvestments. It is shown that there can be two different
solutions depending on the model parameters and the costs as follows. (1) Whenever assets reach
a barrier y∗ they are reduced to y∗ − δ∗ through a dividend payment, and whenever they reach
0 they are increased to γ∗ ≤ y∗ − δ∗ by a reinvestment. (2) There is no optimal policy, but the
value function is approximated by policies of the form described in (1) for increasing barriers. We
provide criteria to decide whether an optimal solution exists, and when it does not, we show how
to calculate the value function. We discuss how the problem can be solved numerically and give
numerical examples.

Key words. optimal dividends, diffusion models, impulse control, barrier strategy

AMS subject classifications. 49N25, 93E20, 91B28, 60J70

DOI. 10.1137/070691632

1. Introduction and model formulation. In this paper the value of a com-
pany is defined as the expected present value of dividends paid to the owners minus
reinvestments made. Assuming no transaction costs and other market imperfections,
the Modigliani–Miller theorem says that the value of the company is independent of
its dividend and reinvestment policy. However, this assumption is not likely to hold
in practice. Transactions such as dividend payments and reinvestments are not likely
to be free of costs. There may be tax differences between dividends received and asset
appreciations, and these can be formulated as costs. Investment of the company’s
assets may be expensive, which is an issue we review in section 3. When transaction
costs are taken into account, dividend and reinvestment policies do matter, and the
valuation problem becomes more complex. A justification for our valuation method
in the presence of transaction costs can be found in Sethi and Taksar [11].

In addition to finding the value of the company, it is of course also useful to find
the optimal dividend as well as reinvestment policies, when they exist, and to know
when there are no such optimal policies. These problems are addressed in this paper
for a rather general diffusion model when transaction costs consist of a constant part
and a part that is proportional to the amount transacted.

To get the mathematical formalism right, let (Ω,F , (Ft)t≥0, P ) be a probability
space satisfying the usual conditions; i.e., the filtration (Ft)t≥0 is right continuous and
P -complete. The income process without dividends is assumed to follow the dynamics

dXt = μ(Xt)dt + σ(Xt)dWt,

where W is a Brownian motion on the probability space.

∗Received by the editors May 14, 2007; accepted for publication (in revised form) April 3, 2008;
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From this income process dividends can be paid out to the owners, but at a cost.
Total dividends paid out until time t are denoted by Dt. The costs incurred up to
time t from paying out Dt are denoted by D̄t.

In addition, whenever the income process reaches zero, the owners are under the
obligation to reinvest in order to prevent it from going negative. Total reinvestments
until time t are denoted by Ct. Again costs are incurred with reinvestments, and the
costs incurred up to time t from reinvesting Ct are denoted by C̄t.

If the processes C, D, C̄, and D̄ are nondecreasing, adapted, and right continuous,
we say they are admissible.

After dividends and reinvestments, the capital Y retained in the company has the
dynamics

dYt = μ(Yt)dt + σ(Yt)dWt + dCt − dDt − dC̄t − dD̄t,(1.1)

with Y0− = y.
Let D be the set of all admissible dividend and reinvestment policies. For (C,D) ∈

D, let νn = inf{t : Ct ∨Dt > n} and define

VC,D(y) = lim sup
n→∞

Ey

[∫ νn−

0−
e−rtdAt

]
,

where At = Dt−Ct is net payout. Here r is a properly chosen discount factor and Ey is
expectation with Y0− = y. The reason for introducing the stopping times {νn} is that
both Ct and Dt can go to infinity as t goes to infinity, and therefore limt→∞At may
not exist, and we are a priori not guaranteed that limt→∞ e−rtAt exists. Therefore
the somewhat complicated definition of VC,D(y) is required.

Our task is to find

V ∗(y) = sup
D

VC,D(y).(1.2)

Furthermore, if it exists, we also want to find the optimal policy (C∗, D∗) ∈ D.
In this paper it is assumed that with each dividend payment there is a fixed cost

d0, independent of the size of the payment, plus a part that is proportional to the
size of the payment. Similarly, with each reinvestment there is a fixed cost c0 plus
a proportional part. Because of the fixed costs, there can be only a finite number of
payments on each finite time interval, so we can write

C̄t = c0
∑
s≤t

1{�Cs>0} + c1Ct, 0 ≤ c1 < 1,

(1.3)
D̄t = d0

∑
s≤t

1{�Ds>0} + d1Dt,

where c1 and d1 are the proportionality factors, assumed nonnegative. We shall call
such costs linear costs. Note that c1 ≥ 1 is meaningless since, in that case, the net
effect of a reinvestment is zero or negative. Clearly C̄ and D̄ are admissible whenever
C and D are. From (1.1) and (1.3) we easily get

�Ct =
�Yt + c0
1 − c1

1{�Ct>0}, 0 ≤ c1 < 1,

(1.4)

�Dt = −�Yt + d0

1 + d1
1{�Dt>0}.
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Richard [10], Constantinides and Richard [3], and Harrison, Sellke, and Taylor [4] con-
sidered optimality of a storage system where, in addition to linear costs connected with
increasing or decreasing the storage, there is also a holding cost. In all these papers
the underlying process X is a Brownian motion with drift; i.e., μ and σ are constants.
When holding costs are proportional, it was shown in [4] that for the linear Brownian
motion this storage problem is equivalent to the dividend and reinvestment problem
studied here. For more general diffusions, this equivalence no longer holds. Although
the object of [4] was the storage problem, using this equivalence, those authors studied
the dividend and reinvestment problem instead. They showed that the optimal policy
is such that when assets reach a barrier y∗, reduce them to y∗ − δ∗, and when they
are at zero, increase them to γ∗, where y∗, δ∗, and γ∗ are uniquely given. This is an
impulse control problem since payments are in lumps. We extend these results to the
more general diffusion model given in section 2 and review the Brownian motion with
drift in Example 2.1. This process has the advantage that an optimal solution always
exists, but we shall see that this is not always the case for more general processes.

In Porteus [9] the optimal dividend and reinvestment problem is analyzed in a
discrete time setting. This paper is also interesting as a general background and
motivation of the problem.

The case with c0 = d0 = 0 has been studied in several papers. Under the assump-
tions given in section 2, the problem was solved in Shreve, Lehoczky, and Gaver [12].
In this case both the optimal dividend process and the optimal reinvestment process,
if they exist, are singular processes. Under somewhat different assumptions on the
diffusion coefficients, the problem was solved in [11]. Avram, Palmowski, and Pisto-
rius [1] solved the same problem, but with X as a spectrally negative Lévy process.
All these papers assume that d1 = 0, but letting d1 > 0 causes no extra problem.

Most of the attention in the optimal dividend literature has been on the case
where activity stops whenever Y reaches zero; i.e., the task is to maximize

V ∗0 (y) = sup
D0

Ey

[∫ τy

0−
e−rtdDt

]
,(1.5)

where τy = inf{t : Yt < 0} with τy = ∞ if Yt ≥ 0 for all t is the time of ruin. Here
D0 is the set of all admissible dividend policies (there are no reinvestments in this
case). When d0 > 0, this problem was first studied by Jeanblanc-Picqué and Shiryaev
[5] for a Brownian motion with drift. Cadenillas, Sarkar, and Zapatero [2] worked
with a different model, and also a more general utility function for payouts. Under
the assumptions of the present paper, a complete solution to this problem is given
in Paulsen [8], where it is shown that the optimal dividend process, if it exists, is a
jump process, where an amount δ∗0 is paid in dividends when the capital reaches a
barrier y∗0 . Under the same assumptions, but with d0 = 0, this problem was solved in
[12] (at even some higher level of generality).

It may well be that when Y reaches zero the owners can choose between investing
new money or terminating the business. In this case we can calculate V ∗(y) and
V ∗0 (y), and the one that is largest determines whether termination or reinvestment is
optimal.

2. Results. We start with a list of assumptions.
A1. |μ(y)| + |σ(y)| ≤ K(1 + y) for all y ≥ 0 and some K > 0.
A2. μ and σ are continuously differentiable and the derivatives μ′ and σ′ are

Lipschitz continuous for all y ≥ 0.
A3. σ2(y) > 0 for all y ≥ 0.
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A4. μ′(y) ≤ r for all y ≥ 0.
The operator L is defined as

Lf(y) =
1

2
σ2(y)f ′′(y) + μ(y)f ′(y) − rf(y)

for f ∈ C2(0,∞). Note that under A2 and A3, any solution of Lf(y) = 0 has
f ∈ C3[0,∞) and f ′′′(y) is Lipschitz continuous (see, e.g., Krylov [7, Theorem 6.5.3]).

Remark 2.1. Assumption A4 may seem a bit unnatural and restrictive. To give
an intuitive idea of what it means, we consider the special case

dXt = (μ0 + μ1Xt)dt + σ(Xt)dWt, X0 = x.

Here μ′(x) = μ1, and furthermore,

Ex[e−rtXt] =

(
x +

μ0

μ1

)
e(μ1−r)t − μ0

μ1
e−rt.

If μ1 ≤ r, then this stabilizes, but if μ1 > r, it grows to infinity and this indicates
that it is better to wait. The right quantities to compare are therefore μ′(x) and r,
one representing the geometric growth rate and the other the geometric discounting
rate. The condition μ′(x) ≤ r just says that in no state should growth rate exceed
discounting rate. Relaxing condition A4 by allowing for μ′(x) > r for x in some
subset of the positive real line is clearly possible, but it does complicate matters and
is therefore a topic for future research.

Before we continue let us briefly recapitulate the general solution when d0 = 0,
given in [12, Theorem 4.4]. According to this result we should look for a solution of
LV (y) = 0, y > 0, and y∗ which satisfy

V ′(0) =
1

1 − c1
, V ′(y∗) =

1

1 + d1
, and V ′′(y∗) = 0.(2.1)

On y > y∗, set

V (y) = V (y∗) +
y − y∗

1 + d1
.

The optimal solution is singular control at barrier y∗, and V = V ∗ is the value
function.

Furthermore, if (2.1) has no solution, then there is no optimal control, but the
value function is the limit of singular controls at barrier ȳ for increasing ȳ.

The next definition is connected with (1.4).
Definition 2.1. A lump sum reinvestment strategy with jump-size γ satisfies

�Ct =
γ + c0
1 − c1

1{Yt−=0}.

A lump sum dividend barrier strategy at ȳ with jump-size δ ∈ (0, ȳ] satisfies for Y0− =
y,

�D0 =
y − (ȳ − δ) − d0

1 + d1
1{y≥ȳ},

�Dt =
δ − d0

1 + d1
1{Yt−=ȳ}.
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The corresponding value function is denoted by Vȳ,γ,δ(y). Also we set Vȳ,γ(ȳ),δ(ȳ)(y) =
supγ,δ∈(0,ȳ] Vȳ,γ,δ(y).

Proposition 2.2. Assume A1–A4 and that the process Y is a strong solution of
(1.1) with C̄ and D̄ as in (1.3). Assume that 0 < c0 < 1 and d0 > 0, and for fixed ȳ,
consider the variational problem for unknown V , γ̄ ∈ (0, ȳ), and δ̄ ∈ (0, ȳ),

LV (y) = 0, 0 < y < ȳ,

V (γ̄) = V (0) +
γ̄ + c0
1 − c1

,

V ′(γ̄) =
1

1 − c1
,

(2.2)

V (ȳ) = V (ȳ − δ̄) +
δ̄ − d0

1 + d1
,

V ′(ȳ − δ̄) =
1

1 + d1
,

V (y) = V (ȳ) +
y − ȳ

1 + d1
, y > ȳ.

This problem has a unique solution with 0 < γ̄ ≤ ȳ − δ̄ < ȳ. Furthermore V (y) =
Vȳ,γ(ȳ),δ(ȳ)(y) for all y ≥ 0, and so γ̄ = γ(ȳ) and δ̄ = δ(ȳ).

Here the equation V (γ̄) = V (0) + (γ̄ + c0)/(1− c1) is just an accounting equality;
the value after raising the capital from 0 to γ̄ equals the value when capital is 0 plus the
capital needed, including costs, for the raise. The equation V ′(γ̄) = 1/(1−c1) says that
at γ̄ the marginal increase of the value of the company by raising capital by one unit
equals the marginal cost of that raise. Hence when capital is raised to γ̄, the owners
are indifferent to a further marginal raise. The next two equations have a similar
interpretation, while the last equation in (2.2) is only a definition of V (y) for y > ȳ.

From an intuitive and economic point of view, Proposition 2.2 is very reasonable.
Since termination is not an option, for any given ȳ there must necessarily be some
strategy that is better than, or not as bad as, any other. A mathematical (and rather
long and technical) proof is given in the appendix.

Proposition 2.2 gives optimality for a barrier strategy at a fixed barrier ȳ. The
general optimality problem is more complicated, but here is the solution.

Theorem 2.3. Assume A1–A4 and that the process Y is a strong solution of
(1.1) with C̄ and D̄ as in (1.3). Assume that 0 < c0 < 1 and d0 > 0, and consider
the following variational problem for unknown V , y∗, γ∗ ∈ (0, y∗), and δ∗ ∈ (0, y∗):

LV (y) = 0, 0 < y < y∗,

V (γ∗) = V (0) +
γ∗ + c0
1 − c1

,

V ′(γ∗) =
1

1 − c1
,

(2.3)

V (y∗) = V (y∗ − δ∗) +
δ∗ − d0

1 + d1
,

V ′(y∗ − δ∗) =
1

1 + d1
,

V ′(y∗) =
1

1 + d1
,
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V (y) = V (y∗) +
y − y∗

1 + d1
, y > y∗.

(a) If (2.3) has a solution, then this solution is unique and

V (y) = Vy∗,γ(y∗),δ(y∗)(y) = V ∗(y), y ≥ 0.

Therefore γ∗ = γ(y∗) and δ∗ = δ(y∗).
(b) If (2.3) has no solution, then there is no optimal policy, but

V ∗(y) = lim
ȳ→∞

Vȳ,γ(ȳ),δ(ȳ)(y)

and this limit exists and is finite for every y ≥ 0.
The proof is given in the appendix.
Note that (2.3) is essentially the same as (2.2) with the addition of the “smooth

fit” condition at y∗, V ′(y∗) = (1+d1)
−1. This is necessary for finding the optimal y∗,

if it exists. The economic interpretation is that at y∗ the marginal value of keeping
money in the company equals the marginal value of paying money out as dividends.

Theorem 2.3 shows that if an optimal strategy exists, then it is a lump sum
dividend barrier strategy at some y∗ with jump-size δ∗ = δ(y∗) in conjunction with
a lump sum reinvestment strategy with jump-size γ∗ = γ(y∗). If no optimal strategy
exists, then the value function is finite and can be approximated by barrier strategies
of the form described in Proposition 2.2 for increasing barriers ȳ.

Remark 2.2. A natural question is whether there is an x∗ > 0 so that, instead of
waiting until assets reach zero, it would be better to reinvest at x∗. An intuitive eco-
nomic argument that this is not the case can be drawn directly from assumption A4,
since the growth rate of assets is never higher than the discounting rate, so there is no
reason to reinvest money before it is necessary. Therefore, letting reinvestments take
place only when assets hit zero represents no loss of generality. A more mathematical
argument is that if there is such an x∗, then the equation

V (γ∗) = V (0) +
γ∗ + c0
1 − c1

in (2.3) must be replaced by the two equations

V (x∗ + γ∗) = V (x∗) +
γ∗ + c0
1 − c1

,

V ′(x∗) =
1

1 − c1
.

But then a solution of this new system would have (at least) two distinct points yc,i,
i = 1, 2, where V ′′(yc,i) = 0, which is impossible by Lemma A.1.

The following result is useful for deciding whether (2.3) has a solution. Note
that, except for the rather mild extra condition in (b), parts (a) and (b) yield an
equivalence relation.

Proposition 2.4. Given the same assumptions as in Theorem 2.3, the following
hold:

(a) Assume that (2.3) has no solution. Then there exists a solution g2 of Lg = 0
so that

lim
y→∞

g2(y) = lim
y→∞

g′2(y) = 0.
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Furthermore, for any other independent solution g1,

lim
y→∞

g′1(y) = lim
y→∞

g1(y)

y
= g′1

for some positive and finite g′1.
(b) Assume that there are two solutions g1 and g2 of Lg = 0 so that

lim
y→∞

g′1(y) = g′1,

lim
y→∞

g2(y) = 0,

where g′1 is finite and nonzero. Assume in addition that

lim
y→∞

(
g1(y)

g′1
− y

)
>

μ(0)

r
− d0.

Then (2.3) has no solution.
(c) Assume there is a solution g of Lg = 0 so that

lim
y→∞

g(y)

y
= ∞

or equivalently,

lim
y→∞

g′(y) = ∞.

Then (2.3) has a solution.
Example 2.1. Let the income process without dividends follow

dXt = μdt + σdWt,

with costs as in (1.3). This is a linear Brownian motion, and it is easy to verify that
Lg(y) = 0 has the independent solutions gi(y) = eθiy, i = 1, 2, where

θ1 =
1

σ2

(√
μ2 + 2rσ2 − μ

)
and θ2 = − 1

σ2

(√
μ2 + 2rσ2 + μ

)
.

Clearly θ1 > 0, and hence an optimal solution exists by Proposition 2.4(c). This is the
main result of [4]. To find a numerical solution, the general method of Example 3.1
can be used.

Here is another result that, in conjunction with Proposition 2.4, may be helpful
in deciding whether (2.3) has a solution. A proof can be found in [8].

Lemma 2.5. Assume A2 and A3 and let fi(y), i = 1, 2, solve

1

2
σ2(y)f ′′i (y) + μi(y)f

′
i(y) − rfi(y) = 0, y ≥ 0,

where μ1(y) > μ2(y) for all y ≥ 0 and

fi(0) = f0 and f ′i(0) = f1 ≥ 0, i = 1, 2.

Then f ′1(y) < f ′2(y) for all y > 0, which in turn implies that f1(y) < f2(y) for all
y > 0.
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The following result can be used to find the value function when (2.3) has no
solution.

Proposition 2.6. Given the same assumptions as in Theorem 2.3, assume that
(2.3) has no solution, and let V be the value function. Consider the set of equations
(in γ̄)

V ′(γ̄) =
1

1 − c1
,

(2.4)

V (γ̄) = V (0) +
γ̄ + c0
1 − c1

.

Furthermore, with g1 and g2 as in Proposition 2.4(a), write

V (y) = a1g1(y) + a2g2(y).

(a) We have

lim
y→∞

V ′(y) =
1

1 + d1
.

(b) If c1 + d1 > 0, then (2.4) has a unique solution. Furthermore

a1 =
1

1 + d1

1

g′1
,

a2 =
1

1 − c1

1

g′2(γ̄)
− 1

1 + d1

1

g′1

g′1(γ̄)

g′2(γ̄)
.

Here g′1 = limy→∞ g′1(y) and γ̄ is the solution of

1 − c1
1 + d1

1

g′1
(g1(y)−g1(0))+

(
1

g′2(y)
− 1 − c1

1 + d1

1

g′1

g′1(y)

g′2(y)

)
(g2(y)−g2(0))−y = c0.

(c) If c1 = d1 = 0 there are two possibilities as follows:
(i) The equations in (2.4) have a unique solution, and then a1, a2, and γ̄

are in (b) above. Also, denoting the barriers in (2.2) as ȳn and the cor-
responding reinvestment levels as γn, we then have γn → γ̄ as ȳn → ∞.

(ii) The equations in (2.4) have no solution, but

a1 =
1

g′1
,

a2 =
limy→∞

(
g1(y)
g′
1

− y
)
− g′

1(0)
g′
1

− c0

g2(0)
.

3. A financial example. Assume that the income process without dividends is
a linear Brownian motion with drift μ and diffusion σ, but that money can be invested
in risk-free assets with return r. Assume in addition that there are investment costs
incurred with intensity α(Yt). The dynamics (1.1) then becomes

dYt = (μ + (r − α(Yt))Yt)dt + σdWt + (1 − c1)�Ct − (1 + d1)�Dt
(3.1)

−c01{�Ct>0} − d01{�Dt>0}, Y0− = y.
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For this model μ(y) = μ + (r − α(y))y, and so μ′(y) ≤ r for all y ≥ 0 if and only if

α(y) + α′(y)y ≥ 0, y ≥ 0.(3.2)

The total cost of investment intensity is α(Yt)Yt, and a reasonable assumption is that
this consists of a fixed part α0 and a part that is proportional to the amount invested,
α1, i.e.,

α(y) =
α0

y
+ α1.(3.3)

Clearly (3.2) is satisfied, and (3.1) becomes

dYt = (μ0 + (r − α1)Yt)dt + σdWt + (1 − c1)�Ct − (1 + d1)�Dt
(3.4)

−c01{�ct>0} − d01{�Dt>0}, Y0− = y,

where μ0 = μ−α0. We shall assume that μ0 > 0 and 0 ≤ α1 < r. When α1 = r, this
is the linear Brownian motion analyzed in Example 2.1.

We need to solve

Lg(y) =
1

2
σ2g′′(y) + (μ0 + (r − α1)y)g

′(y) − rg(y) = 0.(3.5)

Substituting z = −k(y) and f(z) = g(y) with

k(y) =
r − α1

σ2

(
y +

μ0

r − α1

)2

brings it into the confluent hypergeometric form

zf ′′(z) +

(
1

2
− z

)
f ′(z) +

r

2(r − α1)
f(z) = 0.

Using the forms y3 and y5 from [13, p. 5] gives

g1(y) = e−k(y)F (a, b, k(y)),

g2(y) = e−k(y)U(a, b, k(y)),

where

a =
1

2
+

r

2(r − α1)
, b =

1

2
,

and F and U are the first and second forms of Kummer’s solution.
Consider first the case with α1 = 0, i.e., investment costs are constant. Then

a = 1, and instead of the g1 above we can use the simpler g1(y) = ry + μ0. By [13,
p. 60] asymptotically as y → ∞,

e−k(y)U(a, b, k(y)) ∼ e−k(y)(k(y))−a,

and hence limy→∞ g2(y) = 0. Furthermore, g′1(y) = r and

lim
y→∞

(
g1(y)

r
− y

)
=

μ0

r
=

μ(0)

r
.
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Therefore the conditions of Proposition 2.4(b) are satisfied, and consequently there is
no optimal control. The value function is, by Proposition 2.6(b),

V ∗(y) =
1

1 + d1

(
y +

μ0

r

)
− a2e

−k(y)U(a, b, k(y)).

Here the first term is the value if money could be reinvested without costs when
reaching zero, and the second term is a reduction in this value due to reinvestment
costs. For this reason, a2 > 0. A straightforward differentiation gives that

V ∗
′′
(y) = a2e

−k(y)
[
(k′′(y) − (k′(y))2)(U(a, b, k(y)) − U ′(a, b, k(y)))

+ (k′(y))2(U ′(a, b, k(y)) − U ′′(a, b, k(y)))
]
.

Trivially for the mth derivative, sgn(U (m)(a, b, k(y))) = (−1)m, and for all y suffi-
ciently large, (k′(y)2) > k′′(y), and hence g′′(y) < 0 for all y sufficiently large. But
then it follows from Lemma A.1(f) that V ∗ is concave. If c1 + d1 > 0, a2 can be
calculated as in Proposition 2.6(b), and we find that γ̄ solves

(y + c0)(1 + d1) − (c1 + d1)
g2(y) − g2(0)

g′2(y)
= (1 − c1)r,

and then

a2 =

(
1

1 + d1
− 1

1 − c1

)
1

g′2(γ̄)
.

When c1 = d1 = 0, concavity brings us into Proposition 2.6(c), case (ii), and we get

V ∗(y) = y +
μ0

r
− c0

U(a, b, k(0))
e−(k(y)−k(0))U(a, b, k(y)).

Assume now that 0 < α1 < r. By [13, p. 60], asymptotically as y → ∞,

e−k(y)F (a, b, k(y)) ∼ Γ(b)

Γ(a)

(
r − α1

r

) r
2(r−α1)

(
y +

μ0

r − α1

) r
r−α1

.(3.6)

Therefore, Proposition 2.4(c) applies, and an optimal solution exists.
As a byproduct let us comment on a paper by Cadenillas, Sarkar, and Zapatero [2].

In their paper the income process without dividends follows the mean reverting cash
reservoir model

dXt = (α(ρ−Xt) − β)dt + σdWt, α, β, ρ ≥ 0,

with costs as in (1.3). Although in the above it was assumed that μ0 > 0, an easy
application of Lemma 2.5, as in the proof of Proposition 3.1 below, shows that an
optimal solution exists for this problem as well.

When α(y) has a more complex structure, there will be no analytical solution of
Lg(y) = 0, but a numerical solution can readily be found. This is outlined in Example
3.1, but before attempting to use this procedure it is useful to know if an optimal
strategy exists. To this end, the following result may be helpful.

Proposition 3.1. In addition to the assumptions in Theorem 2.3 let α(y) satisfy
(3.2). Furthermore, assume that α(y) ≥ α1 for all y ≥ 0, where α1 > 0. Then (2.3)
has a solution.
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Table 1

Values of y∗, γ∗, y∗−δ∗ and values of V ∗(y) for various y as a function of c0 when σ2 = μ0 = 1,
d0 = 0.1, c1 = d1 = 0.05, r = 0.1, and α1 = 0.02.

c0 0 0.1 0.5 1 3 5 7.763 10
y∗ 4.50 5.14 5.63 5.89 6.33 6.54 6.73 6.84
γ∗ 0 0.61 1.06 1.31 1.72 1.92 3.10 2.20

y∗ − δ∗ 0.47 1.06 1.51 1.75 2.15 2.35 2.52 2.62
V ∗(0) 8.81 8.52 7.96 7.36 5.13 2.96 0 -2.39
V ∗(0.2) 9.02 8.80 8.41 8.01 6.55 5.14 3.21 1.67
V ∗(1) 9.77 9.66 9.54 9.44 9.15 8.90 8.56 8.29
V ∗(5) 13.50 13.38 13.28 13.23 13.16 13.11 13.08 13.07

Proof. Let f1(y) and f2(y) satisfy Lifi(y) = 0 together with fi(0) = f0 and
f ′i(0) = f1 ≥ 0, where

Lif(y) =
1

2
σ2(y)f ′′(y) + μi(y)f

′(y) − rf(y), i = 1, 2,

and

μ1(y) = μ1 + (r − α1)y and μ2(y) = μ + (r − α(y))y,

where μ1 is chosen large enough so that μ1(y) > μ2(y) for all y ≥ 0. By Lemma 2.5,
f1(y) < f2(y) for all y ≥ 0, and by (3.6) asymptotically,

f1(y) ∼ C

(
y +

μ1

r − α1

) r
r−α1

for some C > 0. Therefore, a solution of (2.3) exists by Proposition 2.4(c).
Example 3.1. In this example, Y is given by (3.4) with μ0 = 1, σ = 1, c1 = 0.05,

d0 = 0.1, d1 = 0.05, r = 0.1, and α1 = 0.02. Two independent solutions g1 and g2

with g1(0) = 0, g′1(0) = 1 and g2(0) = 1, g′2(0) = 0 were found using the Runge–Kutta
method with stepsize h = 0.01 and linear interpolation between the grid points. The
function fsolve in MATLAB was used to solve (2.3) and this worked well, provided
the initial values were not too far away from the true values. Some results are given
in Table 1 for varying c0. With c0 = 7.763, V ∗(0) = 0, and then V ∗(y) = V ∗0 (y) due
to uniqueness. Here V ∗0 is the value function when there is absorption at zero; see
(1.3). Hence c0 = 7.763 is the break-even point, where the owners are indifferent to
investing new money or letting the company go bankrupt.

One notable observation from Table 1 is that V ∗(5) decreases very little in c0;
the reason for this must be that the probability of hitting zero when restarting at
η∗ = y∗ − δ∗ must decrease rather rapidly with η∗.

The limiting case c0 = 0 is actually not covered here, but since this means that
there is no lump sum cost at 0, the optimal policy at 0 is singular, and hence γ∗ = 0
in this case. In fact, the values when c0 = 0 were obtained by solving and

V ′(0) =
1

1 − c1
, V (y∗)−V (y∗−δ∗) =

δ∗ − d0

1 + d1
, and V ′(y∗−δ∗) = V ′(y∗) =

1

1 + d1
.

Table 2 is similar to Table 1, but with the difference that in Table 2 d0 varies
while c0 = 0.1 is fixed. Comparing the two tables, we see that the effects of varying
c0 and d0 are very different. For example, V ∗(0) is most sensitive to a decrease in c0,
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Table 2

Values of y∗, γ∗, y∗−δ∗ and values of V ∗(y) for various y as a function of d0 when σ2 = μ0 = 1,
c0 = 0.1, c1 = d1 = 0.05, r = 0.1, and α1 = 0.02.

d0 0 0.1 0.5 1 3 5 10 20
y∗ 1.94 5.14 10.22 14.83 29.28 41.80 70.53 124.46
γ∗ 0.67 0.61 0.54 0.50 0.45 0.43 0.40 0.38

y∗ − δ∗ 1.94 1.06 0.83 0.73 0.61 0.57 0.52 0.48
V ∗(0) 8.95 8.52 7.93 7.53 6.67 6.19 5.48 4.73
V ∗(0.2) 9.22 8.80 8.21 7.81 6.96 6.48 5.77 5.02
V ∗(1) 10.10 9.66 9.05 8.64 7.75 7.26 6.51 5.74
V ∗(5) 13.92 13.38 12.55 11.98 10.76 10.08 9.06 8.99

Table 3

Values of y∗, γ∗, y∗ − δ∗ and values of V ∗(y) for various y as a function of c0 = d0 when
σ2 = μ0 = 1, c1 = d1 = 0.05, r = 0.1, and α1 = 0.02.

c0 = d0 0 0.1 0.5 1 3 5 5.416 10
y∗ 1.30 5.14 10.75 15.68 30.84 43.80 46.71 73.28
γ∗ 0 0.61 0.97 1.15 1.45 1.60 1.62 1.80

y∗ − δ∗ 1.30 1.06 1.25 1.37 1.60 1.73 1.75 1.91
V ∗(0) 9.24 8.52 7.37 6.35 3.22 0.53 0 -5.61
V ∗(0.2) 9.45 8.80 7.83 7.03 4.70 2.80 2.43 -1.42
V ∗(1) 10.22 9.66 8.95 8.45 7.32 6.59 6.46 5.28
V ∗(5) 14.04 13.38 12.47 11.88 10.66 10.00 9.88 8.99

while the opposite is the case with V ∗(5). Here the case with d0 = 0 gives singular
control at y∗, and the values when d0 = 0 were found by solving

V (γ∗)− V (0) =
γ∗ + c0
1 − c0

, V ′(γ∗) =
1

1 − c1
, V ′(y∗) =

1

1 + d1
, and V ′′(y∗) = 0.

In Table 3 we let c0 = d0 increase, while the other parameters are as before.
Comparing with Tables 1 and 2, we see that for small y the values of V ∗(y) are much
like those in Table 1, while for large y they are more like those in Table 2. This is not
unreasonable; for small y there is a big chance that the process will hit zero, and so an
investment has to be made, while for big y the main cost is with dividend payments.
When c0 = d0 = 0 the control is singular, and this case is found by solving

V ∗(0) =
1

1 − c1
, V ′(y∗) =

1

1 + d1
, and V ′′(y∗) = 0.

Appendix. Proof of results in section 2. The following result will be useful
throughout.

Lemma A.1. Let μ and σ satisfy A2–A4 and let f be a solution of Lf(y) = 0.
On the interval [0,∞), the following hold:

(a) If f has a zero, then f ′ has no zero.
(b) If f ′(ỹ) = 0 for some ỹ, then (y − ỹ)f(y)f ′(y) > 0 for y 
= ỹ.
(c) If for some ỹ, f ′(ỹ) > 0 and f ′′(ỹ) ≤ 0, then f is a concave function on [0, ỹ].
(d) If f ′ has a zero, then f ′′ has no zero.
(e) If f ′′(ỹ) = 0 for some ỹ, then (y − ỹ)f ′(y)f ′′(y) > 0 for y 
= ỹ.
(f) Assume that for some ỹ, f ′(ỹ) > 0. Then there are three possibilities as

follows:
(i) f ′ is positive for all y and there is a yc ∈ [0,∞] so that f is concave on

[0, yc) (if yc > 0) and convex on (yc,∞) (if yc < ∞).
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(ii) f is negative and concave for all y and there is a ym ∈ [0,∞) so that
f ′(y) > 0 on (0, ym) and f ′(y) < 0 on (ym,∞).

(iii) f is positive and convex for all y and there is a ym ∈ [0,∞) so that
f ′(y) < 0 on (0, ym) and f ′(y) > 0 on (ym,∞).

Proof. Parts (a)–(c) are from [12, Lemma 4.2]. They consider bounded intervals,
but there is no difference if we use the interval [0,∞). In the proof of their Lemma 4.2,
Shreve, Lehoczky, and Gaver show that L1f

′ = 0, where the operator L1 satisfies the
conditions for (a) and (b). Parts (d) and (e) are therefore (a) and (b) used on f ′

instead on f .
Now to (f). If f ′ is positive for all y, let yc = sup{y : f ′′(y) ≤ 0}. Then f is

concave on (0, yc) and convex on (yc,∞) by (c). In particular if f(y0) = 0 for some
y0, then f ′ is positive by (a). For case (ii) assume that f is negative for all y and that
f ′(y0) = 0 for some y0. By (b), (y − y0)f

′(y) < 0 for y 
= y0, and hence f ′(y) > 0
on (0, y0) and f ′(y) < 0 on (y0,∞). By (d), f ′′ has no zero, and hence f ′′ must be
negative by what was just proved, i.e., f is concave. Case (iii) follows from (ii) applied
on −f .

Lemma A.2. Assume A2 and A3 and let g1 and g2 be two independent solutions
of Lg = 0 so that g′2(y) 
= 0 on [0, ȳ]. Let

v(y) = g′1(y)g
′′
2 (y) − g′′1 (y)g′2(y)

and

U(x, y) = g′1(x)g′2(y) − g′1(y)g
′
2(x).

Then
(a) v(y) 
= 0 on [0, ȳ].
(b) U(x, x) = 0 on [0, ȳ] and U(x, y) 
= 0 on 0 ≤ x < y ≤ ȳ.
Proof. For (a), assume that v(y0) = 0 so that

g′′1 (y0)

g′1(y0)
=

g′′2 (y0)

g′2(y0)
.

Multiplying both sides by 1
2σ

2(y0) and using that Lgi = 0 gives that this is equiva-
lent to

g1(y0)

g′1(y0)
=

g2(y0)

g′2(y0)
,

or equivalently, that the Wronskian

W (g1, g2)(y0) = g1(y0)g
′
2(y0) − g2(y0)g

′
1(y0) = 0.

But it is well known that the Wronskian of two independent solutions never vanishes,
and hence we have arrived at a contradiction.

For (b), note that U(x0, y0) = 0 is equivalent to h(x0) = h(y0), where

h(x) =
g′1(x)

g′2(x)
.

But to obtain this result, we must have that h′(z) = 0 for some z ∈ (x0, y0). But

h′(z) =
v(z)

(g′2(z))
2
,
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and this never vanishes according to (a). This proves the result.
Lemma A.3. Assume A2–A4 and let ȳ > 0 be given. Then there exists two

independent solutions g1 and g2 of Lg = 0 so that
(i) g1(0) = g1(ȳ) = 1, g′1(0) < 0, g′1(ȳ) > 0, and g′′1 (y) > 0 on [0, ȳ]. Also

g(y) > 0 on [0, ȳ].
(ii) g2(0) = 1, g′2(0) = 0, g′2(y) > 0 on (0, ȳ], and g′′2 (y) > 0 on [0, ȳ].
Proof. Clearly g2 is defined by the initial conditions, and by Lemma A.1(b),

yg2(y)g
′
2(y) > 0 for y > 0; hence g′2(y) > 0 for y ∈ (0, ε) for some ε > 0. But by

Lemma A.1(d), g′′2 (y) 
= 0, and since g′2(y) > g′2(0) on (0, ε), it follows that g′′2 (y) > 0.
But then g′2(y) > 0 for y > 0 as well.

Next define g0 by Lg0 = 0, g0(0) = 0, and g′0(0) = 1, which implies by Lemma
A.1(a) that g′0(y) > 0 for all y ≥ 0. Let

g1(y) =
1 − g2(ȳ)

g0(ȳ)
g0(y) + g2(y).

Clearly g1(0) = g1(ȳ) = 1. Also g′1(0) = (1 − g2(ȳ))/g0(ȳ) < 0. There must exist
a y0 ∈ (0, ȳ) so that g′0(y0) = 0, but this implies by Lemma A.1(d) that g′′0 (y) 
= 0.
Since g′1(0) < 0 it is necessary that g′′1 (y) > 0. Finally, let τy0 be the first time the
process Y , subject to no control, hits the value 0 when Y0 = y, and similarly let τyȳ
be the first time it hits ȳ. Also let T y

ȳ = min{τy0 , τ
y
ȳ }. By standard results in diffusion

theory (see, e.g., [6, Chapter 15.3]),

g1(y) = Ey
[
e−rT

y
ȳ

]
,

and hence g1(y) > 0 on [0, ȳ].
Lemma A.4. There exists a solution to the variational problem (2.2) with 0 <

γ̄ ≤ ȳ − δ̄ < ȳ.
Proof. Throughout the proof, g1 and g2 are as in Lemma A.3 so that a general

solution to LV = 0 is

V (y) = a1g1(y) + a2g2(y).

Assume first that c1 + d1 > 0. In order to satisfy V ′(γ) = (1 − c1)
−1 and V ′(η) =

(1 + d1)
−1 (with η = ȳ − δ), a straightforward computation shows that

a1 = a1(γ, η) =
1

U(γ, η)

(
g′2(η)

1 − c1
− g′2(γ)

1 + d1

)
,

(A.1)

a2 = a2(γ, η) = − 1

U(γ, η)

(
g′1(η)

1 − c1
− g′1(γ)

1 + d1

)
,

where U(γ, η) = g′1(γ)g′2(η) − g′1(η)g
′
2(γ). Since U(0, η) = g′1(0)g′2(η) < 0, it follows

by Lemma A.3(b) that U(γ, η) < 0 when 0 ≤ γ < η ≤ ȳ. Also, since both g1 and
g2 are convex, a1(γ, η) < 0 and a2(γ, η) > 0. Furthermore, a1(γ, η) → −∞ and
a2(γ, η) → ∞ as η − γ → 0.

We will now prove that with a1 and a2 as in (A.1), the equation αη(γ) = 0, where

αη(γ) = V (γ) − V (0) − γ + c0
1 − c1

= a1(γ, η)(g1(γ) − 1) + a2(γ, η)(g2(γ) − 1) − γ + c0
1 − c1

,
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has a solution γ < η for any η ∈ (0, ȳ], and similarly that the equation βγ(η) = 0 with

βγ(η) = V (ȳ) − V (η) − ȳ − η − d0

1 + d1

= a1(γ, η)(g1(ȳ) − γ1(η)) + a2(γ, η)(g2(ȳ) − γ2(η)) −
ȳ − η − d0

1 + d1

has a solution η > γ for any γ ∈ [0, ȳ). Making two simple graphs then shows that
there is a point (γ̄, η̄) so that αη̄(γ̄) = βγ̄(η̄) = 0, and so existence is established.

To prove that αη(γ) = 0 has a solution for some γ < η, note first that αη(0) =
−c0/(1 − c1). Furthermore, by the above asymptotic properties of ai(γ, η), i = 1, 2,
αη(γ) → ∞ as γ → η, and hence αη(γ) = 0 has a solution.

The proof that βγ(η) = 0 for some η > γ is a bit trickier. Since βγ(ȳ) = d0/(1 +
d1), it is sufficient to prove that βγ(η) → −∞ as η → γ. Write

βγ(η) =
1

U(γ, η)
kγ(η) − ȳ − η − d0

1 + d1
,

where

kγ(η) =

(
g′2(η)

1 − c1
− g′2(γ)

1 + d1

)
(1 − g1(η)) −

(
g′1(η)

1 − c1
− g′1(γ)

1 + d1

)
(ḡ2 − g2(η))

and ḡ2 = g2(ȳ). Since 1/U(γ, η) → −∞ as η → γ, it is sufficient to prove that
kγ(γ) > 0, or equivalently, since (1 − c1)

−1 − (1 + d1)
−1 > 0, that

h(γ) = g′2(γ)(1 − g1(γ)) − g′1(γ)(ḡ2 − g2(γ)) > 0, γ ∈ [0, ȳ).(A.2)

Now h(0) = −g′1(0)(ḡ2 − 1) > 0 and h(ȳ) = 0. Furthermore,

h′(γ) = g′′2 (γ)(1 − g1(γ)) − g′′1 (γ)(ḡ2 − g2(γ))(A.3)

so that h′(ȳ) = 0. But a Taylor expansion of gi(γ) around ȳ and then of g′i(ȳ) around
γ gives

h′(γ) = (ȳ − γ)v(γ) + o(ȳ − γ),

where v is as in Lemma A.2. Since v(0) = g′′2 (0)g′1(0) < 0, it follows from Lemma
A.2(a) that v(y) < 0 for y ∈ [0, ȳ], and therefore h(y) > 0 for y ∈ (ȳ − ε, ȳ) for some
ε > 0. As a consequence, if h(γ) = 0 has a root in [0, ȳ), there will necessarily be at
least two roots, and at two of these roots h′ will have opposite signs. But h(γ) = 0
implies that

ḡ2 − g2(γ) =
g′2(γ)

g′1(γ)
(1 − g1(γ)),

so that in particular g′1(γ) > 0, and furthermore using (A.3),

h′(γ) =
1 − g1(γ)

g′1(γ)
v(γ) < 0,

which is a contradiction. Hence (A.2) holds and this ends the proof for the case with
c1 + d1 > 0.
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Assume now that c1 + d1 = 0, which clearly implies that γ̄ = η̄; hence we must
prove the existence of

V ′(γ) = a1g
′
1(γ) + a2g

′
2(γ) = 1(A.4)

as well as of

V (γ) − V (0) = a1(g1(γ) − 1) + a2(g2(γ) − 1) = γ + c0(A.5)

and

V (ȳ) − V (γ) = a1(1 − g1(γ)) + a2(ḡ2 − g2(γ)) = ȳ − γ − d0.(A.6)

Here g1 and g2 are again as in Lemma A.3. Adding (A.5) and (A.6) gives

a2 =
ȳ + c0 − d0

ḡ2 − 1
.(A.7)

It remains to prove that there is an a1 and a γ so that (A.4) and (A.5) are satisfied
with a2 given by (A.7).

By the properties of g1, there is a unique γ0 ∈ (0, ȳ) so that g′1(γ0) = 0. If
a2g
′
2(γ0) = 1, a1 can be chosen so that (A.5) is satisfied at the point γ0, and we have

a solution. If a2g2(γ0) 
= 1, then by (A.4),

a1 = a1(γ) =
1 − a2g

′
2(γ)

g′1(γ)
,

and inserting this into (A.5) gives the problem h(γ) = 0, where

h(γ) =
g1(γ) − 1

g′1(γ)
+ a2

(
g2(γ) − 1 − g′2(γ)

g′1(γ)
(g2(γ) − 1)

)
− γ − c0.

It is easy to see that h(0) = −c0 and that h(ȳ) = −d0. But h(γ) → ∞ as γ approaches
γ0 from one side, while h(γ) → −∞ as γ approaches γ0 from the other side. Therefore
h(γ) = 0 must have a solution, and we are done.

Lemma A.5. The variational problem (2.2) has a unique solution with 0 < γ̄ ≤
ȳ − δ̄ < ȳ.

Proof. It remains only to prove uniqueness since existence was proved in Lemma
A.4. We content ourselves with the case c1+d1 > 0, since the case c1+d1 = 0 is easier.
Assume there are two different sets of solutions Vi, γ̄i, δ̄i, i = 1, 2, and let ηi = ȳ − δ̄i.
For ease of notation, we replace γ̄i and η̄i by γi and ηi. Let V0(y) = V2(y) − V1(y),
and assume without loss of generality that V0(0) ≥ 0.

Assume that V ′0(y) > 0 for y ∈ (0, ȳ). The fact that V ′1(γ1) = V ′2(γ2) implies that
γ<γ2. But then

c0
1 − c1

=

∫ γ1

0

(V ′1(y) − (1 − c1)
−1)dy

<

∫ γ1

0

(V ′2(y) − (1 − c1)
−1)dy

<

∫ γ2

0

(V ′2(y) − (1 − c1)
−1)dy =

c0
1 − c1

,
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which is a contradiction. The same argument can be used if V ′0(y) < 0 for y ∈ (0, ȳ).
So by Lemma A.1(a) we can conclude that V0(y) > 0 for y ∈ [0, ȳ] and that V ′0(y0) = 0
for some y0 ∈ (0, ȳ). By Lemma A.1(b),

V ′2(y) < V ′1(y), y ∈ (0, y0),
(A.8)

V ′2(y) > V ′1(y), y ∈ (y0, ȳ).

Assume now that γ2 ≤ y0, which implies that γ1 > γ2 by (A.8). Then

c0
1 − c1

=

∫ γ1

0

(V ′1(y) − (1 − c1)
−1)dy

>

∫ γ2

0

(V ′1(y) − (1 − c1)
−1)dy

>

∫ γ2

0

(V ′2(y) − (1 − c1)
−1)dy =

c0
1 − c1

,

which is a contradiction. Hence we must have that

y0 < γ1 < γ2.(A.9)

By (A.9), ηi > y0, and hence by (A.8),

y0 < η1 < η2.(A.10)

But this gives

− d0

1 + d1
=

∫ ȳ

η2

(V ′2(y) − (1 + d1)
−1)dy

>

∫ ȳ

η2

(V ′1(y) − (1 + d1)
−1)dy

>

∫ ȳ

η1

(V ′1(y) − (1 + d1)
−1)dy = − d0

1 + d1
,

which is a contradiction. In the last inequality we used that

max
y∈[η1,η2]

V ′1(y) = max{V ′1(η1), V
′
1(η2)} ≤ max{V ′1(η1), V

′
2(η2)} = (1 + d1)

−1.

We have thus arrived at a contradiction, and so there must be uniqueness.
Lemma A.6. Assume that (2.2) holds. Then

V (y) − V (0) ≤ y + c0
1 − c1

,

with equality if and only if y = γ̄. Furthermore

V (ȳ) − V (y) ≥ ȳ − y − d0

1 + d1
,

with equality if and only if y = ȳ − δ̄.
Proof. For simplicity we write γ = γ̄ and δ = δ̄. Also set η = ȳ − δ̄. Now from

V ′(η) = (1 + d1)
−1 and

V (ȳ) − V (η) − ȳ − η

1 + d1
=

∫ ȳ

η

(V ′(x) − (1 + d1)
−1)dx = − d0

1 + d1
,
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it follows that V ′(y0) < V ′(η) for some y0 > η, and hence V ′′(y1) < 0 for some
y1 > η. Therefore, by Lemma A.1(f), either V is concave on [0, ȳ] or there is a yc
with η < yc < ȳ so that V is concave on [0, yc) and convex on (yc, ȳ].

Now define

h(y) = V (y) − V (0) − y

1 − c1
=

∫ y

0

(V ′(x) − (1 − c1)
−1)dx.

Then h(0) = 0, h(γ) = c0/(1 − c1), and h′(γ) = 0. If V is concave on [0, ȳ], h will
be increasing on [0, γ) and decreasing on (γ, ȳ], and so h takes its maximum at γ. If
yc < ȳ, where yc is as above, then since yc > η, h(η) ≤ h(γ), and so h(ȳ) − h(η) < 0
will again imply that h takes it maximum at γ. But

h(ȳ) − h(η) =
ȳ − η − d0

1 + d1
− ȳ − η

1 − c1
< 0.

This gives the first part. The second part is proved similarly by defining

h(y) = V (ȳ) − V (y) − ȳ − y

1 + d1
=

∫ ȳ

y

(V ′(x) − (1 + d1)
−1)dx

and proceeding as above to prove that h takes a minimum at η with h(η) =
−d0/(1 + d1).

Proof of Proposition 2.2. Using Lemmas A.5 and A.6, the proof follows along
the same lines as the proof of Theorem 2.3(a), but is simpler. We therefore omit the
details.

With this result we can continue to the proof of Theorem 2.3, but first we give
some lemmas.

Lemma A.7. Assume that (2.3) has a solution. Then
(a) LV (y) ≤ 0 for all y > 0.
(b) y−x−d0

1+d1
≤ V (y) − V (x) ≤ y−x+c0

1−c1 , 0 ≤ x ≤ y. There is left equality when y ≥
y∗, x = δ∗, and right equality when y = γ∗ and x = 0.

(c) y∗, γ∗, δ∗, and V are uniquely given.
Proof. Note first that since V ′(y∗) = V ′(y∗ − δ∗), this is necessarily case (i) of

Lemma A.1(f), with y∗− δ∗ < yc < y∗. Therefore V ′′(y∗−) ≥ 0, and so by continuity,

rV (y∗) =
1

2
σ2(y∗)V ′′(y∗−) + μ(y∗)V ′(y∗) ≥ μ(y∗)(1 + d1)

−1.

Using this inequality, we get for y > y∗,

LV (y) =
μ(y)

1 + d1
− r

(
V (y∗) +

y − y∗

1 + d1

)
= (1 + d1)

−1(μ(y) − μ(y∗) − r(y − y∗)) + μ(y∗)(1 + d1)
−1 − rV (y∗)

≤ (1 + d1)
−1

∫ y

y∗
(μ′(x) − r)dx ≤ 0.

To prove (b), set η∗ = y∗ − δ∗. From the observation at the beginning of the proof,
V ′(y) ≥ (1 + d1)

−1 on (0, η∗) and V ′(y) ≤ (1 + d1)
−1 on (η∗,∞). Therefore

V (y) − V (x) − y − x

1 + d1
=

∫ y

x

(V ′(u) − (1 + d1)
−1)du
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is smallest for x = η∗ and y ≥ y∗, and then it equals −d0/(1 + d1). This gives the
first inequality. For the second inequality, note that V ′(y) ≥ (1− c1)

−1 on (0, γ∗) and
V ′(y) ≤ (1 − c1)

−1 on (γ∗,∞). Therefore,

V (y) − V (x) − y − x

1 − c1
=

∫ y

x

(V ′(u) − (1 − c1)
−1)du

takes its maximum at x = 0 and y = γ∗, and the maximum value is c0/(1 − c1)
−1.

For (c), let Vi, γ
∗
i , δ
∗
i , y
∗
i , i = 1, 2, be two sets of solutions. Let V0(y) = V2(y) −

V1(y) and assume that V0(0) ≥ 0. The same arguments as in the proof of uniqueness
in Lemma A.5 still hold up to and including (A.10). Furthermore, by (A.8) and the
fact that V ′1(y∗1) = V ′2(y∗2), it is necessary that y∗2 < y∗1 . This, together with (A.8) and
(A.10), gives with η∗i = y∗i − δ∗i ,

− d0

1 + d1
=

∫ y∗
2

η∗
2

(V ′2(y) − (1 + d1)
−1)dy

>

∫ y∗
2

η∗
2

(V ′1(y) − (1 + d1)
−1)dy

>

∫ y∗
1

η∗
1

(V ′1(y) − (1 + d1)
−1)dy = − d0

1 + d1
,

which is a contradiction. Hence uniqueness follows.
Lemma A.8. Assume that (2.3) has no solution. Denote a solution of (2.2) for

given ȳ by Vȳ(y). Then V ′ȳ(ȳ−) < (1 + d1)
−1 for all ȳ > 0.

Proof. We denote γ = γ̄, δ = δ̄, and η = ȳ − δ̄, and when there is no misunder-
standing, sometimes we also write V for Vȳ.

Let ȳ < d0, giving V (ȳ) − V (η) = (δ − d0)/(1 + d1) < 0. Therefore we have case
(ii) of Lemma A.1(f), implying that V ′(ȳ−) < 0. If we can prove that V ′ȳ(ȳ−) as a
function of ȳ is continuous, then necessarily V ′ȳ(ȳ−) < (1 + d1)

−1 for all ȳ > 0 since
otherwise V ′ȳ0

(ȳ0−) = (1 + d1)
−1 for some ȳ0, in which case (2.3) would hold with

y∗ = ȳ0.
To this end let g1 and g2 be two linearly independent solutions of Lg = 0 with

g1(0) = 0 and g2(0) = 1. Also let the constants a1 and a2 be such that Vȳ(y) =
a1g1(y) + a2g2(y), y ≤ ȳ. The second through the fifth equations of (2.2) then
become

a1g1(γ) + a2g2(γ) − γ + c0
1 − c1

= 0,

a1g
′
1(γ) + a2g

′
2(γ) − 1

1 − c1
= 0,

a1(g1(ȳ) − g1(η)) + a2(g2(ȳ) − g2(η)) −
ȳ − η − d0

1 + d1
= 0,

a1g
′
1(η) + a2g

′
2(η) −

1

1 + d1
= 0.

This can be written as h(x, ȳ) = 0 with x = (a1, a2, γ, η). Using these equations, the
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Jacobian J = ∂h
∂x becomes

J =

⎡
⎢⎢⎢⎢⎢⎢⎣

g1(γ) g2(γ) − 1 0 0

g′1(γ) g′2(γ) V ′′(γ) 0

g1(ȳ) − g1(η) g2(ȳ) − g2(η) 0 0

g′1(η) g′2(η) 0 V ′′(η)

⎤
⎥⎥⎥⎥⎥⎥⎦
.

We will prove that the determinant |J | 
= 0. If V ′′(η) = 0, by Lemma A.1(f), V
would be convex on [η, ȳ], but then V (ȳ) − V (η) > (ȳ − η − d0)/(1 + d1), which is a
contradiction. Hence V ′′(η) < 0 and then V ′′(γ) < 0 as well. Therefore, for |J | to be
zero, it is necessary that for nonzero constants b and c,

bg1(γ) + c(g2(γ) − 1) = 0,

b(g1(ȳ) − g1(η)) + c(g2(ȳ) − g2(η)) = 0.

Letting Ṽ = bg1(y) + cg2(y), this gives

Ṽ (γ) = Ṽ (0) and Ṽ (ȳ) = Ṽ (η).(A.11)

It follows that Ṽ must satisfy Lemma A.1(f), but according to this, (A.11) is impossible,
and therefore |J | 
= 0. By the implicit function theorem, a1 = a1(ȳ) and a2 = a2(ȳ)
are continuous functions of ȳ, and then so is V ′ȳ(ȳ−) = a1(ȳ)g

′
1(ȳ)+a2(ȳ)g

′
2(ȳ).

Lemma A.9. Assume that (2.3) has no solution, and let Vȳi
(y), i = 1, 2, be solu-

tions of (2.2) for barriers ȳ1 < ȳ2. Then Vȳ1
(y) < Vȳ2

(y) for all y ≥ 0. Furthermore,

V (y) = lim
ȳ→∞

Vȳ(y)

is finite for all y ≥ 0. In fact V is three times continuously differentiable with

V (i)(y) = lim
ȳ→∞

V
(i)
ȳ (y), i = 1, 2, 3,

so, in particular,

LV (y) = 0, y > 0.

Finally,

y − x− d0

1 + d1
< V (y) − V (x) ≤ y − x + c0

1 − c1
, 0 ≤ x ≤ y.

Proof. For simplicity we write Vi = Vȳi , γi = γ̄i, δi = δ̄i, and ηi = ȳi − δ̄i.
Let V0(y) = V2(y) − V1(y). If V ′0(y) > 0 on [0, ȳ1], i.e., V ′2(y) > V ′1(y), then

γ2 > γ1 and so

c0
1 − c1

=

∫ γ1

0

(V ′1(y) − (1 − c1)
−1)dy

<

∫ γ1

0

(V ′2(y) − (1 − c1)
−1)dy

<

∫ γ2

0

(V ′2(y) − (1 − c1)
−1)dy =

c0
1 − c1

,
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which is a contradiction. In a similar way it is easy to show that V ′0(y) < 0 on [0, ȳ1]
also gives a contradiction.

By this and Lemma A.1(a) it is therefore necessary that V0(y) 
= 0 on [0, ȳ1] and
that there is a y0 ∈ [0, ȳ1] so that V ′0(y0) = 0. Assuming that V0(y) < 0 on [0, ȳ1],
Lemma A.1(b) gives

V ′1(y) < V ′2(y), y ∈ (0, y0),
(A.12)

V ′1(y) > V ′2(y), y ∈ (y0, ȳ1).

If η1 < y0, then γ1 < y0 as well, and then from (A.12) it follows that γ1 < γ2.
But this was proved above to give a contradiction, and hence η1 ≥ y0. But then
V ′2(η1) ≤ V ′1(η1), and hence η2 ≤ η1 by (A.12) and Lemma A.8, the latter saying that
V ′2(ȳ2−) < V ′1(η1). Therefore, again by Lemma A.8, the second inequality in (A.12)
holds for y ∈ (0, ȳ2) and so

− d0

1 + d1
=

∫ ȳ1

η1

(V ′1(y) − (1 + d1)
−1)dy

=

∫ ȳ2

η1

(V ′1(y) − (1 + d1)
−1)dy

>

∫ ȳ2

η1

(V ′2(y) − (1 + d1)
−1)dy

>

∫ ȳ2

η2

(V ′2(y) − (1 + d1)
−1)dy = − d0

1 + d1
,

which is a contradiction. Hence we have proved that V0(y) > 0 on [0, ȳ1] and that
V ′0(y0) = 0 for some y0 ∈ [0, ȳ1]. Therefore (A.8) holds, where the second inequality
is for y ∈ (y0, ȳ1).

We will extend the result to (ȳ1, ȳ2], and since V ′1(y) = V ′2(y) on [ȳ2,∞), we are
then in fact done. By Lemma A.8, V ′2(y) < (1 + d1)

−1 on (η2, ȳ2), while by definition
V ′1(y) = (1 + d1)

−1 on (ȳ1, ȳ2). We have shown that V2(ȳ1) > V1(ȳ1), and hence
to finish the first part of the lemma it is sufficient to show that V2(ȳ2) > V1(ȳ2).
To this end, note first that if η2 ≤ y0, then γ2 ≤ y0 as well, and so by (A.8),
γ1 > γ2. However, this is proved to give a contradiction as before, and so η2 > y0,
implying by (A.8) that η1 < η2. Now V ′2(y) > (1 + d1)

−1 on (η1, η2), and using that
V1(ȳ2) = V1(η1) + (ȳ2 − η1 − d0)/(1 + d1), we get

V2(ȳ2) − V1(ȳ2) = V2(η2) − V1(η1) −
η2 − η1

1 + d1

=

∫ η2

η1

(V ′2(y) − (1 + d1)
−1)dy + V2(η1) − V1(η1) > 0.

For the second part let Ṽn be the value function with a barrier ȳ and c0 = c1 =
d0 = d1 = 0, and let Vn = Vȳn be as above. Then clearly Vn(y) ≤ Ṽn(y), but by [12,

Theorem 4.4]), Ṽn(y) ≤ y + μ(0)/r. Letting ȳn → ∞ gives boundedness. To prove
that the derivatives converge, as in the proof of Lemma A.8, let

Vn(y) = a1(ȳn)g1(y) + a2(ȳn)g2(y),

where g1(0) = 0 and g2(0) = 1. Then a2(ȳn) = Vn(0) → V (0)
def
= a2 as ȳn → ∞. Also

using, e.g., that Vn(1) → V (1) gives that a1(ȳn) → a1, and so

V (y) = a1g1(y) + a2g2(y).
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Convergence of the derivatives follows.
For the last part we use the notation above. We know that V ′n(y) > (1− c1)

−1 on
(0, γn), and from Lemma A.8 we know that V ′n(y) < (1−c1)

−1 on (γn, ȳn). Therefore,

Vn(y) − Vn(x) − y − x

1 − c0
=

∫ y

x

(V ′n(u) − (1 − c1)
−1)du

≤
∫ γn

0

(V ′n(u) − (1 − c1)
−1)du =

c0
1 − c1

.

Letting ȳn → ∞ gives the second inequality.
For the first inequality we know likewise that V ′n(y) > (1 + d1)

−1 on (0, ηn) and
that V ′n(y) < (1 + d1)

−1 on (ηn, ȳn). We saw in the first part of the proof that {ηn}
is increasing in ȳn. If ηn → ∞ as ȳn → ∞, then with ηn > y,

Vn(y) − Vn(x) − y − x

1 + d1
=

∫ y

x

(V ′n(u) − (1 + d1)
−1)du > 0.

Letting ȳn → ∞ gives that V (y) − V (x) − (y − x)/(1 + d1) ≥ 0. Assume instead
that ηn → η as ȳn → ∞, and choose ȳn > y. If x < η, then for ȳn sufficiently large
Vn(η)−Vn(x)− (η−x)/(1+d1) ≥ 0, and letting ȳn → ∞ shows that the contribution
from the interval [x, η] is nonnegative. We may therefore assume that x ≥ η. But for
u ≥ η we saw in the proof of the first part of the lemma that (A.8) applies, and hence
{V ′n(u)} is increasing in ȳn, and in particular V ′(u) > V ′n(u) for all n by convergence
of the derivatives. Therefore V (y) − V (x) > Vn(y) − Vn(x) and so

V (y) − V (x) − y − x

1 + d1
> Vn(y) − Vn(x) − y − x

1 + d1
> − d0

1 + d1
.

Proof of Theorem 2.3. Let ρn = inf{t : Yt ∨ Ct ∨ Dt ≥ n} and let νn = inf{t :
Ct ∨Dt ≥ n}. Furthermore, let 0 = S0 < S1 < S2 < · · · be the times investments are
made, and similarly let 0 = T0 < T1 < T2 < · · · be the times dividends are paid. If
limn→∞ Sn < ∞ or limn→∞ Tn < ∞, it is clear that Ey[

∫∞
0

e−rtdAt] = −∞. Hence
we may assume that limn→∞ Sn = limn→∞ Tn = ∞.

Let V be as in (2.3) if this has a solution and be as in Lemma A.9 if (2.3) has no
solution. By the generalized Itô formula, the fact that Cc = Dc = 0, together with
Lemmas A.7 and A.9, we have

e−r(t∧ρn)V (Yt∧ρn) = V (y) +

∫ t∧ρn

0

e−rsσ(Ys)V
′(Ys)dWs

+
∑

Si≤t∧ρn

e−rSi(V (YSi− + �YSi) − V (YSi−))

+
∑

Ti≤t∧ρn

e−rTi(V (YTi− + �YTi) − V (YTi−))

≤ V (y) +

∫ t∧ρn

0

e−rsσ(Ys)V
′(Ys)dWs

+
∑

Si≤t∧ρn

e−rSi
�YSi + c0

1 − c1

+
∑

Ti≤t∧ρn

e−rTi
�YTi + d0

1 + d1
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= V (y) +

∫ t∧ρn

0

e−rsσ(Ys)V
′(Ys)dWs

+

∫ t∧ρn

0

e−rsdCs −
∫ t∧ρn

0

e−rsdDs.

Therefore,

V (y) ≥ Ey

[∫ t∧ρn

0

e−rsdDs

]
− Ey

[∫ t∧ρn

0

e−rsdCs

]
+ Ey

[
e−r(t∧ρn)V (Yt∧ρn

)
]
.

As in the proof of [12, Lemma 3.3] it follows that

M(t) =

∫ t−

0

e−rsdAs + e−rtV (Yt−)

is a supermartingale. Again following the arguments in [12, Lemma 3.3] gives

V (y) ≥ Ey

[∫ νn−

0

e−rsdAs

]
+ Ey

[
e−rνnV (Yνn−)

]
≥ Ey

[∫ νn−

0

e−rsdAs

]
+ V (0)Ey

[
e−rνn

]
.

Clearly νn → ∞ as n → ∞; hence,

V (y) ≥ lim sup
n→∞

Ey

[∫ νn−

0

e−rsdAs

]
.

If (2.3) has a solution, then using the strategy of Theorem 2.3(a) gives the equalities
above so that

V (y) =

∫ t

0

e−rsdDs −
∫ t

0

e−rsdCs −
∫ t

0

e−rsσ(Ys)V
′(Ys)dWs + e−rtV (Yt).

But 0 ≤ Ys ≤ y∗, and hence the stochastic integral has expectation zero. Furthermore,

Ey

[∫ t

0

e−rsdDs

]
< y +

δ∗ − d0

1 + d1
Ey

[ ∞∑
i=1

e−rTi

]
< ∞

since T1, T2, . . . is a renewal process. Therefore, taking expectations and using the
monotone convergence theorem together with the dominated convergence theorem,
we get

V (y) = Ey

[∫ ∞
0

e−rtdAt

]
.

Assume now that (2.3) does not have a solution, and let (C∗, D∗) be an optimal
strategy. Let D′ be “the more generous payout,”

�D′s = V (Ys−) − V (Ys− + �Ys) > �D∗s when �D∗s > 0,

where the inequality follows from Lemma A.9. Therefore, P (D′t∧τy > D∗t∧τy ) > 0 for

t sufficiently large (otherwise E[
∫ νn−
0− e−rsdD∗s ] = 0 for all n, and D∗ is not optimal).

Consequently, as in the first part of the proof with A∗ = D∗ −C∗ and A′ = D′ −C ′,

V (y) ≥ lim sup
n→∞

Ey

[∫ νn−

0−
e−rsdA′s

]
> lim sup

n→∞
Ey

[∫ νn−

0−
e−rsdA∗s

]
.
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Let

ε = V (y) − lim sup
n→∞

E

[∫ νn−

0−
e−rsdA∗s

]
.

By Lemma A.9, there exists a ȳ so that V (y) − Vȳ,γ(ȳ),δ(ȳ)(y) < ε, and so (C∗, D∗)
cannot be optimal. That V (y) = limȳ→∞ Vȳ,γ(ȳ),δ(ȳ)(y) follows from Lemma A.9.
This ends the proof.

Proof of Proposition 2.4. Let g(y) = V (y), which is a solution by Lemma A.9.
Also let

S(y) =

∫ y

0

e
−

∫ x
0

2μ(v)

σ2(v)
dv
dx

be the scale function. By the method of reduction of order (see, e.g., [14, p. 31]),
another independent solution is

g̃2(y) = g(y)

∫ y

l

1

g2(x)
S′(x)dx

def
= g(y)(k(y) − k(l)),

where l is chosen large enough so that g(l) > 0.
Let τy0 and τyȳ be as in the proof of Lemma A.3. By results in [6, Chapter 15.1],

P y(τyȳ < τy0 ) =
S(y)

S(ȳ)
.

This means that if S(ȳ) → ∞ as ȳ → ∞, then P y(τy0 < ∞) = 1. But then it cannot be
optimal to never pay out dividends, since this will result in a negative value function
for all y, which clearly is wrong. Hence limy→∞ S(y) < ∞, and since S′(y) > 0, this
implies in particular that limy→∞ S′(y) = 0.

By Lemma A.9 and what we have already proved, it is clear that k∞ = limy→∞ k(y)
exists and is finite. Therefore g2(y) = g(y)(k(y) − k∞) is also a solution, and by
L’Hospital’s rule,

lim
y→∞

g2(y) = lim
y→∞

k(y) − k∞
1

g(y)

= lim
y→∞

S′(y)

g′(y)
= 0,

since V ′ = limy→∞ g′(y) = 1/(1 + d1) by Lemmas A.1(f) and A.9. Finally, any
solution is a linear combination of V (y) and g2(y), and the last result follows.

To prove (b), observe first that V (y) ≤ Ṽ (y), where Ṽ is the value function when
c0 = c1 = d0 = 0. As in [12, Theorem 4.4],

Ṽ (y) =
1

1 + d1

(
y +

μ(0)

r

)
.

Assume that there is an optimal policy. Then by Theorem 2.3(a) and the above, we
obtain for y ≥ y∗,

V (y) = V (η∗) +
y − η∗ − d0

1 + d1
≤ 1

1 + d1

(
y +

μ(0)

r
− d0

)
.

Let ȳ > y and let T y
ȳ = min{τy0 , τ

y
ȳ }. Using a barrier strategy at ȳ that pays the

whole amount ȳ yields the value function

V̂ȳ(y) = Ey
[
e−rT

y
ȳ 1{YT

y
ȳ −=ȳ}

]( ȳ − d0

1 + d1
+ V̂ȳ(0)

)
+ Ey

[
e−rT

y
ȳ 1{YT

y
ȳ −=0}

]
V̂ȳ(0)

= hȳ(y)
ȳ − d0

1 + d1
+ kȳ(y)V̂ȳ(0),
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where

hȳ(y) = Ey
[
e−rT

y
ȳ 1{YT

y
ȳ −=ȳ}

]
,

kȳ(y) = Ey
[
e−rT

y
ȳ

]
.

Again by results from Chapter 15.3 in [6], hȳ is the solution of

Lhȳ(y) = 0, hȳ(ȳ) = 1, and hȳ(0) = 0.

This gives

V̂ȳ(y) =
ȳ − d0

1 + d1

⎛
⎝ g1(y)

g1(ȳ) − g1(0)
g2(0)

g2(ȳ)
− g2(y)

g2(0)
g1(0)

g1(ȳ) − g2(ȳ)

⎞
⎠ + kȳ(y)V̂ȳ(0).

Clearly V̂ȳ(0) is bounded, and since Y increases only exponentially, letting ȳ = ey
2

implies that kȳ(y) → 0 as y → ∞. Therefore, for any positive ε < d0 and y sufficiently
large,

V̂ȳ(y) ≥
1

1 + d1

g1(y)

g′1
− ε

2
≥ 1

1 + d1

(
y +

μ(0)

r

)
− ε > V (y),

which is a contradiction. Hence (2.3) cannot have a solution, and this proves (b).
Part (c) is the same as (a) since all solutions are a linear combination of g1 and

g2 from (a).
Proof of Proposition 2.6. As in the proof of Lemma A.9, let Vn(y) be the value

function with barrier ȳn. Then Vn(y) = a1(ȳn)g1(y) + a2(ȳn)g2(y), and by the proof
of Lemma A.9, ai(ȳn) → ai as ȳn → ∞, where V (y) = a1g1(y) + a2g2(y).

Let V ′ = limy→∞ V ′(y). By Lemma A.9, V ′ ≥ (1 + d1)
−1, and by Lemma A.8,

1

1 + d1
> V ′n(ȳn) = a1(ȳn)g′1(ȳn) + a2(ȳn)g′2(ȳn).

Letting ȳn → ∞ gives that (1 + d1)
−1 ≥ V ′, hence V ′ = (1 + d1)

−1, and this proves
(a). For (b) define

h(y) = V (y) − V (0) − y + c0
1 − c1

,

hn(y) = Vn(y) − Vn(0) − y + c0
1 − c1

.

Since V ′n(γn) = (1 − c1)
−1 and Vn is concave on [0, γn], we have that h′n(0) > 0,

implying that h′(0) ≥ 0. By (a), h′(y) < 0 for all y sufficiently large, and so h must
have a maximum at some γ̄, and then h′(γ̄) = 0, i.e., V ′(γ̄) = (1− c1)

−1. By Lemma
A.1(f), V ′(y) > (1 − c1)

−1 for y < γ̄ and V ′(y) < (1 − c1)
−1 for y > γ̄. Since V is an

optimal value function and all reinvestments at 0 have a marginal cost of (1 − c1)
−1,

it is optimal to reinvest as long as the marginal return on reinvestments is at least as
high as the marginal cost of reinvesting, which by the above arguments just means
that

V (γ̄) = V (0) +
γ̄ + c0
1 − c1

,(A.13)
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and this is the same as the second equation in (2.4).
Assume that {γn} is unbounded so that γn → ∞ along some sequence ȳn. Then

for ε > 0 and n large enough, since Vn is concave on [0, γn],

V ′n(γ̄ + ε) > (1 − c1)
−1 > V ′(γ̄ + ε).

Letting n → ∞ gives a contradiction, hence {γn} is bounded, and so (along a subse-
quence) γn → γ0 for some γ0. But

V ′(γ0) = V ′(γ0) − V ′n(γ0) + V ′n(γ0) − V ′n(γn) + (1 − c1)
−1.

However,

|V ′(γ0) − V ′n(γ0)| + |V ′n(γ0) − V ′n(γn)| → 0 as n → ∞,

hence V ′(γ0) = (1− c1)
−1, and so γ0 = γ̄. Also hn(γn) = 0 so h(γ̄) = 0 as well, giving

another proof of (A.13).
Finally for (c), if c1 = d1 = 0 but the equations (2.4) have a solution, the argument

is as above. So assume that (2.4) has no solution. Then V ′(y) > 1 for all y, and hence
at y = 0 it is desirable to reinvest as much as possible since the marginal return
on reinvestment is higher than the marginal cost of reinvestment. Therefore, as in
(A.13),

V (0) = lim
y→∞

(V (y) − y) − c0.(A.14)

Then (a) and (A.14), together with the limit results for g2(y) given in Proposi-
tion 2.4(a), yield the result.
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Abstract. Given a control-affine system and a controlled invariant submanifold, we present nec-
essary and sufficient conditions for local feedback equivalence to a system whose dynamics transversal
to the submanifold are linear and controllable. A key ingredient used in the analysis is the new notion
of transverse controllability indices of a control system with respect to a set.
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1. Introduction. Ever since Poincaré’s seminal work [22], the problem of equiv-
alence of vector fields has been a central question in the field of dynamics. In his 1879
work, Poincaré found sufficient conditions for an analytic vector field to be locally
equivalent to a linear one by means of an analytic transformation. Poincaré’s key
insight in formulating this problem was that, rather than trying to solve a differ-
ential equation, it is convenient to seek a coordinate transformation reducing the
associated vector field to its “simplest” form, the normal form. In control theory, the
problem of equivalence of a control system to a linear controllable system by means
of smooth coordinate transformations was first formulated by Krener in 1973 [14]. In
1978, Brockett [3] formulated and solved the feedback linearization problem for single-
input, single-output systems, whereby the equivalence to a linear controllable system is
established by means of a smooth coordinate transformation and a regular feedback
transformation; this is referred to as feedback equivalence. The multi-input, multi-
output extension of Brockett’s work was carried out by Jakubczyk and Respondek
in [12] and, independently, by Hunt, Su, and Meyer in [8]; see also [26]. When a control
system is not feedback linearizable, it is natural to ask whether it admits a feedback
linearizable subsystem. This problem, first posed by Isidori and Krener in [10], is re-
ferred to as partial feedback linearization. For single-input systems, Krener, Isidori,
and Respondek [13] investigated partial feedback linearization yielding a linear sub-
system of maximal dimension. This result was extended by Marino in [15] to the
multi-input case; see also [16], [23]. For systems with outputs, Xu and Hunt [30], [31],
consider a similar problem.

In [2], Banaszuk and Hauser formulated and solved the transverse feedback lin-
earization problem (TFLP) for periodic orbits of single-input control-affine systems.
If Γ� is a periodic orbit of the open-loop system, the problem entails finding condi-
tions for feedback equivalence to a control system whose dynamics transversal to Γ�

are linear and controllable. In [19], we generalized Banaszuk and Hauser’s results to
the case when Γ� is an arbitrary controlled invariant embedded submanifold of the
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state space. In this paper we present the complete solution to the local TFLP for
multi-input systems, relying on a mild regularity assumption. A key ingredient used
in the analysis of the problem is the new notion of transverse controllability indices
of a control system with respect to a set. The transverse controllability indices are an
adaptation of those introduced by Marino [15].

When the set Γ� is an equilibrium point, the problem considered in this paper
(see section 3) reduces to the classical state-space exact linearization problem. In this
special case our conditions coincide with those of the classical results on feedback
equivalence to linear, time-invariant, controllable systems [8], [12], and the trans-
verse controllability indices coincide with the controllability indices introduced by
Marino [15].

We now discuss some of the applications of transverse feedback linearization
(TFL). While classical feedback linearization is used to stabilize equilibria of non-
linear systems, TFL is applicable to the more general set stabilization problem. In-
deed, if a system is transversely feedback linearizable with respect to a controlled
invariant manifold Γ�, then designing a controller that locally stabilizes Γ� amounts
to designing a stabilizer for the origin of a linear time-invariant system, and so the
set stabilization problem is greatly simplified (see section 3 for a more precise discus-
sion). In light of the above, TFL is relevant to all those problems where the control
objective is the stabilization of a manifold, rather than an equilibrium. Consider, for
instance, the simplest synchronization (or state agreement) problem: make the states
of two coupled dynamical systems converge to one another. This is equivalent to sta-
bilizing the diagonal subspace. In the more general case, when one wants to make
the outputs of several coupled dynamical systems converge to one another, then, gen-
erally, the set to be stabilized is a manifold. As other relevant applications of TFL
we mention path following (make the output of a dynamical system approach and
follow a path) [2], [18], [19], and the stabilization of virtual constraints in mechanical
systems [24].

Another important application of our main result is the solution of the following
zero dynamics assignment problem with relative degree. Given a control-affine system
and a controlled invariant manifold Γ�, does there exist an output function yielding
a well-defined vector relative degree whose associated zero dynamics manifold locally
coincides with Γ�? Our main result in Theorem 3.2 gives checkable necessary and
sufficient conditions that completely answer this question.

This paper is organized as follows. Section 2 contains mathematical preliminaries.
Section 3 presents the formal problem statement, the statement of our main result,
Theorem 3.2, and a comparison of our result to the solution of the classical state-
space exact linearization problem [8], [12]. A relationship to the partial feedback
linearization problem is established in Theorem 3.5. In section 4 we introduce the
notion of transverse indices, compare them to the controllability indices of Marino [15]
in Lemma 4.1, and establish their feedback invariance. The proof of the main result
is presented in section 5, and section 6 contains concluding remarks.

2. Preliminaries. Consider a control system Σ modeled by equations of the
form

(2.1) Σ : ẋ = f(x) +
m∑
i=1

gi(x)ui =: f(x) + g(x)u.

Here x ∈ R
n is the state, and u = (u1, . . . , um) ∈ R

m is the control input. The vector
fields f, g1, . . . , gm : R

n −→ TR
n are smooth (C∞). We assume throughout this paper
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that g1, . . . , gm are linearly independent.
When we talk of a manifold M , we mean a smooth manifold without boundary.

By a submanifold we mean an embedded submanifold. All objects are presumed to
be smooth. In this paper we consider submanifolds of R

n, where R
n is identified with

Euclidean n-space.

2.1. Notation. If k is a positive integer, k denotes the set of integers {0, 1, . . . ,
k − 1}. We let col(x1, . . . , xk) := [x1 . . . xn]� and, given two column vectors a and
b, we let col(a, b) := [a� b�]�. If U is an open set of R

n, let Diff(U) denote the
collection of diffeomorphisms from U to some open set Ũ ⊂ R

n. If F : M → N is
a map between manifolds, then dFx : TxM → TF (x)N denotes its differential. If M
and N are vector spaces, then use dFx to denote the Jacobian matrix of F at x. If
F : M → N is a diffeomorphism between two manifolds, and if v is a vector field on
M , then the differential of F can be used to define a vector field on N by means of
the push-forward map F�, defined as F�v(q) = (dFpv(p))

∣∣
p=F−1(q)

. This corresponds

to the usual change of coordinates in a differential equation. We denote by Im the
m×m identity matrix. The direct sum of two matrices A and B is the block diagonal
matrix

A⊕B =

[
A 0
0 B

]
,

where the zeros denote matrices of suitable size. Given two subspaces V and W of
the same vector space, the notation V ⊕W (internal direct sum) is used to represent
the subspace V + W when V and W are linearly independent.

Definition 2.1. Given an open set U ⊆ R
n, a regular static feedback, denoted

(α, β), on U for the control system (2.1) is a relation

u = α(x) + β(x)v,

where u = (u1, . . . , um) and α : U → R
m, β : U −→ GL(m,R) are smooth mappings.

We denote by f̃ := f + gα and g̃ := gβ the vector fields obtained after the application
of (α, β).

Definition 2.2. Two control systems, Σ : ẋ = f(x) + g(x)u and Σ̂ : ˙̂x = f̂ + ĝû,
are feedback equivalent on an open set U ⊆ R

n if there exist a regular static feedback
(α, β) defined on U and a diffeomorphism Ξ ∈ Diff(U) such that

f̂ = Ξ�(f + gα), ĝ = Ξ�(gβ)

on U .
On a manifold M , V(M) will denote the set of all smooth vector fields on M , and

C∞(M) will denote the ring of smooth real-valued functions on M . Given v ∈ V(M),
φv
t (p) denotes the solution of ẋ = v(x) with initial condition x(0) = p at time t. A

closed connected set N ⊂ M is said to be invariant for f ∈ V(M) if

(p0 ∈ N) ⇒ (∀t ∈ R)(φf
t (p0) ∈ N).

A closed connected set N ⊂ R
n is called controlled invariant for (2.1) if there exists a

smooth feedback u : N → R
m making N an invariant set for the closed-loop system.

Following [28], we denote the class of closed, connected, embedded submanifolds of R
n

which are controlled invariant for (2.1) by I(f, g,Rn). If N ∈ I(f, g,Rn), we write



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2230 CHRISTOPHER NIELSEN AND MANFREDI MAGGIORE

F(f, g,N) for the collection of maps that render N controlled invariant, i.e., maps
u : N → R

m such that f + gu is tangent to N , i.e.,

(f + gu)|N : N → TN.

If f ∈ V(M) and λ ∈ C∞(M), then

Lfλ(p) = lim
h→0

1

h

[
λ(φf

h(p)) − λ(p)
]

is the Lie derivative of λ with respect to f at p; it is also an element of C∞(M). If
f, g ∈ V(M), then the Lie bracket of f and g is defined by the relation

L[f,g]λ = Lf (Lgλ) − Lg(Lfλ) ∀λ ∈ C∞(M).

We will use the following standard notation for iterated Lie derivatives and Lie
brackets:

LgLfλ := Lg(Lfλ),

L0
gλ := λ, Lk

gλ := Lg(L
k−1
g λ),

ad0
fg := g, adkfg :=

[
f, adk−1

f g
]
, k ≥ 1.

The set V(M) can be equipped with different algebraic structures. For our purposes
it suffices to consider V(M) as either (i) a vector space (infinite dimensional) over R

which, when endowed with the Lie bracket [ , ] : V(M) × V(M) → V(M), becomes a
Lie algebra, or (ii) a module over the ring C∞(M). Given a Lie algebra g, a subset
h ⊂ g is called a subalgebra if h1, h2 ∈ h implies [h1, h2] ∈ h.

Finally, if A ⊂ M is any subset, then a smooth map r : M → A such that
r|A = 1A, where 1A is the identity map on A, is called a smooth retraction of M
onto A. The following lemma regarding retractions is a simpler, local version of the
tubular neighborhood theorem [5].

Lemma 2.3. Let N ⊂ R
n be an n�-dimensional submanifold of R

n. Then, for
every p ∈ N there exist a neighborhood U of p in R

n and a smooth retraction r : U →
N ∩ U .

2.2. Vector bundles. The discussion, terminology, and notation of this section
is standard and can be found in [6] or [25]. A smooth n-dimensional vector bundle
(or n-plane bundle) ξ = (π,E,B) can be thought of as1 a family {Ep}p∈B of disjoint
n-dimensional vector spaces parameterized by a space B. The union of these vector
spaces is the space E, and B is called the base space. The map π : E → B, Ep �→ p is
a smooth surjective submersion and is called the vector bundle projection. Moreover,
ξ is “locally trivial” in the sense that, locally (with respect to B), E looks like a
product with R

n: for each p ∈ B, there is a neighborhood U of p and a diffeomorphism
t : π−1(U) → U × R

n, vq �→ (t1(q), t2(q)v), which is an isomorphism from each fiber
π−1(q) onto q × R

n for each q ∈ U . This property is exhibited by the commutative
diagram below, where π̃(q, v) = q:

π−1(U)
t ��

π

��

U × R
n

π̃
�������������

U

1The discussion here is informal. In particular we define a vector bundle as a triple (π,E,B),
where more formally one defines a vector bundle as a 5-tuple by augmenting the above triple with
two operations ⊕ and ⊗. See [6] and [25] for more details.
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The pair
(
π−1(U), t

)
is called a vector bundle chart with domain U and dimension

n. The collection of all vector bundle charts of ξ is a vector bundle atlas. A vector
bundle is a manifold in its own right with an atlas of compatible vector bundle charts.
We will usually refer to a vector bundle as simply ξ, or π : E → B, or even denote
the bundle by E alone.

If A ⊂ B is any subset and ξ = (π,E,B), then we denote π−1(A) by E|A, the
restriction of ξ to A. It is a well-defined vector bundle. A subbundle of the bundle
ξ = (π,E,B) is a bundle ξ0 = (π0, E0, B), over the same base space B such that
E0 ⊂ E, and π|E0

= π0. Additionally, there must exist a vector bundle atlas Φ for ξ

such that if
(
π−1(U), t

)
∈ Φ, the following diagrams commute:

π−1(U)
t ��

π

��

U × R
k × R

n−k

π̃
���������������

U

π−1
0 (U)

t ��

π0

��

U × R
k × {0}

π̃
��������������

U

The prime example of a vector bundle is the tangent bundle π : TM → M of a
manifold M . If N ⊂ M is a submanifold of M , then TN is a subbundle of TM |N :

TN = {vx ∈ TM |N : v(x) ∈ TxN}.

The algebraic normal bundle of N in M is the subbundle over N whose fibers are the
quotient spaces TxM/TxN . It is denoted TM |N /TN .

Let ξ = (π,E,B) be a smooth vector bundle. A C∞ inner product or orthogonal
structure on ξ is a family {αp}p∈B , where each αp is an inner product on Ep and
the map (p, y, z) �→ αp(y, z) defined on {(p, y, z) ∈ B × E × E : p = π(y) = π(z)} is
C∞. The pair (ξ, α) is called an orthogonal vector bundle. If M is a manifold, a C∞

orthogonal structure on TM is called a Riemannian metric. In this paper, orthogonal
structures will always arise in subbundles of TR

n|V , where V is a submanifold of R
n,

whereby the standard inner product on R
n is used. Suppose (ξ, α) is an orthogonal

vector bundle. If y, z are in the same fiber Ep, we write 〈y, z〉 or 〈y, z〉p for αp(y, z).

If ξ = (π0, E0, B) ⊂ η = (π,E,B) is a subbundle, the orthogonal complement ξ⊥ ⊂ η
is the subbundle defined fiberwise as

(ξ⊥)p = (ξp)
⊥ = {y ∈ Ep : 〈y, z〉 = 0, z ∈ E0

p}.

Note that ξ⊥ is isomorphic to η/ξ. Of particular interest to us will be the case when
N ⊂ M is a submanifold and M has a Riemannian metric. In this case TN⊥ ⊂ TM |N
is called the geometric normal bundle of N in M .

2.3. Distributions. A smooth distribution D on a manifold M is an assignment
to each p ∈ M of a subspace D(p) ⊆ TpM which varies smoothly as p varies. Locally, a
smooth distribution is spanned by a collection of smooth vector fields which are called
local generators. A point p ∈ M is a regular point of D if there exists a neighborhood
U containing p for which dim (D(q)) is constant for all q ∈ U . In this case D is said to
be nonsingular on U . If p is a regular point of a distribution D with dimD(p) = d, then
there exist an open neighborhood U0 of p and d smooth local generators f1, . . . , fd
defined on U0 such that for each q ∈ U0, D(q) = span{f1(q), . . . , fd(q)}. We will write
D = span{f1, . . . , fd} when such a finite set of local generators exists.

A nonsingular distribution can be viewed as a subbundle of TM . As such, when
TM has an orthogonal structure, we will use the notation D⊥ to indicate the orthog-
onal complement of D in TM . This stands in contrast to the notation ann (D) which
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we use to denote the annihilator of D contained in TM�, the cotangent bundle. If D
is a distribution defined on a manifold M and N ⊂ M is a submanifold we will at
times consider the subbundles TN + D and TN ∩D of TM |N defined fiberwise, for
each p ∈ N , by TpN + D(p) and TpN ∩D(p), respectively. The following fact is used
in what follows.

Lemma 2.4. Let N ⊂ M be a C∞-submanifold of the C∞-manifold M . Let
p ∈ N be a regular point of a C∞-distribution D on M . Suppose there exists an open
neighborhood V in N such that dim(TpN ∩ D(p)) is constant for all p ∈ V . Then

there exists a neighborhood U of p in V such that TN ∩D and (TN ∩D)
⊥

are smooth
in U .

Given a smooth distribution D on M , we denote by D̄ the involutive closure of
D, i.e., the intersection of all involutive distributions containing D. We denote by
Lie(D) the smallest subalgebra of V(M) containing the vector fields in D. We will use
LieC∞(M)(D) to denote the smooth distribution spanned by vector fields in Lie(D).
Then LieC∞(M)(D) ⊆ D̄, and generally the inclusion is proper.

If Δ and Λ are distributions and f is a vector field, then we use the following
notation:

[Δ,Λ] = span{[X,Y ] : X ∈ Δ, Y ∈ Λ},
[f,Δ] = span{[f, τ ] : τ ∈ Δ}.

A smooth distribution Δ is invariant under a vector field f if [f,Δ] ⊆ Δ. A distri-
bution Δ defined on an open set U is said to be locally controlled invariant for the
dynamics (2.1) if for each x0 ∈ U there exist a neighborhood U0 of x0 and a regular
static feedback (α, β) on U0 such that[

f̃ ,Δ
]
⊆ Δ,

[g̃i,Δ] ⊆ Δ, i ∈ {1, . . . ,m},

where f̃ = f + gα and g̃ = gβ.
Theorem 2.5 (see [7], [9], [11], [20], [21]). Let Δ be an involutive distribution.

Suppose Δ and Δ + span{g1, . . . , gm} are nonsingular on U . Then Δ is locally con-
trolled invariant for the dynamics (2.1) if and only if

[f,Δ] ⊆ Δ + span{g1, . . . , gm},
[gi,Δ] ⊆ Δ + span{g1, . . . , gm}, i ∈ {1, . . . ,m}.

3. Local transverse feedback linearization problem and solution. In this
section we present the main problem studied in this paper. Suppose we are given a
pair (Γ�, u�), where Γ� ∈ I(f, g,Rn), dim Γ� = n�, and u� ∈ F(f, g,Γ�). In this
presentation we consider the controlled invariant set Γ� as given data. For example,
in a mechanical system this might correspond to a motion planning task being solved
in order to obtain the shortest path between two given points. In most situations,
however, one is given a set Γ, perhaps defined by virtual constraints or design goals,
and then one must pare away pieces of Γ until all which remains is the largest con-
trolled invariant submanifold Γ� contained in Γ. Various tools in the literature exist
for this purpose (see, for instance, the zero dynamics algorithm [9] or the constrained
dynamics algorithm [21]). Generally, the existing tools generate a local characteriza-
tion of Γ� about the initialization point of the algorithms. In some cases, viability
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theory [1] can be used to obtain global characterizations of invariant sets for dynam-
ical systems. The main problem investigated in this paper, stated next, concerns the
decomposition of the system dynamics into a subsystem describing the motion on Γ�

and one describing the motion transversal to Γ�, with the essential requirement that
the transversal subsystem be feedback linearizable.

Local transverse feedback linearization problem. Given a pair (Γ�, u�) ∈
I(f, g,Rn) × F(f, g,Rn) and a point p0 ∈ Γ� find, if possible, a neighborhood U of
p0 in R

n, a transformation Ξ ∈ Diff(U), Ξ : U → R
n� × R

n−n�

, x �→ (z, ξ), and a
feedback transformation (α, β), such that (2.1) is feedback equivalent on U to

(3.1)
ż = f0(z, ξ) + g1(z, ξ)v1 + g2(z, ξ)v2,

ξ̇ = Aξ + Bv1,

where v = col(v1, v2) ∈ R
m, B is full rank, the pair (A,B) is controllable, and Ξ(Γ� ∩

U) = {(z, ξ) ∈ R
n� × R

n−n�

: ξ = 0}.
In words, we seek to characterize conditions under which (2.1) is feedback equiv-

alent to a system whose dynamics transversal to the set Γ� are linear, time-invariant,
and controllable. LTFLP asks for a coordinate and feedback transformation valid
on U which generates a normal form with two types of decompositions. On the one
hand, system dynamics near Γ� ∩U are decomposed into a tangential subsystem, the
z-dynamics, and a transversal subsystem, the ξ-dynamics. On the other hand, the
original m control inputs are decomposed into transversal and tangential components
v1 and v2, respectively.

The terminology “transverse feedback linearization” should not be mistaken for
“transverse linearization,” a technique consisting of the Jacobian linearization of the
dynamics transversal to a periodic orbit. In the special case when Γ� is a periodic orbit,
the notions of “transverse feedback linearization” and “transverse linearization” differ
similarly to the way that “feedback linearization” around an equilibrium differs from
“linearization” around the equilibrium.

Transverse feedback linearization finds application in the stabilization of Γ�. For,
if a transversal controller v1 is designed that stabilizes ξ = 0, and the trajectories
of the closed-loop system are bounded, then the controller stabilizes Γ� in original
coordinates. If, on the other hand, the trajectories of the closed-loop system are not
all bounded, then stabilization of ξ = 0 implies the stabilization of Γ� in original
coordinates if there exists a class-K function α such that ‖ξ(x)‖ ≥ α(‖x‖Γ�), where
‖x‖Γ� is the point-to-set distance of a point x to the set Γ�, defined as ‖x‖Γ� :=
infp∈Γ� ‖x− p‖. Hereafter, we assume that the preliminary regular feedback (u�, Im)
is applied to (2.1) so that f |Γ� is tangent to Γ�. Next, we present a technical result
which is useful in proving the main theorem.

Theorem 3.1. LTFLP is solvable if and only if there exist ρ0 smooth R-valued
functions α1, . . . , αρ0 , defined on an open neighborhood U of p0 in R

n, such that
1. U ∩ Γ� ⊂ {x ∈ U : αi(x) = 0, i = 1, . . . , ρ0}; and
2. the system

(3.2)
ẋ = f(x) +

m∑
i=1

gi(x)ui,

y′ = col(α1(x), . . . , αρ0
(x))

has vector relative degree {k1, . . . , kρ0} with k1 + · · · + kρ0 = n− n� at p0.
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Moreover, the zero dynamics Z� of (3.2) coincide with Γ� on U : Z� ∩ U = Γ� ∩ U .
We omit the proof of Theorem 3.1 and instead refer the reader to [19, Theorem

4.1] whose proof is identical. System (3.2) has m inputs and ρ0 outputs and hence is
not square. The notion of vector relative degree of a nonsquare system is the same as
that of a square system given in section 5.1 of [9], with the difference that the ρ0 ×m
decoupling matrix A(x) with components aij(x) = LgjL

ki−1
f αi(x) is assumed to be

full-rank, rather than nonsingular, at p0.
In section 4 we give the coordinate-free definition of transverse controllability

indices. It turns out (see Lemma 4.3) that {k1, . . . , kρ0} in Theorem 3.1 are precisely
the transverse controllability indices of (2.1) with respect to Γ�.

Theorem 3.1 characterizes the solvability of LTFLP in terms of the existence
of a virtual output function α : U → R

ρ0 satisfying (1) and (2). Once the output
function is known, a coordinate and feedback transformation yielding (3.1) is found
constructively using [9, Proposition 5.1.2] and additional elementary manipulations.
The theorem also shows that LTFLP is equivalent to the zero dynamics assignment
problem with relative degree mentioned in the introduction. For, the theorem states
that LTFLP is solvable if and only if Γ� can be made into the zero dynamics manifold
of (2.1) induced by a suitable output yielding a well-defined vector relative degree.
On the other hand, Theorem 3.1 does not give any way of finding the output function
or even to determine whether it exists. Hence, it has limited value for constructing
the coordinate and feedback transformation.

Consider the distributions

(3.3) Gi := span{adjfgk : 0 ≤ j ≤ i, 1 ≤ k ≤ m}

and recall from section 2 that Ḡi denotes the involutive closure of Gi. Now we give
the main result of this paper.

Theorem 3.2 (main result). Suppose that Ḡi, i ∈ n − n� − 1, are regular at
p0 ∈ Γ�. Then, LTFLP is solvable at p0 if and only if

(a) dim (Tp0
Γ� + Gn−n�−1(p0)) = n, and

(b) there exists an open neighborhood U of p0 in R
n such that for all i ∈ n − n� − 1

(∀p ∈ Γ� ∩ U) dim(TpΓ
� + Gi(p)) = dim(TpΓ

� + Ḡi(p)) = constant.
It is useful to specialize Theorem 3.2 to the case when Γ� is an equilibrium,

because in this special case LTFLP coincides with the state-space exact linearization
problem whose solution was given in [8], [12].

Corollary 3.3. Assume that Γ� = {p0} is an equilibrium point of the open-loop
system ẋ = f(x) and that Ḡi, i ∈ n − 1, are regular at p0. Then, LTFLP is solvable
at p0 if and only if

(a) dimGn−1(p0) = n, and
(b)′ Gi, i ∈ n − 1, are involutive and regular at p0.
Proof. It suffices to show that, under the assumption that the distributions Ḡi

are regular, (b)′ is equivalent to condition (b) in Theorem 3.2. Assume that (b) holds,
i.e., Gi(p0) = Ḡi(p0). For all p in a neighborhood of p0, one has

dim(Gi(p0)) ≤ dim(Gi(p)) ≤ dim(Ḡi(p)) = dim(Ḡi(p0)) = dim(Gi(p0)),

and so all inequalities above are equalities. Therefore, dim(Gi(p)) = dim(Gi(p0)) and
dim(Gi(p)) = dim(Ḡi(p)), proving that (b) =⇒ (b)′. The converse implication is
obvious.

We recall the following classical result.
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Theorem 3.4 (state-space exact linearization [8], [12]). Assume that Γ� = {p0}
is an equilibrium point of the open-loop system ẋ = f(x). Then, LTFLP is solvable at
p0 if and only if conditions (a) and (b)′ in Corollary 3.3 hold.

Note that conditions (a) and (b)′ in Corollary 3.3 imply that the distributions
Ḡi, i ∈ n − 1, are regular at p0. Thus, in the special case when Γ� is an equilibrium
point, the conditions of our main result coincide with those of the state-space exact
linearization problem. The difference between Corollary 3.3 and Theorem 3.4 is that
the former relies on the preliminary assumption that the distributions Ḡi are regular
at p0, while the latter shows that regularity of Ḡi at p0 is actually necessary for
the solvability of LTFLP, and hence there is no need to impose it as a preliminary
requirement.

The assumptions of Theorem 3.2 are checkable; however, its proof does not pro-
vide a constructive procedure for finding the virtual outputs described in Theorem 3.1.
The next result sheds additional light on LTFLP by relating it to the partial feed-
back linearization problem. The result isn’t a viable solution to LTFLP because its
assumptions are not checkable. On the other hand, the theorem provides guidelines
for finding the output function in Theorem 3.1, as discussed below.

Theorem 3.5. Suppose that Ḡi, i ∈ n − n� − 1, are regular at p0 ∈ Γ�. Then,
LTFLP is solvable at p0 if and only if there exist a neighborhood U of p0 and a smooth,
involutive, and regular distribution Δ on U such that

(i) Δ|Γ� = TΓ�.
(ii) Δ is locally controlled invariant under (2.1).
(iii) (∀ p ∈ Γ� ∩ U) dim (TpΓ

� + Gn−n�−1(p)) = n.
(iv) (∀ i ∈ n − n� − 1) Δ + Gi is regular and involutive on U .
Proof. Suppose that LTFLP is solvable at p0. The necessity of conditions (i)–(iv)

can be easily shown by considering the normal form (3.1) and taking

(3.4) Δ = span

{
∂

∂z1
, . . . ,

∂

∂zn�

}
.

Conversely, suppose conditions (i)–(iv) hold. These conditions imply the conditions
of [10, Theorem 2.1]. In particular, condition (iv) implies conditions (a) and (b) of [10,
Theorem 2.1]. Therefore, by [10, Theorem 2.1] we obtain a system whose dynamics in
transformed coordinates is given by (3.1) and where Δ is given by (3.4). The integral
submanifolds of Δ foliate a neighborhood U of p0 and are locally given by the sets
{(z, ξ) : ξ = ξ0 = constant}. Condition (i) means that one of the leaves of the foliation
is precisely Γ� ∩ U . Without loss of generality this leaf is taken as the zero level set
{(z, ξ) : ξ = 0}.

Note that the distribution Δ in Theorem 3.5 is not unique. Also note that this
theorem involves an interaction between the concepts of controlled invariant distri-
butions and controlled invariant manifolds. Together, Theorems 3.1, 3.2, and 3.5 can
be used to find solutions to LTFLP. The following steps outline the typical procedure
one may follow in searching for the output function.

1. Represent Γ� in a neighborhood of p0 as the zero level set of n−n�
R-valued

functions. Using Theorem 3.1, check if there exists a subset of ρ0 of these
functions, with ρ0 defined in (4.1), yielding the correct vector relative degree.

2. If the above step fails, check the conditions of Theorem 3.2 to verify whether
or not the problem is solvable. In simple cases, the procedure described in
the proof of Theorem 3.2 may yield the desired output functions.

3. If Theorem 3.2 establishes that the problem is solvable, then there exists a
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distribution Δ satisfying the conditions in Theorem 3.5. If Δ is found then, af-
ter computing the controllability indices defined in (4.2), the output functions
are obtained by finding those exact one-forms that span the codistributions
ann (Δ + Gi), i = 0, . . . , k1 − 2, and arranging them in the order illustrated
below, with the integers ρi defined in (4.1).

ann (Δ + Gk1−2) dα1

...
...

ann (Δ + Gk1−2−j) dLj
fα1

...
...

ann (Δ + Gk2−2) dLk1−k2

f α1 dα2

...
...

...

ann (Δ + Gk2−2−j) dLk1−k2+j
f α1 dLj

fα2

...
...

...

ann (Δ + Gk3−2) dLk1−k3

f α1 dLk2−k3

f α2 dα3

...
...

...
...

ann
(
Δ + Gkρ0−2

)
dL

k1−kρ0

f α1 dL
k2−kρ0

f α2 · · · dαρ0

...
...

...
...

ann (Δ + G0) dLk1−2
f α1 dLk2−2

f α2 · · · dL
kρ0
−2

f αρ0
.

In each row of the above table, the codistribution in the left column is locally
spanned by all the differentials in that row plus all the differentials in the
rows above. For example, locally we have that

ann (Δ + Gk2−2) = span{dα1, dLfα1, . . . , dL
k1−k2

f α1, dα2}.

The functions α1, . . . , αρ0
, resulting from the integration of the exact one-

forms dα1, . . . , dαρ0 along the diagonal of the table are the required outputs.
Next we present an example to illustrate the use of Theorems 3.1, 3.2, and 3.5.
Example. Consider the system

(3.5) ẋ =

⎡
⎢⎢⎣

−x2

x1

x3x4

0

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0
0
x3

1

⎤
⎥⎥⎦u1 +

⎡
⎢⎢⎣

−x2

x1

0
0

⎤
⎥⎥⎦u2

along with the pair (Γ�, u�) ∈ I(f, g,R4) × F(f, g,R4),

Γ� =
{
x ∈ R

4 : x2
1 + x2

2 − x3 = x4 = 0
}
,

u� = col(0, 0).

The set Γ� is an elliptic paraboloid embedded in the subspace {x ∈ R
4 : x4 = 0}.

We want to perform TFL of (3.5) with respect to Γ� near p0 = col(4, 0, 2, 0). In
this example n = 4 and n� = 2, so we seek to feedback linearize a subsystem of
dimension n − n� = 2. The natural approach to solving this problem is to check if
one of the two constraints which define Γ� satisfies the conditions of Theorem 3.1. In
this case, both constraints, taken individually as scalar outputs, yield a well-defined
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relative degree near p0 of 1 which does not equal n− n�. Taken together, as a vector
output, the constraints do not yield a well-defined vector relative degree. In both cases,
the conditions of Theorem 3.1 are not satisfied by these constraints. Next, we check
whether or not LTFLP is solvable for (3.5) using Theorem 3.2. Checking condition
(a) one finds

dim (Tp0
Γ� + G1(p0)) = 4.

Also, since [g1, g2] = 0, it follows that G0 = Ḡ0 everywhere. It is then an easy matter
to check that for any p ∈ Γ�, dim (TpΓ

� + G0(p)) = 3. Thus condition (b) holds and
LTFLP is solvable despite the fact that the constraints which locally define Γ� do not
satisfy Theorem 3.1.

The fact that Theorem 3.2 holds for this system implies that there exists a dis-
tribution Δ satisfying Theorem 3.5. After some trial and error, one finds that the
distribution

Δ = span

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

−x2

x1

0
0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

x1

x2

2x3

0

⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭

satisfies the conditions of Theorem 3.5. Then, by the Frobenius theorem, there exists
an exact one-form dα which spans ann(Δ + G0). The corresponding function α is
given by

α(x) = ln

(
x3

x2
1 + x2

2

)
− x4

which yields a well-defined relative degree of 2 at p0 and satisfies Theorem 3.1. As a re-
sult, the coordinate transformation Ξ : x �→ col(z1, z2, ξ1, ξ2) defined as z1 = x1, z2 =
x2, ξ1 = α, ξ2 = Lfα = x4, directly yields the normal form (3.1), with v1 = u1 and
v2 = u2. The coordinate transformation Ξ(x) is valid on R

4\
(
{x ∈ R

4 : x1 = x2 = 0}
∪{x ∈ R

4 : x3 = 0}
)
.

4. Transverse controllability indices and preliminary results. In linear
systems theory, controllability indices (see [4] and [29]) describe certain properties
which are invariant under coordinate and nonsingular feedback transformations and
serve to categorize controllable linear systems. Controllability indices have been ported
to the nonlinear setting. They have been used to characterize the largest feedback
linearizable subsystem of a nonlinear system [15], and conditions under which a system
is feedback linearizable; see [17], [21]. Here, we adapt these ideas to the framework of
TFL. Let V be an open subset of Γ�. For each p ∈ V , let

(4.1)
ρ0(p) := dim(TpΓ

� + G0(p)) − n�,

ρi(p) := dim(TpΓ
� + Ḡi−1(p) + adifG0(p)) − dim(TpΓ

� + Ḡi−1(p)),

i = 1, 2, . . . , where Gi are as defined in (3.3), and

adifG0 = span{adifX : X ∈ G0}, i = 0, 1, . . . .

Geometrically, at each p ∈ Γ�, the integers ρi(p) represent the number of linearly
independent vectors in adifG0(p) which are not in TpΓ

� + Ḡi−1(p). Associated to the
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list {ρ0(p), . . . , ρi(p), . . .} is a set of ρ0(p) integers, {k1(p), . . . , kρ0
(p)}, which we refer

to as the transverse controllability indices of (2.1) with respect to Γ�, defined as (we
omit the argument p)

(4.2) ki := card {ρj ≥ i, j ≥ 0} , i ∈ {1, . . . , ρ0}.

Note that k1 ≥ k2 ≥ · · · ≥ kρ0 . We show in Corollary 4.2 that the transverse control-
lability indices are invariant under coordinate and feedback transformations.

Condition (b) of Theorem 3.2 implies that ρ0, ρ1, . . . , ρn−n�−2 = constant, while
condition (a) implies that

∑
i ρi = n−n�. In the special case when Γ� is an equilibrium

point, it is useful to compare our definition of controllability indices with the definition
by Marino in [15]. Marino’s definition relies on the distributions

Gf = f + G0 = {f + g : g ∈ G0},
Gi = Gi−1 + [Gf ,Gi−1], G0 = G0, i = 1, 2, . . . ,

Si = Ḡi−1 + adifG0, S0 = G0, i = 1, 2, . . . ,

and uses the integers

r0 = dimG0,

ri = dimSi − dim Ḡi−1

in place of the integers ρi in the definition of controllability indices. We now show
that, when Γ� is an equilibrium point, the integers ρi and ri are identical, and thus
the notion of transverse controllability indices reduces to the classical notion of con-
trollability indices.

Lemma 4.1. For all nonnegative integers i, Ḡi = Ḡi. Thus, when Γ� = {p0} is
an equilibrium point, ρi = ri.

Proof. By definition, G0 = G0, so the lemma trivially holds for i = 0. We now
show that Ḡi ⊆ Ḡi for all i ∈ N. By definition,

Gi = Gi−1 + [Gf ,Gi−1] .

Since f ∈ Gf , it follows that Gi ⊆ Gi for all nonnegative integers i, which implies
Ḡi ⊆ Ḡi.

Next, we show that Gi ⊆ Ḡi for all i ∈ N which implies Ḡi ⊆ Ḡi. To this end,
it suffices to prove that Gi ⊆ LieC∞(Rn)(Gi) since LieC∞(Rn)(Gi) ⊆ Ḡi. It is obvious
that G0 ⊆ LieC∞(Rn)(G0) and

G1 = G0 + [Gf , G0]

= span{g1, . . . , gm, adfg1, . . . , adfgm, [g, g1], . . . , [g, gm] : g ∈ G0}
⊆ LieC∞(Rn)(G1).

For the induction, assume that, for some positive integer I ≥ 2,

Gi−1 ⊆ LieC∞(Rn)(Gi−1), i ∈ {2, . . . , I}.

We must show that Gi = Gi−1 + [Gf ,Gi−1] ⊆ LieC∞(Rn)(Gi) for i ∈ {2, . . . , I}. It is
enough to prove that [Gf ,Gi−1] = [f,Gi−1] + [G0,Gi−1] ⊆ LieC∞(Rn)(Gi). However,
since [G0,Gi−1] ⊆ LieC∞(Rn)(Gi−1) ⊆ LieC∞(Rn)(Gi), all we are left to show is that
[f,Gi−1] ⊆ LieC∞(Rn)(Gi).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ON LOCAL TRANSVERSE FEEDBACK LINEARIZATION 2239

Let τ1 = g1, τ2 = g2, . . . , τim−1 = adi−1
f gm−1, τim = adi−1

f gm. Then a general
vector field in LieC∞(Rn)(Gi−1) is a C∞(Rn)-linear combination of vector fields of the
form

(4.3) ϑ =
[
τjk ,

[
τjk−1

, . . . , [τj2 , τj1 ]
]]
,

1 ≤ jk ≤ im, 1 ≤ k < ∞. By assumption, any vector field in Gi−1 can also be
expressed in this way. Take any vector field h ∈ Gi−1 and consider

[f, h] =

[
f,
∑
i∈I

ciϑi

]
=
∑
i∈I

[f, ciϑi] ,

where I is some finite index set, ci ∈ C∞(Rn), and ϑi are of the form (4.3). Each
term in the above summation can be expressed as [f, ciϑi] = ci[f, ϑi] + (Lfci)ϑi, so
it is enough to show that [f, ϑ] ∈ LieC∞(Rn)(Gi), where ϑ is of the form (4.3).

When k = 1, i.e., ϑ = τj1 , then [f, τj1 ] ∈ Gi ⊆ LieC∞(Rn)(Gi). Next assume that

ϑ =
[
τjk−1

,
[
τjk−2

, . . . , [τ2, τ1]
]]

is such that [f, ϑ] ∈ LieC∞(Rn)(Gi). We will show that [f, [τjk , ϑ]] ∈ LieC∞(Rn)(Gi).
Clearly, [τjk , ϑ] ∈ LieC∞(Rn)(Gi−1) for any 1 ≤ jk ≤ im. By the Jacobi identity,

[f, [τjk , ϑ]] = [[ϑ, f ] , τjk ] + [[f, τjk ] , ϑ] ,

and since [ϑ, f ] ∈ LieC∞(Rn)(Gi) and τjk ∈ Gi−1, it follows that [[ϑ, f ] , τjk ] ∈
LieC∞(Rn)(Gi). Also, [f, τjk ] ∈ Gi so that [[f, τjk ] , ϑ] ∈ LieC∞(Rn)(Gi). This induction
argument shows that [f,Gi−1] ⊆ LieC∞(Rn)(Gi) ⊆ Ḡi, as required.

Corollary 4.2. The transverse controllability indices of system (2.1) with re-
spect to a set Γ� are invariant under coordinate and feedback transformations.

Proof. The push-forward map F� associated with any F ∈ Diff(U) is an isomor-
phism at each p ∈ Γ� ∩ U . It follows from the definition of the integers ρ0, . . . , ρi, . . .
that they do not change under coordinate transformations. By Lemma 4.1,

ρi(p) = dim(TpΓ
� + Si(p)) − dim(TpΓ

� + Ḡi−1(p)).

In [15, Proposition 2] it is shown that Si and Ḡi−1 are feedback invariant, and so the
integers ρ0, . . . , ρi, . . . are also invariant under feedback transformations.

Lemma 4.3. Suppose that LTFLP is solvable at p0 ∈ Γ�. Then the transverse con-
trollability indices of (2.1) with respect to Γ� coincide with the controllability indices
of (A,B) in (3.1).

Proof. This lemma will be proved by direct calculation of the integers ρi in (z, ξ)
coordinates. Let V = Ξ(Γ� ∩ U). By the properties of the normal form (3.1), for any
p̃ ∈ Γ� ∩ U , Ξ(p̃) = col(p, 0). Hence, in (z, ξ) coordinates we have that for any p ∈ V
and any i ∈ n − n�,

(4.4) TpV + Gi(col(p, 0)) = Im

([
In� 
 
 · · · 


0n−n�×n� B AB · · · AiB

])
.

In (z, ξ) coordinates, consider the collection of constant distributions Δi, i ∈ n − n�,
given by

Δi = Im
(
In� ⊕

[
B AB · · · AiB

])
.
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At each p ∈ V , Δi(p) = TpV +Gi(col(p, 0)). Furthermore, since each Δi is (trivially)
involutive and Gi|V ⊂ Δi, it follows that Ḡi

∣∣
V

⊆ Δi. This shows that for all i ∈
n − n�,

TV + Ḡi ⊆ Δi = TV + Gi.

On the other hand, TV + Gi ⊆ TV + Ḡi always holds, and so we have shown that
Δi = TV + Gi = TV + Ḡi. Calculating the integers ρi, we have

ρi(p) = dim(TpΓ
� + Ḡi−1(p) + adifG0(p)) − dim(TpΓ

� + Ḡi−1(p))

= dim(TpΓ
� + Gi−1(p) + adifG0(p)) − dim(TpΓ

� + Gi−1(p))

= dim(TpΓ
� + Gi(p)) − dim(TpΓ

� + Gi−1(p))

= rank(Δi) − rank(Δi−1)

= rank([B · · · AiB]) − rank([B · · ·Ai−1B]).

The claim follows from the definition of the integers {k1, . . . , kρ0}.
When the transverse controllability indices are constant on an open subset of Γ�

and the distributions Ḡi are regular, the next two lemmas establish the existence of a
feedback transformation yielding a particularly useful set of local generators for each
Ḡi.

Lemma 4.4. Let Ũ be an open subset of R
n such that Ṽ := Ũ ∩ Γ� �= ∅. Assume

that, for all i ∈ n − n�,

(∀p ∈ Ṽ ) dim(TpΓ
� + Gi(p)) = dim(TpΓ

� + Ḡi(p)) = constant,

(∀p ∈ Ũ) dim(Ḡi(p)) = νi = constant.

Then, ρ0 ≥ ρ1 ≥ · · · ≥ ρn−n�−1 and there exist an open set U ⊆ Ũ and a regular
static feedback (α, β) on U such that, letting V := U ∩ Γ�, for all p ∈ V and for all
i ∈ n − n�, the following holds:

(4.5) TpΓ
� + Ḡi(p) = TpΓ

� ⊕

⎛
⎝ i⊕

j=0

span
{
adj

f̃
g̃k : 1 ≤ k ≤ ρj

}
(p)

⎞
⎠ .

Proof. Choose an open set U ⊆ Ũ such that V := U ∩ Γ� �= ∅ and such that V
is covered by a coordinate chart in the atlas of Γ�. Apply the preliminary feedback
transformation (u�, Im) defined on V . Let f̃ = f + gu�. On V , define the distribution
(i.e., a subbundle of TR

n|V defined using the natural orthogonal structure on R
n)

G0 = [Ḡ0 ∩ TV ]⊥ ∩ Ḡ0.

On V , Ḡ0 ∩ TV is constant dimensional since

dim(Ḡ0 ∩ TV ) = dim(TV ) + dim(Ḡ0) − dim(TV + Ḡ0).

Since Ḡ0 and TV are regular distributions and their intersection is constant dimen-
sional, it follows from Lemma 2.4 that, by possibly shrinking U (and hence V ), Ḡ0∩TV
is smooth, and so too is [Ḡ0 ∩ TV ]⊥. Thus, G0 is the intersection of smooth, regular
distributions. Furthermore, G0 has constant dimension on V since, for each p ∈ V ,

dim(G0(p))

= n− dim(Ḡ0(p) ∩ TpV ) + dim(Ḡ0(p)) − dim
(
[Ḡ0(p) ∩ TpV ]⊥ + Ḡ0(p)

)
= dim(Ḡ0(p)) − dim(Ḡ0(p) ∩ TpV )

= ρ0.
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Since G0 ⊆ Ḡ0 and G0 ∩ TV = (Ḡ⊥0 + TV ⊥) ∩ (Ḡ⊥0 + TV ⊥)⊥ = 0, we have

(∀p ∈ V ) TpV ⊕ G0(p) = TpV + Ḡ0(p) = TpV + G0(p).

By construction, V is covered by a coordinate chart, so there exist n� vector fields
on V such that at each p ∈ V , TpV = span{v1, . . . , vn�}(p). Moreover, by possibly
shrinking U (and hence V ), there exist ρ0 vector fields w1, . . . , wρ0 : V → TR

n|V such
that G0 = span{w1, . . . , wρ0

} so that, on V ,

TV ⊕ G0 = span{v1, . . . , vn�} ⊕ span{w1, . . . , wρ0
}.

Using the fact that G0 ⊂ TV + G0, we write

(4.6) wj =

n�∑
k=1

αj
kvk +

m∑
k=1

βj
kgk, j = 1, . . . , ρ0,

where αj
k : V → R, βj

k : V → R are C∞(V ) functions. Let β0 be the m× ρ0 matrix of

real-valued functions whose (k, j)th element is βj
k and let

[
g̃1 · · · g̃ρ0

]
=
[
g1 · · · gm

]
β0.

We now show that g̃1, . . . , g̃ρ0 are linearly independent, which implies that β0 is full
rank. Suppose there exist ρ0 functions ci ∈ C∞(V ) such that

∑ρ0

i=1 cig̃i = 0. Then
by (4.6),

∑ρ0

i=1 ciwi ∈ TV , which implies ci = 0, i = 1, . . . , ρ0, since G0 ∩ TV = 0.
Note that this argument also shows that span{g̃1, . . . , g̃ρ0} ∩ TV = 0. For if this were
false, then there would exist a linear combination of the wi’s in (4.6) which, pointwise,
belongs to TpV .

Next, we seek m − ρ0 vector fields g̃ρ0+1, . . . , g̃m which belong to TV and such
that, on V , span{g̃1, . . . , g̃m} = G0. By possibly shrinking U (and hence V ), there
exists a set of smooth local generators, g̃ρ0+1, . . . , g̃m, for G0 ∩ TV . We now have the
desired decomposition on V ,

TV + G0 = TV + Ḡ0 = TV ⊕ span{g̃1, . . . , g̃ρ0},

where, in the new basis for G0, at each p ∈ V ,

(4.7)
g̃1(p), . . . , g̃ρ0(p) ∈ G0(p),

g̃ρ0+1(p), . . . , g̃m(p) ∈ TpV.

On V , f̃(p) ∈ TpV , so we have that adj
f̃
g̃k ∈ TV + Ḡj−1, ρ0 +1 ≤ k ≤ m, j = 0, 1, . . . ,

and hence ρ0 ≥ ρ1, . . . , ρn−n�−1.

Now we perform the induction step. Assume that, for some positive integer I, and
any i ∈ {0, . . . , I}, there exists a basis {ĝ1, . . . , ĝm} for G0 such that

(a) TV + Ḡi−1 = TV ⊕

⎛
⎝ i−1⊕

j=0

span
{
adj

f̃
ĝk : 1 ≤ k ≤ ρj

}⎞⎠ ,

(b) (∀k ∈ {ρi−1 + 1, . . . ,m}) adi−1

f̃
ĝk ∈ TV + Ḡi−2.
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Property (b) implies that ρi−1 ≥ ρi, . . . , ρn−n�−1. We now seek a basis {g̃1, . . . , g̃m}
for G0 such that for any i ∈ {0, . . . , I},

(a)
′
TV + Ḡi = TV ⊕

⎛
⎝ i⊕

j=0

span{adj
f̃
g̃k : 1 ≤ k ≤ ρj}

⎞
⎠ ,

(b)
′

(∀k ∈ {ρi + 1, . . . ,m}) adi
f̃
g̃k ∈ TV + Ḡi−1.

On V , define the distribution

Gi =
[
Ḡi ∩ (TV + Ḡi−1)

]⊥ ∩ Ḡi.

Note that Ḡi ∩ (TV + Ḡi−1) is constant dimensional since

dim(Ḡi ∩ (TV +Ḡi−1)) = dim(Ḡi) + dim(TV + Ḡi−1) − dim(TV + Ḡi).

The distribution Ḡi is regular on U and TV +Ḡi−1 is constant dimensional on V . Since
their intersection is constant dimensional, it follows from Lemma 2.4 that the orthog-
onal complement of their intersection is smooth, and thus Gi, being the intersection
of two smooth and regular distributions, is smooth. Furthermore,

dimGi = n− dim(Ḡi) − dim(TV + Ḡi−1) + dim(TV + Ḡi)

+ dim(Ḡi) − dim
([

Ḡi ∩ (TV + Ḡi−1)
]⊥

+ Ḡi

)
= dim(TV + Ḡi) − dim(TV + Ḡi−1)

= ρi.

By construction, Gi ⊆ Ḡi and Gi ∩ (TV + Ḡi−1) = 0, so by dimensionality we have
that

(4.8)
(
TV + Ḡi−1

)
⊕ Gi = TV + Ḡi = TV + Gi.

By possibly shrinking U (and hence V ), there exist ρi smooth vector fields w1, . . . , wρi

such that on V , Gi = span{w1, . . . , wρi
}. Hence, by (4.8) we can write

(4.9) wj = w̄ +

ρi−1∑
k=1

βj
kad

i
f̃
ĝk +

m∑
k=ρi−1+1

βj
kad

i
f̃
ĝk, j ∈ {1, . . . , ρi},

where w̄ ∈ TV + Ḡi−1 and each βj
k : V → R is a C∞(V ) function. By property (b),

for all k ∈ {ρi−1 + 1, . . . ,m}, adi
f̃
ĝk ∈ TV + Ḡi−1. Let

(4.10) ŵj :=

ρi−1∑
k=1

βj
kad

i
f̃
ĝk, j = 1, . . . , ρi.

Notice that span{ŵ1, . . . , ŵρi} ∩
(
TV + Ḡi−1

)
= 0. For if this were false, then there

would exist a C∞(V )-linear combination of the wj belonging to TV + Ḡi−1 which,
by (4.8), is not possible. Furthermore, ŵ1, . . . , ŵρi

are linearly independent because if
there exist ρi functions ci ∈ C∞(V ) such that on V c1ŵ1 + · · ·+ cρi

ŵρi
= 0, then, for

some w∗ ∈ TV + Ḡi−1, c1w1 + · · · + cρiwρi − w∗ = 0, thus c1w1 + · · · + cρiwρi = 0,
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implying c1 = · · · = cρi
= 0. Now let βi be the ρi−1 × ρi matrix of smooth functions

whose (k, j)th element is βj
k obtained from (4.10) so that[

ŵ1 · · · ŵρi

]
=
[
adi

f̃
ĝ1 · · · adi

f̃
ĝρi−1

]
βi.

The vector fields ŵ1, . . . , ŵρi
are linearly independent and are generated as the image

of ρi−1 linearly independent vector fields under βi. Therefore βi is full rank. We can
now write

TV + Ḡi =
(
TV + Ḡi−1

)
⊕ span{ŵ1, . . . , ŵρi}.

Let [
g̃1 · · · g̃ρi

]
=
[
ĝ1 · · · ĝρi−1

]
βi.

The vector fields {g̃1, . . . , g̃ρi} are linearly independent because the vector fields
{ĝ1, . . . , ĝρi−1

} are linearly independent and βi is full rank. Moreover, since span{g̃1,
. . . , g̃ρi

} ⊆ span{ĝ1, . . . , ĝρi−1} and both are constant dimensional, we can find (mak-
ing U , and hence V , smaller if necessary) ρi−1 − ρi vector fields g̃ρi+1, . . . , g̃ρi−1 such
that span{g̃1, . . . , g̃ρi−1

} = span{ĝ1, . . . , ĝρi−1} (hence preserving property (a) from
the induction assumption) and adif g̃ρi+1, . . . , ad

i
f g̃ρi−1

∈ TV + Ḡi−1. This is done by
finding local generators for the smooth distribution

span{g̃1, . . . , g̃ρi
}⊥ ∩ span{ĝ1, . . . , ĝρi−1

},

which has constant dimension ρi−1 − ρi. Finally, let g̃ρi−1+1 = ĝρi−1+1, . . . , g̃m = ĝm.

We have therefore obtained a basis {g̃1, . . . , g̃m} for G0 in which properties (a)
′
and

(b)
′
hold. In summary, the induction process gives a basis for G0 in which the input

vector fields are arranged in such a way that for i ∈ n − n�,(
TV + Ḡi−1 + adifG0

)
/
(
TV + Ḡi−1

)
� span{adi

f̃
g̃1, . . . , ad

i
f̃
g̃ρi

}.

We are left to show that this arrangement can be achieved using a regular static
feedback and that the arrangement is valid on U , and not just on V , as is presently
the case. To this end, let g̃ =

[
g̃1 · · · g̃m

]
and define a regular static feedback

defined on V by (α̂, β̂), where α̂ = u� and β̂ =
(
g�g

)−1
g�g̃. To obtain a feedback

transformation defined off of Γ�, we can, by possibly shrinking U (and hence V ) and
applying Lemma 2.3, introduce a retraction r : U → V of U onto V . Then, let α = α̂◦r
and β = β̂◦r. The regular static feedback (α, β) has the desired properties.

In order to identify directions in the intersection TpV ∩ Ḡi(p) which are not
contained in the intersection TpV ∩ Ḡi−1(p), it is useful to define the integers

μ0(p) := dim(TpV ∩ Ḡ0(p)),

μi(p) := dim(TpV ∩ Ḡi(p)) − dim(TpV ∩ Ḡi−1(p))

for i ∈ N, and let

ni(p) :=

i∑
j=0

μj(p),

so that dim(TpV ∩ Ḡi(p)) = ni(p). Under the assumption of Lemma 4.4, we have that
dim(TpV ∩ Ḡi(p)) = n� + νi − dim(TpV + Ḡi(p)), and hence the μi are constant for
all i ∈ n − n�, and we have the following result.
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Lemma 4.5. Let Ũ be an open subset of R
n such that Ṽ := Ũ ∩ Γ� �= ∅. Assume

that, for all i ∈ n − n�, the conditions of Lemma 4.4 hold. Then, there exists an open
set U ⊆ Ũ and nn−n�−1 vector fields vj� ∈ V(U), 0 ≤ j ≤ n− n� − 1 such that, after
the feedback transformation of Lemma 4.4, letting V := U ∩ Γ�, and

G
‖
i := span{v0

1 , . . . , v
0
μ0
, . . . . . . , vi1, . . . , v

i
μi
}

one has that, for all i ∈ n − n�, on U ,

Ḡi = G
‖
i ⊕

⎛
⎝ i⊕

j=0

span
{
adj

f̃
g̃k : 1 ≤ k ≤ ρj

}⎞⎠
and G

‖
i

∣∣∣
V

= TV ∩ Ḡi.

Proof. Suppose the feedback transformation (α, β) of Lemma 4.4 has been applied,
which is valid on U ⊆ Ũ as defined therein. Since every point p of U is a regular point
for the distributions Ḡi, we can, by possibly shrinking U (and hence V ), find a set of
local generators Xi

1, . . . , X
i
νi

valid on U for Ḡi, i ∈ n − n�.

On V , define the distribution Q0 = TV ∩ Ḡ0. By assumption, Q0 has constant di-
mension μ0. Moreover, since Q0 is the intersection of two smooth, regular distributions
and is constant dimensional, it is, by Lemma 2.4, smooth. By shrinking U (and hence
V ) we can find a basis such that, on V , Q0 = span{v̂1, . . . , v̂μ0

}. By construction,
Q0 ⊂ Ḡ0 so that each v̂k ∈ Q0 can be expressed as

v̂k =

ν0∑
j=1

ĉkj0X
0
j , k ∈ {1, . . . , μ0},

where each ĉkj0 : V → R is a C∞(V ) function. Next, we apply Lemma 2.3 and, by
possibly shrinking U (and hence V ), introduce a retraction r : U → V of U onto V .
Let ckj0 = ĉkj0 ◦ r so that

v0
k :=

ν0∑
i=1

cki0X
0
i , k ∈ {1, . . . , μ0},

are now vector fields defined on U , and let G
‖
0 := span{v0

1 , . . . , v
0
μ0
}. It follows that

G
‖
0 ⊂ Ḡ0 in U and G

‖
0

∣∣∣
V

= Q0. By Lemma 4.4, TV + Ḡ0 = TV ⊕ span{g̃1, . . . , g̃ρ0
}

so that Q0 ∩ span{g̃1, . . . , g̃ρ0} = 0. The distribution Ḡ0 has dimension ν0 = n0 + ρ0

throughout U so that

(∀p ∈ U) Ḡ0(p) ⊇ span{v0
1 , . . . , v

0
μ0
}(p) + span{g̃1, . . . , g̃ρ0}(p),

(∀p ∈ V ) Ḡ0(p) = span{v0
1 , . . . , v

0
μ0
}(p) ⊕ span{g̃1, . . . , g̃ρ0}(p),

where span{v0
1 , . . . , v

0
μ0
} ⊆ TV.

The vector fields v0
1 , . . . , v

0
μ0
, g̃1, . . . , g̃ρ0 are linearly independent on V ; therefore they

remain linearly independent in some open neighborhood of V in R
n, without loss of

generality, U . Therefore, they are local generators for Ḡ0 on U . Next, we perform the
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induction step. Assume that, for some positive integer I, and any i ∈ {0, . . . , I}, on U ,

(4.11)
Ḡi−1 = G

‖
i−1 ⊕

⎛
⎝ i−1⊕

j=0

span
{
adj

f̃
g̃k : 1 ≤ k ≤ ρj

}⎞⎠
and G

‖
i−1

∣∣∣
V

= TV ∩ Ḡi−1.

We want to show the existence of μi vector fields vi1, . . . , v
i
μi

such that, for any i ∈
{0, . . . , I}, letting G

‖
i = G

‖
i−1 ⊕ span{vi1, . . . , viμi

}, one has that, on U ,

(4.12)
Ḡi = G

‖
i ⊕

⎛
⎝ i⊕

j=0

span
{
adj

f̃
g̃k : 1 ≤ k ≤ ρj

}⎞⎠
and G

‖
i

∣∣∣
V

= TV ∩ Ḡi.

On V , define the distribution Qi by Qi = (TV ∩ Ḡi)∩ (TV ∩ Ḡi−1)
⊥. The distribution

Qi is the intersection of two smooth, regular distributions. Furthermore, for all p ∈ V ,

dim(Qi(p)) = dim(TpV ∩ Ḡi(p)) − dim(TpV ∩ Ḡi−1(p))

= μi

is constant by assumption, and thus, by Lemma 2.4, Qi is a smooth regular distri-
bution. Locally, by making U (and hence V ) smaller if necessary, there exist local
generators v̂k, k ∈ {1, . . . , μi}, for Qi. By construction, Qi ⊂ Ḡi so that each v̂k ∈ Qi

can be expressed as

v̂k =

νi∑
j=1

ĉkjiX
i
j , k ∈ {1, . . . , μi},

where each ĉkji : V → R is a C∞(V ) function. Let ckji = ĉkji ◦ r so that

vik :=

νi∑
j=1

ckjiX
i
j , k ∈ {1, . . . , μi}

are vector fields defined on U , and let G
‖
i/i−1 := span{vi1, . . . , viμi

}. It follows that

G
‖
i/i−1 ⊂ Ḡi and G

‖
i/i−1|V = Qi. By the definition of Qi and by (4.11), it follows

that G
‖
i−1|V ∩G

‖
i/i−1|V =

(
TV ∩ Ḡi−1

)
∩Qi = 0. Furthermore, since (TV ∩ Ḡi−1) ⊂

(TV ∩ Ḡi), we have that TV ∩ Ḡi = G
‖
i−1 ⊕G

‖
i/i−1 =: G

‖
i . In addition, by Lemma 4.4,

on V ,

G
‖
i ∩

⎛
⎝ i⊕

j=0

span
{
adj

f̃
g̃k : 1 ≤ k ≤ ρj

}⎞⎠ = 0.

Finally, since dim(Ḡi) = ni +
∑i

j=0 ρj we have that (4.12) holds on V . Thus, since

G
‖
i ⊂ Ḡi on U , (4.12) also holds in a neighborhood of V , without loss of generality,

U .
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Lemmas 4.4 and 4.5 elucidate the fact that when the Ḡi are regular and the
integers ρi are constant, it is possible to find a local basis for each Ḡi distinguishing
between the tangential component and transversal component. Specifically, we have
that for i ∈ n − n�, on U ,

(4.13)
Ḡi = G

‖
i ⊕G�

i

=
(
G
‖
0 + G

‖
1/0 + · · · + G

‖
i/i−1

)
⊕
(
G�

0 + G�
1/0 + · · · + G�

i/i−1

)
,

where G
‖
i |V = TV ∩ Ḡi and

(4.14)
G
‖
i/i−1 = span{vij : 1 ≤ j ≤ μi}

G�
i/i−1 = span{adi

f̃
g̃j : 1 ≤ j ≤ ρi}.

The distributions G
‖
i/i−1 and G�

i/i−1 span, respectively, the tangential and transversal

directions contained in Ḡi but not contained in Ḡi−1. An immediate consequence of
Lemma 4.4 is that when

∑
ki = n− n�, i.e.,

TV + Ḡk1−1 = TR
n,

then, after feedback transformation,

(4.15) TV ⊕ span{adj
f̃
g̃k : 0 ≤ j ≤ n− n� − 1, 1 ≤ k ≤ ρj} = TR

n.

As a result, Lemma 4.5 yields the following array2 of n independent vector fields on
U :

(4.16)

1 G
‖
0, G

�
0 ; . . . ;G

‖
kρ0
−1/kρ0

−2, G
�
kρ0
−1/kρ0

−2;

2 G
‖
kρ0/kρ0−1, G

�
kρ0

/kρ0
−1; . . . ;G

‖
kρ0−1−1/kρ−1−2, G

�
kρ0−1−1/kρ0−1−2;

· · · · · · · · · ·
ρ0 − 1 G

‖
k3/k3−1, G

�
k3/k3−1; . . . ;G

‖
k2−1/k2−2, G

�
k2−1/k2−2;

ρ0 G
‖
k2/k2−1, G

�
k2/k2−1; . . . ;G

‖
k1−1/k1−2, G

�
k1−1/k1−2;

ρ0 + 1 v1, , . . . , vn�−nk1−1
.

In (4.16), each block delimited by semicolons in rows 1 to ρ0 contains independent
vector fields in some Ḡk which are not contained in Ḡk−1. The vector fields in rows
1 through j, 1 ≤ j ≤ ρ0, span Ḡkρ0−j+1−1. The vector fields in row ρ0 + 1 are

solely defined on V ⊂ Γ� and are not contained in any of the Ḡi’s so that at each
p ∈ V , span{v1, . . . , vn�−nk1−1

}(p) � (TpV + Ḡk1−1(p))/Ḡk1−1(p). They are chosen to
complete the basis for TpV so that

(∀p ∈ V ) TpV = span{v1, . . . , vn�−nk1−1
}(p) ⊕G

‖
k1−1(p).

2In the array we use the symbols G
‖
i/i−1

and G�
i/i−1 to mean a family of vector fields and not

the span of the vector fields.
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5. Proof of the main result (Theorem 3.2). Suppose that LTFLP is solvable
at p0 ∈ Γ�. Let V = Ξ(Γ� ∩U) and consider the expression (4.4) for TV +Gi in local
coordinates. It is clear from (4.4) that the subspace TpV + Gi(col(p, 0)) has constant
dimension n� +rank([B · · · AiB]). Since the pair (A,B) is controllable, we have that
rank([B · · · An−n�−1B]) = n− n� and condition (a) holds. As far as condition (b) is
concerned, we have already shown in the proof of Lemma 4.3 that TV +Gi = TV +Ḡi.

Conversely, suppose conditions (a) and (b) hold. These two conditions, along
with the regularity of Ḡi, i ∈ n − n� − 1, allow one to invoke Lemmas 4.4 and 4.5.
Specifically, there exist a neighborhood Ũ of p0 in R

n, a regular static feedback (α, β)
on Ũ , and nk1−1 vector fields defined on Ũ such that, letting Ṽ := Ũ ∩ Γ�, the
distributions Ḡi have the representation given in (4.13), (4.14) on Ũ , and at each
p ∈ Ṽ the n vector fields of the array (4.16) are linearly independent.

Having applied the static feedback (α, β), we will denote f̃ and g̃ by, respectively,
f and g to simplify notation. We construct ρ0 functions αi : U → R satisfying Theo-
rem 3.1. Pick the point p0 as the origin for the s-coordinate system to be generated
from the vector fields in (4.16) (see [25], [27]). Compose the flows generated by the
vector fields in (4.16) starting from the bottom row. Consider the mapping

F∅ : W∅ ⊂ R
n�−nk1−1 → V

: S∅ = (s
‖
1, . . . , s

‖
n�−nk1−1

) �→ φ
vn�−nk1−1

s
‖
n�−nk1−1

◦ · · · ◦ φv1

s
‖
1

(p0).

We continue by moving upwards in the array (4.16) to generate a sequence of map-

pings similar to F∅. To each pair (G�
i/i−1, G

‖
i/i−1), 0 ≤ i ≤ k1−1, we associate a set of

times3 Si/i−1 = (S�
i/i−1;S

‖
i/i−1) := (s�

(i/i−1,1), . . . , s
�
(i/i−1,ρi)

; s
‖
(i/i−1,1), . . . , s

‖
(i/i−1,μi)

)

and a mapping

Fi/i−1 : Wi/i−1 ⊂ R
μi+ρi → R

n

: (S
‖
i/i−1, S

�
i/i−1) �→ Φ

‖
i/i−1 ◦ Φ�

i/i−1(p).

Here Φ
‖
i/i−1 is the composition of flows generated by vector fields spanning G

‖
i/i−1,

and Φ�
i/i−1 is the composition of flows generated by the vector fields spanning G�

i/i−1.
Specifically,

Φ
‖
i/i−1 = φ

vi
μi

s
‖
(i/i−1,μi)

◦ · · · ◦ φvi
1

s
‖
(i/i−1,1)

,

Φ�
i/i−1 = φ

adi
fgρi

s�
(i/i−1,ρi)

◦ · · · ◦ φadi
fg1

s�
(i/i−1,1)

.

Let

(5.1) s = col(S∅;Sk1−1/k1−2; . . . ;S1/0;S0)

and let W ⊂ R
n be a neighborhood of s = 0, sufficiently small, to ensure that the

map

F : W → F (W )

s �→ F0 ◦ F1/0 ◦ · · · ◦ Fk1−2/k1−3 ◦ Fk1−1/k1−2 ◦ F∅(p0)
(5.2)

3We define i/(i− 1) := 0 when i = 0 to be consistent with the array (4.16).
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is a diffeomorphism onto its image and that F (W ) ⊂ Ũ . The existence of W is
guaranteed by the inverse function theorem and the fact that the differential of F at
s = 0,

(5.3)

dF0 =
[
v1 · · · vn�−nk1−1

adk1−1
f g1 · · · · · · g1 · · · gρ0

v0
1 · · · v0

μ0

]
(p0),

is an n×n square matrix whose columns span the subspace Tp0Γ
� +Gk1−1(p0) which,

by condition (a), has dimension n. As candidate (virtual) output functions, let αi,
i ∈ {1, . . . , ρ0} be the time spent flowing along adki−1

f gi, i.e.,

(5.4) αi(x) = s�
(ki−1/ki−2, i)(x), i ∈ {1, . . . , ρ0}.

The image of Ṽ under F−1 is the hyperplane

F−1(Ṽ ) = {s ∈ W : S�
0 = 0, S�

1/0 = 0, . . . , S�
k1−1/k1−2 = 0}.

Since the chosen functions α1, . . . , αρ0
are a subset of the functions whose zero level

set defines F (Ṽ ), the αi are identically zero on F (Ṽ ), and hence condition (1) of
Theorem 3.1 is satisfied. Next, we must show that α = col(α1, . . . , αρ0

) yields a well-
defined vector relative degree (VRD) of (k1, . . . , kρ0

) at p0 = F−1(0). As per [9], this
entails showing that

(VRD1) Ladk
fgj

αi(x) = 0 for all 1 ≤ j ≤ ρ0, for all 0 ≤ k ≤ ki−2, for all 1 ≤ i ≤ ρ0,

and for all x in a neighborhood of p0.
(VRD2) the ρ0 × ρ0 matrix

(5.5)

⎛
⎜⎜⎜⎜⎝

L
ad

k1−1
f g1

α1(p0) · · · L
ad

k1−1
f gρ0

α1(p0)

L
ad

k2−1
f g1

α2(p0) · · · L
ad

k2−1
f gρ0

α2(p0)

· · · · · · · · ·
L
ad

kρ0−1

f g1
αρ0

(p0) · · · L
ad

kρ0−1

f gρ0

αρ0
(p0)

⎞
⎟⎟⎟⎟⎠

is nonsingular at p = p0 (if this matrix is nonsingular, then the decoupling
matrix has full rank).

First we show that VRD1 holds. Fix a set of times S∅ = c∅, Sk1−1/k1−2 = ck1−1/k1−2,
. . . ,Ski−1/ki−2 = cki−1/ki−2, where each cj is a constant vector, to uniquely determine
the hyperplane

Hi = {s ∈ W : S∅ = c∅, Sk1−1/k1−2 − ck1−1/k1−2, . . . , Ski−1/ki−2 = cki−1/ki−2}.

Consider the point s = col(c∅, . . . , cki−1/ki−2, 0, . . . , 0) ∈ Hi and let x = F (s) ∈ Ũ .
Through x there passes an integral submanifold of each Ḡi, i ∈ k1 − 1, which we
denote by Li(x). Consider the map F0 ◦F1/0 ◦· · ·◦Fki−2/ki−3(x). It is the composition
of the flows defined by vector fields which are local generators for Ḡki−2. Therefore the
image of this map is the νki−2-dimensional manifold Lki−2(x)∩Ũ . On the other hand,
the image of this map in s-coordinates is the hyperplane Hi, i.e., Hi = F−1(Lki−2(x)∩
Ũ). Therefore for each s ∈ Hi,TsHi = (F−1)�Ḡki−2(s) = Im(col(0, Iνki−2

)). The
function αi is among those fixed times which define the hyperplane Hi. Therefore,
dαi ∈ ann(Ḡki−2) ⊂ · · · ⊂ ann(G0), and hence VRD1 holds in a sufficiently small
neighborhood of p0.
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Next we show that VRD2 holds. Treating TR
n as an orthogonal bundle with the

usual inner product, we see that the value of the (i, j)th entry of (5.5) is equal to〈
dαi, ad

ki−1
f gj

〉
(p0).

From the expression (5.3) for dF0 it follows that

adki−1
f gj(p0) =

[
F�

(
∂

∂s�
(ki−1/ki−2, j)

)]∣∣∣∣∣
s=0

, 1 ≤ i ≤ j ≤ ρ0,

so that

∂

∂s�
(ki−1/ki−2, j)

=
[
F−1
�

(
adki−1

f gj(x)
)]∣∣∣

x=p0

, 1 ≤ i ≤ j ≤ ρ0.

In light of this and the definition of αi, i ∈ {1, . . . , ρ0}, given by (5.4), in s-coordinates
the values of the entries of (5.5), along and below the diagonal, at p0 are〈

ds�
ki−1/ki−2, i,

∂

∂s�
(ki−1/ki−2, j)

〉
= δij , 1 ≤ i ≤ j ≤ ρ0,

where δij is the Kronecker delta function. Thus, at 0 = F−1(p0) the matrix (5.5), in
s-coordinates, has ones along its diagonal and zeros below. Therefore it is nonsingular
at s = 0, which is equivalent to being nonsingular at p0 = F (0).

6. Conclusions. We have determined necessary and sufficient conditions under
which a multi-input nonlinear control-affine system is locally transversally feedback
linearizable with respect to a given invariant submanifold. Our main conditions are
checkable, though we do not present a constructive procedure for finding the coordi-
nate and feedback transformations.

One can similarly pose the global transverse feedback linearization problem
(GTFLP) in which one, roughly speaking, seeks a single coordinate and feedback
transformation such that (2.1) is feedback equivalent to the normal form (3.1) in a
tubular neighborhood of Γ�. Clearly the geometry of Γ� will play an increased role in
characterizing the solution. In [19], we provided sufficient conditions for the solvability
of GTFLP in the single-input case. GTFLP for multi-input systems remains an open
problem.
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1. Introduction. The derivation of necessary conditions for multiojective opti-
mal control (MOC for short) problems in which the dynamic constraint is modeled
as a differential inclusion has been a recent area of research. Problems of MOC natu-
rally arise, for example, in economics (see [6]), in chemical engineering (see [3]), and
in multiobjective control design (see [26]). Let us assume that ≺ is a preference in
Rm. We are interested in deriving necessary conditions for the following problem with
free end-times and state constraints:

(P) Minimize g(a, x(a), b, x(b))
over intervals [a, b] and arcs x ∈ W 1,1([a, b], Rn) which satisfy
ẋ(t) ∈ F (t, x(t)), a.e., t ∈ [a, b],
(a, x(a), b, x(b)) ∈ C,

where g : R × Rn × R × Rn → Rm is a given mapping, F : R × Rn ⇒ Rn is a given
multifunction, C is a closed set in R×Rn ×R×Rn, and W 1,1([a, b], Rn) is the space
of absolutely continuous functions x : [a, b] → Rn.

Given x ∈ W 1,1([a, b], Rn) we define xe to be an extension of x obtained by
constants extension for the left endpoint on (−∞, a) and for the right endpoint
on (b,+∞). A feasible process ([a, b], x) comprises a closed interval [a, b] and an
arc x ∈ W 1,1([a, b], Rn) which satisfy the constraints of (P). A feasible process
([a∗, b∗], x∗) is said to be a local solution of (P) if there does not exist any feasi-
ble process ([a, b], x) with d(([a, b], x), ([a∗, b∗], x∗)) ≤ ε such that g(a, x(a), b, x(b)) ≺
g(a∗, x∗(a∗), b∗, x∗(b∗)) for some ε > 0. Here

d(([a, b], x), ([a′, b′], y)) := |a− a′| + |b− b′| + |x(a) − y(a′)| +
∫ b∨b′

a∧a′
|ẋe(s) − ẏe(s)|ds,

in which a ∧ a′ := min{a, a′} and b ∨ b′ := max{b, b′}. We remark that the notion
of W 1,1 local optimizers to differential inclusions was first introduced and studied
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in [15] under the name of “intermediate local minimizers,” which are different from
the classical notions of weak and strong local minimizers in variational and optimal
control problems.

In the scalar case (m = 1), there are several papers dealing with necessary con-
ditions of the Euler–Lagrange type for (P). The generalized Euler–Lagrange condi-
tion was first established by Mordukhovich [15] for problems governed by nonconvex,
compact-valued, Lipschitzian differential inclusions on the fixed time interval and then
was extended to free-time problems in [14]. Further extensions for unbounded differ-
ential inclusions were given by Ioffe [8] and Loewen and Rockafellar [10], by Vinter
and Zheng [25] for problems with unbounded differential inclusions on the fixed time
interval, and by Vinter and Zheng [23] and Vinter [22] for free-time problems.

Particularly, Vinter [22] provided an efficient scheme for deriving necessary con-
ditions of local optimization solutions of (P) (see [22, Theorem 8.4.1]). A notable
feature of the new free end-time necessary conditions is that they cover problems
with measurable time-dependent data. For such problems, standard analytical tech-
niques for deriving free-time necessary conditions, which depend on a transformation
of the time variable, no longer work.

It is natural to ask whether the conclusions of theorems in [22] are still valid for
the case of MOC problems. The goal of this paper is to obtain such results for (P).

Unfortunately, the scheme of the proof given by [22] fails to apply to our problem.
The reason is that in this case we cannot use scalar estimations nor differentiable
property of functions for the problem. However, that scheme helps us derive necessary
conditions for the Bolza problem with finite Lagrangrian which plays an important
role in the establishment of necessary conditions for (P).

In a close connection, recently Zhu [28] established a result on the Hamiltonian
necessary conditions for a nonsmooth MOC problem with endpoint constraints in-
volving regular preferences. This result was extended later by Bellaassali and Jourani
[2]. Based on an analysis of Ioffe’s scheme [8], as it was mentioned, Bellaassali and
Jourani [2] obtained a interesting result on necessary conditions for MOC problems.
However, [2] and [28] considered only optimal problems with the fixed time interval.

In order to derive necessary conditions of the Euler–Lagrange type for (P), we
use a variant of Ioffe’s scheme [8] to reduce the problem to the scalar case, as has
been done in [2] and [24]. We then use the Ekeland principle and necessary conditions
for the Bolza problem. Together with the maximum theorem and some analytical
techniques of nonsmooth analysis we finally obtain desired results.

The rest of the paper contains three sections. In section 2 we present some
notions and auxiliary results involving generalized differentiation. In section 3 we
derive necessary conditions for the Bolza problems. The final section is devoted to
deriving necessary conditions for problem (P).

2. Preliminaries and auxiliary results. Throughout the paper B stands for
the closed unit ball in Rn, and R∞ stands for R ∪ {+∞}.

In what follows we often deal with set-valued mappings Γ : Rn ⇒ Rn, for which
the notation

Limsupx→xΓ(x) := {x∗ ∈ Rn : ∃xk → x, x∗k → x∗with x∗k ∈ Γ(xk)}

denotes the sequential Painlevé–Kuratowski upper limit of Γ at a point x ∈ Rn. The
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set

GphΓ := {(x, y) ∈ Rn ×Rn : y ∈ Γ(x)}

is called the graph of Γ.
Take a closed set A ⊂ Rn and point x ∈ A. The set

N̂A(x) :=

{
x∗ ∈ Rn : lim sup

u
A−→x

〈x∗, u− x〉
‖u− x‖ ≤ 0

}

is called the Fréchet normal cone to A at x. Let x ∈ A; the set

NA(x) := Limsupx→xN̂A(x)

is the limiting normal cone to A at x.
Given a lower semicontinuous (l.s.c.) function f : Rn → R∞ and a point x ∈ Rn

such that f(x) < ∞, the limiting subdifferential of f at x is the set

∂f(x) = {x∗ : (x∗,−1) ∈ Nepif (x, f(x))}.

It is well known that if f is Lipschitz continuous around x with rank K, then for any
x∗ ∈ ∂f(x), one has ‖x∗‖ ≤ K. The limiting normal cone and limiting subdifferential
were introduced by Mordukhovich [18]. We refer the reader to Chapter 1 in [12] for
comprehensive commentaries. Further properties of limiting normal cone and limiting
subdifferential can be founded in [12] and [4].

Let Γ : X ⊂ Rn → 2R
n

be a multifunction. We now assume that Γ has closed
values and define the function ρΓ : X ×Rn → R by

ρΓ(x, y) = d(y,Γ(x)) := inf
v∈Γ(x)

‖y − v‖.

The following property of the subdifferential of ρF , which was first established in [21],
will be needed in section 4.

Lemma 2.1. Assume that GphF is closed and (x, y) ∈ GphΓ. Then one has

NGphΓ(x, y) =
⋃
λ≥0

λ∂ρΓ(x, y).

Moreover, if ρΓ(x, y) > 0 and v ∈ ∂yρΓ(x, y), then there exists a point z ∈ ΠΓ(x)(y)

such that v = y−z
‖y−z‖ . Here ΠΓ(x)(y) is the set of metric projections of y onto Γ(x).

The proof of Lemma 2.1 can also be found in [8], [12], and [24].
Recall that the multifunction Γ : X ⊂ Rn ⇒ Rn is said to be l.s.c. on X if for each

x0 ∈ X and an open set V satisfying F (x0) ∩ V �= ∅, there exists a neighborhood U
of x0 such that F (x)∩V �= ∅ for all x ∈ U ∩X. F is said to be upper semicontinuous
(u.s.c.) on X if for each x0 ∈ X and an open set V in Rn satisfying F (x0) ⊂ V , there
exists a neighborhood U of x0 such that F (x) ⊂ V for all x ∈ U ∩X. F is said to be
continuous on X if it is both l.s.c. and u.s.c. on X.

In what follows we shall need the next lemma.
Lemma 2.2. Let X ⊂ Rn, Y ⊂ Rn be nonempty sets, φ : Y × Rn → R be a

continuous function, and Γ : X ⊂ Rn ⇒ Rn be a multifunction with compact values.
Assume that Γ is Lipschitz continuous on X; that is, there exists a constant k > 0
such that

Γ(x′) ⊂ Γ(x) + k|x′ − x|B
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for all x, x′ ∈ X. Then the function M defined by

M(x, y) = max{φ(y, u) : u ∈ Γ(x)}

is continuous on X × Y .
Proof. We first show that Γ is l.s.c. on X. Indeed, take any point x0 ∈ X

and a open set V such that Γ(x0) ∩ V �= ∅. We want to prove that there exists a
neighborhood U of x0 such that Γ(x) ∩ V �= ∅ for all x ∈ U . Otherwise, there is a
sequence xn → x0 satisfying Γ(xn) ∩ V = ∅. Take y0 ∈ Γ(x0) ∩ V . By the property
of Γ, d(y0,Γ(xn)) ≤ k|x0 − xn|. Hence for each n, there exists yn ∈ Γ(xn) such that
|y0 − yn| ≤ k|x0 − xn|. Consequently, yn → y0 and so yn ∈ V for n sufficiently large.
It follows that yn ∈ Γ(xn) ∩ V for n sufficiently large, which is a contradiction. Thus
Γ is l.s.c. on X. By the standard arguments, we can also show that Γ is u.s.c. on X.

For each (x, y) ∈ X×Y we put z = (x, y). Define mappings φ̂ : Rn×Y ×Rn → R

and Γ̂ : X × Y → Rn by φ̂(z, u) = φ(y, u) and Γ̂(z) = Γ(x). Then we have

M(x, y) = M(z) = max{φ̂(z, u) : u ∈ Γ̂(z)}.

Since Γ̂ is continuous on X×Y with compact values and φ̂ is a continuous function, the
maximum theorem (see [1, Maximum theorem, p. 116]) implies that M is continuous
on X × Y .

We remark that in [13] Mordukhovich and Nam showed that under certain con-
ditions, M is locally Lipschitz continuous (see [13, Theorem 5.2]). However, they
required that the cost function φ is locally Lipschitzian. As we need only the conti-
nuity of M , in Lemma 2.2, we did not require that φ is locally Lipschitzian.

The rest of this section is destined for some notion of preferences in Rm. The
concept of a preference first appeared in the value theory of economics. In the area
of multiobjective optimization and optimal control much research has been devoted
to the weak Pareto solution and its generalizations. The preference relation between
vectors x, y ∈ Rm in the sense of weak Pareto is defined by x ≺ y if and only if xi ≤ yi
for i = 1, . . . ,m and at least one of the inequalities is strict. In other words, x ≺ y if
and only if x−y ∈ Rm

− and x �= y, where Rm
− := {z ∈ Rm : zi ≤ 0, i = 1, 2, . . . ,m}. In

this paper we use more general preference relations for which necessary conditions of
the weak Pareto solution and its generalization can be derived and refined from our
necessary conditions.

Let ≺ be a preference in Rm and r ∈ Rm. We will call the set L[r] := {s ∈ Rm :
s ≺ r} a level set at r, and L [r] is the closure of L[r].

We shall use the following definition (see [12, Definition 5.55] and [28]).
Definition 2.3. A preference ≺ is closed provided that
(a) for any r ∈ Rn, r ∈ L [r]; and
(b) for any r ≺ s, t ∈ L[r] implies that t ≺ s.

We say that ≺ is regular at r (in the sense of [28]) provided that
(c)

Limsupr,θ→rNL[r](θ) ⊂ NL[r](r).

It is noted that the regularity notion for preference was introduced in [17] as
normal semicontinuity, the name under which it is studied in Chapter 5 of [12]. In
the above definition, the regularity is somewhat different from that in Definition 5.69
of [12], where a preference ≺ is regular at (θ, r) ∈ GphL if

Limsup
(r,θ)

GphL−−−−→(θ,r)
N̂L[r](θ) = NL[θ](r).
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Let us give some examples for Definition 2.3.
Example 2.4 (single objective problem). When m = 1 the relation r ≺ s becomes

r < s. It is obvious that this relation satisfies conditions (a)–(c). Therefore necessary
conditions for (P) are true generalizations of necessary conditions for single objective
optimal control (see Corollary 4.2).

Example 2.5 (weak Pareto optimal control problem). In a weak Pareto optimal
control problem we define the preference by r ≺ s if and only if ri ≤ si, i = 1, 2, . . . ,m,
and at least one of the inequalities is strict. It is easy to check that this ≺ satisfies
(a) and (b) at any r ∈ Rn. Moreover, for any r ∈ Rm, L[r] = r + Rm

− , where
Rnm− := {s ∈ Rm : si ≤ 0, i = 1, 2, . . . ,m}. It follows that NL[r](θ) ⊂ Rm

+ = NL[r](r)
for all r and θ. Hence (c) is also satisfied. Thus the necessary conditions for (P) with
respect to ≺ are true for weak Pareto optimal control problems (see Corollary 4.3).

3. The Bolza problem with finite Lagrangian. In this section we derive
necessary conditions of the Bolza problem

(BP) Minimize J(a, b, x) := l(a, x(a), b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t))dt

over intervals [a, b] and arcs x ∈ W 1,1([a, b], Rn),

where l : R×Rn ×R×Rn → R∞ and L : R×Rn ×Rn → R are given functions.
A triple ([a, b], x) which satisfies the constraint of (PB) is called a feasible process.

A feasible process ([a∗, b∗], x∗) is a local solution of (BP) if there exists ε > 0 such that
J(a, b, x) ≥ J(a∗, b∗, x∗) for all feasible process satisfying d(([a, b], x), ([a∗, b∗], x∗)) ≤ ε.

We now fix a feasible process ([a∗, b∗], x∗) for the problem and assume the follow-
ing assumptions which involve positive numbers δ, δ0, δ1:
(BH1) l is Lipschitz continuous near (a∗, x∗(a∗), b∗, x∗(b∗)) with rank kl.
(BH2) L(·, x, ·) is L×B measurable for each x ∈ Rn, and L(t, ·, ·) is l.s.c. for a.e. t ∈

[a∗, b∗].
(BH3) For all N there exists kN ∈ L1[a∗, b∗] such that

|L(t, x, v) − L(t, x′, v)| ≤ kN (t)|x− x′|, L(t, x∗(t), v) ≥ −kN (t)

for all x, x′ ∈ x∗(t) + δB and v ∈ ẋ∗(t) + NB a.e. t ∈ [a∗, b∗].
(BH4) There exist essentially bounded functions u : [a∗ − δ0, a∗] → Rn and ũ :

[b∗, b∗ + δ1] → Rn such that the functions t �→ L(t, x∗(a∗), u(t)) and t �→
L(t, x∗(b∗), ũ(t)) are essentially bounded on [a∗ − δ0, a∗] and [b∗, b∗ + δ1],
respectively. Moreover, there exist positive constants k0, k1 such that for all
u ∈ Rn, one has

|L(t, x, u) − L(t, x′, u)| ≤ k0|x− x′| ∀x, x′ ∈ x∗(a∗) + δB a.e. t ∈ [a∗ − δ0, a∗]

and

|L(t, x, u) − L(t, x′, u)| ≤ k1|x− x′| ∀x, x′ ∈ x∗(b∗) + δB a.e. t ∈ [b∗, b∗ + δ1].

Define

Hλ(t, x, v, p) = 〈p, v〉 − λL(t, x, v).

We have the following result on necessary conditions for (BP).
Theorem 3.1. Assume that ([a∗, b∗], x∗) is a local minimizer of (BP), for which

J(a∗, x∗, b∗) < ∞ and (BH1)–(BH3) are satisfied.
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Then there exist an arc p ∈ W 1,1([a∗, b∗], R
n) and real numbers ξ, η, and λ ≥ 0

such that
(i) λ + ‖p‖∞ = 1;
(ii) ṗ(t) ∈ co{α : (α, p(t)) ∈ λ∂L(t, x∗(t), ẋ∗(t))} a.e. t ∈ [a∗, b∗];
(iii) (−ξ, p(a∗), η,−p(b∗)) ∈ λ∂l(a∗, x∗(a∗), b∗, x∗(b∗));
(iv) 〈p(t), ẋ∗(t)〉 − λL(t, x∗(t), ẋ∗(t)) ≥ 〈p(t), v〉 − λL(t, x∗(t), v) for all v ∈ Rn

a.e.; and
(v)

ξ ≤ lim
σ→0

ess supt∈[a∗−σ,a∗+σ]Hλ(t, x∗(t), ẋ∗(t), p(a∗))

and

η ≤ lim
σ→0

ess supt∈[b∗−σ,b∗+σ]Hλ(t, x∗(t), ẋ∗(t), p(b∗)).

Moreover, if (BH4) holds, then

ξ ≥ lim
σ→0

ess inft∈[a∗−σ,a∗]Hλ(t, x∗(a∗), u(t), p(a∗))

and

η ≥ lim
σ→0

ess inft∈[b∗,b∗+σ]Hλ(t, x∗(b∗), ũ(t), p(b∗)).

Proof. To prove the theorem, we use a variant of the scheme in [22, Theorem
8.4.1].

Step 1. Take a∗ ∈ R, g1 : Rn → R∞, g2 : R ×Rn → R∞, and g3 : R → R∞. Let
([a∗, b∗], x∗) be a W 1,1 local minimizer for the following problem:

Minimize g1(x(a∗)) + g2(b, x(b)) + g3(b) +

∫ b

a∗

L(t, x(t), ẋ(t))dt

over processes ([a∗, b], x) which satisfy x ∈ W 1,1([a∗, b]).

Assume that (BH2) and (BH3) are satisfied, g1 is Lipschitz continuous near x∗(a∗),
g2 is twice continuously differentiable near (b∗, x∗(b∗)), and g3 is Lipschitz continuous
near b∗.

We show that there exist p ∈ W 1,1 and λ ≥ 0 such that
(A1) λ + ‖p‖∞ = 1;
(B1) ṗ(t) ∈ co{α : (α, p(t)) ∈ λ∂L(t, x∗(t), ẋ∗(t))} a.e.;
(C1) p(a∗) ∈ λ∂g1(x∗(a∗)), −p(b∗) = λ∇xg2(b∗, x∗(b∗));
(D1) 〈p(t), ẋ∗(t)〉−λL(t, x∗(t), ẋ∗(t)) ≥ 〈p(t), v〉−λL(t, x∗(t), v) for all v ∈ Rn a.e.;

and
(E1)

λ∇bg2(b∗, x∗(b∗)) ≤ ess sup[b∗−σ,b∗+σ]Hλ(t, x∗(t), ẋ∗(t), p(b∗)) + λk3,

in which k3 is a Lipschitz constant for g3. Moreover, if (BH4) holds, then

−λk3 + lim
σ→0

ess inf [b∗−σ,b∗+σ]Hλ(t, x∗(b∗), u(t), p(b∗)) ≤ λ∇bg2(b∗, x∗(b∗)).
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Conditions (A1)–(D1) follow directly from the fixed end-time conditions in [24,
Theorem 3]. It remains to prove (E1). For σ > 0 sufficiently small, ([a∗, b∗ − σ], x∗)
must have cost not less than that of ([a∗, b∗], x∗). Hence we have

g2(b∗, x∗(b∗))+g3(b∗)+

∫ b∗

a∗

L∗(t)dt ≤ g2(b∗−σ, x∗(b∗−σ))+g3(b∗−σ)+

∫ b∗−σ

a∗

L∗(t)dt,

where L∗(t) := L(t, x∗(t), ẋ∗(t)). Since g2 is C2, we get

0 ≤ −∇bg2(b∗, x∗(b∗))σ−∇xg2(b∗, x∗(b∗))

∫ b∗

b∗−σ
ẋ∗(t)dt+ o(σ)+ k3σ−

∫ b∗

b∗−σ
L∗(t)dt.

Consequently,

0 ≤ −λ∇bg2(b∗, x∗(b∗))σ − λ∇xg2(b∗, x∗(b∗))

×
∫ b∗

b∗−σ
ẋ∗(t)dt + λo(σ) + k3σ − λ

∫ b∗

b∗−σ
L∗(t)dt

= −λ∇bg2(b∗, x∗(b∗))σ +

∫ b∗

b∗−σ
[〈p(b∗), ẋ∗(t)〉 − λL∗(t)]dt + λo(σ) + λk3σ.

Hence

λ∇bg2(b∗, x∗(b∗)) ≤ lim
σ→0

1

σ

∫ b∗

b∗−σ
[〈p(b∗), x∗(t)〉 − λL∗(t)]dt + λk3

≤ lim
σ→0

ess sup
[b∗−σ,b∗+σ]

Hλ(t, x∗(t), ẋ∗(t), p(b∗)) + λk3.

We now assume that (BH4) is fulfilled. Define a multifunction

F : [b∗, b∗ + δ1] ×Rn ×R → Rn ×R

by setting F (t, x, y) = {(u, v) ∈ Rn × R : v = L(t, x, u))}. It is clear that for a.e.
t ∈ [b∗, b∗+δ1], the multifunction (x, y) �→ F (t, x, y) is Lipschitz continuous with rank
k1 in a neighborhood of (x∗(b∗), y(b∗)), where y is a given constant function. Define
the function ẑ : [b∗, b∗ + δ1] → Rn ×R by ẑ(t) = (x̂(t), ŷ(t)), where

x̂(t) = x∗(b∗) +

∫ t

b∗

ũ(s)ds, ŷ(t) = y(b∗) +

∫ t

b∗

L(s, x∗(b∗), ũ(s))ds.

We see that ˙̂z(t) ∈ F (t, x∗(b∗), y(b∗)). For each σ < δ1 we put Kσ = exp(
∫ b∗+σ

b∗
k1dt),

ρσ(ẑ) =
∫ b∗+σ

b∗
ρF (t, ẑ(t), ˙̂z(t))dt, where ρF (t, z(t), ż(t)) := d(ż(t), F (t, z(t)) and z(t) =

(x(t), y(t)). Since t �→ ũ(t) and t �→ L(t, x∗(b∗), ũ(t)) are essentially bounded, there
exists a constant M > 0 such that

|ẑ(t) − (x∗(b∗), y(b∗))| ≤ M |t− b∗|.

Hence ẑ(t) → (x∗(b∗), y(b∗)) as t → b∗. By the Lipschitz continuity of F , we have

F (t, x∗(b∗), y(b∗)) ⊂ F (t, ẑ(t)) + k1|ẑ(t) − (x∗(b∗), y(b∗))|
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for a.e. t ∈ [b∗, b∗+σ1] for some σ1 < δ1. This implies that ρ(t, ẑ(t), ˙̂z(t)) ≤ k1M |t−b∗|
for a.e. t ∈ [b∗, b∗ + σ1]. Hence for all σ ∈ (0, σ1) we have

ρσ(ẑ) =

∫ b∗+σ

b∗

ρF (t, ẑ(t), ˙̂z(t))dt ≤ Mk1σ
2.

Consequently, Kσρσ(ẑ) → 0 as σ → 0. By Theorem 3.16 in [5], for each σ ∈ (0, σ1)
there exists a solution zσ(t) = (xσ(t), yσ(t)), t ∈ [b∗, b∗ + σ], żσ(t) ∈ F (t, zσ(t)) with
zσ(b∗) = ẑ(b∗) satisfying∫ b∗+σ

b∗

|żσ(t) − ˙̂z(t)|dt ≤ Kσ

∫ b∗+σ

b∗

ρF (t, ẑ(t), ˙̂z(t))dt ≤ KσMk1σ
2.

This implies that ∫ b∗+σ

b∗

|ẋσ(t) − ũ(t)|dt ≤ KσMk1σ
2

and ∫ b∗+σ

b∗

|L(t, xσ(t), ẋσ(t)) − L(t, x∗(b∗), ũ(t)|dt ≤ KσMk1σ
2.

Fixing any σ ∈ (0, σ1), we define a function x by concatenating x∗(t), a∗ ≤ t ≤ b∗,
and xσ(t), b∗ ≤ t ≤ b∗ + σ. We therefore obtain a feasible process ([a∗, b∗ + σ], x).
Since ([a∗, b∗ + σ], x) must have cost not less than that of ([a∗, b∗], x∗), we conclude
that

g2(b∗, x∗(b∗)) + g3(b∗) +

∫ b∗

a∗

L∗(t)dt ≤ g2(b∗ + σ, x(b∗ + σ)) + g3(b∗ + σ)

+

∫ b∗+σ

a∗

L(t, x(t), ẋ(t))dt.

Hence

0 ≤ ∇bg2(b∗, x∗(b∗))σ + o(σ) + k3σ +

∫ b∗+σ

b∗

∇xg2(b∗, x∗(b∗))ẋσ(t)dt

+

∫ b∗+σ

b∗

L(t, xσ(t), ẋσ(t))dt

≤ ∇bg2(b∗, x∗(b∗))σ + o(σ) + k3σ

+

∫ b∗+σ

b∗

∇x〈g2(b∗, x∗(b∗)), ũ(t)〉dt + |∇xg2(b∗, x∗(b∗))|KσMk1σ
2

+

∫ b∗+σ

b∗

L(t, x∗(b∗), ˙̃u(t))dt + KσMk1σ
2.

Multiplying the latter inequality by λ ≥ 0 and dividing by σ > 0 yields

− λk3 +
1

σ

∫ b∗+σ

b∗

[p(b∗)ũ(t) − λL(t, x∗(b∗), ũ(t))]dt

≤ KσMk1σ(∇xg2(b∗, x∗(b∗)) + 1) + λ∇bg2(b∗, x∗(b∗)).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MULTIOBJECTIVE OPTIMAL CONTROL PROBLEMS 2259

This implies that

−λk3 + lim
σ→0

ess inf
[b∗−σ,b∗+σ]

Hλ(t, x∗(b∗), ũ(t), p(b∗)) ≤ λ∇bg2(b∗, x∗(b∗)).

Thus assertions of Step 1 are obtained.
Step 2. Take a∗ ∈ R and g : R × Rn × Rn → R∞. Let ([a∗, b∗], x∗) be a W 1,1

local minimizer for the following problem:

Minimize g(x(a∗), b, x(b)) +

∫ b

a∗

L(t, x(t), ẋ(t))dt

over processes ([a∗, b], x) which satisfy x ∈ W 1,1([a∗, b]).

Assume that (BH2) and (BH3) are satisfied and g is Lipschitz continuous near
(x∗(a∗), b∗, x∗(b∗)) with a rank kg. We show that there exist p ∈ W 1,1, and real
numbers η and λ ≥ 0 such that

(A2) λ + ‖p‖∞ + |η| = 1,
(B2) ṗ(t) ∈ co{α : (α, p(t)) ∈ λ∂L(t, x∗(t), ẋ∗(t))} a.e.,
(C2) (p(a∗), η,−p(b∗)) ∈ λ∂g(x∗(a∗), b∗, x∗(b∗)),
(D2) 〈p(t), ẋ∗(t)〉−λL(t, x∗(t), ẋ∗(t)) ≥ 〈p(t), v〉−λL(t, x∗(t), v) for all v ∈ Rn a.e.,

and
(E2)

η ≤ lim
σ→0

ess sup
[b∗−σ,b∗]

Hλ(t, x∗(t), ẋ∗(t), p(b∗)).

Moreover, if (BH4) holds, then

η ≥ lim
σ→0

ess inf
[b∗,b∗+σ]

Hλ(t, x∗(b∗), ũ(t), p(b∗)).

Take a sequence Ki → ∞ and define

Ji(b, x, τ, y) := g(x(a∗), τ(a∗), y(a∗))

+

∫ b

a∗

L(t, x(t), ẋ(t))dt + Ki(|τ(b) − b|2 + |y(b) − x(b)|2),

where τ and y are constant functions. Denote by W the set of all ([a∗, b], z = (x, τ, y))
such that x ∈ W 1,1([a∗, b], R

n), τ ∈ R, y ∈ Rn. With respect to the metric

d
(
([a∗, b], (x, τ, y)), ([a∗, b

′], (x′, τ ′, y′)
)

= |b− b′| + |x(a∗) − x′(a∗)| + ‖ẋe − ẋ′e‖L1 + |τ − τ ′| + |y − y′|,

W is complete and Ji is continuous. Let us define a sequence εi by

ε2i := Ji(b∗, x∗, b∗, x∗(b∗)) − inf
W

Ji(b, x, τ, y).

By similar arguments as in Step 5 to follow, we can show that εi → 0. The Ekeland
principle now gives us, for each i, a point (bi, xi, τi, yi) in W such that

(1) d[(bi, xi, τi, yi), (b∗, x∗, b∗, x∗(b∗))] ≤ εi,

(2) Ji(bi, xi, τi, yi) ≤ Ji(b, x, τ, y) + εid[(bi, xi, τi, yi), (b, x, τ, y)] ∀(b, x, τ, y) ∈ W.
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From (1), it follows that bi → b∗, τi → b∗, yi → x∗(b∗), x
e
i → xe

∗ uniformly, ẋe
i → ẋe

∗
a.e. and in L1. Also, (2) implies that (bi, τi, xi, yi) is a W minimizer of the functional

J̃i(b, z) := g(x(a∗), τ(a∗), y(a∗)) + εi(|τ(a∗) − τi| + |x(a∗) − xi(a∗)| + |y(a∗) − yi|)

+ Ki(|τ(b) − b|2 + |y(b) − x(b)|2) + εi(|b− bi| +
∫ b∨bi

b

|ẋe
i (t)|dt)

+

∫ b

a∗

(L(t, x(t), ẋ(t)) + εi|ẋ− ẋe
i |)dt.

Put

g1(z(a∗)) = g(x(a∗), τ(a∗), y(a∗)) + εi(|τ(a∗) − τi| + |x(a∗) − xi(a∗)| + |y(a∗) − yi|),

g2(b, z(b)) = Ki(|τ(b) − b|2 + |y(b) − x(b)|2),

and

g3(b) = εi

(
|b− bi| +

∫ b∨bi

b

|ẋe
i (t)|dt

)
.

According to Step 1, there exist pi and real numbers λi ≥ 0, ηi, and ri such that
(i) λi + |ηi| + |ri| + ‖pi‖∞ = 1,
(ii) ṗi(t) ∈ co{α : (α, pi(t)) ∈ λi∂L(t, xi(t), ẋi(t)) + εiλi{0} ×B} a.e. t ∈ [a∗, bi],
(iii) (pi(a∗), ηi, ri) ∈ λi∂g(xi(a∗), τi, yi) + λiεiB ×B ×B and −(pi(bi), ηi, ri) =

λi∇zg2(bi, xi(bi), τi(bi), yi(bi)),
(iv) 〈pi(t), ẋi(t)〉−λiL(t, xi(t), ẋi(t)) ≥ 〈pi(t), v〉−λL(t, xi(t), v)−λiεi|v− ẋi| for

all v ∈ Rn and a.e. t ∈ [a∗, bi], and
(v)

λi∇bg2(bi, xi(bi), τi(bi), yi(bi))

≤ lim
σ→0

ess sup
[bi−σ,bi]

Hλi
(t, xi(t), ẋi(t), pi(bi)) + λiεik3.

Assume that (BH4) is fulfilled. Putting ũi = ũe, we see that functions ui and

t �→ L(t, xi(bi), ui(t)) + εi|ũi(t)|

are essentially bounded on [bi, bi + δ1]. Moreover, for i sufficiently large, the function

x �→ L(t, x, u) + εi|u− xe
i (t)|

is Lipschitz continuous with rank k1 for a.e. t ∈ [bi, bi + δ1].
By the conclusion of Step 1, one has

λi∇bg2(bi, xi(bi), τi(bi), yi(bi))

≥ −λiεik3 + lim
σ→0

ess inf
[bi,bi+σ]

[〈pi(bi), ui(t)〉 − λiL(t, xi(bi), ũi(t)) − λiεi|ũi(t)|].

From (iii) we have −pi(bi) = −2λiKi(yi(bi) − xi(bi)), −ηi = 2λiKi(τi − bi),
−ri=2λiKi(yi(bi)−xi(bi)). Hence−pi(bi)=ri and λi∇bg2(bi, xi(bi), τi(bi), yi(bi))=ηi.

Since the pi’s are bounded and their derivatives are bounded by an integrable
function, pi → p uniformly and ṗi → ṗ weakly in L1 for some p ∈ W 1,1. A further
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subsequence extraction ensures that λi → λ, ηi → η for some λ ≥ 0 and η. By passing
to the limits as i → ∞ in (i)–(v), we obtain (B2)–(E2).

Since λi + ‖pi‖∞ + |ηi| �= 0, by scaling multipliers we can arrange so that λi +
‖pi‖∞ + |ηi| = 1. Letting i → ∞ we obtain (A2). The proof of Step 2 is complete.

Step 3 (necessary conditions for fixed right end-time problem). Take b∗ ∈ R and
g : R × Rn × Rn → R∞. Let ([a∗, b∗], x∗) be a W 1,1 local solution of the following
problem:

Minimize g(a, x(a), x(b∗)) +

∫ b∗

a

L(t, x(t), ẋ(t))dt

over processes ([a, b∗], x) which satisfy x ∈ W 1,1([a, b∗], R
n).

Assume that (BH2) and (BH3) are satisfied and g is Lipschitz continuous in a
neighborhood of (a∗, x∗(a∗), x ∗ (b∗)). We show that there exist p and real numbers ξ
and λ ≥ 0 such that

(A3) λ + ‖p‖∞ + |ξ| = 1,
(B3) ṗ(t) ∈ co{α : (α, p(t)) ∈ λ∂L(t, x∗(t), ẋ∗(s))} a.e. t ∈ [a∗, b∗],
(C3) (−ξ, p(a∗),−p(b∗)) ∈ λ∂g(a∗, x∗(a∗), x∗(b∗)),
(D3) 〈p(t), ẋ∗(t)〉−λL(t, x∗(t), ẋ∗(t)) ≥ 〈p(t), v〉−λL(t, x∗(t), v) for all v ∈ Rn a.e.

t ∈ [a∗, b∗], and
(E3)

ξ ≤ lim
σ→0

ess sup
[a∗,a∗+σ]

Hλ(t, x∗(t), ẋ∗(t), p(a∗)).

Moreover,

ξ ≥ lim
σ→0

ess inf
[a∗−σ,a∗]

Hλ(t, x∗(a∗), u(t), p(a∗))

whenever (BH4) is fulfilled.
Put a′∗ = −b∗, b′ = −a, b′∗ = −a∗, x′(s) = x(−s), u′(s) = −u(−s), x′∗(s) =

x∗(−s), g′(t, x, y) = g(−t, x, y), and L′(s, x, y) = L(−s, x,−y). By considering a
change of independent variable s = −t, it follows that ([a′∗, b

′
∗], x

′
∗) is a solution of the

following problem:

Minimize g′(b′, x(b′), x(a′∗)) +

∫ b′

a′
∗

L′(s, x′(s), ẋ′(s))dt

over processes ([a′∗, b
′], x′) which satisfy x′ ∈ W 1,1([a′∗, b

′], Rn).

According to Step 2, there exist p′, μ′, γ′, λ′, and η′ such that
(i) λ′ + ‖p′‖∞ + |η′| = 1,
(ii) ṗ′(s) ∈ co{α : (α, p′(s)) ∈ λ′∂L′(s, x′∗(s), ẋ

′
∗(s))} a.e. s ∈ [a′, b′∗],

(iii) (η′,−p′(b′∗), p
′(a′∗)) ∈ λ′∂g′(b′∗, x

′
∗(b
′
∗), x

′
∗(a∗)),

(iv) 〈p′(s), ẋ′∗(s)〉 − λ′L′(s, x∗(s), ẋ
′
∗(s)) ≥ 〈p′(s), v〉 − λ′L′(s, x′∗(s), v) for all v ∈

Rn a.e., and
(v)

η′ ≤ lim
σ→0

ess sup
[b′∗−σ,b′∗]

[〈p′(b′∗), ẋ′∗(s)〉 − λL′(s, x′∗(s), ẋ
′
∗(s))].
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Moreover,

η′ ≥ lim
σ→0

ess inf
[b′∗,b

′
∗+σ]

[〈p′(b′∗), u′(s)〉 − λL′(s, x′∗(s), u
′(s))]

whenever (BH6) is fulfilled.
Put ξ = η′, λ = λ′, and p(s) = −p′(−s). By simple computation we obtain

(A3)–(E3) from assertions (i)–(v).
Step 4. Take g1, g2 : R×Rn → R∞, g3 : R → R∞. Let ([a∗, b∗], x∗) be a solution

of the following problem:

Minimize g1(a, x(a)) + g2(b, x(b)) + g3(b) +

∫ b

a

L(t, x(t), ẋ(t))dt

over processes ([a, b], x) which satisfy x ∈ W 1,1([a, b], Rn).

Assume that (BH2) and (BH3) are satisfied, g1 is Lipschitz continuous near (a∗, x∗(a∗)),
g2 is twice differentiable near (b∗, x∗(b∗)), and g3 is Lipschitz continuous near b∗ with
rank k3.

Fixing b = b∗, we see that ([a∗, b∗], x∗) is a solution of the following problem:

Minimize g1(a, x(a)) + g2(b∗, x(b∗)) + g3(b∗) +

∫ b∗

a

L(t, x(t), ẋ(t))dt

over processes ([a, b∗], x) which satisfy x ∈ W 1,1([a, b∗], R
n).

According to Step 3, there exist p and real numbers λ ≥ 0 and ξ such that
(A4) λ + ‖p‖∞ + |ξ| = 1;
(B4) ṗ(t) ∈ co{α : (α, p(t)) ∈ λ∂L(t, x∗(t), ẋ∗(s))} a.e. t ∈ [a∗, b∗];
(C4) (−ξ, p(a∗)) ∈ λ∂g1(a∗, x∗(a∗)), −p(b∗) = λ∇xg2(b∗, x∗(b∗));
(D4) 〈p(t), ẋ∗(t)〉−λL(t, x∗(t), ẋ∗(t)) ≥ 〈p(t), v〉−λL(t, x∗(t), v) for all v ∈ Rn a.e.

t ∈ [a∗, b∗]; and
(E4)

ξ ≤ lim
σ→0

ess sup
[a∗,a∗+σ]

Hλ(t, x∗(t), ẋ∗(t), p(a∗)).

Moreover,

ξ ≥ lim
σ→0

ess inf
[a∗−σ,a∗]

Hλ(t, x∗(a∗), u(t), p(a∗)).

Since ([a∗, b∗], x∗) is also a solution of the following problem:

Minimize g1(a∗, x(a∗)) + g2(b, x(b)) + g3(b) +

∫ b

a∗

L(t, x(t), ẋ(t))dt

over processes ([a∗, b], x) which satisfy x ∈ W 1,1([a∗, b], R
n),

a similar argument as in Step 1 shows that

− λk3 + lim
σ→0

ess inf
[b∗,b∗+σ]

Hλ(t, x∗(b∗), ũ(t), p(b∗)) ≤ λ∇bg2(b∗, x∗(b∗))

≤ lim
σ→0

ess sup
[b∗−σ,b∗]

Hλ(t, x∗(t), ẋ∗(t), p(b∗)) + λk3.
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Step 5. We now return to the problem (BP). Let ([a∗, b∗], x∗) be a solution of
(BP), which we reiterate here:

Minimize J(a, b, x) := l(a, x(a), b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t))dt

over intervals [a, b] and arcs x ∈ W 1,1([a, b], Rn).

We want to show that there exist p, and real numbers λ ≥ 0, ξ, and η which
satisfy the conclusion of Theorem 3.1.

Take a sequence Ki → ∞. For each i we put

Ji(a, b, x, τ, y) = l(a, x(a), τ(a), y(a))(3)

+

∫ b

a

L(t, x(t), ẋ(t))dt+Ki(|τ(b)− b|2 + |y(b)−x(b)|2),

where τ and y are constant functions. Denote by W̃ the set of all (a, b, z = (x, τ, y))
such that x ∈ W 1,1([a, b], Rn), τ ∈ R, y ∈ Rn. It is clear that W̃ is a metric space
with respect to metric d induced by the norm

|(a, b, x, τ, y)| = |a| + |b| + |x(a)| + ‖ẋe‖L1 + |τ | + |y|.
Moreover, Ji is continuous on W̃ . Define a sequence εi by

ε2i := Ji(a∗, b∗, x∗, b∗, x∗(b∗)) − inf
W̃

Ji(a, b, x, τ, y).

We claim that εi → 0. In fact, from (BH1) we get

l(a, x(a), τ, y) ≥ l(a, x(a), b, x(b)) − kl(|τ − b| + |y − x(b)|).
Hence

Ji(a, b, x, τ, y) ≥ l(a, x(a), b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t))dt

− kl(|τ − b| + |y − x(b)|) + Ki(|τ(b) − b|2 + |y(b) − x(b)|2)
≥ Ji(a∗, b∗, x∗, b∗, x∗(b∗)) − k2

l /2Ki.

This implies that εi ≤ kl√
2Ki

→ 0. Since (a∗, b∗, x∗, b∗, x∗(b∗)) is an εi minimizer,

Ekeland’s principle gives us, for each i, a point (ai, bi, xi, τi, yi) such that

(4) d[(ai, bi, xi, τi, yi), (a∗, b∗, x∗, b∗, x∗(b∗))] ≤ εi,

Ji(ai, bi, xi, τi, yi) ≤ Ji(a, b, x, τ, y)(5)

+ εid[(a, b, x, τ, y), (ai, bi, xi, τi, yi)] ∀(a, b, a, τ, y) ∈ W̃ .

From (4) we get ai → a∗, bi → b∗, τi → b∗, yi → x∗(b∗), xi → x∗ uniformly, ẋe
i → ẋe

∗
a.e. and in L1. It follows from (5) that (ai, bi, xi, τi, yi) is a W̃ minimizer of the
functional

J̃i(a, z) := l(a, x(a), τ(a), y(a)) + εi(|a− ai| + |x(a) − xi(ai)| + |τ − τi| + |y − yi|)

+ εi

∫ a

a∧ai

|ẋe
i (t)|dt +

∫ b

a

(L(t, x(t), ẋ(t)) + εi|ẋ(t) − ẋe
i (t)|)dt

+ εiKi(|τ(b) − b|2 + |y(b) − x(b)|2) + εi

(
|b− bi| +

∫ b∨bi

b

|ẋe
i (t)|dt

)
,

where z := (x, τ, y).
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According to Step 4, there exist pi and real numbers λi ≥ 0, ξi, ηi, and ri such
that

(A5) λi + ‖pi‖∞ + |ξi| + |ηi| + |ri| = 1,
(B5) ṗi(t) ∈ co{α : (α, pi(t)) ∈ λ∂L(t, xi(t), ẋi(t)) + εiλi{0} ×B} a.e. t ∈ [ai, bi],
(C5) (−ξi, pi(ai), ηi, ri) ∈ λi∂l(ai, xi(ai), τi, yi)+λiεik3(B×{0}×{0}×{0})+λiεiB

4

and −(pi(bi), ηi, ri) = 2εiKi(−yi + xi(bi), τi − bi, yi − xi(bi)),
(D5) 〈pi(t), ẋi(t)〉−λiL(t, xi(t), ẋi(t)) ≥ 〈pi(t), v〉−λL(t, xi(t), v)−λiεi|v− ẋi| for

all v ∈ Rn and a.e. t ∈ [ai, bi], and
(E5)

lim
σ→0

ess inf
[ai−σ,ai]

[〈pi(ai), ui(t)〉 − λiL(t, xi(t), ẋi(t)) − λiεi|ui(t)|] ≤ ξi

≤ lim
σ→0

ess sup
[ai,ai+σ]

[〈pi(ai), ẋi(t)〉 − λiL(t, xi(t), ẋi(t))]

and

− λiεi(1 + M) + lim
σ→0

ess inf
[bi,bi+σ]

[〈pi(bi), ũi(t)〉 − λiL(t, xi(t), ũi(t)) − λiεi|ũi(t)|]

≤ 2Kiεi(bi − τi) = ηi ≤ lim
σ→0

ess sup
[bi−σ,bi]

[〈pi(bi), ẋi(t)〉 − λL(t, xi(t), ẋi(t))]

+ λiεi(1 + M),

where ui = ue and ũi = ũe.
Since pi’s are bounded and their derivatives are bounded by an integrable function,

pi → p uniformly and ṗi → ṗ weakly in L1 for some p ∈ W 1,1. A further subsequence
extraction ensures that λi → λ, ηi → η, ξi → ξ, and ri → −p(b∗). Note that since
−pi(bi) = ri, it follows that λ + ‖p‖ �= 0. By passing to the limit and standard
arguments we can show that λ and p satisfy the conclusion of the theorem. The proof
of the theorem is complete.

Remark 3.2. Theorem 8.4.1 in [22] gave necessary conditions for problem (P)
in the scalar case. It is possible to reduce (BP) to (P) (in the case m = 1) and
process it as in [23]. However, this transformation causes the structure of the problem
to deteriorate and so it is difficult to obtain the desired conclusions. In the above
argument, we exploited the structure of (BP) and gave a direct proof to establish our
result.

4. Necessary conditions for MOC. In this section we derive necessary con-
ditions for (P). Fix a feasible triple ([a∗, b∗], x∗) and assume the following hypotheses
which involve positive number δ, a nonnegative function kF ∈ L1[a∗, b∗], and a number
β ≥ 0:

(H1) g is Lipschitz continuous on a neighborhood of (a∗, x∗(a∗), b∗, x∗(b∗)) with
rank kg and C is a closed set.

(H2) F is L × B measurable with nonempty values and GphF (t, ·) is closed.
(H3) F has the integrable sub-Lipschizian property (see [10]), that is,

F (t, x′) ∩ (x∗(t) + NB) ⊂ F (t, x) + (kF (t) + βN)|x′ − x|B

for all N ≥ 0, x′, x ∈ x∗(t) + δB, a.e. t ∈ [a∗, b∗].
(H4) There exist positive constants c0, c1, k0, and k1 such that{

F (t, x) ⊂ c0B,

F (t, x′) ⊂ F (t, x) + k0|x′ − x|B
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for a.e. t ∈ [a∗ − δ, a∗] and for all x, x′ ∈ x∗(a∗) + δB; and{
F (t, x) ⊂ c1B,

F (t, x′) ⊂ F (t, x) + k1|x′ − x|B

for a.e. t ∈ [b∗, b∗ + δ] and for all x, x′ ∈ x∗(b∗) + δB.
In what follows, H(t, x, p) := sup{〈p, v〉 : v ∈ F (t, x(t))} and essτ→tf(τ) is the

essential value of a real value function f at t ∈ I ⊂ R, that is, essτ→tf(τ) := [a−, a+],
where

a− := lim
δ→0

ess infτ∈[t−δ,t+δ]f(τ) and a+ := lim
δ→0

ess supτ∈[t−δ,t+δ]f(τ).

We refer the reader to [22, Proposition 8.3.2] for properties of essential values.
We are ready to state our main result.
Theorem 4.1. Suppose ([a∗, b∗], x∗) is a local minimizer of (P), preference ≺

is regular at g(a∗, x∗(a∗), b∗, x∗(b∗)), and assumptions (H1)–(H4) are satisfied. Then
there exist an arc p ∈ W 1,1([a∗, b∗], R

n), a vector w ∈ NL[g(a∗,x∗(a),b∗,x∗(b))](g(a∗, x∗(a∗),
b∗, x∗(b∗)) with |w| = 1, and real numbers λ ≥ 0, ξ, and η such that

(i) λ + ‖p‖∞ = 1,
(ii) ṗ(t) ∈ co{α : (α, p(t)) ∈ NGphF (t,·)(x∗(t), ẋ∗(t))} a.e. t ∈ [a∗, b∗],
(iii) (−ξ, p(a∗), η,−p(b∗)) ∈ λ∂〈w, g(a∗, x∗(a∗), b∗, x∗(b))〉+NC(a∗, x∗(a∗), b∗, x∗(b∗)),
(iv) 〈p(t), ẋ∗(t)〉 = H(t, x∗(t), p(t)) a.e. t ∈ [a∗, b∗],
(v) ξ ∈ esst→a∗H(t, x∗(a∗), p(a∗)) and η ∈ esst→b∗H(t, x∗(b∗), p(b∗)).
Proof. Define a mapping ρF : R×Rn ×Rn → R by

ρF (t, x, ẋ) = inf{|ẋ− v| : v ∈ F (t, x)}.

According to Lemma 7 in [24] it follows from (H3) that ρF (t, ·, ·) satisfies condition
(BH3) for a.e. t ∈ [a∗, b∗]. Put

Wε = {([a, b], x) : x ∈ W 1,1([a, b]), d(([a, b], x), [a∗, b∗], x∗) ≤ ε}

and

Sε = {([a, b], x) ∈ Wε : (a, x(a), b, x(b)) ∈ C, ẋ(t) ∈ F (t, x(t)) a.e.}.

It is clear that Wε is a complete metric space and Sε is a closed set in Wε.
Fix N and reduce the size of ε such that ([a∗, b∗], x∗) is the solution of (P) in Sε.
As in [24] and [2], we use a variant of Ioffe’s scheme [8] by considering the following

two possible situations:
(a) There exist ε′ ∈ (0, ε) and K > 0 such that for any ([a, b], x) ∈ Wε′ , one has

(6) d(([a, b], x), Sε) ≤ K

[∫ b

a

ρF (t, x(t), ẋ(t))dt + KdC(a, x(a), b, x(b))

]
.

(b) There exist a sequence ε′k → 0 and a sequence ([ak, bk], xk) ∈ Wε′k
such that

d(([ak, bk], xk), Sε) > 2k

[ ∫ bk

ak

ρF (t, xk(t), ẋk(t))dt

+ 2kdC(ak, xk(ak), bk, xk(bk))

]
.(7)
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Case (a). Since g(a∗, x∗(a), b∗, x∗(b∗)) ∈ L[g(a∗, x∗(a∗), b∗, x∗(b∗))], there exists
a sequence θk ∈L[g(a∗, x∗(a∗), b∗, x∗(b∗))] such that |θk − g(a∗, x∗(a∗), b∗, x∗(b∗))| ≤
1/k2. Put Ωk = L[θk] and define the function

ϕ(a, b, x, θ) =

{
|g(a, x(a), b, x(b)) − θ| if (a, b, x, θ) ∈ Sε′ × Ωk,

+∞ otherwise.

We claim that ϕ is l.s.c. on Wε′ × Ωk. Indeed, assume that ((a, b, x), θ) ∈ Wε′ × Ωk

and ((an, bn, xn), θn)
Wε′−−→ ((a, b, x), θ). If (a, b, x, θ) ∈ Sε′ × Ωk, then it follows from

Lipschitzian continuity of g that

|ϕ(an, bn, xn, θn) − ϕ(a, b, x, θ)| ≤ kg(|an − a| + |bn − b| + |xn(an) − x(a)|
+ |xn(bn) − x(b)|) + |θn − θ|

≤ kg(|an − a|+ |bn − b| + 2‖xn −x‖∞) + |θn − θ| → 0.

If (a, b, x, θ) /∈ Sε′ ×Ωk, then (an, bn, xn, θn) /∈ Sε′ ×Ωk for n sufficiently large because
Sε′ ×Ωk is closed in Wε′ ×Rm. Hence limn→∞ ϕ(an, bn, xn, θn) = +∞ ≥ ϕ(a, b, x, θ).
Thus ϕ is l.s.c. Since ϕ(a, b, x, θ) ≥ 0, one has

ϕ(a∗, b∗, x∗, θk) ≤ inf
(x,θ)∈Wε′×Ωk

ϕ(a, b, x, θ) + 1/k2.

The Ekeland principle gives us, for each k, a point (ak, bk, xk, χk) ∈ Wε′ × Ωk such
that

(8) ϕ(ak, bk, xk, χk) ≤ ϕ(a∗, b∗, x∗, θk) <
1

k2
,

(9) |ak − a∗| + |bk − b∗| + |xk(ak) − x∗(a∗)| + ‖ẋe
k − ẋe

∗‖L1 + |χk − θk| ≤ 1/k,

(10) ϕ(ak, bk, xk, χk) ≤ ϕ(a, b, x, θ) +
1

k
[d(([a, b], x), ([ak, bk], xk)) + |θ − χk|]

for all ((a, b, x), θ) ∈ Wε′ × Ωk. From (8), we get (ak, bk, xk) ∈ Sε′ . Inequality (9)
implies that ak → a∗, bk → b∗, xk(ak) → x∗(a∗), xe

k → xe
∗ uniformly, ẋe

k → ẋe
∗

a.e., and χk → g(a∗, x∗(a∗), b∗, x∗(b∗)). We claim that χk �= g(ak, xk(ak), bk, xk(bk)).
Indeed, suppose that χk = g(ak, xk(ak), bk, xk(bk)). Since ≺ is closed, the relations
χk ∈L[χk] and χk ≺ g(a∗, x∗(a∗), b∗, x∗(b∗)) imply that

g(ak, xk(ak), bk, xk(bk)) = χk ≺ g(a∗, x∗(a∗), b∗, x∗(b∗)).

This contradicts the fact that ([a∗, b∗], x∗) is a minimizer.
Put

wk =
χk − g(ak, xk(ak), bk, xk(bk))

|χk − g(ak, xk(ak), bk, xk(b))|
.

We can assume that wk → w with |w| = 1. Substituting (a, b, x) = (ak, bk, xk) into
(10), it follows that

0 ∈ ∂

(
|g(ak, xk(ak), bk, xk(bk)) − ·|) +

1

k
| · −χk|

)
(χk) + NΩk

(χk).
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This implies that wk ∈ 1
kB + NΩk

(χk). Hence

w ∈ lim
k→∞

NΩk
(χk) ⊂ NL[g(a∗,x∗(a∗),b∗,x∗(b∗))](g(a∗, x∗(a∗), b∗, x∗(b∗))).

Also, substituting θ = χk into (10), it follows that

ϕ(ak, bk, xk, χk) ≤ ϕ(a, b, x, χk) +
1

k
d(([a, b], x), ([ak, bk], xk)).

Combining this with (6) yields

ϕ(ak, bk, xk, χk) ≤ ϕ(a, b, x, χk) +
1

k
d(([a, b], x), ([ak, bk], xk))

+

[ ∫ b

a

ρF (t, x(t), ẋ(t))dt + KdC(a, x(a), b, x(b))

]

for all ([a, b], x) ∈ Wε′ . This implies that ([ak, bk], xk) is a Wε′ minimizer of the
following Bolza problem:

J(a, b, x) :=

∫ b

a

(
ρF (t, x(t), ẋ(t)) +

1

k
|ẋ− ẋe

k|
)
dt + |g(a, x(a), b, x(b)) − χk|

+ KdC(a, x(a), b, x(b)) +
1

k
(|a− ak| + |b− bk| + |x(a) − xk(ak)|

+

∫ a

ak∧a
|ẋe

k|dt +

∫ b∨bk

b

|ẋe
k|dt.

Put

L(t, x(t), ẋ(t)) = ρF (t, x(t), ẋ(t)) +
1

k
|ẋ− ẋe

k|,

l(a, x(a), b, x(b)) = |g(a, x(a), b, x(b)) − χk| + KdC(a, x(a), b, x(b))

+
1

k

(
|a− ak| + |b− bk| + |x(a) − xk(ak)| +

∫ a

ak∧a
|ẋe

k|dt +

∫ b∨bk

b

|ẋe
k|dt

)
.

It is easy to check that hypotheses (BH1)–(BH3) hold for l and L. By Theorem 3.1,
there exist pk ∈ W 1,1, and real numbers λk ≥ 0, ξk, ηk such that

(A) λk + |pk|∞ = 1,
(B) ṗk(t) ∈ co{α : (α, pk(t)) ∈ λk∂ρF (t, xk(t), ẋk(t))+

λk

k {0}×B} a.e. t ∈ [ak, bk],

(C) (−ξk, pk(ak), ηk,−pk(bk)) ∈ λk∂〈wk, g(ak, xk(ak), bk, xk(bk))〉+ λk

k B3×{0}+
λk

k M(B × {0} ×B × {0}) + λkK∂dC(ak, xk(ak), bk, xk(bk)).

(D) 〈pk(t), ẋk(t)〉−λkρF (t, xk(t), ẋk(t)) ≥ 〈pk(t), v̇〉−λkρF (t, xk(t), v)− λk

k |v−ẋe
k|

for all v ∈ Rn a.e., and
(E)

(11) ξk ≤ lim
σ→0

ess sup
t∈[ak−σ,ak]

(〈pk(ak), ẋk(t)〉 − λkρF (t, xk(t), ẋk(t)))

and

(12) ηk ≤ lim
σ→0

ess sup
t∈[bk,bk+σ]

(〈pk(bk), ẋk(t)〉 − λkρF (t, xk(t), ẋk(t))).
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Fix any σ < δ. By (H4) we can find essentially bounded selections uk and ũk of
F (·, xk(ak)) and F (·, xk(bk)), respectively, such that

(13)
〈pk(ak), uk(t)〉 = max

u∈F (t,xk(ak))
〈pk(ak), u〉 = H(t, xk(ak), pk(ak)) a.e. t ∈ [ak − σ, ak]

and

(14)
〈pk(bk), ũk(t)〉 = max

u∈F (t,xk(bk))
〈pk(bk), u〉 = H(t, xk(bk), pk(bk)) a.e. t ∈ [bk, bk + σ].

Since L(t, xk(ak), uk(t)) = 1
k |uk(t)|, the function t �→ L(t, xk(ak), uk(t)) is essentially

bounded on [ak−σ, ak]. Moreover, the function x �→ L(t, x, u) is Lipschitz continuous
with rank k0 in a neighborhood xk(ak) for k sufficiently large and for a.e. t ∈ [ak −
σ, ak]. Also, the function t �→ L(t, xk(bk), ũk(t)) is essentially bounded on [bk, bk + σ],
and x �→ L(t, x, u) is Lipschitz continuous with rank k1 for a.e. t ∈ [bk, bk +σ]. Hence
(BH4) is fulfilled. By the conclusion of Theorem 3.1 we have

(15) ξk ≥ lim
σ→0

ess inf
t∈[ak−σ,ak]

(
H(t, xk(ak), pk(ak)) −

λk

k
|uk(t)|

)

and

(16) ηk ≥ lim
σ→0

ess inf
t∈[bk,bk+σ]

(
H(t, xk(bk), pk(bk)) −

λk

k
|ũk(t)|

)
.

Since pk’s are bounded and their derivatives are bounded by an integrable function,
pk → p uniformly and ṗk → ṗ weakly in L1 for some p ∈ W 1,1. A further subsequence
extraction ensures that λk → λ, ηk → η, ξk → ξ.

By passing to the limit as k → ∞ in (A) we obtain (i). From (B) and Lemma
2.1, we have

ṗk(t) ∈ co

{
α : (α, pk(t)) ∈ NGrphF (t,·)(xk(t), ẋk(t)) +

λk

k
{0} ×B

}
.

Passing to the limit as k → ∞ yields

ṗ(t) ∈ co{α : (α, p(t)) ∈ NGrphF (t,,·)(x∗(t), ẋ∗(t))}.

Hence (ii) follows. As

λkK∂dC(ak, xk(ak), bk, xk(bk)) ⊂ NC(ak, xk(ak), bk, xk(bk)),

passing to the limit in (C) and (D), we obtain (iii) and (iv), respectively.
By Lemma 2.2, H(t, ·, ·) is continuous for a.e. t. Passing to the limit in (11) and

(15), and using properties of essential values (see [22, Proposition 8.3.2]), we get

(17) lim
σ→0

ess inf
t∈[a∗−σ,a∗]

H(t, x∗(a∗), p(a∗)) ≤ ξ ≤ lim
σ→0

ess sup
t∈[a∗−σ,a∗]

〈p(a∗), ẋ∗(t)〉.

By (H4), we have

F (t, x∗(t)) ⊂ F (t, x∗(a∗)) + k0|x∗(t) − x∗(a∗)|B for a.e. t ∈ [a∗ − σ, a∗].
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Hence

sup
u∈F (t,x∗(t))

〈p(a∗), u〉 ≤ sup
u∈F (t,x∗(a∗))

(〈p(a∗), u〉 + k0|x∗(t) − x∗(a∗)|).

This implies that

(18) lim
σ→0

ess sup
t∈[a∗−σ,a∗]

H(t, x∗(t), p(a∗)) ≤ lim
σ→0

ess sup
t∈[a∗−σ,a∗]

H(t, x∗(a∗), p(a∗)).

Combining (17) with (18) yields

lim
σ→0

ess inf
t∈[a∗−σ,a∗+σ]

H(t, x∗(a∗), p(a∗)) ≤ ξ ≤ lim
σ→0

ess sup
t∈[a∗−σ,a∗+σ]

H(t, x∗(a∗), p(a∗)),

which means that ξ ∈ esst→a∗H(t, x∗(a∗), p(a∗)). By similar arguments, we can show
that η ∈ esst→b∗H(t, x∗(b∗), p(b∗)). Thus (v) follows.

Case (b). Putting εk = d[(ak, bk, xk), Sε], we have

0 < εk ≤ d(([ak, bk], xk), ([a∗, b∗], x∗)) ≤ ε′k → 0.

From (7) it follows that

inf
(a,b,x)∈Wε

J̃(a, b, x) +
εk
2k

> J̃(ak, bk, xk),

where J̃(a, b, x) :=
∫ b

a
ρF (t, x(t), ẋ(t))dt+ 2kdC(a, x(a), b, x(b)). By the Ekeland prin-

ciple, for each k there exists a triple ([ak, bk], xk) ∈ Wε such that

(19) d(([ak, bk], xk), ([ak, bk], xk)) ≤ εk/2

and ([ak, bk], xk) is a Wε minimizer of the functional

(20) J∗(a, b, x) := J̃(a, b, x) +
1

k
d(([a, b], x), ([ak, bk], xk)).

It is clear that (19) implies ([ak, bk], xk)
Wε−−→ ([a∗, b∗], x∗) and ([ak, bk], xk) /∈ Sε.

Rewrite (20) in the form

J∗(a, b, x) =

∫ b

a

ρF (t, x(t), ẋ(t)) + |ẋ(t) − ẋ
e
(t)|dt + 2kdC(a, x(a), b, x(b))

+
1

k

(
|a− ak| + |b− bk| +

∫ a

a∧ak

|ẋe
k|dt +

∫ b∨bk

b

|ẋe
k|dt

)
.

According to Theorem 3.1, there exist pk and real numbers λk ≥ 0, ξk, and ηk such
that

(A)′ λk + |pk|∞ = 1,
(B)′ ṗk(t) ∈ co{α : (α, pk(t)) ∈ λk∂ρF (t, xk(t), ẋk(t))+

λk

k {0}×B} a.e. t ∈ [ak, bk].

(C)′ (−ξk, pk(ak), ηk,−pk(bk)) ∈ λk2k∂dC(ak, xk(ak), bk, xk(bk)) + λk

k B2 × {0} ×
{0} + λk

k M(B ×B × {0} × {0}),
(D)′ 〈pk(t), ẋk(t)〉−λkρF (t, xk(t), ẋk(t)) ≥ 〈pk(t), v〉−λkρF (t, xk(t), v)− λk

k |v−ẋ
e
k|

for all v ∈ Rn a.e., and
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(E)′

lim
σ→0

ess inf
t∈[ak−σ,ak]

(
H(t, xk(ak), pk(ak), ) −

λk

k
|uk(t)|

)
≤ ξk

≤ lim
σ→0

ess sup
t∈[ak−σ,ak]

(〈pk(ak), ẋk(t)〉 − λkρF (t, xk(t), ẋk(t)))

and

lim
σ→0

ess inf
t∈[bk−σ,bk]

(
H(t, xk(bk), pk(bk)) −

λk

k
|ũk(t)|

)
≤ ηk

≤ lim
σ→0

ess sup
t∈[bk−σ,bk]

(〈pk(bk), ẋk(t)〉 − λkρF (t, xk(t), ẋk(t))),

where uk and ũk are essentially bounded selections of F (·, xk(ak)) and F (·, xk(bk)),
respectively, which satisfy

〈pk(ak), uk(t)〉 = H(t, xk(ak), pk(ak)) a.e. t ∈ [ak − σ, ak]

and

〈pk(bk), ũk(t)〉 = H(t, xk(bk), pk(bk)) a.e. t ∈ [bk, bk + σ].

Note that esssupuk ≤ c0 and esssupũk ≤ c1 for k sufficiently large. By using similar
arguments as in part (a), we can assume that pk → p uniformly and ṗk → ṗ weakly
in L1, λk → λ0, ηk → η, ξk → ξ. By passing to the limits from (A)′–(E)′ we get

(i) λ0 + ‖p‖∞ = 1.
(ii) ṗ(t) ∈ co{α : (α, p(t)) ∈ NGphF (t,·)(x∗(t), ẋ∗(t))} a.e.
(iii) (−ξ, p(a∗), η,−p(b∗)) ∈ NC(a∗, x∗(a∗), b∗, x∗(b∗)).
(iv) 〈q(t), ẋ(t)〉 ≥ 〈q(t), v〉 for all v ∈ F (t, x∗(t)) a.e.
(v) ξ ∈ esst→a∗H(t, x∗(a∗), p(a∗)) and η ∈ esst→a∗H(t, x∗(b∗), p(b∗)).
We now claim that ‖p‖ �= 0. Indeed, suppose that p = 0. Then from the

fact ([ak, bk], xk) /∈ Sε we have either (ak, xk(ak), bk, xk(bk)) /∈ C or (xk(t), ẋk(t)) /∈
GphF (t, ·). If (ak, xk(ak), bk, xk(bk)) /∈ C, then (C)′ implies

|ξk| + |pk(ak)| + |ηk| + |pk(bk)| ≥ 2kλk − λk

k
(1 + M).

Hence

|ξk| + |pk(ak)| + |ηk| + |pk(bk)|
2k

≥ λk − λk

2k2
(1 + M).

By letting k → ∞ we get λ0 = 0. This contradicts λ0 = 1.
If (xk(t), ẋk(t)) /∈ GrapF (t, ·) then (D)′ implies that

pk(t) ∈ λk∂ẋρF (t, xk(t), ẋk(t)) +
λk

k
B.

By Lemma 2.1, |pk(t)| ≥ λk − λk

k . This implies that

λk − λk

k
≤ ‖pk‖.
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By letting k → ∞ we obtain λ0 = 0, which is absurd. Thus it must have ‖p‖ =
1− λ0 �= 0. By scaling multipliers, we can assume that ‖p‖ = 1. Hence we obtain the
conclusion of the theorem by putting λ = 0. The proof is complete.

We remark, as pointed out by a referee, that actually the “regularity” (normal
semicontinuity) assumption on the preference is not needed in the main theorem,
Theorem 4.1, if we use the extended limiting normal cone mentioned above for the
level set instead of the basic/limiting one. Let us give some corollaries of Theorem
4.1.

When m = 1, (P) becomes a single objective problem. In this case, we have the
following.

Corollary 4.2 (see [22, Theorem 8.4.1]). Suppose ([a∗, b∗], x∗) is a local min-
imizer of (P) and assumptions (H1)–(H4) are satisfied. Then there exist an arc
p ∈ W 1,1, and real numbers λ ≥ 0, ξ, and η such that

(i) λ + ‖p‖∞ = 1,
(ii) ṗ(t) ∈ co{α : (α, p(t)) ∈ NGrphF (t,·)(x∗(t), ẋ∗(t))} a.e.,
(iii) (−ξ, p(a∗), η,−p(b∗)) ∈ λ∂g(a∗, x∗(a∗), b∗, x∗(b∗))+NC(a∗, x∗(a∗), b∗, x∗(b∗)),
(iv) 〈p(t), ẋ∗(t)〉 = H(t, x∗(t), p(t)) a.e. t ∈ [a∗, b∗], and
(v) ξ ∈ esst→a∗H(t, x∗(a∗), p(a∗)) and η ∈ esst→b∗H(t, x∗(b∗), p(b∗)).
When (P) is a weak Pareto optimal control problem, we have the following.
Corollary 4.3. Suppose ([a∗, b∗], x∗) is a weak Pareto solution to the multiob-

jective optimal problem (P) and assumptions (H1)–(H4) are satisfied. Then there exist
an arc p ∈ W 1,1, real numbers λ ≥ 0, ξ, η and a vector w ∈ Rm

+ with
∑m

i=1 wi = 1
such that

(i) λ + ‖p‖∞ = 1,
(ii) ṗ(t) ∈ co{α : (α, p(t)) ∈ NGrphF (t,·)(x∗(t), ẋ∗(t))} a.e.,
(iii) (−ξ, p(a∗), η,−p(b∗)) ∈ λ∂〈w, g(a∗, x∗(a∗), b∗, x∗(b∗))〉 + NC(a∗, x∗(a∗),

b∗, x∗(b∗)),
(iv) 〈p(t), ẋ∗(t)〉 = H(t, x∗(t), p(t)) for a.e. t ∈ [a∗, b∗], and
(v) ξ ∈ esst→a∗H(t, x∗(a∗), p(a∗)) and η ∈ esst→b∗H(t, x∗(b∗), p(b∗)).
To provide some perspective on what we have obtained, in the rest of the paper

we give an illustrative example.
Example 4.4. Consider the following weak Pareto optimal control problem:

Minimize g(x(b)) = (x1(b) − x2(b), x1(b))

over intervals [0, b] and arcs x = (x1, x2) ∈ W 1,1([0, b], R2) which satisfy

⎧⎪⎨
⎪⎩

(ẋ1(t), ẋ2(t)) ∈ F (t, x(t)),

b ≤ 2,

(x1(0), x2(0)) = (0,−2),

where

F (t, x) :=

{
[−1, 1] × {1} if t ≤ 1,

{1, t} × {1} if t > 1.

Evidently, this is problem (P) with the initial time fixed (a = 0) and

C = {0} × {(0,−2)} × (−∞, 2] ×R2.
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For each w = (w1, w2), w1 + w2 = 1, we have 〈w, g(x(b))〉 = x1(b) − w1x2(b). By
simple computation, we have

H(t, (x1, x2), (p1, p2)) =

{
|p1| + p2 if t ≤ 1,

max{p1 + p2, tp1 + p2} if t > 1.

We now assume that ([0, b], x) is a solution of the problem. By Corollary 4.3, there
exist p, real numbers λ ≥ 0 and η and vector w = (w1, w2) ∈ R2

+, w1 + w2 = 1 such
that assertions (i)–(v) of Corollary 4.3 are satisfied.

Since

GphF (t, ·) =

{
R2 × ([−1, 1] × {1}) if t ≤ 1,

R2 × {1, t} × {1} if t > 1,

we get

NGphF (t,·)(x(t), ẋ(t)) =

{
{(0, 0)} ×N[−1,1]×{1}(ẋ(t)) if t ≤ 1,

{(0, 0)} ×N{1,t}×{1}(ẋ(t)) if t > 1.

Hence (ii) implies ṗ = (0, 0). Consequently, p = (p1, p2), where p1 and p2 are con-
stants. From (iii) we get

(η,−p(b)) ∈ λ{0} × {(1,−w1)} + N(−∞,2](b) × {(0, 0)}.

This implies that

(21) η ∈ N(−∞,2](b) and p(b) = (p1, p2) = (−λ, λw1).

From (iv) of Corollary 4.3, we obtain the equation

p1ẋ1 + p2ẋ2 =

{
|p1| + p2 if t ≤ 1,

max{p1 + p2, tp1 + p2} if t > 1

for a.e. t ∈ [0, b]. Since ẋ2 = 1, we get x2 = t− 2 and

p1ẋ1 =

{
|p1| if t ≤ 1,

max{p1, tp1} if t > 1

for a.e. t ∈ [0, b]. Since p1 = −λ ≤ 0, we obtain the equation

p1ẋ1 =

{
−p1 if t ≤ 1,

p1 if t > 1

for a.e. t ∈ [0, b].
We now consider the following cases.
Case 1. Consider b < 2. Then we have η = 0 because of (21). By (v) we have

0 = H(b, x(b), p(b)). This implies that |p1| + p2 = 0 if 0 ≤ b ≤ 1 and p1 + p2 = 0 if
1 < b < 2. Hence if 0 ≤ b ≤ 1, then p = λ = 0, which is a contradiction. Thus we
must have 1 < b < 2 and 0 = p1 + p2 = λ(w1 − 1). It follows that w1 = 1 and λ �= 0.
From above we obtain

x1 =

{
−t if 0 ≤ t ≤ 1,

t− 2 if 1 < t ≤ b.
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Case 2. Consider b = 2. From (21) it follows that η ≥ 0. By (v) we get

η ∈ H(2, x(2), p(2)) = p1 + p2 = λ(w1 − 1).

In this case we also have p1 �= 0. So it yields

x1 =

{
−t if 0 ≤ t ≤ 1,

t− 2 if 1 < t ≤ 2.

Thus we showed that if ([0, b∗], x∗ = (x1∗, x2∗)) is a solution, then 1 < b∗ ≤ 2,
x2∗ = t− 2, and

x1∗ =

{
−t if 0 ≤ t ≤ 1,

t− 2 if 1 < t ≤ b∗.

Acknowledgments. The authors sincerely thank the referees for their helpful
comments and suggestions which improved this manuscript greatly.

REFERENCES

[1] C. Berge, Topological Spaces, Oliver and Boyd Ltd., Edinburgh, 1963; Dover, Mineola, NY,
1987.

[2] S. Bellaassali and A. Jouranis, Necessary optimality conditions in multiobjective dynamic
optimization, SIAM. J. Control Optim., 42 (2004), pp. 2043–2061.

[3] V. Bhaskar, S. K. Gupta, and A. K. Ray, Applications of multiobjective optimization in
chemical engineering, Rev. Chem. Eng., 16 (2000), pp. 1–54.

[4] J. M. Borwein and Q. J. Zhu, Techniques of Variational Analysis, Springer-Verlag, New York,
2005.

[5] F. H. Clarke, Optimization and Nonsmooth Analysis, SIAM, Philadelphia, 1990.
[6] G. Debreu, Theory of Value, John Wiley and Sons, New York, 1959.
[7] R. Gabasov, F. M. Kirillova, and B. Mordukhovich, The discrete maximum principle,

Dokl. Akad. Nauk SSSR, 213 (1973), pp. 19–22 (in Russian); English translation in Soviet
Math. Dokl. 14 (1973), pp. 1624–1627.

[8] A. Ioffe, Euler–Lagrange and Hamiltonian formalisms in dynamic optimization, Trans. AMS.,
349 (1997), pp. 2871–2900.

[9] A. Ioffe and V. M. Tihomirov, Theory of Extremal Problems, North–Holland, Amsterdam,
1979.

[10] P. D. Loewen and R. T. Rockafellar, Optimal control of unbounded differential inclusions,
SIAM J. Control Optim., 32 (1994), pp. 442–470.

[11] P. D. Loewen and R. T. Rockafellar, Bolza problems with general time constraints, SIAM
J. Control Optim., 35 (1997), pp. 2050–2069.

[12] B. S. Mordukhovich, Variational Analysis and Generalized Differentiation I, II, Springer-
Verlag, Berlin, 2006.

[13] B. S. Mordukhovich and N. M. Nam, Variational stability and marginal functions via gen-
eralized differentiation, Math. Oper. Res., 30 (2005), pp. 800–816.

[14] B. S. Mordukhovich, Optimization and finite difference approximations of nonconvex differ-
ential inclusions with free time, in Nonsmooth Analysis and Geometric Method in Deter-
ministic Optimal Control, B. S. Mordukhovickh and H. J. Sussmann, eds., Springer, New
York, 1996, pp. 153–202.

[15] B. S. Mordukhovich, Discrete approximations and refined Euler–Lagrange conditions for
nonconvex differential inclusions, SIAM J. Control Optim., 33 (1995), pp. 882–915.

[16] B. S. Mordukhovich, Approximation Methods in Problems of Optimization and Control,
Nauka, Moscow, 1988 (in Russian).

[17] B. S. Mordukhovich, Nonsmooth analysis with nonconvex generalized differentials and con-
jugate mappings, Dokl. Akad. Nauk BSSR, 28 (1984), pp. 976–979 (in Russian).

[18] B. S. Mordukhovich, Maximum principle in problems of time optimal control with nonsmooth
constraints, J. Appl. Math. Mech., 40 (1976), pp. 960–969.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2274 B. T. KIEN, N.-C. WONG, AND J.-C. YAO

[19] R. T. Rockafellar, Hamilton–Jacobi theory and parametric analysis in fully convex problems
of optimal control, J. Global Optim., 248 (2004), pp. 419–431.

[20] J. D. L. Rowland and R. B. Vinter, Dynamic optimization problems with free-time and
active state constraints, SIAM J. Control Optim., 31 (1993), pp. 677–697.

[21] L. Thibault, On subdifferentials of optimal value functions, SIAM J. Control Optim., 29
(1991), pp. 1019–1036.

[22] R. B. Vinter, Optimal Control, Birkhäuser, Boston, 2000.
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A RIESZ BASIS METHODOLOGY FOR PROPORTIONAL AND
INTEGRAL OUTPUT REGULATION OF A ONE-DIMENSIONAL

DIFFUSIVE-WAVE EQUATION∗

BOUMEDIÈNE CHENTOUF† AND JUN-MIN WANG‡

Abstract. In this article, we consider a dam-river system modeled by a diffusive-wave equation.
This model is commonly used in hydraulic engineering to describe dynamic behavior of the unsteady
flow in a river for shallow water when the flow variations are not important. In order to stabilize
and regulate the system, we propose a proportional and integral boundary controller. Contrary
to many physical systems, we end up with a nondissipative closed-loop system with noncollocated
actuators and sensors. We show that the closed-loop system is a Riesz spectral system and generates
an analytic semigroup. Then, we shall be able to assign the spectrum of the closed-loop system in the
open left half-plane to ensure its exponential stability as well as the output regulation independently
of any known or unknown constant perturbation. These results are illustrated by several numerical
examples.

Key words. dam-river system, proportional and integral boundary control, analytic semigroup,
Riesz basis, stability
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1. Introduction and background. It is well known that the flow dynamics
in an irrigation river are generally described by nonlinear coupled hyperbolic partial
differential equations and are called de Saint-Venant equations [37]. Nevertheless, by
adopting several assumptions such as (i) neglecting lateral inflow and inertia terms, (ii)
assuming small flow variations as well as small bed slope of the river, (iii) observing
that the flow can be reasonably represented by a one-dimensional model, and (iv)
observing that the range of flow values is somewhat reduced, one can consider the
following system (see [3], [18], or [31] for more details):

∂Q(x, t)

∂t
= α

∂2Q(x, t)

∂x2 − β
∂Q(x, t)

∂x
+ w, 0 < x < �,

where Q is the water flow and w is the lateral discharge, which is assumed to be
constant for sake of simplicity (w > 0 represents the lateral inflow due to rains,
for example, whereas w < 0 is the lateral outflow due to water withdrawals). The
positive constants α, β, � and the variables x and t denote, respectively, the diffusion,
the celerity, the length of the river, the distance in the downstream direction, and the
time. This model is used in hydraulic engineering to describe dynamic behavior of the
unsteady flow in a river for shallow water when the flow variations are not important
(see [18] and the references therein).
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In practice, an irrigation system often consists of natural rivers to convey water
released from an upstream dam to consumption locations, which are distributed along
the reach. The system under consideration consists of a dam and one river reach
with a measuring station at its downstream end. The control action variable is the
upstream water flow, which means that the control acts so that the desired discharge is
delivered. Therefore, we shall take the upstream flow as a control input variable, take
the downstream flow as an output observation, and leave the downstream boundary
condition as free (no control). In other words, the downstream influence is negligible
for the mass transfer, that is to say, the flow variations are negligible, which is realistic
in the case of long river reaches. This leads us to the following system:

(1.1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂Q(x, t)

∂t
= α

∂2Q(x, t)

∂x2
− β

∂Q(x, t)

∂x
+ w, 0 < x < �,

Q(0, t) = u(t), Qx(�, t) = 0,

y(t) = Q(�, t),

where u(t) is the input (actuator) control and y(t) is the output (sensor) observation.
Obviously, the actuator and sensor are not implemented at the same “location.” Hence
the duality condition C = B∗ does not arise, where B and C are, respectively, the
input and output operators. This leads to a concrete example of a system with non-
collocated actuators and sensors. As the reader may know, one of the main objectives
in the management of irrigation systems is to keep the flow rate at the downstream
end of the river close to a reference flow rate (target) fixed by the administration in
charge of the river and calculated in order to ensure good environmental conditions
for wildlife in the river.

Based on the above reasons, we shall investigate the stabilization and regulation
problem of the system (1.1) with the following boundary proportional and integral
controllers:

(1.2)

{
u(t) = kP y(t) + kIξ(t),

ξ̇(t) = y(t) − yr,

where kP , kI ∈ R \ {0} are, respectively, the proportional and the integral gains,
whereas yr is the constant reference signal to track. The role of the proportional gain
kP is to speed up the exponential decay rate for stability if necessary, while the role
of integral gain kI is to obtain the regulation property, namely, (i) reject disturbances
w, such as rains or withdrawals; (ii) make the output y(t) = Q(�, t) track a given
constant reference signal yr in spite of the constant perturbation w; and (iii) achieve
the exponential stability of the closed-loop system (1.1)–(1.2).

Note that the system (1.1) has been studied by many authors by means of ap-
proximation methods such as discretization (see, for instance, [18], [19], and [31] and
the references therein), and hence the distributed character of (1.1) is not preserved.
Recently, a qualitative analysis of (1.1) has been carried out in [2] by using the tools
of infinite-dimensional systems theory [4]. In fact, stability and regulation results
for the closed-loop system are proved when only an integral controller is applied in
(1.2), that is, kP = 0. Note also that there is a considerable literature devoted to
the design theory of integral and/or proportional controllers for infinite-dimensional
systems. Indeed, in [34] and [41], the authors have been concerned with the existence
of proportional and integral controllers for a class of infinite-dimensional systems with
distributed controls. Moreover, the control operators are assumed to be bounded, and
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hence their results cannot be applied to our problem. Furthermore, there exists a few
research papers (see [35] and [36]) where the authors proposed an integral controller
for a class of infinite-dimensional systems with boundary and distributed controls.
However, in these works, the authors have been primarily interested in designing only
integral controllers for systems with bounded boundary input and output operators via
smooth (twice differentiable) controls. Once again, these restrictions do not permit
us to use this approach. In a related area, there is a vast literature devoted to the
frequency-domain robust controller design approach for systems described by transfer
functions (see, for instance, [5], [11], [12], [21], [23], [27], [28] for low-gain control; [22]
and [29] for high-gain control; and [24], [25], and [26] for regular systems subject to
actuator nonlinearities). Unfortunately, we have met with some technical difficulties
when using this approach. Finally, the reader may also find many articles where the
general theoretical results obtained in the works cited above are applied or adapted
to physical systems such as heat-exchangers and linearized Saint-Venant systems (see
[6], [7], [8], [9], and [39]).

The main contribution of this paper is to adopt the Riesz basis approach and the
shooting method in order to extend the results obtained in [2] on the system (1.1)–
(1.2) without proportional gain (kP = 0) to the case when the feedback control (1.2)
involves a proportional gain kP �= 0. Contrary to the work in [2], where kP = 0 in
(1.2), the advantage of the presence of the proportional gain kP is to allow us to have
more freedom in designing the stabilizing controller. Moreover, by a suitable choice of
the proportional gain kP , one can improve, if necessary, the decay rate for the stability
of the closed-loop system (1.1)–(1.2) compared to the case when only an integral
controller is applied. It is important to note that it is not obvious to deduce neither
the well-posedness nor stability results of the closed-loop system (1.1)–(1.2) from those
obtained in [2]. This is due to the fact that the domain of the operator studied in
[2] is perturbed, and hence the classical theory of perturbation of operators [13] fails.
We also point out that the system (1.1)–(1.2) is nondissipative and has noncollocated
actuator and sensor. Hence two major difficulties arise: first, how to show the C0-
semigroup generation [33], and second, the stability for the system. To overcome
this situation, the Riesz basis methodology [15], [16], [40] is used to show that the
closed-loop system is a Riesz spectral system and generates an analytic semigroup.
Concerning the exponential stability of the system (1.1)–(1.2), the shooting method
is applied to assign the spectrum of the closed-loop system in the open left half-plane
by means of an appropriate choice of the proportional and integral gains kP and kI .
We should note that the existence results of such gains are theoretic, whereas their
tuning is not dealt with here and still remain an open problem. Furthermore, the
output regulation is guaranteed independently of any constant (known or unknown)
perturbation.

The paper is organized as follows. In the next section, some preliminary results
are stated for the uncontrolled system. We also convert the closed-loop system (1.1)–
(1.2) into an evolution equation in an appropriate Hilbert space and then state the
main results of this article. Sections 3 and 4 are devoted to the proof of the main
results. First, we deal with the eigenvalue problem, and asymptotic expansions of
both eigenvalues and eigenfunctions of the system are explicitly presented. Next, we
use the Green’s function approach to obtain an estimate of the resolvent which leads
to the completeness of the root subspace. Then, the Riesz basis property and the C0-
semigroup generation of the system are proved. Finally, we establish, under certain
conditions on the feedback gains kP and kI , the exponential stability and deduce the
regulation of the closed-loop system (1.1)–(1.2). These results are illustrated by some
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numerical applications in the last section.

2. Preliminaries and main results. First, let us consider the uncontrolled
system (u(t) = 0) with no disturbances:

(2.1)

⎧⎨
⎩

∂Q(x, t)

∂t
= α

∂2Q(x, t)

∂x2
− β

∂Q(x, t)

∂x
, 0 < x < �,

Q(0, t) = Qx(�, t) = 0.

Taking the Hilbert state space H0 = L2(0, �) equipped with the usual inner product,
the system (2.1) can be written in the following abstract form:

Q̇(t) = A0 Q(t),

where A0 is an unbounded linear operator defined by

(2.2) D(A0) :=
{
Q ∈ H2(0, �); Q(0) = Q′(�) = 0

}
and A0 := α

∂2

∂x2 − β
∂

∂x
.

Clearly, λ0 is an eigenvalue of A0 if and only if the system

αf ′′0 − βf ′0 − λ0f0 = 0,(2.3)

f0(0) = f ′0(�) = 0(2.4)

has a nonzero solution.
The principal properties of the operator A0 are summarized as follows (see [2] for

details).
Lemma 2.1. The operator A0 generates an exponentially stable C0-semigroup of

contractions S0(t) on H0. Moreover, the spectrum σ(A0) of A0 consists of negative

real numbers of the form −ατ2

�2 − β2

4α , where τ is a nonzero solution to

(2.5) β� sin τ + 2ατ cos τ = 0.

Consider now the function x �−→ f0(x, λ) as the solution of (2.3) subject to the
conditions

(2.6) f ′0(�, λ) = 0, f0(�, λ) = 1.

Then, it is obvious that the zeros of f0(0, λ) are the eigenvalues of A0, which are real
and negative by Lemma 2.5, namely,

· · · < λ0
n < · · · < λ0

1 < 0.

We have the following result, whose proof is given in [2].
Proposition 2.2. Consider the normalized solution of (2.3)–(2.4) by f0(�, λ) =

1. Then the zeros of f0(0, λ) are the eigenvalues λ0
i of the operator A0, which are

negative real numbers and simple. In addition, we have

(2.7) f0(0, λ) =

∞∏
i=1

(
1 − λ

λ0
i

)
.

Denote

B (λ) := λf0(0, λ) = λ

∞∏
i=1

(
1 − λ

λ0
i

)
.
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Fig. 1. The polynomial Bn(λ).

The infinite product B (λ) will play a crucial role in the stability of the closed-loop
system (1.1)–(1.2). It follows from Lemma 2.5 and Proposition 2.2 that the zeros of
B, namely, λ0

i , are simple and negative. Furthermore, between two consecutive zeros,
the function B attains its local maxima and minima. Thus, let

Mk = min
λ0

2k+1<λ<λ0
2k

B(λ)

denote negative minima when B is negative between two zeros, and let mk be the
ordered set of values Mk as follows (see Figure 1):

(2.8) · · · < m2 < m1 < 0.

Using the same arguments as in [2], one can prove the following lemma.
Lemma 2.3. The polynomials Bn (λ) := λ

∏n
i=1(1 − λ

λ0
i
) converge uniformly to

B (λ) in any compact domain of the complex plane. Furthermore, any compact domain
of the complex plane, not containing the zeros of B(·) − ((·)kp + kI) on its boundary,
contains the same number of zeros of B(·) − ((·)kp + kI) and B(·) − ((·)kp + kI) for
n large enough.

Now, let us convert the closed-loop system (1.1)–(1.2) into an evolution equation
in an appropriate Hilbert space and then state the basic properties of the system
operator. Clearly, the closed-loop system (1.1)–(1.2) is governed in the “augmented”
state space

H := L2(0, �) × C,

equipped with the inner product induced by the norm

‖(f, ξ)‖2 =

∫ �

0

|f(x)|2dx + |ξ|2 ∀ (f, ξ) ∈ H,
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by the system

(2.9) φ̇(t) = APIφ(t) + (w,−yr).

Here φ = (f, ξ) and API is an unbounded linear operator defined by

(2.10) D(API) :=
{

(f, ξ) ∈ H2(0, �) × C; f(0) = kP f(�) + kIξ; f ′(�) = 0
}

and

(2.11) API (f, ξ) :=
(
αf ′′ − βf ′, f(�)

)
for any (f, ξ) ∈ D(API).

Recall that α, β, and � are positive constants and the feedback gains kP and kI are
nonzero numbers.

Now, one can show that, given (g, η) ∈ H, the equation API(f, ξ) = (g, η) has a
unique solution (f, ξ) ∈ D(API) given by⎧⎪⎪⎨

⎪⎪⎩
f(x) = η +

1

β

[∫ �

x

(
1 − eω(x−ξ)

)
g(ξ) dξ

]
,

ξ =
1

kI
(f(0) − kP f(�)) ,

where ω = β/α. Therefore, the operator (API)
−1 ∈ L(H). Moreover, by the Sobolev

embedding theorem [1], we deduce that (API)
−1

is compact on H, and hence the
spectrum σ(API) consists of isolated eigenvalues only [13].

Before stating our main results, let us recall that a nonzero Y , of a Hilbert space
H, is called a generalized eigenvector of a linear operator A, corresponding to an
eigenvalue λ (with finite algebraic multiplicity) of A, if there is a positive integer n
such that (λ−A)nY = 0.

Let Sp(A) be the root subspace of a linear operator A which is defined as the
closed subspace spanned by all generalized eigenvectors of A.

A sequence in H is said to be complete if its linear span is dense in H. Also, a
sequence in H is called minimal if each element of this sequence lies outside the closed
linear span of the remaining elements. In turn, two sequences {ei} and {e∗i } are said
to be biorthogonal in H if

〈ei, e∗j 〉 = δij =

{
1, i = j,
0, i �= j,

for every i and j. It is well known that for a given sequence {ei}, a biorthogonal
sequence {e∗i } exists if and only if {ei} is minimal, and {e∗i } is uniquely determined
if and only if {ei} is complete.

Now, a sequence {ei}∞i=1 is called a Bessel sequence in H if for any x ∈ H, the
series {〈x, ei〉}∞i=1 ∈ �2. On the other hand, a sequence {ei}∞i=1 is called a basis for H
if any element x ∈ H has a unique representation,

(2.12) x =

∞∑
i=1

aiei,

and the convergence of the series is in the norm of H. Finally, a sequence {ei}∞i=1

with a biorthogonal sequence {e∗i }∞i=1 is called a Riesz basis for H if {ei}∞i=1 is an
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approximately normalized basis of H and the series in (2.12) converges unconditionally
in the norm of H. Another different, but equivalent, condition for a Riesz basis
property has the following form (see [42, p. 27]):

(a) both {ei}∞i=1 and {e∗i }∞i=1 are complete in H; and
(b) both {ei}∞i=1 and {e∗i }∞i=1 are Bessel sequences in H.

It is also well known that {ei}∞i=1 is a Riesz basis for H if and only if its biorthogonal
sequence {e∗i }∞i=1 is a Riesz basis for H.

Now, we are able to state the main results of this work. Indeed, the first main
result is related to the Riesz basis property.

Theorem 2.4. Let |k̃P | �= 1, where k̃P := kP e
1
2

�β
α . Then, the generalized eigen-

functions of the operator API form a Riesz basis in H. In turn, if |k̃P | = 1, then the
generalized eigenfunctions of API form, in H, a Riesz basis with parentheses.

The second result is mainly concerned with the properties of the semigroup gen-
erated by the operator API .

Theorem 2.5. The operator API defined by (2.10)–(2.11) generates a C0-semigroup
SPI(t) in H. Therefore, SPI(t) satisfies the spectrum-determined growth condition
S(API) = ω(API), where S(API) = supλ∈σ(API) Reλ is the spectral bound and
ω(API) is the growth order of the semigroup SPI(t). Moreover, SPI(t) is an ana-
lytic semigroup in H.

Finally, regarding the third main result, we use notation from (2.8) and Figure 1
to state the stability and regulation properties of the closed-loop system.

Theorem 2.6. (i) If m1 < kI < 0 and kP is a sufficiently small positive number,
then the spectrum σ(API) consists of negative real numbers.

(ii) If m2 < kI < m1 < 0 and kP is a positive number sufficiently small, then the
spectrum σ(API) of the operator API consists of negative real numbers, except two
which are complex conjugate numbers with positive or negative real parts.

Therefore, in both cases where the spectrum of the operator API , defined by (2.10)–
(2.11) has negative real part, the analytic semigroup SPI(t) is exponentially stable.
Moreover, for any initial data φ0 = (Q0, ξ0) ∈ D(API) and for any constant pertur-
bation w in H, we have the output regulation

lim
t→∞

y(t) = lim
t→∞

Q(�, t) = yr.

Furthermore, the closed-loop system (1.1)–(1.2) is exponentially stable in H in spite
of the constant perturbation w ∈ H.

3. Proof of Theorems 2.4 and 2.5. In this section, we are going to show
Theorems 2.4 and 2.5, namely, the well-posedness and the Riesz basis generation of
the system. For sake of clarity, we divide this section into three parts.

3.1. Eigenvalue problem. We shall establish, in this subsection, the basic re-
sults of the eigenvalue problem related to the operator API . From the eigenvalue
equation API(f, ξ) = λ(f, ξ), we have the characteristic equation in λ:

(3.1)

{
f ′′(x) − β

αf
′(x) − 1

αλf(x) = 0, 0 < x < �,

(λkP + kI)f(�) = λf(0), f ′(�) = 0.

In order to solve the above equation, we introduce the following transformation that
can translate the interval [0, �] into [0, 1]:

(3.2) x = z�, f(x) = g(z), z ∈ [0, 1].
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Then, (3.1) changes into

(3.3)

{
g′′(z) − �β

α g′(z) − �2

α λg(z) = 0, 0 < z < 1,

(λkP + kI)g(1) = λg(0), g′(1) = 0.

Let

(3.4) τ1(λ) =
�β + �

√
β2 + 4αλ

2α
, τ2(λ) =

�β − �
√

β2 + 4αλ

2α
.

Clearly, eτ1z and eτ2z are two independent solutions of g′′(z)− �β
α g′(z)− �2

α λg(z) = 0,
and thus the general solution form of (3.3) can be given by

g(z) = c1e
τ1z + c2e

τ2z,

where c1 and c2 satisfy the following system:{
(λkP + kI) (c1e

τ1 + c2e
τ2) = λ (c1 + c2) ,

c1τ1e
τ1 + c2τ2e

τ2 = 0.

Hence, (3.3) has a nontrivial solution if and only if

det(Δ(λ)) = 0,

where Δ(λ) is the coefficient matrix given by

(3.5) Δ(λ) :=

[
(λkP + kI)e

τ1 − λ (λkP + kI)e
τ2 − λ

τ1e
τ1 τ2e

τ2

]
.

By a direct computation, we have

det(Δ(λ)) = (τ2 − τ1)(λkP + kI)e
τ1+τ2 − λ(τ2e

τ2 − τ1e
τ1)

= −�
√
β2 + 4αλ

α
(λkP + kI)e

(�β)/α − λ(τ2e
τ2 − τ1e

τ1).

Let λ := αρ2

�2 − β2

4α , with ρ ∈ C and arg ρ ∈ [−π/2, π/2). Then τ1(λ) and τ2(λ), defined
by (3.4), become

(3.6) τ1(ρ) =
�β

2α
+ ρ, τ2(ρ) =

�β

2α
− ρ.

We also have

(3.7) e−
�β
2α det(Δ(ρ)) = −2ρ

(
αρ2

�2
− β2

4α

)
k̃P − 2ρk̃I

−
(
αρ2

�2
− β2

4α

)(
�β

2α
e−ρ − ρe−ρ − �β

2α
eρ − ρeρ

)

=
αρ3

�2
(e−ρ + eρ − 2k̃P ) − βρ2

2�
(e−ρ − eρ)

−β2

4α
ρ

(
e−ρ + eρ − 2k̃P +

8α

β2
k̃I

)
+

�β3

8α2
(e−ρ − eρ),
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where

(3.8) k̃P := kP e
1
2

�β
α , k̃I := kIe

1
2

�β
α .

Let us summarize the previous results in the following lemma.

Lemma 3.1. Let λ := αρ2

�2 − β2

4α , with arg ρ ∈ [−π/2, π/2). Then the characteristic
determinant det(Δ(ρ)) has the following form:

(3.9) e−
�β
2α det(Δ(ρ)) =

αρ3

�2
(e−ρ + eρ − 2k̃P ) − βρ2

2�
(e−ρ − eρ)

−β2

4α
ρ

(
e−ρ + eρ − 2k̃P +

8α

β2
k̃I

)
+

�β3

8α2
(e−ρ − eρ),

with k̃P and k̃I being given by (3.8).
Then, we have the following.
Theorem 3.2. Let |k̃P | > 1. Then the eigenvalues λn of the operator API

are the solutions of the eigenvalue problem (3.3) and have the following asymptotic
expansion: for s = 1, 2,
(3.10)

λns = −
(
β

�
+

β2

4α

)
+

(ln |k̃Ps|)2 − (2nπ + δ)2 + i(4nπ + 2δ) ln |k̃Ps|
α−1�2

+ O(n−1),

where n are positive integers,

(3.11) k̃P1 := k̃P +

√
k̃2
P − 1, k̃P2 := k̃P −

√
k̃2
P − 1,

and

(3.12) δ :=

{
0 when k̃P ≥ 1;

π when k̃P ≤ −1.

In turn, if |k̃P | = 1, then the eigenvalues λn1 and λn2 are not separable when their
moduli are large enough and have the following asymptotic expression:

(3.13) λns = −β2

4α
− α(2nπ + δ)2

�2
+ O(n−1), s = 1, 2.

Proof. Using (3.9), the characteristic equation det(Δ(ρ)) = 0 means that ρ, with
arg ρ ∈ [−π/2, π/2), satisfies the following:

(3.14) eρ + e−ρ − 2k̃P − 1

2

�β

α

(
e−ρ − eρ

)
ρ−1 + O(ρ−2) = 0,

which leads to

(3.15) eρ + e−ρ − 2k̃P + O(ρ−1) = 0.

Assume now that |k̃P | > 1. Then, it follows that the solutions of the equation

eρ + e−ρ − 2k̃P = 0

are given by

(3.16) ρ̃ns = ln |k̃Ps| + 2nπi + δi, s = 1, 2, n ∈ N,
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where δ is as defined in (3.12). Rouché’s theorem can be applied to (3.15) to obtain

(3.17) ρns = ρ̃ns + αns, αns = O(n−1), s = 1, 2,

for sufficiently large positive integers n. Substituting ρns into (3.14), we get

eρ̃ns+αns + e−ρ̃ns−αns − 2k̃P − 1

2

�β

α

(
e−ρ̃ns−αns − eρ̃ns+αns

)
ρ−1
ns + O(ρ−2

ns ) = 0.

Note that

eρ̃ns + e−ρ̃ns − 2k̃P = 0, eρ̃ns = k̃Ps,

and hence

eρ̃ns+αns + e−ρ̃ns−αns = eαns

[
2k̃P − e−ρ̃ns

]
+ e−ρ̃ns−αns

= 2k̃P e
αns − eαnse−ρ̃ns + e−ρ̃ns−αns

= 2k̃P
[
1 + αns + O(n−2)

]
− e−ρ̃ns

[
eαns − e−αns

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−ρ̃ns

[
2αns + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) − k̃−1

Ps

[
2αns + O(n−2)

]
= 2k̃P + 2αns

(
k̃P − k̃−1

Ps

)
+ O(n−2),

where we have also expanded the exponential functions according to their Taylor
series. Similarly,

eρ̃ns+αns − e−ρ̃ns−αns = eαns

[
2k̃P − e−ρ̃ns

]
− e−ρ̃ns−αns

= 2k̃P e
αns − eαnse−ρ̃ns − e−ρ̃ns−αns

= 2k̃P
[
1 + αns + O(n−2)

]
− e−ρ̃ns

[
eαns + e−αns

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−ρ̃ns

[
2 + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) − k̃−1

Ps

[
2 + O(n−2)

]
= 2
(
k̃P − k̃−1

Ps

)
+ 2k̃Pαns + O(n−2).

These two estimates lead us to write

0 = eρ̃ns+αns + e−ρ̃ns−αns − 2k̃P − 1

2

�β

α

(
e−ρ̃ns−αns − eρ̃ns+αns

)
ρ−1
ns + O(ρ−2

ns )

= 2k̃P + 2αns

(
k̃P − k̃−1

Ps

)
− 2k̃P

+
1

2

�β

α

(
2
(
k̃P − k̃−1

Ps

)
+ 2k̃Pαns + O(n−2)

)
ρ̃−1
ns + O(n−2)

= 2αns

(
k̃P − k̃−1

Ps

)
+

1

2

�β

α

(
2
(
k̃P − k̃−1

Ps

)
+ 2k̃Pαns

)
ρ̃−1
ns + O(n−2)

= 2αns

(
k̃P − k̃−1

Ps

)
+

�β

α

(
k̃P − k̃−1

Ps

)
ρ̃−1
ns + O(n−2).
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Thus, we obtain

αns = − �β

2αρ̃ns
+ O(n−2) = − �β

2α
(
ln |k̃Ps| + 2nπi + δi

) + O(n−2).

This, together with (3.16)–(3.17), yields

(3.18) ρns = ln |k̃Ps| + 2nπi + δi− �β

2α
(
ln |k̃Ps| + 2nπi + δi

) + O(n−2),

and so

ρ2
ns = (ln |k̃Ps|)2 − (2nπ + δ)2 + i(4nπ + 2δ) ln |k̃Ps| −

�β

α
+ O(n−1).

Now, using the fact that λns =
αρ2

ns

�2 − β2

4α , the desired result (3.10) is directly obtained.

Finally, when |k̃P | = 1, similar arguments permit us to claim that λn1 and λn2, for
n ∈ N, are not separable when their moduli are large enough and have the asymptotic
expression given by (3.13). We omit the details here.

The following result deals with the case |k̃P | < 1.

Theorem 3.3. Let |k̃P | < 1. Then the eigenvalues λn of the operator API

are the solutions of the eigenvalue problem (3.3) and have the following asymptotic
expansion: for s = 1, 2,

(3.19) λns = −
(
β

�
+

β2

4α

)
− α(2nπ + θs)

2

�2
+ O(n−1),

where n are positive integers and

(3.20) θ1 := tan−1

⎛
⎝
√

1 − k̃2
P

k̃P

⎞
⎠ , θ2 := −θ1.

Proof. Let ρ ∈ C with arg ρ ∈ [−π/2, π/2). When |k̃P | < 1, the equation

eρ + e−ρ − 2k̃P = 0

has solutions

(3.21) ρ̃ns = θsi + 2nπi, s = 1, 2, n ∈ N.

Applying Rouché’s theorem to (3.15) yields

(3.22) ρns = ρ̃ns + αns, αns = O(n−1), s = 1, 2,

for sufficiently large positive integers n. Next, inserting ρns into (3.14), we obtain,
after a careful computation,

eρ̃ns+αns + e−ρ̃ns−αns − 2k̃P − 1

2

�β

α

(
e−ρ̃ns−αns − eρ̃ns+αns

)
ρ−1
ns + O(ρ−2

ns ) = 0.

Then, since

eρ̃ns + e−ρ̃ns − 2k̃P = 0, eρ̃ns = eiθs = k̃P + i

√
1 − k̃2

P ,
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one can get, as for the case |k̃P | > 1, the estimates

eρ̃ns+αns + e−ρ̃ns−αns = eαns

[
2k̃P − e−ρ̃ns

]
+ e−ρ̃ns−αns

= 2k̃P e
αns − eαnse−ρ̃ns + e−ρ̃ns−αns

= 2k̃P
[
1 + αns + O(n−2)

]
− e−ρ̃ns

[
eαns − e−αns

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−ρ̃ns

[
2αns + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−iθs

[
2αns + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) −

(
k̃P − i

√
1 − k̃2

P

)[
2αns + O(n−2)

]

= 2k̃P + 2iαns

√
1 − k̃2

P + O(n−2)

and

eρ̃ns+αns − e−ρ̃ns−αns = eαns

[
2k̃P − e−ρ̃ns

]
− e−ρ̃ns−αns

= 2k̃P e
αns − eαnse−ρ̃ns − e−ρ̃ns−αns

= 2k̃P
[
1 + αns + O(n−2)

]
− e−ρ̃ns

[
eαns + e−αns

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−ρ̃ns

[
2 + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) − e−iθs

[
2 + O(n−2)

]
= 2k̃P + 2αnsk̃P + O(n−2) −

(
k̃P − i

√
1 − k̃2

P

)[
2 + O(n−2)

]

= 2i

√
1 − k̃2

P + 2k̃Pαns + O(n−2).

Hence

0 = eρ̃ns+αns + e−ρ̃ns−αns − 2k̃P − 1

2

�β

α

(
e−ρ̃ns−αns − eρ̃ns+αns

)
ρ−1
ns + O(ρ−2

ns )

= 2k̃P + 2iαns

√
1 − k̃2

P − 2k̃P +
1

2

�β

α

(
2i

√
1 − k̃2

P + 2k̃Pαns + O(n−2)

)
ρ̃−1
ns + O(n−2)

= 2iαns

√
1 − k̃2

P +
1

2

�β

α

(
2i

√
1 − k̃2

P + 2k̃Pαns

)
ρ̃−1
ns + O(n−2)

= 2iαns

√
1 − k̃2

P + i
�β

α

√
1 − k̃2

P ρ̃
−1
ns + O(n−2),

which, together with (3.21), gives

αns = − �β

2α
ρ̃−1
ns + O(n−2) = − �β

2α (θsi + 2nπi)
+ O(n−2).

Therefore

(3.23) ρns = θsi + 2nπi− �β

2α (θsi + 2nπi)
+ O(n−2),
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and so

ρ2
ns = −(2nπ + θs)

2 − �β

α
+ O(n−1).

Finally, since λns =
αρ2

ns

�2 − β2

4α , one can deduce (3.19). This completes the proof.
We are now in a position to investigate the asymptotic behavior of the eigenfunc-

tions. The result is described as follows.
Theorem 3.4. Let σ(API) = {λn1, λn2, n ∈ N} be the eigenvalues of API . If

|k̃P | > 1 (respectively, |k̃P | < 1), then λn =
αρ2

n

�2 − β2

4α , with ρn ∈ C and arg ρn ∈
[−π/2, π/2), are given by (3.10) and (3.18) (respectively, (3.19) and (3.23)). Fur-
thermore, the corresponding eigenfunctions {(fn1, ξn1), (fn2, ξn2)} have the following
asymptotics: for s = 1, 2,

(3.24)

⎧⎪⎪⎨
⎪⎪⎩
fns(x) = gns(z) = e

1
2

�β
α ze−ρns(1−z) + e

1
2

�β
α zeρns(1−z) + O(n−1)

= e
1
2

β
αxe−ρns(1− x

� ) + e
1
2

β
αxeρns(1− x

� ) + O(n−1), x = z�,

ξns =
gns(0) − kP gns(1)

kI
= O(n−1)

for sufficiently large positive integer n, where fns(x) = gns(z) with x = z� given in
(3.2). Moreover, {(fn1, ξn1), (fn2, ξn2)} is approximately normalized in H in the sense
that there exist positive constants c1, c2 independent of n, such that

(3.25) c1 ≤ ‖fns‖L2(0,�) =
√
�‖gns‖L2(0,1), |ξns| ≤ c2, n ∈ N, s =, 1, 2,

Proof. We consider only the case |k̃P | > 1, and the same arguments can be applied

when |k̃P | < 1. From (3.3), (3.5), (3.6), and linear algebra theory, the function g,

with respect to the eigenvalue λ = αρ2

�2 − β2

4α , where ρ ∈ C and arg ρ ∈ [−π/2, π/2), is
given by

(3.26)

e−
1
2

�β
α g(z, ρ) = e−

1
2

�β
α

∣∣∣∣ eτ1z eτ2z

τ1e
τ1 τ2e

τ2

∣∣∣∣ = τ2e
1
2

�β
α ze−ρ(1−z) − τ1e

1
2

�β
α zeρ(1−z).

The first estimate of (3.24) is a consequence of (3.26) by setting

gns(z) = −ρ−1
ns e
− 1

2
�β
α g(z, ρns), s = 1, 2,

in (3.26). Regarding the second one, it can be proved as follows:

ξns =
gns(0) − kP gns(1)

kI
=

2k̃P − 2kP e
1
2

�β
α

kI
+ O(n−1) = O(n−1),

where we have used the fact that

eρns + e−ρns − 2k̃P = O(n−1)

and the definition of k̃P given in (3.8). Finally, in order to prove (3.25), we use (3.18) to

obtain that ‖e 1
2

β
α zeρns(1−z)‖2

L2(0,1) and ‖e 1
2

β
α ze−ρns(1−z)‖2

L2(0,1) are uniformly bound

in (0, 1). This, together with |ξns|2 = O(n−2), gives∫ �

0

|fns(x)|2dx = �

∫ 1

0

|gns(z)|2dz
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and the desired inequalities (3.25)
Now, one can notice that the same process can also produce asymptotic expan-

sions for the eigenpairs of A∗PI , which is the adjoint operator of API and is given
by

(3.27) A∗PI

(
h
η

)
:=

(
αh′′ + βh′

αkIh
′(0)

)
∀
(

h
η

)
∈ D(A∗PI)

and

(3.28) D(A∗PI) := {(z, η) ∈ H2(0, �)×C) : h(0) = 0, η = αh′(�)+βh(�)−αkPh
′(0)}.

Since API is a discrete operator, then so is A∗PI (see [10, p. 2354]). Moreover, if λ is
an eigenvalue of API , then λ̄ is an eigenvalue of A∗PI (see [20, p. 26]). Hence, we can

get the eigenvalues of A∗PI directly from (3.10) and (3.19) for |k̃P | > 1 and |k̃P | < 1,
respectively, with the same algebraic multiplicity (see [10, p. 2354]). Also, the same
arguments used in the proof in Theorem 3.4 will yield the counterpart of Theorem
3.4 for A∗PI , namely, the following.

Theorem 3.5. Let σ(A∗PI) = {λn1, λn2, n ∈ N} be the eigenvalues of A∗PI .

If |k̃P | > 1 (respectively, |k̃P | < 1), λn =
αρ2

n

�2 − β2

4α , with ρn ∈ C and arg ρn ∈
[−π/2, π/2), are given by (3.10) and (3.18) (respectively, (3.19) and (3.23)). Fur-
thermore, the corresponding eigenfunctions {(hn1, ηn1), (hn2, ηn2)} have the following
asymptotics: for s = 1, 2,

(3.29){
hns(x) = φns(z) = e−

1
2

�β
α zeρnsz − e−

1
2

�β
α ze−ρnsz = e−

1
2

β
αxeρns

x
� − e−

1
2

β
αxe−ρns

x
� ,

ηns = O(n−1)

for sufficiently large positive integer n, where

(3.30) x = z�, h(x) = φ(z), z ∈ [0, 1].

Moreover, {(hns, ηns), s = 1, 2} is approximately normalized in H.
Proof. From (3.27) and (3.28), the eigenvalue problem of A∗PI is

(3.31)

{
h′′(x) + β

αh
′(x) − 1

αλh(x) = 0, 0 < x < �,

h(0) = 0, α(λkP + kI)h
′(0) = λαh′(�) + λβh(�).

By the transformation (3.30), which is similar to (3.2), the above equation changes
into

(3.32)

{
φ′′(z) + �β

α φ′(z) − �2

α λφ(z) = 0, 0 < z < 1,

φ(0) = 0, α(λkP + kI)φ
′(0) = λαφ′(1) + λβ�φ(1).

Then e−τ1z and e−τ2z are two independent solutions of φ′′(z)+ �β
α φ′(z)− �2

α λφ(z) = 0.

As in the proof of Theorem 3.4, the function φ with respect to the eigenvalue λ of

A∗PI , where λ = αρ2

�2 − β2

4α , with ρ ∈ C and arg ρ ∈ [−π/2, π/2), is given by

φ(z, ρ) =

∣∣∣∣ 1 1
e−τ1z e−τ2z

∣∣∣∣ = e−τ2z − e−τ1z = e−
1
2

�β
α zeρz − e−

1
2

�β
α ze−ρz.(3.33)
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The first expression of (3.29) then follows from (3.33) by setting

φns(z) = φ(z, ρns), s = 1, 2,

in (3.33), and ηns can be obtained by

ηns = αh′ns(�) + βhns(�) − αkPh
′
ns(0) =

α

�
φ′ns(1) + βφns(1) − α

�
kPφ

′
ns(0) = O(n−1).

Here we have used the fact that

eρns + e−ρns − 2k̃P = O(n−1)

and the definition of k̃P in (3.8). A direct computation can further show that
{(hns, ηns), s = 1, 2} is approximately normalized.

3.2. Completeness of the root subspace. First, we have the following.
Theorem 3.6. Let σ(API) = {λn1, λn2, n ∈ N} be the eigenvalues of API ,

and let λn =
αρ2

n

�2 − β2

4α , with ρn ∈ C and arg ρn ∈ [−π/2, π/2). Then there exists a

constant M̃ > 0 independent of λ such that

(3.34) ‖R(λ,API)‖ ≤ M̃ |λ|−1/2

for all λ = αρ2

�2 − β2

4α , with ρ ∈ C, and arg ρ ∈ [−π/2, π/2) lies outside all circles of
radius ε > 0 and the circles are centered at the zeros of det(Δ(ρ)) = 0 (see (3.9)).

Proof. Let λ = αρ2/�2 − 1
4β

2/α ∈ ρ(API), with ρ ∈ C and arg ρ ∈ [−π/2, π/2),
and let (φ, c) ∈ H. Our aim is to solve the resolvent equation

(λI −API)

(
f
ξ

)
=

(
φ
c

)
,

or, equivalently, ⎧⎪⎨
⎪⎩

λf(x) − αf ′′(x) + βf ′(x) = φ(x),

λ
f(0) − kP f(�)

kI
− f(�) = c,

or

(3.35)

⎧⎨
⎩

f ′′(x) − β
αf
′(x) − 1

αλf(x) = − 1
αφ(x), 0 < x < �,

λf(0) − λkP f(�) − kIf(�) = kIc, f ′(�) = 0.

By using the transformation (3.2), we obtain

(3.36)

{
g′′(z) − �β

α g′(z) − �2

α λg(z) = − �2

α φ(z�), 0 < z < 1,

λg(0) − (λkP + kI)g(1) = kIc, g′(1) = 0.

Set

(3.37) Φ(z, λ) := g(z) − kIc

λ(1 − kP ) − kI
, λ(1 − kP ) �= kI .
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Then, Φ(z, λ) satisfies

(3.38)

⎧⎨
⎩Φ′′(z, λ) − �β

α
Φ′(z, λ) − �2

α
λΦ(z, λ) = −�2

α
φ(z�) +

�2

α

λkIc

λ(1 − kP ) − kI
,

λΦ(0, λ) − (λkP + kI)Φ(1, λ) = 0, Φ′(1, λ) = 0.

Therefore, every solution Φ(z, λ) of (3.38) can be represented as (see, e.g., [32, p. 31,
Theorem 2])

(3.39) Φ(z, λ) =

∫ 1

0

G(z, ξ, λ)

(
−�2

α
φ(ξ�) +

�2

α

λkIc

λ(1 − kP ) − kI

)
dξ,

and hence the solution of (3.36) can be written as follows:

(3.40) g(z) =

∫ 1

0

G(z, ξ, λ)

(
−�2

α
φ(ξ�) +

�2

α

λkIc

λ(1 − kP ) − kI

)
dξ +

kIc

λ(1 − kP ) − kI
.

Here G(x, ξ, λ) is the Green’s function given by

G(z, ξ, λ) :=
1

det(Δ(λ))
H(z, ξ, λ),

with

(3.41) H(z, ξ, λ) :=

∣∣∣∣∣∣∣∣
eτ1z eτ2z η(z, ξ, λ)

U1 (eτ1z) U1 (eτ2z) U2 (eτ1z)

U2 (eτ2z) U2(y2) U2(η)

∣∣∣∣∣∣∣∣
,

(3.42) η(z, ξ, λ) :=
1

4ρ
sign(z − ξ)

(
eτ1(z−ξ) − eτ2(z−ξ)

)
,

where we have used the fact that λ = αρ2

�2 − β2

4α , U1(g) := (λkP + kI)g(1) − λg(0),
and U2(g) := g′(1). Based on the above equations, we can claim that for λ ∈ ρ(API),
with |λ| large enough, there exists a constant M independent of z, ξ ∈ [0, 1] so that

(3.43) |H(z, ξ, λ)| ≤ Me
�β
2α |ρ|2e|ρ|, ρ ∈ C, arg ρ ∈ [−π/2, π/2).

Thus we conclude from (3.9) that

(3.44) |G(z, ξ, λ)| ≤ M1|ρ|−1

holds for all ρ ∈ C, with arg ρ ∈ [−π/2, π/2) outside those circles of radius ε > 0
and centered at the zeros of det(Δ(ρ)) = 0, where M1 is some constant independent
of z, ξ ∈ [0.1]. This will, in turn, yield estimates for g(z), f(x), and ‖R(λ,API)‖,
respectively, as follows:

(3.45) |f(x)| = |g(z)| ≤ M2|ρ|−1

and

(3.46) ‖R(λ,API)‖ ≤ M3|ρ|−1



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

REGULATION OF A DIFFUSIVE-WAVE EQUATION 2291

for all ρ ∈ C, with arg ρ ∈ [−π/2, π) outside those circles of radius ε > 0 and centered
at the zeros of det(Δ(ρ)) = 0, where M2 and M3 are some constants independent of

z, ξ ∈ [0.1]. This achieves the proof of the desired result by taking M̃ = M3.
Note that we can obtain a more precise estimate for ‖R(λ,API)‖ as follows (for

more details, the reader is referred to [14]).
Theorem 3.7. There exist positive constants r and Mr such that for an arbitrary

κ ∈ (π/2, π), we have

Σκ,r := {λ ∈ C : | arg(λ− r)| < κ, λ �= 0} ⊂ ρ(API)

and

(3.47) ‖R(λ,API)‖ ≤ Mr

|λ− r| ∀ λ ∈ Σκ,r.

We have the following lemma.
Lemma 3.8. Let σ(API) = {λn1, λn2, n ∈ N} be the eigenvalues of API . If

|k̃P | > 1 (respectively, 0 < |k̃P | < 1), then λn =
αρ2

n

�2 − β2

4α , with ρn ∈ C and
arg ρn ∈ [−π/2, π/2), are given by (3.10) and (3.18) (respectively, (3.19) and (3.23)).
In addition, for any sufficiently large n, each eigenvalue λni, i = 1, 2, of API is
algebraically simple.

Proof. From (3.40), the multiplicity of each λ ∈ σ(API) with sufficiently large
modulus, as a pole of R(λ,API), is less than or equal to the multiplicity of λ as a
zero of the entire function det(Δ(ρ)) with respect to ρ. On the other hand, it is a
routine exercise to verify that λ is geometrically simple. Since from (3.14), under

the assumption |k̃P | �= 1, all zeros of det(Δ(ρ)) = 0 with large moduli are simple,
the result then follows from the general formula ma ≤ p ·mg (see, e.g., [30, p. 148]),
where p denotes the order of the pole of the resolvent operator and ma, mg denote,
respectively, the algebraic and geometric multiplicity.

The next result follows.
Proposition 3.9. Both root subspaces of the operators API and A∗PI are com-

plete in H, that is to say, Sp(API) = Sp(A∗PI) = H.
Proof. It follows from Lemma 5 on page 2355 of [10] that the following orthogonal

decomposition holds:

H = σ∞(A∗PI) ⊕ Sp(API),

where σ∞(A∗PI) consists of those Y ∈ H so that R(λ,A∗PI)Y is an analytic function
of λ in the whole complex plane. Hence Sp(API) = H if and only if σ∞(A∗PI) = {0}.
Now suppose that Y ∈ σ∞(A∗PI). Since R(λ,A∗PI)Y is an analytic function of λ,
it is also for ρ, and hence by the maximum modulus principle (or the Phragmén-
Lindelöf theorem) of analytic functions and the fact that ‖R(λ,A∗PI)‖ = ‖R(λ,API)‖,
it follows from Theorem 3.6 that

‖R(λ,A∗PI)Y ‖ ≤ M |λ|−1/2‖Y ‖ ∀ λ ∈ C

for some constant M > 0. By Theorem 1 on page 3 of [17], we conclude that
R(λ,A∗PI)Y is a constant with respect to λ, i.e.,

R(λ,A∗PI)Y = Y0 for some Y0 ∈ H.

Thus

Y = (λ−A∗PI)Y0 = −A∗PIY0 + λY0 ∀ λ ∈ C.
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Finally, comparing the coefficients of λj , one can readily find that Y0 = 0. This
concludes the proof of the result.

3.3. Riesz basis generation. In order to establish the Riesz basis property of
the root subspace of API , we need the following lemma from [38].

Lemma 3.10. Suppose that a sequence {νn} has asymptotics

(3.48) νn = α(n + iβ lnn) + O(1), α �= 0, n = 1, 2, 3, . . . ,

where β is a real number and supn≥1 Re νn < ∞. Then the sequence {eνnx}∞n=1 is a
Bessel sequence in L2(0, 1).

Then, we have the following.
Lemma 3.11. Let ρns, s = 1, 2, be given by (3.18) and (3.23) according to |k̃P | > 1

and |k̃P | < 1, respectively. Then {eρn1z, eρn2z}∞n=1 and {e−ρn1z, e−ρn2z}∞n=1 are two
Bessel sequences in L2(0, 1). Hence, {eρn1x/�, eρn2x/�}∞n=1 and {e−ρn1x/�, e−ρn2x/�}∞n=1

are also two Bessel sequences in L2(0, �)
Proof. Let νns := ρns, s = 1, 2. Then the result concerning the sequence {eρn1z,

eρn2z}∞n=1 can be directly obtained from Lemma 3.10 by setting β = 0 and α = 2πi in
(3.48). Similarly, for the sequence {e−ρn1z, e−ρn2z}∞n=1, one can take νn := −ρns, s =
1, 2, β = 0, and α = −2πi in (3.48). The last result is obvious since it can be directly
verified from the definition of Bessel sequences (see [42, p. 122]).

Now, we are able to prove the Riesz basis property for the operator API stated
in Theorem 2.4.

Proof of Theorem 2.4. Let |k̃P | �= 1 and let σ(API) = {λn1, λn2, n ∈ N} be
the eigenvalues of API . From Lemma 3.8, we have that each eigenvalue of API with
sufficient large modulus is simple, and hence there exists an integer N > 0 so that for
all n > N , λns, s = 1, 2, is simple. For n ≤ N , if the algebraic multiplicity of each
λns is mns, we can find the highest order generalized eigenfunction Φn,s,1 from

(API − λns)
mnsΦn,s,1 = 0 but (API − λns)

mns−1Φn,s,1 �= 0, s = 1, 2.

The other lower order linearly independent generalized eigenfunctions associated with
λns can be found through Φn,s,j = (API − λns)

j−1Φn,s,1, j = 2, 3, . . . ,mns. As-
sume Φns is an eigenfunction of API corresponding to λns with n > N . Then{
{{Φn,s,j}mns

j=1 }n≤N ∪ {Φns}n>N

}2

s=1
are all linearly independent generalized eigen-

functions of API . Let {{Ψn,s,j}mns
j=1 }n≤N ∪ {Ψns}n>N be the biorthogonal sequence

of {{Φn,s,j}mns
j=1 }n≤N ∪{Φns}n>N . Then

{
{{Ψn,s,j}mns

j=1 }n≤N ∪ {Ψns}n>N

}2

s=1
are all

linearly independent generalized eigenfunctions of A∗PI . It is well known that these
two sequences are minimal in H, and from Proposition 3.9 they are also complete in
H.

Hence, in order to prove the Riesz basis of the system, it suffices to show that both
eigenfunctions {Φns}n>N,s=1,2 and {Ψns}n>N,s=1,2 of the operators API and A∗PI are,
respectively, Bessel sequences in H. Since 1 ≤ ‖Φns‖‖Ψns‖ ≤ M for some constant
M independent of n (see [42, p. 19]), we may assume without loss of generality
that Φns = (fns, ξsn) given by (3.24) and Ψns = (hns, ηns) given by (3.29) for all
n > N . Then it follows from Lemma 3.11 and the expansions (3.24) and (3.29) that
both sequences {fn1, fn2}n>N and {hn1, hn2}n>N are Bessel sequences in L2(0, �) and
both {ξn1, ξn2}n>N and {ηn1, ηn2}n>N are Bessel sequences in C. Therefore both of
{Φns}n>N,s=1,2 and {Ψns}n>N,s=1,2 are also Bessel sequences in H, and the result
follows.
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Now, let |k̃P | = 1. From (3.13), we already know that the eigenvalues λn1 and
λn2 are not separable when their moduli are large enough, and hence the system
may have the same eigenvalues depending on the feedback constants kP and kI . For
such a case, the generalized eigenfunctions of the operator API form, in H, a Riesz
basis with parentheses, and each eigenspace, corresponding to eigenvalues with enough
large modulus, has dimension two [38]. We omit the details here and leave this as an
exercise for the reader.

Finally, we reach the proof of the second main result of this work.

Proof of Theorem 2.5. We shall assume that |k̃P | �= 1 (the case |k̃P | = 1 can
be treated similarly). First, the existence of the C0-semigroup SPI(t) follows from
Lemma 3.8 and Theorem 2.4. Indeed, since {{{Φn,s,j}mn

j=1}n≤N,s=1,2∪{Φns}n>N,s=1,2}
forms a Riesz basis for H, then any Y ∈ H can be expanded as follows:

Y =

2∑
s=1

N∑
n=1

mn∑
j=1

ansjΦn,s,j +

2∑
s=1

∞∑
n=N+1

ansΦns,

where ansj and ans are constants. Moreover, for such Y , the semigroup SPI(t) satisfies

(3.49) SPI(t)Y =

2∑
s=1

N∑
n=1

eλnst
mns∑
j=1

ansj

mns−j∑
i=0

ti

i!
Φn,s,i +

2∑
s=1

∞∑
n=N+1

eλnstansΦns.

Then, using the estimate (3.47) of ‖R(λ,API)‖ on Σκ,r, one can deduce the analytic
property of the semigroup (see [33]). Finally, the spectrum-determined growth condi-
tion is a direct consequence of the Riesz basis property (also from the analyticity of
the semigroup).

4. Proof of Theorem 2.6. It is well known that although the spectrum of
the uncontrolled operator A0 lies in the open left half-plane (see Lemma 2.5), the
operator API (see (2.10)–(2.11)) of the closed-loop system may have eigenvalues in
the right half-complex-plane, and hence the semigroup SPI(t) will be unstable if the
proportional and/or integral gains kP and/or kI are not properly chosen. We thus
need to propose a design method for the proportional and integral gains kP and kI
so that the closed-loop system (2.9) will be exponentially stable.

Using Theorem 4.3 of [33], one can claim that in order to get the exponential
stability of the analytic semigroup SPI(t), it suffices to show that all the eigenvalues
of the operator API defined by (2.10)–(2.11) have negative real part. Unfortunately,
this property turns out to be very difficult to establish in our case since (i) it is
not obvious to prove the dissipativity of the operator API even if under conditions
on the proportional and integral gains kP and kI , and (ii) the problem of obtaining
an explicit expression of the eigenvalues of API is equivalent to solving an unusual
transcendental equation. Therefore, it is not easy to get an explicit condition on the
proportional and integral gains kP and kI , which involves the system parameters α, β,
and � so that the eigenvalues lie in the open left half-plane. In return, we are able to
give some implicit conditions on kP and kI to resolve this hard problem.

First, we have the following result.

Proposition 4.1. If the proportional and integral gains kP and kI are nega-
tive, then any real eigenvalue of the operator API , defined by (2.10)–(2.11), must be
necessarily negative.
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Proof. Let λ be an eigenvalue of API and φ = (f, ξ) an associated eigenfunction.
Then its eigenvalue problem (3.1) has two characteristic roots given by

η1,2 =
β ±

√
Δλ

2α
, where Δλ = β2 + 4αλ.

Consider the following two cases.

Case (i). η1 = η2. This implies that Δλ = 0, i.e, λ = − β2

4α . Next, one can readily

prove that λ = − β2

4α is an eigenvalue if and only if

β2

4α
kP − kI =

β2

4α

(
1 +

β�

2α

)
e−

β�
2α .

Hence for appropriate negative proportional and integral gains, λ = − β2

4α < 0 is an
eigenvalue.

Case (ii). η1 �= η2. In this case, let us consider the normalized solution, of (3.1),
at x = �, by f(�) = 1. This, together with the boundary condition f ′(�) = 0, implies
that the solution of (3.1) is

(4.1) f(x) =
e−

β�
α

2
√

Δλ

[(
β +

√
Δλ

)
eη1L+η2x −

(
β −

√
Δλ

)
eη2L+η1x

]
.

Now let kP , kI < 0 and assume that λ = γ2, where γ ∈ R\{0}, is an eigenvalue of API .
This is equivalent to claiming that the other boundary condition (λkP + kI) = λf(0)
holds. In return, using (4.1) and the fact that f(�) = 1, it follows after a simple
calculation that the following equation holds:

(
β +

√
Δ(γ)

)
e

√
Δ(γ)�

2α −
(
β −

√
Δ(γ)

)
e

−
√

Δ(γ)�

2α = 2e
β�
α

√
Δ(γ)

γ2

(
kP γ

2 + kI
)
,

where Δ(γ) = β2 +4αγ2. Finally, since
√

Δγ > β and kP , kI < 0, the above equation
leads to a contradiction.

Let us rewrite the spectral system (3.1) in the following form:

(4.2)

{
αf ′′(x, λ) − βf ′(x, λ) = λf(x, λ), 0 ≤ x ≤ �,
λf(0, λ) = (λkP + kI)f(�, λ), f ′(�, λ) = 0.

Then, by considering the normalized solution at x = � via f(�, λ) = 1, it follows that all
eigenvalues of (4.2) are the roots of the left-end boundary condition λf(0, λ) = λkP +
kI . Since f(·, λ) satisfies the same equation, as in (2.3) and (2.6), it necessarily has
the same representation given by (2.7), and hence the condition λf(0, λ) = λkP + kI
yields

(4.3) B (λ) := λ

∞∏
i=1

(
1 − λ

λ0
i

)
= λkP + kI .

Recall that we have to exclude the zero solution λ = 0 of the above equation as
0 ∈ ρ(API), the resolvent set of API . We are now able to prove the third main result
stated as Theorem 2.6.

Proof of Theorem 2.6. (i) First, one can claim from the definition of B (λ) that
B(λ) > 0 whenever λ is a positive real number, and hence any real root of B(λ) should
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Fig. 2. Bn(λ) = λkP + kI has n + 1 negative distinct real roots.
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Fig. 3. n− 1 negative distinct real roots and one double negative real roots to Bn(λ) = λkP + kI .

be negative. Second, since both λ0
i and kI are negative and kP is positive, it follows

that B(λ0
i ) �= kPλ

0
i + kI , and thus for n large enough, the zeros of B(·)− ((·)kp + kI)

and Bn(·) − ((·)kp + kI) coincide. in the finite strip λ0
i ≤ Re(z) ≤ 0 and |Im (z)| ≤ ε

which contains a piece of the negative real axis.

Now if m1 < kI < 0 and kP is a positive number sufficiently small (see Figure 2),
then the n+ 1 roots of Bn(λ) = λkP + kI are all real and negative. Finally, note that
in this case, we may have n − 1 negative distinct real roots and one double negative
real root (see Figure 3). Since these properties are valid for all Bn, they also hold
true for B by Lemma 2.3.

(ii) Consider now a large enough strip that would include the points where Bn

attains the minima m1 and m2 (see Figure 4). Then using the graph of Bn, one can
see that if m2 < kI < m1 and kP is a positive number sufficiently small, the equation
Bn(λ) = λkP + kI has only n − 1 real roots instead of n + 1. Hence two roots are
missing. Since Bn(λ) = λkP +kI must have n+1 roots, the two missing roots should
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go conjugate complex (which is a bifurcation) with positive or negative real part.
These properties still remain true for B, by Lemma 2.3.

Finally, we are going to show the output regulation and the exponential stability
of the closed-loop system (1.1)–(1.2). Although the proof is similar to that of Theorem
4.1 in [2], we would rather give some details for sake of completeness.
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Fig. 4. n− 1 negative distinct real roots and two complex conjugate roots to Bn(λ) = λkP + kI .

Due to Theorem 2.5 and the exponential stability of the semigroup SPI(t), the
solution φ(t) = (Q(·, t), ξ(t)) of the closed-loop system (2.9), or alternatively (1.1)–
(1.2), stemming from the initial data φ0 = (Q0, ξ0) ∈ D(API), can be written as

φ(t) = SPI(t)φ0 +

∫ t

0

SPI(t− s)(w,−yr)ds = SPI(t)φ0 + A−1
PI (SPI(t) − I) (w,−yr)

and satisfies

(4.4) lim
t→∞

φ(t) = lim
t→∞

(
Q(·, t), ξ(t)

)
= −A−1

PI(w,−yr).

Let φ∗ := (Q∗, y∗r ) = −A−1
PI(w,−yr) and hence API(Q

∗, y∗r ) = (−w, yr). Using
(2.10)–(2.11), it follows that Q∗(�) = yr. This, together with (4.4), implies that
limt→∞ y(t) = limt→∞Q(�, t) = yr. Concerning the stability of the closed-loop system
(2.9), we first note that the steady state is φ∗ = A−1

PI(−w, yr). Then, setting φ̃ :=
φ− φ∗ = φ−A−1

PI(−w, yr), the closed-loop system (2.9) can be written as

(4.5)
˙̃
φ(t) = API

(
φ̃(t) + φ∗

)
+ (w,−yr) = API φ̃(t) + APIφ

∗ + (w,−yr) = API φ̃(t).

Consequently, the exponential stability of the closed-loop system (2.9) is equiva-
lent to that of the semigroup SPI(t), independently of the perturbation w. The proof
is complete.

Remark 4.1.
1. As mentioned in the introduction, one of the advantages of introducing the

proportional gain kP in our control feedback law (contrary to the work [2]
where kP = 0) is that this gain improves the stability and the regulation of
the closed-loop system (1.1)–(1.2), where kP �= 0, in comparison with the
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Fig. 5. Stability improvement for kP > 0.

closed-loop system (1.1)–(1.2) with kP = 0. To see how this goes, let us
sketch the argument from the proof of Theorem 2.6. Suppose that kP = 0.
Then if m1 < kI < 0 (the other cases can be treated similarly), the equation
Bn(λ) = kI has n + 1 distinct negative real roots (see Figure 5), namely, μi,
i = 1, . . . , n. Now, one can always choose kP sufficiently small such that the
new equation Bn(λ) = λkP +kI has not only n+1 distinct negative real roots
ηi, i = 1, . . . , n, but also maxi{ηi} < maxi{μi}, and hence the spectrum is
moved to the left as shown in Figure 5.

2. According to Proposition 4.1, one can claim that in order to recover all neg-
ative real eigenvalues of the operator API , it suffices to take both kP and
kI negative and then to try adding further conditions on kP and kI to con-
clude the stability. Unfortunately, we have tried in this direction but without
much success. This is due to the fact that when kP and kI are negative,
the arguments of the proof of Theorem 2.6 fail. Indeed, one can easily check
that for kP , kI < 0 and for given α, β, and �, the spectrum σ (API) may
contain many complex eigenvalues, and we cannot control their real parts by
means of our approach. For instance, consider a river whose characteristics
are � = 2700, α = 2000, and β = 0.9 (see [31] for more details about this
model). Then, let kI = −0.01 and kP = −0.05. Using MAPLE, one can
verify that λ = 0.001150641022 + i0.003238193679 is an eigenvalue among
others. This physical example shows that for kP < 0, we may have com-
plex eigenvalues with positive real part, and hence the closed-loop system is
unstable. However, it is clear that this does not mean that the system is
unstable whenever kP < 0, but as mentioned above, this is a drawback of our
approach. This is why we had to choose kI < 0 and kP > 0 in Theorem 2.6 to
overcome this difficulty and conclude some results on the spectrum σ (API).

5. Numerical applications. Consider a river reach (1.1)–(1.2) with length
� = 2000m and a reference discharge Q0 = 2m3/s. The coefficients are hence
α = 664m2/s and β = 7.7854m/s (for more details about the model, the reader
is referred to [18]). Now, assume the constant perturbation w = 1/2 and the refer-
ence yr = 1. Next, we apply the finite difference method for the space variable x
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Fig. 6. Output regulation for KI = −0.05, KP = 0.

to transform the distributed parameter system (1.1)–(1.2) to a first order system of
differential equations and then use MATLAB. Taking the proportional gain kP = 0
and the integral gain kI = −0.01, we observe that the system spectrum consists of
negative real numbers, and the output y(t) = Q(�, t) is regulated to yr = 1 (see Fig-
ure 6). Furthermore, we notice that for sufficiently small values of kP , the spectrum
moves to the left in the sense that the first eigenvalue of the system is shifted to the
left (see the third parts of Figures 6 and 7) and thus the regulation is guaranteed with
smaller values of time t (see Figures 6 and 7). In other words, less time is needed
to regulate the system, and hence both exponential stability and regulation are sped
up. For kP = 0.259, one complex conjugate pair, with negative real part, appears
but we still have the stability as well as the regulation of the system (see Figure 8).
However, although kI is unchanged, i.e., kI = −0.01, if the proportional gain kP is
not “sufficiently small,” for instance, kP = 0.9, there are two complex eigenvalues
with positive real part, and hence neither the stability nor the output regulation is
guaranteed (see Figure 9).
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APPROXIMATE FIXED POINT ITERATION WITH AN
APPLICATION TO INFINITE HORIZON MARKOV DECISION

PROCESSES∗
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Abstract. Many approximate iterative algorithms can be represented by the form Vn =
TVn−1 +Un, n ≥ 1, where Vn−1, Un, n ≥ 1, are elements of a seminormed linear space (V, ‖ · ‖) and
T is a contractive operator. The objective is usually to calculate a fixed point V ∗ of T . Here, the
quantities Un may be interpreted as the errors obtained when the operator T can be evaluated only
approximately. As is well known, in the absence of such an approximation error, the algorithm con-
verges to a fixed point with a geometric rate under general conditions. In this article the convergence
properties of such algorithms in the presence of an approximation error Un are studied. It is shown
that the error ‖Vn−V ∗‖ is dominated by ‖Un‖, so that convergence of ‖Un‖ to zero implies the con-
vergence of ‖Vn−V ∗‖ to zero, at a rate determined by ‖Un‖. The results are naturally extended to a
relative error of the form ‖Un‖/‖Vn−1‖, as well as to J-stage contractions. The utility of this general
theory is then demonstrated by an extended application to the problem of model-based approximate
and adaptive control of Markov decision processes. The theory is shown to permit a sharpening of
known convergence rates under more general conditions. Additionally, bounds on regret for adaptive
controls with forced exploration are calculated in terms of a stagewise exploration rate. This permits
the determination of an optimal choice of exploration rate within the class of certainty-equivalence
adaptive control policies.

Key words. fixed point, contraction mappings, dynamic programming, Markov decision pro-
cesses
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1. Introduction. Iterative algorithms play a central role in many areas of con-
trol theory, optimization, and numerical analysis. Such algorithms generate successive
solutions Vn = TVn−1, n ≥ 1, of a fixed point equation V = TV induced by a contrac-
tive operator T . Practical considerations often permit only an approximate evaluation
of T , so characterizing the impact of such approximations is a problem of some impor-
tance. However, few general principles concerning this problem have emerged. The
simplest case of a single uniform bound on approximations of T for one-dimensional
real valued operators was considered in Isaacson and Keller [21]. More typically, the
problem has been analyzed for specific applications. An important example is ap-
proximate value iteration for Markov decision processes (MDPs), discussed variously
in Federgruen and Schweitzer [11], Hernández-Lerma [17], Moore and Atkeson [28],
Bertsekas and Tsitsiklis [5], and Munos [29]. Additionally, approximate Monte Carlo
schemes for iterative solutions of large linear and nonlinear systems of equations have
been analyzed in Halton [14, 15].

The present article divides naturally into two parts. In the first, the basis for
a general theory of approximate iterative algorithms is introduced. In the second,
the utility of the approach is demonstrated with a detailed development of some
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problems associated with the approximate control of MDPs. In the remainder of this
introduction a detailed outline is presented.

1.1. General approximate iteration processes. The general algorithm con-
sidered is of the form Vn = TnVn−1 = TVn−1 + Un, where Vn−1, Un are elements of a
seminormed linear space (V, ‖ · ‖) on which the operator T is defined. It is assumed
that T has a fixed point V ∗, or an equivalence class of fixed points, to which the
algorithm is designed to converge. This operator is assumed to be J-stage contrac-
tive of modulus ρ < 1. Then Un may be interpreted as the error resulting from an
approximate evaluation of TVn−1 in which T is replaced by an approximate operator
Tn.

The main theoretical results are presented in section 2, consisting of a compre-
hensive study of the convergence properties of the general algorithm. In particular it
is found that ‖Vn − V ∗‖ ≤ O (max(‖Un‖, (ρ + ε)n)), ε > 0, under general conditions.
This result extends naturally to J-stage contractions and to the case of vanishing
relative error ‖Un‖/‖Vn−1‖ →n 0.

1.2. Approximate and adaptive control of MDPs. The remainder of the
article consists of an application of the theoretical results to the problem of the ap-
proximate control of MDPs with infinite horizon and discounted costs. In the stan-
dard formulation, an MDP navigates indefinitely through a state space X by discrete
stages. At each state x an action a from action space A is taken, resulting in cost
R(x, a). The process transfers to a subsequent state according to probability measure
Q(· | x, a). The state-action space K ⊂ X ×A consists of all state-action pairs (x, a)
for which action a is available from state x. If β is the discount factor, we refer to
the object π = (K, Q,R, β) as a Markov control model (MCM). A control policy Φ is
a rule (which may be probabilistic) for choosing an action based on the current state
and process history. An MCM π together with a control policy Φ defines an MDP.
The objective is to minimize the expected total discounted cost from any given initial
state.

Calculation of an optimal control usually proceeds by considering the value func-
tion V ∗π , which gives the lowest achievable expected discounted cost V ∗π (x) for initial
state x under MCM π. Under general conditions, V ∗π is the fixed point of the Bellman
operator Tπ, which is defined for a specific MCM π. Then V ∗π may be calculated by
the iterative algorithm Vn = TπVn−1, n ≥ 1, usually referred to as the value iteration
(VI), and it is easily established that the algorithm converges to V ∗π . The optimal con-
trol can then be derived by first calculating V ∗π , then implicitly through an evaluation
of TπV

∗
π . Therefore, π must be known in order to optimize cost.

Often, the evaluation of TπV is impossible or impractical. Two important cases
may be identified. The first arises when the evaluation of TπV is computationally
unfeasible and is carried out using approximation methods [5]. The second case arises
when the MCM π on which Tπ depends is unknown but may be estimated (see, for
example, Kumar and Varaiya [24] or Hernández-Lerma [17]). In each case, a VI
algorithm may be carried out approximately, resulting in some estimate of V ∗π . What
is needed is to first characterize the effect of the approximation on the evaluation of
TπV and then to deduce the behavior of the approximate VI algorithm.

New issues arise when considering adaptive control policies, definable as policies
which refine the applied control using data collected while the MDP is active. Ideally,
these policies approach optimal cost performance when π is unknown. The analytical
object is to estimate regret, which is the excess in costs obtainable from the adaptive
control over the optimal costs obtainable when π is known. Because many such
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policies rely on sequential refinements of estimates of V ∗π , the theory of approximate
VI has direct bearing on the estimation of regret. Thus, the problem of approximating
the value function and the problem of adaptive control are naturally considered in
sequence, as in Hernández-Lerma and Marcus [16] and Hernández-Lerma [17], and
which is the approach taken here.

The overall strategy will be to consider approximate VI as a special case of the
general algorithm discussed in section 2. If π̂ is an estimate of MCM π, then the
Bellman operator Tπ can be approximated by Tπ̂. The analysis then proceeds by
first defining a distance between models π and π̂, then bounding ‖TπV − Tπ̂V ‖ with
this distance for a suitable norm. Once this is done, the properties of approximate
VI algorithms, and of approximate and adaptive controls, may be deduced directly
from the model estimation process. Because the main results follow from properties
which may be characterized purely in terms of normed linear spaces, it becomes
straightforward to define a single general model. In the development which follows,
X and A will be general Borel spaces. We also permit the cost function R(x, a) to be
unbounded. The essential condition is the existence of a norm with respect to which
the Bellman operator Tπ is J-stage contractive. In this article we employ the class
of weighted supremum norms. Much of the technical details presented here follow
approaches taken in previous work in the literature but are needed to accommodate
the use of this type of norm, as well as the related model distance, as will now be
discussed.

1.2.1. Approximate VI with general bounds. When VI can be implemented
only approximately, this can be modelled by a sequence of approximate operators Tn,
n ≥ 1, close to the Bellman operator Tπ in some sense, which defines an approximate
value iteration algorithm (AVIA) Vn = TnVn−1, n ≥ 1. The technical problem is then
to bound ‖Vn−V ∗π ‖ asymptotically, or for finite n as needed. Such a bound will follow
from a uniform bound on evaluation error ‖TnVn−1 − TπVn−1‖ ≤ ε as discussed in,
for example, [5, 29].

Such uniform bounds may also be obtained directly from the theory in section 2,
and they rely primarily on the contractive properties of Tπ. The analysis may then
be extended to nonstationary bounds ‖TnVn−1 − TπVn−1‖ ≤ εn. When these bounds
converge to zero, it follows that the AVIA converges to V ∗π with a rate determined by
εn. The result holds when only relative error ‖TnVn−1 − TπVn−1‖/‖Vn−1‖ ≤ εn can
be bounded. The results are easily extended to J-stage contractive operators.

1.2.2. Approximate VI using model estimates. In section 3 the general
MDP model is defined, and the problem of approximate VI based on model estimation
is considered. A model distance between π and π̂ is defined and used to bound
evaluation error ‖Tπ̂V − TπV ‖, allowing for weighted supremum norms.

If we are given a sequence of estimates π̂n, n ≥ 1, of a model π, then an AVIA
can be defined by the approximate operators Tn = Tπ̂n . In [11] it was shown for finite
K that if the model estimates are consistent, this AVIA will converge to V ∗π . A con-
vergence rate was also determined, which depends directly on the rate of convergence
of the model estimate. In [17] this result was extended to general (Borel) state-action
spaces with bounded costs. We improve on these results in two ways, first by allowing
unbounded costs and general state-action spaces, then by strictly improving the rates
of convergence reported in [11, 17].

As an alternative to the AVIA, we may determine the fixed point of each operator
Tπ̂n , yielding a sequence of value functions Vn for each approximate MCM π̂n. We refer
to this as a certainty-equivalence algorithm (CEA). Intuitively, this would seem to be
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the superior approach, provided it is computationally feasible. Rates of convergence
of Vn to V ∗π are reported in [17] for the CEA, and equivalent rates for the more general
model are derived in section 3 below. Interestingly, the rates of convergence for the
AVIA reported in [11, 17] are strictly slower than for the CEA, whereas the sharper
rates derived in section 3 below are equivalent to those for the CEA, except that they
are asymptotic.

1.2.3. Adaptive control policies. A model-based adaptive control policy gen-
erates a sequence of model estimates π̂n, n ≥ 1, typically using process history, while
exploiting these estimates to approximate optimal control. One natural approach,
known as the principle of estimation and control (PEC) [17] (alternatively, certainty-
equivalence [24]), is to refine at regular intervals the applied control policy based on
the most recent model estimate. This may be done using a synchronous AVIA or
CEA.

In section 4, the problem of estimating the regret of an adaptive control policy
is discussed. Here we follow the approach taken in Schäl [30], in which the concept
of asymptotic discount optimality was introduced. If the initial state x of the MDP
is fixed, we may consider the expected remaining discounted cost at stage n under a
policy Φ and compare it to the expected remaining discounted cost when Φ is used
up to stage n − 1 and the optimal control is used subsequently. In [30] costs may
be unbounded and the action space is Borel, whereas the state space is assumed to
be countable. The concept has been extended to more general models in [17] and in
Hernández-Lerma and Lasserre [18, 19]. In section 4, bounds are developed for the
general model which employ the weighted supremum norm and the model distances
developed in section 3.

In section 5, the parameterization of the MCM is discussed, with the objective of
verifying that model distances developed in section 3 are Lipschitz continuous on the
parameter space. Similar concepts are reported in, for example, [24, 17], but are here
extended to accommodate weighted supremum norms.

1.2.4. Forced exploration. It is important to note that for a general PEC
adaptive control policy there is no guarantee that the applied control approaches the
optimal one, since the model estimate need not be consistent under these conditions
[24]. The issue is a fundamental one, since if optimal control is not approached, the
MDP will indefinitely accrue excess costs (i.e., nonzero regret). Technically, the issue
is straightforward. Suppose K is discrete. In the absence of additional structure,
a consistent estimate of the MCM is not achievable unless each available action is
selected from each state infinitely often, which is not guaranteed using a PEC policy.

When convergence of a PEC policy to optimal performance cannot be guaran-
teed, one alternative is the use of forced exploration, in which exploratory selection
of actions alternates with the application of an approximately optimal policy. If the
exploration frequency is decreased at a suitable rate, then consistency conditions may
be met, while achieving convergence to optimal performance. Such policies have been
proposed in Kumar and Varaiya [24] and Cybenko, Gray, and Moizumi [7], with con-
vergence to optimality verified. In Kearns and Singh [23] a policy which directs the
MDP to underexplored states was proposed, with reported regret bounds of order
n−1/5 after the nth stage. This applies to a discounted and average cost criterion for
finite K.

In section 6 a form of adaptive control is presented which accommodates forced
exploration in the form of scheduled randomized exploration. A rate of exploration αn

is defined, interpreted as the frequency of exploratory stages near stage n. This rate
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then determines the rate of convergence for model estimates. The theory of sections
3, 4, and 5 then permits a careful calculation of a bound on regret, which may be
decomposed into regret due to suboptimal control and due to forced exploration. This
in turn permits selection of an optimal rate of exploration. In particular, we find that
among exploration rates proportional to n−r, the optimal choice is r = 1/3, resulting
in a bound on regret of order n−1/3, whereas if forced exploration were not needed, a
bound of order n−1/2 would be obtained.

1.2.5. Model-free adaptive control policies. Although the methods consid-
ered in this paper rely on model estimation, it is important to note that a number
of model-free methods exist (see Sutton and Barto [31]). A well-known example is
Q-learning, due to Watkins [37] (see also Watkins and Dayan [38]), which is a method
of directly estimating the value function, and hence the optimal control, from online
data. Conditions for convergence include visitation of each state-action pair (x, a)
infinitely often so, as for a PEC policy, forced exploration may be necessary. See
Tsitsiklis [34] for rigorous convergence criteria. Q-learning has a convergence rate
that is strictly greater than the PEC policy. See Szepesvári [32], Kearns and Singh
[22], or Evan-Dar and Mansour [10] for a discussion of this issue. On the other hand,
the principal advantage of Q-learning is that value function estimates are updated
without integration over X . Thus Q-learning may be preferable to a PEC policy
when updating the control using VI is not feasible online.

A bandit theory approach to the adaptive control of MDPs is proposed in Lai
and Yakowitz [25]. This adaptive control policy proceeds by applying to the MDP in
turn a sequence of control policies selected in random order. The selection procedure
tends to remain longer in controls with lower observed costs. For general X and
countably many control policies, this approach achieves a growth in cumulative regret
for undiscounted costs of O(an log(n)) for any increasing unbounded sequence an.
This is equivalent to a stage n regret less than n−1+ε, ε > 0. However, exploratory
randomization is applied over the entire space of control policies rather than the action
space, which is the more common approach. Unless the set of control policies is of low
dimension, the resulting performance will be subject to a high degree of variability
attributable to the randomization scheme, an effect reported in [25]. Despite this, the
much faster theoretical rate of convergence suggests that a careful comparison of this
approach with the one described in section 6 is warranted.

2. Approximate fixed point algorithms. Suppose (V, ‖ · ‖) is a seminormed
linear space on which a mapping T : V → V is given. Define the operator T J :
V → V to be the Jth iteration of T on any element of V. Consider the following two
assumptions:

(A1) Pseudocontraction. There exists V ∗ ∈ V with ‖V ∗‖ < ∞, a positive integer
J , and a constant ρ ∈ (0, 1) such that TV ∗ = V ∗ and ‖T JV − T JV ∗‖ ≤
ρ‖V − V ∗‖ for all V ∈ V.

(A2) Lipschitz continuity. There exists finite L such that ‖TV1−TV2‖ ≤ L‖V1−V2‖
for all V1, V2 ∈ V.

If (A1) holds and ‖ · ‖ is a true norm, V ∗ is the unique fixed point of T . If
‖ · ‖ is a seminorm, any other fixed point is a member of an equivalence class {V ∈
V : ‖V − V ∗‖ = 0}. We will study convergence properties of sequences of the form
‖Vn − V ∗‖ exclusively. Whether this implies convergence of Vn to V ∗ in some other
sense depends on the particular structure of the seminorm.

For most of the theory presented in this article the pseudocontraction condition
of (A1) suffices. The stronger conditions under which the Banach fixed point theorem
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holds (T is (J-stage) contractive and (V, ‖ · ‖) is closed and complete) imply (A1). In
either case for the fixed point algorithm

V0 = v0 ∈ V,
Vn = TVn−1, n ≥ 1,(2.1)

‖Vn − V ∗‖ converges to zero. Assumption (A2) will be employed in addition to (A1)
when J > 1.

The purpose of this article is to study the related algorithm

V0 = v0 ∈ V,
Vn = TVn−1 + Un, n ≥ 1,(2.2)

where Un ∈ V is in some sense small and typically represents the error term of an
approximate evaluation of TVn−1. It will be natural to think of (2.2) as arising from
the replacement of operator T with an approximate operator Tn for the nth iteration,
setting TnVn−1 = TVn−1 +Un. We will generally impose the following assumption on
any approximate algorithm (2.2).

(A3) In (2.2), ‖v0‖ < ∞ and ‖Un‖ < ∞ for n ≥ 1.
Condition (A1) with J = 1 and (A3) guarantees that each iterate has a finite

seminorm, since

‖Vn‖ ≤ ‖V ∗‖ + ‖Vn − V ∗‖ ≤ ‖V ∗‖ + ρ‖Vn−1 − V ∗‖ + ‖Un‖
≤ ρ‖Vn−1‖ + (1 + ρ)‖V ∗‖ + ‖Un‖, n ≥ 1,(2.3)

and we have ‖V0‖ < ∞. Conditions (A2) and (A3) also imply ‖Vn‖ < ∞, n ≥ 1, by
the same argument with ρ replaced by L.

Our immediate objective is to show that ‖Un‖ →n 0 implies ‖Vn − V ∗‖ →n 0 in
(2.2), or, when ‖Un‖ does not converge to zero, to bound the quantity ‖Vn − V ∗‖ in
terms of the error magnitudes ‖Un‖.

2.1. Introductory lemmas. The results given in this section depend on the
properties of summations of the form

∑n
i=1 ρ

n−iαi, where ρ ∈ (0, 1) and the sequence
α1, α2, . . . is some representation of the magnitude of the error sequence U1, U2, . . . .

Lemma 2.1. If α1, α2, . . . is a sequence of real numbers in [0,∞) and ρ ∈ (0, 1),
then

(2.4) lim sup
n→∞

n∑
i=1

ρn−iαi ≤ lim sup
n→∞

αn

1 − ρ
.

Proof. We may assume lim supn→∞ αn = K is finite; otherwise (2.4) holds triv-
ially. Then for any ε > 0 we may select finite Nε such that supi>Nε

αi ≤ K + ε. Then
for n > Nε,

n∑
i=1

ρn−iαi =

Nε∑
i=1

ρn−iαi +

n∑
i=Nε+1

ρn−iαi ≤ ρn
Nε∑
i=1

ρ−iαi + (K + ε)

n∑
i=0

ρn−i.

The first term of this upper bound is ρn multiplied by a finite summation which does
not depend on n; hence this term vanishes as n → ∞. The second term converges to
(K + ε)/(1 − ρ). This is true for any ε, from which (2.4) follows.
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The following lemma is a version of L’Hôpital’s rule, the proof of which follows
Theorem 9.1 in Fischer [13].

Lemma 2.2. Suppose {an}, {bn} are two real valued sequences such that bn+1 >
bn > 0 for all n, and limn→∞ bn = ∞. Then for any finite L,

(2.5) lim inf
n→∞

an+1 − an
bn+1 − bn

≥ L implies lim inf
n→∞

an
bn

≥ L.

Proof. Suppose for each ε > 0 there exists Nε such that (an+1−an)/(bn+1−bn) >
L− ε for n ≥ Nε. It follows that, for k > 0,

aNε+k − aNε

bNε+k − bNε

> L− ε,

which is equivalent to

aNε+k

bNε+k
>

aNε

bNε+k
+

(
1 − bNε

bNε+k

)
(L− ε).

Letting k → ∞ gives

lim inf
k→∞

aNε+k

bNε+k
> L− ε,

from which (2.5) follows.
If αi converges at a well-defined rate, then we can express the convergent behavior

of
∑n

i=1 ρ
n−iαi in terms of that of αi.

Lemma 2.3. Suppose ρ > 0. Let {αn} be a positive sequence of real numbers. Let

ru = lim sup
n→∞

αn−1

αn
.

Suppose
∑n

i=1 ρ
−iαi = ∞. Then

(2.6) lim inf
n→∞

ρ−nαn∑n
i=1 ρ

−iαi
≥ 1 − ruρ.

Proof. Using the notation of Lemma 2.2, set an = ρ−nαn and bn =
∑n

i=1 ρ
−iαi.

Then

an − an−1

bn − bn−1
=

ρ−nαn − ρ−(n−1)αn−1

ρ−nαn
= 1 − ρ

αn−1

αn
.

Taking the limit supremum and applying Lemma 2.2 gives (2.6).
We deal separately with the case of geometric rate ρ.
Lemma 2.4. If, for ρ ∈ (0, 1),

lim sup
n→∞

n−1 log(αn) ≤ log(ρ),

then

(2.7) lim sup
n→∞

n−1 log

(
n∑

i=1

ρn−iαi

)
≤ log(ρ).
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Proof. By hypothesis, given ε > 0 there exists finite Kε such that αn ≤ Kε(ρ+ε)n

for all n. Then

n−1 log

(
n∑

i=1

ρn−iαi

)
≤ n−1 log

(
Kερ

n
n∑

i=1

(1 + ε/ρ)i

)

≤ log(ρ) + n−1 log

(
Kε

(1 + ε/ρ)n+1

ε/ρ

)
= log(ρ) + log(1 + ε/ρ) + n−1 log (Kε(ρ/ε + 1)) .

Taking the limit supremum gives

lim sup
n→∞

n−1 log

(
n∑

i=1

ρn−iαi

)
≤ log(ρ) + log(1 + ε/ρ),

which gives (2.7) by making ε arbitrarily small.

2.2. Single stage contractions. The aim of this subsection is to study those
convergence properties of ‖Vn−V ∗‖ of (2.2) which follow from the convergence prop-
erties of Un, n ≥ 1, when (A1) holds with J = 1. We additionally assume (A3) holds,
which guarantees that the iterates have finite seminorm. We first show that the algo-
rithmic accuracy ‖Vn − V ∗‖ can be asymptotically bounded by the error magnitude
‖Un‖.

Lemma 2.5. If in (2.2) (A1) (J=1) and (A3) hold, then

(2.8) lim sup
n→∞

‖Vn − V ∗‖ ≤ (1 − ρ)−1 lim sup
n→∞

‖Un‖.

Proof. Fix any initial point v0 ∈ V. Subtract V ∗ from each side of (2.2), giving
for n ≥ 1,

‖Vn − V ∗‖ = ‖TVn−1 − V ∗ + Un‖ ≤ ‖TVn−1 − V ∗‖ + ‖Un‖
= ‖TVn−1 − TV ∗‖ + ‖Un‖ ≤ ρ‖Vn−1 − V ∗‖ + ‖Un‖.(2.9)

Applying (2.9) iteratively gives

(2.10) ‖Vn − V ∗‖ ≤ ρn‖V0 − V ∗‖ +

n∑
i=1

ρn−i‖Ui‖.

Then (2.8) follows by applying Lemma 2.1 and noting that ρ < 1.
By Lemma 2.5 the boundedness of (2.2) follows from the boundedness of the

sequence ‖Un‖. In some applications it may be more natural to bound the relative
error ‖Un‖/‖Vn−1‖. Lemma 2.6 deals with a somewhat more general case in which
bounds are assumed on the sequence ‖Un‖/max(s, ‖Vn−1‖), where s is a nonnegative
constant.

Lemma 2.6. If in (2.2) (A1) (J = 1) and (A3) hold, then for any s ≥ 0 and
δ ∈ [0, 1 − ρ),

lim sup
n→∞

‖Un‖/max(s, ‖Vn−1‖) = δ,

then

lim sup
n→∞

‖Vn − V ∗‖ ≤ δ(1 − ρ− δ)−1 max(s, ‖V ∗‖).
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Proof. Fix ε > 0 such that ρ + δ + ε < 1. Then there exists Nε such that
‖Un‖ ≤ (δ + ε) max(s, ‖Vn−1‖) for all n ≥ Nε. Then

‖Vn − V ∗‖ ≤ ‖TVn−1 − TV ∗‖ + ‖Un‖
≤ ρ‖Vn−1 − V ∗‖ + (δ + ε) max(s, ‖Vn−1‖)
≤ ρ‖Vn−1 − V ∗‖ + (δ + ε) max(s, ‖Vn−1 − V ∗‖ + ‖V ∗‖)
= max(ρ‖Vn−1 − V ∗‖ + (δ + ε)s, (ρ + δ + ε)‖Vn−1 − V ∗‖ + (δ + ε)‖V ∗‖)
≤ (ρ + δ + ε)‖Vn−1 − V ∗‖ + (δ + ε) max(s, ‖V ∗‖), n ≥ Nε.(2.11)

Applying (2.11) iteratively,

‖VNε+n − V ∗‖ ≤ (ρ + δ + ε)n‖VNε − V ∗‖ + (δ + ε)

n−1∑
i=0

(ρ + δ + ε)i max(s, ‖V ∗‖)

≤ (ρ + δ + ε)n‖VNε
− V ∗‖ + (δ + ε)(1 − ρ− δ − ε)−1 max(s, ‖V ∗‖);

hence

lim sup
n→∞

‖Vn − V ∗‖ ≤ (δ + ε)(1 − ρ− δ − ε)−1 max(s, ‖V ∗‖),

which proves the theorem by making ε arbitrarily small.
The next lemma gives some conditions under which the rate of convergence of

‖Vn − V ∗‖ may be bounded.
Lemma 2.7. If in (2.2) (A1) (J = 1) and (A3) hold, then
(i)

∑∞
i=1 ρ

−i‖Ui‖ < ∞ implies

(2.12) lim sup
n→∞

ρ−n‖Vn − V ∗‖ < ∞;

(ii) lim supn→∞ n−1 log(‖Un‖) ≤ log(ρ) implies

(2.13) lim sup
n→∞

n−1 log (‖Vn − V ∗‖) ≤ log(ρ);

(iii) for any sequence {di}, di ∈ (0,∞) satisfying ‖Ui‖ ≤ di, i ≥ 1, if ru < ρ−1,
where ru = lim supn→∞ dn−1/dn, then

(2.14) lim sup
n→∞

d−1
n ‖Vn − V ∗‖ ≤ (1 − ruρ)

−1.

Proof. We treat the three cases in order.
(i) If

∑∞
i=1 ρ

−i‖Ui‖ = K < ∞, then from (2.10) we have

‖Vn − V ∗‖ ≤ ρn‖V0 − V ∗‖ + ρnK,

from which (2.12) follows.
(ii) From (2.10) we may write

n−1 log(‖Vn − V ∗‖) ≤ n−1 log

(
ρn‖V0 − V ∗‖ +

n∑
i=1

ρn−i‖Ui‖
)
.

Apply Lemma 2.4 to the above inequality, setting αi = ‖Ui‖ for i > 1 and α1 =
‖U1‖ + ρ‖V0 − V ∗‖. This yields (2.13).
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(iii) From (2.10) we may write

(2.15) d−1
n ‖Vn − V ∗‖ ≤ ‖V0 − V ∗‖ +

∑n
i=1 ρ

−idi
ρ−ndn

.

Note that ru < ρ−1 implies
∑∞

i=1 ρ
−idi = ∞; hence taking the limit supremum of

(2.15) while applying Lemma 2.3, noting that (1 − ruρ) > 1, yields (2.14).
Remark 2.1. The sequence {di} in Lemma 2.7(iii) may be chosen so as to readily

calculate ru. If ru = ρ−1, then part (ii) is used, since the upper bound in (2.14) is
∞. As an example, if the sequence {Un} is a mapping of independent and identically
distributed (i.i.d.) sequences we may be able to deduce from the law of the iterated
logarithm ‖Un‖ ≤ dn = Kn−1/2 log log n for some finite K, in which case ru = 1.

Conversely, we may devise a bounding sequence {di} which converges to zero, but
which can’t be used in Lemma 2.7 to obtain a meaningful rate under the assumption
that ‖Un‖ ≤ dn. For some ρ ∈ (0, 1) let dn = sup{ρi : ρi ≤ 1/n, i ∈ Z+}. For large
enough n, dn > ρn and so

∑∞
i=1 ρ

−idi = ∞; thus condition (i) is not applicable. Then
note that there is an increasing subsequence ni, i ≥ 1, such that dni

> 1/(ni + 1),
from which it follows that lim supn→∞ n−1 log(dn) = 0, so that condition (ii) is not
applicable. In addition, ru = ρ−1 so condition (iii) is not applicable. The situation is
easily remedied by noting that dn ≤ 1/n, for which ru = 1, so that a finite rate can
be deduced using Lemma 2.7(iii). In general, if a sequence does not satisfy ru < ρ−1,
it may be dominated by one that does.

Clearly, algorithm (2.2) will not converge more quickly than the error term. This
is expressed formally in the next theorem. Note that in the following theorem T need
not be a contraction map. In place, a weaker form of (A2) suffices.

Theorem 2.8. In algorithm (2.2) let

dn = sup
n′≥n

‖Un′‖

for n ≥ 1. If V ∗ is a fixed point of T , and there exists a finite constant L such that
‖TV − TV ∗‖ ≤ L‖V − V ∗‖ for all V ∈ V, then

(2.16) lim sup
n→∞

‖Vn−1 − V ∗‖
dn

> 0.

Proof. Suppose (2.16) does not hold. Fix ε > 0. Then there exists N such that

(2.17) ‖Vn−1 − V ∗‖ ≤ εdn ∀n ≥ N.

Let N1 be the smallest integer not less than N such that ‖UN1‖ ≥ (1 − ε)dN , which
exists by the definition of dn. This implies ‖UN1‖ ≥ (1− ε)dN1 . Applying (2.17) gives

‖UN1‖ = ‖ (VN1 − V ∗) − (TVN1−1 − TV ∗) ‖
≤ ‖VN1 − V ∗‖ + ‖TVN1−1 − TV ∗‖
≤ ‖VN1 − V ∗‖ + L‖VN1−1 − V ∗‖
≤ εdN1+1 + LεdN1

≤ (1 + L)εdN1 .

We can always set ε small enough to force (1 + L)εdN1
< (1 − ε)dN1

, in which case
(2.17) leads to a contradiction, since ‖UN1‖ ≥ (1− ε)dN1 . Hence (2.16) follows.
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2.3. J-stage contractions. The results of the previous subsection extend nat-
urally to J-stage contractions with the additional assumption that the operator is first
order Lipschitz. Note that if L < 1 in (A2), then T is contractive, and the previous
results apply directly.

Consider the J-stage error term of (2.2),

W J
n = Vn − T JVn−J , n ≥ J.

Under assumptions (A2) and (A3), ‖Vn‖ and ‖T JVn‖ are finite; hence so is ‖W J
n ‖.

The subsequence

(2.18) VmJ+k = T JV(m−1)J+k + W J
mJ+k, m ≥ 1,

is then of type (2.2) with operator T J satisfying (A1) and (A3) for J = 1, after a
suitable relabelling, and the results of the previous subsection apply directly. However,
bounds may be more naturally obtained for Un as originally defined in (2.2). Hence
the strategy in this subsection will be to derive generalizations of Lemmas 2.5–2.7 to
the general J-stage contraction operator (Theorems 2.10, 2.11, and 2.12, respectively)
while maintaining bounding conditions expressed in terms of the single stage error Un.
Note that Theorem 2.8 already applies to the general case.

We will need the following lemma.
Lemma 2.9. For algorithm (2.2) if (A2) holds, then for any I ≥ 1, n ≥ 0,

(2.19) ‖Vn+I − T IVn‖ ≤
I∑

i=1

LI−i‖Un+i‖.

Proof. We proceed by induction. Suppose (2.19) holds for some I ≥ 1; then

‖Vn+I+1 − T I+1Vn‖ = ‖TVn+I − T I+1Vn + Un+I+1‖
≤ ‖TVn+I − T I+1Vn‖ + ‖Un+I+1‖
≤ L‖Vn+I − T IVn‖ + ‖Un+I+1‖

≤ L
I∑

i=1

LI−i‖Un+i‖ + ‖Un+I+1‖

≤
I+1∑
i=1

LI+1−i‖Un+i‖,

and (2.19) holds for I+1. That (2.19) holds for I = 1 follows directly from (2.2).
By Lemma 2.9 ‖Un‖ →n 0 directly implies ‖W J

n ‖ →m 0 and therefore ‖VmJ+k −
V ∗‖ →m 0. This holds for k = 0, . . . , J−1, from which it follows that ‖Vn−V ∗‖ →n 0.

Define a block error

BJ,L
n =

J∑
j=1

LJ−j‖Un−J+j‖, n ≥ J and BJ,L
n = 0, n < J,

for J ≥ 1, L ∈ 
+. Note that for J = 1, BJ,L
n = ‖Un‖ for any value of L. Directly

from Lemma 2.9, the error term in (2.18) can be bounded by

(2.20) ‖W J
mJ+k‖ ≤ BJ,L

mJ+k, m ≥ 1.
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Theorem 2.10 generalizes Lemma 2.5 to J-stage contractions.
Theorem 2.10. If in (2.2) (A1) and (A3) hold, and (A2) holds when J > 1,

then

(2.21) lim sup
n→∞

‖Vn − V ∗‖ ≤ (1 − ρ)−1 lim sup
n→∞

BJ,L
n .

Proof. If J = 1, set L to be any positive number. Then by (2.20) and Lemma 2.5
applied to (2.18) for some fixed k ≥ 0,

lim sup
m→∞

‖VmJ+k − V ∗‖ ≤ lim sup
m→∞

BJ,L
mJ+k,

which holds for k = 0, . . . , J − 1, from which (2.21) follows.
Similarly, Theorem 2.11 generalizes Lemma 2.6.
Theorem 2.11. If in (2.2) (A1) and (A3) hold, and (A2) holds when J > 1,

then for any s ≥ 0, δ ∈ [0, 1 − ρ),

(2.22) lim sup
n→∞

BJ,L
n+J/max(s, ‖Vn‖) = δ

implies

lim sup
n→∞

‖Vn − V ∗‖ ≤ δ(1 − ρ− δ)−1 max(s, ‖V ∗‖).

Proof. If J = 1, set L to be any positive number. For algorithm (2.18) for fixed
k ≥ 0, using (2.20), then (2.22), we obtain

lim sup
m→∞

‖W J
mJ+k‖/max(s, ‖V(m−1)J+k‖) ≤ lim sup

m→∞
BJ,L

mJ+k/max(s, ‖V(m−1)J+k‖)

= lim sup
m→∞

BJ,L
mJ+k/max(s, ‖V(m−1)J+k‖)

≤ δ.

We may therefore apply Lemma 2.6 to (2.18), yielding

lim sup
m→∞

‖VmJ+k − V ∗‖ ≤ δ(1 − ρ− δ)−1 max(s, ‖V ∗‖).

Letting k = 0, . . . , J − 1 completes the proof.
Finally, Theorem 2.12 generalizes Lemma 2.7. It will be convenient to define the

function

σ(r, J) =

{
1−rJ
1−r ; r �= 1,

J ; r = 1,

which is continuous in r ∈ 
 for any fixed J .
Theorem 2.12. If for algorithm (2.2) (A1) and (A3) hold and (A2) holds when

J > 1, then
(i)

∑∞
i=1(ρ

1/J)−i‖Ui‖ < ∞ implies

(2.23) lim sup
n→∞

(ρ1/J)−n‖Vn − V ∗‖ < ∞;

(ii) lim supn→∞ n−1 log(‖Un‖) ≤ log(ρ1/J) implies

(2.24) lim sup
n→∞

n−1 log (‖Vn − V ∗‖) ≤ log(ρ1/J);



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

APPROXIMATE FIXED POINT ITERATION 2315

(iii) for any sequence {di}, di ∈ (0,∞), satisfying ‖Ui‖ ≤ di, i ≥ 1, if ru < ρ−1/J ,
where ru = lim supn→∞ dn−1/dn, then

(2.25) lim sup
n→∞

d−1
n ‖Vn − V ∗‖ ≤ σ(Lru, J)(1 − rJuρ)

−1.

Proof. For case (i) fix k ≥ 0 in algorithm (2.18). Consider the series

∞∑
m=1

ρ−m‖W J
mJ+k‖ ≤

∞∑
m=1

ρ−mBJ,L
mJ+k

≤ max(LJ , 1)ρ−1
∞∑
i=1

(ρ1/J)−i‖Ui‖

< ∞,(2.26)

where the inequalities follow from (2.20) and condition (i). Then given (2.26) we may
apply Lemma 2.7(i) to (2.18), giving

lim sup
m→∞

ρ−m‖VmJ+k − V ∗‖ < ∞,

which then implies (2.23) after taking k = 0, . . . , J − 1, noting that

(ρ1/J)−(Jm+k)‖VJm+k − V ∗‖ = (ρ−k/J)ρ−m‖VmJ+k − V ∗‖.

For case (ii) fix k ≥ 0 in algorithm (2.18). Then by (2.20),

m−1 log(‖W J
mJ+k‖) ≤ m−1 log

(
BJ,L

mJ+k

)
≤ m−1 max

(m−1)J+k+1≤n≤mJ+k

(
log(‖Un‖) + log(J max(LJ , 1))

)

≤ (J + km−1)

(
sup

n≥(m−1)J+k+1

n−1 log(‖Un‖)
)

+m−1 log(J max(LJ , 1)), m ≥ 1.(2.27)

Taking the limit supremum of (2.27) with condition (ii) gives

lim sup
m→∞

m−1 log(‖W J
mJ+k‖) ≤ J log(ρ1/J) = log(ρ).

This allows us to apply Lemma 2.7(ii) to (2.18), giving

lim sup
m→∞

m−1 log (‖VmJ+k − V ∗‖) ≤ log(ρ),

or equivalently,

lim sup
m→∞

(J + km−1)

(mJ + k)
log (‖VmJ+k − V ∗‖) = J lim sup

m→∞
(mJ + k)−1 log (‖VmJ+k − V ∗‖)

≤ log(ρ),

which then implies (2.24) after taking k = 0, . . . , J − 1.
For case (iii) fix k ≥ 0 in algorithm (2.18). From (2.20) we have

‖W J
mJ+k‖ ≤ BJ,L

mJ+k ≤ DJ,L
mJ+k, m ≥ 1,
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where

DJ,L
n =

J∑
j=1

LJ−jdn−J+j , n ≥ J, and DJ,L
n = 0, n < J.

Then

∞∑
m=1

ρ−mDJ,L
mJ+k ≥ min(1, LJ)

∞∑
m=1

ρ−m
J∑

j=1

d(m−1)J+k+j

≥ min(1, LJ)ρ

∞∑
i=k

(ρ1/J)−idi = ∞(2.28)

by applying condition (iii). Then for any ε > 0 there is Nε such that dn ≤ (ru+ε)dn+1

when n > Nε, and hence dn ≤ (ru + ε)jdn+j . Then, for all large enough m,

DJ,L
(m−1)J+k =

J∑
j=1

LJ−jd(m−2)J+k+j ≤ (ru + ε)J
J∑

j=1

LJ−jd(m−1)J+k+j

= (ru + ε)JDJ,L
mJ+k

so that taking the limit supremum in m and letting ε approach zero gives

(2.29) lim sup
m→∞

DJ,L
(m−1)J+k

DJ,L
mJ+k

= rJu .

We may then apply Lemma 2.7(iii) to (2.18) using bounding sequence DJ,L
mJ+k,m ≥ 1,

which with (2.28) and (2.29) yields

(2.30) lim sup
m→∞

(DJ,L
mJ+k)

−1‖VmJ+k − V ∗‖ ≤ (1 − rJuρ)
−1.

Then for large enough m,

DJ,L
mJ+k =

J∑
j=1

LJ−jd(m−1)J+k+j ≤
J∑

j=1

LJ−j(ru + ε)J−jdmJ+k

= dmJ+kσ(L(ru + ε), J),(2.31)

which, with (2.30), letting ε approach zero, gives

(2.32) lim sup
m→∞

d−1
mJ+k‖VmJ+k − V ∗‖ ≤ σ(ruL, J)(1 − rJuρ)

−1.

Then (2.25) follows by setting k = 0, . . . , J − 1.

2.4. A general error model. The structure of (2.2) suggests that a bound on
‖Un‖ which directly depends on ‖Vn−1‖ may be available. This motivates a general
error model, given as the following assumption:

(A4) In (2.2),

‖Un‖ ≤ an + bn‖Vn−1‖, n ≥ 1,
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for some sequence of nonnegative finite constants {an;n ≥ 1}, {bn;n ≥ 1}.
It will be convenient to define, for a constant L, a sequence {bn;n ≥ 1} and

integers n2, n1,

(2.33) L̄n2
n1

=

{ ∏n2

n=n1
(L + bn); n2 ≥ n1,

1; n2 < n1.

Theorem 2.11 can be used to establish the convergence of (2.2) given the error
model in (A4). We will first need the following lemma.

Lemma 2.13. If (A4) holds for (2.2), in addition to (A1), and (A2) if J > 1,
then

(2.34) ‖Vn+I − V ∗‖ ≤ L̄n+I
n+1‖Vn − V ∗‖ +

I∑
i=1

L̄n+I
n+i+1(an+i + bn+i‖V ∗‖)

for n ≥ 1, I ≥ 1, with L̄n2
n1

defined as in (2.33) for sequence {bn;n ≥ 1} and constant
L satisfying ‖TV − V ∗‖ ≤ L‖V − V ∗‖.

Proof. We proceed by induction. Fix n ≥ 1 and suppose (2.34) holds for I. Then
directly from (2.2),

‖Vn+I+1 − V ∗‖ ≤ ‖TVn+I − V ∗‖ + ‖Un+I+1‖.

Applying (A4) gives

‖Vn+I+1 − V ∗‖ ≤ L‖Vn+I − V ∗‖ + an+I+1 + bn+I+1‖Vn+I‖
≤ (L + bn+I+1)‖Vn+I − V ∗‖ + an+I+1 + bn+I+1‖V ∗‖;(2.35)

then applying the induction hypothesis to ‖Vn+I − V ∗‖ gives

‖Vn+I+1 − V ∗‖ ≤ (L + bn+I+1)L̄
n+I
n+1‖Vn − V ∗‖

+ (L + bn+I+1)

I∑
i=1

L̄n+I
n+i+1(an+i + bn+i‖V ∗‖)

+ an+I+1 + bn+I+1‖V ∗‖

= L̄n+I+1
n+1 ‖Vn − V ∗‖ +

I+1∑
i=1

L̄n+I+1
n+i+1 (an+i + bn+i‖V ∗‖)

so that if (2.34) holds for I, it holds for I + 1. That (2.34) holds for I = 1 follows
from a simple relabelling of (2.35).

Remark 2.2. In the proof of Lemma 2.13 the Lipschitz condition (A2) is used
only in inequalities of the form ‖TV − V ∗‖ ≤ L‖V − V ∗‖, (i.e., involving fixed point
V ∗) so that (A2) may be replaced with a weaker condition.

We can now establish convergence properties of (2.2) under (A4).
Theorem 2.14. If (A1) and (A3) hold, with (A2) holding when J > 1, and if

(A4) holds with an →n 0 and bn →n 0, then for algorithm (2.2) ‖Vn − V ∗‖ →n 0.
Proof. Suppose J = 1. Then

lim sup
n→∞

‖Un+1‖
max(1, ‖Vn‖)

≤ lim sup
n→∞

an+1 + bn+1‖Vn‖
max(1, ‖Vn‖)

≤ lim sup
n→∞

an+1 + bn+1 = 0.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2318 ANTHONY ALMUDEVAR

Noting that BJ,L
n = ‖Un‖ for J = 1, and setting s = 1, the theorem is proved directly

from Theorem 2.11.
Now suppose J > 1. For I > 1 we have, using (A4) and Lemma 2.13,

‖Un+I‖ ≤ an+I + bn+I‖Vn+I−1‖
≤ an+I + bn+I‖V ∗‖ + bn+I‖Vn+I−1 − V ∗‖
≤ an+I + bn+I‖V ∗‖ + bn+I L̄

n+I−1
n+1 ‖Vn − V ∗‖

+ bn+I

I−1∑
i=1

L̄n+I−1
n+i+1 (an+i + bn+i‖V ∗‖).(2.36)

Additionally, (2.36) is also true for I = 1 (directly by (A4) and the triangular in-
equality) if the final summation is interpreted as zero. Note that limn→∞ L̄n+n2

n+n1
=

Lmax(0,n2−n1+1). Examining the terms of the upper bound of (2.36) and dividing by
max(1, ‖Vn‖) gives

‖Un+I‖
max(1, ‖Vn‖)

≤ an+I + bn+I(K1‖V ∗‖ + K2)

for some finite constants K1,K2 which do not depend on n; hence,

(2.37) lim sup
n→∞

‖Un+I‖
max(1, ‖Vn‖)

= 0.

Then consider

(2.38)
‖BJ,L

n+J‖
max(1, ‖Vn‖)

=
J∑

j=1

LJ−j ‖Un+j‖
max(1, ‖Vn‖)

.

We may then use (2.37) to conclude that the limit supremum of each term on the
right-hand side of (2.38) is zero. The theorem is proved following a direct application
of Theorem 2.11.

2.5. Finite bounds. The convergence results given above are based on asymp-
totic bounds. However, inequality (2.10) provides a means to calculate finite upper
bounds on ‖Vn−V ∗‖. In this section we suppose we may bound errors with constants
‖Un‖ ≤ dn, where we assume dn > 0.

We first deal with the single stage contraction of modulus ρ. The first term in the
upper bound is composed of the exponentially decreasing error of the exact algorithm.
The second term may be bounded by

n∑
i=1

ρn−i‖Ui‖ ≤ dnIn, n ≥ 1,

where In =
∑n

i=1 ρ
n−idi/dn. If we assume ru < ρ−1, then from Lemma 2.3 we have

lim sup
n→∞

In ≤ (1 − ruρ)
−1;

hence we rewrite (2.10) as

‖Vn − V ∗‖ ≤ ‖V0 − V ∗‖ρn + dnIn, n ≥ 1,
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and consider the problem of usefully bounding In. If dn has a tractable form, we may
simply calculate In numerically. In this case, it will be useful to know something of
the iterative properties of In. We show in the following lemma that, under a type
of convexity assumption on the sequence dn, once In decreases in n, it decreases
indefinitely.

Lemma 2.15. If a positive sequence {dn;n ≥ 1} satisfies

(2.39) dn+1/dn+2 ≤ dn/dn+1, n ≥ 1,

then In+1 < In implies In+2 < In+1.
Proof. We may write

In+1 − In = 1 +

(
ρ

dn
dn+1

− 1

)
In, n ≥ 1,

from which it follows that

(2.40) In+1 − In < 0 if and only if

(
1 − ρ

dn
dn+1

)
In > 1.

Then if In+1 − In < 0, we have
(
1 − ρ dn

dn+1

)
> 0 and hence

(
1 − ρdn+1

dn+2

)
> 0 from

condition (2.39). This in turn implies by (2.40) that(
1 − ρ

dn+1

dn+2

)
In+1 =

(
1 − ρ

dn+1

dn+2

)(
1 + ρ

dn
dn+1

In

)

>

(
1 − ρ

dn+1

dn+2

)(
1 − ρ

dn
dn+1

)−1

≥ 1,

which proves the lemma.
Remark 2.3. Condition (2.39) is quite general and is satisfied by any polynomially

decreasing bound 1/nk.
The same calculation can be made in the case of a general J-stage contraction of

modulus ρ. Combining Lemma 2.9 with (2.10) gives

‖Vn − V ∗‖ ≤ K

n∑
i=1

(ρ1/J)n−idi + O
(
(ρ1/J)n

)
, n ≥ 1,

for some finite constant K which does not depend on n. The finite bound may be
treated in the same way as for the single stage contraction.

2.6. Stochastic error terms. The convergence results obtained in this section
depend only on the properties of Un, which can be defined in terms of the underlying
seminormed linear space. If in (2.2), under (A1), Un is stochastic, then almost sure
convergence properties of ‖Vn − V ∗‖ are deduced from those of ‖Un‖, and no other
stochastic properties are needed.

To obtain Lp convergence or bounds, we need to regard ‖Un‖ as a stochastic
quantity. We start with the original seminormed linear space (V, ‖·‖), with contractive
operator T as defined in (A1). We then define a new seminormed linear space based on
(V, ‖ · ‖). Suppose we have a probability space (Ω,F ,P) and can define a measurable
space on V. Let VΩ be the linear space under the convolution operation of measurable
mappings V : Ω → V. Let U be the space of random variables on (Ω,F ,P). Then for
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V ∈ VΩ we have ‖V ‖ ∈ U . If ‖ · ‖p is an Lp norm on random variables U , we define
a new seminorm ‖V ‖Ω = ‖(‖V ‖)‖p. Then define the operators T I

Ω : VΩ → VΩ by
(T I

ΩV )(ω) = T I(V (ω)) for I ≥ 1. Set V ∗(ω) ≡ v∗, where v∗ is a fixed point of T in V.
Then (TΩV

∗)(ω) = T (V ∗(ω)) ≡ Tv∗ = v∗, so that V ∗ is a fixed point of TΩ. For any
V ∈ VΩ we have ‖T J

ΩV −V ∗‖(ω) = ‖T J(V (ω))−v∗‖ ≤ ρ‖V (ω)−v∗‖ = ρ‖V −V ∗‖(ω).
This leads to ‖T J

ΩV − V ∗‖Ω = ‖‖T J
ΩV − V ∗‖‖p ≤ ‖ρ‖V − V ∗‖‖p = ρ‖V − V ∗‖Ω, so

that the seminormed linear space (VΩ, ‖ · ‖Ω) also satisfies (A1) for J , modulus ρ, and
operator TΩ.

To summarize, convergence with probability one (w.p.1) (or in Lp) of ‖Vn − V ∗‖
in (2.2) is a consequence of convergence w.p.1 (or in Lp) of ‖Un‖.

3. The dynamic programming operator for MDPs. Following section 1.2,
calculation of the optimal control of discrete time MDPs usually reduces to a VI algo-
rithm based on the Bellman operator Tπ associated with MCM π. In practice, exact
knowledge of π is a special case, but it may be possible to construct an estimate π̂ of
π, or a sequence of estimates π̂1, π̂2, . . . . In such a case, it is natural to consider sub-
stituting within a VI algorithm the estimates for the actual model π. The expectation
would then be that the resulting value function solution would be close to the true
one, to the degree that the model estimates are close to π. In this section we apply
the theory of section 2 to this problem, with the objective of describing the behavior
of approximate VI algorithms in terms of model estimates.

The general MDP considered is defined in section 3.1. It is important to emphasize
that, because the theory is given largely in terms of the properties of normed linear
spaces, the structure of the MDP can be left quite general. The essential condition
is the existence of a well-behaved contractive VI algorithm coupled with a suitable
norm. In the presence of unbounded costs, the weighted supremum norm may be
used, which may be reduced to the standard supremum norm for bounded costs. See
[19] for extensive discussion on this topic. We will employ this norm after some further
discussion in section 3.1.

Section 3.2 will deal with two issues. A model distance is first defined. This
distance incorporates the weight function used to define the weighted supremum norm.
This permits a bound on the error due to the approximate evaluation of Bellman’s
operator to be given in terms of model distance.

We then note that one of the advantages of the general theory is that contractive
properties need to be verified only for the exact operator Tπ. However, it still needs
to be verified that the approximate operators Tn are closed on the set of elements of
finite norm, which will then imply assumption (A3). Theorem 3.5 below allows this
question to be resolved on the basis of model distances. As a general rule, regularity
conditions need only be verified for the exact model π. They follow for any model
estimate π̂ as long as the model distance is finite.

Sections 3.3 and 3.4 then present the main results for, respectively, the AVIA and
CEA forms of approximate VI as discussed in section 1.2.2.

3.1. Model definition. We adopt the following conventions. For any Borel
space U , B(U) is the class of Borel sets, and M(U) is the set of probability measures
on (U ,B(U)). Then F (U) is the set of measurable real valued functions on U . If ‖ · ‖
is a seminorm defined on F (U), then F (U , ‖ · ‖) = {V ∈ F (U) : ‖V ‖ < ∞}. Let σ(H)
denote the σ-algebra generated by a mapping H defined on a probability space.

A Markov decision process will be made of the following elements (see, for exam-
ple, [18, 19]):

(M1) A Borel space X . We refer to X as the state space.
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(M2) A Borel space A. We refer to A as the action space.
(M3) With each x ∈ X associate Kx ∈ B(A) with Kx �= ∅. The state-action space

K = {(x, a) ∈ X × A : a ∈ Kx} is assumed to be a measurable subset of
X ×A.

(M4) A transition kernel Q : K → M(X ). We assume for each fixed Ex ∈ B(X )
that Q(Ex | ·) is a measurable function from K to 
. Furthermore, we assume
there is a measure μQ on X with respect to which Q(· | x, a) has a density
f(· | x, a) for each (x, a) ∈ K.

(M5) A measurable mapping R : K → (−∞,∞), referred to as the cost function.
(M6) A discount factor β ≥ 0.

A reference to state-action space K will implicitly include (X ,A). A reference to
the stochastic kernel Q, defined on K, will implicitly include μQ. An MCM will be
the object π = (K, Q,R, β). Let Kf be the set of all measurable mappings f : X → A
for which f(x) ∈ Kx for all x ∈ X . Assume Kf is not empty.

An MDP will consist of an MCM π = (K, Q,R, β) coupled with a control policy.
Definition 3.1. A control policy consists of a sequence of measurable mappings

Φ = {Φn, n ≥ 1} of the form Φn : (K)n−1 × X → M(A). We assume Φn(Kxn
|

x1, a1, . . . , xn−1, an−1, xn) = 1 for n ≥ 1.
Intuitively, the MDP is realized as a random process (X1, A1, X2, A2, . . .) on the

Borel space K∞. Stage n is taken to refer to (Xn, An), and the history at stage n up
to state Xn is denoted Hx

n = (X1, A1, . . . , Xn) ∈ Kn−1 ×X . Similarly, the history at
stage n up to action An is denoted Ha

n = (X1, A1, . . . , Xn, An) ∈ Kn. The stage n
cost is taken to be R(Xn, An). It has been shown (see [17]) that for each x ∈ X there
exists a unique probability measure PΦ

x on K∞ which satisfies

PΦ
x (X1 = x) = 1,

PΦ
x (An ∈ Ea | Hx

n) = Φn(Ea | Hx
n) ∀Ea ∈ B(A), Hx

n ∈ Kn−1 ×X ,

PΦ
x (Xn+1 ∈ Ex | Ha

n) = Q(Ex | Xn, An) ∀Ex ∈ B(X ), Ha
n ∈ Kn,(3.1)

for n ≥ 1 and each admissible history Hx
n , Ha

n. The criterion for choosing a policy Φ
is given as a β-discounted cost from initial point X1 = x,

V Φ(x) = EΦ
x

[ ∞∑
n=1

βn−1R(Xn, An)

]
, x ∈ X ,

where EΦ
x is the expectation operator of PΦ

x . In this case interest is in control pro-
cesses, which assume finite total expected cost. The value function is

V ∗(x) = inf
Φ

V Φ(x), x ∈ X ,

and any policy Φ∗ satisfying V Φ∗
(x) = V ∗(x) for all x ∈ X is the minimum β-

discounted cost policy. Of special interest will be deterministic policies.
Definition 3.2. Given a sequence of policy functions φ̃ = {φn ∈ Kf ;n ≥ 1},

where φn ≡ φn(x | Hx
n) may depend on Hx

n, Φ is a deterministic policy based on φ̃ if
Φn(Ea | Hx

n) = I{φn(Xn | Hx
n) ∈ Ea} for all n ≥ 1. If φn(· | Hx

n) ≡ φ(·) for some
single φ ∈ Kf , then Φ is a stationary deterministic policy.

For a stochastic kernel Q on K let LQ be the set of functions V ∈ F (X ) for which
the integral

∫
y∈X V (y)dQ(y | x, a) exists and is finite for all (x, a) ∈ K. The set of

weight functions W(X ) ⊂ F (X ) is taken to be the set of all measurable functions
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w : X → (0,∞). For any weight function w we define the weighted supremum norm
‖ · ‖w on F (X ) by ‖V ‖w = supx∈X w−1(x)|V (x)|. Then define quantities

ηwQ(x, a) = w(x)−1

∫
y∈X

w(y)dQ(y | x, a), (x, a) ∈ K,

ηwQ = sup
(x,a)∈K

ηwQ(x, a).

We next define for an MCM π = (K, Q,R, β) the Bellman operator, or dynamic
programming operator (DPO), Tπ : LQ → F (X ),

(3.2) TπV (x) = inf
a∈Kx

R(x, a) + β

∫
y∈X

V (y)dQ(y|x, a).

Removing the infimum operation in (3.2) gives the quantity

(3.3) T a
πV (x, a) = R(x, a) + β

∫
y∈X

V (y)dQ(y|x, a),

also defined for all V ∈ LQ. Let V ∗π denote the value function for π.
This leads to the definition of a solution space for an MCM.
Definition 3.3. A solution space for MCM π = (K, Q,R, β) consists of vector

space V ⊂ F (X ) and a weight function w which defines norm ‖ · ‖w, together denoted
Vw = (V, w), which satisfies

(i) V ⊂ LQ,
(ii) TπV ⊂ V for DPO Tπ, and
(iii) V ∗π ∈ V.

Additionally, Vw is a contractive solution space if TπV
∗
π =V ∗π and if (V,‖·‖w,Tπ,V

∗
π ,ρ,J)

satisfies (A1) and (A2) if J > 1.
Remark 3.1. We may have ρ �= β. This will generally be the case for un-

bounded costs. See Lippman [27], Van Nunen and Wessels [35] or Hernández-Lerma
and Lasserre [19].

The solution to the MCM control problem is ideally of the following form.
Definition 3.4. MCM π = (K, Q,R, β) possesses an optimal stationary deter-

ministic policy (OSDP) if
(i) there exists φ∗π ∈ Kf such that

(3.4) φ∗π(x) = arg mina∈Kx
R(x, a) + β

∫
y∈X

V ∗π (y)dQ(y|x, a);

(ii) the stationary deterministic policy implied by φ∗π is a minimum β-discounted
cost policy.

The existence of a solution space and an OSDP can be guaranteed under a wide
variety of conditions, which are discussed in detail in, for example, Bertsekas and
Shreve [4] and Hernández-Lerma and Lasserre [18, 19]. Typically R(x, a) is assumed
to be nonnegative and lower semicontinuous, and the action space projection Kx is
assumed to possess some compactness property. Additionally, a continuity condition
on the kernel Q on K is usually imposed. The contraction property for T is easy
to verify when β < 1 and R is bounded, in which case the unweighted supremum
norm (i.e., w ≡ 1) suffices. On the other hand, if R is unbounded, the supremum
norm is usually unsuitable, but may be replaced with a weighted supremum norm
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with respect to which T is contractive. Conditions under which this is the case are
given in [27], and in fact these conditions also imply (A2). Informally, the weight
function w is required to bound R in some sense. See also Van Nunen and Wessels
[35], Bhattacharya and Majumdar [6], and Hernández-Lerma and Lesserre [19].

For β ≥ 1, it will generally be required that the process terminate after some finite
time. In this case a weighted supremum norm which induces contractivity may exist.
Some conditions are given in Bertsekas [3]. In general, if the process may terminate
at any stage with a probability bounded away from zero, then it is easily established
that T is contractive in the unweighted supremum norm under bounded costs (see
Almudevar [1]).

It is important to note that there will be no advantage in specifying any single
set of regularity conditions on the model elements (M1)–(M6). The existence of a
contractive solution space and an OSDP will be our point of departure.

3.2. Approximate evaluation of the DPO. If MCM π = (K, Q,R, β) pos-
sesses a contractive solution space Vw, we may define a VI algorithm to be a sequence
of the form

V0 = v0 ∈ V,
Vn = TπVn−1, n ≥ 1,(3.5)

for which we may easily conclude ‖Vn −V ∗π ‖w →n 0 at a geometric rate. If the model
pair (Q,R) is unknown, but we have an estimate π̂ = (K, Q̂, R̂, β), we may construct
an approximate DPO Tπ̂ to use in place of Tπ. In this case we will need to define some
notion of distance between two models. Additionally, we need to establish that the
approximate DPO possesses a suitable range and domain, and that any evaluation
Tπ̂V is close to TπV , with the evaluation error expressed naturally in terms of model
distance.

Recall that the definition of a stochastic kernel in (M4) includes a notion of a den-
sity on a common measure over state-action space K. Distances between probability
measures will ultimately be derived from these densities, so stochastic kernels must
be absolutely continuous with respect to some common measure to be comparable.
Accordingly, we give the following definition.

Definition 3.5. Two stochastic kernels Q1 and Q2 of type (M4) defined on a
common state-action space conform if μQ1

= μQ2
.

The distance between two conforming stochastic kernels on K with weight function
w will be defined as

Dw
q (Q1, Q2) = sup

(x,a)∈K
w−1(x)

∫
y∈X

w(y)|f1(y | x, a) − f2(y | x, a)|dμQ(y),

where f1(y | x, a), f2(y | x, a) are the densities of Q1(· | x, a) and Q2(· | x, a) with
respect to common measure μQ. Similarly, the distance between two cost functions
R1, R2 of type (M5) will be defined as

Dw
r (R1, R2) = sup

(x,a)∈K
w(x)−1 |R1(x, a) −R2(x, a)| .

If the model distances Dw
r (R, R̂), Dw

q (Q, Q̂) between actual and approximate mod-

els π = (K, Q,R, β) and π̂ = (K, Q̂, R̂, β) can be bounded, then it suffices to verify
contractive, Lipschitz, or ergodic properties for π alone. This idea is developed in the
following four lemmas and Theorem 3.5.
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Lemma 3.1. Suppose for stochastic kernel Q on K and weight function w ∈ W(X )
we have ηwQ(x, a) < ∞ for all (x, a) ∈ K. Then F (X , ‖ · ‖w) ⊂ LQ.

Proof. Note that |V (y)| ≤ ‖V ‖ww(y) for each y ∈ X . For V ∈ F (X , ‖ · ‖w),
‖V ‖w < ∞. By hypothesis, ‖V ‖ww ∈ LQ, and hence so is V .

Lemma 3.2. Suppose we have some MCM π = (K, Q,R, β) and weight function
w ∈ W(X ) such that ηwQ(x, a) < ∞ for all (x, a) ∈ K. If Q̂ is a stochastic kernel on

K which conforms to Q, and if Dw
q (Q, Q̂) < ∞, then

(i) ηw
Q̂

(x, a) ≤ ηwQ(x, a) + Dw
q (Q, Q̂) < ∞ for all (x, a) ∈ K,

(ii) ηw
Q̂
≤ ηwQ + Dw

q (Q, Q̂), and

(iii) F (X , ‖ · ‖w) ⊂ LQ̂.

Proof. Denote the density kernels for Q, Q̂ by f , f̂ . We have

(3.6) w(y)f̂(y | x, a) ≤ w(y)f(y | x, a) + w(y)|f(y | x, a) − f̂(y | x, a)|, y ∈ X .

Integrating with respect to y over measure μQ, multiplying by w−1(x), then taking
the supremum of the final term over K gives (i), from which (ii) follows by taking
the supremum of the remaining terms over K. Then (iii) follows by applying Lemma
3.1.

Lemma 3.3. Let f1, f2 be real valued functions on a set E. Suppose infx f2(x) >
−∞ and |f2(x)| < ∞ for all x ∈ E. Then | infx f1(x) − infx f2(x)| ≤ supx |f1(x) −
f2(x)|.

Proof. First, note that since f2 is everywhere finite, supx |f1(x) − f2(x)| is well
defined. If | infx f1(x)| = ∞, it follows that supx |f1(x) − f2(x)| = ∞. Then suppose
infx f1(x) is finite. For any ε > 0 there exists x∗ ∈ E such that f2(x

∗) ≤ infx f2(x)+ε.
Then

inf
x

f1(x) − inf
x

f2(x) ≤ f1(x
∗) − f2(x

∗) + ε ≤ sup
x

|f1(x) − f2(x)| + ε.

A similar argument gives infx f2(x)− infx f1(x) ≤ supx |f1(x)−f2(x)|+ε. The lemma
follows by letting ε approach 0.

Remark 3.2. This lemma is similar to one in Hinderer [20, p. 17].
Lemma 3.4. Suppose we have an MCM π = (K, Q,R, β) with solution space Vw,

and an MCM π̂ = (K, Q̂, R̂, β) for which Q̂ conforms to Q. Furthermore, suppose
Tπ : V ∩ F (X , ‖ · ‖w) → V ∩ F (X , ‖ · ‖w). Then

(3.7) ‖Tπ̂V − TπV ‖w ≤ Dw
r (R, R̂) + β‖V ‖wDw

q (Q, Q̂)

for any V ∈ V ∩ F (X , ‖ · ‖w) ∩ LQ̂.

Proof. Denote the density kernels for Q, Q̂ by f , f̂ . By assumption, TπV (x) is
finite and V ∈ LQ, so for fixed x, T a

πV (x, a) as a function of a satisfies the conditions
imposed on f2 in Lemma 3.3, so that

w(x)−1 |Tπ̂V (x) − TπV (x)|

≤ sup
a∈Kx

w(x)−1
∣∣∣R̂(x, a) −R(x, a)

∣∣∣
+ sup

a∈Kx

w(x)−1

∣∣∣∣β
∫
y∈X

w(y)−1V (y)w(y)
(
f̂(y|x, a) − f(y|x, a)

)
dμQ(y)

∣∣∣∣
≤ Dw

r (R, R̂) + β‖V ‖wDw
q (Q, Q̂).
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Then taking the supremum over X gives (3.7).
The required properties of an approximate DPO are established in the next the-

orem.
Theorem 3.5. Suppose we have an MCM π = (K, Q,R, β) with solution space

Vw, and an MCM π̂ = (K, Q̂, R̂, β) for which Q̂ conforms to Q. Furthermore, suppose
(a) ηwQ(x, a) < ∞,
(b) Tπ : V ∩ F (X , ‖ · ‖w) → V ∩ F (X , ‖ · ‖w),
(c) Dw

q (Q, Q̂), Dw
r (R, R̂) are finite, and

(d) Tπ̂ : V ∩ LQ̂ → V.

Then Tπ̂ : V ∩ F (X , ‖ · ‖w) → V ∩ F (X , ‖ · ‖w).
Proof. By Lemma 3.2, noting (a) and (c) we have F (X , ‖ · ‖w) ⊂ LQ̂, and hence

Tπ̂ : V ∩ F (X , ‖ · ‖w) → V. Then suppose V ∈ V ∩ F (X , ‖ · ‖w). By Lemma 3.4
‖Tπ̂V − TπV ‖w < ∞. Condition (b) implies ‖TπV ‖w < ∞, hence ‖Tπ̂V ‖w < ∞,
which completes the proof.

Remark 3.3. If Vw is a contractive solution space, then condition (b) is easily
verified.

3.3. AVIAs. We are now in a position to investigate the convergence properties
of iterative algorithms based on approximate DPOs. We begin with the following
definition.

Definition 3.6. Given an MCM π = (K, Q,R, β) with solution space Vw, and a
sequence of MCMs π̂n = (K, Q̂n, R̂n, β) for which (π,Vw) and π̂n satisfy the conditions
of Theorem 3.5 for each n ≥ 1, an AVIA associates with each v0 ∈ V ∩F (X , ‖ · ‖w) a
sequence

V0 = v0,

Vn = Tπ̂n
Vn−1, n ≥ 1.

Remark 3.4. Theorem 3.5 ensures that the sequence of an AVIA is well defined
and exists in V ∩ F (X , ‖ · ‖w).

This is the type of algorithm considered in [11] for finite state-action spaces. See
also [17] for a more general model with bounded costs. In that work an AVIA is
referred to as a type of nonstationary VI.

The following theorem summarizes the convergence properties of an AVIA and
is a direct application of Theorems 2.12 and 2.14. The notation conforms by setting
Un = Tπ̂n

Vn−1 − TπVn−1.
Theorem 3.6. Suppose we have some MCM (K, Q,R, β) with contractive solu-

tion space Vw with an AVIA (Definition 3.6). Suppose there exist two sequences of
positive constants an, bn, n ≥ 1, such that

Dw
r (R, R̂n) ≤ an,

Dw
q (Q, Q̂n) ≤ bn, n ≥ 1,

with limn→∞ an = 0 and limn→∞ bn = 0. Then

(3.8) lim
n→∞

‖Vn − V ∗π ‖w = 0.

Additionally, define dn = an + bnβ‖Vn−1‖, n ≥ 1. Then
(i) if

∑∞
n=1(ρ

1/J)−idn < ∞, then

(3.9) lim sup
n→∞

(ρ1/J)−n‖Vn − V ∗π ‖w < ∞;
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(ii) if lim supn→∞ n−1 log(dn) ≤ log(ρ1/J), then

(3.10) lim sup
n→∞

n−1 log(‖Vn − V ∗π ‖w) ≤ log(ρ1/J);

(iii) if ru = lim supn→∞ dn−1/dn < ρ−1/J , then

(3.11) lim sup
n→∞

d−1
n ‖Vn − V ∗π ‖w < (1 − rJuρ)

−1.

Proof. Assumption (A3) follows from Definition 3.6 and the contractive prop-
erty of Tπ. By Lemma 3.4 we directly conclude that assumption (A4) holds. Since
Dw

q (Q, Q̂n) and Dw
q (Q, Q̂n) converge to zero, (3.8) follows directly from Theorem

2.14. Then by Lemma 3.4 ‖Un‖w ≤ dn, and (3.9)–(3.11) follow by applying Theorem
2.12.

Remark 3.5. If ‖V ∗π ‖ > 0, we may replace dn in Theorem 3.6 with d′n = an +
bnβ‖V ∗π ‖. In this case there exists finite K such that d′n ≤ Kdn with limn→∞ dn/d

′
n =

1. It is easily shown that the conditions and results for cases (i), (ii), and (iii) hold
for dn if and only if they hold for d′n.

Remark 3.6. If Dw
q (Q, Q̂n) or Dw

r (R, R̂n) do not converge to zero but can
be bounded, and if ‖Vn‖w can be bounded (assuming, for example, that R(x, a)
can be bounded), Lemma 3.4 and Theorem 2.10 can be used directly to bound
lim supn→∞ ‖Vn − V ∗π ‖w.

A different bound for an AVIA is obtained in [17] for the discounted (β < 1)
model with cost bounded by Rb < ∞ and supremum norm (see also [11]) in addition
to some other model regularity conditions. Using the notation of Theorem 3.6 the
reported bound (obtained from the proof in Theorem 4.8, Chapter 2 of [17]) is

(3.12) ‖Vn − V ∗π ‖w ≤
a[n/2] + βRb(1 − β)−1b[n/2]

1 − β
+

2Rbβ[n/2]

1 − β
, n ≥ 1,

where [t] is the largest integer less than or equal to t. The asymptotic bound from
Theorem 3.6 is

(3.13) ‖Vn − V ∗π ‖w ≤ an + β‖V ∗π ‖wbn
1 − β

+ o(an + bn), n ≥ 1,

when an and bn decrease nongeometrically (i.e., ru = 1 in Theorem 3.6). If we then
follow [17] by bounding ‖V ∗π ‖w with Rb(1 − β)−1, the asymptotic bound in (3.12)
is obtained by replacing (an, bn) in (3.13) with (a[n/2], b[n/2]). This will result in a
faster rate of convergence for (3.13). Additionally, this implies that the finite bound
obtained in section 2.5 will be uniformly smaller than (3.12) for all large enough n.

3.4. Certainty-equivalence methods. We have not assumed that the approx-
imate DPOs of Definition 3.6 are contractive. If we may verify that repeated iteration
of Tπ̂n

in a suitable starting point for any n results in some limit V ∗π̂n
, we may wish to

investigate whether V ∗π̂n
converges to V ∗π . Such an algorithm differs from the AVIA,

and we reserve the term certainty-equivalence for this approach. In effect, the MDP is
controlled as though the current model estimate is correct. See [24] or [17] for further
discussion.

Definition 3.7. Suppose we are given an MCM π = (K, Q,R, β) with solution
space Vw, and a sequence of MCMs π̂n = (K, Q̂n, R̂n, β) for which (π,Vw) and π̂n

satisfy the conditions of Theorem 3.5 for each n ≥ 1. Suppose there exists a sequence
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v0,n ∈ V∩F (X , ‖·‖w), n ≥ 1, such that for each n we have limi→∞‖T i
π̂n

v0,n−V ∗π̂n
‖w =0

for some V ∗π̂n
∈ V ∩ F (X , ‖ · ‖w). Then a CEA is defined as an algorithm which

calculates the sequence (V ∗π̂1
, V ∗π̂2

, . . .).
Conditions for the convergence of a CEA are given in the next theorem.
Theorem 3.7. Suppose for a CEA (Defintion 3.7) Vw is a contractive solution

space. Then for n ≥ 1,

(3.14) ‖V ∗π̂n
− V ∗π ‖w ≤ σ(L, J)

(1 − ρ)
(Dw

r (R, R̂n) + β‖V ∗π̂n
‖wDw

q (Q, Q̂n)).

If in addition Dw
r (R, R̂n) →n 0 and Dw

q (Q, Q̂n) →n 0, then supn ‖V ∗π̂n
‖w < ∞, and

hence ‖V ∗π̂n
− V ∗π ‖w →n 0.

Proof. Fix n ≥ 1 and apply the VI algorithm for operator Tπ̂n
with starting value

v0,n; that is, define algorithm

V0 = v0,n,

Vi = Tπ̂nVi−1, i ≥ 1.

This is an AVIA satisfying Definition 3.6 with (R̂i, Q̂i) ≡ (R̂n, Q̂n). The conditions
of Lemma 3.4 apply, giving

‖Tπ̂nVi−1 − TπVi−1‖ ≤ Dw
r (R, R̂n) + β‖Vi−1‖Dw

q (Q, Q̂n), i ≥ 1.

Using Theorem 2.10, and noting (2.31) in the proof of Theorem 2.12, we obtain

‖V ∗π̂n
− V ∗π ‖w = lim sup

i→∞
‖Vi − V ∗‖

≤ σ(L, J)

(1 − ρ)
lim sup
i→∞

Dw
r (R, R̂n) + β‖Vi‖Dw

q (Q, Q̂n),

where L = 1 for J = 1. Under the assumption ‖Vi−V ∗π̂n
‖w →i 0 the above inequality

evaluates to (3.14).
Then assume Dw

r (R, R̂n) →n 0 and Dw
q (Q, Q̂n) →n 0. Suppose there is an in-

creasing sequence of integers n1, n2, . . . such that ‖V ∗π̂ni
‖w is increasing and unbounded

as i → ∞. For any ε > 0 we have Iε such that i > Iε implies

‖V ∗π̂ni
− V ∗π ‖w

‖V ∗π̂ni
‖w

≥
‖V ∗π̂ni

‖w − ‖V ∗π ‖w
‖V ∗π̂ni

‖w
≥ 1 − ε(3.15)

after applying the triangle inequality. Divide (3.14) for n = ni by ‖V ∗π̂ni
‖w. As i → ∞,

the upper bound of the resulting inequality approaches 0, which combined with (3.15)
leads to a contradiction. Hence ‖V ∗π̂n

‖w must remain bounded. The boundedness of
‖V ∗π̂n

‖w then implies ‖V ∗π̂n
− V ∗π ‖w →n 0.

Clearly, the AVIA has the advantage that only a single VI algorithm is involved
while achieving the same convergence rate. On the other hand, if an efficient special-
ized algorithm for calculating V ∗π̂n

is available, a CEA may be preferable. Of course,
intermediate options are available. We may modify an AVIA so that some number
of VIs greater than one are performed using Tπ̂n once (Q̂n, R̂n) is available. In this
case, let jn be the highest model index available for the approximate operator Tπ̂n .
The convergence rate is given in terms of (Q̂jn , R̂jn) as given in Theorem 3.6, with
the results remaining otherwise directly applicable.
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4. Value functions for approximate optimal policies. The methods of
section 3 are used to estimate the optimal achievable cost of an MDP but do not
explicitly describe the properties of any particular control. Of course, the process
of evaluating an approximate DPO on value function V yields a control function
φ(x) = arg mina∈Kx

T a
π̂V (x, a), and we would expect that if π̂ is close to the true

model π, and if V is close to the value function V ∗π , then φ would be close to the
optimal control function φ∗π in some sense. The purpose of this section is to formalize
this idea.

Given an MDP (K, Q,R, β,Φ) with measure (3.1), construct, when well defined,
the sequence

(4.1) ΛΦ
n (Hx

n) = EΦ
x

[ ∞∑
i=n

βi−nR(Xn, An) | Hx
n

]
, n ≥ 1,

which can be interpreted as the expected remaining discounted cost calculated from
stage n given history Hx

n . We wish to show that ΛΦ
n (Hx

n) exists, is finite, and is
bounded from below by V ∗π (Xn). This gives us a method of evaluating directly the
consequence of using a suboptimal control and allows us to develop some notion of
the convergence of a control to optimality. This approach is similar to that used in
[30], in which the deviation from optimality at stage n is taken to be |EΦ

x [ΛΦ
n (Hx

n)]−
EΦ

x [V ∗π (Xn)]|. In that terminology, a control policy is described as asymptotically
discount optimal if this deviation vanishes as n → ∞ for all x ∈ X . In this article, we
do not employ the expectation but describe convergence directly in terms of ΛΦ

n (Hx
n).

The measure of deviation of a control from optimality will be given by the fol-
lowing quantity. Define for MCM π and (x, a) ∈ K,

(4.2) λπ(x, a) = T a
πV
∗
π (x, a) − V ∗π (x).

This quantity is also employed in [30]. Note that if V ∗π is a fixed point of Tπ, then it
is easily verified that λπ(x, a) ≥ 0. We will need to impose the following conditions
on MCM π = (K, Q,R, β) with solution space Vw:

(B1) There exists a finite constant bQ such that
∫
y∈X w(y)dQ(y | x, a) ≤ w(x)+bQ

for all (x, a) ∈ K.
(B2) There exists a finite constant bπ such that λπ(x, a) ≤ bπw(x) for all (x, a) ∈ K.

Condition (B1) is similar to regularity conditions developed for MCMs with un-
bounded rewards in, for example, [27, 35]. See also [6] for further discussion. Condi-
tion (B2) follows from (B1), ‖V ∗π ‖ < ∞, and a suitable restriction on cost function R
and state-action projection Kx.

The important properties of (4.1) are given in the following theorem.
Theorem 4.1. Suppose an MDP π = (K, Q,R, β) with control Φ has contractive

solution space Vw. Suppose additionally that (B1) holds and β < 1. Then the quantity
ΛΦ
n (Hx

n) of (4.1) is well defined, and

(4.3) ΛΦ
n (Hx

n) = V ∗π (Xn) + EΦ
x

[ ∞∑
i=0

βiλπ(Xn+i, An+i) | Hx
n

]
.

If, in addition, (B2) holds, then ΛΦ
n (Hx

n) < ∞ w.p.1.
Proof. Fix n, and note that

EΦ
x [w(Xn+1)|Hx

n ] ≤ w(Xn) + bQ
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by condition (B1). Then for any m ≥ 1,

EΦ
x [w(Xn+m) | Hx

n ] = EΦ
x [EΦ

x [w(Xn+m) | Hx
n+m−1] | Hx

n ]

≤ EΦ
x [w(Xn+m−1) + bQ | Hx

n ].

Repeated application of this argument gives

(4.4) EΦ
x [w(Xn+m) | Hx

n ] ≤ w(Xn) + mbQ.

Under the assumption that Vw is a contractive solution space, V ∗π is a fixed point of
Tπ, and hence λπ(x, a) ≥ 0, so that the expectation EΦ

x

[∑∞
i=0 β

iλπ(Xn+i, An+i) | Hx
n

]
is well defined. Then

λπ(Xn+i, An+i) = R(Xn+i, An+i) + β

∫
y∈X

V ∗π (y)dQ(y | Xn+i, An+i) − V ∗π (Xn+i)

= R(Xn+i, An+i) + βEΦ
x

[
V ∗π (Xn+i+1) | Ha

n+i

]
− V ∗π (Xn+i),

which, using the monotone convergence theorem and noting that σ(Hx
n) ⊂ σ(Ha

n+i)
for i ≥ 0, leads to

EΦ
x

[ ∞∑
i=0

βiλπ(Xn+i, An+i) | Hx
n

]
= lim

N→∞
EΦ

x

[
N∑
i=0

βiλπ(Xn+i, An+i) | Hx
n

]

= lim
N→∞

EΦ
x

[
N∑
i=0

βiR(Xn+i, An+i) | Hx
n

]

−V ∗π (Xn) + EΦ
x

[
βNβV ∗π (Xn+N ) | Hx

n

]
.(4.5)

By assumption, ‖V ∗π ‖w < ∞, so that

EΦ
x

[
βNV ∗π (Xn+N ) | Hx

n

]
≤ βN‖V ∗π ‖wEΦ

x [w(Xn+N ) | Hx
n ]

≤ βN‖V ∗π ‖w(w(Xn) + NbQ)

using (4.4). This upper bound approaches 0 as N → ∞. From (4.5) this implies
that ΛΦ

n (Hx
n) of (4.1) is well defined, from which (4.3) follows. Applying (4.4) and

condition (B2) gives

EΦ
x

[ ∞∑
i=0

βiλπ(Xn+i, An+i) | Hx
n

]
≤ EΦ

x

[ ∞∑
i=0

βibπw(Xn+i) | Hx
n

]

≤
∞∑
i=0

βi(bπw(Xn) + ibπbQ),(4.6)

the upper bound of which is finite, which completes the proof.
The following theorem bounds the control error defined in (4.2) for a control

function calculated (perhaps approximately) by

φ(x) = arg mina∈Kx
T a
π̂V (x, a)

when π̂ approximates true model π and V approximates value function V ∗π .
Theorem 4.2. Suppose we are given an MCM π = (K, Q,R, β) with contractive

solution space Vw for which ηwQ < ∞. Suppose we are given a second MCM π̂ =
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(K, Q̂, R̂, β) such that Q̂ conforms to Q, Dw
r (R̂, R), Dw

q (Q̂,Q) are finite, and Tπ̂ :

V → V. For any V ∈ V and φ ∈ Kf let

εV (x) = T a
π̂V (x, φ(x)) − Tπ̂V (x)

when well defined, and set εV (x) ≡ 0 otherwise. Then,

w−1(x)λπ(x, φ(x))/2 ≤ ‖V − V ∗π ‖w(ηwQ + Dw
q (Q̂,Q))

+Dw
r (R̂, R) + ‖V ∗π ‖wDw

q (Q̂,Q) + ‖εV ‖w/2.(4.7)

Proof. If V /∈ F (X , ‖·‖w), then the upper bound in (4.7) is equal to ∞. Otherwise,
assume V ∈ F (X , ‖ · ‖w). By definition, V ∈ LQ, and by Lemma 3.2, V ∈ LQ̂. This

means the quantities TπV
∗
π (x), T a

πV
∗
π (x, a), Tπ̂V (x), T a

π̂V (x, a) are all well defined.
We may write

w(x)−1 |T a
π̂V (x, a) − T a

πV
∗
π (x, a)| ≤ w(x)−1

∣∣∣R̂(x, a) −R(x, a)
∣∣∣

+w(x)−1β

∫
w(y)−1 |V (y) − V ∗π (y)|w(y)f(y|x, a)dμQ(y)

+w(x)−1β

∫
w(y)−1 |V (y) − V ∗π (y)|w(y)

∣∣∣f̂(y|x, a) − f(y|x, a)
∣∣∣ dμQ(y)

+w(x)−1β

∫
w(y)−1V ∗π (y)w(y)

∣∣∣f̂(y|x, a) − f(y|x, a)
∣∣∣ dμQ(y)

≤ ‖V − V ∗π ‖w(ηwQ + Dw
q (Q̂,Q)) + Dw

r (R̂, R) + ‖V ∗π ‖wDw
q (Q̂,Q).(4.8)

Using the triangle inequality gives

w(x)−1 |T a
πV
∗(x, φ(x)) − V ∗π (x)| ≤ w(x)−1 |T a

πV
∗(x, φ(x)) − T a

π̂V (x, φ(x))|
+w(x)−1 |T a

π̂V (x, φ(x)) − Tπ̂V (x)|
+w(x)−1 |Tπ̂V (x) − V ∗π (x)|

= K1 + K2 + K3.

Note that K1 can be bounded by (4.8) and K2 is equivalent to w(x)−1εV (x). By
assumption, V ∗π (x) is finite and V ∗π ∈ LQ, so Lemma 3.3 applied to T a

π̂V (x, a) and
T a
πV
∗
π (x, a) for fixed x may be used to bound K3 as follows:

w(x)−1|Tπ̂V (x) − V ∗π (x)| ≤ w(x)−1 sup
a∈Ax

|T a
π̂V (x, a) − T a

πV
∗
π (x, a)|

≤ sup
(x,a)∈K

w(x)−1|T a
π̂V (x, a) − T a

πV
∗
π (x, a)|,

which may be bounded using (4.8). Then (4.7) follows.
We have shown that the realized cost of a policy may be estimated using two

steps. First, the deviation of a particular control function λπ(x, φ(x)) is bounded
using Theorem 4.2. This bound is then incorporated into the expression (4.3) given
in Theorem 4.1. We will illustrate this procedure on a type of adaptive control in
section 6.

5. Parametric models. In this section we consider parametric representations
of model approximations. A class of model elements (Qθ, Rθ) is indexed by a pa-
rameter θ ∈ Θ for some metric space Θ. A model approximation assumes the form
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π̂ = (K, Q̂, R̂, β) = (K, Qθ̂, Rθ̂, β) for some θ̂ ∈ Θ. Model identification then reduces
to an estimation problem on Θ, which is especially advantageous when Θ is naturally
a finite-dimensional space. Of course, any model with finite K may be represented
this way. This approach is especially suitable when the source of randomness of the
MCM is a single underlying stochastic process, for example, some finite collection of
arrival processes.

We proceed by first defining a parametric family of models, and then im-
posing some notion of Lipschitz continuity for model distance terms (Dw

q (Qθ1 , Qθ2),

Dw
r (Rθ1 , Rθ2)) with respect to Θ. We will shown that this is easily done for densities

of the exponential family type, which includes many commonly used densities such
as the Poisson, gamma, and Gaussian. It is important to note that little reference
is made in this section to any specific MCM. The objective is rather to define a use-
ful class of putative models from which (Q̂, R̂) may be selected, and which permit a
convenient calculation of model distances. Once this is done, the theory of sections 3
and 4 applies.

Definition 5.1. Given the state-action space K, a parametric model (PM)
consists of

(i) a parameter space Θ with metric d(·, ·),
(ii) a measure μΘ ∈ M(X ), and
(iii) a set MΘ

qr = {(Qθ, Rθ) : θ ∈ Θ} of pairs in which Qθ satisfies (M4) with

respect to measure μΘ and Rθ satisfies (M5).
The PM is denoted MΘ = (Θ, d,MΘ

qr, μΘ). Additionally, the PM conforms to an
MCM π = (K, Q,R, β) with solution space Vw if μΘ = μQ, if there exists θ′ ∈ Θ

such that (Qθ′
, Rθ′

) = (Q,R), and if the DPO for MCM πθ = (K, Qθ, Rθ, β) satisfies
Tπθ : V ∩ LQθ → V for each θ ∈ Θ.

Remark 5.1. That Tπθ : V ∩ F (X , ‖ · ‖w) → V ∩ F (X , ‖ · ‖w) may be established
under the conditions of Theorem 3.5. For the types of problems considered in this
article, it will generally suffice to replace V with V ∩ F (X , ‖ · ‖w).

For convenience we denote the density of Qθ(· | x, a) with respect to μΘ by
fθ(·|x, a) for which Eθ

x,a is the expectation operator.

5.1. Lipschitz continuity. Given a natural PM, we would like to establish a
form of Lipschitz continuity which will allow us to express model distance measures
Dw

q (Qθ1 , Qθ2) and Dw
r (Rθ1 , Rθ2) in terms of d(θ1, θ2). In practice, this will have to

incorporate the weight function w used in Definition 3.3 of solution space Vw. We
begin with the following definition.

Definition 5.2. For a given metric space (Θ, d), Borel space U , and a measurable
function t : U → 
, we say a parametric family {gθ : θ ∈ Θ} of density functions on
U is t-weighted Lipschitz on B ⊂ Θ if

(5.1) |gθ1(u) − gθ2(u)| ≤ d(θ1, θ2)t(u)
(
gθ1(u) + gθ2(u)

)
∀u ∈ U

for any θ1, θ2 ∈ B.
Given MΘ = (Θ, d,MΘ

qr, μΘ) defined for state-action space K, a weight function
w ∈ W(X ) and a subset B ∈ Θ, define the following conditions:

(C1) There exists a finite constant Cr
B such that

w(x)−1|Rθ1(x, a) −Rθ2(x, a)| ≤ Cr
Bd(θ1, θ2)

for all (x, a) ∈ K, θ1, θ2 ∈ B.
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(C2) There exists a finite constant Cq
B and a measurable mapping t(y|x, a) : X ×

K → (0,∞) such that for each (x, a) ∈ K the parametric family {fθ(·|x, a) :
θ ∈ Θ} is t(·|x, a)-weighted Lipschitz on B, with

(5.2) sup
θ∈B

sup
(x,a)∈K

w(x)−1Eθ
x,a[w(Y )t(Y |x, a)] ≤ Cq

B .

That (C1) and (C2) imply Lipschitz continuity of MΘ is verified in the following
theorem.

Theorem 5.1. Suppose conditions (C1)–(C2) hold for a PM MΘ = (Θ, d,MΘ
qr, μΘ)

defined on a state-action space K, a weight function w ∈ W(X ), and a subset B ⊂ Θ.
Then

Dw
q (Qθ1 , Qθ2) ≤ 2Cq

Bd(θ1, θ2),(5.3)

Dw
r (Rθ1 , Rθ2) ≤ Cr

Bd(θ1, θ2)(5.4)

for all θ1, θ2 ∈ B.
Proof. For any θ1, θ2 ∈ B, (x, a) ∈ K we have by (C2),∫

X
w(y)|fθ1(y|x, a) − fθ2(y|x, a)|dμΘ(y)

≤ d(θ1, θ2)

∫
X
w(y)t(y|x, a)

(
fθ1(y|x, a) + fθ2(y|x, a)

)
dμΘ(y)

= d(θ1, θ2)
(
Eθ1

x,a[w(Y )t(Y |x, a)] + Eθ2
x,a[w(Y )t(Y |x, a)]

)
,

where we employ inequality (5.1). Inequality (5.3) follows by applying (5.2). Then
(5.4) follows directly from assumption (C1).

5.2. Exponential family densities. It is important to establish that the form
of the inequality (5.1) is one that might be encountered in practice, with some natural
choice of weighting function t(u). It will, in fact, hold under general conditions for an
exponential family type of density commonly employed in statistical inference. This
form of density usually provides a natural relationship between a parameter space
and a probability measure. See, for example, Lehmann and Casella [26].

Definition 5.3. An exponential family of densities on U ⊂ 
p (with respect to
the Lebesgue measure) with parameter space Θ ⊂ 
k takes the form

gθ(u) = exp(v(u, θ) − b(θ) + h(u)), u ∈ U ,

where

v(u, θ) =

k∑
i=1

θivi(u),

for real valued functions v1, . . . , vk, h defined on U and b defined on Θ.
Definition 5.2 is motivated by the following theorem.
Theorem 5.2. Suppose we have an exponential family of densities given in Defin-

tion 5.3. Define metric d(x, y) = ‖x−y‖1 on 
k, where ‖ ·‖1 is �1 norm, and suppose
b(θ) is locally Lipschitz. Let B be a compact subset of Θ. Then the exponential family
is t-weighted Lipschitz on B with respect to d, with t(u) = ‖(v1(u), . . . , vk(u))‖1 +MB

for some finite constant MB.
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Proof. We will make use of the inequality

|ex − 1| ≤ |x|emax(0,x) ≤ |x|(1 + ex), x ∈ 
.(5.5)

Let θ1, θ2 ∈ B. Setting δ = θ2 − θ1, b
δ = b(θ2) − b(θ1), we may write directly

|gθ2(u) − gθ1(u)| =
∣∣exp(v(u, δ) − bδ) − 1

∣∣ |gθ1(u),

and then using (5.5) gives

|gθ2(u) − gθ1(u)| ≤ |v(u, δ) − bδ|
(
1 + exp(v(u, δ) − bδ)

)
gθ1(u)

= |v(u, δ) − bδ|(gθ2(u) + gθ1(u)).

Finally, if b is locally Lipschitz, there exists a constant MB such that |b(θ2)− b(θ1)| ≤
MBd(θ1, θ2) for θ1, θ2 ∈ B. Also, |v(u, δ)| ≤ ‖(v1(u), . . . , vk(u))‖1d(θ1, θ2), giving

|gθ2(u) − gθ1(u)| ≤ d(θ1, θ2)(‖(v1(u), . . . , vk(u))‖1 + MB)(gθ1(u) + gθ2(u))

for all u ∈ U , θ1, θ2 ∈ B, which concludes the proof.
This result would be used to establish the property given in Definition 5.2, after

which it would remain to be verified that the expectations in condition (C2) can be
suitably bounded.

6. Adaptive control. We now consider the problem of adaptive control. Sup-
pose an MDP operates indefinitely according to an MCM with unknown (Q,R). The
process history is available for constructing a sequence of model estimates {Q̂n, R̂n;n ≥
1}, synchronized with the stages of the MDP, which are in turn used to refine the
control policy using the methods discussed in sections 3 and 4. Estimation is based on
a PM of the form discussed in section 5, with parameter space Θ ⊂ 
k. If we cannot
guarantee that statistical information regarding each component of the parameter is
available at each stage, then we resort to forced exploration.

This, however, leaves us with two sources of regret. The estimation regret is that
inherent in using a model estimate instead of the true model to calculate a control
policy, which can be bounded using the methods of sections 3 and 4. The second
source, exploratory regret, is that attributable to exploration. We take as given that
a nonzero regret accrues from any exploratory behavior. We also note that by using
Theorems 4.1 and 4.2 an upper bound can be placed on exploratory regret. Hence, we
may place a bound on the rate at which exploratory regret is accrued by characterizing
the exploration rate itself, which we take to be the rate (expressed as a proportion of
stages) at which the MDP adopts an exploratory control.

Clearly, these two forms of regret represent a type of trade-off. A higher explo-
ration rate results in lower estimation regret at the cost of higher exploration regret.
The purpose of this section is to give an analytical bound for the combined regret in
terms of the exploration rate. This can then be used to design an efficient exploratory
control policy.

We will need to accomplish three preliminary tasks. We first need to expand
our definition of an MDP in order to accommodate exploratory behavior (section
6.1). Fortunately, we can leave the basic definition given in section 3.1 essentially
unaltered. We then need to develop a notion of model estimation in an online setting
using process history (section 6.2). We will assume a finite-dimensional PM of the
type defined in section 5. The objective will be to develop regularity conditions which
permit a well-defined rate of model estimate convergence. We will also need to define
precisely an exploration rate, which will permit direct calculation of estimation and
exploratory regret (section 6.3).
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6.1. Definition of an adaptive MDP. We will need to expand on the defini-
tion of an MDP to include exploratory behavior, as well as observable data available
for model estimation. Throughout this section we assume the existence of an MCM
π = (K, Q,R, β) which possesses a contractive solution space Vw = (V, w) as well as
an OSDP based on control function φ∗π ∈ Kf with value function V ∗π . We add two
new elements as follows:

(M7) A Borel space O, called the observation space, and a stochastic kernel Qo,x :
K → M(O × X ) for which Qo,x(O × Ex | x, a) = Q(Ex | x, a) for all Ex ∈
B(X ), (x, a) ∈ K.

(M8) A binary outcome Z = {0, 1} and a sequence of measurable mappings pen :
(XZAO)n−1 ×X → [0, 1].

We will let EQo,x

x,a be the expectation operator associated with Qo,x(· | x, a). In
addition to the state-action pair (Xn, An) and cost R(Xn, An), we associate with stage
n two new quantities. First, we include a random observation On defined on O, with
distribution calculable from Qo,x(· | Xn, An) according to (M7). This represents the
information available to the controller pertaining to the nth stage transition from Xn

to Xn+1 and the realization of the nth stage cost. This is assumed to be available in
time to influence the control applied at the n + 1st stage. Estimates are assumed to
be sample averages of functions of On. This formulation suffices, for example, when
the parameter represents a state transition rate, in which case On = (Xn, Xn+1).
Alternatively, if the parameters represent arrival rates, then On may be a set of ar-
rival counts coupled with an interobservation time. Additionally, On may include
an observation of R(Xn, An), and may incorporate observation error, although some
conditions on state observability are necessary for the adaptive control policy defined
below. It should be pointed out, however, that this construction does not accommo-
date many important recursive estimation procedures. Additional discussion of this
topic will be deferred to section 6.7.

Given state Xn, a binary randomization quantity Zn ∈ Z = {0, 1} is observed,
then an action An is selected according to a distribution dependent on the process
history up to that point (including Xn and Zn). The role of Zn is to define an
exploration schedule (that is, exploratory behavior is forced when Zn = 1), and will
be controlled by pen given in (M8). It will be helpful to think of the order of realization
of the random quantities as Xn → Zn → An → On → Xn+1 → Zn+1 → . . . . We
accordingly define the Borel space S ⊂ XZAO to be all elements (x,w, a, o) ∈ XZAO
for which (x, a) ∈ K.

It will be convenient to redefine the history vectors

Ha
n = (X1, Z1, A1, O1, . . . , Xn, Zn, An),

Hz
n = (X1, Z1, A1, O1, . . . , Xn, Zn),

Hx
n = (X1, Z1, A1, O1, . . . , Xn).(6.1)

The adaptive control will be a mixture of two policies, Φe = (Φe
1,Φ

e
2, . . .) and

Φo = (Φo
1,Φ

o
2, . . .), where Φe

n and Φo
n are measurable mappings of Hx

n to M(A). The
randomization variable Zn is used to select the policy according to the form

(6.2) Φn(Ea | Hz
n) = (1 − Zn)Φo

n(Ea | Hx
n) + ZnΦe

n(Ea | Hx
n), Ea ∈ B(A).

Essentially the purpose of Φe is to explore, while Φo in some sense converges to the
OSDP. By regarding the action space as incorporating the randomization variable Zn

and the state space incorporating the observation variable On (while keeping R and
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Q independent of Zn and On), we retain the original definition of an MCM of the
type defined in section 3, for which, given starting state X1 = x, a unique measure
PΦ
x exists on the Borel space S∞ satisfying

PΦ
x (X1 = x) = 1,

PΦ
x ((On, Xn+1) ∈ Eox | Ha

n) = Qo,x(Eox | Xn, An), Eox ∈ B(OX ),

PΦ
x (Xn+1 ∈ Ex | Ha

n) = Q(Ex | Xn, An), Ex ∈ B(X ),

PΦ
x (Zn = 1 | Hx

n) = pen(Hx
n),

PΦ
x (An ∈ Ea | Hz

n) = Φn(Ea | Hz
n), Ea ∈ B(A),(6.3)

for n ≥ 1 and each admissible history Hx
n , H

z
n, H

a
n. As above, we let EΦ

x be the
expectation operator of PΦ

x , and x may be any initial state.
We additionally assume we have a PM MΘ which conforms to π = (K, Q,R, β),

where Θ ⊂ 
k and the metric d on Θ is taken to be d(θ, θ′) = ‖θ − θ′‖1, where ‖ · ‖1

is �1 norm in 
k. The true parameter is denoted θ′, that is, (Q,R) = (Qθ′
, Rθ′

).

Estimates (θ̂n, φ̂n) of parameter θ′ and optimal control function φ∗π will be associated

with each stage n. We therefore assume that (θ̂n, φ̂n) can be calculated by the end of
stage n.

6.2. Online parameter estimation. We now consider the problem of con-
structing the estimators θ̂n. It may be that a specific observation On contains statisti-
cal information about some, but not all, parameter components (θ1, . . . , θk). This will
depend on the current state-action pair (Xn, An) through the measure Qo,x(· | x, a).
We may therefore associate with each parameter component θj the elements of K
which admit estimation.

Definition 6.1. Suppose we have an MCM π = (K, Q,R, β), observation space
O, kernel Qo,x as defined in (M7), and a conforming PM MΘ with Θ ⊂ 
k and
(Q,R) = (Qθ′

, Rθ′
). The informative subset of K for component θj of θ = (θ1, . . . , θk),

which we denote K(θj), consists of all (x, a) ∈ K for which a measurable estimator
θ̄j(O), O ∈ O, exists satisfying

(6.4) EQo,x

x,a [θ̄j(O)] = θ′j and EQo,x

x,a [(θ̄j(O) − θ′j)
2] ≤ ν

for some constant 0 ≤ ν < ∞, where θ′ = (θ′1, . . . , θ
′
k) is the true parameter.

For convenience set In(θj) = I{(Xn, An) ∈ K(θj)}. Given measure (6.3) consider
the quantities

Wn(θj) =

n∑
i=1

(θ̄j(Oi) − θ′j)Ii(θj), n ≥ 1.

Note that the process (W1(θj),W2(θj), . . .) is adapted to the filtration (σ(Ha
2 ),

σ(Ha
3 ), . . .). From (6.3) and (6.4) we have

EΦ
x [Wn(θj) | Ha

n] = EΦ
x [(θ̄j(On) − θ′j)In(θj) | Ha

n] + Wn−1(θj)

= EΦ
x [(θ̄j(On) − θ′j)In(θj) | Xn, An] + Wn−1(θj)

= Wn−1(θj), n ≥ 1,

so that {Wn(θj);n ≥ 0} is a martingale, where we set W0(θj) = 0. Similarly define

Δn(θj) = EΦ
x [(Wn(θj) −Wn−1(θj))

2 | Ha
n]

= EΦ
x [(θ̄j(On) − θ′j)

2In(θj) | Ha
n]

≤ νIn(θj), n ≥ 1.
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Let Sn(θj) =
∑n

i=1 Δi(θj) and define the counting process

Mn(θj) =

n∑
i=1

Ii(θj), n ≥ 1,

and set M0(θj) = 0. It follows that Sn(θj) ≤ νMn(θj). Since {Wn(θj);n ≥ 1} is
clearly square-integrable, we may apply a suitable martingale law of large numbers
(for example, Theorem 1.3.15 in Duflo [9]) to conclude∣∣∣∣Wn(θj)

Sn(θj)

∣∣∣∣ = o
(
Sn(θj)

−1/2+ε
)
,

or equivalently,

(6.5)

∣∣∣∣Wn(θj)

Mn(θj)

∣∣∣∣ = o
(
(Sn(θj)/Mn(θj))

1/2+εMn(θj)
−1/2+ε

)
≤ o

(
Mn(θj)

−1/2+ε
)

for any small ε > 0. This leads to component estimates

(6.6) θ̂n,j =

{
Mn(θj)

−1
∑n

i=1 θ̄j(Oi)Ii(θj); Mn(θj) ≥ 1,

θ̂0,j ; Mn(θj) = 0

for n ≥ 1, j = 1, . . . , k, where θ̂0 = (θ̂0,1, . . . , θ̂0,k) is a suitably chosen starting value.

The parameter estimate sequence is then θ̂n = (θ̂n,1, . . . , θ̂n,k). From (6.5) we have

|θ̂n,j − θ′j | = o
(
Mn(θj)

−1/2+ε
)
,

d(θ̂n, θ
′) = o

(
Mn(θ)−1/2+ε

)
(6.7)

for any ε > 0, where

Mn(θ) = min
1≤j≤k

Mn(θj), n ≥ 1.

Hence, convergence of θ̂n to θ′ follows from Mn(θ) → ∞ at a rate implied by Mn(θ).
Finally, the following lemma will be useful in establishing a rate of convergence

for an adaptive control. We will need to impose the following condition:
(D1) For a given weight function w ∈ W(X ),

EQo,x

x,a [w(X)|θ̄j(O) − θ′j |] ≤ τw(x)

for a finite constant τ when (x, a) ∈ K(θj), for each j = 1, . . . , k.
This condition supplements (B1).

Lemma 6.1. Suppose, under the conditions of Definition 6.1, given a weight
function w ∈ W(X ), conditions (B1) and (D1) hold. Then

EΦ
x

[
w(Xn+m)|θ̂n+m−1,j − θ′j | | Ha

n

]
≤ (w(Xn) + mbQ)|θ̂n−1,j − θ′j |

+
mτw(Xn) + bQ(ν1/2 + τ)m(m− 1)/2

Mn(θj)
(6.8)

for m ≥ 0, n ≥ 1.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

APPROXIMATE FIXED POINT ITERATION 2337

Proof. First note that Xn and θ′j are both σ(Ha
n)-measurable, so that (6.8) is

easily verified for m = 0. Next assume m ≥ 1. For n ≥ 1, if Mn(θj) ≥ 1 we may write

|θ̂n,j − θ′j | =

∣∣∑n
i=1(θ̄j(Oi) − θ′j)Ii(θj)

∣∣
Mn(θj)

≤
∣∣(θ̄j(On) − θ′j)In(θj)

∣∣
Mn(θj)

+

∣∣∣∑n−1
i=1 (θ̄j(Oi) − θ′j)Ii(θj)

∣∣∣
Mn(θj)

.

Note that Mn(θj) ≥ Mn−1(θj), and that the second term of this upper bound is zero
if Mn−1(θj) = 0. We may therefore write

|θ̂n,j − θ′j | ≤
∣∣(θ̄j(On) − θ′j)In(θj)

∣∣
Mn(θj)

+ |θ̂n−1,j − θ′j |.(6.9)

We will need the following three inequalities:

EΦ
x

[
w(Xn+1)|θ̂n,j − θ′j | | Ha

n

]
≤ τw(Xn)

Mn(θj)
+ (w(Xn) + bQ)|θ̂n−1,j − θ′j |,(6.10)

EΦ
x

[
|θ̂n,j − θ′j | | Ha

n

]
≤ ν1/2

Mn(θj)
+ |θ̂n−1,j − θ′j |,(6.11)

EΦ
x [w(Xn+1) | Ha

n] ≤ w(Xn) + bQ.(6.12)

Inequalities (6.10) and (6.11) make use of (6.9) and the fact that θ̂n−1,j and Mn(θj)
are σ(Ha

n)-measurable. Then, in particular, (6.10) follows from (D1) and (B1), (6.11)
follows from Definition 6.1 with Jensen’s inequality, and (6.12) follows from (B1).
Note that (6.10)–(6.12) hold trivially for Mn(θj) = 0.

We then complete the argument by induction. Suppose (6.8) holds for n ≥ 1 for
some m ≥ 1. Then, considering m + 1, we write

EΦ
x

[
w(Xn+m+1)|θ̂n+m,j − θ′j | | Ha

n

]
= EΦ

x

[
EΦ

x [w(Xn+m+1)|θ̂n+m,j − θ′j | | Ha
n+1] | Ha

n

]
≤ EΦ

x

[
(w(Xn+1) + mbQ)|θ̂n,j − θ′j | +

mτw(Xn+1) + bQ(ν1/2 + τ)m(m− 1)/2

Mn+1(θj)
| Ha

n

]

≤ EΦ
x

[
(w(Xn+1) + mbQ)|θ̂n,j − θ′j | | Ha

n

]

+
EΦ

x

[
mτw(Xn+1) + bQ(ν1/2 + τ)m(m− 1)/2 | Ha

n

]
Mn(θj)

after applying the induction hypothesis and using the fact that Mn+1(θj) ≥ Mn(θj)
and that Mn(θj) is σ(Ha

n)-measurable. Direct application of inequalities (6.10)–(6.12)
yields, after some algebra, (6.8) with m incremented to m + 1. The proof follows by
noting that for m = 1, (6.8) follows directly from (6.10).

6.3. Exploration rates. In order to verify convergence of θ̂n to θ′ we must
have each informative subset K(θj) visited infinitely often. This is not problematic
if K(θj) ≡ K for each θj , or if we may otherwise verify that Mn(θ) →n ∞ for a
sufficiently rich class of control policies. In the absence of any such guarantee, one
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method of ensuring sufficient exploration is to employ blocks of exploratory control,
which is the motivation for the mixed policy defined in (6.2). Define

Bn = I{Zn = 1}I{Zn−1 = 0}, n ≥ 1,

Sn =

n∑
i=1

Bi, n ≥ 1,

Jk = inf{j : Sj = k}, k ≥ 1,

Ik = inf{m ≥ 1 : ZJk+m = 0}I{Jk < ∞}, k ≥ 1,

setting for convenience Z0 = 0. A block begins at stage n if Bn = 1, Sn is the number
of blocks begun by stage n, Jk is the stage at which the kth block begins, and Ik is
the duration of the kth block. We will employ the following conditions:

(D2) Sn →n ∞.
(D3) For some constant δ > 0, for each θj of θ,

PΦ
x (Kn(θj)I{Bn = 1} | Hz

n) ≥ δI{Bn = 1},

where

Kn(θj) = ∪ISn
j=1{(Xn+j−1, An+j−1) ∈ K(θj)},

for n ≥ 1.

Remark 6.1. Under (D2) the sequence {Jk : k ≥ 1} satisfies Jk < ∞ and forms
an increasing sequence of stopping times.

Remark 6.2. Condition (D3) states that given that a block begins at stage n,
conditional on the history up to that block, the probability of visiting K(θj) within the
block is at least δ. It holds uniformly over all Xn and θj . This requirement was devised
primarily for mathematical convenience, and in practice may need to be relaxed. The
use of an exploratory control in an actual control setting would presumably be subject
to many practical constraints. See Thrun [33] for an interesting discussion of this
issue.

We make use of the following theorem due to Dubins and Freedman [8].

Theorem 6.2. Suppose a sequence of events Ej is adapted to filtration Fj, j ≥ 0,
defined on probability measure P ; then

Ln =

∑n
j=1 I{Ej}∑n

j=1 P (Ej |Fj−1)

converges to a finite limit L w.p.1, with L = 1 on {
∑

j≥1 P (Ej |Fj−1) = ∞}.
Under conditions (D2) and (D3), the exploration rate follows from the counting

process Sn, as formalized in the following theorem.

Theorem 6.3. Given an MDP with measure (6.3), if (D2)–(D3) hold, then

lim inf
n→∞

Mn(θj)

Sn
≥ δ

w.p.1 for all θj.

Proof. By (D2) J1, J2, . . . forms a sequence of increasing, finite stopping times.
We may define the σ-algebra FJ

k ⊂ S∞ to be that generated by Borel sets resolvable
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by (X1, Z1, A1, O1, . . . , XJk
, ZJk

). This defines filtration FJ = (FJ
1 ,FJ

2 , . . .). We then
have

(6.13) Mn(θj) ≥
Sn−1∑
k=1

I{KJk
(θj)}, n ≥ 1,

where we set the summation to be zero for Sn−1 < 1. We then argue that KJk
(θj) ∈

FJ
k+1, since the occurrence of KJk

(θj) is resolved before stopping time Jk+1. On the

other hand, by (D3) we have PΦ
x (KJk

(θj) | FJ
k ) ≥ δ, k ≥ 1. Applying Theorem 6.2

and noting (D2) and (6.13) gives

1 = lim
n→∞

∑Sn−1
k=1 I{KJk

(θj)}∑Sn−1
k=1 PΦ

x (KJk
(θj) | FJ

k )
≤ lim inf

n→∞

Mn(θj)

δ(Sn − 1)
w.p.1,

which proves the theorem.
The consequence of Theorem 6.3 is that under conditions (D2)–(D3), given (6.7),

the exploration schedule will guarantee

d(θ̂n, θ
′) = o

(
S−1/2+ε
n

)
for any ε > 0.

6.3.1. Randomized exploration schedules. It is straightforward to devise
a completely deterministic schedule that satisfies condition (D2). Alternatively, the
exploration schedule may be randomized, in which case it remains to define conditions
on block transition probabilities which ensure (D2). Define the sequence of mappings
αn(Hx

n) by

PΦ
x (Bn = 1 | Hx

n) = αn(Hx
n)I{Zn−1 = 0}, n ≥ 1.

We may interpret αn(Hx
n) as the probability of entering an exploration block at stage

n, given that the MDP was not in an exploration block at stage n−1. In fact, αn(Hx
n)

follows from pen by αn(Hx
n)I{Zn−1 = 0} = pen(Hx

n)I{Zn−1 = 0}. The following
theorem gives a well-defined rate for Sn in terms of αn(Hx

n).
Theorem 6.4. Given an MDP with measure (6.3), if w.p.1
(i)

∑n
i=1 αi(H

x
i ) →n ∞,

(ii) αn(Hx
n) →n 0, and

(iii) lim supk→∞ k−1(I1 + · · · + Ik) = μI < ∞,
then

lim
n→∞

Sn∑n
i=1 αi(Hx

i )
= 1.

Proof. Suppose Sn is bounded. Then either Zn = 1 for all large enough n, or
Zn = 0 for all large enough n. The first case contradicts (iii), since Ik = ∞ for some
finite k. For the second case, there exists N such that for n > N , we have

n∑
i=1

PΦ
x (Bi = 1 | Hx

i ) =

n∑
i=1

αn(Hx
i )I{Zn−1 = 0} ≥

n∑
i=N

αi(H
x
i ).

The lower bound approaches ∞ as n → ∞ by (i). Noting that the process (B1, B2, . . .)
is adapted to (σ(Hx

2 ), σ(Hx
3 ), . . .) we may use Theorem 6.2 to conclude that Sn → ∞,
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leading to a contradiction. We must therefore have Sn →n ∞, which in turn implies∑∞
i=1 P

Φ
x (Bi = 1 | Hx

i ) = ∞. We then have

n∑
i=1

PΦ
x (Bi = 1 | Hx

i ) =

n∑
i=1

αi(H
x
i )I{Zi−1 = 0}

=

n∑
i=1

αi(H
x
i ) −

n∑
i=1

αi(H
x
i )I{Zi−1 = 1}.(6.14)

Fix ε > 0. From (ii), (iii) there is Nε such that S−1
n

∑n
i=1 I{Zi = 1} < μI + ε and

αn(Hx
n) < ε for n > Nε. The final summation in (6.14) satisfies

n∑
i=1

αi(H
x
i )I{Zi−1 = 1} < Kε + ε(μI + ε)Sn

for n > Nε and some finite Kε. Dividing (6.14) by Sn and letting n → ∞ gives

lim sup
n→∞

∣∣∣∣
∑n

i=1 P
Φ
x (Bi | Hx

i )

Sn
−

∑n
i=1 αi(H

x
i )

Sn

∣∣∣∣ < ε(μI + ε),

which proves the theorem using Theorem 6.2, letting ε → 0.
It will be convenient to define a class of randomized exploration schedules. The

essential feature is that transitions into and out of exploration blocks conditioned on
the current history remain essentially random.

Definition 6.2. An exploration schedule {pen(Hx);n ≥ 1} is randomized if
(i) there exists a constant γ < 1 such that pen(Hx

n) ≤ γ, n ≥ 1, w.p.1;
(ii) there exists a sequence of constants αu

n such that αn(Hx
n) ≤ αu

n, and we have

lim inf
n→∞

∑n
i=1 αi(H

x
i )∑n

i=1 α
u
i

= Kα

w.p.1 for a finite constant Kα > 0.
For convenience set

ξn =

n∑
i=1

αu
i and ᾱu

n = sup
m≥0

αu
n+m, n ≥ 1.

The advantages of a randomized exploration schedule might be considered largely
mathematical. It easily guarantees sufficient variety of state-action pairs while obeying
a well-defined exploration rate. But Remark 6.2 may be equally relevant here. We
summarize the rate of a randomized exploration schedule in the following theorem.

Theorem 6.5. Suppose a randomized exploration schedule (Definition 6.2) sat-
isfies αu

n →n 0 and ξn →n ∞. Then w.p.1,

(6.15) lim inf
n→∞

Sn

ξn
> 0

and

(6.16) lim inf
n→∞

αu
n

PΦ
x (Zn = 1)

≥ (1 − ruγ),

where ru = lim supn→∞ αu
n−1/α

u
n.
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Proof. By hypothesis, and condition (ii) of Definition 6.2, conditions (i)–(ii)
of Theorem 6.4 are satisfied. Additionally, condition (i) of Definition 6.2 implies
condition (iii) of Theorem 6.4 for some μI < ∞. Then (6.15) follows directly from
Theorem 6.4.

We may then write for n ≥ 1, under Definition 6.2,

PΦ
x (Zn = 1) = PΦ

x (Zn = 1 | Zn−1 = 0)PΦ
x (Zn−1 = 0)

+ PΦ
x (Zn = 1 | Zn−1 = 1)PΦ

x (Zn−1 = 1)

≤ αu
nP

Φ
x (Zn−1 = 0) + γPΦ

x (Zn−1 = 1)

≤ αu
n + γPΦ

x (Zn−1 = 1),

which, applied iteratively, gives

(6.17) PΦ
x (Zn = 1) ≤

n∑
i=1

γn−iαu
i .

Then (6.16) follows from a direct application of Lemma 2.3 to the upper bound of
(6.17).

An example of a randomized exploration schedule is easy to construct. We may
generate a production schedule Z1, Z2, . . . with Z0 = 0 from a nonhomogenous Markov
chain with transition matrix

Kn =

[
1 − αn αn

1 − γ γ

]

with suitably chosen αn, γ, governing the transition from Zn−1 to Zn, and assume
transitions occur independently of process history.

Finally, we will make use of the following lemma.
Lemma 6.6. Given an MDP (6.3), if a weight function w ∈ W(X ) satisfies (B1),

for a randomized exploration schedule (Definition 6.2) we have for n ≥ 1, m ≥ 0,

EΦ
x [w(Xn+m)I{Zn+m = 1} | Hx

n ]

≤ (w(Xn) + mbQ)I{Zn−1 = 1} + ᾱu
n(m + 1)(w(Xn) + mbQ).(6.18)

Proof. We have

{Zn+m = 1} ⊂ {Zn−1 = 1} ∪
(
∪m
j=0{Bn+j = 1}

)
,

which implies

EΦ
x [w(Xn+m)I{Zn+m = 1} | Hx

n ] ≤ EΦ
x [w(Xn+m) | Hx

n ]I{Zn−1 = 1}

+

m∑
j=0

EΦ
x [w(Xn+m)I{Bn+j = 1} | Hx

n ].(6.19)

To analyze the terms in (6.19), we write, for j ≥ 0,

EΦ
x [w(Xn+j)I{Bn+j = 1} | Hx

n ] = EΦ
x [EΦ

x [w(Xn+j)I{Bn+j = 1} | Hx
n+j ] | Hx

n ]

= EΦ
x [EΦ

x [I{Bn+j = 1} | Hx
n+j ]w(Xn+j) | Hx

n ]

≤ EΦ
x [αu

n+jw(Xn+j) | Hx
n ](6.20)
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from Definition 6.2. First suppose m = 0. Then (6.18) follows by applying (6.20),
with j = 0, to (6.19) and then noting that Xn is σ(Hx

n)-measurable and that αu
n ≤ ᾱu

n.
Then suppose m ≥ 1. Setting j = 0, . . . ,m− 1, we have

EΦ
x [w(Xn+m)I{Bn+j = 1} | Hx

n ] = EΦ
x [EΦ[w(Xn+m)I{Bn+j = 1} | Ha

n+m−1] | Hx
n ]

= EΦ
x [EΦ[w(Xn+m) | Ha

n+m−1]I{Bn+j = 1} | Hx
n ]

≤ EΦ
x [(w(Xn+m−1) + bQ) I{Bn+j = 1} | Hx

n ](6.21)

by (B1), noting that Bn+j is σ(Ha
n+m−1)-measurable if j ≤ m − 1. Iterating (6.21)

and applying (6.20) gives

EΦ
x [w(Xn+m)I{Bn+j = 1} | Hx

n ] ≤ EΦ
x [(w(Xn+j) + (m− j)bQ) I{Bn+j = 1} | Hx

n ]

≤ EΦ
x [αu

n+j (w(Xn+j) + (m− j)bQ) | Hx
n ];

hence (6.19) implies

EΦ
x [w(Xn+m)I{Zn+m = 1} | Hx

n ] ≤ EΦ
x [w(Xn+m) | Hx

n ]I{Zn−1 = 1}

+

m∑
j=0

αu
n+j

(
EΦ

x [w(Xn+j) | Hx
n ] + (m− j)bQ

)
.(6.22)

Then apply (4.4) to (6.22), which yields (6.18).

6.4. Control policy definition. We are now in a position to define an adaptive
control policy for which a bound on total regret may be calculated, which consists of
the following elements:

(E1) Control model. We have an MCM π = (K, Q,R, β) with β < 1. There
is a contractive solution space Vw and an OSDP based on control function
φ∗π ∈ Kf . The definition includes the observation process defined in (M7)
and an exploration schedule defined in (M8). The policy Φ assumes the form
given in (6.2), and hence the process is governed by the measure defined by
(6.3).

(E2) Weight function. The weight function associated with Vw satisfies (B1)–(B2).
We will further assume that infx w(x) > 0. If not, we may add a positive
constant to w(x), after which (B1)–(B2) will still hold. In this case (B1)
implies ηwQ < ∞.

(E3) PM. We assume the existence of a PM MΘ which conforms to π and Vw. We
assume that Θ ⊂ 
k for finite dimension k and take the metric d to be based
on the �1 norm. The true parameter is denoted by θ′ = (θ′1, . . . , θ

′
k). We

further assume that Dw
r (R,Rθ) < ∞ and Dw

q (Q,Qθ) < ∞ for all θ ∈ Θ. In
addition, we assume that Lipschitz continuity conditions (5.3) and (5.4) hold
for finite constants Cq

B , C
r
B . By Theorem 5.1, this follows from (C1)–(C2).

(E4) CEA. For each θ ∈ Θ, the conditions of Theorem 3.5 follow from (E1)–
(E3), so we may assert Tπθ : V ∩ F (X , ‖ · ‖w) → V ∩ F (X , ‖ · ‖w). Suppose
for each θ ∈ Θ there exists elements v0,θ, V

∗
πθ ∈ V ∩ F (X , ‖ · ‖w) for which

‖T i
πθv0,θ − V ∗πθ‖w →i 0. Then we may construct a CEA (Definition 3.7) from

any sequence θ̂1, θ̂2, . . . .
(E5) Parametric estimation. Assume that the informative subset K(θj) is nonempty

for each θj . At stage n we may calculate estimate θ̂n = (θ̂n,1, . . . , θ̂n,k), using
the estimators defined by (6.6). We also assume that condition (D1) holds.
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(E6) Exploratory control. We assume pen is a randomized exploration schedule
(Definition 6.2) which satisfies the conditions of Theorem 6.5, from which
(D2) follows. We assume Φe satisfies condition (D3), hence Theorem 6.3
applies, so that given (6.7) we may conclude

d(θ̂n, θ
′) = o

(
S−1/2+ε
n

)

for any ε > 0. We further assume that in Theorem 6.5 (1 − ruγ) > 0.

(E7) Optimal control. At stage n an estimate φ̂n of φ∗π is calculated based on model

π̂n = πθ̂n−1 . The lag of one stage is due to the fact that θ̂n is dependent on
observation On, which is observed after control An is applied, while θ̂n−1 may
be observed before. A default estimate for θ̂0 is assumed to be available. The
value function V ∗π̂n

given in (E4) is calculated. For each x ∈ X a minimization

operation is undertaken for T a
π̂n

V ∗π̂n
(x, a) over a ∈ Kx, with φ̂n(x) set to the

solution. The actual minimum may or may not be achievable. In either case
we set

εn(x) = T a
π̂n

V ∗π̂n
(x, φ̂n(x)) − Tπ̂n

V ∗π̂n
(x).

In principle, this quantity may be made arbitrarily small if the minimization
cannot be exact. The optimal component of the control Φ is then given by

Φo
n(Ea | Hx

n) = I{φ̂n(Xn) ∈ Ea}

for any Ea ∈ B(A).

Our final task is to estimate the combined regret of the MDP defined by (E1)–
(E7). This is done in the form of an upper bound on ΛΦ

n (Hx
n). In the discussion which

follows, c1, . . . , c12 are finite positive constants which do not depend on n. Their exact
values are omitted for the sake of clarity.

For any MDP with a contractive solution space satisfying (B1)–(B2), an upper
bound is directly obtainable from (4.3) and (4.6) of Theorem 4.1 and its proof. In
particular, there exist constants c1, c2 for which

(6.23) ΛΦ
n (Hx

n) ≤ V ∗π (Xn) + c1w(Xn) + c2 ≤ V ∗π (Xn) +
(
c1 +

c2
w∗

)
w(Xn),

where w∗ = infx w(x). A refinement of this bound for the adaptive policy discussed
here follows.

Theorem 6.7. For the MDP defined in (E1)–(E7) the following bound on regret
holds:

ΛΦ
x (Hx

n) ≤ V ∗π (Xn) + (w(Xn) + 1)(c9I{Zn−1 = 1} + c10ᾱ
u
n

+ c11d(θ̂n−1, θ
′) + c12(Mn−1(θ))

−1)(6.24)

for some finite constants c9, c10, c11, c12.

Proof. First, bound the error of the value function estimate of the CEA. Under
the Lipschitz property of MΘ we have

(6.25) max
(
Dw

q (Qθ̂n , Q), Dw
r (Rθ̂n , R)

)
≤ CBd(θ̂n, θ

′), n ≥ 1,
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for some finite CB . Then Theorem 3.7 may be re-expressed as

‖V ∗π̂n
− V ∗π ‖w

(
1 − c3D

w
q (Qθ̂n−1 , Q)

)
≤ c4 max

(
Dw

r (Rθ̂n−1 , R), Dw
q (Qθ̂n−1 , Q)

)
, n ≥ 1,(6.26)

for finite positive constants c3, c4, making use of the inequality ‖V ∗π̂n
‖w ≤ ‖V ∗π̂n

−
V ∗π ‖w + ‖V ∗π ‖w, and the fact that ‖V ∗π ‖w < ∞. Given (6.25) and (6.26) we may then
identify constants c5, c6 such that

(6.27) ‖V ∗π̂n
− V ∗π ‖w ≤ c5d(θ̂n−1, θ

′) when d(θ̂n−1, θ
′) ≤ c6.

With sufficient regularity conditions we can set the quantity εn ≡ 0 defined in (E7);
otherwise, we assume that εn may be made as small as we wish. Then by Theorem
4.2 and (6.27) there is a constant c7 such that

λπ(x, φ̂n(x)) ≤ c7w(x)d(θ̂n−1, θ
′) when d(θ̂n−1, θ

′) ≤ c6

if we may ensure, say, that ‖εn‖w ≤ d(θ̂n−1, θ
′). Then for fixed n, m ≥ 0 consider a

term of the form

λπ(Xn+m, An+m) ≤ λπ(Xn+m, An+m)I{Zn+m = 1}
+ λπ(Xn+m, An+m)I{Zn+m = 0 ∧ d(θ̂n+m−1, θ

′) ≤ c6}
+ λπ(Xn+m, An+m)I{d(θ̂n+m−1, θ

′) > c6}
= B1

n+m + B2
n+m + B3

n+m(6.28)

and consider the problem of estimating EΦ
x [λπ(Xn+m, An+m) | Hx

n ]. For term B1
n+m,

by condition (B2) and Lemma 6.6 we may write

EΦ
x [B1

n+m | Hx
n ] ≤ bπE

Φ
x [w(Xn+m)I{Zn+m = 1} | Hx

n ]

≤ bπ ((w(Xn) + mbQ)I{Zn−1 = 1} + ᾱu
n(m + 1)(w(Xn) + mbQ)) .(6.29)

For term B2
n+m note that Zn+m = 0 implies An+m = φ̂n+m(Xn+m), so that

(6.30) B2
n+m ≤ c7w(Xn+m)d(θ̂n+m−1, θ

′).

Finally, we may write

(6.31) B3
n+m ≤ bπc

−1
6 w(Xn+m)d(θ̂n+m−1, θ

′).

By applying Lemma 6.1 to each of the k terms of d(θ̂n+m−1, θ
′) we have, for m ≥ 0,

EΦ
x [w(Xn+m)d(θ̂n+m−1, θ

′) | Hx
n ] = EΦ

x [EΦ
x [w(Xn+m)d(θ̂n+m−1, θ

′) | Ha
n] | Hx

n ]

≤ EΦ
x

[
(w(Xn) + mbQ)d(θ̂n−1, θ

′)

+
mτw(Xn) + bQ(ν1/2 + τ)m(m− 1)/2

Mn(θ)
| Hx

n

]

≤ (w(Xn) + mbQ)d(θ̂n−1, θ
′)

+
mτw(Xn) + bQ(ν1/2 + τ)m(m− 1)/2

Mn−1(θ)
,(6.32)
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noting that Mn−1(θ) ≤ Mn(θ) ≤ Mn(θj) and that Xn,θ̂n−1 and Mn−1(θ) are each
σ(Hx

n)-measurable.
Combining (6.28)–(6.32) gives, for some finite constant c8,

EΦ
x [λπ(Xn+m, An+m) | Hx

n ] ≤ bπ(w(Xn) + mbQ)I{Zn−1 = 1}
+ bπᾱ

u
n(m + 1)(w(Xn) + mbQ)

+ c8(w(Xn) + mbQ)d(θ̂n−1, θ
′)

+ c8
mτw(Xn) + bQ(ν1/2 + τ)m(m− 1)/2

Mn−1(θ)
.(6.33)

Applying Theorem 4.1 to inequality (6.33) yields after taking suitable summations
(6.24).

The importance of (6.24) is that it decomposes the bound on regret into that
attributable to exploration and estimation. Furthermore, each source of regret can
be explicitly related to the exploration rate, permitting selection of that rate. By
Theorems 6.3 and 6.5 we have, for ε > 0,

(6.34) d(θ̂n, θ
′) = o

(
ξ−1/2+ε
n

)
.

For the sake of argument, suppose αu
n ∝ n−r for 0 < r ≤ 1. Then ξn ∝ n1−r for r < 1

and ξn ∝ log(n) for r = 1. This gives d(θ̂n−1, θ
′) = o(n(r−1)/2+ε), and Mn(θ)−1 =

O(nr−1) for r < 1 and d(θ̂n−1, θ
′) = o(log(n)−1/2+ε), and Mn(θ)−1 = O(log(n)−1) for

r = 1, which yields

ΛΦ(Hx
n) = V ∗π (Xn) + (w(Xn) + 1)

(
c9I{Zn−1 = 1} + O(n−r) + o(n(r−1)/2+ε)

)
for r < 1 and

ΛΦ(Hx
n) = V ∗π (Xn) + (w(Xn) + 1)

(
c9I{Zn−1 = 1} + O(n−1) + o(log(n)−1/2+ε)

)
for r = 1. By Theorem 6.5 we have PΦ

x (Zn = 1) = O(αu
n) = O(n−r); thus we may

take the overall contribution to regret due to exploration to be O(n−r), and that due
to estimation to be o(n(r−1)/2+ε) for r < 1 or o(log(n)−1/2+ε)) for r = 1. The upper
bound is optimized by setting r = 1/3; that is, we may devise an adaptive policy at
which regret is accrued at rate o(n−1/3+ε).

7. Conclusion and further work. We have formulated the basis for a general
theory of approximate iterative algorithms, giving a comprehensive set of convergence
results following from properties given in terms of normed linear spaces.

The value of such a theory was illustrated by an extended application to the
problem of model-based approximate and adaptive control of Markov decision pro-
cesses. The theory permitted a sharpening of known convergence rates, applied to a
more general model. Additionally, bounds on regret for adaptive controls with forced
exploration are calculated in terms of a stagewise exploration rate. This permits the
determination of an optimal choice of exploration rate.

Although this work establishes a number of important mathematical principles,
there are a number of areas in which further refinement would make the theory more
relevant to the practical design of control policies.

Attention was restricted to discounted cost models. Alternative norms or opera-
tors which induce the contraction property have been developed for the average cost
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criterion control model (see, for example, [18, 19, 3, 36]). Application of this theory
to average cost models would seem to be a logical extension.

In this work, parametric estimators have been restricted to a class of sample
averages, whereas a much broader class of recursive estimators is required for general
applications. A suitable extension should be possible for estimators with martingale
properties, permitting natural conditions under which (6.7) will hold. The next task
would be to derive a result comparable to Lemma 6.1. Once these conditions are met,
Theorem 6.7 could then be argued as before. The theory could then conform more to
the standard partially observed control model discussed in [17, 12, 2].

We briefly reiterate a number of points made earlier. The exploratory control
presented here is mathematically convenient, but in practice one would expect any
number of stringent constraints or specialized structures. For example, in [12] estima-
tion of an unknown parameter within a repair system model is made specifically at
replacement times, providing a natural example of the informative subset discussed
in section 6.2. It is hoped that the present theory can be used to carefully analyze
alternative exploratory controls of a variety of structures.

The rate for regret reported in section 6.4 is optimal for the type of adaptive
control considered here. The fact that a strictly better cumulative regret of order
an log(n), for any an → ∞, can be achieved for some models using a bandit theory
approach [25] suggests a number of possibilities. Perhaps the regret rate reported
here can be further sharpened for some subset of the models presented. Failing that,
it would still be of interest to consider the possibility that an alternative model-based
control can be designed which approaches the faster bandit theory rate. It could be
expected that such a control would be more stable than one based on randomization
over control policies.
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reading of the manuscript and for their guidance during the revision process. The au-
thor also wishes to thank Ronald Shonkwiler and Franklin Mendivil for their generous
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DIRICHLET PROBLEMS FOR SOME HAMILTON–JACOBI
EQUATIONS WITH INEQUALITY CONSTRAINTS∗
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Abstract. We use viability techniques for solving Dirichlet problems with inequality constraints
(obstacles) for a class of Hamilton–Jacobi equations. The hypograph of the “solution” is defined as
the “capture basin” under an auxiliary control system of a target associated with the initial and
boundary conditions, viable in an environment associated with the inequality constraint. From the
tangential condition characterizing capture basins, we prove that this solution is the unique “upper
semicontinuous” solution to the Hamilton–Jacobi–Bellman partial differential equation in the Barron-
Jensen/Frankowska sense. We show how this framework allows us to translate properties of capture
basins into corresponding properties of the solutions to this problem. For instance, this approach
provides a representation formula of the solution which boils down to the Lax–Hopf formula in the
absence of constraints.

Key words. Hamilton–Jacobi equations, viability theory, optimal control, traffic modeling
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1. Introduction.

1.1. Motivation. This article is motivated by macroscopic fluid models of
highway traffic, following the pioneering work of Lighthill and Whitham [64] and
Richards [78]. In their original work, the authors modeled highway traffic flow with
a first order hyperbolic partial differential equation with concave flux function, called
the Lighthill–Whitham–Richards (partial differential) equation. This model is the
seminal model for numerous highway traffic flow studies available in the literature
today [2, 45, 46, 63, 33, 87, 31]. It models the evolution of the density of vehicles on a
highway by a conservation law, in which the mathematical model of the flux function
inside the conservation law results from empirical measurements [60].

Solutions to such equations may have shocks (they are set-valued maps), which
model abrupt changes in vehicle density on the highway [2], and only model physical
phenomena to a certain degree. Hence discontinuous selections of these solutions are
investigated, for instance, the entropy solution [2] of Oleinik [73], which is acknowl-
edged to be the proper weak solution of this problem. There has been an extensive
literature on this problem, of which we single out the work of Bardos, Leroux, and
Nedelec [24]; see also Strub and Bayen [83].

Very few results applicable to highway traffic are available for control of first order
hyperbolic conservation laws. Differential flatness [50] has been successfully applied
to the Burgers equation (and therefore to the Lighthill–Whitham–Richards equation)
in [75] order to avoid the formation of such shockwaves. This analysis does not so far
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extend to the presence of shocks. Lyapunov-based techniques have also been applied
to the Burgers equation [62]. Adjoint-based methods have been successfully applied to
networks of Lighthill–Whitham–Richards equations in [57]; these results seem so far
the most promising, but they do not have guarantees to provide an optimal control
policy. Questions of interest in controlling first order partial differential equations
[66, 74, 82, 86], and in particular, Lighthill–Whitham–Richards equations, are still
open and difficult to solve due to the presence of shocks occurring in the solutions of
these partial differential equations [3, 20, 21, 32, 36, 42, 47, 48, 49, 58, 59, 61].

In order to alleviate the technical difficulties resulting from shocks present in solu-
tions of the Lighthill–Whitham–Richards equation, an alternate formulation consists
in considering the cumulated number of vehicles, widely used in the transportation
literature as well [70, 71, 72]. The cumulative number of vehicles can be thought of
as a primitive of the density over space. Formally, the evolution of the cumulated
number N(t, x) of vehicles is the solution of a Hamilton–Jacobi (partial differential)
equation of the form

∂N(t, x)

∂t
+ ψ

(
∂N(t, x)

∂x

)
= ψ(v(t)),

where the flux function ψ appearing in this Hamilton–Jacobi equation is in fact con-
cave as shown by the empirically measured flux function of the Lighthill–Whitham–
Richards equation [64, 78, 24, 83]. The function v(·) will be regarded as a control of
the Hamilton–Jacobi equation in forthcoming studies. It could, for example, model
the inflow of vehicles at the entrance of a stretch of highway. It is a given datum in
this paper.

The solution of this Hamilton–Jacobi equation has no shocks but is not necessarily
differentiable. It is only upper semicontinuous. Actually, the nondifferentiability of the
cumulated number of vehicles is closely related to the presence of the shocks of the
solution to the Lighthill–Whitham–Richards equation (see, for instance, [39, 40, 41]).

Since the Lighthill–Whitham–Richards equation and the Hamilton–Jacobi equa-
tion model the same physical phenomenon, and since both formulations are equiva-
lently used in the highway transportation literature, we single out in this paper the
study of the evolution of the cumulated number of vehicles in order to leverage the
extensive knowledge of Hamilton–Jacobi equations for which control and viability
techniques can be applied [65, 67, 68, 69, 76, 77, 81].

1.2. Contributions of the paper. We shall revisit this Hamilton–Jacobi equa-
tion by answering new questions as follows:

• introducing a nontrivial right-hand side;
• involving Dirichlet conditions;
• and, above all, imposing inequality constraints on the solution, for instance,

upper bounds on the cumulated number of vehicles, depending on time and
space variables.

For this purpose, we suggest using a novel point of view based on the concept of
capture basin of a target viable in an environment extensively studied in the frame-
work of viability theory; i.e., given a closed subset of a finite dimensional vector space
regarded as an environment, a closed subset of this environment considered as a target
and a control system, the viable capture basin is the subset of initial states of the
environment from which starts at least one evolution governed by the control system
viable in the environment until the finite time when it reaches the target (see Def-
inition 3.3). It happens that the hypograph of the solution to the Hamilton–Jacobi
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equation satisfying initial and Dirichlet conditions as well as inequality constraints is
the capture basin of an auxiliary target (involving initial and boundary conditions) vi-
able in an auxiliary environment (involving inequality constraints) under an auxiliary
control system (involving the flux function of the Hamilton–Jacobi equation).

Hence, anticipating this property, we define the viability hyposolution of the
Dirichlet problem for this Hamilton–Jacobi equation with constraints from this prop-
erty as being a viable capture basin (see Definition 4.1). Then we proceed by trans-
lating properties of viable capture basins (see [7], for instance) in the language of
partial differential equations for this particular case. We shall prove that the viability
hyposolution

1. is the unique generalized solution in the Barron-Jensen/Frankowska sense1

(a weaker concept of viscosity solution introduced by Crandall, Evans, and
Lions in [44, 43] for continuous solutions adapted to the case when solution
is only semicontinuous): Theorem 9.1;

2. is equivalently the unique upper semicontinuous solution in the contingent
Frankowska sense:2 Theorem 8.1;

3. satisfies the sup-linearity property and depends “hypocontinuously” on the
initial and Dirichlet conditions;

4. is represented by the Lax–Hopf formula [1] (see Theorem 5.1) in the ab-
sence of inequality constraints, a more involved representation formula (see
Theorem 5.5) in the presence of inequality constraints, upper estimates (maxi-
mum principle; see Proposition 5.3), and lower estimates (see Proposition 5.4).

The results presented in this article have since been applied to highway traffic
data [30, 29], using available algorithms to solve, in particular, viability problems
numerically [80, 37, 38].

1.3. Outline of the paper. In order to make the paper more readable, section 3
gathers some definitions, notations, and basic prerequisites of viability theory and con-
vex analysis for the convenience of readers who are not familiar with these topics. We
then state the problem and the main assumptions, which will not be repeated. We
next define the viability hyposolution to the nonhomogeneous Dirichlet/initial value
problem for our class of Hamilton–Jacobi equations under inequality constraints as
the capture basin of a target summarizing the Dirichlet/initial data viable in a target
associated with inequality constraints. Then, we translate the properties of capture
basins into the viability hyposolution, starting with a general representation formula
providing Lax–Hopf formulas in the absence of inequality constraints. We next check
that the viability hyposolution satisfies the Dirichlet and initial conditions as well as
the inequality constraints. The last three sections are devoted to the proof that the vi-
ability hyposolution is a solution to the Hamilton–Jacobi partial differential equation

1Frankowska proved that the epigraph of the value function of an optimal control problem—
assumed to be only lower semicontinuous—is semipermeable (i.e., invariant and backward viable)
under a (natural) auxiliary system. Furthermore, when it is continuous, its epigraph is viable and its
hypograph invariant [53, 54, 56]. By duality, the latter property is equivalent to the fact that the value
function is a viscosity solution of the associated Hamilton–Jacobi equation in the sense of Crandall
and Lions. See also [26, 22, 8] for more details. Such concepts have been extended to solutions of
systems of first order partial differential equations without boundary conditions by Frankowska and
the first author (see [14, 15, 16, 17, 18, 19] and Chapter 8 of [5]). See also [11, 12].

2Contingent inequalities were first introduced in [4] for characterizing Lyapunov functions and
value functions of a class of control problems and later, used in [84, 85] to investigate infinitesimal
properties of Lyapunov and value functions in differential games. The “backward inequality” was
introduced for the first time in [55, 56] to prove uniqueness of lower semicontinuous solutions of
Hamilton–Jacobi–Bellman equations. See also [23, 25, 27, 28, 34, 35].
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in two equivalent dual generalized senses by translating both the viability theorem
and the invariance theorem characterizing the capture basin in terms of either tan-
gential conditions or normal conditions, as it was done in a long series of papers by
Frankowska. Using tangential conditions, we express the viability hyposolution as a
solution to the Hamilton–Jacobi partial differential equation couched in terms of con-
tingent hypoderivatives, whereas using normal conditions, we characterize it in terms
of superdifferentials, as it was done independently by Barron-Jensen and Frankowska,
in the spirit of nonsmooth analysis and viscosity solutions. The presence of inequality
constraints complicates the technical formulation of the concept of solution at points
where the solution touches the boundary of the constraint, above all in the superdif-
ferential formulation, justifying the reason why we conclude this paper with this dual
characterization.

2. Statement of the problem. This section states the problem of interest for
this article. Section 3 provides all prerequisites for the concepts used in the later
sections for a reader not familiar with viability theory and convex analysis. No pre-
requisites from viability theory are required to read this section.

2.1. Notation. For notational convenience, and in order to avoid multiplication
of the letters used in the article, we have used the letters σ and τ is several different
ways, which depend on context; i.e., for σ, we have the following definitions, based on
context:
• Support function for some compact convex subset A ⊂ X, where σA(v) := σ(A, v) :=

supu∈A 〈u, v〉 is the support function of A. Note that the first argument of σ is a
set, while the second is a vector.

• Auxiliary min inf function σ(t, x, u) := min(t, τ(x, u)), defined in Theorem 5.1.
Note that this function has three arguments, which are one scalar t and two vectors
x and u of X.

• Auxiliary min inf functional σ(t, x, u(·)) = min(t, τ(x, u(·))), defined in the proof
of Theorem 5.1. Note that this function has three arguments, which are one scalar
t, one vector x ∈ X, and function u(·) (measurable, integrable).

Similarly for the notation τ is used as a
• Dummy variable τ , for example, in integrals. Note that τ has no argument.
• Pseudotime τ(t), for example, in (13). Note that τ(t) has one argument t which

corresponds to the running time of the corresponding differential inclusion.
• Auxiliary inf function τ(x, u) := infx+tu/∈K t, defined in Theorem 5.1. Note that

this function has two inputs, which are vectors x and u of X.
• Auxiliary inf functional τ(x, u(·)) := infx+

∫ t
0
u(τ)dτ /∈K t, defined in the proof of

Theorem 5.1. Note that this function has two inputs, which is one vector x ∈ X
and function u(·) (measurable, integrable).

We will use this notation in the rest of the article, and in each of the cases of interest,
the context, i.e., the number of arguments of τ , provides the proper definition.

2.2. Assumptions. We set X := R
n. Let us consider

1. a concave function ψ : X �→ R satisfying growth conditions

∀ v ∈ X, β − σA(v) ≤ ψ(v) ≤ δ − σA(v)

for some compact convex subset A ⊂ X, where σA(v) := supu∈A 〈u, v〉 is the
support function of A and where β ≤ δ.

2. a bounded continuous function v : R+ �→ Dom(ψ).
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3. an upper semicontinuous initial datum N0 : X �→ R+. We set N0(0, x) :=
N0(x) and N0(t, x) := −∞ if t > 0.

4. a closed subset K ⊂ X with nonempty interior Int(K) =: Ω and boundary
∂K =: Γ.

5. an upper semicontinuous boundary datum γ : R+ ×X �→ R, satisfying3

∀ x ∈ ∂K, N0(x) = γ(0, x) and ∀ t ≥ 0, ∀ x ∈ Int(K), γ(t, x) = −∞.

6. a Lipschitz function b : R+ ×X �→ R ∪ {−∞} setting the upper constraint.

We shall also assume in this paper that the data satisfy the following consistency
conditions:

(1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(i) ∀ x ∈ ∂K, N0(x) = γ(0, x);
(ii) ∀ t ≥ 0, ∀ x ∈ K, max ( N0(t, x), γ(t, x)) ≤ b(t, x);

(iii) ∀ 0 ≤ r ≤ s, ∀ x ∈ ∂K, ∀ y ∈ ∂K, γ(r, x) − γ(s, y) ≤
〈

1

s− r

∫ s

r
v(τ)dτ, x− y

〉
;

(iv) ∀ x ∈ K, ∀ y ∈ ∂K, N0(x) ≤ inf
s≥0

(
γ(s, y) +

〈
1

s

∫ s

0
v(τ)dτ, x− y

〉)
,

which are needed only to prove that the Dirichlet/initial conditions are satisfied (see
Theorem 6.1). When the function v(·) ≡ v is constant, they boil down to

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(i) ∀ x ∈ ∂K, N0(x) = γ(0, x);
(ii) ∀ t ≥ 0, ∀ x ∈ K, max ( N0(t, x), γ(t, x)) ≤ b(t, x);
(iii) ∀ 0 ≤ r ≤ s, ∀ x ∈ ∂K, y ∈ ∂K, γ(r, x) − γ(s, y) ≤ 〈v, x− y〉;
(iv) ∀ x ∈ K, y ∈ ∂K, N0(x) ≤ inf

s≥0
γ(s, y) + 〈v, x− y〉.

Under the above mentioned assumptions that are assumed throughout this paper,
we shall solve the existence of a solution to the nonhomogenous Hamilton–Jacobi
equation

(2) ∀ t > 0, x ∈ Int(K),
∂N(t, x)

∂t
+ ψ

(
∂N(t, x)

∂x

)
= ψ(v(t))

satisfying the initial and Dirichlet conditions

(3)

{
(i) ∀ x ∈ K, N(0, x) = N0(x) (initial condition),
(ii) ∀ t ≥ 0, ∀ x ∈ ∂K, N(t, x) = γ(t, x) (Dirichlet boundary condition)

and the viability constraints

∀ t ≥ 0, x ∈ K, N(t, x) ≤ b(t, x) (upper inequality constraint).(4)

3This is not mandatory. We can take any function such that Dom(γ) ⊂ K is strictly contained in
K, an instance which may be useful for defining “guards” in impulse or hybrid systems, for instance.
Boundary conditions are obtained when Dom(γ) = ∂K.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DIRICHLET PROBLEMS FOR HAMILTON–JACOBI EQUATIONS 2353

Example. This equation is motivated by a commonly used first order model equa-
tion in highway traffic (Lighthill–Whitham–Richards equation) when X := R and
K := [ξ,+∞[, ψ a concave flux function vanishing at density 0 and at a jam density
ω > 0 and N(t, x) is the cumulated number of vehicles at time t and at location
x ∈ K. Consistency conditions (1) read in this case: N0(ξ) = γ(0, ξ) and

(5)

⎧⎪⎪⎨
⎪⎪⎩

(i) ∀ t ≥ 0, ∀ x ∈ K, max ( N0(t, x), γ(t, x)) ≤ b(t, x);
(ii) ∀ 0 ≤ r ≤ s, γ(r, ξ) − γ(s, ξ) ≤ 0 (monotonocity);

(iii) ∀x ∈ K, N0(x) ≤ inf
s≥0

(
γ(s, ξ) +

〈
1

s

∫ s

0

v(τ)dτ, x− ξ

〉)
.

Then the trapezoidal flux function (such as the one proposed by Daganzo [45, 46])
defined by

ψ(v) =

⎧⎨
⎩

ν�v if v ≤ γ�,
δ if v ∈ [γ�, γ�],
ν�(ω − v) if v ≥ γ�,

and the Greenshield flux function

ψ(v) =

⎧⎨
⎩

νv if v ≤ 0,
ν
ωv(ω − v) if v ∈ [0, ω],
ν(ω − v) if v ≥ ω

satisfy the assumptions on the function ψ with A := [−ν�,+ν�] and A := [−ν,+ν],
respectively (see Lemma 7.2 in section 7).

We characterize the solution to this nonhomogenous Dirichlet/initial value prob-
lem with inequality constraints through the capture basin of a target defined by the
Dirichlet/initial conditions viable in an environment defined by inequality constraints
under an adequate control system.

3. Prerequisite from viability theory and convex analysis. Readers fa-
miliar with convex analysis and viability theory can skip this section and proceed
directly to section 4.

3.1. Some prerequisites from viability theory. Here, X := R
n and Y := R

m

denote finite dimensional vector spaces. Let f : X × Y �→ X be a single-valued map
describing the dynamics of a control system and U : X � Y the set-valued map
describing the state-dependent constraints on the controls.

First, any solution to a control system with state-dependent constraints on the
controls

{
(i) x′(t) = f(x(t), u(t)),
(ii) u(t) ∈ U(x(t))

can be regarded as a solution to the differential inclusion x′(t) ∈ F (x(t)), where the
right-hand side is defined by F (x) := f(x, U(x)) := {f(x, u)}u∈U(x).
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We denote by S(x) ⊂ C(0,∞;X) the set of absolutely continuous functions t �→
x(t) ∈ X satisfying

for almost all t ≥ 0, x′(t) ∈ F (x(t))

starting at time 0 at x: x(0) = x. The set-valued map S : X � C(0,∞;X) is called
the solution map associated with F .

Therefore, from now on, as long as we do not need to implicate explicitly the
controls in our study, we shall replace control problems by differential inclusions.

We shall say that K is locally viable under F if from every x ∈ K starts a solution
x(·) to the differential inclusion x′ ∈ F (x) viable in K on the nonempty interval [0, Tx[
in the sense that

∀ t ∈ [0, Tx[, x(t) ∈ K

and that K is viable if we can take Tx = +∞. It is locally backward invariant under
F if for every t0 ∈ ]0,+∞[, x ∈ K, for all solutions x(·) to the differential inclusion
x′ ∈ F (x) arriving at x at time t0, there exists s ∈ [0, t0[ such that x(·) is viable in K
on the interval [s, t0], and backward invariant if we can take s = 0.

We denote by

Graph(F ) := {(x, y) ∈ X × Y | y ∈ F (x)}

the graph of a set-valued map F : X � Y and by Dom(F ) := {x ∈ X|F (x) �= ∅} its
domain.

Most of the results of viability theory are true whenever we assume that the
dynamics is Marchaud as follows.

Definition 3.1 (Marchaud map). We shall say that F is a Marchaud map if⎧⎪⎪⎨
⎪⎪⎩

(i) the graph of F is closed,
(ii) the values F (x) of F are convex,
(iii) the growth of F is linear:

∃ c > 0 | ∀ x ∈ X, ‖F (x)‖ := supv∈F (x) ‖v‖ ≤ c(‖x‖ + 1).

We shall say that F is λ-Lipschitz if

∀ x, y ∈ X, F (x) ⊂ F (y) + λ‖x− y‖B,

where B is the unit ball.
This covers the case of Marchaud control systems, where (x, u) �→ f(x, u) is con-

tinuous, affine with respect to the controls u and with linear growth, and when U is
Marchaud.

We recall the following version of the important Theorem 3.5.2 of [5].
Theorem 3.2 (the stability theorem). Assume that F : X � X is Marchaud.

Then the solution map S is upper semicompact with nonempty values; this means that
whenever xn ∈ X converge to x in X and xn(·) ∈ S(xn) is a solution to the differential
inclusion x′ ∈ F (x) starting at xn, there exists a subsequence (again denoted by) xn(·)
converging to a solution x(·) ∈ S(x) uniformly on compact intervals.

We shall also need some other prerequisites from [5].
Definition 3.3 (capture basin of a target). Let C ⊂ K ⊂ X be two subsets, C

being regarded as a target, K as a constrained set. The subset Capt(K,C) of initial
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states x0 ∈ K such that C is reached in finite time before possibly leaving K by at
least one solution x(·) ∈ S(x0) starting at x0 is called the viable-capture basin of C
in K. A subset K is a repeller under F if all solutions starting from K leave K in
finite time. A subset D is locally backward invariant relative to K if all backward
solutions starting from D viable in K are actually viable in K.

We recall the following result of [10].

Theorem 3.4 (fixed-point characterization of capture basins). The viable-capture
basin Capt(K,C) of a target C viable in K is

1. the largest subset D satisfying C ⊂ D ⊂ K and D ⊂ Capt(D,C),
2. the smallest subset D satisfying C ⊂ D ⊂ K and Capt(K,D) ⊂ D, and
3. the unique subset D satisfying C ⊂ D ⊂ K and

D = Capt(K,D) = Capt(D,C).

The subset K\C denotes the intersection of K and the complement of C; i.e., it
is the set of elements of K which do not belong to C. We can derive the following
characterization of capture basin (see [7]).

Theorem 3.5 (viability characterization of capture basins). Let us assume that
F is Marchaud and that the subsets C ⊂ K and K are closed. If K\C is a repeller
(this is the case when K itself is a repeller), then the viable-capture basin Capt(K,C)
of the target C under S is the unique closed subset satisfying C ⊂ D ⊂ K and

(6)

{
(i) D\C is locally viable under S,
(ii) D is locally backward invariant relative to K.

The contingent cone TL(x) to L ⊂ X at x ∈ L is the set of directions v ∈ X such
that there exist sequences hn > 0 converging to 0 and vn converging to v satisfying
x+hnvn ∈ L for every n (see, for instance, [13] or [79] for more details). The (regular)
normal cone is the polar cone NL(x) := (TL(x))− of the contingent cone.

Definition 3.6 (Frankowska property). Let us consider a set-valued map F :
X � X and two subsets C ⊂ K and K. We shall say that a subset D between C and
K satisfies the Frankowska property with respect to F if

(7)

⎧⎨
⎩

(i) ∀ x ∈ D\C, F (x) ∩ TD(x) �= ∅;
(ii) ∀ x ∈ D ∩ Int(K), −F (x) ⊂ TD(x);
(iii) ∀ x ∈ D ∩ ∂K, −F (x) ∩ TK(x) ⊂ TD(x).

Actually, conditions (7)(ii), (iii) boil down to the same condition,

∀ x ∈ D, −F (x) ∩ TK(x) ⊂ TD(x).

When K is further assumed to be backward locally invariant, the above conditions
(7) boil down to

(8)

{
(i) ∀ x ∈ D\C, F (x) ∩ TD(x) �= ∅;
(ii) ∀ x ∈ D, −F (x) ⊂ TD(x).

Theorem 3.5 and the viability4 and invariance theorems imply the following.

4See, for instance, Theorems 3.2.4, 3.3.2, and 3.5.2 of [5].
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Theorem 3.7 (tangential characterization of capture basins). Let us assume that
F is Marchaud, that K is closed, and that a closed subset C satisfies ViabF (K\C) = ∅.
Then the viable-capture basin CaptKF (C) is

1. the largest closed subset D satisfying C ⊂ D ⊂ K and

(9) ∀ x ∈ D\C, F (x) ∩ TD(x) �= ∅;

2. the unique closed subset D satisfying the Frankowska property (7) if F is
Lipschitz.

We provide the dual characterization of the capture basin in terms of normal
cones due to Frankowska.

Lemma 3.8 (normal characterization of capture basins). Let us assume that

∀ x ∈ K, 0 ∈ Int(F (x) + TK(x)).

Then property (7) is equivalent to the dual property

(10)

⎧⎨
⎩

(i) ∀ x ∈ D\C, ∀ p ∈ ND(x), σ(F (x),−p) ≥ 0;
(ii) ∀ x ∈ D ∩ Int(K), ∀ p ∈ ND(x), σ(F (x),−p) ≤ 0;
(iii) ∀ x ∈ D ∩ ∂K, ∀ p ∈ ND(x), infq∈NK(x) σ(F (x), q − p) ≤ 0.

Proof. Whenever 0 ∈ Int(F (x)+TK(x)), Proposition 3.9 on page 50 of [6] implies
that the support function of −F (x) ∩ TK(x) is the inf-convolution of the support
functions of −F (x) and TK(x) as follows:

σ(−F (x) ∩ TK(x), p) = inf
q∈NK(x)

σ(F (x), q − p).

Consequently, inclusion −F (x) ∩ TK(x) ⊂ TD(x) is equivalent to

∀ p, inf
q∈NK(x)

σ(F (x), q − p) ≤ σ(TD(x), p),

which can be written

∀ p ∈ ND(x), inf
q∈NK(x)

σ(F (x), q − p) ≤ 0.

This concludes the proof.

3.2. Some prerequisites of convex analysis. We gather in this section nota-
tions and some results on convex analysis for the convenience of the reader not familiar
with this topic. Since the authors of most books on convex analysis have chosen to
study convex functions rather than concave ones, we have chosen to associate with
the concave function ψ the Fenchel transform ϕ� of ϕ := −ψ rather than the “concave
Fenchel” transform ψ� defined by the concave function

ψ�(u) := inf
p∈Dom(ψ)

[〈p, u〉 − ψ(p)] = −ϕ�(−u).

The basic theorem of convex analysis states that ψ = ψ�� if and only if ψ is con-
cave, upper semicontinuous, and nontrivial (i.e., Dom(ψ) := {p | ϕ(p) > −∞} �= 0).
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The epigraph Ep(ϕ) of an extended function ϕ is the set of pairs (x, λ) ∈ X × R

such that ϕ(x) ≤ λ, and the hypograph Hyp(ψ) of a function ψ is the set of pairs
(p, μ) ∈ X × R such that μ ≤ ψ(p). Note that the hypograph of ψ is related to the
epigraph of ϕ by the relation

(p, λ) ∈ Hyp(ψ) if and only if (p,−λ) ∈ Ep(ϕ).

An extended function is lower semicontinuous if and only if its epigraph is closed and
is upper semicontinuous if and only if its hypograph is closed.

Definition 3.9 (hypoderivatives and superdifferentials). The hypoderivative
D↓ψ(p) and the epiderivative D↑ϕ(p) are related to the tangent cones of the hypo-
graph of ψ and epigraph of ϕ by the relations

Hyp(D↓ψ(p)) := THyp(ψ)(p, ψ(p)) and Ep(D↑ϕ(p)) := TEp(ϕ)(p, ϕ(p)).

The superdifferential ∂+ψ(p) of the concave function ψ at p is defined by

u ∈ ∂+ψ(p) if ∀ v ∈ X, 〈u, v〉 ≥ D↓ψ(p)(v),

and the subdifferential ∂−ϕ(p) is defined by

u ∈ ∂−ϕ(p) if ∀ v ∈ X, 〈u, v〉 ≤ D↑ϕ(p)(v).

We infer that

∀ v ∈ X, D↓ψ(p)(v) = −D↑ϕ(p)(v)

and that

u ∈ ∂+ψ(p) if and only if u ∈ −∂−ϕ(p).

The polar cone P− of a given set P is defined by

P− = {p ∈ X� | ∀x ∈ P, 〈p, x〉 ≤ 0},

where X� is the dual space of X, and the normal cone NK(x) := TK(x)− to K at
x ∈ K we use in this paper is the polar cone to the contingent cone to K at x ∈ K.
The superdifferential ∂+ψ(p) and the subdifferential ∂−ϕ(p) are related to the normal
cones of the hypograph of ψ and epigraph of ϕ by the relations

u ∈ ∂+ψ(p) if and only if (−u, 1) ∈ NHyp(ψ)(p, ψ(p))

and

u ∈ ∂−ϕ(p) if and only if (u,−1) ∈ NEp(ϕ)(p, ϕ(p)).

Recall the Legendre inversion formula

u ∈ −∂+ψ(p) if and only if p ∈ ∂−ϕ
�(u)

and the (decreasing) monotonicity property of superdifferential maps p � ∂+ψ(p) of
a concave function,

∀ ui ∈ ∂+ψ(pi), i = 1, 2, 〈u1 − u2, p1 − p2〉 ≤ 0.

The subdifferential ∂−σ(K, p) of the support function is defined by the support
zone {u ∈ K such that σ(K, p) = 〈p, u〉} of p in K. See [6] or [79] for more details.
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4. The viability hyposolution. The assumption that the flux function ψ is
concave and upper semicontinuous plays a crucial role for defining the viability hy-
posolution. Indeed, the Fenchel theorem allows us to characterize it by

(11) ψ(p) = inf
u∈Dom(ϕ�)

[ϕ�(u) − 〈p, u〉],

where ϕ� is the Fenchel conjugate function, which is the convex lower semicontinuous
function defined by

(12) ϕ�(u) := sup
p∈Dom(ψ)

[〈p, u〉 + ψ(p)].

We introduce the auxiliary characteristic control system,

(13)

⎧⎨
⎩

τ ′(t) = −1,
x′(t) = u(t),
y′(t) = ϕ�(u(t)) − ψ(v(τ(t))), where u(t) ∈ Dom(ϕ�).

The function τ(t) corresponds to a countdown, i.e., a pseudotime decaying at rate
−1. This technique of augmentation of a dynamics by τ ′(t) =−1 is common in the
Hamilton–Jacobi partial differential equation literature; see, for example, [55, 56].
To be rigorous, we have to mention once and for all that the controls u(·) are
measurable integrable functions with values in Dom(ϕ�), and thus, ranging over
L1(0,∞; Dom(ϕ�)), and that the above system of differential equations is valid for
almost all t ≥ 0.

We set c(t, x) := max(N0(t, x), γ(t, x)), defined by

c(t, x) :=

⎧⎨
⎩

−∞ if t > 0 and x ∈ Ω := Int(K),
N0(x) if t = 0 and x ∈ K,
γ(t, x) if t ≥ 0 and x ∈ Γ := ∂K.

We introduce the environment K := Hyp(b) is the subset of triples (T, x, y) ⊂
R+ ×X × R such that y ≤ b(T, x) (this is the hypograph of the function b) and the
target C := Hyp(c) defined as the subset of triples (T, x, y) ⊂ R+ ×X × R such that
y ≤ c(T, x) (which is the hypograph of the function c).

Definition 4.1 (the viability hyposolution). The capture basin Capt(13)(K, C)
of a target C viable in the environment K under control system (13) is the subset of
initial states (t, x, y) such that there exists a measurable control u(·) such that the
associated solution

s �→
(
t− s, x +

∫ s

0

u(τ)dτ, y +

∫ s

0

(ϕ�(u(τ)) − ψ(v(t− τ)))dτ

)

is viable in K until it reaches the target C.
The viability hyposolution N is defined by

(14) N(t, x) := sup
(t,x,y)∈Capt(13)(K,C)

y.

Note that Hyp(M) ⊂ Hyp(N) if and only if N is pointwise larger than M.
Therefore, using hypographs, the two order relations coincide.

We shall prove the following.
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Theorem 4.2 (nonhomogenous Dirichlet/initial value problem with inequality
constraints). The viability hyposolution N defined by (14) is the largest upper semi-
continuous solution to Hamilton–Jacobi equation (2) satisfying initial and Dirichlet
conditions (3) and inequality constraints (4) in both the contingent solution sense (see
(28)) and in the contingent normal sense (see (31)). If the functions ψ, ϕ�, and v are
furthermore Lipschitz, then the viability hyposolution N is its unique upper semicon-
tinuous solution in both the contingent Frankowska sense (see (29) and (30)) and in
the Barron-Jensen/Frankowska sense (see (32), (33) and Theorems 8.1 and 9.1 for
the precise statement).

Remark. Note that the concept of “largest solution” coincides with the pointwise
one. Inequalities (32) and (33) defining the concept of generalized solutions depend on
the type of assumption made on the flux function ψ. The present work uses a standard
assumption in transportation engineering, namely that the flux ψ is concave, whereas
a majority of mathematical studies of Hamilton–Jacobi partial differential equations
assume that ψ is convex. This change induces an unusual modification of the signs
in the inequalities defining the concept of Barron-Jensen/Frankowska solutions. Un-
der the assumption of convex fluxes, this solution would be lower semicontinuous
(and sometimes called the lower semicontinuous solution to Hamilton–Jacobi equa-
tions). Under the assumption imposed by transportation engineering considerations,
the present solution is upper semicontinuous and the signs in inequalities (32) and (33)
are changed. The mathematical formulation of the engineering problem thus led to
a slightly unusual framework for solving this Hamilton–Jacobi equation. The convex
version of this paper will appear in the forthcoming book [9].

We shall derive this theorem and other results from the properties of capture
basins gathered in [7, 10]. Since the capture basin of a union of targets is the union of
the capture basins of these targets, we infer that whenever c := supi ci is the upper
envelope of a family of functions ci, then the viability hyposolution is the upper
envelope

∀ t ≥ 0, x ∈ X, N(t, x) = sup
i

Nci(t, x)

of the solutions Nci
(sup-linearity property).

In particular, since c(t, x) := max( N0(t, x), γ(t, x)) (extended to −∞ when t > 0
or x ∈ Int(K)), we obtain the decomposition formula

(15) N(t, x) = max (NN0(t,x),Nγ(t,x))

in terms of initial condition component NN0 and the Dirichlet component Nγ of the
viability hyposolution N defined by

{
NN0(t, x) := sup(t,x,y)∈Capt(13)(Hyp(b),Hyp(N0)) y,

Nγ(t, x) := sup(t,x,y)∈Capt(13)(Hyp(b),Hyp(γ)) y.

The viability hyposolution depends continuously on the data in the following
sense: If the hypographs of a sequence of initial data cj converge in the upper Painlevé–
Kuratowski sense (see, for instance, [13]) to the hypograph of data c, then the upper
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Painlevé–Kuratowski limit of the hypographs of the solutions Nj associated with data
cj is contained in the hypograph of the hyposolution N associated with data c (upper
hypocontinuity property). If the functions ψ, ϕ�, and v are furthermore Lipschitz,
the hypograph of the hyposolution N associated with data c is contained in the lower
Painlevé–Kuratowski limit of the hypographs of the solutions Nj associated with data
cj (lower hypocontinuity property), so that both the upper and lower limits coincide
with the hypograph of the hyposolution N (hypoconvergence of the solutions; see
[13] or [79] for a definition). These statements follow from Theorem 6.6 of [7] stating
that if the system is both Marchaud and Lipschitz, the capture basin of a Painlevé–
Kuratowski limit of targets is the Painlevé–Kuratowski limit of the capture basins of
the targets.

5. Lax–Hopf formula and estimates of the solution.

5.1. The Lax–Hopf formula for Dirichlet problems. When there is no
inequality constraint, we prove that the viability hyposolution can be represented ex-
plicitly as a simple maximization problem involving the Fenchel conjugate ϕ� defined
by (12).

Theorem 5.1 (the Lax–Hopf formula). Let us consider the case without inequality
constraints and set

τ(x, u) := inf
x+tu/∈K

t and σ(t, x, u) := min(t, τ(x, u)).

Then the viability hyposolution (17) can be written

(16)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

N(t, x)

= sup
{u∈Dom(ϕ�)}

[
c(t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u)ϕ�(u)

+

∫ t

t−σ(t,x,u)

(ψ(v(τ)))dτ

]
.

Using the decomposition N(t, x) = max (NN0(t, x),Nγ(t, x)), we derive the more
explicit formula

(17)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

NN0(t, x) = sup
u∈Dom(ϕ�)

(N0(x + tu) − tϕ�(u)) +

∫ t

0

ψ(v (τ))dτ,

Nγ(t, x) = sup
{u∈Dom(ϕ�)|τ(x,u)≤t}

[
γ (t− τ(x, u), x + τ(x, u)u) − τ(x, u)ϕ�(u)

+

∫ t

t−τ(x,u)

ψ(v (τ))dτ

]

involving the initial and Dirichlet conditions.

Proof. Let us associate the following with u(·):

τ(x, u(·)) := inf
x+
∫ t
0
u(τ)dτ /∈K

t and σ(t, x, u(·)) = min(t, τ(x, u(·))).
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The formula is derived from the general representation formula⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

N(t, x) = sup
u(·)

[
c

(
t− σ(t, x, u(·)), x +

∫ σ(t,x,u(·))

0

u(τ)dτ

)
−
∫ σ(t,x,u(·))

0

ϕ�(u(τ))dτ

+

∫ t

t−σ(t,x,u(·))
ψ(v(τ))dτ

]

of the viability hyposolution without constraints given by Corollary 5.6.

We proceed in two steps.

1. Taking constant controls u(·) ≡ u and observing that τ(x, u) = τ(x, u(·)), we
infer that

sup
u∈Dom(ϕ�)

(c (t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u)ϕ�(u))

+

∫ t

t−σ(t,x,u)

ψ(v(τ))dτ ≤ N(t, x).

2. Let us associate with u(·) the function û defined by û(s) := 1
s

∫ s
0
u(τ)dτ . We

first observe that

τ(x, u(·)) = τ(x, û(τ(x, u(·)))).

Since ϕ� is convex and lower semicontinuous and ψ is concave and upper
semicontinuous, the Jensen inequality implies

ϕ�

(
1

s

∫ s

0

u(τ)dτ

)
≤ 1

s

∫ s

0

ϕ�(u(τ))dτ

and

1

s

∫ s

0

ψ(v(t− τ))dτ ≤ ψ

(
1

s

∫ t

t−s
v(τ)dτ

)
,

and thus

(18)∫ s

0

ψ(v(t− τ))dτ −
∫ s

0

ϕ�(u(τ))dτ ≤ s

(
ψ

(
1

s

∫ t

t−s
v(τ)dτ

)
− ϕ� (û(s))

)
.

Consequently, setting t� := σ(t, x, u(·)) = τ(x, û(σ(t, x, u(·)))) and u� :=
û(t�), we obtain inequalities⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c

(
t− t�, x +

∫ t�

0

u(τ)dτ

)
−
∫ t�

0

ϕ�(u(τ))dτ +

∫ t

t−t�
ψ(v(τ))dτ

≤ c
(
t− t�, x + t�u�

)
− t�ϕ�(u�) +

∫ t

t−t�
ψ(v(τ))dτ

≤ sup
{u∈Dom(ϕ�)}

(c (t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u)ϕ�(u))

+

∫ t

t−σ(t,x,u)

ψ(v(τ))dτ.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2362 J.-P. AUBIN, A. M. BAYEN, AND P. SAINT-PIERRE

Therefore, by taking the supremum, we obtain

N(t, x) ≤ supu∈Dom(ϕ�) (c (t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u)ϕ�(u))

+

∫ t

t−σ(t,x,u)

ψ(v(τ))dτ.

This completes the proof of the Lax–Hopf inequality.
Corollary 5.2 (case of the traffic model). When X := R, K := [ξ,+∞[, ψ

is a concave flux function vanishing at density 0 and at a jam density ω > 0, and
N(t, x) is the cumulated number of vehicles at time t and at location x ∈ K. Con-
sistency conditions (5) imply the existence of a unique upper semicontinuous solution
N(t, x) = max (NN0(t, x),Nγ(t, x)) to this problem in the Barron-Jensen/Frankowska
sense satisfying the Lax–Hopf formula

(19)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

NN0(t, x) = sup
u∈Dom(ϕ�)

(
N0(x + tu) − tϕ�(u) +

∫ t

0

ψ(v (t− τ))dτ

)
,

Nγ(t, x) =

sup
{u∈Dom(ϕ�)|u≤ ξ−x

t }

(
γ

(
t− ξ − x

u
, ξ

)
− ξ − x

u
ϕ�(u) +

∫ ξ−x
u

0

ψ(v (t− τ))dτ

)
.

5.2. A posteriori estimates. The maximum principle, an a priori upper esti-
mate of a solution of a partial differential equation (whether it exists or not) is here
obtained as an a posteriori estimate, a property of the viability hyposolution.

Proposition 5.3 (upper estimate of the viability hyposolution). The viability
hyposolution satisfies

N(t, x) ≤ sup
u∈Dom(ϕ�)

(
c (t− σ(t, x, u), x + σ(t, x, u)u) −

〈
u,

∫ t

t−σ(t,x,u)

v(τ)dτ

〉)
.

Consequently, the viability hyposolution satisfies the following ( a posteriori in-
stead of a priori) estimate

N(t, x) ≤ sup
t≥0, x∈K

c(t, x) + t Diam(Dom(ϕ�)) sup
t≥0

‖v(t)‖

(maximum principle).
Proof. Fix u ∈ Dom(ϕ�) and set σ(t, x, u) =: s. Definition (12) of the conjugate

function implies

(20) ψ

(
1

s

∫ t

t−s
v(τ)dτ

)
− ϕ�(u) ≤ −

〈
1

s

∫ t

t−s
v(τ)dτ, u

〉
.

Consequently,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c (t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u)ϕ�(u) +

∫ t

t−σ(t,x,u)

(ψ(v(τ)))dτ

≤ c (t− σ(t, x, u), x + σ(t, x, u)u) −
〈
u,

∫ t

t−σ(t,x,u)

v(τ)dτ

〉

≤ sup
w∈Dom(ϕ�)

(
c (t− σ(t, x, w), x + σ(t, x, w)w) −

〈
w,

∫ t

t−σ(t,x,w)

v(τ)dτ

〉)
.
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Taking the supremum over u ∈ Dom(ϕ�), Lax–Hopf formula (16) implies the
upper estimate

N(t, x) ≤ sup
u∈Dom(ϕ�)

(
c (t− σ(t, x, u), x + σ(t, x, u)u) −

〈
u,

∫ t

t−σ(t,x,u)

v(τ)dτ

〉)
.

This completes the proof.

In the same way, we provide a lower estimate of the solution.

Proposition 5.4 (lower estimate). Assume that v(t) := v is constant and, for
simplicity, that the function ψ is differentiable. Then

c(t− σ(t, x,−ψ′(v)), x− σ(t, x,−ψ′(v))ψ′(v)) + σ(t, x, ψ′(v)) 〈v, ψ′(v)〉 ≤ N(t, x).

Consequently, the hyposolution is nonnegative on its positivity domain Dom+(N),
defined as the subset of pairs (t, x) ∈ R+ ×K such that

c(t− σ(t, x,−ψ′(v)), x− σ(t, x,−ψ′(v))ψ′(v)) + σ(t, x,−ψ′(v)) 〈v, ψ′(v)〉 ≥ 0.

Proof. By Definition 3.9 of the superdifferential,

∀ u ∈ ∂+ψ(v), ψ(v) − ϕ�(−u) = 〈v, u〉.

Therefore, if ψ is differentiable, taking u := −ψ′(v) as the unique element of
−∂+ψ(v) = ∂−ϕ(v), the Legendre equality ψ(v) − ϕ�(−ψ′(v)) = 〈v, ψ′(v)〉 yields

⎧⎨
⎩

c(t− σ(t, x,−ψ′(v)), x− σ(t, x,−ψ′(v))ψ′(v)) + σ(t, x,−ψ′(v)) 〈v, ψ′(v)〉
= c(t− σ(t, x, u), x + σ(t, x, u)u) − σ(t, x, u) 〈v, u〉
= c(t− σ(t, x, u), x + σ(t, x, u)u) + σ(t, x, u)(ψ(v) − ϕ�(u)) ≤ N(t, x)

thanks to the Lax–Hopf formula.

5.3. General representation formula. We have derived Lax–Hopf formula
(16) from a general representation formula (21) valid when there is viability con-
straints.

Theorem 5.5 (representation formula of the viability solution (the case with
constraints)). We already set

τ(x, u(·)) := inf
x+
∫ t
0
u(τ)dτ /∈K

t and σ(t, x, u(·)) = min(t, τ(x, u(·))).

The viability hyposolution can be represented in the form

(21)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

N(t, x) = sup
u(·)

[
min

(
c

(
t− σ(t, x, u(·)), x +

∫ σ(t,x,u(·))

0

u(τ)dτ

)

−
∫ σ(t,x,u(·))

0

ϕ�(u(τ))dτ +

∫ t

t−σ(t,x,u(·))
ψ(v(τ))dτ,

inf
s∈[0,σ(t,x,u(·))]

(
b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

ϕ�(u(τ))dτ +

∫ t

t−s
ψ(v(τ))dτ

))]
.
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Using the decomposition N(t, x) = max ( NN0
(t, x),Nγ(t, x)), this formula boils

down to⎧⎪⎪⎨
⎪⎪⎩

NN0(t, x) = sup
u(·)

[
min

(
N0

(
x +

∫ t

0

u(τ)dτ

)
−
∫ t

0

ϕ�(u(τ))dτ +

∫ t

0

ψ(v(τ))dτ,

inf
s∈[0,t]

(
b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

ϕ�(u(τ))dτ +

∫ t

t−s
ψ(v(τ))dτ

)]

and⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Nγ(t, x) = sup
{u(·)|τ(x,u(·))≤t}

[
min

(
γ

(
t− τ(x, u(·)), x +

∫ τ(x,u(·))

0

u(τ)dτ

)

−
∫ τ(x,u(·))

0

ϕ�(u(τ))dτ +

∫ t

t−τ(x,u(·))
ψ(v(τ))dτ,

inf
s∈[0,τ(x,u(·))]

(
b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

ϕ�(u(τ))dτ +

∫ t

t−s
ψ(v(τ))dτ

))]
.

Proof. We begin by observing that a solution (τ(·), x(·), y(·)) to control system
(13) starting from (t, x, y) is given by τ(s) = t− s, x(s) = x +

∫ s
0
u(r)dr and

y(s) = y +

∫ s

0

(ϕ�(u(r)) − ψ(v(t− r)))dr

for some u(·).
Therefore, to say that (t, x, y) belongs to the capture basin Capt(13)(K, C) amounts

to saying that there exists a solution (τ(·), x(·), y(·)) to the characteristic control
system (13) starting from (t, x, y) and t� ∈ [0, t] such that

1. (t− t�, x(t�), y(t�)) belongs to the target C, i.e., such that

y(t�) := y +

∫ t�

0

(ϕ�(u(τ)) − ψ(v(t− τ)))dτ ≤ c (t− t�, x(t�))

= c

(
t− t�, x +

∫ t�

0

u(τ)dτ

)
.

2. For all s ∈ [0, t�], (t − s, x(s), y(s)) belongs to the environment K, i.e., such
that

y(s) = y +

∫ s

0

(ϕ�(u(τ)) − ψ(v(t− τ)))dτ ≤ b(t− s, x(s))

= b

(
t− s, x +

∫ s

0

u(τ)dτ

)
.

This implies that

y ≤ min

⎛
⎜⎜⎜⎝

c

(
t− t�, x +

∫ t�

0

u(τ)dτ

)
−
∫ t�

0

(ϕ�(u(τ)) − ψ(v(t− τ)))dτ,

inf
s∈[0,t�]

b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

(ϕ�(u(τ)) − ψ(v(t− τ)))dτ

⎞
⎟⎟⎟⎠ .
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Since y is finite, this implies that c(t− t�, x +
∫ t�
0
u(τ)dτ) must be finite, and thus,

that

1. either t− t� = 0, in which case c(t− t�, x +
∫ t�
0
u(τ)dτ) = N0(x +

∫ t
0
u(τ)dτ);

2. or x(t�) ∈ ∂K, which means that t� = τ(x, u(·)) = σ(t, x, u(·)) ≤ t, in which
case

c

(
t− t�, x +

∫ t�

0

u(τ)dτ

)
= γ

(
t− σ(t, x, u(·)), x +

∫ σ(t,x,u(·))

0

u(τ)dτ

)
.

This implies that N(t, x) ≤ V(t, x), where

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

V(t, x) = sup
u(·)

(
min

(
c

(
t− σ(t, x, u(·)), x +

∫ σ(t,x,u(·))

0

u(τ)dτ

)

−
∫ σ(t,x,u(·))

0

ϕ�(u(τ))dτ +

∫ t

t−σ(t,x,u(·))
ψ(v(τ))dτ,

inf
s∈[0,σ(t,x,u(·))]

(
b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

ϕ�(u(τ))dτ +

∫ t

t−s
ψ(v(τ))dτ

)))
.

For proving the converse inequality, we associate with every ε > 0 a control
t �→ uε(t) ∈ Dom(ϕ�) such that

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

V(t, x) − ε ≤ min

(
c

(
t− σ(t, x, uε(·)), x +

∫ σ(t,x,uε(·))

0

uε(τ)dτ

)

−
∫ σ(t,x,uε(·))

0

ϕ�(uε(τ))dτ +

∫ t

t−σ(t,x,uε(·))
ψ(v(τ))dτ,

inf
s∈[0,σ(t,x,uε(·))]

(
b

(
t− s, x +

∫ s

0

u(τ)dτ

)
−
∫ s

0

ϕ�(uε(τ))dτ +

∫ t

t−s
ψ(v(τ))dτ

))
.

Therefore, setting xε(t) := x +
∫ t
0
uε(s)ds and

yε(t) := V(t, x) − ε +

∫ t

0

(ϕ�(uε(r)) − ψ(v(t− r))) dr

we observe that the function s �→ (t− s, xε(s), yε(s)) starts from (t, x,V(t, x)−ε), is a
solution to characteristic control system (13), viable in K for s ≤ σ(t, x, uε(·)) because

yε(s) = V(t, x) − ε +

∫ s

0

(ϕ�(uε(r)) − ψ(v(t− r))dr) ≤ b (t− s, xε(s)) ,

and reaches the target C := Hyp(c) at time tε := σ(t, x, uε(·)),

yε(tε) = V(t, x) − ε +

∫ tε

0

(ϕ�(uε(r)) − ψ(v(t− r))) dr ≤ c (t− tε, xε(tε)) .

This implies that (t, x,V(t, x) − ε) belongs to the capture basin Capt(13)(K, C),
and thus, that V(t, x) − ε ≤ N(t, x). Letting ε converge to 0 provides the converse
inequality, and thus, the representation formula we were looking for.
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Corollary 5.6 (representation formula of the viability solution (the case with-
out constraints)). Without inequality constraints, the viability hyposolution can be
represented in the form⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

N(t, x) = sup
u(·)

(∫ t

t−σ(t,x,u(·))
ψ(v(τ))dτ

+ c

(
t− σ(t, x, u(·)), x +

∫ σ(t,x,u(·))

0

u(τ)dτ

)
−
∫ σ(t,x,u(·))

0

ϕ�(u(τ))dτ

)
.

6. Dirichlet/initial conditions and inequality constraints. We begin by
checking that the viability hyposolution satisfies the initial condition, the Dirichlet
condition, and the inequality constraints.

Theorem 6.1 (Dirichlet/initial conditions and inequality constraints). Consis-
tency conditions (1) imply that the viability hyposolution satisfies the initial and
Dirichlet conditions (3) and inequality constraints (4).

Proof. Inclusions

C := Hyp(c) ⊂ Capt(13)(K, C) ⊂ K := Hyp(b)

imply that

∀ t ≥ 0, ∀ x ∈ K, c(t, x) ≤ N(t, x) ≤ b(t, x),

and thus inequality constraint N(t, x) ≤ b(t, x) and inequalities N0(x) ≤ N(0, x)
for all x ∈ K and γ(t, x) ≤ N(t, x) for all t ≥ 0 and x ∈ ∂K. We now prove by
contradiction that consistency conditions (1) imply converse inequalities N0(x) ≥
N(0, x) for all x ∈ K and γ(t, x) ≥ N(t, x) for all t ≥ 0 and x ∈ ∂K that we
summarize in

∀ (t, x) ∈ Dom(c), N(t, x) ≤ c(t, x).

Assume that there exist (t, ξ) ∈ Dom( c) and ε > 0 such that

N(t, ξ) = c(t, ξ) + ε.

Since (t, ξ,N(t, ξ)) belongs to the capture basin Capt(13)(Hyp(b),Hyp(c)), there
exists a solution (τ(·), x(·), y(·)) to the characteristic control system (13) starting
from (t, ξ,N(t, ξ)) and t� > 0 such that (t− t�, x(t�), y(t�)) belongs to the hypograph

Hyp(c); i.e., setting x(t�) = ξ +
∫ t�
0
u(τ)dτ = η, we obtain

y(t�) = N(t, ξ) +

∫ t�

0

ϕ�(u(τ))dτ −
∫ t�

0

ψ(v(t− τ))dτ ≤ c(t− t�, η).

Inequality (18) and definition (20) imply

(22)

∫ s

0

ψ(v(t− τ))dτ −
∫ s

0

ϕ�(u(τ))dτ ≤ −
〈

1

s

∫ t

t−s
v(τ)dτ, û(s)

〉
.
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Piecing these inequalities together and taking s = t�, we infer that⎧⎪⎪⎨
⎪⎪⎩

c(t, ξ) + ε +

〈
1

t�

∫ t

t−t�
v(τ)dτ, η − ξ

〉

≤ N(t, ξ) +

∫ t�

0

ϕ�(u(τ))dτ −
∫ t�

0

ψ(v(t− τ))dτ ≤ c(t− t�, η),

from which we deduce that

ε ≤ c(t− t�, η) − c(t, ξ) −
〈

1

t�

∫ t

t−t�
v(τ)dτ, η − ξ

〉
.

Consistency conditions (1) can be written in the form

∀ 0 ≤ r ≤ s, ∀ x ∈ K, y ∈ ∂K, c(r, x) − c(s, y) ≤
〈

1

s− r

∫ s

r

v(τ)dτ, x− y

〉
.

Taking r := t− t�, s := t, x := η, and y := ξ, we obtain the contradiction ε ≤ 0, and
thus, we proved that for any (t, ξ) ∈ Dom(c), N(t, ξ) = c(t, ξ).

7. Other auxiliary systems. For proving that the viability hyposolution is the
solution, in a generalized sense, to the Hamilton–Jacobi partial differential equation
derived from the tangential or normal conditions characterizing capture basins, we
need assumptions that control system (13) does not satisfy.

The two inequalities characterizing the Barron-Jensen/Frankowska solution follow
from the two inclusions characterizing the Frankowska property of the capture basin
(Definition 3.6). One is derived from the viability theorem and requires the assumption
that F is Marchaud (upper semicontinuous, linear growth, with convex images); the
other one is derived from the invariance theorem, valid whenever F is Lipschitz with
closed values, without bounds on the size of their images (see Theorems 3.7 and 3.8).
This is the reason why we introduce below two new systems, (23) and (24). The first
one complies with the “Marchaud assumptions” of the viability theorem, so that the
capture basin under it will satisfy the first inclusion of the Frankowska property, the
second one to the “Lipschitz assumptions” of the invariance theorem, so that the
capture basin under it will satisfy the second inclusion of the Frankowska property.
The aim of this section is to derive from the inclusions of the Frankowska property the
corresponding inequalities defining the Barron-Jensen/Frankowska property. However,
to conclude, we need to prove that the capture basin is the same under the original
system and the two new ones. This is achieved by our proof; i.e., the capture basin
being the same under the three systems, it captures these two properties, and thus,
these two inequalities, each valid under the assumptions made (convexity with bounds
for the one deriving from the viability theorem and Lipschitz property without bounds
for the other one deriving from the invariance theorem).

It happens that the capture basin of the hypograph of c viable in the hypograph
of b under control system (13) is still the capture basin under other auxiliary sys-
tems which satisfy these assumptions, so we shall be able to transfer the theorems
concerning capture basins.

The function ψ being concave and finite, it is then continuous so that, the function
v(·) being bounded, the constant

α := sup
u∈Dom(ϕ�)

ϕ�(u) − inf
τ≥0

ψ(v(τ))
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is finite by Lemma 7.3. The new characteristic control systems are defined by

(23)

⎧⎪⎪⎨
⎪⎪⎩

τ ′(t) = −1,
x′(t) = u(t) where u(t) ∈ Dom(ϕ�),
y′(t) = −ψ(v(τ(t))) + ϕ�(u(t)) + π(t)

where π(t) ∈ [0, α + ψ(v(τ(t)) − ϕ�(u(t)))]

and

(24)

⎧⎨
⎩

τ ′(t) = −1,
x′(t) = u(t) where u(t) ∈ Dom(ϕ�),
y′(t) = −ψ(v(τ(t))) + ϕ�(u(t)) + π(t) where π(t) ≥ 0,

where we added a new control π ranging over different intervals.

Lemma 7.1 (equality between capture basins). The capture basins of the hypo-
graph of the function c by systems (13), (23), and (24) coincide as follows:

Capt(24)(Hyp(b),Hyp(c)) = Capt(23)(Hyp(b),Hyp(c)) = Capt(13)(Hyp(b),Hyp(c)).

Furthermore,

Capt(23)(Hyp(b),Hyp(c)) = Capt(23)(Hyp(b),Hyp(c)) − {0} × {0} × R+

(where in a vector space, A−B := {a− b}a∈A, b∈B).

Proof. Inclusions

Capt(13)(Hyp(b),Hyp(c)) ⊂ Capt(23)(Hyp(b),Hyp(c)) ⊂ Capt(24)(Hyp(b),Hyp(c))

are obvious. For proving that

Capt(24)(Hyp(b),Hyp(c)) ⊂ Capt(13)(Hyp(b),Hyp(c)),

let us consider an element (t, x, y) ∈ Capt(24)(Hyp(b),Hyp(c)). This means that

there exist u(·) ∈ L1(0,+∞; Dom(ϕ�)) and a corresponding solution (τ(·), x(·), y(·))
to the characteristic control system (24) starting from (t, x, y) given by τ(s) = t− s,
x(s) = x +

∫ s
0
u(r)dr, and

(25) y(s) ≥ y −
∫ s

0

(ψ(v(t− r)) − ϕ�(u(r))) dr

and there exists t� ∈ [0, t] such that (t−t�, x(t�), y(t�)) ∈ Hyp(c) and, for all s ∈ [0, t�],
(t− s, x(s), y(s)) ∈ Hyp(b). Setting

y0(s) := y +

∫ s

0

(ϕ�(u(r)) − ψ(v(t− r))) dr



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DIRICHLET PROBLEMS FOR HAMILTON–JACOBI EQUATIONS 2369

we infer that (τ(·), x(·), y0(·)) is a solution to the characteristic control system (13)
starting from (t, x, y) viable in the environment Hyp(b) because

∀ s ∈ [0, t�], y0(s) ≤ y(s) ≤ b(t− s, x(s))

until time t�, where it reaches the target Hyp(c) because

y0(t
�) ≤ y(t�) ≤ c(t− t�, x(t�)).

This means that (t, x, y) ∈ Capt(13)(Hyp(b),Hyp(c)).
We also observe that whenever (t, x, y) ∈ Capt(24)(Hyp(b),Hyp(c)) and z ≤ y,

inequality (25) implies that

y(s) ≥ y −
∫ s

0

(ψ(v(t− r)) − ϕ�(u(r))) dr ≥ z −
∫ s

0

(ψ(v(t− r)) − ϕ�(u(r))) dr

and thus that (t, x, z) also belongs to the capture basin, so that,

Capt(23)(Hyp(b),Hyp(c)) = Capt(23)(Hyp(b),Hyp(c)) − {0} × {0} × R+.

The proof is completed.
We also need the following.
Lemma 7.2. Let ψ : X �→ R be an upper semicontinuous concave function. The

domain of its Fenchel transform ϕ� is contained in a closed convex subset A if and
only if the function ψ satisfies inequality

∃ β ∈ R such that ∀ v ∈ X, β − σA(v) ≤ ψ(v).

Its Fenchel transform ϕ� is bounded on a convex subset A if and only if the function
ψ satisfies

∃ δ ∈ R such that ∀ v ∈ X�, ψ(v) ≤ δ − σA(v).

Proof. Since ψ(0) = infu∈Dom(ϕ�) ϕ
�(u), we infer that

∀ v ∈ X, ∀ u ∈ Dom(ϕ�), ψ(0) − σDom(ϕ�)(v) ≤ ϕ�(u) − 〈u, v〉

so that, by taking the infimum over u, we obtain inequality ψ(0)−σDom(ϕ�)(v) ≤ ψ(v).
It is enough to set β := ψ(0) and to take A := Dom(ϕ�). Conversely, assume that for
all v ∈ X, ψ(v) ≥ β−σA(v). We shall prove that Dom(ϕ�) ⊂ A. If not, there would
exist u ∈ Dom(ϕ�) \ A. The separation theorem states there exist p0 ∈ X and ε > 0
such that ε ≤ 〈p0, u〉 − σA(p0). Consequently, for every λ > 0,

λε ≤ 〈λp0, u〉 − σA(λp0) ≤ 〈λp0, u〉 + ψ(λp0) − β ≤ ϕ�(u) − β

by assumption and by the definition of ϕ�. Letting λ �→ +∞ implies that ϕ�(u) = +∞,
i.e., that u /∈ Dom(ϕ�), a contradiction.

For proving the second statement, we observe that if δ := supu∈Dom(ϕ�) ϕ
�(u) <

+∞ is finite, then

ψ(v) ≤ δ + inf
u∈Dom(ϕ�)

〈v,−u〉 = δ − σDom(ϕ�)(v)
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so that the inequality holds true with A := Dom(ϕ�). Conversely, inequality ψ(v) ≤
δ − σA(v) implies that

∀ u ∈ A, ϕ�(u) ≤ sup
v∈Dom(ψ)

[〈v, u〉 + δ − σA(v)] < +∞

is bounded on A, and thus, on Dom(ϕ�) whenever this domain is contained in A.
Control systems (23) and (24) are actually differential inclusions

(τ ′(t), x′(t), y′(t)) ∈ F (τ(t), x(t), y(t)),

where

(26) F (τ, x, y) := {(−1, u,−ψ(v(τ)) + ϕ�(u) + π)}u∈Dom(ϕ�), π∈[0,α+ψ(v(τ))−ϕ�(u)]

and

(τ ′(t), x′(t), y′(t)) ∈ F∞(τ(t), x(t), y(t)),

where

(27) F∞(τ, x, y) := {(−1, u,−ψ(v(τ)) + ϕ�(u) + π)}u∈Dom(ϕ�), π≥0 ,

respectively.
Lemma 7.3. The set-valued map F is Marchaud and, if the functions ψ, ϕ�, and

v are Lipschitz, the set-valued map F∞ is Lipschitz with closed images.
Proof. For proving that the set-valued map F is Marchaud, we shall check suc-

cessively that
1. the values F (τ, x, y) of the set-valued map F are convex. Indeed, for convex

weight λi ≥ 0 such that
∑

λi = 1, we can write

∑
λi(−1, ui,−ψ(v(τ)) + ϕ�(ui) + πi) = (−1, u, ϕ�(u) − ψ(v(τ)) + π),

where u :=
∑

λiui and

π :=
∑

λiϕ
�(ui) − ϕ�

(∑
λiui

)
+
∑

λiπi.

Since the domain of ϕ� is convex, u ∈ Dom(ϕ�). We observe that π is non-
negative and smaller than or equal to α + ψ(v(τ)) − ϕ�(u) because{

π ≤
∑

λiϕ
�(ui) − ϕ� (

∑
λiui) +

∑
λi (α + ψ(v(τ)) − ϕ�(ui))

= α + ψ(v(τ)) − ϕ� (
∑

λiui) .

2. the graph of the set-valued map F is closed. Indeed, let us consider a se-
quence of elements ((τn, xn, yn), (−1, un, λn)) of the graph of F converging
to ((τ, x, y), (−1, u, λ)), where λn := −ψ(v(τn)) + ϕ�(un) + πn and where
πn ∈ [0, α + ψ(v(τn)) − ϕ�(un)].
Since the function (τ, x, y, u) �→ ϕ�(u)−ψ(v(τ)) is lower semicontinuous and
since

(τn, xn, yn, un, λn) = (τn, xn, yn, un,−ψ(v(τn)) + ϕ�(un) + πn)
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belongs to the epigraph of this function (because πn is positive by con-
struction), which is closed, we deduce that the limit (τ, x, y, u, λ) also be-
longs to this epigraph, i.e., that λ ≥ ϕ�(u) − ψ(v(τ)). It is enough to set
π := λ − ϕ�(u) − ψ(v(τ)) ≥ 0, which from now on defines π. Recall that
πn = λn +ψ(v(τn))−ϕ�(un) ≤ α+ l(τn, xn)−ϕ�(un) by construction of πn.
Therefore, λn ≤ α. Therefore, taking the limit, λ = π+ϕ�(u)−ψ(v(τ)) ≤ α. In
summary, the limit ((τ, x, y), (−1, u, λ)) of elements ((τn, xn, yn), (−1, un, λn))
belongs to the graph of F since λ = −ψ(v(τ)) + ϕ�(u) + π, where π ∈
[0, α + ψ(v(τ)) − ϕ�(u)].

3. the images F (τ, x, y) of F are bounded. This follows from Lemma 7.2 because
Dom(ϕ�) is bounded and

ϕ�(u) − ψ(v(τ)) + π ≤ α := sup
u∈Dom(ϕ�)

ϕ�(u) − inf
τ≥0

ψ(v(τ))

is finite since ϕ� is bounded above. Therefore

‖(−1, u, ϕ�(u) − ψ(v(τ)) + π)‖ ≤ max(1, ‖Dom(ϕ�)‖, α).

Hence, we have proved that the set-valued map F is Marchaud. The fact that F∞ is
Lipschitz is obvious since the functions ψ, ϕ�, and v, are assumed to be Lipschitz and
since the controls u range over R+ which, being constant, is Lipschitz.

We thus deduce the following.
Proposition 7.4 (upper semicontinuity of the solution). The viability hyposolu-

tion is upper semicontinuous and its hypograph satisfies

Hyp(N) = Capt(23)(Hyp(b),Hyp(c)) = Capt(24)(Hyp(b),Hyp(c)).

The viability hyposolution is concave whenever the functions b and c are concave.
Proof. The first statement follows from Proposition 4.3 of [5] stating that under a

Marchaud control system, the capture basin of a target is closed whenever the target
Hyp(c) and the environment Hyp(b) are closed and the complement of the target
in the environment is a repeller; this is the case because the first component of the
system is τ ′(t) = −1 which implies that all solutions (t − s, x(s), y(s)) starting from
any (t, x, y) leave R+×X×R, and thus, Hyp(b) ⊂ R+×X×R. Since we have proved
that

Capt(23)(Hyp(b),Hyp(c)) = Capt(23)(Hyp(b),Hyp(c)) − {0} × {0} × R+,

we infer that Capt(23)(Hyp(b),Hyp(c)) is a hypograph, and thus, the hypograph of
the viability hyposolution.

8. Contingent solution to the Hamilton–Jacobi equation. We shall prove
that the viability hyposolution to Hamilton–Jacobi equation (2) (see Definition 4.1)
is the contingent solution by characterizing them in terms of tangent cones and trans-
lating them into terms of contingent hyposolutions.

Theorem 8.1 (contingent Frankowska solution). The viability hyposolution N is
the largest upper semicontinuous solution satisfying

(28) ψ(v(t)) ≥ inf
u∈Dom(ϕ�)

(ϕ�(u) −D↓N(t, x)(−1, u))

and the initial/Dirichlet conditions and the inequality constraints. If the functions ψ,
ϕ�, and v are furthermore Lipschitz, then N is the smallest upper semicontinuous
solution satisfying the following:
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1. If N(t, x) < b(t, x), then

(29) ψ(v(t)) ≤ inf
u∈Dom(ϕ�)

(D↓N(t, x)(1,−u) + ϕ�(u)) .

2. If N(t, x) = b(t, x), then

(30) ψ(v(t)) ≤ inf
{u|ψ(v(t)) ≤ D↓b(t,x)(1,−u)+ϕ�(u)}

(D↓N(t, x)(1,−u) + ϕ�(u)).

We need the following technical lemma on tangent cones to hypographs for proving
Theorem 8.1.

Lemma 8.2 (tangent cones to hypographs). If ψ : X �→ R+ ∪ {−∞} is an
extended function and if D↓ψ(p)(dp) is finite, then, for every w < ψ(p) and every
μ ∈ R, the pair (dp, μ) belongs to the contingent cone THyp(ψ)(p, w) to the hypograph
of ψ at (p, w).

Proof. Let (dp, λ) belong to THyp(ψ)(p, ψ(p)). Then we know that there exist
sequences hn > 0 converging to 0, dpn converging to dp, and λn converging to λ such
that (p+hndpn, ψ(p)+hnλn) belongs to Hyp(ψ). Therefore, for w < ψ(p) and μ ∈ R
and hn small enough,

(p+hndpn, w+hnμ) = (p+hndpn, ψ(p)+hnλn)+(0, w−ψ(p)+hn(μ−λn)) ∈ Hyp(ψ)

belongs to the hypograph of ψ because w−ψ(p)+hn(μ−λn) ≤ 0 for hn small enough.
Therefore, since dpn → p and μn := μ → μ, we infer that (dp, μ) ∈ THyp(ψ)(p, w).

Proof of Theorem 8.1. Observe first that

(t, x, y) ∈ Hyp(N)\Hyp(c) if and only if t > 0, x ∈ Int(K), and y ≤ N(t, x).

Indeed, Hyp(N)\Hyp(c) is the set of (t, x, y) such that c(t, x) < y ≤ N(t, x).
This is automatically satisfied when t > 0 and x ∈ Int(K) whenever y ≤ N(t, x)
since in this case, c(t, x) = −∞. It is impossible otherwise since, by Theorem 6.1
N(t, x) = c(t, x).

Theorem 4.6 of [7] states that since F is Marchaud by Lemma 7.3, the capture
basin is the largest closed subset between the hypograph of c and R+ ×X × R such
that Hyp(N)\Hyp(c) is locally viable under F .

Theorems 3.2.4 and 3.3.4 of [7] state that Hyp(N)\Hyp(c) is locally viable under
F if and only if for all t > 0, for all x ∈ X, for all y ≤ N(t, x), ∃u ∈ Dom(ϕ�), ∃π ∈
[0, α + ψ(v(τ)) − ϕ�(u)], such that

(−1, u,−ψ(v(t)) + ϕ�(u) + π) ∈ THyp(N)(t, x, y).

If y = N(t, x), then

THyp(N)(t, x,N(t, x)) =: Hyp(D↓N(t, x))

so that we infer that there exists u ∈ Dom(ϕ�)

−ψ(v(t)) + ϕ�(u) + π ≤ D↓N(t, x)(−1, u)

from which inequality (28) ensues.
Conversely, since D↓N(t, x)(−1, ·) is upper semicontinuous and the domain of ϕ�

is compact, inequality (28) implies the existence of u ∈ Dom(ϕ�) such that

(−1, u,−ψ(v(t)) + ϕ�(u) + π) ∈ THyp(N)(t, x,N(t, x)).
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When y < N(t, x), then Lemma 8.2 implies that

(−1, u,−ψ(v(t)) + ϕ�(u) + π) ∈ THyp(N)(t, x, y)

because (−1, u) belongs to the domain of D↓N(t, x).

By Theorems 4.7 and 4.10 of [7], the capture basin is the smallest closed subset
between the hypographs of c and b such that Hyp(N) is backward invariant with
respect to Hyp( b). Since F∞ is Lipschitz by Lemma 7.3 whenever the functions ψ,
ϕ�, and v are Lipschitz, the invariance theorem (Theorem 5.3.4 in [5]) states that
Hyp(N) is backward invariant with respect to Hyp(b) under F∞ if and only if

∀ (t, x, y) ∈ Hyp(N), F∞(t, x, y) ∩ THyp(b)(t, x, y) ⊂ THyp(N)(t, x, y).

Since the function b is assumed to be continuous,

Int(Hyp(b)) = {(t, x, y) such that y < b(t, x)}.

Therefore, we have to investigate the following two cases:

1. For all (t, x, y) ∈ Hyp(N) ∩ Int(Hyp(b)). Then

∀t ≥ 0, ∀x ∈ X, ∀ y ≤ N(t, x), ∀ u ∈ Dom(ϕ�), ∀ π ≥ 0,

(1,−u, ψ(v(t)) − ϕ�(u) − π) ∈ THyp(N)(t, x, y).

If y = N(t, x), then we infer that for all u ∈ Dom(ϕ�),

ψ(v(t)) − ϕ�(u) ≤ D↓ N(t, x)(1,−u)

from which we derive inequality (29). Conversely, since for all u ∈ Dom(ϕ�),
(1,−u) belongs to the domain of D↓N(t, x), we derive that

(1,−u, ψ(v(t)) − ϕ�(u) − π) ∈ THyp(N)(t, x, y)

holds true.
2. For all (t, x, y) ∈ Hyp(N)∩∂(Hyp(b)), and in this case, y = N(t, x) = b(t, x).

Then, ∀t ≥ 0, ∀x ∈ X, ∀ u ∈ Dom(ϕ�), ∀ π ≥ 0 such that

(1,−u, ψ(v(t)) − ϕ�(u) − π) ∈ THyp(b)(t, x, y)

we have

(1,−u, ψ(v(t)) − ϕ�(u) − π) ∈ THyp(N)(t, x, y).

This means that whenever

ψ(v(t)) ≤ D↓ b(t, x)(1,−u) + ϕ�(u),

then

ψ(v(t)) ≤ D↓N(t, x)(1,−u) + ϕ�(u),

which is (30).
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Theorem 5.5 states that the viability hyposolution is the valuation function (21)
of the underlying optimal control problem (13).

The associated regulation map R for regulating the optimal evolutions is thus
defined by

∀ t > 0, x ∈ X, R(t, x) := {u | 0 ≤ D↓N(t, x)(−1, u) − ϕ�(u) + ψ(v(t))}.

One can prove that the optimal solutions of the control problem are governed by
the control system ⎧⎨

⎩
τ ′(s) = −1,
x′(s) = u(s) ∈ R(τ(s), x(s)),
y′(s) = ϕ�(u(s)) − ψ(v(τ(s))).

This motivates a further study of the regulation map. If the solution N is differ-
entiable, the regulation map can be written in the form

R(t, x) :=

{
u | 0 ≤ −∂N(t, x)

∂t
+

∂N(t, x)

∂x
u− ϕ�(u) + ψ(v(t))

}
.

The elements u maximizing the right-hand side are the elements belonging to

−∂+ψ

(
∂N(t, x)

∂x

)
.

Consequently,

−∂+ψ

(
∂ N(t, x)

∂x

)
⊂ R(t, x).

Actually, approximations of the regulation map and thus, optimal evolutions, as
well as the solution to the Hamilton–Jacobi–Bellman equation are provided by the
capture basin algorithm.

9. Barron-Jensen/Frankowska solution to the Hamilton–Jacobi equa-
tion. Instead of characterizing capture basins in terms of tangent cones and translat-
ing them into terms of contingent Frankowska hyposolutions, we translate them into
the equivalent formulation of Barron-Jensen/Frankowska solutions, a weaker concept
of viscosity solutions requiring only the upper semicontinuity of the solution instead
of its continuity.

Theorem 9.1 (Barron-Jensen/Frankowska solution). The viability hyposolution
N is the largest upper semicontinuous solution between c and b satisfying

(31)

⎧⎨
⎩

(i) ∀t > 0, ∀x ∈ Int(K), ∀(pt, px) ∈ ∂+N(t, x), pt + ψ(px) ≤ ψ(v(t)),
(ii) ∀t > 0, ∀x ∈ Int(K), ∀(pt, px) ∈ (Dom(D↓N(t, x)))−,

pt − σ(Dom(ϕ�), px) ≤ 0.

If the functions ψ, ϕ�, and v are furthermore Lipschitz, then N is the smallest
upper semicontinuous solution between c and b satisfying the following:

1. If N(t, x) < b(t, x), then

(32)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(i) ∀t ≥ 0, ∀x ∈ K such that
N(t, x) < b(t, x), ∀(pt, px) ∈ ∂+N(t, x),

pt + ψ(px) ≥ ψ(v(t));
(ii) ∀t ≥ 0, ∀x ∈ K such that

N(t, x) < b(t, x), ∀(pt, px) ∈ (Dom(D↓N(t, x)))−,
pt − σ(Dom(ϕ�), px) ≥ 0.
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2. If N(t, x) = b(t, x), then

(33)⎧⎪⎪⎨
⎪⎪⎩

∀ (pt, px) ∈ ∂+N(t, x), ∃ (qt, qx) ∈ ∂+b(t, x) and 0 < μ < 1 such that
either pt − qt − σ(Dom(ϕ�), px − qx) ≥ 0

or
pt − μqt
1 − μ

+ ψ

(
px − μqx

1 − μ

)
≥ ψ(v(t)).

Thus, the unique upper semicontinuous solution satisfies all these properties.
Observe that under the Lipschitz assumptions, the viability hyposolution satisfies

(34)

⎧⎨
⎩

(i) ∀t > 0, ∀x ∈ Int(K) such that N(t, x) < b(t, x),
∀(pt, px) ∈ ∂+N(t, x), pt + ψ(px) = ψ(v(t)),

(ii) ∀(pt, px) ∈ (Dom(D↓N(t, x)))−, pt − σ(Dom(ϕ�), px) = 0.

We need the following technical lemma on normal cones to hypographs for proving
Theorem 9.1.

Lemma 9.2 (normal cones to hypographs). A pair (u, λ) belongs to the normal
cone NHyp(ψ)(p, w) to the hypograph of ψ at (p, w) if and only

1. if w = ψ(p); then either
• λ = 0 and u ∈ (Dom(D↓ψ(p)))− or
• λ > 0 and u ∈ −λ∂+ψ(p).

2. if w < ψ(p); then λ = 0 and u ∈ (Dom(D↓ψ(p)))−.
In particular, if the domain of D↓ψ(p) is dense in X, then (u, λ) belongs to the normal
cone NHyp(ψ)(p, w) to the hypograph of ψ at (p, w) if and only if λ = 0 and u = 0.
This is the case whenever ψ is Lipschitz around p.

Proof. Let us consider now a pair (u, λ) belonging to the normal cone NHyp(ψ)(p, w)
:= (THyp(ψ)(p, w))− to the hypograph of ψ at (p, w). Therefore,

∀ (dp, μ) ∈ THyp(ψ)(p, w), 〈(dp, μ), (u, λ)〉 = 〈u, dp〉 + λμ ≤ 0.

Examine first the case when w = ψ(p), for which (dp, μ) ∈ THyp(ψ)(p, ψ(p)) if and
only if dp ∈ Dom(D↓ψ(p)) and μ ≤ D↓ψ(p)(dp). If λ < 0, we obtain a contradiction
because, when μ → −∞, 〈u, dp〉 + λμ → +∞. Hence

• either λ > 0, and thus, dividing by λ and taking μ := D↓ψ(p)(dp), we obtain

∀ dp ∈ Dom(D↓ψ(p)),
〈u
λ
, dp
〉

+ D↓ψ(p)(dp) ≤ 0

which means that −u
λ ∈ ∂+ψ(p);

• or λ = 0 and we obtain

∀ dp ∈ Dom(D↓ψ(p)), 〈u, dp〉 ≤ 0,

which means that u ∈ (Dom(D↓ψ(p)))− by definition of the polar cone.
When w < ψ(p), inequalities

∀ (dp, μ) ∈ THyp(ψ)(p, w), 〈(dp, μ), (u, λ)〉 = 〈u, dp〉 + λμ ≤ 0

imply that λ = 0 thanks to Lemma 8.2; otherwise, λμ converges to +∞ when μ → +∞
when λ > 0, and when μ → −∞ when λ < 0 since μ is allowed to range over R.
Therefore u ∈ (Dom(D↓ψ(p)))− because whenever dp ∈ Dom(D↓ψ(p)) and μ ∈ R,
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then (dp, μ) ∈ THyp(ψ)(p, w). If the domain D↓ψ(p) is dense in X, then the polar cone
(Dom(D↓ψ(p)))− is {0}, and thus u = 0.

Proof of Theorem 9.1. Proposition 7.4 states that the hypograph of the viability
hyposolution satisfies

Hyp(N) = Capt(23)(Hyp(b),Hyp(c)) = Capt(24)(Hyp(b),Hyp(c)).

Theorem 3.4 states that Capt(23)(Hyp(b),Hyp(c)) is the largest subset D between
C and K such that D\C is locally viable.

Taking D := Hyp(N), Theorems 3.2.4 and 3.3.4 of [5] state that Hyp( N)\Hyp(c)
is locally viable under F if and only if for all t > 0, for all x ∈ Int(K), for all y ≤
N(t, x), ∃u ∈ Dom(ϕ�), ∃π ∈ [0, α+ψ(v(t))−ϕ�(u)], such that for all (−pt,−px, λ) ∈
NHyp(N)(t, x, y),

(35)

{
〈(−pt,−px, λ), (−1, u,−ψ(v(t)) + ϕ�(u) + π)〉
= pt − 〈px, u〉 + λ(−ψ(v(t)) + ϕ�(u) + π) ≤ 0.

By Lemma 9.2, if y = N(t, x), (−pt,−px, λ) ∈ NHyp(N)(t, x, y) means that either
λ > 0, and that, taking λ = 1, (pt, px) ∈ ∂+N(t, x), or that λ = 0, and that (pt, px) ∈
(Dom(D↓N(t, x)))−. If y < N(t, x), (−pt,−px, λ) ∈ NHyp(N)(t, x, y) means also that
λ = 0, and that (pt, px) ∈ (Dom(D↓N(t, x)))−.

Consequently, condition (35) can be written in the following form:
• The case when y = N(t, x) and λ = 1:⎧⎨

⎩
∀t > 0, ∀x ∈ Int(K), ∀ (pt, px) ∈ ∂+N(t, x), then
pt − ψ(v(t)) + infu∈Dom(ϕ�)[ϕ

�(u) − 〈px, u〉]
= pt − ψ(v(t)) + ψ(px) ≤ 0.

• The case when y ≤ N(t, x) and λ = 0:{
∀t > 0, ∀x ∈ Int(K), ∀ (pt, px) ∈ (Dom(D↓ N(t, x)))−, then
pt − supu∈Dom(ϕ�) 〈px, u〉 = pt − σ(Dom(ϕ�), px) ≤ 0.

(Recall that this condition disappears whenever the viability hyposolution N
is hypodifferentiable, and, in particular, when the hyposolution is Lipschitz.)

Proof of inequalities (32) and (33). Theorem 3.4 states that Capt(24)(Hyp(b),
Hyp(c)) is the smallest subset D between C and K such that D is backward invariant
with respect to K. Theorem 3.7 and Lemma 3.8 state that D := Hyp(N) is backward
invariant with respect to Hyp(b) under (24) if and only if one of the following holds:

1. For all (t, x, y) ∈ Hyp(N) ∩ Int(Hyp(b)),

∀ (−pt − px, λ) ∈ NHyp(N)(t, x, y), σ(F∞(x), (pt, px,−λ)) ≤ 0.

Since the function b is assumed to be continuous,

Int(Hyp(b)) = {(t, x, y) such that y < b(t, x)},

the first case means that y ≤ N(t, x) < b(t, x) and the above condition
implies that

(36)

⎧⎨
⎩

∀ (−pt − px, λ) ∈ NHyp(N)(t, x, y),
〈(pt, px,−λ), (−1, u,−ψ(v(t)) + ϕ�(u) + π)〉
= −pt + 〈px, u〉 + λ(ψ(v(t)) − ϕ�(u) − π) ≤ 0.

This implies that λ ≥ 0.
Consequently, condition (36) can be written in the following form:
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• The case when y = N(t, x) < b(t, x) and λ = 1:⎧⎨
⎩

∀t > 0, ∀x ∈ X, ∀ (pt, px) ∈ ∂+N(t, x), then
−pt + ψ(v(t)) + supu∈Dom(ϕ�)[〈px, u〉 − ϕ�(u)]

= −pt + ψ(v(t)) − ψ(px) ≤ 0.

• The case when y ≤ N(t, x) and λ = 0:{
∀t > 0,∀x ∈ X, ∀ (pt, px) ∈ (Dom(D↓N(t, x)))−, then
−pt + supu∈Dom(ϕ�) 〈px, u〉 = −pt + σ(Dom(ϕ�), px) ≤ 0.

2. For all (t, x, y) ∈ Hyp(N)∩∂(Hyp(b)), and in this case, y = N(t, x) = b(t, x)
and{

∀ (−pt − px, λ) ∈ NHyp(N)(t, x, y), ∃ (−qt − qx, μ) ∈ NHyp(b)(t, x, y)
such that σ(F∞(x), (pt − qt, px − qx, μ− λ)) ≤ 0,

where λ ≥ 0 and μ > 0 since we have assumed that b is Lipschitz, and thus
hypodifferentiable. This can be translated into the following form:

−pt + qt + sup
u

(〈px − qx, u〉+ (μ− λ)(ϕ�(u)) + sup
π≥0

(μ− λ)[π−ψ(v(t))]) ≤ 0.

This implies that λ ≥ μ > 0.
• The case when λ − μ = 0. It happens when both (pt, px) ∈ ∂+N(t, x)

and (qt, qx) ∈ ∂+b(t, x). In this case, the above inequality boils down to

−pt + qt + σ(Dom(ϕ�), px − qx) ≤ 0.

• The case when λ−μ > 0. The condition states that for every λ > 0 and
(pt, px) ∈ ∂+N(t, x), there exist 0 < μ < λ and (qt, qx) ∈ ∂+b(t, x) such
that

−λpt − μqt
λ− μ

+ sup
u

(〈
λpx − μqx
λ− μ

, u

〉
− ϕ�(u)

)
+ ψ(v(t)) ≤ 0,

which can be written

−λpt − μqt
λ− μ

− ψ

(
λpx − μqx
λ− μ

)
+ ψ(v(t)) ≤ 0.

This completes the proof.
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MEAN-VARIANCE HEDGING UNDER PARTIAL INFORMATION∗
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Abstract. We consider the mean-variance hedging problem under partial information. The
underlying asset price process follows a continuous semimartingale, and strategies have to be con-
structed when only part of the information in the market is available. We show that the initial
mean-variance hedging problem is equivalent to a new mean-variance hedging problem with an addi-
tional correction term, which is formulated in terms of observable processes. We prove that the value
process of the reduced problem is a square trinomial with coefficients satisfying a triangle system
of backward stochastic differential equations and the filtered wealth process of the optimal hedging
strategy is characterized as a solution of a linear forward equation.

Key words. backward stochastic differential equation, semimartingale market model, incom-
plete markets, mean-variance hedging, partial information

AMS subject classifications. 90A09, 60H30, 90C39

DOI. 10.1137/070700061

1. Introduction. In the problem of derivative pricing and hedging it is usually
assumed that the hedging strategies have to be constructed by using all market infor-
mation. However, in reality, investors acting in a market have limited access to the
information flow. For example, an investor may observe just stock prices, but stock
appreciation rates depend on some unobservable factors; one may think that stock
prices can be observed only at some time intervals or up to some random moment be-
fore an expiration date, or an investor would like to price and hedge a contingent claim
whose payoff depends on an unobservable asset, and he observes the prices of an asset
correlated with the underlying asset. Besides, investors may not be able to use all
available information even if they have access to the full market flow. In all such cases,
investors are forced to make decisions based on only a part of the market information.

We study a mean-variance hedging problem under partial information when the
asset price process is a continuous semimartingale and the flow of observable events
do not necessarily contain all information on prices of the underlying asset.

We assume that the dynamics of the price process of the asset traded on the
market is described by a continuous semimartingale S = (St, t ∈ [0, T ]) defined on
a filtered probability space (Ω,A, (At, t ∈ [0, T ]), P ), satisfying the usual conditions,
where A = AT and T < ∞ is the fixed time horizon. Suppose that the interest rate
is equal to zero and the asset price process satisfies the structure condition; i.e., the
process S admits the decomposition

(1.1) St = S0 + Nt +

∫ t

0

λud〈N〉u, 〈λ ·N〉T < ∞ a.s.,

where N is a continuous A-local martingale and λ is an A-predictable process.
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Let G be a filtration smaller than A:

Gt ⊆ At for every t ∈ [0, T ].

The filtration G represents the information that the hedger has at his disposal; i.e.,
hedging strategies have to be constructed using only information available in G.

Let H be a P -square integrable AT -measurable random variable, representing the
payoff of a contingent claim at time T .

We consider the mean-variance hedging problem

(1.2) to minimize E[(Xx,π
T −H)2] over all π ∈ Π(G),

where Π(G) is a class of G-predictable S-integrable processes. Here Xx,π
t = x +∫ t

0
πudSu is the wealth process starting from initial capital x, determined by the self-

financing trading strategy π ∈ Π(G).
In the case G = A of complete information, the mean-variance hedging problem

was introduced by Föllmer and Sondermann [8] in the case when S is a martingale
and then developed by several authors for a price process admitting a trend (see, e.g.,
[6], [12], [25], [26], [24], [10], [11]).

Asset pricing with partial information under various setups has been considered.
The mean-variance hedging problem under partial information was first studied by Di
Masi, Platen, and Runggaldier [3] when the stock price process is a martingale and
the prices are observed only at discrete time moments. For general filtrations and
when the asset price process is a martingale, this problem was solved by Schweizer
[27] in terms of G-predictable projections. Pham [22] considered the mean-variance
hedging problem for a general semimartingale model, assuming that the observable
filtration contains the augmented filtration FS generated by the asset price process S

(1.3) FS
t ⊆ Gt for every t ∈ [0, T ].

In this paper, using the variance-optimal martingale measure with respect to the
filtration G and suitable Kunita–Watanabe decomposition, the theory developed by
Gourieroux, Laurent, and Pham [10] and Rheinländer and Schweizer [23] to the case
of partial information was extended.

If G is not containing FS , then S is not a G-semimartingale and the problem is
more involved. Let us introduce an additional filtration F = (Ft, t ∈ [0, T ]), which is
an augmented filtration generated by FS and G.

Then the price process S is a continuous F -semimartingale, and the canonical
decomposition of S with respect to the filtration F is of the form

(1.4) St = S0 +

∫ t

0

λ̂F
u d〈M〉u + Mt,

where λ̂F is the F -predictable projection of λ and

Mt = Nt +

∫ t

0

[λu − λ̂F
u ]d〈N〉u

is a continuous F -local martingale. Besides 〈M〉 = 〈N〉, and these brackets are FS-
predictable.
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Throughout the paper we shall make the following assumptions:
(A) 〈M〉 is G-predictable and d〈M〉tdP a.e. λ̂F = λ̂G; hence P -a.s. for each t

E(λt|FS
t− ∨Gt) = E(λt|Gt);

(B) any G-martingale is an F -local martingale;
(C) the filtration G is continuous; i.e., all G-local martingales are continuous;
(D) there exists a martingale measure for S (on FT ) that satisfies the reverse

Hölder condition.
Remark. It is evident that if FS ⊆ G, then 〈M〉 is G-predictable. Besides, in this

case G = F , and conditions (A) and (B) are satisfied.

We shall use the notation Ŷt for the process of the G-projection of Y . Condition
(A) implies that

Ŝt = E(St|Gt) = S0 +

∫ t

0

λ̂ud〈M〉u + M̂t.

Let

Ht = E(H|Ft) = EH +

∫ t

0

hudMu + Lt

and

Ht = EH +

∫ t

0

hG
u dM̂u + LG

t

be the Galtchouk–Kunita–Watanabe (GKW) decompositions of Ht = E(H|Ft) with

respect to local martingales M and M̂ , where h and hG are F -predictable processes
and L and LG are local martingales strongly orthogonal to M and M̂ , respectively.

We show (Theorem 3.1) that the initial mean-variance hedging problem (1.2) is
equivalent to the problem to minimize the expression

(1.5) E

⎡
⎣
(
x +

∫ T

0

πudŜu − ĤT

)2

+

∫ T

0

(
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

)
d〈M〉u

⎤
⎦

over all π ∈ Π(G), where

h̃t = ĥG
t ρ

2
t − ĥt and ρ2

t =
d〈M̂〉t
d〈M〉t

.

Thus, the problem (1.5), equivalent to (1.2), is formulated in terms of G-adapted
processes. One can say that (1.5) is the mean-variance hedging problem under com-
plete information with an additional correction term.

Let us introduce the value process of the problem (1.5):

V H(t, x) = ess inf
π∈Π(G)

E

[(
x +

∫ T

t

πudŜu − ĤT

)2

(1.6)

+

∫ T

t

[
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

]
d〈M〉u|Gt

]
.
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We show in Theorem 4.1 that the value function of the problem (1.5) admits a repre-
sentation

V H(t, x) = Vt(0) − 2Vt(1)x + Vt(2)x2,

where the coefficients Vt(0), Vt(1), and Vt(2) satisfy a triangle system of backward
stochastic differential equations (BSDEs). Besides, the filtered wealth process of the
optimal hedging strategy is characterized as a solution of the linear forward equation

X̂∗t = x−
∫ t

0

ρ2
uϕu(2) + λ̂uVu(2)

1 − ρ2
u + ρ2

uVu(2)
X̂∗udŜu

(1.7) +

∫ t

0

ρ2
uϕu(1) + λ̂uVu(1) + h̃u

1 − ρ2
u + ρ2

uVu(2)
dŜu.

Note that if FS ⊆ G, then

(1.8) ρ = 1, h̃ = 0, M̂ = M, and Ŝ = S.

In the case of complete information (G = A), in addition to (1.8) we have λ̂ = λ and

M̂ = N , and (1.7) gives equations for the optimal wealth process from [19].
In section 5 we consider a diffusion market model, which consists of two assets

S and η, where St is a state of a process being controlled and ηt is the observation
process. Suppose that St and ηt are governed by

dSt = μtdt + σtdw
0
t ,

dηt = atdt + btdwt,

where w0 and w are Brownian motions with correlation ρ and the coefficients μ, σ, a,
and b are Fη-adapted. In this case At = Ft = FS,η

t , and the flow of observable
events is Gt = Fη

t . As an application of Theorem 4.1 we also consider a diffusion
market model with constant coefficients and assume that an investor observes the
price process S only up to a random moment τ before the expiration date T . In this
case we give an explicit solution of (1.2).

2. Main definitions and auxiliary facts. Denote by Me(F ) the set of equiv-
alent martingale measures for S, i.e., the set of probability measures Q equivalent to
P such that S is a F -local martingale under Q.

Let

Me
2(F ) = {Q ∈ Me(F ) : EZ2

T (Q) < ∞},

where Zt(Q) is the density process (with respect to the filtration F ) of Q relative to
P . We assume that Me

2(F ) �= ∅.
Remark 2.1. Note that Me

2(A) �= ∅ implies that Me
2(F ) �= ∅ (see Remark 2.1

from Pham [22].
It follows from (1.4) and condition (A), that the density process Zt(Q) of any

element Q of Me(F ) is expressed as an exponential martingale of the form

Et(−λ̂ ·M + L),

where L is a F -local martingale strongly orthogonal to M and Et(X) is the Doleans–
Dade exponential of X.
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If the local martingale Zmin
t = Et(−λ̂·M) is a true martingale, dQmin/dP = Zmin

T

defines the minimal martingale measure for S.
Recall that a measure Q satisfies the reverse Hölder inequality R2(P ) if there

exists a constant C such that

E

(
Z2
T (Q)

Z2
τ (Q)

|Fτ

)
≤ C, P -a.s.

for every F -stopping time τ .
Remark 2.2. If there exists a measure Q ∈ Me(F ) that satisfies the reverse Hölder

inequality R2(P ), then according to Theorem 3.4 of Kazamaki [14] the martingale

MQ = −λ̂ ·M +L belongs to the class BMO and hence −λ̂ ·M also belongs to BMO,
i.e.,

(2.1) E

(∫ T

τ

λ̂2
ud〈M〉u|Fτ

)
≤ const

for every stopping time τ . Therefore, it follows from Theorem 2.3 of [14] that Et(−λ̂ ·
M) is a true martingale. So, condition (D) implies that the minimal martingale
measure exists (but Zmin is not necessarily square integrable).

Let us make some remarks on conditions (B) and (C).
Remark 2.3. Condition (B) is satisfied if and only if the σ-algebras FS

t ∨Gt and
GT are conditionally independent given Gt for all t ∈ [0, T ] (see Theorem 9.29 from
Jacod [13]).

Remark 2.4. Condition (C) is weaker than the assumption that the filtration F is
continuous. The continuity of the filtration F and condition (B) imply the continuity
of the filtration G, but the converse is not true in general. Note that filtrations F
and FS can be discontinuous. Recall that the continuity of a filtration means that all
local martingales with respect to this filtration are continuous.

By μK we denote the Dolean measure of an increasing process K. For all unex-
plained notations concerning the martingale theory used below, we refer the reader
to [5], [18], [13].

Let Π(F ) be the space of all F -predictable S-integrable processes π such that the
stochastic integral

(π · S)t =

∫ t

0

πudSu, t ∈ [0, T ],

is in the S2 space of semimartingales, i.e.,

E

(∫ T

0

π2
sd〈M〉s

)
+ E

(∫ T

0

|πsλ̂s|d〈M〉s

)2

< ∞.

Denote by Π(G) the subspace of Π(F ) of G-predictable strategies.

Remark 2.5. Since λ̂ ·M ∈ BMO (see Remark 2.2), it follows from the proof of
Theorem 2.5 of Kazamaki [14] that

E

(∫ T

0

|πuλ̂u|d〈M〉u

)2

= E〈|π| ·M, |λ̂| ·M〉2T

≤ 2||λ̂ ·M ||BMOE

∫ T

0

π2d〈M〉u < ∞.
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Therefore, under condition (D) the G-predictable (resp., F -predictable) strategy π

belongs to the class Π(G) (resp., Π(F )) if and only if E
∫ T

0
π2
sd〈M〉s < ∞.

Define J2
T (F ) and J2

T (G) as spaces of terminal values of stochastic integrals, i.e.,

J2
T (F ) = {(π · S)T : π ∈ Π(F )}.

J2
T (G) = {(π · S)T : π ∈ Π(G)}.

For convenience we give some assertions from [4], which establishes necessary and
sufficient conditions for the closedness of the space J2

T (F ) in L2.
Proposition 2.1. Let S be a continuous semimartingale. Then the following

assertions are equivalent:
(1) There is a martingale measure Q ∈ Me(F ), and J2

T (F ) is closed in L2.
(2) There is a martingale measure Q ∈ Me(F ) that satisfies the reverse Hölder

condition R2(P ).
(3) There is a constant C such that for all π ∈ Π(F ) we have

|| sup
t≤T

(π · S)t||L2(P ) ≤ C||(π · S)T ||L2(P ).

(4) There is a constant c such that for every stopping time τ , every A ∈ Fτ , and
every π ∈ Π(F ), with π = πI]τ,T ], we have

||IA − (π · S)T ||L2(P ) ≥ cP (A)1/2.

Note that assertion (4) implies that for every stopping time τ and for every
π ∈ Π(G) we have

(2.2) E

⎛
⎝
(

1 +

∫ T

τ

πudSu

)2/
Fτ

⎞
⎠ ≥ c.

Now we recall some known assertions from the filtering theory. The following
proposition can be proved similarly to [18].

Proposition 2.2. If conditions (A), (B), and (C) are satisfied, then for any
continuous F -local martingale M , with M0 = 0, and any G-local martingale mG

(2.3) M̂t = E(Mt|Gt) =

∫ t

0

̂d〈M,mG〉u
d〈mG〉u

dmG
u + LG

t ,

where LG is a local martingale orthogonal to mG.
It follows from this proposition that for any G-predictable, M -integrable process

π and any G-martingale mG

〈 ̂(π ·M),mG〉t =

∫ t

0

πu

̂d〈M,mG〉u
d〈mG〉u

d〈mG〉u

=

∫ t

0

πud〈M̂,mG〉u = 〈π · M̂,mG〉t.

Hence, for any G-predictable, M -integrable process π

(2.4) ̂(π ·M)t = E

(∫ t

0

πsdMs|Gt

)
=

∫ t

0

πsdM̂s.
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Since π, λ, and 〈M〉 are G-predictable, from (2.4) we have

(2.5) ̂(π · S)t = E

(∫ t

0

πudSu|Gt

)
=

∫ t

0

πudŜu,

where

Ŝt = S0 +

∫ t

0

λ̂ud〈M〉u + M̂t.

3. Separation principle: The optimality principle. Let us introduce the
value function of the problem (1.2) defined as

(3.1) UH(t, x) = ess inf
π∈Π(G)

E

⎛
⎝
(
x +

∫ T

t

πudSu −H

)2

|Gt

⎞
⎠ .

By the GKW decomposition

(3.2) Ht = E(H|Ft) = EH +

∫ t

0

hudMu + Lt

for a F -predictable, M -integrable process h and a local martingale L strongly orthog-
onal to M . We shall use also the GKW decompositions of Ht = E(H|Ft) with respect

to the local martingale M̂

(3.3) Ht = EH +

∫ t

0

hG
u dM̂u + LG

t ,

where hG is a F -predictable process and LG is a F -local martingale strongly orthog-
onal to M̂ .

It follows from Proposition 2.2 (applied for mG = M̂) and Lemma A.1 that

(3.4) 〈E(H|G.), M̂〉t =

∫ t

0

ĥG
u ρ

2
ud〈M〉u.

We shall use the notation

(3.5) h̃t = ĥG
t ρ

2
t − ĥt.

Note that h̃ belongs to the class Π(G) by Lemma A.2.
Let us introduce now a new optimization problem, equivalent to the initial mean-

variance hedging problem (1.2), to minimize the expression

(3.6) E

⎡
⎣
(
x +

∫ T

0

πudŜu − ĤT

)2

+

∫ T

0

(
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

)
d〈M〉u

⎤
⎦

over all π ∈ Π(G). Recall that Ŝt = E(St|Gt) = S0 +
∫ t

0
λ̂ud〈M〉u + M̂t.

Theorem 3.1. Let conditions (A), (B), and (C) be satisfied. Then the initial
mean-variance hedging problem (1.2) is equivalent to the problem (3.6). In particular,
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for any π ∈ Π(G) and t ∈ [0, T ]

E

⎡
⎣
(
x +

∫ T

t

πudSu −H

)2

|Gt

⎤
⎦ = E

[(
H − ĤT

)2

|Gt

]
(3.7)

+ E

⎡
⎣
(
x +

∫ T

t

πudŜu − ĤT

)2

+

∫ T

t

(
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

)
d〈M〉u|Gt

⎤
⎦ .

Proof. We have

E

⎡
⎣
(
x +

∫ T

t

πudSu −H

)2

|Gt

⎤
⎦

= E

⎡
⎣
(
x +

∫ T

t

πudŜu −H +

∫ T

t

πud
(
Mu − M̂u

))2

|Gt

⎤
⎦

= E

⎡
⎣
(
x +

∫ T

t

πudŜu −H

)2

|Gt

⎤
⎦

+ 2E

[(
x +

∫ T

t

πudŜu −H

)(∫ T

t

πud
(
Mu − M̂u

))
|Gt

]

+ E

⎡
⎣
(∫ T

t

πud
(
Mu − M̂u

))2

|Gt

⎤
⎦ = I1 + 2I2 + I3.(3.8)

It is evident that

(3.9) I1 = E

⎡
⎣
(
x +

∫ T

t

πudŜu − ĤT

)2

|Gt

⎤
⎦+ E

[(
H − ĤT

)2

|Gt

]
.

Since π, λ̂, and 〈M̂〉 are GT -measurable and the σ-algebras FS
t ∨ Gt and GT are

conditionally independent given Gt (see Remark 2.3), it follows from (2.4) that

E

[∫ T

t

πuλ̂ud〈M〉u
∫ T

t

πud
(
Mu − M̂u

)
|Gt

]

= E

[∫ T

t

πuλ̂ud〈M〉u
∫ T

0

πud
(
Mu − M̂u

)
|Gt

]

−E

[∫ T

t

πuλ̂ud〈M〉u
∫ t

0

πud
(
Mu − M̂u

)
|Gt

]

= E

[∫ T

t

πuλ̂ud〈M〉uE
(∫ T

0

πud
(
Mu − M̂u

)
|GT

)
|Gt

]

−E

[∫ T

t

πuλ̂ud〈M〉u|Gt

]
E

[∫ t

0

πud
(
Mu − M̂u

)
|Gt

]
(3.10)

= 0.
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On the other hand, by using decomposition (3.2), equality (3.4), properties of
square characteristics of martingales, and the projection theorem, we obtain

E

[
H

∫ T

t

πud
(
Mu − M̂u

)
|Gt

]

= E

[
H

∫ T

t

πudMu|Gt

]
− E

[
ĤT

∫ T

t

πudM̂u|Gt

]

= E

[∫ T

t

πud〈M,E(H|F·)〉u|Gt

]
− E

[∫ T

t

πud〈Ĥ, M̂〉u|Gt

]

= E

[∫ T

t

πuhud〈M〉u|Gt

]
− E

[∫ T

t

πuĥG
u ρ

2
ud〈M〉u|Gt

]

= E

[∫ T

t

πu

(
ĥu − ĥG

u ρ
2
u

)
d〈M〉u|Gt

]
= −E

[∫ T

t

πuh̃ud〈M〉u|Gt

]
.(3.11)

Finally, it is easy to verify that

(3.12)

2E

[∫ T

t

πuM̂u

∫ T

t

πud
(
Mu − M̂u

)
|Gt

]
+ E

⎡
⎣
(∫ T

t

πud
(
Mu − M̂u

))2

|Gt

⎤
⎦

= E

[(∫ T

t

π2
ud〈M〉u −

∫ T

t

π2
ud〈M̂〉u

)
|Gt

]
= E

[∫ T

t

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gt

]
.

Therefore (3.8), (3.9), (3.10), (3.11), and (3.12) imply the validity of equality
(3.7).

Thus, it follows from Theorem 3.1 that the optimization problems (1.2) and (3.6)
are equivalent. Therefore it is sufficient to solve the problem (3.6), which is formulated
in terms of G-adapted processes. One can say that (3.6) is a mean-variance hedging
problem under complete information with a correction term and can be solved by
using methods for complete information.

Let us introduce the value process of the problem (3.6)

V H(t, x) = ess inf
π∈Π(G)

E

[(
x +

∫ T

t

πudŜu − ĤT

)2

+

∫ T

t

[
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

]
d〈M〉u|Gt

]
.(3.13)

It follows from Theorem 3.1 that

(3.14) UH(t, x) = V H(t, x) + E
[
(H − ĤT )2|Gt

]
.

The optimality principle takes in this case the following form.
Proposition 3.1 (optimality principle). Let conditions (A), (B) and (C) be

satisfied. Then
(a) for all x ∈ R, π ∈ Π(G), and s ∈ [0, T ] the process

V H

(
t, x +

∫ t

s

πudŜu

)
+

∫ t

s

[
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u)

]
d〈M〉u



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2390 M. MANIA, R. TEVZADZE, AND T. TORONJADZE

is a submartingale on [s, T ], admitting an right continuous with left limits
(RCLL) modification.

(b) π∗ is optimal if and only if the process

V H

(
t, x +

∫ t

s

π∗udŜu

)
+

∫ t

s

[
(π∗u)

2 (
1 − ρ2

u

)
+ 2π∗uh̃u

]
d〈M〉u

is a martingale.
This assertion can be proved in a standard manner (see, e.g., [7], [15]). The proof

more adapted to this case one can see in [19].
Let

V (t, x) = ess inf
π∈Π(G)

E

⎡
⎣
(
x +

∫ T

t

πudŜu

)2

+

∫ T

t

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gt

⎤
⎦

and

Vt(2) = ess inf
π∈Π(G)

E

⎡
⎣
(

1 +

∫ T

t

πudŜu

)2

+

∫ T

t

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gt

⎤
⎦ .

It is evident that V (t, x) (resp., Vt(2)) is the value process of the optimization problem
(3.6) in the case H = 0 (resp., H = 0 and x = 1), i.e.,

V (t, x) = V 0(t, x) and Vt(2) = V 0(t, 1).

Since Π(G) is a cone, we have

V (t, x) = x2 ess inf
π∈Π(G)

E

[(
1 +

∫ T

t

πu

x
dŜu

)2

+

∫ T

t

(πu

x

)2 (
1 − ρ2

u

)
d〈M〉u|Gt

]
= x2Vt(2).(3.15)

Therefore from Proposition 3.1 and equality (3.15) we have the following.
Corollary 3.1. (a) The process

Vt(2)

(
1 +

∫ t

s

πudŜu

)2

+

∫ t

s

(πu)2(1 − ρ2
u)d〈M〉u,

t ≥ s, is a submartingale for all π ∈ Π(G) and s ∈ [0, T ].
(b) π∗ is optimal if and only if

Vt(2)

(
1 +

∫ t

s

π∗udŜu

)2

+

∫ t

s

(π∗u)2(1 − ρ2
u)d〈M〉u,

t ≥ s, is a martingale.
Note that in the case H = 0 from Theorem 3.1 we have

E

⎡
⎣
(

1 +

∫ T

t

πudSu

)2

|Gt

⎤
⎦(3.16)

= E

⎡
⎣
(

1 +

∫ T

t

πudŜu

)2

+

∫ T

t

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gt

⎤
⎦
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and, hence,

(3.17) Vt(2) = U0(t, 1).

Lemma 3.1. Let conditions (A)–(D) be satisfied. Then there is a constant 1 ≥
c > 0 such that Vt(2) ≥ c for all t ∈ [0, T ] a.s. and

(3.18) 1 − ρ2
t + ρ2

tVt(2) ≥ c μ〈M〉a.e.

Proof. Let

V F
t (2) = ess inf

π∈Π(F )
E

⎡
⎣
(

1 +

∫ T

t

πudSu

)2

|Ft

⎤
⎦ .

It follows from assertion (4) of Proposition 2.1 that there is a constant c > 0 such
that V F

t (2) ≥ c for all t ∈ [0, T ] a.s. Note that c ≤ 1 since V F ≤ 1. Then by (3.17)

Vt(2) = U0(t, 1) = ess inf
π∈Π(G)

E

⎡
⎣
(

1 +

∫ T

t

πudSu

)2

|Gt

⎤
⎦

= ess inf
π∈Π(G)

E

⎡
⎣E

⎛
⎝
(

1 +

∫ T

t

πudSu

)2

|Ft

⎞
⎠ |Gt

⎤
⎦

≥ E(V F
t (2)|Gt) ≥ c.

Therefore, since ρ2
t ≤ 1 by Lemma A.1,

1 − ρ2
t + ρ2

tVt(2) ≥ 1 − ρ2
t + ρ2

t c ≥ inf
r∈[0,1]

(1 − r + rc) = c.

4. BSDEs for the value process. Let us consider the semimartingale back-
ward equation

(4.1) Yt = Y0 +

∫ t

0

f(u, Yu, ψu)d〈m〉u +

∫ t

0

ψudmu + Lt

with the boundary condition

(4.2) YT = η,

where η is an integrable GT -measurable random variable, f : Ω × [0, T ] × R2 → R
is P × B(R2) measurable, and m is a local martingale. A solution of (4.1)–(4.2) is a
triple (Y, ψ, L), where Y is a special semimartingale, ψ is a predictable m-integrable
process, and L a local martingale strongly orthogonal to m. Sometimes we call Y
alone the solution of (4.1)–(4.2), keeping in mind that ψ ·m+L is the martingale part
of Y .

Backward stochastic differential equations have been introduced in [1] for the lin-
ear case as the equations for the adjoint process in the stochastic maximum principle.
The semimartingale backward equation, as a stochastic version of the Bellman equa-
tion in an optimal control problem, was first derived in [2]. The BSDE with more
general nonlinear generators was introduced in [21] for the case of Brownian filtration,
where the existence and uniqueness of a solution of BSDEs with generators satisfying



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2392 M. MANIA, R. TEVZADZE, AND T. TORONJADZE

the global Lifschitz condition was established. These results were generalized for gen-
erators with quadratic growth in [16], [17] for BSDEs driven by a Brownian motion
and in [20], [28] for BSDEs driven by martingales. But conditions imposed in these
papers are too restrictive for our needs. We prove here the existence and uniqueness of
a solution by directly showing that the unique solution of the BSDE that we consider
is the value of the problem.

In this section we characterize optimal strategies in terms of solutions of suitable
semimartingale backward equations.

Theorem 4.1. Let H be a square integrable FT -measurable random variable,
and let conditions (A), (B), (C), and (D) be satisfied. Then the value function of the
problem (3.6) admits a representation

(4.3) V H(t, x) = Vt(0) − 2Vt(1)x + Vt(2)x2,

where the processes Vt(0), Vt(1), and Vt(2) satisfy the following system of backward
equations:

Yt(2) = Y0(2) +

∫ t

0

(
ψs(2)ρ2

s + λ̂sYs(2)
)2

1 − ρ2
s + ρ2

sYs(2)
d〈M〉s

+

∫ t

0

ψs(2)dM̂s + Lt(2), YT (2) = 1,(4.4)

Yt(1) = Y0(1) +

∫ t

0

(
ψs(2)ρ2

s + λ̂sYs(2)
)(
ψs(1)ρ2

s + λ̂sYs(1) − h̃s

)
1 − ρ2

s + ρ2
sYs(2)

d〈M〉s

+

∫ t

0

ψs(1)dM̂s + Lt(1), YT (1) = E(H|GT ),(4.5)

Yt(0) = Y0(0) +

∫ t

0

(
ψs(1)ρ2

s + λ̂sYs(1) − h̃s

)2
1 − ρ2

s + ρ2
sYs(2)

d〈M〉s

+

∫ t

0

ψs(0)dM̂s + Lt(0), YT (0) = E2(H|GT ),(4.6)

where L(2), L(1), and L(0) are G-local martingales orthogonal to M̂ .

Besides, the optimal filtered wealth process X̂x,π∗

t = x+
∫ t

0
π∗udŜu is a solution of

the linear equation

X̂∗t = x−
∫ t

0

ρ2
uψu(2) + λ̂uYu(2)

1 − ρ2
u + ρ2

uYu(2)
X̂∗udŜu

+

∫ t

0

ψu(1)ρ2
u + λ̂uYu(1) − h̃u

1 − ρ2
u + ρ2

uYu(2)
dŜu.(4.7)

Proof. Similarly to the case of complete information one can show that the optimal
strategy exists and that V H(t, x) is a square trinomial of the form (4.3) (see, e.g., [19]).
More precisely the space of stochastic integrals

J2
t,T (G) =

{∫ T

t

πudSu : π ∈ Π(G)

}

is closed by Proposition 2.1, since 〈M〉 is G-predictable. Hence there exists optimal
strategy π∗(t, x) ∈ Π(G) and UH(t, x) = E[|H − x −

∫ T

t
π∗u(t, x)dSu|2|Gt]. Since
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∫ T

t
π∗u(t, x)dSu coincides with the orthogonal projection of H − x ∈ L2 on the closed

subspace of stochastic integrals, then the optimal strategy is linear with respect to
x, i.e., π∗u(t, x) = π0

u(t) + xπ1
u(t). This implies that the value function UH(t, x) is a

square trinomial. It follows from the equality (3.14) that V H(t, x) is also a square
trinomial, and it admits the representation (4.3).

Let us show that Vt(0), Vt(1), and Vt(2) satisfy the system (4.4)–(4.6). It is evident
that

Vt(0) = V H(t, 0) = ess inf
π∈Π(G)

E

[(∫ T

t

πudŜu − ĤT

)2

+

∫ T

t

[π2
u

(
1 − ρ2

u

)
+ 2πuh̃u]d〈M〉u|Gt

]
(4.8)

and

Vt(2) = V 0(t, 1) = ess inf
π∈Π(G)

E

[(
1 +

∫ T

t

πudŜu

)2

+

∫ T

t

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gt

]
.(4.9)

Therefore, it follows from the optimality principle (taking π = 0) that Vt(0) and Vt(2)
are RCLL G-submartingales and

Vt(2) ≤ E(VT (2)|Gt) ≤ 1,

Vt(0) ≤ E(E2(H|GT )|Gt) ≤ E(H2|Gt).

Since

(4.10) Vt(1) =
1

2
(Vt(0) + Vt(2) − V H(t, 1)),

the process Vt(1) is also a special semimartingale, and since Vt(0)−2Vt(1)x+Vt(2)x2 =
V H(t, x) ≥ 0 for all x ∈ R, we have V 2

t (1) ≤ Vt(0)Vt(2); hence

V 2
t (1) ≤ E

(
H2|Gt

)
.

Expressions (4.8), (4.9), and (3.13) imply that VT (0) = E2(H|GT ), VT (2) = 1,
and V H(T, x) = (x−E(H|GT ))2. Therefore from (4.10) we have VT (1) = E(H|GT ),
and V (0), V (1), and V (2) satisfy the boundary conditions.

Thus, the coefficients Vt(i), i = 0, 1, 2, are special semimartingales, and they admit
the decomposition

(4.11) Vt(i) = V0(i) + At(i) +

∫ t

0

ϕs(i)dM̂s + mt(i), i = 0, 1, 2,

where m(0),m(1), and m(2) are G-local martingales strongly orthogonal to M̂ and
A(0), A(1), and A(2) are G-predictable processes of finite variation.

There exists an increasing continuous G-predictable process K such that

〈M〉t =

∫ t

0

νudKu, At(i) =

∫ t

0

au(i)dKu, i = 0, 1, 2,

where ν and a(i), i = 0, 1, 2, are G-predictable processes.
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Let X̂x,π
s,t ≡ x +

∫ t

s
πudŜu and

Y x,π
s,t ≡ V H

(
t, X̂x,π

s,t

)
+

∫ t

s

[
π2
u

(
1 − ρ2

u

)
+ 2πuh̃u

]
d〈M〉u.

Then by using (4.3), (4.11), and the Itô formula for any t ≥ s we have

(
X̂x,π

s,t

)2

= x +

∫ t

s

[
2πuλ̂uX̂

x,π
s,u + π2

uρ
2
u

]
d〈M〉u

+ 2

∫ t

s

πuX̂
x,π
s,u dM̂u(4.12)

and

Y x,π
s,t − V H(s, x) =

∫ t

s

[(
X̂x,π

s,u

)2

au(2) − 2X̂x,π
s,u au(1) + au(0)

]
dKu

+

∫ t

s

[
π2
u

(
1 − ρ2

u + ρ2
uVu−(2)

)
+ 2πuX̂

x,π
s,u

(
λ̂uVu−(2) + ϕu(2)ρ2

u

)
− 2πu

(
Vu−(1)λ̂u + ϕu(1)ρ2

u − h̃u

) ]
νudKu + mt −ms,(4.13)

where m is a local martingale.
Let

G(π, x) = G(ω, u, π, x) = π2
(
1 − ρ2

u + ρ2
uVu−(2)

)
+ 2πx

(
λ̂uVu−(2) + ϕu(2)ρ2

u

)
− 2π(Vu−(1)λ̂u + ϕu(1)ρ2

u − h̃u).

It follows from the optimality principle that for each π ∈ Π(G) the process∫ t

s

[(
X̂x,π

s,u

)2

au(2) − 2X̂x,π
s,u au(1) + au(0)

]
dKu

+

∫ t

s

G
(
πu, X̂

x,π
s,u

)
νudKu(4.14)

is increasing for any s on s ≤ t ≤ T , and for the optimal strategy π∗ we have the
equality ∫ t

s

[(
X̂x,π∗

s,u

)2

au(2) − 2X̂x,π∗

s,u au(1) + au(0)

]
dKu

= −
∫ t

s

G
(
π∗u, X̂

x,π∗

s,u

)
νudKu.(4.15)

Since νudKu = d〈M〉u is continuous, without loss of generality one can assume
that the process K is continuous (see [19] for details). Therefore, by taking in (4.14)
τs(ε) = inf{t ≥ s : Kt −Ks ≥ ε} instead of t, we have that for any ε > 0 and s ≥ 0

1

ε

∫ τs(ε)

s

[(
X̂x,π

s,u

)2

au(2) − 2X̂x,π
s,u au(1) + au(0)

]
dKu

≥ −1

ε

∫ τs(ε)

s

G
(
πu, X̂

x,π
s,u

)
νudKu.(4.16)
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By passing to the limit in (4.16) as ε → 0, from Proposition B of [19] we obtain

x2au(2) − 2xau(1) + au(0) ≥ −G(πu, x)νu, μK-a.e.,

for all π ∈ Π(G). Similarly from (4.15) we have that μK-a.e.

x2au(2) − 2xau(1) + au(0) = −G(π∗u, x)νu

and hence

(4.17) x2au(2) − 2xau(1) + au(0) = −νu ess inf
π∈Π(G)

G(πu, x).

The infimum in (4.17) is attained for the strategy

(4.18) π̂t =
Vt(1)λ̂t + ϕt(1)ρ2

t − h̃t − x(Vt(2)λ̂t + ϕt(2)ρ2
t )

1 − ρ2
t + ρ2

tVt(2)
.

From here we can conclude that

ess inf
π∈Π(G)

G(πt, x) ≥ G(π̂t, x)

= −

(
Vt(1)λ̂t + ϕt(1)ρ2

t − h̃t − x
(
Vt(2)λ̂t + ϕt(2)ρ2

t

))2

1 − ρ2
t + ρ2

tVt(2)
.(4.19)

Let πn
t = I[0,τn[(t)π̂t, where τn = inf{t : |Vt(1)| ≥ n}.

It follows from Lemmas A.2, 3.1, and A.3 that πn ∈ Π(G) for every n ≥ 1 and
hence

ess inf
π∈Π(G)

G(πt, x) ≤ G(πn
t , x)

for all n ≥ 1. Therefore

(4.20) ess inf
π∈Π(G)

G(πt, x) ≤ lim
n→∞

G(πn
t , x) = G(π̂t, x).

Thus (4.17), (4.19), and (4.20) imply that

x2at(2)−2xat(1)+at(0)

= νt
(Vt(1)λ̂t + ϕt(1)ρ2

t − h̃t − x(Vt(2)λ̂t + ϕt(2)ρ2
t ))

2

1 − ρ2
t + ρ2

tVt(2)
, μK-a.e.,(4.21)

and by equalizing the coefficients of square trinomials in (4.21) (and integrating with
respect to dK) we obtain

At(2) =

∫ t

0

(
ϕs(2)ρ2

s + λ̂sVs(2)
)2

1 − ρ2
s + ρ2

sVs(2)
d〈M〉s,(4.22)

At(1) =

∫ t

0

(
ϕs(2)ρ2

s + λ̂sVs(2)
)(

ϕs(1)ρ2
s + λ̂sVs(1) − h̃s

)
1 − ρ2

s + ρ2
sVs(2)

d〈M〉s,(4.23)

At(0) =

∫ t

0

(
ϕs(1)ρ2

s + λ̂sVs(1) − h̃s

)2

1 − ρ2
s + ρ2

sVs(2)
d〈M〉s,(4.24)
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which, together with (4.11), implies that the triples (V (i), ϕ(i),m(i)), i = 0, 1, 2,
satisfy the system (4.4)–(4.6).

Note that A(0) and A(2) are integrable increasing processes and relations (4.22)
and (4.24) imply that the strategy π̂ defined by (4.18) belongs to the class Π(G).

Let us show now that if the strategy π∗ ∈ Π(G) is optimal, then the corresponding

filtered wealth process X̂π∗

t = x +
∫ t

0
π∗udŜu is a solution of (4.7).

By the optimality principle the process

Y π∗

t = V H
(
t, X̂π∗

t

)
+

∫ t

0

[
(π∗u)

2 (
1 − ρ2

u

)
+ 2π∗uh̃u

]
d〈M〉u

is a martingale. By using the Itô formula we have

Y π∗

t =

∫ t

0

(
X̂π∗

u

)2

dAu(2) − 2

∫ t

0

X̂π∗

u dAu(1) + At(0)

+

∫ t

0

G
(
π∗u, X̂

π∗

u

)
d〈M〉u + Nt,

where N is a martingale. Therefore by applying equalities (4.22), (4.23), and (4.24)
we obtain

Y π∗

t =

∫ t

0

(
π∗u − Vu(1)λ̂u + ϕu(1)ρ2

u − h̃u

1 − ρ2
u + ρ2

uVu(2)

+ X̂π∗

u

Vu(2)λ̂u + ϕu(2)ρ2
u

1 − ρ2
u + ρ2

uVu(2)

)2 (
1 − ρ2

u + ρ2
uVu(2)

)
d〈M〉u + Nt,

which implies that μ〈M〉-a.e.

π∗u =
Vu(1)λ̂u + ϕu(1)ρ2

u − h̃u

1 − ρ2
u + ρ2

uVu(2)
− X̂π∗

u

(
Vu(2)λ̂u + ϕu(2)ρ2

u

)
1 − ρ2

u + ρ2
uVu(2)

.

By integrating both parts of this equality with respect to dŜ (and adding then x to

the both parts), we obtain that X̂π∗
satisfies (4.7).

The uniqueness of the system (4.4)–(4.6) we shall prove under following condition
(D∗), stronger than condition (D).

Assume that
(D∗)

∫ T

0

λ̂2
u

ρ2
u

d〈M〉u ≤ C.

Since ρ2 ≤ 1 (Lemma A.1), it follows from (D∗) that the mean-variance tradeoff of S
is bounded, i.e.,

∫ T

0

λ̂2
ud〈M〉u ≤ C,

which implies (see, e.g., Kazamaki [14]) that the minimal martingale measure for S
exists and satisfies the reverse Hölder condition R2(P ). So, condition (D∗) implies
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condition (D). Besides, it follows from condition (D∗) that the minimal martingale

measure Q̂min for Ŝ

dQ̂min = ET

(
− λ̂

ρ2
· M̂
)

also exists and satisfies the reverse Hölder condition. Indeed, condition (D∗) implies

that Et(−2 λ̂
ρ2 · M̂) is a G-martingale and hence

E

(
E2
tT

(
− λ̂

ρ2
· M̂
)
|Gt

)
= E

(
EtT

(
−2

λ̂

ρ2
· M̂
)
e
∫ T
t

λ̂2
u

ρ2
u
d〈M〉u

Gt

)
≤ eC .

Recall that the process Z belongs to the class D if the family of random variables
ZτI(τ≤T ) for all stopping times τ is uniformly integrable.

Theorem 4.2. Let conditions (A), (B), (C), and (D∗) be satisfied. If a triple
(Y (0), Y (1), Y (2)), where Y (0) ∈ D, Y 2(1) ∈ D, and c ≤ Y (2) ≤ C for some
constants 0 < c < C, is a solution of the system (4.4)–(4.6), then such a solution is
unique and coincides with the triple (V (0), V (1), V (2)).

Proof. Let Y (2) be a bounded strictly positive solution of (4.4), and let

∫ t

0

ψu(2)dM̂u + Lt(2)

be the martingale part of Y (2).
Since Y (2) solves (4.4), it follows from the Itô formula that for any π ∈ Π(G) the

process

(4.25) Y π
t = Yt(2)

(
1 +

∫ t

s

πudŜu

)2

+

∫ t

s

π2
u

(
1 − ρ2

u

)
d〈M〉u,

t ≥ s, is a local submartingale.
Since π ∈ Π(G), from Lemma A.1 and the Doob inequality we have

E sup
t≤T

(
1 +

∫ t

0

πudŜ

)2

≤ const

(
1 + E

∫ T

0

π2
uρ

2
ud〈M〉u

)
+ E

(∫ T

0

|πuλ̂u|d〈M〉u

)2

< ∞.(4.26)

Therefore, by taking in mind that Y (2) is bounded and π ∈ Π(G) we obtain

E
(

sup
s≤u≤T

Y π
u

)2
< ∞,

which implies that Y π ∈ D. Thus Y π is a submartingale (as a local submartingale
from the class D), and by the boundary condition YT (2) = 1 we obtain

Ys(2) ≤ E

⎛
⎝
(

1 +

∫ T

s

πudŜu

)2

+

∫ T

s

π2
u

(
1 − ρ2

u

)
d〈M〉u|Gs

⎞
⎠
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for all π ∈ Π(G) and hence

(4.27) Yt(2) ≤ Vt(2).

Let

π̃t = − λ̂tYt(2) + ψt(2)ρ2
t

1 − ρ2
t + ρ2

tYt(2)
Et

(
− λ̂Y (2) + ψ(2)ρ2

1 − ρ2 + ρ2Y (2)
· Ŝ
)
.

Since 1 +
∫ t

0
π̃udŜu = Et(− λ̂Y (2)+ψ(2)ρ2

1−ρ2+ρ2Y (2) · Ŝ), it follows from (4.4) and the Itô formula

that the process Y π̃ defined by (4.25) is a positive local martingale and hence a
supermartingale. Therefore

(4.28) Ys(2) ≥ E

⎛
⎝
(

1 +

∫ T

s

π̃udŜu

)2

+

∫ T

s

π̃2
u

(
1 − ρ2

u

)
d〈M〉u|Gs

⎞
⎠ .

Let us show that π̃ belongs to the class Π(G).
From (4.28) and (4.27) we have for every s ∈ [0, T ]

(4.29) E

⎛
⎝
(

1 +

∫ T

s

π̃udŜu

)2

+

∫ T

s

π̃2
u

(
1 − ρ2

u

)
d〈M〉u|Gs

⎞
⎠ ≤ Ys(2) ≤ Vs(2) ≤ 1

and hence

E

(
1 +

∫ T

0

π̃udŜu

)2

≤ 1,(4.30)

E

∫ T

0

π̃2
u

(
1 − ρ2

u

)
d〈M〉u ≤ 1.(4.31)

By (D∗) the minimal martingale measure Q̂min for Ŝ satisfies the reverse Hölder
condition, and hence all conditions of Proposition 2.1 are satisfied. Therefore the
norm

E

(∫ T

0

π̃2
sρ

2
sd〈M〉s

)
+ E

(∫ T

0

|π̃sλ̂s|d〈M〉s

)2

is estimated by E
(
1 +

∫ T

0
π̃udŜu)2 and hence

E

∫ T

0

π̃2
uρ

2
ud〈M〉u < ∞, E

(∫ T

0

|π̃sλ̂s|d〈M〉s

)2

< ∞.

It follows from (4.31) and the latter inequality that π̃ ∈ Π(G), and from (4.28) we
obtain

Yt(2) ≥ Vt(2),

which together with (4.27) gives the equality Yt(2) = Vt(2).
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Thus V (2) is a unique bounded strictly positive solution of (4.4). Besides,

(4.32)

∫ t

0

ψu(2)dM̂u =

∫ t

0

ϕu(2)dM̂u, Lt(2) = mt(2)

for all t, P -a.s.
Let Y (1) be a solution of (4.5) such that Y 2(1) ∈ D. By the Itô formula the

process

Rt = Yt(1)Et

(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

+

∫ t

0

Eu

(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

(ϕu(2)ρ2
u + λ̂uVu(2))h̃u

1 − ρ2
u + ρ2

uVu(2)
d〈M〉u(4.33)

is a local martingale. Let us show that Rt is a martingale.
As was already shown, the strategy

π̃u =
ψu(2)ρ2

u + λ̂uYu(2)

1 − ρ2 + ρ2Yu(2)
Eu

(
−ψ(2)ρ2 + λ̂Y (2)

1 − ρ2 + ρ2Y (2)
· Ŝ
)

belongs to the class Π(G).
Therefore (see (4.26)),

(4.34) E sup
t≤T

E2
t

(
−ψ(2)ρ2 + λ̂Y (2)

1 − ρ2 + ρ2Y (2)
· Ŝ
)

= E sup
t≤T

(
1 +

∫ t

0

π̃udŜ

)2

< ∞,

and hence

Yt(1)Et

(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

∈ D.

On the other hand, the second term of (4.33) is the process of integrable variation,
since π̃ ∈ Π(G) and h̃ ∈ Π(G) (see Lemma A.2) imply that

E

∫ T

0

∣∣∣∣∣Eu
(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

(ϕu(2)ρ2
u + λ̂uVu(2))h̃u

1 − ρ2
u + ρ2

uVu(2)

∣∣∣∣∣ d〈M〉u

= E

∫ T

0

|π̃uh̃u|d〈M〉u ≤ E1/2

∫ T

0

π̃2
ud〈M〉uE1/2

∫ T

0

h̃2
ud〈M〉u < ∞.

Therefore, the process Rt belongs to the class D, and hence it is a true martingale.
By using the martingale property and the boundary condition we obtain

Yt(1) = E

(
ĤTEtT

(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

+

∫ T

t

Etu

(
− ϕ(2)ρ2 + λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

(ϕu(2)ρ2
u + λ̂uVu(2))h̃u

1 − ρ2
u + ρ2

uVu(2)
d〈M〉u|Gt

)
.(4.35)

Thus, any solution of (4.5) is expressed explicitly in terms of (V (2), ϕ(2)) in the form
(4.35). Hence the solution of (4.5) is unique, and it coincides with Vt(1).
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It is evident that the solution of (4.6) is also unique.

Remark 4.1. In the case FS ⊆ G we have ρt = 1, h̃t = 0, and Ŝt = St, and (4.7)
takes the form

X̂∗t = x−
∫ t

0

ψu(2) + λ̂uYu(2)

Yu(2)
X̂∗udSu

+

∫ t

0

ψu(1) + λ̂uYu(1)

Yu(2)
dSu.

Corollary 4.1. In addition to conditions (A)–(C) assume that ρ is a constant

and the mean-variance tradeoff 〈λ̂ ·M〉T is deterministic. Then the solution of (4.4)
is the triple (Y (2), ψ(2), L(2)), with ψ(2) = 0, L(2) = 0, and

(4.36) Yt(2) = Vt(2) = ν
(
ρ, 1 − ρ2 + 〈λ̂ ·M〉T − 〈λ̂ ·M〉t

)
,

where ν(ρ, α) is the root of the equation

(4.37)
1 − ρ2

x
− ρ2 lnx = α.

Besides,

Yt(1) = E

(
HEtT

(
− λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

+

∫ T

t

Etu

(
− λ̂V (2)

1 − ρ2 + ρ2V (2)
· Ŝ
)

λuVu(2)h̃u

1 − ρ2 + ρ2Vu(2)
d〈M〉u|Gt

)
(4.38)

uniquely solves (4.5), and the optimal filtered wealth process satisfies the linear equa-
tion

X̂∗t = x−
∫ t

0

λ̂uVu(2)

1 − ρ2 + ρ2Vu(2)
X̂∗udŜu

+

∫ t

0

ϕu(1)ρ2 + λ̂uVu(1) − h̃u

1 − ρ2 + ρ2Vu(2)
dŜu.(4.39)

Proof. The function f(x) = 1−ρ2

x − ρ2 lnx is differentiable and strictly decreasing
on ]0,∞[ and takes all values from ]−∞,+∞[. So (4.37) admits a unique solution for
all α. Besides, the inverse function α(x) is differentiable. Therefore Yt(2) is a process
of finite variation, and it is adapted since 〈λ̂ ·M〉T is deterministic.

By definition of Yt(2) we have that for all t ∈ [0, T ]

1 − ρ2

Yt(2)
− ρ2 lnYt(2) = 1 − ρ2 + 〈λ̂ ·M〉T − 〈λ̂ ·M〉t.

It is evident that for α = 1 − ρ2 the solution of (4.37) is equal to 1, and it follows
from (4.36) that Y (2) satisfies the boundary condition YT (2) = 1. Therefore

1 − ρ2

Yt(2)
− ρ2 lnYt(2) −

(
1 − ρ2

)
= −

(
1 − ρ2

) ∫ T

t

d
1

Yu(2)
+ ρ2

∫ T

t

d lnYu(2)

=

∫ T

t

(
1 − ρ2

Y 2
u (2)

+
ρ2

Yu(2)

)
dYu(2)
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and ∫ T

t

1 − ρ2 + ρ2Yu(2)

Y 2
u (2)

dYu(2) = 〈λ̂ ·M〉T − 〈λ̂ ·M〉t

for all t ∈ [0, T ]. Hence

∫ t

0

1 − ρ2 + ρ2Yu(2)

Y 2
u (2)

dYu(2) = 〈λ̂ ·M〉t,

and, by integrating both parts of this equality with respect to Y (2)/(1−ρ2 +ρ2Y (2)),
we obtain that Y (2) satisfies

(4.40) Yt(2) = Y0(2) +

∫ t

0

Y 2
u (2)λ̂2

u

1 − ρ2 + ρ2Yu(2)
d〈M〉u,

which implies that the triple (Y (2), ψ(2) = 0, L(2) = 0) satisfies (4.4) and Y (2) = V (2)
by Theorem 4.2. Equations (4.38) and (4.39) follow from (4.35) and (4.7), respectively,
by taking ϕ(2) = 0.

Remark 4.2. In case FS ⊆ G we have M̂ = M and ρ = 1. Therefore (4.40)

is linear and Yt(2) = e〈λ̂·M〉t−〈λ̂·M〉T . In the case A = G of complete information,
Yt(2) = e〈λ·N〉t−〈λ·N〉T .

5. Diffusion market model.
Example 1. Let us consider the financial market model

dS̃t = S̃tμt(η)dt + S̃tσt(η)dw
0
t ,

dηt = at(η)dt + bt(η)dwt,

subjected to initial conditions. Here w0 and w are correlated Brownian motions with
Edw0

t dwt = ρdt, ρ ∈ (−1, 1).
Let us write

wt = ρw0
t +

√
1 − ρ2w1

t ,

where w0 and w1 are independent Brownian motions. It is evident that w⊥ =
−
√

1 − ρ2w0 + ρw1 is a Brownian motion independent of w, and one can express
Brownian motions w0 and w1 in terms of w and w⊥ as

(5.1) w0
t = ρwt −

√
1 − ρ2w⊥t , w1

t =
√

1 − ρ2wt + ρw⊥t .

Suppose that b2 > 0, σ2 > 0, and coefficients μ, σ, a, and b are such that FS,η
t =

Fw0,w
t and F η

t = Fw
t .

We assume that an agent would like to hedge a contingent claim H (which can
be a function of ST and ηT ) using only observations based on the process η. So the
stochastic basis will be (Ω,F , Ft, P ), where Ft is the natural filtration of (w0, w) and
the flow of observable events is Gt = Fw

t .
Also denote dSt = μtdt + σtdw

0
t , so that dS̃t = S̃tdSt and S is the return of the

stock.
Let π̃t be the number of shares of the stock at time t. Then πt = π̃tS̃t represents

an amount of money invested in the stock at the time t ∈ [0, T ]. We consider the mean-
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variance hedging problem

(5.2)

to minimize E

⎡
⎣
(
x +

∫ T

0

π̃tdS̃t −H

)2
⎤
⎦ over all π̃ for which π̃S̃ ∈ Π(G),

which is equivalent to studying the mean-variance hedging problem

to minimize E

⎡
⎣
(
x +

∫ T

0

πtdSt −H

)2
⎤
⎦ over all π ∈ Π(G).

Remark 5.1. Since S is not G-adapted, π̃t and π̃tS̃t cannot be simultaneously
G-predictable and the problem

to minimize E

⎡
⎣
(
x +

∫ T

0

π̃tdS̃t −H

)2
⎤
⎦ over all π̃ ∈ Π(G)

is not equivalent to the problem (5.2). In this setting, condition (A) is not satisfied,
and it needs separate consideration.

By comparing with (1.1) we get that in this case

Mt =

∫ t

0

σsdw
0
s , 〈M〉t =

∫ t

0

σ2
sds, λt =

μt

σ2
t

.

It is evident that w is a Brownian motion also with respect to the filtration Fw0,w1

and condition (B) is satisfied. Therefore by Proposition 2.2

M̂t = ρ

∫ t

0

σsdws.

By the integral representation theorem the GKW decompositions (3.2) and (3.3) take
the following forms:

cH = EH, Ht = cH +

∫ t

0

hsσsdw
0
s +

∫ t

0

h1
sdw

1
s ,(5.3)

Ht = cH + ρ

∫ t

0

hG
s σsdws +

∫ t

0

h⊥s dw
⊥
s .(5.4)

By putting expressions (5.1) for w0 and w1 in (5.3) and equalizing integrands of (5.3)
and (5.4), we obtain

ht = ρ2hG
t −

√
1 − ρ2

h⊥t
σt

and hence

ĥt = ρ2ĥG
t −

√
1 − ρ2

ĥ⊥t
σt

.

Therefore by the definition of h̃

(5.5) h̃t = ρ2ĥG
t − ĥt =

√
1 − ρ2

ĥ⊥t
σt

.
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By using notations

Zs(0) = ρσsϕs(0), Zs(1) = ρσsϕs(1), Zs(2) = ρσsϕs(2), θs =
μs

σs
,

we obtain the following corollary of Theorem 4.1.
Corollary 5.1. Let H be a square integrable FT -measurable random variable.

Then the processes Vt(0), Vt(1), and Vt(2) from (4.3) satisfy the following system of
backward equations:

Vt(2) = V0(2) +

∫ t

0

(ρZs(2) + θsVs(2))
2

1 − ρ2 + ρ2Vs(2)
ds +

∫ t

0

Zs(2)dws, VT (2) = 1,(5.6)

Vt(1) = V0(1) +

∫ t

0

(ρZs(2) + θsVs(2))
(
ρZs(1) + θsVs(1) −

√
1 − ρ2 ĥ⊥s

)
1 − ρ2 + ρ2Vs(2)

ds

+

∫ t

0

Zs(1)dws, VT (1) = E(H|GT ),(5.7)

Vt(0) = V0(0) +

∫ t

0

(
ρZs(1) + θsVs(1) −

√
1 − ρ2 ĥ⊥s

)2

1 − ρ2 + ρ2Vs(2)
ds

+

∫ t

0

Zs(0)dws, VT (0) = E2(H|GT ).(5.8)

Besides, the optimal wealth process X̂∗ satisfies the linear equation

X̂∗t = x−
∫ t

0

ρZs(2) + θsVs(2)

1 − ρ2 + ρ2Vs(2)
X̂∗s (θsds + ρdws)

+

∫ t

0

ρZs(1) + θsVs(1) −
√

1 − ρ2 ĥ⊥s
1 − ρ2 + ρ2Vs(2)

(θsds + ρdws).(5.9)

Suppose now that θt and σt are deterministic. Then the solution of (5.6) is the pair
(Vt(2), Zt(2)), where Z(2) = 0 and V (2) satisfies the ordinary differential equation

(5.10)
dVt(2)

dt
=

θ2
tV

2
t (2)

1 − ρ2 + ρ2Vt(2)
, VT (2) = 1.

By solving this equation we obtain

(5.11) Vt(2) = ν

(
ρ, 1 − ρ2 +

∫ T

t

θ2
sds

)
≡ νθ,ρt ,

where ν(ρ, α) is the solution of (4.37). From (5.10) it follows that

(5.12)
(
ln νθ,ρt

)′
=

θ2
t ν

θ,ρ
t

1 − ρ2 + ρ2νθ,ρt

and ln
νθ,ρs

νθ,ρt

=

∫ s

t

θ2
rν

θ,ρ
r dr

1 − ρ2 + ρ2νθ,ρr

.
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If we solve the linear BSDE (5.7) and use (5.12), we obtain

Vt(1) = E

[
ĤT (w)EtT

(
−
∫ ·

0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

(θrdr + ρdwr)

)
|Gt

]
,

∫ T

t

θsν
θ,ρ
s σs

1 − ρ2 + ρ2νθ,ρs

E

[
h̃s(w)Ets

(
−
∫ ·

0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

(θrdr + ρdwr)

)
|Gt

]
ds

= νθ,ρt E

[
ĤT (w)EtT

(
−
∫ ·

0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

ρdwr

)
|Gt

]

+ νθ,ρt

∫ T

t

μs

1 − ρ2 + ρ2νθ,ρs

E

[
h̃s(w)Ets

(
−
∫ ·

0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

ρdwr

)
|Gt

]
ds.

By using the Girsanov theorem we finally get

Vt(1) = νθ,ρt E

[
ĤT

(
ρ

∫ ·
0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

dr + w

) ∣∣Gt

]

+ νθ,ρt

∫ T

t

μs

1 − ρ2 + ρ2νθ,ρs

E

[
h̃s

(
ρ

∫ ·
0

θrν
θ,ρ
r

1 − ρ2 + ρ2νθ,ρr

dr + w

) ∣∣Gt

]
ds.(5.13)

Besides, the optimal strategy is of the form

π∗t = − θtVt(2)

(1 − ρ2 + ρ2Vt(2))σt
X̂∗t

+
ρZt(1) + θtVt(1) −

√
1 − ρ2 ĥ⊥t

(1 − ρ2 + ρ2Vt(2))σt
.

If in addition μ and σ are constants and the contingent claim is of the form
H = H(ST , ηT ), then one can give an explicit expressions also for h̃, ĥ⊥, Ĥ, and
Z(1).

Example 2. In Frey and Runggaldier [9] the incomplete-information situation
arises, assuming that the hedger is unable to monitor the asset continuously but is
confined to observations at discrete random points in time τ1, τ2, . . . , τn. Perhaps it
is more natural to assume that the hedger has access to price information on full
intervals [σ1, τ1], [σ2, τ2], . . . , [σn, τn]. For the models with nonzero drifts, even the
case n = 1 is nontrivial. Here we consider this case in detail.

Let us consider the financial market model

dS̃t = μS̃tdt + σS̃tdWt, S0 = S,

where W is a standard Brownian motion and the coefficients μ and σ are constants.
Assume that an investor observes only the returns St − S0 =

∫ t

0
1

S̃u
dS̃u of the stock

prices up to a random moment τ before the expiration date T . Let At = FS
t , and let

τ be a stopping time with respect to FS . Then the filtration Gt of observable events
is equal to the filtration FS

t∧τ .
Consider the mean-variance hedging problem

to minimize E

⎡
⎣
(
x +

∫ T

0

πtdSt −H

)2
⎤
⎦ over all π ∈ Π(G),

where πt is a dollar amount invested in the stock at time t.
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By comparing with (1.1) we get that in this case

Nt = Mt = σWt, 〈M〉t = σ2t, λt =
μ

σ2
.

Let θ = μ
σ . The measure Q defined by dQ = ET (θW )dP is a unique martingale

measure for S, and it is evident that Q satisfies the reverse Hölder condition. It is
also evident that any G-martingale is FS-martingale and that conditions (A)–(C) are
satisfied. Besides,

(5.14) E(Wt|Gt) = Wt∧τ , Ŝt = μt + σWt∧τ and ρt = I{t≤τ}.

By the integral representation theorem

(5.15) E
(
H|FS

t

)
= EH +

∫ t

0

huσdWu

for F -predictable W -integrable process h. On the other hand, by the GKW decom-
position with respect to the martingale W τ = (Wt∧τ , t ∈ [0, T ]),

(5.16) E
(
H|FS

t

)
= EH +

∫ t

0

hG
u σdW

τ
u + LG

t

for FS-predictable process hG and FS martingale LG strongly orthogonal to W τ .
Therefore, by equalizing the right-hand sides of (5.15) and (5.16) and taking the

mutual characteristics of both parts with W τ , we obtain
∫ t∧τ
0

(hG
u ρ

2
u − hu)du = 0 and

hence

(5.17)

∫ t

0

h̃udu =

∫ t

0

(
ĥG
u I(u≤τ) − ĥu

)
du = −

∫ t

0

I(u>τ)E
(
hu|FS

τ

)
du.

Therefore, by using notations

Zs(0) = ρσϕs(0), Zs(1) = ρσϕs(1), Zs(2) = ρσϕs(2),

it follows from Theorem 4.1 that the processes (Vt(2), Zt(2)) and (Vt(1), Zt(1)) satisfy
the following system of backward equations:

Vt(2) = V0(2) +

∫ t∧τ

0

(
Zs(2) + θVs(2)

)2
Vs(2)

ds +

∫ t

t∧τ
θ2V 2

s (2)ds

+

∫ t∧τ

0

Zs(2)dWs, VT (2) = 1,(5.18)

Vt(1) = V0(1) +

∫ t∧τ

0

(
Zs(2) + θVs(2)

)(
Zs(1) + θVs(1)

)
Vs(2)

ds

+

∫ t

t∧τ
θVs(2)

(
θVs(1) + E

(
hs|FS

τ

))
ds(5.19)

+

∫ t∧τ

0

Zs(1)dWs, VT (1) = E(H|GT ).

Equation (5.18) admits in this case an explicit solution. To obtain the solution one
should solve first the equation

(5.20) Ut = U0 +

∫ t

0

θ2U2
s ds, UT = 1,
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in the time interval [τ, T ] and then the BSDE

(5.21) Vt(2) = V0(2) +

∫ t

0

(
Zs(2) + θVs(2)

)2
Vs(2)

ds +

∫ t

0

Zs(2)dWs

in the interval [0, τ ], with the boundary condition Vτ (2) = Uτ . The solution of (5.20)
is

Ut =
1

1 + θ2(T − t)
,

and the solution of (5.21) is expressed as

Vt(2) =
1

E
(
(1 + θ2(T − τ))E2

t,τ (−θW )|FS
t

)
(this can be verified by applying the Itô formula for the process V −1

t (2)E2
t (−θW ) and

by using the fact that this process is a martingale). Therefore

(5.22) Vt(2) =

⎧⎪⎪⎨
⎪⎪⎩

1

1 + θ2(T − t)
if t ≥ τ,

1

E
(
(1 + θ2(T − τ))E2

t,τ (−θW )|FS
t

) if t ≤ τ.

According to (4.37), taking in mind (5.14), (5.17), and the fact that e−
∫ T
t

θ2Vu(2)du =
1

1+θ2(T−t) on the set t ≥ τ , the solution of (5.19) is equal to

(5.23)

Vt(1) = E

(
H

1 + θ2(T − t)
+

∫ T

t

θVu(2)hudu

1 + θ2(T − u)
|FS

τ

)
I(t>τ)

+ E

(
Et,τ

(
−ϕ(2) + λV (2)

V (2)
· S
)(

H

1 + θ2(T − τ)
+

∫ T

τ

θVu(2)hudu

1 + θ2(T − u)

)
|FS

t

)
I(t≤τ).

By Theorem 4.1 the optimal filtered wealth process is a solution of a linear SDE,
which takes in this case the following form:

X̂∗t = x−
∫ t∧τ

0

ϕu(2) + θVu(2)

Vu(2)
X̂∗u(θdu + dWu) −

∫ t

t∧τ
θ2Vu(2)X̂∗udu

+

∫ t∧τ

0

ϕu(1) + θVu(1)

Vu(2)
(θdu + dWu) +

∫ t

t∧τ

(
θ2Vu(1) + μE

(
hu|FS

τ

))
du.(5.24)

The optimal strategy is equal to

π∗t =

[
−ϕt(2) + θVt(2)

Vt(2)
I(t≤τ) − θ2Vt(2)I(t>τ)

]
X̂∗t

+
ϕt(1) + θVt(1)

Vt(2)
I(t≤τ) +

(
θ2Vt(1) + μE

(
ht|FS

τ

))
I(t>τ),(5.25)

where X̂∗t is a solution of the linear equation (5.24), V (2) and V (1) are given by
(5.22) and (5.23), and ϕ(2) and ϕ(1) are integrands of their martingale parts, respec-
tively. In particular the optimal strategy in time interval [τ, T ] (i.e., after interrupting
observations) is of the form

(5.26) π∗t = −θ2Vt(2)X̂∗t + θ2Vt(1) + μE
(
ht|FS

τ

)
,
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where

X̂∗t =
X̂∗τ

1 + θ2(t− τ)
−
∫ t

τ

(
θ2Vu(1) − μE

(
hu|FS

τ

)) 1

1 + θ2(t− u)
du.

For instance, if τ is deterministic, then Vt(2) is also deterministic:

Vt(2) =

⎧⎪⎪⎨
⎪⎪⎩

1

1 + θ2(T − t)
if t ≥ τ,

1

1 + θ2(T − t)
e−θ

2(τ−t) if t ≤ τ,

and ϕ(2) = 0.
Note that it is not optimal to do nothing after interrupting observations, and in

order to act optimally one should change the strategy deterministically as it is given
by (5.26).

Appendix A. For convenience we give the proofs of the following assertions used
in the paper.

Lemma A.1. Let conditions (A)–(C) be satisfied and M̂t = E(Mt|Gt). Then 〈M̂〉
is absolutely continuous w.r.t. 〈M〉 and μ〈M〉 a.e.

ρ2
t =

d〈M̂〉t
d〈M〉t

≤ 1.

Proof. By (2.4) for any bounded G-predictable process h

E

∫ t

0

h2
sd〈M̂〉s = E

(∫ t

0

hsdM̂s

)2

= E

(
E

(∫ t

0

hsdMs

∣∣Gt

))2

≤ E

(∫ t

0

hsdMs

)2

= E

∫ t

0

h2
sd〈M〉s,(A.1)

which implies that 〈M̂〉 is absolutely continuous w.r.t. 〈M〉, i.e.,

〈M̂〉t =

∫ t

0

ρ2
sd〈M〉s

for a G-predictable process ρ.
Moreover (A.1) implies that the process 〈M〉–〈M̂〉 is increasing and hence ρ2 ≤ 1

μ〈M〉 a.e.
Lemma A.2. Let H ∈ L2(P, FT ), and let conditions (A)–(C) be satisfied. Then

E

∫ T

0

h̃2
ud〈M〉u < ∞.

Proof. It is evident that

E

∫ T

0

(hG
u )2d〈M̂〉u < ∞, E

∫ T

0

h2
ud〈M〉u < ∞.
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Therefore, by the definition of h̃ and Lemma A.1,

E

∫ T

0

h̃2
ud〈M〉u

≤ 2E

∫ T

0

ĥ2
ud〈M〉u + 2E

∫ T

0

(
ĥG
u

)2

ρ4
ud〈M〉u

≤ 2E

∫ T

0

h2
ud〈M〉u + 2E

∫ T

0

(
hG
u

)2
ρ2
ud〈M̂〉u < ∞.

Thus h̃ ∈ Π(G) by Remark 2.5.
Lemma A.3. (a) Let Y = (Yt, t ∈ [0, T ]) be a bounded positive submartingale with

the canonical decomposition

Yt = Y0 + Bt + mt,

where B is a predictable increasing process and m is a martingale. Then m ∈ BMO.
(b) In particular the martingale part of V (2) belongs to BMO. If H is bounded,

then martingale parts of V (0) and V (1) also belong to the class BMO, i.e., for i =
0, 1, 2,

(A.2) E

(∫ T

τ

ϕ2
u(i)ρ2

ud〈M〉u|Gτ

)
+ E (〈m(i)〉T − 〈m(i)〉τ |Gτ ) ≤ C

for every stopping time τ .
Proof. By applying the Itô formula for Y 2

T − Y 2
τ we have

(A.3) 〈m〉T − 〈m〉τ + 2

∫ T

τ

YudBu + 2

∫ T

τ

Yudmu = Y 2
T − Y 2

τ ≤ const

Since Y is positive and B is an increasing process, by taking conditional expectations
in (A.3) we obtain

E(〈m〉T − 〈m〉τ |Fτ ) ≤ const

for any stopping time τ , and hence m ∈ BMO.
(A.2) follows from assertion (a) applied for positive submartingales V (0), V (2),

and V (0) + V (2) − 2V (1). For the case i = 1 one should take into account also the
inequality

〈m(1)〉t ≤ const(〈m(0) + m(2) − 2m(1)〉t + 〈m(0)〉t + 〈m(2)〉t).
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A KNOWLEDGE-GRADIENT POLICY FOR SEQUENTIAL
INFORMATION COLLECTION∗
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Abstract. In a sequential Bayesian ranking and selection problem with independent normal
populations and common known variance, we study a previously introduced measurement policy
which we refer to as the knowledge-gradient policy. This policy myopically maximizes the expected
increment in the value of information in each time period, where the value is measured according to
the terminal utility function. We show that the knowledge-gradient policy is optimal both when the
horizon is a single time period and in the limit as the horizon extends to infinity. We show furthermore
that, in some special cases, the knowledge-gradient policy is optimal regardless of the length of any
given fixed total sampling horizon. We bound the knowledge-gradient policy’s suboptimality in the
remaining cases, and show through simulations that it performs competitively with or significantly
better than other policies.

Key words. ranking and selection, Bayesian statistics, sequential decision analysis
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1. Introduction. We consider a ranking and selection problem in which we are
faced with M ≥ 2 alternatives, each of which can be measured sequentially to estimate
its constant but unknown underlying average performance. The measurements are
noisy, and as we obtain more measurements, our estimates become more accurate.
We assume normally distributed measurement noise and independent normal Bayesian
priors for each alternative’s underlying average performance. We have a budget of N
measurements to spread over the M alternatives before deciding which is best. The
goal is to choose the alternative with the best underlying average performance.

Information collection problems of this type arise in a number of applications:
(i) Choosing the chemical compound from a library of existing test compounds

that has the greatest effectiveness against a particular disease. A compound’s
effectiveness may be measured by exposing cultured cells infected with the
disease to the compound and observing the result. The compound found most
effective will be developed into a drug for treating the disease.

(ii) Choosing the most efficient of several alternative assembly line configurations.
We may spend a certain short amount of time testing different configurations,
but once we put one particular configuration into production, that choice will
remain in production for a period of several years.

(iii) Selecting the best of several policies applied to a stochastic Markov decision
process. The policies may be evaluated only through Monte Carlo simulation,
so a method of ranking and selection is needed to determine which policy is
best. This selection may be as part of a larger algorithm for finding the
optimal policy as in evolutionary policy iteration [3].
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In this article we study a measurement policy introduced in [16] under the name of
the (R1, . . . , R1) policy, and referred to herein as the knowledge-gradient (KG) policy.
We briefly describe this policy and leave further description for section 4.1. Let μn

x

and (σn
x )2 denote the mean and variance of the posterior predictive distribution for the

unknown value of alternative x after the first n measurements. Then the KG policy
is the policy that chooses its (n + 1)st measurement XKG((μn

1 , σ
n
1 ), . . . , (μn

M , σn
M ))

from within {1, . . . ,M} to maximize the single-period expected increase in value,
En

[
(maxx′ μn+1

x′ ) − (maxx′ μn
x′)

]
, where En indicates the conditional expectation with

respect to what is known after the first n measurements. That is,

XKG((μn
1 , σ

n
1 ), . . . , (μn

M , σn
M )) ∈ arg max

xn∈{1,...,M}
En

[
(max

x′
μn+1
x′ ) − (max

x′
μn
x′)

]
.

In this expression the expectation is implicitly a function of xn, the measurement de-
cision at time n. If the maximum is attained by more than one alternative, then
we choose the one with the smallest index. As the terminal reward is given by
maxx=1,...,M μN

x , this policy is like a gradient ascent algorithm on a utility surface
with domain parameterized by the state of knowledge ((μ1, σ1), . . . , (μM , σM )). It
may also be viewed as a single-step Bayesian look-ahead policy.

In this work we continue the analysis of [16]. We demonstrate that the KG policy,
introduced there as the most rudimentary of a collection of potential policies and
studied for its simplicity but neglected thereafter, is actually a powerful and efficient
tool for ranking and selection that should be considered for application alongside
current state-of-the-art policies. As discussed in detail in section 2, a number of other
sequential Bayesian look-ahead policies have been derived in recent years by solving
a sequence of single-stage optimization problems just as the KG policy does, and,
among these, the optimal computing budget allocation for linear loss of [18] and the
LL(S) policy of [12] assume situations most similar to the one assumed here. The
KG policy differs, however, from these other policies in that it solves its single-stage
problem exactly, while the other policies must use approximations. We believe that
solving the look-ahead problem exactly offers an advantage.

After formulating the problem in section 3 and defining the policy in section 4, we
show in section 5 that the KG policy is optimal in the limit as N → ∞ in the sense that
the policy incurs no opportunity cost in the limit as infinitely many measurements
are allowed. Also, by its construction and as noted in [16], KG is optimal when
there is only one measurement remaining. This provides optimality guarantees at
two extremes: N large and N small. While many policies are asymptotically optimal
without performing particularly well in the finite sample case, a policy with both
kinds of optimality satisfies a more stringent performance check. For example, the
equal-allocation policy is asymptotically optimal, but it is not optimal when N = 1,
except in certain special cases, and performs poorly overall. In the other extreme,
myopic policies for generic Markov decision processes often perform poorly because
they ignore long-term rewards. By being optimal for both N = 1 and N = ∞, KG
avoids the problem that most afflicts other myopic policies, while retaining single-
sample optimality.

In accordance with our belief that optimality at two extremes suggests good per-
formance in the region between, we provide a bound on the policy’s suboptimality for
finite N in section 6. In section 7 we introduce the KG persistence property and use
it to show both optimality for the case when M = 2 and for a further special case
in which the means and variances are ordered. Our proof that KG is optimal when
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M = 2 confirms a claim made by Gupta and Miescke [15], who showed its optimality
among deterministic policies for M = 2, but did not offer a formal proof for optimality
among sequential policies. Finally, in section 8, we demonstrate in numerical exper-
iments that KG performs competitively against the other policies discussed here. In
particular, the KG policy is best according to the measure of average performance
across a number of randomly generated problems, and the margin by which it out-
performs the best competing policies on the most favorable problems is significantly
larger than the margin by which it is outperformed on the most unfavorable problems.

2. Literature review. The KG policy was introduced in [16] as the simplest
of a collection of look-ahead policies and was studied because its simplicity provided
tractability, but this simple policy has seldom been studied or applied in the years
since. Instead, a number of more complex Bayesian look-ahead policies have been
introduced. A series of researchers beginning with [4] and continuing with [5], [9], [7],
[8], [6] proposed and then refined a family of policies known as the optimal computing
budget allocation (OCBA). These policies are derived by formulating a static opti-
mization problem in which one chooses the measurements to maximize the probability
of later correctly selecting the best alternative. OCBA policies solve this optimization
problem by approximating the objective function with various bounds and relaxations,
and by assuming that the predictive mean will remain unchanged by measurement.
They then solve the approximate problem using gradient ascent or greedy heuristics,
or with an asymptotic solution that is exact in the limit as the number of measure-
ments in the second stage is large. All OCBA policies assume normal samples with
known sampling variance, but in practice one may estimate this variance through
sampling.

Any OCBA policy can be extended to multistage or fully sequential problems by
performing the second stage of the two-stage policy repeatedly, at each stage calling
all previous measurements the first stage and the set of measurements to be taken
next the second stage. It is in this extension that one sees the similarity to the one-
step Bayesian look-ahead approach of KG, which extends the one-stage policy which
is optimal with one measurement remaining to a sequential policy by supposing at
each point in time that the current measurement will be the last.

The OCBA policies mentioned above are designed to maximize the probability
of correctly selecting the best alternative, while KG is designed to maximize the
expected value of the chosen alternative. These different objective functions are also
termed 0−1 loss and linear loss, respectively. They are similar but not identical, 0−1
loss perhaps being more appropriate when knowledge of the identity of the best is
intrinsically valuable (and where accidentally choosing the second best is nearly as
harmful as choosing the worst), and linear loss being more appropriate when value is
obtained directly by implementing the chosen alternative.

Recently [18] introduced an OCBA policy designed to minimize expected linear
loss. Although more similar to KG than other OCBA policies, it differs in that it uses
the Bonferroni inequality to approximate the linear loss objective function for a single
stage, and then solves the approximate problem using a second approximation which
is accurate in the limit as the second stage is large. This is in contrast to KG, which
solves the single-stage problem exactly. The OCBA policy in [18] does not assume,
as the other OCBA approaches do, that the posterior predictive mean is equal to the
prior predictive mean, and in this regard it is more similar to the approach of [12]
discussed below.

A set of Bayesian look-ahead ranking and selection policies distinct from OCBA
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were introduced in [12]. They differ by not assuming the predictive means equal
through time and by allowing the sampling variance to be unknown. This causes the
posterior predictive mean to be student-t distributed, inducing an optimization prob-
lem governing the second-stage allocation with an objective function that is somewhat
different from that in OCBA formulations. This objective function, corresponding to
expected loss, is bounded below, and this lower bound is then approximately min-
imized. The resulting solution minimizes the lower bound exactly in the limit as
sampling costs are small, or as the number of second-stage measurements is large.

Six policies are derived in total by considering both 0−1 and linear loss under
three different settings: two-stage measurements with a budget constraint; two-stage
without a budget constraint; and sequential. Among these policies, the one most
similar to KG is LL(S), which uses linear loss in a sequential setting, allocating τ
measurements at a time.

In [10] an unknown-variance version of the KG policy was developed under the
name LL1. The authors compared LL1 to LL(S) using Monte Carlo simulations
and found that LL1 performed well for a small sampling budget, but degraded in
performance as the sampling budget increased. We briefly discuss how these results
relate to our own in section 8.

In addition to the Bayesian approaches to sequentially ranking and selecting nor-
mal populations described thus far, a substantial amount of progress has been made
using a frequentist approach. We do not review this literature in detail, but state
only that an overview may be found in [1] and that a more recent policy which per-
forms quite well in the multistage setting with normal rewards is given in [23], [22].
Other sequential and staged policies for independent normal rewards with frequentist
guarantees include those in [25], [27], [17], [26], and [24].

Sequential tests also exist which choose measurements based upon confidence
bounds for the value Yx. Such tests include interval estimation [19], which was devel-
oped for on-line bandit-style learning in a reinforcement learning setting, and upper
confidence bound estimation [3], which was developed for estimating value functions
for Markov decision processes. Both tests form frequentist confidence intervals for
each Yx and then select the alternative with the largest upper bound on its confi-
dence interval for measurement. Such policies have general applicability beyond the
independent normal setting discussed here.

3. Problem formulation. We state a formal model for our problem, including
transition and objective functions. We then formulate the problem as a dynamic
program.

3.1. A formal model. Let (Ω,F ,P) be a probability space and let {1, . . . ,M}
be the set of alternatives. For each x ∈ {1, . . . ,M} define a random variable Yx to
be the true underlying value of alternative x. We assume a Bayesian setting for the
problem in which we have a multivariate normal prior predictive distribution for the
random vector Y , and we further assume that the components of Y are independent
under the prior and that maxx=1,...,M |Yx| is integrable. We will be allotted exactly N
measurements, and time will be indexed using n with the first measurement decision
made at time 0. At each time 0 ≤ n < N , we choose an alternative xn to measure.
Let εn+1 be the measurement error, which we assume is normally distributed with
mean 0 and a finite known variance (σε)2 that is the same across all alternatives. We
also assume that errors are independent of each other and of the random vector Y .
Then define ŷn+1 = Yx + εn+1 to be the measurement value observed. At time N , we
choose an implementation decision xN based on the measurements recorded, and we
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receive an implementation reward ŷN+1. We assume that the reward is unbiased, so
that ŷN+1 satisfies E

[
ŷN+1|Y, xN

]
= YxN . Define the filtration (Fn)Nn=0 by letting Fn

be the sigma-algebra generated by x0, ŷ1, x1, . . . , xn−1, ŷn. We will use the notation
En[·] to indicate E[ · | Fn], the conditional expectation taken with respect to Fn.
Measurement and implementation decisions xn are restricted to be Fn-measurable so
that decisions may depend only on measurements observed and decisions made in the
past.

Let μ0 := E [Y ] and Σ0 := Cov [Y ] be the mean and covariance of the predic-
tive distribution for Y so that Y has prior predictive distribution N (μ0,Σ0) and Σ0

is a diagonal covariance matrix. Note that our assumed integrability of maxx |Yx|
is equivalent to assuming integrability of every Yx because |Yx′ | ≤ maxx |Yx| and
maxx |Yx| ≤ |Y1| + · · · + |YM |, which is equivalent to assuming Σ0

xx finite for every x.
We will use the Bayes rule to form a sequence of posterior predictive distributions

for Y from this prior and the successive measurements. Let μn := En [Y ] be the mean
vector and Σn := Cov [Y | Fn] the covariance matrix of the predictive distribution af-
ter n measurements have been made. Because the error term εn+1 is independent and
normally distributed, the predictive distribution for Y will remain normal with inde-
pendent components, and Σn will be diagonal almost surely. We write (σn

x )2 to refer
to the diagonal component Σn

xx of the covariance matrix. Then Yx ∼ N (μn
x , (σ

n
x )2)

conditionally on Fn. We will also write βn
x := (σn

x )−2 to refer to the precision of the
predictive distribution for Yx, βn := (βn

1 , . . . , β
n
M ) to refer to the vector of precisions,

and βε := (σε)−2 to refer to the measurement precision. Note that σε < ∞ implies
βε > 0.

Our goal will be to choose the measurement policy (x0, . . . , xN−1) and implemen-
tation decision xN that maximizes E [YxN ]. The implementation decision xN that
maximizes EN [YxN ] = μN

x is any element of arg maxx μ
N
x , and the value achieved is

maxx μ
N
x . Thus, letting Π be the set of measurement strategies π = (x0, . . . , xN−1)

adapted to the filtration, we may write our problem’s objective function as

(1) sup
π∈Π

E
π
[
max

x
μN
x

]
.

3.2. State space and transition function. Our state space is the space of
all possible predictive distributions for Y . It can be shown by induction that these
are all multivariate normal with independent components. We formally define the
state space S by S := R

M × (0,∞]M , and it consists of points s = (μ, β) where,
for each x ∈ {1, . . . ,M}, μx and βx are, respectively, the mean and precision of a
normal distribution. We will write Sn := (μn, βn) to refer to the state at time n. The
notation Sn will refer to a random variable, while s will refer to a fixed point in the
state space.

Fix a time n. We use the Bayes rule to update the predictive distribution of Yx

conditioned on Fn to reflect the observation ŷn+1 = Yx + εn+1, obtaining a posterior
predictive distribution conditioned on Fn+1. Since εn+1 is an independent normal
random variable and the family of normal distributions is closed under sampling,
the posterior predictive distribution is also normal. Thus our posterior predictive
distribution for Yx is N (μn+1

x , 1/βn+1
x ), and writing it as a function of the prior and

the observation reduces to writing μn+1 and βn+1 as functions of μn, βn, and ŷn+1.
The Bayes rule tells us that these functions are

μn+1
x =

{[
βn
xμ

n
x + βεŷn+1

]
/βn+1

x if xn = x,

μn
x otherwise,

(2)
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βn+1
x =

{
βn
x + βε if xn = x,

βn
x otherwise.

(3)

Conditionally on Fn, the random variable μn+1 has a multivariate normal distri-
bution whose mean and variance we can compute. First, we use the tower property of
conditional expectation and the definitions of μn and μn+1 as the predictive means of
Y given Fn and Fn+1, respectively, to write En

[
μn+1

]
= En [En+1 [Y ]] = En [Y ]=μn.

Then we compute the variance of μn+1 componentwise. For those alternatives x �= xn

that we do not measure, our posterior is equal to our prior and μn+1 = μn. This
shows that Var

[
μn+1
x | Fn

]
= 0 if x �= xn. For x = xn this variance is generally

positive. Let us define

(4) σ̃n
x :=

√
Var

[
μn+1
x | Fn, xn = x

]
,

so that (σ̃n
x )2 is equal to Var

[
μn+1
x | Fn, xn = x

]
. This variance may be interpreted

as the variance of the change in the predictive mean μn+1
x − μn

x caused by a measure-
ment as Var

[
μn+1
x | Fn, xn = x

]
= Var

[
μn+1
x − μn

x | Fn, xn = x
]
. As shown in the

following proposition, it is also equal to the reduction in predictive variance, i.e., the
reduction in “uncertainty,” caused by a measurement.

Proposition 3.1. For every x = 1, . . . ,M , we have (σ̃n
x )2 = (σn

x )2 − (σn+1
x )2.

Proof. We begin with the relation

(μn+1
x − Yx) = (μn+1

x − μn
x) + (μn

x − Yx).

Squaring both sides, taking the expectation with respect to Fn+1, and noting that
(σn+1

x )2 = En+1

[
(Yx − μn+1

x )2
]

gives

(σn+1
x )2 = En+1

[
(μn

x − Yx)2
]

+ 2En+1

[
(μn

x − Yx)(μn+1
x − μn

x)
]
+ En+1

[
(μn+1

x − μn
x)2

]
= En+1

[
(μn

x − Yx)2
]
+ 2(μn

x − μn+1
x )(μn+1

x − μn
x) + (μn+1

x − μn
x)2

= En+1

[
(μn

x − Yx)2
]
− (μn+1

x − μn
x)2.

Since σn+1
x ∈ Fn, we may take the expectation with respect to Fn to get

(σn+1
x )2 = En

[
En+1

[
(μn

x − Yx)2
]]

− En

[
(μn+1

x − μn
x)2

]
= En

[
(μn

x − Yx)2
]
− En

[
(μn+1

x − μn
x)2

]
= (σn

x )2 − (σ̃n
x )2.

To more easily compute σ̃n
x , define a function σ̃ : (0,∞] 	→ [0,∞) by

(5) σ̃(βx) =
√

(βx)−1 − (βx + βε)−1.

Then we have that σ̃n
x = σ̃(βn

x ) by Proposition 3.1 applied to the identities (σn+1
x )2 =

(βn+1
x )−1 = (βn

x + βε)−1 and (σn
x )2 = (βn

x )−1.
Remark 3.1. For βx ∈ (0,∞), we have that (σ̃(βx))2 = βε/[(βx+βε)βx] is strictly

decreasing in βx, and thus so is σ̃(βx).
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Since μn+1
xn is a normal random variable with conditional mean μn

xn and condi-
tional variance (σ̃(βn

xn))2 under Fn, we can write in terms of an Fn adapted sequence
Z1, . . . , ZN of standard normal random variables,

μn+1 = μn + σ̃(βn
xn)Zn+1exn ,(6)

βn+1 = βn + βεexn ,(7)

where ex is a vector in R
M with all components zero except for component x, which

is equal to 1. We also define a function T : S × {1, . . . ,M} × R 	→ S by

(8) T ((μ, β), x, z) := (μ + σ̃(βx)zex, β + βεex),

so that Sn+1 = T (Sn, xn, Zn+1). This is our transition function.
We briefly recall and summarize the random variables which play a role in the

measurement process. The underlying and unknown value of alternative x is denoted
Yx and is randomly fixed at the beginning of the measurement process. At time n, μn

x

is our best estimate of Yx, and βn
x is the precision with which we make this estimate.

The result of our time n measurement causes us to update this estimate to μn+1
x ,

which we now know with precision βn+1
x . This change from μn

x to μn+1
x is random,

and furthermore is normally distributed with mean 0 and standard deviation σ̃(βn
x )

when we measure alternative x.
One may think of Yx as fixed and of μn

x as converging toward Yx while βn
x con-

verges to infinity under some appropriately exploratory sampling strategy. It is also
appropriate, however, to fix μn

x and βn
x (this is the essential content of conditioning on

Fn) and think of Yx as an unknown quantity. From this viewpoint, Yx is random and,
furthermore, is normally distributed with predictive mean μn

x and precision βn
x . This

randomness does not imply that Yx must be chosen again according to the predictive
normal distribution, but instead the predictive normal distribution only quantifies our
uncertain knowledge of the value Yx adopted when it was first chosen.

3.3. Dynamic program. We apply a dynamic programming approach to our
problem. In this approach, the value function is defined as the value of the optimal
policy given a particular state Sn at a particular time n, and may also be deter-
mined recursively through Bellman’s equation. If the value function can be computed
efficiently, the optimal policy may then also be computed from it. Although in this
problem the “curse of dimensionality” makes direct computation of the value function
difficult even for M as small as 3, the dynamic programming principle still provides
a valuable method for studying the problem.

The terminal value function V N : S 	→ R is given by (1) as

V N (s) := max
x∈{1,...,M}

μx for every s = (μ, β) ∈ S.(9)

The dynamic programming principle tells us that the value function at any other time
0 ≤ n < N is given recursively by

V n(s) = max
x∈{1,...,M}

E
[
V n+1(T (s, x, Zn+1))

]
, s ∈ S.(10)

We define the Q-factors, Qn : S × {1, . . . ,M} 	→ R, as

Qn(s, x) := E
[
V n+1(T (s, x, Zn+1))

]
, s ∈ S,(11)
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and the dynamic programming principle tells us that any policy whose measurement
decisions satisfy

X∗n(s) ∈ arg max
x∈{1,...,M}

Qn(s, x), s ∈ S,(12)

is optimal. Finally, we define the value of a measurement policy π ∈ Π as

V n,π(s) := E
π
[
V N (SN ) | Sn = s

]
, s ∈ S.(13)

This same object might also be thought of as the reward-to-go from state s at time n
under policy π.

Later we will need several preliminary results concerning the benefit of measure-
ment. First, the following proposition states that, under the optimal policy, it is
always better to make a measurement than to measure nothing at all. Here, the value
of measuring alternative x when Sn = s at time n is Qn(s, x), and the value of making
no measurement is V n+1(s). The proof is left until Appendix A.

Proposition 3.2. Qn(s, x) ≥ V n+1(s) for every 0 ≤ n < N , s ∈ S, and
x ∈ {1, . . . ,M}.

We see as a corollary to this proposition that the optimal policy will never measure
an alternative with zero variance (i.e., with infinite precision) unless all the other
alternatives also have zero variance. In other words, there is no value to measuring
something that we know perfectly. This is stated precisely in the following corollary.

Corollary 3.1. Let i, j ∈ {1, . . . ,M}, n < N , and s = (μ, β) ∈ S. If βj = ∞,
then Qn(s, i) ≥ Qn(s, j).

Proof. Since σ̃(βj) = σ̃(∞) = 0 and βj + βε = βj ,

T (s, j, Zn+1) = (μ + σ̃(βj)Z
n+1ej , β + βεej) = (μ, β) = s.

Then, by Proposition 3.2,

Qn(s, j) = E
[
V n+1(T (s, j, Zn+1))

]
= V n+1(s) ≤ Qn(s, i).

We also have a second corollary to the proposition. Proposition 3.2 allowed arbi-
trarily specifying the alternative to which the extra measurement would be applied,
while this corollary points out that the extra measurement may be made according to
the optimal policy, in which case Qn(s, x) is equal to V n(s). We will use this corollary
in section 6 to bound the suboptimality of KG.

Corollary 3.2. V n+1(s) ≤ V n(s) for all states s ∈ S.
Proof. In Proposition 3.2, take the extra measurement x to be the measurement

made by the optimal policy in state s.
Let us say that a policy π is stationary if Xπ,n(s) = Xπ,0(s) for all s ∈ S and all

n = 1, . . . , N − 1. In this case we denote Xπ,n simply by Xπ. Corollary 3.2 showed
that the value of the optimal policy increases as more measurements are allowed, and
we will see in Theorem 3.1 below that this monotonicity also holds for stationary
policies.

Theorem 3.1. V π,n(s) ≥ V π,n+1(s) for every stationary policy π and every state
s ∈ S.

The proof is left until Appendix A. We will need this theorem when showing both
asymptotic optimality and bounded suboptimality of KG.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2418 P. I. FRAZIER, W. B. POWELL, AND S. DAYANIK

4. The knowledge-gradient policy. In our problem, the entire reward is re-
ceived after the final measurement. We may formulate an equivalent problem in which
the reward is given in pieces over time, but the total reward given is identical. We
define the KG policy as that policy which maximizes the single period reward under
this alternate formulation. We will see later that this KG policy is optimal in several
cases and has bounded suboptimality in all others. This policy was first introduced
in [16] under the name of the (R1, . . . , R1) policy.

4.1. Definition. The problem given by (1) has a terminal reward V N (SN ) :=
maxx μ

N
x , but no rewards at any other times. We restructure these rewards by writing

V N (SN ) as a telescoping sequence,

max
x

μN
x =

[
V N (SN ) − V N (SN−1)

]
+ · · · +

[
V N (Sn+1) − V N (Sn)

]
+ V N (Sn).

Thus, the problem that provides single period reward V N (Sn) at time n and V N (Sk)−
V N (Sk−1) at times k = n + 1, . . . , N is equivalent to problem (1) because the total
reward provided is the same in each case. The KG policy πKG is defined as the policy
that chooses its measurements to maximize the expectation of the single period re-
ward provided under this alternate formulation, En

[
V N (T (Sn, x, Zn+1)) − V N (Sn)

]
.

Since the (Zn)Nn=1 are independent and identically distributed normal random vari-
ables, we may take Z to be a generic standard normal random variable and write the
decision function of the KG policy XKG : S 	→ {1, . . . ,M} as

(14) XKG(s) ∈ arg max
x∈{1,...,M}

E
[
V N (T (s, x, Z)) − V N (s)

]
for every s ∈ S,

where ties in the arg max are broken by choosing the alternative with the smaller
index. Note that KG is stationary in time so we drop the time index n when we write
XKG. Since V N (s) does not depend on x, the KG policy may be rewritten as

XKG(s) ∈ arg max
x∈{1,...,M}

E
[
V N (T (s, x, Z))

]
= arg max

x∈{1,...,M}
QN−1(s, x).(15)

Remark 4.1. As noted in [16], KG is optimal by construction when N = 1. This
is because V N−1 = V KG,N−1 by (12) and (15), where V KG,n denotes the value of the
KG policy at time n and is defined according to (13) with the policy π fixed to KG.

If we think of V N (·) as a utility function, or as a measure of the amount of
“knowledge” contained in a state, we see from (14) that the KG policy chooses its
decisions in the direction of steepest expected ascent of this measure. This is the
reason behind the name knowledge-gradient policy. One may also view it as a single-
step look-ahead policy.

4.2. Computation. It was already known in [16] that an exact and computa-
tionally tractable expression exists for XKG. We present it here.

For each x ∈ {1, . . . ,M} define a function ζx : S 	→ [0,∞) by

(16) ζx(s) := −
∣∣∣∣μx − maxx′ �=x μx′

σ̃(βx)

∣∣∣∣ .
Except for the sign, ζx(Sn) is the minimum distance, in terms of the number of
standard deviations σ̃(βn

x ), that a measurement of alternative x must alter μn+1
x from

its premeasurement value of μn
x to make arg maxx′ μn+1

x′ �= arg maxx′ μn
x′—that is, to
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change the identity of the alternative with the largest conditional expected value. In
addition, define the function f : R 	→ R as

(17) f(z) := zΦ(z) + ϕ(z),

where Φ(z) is the normal cumulative distribution function and ϕ(z) is the normal
probability density function. Then the following theorem provides an efficient way to
compute KG’s decisions. The proof may be found in Appendix A.

Theorem 4.1. For every s = (μ, β) ∈ S, we have

QN−1(s, x) = max
x′

μx′ + σ̃(βx)f(ζx(s)),(18)

XKG(s) ∈ arg max
x∈{1,...,M}

σ̃(βx)f(ζx(s))(19)

with ties broken by choosing the alternative with the smallest index.
The term QN−1(s, x) − maxx′ μx′ = σ̃(βx)f(ζx(s)) is in some sense the expected

value of the information that would be obtained by measuring alternative x and is
sometimes called the “expected value of information,” or EVI, e.g., in [12] and [10].

Computation of the KG policy via (19) scales linearly with the number of alterna-
tives M . This compares well with other policies that might be used on this problem.
To compute the KG policy at time n, we must first find the largest and second largest
μn
x across all alternatives x, which will be used to compute ζnx := ζx(Sn). This may

be implemented either by an initial pass through the alternatives at each time pe-
riod, or by storing and updating the two values across time periods. Once we have
the largest and second largest μn

x , we iterate through the alternatives, calculating
σ̃(βn

x )f(ζnx ) for each one and returning the alternative with the largest value for this
expression. This iteration may be streamlined by recomputing the expression only for
those alternatives that changed ζnx or βn

x from the previous iteration.
The following remark, which is an easily obtained consequence of Theorems 1

and 2 in [16] and may also be obtained directly from (18), may also be used to
accelerate the computation of the KG policy by eliminating some alternatives from
consideration. It is also useful for proving later results. It states that if an alterna-
tive dominates another in both mean and variance, then of the two, KG prefers the
dominating alternative.

Remark 4.2. For every s = (μ, β) ∈ S such that μj ≥ μi and βj ≤ βi we have
QN−1(s, j) ≥ QN−1(s, i).

Finally, during computation, we may also use the following remark to eliminate
some alternatives from consideration, again improving the speed with which we may
compute the KG policy.

Remark 4.3. Take n = N−1 in Corollary 3.1. If βj = ∞ for some j ∈ {1, . . . ,M}
(that is, if the predictive distribution N (μj , 1/βj) for Yj is a point mass), then
QN−1(S, i) ≥ QN−1(S, j) for every i ∈ {1, . . . ,M}.

Thus, KG will never measure an alternative with zero variance unless every al-
ternative has zero variance. Corollary 3.1 shows that the optimal policy shares this
behavior of preferring not to measure any alternative whose true value is known per-
fectly.

4.3. Behavior. KG balances two considerations when it chooses its measure-
ment decisions. First, it prefers to measure those alternatives about which compara-
tively little is known. These alternatives x are the ones whose predictive distributions
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have large variance (σn
x )2 or, equivalently, have small precision βn

x . Thus, we have
that if KG prefers to measure some alternative i over another alternative j, then it
would still prefer to measure alternative i over j if the predictive variance of i were
increased.

Second, KG prefers to measure alternatives x with |μn
x − maxx′ �=x μ

n
x′ | close

to 0. We call −|μn
x − maxx′ �=x μ

n
x′ | the unnormalized influence and ζnx = −|μn

x −
maxx′ �=x μ

n
x′ |/σ̃(βn

x ) the normalized influence, or simply the influence, of alternative
x, where σ̃(βn

x ) is understood as a normalization term because predictions for differ-
ent alternatives have different variances and comparison does not make sense unless
we standardize these differences. Measurements of alternatives with large influence
are more likely to cause a change in the optimal implementation decision; that is, to
cause arg maxx′ μn

x′ �= arg maxx′ μn+1
x′ . KG’s preference for small predictive precision

and large influence are formalized in Propositions 4.1 and 4.2, but first we calculate
the derivative of f , as defined in (17), in a lemma.

Lemma 4.1. We have f ′(z) = Φ(z) ≥ 0 for every z ∈ R.

Proof. First note that d
dz e
−z2/2 = −ze−z

2/2, showing that ϕ′(z) = −zϕ(z). From
this we see that f has nonnegative derivative f ′(z) = Φ(z) + zϕ(z) − zϕ(z) = Φ(z),
which completes the proof.

Proposition 4.1. Let states s = (μ, β) ∈ S, s′ = (μ′, β′) ∈ S and alternatives
i, j ∈ {1, . . . ,M} satisfy the following criteria: ζi(s

′) > ζi(s), ζj(s
′) = ζj(s), β

′
i < βi,

and β′j = βj. If QN−1(s, i) > QN−1(s, j), then QN−1(s′, i) > QN−1(s′, j).
Proof. First, σ̃(β′i) ≥ σ̃(βi) by Remark 3.1 and f(ζi(s

′)) ≥ f(ζi(s)) by Lemma 4.1.
By (18), QN−1(s′, i) > QN−1(s, i). Also, the equalities σ̃(β′j) = σ̃(βj) and f(ζj(s

′)) =

f(ζj(s)) imply through (18) that QN−1(s′, j) = QN−1(s, j). Thus, if QN−1(s, i) >
QN−1(s, j), then QN−1(s′, i) ≥ QN−1(s, i) > QN−1(s, j) = QN−1(s′, j).

Proposition 4.2. If alternative i and state s = (μ, β) are such that ζi(s) ≥ ζj(s)
and βi < βj for every alternative j �= i, then XKG(s) = i.

Proof. Let j be an alternative different from i. Then σ̃(βi) > σ̃(βj) by Remark 3.1
and f(ζi(s)) ≥ f(ζj(s)) by Lemma 4.1. This implies that QN−1(s, i) > QN−1(s, j) by
Proposition 4.1. Since this is true for all j �= i, we have that i = arg maxj Q

N−1(s, j) =

XKG(s) where the arg max is unique.
It is also interesting to note that increasing the predictive mean of a single al-

ternative usually, but not universally, encourages KG to measure it. Thus, having
a large predictive mean is similar, but not identical, to having a large unnormalized
influence. We formalize this in the following proposition.

Proposition 4.3. If KG prefers alternative i in state (μ, β), then it also prefers
the same alternative i in state (μ + aei, β) for all positive real numbers a such that
μi + a ≤ maxx μx, i.e., for 0 ≤ a ≤ −μi + maxx μx.

We leave the proof until Appendix A.

5. Asymptotic optimality. In this section we show that the KG policy is
asymptotically optimal in the limit as the number of measurements N grows large.
This means that, given the opportunity to measure infinitely often, KG will discover
which alternative is best. In some sense, this is a convergence result because it shows
that the policy’s estimate of which alternative is best will converge to the alternative
that is truly best.

The KG policy is not alone in possessing this property. Indeed, the following
well-known policies are all asymptotically optimal: the equal-allocation policy which
distributes its measurements in a round-robin fashion equally among the alternatives;
the uniform exploration policy which randomly chooses its measurements with equal
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probability across the alternatives; and the Boltzmann exploration policy discussed
in section 8 which randomly chooses its measurements according to exponentially
weighted probabilities.

These policies differ from KG in that they explore for exploration’s sake and for
the long-term benefit it provides, while KG is purely myopic. Moreover, we argue that
KG’s asymptotic optimality is notable exactly because the policy is entirely myopic,
maximizing its single-period expected reward without regard for the long-term. This
is not generally the case with myopic policies for other problems. That a myopic
policy is also optimal in the long-term shows that this ranking and selection problem
has a special structure, and it foreshadows what is further suggested by our numerical
experiments: that this myopic policy, KG, performs quite well in many cases which
are neither myopic nor asymptotic.

In addition, one policy, interval estimation, performs very well in our numerical
experiments but is not asymptotically optimal as in some cases it “sticks,” measuring
one alternative only and obtaining its true value perfectly without learning about the
others [19]. Indeed, one can construct cases in which this policy’s performance is
arbitrarily bad compared to any asymptotically optimal policy. Although a policy’s
asymptotic optimality is not evidence of quality by itself, its absence should raise
concern among those who might use a policy lacking it. Finally, a natural question is
whether other policies, such as those in the OCBA family and those proposed in [12],
are asymptotically optimal. This question is currently open as these other policies are
more complex and require more care during analysis than does KG. Nevertheless, we
believe that the proof techniques applied here may be extended to show that many
other Bayesian look-ahead policies are also asymptotically optimal.

To show that KG is asymptotically optimal, we begin by showing in Proposi-
tion 5.1 that the asymptotic value of a policy is well defined and bounded above by
the value E maxx Yx of learning every alternative exactly. Then we show in Propo-
sition 5.2 that this value is achieved by any stationary policy that measures every
alternative infinitely often. Thus, any stationary policy that samples every alterna-
tive infinitely often is asymptotically optimal. Finally, we show in Theorem 5.1 that
KG is asymptotically optimal. The proof centers on the notion that, as the number of
times an alternative is measured increases, the variance of the value of that alterna-
tive shrinks toward 0. Eventually, that variance will be so low that KG will prefer to
measure another alternative. This argument is used to show that KG samples every
alternative infinitely often and thus is asymptotically optimal.

Since we will be varying the number N of measurements allowed, we use the nota-
tion V 0( · ;N) to denote the value function at time 0 when the problem’s terminal time
is N . We then define the asymptotic value function V ( · ;∞) by the limit V (s;∞) :=
limN→∞ V 0(s;N) for s ∈ S. Similarly, we denote the asymptotic value function for
stationary policy π by V π( · ;∞) and define it by V π(s;∞) := limN→∞ V π,0(s;N) for
s ∈ S. Proposition 5.1 shows that both limits exist.

If V π(s;∞) is equal to V (s;∞) for every s ∈ S, then π is said to be asymptotically
optimal. In particular, if a stationary policy π achieves the upper bound U( · ) on
V ( · ;∞) shown in Proposition 5.1, then π must be asymptotically optimal. We will
use this later to show that KG is asymptotically optimal. The proof of Proposition 5.1
is found in Appendix A.

Proposition 5.1. Let s ∈ S. Then the limit V (s;∞) exists and is bounded above
by

(20) U(s) := E

[
max

x
Yx | S0 = s

]
< ∞,
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where we recall that {Yx}x∈{1,...,M} are independent and Yx ∼ N (μ0
x, (β

0
x)−1). Fur-

thermore, V π(s;∞) exists and is finite for every stationary policy π.

For any finite terminal time N we define the random variable ηNx as the number
of times that alternative x is measured up to but not including the terminal time N .
We also define η∞x as the limit of the ηNx ; namely,

ηNx :=

N∑
k=1

1{xk=x} and η∞x := lim
N→∞

ηNx .

The limit η∞x exists because ηNx is nondecreasing in N a.s. Note that we allow the
limit η∞x to be infinite.

Proposition 5.2 formalizes the idea that if we measure every alternative infinitely
often, then we eventually learn the true value of every alternative. This implies
asymptotic optimality. We then use Proposition 5.2 in the proof of Theorem 5.1
to show that KG is asymptotically optimal. The proofs for both Theorem 5.1 and
Proposition 5.2 are found in Appendix A.

Proposition 5.2. If π is a stationary policy under which η∞x = ∞ a.s. for every
x, then π is asymptotically optimal.

Theorem 5.1. The KG policy is asymptotically optimal and has value U(S0).

6. Bound on suboptimality. We have shown that KG is optimal when N = 1
and in the limit as N → ∞. In this section we address the range of N between these
extremes by bounding KG’s suboptimality in this region. This bound will be tight
for small N and will grow as N increases.

We begin with a theorem that implies our bound as a corollary. This theorem
shows that there is a limit on how much we may learn through any single measurement.

Theorem 6.1. Let s = (μ, β) ∈ S and c = (2π)−1/2 maxx σ̃(βx). Then

V n(s) ≤ V N−1(s) + c(N − n− 1).

The proof is found in Appendix A. We combine this result with Theorem 3.1 to
bound KG’s suboptimality. Here, V KG,n(s) is the value of the KG policy at time n
when Sn = s.

Corollary 6.1. Let s = (μ, β) ∈ S and c = (2π)−1/2 maxx σ̃(βx). Then

V n(s) − V KG,n(s) ≤ c(N − n− 1).

Proof. By Remark 4.1, we have V N−1(s) = V KG,N−1(s). From Theorem 3.1
we have V KG,N−1(s) ≤ V KG,n(s). Substituting the inequality V N−1(s) ≤ V KG,n(s)
into Theorem 6.1 shows the corollary.

7. Optimality for finite horizon special cases. We saw in Remark 4.1 that
KG is optimal when N = 1. We will show that KG is optimal in two other special
cases: first, when there are only two alternatives to measure; second, when the mea-
surements are free from noise, (σε)2 = 0, and when the parameters of the time 0 prior
can be ordered by μ0

1 ≥ μ0
2 ≥ · · · ≥ μ0

M and σ0
11 ≥ σ0

22 ≥ · · · ≥ σ0
MM . Before showing

optimality under these conditions, we first define and discuss a property called the KG
persistence property. This property is useful because it provides a sufficient condition
for optimality.
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7.1. Persistence of the knowledge-gradient policy. Proofs of the optimality
of the KG policy in these special cases is based on the KG persistence property. A
problem setting is said to have the KG persistence property if, operating the problem
under some policy other than KG, an alternative preferred by KG will remain preferred
until the alternative is measured. Below, in Theorem 7.1, we show that if a problem
setting has the KG persistence property, then KG is optimal in that problem setting.
Before stating this theorem, we formally define the KG persistence property and an
associated term, “covering of the future.”

Definition 7.1. A sequence of subsets of S, {S
n}Nn=k, is called a covering of

the future from k if T (s, x, Zn+1) ∈ S
n+1 a.s. for every s ∈ S

n, x ∈ {1, . . . ,M}, and
n ∈ {k, . . . , N − 1}.

Definition 7.2. We say that the KG persistence property holds on a covering
{S

n}Nn=k of the future from k if XKG(T (s, x, Zn+1)) = XKG(s) a.s. for every s ∈ S
n,

x �= XKG(s), and n ∈ {k, . . . , N − 1}.
This KG persistence property gives us a sufficient condition for the optimality of

the KG policy, as stated in the following theorem.
Theorem 7.1. If the KG persistence property holds on a covering {S

n}Nn=k of the
future from k for some k ∈ {0 . . . N − 1}, then V KG,k(s) = V k(s) for every s ∈ S

k.
We leave the proof until Appendix A, but we give a sketch here. Consider a

time n < N − 1 and the alternative that KG prefers. If the problem setting has
the KG persistence property, then, even if we do not measure that alternative now,
KG will continue to prefer it until we reach the final measurement N − 1. At this
measurement, KG is optimal by construction and so it is now provably optimal to
measure this persistent alternative. Thus, there exists an optimal policy that measures
the persistent alternative a.s., and by the temporal symmetry in the model, there
exists an optimal policy that measures the persistent alternative immediately at time
n. This argument is used with induction to show that there exists an optimal policy
making the same measurements as KG.

7.2. Optimality for two alternatives. We use the KG persistence principle
to show that KG is optimal when there are exactly two alternatives to consider, i.e.,
M = 2. In this case we will see that the optimal policy is one that, at each decision
point, measures the alternative with the largest variance. This policy is actually
deterministic, and it was shown in [15] that this policy is optimal among the class of
deterministic policies. Theorem 7.2 extends this result to show that this same policy
is also optimal among the class of fully sequential policies. It is not generally true that
the best deterministic policy is also as good as or better than every sequential policy,
but Theorem 7.2 shows that this is exactly the case for this particular problem.

We will see that the policy of measuring the alternative with the largest variance is
optimal because knowing the correct implementation decision is the same as knowing
the true sign of Y1 − Y2. Each measurement measures only one of Y1 or Y2, and an
equal reduction in variance for Y1 or Y2 contributes equally to the overall reduction in
variance of Y1 − Y2, regardless of which expected value is bigger. Thus, the best way
to learn about the difference between points Y1 − Y2 is to measure that point about
which the least is known.

To show that KG is optimal when M = 2, we need to show that KG persistence
holds when M = 2 and then refer to Theorem 7.1.

Lemma 7.1. If M = 2, then XKG(s) ∈ arg minx βx for each s = (μ, β) ∈ S with
ties broken by choosing the alternative with the smaller index.

Proof. By (19) from Theorem 4.1, it is enough to show equality between the sets
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arg maxx σ̃(βx)f(ζx(s)) and arg minx βx. When M = 2, ζx(s) = −|μ1 − μ2|/σ̃(βx),
so arg maxx σ̃(βx)f(ζx(s)) = arg maxx σ̃(βx)f (−|μ1 − μ2|/σ̃(βx)). The function σ̃ is
strictly decreasing by Remark 3.1. This fact will be used on its own, and it also implies
that −|μ1−μ2|/σ̃(βx) is a decreasing function of βx. The function f is nondecreasing
by Lemma 4.1, so the function βx 	→ f (−|μ1 − μ2|/σ̃(βx)) is the composition of a
nondecreasing function with a nonincreasing function and is thus itself nonincreasing.
Thus, the function βx 	→ σ̃(βx)f (−|μ1 − μ2|/σ̃(βx)) is the product of a strictly de-
creasing function with a nonincreasing function and is thus itself strictly decreasing.
This implies that arg maxx σ̃(βx)f (−|μ1 − μ2|/σ̃(βx)) = arg minx βx.

Theorem 7.2. If M = 2, then KG is optimal.
Proof. Let S

n = S for all n, and note that {S
n}Nn=0 is a covering of the future

from 0. We will show that the KG persistence property holds on {S
n}Nn=0.

Let n ∈ {0, . . . , N − 1} and s = (μ, β) ∈ S. First consider the case when β1 ≤ β2.
By Lemma 7.1, XKG(s) = 1. The precision component of T (s, 2, Zn+1) is (β1, β2+βε).
Since β1 ≤ β2 ≤ β2 + βε and by Lemma 7.1, XKG(T (s, 2, Zn+1)) = 1 a.s.

Now consider the case when β1 > β2. By Lemma 7.1, XKG(s) = 2. The precision
component of T (s, 1, Zn+1) is (β1+βε, β2). Since β1+βε ≥ β1 > β2 and by Lemma 7.1,
XKG(T (s, 1, Zn+1)) = 2 a.s.

In both cases, x �= XKG(s) implies XKG(T (s, x, Zn+1)) = XKG(s) a.s., so KG
persistence holds. Then, by Theorem 7.1, V KG,0(s) = V 0(s) for every s ∈ S, and KG
is optimal.

This theorem is founded on the intuition that the policy that learns the most is
also the one that changes our beliefs the most. This has a comparison in other mea-
surement problems—for example, the problem in which we have a quadratic function
with known second derivative and we measure the first derivative to find the maxi-
mum of the function. In this case the optimal policy is also the one that maximizes
the variance of the change in our final belief with respect to our current belief. In
both cases we measure the change between our current and final beliefs by taking the
variance. In other problems the variance is likely not the right measure of change,
but the same intuition would apply with some other measure of change.

7.3. Optimality when the state space is ordered. The KG policy is also
optimal when there is no measurement noise, i.e., (σε)2 = 0, and when the components
of S0 may be ordered in such a way that we have μ0

1 ≥ · · · ≥ μ0
M together with

β0
1 ≤ · · · ≤ β0

M . In other words, the optimality result requires that we may order the
alternatives with increasing means while simultaneously ordering them with increasing
variances. With the assumption of no measurement noise, the problem is interesting
only if the number of alternatives M is larger than the measurement budget N .

We present this optimality result formally in the theorem below, but first, as these
conditions are particularly restrictive, we motivate them with an example. Consider
a problem in marketing research in which we have a collection of potential adver-
tising campaigns, some of which are more ambitious than others. The predictive
distributions for the value obtained from the ambitious campaigns have larger mean
but larger variance as well. We may test a few of these campaigns in test markets
before committing to one of them. We will assume that the number of test markets
allowed is smaller than the number of potential campaigns. If we are willing to make
two additional assumptions—that loss is linear and that test markets give us perfect
knowledge of the campaign’s true value—then the example meets the conditions of
the theorem. These additional assumptions would not be met perfectly satisfied in
reality, but it is not too unreasonable to imagine situations in which loss would be
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approximately linear, and in which the knowledge obtained from a test market would
be large enough that one would not wish to perform a second test market. With this
marketing application as an illustrative example, we expect that this sort of ordering
of means and variances may also occur in financial applications, or wherever greater
expected reward brings greater risk along with it.

Theorem 7.3. If (σε)2 = 0 and s = (μ, β) ∈ S is such that the implication

(βi �= ∞ and βj �= ∞ and βi < βj) =⇒ μi ≥ μj

holds for every i, j ∈ {1, . . . ,M}, then V 0(s) = V KG,0(s).
The full proof can be found in Appendix A, but the essential idea is that when

this ordering holds, the tension between exploration and exploitation is gone, and KG
will simply choose that alternative with the largest variance. This is because the al-
ternative with the largest variance is also the alternative with the largest mean among
those which are not yet perfectly known. This ordering by variances is persistent, as it
was in the M = 2 case. Thus, the KG persistence property holds and KG is optimal.

8. Computational experiments. We compared KG against other sampling
policies using Monte Carlo simulation on 100 randomly generated problems and found
that it performs competitively. In particular, KG performed best when measured by
average performance across all the problems, and the margin by which it outperformed
the best competing policies in favorable cases was significantly larger than the margin
by which it was outperformed in unfavorable cases. Its comparative performance
was particularly good when the measurement budget was not much larger than the
number of alternatives to measure, and we would argue that performing well in these
cases is particularly important.

The space of problems is parameterized by a number of measurements N , a num-
ber of alternatives M , an initial precision β0 ∈ (0,∞]M , an initial mean μ0 ∈ R

M , and
a measurement noise (σε)2 ∈ [0,∞). We chose a collection of 100 problems randomly
generated within this space according to the following distribution: M was integer-
valued between 2 and 100. N was chosen by first choosing M and then choosing a
ratio N/M uniformly from the set {1, 3, 10}. Each μx was uniformly distributed in
the interval [−1, 1], and each βx was independently chosen as 1 with probability .9
and 1000 with probability .1. The noise variance (σε)2 was set to 1 in all cases.

For each problem, we performed simulations in which true function values were
generated independently according to the prior. Rather than collecting the value
obtained by the policy in each simulation, we collected the opportunity cost realized,
where the opportunity cost is the difference in true value between the best option and
the option chosen by the policy. The difference in expected opportunity cost is the
same as the difference in policy value, but samples of opportunity cost have less error,
and this allowed us to obtain accurate estimates with fewer simulations. We ran 105

simulations for each policy.
We compared KG against seven other policies: the OCBA for linear loss of [18],

the LL(S) policy of [12], the interval estimation (IE) policy of [19], Boltzmann ex-
ploration (see, e.g., [28]), equal allocation, and exploitation. Several of these policies
required choosing one or more parameters, which we did by simulating several choices
on all 100 problems and taking the parameters whose resulting opportunity cost was
smallest when summed over all 100 problems. We briefly describe each policy and its
tuning.

• OCBA. This policy has three parameters: the number of alternatives to al-
locate to in each stage, m; the number of measurements to allocate to each
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alternative in the first stage, n0; and the number of measurements per chosen
alternative to allocate in each stage, τ . We set n0 to 0 because our prior
is informative and thus may be thought of as already providing the results
of a first stage. To calibrate m and τ , we ran initial experiments with 5000
samples each with settings of m = 1, τ ∈ {1, 2, 5, 10}, and also with τ = 1,
m ∈ {2, 5, 10}. We found that m = 1, τ = 1 performed best.

• LL(S) for known variance. The LL(S) policy allows normal measurement
errors with unknown variance and uses a normal-gamma prior for the un-
known mean and measurement precision. We adapted this policy to the
known-variance case by taking the limit as the gamma prior on the precision
becomes a point mass at the known variance. Details can be found in Ap-
pendix B. The policy has two parameters, n0 and τ . We set n0 to 0 as we did
with OCBA. We tested the values 1, 2, 3, 4, 5, 10 for τ on our collection of 100
problems with 5000 samples for each problem and found that τ = 1 worked
best for every problem. This is the value we used in comparison with KG.

• Interval estimation. IE is parameterized by zα/2. As [19] suggests that values
of 2, 2.5, or 3 often work best for zα/2, we tested values between 2 and 4 in
increments of .1 and found that zα/2 = 3.1 worked best. Although we found
IE worked very well when properly tuned, we also found it to be very sensitive
to the choice of tuning parameter.

• Boltzmann exploration. Boltzmann exploration chooses its measurements by

P {xn = x | Fn} =
exp(μn

x/T
n)∑M

x′=1
exp(μn

x′/Tn)
, where the policy is parameterized by a

decreasing sequence of “temperature” coefficients (Tn)N−1
n=0 . We tuned this

temperature sequence within the set of exponentially decreasing sequences
defined by Tn+1 = γTn for some constant γ ∈ (0, 1]. The set of all such
sequences is parameterized by γ and TN . We tested γ ∈ {.1, .5, .8, .9, 1} with
TN ∈ {.1, 1, 10} and found that γ = 1 performed best. We then tested the set
of possible TN between .1 and 10 with γ fixed to 1 and found that TN = .55
performed best.

• Equal allocation. The equal-allocation policy is xn ∈ arg minx β
n
x , since we

think of the prior as providing the results of some previous first-stage measure-
ments, and we interpret βn

x/β
ε as the number of measurements of alternative

x taken by time n. It requires no tuning.
• Exploitation. The exploitation policy is xn ∈ arg maxx μx. It requires no

tuning.

The work required to tune other policies highlights one practical advantage of KG
policy: it requires no tuning.

8.1. Results. On each of the 100 randomly generated problems, we took 105

samples of opportunity cost from every policy. The distribution of opportunity cost
is not normal, as it is positive a.s. and often equal to 0. We averaged groups of 500
samples to obtain approximately normal samples from which we estimated expected
opportunity cost as well as standard errors on these estimates. The difference in value
between KG and any other policy on any particular problem was then estimated as
the difference in sampled opportunity costs, with standard error equal to the square
root of the sum of the squared standard errors. The resulting standard errors of the
difference, reporting maximum and averaged values across the 100 problems, were
.0018 and .0007 for IE; .0018 and .0007 for OCBA; .0019 and .0007 for LL(S); .0020
and .0009 for Boltzmann exploration; .0024 and .0013 for equal allocation; and .0026
and .0021 for exploitation.
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Fig. 1. Histogram of the sampled difference in value for competing policies aggregated across
the 100 randomly generated problems.

We show in Figure 1 the sample estimates of V KG − V π aggregated across the
randomly generated problems for each of the competing policies π. Bars to the right of
0 indicate that KG outperformed the plotted policy on those problems, and bars to the
left indicate the converse. Note that the scale of the histograms in the right-hand plots
is much smaller than in the left-hand plots. The histograms show that Boltzmann
exploration, equal allocation, and exploitation policies were all outperformed by KG
in every problem setting tested, while IE, OCBA for linear loss, and the LL(S) policy
performed relatively better. Each of these three better competing policies performed
better than KG on some problems and were outperformed on others; however, the tail
to the right of 0 is larger than to the left. This indicates that the amount by which
KG outperformed the competing policies was significantly larger than the amount by
which it was outperformed.

We note a seeming discrepancy between our numerical work and that of Chick,
Branke, and Schmidt [10], who tested a variance-unknown version of the KG policy
called LL1. They found that LL1 performed well in small-sample settings, but poorly
elsewhere. In contrast, we found that KG, a very similar policy, performed quite
well overall. We believe that the difference lies in the stopping rule used. We simply
stopped our sampling policies after a fixed horizon N , but [10] drew many of its
conclusions from experiments using the expected opportunity cost Bonferonni (EOC
Bonf) stopping rule introduced in [2]. In experiments not pictured here we found that
KG also performed poorly with EOC Bonf stopping, but much better when it was
stopped using a stopping rule that we introduce now.

This new rule stops as soon as the expected myopic value of the next measurement,
as determined by QN−1(s, x) − maxx′ μx′ = σ̃(βx)f(ζx(s)), drops below a threshold
c. That is, the number of measurements N to take under this rule is defined by
N = inf{n ≥ 0 : σ̃(βn

x )f(ζx(Sn)) < c }. The threshold c should be interpreted as
the cost of one measurement. Since the expected marginal value of each subsequent
measurement decreases on average, it is reasonable to stop measuring as soon as the
marginal expected value of the next measurement drops below its cost. Replacing
EOC Bonf with this new stopping rule may improve the performance of the KG
sampling policy enough to make it competitive with LL(S) and other commonly used
policies in an adaptive stopping setting. Our initial experiments suggest that this may
be the case, but space limitations prevent a thorough discussion of the experimental
issues.
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9. Conclusion. The KG measurement policy, as first proposed in [16] and as
analyzed here, has several attractive features. Under the assumption of independent
normally distributed priors with normal sampling errors of common known variance,
we showed that the policy is optimal in both extremes of the number of measurements
allowed (N = 1 and N → ∞), as well as in other special cases, and has bounded sub-
optimality in the remaining cases. We showed numerically that it performs competi-
tively with, or significantly better than, several other sequential measurement policies
in a broad class of problem settings. In addition, KG is simple in concept, easy to
implement, fast to compute, and requires no tuning. This simplicity may make it
an attractive alternative to its more complex but similarly performing cousins, the
OCBA and the LL(S) policy.

One important limitation of the version of the policy discussed herein is its as-
sumption of common known variance, which often fails to be met in practice. To lift
this assumption, it is possible to place a normal-gamma prior on the unknown means
and variances, as was done in [12], and recompute the optimal single-step look ahead
policy. Indeed, if we begin with a noninformative normal-gamma prior for the true
mean Yx and unknown sampling variance βε

x of alternative x, and after sampling have
vectors of statistics (μ, σ̂2, n) where (μx, σ̂

2
x, nx) indicate the sample mean, sample

variance, and number of samples taken for alternative x, then a calculation similar to
that of Theorem 4.1 reveals that the corresponding KG policy is arg maxx σ̃xfnx−1(ζx),
where we must redefine σ̃x :=

√
σ̂2/nx(nx + 1), leave ζx defined as before, and de-

fine fn(z) := ν+z2

ν−1 ϕν(z) + zΦν(z), where ϕν and Φν are, respectively, the probability
density function and cumulative density function of the student-t distribution with
ν degrees of freedom. This provides a version of KG for the unknown-variance case.
This was derived earlier and independently in [10], and is discussed there in much
greater detail, together with a numerical analysis of its properties.

Additionally, the KG policy as described herein has used a fixed number of sam-
ples instead of an adaptive stopping rule, while [2] has shown that such rules generally
improve the efficiency of budgeted ranking and selection policies. Nevertheless, as im-
plied briefly in section 8 and as discussed in [10], one can certainly use an adaptive
stopping rule with the KG sampling policy. Future work is needed to assess the qual-
ity of such adaptively stopped policies, and to determine which stopping rules are
best to use with KG, but this is by no means an insurmountable obstacle.

Other limitations would seem to present more difficulty. The use of common
random numbers has proved immensely beneficial for simulation-based ranking and
selection. References [11] and [14] discuss Bayesian ranking and selection policies
taking advantage of common random numbers, as does [21] for the frequentist for-
mulation, and it may be possible to extend the KG approach along these lines as
well. Indeed, KG’s benefits may be overshadowed by its inability to leverage common
random numbers in simulation-based ranking and selection unless this extension can
be made. In addition, KG assumes the alternatives have a common measurement
cost, while in practice it may be more expensive or time consuming to measure some
alternatives than others. It may be possible to lift this restriction by dividing the
benefit of measurement by the cost so as to obtain a normalized quantity for compar-
ison (a benefit per unit cost), but it may also be that the OCBA approach is more
appropriate in such instances.

Despite these limitations, KG has great potential for application. As demon-
strated here, it should be considered a reasonable alternative to other measurement
policies for those applications that meet its assumptions of a fixed sampling budget
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and normally distributed errors with common known variance.

Appendix A. Proofs.

Proof of Proposition 3.2. We proceed by induction on n. For n = N − 1 and
s = (μ, β) we have

QN−1(s, x) = E
[
V N (T (s, x, ZN ))

]
= E

[(
μx + σ̃(βx)ZN

)
∨ max

x′ �=x
μx′

]

≥ μx ∨ max
x′ �=x

μx′ = V N (s),

where the inequality is justified by Jensen’s inequality and the convexity of the max
operator. Now we prove the induction step. For 0 ≤ n < N ,

Qn(s, x) = E
[
V n+1(T (s, x, Zn+1))

]
= E

[
max

x′∈{1,...,M}
Qn+1(T (s, x, Zn+1), x′)

]

≥ max
x′∈{1,...,M}

E
[
Qn+1(T (s, x, Zn+1), x′)

]
= max

x′∈{1,...,M}
E
[
V n+2(T (T (s, x, Zn+1), x′, Zn+2))

]
.(21)

In this equation both decisions x and x′ are fixed, so the state to which we arrive
when we measure x first and x′ second, T (T (s, x, Zn+1), x′, Zn+2), is equal in dis-
tribution to the state to which we arrive when we measure x′ first and x second,
T (T (s, x′, Zn+2), x, Zn+1). This allows us to exchange the time-order of the decisions
x and x′ in (21) to write

Qn(s, x) ≥ max
x′∈{1,...,M}

E
[
V n+2(T (T (s, x′, Zn+2), x, Zn+1))

]
= max

x′∈{1,...,M}
E
[
E
[
V n+2(T (T (s, x′, Zn+2), x, Zn+1)) | Zn+2

]]
= max

x′∈{1,...,M}
E
[
Qn+1(T (s, x′, Zn+2), x)

]
.

Then the induction hypothesis tells us that

Qn+1(T (s, x′, Zn+2), x) ≥ V n+2(T (s, x′, Zn+2)) a.s.,

allowing us to write

Qn(s, x) ≥ max
x′∈{1,...,M}

E
[
V n+2(T (s, x′, Zn+2))

]
= max

x′∈{1,...,M}
Qn+1(s, x′) = V n+1(s).

Proof of Theorem 3.1. We proceed by induction on n. Consider the base case,
which is n = N − 1. Fix s = (μ, β) ∈ S. Then V N (s) = maxx μx is convex in its
arguments, so we can employ Jensen’s inequality to write

V π,N−1(s) = E
[
V π,N (T (s,Xπ(s), ZN ))

]
≥ V π,N

(
E
[
T (s,Xπ(s), ZN )

])
= V π,N (μ, β + βεeXπ(s)) = V π,N (μ, β) = V π,N (s).

Now consider the induction step. For n < N − 1,

V π,n(s) = E
[
V π,n+1(T (s,Xπ(s), Zn+1))

]
≥ E

[
V π,n+2(T (s,Xπ(s), Zn+1))

]
by the induction hypothesis. Then, by the definition of V π,n+1 in terms of V π,n+2

from (10), we have V π,n(s) ≥ V π,n+1(s).
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Proof of Theorem 4.1. By (15), computing XKG(s) reduces to computing
QN−1(s, x) for each x ∈ {1, . . . ,M}. By definition (11) we have, for a generic state s
and standard normal random variable Z,

QN−1(s, x) = E
[
V N (T (s, x, Z))

]
= E

[
(μx + σ̃(βx)Z) ∨ max

x′ �=x
μx′

]
.(22)

This expectation is the expectation of the maximum of a constant and a normal
random variable, for which we have an analytical expression from [13]. Let a ∈ R be
an arbitrary constant and W ∼ N (b, c2) an arbitrary normal random variable. Then
[13] tells us that

(23) E [W ∨ a] = aΦ

(
a− b

c

)
+ bΦ

(
b− a

c

)
+ cϕ

(
a− b

c

)
,

which can be rewritten as

E [W ∨ a] = aΦ

(
a− b

c

)
+ b

(
1 − Φ

(
a− b

c

))
+ cϕ

(
a− b

c

)

= b + (a− b)Φ

(
a− b

c

)
+ cϕ

(
a− b

c

)

= b + c

[(
a− b

c

)
Φ

(
a− b

c

)
+ ϕ

(
a− b

c

)]
.

Fix x and consider two cases. First, consider the case that μx > maxx′ μx′ . This is
the case in which we measure an alternative that is uniquely the best according to
the prior. Then μx − maxx′ �=x μx′ is positive and (maxx′ �=x μx′ − μx)/σ̃(βx) = ζx(s).
Substitute ζx(s) for (a− b)/c and write (22) as

QN−1(s, x) = μx + σ̃(βx) [ζx(s)Φ(ζx(s)) + ϕ(ζx(s))] = μx + σ̃(βx)f(ζx(s)),

which can be rewritten in our case using μx = maxx′ μx′ as

QN−1(s, x) = max
x′

μx′ + σ̃(βx)f(ζx(s)).(24)

Now consider the case that μx ≤ maxx′ μx′ . We rewrite (23) again using the
substitution Φ(−z) = 1 − Φ(z) and also using the symmetric property of the normal
probability density function, ϕ(−z) = ϕ(z), as

E [Z ∨ a] = a + c

[(
b− a

c

)
Φ

(
b− a

c

)
+ ϕ

(
b− a

c

)]
.

In the case we are considering, μx−maxx′ �=x μx′ ≤ 0 and (μx−maxx′ �=x)/σ̃(βx)=ζx(s).
Substitute ζx(s) for (b− a)/c and write (22) as

QN−1(s, x) = max
x′ �=x

μx′ + σ̃(βx) [ζx(s)Φ(ζx(s)) + ϕ(ζx(s))]

= max
x′ �=x

μx′ + σ̃(βx)f(ζx(s)),
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which can be rewritten in our case using maxx′ �=x μx′ = maxx′ μx′ as

QN−1(s, x) = max
x′

μx′ + σ̃(βx)f(ζx(s)).(25)

In both cases the expression for QN−1(s, x) agrees with (18), and we use this expres-
sion to rewrite (15) as

XKG(s) ∈ arg max
x

max
x′

μx′ + σ̃(βx)f(ζx(s)) = arg max
x∈{1,...,M}

σ̃(βx)f(ζx(s)),

since maxx′ μx′ does not depend on x.

Proof of Proposition 4.3. By Theorem 4.1, KG prefers the alternative with
the largest value of σ̃(βx)f(ζx(S)). Fix S = (μ, β), and let a be as in the statement
of Proposition 4.3. Let i be the alternative preferred by KG, so

(26) i = arg max
x∈{1,...,M}

σ̃(βx)f(ζx(S)),

where we recall that we are breaking ties by choosing the smallest index. Note that
the theorem’s condition on a trivializes the case when μi = maxx μx because here the
range of a contains only the value 0, for which the theorem is obviously true. Thus,
without loss of generality we may assume μi < maxx μx, and let j ∈ arg maxx μx.
Then j �= i.

Let S′ = (μ + aei, β). We will first show for all alternatives x �= i that

(27) σ̃(βi)f(ζi(S
′)) ≥ σ̃(βx)f(ζx(S′)).

This will show that i ∈ arg maxx σ̃(βx)f(ζx(S′)). We will then show that the impli-
cation

(28) σ̃(βx)f(ζx(S)) < σ̃(βi)f(ζi(S)) =⇒ σ̃(βx)f(ζx(S′)) < σ̃(βi)f(ζi(S
′))

holds for all x �= i. This will suffice to show the proposition because if we choose any
x′ /∈ arg maxx σ̃(βx)f(ζx(S)), (26) will imply σ̃(βx′)f(ζx′(S)) < σ̃(βi)f(ζi(S)). The
implication (28) will then imply that σ̃(βx′)f(ζx′(S′)) < σ̃(βi)f(ζi(S

′)) and, moreover,
that x′ /∈ arg maxx σ̃(βx)f(ζx(S′)). Taking the contrapositive of the statement

x′ /∈ arg max
x

σ̃(βx)f(ζx(S)) =⇒ x′ /∈ arg max
x

σ̃(βx)f(ζx(S′))

reveals that

x′ ∈ arg max
x

σ̃(βx)f(ζx(S′)) =⇒ x′ ∈ arg max
x

σ̃(βx)f(ζx(S)).

By this argument, (28) implies that arg maxx σ̃(βx)f(ζx(S′)) ⊆ arg maxx σ̃(βx) ·
f(ζx(S)). Therefore i is the element of arg maxx σ̃(βx)f(ζx(S)) with the smallest
index, and thus i is the alternative that KG prefers in state S′.

We will show (27) and (28) by treating three cases separately, noting in general
that ζi(μ, β) ≤ ζi(μ + aei, β). The first case is when x �= i, j. Then

ζx(S′) = ζx(μ + aei, β) = ζx(μ, β) = ζx(S).
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Thus, (27) is true because

σ̃(βi)f(ζi(S
′)) ≥ σ̃(βi)f(ζi(S)) ≥ σ̃(βx)f(ζx(S)) = σ̃(βx)f(ζx(S′)),

and (28) is true because if σ̃(βx)f(ζx(S)) < σ̃(βi)f(ζi(S)), then

σ̃(βx)f(ζx(S′)) = σ̃(βx)f(ζx(S)) < σ̃(βi)f(ζi(S)) ≤ σ̃(βi)f(ζi(S
′)).

The second case is when x = j and μi + a < maxx′ �=j μx′ . Then again ζj(S
′) =

ζj(S) because j �= i, and both (27) and (28) hold by the same reasoning as in the first
case.

The third case is when x = j and μi + a ≥ maxx′ �=j μx′ . Then we have ζj(μ +

aei, β) =
−|μi+a−μj |

σ̃(βj)
. For x = j, KG’s preference of alternative i implies that βi ≤ βj .

Otherwise, by Remark 4.2 and because μj ≥ μi, KG would prefer alternative j. This
shows that

ζi(μ + aei, β) =
−|μi + a− μj |

σ̃(βi)
≥ −|μi + a− μj |

σ̃(βj)
= ζj(μ + aei, β).

This shows (27). To show (28), assume the antecedent of condition (28). Since
|μj − maxx′ �=j μx′ | ≤ |μj − μi| and σ̃(βj)f(ζj(S)) < σ̃(βi)f(ζi(S)), it must be that
σ̃(βj) < σ̃(βi) since otherwise j would have been KG’s choice in state S. Thus,

ζi(μ + aei, β) =
−|μi + a− μj |

σ̃(βi)
>

−|μi + a− μj |
σ̃(βj)

= ζj(μ + aei, β).

Proof of Proposition 5.1. We will show that V 0(S0;N) is a nondecreasing
function of N bounded from above by U(S0), which will imply that the limit V (S0;∞)
exists and is bounded as claimed. To show that V 0(S0;N) is nondecreasing in N ,
note that V 0(S0;N − 1) = V 1(S0;N), and thus

V 0(S0;N) − V 0(S0;N − 1) = V 0(S0;N) − V 1(S0;N).

This difference is positive by Corollary 3.2.
Now we show that V 0(S0;N) ≤ U(S0). For every N ≥ 1 and policy π,

E
π
[
max

x
μN
x

]
= E

π
[
max

x
E
π
N [Yx]

]
≤ E

π
[
E
π
N

[
max

x
Yx

]]

= E
π
[
max

x
Yx

]
= E

[
max

x
Yx

]
.

This value is independent of π and is equal to U(S0). Thus

V 0(S0;N) := sup
π

E
π
[
max

x
μN
x

]
≤ U(S0)

for every N ≥ 1. Taking the limit as N → ∞ shows V (S0;∞) ≤ U(S0).
Finally, we show that the limit V π(S0;∞) exists and is finite for every stationary

policy π. Fix a stationary policy π. Then Theorem 3.1 implies that V π,0(S0;N)
is nondecreasing in N , and V π,0(S0;N) is bounded by V 0(S0;N), which is itself
uniformly bounded in N by U(S0). Then V π(S0;∞) is the limit of a nondecreasing
bounded sequence. Hence, it exists.
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Proof of Proposition 5.2. We assumed in the formal model in section 3.1
that our measurement-noise variance (σε)2 is finite. This implies via the strong law
of large numbers that the sequence of posterior predictive means μN

x converges as
limN→∞ μN

x = Yx a.s. for each x = 1, . . . ,M . Thus limN→∞maxx μ
N
x exists a.s. and

in probability. We will show next that the sequence
(
maxx μ

N
x

)
N≥1

is uniformly inte-

grable, and then convergence in probability together with uniform integrability implies
convergence in L1 (see, e.g., [20, Theorem 3.12]). Convergence in L1 of maxx μ

N
x as

N → ∞ implies

V π(S0;∞) = lim
N→∞

E
π
[
max

x
μN
x

]
= E

π
[

lim
N→∞

max
x

μN
x

]
= E

π
[
max

x
Yx

]
= U(S0).

Proposition 5.1 showed that U(S0) ≥ V (S0;∞), so V π(S0;∞) = V (S0;∞) and π
must be asymptotically optimal.

To complete the proof we must show uniform integrability of the sequence(
maxx μ

N
x

)
N≥1

. For every fixed K we have

E

[∣∣∣max
x

μN
x

∣∣∣ 1{|maxx μN
x |≥K}

]
≤ E

[
max

x

∣∣μN
x

∣∣ 1{maxx|μN
x |≥K}

]
= E

[
max

x
|EN [Yx]| 1{maxx|EN [Yx]|≥K}

]
≤ E

[
max

x
EN [|Yx|] 1{maxx EN [|Yx|]≥K}

]
≤ E

[
EN

[
max

x
|Yx|

]
1{EN [maxx|Yx|]≥K}

]
= E

[
EN

[
max

x
|Yx| 1{EN [maxx|Yx|]≥K}

]]
= E

[
max

x
|Yx| 1{EN [maxx|Yx|]≥K}

]
.

We assumed in the formal model in section 3.1 that maxx |Yx| was integrable. This
implies via Markov’s inequality that

P

{
EN

[
max

x
|Yx|

]
≥ K

}
≤ E [EN [maxx |Yx|]]

K
=

E [maxx |Yx|]
K

.

This is bounded uniformly in N , and the bound goes to zero as K → ∞.

Proof of Theorem 5.1. First note that KG is stationary. We will show that
limN→∞ ηNx = ∞ a.s. for all x under KG, and then Proposition 5.2 will complete the
proof.

First we show that, for each x, {μn
x}
∞
n=0 is a uniformly integrable martingale with

respect to the filtration F and hence converges. μn
x is defined by μn

x := E [Yx | Fn]
and thus is Fn-measurable and, by the tower property of conditional expectation,
satisfies the martingale identity. Yx is a normal random variable with finite variance.
Thus, Yx ∈ L2 ⊂ L1, and by the Doob uniform integrability lemma [20, Lemma 5.5],
the collection of conditional expectations {μn

x}n is uniformly integrable (and hence
each μn

x is integrable). Thus, {μn
x}n is a uniformly integrable martingale and hence

converges a.s. to an integrable random variable μ∞x . In addition, limn→∞ βn
x

a.s.
=

β0
x + βεη∞x for each x.

By the computation performed in Theorem 4.1, the Q-factors for each alternative
x are continuous functions of their arguments (μ, β), and, hence,

lim
n→∞

QN−1(Sn;x)
a.s.
= max

x′
μ∞x′ + σ̃(β∞x )f

(
μ∞x − maxx′′ �=x μ

∞
x′′

σ̃(β∞x )

)
.
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Define Ω0 to be the almost sure event on which this convergence holds, and define the
event Hx to be Hx := {ω : η∞x (ω) < ∞}. Then,

lim
n→∞

QN−1(Sn(ω);x) > max
x′

μ∞x′ (ω) for all ω ∈ Hx ∩ Ω0,(29)

lim
n→∞

QN−1(Sn(ω);x) = max
x′

μ∞x′ (ω) for all ω ∈ Hc
x ∩ Ω0.(30)

Let A be any subset of {1, . . . ,M}, and define the event HA to be HA :=
(∩x∈AHx)∩(∩x∈AcHc

x). We will show that, if A �= ∅, then P(HA) = 0. This will prove
the theorem because Ω = ∪A⊆{1,...,M}HA, so if we know that A �= ∅ =⇒ P(HA) = 0,
then 1 = P(H∅) = P{limn→∞ ηnx = ∞ for all x}.

Fix A nonempty and suppose for contradiction that HA∩Ω0 is nonempty so that
we may choose ω ∈ HA ∩ Ω0 to be an element of this set. By (29) and (30), for all
x ∈ A and all y ∈ Ac,

lim
n→∞

QN−1(Sn(ω);x) > lim
n→∞

QN−1(Sn(ω); y),

and there exists a finite number Kxy such that, for all n > Kxy,

QN−1(Sn(ω);x) > QN−1(Sn(ω); y).

Let K := maxx∈A,y∈Ac Kxy if Ac is nonempty, and let K := 1 if Ac is empty. Then
K is finite and for all n > K and all x ∈ A and y ∈ Ac,

QN−1(Sn(ω);x) > QN−1(Sn(ω); y).

Therefore, KG distributes all measurements n > K only to alternatives in the set A,
and

∑
x∈A η∞x (ω) = ∞. This is a contradiction because x ∈ A implies ω ∈ Hx, which

implies η∞x (ω) < ∞.
Thus, P(H∅ ∩ Ω0) = 0, and since P(Ω0) = 1, P(H∅) = 0.

Proof of Theorem 6.1. Note that ϕ(0) = (2π)−1/2, where ϕ is the normal
probability density function. We will use this throughout. We induct backward over
n. First, when n = N − 1, the theorem is trivially true with equality. Now, under the
assumption that the theorem is true for some n + 1,

V n(s) = max
x

E
[
V n+1(T (s, x, Zn+1))

]
≤ max

x
E

[
V N−1(T (s, x, Zn+1)) + ϕ(0)(N − n− 2) max

x
σ̃
(
βx′ + βε1{x=x′}

)]
.

Then, since σ̃ is a decreasing function and βn
x′ ≤ βn

x′ + βε1{x=x′},

V n(s) ≤ max
x

E

[
V N−1(T (s, x, Zn+1)) + ϕ(0)(N − n− 2) max

x′
σ̃(βx′)

]
.

Since the last term is a constant and does not depend on x, we may move it outside
the maximum and expectation operators, giving

(31) V n(s) ≤ max
x

E
[
V N−1(T (s, x, Zn+1))

]
+ ϕ(0)(N − n− 2) max

x′
σ̃(βx′).

We will rewrite the first term on the right-hand side of this inequality as a maximum
over a set of Q-factors using the definition of V N−1 in terms of QN−1, but before
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making this substitution, let us bound QN−1. We rewrite the expression (24) for
QN−1 as QN−1(s, x′) = maxx′′ μx′′ +σ̃(βx′)f(ζx′) = V N (s)+σ̃(βx′)f(ζx′). Lemma 4.1
tells us that f is nondecreasing, so ζx′ ≤ 0 implies that f(ζx′) ≤ f(0) = ϕ(0). Thus,

QN−1(s, x′) ≤ V N (s) + ϕ(0)σ̃(βx′).

Using this and the definition of the value function in terms of the Q-factors from (10)
and (11), we have

V N−1(T (s, x, Zn+1)) = max
x′

QN−1(T (s, x, Zn+1), x′)

≤ max
x′

V N (T (s, x, Zn+1)) + ϕ(0)σ̃
(
βx′ + βε1{x=x′}

)
= V N (T (s, x, Zn+1)) + ϕ(0) max

x′
σ̃
(
βx′ + βε1{x=x′}

)
≤ V N (T (s, x, Zn+1)) + ϕ(0) max

x′
σ̃(βx′).

Combining this bound with (31) and moving the σ̃(βx) outside the maximization and
expectation operators, we obtain

V n(s) ≤ max
x

E

[
V N (T (s, x, Zn+1)) + ϕ(0) max

x′
σ̃(βn

x′)
]

+ ϕ(0)(N − n− 2) max
x′

σ̃(βx′)

= max
x

E
[
V N (T (s, x, Zn+1))

]
+ ϕ(0)(N − n− 1) max

x′
σ̃(βx′)

= V N−1(s) + ϕ(0)(N − n− 1) max
x′

σ̃(βx′),

where in the last step we used the definition of V N in terms of V N−1 from (10).

Proof of Theorem 7.1. The proof is by induction backward on k. The theorem
holds for the base case, k = N − 1, by Remark 4.1. Now let k < N − 1. Let π∗ be an
optimal policy, with decision function X∗k at time k. Let s = (μ, β) ∈ S

k. Then

(32) V k(s) = E
[
V k+1(T (s,X∗k(s), Zk+1))

]
= E

[
V KG,k+1(T (s,X∗k(s), Zk+1))

]
by the induction hypothesis, since {S

n}Nn=k+1 is a covering of the future from k + 1

on which KG persistence holds, and T (s,X∗k(s), Zk+1) ∈ S
k+1 a.s.

Consider two cases. In the first case, suppose X∗k(s) = XKG(s). By (32),

V k(s) = E
[
V KG,k+1(T (s,XKG(s), Zk+1))

]
= V KG,k(s).

In the second case, suppose X∗k(s) �= XKG(s). Then, abbreviating the random
state at time k + 1 under the optimal policy by Sk+1 = T (s,X∗k(s), Zk+1),

V k(s) = E
[
V KG,k+2(T (Sk+1, XKG(Sk+1), Zk+2))

]
= E

[
V KG,k+2(T (Sk+1, XKG(s), Zk+2))

]
,(33)

since XKG(s) = XKG(Sk+1) a.s. by the KG persistence property. Let Sk+2 =
T (Sk+1, XKG(s), Zk+2). Then V k(s) = E

[
V KG,k+2(Sk+2)

]
.

Note that Sk+2 is the state to which we arrive when we measure X∗k(s) at time
k and XKG(s) at time k + 1. Let Ex = ex(ex)T be a matrix of all zeros except for
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a single 1 at row x, column x, and let
d
= denote equality in distribution. Then the

definition (8) of the transition function T and XKG(s) �= X∗,k(s) imply

Sk+2 = T (Sk+1, XKG(s), Zk+2)

= T (T (s,X∗k(s), Zk+1), XKG(s), Zk+2)

= μ + σ̃(βXKG(s))Z
k+1 + σ̃(βX∗,k(s))Z

k+2 + βεEXKG(s) + βεEX∗,k(s)

d
= μ + σ̃(βXKG(s))Z

k+2 + σ̃(βX∗,k(s))Z
k+1 + βεEXKG(s) + βεEX∗,k(s)

= T (T (s,XKG(s), Zk+1), X∗k(s), Zk+2).

Thus, we have that V k(s) = E
[
V KG,k+2(Sk+2)

]
equals

E
[
V KG,k+2(T (T (s,XKG(s), Zk+1), X∗k(s), Zk+2))

]
.

This quantity is the value of making decisions XKG(s) at time k, X∗k(s) at time k+1,
and then following KG afterward. This value must be less than the value of making the
same decision XKG(s) at time k and following the optimal policy afterward. Thus,
V k(s) ≤ E

[
V k+1(T (s,XKG(s), Zk+1))

]
. Now, T (s,XKG(s), Zn+1) ∈ S

n+1 a.s., so
by the induction hypothesis we may replace the optimal value function with the KG
value function when operating on this state. This allows us to write

V k(s) ≤ E
[
V KG,k+1(T (s,XKG(s), Zk+1))

]
= V KG,k(s).

Finally, V k(s) ≥ V KG,k(s) implies V k(s) = V KG,k(s).

Proof of Theorem 7.3. For n ∈ {0, . . . , N − 1}, define S
n to be the set of all

s = (μ, β) ∈ S satisfying

(34) (βi �= ∞ and βj �= ∞ and βi < βj) =⇒ μi ≥ μj

for all i, j ∈ {1, . . . ,M}. Note that the sets S
n are identical for all n. We will show

that {S
n} is a covering of the future from 0.

Let n ∈ {0, . . . , N − 2}, x ∈ {1, . . . ,M}, s ∈ S
n, and Sn = s a.s. Consider

Sn+1 := T (Sn, x, Zn+1). Let i, j ∈ {1, . . . ,M} meet the conditions of the implication
(34) for Sn+1, so βn+1

i �= ∞ and βn+1
j �= ∞ and βn+1

i < βn+1
j . We will show that

μn
i ≥ μn

j , which will show that Sn+1 meets condition (34) and is in S
n+1.

First, βn ≤ βn+1 componentwise implies that βn
i �= ∞ and βn

j �= ∞. Also,

since (σε)2 = 0, βn+1
x = ∞, which implies that x �= i, j, and the measurement

between Sn and Sn+1 alters neither the i component nor the j component. Thus,
βn
i = βn+1

i < βn+1
j = βn

j . This shows that i, j meet the conditions of the implication

(34) for Sn as well as Sn+1. Thus, since Sn ∈ S
n, μn

i ≥ μn
j . Then, again because

x �= i, j implies that the means of the i and j components did not change from time n
to n+1, μn+1

i ≥ μn+1
j , showing that Sn+1 meets the condition (34), and Sn+1 ∈ S

n+1.
Thus, {S

n} is a covering of the future from 0.
Now we will show that KG is persistent on {S

n}. Let s ∈ S
n and Sn = s a.s.

Condition (34) together with Remarks 4.2 and 4.3 implies XKG(Sn) ∈ arg minx′ βn
x′

with ties broken by the smallest index. Let x �= XKG(Sn). We showed that Sn+1 :=
T (Sn, x, Zn+1) ∈ S

n+1 a.s. Thus, again by condition (34) and Remarks 4.2 and 4.3,
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XKG(Sn+1) ∈ arg minx′ βn+1
x′ . We use the state transition function for the case with

(σε) = 0, βn+1
x′ = βn

x′ + ∞1{x′=x}, and we consider two cases.
In the first case suppose βn

x′ < ∞ for some x′ �= x. Then, since βn+1
x = ∞, we

have βn+1
x′ = βn

x′ < βn+1
x . Thus, we may drop x from the argmin set as in

arg min
x′

βn+1
x′ = arg min

x′ �=x
βn+1
x′ = arg min

x′ �=x
βn
x .

XKG(Sn) is the element of this set with the smallest index, and since XKG(Sn+1)
is also defined to be the element of this set with the smallest index, XKG(Sn+1) =
XKG(Sn).

In the second case suppose βn
x′ = ∞ for all x′ �= x. Then, by XKG ∈ arg minx′ βn

x′ ,
and since XKG(Sn) �= x, we also have that βn

x = ∞. The state transition rule for β
implies that βn+1

x′ = ∞ for all x′. Thus, arg minx′ βn
x′ = {1, . . . ,M} = arg minx′ βn+1

x′ ,
and since the tie-breaking rule is fixed to choose the element with the smallest index,
XKG(Sn+1) = XKG(Sn).

In both cases KG is persistent on {S
n}, and Theorem 7.1 shows that V KG,0(s) =

V 0(s) for all s ∈ S
0.

Appendix B. Known variance LL(S) policy. The LL(S) policy was devel-
oped for normal measurement errors with unknown variance and uses a normal-gamma
prior for the unknown mean and measurement precision. To adapt it to the known-
variance case, we take both the shape and rate parameters in the gamma prior on
the measurement precision to infinity while keeping their ratio fixed to the known
measurement precision βε; we obtain a prior in which the measurement precision is
known perfectly and the alternative’s true value is still normally distributed. Taking
this limit in the allocation given by [12, Corollary 1] provides the following policy. The
steps below describe how the policy allocates τ measurements for the stage beginning
at a generic time n, and should be repeated a total of N/τ times beginning at time 0
and finishing at time N . We use the notation [i] to indicate the alternative whose μn

component is ith largest. That is, μn
[M ] ≥ · · · ≥ μn

[1].

(i) For each alternative calculate ni = βn
i /β

ε, which may be interpreted as the
effective number of times alternative i has been sampled.

(ii) Initialize S, the set of alternatives under consideration for measurement in
the current stage, to S = {1, . . . ,M}.

(iii) For each i ∈ S \ {[M ]} set λi,M as follows. If [M ] /∈ S, set λi,M = β[i]. If

[M ] ∈ S, set λi,M =
(
(βn

[M ])
−1 + (βn

[i])
−1

)−1
.

(iv) Calculate a tentative number of samples r[i] to take from alternative [i],

r[i] =
τ +

∑
j∈S nj∑

j∈S
√
γj/γ[i]

− n[i],

where

γ[i] =

⎧⎨
⎩
√
λi,M φ

(√
λi,M (μn

[M ] − μn
[i])

)
if [i] �= [M ],∑

[j]∈S\{[M ]} γ[j] if [i] = [M ].

(v) For each [i] ∈ S with r[i] < 0, remove [i] from S and set r[i] = 0. If any [i]
was removed, then return to step (iii).

(vi) Round the r[i] to integer values so that they still sum to τ .
(vii) Run r[i] additional samples for each alternative [i].
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KERNEL DENSITY ESTIMATION AND GOODNESS-OF-FIT TEST
IN ADAPTIVE TRACKING∗
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Abstract. We investigate the asymptotic properties of a recursive kernel density estimator of
the driven noise of multivariate ARMAX models in adaptive tracking. We provide an almost sure
pointwise and uniform strong law of large numbers as well as a pointwise and multivariate central
limit theorem. We also carry out a goodness-of-fit test together with some simulation experiments.
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1. Introduction. Since the pioneer work of Aström and Wittenmark [1], a wide
range of literature is available on parametric estimation and adaptive tracking for
linear regression models [4], [5], [6] [9], [13], [14], [15], [16]. However, only a few
references may be found on nonparametric estimation in adaptive tracking [20], [21],
[22], [25]. Our goal is to investigate the asymptotic properties of a kernel density
estimator associated with the driven noise of a linear regression in adaptive tracking
and to carry out a goodness-of-fit test. Consider the multivariate ARMAX model of
order (p, q, r) given, for all n ≥ 0, by

(1.1) A(R)Xn = B(R)Un + C(R)εn,

where Xn, Un, and εn are the d-dimensional system output, input, and driven noise,
respectively. Denote by R the shift-back operator and set

A(R) = Id −A1R− · · · −ApR
p,

B(R) = B1R + · · · + BqR
q,

C(R) = Id + C1R + · · · + CrR
r,

where Ai, Bj , and Ck are unknown matrices and Id is the identity matrice of order d.
For the sake of simplicity, we shall assume that the high frequency gain matrix B1 is
known with B1 = Id. Hence, the unknown parameter of the model is given by

θ t = (A1, . . . , Ap, B2, . . . , Bq, C1, . . . , Cr).

Relation (1.1) can be rewritten as

(1.2) Xn+1 = θ tΨn + Un + εn+1,
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where

Ψ t
n =

(
X t

n, . . . , X
t
n−p+1, U

t
n−1, . . . , U

t
n−q+1, ε

t
n, . . . , ε

t
n−r+1

)
.

The most common way for estimating θ is to make use of the extended least-squares
(ELS) algorithm given, for all n ≥ 0, by

θ̂n+1 = θ̂n + S−1
n Φn

(
Xn+1 − Un − θ̂ t

nΦn

)t

,

ε̂n+1 = Xn+1 − Un − θ̂ t
nΦn,

Φ t
n =

(
X t

n, . . . , X
t
n−p+1, U

t
n−1, . . . , U

t
n−q+1, ε̂

t
n, . . . , ε̂

t
n−r+1

)
,

where the initial value θ̂0 may be arbitrarily chosen. Moreover,

Sn =

n∑
i=0

ΦiΦ
t
i + S,

where S is a positive definite and deterministic matrix introduced in order to avoid
useless invertibility assumption. The crucial role played by the control Un is to regu-
late the dynamic of the process (Xn) by forcing Xn to track step-by-step a bounded
predictable reference trajectory x∗n. Via the certainty equivalence principle [1], the
adaptive tracking control Un is given, for all n ≥ 0, by

(1.3) Un = x∗n+1 − θ̂ t
n Φn.

By substituting (1.3) into (1.2), we obtain the closed-loop system

(1.4) Xn+1 − x∗n+1 = πn + εn+1,

where

πn = θ tΨn − θ̂ t
nΦn

is the prediction error at time n. In the following, we shall assume that the driven
noise (εn) is a sequence of centered independent and identically distributed random
vectors with positive definite covariance matrix Γ and unknown probability density
function denoted by f .

The purpose of this paper is to study the asymptotic properties of a kernel density
estimator (KDE) of f . Since the pioneer works of Parzen [18] and Rosenblatt [23],
the asymptotic properties of such a kernel estimator have been widely investigated in
the context of independent and identically distributed random variables as well as for
mixing random variables. We refer the reader to [10], [11], [24] for some excellent books
on density estimation for stationary processes. Although the stability of ARMAX
models in adaptive tracking has been deeply investigated in the literature [9], [12], one
can realize that kernel density estimation results are not available in adaptive tracking.

Let us now define our KDE of f associated with model (1.2). When the sequence
(εn) is observable, the traditional Parzen–Rosenblatt KDE of f is given, for all x ∈ R

d

and n ≥ 1, by

fn(x) =
1

nhd
n

n∑
i=1

K

(
εi − x

hn

)
,
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where the kernel K is a chosen density function and the bandwidth (hn) is a sequence
of positive real numbers decreasing to zero. In our situation, the sequence (εn) is of
course unobservable. However, when the tracking objective is fullfilled, the prediction
error πn is as close as possible to zero. Consequently, via (1.4), we can choose Xn−x∗n
as a predictor of εn. Moreover, since we are in an adaptive tracking framework, it is
more suitable to make use of a recursive kernel density estimator (RKDE) of f given,
for all x ∈ R

d and n ≥ 1, by

(1.5) f̂n(x) =
1

n

n∑
i=1

1

hd
i

K

(
Xi − x∗i − x

hi

)
.

Our purpose is first to show that f̂n behaves pretty well as a RKDE of f in adap-
tive tracking and second to carry out a goodness-of-fit test for f based on f̂n. Such a
goodness-of-fit test is very popular in time series, in particular, for testing the normal-
ity hypothesis. For independent and identically distributed samples, we can mention
the well-known and very popular Kolmogorov–Smirnov and Cramér–Von Mises sta-
tistical tests based on the empirical distribution function as well as the Bickel and
Rosenblatt test [7] based on a KDE. Recently, for stationary autoregressive processes,
several authors have proposed goodness-of-fit tests based on KDE [2], [17]. However,
to the best of our knowledge, no work is concerned with asymptotic properties of
KDE in adaptive tracking.

The paper is organized as follows. Section 2 is devoted to the asymptotic behavior
of f̂n. We establish the almost sure pointwise and uniform convergence of f̂n to f
as well as a pointwise law of iterated logarithm (LIL) and a pointwise multivariate
central limit theorem (CLT). Section 3 is concerned with the goodness-of-fit test for
f . Finally, some simulation experiments are given in section 4. All technical proofs
are postponed in appendices.

2. Main results. In the following, we shall assume that the kernel K is a non-
negative function, bounded with compact support, such that

∫
Rd

K(t)dt = 1 and

∫
Rd

K2(t)dt = τ2.

For example, for some s > 0 and some known positive constants as, bs, cs, one can
make use of the uniform kernel on the sphere of R

d with radius s, K(t) = as1I(‖t‖≤s),

the Epanechnikov kernel with scaling factor s, K(t) = bs
(
1− ‖ t‖2/s2

)
1I(‖t‖≤s), and

the Gaussian kernel with truncation level s, K(t) = cs exp(− ‖ t‖2/2)1I(‖t‖≤s).
Moreover, we shall assume that the bandwidth (hn) is a sequence of positive real

numbers, decreasing to zero, such that nhd
n tends to infinity and

n∑
i=1

hi = O(nhn).

This mild condition, due to the recursive form of f̂n, is clearly not restrictive. For
example, one can choose hn = n−α with α ∈ ]0 , 1/d[.

Furthermore, we shall also make use of the classical assumptions of causality and
passivity as well as the traditional smoothness hypothesis on the probability density
function f .
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Causality [A1]. For all z ∈ C with |z| ≤ 1, det(z−1B(z)) �= 0.
Passivity [A2]. For all z ∈ C with |z| = 1, det(C(z)) �= 0 and C−1(z) > 1

2Id.
Density [A3]. The function f is positive and differentiable with bounded gradient.

We shall now propose several asymptotic results for the RKDE f̂n of f , the first one
dealing with the almost sure convergence properties of f̂n.

Theorem 2.1. Assume that [A1] to [A3] hold and suppose that (εn) has finite
moment of order a > 2. In addition, assume that nhd

n tends to infinity faster than

(log n)2. Then, for any x ∈ R
d, f̂n(x) converges a.s. to f(x). As soon as the bandwidth

(hn) satisfies max(nhd+2
n , nbhd

n) = o(log log n) for some b ∈]2/a, 1[, we also have

(2.1) lim sup
n→∞

(
nhd

n

2τ2 ‖f ‖∞ log log n

)1/2 ∣∣∣f̂n(x) − f(x)
∣∣∣ ≤ 1 a.s.

Moreover, assume that the kernel K is Lipschitz and that the bandwidth (hn) is given

by hn = n−α with α ∈]0, 1/d[. Then, f̂n converges a.s. to f , uniformly on all compact
sets of R

d and, for any β ∈](1 + c)/2, 1[ with c = max(b, αd),

(2.2) sup
x∈Rd

∣∣∣f̂n(x) − f(x)
∣∣∣ = O

(
n−α

)
+ o

(
nβ−1

)
a.s.

Proof. The proof is given in Appendix A.
Remark 1. The bandwidth condition associated with the almost sure pointwise

convergence is clearly not restrictive and it is satisfied when hn = n−α with α ∈]0, 1/d[.
In this particular case, the bandwidth condition required for the LIL is obviously
satisfied as soon as α ∈]δ, 1/d[ with δ = max(1/(d + 2), b/d).

Remark 2. In the particular case of controlled autoregressive process

(2.3) Xn+1 = A1Xn + · · · + ApXn−p+1 + Un + εn+1,

the assumptions [A1] and [A2] are clearly useless and the associated prediction errors
sequence (πn) satisfies (see, e.g., [5])

(2.4)

n∑
i=0

‖πi ‖2= O(log n) a.s.

Thanks to this sharp result on the sequence (πn), we only have to assume that
max(nhd+2

n , hd
n log n) = o(log log n) for the LIL. This bandwidth condition is imme-

diately satisfied when hn = n−α with α ∈]1/(d + 2), 1/d[. Moreover, for the uniform
convergence, it is only necessary to assume that β ∈](1 + αd)/2, 1[. All of the above
is also true for the scalar nonlinear controlled autoregressive process

(2.5) Xn+1 = θ ϕ(Xn, . . . , Xn−p+1) + Un + εn+1

under suitable moment assumption on (εn) and as soon as the function ϕ : R
p → R

does not increase to infinity faster than a polynomial of degree < 4 [6]. We are again
able to deduce such results because the associated prediction errors sequence (πn)
satisfies (2.4). Finally, Theorem 2.1 holds for the RKDE associated with nonlinear
controlled autoregressive processes as soon as the associated prediction errors sequence
(πn) satisfies a stability property such as (2.4).

Our second result is a pointwise and a multivariate CLT for f̂n.
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Theorem 2.2. Assume that [A1] to [A3] hold and suppose that (εn) has fi-
nite moment of order a > 2. Moreover, assume that the bandwidth (hn) satisfies
max(nhd+2

n , nbhd
n) = o(1) for some b ∈]2/a, 1[, together with

(2.6) lim
n→∞

hd
n

n

n∑
i=1

h−di = 
h

for some finite constant 
h > 0. Then, for any x ∈ R
d, we have the pointwise CLT

(2.7) Gn(x) =
√

nhd
n

(
f̂n(x) − f(x)

) L−→ N
(
0, τ2
hf(x)

)
= G(x).

In addition, for N distinct points x1, . . . , xN of R
d, we also have

(2.8) (Gn(x1), . . . , Gn(xN ))
L−→ (G(x1), . . . , G(xN )) ,

where G(x1), . . . , G(xN ) are independent Gaussian random variables.
Proof. The proof is given in Appendix B.
Remark 3. Convergence (2.7) is identical to the one obtained by Duflo [12] for

stationary processes. Besides, it is worthless to require the bandwidth condition (2.6)
for the nonrecursive KDE of f , and 
h has to be replaced by 1 in (2.7). Finally, if
hn = n−α, it is necessary to assume that α ∈]δ, 1/d[ with δ = max(1/(d + 2), b/d)
and we obviously have 
h = (1 +αd)−1. In addition, for the controlled autoregressive
processes given by (2.3) or (2.5), we only have to assume that α ∈]1/(d + 2), 1/d[.

Remark 4. When the density function f belongs to C2(Rd) with a bounded
second derivative and for symmetric kernel K, we can relax the bandwidth condition
by max(nhd+4

n , nbhd
n) = o(1).

3. Application to a goodness-of-fit test. We shall now propose a statistical
test associated with the probability density function f based on the convergence
results of section 2. We wish to test

H0 : 〈〈 f = f0 〉〉 vs H1 : 〈〈 f �= f0 〉〉

where f0 is a given probability density function. It is well known that such a goodness-
of-fit test is very important and it has been widely investigated in time series analysis
since the pioneer works of Kolmogorov–Smirnov and Cramér–Von Mises. Indeed,
many statistical procedures require the assumption of normality for the driven white
noise (see, e.g., [3] or [8]). Consequently, a goodness-of-fit test for the white noise
density is of particular interest. However, no such a statistical test is available in
the adaptive tracking framework, although several situations require the normality
assumption on the driven white noise. Our purpose is to provide a goodness-of-fit
test for f based on the RKDE f̂n. Such an approach has been already used by Bickel
and Rosenblatt [7]. Indeed, for the independent and identically distributed sample,
they proposed a statistical test based on the integrated quadratic deviation between
the true density and a KDE of f . This approach has been extended to the scalar
autoregressive framework by Lee and Na [17] and more recently by Bachmann and
Dette [2]. However, due to some technical reasons, it seems impossible to extend this
approach to our adaptive tracking context. Therefore, we propose a new strategy
and we carry out a goodness-of-fit test for f based on the multivariate CLT for f̂n
together with the LIL. Our statistical test consists of a suitably normalized sum of
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the quadratic deviation between the true density and the RKDE f̂n evaluated on N
distinct points of R

d. More precisely, it is defined by

Tn(N) =
1

τ2
h

N∑
j=1

(
f̂n(xj) − f0(xj)

)2

f̂n(xj)
,

where x1, . . . , xN are N distinct points of R
d. We shall make use of

σ2 =
1

τ2
h

N∑
j=1

(f(xj) − f0(xj))
2

f(xj)
and λ2 =

1

τ2
h

N∑
j=1

(f2(xj) − f2
0 (xj))

2

f3(xj)
.

Theorem 3.1. Assume that [A1] to [A3] hold and suppose that (εn) has finite
moment of order a > 2. Moreover, assume that the bandwidth (hn) shares the same
assumptions as in Theorem 2.2 and is such that nhd

n goes to infinity faster than
(log n)2. Then, under H0,

nhd
n Tn(N)

L−→ χ2(N).(3.1)

Moreover, under H1 and if one can find x ∈
{
x1, x2, . . . , xN

}
such that f(x) �= f0(x),

then Tn(N) converges a.s. towards σ2. In addition, we also have

√
nhd

n

(
Tn(N) − σ2

) L−→ N
(
0, λ2

)
.(3.2)

Remark 5. According to these asymptotic results, it is possible to construct a
goodness-of-fit test associated with f . On the one hand, under the null hypothesis H0,
we can approximate for n large enough the distribution of nhd

n Tn(N) by a χ2(N) one.
On the other hand, under the alternative hypothesis H1, if σ2 is positive, nhd

n Tn(N)
goes a.s. to infinity, which guarantees that the asymptotic power of our test is equal
to 1. From a practical point of view, the null hypothesis H0 will be rejected at level
δ whenever nhd

n Tn(N) > aδ where aδ stands for the (1 − δ) quantile of the χ2(N)
distribution. Finally, one can observe that the weak convergence (3.2) allows us to
evaluate the probability of the type II error of our test.

Remark 6. It is also possible to make use of the test statistic Zn(N) defined by

Zn(N) =
1

τ2
h

N∑
j=1

(
f̂n(xj) − f0(xj)

)2

f0(xj)
.

In that case, Theorem 3.1 holds with

σ2 =
1

τ2
h

N∑
j=1

(f(xj) − f0(xj))
2

f0(xj)
and λ2 =

4

τ2
h

N∑
j=1

(f(xj) − f0(xj))
2f(xj)

f2
0 (xj)

.

This statistical test should improve the empirical level under H0, but it should cer-
tainly degrade the empirical power under H1. Nevertheless, it is easier to compute
than Tn(N) because it allows one to avoid the division by f̂n(xj), which can be equal
to zero due to the use of a compactly supported kernel.
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Proof. The proof is straightforward by use of Theorem 2.1 together with Theo-
rem 2.2. As a matter of fact, we have the decomposition

(3.3) Tn(N) − σ2 = An + Bn,

where

An =
1

τ2
h

N∑
j=1

(
f̂n(xj) − f(xj)

)2

f̂n(xj)
,

Bn =
1

τ2
h

N∑
j=1

(
f̂n(xj) − f(xj)

)
f̂n(xj)

(f2(xj) − f2
0 (xj))

f(xj)
.

We can deduce from (2.8) and the pointwise almost sure convergence of f̂n to f that

√
nhd

n

τ2
h

⎛
⎝ f̂n(x1) − f(x1)√

f̂n(x1)
, . . . ,

f̂n(xN ) − f(xN )√
f̂n(xN )

⎞
⎠ L−→ N (0, IN ) ,(3.4)

where IN stands for the identity matrix of order N . Hence, it immediately follows
from (3.4) that

(3.5) nhd
nAn

L−→ χ2(N).

Consequently, we clearly obtain (3.1) from (3.3) together with (3.5) since, under
the null hypothesis H0, σ

2 and Bn vanish. Under the alternative hypothesis H1, it
is straighforward to see that Tn(N) converges a.s. towards σ2 via the almost sure

pointwise convergence of f̂n to f . Only convergence (3.2) remains to be proven. On
the one hand, by the pointwise LIL, we infer that

|An| = O

(
log log n

nhd
n

)
a.s.,

which implies that

(3.6)
√
nhd

nAn = o(1) a.s.

as nhd
n goes to infinity faster than (logn)2. On the other hand, we can deduce from

(3.4) that

(3.7)
√
nhd

nBn
L−→ N

(
0, λ2

)
.

Finally, convergence (3.2) immediately follows from the conjunction of (3.3), (3.6),
and (3.7), which completes the proof of Theorem 3.1.

4. Simulation experiments. In this section, we investigate the finite sample
properties of our statistical test under both hypotheses H0 and H1 without some
bootstrap procedure as is usual in this context of nonparametric tests. Since it has
never been experimented, we shall not restrict ourselves to models of form (1.2), but
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Fig. 4.1.

we will also consider some closely related stationary models. Our goal is to show that
our statistical test behaves pretty well in many different situations. The different
models that we will study are given as follows.

(WN) Xn = εn,

(AR) Xn+1 = θXn + εn+1,

(ARX) Xn+1 = θXn + Un + εn+1,

(NARX) Xn+1 = θX2
n + Un + εn+1,

where (εn) is a sequence of centered independent and identically distributed random
variables with probability density function f . We choose θ = 7/10, θ = 2, and θ = 1/2
for the AR, ARX, and NARX models, respectively. We consider three choices of noise
distributions, given in Figure 4.1, that we combine two-by-two in order to study the
performances of our statistical test under both H0 and H1. The first one is the
standard normal distribution

f0(x) =
1√
2π

exp

(
−x2

2

)
.

The second one is the normalized double exponential distribution

f1(x) =
1√
2

exp
(
−
√

2 |x|
)
.

The last one is the standardized chi-square distribution with twelve degrees of freedom

f2(x) =
9

5
(x +

√
6)5 exp

(
−
√

6(x +
√

6)
)

1I(x≥−
√

6).

For AR, ARX, and NARX models, we estimate the unknown parameter θ by use
of the standard least-squares estimator θ̂n. For the AR model, the probability density
function f is estimated using the RKDE given by (1.5) where Xn − x∗n is replaced
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by Xn − θ̂nXn−1. For ARX and NARX models, the adaptive control Un is given by

Un = −θ̂nXn and Un = −θ̂nX
2
n, respectively.

For each model and each test of H0 against H1, we base our estimations on 800
independent realizations of sample sizes n = 200, 500, and 1000. We are interested
in the empirical level under H0 to be compared with the theoretical level equal to
5% and the empirical power under H1, as well as the closeness between the simulated
distribution of our statistical test and the corresponding theoretical distribution. The
implementation of our statistic test Tn(N) requires the choice of design points together

with the specification of a bandwidth and a kernel for the RKDE f̂n. The RKDE f̂n
is constructed by use of the Epanechnikov kernel

K(t) =
3

4

(
1 − t2

)
1I(|t|≤1)

and the bandwidth hn = n−1/3. For the denominator of Tn(N), we use the Gaussian
kernel and the usual bandwidth hn = n−1/5. Via this choice, we avoid a possible
division by zero and we provide a smoother version for the estimation of f . Finally,
for ARX and NARX models, we use a short learning period of τ = 100 time steps.
This learning period allows us to forget the transitory phase.

For the choice of N and the points x1, · · · , xN , we use the design points selection
rule proposed by Poggi and Portier and fully described in [19]. More precisely, we
proceed as follows. Starting from an estimate of the distribution of the driven noise,
we choose N equidistant points x1 · · · , xN so that the density at those points is not too
small and in such a way that they are sufficiently distant to ensure sufficient accuracy
in the use of the multivariate CLT. Typically, we choose points x1, · · · , xN such that
the distance between two neighboring points is 4n−1/3. This last condition allows us
to make sure that the independence property in the multivariate CLT, which holds
asymptotically, remains true for small to moderate sample sizes. We take N = 8, 13,
and 22 equidistant points for sample sizes n = 200, 500, and 1000, respectively. It
should be noted that only a few number of points is needed to make a decision.

In the sequel, the abbreviations Gf0, Gf1, and Gf2 mean that the driven noise (εn)
is generated with the normal f0 distribution, the double exponential f1 distribution,
and the chi-square f2 distribution, respectively, while Hf0, Hf1, and Hf2 mean that
we are testing the assumptions H0 : 〈〈 f = f0 〉〉, H0 : 〈〈 f = f1 〉〉, and H0 : 〈〈 f = f2 〉〉,
respectively. Finally, as we have chosen a test level α = 5% and we have generated
800 trials, the Kolmogorov–Smirnov fitting statistic in italic has to be compared with
the critical value 0.048.

We shall now comment on the test results contained in Tables 4.1–4.4. First of all,
one can verify that our statistical test behaves pretty well under H0. Indeed, for each
model and each noise distribution, the empirical level is close to the 5% theoretical
value level as one can realize with the values in bold. In addition, the simulated
distribution of n2/3Tn(N) is close to the χ2(N) distribution as one can observe with
the values in italic of the Kolmogorov–Smirnov fitting statistic to be compared with
the critical value at 5% equal to 0.048. Next, one can verify that the empirical power
increases with the sample size, from 20% to 40% for n = 200, to 96% to 100% for
n = 1000; it is more difficult to decide between f0 and f2 than between f1 and f2,
which is the easier situation. Finally, if one superimposes the four tables, one can
observe that the results for the different models are almost the same. In conclusion,
our statistical test behaves pretty well for small to moderate sample sizes and for a
large class of models.
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Table 4.1

WN model. Results under H0 and H1 with test level 5%. Empirical level in bold and per-
centage of correct decisions.

n = 200, N = 8 n = 500, N = 13 n = 1000, N = 22
Hf0 Hf1 Hf2 Hf0 Hf1 Hf2 Hf0 Hf1 Hf2

Gf0
4.2%
0 .035

35.7% 26.2%
5.3%
0 .029

84.1% 70%
5.2%
0 .024

99.8% 98.6%

Gf1 49%
5.3%
0 .047

74.1% 91.2%
5.1%
0 .041

99.3% 100%
4.2%
0 .030

100%

Gf2 19.2% 53.5%
4.2%
0 .047

60% 97.3%
4.7%
0 .031

96.7% 100%
4.5%
0 .009

Table 4.2

AR model. Results under H0 and H1 with test level 5%. Empirical level in bold and percentage
of correct decisions.

n = 200, N = 8 n = 500, N = 13 n = 1000, N = 22
Hf0 Hf1 Hf2 Hf0 Hf1 Hf2 Hf0 Hf1 Hf2

Gf0
4.5%
0 .045

31.2% 25.6%
4.8%
0 .014

82% 65%
3.7%
0 .023

99.8% 98.8%

Gf1 49.7%
5.7%
0 .032

73.1% 90.5%
5%

0 .014
99.1% 100%

4.8%
0 .019

100%

Gf2 19.3% 54.6%
3.7%
0 .045

62% 96.6%
3.5%
0 .022

96.6% 100%
3.8%
0 .013

Table 4.3

ARX model. Results under H0 and H1 with test level 5% and learning period τ = 100.
Empirical level in bold and percentage of correct decisions.

n = 200, N = 8 n = 500, N = 13 n = 1000, N = 22
Hf0 Hf1 Hf2 Hf0 Hf1 Hf2 Hf0 Hf1 Hf2

Gf0
3.8%
0 .042

35.7% 28%
4.2%
0 .029

81.5% 66%
3.7%
0 .018

99.7% 98.2%

Gf1 45.8%
5.5%
0 .053

71.5% 87.5%
4.7%
0 .021

99.3% 100%
5%

0 .022
100%

Gf2 21.2% 54.5%
3.2%
0 .029

62% 95.6%
2.5%
0 .040

96.7% 100%
5.1%
0 .029

Table 4.4

NARX model. Results under H0 and H1 with test level 5% and learning period τ = 100.
Empirical level in bold and percentage of correct decisions.

n = 200, N = 8 n = 500, N = 13 n = 1000, N = 22
Hf0 Hf1 Hf2 Hf0 Hf1 Hf2 Hf0 Hf1 Hf2

Gf0
3%

0 .037
37.1% 28.5%

4.8%
0 .029

83.5% 68.2%
4.3%
0 .037

99.5% 98.6%

Gf1 44.6%
5.2%
0 .021

72% 89.8%
4.5%
0 .022

99.2% 100%
5.1%
0 .017

100%

Gf2 19.8% 58.3%
3.7%
0 .021

63.2% 95.5%
4.7%
0 .05

97.2% 100%
5%

0 .039
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Fig. 4.2.

Figure 4.2 illustrates the empirical level and power of our test for the NARX
model. We base our estimation on 800 trials of sample size n = 500 with N = 13
equidistant points. The driven noise (εn) is generated with the normal distribution
f0, and we are successively testing the assumptions Hf0, Hf1, and Hf2. On the one
hand, when we test the hypothesis Hf0, we can observe that the distribution of our
statistical test n2/3Tn(N) is superimposed with the χ2(N) one. It clearly illustrates
the good approximation of the distribution of n2/3Tn(N) by a χ2(N) one under Hf0

for moderate sample size. On the other hand, when we test the hypothesis Hf1 as well
as Hf2, we can effectively see that the distribution of our statistical test n2/3Tn(N)
is totally different from the χ2(N) one. Consequently, the power of separation of our
statistical test is clearly significant.

Appendix A. This appendix is devoted to the proof of Theorem 2.1. In order

to prove the asymptotic properties of our RKDE f̂n of f , we are led to introduce the

martingale (Mn) associated with the sequence (f̂n). To be more precise, we infer from
(1.5) that for all x ∈ R

d and n ≥ 1,

(A.1) n
(
f̂n(x) − f(x)

)
= Mn(x) + Rn(x)

with

Mn(x) =

n∑
i=1

(Ki (Xi − x∗i − x) − E [Ki (Xi − x∗i − x) |Fi−1]) ,(A.2)

Rn(x) =

n∑
i=1

E [Ki (Xi − x∗i − x) |Fi−1] − n f(x),(A.3)

where, for all y ∈ R
d, Kn(y) = h−dn K(h−1

n y) and Fn denotes the σ-algebra of the
events occuring up to time n. The almost sure properties of (Mn) are given by the
two following lemmas.
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Lemma A.1. Assume that nhd
n tends to infinity faster than (log n)2. Then, for

any x ∈ R
d, we have Mn(x) = o(n) a.s. More precisely,

(A.4) lim sup
n→∞

|Mn(x)|√
2τ2 ‖f ‖∞ nh−dn log log n

≤ 1 a.s.

Proof. For any x ∈ R
d, (Mn(x)) is a square integrable real martingale. In

addition, its increasing process (〈M(x)〉n) satisfies 〈M(x)〉n = O(nh−dn ). As a matter
of fact, for all x ∈ R

d,

〈M(x)〉n =

n∑
i=1

E
[
K2

i (Xi − x∗i − x) |Fi−1

]
−

n∑
i=1

(E [Ki (Xi − x∗i − x) |Fi−1])
2
.

Consequently, we deduce from (1.4) that for all x ∈ R
d

(A.5) 〈M(x)〉n ≤
n∑

i=1

h−2d
i

∫
Rd

K2
(
h−1
i (πi−1 + s− x)

)
f(s) ds.

Via the change of variables t = h−1
i (πi−1 + s− x) into (A.5), we find that

〈M(x)〉n ≤
n∑

i=1

h−di

∫
Rd

K2(t)f(hit + x− πi−1) dt ≤ τ2 ‖f ‖∞
n∑

i=1

h−di .

Therefore, as (hn) is decreasing, 〈M(x)〉n = O(nh−dn ). Hence, it follows from the
strong law of large numbers for martingales (see, e.g., [12], Theorem 1.3.15, p. 20)
that for all γ > 0,

|Mn(x)|2 = o
(
nh−dn (log n)1+γ

)
a.s.,

which ensures that Mn(x) = o(n) a.s. since nhd
n tends to infinity faster than (logn)2.

Furthermore, for any x ∈ R
d, |Mn(x) −Mn−1(x)| ≤ 2h−dn ‖K‖∞ which clearly implies

that

|Mn(x) −Mn−1(x)| ≤ Cn

√
nh−dn

log log n
,

where (Cn) is a deterministic sequence which tends to zero. Finally, we immediately
obtain (A.4) from the upper bound in the law of iterated logarithm for martingales
(see, e.g., [12], Theorem 6.4.24, p. 209).

Lemma A.2. Assume that the kernel K is Lipschitz and that the bandwidth (hn)
is given by hn = n−α with α ∈]0, 1/d[. Then, for any constants A > 0 and γ > 0, we
have the expanded uniform strong law

(A.6) sup
‖x‖≤Anγ

|Mn(x)| = o
(
nβ

)
a.s.,

where β ∈](1 + αd)/2, 1[.
Proof. Result (A.6) follows from the expanded uniform strong law for martingales

given by Theorem 6.4.34, p. 220 of [12]. First of all, for all x ∈ R
d, set ΔMn(x) =

Mn(x) −Mn−1(x). We already saw in the proof of Lemma A.1 that there exists two
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positive constants a, b such that, for all n ≥ 1, 〈M(0)〉n ≤ an1+αd and |ΔMn(0)| ≤
bnαd. In addition, since the kernel K is bounded and Lipschitz, for all δ ∈]0 , 1[, one
can find some positive constant Cδ such that, for any x, y ∈ R

d

(A.7) |K(x) −K(y)| ≤ Cδ ‖x− y‖δ .

Hence, for any x, y ∈ R
d, we can derive that

|ΔMn(x) − ΔMn(y)| ≤ 2Cδ ‖x− y‖δ nα(d+δ).

Furthermore, similarly to (A.5), we have for any x, y ∈ R
d

〈M(x) −M(y)〉n ≤
n∑

i=1

i2αd
∫

Rd

(
K (iα(πi−1+s−x))−K (iα(πi−1+s−y))

)2

f(s) ds,

which, by the change of variables t = iα(πi−1 + s− x), leads to

(A.8) 〈M(x) −M(y)〉n ≤‖f ‖∞
n∑

i=1

iαd
∫

Rd

(K(t) −K(t + iα(x− y)))
2
dt.

In addition, as K is a density function, it follows from (A.7) that∫
Rd

(K(t) −K(t + iα(x− y)))
2
dt ≤ 2C2δ ‖x− y‖2δ i2αδ.

Therefore, we deduce from (A.8) that for any x, y ∈ R
d

〈M(x) −M(y)〉n ≤ 2C2δ ‖x− y‖2δ n1+αd+2αδ.

Since the power δ can be chosen as small as one wishes, all four conditions of Theo-
rem 6.4.34 of [12] are fullfilled which leads to Lemma A.2.

Proof of Theorem 2.1. In order to prove Theorem 2.1, it remains to study the
almost sure asymptotic behavior of the remainder Rn(x) in (A.1). It follows from
(A.3) that

Rn(x) =

n∑
i=1

h−di

∫
Rd

K
(
h−1
i (πi−1 + s− x)

)
f(s) ds− nf(x),

=

n∑
i=1

∫
Rd

K(t) (f (hit + x− πi−1) − f(x)) dt,

via the change of variables t = h−1
i (πi−1 + s − x). As the density function f is

differentiable with a bounded gradient, we obtain by a Taylor expansion that

sup
x∈Rd

|Rn(x)| = O

(
n∑

i=1

hi

)
+ O

(
n∑

i=1

‖πi−1 ‖
)

a.s.

Moreover, since (εn) has a finite moment of order a > 2, we deduce from [A1] and
[A2] together with Theorem 1 of [13] that

(A.9)
n∑

i=1

‖πi−1 ‖2= O
(
nb

)
a.s.
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for all b ∈]2/a, 1[. Hence, it follows from (A.9) together with the Cauchy–Schwarz
inequality that

(A.10) sup
x∈Rd

|Rn(x)| = O (nhn) + O
(√

n1+b
)

a.s.

Consequently, Rn(x) = o(n) a.s., which ensures that f̂n(x) converges a.s. to f(x).
Moreover, we obtain (2.1) from the conjunction of Lemma A.1 and result (A.10). The
uniform, almost sure convergence on R

d still remains to be proven. Hereafter, we take
hn = n−α with α ∈]0, 1/d[. On the one hand, we find from Lemma A.2 with A = 2
and γ = 1/2, that

(A.11) sup
‖x‖≤2

√
n

|Mn(x)| = o
(
nβ

)
a.s.,

where β ∈](1+αd)/2, 1[. From now on, we choose β ∈](1+c)/2, 1[ with c = max(b, αd).
Since β > (1 + b)/2, it implies that n1+b = o(n2β). Hence, it follows from the
conjunction of (A.10) and (A.11) that

(A.12) sup
‖x‖≤2

√
n

∣∣∣f̂n(x) − f(x)
∣∣∣ = O

(
n−α

)
+ o

(
nβ−1

)
a.s.

On the other hand, we claim that

(A.13) sup
‖x‖>2

√
n

∣∣∣f̂n(x) − f(x)
∣∣∣ = O

(
1

n

)
a.s.

As a matter of fact, since (εn) has a finite moment of order a > 2, we infer from
Lemma 2 of [13] that ‖Xn ‖2= O

(
nb

)
a.s. for some b ∈]2/a, 1[, which implies that

sup
i≤n

‖Xi − x∗i ‖2= o (n) a.s.

Hence, for n large enough, ‖Xi − x∗i ‖<
√
n a.s., which ensures that, for x such that

‖x‖> 2
√
n, ‖Xi − x∗i − x‖>

√
n a.s. Therefore, since K is compactly supported, it

clearly leads to

(A.14) sup
‖x‖>2

√
n

∣∣∣nf̂n(x)
∣∣∣ = sup

‖x‖>2
√
n

∣∣∣∣∣
n∑

i=1

Ki (Xi − x∗i − x)

∣∣∣∣∣ = O (1) a.s.

In addition, since (εn) has a finite moment of order a > 2 and f is positive, it follows
that f(x) = O(‖x‖−3) for large values of x, leading to

(A.15) sup
‖x‖>2

√
n

f(x) = O

(
1

n

)
.

Consequently, we obtain (A.13) from (A.14) and (A.15). Finally, we deduce (2.2)
from (A.12) and (A.13), which completes the proof of Theorem 2.1.

Appendix B. This appendix is concerned with the proof of Theorem 2.2. We
first propose a CLT for the martingale (Mn).
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Lemma B.1. Assume that [A1] to [A3] hold and suppose that (εn) has a finite
moment of order a > 2. Moreover, assume that the bandwidth (hn) shares the same
assumptions as in Theorem 2.2. Then, for any x ∈ R

d,

(B.1)
Mn(x)√
nh−dn

L−→ N
(
0 , τ2
hf(x)

)
.

Proof. In order to prove Lemma B.1, it is necessary to study the asymptotic
behavior of the increasing process 〈M(x)〉n properly normalized. For all i ≥ 1 and
x ∈ R

d, we have

E [Ki (Xi − x∗i − x) |Fi−1] = h−di

∫
Rd

K
(
h−1
i (πi−1 + s− x)

)
f(s) ds,

=

∫
Rd

K(t) f (hit + x− πi−1) dt ≤‖f ‖∞,

which implies that

(B.2)

n∑
i=1

(E [Ki (Xi − x∗i − x) |Fi−1])
2

= O(n) a.s.

Moreover, we also have

E
[
K2

i (Xi − x∗i − x) |Fi−1

]
= h−2d

i

∫
Rd

K2
(
h−1
i (πi−1 + s− x)

)
f(s) ds

= h−di

∫
Rd

K2(t) f (hit + x− πi−1) dt.

Consequently, we obtain the decomposition

n∑
i=1

E
[
K2

i (Xi − x∗i − x) |Fi−1

]
= An + τ2Bn + τ2f(x)Cn,

where

An =

n∑
i=1

h−di

∫
Rd

K2(t) (f (hit + x− πi−1) − f (x− πi−1)) dt,

Bn =

n∑
i=1

h−di (f (x− πi−1) − f(x)) ,

Cn =

n∑
i=1

h−di .

As the gradient of f is bounded, we clearly have |An| = O(nh1−d
n ) a.s. and

|Bn| = O

(
n∑

i=1

h−di ‖πi−1 ‖
)

a.s.

Hence, it follows from (A.9) that

|Bn| = O
(
h−dn

√
n1+b

)
a.s.
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for all b ∈]2/a, 1[. Furthermore, we immediately get from (2.6) that n−1hd
nCn con-

verges to 
h as n goes to infinity. Putting together those three contributions, we find
that

(B.3) lim
n→∞

hd
n

n
〈M(x)〉n = τ2
h f(x) a.s.

In order to make use of the CLT for martingales (see, e.g., [12], Corollary 2.1.10,
p. 46), it remains to check that Lindeberg’s condition is satisfied. For all a > 0 and
x ∈ R

d, let

Λn(a, x) =
hd
n

n

n∑
i=1

E

[
|ΔMi(x)|2 1I(

|ΔMi(x)|≥a
√

nh−d
n

)|Fi−1

]
.

We already saw that for all i ≤ n, |ΔMi(x)| ≤ 2h−dn ‖K ‖∞. Hence, we clearly have
for all i ≤ n

1I(
|ΔMi(x)|≥a

√
nh−d

n

) ≤ 1I(
2‖K‖∞≥a

√
nhd

n

).

Consequently, we find that for all a > 0 and x ∈ R
d,

Λn(a, x) ≤ hd
n

n
1I(

2‖K‖∞≥a
√

nhd
n

) n∑
i=1

E

[
|ΔMi(x)|2 |Fi−1

]
,

≤ hd
n

n
1I(

2‖K‖∞≥a
√

nhd
n

)τ2 ‖f ‖∞
n∑

i=1

h−di ,

≤ τ2 ‖f ‖∞ 1I(
2‖K‖∞≥a

√
nhd

n

).

Therefore, as nhd
n tends to infinity, we can deduce that, for all a > 0 and x ∈ R

d,
Λn(a, x) tends to zero a.s. Finally, Lindeberg’s condition is satisfied, which achieves
the proof of Lemma B.1.

Proof of Theorem 2.2. We are now in position to prove Theorem 2.2. It follows
from (A.1) that for any x ∈ R

d

(B.4)
√

nhd
n

(
f̂n(x) − f(x)

)
=

Mn(x) + Rn(x)√
nh−dn

.

Consequently, (2.7) immediately follows from (A.10) together with (B.1) and (B.4)
as soon as max(nhd+2

n , nbhd
n) = o(1). The multivariate CLT remains to be proven.

Taking the previous results into account, it is enough to prove that for two distinct
points x, y ∈ R

d, the random vector

1√
nh−dn

(
Mn(x)
Mn(y)

) L−→
(

G(x)
G(y)

)
,

where G(x) and G(y) are two independent Gaussian random variables. We can easily
show this convergence by remarking that for two distinct points x, y ∈ R

d

(B.5) lim
n→∞

hd
n

n

n∑
i=1

E [ΔMi(x)ΔMi(y)|Fi−1] = 0 a.s.
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Indeed, for all i ≥ 1, we have

E [ΔMi(x)ΔMi(y)|Fi−1] ≤ E [Ki (Xi − xi − x)Ki (Xi − xi − y) |Fi−1] ,

≤ E [Ki (πi−1 + εi − x)Ki (πi−1 + εi − y) |Fi−1] ,

which implies that

E [ΔMi(x)ΔMi(y)|Fi−1] ≤ h−di

∫
Rd

K(t)K
(
t + h−1

i (x− y)
)
f (hit + x− πi−1) dt.

Therefore, as the gradient of f is bounded, we obtain from (A.9) that

n∑
i=1

E [ΔMi(x)ΔMi(y)|Fi−1] ≤ Hn(x, y) + O
(
nh1−d

n

)
+ O

(
h−dn

√
n1+b

)
a.s.

for all b ∈]2/a, 1[, where

Hn(x, y) =

n∑
i=1

h−di f(x)

∫
Rd

K(t)K(t + h−1
i (x− y))dt.

However, using the fact that K is compactly supported, we can deduce that for i large
enough, the integral at the right-hand side of Hn(x, y) is zero. Finally, we obtain that
convergence (B.5) is satisfied, which completes the proof of Theorem 2.2.

Remark 7. Result (B.5) ensures the asymptotic independence of the random vari-
ables Gn(x1), . . . , Gn(xN ) in the multivariate CLT. Since the kernel K is compactly
supported, for finite values of n, the left-hand side of (B.5) can be very small if we
choose two points x and y sufficiently distant. This last point clarifies the design
points selection rule described in section 4.
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IMPORTANT MOMENTS IN SYSTEMS AND CONTROL∗

CHRISTOPHER I. BYRNES† AND ANDERS LINDQUIST‡

Abstract. The moment problem matured from its various special forms in the late 19th and
early 20th centuries to a general class of problems that continues to exert profound influence on the
development of analysis and its applications to a wide variety of fields. In particular, the theory of
systems and control is no exception, where the applications have historically been to circuit theory,
optimal control, robust control, signal processing, spectral estimation, stochastic realization theory,
and the use of the moments of a probability density. Many of these applications are also still works
in progress. In this paper, we consider the generalized moment problem, expressed in terms of a basis
of a finite-dimensional subspace P of the Banach space C[a, b] and a “positive” sequence c, but with
a new wrinkle inspired by the applications to systems and control. We seek to parameterize solutions
which are positive “rational” measures in a suitably generalized sense. Our parameterization is given
in terms of smooth objects. In particular, the desired solution space arises naturally as a manifold
which can be shown to be diffeomorphic to a Euclidean space and which is the domain of some
canonically defined functions. The analysis of these functions, and related maps, yields interesting
corollaries for the moment problem and its applications, which we compare to those in the recent
literature and which play a crucial role in part of our proof.

Key words. moment problems, interpolation, rational positive measures
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1. Introduction. Given a sequence of complex numbers, (c0, c1, . . . , cn), and
a basis, (α0, α1, . . . , αn), of a (finite-dimensional) subspace P of the Banach space
C[a, b] of complex-valued continuous functions defined on the real interval [a, b], the
generalized moment problem [21] is to find a positive measure dμ such that

(1.1)

∫ b

a

αk(t)dμ(t) = ck, k = 0, 1, . . . , n.

This problem is a beautiful generalization of several important classical moment prob-
lems, including the power moment problem, the trigonometric moment problem, and
the moment problem arising in Nevanlinna–Pick interpolation. There are, of course,
necessary conditions stemming from the positivity of dμ and whether a particular αk

is real-valued or not; these will be summarized in section 2.
Among the pioneers in the use of power moments, where αk(t) = tk, we should

mention Chebyshev and his students, particularly Markov and Lyapunov, who used
them in connection with the classical central limit theorem in the 19th century. On
a finite interval this problem is usually called the Hausdorff moment problem and
was solved by Hausdorff for an infinite sequence of moments in 1921. The power
moment problem for an infinite sequence of moments on an infinite interval is known
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as the Hamburger moment problem, while on the semi-infinite interval this is called
the Stieltjes moment problem. We refer to [21], especially pages 166–171 and the
references therein, for a more detailed historical and technical treatment.

Remark 1.1. In classical treatments of the power moment problems [21] it is
typical to take P to be the real subspace span

R
{α0, . . . , αn}. While in this case the

role of the functions αk are clear and familiar to any student of probability, it is
reasonable to ask why we need P. One of many good reasons for this is that P is
a natural space of “test functions” with which to develop necessary and sufficient
conditions on the candidate moments for the solvability of the moment equations.
For example, if p(t) = p0 + p1t+ · · ·+ pnt

n > 0 for all t ∈ [a, b], then solvability of the
moment equations for a positive measure dμ implies that

(1.2)
n∑

i=0

pici =

∫ b

a

p(t)dμ > 0.

This has been refined, in a neat way, to give necessary and sufficient conditions for
the solvability of the generalized moment problem (see [21] and the discussion in
section 2).

In the trigonometric moment problem, where αk(t) = eikt defined on [−π, π],
the constants ck are, of course, the first n + 1 Fourier coefficients of dμ. The cor-
responding moment problem was classically considered by Carathéodory in potential
theory, where the moment conditions place a constraint on the boundary value data
for Laplace’s equation on the unit disc. Through subsequent classical work by Schur,
Toeplitz, Nevanlinna, Pick, and many others, this has been influential in the develop-
ment of modern analysis (see, e.g., [16]). Applications of the trigonometric moment
problem to systems and control also have a long and fruitful history, including the
rational covariance extension problem originally posed by Kalman [18] and later ob-
served to be related to the trigonometric moment problem in [11]. However, to be
applicable to problems in spectral estimation and stochastic realization theory there
are system theoretic constraints that must be added to the trigonometric moment
problem, relating to the rationality of, and the degree of, a solution. These chal-
lenges were noticed early on [18, 20, 13], and the ultimate breakthroughs relied (and
still do rely) on the nontrivial use of topology, nonlinear convex optimization, or a
combination thereof (see [13, 9] and the SIGEST paper [4] and references therein).

Remark 1.2. In this setting, the classical theory was developed for a complex
subspace P of “test functions” and follows, mutatis mutandis, the real case. Explicitly,
in order to develop the corresponding necessary conditions it is necessary to take those
p ∈ P for which the trigonometric polynomial P := Re(p) is positive on [−π, π]. The
complex-valued enhacement of condition (1.2) is then

(1.3) Re

(
n∑

i=0

pici

)
=

1

2

n∑
i=0

(p̄ici + pic̄i) =

∫ π

−π
Pdμ > 0.

One of the many gems in this classical literature is the use [21, p. 65] of the Riesz–
Fejér theorem to evaluate the quadratic form on the right-hand side of (1.3), where
P > 0, as

n∑
i,j=0

ci−jziz̄j = z̄TTnz > 0,
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where z = (z0, . . . , zn) ∈ C
n

� 0 and Tn is the standard Toeplitz form fashioned out
of the moment sequence c = (ci). For a general moment problem, the form on the
left-hand side of (1.3) is classically denoted by 〈c, p〉.

Remark 1.3. In both the power and the trigonometric moment problems we were
led to consider the “polynomials” P = Re(p) for p ∈ P. For this reason, the functions
P := Re(p) for p ∈ P in an arbitrary generalized moment problem are referred to as
“polynomials” for P. Following this precedent, we shall refer to the ratio P/Q with
p, q ∈ P as “rational functions” for P.

In the Nevanlinna–Pick interpolation problem for distinct interpolation points
z0, z1, . . . , zn, the basis functions are given by

αk(t) =
1

2π

eit + zk
eit − zk

, k = 0, 1, . . . , n,

which coincide on [−π, π], modulo an additive constant, with Cauchy kernels. Higher
order kernels can of course be used for multiple points. As for the case of trigonometric
polynomials, it turns out that it is more helpful to identify the interval with the unit
circle and, in this case, to think of P in terms of Hardy spaces. This has also led
to profound developments in several complex variables and in operator theory as
well as in the applications of mathematics to circuit theory [10, 17] and to robust
control [25, 19, 14, 12, 22]. For this problem as well, the applications to systems
and control impose additional constraints to the classical moment problem whose
treatment still requires nonlinear methods drawn from geometry, topology, and/or
optimization [17, 14, 2, 4].

Remark 1.4. For the classical Nevanlinna–Pick interpolation problem, using the
Riesz–Fejér theorem, the quadratic form (1.3) can also be evaluated, with some work
[21, pp. 67–69], as the value of the celebrated Pick form. Moreover, it turns out that
P is a finite-dimensional coinvariant subspace of H2 so that the elements of P are
rational functions σ/τ , where τ is fixed, and the “polynomials” are the real parts of
elements in P. This of course implies that the “rational functions” are rational in the
usual sense.

The generalized moment problem is about measures, and combining these two
concepts leads us to the following definition.

Definition 1.5. Any measure of the form

(1.4) dμ =
P (t)

Q(t)
dt,

where P and Q are positive polynomials for P, is a rational positive measure.
Problem 1.6. Given a sequence of complex numbers c0, c1, . . . , cn and a sub-

space P, the generalized moment problem for rational measures is to parameterize all

positive rational measures P (t)
Q(t)dt such that

(1.5)

∫ b

a

αk(t)
P (t)

Q(t)
dt = ck, k = 0, 1, . . . , n.

The problem itself is motivated by classical applications and examples, in both
finite and infinite dimensions, and also reflects the importance of rational functions
in systems and control. In this paper we give a concise description of all solutions of
this generalized moment problem for a broad class of subspaces P.
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2. The main result. In order to state our result, we first need to compute the
dimension of P as a real vector space, taking into account the cases where a basis
element is real, purely imaginary, or neither. In order for the moment equations to
hold it is necessary that ck be real whenever αk is real. Moreover, a purely imaginary
moment condition can always be reduced to a real one, and henceforth we shall as-
sume that α0, . . . , αr−1 are real functions and αr, . . . , αn are complex-valued functions
whose real and imaginary parts, taken together with α0, . . . , αr−1, are linearly inde-
pendent over R. In particular, we may regard P as a real vector space of dimension
2n− r + 2. Since we have chosen a fixed basis, we may regard each

(2.1) p :=
n∑

k=0

pkαk ∈ P

also as an (n + 1)-tuple of points (p0, p1, . . . , pn), where p0, p1, . . . , pr−1 are real and
pr, pr+1, . . . , pn are complex. Moreover, p is determined by its real part P := Re(p),
a notation we shall keep throughout. Next we define the subset P+ of those elements
p ∈ P such that P > 0. We shall assume that P+ is nonempty and is therefore an
open, convex set having dimension 2n− r + 2.

The rational measures we seek as solutions have the property that dμ(E) > 0 for
every Borel measurable subset E ⊂ [a, b] having nonzero measure. For this reason, we
will seek a necessary condition expressible in terms of the slightly larger space P+�{0}
of “test” functions. That is, we define C+ as the set of sequences c = (c0, c1, . . . , cn)
such that

(2.2) 〈c, p〉 := Re

{
n∑

k=0

pkck

}
=

∫ b

a

P dμ > 0

for all p ∈ P+ � {0}. We will call such a sequence positive. In particular, C+ is also
a nonempty, open convex subset of R

2n−r+2 of dimension 2n− r + 2.
Remark 2.1. Since we are seeking a solution to the moment problem for a smaller

class of positive measure than in the classical treatment, our necessary conditions are,
not surprisingly, stronger than the classical conditions. In particular, a sequence c
which we call positive is referred to as strictly positive in [21]. A sequence c is positive
in the classical sense if it satisfies 〈c, p〉 ≥ 0 for all p ∈ P+, a condition that does not
quite capture the case of positive rational measures.

We shall now fix c ∈ C+ and consider the set Mc of all pairs of polynomials
(p, q) for which the rational measure P (t)/Q(t)dt solves Problem 1.6 for the positive
sequence c. There is a natural parameterization of Mc as a submanifold of the product
space P+ × P+, and, as a subset of a product space, Mc comes with two mappings:

π1 : Mc → P+ and π2 : Mc → P+,

where π1 and π2 are the restrictions to Mc of the two mappings

proj1 : P+ × P+ → P+ and proj2 : P+ × P+ → P+,

defined by proj1(p, q) = p and proj2(p, q) = q.
Theorem 2.2. Suppose that P consists of Lipschitz continuous functions. Then,

for each c ∈ C+, Mc is a smooth submanifold of P+×P+, diffeomorphic to R
2n−r+2.

Moreover, each of the maps π1, π2 is a diffeomorphism of Mc onto its image, which
is an open submanifold of P+. Finally, π1 : Mc → P+ is surjective.
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Remark 2.3. To the best of our knowledge, all instances of the generalized mo-
ment problem that arise in systems and control involve subspaces of C[a, b] consisting
of Lipschitz continuous functions. Moreover, this class of subspaces has been of con-
siderable classical interest. For example, an important class of spaces considered
in the classical literature on the generalized moment problem [21] consists of those
spaces P spanned by a Chebyshev system (or T-system), which are characterized by a
bound on the number of zeros for any nonzero polynomial in P. These spaces arise in
important applications of the generalized moment problem, e.g., the power moment
problem and the trigonometric moment problem of odd order, and have remarkable
approximation properties in the Banach space C[a, b]. We remark that [21] contains
a neat application, generalizing Feldbaum’s theorem on the number of switchings, of
Chebyshev systems to the time-optimal control of scalar-input linear control systems.
For our present purposes, we recall the classical result that, if P is spanned by a
Chebyshev system and contains a constant function, then, after a reparameterization,
P consists of Lipschitz continuous functions [21, p. 37].

Remark 2.4. We have remarked that the finite-dimensional Nevanlinna–Pick
problem can be recast in a Hardy space setting, where the space P is a coinvariant
subspace (defined, in fact, by a finite Blaschke product) in H2(D). In a seminal
paper [23], Sarason developed a vast generalization of this problem to one involving
liftings of a partial isometry T , defined on an arbitrary coinvariant subspace, which
commute there with the restriction of the shift operator. Among many other results,
Sarason showed that, under general conditions, the lift of T has an H∞ symbol which
is rational with respect to the coinvariant subspace. The corresponding problem for
T being a strict contraction was studied in [3], where optimization methods were used
to show that the lifting of such a T always had such a generalized rational symbol.
Moreover, it was shown that this symbol is completely parameterized by its numerator
in parallel with the conclusion in Theorem 2.2 that π1 is a bijection. In this light, it
is interesting to enquire whether a general version of Problem 1.6 can be formulated,
and solved, in a meaningful infinite-dimensional setting.

The formulations of Definition 1.5 and Problem 1.6 for generalized rational mea-
sures and of Theorem 2.2 are new and have some appeal both for the intrinsic sim-
plicity of the formulation and as a unification of a variety of specific applications and
more general results on the moment problem. There are of course antecedents in the
literature to some parts of the theorem and its corollaries. We shall review these
results as a conclusion to our outline of the proof in section 3.

3. An outline of the proof. The proof of our main result can be reduced to
several steps. The first part involves establishing some smoothness results for Mc and
the maps π1 and π2. This, of course, depends upon the ambient spaces and their
properties, as investigated in section 4. In Proposition 4.1, we establish the required
smoothness and prove that each of the maps π1 and π2 is a local diffeomorphism,
whenever Mc is nonempty.

The final steps in the proof are to demonstrate that Mc is nonempty for each
positive sequence c, that π1 is a bijection, and that π2 is an injection. For suppose
that Mc is nonempty. By the inverse function theorem, the image of each πi is an
open subset Ui of P+. Therefore, to say that π1 is also a bijection is to say that it
has an inverse defined on U1 = P+, which from the inverse function theorem must
also be differentiable. That is, the map

π1 : Mc → P+
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is a diffeomorphism. Similarly, to say that π2 is an injection is to say that

π2 : Mc → U2

is a diffeomorphism. Taken together, these steps conclude the proof. The proofs of
the last three steps are, however, not just set-theoretic.

For example, the analysis of the map π2 boils down to the analysis of a linear
map between closed convex sets. If P contains the constant functions, we may, for
example, choose q = 1 which leads to a new constrained problem, the generalized
moment problem for positive polynomial measures. In section 5, after proving in
Lemma 5.1 that π2 is injective, we analyze its image using the auxiliary problem for
polynomial measures. In particular, we deduce Proposition 5.5 which asserts that π2

fails to be surjective for general c in dimension greater than one, under the auxiliary
hypothesis that the zero set of any p ∈ P has measure zero.

In contrast, the analysis of π1 is nonlinear and the result is nicer. To say that,
for every c and for each p, there exists a unique q is to say that, for each fixed p,
and any c, there exists a unique q so that the corresponding rational measure solves
the moment problem for c. As for the map π2, this results in a related constrained
moment problem, which defines a smooth mapping F p : P+ → C+. We show that π1 is
a diffeomorphism if and only if F p is a diffeomorphism. The local smoothness results
obtained in section 4 imply that F p is a local diffeomeorphism, so that F p(P+) ⊂
C+ is open. In section 6, we prove Lemma 6.3, which asserts that F p is proper
whenever P consists of Lipschitz continuous functions. In particular, F p(P+) = C+,
and an application of Hadamard’s global inverse function theorem shows that F p is a
diffeomorphism. This has several important and interesting consequences, including
Corollary 6.4, which asserts that Mc is nonempty, for each positive sequence c. In
addition, we observe in Corollary 6.7 that π1 is surjective and hence a bijection,
thereby concluding the proof of Theorem 2.2.

Remark 3.1. The proof of Theorem 2.2 both touches upon and gives new proofs
of certain results in the literature on generalized moment problems with a degree, or
a complexity, constraint. Some of these were developed in some specific applications
to problems arising in systems and control and, later, in a more general setting. For
example, in the SIGEST paper [4], we surveyed the trigonometric moment problem
and its manifestation in our work, and the work of Georgiou, on the covariance ex-
tension problem. In [4], we also reviewed our joint work with Georgiou [2] on the
Nevanlinna–Pick moment problem. In both of these problems, a specialized version
of Theorem 6.5 emerged. It is fair to say that, at the time, everybody interested
in this circle of problems recognized that this kind of result capped off the brilliant
introduction of topological methods into these problems by Georgiou [13, 14]. Moti-
vated by the similarities between these problems and by their common role as classical
instances of the generalized moment problem, we concluded [4] with a sketch of a uni-
fied approach to both applications in the form of a constrained generalized moment
problem, as treated in section 6. The resulting formulation stated a version of The-
orem 6.5 for arbitrary subspaces P and referred, as did the more recent paper [7],
to the unpublished report [6] for more details and proofs. However, it is also fair
to say that, at the time, both the formulation of the general problem in terms of
(generalized) rational measures and Theorem 2.2 remained unanticipated.

The basic technical lemma in [6] has been generalized here as Lemma 6.3 and is
proved in the case when P consists of Lipschitz continuous functions. This is unlikely
to be the most general form of the technical lemma but, in light of Remark 2.3, could
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be the most interesting form for finite-dimensional subspaces P. A brief overview
of this result and the hypotheses under which versions of Theorem 6.5 have been
established can be described as follows.

• The proof of the corresponding results in [6] required that the subspace P

consists of functions of class C2.
• Georgiou [15] developed an innovative approach to the generalized moment

problem with complexity constraints based on a one-parameter embedding ar-
gument, similar to the path-lifting proof of the Banach–Mazur theorem in [1].
Using this method, Georgiou was able to prove an analogue of Theorem 6.5
for subspaces P consisting of functions of class C1.

• In [8], an alternative approach to this constrained moment problem was devel-
oped from a detailed analysis of an underlying variational problem, proving in
particular that all minimizers arise as interior points. The proof holds under
a condition concerning certain divergent integrals that is valid whenever P

consists of Lipschitz continuous functions.
In contrast, the approach followed here avoids the use of variational methods and relies
instead on nonlinear analysis, such as Hadamard’s global inverse function theorem,
to give a streamlined yet self-contained proof of existence and uniqueness results for
a class of constrained moment problems en route to our ultimate goal, Theorem 2.2.

4. Some basic results on smoothness. We now turn to the smoothness of
Mc and the maps π1 and π2. The map

M : P+ × P+ → C+,

defined via

M(p, q) =

∫ b

a

⎛
⎜⎜⎜⎜⎝
α1(t)

α2(t)

...

αn(t)

⎞
⎟⎟⎟⎟⎠

P (t)

Q(t)
dt,

has Mc as its level set M−1(c).
For simplicity, we view P and C as real vector spaces, so that P is spanned by

the real basis (αi), where we have replaced a complex-valued (αk) by its real and
imaginary parts. The Jacobian, Jac(M)(p0,q0), of M at a point (p0, q0) takes the form

(4.1) Jac(M) = (∂M/∂p, ∂M/∂q) = (Mp,Mq),

where Mp is the square matrix whose (i, j)th entry is

(4.2) (Mp)(i,j) =

∫ b

a

αi(t)αj(t)
1

Q(t)
dt

and where Mq is defined by

(4.3) (Mq)(i,j) = −
∫ b

a

αi(t)αj(t)
P (t)

Q2(t)
dt,

each being evaluated at the point (p0, q0). Thus, Mp (or −Mq) is the Gramian matrix
of the real basis (αi) with respect to the positive definite inner product defined by
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Q(t)−1dt (or P (t)/Q2(t)dt) on C[a, b]. Therefore, Jac(M) has rank 2n− r+2 at each
point (p, q) so that, by the implicit function theorem, we obtain the following result.

Proposition 4.1. For each c ∈ C+, Mc is either empty or a submanifold of
P+ × P+ of real dimension 2n− r + 2.

As restrictions of a smooth map to a smooth submanifold of the product, both
π1 and π2 are smooth maps from Mc to P+. Suppose that M(p0, q0) = c so that, in
particular, Mc is nonempty. The tangent space T(p0,q0)(Mc) to Mc at (p0, q0) is given
by the kernel of Jac(M)(p0,q0). By inspection, we have

(4.4) ker Jac(M)(p0,q0) =

{[
M−1

p x

−M−1
q x

]
: x ∈ R

2n−r+2

}
.

We wish to show that

rank Jac(π1)(p0,q0) = 2n− r + 2.

This will occur if and only if

dim ker Jac(π1)(p0,q0) = 0,

which, since π1 = proj1|Mc
, is equivalent to the condition that the subspace

(4.5) ker Jac(proj1)(p0,q0) ∩ ker Jac(M)(p0,q0)

is trivial. Now, since

ker Jac(proj1)(p0,q0) =

{[
0

y

]
: y ∈ R

2n−r+2

}
,

the intersection (4.5) is parametrized by solutions to the equation M−1
p x = 0. Since

this implies x = 0, it follows that the intersection (4.5) is the trivial subspace {0}.
In particular, the Jacobian of π1 at (p0, q0) is nonsingular. A similar argument

shows that the Jacobian of π2 at (p0, q0) is nonsingular, and, therefore, the final result
in this section then follows from the inverse function theorem.

Proposition 4.2. Whenever Mc is nonempty, each of the maps π1 and π2 is a
local diffeomorphism.

5. Injectivity of π2 and the generalized moment problem for polyno-
mial measures. Since the map

L+ : P+ → C+, p 	→
∫ a

b

⎛
⎜⎜⎜⎜⎝
α0

α1

...

αn

⎞
⎟⎟⎟⎟⎠

P

Q
dt, k = 0, 1, . . . , n,

is linear in p for a fixed q ∈ P+, the inverse image π−1
2 (q) in Mc is convex for each

fixed q ∈ P+. If π−1
2 (q) is nonempty, then Proposition 4.2 implies that it consists of

a single point.
Lemma 5.1. The map π2 is an injection.
The question of whether π−1

2 is nonempty is more interesting. To this end, we
shall now keep q fixed and vary p. It follows from the above that the corresponding
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map L+ : P+ → C+ from a positive polynomial p to a positive sequence c is a convex
injection. To say that L+(p) = c is to say that (p, q) ∈ Mc, so we are interested in
the image of L+. This is also of independent interest. For example, if P contains the
constant functions, choosing q = 1 leads to a special case of Problem 1.6.

Problem 5.2. Given a sequence of complex numbers c0, c1, . . . , cn and a subspace
P, the generalized moment problem for polynomial measures is to parameterize all
positive polynomial measures P (t)dt such that

(5.1)

∫ b

a

αk(t)P (t)dt = ck, k = 0, 1, . . . , n.

More generally, to say that L+ is surjective for a fixed q ∈ P+ is equivalent to
asserting that L+ : ∂P+ → ∂C+. This is trivially true for dim(P) = 1. In order to
analyze the image of L+, we shall assume an auxiliary hypothesis, introduced in [8]
in a similar context.

Hypothesis 5.3. The zero set of any p ∈ P has Lebesgue measure zero.
Remark 5.4. Every P spanned by a Chebyshev system (or T-system) satisfies

Hypothesis 5.3. In particular, this applies to the power moment problem. The spaces
P corresponding to the trigonometric moment problem and the Nevanlinna–Pick in-
terpolation problem satisfy Hypothesis 5.3. More generally, finite-dimensional spaces
of analytic functions always satisfy Hypothesis 5.3.

Proposition 5.5. If Hypothesis 5.3 holds, then the convex injection L+ fails to
be surjective in dimensions greater than one.

Proof. Following [21] consider the curve

U(t) =

⎛
⎜⎜⎜⎜⎝
u0(t)

u1(t)

...

un(t)

⎞
⎟⎟⎟⎟⎠ , a ≤ t ≤ b,

and the subset U = {U(t) : t ∈ [a, b]} ⊂ C
n+1. Let K(U) denote its closed convex

conic hull. Clearly, the dual cone satisfies K(U)T = P+, from which we have the
following theorem.

Theorem 5.6 (see [21]). K(U) = C+.
Therefore to say that L+(P+) = C+ is to say that U ⊂ L+(P+). In particular,

for each t0 ∈ [a, b] there exists pt0 ∈ P+ such that

(5.2)

∫ b

a

r(t)
Pt0(t)

Q(t)
dt = r(t0)

for r ∈ P. Clearly, Pt0(t0) =
∫ b

a

P 2
t0

(t)

Q(t) dt ≥ 0 with equality only if Pt0 = 0. On the

other hand, Pt0 = 0 is impossible since there exists r ∈ P+ with R(t) > 0, which
would contradict (5.2).

Now suppose r ∈ P+. We claim that either R never vanishes or r = 0. Indeed, if
R(t0) = 0 for some t0 ∈ [a, b], then

(5.3)

∫ b

a

R(t)
Pt0(t)

Q(t)
dt = R(t0) = 0,
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and therefore R(t)Pt0(t) = 0 for all t ∈ [a, b]. Since Pt0(t0) �= 0, there exists ε > 0
such that R(t) = 0 for t ∈ [t0 − ε, t0 + ε], contrary to Hypothesis 5.3.

Since any positive R satisfies R ∈ P+, this implies that ∂P+ = {0} and hence
n = 0 and dim(P) = 1.

In particular, this shows that the generalized moment problem for polynomial
measures is unsolvable for a set of positive sequences having positive measure, when-
ever P has dimension at least two.

6. Hadamard’s theorem and bijectivity of π1. As in the previous section,
we shall begin with an analysis of the “fiber” π−1

1 (p) of the map π1 over a fixed p
in P+, and, as before, for an arbitrary c ∈ C+, this leads to a related constrained
moment problem, defined as follows.

Consider the function

(6.1) F p : P+ → C+,

defined componentwise via

F p
k (q) =

∫ b

a

αk(t)
P (t)

Q(t)
dt,

and a given positive sequence c = (c0, . . . , cn).
Proposition 6.1. If P consists of Lipschitz continuous functions, the map (6.1)

is a surjective local diffeomorphism.
Proof. We want to show that the image of the map (6.1) is both open and closed

in C+. We begin with a lemma ensuring that F p(P+) is open.
Lemma 6.2. For each q ∈ P+, det Jac(F p)|q �= 0.
Proof. This follows immediately from the fact that Jac(F p)|q) = Mq, where Mq

is the invertible matrix defined in (4.3).
In particular, by the inverse function theorem, F p is a local diffeomorphism and

by the implicit function theorem, F p(P+) ⊂ C+ is open. Since C+ is connected, the
proposition will follow provided that F p(P+) is also closed in C+.

Lemma 6.3. If P consists of Lipschitz continuous functions, the map (6.1) is
proper.

Proof. We show that, for any compact set K in C+, (F p)−1(K) is bounded. To
see this, suppose (cj) is a sequence in C+ converging to c ∈ C+ such that F p(qj) = cj
for some qj ∈ P+. We claim that the sequence Mj := ‖qj‖ is bounded in any norm
on the vector space P+. Setting rj := qj/Mj , we first observe

F p
k (qj) = Mj

∫ b

a

αk
P

Rj
dt.

In particular,

(6.2) lim
j→∞

Mj

∫ b

a

P 2

Rj
dt = lim

j→∞
〈cj , p〉 = 〈c, p〉 > 0.

Since the sequence (P 2/Rj) is bounded away from zero, it follows that the sequence
(Mj) is bounded. Therefore, the preimage of a convergent sequence in K has a cluster
point in the closure of P+. If q lies on the boundary of P+, then Q is a nonnegative
function in P having a zero t0 ∈ [a, b]. Since Q is Lipschitz continuous at t0, by
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definition, there exist an ε > 0 and an M > 0 such that Q(t) ≤ M |t − t0| whenever
|t− t0| < ε and t ∈ [a, b]. In particular, if t0 ∈ (a, b),

∫ b

a

P 2

Q
dt ≥ 1

M

∫ t0+ε

t0−ε

P 2

|t− t0|
dt = +∞,

contrary to the assumption. If t0 = a or t0 = b, a similar estimate holds. Hence,
q ∈ P+, establishing that F p is proper.

Since the image of a proper map is closed, this concludes the proof of the propo-
sition.

Corollary 6.4. If P consists of Lipschitz continuous functions, then Mc �= ∅
for each c ∈ C+.

We have shown that (6.1) is a proper, local diffeomorphism onto the convex set
C+. Since any open convex subset of R

n is itself diffeomorphic to R
n (see, e.g., [5,

p. 771]), (6.1) is a diffeomorphism by Hadamard’s theorem. We record this important
fact as follows.

Theorem 6.5. If P consists of Lipschitz continuous functions, the mapping

F p : P+ → C+

is a diffeomorphism.
Remark 6.6. An alternative proof of this result was derived in [8] using convex

optimization methods.
Corollary 6.7. If P consists of Lipschitz continuous functions, for each c ∈ C+

the restriction

π1 : Mc → P+

of the first projection is bijective. That is, for every positive sequence c and every
choice of p in P+, there is a unique q such that (p, q) lies in Mc.

The conclusion of Corollary 6.7 defines, for each fixed c ∈ C+, a map

gc : P+ → P+,

where gc(p) is the unique q such that (p, q) ∈ Mc. This map was also studied in [8].
In more explicit terms, q is the unique function in P+ such that Q is the denominator
in the rational measure with numerator P solving the moment equations

∫ b

a

αk(t)
P (t)

Q(t)
dt = ck, k = 0, 1, . . . , n,

for c. Moreover, in the language of Theorem 2.2, we see that

gc = π2 ◦ π−1
1 .

We summarize these observations in the following result.
Corollary 6.8 (see [8]). The mapping

gc : P+ → P+

is a diffeomorphism onto its image.
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Abstract. We consider constrained finite-time optimal control problems for discrete-time lin-
ear time-invariant systems with constraints on inputs and outputs based on linear and quadratic
performance indices. The solution to such problems is a time-varying piecewise affine (PWA) state-
feedback law and can be computed by means of multiparametric programming. By exploiting the
properties of the value function and the piecewise affine optimal control law of the constrained finite-
time optimal control (CFTOC), we propose two new algorithms that avoid storing the polyhedral
regions. The new algorithms significantly reduce the on-line storage demands and computational
complexity during evaluation of the PWA feedback control law resulting from the CFTOC.
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1. Introduction. Recently, in [4, 3], the authors have shown how to compute
the solution to the constrained finite-time optimal control (CFTOC) problem as a
piecewise affine (PWA) state-feedback law. Such a law is computed off-line by using
a multiparametric programming solver [4, 7, 13], which divides the state space into
polyhedral regions, and for each region determines the linear gain and offset which
produces the optimal control action.

This method reveals its effectiveness when a receding horizon control (RHC) strat-
egy is used [14, 15]. RHC requires solving at each sampling time an open-loop CFTOC
problem. The optimal command signal is applied to the process only during the sam-
pling interval that follows. At the next time step a new optimal control problem
based on new measurements of the state is solved over a shifted horizon. Having a
precomputed solution as an explicit PWA function of the state vector reduces the
on-line computation of the RHC control law to a function evaluation, thus avoiding
the on-line solution of a quadratic or linear program.

The only drawback of such a PWA feedback control law is that the number of
polyhedral regions could grow dramatically with the number of constraints in the
optimal control problem. In this paper we focus on efficient on-line methods for the
evaluation of such a PWA control law. The simplest algorithm would require (i) the
storage of the list of polyhedral regions and of the corresponding affine control laws
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and (ii) a sequential search through the list of polyhedra for the ith polyhedron that
contains the current state in order to implement the ith control law. By exploiting the
properties of the value function and the optimal control law, for CFTOC problems
based on linear programming (LP) and quadratic programming (QP), we propose
two new algorithms that avoid storing the polyhedral regions. The new algorithms
significantly reduce the on-line storage demands and computational complexity during
evaluation of the explicit solution of the CFTOC problem.

The same problem has been recently approached in a different manner in [23]. The
algorithm proposed there—with the controller gains of the PWA control law organized
on a balanced search tree—is less efficient in terms of memory requirements, but has
a logarithmic average computation complexity. At the expense of the optimality of
the solution a similar computational complexity can be achieved with an approximate
point location algorithm described in [12].

Several papers also propose the use of fast solvers for the on-line solution of
constrained predictive control problems (cf. [16, 10]); these algorithms pursue the
same goal as this paper, namely, to reduce the on-line computational burden in RHC,
but from a different perspective. They use fast LP or QP solvers (in place of a general-
purpose solver) tailored to the special dynamic structure of the underlying optimal
control problem [16]. Note that a proper comparison of the proposed algorithms with
“fast” on-line LP and QP solvers requires the simultaneous analysis of several issues
such as speed of computation, storage demand, and real time code verifiability. This
is an involved study and as such is outside the scope of this paper.

The paper is organized as follows. For discrete-time linear time-invariant systems
the basics of CFTOC problems and of RHC are summarized in section 2. In section 3,
for LP-based and QP-based optimal control we present two new algorithms to evaluate
on-line explicit optimal control laws and compare their complexity in terms of time
and storage against the simplest algorithm mentioned above. Finally, in section 4 an
example is given that confirms the efficiency of the new methods.

2. CFTOC, RHC, and their state-feedback PWA solution. Throughout
this paper (lower and upper case) italic letters denote scalars, vectors, and matrices
(e.g., A, a, . . . ), while upper case calligraphic letters denote sets (e.g., A,B, . . . ). For a
matrix (vector) A, A′ denotes its transpose, while A(i) denotes the ith row (element),
R is the set of real numbers, and N is the set of positive integer numbers.

2.1. CFTOC problem formulation. Consider the discrete-time linear time-
invariant system

(1) x(t + 1) = Ax(t) + Bu(t)

subject to the constraints

(2) Exx(t) + Euu(t) ≤ E

at all time instants t ≥ 0.

In (1)–(2), nx ∈ N, nu ∈ N, and nE ∈ N are the number of states, inputs, and
constraints; respectively, x(t) ∈ R

nx is the state vector, u(t) ∈ R
nu is the input vector,

A ∈ R
nx×nx , B ∈ R

nx×nu , Ex ∈ R
nE×nx , Eu ∈ R

nE×nu , E ∈ R
nE , the pair (A,B) is

stabilizable, and the vector inequality (2) is considered elementwise.

Let x0 = x(0) be the initial state and consider the constrained finite-time optimal



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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control problem

(3)

J∗(x0) := min
U

J(x0, U)

s.t.

{
xk+1 = Axk + Buk,

Exxk + Euuk ≤ E, k = 0, . . . , N − 1,

where N ∈ N is the horizon length, U := [u′0, . . . , u
′
N−1]

′ ∈ R
nuN is the optimization

vector, xi denotes the state at time i if the initial state is x0 and the control sequence
{u0, . . . , ui−1} is applied to the system (1), J∗ : R

nx → R is the value function, and
the cost function J : R

nx × R
nuN → R is given either as a piecewise linear function

(i.e., sum of l1 or l∞ norms)

J(x0, U) = ‖QxNxN‖� +

N−1∑
k=0

‖Qxxk‖� + ‖Quuk‖�, � ∈ {1,∞},(4a)

or as a quadratic function

J(x0, U) = x′NQxNxN +

N−1∑
k=0

x′kQ
xxk + u′kQ

uuk.(4b)

In the following, we will assume that Qx, Qu, QxN are full column rank matrices
when the cost function (4a) is used, and that Qx = (Qx)′ � 0, Qu = (Qu)′ 	
0, QxN � 0, when the cost function (4b) is used, where Q 	 0 denotes positive
definiteness (resp., Q � 0 positive semidefiniteness).

The optimization problem (3) can be translated into a linear program (LP)
when the piecewise linear cost function (4a) is used [3] or into a quadratic pro-
gram (QP) when the quadratic cost function (4b) is used [4]. We denote by U∗ =
[(u∗0)

′, . . . , (u∗N−1)
′]′ one of the possible optimizers of problem (3)–(4). An optimizer

U∗ can be computed by solving an LP or a QP once x0 is fixed or can be computed
explicitly for all x0 within a given range of values as explained in subsections 2.3 and
2.4.

2.2. RHC strategy. Consider the problem of regulating the discrete-time linear
time-invariant system (1) to the origin while fulfilling the constraints (2). The solution
U∗ to CFTOC problem (3)–(4) is an open-loop optimal control trajectory over a finite
horizon. A receding horizon control strategy employs it to obtain a feedback control
law in the following way: Assume that a full measurement of the state x(t) is available
at the current time t ≥ 0. Then, the CFTOC problem (3)–(4) is solved at each time
t for x0 = x(t), and

(5) u(t) = u∗0

is applied as an input to system (1). For a detailed discussion on RHC strategy, see,
e.g., [21, 9, 18, 4, 3, 14].

2.3. Solution of CFTOC, linear cost case. Consider the problem (3) with
the piecewise linear cost function (4a) and � = ∞. Using a standard transformation
[3], we introduce the vector v := [u′0, . . . , u

′
N−1, ε

x
1 , . . . , ε

x
N , εu0 , . . . , ε

u
N−1]

′ ∈ R
nv , nv :=
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(nu + 2)N , εxk ≥ ‖Qxxk‖∞, εxN ≥ ‖QxNxN‖∞, εuk ≥ ‖Quuk‖∞, and substitute xk =

Akx0 +
∑k−1

j=0 AjBuk−1−j in (3)–(4), which can be rewritten as the linear program1

(6)
J∗(x) := min

v
c′v

s.t. Lvv ≤ L + Lxx,

where x = x0, and matrices c ∈ R
nv , Lv ∈ R

nL×nv , Lx ∈ R
nL×nx , L ∈ R

nL are easily
obtained from Qx, Qu, QxN and (3)–(4), as explained in [3]. For a given x we denote
with V∗(x) the set of optimizers for the problem (6). Note that, in general, V∗(x) is
a set valued function, i.e., V∗ : R

nx → 2R
nv

.
Because the problem depends on x the implementation of RHC can be performed

in two different ways: solve the LP (6) on-line at each time step for a given x or
solve (6) off-line for all x within a given range of values, i.e., by considering (6) as a
multiparametric linear program (mp-LP) [11].

Solving an mp-LP means computing the value function J∗(x) : R
nx → R and one

(out of possibly many) optimizer function v∗(x) : R
nx → R

nv for all possible vectors
x in a given set X . The solution to mp-LP problems can be approached simply by
exploiting the properties of the primal and dual optimality conditions as proposed in
[7, 11].

In [11] the following results about the properties of the solution are proved.
Theorem 1. Consider the mp-LP (6). Then the set of feasible parameters Xf is

convex. The value function J∗ : Xf → R is convex and piecewise affine. There always
exists a continuous and PWA selection of an optimizer function v∗ : Xf → R

nv . In
particular, if the optimizer V∗(x) is unique for all x ∈ Xf , then v∗(x) = V∗(x).

Once the multiparametric problem (6) has been solved off-line for a polyhedral
set X ⊆ R

nx of states, the explicit solution v∗(x) of CFTOC problem (6) is available
as a PWA function of x, and the receding horizon controller (3)–(5) is also available
explicitly, as the optimal input u(t) consists simply of nu components of v∗(x(t)),

(7) u(t) = [Inu 0 · · · 0]v∗(x(t)).

Corollary 1. The RHC (7), defined by the optimization problem (3), (4a), and
(5), is a continuous and piecewise affine function, u : R

nx → R
nu , and has the form

(8) u(x) = Fix + Gi ∀x ∈ Pi, i = 1, . . . , NP ,

where Fi ∈ R
nu×nx , Gi ∈ R

nu , {Pi}NP
i=1 is a polyhedral partition of Xf (i.e., ∪iPi =

Xf , and Pi and Pj have disjoint interiors ∀i 
= j), with Pi = {x ∈ R
nx | P x

i x ≤ Pi},
P x
i ∈ R

pi×nx , Pi ∈ R
pi , and pi is the number of halfspaces defining polyhedron Pi,

i = 1, . . . , NP .
In the rest of this paper we will assume, without loss of generality, that Pi in

(8) and i = 1, . . . , NP , are full dimensional sets in R
nx corresponding to the so-called

critical regions of the optimization problem (6) (see [7] for more details). We will
denote with NH the total number of halfspaces defining the polyhedral partition of
Xf ,

(9) NH :=

NP∑
i=1

pi.

1The same holds for � = 1 with a different optimization vector [3].
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Remark 2.1. Typically the total number of halfspaces defining polyhedral par-
tition of feasible set Xf is much bigger than the number of polyhedral regions in it,
i.e., NH � NP . The reasoning is the following. Assume, as is the case in practi-
cal applications, that all Pi are bounded. Since the smallest number of halfspaces
defining a bounded polyhedron in R

nx is nx + 1 (achieved by a simplex), we have
NH ≥ (nx + 1)NP .

2.4. Solution of CFTOC, quadratic cost case. Consider the problem (3)

with the quadratic cost function (4b). By substituting xk = Akx0+
∑k−1

j=0 AjBuk−1−j
in (3)–(4), this can be rewritten as the quadratic program

(10)
J∗(x) = 1

2x
′Y x + min

U

1
2U
′HU + x′FU

s.t. MU U ≤ M + Mxx,

where x = x0, the column vector U := [u′0, . . . , u
′
N−1]

′ ∈ R
nU , nU := nuN , is the

optimization vector, H = H ′ 	 0, and H, F , Y , MU , Mx, M are easily obtained
from Qx, Qu, QxN and (3)–(4) (see [4] for details).

As in the linear cost case, because the problem depends on x, the implementation
of RHC can be performed by either solving the QP (10) on-line or, as shown in
[4, 22], by solving problem (10) off-line for all x within a given range of values, i.e.,
by considering (10) as a multiparametric quadratic program (mp-QP).

Once the multiparametric problem (10) is solved off-line, i.e., the solution U∗(x)
of the CFTOC problem (10) is found, the state-feedback PWA RHC law is simply

(11) u(t) = [Inu
0 · · · 0]U∗(x(t)).

In [4] the authors give a self-contained proof of the following properties of the
solution.

Theorem 2. Consider the multiparametric quadratic program (10), and let H 	
0. Then the set of feasible parameters Xf is convex, the optimizer U∗ : Xf → R

s is
continuous and piecewise affine, and the value function J∗ : Xf → R is continuous,
convex, and piecewise quadratic.

The proof of the properties listed in Theorem 2 can be found in [5, “Maximum
Theorem” on page 116]. It also follows from [1, Theorem 3.2.1(I) and Theorem 3.3.3].

Corollary 2. The RHC control law (11), defined by the optimization prob-
lem (3), (4b), and (5), is continuous and piecewise affine and has the form (8).

The optimization problem (10), where Xf is a lower dimensional set, can be
dealt with in the same way as in the linear cost case (see [7] for details). Hence,
in the following we will assume, without loss of generality, that Pi, i = 1, . . . , NP ,
are full dimensional sets in R

nx corresponding to the so-called critical regions of the
optimization problem (10); cf. [4].

Corollaries 1 and 2 state that by using a multiparametric solver the computation
of RHC action becomes a simple PWA function evaluation. In the next section we
propose a method to efficiently evaluate such a PWA function without storing the
polyhedral regions Pi, i = 1, . . . , NP .

3. Efficient on-line algorithms. The on-line implementation of the control
law (8) is executed simply according to the following algorithm.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

EFFICIENT CONSTRAINED OPTIMAL CONTROL 2475

Algorithm 1.

1. Measure the current state x(t)

2. Search for the ith polyhedron that contains x(t), (P x
i x(t) ≤ Pi)

3. Implement the ith control law (u(t) = Fix(t) + Gi)

In Algorithm 1, step 2 is critical and is the only step whose efficiency can be improved.
A simple implementation of step 2 would consist of searching for the polyhedral region
that contains the state x(t) as in the following algorithm.

Algorithm 2.

1. i = 0, notfound=true

2. while i ≤ NP and notfound

2.1. j = 0, feasible=true

2.2. while j ≤ pi and feasible

2.2.1. if (P x
i )(j)x(t) > (Pi)(j) then feasible=false

2.3. end

2.4. if feasible then notfound=false

3. end

Recalling the expression (9) for NH (the total number of halfspaces defining the
polyhedral partition of the feasible set Xf ), it is easy to see that Algorithm 2 requires
(nx + 1)NH real numbers to store all polyhedra Pi, and in the worst case (when the
state is contained in the last region of the list) Algorithm 2 will give a solution after
nxNH multiplications, (nx − 1)NH sums, and NH comparisons.

Remark 3.1. In the algorithms presented in the following sections we implicitly
assume that x(t) belongs to the feasible set Xf . If this (reasonable) assumption does
not hold, then we should include a set of boundaries of feasible parameter space Xf ,
and we should (before using any of proposed algorithms) first check if the point x(t)
is inside the boundaries of Xf . Note that such a step is not needed for Algorithm 2
since there we automatically detect if the point x(t) is outside of the feasible set Xf .

By using the properties of the value function, we will show how Algorithm 2 can
be replaced by more efficient algorithms that have less computational complexity and
avoid storing the polyhedral regions Pi, i = 1, . . . , NP , therefore reducing the storage
demand significantly.

In the following we will distinguish between optimal control based on LP and
optimal control based on QP.

3.1. Efficient implementation, linear cost case. From Theorem 1, the value
function J∗(x) corresponding to the solution of the CFTOC problem (3) with the
piecewise linear cost (4a) is convex and PWA:

(12) J∗(x) = T ′ix + Vi ∀x ∈ Pi, i = 1, . . . , NP ,

where Ti ∈ R
nx , Vi ∈ R.

By exploiting the convexity of the value function the storage of the polyhedral
regions Pi can be avoided. From the equivalence of the representations of PWA
convex functions (cf. [17], [8, page 80]) the function J∗(x) in (12) can be represented
alternatively as

(13) J∗(x) = max {T ′ix + Vi}NP
i=1 for x ∈ Xf = ∪NP

i=1Pi.
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Fig. 1. Example for Algorithm 3 in one dimension: For a given point x ∈ P3 (x = 5), we have
f3(x) = max(f1(x), f2(x), f3(x), f4(x)).

Table 1

Complexity comparison of Algorithms 2 and 3.

Algorithm 2 Algorithm 3
Storage demand (real numbers) (nx + 1)NH (nx + 1)NP
Number of flops (worst case) 2nxNH 2nxNP

From (12) and (13), the polyhedral region Pj containing x can be identified simply

by searching for the maximum number in the list {T ′ix + Vi}NP
i=1,

(14) x ∈ Pj ⇔ T ′jx + Vj = max {T ′ix + Vi}NP
i=1 .

Therefore, instead of searching for the polyhedron j that contains the point x via
Algorithm 2, we can just store the value function and identify region j by searching
for the maximum in the list of numbers composed of the single affine function T ′ix+Vi

evaluated at x.

Algorithm 3.

1. Compute the list T = {ti := T ′ix + Vi}NP
i=1

2. Find i such that ti = max
tj∈T

tj

For illustration, see the example in Figure 1, where we have NP = 4, f1(x) = −0.5x+3,
f2(x) = 2, f3(x) = 0.5x, and f4(x) = 2x− 9.

Algorithm 3 requires the storage of (nx + 1)NP real numbers and will give a
solution after nxNP multiplications, (nx − 1)NP sums, and NP − 1 comparisons. In
Table 1 we compare the complexity of Algorithm 3 against Algorithm 2 in terms of
storage demand and number of flops.

Remark 3.2. Algorithm 3 will outperform Algorithm 2 since typically the total
number of halfspaces defining polyhedral partition of feasible set Xf is much larger
than the number of polyhedral regions, i.e., NH � NP (see Remark 2.1).

Remark 3.3. Note that Algorithm 3 cannot be applied if the solution to (6)
contains dual degenerate regions, i.e., two regions Pi and Pj that have the same cost
expressions but different control expressions (i.e., [T ′i Vi] = [T ′j Vj ], [F ′i Gi] 
= [F ′j Gj ]).
If dual degeneracy occurs one can use Algorithm 4 combined with the procedure
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described in section 3.2.2. An alternative approach consists of modifying Algorithm 3
in order to be able to discern between dual degenerate regions (e.g., by means of
Algorithm 2).

3.2. Efficient implementation, quadratic cost case. Consider the explicit
solution of CFTOC problem (3) with the quadratic cost (4b). Theorem 2 states
that the value function J∗(x) is convex and piecewise quadratic and the simple Algo-
rithm 3 described in the previous subsection cannot be used here. Instead, a modified
approach is described below.

We will first establish the following general result: given a general polyhedral par-
tition of the state space, we can locate where the state lies (i.e., in which polyhedron)
by using a search procedure based on the information provided by an “appropriate”
PWA continuous function defined over the same polyhedral partition. We will refer to
such an “appropriate” PWA function as a PWA descriptor function. In the following,
first we outline the properties of the PWA descriptor function and then we describe
the search procedure itself. In later subsections we will finally show how the gradient
of the value function (under certain regularity conditions) and the optimizer (always)
can be used for the construction of PWA descriptor functions.

Definition 1. Two polyhedra Pi, Pj of R
nx are called neighboring polyhedra if

their interiors are disjoint and Pi ∩ Pj is (nx − 1)-dimensional (i.e., is a common
facet).

Let {Pi}NP
i=1 be the polyhedral partition obtained by solving the mp-QP (10). For

each polyhedra Pi we denote with Ci the list of all its neighbors,

(15) Ci := {j | Pj is a neighbor of Pi, j = 1, . . . , NP , j 
= i} , i = 1, . . . , NP .

In the following, we will assume that every facet is shared by only two neighboring
polyhedral regions. This so-called facet-to-facet property is almost always satisfied
by the solution of the mp-QP (10); cf. [19]. In such a case the list Ci has at most
pi elements (pi is the number of halfspaces defining polyhedron Pi) since some of the
boundaries of Pi may be outer boundaries of the polyhedral partition {Pi}NP

i=1 and
they would not introduce element in the list Ci. We give the following definition of a
PWA descriptor function.

Definition 2 (PWA descriptor function). A scalar continuous real-valued PWA
function f : Xf → R

(16) f(x) = fi(x) := A′ix + Bi if x ∈ Pi,

with Ai ∈ R
nx , Bi ∈ R, is called a descriptor function if

(17) Ai 
= Aj ∀j ∈ Ci, i = 1, . . . , NP ,

where ∪iPi = Xf ⊂ R
nx , and Ci is the list of neighbors of Pi.

In the following, we will show that the PWA descriptor function defined above has
all of the properties we need to be able to locate in which polyhedron the state x lies,
because the sign of fi(x)−fj(x) changes only when the point x crosses the separating
hyperplane between Pi and Pj . Thus for all x in Pi, the difference fi(x) − fj(x) has
the same sign.

Definition 3 (ordering function). Let f(x) be a PWA descriptor function on
the polyhedral partition {Pi}NP

i=1. We define ordering function Oi(x) as

(18) Oi(x) := [Oi,j(x)]j∈Ci ,
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where

(19) Oi,j(x) :=

{
+1 if fi(x) � fj(x),

−1 if fi(x) < fj(x),

with i ∈ {1, . . . , NP}, j ∈ Ci. Note that, for simplicity, we will assume that the order
in which the elements of Ci are used when creating Oi(x) in (18) is uniquely defined.
Namely, we use sorted (e.g., in an increasing order) list Ci.

Theorem 3. Let f(x) be a PWA descriptor function on the polyhedral partition
{Pi}NP

i=1. Let ξi ∈ R
nx be any point in the interior of Pi, and define

Si,j := Oi,j(ξi),(20)

Si := Oi(ξi),(21)

with i = 1, . . . , NP , j ∈ Ci. Then the following holds:

(22) x ∈ int(Pi) ⇔ Oi,j(x) = Si,j ∀j ∈ Ci ⇔ Oi(x) = Si.

Proof. Let F = Pi ∩ Pj be the common facet of two neighboring polyhedra Pi

and Pj . Define the linear function

(23) gi,j(x) = fi(x) − fj(x).

From the continuity of descriptor function f(x), it follows that gi,j(x) = 0 ∀x ∈ F .
As Pi and Pj are disjoint convex polyhedra and Ai 
= Aj , it follows that gi,j(x) = 0
is a separating hyperplane between Pi and Pj . We have the following.

(i) “⇒” part. Since gi,j(x) = 0 is a separating hyperplane between Pi and Pj

it follows that gi,j(x) does not change sign for all x ∈ int(Pi). Hence, we have
Oi,j(x) = Si,j .

(ii) “⇐” part by contradiction. Assume that Oi,j(x̄) = Si,j while x̄ /∈ Pi. It
is easy to see that ∀x̄ /∈ Pi, ∃j ∈ Ci such that (P x

i )(j)x̄ > (Pi)(j). This, however,
implies that gi,j(x̄) has a different sign compared to gi,j(ξ), ξ ∈ int(Pi). Hence we
have Oi,j(x̄) 
= Si,j , a contradiction.

Theorem 3 states that the ordering function Oi(x) and the vector Si uniquely
characterize Pi. Therefore, to check on-line if the polyhedral region Pi contains the
state x it is sufficient to compute the binary vector Oi(x) and compare it with Si.
Vectors Si are calculated off-line for i = 1, . . . , NP , by comparing the values of fi(x)
and fj(x)∀j ∈ Ci, in a point ξ belonging to int(Pi), for instance, the Chebyshev center
of Pi.

In Figure 2 a one dimensional example illustrates the procedure with NP = 4
regions and for f1(x) = x, f2(x) = 2, f3(x) = x − 3, f4(x) = − 1

3x + 19
3 . The list of

neighboring regions Ci and the vector Si can be constructed by simply looking at the
figure: C1 = {2}, C2 = {1, 3}, C3 = {2, 4}, C4 = {3}, S1 = −1, S2 = [−1 1], S3 =
[1 − 1], S4 = −1. The point x = 4 is in region 2 and we have O2(x) = [−1 1] = S2,
while O3(x) = [−1 − 1] 
= S3, O1(x) = 1 
= S1, O4(x) = 1 
= S4. The failure of a
match Oi(x) = Si provides information on good search direction(s). The solution can
be found by searching in the direction where a constraint is violated, i.e., we should
check the neighboring region Pj for which Oi,j(x) 
= Si,j .
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Fig. 2. Example for Algorithm 4 in one dimension: For a given point x ∈ P2 (x = 4) we
have O2(x) = [−1 1] = S2, while O1(x) = 1 �= S1 = −1, O3(x) = [−1 − 1] �= S3 = [1 − 1],
O4(x) = 1 �= S4 = −1.

The overall procedure is composed of two parts:
1. (off-line). Construction of the scalar continuous real-valued PWA function

f(·) in (16) satisfying (17), and computation of the list of neighbors Ci and
the vector Si,

2. (on-line). Search for the ith polyhedron that contains x(t) by the execution
of the following algorithm.

Algorithm 4.

1. I = {1, . . . , NP}
2. i ← I
3. I = I \ {i}, C = Ci
4. while C 
= ∅

4.1. j ← C, C = C \ {j}
4.2. Compute Oi,j(x)

4.3. if Oi,j(x) 
= Si,j

4.3.1. if j /∈ I then goto step 2. else i = j and goto step 3.

4.4. end

5. end

Algorithm 4 does not require the storage of the polyhedra Pi, but only the storage
of one affine function fi(x) per polyhedron, i.e., NP(nx +1) real numbers and the list
of neighbors Ci which demands (at most) NH integers. Algorithm 4 in the worst case
terminates after NPnx multiplications, NP(nx − 1) sums, and NH comparisons.

In Table 2 we compare the complexity of Algorithm 4 against the standard Algo-
rithm 2 in terms of storage demand and the number of flops.

Remark 3.4. Note that the computation of Oi(x) in Algorithm 4 requires the
evaluation of pi linear functions, but the overall computation never exceeds NP linear
function evaluations. Consequently, Algorithm 4 will outperform Algorithm 2, since
typically NH � NP .

Now that we have shown how to locate the polyhedron in which the state lies by
using a PWA descriptor function, we need a procedure for the construction of such a
function.
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Table 2

Complexity comparison of Algorithms 2 and 4.

Algorithm 2 Algorithm 4
Storage demand (real numbers) (nx + 1)NH (nx + 1)NP
Number of flops (worst case) 2nxNH (2nx − 1)NP + NH

The image of the descriptor function is the set of real numbers R. In the following,
we will show how a descriptor function can be generated from a vector valued function
m : R

nx → R
s. This general result will be used in the next subsections.

Definition 4 (vector valued PWA descriptor function). A continuous vector
valued PWA function m : Xf → R

s,

(24) m(x) = Āix + B̄i if x ∈ Pi,

is called a vector valued PWA descriptor function if

(25) Āi 
= Āj ∀j ∈ Ci, i = 1, . . . , NP ,

where ∪iPi = Xf ⊂ R
nx , Āi ∈ R

s×nx , B̄i ∈ R
s, s ∈ N, s ≥ 2, and Ci is the list of

neighbors of Pi.
Theorem 4. Let m : R

nx → R
s be a vector valued PWA descriptor function

defined over a polyhedral partition {Pi}NP
i=1. Then ∃w ∈ R

s such that f(x) := w′m(x)
is a PWA descriptor function defined over the same polyhedral partition.

Proof. Let Ni,j be the null-space of (Āi−Āj)
′. Since, by definition, Āi−Āj 
= 0, it

follows that Ni,j is not full dimensional, i.e., Ni,j ⊆ R
s−1. Consequently, it is always

possible to find a vector w ∈ R
s such that w′(Āi− Āj) 
= 0 holds for all i = 1, . . . , NP

and ∀j ∈ Ci. Clearly, f(x) = w′m(x) is then a valid PWA descriptor function.
As shown in the proof of Theorem 4, once we have vector valued PWA descriptor

function, practically any randomly chosen vector w ∈ R
s is likely to be satisfactory

for the construction of a PWA descriptor function. From a numerical point of view,
however, we would like to obtain w, which is as far away as possible from the null-
spaces Ni,j . We show one algorithm for finding such a vector w.

For a given vector valued PWA descriptor function we form a set of vectors
ak ∈ R

s, ‖ak‖ = 1, k = 1, . . . , Na, by taking and normalizing one (and only one)
nonzero column from each matrix (Āi − Āj)∀j ∈ Ci, i = 1, . . . , NP . Here Na :=∑

i |Ci|/2 ≤ NH and |Ci| denotes cardinality of set Ci. The vector w ∈ R
s satisfying

the set of equations w′ak 
= 0, k = 1, . . . , Na, can then be constructed by using the
following algorithm.2

Algorithm 5.

1. w ← [1, . . . , 1]′, R ← 1

2. while k ≤ Na

2.1. d ← w′ak

2.2. if 0 ≤ d ≤ R then w ← w + 1
2 (R− d)ak, R ← 1

2 (R + d)

2.3. if −R ≤ d < 0 then w ← w − 1
2 (R + d)ak, R ← 1

2 (R− d)

3. end

Essentially, Algorithm 5 constructs a sequence of balls B = {x | x = w + r,
‖r‖2 ≤ R}. As depicted in Figure 3, we start with the initial ball of radius R = 1,

2Index k goes to Na :=
∑

i |Ci|/2 since the term (Āj − Āi) is the same as (Āi − Āj), and thus
there is no need to consider it twice.
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Fig. 3. Illustration for Algorithm 5 in two dimensions.

centered at w = [1, . . . , 1]′. Iteratively one hyperplane a′kx = 0 at a time is introduced
and the largest ball B′ ⊆ B that does not intersect this hyperplane is constructed.
The center w of the final ball is the vector w we want to obtain, while R provides
information about the degree of nonorthogonality: |w′ak| ≥ R ∀k.

In the following subsections we will show that both the gradient of the value func-
tion (under certain regularity conditions) and the optimizer (always) are vector valued
PWA descriptor functions, and thus we can use Algorithm 5 for the construction of
the PWA descriptor function.

3.2.1. Generating a PWA descriptor function from the value function.
We will first prove that J∗(x) is a continuously differentiable function whenever the
QP problem (10) is not degenarate, and then we will show that the gradient of J∗(x)
is a vector valued PWA descriptor function.

Let J∗(x) be the convex and piecewise quadratic (CPWQ) value function cor-
responding to the explicit solution of CFTOC (3) for the quadratic cost function
(4b):

(26) J∗(x) = qi(x) := x′Qix + Ti
′x + Vi if x ∈ Pi, i = 1, . . . , NP .

Before going further we recall the following result [22].
Theorem 5. Consider the set A∗(x) of active constraints at the optimum of

QP (10),

(27) A∗(x) =
{
i | MU

(i)U
∗(x) = M(i) + Mx

(i)x
}
,

and assume there is no degeneracy, i.e., that the rows of MU
(A∗(x)) are linearly inde-

pendent. Therefore we have the following:
1. A∗ is constant on the interior of Pi, i.e., A∗(x) := Ai ∀x ∈ int(Pi), i =

1, . . . , NP .
2. If Pi and Pj are neighboring polyhedra, then Ai ⊂ Aj or Aj ⊂ Ai.
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Definition 5 (nondegenerate QP). We say that the QP (10) is nondegenerate
if, for each x ∈ Xf , the rows of MU

(A∗(x)) are linearly independent.

Lemma 1. Suppose that the QP problem (10) is nondegenerate. Consider the
value function J∗(x) in (26), and let Pi, Pj be two neighboring polyhedra correspond-
ing to the set of active constraints Ai and Aj, respectively. Then

(28) Qi −Qj � 0 or Qi −Qj � 0 and Qi 
= Qj

and

(29) Qi −Qj � 0 iff Ai ⊂ Aj .

Proof. Let Pi and Pj be two neighboring polyhedra, and let Ai and Aj be the
corresponding sets of active constraints at the optimum of QP (10). Let Ai ⊂ Aj .
We want to prove that the difference between the quadratic terms of qi(x) and qj(x)
is negative semidefinite, i.e., Qi −Qj � 0 and Qi 
= Qj .

Without loss of generality, we can assume that Ai = ∅. If this is not the case,
then a simple substitution of variables based on the set of active constraints MU

(Ai)
U =

M(Ai) + Mx
(Ai)

x transforms problem (10) into a QP in a lower dimensional space.

With the substitution z = U + H−1F ′x, problem (10) can be translated into the
following:

(30)
J∗z (x) = min

z

1
2z
′Hz

s.t. Gz ≤ W + Sx,

where G := MU , W := M , S := Mx + MUH−1F ′, and J∗z (x) = J∗(x) − 1
2x
′(Y −

FH−1F ′)x. For the unconstrained case we have z∗ = 0 and J∗z (x) = 0. Consequently,

(31) qi(x) =
1

2
x′(Y − FH−1F ′)x.

For the constrained case, as shown in [4], from the set of active constraints G(Aj)z =
W(Aj) + S(Aj)x and the Karush–Kuhn–Tucker (KKT) conditions we obtain

z = H−1G′(Aj)
Γ−1(W(Aj) + S(Aj)x),(32)

λ(Aj) = −Γ−1(W(Aj) + S(Aj)x),(33)

where Γ = G(Aj)H
−1G′(Aj)

, Γ = Γ′ 	 0 as the rows of G(Aj) are linearly independent,

and λ(Aj) are the Lagrange multipliers of the active constraints λ(Aj) ≥ 0. The
corresponding value function is

qj(x) =
1

2
x′(Y − FH−1F ′ + S′(Aj)

Γ−1S(Aj))x(34)

+ W ′(Aj)
Γ−1S(Aj)x +

1

2
W ′(Aj)

Γ−1W(Aj).

The difference of the quadratic terms of qi(x) and qj(x) gives

(35) Qi −Qj = −1

2
S′(Aj)

Γ−1S(Aj) � 0.
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Fig. 4. Two piecewise quadratic convex functions.

What is left to prove is that Qi 
= Qj . We will prove it by showing that Qi = Qj

if and only if Pi = Pj . For this purpose we recall [4] that the polyhedron Pj , where
the set of active constraints Aj is constant, is defined as

Pj =
{
x | GH−1G′(Aj)

Γ−1(W(Aj) + S(Aj)x)(36)

≤ W + Sx, −Γ−1(W(Aj) + S(Aj)x) ≥ 0
}
.

From (35) we conclude that Qi = Qj if and only if S(Aj) = 0. The continuity of
J∗z (x) implies that qi(x) − qj(x) = 0 on the common facet of Pi and Pj . Therefore,
by comparing (31) and (34) we see that S(Aj) = 0 implies W(Aj) = 0. Finally, for
S(Aj) = 0 and W(Aj) = 0, from (36) it follows that Pj = Pi := {x | 0 ≤ W+
Sx}.

The following property of CPWQ functions was proved in [20].
Theorem 6. Consider the value function J∗(x) in (26) satisfying (28) and its

quadratic expression qi(x) and qj(x) on two neighboring polyhedra Pi, Pj. Then

(37) qi(x) = qj(x) + (a′x− b)(γa′x− b̄),

where γ ∈ R/{0}, a ∈ R
nx , b ∈ R, b̄ ∈ R.

Equation (37) states that the functions qi(x) and qj(x) in two neighboring regions
Pi, Pj of a CPWQ function satisfying (28) either intersect on two parallel hyperplanes,
a′x − b and γa′x − b̄ if b̄ 
= γb (see Figure 4(a)), or are tangent in one hyperplane,
a′x − b if b̄ = γb (see Figure 4(b)). We will prove next that if the QP problem (10)
is nondegenerate, then J∗(x) is a C(1) function by showing that the case depicted
in Figure 4(a) is not consistent with Lemma 1. In fact, Figure 4(a) depicts case
Qi − Qj � 0, that implies Ai ⊂ Aj by Lemma 1. However, qj(0) < qi(0) and from
the definition of qi and qj this contradicts the fact that Ai ⊂ Aj .

Theorem 7. If the QP problem (10) is nondegenerate, then the value function
J∗(x) in (26) is C(1).

Proof. To show that J∗ is C(1) we need to prove that the cost functions qi(x)
and qj(x) of any two neighboring regions Pi and Pj have the same gradient on the
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common boundary. It is straightforward to see from (37) that this is indeed the
case for b̄ = γb. We will prove by contradiction that b̄ = γb. Suppose there exist
two neighboring polyhedra Pi and Pj such that b̄ 
= γb. Without loss of generality,
assume that (i) Qi − Qj � 0 and (ii) Pi is in the halfspace a′x ≤ b defined by the
common boundary. Let Fij be the common facet between Pi and Pj and relint(Fij)
its relative interior.

From both (i) and (37), either γ < 0 or γ = 0 if Qi−Qj = 0. Take x0 ∈ relint(Fij).
For sufficiently small ε ≥ 0, the point x := x0 − aε belongs to Pi.

Let J∗(ε) := J∗(x0 − aε), qi(ε) := qi(x0 − aε), and consider that

(38) qi(ε) = qj(ε) + (a′aε)(γa′aε + (b̄− γb)).

From convexity of J∗(ε), J∗−(ε) ≤ J∗+(ε), where J∗−(ε) and J∗+(ε) are the left and
right derivatives of J∗(ε) with respect to ε. This implies q′j(ε) ≤ q′i(ε), where q′j(ε)
and q′i(ε) are the derivatives of qj(ε) and qi(ε), respectively. Condition q′j(ε) ≤ q′i(ε)

is true if and only if −(b̄ − γb) ≤ 2γ(a′a)ε, which implies −(b̄ − γb) < 0 since γ < 0
and ε > 0.

From (38) qj(ε) < qi(ε)∀ε ∈ (0, −(b̄−γb)
γa′a ).

Thus there exists x ∈ Pi with qj(x) < qi(x). This is a contradiction since from
Theorem 5, Ai ⊂ Aj .

Note that, in case of degeneracy, the value function J∗(x) in (26) may not be
C(1); counterexamples are given in [6].

In Theorem 7 we have proven that the value function is C(1) for the nondegenerate
QP (10). Now we want to show that the gradient of J∗(x) is a vector valued PWA
descriptor function.

Theorem 8. Consider the value function J∗(x) in (26), and assume that the
CFTOC problem (3) leads to a nondegenerate QP (10). Then the gradient m(x) :=
∇J∗(x) is a vector valued PWA descriptor function.

Proof. From Theorem 7 we see that m(x) is a continuous vector valued PWA
function, while from (26) we get

(39) m(x) := ∇J∗(x) = 2Qix + Ti if x ∈ Pi, i = 1, . . . , NP .

Since from Lemma 1 we know that Qi 
= Qj for all neighboring polyhedra, it follows
that m(x) satisfies all conditions for a vector valued PWA descriptor function.

Combining results of Theorems 8 and 4, it follows that by using Algorithm 5
we can construct a PWA descriptor function from the gradient of the value function
J∗(x).

Remark 3.5. Note that some CFTOC problems may lead to a degenerate QP (10).
Identifying the classes of control problems which are guaranteed to be nondegenerate
is currently an unsolved problem and the topic of ongoing research. An example of
a control problem where the nondegeneracy fails is when, for some initial point, the
optimal control is saturated on the whole time horizon (this gives as many active
constraints as the dimension of U∗) and the state hits the state constraint at least
once (so there are more active constraints than the dimension of U∗). However,
degeneracy does not necessarily imply the loss of continuous differentiability of the
value function, which thus might have no effect on our procedure. Next, we provide a
simple example of a nondegenerate CFTOC which, by adding a terminal constraint,
becomes degenerate and whose cost is not continuously differentiable.
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Fig. 5. Solution to the CFTOC problem (42).

Example. Consider the system

(40) xk+1 = −1.5xk + uk,

where xk ∈ R and uk ∈ R are state and input at time k, respectively, subject to the
following constraints ∀k ≥ 0:

(41) −1 ≤ xk ≤ 1, − 0.5 ≤ uk ≤ −0.1.

Consider the CFTOC problem (3) for system (40)–(41) with quadratic cost (4a),
weighting matrices Qx = 0.1, Qu = 10, QxN = 0, and horizon N = 3, i.e.,

(42)

J∗(x(0)) = minu0,u1,u2

∑2
k=0 0.1x2

k + 10u2
k

s.t. xk+1 = −1.5xk + uk, k = 0, . . . , 2,

−1 ≤ xk ≤ 1, k = 0, . . . , 2,

−0.5 ≤ uk ≤ −0.1, k = 0, . . . , 2,

x0 = x(0).

Then the corresponding QP (10) is nondegenerate and J∗(x(0)) is continuously differ-
entiable everywhere in its domain (see Figure 5). However, if the additional constraint
x3 = 0 is added to the CFTOC problem (42), then the corresponding QP (10) be-
comes degenerate and J∗(x(0)) is not continuously differentiable at x(0) = −0.0518
(see Figure 6).

3.2.2. Generating a PWA descriptor function from the optimizer. A
clear drawback of the procedure described in the previous subsection is the require-
ment that the QP (10) be nondegenerate. Luckily, there is another way to construct a
vector valued PWA descriptor function m(x) that always works and does not require
any additional checking. This second procedure emerges naturally if we look at the
properties of the optimizer U∗(x) corresponding to the state feedback solution of the
CFTOC problem (3). From Theorem 2, the optimizer U∗(x) is continuous in x and
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Fig. 6. Solution to the CFTOC problem (42) with additional constraint x3 = 0.

PWA:

(43) U∗(x) = li(x) := F̄ix + Ḡi if x ∈ Pi, i = 1, . . . , NP ,

where F̄i ∈ R
s×nx , Ḡi ∈ R

s, and Pi, i = 1, . . . , NP , are the full dimensional critical
regions of the optimization problem (10); cf. [4].

All we need to show now is the following lemma.
Lemma 2. Consider the CFTOC problem (3) and corresponding QP (10). Let Pi,

Pj be two (full dimensional) neighboring polyhedra of the state feedback solution (43).
Then F̄i 
= F̄j.

Proof. We prove Lemma 2 by contradiction. Suppose that the optimizer is the
same for both polyhedra, i.e., [F̄i Ḡi] = [F̄j Ḡj ]. Let Ai and Aj be the sets of active
constraints for Pi and Pj . From (27) we see that for an active constraint in Pi, v ∈ Ai,
the following holds:

(44) MU
(v)(F̄ix + Ḡi) = M(v) + Mx

(v)x ∀x ∈ Pi,∀v ∈ Ai,

because (44) must hold ∀x ∈ Pi, where Pi is a full dimensional polyhedron in R
nx .

Since MU
(v)F̄i −Mx

(v) ∈ R
nx the above statement is satisfied if and only if

(45) MU
(v)F̄i −Mx

(v) = 0′, MU
(v)Ḡi −M(v) = 0 ∀v ∈ Ai.

By assumption [F̄i Ḡi] = [F̄j Ḡj ], hence the expression (45) implies that

(46) MU
(v)(F̄jx + Ḡj) = M(v) + Mx

(v)x ∀x,∀v ∈ Ai.

Clearly, (46) holds ∀x ∈ Pj , and we conclude that all active constraints of Pi are
also active in Pj . The same reasoning holds for Pj and ∀v ∈ Aj , thus implying
that Ai = Aj . However, the same sets of active constraints and the same optimal
control law in QP (10) can generate only one region, thus implying that Pi = Pj ,
which contradicts the assumption of Lemma 2. Therefore we have [F̄i Ḡi] 
= [F̄j Ḡj ].
Finally, observing that for the two neighboring polyhedra, due to the continuity of
U∗(x), F̄i = F̄j implies Ḡi = Ḡj , for which we prove that F̄i 
= F̄j .
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From Lemma 2 and Theorem 4 it follows that an appropriate PWA descriptor
function f(x) can be calculated from the optimizer U∗(x) by using Algorithm 5.

Remark 3.6. Note that even if we are implementing RHC strategy, the construc-
tion of the PWA descriptor function is based on the full optimization vector U∗(x)
and the corresponding matrices F̄i and Ḡi.

Remark 3.7. In some cases the use of the optimal control profile U∗(x) for the
construction of a descriptor function f(x) can be extremely simple. If there is a row
r, r ≤ nu (nu is the dimension of u), for which (F̄i)(r) 
= (F̄j)(r) ∀i = 1, . . . , NP , ∀j ∈
Ci, it is enough to set Ai

′ = (F̄i)(r) and Bi = (Ḡi)(r), where (F̄i)(r) and (Ḡi)(r) denote
the rth row of the matrices F̄i and Ḡi, respectively. In this way we avoid the storage
of the descriptor function, since it is equal to one component of the control law, which
is stored anyway.

Remark 3.8. A natural question is whether this approach can be readily extended
to the control of PWA systems. In general, the answer is no. However, we point out
that whenever a PWA descriptor function can be found one can use Algorithm 4.
For instance, the optimal control of a PWA system with piecewise linear cost results
in a PWA control over polyhedral partition of the feasible state space (cf. [2]). If
this control law satisfies conditions of the vector valued PWA descriptor function (see
Definition 4), then we can use Algorithm 4. Note that the value function (12) in the
linear cost case is also a descriptor function.

All described algorithms can be easily implemented and combined with available
tools for deriving optimal controllers for linear systems (e.g., multiparametric toolbox
[13] under MATLAB).

4. Example. As an example, we compare the performance of Algorithms 2, 3,
and 4 on a CFTOC problem for the discrete-time system

(47)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x(t + 1) =

⎡
⎢⎢⎢⎣

4 −1.5 0.5 −0.25

4 0 0 0

0 2 0 0

0 0 0.5 0

⎤
⎥⎥⎥⎦x(t) +

⎡
⎢⎢⎢⎣

0.5

0

0

0

⎤
⎥⎥⎥⎦u(t),

y(t) = [0.08333 0.2292 0.1146 0.02083] x(t)

resulting from the linear system y = 1
s4u, sampled at Ts = 1, and subject to the input

and output constraints

(48) −1 ≤ u(t) ≤ 1, −10 ≤ y(t) ≤ 10.

4.1. CFTOC, linear cost case. To regulate (47)–(48), we design a receding
horizon controller based on the optimization problem (3) with the piecewise linear
cost function (4a), � = ∞, N = 2, Q = diag{5, 10, 10, 10}, R = 0.8, P = 0. The PWA
solution of the mp-LP problem was computed in 240 s on a Pentium III 900 MHz
machine running MATLAB 6.0. The corresponding polyhedral partition of the state-
space consists of NP = 136 regions with NH = 1138 halfspaces. In Table 3 we report
the comparison between the complexity of Algorithms 2 and 3 for this example.

The average on-line RHC computation for a set of 1000 random points in the
state space is 2259 flops (Algorithm 2) and 1088 flops (Algorithm 3).

4.2. CFTOC, quadratic cost case. To regulate (47)–(48), we design a reced-
ing horizon controller based on the optimization problem (3) with the quadratic cost
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Table 3

Complexity comparison of Algorithms 2 and 3 for the example in section 4.1.

Algorithm 2 Algorithm 3
Storage demand (real numbers) 5690 680
Number of flops (worst case) 9104 1088

Table 4

Complexity comparison of Algorithms 2 and 4 for the example in section 4.2.

Algorithm 2 Algorithm 4
Storage demand (real numbers) 9740 1065
Number of flops (worst case) 15584 3439

function (4b), N = 7, Q = I, R = 0.01, P = 0. The PWA solution of the mp-QP
problem was computed in 560 s on a Pentium III 900 MHz machine running MATLAB
6.0. The corresponding polyhedral partition of the state space consists of NP = 213
regions with NH = 1948 halfspaces. For this example the choice of w = [1 1 1 1 1 1 1]′

is satisfactory to obtain a descriptor function from the optimizer. In Table 4 we report
the comparison between the complexity of Algorithms 2 and 4 for this example.

The average on-line RHC computation for a set of 1000 random points in the
state space is 2114 flops (Algorithm 2) and 175 flops (Algorithm 4).

5. Conclusion. By exploiting properties of the value function and the optimal
solution to the CFTOC problem, we presented two algorithms that significantly im-
proved the efficiency of the on-line calculation of the control action (LP-based and
QP-based) in terms of storage demand and computational complexity. The following
improvements are then achieved:

1. There is no need to store the polyhedral partition of the state space.
2. In the worst case, the optimal control law is computed after the evaluation

of one linear function per polyhedron.
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[12] C. Jones, P. Grieder, and S. Raković, A logarithmic-time solution to the point location
problem for parametric linear programming, Automatica J. IFAC, 42 (2006), pp. 2215–
2218.
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PARTIALLY OBSERVED INVENTORY SYSTEMS: THE CASE OF
RAIN CHECKS∗

ALAIN BENSOUSSAN† , METIN ÇAKANYILDIRIM‡ , J. ADOLFO MINJÁREZ-SOSA§ ,

SURESH P. SETHI¶, AND RUIXIA SHI‡

Abstract. In many inventory control contexts, inventory levels are only partially (i.e., not
fully) observed. This may be due to nonobservation of demand, spoilage, misplacement, or theft of
inventory. We study a discrete-time periodic-review inventory system where the unmet demand is
backordered. When the inventory level is nonnegative, the inventory manager does not know the
exact inventory level. Otherwise, inventory shortages occur, and the inventory manager issues rain
checks to customers. The shortages are fully observed via the rain checks. The inventory manager
determines the order quantity based on the partial information on the inventory level. The objective
is to minimize the expected total discounted cost over an infinite horizon. The dynamic programming
formulation of this problem has an infinite dimensional state space. We use the methodology of the
unnormalized probability to establish the existence of an optimal feedback policy when the periodic
cost has linear growth. Moreover, uniqueness and continuity of the solution to dynamic programming
equations are proved when the discount factor is sufficiently small.

Key words. stochastic inventory problem, partial observations, the Zakai equation, rain check
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1. Introduction. Most inventory models assume that the inventory levels at
any given time are fully observed. Under this assumption, some of the most cele-
brated results, such as the optimality of the base stock policy [1], have been obtained.
However, in reality, the inventory levels are often only partially observed. In such
cases, most of the well-known inventory policies are not even admissible, let alone
optimal.

There are a number of reasons for partial observability of inventory levels. We
list only some, as they have been discussed in detail in Bensoussan, Çakanyildirim,
and Sethi [4] (referred to as BCS hereafter) and references therein. Demand may be
incorrectly observed or observed with some delay. Inventory may be misplaced or
stolen. Some products such as groceries and drugs deteriorate over time and are no
longer fit for sale after a period of time. In addition, the saleable quantities received
may be different from those ordered because of uncertain yields.

Even though partial observations in inventory systems are very common, there
has not been much research activity in this area. The main reason may be the
mathematical difficulty. While a finite dimensional space suffices to accommodate
the system state in the full observation case, an infinite dimensional state space is
required in the partial observation setting. More specifically, the inventory level at
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a given time is no longer a system state in R
n; it must now be represented by its

conditional probability given the partial observations available at that time. Thus,
the analysis takes place in the space of probability distributions.

When there is no physical inventory, i.e., the inventory is zero or negative, then
none of the following would happen: transaction errors, misplaced inventories, spoil-
age, or theft. Most companies pay utmost attention to an item when its inventory
reaches zero. In these companies, employees walk around the shelves to see if the
item is stocked out. This process is implemented at the office supply store Staples
and is called “zero-balance walk” in [9] and [12]. BCS study this situation, in which
the positive inventory is represented by a conditional distribution, no backordering is
allowed, and an empty shelf is noticed when the inventory reaches zero. BCS were
the first to introduce a methodology to handle the difficulty of dealing with partially
observed discrete-time inventory systems.

This paper extends BCS to the case when backordering is allowed, i.e., when sales
are not lost. It is very common in reality that a store issues rain checks to a customer
when there is a stockout. A rain check is an assurance to a customer that a sold
out item can be purchased later at the same price. Usually, the inventory manager
(IM) monitors the issuing of the rain checks. Thus, in the inventory systems with
rain checks, the negative inventory level is fully observed by the IM. It is the purpose
of this paper to formulate and analyze the partially observed inventory system with
rain checks. However, compared to the work of BCS, where the inventory level is
observed when it is zero, the full observation of negative inventory in the present
paper makes the analysis much more difficult. Indeed, in the model of BCS, the
optimality equation is represented by a pair formed by a constant and a function of the
conditional distribution of the inventory level. The constant corresponds to the case of
zero inventory (observable term), while the function represents the optimality equation
with positive inventory (nonobservable term). However, in the present model, instead
of a constant, the observable term via rain checks is represented by a function of the
backordered amount. Therefore, the present study must consider suitable functional
spaces to define appropriate dynamic programming operators, which necessitates a
more complicated mathematical analysis.

It is worth emphasizing that even though the study of the rain check model is
more involved than that of the zero-balance walk model, we are able to develop an
alternative approach that allows us to improve the results in BCS. They show the
existence of a solution to the dynamic programming equations for the problem by ob-
taining a decreasing sequence of solutions from a value iteration scheme that converge
to the value function. Furthermore, the existence of an optimal ordering policy in
BCS is obtained under the condition of bounded ordering quantities or with a suffi-
ciently small discount factor. We, on the other hand, do not require these conditions
to get the existence of an optimal feedback ordering policy. This is accomplished by
first proving the convergence of an increasing sequence of solutions, obtained from a
value iteration algorithm, to the value function, and then using a selection theorem to
establish the existence of an optimal feedback policy. Furthermore, for a sufficiently
small discount factor, and using a decreasing approximation scheme as in BCS, we
show in addition that the value function is continuous and is the unique solution of the
optimality equation. Moreover, the value iteration procedure developed in this paper
is a valid approximation scheme for any discount factor, whereas the BCS scheme is
restricted to a sufficiently small discount factor.

The mathematical treatment for our problem is similar to those applying to the
standard partially observed stochastic control problems. These consist of introducing
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a filtering process for the partially observed variable, and then the partially observed
problem is transformed into an equivalent fully observed problem where the filter
becomes the new system state. In our case, the filtering process is defined by the
conditional density of the inventory level given the observed history. The filters are
obtained recursively in Theorem 1. Besides the difficulties associated with the infinite
dimensional state space of the new problem, the equation defining the filtering process
is highly nonlinear, which leads to a nontrivial problem. However, by introducing what
is known as the unnormalized probability, we transform this equation to a linear one.
Therefore, our approach finally consists of using an unnormalized filtering process,
which allows us to easily prove our main results.

The rest of this paper is organized as follows. In the next section we describe
our model and obtain the evolution equation for the inventory distribution, which is
linearized by introducing the unnormalized probability. In section 3, we formulate
the problem and provide the dynamic programming equations for both normalized
and unnormalized probabilities. We present our results in section 4 and prove them
in section 5.

2. Model development. We study an infinite-horizon, single-item, discrete-
time periodic-review inventory system in which the inventory level is partially ob-
served due to unobservable demand. We assume that the unmet demand is back-
ordered. Because of the rain checks, the IM knows exactly the backordered quantity.
But when the inventory is nonnegative, he or she knows only the probability dis-
tribution of the inventory level. Thus, the IM only partially observes the inventory
level.

We divide the timeline into intervals of equal length. Each interval is called a
period. In practice, a period can be one week, one month, etc. The sequence of
events in any given period t is as follows: at the beginning of the period (before the
demand occurs), the IM observes if the inventory level is negative or nonnegative. If
the inventory level is nonnegative, he or she has the probability distribution of the
inventory level based on prior observations. Otherwise, the IM knows exactly the
backordered quantity. Then, the IM determines how much to order, and the order is
delivered immediately. Next the demand occurs, and the IM’s order can be used to
meet the demand of period t. But the demand is not observed by the IM unless the
inventory level falls below zero. In each period, the IM incurs inventory related costs.

We let It denote the inventory level at the beginning of period t, qt denote the or-
der quantity determined by the IM at that time taking values in �+ := [0,∞), and Dt

denote the random demand occurring in period t. We assume that Dt, t = 1, 2, 3, . . . ,
are nonnegative, independently and identically distributed random variables, and let
the generic demand be denoted by D ≥ 0 with the density and distribution functions
f and F , respectively. We assume that E(D) < ∞. Unsatisfied demand is fully
backordered, so that the evolution of inventory is given by

(1) It+1 = It + qt −Dt for t ≥ 1.

It can be either negative or nonnegative. If It is negative, the demand in period t− 1
is not fully met, and the negative part of It represents the backordered amount. Let
zt denote the backordered amount in period t; then zt = (It)

−. If It is nonnegative,
obviously it is the ending inventory carried over from period t − 1. But the IM
cannot tell exactly how much it is. What he or she can do, however, is to evolve the
conditional distribution of the inventory level.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

THE CASE OF RAIN CHECKS 2493

In our model, for period t ≥ 1, the IM can only observe

(2) zt = (It)
− for t ≥ 1,

where (x)− = max{0,−x}. If zt > 0, it is the backordered quantity. If zt = 0,
the inventory level at the beginning of period t is nonnegative, and a distribution of
the inventory level can be derived based on prior observations. The IM determines
the order quantity qt for each period t. The order quantity qt is adapted to the sigma
field Zt := σ({zj : 1 ≤ j ≤ t}). Thus, Zt is the history available to the IM in period t.
By an ordering policy (or simply a policy), we mean a sequence q̃ = {qt} of �+-valued
random variables such that qt is Zt-measurable for each t ≥ 1. Let Γ be the set of
such policies.

When the demand is met entirely in period t − 1, inventory holding costs are
incurred on the remaining inventory carried from period t−1 to period t.1 Otherwise,
there are backorder costs. Then, given the cost function c(It, qt) depending only on
the inventory level It and the order size qt in period t, t = 1, 2, 3, . . . , and given the
policy q̃ ∈ Γ, the total expected discounted cost can be written as

J(ζ, π, q̃) := E

∞∑
t=1

αt−1c(It, qt),

where 0 < α < 1 is the discount factor. The pair (ζ, π(.)) is the inventory state at the
beginning of period 1. When ζ > 0, ζ is the backordered quantity at the beginning of
period 1. If ζ = 0, the inventory level I1 is nonnegative and π ∈ Π is the probability
density of I1, where Π is the set of density functions such that

∫
xπ(x)dx < ∞.

Observe that f ∈ Π.

We want to find a policy q̃ ∈ Γ that minimizes J(ζ, π, q̃). When ζ > 0, π is of
no consequence and J(ζ, π, q̃) does not depend on π, which will be noted explicitly
below.

2.1. Evolution of state probabilities. At the beginning of the first period, a
prior probability density π ∈ Π of nonnegative inventory is given. From the second
period on, the IM needs to derive the probability distribution function for nonnegative
inventory to use in his or her decision process. In what follows, we show how these
distribution functions evolve over time.

It is convenient to introduce the indicator random variables

(3) Izt=0 = II−
t =0 = IIt≥0 for t ≥ 1.

When there is no backorder, i.e., zt = I−t = 0 or It ≥ 0, Izt=0 = 1. Otherwise,
Izt=0 = 0. The indicator random variable Izt=0 is a discrete-time Markov chain with
the state space {0, 1}: 1 means there is no backorder, and 0 means there is.

Let πt(.) be the conditional density of It given Zt−1 and It ≥ 0. That is,

P(It ≤ x|Zt−1, It ≥ 0) =

∫ x

0

πt(y)dy.

1See Remark 2.3 in [8] for inventory holding cost accounting based on ending or beginning
inventory levels.
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For any bounded real test function ϕ(.), the conditional Bayes theorem gives∫ ∞
0

ϕ(x)πt(x)dx = E[ϕ(It)|Zt−1, It ≥ 0] =
E[ϕ(It)IIt≥0|Zt−1]

E[IIt≥0|Zt−1]
(4)

=
E[ϕ(It)IIt≥0|Zt−1]

P(It ≥ 0|Zt−1)
.

In order to obtain a recursive expression for πt in terms of πt−1, we express
E(ϕ(It)|Zt) in terms of the conditional density πt in the following lemma.

Lemma 1.

(5) E(ϕ(It)|Zt) = Izt>0ϕ(−zt) + Izt=0

∫ ∞
0

ϕ(η)πt(η)dη.

From this lemma we can derive the density function πt as stated in the following
theorem.

Theorem 1. For t ≥ 2, the conditional density πt can be expressed recursively
as follows:

πt(x) = Izt−1>0

{
f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x ≥ 0

F (qt−1 − zt−1)

}

+ Izt−1=0

{∫∞
(x−qt−1)+

f(y + qt−1 − x)πt−1(y)dy∫∞
0

F (y + qt−1)πt−1(y)dy

}
.(6)

For t = 1, π1(x) = π(x).
Thus, πt evolves according to a highly nonlinear equation which corresponds to

the Kushner equation [11] in our inventory context.
We can use the following method to linearize (6). We define the sequence of

functions {pt} by the recursive linear equation

pt(x) = Izt−1>0f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0

+ Izt−1=0

∫ ∞
(x−qt−1)+

f(y + qt−1 − x)pt−1(y)dy,(7)

p1(x) = π(x),

which corresponds to the Zakai equation obtained in the context of systems with
diffusions in [2] and [13]. Also,

λt =

∫ ∞
0

pt(x)dx.

Then, we have λ1 = 1 and, for t ≥ 2 from (7),

(8) λt = Izt−1>0F (−zt−1 + qt−1) + Izt−1=0

∫ ∞
0

F (qt−1 + y)pt−1(y)dy.

Moreover,

(9) pt(x) = λtπt(x).
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Clearly, (9) holds for t = 1. Assuming (9) to hold for any t, we proceed to t + 1 by
multiplying (6) side-by-side by (8) to obtain

λt+1πt+1(x) = Izt>0f(−zt + qt − x)I−zt+qt−x≥0

+ Izt=0

∫∞
(x−qt)+ f(y + qt − x)πt(y)dy

∫∞
0

F (qt + y)pt(y)dy∫∞
0

F (y + qt)πt(y)dy
.

By multiplying the numerator and the denominator of the second term on the right-
hand side by λt, we establish (9) for t + 1.

On account of the weighting factor λt in (9), pt(x) can be viewed as an unnormal-
ized probability; see [10] or [13]. We can easily get the normalized probability πt(x)
by

πt(x) =
pt(x)∫∞

0
pt(x)dx

.

To write (6) and (7) in the operator form, we define the spaces

H :=

{
p ∈ L1(�+) :

∫ ∞
0

x|p(x)|dx < ∞
}

and H+ :=
{
p ∈ H|p(x) ≥ 0, x ∈ �+

}
,

where L1(�+) is the space of integrable functions whose domain is the set of nonneg-
ative real numbers. Note that Π ⊆ H+. Observe that H+ is not a subspace of H, for
it does not include −p for some p. In the remainder, we identify H+ as the set of all
unnormalized probabilities with the norm

||p|| :=

∫ ∞
0

|p(x)|dx +

∫ ∞
0

x|p(x)|dx.

Since Π ⊆ H+, the norm applies to the normalized probability π to say that the
inventory level must have a finite mean. For a sequence {pn} in H+ and p ∈ H+,
“pn → p” means ||pn − p|| → 0 as n → ∞, which is equivalent to

(10)

∫ ∞
0

|pn(x) − p(x)| dx → 0 and

∫ ∞
0

x |pn(x) − p(x)| dx → 0.

Let L be the space of functions φ with linear growth, i.e.,

L :=

{
φ : sup

x≥0

|φ(x)|
1 + x

< ∞
}

with the norm

||φ||L := sup
x≥0

|φ(x)|
1 + x

.

Furthermore, we define the product

〈p, φ〉 :=

∫ ∞
0

p(x)φ(x)dx for p ∈ H, φ ∈ L.

Similarly, we define the space L
+ := {φ ∈ L : φ(x) ≥ 0, x ∈ �+} . We assume that,

for every fixed qt, the one-period cost c(It, qt) is in L
+.
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For any order quantity q and the inventory level y before the receipt of the order,
we let w = y + q be the inventory level after the receipt. We also let L(H,H) denote
the space of bounded linear maps from H to H. Then, for y ≥ 0, we can define the
linear operator 
(q) ∈ L(H,H) as


(q)p(x) :=

∫ ∞
(x−q)+

f(y + q − x)p(y)dy.

For y < 0, we define


0(w)(x) :=

{
f(w − x)Ix≤w if w ≥ 0,

0 if w < 0.

After defining the operators above, we can define the corresponding nonlinear
operator θ(q, ·) and the function θ0(w), respectively, as

θ(q, p) :=

(q)p∫∞

0
F (y + q)p(y)dy

,

θ0(w) :=

0(w)

F (w)
.

From the definition of θ(q, p), we can see that the operator θ is homogenous of degree
0 in p and is well defined if 〈
(q)p, 1〉 > 0; i.e.,

(11) 〈
(q)p, 1〉 =

∫ ∞
0

p(y)F (y + q)dy �= 0.

With these operators, we can write (6) and (7) in the operator form

πt = Izt−1>0θ0(qt−1 − zt−1) + Izt−1=0θ(qt−1, πt−1),(12)

pt = Izt−1>0
0(qt−1 − zt−1) + Izt−1=0
(qt−1)pt−1,(13)

with the initial conditions π1 = p1 = π. Once again, we emphasize that (13) is a
linear equation, while (12) is not.

For the linear operator 
(q), the norm is defined as

||
(q)||L := sup
p∈H

||
(q)p||
||p|| ,

where we adopt the convention that 0/0 = 0, here and throughout. For this norm,
we have the following lemma.

Lemma 2. ||
(q)p|| ≤ ||p|| + q
∫∞
0

|p(y)| dy and ||
(q)||L ≤ 1 + q.
From this lemma we can see that, when q = 0, the operator 
(q)p is a contraction

mapping. Additional properties of operators 
 and θ are given in BCS.

3. Dynamic programming formulation. We assume that c(I, q) is a contin-
uous function of linear growth in I for every fixed q; i.e., c(·, q) ∈ L

+. A cost function
with linear growth satisfies the following inequality:

(14) Linear growth assumption: c(y, q) ≤ c0 + c1q + hy+ + sy−, y ∈ �,
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where c1, h, and s are positive constants. The constant c0 can be interpreted as the
maximum expected backorder cost that can be incurred in a period if the beginning
inventory level is zero. Indeed, we set c0 = c(0, 0). c0 will be bounded by the cost of
backordering E(D) units. If the unit order cost is c, obviously the ordering cost cq
constitutes a lower bound on c(I, q). Under the linear growth assumption, we have
the following lemma.

Lemma 3. If qn → q in the Euclidean norm and pn → p in the norm || · || as
n → ∞, then ∫ ∞

0

c(y, qn)pn(y)dy →
∫ ∞

0

c(y, q)p(y)dy.

From this lemma, we can see that the function

(15) (q, p) →
∫ ∞

0

c(y, q)p(y)dy

is continuous.
An example of a single-period cost with linear growth is c(I, q) = cq + hI+ +

sE[(D−I−q)+], which is common in the inventory literature [7]. The cost parameters
c, h, and s can be interpreted as the unit ordering cost, the unit holding cost for each
unit of inventory carried to this period from the previous period, and the penalty
cost for each backordered unit. Since c(I, q) = cq + hI+ + sE[(D − I − q)+] ≤
cq + hI+ + sE[(D − I)+] ≤ cq + hI+ + sE(D) + sI− = c0 + cq + hI+ + sI−, it holds
that c(I, q) is of linear growth in I for a fixed q.

The total cost function can be written as

J(ζ, π, q̃) =

∞∑
t=1

αt−1E[E[c(It, qt)|Zt]]

=

∞∑
t=1

αt−1E{Izt>0c(−zt, qt) + Izt=0〈c(It, qt), πt〉},(16)

where πt is the solution of (6) and z1 = ζ ∈ �+ is the initial condition. When ζ = 0,
the inventory level at the beginning of the first period is nonnegative and the given
density function is π1 = π. When ζ > 0, it is the observed backordered quantity at
the beginning of period one.

The value function is defined as

(17) V (ζ, π) := inf
q̃∈Γ

J(ζ, π, q̃).

By looking one period ahead from period one, the value function can be written as

(18) V (ζ, π) = inf
q

{
Iζ>0c(−ζ, q) + Iζ=0

∫ ∞
0

c(y, q)π(y)dy + αE[V (z2, π2)|ζ, π]

}
,

which is the inventory-related cost in period one plus the cost-to-go.
By (1) and (2), we can express

z2 = (I1 + q −D1)
− = Iζ>0(−ζ + q −D1)

− + Iζ=0(I1 + q −D1)
−.
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Then, the cost-to-go can be written as

E[V (z2, π2)|ζ, π] = Iζ>0E[V ((−ζ + q −D)−, θ0(q − ζ))](19)

+ Iζ=0E[V ((I1 + q −D)−, θ(q, π))].

By conditioning on the event [q − ζ < D], we can express the first term on the
right-hand side of (19) as

E[V ((−ζ + q −D)−, θ0(q − ζ))] = V (0, θ0(q − ζ))F (q − ζ)(20)

+

∫ ∞
q−ζ

V (η + ζ − q, θ0(q − ζ))f(η)dη.

For a fixed I1, we obtain

E[V ((I1 + q −D)−, θ(q, π))|I1] = V (0, θ(q, π))F (I1 + q)(21)

+

∫ ∞
q+I1

V (η − I1 − q, θ(q, π))f(η)dη.

Using (21), we can express the second term on the right-hand side of (19) explicitly
as

Iζ=0E[V ((I1 + q −D)−, θ(q, π))]

= Iζ=0V (0, θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+ Iζ=0

∫ ∞
0

π(y)

[∫ ∞
q+y

V (η − y − q, θ(q, π))f(η)dη

]
dy

= Iζ=0V (0, θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+ Iζ=0

∫ ∞
0

π(y)

∫ ∞
0

V (η, θ(q, π))f(q + y + η)dηdy.

From (20) and the above equation, we obtain

E[V (z2, π2)|ζ, π]

= Iζ>0

{
V (0, θ0(q − ζ))F (q − ζ) +

∫ ∞
0

V (η, θ0(q − ζ))f(η + q − ζ)dη

}

+ Iζ=0V (0, θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+ Iζ=0

∫ ∞
0

π(y)

∫ ∞
0

V (η, θ(q, π))f(q + y + η)dηdy.

From the above expression, we can see that, when ζ > 0, we have

V (ζ, π) = inf
q

{
c(−ζ, q) + αV (0, θ0(q − ζ))F (q − ζ)

+ α

∫ ∞
0

V (η, θ0(q − ζ))f(η + q − ζ)dη

}
.
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Since V (ζ, π) is independent of π when ζ > 0, we can let v(ζ) := V (ζ, π).

On the other hand, when ζ = 0,

V (0, π) = inf
q

{∫ ∞
0

c(y, q)π(y)dy

+ αV (0, θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+ α

∫ ∞
0

π(y)

∫ ∞
0

V (η, θ(q, π))f(q + y + η)dηdy

}
.

If we denote W (π) := V (0, π), then together with v(ζ) we have the system

v(ζ) = inf
q

{
c(−ζ, q) + αW (θ0(q − ζ))F (q − ζ)

+ α

∫ ∞
0

v(η)f(η + q − ζ)dη

}
for ζ > 0,(22)

W (π) = inf
q

{∫ ∞
0

c(y, q)π(y)dy

+ αW (θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+ α

∫ ∞
0

π(y)

∫ ∞
0

v(η)f(q + y + η)dηdy

}
.(23)

Observe that

(24) V (ζ, π) = Iζ>0v(ζ) + Iζ=0W (π), (ζ, π) ∈ �+ × Π.

Since π evolves according to the nonlinear operator θ, a direct study of the system
(22)–(23) is not easy. If we can use p ∈ H+ as the system state instead of π, then the
analysis becomes much easier, because p evolves with the linear operator 
. To make
ideas concrete, we define a new value function Y (·) as follows:

(25) Y (p) := W
( p

λ

)
λ , λ :=

∫ ∞
0

p(x)dx.
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Then, from (23) we have

Y (p) = λ inf
q

{∫ ∞
0

c(y, q)(p(y)/λ)dy

+ αW (θ(q, p/λ))

∫ ∞
0

F (y + q)(p(y)/λ)dy

+ α

∫ ∞
0

p(y)/λ

∫ ∞
0

v(η)f(q + y + η)dηdy

}

= inf
q

{∫ ∞
0

c(y, q)p(y)dy + α

[
W (θ(q, p))

∫ ∞
0

F (y + q)p(y)dy

+

∫ ∞
0

p(y)

∫ ∞
0

v(η)f(q + y + η)dηdy

]}
.

The above equation follows from the fact that the operator θ is homogenous of degree
0. Next, we simplify the term W (θ(q, π)) and W (θ0(q − ζ)) on the right-hand side
of the above equation and of (22), respectively. From the definition of θ and (11),
we get

Y (
(q)p) =

{∫ ∞
0


(q)p(x)dx

} {
W

(

(q)p

〈
(q)p, 1〉

)}

(11)
=

{∫ ∞
0

F (y + q)p(y)dy

}
{W (θ(q, p))}.

By the definition of θ0, we get

Y (
0(q − ζ)) = W

(

0(q − ζ)

F (q − ζ)

)
F (q − ζ) = W (θ0(q − ζ))F (q − ζ).

Using these results in the expression of Y (p), we obtain the following new system of
equations:

v(ζ) = inf
q

{
c(−ζ, q) + α

∫ ∞
0

v(η)f(η + q − ζ)dη + αY (
0(q − ζ))

}
, ζ ∈ �+,(26)

Y (p) = inf
q

{∫ ∞
0

c(y, q)p(y)dy + αY (
(q)p)

+ α

∫ ∞
0

p(y)

∫ ∞
0

v(η)f(y + q + η)dηdy

}
, p ∈ H+.(27)

As in (24), observe that the corresponding unnormalized value function Z : �+ ×
H+ → � takes the form

(28) Z(ζ, p) = Iζ>0v(ζ) + Iζ=0Y (p), (ζ, p) ∈ �+ ×H+.
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Moreover,

(29) Y (μp) = μY (p) for every μ > 0.

Thus, Y (0) = 0.
Compared with the value functions in BCS, the left-hand side of (26) is an un-

known number v, but in the present paper it is a function v(·). This makes the
analysis of the system more difficult. In what follows, we will show the details of the
methodology we use to prove the existence of an optimal control. Important costs and
spaces are summarized in Table 1. Sequences of cost functions and some of the spaces
will be formally defined soon. In this paper, we interpret decreasing and increasing
sequences in a nonstrict way.

Table 1

Frequently used notation.

Normalized system Unnormalized system
Definition

Function Space Function Space

Probability π Π p H+

Value function—backorder case v L
+ v L

+

Value function—no backorder case W BΠ Y B+

Value function—combined case V G̃ Z G
Increasing value iteration sequence {Vn} G̃ {Zn} G
Decreasing value iteration sequence {V n} G̃ {Zn} G

4. Main results. When the cost functions are bounded, we can apply common-
place arguments of the standard theory (see, e.g., [6]) to obtain a contraction property
for an appropriate operator. Then by using Banach’s fixed point theorem, we prove
directly the existence and uniqueness of the solution to the optimality equation as well
as the value iteration algorithm. However, consideration of the unbounded one-period
costs as in (14) brings some challenges. For instance, the nice contraction property
does not work for the discounted cost criterion, and so we need to consider ceiling
functions for the optimal cost. These functions, in turn, will define the appropriate
functional space where the solution to the system (22)–(23) is unique and is the value
function. Moreover, besides the result of existence of the optimal ordering policy,
ceiling functions allow us to prove that the value iteration algorithm converges to the
value function.

Before proving our main results, we give some preliminaries.

4.1. Preliminaries. We define the functional space

B :=

{
φ(p) : H → � : sup

p∈H

|φ(p)|
||p|| < ∞

}

with the norm

||φ||B := sup
p∈H

|φ(p)|
||p|| .

From the definition, we can see that B is a Banach space. For any φ ∈ B, we must
have φ(0) = 0.
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We define the space

B+ :=

{
φ : H+ → �+ : sup

p∈H+

φ(p)

||p|| < ∞
}

⊆ B

and denote by BΠ the subset of B+ restricted to Π. That is,

BΠ :=

{
φ : Π → �+ : sup

π∈Π

φ(π)

||π|| < ∞
}
.

Similar to L
+, B+ is also used to accommodate the dynamic programming cost.

We consider v0 ∈ L
+ and Y 0 ∈ B+ defined as

v0(ζ) :=
αsE(D)

(1 − α)2
+

c0 + sζ

1 − α
, ζ ∈ �+.(30)

Y 0(p) :=
a0

1 − α
||p||, p ∈ H+,(31)

where

a0 = max

{
h,

αsE(D)

(1 − α)2
+

c0 + sE(D)

1 − α

}
.

For any φ1 ∈ L
+ and φ2 ∈ B+ such that φ1(.) ≤ v0(.) and φ2(.) ≤ Y 0(.), we

define the set

G =
{
φ : �+ ×H+ → � | φ(ζ, p) = Iζ>0φ1(ζ) + Iζ=0φ2(p)

and φ(ζ, p) ≤ Iζ>0v
0(ζ) + Iζ=0Y

0(p)
}
.

Thus the domain of the members of the set G is H+ ×�+, where H+ is the space of
unnormalized probabilities. If φ1(ζ) and φ2(p) are solutions of the system (26)–(27),
then they correspond to v(ζ) and Y (p), respectively. As a result, φ(ζ, p) corresponds
to Z(ζ, p). The counterpart of the normalized probabilities Π×�+ is denoted by G̃ and
defined for functions φ̃1 ∈ L

+ and φ̃2 ∈ BΠ such that φ̃1(.) ≤ v0(.) and φ̃2(.) ≤ Y 0(.):

G̃ =
{
φ̃ : �+ × Π → � | φ̃(ζ, π) = Iζ>0φ̃1(ζ) + Iζ=0φ̃2(π)

and φ̃(ζ, π) ≤ Iζ>0v
0(ζ) + Iζ=0Y

0(π)
}
.

If φ̃1 and φ̃2 are solutions of the system (22)–(23), then φ̃1 corresponds to v(ζ) and
φ̃2 corresponds to W (π). As a result φ̃(ζ, π) = V (ζ, π). In the next subsection, we
will show that the value functions Z and V are in the sets G and G̃, respectively.

For φ ∈ G, we define the operators

T (1)
q (φ1, φ2) = c(−ζ, q) + α

∫ ∞
0

φ1(η)f(η + q − ζ)dη + αφ2(
0(q − ζ)),

T (2)
q (φ1, φ2) =

∫ ∞
0

c(y, q)p(y)dy

+ α

∫ ∞
0

p(y)

∫ ∞
0

φ1(η)f(y + q + η)dηdy + αφ2(
(q)p).
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We can see that if φ1 and φ2 are solutions of (26)–(27), then T
(1)
q (φ1φ2) and T

(2)
q (φ1, φ2)

represent the cost when the ordering quantity is q and when there are backorders and
no backorders, respectively. By combining these two cases, we define the operator Tq

as follows:

Tqφ(ζ, p) := Iζ>0T
(1)
q (φ1, φ2) + Iζ=0T

(2)
q (φ1, φ2).

Let

T (1)(φ1, φ2) := inf
q≥0

T (1)
q (φ1, φ2),(32)

T (2)(φ1, φ2) := inf
q≥0

T (2)
q (φ1, φ2),

Tφ(ζ, p) := inf
q≥0

Tqφ(ζ, p).

The operators T 1, T 2, and T represent the corresponding optimal costs. After defining
the above operators, we have the following lemma.

Lemma 4. When ζ ≥ 0, for any q̃ ∈ Γ, J(ζ, π, q̃) ≤ v0(ζ). Moreover, the
operator T maps G into itself, and, for φ1 ≤ v0 and φ2 ≤ Y 0, T (1)(φ1, φ2) ≤ v0(ζ)
and T (2)(φ1, φ2) ≤ Y 0(p).

From this lemma, we can see that v0 and Y 0 are ceiling functions for the optimal
cost. The solution (v, Y ) of the system (26)–(27) satisfies v ≤ v0 and Y ≤ Y 0.

4.2. Existence of a solution of the Bellman equation and an optimal
feedback policy. We define a value iteration procedure as follows. Let {vn} and
{Yn} be sequences of functions defined by v1 = Y1 = 0, and, for n ≥ 1,

(33) vn+1 = T (1)(vn, Yn), Yn+1 = T (2)(vn, Yn).

From the definitions of operators T (1) and T (2), {vn} and {Yn} are increasing se-
quences. This can be established by induction. Clearly, v1 ≤ v2 and Y1 ≤ Y2. Let us
assume that vn ≤ vn+1 and Yn ≤ Yn+1. Then,

vn+1(ζ) = T (1)(vn, Yn)

= inf
q≥0

{
c(−ζ, q) + α

∫ ∞
0

vn(η)f(η + q − ζ)dη + αYn(
0(q − ζ))

}

≤ inf
q≥0

{
c(−ζ, q) + α

∫ ∞
0

vn+1(η)f(η + q − ζ)dη + αYn+1(
0(q − ζ))

}

= T (1)(vn+1, Yn+1) = vn+2(ζ),

and similarly we prove that Yn+1(p) ≤ Yn+2(p).
Let

(34) Zn(ζ, p) := Iζ>0vn(ζ) + Iζ=0Yn(p), (ζ, p) ∈ �+ ×H+.

Observe that

(35) Zn+1(ζ, p) = Iζ>0T
(1)(vn(ζ), Yn(p)) + Iζ=0T

(2)(vn(ζ), Yn(p)) = TZn(ζ, p).

Then we have the following theorem.
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Theorem 2. (a) There exist lower semicontinuous (l.s.c.) functions Y ≤ Y 0

and v ≤ v0 such that Zn ↗ Z and Z = TZ, where

Z(ζ, p) := Iζ>0v(ζ) + Iζ=0Y (p), (ζ, p) ∈ �+ ×H+.

(b) For each (ζ, p) ∈ �+×H+, there exists a measurable function gZ : �+×H+ →
�+ such that TZ(ζ, p) = TgZ(ζ,p)Z(ζ, p).

From this theorem we can see that v ∈ H+ and Y ∈ B+. So far we have analyzed
the unnormalized system (26)–(27). We show that there exists a solution of this
system. Next, we will show that there is a solution of system (22)–(23). This result
immediately follows from Theorem 2. Let {(Wn, vn)} be the normalized value iteration
functions corresponding to {(Yn, vn)} . That is, Wn is a function on Π satisfying (see
(25))

(36) Yn(p) = Wn

(
p∫

p(x)dx

)∫ ∞
0

p(x)dx.

Let Vn(ζ, π) := Iζ>0vn(ζ) + Iζ=0Wn(π), (ζ, π) ∈ �+ × Π. Then, as v1 = W1 = 0, we
have V1 = 0. Moreover,

Vn+1(ζ, π) = T̃ Vn(ζ, π) := inf
q≥0

T̃qVn(ζ, π), (ζ, π) ∈ �+ × Π,

where, for a function φ̃ ∈ G̃,

T̃qφ̃(ζ, π) := Iζ>0T̃
(1)
q (φ̃1(ζ), φ̃2(π)) + Iζ=0T̃

(2)
q (φ̃1(ζ), φ̃2(π))

and

T̃ (1)
q (φ̃1, φ̃2) = c(−ζ, q) + αφ̃2(θ0(q − ζ))F (q − ζ) + α

∫ ∞
0

φ̃1(η)f(η + q − ζ)dη,

T̃ (2)
q (φ̃1, φ̃2) =

∫ ∞
0

c(y, q)π(y)dy + α

[
φ̃2(θ(q, π))

∫ ∞
0

F (y + q)π(y)dy

+

∫ ∞
0

π(y)

∫ ∞
0

φ̃1(η)f(q + y + η)dηdy

]
.

The above two equations correspond to (22) and (23), which yield the value functions
for the normalized probabilities.

We know that Yn(π) = Wn(π) for all π ∈ Π from (36). From (29), Theorem 2(a)
yields the existence of an l.s.c. function W (π) ≤ Y 0(π) such that Wn ↗ W . After
defining V (ζ, π) := Iζ>0v(ζ) + 1Iζ=0W (π), (ζ, π) ∈ �+ × Π, we have

(37) Vn ↗ V as n → ∞,

and V (ζ, π) = T̃ V (ζ, π) for (ζ, π) ∈ �+ × Π. Hence, similarly to (18), for each
(ζ, π) ∈ �+ × Π,

(38) V (ζ, π) = inf
q

{
Iζ>0c(−ζ, q) + Iζ=0

∫ ∞
0

c(y, q)π(y)dy + αE[V (z2, π2)|ζ, π]

}
.

Furthermore, from Theorem 2(b), there exists a map g : �+ × Π → �+ such that

(39) V (ζ, π) = T̃ V (ζ, π) =T̃g(ζ,π)V (ζ, π), (ζ, π) ∈ �+ × Π.
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So we can see that there is a solution of the system (22)–(23). In the next theorem,
we establish that this solution is actually the value function.

Theorem 3. (a) For each (ζ, π) ∈ �+ × Π, we have V (ζ, π) = V (ζ, π), where
V is the optimal value function defined in (17). Hence, Z(ζ, p) = Z(ζ, p) for each
(ζ, p) ∈ �+ ×H+.

(b) The functions V and Z are the minimal solutions in G̃ and G of the optimality
equations (24) and (28), respectively.

(c) There exists an optimal feedback policy q̃∗ ∈ Γ for the partially observed in-
ventory problem. That is,

V (ζ, π) := inf
q̃∈Γ

J(ζ, π, q̃) = J(ζ, π, q̃∗) ∀(ζ, π) ∈ �+ × Π.

In this subsection, we have shown that, starting from v0 and Y 0, sequences {vn}
and {Yn} are increasing and converge to v and Y , respectively, and that the pair
(v, Y ) is a solution of the system (26)–(27). Since Yn(π) = Wn(π), sequences vn and
Wn converge to v and W , respectively. As a result the pair (v,W ) is a solution of
(22)–(23). Theorem 3 states that V (ζ, π) is the value function defined in (17). In the
next subsection, we will show that the solution of the system (26)–(27) is unique. As
a result, the solution of the system (22)–(23) is also unique.

4.3. Uniqueness and continuity of the solution of the Bellman equation.
We consider the unnormalized value iteration procedure (33)–(35), but starting with
the functions v0 and Y 0. That is, for (ζ, p) ∈ �+ ×H+,

v1(ζ) = v0(ζ), Y 1(p) = Y 0(p),

vn+1(ζ) = T (1)(vn(ζ), Y n(p)), Y n+1(p) = T (2)(vn(ζ), Y n(p)).(40)

Using induction arguments, it is easy to see that {vn} and {Y n} are nonnegative
decreasing sequences. From the previous subsection we have v2 ≤ v1 and Y 2 ≤ Y 1.
To establish the decreasing property for n ≥ 1, we assume that it holds for n = k,
that is, vk ≤ vk−1 and Y k ≤ Y k−1, and then establish it for n = k+1. It follows that

vk+1(ζ) = T (1)(vk, Y k)

= inf
q≥0

{
c(−ζ, q) + α

∫ ∞
0

vk(η)f(η + q − ζ)dη + αY k(
0(q − ζ))

}

≤ inf
q≥0

{
c(−ζ, q) + α

∫ ∞
0

vk−1(η)f(η + q − ζ)dη + αY k−1(
0(q − ζ))

}

= T (1)(vk−1, Y k−1) = vk(ζ),

and similarly we prove that Y k+1(p) ≤ Y k(p).
Since {vn} and {Y n} are nonnegative decreasing sequences and both have lower

bounds 0, there exist functions v ≤ v0 and Y ≤ Y 0 such that

(41) vn ↘ v and Y n ↘ Y as n → ∞.

In other words, if we denote

Zn(ζ, p) = Iζ>0v
n(ζ) + Iζ=0Y

n(p),

Z(ζ, p) = Iζ>0v(ζ) + Iζ=0Y (p), (ζ, p) ∈ �+ ×H+,
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we have

(42) Zn+1 = TZn and Z ∈ G, Zn ↘ Z, as n → ∞.

Since Zn is a decreasing sequence, we have Zn ≥ Z for a finite n. Applying T infinitely
many times on both sides, we obtain

(43) Z ≥ TZ.

Moreover, by applying the monotone convergence theorem together with (40) and (41),

we can prove that for all q ∈ �+, v(ζ) ≤ T
(1)
q (v(ζ), Y (p)) and Y (p) ≤ T

(2)
q (v(ζ), Y (p)),

which implies Z(ζ, p) ≤ TZ(ζ, p). This inequality combined with (43) yields

(44) Z(ζ, p) = TZ(ζ, p).

Now, because Z ∈ G (see (28) and Theorem 3(b)), we have v(ζ) ≤ v
0
(ζ) and Y (p) ≤

Y 0(p). Then, as Z(ζ, p) is a fixed point of the operator T, we obtain Z(ζ, p) ≤ Zn(ζ, p)
for all n, which implies from (42) that

(45) Z(ζ, p) ≤ Z(ζ, p) ∀(ζ, p) ∈ �+ ×H+.

On the other hand, let Wn : Π → � be the corresponding normalized value itera-
tion function defined in the same way as (36), and define V n(ζ, π) = Iζ>0v

n(ζ) +

Iζ=0W
n(π). Observe that V n+1 = T̃ V n. Then, there exists a function V ∈ G̃

such that V n ↘ V . Furthermore, from (44) and (45), we can prove that, for each
(ζ, π) ∈ �+ × Π,

(46) V (ζ, π) = T̃ V (ζ, π)

and

(47) V (ζ, π) ≤ V (ζ, π).

Theorem 4. Suppose α(1 + a0

c(1−α) ) < 1. Then we have the following.

(a) For each (ζ, π) ∈ �+ × Π, V (ζ, π) = V (ζ, π). Moreover, V is the maximal
solution in G̃ of the optimality equation (24). Hence, Z(ζ, p) = Z(ζ, p) for each (ζ, p) ∈
�+×H+, and Z is the maximal solution of (28) in G. Moreover, the solutions of (24)
and (28) are unique.

(b) The value functions V and Z are continuous on �+ × Π and �+ × H+,
respectively.

4.4. Conclusions. We have studied an infinite-horizon single-stage periodic-
review inventory control system with backorders. In this system, the inventory level
is partially observed when it is nonnegative. Partial inventory observations eventually
lead to a dynamic program in the space of probability distributions. This dynamic
program is highly nonlinear. We apply the methodology of unnormalized probability
to linearize the dynamic programming equations. This linearization facilitates the
analysis.

As we discussed in the introduction, partial observations in inventory systems are
very common. But there is not much research done on this topic. This motivated
us to analyze this problem with rain checks. In Theorems 2 and 3, we prove the
convergence of a value iteration algorithm to the optimal value function, as well as
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the existence of an optimal feedback ordering policy. In addition, the value function
is the minimal solution of the optimality equation. Furthermore, from Theorem 4, for
a sufficiently small discount factor, the solution of the optimality equation is unique
and continuous, and it is the value function.

We conclude the paper by describing an extension of the model and discussing
some computational aspects related to the rain check model.

Sometimes, when the customer comes to the store during a stock out, he or she
does not ask for a rain check, leaves the store, and comes back later. Some stores
do not have a practice of offering rain checks. In the absence of rain checks, the IM
cannot fully observe the backordered quantity. This setting gives rise to an interesting
model where even less information is available to IM than in the current model. That
is, in this new context, the IM cannot fully observe the negative inventory, and the
available information to make his or her decisions in each period would be the sign of
the inventory. The authors currently are studying this extension [3].

Although the unnormalized probability simplifies the analysis, it does not lead
to a dynamic program in finite dimensional spaces. Finiteness of these spaces, which
accommodate the conditional distribution p of the inventory level, can be imposed to
develop approximations. The challenge here is to find an appropriate finite family of
functions to represent p. This is a computational issue worth exploring. We provide
some numerical techniques in [5] to solve the dynamic programming equation.

5. Proofs.

5.1. Preliminary results.
Lemma 5. The function

(48) (q, p) →
∫

p(y)

∫
φ1(η)f(q + y + η)dηdy

is continuous for every bounded function φ1 : �+ → �.
Proof. Let φ1 be a bounded function and {(qn, pn)} be a sequence in �+×H+ con-

verging to (q, p) ∈ �+×H+. Then, by adding and subtracting the term
∫ ∫

φ1(η)f(qn+
y + η)p(y)dηdy, we have∣∣∣∣

∫ ∫
φ1(η)f(qn + y + η)pn(y)dηdy −

∫ ∫
φ1(η)f(q + y + η)p(y)dηdy

∣∣∣∣
≤

∫ ∫
φ1(η)f(qn + y + η) |pn(y) − p(y)| dηdy

+

∫ ∫
φ1(η)p(y) |f(qn + y + η) − f(q + y + η)| dηdy,

which, by the dominated convergence theorem, converges to zero as n → ∞. This
proves the continuity of the function defined in (48).

The next lemma is a key result to prove that the operators Tq and T map con-
tinuous functions into continuous functions (see Remark 1(b) and Lemma 7). Thus,
in each iteration of the monotone approximations introduced in section 4, we get
continuous functions when we use both increasing and decreasing processes.

Lemma 6. For each nonnegative measurable function φ1 on �+, the function

(49) (q, p) →
∫

p(y)

∫
φ1(η)f(q + y + η)dηdy
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is continuous.
Proof. Let {(qn, pn)} be a sequence in �+ ×H+ converging to (q, p) ∈ �+ ×H+,

and let φ1 be a measurable function on �+. Then, there exists a sequence
{
φk

1

}
of

bounded functions on �+ such that φk
1 ↗ φ1, as k → ∞. Therefore from Lemma 5,

for each k ∈ N,

lim inf
n→∞

∫ ∫
φk

1(η)f(qn + y + η)pn(y)dηdy =

∫ ∫
φk

1(η)f(q + y + η)p(y)dηdy.

Thus,

lim inf
n→∞

∫ ∫
φ1(η)f(qn + y + η)pn(y)dηdy

≥ lim inf
n→∞

∫ ∫
φk

1(η)f(qn + y + η)pn(y)dηdy

=

∫ ∫
φk

1(η)f(q + y + η)p(y)dηdy.

Letting k → ∞ and using Fatou’s lemma, we obtain

lim inf
n→∞

∫ ∫
φ1(η)f(qn + y + η)pn(y)dηdy ≥

∫ ∫
φ1(η)f(q + y + η)p(y)dηdy.

That is, the function (49) is l.s.c. Now, applying the same arguments to the function
−φ1, we have that −

∫ ∫
φ1(η)f(q+y+η)p(y)dηdy is l.s.c. in (q, p). Hence, the function

(49) is upper semicontinuous (u.s.c.), which yields the desired result.
Remark 1. (a) Applying arguments similar to those in the proofs of Lemmas 5

and 6, we can show the continuity of the functions

(x, q, p) →
∫

f(y + q − x)p(y)dy, (x, q, p) ∈ �+ ×�+ ×H+,

and

(x, q) →
∫

φ1(η)f(q − x + η)dη, (x, q) ∈ �+ ×�+,

for each measurable function φ1 on �+.
(b) Let φ ∈ G be a continuous function on �+×H+. That is, φ is a function of the

form φ(ζ, p) = Iζ>0φ1(ζ) + Iζ=0φ2(p), where φ1 and φ2 are continuous functions on
�+ and H+, respectively. Then, in view of (15), Lemmas 5 and 6, and Remark 1(a),
we have that Tqφ(ζ, p) is continuous in (ζ, q, p) ∈ �+ ×�+ ×H+.

Remark 2. (a) Observe that by defining the operator T for each φ ∈ G, we can

obtain bounds for the range of q for which T
(1)
q (φ1, φ2) ≤ v0(ζ) and T

(2)
q (φ1, φ2) ≤

Y 0(p), (ζ, p) ∈ �+ × H+. Hence, if we denote by q− and q+ the ordering quantity
under the negative and nonnegative initial inventory levels, respectively, then from
Lemma 4 we have

cq− ≤ T (1)
q (φ1(ζ), φ2(p)) ≤ v0(ζ) =

αsE(D)

(1 − α)2
+

c0 + sζ

1 − α
.

Hence,

(50) q− ≤ αsE(D)

(1 − α)2c
+

c0 + sζ

(1 − α)c
.
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Similarly, we have

cq+

∫ ∞
0

p(y)dy ≤ T (2)
q (φ1(ζ), φ2(p)) ≤ Y 0(p) =

a0

1 − α
||p||,

which implies

(51) q+ ≤ a0

c(1 − α)
∫∞
0

p(x)dx
||p||.

Then from (50) and (51), for each (ζ, p) ∈ �+ × H+, q must belong to Q∗(ζ, p) :=
Q∗1(ζ) ∪Q∗2(p), where

Q∗1(ζ) :=

{
q ∈ �+ : q ≤ αsE(D)

(1 − α)2c
+

c0 + sζ

(1 − α)c

}

and

Q∗2(p) :=

{
q ∈ �+ : q ≤ a0

c(1 − α)
∫∞
0

p(x)dx
||p||

}
.

Thus, for a fixed (ζ, p) ∈ �+ ×H+, q remains bounded.
(b) Taking into account the latter, since for each φ ∈ G the map (ζ, p, q) →

Tqφ(ζ, p) is continuous, there exists a measurable function gφ: �+ ×H+ → �+ that
attains the minimum in (32). That is,

(52) Tφ(ζ, p) = Tgφφ(ζ, p) ∀(ζ, p) ∈ �+ ×H+.

Lemma 7. For each continuous function φ ∈ G, Tφ(ζ, p) is continuous in (ζ, p) ∈
�+ ×H+.

Proof. Let {(ζk, pk)} be a sequence in �+×H+ such that (ζk, pk) → (ζ, p) ∈
�+×H+, p �= 0, and qk = gφ(ζk, pk) ∈ Q∗(ζk, pk) satisfies (see Remark 2(b))

(53) Tφ(ζk, pk) = Tqkφ(ζk, pk).

Clearly qk remains in a compact set. Then, we can extract a subsequence {(ζkl
, pkl

,
qkl

)} of {(ζk, pk, qk)} such that (ζkl
, pkl

, qkl
) → (ζ, p, q′) for some q′ ∈ Q∗(ζ, p). Now

from the continuity of Tqφ(ζ, p) (see Remark 1(b)), we have

lim
l→∞

Tqkl
φ(ζkl

, pkl
) = Tq′φ(ζ, p).

Hence, from (53) and (32),

(54) lim inf
k→∞

Tφ(ζk, pk) = Tq′φ(ζ, p) ≥ Tφ(ζ, p).

On the other hand, we have

Tφ(ζk, pk) ≤ Tqφ(ζk, pk) ∀q ∈ �+.

Then, again from the continuity of Tqφ(ζ, p),

lim sup
k→∞

Tφ(ζk, pk) ≤ Tqφ(ζ, p) ∀q ∈ �+,
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which yields

(55) lim sup
k→∞

Tφ(ζk, pk) ≤ Tφ(ζ, p).

Therefore, by combining (54) and (55), we obtain

lim
k→∞

Tφ(ζk, pk) = Tφ(ζ, p).

Remark 3. (a) If φ ∈ G is only l.s.c., we can follow arguments similar to those in
the proof of Lemma 7 (see also Remark 1(b)) to show that the functions Tqφ(ζ, p) and
Tφ(ζ, p) are l.s.c. in (ζ, p, q) and (ζ, p), respectively. In addition, the selection theorem
ensures the existence of a measurable function gφ: �+ ×H+ → �+ satisfying (52).

(b) It is worth noting that if φ1 : �+ → �+ and φ2 : H+ → �+ are continuous,
then T (1)(φ1(ζ), φ2(p)) and T (2)(φ1(ζ), φ2(p)) are continuous (see (64) and (65) for
definitions of T (1) and T (2)).

5.2. Proof of Lemma 1. We can express the left-hand side of (5) as

(56) E(ϕ(It)|Zt) = E[ϕ(It)(Izt>0 + Izt=0)|Zt] = ϕ(−zt)Izt>0 + E[ϕ(It)Izt=0|Zt].

From the last term of (56), we have

E(ϕ(It)Izt=0|Zt) = Izt=0E(ϕ(It)|Zt)

= Izt=0ψ(z1, . . . , zt−1, zt)

= Izt=0ψ(z1, . . . , zt−1, 0),(57)

where the first equality follows from the fact that Izt=0 is Zt measurable. The second
equality introduces a measurable function ψ to express E(ϕ(It)|Zt) as ψ(z1, . . . , zt−1,
zt). If we set zt = 0 into the second equality, we can obtain the last equality.

Taking conditional expectation of (57) with respect to Zt−1 and observing that
Zt−1 ⊆ Zt and ψ(z1, . . . , zt−1, 0) is Zt−1-measurable, we obtain

E[ϕ(It)Izt=0|Zt−1] = ψ(z1, . . . , zt−1, 0)E[IIt≥0|Zt−1]

= ψ(z1, . . . , zt−1, 0)P(It ≥ 0|Zt−1)

or

(58) ψ(z1, . . . , zt−1, 0) =
E(ϕ(It)IIt≥0|Zt−1)

P(It ≥ 0|Zt−1)
.

We insert (58) into (57) and then the result into (56) to get

E(ϕ(It)|Zt) = Izt>0ϕ(−zt) + Izt=0
E(ϕ(It)Izt=0|Zt−1)

P(It ≥ 0|Zt−1)
.

By using (3) and (4), we have

E(ϕ(It)|Zt) = Izt>0ϕ(−zt) + Izt=0

∫ ∞
0

ϕ(η)πt(η)dη.
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5.3. Proof of Theorem 1. We start to prove this theorem from the right-hand
side of (4). Take the numerator and obtain

E(ϕ(It)Izt=0|Zt−1)

= E(ϕ(It−1 + qt−1 −Dt−1)IIt−1+qt−1−Dt−1≥0|Zt−1)

= E
(
E(ϕ(It−1 + qt−1 −Dt−1)IIt−1+qt−1−Dt−1≥0|Zt−1, It−1)|Zt−1

)
because Zt−1 = σ({z1, . . . , zt−1}) ⊆ σ({z1, . . . , zt−1, It−1})

= E

(∫ ∞
0

ϕ(It−1 + qt−1 − y)IIt−1+qt−1−y≥0f(y)dy|Zt−1

)

set x := It−1 + qt−1 − y

= E

(∫ ∞
0

ϕ(x)f(It−1 + qt−1 − x)IIt−1+qt−1−x≥0dx|Zt−1

)

=

∫ ∞
0

ϕ(x)E
(
f(It−1 + qt−1 − x)IIt−1+qt−1−x≥0|Zt−1

)
dx.(59)

Letting the time index in the first equality of (5) be t − 1 instead of t and replacing
ϕ(It−1) with f(It−1 + qt−1 − x)IIt−1+qt−1−x≥0, we obtain

E(f(It−1 + qt−1 − x)IIt−1+qt−1−x≥0|Zt−1)

= Izt−1>0f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0

+ Izt−1=0

∫ ∞
(x−qt−1)+

f(η + qt−1 − x)πt−1(η)dη.(60)

By inserting (60) into (59), we get

E(ϕ(It)Izt=0|Zt−1) = Izt−1>0

∫ ∞
0

ϕ(x)f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0dx

+ Izt−1=0

∫ ∞
0

ϕ(x)

(∫ ∞
(x−qt−1)+

f(η + qt−1 − x)πt−1(η)dη

)
dx.

Similarly, we can express explicitly the denominator of the right-hand side of (4)
as

P(It ≥ 0|Zt−1) = E(IIt−1+qt−1−Dt−1≥0|Zt−1)

= E{E(IIt−1+qt−1−Dt−1≥0|Zt−1, It−1)|Zt−1}

= E{F (It−1 + qt−1)|Zt−1}

= Izt−1>0F (−zt−1 + qt−1) + Izt−1=0

∫ ∞
0

F (y + qt−1)πt−1(y)dy.
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Because we have already obtained explicit expressions of the numerator and denom-
inator of the right-hand side of (4), we can express the fraction, say the right-hand
side of (4), as follows:

E(ϕ(It)Izt=0|Zt−1)

P(It ≥ 0|Zt−1)
= Izt−1>0

∫∞
0

ϕ(x)f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0dx

F (−zt−1 + qt−1)

+ Izt−1=0

∫∞
0

ϕ(x)
(∫∞

(x−qt−1)+
f(η + qt−1 − x)πt−1(η)dη

)
dx∫∞

0
F (y + qt−1)πt−1(y)dy

.

Then, we have∫ ∞
0

ϕ(η)πt(η)dη = Izt−1>0

∫∞
0

ϕ(x)f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0dx

F (−zt−1 + qt−1)

+ Izt−1=0

∫∞
0

ϕ(x)
(∫∞

(x−qt−1)+
f(η + qt−1 − x)πt−1(η)dη

)
dx∫∞

0
F (y + qt−1)πt−1(y)dy

.

Since the above equation is satisfied for all test functions ϕ(x), we have

πt(x) = Izt−1>0

{
f(−zt−1 + qt−1 − x)I−zt−1+qt−1−x≥0

F (qt−1 − zt−1)

}

+ Izt−1=0

{∫∞
(x−qt−1)+

f(y + qt−1 − x)πt−1(y)dy∫∞
0

F (y + qt−1)πt−1(y)dy

}
.

This equality is exactly (6), which completes the proof.

5.4. Proof of Lemma 2. By changing the order of integration, we obtain∫ ∞
0

|
(q)p(x)|dx ≤
∫ ∞

0

∫ ∞
(x−q)+

f(y + q − x)|p(y)|dydx

=

∫ ∞
0

∫ y+q

0

f(y + q − x)|p(y)|dxdy

=

∫ ∞
0

|p(y)|
∫ y+q

0

f(y + q − x)dxdy

≤
∫ ∞

0

|p(y)|F (y + q)dy.(61)

Using similar operations, we see that∫ ∞
0

x|
(q)p(x)|dx ≤
∫ ∞

0

∫ ∞
(x−q)+

xf(y + q − x)|p(y)|dydx

=

∫ ∞
0

∫ y+q

0

xf(y + q − x)|p(y)|dxdy

=

∫ ∞
0

|p(y)|
∫ y+q

0

(y + q − z)f(z)dzdy

≤
∫ ∞

0

(y + q)|p(y)|F (y + q)dy.(62)
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Using inequalities (61) and (62), we get

||
(q)p|| =

∫ ∞
0

|
(q)p(x)|dx +

∫ ∞
0

x|
(q)p(x)|dx

(61,62)

≤
∫ ∞

0

|p(y)|F (y + q)dy +

∫ ∞
0

|p(y)|(y + q)F (y + q)dy

≤ ||p|| + q

∫ ∞
0

|p(y)|dy.(63)

From (63) we can easily obtain ||
(q)||L ≤ 1 + q.

5.5. Proof of Lemma 3. Since c(y, q) ≥ 0, pn ∈ H+, and p ∈ H+, we have

lim
n→∞

∣∣∣∣
∫ ∞

0

c(y, qn)pn(y)dy −
∫ ∞

0

c(y, q)p(y)dy

∣∣∣∣

= lim
n→∞

∣∣∣∣
∫ ∞

0

c(y, qn)pn(y)dy −
∫ ∞

0

c(y, q)pn(y)dy

+

∫ ∞
0

c(y, q)pn(y)dy −
∫ ∞

0

c(y, q)p(y)dy

∣∣∣∣

≤ lim
n→∞

∣∣∣∣
∫ ∞

0

c(y, qn)pn(y)dy −
∫ ∞

0

c(y, q)pn(y)dy

∣∣∣∣

+ lim
n→∞

∣∣∣∣
∫ ∞

0

c(y, q)pn(y)dy −
∫ ∞

0

c(y, q)p(y)dy

∣∣∣∣

= lim
n→∞

∣∣∣∣
∫ ∞

0

[c(y, qn) − c(y, q)] pn(y)dy

∣∣∣∣ + lim
n→∞

∫ ∞
0

c(y, q) |pn(y) − p(y)| dy

≤ lim
n→∞

∫ ∞
0

|c(y, qn) − c(y, q)| pn(y)dy

+ lim
n→∞

∫ ∞
0

[c0 + c1q + hy] |pn(y) − p(y)| dy = 0,

where both limits approach zero, respectively, on account of continuity of c(y, q) in q
and (10).

5.6. Proof of Lemma 4. The function v0 is an upper bound for the discounted
cost of backordering. Indeed, let q̃0 = {0, 0, . . . } ∈ Γ and q̃ ∈ Γ be an arbitrary policy.
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Then,

J(ζ, π, q̃) ≤ J(ζ, π, q̃0) =

∞∑
t=1

αt−1E{Izt>0c(−zt, qt)} ≤
∞∑
t=1

αt−1E{Izt>0(c0 + szt)}

≤ (c0 + sζ) + α
(
c0 + s(ζ + E(D))

)
+ α2

(
c0 + s(ζ + 2E(D))

)

+ α3
(
c0 + s(ζ + 3E(D))

)
+ · · ·

= c0 + sζ + sE(D) + (c0 + sζ)(α + α2 + α3 + · · · )

+ sE(D)(2α + 3α2 + 4α3 + 5α4 + · · · )

=
αsE(D)

(1 − α)2
+

c0 + sζ

1 − α
= v0(ζ), ζ ∈ �+,

where we use the upper bound of the cost in (14) to obtain the second inequality.

For φ1 ≤ v0 and φ2 ≤ Y 0, since Y 0(0) = 0,

T (1)(φ1, φ2) = inf
q
T (1)
q (φ1, φ2) ≤ c(−ζ, 0) + α

∫ ∞
0

v0(η)f(η − ζ)dη + αY 0(0)

= c(−ζ, 0) + α

∫ ∞
0

v0(η)f(η − ζ)dη

= c0 + sζ + α

∫ ∞
0

[
αsE(D)

(1 − α)2
+

c0 + sη

1 − α

]
f(η − ζ)dη.

We know that
∫∞
0

ηf(η − ζ)dη ≤ E(D) + ζ, for ζ ∈ �+. Then,

T (1)(φ1, φ2) ≤ c0 + sζ +
α2sE(D)

(1 − α)2
+

αc0
1 − α

+ α(E(D) + ζ)
s

1 − α

=
α2sE(D)

(1 − α)2
+

c0 + sζ

1 − α
≤ v0(ζ).(64)

Thus, T (1)(φ1, φ2) ∈ L
+.
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For φ1 ≤ v0 and φ2 ≤ Y 0,

T (2)(φ1, φ2) = inf
q
T (2)
q (φ1, φ2) ≤ T

(2)
0 (φ1, φ2) ≤ T

(2)
0 (v0, Y 0)

=

∫ ∞
0

c(y, 0)p(y)dy + α

∫ ∞
0

p(y)

∫ ∞
0

v0(η)f(y + η)dηdy + αY 0(
(0)p)

≤
∫ ∞

0

(c0 + hy)p(y)dy

+ α

∫ ∞
0

p(y)

∫ ∞
0

[
αsE(D)

(1 − α)2
+

c0 + sη

1 − α

]
f(y + η)dηdy

+ α
a0

1 − α
||
(0)p||

≤
{
c0 +

αsE(D)

(1 − α)2
+

αc0 + sE(D)

1 − α

}∫ ∞
0

p(y)dy

+ h

∫ ∞
0

yp(y)dy + α
a0

1 − α
||p||

≤ a0||p|| + α
a0

1 − α
||p|| =

a0

1 − α
||p|| = Y 0(p).(65)

Obviously, T (2)(φ1, φ2) ∈ B+. Therefore, the operator T maps G into itself. For
φ1 ≤ v0 and φ2 ≤ Y 0, T (1)(φ1, φ2) ≤ v0(ζ), T (2)(φ1, φ2) ≤ Y 0(p).

5.7. Proof of Theorem 2. From Remark 3(a), part (b) of the theorem is a
consequence of part (a).

To prove part (a), observe that, since Y1 = v1 = 0, we have v1 ≤ v0 and Y1 ≤ Y 0.
Since {vn} and {Yn} are increasing sequences of continuous functions such that vn ≤
v0 and Yn ≤ Y 0 for all n ≥ 1, there are l.s.c. functions v ≤ v0 and Y ≤ Y 0 such that

vn ↗ v and Yn ↗ Y as n → ∞.

Hence, we have that, for each (ζ, p) ∈ �+×H+,

(66) Zn(ζ, p) ↗ Z(ζ, p)

and Z ∈ G. Now, using the fact that the operators T (1) and T (2) are monotone, we
have Zn = TZn−1 ≤ TZ. Thus, from (66),

(67) Z(ζ, p) ≤TZ(ζ, p), (ζ, p) ∈ �+×H+.

To obtain the reverse inequality, let q̄n = ḡZn(ζ, p) be such that Zn+1(ζ, p) =
TZn(ζ, p) = Tq̄nZn(ζ, p). Thus, observe that for any N ,

Zn+1(ζ, p) ≥ Tq̄nZN (ζ, p) ∀n ≥ N.

Then from (66),

(68) Z(ζ, p) ≥ Tq̄nZN (ζ, p).

In addition, we can extract a subsequence {q̄nk
} of {q̄n} such that q̄nk

→ q̄ ∈ Q∗(ζ, p)
as k → ∞. Then, by the continuity of the function q → TqZN (ζ, p), we have that
Tq̄nk

ZN (ζ, p) → Tq̄ZN (ζ, p) as k → ∞. Therefore, from (68), we have Z(ζ, p) ≥
Tq̄ZN (ζ, p). Letting N → ∞, we obtain Z(ζ, p) ≥ Tq̄Z̄(ζ, p) ≥ TZ(ζ, p), which, com-
bined with (67), yields Z(ζ, p) = TZ(ζ, p) for each (ζ, p) ∈ �+ ×H+.
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5.8. Proof of Theorem 3. (a) Because V1 = 0, we have V1 ≤ V. Then, by
applying induction arguments, we can prove that Vn(ζ, π) ≤ V (ζ, π) for all n and
(ζ, π) ∈ �+×Π. Therefore (see (37)), since Vn ↗ V as n → ∞,

(69) V (ζ, π) ≤ V (ζ, π) ∀(ζ, π) ∈ �+×Π.

To prove the reverse inequality, let q̂t = ĝ(zt, πt) be the map satisfying (see (38)
and (39))

(70)

V (zt, πt) = E [Izt>0c(−zt, q̂t) + Izt=0 〈c(It, q̂t), πt〉 |Zt] + αE
[
V (zt+1, πt+1) |Zt

]
.

Hence,

E
[
αt−1V (zt, πt)

]
− E

[
αtV (zt+1, πt+1)

]
= αt−1E [Izt>0c(−zt, q̂t) + Izt=0 〈c(It, q̂t), πt〉] .

Summing up for t = 1, 2, . . . ,M yields

V (ζ, π) =

M∑
t=1

αt−1E [Izt>0c(−zt, q̂t) + Izt=0 〈c(It, q̂t), πt〉] + αME
[
V (zM+1, πM+1)

]

≥
M∑
t=1

αt−1E [Izt>0c(−zt, q̂t) + Izt=0 〈c(It, q̂t), πt〉] .(71)

Letting M → ∞ and denoting ˆ̃q = {ĝ, ĝ, . . . } , from (16) and (17), we get

(72) V (ζ, π) ≥ J(ζ, π, ˆ̃q) ≥ V (ζ, π) ∀(ζ, π) ∈ �+ × Π,

which, from (69), proves part (a).

(b) Let φ̃ ∈ G̃ be an arbitrary function such that φ̃(ζ, π) = T̃ φ̃(ζ, π). That is,
φ̃ is of the form φ̃(ζ, π) = Iζ>0φ̃1(ζ) + Iζ=0φ̃2(π), and φ̃1 and φ̃2 satisfy the system

(22)–(23). Then, applying the arguments in the proof of part (a) with φ̃ instead of
V (see (72)), we conclude that φ̃ ≥ V. Since V = V , it follows that V ≤ φ̃. Hence,
V is minimal in G̃. In addition, the corresponding unnormalized value function Z is
minimal in G.

(c) Let q̃∗ = {g∗, g∗, . . . } ∈ Γ be the policy determined by the map g∗ : �+×Π →
Q. By denoting q∗t = g∗(zt, πt) (see (38) and (39)), we write

V (zt, πt) = E [Izt>0c(−zt, q
∗
t ) + Izt=0 〈c(It, q∗t ), πt〉 |Zt] + αE [V (zt+1, πt+1) |Zt] .

Then the first inequality in (72) implies

V (ζ, π) ≥ J(ζ, π, q̃∗) ∀(ζ, π) ∈ �+×Π.

Therefore, from (17), q̃∗ is optimal.
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5.9. Proof of Theorem 4. (a) Let q̃ ∈ Γ be an arbitrary policy and {q1, q2, . . . }
be the decisions corresponding to application of q̃. Then, from (46), we can proceed
as in (70) and (71) to obtain

(73)

V (ζ, π) =

M∑
t=1

αt−1E [Izt>0c(−zt, q̂t) + Izt=0 〈c(It, q̂t), πt〉] + αME [V (zM+1, πM+1)] .

Now, as V ∈ G̃, it follows that

(74) V (zM+1, πM+1) ≤ IzM+1>0v
0(zM+1) + IzM+1=0Y

0(πM+1).

On the other hand, observe that from (2) zt > 0 if and only if It < 0, for each
t ≥ 1. Then, if zM+1 > 0, we have zM+1 = −IM+1 ≤ DM − IM . Hence, if zt > 0 for
all t, iterating this inequality we have

−E [IM+1] ≤ (M − 1)E(D) − ζ,

where I1 = ζ. Therefore, from (30),

αNE
[
IzM+1>0v

0(zM+1)
]

= αME

[
IzM+1>0

[
αsE(D)

(1 − α)2
+

c0 + szM+1

1 − α

]]

≤ αME

[
αsE(D)

(1 − α)2
+

c0 + s(M − 1)E(D) − sζ

1 − α

]
→ 0 as M → ∞.(75)

On the other hand, from (31),

Y 0(πM+1) =
a0

1 − α
||πM+1|| =

a0

1 − α

(
1 +

∫ ∞
0

xπM+1(x)dx

)

=
a0

1 − α
(1 + E [IM+1|ZM ]) .

Then,

(76) E
[
Y 0(πM+1)

]
=

a0

1 − α
+

a0

1 − α
E [IM+1] .

If zM+1 = 0, we have, from (51),

IM+1 = IM + qM −DM ≤ IM + qM ≤ IM +
a0

c(1 − α)
||πM ||

= IM +
a0

c(1 − α)
+

a0

c(1 − α)
E [IM |ZM−1] .

Hence,

E [IM+1] ≤
(

1 +
a0

c(1 − α)

)
E [IM ] +

a0

c(1 − α)
.
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Therefore, if zt = 0 for all t, iteration of this inequality yields

E [IM+1] ≤
(

1 +
a0

c(1 − α)

)M

(E(I1) + 1) − 1.

Thus, from (76), as M → ∞,

(77) αME
[
IzM+1=0Y

0(πM+1)
]
≤ αM

[
a0

1 − α
(1 + E(I1))

(
1 +

a0

c(1 − α)

)M
]
→ 0.

Combining (74), (75), and (77), we have

αM [V (zM+1, πM+1)] → 0 as M → ∞.

Letting M → ∞ in (73), we get V (ζ, π) ≤ J(ζ, π, q̃), and, as q̃ ∈ Γ was arbitrary, we
have

(78) V (ζ, π) ≤ V (ζ, π).

This combined with (47) yields V (ζ, π) = V (ζ, π).
Finally, let φ̃ ∈ G̃ be an arbitrary function such that φ̃(ζ, π) = T̃ φ̃(ζ, π). Then,

by using φ̃ instead of V , we obtain V ≥ φ̃ (see (78)). Since V = V , V ≥ φ̃. Then, V
is maximal in G̃. Similarly, Z is maximal in G. Furthermore, in view of the results in
Theorem 3, we can conclude that the solutions of (24) and (28) are unique.

(b) According to part (a), we see that the value iteration functions Zn converge
decreasingly to the value function Z; that is,

(79) Zn ↘ Z as n → ∞.

On the other hand, since v1(ζ) = v0(ζ) and Y 1(p) = Y 0(p) are continuous functions,
we have from Lemma 7 that Zn is continuous on �+×H+ for all n ≥ 1. Therefore,
from (79), we can ensure that the value function Z is u.s.c. Hence, from the lower
semicontinuity of Z given in Theorems 2 and 3, we conclude that Z is continuous on
�+×H+. This result also yields the continuity of V on �+×Π. This completes the
proof.
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complete Information Inventory Model with Presence of Inventories or Backorders as
Only Observations, working paper, School of Management, University of Texas at Dal-
las, Richardson, TX, 2007.
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STABILITY OF SOLUTIONS FOR SOME CLASSES OF NONLINEAR
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Abstract. We consider two classes of semilinear wave equations with nonnegative damping
which may be of type “on–off” or integrally positive. In both cases we give a sufficient condition for
the asymptotic stability of the solutions. In the case of integrally positive damping we show that
such a condition is also necessary.
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1. Introduction. We are concerned with some classes of nonlinear abstract
damped wave equations, whose prototype is the usual wave equation in a bounded
domain Ω ⊂ R

N , N ≥ 1,

(W) utt = Δu− h(t)ut + f(u),

and its associated Cauchy problem,

(1.1)

⎧⎨
⎩

utt = Δu− h(t)ut + f(u) in (0,+∞) × Ω,
u(t, x) = 0 in (0,+∞) × ∂Ω,
u(0, x) = u0(x), ut(0, x) = u1(x) x ∈ Ω,

though we can handle equations in a more general Banach setting of the form

(E) u′′ + B(t)u′ + Au = f(u),

with B and A suitably given (see section 2 for the precise setting).
This problem has been already investigated by many authors in the case of or-

dinary differential equations or systems of ordinary differential equations (i.e., when
u depends only on t) when f is linear (for example, see [5], [8]) and also when f is
nonlinear (see [16], [18], [19]).

In the case of hyperbolic partial differential equations like (1.1), the problem has
been studied when f is linear (see [4], [12]), when f is nonlinear but with linear growth
(see [22]), and when f is nonlinear with superlinear growth (see [14] in the case of
constant damping; see [17] for more general cases).

Concerning the damping h, the following different assumptions are alternatively
made: on-off [7], increasing [1], bounded (in many senses) [4], [20], integrally positive
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[22], etc. In particular, on–off dampers are suitable for describing a wide variety of
communication network models (circuits which can be switched on or off), as well as
systems where a control depending on time is necessary.

Very interesting results in the special case of f ≡ 0 and damping of type on–off
can be found in [7], and also when the term a(t)ut in (1.1) is replaced by a(t)g(ut),
where g is a nonlinear function with linear growth (see also [13]). For the case f ≡ 0
we also mention a logarithmic decay estimate proved in [3] when the term a(t)ut

in (1.1) is replaced by (1 + t)θa(x)g(ut), with a bounded and strictly positive on a
subdomain of Ω and g possibly having superlinear growth at infinity.

In [22] Zhang shows that, if f has linear growth and h is integrally positive (see
Definition 3.1 below), then any solution u(u0, u1) of (2.1) converges to 0 in the norm
‖∇u‖L2 + ‖ut‖L2 if and only if

(1.2)

∫ ∞
0

e−H(t)

∫ t

0

eH(s) ds dt = +∞,

where H(t) =
∫ t

0
h(s)ds. Actually, the proof contains some gaps, in particular, in

proving that the L2-norm of u′ converges to 0 as t → ∞. However, we recover that
result in section 3.

In this paper we show that when h is integrally positive, condition (1.2) is sufficient
to prove global stability for problem (1.1), and also when f is superlinear and satisfies
a sign condition. More precisely, in Theorem 3.1 we prove that condition (1.2) is
sufficient under the assumption

uf(u) ≤ 0 for every u ∈ R,

which was already assumed, for example, in [17] and [20]. Note that such a condition
is trivially verified when f(u) = −|u|p−1u, p ≥ 1, which is our prototype, and which
was studied, for example, in [14], where a global existence result is proved for h =
constant. Under a natural nonsupercritical growth condition on f , we also show that
(1.2) is also a necessary condition for global stability to hold (see Theorem 3.2). We
remark that the requirement uf(u) ≤ 0 is a bit stronger than sf(s) < λ1s

2, s �= 0,
which is essentially assumed in [22], and also in [9] where the damping is concentrated
in a subset of ω and Neumann–type conditions are assumed on the boundary (as in
[2])—as usual, here λ1 denotes the first eigenvalue of −Δ on H1

0 (Ω).
For damping of type on–off, in [7] the following case is considered: Let (an, bn)n

be a sequence of open disjoint intervals of (0,∞) such that an → ∞ and suppose
there exists Mn ≥ mn > 0 such that

(1.3) mn ≤ h(t) ≤ Mn ∀ t ∈ (an, bn).

If f ≡ 0, then any solution u(u0, u1) of (2.1) converges to 0 in the norm ‖∇u‖L2 +
‖ut‖L2 if

(1.4)

∞∑
n=1

mn(bn − an) min

(
(bn − an)2,

1

1 + mnMn

)
= ∞.

In this result the fact that f ≡ 0 is essential in the proof of stability. In the nonlinear
case under consideration, with the assumption

sf(s) −
∫ s

0

f(σ) dσ ≤ 0 ∀ s ∈ R,
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we show that (1.4), which was essentially already introduced in [16] for systems of
ordinary differential equations, is again sufficient for the stability (see Theorem 4.2).
As for the case f ≡ 0 in [7], we still don’t know if (1.4) is also necessary for stability
to hold.

However, in the case of integrally positive damping, we give a complete charac-
terization of stability for signed nonsupercritical nonlinearities.

2. The abstract setting. We will use an abstract setting which is a bit less
general than the one in [7], but more natural for our purposes. Let us consider a
second order evolution problem of the form

(2.1)

{
u′′ + B(t)u′ + Au = f(u), t > 0,
u(0) = u0 ∈ V, u′(0) = u1 ∈ H.

Here H denotes a real Hilbert space with scalar product 〈·, ·〉H and norm ‖ · ‖H ,
A : D(A) ⊂ H → H is a linear self-adjoint coercive operator on H with dense
domain, and V = D(A1/2) with norm ‖v‖V = ‖A1/2v‖H is such that

(2.2)

V ↪→ H ≡ H ′ ↪→ V ′ with dense embeddings, and

∃λ1 > 0 : ‖v‖2
H ≤ 1

λ1
‖v‖2

V =
1

λ1
‖A1/2v‖2

H for any v ∈ V .

Concerning the time-dependent operator B, in section 3 we assume it is actually
a nonnegative function which can be 0 in a set of measure 0 (see Definition 3.1
below), while for the results of section 4 we let it be a more particular “positive”
nonlinear operator (see below for the precise assumptions), for which we assume that
B ∈ L∞(0,∞; Lip(H,H ′)).

Finally, on the nonlinearity f we assume alternatively

(2.3) sf(s) ≤ 0 ∀ s ∈ R,

which implies

F (s) :=

∫ s

0

f(σ) dσ ≤ 0 ∀ s ∈ R

or

(2.4) sf(s) − F (s) ≤ 0 ∀ s ∈ R.

Remark 2.1. In both cases, f(u) = −|u|p−1u, p ≥ 1, is the prototype function.
We also remark that the sign assumptions on f look quite reasonable and hard

to relax. Indeed, it is well known that solutions of utt + a(x, t)ut − Δu = |u|p−1u in
Ω, a(x, t) ≥ 0 and p > 1 might blow up in finite time (see, for example, [10] or [11]).

By solution of (2.1), we mean a function u such that for any T > 0 there holds
u ∈ L2(0, T ;V ) ∩H1(0, T ;H) ∩H2(0, T ;V ′) with 〈Bu′, u′〉H ∈ L2(0, T ) and

Au ∈ L2(0, T ;V ′), Bu′ ∈ L2(0, T ;V ′), f(u) ∈ L2(0, T ;H),

with u(0) = u0, u′(0) = u1, and such that

u′′ + Bu′ + Au = f(u) in L2(0, T ;V ′).
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Remark 2.2. In the case of problem (1.1) the condition f(u) ∈ L2(0, T ;H) is
automatically satisfied when H = L2(Ω), V = H1

0 (Ω), and f(u) = −|u|p−1u, p ≥ 1 if
N = 1, 2 or 1 ≤ p ≤ N/(N − 2) if N ≥ 3.

For any solution u of problem (2.1) we denote by Eu, or simply by E, if there is
no need to specify u, the energy associated to such a solution,

(2.5) E(t) =
1

2
‖u′(t)‖2

H +
1

2
‖u(t)‖2

V dx−F(u(t)),

where F(u) is the real-valued functional such that

F(0) = 0 and F ′(u)(φ) = 〈f(u), φ〉V ′,V .

Of course in the case of problem (1.1) we have H = L2(Ω), V = H1
0 (Ω), and

F(u) =

∫
Ω

F (u) dx.

The following result, proved in [7] when f ≡ 0, still holds true in the nonlinear
case thanks to the assumption f(u) ∈ L2(0, T ;H). The proof is an adaptation to the
one given therein and is thus omitted.

Lemma 2.1. For any solution u of (2.1) we have that
• u ∈ C([0, T ];V ) ∩ C1([0, T ];H);
• the associated energy Eu is locally absolutely continuous on [0,∞) and

(2.6) E′u(t) = −〈B(t)u′(t), u′(t)〉H a.e. in [0,∞).

In our setting we will also need the following obvious corollary.
Lemma 2.2. If in addition 〈B(t)w,w〉H ≥ 0 for a.e. t ≥ 0 and for every w ∈ H,

then for any solution u of (2.1) we have that Eu is nonincreasing.
Remark 2.3. In the case of problem (1.1) equality (2.6) reads

E′(t) = −
∫

Ω

h(t)u2
t dx,

which is nonpositive if h ≥ 0 a.e. in [0,∞).

3. The integrally positive case. Let us start with the following definitions.
Definition 3.1. A function h : [0,+∞) → [0,+∞) is said to be integrally

positive if for every a > 0 there exists δ > 0 such that∫ t+a

t

h(s) ds ≥ δ ∀ t > 0.

Remark 3.1. We underline the fact that according to this definition, the function
h may vanish somewhere, but not on any interval.

Definition 3.2. Solutions of (E) are said to be uniformly bounded in D(A) ×
D(A1/2) if for any B1 > 0 there exists B2 > 0 such that

if (u0, u1) ∈ D(A) ×D(A1/2), ‖Au0‖H + ‖A1/2u1‖H ≤ B1, and t0 ∈ [0,∞),

and if u(t, t0, u0, u1) denotes the solution of (E) such that u(t0) = u0 and u′(t0) = u1,
then ∀ t ≥ t0,

• f(u(t, t0, u0, u1)) ∈ H and
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• ‖Au(t, t0, u0, u1)‖H + ‖A1/2u′(t, t0, u0, u1)‖H + ‖f(u(t, t0, u0, u1))‖H ≤ B2.
Let us remark that such a definition is a natural modification of the one intro-

duced in [22], due to the presence of the requirement on ‖f(u)‖H . Moreover, we also
underline the fact that B2 is independent of the initial time t0.

For the following result we concentrate on (1.1), where A = −Δ, D(A) = H2(Ω)∩
H1

0 (Ω), D(A1/2) = H1
0 (Ω), and H = L2(Ω), and we recall that ‖Δu‖2 is a norm on

H2(Ω)∩H1
0 (Ω) which is equivalent to the usual one (for example, see [15]), where we

have set ‖ · ‖2 = ‖ · ‖L2(Ω).
Having in mind the prototype f(s) = −|s|p−1s, p ≥ 1, we also make the following

natural assumption:

(3.1)

If u solves (2.1), ∀T > 0 ∃ C = C(u, T ) > 0 and q = q(u, T ) > 0 such that

∣∣∣∣
∫

Ω

F (u(t)) dx

∣∣∣∣ ≤ C‖A1/2u(t)‖q2 ∀ t ≥ T.

Of course, in the model case f(s) = −|s|p−1s, p ≥ 1, and p ≤ N/(N − 2) if N ≥ 3
described in Remark 2.2, we have also p + 1 ≤ (2N − 2)/(N − 2) if N ≥ 3; thus the
Sobolev inequality can be applied, and we can always take q = p+1 and C depending
only on the measure of Ω and the Sobolev constant.

Now we can state our first fundamental result.
Theorem 3.1. Assume (1.2), (2.3), and (3.1). If h is integrally positive and

solutions of (W) are uniformly bounded in H2(Ω)∩H1
0 (Ω)×H1

0 (Ω), then every solution
u of (1.1) satisfies

(3.2) ‖A1/2u(t)‖2 + ‖u′(t)‖2 → 0 as t → +∞.

Proof. Take (u0, u1) ∈ D(A) ×D(A1/2) and denote by u the associated solution
of (1.1). By Remark 2.3 there exists E∞ ≥ 0 such that

(3.3)

lim
t→+∞

E(t)

= lim
t→+∞

(
1

2
‖u′(t)‖2

2 +
1

2
‖A1/2u(t)‖2

2 dx−
∫

Ω

F (u) dx

)
= E∞.

We want to show that E∞ = 0, so let us assume by contradiction that E∞ > 0.
By (2.3) F (s) =

∫ s

0
f(τ) dτ ≤ 0 for any s ∈ R, so that by (3.3) there exists

L ∈ [0, 2E∞] such that

(3.4) lim sup
t→+∞

‖u′(t)‖2
2 = L.

Assume by contradiction that L > 0. We must distinguish several cases.
Case 1. ‖u′(t)‖2

2 ≡ L ∀ t > 0. Then, by (2.6) and Remark 2.3 we get

0 < E∞ = E(0) +

∫ ∞
0

E′(τ) dτ = E(0) −
∫ ∞

0

h(τ)‖u′(τ)‖2
2dτ

= E(0) − L

∫ ∞
0

h(τ) dτ.
(3.5)

Since h is integrally positive, there exists δ > 0 such that

(3.6)

∫ n+1

n

h(τ) dτ ≥ δ ∀n ∈ N.
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Therefore, (3.5) and (3.6) imply

0 < E(0) − L

∞∑
n−1

δ = −∞,

and a contradiction arises.
Case 2. ‖u′(t)‖2

2 �= L. Set lim inft→+∞ ‖u′(t)‖2
2 = 
 ∈ [0, L], and assume first that


 < L. Then, since u ∈ C1([0, T ];H) by Lemma 2.1, there exist two sequences (sn)n
and (tn)n such that

1. 0 < sn < tn < sn+1 ∀n ∈ N;
2. sn → +∞ as n → ∞;
3. L+�

2 = ‖u′(sn)‖2
2 < ‖u′(tn)‖2

2 = 3L+�
4 ∀n ∈ N;

4. L+�
2 ≤ ‖u′(t)‖2

2 ≤ 3L+�
4 ∀ t ∈ (sn, tn).

Since solutions of (1.1) are uniformly bounded, there exists M > 0, depending on
‖Au0‖2 and ‖A1/2u1‖2, such that

d

dt
‖u′(t)‖2

2 = 2〈u′(t), u′′(t)〉

= −2〈u′(t), Au(t)〉 − 2h(t)‖u′(t)‖2
2 + 2〈u′(t), f(u)〉

≤ 2‖u′(t)‖2‖Au(t)‖2 + 2‖u′(t)‖2‖f(u)‖2 ≤ M.

Therefore

L− 


4
=

3L + 


4
− L + 


2
=

∫ tn

sn

d

dt
‖u′(t)‖2

2dt ≤ M(tn − sn),

so that

(3.7) tn − sn ≥ L− 


4M
∀n ∈ N.

In this way, by (2.6) and (3.7) we get

0 < E∞ = E(0) +

∫ ∞
0

E′(τ) dτ ≤ E(0) −
∫
∪n(sn,tn)

h(τ)‖u′(τ)‖2
2dτ

≤ E(0) − L + 


2

∫
∪n(sn,sn+L−�

4M )

h(τ) dτ.

(3.8)

Since h is integrally positive, there exists δ > 0 such that∫
(sn,sn+L−�

4M )

h(τ) dτ ≥ δ ∀n ∈ N,

so that (3.8) again gives 0 < −∞.
Case 3. u′(t) has limit. Now assume that there exists limt→+∞ ‖u′(t)‖2

2 = L.
Then there exists M > 0 such that

(3.9) ‖u′(t)‖2
2 ≥ L

2
∀ t ≥ M.
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In this way, by (2.6), Remark 2.3, and (3.9) we get

0 < E∞ = E(0) +

∫ ∞
0

E′(τ) dτ ≤ CM −
∫ ∞
M

h(τ)‖u′(τ)‖2
2dτ

≤ CM − L

2

∫ ∞
M

h(τ) dτ,

(3.10)

where CM is a constant depending on E(0) and M . Since h is integrally positive, as
in (3.6), there exists δ > 0 such that

∫ n+1

n

h(τ) dτ ≥ δ ∀n ∈ N,

so that (3.10) gives 0 < −∞, again a contradiction.
Thus we can conclude that L = 0, i.e.,

(3.11) lim
t→+∞

‖u′(t)‖2 = 0.

As a consequence, (3.3) implies

lim
t→∞

(
1

2
‖A1/2u(t)‖2

2 −
∫

Ω

F (u(t)) dx

)
= E∞ > 0.

Then there exists T > 0 such that for any t ≥ T , one has

1

2
‖A1/2u(t)‖2

2 −
∫

Ω

F (u(t)) dx ≥ E∞
2

.

By (3.1), there exists γ = γ(u) > 0 such that

(3.12) ‖A1/2u(t)‖2 ≥ γ ∀ t > T.

Now set

(3.13) v(t) = 〈u(t), u′(t)〉 =
1

2

d

dt
‖u(t)‖2

2,

so that

v′(t) = ‖u′(t)‖2 + 〈u(t),−h(t)u′(t) −Au + f(u)〉L2

= ‖u′(t)‖2 − h(t)v(t) − ‖A1/2u‖2
2 + 〈u, f(u)〉L2

≤ ‖u′(t)‖2 − h(t)v(t) − ‖A1/2u‖2
2

by (2.3). Finally, (3.11) and (3.12) imply that there exist T0 > T and δ > 0 such that

v′(t) ≤ −δ − h(t)v(t) ∀ t ≥ T0,

that is,

d

dt

(
v(t)eH(t)

)
≤ −δeH(t) ∀ t ≥ T0,
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where H(t) =
∫ t

0
h(τ) dτ. Integrating between T0 and t gives

v(t) ≤ v(T0)e
−H(t)+H(T0) − δe−H(t)

∫ t

T0

eH(τ) dτ.

Integrating again between T0 and t, by (3.13) we get

1

2
‖u(t)‖2

2 ≤ 1

2
‖u(T0)‖2

2

+ v(T0)e
H(T0)

∫ t

T0

e−H(s)ds− δ

∫ t

T0

e−H(s)

∫ s

T0

eH(τ) dτ ds.

Letting t → ∞, by (1.2) the right-hand side of the previous inequality goes to −∞,

and a contradiction arises. In fact, by (3.6) we get H(t) =
∫ t

0
h(τ) dτ > δ[t] ≥ δ(t−1),

where [t] denotes the integer part of t (i.e., the greatest integer not bigger than t),
and then ∫ t

T0

e−H(τ)dτ ≤
∫ t

T0

e−δ(τ−1)dτ ≤ e−δ(T0−1)

δ
.

Thus E∞ = 0, and since F (u) ≤ 0 for any u, (3.3) implies that ‖u′(t)‖2
2 +

‖A1/2u(t)‖2
2 → 0 as t → ∞ and (3.2) clearly follows.

Remark 3.1. 1. In proving the previous result, actually what is really needed is
that

if (u0, u1) ∈ D(A) ×H and ‖Au0‖H + ‖u1‖H ≤ B1,

then ∀ t ≥ t0 f(u(t, t0, u0, u1)) ∈ H and

‖Au(t, t0, u0, u1)‖H + ‖u′(t, t0, u0, u1)‖H + ‖f(u(t, t0, u0, u1))‖H ≤ B2.

However, we preferred to maintain the definition proposed in [22], since it is natural
to deal with solutions whose time derivative is still in H1

0 (Ω), as it happens when it
is possible to apply a regularity result.

2. Moreover, the proof above extends immediately to the abstract case, and
this is the reason why we maintained the abstract formulation, writing, for example,
‖A1/2u‖2 in place of ‖Du‖2.

Remark 3.2. In proving the analogue of Theorem 3.1 in [22] for a sublinear f ,
Zhang didn’t take into account the different possibilities about the limit L defined
in (3.4). However, adapting our proof to any function f with sublinear growth and
such that sf(s) < λ1s

2, s �= 0, like in [22], we can recover the stability result quoted
therein.

As in [22], we prove that condition (1.2) is also necessary for asymptotic stability
to hold, even without the assumption that h is integrally positive and without the
sign assumption on f , though we need f to be nonsupercritical, in the usual sense.
Moreover, we can even require a weaker a priori bound condition.

Definition 3.1. Solutions of (E) are said weakly uniformly bounded in D(A1/2)×
H if for any B1 > 0 there exists B2 > 0 such that

if (u0, u1) ∈ D(A1/2) ×H, ‖A1/2u0‖H + ‖u1‖H ≤ B1, and t0 ∈ [0,∞),
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then ∀ t ≥ t0,
• f(u(t, t0, u0, u1)) ∈ H and
• ‖A1/2u(t, t0, u0, u1)‖H+‖u′(t, t0, u0, u1)‖H+‖f(u(t, t0, u0, u1))‖H ≤ B2, where

u(t, t0, u0, u1) denotes the solution of (E) such that u(t0)=u0 and u′(t0)=u1.
Theorem 3.2. Suppose that (2.3) holds and that solutions of (W) are weakly

uniformly bounded in D(A1/2) × L2(Ω). In addition, assume that

(3.14) ∃ a, b ≥ 0, p ∈
{

[1,∞) if N = 1, 2,

[1, N
N−2 ] if N ≥ 3,

such that |f(s)| ≤ a + b|s|p ∀ s ∈ R.

If every solution of (1.1) satisfies (3.2), then (1.2) holds.
Proof. Since all solutions of (W) are weakly uniformly bounded in D(A1/2) ×

L2(Ω), for any D > 0 there exists M > 0 such that, for any u0, u1 ∈ D(A1/2)×L2(Ω)
with ‖A1/2u0‖2

2 + ‖u1‖2
2 ≤ D, for any t0 ≥ 0 there holds in particular

(3.15) ‖A1/2u(t, t0, u0, u1)‖2 ≤ M ∀ t > 0.

Moreover, by the Hölder and Sobolev inequalities, there exist S1, Sp+1 > 0 such that
for any u ∈ H1

0 (Ω) there holds

(3.16)

∫
Ω

|u| dx ≤ S1‖A1/2u‖2 and

∫
Ω

|u|p+1 dx ≤ Sp+1‖A1/2u‖p+1
2 .

In fact, note that if N ≥ 3, then p + 1 ≤ (2N − 2)/(N − 2) and Sobolev’s theorem
can be applied.

Assume by contradiction that∫ ∞
0

e−H(t)

∫ t

0

eH(s) ds dt < ∞.

Then, for any γ > 0 there exists t0 such that

(3.17)

∫ ∞
t0

e−H(t)

∫ t

t0

eH(s) ds dt <
D

8γ
.

Now take φ ∈ H1
0 (Ω) such that ‖A1/2φ‖2

2 = D/2, ‖φ‖2
2 = D/2, and consider

the solution u of (W) such that u(t0) = φ and ut(t0) = 0, so that (φ, 0) guarantees
‖A1/2u(t0)‖2

2 + ‖ut(t0)‖2
2 ≤ D. Finally, for t ≥ t0, set w(t) = 〈u(t), u′(t)〉L2 =

1
2 (‖u(t)‖2

2)
′. Differentiating, we get

w′(t) = ‖u′(t)‖2
2 + 〈u(t), u′′(t)〉L2

= ‖u′(t)‖2
2 + 〈u(t),−Au〉 − h(t)w(t) + 〈u(t), f(u)〉L2

= ‖u′(t)‖2
2 − ‖A1/2u(t)‖2

2 − h(t)w(t) + 〈u(t), f(u)〉L2

≥ −‖A1/2u(t)‖2
2 − h(t)w(t) −

∫
Ω

(a|u(t)| + b|u(t)|p+1) dt.

(3.18)

By (3.16) we get

(3.19) w′(t) ≥ −‖A1/2u(t)‖2
2 − h(t)w(t) − aS1‖A1/2u‖2 − bSp+1‖A1/2u‖p+1

2 .
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By the Young inequality we can find η > 0 such that (3.19) gives

w′(t) ≥ −η(1 + ‖A1/2u(t)‖p+1
2 ) − h(t)w(t) − bSp+1‖A1/2u‖p+1

2 ,

and by (3.15),

w′(t) ≥ −(η + ηMp+1 + bSp+1M
p+1) − h(t)w(t).

Setting γ = η + ηMp+1 + bSp+1M
p+1 > 0 (which is independent of t0), we have

w′(t) + h(t)w(t) ≥ −γ, i.e.,

(3.20)
(
eH(t)w(t)

)′ ≥ −γ.

Integrating (3.20) twice between t0 and t gives

1

2
‖u(t)‖2

2 ≥ 1

2
‖u(t0)‖2

2 − γ

∫ t

t0

e−H(s)

∫ s

t0

eH(τ) dτ ds.

Finally, by (3.17), we get

1

2
‖u(t)‖2

2 ≥ D

8
.

By Poincaré’s inequality we obtain

‖A1/2u(t)‖2
2 ≥ λ1D

4
,

so that (3.2) cannot hold.
Remark 3.3. 1. Of course a uniform bound implies a weak uniform bound by

Poincaré’s inequality. However, we preferred to present Theorem 3.2 under the more
general assumption of a weak uniform bound on the set of solutions.

2. Again, in the proof of Theorem 3.2 we maintained the abstract form A for −Δ,
since an analogous version for the abstract problem (2.1) can be provided at once,
where λ1 is now given by (2.2).

Summing up, in view of Theorems 3.2 and 3.1, and recalling that (3.14) implies
(3.1) when a = 0, we can conclude with the following result.

Theorem 3.3. Let Ω be a bounded domain of R
N , N ≥ 1. Assume (2.3), (3.1),

and (3.14); moreover, suppose that h is integrally positive and that solutions of (W)
are uniformly bounded in H2(Ω) ∩ H1

0 (Ω) × H1
0 (Ω). Then every solution of (1.1)

verifies

‖Du(t)‖2 + ‖u′(t)‖2 → 0 as t → +∞

if and only if (1.2) holds.

4. The on–off case. As in section 2, we set V = D(A1/2) ⊂ H, and by (2.2)
there exists λ1 > 0 such that

‖v‖2
H ≤ 1

λ1
‖v‖2

V =
1

λ1
‖A1/2v‖2

H for any v ∈ V .

We remark that in the standard case of problem (1.1) we have H = L2(Ω), V = H1
0 (Ω)

and λ1 is the first eigenvalue of −Δ on H1
0 (Ω), the inequality above being the usual

Poincaré’s inequality.
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The inequality expressed in (2.4) can be replaced in the abstract case by the
condition that

(4.1) 〈f(u), u〉V ′,V −F(u) ≤ 0 ∀u ∈ V,

though it would suffice to hold only for those u’s which solve (2.1). Of course this
condition, in effect, reduces to (2.4) in the model case of problem (1.1).

Theorem 4.1. Fix T > 0 and assume there exist M,m > 0 such that

(4.2) m‖v‖2
H ≤ 〈B(t)v, v〉H ∀ t ∈ [0, T ], ∀ v ∈ H,

(4.3) ‖B(t)v‖2
H ≤ M〈B(t)v, v〉H ∀ t ∈ [0, T ], ∀ v ∈ H.

Moreover, suppose that (2.2) and (4.1) hold. Then for every (u0, u1) ∈ V × H the
solution u of problem (2.1) satisfies

(4.4) Eu(T ) ≤ 1

1 +
T 3

30

1
4

λ1m
+ 3T 2

32m + MT 2

16λ1

Eu(0).

Proof. As in [6] and [7], for any t ∈ [0, T ] we set θ(t) = t2(T − t)2, so that
θ′(t) = 2t(T − t)(T − 2t) and

(4.5) |θ′(t)| ≤ 2Tθ1/2(t) ∀ t ∈ [0, T ],

(4.6) max
t∈[0,T ]

θ(t) =
T 4

16
,

and

(4.7)

∫ T

0

θ(t) dt =
T 5

30
.

Therefore (2.6) gives

(4.8) E(0) − E(T ) =

∫ T

0

〈Bu′, u′〉H dt ≥ 0.

Multiplying (2.1) by θu gives

∫ T

0

θ
{
〈u′′ + Bu′, u〉V ′,V + ‖A1/2u‖2

H − 〈f(u), u〉V ′,V

}
dt = 0.

Therefore, integrating by parts,∫ T

0

θ‖A1/2u‖2
H dt =

∫ T

0

{
〈(θu)′, u′〉H − θ〈Bu′, u〉H + θ〈f(u), u〉V ′,V

}
dt,

that is,∫ T

0

θ‖A1/2u‖2
H dt =

∫ T

0

{
θ‖u′‖2

H + θ′〈u, u′〉H − θ〈Bu′, u〉H + θ〈f(u), u〉V ′,V

}
dt.
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Thus for any ε, η > 0 we get∫ T

0

θ‖A1/2u‖2
H dt ≤

∫ T

0

{
εθ‖u‖2

H +
1

4ε
θ‖Bu′‖2

H

+ηθ′2‖u‖2
H +

1

4η
‖u′‖2

H + θ‖u′‖2
H + θ〈f(u), u〉V ′,V

}
dt.

By (4.5), (4.6), (4.3), and (2.2) we get

(4.9)∫ T

0

θ‖A1/2u‖2
H dt ≤

∫ T

0

{ ε

λ1
θ‖A1/2u‖2

H +
MT 4

64ε
〈Bu′, u′〉H

+
4ηT 2

λ1
θ‖A1/2u‖2

H +
1

4η
‖u′‖2

H +
T 4

16
‖u′‖2

H + θ〈f(u), u〉V ′,V

}
dt.

Let us choose ε and η so that

4ηT 2

λ1
=

ε

λ1
=

1

4
.

Then (4.9) reads∫ T

0

θ‖A1/2u‖2
H dt ≤

∫ T

0

{1

4
θ‖A1/2u‖2

H +
MT 4

16λ1
〈Bu′, u′〉H + θ〈f(u), u〉V ′,V

+
1

4
θ‖A1/2u‖2

H +
4T 2

λ1
‖u′‖2

H +
T 4

16
‖u′‖2

H

}
dt,

so that

1

2

∫ T

0

θ‖A1/2u‖2
H dt

≤
∫ T

0

{
CT ‖u′‖2

H +
MT 4

16λ1
〈Bu′, u′〉H + θ〈f(u), u〉V ′,V

}
dt,

where CT = 4T 2

λ1
+ T 4

16 . By (4.8) this means

1

2

∫ T

0

θ‖A1/2u‖2
H dt

≤
∫ T

0

{
CT ‖u′‖2

H + θ〈f(u), u〉V ′,V

}
dt +

MT 4

16λ1

(
E(0) − E(T )

)
.

(4.10)

By (2.5),

1

2

∫ T

0

θ‖A1/2u‖2
H dt =

∫ T

0

θE(t) dt− 1

2

∫ T

0

θ‖u′‖2
H dt +

∫ T

0

θF(u) dt,

and by Lemma 2.2,

1

2

∫ T

0

θ‖A1/2u‖2
H dt

≥ E(T )

∫ T

0

θ(t) dt− 1

2

∫ T

0

θ‖u′‖2
H dt +

∫ T

0

θF(u) dt.

(4.11)
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Therefore (4.7), (4.10), (4.6), and (4.11) give

T 5

30
E(T ) ≤

∫ T

0

θ[〈f(u), u〉V ′,V −F(u)]dt

+

(
CT +

T 4

32

)∫ T

0

‖u′‖2
H dt +

MT 4

16λ1

(
E(0) − E(T )

)
,

which implies, together with (4.1),

(
T 5

30
+

MT 4

16λ1

)
E(T ) ≤

(
CT +

T 4

32

)∫ T

0

‖u′‖2
H dt +

MT 4

16λ1
E(0).

By (4.2) we get

(
T 5

30
+

MT 4

16λ1

)
E(T ) ≤ 1

m

(
CT +

T 4

32

)∫ T

0

〈Bu′, u′〉H dt +
MT 4

16λ1
E(0).

By (2.6) this implies(
T 5

30
+

MT 4

16λ1

)
E(T ) ≤ 1

m

(
CT +

T 4

32

)(
E(0) − E(T )

)
+

MT 4

16λ1
E(0),

and so (
T 5

30
+

CT

m
+

T 4

32m
+

MT 4

16λ1

)
E(T ) ≤

(
CT

m
+

T 4

32m
+

MT 4

16λ1

)
E(0)

and (4.4) follows.
Remark 4.1. Theorem 4.1 can be generalized to any interval [a, b], obtaining

Eu(b) ≤ 1

1 +
T 3

30

1
4

λ1m
+ 3T 2

32m + MT 2

16λ1

Eu(a)

with T = b−a. Indeed, in [a, b] take θ(t) = (t−a)2(b−t)2; then θ′(t) = 2
√
θ(b−2t+a),

so that (4.5), (4.6), (4.7) are replaced by |θ′(t)| ≤ 2(b− a)θ1/2(t), max[a,b] θ = (b−a)4

16 ,
and ∫ b

a

θ(t) dt =

∫ T

0

x2(T − x)2 dx =
(b− a)5

30
,

respectively, which are the same formal estimates, since b−a = T . Analogously, (4.8)
is replaced by

E(a) − E(b) =

∫ b

a

〈Bu′, u′〉H dt ≥ 0.

Now multiply (2.1) by θu and integrate in [a, b]; performing the same estimates
as in the proof of Theorem 4.1, we get the desired result.

Theorem 4.1 is the essential tool for the following stability result, which can be
proved by extending the method of Smith (see [21]) as already done in [7].
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Theorem 4.2. Let (an, bn)n be a sequence of disjoint open intervals in (0,+∞)
with an → +∞ and assume that (1.3), (1.4), (2.2), and (4.1) hold. Then for every
(u0, u1) ∈ D(A1/2) × H the solution u of problem (2.1) is such that Eu(t) → 0 as
t → +∞.

Proof. The proof is now similar to the proof of [7, Theorem 3.2], since the main
tool in this proof is an inequality of the type of (4.4) proved in Theorem 4.1. We
sketch it for completeness.

Apply Theorem 4.1 in the form of Remark 4.1 in the interval (an, bn) instead of
the interval (0, T ), obtaining

(4.12) Eu(bn) ≤ 1

1 +
T 3
n

30

1
4

λ1mn
+

3T 2
n

32mn
+ MnTn2

16λ1

Eu(an),

where we have set Tn = bn − an.
Defining

kn :=
mnT

3
n

128 + 3λ1T 2
n + 2mnMnT 2

n

and c =
16λ1

15
,

(4.12) can be rewritten as

Eu(bn) ≤ 1

1 + ckn
Eu(an).

Since E is nonincreasing, by iteration we get that for any n ∈ N,

E(an+1) ≤ E(bn) ≤ 1

1 + ckn
Eu(an) ≤ E(a0)

n∏
j=0

1

1 + ckj
≤ E(0)

n∏
j=0

1

1 + ckj
.

Since E is nonincreasing, Theorem 4.2 will be proved if we show that E(an+1) → 0
as n → ∞; therefore, let us show that

∞∏
j=0

1

1 + ckj
= 0, or equivalently,

∞∑
j=0

log
1

1 + ckj
= −∞.

This condition obviously holds if kj �→ 0 as j → ∞, while if kj → 0, it means that

∞∑
j=1

kj = +∞.

This last condition is equivalent to (1.4); indeed, if T 2
j (3λ1 + 2mjMj) := T 2

j cj ≥
128, then kj ≥ 1

2cj
, while if T 2

j cj ≤ 128, then kj ≥
T 2
j

2×128 , concluding that

kj ≥
1

2
mj(bj − aj) min

(
(bj − aj)

2

128
,

1

λ1 + 2mjMj

)
.

On the other hand,

kj ≤ mj(bj − aj) min

(
(bj − aj)

2

128
,

1

λ1 + 2mjMj

)
,

and the claim follows.
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5. Some concrete applications.

5.1. The integrally positive case. Consider again problem (1.1), where Ω is
a bounded domain of R

N , N ≥ 1. First, let us briefly show that the set of solutions
of (W) is weakly uniformly bounded in H1

0 (Ω) × L2(Ω) under the subcritical growth
assumption on f of Theorem 3.2, even without any sign condition on f . Indeed, by
Lemma 2.2, if u solves (E) with u(t0) = u0 and u′(t0) = u1 for some t0 ≥ 0, we get
for t ≥ t0,

E(t) ≤ E(t0) =
1

2
‖u1‖2

2 +
1

2
‖u0‖2

H1
0 (Ω) dx−

∫
Ω

F (u0) dx.

But ∫
Ω

|F (u0)| dx ≤ a

∫
Ω

|u0| dx +
b

p + 1

∫
Ω

|u0|p+1 dx,

and by (3.16) there exists S > 0,∫
Ω

|F (u0)| dx ≤ S
(
‖u0‖H1

0 (Ω) + ‖u0‖p+1
H1

0 (Ω)

)
.

Therefore, if ‖u0‖H1
0 (Ω) + ‖u1‖2 ≤ B1, then

E(t0) ≤
B2

1

2
+ S(B1 + Bp

1) := B2.

Hence for every t ≥ t0,

‖u(t, t0, u0, u1)‖2
H1

0 (Ω) + ‖u′(t, t0, u0, u1)‖2
2

= 2E(t) + 2

∫
Ω

F (u) dx ≤ 2E(t0) = 2B2;

that is, Definition 3.1 is verified, as claimed, whatever t0 is.
Finally, we recall that the request that the set of solutions of (1.1) is uniformly

bounded in H2(Ω)∩H1
0 (Ω)×H1

0 (Ω) is not so strange. Several examples are considered
in [22], and we refer to those cases therein for a sublinear f , simple recalling the
following.

Example 5.1 (see [22, Example 3.1]). Assume that f(s) = αs for some constant
α < λ1, where λ1 is the first eigenvalue of −Δ on H1

0 (Ω). Then the set of solutions
of (1.1) is uniformly bounded in H2(Ω) ∩H1

0 (Ω) ×H1
0 (Ω).

Finally, we show that the set of solutions of (1.1) is uniformly bounded in H2(Ω)∩
H1

0 (Ω) ×H1
0 (Ω) also in more general cases. This result appears in [22] for f having

linear growth, under the additional assumptions that h is bounded above and below
by strictly positive constants (though there is a mistake in the final step on page 198).
We take the latter assumption, but we let f have superlinear growth. However, let
us note that the growth condition we give on f immediately implies condition (3.1),
which is therefore useless from now on.

Lemma 5.1. Suppose that N = 1, and that f is an absolutely continuous function
satisfying (2.3) such that

∃ b1 > 0, p ∈ [1,∞) : |f ′(s)| ≤ b1|s|p−1 ∀ s ∈ R.
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Assume that there exist two positive constants α < β such that α ≤ h(t) ≤ β for
any t ≥ 0. Finally, assume that ∀P > 0 there exists Q > 0 such that ‖Du‖2 ≤ P
implies ‖Df(u)‖2 ≤ Q‖Du‖2. Then the set of solutions of (W) is uniformly bounded
in H2(Ω) ∩H1

0 (Ω) ×H1
0 (Ω).

Proof. First, let us note that the condition on f ′ implies that |f(s)| ≤ b2|s|p
for any s. Now take B1 > 0 and (u0, u1) ∈ H2(Ω) ∩ H1

0 (Ω) × H1
0 (Ω) such that

‖Δu0‖2 + ‖Du1‖2 ≤ B1; take t0 ≥ 0, and observe that the growth condition on f and
the Sobolev inequality immediately ensure that f(u) ∈ L2(Ω) for any t ≥ t0.

By Lemma 2.2 and Remark 2.3 we get, setting u(t) = u(t, t0, u0, u1),

‖u′(t)‖2
2 + ‖Du(t)‖2

2 ≤ 2E(t0) + 2

∫
Ω

F (u(t)) dx

≤ 2E(t0) = ‖u1‖2
2 + ‖Du0‖2

2 − 2

∫
Ω

F (u0) dx.

By the Poincaré and Sobolev inequalities and the growth condition on f , we get

‖u1‖2
2 + ‖Du0‖2

2 − 2

∫
Ω

F (u0) dx ≤ C
(
‖Du1‖2

2 + ‖Δu0‖2
2 + ‖u‖1 + ‖u‖p+1

p+1

)
.

Applying again the Poincaré and Sobolev inequalities, since ‖Δu0‖2 + ‖Du1‖2 ≤ B1,
we get the existence of a constant B > 0 such that

(5.1) ‖u′(t)‖2
2 + ‖Du(t)‖2

2 ≤ B ∀ t ≥ t0.

Now set

V (t) =

∫
Ω

u(t)u′(t) dx.

Proceeding as in [22], we can find

V ′(t) =

∫
Ω

(
u′(t)2 + u′′(t)u(t)

)
dx,

and using the equation in (1.1),

V ′(t) =

∫
Ω

u′(t)2 dx−
∫

Ω

|Du(t)|2 dx− h(t)

∫
Ω

u′(t)u(t) dx +

∫
Ω

f(u(t))u(t) dx.

By (2.3) and the Hölder, Young, and Poincaré inequalities,

V ′(t) ≤
(

1 +
β2

2ε

)∫
Ω

u′(t)2 dx +

(
ε

2λ1
− 1

)∫
Ω

|Du(t)|2 dx

for any ε > 0. Therefore

V (t) ≤ V (t0) +

(
1 +

β2

2ε

)∫ t

t0

‖u′(τ)‖2
2 dτ +

(
ε

2λ1
− 1

)∫ t

t0

‖Du(τ)‖2
2 dτ.

Choosing ε < 2λ1 we get the existence of a positive constant C such that∫ t

t0

‖Du(τ)‖2
2 dτ ≤ C

(
V (t0) +

∫ t

t0

‖u′(τ)‖2
2 dτ

)
− V (t) ∀ t ≥ t0.
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But

|V (t)| ≤ ‖u′(t)‖2‖u(t)‖2 ≤ 1√
λ1

‖u′(t)‖2‖Du(t)‖2 ≤ B√
λ1

∀ t ≥ t0

by (5.1), so that

(5.2)

∫ t

t0

‖Du(τ)‖2
2 dτ ≤ C1

(
1 +

∫ t

t0

‖u′(τ)‖2
2 dτ

)
∀ t ≥ t0

for some positive constant C1.
Using again Lemma 2.2 and Remark 2.3, we have

E(t) = E(t0) −
∫ t

t0

h(τ)‖u′(τ)‖2
2 dτ,

so that ∫ t

t0

‖u′(τ)‖2
2 dτ ≤ E(t0)

α
≤ C2 ∀ t ≥ t0

for some positive constant C2. In this way (5.2) implies the existence of C3 > 0 such
that

(5.3)

∫ t

t0

‖Du(τ)‖2
2 dτ ≤ C3 ∀ t ≥ t0.

Finally, introduce

W (t) =
1

2

∫
Ω

|Du′(t)|2 dx +
1

2

∫
Ω

|Δu(t)|2 dx.

As in [22], we find

W (t) = W (t0) −
∫ t

t0

h(τ)‖Du′(τ)‖2
2 dτ +

∫ t

t0

∫
Ω

Du′(τ) ·Df(u(τ)) dx dτ,

so that by Cauchy’s inequality,

W (t) ≤ W (t0) −
∫ t

t0

h(τ)‖Du′(τ)‖2
2 dτ +

∫ t

t0

‖Du′(τ)‖2‖Df(u(τ))‖2 dτ.

By Young’s inequality, for any ε > 0,

W (t) ≤ W (t0) −
∫ t

t0

h(τ)‖Du′(τ)‖2
2 dτ

+ ε

∫ t

t0

‖Du′(τ)‖2
2 dτ +

1

2ε

∫ t

t0

‖Df(u(τ))‖2 dτ.

By assumption on h, we finally get

W (t) ≤ W (t0) + (ε− α)

∫ t

t0

h(τ)‖Du′(τ)‖2
2 dτ +

1

2ε

∫ t

t0

‖Df(u(τ))‖2 dτ.
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Choosing ε < α and recalling that ‖Δu0‖2 + ‖Du1‖2 ≤ B1, we get

(5.4) W (t) ≤ C + C

∫ t

t0

‖Df(u(τ))‖2 dτ ∀ t ≥ t0

for some positive constant C.
By assumption, taking P :=

√
B in (5.1), from (5.4) we get

(5.5) W (t) ≤ C + CQ

∫ t

t0

‖Du(τ)‖p2 dτ ∀ t ≥ t0.

By (5.3) we find D > 0 such that W (t) ≤ D for any t; i.e., the set of solutions is
uniformly bounded in H2(Ω) ∩H1

0 (Ω) ×H1
0 (Ω), as claimed.

As a final application, Lemma 5.1 gives the following.
Proposition 5.1. Suppose that N = 1, and that f is an absolutely continuous

function satisfying (2.3) such that

∃ b1 > 0, p ∈ [1,∞) : |f ′(s)| ≤ b1|s|p−1 ∀ s ∈ R.

Finally, assume that there exist two positive constants α < β such that α ≤ h(t) ≤ β
for any t ≥ 0. Then the set of solutions of (W) is uniformly bounded in H2(Ω) ∩
H1

0 (Ω) ×H1
0 (Ω).

Proof. The only thing to prove is that for any P > 0 there exists Q > 0 such
that‖Du‖2 ≤ P implies ‖Df(u)‖2 ≤ Q. But this is just an application of Sobolev’s
and Poincaré’s inequalities. Indeed, if ‖Du‖2 ≤ P , then

‖Df(u)‖2 = ‖f ′(u)Du‖2 ≤ b1‖|u|p−1Du‖2

≤ C‖Du‖p2 ≤ CP p−1‖Du‖2 = Q‖Du‖2,

as soon as Q = CP p−1. Now apply Lemma 5.1.
Summing up, Theorems 3.1 and 3.2 and Proposition 5.1 imply the following final

result.
Proposition 5.2. Assume N = 1 and suppose that f is an absolutely continuous

function satisfying (2.3) and such that

∃ b1 > 0, p ∈ [1,∞) : |f ′(s)| ≤ b1|s|p−1 ∀ s ∈ R.

Moreover, assume that there exist two positive constants α < β such that α ≤ h(t) ≤ β
for any t ≥ 0. Then every solution of (1.1) satisfies

‖u‖H1
0 (Ω) + ‖u′‖L2(Ω) → 0 as t → +∞

if and only if (1.2) holds.
We end up with the following.
Remark 5.1. If h(t) ≥ α > 0 ∀ t ≥ 0, as in the previous cases, it is easily seen that

h is integrally positive, and if h(t) ≡ α > 0, then also (1.2) holds. A more interesting
example is given by the periodic function h(t) = | sin t|, which also satisfies (1.2);
indeed, denoting again the integer part of a real number x by [x], we have

2
t

π
− 2 ≤ 2

[
t

π

]
≤ H(t) =

∫ [ t
π ]π

0

| sin s| ds +

∫ t

[ t
π ]π

| sin s| ds ≤ 2

[
t

π

]
+ 2 ≤ 2

t

π
+ 2,
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so that
∫ t

0
eH(s)ds ≥ π

2 (e2t/π−2 − e−2) and∫ τ

0

e−H(t)

∫ t

0

eH(s)ds dt ≥ π

2

∫ τ

0

(e−4 − e−2t/π−4) dt → ∞

as τ → ∞, so that (1.2) holds.

5.2. The on–off case. A particular case of the abstract problem considered in
section 4 is the following nonlinear wave system in a bounded domain Ω of R

N , N ≥ 1:

(W̃)

⎧⎨
⎩

utt = Δu− h(t)g(ut) + f(u) in (0,+∞) × Ω,
u(t, x) = 0 in (0,+∞) × ∂Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,

where the following assumptions are made:

(A)

⎧⎨
⎩

g : R −→ R is a C1 function with g(0) = 0,
∃B ≥ A > 0 such that 0 < A ≤ g′(v) ≤ B ∀ v ∈ R,
f satisfies (2.4),

while u0 ∈ H1
0 (Ω) and u1 ∈ L2(Ω).

In this case Theorem 4.1 can be easily generalized as follows.
Theorem 5.1. Fix T > 0 and assume there exist M,m > 0 such that

(5.6) 0 < m ≤ h(t) ≤ M ∀ t ∈ [0, T ].

Suppose (A) holds. Then for every (u0, u1) ∈ H1
0 (Ω)×L2(Ω) the solution u of problem

(W̃) satisfies

E(T ) ≤ 1

1 + T 3

30
1

4
λ1

+ 3T2

32m+MT2

16λ1

E(0).

In the same way as Theorem 4.2 is implied by Theorem 4.1, Theorem 5.1 imme-
diately gives the following fundamental application.

Theorem 5.2. Let (an, bn)n be a sequence of disjoint open intervals in (0,+∞)
with an → +∞ and assume that (1.3), (1.4), and (A) hold. Then for every (u0, u1) ∈
H1

0 (Ω) × L2(Ω) the solution u of problem (W̃) is such that Eu(t) → 0 as t → +∞.
Of course the abstract setting we gave in section 2 lets us deal with higher order

problems. Indeed, consider the problem

(H)

⎧⎨
⎩

utt = Δ2mu− h(t)g(ut) + f(u) in (0,+∞) × Ω,
Cu(t, x) = 0 ∈ R

2m in (0,+∞) × ∂Ω,
u(0, x) = u0(x) ∈ D(Δm), ut(0, x) = u1(x), x ∈ Ω,

where m ∈ N, g is as before, and C is a boundary operator. For example, if m = 1
and Cu = (u, ∂u/∂ν), ν being the unit outward normal to ∂Ω, we have D(Δm) =
H2

0 (Ω), while, in the case Cu = (u,Δu) we have D(Δm) = H1
0 (Ω) ∩ H2(Ω). Other

generalizations are easy to do. For this case we have the following.
Theorem 5.3. Let (an, bn)n be a sequence of disjoint open intervals in (0,+∞)

with an → +∞ and assume that (1.3), (1.4), and (2.4) hold. Then for every (u0, u1) ∈
D(Δm) × L2(Ω) the solution u of problem (H) is such that Eu(t) → 0 as t → +∞.
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for convex stochastic control problems with the new ordering constraint, and we derive an equivalent
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1. Introduction. In our earlier publications [5, 6], we have introduced and an-
alyzed the following optimization model with stochastic dominance constraints:

max E
[
H(z)

]
(1.1)

s.t. G(z) �
(2)

Y,(1.2)

z ∈ Z0.(1.3)

In this problem Z0 is a convex closed subset of a Banach space Z , and G and
H are continuous operators from Z to the space of integrable random variables
L1(Ω,F , P ). The random variable Y plays the role of a benchmark outcome. For
example, one may set Y = G(z̄), where z̄ ∈ Z0 is some reasonable value of the decision
vector, which is currently employed in the system.

The relation �
(2)

used in (1.2) is the stochastic dominance relation of the second
order. It is defined as follows: A random variable X dominates another random
variable Y in the second order if

(1.4) E[u(X)] ≥ E[u(Y )]

for every concave nondecreasing function u(·), for which these expected values are
finite. The relation �

(2)
is also called an increasing concave order (see [24, 33] and
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the references therein). This relation is used in economics for comparing random
outcomes.

Model (1.1)–(1.3) is a convenient way to express risk-aversion in a stochastic
optimization problem. It has recently been applied to electricity market models in [2]
and to financial optimization in [7]. Also, the idea of a stochastic ordering constraint
has been recently borrowed by [10].

Our objective in this paper is to extend our model (1.1)–(1.3) to a dynamic setting,
with G(z) representing a random sequence, rather than a scalar random variable. We
are interested in modeling risk aversion in a stochastic control problem for a discrete-
time linear dynamic system governed by the equations

st+1 = Atst + Btvt + et, t = 1, . . . , T.

Here st denotes the state vector at time t and vt denotes the control vector. The
vectors et and the matrices At and Bt are random. The initial state s1 is given.

Assume that on the probability space (Ω,F , P ) we have a filtration F1 ⊂ F2 ⊂
· · · ⊂ FT+1, with F1 = {∅, Ω} and FT+1 = F . The σ-field Ft is generated by
the information available at time t, when control vt is chosen. We assume that et ∈
L ns

p (Ω,Ft+1, P ), vt ∈ L nv
p F (Ω,Ft, P ), st ∈ L ns

p (Ω,Ft, P ), with some p ∈ [1,∞).
The matrices At and Bt are elements of spaces of matrices of appropriate dimensions,
which are measurable with respect to Ft and essentially bounded. The standard
symbol L m

p (Ω,F , P ) denotes the space of all F -integrable mappings X : Ω → R
m,

for which E‖X‖p < ∞. If the values are taken in R, then the superscript m is omitted.

Specific conditions impose additional constraints on our actions: vt ∈ Vt, P -a.s,
where each Vt is a convex closed set in R

nv .

Assume that the random outcomes Xt, representing the performance measures of
the system at t = 1, . . . , T + 1, are scalar and given by

(1.5)
Xt(ω) = gt(st(ω), vt(ω)), for t = 1, . . . , T,

XT+1(ω) = gT+1(sT+1(ω)), ω ∈ Ω.

The functions gt : R
ns × R

nv → R are concave and satisfy the growth condition

|gt(s, v)| ≤ C1 + C2

(
‖s‖p + ‖v‖p

)
,

with some constants C1 and C2. If p = 1, then this condition (for concave functions)
amounts to global Lipschitz continuity.

We adopt the convention that larger values of Xt are preferred; for example, Xt

may represent profits at time t.

Relations (1.5) define mappings Gt : L ns
p (Ω,Ft, P ) × L nv

p (Ω,Ft, P ) → L1(Ω,
Ft, P ), t = 1, . . . , T , and GT+1 : L ns

p (Ω,FT+1, P ) → L1(Ω,FT+1, P ), in the fol-
lowing way:

[Gt(st, vt)](ω) = gt(st(ω), vt(ω)), t = 1, . . . , T,

[GT+1(sT+1)](ω) = gT+1(sT+1(ω)), ω ∈ Ω.

We write G(s, v) =
(
G1(s1, v1), . . . , GT (sT , vT ), GT+1(sT+1)

)
. Here s = (s1, . . . ,

sT+1) and v = (v1, . . . , vT ) represent the variables of our problem.
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In the simplest formulation of the problem the objective functional is just the
expected value; the problem reads

max
T∑

t=1

EGt(st, vt) + EGT+1(sT+1)(1.6)

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,

vt ∈ Vt a.s., t = 1, . . . , T.

Owing to the growth condition on gt(·, ·), the objective functional is finite and con-
tinuous everywhere.

Our goal is to model risk aversion in this problem by using stochastic orders. To
this end we compare the multivariate distribution of the rewards (X1, X2, . . . , XT+1)
with the distribution of some benchmark outcomes (Y1, Y2, . . . , YT+1). We shall add
to the problem formulation an appropriate stochastic ordering constraint

(1.7) (X1, X2, . . . , XT+1) � (Y1, Y2, . . . , YT+1).

In section 2 we specify the multivariate stochastic ordering constraint (1.7) as a
discounted stochastic dominance and construct a generator of this order. In section 3
we introduce and analyze a control problem with the discounted stochastic dominance
constraint and develop necessary and sufficient conditions of optimality by deriving
an equivalent formulation featuring implied utility functions. These results refine
and generalize to the dynamic case the optimality conditions obtained in [5, 6, 8].
In section 4, we derive the existence of random discount factors in the necessary
conditions of optimality. Finally, in section 5 we prove a version of the maximum
principle for our model.

Let us introduce some notation used throughout this paper. The space of con-
tinuous functions on a compact set D ⊂ R

n is denoted C (D). The space of regular
countably additive measures on a compact set D ⊂ R

n having finite variation is
denoted M (D); its subset of nonnegative measures is denoted by M+(D). For a
Banach space Z we denote its topological dual by Z ∗. We denote the space of
the random outcomes by X = L1(Ω,F1, P ) × · · · × L1(Ω,FT+1, P ). Its dual is
X ∗ = L∞(Ω,F1, P ) × · · · × L∞(Ω,FT+1, P ).

2. Stochastic dominance for random reward sequences. The notion of
stochastic ordering for scalar random variables (or stochastic dominance of first order)
has been introduced in statistics in [20, 17] and further applied and developed in
economics [26, 11, 12]. It is defined as follows. For a random variable X we consider
its distribution function, F (X; η) = P [X ≤ η], η ∈ R. We say that a random variable
X dominates in the first order a random variable Y if

(2.1) F (X; η) ≤ F (Y ; η) for all η ∈ R.

We denote this relation by X �
(1)

Y . We refer the reader to [21, 24, 33, 35] for a
detailed treatment of stochastic ordering.

Consider a scalar random variable X ∈ L1(Ω,F , P ) and define the function

(2.2) F2(X; η) =

∫ η

−∞
F (X;α) dα for η ∈ R.
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As an integral of a nondecreasing function, it is a convex function of η.
Definition 2.1. A random variable X ∈ L1(Ω,F , P ) dominates in the second

order another random variable Y ∈ L1(Ω,F , P ) if

(2.3) F2(X; η) ≤ F2(Y ; η) for all η ∈ R.

We denote relation (2.3) by X �
(2)

Y . In a similar way, we can define higher
order dominance relations (see [24]).

The stochastic dominance relation �
(2)

introduces a preorder among integrable
random variables (see, e.g., [21] and the references therein). Partial orders appear
in abstract optimization problems when the values of the objective operator are el-
ements of a topological vector space (see, e.g., [19]). It is usually assumed that the
partial order is generated by a convex cone. The stochastic dominance relations in
L1(Ω,F , P ) are not generated by cones in this space therefore we cannot follow the
theory in the spirit of [19].

Changing the order of integration in (2.2), we get (see, e.g., [25])

(2.4) F2(X; η) = E[(η −X)+].

Therefore, an equivalent representation of the second order stochastic dominance re-
lation is

(2.5) E[(η −X)+] ≤ E[(η − Y )+] for all η ∈ R.

Let us consider the set U of concave nondecreasing functions u : R → R satisfying
the following conditions:

(2.6)

lim
t→−∞

u(t)/t < ∞,

lim
t→∞

u(t) = 0.

With every u ∈ U we can associate a measure ν on R as follows: ν([τ,∞)) = u′−(τ),
where u′− is the left derivative of u. We can represent u(t) as follows:

(2.7)

u(t) = −
∫ ∞
t

u′−(τ) dτ = −
∫ ∞
t

ν([τ,∞)) dτ

= −
∫ ∞
t

∫ ∞
τ

ν(dη) dτ = −
∫ ∞
t

∫ η

t

dτ ν(dη)

= −
∫ ∞
t

(η − t) ν(dη) = −
∫ ∞
−∞

max(0, η − t) ν(dη).

By (2.6), for every random variable X ∈ L1(Ω,F , P ) and for every u ∈ U the
quantity

E[u(X)] =

∫
u(X(ω)) P (dω)

is well defined and finite. The following fact is well known in the theory of stochastic
dominance.
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Proposition 2.2. For each X,Y ∈ L1(Ω,F , P ) the relation X �
(2)

Y is
equivalent to

(2.8) E[u(X)] ≥ E[u(Y )] for all u ∈ U .

Consider random vectors (X1, . . . , XT+1) and (Y1, . . . , YT+1) in L T+1
1 (Ω,F , P ).

The simplest way to define a stochastic ordering relation X �sep
(2)

Y between these

vectors, is to require the stochastic dominance relation for each coordinate

(2.9) Xt �(2)
Yt, t = 1, . . . , T + 1.

The analysis in our earlier paper [6] includes this case. This approach, however,
ignores the temporal structure and the dependency between the coordinates of the
vector (X1, . . . , XT+1).

Therefore, we are taking a different approach, by considering discounted sums of
the rewards,

∑T+1
t=1 	tXt, and the corresponding discounted sums of the benchmark∑T+1

t=1 	tYt. The sequence of discount factors {	t} is assumed to belong to a compact
set D, where

D ⊆
{
	 ∈ R

T+1 : 1 ≥ 	1 ≥ 	2 ≥ · · · ≥ 	T+1 ≥ 0
}
.

Definition 2.3. A random sequence (X1, . . . , XT+1) ∈ X dominates a random
sequence (Y1, . . . , YT+1) ∈ X in the discounted second order, if for all 	 ∈ D the
relation

(2.10)

T+1∑
t=1

	tXt �(2)

T+1∑
t=1

	tYt

is satisfied.
We denote this relation by X �D

(2)
Y .

The example below shows that the discounted order �D
(2)

neither implies nor is

implied by the coordinate order (2.9).
Example 1. Consider the special case with finite set D, consisting of T+1 elements

	k, k = 1, . . . , T + 1, with

(2.11) 	kt =

{
1 if t ≤ k,

0 if t > k.

Then the relation X �D
(2)

Y is equivalent to the following system of dominance rela-
tions:

(2.12)
k∑

t=1

Xt �(2)

k∑
t=1

Yt, k = 1, . . . , T + 1.

Consider now three random sequences: X, Y , and Z, and let ε > 0. The sequence
Y has i.i.d. components Yt, t = 1, . . . , T with expected value μ and variance σ2, the
sequence X has components Xt = Y1 + ε, t = 1, . . . , t, where ε > 0, and the sequence
Z has components Z1 = Y1 + ε, Z2 = Y2 − ε, Zt = Yt, t = 3, . . . , T .

It is obvious that Xt �(2)
Yt, t = 1, . . . , T . However, X ��D

(2)
Y , if F2(Y1;μ−ε) > 0,

and T is large enough. Indeed, for every k we have to verify relation (2.12). As
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the second order stochastic dominance relation is preserved under multiplication by
positive constants, we need to compare

Y1 + ε and
1

k

k∑
t=1

Yt.

At η = μ we have

F2

(
1

k

k∑
t=1

Xt;μ

)
= E

[(
μ− Y1 − ε

)
+

]
= F2(Y1;μ− ε) > 0.

On the other hand, by the central limit theorem

lim
k→∞

F2

(
1

k

k∑
t=1

Yt;μ

)
= E

[(
μ− 1

k

k∑
t=1

Yt

)
+

]
= 0.

Therefore, for T and k large enough, we shall have

k∑
t=1

Xt ��(2)

k∑
t=1

Yt.

Consider now the sequences Z and Y . Clearly, Z2 ��
(2)

Y2. However, directly from

(2.12) we see that Z �D
(2)

Y .

Suppose, for simplicity, that all Yt are normal, and let the sequence W have
components W1 = μ + α(Y1 − μ), W2 = μ + β(Y2 − μ), Wt = Yt, t = 3, . . . , T , where
α ∈ (0, 1), β ∈ (1,

√
2 − α2). Again, it is easy to see that W2 ��

(2)
Y2, since W2 and

Y2 have equal expected values, but W2 has a larger variance than Y2. Still, we can
verify (2.12) under the specified assumptions, and establish that W �D

(2)
Y .

In fact, the relations Z �D
(2)

Y and W �D
(2)

Y hold true for every set D such that

	1 is bounded from below. This concludes the example.
A very special case occurs when D = {(1, 1, . . . , 1)}. In this case we are interested

in the total terminal wealth and require that it dominates (in the second order)
some benchmark wealth distribution. The information about the whole process Y is
irrelevant in this case, only the distribution of the sum Y1 + · · · + YT+1 matters.

The question of orderings of linear or positive combinations of random vectors
was investigated in several earlier publications [23, 22, 32]. One approach to defining
a multivariate stochastic order is to specify its generator. This approach is adopted
in [23], where further conditions are specified under which linear combinations of the
vector components are related via a univariate order. In [23], the concept of a direc-
tional convex order for random vectors is introduced, by specifying that the generator
contains all directionally convex functions. The directional convex order of two vec-
tors implies a convex order of nonnegative linear combinations of the components of
the vectors. In a similar way one can also derive a directional concave nondecreas-
ing order, which will imply stochastic dominance of nonnegative linear combinations.
Our approach is different: we define the order by requiring stochastic dominance of
nonnegative combinations and then we derive its generator.

Example 1 shows that the coordinate order Xi �(2)
Yi, i = 1, . . . , n, does not carry

over to the multivariate order X �D
(2)

Y . The directional convex order is implied

by the coordinate order if both vectors have a common copula of a certain type
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(see [23]). A similar implication holds true for our order �D
(2)

if we know that all

random reward vectors occurring in our optimization problem have a common copula
(of this type) with the benchmark. In this case, we would be able to replace the
multivariate dominance constraint by univariate constraints for the marginals. This
would allow solving the problem by the techniques of [5, 6]. Unfortunately, imposing
a constraint on a copula in an optimization problem appears to be difficult. Without
that, constraints on the marginals are insufficient.

Inverse versions of multivariate orders (based on generalizations of the Lorenz
curve) were analyzed in [1, 15, 16].

For brevity we write

〈	,X〉 =
T+1∑
t=1

	tXt.

By virtue of Proposition 2.2 we obtain the following relation:

(2.13) E
[
u(〈	,X〉)

]
≥ E

[
u(〈	, Y 〉)

]
for all u ∈ U and all 	 ∈ D.

Using (2.7), we conclude that for every nonnegative measure ν on R and for every
	 ∈ D∫
Ω

∫
R

max(0, η − 〈	,X(ω)〉) ν(dη) P (dω) ≤
∫
Ω

∫
R

max(0, η − 〈	, Y (ω)〉) ν(dη) P (dω).

For every λ ∈ M+(R×D) we define a concave nondecreasing function ϕλ : R
T+1 → R

as follows:

ϕλ(x) = −
∫

R×D
max(0, η − 〈	, x〉) λ(dη, d	).

We now show that the class of functions

Φ = {ϕλ : λ ∈ M+(R ×D)}

is a generator of the order �D
(2)

.

Proposition 2.4. For each X,Y ∈ X the relation X �D
(2)

Y is equivalent to

(2.14) E[ϕ(X)] ≥ E[ϕ(Y )] for all ϕ ∈ Φ.

Proof. Assume X �D
(2)

Y . Take any λ ∈ M+(R ×D). We shall show inequality

(2.14) for ϕλ. Let λ� be the conditional measure of λ on R, for 	 ∈ D (see, e.g., [9,
Theorem 10.2.2]). Denote by μ the marginal measure of λ on D. The integral over
R ×D can be written as an iterated integral (see, e.g., [9, Theorem 10.21])

ϕλ(x) = −
∫
D

∫
R

max(0, η − 〈	, x〉) λ�(dη) μ(d	).

From the definition of �D
(2)

and (2.13) it follows that

∫
Ω

∫
R

max(0, η−〈	,X(ω)〉) λ�(dη) P (dω) ≤
∫
Ω

∫
R

max(0, η−〈	, Y (ω)〉) λ�(dη) P (dω).
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Integrating with the measure μ and changing the order of integration, we obtain

E[ϕλ(X)] = −
∫
Ω

∫
D

∫
R

max(0, η − 〈	,X(ω)〉) λ�(dη) μ(d	) P (dω)

≥ −
∫
Ω

∫
D

∫
R

max(0, η − 〈	, Y (ω)〉) λ�(dη) μ(d	) P (dω) = E[ϕλ(Y )],

as required. To prove the converse, we observe that we can choose measures λ such
that their marginal measures μ on D are atomic. The last displayed inequality be-
comes equivalent to the inequality in (2.13). The latter is equivalent to the definition
of the order �D

(2)
.

It is clear from our analysis that an order can be defined using any compact set
D ⊂ R

T+1
+ , and the generator of this order will have the form specified in Proposi-

tion 2.4. However, discounting of future rewards is a standard approach in stochastic
control and in the practice of finance, and this is the reason for requiring the mono-
tonicity of the sequences 	 included in D.

Another way to characterize the relation �D
(2)

is to use the integrated distribution

functions. From (2.3) we obtain the equivalent characterization:

(2.15) F2(〈	,X〉; η) ≤ F2(〈	, Y 〉; η) for all 	 ∈ D and all η ∈ R.

3. Optimality conditions. The implied utility functions. We introduce
the following stochastic dynamic optimization problem with discounted dominance
constraints:

(3.1)

max

T∑
t=1

EGt(st, vt) + EGT+1(sT+1)

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,

(G1(s1, v1), . . . , GT (sT , vT ), GT+1(sT+1)) �D
(2)

(Y1, . . . , YT , YT+1)

vt ∈ Vt a.s., t = 1, . . . , T.

Define the space of controls (v1, . . . , vT ) by V = L nv
p (Ω,F1, P )×· · ·×L nv

p (Ω,FT , P ).
The space of state trajectories (s2, . . . , sT+1) is denoted by S = L ns

p (Ω,F2, P ) ×
· · · × L ns

p (Ω,FT+1, P ).

The relation X �D
(2)

Y can be equivalently formulated as (2.15). For technical

reasons, which will become apparent later, we restrict the range of η ∈ R, for which we
impose (2.15), to an interval [a, b]. This slightly changes the generator of the relation,
which will be discussed in due course. We relax problem (3.1) to the following:

max

T∑
t=1

EGt(st, vt) + EGT+1(sT+1)(3.2)

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,(3.3)

F2(〈	,G(s, v)〉; η) ≤ F2(〈	, Y 〉; η) for all 	 ∈ D and all η ∈ [a, b],(3.4)

vt ∈ Vt a.s., t = 1, . . . , T.(3.5)
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If all Gt(st, vt) have uniformly bounded distributions, (3.4) is equivalent to X �D
(2)

Y

for appropriately chosen a and b. However, if the distributions are not uniformly
bounded, (3.4) is a relaxation of the relation X �D

(2)
Y . This means that every

feasible solution of problem (3.1) is also feasible for (3.2)–(3.5), but not necessarily
the other way around. Even with this relaxation the problem remains very difficult.
In the very special case when a = b, problem (3.2)–(3.5) is still much more difficult
than an expected value problem. Observe that if D = {(1, . . . , 1)}, constraint (3.4) is
a conditional value at risk constraint for the cumulative wealth.

We define the set U ([a, b]) of functions u(·) satisfying the following conditions:

u(·) is concave and nondecreasing;

u(t) = 0 for all t ≥ b;

u(t) = u(a) + γ(t− a) for all t ≤ a, where γ > 0.

It is evident that U ([a, b]) is a convex cone. Moreover, the subgradients of each
function u ∈ U ([a, b]) are bounded for all t ∈ R.

Define the class of functions

Φ([a, b], D) = {ϕλ : λ ∈ M+([a, b] ×D)},

where

ϕλ(x) = −
∫

[a,b]×D
max(0, η − 〈	, x〉) λ(dη, d	).

By exactly the same argument as Proposition 2.4 we obtain the following observation.
Proposition 3.1. The set Φ([a, b], D) is a generator of the order (3.4).
We introduce the functional L : S × V × Φ([a, b], D) → R, which plays the role

of a partial Lagrangian associated with problem (3.2)–(3.5):

L(s, v, ϕ) = E

[
T∑

t=1

Gt(st, vt) + GT+1(sT+1)

+
(
ϕ(G1(s1, v1), . . . , GT (sT , vT ), GT+1(sT+1)) − ϕ(Y1, . . . , YT , YT+1)

)]
.

For a fixed ϕ(·), we use L as an objective functional in an auxiliary control problem:

max E

[
T∑

t=1

Gt(st, vt) + GT+1(sT+1)(3.6)

+
(
ϕ(G1(s1, v1), . . . , GT (sT , vT ), GT+1(sT+1)) − ϕ(Y1, . . . , YT , YT+1)

)]

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,(3.7)

vt ∈ Vt a.s., t = 1, . . . , T.(3.8)

Let Z0 denote the convex set of (s, v) satisfying conditions (3.7)–(3.8). The following
property plays the role of a constraint qualification condition.
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Definition 3.2. Problem (3.2)–(3.5) satisfies the uniform dominance condition
if there exists a pair (s̃, ṽ) ∈ Z0 such that

inf
(η,�)∈[a,b]×D

{
F2(〈	, Y 〉; η) − F2(〈	,G(s̃, ṽ)〉; η)

}
> 0.

This condition is the reason for considering constraints (3.3) in the finite interval
[a, b]. A constraint qualification of Slater type cannot be satisfied for η ∈ R since for
any random variable X the function F2(X; η) converges to zero, whenever η → −∞.

Example 2. Consider any compact set D such that 	1 is uniformly bounded from
below by a positive number for 	 ∈ D. Consider the sequence Y , where all Yt are
independent and have normal distribution with mean μ and variance σ2 > 0. Let the
sequence W = G(s̃, ṽ) have components W1 = μ + α(Y1 − μ), W2 = μ + β(Y2 − μ),
Wt = Yt, t = 3, . . . , T , where α ∈ (0, 1), β ∈ (1,

√
2 − α2). We considered this pair in

Example 1 and know that W �D
(2)

Y . For every bounded interval [a, b] the random

variable W satisfies the uniform dominance condition, because for all 	 ∈ D

E〈	,W 〉 = E〈	, Y 〉 and Var〈	,W 〉 < Var〈	, Y 〉

and all random variables involved are normal. Observe that strict dominance would
not hold if the interval [a, b] was replaced by an infinite interval. This concludes the
example.

Theorem 3.3. Assume that the uniform dominance condition is satisfied. If
(ŝ, v̂) is an optimal solution of (3.2)–(3.5), then there exist ϕ̂ ∈ Φ([a, b], D) such that
(ŝ, v̂) is an optimal solution of problem (3.6)–(3.8) with ϕ = ϕ̂, and

E[ϕ̂(G(ŝ, v̂))] = E[ϕ̂(Y )].(3.9)

Conversely, if for some function ϕ̂ ∈ Φ([a, b], D) an optimal solution (ŝ, v̂) of (3.6)–
(3.8) satisfies (3.4) and (3.9), then (ŝ, v̂) is an optimal solution of (3.2)–(3.5).

Proof. Let us rewrite (3.2)–(3.5) in the general form

max

T∑
t=1

EGt(st, vt) + EGT+1(sT+1)

s.t. Γ(s, v) ∈ K,

(s, v) ∈ Z0,

where Γ : S × V → C ([a, b] ×D) is a continuous operator defined as

[Γ(s, v)](η, 	) = F2(〈	, Y 〉; η) − F2(〈	,G(s, v)〉; η), η ∈ [a, b], 	 ∈ D.

The set K is the cone of nonnegative functions in C ([a, b] × D). Observe that for
every 	 ∈ D the function (s, v) → η − 〈	,G(s, v)〉 is convex for almost all ω ∈ Ω, and
the function x → (x)+ is convex and nondecreasing. Therefore, the composition

F2(〈	,G(s, v)〉; η) = E[(η − 〈	,G(s, v)〉)+]

is a convex function of (s, v). It follows that the operator Γ is concave with respect
to the cone K, that is, for any (s1, v1), (s2, v2) in Z0 and all α ∈ [0, 1],

Γ(αs1 + (1 − α)s2, αv1 + (1 − α)v2) − [αΓ(s1, v1) + (1 − α)Γ(s2, v2)] ∈ K.
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By the Riesz representation theorem, the dual space to C ([a, b] × D) is the space
M ([a, b] ×D). We introduce the Lagrangian Λ : S × V × M+([a, b] ×D) → R,

(3.10) Λ(s, v, λ) =
T∑

t=1

EGt(st, vt) + EGT+1(sT+1) +

∫
[a,b]×D

[Γ(s, v)](η, 	) λ(dη, d	).

Let us observe that the uniform dominance condition implies that the following gen-
eralized Slater condition is satisfied. There exists a point (s̃, ṽ) ∈ Z0 such that

Γ(s̃, ṽ) ∈ intK.

Moreover, (s̃, ṽ) ∈ Z0. By [3, Proposition 2.106], this is equivalent to the regularity
condition

0 ∈ int[Γ(Z0) −K].

Therefore we can use the necessary conditions of optimality in Banach spaces (see,

e.g., [3, Theorem 4]). We conclude that there exists a measure λ̂ ∈ M+([a, b] × D)
such that

(3.11) Λ(ŝ, v̂, λ̂) = max
(s,v)∈Z0

Λ(s, v, λ̂)

and

(3.12)

∫
[a,b]×D

[F2(〈	, Y 〉; η) − F2(〈	,G(ŝ, v̂)〉; η)] λ̂(dη, d	) = 0.

We shall transform these conditions to the postulated form. Using the representation
of F2 as expected shortfall and changing the order of integration, we obtain∫

[a,b]×D
F2(〈	, Y 〉; η) λ̂(dη, d	) =

∫
[a,b]×D

∫
Ω

max(0, η − 〈	, Y (ω)〉) P (dω) λ̂(dη, d	)

=

∫
Ω

∫
[a,b]×D

max(0, η − 〈	, Y (ω)〉) λ̂(dη, d	) P (dω) = −Eϕ̂(Y ).

We have set

(3.13) ϕ̂(x) = ϕλ̂(x) = −
∫

[a,b]×D
max(0, η − 〈	, x〉) λ̂(dη, d	).

Clearly, ϕ̂ ∈ Φ([a, b] ×D). Thus, condition (3.11) implies the optimality in problem
(3.6)–(3.8), and condition (3.12) implies (3.9).

Let us now prove the converse. If ϕ̂ ∈ Φ([a, b] ×D), then there exist a measure

λ̂ ∈ M+([a, b] ×D) such that

ϕ̂(x) = −
∫

[a,b]×D
max(0, η − 〈	, x〉) λ̂(dη, d	)

and therefore

Eϕ̂(Y ) = −
∫

[a,b]×D
F2(〈	, Y 〉; η) λ̂(dη, d	).
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Thus, the maximizer (ŝ, v̂) of problem (3.6)–(3.8) is also the maximizer of Λ(s, v, λ̂).
It follows from sufficient conditions of optimality (see, e.g., [3, Proposition 3.3]) that
if (ŝ, v̂) satisfies (3.3) and (3.9), then it is optimal for (3.2)–(3.5).

The main result of this section is an equivalent formulation with an implied utility
function ϕ̂(·) in (3.6). In general, it cannot be decomposed into terms corresponding
to successive time periods.

We return to the special case of a finite set D defined by (2.11). The integral

with respect to λ̂ can be written as an iterated integral with respect to its marginal
measure μ in D and the conditional measures λ� on [a, b]. Denoting μt = μ({	t}), we
obtain

ϕ̂(x) = −
T+1∑
t=1

μt

∫ b

a

max(0, η − (x1 + · · · + xt)) λ�t(dη) =

T+1∑
t=1

ut(x1 + · · · + xt),

where ut(s) = μt

∫ b

a
max(0, η − s) λ�t(dη) is an element of U ([a, b]). It follows that

the resulting optimal control problem has the form

max

T∑
t=1

E
(
Gt(st, vt) + ut(G1(s1, v1) + · · · + Gt(st, vt))

)

+ EGT+1(sT+1) + EuT+1(G1(s1, v1) + · · · + GT (sT , vT ) + GT+1(sT+1))

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,

vt ∈ Vt a.s., t = 1, . . . , T.

We observe that the objective functional (1.6) is modified by adding to each term
an expected utility of the cumulative reward up to time t. If we add a state vari-
able Wt representing the cumulative reward up to time t, then the utility becomes
decomposable.

4. The implied random discount. We can now apply techniques of convex op-
timization to analyze the auxiliary control problem (3.6)–(3.8). For related expected
value models (without the implied utility function ϕ(·)), see [14, 30, 31].

Our goal in this section is to demonstrate the existence of random discount factors
in (1.6) such that the optimal solution of (3.1) is also optimal for the discounted
expected value problem.

After skipping the term depending on Y , problem (3.6)–(3.8) can be compactly
written as follows:

max
(s,v)∈Z0

E

[
T∑

t=1

Gt(st, vt) + GT+1(sT+1)(4.1)

+ϕ(G1(s1, v1), . . . , GT (sT , vT ), GT+1(sT+1))

]
.

Theorem 4.1. Assume that the uniform dominance condition is satisfied. If
(ŝ, v̂) is an optimal solution of (3.2)–(3.5), then there exist ξt ∈ L∞(Ω,Ft, P ), t =
1, . . . , T + 1, with

(4.2) ξ1 ≥ ξ2 ≥ · · · ≥ ξT ≥ ξT+1 ≥ 0, a.s.,
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such that (ŝ, v̂) is an optimal solution of the control problem

(4.3)

max

T∑
t=1

E(1 + ξt)Gt(st, vt) + E(1 + ξT+1)GT+1(sT+1)

s.t. st+1 = Atst + Btvt + et, t = 1, . . . , T,

vt ∈ Vt a.s., t = 1, . . . , T.

Proof. By virtue of Theorem 3.3, the optimal solution of problem (3.2)–(3.5)
is also a solution of problem (4.1) where Z0 is the set of (s, v) satisfying conditions
(3.7)–(3.8). As the function ϕ(·) is nondecreasing, problem (4.1) is equivalent to

(4.4)

max E

[
T+1∑
t=1

Xt + ϕ(X1, . . . , XT , XT+1)

]

s.t. Gt(st, vt) ≥ Xt, t = 1, . . . , T,

GT+1(sT+1) ≥ XT+1,

(s, v) ∈ Z0,

Xt ∈ L1(Ω,Ft, P ), t = 1, . . . , T + 1.

Indeed, if (ŝ, v̂) is an optimal solution of (4.1), then the triple (ŝ, v̂, X̂), with X̂t =
Gt(ŝt, v̂t), t = 1, . . . , T and with X̂T+1 = GT+1(ŝT+1), is an optimal solution of (4.4).
Conversely, if a triple (s̄, v̄, X̄) is an optimal solution of (4.4), then also the triple
(s̄, v̄, X̂), with X̂t = Gt(s̄t, v̄t), t = 1, . . . , T , and with X̂T+1 = GT+1(s̄T+1), is an
optimal solution of this problem. Then it is evident that the pair (s̄, v̄) solves (4.1).

Let us define the set C of the triples (s, v,X) ∈ S × V × X satisfying the
constraints of problem (4.4). The set C is convex. The objective functional of this
problem is concave and continuous. Therefore, we can apply optimality conditions to
the problem

(4.5)
max E

[
T+1∑
t=1

Xt + ϕ(X1, . . . , XT , XT+1)

]

s.t. (s, v,X) ∈ C.

To this end, we need to subdifferentiate the objective functional. By the definition of
the class Φ([a, b]×D), the nonlinear part of the objective functional can be rewritten
as follows:

I(X) = Eϕ(X1, . . . , XT , XT+1) = −
∫
Ω

∫
[a,b]×D

max(0, η−〈	,X(ω)〉) λ(dη, d	) P (dω)

for some measure λ ∈ M+([a, b]×D). This shows that I(·) is concave and continuous
on X . The subdifferential of I(·) can be calculated by the theory of convex integral
functionals [27, 28, 29, 4]. According to [4, Theorem VII–7],

∂I(X) = ∂

∫
Ω

ϕ(X1(ω), . . . , XT (ω), XT+1(ω)) P (dω)

=
{
ξ ∈ X ∗ : ξ(ω) ∈ ∂ϕ(X1(ω), . . . , XT (ω), XT+1(ω)), a.s.

}
.
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It remains to calculate ∂ϕ(·). The subdifferential of the integrand x → max(0, η −
〈	, x〉) is given by the following multifunction: M : R

T+1 × [a, b] ×D ⇒ R
T+1,

M(x, η, 	) =

⎧⎪⎪⎨
⎪⎪⎩
{−	} if 〈	, x〉 < η,

conv{−	, 0} if 	, x〉 = η,

{0} if 〈	, x〉 > η.

By Strassen’s theorem (see [34] and [18, Theorem 1.1]),

∂ϕ(x) = −∂

∫
[a,b]×D

max(0, η − 〈	, x〉) λ(dη, d	) = −
∫

[a,b]×D
M(x, η, 	) λ(dη, d	).

The last integral is understood as the collection of integrals of all measurable selections
of M .

Now we can formulate the optimality conditions for problem (4.5). If (ŝ, v̂, X̂)
is an optimal solution of this problem, then we can assume that X̂t = Gt(ŝt, v̂t),
t = 1, . . . , T and X̂T+1 = GT+1(ŝT+1), as already argued. The necessary and sufficient
condition of optimality reads: there exists a subgradient

(4.6) (ξ1, . . . , ξT+1) ∈ ∂ϕ̂(X̂1, . . . , X̂T , X̂T+1)

such that the triple (ŝ, v̂, X̂) is also a solution of the problem

max E

T+1∑
t=1

(1 + ξt)Xt

s.t. (s, v,X) ∈ C.

Observe that the coordinates of every element of −M(x, η, 	) are nonincreasing, be-
cause the coordinates of 	 are nonincreasing. Therefore the coordinates of every
element of ∂ϕ(x) are nonincreasing. Thus, for almost every ω ∈ Ω, the coordinates
of ξ(ω) are nonincreasing and nonnegative.

It follows from Theorem 4.1 that a random discount sequence (1+ξt), t = 1, . . . , T ,
applied to the rewards in the expected value formulation yields the optimal solution
of the dominance-constrained problem. The monotonicity of the random discount
factors is inherited from the monotonicity of the sequences 	 ∈ D. However, none
of the deterministic discount sequences 	 ∈ D (or their convex combinations) can be
substituted for ξ or for its realizations, as can be seen from formulae (3.13) and (4.6).

5. The maximum principle. In this section we consider the discounted control
problem (4.3) with the aim of deriving a counterpart of the maximum principle.

As the functionals EGt(·, ·) are continuous, they are subdiffierentiable. By virtue
of Strassen’s theorem (see [34] and [18, Theorem 1.1]), every subgradient (σs

t , σ
v
t ) ∈

∂EGt(st, vt) has the form (σs
t (ω), σv

t (ω)) ∈ ∂gt(ŝt(ω), v̂t(ω)). We apply necessary and
sufficient conditions of optimality as formulated in [13, Theorem 5]. At the optimal
solution (ŝ, v̂) there exist the following:

• dual variables ŷt ∈ L ns
q (Ω,Ft+1, P ), t = 1, . . . , T , with 1/p + 1/q = 1, and

• subgradients (σs
t , σ

v
t ) ∈ L ns

q (Ω,Ft, P ) × L nv
q (Ω,Ft, P ), t = 1, . . . , T ,

and σs
T+1 ∈ L ns

q (Ω,FT+1, P ) such that for all t and P -almost all ω ∈ Ω

(5.1)
(σs

t (ω), σv
t (ω)) ∈ ∂gt(ŝt(ω), v̂t(ω)),

σs
T+1(ω) ∈ ∂gT+1(ŝT+1(ω)),
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and the pair (ŝ, v̂) is also a solution of the problem

max E

T+1∑
t=1

(1 + ξt)〈σs
t , st〉 + E

T∑
t=1

(1 + ξt)〈σv
t , vt〉 + E

T∑
t=1

〈ŷt, Atst + Btvt − st+1〉

s.t. vt ∈ Vt a.s., t = 1, . . . , T.

Observe that E〈ŷt, Atst + Btvt − st+1〉 = E
〈
E[ŷt|Ft], Atst + Btvt

〉
− E〈ŷt, st+1〉. For

the last optimization problem to have a solution, it is necessary that the dual variables
ŷ satisfy the adjoint equations

(5.2)
yT = (1 + ξT+1)σ

s
T+1,

yt−1 = A′tE[yt|Ft] + (1 + ξt)σ
s
t , t = T, . . . , 2.

Here A′t is the transpose of At. Assuming that they hold true for ŷ, we obtain the
problem

max

T∑
t=1

E
〈
(1 + ξt)σ

v
t + B′tŷt, vt

〉

s.t. vt ∈ Vt a.s., t = 1, . . . , T.

It follows that for t = 1, . . . , T and for P -almost all ω ∈ Ω, the optimal control v̂t(ω)
is a solution of the deterministic problem

(5.3) max
vt(ω)∈Vt

〈
(1 + ξt(ω))σv

t (ω) + B′t(ω)E[yt|Ft](ω), vt(ω)
〉
.

We summarize these considerations in the following statement.

Theorem 5.1. Assume that the uniform dominance condition is satisfied. If
(ŝ, v̂) is an optimal solution of (3.2)–(3.5), then there exist discount factors ξt ∈
L∞(Ω,Ft, P ), t = 1, . . . , T + 1, subgradients (σs

t , σ
v
t ) ∈ L ns

q (Ω,Ft, P ) × L nv
q (Ω,

Ft, P ) satisfying (5.1), and dual variables ŷt ∈ L ns
q (Ω,Ft+1, P ), t = 1, . . . , T , such

that the adjoint equations (5.2) are satisfied and for all t = 1, . . . , T and for almost
all ω ∈ Ω the control v̂t(ω) is a solution of (5.3).

Observing that in (5.3) the vector σv
t (ω) is a subgradient of g(ŝt(ω), ·) at v̂t(ω),

we can reformulate the maximum principle by using the Pontryagin function

P (st(ω), vt(ω), yt(ω), ξt(ω)) = (1 + ξt(ω))g(st(ω), vt(ω)) +
〈
E[yt|Ft](ω), Bt(ω)vt(ω)

〉
.

It follows that for all t = 1, . . . , T and for almost all ω ∈ Ω, the control v̂t(ω) is a
solution of the problem

(5.4) max
vt(ω)∈Vt

P (ŝt(ω), vt(ω), yt(ω), ξt(ω)).

It is important to stress that this theorem provides necessary conditions only.
Even if the operators G are linear, the risk-averse control problem (3.1) is nonlin-
ear, because the ordering constraint results in nonlinear utility functions ϕ(·) in the
necessary and sufficient conditions of Theorem 3.3 of this paper.
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[29] R. T. Rockafellar, Convex integral functionals and duality, in Contributions to Nonlinear
Functional Analysis, Academic Press, New York, 1971, pp. 215–239.

[30] R. T. Rockafellar, Duality and optimality in multistage stochastic programming, Ann. Oper.
Res., 85 (1999), pp. 1–19.

[31] R. T. Rockafellar and R. J.-B. Wets, Generalized linear-quadratic problems of determin-
istic and stochastic optimal control in discrete time, SIAM J. Control Optim., 28 (1990),
pp. 810–822.

[32] M. Scarsini and M. Shaked, Some conditions for stochastic equality, Naval Res. Logist., 37
(1990), pp. 617–625.

[33] M. Shaked and J. G. Shanthikumar, Stochastic Orders and Their Applications, Academic
Press, Boston 1994.

[34] V. Strassen, The existence of probability measures with given marginals, Ann. Math. Statist.,
38 (1965), pp. 423–439.

[35] R. Szekli, Stochastic Ordering and Dependence in Applied Probability, Lecture Notes in
Stat. 97, Springer-Verlag, New York, 1995.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. CONTROL OPTIM. c© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 5, pp. 2557–2581

NUMERICAL VERIFICATION OF OPTIMALITY CONDITIONS∗

ARND RÖSCH† AND DANIEL WACHSMUTH‡

Abstract. A class of optimal control problems for a semilinear elliptic partial differential equa-
tion with control constraints is considered. It is well known that sufficient second-order conditions
ensure the stability of optimal solutions, and the convergence of numerical methods. Otherwise, such
conditions are very difficult to verify (analytically or numerically). We will propose a new approach
as follows: Starting with a numerical solution for a fixed mesh we will show the existence of a lo-
cal minimizer of the continuous problem. Moreover, we will prove that this minimizer satisfies the
sufficient second-order conditions.
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1. Introduction. In this paper, we consider the optimal control problem (P) of
minimizing J(y, u) given by

(1.1) J(y, u) :=
1

2
‖y − yd‖2

L2(Ω) +
ν

2
‖u‖2

L2(Ω)

subject to the semilinear boundary value problem

(1.2)
(Ay)(x) + f(y(x)) = u(x) in Ω

y = 0 on Γ

and to the control constraints

(1.3) a ≤ u(x) ≤ b a.e. in Ω.

In this setting, A is a uniformly bounded elliptic differential operator and Ω is a
bounded domain of R

N , N = 2, 3, with boundary Γ. Moreover, ν is a fixed positive
number. Precise assumptions on and definitions of the quantities introduced above
are formulated at the end of this section.

Sufficient second-order optimality conditions are well-established mathematical
tools. The development of such conditions for control constrained problems governed
by partial differential equations started with the papers of Goldberg and Tröltzsch
[7, 8]. Two new trends narrowed the gap between necessary and sufficient optimality
conditions a few years later. Dontchev et al. [6] introduced strongly active sets in
the theory of sufficient second-order conditions. The idea is that no coercivity is
needed on subspaces where the first-order conditions are sufficient. The equivalence
of the coercivity condition with a positivity condition for the second derivative of the
Lagrangian for a class of semilinear elliptic problems was proved by Bonnans [4].
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Lipschitz stability results for optimal control problems governed by partial dif-
ferential equations (PDEs) can be proved using second-order optimality conditions;
see for instance the papers of Malanowski and Tröltzsch [11, 12] and Tröltzsch [16].
Moreover, it is possible to show locally quadratic convergence of the SQP-method; see
Arada, Raymond, and Tröltzsch [3]. These conditions are necessary to derive error
estimates for discretized optimal control problems; see Arada, Casas, and Tröltzsch [2]
and Casas, Mateos, and Tröltzsch [5].

For all of these results, it is essential to assume that the unknown solution satisfies
a sufficient optimality condition. To the best of our knowledge, there are only four
references available in which it is shown that such a condition is fulfilled: the articles
of Arada, Raymond, and Tröltzsch [3] and Casas, Mateos, and Tröltzsch [5]; the
book chapter of Mittelmann and Tröltzsch [13]; and the monograph of Tröltzsch [17].
However, [17] essentially used the fact that the solution of the considered problems is
known. If that is not the case and the optimization problem is not convex, then there
is no known way up to now to check whether the sufficient optimality condition is
satisfied or not. Consequently, the validity of results based thereon is not clear. Even
if the numerical method behaves well for a finite sequence of meshes, it is not clear
whether the numerical solution is close to a stationary point of the original problem
or not.

The numerical verification of a second-order optimality condition is the main
concern of this paper. Our starting point is the following very realistic situation: A
numerical solution of a discretized optimal control problem is given with information
on the mesh size and the discretization error. Under certain conditions, we will show
that a local minimum of the continuous problem exists in a neighborhood of the
numerical solution.

The paper is organized as follows. Section 2 is devoted to optimality conditions
of the continuous problem. In section 3 we sketch our strategy. The state equation,
discretization, and objective functional are estimated in the following sections 4–6.
The main theorem on verification of optimality conditions is stated and proved in
section 7. We will discuss all assumptions and the results through a numerical example
in section 8.

Assumptions. First, we want to specify the assumptions on the various ingre-
dients of the considered optimal control problem.

(A1) Ω ⊂ R
N , N ∈ {2, 3}, is a bounded domain that is either convex and

polygonal or of the class C1,1. The parameter ν is assumed to be positive. The control
bounds a, b are real numbers satisfying a < b.

We denote by the H1-norm ‖·‖H1(Ω) as follows: ‖y‖2
H1(Ω) = ‖y‖2

L2(Ω)+‖∇y‖2
L2(Ω).

We will denote the imbedding constants from H1
0 (Ω) to Lp(Ω) by Ip, i.e.,

‖y‖Lp(Ω) ≤ Ip‖y‖H1(Ω) ∀y ∈ H1
0 (Ω).

A is a uniformly elliptic differential operator defined by

(Ay)(x) = −
N∑

i,j=1

∂

∂xi

(
aij(x)

∂

∂xj
y(x)

)
+ c0(x)y(x)

with functions aij that belong to C0,1(Ω̄), satisfying the condition aij(x) = aji(x) and

δ0‖y‖2
H1(Ω) ≤ 〈Ay, y〉H−1,H1 , 〈Ay1, y2〉H−1,H1 ≤ δ1‖y1‖H1(Ω)‖y2‖H1(Ω) ∀y∈H1

0 (Ω).
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Let us denote by a(·, ·) as follows the bilinear form induced by A:

a(u, v) = 〈Au, v〉H−1,H1 .

(A2) The function f = f(y) : Ω → R is of class C2 with f(0) = 0. It satisfies the
following conditions on boundedness and Lipschitz-continuity: For all M̃ > 0 there
are constants cf , cf ′ , cf ′′ > 0 such that

|f(y1) − f(y2)| ≤ cf |y1 − y2|,
|f ′(y1) − f ′(y2)| ≤ cf ′ |y1 − y2|,
|f ′′(y1) − f ′′(y2)| ≤ cf ′′ |y1 − y2|

hold for all |yi| ≤ M̃ , i = 1, 2. Moreover, we require f ′(y) ≥ 0 in R.

2. Optimality conditions for the continuous problem. A function y is
called a weak solution of the semilinear elliptic equation (see section 4) if it satisfies

(2.1) a(y, v) + (f(y), v) = (u, v) ∀v ∈ V = H1(Ω) ∩ C(Ω̄).

Solvability as well as regularity results for the weak formulation of the state equation
are stated in section 4.

The set of admissible controls Uad ⊂ U := L2(Ω) is defined by

Uad = {u ∈ L2(Ω) : a ≤ u(x) ≤ b a.e. in Ω}.

We define the Lagrange functional by

(2.2) L(y, u, p) = J(y, u) − a(y, p) − (f(y), p) + (u, p).

Then the necessary first-order optimality conditions are given by

Ly(ȳ, ū, p̄)(v) = 0 for v ∈ V,(2.3)

Lu(ȳ, ū, p̄)(u− ū) ≥ 0 for u ∈ Uad.(2.4)

Every admissible point (u, y) is called stationary if there exists an adjoint p such
that the optimality system (2.3)–(2.4) is satisfied. Equation (2.3) is equivalent to the
adjoint equation defined by

(2.5) a(v, p) + (f ′(ȳ)p, v) = (y − yd, v) ∀v ∈ V = H1(Ω) ∩ C(Ω̄).

Existence and regularity results for the adjoint equation can be found in section 4.
A sufficient second-order condition, henceforth called (SSC), is given by

(2.6) L′′(y,u)(ȳ, ū, p̄)(y, u) ≥ δ‖u‖2
L2(Ω)

for all (y, u) ∈ V × U satisfying the linearized equation

(2.7) a(y, v) + (f ′(ȳ)y, v) = (u, v) ∀v ∈ V.

Here, the second derivative of the Lagrangian is given by

(2.8) L′′(y,u)(ȳ, ū, p̄)(y, u) = ‖y‖2
L2(Ω) + ν‖u‖2

L2(Ω) + (f ′′(ȳ)y2, p̄).

Note that checking (SSC) requires the knowledge of (ȳ, ū, p̄), which typically cannot
be assumed. Hence, it is impossible to show that (SSC) holds in advance.
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3. The discretized problem. Typically, control and state are discretized (for
instance, by finite elements) to obtain numerical approximations (ȳh, ūh, p̄h) of solu-
tions of the continuous problem. Here, the following questions arise:

• Is the numerical solution close to a stationary point of the continuous (i.e.,
undiscretized) problem?

• Is the numerical solution close to a local minimizer of the continuous problem?
In this article, we will derive conditions for the solution of the discretized problem

(ȳh, ūh, p̄h) that ensure the existence of a local minimizer of (P) in a specified neigh-
borhood of the numerical solution (ȳh, ūh, p̄h). Under additional assumptions, we can
even show that this unknown minimizer fulfills (SSC).

We will formulate general assumptions for the discretization of the optimal control
problem. The assumption fits into finite element discretizations of the elliptic state
equation (2.1), which is replaced by

(3.1) a(yh, vh) + (f(yh), vh) = (u, vh) ∀vh ∈ Vh,

where Vh ⊂ V is a finite dimensional space. The set of admissible controls is given by

(3.2) Uh
ad := {uh ∈ Uh : a ≤ uh(x) ≤ b},

where Uh is the space of functions that are piecewise constant over the elements of a
triangulation of Ω. We refer to section 5 for the precise formulation of the assumptions
on the discretization.

The corresponding discretized adjoint equation is given by

(3.3) a(vh, ph) + (f ′(ȳh)ph, vh) = (y − yd, vh) ∀vh ∈ Vh.

The discretized optimal control problem is given by the following: Minimize
J(yh, uh) subject to the discretized equation (3.1) and to the control constraint u∈Uh

ad.
In what follows, we assume that (ȳh, ūh, p̄h) solves that discretized problem with-

out numerical errors. However, it would be sufficient for all results that the numerical
error is smaller than the discretization error. There are different types of numerical
errors in a practical computation, e.g., rounding errors, iterative solvers (Newton),
quadrature rules for the evaluation of the right-hand sides, and so on. In our compu-
tations we chose the numerical methods in such a way that these types of numerical
errors are essentially smaller than the discretization error.

Now, let us sketch our strategy. We assume a condition similar to (2.6), namely,
that

(3.4) L′′(y,u)(ȳh, ūh, p̄h)(y, u) ≥ δ‖u‖2
L2(Ω)

holds for all (y, u) ∈ V × U fulfilling the linearized equation

(3.5) a(y, v) + (f ′(ȳh)y, v) = (u, v) ∀v ∈ V.

So we assume the coercivity for the discretized solution instead of the continuous
one. Note that this condition is required for all u ∈ U (and not only in Uh). The
inequality (3.4) means

(3.6) ‖y‖2
L2(Ω) + ν‖u‖2

L2(Ω) + (f ′′(ȳh)y2, p̄h) ≥ δ‖u‖2
L2(Ω).

Since ȳh, p̄h are known, there is a chance to verify this condition; i.e., it would suffice,
for instance, that

(3.7) f ′′(ȳh(x))p̄h(x) > −1
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hold on Ω. Moreover, if (ȳ, ū, p̄) satisfies (SSC), then such an assumption will be true
for sufficiently fine discretizations.

The main difference between the conditions (3.4)–(3.5) and (SSC) is that the
point (ȳh, ūh, p̄h), where the second-derivative of L is evaluated in (3.4), is known.
Hence, there is the possibility to check that condition. Indeed, inequality (3.7), which
is easy to verify, is sufficient for the fulfillment of (3.4). As discussed above, it is
much more difficult to prove (SSC) for the unknown solution ū. However, one cannot
guarantee that (SSC) or (3.4) is fulfilled if, for instance, good convergence of numerical
algorithms is observed, since both are indeed sufficient conditions.

One could of course try to check the inequality (2.6) above for all admissible
controls u ∈ Uad with associated state y and adjoint p. Then this inequality must
hold for all (u, y, p) instead of (ū, ȳ, p̄). However, this is the global convexity of the
original problem. It is clear that in the convex case all theoretical results are valid.

Let us continue with the sketch of our strategy. The pair (ūh, ȳh) is not admissible
for the continuous problem. Therefore, we introduce the auxiliary state yh as the
solution of the elliptic equation with right-hand side ūh,

(3.8) a(yh, v) + (f(yh), v) = (ūh, v) ∀v ∈ V.

Under the assumption that δ in (3.4) is large enough, we will show the existence
of a radius r > 0 such that

J(y, u) − J(yh, ūh) > 0 if ‖u− ūh‖L2(Ω) = r.

This result will be the key for our argumentation; i.e., since (yh, ūh) is an admissible
pair for the continuous problem, we obtain the existence of a local minimizer û of (P) in
the neighborhood {u ∈ Uad : ‖u− ūh‖L2(Ω) < r} of ūh; see section 6. Under additional
assumptions, this local minimizer is unique and fulfills the sufficient condition (SSC).
That is, we get the fulfillment of (SSC) as an a posteriori result and not as an a priori
assumption.

In order to get a computable bound for the radius r, all estimations have to be
carried out carefully, and all constants have to be known. A representative collection
of those constants includes

• embedding constants H1
0 (Ω) ↪→ Lp(Ω),

• interpolation constants for the finite elements,
• global bounds on the state, and
• norm of the solution operators of the PDEs.

In the following sections, we will estimate several ingredients of the optimal control
problem and its discretization. The solution operator of the semilinear elliptic equation
is studied in section 4. The finite element discretization and associated error estimates
for the state equations can be found in section 5. The difference between the objective
functionals J(y, u)−J(yh, ūh) is investigated and estimated in section 6. The existence
of a local minimizer û of (P) in the neighborhood of ūh is proved in section 7. Also
the proof that û satisfies (SSC) is contained in that section.

4. State equation. Now, let us study briefly the state equation.
Theorem 4.1. The semilinear state equation admits a unique solution y ∈ V ∩

H2(Ω) for all u ∈ L2 and satisfies the estimates

‖y‖H2(Ω) ≤ cS‖u‖L2(Ω),(4.1)

‖y‖L∞(Ω) ≤ cSL∞‖u‖L2(Ω).(4.2)
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Since Uad is bounded, we have in addition

(4.3) ‖y‖L∞(Ω) < M

for all solutions y associated with admissible controls u.
For the proof we refer to Grisvard [9].
Thanks to Theorem 4.1, we can interpret all assumptions of (A2), which were

defined on bounded sets, as global estimates as follows
(A2)′ The function f = f(y) : Ω → R is of class C2 with f(0) = 0. It satisfies the

following conditions on boundedness and Lipschitz-continuity: There are constants
cf , cf ′ , cf ′′ > 0 such that

|f(y1) − f(y2)| ≤ cf |y1 − y2|,
|f ′(y1) − f ′(y2)| ≤ cf ′ |y1 − y2|,
|f ′′(y1) − f ′′(y2)| ≤ cf ′′ |y1 − y2|

hold for all y1, y2 ∈ R.
This assumption implies the boundedness of the derivatives of f : |f ′(y)| ≤ cf and

|f ′′(y)| ≤ cf ′ for all y ∈ R.
The Lipschitz-continuity of the control-to-state mapping is an immediate conse-

quence of the monotonicity of f .
Lemma 4.2. Let y1 and y2 be the solutions of (2.1) for controls u1 and u2,

respectively. Then the estimate

(4.4) ‖y1 − y2‖L2(Ω) ≤ ‖y1 − y2‖H1(Ω) ≤ cL‖u1 − u2‖L2(Ω)

is valid with cL = I2
δ0

.
A similar estimate is available for solutions of the linearized system

(4.5) a(y, v) + (f ′(ȳ)y, v) = (u, v) ∀v ∈ V = H1(Ω) ∩ C(Ω̄).

Here, ȳ is a given function of V .
Corollary 4.3. The linearized state equation (4.5) admits a unique solution y

for each u ∈ U , and it holds that

‖y1 − y2‖L2(Ω) ≤ ‖y1 − y2‖H1(Ω) ≤ cL‖u1 − u2‖L2(Ω)

with the same constant cL as in (4.4) above.
We conclude this section with the state of an existence result for the adjoint

equation (2.5).
Lemma 4.4. The adjoint equation (2.5) admits a unique solution. Moreover, the

estimate

(4.6) ‖p‖H2(Ω) ≤ cp‖y − yd‖L2(Ω)

is valid.
For the proof we refer to Grisvard [9].

5. Finite element discretization. The state V is approximated by a finite
dimensional subspace Vh ⊂ V . Here, we impose the following requirement.

(A3) The mesh parameter h is assumed to be smaller than 1. We assume the
existence of an operator ih : V → Vh with the following properties:

‖y − ihy‖L2(Ω) ≤ c1h
2‖y‖H2(Ω),(5.1)

‖y − ihy‖H1(Ω) ≤ c2h‖y‖H2(Ω).(5.2)
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This assumption is a standard property of conforming finite element discretiza-
tions.

The control is discretized piecewise constant on a mesh Th containing open sets T
(finite elements),

Uh := {qh ∈ L2(Ω) : qh|T = const for all T ∈ Th}.

We require the following for the mesh Th.
(A4) The diameter of the largest element of Th is bounded by h. Moreover,⋃

T∈Th

T̄ = Ω̄, Ti ∩ Tj = ∅ ∀ Ti, Tj ∈ Th, i �= j.

Now, we give an error estimate for the semilinear equation.
Lemma 5.1. Let y and yh be the unique solutions of the semilinear equations (2.1)

and (3.1), respectively. Then, the following error estimates are valid:

‖y − yh‖L2(Ω) ≤ cL2h2‖y‖H2(Ω),(5.3)

‖y − yh‖H1(Ω) ≤ cH1h‖y‖H2(Ω)(5.4)

with cL2 = (δ1c2 + cfc1)cH1cM and cH1 = (δ1c2 + cfc1)/δ0.
Proof. Using the ellipticity assumption (A1), the monotonicity of f in (A2)′,

and Galerkin orthogonality, the H1-estimate follows by standard arguments. For the
L2-estimate, we introduce an auxiliary state g as the solution of

a(g, v) + (fyh
y g, v) = (e, v) ∀v ∈ V

with e = y−yh

‖y−yh‖L2(Ω)
. The expression fyh

y g is defined by

fyh
y g =

∫ 1

0

f ′(yh + s(y − yh))g ds.

Note that ‖e‖L2(Ω) = 1. Since f ′ is globally bounded, we have

‖g‖H2(Ω) ≤ cM

with some constant cM > 0. Using these definitions, we find

‖y − yh‖L2(Ω) = (e, y − yh)

= a(g, y − yh) + (fyh
y g, y − yh)

= a(g, y − yh) + (g, fyh
y (y − yh))

= a(g, y − yh) + (g, f(y) − f(yh)).

Testing the difference of the weak formulation (2.1) and the discrete equation (3.1)
by vh = ihg, we obtain

‖y − yh‖L2(Ω) = a(g − ihg, y − yh) + (g − ihg, f(y) − f(yh))

≤ δ1‖g − ihg‖H1(Ω)‖y − yh‖H1(Ω) + cf‖g − ihg‖L2(Ω)‖y − yh‖L2(Ω)

≤ δ1c2cH1h2‖g‖H2(Ω)‖y‖H2(Ω) + cfc1h
2‖g‖H2(Ω)‖y − yh‖L2(Ω)

≤ (δ1c2cH1cMh2 + cfc1cH1cMh3)‖y‖H2(Ω).
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Now, for h < 1 we have cL2 = (δ1c2 + cfc1)cH1cM .
Applying these results, we can give error estimates for the auxiliary function yh

introduced in (3.8).
Corollary 5.2. It holds for the difference yh − ȳh that

‖yh − ȳh‖L2(Ω) ≤ cL2cSh
2‖ūh‖L2(Ω),(5.5)

‖yh − ȳh‖H1(Ω) ≤ cH1cSh‖ūh‖L2(Ω).(5.6)

Proof. The claim follows directly from Lemma 5.1 and Theorem 4.1.

6. Estimation of the objective functional; existence of a local mini-
mizer. Throughout the following sections, we assume the fulfillment of (A1), (A3),
and (A4), which are assumptions concerning the state equation and the discretization.

Let us fix a mesh according to assumptions (A3) and (A4). Let (ȳh, ūh, p̄h)
be the solution of the discretized problem for this particular mesh. Hence, the dis-
cretized state equation (3.1), the discretized adjoint equation (3.3), and the variational
inequality

(νūh + p̄h, uh − ūh) ≥ 0 ∀uh ∈ Uh
ad

are satisfied. Furthermore, we impose the following conditions on the discrete solution
(ȳh, ūh, p̄h).

(A5) We assume that the coercivity condition (3.4)–(3.5) holds at (ȳh, ūh, p̄h)
with some δ > 0. We require the regularities ȳh ∈ L∞(Ω) and p̄h ∈ W 1,∞(Ω).

The latter assumption allows us to use the modified assumption (A2)′ on the
bounded set {y ∈ L∞(Ω) : ‖y‖∞ ≤ max(M, ‖ȳh‖∞)}. Here, M is the global bound
provided by Theorem 4.1.

We are only interested in discretized solutions for a fixed mesh. Hence, the reg-
ularity assumptions ȳh ∈ L∞(Ω) and p̄h ∈ W 1,∞(Ω) are in fact assumptions on the
finite element space. We do not require that the norms ‖ȳh‖L∞(Ω) and ‖p̄h‖W 1,∞(Ω)

be bounded independently of h.
Now, we will investigate the behavior of the objective functional in the neighbor-

hood of ūh. The following lemma expresses J(y, u) − J(yh, ūh) as the sum of several
addends, which will be estimated in what follows.

Lemma 6.1. Let u be an admissible control and y the associated state (solution
of (2.1)). Then we can represent the difference of the objective values as

J(y, u) − J(yh, ūh) = L(ȳh, ūh, p̄h) − L(yh, ūh, p̄h)(6.1)

+Ly(ȳh, ūh, p̄h)(y − ȳh)(6.2)

+Lu(ȳh, ūh, p̄h)(u− ūh)(6.3)

+
1

2
L′′(y,u)(ȳh, ūh, p̄h)(y − ȳh, u− ūh)2(6.4)

+ r2,(6.5)

where r2 denotes a second-order remainder term.
Now, we will estimate the terms (6.1)–(6.5).
Lemma 6.2. The discretization error in the Lagrange function can be estimated

by

(6.6) |L(yh, ūh, p̄h) − L(ȳh, ūh, p̄h)| < cjh
2‖ūh‖L2(Ω)
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with cj = cL2cS(‖ȳh − yd‖L2(Ω) + 1
2cL2cS‖ūh‖L2(Ω)).

Proof. Here, we find for the objective

|J(yh, ūh) − J(ȳh, ūh)| =

∣∣∣∣12‖yh − yd‖2
L2(Ω) −

1

2
‖ȳh − yd‖2

L2(Ω)

∣∣∣∣
=

∣∣∣∣12‖yh − ȳh‖2
L2(Ω) + (ȳh − yd, y

h − ȳh)

∣∣∣∣
≤ cL2cSh

2‖ūh‖L2(Ω)

(
‖ȳh − yd‖L2(Ω) +

1

2
cL2cSh

2‖ūh‖L2(Ω)

)
.

It remains to estimate the term associated with the semilinear equation in the dif-
ference L(yh, ūh, p̄h) − L(ȳh, ūh, p̄h). The semilinear equation is satisfied for the pair
(yh, ūh). Consequently, this term vanishes. The pair (ȳh, ūh) fulfills only the equa-
tion in Vh. However, the test function p̄h belongs to Vh. Hence, this term van-
ishes, too. Consequently, the assertion is true with cj = cL2cS(‖ȳh − yd‖L2(Ω) +
1
2cL2cS‖ūh‖L2(Ω)).

Lemma 6.3. The error in the adjoint equation can be estimated by

(6.7) |Ly(ȳh, ūh, p̄h)(y − ȳh)| ≤ cyh
2‖ȳh − yd‖L2(Ω)‖y‖H2(Ω) ∀y ∈ V

with cy = cp(cH1δ1 + cL2cf ).
Proof. We start with

Ly(ȳh, ūh, p̄h)(y − ȳh) = (ȳh − yd, y − ȳh) − a(p̄h, y − ȳh) − (f ′(ȳh)p̄h, y − ȳh).

Moreover, we define a function ph as a solution of

(6.8) a(ph, v) + (f ′(ȳh)ph, v) = (ȳh − yd, v) ∀v ∈ V.

We obtain for v = y − ȳh,

(ȳh − yd, y − ȳh) = a(ph, y − ȳh) + (f ′(ȳh)ph, y − ȳh).

Therefore, we can continue using Galerkin orthogonality as follows:

Ly(ȳh, ūh, p̄h)(y − ȳh) = a(ph − p̄h, y − ȳh) + (f ′(ȳh)(ph − p̄h), y − ȳh)

= a(ph − p̄h, y − ihy) + (f ′(ȳh)(ph − p̄h), y − ihy)

+ a(ph − p̄h, ihy − ȳh) + (f ′(ȳh)(ph − p̄h), ihy − ȳh)

= a(ph − p̄h, y − ihy) + (f ′(ȳh)(ph − p̄h), y − ihy).

Consequently, we obtain

|Ly(ȳh, ūh, p̄h)(y − ȳh)| ≤ δ1‖ph − p̄h‖H1(Ω)‖y − ihy‖H1(Ω)

+ cf‖ph − p̄h‖L2(Ω)‖y − ihy‖L2(Ω).

The proving technique of Lemma 5.1 delivers

(6.9) ‖ph − p̄h‖H1(Ω) ≤ cH1h‖ph‖H2(Ω) and ‖ph − p̄h‖L2(Ω) ≤ cL2h2‖ph‖H2(Ω).

Moreover, we can apply the inequalities (5.1) and (5.2) for the interpolation error of y.
Finally, we get

|Ly(ȳh, ūh, p̄h)(y − ȳh)| ≤ (cH1δ1 + cL2cfh
2)h2‖ph‖H2(Ω)‖y‖H2(Ω).
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Of course, the norm ‖ph‖H2(Ω) can be estimated by means of Lemma 4.4,

(6.10) ‖ph‖H2(Ω) ≤ cp‖ȳh − yd‖L2(Ω),

and (6.7) is obtained with cy = cp(cH1δ1 + cL2cf ) if h ≤ 1.
Lemma 6.4. The error in the optimality condition can be estimated by

(6.11) Lu(ȳh, ūh, p̄h)(u− ūh) ≥ −cuh‖u− ūh‖L2(Ω)‖p̄h‖W 1,∞(Ω) ∀u ∈ Uad

with cu = |T i
h|1/2, where T i

h is the set of elements, where p̄h + νūh changes the sign.
Proof. The optimality condition for ūh is given by

(6.12) (p̄h + νūh, uh − ūh) ≥ 0 ∀uh ∈ Uh
ad.

This implies uh = a on all elements Th where p̄h + νūh is a.e. positive. Analogously
uh = b holds on all elements Th where p̄h + νūh is a.e. negative. For the set T a

h of all
such elements we find for arbitrary u ∈ Uad

(6.13) (p̄h + νūh, u− ūh)L2(Ta
h ) ≥ 0 ∀u ∈ Uad.

It remains to estimate the error on the set T i
h of elements where the expression p̄h+νūh

changes the sign. Since ūh is constant on each element, we find

|p̄h + νūh| ≤ h‖p̄h‖W 1,∞(Ω) on T i
h.

From this, we conclude

(6.14) (p̄h+νūh, u− ūh)L2(T i
h) ≥ −|T i

h|1/2h‖u− ūh‖L2(T i
h)‖p̄h‖W 1,∞(Ω) ∀u ∈ Uad.

Combining (6.13) and (6.14), (6.11) is obtained with cu = |T i
h|1/2.

Lemma 6.5. Let u ∈ Uad be given together with the associated solution y of the
semilinear state equation (2.1). Then it holds with r = ‖u− ūh‖L2(Ω) that

(6.15) L′′(y,u)(ȳh, ūh, p̄h)(y − ȳh, u− ūh)2 ≥ δr2 − d1hr
2 − d2h

2r − d3r
3 − d4h

4

with constants di specified below; see (6.21).
Proof. At first, let us define d as the solution of the linearized equation

a(d, v) + (f ′(ȳh)d, v) = (u− ūh, v) ∀v ∈ V.

Observe that d can be used as a test function in the coercivity condition (3.4), whereas
y−ȳh would not be suitable there. Furthermore, we have by Corollary 4.3 the estimate

(6.16) ‖d‖L2(Ω) ≤ cL‖u− ūh‖L2(Ω).

Now, we rewrite the left-hand side in (6.15) as

(6.17) L′′(y,u)(ȳh, ūh, p̄h)(y − ȳh, u− ūh)2

= L′′(y,u)(ȳh, ūh, p̄h)(d, u− ūh)2 + Lyy(ȳh, ūh, p̄h)[y − ȳh − d, y − ȳh + d].

The first addend gives the coercivity ≥ δr2 using the sufficient condition (3.4). The
second one can be estimated using (2.8) by

(6.18) |Lyy(ȳh, ūh, p̄h)[y − ȳh − d, y − ȳh + d]|
≤
(
1 + cf ′‖p̄h‖L∞(Ω)

)
‖y − ȳh − d‖L2(Ω)‖y − ȳh + d‖L2(Ω).
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Using (4.4), (5.5), and (6.16), we find

‖y − ȳh + d‖L2(Ω) ≤ ‖y − yh‖L2(Ω) + ‖yh − ȳh‖L2(Ω) + ‖d‖L2(Ω)

≤ cL‖u− ūh‖L2(Ω) + cL2cSh
2‖ūh‖L2(Ω) + cL‖u− ūh‖L2(Ω)

= 2cLr + cL2cS‖ūh‖L2(Ω)h
2.

(6.19)

We could treat y− ȳh−d in the same way. However, we need a sharper result. To this
end, we use the splitting y − ȳh − d = (y − yh − d) + (yh − ȳh).

The first function y − yh − d =: y1 is the weak solution of

a(y1, v) + (f ′(ȳh)y1, v) = −
(
f(y) − f(yh) − f ′(ȳh)(y − yh), v

)
∀v ∈ V.

We transform the right-hand side into

f(y) − f(yh) − f ′(ȳh)(y − yh) =
(
f ′(yh) − f ′(ȳh)

)
(y − yh)

+

∫ 1

0

[
f ′(yh + s(y − yh)) − f ′(yh)

]
(y − yh)ds.

Its L2-norm is estimated by

∥∥f(y) − f(yh) − f ′(ȳh)(y − yh)
∥∥
L2(Ω)

≤ cf ′

(
‖yh − ȳh‖L4(Ω)‖y − yh‖L4(Ω) +

1

2
‖y − yh‖2

L4(Ω)

)
.

Hence, we can estimate

‖y1‖L2(Ω) = ‖y − d− yh‖L2(Ω) ≤ cL‖f(y) − f(yh) − f ′(ȳh)(y − yh)‖L2(Ω)

≤ cLcf ′

(
‖yh − ȳh‖L4(Ω)‖y − yh‖L4(Ω) +

1

2
‖y − yh‖2

L4(Ω)

)
.

Analogously to (5.5) we get an L4-error estimate for y − yh by Lemma 5.1,

‖yh − ȳh‖L4(Ω) ≤ I4cH1hcS‖ūh‖L2(Ω).

Applying Corollary 4.3, we find

‖y − yh‖L4(Ω) ≤ I4‖y − yh‖H1(Ω) ≤ I4cLr.

Altogether, we derived the estimate

‖y − d− yh‖L2(Ω) ≤ c2Lcf ′I2
4

(
cH1cS‖ūh‖L2(Ω) hr +

1

2
cLr

2

)
,

which yields

(6.20) ‖y − ȳh − d‖L2(Ω) ≤ ‖y − yh − d‖L2(Ω) + ‖yh − ȳh‖L2(Ω)

≤ c2Lcf ′I2
4

(
cH1cS‖ūh‖L2(Ω) hr +

1

2
cLr

2

)
+ cL2cSh

2‖ūh‖L2(Ω).
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Now we can proceed with the estimation of Lyy already started in (6.18) using the
inequalities (6.19) and (6.20),

|Lyy(ȳh, ūh, p̄h)[y − ȳh − d, y − ȳh + d]|
≤
(
1 + cf ′‖p̄h‖L∞(Ω)

)
‖y − ȳh + d‖L2(Ω)‖y − ȳh − d‖L2(Ω)

≤
(
1 + cf ′‖p̄h‖L∞(Ω)

) (
2cLr + cL2cS‖ūh‖L2(Ω)h

2
)

·
(
c2Lcf ′I2

4

(
cH1cS‖ūh‖L2(Ω) hr +

1

2
cLr

2

)
+ cL2cSh

2‖ūh‖L2(Ω)

)
≤ d1hr

2 + d2h
2r + d3r

3 + d4h
4

with constants defined by

(6.21)
d0 =

(
1 + cf ′‖p̄h‖L∞(Ω)

)
,

d1 = d0 · c2Lcf ′I2
4 ·
(
cH1cS‖ūh‖L2(Ω) · 2cL +

1

2
cLcL2cS‖ūh‖L2(Ω)

)
,

d2 = d0 ·
(
c2Lcf ′I2

4 · cH1cS‖ūh‖L2(Ω) · cL2cS‖ūh‖L2(Ω) + 2cL · cL2cS‖ūh‖L2(Ω)

)
,

d3 = d0 · c2Lcf ′I2
4 · c2L,

d4 = d0 · (cL2cS‖ūh‖L2(Ω))
2.

Here, we used again h < 1. Finally, we obtain for the second derivative

L′′(y,u)(ȳh, ūh, p̄h)(y − ȳh, u− ūh)2 ≥ δr2 − d1hr
2 − d2h

2r − d3r
3 − d4h

4,

and the claim is proved.
Lemma 6.6. Assume that (2.6) holds. Then, the estimate

(6.22) J(y, u) − J(yh, ūh) ≥ δr2 − a1h
2 − a2hr − a3h

2r − a4r
3 − a5hr

2

is valid for all (y, u) satisfying (2.1) and ‖u − ūh‖L2(Ω) = r. The constants ai are
computed in the course of the proof; see (6.26).

Proof. Since (y, u) and (yh, ūh) fulfill (2.1), we find

J(y, u) − J(yh, ūh) = L(y, u, p̄h) − L(yh, ūh, p̄h)

= L(y, u, p̄h) − L(ȳh, ūh, p̄h)

+L(ȳh, ūh, p̄h) − L(yh, ūh, p̄h).(6.23)

The second difference was already estimated in Lemma 6.2. We will now focus on the
first difference,

L(y, u, p̄h) − L(ȳh, ūh, p̄h) = Ly(ȳh, ūh, p̄h)(y − ȳh) + Lu(ȳh, ūh, p̄h)(u− ūh)

+
1

2
L′′(y,u)(ȳh, ūh, p̄h)(y − ȳh, u− ūh)2 + r2.(6.24)

Note that the quadratic part of the objective is approximated exactly. Only the nonlin-
ear function f causes the remainder part r2. We estimated all addends in Lemmas 6.3,
6.4, and 6.5. It remains to investigate the remainder term. Here, we find

|r2| =

∣∣∣∣
∫

Ω

∫ 1

0

∫ s

0

(f ′′(ȳh + t(y − ȳh)) − f ′′(ȳh)) (y − ȳh)2dt ds p̄h dx

∣∣∣∣
≤ 1

6
cf ′′‖y − ȳh‖3

L3(Ω)‖p̄h‖L∞(Ω).

(6.25)
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We estimate the right-hand side of (6.25) using Lemma 4.2 and Corollary 5.2 as

‖y − ȳh‖L3(Ω) ≤ ‖y − yh‖L3(Ω) + ‖yh − ȳh‖L3(Ω)

≤ cLI3‖u− ūh‖L2(Ω) + cH1cSI3h‖ūh‖L2(Ω).

Using ‖u− ūh‖L2(Ω) = r and (a + b)3 ≤ 4(a3 + b3) for positive a, b, we obtain

|r2| ≤
2

3
cf ′′‖p̄h‖L∞(Ω)

(
c3LI

3
3 r3 + (cH1cSI3‖ūh‖L2(Ω))

3h3
)

=: cr1r
3 + cr2h

3.

By means of Lemmas 6.2, 6.3, 6.4, and 6.5 and (6.25) we get

J(y, u) − J(yh, ūh) ≥ −cj‖ūh‖L2(Ω) h
2 − cy‖ȳh − yd‖L2(Ω)‖y‖H2(Ω)h

2

− cu‖p̄h‖W 1,∞(Ω) hr + δr2 − d1hr
2 − d2h

2r − d3r
3 − d4h

4 − cr1r
3 − cr2h

3.

Here, it remains to estimate ‖y‖H2(Ω):

‖y‖H2(Ω) ≤ cS‖u‖L2(Ω) ≤ cS(‖ūh‖L2(Ω) + r).

Consequently, we obtain

J(y, u) − J(yh, ūh) ≥ δr2 −
(
cy‖ȳh − yd‖L2(Ω)cS‖ūh‖L2(Ω) + cr2 + d4h

2
)
h2

−
(
cu‖p̄h‖W 1,∞(Ω)

)
hr −

(
cy‖ȳh − yd‖L2(Ω)cS + d2

)
h2r − (d3 + cr1) r

3 − d1hr
2.

Setting

(6.26)

a1 := cj‖ūh‖L2(Ω) + cy‖ȳh − yd‖L2(Ω)cS‖ūh‖L2(Ω) + cr2 + d4,

a2 := cu‖p̄h‖W 1,∞(Ω),

a3 := cy‖ȳh − yd‖L2(Ω)cS + d2,

a4 := d3 + cr1,

a5 := d1,

the assertion is obtained.
Now, let us fix a mesh-size h with associated solution ūh. Suppose that the poly-

nomial given by (6.22) is positive for some r > 0. Then we have that the value J(y, u)
is greater than the J(yh, ūh) for all u having L2-distance r to ūh. Hence, there exists
a local minimum of the optimal control problem (1.1)–(1.3) inside the neighborhood
{u : ‖u− ūh‖L2(Ω) < r} of ūh.

Corollary 6.7. Assume that there exists a positive value r such that

−a4r
3 + (δ − a5h)r2 − (a2h + a3h

2)r − a1h
2 > 0.

Then

(6.27) J(y, u) − J(yh, ūh) > 0

holds for all (y, u) satisfying (2.1) and ‖u− ūh‖L2(Ω) = r.
A sufficient condition that the assumption of the previous Corollary 6.7 is fulfilled

is given as the last result in this section.
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2570 ARND RÖSCH AND DANIEL WACHSMUTH

Corollary 6.8. Let us assume that σ := δ − a5h > 0 holds. Let us suppose
further that there exists r+ > 0 that fulfills

(6.28) r+ > max

{
3(a2h + a3h

2)

σ
,

√
3a1h2

σ

}
,

and if a4 > 0 additionally, then

(6.29) r+ <
σ

3a4
.

Then the prerequisite of Corollary 6.7 is satisfied.
Proof. The first condition, (6.28), gives

2

3
(δ − a5h)r2

+ =
2

3
σr2

+ > (a2h + a3h
2)r+ + a1h

2 ≥ 0.

If a4 is not zero, then the second one implies 1
3σr

2
+ > a4r

3
+ > 0. Now, the polynomial

−a4r
3 + (δ − a5h)r2 − (a2h + a3h

2)r − a1h
2 admits a positive value for r+. Thus, it

satisfies the assumptions of the previous Corollary 6.7.
Remark 6.9. The assumptions of Corollary 6.7 directly link the discretization

parameter h to the coercivity factor δ. The discretization has to be fine enough; i.e., h
has to be small enough, such that δ− a5h > 0 can be fulfilled. Hence, if the sufficient
condition (2.6) holds for the solution of the original, continuous problem, then for
sufficiently small h the assumptions of Corollary 6.7 will be satisfied.

7. Verification of optimality conditions. In the following, r denotes a fixed
radius fulfilling the assumptions of Corollary 6.7. We are now going to prove that in
an r-neighborhood of ūh there exists a solution of the optimality system connected
with the continuous problem (1.1)–(1.3).

Theorem 7.1. There exist at least one control û with associated state ŷ and
adjoint state p̂ in an r-neighborhood of ūh fulfilling the first-order necessary optimality
conditions (2.3).

Proof. We investigate the optimal control problem for

Ur
ad := Uad ∩ {u ∈ U : ‖u− ūh‖L2(Ω) ≤ r}.

This set is weakly compact. Hence, there exists at least one solution û of the modified
problem. Since ūh is feasible and

J(y, u) − J(yh, ūh) > 0

is satisfied for all controls u with ‖u− ūh‖L2(Ω) = r, we have ‖û− ūh‖L2(Ω) < r. Con-
sequently, the local minimizer û of the modified problem is also a local minimizer for
the original problem. In particular, û has to fulfill the first-order necessary optimality
conditions.

As a consequence, we can give an error estimate for the associated state ŷ and
adjoint state p̂ in terms of r and h.

Lemma 7.2. Let (ŷ, û, p̂) fulfill the first-order necessary optimality conditions.
Then one can estimate the distance to the discrete solution by

(7.1) ‖ŷ − ȳh‖L2(Ω) ≤ cy1 r + cy2 h
2
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and

(7.2) ‖p̂− p̄h‖L2(Ω) ≤ cp1 r + cp2 h
2,

with constants cyi and cpi independent of h, r, and (ŷ, û, p̂):

cy1 = cL, cy2 = cL2cS‖ūh‖L2(Ω), cp1 = cL
(
1 + cf ′‖p̄h‖L∞(Ω)

)
cy1,

cp2 = cL
(
1 + cf ′‖p̄h‖L∞(Ω)

)
cy2 + cpcL2‖ȳh − yd‖L2(Ω).

Proof. The difference ŷ− ȳh can be treated using the auxiliary function yh defined
in (3.8),

‖ŷ − ȳh‖L2(Ω) ≤ ‖ŷ − yh‖L2(Ω) + ‖yh − ȳh‖L2(Ω)

≤ cLr + cL2cSh
2‖ūh‖L2(Ω).

Here, we applied the estimate (5.5). The claim (7.1) follows with cy1 = cL and cy2 =
cL2cS‖ūh‖L2(Ω).

For the estimation of the adjoint states, recall the definition of ph in (6.8) and
the corresponding estimate (6.9),

‖ph − p̄h‖L2(Ω) ≤ cL2h2‖ph‖H2(Ω) ≤ cpcL2h2‖ȳh − yd‖L2(Ω).

Now, we introduce the splitting

‖p̂− p̄h‖L2(Ω) ≤ ‖p̂− ph‖L2(Ω) + ‖ph − p̄h‖L2(Ω),

and it remains to investigate d := p̂− ph. It is a solution of

a(d, v) + (f ′(ŷ)d, v) = (ŷ − ȳh, v) − ((f ′(ŷ) − f ′(ȳh))p̄h, v) ∀v ∈ V.

Hence, we obtain

‖p̂− ph‖L2(Ω) ≤ cL
(
‖ŷ − ȳh‖L2(Ω) + ‖(f ′(ŷ) − f ′(ȳh))p̄h‖L2(Ω)

)
≤ cL

(
1 + cf ′‖p̄h‖L∞(Ω)

)
‖ŷ − ȳh‖L2(Ω).

The estimate (7.2) is satisfied with cp1 = cL
(
1 + cf ′‖p̄h‖L∞(Ω)

)
cy1 and cp2 =

cL
(
1 + cf ′‖p̄h‖L∞(Ω)

)
cy2 + cpcL2‖ȳh − yd‖L2(Ω).

With the same technique, we get an H1-error estimate for the state and adjoint
state.

Corollary 7.3. Under the assumptions of the previous lemma, we have

‖ŷ − ȳh‖H1(Ω) ≤ cL r + cH1cS‖ūh‖L2(Ω) h

and

‖p̂− p̄h‖H1(Ω) ≤ cL
(
1 + cf ′‖p̄h‖L∞(Ω)

)
‖ŷ − ȳh‖H1(Ω) + cpcH1‖ȳh − yd‖L2(Ω) h.

Next, we will introduce additional assumptions on r that guarantee that the
control û fulfills a second-order sufficient optimality condition.

Theorem 7.4. Under the assumption

r <
δ − chh

2

cr
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every control û in an r-neighborhood of ūh fulfills, together with its associated state ŷ
and adjoint p̂, the coercivity

(7.3) L′′(y,u)(ŷ, û, p̂)(y, u)2 ≥ δ′‖u‖2
L2(Ω)

for all y given as a solution of

(7.4) a(y, v) + (f ′(ŷ)y, v) = (u, v) ∀v ∈ V.

Moreover, there exists only one local minimum in this neighborhood.

The constants cr and ch will be determined in the course of the proof.

Proof. Let û be a stationary point with associated state ŷ and adjoint state p̂.
Further, let u ∈ U be an arbitrary control with associated solutions y and yh of the
linearized equations (7.4) and (3.5), respectively. Then the pair (y, u) is suitable in
(7.3), whereas (yh, u) can be utilized as test functions in (3.4).

At first, we have to estimate the difference d := y − yh as well as the sum y + yh

in terms of u and h. The difference fulfills the equation

0 = a(d, v)+ (f ′(ŷ)y, v)− (f ′(ȳh)yh, v) = a(d, v)+ (f ′(ŷ)d, v)+ ((f ′(ŷ)− f ′(ȳh))yh, v)

for all v ∈ V . Testing with d itself, we obtain

‖d‖H1(Ω) ≤
I4
δ0

‖(f ′(ŷ) − f ′(ȳh))yh‖L4/3(Ω).

Hence, we can estimate d as a solution of a linearized equation with right-hand side
−(f ′(ŷ) − f ′(ȳh))yh, which is estimated by

‖(f ′(ŷ) − f ′(ȳh))yh‖L4/3(Ω) ≤ cf ′‖ŷ − ȳh‖L2(Ω)‖yh‖L4(Ω)

≤ cf ′‖ŷ − ȳh‖L2(Ω)cLI4‖u‖L2(Ω).

Collecting all these inequalities, we find for d = y − yh

‖y − yh‖L2(Ω) ≤ cLI4‖(f ′(ŷ) − f ′(ȳh))yh‖L2(Ω)

≤ cLδ
−1
0 I2

4cf ′‖ŷ − ȳh‖L2(Ω)‖u‖L2(Ω).

The sum y + yh is estimated by

‖y + yh‖L2(Ω) ≤ 2cL‖u‖L2(Ω).

Now, we can investigate the second derivative of the Lagrangian. We start with
the decomposition

L′′(y,u)(ŷ, û, p̂)(y, u)2 =L′′(y,u)(ŷ, û, p̂)(y, u)2 − L′′(y,u)(ȳh, ūh, p̄h)(y, u)2

+ L′′(y,u)(ȳh, ūh, p̄h)(y, u)2 − L′′(y,u)(ȳh, ūh, p̄h)(yh, u)2

+ L′′(y,u)(ȳh, ūh, p̄h)(yh, u)2.

The last addend gives us the desired coercivity by (3.4). So we have to estimate the
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two differences in this equation. The first one yields

∣∣∣L′′(y,u)(ȳh, ūh, p̄h)(y, u)2 − L′′(y,u)(ȳh, ūh, p̄h)(yh, u)2
∣∣∣

=

∣∣∣∣(y − yh, y + yh) +

∫
Ω

f ′′(ȳh)p̄h(y − yh)(y + yh)

∣∣∣∣
≤
(
1 + cf ′‖p̄h‖L∞(Ω)

)
‖y − yh‖L2(Ω)‖y + yh‖L2(Ω)

≤
(
1 + cf ′‖p̄h‖L∞(Ω)

)
2c2Lδ

−1
0 I2

4cf ′︸ ︷︷ ︸
C1

‖ŷ − ȳh‖L2(Ω)‖u‖2
L2(Ω)

≤ C1‖ŷ − ȳh‖L2(Ω)‖u‖2
L2(Ω).

Let us proceed with the second difference,

∣∣∣L′′(y,u)(ŷ, û, p̂)(y, u)2 − L′′(y,u)(ȳh, ūh, p̄h)(y, u)2
∣∣∣

=

∣∣∣∣
∫

Ω

(f ′′(ŷ)p̂− f ′′(ȳh)p̄h) y2dx

∣∣∣∣ ≤ ‖f ′′(ŷ)p̂− f ′′(ȳh)p̄h‖L2(Ω)‖y‖2
L4(Ω)

≤ c2LI
2
4‖f ′′(ŷ)p̂− f ′′(ȳh)p̄h‖L2(Ω)‖u‖2

L2(Ω).

Using Lipschitz estimates, we obtain for the right-hand side,

‖f ′′(ŷ)p̂− f ′′(ȳh)p̄h‖L2(Ω) ≤ ‖f ′′(ŷ)p̂− f ′′(ŷ)p̄h‖L2(Ω) + ‖f ′′(ŷ)p̄h − f ′′(ȳh)p̄h‖L2(Ω)

≤ cf ′‖p̂− p̄h‖L2(Ω) + cf ′′‖ŷ − ȳh‖L2(Ω)‖p̄h‖L∞(Ω).

Hence, we arrive at

∣∣∣L′′(y,u)(ŷ, û, p̂)(y, u)2 − L′′(y,u)(ȳh, ūh, p̄h)(y, u)2
∣∣∣

≤ c2LI
2
4

(
cf ′‖p̂− p̄h‖L2(Ω) + cf ′′‖ŷ − ȳh‖L2(Ω)‖p̄h‖L∞(Ω)

)
‖u‖2

L2(Ω).

So, we find

L′′(y,u)(ŷ, û, p̂)(y, u)2 ≥
{
δ −
(
c2LI

2
4cf ′
)
‖p̂− p̄h‖L2(Ω)

−
(
C1 + c2LI

2
4cf ′′‖p̄h‖L∞(Ω)

)
‖ŷ − ȳh‖L2(Ω)

}
‖u‖2

L2(Ω).

Here, we can apply the estimates of ‖p̂ − p̄h‖L2(Ω) and ‖ŷ − ȳh‖L2(Ω) of Lemma 7.2.
We get consequently,

L′′(y,u)(ŷ, û, p̂)(y, u)2 ≥
{
δ − crr − chh

2
}
‖u‖2

L2(Ω)

with

cr = C1cy1
+ c2LI

2
4

(
cf ′cp1 + cf ′′‖p̄h‖L∞(Ω)cy1

)
and

ch = C1cy2 + c2LI
2
4

(
cf ′cp2 + cf ′′‖p̄h‖L∞(Ω)cy2

)
,

and the claim is proved.
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Finally, the sufficient condition provided by the previous theorem gives local op-
timality of û. Moreover, the method of proof yields an estimate of the neighborhood
of û, where û is locally optimal.

Theorem 7.5. Let the assumptions of Theorem 7.4 be satisfied. Then it holds
with some δ̂ > 0 that

J(y, u) − J(ŷ, û) ≥ δ̂‖u− û‖2
L2(Ω)

for all admissible u ∈ Uad with ‖u− û‖L2(Ω) < r′ for some sufficiently small r′.
Proof. By assumption, (ŷ, û, p̂) fulfills the necessary optimality conditions together

with the coercivity relation (7.3). Let (y, u) be another admissible pair. We have

J(ŷ, û) = L(ŷ, û, p̂) and J(y, u) = L(y, u, p̂),

since (ŷ, û) and (y, u) are admissible. Taylor expansion of the Lagrange function yields

J(y, u) − J(ŷ, û) = L(y, u, p̂) − L(ŷ, û, p̂)

= Ly(ŷ, û, p̂)(y − ŷ) + Lu(ŷ, û, p̂)(u− û)(7.5)

+
1

2
L′′(ŷ, û, p̂)[(y − ŷ, u− û)]2 + r2.

Since the necessary conditions (2.3) are satisfied at ŷ, û with adjoint state p̂, the first
term vanishes. The second addend is nonnegative due to the variational inequality.
The remainder term r2 satisfies (cf. (6.25))

(7.6) |r2| ≤
1

6
cf ′′‖y − ŷ‖3

L4(Ω)‖p̂‖L4(Ω) ≤
1

6
cf ′′c3LI

4
4‖u− û‖3

L2(Ω)‖p̂‖H1(Ω).

The pair (y− ŷ, u− û) is not suitable as a test function in (7.3), since y− ŷ is not the
solution of a linearized equation. Let us introduce an auxiliary state d as the weak
solution of

a(d, v) + (f ′(ŷ)d, v) = (u− û, v) ∀v ∈ V.

When we use d instead of y − ŷ, we make the small error r1 := (y − ŷ) − d, which is
itself the weak solution of

a(r1, v) + (f ŷ
y r1, v) =

(
(f ŷ

y − f ′(ŷ))d, v
)

∀v ∈ V

with f ŷ
y =

∫ 1

0
f ′(ŷ+ s(y− ŷ))ds. Since f ′ and f ŷ

y are nonnegative, we get the estimate

‖r1‖H1(Ω) ≤ cL‖(f ŷ
y − f ′(ŷ))d‖L2(Ω) ≤

1

2
cLcf ′‖y − ŷ‖L4(Ω)‖d‖L4(Ω)

≤ 1

2
c3Lcf ′I2

4‖u− û‖2
L2(Ω).

(7.7)

Substituting y − ŷ by d + r1, we obtain

1

2
Lyy(ŷ, û, p̂)[y − ŷ]2 =

1

2
Lyy(ŷ, û, p̂)[d]

2 + Lyy(ŷ, û, p̂)[d, r1] +
1

2
Lyy(ŷ, û, p̂)[r1]

2

=
1

2
Lyy(ŷ, û, p̂)[d]

2 +
1

2
r̃2.
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The remainder term is given by

r̃2 = (r1, 2d + r1) +

∫
Ω

f ′′(ŷ)p̂ r1(2d + r1)dx

and can be estimated by

|r̃2| ≤ (1 + cf ′I3
4‖p̂‖H1(Ω))‖r1‖H1(Ω)(‖d‖H1(Ω) + ‖r1‖H1(Ω))

≤ 1

2
(1 + cf ′I3

4‖p̂‖H1(Ω))(2cL‖u− û‖L2(Ω) + ‖r1‖H1(Ω))c
3
Lcf ′I2

4︸ ︷︷ ︸
r0

‖u− û‖2
L2(Ω)

(7.8)

with r0 → 0 as ‖u− û‖L2(Ω) → 0.
So far, we achieved the following estimate for the difference of the objective values:

J(y, u) − J(ŷ, û) ≥ 1

2
L′′(ŷ, û, p̂)[d, u]2 − |r2| − r0‖u− û‖2

L2(Ω).

In the next step, we apply the coercivity (7.3) given by Theorem 7.4. Furthermore,
we utilize the estimates of r0, r1, and r2 in (7.6), (7.7), and (7.8), respectively. To
shorten the estimates, let us assume ‖u− û‖L2(Ω) ≤ R. We obtain

J(y, u) − J(ŷ, û) ≥
{
δ′

2
− 1

2
c3Lcf ′I2

4 (1 + cf ′I3
4‖p̂‖H1(Ω))

(
2cLR +

1

2
c3Lcf ′I2

4R
2

)

−1

6
cf ′′I4

4R
3‖p̂‖H1(Ω)

}
‖u− û‖2

L2(Ω).

(7.9)

It remains to estimate ‖p̂‖H1(Ω). Using the splitting

‖p̂‖H1(Ω) ≤ ‖p̂− p̄h‖H1(Ω) + ‖p̄h‖H1(Ω),

Corollary 7.3 provides us with a computable estimate of that norm.
For R < R0 small enough, the factor in braces in (7.9) is greater than zero. This

implies quadratic growth of the objective functional in the neighborhood {u ∈ Uad :
‖u− û‖L2(Ω) ≤ R0}.

8. Example. In this section, we will apply our results to consider the optimal
control problem of minimizing J(y, u) given by

(8.1) J(y, u) :=
1

2
‖y − yd‖2

L2(Ω) +
ν

2
‖u‖2

L2(Ω)

subject to the semilinear boundary value problem

(8.2)
−(Δy)(x) + y3(x) = u(x) in Ω

y = 0 on Γ

and to the control constraints

(8.3) −0.1 ≤ u(x) ≤ 0.5 a.e. in Ω.

The domain Ω is the unit square Ω = (0, 1)2, its boundary denoted by Γ. The para-
meter ν was chosen as ν = 0.1. The desired state yd is given by

(8.4) yd = 8 sinπx1 sinπx2 − 4.

We find that the set of admissible controls is bounded in L2(Ω) by

‖u‖L2(Ω) ≤ 0.5 =: MU ∀u ∈ Uad.
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Fig. 8.1. Discrete solution: control ūh and state ȳh.

8.1. The solution. At first, let us show the computed solutions for a fixed
discretization. The state and adjoint state were discretized using piecewise linear
and continuous functions on a regular triangulation of the domain. The control was
discretized according to (A3) by piecewise constant functions. See also section 8.3.4
below for the discretization details. The grid consists of 20, 000 triangles with 10, 201
nodes. The discretization parameter was h =

√
2/100 = 0.01414 . . . . Here and in what

follows “. . . ” means truncation of floating point numbers after four leading digits. For
the approximate evaluation of integrals we used a six-point quadrature of fourth order;
see [15, Table 4.1]. A plot of the computed control ūh and state ȳh can be found in
Figure 8.1.

Now let us report the norms of the solution, which are needed for the following
computations:

‖yh‖L∞(Ω) = 0.02752 . . . , ‖yh‖H1(Ω) = 0.05638 . . . , ‖yh − yd‖L2(Ω) = 2.457 . . . ,

‖uh‖L2(Ω) = 0.2856 . . . ,

‖ph‖L∞(Ω) = 0.1092 . . . , ‖ph‖H1(Ω) = 0.2434 . . . , ‖ph‖W 1,∞(Ω) = 0.3541 . . . .

The set of elements T i
h, where the control constraint is inactive (see Lemma 6.4), has

measure |T i
h| = 0.7220 . . . .

8.2. Check of the condition. Now, let us report whether the condition (3.4)
on the discrete solution is satisfied. For the computed solution it holds that

f ′′(ȳh(x))p̄h(x) ≥ −0.01803 . . . .

Hence, the condition (3.7) and

‖y‖2
L2(Ω) + ν‖u‖2

L2(Ω) + (f ′′(ȳh)y2, p̄h) ≥ δ‖u‖2
L2(Ω)

are satisfied with δ = ν = 0.1.

8.3. Computation of the constants. In the following short sections, we will
explain how all those constants involved in the proofs are computed.

8.3.1. Imbedding constants. At first, we will compute the imbedding con-
stants Ip of the imbeddings H1

0 (Ω) ↪→ Lp(Ω). We obtain, with the use of the eigen-
function of −Δ, the constant of the imbedding in L2(Ω) as

I2 =
1

π + 1
= 0.2415 . . . .
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For the imbedding constants I4 and I6 we have the following. Because of the inequal-
ities ‖y‖4

L4(Ω) ≤ 1
2‖y‖2

L2(Ω)‖∇y‖2
L2(Ω) and ‖y‖6

L6(Ω) ≤ 9
8‖y‖4

L4(Ω)‖∇y‖2
L2(Ω) (see [14]),

the imbedding constants I4 and I6 can be computed as

I4 =

(
1

2
I2
2

)1/4

= 2−1/4I
1/2
2 = 0.4132 . . . , I6 =

(
9

8
I4
4

)1/6

= 0.5658 . . . .

Now, it remains to compute I3 for the imbedding in L3(Ω). Using the interpolation

inequality ‖y‖L3(Ω) ≤ ‖y‖1/3
L2(Ω)‖y‖

2/3
L4(Ω), we find

I3 = I
1/3
2 I

2/3
4 = 0.3454 . . . .

The interpolation between L2(Ω) and L6(Ω) would give a larger imbedding constant

of Ĩ3 = I
1/2
2 I

1/2
6 = 0.3696 . . . in our case.

8.3.2. Solution mapping u �→ y. At first, we investigate the bilinear form a.
We have |a(y1, y2)| ≤ ‖y1‖H1(Ω)‖y2‖H1(Ω), which gives δ1 = 1. Furthermore it holds
that

a(y, y) = ‖∇y‖2
L2(Ω) = ‖y‖2

H1(Ω) − ‖y‖2
L2(Ω) ≥ (1 − I2

2 )‖y‖2
H1(Ω),

and we obtain δ0 = 1 − I2
2 = 0.9417 . . . .

The Lipschitz constant of the solution mapping now is given by Lemma 4.2 as

cL =
I2
δ0

= 0.2564 . . . .

In the following, we will apply the identity |y|H2(Ω) = ‖ − Δy‖L2(Ω), which can
easily be proved by Fourier expansion. Now, let us estimate the constant cS of Theo-
rem 4.1. Since f(0) = 0 holds, we find for the nonlinear equation,

‖y‖H1(Ω) ≤ cL‖u‖L2(Ω).

Hence, we can derive

‖Δy‖L2(Ω) ≤ ‖f(y)‖L2(Ω) + ‖u‖L2(Ω)

≤ ‖y‖3
L6(Ω) + ‖u‖L2(Ω) ≤ (I3

6c
3
L‖u‖2

L2(Ω) + 1)‖u‖L2(Ω)

≤ (I3
6c

3
LM

2
U + 1)‖u‖L2(Ω),

which gives finally

‖y‖H2(Ω) ≤
√
c2L + (I3

6c
3
LM

2
U + 1)2‖u‖L2(Ω)

and the value of the constant cS =
√
c2L + (I3

6c
3
LM

2
U + 1)2 = 1.033 . . . .

8.3.3. Global estimates of the nonlinearity. Furthermore, we need an L∞-
bound of the solutions to the state equation. Here, we use Stampacchia’s result; see
[10, 17].

Corollary 8.1. Let y be the solution of the nonlinear state equation (2.1) for a
given right-hand side u ∈ L2(Ω). Then it holds that y ∈ L∞(Ω) with

‖y‖L∞(Ω) ≤ 4
I2
6√
δ0

|Ω|1/6‖u‖L2(Ω).
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Proof. Let k be a real number. Define

v(x) =

⎧⎪⎨
⎪⎩
y(x) − k if y(x) ≥ k,

0 if |y(x)| < k,

y(x) + k if y(x) ≤ −k,

Ω(k) = {x : |y(x)| ≥ k}.

Now, we test (2.1) by v,

a(y, v) + (f(y), v) = (u, v).

Because of f(0) = 0 and the monotonicity of f , it holds that (f(y), v) ≥ 0. The
right-hand side we estimate by

|(u, v)| ≤ ‖u‖L2(Ω)‖v‖L2(Ω) ≤ ‖u‖L2(Ω)‖v‖L6(Ω)|Ω(k)|1/3

≤ ‖u‖L2(Ω)|Ω(k)|1/3I6‖v‖H1(Ω) ≤
δ0
2
‖v‖2

H1(Ω) +
|Ω(k)|2/3I2

6

2δ0
‖u‖2

L2(Ω).
(8.5)

Further, it holds that

|a(y, v)| ≥ a(v, v) ≥ δ0‖v‖2
H1(Ω).

Now, we proceed with

(8.6) ‖v‖2
H1(Ω) ≥

1

I2
6

‖v‖2
L6(Ω) =

1

I2
6

(∫
Ω(k)

(|y| − k)6dx

)1/3

.

Since Ω(h) ⊂ Ω(k) for h > k, we find

(∫
Ω(k)

(|y| − k)6dx

)1/3

≥
(∫

Ω(h)

(|y| − k)6dx

)1/3

≥
(∫

Ω(h)

(h− k)6dx

)1/3

= (h− k)2|Ω(h)|1/3.

Altogether, we obtain

δ0
I2
6

(h− k)2|Ω(h)|1/3 ≤ I2
6

δ0
|Ω(k)|2/3‖u‖2

L2(Ω),

or, equivalently,

|Ω(h)| ≤
(
I4
6‖u‖2

L2(Ω)

δ2
0

)3
1

(h− k)6
|Ω(k)|2.

Then by a result of Stampacchia it holds that |Ω(d)| = 0 for

d = 4
I2
6‖u‖L2(Ω)

δ0
|Ω|1/6.

This implies

‖y‖L∞(Ω) ≤ d = 4
I2
6

δ0
|Ω|1/6‖u‖L2(Ω),
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and the claim is proved. Due to the assumptions on f this estimate is valid for every
suitable choice of the semilinearity.

In our case, the constant cSL∞ = 4
I2
6

δ0
|Ω|1/6 (see Theorem 4.1) has the value

cSL∞ = 1.3596 . . . . Choices of Lp-spaces other than L6 in the estimates (8.5) and
(8.6) yield other values of cSL∞ . Using the imbedding constants computed in this
section, p = 6 gave the smallest constant over all possible combinations from {3, 4, 6}.

Now, we can compute the global bound of the L∞-norms of all possible states by

M = cSL∞MU = 0.6798 . . . .

Then the Lipschitz estimates of f holds with the following constants:

cf = 3M2 = 1.386 . . . ,

cf ′ = 6M = 4.079 . . . ,

cf ′′ = 6.

Now, let us check whether the condition (3.6) holds uniformly for all admissible con-
trols u with associated states y and adjoints p. To do so, we have to compute bounds
of the L∞-norm of f ′′(y)p. Straightforward estimation gives

‖f ′′(y)p‖L∞(Ω) ≤ cf ′‖p‖L∞(Ω) ≤ cf ′cSL∞‖y − yd‖L2(Ω)

≤ cf ′cSL∞
(
I2cLMU + ‖yd‖L2(Ω)

)
≤ 13.82 . . . .

Since this bound is larger than one, we cannot prove a priori that condition (3.7)
holds for all admissible controls.

8.3.4. Finite elements constants. The discrete space Vh is chosen to be the
set of continuous functions that are linear on the triangles of the triangulation T , e.g.,

Vh = {v ∈ C(Ω̄) : v|Th
∈ P1(Th) ∀Th ∈ T, v|Γ = 0}.

The unit square was triangulated uniformly by orthogonal and congruent triangles.
It is known that the interpolation operator fulfills the requirements (5.1) and (5.2)

of (A3). However, we could not find any estimate of the associated constant c1 in the
literature. So we decided to define the operator ih as follows.

For y ∈ H2(Ω) ∩H1
0 (Ω), we set yh := ihy to be the solution of

a(yh, v) = (−Δy, v) ∀v ∈ Vh.

Then, the following upper bounds for the values of c1 and c2 can be found in [1,
Theorem 5]:

c1 = 0.2381 . . . , c2 = 0.4888 . . . .

Before we can derive the constants of Lemma 5.1, we have to compute the constant
cM that appears in the proof of that lemma. The norm of the auxiliary function g
defined there can be estimated by ‖g‖H1(Ω) ≤ cL. The L2-norm of its Laplacian is

‖Δg‖L2(Ω) ≤ ‖e‖L2(Ω) + ‖fyh
y g‖L2(Ω) ≤ 1 + ‖g‖L2(Ω)cf ≤ 1 + cfcL.

Hence, we obtain cM =
√
c2L + (1 + cfcL)2 = 1.504 . . . .

Now, we can compute the desired constants as

cL2 = (δ1c2 + cfc1)cH1cM = 0.9806 . . . ,

cH1 = (δ1c2 + cfc1)/δ0 = 0.8688 . . . .
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8.3.5. Auxiliary constants. Now, let us investigate the auxiliary adjoint state
ph defined in (6.8). Here we want to compute the constant cp as used in (6.10). By
Corollary 4.3, we find

‖ph‖H1(Ω) ≤ cL‖ȳh − yd‖L2(Ω),

and with

‖Δph‖L2(Ω) = ‖f ′(ȳh)ph‖L2(Ω) + ‖ȳh − yd‖L2(Ω)

≤ 3I2‖ȳh‖2
L∞(Ω)‖ph‖H1(Ω) + ‖ȳh − yd‖L2(Ω)

≤ (3I2cL‖ȳh‖2
L∞(Ω) + 1)‖ȳh − yd‖L2(Ω)

we find cp =
√
c2L + (3I2cL‖ȳh‖2

L∞(Ω) + 1)2 = 1.032 . . . .

8.4. Verification results. Finally, we report the estimates of the objective func-
tional. The coefficients in the polynomial (6.22) were computed to

a1 = 2.503 . . . , a2 = 0.3009 . . . , a3 = 5.843 . . . , a4 = 0.00337 . . . , a5 = 0.00786 . . . ,

which leads to the estimate

J(y, u) − J(yh, ūh) ≥ −0.00337r3 + 0.09989r2 − 0.00542r − 0.00050.

This polynomial admits positive values for r ∈ [0.1033, 29.60]. That implies the exis-
tence of a local minimizer û of J within the set

Bh = {u ∈ Uad : ‖u− ūh‖L2(Ω) < 0.1033}.

Furthermore, it follows that the global minimizer of J belongs to that neighborhood,
since the upper bound 29.60 of the positivity interval is much larger than the diameter
of the set of admissible controls.

Regarding the check of the sufficient condition—coercivity of the second-derivative
of the Lagrangian—we achieved the following. For every r < 5.978, Theorem 7.4 gives
coercivity of L′′(y,u) with a positive δ′. Finally, Theorem 7.5 yields quadratic growth

of the cost functional in an L2-neighborhood of û with radius r = 0.8543. Hence, it
follows that the local minimizer û of J , whose existence is proved above, is unique in
the specified neighborhood Bh. Moreover, we know already that the global minimizer
belongs to that neighborhood. Consequently, the function û is the unique globally
optimal control of our original problem (P). That is, the optimal control problem
(8.1)–(8.4) is uniquely solvable.

Let us emphasize, that we proved a posteriori that the sufficient optimality con-
dition holds at the still unknown control û. Also we computed an approximation ūh

of that control with a computable error bound ‖û− ūh‖L2(Ω) < 0.1033.

8.5. Dependence on h. We computed the solution of the discrete problem for
a sequence of discretizations. Then we performed the calculation of the different radii
as above.

In Table 8.1, r+ denotes the smallest positive number such that the polynomial
in the estimate in the estimation of the cost functional admits a positive value. That
is, r+ is an upper bound for the approximation error in the controls. Our computable
error bound decreases linearly with h, which is the expected convergence order for
piecewise constant trial functions for the control [2].
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Table 8.1

h r+
0.01414 0.1033
0.00707 0.04947
0.00354 0.02421
0.00177 0.01198
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Abstract. Stability of periodic switched linear systems with fast switching patterns is studied by
combining the method of averaging with exponential splitting. This approach yields less conservative
bounds on stabilizing fast switching rates than can be obtained with prior approaches. Such bounds
can be useful for analysis and design of switching control laws. The method is also generalized
to arbitrary (including nonperiodic nonswitched) time-varying systems. In particular, the effects of
time-varying state perturbations on the stability of linear periodic switched systems are analyzed.
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1. Introduction. A switched system is a dynamical system which consists of a
family of time-invariant subsystems and a policy that oversees the switching among
them. For example,

ẋ = Aρ(t)x,

where ρ(t) is a piecewise constant switching signal that selects from a family of matrix-
valued coefficients Θ = {A1, A2, . . . , AM}, represents such a system. This class of dy-
namical systems finds extensive application in various areas of engineering practice
such as power electronics, network communication, hybrid control, traffic flow, biosys-
tem modeling, etc. (see, e.g., [16] and references therein). Switched systems have been
studied for several decades in the systems and control literature (see, e.g., [8]).

Switching among the possible system configurations may be orchestrated accord-
ing to different protocols, as discussed in [16] and [19]. Switching events may occur as
a function of the system state, or at given instants in time independent of the system
state. In the latter case, when one or more of the subsystems (the elements of Θ) are
stable, dwell time approaches, where the switching signal selects stable subsystems for
relatively long time intervals, are effective in ensuring system stability. However, when
no subsystems are stable, or when system constraints prevent long intervals between
switching instants, alternate strategies must be considered. Periodic switching is an-
other well-studied strategy (see, e.g., [20]) that can be useful when such restrictions
exist.

Periodic switching is a state-independent switching scheme that utilizes a periodic
rule for selecting subsystems. That is, there is a T > 0 such that ρ(t) = ρ(t + T ) for
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all t ≥ 0. The stability of the resulting periodic linear system may be analyzed using
a number of different techniques. The spectral properties and contractibility of the
state transition matrix over a switching period may be used to characterize system
stability. Such an approach involves computation and multiplication of matrix expo-
nentials, which may present computational challenges (see, e.g., [10]), especially as the
system dimension and the number of subsystems grow. Standard Floquet arguments
may also be used to study the periodic system, as in [6]. The main drawback of this
approach is its inherent dependence on matrix logarithms, which limits qualitative
system analysis and control design. In [4] sufficient conditions for uniform asymptotic
stability are stated in terms of convex combinations of the matrix measures of the ele-
ments of Θ. In [13] the conditions of [4] are generalized by including matrix condition
numbers in the sufficient conditions. In [17] it is shown that the stability of a switched
system may be assessed by studying an auxiliary time-invariant system whose state
coefficient matrix is a certain time average of the original system. In particular, it is
shown that the stability of the average system is inherited by the switched system
whenever the switching signal is sufficiently fast, or equivalently when the switching
period T is sufficiently small (fast switching). In [20] the average system is used to
design a stabilizing feedback law for periodic switched systems. More specifically, it is
shown that if the average system is stabilizable and detectable, then for any feedback
matrix that stabilizes the average system there exists a minimum switching rate that
guarantees stability of the periodic system.

Computing the slowest allowable switching rate (or the maximum switching pe-
riod) is an important factor to consider when analyzing stability and designing feed-
back control laws. In [17] the estimate of the maximum switching period is based on
a perturbation analysis of the system spectral properties. The estimate may also be
established by specializing to switched linear systems the method of averaging pro-
posed in [7] for general linear time-varying systems (see, e.g., [11]). The approach of
[7] relies on a decomposition of the system transition matrix into a part due to the
time average of the system dynamics and a perturbation that is on the order of T 2,
where T is the switching period. For the time-varying system ẋ = A(t)x, the state
transition matrix satisfies

Φ(s + τ, s) = eĀτ (s)τ + Eτ (s),

where

Āτ (s) =
1

τ

∫ s+τ

s

A(σ)dσ

and

‖Eτ (s)‖ ≤ α2τ2eατ

if ‖A(t)‖ ≤ α for all t. This decomposition is well known and appears in several
textbooks (see, e.g., [1] and [12, Exercise 4.25]). Henceforth, this approach to estimat-
ing the maximum switching period is referred to as the standard approach, and the
estimate itself as the standard estimate. The estimate of [17] is difficult to compute
numerically, as it involves quantifying the sensitivity of matrices to perturbations.
The standard estimate is easily applicable and requires the knowledge of elementary
quantities. Nevertheless, it generally leads to conservative results that may be even a
few orders of magnitude less than the exact value computed using Floquet theory.
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The present work is focused on characterizing the slowest stabilizing switching rate
through a computationally tractable expression. Loosely speaking, improved bounds
are due to directly expressing the effects of the commutation relationship of the el-
ements of Θ. The general idea stems from combining the standard approach with
well-developed results from numerical algebra (see, e.g., [14, 10]). By exploiting the
concept of matrix exponential splitting, which is widely used in numerical analysis of
partial differential equations (see, e.g., [9]), a novel switching rate estimate is obtained.
The estimate bounds the slowest switching rate that guarantees uniform asymptotic
stability of switched systems characterized by asymptotically stable averages. The
new estimate is compared to the standard estimate and its improvement is shown.
These results are also extended to a more general linear class of dynamical systems,
and new results on the method of averaging are established. In particular, the effects
of time-varying state perturbations on the stability of linear periodic switched systems
are analyzed.

The paper is organized as follows. Section 2 contains the general system de-
scription and a discussion of fundamental matrix measure and exponential splitting
concepts. Section 3 addresses our principle contribution, an improved estimate for the
maximum switching period for stability under fast switching. Section 4 addresses the
stability analysis of more general dynamical systems and presents stability conditions
for perturbed switched systems. Section 5 contains concluding remarks.

2. System description. We consider the homogeneous linear time-varying
system

ẋ = A(t)x,(2.1)

where t ∈ R
+ indicates the time variable, x ∈ R

n is the system state, and A(·) :
R

+ → R
n×n is a bounded and right continuous matrix function. By a right continuous

function in R
+ we mean a function whose value at each point t in R

+ equals its right-
hand limit at t. We further assume that the number of discontinuities of A is finite
over any finite interval [s, s + τ ], where s, τ ∈ R

+. Thus we do not consider systems
which exhibit Zeno behavior or chattering, as described in [8] and [16].

The homogeneous systems that we consider include switched systems for which
A(t) = Aρ(t) with ρ(t) being a switching signal that selects from among a family of
constant matrix functions. In section 3 this class of switched systems is considered,
with the additional conditions that ρ(t) is periodic and selects from among a finite
set of matrix functions Θ = {A1, A2, . . . , AM}. The switched systems considered in
section 4 are not subject to the additional conditions, so that ρ(t) may be nonperiodic
and Θ may be countably infinite. In section 4 we also consider more general linear
time-varying systems, where A(t) may be nonconstant between points of discontinuity.
For existence and uniqueness of these types of problems one may refer to [3] and [18].

2.1. Matrix measure. Let ‖ · ‖ denote a norm in R
n and the corresponding

induced norm in R
n×n. The one-sided directional derivative of ‖ · ‖ at the identity

matrix I ∈ R
n×n in the direction A ∈ R

n×n is called the matrix measure of A and is
denoted by μ(A). That is,

μ(A) = lim
h→0+

‖I + hA‖ − 1

h
.(2.2)
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Basic properties of the matrix measure for A,B ∈ R
n×n and c ∈ R are

μ(I) = 1, μ(−I) = −1 , μ(0) = 0,(2.3a)

μ(cA) = |c|μ(sgn(c)A), μ(A + cI) = μ(A) + c,(2.3b)

μ(A + B) ≤ μ(A) + μ(B),(2.3c)

‖eA‖ ≤ eμ(A),(2.3d)

max
i=1,...,n

[Re(λi(A))] ≤ μ(A) ≤ ‖A‖,(2.3e)

where λi(A) indicates the ith eigenvalue of A. These properties hold for the matrix
measure defined in any induced matrix norm. Derivation of the relationships (2.3)
may be found in [15]. An additional property of the matrix measure (see, e.g., [7])
places upper and lower bounds on the transition matrix norm of the system (2.1)
according to the relationship

e−
∫ t
τ
μ(−A(ϑ))dϑ ≤ ‖Φ(t, τ)‖ ≤ e

∫ t
τ
μ(A(ϑ))dϑ(2.4)

for all t, τ ∈ R
+ and t ≥ τ .

The computation of the matrix measure is generally very involved, but there are
special cases where reduced effort is needed (see, e.g., [15, 2]). In what follows, we
primarily make use of the vector P-norm and the corresponding matrix induced norm
and matrix measure, defined as

‖x‖P =
√

xTPx, ‖A‖P = max
i=1,...,n

σi(P
1/2AP−1/2),(2.5)

μP (A) =
1

2
max

i=1,...,n
λi(P

1/2AP−1/2 + P−1/2ATP1/2),

where x ∈ R
n, A ∈ R

n×n, σi(A) indicates the ith singular value of A, and P is any
symmetric positive definite matrix in R

n×n. In particular, when P = I the matrix
measure corresponding to the Euclidean norm is obtained.

2.2. Exponential splitting. Exponential splitting methods are numerical tools
for computing matrix exponentials (see, e.g., [9]). They involve decomposing a matrix
into the sum of matrices, whose exponentials can be easily computed, and approx-
imating the original matrix exponential in terms of the exponentials of the simpler
matrices. That is, traditional splitting methods approximate the matrix exponential
e(A+B)h by the product eAheBh, where A,B ∈ R

n×n and h ∈ R
+, and where eAh

and eBh are relatively easy to compute.
We apply splitting methods in the opposite direction. That is, we approximate the

product of exponentials eAheBh by the single exponential e(A+B)h. The motivation
for this approach is the recognition that the product represents the state transition
matrix for a switched system, and the single exponential represents the transition
matrix for a corresponding average system. We consider the problem of estimating
the global error in the first order exponential splitting by defining

E(h) = eAheBh − e(A+B)h.

Proposition 2.1. Given A,B ∈ R
n×n and h ∈ R

+,

‖E(h)‖ ≤ 1

2
h2

∥∥[A,B]
∥∥ eh(μ(A)+μ(B)),
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where

[A,B] = AB − BA

is the commutator of A and B.
Proof. Part of the following arguments are borrowed from [14]. The main difference

in those results lies in the estimate itself, where we make use of additional properties
of the matrix measure. By differentiating E(h), we obtain

d

dh
E(h) = (A + B)E(h) + [ eAh,B ] eBh.

The above ordinary differential equation (ODE) with homogeneous initial conditions
may be solved to obtain

E(h) =

∫ h

0

e(h−ϑ)(A+B)S(ϑ)eϑBdϑ,(2.6)

where

S(ϑ) = [ eAϑ,B ].

It is clear that S(0) = 0. By differentiating S(ϑ), we obtain

d

dϑ
S(ϑ) = AS(ϑ) + [A,B ] eAϑ.

The above ODE may be solved, yielding

S(ϑ) =

∫ ϑ

0

e(ϑ−p)A[A,B ] epAdp.(2.7)

Substituting (2.7) into (2.6), we obtain

E(h) =

∫ h

0

e(h−ϑ)(A+B)

(∫ ϑ

0

e(ϑ−p)A[A,B ]epAdp

)
eϑBdϑ.

Applying standard matrix norm inequalities, then using property (2.3d) followed by
(2.3b), we obtain

‖E(h)‖ ≤
∫ h

0

∥∥∥e(h−ϑ)(A+B)
∥∥∥∫ ϑ

0

∥∥∥e(ϑ−p)A
∥∥∥ ∥∥[A,B]

∥∥ ∥∥∥epA∥∥∥ dp
∥∥∥eϑB

∥∥∥ dϑ

≤
∥∥[A,B]

∥∥∫ h

0

eμ((h−ϑ)A)+μ((h−ϑ)B)eμ(ϑB)

∫ ϑ

0

eμ((ϑ−p)A)eμ(pA) dp dϑ

=
∥∥[A,B]

∥∥∫ h

0

e(h−ϑ)μ(A)e(h−ϑ)μ(B)eϑμ(B)

∫ ϑ

0

e(ϑ−p)μ(A)epμ(A) dp dϑ

=
∥∥[A,B]

∥∥∫ h

0

ehμ(A)ehμ(B)

∫ ϑ

0

dp dϑ

=
1

2
h2

∥∥[A,B]
∥∥ eh(μ(A)+μ(B)).

The problem of estimating the global error in the first order exponential splitting
has also been studied in [5], using a Lie algebraic framework. The resulting error
bound in Proposition 2 of [5] involves the determination of the limit of a series of
nested commutators, arising from the Baker–Campbell–Hausdorff formula, which can
be potentially difficult to compute.
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3. Stability analysis of periodic switching systems. The present section is
devoted to the analysis of homogeneous time-varying systems of the form (2.1), where
A is a T -periodic piecewise constant bounded matrix function. At any point in time,
A(t) takes values from the set Θ = {A1,A2, . . . ,AM} according to the policy

A(t) = Am for t ∈
[
kT + T

m−1∑
i=0

δi, kT + T

m∑
i=0

δi

)
,(3.1)

where δi is the duty cycle of the subsystem corresponding to the matrix Ai with the
convention δ0 = 0, so that 0 ≤ δi < 1 and

∑M
i=1 δi = 1, and where k ∈ N. Our goal

is to determine an estimate for the maximum switching period T for which (2.1) is
uniformly asymptotically stable.

For the periodic switched linear system (3.1), the transition matrix Φ over any
period [kT, (k+1)T ) is called a monodromy. Due to periodicity, the monodromy over
the interval for any k equals the monodromy over the interval for k = 0, so that

Φ((k + 1)T, kT ) = Φ(T, 0) = Φ

(
T, T

M−1∑
i=1

δi

)
· · ·Φ(T (δ1 + δ2), T δ1)Φ(Tδ1, 0)

(3.2)

= eTAMδM · · · eTA2δ2eTA1δ1 .

In what follows we show a sufficient condition for uniform asymptotic stability
based on the transition matrix contractibility.

Proposition 3.1. If for some norm

M∑
i=1

δiμ(Ai) < 0,(3.3)

then the system is uniformly asymptotically stable for every positive T . Otherwise, if
the average system matrix

ĀT =

M∑
i=1

δiAi(3.4)

is Hurwitz, then there exists a T ∗ > 0 such that when T < T ∗ the system is uniformly
asymptotically stable. T ∗ satisfies

eT
∗μP (ĀT ) +

1

2
(T ∗)2ΓP (A) exp

(
T ∗

M∑
i=1

δiμP (Ai)

)
= 1,(3.5)

where

ΓP (A) =

M−1∑
i=1

M∑
j=i+1

δiδj ‖[Ai,Aj ]‖P .(3.6)

The norm is constructed as in (2.5), with P being the unique symmetric positive
definite solution of

ĀT
TP + PĀT + R = 0,(3.7)

where R = RT > 0 is arbitrary.
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The proof of Proposition 3.1 is given at the end of the section, after a preliminary
proposition on the application of exponential splitting to the monodromy matrix.
We note that although Proposition 3.1 provides sufficient stability conditions, the
condition of Hurwitz ĀT is actually necessary for stability for small T . Indeed, if
ĀT is not Hurwitz, there exists a T ∗ > 0 such that the system is unstable for all
T < T ∗, as Theorem 2.1 in [7] indicates. Constructing the norm as in (3.7) guarantees
that the measure of ĀT is negative, given (2.5) and the fact that ĀT is Hurwitz.
If an arbitrary norm is chosen, the corresponding measure of ĀT may be positive,
even if ĀT is Hurwitz. The commutators appearing in (3.6) reflect the similarity of
the eigenvectors of the subsystem state coefficient matrices, a set of relationships not
considered in the standard approach. If all of the matrices A1, . . . ,AM commute and
ĀT is Hurwitz, the switching system is uniformly asymptotically stable. Indeed, the
commutator in (3.5) vanishes for every i, j, and the monodromy matrix is a contraction
for any T . If all of the matrices A1, . . . ,AM are symmetric and negative definite, then
ĀT is Hurwitz and the switched system is uniformly asymptotically stable. Indeed,
the matrix measure induced by the Euclidean norm satisfies (3.3).

Proposition 3.2. For the switched periodic linear system defined by (3.1), the
difference ET between the monodromy matrix over the period [0, T ) and the transition
matrix of the average system over the same period, defined by

Φ(T, 0) = ET + eT ĀT ,(3.8)

satisfies the norm bound

‖ET ‖ ≤ 1

2
T 2Γ(A) exp

(
T

M∑
i=1

δiμ(Ai)

)
,(3.9)

where

Γ(A) =

M−1∑
i=1

M∑
j=i+1

δiδj ‖[Ai,Aj ]‖ .(3.10)

Proof. We rewrite the global error in (3.8) as

ET =

M−2∑
i=0

eTAM+1δM+1eTAMδM · · · eTAM+1−iδM+1−i

×
(
eTδM−iAM−ieT

∑M−1
j=i+1 δM−jAM−j − eT

∑M−1
j=i δM−jAM−j

)
,

where AM+1 = I and δM+1 = 0. Applying Proposition 2.1 for each bracketed term,
the Schwarz inequality, the triangle inequality, and the measure properties (2.3b),
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(2.3c), and (2.3d), we obtain

‖ET ‖ ≤
M−2∑
i=0

∥∥eTAM+1δM+1
∥∥ · · ·∥∥eTAM+1−iδM+1−i

∥∥
×
∥∥∥eTAM−ieT

∑M−1
j=i+1 δM−jAM−j − eT

∑M−1
j=i δM−jAM−j

∥∥∥
≤ 1

2
T 2

M−2∑
i=0

∥∥∥∥∥∥
⎡
⎣δM−iAM−i,

M−1∑
j=i+1

δM−jAM−j

⎤
⎦
∥∥∥∥∥∥

× eT (
∑i

j=0 δM−jμ(AM−j)+μ(
∑M−1

j=i+1 δM−jAM−j))

≤ 1

2
T 2

M−2∑
i=0

M−1∑
j=i+1

δM−iδM−j ‖[AM−i,AM−j ]‖ eT
∑M−1

l=0 δM−lμ(AM−l).

Proof of Proposition 3.1. To demonstrate uniform asymptotic stability, we show
that the monodromy matrix Φ(T, 0) is a contraction. This approach relies on the
boundedness of the transition matrix over any interval whose duration is less than
one switching period, due to the fact that the set Θ of state coefficient matrices
contains a finite number of elements. If the monodromy is a contraction, ‖Φ(t, 0)‖
can be made arbitrarily small by choosing t sufficiently large, establishing uniform
asymptotic stability (see, e.g., [12, Exercise 6.15]).

To establish the first sufficient condition, we use (3.2) to obtain an expression for
the monodromy matrix norm in the norm for which (3.3) holds. Applying the Schwarz
inequality and matrix measure properties (2.3b) and (2.3d) yields

‖Φ(T, 0)‖ ≤ eTδMμ(AM ) · · · eTδ2μ(A2)eTδ1μ(A1) = eT
∑M

i=1 δiμ(Ai) < 1.

This condition appeared in [4] for the Euclidean norm.
To establish the second sufficient condition, we use (3.8) to obtain a matrix mea-

sure norm expression. Using the triangle inequality together with (2.3d) yields

‖Φ(T, 0)‖ ≤ ‖ET ‖ + eTμ(ĀT ).

Thus, considering Proposition 3.2, we look for switching periods satisfying

1

2
T 2Γ(A) exp

(
T

M∑
i=1

δiμ(Ai)

)
+ eTμ(ĀT ) < 1.(3.11)

We specialize to the norm defined in (2.5), where P is the solution of (3.7). Because
the matrix P-norm is induced from the vector P-norm, properties (2.3) hold for the
matrix measure derived from this norm. The measure of the average matrix is

μP (ĀT ) =
1

2
max

i=1,...,n
λi

(
P1/2ĀTP−1/2 + P−1/2ĀT

TP1/2
)

=
1

2
max

i=1,...,n
λi

(
P−1/2(ĀT

TP + PĀ)P−1/2
)

=
1

2
max

i=1,...,n
λi

(
−P−1/2RP−1/2

)
.

Because both P and R are positive definite, it follows that μP (ĀT ) < 0. For the
chosen norm, then, the second term of the LHS of (3.11) is a decreasing function of
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T which attains the value 1 at T = 0. On the other hand, the first term is a function
that increases with T , since (3.3) does not hold by hypothesis. However, the first term
vanishes at T = 0, and, moreover, its derivative with respect to T is 0 at T = 0.
Observing that the LHS of (3.11) is continuous in T , it can be characterized as a
function that equals 1 at T = 0, decreases for small T , and increases with larger T .
Hence there is a time T ∗ such that (3.5) holds. Because the LHS of (3.11) provides
an upper bound on ‖Φ(T, 0)‖, it follows that when T < T ∗, the monodromy matrix
is a contraction with respect to ‖ · ‖P .

In [13], condition (3.3) for the Euclidean norm is generalized by applying a modi-
fied version of property (2.3d), where a similarity transformation is exploited and the
norm of the matrix exponential is bounded by using the condition number of the trans-
formation and the measure of the transformed matrix. In [13], it is shown that this
condition may yield equivalent, less conservative, or more conservative results than
(3.3), depending on the problem at hand and on the used similarity transformation.

Since they are defined in terms of a matrix norm, the matrix measure and commu-
tator norm quantities appearing in (3.5) and (3.10) do not grow with matrix dimen-
sion. Therefore, the estimate of the slowest stabilizing switching period provided by
(3.5) does not degrade with system dimension. It should be noted that because (3.10)
accounts for all possible commutation relationships between subsystem matrices, it
tends to make the estimate of (3.5) more conservative as the number of subsystems
grows. Nevertheless, it is always less conservative than the standard estimate repre-
sented by the RHS of (3.12). The following proposition formalizes this result.

Proposition 3.3. For the switched system in (3.1), it is the case that

1

2
T 2Γ(A) exp

(
T

M∑
i=1

δiμ(Ai)

)
≤ T 2α2eTα,(3.12)

where Γ(A) is defined in (3.10) and

α = esssup
t∈[0,T ]

‖A(t)‖ = max
i=1,...,M

‖Ai‖.

Proof. By noticing that for any i, j ∈ {1, . . . ,M},

‖[Ai,Aj ]‖ ≤ 2‖AiAj‖ ≤ 2α2,

and that

M−1∑
i=1

M∑
j=i+1

δiδj ≤ 1,

a trivial application of the matrix measure properties (2.3c) and (2.3e) leads to the
claim (3.12).

The standard estimate shows severe limitations since it discards the properties
of the commutators, and, moreover, never yields decreasing global estimates. Loosely
speaking, the standard estimate ignores the relations between the eigenvectors of the
state matrices that are accounted for by the commutator. This means that even when
(3.3) is satisfied, or when the matrices all commute and have a Hurwitz average, it
still provides an upper bound for the maximum switching period.
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As a numerical example, consider the two-dimensional periodic switched system
from [19], whose state matrices are

A1 =

[
−4 −5
7 7

]
, A2 =

[
3 5
−7 −13

]
,

with the normalized time durations δ1 = 0.6, δ2 = 0.4. It is easy to check that (i) A1

and A2 are not Hurwitz; (ii) ĀT is Hurwitz; and (iii) condition (3.3) for Euclidean
norms is not satisfied. We estimate the maximum time that guarantees the stability
of the switched system with three different methods: (i) solving (3.5) as elucidated by
Proposition 3.1, with the matrix measure defined by the norm computed with R = I;
(ii) solving (3.5) upon using the error bound (3.12) as done in [11]; and (iii) determin-
ing directly the maximum switching period that guarantees the contraction property of
the monodromy matrix with respect to the norm suggested in Proposition 3.1. These
estimates are compared with the exact solution obtained by requiring that the charac-
teristic multipliers (see, e.g., [12]) be less than one. In Table 1, we report the results of
the computations. We emphasize that both the standard and the present approaches
approximate the estimate obtained from the contraction condition. Nevertheless, the
present approach provides a better estimation, as predicted by the theoretical analysis
and illustrated by the numerical example.

Table 1

Different estimates of the maximum switching period for uniform asymptotic stability and exact
solution.

Switching period
Present work 1.2 × 10−1

Standard estimate 4.3 × 10−3

Contraction condition 3.2 × 10−1

Exact solution 9.6 × 10−1

Although the expression (3.5) appears complicated, it actually provides a conve-
nient computational approach to estimating the critical switching period T ∗. Indeed,
Γ(A) defined in (3.10) is independent of T ∗, as are the matrix measures of the individ-
ual subsystems and the average system. In contrast, the exact solution from Floquet
theory requires expensive matrix logarithm computations that must be repeated for
each candidate T ∗. Any algorithm using Floquet theory should consider small time
steps beginning at zero to account for the oscillatory behavior of Floquet exponents.

4. Stability analysis of general linear time-varying systems. In the present
section we focus on the generalization of the method of averaging to arbitrary time-
varying linear systems. The state matrix in (2.1) may be continuous, in which case
the theory developed in this section provides a useful bound on the error incurred by
estimating the transition matrix of the time-varying system over some time interval
by the transition matrix of the average system over the same time interval. The state
matrix may have points of discontinuity, however. In contrast to the switching systems
studied in section 3, the state matrix A(t) may vary between the discontinuities, and
the system is not constrained to be periodic.

We begin by specifying a technique for estimating the transition matrix of (2.1)
over an interval. The method involves dividing the interval into a large number of
subintervals and approximating the state matrix over each subinterval by its value
at the beginning of the subinterval. The transition matrix of the time-varying system
(2.1) is then approximated by the transition matrix of the resulting switched system.
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Proposition 4.1. Suppose that A(t) in (2.1) is right continuous, with a finite
number D of discontinuities on the interval [s, s + τ ] for any s, τ ∈ R

+. Consider a
set of N + 1 time instants {ti} in [s, s + τ ], where s = t0 < t1 < · · · < tN = s + τ ,
consisting of the union of the points of discontinuity of A(t) and the points s + k τ

M ,

where k = 0, . . . ,M , so that M ≤ N ≤ M + D. Define A#
i = A(ti−1) for all

i = 1, . . . , N . Let A#(t) be the corresponding switched system state matrix, whose

pointwise in time value is selected from the set Θ# = {A#
1 , . . . ,A#

N}. Let Φ(t, s) be
the transition matrix associated with A(t), and let Φ#(t, s) be the transition matrix
associated with A#(t). Then Φ#(t, s) → Φ(t, s) uniformly on [s, s + τ ] as M → ∞,
that is, as N → ∞.

Proof. Let R(t, s) = Φ#(t, s) − Φ(t, s), and differentiate to obtain

Ṙ(t, s) = A#(t)Φ#(t, s) − A(t)Φ(t, s)(4.1)

= A(t)R(t, s) + (A#(t) − A(t))Φ#(t, s).

Since R(t, s) = 0 at t = s, the solution to the differential equation (4.1) is

R(t, s) =

∫ t

s

Φ(t, ξ)(A#(ξ) − A(ξ))Φ#(ξ, s)dξ.

The error may be bounded as

‖R(t, s)‖ ≤
∫ t

s

‖Φ(t, ξ)‖
∥∥A#(ξ) − A(ξ)

∥∥ ∥∥Φ#(ξ, s)
∥∥ dξ ≤ αβγτ,

where

α = esssup
s,t∈[s,s+τ ]

∥∥Φ(t, s)
∥∥, β = esssup

t∈[s,s+τ ]

∥∥A#(t) − A(t)
∥∥, γ = esssup

s,t∈[s,s+τ ]

∥∥Φ#(t, s)
∥∥.

Let

ζ = esssup
t∈[s,s+τ ]

e‖A(t)‖τ .

Because A(t) has a finite number of discontinuities, ‖A(t)‖ is bounded on the compact
interval [s, s + τ ]. Using (2.3d), (2.3e), and (2.4), it follows that both α and γ are
bounded by ζ, a quantity that is not influenced by switching behavior. As N → ∞,
the maximum time interval between switching instants vanishes, and right continuity
of A(t) ensures that β → 0. It follows that ‖R(t, s)‖ → 0, so that the error between
the transitions matrices Φ#(t, s) and Φ(t, s), at every point t ∈ [s, s+ τ ], is bounded
by a common vanishing quantity. Therefore Φ#(t, s) → Φ(t, s) uniformly on [s, s+ τ ]
as N → ∞.

This result is now used to bound the difference between the time-varying system
transition matrix and the corresponding average system transition matrix over a time
interval.

Proposition 4.2. Suppose that A(t) in (2.1) is right continuous and bounded,
with a finite number of discontinuities on the interval [s, s+ τ ] for any s, τ ∈ R

+. The
transition matrix Φ(s + τ, s) of (2.1) over the interval [s + τ, s] is given by

Φ(s + τ, s) = Φ̄τ (s + τ, s) + Eτ (s),(4.2)

where Φ̄τ (s+τ, s) is the transition matrix of the time-invariant average system repre-
sented by the sample average of A(t) on the interval [s, s+ τ ]. That is, the transition
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matrix of

Āτ (s) =
1

τ

∫ s+τ

s

A(ϑ)dϑ(4.3)

and Eτ (s) satisfies

‖Eτ (s)‖ ≤ 1

2

∫ s+τ

s

∫ s+τ

ϑ

‖[A(ϑ),A(ξ)]‖ dξ dϑ exp

(∫ s+τ

s

μ(A(ξ))dξ

)
.(4.4)

Proof. Define the N +1 time instants {ti} in [s, s+ τ ], the switching system state
matrix A#(t), and the transition matrix Φ#(t, s) as in Proposition 4.1. Define the

average Ā#
τ (s) of the A#

i matrices over the interval [s, s + τ ] as

Ā#
τ (s) =

N∑
i=1

δiA
#
i , δi =

ti − ti−1

τ
.

Define Φ̄#
τ (s + τ, s) as the transition matrix over the interval [s, s + τ ] of the time-

invariant system whose state matrix is Ā#
τ (s), and define the error E#

τ (s) = Φ#(s +
τ, s) − Φ̄#

τ (s + τ, s). From (3.9), E#
τ (s) is bounded by

∥∥E#
τ (s)

∥∥ ≤ 1

2
τ2Γ(A#) exp

(
τ

N∑
i=1

δiμ(A#
i )

)
,(4.5)

where Γ is defined as in (3.10). According to Proposition 4.1, Φ#(s+τ, s) → Φ(s+τ, s)
as N → ∞. Similarly, Φ̄#

τ (s + τ, s) → Φ̄τ (s + τ, s) as N → ∞. It follows that
E#

τ (s) → Eτ (s) as N → ∞. The summations on the RHS of (4.5), including the double
summation appearing in Γ(A#), are performed over the set of time instants {ti} on
the interval [s, s + τ ], with the size of the steps between time instants determined by
the δi. Because of the way the N +1 time instants are defined, the maximum step size
approaches zero as N → ∞. Thus the summations are consistent with the definition
of Riemann sums (see, e.g., [3]), and they converge to integrals as N → ∞. It follows
that the RHS of (4.5) converges to the RHS of (4.4), and therefore that condition
(4.4) holds.

When the matrix A is constant, the remainder in (4.2) vanishes. In this case,
the present estimate yields the exact result since the commutator is zero. This is
in sharp contrast with the standard estimate, which disregards the influence of the
commutator, resulting in a generally looser bound depending only on the supremum
of the time-varying matrix norm.

As a sample application of Proposition 4.2 (in the following proposition) we con-
sider perturbed periodic switched systems.

Proposition 4.3. Consider the system (2.1) with

A(t) = F(t) + εB(t),(4.6)

where F is a T -periodic switching matrix of the form (3.1), B is a bounded right
continuous matrix function which has at most a finite number of discontinuities within
any switching period, and ε scales the perturbation magnitude. Assume that B has zero
average over any switching period. If for some norm

M∑
i=1

δiμ(Fi) + ε esssup
t∈R+

μ(B(t)) < 0,
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then the system (4.6) is uniformly asymptotically stable for every positive T . Other-
wise, if the average matrix

ĀT =

M∑
i=1

δiFi

of (4.6) is Hurwitz, then there exists a T ∗ > 0 such that when T < T ∗ the system is
uniformly asymptotically stable. T ∗ satisfies

eT
∗μP (ĀT ) +

1

2
(T ∗)2

(
ΓP (F) + 2β1ε + β2ε

2
)
exp

(
T ∗

(
M∑
l=1

δlμP (Fl) + εβ3

))
= 1,

where ΓP is defined as in (3.6), the norm is constructed according to (3.7), and

β1 = esssup
t∈R+,i=1,...,M

‖[Fi,B(t)]‖P , β2 = esssup
t,ξ∈R+

‖[B(t),B(ξ)]‖P ,

β3 = esssup
t∈R+

μP (B(t)).

Proof. We look for switching periods where the transition matrix of the system
(4.6) from kT to (k + 1)T is a contraction for every k ∈ Z

+. To establish the first
sufficient condition, we use matrix measure properties (2.4), (2.3c), and (2.3b) to
obtain a bound on the transition matrix between consecutive switching events

∥∥∥Φ
(
kT +

i∑
j=0

δjT, kT +

i−1∑
j=0

δjT

)∥∥∥ ≤ exp

(
δiT esssup

t∈R+

μ(A(t))

)

≤ exp

(
δiTμ(Fi) + δiTε esssup

t∈R+

μ(B(t))

)
,

where δ0 = 0 by convention. Using the Schwarz inequality then yields

‖Φ((k + 1)T, kT )‖ ≤ exp

(
T

M∑
i=1

δiμ(Fi) + Tε esssup
t∈R+

μ(B(t))

)
< 1.

To establish the second sufficient condition, note that because B has zero average
over any switching period, Proposition 4.2 can be applied to the transition matrix of
(4.6) to yield

Φ((k + 1)T, kT ) = exp
(
ĀTT

)
+ ET (kT ),(4.7)

where ‖ET (kT )‖ is bounded according to (4.4). We specialize to the norm constructed
in (2.5), where P is the unique symmetric positive definite solution of (3.7), and where
R = RT > 0 is arbitrary. We look for switching periods satisfying

1

2

∫ (k+1)T

kT

∫ (k+1)T

ϑ

‖[A(ϑ),A(ξ)]‖P dξ dϑ exp

(∫ (k+1)T

kT

μP (A(ξ))dξ

)(4.8)

+ eTμP (ĀT ) < 1.
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By applying the triangle inequality and accounting for the boundedness of B, the
double integral in (4.8) may be further bounded by∫ (k+1)T

kT

∫ (k+1)T

ϑ

‖[A(ϑ),A(ξ)]‖P dξ dϑ ≤ ΓP (F) + β1ε + β2ε
2.

By applying property (2.3c) to the exponent in (4.4), by applying the norm triangle
inequality to (4.7), and by using property (2.3d), the claim follows.

In the general case, when the state matrix is not of the form (4.6), the averaging
method applies to systems of type (2.1) with state matrix �A(t), where � > 0.
The averaging method addresses the effects of � on the system stability. The small
parameter � has the effect of rescaling the system (2.1) to the fast time t/�. Indeed,
by a change of variable, the system may be rewritten as

ẋ(t) = A

(
t

�

)
x(t).

Proposition 4.4. Under the hypotheses of Proposition 4.2 and assuming that A
is bounded, if there is a period T such that

μ(ĀT (kT )) < −β(4.9)

for all k ∈ N and for some positive β, then there exists an η > 0 such that the system
(2.1) with state matrix �A(t), where � > 0, is uniformly asymptotically stable for
�T < η.

Proof. From Proposition 4.2 the transition matrix of the system (2.1) with state
matrix �A(t) from kT to (k + 1)T is

Φ((k + 1)T, kT ) = exp
(
�ĀT (kT )T

)
+ ET (kT ),(4.10)

where ‖ET (kT )‖ is bounded according to (4.4). That is,

‖ET (kT )‖ ≤ 1

2
�2

∫ (k+1)T

kT

∫ (k+1)T

ϑ

‖[A(ϑ),A(ξ)]‖ dσ dϑ

× exp

(
�

∫ (k+1)T

kT

μ(A(ξ))dσ

)
.

Since A is bounded, the RHS of the previous inequality may be further bounded by

g(�T ) =
1

2
�2T 2ε exp (�Tα) ,

where

α = esssup
t∈R+

μ(A(t)), ε = esssup
t,ξ∈R+

‖[A(t),A(ξ)]‖.(4.11)

The function g(�T ) is zero at � = 0, as is its first derivative with respect to �. By
computing the norm of both sides of (4.10), by applying the norm triangle inequality
and property (2.3d), and by accounting for (4.9), we obtain

‖Φ((k + 1)T, kT )‖ ≤ exp (−�Tβ) + g(�T ).

The condition (4.9) is analogous to (3.3) in Proposition 3.1 and ensures that the matrix
measure is uniformly negative for the more general system considered here. Thus by
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selecting � sufficiently small, Φ defines a contraction between any two consecutive
instants kT, (k + 1)T , and the system is asymptotically stable.

5. Conclusions. A novel framework for analyzing periodic linear switched sys-
tems has been presented. By combining results on exponential splitting methods with
the method of averaging, we have provided an improved understanding of the switch-
ing mechanism. We have elucidated the importance of commutating relations among
the different subsystems constituting the switched system on stability properties. A
new estimate of the maximum switching period that guarantees that the switched
system is uniformly asymptotically stable when the average system matrix is Hurwitz
has been established. It has been shown that this estimate is less conservative than
the standard estimate. Moreover, our estimate is consistent with sufficient stability
conditions in the literature, such as in [4]. The estimate effectiveness has been vali-
dated through a sample problem from [19] and compared to other estimates and to
the exact solution from Floquet theory. The effect of time-varying perturbations on
the system stability has been discussed and a modified estimate of the switching rate
accounting for additive perturbations has been developed. Moreover, the method has
been generalized to arbitrary time-varying linear systems, and a sufficient condition
for uniform asymptotic stability is stated in terms of some properties of sampled
averages.

Acknowledgments. The authors thank the anonymous reviewers for their help-
ful comments, and particularly for a correction in the proof of Proposition 3.1.
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A CONSTRUCTIVE APPROACH TO A CLASS OF ERGODIC HJB
EQUATIONS WITH UNBOUNDED AND NONSMOOTH COST∗
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Abstract. We consider a class of ergodic Hamilton–Jacobi–Bellman (HJB) equations related to
long-time asymptotics of nonsmooth multiplicative functional of diffusion processes. Under suitable
ergodicity assumptions on the underlying diffusion, we show existence of these asymptotics and that
they solve the related HJB equation in the viscosity sense.
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1. Introduction. Let (xt)t≥0 be a continuous-time, homogeneous Markov pro-
cess with infinitesimal generator L. To fix ideas, assume xt is R

d-valued. Given a
function c : R

d → R and γ > 0, we are interested in obtaining long-time asymptotics
of the functional

S(T, x) := logEx

[
exp

(
γ

∫ T

0

c(xt)dt

)]
,

where Ex is the expectation conditioned to x0 = x. Let ϕ(T, x) = eS(T,x). At least at
the formal level, ϕ is a solution of the equation

∂tϕ(t, x) = Lϕ(t, x) + γc(x)ϕ(t, x).

If a Perron–Frobenius-type theorem holds for the operator L + γc, then for T large
ϕ(T, x) gets close to eλT v(x), where λ is the largest eigenvalue of L+ γc, and v is the
corresponding strictly positive eigenfunction. In other words, setting V (x) := log v(x),
we obtain

S(T, x) = λT + V (x) + o(T ),

i.e.,

(1.1) λ = lim
T→+∞

1

T
logEx

[
exp

(
γ

∫ T

0

c(xt)dt

)]

and

(1.2) V (x) = lim
T→+∞

{
logEx

[
exp

(
γ

∫ T

0

c(xt)dt

)]
− λT

}
.
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Note also that the pair (λ, V ) is a solution of the nonlinear equation

(1.3) λ = e−V L(eV ) + γc.

The actual proof of the existence of the limits (1.1) and (1.2) is, in general, not simple,
and various assumptions are required. If the empirical measures

Lt :=
1

t

∫ t

0

δxsds

of the Markov process obey a large deviation principle with rate function i(μ) (which
is known under fairly general conditions), and c(·) is measurable and bounded (but
suitable growth conditions on c(·) may suffice), then the limit (1.1) exists, and

(1.4) λ = sup
μ

[∫
cdμ− i(μ)

]
,

where in (1.3) μ varies over probability measures on R
d. The existence of the limit

(1.2), i.e., the second-order asymptotics of S(T, x), is a harder problem to solve. For
processes taking values in a compact space, where things are simpler, we refer to [7,
section 4]. In this paper we consider R

d-valued diffusions of the form

(1.5) dxt = b(xt)dt + dBt,

where (Bt)t≥0 is a standard Brownian motion and b is a regular drift function. Thus
the associated infinitesimal generator is L = 1

2Δ + b(x) · ∇. The first results in this
context date back to [6] and [14], where conditions are given for the existence of
the solution of (1.3), which takes the form of the Hamilton–Jacobi–Bellman (HJB)
equation

λ =
1

2
ΔV (x) + max

u∈Rd

[
(b(x) + u) · ∇V (x) + γc(x) − 1

2
|u|2

]

=
1

2
ΔV (x) + b(x) · ∇V (x) +

1

2
|∇V (x)|2 + γc(x).(1.6)

In [6] it is also shown that, under sufficient ergodicity of (xt)t≥0 and if c(·) is bounded
and sufficiently smooth, then (1.3) has a solution, which need not be the unique
one, for which (1.1) and (1.2) hold. More recent results, which require boundedness
from above of c(·) but not smoothness, can be found in [5, Appendix B] or [20,
Proposition 6.4].

The case of c(·) unbounded has been recently dealt with in [11] and [10].

In [11] the authors deal with a discrete-time process; it is plausible that many of
their proofs can be adapted to continuous time. Their approach is based on a rather
sophisticated spectral theory (see also [12]). The translation of their results into our
context would allow to prove the existence of the limits (1.1) and (1.2) for any mea-
surable c(·) whose growth at infinity is strictly less than quadratic. The assumptions
are related to contractivity of the transition operator. In term of continuous-time dif-
fusions, this corresponds to existence of spectral gap for the infinitesimal generator of
the diffusion, in the space L2(m), where m is the invariant measure (see assumption
A5 below).
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In [10] the authors allow quadratic growth for c(·), but require differentiability.
Using PDE methods they show, under reasonable conditions on b(·), that (1.3) indeed
has multiple solutions, even after identifying solutions that differ by a constant. It is
shown in [10] that there exists λ ∈ R such that the equation

μ =
1

2
ΔV + b · ∇V +

1

2
|∇V |2 + γc

has a (smooth) solution if and only if μ ≥ λ. Moreover, for μ = λ, this solution is
unique up to additive constant. Kaise and Sheu also indicate that this λ should be as
in (1.1). They do not address the possibility of interpreting one solution V as in (1.2).

The main objective of this paper is to propose a totally different approach to the
above problems. On one hand we tackle (1.1) and (1.2), for the diffusion (1.5), directly,
without relying on properties of (1.3). This makes it easy to avoid any regularity
condition on c(·). On the other hand, unlike in [11], we allow c(·) to have quadratic
growth. We remark that quadratic growth of c(·) makes a Gaussian concentration
property (see assumption A3 below) a natural assumption. This property is by no
means implied by existence of spectral gap for the generator (which corresponds to
our assumption A5). Our assumptions A1–A6 are discussed in detail in section 3.

The method we propose is based on cluster expansion, a well-known method in
statistical mechanics and combinatorics. Besides the technical advantage of allowing
quadratic growth without requiring regularity, our approach has, we believe, other
positive aspects as follows:

1. It is considerably simpler than both PDE and spectral methods. Moreover,
in principle it allows us to obtain explicit estimates on the limits (1.1) and
(1.2) in terms of various parameters related to the drift b(·).

2. It is a very robust method which can be adapted to various modifications of
the problem considered here. For example, in (1.1) and (1.2) the integral

∫ T

0

c(xt)dt

could be replaced by ∫
[0,T ]

c(xt)dμ(t),

where μ could be of the following forms:
i. μ is a σ-finite periodic measure, for instance, μ(dt) =

∑
k≥0 δkΔ(dt) for

some Δ > 0. In this last case the cost acts only at discrete time.
ii. μ is a random measure, independent of (Bt)t≥0, translation invariant,

and sufficiently ergodic in law. For instance, we could take μ(dt) =∑
n δτn(dt), where (τn)n≥0 are the points of a Poisson process.

Moreover, jump processes, rather than diffusions, should also be treatable.
We also remark that, although in this paper we consider diffusions whose diffusion
coefficient is the identity matrix, the uniformly elliptic case could be dealt with after
minor modifications. It is worth noticing that the whole content of section 2 is based
on assumptions A1–A6 below, which do not refer to any specific form of the Markov
process. The fact that the process is a diffusion plays a role in sections 3 and 4.

In the case when c(·) has quadratic growth, S(t, x) could possibly explode in finite
time, unless γ is sufficiently small. At the present stage, our results hold for γ in some
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interval [0, γ], which is certainly not optimal. Note, however, that one could get an
explicit expression for γ (carefully following the proofs) as a function of the constants
cb and Kb appearing in conditions (DC) and (CC) of section 3.

The paper is organized as follows. In section 2 we prove existence of the limits
(1.1) and (1.2) under some general conditions (A1–A6 below) on the diffusion process.
In section 3 we give explicit sufficient conditions on the drift b for A1–A6 to hold. In
section 4 we show that V and λ given by (1.2) and (1.1), respectively, are linked to
(1.6); more precisely, we show that V is a viscosity solution of (1.6).

2. Existence of the limits (λ, V ). We begin by stating our assumptions on
the R

d-valued diffusion

(2.1) dxt = b(xt)dt + dBt.

A1. Equation (2.1) has, for every deterministic initial condition, a unique strong
solution.

A2. There is a C > 0 such that

|c(x)| ≤ C(|x|2 + 1), x ∈ R
d.

A3. The process (xt)t which is a solution of (2.1) has a unique invariant proba-
bility measure m(dx) such that, for some β > 0,∫

eβ|x|
2

m(dx) < +∞.

A4. The transition probability of the process (xt)t admits a density pt(x, y) with
respect to the measure m. Furthermore, there exist K > 0, p > 2, and t0 > 0 such
that

sup
t≥t0

‖ pt(., .) ‖Lp(m⊗m) ≤ K .

A5. Let Pt be the semigroup associated with the process (xt)t. It extends as a
continuous semigroup on L

2(m) and satisfies

∀f ∈ L
2(m), lim

t→+∞
‖ Ptf −

∫
fdm ‖L2(m)= 0.

A6. For all a > 0 and all x, there exists βa,x > 0 such that

Ex

[
eβa,x

∫ a
0
|xs|2 ds

]
< +∞.

We shall say that A6 is uniformly satisfied if for all a > 0 there exist βa > 0 and
a locally bounded function ha such that for all x,

Ex

[
eβa

∫ a
0
|xs|2 ds

]
≤ ha(x).

Section 3 will be devoted to giving sufficient conditions for these hypotheses to hold.
Remark 1. Assumption A4 implies that the semigroup Pt is continuous from

L
2(m) into L

p(m), p > 2, for t ≥ t0. Hence, according to the Gross hypercontractivity
theorem (see, e.g., [1]), m satisfies a defective logarithmic Sobolev inequality. If m is
absolutely continuous with respect to the Lebesgue measure, m(dx) = e−V dx, and
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V is locally bounded, a result by Röckner and Wang says that m satisfies a so-called
weak Poincaré inequality; hence, thanks to a result by Aida, m will satisfy a tight
log-Sobolev inequality (for all these results see the book of Wang [19]). In particular
m will satisfy both a spectral gap inequality, so that Assumption A5 is satisfied, and
a Gaussian concentration inequality implying A3.

Theorem 1. Under A1–A6 there is γ > 0 such that for every γ < γ the limits
(1.1) and (1.2) exist.

Furthermore, if A6 is uniformly satisfied, the convergence in (1.2) is uniform on
compact sets.

Proof of Theorem 1. We begin by showing that the limits (1.1) and (1.2) exist
along suitable sequences.

Proposition 1. Under A1–A6, for every time-step a > 0 large enough, there
exists γ(a) such that for all γ < γ(a) and all x ∈ R

d, the limits

(2.2) λa = lim
n→+∞

1

an
logEx

[
exp

(
γ

∫ an

0

c(xt)dt

)]

and

(2.3) Va(x) = lim
n→+∞

{
logEx

[
exp

(
γ

∫ an

0

c(xt)dt

)]
− λaan

}

exist.

Proof of Proposition 1. The proof is done via a cluster expansion technique. The
convergence of the expansion requires us to choose γ small enough and the time-step
a large enough.

Define

(2.4) ψγ(t, x, y) := logExy

[
exp

(
γ

∫ t

0

c(xs)ds

)]
,

where Exy denotes the expectation under the law of the bridge of (xs)0≤s≤t between
x and y, and consider a time-step a > 0. Then

(2.5)

eS(an,x) = Ex

[
exp

(
n−1∑
k=0

ψγ(a, xka, x(k+1)a)

)]
= E

[
exp

(
n−1∑
k=0

φγ(a, ξk, ξk+1)

)]
,

where E is the expectation with respect to a probability P, and ξ0 = x, ξ1, . . . , ξn are
random variables that, under P, are independent and identically distributed (i.i.d.)
with law m(dx), and

φγ(a, x, y) = ψγ(a, x, y) + log pa(x, y).

A cluster in this context is a subset of Z
+ := {0, 1, 2, . . .} of the form {k, k +

1, . . . , k + l}. We say that two clusters are separated if there is an integer which is
strictly larger than all elements of one cluster and strictly smaller that all elements of
the other. We denote by C the set of all clusters, while Cn denotes the set of clusters
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contained in {0, 1, . . . , n− 1}. The usual cluster expansion procedure yields

exp

(
n−1∑
k=0

φγ(a, ξk, ξk+1)

)
=

n−1∏
k=0

[(
eφγ(a,ξk,ξk+1) − 1

)
+ 1

]

=
∑

τ⊆{0,1,...,n−1}

∏
k∈τ

(
eφγ(a,ξk,ξk+1) − 1

)
=

∑
p≥0

1

p!

∑
τ1,...,τp∈Cn

separated

p∏
i=1

∏
k∈τi

(
eφγ(a,ξk,ξk+1) − 1

)

=
∑
p≥0

1

p!

∑
τ1,...,τp∈Cn

separated

qτ1qτ2 · · · qτp ,

where

qτi :=
∏
k∈τi

(
eφγ(a,ξk,ξk+1) − 1

)
,

and we have used the fact that any subset of {0, . . . , n− 1} is a union of p separated
clusters for some p ≥ 0, and these clusters can be rearranged in p! ways. The key fact
is that if τi and τj are separated clusters, then qτi and qτj are independent. Thus, by
(2.5),

eS(an,x) =
∑
p≥0

1

p!

∑
τ1,...,τp∈Cn

separated

E(qτ1)E(qτ2) · · ·E(qτp).

The logarithm of the above expression can be rewritten as

S(an, x)=
∑

τ∈Cn,τ �=∅

∑
p≥0

∑
τ1,...,τp∈Cn
τ1∪···∪τp=τ

ap(τ1, τ2, . . . , τp)E(qτ1)E(qτ2) · · ·E(qτp):=
∑

τ∈Cn,τ �=∅
Γτ ,

where the coefficients ap(τ1, . . . , τp) come from the Taylor expansion of the logarithm
(see [13, page 492]). Now note that Γτ depends on x if and only if 0 ∈ τ , i.e., τ =
{0, 1, . . . ,m} for some m. In what follows, we write Γm in place of Γ{0,1,...,m}. Thus

(2.6)
∑

τ∈Cn,τ �=∅
Γτ =

n−1∑
m=0

Γm +

n−1∑
i=1

∑
τ∈Cn,τ ��0

i∈τ

1

|τ |Γτ =

n−1∑
m=0

Γm + (n− 1)
∑

τ∈Cn,τ ��0

1∈τ

1

|τ |Γτ ,

where we used the fact that, for 0 
∈ τ , Γτ is invariant by translation and permutation
of τ . Thus, at a formal level, the limits (2.2) and (2.3) should be given by

λa =
1

a

∑
τ∈C,τ ��0

1∈τ

1

|τ |Γτ ,(2.7)

Va(x) =

+∞∑
m=0

Γm − aλa.(2.8)

As usual (see, e.g., [4]), the convergence of the above sums will follow from the fol-
lowing strong cluster estimates:

(2.9) ∃ρ < 1 ∀τ ∈ C with 0 
∈ τ, E(qτ )| ≤ ρ|τ |
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and

(2.10) ∀τ ∈ C with τ � 0, |E(qτ )| ≤ C(x)ρ|τ |,

where C(·) is a locally bounded function of x.
Thus, we have only to prove the estimates (2.9) and (2.10) for γ sufficiently small.

We begin by proving (2.9). By the generalized Hölder inequality in [15, Lemma 5.2],
we have
(2.11)

|E(qτ )| =

∣∣∣∣∣E
[∏
k∈τ

(
eφγ(a,ξk,ξk+1) − 1

)]∣∣∣∣∣ ≤
∏
k∈τ

E
1/2

[(
eφγ(a,ξk,ξk+1) − 1

)2
]

= ρ|τ |,

where

ρ := E
1/2

[(
eφγ(a,ξ1,ξ2) − 1

)2
]
.

We now show that ρ can be made strictly less than 1 by choosing a sufficiently
large and γ small enough:

ρ2 = E

((
eψγ(a,ξ1,ξ2)pa(ξ1, ξ2) − 1

)2
)

=

∫
R2d

[
Exy

(
eγ

∫ a
0

c(xs)ds
)
pa(x, y) − 1

]2

m(dx)m(dy)

=

∫
R2d

[
Exy

(
eγ

∫ a
0

c(xs)ds − 1
)
pa(x, y) + (pa(x, y) − 1)

]2

m(dx)m(dy)

≤ 2

∫
R2d

E2
xy

(
eγ

∫ a
0

c(xs)ds − 1
)
p2
a(x, y)m(dx)m(dy)

+ 2

∫
R2d

(pa(x, y) − 1)
2
m(dx)m(dy)

=: 2I1(a, γ) + 2I2(a).

We first analyze I1(a, γ). For any ε ∈ ]0, 1[, by the Hölder inequality,

I1(a, γ) =

[∫
R2d

E2/ε
xy

(
eγ

∫ a
0

c(xs)ds − 1
)
pa(x, y)m(dx)m(dy)

]ε

·
[∫

R2d

p
2−ε
1−ε
a (x, y)m(dx)m(dy)

]1−ε

≤ Eε
m

(
|eγ

∫ a
0

c(xs)ds − 1|2/ε
)
‖ pa ‖2−ε

L

2−ε
1−ε (m⊗m)

,

where Em denotes the expectation under the law of (xt)t with initial measure m.
Thanks to assumption A4, for a large enough and ε small enough (such that 2−ε

1−ε ≤ p),

‖ pa ‖2−ε
L

2−ε
1−ε (m⊗m)

< +∞. To control J(a, γ) := Em

(
|eγ

∫ a
0

c(xs)ds − 1|2/ε
)
, we represent

eγ
∫ a
0

c(xs)ds − 1 as γ
∫ a

0
c(xs)ds

∫ 1

0
euγ

∫ a
0

c(xs)dsdu and obtain

J(a, γ) = γ2/εEm

(∣∣∣∣
∫ a

0

c(xs)ds

∣∣∣∣
2/ε (∫ 1

0

euγ
∫ a
0

c(xs)dsdu

)2/ε
)

≤ γ2/εE1/2
m

(∣∣∣∣
∫ a

0

c(xs)ds

∣∣∣∣
4/ε

)
E1/2

m

(
e

4γ
ε

∫ a
0

c(xs)ds
)
.
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By Jensen’s inequality,

J(a, γ) ≤ γ2/εa2/ε−1/2E1/2
m

(∫ a

0

|c(xs)|4/εds
)[

1

a

∫ a

0

Em

(
e

4γ
ε ac(xs)

)
ds

]1/2

≤ (γa)2/ε
[∫

|c(x)|4/εm(dx)

]1/2 [∫
e

4γa
ε c(x)m(dx)

]1/2

.

The first integral term on the right-hand side in the above inequality is finite due to
assumptions A2 and A3. For the same reason, if γa < ε

4Cβ, the last integral term of
the right-hand side is finite. Then, for γa small enough, J(a, γ) and I1(a, γ) are as
small as we want.

We now prove that I2(a) goes to 0 as a → +∞.

Lemma 1. If A4 and A5 are satisfied, lima→+∞
∫

R2d (pa(x, y)−1)
2
m(dx)m(dy) = 0.

Proof. By assumption A5, the semigroup Pt is a contraction on L
2(m), and

lim
t→+∞

∫ ∣∣∣∣Ptf(x) −
(∫

fdm

)∣∣∣∣
2

m(dx) = 0.

Notice also that, for a > b > 0 and m almost all y,

pa(x, y) = Pa−bpb(., y)(x)

in L
2(m) for all rational times a and b and, by invariance of m,

∫
pb(x, y)m(dx) = 1.

Consider now an increasing sequence (an)n≥0 such that an → +∞. We have to show
that, for any such sequence,

(2.12) lim
n

∫
R2d

(pan
(x, y) − 1)

2
m(dx)m(dy) = 0.

It is not restrictive to assume a1 > t0, where t0 is the constant in assumption A4. For
(m almost all) fixed y,∫

(pan(x, y) − 1)
2
m(dx) =

∫
(Pan−a1pa1

(., y)(x) − 1)
2
m(dx) → 0

by assumption A5. But thanks to assumption A4, the sequence

y 
→
∫

(pan(x, y) − 1)
2
m(dx)

is uniformly integrable, which implies (2.12) by the Vitali convergence theorem.
We can now conclude that for γa small enough and for a large enough, the cluster

estimate ρ is smaller than 1, which completes the proof of (2.9).
For the proof of (2.10), we proceed in the same way, just observing that the first

factor in the right-hand side of (2.11) is now dependent on x. The additional term to
control is Ex

[
eqγ

∫ a
0

c(xs) ds
]

for some large q > 1. This can be done using A2 and A6.
Thus, we completed the proof of Proposition 1.

To complete the proof of Theorem 1, we shall show why the limits (2.2) and (2.3)
do not depend on the time-step a, yielding the limits (1.1) and (1.2). So we choose
once and for all some convenient a and consider the corresponding set of convenient
γ’s, yielding for each γ a λ obtained thanks to Proposition 1. For large T we choose
n such that a(n− 1) ≤ T < an.
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Notice that

S−(an, x) ≤ S(T, x) ≤ S+(an, x),

where

eS
−(an,x) := Ex

[
eγ

∫ a(n−1)
0

c(xs)ds e− γ
∫ an
a(n−1)

c−(xs)ds
]

and

eS
+(an,x) := Ex

[
eγ

∫ a(n−1)
0

c(xs)ds eγ
∫ an
a(n−1)

c+(xs)ds
]
.

Both S−(an, x) and S+(an, x) can be calculated using the same cluster expansion,
except that now we have to replace ψγ(a, xa(n−1), xan) with a function ψ− (resp., ψ+)
obtained by replacing c with −c− (resp., c+). We thus obtain a similar decomposition
S−(an, x) =

∑
T∈Cn,T �=∅ Γ−T with Γ−T = ΓT if n − 1 /∈ T and with Γ−T obviously

modified if n − 1 ∈ T . In particular, in the decomposition (2.6) we see that, in the
first sum, the only modified term is Γn−1. But since −c− also satisfies A2, estimates
similar to those in (2.9) and (2.10) hold true for both S− and S+, whose difference
goes to 0 as n goes to infinity. This yields the desired result.

3. Some properties of diffusion processes and their invariant measures.
In this section we provide explicit conditions on the drift b(·) for assumptions A1 and
A3–A6 to hold for the diffusion process in (2.1). Our main result, Theorem 2 below,
will be stated in terms of the following two drift conditions:

(3.1) Condition (DC) ∃cb > 0 and ∃R ≥ 0 s.t. for |x| ≥ R, b(x) · x ≤ −cb|x|2.

The second condition is usually called a “curvature condition.” Assume b ∈ C1, and
for ξ ∈ R

d recall the notation

(3.2) 〈∇ξb(x), ξ〉 =
∑
i,j

ξi ∂ibj(x) ξj .

The curvature condition is then as follows:

(3.3) Condition (CC) ∃Kb ∈ R s.t. ∀ x and all ξ, 〈∇ξb(x), ξ〉 ≤ Kb|ξ|2.

In what follows, L denotes the generator b(x) ·∇+ 1
2Δ, and Pt denotes the associated

semigroup.
Theorem 2. Let b ∈ C1. If (DC) holds, then Assumptions A1 and A3 are satis-

fied, and assumption A6 is uniformly satisfied.
If (DC) and (CC) are both satisfied with constants cb,Kb such that cb > 2Kb,

then assumptions A4 and A5 are satisfied.
Remark 2. The condition cb > 2Kb is a mild condition. Indeed, if we replace (DC)

by a stronger (but more symmetric) condition, namely,

(b(x) − b(y)) · (x− y) ≤ −cb |x− y|2

(if b = −∇V , this is a convexity assumption), then we may choose Kb < 0.
It is also worth noticing that if we reinforce (DC), assuming the condition

lim
|x|→∞

b(x) · x

|x|2 = −∞,
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then we may always choose cb > 2Kb (if Kb is finite, of course). In this situation it
can be shown (see [19, Corollary 5.7.7]) that the semigroup Pt is superbounded.

Proof of Theorem 2. We divide the proof into several steps.
Step 1. A1 holds under (DC). Since b ∈ C1, it is locally Lipschitz; thus existence

and strong uniqueness are ensured up to the explosion time, starting from any x.
Define now ψ(x) = 1 + |x|2. By condition (DC) it is easy to check that Lψ ≤ Cψ for
some C > 0. By applying Ito’s rule to ψ(xt) up to the exit time of the level sets of ψ
(in the same spirit as in [16, Théorème 2.2.19]), it follows that the explosion time is
a.s. infinite.

Step 2. A3 holds under (DC). Existence and uniqueness of the invariant measure
m under (DC) follow, for instance, from [17, Theorem 7.4.21]. We prove here that, if

(DC) holds, then for all β < cb,
∫
eβ|y|

2

m(dy) < +∞. Since (DC) holds, there exists
D > 0 such that b(x) · x ≤ −cb|x|2 + D for all x; we set c = cb in the proof of this
step.

Let gn be a smooth nondecreasing concave function defined on R
+ such that

gn(u) = u if u ≤ n − 1 and gn(u) = n if u ≥ n (such a function exists). Let fn(x) =
exp(β gn(|x|2)) for β < c.

Then ∇fn(x) = 2βfn(x)g′n(|x|2)x and

Δfn(x) = 2βfn(x)
(
2g′′n(|x|2)|x|2 + 2β(g′n)2(|x|2)|x|2 + dg′n(|x|2)

)
so that

Lfn(x) = β fn(x)
(
(2g′′n(|x|2)|x|2 + dg′n(|x|2)) + 2g′n(|x|2)(βg′n(|x|2)|x|2 + b(x) · x)

)
≤ β fn(x)(d + 2D − 2(c− β)|x|2)
≤ β(d + 2D)eβ

d+2D
c−β − β(d + 2D) fn(x)

since

d + 2D − 2(c− β)|x|2 ≤ −(c− β)|x|2 ≤ −(d + 2D)

for |x|2 ≥ d+2D
c−β .

In short, there exist c1 and c2 positive constants such that for all n, Lfn ≤
c1 − c2fn.

Define hn(s) = Ex

[
eβgn(|xs|2)

]
. Ito’s formula yields

hn(t) ≤ hn(0) + c1t− c2

∫ t

0

hn(s)ds,

and hence by applying Gronwall’s lemma, we obtain

(3.4) Ex

[
eβgn(|xt|2)

]
≤ c1

c2
+ e−c2t eβgn(|x|2).

Integrating (3.4) with respect to the invariant measure m yields

(1 − e−c2t)

∫
eβgn(|y|2)m(dy) ≤ c1

c2
.

We may thus choose t large enough for e−c2t ≤ 1/2 and then use the monotone

convergence theorem with n → +∞ in order to obtain
∫
eβ|y|

2

m(dy) < +∞ for
β < cb.
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Step 3. A6 is uniformly satisfied under (DC). Using Ito’s formula up to the exit
time TM of the ball of center 0 and radius M , we have

Ex

[
eθ |xt∧TM

|2
]

= eθ|x|
2

+ Ex

[∫ t∧TM

0

(
2θ b(xs) · xs + dθ + 2θ2|xs|2

)
eθ |xs|2 ds

]
.

In particular, if condition (DC) holds with cb > θ, the integrand in the right-hand
side is nonpositive for large values of |xs|, and hence we can let M go to infinity in
order to show that there exists some constant κ (depending on (DC) and θ) such that

Ex

[
eθ |xt|2

]
< eθ|x|

2

+ κt.

Accordingly, using the Jensen inequality, we obtain

Ex

[
e
∫ a
0

β |xs|2 ds
]

= Ex

[
e

1
a

∫ a
0

a β |xs|2 ds
]

≤ 1

a
Ex

[∫ a

0

ea β |xs|2 ds

]
< +∞

as soon as aβ < cb. The proof is completed.
Step 4. A4 holds if (DC)and (CC) are both satisfied and if cb > 2Kb. Since b ∈ C1,

Malliavin calculus shows that the law of xt is absolutely continuous w.r.t. the Lebesgue
measure for all initial conditions x and all t > 0. Hence m is also absolutely continuous
w.r.t. the Lebesgue measure, and it can be shown that dm/dy is a.e. positive. Thus,
the existence of pt(x, y) follows. The proof of the integrability condition stated in A4
relies on a beautiful Harnack inequality derived by Wang (see [19, Theorem 2.5.2]),

(3.5) (Ptf(x))
α ≤ Ptf

α(y) exp

(
α

2(α− 1)
Kb(1 − e−2Kbt)−1 |x− y|2

)
,

holding for t > 0, α > 1, all (x, y), and all nonnegative continuous and bounded f ,
with the convention Kb(1 − e−2Kbt)−1 = 1/2t if Kb ≤ 0 (see also [1, Lemma 7.5.4] if
α = 2).

Using (3.5), we show that for all p > 2, pt(., .) ∈ L
p(m⊗m) for all t such that

cb >
Kb p (p− 1)

1 − e−2Kbt
.

In particular, if Kb ≤ 0, then for all p > 2 there exists tp such that pt(., .) ∈ L
p(m⊗m)

for t ≥ tp, while for Kb > 0 such a tp exists provided cb > Kb p (p− 1). We shall first
derive an upper bound for the density.

Let α > 1, Dt := {x ∈ R
d, |x| ≤ γ(t)} for some increasing function γ going to

∞, and let f be nonnegative and bounded. Integrating the Harnack inequality for Pt

with respect to m(dy) on Dt and denoting

κ(t) =
α

2(α− 1)
Kb(1 − e−2Kbt)−1,

we get

((Ptf)(x))
α ≤

∫
Dt

(Ptf
α)(y) eκ(t)|x−y|2 m(dy)/m(Dt)

≤
∫

fα(y) (P ∗t (1IDt(.) e
κ(t)|x−.|2))(y)m(dy)/m(Dt)

≤ e2κ(t)(|x|2+γ2(t))

∫
fα(y) m(dy)/m(Dt)
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since

‖ 1IDt
(.) eκ(t)|x−.|2 ‖∞≤ e2κ(t)(|x|2+γ2(t)).

If

θ(t, x) =
(
e2κ(t)γ2(t)/m(Dt)

)
e2κ(t)|x|2 ,

we thus have

(3.6) ((Ptf)(x))
α ≤ θ(t)

∫
fα(y)m(dy).

Applying the previous inequality with a continuous approximation of fN (z) =

pβt (x, z) 1I{pt(x,z)≤N} and then taking limits, we have

(∫
p1+β
t (x, z) 1I{pt(x,z)≤N}m(dz)

)α

≤ θ(t, x)

∫
pαβ
t (x, y) 1I{pt(x,y)≤N} m(dy);

i.e., by letting N go to ∞ and choosing 1 + β = αβ and hence β = 1/(α − 1) we
obtain

(3.7)

∫
p

α
α−1

t (x, y)m(dy) ≤ θ1/(α−1)(t, x).

By Step 2, the right-hand side in (3.7) is in L
1(m) provided

(3.8) cb >
2κ(t)

α− 1
=

αKb

(α− 1)2(1 − e−2Kbt)
.

In particular if p > 2, define 1 < α = p/(p − 1) < 2. Hence pt(., .) ∈ L
p(m ⊗ m)

provided

cb >
Kb p (p− 1)

1 − e−2Kbt
.

Step 5. A5 holds if (DC) and (CC) are both satisfied, and cb > Kb. (Note that
the condition needed here is weaker than cb > 2Kb.) It is well known that the L2(m)-
contractivity stated in assumption A5 is implied by hypercontractivity of Pt, which
means that for all 1 < p < q < +∞ there exists tp,q such that for t ≥ tp,q, Pt is a
bounded operator from L

p(m) into L
q(m) with norm equal to 1. The fact that cb > Kb

implies hypercontractivity of Pt is shown in [19, Theorem 5.7.3, Corollary 5.7.2, and
Theorem 5.7.1].

4. The limiting function as viscosity solution. We consider the function

ϕ(t, x) := Ex

[
exp

(
γ

∫ t

0

c(xs)ds

)]
.(4.1)
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We have shown that (under some assumptions we shall assume to be in force below),
for γ sufficiently small, the limits

(4.2) λ := lim
t

1

t
logϕ(t, x)

and

(4.3) V (x) := lim
t

[logϕ(t, x) − λt]

exist uniformly over compact sets. We want to show that V is a viscosity solution of
the HJB equation (1.6) or, equivalently, that v(x) := eV (x) is a viscosity solution of
the linear equation

(4.4) −
[
1

2
Δv + b · ∇v + γcv

]
+ λv = 0.

We first prove that ϕ(T − t, x) is a continuous viscosity solution of a suitable
evolution equation. Then by using (4.3) we show that (4.4) holds.

This problem has been dealt with in [9] in a much more general setting. However,
the assumptions given in [9] are not satisfied here, due to the unboundedness of c.
Thus, some modifications of their proof are needed.

Proposition 2. Assume that conditions A1–A5 are satisfied and that condition
(DC) is satisfied, so that condition A6 is uniformly satisfied (in particular, the strong
Feller property holds). Moreover, let γ be as in Theorem 1, and assume γ < γ (hence
the limits (4.2) and (4.3) exist). Then v(·) is continuous and is a viscosity solution of
(4.4).

Proof. Step 1. Continuity of ϕ(t, x). We first establish continuity in x.
First note that, according to the proofs in section 2, for γ < γ̄, one can find some

δ ∈ ]1, γ̄
γ [ and some function hγ(t, x), which is bounded on compact sets such that

(4.5) Ex

[
exp

(
γδ

∫ t

0

|c(xs)|ds
)]

≤ hγ(t, x)

for all t > 0 and x ∈ R
d.

Note that, for 0 < ε < t,

|ϕ(t, x) − ϕ(t, y)|

=

∣∣∣∣Ex

[
ϕ(t− ε, xε) exp

(
γ

∫ ε

0

c(xs)ds

)]

−Ey

[
ϕ(t− ε, xε) exp

(
γ

∫ ε

0

c(xs)ds

)]∣∣∣∣
≤ Ex

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣ϕ(t− ε, xε)
]

+ Ey

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣ϕ(t− ε, xε)
]

+ |Ex[ϕ(t− ε, xε)] − Ey[ϕ(t− ε, xε)]| .(4.6)

We begin by estimating the first term in the right-hand side of (4.6). By the Hölder
inequality,

(4.7) Ex

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣ϕ(t− ε, xε)
]

≤
{
Ex

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣p]}1/p
{
Ex

[
exp

(
γδ

∫ t

0

|c(xs)|ds
)]}1/δ

,
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where p = δ
δ−1 . Our goal is to show that the left-hand side of (4.7) goes to 0 as ε → 0,

uniformly in x varying in a compact set. By (4.5), the second factor in the right-hand
side of (4.7) is locally bounded. Thus, it is enough to show that

Ex

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣p]

goes to zero uniformly in compact sets. By the inequality |ex − 1| ≤ |x|e|x|, the
Cauchy–Schwarz inequality, and Jensen’s inequality,

Ex

[∣∣∣eγ ∫ ε
0
c(xs)ds − 1

∣∣∣p]2

≤ γ2pEx

[(∫ ε

0

c(xs)ds

)p

eγp
∫ ε
0
|c(xs)|ds

]2

≤ γ2pEx

[(∫ ε

0

c(xs)ds

)2p
]
Ex

[
e2γp

∫ ε
0
|c(xs)|ds

]

≤ ε2p−1γ2p

∫ ε

0

Ex

[
|c(xs)|2p

]
ds Ex

[
e2γp

∫ ε
0
|c(xs)|ds

]

≤ ε2p−2γ2p

∫ ε

0

Ex

[
|c(xs)|2p

]
ds

∫ ε

0

Ex

[
e2γpε|c(xs)|

]
ds.(4.8)

Since p > 1, it is enough to show that the two integrals in (4.8) are locally bounded.
This follows easily from the assumption that c(·) has quadratic growth (see A2, where
the constant C is defined), and from the proof of the first part of Theorem 2, as soon
as 2γpCε < cb, that holds true for ε small enough. Indeed we get some exponential
integrability which is strong enough to control both terms.

It remains to deal with the last term in (4.6). It is enough to show that, for given
ε > 0, the map

(4.9) x 
→ Ex[ϕ(t− ε, xε)]

is continuous in x. For this purpose, we realize all diffusion starting from any x ∈ R
d

in the same probability space. We denote by Xt(x) the diffusion starting from x, and
denote by E the expectation in this probability space. Thus

Ex[ϕ(t− ε, xε)] = E[ϕ(t− ε,Xε(x))].

By (4.5),

E[ϕδ(t− ε,Xε(x))]

is locally bounded in x. This implies that, for any ball B, the family of random
variables

(ϕ(t− ε,Xε(x)))x∈B

is uniformly integrable. Thus, letting ϕM (x) := ϕ(t − ε, x)1[0,M ](|ϕ(t − ε, x)|) (1A is
the indicator function of the set A), we have that

• for every M > 0, E[ϕM (Xε(x))] is continuous in x by the strong Feller prop-
erty; and

• E[ϕ(t − ε,Xε(x))] − E[ϕM (Xε(x))] goes to zero as M → +∞ uniformly in
x ∈ B for any ball B.
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From these two statements, continuity of (4.9) follows.

To get joint continuity in (t, x) just observe that, by the integrability condition
(4.5), we can differentiate in t ϕ(t, x) and show that this derivative is locally bonded.
Thus ϕ(t, x) is locally Lipschitz in t, locally uniformly in x. This, together with con-
tinuity in x, implies joint continuity.

Step 2. Viscosity solution of the parabolic equation. In what follows we introduce
the upper-semicontinuous (resp., lower-semicontinuous) extension c∗ (resp., c∗) of c(·):

c∗(x) := lim sup
y→x

c(y), c∗(x) := lim inf
y→x

c(y).

Moreover, let vT (t, x) := ϕ(T − t, x). We now show that vT is a viscosity solution (in
[0, T ]) of the parabolic equation

(4.10) −
(
∂tvT + b · ∇vT +

1

2
ΔvT + γcvT

)
= 0.

Since vT is continuous, this amounts to showing that the following two properties hold
true:

i. (supersolution property). Let (t, x) ∈ [0, T ) × R
d and let ψ : [0, T ) × R

d → R

be a smooth function such that ψ(t, x) = vT (t, x) and vT − ψ has a local
maximum at (t, x) (there may be no such function). Then

−
(
∂tψ(t, x) + b(x) · ∇ψ(t, x) +

1

2
Δψ(t, x) + γc∗(x)vT (t, x)

)
≤ 0.

ii. (subsolution property). Let (t, x) ∈ [0, T ) × R
d and let ψ : [0, T ) × R

d → R

be a smooth function such that ψ(t, x) = vT (t, x) and vT − ψ has a local
minimum at (t, x). Then

−
(
∂tψ(t, x) + b(x) · ∇ψ(t, x) +

1

2
Δψ(t, x) + γc∗(x)vT (t, x)

)
≥ 0.

vT −ψ has a strict local extreme in (t, x). Indeed, if vT −ψ has a local extreme at (t, x)
and ψ̃(s, y) := ψ(s, y) ±

[
(s− t)2 + |x− y|4

]
(where the sign depends on whether we

are dealing with a maximum or a minimum), then vT − ψ̃ has a strict local extreme in
(t, x), and ψ and ψ̃ have the same first space and time derivatives and second space
derivatives at (t, x). We now observe the following identities:

ϕ(t, x) = 1 −
∫ t

0

d

ds
Ex

[
exp

(∫ t

s

γc(xτ )dτ

)]
ds

= 1 + γ

∫ t

0

Ex

[
c(xs) exp

(
γ

∫ t

s

c(xτ )dτ

)]
ds

= 1 + γ

∫ t

0

Ex [c(xs)ϕ(t− s, xs)] ds,

where all steps are justified by (4.5). It follows that, for ε > 0,

ϕ(t, x) − Ex[ϕ(t− ε, xε)] = γEx

[∫ ε

0

c(xs)ϕ(t− s, xs)ds

]
.
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By a change t 
→ T − t of the time variable, we get

(4.11) vT (t, x) − Ex[vT (t + ε, xε)] = γEx

[∫ ε

0

c(xs)vT (t + s, xs)ds

]
.

Now we use (4.11) to prove that vT has the subsolution property. The supersolution
property is proved in the same way. Note that both properties are local, so it is not
restrictive to assume the test functions ψ to have compact support.

So let ψ be a smooth function with compact support such that ψ(t, x) = vT (t, x)
and vT − ψ has a local minimum at (t, x). We first claim that

(4.12) lim sup
ε→0

vT (t, x) − Ex[vT (t + ε, xε)]

ε
≤ lim sup

ε→0

ψ(t, x) − Ex[ψ(t + ε, xε)]

ε
.

This is done by a simple localization. Let ρ > 0 be such that vT (s, y) ≥ ψ(s, y) for
(s, y) ∈ [t− ρ, t + ρ] ×B(x, ρ). Then, for |ε| < ρ,

vT (t, x) − Ex[vT (t + ε, xε)]

ε

= Ex

[
vT (t, x) − vT (t + ε, xε)

ε
1I|xε−x|≤ρ

]
+ Ex

[
vT (t, x) − vT (t + ε, xε)

ε
1I|xε−x|>ρ

]

≤ Ex

[
ψ(t, x) − ψ(t + ε, xε)

ε
1I|xε−x|≤ρ

]
+ Ex

[
vT (t, x) − vT (t + ε, xε)

ε
1I|xε−x|>ρ

]

= Ex

[
ψ(t, x) − ψ(t + ε, xε)

ε

]

−Ex

[
ψ(t, x) − ψ(t + ε, xε)

ε
1I|xε−x|>ρ

]
+ Ex

[
vT (t, x) − vT (t + ε, xε)

ε
1I|xε−x|>ρ

]
.

Thus, in order to obtain (4.12), it is enough to show that the last two terms go to
zero as ε → 0. We deal only with the last (the others being easier),∣∣∣∣Ex

[
vT (t, x) − vT (t + ε, xε)

ε
1I|xε−x|>ρ

]∣∣∣∣ ≤ 2

ε
Ex

[
eγ

∫ T
0
|c(xs)|ds1I|xε−x|>ρ

]

≤ 2

ε
Ex

[
eγδ

∫ T
0
|c(xs)|ds

]
Ex(1I|xε−x|>ρ)

1− 1
δ ,

which goes to zero as ε → 0 since, by small time estimates (see, e.g., [18]),
Ex(1I|xε−x|>ρ) = o(ε). This establishes (4.12). On the other hand, by Ito’s rule,

(4.13)

lim
ε→0

ψ(t, x) − Ex[ψ(t + ε, xε)]

ε
= −

(
∂tψ(t, x) + b(t, x) · ∇ψ(t, x) +

1

2
Δψ(t, x)

)
.

Putting together (4.11), (4.12), and (4.13), the subsolution property follows from

(4.14) lim inf
ε→0

1

ε
Ex

[∫ ε

0

c(xs)vT (t + s, xs)ds

]
≥ c∗(x)vT (t, x),

where the above convergence is again controlled by small time estimates and the fact
that vT is continuous.

Step 3. Conclusion. Letting ṽT (t, x) := vT (t, x)e−λ(T−t), it is easily checked that
ṽT is a viscosity solution of

(4.15) −
(
∂tṽT + b · ∇ṽT +

1

2
ΔṽT + γcvT

)
+ λṽ = 0.
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Moreover, ṽT (t, x) → v(x) as T → +∞ uniformly on compact sets. In particular, v is
continuous. We now sketch a standard argument to show that v is a viscosity solution
of (4.4).

Let x ∈ R
d, and let ψ : R

d → R be a smooth function such that v(x) = ψ(x) and
v−ψ has a local minimum at x. Fix t > 0, and define ψ̃(s, y) := ψ(y)−|y−x|4−(s−t)2.
Note that v − ψ̃ has a strict local minimum at (t, x), and

(4.16) ∂tψ̃(t, x) + b(t, x) · ∇ψ̃(t, x) +
1

2
Δψ̃(t, x) = b(x) · ∇ψ(x) +

1

2
Δψ(x).

A simple exercise in uniform convergence shows that there is a sequence (tn, xn) →
(t, x) as n → +∞ such that ṽn − ψ̃ has a local minimum at (tn, xn). Therefore, since
ṽ is a viscosity solution of (4.15),

(4.17)

−
(
∂tψ̃(tn, xn) + b(xn) · ∇ψ̃(tn, xn) +

1

2
Δψ̃(tn, xn) + γc∗(xn)ṽn(xn)

)
+λṽn(xn) ≥ 0.

Letting n → +∞ and using (4.16) and lower-semicontinuity of c∗, we obtain the
subsolution property for (4.4). The supersolution property is obtained in the same
way.

Acknowledgment. The authors thank an anonymous referee for bringing to
their attention the reference [12].
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STOCHASTIC RECURSIVE OPTIMAL CONTROL PROBLEM AND
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Abstract. In this paper, we study one kind of stochastic recursive optimal control problem
with the obstacle constraint for the cost functional described by the solution of a reflected backward
stochastic differential equation. We give the dynamic programming principle for this kind of optimal
control problem and show that the value function is the unique viscosity solution of the obstacle
problem for the corresponding Hamilton–Jacobi–Bellman equation.
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1. Introduction. The nonlinear backward stochastic differential equation
(BSDE) was been introduced by Pardoux and Peng [12]. Independently, Duffie and
Epstein [6] introduced BSDE from economic background. In [6] they presented a
stochastic differential recursive utility which is an extension of the standard additive
utility with the instantaneous utility depending not only on the instantaneous con-
sumption rate but also on the future utility. Actually, it corresponds to the solution
of a particular BSDE whose generator does not depend on the variable z. From a
mathematical point of view the results in [12] are more general. Then El Karoui,
Peng, and Quenez [11] gave some important properties of BSDEs such as comparison
theorem and applications in mathematical finance and optimal control theory. And
also in the same paper, the authors gave the formulation of recursive utilities and
their properties from the BSDE point of view. The recursive optimal control problem
is presented as a kind of optimal control problem whose cost functional is described
by the solution of BSDE. In 1992, Peng [13] got the Bellman’s dynamic programming
principle for this kind of problem and proved that the value function is a viscosity
solution of one kind of quasi-linear second order partial differential equation (PDE)
which is the well known Hamilton–Jacobi–Bellman equation. Later in 1997, he virtu-
ally generalized these results to a much more general situation, under Markvian and
even non-Markvian framework (see [14, Chapter 2]). In the Chinese version, Peng
used the backward semigroup property of BSDE to prove Bellman’s dynamic pro-
gramming principle for the recursive optimal problem introduced by a BSDE under
Markovian and non-Markovian framework. He also proved that the value function is
a viscosity solution of a generalized Hamilton–Jacobi–Bellman equation.
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In 1997, El Karoui et al. [9] studied the reflected BSDE with one continuous bar-
rier. The solution of the reflected BSDE is forced to stay above a given continuous
stochastic process called the barrier. For this purpose they introduced an increasing
process to push the solution upwards in a kind of minimal way. Using two differ-
ent methods, optimal stopping problem with fixed point principle and penalization
method, they got the existence and uniqueness of the solution for this kind of reflected
BSDE. The solution of reflected BSDE provides a probabilistic representation for the
unique viscosity solution of an obstacle problem for a nonlinear parabolic partial dif-
ferential equation within the Markovian framework. This kind of reflected BSDE also
has applications in the financial market. We know from El Karoui et al. [11] that
the pricing of the European contingent claim can be formulated in terms of BSDEs.
Since pricing an American option can be formulated as an optimal stopping problem,
El Karoui, Pardoux, and Quenez [10], showed that the price of an American option
corresponds to the solution of a reflected BSDE, even in an imperfect market.

Cvitanic and Karatzas [5] extended the result to reflected BSDE with upper and
lower barriers. Hamadène and Lepeltier [7] used reflected BSDE to solve a mixed
optimal stochastic control problem. In this kind of problem, the controller has two
actions, one is control and the other is stopping his control strategy in order to
maximize his payoff. And then Hamadène, Lepeltier, and Wu [8] generalized the
results for infinite horizon reflected BSDEs with one or two barriers and also applied
those results to the mixed control and mixed game problem.

In our paper, we study one kind of recursive optimal control problem with the
obstacle constraint for the cost functional; i.e., the cost functional of the control system
is described by the solution of a reflected BSDE with one lower barrier. This kind of
recursive optimal control problem has some practical meaning. For example, in the
financial market, an investor requires his recursive utility function to be bigger than
a certain function of his wealth. For this purpose, an increasing process is introduced
to push the cost functional upward; we require this push to be minimum. From the
results in [9] and [7], we know that, in many cases, this problem can be regarded
as a mixed optimal stochastic control problem. We also will show that the pricing
problem of the American option when loan interest is higher than deposit interest can
be reformulated to this kind of recursive optimal control problem.

One of our interesting problems is that if the dynamic programming principle
still holds for this recursive optimal control problem. Using some properties of the
reflected BSDE and analysis techniques we give a positive answer for this question.
Then we show that, if the problem is formulated within a Markovian framework, the
value function is the unique viscosity solution of the obstacle problem for a nonlinear
parabolic PDE which is called the Hamilton–Jacobi–Bellman (HJB) equation.

Our paper generalizes the dynamic programming principle of the recursive control
problem in [13] and [14] to the obstacle constraint case and has the following advan-
tages and improvements. First, in Peng [13] and [14], the recursive cost function does
not have the obstacle constraint. In our paper, the optimization problem has obstacle
constraints for the cost function which is described by the solution of reflected BS-
DEs. Such a problem has more financial applications and can formulate the pricing
problem of the American option in a complete or incomplete market. Many ideas
and methods of proof in our paper for dynamic programming principle come from
[13] and [14]. However, we generalize the results to obstacle constraint case whose
coefficients just satisfy Lipschitz condition, so our results are more general. Second,
the method of proof in our paper is mainly based on elementary mathematics analy-
sis technique and the properties of reflected BSDEs. We improved two properties of
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reflected BSDEs in [9] (see Propositions 2.1 and 2.2) which play important roles for
the continuation of the value function about t (see Proposition 3.12, also our proof is
more clear). Finally, the proof of existence for the viscosity solution of the obstacle
problem for the corresponding HJB equations in our paper is completely different
from the one in Peng [13] and [14]. Our result is the generalization of the one in
Karoui et al. [9] for the obstacle problem of nonlinear parabolic PDEs. We need to
consider changing the order between lim and sup as according to Peng, [13] and [14],
there lacks the uniqueness proof for the viscosity solution. In our paper, we apply
the method introduced by Barles, Buckdahn, and Pardoux [1] to give the uniqueness
proof for the viscosity solution of corresponding HJB equations.

The paper is organized as follows. In section 2, we present some preliminary
results about reflected BSDE which play an important role to study the dynamic
programming principle of the optimal control problem. In section 3, we formulate the
recursive optimal control problem with the obstacle constraint for the cost functional
and prove that the dynamic programming principle holds. In section 4, we prove
that the value function of the control problem is the unique viscosity solution of the
obstacle problem for the corresponding HJB equation.

2. Preliminary results of the reflected BSDE. In this section, we give some
preliminary results of the reflected BSDE which are useful for the dynamic program-
ming principle for the recursive optimal control problem with the obstacle constraint
for the cost functional.

Let {Wt, 0 ≤ t ≤ T} be a d-dimensional standard Brownian motion defined on
a probability space (Ω,F , P ). Let {Ft, 0 ≤ t ≤ T} be the natural filtration of {Wt},
where F0 contains all P -null sets of F , and, let P be the σ-algebra of predictable
subsets of Ω × [0, T ].

Let us introduce some notations

L2 =

{
ξ is an FT -measurable random variable s.t. E(|ξ|2) < +∞

}
,

H2 =

{
{ϕt, 0 ≤ t ≤ T} is an adapted process s.t. E

∫ T

0

|ϕt|2 dt < +∞
}
,

S2 =

{
{ϕt, 0 ≤ t ≤ T} is an adapted process s.t. E

(
sup

0≤t≤T
|ϕt|2

)
< +∞

}
,

and the following reflected BSDE with one barrier:

(2.1) Yt = ξ +

∫ T

t

g(s, Ys, Zs)ds + KT −Kt −
∫ T

t

ZsdWs, 0 ≤ t ≤ T.

Here ξ ∈ L2, g is a map from Ω × [0, T ] × R × R
d into R satisfying

(i) for all (y, z) ∈ R × R
d, g(·, y, z) ∈ H2,

(ii) for some L > 0 and all y, y′ ∈ R, z, z′ ∈ R
d, a.s.

|g(t, y, z) − g(t, y′, z′)| ≤ L(|y − y′| − |z − z′|),

{St, 0 ≤ t ≤ T} called an “obstacle” is a continuous adapted real-valued process
satisfying

(iii) E(sup0≤t≤T |St|2) < +∞.
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Then from Theorem 5.2 in [9], there exists a unique solution {(Yt, Zt,Kt), 0 ≤ t ≤ T}
taking values in R, R

d and R+, respectively, and satisfying
(iv) Y ∈ S2, Z ∈ H2, and KT ∈ L2;
(v) Yt ≥ St, 0 ≤ t ≤ T ;

(vi) {Kt} is adapted, continuous and increasing, K0 = 0, and
∫ T

0
(Yt−St)dKt = 0.

Now we give two more accurate estimates of the solutions than that of Proposi-
tions 3.5 and 3.6 in [9]. They are necessary for proof of the dynamic programming
principle of our optimal control problem and play an important role for the continua-
tion properties of value function u(t, x) about t and x. The analogous generalization
results for the nonreflected case can be seen in [2]. Since some proof technique is
derived from [2], we omit it.

Proposition 2.1. Let {(Yt, Zt,Kt), 0 ≤ t ≤ T} be the solution of the above
reflected BSDE (ξ, g, S), then there exists a constant C such that

E
Ft

{
sup

t≤s≤T
Y 2
s +

∫ T

t

|Zs|2 + |KT −Kt|2
}

≤CE
Ft

⎧⎨
⎩ξ2 +

(∫ T

t

g(s, 0, 0)ds

)2

+ sup
t≤s≤T

S2
t

⎫⎬
⎭ .

Proposition 2.2. Let (ξ, g, S) and (ξ′, g′, S′) be two triplets satisfying the above
assumptions. Suppose (Y,Z,K) is the solution of the reflected BSDE (ξ, g, S) and
(Y ′, Z ′,K ′) is the solution of the reflected BSDE (ξ′, g′, S′). Define

Δξ = ξ − ξ′, Δg = g − g′, ΔS = S − S′;

ΔY = Y − Y ′, ΔZ = Z − Z ′, ΔK = K −K ′.

Then there exists a constant C such that

E
Ft

{
sup

t≤s≤T
|ΔYs|2 +

∫ T

t

|ΔZs|2 ds + |ΔKT − ΔKt|2
}

≤ CE
Ft

⎧⎨
⎩|Δξ|2 +

(∫ T

t

|Δg(s, Ys, Zs)| ds
)2
⎫⎬
⎭+ C

(
E
Ft

{
sup

t≤s≤T
|ΔSs|2

})1/2

Ψ
1/2
t,T ,

where

Ψt,T = E
Ft

⎧⎨
⎩|ξ|2 +

(∫ T

t

|g(s, 0, 0)| ds
)2

+ sup
t≤s≤T

|Ss|2

+ |ξ′|2 +

(∫ T

t

|g′(s, 0, 0)| ds
)2

+ sup
t≤s≤T

|S′s|
2

⎫⎬
⎭ .
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3. Formulation of the problem and the dynamic programming princi-
ple. In this section, we first formulate one kind of stochastic recursive optimal control
problem with the obstacle constraint for the cost functional, and then we prove that
the dynamic programming principle still holds for this kind of optimization problem.

We introduce the admissible control set U defined by

U :=
{
v(·) ∈ H2 | v(·) take value in U ⊂ R

k
}
.

An element of U is called an admissible control. Here U is a compact subset of R
k;

however, this restriction is often satisfied in practical applications.
For a given admissible control, we consider the following control system:

(3.1)

{
dXt,ζ;v

s = b(s,Xt,ζ;v
s , vs)ds + σ(s,Xt,ζ;v

s , vs)dWs, s ∈ [t, T ],

Xt,ζ;v
t = ζ,

where t ≥ 0 is regarded as the initial time, and ζ ∈ L2(Ω,Ft, P ; Rn) as the initial
state. The mappings

b : [0, T ] × R
n × U → R

n, σ : [0, T ] × R
n × U → R

n×d

satisfy the following conditions:
(H3.1) b and σ are continuous in t,
(H3.2) for some L > 0, and all x, x′ ∈ R

n, v, v′ ∈ U , a.s.

|b(t, x, v) − b(t, x′, v′)| + |σ(t, x, v) − σ(t, x′, v′)| ≤ L(|x− x′| + |v − v′|).

Obviously, under the above assumptions, for any v(·) ∈ U , the control system
(3.1) has a unique strong solution {Xt,ζ;v

s , 0 ≤ t ≤ s ≤ T}, and we also have the
following estimates:

Proposition 3.1. For all t ∈ [0, T ], ζ, ζ ′ ∈ L2(Ω,Ft, P ; Rn), v(·), v′(·) ∈ U ,

E
Ft

{
sup

t≤s≤T

∣∣Xt,ζ;v
s

∣∣2} ≤ C(1 + |ζ|2),(3.2)

E
Ft

{
sup

t≤s≤T

∣∣∣Xt,ζ;v
s −Xt,ζ′;v′

s

∣∣∣2} ≤ C |ζ − ζ ′|2 + CE
Ft

{∫ T

t

|vs − v′s|
2
ds

}
,(3.3)

where the constant C depends on L, T , and the compact set U .
Proposition 3.2. For all t ∈ [0, T ], x ∈ R

n, v(·) ∈ U , δ ∈ [0, T − t],

(3.4) E

{
sup

t≤s≤t+δ

∣∣Xt,x;v
s − x

∣∣2} ≤ Cδ,

where the constant C depends on x, L, and the compact set U .
Now for any given admissible control v(·) ∈ U , we consider the following reflected

BSDE:

(3.5)

Y t,ζ;v
s = Φ(Xt,ζ;v

T ) +

∫ T

s

g(r,Xt,ζ;v
r , Y t,ζ;v

r , Zt,ζ;v
r , vr)dr

+Kt,ζ;v
T −Kt,ζ;v

s −
∫ T

s

Zt,ζ;v
r dWr, t ≤ s ≤ T,
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where

Φ = Φ(x) : R
n → R, h = h(t, x) : [0, T ] × R

n → R,

g = g(t, x, y, z, v) : [0, T ] × R
n × R × R

d × U → R

satisfy the following conditions:
(H3.3) g and h are continuous in t;
(H3.4) for some L > 0, and all x, x′ ∈ R

n, y, y′ ∈ R, z, z′ ∈ R
d v, v′ ∈ U , a.s.

|g(t, x, y, z, v) − g(t, x′, y′, z′, v′)| + |Φ(x) − Φ(x′)| + |h(t, x) − h(t, x′)|

≤ L(|x− x′| + |y − y′| + |z − z′| + |v − v′|).

Then from Theorem 5.2 in [9], there exists a triple (Y t,ζ;v, Zt,ζ;v,Kt,ζ;v), which is the
unique solution of the reflected BSDE (3.5), satisfying

(i) Y t,ζ;v ∈ S2, Zt,ζ;v ∈ H2 and Kt,ζ;v
T ∈ L2;

(ii) Y t,ζ;v
s ≥ h(s,Xt,ζ;v

s ), t ≤ s ≤ T ;

(iii) {Kt,ζ;v
s } is increasing and continuous, Kt,ζ;v

t = 0, and∫ T

t

(Y t,ζ;v
s − h(s,Xt,ζ;v

s ))dKt,ζ;v
s = 0.

Moreover, we get the following estimates for the solution of (3.5) from Proposi-
tions 2.1 and 2.2.

Proposition 3.3.

(3.6) E
Ft

{
sup

t≤s≤T

∣∣Y t,ζ;v
s

∣∣2 +

∫ T

t

∣∣Zt,ζ;v
s

∣∣2 ds +
∣∣∣Kt,ζ;v

T

∣∣∣2
}

≤ C(1 + |ζ|2).

Proposition 3.4.

(3.7)

E
Ft

{
sup

t≤s≤T

∣∣∣Y t,ζ;v
s − Y t,ζ′;v′

∣∣∣2 +

∫ T

t

∣∣∣Zt,ζ;v
s − Zt,ζ′;v′

s

∣∣∣2 ds

+
∣∣∣Kt,ζ;v

T −Kt,ζ′;v′

T

∣∣∣2
}

≤ C |ζ − ζ ′|2 + CE
Ft

{∫ T

t

|vs − v′s|
2
ds

}

+ C(1 + |ζ| + |ζ ′|)
(
|ζ − ζ ′|2 + E

Ft

{∫ T

t

|vs − v′s|
2
ds

})1/2

.

Given a control process v(·) ∈ U , we introduce the associated cost functional

(3.8) J(t, x; v(·)) := Y t,x;v
s

∣∣
s=t

, (t, x) ∈ [0, T ] × R
n,

and we define the value function of the stochastic optimal control problem

(3.9) u(t, x) := esssup
v(·)∈U

J(t, x; v(·)), (t, x) ∈ [0, T ] × R
n.
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Remark 3.5. This is one kind of stochastic recursive optimal control problem
with the obstacle constraint for the cost functional Y t,x;v

s ≥ h(s,Xt,x;v
s ), t ≤ s ≤ T .

In the financial market, if Xt,x;v
s represents the wealth of the investor and Y t,x;v

s

represents the recursive utility cost functional, then the constraint means that the
investor requires his cost functional value to be bigger than a given function of his
wealth at any time. For this, an additional increasing process is introduced to push
Y t,x;v
s upwards in a kind of minimal way. In addition, for an investment policy the

investor may choose the terminal time (as a stopping time) up to which he maximizes
his wealth. We precise this point as follows.

For any (t, x) ∈ [0, T ] × R
n and a given admissible control v(·) ∈ U , let (Y t,x;v,

Zt,x;v, Kt,x;v) be the solution of the reflected BSDE (3.5). From Proposition 2.3 in
[9], we know that, for each s ∈ [t, T ],

Y t,x;v
s = esssup

τ∈Ts

E
Fs

{∫ τ

s

g(r,Xt,x;v
r , Y t,x;v

r , Zt,x;v
r , vr)dr

+h(τ,Xt,x;v
τ )1{τ<T} + Φ(Xt,x;v

T )1{τ=T}

}
,

where T is the set of all stopping times dominated by T , and Ts = {τ ∈ T ; s ≤ τ ≤
T}. Furthermore, the stopping time

(3.10) Dt,x;v
s = inf{s ≤ r ≤ T ; Y t,x;v

r = h(r,Xt,x;v
r )}

is optimal.
Here g is a function of (s,X, Y, Z, v) satisfying assumptions (H3.3) and (H3.4);

we will give some special examples to illustrate some applications for this recursive
optimization problem.

Example 1. If g is independent on (y, z), then our problem is a mixture of an
optimal stopping time problem and a “classical” optimal stochastic control problem.
The value function is

u(t, x) := esssup
v(·)∈U

Y t,x;v
t = esssup

v(·)∈U
esssup
τ∈Tt

E
Ft

{∫ τ

t

g(r,Xt,x;v
r , vr)dr

+h(τ,Xt,x;v
τ )1{τ<T} + Φ(Xt,x;v

T )1{τ=T}

}
.

Furthermore, the stopping time Dt,x;v
t defined by (3.10) is optimal. The details about

this mixed optimal control problem can be found in [7] and [8].
Example 2. Let (βt, γt) be a bounded (R,Rd)-valued predictable continuous vec-

tor process, and ϕ(t, x, v) be a R-valued continuous function which is Lipschitz con-
tinuous in (x, v) and, for each (x, v), ϕ(·, x, v) belongs to H2. Let

g(t, x, y, z, v) = ϕ(t, x, v) + βty + 〈γ, z〉.

Let {Γt,s, t ≤ s ≤ T} be the adjoint process satisfying the linear SDE:

dΓt,s = Γt,s[βsds + 〈γs, dWs〉], Γt,t = 1.
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Then the value function is

u(t, x) := esssup
v(·)∈U

Y t,x;v
t = esssup

v(·)∈U
esssup
τ∈Tt

E
Ft

{∫ τ

t

Γt,rϕ(r,Xt,x;v
r , vr)dr

+Γt,τh(τ,Xt,x;v
τ )1{τ<T} + Γt,TΦ(Xt,x;v

T )1{τ=T}

}
.

Furthermore, the stopping time Dt,x;v
t defined by (3.10) is optimal. This is also a

mixed optimal control problem.
Example 3. This involves hedging the American option when loan interest is

higher than deposit interest.
In [10], El Karoui, Pardoux, and Quenez proved that the price of an American

option corresponds to the solution of a reflected BSDE. Now we will show that under
some requirements in a financial market, such as when loan interest is higher than
deposit interest, the price of an American option corresponds to the value function
of a recursive optimal control problem with the obstacle constraints described by the
solution of reflected BSDE.

We take the same notations as those in section 3 of [11] and in section 5 of [10], all
variables are 1-dimensional for simplification. We suppose that the investor is allowed
to borrow money at time t at an interest rate Rt > rt, where rt the bond rate. Then,
from the results in [11] and [10], the wealth of the investor satisfies

−dXt = b(t,Xt, Zt)dt− ZtdWt, 0 ≤ t ≤ T,

b(t,Xt, Zt) := −
[
rtXt + θtZt − (Rt − rt)

(
Xt −

Zt

σt

)−]
,

where Zt := σtπt, θt := σ−1
t (bt − rt). Also, bt represents the instantaneous expected

return rate in stock; σt implies that the instantaneous volatility of the stock is in-
vertible; bt, rt, Rt, and σt are all deterministic bounded functions; and σ−1

t is also
bounded.

We consider the problem of pricing an American contingent claim at each time t,
which consists of the selection of a stopping time τ ∈ Tt and a payoff Sτ on exercise
if τ < T and ξ if τ = T . Here {St, 0 ≤ t ≤ T} satisfies assumptions (H3.3)–(H3.4).
Set

S̃s = ξ1{τ=T} + Ss1{τ<T}, 0 ≤ s ≤ T,

then the price of American contingent claim (S̃s, 0 ≤ s ≤ T ) at time t is given by

Xt = esssup
τ∈Tt

Xt(τ, S̃τ ),

where Xt(τ, S̃τ ), noted by Xτ
t , satisfies BSDE:{

−dXτ
s = b(s,Xτ

s , Z
τ
s )ds− Zτ

s dWs, 0 ≤ s ≤ τ,

Xτ
τ = S̃τ .

For each (ω, t), b(t, x, z) is a convex function of (x, z). It follows from Proposition 3.6
and (3.22) in [10] (pp. 40–41) that we have

Xτ
t = esssup

rt≤βt≤Rt

Xβ,τ
t ,
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where Xβ,τ
t satisfies{

−dXβ,τ
s = bβ(s,Xβ,τ

s , Zβ,τ
s )ds− Zβ,τ

s dWs, 0 ≤ s ≤ τ,

Xβ,τ
τ = S̃τ ,

bβ(t,Xt, Zt) := −βtXt −
[
θt +

rt − βt

σt

]
Zt,

and βt is a bounded R-valued adapted process which can be regarded as an interest
rate process in finance. So,

Xt := esssup
τ∈Tt

Xt(τ, S̃τ )

= esssup
τ∈Tt

esssup
rt≤βt≤Rt

Xβ,τ
t = esssup

rt≤βt≤Rt

esssup
τ∈Tt

Xβ,τ
t

= esssup
rt≤βt≤Rt

Xβ
t ,

where Xβ
t := esssupτ∈Tt

Xβ,τ
t . Then from Proposition 5.1 in [10], there exist Zβ

s ∈ H2

and Kβ
s , which is an increasing adapted continuous process with K0 = 0, such that

(Xβ
s , Z

β
s ,K

β
s ) satisfies the following reflected BSDE:{

−dXβ
s = bβ(s,Xβ

s , Z
β
s )ds + dKβ

s − Zβ
s dWs,

Xβ
T = ξ, 0 ≤ s ≤ T,

with Xβ
t ≥ St, 0 ≤ t ≤ T , and

∫ T

0
(Xβ

t − St)dK
β
t = 0. Here process Kβ

t may be
interpreted as a cumulative consumption process. Furthermore, the stopping time

Dβ
t = inf{t ≤ s ≤ T ; Xβ

s = Ss}

is optimal. Then we formulate the pricing problem of an American option to the
stochastic recursive optimal control problem with the obstacle constraint which is
studied in our paper.

The above example provides the practical background for our optimal control
problem (3.9). Now we continue to prove that the celebrated dynamic programming
principle still holds for this optimization problem. Some proof ideas come from the
proof of the dynamic programming principle for recursive problem given by Peng
in the Chinese version [14]. However, we generalize his conclusion to the obstacle
constraint case and improve proof method which becomes more readable.

For each t > 0, we denote by {F t
s, t ≤ s ≤ T} the natural filtration of the

Brownian motion {Ws − Wt, t ≤ s ≤ T}, augmented by the P-null sets of F . Also,
we introduce the following subspaces of U :

U t :=

{
v(·) ∈ U

∣∣∣ v(s) is {F t
s} progressively measurable ∀ t ≤ s ≤ T

}
,

Ū t :=

{
vs =

N∑
j=1

vjs1Aj

∣∣∣ vjs ∈ U t, {Aj}Nj=1 is a partition of (Ω,Ft)

}
.

Now we will prove the following proposition.
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Proposition 3.6. Under the assumptions (H3.1)–(H3.4), the value function
u(t, x) defined in (3.9) is a deterministic function.

Proof. First, we will prove

(3.11) esssup
v(·)∈U

J(t, x; v(·)) = esssup
v(·)∈Ūt

J(t, x; v(·)).

Obviously, from the fact that Ū t is a subset of U , we get

esssup
v(·)∈U

J(t, x; v(·)) ≥ esssup
v(·)∈Ūt

J(t, x; v(·)).

We need to consider the inverse inequality. For any v(·), ṽ(·) ∈ U , from Proposition 3.4
we know

E

{∣∣∣Y t,x;v
t − Y t,x;ṽ

t

∣∣∣2} ≤ CE

∫ T

t

|vs − ṽs|2 ds + C(1 + |x|)
(

E

∫ T

t

|vs − ṽs|2 ds
)1/2

.

Note that Ū t is dense in U , then, for each v(·) ∈ U , there exists a sequence {vn(·)}∞n=1 ∈
Ū t such that

lim
n→∞

E

{∣∣Y t,x;vn

t − Y t,x;v
t

∣∣2} = 0.

So there exists a subsequence, we denote without loss of generality {vn(·)}∞n=1, such
that

lim
n→∞

Y t,x;vn

t = Y t,x;v
t a.s..

From the definition in (3.8),

lim
n→∞

J(t, x; vn(·)) = J(t, x; v(·)) a.s..

By the arbitrariness of v(·) and the definition of essential supremum, we get

esssup
v(·)∈Ūt

J(t, x; v(·)) ≥ esssup
v(·)∈U

J(t, x; v(·)).

Then we obtain (3.11).
Second, we want to prove

(3.12) esssup
v(·)∈Ūt

J(t, x; v(·)) = esssup
v(·)∈Ut

J(t, x; v(·)).

Obviously,

esssup
v(·)∈Ūt

J(t, x; v(·)) ≥ esssup
v(·)∈Ut

J(t, x; v(·)).

In order to get the inverse inequality, we need Lemma 3.7. The main idea of the
lemma is to consider the partition of probability space, which is first introduced by
Theorem 4.7 in [14]. The proof of Lemma 3.7 is essentially the same as that in [14],
hence we omit it.
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Lemma 3.7.

Xt,x;
∑N

j=1 vj1Aj
. =

N∑
j=1

1AjX
t,x;vj

, Y t,x;
∑N

j=1 vj1Aj
. =

N∑
j=1

1AjY
t,x;vj

,

Zt,x;
∑N

j=1 vj1Aj ,=

N∑
j=1

1AjZ
t,x;vj

. , Kt,x;
∑N

j=1 vj1Aj
. =

N∑
j=1

1AjK
t,x;vj

. .

For all v(·) ∈ Ū t, we have

J(t, x; v(·)) = J

(
t, x;

N∑
j=1

vj(·)1Aj

)
=

N∑
j=1

1AjJ(t, x; vj(·)).

Note that vj(·) (j = 1, 2, . . . , N) are {F t
s} progressively measurable, then J(t, x; vj(·))

(j = 1, 2, . . . , N) are deterministic. Without loss of generality, we assume that

J(t, x; v1(·)) ≥ J(t, x; vj(·)) ∀j = 2, 3, . . . , N.

So

J(t, x; v(·)) ≤ J(t, x; v1(·)) ≤ esssup
v(·)∈Ut

J(t, x; v(·)).

Since v(·) is arbitrary, we get

esssup
v(·)∈Ūt

J(t, x; v(·)) ≤ esssup
v(·)∈Ut

J(t, x; v(·)),

then obtain (3.12).
However, when v(·) ∈ U t, the cost functional J(t, x; v(·)) is deterministic; hence

u(t, x) = sup
v(·)∈Ut

J(t, x; v(·))

is deterministic and the proof is completed.
Next we will discuss the continuity of value function u(t, x) with respect to x. We

have the following estimates:
Lemma 3.8. For each t ∈ [0, T ], x and x′ ∈ R

n, we have

(i) |u(t, x) − u(t, x′)|2 ≤ C |x− x′|2 + C(1 + |x| + |x′|) |x− x′|,
(ii) |u(t, x)| ≤ C(1 + |x|).
Proof. In order to prove this lemma, Propositions 2.1 and 2.2 as well as Proposi-

tions 3.3 and 3.4, play important roles.
From Propositions 3.3 and 3.4, for each admissible control v(·) ∈ U , we have

|J(t, x; v(·))| ≤ C(1 + |x|),(3.13)

|J(t, x; v(·)) − J(t, x′; v(·))|2 ≤ C |x− x′|2 + C(1 + |x| + |x′|) |x− x′| .(3.14)

On the other hand, for each ε > 0, there exist v(·) and v′(·) ∈ U such that

J(t, x; v′(·)) ≤ u(t, x) ≤ J(t, x; v(·)) + ε, J(t, x′; v(·)) ≤ u(t, x′) ≤ J(t, x′; v′(·)) + ε.
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Then from the estimate (3.13) of J , we get

−C(1 + |x|) ≤ J(t, x; v′(·)) ≤ u(t, x) ≤ J(t, x; v(·)) + ε ≤ C(1 + |x|) + ε.

From the arbitrariness of ε, we obtain (ii). Similarly,

J(t, x; v′(·)) − J(t, x′; v′(·)) − ε ≤ u(t, x) − u(t, x′) ≤ J(t, x; v(·)) − J(t, x′; v(·)) + ε,

|u(t, x) − u(t, x′)|

≤ max
{
|J(t, x; v(·)) − J(t, x′; v(·))| , |J(t, x; v′(·)) − J(t, x′; v′(·))|

}
+ ε,

|u(t, x) − u(t, x′)|2

≤ 2 max
{
|J(t, x; v(·)) − J(t, x′; v(·))|2 , |J(t, x; v′(·)) − J(t, x′; v′(·))|2

}
+ 2ε2

≤ 2C |x− x′|2 + 2C(1 + |x| + |x′|) |x− x′| + 2ε2.

Then we can obtain (i).
We also have
Lemma 3.9. For all t ∈ [0, T ], for all v(·) ∈ U , and for all ζ ∈ L2(Ω,Ft, P ; Rn),

we have

J(t, ζ; v(·)) = Y t,ζ;v
t .

Proof. We first study a simple case. ζ is in the following form: ζ =
∑N

i=1 1Ai
xi,

where {A}Ni=1 is a finite partition of (Ω,Ft), and xi ∈ R
n, for 1 ≤ i ≤ N . The similar

argument in Lemma 3.7 leads to

Y t,ζ;v
s = Y

t,
∑N

i=1 1Ai
xi;v

s =

N∑
i=1

1AiY
t,xi;v
s , s ∈ [t, T ].

From the definition of cost functional (3.8), we deduce that

Y t,ζ;v
t =

N∑
i=1

1AiY
t,xi;v
t =

N∑
i=1

1AiJ(t, xi; v(·)) = J

(
t,

N∑
i=1

1Aixi; v(·)
)

= J(t, ζ; v(·)).

Therefore, for simple functions, we get the desired result.
Given a general ζ ∈ L2(Ω,Ft, P ; Rn), we can choose a sequence of simple functions

{ζi} which converges to ζ in L2(Ω,Ft, P ; Rn). Consequently, from Proposition 3.4 and



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2628 ZHEN WU AND ZHIYONG YU

estimate (3.14), we have

E

{∣∣∣Y t,ζ;v
t − Y t,ζi;v

t

∣∣∣2}

≤ E

{
C |ζ − ζi|2 + C(1 + |ζ| + |ζi|) |ζ − ζi|

}

≤ CE

{
|ζ − ζi|2

}
+ C

(
E
{
(1 + |ζ| + |ζi|)2

})1/2 (
E
{
|ζ − ζi|2

})1/2
→ 0 as i → ∞,

E

{
|J(t, ζ; v(·)) − J(t, ζi; v(·))|2

}

≤ E

{
C |ζ − ζi|2 + C(1 + |ζ| + |ζi|) |ζ − ζi|

}

≤ CE

{
|ζ − ζi|2

}
+ C

(
E
{
(1 + |ζ| + |ζi|)2

})1/2 (
E

{
|ζ − ζi|2

})1/2

→ 0 as i → ∞.

With the help of Y t,ζi;v
t = J(t, ζi; v(·)), the proof is completed.

For the value function of our recursive optimal control problem, we have the
following lemma.

Lemma 3.10. Fixed t ∈ [0, T ) and ζ ∈ L2(Ω,Ft, P ; Rn), for each v(·) ∈ U , we
have

(3.15) u(t, ζ) ≥ Y t,ζ;v
t .

On the other hand, for each ε > 0, there exists an admissible control v(·) ∈ U such
that

(3.16) u(t, ζ) ≤ Y t,ζ;v
t + ε, a.s..

Proof. We first prove (3.15). When ζ is a simple function: ζ =
∑N

i=1 1Aixi, for
all v(·) ∈ U , we have

Y t,ζ;v
t = Y

t,
∑N

i=1 1Ai
xi;v

t =

N∑
i=1

1Ai
Y t,xi;v
t ≤

N∑
i=1

1Aiu(t, xi) = u(t, ζ).

If ζ ∈ L2(Ω,Ft, P ; Rn), we can choose a sequence of simple functions {ζi} which
converges to ζ in L2(Ω,Ft, P ; Rn). Consequently, similar to Lemma 3.9, we have

E

{∣∣∣Y t,ζ;v
t − Y t,ζi;v

t

∣∣∣2}→ 0; E

{
|u(t, ζ) − u(t, ζi)|2

}
→ 0.

Then there exists a subsequence, without loss of generality we use same notation,
such that

lim
i→∞

Y t,ζi;v
t = Y t,ζ;v

t , a.s., lim
i→∞

u(t, ζi) = u(t, ζ), a.s..

Here Y t,ζi;v
t ≤ u(t, ζi), i = 1, 2, . . . , so Y t,ζ;v

t ≤ u(t, ζ).
We now turn to (3.16). We first consider the case that ζ is a bounded random

variable: ζ ∈ L∞(Ω,Ft, P ; Rn). We suppose that |ζ| ≤ M , and construct a simple
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random variable η ∈ L∞(Ω,Ft, P ; Rn), η =
∑N

i=1 1Ai
xi such that

(i) |η| ≤ |ζ|,

(ii) |η − ζ| ≤ min

{
ε

6
√
C
,

ε2

36C(1 + 2M)

}
.

For any v(·) ∈ U , we have∣∣∣Y t,ζ;v
t − Y t,η;v

t

∣∣∣ ≤ ε

3
, |u(t, ζ) − u(t, η)| ≤ ε

3
.

Then, for each xi, we can choose an {F t
s}–adapted admissible control vi(·) such that

u(t, xi) ≤ Y t,xi;vi

t +
ε

3
.

We denote v(·) :=
∑N

i=1 1Aiv
i(·), then

Y t,ζ;v
t ≥ −

∣∣∣Y t,ζ;v
t − Y t,η;v

t

∣∣∣+ Y t,η;v
t ≥ −ε

3
+

N∑
i=1

1AiY
t,xi;vi

t

≥ −ε

3
+

N∑
i=1

1Ai

(
u(t, xi) −

ε

3

)
= −2

3
ε + u(t, η)

≥ −ε + u(t, ζ).

Therefore, for ζ ∈ L∞(Ω,Ft, P ; Rn), we have the desired result (3.16).
Given a general ζ ∈ L2(Ω,Ft, P ; Rn), we note that ζ has the following form:

ζ =

∞∑
i=1

1Aiζi,

where {Ai}∞i=1 is a partition of (Ω,Ft), xi ∈ R
n (i = 1, 2, . . . ), |ζi| ≤ i, and ζi ∈

L∞(Ω,Ft, P ; Rn). So, for every ζi, there exists vi(·) ∈ U , such that

u(t, ζi) ≤ Y t,ζi;vi + ε.

We denote v(·) =
∑∞

i=1 1Ai
vi(·) and get

u(t, ζ) = u

(
t,

∞∑
i=1

1Aiζi

)
=

∞∑
i=1

1Aiu(t, ζi) ≤
∞∑
i=1

1Ai(Y
t,ζi;vi + ε)

=

∞∑
i=1

1AiY
t,ζi;vi + ε = Y t,ζ;v

t + ε.

The proof is now completed.
Now we start to discuss the (generalized) dynamic programming principle for our

recursive optimal control problem (3.9).
First, we introduce a family of (backward) semigroups which is original from

Peng’s idea in [14].
Given the initial condition (t, x), an admissible control v(·) ∈ U , a positive number

δ ≤ T − t, and a real-valued random variable η ∈ L2(Ω,Ft+δ, P ; R), we denote

Gt,x;v
t,t+δ[η] := Yt,
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where (Ys, Zs,Ks)t≤s≤t+δ is the solution of the following reflected BSDE with time
horizon t + δ:

Ys = η +

∫ t+δ

s

g(r,Xt,x;v
r , Yr, Zr, vr)dr + Kt+δ −Ks

−
∫ t+δ

s

ZrdWr, t ≤ s ≤ t + δ,

satisfying
(i) Y ∈ S2, Z ∈ H2 and Kt+δ ∈ L2,
(ii) Ys ≥ h(s,Xt,x;v

s ), t ≤ s ≤ t + δ,

(iii) {Ks} is increasing and continuous, Kt = 0,
∫ t+δ

t
(Ys − h(s,Xt,x;v

s ))dKs = 0.
Obviously,

Gt,x;v
t,T [Φ(Xt,x;v

T )] = Gt,x;v
t,t+δ[Y

t,x;v
t+δ ].

Then our (generalized) dynamic programming principle holds.
Theorem 3.11. Under the assumptions (H3.1)–(H3.4), the value function u(t, x)

obeys the following dynamic programming principle: For each 0 < δ ≤ T − t,

(3.17) u(t, x) = esssup
v(·)∈U

Gt,x;v
t,t+δ[u(t + δ,Xt,x;v

t+δ )].

Proof. We have

u(t, x) = esssup
v(·)∈U

Gt,x;v
t,T [Φ(Xt,x;v

T )] = esssup
v(·)∈U

Gt,x;v
t,t+δ[Y

t,x;v
t+δ ]

= esssup
v(·)∈U

Gt,x;v
t,t+δ

[
Y

t+δ,Xt,x;v
t+δ ;v

t+δ

]
.

From Lemma 3.10 and the comparison theorem of reflected BSDE (Theorem 4.1 in
[9]),

u(t, x) ≤ esssup
v(·)∈U

Gt,x;v
t,t+δ[u(t + δ,Xt,x;v

t+δ )].

On the other hand, from Lemma 3.10, for every ε > 0, we can find an admissible
control v̄(·) ∈ U such that

u(t + δ,Xt,x;v
t+δ ) ≤ Y

t+δ,Xt,x;v
t+δ ;v̄

t+δ + ε.

For each v(·) ∈ U , we denote ṽ(s) = 1{s≤t+δ}v(s) + 1{s>t+δ}v̄(s). From the above
inequality and the comparison theorem, we get

Y
t+δ,Xt,x;ṽ

t+δ ,ṽ

t+δ ≥ u(t + δ,Xt,x;ṽ
t+δ ) − ε, u(t, x) ≥ esssup

ṽ(·)∈Uv̄
Gt,x;ṽ

t,t+δ[u(t + δ,Xt,x;ṽ
t+δ ) − ε],

and here

Uv̄ := {ṽ(·) ∈ U ; ṽ(s) = 1{s≤t+δ}v(s) + 1{s>t+δ}v̄(s) for some v(·) ∈ U}.
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By Proposition 2.2, there exists a positive constant C0 such that

u(t, x) ≥ esssup
ṽ(·)∈Uv̄

Gt,x;ṽ
t,t+δ[u(t + δ,Xt,x;ṽ

t+δ )] − C0ε.

Therefore, letting ε ↓ 0, we obtain

u(t, x) ≥ esssup
ṽ(·)∈Uv̄

Gt,x;ṽ
t,t+δ[u(t + δ,Xt,x;ṽ

t+δ )].

Because ṽ(·) acts only on [t, t + δ] for Gt,x;ṽ
t,t+δ, from the definition of ṽ(·) and the

arbitrariness of v(·) ∈ U , we know that the above inequality can be written as

u(t, x) ≥ esssup
v(·)∈U

Gt,x;v
t,t+δ[u(t + δ,Xt,x;v

t+δ )],

which is our desired conclusion.
At the end of this section, we devote ourselves to the continuity of u(t, x) with

respect to t.
Proposition 3.12. Under the Assumption (H3.1)–(H3.4), the value function

u(t, x) defined by (3.9) is continuous in t.
Proof. We define Y t,x;v

s for all s ∈ [0, T ] by choosing Y t,x;v
s ≡ Y t,x;v

t for 0 ≤ s ≤ t.
And we define the “obstacle”

St,x;v
s =

{
h(s,Xt,x;v

s ), t ≤ s ≤ T,

h(t, x), 0 ≤ s ≤ t.

For fixed x ∈ R
n for all 0 ≤ t1 ≤ t2 ≤ T , we analyze the difference between u(t1, x)

and u(t2, x). For all ε > 0, there exist v1(·) ∈ U , v2(·) ∈ U , such that

Y t1,x;v2

t1 ≤ u(t1, x) ≤ Y t1,x;v1

t1 + ε, Y t2,x;v1

t2 ≤ u(t2, x) ≤ Y t2,x;v2

t2 + ε.

Then

Y t1,x;v2

t1 − Y t2,x;v2

t2 − ε ≤ u(t1, x) − u(t2, x) ≤ Y t1,x;v1

t1 − Y t2,x;v1

t2 + ε,

|u(t1, x) − u(t2, x)| ≤ max
{∣∣Y t1,x;v1

t1 − Y t2,x;v1

t2

∣∣ , ∣∣Y t1,x;v2

t1 − Y t2,x;v2

t2

∣∣}+ ε.

Here we only estimate
∣∣Y t1,x;v1

t1 − Y t2,x;v1

t2

∣∣ since it is same as estimating |Y t1,x;v2

t1 −
Y t2,x;v2

t2 |. From Proposition 2.2, we have

(3.18)

|Y t1,x;v1

t1 − Y t2,x;v1

t2 |2 = |Y t1,x;v1

0 − Y t2,x;v1

0 |2

≤ E

{
sup

0≤s≤T
|Y t1,x;v1

s − Y t2,x;v1
s |2

}

≤ CE
{
|Φ(Xt1,x;v1

T ) − Φ(Xt2,x;v1

T )|2
}

+ CE

{(∫ T

0

∣∣∣1[t1,T ]g(s,X
t1,x;v1
s , Y t1,x;v1

s , Zt1,x;v1
s , v1(s))

− 1[t2,T ]g(s,X
t2,x;v1
s , Y t1,x;v1

s , Zt1,x;v1
s , v1(s))

∣∣∣ds)2}

+ CΨ
1/2
0,T

(
E

{
sup

0≤s≤T
|St1,x;v1

s − St2,x;v1
s |2

})1/2

,
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where

Ψ0,T = E

⎧⎨
⎩|Φ(Xt1,x;v1

T )|2 +

(∫ T

t1

|g(s,Xt1,x;v1
s , 0, 0, v1(s))|ds

)2

+ sup
t1≤s≤T

|h(s,Xt1,x;v1
s )|2 + |Φ(Xt2,x;v1

T )|2

+

(∫ T

t2

|g(s,Xt2,x;v1
s , 0, 0, v1(s))|ds

)2

+ sup
t2≤s≤T

|h(s,Xt2,x;v1
s )|2

⎫⎬
⎭ .

Now we consider the items for the right-hand side of inequality (3.18).
For the first item: From the Lipschitz condition and Propositions 3.1 and 3.2, we

get

I ≤ CE
{
|Xt1,x;v1

T −Xt2,x;v1

T |2
}
≤ CE{|Xt2,x;v1

t1 − x|2} ≤ C(t2 − t1).

For the second item: By the Lipschitz condition, (a + b)2 ≤ a2/2 + b2/2, and
Propositions 3.1, 3.2, and 3.3, we get

II ≤ C(t2 − t1).

For the third item: By the same arguments we get

Ψ0,T ≤ C.

Next, we know that

|St1,x;v1
s − St2,x;v1

s |2 = |h(s,Xt1,x;v1
s ) − h(s,Xt2,x;v1

s )|2

≤ C|Xt1,x;v1
s −Xt2,x;v1

s |2, s ∈ [t2, T ],

|St1,x;v1
s − St2,x;v1

s |2 = |h(s,Xt1,x;v1
s ) − h(t2, x)|2

≤ C|Xt1,x;v1
s − x|2 + 2|h(s, x) − h(t2, x)|2, s ∈ [t1, t2],

|St1,x;v1
s − St2,x;v1

s |2 = |h(t1, x) − h(t2, x)|2, s ∈ [0, t1].

So we have

E

{
sup

0≤s≤T
|St1,x;v1

s − St2,x;v1
s |2

}

≤ E

{(
sup

0≤s≤t1
+ sup

t1≤s≤t2
+ sup

t2≤s≤T

)
|St1,x;v1

s − St2,x;v1
s |2

}

≤ C(t2 − t1) + |h(t1, x) − h(t2, x)|2 + 2 sup
t1≤s≤t2

|h(s, x) − h(t2, x)|2

≤ C(t2 − t1) + 3 sup
t1≤s≤t2

|h(s, x) − h(t2, x)|2.
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From the previous analysis, we get

|Y t1,x;v1

t1 − Y t2,x;v1

t2 |2 ≤ C(t2 − t1) + 3 sup
t1≤s≤t2

|h(s, x) − h(t2, x)|2,

|Y t1,x;v1

t1 − Y t2,x;v1

t2 | ≤ C(t2 − t1)
1/2 + 3 sup

t1≤s≤t2
|h(s, x) − h(t2, x)|.

With the same arguments applying to |Y t1,x;v2

t1 − Y t2,x;v2

t2 |2, we have

|u(t1, x) − u(t2, x)| ≤ C(t2 − t1)
1/2 + 3 sup

t1≤s≤t2
|h(s, x) − h(t2, x)| + ε.

Because of the arbitrariness of ε, we get

|u(t1, x) − u(t2, x)| ≤ C(t2 − t1)
1/2 + 3 sup

t1≤s≤t2
|h(s, x) − h(t2, x)|.

From the continuity of h(t, x) with respect to t, we obtain the continuity of u(t, x)
with respect to t. The proof is now completed.

Remark 3.13. Lemma 3.8(i) and Proposition 3.12 imply the joint continuity of u
in (t, x), which is required in the next section.

4. Viscosity solution of an obstacle problem for the HJB equation. In
this section, we consider the relation between the value function of the above recursive
optimal control problem and the following obstacle problem for nonlinear second-order
parabolic PDE, which is called the Hamilton–Jacobi–Bellman equation:

(4.1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

min
(
u(t, x) − h(t, x),

−∂u

∂t
(t, x) − sup

v∈U
{L(t, x, v)u(t, x)

+ g(t, x, u(t, x),∇u(t, x)σ(t, x, v), v)}
)

= 0,

u(T, x) = Φ(x),

where L is a family of second order linear partial differential operators,

L(t, x, v)ϕ =
1

2
Tr
(
(σσT )(t, x, v)D2ϕ

)
+ 〈b(t, x, v), Dϕ〉.

Here the function b, σ, g,Φ, h satisfies (H3.1) and (H3.4), respectively.
We want to prove that the value function u(t, x) introduced by (3.9) is the unique

viscosity solution of the obstacle problem for HJB equation obstacle problem (4.1).
We first recall the definition of a viscosity solution for (4.1) from [4] and [1]. Below,
Sn will denote the set of n× n symmetric matrices and Θs,t := [s, t) × R

n.
Definition 4.1. Let u(t, x) ∈ C(Θ0,T ) and (t, x) ∈ [0, T ) × R

n. We denote

by P2,+
Θ0,T

u(t, x), the parabolic superjet of u at (t, x), the set of triples (p, q,X) ∈
R × R

n × Sn which satisfies

u(s, y) ≤ u(t, x) + p(s− t) + 〈q, y − x〉 +
1

2
〈X(y − x), y − x〉 + o(|s− t| + |y − x|2).

Similarly, we denote by P2,−
Θ0,T

u(t, x), the parabolic subjet of u at (t, x), the set of

triples (p, q,X) ∈ R × R
n × Sn which satisfies

u(s, y) ≥ u(t, x) + p(s− t) + 〈q, y − x〉 +
1

2
〈X(y − x), y − x〉 + o(|s− t| + |y − x|2).
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Example 4. Suppose that ϕ ∈ C1,2(Θ0,T ). If u − ϕ attains local maximum at
(t, x), then (

∂ϕ

∂t
(t, x),∇ϕ(t, x), D2ϕ(t, x)

)
∈ P2,+

Θ0,T
u(t, x).

If u− ϕ reaches a local minimum at (t, x), then(
∂ϕ

∂t
(t, x),∇ϕ(t, x), D2ϕ(t, x)

)
∈ P2,−

Θ0,T
u(t, x).

Definition 4.2.

(a) We call u(t, x) ∈ C([0, T ] × R
n) a viscosity subsolution of (4.1) if u(T, x) ≤

Φ(x), x ∈ R
n, and at any point (t, x) ∈ Θ0,T , for any (p, q,X) ∈ P2,+

Θ0,T
u(t, x),

we have

min

(
u(t, x) − h(t, x),

− p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, x, v), v)

})
≤ 0.

In other words, at any point (t, x) where u(t, x) > h(t, x), we have

−p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, x, v), v)

}
≤ 0.

(b) We call u(t, x) ∈ C([0, T ]×R
n) a viscosity supersolution of (4.1) if u(T, x) ≥

Φ(x), x ∈ R
n, and at any point (t, x) ∈ Θ0,T , for any (p, q,X) ∈ P2,−

Θ0,T
u(t, x),

we have

min

(
u(t, x) − h(t, x),

− p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, x, v), v)

})
≥ 0.

In other words, at each point, we have both u(t, x) ≥ h(t, x) and

−p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, x, v), v)

}
≥ 0.

(c) u(t, x) ∈ C([0, T ] × R
n) is said to be a viscosity solution of (4.1) if it is both

a viscosity sub- and supersolution.
We are going to use the approximation of the reflected BSDE by penalization,

which was studied in section 6 of [9]. For each (t, x) ∈ [0, T ] × R
n, n ∈ N, let

{( nY t,x;v
s , nZt,x;v

s ), t ≤ s ≤ T} be the solution of the BSDEs

nY t,x;v
s = Φ(Xt,x;v

T ) +

∫ T

s

g(r,Xt,x;v
r , nY t,x;v

r , nZt,x;v
r , vr)dr

+n

∫ T

s

(nY t,x;v
r − h(r,Xt,x;v

r ))−dr −
∫ T

s

nZt,x;v
r dWr, t ≤ s ≤ T.
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We define

Jn(t, x; v(·)) := nY t,x;v
t , v(·) ∈ U , 0 ≤ t ≤ T, x ∈ R

n;(4.2)

un(t, x) := esssup
v(·)∈U

Jn(t, x; v(·)), 0 ≤ t ≤ T, x ∈ R
n.(4.3)

It is known from [13] and [14] that un(t, x) defined in (4.3) is the viscosity solution of
the PDE⎧⎪⎨
⎪⎩

−∂un

∂t
(t, x) − sup

v∈U
{L(t, x, v)un(t, x) + gn(t, x, un(t, x),∇un(t, x)σ(t, x, v), v)} = 0,

un(T, x) = Φ(x),

where

gn(t, x, r, pσ(t, x, v), v) = g(t, x, r, pσ(t, x, v), v) + n(r − h(t, x))−.

Then
Lemma 4.3. un(t, x) ↑ u(t, x), 0 ≤ t ≤ T , x ∈ R

n.
Proof. From the result of section 6 in [9], for each 0 ≤ t ≤ T , x ∈ R

n,

Jn(t, x; v(·)) ↑ J(t, x; v(·)) as n → ∞.

From the monotonic property of Jn and the definition of un in (4.3), we get the
monotonic property of un. Next, we will prove that un converges in n.

For each 0 ≤ t ≤ T , x ∈ R
n for all ε > 0, there exists v(·) ∈ U such that

u(t, x) < Y t,x;v
t + ε,

then

0 ≤ u(t, x) − un(t, x) ≤ Y t,x;v
t − nY t,x;v

t + ε.

Because nY t,x;v
t ↑ Y t,x;v

t , a.s., we take limit on both sides,

0 ≤ lim sup
n→∞

(u(t, x) − un(t, x)) ≤ ε.

From the arbitrariness of ε, we get the desired result.
Remark 4.4. Since un and u are continuous, it follows from Dini’s theorem that

the convergence in the lemma is uniform on compact sets.
Theorem 4.5. u defined by (3.9) is a viscosity solution of HJB equation (4.1).
Proof. We first prove that u is a subsolution of (4.1). Let (t, x) be a point where

u(t, x) > h(t, x), and let (p, q,X) ∈ P2,+
Θ0,T

u(t, x). From Lemma 6.1 in [4], there exists
sequences

nj → +∞, (tj , xj) → (t, x), (pj , qj , Xj) ∈ P2,+
Θ0,T

unj (tj , xj),

such that

(pj , qj , Xj) → (p, q,X).
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But for any j,

−pj − sup
v∈U

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj (tj , xj), qjσ(tj , xj , v), v)

+nj(unj
(tj , xj) − h(tj , xj))

−
}

≤ 0.

From the assumption that u(t, x) > h(t, x) and the uniform convergence of un, it
follows that for j large enough unj (tj , xj) > h(tj , xj), hence

−pj − sup
v∈U

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj

(tj , xj), qjσ(tj , xj , v), v)

}
≤ 0.

Let us admit for a moment the following lemma.
Lemma 4.6.

lim
j→∞

sup
v∈U

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj (tj , xj), qjσ(tj , xj , v), v)

}

= sup
v∈U

lim
j→∞

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj (tj , xj), qjσ(tj , xj , v), v)

}
.

Letting j → ∞ in the above inequality yields

−p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, x, v), v)

}
≤ 0,

then we get that u is a subsolution of (4.1).
We will obtain the result by proving that u is a supersolution of (4.1). Let (t, x)

be an arbitrary point in Θ0,T , and (p, q,X) ∈ P2,−
Θ0,T

u(t, x). We already know that

u(t, x) ≥ h(t, x). By the same arguments as above, there exist sequences

nj → +∞, (tj , xj) → (t, x), (pj , qj , Xj) ∈ P2,−
Θ0,T

unj
(tj , xj),

such that

(pj , qj , Xj) → (p, q,X).

While for any j, we have

−pj − sup
v∈U

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj (tj , xj), qjσ(tj , xj , v), v)

+nj(unj
(tj , xj) − h(tj , xj))

−
}

≥ 0.

Because nj(unj (tj , xj) − h(tj , xj))
− ≥ 0, we get

−pj − sup
v∈U

{
1

2
Tr(aXj) + 〈b, qj〉 + g(tj , xj , unj (tj , xj), qjσ(tj , xj , v), v)

}
≥ 0.

As j → ∞, we conclude that

−p− sup
v∈U

{
1

2
Tr(aX) + 〈b, q〉 + g(t, x, u(t, x), qσ(t, , v), v)

}
≥ 0.
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To complete the proof, we need the proof of Lemma 4.6.
Proof of Lemma 4.6. For convenience, we denote

fj(v) =
1

2
Tr(a,Xj) + 〈b, qj〉 + g(tj , xj , unj

(tj , xj), qjσ(tj , xj , v), v).

First, for all v ∈ U ,

fj(v) ≤ sup
v∈U

fj(v), lim
j→∞

fj(v) ≤ lim inf
j→∞

sup
v∈U

fj(v),

so

(4.4) sup
v∈U

lim
j→∞

fj(v) ≤ lim inf
j→∞

sup
v∈U

fj(v).

Second, we consider a subsequence {jk}∞k=1 such that

lim
jk→∞

sup
v∈U

fjk(v) = lim sup
j→∞

sup
v∈U

fj(v).

For all ε > 0, for all jk, ∃vjk ∈ U such that

sup
v∈U

fjk(v) ≤ fjk(vjk) + ε.

Because U is compact, there also exists a convergent subsequence denoted by {vjk}∞k=1,
the limit is denoted by v0. We consider the difference between fjk(vjk) and fjk(v0):
From the Lipschitz condition we get

|fjk(vjk) − fjk(v0)| ≤ C|vjk − v0|2 + C|vjk − v0|,

where C only depends on the Lipschitz constant. It follows that for jk large enough

|fjk(vjk) − fjk(v0)| ≤ ε.

Then

sup
v∈U

fjk(v) ≤ fjk(v0) + 2ε,

lim sup
j→∞

sup
v∈U

fj(v) = lim
jk→∞

sup
v∈U

fjk(v) ≤ lim
jk→∞

fjk(v0) + 2ε = lim
j→∞

fj(v0) + 2ε,

lim sup
j→∞

sup
v∈U

fj(v) ≤ sup
v∈U

lim
j→∞

fj(v0) + 2ε.

Since ε is arbitrary,

(4.5) lim sup
j→∞

sup
v∈U

fj(v) ≤ sup
v∈U

lim
j→∞

fj(v0).

Combine (4.4) and (4.5), the result follows.
To establish a uniqueness result for viscosity solution of (4.1), we use some tech-

niques and methods from [1]. These techniques and methods can also be found in [3]
for the uniqueness for viscosity solutions of Hamilton–Jacobi–Bellman–Isaacs equa-
tions related to stochastic differential games.
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Lemma 4.7. Let u1 ∈ C([0, T ]×R
n) be a viscosity subsolution and u2 ∈ C([0, T ]×

R
n) be a viscosity supersolution of (4.1). Then the function w := u1−u2 is a viscosity

subsolution of the system

(4.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

min

(
w(t, x)

−∂w

∂t
(t, x) − sup

v∈U
{L(t, x, v)w(t, x) + L|w| + L|∇wσ(t, x, v)|}

)
= 0,

w(T, x) = 0.

The proof is similar to Lemma 3.7 in [1], hence we omit it.
Now we are going to construct one suitable smooth supersolution for (4.6).
Lemma 4.8. For any A > 0, there exists C1 > 0 such that the function

χ(t, x) = exp {(C1(T − t) + A)ψ(x)} ,

where

ψ(x) =
[
log
(
(|x|2 + 1)

1
2

)
+ 1
]2

satisfies

min

(
χ(t, x),−∂χ

∂t
(t, x) − sup

v∈U
{L(t, x, v)χ(t, x) + Lχ(t, x) + L|∇χσ(t, x, v)|}

)
> 0

in [t1, T ] × R
n, where t1 = T − (A/C1).

Proof. Obviously, the function χ defined in Lemma 4.8 satisfies χ(t, x) > 0,
for each (t, x) ∈ [0, T ] × R

n. We consider estimates on the first and second order
derivatives of ψ:

|Dψ(x)| ≤ 2[ψ(x)]
1
2

(|x|2 + 1)
1
2

and |D2ψ(x)| ≤
C
(
1 + [ψ(x)]

1
2

)
|x|2 + 1

in R
n.

These estimates imply that, if t ∈ [t1, T ],

|Dχ(t, x)| ≤ Cχ(t, x)
[ψ(x)]

1
2

(|x|2 + 1)
1
2

, |D2χ(t, x)| ≤ Cχ(t, x)
ψ(x)

|x|2 + 1
,

where the constant C only depend on A. Then we get

(4.7)

∂χ

∂t
(t, x) + sup

v∈U
{L(t, x, v)χ(t, x) + Lχ(t, x) + L|∇χσ(t, x, v)|}

=
∂χ

∂t
(t, x) + sup

v∈U

{
1

2
Tr((σσT )D2χ) + 〈b,Dχ〉 + Lχ(t, x) + L|∇χσ(t, x, v)|

}

≤− C1χ(t, x)ψ(x) + sup
v∈U

{
1

2

|σ(t, x, v)|2
|x|2 + 1

Cχ(t, x)ψ(x)

+
|b(t, x, v)|
(|x|2 + 1)

1
2

Cχ(t, x)[ψ(x)]
1
2 + Lχ(t, x) + L

|σ(t, x, v)|
(|x|2 + 1)

1
2

Cχ(t, x)[ψ(x)]
1
2

}
.
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Because b and σ are linear growth in x, [ψ(x)]
1
2 ≤ ψ(x), and 1 ≤ ψ(x), the inequality

(4.7) satisfies

(4.7) < −C1χ(t, x)ψ(x) +
1

2
Cχ(t, x)ψ(x) + Cχ(t, x)ψ(x)

+Lχ(t, x)ψ(x) + LCχ(t, x)ψ(x)

= −(C1 −
1

2
C − C − L− LC)χ(t, x)ψ(x).

It is clear that when C1 is large enough the right-hand side of the above inequality is
negative and the proof is completed.

With these preparations we can prove the uniqueness result for the viscosity
solution of (4.1).

Theorem 4.9. Assume that b, σ, g, Φ, and h satisfy (H3.1) and (H3.4), respec-
tively. Then there exists at most one viscosity solution of HJB equation (4.1) in the
class of continuous functions which grow at most polynomially at infinity.

Proof. Let u1, u2 ∈ C([0, T ] × R
n) be two viscosity solutions of HJB equation

(4.1). We define w := u1 − u2, then we have

lim
|x|→∞

w(t, x)e−A[log((|x|2+1)
1
2 )]2 = 0

uniformly for t ∈ [0, T ], for some A > 0. This implies, in particular, that w(t, x) −
αχ(t, x) is bounded from above in [t1, T ] × R

n for any α > 0 and that

M := max
[t1,T ]×Rn

(w − αχ)(t, x)e−L(T−t)

is achieved at some point (t0, x0) ∈ [t1, T ] × R
n (depend on α). Here t1 is defined as

in Lemma 4.8. Then we have two cases.
The first case: w(t0, x0) ≤ 0.
Therefore we have

u1(t, x) − u2(t, x) ≤ αχ(t, x), (t, x) ∈ [t1, T ] × R
n.

Letting α tend to zero, we obtain

(4.8) u1(t, x) ≤ u2(t, x), (t, x) ∈ [t1, T ] × R
n.

The second case: w(t0, x0) > 0.
By the maximum point property, we deduce that

w(t, x) − αχ(t, x) ≤ (w(t0, x0) − αχ(t0, x0))e
−L(t−t0), (t, x) ∈ [t1, T ] × R

n,

and this inequality implies that the function w − ϕ has a global maximum point at
(t0, x0) where

ϕ(t, x) = αχ(t, x) + (w(t0, x0) − αχ(t0, x0))e
−L(t−t0).

Since w is a viscosity subsolution of (4.6) from Lemma 4.7 and ϕ(t0, x0) = w(t0, x0) >
0, if t0 ∈ [t1, T ), we notice that

((∂/∂t)ϕ(t0, x0),∇ϕ(t0, x0), D
2ϕ(t0, x0)) ∈ P2,+

Θt1,T
u(t0, x0),
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then

−∂ϕ

∂t
(t0, x0) − sup

v∈U

{
1

2
Tr
(
(σσT )(t0, x0, v)D

2ϕ(t0, x0)
)

+ 〈b(t0, x0, v), Dϕ(t0, x0)〉

+Lϕ(t0, x0) + L|∇ϕ(t0, x0)σ(t0, x0, v)|
}

≤ 0.

By the definition of ϕ, we rewrite the above inequality as

α

[
−∂χ

∂t
(t0, x0) − sup

v∈U

{
1

2
Tr
(
(σσT )(t0, x0, v)D

2χ(t0, x0)
)

+ 〈b(t0, x0, v), Dχ(t0, x0)〉

+Lχ(t0, x0) + L|∇χ(t0, x0)σ(t0, x0, v)|
}]

≤ 0.

This is a contradiction with Lemma 4.8. Therefore t0 = T , which is a contradiction
with the fact that w(t, x) is a viscosity subsolution of (4.6) (see Lemma 4.7). Then
the second case does not happen.

If we change w(t, x) = u1 − u2 for w′(t, x) = u2 − u1, then the same arguments
lead to

(4.9) u2(t, x) ≤ u1(t, x), (t, x) ∈ [t1, T ] × R
n.

Combining (4.8) with (4.9), we have

u1(t, x) = u2(t, x), (t, x) ∈ [t1, T ] × R
n.

Applying successively the same argument on the intervals [t2, t1] where t2 = (t1 −
A/C1)

+ and then, if t2 > 0 on [t3, t2] where t3 = (t2 −A/C1)
+, etc. We finally obtain

that

u1(t, x) = u2(t, x), (t, x) ∈ [0, T ] × R
n.

The proof is completed.
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ROBUST STABILITY OF POLYTOPIC SYSTEMS VIA AFFINE
PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS∗
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Abstract. This paper studies robust stability of linear systems with polytopic uncertainty. New
necessary and sufficient conditions for the existence of an affine parameter-dependent Lyapunov
function assuring the Hurwitz or the Schur stability of a polytopic system are presented. These
conditions are composed of a family of linear matrix inequality conditions of increasing precision.
At each step, a set of linear matrix inequalities provides sufficient conditions for the existence of the
affine parameter-dependent Lyapunov function, and necessity is asymptotically attained. Compared
with the existing results in the literature, it is shown that the new stability conditions provide less
conservative tests at each step. Numerical examples are given to illustrate the effectiveness of the
new results.
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AMS subject classifications. 93C05, 34D20, 93D09, 93D20

DOI. 10.1137/060668948

1. Introduction. Robust stability analysis of systems with uncertainties is one
of the most fundamental problems in system and control theory [1]. In particular, the
Lyapunov approach is popular in investigating the Hurwitz and Schur stabilities of
linear systems with polytopic uncertainty. In past years, the Hurwitz and the Schur
stabilities of linear systems with polytopic uncertainty has received a great deal of
attention, and some significant results have been obtained; see [2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15] and the references therein. For obtaining less conservative
evaluations of stability domains, higher degree parameter-dependent Lyapunov func-
tions have been exploited. Sufficient conditions based on homogeneous polynomially
parameter-dependent Lyapunov functions v(x) = xTP (α)x with P (α) of arbitrary de-
gree on α are given in [16], and a family of linear matrix inequality (LMI) conditions
of increasing precision for the Hurwitz stability is presented in [17]. The paper [18]
provides a systematic procedure for generating sufficient LMI conditions for assuring
robust stability based on homogeneous polynomially parameter-dependent Lyapunov
matrix functions of arbitrary degree on the uncertain parameters. Moreover, in [19],
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a piecewise Lyapunov function, instead of a single Lyapunov function, method is also
exploited to reduce conservatism. In particular, based on Pólya’s theorem [21], nec-
essary and sufficient conditions for the existence of an affine parameter-dependent
Lyapunov function assuring the Hurwitz or the Schur stability of a polytopic sys-
tem are given in [20], and a systematic procedure for constructing a family of LMI
conditions of increasing precision is developed, where the necessity is asymptotically
attained.

This paper will continue to study the Hurwitz and Schur stabilities of poly-
topic systems. New necessary and sufficient conditions for the existence of an affine
parameter-dependent Lyapunov function assuring the Hurwitz or Schur stability of a
polytopic system are derived, which are composed of a family of linear matrix inequal-
ity conditions of increasing precision. At each step, a set of LMIs provides sufficient
conditions for the existence of the affine parameter-dependent Lyapunov function,
and necessity is asymptotically attained. Compared with the results in [20], the new
stability conditions provide less conservative tests at each step and allow faster conver-
gence to the necessary conditions for the existence of an affine parameter-dependent
Lyapunov function in terms of steps. However, it should be pointed out that the
faster convergence is not in terms of time, since the numerical complexity of the new
proposed conditions is much greater than that in [20].

The paper is organized as follows. In the next section, system description and
some preliminaries are given. In section 3, new necessary and sufficient conditions
for the existence of an affine parameter-dependent Lyapunov function assuring the
Hurwitz or Schur stability of a polytopic system are presented. Section 4 presents two
examples to illustrate the effectiveness of the proposed methods. Finally, section 5
concludes the paper.

Notation. For a square matrix E, He(E) is defined as He(E) = E+ET . R represents
the set of real numbers, N denotes the natural numbers set {0, 1, 2, . . . }, and p! denotes
factorial, i.e., p! = p(p− 1)(p− 2) · · · (2)(1) for p ∈ N with 0! = 1.

2. System description and preliminaries. Consider a linear system described
by

ẋ(t) = A(α)x(t)

for the continuous-time case, and by

x(k + 1) = A(α)x(k)

for the discrete-time case, where A(α) belongs to a polytope of real square matrices
defined by

A =

{
A(α) : A(α) =

N∑
i=1

αiAi; α ∈ ΔN

}
,(1)

ΔN =

{
α ∈ R

N :

N∑
i=1

αi = 1; αi ≥ 0

}
,

where N is the number of vertices and ΔN stands for unit simplex.
In this paper, the Hurwitz and Schur stabilities problem of A will be studied by

considering an affine parameter-dependent Lyapunov matrix given by

(2) P (α) =

N∑
i=1

αiPi, α ∈ ΔN ,
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with Pi = PT
i > 0, i = 1, . . . , N . Through the use of the Lyapunov function V (x) =

xTP (α)x, the Hurwitz stability of A can be assured if and only if the following
condition holds:

(3) Γ(α) = AT (α)P (α) + P (α)A(α) < 0;

the Schur stability of A can be assured if and only if the following condition holds:

AT (α)P (α)A(α) − P (α) < 0.

By
∑N

i=1 αi = 1, (3) can be rewritten as

(4) Γ(α) =

(
N∑
i=1

αi

)d (
AT (α)P (α) + P (α)A(α)

)
< 0,

where d ∈ N. By writing (4) (with αi as a variable) as a sum of terms in an extended
form and using the known Pólya’s theorem [21], two computationally verifiable nec-
essary and sufficient conditions, which guarantee that (3) holds, are given in [20,
Lemmas 1 and 2].

The purpose of this paper is to derive new necessary and sufficient conditions,
provide less conservative tests at each step, and allow faster convergence to exact
robust stability bounds for the existence results of an affine parameter-dependent
Lyapunov function.

The following definitions are needed, which are consistent with those in [20]. De-
fine K (d) as the set of N -tuples obtained as all possible combinations of k1, k2, . . . ,
kN , ki ∈ N, i = 1, . . . , N , such that k1 + k2 + · · · + kN = d. K�(d) is the �th N -
tuple of K (d) which is lexically ordered � = 1, . . . , J(d). For a fixed N , the number
of elements in K (d) is given by J(d) = (N + d − 1)!/(d!(N − 1)!), and the associ-
ated standard multinomial coefficients are C �(d) = d!/(k1!k2! · · · kN !), k1k2 · · · kN =
K�(d), � = 1, . . . , J(d). As an example consider the case when N = 3 and d = 2,
which yields J(2) = 6, K (2) = {002, 011, 020, 101, 110, 200}, and the coefficients
C �(d) = {1, 2, 1, 2, 2, 1}.

Consider the modified multinomial coefficients

C �
i(d, a) =

{ d!
k1!···(ki−a)!···kN ! if ki − a ∈ N,

0 otherwise,

C �
ij(d, a, b) =

⎧⎨
⎩

d!
k1!···(ki−a)!···(kj−b)!···kN ! if

{
ki − a ∈ N,
kj − b ∈ N,

0 otherwise,

C �
ij�(d, a, b, c) =

⎧⎪⎪⎨
⎪⎪⎩

d!
k1!···(ki−a)!···(kj−b)!···(kl−c)!···kN ! if

⎧⎨
⎩

ki − a ∈ N,
kj − b ∈ N,
k� − c ∈ N,

0 otherwise,

all of which depend on k1k2 · · · kN = K�(d), � = 1, . . . , J(d).

Lemma 1 (see [20]). (i) An affine parameter-dependent Lyapunov matrix P (α)
given by (2) assures the Hurwitz stability of A if and only if there exist symmetric
positive definite matrices Pi, i = 1, . . . , N , and a sufficiently large d, such that the
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following LMIs hold:

T� =

N∑
i=1

C �
i(d, 2)THi +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)THij < 0,(5)

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2),

where

THi = AT
i Pi + PiAi,

THij = AT
i Pj + PjAi + AT

j Pi + PiAj .

(ii) An affine parameter-dependent Lyapunov matrix P (α) given by (2) assures
the Schur stability of A if and only if there exist symmetric positive definite matrices
Pi, i = 1, . . . , N , and a sufficiently large d, such that the following LMIs hold:

D� =

N∑
i=1

C �
i(d, 3)TSi +

N∑
i=1

N∑
j �=i;j=1

C �
ij(d, 2, 1)TSij +

N−2∑
i=1

N−1∑
j=i+1

N∑
k=j+1

C �
ijk(d, 1, 1, 1)TSijk < 0,

k1k2 · · · kN = K �(d + 3) for � = 1, . . . , J(d + 3),

where

TSi
= AT

i PiAi − Pi,

TSij = AT
i PiAj + AT

j PiAi + AT
i PjAi − 2Pi − Pj ,

TSijk
= AT

j PiAk + AT
k PiAj + AT

i PjAk + AT
k PjAi + AT

i PkAj + AT
j PkAi

−2(Pi + Pj + Pk).

Lemma 2 (see [20]). An affine parameter-dependent Lyapunov matrix P (α) given
by (2) assures the stability of A if and only if there exist symmetric positive definite
matrices Pi, i = 1, . . . , N , matrices Xi ∈ R

2n×2n, i = 1, . . . , N , and a sufficiently
large d such that the following LMIs hold:

Λ� =

N∑
i=1

C �
i(d, 2)TFi +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)TFij < 0,(6)

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2),

where

TFi = Qi + XiBi + BT
i X

T
i ,(7)

TFij = Qi + Qj + XjBi + BT
i X

T
j + XiBj + BT

j X
T
i ,

Bi =
[
Ai −I

]
,

and Qi, i = 1, . . . , N , are, respectively, given, for the Hurwitz and Schur cases, by

QHi =

[
0 Pi

Pi 0

]
, QSi =

[
−Pi 0
0 Pi

]
.(8)

It should be pointed out that the condition of Lemma 2 is less conservative than
that of Lemma 1 for each d.
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In particular, the following equality from [20] will be used in the next section:

(α1 + · · · + αN )d
(
AT (α)P (α) + P (α)A(α)

)
(9)

= (α1 + · · · + αN )d

⎛
⎝ N∑

i=1

α2
iTHi +

N−1∑
i=1

N∑
j=i+1

αiαjTHij

⎞
⎠

=

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T�,

where P (α) is the same as in (2); THi
, THij , and T� are the same as in (5).

Moreover, the following two technical lemmas will be needed in the later development.
Lemma 3. (i)

J(d+2)∑
�=1

∑
1≤i≤N

(αk1
1 · · ·αki−2

i · · ·αkN

N )(α2
i )J

k1···(ki−2)···kN

ii(10)

=

J(d)∑
�=1

(αk1
1 · · ·αki

i · · ·αkN

N )
∑

1≤i≤N
(α2

i )J
k1···ki···kN
ii ,

where

J
k1···(ki−2)···kN

ii = 0 for ki − 2 < 0.(11)

(ii)

J(d+2)∑
�=1

He

⎛
⎝ ∑

1≤i<j≤N
(αk1

1 · · ·αki−1
i · · ·αkj−1

j · · ·αkN

N )(αiαj)J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠

=

J(d)∑
�=1

(αk1
1 · · ·αki

i · · ·αkj

j · · ·αkN

N )
∑

1≤i<j≤N
(αiαj)He(J

k1···ki···kj ···kN

ij ),

where

J
k1···(ki−1)···(kj−1)···kN

ij = 0 for ki − 1 < 0 or kj − 1 < 0.

Proof. (i) Consider an arbitrary term of the left-hand side of equality (10) given
by

(αk1
1 · · ·αki−2

i · · ·αkN

N )(α2
i )J

k1···(ki−2)···kN

ii ,(12)

where k1 + · · · + kN = d + 2.
If ki − 2 < 0, then from (11), the term (12) is zero.
If ki − 2 ≥ 0, then k1 · · · (ki − 2) · · · kN ∈ K (d), which implies that (12) also is

one term of the right-hand side of equality (10).
On the other hand, consider an arbitrary term of the right-hand side of equality

(10) given by

(αk1
1 · · ·αki

i · · ·αkN

N )(α2
i )J

k1···ki···kN
ii ,(13)
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where k1+ · · ·+kN = d. Since k1 · · · ki · · · kN ∈ K (d), k1 · · · (ki+2) · · · kN ∈ K (d+2).
Equation (13) can be rewritten as

(αk1
1 · · ·αki+2−2

i · · ·αkN

N )(α2
i )J

k1···(ki+2−2)···kN

ii ,

which implies that (13) also is one term of the left-hand side of equality (10).
Moreover, all terms are different from each other in the left-hand (right-hand)

side of equality (10), so both sides of equality (10) are the same. Thus, it follows that
equality (10) holds.

(ii) The proof is similar to that for (i), and thus is omitted here.
Lemma 4. If

Jk1k2···kN =
[
Jk1k2···kN
ij

]
N×N

> 0,(14)

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d),

then for arbitrary ε > 0, the following inequalities hold:

Jk1k2···kN

b =
[
Jk1k2···kN

bij

]
N×N

> 0,(15)

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d),

where

Jk1k2···kN

bii =

[
Jk1k2···kN
ii + εI 0

0 εI

]
, 1 ≤ i ≤ N,

Jk1k2···kN

bij =

[
Jk1k2···kN
ij 0

0 0

]
, 1 ≤ i < j ≤ N.

Proof. From condition (14), we have

Jk1k2···kN
a =

[
Jk1k2···kN
aij

]
N×N

≥ 0,(16)

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d),

where

Jk1k2···kN
aij =

[
Jk1k2···kN
ij 0

0 0

]
, 1 ≤ i ≤ j ≤ N ;

then from (16), for arbitrary ε > 0, it follows that

Jk1k2···kN
a + diag[εI · · · εI](17)

=
[
Jk1k2···kN
aij

]
N×N

+ diag[εI · · · εI] > 0,

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d).

Choose

Jk1k2···kN

bii = Jk1k2···kN
aii + εI, 1 ≤ i ≤ N,

Jk1k2···kN

bij = Jk1k2···kN
aij , 1 ≤ i < j ≤ N.

By (17), it follows that (15) holds. Thus, the proof is complete.
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3. Main results. In the following, new necessary and sufficient conditions are
given for A to be Hurwitz or Schur stable via an affine parameter-dependent Lyapunov
matrix P (α) given by (2).

Theorem 5. (i) An affine parameter-dependent Lyapunov matrix P (α) given by
(2) assures the Hurwitz stability of A if and only if there exist a sufficiently large d,
symmetric positive matrices Pi, i = 1, . . . , N , Jk1k2···kN

ii and matrices Jk1k2···kN
ij =

(Jk1k2···kN
ji )T , k1k2 · · · kN = K�(d) for � = 1, . . . , J(d) such that the following LMIs

hold:

T� +
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠ < 0,(18)

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2),

Jk1k2···kN =
[
Jk1k2···kN
ij

]
N×N

> 0,(19)

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d),

where

J
k1···(ki−2)···kN

ii = 0 for ki − 2 < 0,

J
k1···(ki−1)···(kj−1)···kN

ij = 0 for ki − 1 < 0 or kj − 1 < 0,

and T�, � = 1, . . . , J(d + 2) are the same as in (5).
(ii) An affine parameter-dependent Lyapunov matrix P (α) given by (2) assures

the Schur stability of A if and only if there exist a sufficiently large d, symmetric
positive matrices Pi, i = 1, . . . , N , Jk1k2···kN

ii and matrices Jk1k2···kN
ij = (Jk1k2···kN

ji )T ,
k1k2 · · · kN = K�(d + 1) for � = 1, . . . , J(d + 1) such that the following LMIs hold:

D� +
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠ < 0,

k1k2 · · · kN = K�(d + 3) for � = 1, . . . , J(d + 3),

Jk1k2···kN =
[
Jk1k2···kN
ij

]
N×N

> 0,

k1k2 · · · kN = K�(d + 1) for � = 1, . . . , J(d + 1),

where

J
k1···(ki−2)···kN

ii = 0 for ki − 2 < 0,

J
k1···(ki−1)···(kj−1)···kN

ij = 0 for ki − 1 < 0 or kj − 1 < 0,

and D�, � = 1, . . . , J(d + 3) are the same as in (5).
Proof. (i) Sufficiency. By pre- and postmultiplying (19) by[

α1I α2I · · · αNI
]

and its transpose, we then have

∑
1≤i≤N

α2
i J

k1k2···kN
ii + He

⎛
⎝ ∑

1≤i<j≤N
αiαjJ

k1k2···kN
ij

⎞
⎠ > 0,(20)

k1k2 · · · kN = K�(d), � = 1, . . . , J(d).
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Multiplying (18) by αk1
1 αk2

2 · · ·αkN

N = K�(d + 2), it follows that

(21)

αk1
1 αk2

2 · · ·αkN

N

(
T� +

∑
1≤i≤N

J
k1···(ki−2)···kN

ii

+ He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠
⎞
⎠

= αk1
1 αk2

2 · · ·αkN

N T� + αk1
1 αk2

2 · · ·αkN

N

∑
1≤i≤N

J
k1···(ki−2)···kN

ii

+αk1
1 αk2

2 · · ·αkN

N He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠

= αk1
1 αk2

2 · · ·αkN

N T� +
∑

1≤i≤N
(αk1

1 · · ·αki−2
i · · ·αkN

N )(α2
i )J

k1···(ki−2)···kN

ii

+ He

⎛
⎝ ∑

1≤i<j≤N
(αk1

1 · · ·αki−1
i · · ·αkj−1

j · · ·αkN

N )(αiαj)J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠ < 0,

k1k2 · · · kN = K�(d + 2), � = 1, . . . , J(d + 2).

By summing (21) from � = 1 to J(d + 2), we then can obtain

(22)

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T� +

J(d+2)∑
�=1

∑
1≤i≤N

(αk1
1 · · ·αki−2

i · · ·αkN

N )(α2
i )J

k1···(ki−2)···kN

ii

+

J(d+2)∑
�=1

He

⎛
⎝ ∑

1≤i<j≤N
(αk1

1 · · ·αki−1
i · · ·αkj−1

j · · ·αkN

N )(αiαj)J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠<0.

Applying Lemma 3 to (22), it follows that

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T� +

J(d+2)∑
�=1

∑
1≤i≤N

(αk1
1 · · ·αki−2

i · · ·αkN

N )(α2
i )J

k1···(ki−2)···kN

ii

+

J(d+2)∑
�=1

He

⎛
⎝ ∑

1≤i<j≤N
(αk1

1 · · ·αki−1
i · · ·αkj−1

j · · ·αkN

N )(αiαj)J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠

=

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T� +

J(d)∑
�=1

(αk1
1 · · ·αki

i · · ·αkN

N )
∑

1≤i≤N
(α2

i )J
k1···ki···kN
ii

+

J(d)∑
�=1

(αk1
1 · · ·αki

i · · ·αkj

j · · ·αkN

N )
∑

1≤i<j≤N
(αiαj)He (J

k1···ki···kj ···kN

ij )
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=

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T� +

J(d)∑
�=1

(αk1
1 · · ·αki

i · · ·αkN

N )

×

⎛
⎝ ∑

1≤i≤N
(α2

i )J
k1···ki···kN
ii +

∑
1≤i<j≤N

(αiαj)He (J
k1···ki···kj ···kN

ij )

⎞
⎠ < 0.

Combining the above inequality with (20), we have

J(d+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N T� < 0.(23)

From (9) and (23), it follows that

(α1 + · · · + αN )d
(
A(α)TP (α) + P (α)A(α)

)
= A(α)TP (α) + P (α)A(α) < 0,

which implies that A is stable. Thus, the proof of the sufficiency is complete.
Necessity. If A is stable via an affine parameter-dependent Lyapunov matrix P (α)

given by (2), then by Lemma 1, there exist symmetric positive definite matrices Pi,
i = 1, . . . , N , and a sufficiently large d such that (5) holds for � = 1, . . . , J(d + 2).
Therefore, there exists a scaler ε > 0 such that

N∑
i=1

C �
i(d, 2)THi +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)THij + εI(24)

= T� + εI < 0,

k1k2 · · · kN = K�(d + 2), � = 1, . . . , J(d + 2).

Choose

Jk1k2···kN
ii =

1

N
εI, 1 ≤ i ≤ N, k1k2 · · · kN = K�(d), � = 1, . . . , J(d),(25)

Jk1k2···kN
ij = 0, 1 ≤ i < j ≤ N, k1k2 · · · kN = K�(d), � = 1, . . . , J(d).

Then

T� +
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠(26)

≤ T� + N
1

N
εI, k1k2 · · · kN = K�(d + 2), � = 1, . . . , J(d + 2).

From (24) and (26), we then have

T� +
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠ < 0,

k1k2 · · · kN = K�(d + 2), � = 1, . . . , J(d + 2);

i.e., (18) holds. Moreover, by (25), it follows that (19) holds. Thus, the conditions (18)
and (19) are satisfied.

(ii) The proof is similar to that for (i), and thus is omitted here.
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Remark 1. Theorem 5 presents a necessary and sufficient condition for an affine
parameter-dependent Lyapunov matrix P (α) given by (2) to assure the stability of
A in terms of solutions of a set of LMIs. For each fixed d, the condition given by
Theorem 5 is sufficient to assure the stability of A , which is less conservative than
that given by Lemma 1 (see [20]). In fact, if the condition given by Lemma 1 holds
for a given d, then the condition given by Theorem 5 holds for a sufficiently small
ε > 0 and Jk1k2···kN = εI. Thus, compared with Lemma 1 (see [20]), the new stability
condition provide a less conservative test for each d, which allows faster convergence to
the necessary conditions for the existence of an affine parameter-dependent Lyapunov
function in terms of d. However, it should be pointed out that the faster convergence is
not on the time, since the numerical complexity of the condition given by Theorem 5
is much greater than that of Lemma 1 (see [20]); see Table 1.

The following theorem presents the relationship between the conditions of Theo-
rem 5 for d = p and d = p + 1.

Theorem 6. If the condition of Theorem 5 holds for d = p, then the condition of
Theorem 5 also holds for d = p + 1.

Proof. If d = p, the condition of Theorem 5 holds; i.e., there exist symmetric
positive matrices Pi, i = 1, . . . , N , Jk1k2···kN

ii and matrices Jk1k2···kN
ij = (Jk1k2···kN

ji )T ,
k1k2 · · · kN = K�(p) for � = 1, . . . , J(p) satisfying (18) and (19).

By
∑N

i=1 αi = 1, we have

(α1 + · · · + αN )p+1
(
AT (α)P (α) + P (α)A(α)

)
= (α1 + · · · + αN )p

(
AT (α)P (α) + P (α)A(α)

)
.

Combining the above equality with (9), it follows that
J(p+3)∑
�=1

αk1
1 αk2

2 · · ·αkN

N Tk1···kN
= (α1 + · · · + αN )

J(p+2)∑
�=1

αk1
1 αk2

2 · · ·αkN

N Tk1···kN

which further implies that, for k1k2 · · · kN ∈ K (p + 3),

Tk1···kN
=

N∑
r=1,kr≥1

Tk1···(kr−1)···kN
.

For k1k2 · · · kN ∈ K (p + 1), choose

Jk1···kN
ii =

N∑
r=1,kr≥1

J
k1···(kr−1)···kN

ii ,

Jk1···kN
ij =

N∑
r=1,kr≥1

J
k1···(kr−1)···kN

ij .

Then, for k1k2 · · · kN ∈ K (p + 3),

Tk1···kN
+

∑
1≤i≤N

J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠(27)

=

N∑
r=1,kr≥1

(
Tk1···(kr−1)···kN

+
∑

1≤i≤N
J
k1···(ki−2)···(kr−1)···kN

ii

+
∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···(kr−1)···kN

ij

)
.
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From (18) with d = p, it follows that (27) is less than zero, which implies that for
d = p + 1, (18) holds. Moreover, for k1k2 · · · kN ∈ K (p + 1),

Jk1k2···kN(28)

=
[
Jk1k2···kN
ij

]
N×N

=
[ ∑N

i=1,kr≥1 J
k1···(kr−1)···kN

ij

]
N×N

=

N∑
i=1,kr≥1

[
J
k1···(kr−1)···kN

ij

]
N×N

.

From (19) with d = p, it follows that (28) is greater than zero, which further implies
that for d = p + 1, (19) holds. Thus, the condition of Theorem 5 for d = p + 1
holds.

Remark 2. Theorem 6 shows that the family of LMI conditions given by Theorem
5 is of increasing precision.

For a better understanding and comparison of the LMI conditions of Lemma 1
and Theorem 5, the concise LMIs are presented in the following for a polytope A with
N = 2 vertices. For this case,

TH1 = AT
1 P1 + P1A1; TH2 = AT

2 P2 + P2A2; TH12 = AT
1 P2 + P2A1 + AT

2 P1 + P1A2.

Then, for d = 0, we have J(2) = 3, K (0) = {00}, K (2) = {02, 11, 20}. The LMIs of
Lemma 1 are

TH1
< 0,

TH2 < 0,

TH12
< 0.

The LMIs of Theorem 5 are

TH1 + J00
11 < 0,

TH2 + J00
22 < 0,

TH12 + He(J00
12 ) < 0,[

J00
11 J00

12

(J00
12 )T J00

22

]
> 0.

For d = 1, J(3) = 4, K (1) = {01, 10}, K (3) = {03, 12, 21, 30}. The LMIs of Lemma
1 are

TH1
< 0,

TH2 < 0,

TH1
+ TH12

< 0,

TH2 + TH12 < 0.

The LMIs of Theorem 5 are

TH1
+ J10

11 < 0,

TH2
+ J01

22 < 0,

TH1 + TH12 + J01
11 + He(J10

12 ) < 0,
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TH2
+ TH12

+ J10
22 + He(J01

12 ) < 0,[
J10

11 J10
12

(J10
12 )T J10

22

]
> 0,[

J01
11 J01

12

(J01
12 )T J01

22

]
> 0.

For d = 2, we have J(4) = 5, K (2) = {02, 11, 20}, K (4) = {04, 13, 22, 31, 40}. The
LMIs of Lemma 1 are

TH1
< 0,

TH2 < 0,

2TH1 + TH12 < 0,

TH1 + TH2 + 2TH12 < 0,

2TH2 + TH12 < 0.

The LMIs of Theorem 5 are

TH1 + J20
11 < 0,

TH2 + J02
22 < 0,

2TH1 + TH12 + J11
11 + He(J20

12 ) < 0,

TH1
+ TH2 + 2TH12 + J02

11 + J20
22 + He(J11

12 ) < 0,

2TH2 + TH12 + J11
22 + He(J02

12 ) < 0,[
J20

11 J20
12

(J20
12 )T J20

22

]
> 0,[

J11
11 J11

12

(J11
12 )T J11

22

]
> 0,[

J02
11 J02

12

(J02
12 )T J02

22

]
> 0.

Theorem 7. An affine parameter-dependent Lyapunov matrix P (α) given by (2)
assures the stability of A if and only if there exist a sufficiently large d, symmetric
positive definite matrices Pi, i = 1, . . . , N , Jk1k2···kN

ii and matrices Xi ∈ R
2n×2n,

i = 1, . . . , N , Jk1k2···kN
ij = (Jk1k2···kN

ji )T , k1k2 · · · kN = K�(d), � = 1, . . . , J(d), such
that the following LMIs hold:

Λ� +
∑

1≤i≤N
J
k1···(ki−2)···kN

bii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

bij

⎞
⎠ < 0,(29)

k1k2 · · · kN = K�(d + 2), � = 1, . . . , J(d + 2),

Jk1k2···kN

b =
[
Jk1k2···kN

bij

]
N×N

> 0,

k1k2 · · · kN = K�(d), � = 1, . . . , J(d),(30)

where

J
k1···(ki−2)···kN

bii = 0 for ki − 2 < 0,

J
k1···(ki−1)···(kj−1)···kN

bij = 0 for ki − 1 < 0 or kj − 1 < 0,

and Λ�, � = 1, . . . , J(d + 2), are the same as in Lemma 2.
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Proof. The proof is similar to that for Theorem 5, and omitted here.
Remark 3. For each fixed d, the condition given by Theorem 7 is sufficient to

assure the stability of A , which is less conservative than that given by Lemma 2 (see
[20]), and allows faster convergence to the necessary conditions for the existence of
an affine parameter-dependent Lyapunov function in terms of d. Moreover, similarly
to Theorem 6, it can be shown that the family of LMI conditions given by Theorem
7 is of increasing precision.

For the relationship between Theorems 5 and 7, we have the following theorem.
Theorem 8. For a fixed d, if condition (i) (resp., (ii)) of Theorem 5 holds, then

the condition of Theorem 7 for assuring the Hurwitz (resp., Schur) stability of A
holds.

Proof. First, consider the Hurwitz stability of A .
For a fixed d, if condition (i) of Theorem 5 holds, then there exist symmetric

positive matrices Pi, i = 1, . . . , N , Jk1k2···kN
ii and matrices Jk1k2···kN

ij = (Jk1k2···kN
ji )T ,

k1k2 · · · kN = K�(d) for � = 1, . . . , J(d) such that (18) and (19) hold. Equation (18)
can be rewritten as follows:

N∑
i=1

C �
i(d, 2)He(AT

i Pi) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(AT

i Pj + AT
j Pi)

+
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠ < 0,

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2).

Then there exists a symmetric positive matrix G such that

N∑
i=1

C �
i(d, 2)He(AT

i Pi) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(AT

i Pj + AT
j Pi)(31)

+
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠

+ η−1

⎛
⎝ N∑

i=1

C �
i(d, 2)Ai +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Ai + Aj)

⎞
⎠

T

G

×

⎛
⎝ N∑

i=1

C �
i(d, 2)Ai +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Ai + Aj)

⎞
⎠ < 0,

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2),

where

η = 2

N∑
i=1

C �
i(d, 2) + 4

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1).

Applying the Schur complement to (31), we then have[
Rk1k2···kN

11 ∗
Rk1k2···kN

21 Rk1k2···kN
22

]
< 0, k1k2 · · · kN = K�(d + 2)(32)

for � = 1, . . . , J(d + 2),
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where

Rk1k2···kN
11 =

N∑
i=1

C �
i(d, 2)He(AT

i Pi) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(AT

i Pj + AT
j Pi)

+
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠,

Rk1k2···kN
21 = G

⎛
⎝ N∑

i=1

C �
i(d, 2)Ai +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Ai + Aj)

⎞
⎠,

Rk1k2···kN
22 = −ηG = −

⎛
⎝2

N∑
i=1

C �
i(d, 2) + 4

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)

⎞
⎠G.

Let

Xi1 = Pi, Xi2 = G;(33)

then Rk1k2···kN
11 , Rk1k2···kN

21 , and Rk1k2···kN
22 can be rewritten as follows:

Rk1k2···kN
11 =

N∑
i=1

C �
i(d, 2)He(AT

i Xi1) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(AT

i Xj1 + AT
j Xi1)

+
∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

⎛
⎝ ∑

1≤i<j≤N
J
k1···(ki−1)···(kj−1)···kN

ij

⎞
⎠,

Rk1k2···kN
21 =

N∑
i=1

C �
i(d, 2)Xi2Ai +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Xj2Ai + Xi2Aj),

Rk1k2···kN
22 =

N∑
i=1

C �
i(d, 2)He(−Xi2) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(−Xi2 −Xj2).

By (32), it follows that

⎡
⎢⎢⎣

N∑
i=1

C �
i(d, 2)He(AT

i Xi1) +
N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(AT

i Xj1 + AT
j Xi1)

N∑
i=1

C �
i(d, 2)Xi2Ai +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Xj2Ai + Xi2Aj)

(34)

∗
N∑
i=1

C �
i(d, 2)He(−Xi2) +

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)He(−Xi2 −Xj2)

⎤
⎦

+

⎡
⎢⎣ ∑

1≤i≤N
J
k1···(ki−2)···kN

ii + He

( ∑
1≤i<j≤N

J
k1···(ki−1)···(kj−1)···kN

ij

)
0

0 0

⎤
⎥⎦

=

N∑
i=1

C �
i(d, 2)

[
He(AT

i Xi1) ∗
Xi2Ai −He(Xi2)

]
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+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)

[
He(AT

i Xj1 + AT
j Xi1) ∗

Xj2Ai + Xi2Aj −He(Xi2 + Xj2)

]

+
∑

1≤i≤N

[
J
k1···(ki−2)···kN

ii 0
0 0

]

+
∑

1≤i<j≤N
He

([
J
k1···(ki−1)···(kj−1)···kN

ij 0

0 0

])

=

N∑
i=1

C �
i(d, 2)

[
He(AT

i Xi1) ∗
Xi2Ai −He(Xi2)

]

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)

[
He(AT

i Xj1 + AT
j Xi1) ∗

Xj2Ai + Xi2Aj −He(Xi2 + Xj2)

]

+
∑

1≤i≤N
J
k1···(ki−2)···kN

aii +
∑

1≤i<j≤N
He(J

k1···(ki−1)···(kj−1)···kN

aij ) < 0,

k1k2 · · · kN = C�(d + 2) for � = 1, . . . , J(d + 2),

where

Jk1k2···kN
aij =

[
Jk1k2···kN
ij 0

0 0

]
, 1 ≤ i ≤ j ≤ N.

From (33) and (34), we then can obtain

N∑
i=1

C �
i(d, 2)

[
He(AT

i Xi1) ∗
Xi2Ai + Pi −XT

i1 −He(Xi2)

]
(35)

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)

×
[

He(AT
i Xj1 + AT

j Xi1) ∗
Xj2Ai + Xi2Aj + Pi + Pj −XT

i1 −XT
j1 −He(Xi2 + Xj2)

]

+
∑

1≤i≤N
J
k1···(ki−2)···kN

aii +
∑

1≤i<j≤N
He(J

k1···(ki−1)···(kj−1)···kN

aij ) < 0,

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2).

Let

Xi =

[
Xi1

Xi2

]
.

By (35), we have

N∑
i=1

C �
i(d, 2)(Qi + XiBi + BT

i X
T
i )(36)

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Qi + Qj + XjBi + BT

i X
T
j + XiBj + BT

j X
T
i )
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+
∑

1≤i≤N
J
k1···(ki−2)···kN

aii +
∑

1≤i<j≤N
He(J

k1···(ki−1)···(kj−1)···kN

aij ) < 0,

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2),

where Bi are the same as in (7), and Qi are the same as in (8).
From (36), there exists a sufficiently small ε > 0 such that

N∑
i=1

C �
i(d, 2)(Qi + XiBi + BT

i X
T
i )(37)

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Qi + Qj + XjBi + BT

i X
T
j + XiBj + BT

j X
T
i )

+
∑

1≤i≤N
J
k1···(ki−2)···kN

aii +
∑

1≤i<j≤N
He(J

k1···(ki−2)···kN

aij ) + NεI

=
N∑
i=1

C �
i(d, 2)(Qi + XiBi + BT

i X
T
i )

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Qi + Qj + XjBi + BT

i X
T
j + XiBj + BT

j X
T
i )

+
∑

1≤i≤N
(J

k1···(ki−2)···kN

aii + εI) +
∑

1≤i<j≤N
He(J

k1···(ki−1)···(kj−1)···kN

aij ) < 0,

k1k2 · · · kN = K�(d + 2) for � = 1, . . . , J(d + 2).

For k1k2 · · · kN ∈ K (d + 2), let

J
k1···(ki−2)···kN

bii =

{
J
k1···(ki−2)···kN

aii + εI if ki − 2 ≥ 0,
0 otherwise,

1 ≤ i ≤ N,(38)

J
k1···(ki−1)···(kj−1)···kN

bij = J
k1···(ki−1)···(kj−1)···kN

aij , 1 ≤ i < j ≤ N.

Then ∑
1≤i≤N

J
k1···(ki−2)···kN

bii ≤
∑

1≤i≤N
(J

k1···(ki−2)···kN

aii + εI).

By (37), it follows that

N∑
i=1

C �
i(d, 2)(Qi + XiBi + BT

i X
T
i )(39)

+

N−1∑
i=1

N∑
j=i+1

C �
ij(d, 1, 1)(Qi + Qj + XjBi + BT

i X
T
j + XiBj + BT

j X
T
i )

+
∑

1≤i≤N
J
k1···(ki−2)···kN

bii +
∑

1≤i<j≤N
He(J

k1···(ki−1)···(kj−1)···kN

bij ) < 0;

i.e., (29) holds. Moreover, from Lemma 4, (19), and (38), it follows that (30) holds.
Thus, the condition of Theorem 7 is satisfied for assuring the Hurwitz stability of A .
For the case of Schur stability, the proof is similar, and thus is omitted here.
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Table 1

Numbers of LMIs and decision variables.

Methods Number of LMIs Number of decision variables

Lemma 1 (i) [20] J(d + 2) nN(n + 1)/2
Lemma 1 (ii) [20] J(d + 3) nN(n + 1)/2

Theorem 5 (i) J(d + 2) + J(d) nN(n + 1)/2 + nN(nN + 1)J(d)/2
Theorem 5 (ii) J(d + 3) + J(d + 1) nN(n + 1)/2 + nN(nN + 1)J(d + 1)/2
Lemma 2 [20] J(d + 2) nN(n + 1)/2 + 4n2N
Theorem 7 J(d + 2) + J(d) nN(n + 1)/2 + 4n2N + nN(2nN + 1)J(d)

Remark 4. Theorem 8 shows that for a fixed d, the condition given by Theorem 7
is less conservative than that given by Theorem 5, which allows faster convergence to
the necessary conditions for the existence of an affine parameter-dependent Lyapunov
function in terms of d. But, more computational time for the stability test given by
Theorem 7 is required for each d, since more decision variables are involved in the
condition given by Theorem 7.

Remark 5. Regarding computational complexity, the number of decision variables
and the number of LMIs are used as measures of computational burden. Table 1
summarizes the numbers of decision variables and LMIs for each method with a fixed d.
From the table, it is easy to see that Theorems 5 and 7 require more decision variables
and LMIs than Lemmas 1 and 2, respectively, which implies that the methods given
by Theorems 5 and 7 are of more computational burden for a given d.

4. Example. In this section, two numerical examples are given to illustrate the
effectiveness of the robust stability criteria given by Theorems 5 and 7.

Example 1. Consider an uncertain matrix A described by (1) with N = 2,

A1 =

⎡
⎣ −0.0996 0.9846 −0.4496

−0.9045 −0.0387 0.9657 + δ
0.6933 −0.7612 −0.4179

⎤
⎦ , A2 =

⎡
⎣ −0.6327 −0.3142 0.8716

0.6263 −0.6932 0.9598
−0.0090 −0.9367 0.3422

⎤
⎦ .

It is concerned with the robust Hurwitz stability for |δ| ≤ γ. Applying Lemmas 1
and 2 and Theorems 5 and 7 to this example, the stability bounds and cpu times are
obtained as shown in Tables 2–6.

Table 2

Stability bounds and cpu times for Example 1 by Lemma 1.

d 0 1 2 3 4 5

Stability bound infeasible infeasible infeasible infeasible 0.0019 0.0043
Cpu time (sec) 0.0313 0.3438 0.4844 0.7031 0.1701 0.1875

d 6 7 8 9 10 11 12

Stability bound 0.0064 0.0070 0.0077 0.0079 0.0082 0.00827 0.00833
Cpu time (sec) 0.2656 0.3438 0.3440 0.3594 0.5313 0.6250 0.5469

d 13 14 15 16 17 18

Stability bound 0.00836 0.00839 0.00840 0.00841 0.008420 0.008427
Cpu time (sec) 0.5938 0.6375 0.7188 0.7500 0.8750 0.8906

d 19 20 21

Stability bound 0.008429 0.00843 0.00843
Cpu time (sec) 0.9375 0.9688 1.0469
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Table 3

Stability bounds and cpu times for Example 1 by Lemma 2.

d 0 1

Stability bound 0.00843 0.00843
Cpu time (sec) 0.2498 0.3281

Table 4

Stability bounds and cpu times for Example 1 by Theorem 5.

d 0 1

Stability bound 0.00843 0.00843
Cpu time (sec) 0.1875 0.4291

Table 5

Stability bounds and cpu times for Example 1 by Theorem 7.

d 0 1

Stability bound 0.00843 0.00843
Cpu time (sec) 1.4219 5.7813

Table 6

The obtained stability bounds and the total cpu time for Example 1.

Methods Lemma 1 Lemma 2 Theorem 5 Theorem 7

Stability bound 0.00843 0.00843 0.00843 0.00843
Total cpu time (sec) 12.3551 0.5779 0.6166 7.8750

From the above computational results, it can be seen that Theorems 5 and 7 cannot
provide more conservative results than Lemmas 1 and 2 for the same d. However,
Theorems 5 and 7 require more computational time for each d than Lemmas 1 and 2,
respectively. Table 6 shows that Lemma 2 performs best for the example since it has
the lowest consumed cpu time for obtaining the stability bound of 0.00843.

Example 2. Consider an uncertain matrix A described by (1) with N = 3,

A1 =

⎡
⎣ −0.646 −0.875 −0.997

−0.732 −0.993 −0.126
0.707 0.289 −0.3 + δ

⎤
⎦ , A2 =

⎡
⎣ −0.419 0.896 −0.854

−0.198 −0.417 0.592
0.574 0.113 −0.970

⎤
⎦ ,

A3 =

⎡
⎣ −0.789 −0.533 0.353

−0.469 −0.390 0.676
−0.970 −0.914 0.053

⎤
⎦ .

It also is concerned with the robust Hurwitz stability for |δ| ≤ γ. Applying Lemmas
1 and 2 and Theorems 5 and 7 to this example, the stability bounds and cpu times
are obtained, as shown in Tables 7–11.

From the computational results, it can be seen that Theorems 5 and 7 can provide
less conservative results than Lemmas 1 and 2 for the same d, respectively. For this
example, Theorem 7 performs best for the example, since the total cpu times consumed
by using Lemmas 1 and 2 and Theorem 5 for obtaining the smaller stability bounds
have exceeded the total consumed cpu time of 656.3907 seconds by using Theorem 7
for obtaining the stability bound of 0.27025.

These two examples show that, in general, Lemma 1 (resp., Lemma 2) will usually
perform better than Theorem 5 (resp., Theorem 7) for obtaining a stability bound if
it can be achieved by using Lemma 1 (resp., Lemma 2) for a smaller d. But, if the
stability bound is achieved by using Lemma 1 (resp., Lemma 2) for a much larger d
than that used by Theorem 5 (resp., Theorem 7), then Theorem 5 (resp., Theorem 7)
will be preferred, because the programming for a larger d also is costly in terms of
time.
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Table 7

Stability bounds and cpu times for Example 2 by Lemma 1.

d 0 1 2 3 4 5 6

Stability bound 0.2444 0.2482 0.2504 0.2520 0.2547 0.2571 0.2584
Cpu time (sec) 0.0781 0.2031 0.6719 1.5625 1.6406 2.6563 3.6875

d 7 8 9 10 11 12

Stability bound 0.2594 0.2608 0.2620 0.2626 0.2630 0.2636
Cpu time (sec) 5.3594 7.1719 8.5781 10.9531 13.9219 18.2813

d 13 14 15 16 17 18

Stability bound 0.2641 0.2645 0.2649 0.2653 0.2657 0.2658
Cpu time (sec) 23.4622 30.0269 34.7135 39.2688 45.7103 52.6619

d 19 20 21 22 23 24

Stability bound 0.2660 0.2662 0.2663 0.2665 0.2667 0.2668
Cpu time (sec) 59.5203 61.6933 79.8125 100.0139 125.9238 152.0312

d 25

Stability bound 0.26698
Cpu time (sec) 178.8125

Table 8

Stability bounds and cpu times for Example 2 by Lemma 2.

d 0 1 2 3 4 5 6

Stability bound 0.2647 0.2657 0.2665 0.2669 0.2672 0.2673 0.2676
Cpu time (sec) 0.8750 1.6563 2.6094 4.0938 7.0625 9.4219 13.5156

d 7 8 9 10 11 12

Stability bound 0.26793 0.26815 0.26824 0.26831 0.26845 0.26854
Cpu time (sec) 26.1406 42.5156 53.2969 68.3594 85.3906 98.7500

d 13 14 15 16 17 18

Stability bound 0.268663 0.26871 0.26885 0.26891 0.26897 0.26900
Cpu time (sec) 109.2193 121.6217 136.7125 151.3281 169.9214 188.3438

Table 9

Stability bounds and cpu times for Example 2 by Theorem 5.

d 0 1 2 3 4 5

Stability bound 0.26983 0.26992 0.26999 0.270049 0.27009 0.27011
Cpu time (sec) 0.5938 2.7969 34.0156 73.1563 221.4137 520.6406

Table 10

Stability bounds and cpu times for Example 2 by Theorem 7.

d 0 1

Stability bound 0.27025 0.27025
Cpu time (sec) 92.4219 563.9688

Table 11

The obtained stability bounds and the total cpu times for Example 2.

Methods Lemma 1 Lemma 2 Theorem 5 Theorem 7

Stability bound 0.26698 0.26900 0.27011 0.27025
Total cpu time (sec) 1058.4168 1290.8344 852.6169 656.3907
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5. Conclusion. In this paper, new necessary and sufficient conditions for the
existence of an affine parameter-dependent Lyapunov function assuring the Hurwitz
or Schur stability of a polytopic system are given, which are composed of a family of
LMI conditions of increasing precision. At each step, a set of LMIs provides sufficient
conditions for the existence of the affine parameter-dependent Lyapunov function,
and necessity is asymptotically attained. Compared with the results in [20], the new
stability conditions provide less conservative tests at each step and allow faster conver-
gence to the necessary conditions for the existence of an affine parameter-dependent
Lyapunov function in terms of steps. But, it should be emphasized that the faster con-
vergence is not in terms of time, since the numerical complexity of the new proposed
conditions is much greater than that in [20]. The numerical examples have shown the
effectiveness of the new proposed stability criteria.
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MESH INDEPENDENCE OF KLEINMAN–NEWTON ITERATIONS
FOR RICCATI EQUATIONS IN HILBERT SPACE∗
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Abstract. In this paper we consider the convergence of the infinite dimensional version of the
Kleinman–Newton algorithm for solving the algebraic Riccati operator equation associated with the
linear quadratic regulator problem in a Hilbert space. We establish mesh independence for this
algorithm and apply the result to systems governed by delay equations. Numerical examples are
presented to illustrate the results.
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1. Introduction. The problem of constructing numerical schemes for optimiza-
tion-based design and control of infinite dimensional systems leads to technical and
practical issues that are not present if one is interested only in simulation. For exam-
ple, if one uses finite elements or the method of lines to simulate a system of partial
differential equations (PDEs), then the resulting finite dimensional approximate sys-
tem is often very large and can have millions of state variables. The corresponding
approximating Riccati equations are immense, and special numerical techniques are
required to solve such equations. Many of these large-scale Riccati solvers are based
on iterative algorithms (see [9], [10], and [30]) and take advantage of the mathematical
structure of the approximating system (symmetry, sparseness, etc.).

There are two basic issues that need to be addressed in developing practical
numerical approximations for control. First, it is essential that the approximation
scheme leads to finite dimensional approximating Riccati equations that converge
(under mesh refinement) to the solution of the infinite dimensional Riccati equation.
This is a well-studied problem (see [7], [14], [26], [33], and [43]). It is now well known
that to obtain norm convergence for the Riccati equation, the approximation scheme
must satisfy some form of convergence, dual convergence, and uniform preservation
of stabilizability and detectability under mesh refinement (see [7] and [33]). These
concepts will be made more precise in section 7.1. The important point here is that
many “standard” convergent approximation schemes do not satisfy all the conditions
necessary for norm convergence of the Riccati operators (see [16]). If this issue is
ignored when one develops an approximation scheme for control design and optimiza-
tion, then the resulting numerical algorithm can fail to produce accurate and useful
results (see the numerical examples in section 9). In this paper we show that these
properties are also key ingredients in establishing mesh independence of Newton-type
algorithms.
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The second important issue is concerned with the development of an effective
algorithm for the numerical solution of the (large-scale) finite dimensional Riccati
equations that arise once the problem has been discretized. During the past five
years considerable attention has been devoted to the problem of developing accurate
and fast numerical methods for control of large-scale systems. In 2004, the first
issue of the IEEE Control Systems Magazine (Volume 24, Issue 1) was devoted to
this topic. Much of the motivation for this emphasis comes from the fact that such
systems often arise as discretizations of control problems with PDEs as the governing
system. The observation that these large-scale finite dimensional Riccati equations
come from discretizations of PDE control systems makes it possible to exploit special
algorithms such as multigrid techniques (see [42] and [45]) and parallel iterative solvers
(see [30]). Considerable progress has been made at this level by Benner and Saak
(see [9] and [10]). Also, Grasedyck, Hackbusch, and Khoromskij (see [30] and the
references therein) have developed impressive computational algorithms for Riccati
and Lyapunov equations that arise in these cases. Many of these large-scale Riccati
solvers are based on iterative algorithms.

It is impossible to address all the potential problems in constructing approxima-
tion schemes for optimal control of infinite dimensional systems in a single paper, so we
limit our discussion to the well-studied linear quadratic optimal control problem and
show how specific approximation assumptions are needed to address convergence and
efficiency of an algorithm. In particular, we focus on convergence and mesh indepen-
dence of the Kleinman–Newton algorithm for solving the operator Riccati equation
defined by the linear quadratic regulator (LQR) problem. This problem is simple
enough to allow for a rather complete analysis of convergence and mesh independence
and yet complex enough to illustrate how both convergence and mesh independence
might fail for perfectly good “standard” (convergent) numerical approximations.

2. A short review of the mesh independence principle. There are two
basic aspects of the mesh independence principle (MIP) for Newton-type methods
(see [1] and [2]). Roughly speaking, the MIP may be broken down into convergence
under mesh refinement of the Newton iteration counts on a given mesh.

Let F : D(F) ⊆ E −→ E be a nonlinear operator on an infinite dimensional
Hilbert space E, and consider the equation

(2.1) F(x) = 0.

Let EN ⊆ E be a sequence of finite dimensional approximating spaces, and consider
the sequence of discretized equations

(2.2) FN (xN ) = 0,

where FN : D(FN ) ⊆ EN −→ EN . In this paper we are interested in the problem
of solving the Riccati operator equation associated with LQR feedback control of
systems governed by delay and PDEs. In this setting, (2.1) is an infinite dimensional
Riccati equation defined by a PDE control system, and (2.2) is an approximating
Riccati equation obtained by some type of finite element or finite difference scheme
applied to the PDE system. Here N is related to the size of the mesh used to define
the discretized equations on a grid. Assume that (2.1) and (2.2) have unique solutions
x∞ ∈ D(F) and xN

∞ ∈ D(FN ), respectively. We say that the approximation scheme
converges if

(2.3) lim
N→+∞

∥∥xN
∞ − PNx∞

∥∥
EN = 0,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MESH INDEPENDENCE FOR KLEINMAN–NEWTON METHOD 2665

where PN : E −→ EN is the orthogonal projection of E onto EN .
Now assume that one applies a Newton-type algorithm to the infinite dimensional

problem (2.1) and that the same algorithm is also applied to the corresponding finite
dimensional approximate problem (2.2). For the moment assume both schemes pro-
duce quadratically convergent iterations xk and xN

k , k = 1, 2, . . . . For a given ε > 0,
x0 ∈ D(F) and xN

0 ∈ D(FN ) define the numbers M(ε, x0) and MN (ε, xN
0 ) by

M(ε, x0) � inf{k : ‖xk − x∞‖ < ε} and MN (ε, xN
0 ) � inf{k :

∥∥xN
k − xN

∞
∥∥
EN < ε},

respectively. Here, x0 and xN
0 are the starting values for the iterations. The (strong)

MIP (see Theorem 2.1 in [2]) takes the form

(2.4) M(ε, x0) = MN (ε, PNx0) + τ(N),

where τ(N) −→ 0 as N −→ +∞. Also, assume there are constants c and cN such
that

(2.5) ‖xk+1 − x∞‖ ≤ c ‖xk − x∞‖2

and

(2.6)
∥∥xN

k+1 − xN
∞
∥∥
EN ≤ cN

∥∥xN
k − xN

∞
∥∥2

EN ,

respectively. Let ĉ and ĉN be the minimal values of c and cN that satisfy (2.5) and
(2.6), where xN

0 = PNx0. As noted in [2], since PN : E −→ EN is the orthogonal
projection of E onto EN , in some cases one can show that another form of the strong
MIP is given by

(2.7) ĉN = ĉ + γ(N),

where γ(N) −→ 0 as N −→ +∞. The basic idea behind these strong versions of
mesh independence is that the number of iterations required to achieve a given error
tolerance is independent of the mesh size and asymptotically converges to the number
of infinite dimensional iterations (theoretically) required to attain the same tolerance.
A weaker form of the MIP would require only that, if one has the estimates (2.5) and
(2.6), then

(2.8) cN = c + δ(N),

where δ(N) −→ 0 as N −→ +∞. Although the constants c and cN are not the min-
imal values, it follows that the number of iterations required to solve the discretized
equations FN (xN ) = 0 is essentially independent of the mesh size.

3. Mesh independence for the infinite dimensional Riccati equation. In
this paper we focus on the case where the nonlinear function F = F(Π) is defined by
an infinite dimensional Riccati operator equation of the form

(3.1) F(Π) = A∗Π + ΠA− ΠBB∗Π + C∗C = 0,

where A generates a strongly continuous semigroup on a Hilbert space H. Here
F : D(F) ⊆ E −→ E, where E is the space of bounded linear operators on H.

Remark 3.1. It is important to note that in most applications the operator A is
unbounded, and even if the B and C operators are bounded, the nonlinear operator
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F will not be continuous on its domain. Therefore, F will not have a Lipschitz
continuous Fréchet derivative, and the analysis used in [1] and [2] is not directly
applicable. In particular, convergence proofs for the infinite dimensional Newton
algorithm that depend on the existence of the Fréchet derivative cannot be used in
this setting. As noted by Damm and Hinrichsen in [23], the existence of the Fréchet
derivative can be relaxed if one works in ordered Banach spaces. Indeed, they provide
a general convergence result under the blanket assumptions that E is ordered by a
closed, solid, regular convex cone and that F is continuous on its domain (see page 50
in [23]). Moreover, even when using the ordered space approach, we see that Fréchet
differentiability was needed to obtain quadratic convergence of the Newton method
(see page 56 in [23]). However, for the delay systems below (and other PDE control
systems) these assumptions do not hold.

In the finite dimensional case, the “natural” space of operators is the set E = Hn

of n × n Hermitian matrices with (Frobenius) trace norm. As noted in [23], if one
uses the cone C = Hn

+ = {Π ∈ Hn : Π ≥ 0}, then C satisfies the blanket assumptions
above. In an infinite dimensional setting, verifying these assumptions is nontrivial or
impossible, depending on the choice of E. One might be tempted to use the infinite
dimensional analogue and set E = H to be the set of all trace class operators on the
Hilbert space H. If the solution Π to (3.1) is not of trace class (see Example 1), then
this is not a reasonable choice for E. Even if the solution is of trace class, one might
still need to work in a larger space to develop practical approximation schemes for
numerical solutions. In this setting, if E = L(H,H) is the space of bounded linear
operators on H and one sets C = H+ = {Π ∈ H : Π ≥ 0} to be the cone of nonnegative
definite trace operators, then C is not solid. Hence, a direct application of the results
in [23] is not possible.

In the case when the nonlinear equation (3.1) is a Riccati equation defining an
LQR controller, it is possible to extend the finite dimensional proof of Mehrmann in
[40] to a rather general class of infinite dimensional problems. We take this approach
and present a complete convergence proof for the infinite dimensional Kleinman–
Newton algorithm in the space E = L(H,H). Although this proof is similar in spirit
to the results in [40], there are some technical details that require attention. Moreover,
this approach provides explicit bounds and estimates that we later use to establish
mesh independence. This is another reason we do not use the approach in [23] based
on ordered spaces. The following example illustrates that even if A, B, and C are
bounded, the solution to the operator Riccati equation (3.1) does not have to be
of trace class. Later we shall use this example to illustrate the importance of the
compactness assumptions.

Example 1. Let H = R × L2, and define the operators A, B, and C on H by

A =

[
−1 0
0 −I

]
, B =

[
1 0

]T
, and C =

[ √
3 0

0
√

2I

]
,

respectively. Here I is the identity on L2. By direct computation it follows that

Π =

[
1 0
0 I

]

is the solution to the Riccati equation (3.1). Since the identity operator is not compact,
Π is not of trace class. On the other hand, for this simple example, F is continuously
Fréchet differentiable, and convergence of the infinite dimensional Kleinman–Newton
algorithm follows directly from [1] and [2].



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MESH INDEPENDENCE FOR KLEINMAN–NEWTON METHOD 2667

It is well known that under very mild conditions on the LQR problem, and assum-
ing that the discretization scheme preserves the basic control system properties, both
(2.1) and (2.2) have unique solutions in the set of nonnegative self-adjoint bounded
linear operators. The issues to be resolved are as follows:

(i) What conditions must be placed on the discretization scheme to guarantee
that the solutions to the approximating equations (2.2) converge in norm to
the solution of the infinite dimensional problem (2.1)? In some sense this is a
classic numerical analysis problem. However, for the Riccati equation (3.1),
the conditions for norm convergence are nontrivial and the best results are
stated in terms of control system properties.

(ii) Does the infinite dimensional Kleinman–Newton algorithm converge quadrat-
ically when applied to the infinite dimensional operator Riccati equation? As
noted above, there are several approaches to this question. For applications to
delay and PDE systems, our approach offers explicit bounds which are help-
ful in establishing mesh independence, and this approach does not require
continuity of F .

(iii) Finally, what conditions must be placed on the discretization scheme to guar-
antee that the Kleinman–Newton algorithm satisfies MIP estimates of the
form (2.4), (2.7), or (2.8)?

In this paper we focus on these issues. First, we give a brief review of what is known
about convergence of discretization schemes for the infinite dimensional LQR control
problem.

4. A summary of approximation results for LQR control. Most of the
numerical schemes for approximating systems governed by PDEs developed during
the past 50 years focused on methods that provided convergent and efficient simula-
tions. However, the LQR problem is an optimal control problem on an infinite time
interval, and it is possible to clearly identify two additional requirements that need to
be placed on an approximation scheme to ensure convergence of the control design.
Moreover, we shall show that these requirements also play a role in determining mesh
independence of the Kleinman–Newton algorithm. In particular, dual convergence
and preservation of exponential stability (POES) play central roles in both conver-
gence and mesh independence. The POES condition was first introduced by Banks
and Kunisch in [7] as a technical assumption needed to establish strong convergence of
the Riccati operators for parabolic PDE control problems. This condition is equiva-
lent to the uniform stabilizability defined in Assumption 7.3 below. In some cases one
can relax the POES assumption and still obtain strong (and even norm) convergence
of the Riccati operators. For example, the spline scheme developed for delay systems
by Kappel and Salamon in [36] produced convergent Riccati operators even though
POES was not satisfied (see [35] and [37]). Kappel and Salamon replaced the POES
assumption with a uniform output and input-output stability condition and proved
strong convergence of the Riccati operators. Ito [33], [34] used the version given in
Assumption 7.3 to establish norm convergence. We will say more about this when we
discuss the numerical results below.

In 1969 Sasai and Shimemura [47] was among the first researchers to recognize the
importance of dual convergence for infinite dimensional LQR problems (also see [46]
and [48]). Gibson (see [27], [28], [29]) established a general framework for developing
approximation schemes for LQR problems and applied his results to control systems
governed by delay and hyperbolic PDEs. If one is interested only in weak convergence
of the functional gains, then dual convergence may not be essential (see [24] and
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[25]). However, as observed in [8] and [13], weak convergence may not be sufficient for
practical design, and, as shown in [16], not all standard schemes yield dual convergent
algorithms. In particular, the finite element scheme developed in [5] is not dual
convergent and does not produce strongly convergent functional gains.

At this point, there is no general method that can address the issue of dual
convergence. However, for delay systems, two approaches have emerged. The first
method is based on constructing numerical schemes that are dual convergent. The
excellent survey by Kappel [35] focuses on this approach. A second approach is based
on constructing separate numerical schemes for the forward problem and the dual
problem. This is the approach carried out for delay equations by Germani, Manes,
and Pepe in the paper [26]. It is important to note that extending any of these
methods to other types of PDE-based systems is not a trivial exercise.

The key point here is that in order to develop numerical schemes for control of infi-
nite dimensional systems, one must first ensure that certain control system properties
are preserved under the approximation. Once this issue is resolved, it is important
to consider the problem of numerically solving the finite dimensional problem. In
particular, it is possible to construct several numerical schemes that preserve the
required control system properties (stabilizability, detectability, etc.), but the result-
ing finite dimensional control problems may differ dramatically in conditioning and
computational complexity.

In this paper we focus on an iterative method for solving the Riccati equations
associated with LQR problems. We show that the infinite dimensional Kleinman–
Newton iterations converge to the Riccati operator for the infinite dimensional prob-
lem, and we investigate mesh independence. Although the basic ideas used in the
proof are similar to those found in papers on the finite dimensional problem, there
are certain estimates that provide insight into general connections between preserva-
tion of control system properties, convergence, and mesh independence. These results
provide a framework that can be employed to analyze specific finite dimensional ap-
proximations. We close with an application of these results to delay systems and a
discussion of the averaging schemes found in [3] and [16] and the spline/finite element
schemes given in [4], [5], and [8].

As noted above, the MIP does not make sense unless one has norm convergence
of the discretized Riccati operators. It is known (see [16]) that the spline/finite ele-
ment scheme for delay systems given in [5] does not produce norm convergent Riccati
operators. This problem can also be seen in the much simpler Example 2 given in
section 7.1 below.

5. Problem setting and basics. We consider the following LQR problem in
an abstract Hilbert space setting. Let U , H, and Y be Hilbert spaces over the reals.
If Z and W are any two Hilbert spaces, then we denote by L(Z,W ) the linear space
of linear bounded operators from Z into W . In the special case where W = Z, we set
L(Z) = L(Z,Z). The system equation is given in state space form by

(5.1) ż(t) = Az(t) + Bu(t), t ≥ 0, z(0) = z0 ∈ H,

where A generates a strongly continuous semigroup on H and B ∈ L(U,H).
The assumption that B ∈ L(U,H) implies we are considering only bounded input

operators. Let C ∈ L(H,Y ), and define the quadratic cost function J(u) by

(5.2) J(u) =

∫ ∞
0

(‖Cz(s)‖2 + ‖u(s)‖2) ds,
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where z(s) is the solution to (5.1) for a given control u ∈ L2(0,∞;U). The LQR con-
trol problem is to minimize the quadratic cost J(u) over all controls u ∈ L2(0,∞;U).

It is well known (see [11], [12]) that under certain assumptions, the optimal control
is given by state feedback uopt = −Kz(t), where

(5.3) K = B∗X,

and X ∈ L(H) is a solution of an abstract algebraic Riccati operator equation of the
form

(5.4) A∗X + XA−XBB∗X + C∗C = 0.

In order to formulate an abstract Newton method for solving this nonlinear op-
erator equation in L(H), we first have to specify the appropriate mappings. Let
Σ(H) = {Π ∈ L(H) : Π self-adjoint} be the space of self-adjoint bounded linear op-
erators on H, and let Σ+(H) = {Π ∈ Σ(H) : (Πx, x) ≥ 0 for all x ∈ H} denote the
subspace of nonnegative operators in Σ(H).

Since A is an unbounded operator in (5.4), we define a map A which can be
formally written as A(Π) = A∗Π + ΠA and can be defined rigorously as in [12, page
151]. In particular, for a given Π ∈ Σ(H), set

φΠ(x, y) = (Πx,Ay) + (Ax,Πy), x, y ∈ D(A),
and define

D(A) = {Π ∈ Σ(H) : φΠ can be extended to a continuous sesquilinear operator on H ×H}.

This unique extension of φΠ as a continuous sesquilinear form on H ×H will also
be denoted by φΠ. For each Π ∈ D(A), one can define a linear operator, denoted by
A(Π) ∈ Σ(H), by the identity

(5.5) (A(Π)x, y) = φΠ(x, y) = (Πx,Ay) + (Ax,Πy), x, y ∈ D(A), Π ∈ D(A).

Therefore, we have defined a linear operator A : D(A) ⊂ Σ(H) → Σ(H), and in [12,
page 152], it is shown that for Π ∈ D(A) and x ∈ D(A) one has Πx ∈ D(A∗) and

(5.6) A(Π)x = A∗Πx + ΠAx.

The previous notation allows us to precisely define a solution of the abstract Riccati
operator equation.

Definition 5.1. The bounded linear operator X is called a strict solution of the
Riccati equation (5.4) if X ∈ D(A) and

(5.7) A(X) −XBB∗X + C∗C = 0.

The bounded linear operator X is called a weak solution of the Riccati equation (5.4)
if X ∈ D(A) and

(5.8) (Xx,Ay) + (Ax,Xy) − (B∗Xx,B∗Xy) + (Cx,Cy) = 0, x, y ∈ D(A).

It is shown on page 262 in [12] that for X ∈ Σ+(H) a strict solution is equivalent
to a weak solution of (5.4). Although we might use the notation of the operator
equation, in this paper we deal with weak solutions. The existence and uniqueness of
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solutions to the Riccati operator equation are not necessarily guaranteed. We follow
the definitions and notation in [12].

Definition 5.2. (i) The system (A,B) is called stabilizable if there exists a
bounded linear operator K : H → U such that (A − BK) generates an exponentially
stable C0-semigroup on H.

(ii) The pair (A,C) is called detectable if there exists a bounded linear operator
F : Y → X such that (A + FC) generates an exponentially stable C0-semigroup on
H.

Since B and C are bounded, the following theorem follows from [11, Part III,
Prop. 2.3, Prop. 3.2, and Cor. 4.2].

Theorem 5.3. If (A,B) is stabilizable, then there exists a minimal solution
Xmin ∈ Σ+(H) of the Riccati equation (5.8). If, in addition, (A,C) is detectable,
then A − BB∗Xmin generates an exponentially stable semigroup and Xmin is the
unique solution of the Riccati equation (5.8) in Σ+(H).

In the Newton iteration, we will see that the Newton steps are defined by the
solutions of a generalized Lyapunov equation. Therefore, we recall a few facts about
Lyapunov equations in Hilbert spaces. The following result is found on pages 19–28
in [11].

Theorem 5.4. Let S(·) denote a strongly continuous semigroup on a Hilbert space
H with an infinitesimal generator A. Then the following statements are equivalent.

(i) The semigroup S(·) is exponentially stable; i.e., there exist ω > 0 and M ≥ 1
such that

(5.9) ‖S(t)x‖ ≤ Me−ωt‖x‖ for all x ∈ H, t ≥ 0.

(ii) There exists a positive P ∈ Σ+(H) such that

(5.10) (Px,Ay) + (Ax,Py) + (x, y) = 0, x, y ∈ D(A).

When applying Newton’s method, we obtain Lyapunov equations that are more
general where the identity term (x, y) is replaced by a more general term (x,Qy) with
possible nonnegativity or positivity properties. However, from the representation
formula for solutions of Lyapunov equations, one can establish the following result
(see [22, page 252]).

Theorem 5.5. Let S(·) denote a strongly continuous semigroup on a Hilbert space
H with an infinitesimal generator A. If S(·) is exponentially stable and Q ∈ Σ(H),
then there exists a unique solution X ∈ Σ(H) of

(5.11) (Xx,Ay) + (Ax,Xy) + (x,Qy) = 0, x, y ∈ D(A).

Moreover, X has the representation

(5.12) X =

∫ ∞
0

S∗(t)QS(t)dt,

and if Q ∈ Σ+(H), then X ∈ Σ+(H).

6. The Kleinman–Newton method in Hilbert space. In this section we
define the Kleinman–Newton algorithm and establish convergence. Throughout this
section we make the following assumption.

Assumption 6.1. Let A be the infinitesimal generator of a semigroup on H,
B ∈ L(U,H), and C ∈ L(H,Y ). We assume that
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(i) the system (A,B) is stabilizable and the pair (A,C) is detectable, and
(ii) an operator X0 ∈ Σ+(H) is given such that A − BB∗X0 generates an expo-

nentially stable semigroup on H.
We solve the abstract algebraic equation (5.7) by Newton’s method. We seek a

bounded linear operator X ∈ D(A), which provides a solution to the Riccati equation
F(X) = 0 where the nonlinear mapping F : D(A) ⊂ Σ(H) → Σ(H) is defined by

(6.1) F(X) = A(X) −XBB∗X + C∗C.

In particular, we look for weak solutions to the equation F(X) = 0 as defined by
(5.8).

Formally applying Newton’s method to F(X) = 0 leads to the iteration

A(Xk+1 −Xk) −XkBB∗(Xk+1 −Xk) − (Xk+1 −Xk)BB∗Xk

+A(Xk) −XkBB∗Xk + C∗C = 0,(6.2)

or equivalently,

(6.3) A(Xk+1) −XkBB∗Xk+1 −Xk+1BB∗Xk + XkBB∗Xk + C∗C = 0.

After rearranging some terms, it follows that the weak formulation of this scheme has
the form

(Xk+1x, (A−BB∗Xk)y) + ((A−BB∗Xk)x,Xk+1y)

= −(B∗Xkx,B
∗Xky) − (Cx,Cy), x, y,∈ D(A).(6.4)

In what follows we will establish the following convergence theorems for Newton’s
method. We split up the statements into three parts according to the tools being used
in the proof. We follow the structure of the proof for the finite dimensional case given
in [40] (see pages 91–94).

Theorem 6.2. If Assumption 6.1 holds, then
(i) the Newton iteration (6.4) is well defined and has a unique solution Xk ∈

Σ+(H), k = 1, 2, . . . , and
(ii) the closed-loop operators A − BB∗Xk, k = 1, 2, . . . , generate exponentially

stable semigroups Sk(t).
Proof. Let us assume, by induction, that Xk ∈ Σ+(H) is such that A − BB∗Xk

generates an exponentially stable semigroup Sk(t). In particular, there exist Mk ≥ 1
and ωk > 0 such that

(6.5) ‖Sk(t)‖ ≤ Mke
−ωkt.

Theorem 5.5 applied to equation (6.4) yields the existence of the next iterate, Xk+1 ∈
Σ+(H). By adding and subtracting terms involving Xk+1 and reordering, (6.4) can
now be rewritten as

(Xk+1x, (A−BB∗Xk+1)y) + ((A−BB∗Xk+1)x,Xk+1y)

= −(B∗Xk+1x,B
∗Xk+1y) − (Cx,Cy)(6.6)

−(B∗(Xk+1 −Xk)x,B
∗(Xk+1 −Xk)y), x, y ∈ D(A).

From (6.6) the operator Xk+1 can be viewed as a solution Xk+1 ∈ Σ+(H) of a
Lyapunov equation of the form (5.11) with the infinitesimal generator A−BB∗Xk+1

of a semigroup denoted by Sk+1(t). Since Xk+1 exists, we define

V (t, z) := (Xk+1Sk+1(t)z, Sk+1(t)z), z ∈ D(A−BB∗Xk+1).
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It follows from (6.6) that dV
dt (t, z) = −Φ(t), where

Φ(t) = ‖B∗Xk+1Sk+1(t)z‖2 + ‖CSk+1(t)z‖2 + ‖B∗(Xk+1 −Xk)Sk+1(t)z‖2.

Since Xk+1 ∈ Σ+(H), an integration of the previous equation yields∫ t

0

Φ(s) ds = V (0, z) − V (t, z) ≤ V (0, z)

for all t > 0 and z ∈ D(A − BB∗Xk+1). The domain D(A − BB∗Xk+1) is dense in
H, which implies that for all z ∈ H there is a constant cz such that

(6.7)

∫ ∞
0

‖B∗(Xk+1 −Xk)Sk+1(t)z‖2dt ≤
∫ ∞

0

Φ(t) dt ≤ cz.

Set Ak = A − BB∗Xk so that Ak+1 = A − BB∗Xk+1 = Ak + BB∗(Xk − Xk+1).
Observe that zk+1(t) = Sk+1(t)z is the solution of

żk+1(t) = Ak+1zk+1(t) = Akzk+1(t) + BB∗(Xk −Xk+1)zk+1(t), zk+1(0) = z,

and is given by

zk+1(t) = Sk(t)z +

∫ t

0

Sk(t− s)BB∗(Xk −Xk+1)zk+1(s)ds.

Using the assumption that Sk(t) is exponentially stable so that (6.5) holds, we
have

‖zk+1(t)‖ ≤ ‖Sk(t)z‖ +

∫ t

0

‖Sk(t− s)‖‖BB∗(Xk −Xk+1)zk+1(s)‖ds

≤ Mke
−ωkt‖z‖ + Mk‖B‖

∫ t

0

e−ωk(t−s)‖B∗(Xk −Xk+1)‖‖zk+1(s)‖ds.

Gronwall’s inequality, together with (6.7), yields∫ ∞
0

‖Sk+1(t)z‖2dt =

∫ ∞
0

‖zk+1(t)‖2dt ≤ cz, z ∈ D(A−BB∗Xk+1).

By density this holds for all z ∈ H, and by Theorem 5.1.2 in [22] we obtain that
Sk+1 is an exponentially stable semigroup. This concludes the induction step and the
proof.

Theorem 6.3. If Assumption 6.1 holds, then
(i) the sequence Xk converges in Σ+(H) and limk→∞Xk = X∞ ∈ Σ+(H). More-

over, X∞ is a weak solution to F(X∞) = 0;
(ii) the closed-loop operator A−BB∗X∞ generates an exponentially stable semi-

group S∞(t) satisfying

(6.8) ‖S∞(t)‖ ≤ Me−ωt

for constants M ≥ 1 and ω > 0;
(iii) the Newton iterates satisfy 0 ≤ X∞ ≤ · · · ≤ Xk+1 ≤ Xk ≤ · · · ≤ X1.
Proof. If we increase the index in (6.4) by one, we obtain

(Xk+2x, (A−BB∗Xk+1y)) + ((A−BB∗Xk+1)x,Xk+2y)

= −(B∗Xk+1x,B
∗Xk+1y) − (Cx,Cy), x, y ∈ D(A).
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Subtracting this from (6.6) yields

(6.9)

((Xk+1 −Xk+2)x, (A−BB∗Xk+1y)) + ((A−BB∗Xk+1)x, (Xk+1 −Xk+2)y)

= −(B∗(Xk+1 −Xk)x, (B
∗(Xk+1 −Xk)y), x, y ∈ D(A).

We can infer from Theorem 5.5 that Xk+1 −Xk+2 ≥ 0, k = 0, 1, 2, . . . .
Therefore Xk ∈ Σ+(H) is a sequence of operators which is decreasing and bounded

from below by 0. By [39, page 282], there exists an X∞ ∈ Σ+(H) with

lim
k→+∞

Xkx = X∞x for all x ∈ H.

Passing to the limit in (6.4), we deduce that X∞ satisfies the Riccati equation (5.8)
in its weak form, and hence F(X∞) = 0. Theorem 5.3 implies that the solution X∞
is unique, and by Assumption 6.1, A − BB∗X∞ generates an exponentially stable
semigroup.

Theorem 6.4. If Assumption 6.1 holds, then for all k = 0, 1, 2, . . . ,

‖Xk+1 −X∞‖ ≤ c‖Xk −X∞‖2,

where

c =

∫ ∞
0

‖S∗∞(t)‖‖BB∗‖‖S∞(t)‖ dt ≤ M2

2ω
‖BB∗‖

and the constants M ≥ 1 and ω > 0 are given by (6.8).
Proof. By (6.3), the limit operator X∞ satisfies the equation

(6.10) A(X∞) −X∞BB∗X∞ + C∗C = 0.

To shorten notation in the rest of the proof, all the equations are to be understood in
the weak sense. Equation (6.10) can be rewritten as

(6.11)

(A−BB∗Xk+1)
∗X∞ + X∞(A−BB∗Xk+1)

= −X∞BB∗X∞ − C∗C + (X∞ −Xk+1)BB∗X∞ + X∞BB∗(X∞ −Xk+1).

If we subtract (6.6) from (6.11), we obtain

(6.12)

(A−BB∗Xk+1)
∗(X∞ −Xk+1) + (X∞ −Xk+1)(A−BB∗Xk+1)

= X∞BB∗X∞ −Xk+1BB∗X∞ −X∞BB∗Xk+1 + Xk+1BB∗Xk+1

+ (Xk+1 −Xk)BB∗(Xk+1 −Xk)

= (X∞ −Xk+1)BB∗(X∞ −Xk+1) + (Xk+1 −Xk)BB∗(Xk+1 −Xk).

This implies that

(6.13)

(A−BB∗X∞)∗(X∞ −Xk+1) + (X∞ −Xk+1)(A−BB∗X∞)

= −(X∞ −Xk+1)BB∗(X∞ −Xk+1) + (Xk+1 −Xk)BB∗(Xk+1 −Xk).
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Note that Δ = X∞ −Xk+1 is the solution to the Lyapunov equation

(A∞)∗Δ + Δ(A∞) = −Q̂,

where

Q̂ = (X∞ −Xk+1)BB∗(X∞ −Xk+1) − (Xk+1 −Xk)BB∗(Xk+1 −Xk)

and A∞ = A−BB∗X∞ generates the exponentially stable semigroup S∞(t). It follows
from (5.12) in Theorem 5.5 above that the representation formula in Corollary 4.2 of
[28] can be used to derive the following:

(6.14)

0 ≤ Xk+1 −X∞ =

∫ ∞
0

S∗∞(t) {−(X∞ −Xk+1)BB∗(X∞ −Xk+1)

+ (Xk+1 −Xk)BB∗(Xk+1 −Xk)}S∞(t) dt

≤
∫ ∞

0

S∗∞(t)((Xk+1 −Xk)BB∗(Xk+1 −Xk))S∞(t) dt.

Taking norms and using the fact that, for self-adjoint operators, ‖S‖ = sup‖x‖≤1(x, Sx),
we obtain
(6.15)

‖Xk+1 −X∞‖ ≤ ‖Xk+1 −Xk‖2

∫ ∞
0

‖S∗∞(t)‖‖BB∗‖‖S∞(t)‖ dt = c‖Xk+1 −Xk‖2,

where

(6.16)

c =

∫ ∞
0

‖S∗∞(t)‖‖BB∗‖‖S∞(t)‖ dt = ‖BB∗‖
∫ ∞

0

‖S∗∞(t)‖‖S∞(t)‖ dt ≤ M2

2ω
‖BB∗‖

follows from (6.8). Since all the operators are self-adjoint, we have

0 ≤ Xk −Xk+1 ≤ Xk −X∞ ⇒ ‖Xk −Xk+1‖ ≤ ‖Xk −X∞‖,

which implies the quadratic rate of convergence

‖Xk+1 −X∞‖ ≤ c‖Xk −X∞‖2.

7. Approximation and mesh independence results. In this section we focus
on the problem of developing numerical schemes that yield convergent and mesh-
independent approximations of the infinite dimensional Riccati equation

F(X) = A(X) −XBB∗X + C∗C = 0,

where BB∗, CC∗ ∈ L(H) and A : D(A) ⊂ Σ(H) → Σ(H) is defined as in section 5
by A(Π)x = A∗Πx+ ΠAx. Although it is possible to work in a very abstract setting,
we use the approximation setup found in Ito’s paper [33]. The resulting framework
is general enough to handle a large class of problems and helps us keep the technical
discussion to a minimum.

We consider a sequence of approximating problems defined by (HN , AN , BN , CN ),
where HN ⊂ H is a sequence of finite dimensional subspaces of H, and AN ∈
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L(HN , HN ), BN ∈ L(U,HN ), and CN ∈ L(HN , Y ) are bounded linear operators. Let
PN : H → HN denote the orthogonal projection of H onto HN satisfying

∥∥PN
∥∥ ≤ 1,

and as N → ∞ we have ‖PNx−x‖ → 0 for all x ∈ H. Note that if TN is any bounded
linear operator on HN , i.e., TN ∈ L(HN , HN ), then TNPN belongs to L(H,HN ) and
the operator norms satisfy∥∥TN

∥∥
L(HN ,HN )

=
∥∥TNPN

∥∥
L(H,HN )

.

Therefore, we can use the notation
∥∥TN

∥∥ =
∥∥TNPN

∥∥ without referring to the specific
spaces.

Define the finite dimensional approximations for A,

AN : Σ(HN ) → Σ(HN ), N = 1, 2, . . . ,

by

AN (ΠN ) = [AN ]∗ΠN + ΠNAN .

The resulting approximating Riccati equation becomes

(7.1) FN (XN ) = AN (XN ) −XNBN (BN )∗XN + (CN )∗CN = 0.

In this section we distinguish between two types of sequences. Let Xk ∈ L(H)
denote the iterates of the Newton method for the infinite dimensional Riccati equation
F(X) = 0. Likewise, XN

k ∈ L(HN ) denotes the iterates of the Newton method for
the discretized Riccati equation FN (XN ) = 0.

We first review the conditions on the approximating scheme (HN , AN , BN , CN )
which are sufficient to guarantee that the approximating Riccati equation (7.1) admits
a unique nonnegative solution XN

∞, and XN
∞PN converges to the unique nonnegative

solution X∞ of the operator Riccati equation (6.1). These results can be found in
Ito’s paper [33]. We then focus on the issue of mesh independence for the Kleinman–
Newton algorithm and present convergence rates.

7.1. Convergence of approximating Riccati operators. In order to discuss
convergence of the finite dimensional approximating Riccati operators, we need to
assume that the numerical scheme preserves the basic stabilizability and detectability
conditions needed to guarantee that the LQR problem is well-posed. It is important to
note that even standard numerical schemes may not preserve these important control
system properties. However, for the delay systems considered below it is known
that all of the schemes discussed in Kappel’s survey [35] satisfy these conditions (see
[15], [18], [19], and [28]). Moreover, as we see below, although these conditions are
sufficient for the finite dimensional Newton iterates to converge, they do not guarantee
that the limit of the Newton iterates XN

∞ converges to X∞ as N → +∞. We shall
need additional properties on the approximating sequence (HN , AN , BN , CN ). We
break these assumptions into three distinct hypotheses concerning the convergence
of the operators, convergence of the adjoint operators, and preservation of uniform
stabilizability/detectability under the approximation.

Assumption 7.1 (convergence). Assume that there is an Ns such that for all
N > Ns the following conditions hold:

(C-i) For each x ∈ H, SN (t)PNx −→ S(t)x and the convergence is uniform in t
on bounded subintervals of [0,+∞).

(C-ii) For each u ∈ U , BNu −→ Bu, and for each x ∈ H, CNPNx −→ Cx.
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Assumption 7.2 (dual convergence). Assume that there is an Ns such that for
all N > Ns the following conditions hold:
(C*-i) For each x ∈ H, [SN (t)]∗PNx −→ S∗(t)x and the convergence is uniform in

t on bounded subintervals of [0,+∞).
(C*-ii) For each x ∈ H, [BN ]∗PNx −→ B∗x, and for each y ∈ Y , [CN ]∗y −→ C∗y.

Assumption 7.3 (uniformly stabilizable and detectable). Assume that there is
an Ns such that for all N > Ns the following conditions hold:

(US) The family of pairs (AN , BN ) is uniformly stabilizable; i.e., there exist a
sequence of operators KN ∈ L(HN , U) and positive constants M1 ≥ 1, ω1 > 0

such that sup
∥∥KN

∥∥ < +∞ and the semigroups e(AN−BNKN )t generated by
closed-loop operators AN −BNKN satisfy∥∥∥e(AN−BNKN )tPN

∥∥∥ ≤ M1e
−ω1t, t ≥ 0.

(UD) The family of pairs (AN , CN ) is uniformly detectable; i.e., there exist a se-
quence of operators GN ∈ L(Y,HN ) and positive constants M2 ≥ 1, ω2 > 0

such that sup
∥∥GN

∥∥ < +∞ and the semigroups e(AN−GNCN )t generated by
closed-loop operators AN −GNCN satisfy∥∥∥e(AN−GNCN )tPN

∥∥∥ ≤ M2e
−ω2t, t ≥ 0.

The following results may be found in [33, Theorems 2.1 and 2.2].
Theorem 7.4. If Assumptions 7.1, 7.2, and 7.3 hold, then for all N > Ns the

Riccati equation (7.1) admits a unique nonnegative solution XN
∞, sup

∥∥XN
∞
∥∥ < +∞,

and there exist positive constants M3 ≥ 1, ω3 > 0 (independent of N) such that the
closed-loop semigroups SN

∞(t) generated by operators (AN −BN [BN ]∗XN
∞) satisfy

(7.2)
∥∥SN
∞(t)

∥∥ =
∥∥SN
∞(t)PN

∥∥ ≤ M3e
−ω3t, t ≥ 0.

Theorem 7.5. If (A,B) is stabilizable, (A,C) is detectable, and Assumptions 7.1,
7.2, and 7.3 hold, then the unique nonnegative solutions XN

∞ to the Riccati equation
(7.1) converge strongly to X∞. Moreover, the closed-loop semigroups SN

∞(t) converge
strongly to the closed-loop semigroup S∞(t) and

(7.3) ‖S∞(t)‖ ≤ M3e
−ω3t, t ≥ 0.

Note that the previous results yield only strong convergence of the solutions of
the Riccati equations. However, if B is bounded with finite dimensional range, then
strong convergence of XN

∞ to X∞ implies norm convergence of the feedback gain
operators. In particular, if rank(B) < +∞, then

(7.4) lim
N→+∞

∥∥KN −K
∥∥ = 0,

where KN = [BN ]∗XN
∞ (see Theorems 6.2 and 6.8 in [28]). Moreover, under certain

compactness assumptions on B and C, one can establish norm convergence of the
Riccati operators. There are a number of results along this line (see [24], [28], [33], [34],
[43], and [44]) and some make use of the smoothing property of the semigroup (e.g.,
analytic, differentiable). The following theorem is not the most general result, but it
is directly applicable to delay and parabolic PDE control systems. Also, this result
can be used to obtain rates of convergence for the approximating Riccati operators.
The proof follows directly from Ito’s paper [33, pp. 158–160].
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Theorem 7.6. Suppose Assumptions 7.1, 7.2, and 7.3 hold, B and C are compact,
and X∞x ∈ D(A∗) for all x ∈ H. If BN = PNB and CN = CPN , then (A,B) is

stabilizable, (A,C) is detectable, and there exists a constant β̂ > 0 such that

(7.5)
∥∥XN
∞ − PNX∞PN

∥∥ ≤ ΔN ,

where ΔN is given by

ΔN � β̂{
∥∥(A∗ − [AN ]∗PN )X∞

∥∥ + ‖B‖
∥∥(B∗ − [BN ]∗PN )X∞

∥∥}.(7.6)

If, in addition, limN→+∞
∥∥(A∗ − [AN ]∗PN )X∞

∥∥ = 0, then

lim
N→+∞

∥∥XN
∞ − PNX∞PN

∥∥ = 0.

Remark. The assumptions of convergence, dual convergence, and uniform preser-
vation of stability and detectability in Ito’s result are sufficient, but it is not yet clear
if they are necessary for operator norm convergence (see [13], [16], and [26]). How-
ever, most approximations that yield operator norm convergence satisfy these or even
stronger assumptions (see [14]). We note that, especially for nonnormal problems,
it may not be easy to check these conditions for a specific approximation scheme.
For example, it is not known which numerical algorithms used in computational fluid
dynamics are dual convergent when applied to nonnormal control systems typical in
this area (see [15] and [20]).

At first glance the compactness assumptions on the B and C operators seem
rather strong. This assumption certainly excludes some idealized boundary control
problems. On the other hand, if one includes actuator or sensor dynamics at the
boundary (a reasonable assumption in many boundary control problems), then the
resulting B and C operators are often compact in practical problems. Moreover, the
simple example below provides some insight into the importance of this assumption
and perhaps a way out of this technical difficulty.

Example 2. Consider Example 1 above and let HN = R × R
N , and define PN :

H → HN to be the natural projection onto HN . If AN = PNA, BN = PNB, and
CN = CPN , then all the conditions in the previous theorem are satisfied except that
C is not compact. The solution to the finite dimensional Riccati equation

FN (X) � [AN ]∗XN + XN [AN ] −XN [BN ][BN ]∗XN + QN = 0

is XN =
[

1 0
0 IN

]
, where IN is the identity on R

N . Clearly, XN does not converge to
X in the uniform operator norm since I is not compact. It is interesting to note that
the feedback gain operators

(7.7) KN = [BN ]∗XN =
[

1 0
]

= K

converge uniformly. This situation occurs in many problems and can be exploited to
address mesh independence issues. We shall discuss this issue in a future paper. We
turn now to the issue of mesh independence.

7.2. Mesh independence of the Kleinman–Newton algorithm. We turn
now to the application of the Kleinman–Newton algorithm to the finite dimensional
Riccati equation

(7.8) FN (XN ) = AN (XN ) −XNBN (BN )∗XN + (CN )∗CN = 0.
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We solve the abstract algebraic equation (7.8) by Newton’s method. In particular, we
seek a bounded linear operator XN ∈ D(AN ), which provides a solution to the Riccati
equation FN (XN ) = 0, where the nonlinear mapping FN : D(AN ) ⊂ Σ(HN ) →
Σ(HN ) is as defined by (7.1) above. Just as for the infinite dimensional case, applying
Newton’s method to FN (XN ) = 0 leads to the iteration

(7.9)

AN (XN
k+1 −XN

k ) −XN
k BN [BN ]∗(XN

k+1 −XN
k ) − (XN

k+1 −XN
k )BN [BN ]∗XN

k

+ AN (XN
k ) −XN

k BN [BN ]∗XN
k + [CN ]∗CN = 0,

or equivalently,
(7.10)
AN (XN

k+1)−XN
k BN [BN ]∗XN

k+1−XN
k+1B

N [BN ]∗XN
k +XN

k BN [BN ]∗XN
k +[CN ]∗CN = 0.

We assume that the approximation scheme preserves the basic Assumption 6.1
for all N sufficiently large. This ensures that the Newton iterations in the finite
dimensional spaces converge monotonically as in Theorem 6.3. In particular, we shall
use the following hypothesis.

Assumption 7.7. Let SN (t) be the semigroup generated by AN on HN , BN ∈
L(U,HN ), and CN ∈ L(HN , Y ). Assume that there is an Ns such that for all N > Ns

the following conditions hold:
(N-i) The system (AN , BN ) is stabilizable and the pair (AN , CN ) is detectable.
(N-ii) An operator XN

0 ∈ Σ+(HN ) is given such that AN −BN (BN )∗XN
0 generates

an exponentially stable semigroup on HN .
The following results are the finite dimensional versions of Theorems 6.3 and 6.4

above. The proofs are almost identical.
Theorem 7.8. If Assumption 7.7 holds, then for all N > Ns,
(i) the sequence XN

k converges in Σ+(HN ) and limk→+∞XN
k = XN

∞ ∈
Σ+(HN ). Moreover, XN

∞ is a solution to FN (XN
∞) = 0;

(ii) the closed-loop operator AN −BN [BN ]∗XN
∞ generates an exponentially stable

semigroup SN
∞(t) satisfying

(7.11)
∥∥SN
∞(t)

∥∥ ≤ MNe−ωN t

for constants MN ≥ 1 and ωN > 0;
(iii) the Newton iterates satisfy 0 ≤ XN

∞ ≤ · · · ≤ XN
k+1 ≤ XN

k ≤ · · · ≤ XN
1 .

Theorem 7.9. If Assumption 7.7 holds, then for all N > Ns and k = 0, 1, 2, . . . ,

‖XN
k+1 −XN

∞‖ ≤ cN‖XN
k −XN

∞‖2,

where

cN =

∫ ∞
0

‖[SN
∞(t)]∗‖‖BN [BN ]∗‖‖SN

∞(t)‖ dt

= ‖BN [BN ]∗‖
∫ ∞

0

‖[SN
∞(t)]∗‖‖SN

∞(t)‖ dt ≤ (M2
N/2ωN )‖BN [BN ]∗‖(7.12)

and the constants MN ≥ 1 and ωN > 0 are as given by (7.11) above.
The constant cN in Theorem 7.9 is not necessarily the minimal value ĉN . However,

it is possible that there exists an α, independent of N , such that the finite dimensional
iterates XN

k satisfy

(7.13) ‖XN
k+1 −XN

∞‖ ≤ α‖XN
k −XN

∞‖2.
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Clearly, the bound

cN ≤ (M2
N/2ωN )‖BN [BN ]∗‖

is not tight. As we shall see below, there are convergent approximation schemes
satisfying Assumption 7.1 and a fixed α satisfying (7.13) with

cN ≤ α < lim
N→+∞

(M2
N/2ωN )‖BN [BN ]∗‖ = +∞.

Therefore, the rate of convergence dictated by the constant α in (7.13) provides some
level of mesh independence for the finite dimensional problems. However, it is impor-
tant to note that the previous estimates do not imply that the approximating Riccati
operators XN

∞ converge in norm to X∞. Hence, even the existence of a constant α
for which (7.13) holds does not provide true mesh independence.

Although the previous theorem is well known, the explicit value of the constant
cN in (7.12) provides some insight into those approximation properties that might
be important in establishing an MIP. There are several factors that influence this
constant, but clearly the choice of the approximation scheme (HN , AN , BN , CN ) plays
a fundamental role in determining cN and its value as the mesh is refined. We shall
illustrate this dependency with the numerical examples below. However, using Ito’s
theorem, Theorem 7.4 above, we have the following mesh independence result.

Theorem 7.10. If Assumptions 7.1, 7.2, and 7.3 hold and B is compact, then
there exist αN and α such that

‖XN
k+1 −XN

∞‖ ≤ αN‖XN
k −XN

∞‖2,(7.14)

‖Xk+1 −X∞‖ ≤ α‖Xk −X∞‖2,(7.15)

and αN = α + δ(N), where δ(N) −→ 0 as N −→ +∞.
Proof. First note that Assumption 7.3 implies that Assumption 7.7 holds so that

the Kleinman–Newton iterates XN
k exist and Theorem 7.9 is valid. From Assumption

7.1 we have convergence BNu −→ Bu for u ∈ U , and Assumption 7.2 yields the
dual convergence [BN ]∗PNx −→ B∗x for x ∈ H. Since B is compact, it follows
from Theorem 3.2 in [21] that

∥∥BN −B
∥∥ −→ 0, and

∥∥[BN ]∗PN −B∗
∥∥ −→ 0 so that∥∥BN [BN ]∗PN −BB∗

∥∥ −→ 0. Let

(7.16) β(N) =
∥∥BN [BN ]∗PN

∥∥− ‖BB∗‖ .

Theorem 7.4 yields the existence of positive constants M3 ≥ 1, ω3 > 0 (independent
of N) such that the closed-loop semigroups SN

∞(t) generated by the operators (AN −
BN [BN ]∗XN

∞) satisfy

‖[SN
∞(t)]∗‖ =

∥∥SN
∞(t)

∥∥ ≤ M3e
−ω3t, t ≥ 0,

and

‖S∗∞(t)‖ = ‖S∞(t)‖ ≤ M3e
−ω3t, t ≥ 0.

Hence, the estimate for cN in (7.12) is bounded by

cN =

∫ ∞
0

‖[SN
∞(t)]∗‖‖BN [BN ]∗‖‖SN

∞(t)‖ dt ≤ M2
3

2ω3
‖BN [BN ]∗PN‖.
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Let

αN =
M2

3

2ω3
‖BN [BN ]∗PN‖ ≥ cN and α =

M2
3

2ω3
‖BB∗‖ ≥ c,

where c is given by (6.16). It follows that αN and α satisfy (7.14) and (7.15), respec-
tively. Moreover,

αN =
M2

3

2ω3
‖BN [BN ]∗PN‖ =

M2
3

2ω3
{‖BB∗‖ + β(N)} = α +

M2
3

2ω3
β(N) = α + δ(N),

where

δ(N) =
M2

3

2ω3
β(N) −→ 0 as N −→ +∞,

and this completes the proof.
All that one can imply from Theorem 7.10 is that the finite dimensional iterates

XN
k satisfy

‖XN
k+1 −XN

∞‖ ≤ (α + δ(N))‖XN
k −XN

∞‖2.

If, in addition, one has norm convergence limN→+∞
∥∥PNX∞PN −XN

∞
∥∥ = 0, then

the inequality

‖XN
k+1 − PNX∞PN‖ = ‖XN

k+1 −XN
∞ + XN

∞ − PNX∞PN‖
≤ ‖XN

k+1 −XN
∞‖ + ‖XN

∞ − PNX∞PN‖
≤ (α + δ(N))‖XN

k −XN
∞‖2 + ‖XN

∞ − PNX∞PN‖

provides a useful overall convergence rate of

(7.17) ‖XN
k+1 − PNX∞PN‖ ≤ (α + δ(N))‖XN

k −XN
∞‖2 + ‖XN

∞ − PNX∞PN‖

in terms of the Newton iterates and the finite dimensional approximations. Applying
Theorems 7.5 and 7.6 above yields the following mesh independence result.

Theorem 7.11. Suppose Assumptions 7.1, 7.2, and 7.3 hold, B and C are com-
pact, and X∞x ∈ D(A∗) for all x ∈ H. If BN = PNB and CN = CPN , then there

exist δ(N) −→ 0 as N −→ +∞ and β̂ such that

(7.18) ‖XN
k+1 − PNX∞PN‖ ≤ (α + δ(N))‖XN

k −XN
∞‖2 + ΔN ,

where α is as given by (7.15) in Theorem 7.10 and ΔN = β̂{
∥∥(A∗ − [AN ]∗PN )X∞

∥∥+

‖B‖
∥∥(B∗ − [BN ]∗PN )X∞

∥∥}. If, in addition, for some p > 0 we have

ΔN = O(1/Np),

then the MIP holds with a rate of O(1/Np).
Observe that the rate determined by

ΔN = β̂{
∥∥(A∗ − [AN ]∗PN )X∞

∥∥ + ‖B‖
∥∥(B∗ − [BN ]∗PN )X∞

∥∥}
depends on the order of the approximating scheme (HN , AN , BN , CN ). In particular,
the rate of convergence for the adjoint approximations [AN ]∗ plays a key role. For
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the delay systems discussed below, it follows that B∗ = [BN ]∗ for all N > 1 so that
the rate is essentially determined by how well one can approximate A∗, i.e., if one can
obtain an estimate of the form∥∥(A∗ − [AN ]∗PN )X∞

∥∥ = O(1/Np).

We shall apply this estimate to the delay systems considered in the next section. In
general, the convergence results depend on the regularity of the semigroups and the
type of approximations. Obtaining these rates depends on each individual problem.
Ito considered both delay systems and parabolic PDE control systems. He established
convergence rates for the standard finite element scheme applied to the parabolic PDE
problem. He also gave convergence rates for the two schemes we will discuss below
involving delay systems (see [33] and [34]). In both cases he made heavy use of the
regularity of the semigroups generated by A.

8. Control of delay systems. In this section we consider the LQR problem
for delay differential equations. In particular, the system is defined by

(8.1) ẋ(t) = A0x(t) + A1x(t− r) + B0u(t), t > 0,

with initial data

(8.2) x(0) = η, x(s) = ϕ(s), −r < s < 0,

where η ∈ R
n and ϕ(·) ∈ L2(−r, 0; Rn). Here, A0 and A1 are n × n constant real

matrices and B0 is an n×m matrix.
Let C0 = [C0]

T ≥ 0 be a symmetric real-valued matrix and define the cost function

(8.3) J(u) =

∫ +∞

0

{(C0x(s))TC0x(s) + ‖u(s)‖2}ds.

The corresponding LQR problem is to minimize the quadratic cost (8.3) over all
controls u ∈ L2(0,+∞; Rm).

In order to present this problem in an infinite dimensional setting we use the
Hilbert space H = R

n × L2(−r, 0; Rn). Define the operator A with domain

D(A) = {(η, φ(·)) ∈ H : φ(·) ∈ H1(−r, 0; Rn) and φ(0) = η}

by

A

[
η

φ(·)

]
=

[
A0η + A1ϕ(−r)

φ′(·)

]
.

Also, let B : R
m → H be defined by

Bu =

[
B0u
0

]
,

and let C : H → R
m be given by

Cz = C

[
η

φ(·)

]
= C0η.
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It is well known (see [3]) that A generates a C0-semigroup S(t) : H → H, t ≥ 0,
such that

(8.4) S(t)(η, φ(·)) = (x(t), xt(·)) ∈ H

for all (η, φ(·)) ∈ H, where x(t) is the solution to (8.1)–(8.2) and xt(s) = x(t + s) for
all −r < s < 0. Moreover, the delay system is equivalent to the infinite dimensional
system in H defined by

(8.5) ż(t) = Az(t) + Bu(t), t > 0,

with initial data

(8.6) z(0) =

[
η

φ(·)

]
,

and the LQR cost function has the form

J(u) =

∫ +∞

0

{‖Cz(s)‖2
+ ‖u(s)‖2}ds.

Finally, the Hilbert adjoint A∗ is defined on the domain

D(A∗) = {(ξ, ψ(·)) ∈ H : ψ(·) ∈ H1(−r, 0; Rn), ψ(−r) = AT
1 ξ}

by

A∗
[

ξ
ψ(·)

]
=

[
AT

0 ξ + ψ(0)
−ψ′(·)

]
.

Observe that the linear operator A is not normal; this can cause problems when
approximating the LQR control problem (see [8], [13], [16], [15], and [35]).

8.1. Approximations of the delay system. We consider two different nu-
merical schemes for approximating the LQR control problem for the delay system.
Since the B and C operators act only on the finite dimensional part of the state, the
main issue is how to approximate A. We focus on a finite volume method known as
the “AVE” scheme in [4] and a conforming finite element scheme first described by
Banks and Kappel in [5], and hence we do not give the details here. The key differ-
ence between these two schemes is how they approximate the initial condition φ in
(8.1). The “AVE” scheme uses an averaging technique and characteristic functions,
while the Banks–Kappel scheme uses a continuous finite element technique. Although
both schemes are convergent, only the “AVE” scheme is dual convergent, and hence
produces convergent approximations of the operator

A(Π) = A∗Π + AΠ, Π ∈ D(A).

The papers by Rosen (see [43], [44], and [45]) provide considerable insight in this
problem.

The AVE/finite volume scheme. For each N > 1, create a partition on
[−r, 0] by defining τNj = −jr/N, where j = 0, . . . , N . On [−r, 0], define χN

j (·) to be

the characteristic function on [τNj , τNj−1) for j = 2, . . . , N , and define χN
1 (·) to be the
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characteristic function on [τN1 , τN0 ]. Define the finite dimensional subspace HN
AV E of

H by

(8.7) HN
AV E ≡

⎧⎨
⎩(η, φN (·)) ∈ H : φN (s) =

N∑
j=1

vNj χN
j (s), vNj ∈ R

n

⎫⎬
⎭ .

The projection PN of H into HN
AV E is defined by

PN (η, φ(·)) =

⎛
⎝φN

0 ,

N∑
j=1

φN
j χN

j (·)

⎞
⎠ ,

where

φN
0 ≡ η and for j = 1, . . . , N, φN

j ≡ N

r

∫ τN
j−1

τN
j

φ(s)ds.

To approximate the operator A, we first define LN : HN
AV E → R

n and DN :
HN

AV E → L2(−r, 0; Rn) by

LN

⎛
⎝η,

N∑
j=1

vNj χN
j (·)

⎞
⎠ = A0η + A1v

N
N

and

DN

⎛
⎝η,

N∑
j=1

vNj χN
j (·)

⎞
⎠ =

N

r

N∑
j=1

{
vNj−1 − vNj

}
χN
j (·),

respectively, where vN0 = η. The AVE approximation AN
AV E : HN

AV E → HN
AV E ⊆ H

is given by

(8.8) AN
AV E(η, ψ) ≡ (LN (η, ψ), DN (η, ψ)).

In order to complete the approximation scheme, we define

(8.9) BN
AV E = PNB and CN

AV E = CPN ,

and this yields the AVE approximation scheme (HN
AV E , A

N
AV E , B

N
AV E , C

N
AV E).

Observe that

BN
AV Eu = PN

[
B0u
0

]
=

[
B0u
0

]
= Bu

and

CN
AV E

[
η

φ(·)

]
= CPN

[
η

φ(·)

]
= C

[
η

φN (·)

]
= C0η = C

[
η

φ(·)

]
.

Hence, the operators B and C are compact and satisfy the conditions in Theorem 7.6.
Norm convergence of the input and output operators is trivial for this approximation.
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Since
∥∥BN [BN ]∗PN

∥∥ = ‖BB∗‖ for all N ≥ 1, it follows that β(N) defined in
(7.16) satisfies

β(N) =
∥∥BN [BN ]∗PN

∥∥− ‖BB∗‖ = 0,

and hence δ(N) =
M2

3

2ω3
β(N) = 0 for all N ≥ 1. Moreover, the AVE scheme satisfies

all the assumptions in Theorem 7.6 above, and the following convergence and mesh
independence result holds (see pages 164–166 in [33]).

Theorem 8.1. The AVE approximation scheme (HN
AV E , A

N
AV E , B

N
AV E , C

N
AV E)

satisfies all the assumptions in Theorem 7.6. There exist constants M̂ and α inde-
pendent of N such that

∥∥XN
∞ − PNX∞PN

∥∥ ≤ M̂√
N

,

and the finite dimensional Kleinman–Newton iterates satisfy

‖XN
k+1 − PNX∞PN‖ ≤ α‖XN

k −XN
∞‖2 +

M̂√
N

.

Note that the overall convergence rate for the AVE scheme is O(1/
√
N). In order

to improve this rate, several “high order” spline-based schemes were proposed. The
first of these schemes was developed by Banks and Kappel in [5]. Because this spline
scheme failed to produce strongly convergent Riccati operators, several modifications
were developed to overcome this issue. A nice summary of these schemes and their
properties can be found in Kappel’s survey paper [35]. We briefly describe the scheme
below.

The Banks–Kappel (BK) spline scheme. We now describe the “BK” finite
element spline-based scheme first proposed by Banks and Kappel in [5]. For each
N > 1, create a partition on [−r, 0] by defining τNj = −jr/N, where j = 0, . . . , N .

For ease of notation we set τNN+1 = −r and τN−1 = 0. On [−r, 0], define the standard
linear B-splines by

BN
j (s) =

⎧⎪⎪⎨
⎪⎪⎩

N
r (s− τNj+1), s ∈ [τNj+1, τ

N
j ],

N
r (τNj−1 − s), s ∈ [τNj , τNj−1],

0 otherwise.

Define the finite dimensional subspace HN
BK of H by

(8.10) HN
BK ≡

⎧⎨
⎩(φN (0), φN (·)) ∈ H : φN (s) =

N∑
j=0

vNj BN
j (s), vNj ∈ R

n

⎫⎬
⎭ .

Let PN denote the orthogonal projection of H into HN
BK and note that since

HN
BK ⊆ D(A) ⊆ H, the range of PN is contained in the domain of A. Therefore, we

define the spline approximation AN
BK : HN

BK → HN
BK ⊆ H by

(8.11) AN
BK = PNA = PNAPN .

In order to complete the approximation scheme, we define

(8.12) BN
BK = PNB and CBK = CPN ,
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and this yields the BK spline approximation scheme (HN
BK , AN

BK , BN
BK , CN

BK).

Note. The BK spline scheme satisfies Assumption 7.1 and hence yields a con-
vergent numerical scheme in the sense that, for a given initial condition and input
function, the approximations of the forward problem converge on finite time inter-
vals. However, unlike the AVE scheme above, the BK spline scheme fails to satisfy
the dual convergence assumption, Assumption 7.2 (see [16]), and the uniformly sta-
bilizable and detectable assumption, Assumption 7.3 (see [17] and [18]). The BK
spline scheme does satisfy the basic assumption, Assumption 7.7, so that the finite
dimensional Kleinman–Newton algorithm converges quadratically with constant cN

possibly depending on N . However, the approximating Riccati operators do not con-
verge strongly so, in particular, norm convergence fails.

In the next section we present numerical results based on these two schemes.
The numerical results will confirm (as Theorem 8.1 implies) that the AVE scheme is
mesh independent and the approximating Riccati operators converge. However, the
numerical results below also show that the BK spline scheme is not mesh independent,
although there is a bound on cN .

9. Numerical results. In this section we illustrate the importance of Assump-
tions 7.1, 7.2, and 7.3 in obtaining strong convergence (norm convergence) of feedback
gain operators as well as strong mesh independence of the Kleinman–Newton itera-
tions.

For this discussion we use the two schemes discussed in section 8.1. The AVE
scheme satisfies all the assumptions of Theorems 7.6 and 7.10. Therefore, both forms
of strong mesh independence, (2.4) and (2.7), are satisfied and the approximate Riccati
operators converge in norm to X∞. This is not the case for the BK scheme since it
fails to satisfy Assumptions 7.2 and 7.3. In the numerical approximations below, X∞
is taken as the (converged) fine grid solution of the Riccati equation using the AVE
scheme.

In this section we use the following notation: Let ĉNAV E and ĉNBK , respectively,
denote the values ĉN if the AVE and BK schemes are used for the approximations.
Also, let M̂N

AV E(ε, xN
0 ) and M̂N

BK(ε, xN
0 ) denote the values M̂N (ε, xN

0 ) for the AVE
and BK schemes.

Mesh independence implies that a finite dimensional process behaves asymptot-
ically the same as the underlying infinite dimensional process. Thus, in order to
compare the behavior of the approximation schemes, it is necessary that the starting
operators in the approximation spaces are the projections of the starting operator
in the infinite dimensional space onto the respective approximation spaces. To ac-
complish this, XN

0,AV E and XN
0,BK are expressed in terms of multiples of the identity

operator in the respective approximation spaces. For the other obvious choice, the
zero operator, the convergence was too fast to make observations about quadratic con-
vergence or mesh independence. Since the mass matrices, MASSAV E and MASSBK ,
are the projections of IR×L2(0,1) onto the approximation spaces HN

AV E and HN
BK ,

respectively, the starting matrices will be multiples of the appropriate mass matrices.

All computations in this section have been performed on a PowerPC G5, 2.7GHz,
using MATLAB version 7.0.0. All Lyapunov equations are solved by implementing the
MATLAB Lyapunov solver which uses the SLICOT routines SB03MD and SG03AD.

Numerical Example 1. The results presented here are typical for all the runs
on a one-dimensional delay equation,

ẋ(t) = x(t) + x(t− 1) + u(t),
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with cost function

J(u(·)) =

∫ +∞

0

{104[x(t)]2 + [u(t)]2}dt.

The starting operator, X0, equals 100 times the identity in H = R × L2(0, 1); thus
X0 = 100IR×L2(0,1). The finite dimensional approximations for X0 using the AVE
and BK schemes result in XN

0,AV E = 100MASSAV E and XN
0,BK = 100MASSBK ,

respectively. The tolerance is set to be ‖XN
k −XN

∞‖ < 10−8 = ε.
Since the AVE scheme satisfies the criteria for both forms of strong mesh inde-

pendence, (2.4) and (2.7), we expect mesh-independent behavior of the quantities in
Table 9.1. Indeed, we notice that ĉNAV E → 10−2 and M̂N

AV E → 3, confirming the
theoretical results.

For the BK scheme this observation cannot be made from the numerical results.
This is in line with the fact that the BK scheme fails to satisfy Assumptions 7.2
and 7.3. Note that mesh independence would imply that ĉNBK → ĉ ≈ 10−2 and

M̂N
BK → M(10−8, 100I) ≈ 3 based on the results from the AVE scheme. The results

for the BK scheme show that ĉ1024BK ≈ 1.6 × 102 � ĉ and M̂N
BK ≥ 5 > M(10−8, 100I).

A further comparison of the two approximation schemes includes the actual CPU-
time per Newton iteration that was used by the MATLAB process. This was computed
using the MATLAB function cputime as well as tic and toc. The resulting times
were identical. Both schemes use roughly the same amount of CPU-time per iteration.
For example, for N = 256, the size of the problem is 257. The AVE scheme uses on
average 10.9s of CPU-time per iteration, and the BK scheme uses 10.6s. Consequently,
the number of iterations that the two schemes use is a direct measure of the total
computational time. In general, the BK scheme needs more iterations than the AVE
scheme to obtain a specific accuracy, and in some cases significantly more.

Numerical Example 2. We present typical results for the two-dimensional
delay equation,

ẋ(t) =

[
0 1

−1.6 0

]
x(t) +

[
0 0

−1 −1

]
x(t− 1) +

[
1
0

]
u(t),

with cost function

J(u(·) =

∫ +∞

0

{([
10 0
0 0

]
x(t)

)2

+ [u(t)]2

}
dt.

The starting operator, X0, equals twice the identity in H = R
2 × L2(0, 1; R2);

thus X0 = 2IR2×L2(0,1;R2). For the AVE and BK schemes, the starting matrices are
XN

0,AV E = 2MASSAV E and XN
0,BK = 2MASSBK , respectively. As before, ε is taken

to be 10−8, ‖XN
k −XN

∞‖ < 10−8.
The results presented in Table 9.2 are similar to the results observed in Example

1. The AVE scheme yields strong mesh independence, and the Riccati operators
converge strongly, while this is not true for the BK scheme. In particular, the optimal
feedback law defined by (5.3) has the form

Kz(t) = k0z(t) +

∫ 0

−1

k1(s)z(t + s)ds +

∫ 0

−1

k2(s)z(t + s)ds,

where ki(s), i = 1, 2, are called the functional gains. Figures 9.1 and 9.2 illustrate
that the AVE scheme (the solid line) yields strong convergence of the gains, while the
BK scheme (the dashed line) does not.
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Table 9.1

N ĉNAV E M̂N
AV E ĉNBK M̂N

BK

8 1.01497 × 10−2 3 3.98797 × 106 14
16 6.12638 × 10−3 3 3.31429 × 106 12
32 6.18756 × 10−3 3 1.81757 × 106 10
64 6.57817 × 10−3 3 5.04459 × 105 8
128 7.11713 × 10−3 3 3.04030 × 104 7
256 7.78503 × 10−3 3 7.82120 × 104 7
512 8.55008 × 10−3 3 6.02653 × 103 6
1024 9.32057 × 10−3 3 1.59829 × 102 5

Table 9.2

N ĉNAV E M̂N
AV E ĉNBK M̂N

BK

8 4.77751 × 10−2 8 1.28997 × 106 16
16 4.94581 × 10−2 8 8.69896 × 105 14
32 4.98913 × 10−2 8 4.56992 × 104 12
64 5.04197 × 10−2 9 3.59473 × 103 11
128 5.07046 × 10−2 9 9.31569 × 103 11
256 5.08547 × 10−2 9 4.18416 × 101 10
512 5.09322 × 10−2 9 2.38082 × 101 10

As in Numerical Example 1, the two schemes use roughly the same CPU-time per
Newton iteration. For N = 256, the problem size is 514, and the average CPU-time
per iteration is 102s for the AVE scheme and 105s for the BK scheme.

We note that Figures 9.1 and 9.2 verify the theoretical results in this paper as well
as those established in the earlier paper by Burns, Ito, and Propst [16]. In particular,
in [16] it was proved that the BK scheme does not produce approximating Riccati
operators that converge in norm. Hence the oscillations seen in these figures, which
are indicative of weak convergence, are the best one can expect. However, the AVE
scheme is norm convergent and this is also illustrated in Figures 9.1 and 9.2.

We close this section with an example that illustrates the need for infinite dimen-
sional feedback. As noted earlier, the convergence theory in Damm and Hinrichsen
[23] is easily applied to a wide variety of finite dimensional (matrix) Riccati equa-
tions. However, applying this method to infinite dimensional Riccati equations is not
straightforward. A special feedback problem for a delay system was used to illustrate
their results. They considered the problem of stabilizing a delay system with finite
dimensional feedback only, which leads to a finite dimensional Riccati type (matrix)
equation. In particular, the control system considered in [23] is given by the delay
differential equation

ẋ(t) = A0x(t) + A1x(t− r) + Bu(t).

The problem (see problem 5 on page 58 in [23]) is to find a finite dimensional feedback
law of the form

u(t) = −Kx(t)

so that the closed-loop system

ẋ(t) = [A0 −BK]x(t) + A1x(t− r)
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Fig. 9.1. Numerical Example 2: Functional gain k1.
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Fig. 9.2. Numerical Example 2: Functional gain k2.

is stable for all delays r > 0. This leads to a matrix Riccati equation for the matrix
K.

If one considers the retarded delay equation,

(9.1) ẋ(t) = αx(t) + βx(t− r) + γ

∫ 0

−r
x(t + s)ds,

then one will know (see Corollary 2.8 in [32]) that (9.1) is stable independent of delay
if and only if

α < 0, γ < 0, 0 < −γ ≤ α2 − β2

2
.

If γ > 0, then (9.1) is not stable for all r > 0. If one starts with the control system

(9.2) ẋ(t) = x(t) + 2x(t− r) +

∫ 0

−r
x(t + s)ds + u(t)

and uses only current state feedback

u(t) = −kx(t),
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then the closed-loop system has the form

(9.3) ẋ(t) = [1 − k]x(t) + 2x(t− r) +

∫ 0

−r
x(t + s)ds,

and this system is never stable independent of delay since γ = +1. On the other
hand, the complete state (infinite dimensional) feedback law,

u(t) = −k0x(t) + (k1 − 1)

∫ 0

−r
x(t + s)ds,

leads to the closed loop system

(9.4) ẋ(t) = [1 − k0]x(t) + 2x(t− r) + k1

∫ 0

−r
x(t + s)ds,

which is stable independent of delay if and only if

1 < k0, k1 < 0, 0 < −k1 ≤ [1 − k0]
2 − 4

2
.

If we set k0 = 4 and k1 = 5/4 < 5/2, then (9.4) is stable independent of delay. In
particular, the control system (9.2) is stable independent of delay, and the MIP holds
if we apply the AVE scheme to this problem. Numerical results on mesh independence
and convergence for this problem are almost identical to the previous two numerical
examples and will not be presented here.

10. Conclusions. The theoretical results above provide precise conditions on
approximation schemes needed to guarantee an MIP. The numerical results are in-
teresting for two reasons. First, they provide numerical support for the mesh inde-
pendence of the AVE scheme. Also, since the BK scheme does not generate norm
convergent Riccati solutions, it is certainly not a mesh-independent scheme. How-
ever, the numerical results alone might be used to incorrectly justify some type of
mesh independence.

There are many PDE control problems in which the linearization is not normal.
For example, in channel flow control, when one linearizes about a nonzero equilibrium,
the resulting A operator is highly nonnormal. Thus dual convergence is extremely
important. Moreover, we have tested the theoretical results above on self-adjoint
parabolic PDE control systems such as the ones considered by Banks and Kunisch
[7]. Since dual convergence is not an issue and in [7] POES is established for this class
of problems, our results imply mesh independence for standard finite element schemes.
We have also applied the theory to some non-self-adjoint PDE problems. These PDE
results, along with numerical examples, will appear in a forthcoming paper.

We have established a mesh independence result for the infinite dimensional ver-
sion of the Kleinman–Newton algorithm for solving the algebraic Riccati operator
equation associated with the LQR problem in a Hilbert space. We applied the results
to systems governed by delay equations and presented numerical examples to illus-
trate the ideas. The results provide insight into the type of approximation schemes
that lead to mesh independence. In particular, we showed that it is sufficient that
the approximation be convergent, dual convergent, and uniformly stabilizable and
detectable. As noted by Kappel in [35], it is possible to obtain (at least strong) con-
vergence of the approximating Riccati operators without POES. This leaves open the
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question of whether or not it is possible to achieve mesh independence without pre-
serving stabilizability and detectability uniformly under approximation. However, it
is important to note again that mesh independence alone does not imply convergence.
We are currently looking into this issue and other issues concerning the numerical
conditioning of the finite dimensional approximating Riccati equations.
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and many helpful suggestions.
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[36] F. Kappel and D. Salamon, Spline approximations for retarded systems and the Riccati
equation, SIAM J. Control Optim., 25 (1987), pp. 1082–1117.

[37] F. Kappel and D. Salamon, On the stability properties of spline approximations for retarded
systems, SIAM J. Control Optim., 27 (1989), pp. 407–431.

[38] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, New York, 1976.
[39] L. A. Lusternik and V. J. Sobolev, Elements of Functional Analysis, Gordon and Breach,

New York, 1961.
[40] V. L. Mehrmann, The Autonomous Linear Quadratic Control Problem, Springer, Berlin, Hei-

delberg, 1991.
[41] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Springer-Verlag, Berlin, New York, 1983.
[42] T. Penzl, A Multi-Grid Method for Generalized Lyapunov Equations, Preprint SFB393/97,

TUChemnitz, Chemnitz, Germany, 1997.
[43] I. G. Rosen, On Hilbert-Schmidt norm convergence of Galerkin approximations for operator

Riccati equations, in Control and Estimation of Distributed Parameter Systems, Internat.
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PROBABILISTIC ROBUSTNESS ANALYSIS—RISKS,
COMPLEXITY, AND ALGORITHMS∗
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Abstract. It is becoming increasingly apparent that probabilistic approaches can overcome
conservatism and computational complexity of the classical worst-case deterministic framework and
may lead to designs that are actually safer. In this paper we argue that a comprehensive probabilistic
robustness analysis requires a detailed evaluation of the robustness function, and we show that
such an evaluation can be performed with essentially any desired accuracy and confidence using
algorithms with complexity that is linear in the dimension of the uncertainty space. Moreover, we
show that the average memory requirements of such algorithms are absolutely bounded and well
within the capabilities of today’s computers. In addition to efficiency, our approach permits control
over statistical sampling error and the error due to discretization of the uncertainty radius. For a
specific level of tolerance of the discretization error, our techniques provide an efficiency improvement
upon conventional methods which is inversely proportional to the accuracy level; i.e., our algorithms
get better as the demands for accuracy increase.

Key words. robustness analysis, risk analysis, randomized algorithms, uncertain system, com-
putational complexity
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1. Introduction. In recent years, a number of researchers have proposed prob-
abilistic control methods for overcoming the computational complexity and conser-
vatism of the deterministic worst-case robust control framework (see, e.g., [1, 2, 3, 4,
5, 6, 7, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and the references therein).

The philosophy of probabilistic control theory is to sacrifice cases of extreme
uncertainty. Such a paradigm has led to the concept of confidence degradation function
(originated by Barmish, Lagoa, and Tempo [2]), which has been demonstrated to be
extremely powerful for the robustness analysis of uncertain systems. Such a function,
P(.), is defined as P(r) = inf0<ρ≤r P(ρ) with

P(ρ) = vol{X ∈ Bρ | the robustness requirement is guaranteed for X}/vol{Bρ},

where the volume function vol{.} is the Lebesgue measure, and Bρ denotes the un-
certainty bounding set with radius ρ. Interestingly, it was discovered in [2] that such
a function is not necessarily monotone decreasing in the uncertainty radius. In view
of this fact, and for the purpose of avoiding confusion with the concept of confidence
band used in the evaluation of the accuracy of the estimate of P(r), the confidence
degradation function is referred to as the robustness function in this paper. Accord-
ingly, a graph representation of the robustness function is called the robustness curve.
It can be seen that the robustness function is a natural extension of the concept of
robustness margin. From the robustness curve, one can determine the probabilistic
robustness margin [2] and estimate the deterministic robustness margin.
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In addition to overcoming the NP hard complexity and conservatism of determin-
istic robustness analysis methods, the robustness function can address very complex
problems which are intractable by deterministic worst-case methods. Moreover, the
probability that the robustness requirement is guaranteed can be inferred from the
robustness function, while the deterministic margin loses the connection with such
a probability. Based on the assumption that the density function of uncertainty is
radially symmetric and nonincreasing with respect to the norm of uncertainty, it has
been shown in [2] that the probability that the robustness requirement is guaranteed
is no less than P(r) = infρ∈(0,r] P(ρ) when the uncertainty is included in a bounding
set with radius r. The underlying assumption is supported by modeling and manu-
facturing considerations that the uncertainty is unstructured so that all directions are
equally likely and that small perturbations from the nominal model are more likely
than large perturbations. Since P(.) is not monotonically decreasing [2], the lower
bound of the probability depends on P(ρ) for all ρ ∈ (0, r]. It is not clear whether
it is feasible to estimate P(r), since the estimation of P(ρ) for every ρ relies on in-
tensive Monte Carlo simulation and P(ρ) needs to be estimated for numerous values
of ρ. For such a probabilistic method to overcome the NP hard of worst-case meth-
ods, it is necessary to show that the complexity for estimating P(r) for a given r is
polynomial in terms of computer running time and memory space. In this paper, we
demonstrate that the complexity in terms of space and time is surprisingly low and
is linear in the uncertainty dimension and the logarithm of the relative width of the
range of uncertainty radius.

In the next section we argue that both the deterministic robustness margin and its
risk-adjusted version—the probabilistic robustness margin—have inherent limitations.
We note that, as compared to robustness margins, the robustness function with respect
to an uncertainty radius varying over a wide range can provide more insight into the
system performance. In order to construct the robustness function for a wide range
of uncertainty radii, the conventional method independently estimates P(ri) for each
grid point of uncertainty. If there are m grid points and N is the sample size for each
radius, then the total number of simulations is Nm. In section 3, we use the sample
reuse principle and demonstrate that the robustness curve for an arbitrarily wide range
of uncertainty radii can be accurately constructed with surprisingly low complexity.
Clearly, the number of grid points, m, must tend to infinity as the tolerance tends
to zero. However, we show that with our algorithms, the equivalent number of grid
points (ENGP), meq, is strictly bounded from above in the sense that in order to
guarantee the same level of accuracy for the estimation of the robustness function,
the required average computational effort is the same as that of a conventional grid
with meq points. Moreover, we show that the average memory requirement is also
absolutely bounded and is well within the reach of modern computers.

The remainder of the paper is organized as follows. Section 2 provides an example
illustrating the pitfalls of the deterministic robustness margin and the probabilistic
robustness margin. Section 4 discusses the control of estimation error of the robust-
ness function and the required complexity. Section 5 investigates the difficulties of
the conventional data structure. Section 6 describes our new algorithms, analyzes the
complexity of data processing and memory space, and introduces the concept of con-
fidence band. The proposed randomized algorithms are applied to control problems
in section 7. Section 8 is the conclusion. The proofs of all the theorems are included
in the appendices.

Throughout this paper, all probabilistic statements are associated with the same
probability space, (Ω,F ,Pr), where the uncertainty is defined as a multivariate
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random variable. The notations Ω,F , and Pr denote, respectively, the sample space,
σ-algebra, and probability measure.

2. The risk of robustness margins. In this section we make the case for
the need to have a robustness function in order to properly estimate how well a
control system tolerates uncertainties. Conventional robust control approaches the
issue with a “worst-case” philosophy. In this regard, it has been demonstrated (see
Chen, Aravena and Zhou [5]) that it is not uncommon for a probabilistic controller
to be significantly less risky than a deterministic worst-case control. The reasons are
the “uncertainty in modeling uncertainties” and the fact that the worst-case design
cannot, in some instances, be “all encompassing.” Therefore, the worst-case approach
has an associated risk that usually is overlooked, while the probabilistic approach
acknowledges the risk and manages it.

From manufacturing and modeling considerations, it is reasonable to assume that
the density of the distribution of uncertainty decreases with an increasing uncertainty
norm. Such an assumption leads to the worst-case property of uniform distribution
in robustness analysis [2]. However, the decay rate of density is generally unknown to
the designer. Therefore, for a given uncertainty radius r, one does not have adequate
knowledge about the probability that the uncertainty is included in set Br. It is
important to note that the system robustness depends critically on the distribution
of the uncertainty norm.

Attempts to improve the analysis have led to the definitions of a deterministic
robustness margin and a probabilistic robustness margin. Both are numbers that pur-
portedly allow the user to estimate the tolerance to uncertainties. We contend that
both can be misleading—and essentially for the same reason. To demonstrate this
viewpoint, we consider a feedback system, shown in Figure 1.

� C� � � G �
�

r e yu

−

Fig. 1. Standard feedback configuration.

The transfer function of the plant is G(s) = q
s−p , where p and q are uncertain

parameters. The uncertainty bounding set with radius r > 0 is

Br = {(x, y) : |x− q0| ≤ r, |y − p0| ≤ r}, p0 < 0, q0 > 0.

Consider two controllers CA = KA

s+σ , σ > 0, and CB = KB such that

1 < KB <
KA

σ
,

KA q0 − σ p0

KA + σ
< σ − p0.

Suppose that the robustness requirement is stability. It can be shown that the ro-
bustness function for controller A is

PA(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 for 0 < r < ρA,

1
2 −

KA

(
r+ σ β

KA
−q0

)2

8σ r2 − p0−β
2r for ρA ≤ r ≤ ρ∗A,

1
2 −

(r+β−p0)
(
r+

σ(β+p0−r)
2KA

−q0
)

4r2 − (p0−β)
2r for r > ρ∗A,
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where

ρA =
KA q0 − σ p0

KA + σ

is the deterministic robustness margin, β = min(σ, p0 + r), and ρ∗A = KA q0−σ p0

KA−σ . It
can be shown that the robustness function for controller B is given by

PB(r) =

⎧⎪⎪⎨
⎪⎪⎩

1 for 0 < r < ρB ,

1 −
KB

(
r+

p0+r
KB
−q0

)2

8r2 for ρB ≤ r ≤ ρ∗B ,

1
2 −

p0
KB
−q0

2r for r > ρ∗B ,

where

ρB =
KB q0 − p0

KB + 1

is the deterministic robustness margin and ρ∗B = KB q0−p0

KB−1 .
We consider an example with p0 = −10, q0 = 50, σ = 40, KA = 100σ, and

KB = 10. The corresponding robustness functions are displayed in Figure 2. We
obtained deterministic margins ρA = 49.6040 and ρB = 46.3636. Since ρA > ρB ,
a comparison based on the deterministic margin simply suggests that controller A
is more robust than controller B. Quite to the contrary, a judgment based on the
robustness curves indicates that controller B may be more robust. The risk of the
probabilistic robustness margin can also be illustrated by this example.
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Controller A
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Fig. 2. Comparison of controller alternatives.

Robust analysis should be able to help a designer reliably determine which con-
troller design is more robust. However, it appears that the concepts of robustness
margin fail to meet such fundamental needs of control engineering. On the other
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hand, the robustness curve serves the purpose of giving the designer complete infor-
mation on how well a control system tolerates uncertainties.

From the previous discussion, it can be seen that there are two crucial factors to
be considered in order to make a reliable judgment about the system robustness:

(i) How fast the robustness curve rolls off.
(ii) The dependency of coverage probability of uncertainty bounding set Br on the

radius r. Here the coverage probability refers to the probability that the uncertainty
is included in the bounding set.

The second factor can be difficult since a designer generally lacks knowledge of
the coverage probability corresponding to a bounding set of fixed radius. To overcome
such a difficulty, the only choice is to construct the robustness curve for a wide range of
uncertainty radius. The construction of the robustness curve may be seen as a compu-
tationally challenging task since the probability of guaranteeing a robustness require-
ment needs to be estimated for many values of uncertainty radius. However, as we
demonstrate in the next section, by using the sample reuse principle one can construct
the robustness curve for virtually the entire scope of uncertainty range (0,∞) with ab-
solutely bounded average computational complexity, regardless of the size of the grid.
For example, we shall show that for an uncertainty range as large as (10−10, 1010),
on average, one needs less than 50 times memory and computational resources than
those needed to evaluate the uncertainty range (1, e) with the same resolution.

3. Equivalent number of grid points. Throughout this paper, we assume
that the uncertainty sets are homogeneous star-shaped (see, e.g., [2]). That is, the
uncertainty bounding set with radius r is Br = {rX | X ∈ B1}, where B1 denotes
the uncertainty bounding set such that cX ∈ B1 for any X ∈ B1 and any c ∈ [0, 1].
Clearly, most of the commonly used uncertainty bounding sets such as the lp balls
and spectral norm balls are homogeneous star-shaped.

We shall consider the problem of constructing the robustness curve for the arbi-
trary robustness requirement under the assumption of uncertainty sets. Convention-
ally, the robustness curve for a range of uncertainty radii

[
a
λ , a

]
with a > 0, λ > 1

is constructed by choosing a set of grid points a
λ = r1 < r2 < · · · < rm = a and, for

every grid point, performing N independent and identically distributed (i.i.d.) Monte
Carlo simulations. Hence, the total number of simulations is a deterministic constant
mN . To reduce computational complexity, we shall make use of the following intuitive
concept:

Let X be an observation of a random variable with uniform distribution over
Bρ ⊇ Br such that X ∈ Br. Then X can also be viewed as an observation of a random
variable with uniform distribution over Br.

In order to apply this concept, it is necessary to perform the simulation in a
backward direction so that appropriate evaluations of the robust requirement for larger
uncertainty sets can be saved for later use in simulations on smaller uncertainty sets
[6]. The sample reuse principle allows a single simulation to be used for multiple radii.
Thus, the actual total number of simulations is significantly reduced if the dimension
of the uncertainty is not too high. In order to quantify this reduction, we introduce
the equivalent number of grid points (ENGP), meq, defined as

meq =
expected total number of simulations

N
.

In our approach, the number of simulations required at uncertainty radius ri,
denoted by ni for i = 1, . . . ,m, is a random number. The total number of simulations
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can be represented by the random variable n =
∑m

i=1 ni. The expected value of the
total number of simulations is E[n] =

∑m
i=1 E[ni], where E[X] denotes the expectation

of random variable X. Hence, we can formally define

meq =
E[n]

N
.

Due to sample reuse, we can achieve a substantial reduction of simulations, i.e.,
E[n] � mN . To quantify the reduction of the computational effort, we have in-
troduced the notion of sample reuse factor [6], which is defined as

(3.1) Freuse =
mN

E[n]
=

m

meq
.

In our approach, N i.i.d. simulation results are collected for each grid point.
Hence, the accuracy of estimation is the same as that of the conventional method.
However, the average number of simulations in our approach is E[n], which is equiv-
alent to the complexity of meq grid points in the conventional scheme. As a direct
consequence of Theorem 1 of [6], we have that, for any discretization scheme, meq is
independent of the sample size N . Moreover, we have the following general result.

Theorem 3.1. Let d be the dimension of uncertainty parameter space. Then,
for an arbitrary gridding scheme, the equivalent number of grid points based on the
principle of sample reuse is strictly bounded from above by 1 + d lnλ, i.e.,

meq < 1 + d lnλ.

See Appendix A for a proof. As mentioned at the end of the introduction, all
probabilistic statements in this paper refer to the same probability space (Ω,F ,Pr)
used to define the uncertainty variable. To make this possible, one can define m×N
mutually independent random variables Xij , i = 1, . . . ,m; j = 1, . . . , N , on the same
probability space (Ω,F ,Pr) such that for each i, Xij , j = 1, . . . , N , are i.i.d. random
variables uniformly distributed over the bounding set with radius ri. Each simulation
corresponds to obtaining an observation for Xij and evaluating the performance of
the system for that observation. Without sample reuse, one needs to obtain m × N
observations corresponding to these m × N random variables. The idea of sample
reuse is to reuse observations and the corresponding evaluation results of system
performance. Clearly, the number of simulations ni, associated with uncertainty
radius ri, is a random variable which can be defined as a function of random variables
Xij , i = 1, . . . ,m; j = 1, . . . , N . Needless to say, the definition of such a function is
complex. It can be shown that other variables can be implicitly defined on the same
probability space (Ω,F ,Pr).

By an “arbitrary” discretization scheme, we mean two things: (i) the number
of grid points can be arbitrarily large, and (ii) the grid points can be distributed
arbitrarily over the specified range of uncertainty radius.

A fundamental question of robust control is whether randomized algorithms have
polynomial complexity. In light of the fact that the cost of each simulation depends
on problem cases, the computational complexity is usually measured in terms of the
number of simulations. This theorem reveals the following important facts:

(a) The complexity is linear in the dimension of the uncertainty space.
(b) The complexity depends linearly on the logarithm of the “relative” width,

λ, of the interval of uncertainty radii. This proves that our algorithms are
capable of estimating the robustness function for a wide range of uncertainty.
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(c) Our algorithms can arbitrarily reduce the grid error while keeping the com-
plexity strictly below a constant bound.

In order to illustrate these points, Figure 3 displays the variation of meq for various
dimensions of the uncertainty space and for values of λ up to λ = 1020 corresponding
to the uncertainty range (10−10, 1010) (which may be deemed a good approximation
to (0,∞)). As can be seen from Figure 3, even for dimensions as high as d = 1024
the equivalent number of grid points, meq, is very reasonable.

It should be noted that the sample reuse technique does not work well for high
dimension d. The reason is that, for very large d, the samples tend to concentrate on
the “surface” of the bounding set, and thus the efficiency of sample reuse is diminished.
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Fig. 3. Absolute bounds for meq (ENGP) (d = 2i, i = 1, . . . , 10).

4. Error control. In addition to efficiency, another important issue in any nu-
merical approach is error control. This point has been emphasized in many control
engineering problems. For instance, when computing the H∞ norm of a system, a
lower bound and an upper bound are obtained, and it is required that the gap between
them be less than a prescribed tolerance. A similar situation arises in the computation
of the structured singular value (μ).

For the specific case of the estimation of the robustness function, there are two
sources of error: (i) the statistical sampling error due to the finiteness of the sample
size, N (sample size error), and (ii) the discretization error due to the finite number
of points in any partition. Control of the sample size error has been well studied and
emphasized. Existing techniques include the Chernoff bounds [9], binomial confidence
interval [7, 10], etc. However, we claim that control of the discretization error is not
sufficiently emphasized. In fact, one can argue that controlling the sample size error
can be meaningless if the discretization error is not controlled. This will be the case, for
example, for those situations where a risk at the level of a small ε (e.g., ε = 0.001) may
be significant or unacceptable. How can any estimation be useful if the discretization
error is not ensured to be less than the tolerance ε?



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2700 XINJIA CHEN, KEMIN ZHOU, AND JORGE ARAVENA

In this section, we first introduce an interpolation result necessary for analyzing
error control methods. Afterward, we discuss two different schemes which ensure
a discretization error less than a given ε ∈ (0, 1). The first is a uniform partition
whereby the uncertainty radius interval [ aλ , a] is partitioned by m points,

(4.1) ri = a− (m− i)(λ− 1)

(m− 1)λ
a, i = 1, . . . ,m.

In the second scheme we consider a geometric-type partition of the form

(4.2) ri = a

(
1

λ

)m−i
m−1

, i = 1, . . . ,m.

For any partition of the uncertainty radius interval, we have the following linear
interpolation results.

Theorem 4.1. Given an arbitrary partition of the uncertainty radius interval[
a
λ , a

]
with a

λ = r1 < r2 < · · · < rm = a, define

P
∗(r) =

(r − ri) P(ri+1) + (ri+1 − r) P(ri)

ri+1 − ri
,

g(r) = (ri+1 − r)

(
r

ri

)−d
+ (r − ri)

(ri+1

r

)−d
.

Then, for all r ∈ [ri, ri+1],

|P(r) − P
∗(r)| ≤ 1 − g(r�)

ri+1 − ri
≤ d

2ri
(ri+1 − ri),

where r� ∈ (ri, ri+1) is the unique solution of equation

(ri+1

r

)−d [
1 +

(
1 − ri

r

)
d
]
−
(

r

ri

)−d [
1 +

(ri+1

r
− 1

)
d
]

= 0

with respect to r, which can be solved by a bisection search.
See Appendix B for a proof. As mentioned before, these interpolation results will

be used in the construction of a tight confidence band for the robustness function.
Remark 1. To guarantee a prescribed tolerance ε ∈ (0, 1), the number of grid

points must be larger than a certain number. It has been shown by Barmish, Lagoa,
and Tempo [2] that if

(4.3) m ≥ 1 +
2(λ− 1)d

ε
,

then |P(r) − P(ri)| < ε for all r ∈ [ri, ri+1] for i = 1, . . . ,m − 1. This bound shows
that, for fixed error ε, the complexity is polynomial. From another perspective, it
also shows that the number of grid points and the computational complexity tend to
infinity as the tolerance tends to zero. For example, the robustness analysis problem
for complex uncertainty of size 30 × 30 over an interval of uncertainty with λ = 10
requires m ≥ 3, 240, 000, 001 in order to guarantee ε ≤ 10−5. The bound, however,
does not account for the sample reuse principle. Using our approach, the equivalent
number of grid points for this case is bounded from above by 1 + 1800 × ln(10).
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The following result is our extension of the result by Barmish, Lagoa, and Tempo
cited above, and quantifies the advantage of using linear interpolation.

Theorem 4.2. Let

(4.4) m = 2 +

⌊
(λ− 1)d

2ε

⌋
,

where �.	 denotes the floor function. Then, for a uniform gridding scheme,

|P(r) − P
∗(r)| < ε ∀r ∈ [ri, ri+1]

for i = 1, . . . ,m− 1. Moreover, the equivalent number of grid points is

meq(ε) = m−
m−1∑
i=1

(
1 − 1

m−1
λ−1 + i

)d

.

See Appendix C for a proof.
Remark 2. We point out that when using linear interpolation, the number of grid

points given by (4.4) is approximately 1
4 of the bound given by (4.3).

We now analyze a discretization scheme whereby the partition of the uncertainty
interval under study is defined by a geometric series.

Theorem 4.3. For a geometric discretization scheme with

(4.5) m = 2 +

⌊
lnλ

ln
(
1 + 2ε

d

)
⌋

and

ri = a

(
1

λ

)m−i
m−1

for i = 1, . . . ,m, the following statements hold true:
(I)

|P(r) − P
∗(r)| < ε ∀r ∈ [ri, ri+1], i = 1, . . . ,m− 1.

(II)

meq(ε) = 1 +

(
1 +

⌊
lnλ

ln
(
1 + 2ε

d

)
⌋) ⎡

⎢⎢⎣1 −
(

1

λ

) d

1+

⎢⎢⎢⎢⎣ ln λ

ln(1+ 2ε
d )

⎥⎥⎥⎥⎦
⎤
⎥⎥⎦ .

(III)

Freuse >
1

2ε

(
1 − 1

1 + d lnλ

)
.

See Appendix D for a proof.
Remark 3. Since 1 + d lnλ � 1 in many situations, the sample reuse factor for

the geometric discretization scheme may be written in a more elegant form. That is,

Freuse ≈
1

2ε
,
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which is inversely proportional to the tolerance of the discretization error. For exam-
ple, to ensure that the discretization error is less than 10−4, which is a rather weak
requirement for many applications, our algorithm reduces the computational effort by
a factor of 5,000 when compared to a conventional approach.

The two discretization schemes considered here, and others, have bounded com-
plexity, but the distributions of the total number of simulations are different. Hence
it is reasonable to ask if there is a “best discretization.” Our results indicate that
the geometric scheme is generally more efficient, as shown by the comparison of grid
points in Figure 4 and the comparison of ENGP in Figure 5.
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Fig. 4. Comparison of the number of grid points (λ = 103, d = 500).

5. The difficulties of conventional data structure. Our previous sample
reuse algorithm [6] uses the same data structure as that of the conventional algorithm.
That is, the data structure for implementing the algorithms is basically a matrix of
fixed size. In such a data structure, for each grid point ri, there is a record (ki, ni),
where ki represents the number of cases guaranteeing (or violating) the robustness
requirement among ni simulations. In the course of our experiment, the number ni

increases from 0 to sample size N . In the following two subsections, we demonstrate
that the conventional data structure is not suitable for controlling the error due to
finite gridding.

5.1. The issue of data processing. Clearly, the total number of records is
exactly the number of grid points m. For the conventional method, to accomplish N
simulations for each grid point, the total number of times that we update the data
record is Nm. As illustrated in section 4, to control the error due to finite gridding
requires an extremely large number, m, of grid points even for the moderate require-
ment of ε. Therefore, Nm is usually a very large number. It can be shown that if the
sample reuse algorithm employs the same data structure as that of the conventional
method, then, for any gridding scheme with m grid points, the total number of times
that we update the data record is also Nm. This is true because, for every time a
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Fig. 5. Comparison of meq (λ = 103, d = 5, 1 + d lnλ = 35.5388).

record (ki, ni) is updated, the number ni can be increased only by 1, and the number
ni must be N when the experiment is completed. To see that data processing with
the conventional data structure is a severe challenge, one can consider the example
discussed in Remark 1 of section 4. With m ≥ 3, 240, 000, 001 and normal sample
size 104 < N < 106, it can be seen that Nm will be in the range of 3 × 1013 to
3 × 1015. This is an enormous burden for today’s computing technology. For a mod-
ern computer with 1.9 GHz CPU and 256 M bytes RAM, it takes about 20 seconds
to execute 107 times the command ni ← ni + 1 written in the MATLAB language.
It can be reasonably inferred that updating the data record 3 × 1013 times will take
about 20 × 10−7 × 3 × 1013 seconds (i.e., about 700 days).

5.2. The issue of memory space. For the conventional data structure, the
total number of records is m. To execute the sample reuse algorithm or the con-
ventional one with such a data structure, each record must occupy some physical
addresses. Such addresses are necessary for storing and visualizing the outcome of
simulations. Of course, to obtain the outcome simulations may require a much higher
amount of computer internal memory to execute the algorithm. Since m is usually a
very large number, the consumption of memory used to store and visualize the output
of simulation can be enormous. To see this, consider again the example discussed in
Remark 1 of section 4. Since a floating point number occupies 2 bytes, storing a
tuple of the form (ki, ni) needs 4 bytes. For m ≥ 3, 240, 000, 001, the data record will
consume 4×3, 240, 000, 001 ≈ 13×109 bytes (i.e., about 13 giga bytes) of RAM. Such
a requirement, just for visualizing the outcome of the simulations, is a challenging
task even for modern computers.

6. New techniques of sample reuse. In the previous section, we have shown
that any algorithm using the conventional data structure suffers from the problems of
the complexity of data processing and memory space. This is because the sample size
N is usually very large and the number, m, of points in the partition of uncertainty
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radius approaches infinity as the tolerance, ε, approaches zero (see Theorem 4.2). In
this section, we shall demonstrate that, by introducing a dynamic data structure and
a new sample reuse algorithm, the average requirement of memory and the computa-
tional effort devoted to data processing are absolutely bounded, independent of the
tolerance, and well within the power of modern computers.

6.1. Data structure. In order to address the memory issue and minimize the ef-
fort devoted to data processing, an appropriate data structure is critical. The key idea
is to make use of the observation that, for a set of consecutive grid points with identi-
cal records of simulation results, it suffices to store the information of the smallest and
the largest grid points. To illustrate our techniques, we enumerate, in chronological
order of generation, the samples generated from various uncertainty bounding sets
as X1, X2, . . . . When samples X1, X2, . . . , Xj have been generated, the state of the
experiment is completely represented by functions s(i, j) and v(i, j), where

s(i, j) =

l(i,j)∑
k=1

Y k
i , v(i, j) =

l(i,j)∑
k=1

Zk
i

with

(6.1) Y k
i =

{
1 if Xk ∈ Bri ,

0 otherwise,

(6.2) l(i, j) = max

{
� : 1 ≤ � ≤ j,

�∑
k=1

Y k
i ≤ N

}
,

and

(6.3) Zk
i =

{
1 if Xk ∈ Bri and the robustness requirement is violated for Xk,

0 otherwise

for i = 1, . . . ,m and k = 1, . . . , j. The definitions of Y k
i , Zk

i given in (6.1) and (6.3)
are based on the principle of sample reuse in that a sample of uncertainty originally
generated from larger bounding sets can be reused for smaller bounding sets.

The reason we introduce variable l(i, j) by (6.2) is that, for grid point ri, once N
equivalent simulations are available, the subsequent simulations can be ignored. By
the principle of sample reuse, s(i, j) and v(i, j) are, respectively, the numbers of sam-
ples and violations (of the robustness requirement) for an uncertainty bounding set
with radius ri, collected from various bounding sets when samples X1, X2, . . . , Xj have
been generated. When the experiment is completed, we have n samples X1, X2, . . . , Xn

and

s(i,n) = N, P(ri) = 1 − v(i,n)

N
, i = 1, . . . ,m.

For each value of j in the course of the simulation experiment, it suffices to record
s(i, j) and v(i, j) for i = 1, . . . ,m in order to save the outcome of simulation. Since the
number of grid points, m, can be huge, this direct method of storing simulation results
requires too much memory and data processing effort. To address this problem, we
need to make use of the observation that s(i, j) is piecewise constant with respect to



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PROBABILISTIC ROBUSTNESS ANALYSIS 2705

i in the sense that s(i, j) is like a discrete stair function of i. Thus, to record s(i, j)
for i = 1, . . . ,m, we need only record the values of i at which s(i, j) changes and the
different values of s(i, j). This method also applies to v(i, j). To implement such a
method, we shall introduce two matrices Sj and V j as follows.

Since s(i, j) is piecewise constant with respect to i, there exists a matrix Sj such
that, for i = 1, . . . ,m,

(6.4) s(i, j) =

{
[Sj ]�,2 for [Sj ]�,1 ≤ i < [Sj ]�+1,1 with 1 ≤ � ≤ κ− 1,

[Sj ]κ,2 for [Sj ]κ,1 ≤ i ≤ m,

where κ is the number of rows of Sj and [A]ı,j denotes the element of matrix A in the
ıth row and the jth column. According to (6.4), for any positive integer i no greater
than m, we can determine s(i, j) from matrix Sj based on two cases. In the case that
[Sj ]κ,1 ≤ i ≤ m, we can set s(i, j) = [Sj ]κ,2. In the case that there exists an integer
� such that 1 ≤ � ≤ κ− 1 and that [Sj ]�,1 ≤ i < [Sj ]�+1,1, we can set s(i, j) = [Sj ]�,2.
Roughly speaking, the first column of matrix Sj records the indexes of grid points for
which the accumulated numbers of samples are jumping to different values. The second
column of matrix Sj records the corresponding accumulated numbers of samples.

Similarly, v(i, j) is piecewise constant with respect to i, and there exists a matrix
V j such that, for i = 1, . . . ,m,

(6.5) v(i, j) =

{
[V j ]�,2 for [V j ]�,1 ≤ i < [V j ]�+1,1 with 1 ≤ � ≤ τ − 1,

[V j ]τ,2 for [V j ]τ,1 ≤ i ≤ m,

where τ is the number of rows of V j . According to (6.5), for any positive integer i no
greater than m, we can determine v(i, j) from matrix V j based on two cases. In the
case that [V j ]τ,1 ≤ i ≤ m, we can set v(i, j) = [V j ]τ,2. In the case that there exists an
integer � such that 1 ≤ � ≤ τ −1 and that [V j ]�,1 ≤ i < [V j ]�+1,1, we can set v(i, j) =
[V j ]�,2. Loosely speaking, the first column of matrix V j records the indexes of grid
points for which the accumulated numbers of violations are jumping to different values.
The second column of matrix V j records the corresponding accumulated numbers of
violations.

In this paper, matrices Sj and V j are, respectively, referred to as the matrix of
sample sizes and the matrix of violations. At any stage in which samples X1, . . . , Xj

have been generated, the status of the experiment is completely characterized by
matrices Sj , V j . Both matrices are of two columns but of varying number of rows in
the course of our experiment. Obviously, the numbers of rows of these matrices can
be substantially less than the number of grid points m.

To save memory and data processing effort, we shall take advantage of the piece-
wise constant property of the accumulated numbers of samples and violations by con-
structing matrices Sj and V j when we have generated uncertainty samples X1, . . . , Xj .
As can be seen in what follows, such matrices can be constructed recursively. Once
we have Sj and V j , we can generate sample Xj+1 and update Sj , V j as Sj+1, V j+1

in accordance with (6.4) and (6.5).

6.2. Sample reuse algorithm. In this section, we shall present our sample
reuse algorithms as follows.
Initialization We initialize the matrices of sample sizes and violations by the fol-

lowing steps:
♦ Generate sample X1 uniformly from uncertainty set with radius rm.
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♦ Compute j such that X1 ∈ Bri for j ≤ i ≤ m and X1 /∈ Bri for 1 ≤ i ≤
j− 1.
♦ Let S1 =

[
1 1

]
if j = 1 and S1 =

[
1 0
j 1

]
if j > 1.

♦ Let V 1 =
[
1 0

]
if the robustness requirement is satisfied for X1, and

let V 1 = S1 if the robustness requirement is violated for X1.
Sample generation If [Sj ]κ,1 < N then generate sample Xj+1 uniformly from un-

certainty set with radius rm, otherwise generate sample Xj+1 uniformly from
uncertainty set with radius [Sj ]κ−1,1.

Updating matrices Update Sj as Sj+1 by the method described in section 6.2.1. If
the robustness requirement is satisfied for Xj+1 then let V j+1 = V j , otherwise
update V j as V j+1 by the method described in section 6.2.2.

Stopping criterion The sampling process is terminated if Sj has only one row and
[Sj ]1,2 = N .

In the above, we describe the basic steps of our sample reuse algorithm. The main
purpose of the initialization is to build the starting matrices S1 and V 1 based on the
first sample generated from the largest bounding set. The first sample must be drawn
from the bounding set of the largest radius rm. The second step of initiation is to
determine the index j of the smallest bounding set which includes the sample X1. The
third step of initiation is to determine the starting matrix of sample sizes. If j = 1,
then the sample X1 can be used by all bounding sets, and thus s(i, 1) = 1 for i =
1, . . . ,m. It follows that we should let S1 =

[
1 1

]
in accordance with (6.4). If j > 1,

then s(i, 1) = 1 for i = j, . . . ,m and s(i, 1) = 0 for i = 1, . . . , j− 1. Consequently, we
should let S1 =

[
1 0
j 1

]
according to (6.4). The fourth step of initiation is to determine

the starting matrix of violations. If the robustness requirement is satisfied for X1,
then v(i, 1) = 0 for i = 1, . . . ,m, and thus we should let V 1 =

[
1 0

]
be consistent

with (6.5). On the other hand, if the robustness requirement is violated for X1, then
the matrix of violations is the same as the matrix of sample sizes.

In the step of sample generation, a new sample is generated from the currently
largest bounding set for which the number of collected samples has not reached N .
The new sample is used to update the data record based on (6.4) and (6.5) in the step
of updating matrices. Finally, all bounding sets will have enough collected samples,
and thus the simulation should be stopped when Sj has one row and [Sj ]1,2 = N .

6.2.1. Sample sizes tracking. In this section, we describe how to update the
matrix of sample sizes. The key idea is to ensure condition (6.4). Let κ be the number
of rows of Sj . We proceed as follows.
Step (1) Compute an index j∗ such that Xj+1 ∈ Bri for j∗ ≤ i ≤ m and Xj+1 /∈ Bri

for 1 ≤ i ≤ j∗ − 1 (note that explicit formulas for computing j∗ are available
when using uniform or geometric grid scheme).
The purpose of this step is to find the index of the smallest bounding set
which includes the new sample Xj+1. The bounding sets with index no less
than j∗ can use the new sample.

Step (2) Modify Sj as a temporary matrix Ŝj+1 based on the following three cases.
Case (1). [Sj ]�∗,1 < j∗ < [Sj ]�∗+1,1 for some �∗ ∈ {1, . . . , κ− 1};
Case (2). j∗ = [Sj ]�∗,1 for some �∗ ∈ {1, . . . , κ};
Case (3). j∗ > [Sj ]κ,1.
Case (1) corresponds to the situation wherein the new sample Xj+1 falls
between two nested bounding sets with radius rp and rq such that p =
[Sj ]�∗,1, q = [Sj ]�∗+1,1 and wherein bounding set Bri has the same num-
ber of collected samples for all i satisfying p ≤ i < q. Therefore, a new row
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needs to be inserted into the matrix of sample sizes. Moreover, the number
of collected samples needs to be increased for bounding set Bri with i ≥ j∗.
Specifically, this can be accomplished as follows:
In Case (1), define Ŝj+1 as a (κ + 1) × 2 matrix such that

[Ŝj+1]�,1 = [Sj ]�,1, [Ŝj+1]�,2 = [Sj ]�,2, � = 1, . . . , �∗,

[Ŝj+1]�∗+1,1 = j∗, [Ŝj+1]�∗+1,2 = 1 + [Sj ]�∗,2,

[Ŝj+1]�+1,1 = [Sj ]�,1, [Ŝj+1]�+1,2 = 1 + [Sj ]�,2, � = �∗ + 1, . . . , κ.

Case (2) corresponds to the situation wherein the new sample Xj+1 falls be-
tween two nested bounding sets with radius rp−1 and rp such that p = [Sj ]�∗,1.
The new sample can be used by bounding set Bri with i ≥ p. No new row
needs to be inserted into the matrix of sample sizes. However, by the prin-
ciple of sample reuse, the number of collected samples needs to be increased
for bounding set Bri with i ≥ p. Specifically, this can be accomplished as
follows:
In Case (2), define Ŝj+1 as a κ× 2 matrix such that

[Ŝj+1]�,1 = [Sj ]�,1, [Ŝj+1]�,2 = [Sj ]�,2, � = 1, . . . , �∗ − 1,

[Ŝj+1]�,1 = [Sj ]�,1, [Ŝj+1]�,2 = 1 + [Sj ]�,2, � = �∗, . . . , κ.

Case (3) corresponds to the situation wherein the new sample Xj+1 falls
between two nested bounding sets with radius rp and rm such that p = [Sj ]κ,1.
The new sample can be used by bounding set Bri with p ≤ i ≤ m. A new row
needs to be added to the matrix of sample sizes. Moreover, by the principle
of sample reuse, the number of collected sample sizes needs to be increased
for bounding set Bri with i ≥ p. Specifically, this can be accomplished as
follows:
In Case (3), define Ŝj+1 as a (κ + 1) × 2 matrix such that

[Ŝj+1]�,1 = [Sj ]�,1, [Ŝj+1]�,2 = [Sj ]�,2, � = 1, . . . , κ,

[Ŝj+1]κ+1,1 = j∗, [Ŝj+1]κ+1,2 = 1 + [Sj ]κ,2.

Step (3) Let κ̂ denote the number of rows of Ŝj+1. If [Ŝj+1]κ̂,2 < N , then let Sj+1 =

Ŝj+1; otherwise find index �� by a bisection search such that [Ŝj ]��−1,2 < N ≤
[Ŝj ]��,2 and define Sj+1 as an �� × 2 matrix such that

[Sj+1]�,1 = [Ŝj+1]�,1, [Sj+1]�,2 = [Ŝj+1]�,2, � = 1, . . . , �� − 1,

[Sj+1]��,1 = [Ŝj+1]��,1, [Sj+1]��,2 = [Ŝj+1]��,2.

The purpose of this step is to make sure that no more than N samples are
used for each bounding set. In this step, the records for those bounding sets
having enough collected samples have been merged.

6.2.2. Violations tracking. In this section, we describe how to update the
matrix of violations in the case that the robustness requirement is violated for Xj+1.
The key idea is to ensure condition (6.5). Let κ be the number of rows of Sj . Let τ
be the number of rows of V j . Let j∗ be the index obtained in the process of updating
Sj such that Xj+1 ∈ Bri for j∗ ≤ i ≤ m and Xj+1 /∈ Bri for 1 ≤ i ≤ j∗ − 1. We
proceed as follows.
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Step (i) Identify the maximal number ι such that the experiment for uncertainty
radius rp with p = [V j ]ι,1 has not been completed by the following method.
♦ If [Sj ]κ,2 < N , then let ι = κ; otherwise find ι by a bisection search such

that [V j ]ι,1 < [Sj ]κ,1, [V j ]ι+1,1 ≥ [Sj ]κ,1.
Here “the experiment for a bounding set is completed” means that the number
of collected samples reaches N . Obviously, if [Sj ]κ,2 < N , the experiment has
not completed for all bounding sets. If [Sj ]κ,2 = N , then the experiment is
completed for bounding set Bri with i ≥ [Sj ]κ,1. The maximal number ι
satisfies [V j ]ι,1 < [Sj ]κ,1, [V j ]ι+1,1 ≥ [Sj ]κ,1.

Step (ii) Modify V j as a temporary matrix V̂ j based on the following two cases.
Case (a). [Sj ]κ,2 < N or [Sj ]κ,2 = N , [V j ]ι+1,1 = [Sj ]κ,1.
Case (b). [Sj ]κ,2 = N and the index ι guarantees [V j ]ι+1,1 > [Sj ]κ,1.

In Case (a), we define V̂ j = V j . In Case (b), we define V̂ j as a (τ + 1) × 2
matrix such that

[V̂ j ]�,1 = [V j ]�,1, [V̂ j ]�,2 = [V j ]�,2, � = 1, . . . , ι,

[V̂ j ]ι+1,1 = [Sj ]κ,1, [V̂ j ]ι+1,2 = [V j ]ι,2,

[V̂ j ]�+1,1 = [V j ]�,1, [V̂ j ]�+1,2 = [V j ]�,2, � = ι + 1, . . . , τ.

This step prepares us for updating the matrix of violations in Step (iii). It

is ensured that, in both Cases (a) and (b), the rows of matrix V̂ j of index
greater than ι correspond to the completed experiments. Hence, as will be
seen in Step (iii), such rows of matrix V̂ j need not to be updated.

Step (iii) Obtain V j+1 by modifying V̂ j based on the following three cases.

Case (i). [V̂ j ]�∗,1 < j∗ < [V̂ j ]�∗+1,1 for some �∗ ∈ {1, . . . , ι− 1}.
Case (ii). j∗ = [V̂ j ]�∗,1 for some �∗ ∈ {1, . . . , ι}.
Case (iii). j∗ > [V̂ j ]ι,1.
Case (i) corresponds to the situation wherein the new sample Xj+1 falls
between two nested bounding sets with radius rp and rq such that p =

[V̂ j ]�∗,1, q = [V̂ j ]�∗+1,1 and wherein bounding set Bri has the same num-
ber of collected violations for all i satisfying p ≤ i < q . Therefore, a new
row needs to be inserted into the matrix of violations. Moreover, the num-
ber of collected violations needs to be increased for bounding set Bri with

i ≥ j∗. Recall that the rows of V̂ j of index greater than ι correspond to the
complete experiments; those rows should be passed without change to V j+1.
Specifically, this can be accomplished as follows:
Let τ̂ be the number of rows of V̂ j . In Case (i), define V j+1 as a (τ̂ + 1) × 2
matrix such that

[V j+1]�,1 = [V̂ j ]�,1, [V j+1]�,2 = [V̂ j ]�,2, � = 1, . . . , �∗,

[V j+1]�∗+1,1 = j∗, [V j+1]�∗+1,2 = 1 + [V̂ j ]�∗,2,

[V j+1]�+1,1 = [V̂ j ]�,1, [V j+1]�+1,2 = 1 + [V̂ j ]�,2, � = �∗ + 1, . . . , ι,

[V j+1]�+1,1 = [V̂ j ]�,1, [V j+1]�+1,2 = [V̂ j ]�,2, � = ι + 1, . . . , τ̂ .

Case (ii) corresponds to the situation wherein the new sample Xj+1 falls
between two nested bounding sets with radius rp−1 and rp such that p =

[V̂ j ]�∗,1. The new sample can be used by bounding set Bri with i ≥ p.
No new row needs to be inserted into the matrix of violations. However,
by the principle of sample reuse, the number of collected violations needs
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to be increased for bounding set Bri with i ≥ p. The rows of V̂ j of index
greater than ι should be directly passed to V j+1. Specifically, this can be
accomplished as follows:
In Case (ii), define V j+1 as a τ̂ × 2 matrix such that

[V j+1]�,1 = [V̂ j ]�,1, [V j+1]�,2 = [V̂ j ]�,2, � = 1, . . . , �∗ − 1,

[V j+1]�,1 = [V̂ j ]�,1, [V j+1]�,2 = 1 + [V̂ j ]�,2, � = �∗, . . . , ι,

[V j+1]�,1 = [V̂ j ]�,1, [V j+1]�,2 = [V̂ j ]�,2, � = ι + 1, . . . , τ̂ .

Case (iii) corresponds to the situation wherein the new sample Xj+1 falls

between two nested bounding sets with radius rp and rm such that p = [V̂ j ]ι,1.
The new sample can be used by bounding set Bri with j∗ ≤ i ≤ m if the
experiment has not been completed. A new row needs to be added to the
matrix of violations. Moreover, by the principle of sample reuse, the number
of collected violations needs to be increased for bounding set Bri with i ≥ j∗ if
the experiment has not been completed. Specifically, this can be accomplished
as follows:
In Case (iii), define V j+1 as a (τ̂ + 1) × 2 matrix such that

[V j+1]�,1 = [V̂ j ]�,1, [V j+1]�,2 = [V̂ j ]�,2, � = 1, . . . , ι,

[V j+1]ι+1,1 = j∗, [V j+1]ι+1,2 = 1 + [V̂ j ]ι,2,

[V j+1]�+1,1 = [V̂ j ]�,1, [V j+1]�+1,2 = [V̂ j ]�,2, � = ι + 1, . . . , τ̂ .

6.3. Complexity of data processing and memory. It can be seen that the
memory requirement and the computation due to data processing are determined by
the sizes of matrices Sj and V j . To quantify the complexity, we have the following
results.

Theorem 6.1.

For any j, the following statements hold true:
(I) The number of rows of matrix Sj is no more than N .
(II) The expected number of rows of matrix V j is no greater than

(6.6) 1 + N

[
Pe(a) + 2d

∫ a

a
�

Pe(x)

x
dx

]
≤ 1 + NPe(a) (1 + 2d ln �)

where Pe(x) = 1 − miny∈[ aλ , x] P(y) for all x ∈
[
a
λ , a

]
and

� = max

(
min

(
λ,

a

ρ0

)
, 1

)

with ρ0 = sup{r | P(r) = 1}.
See Appendix E for a proof. We now revisit the robustness analysis problem dis-

cussed in Remark 1 of section 4 from the perspective of memory complexity. Assume
that each data record (ki, ni) (i.e., each row of V j) occupies 4 bytes of computer in-
ternal memory (RAM). As illustrated in section 5.2, when using the conventional
data structure, it takes 13G (gigabytes) of RAM to save the data and visualize
the results. On the other hand, in our new algorithm, if the smallest proportion is
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p∗ = minr∈[ a
λ ,a] P(r) > 0.999 and � < 3

2 , the RAM requirement will be equivalent to

4 × [1 + (1 − p∗) (1 + 2d ln �)N ]

= 4 ×
[
1 + (1 − 0.999) ×

(
1 + 2 × 1800 × ln

3

2

)
× 106

]
< 6.2 × 106 bytes ≈ 6.2 M bytes.

It can be seen that such a memory requirement is extremely low as compared to that
of the conventional method. Theorem 6.1 also reveals that the complexity of data
processing is very low.

6.4. Confidence band. To be useful, any numerical techniques should provide
a method for error assessment. Monte Carlo simulation is no exception. The following
results allow us to construct a confidence band for the robustness curve. Such a post-
experimental statistical inference can remedy the conservatism of an a priori choice of
sample size N based on the Chernoff bound. In order to overcome the computational
complexity of the Clopper–Pearson confidence interval [10], we have developed new
methods to facilitate the construction of the confidence band.

Theorem 6.2. Let δ ∈ (0, 1). Let L(k) = k
N + 3

4

1− 2k
N −

√
1+4θ k(1− k

N )

1+θN and

U(k) = k
N + 3

4

1− 2k
N +

√
1+4θ k(1− k

N )

1+θN with θ = 9
8 ln 2

δ

. Let ζ = r−ri
ri+1−ri . Let

Ki = N − v(i,n), i = 1, . . . ,m.

Let ς = 1 − g(r�)
ri+1−ri . Define P(r) = ζ U(Ki) + (1 − ζ) U(Ki+1) + ς and P(r) =

ζ L(Ki) + (1 − ζ) L(Ki+1) − ς. Then

Pr{P(r) < P(r) < P(r) ∀r ∈ [ri, ri+1]} > 1 − δ.

See Appendix F for a proof. The family of intervals [P(r), P(r)], r ∈ [a/λ, a],
is referred to as the confidence band. It is important to note that the confidence
band can be efficiently constructed by making use of the piecewise constant property
of v(i,n). It can be shown that the computational complexity of constructing the
confidence band is also absolutely bounded.

7. Examples. In this section, we shall illustrate by examples the application of
our techniques in control of uncertain systems. For a robustness analysis problem,
one can define an indicator function I(.) such that

I(Δ) =

{
1 if the robustness requirement is satisfied for Δ,

0 otherwise

for any uncertainty instance Δ. Let Δ1, . . . , ΔN be N i.i.d. samples uniformly dis-
tributed over an uncertainty bounding set Br. Then, I(Δi), i = 1, . . . , N , are i.i.d.
Bernoulli random variables with a success probability P(r). A minimum variance
unbiased estimator of P(r) is taken as

P̂(r) =

∑N
i=1 I(Δi)

N
.

The Chernoff bound [9] asserts that, for any ε, δ ∈ (0, 1),

Pr
{∣∣∣P̂(r) − P(r)

∣∣∣ < ε
}
> 1 − δ
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provided that

(7.1) N >
ln 2

δ

2ε2
.

Since the explicit bound (7.1) is independent of the quantity P(r) that we want to
estimate, we can use it as the guideline for the choice of sample size N .

Now we first consider the robust stability problem studied in [12] by a deter-
ministic approach. The system considered in [12] is represented by Figure 6. The
compensator is C(s) = s+2

s+10 and the plant is P (s) = 800(1+0.1δ1)
s(s+4+0.2δ2)(s+6+0.3δ3)

with para-

metric uncertainty Δ = [δ1, δ2, δ3]. For ε = δ = 0.01, we determined the sample size
N from the Chernoff bound (7.1) as N = 26492. In order to make the discretization
error ε be less than 10−4 with a geometrical gridding over uncertainty radius interval
[3, 8], we obtained the number of grid point as m = 14714 by formula (4.5). In this
problem case, the evaluation of system performance for sample Δi is actually the
evaluation of the indicator function

I(Δi) =

{
1 if the closed-loop system is stable for Δi,

0 otherwise.

P(s)C(s)

r +

_

e c

Fig. 6. Uncertain system.

The deterministic robustness margin is found to be 3.44 by a branch and bound
technique (see page 163 of [12]). As shown in Figure 7, we have applied our new sam-
ple reuse algorithms to obtain an estimation of the function P(r) and corresponding
confidence band with confidence coefficient 99% (based on Theorem 6) for assessing
the accuracy of the estimation. Owing to the power of the new method of sample
reuse, the ENGP is less than 4 and the memory requirement is negligible. In addi-
tion to the low computational complexity, the robustness curve obtained by the new
algorithms provides more insight into the system robustness than the deterministic
robustness margin.

Next, we consider a robust performance problem involving time-domain specifi-
cations for the same system shown by Figure 6. The robustness requirement is that
the rise time and settling time should be no more than 0.25 and 3.5 seconds, respec-
tively, and the overshoot should be no more than 70% under the condition that the
closed-loop system is stable. For this robust performance problem, the corresponding
indicator function becomes

I(Δi) =

⎧⎪⎨
⎪⎩

1 if the closed-loop system is stable

and the time specification is satisfied for Δi,

0 otherwise.

The estimation of P(r) together with its corresponding confidence band are shown
in Figure 8, where the sample size N is taken as 26,492 and the number of grid
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Fig. 7. Robustness analysis with stability requirement.
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Upper confidence limit (99%)
Lower confidence limit (99%)

Fig. 8. Robustness analysis with time specifications.

points is taken by (4.5) as 16,481 to ensure the discretization error less than 10−4

for a geometric gridding over uncertainty radius interval [0.1, 0.3]. It is well known
that this type of problem is, in general, intractable by the deterministic approach.
However, the new sample reuse algorithms can provide an efficient and insightful
solution.

8. Conclusion. It is possible to make a case for the statement that the
probabilistic robustness analysis is essentially the study of the robustness function,
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especially its probabilistic implications, efficient evaluation, and computational com-
plexity. We have addressed these issues in this paper. In particular, we have developed
randomized algorithms which offer more insights for system robustness. We rigorously
show that, in both aspects of computer running time and memory requirement, the
complexity of such randomized algorithms is not only linear in the dimension of un-
certainty space, but also surprisingly low. While the complexity of the conventional
method grows linearly with the number of grid points, and the error due to interpo-
lation is not well controlled, our techniques completely resolve such issues. In short,
our method guarantees accuracy and efficiency.

Appendix A. Proof of Theorem 3.1. We first establish a basic inequality
that will be used to prove the theorem.

Lemma A.1. For any x > 1,

1

x
+ lnx > 1.

Proof. Let

f(x) =
1

x
+ lnx.

Then f(1) = 1 and

d f(x)

dx
=

x− 1

x2
> 0 ∀x > 1.

It follows that f(x) > 1 for all x > 1.
Now we are in the position to prove Theorem 3.1. Observing that(

rm
r1

)d

=

m−1∏
i=1

(
ri+1

ri

)d

,

we have

ln

(
rm
r1

)d

=

m−1∑
i=1

ln

(
ri+1

ri

)d

.

Therefore,

m−1∑
i=1

(
ri

ri+1

)d

+ ln

(
rm
r1

)d

=

m−1∑
i=1

⎡
⎢⎣ 1(

ri+1

ri

)d
+ ln

(
ri+1

ri

)d

⎤
⎥⎦ .

Since
(

ri+1

ri

)d

> 1, i = 1, . . . ,m− 1, it follows from Lemma A.1 that

1(
ri+1

ri

)d
+ ln

(
ri+1

ri

)d

> 1, i = 1, . . . ,m− 1.

Hence,

m−1∑
i=1

(
ri

ri+1

)d

+ ln

(
rm
r1

)d

> m− 1,
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or equivalently,

m−
m−1∑
i=1

(
ri

ri+1

)d

< 1 + ln

(
rm
r1

)d

= 1 + d lnλ.

Finally, by Theorem 1 of [6] and the definition of meq, we have

meq = m−
m−1∑
i=1

(
ri

ri+1

)d

< 1 + d lnλ.

Appendix B. Proof of Theorem 4.1. To prove the theorem, we need some

preliminary results. It is derived in [2] that
∣∣∣dP(r)

dr

∣∣∣ < 2d
r when P(.) is differentiable.

The following lemma indicates that the bound on the rate of variation of P(.) can be
much tighter.

Lemma B.1. For the arbitrary robustness requirement,

|P(r + Δr) − P(r)| ≤ 1 −
(

1 +
Δr

r

)−d
<

d

r
Δr

for any r > 0 and any Δr > 0.
Proof. Let Qr ⊆ Br be the set such that the robustness requirement is satisfied.

Let

I1 =
vol(Qr+Δr)

vol(Br+Δr)
− vol(Qr)

vol(Br+Δr)
, I2 =

vol(Qr)

vol(Br+Δr)
− vol(Qr)

vol(Br)
.

Let “\” denote the operation of set minus. Observing that Qr+Δr \Qr ⊆ Br+Δr \Br,
we have vol(Qr+Δr)−vol(Qr) ≤ vol(Br+Δr)−vol(Br). Using this fact and the identity
vol(Br) = rd vol(B1), we have

0 ≤ I1 ≤ vol(Br+Δr) − vol(Br)

vol(Br+Δr)
= 1 −

(
1 +

Δr

r

)−d

and

−
[
1 −

(
1 +

Δr

r

)−d]
≤ −vol(Qr)

vol(Br)

vol(Br+Δr) − vol(Br)

vol(Br+Δr)
= I2.

Therefore, |P(r + Δr) − P(r)| = |I1 + I2| ≤ 1 −
(
1 + Δr

r

)−d
< d

rΔr, where the last

inequality follows from inequality 1 −
(
1 + x

r

)−d
< dx

r for all x > 0. To prove this

inequality, we can define function h(x) = 1 −
(
1 + x

r

)−d − dx
r , x > 0, and check that

h(0) = 0 and ∂h(x)
∂x = d

r

[(
1 + x

r

)−(d+1) − 1
]
< 0 for all x > 0.

We are now in the position to prove the theorem. It can be shown that

|P(r) − P
∗(r)| =

∣∣∣∣ (ri+1 − r)[P(r) − P(ri)] + (r − ri)[P(r) − P(ri+1)]

ri+1 − ri

∣∣∣∣
≤ (ri+1 − r)|P(r) − P(ri)| + (r − ri)|P(r) − P(ri+1)|

ri+1 − ri
.(B.1)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PROBABILISTIC ROBUSTNESS ANALYSIS 2715

By Lemma B.1 and inequality (B.1), we have

|P(r) − P
∗(r)| ≤

(ri+1 − r)
[
1 −

(
r
ri

)−d]
+ (r − ri)

[
1 −

( ri+1

r

)−d]
ri+1 − ri

= 1 − g(r)

ri+1 − ri
.

Note that

∂g(r)

∂r
= Φ(r) − Ψ(r),

where

Φ(r) =
(ri+1

r

)−d [
1 +

(
1 − ri

r

)
d
]
, Ψ(r) =

(
r

ri

)−d [
1 +

(ri+1

r
− 1

)
d
]
.

It can be verified that

Φ(ri) =

(
ri+1

ri

)−d
< 1, Ψ(ri) = 1 +

(
ri+1

ri
− 1

)
d > 1,

∂g(r)

∂r

∣∣∣∣
r=ri

< 0,

Φ(ri+1) = 1 +

(
1 − ri

ri+1

)
d > 1, Ψ(ri+1) =

(
ri+1

ri

)−d
< 1,

∂g(r)

∂r

∣∣∣∣
r=ri+1

> 0.

It can be checked that Φ(r) is a monotone increasing function of r and that Ψ(r) is a

monotone decreasing function of r. Hence, ∂g(r)
∂r is a monotone increasing function of

r. Moreover, there exists a unique number r� ∈ (ri, ri+1) such that ∂g(r)
∂r

∣∣∣
r=r�

= 0,

i.e., Φ(r�) = Ψ(r�). Furthermore, g(r) is a convex function of r. Consequently,

min
r∈[ri, ri+1]

g(r) = g(r�),

and we have shown

|P(r) − P
∗(r)| ≤ 1 − g(r�)

ri+1 − ri
∀r ∈ [ri, ri+1].

Since ∂g(r)
∂r is a monotone increasing function of r, we can compute r� by a bisection

search over interval (ri, ri+1).
By Lemma B.1 and inequality (B.1), we have

|P(r) − P
∗(r)| ≤

(ri+1 − r)(r − ri)
d
ri

+ (r − ri)(ri+1 − r)dr
ri+1 − ri

≤
(ri+1 − r)(r − ri)

d
ri

+ (r − ri)(ri+1 − r) d
ri

ri+1 − ri

≤ 2d

ri(ri+1 − ri)
max

r∈[ri,ri+1]
(ri+1 − r)(r − ri)

=
2d

ri(ri+1 − ri)

(ri+1 − ri)
2

4

=
d(ri+1 − ri)

2ri
.
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Appendix C. Proof of Theorem 4.2. By Theorem 4.1, |P(r) − P
∗(r)| ≤

d (ri+1−ri)
2ri

for all r ∈ [ri, ri+1]. Thus, it suffices to show d (ri+1−ri)
2ri

< ε, i.e.,

(C.1)
ri+1

ri
< 1 +

2ε

d
.

By definition (4.1), for i = 1, . . . ,m− 1,

ri+1

ri
=

a− (m−i−1)(λ−1)
(m−1)λ a

a− (m−i)(λ−1)
(m−1)λ a

= 1 +
λ− 1

m− 1 + (λ− 1)(i− 1)

≤ 1 +
λ− 1

m− 1
.

By virtue of (C.1), to guarantee that the gridding error is less than ε, it suffices to

ensure 1 + λ−1
m−1 < 1 + 2ε

d , i.e., m > 1 + d(λ−1)
2ε . Hence, it suffices to have

m ≥ 2 +

⌊
(λ− 1)d

2ε

⌋
.

It can be verified that

ri
ri+1

= 1 − 1
m−1
λ−1 + i

, i = 1, . . . ,m− 1.

By Theorem 1 of [6], the sample reuse factor is given by

Freuse =
m

m−
∑m−1

i=1 ( ri
ri+1

)d

=
m

m−
∑m−1

i=1 (1 − 1
m−1
λ−1 +i

)d
.

Therefore,

meq(ε) =
m

Freuse
= m−

m−1∑
i=1

(
1 − 1

m−1
λ−1 + i

)d

.

Appendix D. Proof of Theorem 4.3. By virtue of (4.2), we have ri+1

ri
=

λ
1

m−1 . Hence, by (C.1), it suffices to show λ
1

m−1 < 1 + 2ε
d , which can be reduced to

m > 1 + lnλ

ln(1+ 2ε
d )

. This inequality is equivalent to m ≥ 2 +
⌊

lnλ
ln(1+ 2ε

d )

⌋
. By equation

(3.1) and Theorem 1 of [6], we have E[n] =
[
m− (m− 1)( 1

λ )
d

m−1

]
N and hence obtain

meq(ε). Note that

Freuse =
m

meq(ε)
>

m

1 + d lnλ
=

2 +
⌊

lnλ
ln(1+ 2ε

d )

⌋
1 + d lnλ

>

lnλ

ln(1+ 2ε
d )

1 + d lnλ
.
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Making use of the inequality ln(1 + x) < x for all x > 0, we have ln
(
1 + 2ε

d

)
< 2ε

d .
Therefore,

Freuse >

lnλ
2ε
d

1 + d lnλ

=
1

2ε

(
1 − 1

1 + d lnλ

)
.

Appendix E. Proof of Theorem 6.1.
Proof of statement (I). Obviously, [Sj ]1,2 ≥ 1, [Sj ]κ,2 ≤ N . From the rules of

sampling, we can perform induction with respect to j and have [Sj ]�+1,2 − [Sj ]�,2 ≥
1, � = 1, . . . , κ− 1. Observing that

[Sj ]κ,2 = [Sj ]1,2 +

κ−1∑
�=1

(
[Sj ]�+1,2 − [Sj ]�,2

)

≥ 1 +

κ−1∑
�=1

(
[Sj ]�+1,2 − [Sj ]�,2

)
≥ 1 + κ− 1

= κ,

we have κ ≤ [Sj ]κ,2 ≤ N .
Proof of statement (II). We need some preliminary results.
Lemma E.1. Let 1 ≤ i ≤ m− 1. Then∣∣∣∣∣

[
1 −

(
ri

ri+1

)d
]
− d(ri+1 − ri)

ri+1

∣∣∣∣∣ ≤ d(d− 1)

2

(
ri+1 − ri

ri+1

)2

.

Proof. Note that∣∣∣∣∣
[
1 −

(
ri

ri+1

)d
]
− d(ri+1 − ri)

ri+1

∣∣∣∣∣ =

∣∣∣∣∣
(

ri
ri+1

)d

−
(

1 − d(ri+1 − ri)

ri+1

)∣∣∣∣∣
=
∣∣∣(1 − t)

d − (1 − d t)
∣∣∣ ,

where t = ri+1−ri
ri+1

. It can be checked that
∣∣∣(1 − t)

d − (1 − d t)
∣∣∣ = d(d−1)

2 t2 for d = 1, 2.

For d ≥ 3, by Taylor’s expansion formula, there exists ξ ∈ (0, t) such that

(1 − t)d = 1 − d t +
d(d− 1)

2
(1 − ξ)d−2 t2.

Observing that 0 < t < 1 since 0 < ri < ri+1, we hence have 0 < (1 − ξ)d−2 < 1 and∣∣∣(1 − t)
d − (1 − d t)

∣∣∣ < d(d−1)
2 t2 for d ≥ 3. Therefore, for any d ≥ 1,

∣∣∣∣∣
[
1 −

(
ri

ri+1

)d
]
− d(ri+1 − ri)

ri+1

∣∣∣∣∣
≤ d(d− 1)

2
t2 =

d(d− 1)

2

(
ri+1 − ri

ri+1

)2

.
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Lemma E.2. Define the maximum gap between grid points as

� = max
1≤i≤m−1

(ri+1 − ri).

Then,

m−1∑
i=1

(
ri+1 − ri

ri+1

)2

<
λ(λ− 1)�

a
.

Proof. Note that

m−1∑
i=1

(
ri+1 − ri

ri+1

)2

≤ �

m−1∑
i=1

ri+1 − ri
r2
i+1

< �

m−1∑
i=1

ri+1 − ri(
a
λ

)2 .

By successive cancellation,

m−1∑
i=1

(ri+1 − ri) = rm − r1 = a− a

λ
.

Hence,

m−1∑
i=1

(
ri+1 − ri

ri+1

)2

< �

m−1∑
i=1

ri+1 − ri(
a
λ

)2 = �
a− a

λ(
a
λ

)2 =
λ(λ− 1)�

a
.

Lemma E.3. The expected number of rows of the matrix of violations V n is no

greater than 1 + NPe(a) + 2N
∑m−1

j=1 Pe(rj)
[
1 − (

rj
rj+1

)d
]
.

Proof. Let Xj
1 , . . . , X

j
nj

be the samples generated from the uncertainty set with

radius rj . For i = 1, . . . ,m, define the random variable Y j
i such that Y j

i = Xj
i if the

robustness requirement is violated for Xj
i and Y j

i = 0 otherwise. By the principle of
sample reuse, the value of nj depends only on the samples generated from uncertainty
sets with radius rk, j + 1 ≤ k ≤ m. Consequently, event {nj = ν} is independent

of event {Y j
i = 1} and Pr{Y j

i = 1, nj = ν} = Pr{Y j
i = 1}Pr{nj = ν}. By the

definitions of Y j
i and Pe(.), we have Pr{Y j

i = 1} = 1 − P(rj) ≤ Pe(rj). Therefore,

E

[
nj∑
i=1

Y j
i

]
=

N∑
ν=1

ν∑
i=1

Pr{Y j
i = 1, nj = ν}

=

N∑
ν=1

ν∑
i=1

Pr{Y j
i = 1}Pr{nj = ν}

≤
N∑

ν=1

ν Pe(rj) Pr{nj = ν}

= Pe(rj) E[nj ]

for j = 1, . . . ,m. We now consider V n with n =
∑m

i=1 ni. By the mechanism
of the sample reuse algorithms, for j = 1, . . . ,m − 1, every new sample from the
uncertainty set with radius rj at most creates 2Y j

i , i = 1, . . . ,nj , new rows for the
matrix of violations (see section 6.2.2). Note that X1 creates at most 1 + Y m

1 rows
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for V 1. Every new sample from the uncertainty set with radius rm creates at most
Y m
i , i = 2, . . . ,nm, new rows for the matrix of violations. Hence,

E [the number of rows of matrix V n]

≤ 1 + E

[
nm∑
i=1

Y m
i

]
+ 2 E

⎡
⎣m−1∑

j=1

nj∑
i=1

Y j
i

⎤
⎦

≤ 1 + Pe(rm) E[nm] + 2

m−1∑
j=1

Pe(rj) E[nj ].

By Lemma 6 of [6], we have

(E.1) E[nj ] =

[
1 −

(
rj

rj+1

)d
]
N, j = 1, . . . ,m− 1.

By (E.1) and using the fact that E[nm] = N, Pe(rm) = Pe(a), we have

E [the number of rows of matrix V n]

≤ 1 + NPe(a) + 2N

m−1∑
j=1

Pe(rj)

[
1 −

(
rj

rj+1

)d
]
.

Lemma E.4. For any grid scheme,∣∣∣∣∣
m−1∑
i=1

Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1

∣∣∣∣∣
<

d(d− 1)λ(λ− 1)�

2a
+

λd

a

m−1∑
i=1

Pe(ri+1)(ri+1 − ri) −
λd

a

m−1∑
i=1

Pe(ri)(ri+1 − ri).

Proof. Note that∣∣∣∣∣
m−1∑
i=1

Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1

∣∣∣∣∣
≤

m−1∑
i=1

∣∣∣∣∣Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

Pe(ri)(ri+1 − ri)

ri+1

∣∣∣∣∣
+

m−1∑
i=1

∣∣∣∣dPe(ri)(ri+1 − ri)

ri+1
− d

Pe(ri+1)(ri+1 − ri)

ri+1

∣∣∣∣
<

m−1∑
i=1

∣∣∣∣∣
[
1 −

(
ri

ri+1

)d
]
− d(ri+1 − ri)

ri+1

∣∣∣∣∣
+
λd

a

m−1∑
i=1

[Pe(ri+1)(ri+1 − ri) − Pe(ri)(ri+1 − ri)] ,

where the last inequality follows from the facts that 0 ≤ Pe(ri) ≤ Pe(ri+1) ≤ 1 and
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ri+1 > a
λ . Making use of Lemmas E.1 and E.2, we have∣∣∣∣∣

m−1∑
i=1

Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1

∣∣∣∣∣
≤ d(d− 1)

2

m−1∑
i=1

(
ri+1 − ri

ri+1

)2

+
λd

a

m−1∑
i=1

Pe(ri+1)(ri+1 − ri) −
λd

a

m−1∑
i=1

Pe(ri)(ri+1 − ri)

≤ d(d− 1)λ(λ− 1)�

2a
+

λd

a

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

−λd

a

m−1∑
i=1

Pe(ri)(ri+1 − ri).

Lemma E.5. For a set of grid points G = {r� | 1 ≤ � ≤ m} with a
λ = r1 < r2

< · · · < rm = a, define function ℵ(.) such that

ℵ(G) =

m−1∑
�=1

Pe(r�)

[
1 −

(
r�

r�+1

)d
]
.

Then, for any two sets of grid points G1 and G2 such that G1 ⊂ G2,

ℵ(G1) ≤ ℵ(G2).

Proof. Consider two sequences of grid points G1 = {r� | 1 ≤ � ≤ m} and
G2 = {r̂� | 1 ≤ � ≤ m + 1} such that

a

λ
= r1 < r2 < · · · < rm = a,

a

λ
= r̂1 < r̂2 < · · · < r̂m+1 = a,

and such that G2 is obtained from G1 by adding a grid point r̂i+1 to interval (ri, ri+1)
where 1 ≤ i ≤ m − 1, i.e., r̂j = rj , j = 1, . . . , i and r̂j+1 = rj , j = i + 1, . . . ,m. By
the definition of function ℵ(.), we have

ℵ(G2) − ℵ(G1)

=

m∑
τ=1

Pe(r̂τ )

[
1 −

(
r̂τ

r̂τ+1

)d
]
−

m−1∑
τ=1

Pe(rτ )

[
1 −

(
rτ

rτ+1

)d
]

= Pe(ri)

[
1 −

(
ri

r̂i+1

)d
]

+ Pe(r̂i+1)

[
1 −

(
r̂i+1

ri+1

)d
]
− Pe(ri)

[
1 −

(
ri

ri+1

)d
]
.

By virtue of the fact that Pe(r̂i+1) ≥ Pe(ri), we have

ℵ(G2) − ℵ(G1)

≥ Pe(ri)

[
1 −

(
ri

r̂i+1

)d
]

+ Pe(ri)

[
1 −

(
r̂i+1

ri+1

)d
]
− Pe(ri)

[
1 −

(
ri

ri+1

)d
]

= Pe(ri)

[
1 −

(
ri

r̂i+1

)d

−
(
r̂i+1

ri+1

)d

+

(
ri

ri+1

)d
]
.
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Recalling that ri < r̂i+1 < ri+1, we have

1 −
(

ri
r̂i+1

)d

−
(
r̂i+1

ri+1

)d

+

(
ri

ri+1

)d

=
r̂di+1 − rdi

r̂di+1

−
r̂di+1 − rdi

rdi+1

=
(r̂di+1 − rdi )(r

d
i+1 − r̂di+1)

r̂di+1r
d
i+1

> 0.

It follows that ℵ(G2) − ℵ(G1) ≥ 0.
We are now in the position to prove statement (II) of the theorem. For any set of

grid points, we can reduce the maximal gap between grid points by adding grid points.
Every new grid point is placed at the middle of one of the previous intervals which
possesses the largest width in order to ensure that, as more grid points are added, the
maximal gap of grid points tends to zero. In this process, we create a series of nested
sets of grid points Gk, k = 1, 2, . . . ,∞, such that G1 ⊂ G2 ⊂ G3 ⊂ · · · . Note that∣∣∣∣∣

m−1∑
i=1

Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

∫ a

a
λ

Pe(x)

x
dx

∣∣∣∣∣
≤
∣∣∣∣∣
m−1∑
i=1

Pe(ri)

[
1 −

(
ri

ri+1

)d
]
− d

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1

∣∣∣∣∣
+

∣∣∣∣∣d
m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1
− d

∫ a

a
λ

Pe(x)

x
dx

∣∣∣∣∣
≤ d(d− 1)λ(λ− 1)�

2a
+

λd

a

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)(E.2)

−λd

a

m−1∑
i=1

Pe(ri)(ri+1 − ri)

+ d

∣∣∣∣∣
m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1
−
∫ a

a
λ

Pe(x)

x
dx

∣∣∣∣∣ ,
where inequality (E.2) follows from Lemma E.4. By Lemma B.1, P(.) is a continuous

function with respect to r. Consequently, Pe(x)
x is Riemann integrable over interval[

a
λ , a

]
and

lim
�→0

m−1∑
i=1

Pe(ri+1)(ri+1 − ri)

ri+1
=

∫ a

a
λ

Pe(x)

x
dx.

Moreover, since Pe(x) is Riemann integrable, we have

lim
�→0

m−1∑
i=1

Pe(ri+1)(ri+1 − ri) = lim
�→0

m−1∑
i=1

Pe(ri)(ri+1 − ri) =

∫ a

a
λ

Pe(x)dx.

Hence, the right-hand side of inequality (E.2) can be made arbitrarily small by succes-
sively cutting the gap between grid points in half with new grid points. This proves
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that

lim
k→∞

ℵ(Gk) = d

∫ a

a
λ

Pe(x)

x
dx.

On the other hand, by Lemma E.5, we have ℵ(G1) ≤ ℵ(G2) ≤ ℵ(G3) ≤ · · · . Combining
the convergency and the monotone property of sequence {ℵ(Gk)}∞k=1, we can conclude

that ℵ(G) ≤ d
∫ a

a
λ

Pe(x)
x dx for any set of grid points G. By Lemma E.3, the expected

number of rows of the matrix of violations V n is no greater than

1 + NPe(a) + 2Nℵ(G) ≤ 1 + NPe(a) + 2Nd

∫ a

a
λ

Pe(x)

x
dx

= 1 + NPe(a) + 2Nd

∫ a

a
�

Pe(x)

x
dx

for any G. Such a bound applies to any V j because the number of rows of V j is
nondecreasing with respect to j. Finally, the inequality of (6.6) can be proved by
making use of the observation that Pe(x) ≤ Pe(a) for all x ∈

[
a
�
, a

]
.

Appendix F. Proof of Theorem 6.2. We need the following lemma, which
has recently been obtained in [8].

Lemma F.1. Let Xi, i = 1, . . . , N , be i.i.d. Bernoulli random variables such that

Pr{Xi = 1} = 1 − Pr{Xi = 0} = PX > 0. Let K =
∑N

i=1 Xi

N . Then

Pr {L(K) < PX < U(K)} > 1 − δ.

Applying Lemma F.1, we have Pr{L(Ki+1) < P(ri+1) < U(Ki+1)} > 1 − δ
2 and

Pr{L(Ki) < P(ri) < U(Ki)} > 1 − δ
2 . Hence, by Bonferroni’s inequality [11],

Pr{L(Ki+1) < P(ri+1) < U(Ki+1), L(Ki) < P(ri) < U(Ki)} > 1 − δ.

By the definitions of P
∗(r), P(r), and P(r), we have that event {L(Ki+1) < P(ri+1) <

U(Ki+1), L(Ki) < P(ri) < U(Ki)} implies event {P(r) + ς < P
∗(r) < P(r) − ς for all

r ∈ [ri, ri+1]}. Hence, Pr{P(r)+ ς < P
∗(r) < P(r)− ς for all r ∈ [ri, ri+1]} > 1−δ. By

Theorem 4.1 and the gridding scheme, Pr{|P∗(r)−P(r)| < ς for all r ∈ [ri, ri+1]} = 1.
Applying Bonferroni’s inequality, we have

(F.1) Pr{P(r) + ς < P
∗(r) < P(r) − ς, |P∗(r) − P(r)| < ς ∀r ∈ [ri, ri+1]} > 1 − δ.

Finally, the theorem is proved by observing that the left-hand side of inequality (F.1)
is no greater than Pr{P(r) < P(r) < P(r) for all r ∈ [ri, ri+1]}.
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ROBUSTNESS OF λ-TRACKING IN THE GAP METRIC∗

ACHIM ILCHMANN† AND MARKUS MUELLER†

Abstract. For m-input, m-output, finite-dimensional, linear systems satisfying the classical
assumptions of adaptive control (i.e., (i) minimum phase, (ii) relative degree one, and (iii) “positive”
high-frequency gain), it is well known that the adaptive λ-tracker “u = −k e, k̇ = max{0, |e| −λ}|e|”
achieves λ-tracking of the tracking error e if applied to such a system: all states of the closed-loop
system are bounded, and |e| is ultimately bounded by λ, where λ > 0 is prespecified and may be
arbitrarily small. Invoking the conceptual framework of the nonlinear gap metric, we show that
the λ-tracker is robust. In the present setup this means in particular that the λ-tracker copes
with bounded input and output disturbances, and, more importantly, it may even be applied to a
system not satisfying any of the classical conditions (i)–(iii) as long as the initial conditions and the
disturbances are “small” and the system is “close” (in terms of “small” gap) to a system satisfying
(i)–(iii).
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Nomenclature

C+, C− = {s ∈ C |Re s > 0}, {s ∈ C |Re s < 0}, respectively

A > 0 if and only if xTAx > 0 for all x ∈ R
n \ {0}, where A =

AT ∈ R
n×n

|x| =
√
xTx, the Euclidean norm of x ∈ R

n

|A| = max
{
|Ax|

∣∣x ∈ R
m, |x| = 1

}
, the induced matrix norm for

A ∈ R
n×m

‖v‖V the norm of v ∈ V for any normed vector space V
Lp(R≥0 → R

�) the space of p-integrable functions y : R≥0 → R
�, 1 ≤ p <

∞ with norm

‖y‖Lp(R≥0→R�) =
(∫∞

0
|y(t)|p dt

) 1
p

Lp
loc(I → R

�) the space of locally p-integrable functions y : I → R
�, with∫

K
|y(t)|p dt < ∞ for all compact K ⊂ I, where 1 ≤ p < ∞

and I ⊂ R≥0 is an interval

L∞(R≥0 → R
�) the space of essentially bounded functions y : R≥0 → R

�

with norm
‖y‖L∞(R≥0→R�) = ess supt≥0 |y(t)|
L∞loc(I → R

�) the space of locally bounded functions y : I → R
�, with

ess supt∈K |y(t)| < ∞ for all compact K ⊂ I, where I ⊂
R≥0 is an interval
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W 1,∞(R≥0 → R
�) the Sobolev space of absolutely continuous functions y :

R≥0 → R
� with y, ẏ ∈ L∞(R≥0 → R

�) and norm

‖y‖W 1,∞(R≥0→R�) = ‖y‖L∞(R≥0→R�) + ‖ẏ‖L∞(R≥0→R�)

W 1,∞
loc (I → R

�) the space of absolutely continuous functions y : I → R
�,

with y, ẏ ∈ L∞loc(I → R
�), where I ⊂ R≥0 is an interval

dist(e, [−λ, λ]) = max{0, |e| − λ} for e ∈ R
m and λ > 0

dλ(e) = max{0, |e| − λ} for e ∈ R
m and λ > 0

1. Introduction. In this paper we show robustness of λ-stabilization and λ-
tracking (i.e., stabilization and tracking with a final accuracy of prespecified λ > 0)
for linear n-dimensional, m-input, m-output systems of the form

(1.1)

{
ẋ(t) = Ax(t) + B u1(t), x(0) = x0,

y1(t) = C x(t),

where A ∈ R
n×n, B,CT ∈ R

n×m, x0 ∈ R
n, subject to additive input/output distur-

bances u0, y0, respectively,

(1.2) u0 = u1 + u2, y0 = y1 + y2,

as depicted in Figure 1, where the plant P maps the interior input signal u1 to the
interior output signal y1 and the controller C maps the interior output signal y2 to the
interior input signal u2. In our setup, P will always be a linear initial value problem
of the form (1.1) and the controller C will be a dynamical system, specified in due
course. In case of zero disturbances u0 ≡ y0 ≡ 0, it is well known that (1.1) can be
stabilized by proportional high-gain (k 
 0) output feedback

(1.3) u2(t) = −k y2(t),

provided (1.1) is minimum phase, i.e.,

∀ s ∈ C+ : det

[
sI −A B

C 0

]
�= 0,

and its transfer function C(sI −A)−1B has strict relative degree one with “positive”
high-frequency gain, i.e., CB+(CB)T > 0. This system class is denoted, for n,m ∈ N

with n ≥ m, as

M̃n,m :=

⎧⎪⎨
⎪⎩

(A,B,C)

∈ R
n×n × R

n×m × R
m×n

∣∣∣∣∣∣∣
CB + (CB)T > 0

∀ s ∈ C+ : det

[
sIn −A B

C 0

]
�= 0

⎫⎪⎬
⎪⎭ .

Note that the state space dimension n ∈ N need not be known but only the in-
put/output dimension m ∈ N, and, most importantly, only structural assumptions
are required, but the system entries are completely unknown. A sufficiently high-
gain k in (1.3) can be found adaptively. More precisely, any system (A,B,C) ∈
M̃n can be stabilized adaptively, in the presence of L2 input/output disturbances, by
the controller (ubiquitous in the adaptive control literature)

(1.4)

{
k̇(t) = |y2(t)|2, k(0) = k0 ∈ R,

u2(t) = −k(t) y2(t)
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Fig. 1. The closed-loop system [P,C].

in the sense that all states of the closed-loop system (1.1), (1.2), (1.4) are bounded
and limt→∞ y1(t) = 0. This approach has been introduced by the seminal work of
[14, 15, 17]; see also the survey [6].

The surprising property of the controller (1.4) is not only its simplicity but also
its robustness: it is also applicable in the presence of additive L2 input/output dis-

turbances, and it may stabilize systems (1.1) not belonging to M̃n,m but sufficiently
“close”—in terms of the gap metric defined in section 3—to some (A,B,C) in normal

form and belonging to M̃n,m. This has been proved in [4].
However, the controller (1.4) has the shortcomings that, if tracking is the con-

trol objective, it needs to be combined with an internal model (thus becoming more
involved) and, more importantly, fails for stabilizing nonlinear systems or in the pres-
ence of additive arbitrarily small input or output L∞-disturbances. To overcome these
shortcomings, the so-called λ-tracker

(1.5)

{
k̇(t) = dist (y2(t), [−λ, λ]) · |y2(t)|, k(0) = k0,

u2(t) = −k(t)y2(t)

for λ > 0 and k0 ∈ R has been introduced by [9]. The application of the λ-tracker (1.5)

to any system (1.1) belonging to M̃n,m, via (1.2), satisfies, in the presence of arbi-
trary input/output disturbances u0, y0 which are bounded with essentially bounded
derivative, arbitrary initial conditions x0 ∈ R

n, k0 ∈ R and any arbitrarily small
design parameter λ > 0, the control objectives of λ-tracking :

• all signals and their derivatives of the closed-loop system (1.1), (1.2), (1.5)
are bounded;

• lim supt→∞ dist(y2(t), [−λ, λ]) = 0.
This result has been generalized to nonlinear and infinite-dimensional systems [10] and
applied, to name but a few, to regulate biogas tower reactors [8], chemical reactors
[12], and insulin delivery for diabetic patients [2] by preserving the simplicity of the
control strategy. Note also that it is a tracking result without invoking an internal
model: set y0(·) ≡ yref(·) as a prespecified reference signal.

The purpose of the present paper is to show robustness properties of the λ-tracker
in terms of the gap metric. For example, we consider

(1.6)

{
ẋ = Ã x + b̃ u1, x(0) = x̃0,

y1 = c̃ x,

with x̃0 ∈ R
3 and where, for α,N,M > 0,

Ã :=

⎡
⎢⎣

0 1 0

0 0 1

αNM −NM + αN + αM α−N −M

⎤
⎥⎦ , b̃ :=

⎡
⎢⎣

0

0

N

⎤
⎥⎦ , c̃ := [M,−1, 0].
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This system does not belong to the class M̃3,1; its transfer function N(M−s)
(s−α)(s+N)(s+M)

does not satisfy any of the classical structural assumptions in adaptive control:

(1.7)

⎧⎪⎨
⎪⎩

• it is not minimum phase;

• it has relative degree two;

• and its high-frequency gain −N < 0 has the “wrong” sign.

However, defining, for n,m ∈ N with n ≥ m, the system class

Pn,m

:=
{
(A,B,C) ∈ R

n×n × R
n×m × R

m×n | (A,B,C) is stabilizable and detectable
}
,

(1.6) belongs to P3,1, and we will show in subsection 3.5 and Example 4.6 that (1.6) is

close (in terms of the gap metric) to a system belonging to M̃1,1 for N,M sufficiently
large and x̃0 sufficiently small, and thus (1.5) applied to (1.6) achieves λ-tracking.

Instead of systems (A,B,C) ∈ M̃n,m we restrict our attention to systems in
Byrnes–Isidori normal form; see, for example, [13, section 4]. That is, for each (A,B,

C) ∈ M̃n,m the matrix

T =
[
B(CB)−1, V

]
, where V ∈ R

n×(n−m) with rkV = n−m and imV = kerC,

converts (1.1) via the coordinate transformation
(
y1
z

)
= T−1x into

(1.8){
ẏ1 = A1y1 + A2z + CB u1, y1(0) = y0

1 ∈ R,

ż = A3y1 + A4z, z(0) = z0 ∈ R
n−m,

(
y0
1

z0

)
= T−1x0,

where[
A1 A2

A3 A4

]
:= T−1AT,

[
B1

0(n−m)×m

]
:=

[
CB

0

]
= T−1B,

[
Im 0m×(n−m)

]
= CT.

By the minimum-phase property, A4 has spectrum in the open left half complex plane
C−. Therefore, we introduce, for n,m ∈ N with n ≥ m, the system class

Mn,m

:=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(A,B,C) ∈ R
n×n × R

n×m × R
m×n

∣∣∣∣∣∣∣∣∣∣∣

A =

[
A1 A2

A3 A4

]
, B =

[
B1

0

]
,

C =
[
Im 0

]
, B1, A1 ∈ R

m×m,

spec(A4) ⊂ C−, B1 + BT
1 > 0.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.

We will study properties of the closed-loop system generated by the application of
the λ-tracker (1.5) to systems (1.1) of class Mn,m or of class Pn,m in the presence
of disturbances (u0, y0) ∈ W 1,∞(R≥0 → R

m) × W 1,∞(R≥0 → R
m) satisfying the

interconnection equations (1.2). The closed-loop system (1.8), (1.5), (1.2) is depicted
in Figure 2.

The paper is organized as follows. In section 2 we show that λ-tracking is possible
for all linear systems (1.1) belonging to class Mn,m in the presence of W 1,∞(R≥0 →
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Fig. 2. The adaptive closed-loop system.

R
m) input/output disturbances; see Figure 2. In section 3, we collect the basics of the

framework of gap metric and graph topology from [5, 3, 4] necessary for our setup.
Section 4 contains our main result, i.e., robustness of λ-tracking. We show that if
the initial conditions, the input/output disturbances, and the gap between a nominal
system belonging to class Pq,m and a system belonging to class Mn,m (for m, q, n ∈ N

with q, n ≥ m) are sufficiently small, then the controller (1.5) achieves λ-tracking for
the nominal system.

2. λ-tracking. In this section we show that the control strategy given by (1.5)
applied to any linear system of class Mn,m achieves λ-tracking in the presence of
W 1,∞(R≥0 → R

m) input/output disturbances; see Figure 2. Set, for n,m ∈ N with
n ≥ m,

Dn,m := Mn,m × (Rm × R
n−m × R) ×W 1,∞(R≥0 → R

m) ×W 1,∞(R≥0 → R
m).

Proposition 2.1. Let m,n ∈ N with n ≥ m and λ > 0. Then there exists a
continuous map ν : Dn,m → R≥0 such that, for all d =

( [
A1 A2

A3 A4

]
, B,C, (y0

1 , z
0, k0), u0,

y0

)
∈ Dn,m, the associated closed-loop initial value problem (1.8), (1.2), (1.5) satisfies

(2.1) ‖(u2, y2, z, k)‖W 1,∞(R≥0→Rm+n+1) ≤ ν(d)

and

(2.2) lim sup
t→∞

|y2(t)| ≤ λ.

The result that λ-tracking works for the class of systems Mn goes back to [9], and
input disturbances are also considered in [7]. However, to prove the robustness of the
λ-tracker in section 4, the existence of a continuous function ν(·) satisfying (2.1) is
crucial. Therefore, we had to find a new proof showing (2.1) which easily shows (2.2).

Proof of Proposition 2.1. Let d =
([

A1 A2

A3 A4

]
, B,C, (y0

1 , z
0, k0), u0, y0

)
∈ Dn,m and

set, for notational convenience,

h(·) := ẏ0(·) −A1 y0(·) − CB u0(·),

e(·) := y2(·).

The closed-loop initial value problem (1.8), (1.2), (1.5) is then given by

(2.3)

⎧⎪⎨
⎪⎩

ė = A1 e−A2 z − k CB e + h, e(0) = e0 := y0(0) − y0
1 ,

ż = −A3 e + A4 z + A3 y0, z(0) = z0,

k̇ = dλ(e) |e|, k(0) = k0,

where dλ is defined in the Nomenclature. We divide the proof into 10 steps.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ROBUSTNESS OF λ-TRACKING IN THE GAP METRIC 2729

Step 1. Since the right-hand side of (2.3) is continuous and locally Lipschitz, it
follows from the theory of ordinary differential equations that (2.3) has a solution

(e, z, k) : [0, ω) → R
n−m × R

m × R≥0

on a maximal interval of existence [0, ω) for some ω ∈ (0,∞]. This solution is unique.
Step 2. We define some constants that are used in the following steps of the proof.
Since spec(A4) ⊂ C− we have

(2.4) ∃ M1, μ > 0 ∀ t ≥ 0 : | exp(A4 t)| ≤ M1 exp(−μt).

Set

σ1 := min spec
(
CB + (CB)T

)
/2,

M2 := M1 + M1|A3|
(
‖y0‖L∞(R≥0→Rm) + λ + μ

)
/μ,

M3 := M2

(
1 + |z0|

)
/λ + M2 (1 + 1/μ) ,

M4 := |A1| + |A2| + ‖h‖L∞(R≥0→Rm)/λ,

M5 := |k0| + 2 (M4 + M3M4 + 1) /σ1,

M6 := M5 + |k0| + |e0|2/2,

M7 :=
(
dλ(e0)2 + 2(M6 + |k0|)

[
σ1

(
M6 + |k0|

)
/2 + M4 + M3M4

]) 1
2 + λ,

M8 := M2

(
1 + |z0| + M7/μ

)
.

Step 3. We estimate the z-dynamics in the form

(2.5) ∀ t ∈ [0, ω) :

∫ t

0

dλ(e(τ)) |z(τ)|dτ ≤ M3

[
k(t) − k0

]
.

Applying variation of constants to the second equation in (2.3) and invoking (2.4)
gives, for all t ∈ [0, ω),

|z(t)| ≤M1 e
−μt|z0| +

∫ t

0

M1 e
−μ(t−τ)|A3| (|e(τ)| + |y0(τ)|) dτ

≤M1 e
−μt|z0| + M1|A3|

∫ t

0

e−μ(t−τ)
(
dλ(e(τ)) + ‖y0‖L∞(R≥0→Rm) + λ

)
dτ

≤M1 e
−μt|z0| + M1|A3|

∫ t

0

e−μ(t−τ)‖y0‖L∞(R≥0→Rm) dτ

+ M1|A3|
∫ t

0

e−μ(t−τ)λ dτ + M1|A3|
∫ t

0

e−μ(t−τ)dλ(e(τ)) dτ

≤M1 |z0| + M1|A3|
μ

(
‖y0‖L∞(R≥0→Rm) + λ

)
+ M1|A3|

∫ t

0

e−μ(t−τ)dλ(e(τ)) dτ

≤M2

[
1 + |z0| +

∫ t

0

e−μ(t−τ)dλ(e(τ)) dτ

]
.(2.6)
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Let

∀ t ∈ [0,∞) ∀ ϕ ∈ L2
loc(R≥0 → R) : (L ∗ ϕ)(t) :=

∫ t

0

e−μ(t−τ)ϕ(τ) dτ.

Invoking the well-known inequality (see, for example, [16, p. 298])

∀ t ≥ 0 : ‖L ∗ ϕ‖L2([0,t)→R) ≤ ‖e−μ ·‖L1(R≥0→R)‖ϕ‖L2([0,t)→R) = 1
μ‖ϕ‖L2([0,t)→R)

and the fact that

∀ e ∈ R : dλ(e)2 ≤ dλ(e) |e|

yields, by (2.3), (2.6), and the Cauchy–Schwarz inequality, for all t ∈ [0, ω),∫ t

0

dλ(e(τ)) |z(τ)|dτ

≤M2

∫ t

0

dλ(e(τ))
[
1 + |z0| + (L ∗ dλ(e))(τ)

]
dτ

≤M2

[
1 + |z0|

] 1

λ

∫ t

0

dλ(e(τ)) |e(τ)|dτ

+ M2

[
‖dλ(e)‖2

L2([0,t)→R) + ‖L ∗ dλ(e)‖2
L2([0,t)→R)

]

≤M2

[
1 + |z0|

] 1

λ

∫ t

0

dλ(e(τ)) |e(τ)|dτ + M2

(
1 +

1

μ

)∫ t

0

dλ(e(τ))2 dτ.

This proves (2.5).
Step 4. We estimate the e-dynamics in the form

(2.7) ∀ t ∈ [0, ω) :

1

2
dλ(e(t))2 ≤ 1

2
dλ(e0)2 −

(
k(t) − k0

) [σ1

2

(
k(t) + k0

)
−M4 −M3M4

]
.

By (2.3) and Step 2 we have, omitting the argument t,

d

dt

(
1

2
dλ(e(t))2

)
= dλ(e) |e|−1 eT ė

= dλ(e) |e|−1eT [A1 e−A2 z − k CB e + h]

≤ dλ(e) |e| |A1| + dλ(e) |z| |A2| + dλ(e) ‖h‖L∞(R≥0→Rm)

− k dλ(e) |e|−1 eT
(

1
2 (CB + (CB)T

)
e

≤ −(k σ1 − |A1|)dλ(e) |e| + |A2| dλ(e) |z| + dλ(e) ‖h‖L∞(R≥0→Rm)

≤ −(k σ1 − |A1|)dλ(e) |e| + |A2| dλ(e) |z| + dλ(e)
|e|
λ

‖h‖L∞(R≥0→Rm)

≤ −(k σ1 −M4)dλ(e) |e| + M4 dλ(e) |z|,
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and hence, by integration and invoking (2.5), we arrive at

∀ t ∈ [0, ω) :
1

2
dλ(e(t))2 ≤ 1

2
dλ(e0)2−

∫ t

0

(k(τ)σ1−M4)k̇(τ) dτ +M3M4

[
k(t) − k0

]
,

which yields (2.7).
Step 5. We show boundedness of k in the form

(2.8) ∀ t ∈ [0, ω) : k(t) ≤ M6.

Suppose there exists T ∈ [0, ω) such that k(T ) = M5; otherwise (2.8) is obvious.
Then, by monotonicity of k, it follows from (2.7) that, for all t ∈ [T, ω),

0 ≤ 1

2
dλ(e(t))2 ≤ 1

2
dλ(e0)2 − σ1

2

(
k(t) − k0

) [
k(t) + k0 − 2

σ1
(M4 + M3M4)

]

≤ 1

2
dλ(e0)2 − σ1

2

(
k(t) − k0

) [
M5 + k0 − 2

σ1
(M4 + M3M4)

]

=
1

2
dλ(e0)2 − σ1

2

(
k(t) − k0

) [
|k0| + k0 +

2

σ1

]

≤ 1

2
dλ(e0)2 −

(
k(t) − k0

)
,

and thus

∀ t ∈ [T, ω) : k(t) − k0 ≤ 1

2
dλ(e0)2 ≤ 1

2
|e0|2

and

∀ t ∈ [0, T ) : k(t) − k0 ≤ M5 − k0,

whence (2.8).
Step 6. We show boundedness of e in the form

(2.9) ∀ t ∈ [0, ω) : |e(t)| ≤ M7.

An application of (2.8) to (2.7) gives, for all t ∈ [0, ω),

|e(t)| ≤ dλ(e(t)) + λ

≤
(
dλ(e0)2 − 2

(
k(t) − k0

) [σ1

2

(
k(t) + k0

)
−M4 −M3M4

]) 1
2

+ λ

≤
(
dλ(e0)2 + 2(M6 + |k0|)

[σ1

2

(
M6 + |k0|

)
+ M4 + M3M4

]) 1
2

+ λ.

Note that the argument of the root in the second line is nonnegative; see Step 5.
Now (2.9) follows from Step 2.

Step 7. Boundedness of z in the form

(2.10) ∀ t ∈ [0, ω) : |z(t)| ≤ M2

[
1 + |z0| +

∫ t

0

e−μ(t−τ)M7 dτ

]
≤ M8

follows from applying (2.9) to (2.6).
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Step 8. We show ω = ∞.
Since ω was chosen maximal, (2.8)–(2.10) yield ω = ∞.
Step 9. We show (2.1).
It follows from Steps 5–8 that (u2, y2, z, k) is uniformly bounded in terms of

d =
([

A1 A2

A3 A4

]
, B,C, (y0

1 , z
0, k0), u0, y0

)
. Moreover, applying Steps 5–8 again and in-

voking (2.3) yields uniform boundedness of
(
u̇2, ẏ2, ż, k̇

)
in terms of d. Now the exis-

tence of a continuous function ν : Dn,m → R≥0 such that (2.1) holds is straightforward
by invoking the constants from Step 2.

Step 10. We show (2.2).
Since k ∈ L∞(R≥0 → R) by (2.1) it follows from ‖dλ(y2) |y2|‖L1([0,t)→R) = k(t)−

k0 that dλ(y2) |y2| ∈ L1(R≥0 → R).
Since y2 ∈ W 1,∞(R≥0 → R

m) there exists M > 0 such that ess supt≥0 |(ẏ2)i(t)| <
M for all i ∈ {1. . . . ,m}, which gives

∀s ≥ 0 ∀ i ∈ {1. . . . ,m} ∀ t ∈ [0, s) ∃ τi ∈ (t, s) : (ẏ2)i(τi) =
(y2)i(s) − (y2)i(t)

s− t
< M,

and so

∀ i ∈ {1. . . . ,m} ∀ t ∈ [0, s) : |(y2)i(s) − (y2)i(t)| < M(s− t).

For δ = ε
M we arrive at

∀ i ∈ {1. . . . ,m} ∀ ε > 0 ∃ δ > 0 ∀ t, s ∈ R≥0 with |t−s| < δ : |(y2)i(t)−(y2)i(s)| < ε;

i.e., y2 is uniformly continuous. Boundedness and uniform continuity of y2 and
the continuity of e �→ dλ(e) |e| give uniform continuity of t �→ dλ(y2(t)) |y2(t)|. So
Barbălat’s lemma (see [1]) gives

lim
t→∞

dλ(y2(t)) |y2(t)| = 0,

which yields (2.2) and completes the proof.

3. The concept of gap metric. The material in this section is based on [5,
section II], [4, section 2], and [3, section 2] and contains the fundamental results
necessary for proving robustness in section 4.

3.1. Terminology. Let X be a nonempty set and, for 0 < ω ≤ ∞, let Sω denote
the set of locally integrable maps [0, ω) → X . For simplicity, we write S := S∞. For
0 < τ < ω ≤ ∞, Tτ : Sω → S denotes the operator given by

Tτv :=

{
v(t), t ∈ [0, τ),

0, t ∈ [τ,∞).

With V ⊂ S we associate spaces as follows:

Ve =
{
v ∈ S

∣∣ ∀ τ > 0 : Tτv ∈ V
}
, the extended space;

Vω =
{
v ∈ Sω

∣∣ ∀ τ ∈ (0, ω) : Tτv ∈ V
}
, 0 < ω ≤ ∞;

Va =
⋃

ω∈(0,∞]

Vω, the ambient space.
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The ambient space Va is a subset of the union of all Sω, ω ∈ (0,∞]. Thus, for v ∈ Va

the domain of v, i.e., the set of values in [0,∞) where v is defined, denoted by dom(v),
is not obvious. If v, w ∈ Va with v|I = w|I on I = dom(v) ∩ dom(w), then we write
v = w. For (u, y) ∈ Va × Va, the domains of u and y may be different; we adopt the
convention

dom(u, y) := dom(u) ∩ dom(y).

We say V ⊂ S is a signal space if and only if it is a vector space and has the property
that supτ≥0 ‖Tτv‖V < ∞ implies v ∈ V. In our applications, V will frequently be

the normed signal space W 1,∞(R≥0 → R
m), in which case Ve = W 1,∞

loc (R≥0 → R
m),

Vω = W 1,∞
loc ([0, ω) → R

m) for ω ∈ (0,∞], and Va = ∪0<ω≤∞W 1,∞
loc ([0, ω) → R

m). It
is important to note that Vω � W 1,∞([0, ω) → R

m).
For a normed signal space U and the Euclidean space R

l, l ∈ N, we will also
consider subsets of V = R

l × U , which, on identifying each θ ∈ R
l with the constant

signal t �→ θ, can be thought of as a normed signal space with the norm given by
‖(θ, x)‖V =

√
|θ|2 + ‖x‖2

U .

3.2. Well posedness. A mapping Q : X1 → X2 between signal spaces is said to
be causal if and only if, for all τ > 0, x, y ∈ X1, Tτx = Tτy implies TτQx = TτQy.
Let U and Y be normed signal spaces and let P : Ua → Ya and C : Ya → Ua be causal
mappings representing a plant and controller, respectively. Our central concern is the
system of equations

(3.1) [P,C] : y1 = Pu1, u2 = Cy2, u0 = u1 + u2, y0 = y1 + y2

corresponding to the closed-loop feedback configuration as depicted in Figure 1; see
section 1. By a solution of (3.1) we mean the following. For w0 = (u0, y0) ∈ W :=
U ×Y, a pair (w1, w2) =

(
(u1, y1), (u2, y2)

)
∈ Wa ×Wa, Wa := Ua ×Ya, is a solution

of (3.1) if and only if (3.1) holds on dom(w1, w2). The (possibly empty) set of all
solutions is denoted by

Xw0 :=
{
(w1, w2) ∈ Wa ×Wa

∣∣ (w1, w2) solves (3.1)
}
.

The closed-loop system [P,C], given by (3.1), is said to have
• the existence property if and only if Xw0 �= ∅,
• the uniqueness property if and only if

∀ w0 ∈ W :
[
(ŵ1, ŵ2), (w̃1, w̃2) ∈ Xw0

=⇒ (ŵ1, ŵ2) = (w̃1, w̃2) on dom(ŵ1, ŵ2)∩dom (w̃1, w̃2)
]
.

Assume that [P,C] has the existence and uniqueness properties. For each w0 ∈ W,
define ωw0 , 0 < ωw0 ≤ ∞, by the property

[0, ωw0
) :=

⋃
(ŵ1,ŵ2)∈Xw0

dom(ŵ1, ŵ2)

and define (w1, w2) ∈ Wa × Wa, with dom(w1, w2) = [0, ωw0
), by the property

(w1, w2)|[0,t) ∈ Xw0 for all t ∈ [0, ωw0). This construction induces the operator

HP,C : W → Wa ×Wa, w0 �→ (w1, w2).
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The closed-loop system [P,C], given by (3.1), is said to be

• locally well posed if and only if it has the existence and uniqueness properties
and the operator HP,C : W → Wa ×Wa, w0 �→ (w1, w2), is causal,

• globally well posed if and only if it is locally well posed and HP,C(W) ⊂
We ×We,

• W-stable if and only if it is locally well posed and HP,C(W) ⊂ W ×W,
• regularly well posed if and only if it is locally well posed and

(3.2) ∀w0 ∈ W :
[
ωw0 < ∞ =⇒ Tωw0

HP,C(w0) /∈ W ×W
]
.

If [P,C] is globally well posed, then for each w0 ∈ W the solution HP,C(w0) exists on
the half-line R≥0. Regular well posedness means that if the closed-loop system has
a finite escape time ωw0 > 0 for some disturbance w0 ∈ W, then at least one of the
components u1, u2 or y1, y2 is not a restriction to [0, ωw0) of a function in U or Y,
respectively. If [P,C] is regularly well posed and satisfies

∀w0 ∈ W :
[
ωw0 < ∞ =⇒ Tωw0

HP,C(w0) ∈ W ×W
]
,

there does not exist a solution of [P,C] with a finite escape time, and therefore [P,C]
is globally well posed. However, global well posedness does not guarantee that each
solution belongs to W ×W; the latter is ensured by W-stability of [P,C]. Note also
that neither regular nor global well posedness implies the other.

3.3. Graphs and gain-function stability. In our investigation of robustness
of stability properties of a closed-loop system, the concept of graphs and gain-function
stability will play a central role. Corresponding to a plant operator P (respectively, the
controller operator C) is a subset of W, called the graph of the plant GP (respectively,
the controller GC), defined as

GP =

{(
u

Pu

) ∣∣∣∣∣ u ∈ U , Pu ∈ Y
}

⊂ W, GC =

{(
Cy

y

) ∣∣∣∣∣ Cy ∈ U , y ∈ Y
}

⊂ W.

Note that we identify GP �
(

u
Pu

)
= (u, Pu) ∈ W, and analogously for GC .

A causal operator F : X → Va, where X ,V are subsets of normed signal spaces,
is said to be gain-function stable if and only if F (X ) ⊂ V and the following nonlinear
so-called gain function is well defined:

(3.3) g[F ] : (r0,∞) → R≥0,

r �→ g[F ](r) = sup
{
‖TτFx‖V

∣∣∣ x ∈ X , ‖Tτx‖X ∈ (r0, r], τ > 0
}
,

where r0 := infx∈X ‖x‖X < ∞. Observe that ‖TτFx‖V ≤ g[F ](‖Tτx‖X ). A closed-
loop system [P,C] is said to be gain-function stable if and only if it is globally well
posed and HP,C : W → We ×We is gain-function stable.

Note the following facts:

(i) global well posedness of [P,C] implies that imHP,C ⊂ We ×We;
(ii) gain-function stability of [P,C] implies W-stability of [P,C];
(iii) if [P,C] is W-stable, then HP,C : W → GP × GC is a bijective operator with

inverse H−1
P,C : (w1, w2) �→ w1 + w2.
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To see (iii), note that HP,C(W) ⊂ W × W implies that HP,C(W) ⊂ GP × GC , and
since for any w1 ∈ GP ⊂ W, w2 ∈ GC ⊂ W we have w1 + w2 ∈ W, it follows that
HP,C(W) ⊃ GP × GC . Therefore, we can think of a gain-function stable HP,C as a
surjective operator HP,C : W → GP × GC . The inverse of HP,C : W → GP × GC is
obviously H−1

P,C : (w1, w2) �→ w1 + w2.
Finally, with a closed-loop system [P,C], we associate the following two parallel

projection operators: ΠP//C : W → Wa, w0 �→ w1, and ΠC//P : W → Wa, w0 �→ w2.

Clearly, HP,C =
(
ΠP//C , ΠC//P

)
and ΠP//C + ΠC//P = I. Therefore, gain-function

stability of one of the operators ΠP//C and ΠC//P implies the gain-function stability
of the other, and so gain-function stability of either operator implies gain-function
stability of the closed-loop system [P,C].

3.4. The nonlinear gap. The essence of the paper is a study of robust stabil-
ity in a specific adaptive control context. Robust stability is the property that the
stability properties of a globally well-posed closed-loop system [P,C] persists under
“sufficiently small” perturbations of the plant. In other words, robust stability is the
property that [P1, C] inherits the stability properties of [P,C] when the plant P is
replaced by any plant P1 sufficiently “close” to P . In the context of this paper, plants
P and P1 are deemed to be close if and only if their respective graphs are close in the
gap sense of [5]. The nonlinear gap is defined as follows:

Let, for signal spaces U and Y,

Γ :=
{
P : Ua → Ya

∣∣ P is causal
}

and, for P1, P2 ∈ Γ, define the (possibly empty) set

OP1,P2 :=
{
Φ : GP1

→ GP2

∣∣ Φ is causal, surjective, and Φ(0) = 0
}
.

The directed nonlinear gap is given by

�δ : Γ × Γ → [0,∞],

(P1, P2) �→ �δ(P1, P2) := inf
Φ∈OP1,P2

sup
x∈GP1

\{0}, τ>0

(
‖Tτ (Φ − I)(x)‖U×Y

‖Tτx‖U×Y

)
,

with the convention that �δ(P1, P2) := ∞ if OP1,P2
= ∅, and the nonlinear gap δ is

δ : Γ × Γ → [0,∞], (P1, P2) �→ δ(P1, P2) := max{�δ(P1, P2), �δ(P2, P1)}.

3.5. Example. In this subsection we illustrate the previous graph and gap con-
cepts by two operators Pα, PN,M,α induced by state space systems{

Pα : ẋ = αx + u1, x(0) = x0,

y1 = x,
(3.4)

{
PN,M,α : ẋ = Ã x + b̃ u1, x(0) = x̃0,

y1 = c̃ x
(3.5)

for α > 0, x0 ∈ R, and
(
Ã, b̃, c̃

)
as in (1.6), with x̃0 ∈ R

3. Throughout this example
assume that x0 = 0, x̃0 = 0. The second purpose of this example is to show that Pα

is close to PN,M,α in the sense that

lim sup
M→∞

�δ(Pα, P2M,M,α) = 0.(3.6)
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First, recall that
(
Ã, b̃, c̃

)
∈ P3,1 \ M̃3,1 and (α, 1, 1) ∈ M1,1.

Second, recall that the graphs of Pα and PN,M,α are given, respectively, by

GPα
=

{(
u1

y1

)∣∣∣∣∣ u1, y1 ∈ W 1,∞(R≥0 → R), y1 solves (3.4)

}
,

GPN,M,α
=

{(
u1

y1

)∣∣∣∣∣ u1, y1 ∈ W 1,∞(R≥0 → R), y1 solves (3.5)

}
.

To determine an upper bound for the gap between Pα and PN,M,α, consider the
bijective mapping Φ from graph GPα to graph GPN,M,α

given by

Φ : GPα
→ GPN,M,α

,

⎛
⎜⎝

u∫ ·
0

eα(·−s) u(s) ds

⎞
⎟⎠ �→

⎛
⎜⎝

u

c̃

∫ ·
0

eÃ(·−s)b̃ u(s) ds

⎞
⎟⎠ .

By the definition of the nonlinear gap (see section 3.4), we obtain

�δ(Pα, PN,M,α) ≤ sup
w∈GPα\{0}

‖(Φ − I)(w)‖W
‖w‖W

,

where W := W 1,∞(R≥0 → R) ×W 1,∞(R≥0 → R) and, for w = (u, y) ∈ W, the norm
is defined by

‖(u, y)‖W := ‖u‖W 1,∞(R≥0→R) + ‖y‖W 1,∞(R≥0→R).

To estimate

|(Φ − I)(w)(t)| for w :=

⎛
⎝ u∫ ·

0

eα(·−s) u(s) ds

⎞
⎠ ∈ GPα

we calculate that the output y1 of (3.5) is given, for all t ≥ 0, by

y1(t) = c̃

∫ t

0

eÃ(t−s)b̃ u1(s) ds =

∫ t

0

N(M − α)

(α + N)(α + M)
eα(t−s) u1(s) ds

+

∫ t

0

N(N + M)

(N −M)(α + N)
e−N(t−s) u1(s) ds

+

∫ t

0

−2NM

(N −M)(α + M)
e−M(t−s) u1(s) ds,
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and thus, for all t ≥ 0,

|(Φ − I)(w)(t)| ≤
∣∣∣∣( N(M−α)

(α+N)(α+M) − 1
)∫ t

0

eα(t−s) u(s) ds

∣∣∣∣
+

∣∣∣∣ N(N+M)
(N−M)(α+N)

∫ t

0

e−N(t−s) u(s) ds

∣∣∣∣
+

∣∣∣∣ −2NM
(N−M)(α+M)

∫ t

0

e−M(t−s) u(s) ds

∣∣∣∣
≤

∣∣∣ N(M−α)
(α+N)(α+M) − 1

∣∣∣
∣∣∣∣
∫ t

0

eα(t−s) u(s) ds

∣∣∣∣
+

(∣∣∣∣ N(N+M)
(N−M)(α+N)

∫ t

0

e−N(t−s) ds

∣∣∣∣

+

∣∣∣∣ −2NM
(N−M)(α+M)

∫ t

0

e−M(t−s) ds

∣∣∣∣
)
‖u‖L∞(R≥0→R)

≤
∣∣∣ N(M−α)
(α+N)(α+M) − 1

∣∣∣
∥∥∥∥
∫ ·

0

eα(·−s) u(s) ds

∥∥∥∥
W 1,∞(R≥0→R)

+
(∣∣∣ N+M

(N−M)(α+N)

∣∣∣ +
∣∣∣ 2N
(N−M)(α+M)

∣∣∣) ‖u‖W 1,∞(R≥0→R).

Hence

�δ(Pα, PN,M,α) ≤
∣∣∣∣ N(M − α)

(α + N)(α + M)
− 1

∣∣∣∣+
∣∣∣∣ N + M

(N −M)(α + N)

∣∣∣∣+
∣∣∣∣ 2N

(N −M)(α + M)

∣∣∣∣ ,
which yields (3.6).

4. Robustness of the λ-tracker.

4.1. Well posedness of the closed-loop system. For m,n ∈ N with n ≥ m,
consider Pn,m as a subspace of the Euclidean space R

n2+2mn by identifying a plant
θ = (A,B,C) with a vector θ consisting of the elements of the plant matrices, ordered
lexicographically. With normed signal spaces U and Y and (θ, x0) ∈ Pn,m × R

n,
where x0 ∈ R

n is the initial value of a linear system (1.1), we associate the causal
plant operator

(4.1) P̃ (θ, x0) : Ua → Ya, u1 �→ P̃ (θ, x0)(u1) := y1,

where, for u1 ∈ Ua with dom(u1) = [0, ω), we have y1 = cx, x being the unique

solution of (1.1) on [0, ω). Note that P̃ is a map from ∪n≥m(Pn,m ×R
n) to the space

of maps Ua → Ya. Consider, for λ > 0, the adaptive strategy (1.5) and associate the
causal control operator, parameterized by λ and the initial value k0 ∈ R, i.e.,
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(4.2) C̃(λ, k0) : Ya → Ua, y2 �→ C̃(λ, k0)(y2) := u2.

Note that C̃ is a map from R>0 × R to the space of causal maps Ya → Ua.

In this subsection we show that, for U = Y = W 1,∞(R≥0 → R
m), the closed-loop

system [P̃ (θ, x0), C̃(λ, k0)] of any plant of the form (1.1) (with associated operator

P̃ (θ, x0)) and adaptive controller (1.5) (with associated operator C̃(λ, k0)), where
(θ, x0) ∈ Pn,m × R

n and (λ, k0) ∈ R>0 × R, is regularly well posed. Furthermore, we

show that, for θ ∈ Mn,m, the closed-loop system [P̃ (θ, x0), C̃(λ, k0)] is globally well
posed and

(
U × Y

)
-stable.

Proposition 4.1. Let m,n ∈ N with n ≥ m, λ > 0, (θ, x0, k0) ∈ Mn,m × R
n ×

R, and u0, y0 ∈ W 1,∞(R≥0 → R
m). Then, for plant operator P̃ (θ, x0) and control

operator C̃(λ, k0), given by (4.1) and (4.2), respectively, the closed-loop initial value

problem [P̃ (θ, x0), C̃(λ, k0)], given by (1.8), (1.2), (1.5), is globally well posed and(
W 1,∞(R≥0 → R

m) ×W 1,∞(R≥0 → R
m)

)
-stable.

Proof. The proposition is a direct consequence of Proposition 2.1.

Note that, for (A,B,C) ∈ Pn,m, x0 ∈ R
n, λ > 0, and k0 ∈ R, the closed-loop

initial value problem (1.1), (1.2), (1.5) may be written as

(4.3)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ(t) = Ax(t) + B[u0(t) − u2(t)], x(0) = x0 ∈ R
n,

k̇(t) = dλ(y2(t)) |y2(t)|, k(0) = k0 ∈ R,

y2(t) = y0(t) − C x(t),

u2(t) = −k(t)y2(t),

where dλ is defined in the Nomenclature.

Proposition 4.2. Let m,n ∈ N with n ≥ m, λ > 0, (θ, x0, k0) ∈ Pn,m × R
n ×

R, and u0, y0 ∈ W 1,∞(R≥0 → R
m). Then, for plant operator P̃ (θ, x0) and control

operator C̃(λ, k0), given by (4.1) and (4.2), respectively, the closed-loop initial value

problem [P̃ (θ, x0), C̃(λ, k0)], given by (4.3), has the following properties:

(i) there exists a unique maximal solution (x, k) : [0, ω) → R
n × R for some

ω ∈ (0,∞];
(ii) if k ∈ W 1.∞([0, ω) → R), then ω = ∞;
(iii) if y2 ∈ W 1.∞([0, ω) → R

m), then ω = ∞;

(iv) [P̃ (θ, x0), C̃(λ, k0)] is regularly well posed.

Proof. (i) Since the right-hand side of (4.3) is continuous and locally Lipschitz,
the statement follows from the theory of ordinary differential equations.

(ii) Suppose k ∈ W 1,∞([0, ω) → R) and, for contradiction, ω < ∞. Since
dλ(y2)

2 ≤ dλ(y2) |y2| = k̇ ∈ L∞([0, ω) → R≥0), we have dλ(y2) ∈ L∞([0, ω) → R≥0)
and dλ(y2) + λ ∈ L∞([0, ω) → R≥0). Thus y2 ∈ L∞([0, ω) → R

m).

Since k ∈ L∞([0, ω) → R), variation of constants applied to (4.3) yields the
existence of constants c0, c1 > 0 such that

(4.4) ∀ t ∈ [0, ω) : |x(t)| ≤ c0

(
ec1ω +

∫ ω

0

ec1(ω−s) (|u0(s)| + |y2(s)|) ds

)
.

Since y2 ∈ L∞([0, ω) → R
m) and u0 ∈ L∞(R≥0 → R

m), it follows from the convolu-
tion in (4.4) that the right-hand side of (4.4) is bounded on [0, ω), which contradicts
the maximality of the solution x. Hence ω = ∞.
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(iii) Suppose y2 ∈ W 1.∞([0, ω) → R
m) and, for contradiction, ω < ∞. Then

k̇ = dλ(y2) |y2| ∈ L∞([0, ω) → R), and, combined with

∀ t ∈ [0, ω) :

k(t) − k0 =

∫ t

0

dλ(y2(s)) |y2(s)|ds ≤
∫ t

0

‖y2‖2
L∞([0,ω)→Rm) ds = ω ‖y2‖2

L∞([0,ω)→Rm),

we arrive at k ∈ W 1,∞([0, ω) → R). Now (ii) yields that ω = ∞. This is a contradic-
tion, and so ω = ∞.

(iv) Let W = W 1,∞(R≥0 → R
m) × W 1,∞(R≥0 → R

m). By (i), the closed-loop

[P̃ (θ, x0), C̃(λ, k0)] is locally well posed. To prove that [P̃ (θ, x0), C̃(λ, k0)] is regu-
larly well posed, it suffices to show that (3.2) holds. For arbitrary w0 = (u0, y0) ∈
W consider (w1, w2) = HP̃ (θ,x0),C̃(λ,k0)(w0), where dom(w1, w2) = [0, ω) is maxi-

mal. Suppose, contrary to the right-hand side of (3.2), that Tω(w1, w2) ∈ W × W.
Then y2 ∈ W 1,∞([0, ω) → R

m), which, in view of (iii), yields ω = ∞, i.e., the con-
trary of the left-hand side of (3.2). Hence the closed-loop system is regularly well
posed.

4.2. Robustness. In Propositions 4.1 and 4.2 we have established that, for
(θ, x0, k0) ∈ Mn,m ×R

n ×R and m,n ∈ N with n ≥ m, λ > 0, u0, y0 ∈ W 1,∞(R≥0 →
R

m), the closed-loop system [P̃ (θ, x0), C̃(λ, k0)] is globally well posed and has certain
stability properties. Furthermore, in Proposition 2.1 λ-tracking is shown for linear
systems belonging to class Mn,m.

The purpose of this subsection is to determine conditions under which these prop-
erties are maintained when the plant P̃ (θ, x0) is perturbed to a plant P̃ (θ̃, x̃0), where

(θ̃, x̃0) ∈ Pq,m × R
q for some q ∈ N, in particular when θ̃ /∈ Mq,m. The main result,

Theorem 4.5, shows that stability properties and λ-tracking persist if (a) the plants

P̃ (θ̃, 0) and P̃ (θ, 0) are sufficiently close (in the gap sense) and (b) the initial data x̃0

and disturbance w0 = (u0, y0) are sufficiently small.
To establish gap margin results, we will need to construct the augmented plant

and controller operators as in [4]. Note that 0 /∈ Mn,m. Define Ũ := R
n2+2n ×

W 1,∞(R≥0 → R
m) and let W̃ := Ũ × W 1,∞(R≥0 → R

m), which can be considered

as signal spaces by identifying θ ∈ R
n2+2mn with the constant function t �→ θ and

endowing Ũ with the norm ‖(θ, u)‖Ũ :=
√

|θ|2 + ‖u‖2
W 1,∞(R≥0→Rm). For given P̃ (θ, 0)

as in (4.1), we define the (augmented) plant operator as

(4.5) P : Ũa → W 1,∞
a (R≥0 → R

m), (θ, u1) = ũ1 �→ y1 = P (ũ1) := P̃ (θ, 0)(u1).

Fix λ > 0 and k0 ∈ R and define, for C̃(λ, k0) as in (4.2), the (augmented) controller
operator as

(4.6)

C : W 1,∞
a (R≥0 → R

m) → Ũa, y2 �→ ũ2 = C(y2) :=
(
0, C̃(λ, k0)(y2)

)
= (0, u2) .

For each nonempty Ω ⊂ Mn,m, define

(4.7)

WΩ :=
(
Ω ×W 1,∞(R≥0 → R

m)
)
×W 1,∞(R≥0 → R

m) and HΩ
P,C := HP,C |WΩ .
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It follows from Proposition 4.1 that HΩ
P,C : WΩ → W̃ × W̃ is a causal operator for

any Ω ⊂ Mn,m. In Proposition 4.3 we show gain-function stability of HΩ
P,C . This is a

supposition of Theorem 5.2 in [3], the latter being used to show Proposition 4.4 and
thus the main result, Theorem 4.5.

Proposition 4.3. Let m,n ∈ N with n ≥ m, k0 ∈ R, and λ > 0 and assume
Ω ⊂ Mn,m is closed. Then, for the closed-loop system [P,C] given by (3.1), (4.5),
and (4.6), the operator HΩ

P,C given by (4.7) is gain-function stable.
Proof. Note that ((θ, u1), y1) = ((θ, u0), y0) − ((0, u2), y2). For ν : Dn,m → R≥0

as in Proposition 2.1 and WΩ given by (4.7), we have

∀ ((θ, u0), y0) ∈ WΩ :∥∥HΩ
P,C((θ, u0), y0)

∥∥
W̃×W̃ = ‖

(
((θ, u1), y1), ((0, u2), y2)

)
‖W̃×W̃

≤ ‖((θ, u0), y0)‖W̃ + 2‖((0, u2), y2)‖W̃
≤ ‖(u0, y0)‖W + |θ| + 2 ν(θ, (0, k0), u0, y0),

and so, for r0 := infw∈WΩ ‖w‖W̃ and r ∈ (r0,∞), closedness of Ω yields

g
[
HΩ

P,C

]
(r)

:= sup

{
‖(u0, y0)‖W + |θ| + 2 ν(θ, (0, k0), u0, y0)

∣∣∣∣∣ (θ, u0, y0) ∈ WΩ,

‖(θ, u0, y0)‖W̃ ≤ r

}
< ∞.

Thus, a gain function for HΩ
P,C exists, and the proof is complete.

The following proposition establishes
(
W 1,∞(R≥0 → R

m) ×W 1,∞(R≥0 → R
m)

)
-

stability of the closed-loop system [P̃ (θ̃, x̃0), C̃(λ, k0)] for a system θ̃ belonging to the

system class Pq,m if, for a system θ belonging to Mn,m, the gap between P̃ (θ̃, 0) and

P̃ (θ, 0), the initial value x̃0 ∈ R
q and the input/output disturbances w0 = (u0, y0) are

sufficiently small. The proof is based on results from [3].
Proposition 4.4. Let m,n, q ∈ N with n, q ≥ m, U = Y = W 1,∞(R≥0 → R

m),

W = U × Y, and θ ∈ Mn,m. For (θ̃, x̃0, k0) ∈ Pq,m × R
q × R and λ > 0, consider

P̃ (θ̃, x̃0) : Ua → Ya and C̃(λ, k0) : Ya → Ua defined by (4.1) and (4.2), respectively.
Then there exist a continuous function η : (0,∞) → (0,∞) and a function ψ : Pq,m →
(0,∞) such that the following holds:

(4.8) ∀
(
θ̃, x̃0, w0, r

)
∈ Pq,m × R

q ×W × (0,∞) :

ψ(θ̃)|x̃0| + ‖w0‖W ≤ r,

�δ
(
P̃ (θ, 0), P̃ (θ̃, 0)

)
≤ η(r)

⎫⎬
⎭ =⇒ HP̃ (θ̃,x̃0),C̃(λ,k0)(w0) ∈ W ×W.

Proof. We need to show how the gain-function stability of the augmented closed
loop [P,C], given by (4.5) and (4.6), yields the robustness property (4.8) for the

unaugmented closed-loop system [P̃ (θ̃, x̃0), C̃(λ, k0)].

By Proposition 4.2 the closed-loop system [P̃ (θ̃, x̃0), C̃(λ, k0)] is regularly well

posed for all θ̃ ∈ Pq,m. Consider the augmented operators defined by (4.5) and (4.6),
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i.e.,

P : Pn,m × Ua → Ya, (θ̃, u1) �→ P (θ̃, u1) = P̃ (θ̃, 0)(u1),

C : Ya → Pn,m × Ua, y2 �→ C(y2) = (0, C̃(λ, k0)(y2)).

For θ ∈ Mn,m set Ω = {θ}. By Proposition 4.3, HΩ
P,C = HP,C |WΩ , given

by (4.7), is gain-function stable. By, for example, the proof of Theorem 4.D in [18],
TτΠP̃ (θ,0)//C̃(λ,k0) is continuous for all τ > 0, and so TτΠP//C |WΩ is continuous for

all τ > 0.

Then [3, Theorem 5.2] gives the existence of a continuous function μ : (0,∞)×Ω →
(0,∞) such that

∀ (θ, θ̃, w0, r) ∈ Ω × Pq,m ×W × (0,∞) :

[
‖w0‖W ≤ r ∧ �δ

(
P̃ (θ, 0), P̃ (θ̃, 0)

)
≤ μ(r, θ)

]
=⇒ HP̃ (θ̃,0),C̃(λ,k0)(w0) ∈ W×W.

Note that the proof of [3, Theorem 5.2] holds also for the signal space W 1,∞(R≥0 →
R

m), although it is proved in [3] for U = Y = Lp(R≥0 → R
m), 1 ≤ p ≤ ∞.

To prove (4.8) we will use [3, Theorem 5.3]. The statement of [3, Theorem 5.3] has
been proved for U = Y = Lp(R≥0 → R

m), 1 ≤ p ≤ ∞. The statement holds also for
U = Y = W 1,∞(R≥0 → R

m). To see this, invoke the fact that for any Hurwitz matrix
M ∈ R

n×n it is
(
t �→ exp(M t)

)
,
(
t �→ d

dt exp(M t)
)
∈ L∞(R≥0 → R

n×n). Now the
statement of [3, Theorem 5.3] for U = Y = W 1,∞(R≥0 → R

m) yields the existence of
a continuous function μ : (0,∞) × Ω → (0,∞) and a function ψ : Pq,m → (0,∞) such
that

(4.9) ∀ (θ̃, θ, x̃0, w0, r) ∈ Pq,m ×Mn,m × R
q ×W × (0,∞) :

ψ(θ̃)|x̃0| + ‖w0‖W ≤ r,

�δ
(
P̃ (θ, 0), P̃ (θ̃, 0)

)
≤ μ (r, θ)

⎫⎬
⎭ =⇒ HP̃ (θ̃,x̃0),C̃(λ,k0)(w0) ∈ W ×W.

Finally, statement (4.8) follows on setting η(·) = μ(·, θ).
Note that [3, Theorem 5.3] requires stabilizability of system θ̃ ∈ Pq,m.

Finally, we are in the position to state and prove the main result of the present pa-
per. Loosely speaking, we show that the λ-tracker also works for systems

(
Ã, B̃, C̃

)
∈

Pq,m which are not necessarily minimum phase, may have higher relative degree, and

may have negative high-frequency gain. However,
(
Ã, B̃, C̃

)
has to be sufficiently

close—in the terms of the gap metric—to a system (A,B,C) ∈ M̃n,m, and the initial

value x̃0 ∈ R
q for

(
Ã, B̃, C̃

)
and the input/output disturbances (u0, y0) have to be

sufficiently small.

Theorem 4.5. Let m,n, q ∈ N with n, q ≥ m, U = Y = W 1,∞(R≥0 → R
m),

W = U × Y, k0 ∈ R, λ > 0, and θ ∈ Mn,m. For (θ̃, x̃0) ∈ Pq,m × R
q consider the

associated operators P̃ (θ̃, x̃0) : Ua → Ya and C̃(λ, k0) : Ya → Ua defined by (4.1) and
(4.2), respectively, and the closed-loop initial value problem (1.1), (1.2), (1.5). Then
there exist a continuous function η : (0,∞) → (0,∞) and a function ψ : Pq.m → (0,∞)
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such that the following holds:

(4.10) ∀
(
θ̃, x̃0, w0, r

)
∈ Pq,m × R

q ×W × (0,∞) :

ψ(θ̃)|x̃0| + ‖w0‖W ≤ r,

�δ
(
P̃ (θ, 0), P̃ (θ̃, 0)

)
≤ η(r)

⎫⎬
⎭ =⇒

⎧⎪⎨
⎪⎩

lim supt→∞ |y2(t)| ≤ λ,

k ∈ W 1,∞(R≥0 → R),

x ∈ W 1,∞(R≥0 → R
q),

where (x, k) and y2 satisfy (4.3).
Proof. Step 1. We show that

(4.11) ((u1, y1), (u2, y2)) = HP̃ (θ̃,x̃0),C̃(λ,k0)(w0) ∈ W ×W.

Choose functions η : (0,∞) → (0,∞) and ψ : Pq,m → (0,∞) from Proposition 4.4.
Let(

θ̃, x̃0, w0, r
)
∈ Pq,m × R

q ×W × (0,∞) :

ψ(θ̃)|x̃0| + ‖w0‖W ≤ r ∧ �δ
(
P̃ (θ, 0), P̃ (θ̃, 0)

)
≤ η(r).

Then Proposition 4.4 gives (4.11).
Step 2. By Proposition 4.2 it follows that (4.3) has a unique solution

(x, k) : [0, ω) → R
q × R

on a maximal interval of existence [0, ω) for some ω ∈ (0,∞]. Proposition 4.2(iii)
yields ω = ∞.

Step 3. We show that k̇ ∈ L∞(R≥0 → R). Suppose, for contradiction, that

k̇ /∈ L∞(R≥0 → R); i.e., there exists a sequence (ti) ∈ (R≥0)
N with ti > ti+1 and

limi→∞ k̇(ti) = ∞. Then

lim
i→∞

dλ(y2(ti)) |y2(ti)| = ∞

and thus

lim
i→∞

|y2(ti)| = ∞,

a contradiction to Step 1.
Step 4. We show that k ∈ L∞(R≥0 → R). Suppose, for contradiction, that

k /∈ L∞(R≥0 → R); i.e., limt→∞ k(t) = ∞. Since u2 ∈ W 1,∞(R≥0 → R
m), the fourth

equation in (4.3) yields limt→∞ y2(t) = 0, and thus

∃ T > 0 ∀ t ≥ T : k̇(t) = dλ(y2(t)) |y2(t)| = 0,

which contradicts the assumption on k.
Step 5. By Steps 3 and 4 we obtain k ∈ W 1,∞(R≥0 → R).
Step 6. By Proposition 4.4 we have in particular y2, ẏ2 ∈ L∞(R≥0 → R

m). Similar
to Step 10 of the proof of Proposition 2.1, we may establish that y2 is uniformly
continuous.

Step 7. By Step 6 and continuity of e �→ dλ(e)|e| we obtain that t �→ dλ(y2(t))
|y2(t)| is uniformly continuous. Hence, in view of k̇ = dλ(y2)|y2| ∈ L1(R≥0 →
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R), which is equivalent to k ∈ L∞(R≥0 → R), and Barbălat’s lemma (see [1]),
limt→∞ dλ(y2(t))|y2(t)| = 0 holds. This gives lim supt→∞ |y2(t)| ≤ λ.

Step 8. It remains to show that x ∈ W 1,∞(R≥0 → R
q). Let

(
Ã, B̃, C̃

)
∈ Pq,m

associated with (1.1). Detectability of
(
Ã, B̃, C̃

)
yields the existence of F ∈ R

q×m

such that spec(Ã+FC̃) ⊂ C−. Setting g := −[F +k B̃] (y0 − y2)+ B̃ u0 + B̃ ky0 gives

ẋ =
[
Ã− k B̃C̃

]
x + B̃ u0 + B̃ ky0 =

[
Ã + FC̃

]
x + g.(4.12)

By Proposition 4.4 and Step 5 we have y2 ∈ W 1,∞(R≥0 → R
m) and k ∈ W 1,∞(R≥0 →

R), and since w0 = (u0, y0) ∈ W 1,∞(R≥0 → R
m) ×W 1,∞(R≥0 → R

m) it follows that
g ∈ W 1,∞(R≥0 → R

q). Hence, by (4.12) we obtain x ∈ L∞(R≥0 → R
q). The first

equation in (4.3) then gives ẋ ∈ L∞(R≥0 → R
q), which shows that x ∈ W 1,∞(R≥0 →

R
q), and the proof is complete.

Example 4.6. Finally, we revisit example (1.6).
In subsection 3.5 we have already shown that for zero initial conditions the gap

between the system
(
Ã, b̃, c̃

)
∈ P3,1 \ M3,1 and (α, 1, 1) ∈ M1,1 tends to zero as

N = 2M and M tends to infinity; see (3.6). Now, in view of Theorem 4.5, there exist
a continuous function η : (0,∞) → (0,∞) and a function ψ : P3,1 → (0,∞) such that

∀ (x̃0, w0, r) ∈ R
3 ×W × (0,∞) :

ψ
(
(Ã, b̃, c̃)

)
|x̃0| + ‖w0‖W ≤ r,

�δ
(
P̃1

(
(α, 1, 1), 0

)
, P̃2

(
(Ã, b̃, c̃), 0

))
≤ η(r)

⎫⎬
⎭ =⇒

⎧⎪⎨
⎪⎩

k ∈ W 1,∞(R≥0 → R),

lim supt→∞ |y0(t) − y1(t)| ≤ λ,

x ∈ W 1,∞(R≥0 → R
3),

where W = W 1,∞(R≥0 → R) ×W 1,∞(R≥0 → R).
This means in particular that λ-tracking is achieved by the adaptive control strat-

egy (1.5) applied to system (1.6) despite the fact that it has unstable zero dynamics,
has relative degree two, and has negative high-frequency gain. The only restrictions
are that the zero is “far” in the right half complex plane, the initial condition x̃0 is
“small,” and the W 1,∞ input/output disturbances u0 and y0 are “small,” too.

5. Conclusions. We have shown the robustness of the λ-tracker (1.5) for a
class of linear systems close in the gap metric to minumum phase systems with strict
relative degree one; moreover, the λ-tracker copes with certain bounded input/output
disturbances. Although this result may be worth knowing, the shortcoming of the
control strategy (1.5) is that the gain k(·) is a monotone nondecreasing function
which converges to a potentially “too high” gain, thus amplifying noise. Recently,
a simple time-varying proportional output feedback law called “funnel control” has
been introduced to achieve “practical” tracking with prespecified transient behavior
[11]; this control law is applicable even to nonlinear minimum phase systems, and
the gain is no longer monotone but may decrease again. The conceptional results of
the present paper may indicate how to use the gap metric framework to show the
robustness of the funnel controller.
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A SECTOR CONDITION FOR LIMIT CYCLE ROBUSTNESS∗

ULF T. JÖNSSON†

Abstract. Robustness of periodic oscillations in autonomous feedback systems is considered for
systems with separable nonlinearities. Local quadratic separation of the nonlinear dynamics from the
linear part of the dynamics is used to characterize a set of systems that exhibit periodic oscillation in
a bounded frequency and amplitude range. The quadratic constraint is generated as a time-periodic
sector condition that characterizes the nonlinearity around a nominal periodic solution. The main
analysis condition is formulated as an operator inequality involving the nominal dynamics and the
sector constraint. This is an infinite dimensional robustness test that must be truncated to be verified
numerically. We discuss two possible ways of performing the analysis.

Key words. limit cycles, uncertain system, robustness

AMS subject classifications. 93D09, 37C27, 49N20

DOI. 10.1137/070701108

1. Introduction. We consider the existence and robustness of periodic solutions
of the feedback system

y = Φ(w),
w = Hy,

(1.1)

where H is a bounded, linear time-invariant operator and Φ is a nonlinear operator.
The case of our interest is when H is only approximately known. We will assume
that there exists a nominal model and that the size of the uncertainty in this model
is characterized by one parameter. This is not restrictive and allows us to consider
the uncertainty class in the structured singular value framework [15, 3, 17].

The question to be addressed is if a periodic solution to the nominal system implies
the existence of a periodic solution to every system in the uncertainty class. Bounds
on the possible location of such periodic solutions will also be obtained. The result
thus provides a quantitative measure on whether a simplified model of an oscillator
predicts the real limit cycle solution with acceptable accuracy. This is a fundamental
problem in modeling and analysis of systems with limit cycle solutions, which has
application in areas such as systems biology [19] and oscillatory control of mechanical
systems [6].

The results are obtained using local quadratic constraints to separate the nonlin-
ear from the linear part of the dynamics. The quadratic constraints are chosen to be
time periodic in order to explore as much as possible the structure of the nonlinear part
of the dynamics. The verification of the resulting quadratic inequality on the linear
dynamics is performed using relaxation techniques from the robust control field. The
techniques used and the problem under investigation are related to classical 1970’s
works on harmonic balance and describing functions; see, e.g., [13, 11, 12, 2, 16]. The

∗Received by the editors August 24, 2007; accepted for publication (in revised form) May 29, 2008;
published electronically November 5, 2008. A brief version of this paper appeared in Proceedings
of the 46th IEEE Conference on Decision and Control, New Orleans, LA, 2007. This work was
supported by the Swedish Research Council.

http://www.siam.org/journals/sicon/47-6/70110.html
†Department of Mathematics, Division of Optimization and Systems Theory, Royal Institute of

Technology, SE 100 44 Stockholm, Sweden (ulfj@math.kth.se).

2745



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2746 ULF T. JÖNSSON

focus of the present paper is on the robustness of a given limit cycle to perturbations
in the dynamics, while the focus of the 1970’s research was on predicting the existence
of a limit cycle in a given system. However, it turns out that both of these questions
can be addressed simultaneously in all the above works. Various sector criteria are
also used to derive the results in [13, 11, 2], but two major differences compared to
our approach are that the sector bounds are either time invariant or based on the
describing function in [13, 11, 2] and that the separation between the nonlinear and
linear parts of the dynamics is more explicit in our paper. Moreover, the verification
of the sector bounds in this paper is based on techniques that were not fully developed
in the 1970’s. Quadratic constraints for predicting oscillations have also previously
been used in [21, 14]. More recent works using control theoretic methods to address
fundamental robustness issues for limit cycle systems can be found in [5, 18, 9]. The
technique employed in this paper and the obtained results are significantly different
from these works. Our main contribution is to show how time-varying sector bounds
can be used in the analysis of limit cycles.

The paper is organized as follows. In section 2 the system model and properties
of the limit cycle are discussed. Uncertainty is introduced to the system model in
section 3, where our basic robustness result is also derived. This result provides the
foundation for all subsequent results of the paper. We prove that our proposed method
always works, provided that the predefined uncertainty descriptions are sufficiently
small, and we show that the verification of the robustness conditions involves the
computation of a robustness margin for the nominal system. In section 4 we show that
the main conditions after truncation can be verified using linear matrix inequalities.
Finally, we apply the ideas of the paper to an example involving a Van der Pol
oscillator connected to a mass and spring system.

Notation. We let L2(1) denote the space of square integrable 1-periodic func-
tions and C(1) the set of continuous 1-periodic functions equipped with the norm
‖v‖C(1) = maxt∈[0,1] |v(t)|, where | · | denotes the Euclidean norm. The functions in
L2(1) and C(1) are assumed to take values in Rm, but we suppress this information
from the notation.

We make extensive use of the topological inclusion C(1) ↪→ L2(1), which fol-
lows since ‖v‖L2(1) ≤ ‖v‖C(1). We will almost always denote inner products, norms,
and induced norms on L2(1) without the suffix, e.g., ‖ · ‖ := ‖ · ‖L2(1) and ‖ · ‖ :=
‖ · ‖L2(1)→L2(1). At several places we consider the space C(1) × R with the norm
‖(y, T )‖C(1)×R = (‖y‖2

C(1) + |T |2)1/2 and similarly for L2(1) × R. We define

l2(C) =

{
{ŷ[k]}∞k=−∞ : ŷ[k] ∈ Cm; ŷ[−k] = ŷ[k];

∞∑
k=−∞

|ŷ[k]|2 <∞
}

and let F : L2(1) → l2 denote the Fourier transform defined by ŷ[k] = (Fy) [k] =∫ 1

0 y(t)e
−j2πktdt. We use that the Fourier transform is an isometric isomorphism

between these two spaces, and we frequently use the Parseval relation that relates the
inner product of the two spaces:

〈y1, y2〉 =
∫ 1

0

y1(t)T y2(t)dt =
∞∑

k=−∞
ŷ1[k]∗ŷ2[k].

Given a periodic matrix function β ∈ C(1) we define the corresponding frequency
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domain representation using the (bi-infinite) block Toeplitz matrix

Toep[β] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

β̂[0] β̂[1] β̂[2]
. . . β̂[−1] β̂[0] β̂[1] . . .

β̂[−2] β̂[−1] β̂[0]
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,(1.2)

which defines the frequency domain representation of multiplication, i.e., Fβv =
Toep[β]v̂ for any v ∈ L2(1).

Let Ψ : L2(1) → L2(1) be a bounded self-adjoint linear operator and Ψ̂ its cor-
responding frequency domain representation (̂ notation always refers to a frequency
domain representation). Using Ψ, a continuous quadratic form σΨ : L2(1) → R can
be defined as

σΨ(v) = 〈v,Ψv〉L2(1)
=
〈
v̂, Ψ̂v̂

〉
l2
,

where the explicit dependence of σ on Ψ normally will be suppressed from the notation.
One possibility is to use multiplication operators defined by (Ψv)(t) = ψ(t)v(t), where
ψ ∈ C(1) and then Ψ̂ = Toep[ψ]. We define

λmax(Ψ) = sup
v∈L2(1)

〈v,Ψv〉L2(1)

‖v‖2
L2(1)

and λmin(Ψ) = inf
v∈L2(1)

〈v,Ψv〉L2(1)

‖v‖2
L2(1)

.

The operator Ψ is called positive definite if λmin(Ψ) > 0. The notation λmin and λmax

is used to indicate that the above quantities are the maximum and minimum spectral
values. If Ψ is positive definite, we often use that 〈v,Ψv〉 = ‖Ψ1/2v‖2, where Ψ1/2 is
the unique positive definite square root of Ψ [22].

We let PN denote the orthogonal projection onto the 2N + 1 dimensional space
spanned by the Fourier bases {ejωk}N−N and QN = I − PN .

If X ⊂ X is a proper subspace, then the inclusion map IX : X → X is defined by
IXx = x for all x ∈ X .

Finally, clD denotes the closure of the set D, and ∂D denotes its boundary.

2. Limit cycle model. In this section we define some preliminaries that are
adopted from [8]. Here a limit cycle will denote a periodic solution of (1.1). One of the
main difficulties in limit cycle analysis is that both the trajectory and the period time
may change as the dynamics are perturbed. In order to simplify the use of standard
techniques from robust control we normalize the period time to one. By doing this
the actual period time becomes a parameter in the linear dynamics. To understand
how this works, let the nonlinear operator Φ : L∞(−∞,∞) → L∞(−∞,∞) in (1.1)
be defined by the time-domain relation

(Φ(w))(t) = ϕ(w(t)),(2.1)

where ϕ : Rm → Rm will be assumed to be C1. We further assume that the linear
part of the dynamics is defined by a strictly proper transfer function H(s) with cor-
responding convolution kernel h. If under these conditions there exists a T0 periodic
solution y to (1.1), then the following equivalent closed loop equation holds:

y(t) = ϕ

(∫ ∞
−∞

h(t− τ)y(τ)dτ
)
,
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where y(t + T0) = y(t) for all t. We may now normalize the period time and define
y0(t) = y(tT0), which is a 1-periodic function. Then the system equation can be
rewritten as

y0(t) = ϕ

(∫ ∞
−∞

T0h(T0(t− τ))y0(τ)dτ
)
,

which in operator notation is y0 = ϕ(H [T0]y0), where H [T0](s) = H(s/T0). The
conclusion is that we can always normalize the period time of y to be 1 by making the
true period time a parameter in the system dynamics. Hence, searching for a limit
cycle corresponds to searching for a pair z = (y, T ) of a 1-periodic function and a
period time. The above transformation simplifies the search for a limit cycle and has
previously been used in various equivalent forms; see, e.g., [13].

The discussion above motivates us to consider the system

y = Φ(H [T ]y),(2.2)

where H [T ](s) = H(s/T ) and Φ : L∞(−∞,∞) → L∞(−∞,∞) is a memoryless
nonlinear operator defined by the time-domain relation in (2.1). We assume that
the convolution operators corresponding to the transfer functions H(s), sH(s), and
sH ′(s) are bounded, e.g. (here L denotes the two-sided Laplace transform)

L−1{sH(s)} = ḣc(t) +
∞∑
k=0

ḣkδ(t− Tk),

where ḣc(·) ∈ L1(−∞,∞) and
∑∞

k=0 |ḣk| < ∞, and T0 < T1 < T2 · · · . We have the
following time-domain representation when H acts on functions in L2(1) (and C(1)):

y(t) =
∫ ∞
−∞

h(t− τ)v(τ)dτ

=
∫ 1

0

h̃(t, τ)v(τ)dτ,
(2.3)

where h̃ : [0, 1] × [0, 1] → Rm×m is defined by

h̃(t, τ) =
∞∑

k=−∞
h(t+ k − τ)

and it satisfies the periodicity property h̃(1, τ) = h̃(0, τ), for τ ∈ [0, 1], which ensures
that y(t) is 1-periodic for any v ∈ L2(1). The assumptions imply that any periodic
solution of the system equation will be absolutely continuous. We will embed this
solution into the larger space L2(1) while the output of the linear part of the dynamics
is embedded into C(1). The use of these two different topologies will in the next section
allow us to locally characterize the nonlinear part of the dynamics using quadratic
forms. This leads to a resulting robustness criterion that can be formulated as a
frequency domain inequality on the linear dynamics. Finally, we note that the linear
part of the dynamics is not restricted to be causal, although this is usually the case
in applications.

We will next define the return difference operator for the system in (2.2). Its
derivative is a measure of the local robustness of the limit cycle which will be used
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in our results. Let z = (y, T ) ∈ L2(1) × R and define the return difference F :
L2(1) × R → L2(1) by

F (z) = y − Φ(H [T ]y).(2.4)

We note that any solution to F (z) = 0 with T > 0 corresponds to a limit cycle. By
using (2.3) it follows that the operator F has the following equivalent time-domain
representations:

(F (z))(t) = y(t) − ϕ

(∫ ∞
−∞

Th(T (t− τ))y(τ)dτ
)

= y(t) − ϕ

(∫ 1

0

T h̃(T t, T τ)y(τ)dτ
)
.

It is now easy to see that the limit cycle at best is unique modulo time translations.
Indeed, let z0 = (y0, T0) be a nontrivial 1-periodic solution of (2.2) and let Sd : C(1)×
R → C(1)×R be the time translation operator defined by Sd(y(t), T ) = (y(t−d), T ).
Then using the first representation of F above

(F (Sdz0))(t) = y0(t− d) − ϕ

(∫ ∞
−∞

T0h(T0(t− τ)y0(τ − d)dτ
)

= y0(t− d) − ϕ

(∫ ∞
−∞

T0h(T0(t− d− τ)y0(τ)dτ
)

= (F (z0))(t− d) = 0,(2.5)

which holds for any d ∈ R. This shows that the time translated 1-periodic solution is
still a valid periodic solution of (2.2). The limit cycle is thus not unique but belongs
to the manifold Z0 = {Sdz0 : d ∈ [0, 1)}, which, since (Fy(t − d))[k] = ej2πkdŷ[k],
equivalently can be represented in the frequency domain as

Z0 =
{
(ŷ, ω0) : ŷ[k] = ej2πkdŷ0[k]; d ∈ [0, 1]

}
,(2.6)

where ω0 = 2π/T0.
In order to proceed we need an expression for the derivative of the return differ-

ence.
Proposition 2.1. The operator F : L2(1) × R → L2(1) defined in (2.4) has the

Fréchet derivative F ′(z0) ∈ L(L2(1) × R,L2(1)) with block structure

F ′(z0) =
[
F ′y(z0) F ′T (z0)

]
=
[
I − L(z0) K(z0)

]
,(2.7)

where L(z0) : L2(1) → L2(1), K(z0) : R → L2(1) are defined as

L(z0) = Φ′(H [T0]y0) ◦H [T0],
K(z0) = −Φ′(H [T0]y0) ◦DTH [T0]y0

(2.8)

and where (Φ′(w0))(t) = ϕ′(w0(t)) and

(DTH [T0])(s) = − s

T 2
0

H ′
(
s

T0

)
.
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Proof. We first show that Φ′ : C(1) → L(C(1),L2(1)) can be defined by (Φ′(w)h)(t)
= ϕ′(w(t))h(t). Indeed, since ϕ is C1 we have

lim
‖h‖C(1)→0

‖Φ(w + h) − Φ(w) − Φ′(w)h‖L2(1)

‖h‖C(1)

≤ lim
‖h‖C(1)→0

‖Φ(w + h) − Φ(w) − Φ′(w)h‖C(1)

‖h‖C(1)
= 0,

which proves differentiability. Due to the assumptions on H one can show that

‖H‖2
L2(1)→C(1) ≤ sup

t∈[0,1]

∫ 1

0

|h̃(t, τ)|2dτ <∞

and DTH [T0]y0 ∈ C(1). It follows by the composite mapping theorem that F =
I − Φ ◦ H has a well-defined Fréchet derivative on the form given in the theorem
statement.

Differentiation of (2.5) with respect to d at d = 0 gives

ẏ0(t) = ϕ′((H [T0]y0)(t))
∫ ∞
−∞

T0h(T0(t− τ))ẏ0(τ)dτ

= (L(z0)ẏ0)(t).

This shows that (ẏ0, 0) ∈ KerF ′(z0), where F ′(z0) is the Fréchet derivative.
A right inverse of F ′(z0) is a bounded linear operator F † ∈ L(L2(1),L2(1) × R)

satisfying F ′(z0)F ′(z0)† = I. The next result shows that KerF ′(z0) = span{(ẏ0, 0)}
is a necessary and sufficient condition for the existence of a right inverse.

Proposition 2.2. There exists a bounded right inverse F ′(z0)† if and only if
KerF ′(z0) = span{(ẏ0, 0)}. Moreover, the periodic solution z0 ∈ L2(1) × R of (2.2)
is isolated if F ′(z0) has a bounded right inverse.

Proof. Since L(z0) and K(z0) are compact it follows that F ′(z0) is a Fredholm
operator with index Ind(F ′(z0)) = 1. It thus follows that F ′(z0) is surjective if
and only if dim KerF (z0) = 1, which by the Banach isomorphism theorem implies
that there exists a bounded linear operator F ′(z0)† ∈ L(L2(1),L2(1) × R) such that
F ′(z0)F ′(z0)† = I.

The last statement is related to the submersion theorem; see Theorem 3.5.4
in [1].

A limit cycle solution of (2) belongs to the manifold Z0 in (2.6), and it is thus
only unique modulo time translation. By fixing the phase a priori we get a unique
solution which simplifies the analysis. For this reason we introduce the space

Y = {y ∈ L2(1) : 〈y, v〉 = 0} ,(2.9)

where the choice of v is either of the following:
(a) A common choice is to let 〈y, v〉 = re {eT1 ŷ[1]} = 0,1 where e1 = [1 0 . . . 0]T

is the first unit vector.
(b) The choice v = ẏ0 implies that Y is the set of periodic functions in “phase”

with the nominal solution y0.

1Here we assume that eT
1 ŷ0[1] �= 0 so that the constraint defines useful phase information. This

assumption remains throughout the paper.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

A SECTOR CONDITION FOR LIMIT CYCLE ROBUSTNESS 2751

We let Z = Y × R and restrict F in (2.4) to Z. By considering the system
on Z implies that we fix the phase and ideally consider one particular point on the
limit cycle manifold. For the choice of v in (a) above, this is evident since it implies
that only the phase d = 0 is valid in (2.6). In (b) a similar conclusion holds (at
least) locally. To see this we notice that f(d) = 〈Sdy0, ẏ0〉 satisfies f(0) = 0 and
f ′(0) = ‖ẏ0‖2 �= 0. For both cases (a) and (b) we may use the following simplified
version of Proposition 2.2 for the Fréchet derivative of the restricted return difference

Corollary 2.3. Let F : Z → L2(1) be defined as in (2.4). The derivative F ′(z0)
is defined as in (2.7) with L(z0) : Y → L2(1), K(z0) : R → L2(1) defined as in (2.8).
It follows that F ′(z0) has a bounded inverse if and only if KerF ′(z0) = 0.

Proof. The proof follows easily from Proposition 2.2. Indeed, the restriction of F
in (2.4) to the subspace Z can be formulated as F|Z = F ◦ (IY, IR), where IY is the
inclusion of Y into L2(1) defined by IYy = y for all y ∈ Y, and IR is the identity on
R. Therefore we need only show that KerF ′(z0) = span{(ẏ0, 0)} ⇔ KerF ′|Z(z0) =
{(0, 0)}. This is obvious if v = ẏ0 in (2.9) because then span{(ẏ0, 0)} ∩Y ×R = {0}.
For the second case of our concern, we have Y = {y ∈ L2(1) : eT1 Re ŷ[1] = 0}. Since
ˆ̇y0[1] = jω0ŷ0[1] ∈ R and is nonzero by assumption we again have span{(ẏ0, 0)}∩Y×
R = {0}. Hence, the proof of Corollary 2.3 follows from Proposition 2.2.

3. Robustness of limit cycle. In this section we derive an existence and ro-
bustness result for limit cycles. The conditions are formulated as integral quadratic
constraints on the linear and nonlinear parts of the system. We consider the set of
systems

y = Φ(H [T, θ])y), θ ∈ [0, 1],(3.1)

where the following hold:
(A1) Φ : C(1) → L2(1) is a nonlinear operator, which in time domain is defined by

(Φ(w))(t) = ϕ(w(t)), where ϕ : Rm → Rm is a C1 function.
(A2) H [T, θ](s) = H(s/T, θ) is for each θ ∈ [0, 1] a strictly proper transfer function

as defined in section 2. We assume that the dependence on the parameter θ
is Lipschitz continuous, i.e., for θ1, θ2 ∈ [0, 1]

‖H [T, θ1] −H [T, θ2]‖L2(1)→C(1) ≤ c|θ1 − θ2|,

where c is a positive constant. This bound is assumed to be uniform over all
period times in the set T defined in (3.4) below.

The system (3.1) is called nominal when θ = 0, and we assume that the nominal
system has a solution. Our goal is to prove that there remains a limit cycle solution in
a neighborhood of the nominal solution for all values of the perturbation parameter
θ ∈ [0, 1].

We will exploit that the linear part of the system maps to continuous signals,
where the sup-norm topology can be used to define neighborhoods of the nominal
solution. It is then reasonably easy to describe how the nonlinear operator maps
this neighborhood to the output. We will do this using “local” integral quadratic
constraints.

We know from above that the limit cycle is only unique modulo time translation.
We will therefore fix the phase in order to get unique solutions and easier analysis.
This is done by restricting the analysis to the space Y defined in (2.9). We next
summarize some further assumptions and definitions.
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(A3) We assume that the nominal system has a solution z0 = (y0, T0) ∈ Z, i.e.,
y0 = Φ(H [T0, 0]y0), where Z = Y × R with norm ‖z‖ = (‖y‖2 + T 2)1/2 and
where Y is defined in (2.9).

(D1) Let Z ⊂ Z be a bounded, convex, and open set defined as

Z = {z = (y, T ) ∈ Z : ‖Ψ1/2
Z (z − z0)‖ < 1},(3.2)

where ΨZ is a positive definite operator on L2(1) × R with block structure

ΨZ =

[
ΨY 0
0 ψT

]
.(3.3)

The constraint in (3.2) can equivalently be written as σZ(z − z0) < 0, where
σZ : L2(1) × R → R+ is a continuous quadratic form defined as

σZ(z) = 〈z,ΨZz〉 − 1, where 〈z,ΨZz〉 = 〈y,ΨY y〉 + ψTT
2.

The above definition implies that the period time belongs to

T = (Tmin, Tmax),(3.4)

where Tmin = T0 − ψ
−1/2
T and Tmax = T0 + ψ

−1/2
T . We assume Tmin > 0,

which ensures that H [T, θ] is continuous for all T ∈ T .
(D2) Let W ⊂ C(1) be a bounded, closed, and convex set that contains w0 =

H [T0]y0 in its interior. The restriction of the nonlinear operator to W ,
Φ|W(·) : W → L2(1) will be Lipschitz continuous due to (A1), and we denote
the Lipschitz constant LΦ.

We use that the operator in the right-hand side of (3.1) is continuous and compact
under (A1)–(A3), (D1)–(D2).

Lemma 3.1. The operator Ψ : Z× [0, 1] → L2(1) defined by Ψ(z, θ) = Φ(H [T, θ]y)
is compact on clZ for each θ ∈ [0, 1]. Moreover, F : clZ × [0, 1] → L2(1) defined as
F (z, θ) = z − Ψ(z, θ) is a homotopy of compact transformations on clZ. This means
that for given ε > 0 there exists δ > 0 such that

‖Ψ(z, θ1) − Ψ(z, θ2)‖ ≤ ε ∀z ∈ clZ, |θ1 − θ2| ≤ δ.

Proof. Ψ = Φ ◦H is compact since it is a composition of a compact operator H
with a continuous operator with bounded range Φ (by (D2)). The continuity with
respect to θ follows from (D2). Indeed, due to the Lipschitz continuity of Φ there
exists LΦ such that

‖Φ(H [T, θ2]y) − Φ(H [T, θ1]y)‖ ≤ LΦ‖(H [T, θ2] −H [T, θ1])y)‖C(1)

≤ cLΦ sup
y∈clY

‖y‖|θ2 − θ1|,

where Y = {y ∈ Y : ‖Ψ1/2
Y (y − y0)‖ < 1} and c was defined in (A2).

We use topological degree theory to derive a robustness result for the system
in (3.1). The degree provides a modulo two count of the number of solutions to an
operator equation in a given set. Let F = I − Ψ, where Ψ : Z → Z is a compact
operator on a Banach space Z with a countable basis. In our application F will
depend on a parameter as in Lemma 3.1, and we will derive conditions under which
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the existence of a solution to F (z0, 0) = 0 implies the existence of a solution to
F (z, 1) = 0. The proof relies on an invariance property of the topological degree,
which in our case will be verified using time-periodic sector conditions.

To define the degree d(F,D, 0) of F at 0 with respect to a bounded open set D
we let Pn denote a projection on the finite dimensional space spanned by the first n
basis elements, Fn = Pn ◦ F ◦ Pn, and Dn = PnD. If F is C1, then we define the
degree as

d(F,D, 0) = lim
n→∞

d(Fn, Dn, 0),

where d(Fn, Dn, 0) =
∑

z∈F−1
n (0)∩Dn

sign(det(F ′n(z))).

Here it is assumed that 0 �∈ Fn(∂Dn) and det(F ′n(z)) �= 0 for all z ∈ F−1
n (0) ∩ Dn.

Otherwise let Fε = I − Ψε, where Ψε is a compact C1 approximation such that
‖F − Fε‖ ≤ ε and define

d(F,D, 0) = lim
ε→0

d(Fε, D, 0).

We refer the reader to [4, 10, 13] for treatments of degree theory and its application to
periodic systems analysis. The next result is derived using degree theory and provides
the foundation for the subsequent results of the paper.

Theorem 3.2. Consider the set of systems (3.1) under the assumptions (A1)–
(A3) and (D1)–(D2). Let F : clZ × [0, 1] → L2(1) be defined as

F (z, θ) = y − Φ(H [T, θ]y).(3.5)

Suppose that
(i) F ′z(z0, 0) : Z → L2(1) has a bounded inverse;
(ii) H [T, θ]y ⊂ W for all (y, T ) ∈ clZ and θ ∈ [0, 1];

and suppose that there exists a continuous quadratic form σ : L2(1)×L2(1) → R such
that

(iii) σ(w − w0,Φ(w) − Φ(w0)) ≥ 0 for all w ∈ W;
(iv) there exists ε > 0 such that

(a) σ(H [T, θ]y −H [T0, 0]y0, y − y0) ≤ −ε for all (y, T ) ∈ ∂Z, θ ∈ [0, 1];
(b) σ(H [T, 0]y −H [T0, 0]y0, y − y0) ≤ −ε‖z − z0‖2 for all z = (y, T ) ∈ Z.

Then for all θ ∈ [0, 1] there exists (yθ, Tθ) ∈ Z such that yθ = Φ(H [Tθ, θ]yθ).
Remark 1. It is generally not evident that (iv)(a) would imply (iv)(b). We will

develop computational tests that provide sufficient conditions that simultaneously
verify both (iv)(a) and (iv)(b).

Proof. By assumption (A3), F (z0, 0) = 0. We will use topological degree theory to
show that for all θ ∈ [0, 1] there exists zθ ∈ Z such that F (zθ, θ) = 0. In order to make
the problem considered here fit the basic case in [10] we introduce F̃ : clZ× [0, 1] → Z
defined as

F̃ (z, θ) = (PYF (z, θ), 〈F (z, θ), v〉),

where PY : L2(1) → Y is the projection onto Y. To prove the result we will show
that

(a) deg(F̃ (·, 0),Z, 0) �= 0;
(b) (ii)–(iv) implies that 0 �∈ F̃ (∂Z, θ) for all θ ∈ [0, 1].
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These two properties together with Lemma 3.1 imply by the invariance of the degree
under homotopy that deg(F̃ (·, θ),Z, θ) = const �= 0 for θ ∈ [0, 1]. This in turn implies
the existence of (yθ, Tθ) ∈ Z such that F̃ (z, θ) = 0 for all θ ∈ [0, 1]. See [10] for a
proof of these facts.

We can use the representation F̃ = Π ◦ F , where Π : L2(1) → Z defined by
Πy = (PYy, 〈y, v〉) is an invertible linear operator. Therefore

deg(F̃ (·, θ),Z, 0) �= 0 ⇔ deg(F (·, θ),Z, 0) �= 0,

and it is thus sufficient to prove properties (a) and (b) for F in order to conclude that
there exists (yθ, Tθ) ∈ Z such that F (z, θ) = 0, i.e., y = Φ(H [T, θ])y), for all θ ∈ [0, 1].

We will first use (ii)–(iv) to show that ‖F (z, θ)‖ > 0 for all z ∈ ∂Z and θ ∈ [0, 1].
This proves that 0 �∈ F (∂Z, θ) for all θ ∈ [0, 1]. We consider solutions to the equation
system

y = Φ(w),
w = H [T, θ]y.

(3.6)

If z = (y, T ) ∈ ∂Z, then by (ii), w = H [T, θ]y ∈ W . We can therefore use (iii)–(iv) to
derive quantitative relations for solutions (y, T, w) of (3.6) in ∂Z ×W .

We have by (ii) and (iv)(a) (F (z, θ) = y − Φ(w) and (F (z0, 0) = y0 − Φ(w0)))

−ε ≥ σ(H [T, θ]y −H [T0, 0]y0, y − y0)
= σ(w − w0, y − y0 − (Φ(w) − Φ(w0)) + (Φ(w) − Φ(w0)))

≥ σ(w − w0,Φ(w) − Φ(w0)) − c̄1‖F (z, θ) − F (z0, 0)‖2

− c̄2(‖w − w0‖ + ‖Φ(w) − Φ(w0)‖) · ‖F (z, θ) − F (z0, 0)‖
≥ −c̄1‖F (z, θ) − F (z0, 0)‖2 − c̄3‖w − w0‖C(1) · ‖F (z, θ) − F (z0, 0)‖,

where c̄1, c̄2 are nonnegative constants determined by the quadratic form and

c̄3 = c̄2 + c̄2LΦ.

We used that ‖Φ(w) − Φ(w0)‖L2(1) ≤ LΦ‖w − w0‖L2(1) ≤ LΦ‖w − w0‖C(1) to obtain
the last inequality. This gives the inequality

‖F (z, θ) − F (z0, 0)‖ ≥ −
c3‖w − w0‖C(1)

2c̄1
+

√
ε

c̄1
+

(c̄3‖w − w0‖C(1))2

4c̄21
.

This in turn shows that ‖F (z, θ)− F (z0, 0)‖ = ‖F (z, θ)‖ > 0 for z ∈ ∂Z, θ ∈ [0, 1]. If
c̄1 = 0, then we have

‖F (z, θ) − F (z0, 0)‖ ≥ ε

c̄3‖w − w0‖C(1)
,

and the same conclusion holds.
An analogous derivation using (iv)(b) shows that

‖F (z, 0)− F (z0, 0)‖ ≥ δ(‖z − z0‖) ∀z ∈ clZ,

where δ(·) is a positive definite function. For example, if c̄1 �= 0, then we can take

δ(‖z − z0‖) =

⎧⎪⎪⎨
⎪⎪⎩
⎛
⎝
√

ε

c̄1
+

c̄22
4c̄21

‖w − w0‖2
C(1)

‖z − z0‖2
− c̄2

2c̄1

‖w − w0‖C(1)

‖z − z0‖

⎞
⎠ ‖z − z0‖, z �= z0,

0, z = z0.
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Using that F (z0, 0) = 0 implies that ‖F (z, 0)‖ > 0 when z �= z0 in clZ and hence
that z0 is a unique periodic solution of the nominal system in Z. Therefore, since
F ′z(z0, 0) has a bounded inverse,

deg(F (·, 0),Z, 0)) = lim
N→∞

sign(det(F ′N (z0, 0))) �= 0,

where FN (·, 0) = PNF (PN ·, 0) denotes the truncation of F to the finite dimensional
space PNL2(1).

We have shown that conditions (a) and (b) above hold, and this implies that the
conclusion of the theorem is valid.

In the next sections we discuss the choice of quadratic forms and the verification
of conditions (ii), (iii), and (iv) of Theorem 3.2.

3.1. Quadratic forms. The constraint (iii) in Theorem 3.2 typically originates
from a pointwise sector condition on the form

(3.7) (β(t)(w(t) − w0(t)) − ((Φ(w))(t) − (Φ(w0))(t)))T

× ((Φ(w))(t) − (Φ(w0))(t) − α(t)(w(t) − w0(t))) ≥ 0 ∀t ∈ [0, 1],

where β, α ∈ C(1) (note that β, α may be matrix valued functions). This corresponds
to a quadratic inequality on the form σ(w − w0,Φ(w) − Φ(w0)) ≥ 0, where

(3.8)

σ(w−w0,Φ(w)−Φ(w0)) =
∥∥∥∥β − α

2
(w − w0)

∥∥∥∥2−
∥∥∥∥Φ(w) − Φ(w0) −

β + α

2
(w − w0)

∥∥∥∥2 ,
which may be equivalently formulated as

σ(w, y) =

〈[
w

y

]
,Ψ

[
w

y

]〉
,(3.9)

where Ψ : L2(1) × L2(1) → L2(1) × L2(1) has the block representation

Ψ =

[
Ψ11 Ψ12

Ψ∗12 −I

]
(3.10)

with Ψ11 = − 1
2 (βTα+ αTβ) and Ψ12 = 1

2 (β + α). We primarily use the formulation
in (3.9)–(3.10) in the remaining sections of the paper.

3.2. A proof of the method. Next we show that it always will be possible
to verify robustness using Theorem 3.2, provided that Z is small, and H [T, θ] and
H [T0, 0] are close enough. For simplicity, we consider only the case with one scalar
nonlinearity.

Proposition 3.3. Let W ⊂ C(1) and suppose (Φ(w))(t) = ϕ(w(t)) satisfies the
sector condition (3.7) for all w ∈ W when

β(t) = ϕ′(w0(t)) + ε1/2 and α(t) = ϕ′(w0(t)) − ε1/2.

Let F ′(z0, 0) : Z → L2(1) be defined as

F ′(z0, 0) =
[
I − Φ′(w0)H [T0, 0] −Φ′(w0)DTH [T0, 0]y0

]
.
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If F ′(z0, 0) has a bounded inverse and if ‖H [T, θ] − H [T, 0]‖ is small enough, then
condition (iv) in Theorem 3.2 can be verified by making ε and Z sufficiently small.

Remark 2. The remaining conditions of Theorem 3.2 will be satisfied under weak
assumptions. For example, if in (A1) it is assumed that ϕ ∈ C2, then it is possible
to take ε1/2 = O(‖z − z0‖2), where O(·) is the ordo notation. From (3.12) below, it
follows that (iv) is satisfied if Z is sufficiently small (provided that ‖H [T, θ]−H [T, 0]‖
is small enough). In addition, it can also easily be verified that then (ii) and (iii) can
be satisfied if W and Z are chosen appropriately small.

Proof. Using (3.7) with α and β as in the statement of the proposition it follows
that (iv)(a) gives the condition2

(3.11)
‖y− y0 −Φ′(w0)H [T, θ](y− y0)−Φ′(w0)(H [T, θ]−H [T0, 0])y0‖2 ≥ ε(1+ ‖Δ1(z, θ)‖2)

for all (y, T ) ∈ ∂Z, where Δ1(z, θ) := H [T, θ]y − H [T0, 0]y0. The expression within
the left-hand side norm can be rewritten as F ′(z0, 0)(z − z0) + Δ2, where

Δ2(z, θ) = − Φ′(w0)(H [T, θ] −H [T0, 0])(y − y0)
− Φ′(w0)(H [T, θ] −H [T0, 0] −DTH [T0, 0](T − T0))y0.

By using that F ′(z0, 0) has a bounded inverse we can bound the norm on the left-hand
side of (3.11) as

‖F ′(z0)(z − z0) + Δ2‖ ≥ ‖F ′(z0)(z − z0)‖ − ‖Δ2‖
≥ ‖F ′(z0)−1‖−1‖z − z0‖ − ‖Δ2‖.

Hence, condition (iv)(a) in Theorem 3.2 is implied by the condition

‖F ′(z0)−1‖−1 ≥ sup
z∈∂Z

1
‖z − z0‖

(
ε1/2
√

1 + ‖Δ1(z, θ)‖2 + ‖Δ2(z, θ)‖
)
.(3.12)

If the perturbation of H is sufficiently small, then there exist c1(Z), c2(Z) > 0 such
that (since ‖Δ2(z, 0)‖ = O(‖z − z0‖2) and ‖Δ1(z, 0)‖ = O(‖z − z0‖), where O(·) is
the ordo notation)

‖Δ2(z, θ)‖ ≤ c1(Z)‖z − z0‖2,

‖Δ1(z, θ)‖ ≤ c2(Z)‖z − z0‖

for all z ∈ ∂Z. It follows that the right-hand side of (3.12) can be made sufficiently
small for the inequality to be satisfied by making ε and Z small enough.

For condition (iv)(b) we let θ = 0. The same arguments as above gives the
condition

‖F ′(z0)−1‖−1 ≥ sup
z∈Z,z 
=z0

1
‖z − z0‖

(
ε1/2
√
‖z − z0‖2 + ‖Δ1(z, 0)‖2 + ‖Δ2(z, 0)‖

)
,

which by the above arguments holds if ε and Z are sufficiently small.

2We use that the quadratic form is real valued, and hence 〈w, y〉 = 〈y, w〉.
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3.3. Verification of the quadratic constraints in (iv). Here we discuss how
condition (iv) in Theorem 3.2 can be formulated as a condition on a stability margin
that can be computed from an operator inequality that involves the nominal dynamics,
the sector description of the nonlinearity, and the set description in (D1). Let us start
to derive a description of H [T, θ]y−H [T0, 0]y0 that is more tractable for our analysis.
It can be rewritten as

H [T, θ]y −H [T0, 0]y0 = H̃(z − z0) + w̃(z, θ),(3.13)

where w̃(z, θ) = Δ̃[T, θ](z − z0) + wΔ[T, θ] and

H̃ =
[
H [T0, 0] DTH [T0, 0]y0

]
,(3.14)

Δ̃[T, θ] =
[
Δ[T, θ] δ[T ]

]
,(3.15)

wΔ[T, θ] = (H [T, θ] −H [T, 0])y0(3.16)

and where

Δ[T, θ] = H [T, θ] −H [T0, 0],

δ[T ] =

⎧⎨
⎩

1
T − T0

(H [T, 0]−H [T0, 0] −DTH [T0, 0](T − T0))y0, T �= T0,

0, T = T0.

(3.17)

We assume that we have the following constraint for the nonlinearity:

σ(w − w0,Φ(w) − Φ(w0)) ≥ 0 ∀w ∈ W ,(3.18)

where the quadratic form is defined by the self-adjoint operator Ψ : L2(1)× L2(1) →
L2(1) × L2(1). Then we have the following result.

Theorem 3.4. Suppose there exists τ > 0 such that

I∗Z(Π∗ΨΠ + τΨZ)IZ ≤ 0,(3.19)

where ΨZ is defined in (3.3),

Π =

[
H [T0, 0] DTH [T0, 0]y0

I 0

]
,

and IZ : Z → L2(1)×R is the inclusion of Z into L2(1)×R. Then condition (iv) in
Theorem 3.2 holds if

τ ≥ ε+ 2 sup
θ∈[0,1]

sup
T∈T

λmax(Υ1[T, θ]),(3.20)

where T is defined in (3.4),

Υ1[T, θ] = Ω1[T, θ] + Ω1[T, θ]∗,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2758 ULF T. JÖNSSON

and

Ω1[T, θ] =

[
Δ̃[T, θ]Ψ−1/2

Z wΔ[T, θ][
0 0

]
0

]∗
Ψ

⎡
⎣(H̃ +

1
2
Δ̃[T, θ])Ψ−1/2

Z

1
2
wΔ[T, θ][

Ψ−1/2
Y 0

]
0

⎤
⎦ .

Remark 3. We have IZ = [ IY0
0
1 ], where IY is the inclusion of Y in L2(1). The

inequality in (3.19) cannot be verified unless the phase is fixed using the inclusion
map. There would otherwise be a zero eigenvalue in the first term of (3.19) that
forces τ to be zero.

Remark 4. The parameter τ in (3.19) is a measure on how much uncertainty (size
of Z and perturbation of H) can be tolerated by the nominal limit cycle solution. It
can be interpreted as a stability margin, which should be as large as possible for a
given set description in (D1).

Remark 5. The operator inequality (3.19) can be truncated and verified as a
linear matrix inequality in the frequency domain. We discuss this in more detail in
the next section, where we also show how relaxation techniques from robust control
can be used to integrate (3.19) and (3.20) into a parameterized operator inequality of
form similar to (3.19).

Proof. Let us first consider (iv)(a). We have (z̄ = [ z1 ] ∈ Z × R and likewise for
z̄0)

σ(H [T, θ]y −H [T0, 0]y0, y − y0)

=

〈[
H̃ + Δ̃[T, θ] wΔ[

I 0
]

0

]
(z̄ − z̄0),Ψ

[
H̃ + Δ̃[T, θ] wΔ[

I 0
]

0

]
(z̄ − z̄0)

〉

= 〈z − z0,Π∗ΨΠ(z − z0)〉 +
〈
z̄ − z̄0, Υ̌1[T, θ](z̄ − z̄0)

〉
= σΠ∗ΨΠ(z − z0) + σΥ̌1

(z̄ − z̄0),

where Υ̌1 = Ψ̌1/2
Z Υ1Ψ̌

1/2
Z and where Ψ̌Z = diag(ΨZ , 1).

By using this representation of the quadratic form, we get the following implica-
tions:

sup
z∈∂Z

σ(H [T, θ]y −H [T0, 0]y0, y − y0) = sup
z∈∂Z

σΠ∗ΨΠ(z − z0) + σΥ̌1
(z̄ − z̄0)

≤ sup
z∈∂Z

σΠ∗ΨΠ(z − z0) + 2 sup
T∈T

λmax(Υ1[T, θ]),

where we used that the second term is bounded by

sup
z∈∂Z

σΥ̌1
(z̄ − z̄0) = sup

z∈∂Z

〈
z̄ − z̄0, Υ̌1(z̄ − z̄0)

〉
= sup
‖Ψ1/2

Z (z−z0)‖2=1

〈
Ψ̌1/2
Z (z̄ − z̄0),Υ1Ψ̌

1/2
Z (z̄ − z̄0)

〉
≤ sup
‖Ψ̌1/2

Z (z̄−z̄0)‖2=2

〈
Ψ̌1/2
Z (z̄ − z̄0),Υ1Ψ̌

1/2
Z (z̄ − z̄0)

〉
≤ 2 sup

T∈T
λmax(Υ1[T, θ]).
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By Lagrange relaxation (S-procedure relaxation) we can further simplify:3

sup
z∈∂Z

σΠ∗ΨΠ(z − z0) + 2 sup
T∈T

λmax(Υ1[T, θ])

= inf
τ∈R

sup
z∈Z

σΠ∗ΨΠ(z − z0) + τσZ(z − z0) + 2 sup
T∈T

λmax(Υ1[T, θ])

= inf
τ∈R

sup
z∈Z

〈z − z0, (Π∗ΨΠ + τΨZ)(z − z0)〉 + 2 sup
T∈T

λmax(Υ1[T, θ]) − τ

≤ 2 sup
θ∈[0,1]

sup
T∈T

λmax(Υ1[T, θ]) − τ ≤ −ε,

where in the second last inequality we used (3.19) and the last inequality follows
from (3.20). This implies (iv)(a).

We next consider condition (iv)(b). For this we need to introduce Υ2[T ] = Ω2[T ]+
Ω2[T ]∗, where

Ω2[T ] =

[
Δ̃[T, 0]Ψ−1/2

Z

0

]∗
Ψ

⎡
⎣(H̃ +

1
2
Δ̃[T, 0])Ψ−1/2

Z[
Ψ−1/2
Y 0

]
⎤
⎦ .

We have

σ(H [T, 0]y −H [T0, 0]y0, y − y0)

=

〈[
H̃ + Δ̃[T, 0][

I 0
] ]

(z − z0),Ψ

[
H̃ + Δ̃[T, 0][

I 0
] ]

(z − z0)

〉

=
〈
z − z0, (Π∗ΨΠ + Υ̌2[T ])(z − z0)

〉
= σΠ∗ΨΠ(z − z0) + σΥ̌2

(z − z0),

where Υ̌2 = Ψ1/2
Z Υ2Ψ

1/2
Z .

Now let Z(η) = {z ∈ Z : σZ(z − z0, η) = 0}, where σZ(z, η) = 〈z,ΨZz〉 − η and
η ∈ [0, 1]. By using this representation of the quadratic form, we get the following
inequality:

sup
z∈Z(η)

σ(H [T, 0]y −H [T0, 0]y0, y − y0) = sup
z∈Z(η)

σΠ∗ΨΠ(z − z0) + σΥ̌2
(z − z0)

≤ sup
z∈Z(η)

σΠ∗ΨΠ(z − z0) + sup
T∈T

λmax(Υ2[T ])η,

where we used that the last term can be bounded by

sup
z∈Z(η)

σΥ̌2
(z − z0) = sup

‖Ψ1/2
Z (z−z0)‖2=η

〈
Ψ1/2
Z (z − z0),Υ2Ψ

1/2
Z (z − z0)

〉
= sup

T∈T
λmax(Υ2[T ])η.

3The first implication is an equivalence since this is a relaxation of one quadratic form defined
over a real space [20].
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Next we use the S-procedure lossless condition in [20], which gives

sup
z∈Z(η)

σΠ∗ΨΠ(z − z0) + λmax(Υ2[T ])η

= inf
τ∈R

sup
z∈Z

σΠ∗ΨΠ(z − z0) + τσZ (z − z0, η) + sup
T∈T

λmax(Υ2[T ])η

= inf
τ∈R

sup
z∈Z

〈z − z0, (Π∗ΨΠ + τΨZ)(z − z0)〉 + sup
T∈T

(λmax(Υ2[T ]) − τ)η

≤
(

sup
T∈T

λmax(Υ2[T ]) − τ

)
η ≤ −εη ≤ −ελmin(ΨZ)‖z − z0‖2,

where we used (3.19) in the second inequality. In the third inequality we use (3.20) and
that supT∈T λmax(Υ2[T ]) = supT∈T λmax(Υ1[T, 0]) ≤ 2 supθ∈[0,1] supT∈T λmax(Υ1[T, θ])
(because supθ supT∈T λmax(Υ1[T, θ]) ≥ 0). Finally, the last inequality follows since

η = 〈z − z0,ΨZ(z − z0)〉 ≥ λmin(ΨZ)‖z − z0‖2 ∀z ∈ Z(η).

This implies (iv)(b).

3.4. The set inclusion. Estimates of W can be obtained in several ways. It is
generally useful to have bounds in terms of the C(1)-topology, and this is achieved
using the next result.

Proposition 3.5. Suppose that Z is characterized as in (D1). We have

H [T, θ]y ⊂ W = {w ∈ C(1) : |w(t) − w0(t)| ≤ ν(t)}

for all (y, T ) ∈ clZ and θ ∈ [0, 1], where

ν(t) = ‖1(ej2πt) ˆ̃HΨ̂−1/2
Z ‖+ sup

θ∈[0,1],T∈T
{‖Δ̃[T, θ]Ψ−1/2

Z ‖L2(1)×R→C(1)+‖wΔ[T, θ]‖C(1)}

and where ˆ̃H is the frequency domain representation of the operator defined in (3.14),
Δ̃ and wΔ are defined in (3.15)–(3.16), T is defined in (3.4), and

(3.21) 1(ej2πt) =
[
. . . ej4πtI ej2πtI I e−j2πtI e−j4πtI . . .

]
.

If Ψ̂Z is diagonal, then we can use
(3.22)

‖Δ̃[T, θ]Ψ−1/2
Z ‖L2(1)×R→C(1) ≤

√√√√ ∞∑
k=−∞

|Δ(j2πk/T, θ)Ψ̂−1/2
Y (k, k)|2 + ‖δ[T ]ψ−1/2

T ‖2
C(1).

Proof. We use that w(t) = 1(ej2πt)ŵ, and therefore we have

|w(t) − w0(t)| = |1(ej2πt)(Ĥ [T, θ]ŷ − Ĥ [T0, 0]ŷ0)|

=
∣∣∣1(ej2πt) ˆ̃H(ẑ − ẑ0) + 1(ej2πt) ˆ̃Δ[T, θ](ẑ − ẑ0) + 1(ej2πt)ŵΔ

∣∣∣
≤ ‖1(ej2πt) ˆ̃HΨ̂−1/2

Z ‖ · ‖Ψ̂1/2
Z (ẑ − ẑ0)‖

+ ‖Δ̃[T, θ]Ψ−1/2
Z ‖L2(1)×R→C(1)‖Ψ1/2

Z (z − z0)‖ + |1(ej2πt)ŵΔ|

≤ ‖1(ej2πt) ˆ̃H [T, θ]Ψ̂−1/2
Z ‖ + ‖Δ̃[T, θ]Ψ−1/2

Z ‖L2(1)×R→C(1) + ‖wΔ‖C(1),

where we used that ‖Ψ1/2
Z (z − z0)‖ ≤ 1 by the definition of Z in (3.2).
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4. Algorithm for robustness analysis. Here we will assemble the results of
the previous sections into an algorithm that allows us to verify the robustness of limit
cycles. From Theorems 3.2 and 3.4 we get the following algorithm:

(R1) Verify that F ′z(z0, 0) has a bounded inverse.
(R2) Verify that H [T, θ]y ∈ W for all (y, T ) ∈ clZ, θ ∈ [0, 1].
(R3) Determine the sector bound (iii) in Theorem 3.2 with σ on the form (3.9)–

(3.10).
(R4a) Solve maxτ>0 such that I∗Z(Π∗ΨΠ + τΨZ)IZ ≤ 0.
(R4b) Verify that τ > 2 supθ∈[0,1] supT∈T λmax(Υ1[T, θ]).

Given (RA1)–(RA4) we can conclude that for each θ ∈ [0, 1] there exists a solution
(yθ, Tθ) ∈ Z of y = Φ(H [T, θ]y).

We will next discuss how the steps of the algorithm can be verified numerically.
For the first step we may use Proposition 4 in [8]. For the second step we use Propo-
sition 3.5. An application will be illustrated in our example in the next section. The
third step is simply to determine α, β ∈ C(1) such that the time-varying sector bound
in (3.7) holds. The last two steps are more involved and will be discussed in detail
in the next two subsections. Using (R4a)–(R4b) may lead to unnecessary conser-
vatism, and as an alternative we will also show that (R3)–(R4) can be replaced by
the following:

(R4’) Use quadratic relaxation of the uncertainties to verify condition (iv) in The-
orem 3.2.

4.1. Verifying the operator inequality in (R4a). The operator inequality
in step (R4) is infinite dimensional and must be truncated in order to be verified.
This is possible due to the compactness of H and since the sector condition in (3.8)
can be defined by functions α and β of limited frequency content. The inequality
has a frequency domain representation, and for the computation we truncate the
high frequency contribution to obtain a finite dimensional inequality. The Schur
complement formula together with estimates of the high frequency contributions can
be used to derive conditions under which the finite dimensional formula gives a lower
bound on τ in step (R4a).

We next define a high versus low frequency decomposition of each operator ac-
cording to the following definitions and notation, where IN and IN̄ are the identity
operators on PNL2(1) and QNL2(1), respectively, and where we assume the phase is
fixed according to

Y = {y ∈ L2(1) : re eT1 ŷ[1] = 0},(4.1)

where e1 is the first unit vector.
(F1) For the inclusion map IZ : QNL2(1) ⊕ YN × R → QNL2(1) ⊕ PNL2(1) × R

we use the block structure

IZ =

[
IN̄ 0
0 IZN

]
, where IZN =

[
IYN 0
0 1

]
,(4.2)

where IYN is the inclusion map from YN = PNY into PNL2(1).
(F2) The operator ΨY defined in (D1) has the low versus high frequency block

decomposition ΨY : QNL2(1) ⊕ PNL2(1) → QNL2(1) ⊕ PNL2(1),

ΨY =

[
ψYN̄

IN̄ 0
0 ΨYN

]
,(4.3)
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and we let

ΨZN =

[
ΨYN 0

0 ψT

]
.(4.4)

(F3) We use the following block decompositions:

H [T0, 0] =

[
HN̄ [T0, 0] 0

0 HN [T0, 0]

]
,

DTH [T0, 0] =

[
DTHN̄ [T0, 0] 0

0 DTHN [T0, 0]

]
,

ΠN =

[
HN [T0, 0] DTHN [T0, 0]y0,N

IN 0

]
,

where HN = I∗PNL2(1)
HIPNL2(1) and HN̄ = I∗QNL2(1)

HIQNL2(1), and similarly
for DTHN̄ [T0, 0] and DTHN [T0, 0]. Finally, y0,N = PNy0.

(F4) We let the blocks of Ψ in (3.10) have the high versus low frequency decom-
positions

Ψ11 =

[
Ψ11,N̄N̄ Ψ11,N̄N

Ψ11,NN̄ Ψ11,NN

]
, Ψ12 =

[
Ψ12,N̄N̄ Ψ12,N̄N

Ψ12,NN̄ Ψ12,NN

]
,

where

Ψ11,NN = I∗PNL2(1)Ψ11IPNL2(1),

Ψ11,NN̄ = I∗PNL2(1)Ψ11IQNL2(1),

Ψ11,N̄N = I∗QN L2(1)
Ψ11IPNL2(1),

Ψ11,N̄N̄ = I∗QN L2(1)
Ψ11IQNL2(1),

and analogously for the blocks in defining the decomposition of Ψ12. Finally,
let ΨN = I∗PNL2(1)ΨIPNL2(1).

It is straightforward to see that
(4.5)

I∗Z(Π∗ΨΠ + τΨZ)IZ =

[
Δ11 + (τψYN̄

− 1)IN̄ Δ12

Δ∗12 I∗ZN
(Π∗NΨNΠN + τΨZN )IZN + Δ22

]
,

where

Δ11 = H∗
N̄Ψ11,N̄N̄HN̄ + H∗

N̄Ψ12,N̄N̄ + Ψ∗
12,N̄N̄HN̄ ,

Δ12 =
[
(H∗

N̄Ψ11,N̄N + Ψ∗
12,N̄N )HNIYN + H∗

N̄Ψ12,N̄NIYN (H∗
N̄Ψ11,N̄ + Ψ∗

12,N̄ )DT Hy0

]
,

Δ22 =

[
0 (H∗

NΨ11,NN̄ + Ψ12,NN̄ )DT HN̄y0,N̄

(·)∗ y∗
0DT H [T0, 0]

∗Ψ11DT H [T0, 0]y0 − y∗
0,NDT HN [T0, 0]

∗Ψ11,NN DT HN [T0, 0]y0,N

]

and where in Δ12 we used the notation

Ψ11,N̄ =
[
Ψ11,N̄N̄ Ψ11,N̄N

]
, Ψ∗12,N̄ =

[
Ψ∗

12,N̄N̄
Ψ∗

12,NN̄

]
.
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Using the above definitions we can state the following result.
Proposition 4.1. Suppose there exist ε > 0 and ρ ∈ (0, 1 − ‖Δ11‖) such that
(i) τ = (1 − ρ− ‖Δ11‖)/ψYN̄

;
(ii) ε > ‖Δ22‖ + ‖Δ12‖2/ρ;
(iii) I∗ZN

(Π∗NΨNΠN + τΨZN )IZN ≤ −ε.
Then I∗Z(Π∗ΨΠ + τΨZ)IZ ≤ 0.

Proof. The upper left block of (4.5) satisfies

Δ11 + (τψYN̄
− 1)IN̄ ≤ −ρIN̄

by (i). We can therefore apply the Schur complements formula and conclude that
I∗Z(Π∗ΨΠ + τΨZ)IZ < 0 since

I∗ZN
(Π∗NΨNΠN + τΨZN )IZN + Δ22 − Δ∗12(Δ11 + (τψYN̄

− I)IN̄ )−1Δ12

≤ −ε+ ‖Δ22‖ + ‖Δ12‖2/ρ < 0.

The inequality in (iii) can be verified in the frequency domain as the finite di-
mensional linear matrix inequality

Î∗ZN
(Π̂∗N Ψ̂N Π̂N + τΨ̂ZN )ÎZN ≤ −εÎN ,(4.6)

where ÎN is a unit matrix of dimension 2N + 1,

Π̂N =

[
ĤN [T0, 0] DT ĤN [T0, 0]ŷ0,N

ÎN 0

]
,

where ŷ0,N is the Fourier transform of y0 truncated at its lowest N frequencies,

ĤN [T, 0] = diag(H(j2kπN/T, 0) : k = N, . . . ,−N),(4.7)

and analogously for DT ĤN [T0, 0]. Further, Ψ̂ZN is the frequency domain represen-
tation of ΨZN in (4.4), ÎZN is the frequency domain representation of the inclusion
map IZN defined in (4.2), and, finally, Ψ̂N is the 2N + 1 × 2N + 1 block Toeplitz
representation of ΨN . It has the form

Ψ̂N =

⎡
⎢⎢⎣−PN

(
1
2
(B∗A + A∗B)

)
PN

1
2
PN (A + B)PN

1
2
PN (A + B)∗PN −IN

⎤
⎥⎥⎦ ,

where B = Toep[β],A = Toep[α] are (bi-infinite) block Toeplitz matrices defined as
in (1.2).

The maximal value of the parameter τ for which (4.6) is satisfied can be computed
as

τ = −λmin((Î∗ZN
Ψ̂ZN ÎZN )−1/2(Î∗ZN

Π̂∗N Ψ̂N Π̂N ÎZN + εÎN )(Î∗ZN
Ψ̂ZN ÎZN )−1/2).

Note that all norms ‖Δk,l‖, k, l = 1, 2, in Proposition 4.1 can be made arbitrarily
small by choosing N large enough compared to the frequency content in Ψ and the
roll-off decay of H . Hence, if (iii) is satisfied, then the remaining inequalities in
Proposition 4.1 will be satisfied if N is large enough.
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4.2. Verifying the perturbation bound. A straightforward calculation shows
that

Υ1[T, θ] =

⎡
⎢⎣Υ11[T, θ] Υ12[T, θ] Υ13[T, θ]
Υ∗12[T, θ] Υ22[T, θ] Υ23[T, θ]
Υ∗13[T, θ] Υ∗23[T, θ] Υ33[T, θ]

⎤
⎥⎦ ,

where (here we suppress the dependence on T and θ)

Υ11 = Ψ−1/2
Y (Δ∗Ψ11Δ + Sym(Δ∗Ψ11H) + Sym(Δ∗Ψ12))Ψ

−1/2
Y ,

Υ12 = Ψ−1/2
Y (Δ∗Ψ11(DTH + δ) + (H∗Ψ11 + Ψ∗12)δ)ψ

−1/2
T ,

Υ13 = Ψ−1/2
Y ((Δ∗ +H∗)Ψ11 + Ψ∗12)wΔ,

Υ22 = Sym
(
ψ
−1/2
T δ∗Ψ11

(
DTH +

1
2
δ

)
ψ
−1/2
T

)
,

Υ23 = ψ
−1/2
T (δ +DTH)∗Ψ11wΔ,

Υ33 = w∗ΔΨ11wΔ,

where Sym(H) = H + H∗ and Δ, δ are defined in (3.17). We will use the following
result.

Proposition 4.2.

sup
θ∈[0,1]

sup
T∈T

λmax(Υ1[T, θ]) ≤ λmax

⎛
⎜⎝
⎡
⎢⎣γ11 γ12 γ13

γ12 γ22 γ23

γ13 γ23 γ33

⎤
⎥⎦
⎞
⎟⎠ ,

where

γkk = sup
θ∈[0,1]

sup
T∈T

λmax(Υkl[T, θ]), k = 1, 2, 3,

γkl = sup
θ∈[0,1]

sup
T∈T

‖Υkl[T, θ]‖, k �= l.

Proof. Note that Υ1 : L2(1)×R2 → L2(1)×R2. An arbitrary unit length vector
v ∈ L2(1) × R2 can be decomposed as v =

∑3
k=1 αkv̄k, where v̄1 = (v1, 0, 0) with

v1 ∈ L2(1) and ‖v1‖ = 1, and v̄2 = (0, v2, 0), v̄3 = (0, 0, v3) with v2, v3 ∈ [−1, 1], and
the real valued scalars αk satisfy

∑3
k=1 α

2
k = 1. It follows that

λmax(Υ1) = sup
‖v‖L2(1)×R2=1

〈v,Υ1v〉

= sup
|α|=1

sup
‖v1‖=1

sup
v2,v3∈[−1,1]

3∑
k=1

3∑
l=1

αkαl 〈vk,Υklvl〉

≤ sup
|α|=1

αkαlγkl

= λmax(Γ),

where Γ = [γkl]3k,l=1. This concludes the proof.
The coefficients needed in Proposition 4.2 can easily be estimated. To avoid

unnecessary conservatism, it is important to explore that Ψ11 is usually not positive
definite, and simple minded norm estimates should therefore be avoided.
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4.3. Relaxation of uncertainties using quadratic forms. Here we will dis-
cuss how condition (iv) in Theorem 3.2 can be verified using relaxation techniques
from robust control. This provides an alternative means of verifying steps (R4a)–
(R4b) in the algorithm for robustness analysis, which often is less conservative but
computationally more demanding.

We assume that the nonlinearity satisfies the quadratic form (3.18), where Ψ
is defined as in (F4). By using the representation in (3.14)–(3.16), we obtain the
following equivalent representation of (3.13) as a linear fractional transformation [23]:

[
δw

v

]
=

[
H̃ IIΔ IW

I 0 0

]
︸ ︷︷ ︸

G

⎡
⎢⎣ δzu
w̌Δ

⎤
⎥⎦ ,(4.8)

u =

[
I−1
Δ Δ[T, θ] 0

0 I−1
δ δ[T ]

]
︸ ︷︷ ︸

Δ̌

v,(4.9)

IIΔ =
[
IΔ Iδ

]
,(4.10)

where w̌Δ = I−1
W wΔ, δz = z−z0, and δw = H [T, θ]y−H [T0, 0]y0. The operators IΔ, Iδ,

and IW are introduced in order to create roll off so that the same computational ideas
as in Proposition 4.1 can be used. In order to apply Proposition 4.1 for truncation
of the operator inequality in (ii)(a) in Proposition 4.3 below we may assume that the
operators act through multiplication in the frequency domain according to û[k] =
ÎΔ[k]v̂[k], where

ÎΔ[k] =

{
I, |k| ≤ N,

ν, |k| > N,
(4.11)

and where N is a large integer and ν is a small number. Iδ and IW may be defined
analogously. For the discussion up to the next proposition including its proof one may
assume that these operators are equal to the identity.

We will use quadratic constraints to characterize the uncertainties in the system
according to the following definitions:

1. The uncertain operator Δ̌[T, θ] defined in (4.9) is assumed to satisfy the
quadratic inequality

σΔ(v, Δ̌[T, θ]v, λ) ≥ 0 ∀λ ∈ Λ, θ ∈ [0, 1], T ∈ T ,(4.12)

where Λ is a convex cone of parameters. The parameterization can be used
to characterize the structure of Δ̌ as in μ-analysis [15, 3, 17]. We assume that
the quadratic form has the representation

σΔ(v, u, λ) =

〈[
v

u

]
,ΨΔ(λ)

[
v

u

]〉
, ΨΔ =

[
ΨΔ,(11) ΨΔ,(12)

Ψ∗Δ,(12) ΨΔ,(22)

]
,(4.13)

where ΨΔ is assumed to be linear in λ.
2. The uncertain signal w̌Δ = I−1

W wΔ satisfies the quadratic inequality

σWΔ(w̌Δ) = 1 − 〈w̌Δ,ΨWΔw̌Δ〉 ≥ 0,(4.14)
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where the positive definite and self-adjoint operator ΨWΔ can be constructed
as a diagonal operator with components that estimate the size of the frequency
components of wΔ.

By using the standard S-procedure relaxation technique we obtain the following
condition that can replace (iv) in Theorem 3.2.

Proposition 4.3. Condition (iv) in Theorem 3.2 is satisfied if there exist τ1, τ2 ≥
0 and λ ∈ Λ such that

(a) I∗
Ž
(Π̌∗ΨΠ̌ + Ψ̌Ž(τ1, τ2, λ))IŽ ≤ 0,

(b) τ1 > τ2,
where

Π̌ =

[
Ȟ[
I 0

]] :=

⎡
⎣H [T0, 0]

[
DTH [T0, 0]y0 IIΔ IW

]
I

[
0 0 0

]
⎤
⎦ ,

Ψ̌Ž(τ1, τ2, λ) =

⎡
⎢⎣ΨΔ,11(λ) + τ1ΨZ ΨΔ,12(λ) 0

Ψ∗Δ,12(λ) ΨΔ,22(λ) 0
0 0 −τ2ΨWΔ

⎤
⎥⎦ ,

IŽ =

⎡
⎢⎣IZ 0 0

0 I 0
0 0 I

⎤
⎥⎦ ,

where Ψ is defined in (F4), ΨΔ is defined in (4.13), and IIΔ is defined in (4.10).
Remark 6. The same computational ideas as presented in Proposition 4.1 can be

applied to verify (a). The parameters N and ν in (4.11) must be chosen sufficiently
large and small, respectively, so that the norms ‖Δk,l‖ are small enough.

Proof. To verify (iv)(a) in Theorem 3.2 we consider the optimization problem
(δz = (δy, δT ) = (y − y0, T − T0)):

sup
δz,u,w̌Δ

σ(δw, δy)

subject to

[
δw

v

]
= G

⎡
⎢⎣ δzu
w̌Δ

⎤
⎥⎦ such that

⎧⎪⎨
⎪⎩
σΔ(v, u, λ) ≥ 0 ∀λ ∈ Λ,
σZ(δz) = 0,
σWΔ(w̌Δ) ≥ 0

≤ inf
τ1∈R,τ2≥0,λ∈Λ

sup
δz,u,wΔ

σ(H̃δz + IIΔu+ IWwΔ, δy) + σΔ(δz, u, λ)

+ τ1σZ(δz) + τ2σWΔ(w̌Δ)

= inf
τ1∈R,τ2≥0,λ∈Λ

sup
δz,u,wΔ

ξ∗I∗
Ž
(Π̌∗ΨΠ̌ + ΨŽ(τ1, τ2, λ))IŽξ − τ1 + τ2

≤ −τ1 + τ2 < 0,

(4.15)

where ξ = [δz∗ u∗ w̌∗Δ]∗ and G was defined in (4.8). The first inequality follows
by S-procedure relaxation, the operator representation obtained after the equality
follows by the definition of Π̌ and Ψ̌Ž , and, finally, the last two inequalities follow by
conditions (a)–(b) in the statement of the proposition.

Next we show that condition (iv)(b) in Theorem 3.2 follows from (a)–(b). We
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need to introduce the operators

G2 =

[
H̃ IIΔ

I 0

]
,

Π̌2 =

⎡
⎣H [T0, 0]

[
DTH [T0, 0]y0 IIΔ

]
,

I
[
0 0

]
⎤
⎦ ,

Ψ̌Ž2
(τ, λ) =

[
ΨΔ,11(λ) + τΨZ ΨΔ,12(λ)

Ψ∗Δ,12(λ) ΨΔ,22(λ)

]
, IŽ2

=

[
IZ 0
0 I

]

and let Z(η) = {z ∈ Z : σZ(z − z0, η) = 0}, where σZ(z, η) = 〈z,ΨZz〉 − η and
η ∈ [0, 1]. Again we consider S-procedure relaxation (η ∈ [0, 1]):

sup
z∈Z(η)

σ(H [T, 0]y −H [T0, 0]y0, y − y0)

≤ sup
z
σ(δw, δy, λ)

subject to

[
δw

v

]
= G2

[
δz

u

]
such that

{
σΔ(v, u, λ) ≥ 0 ∀λ ∈ Λ
σZ(δz, η) = 0

≤ inf
τ,λ∈Λ

sup
δz,u

σ(H̃δz + IIΔu, δy, λ) + σΔ(δz, u, λ) + τσZ (δz, η)

= inf
τ,λ∈Λ

sup
δz,u

ξ∗I∗
Ž2

(Π̌∗2Ψ1Π̌2 + Ψ̌Ž2
(τ, λ))IŽ2

ξ − τη

≤− τη,

where ξ = [δz∗ u∗]∗. Here the last inequality follows because condition (a) implies
that I∗

Ž2
(Π̌∗2Ψ1Π̌2 + Ψ̌Ž2

(τ, λ))IŽ2
≤ 0. In order to continue the proof we notice that

the definition of Z(η) implies that

‖Ψ1/2
Z (z − z0)‖2 = η,

which by the above inequality implies that

σ(H [T, 0]y −H [T0, 0]y0, y − y0) ≤ −τη ≤ −L‖z − z0‖2,

where L = τλmin(ΨZ) > 0 since τ > 0 and ΨZ > 0. This proves condition
(iv)(b).

5. Example. Let us consider the Van der Pol oscillator

ẅ(t) +m(w(t)2 − 1)ẇ(t) + w(t) = θΔ(ẇ).

To represent this system on the form (3.1) we introduce the new coordinates

x1 = −ẇ −m(w3/3 − w),
x2 = w.

The transformed system can be shown to have the form (3.1) with ϕ(w) = −mw3/3+
(2 +m)w and

H(s, θ) = (I − θH0(s)Δ(s))−1H0(s),
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Fig. 5.1. The nominal limit cycle solution. The left-hand figure shows w0(t), and the middle
figure shows y0(t) = ϕ(w0(t)). The right-hand figure shows the spectrum of the nominal solution
|ŷ0[k]|.
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Fig. 5.2. The functions α(t) and β(t) that define the low frequency sector condition.

where H0(s) = s
s2+2s+1 and where Δ is a stable transfer function with |Δ(jω)| ≤ μ for

all ω ∈ R. The nominal Van der Pol oscillator has a periodic solution with T0 = 7.7
and the corresponding 1-periodic trajectories in Figure 5.1.

We will use Theorem 3.2 to derive a bound on μ for which the perturbed Van der
Pol oscillator has a periodic solution in a neighborhood of (y0, T0) defined as in (D1)
with ΨY the diagonal operator,

Ψ̂Y [k, k] =

{
ψYN k, |k| ≤ 7,
ψYN̄

, |k| > N,

where ψYN = 45, and ψYN̄
= 45. We let ψT = 45, which implies that T = (7.55, 7.85).

We first consider the case when μ = 0.0082 and verify (i)–(iv) in Theorem 3.2.
(R1) It can be verified numerically that condition (i) in Theorem 3.2 is satisfied.
(R2) We use Proposition 3.5. Some detailed information on the computation can

be found in the appendix. We obtained the bound ‖w − w0‖C(1) ≤ 0.17.
(R3) For W = {w ∈ C(1) : ‖w−w0‖C(1) ≤ 0.17} we use a quadratic constraint on

the form (3.9)–(3.10) with α and β as in Figure 5.2.
(R4) We use Proposition 4.3. We let the uncertainties be characterized by the
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quadratic forms

σΔ(v, u, λ) = v̂∗

[
Λ1I 0
0 λ2

]
v̂ − û∗

[
Ψ̂Δ(λ1) 0

0 λ2γδI

]
û,

where λ2 ≥ 0 and Λ1 = diag(. . . λ12, λ1,1, λ1,0, λ1,−1, λ1,−2, . . .), where λ1,k =
λ1,−k ≥ 0 for all k. We use Ψ̂Δ = diag(λ1kγΔ[k])∞k=−∞, with

γΔ[k]−1/2 = sup
T∈T

sup
θ∈[0,1]

|H(j2πk/T, θ)−H0(j2πk/T0)|

≤ sup
T∈T

|H0(j2πk/T )−H0(j2πk/T0)| + μ|H0(j2πk/T )H0(j2πk/T0)|
1 − μ|H0(j2πk/T )

,

and we let

(5.1)

γ−1
δ = sup

T∈T
‖δ[T ]‖2

= sup
T∈T

∞∑
k=−∞

|(H0(j2πk/T ) − H0(j2πk/T0) − DT H0(j2πk/T0)(T − T0))ŷ0[k]|2
(T − T0)2

.

For wΔ we use the quadratic constraint in (4.14) with Ψ̂WΔ = γwI2N+1, where

γ−1
w = sup

T∈T

∞∑
k=−∞

μ2|H0(j2πk/T )2ŷ0[k]|2
(1 − μ|H(j2πk/T )|)2 .

The condition of Proposition 4.3 can be verified numerically as follows: With
τ1 = 2.01 · 10−4, τ2 = 2.00 · 10−4, λ1,k = 4.16 · 10−4 for all k, and λ2 = 0.0034
we have
(a) I∗

Ž
(Π̌∗ΨΠ̌ + Ψ̌Ž(τ1, τ2, λ))IŽ ≤ 0, where we used the quadratic forms

introduced above;
(b) τ1 > τ2.

Further results can be found in Table 5.1, where the column for ‖w − w0‖C(1) is the
estimate the maximal perturbation of the trajectory obtained in (R2) and |T − T0| =
1/

√
ψT is the maximum perturbation of the period time in the set Z. The theoretical

estimates compare fairly well with simulation results where we used

Δ(s) = μsimω
2
0/(s

2 + 2ζω0s+ ω2
0)(5.2)

with ζ = 0.2 and ω0 = 0.83, which corresponds to ‖Δ‖∞ ≈ 0.01 when μsim =
0.004. Further simulations in Table 5.2 show that the period time is very sensitive to
perturbations.

The case with Δ as in (5.2) is a model of a mass and spring system excited by
a Van der Pol oscillator; see Figure 5.3. The oscillator adapts its frequency to the
resonance frequency of the mechanical system, and that is the reason why our analysis
indicates large sensitivity to model uncertainty. The analysis agrees very well with the
simulation for small perturbations. The upper bounds obtained from the simulations
are only about 20% larger than the computed bounds.
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Table 5.1

The table shows the performance of the algorithm for three different sizes of the perturbation.
The last column indicates how large the perturbation is in relation to the H∞-norm of the nominal
dynamics.

ΨYN
ψYN̄

ψT μ ‖w −w0‖C(1) |T − T0|
μ

‖H0‖H∞
45 700 45 0.0082 0.17 0.15 1.6%

45 700 20 0.0095 0.19 0.22 1.9%

35 600 15 0.0099 0.20 0.26 2.0%

Table 5.2

The table shows the perturbation of the trajectory and the period time obtained by simulating
the Van der Pol oscillator with the perturbation in (5.2). The last column indicates that the bounds
on μ obtained in Table 5.1 predict the perturbation of the period time well.

μsim ‖Δ‖∞ ‖w −w0‖C(1) |T − T0|
μ

‖Δ‖∞
0.040 0.0102 0.010 0.15 0.80

0.046 0.0117 0.012 0.22 0.81

0.049 0.0125 0.012 0.28 0.79

VDP

x

m

ẋ

F

Fig. 5.3. Van der Pol oscillator interconnected with a mass and spring system.

6. Discussion. The numerical example indicates that the method has the po-
tential to accurately predict the effect of perturbation. However, as the perturbation
becomes larger the uncertainty in model, period time, and trajectory accumulate, and
it becomes difficult to make the estimates accurate. The reason is partly due to the
set inclusion test (ii) in Theorem 3.2, which is not developed to its full potential.
Another reason is that the coefficients defining the quadratic constraints could be
improved using structured singular value calculations.

In our results we have used a neighborhood Z defining the limit cycle but also a
neighborhood W defining the trajectory at the input of the nonlinearity. We let Z be
defined by L2-topology, while W is defined in the uniform topology in order to allow
the incremental sector condition for the nonlinearity to be defined in time domain.
It should also be mentioned that the set inclusion condition (the linear part of the
dynamics maps the set Z into W) could be integrated with the sector condition. We
believe there are both advantages and disadvantages in doing so.

In a previous work [7] we presented ideas related to the present paper. However,
there we used a different assumption on the neighborhood Z of the nominal solution,
which appears to be harder to use than the one defined in the present paper. In fact,
the boundary of the neighborhood was interpreted wrongly in Theorem 1 of [7], which
led to mistakes in the computations.

7. Concluding remarks. We have derived a new robustness result for limit
cycles of systems with separable nonlinearities. In our main results we use a time-
varying sector condition to characterize the nonlinearity around an a priori given
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neighborhood of the nominal solution. By using relaxation results from robust control
we obtain linear matrix inequalities defined by the sector condition, which, if satisfied,
proves the existence of a limit cycle within the predefined neighborhood of the nominal
solution.

Appendix. For the first term in the expression for ν we exploit that H [T0, 0] :
L2(1) → L2(1) are compact operators. This implies that we can truncate the expres-
sion at some sufficiently high frequency and obtain the bound

ν1(t) = σmax

(
1N̄ (ej2πt)

[
ĤN [T0, 0] DT ĤN [T0, 0]

]
Ψ̂−1/2
ZN

)
,

where ĤN is defined as in (4.7), analogously for DT ĤN [T0, 0], and

1N(ej2πt) =
[
ej2πNtI . . . ej2πNtI I e−j2πNtI . . . e−j2πNt

]
.

Let us next consider the third term ν3 = supθ∈[0,1] supT∈T ‖wΔ[T, θ]‖C(1). We use
that

wΔ[T, θ] = (H [T, θ] −H [T0, 0])y0 = θH0[T ]Δ[T ](I − θH0[T ]Δ[T ])−1H0[T ]y0,

which suggests the norm bound

‖wΔ[T, θ]‖C(1) ≤ ‖H0[T ]‖L2(1)→C(1)‖Δ[T ](I − θH0[T ]Δ[T ])−1H0[T ]y0‖L2(1),

where

‖H0[T ]‖L2(1)→C(1) =

√√√√ ∞∑
k=−∞

|H0(j2πk/T )|2,

‖Δ[T ](I − θH0[T ]Δ[T ])−1H0[T ]y0‖L2(1) ≤ μ‖H0[T ]y0‖L2(1)/(1 − μ‖H0[T ]‖),

where ‖H0[T ]‖ = supk |H0[T ]|. We can once again exploit compactness of H0 and
truncate the expressions at some sufficiently high frequency.

For the second term we may use that Ψ̂Z is chosen diagonal and therefore use the
simplified expression given in (3.22) in Proposition 3.5. We use the bound

|Δ(j2πk/T, θ)Ψ̂Y (k, k)−1/2|

≤ |H0(j2πk/T )−H0(j2πk/T0)| + μ|H0(j2πk/T )H0(j2πk/T0)|
(1 − μ|H0(j2πk/T ))|Ψ̂Y (k, k)|1/2

for the first term, and for the second term we use the bound

‖δ[T ]ψ−1/2
T ‖C(1) ≤ ‖H0[T0]‖L2(1)→C(1)‖δ̌[T ]‖L2(1),

where

δ̌[T ] = H0[T0]−1δ[T ]ψ−1/2
T ,

which can be estimated in a similar way as ‖δ[T ]‖L2(1) in (5.2).
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Abstract. Energetic solutions to rate-independent systems allow for an effective modeling of
many physical systems displaying hysteretic effects, e.g., phase transformations in shape-memory
alloys, elastoplasticity, and ferroelectricity. For some engineering applications, optimal control of
such systems is desirable. We establish existence results for these continuous-time optimal control
problems by a combination of the direct method with Γ-convergence arguments. Applicability to the
common situation of a controlled external loading is demonstrated and a concrete partial differential
inclusion as well as an academic model of the foreign exchange market including trading costs are
investigated.

Key words. optimal control, optimization, rate-independent system, differential inclusion,
variational inequality, energetic solution
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1. Introduction. Many nonlinear physical systems possess the property of rate-
independence, which means that their solution behavior does not depend on the speed
of the forcing, but solely on its path. Examples from the material sciences include
such diverse phenomena as phase transformation in shape-memory alloys [12, 20],
elastoplasticity [1, 8, 14], and ferroelectricity (electrostriction) [9, 21]; see also the
unifying approach of the theory of generalized standard materials in [16]. Sometimes,
these systems are also referred to as “quasistatic,” because evolution takes place on a
much longer time-scale than the system relaxation time. In engineering applications
[24, 27], the need arises to (optimally) control such systems, for example in systems
involving so-called “smart actuators.” Further, optimization with respect to material
parameters could be desirable. Contrary to the situation for parabolic problems,
cf., e.g., [22, 28], only very few investigations seem to have been carried out in the
rate-independent or hysteretic case; cf. [9, 11].

The aim of this work is to show existence for optimal control problems involv-
ing rate-independent systems, especially in the situation where an external loading
(e.g., a force or an electromagnetic field) is controlled. To illustrate the results, we
also consider two concrete applications: We look at the optimal control problem for
an evolutionary partial differential inclusion and we consider a simplistic model of
controlling currency trading conditions on the foreign exchange market, taking into
account transaction costs and (feedback) effects on the real values of the currencies
caused by (large) transactions.

We base the optimal control results on the concept of energetic solutions; cf. [6,
13, 17, 18, 19] and the survey [15]. In the finite-dimensional (spatially discretized)
setting, optimal control problems for such systems have recently been investigated
as “mathematical programs with evolutionary equilibrium constraints” (MPEECs) in
[9, 11] (with applications to delamination and micromagnetics). To the best of the
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author’s knowledge, however, no results for the infinite-dimensional case are available
at present.

When dealing with the problems previously described, one has to overcome the
difficulty that, in general, solutions are not guaranteed to be unique and no con-
tinuous dependence of the solution on the data can be assumed (this holds only if
the problems are uniformly convex); cf. [2]. In general, this disallows the use of the
standard implicit programming approach, where the occurrence of the solution corre-
sponding to a control is expressed through a continuous solution operator and thus is
eliminated from the minimization problem; cf. [23] for a recent monograph. In certain
cases, though, uniqueness and stability of solutions are guaranteed and the implicit
programming approach is feasible; cf. [9, 11]. We choose a different path here and
work with joint minimizing sequences of controls and corresponding solutions and
exploit upper semicontinuity properties of the (set-valued) solution operators.

This paper is organized as follows: After describing the general setup in sec-
tion 2, we show solvability of the optimal control problem in a fairly general setting
in section 3. Then, in section 4, we demonstrate the application of the existence
result to the common situation in which the control parameter is an external loading
(e.g., an external force) and conclude with the aforementioned concrete applications
in section 5. The appendix presents some terminology on the Sobolev–Bochner spaces
W1,p(0, T ;X ;Y) and, for the convenience of the reader, a direct proof of a well-known
compactness result.

2. Setup. To explain the setup in a special case, assume for the moment that
we are given two Banach spaces Z, U , where Z is the state space of the system,
and U is the admissible control space. Rate-independent systems can be modeled
as evolutionary doubly-nonlinear (sub)differential inclusions [3, 25], here including a
control parameter u ∈ U ,

(DI) 0 ∈ ∂ẏR(y(t), ẏ(t);u) + DyE(t, y(t);u) (in Z∗)

for almost every t ∈ [0, T ]. By writing out the definition of the subdifferential, this is
equivalent to the evolutionary quasivariational inequality

(VI) 〈DyE(t, y(t);u), z − ẏ(t)〉 + R(y(t), z;u) −R(y(t), ẏ(t);u) ≥ 0

for all z ∈ Z and almost all t ∈ [0, T ]. In both cases, E : [0, T ] ×Z × U → R∞ = R ∪
{+∞} is a possibly nonconvex, Gâteaux-differentiable energy-storage functional. The
dissipation potential R : Z ×Z ×U → R∞ is such that for all u ∈ U , R(z, �;u) : Z →
R∞ is convex and 1-homogeneous, i.e., R(z, λż;u) = λR(z, ż;u) for all (z, ż, u) ∈ Z×
Z×U . This implies 0-homogeneity of ∂R(ż, �;u), i.e., the mathematical manifestation
of rate-independence. Additionally, we impose an initial condition y(0) = y0 ∈ Z (in
fact, not all initial values are admissible, but this will be made precise later). The
optimal control problem then consists of minimizing a given cost functional J (y, u)
over all admissible controls u and corresponding solutions y.

We deliberately omitted specifying the space in which we look for solutions to
(DI) or (VI), but it should be noted that these two formulations are only sensible
if y is at least weakly differentiable in time. Rate-independent systems, however,
do not always yield solutions that are so regular and we must switch to a different
notion of solution. This is accomplished by the framework of energetic solutions
[6, 13, 17, 18, 19]. Consider the basic setup as presented in the survey [15] and
assume the state space Z of the system to be a Hausdorff topological space. We
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further need a Hausdorff control space U , which contains all admissible controls (in
fact, optimization with respect to material parameters is also possible, but we stick to
the term “control” for clarity). In the following, all topological notions (in particular
convergence and compactness) are to be understood in a sequential sense. Also note
that we do not identify functions on the interval [0, T ] (into some space) that are
equal almost everywhere, because modification on a null set may change whether a
given function is a solution (to the energetic formulation introduced below).

In the terminology of [15], we will always be working in the case of a “reduced” en-
ergy functional, which means that Z might be part of a larger state space Q = F×Z,
where F and Z contain the conservative and dissipative parts of a state, respectively,
and the energy functional E is given through E(t, z) = min{ E0(t, ϕ, z) : ϕ ∈ F } for
t ∈ [0, T ], z ∈ Z, with some energy functional E0 : [0, T ]×F ×Z → R∞. If the mini-
mizer of E0(t, ϕ, z) is unique for fixed t, z, then one can reconstruct the conservative
part from the dissipative part. Usually, for the subsequent assumptions to hold, one
must also require continuous dependence of this unique minimizer on t and z (which
holds in many interesting applications); see [15, section 3.4] for details. Sometimes
(as in the concrete partial differential inclusion in section 5.1), the distinction between
the conservative and dissipative parts of the state space is not existent and we can
directly work with the setup as presented below.

The system properties are modeled by an energy-storage functional E : [0, T ] ×
Z×U → R∞ := R∪{+∞} (now not necessarily Gâteaux-differentiable anymore) and
a dissipation distance D : Z ×Z×U → [0,∞]. While E(t, z;u) is the potential energy
of the state z ∈ Z at time t ∈ [0, T ] and with control u ∈ U , the dissipation distance
D(z1, z2;u) measures the dissipated energy when the state is changed from z1 ∈ Z to
z2 ∈ Z (in the situation of (DI), (VI): D(z1, z2;u) := inf{

∫ 1

0
R(v(τ), v̇(τ);u) dτ : v ∈

W1,1(0, 1;Z), v(0) = z1, v(1) = z2 } or simply D(z1, z2;u) = R(z2−z1;u) if DyR ≡ 0;
cf. sections 3.6 and 4.1 of [15]). Therefore, we require D( �, �;u) to be a quasimetric,
i.e., we assume the triangle inequality and the positivity D(z1, z2;u) = 0 if and only if
z1 = z2 (see (A3)). With our physical interpretation in mind, D( �, �;u) does not need
to be symmetric (consider, for example, crack formation in brittle materials [4, 5] or
delamination [10]). Our control on the system is expressed through the dependence
of E and D on the control parameter u ∈ U . We tacitly assume E(t, �;u) to be proper,
i.e., not identically +∞ for all t ∈ [0, T ] and u ∈ U .

For a process y : [0, T ] → Z, the total dissipation DissD(y; [r, s];u) of y in the
subinterval [r, s] ⊆ [0, T ] is the total (pointwise) D-variation of y, i.e.,

DissD(y; [r, s];u) := sup

⎧⎨
⎩

N∑
j=1

D(y(τj−1), y(τj);u) : r = τ0 < · · · < τN = s

⎫⎬
⎭ .

The space BVD([0, T ];Z;U) of functions with bounded dissipation consists of all pro-
cesses y : [0, T ] → Z such that DissD(y; [0, T ];u) < ∞ for all u ∈ U . Since the spaces
Z and U will always be clear from the context, we abbreviate BVD([0, T ];Z;U) to
BVD([0, T ]). We say that a sequence (yk)k ⊆ BVD([0, T ]) converges in BVD([0, T ])
to y ∈ BVD([0, T ]) if supk∈N DissD(yk; [0, T ];u) < ∞ for all u ∈ U and yk(t) → y(t)
for all t ∈ [0, T ] (pointwise convergence). The generalized Helly selection principle
[13, Theorem 3.2] is the fundamental compactness result in BVD([0, T ]) and says that
from each sequence with uniformly bounded dissipation we can select a subsequence
converging in BVD([0, T ]), i.e., pointwise.
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The set of stable states at time t ∈ [0, T ] is defined to be

S(t;u) :=
{
z ∈ Z : E(t, z;u) <∞ and E(t, z;u) ≤ E(t, ẑ;u) + D(z, ẑ;u)

for all ẑ ∈ Z
}
.

The “stability” expresses itself through the fact that the system must leave these
states only when the exterior conditions change (i.e., if E and hence the stable states
change in the course of time).

Given a control u ∈ U and an initial value y0 ∈ S(0;u), let

Sol : Z × U ⇒ BVD([0, T ]), (y0, u) �→ Sol(y0, u) ⊆ BVD([0, T ])

denote the set-valued solution operator that associates with (y0, u) all energetic solu-
tions to the (initial-value) evolution problem associated with E( �, �;u) and D( �, �;u),
i.e., all processes y ∈ BVD([0, T ]) that satisfy the stability condition

(S) y(t) ∈ S(t;u)

and the energy balance

(E) E(t, y(t);u) + Diss(y; [0, t];u) = E(0, y(0);u) +
∫ t

0

∂tE(τ, y(τ);u) dτ

for all t ∈ [0, T ] (this includes the requirement that τ �→ ∂tE(τ, y(τ);u) ∈ L1(0, T )),
as well as the initial condition y(0) = y0.

If the assumptions stated after the subdifferential inclusion (DI) and variational
inequality (VI) are satisfied, E(t, �;u) is convex, and y ∈ W1,1(0, T ;Z), then the
energetic formulation is equivalent to (DI) and (VI); cf. [15, 19]. In comparison,
however, the integrated formulation of energetic solutions has the advantage that the
solution y need not be differentiable, and neither a linear structure on Z nor Gâteaux-
differentiability of the functional E needs to be assumed. Further, the dissipation
distance D need not be given through a dissipation potential R and hence more
general types of dissipation can be treated.

The optimal control problem for a rate-independent system consists of minimizing
a given cost functional J : BVD([0, T ])×U → R∞, depending on the control and the
corresponding solution. Thus, our objective is the following continuous-time optimal
control problem:

(OC)

⎧⎪⎨
⎪⎩

For given initial value y0 ∈ Z, find an optimal control u ∈ U
and a corresponding optimal solution y ∈ Sol(y0, u), satisfying

y ∈ Argmin
{
J (ŷ, û) : ŷ ∈ Sol(y0, û), û ∈ U

}
.

As for noncontrolled systems, the initial value needs to fulfill a certain compatibility
property; we will come back to that later; see (CC).

Later, we will also incorporate side conditions on the solution y and the control u
in the form y(t) ∈ Rsol ⊆ Z for all t ∈ [0, T ] and u ∈ Rctrl ⊆ U with Rsol, Rctrl closed;
cf. Remark 3.7.

3. Existence of optimal controls and processes. In this section, we establish
solvability of the optimal control problem (OC) stated in the previous section. After
some auxiliary lemmas we prove a generalization of the standard existence theorem
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in the theory of rate-independent systems; cf. [13, 15, 17]. In particular, an improved
version of the lower energy estimate, Proposition 3.2, allows us to dispense with the
uniform continuity assumption on the power ∂tE . As eventually we are interested
in optimal control, this is an important generalization. Also, we employ different
convergence conditions (in particular (C4)) than in the cited works in order to make
the theory applicable to the scenarios we have in mind.

3.1. Assumptions. Most of the following assumptions are by now standard in
the theory of energetic solutions to rate-independent systems:

Uniform control of power:

There exist cE0 ≥ 0, cE1 > 0 such that for all u ∈ U and z ∈ Z with
E(s, z;u) <∞ for some s ∈ [0, T ], it holds that

(i) E( �, z;u) ∈ W1,∞(0, T ) and

(ii) |∂tE(t, z;u)| ≤ cE1 (E(t, z;u) + cE0 ) for all t ∈ [0, T ].

(A1)

Uniform coercivity:
For all t ∈ [0, T ], u ∈ U , and E ∈ R, it holds that⋃

u∈U

{
z ∈ Z : E(t, z;u) ≤ E

}
is relatively compact.

(A2)

Quasimetric:
For all u ∈ U and all z1, z2, z3 ∈ Z, it holds that

(i) D(z1, z2;u) = 0 if and only if z1 = z2 (positivity) and
(ii) D(z1, z3;u) ≤ D(z1, z2;u) + D(z2, z3;u) (triangle inequality).

(A3)

Note that (ii) from (A1) implicitly contains the lower bound E( �, z;u) ≥ −cE0 . By the
Gronwall inequality, we also get

(3.1) E(t, z;u) + cE0 ≤ (E(s, z;u) + cE0 )ec
E
1 |t−s|

for all z ∈ Z, u ∈ U , and t, s ∈ [0, T ]; cf. [15, section 3.1].
We further need certain continuity properties of E and D:

Lower semicontinuity of energy-storage functional:

For all t ∈ [0, T ], uk → u in U and zk → z in Z with

supk∈N
E(t, zk;uk) <∞, it holds that

E(t, z;u) ≤ lim inf
k→∞

E(t, zk;uk).

(C1)

Lower semicontinuity of dissipation distance:

For all uk → u in U and zk → z, z̃k → z̃ in Z with

supk∈N,t∈[0,T ](E(t, zk;uk) + E(t, z̃k;uk)) <∞, it holds that

D(z, z̃;u) ≤ lim inf
k→∞

D(zk, z̃k;uk).

(C2)

Upper semicontinuity of stability sets:

For all tk → t in [0, T ], uk → u in U and zk → z in Z satisfying

zk ∈ S(tk;uk) and supk∈N E(tk, zk;uk) <∞, it holds that z ∈ S(t, u).

(C3)
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Convergence of power in mean:

For all uk → u in U and yk → y in BVD([0, T ]) with

supk∈N,t∈[0,T ] E(t, yk(t);uk) <∞ and τ �→ ∂tE(τ, yk(τ);uk) ∈ L1(0, T ),

it holds that τ �→ ∂tE(τ, y(τ);u) ∈ L1(0, T ) and∫ s

0

∂tE(τ, yk(τ);uk) dτ −→
∫ s

0

∂tE(τ, y(τ);u) dτ

for all s ∈ [0, T ].

(C4)

Convergence of suitable power interpolants:
For all u ∈ U , y ∈ BVD([0, T ]) and s ∈ [0, T ] such that

τ �→ ∂tE(τ, y(τ);u) ∈ L1(0, T ), there exists a sequence of partitions

(Πk = (r = τk0 , . . . , τ
k
N(k) = s))k of [0, s] with ‖Πk‖ → 0 and

N(k)∑
j=1

∫ τk
j

τk
j−1

∂tE(ξ, y(τkj );u) dξ −→
∫ s

0

∂tE(τ, y(τ);u) dτ.

(C5)

Note that by (3.1) in (C2) it suffices to require supk∈N
(E(t, zk;uk)+E(t, z̃k;uk)) <∞

for some t ∈ [0, T ]. Further, it is easy to see that conditions (A2), (A3), and (C2)
together imply the following positivity property of the dissipation distance:

(3.2)

For all u ∈ U , (zk)k ⊆ Z with supk∈N,t∈[0,T ] E(t, zk;u) <∞ and

min
{
D(zk, z;u),D(z, zk;u)

}
→ 0 for some z ∈ Z, it holds that

zk → z in Z.

The conditional upper semicontinuity (C3) of the stability sets can be established,
for example, by strengthening the assumptions (C1) and (C2) on E and D (cf. [17]
for a fine hierarchy of increasingly stronger conditions):

Γ-continuity of energy-storage functional:

For all t ∈ [0, T ], uk → u in U , it holds that

(i) For all zk → z in Z with supk∈N E(t, zk;uk) <∞, the

lim inf-inequality E(t, z;u) ≤ lim infk→∞ E(t, zk;uk) holds.
(ii) For all z ∈ Z with E(t, z;u) <∞, there exists a recovery

sequence zk → z in Z, i.e., E(t, z;u) = limk→∞ E(t, zk;uk).

(C1’)

Continuity of dissipation distance:

For all uk → u in U and zk → z, z̃k → z̃ in Z with

supk∈N,t∈[0,T |(E(t, zk;uk) + E(t, z̃k;uk)) <∞, it holds that

D(zk, z̃k;uk) → D(z, z̃;u).

(C2’)

Notice that (C1’) means that E(t, �;u) = Γ-limk E(t, �;uk) on sets of bounded energy.
Obviously, the last two requirements are stronger than (C1) and (C2), respectively.
As mentioned above, (C1’) and (C2’) together also imply (C3) as observed in Propo-
sition 2.2 of [17]. For the convenience of the reader and because in the cited work
even more general statements are made, we here show an adapted version.
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Lemma 3.1. Conditions (C1’) and (C2’) imply (C3).
Proof. First, note that by (A1) and (3.1), for all z̃ ∈ Z and u ∈ U such that

E(s, z̃;u) < E for some s ∈ [0, T ], there exists a Lipschitz constant L = L(E) > 0
such that

(3.3) |E(t, z̃;u) − E(s, z̃;u)| ≤ L |t− s|

for all s, t ∈ [0, T ] (in fact, L(E) = cE1 (E∗ + cE0 )ec
E
1 T ).

For a concise notation, define

H(t, z, ẑ;u) := E(t, ẑ;u) + D(z, ẑ;u) − E(t, z;u)

for u ∈ U , z, ẑ ∈ Z. Note that z ∈ S(t;u) if and only if H(t, z, ẑ;u) ≥ 0 for all ẑ ∈ Z
with E(t, ẑ;u) <∞.

Now, let uk → u in U , (tk, zk) → (t, z) in [0, T ]×Z and zk ∈ S(tk;uk) with E∗ :=
supk∈N E(tk, zk;uk) < ∞. To show H(t, z, ẑ;u) ≥ 0 for all ẑ ∈ Z with E(t, ẑ;u) < ∞,
let ẑk → ẑ in Z be a recovery sequence for ẑ with respect to the Γ-converging sequence
(E(t, �;uk))k, which exists by (C1’). In particular, also employing the Lipschitz-
continuity (3.3), we have

lim sup
k→∞

E(tk, ẑk;uk) ≤ lim sup
k→∞

E(t, ẑk;uk) + lim
k→∞

L1 |t− tk| ≤ E(t, ẑ;u),

where L1 is the Lipschitz constant associated to the energy bound on the recovery
sequence. From the lim inf-inequality of E( �, zk;uk), we further get

lim sup
k→∞

−E(tk, zk;uk) ≤ − lim inf
k→∞

E(t, zk;uk) + lim
k→∞

L2 |t− tk| ≤ −E(t, z;u)

with L2 corresponding to the energy bound E∗.
Combining the previous two estimates and using the continuous convergence

D(zk, ẑk;uk) → D(z, ẑ;u) of the dissipation distance (C2’), we arrive at

H(t, z, ẑ;u) ≥ lim sup
k→∞

H(tk, zk, ẑk;uk) ≥ 0,

where the last inequality holds, because zk ∈ S(tk;uk).
Finally, we require the control space U and the cost functional J to satisfy the

following standard requirements:

Compactness of U :
U is compact.

(J1)

Lower semicontinuity of J :

For all uk → u in U and yk → y in BVD([0, T ]) with yk ∈ Sol(y0, uk),

y ∈ Sol(y0, u) and supk∈N,t∈[0,T ] E(t, zk;uk) <∞, it holds that

J (y;u) ≤ lim inf
k→∞

J (yk;uk).

(J2)

Condition (J1) might seem restrictive, but can be omitted if additional coerciveness
conditions with respect to u are imposed on J . As many cost functionals, however,
do not even depend on u, here we give priority to the situation with compact U .
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3.2. Existence of solutions for a fixed control. To construct solutions, we
will rely on a discrete-time incremental problem. For this, fix for each k ∈ N a partition

Πk = (0 = tk0 , t
k
1 , . . . , t

k
N(k) = T ),

of the interval [0, T ], where the fineness ‖Πk‖ := max{ (tkj − tkj−1) : j = 1, . . . , N(k) }
goes to zero as k → ∞. For a control u ∈ U and a stable initial value y0 ∈ S(0;u),
we then want to find solutions yk = (yk0 , . . . , y

k
N ) = (yk(t0), . . . , yk(tN )) ∈ ZΠk to

(IPk)

{
Given yk0 = y0 ∈ S(0;u), inductively find ykj ∈ Z such that

ykj ∈ Argmin
{
E(tkj , ẑ;u) + D(ykj−1, ẑ;u) : ẑ ∈ Z

}
for j = 1, . . . , N .

The next proposition is a generalized version of Proposition 5.7 in [15] (see also
[6, 20]). In this version, we do not need uniform continuity of the power ∂tE( �, z;u)
for fixed z ∈ Z (and u ∈ U) anymore. This generalization is necessary in order to
allow for nonsmooth controls (which can cause the time-evolution of the functionals
to be nonsmooth).

Proposition 3.2. Assume (A1) and (C5). Let u ∈ U , and let y ∈ BVD([0, T ]) be
a stable process, i.e., y(t) ∈ S(t;u) for all t ∈ [0, T ]. Further, let τ �→ ∂tE(τ, y(τ);u) ∈
L1(0, T ). Then, for all t ∈ [0, T ] the process y satisfies the lower energy estimate

E(t, y(t);u) + DissD(y; [0, t];u) ≥ E(0, y(0);u) +
∫ t

0

∂tE(τ, y(τ);u) dτ.

Proof. Let 0 = τ0 < τ1 < · · · < τN = t be any partition of [0, t]. The stability of
y(τj−1) tested with y(τj) gives

E(τj−1, y(τj−1);u) ≤ E(τj−1, y(τj);u) + D(y(τj−1), y(τj);u)

= E(τj , y(τj);u) −
∫ τj

τj−1

∂tE(ξ, y(τj);u) dξ

+ D(y(τj−1), y(τj);u).

Summing this over j = 1, . . . , N leads to

E(t, y(t);u) + Diss(y; [0, t];u) ≥ E(t, y(t);u) +
N∑
j=1

D(y(τj−1), y(τj);u)

≥ E(0, y(0);u) +
N∑
j=1

∫ τj

τj−1

∂tE(ξ, y(τj);u) dξ.

By (C5), the last sum converges to
∫ t
0
∂tE(τ, y(τ);u) dτ for a suitable sequence of

partitions.
We now have all of the necessary ingredients to prove the existence of a solution

to (S) and (E) for some arbitrary, but fixed, control. In other words, we show that
Sol(y0;u) is nonempty for all u ∈ U and y0 ∈ S(0;u).

Theorem 3.3. Assume (A1)–(A3), (C1)–(C5), and let u ∈ U . Then, for all
initial values y0 ∈ S(0;u), there exists a solution process y ∈ BVD([0, T ]), i.e., y ∈
Sol(y0;u), for which it holds that

(i) y is the pointwise limit of a subsequence (not renumbered) of the piecewise-
constant, right-continuous interpolants ȳk of solutions yk to (IPk),
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(ii) E(t, ȳk(t);u) → E(t, y(t);u) for all t ∈ [0, T ],
(iii) DissD(ȳk; [0, t];u) → DissD(y; [0, t];u) for all t ∈ [0, T ].
Proof. Step 1: Incremental problems. For each k ∈ N, by assumptions (C1) and

(C2) (which imply lower semicontinuity of E(tkj , �;u)+D(ykj−1, �;u)) the direct method
of the Calculus of Variations, applied inductively for j = 1, . . . , N(k), shows existence
of a discrete-time solution yk = (yk0 , y

k
1 , . . . , y

k
N(k)) of (IPk).

Step 2: A priori estimates. For brevity of notation, set ekj := E(tkj , y
k
j ;u) and

δkj := D(ykj−1, y
k
j ;u). Since ykj is a minimizer of E(tkj , �;u) +D(ykj−1, �;u), we have for

all ẑ ∈ Z and j = 1, . . . , N(k) that

ekj ≤ E(tkj , ẑ;u) + D(ykj−1, ẑ;u) − δkj ≤ E(tkj , ẑ;u) + D(ykj , ẑ;u),

i.e., ykj ∈ S(tkj ;u). For j = 0 we assumed yk0 = y0 ∈ S(0;u).
Similarly, testing the minimality of ykj with ykj−1 and using the growth esti-

mate (A1) and its consequence (3.1) gives

ekj + δkj ≤ E(tkj , y
k
j−1;u) = ekj−1 +

∫ tkj

tkj−1

∂tE(τ, ykj−1;u) dτ(3.4)

≤ ekj−1 +
∫ tkj

tkj−1

cE1 (ekj−1 + cE0 )ec
E
1 (τ−tkj−1) dτ

= ekj−1 + (ekj−1 + cE0 )(ec
E
1 (tkj−t

k
j−1) − 1).(3.5)

The last estimate implies ekj + δkj + cE0 ≤ (ekj−1 + cE0 )ec
E
1 (tkj−t

k
j−1) and, by repeated

application,

(3.6) ekj + δkj + cE0 ≤ (ek0 + cE0 )ec
E
1 t

k
j .

Combining this with a similar estimate as in (3.5), for the right-continuous, piecewise-
constant interpolant ȳk of yk, we deduce the uniform energy bound (recall δkj , c

E
0 ≥ 0)

(3.7) ēk(t) := E(t, ȳk(t);u) ≤ (E(0, y0;u) + cE0 )ec
E
1 t =: E∗ec

E
1 t

for all k ∈ N, t ∈ [0, T ]. By (A1), we get

(3.8) P̄ k(t) := ∂tE(t, ȳk(t);u) ≤ cE1 (E∗ec
E
1 t + cE0 )

for all k ∈ N, t ∈ [0, T ].
Rearranging (3.5), summing up, and using (3.6) gives

N(k)∑
j=1

δkj ≤ ek0 − ekN(k) +
N(k)∑
j=1

(ekj−1 + cE0 )(ec
E
1 (tkj−tkj−1) − 1)

≤ (ek0 + cE0 ) − (ekN(k) + cE0 ) + (ek0 + cE0 )
N(k)∑
j=1

(ec
E
1 t

k
j − ec

E
1 t

k
j−1 )

≤ E∗ec
E
1 T



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2782 FILIP RINDLER

since ekN(k) ≥ −cE0 , which is contained implicitly in point (ii) of (A1). It follows that
the dissipation of ȳk stays uniformly bounded, i.e.,

(3.9) Diss(ȳk; [0, T ];u) =
N(k)∑
j=1

δkj ≤ E∗ec
E
1 T .

Step 3: Selection of subsequences. The k-independent bounds (3.7), (3.9) together
with the assumptions (A2), (A3), (C2), and (3.2), allow us to invoke the general-
ized Helly selection principle, Theorem 3.2 in [13], in order to get subsequences (not
renumbered) and limit functions y ∈ BVD([0, T ]) and δ∞ : [0, T ] → R such that for
all t, r, s ∈ [0, T ] with r < s, it holds that

(3.10)
ȳk(t) → y(t), Diss(ȳk; [0, t];u) → δ∞(t), and
Diss(y; [r, s];u) ≤ δ∞(s) − δ∞(r), δ∞(0) = 0.

The convergence of the power in mean (C4) (with uk := u, and notice that P̄ k

is measurable by (A1) and in L1(0, T ) by (3.8)) now implies τ �→ ∂tE(τ, y(τ);u) ∈
L1(0, T ) and

(3.11)
∫ t

0

P̄ k(τ) dτ −→
∫ t

0

∂tE(τ, y(τ);u) dτ

for all t ∈ [0, T ].
Step 4: Stability of the limit process. Fix t ∈ [0, T ], and letm(t, k) ∈ {1, . . . , N(k)}

be the largest integer such that tkm(t,k) ≤ t. If t > 0, then also m(t, k) > 0 for k large
enough and because ȳk(t) = ȳk(tkm(t,k)) ∈ S(tkm(t,k);u) (this was shown in Step 2),
(3.10), and assumption (C3) (with uk := u) imply that y(t) ∈ S(t;u). For the initial
value, we already know y(0) = y0 ∈ S(0;u) by hypothesis. Hence, the limit process
satisfies (S).

Step 5: Energy estimates in the limit. By the lower semicontinuity assump-
tion (C1) on the energy functional we get

(3.12) E(t, y(t);u) ≤ lim inf
k→∞

ēk(t) =: e∞(t) ≤ e∞(t) := lim sup
k→∞

ēk(t).

Let m(t, k) be defined as above. We sum (3.4) for j = 1, . . . ,m(t, k) and get, also
employing the uniform bound (3.8) on P̄ k = ∂tE( �, ȳk( �);u),

ēk(t) + Diss(ȳk; [0, t];u) ≤ ēkm(t,k) +
m(t,k)∑
j=1

δkj + c ‖Πk‖

≤ ēk(0) +
∫ t

0

P̄ k(τ) dτ + c ‖Πk‖

for all t ∈ [0, T ]. Passing to the limit in this inequality and using (3.10), (3.12),
and the convergence of the power in mean (3.11) as well as ēk(0) = E(0, y0;u) and
δ∞(0) = 0, we get

(3.13)
E(t, y(t);u) + Diss(y; [0, t];u) ≤ e∞(t) + δ∞(t) ≤ e∞(t) + δ∞(t)

≤ E(0, y0;u) +
∫ t

0

∂tE(τ, y(τ);u) dτ
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for all t ∈ [0, T ], i.e., the upper half of (E).
The lower energy estimate follows directly from Proposition 3.2 (cf. Step 3).

Hence, (3.13) is an equality and we have shown (E) as well as the convergence
ēk(t) → e∞(t) = e∞(t). Then, E(t, y(t);u) ≤ e∞(t) and DissD(y; [0, t];u) ≤ δ∞(t)
(by (C1) and (3.10), respectively) imply (ii) and (iii) from the statement of the theo-
rem.

3.3. Existence of optimal controls. After having established the existence of
a solution, we can now move to the principal aim of this work, i.e., the existence proof
for optimal controls and corresponding solutions. We combine the direct method and
an upper semicontinuity property of the solution operator uk �→ DSol(y0;uk) with
respect to the convergence uk → u in U (a variant of the “Γ-stability” first discovered
in Theorem 3.1 of [17]).

Theorem 3.4. Assume (A1)–(A3), (C1)–(C5), and (J1)–(J2). Further, let the
initial value y0 ∈ Z satisfy the compatibility condition

(CC)
(i) y0 ∈

⋂
u∈U

S(0;u)

(ii) E(0, y0;uk) → E(0, y0;u) for all uk → u in U .

Then (OC) has at least one solution.
Remark 3.5. Obviously, if E satisfies the continuity property that E(t, z;uk) →

E(t, z;u) for all uk → u in U and all t ∈ [0, T ], z ∈ Z fixed, then the compatibility
condition (CC) reduces to point (i) alone.

Proof. Let (uk, yk) ∈ U × BVD([0, T ]) with yk ∈ Sol(y0;uk) be a minimizing
sequence for J , i.e.,

J (yk;uk) → inf
{
J (ŷ, û) : ŷ ∈ Sol(y0, û), û ∈ U

}
.

By (J1), we can select a converging subsequence (not relabelled) uk → u in U . We
show that there exists y ∈ BVD([0, T ]) with y ∈ Sol(y0;u) such that yk(t) → y(t) in
Z for all t ∈ [0, T ]. By an inspection of the proof of Theorem 3.3, we see that in (3.7)
and (3.9), the value of E∗ can be chosen independently of k by point (ii) of (CC).
Thus, as in the previous theorem, invoking the generalized Helly selection principle
(this time the Γ-convergence version in Theorem A.1 of [17]) we conclude that there
exists y : [0, T ] → Z such that yk(t) → y(t) for all t ∈ [0, T ]. Assumption (C4) gives

(3.14)
∫ t

0

∂tE(τ, yk(τ);uk) dτ −→
∫ t

0

∂tE(τ, y(τ);u) dτ

for all t ∈ [0, T ].
By the uniform boundedness of E(0, y0;uk) (cf. point (ii) of (CC)) and (A1),

from Gronwall’s inequality it follows that E(t, yk(t);uk) is uniformly bounded [15,
section 3.1]. Thus, the stability (S) of y follows immediately from the upper semi-
continuity of the stability sets (C3) (note that we have pointwise convergence of the
processes yk to y and each yk is stable).

The upper part of the energy balance can be derived using the energy bal-
ances (Ek) for yk together with assumptions (C1), (C2), and (ii) of the compatibility
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condition (CC) as follows:

E(t, y(t);u) + DissD([0, t]; y(t);u)

≤ lim inf
k→∞

(
E(t, yk(t);uk) + DissD([0, t]; yk(t);uk)

)
= lim inf

k→∞

(
E(0, y0;uk) +

∫ t

0

∂tE(τ, yk(τ);uk) dτ
)

= E(0, y0;u) +
∫ t

0

∂tE(τ, y(τ);u) dτ,

where we have also employed (3.14) and the fact that by (C2)

DissD(y; [0, t];u) ≤ lim inf
k→∞

DissD(yk; [0, t];uk).

The lower half of the energy balance follows again from Proposition 3.2.
Hence, we have found (u, y) = limk→∞(uk, yk) with y ∈ Sol(y;u), which, by the

choice of (uk, yk) and the lower semicontinuity (J2), must be a minimizer for J .
Remark 3.6. If the initial value y0 does not satisfy (CC) (which might be difficult

to check), then the solution y need not be stable at time t = 0. In this case, however,
a solution immediately jumps to a stable state as soon as t > 0 (see Step 2 in the
proof of Theorem 3.3, where stability is shown for all points of the discrete solution
away from the initial value). This “self-stabilization” is a very useful feature in the
framework of energetic solutions. Of course, (CC) is not necessary for initial stability
of an optimal control-solution pair (u, y). If further knowledge on the possible optimal
controls is available, it suffices to require initial stability for such controls.

Remark 3.7. Certain side-conditions can be incorporated into the optimal control
problem as well: Constraints on the control may be enforced by setting

J̃ (y;u) :=

{
J (y;u) if u ∈ Rctrl,

+∞ otherwise,

where Rctrl ⊆ U is closed. Closed and time-independent constraints on the solution
may be directly incorporated into the functional E in a similar manner. In both cases,
all assumptions from section 3.1 are easily verified. Note that time-independent con-
straints cannot be treated since if E(s, z;u) < ∞ for one s ∈ [0, T ], then already
E(s, z;u) <∞ for all s ∈ [0, T ] by (3.1).

4. Optimal control of external loadings. In many applications, Z is a Ba-
nach space equipped with its weak topology, and controls act on the process in the
form of an external loading (e.g., a force). Technically, this means that U is a space
of functions with values in (a subset of) the dual space Z∗ and the energy-storage
functional depends on u only through the duality pairing 〈u(t), y(t)〉 (we will specify
later in which space the duality product is taken). In this section, we apply and adapt
the previously developed results to this special situation and also give conditions on
the space U and on the functional J such that (J1) and (J2) are fulfilled.

4.1. Control space. To gain the necessary compactness for the general theory,
on several instants we need not only the space Z itself, but also a larger pivot space
P such that the compact embeddings

(4.1) Z c
↪→ P and P∗ c

↪→ Z∗
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hold. Of course, by Schauder’s theorem, only the first compact embedding needs to
be verified. Note that if, additionally, P is a Hilbert space, then we can identify P and
P∗ and get the Gelfand triple Z c

↪→ P ∼= P∗ c
↪→ Z∗. Here, however, we do not need

the additional Hilbert space structure. Further, we require Z and P to be reflexive
and separable.

Example 4.1. The most prominent example for spaces Z,P as in (4.1) is given
through the Gelfand triple H1

0(Ω)
c
↪→ L2(Ω)

c
↪→ H−1(Ω), i.e., P = P∗ = L2(Ω),

Z = H1
0(Ω) (equipped with the norm ‖z‖H1

0(Ω) := ‖∇z‖L2(Ω)), where Ω ⊆ R
d is a

bounded Lipschitz domain.
The control space U is rooted on the framework of Sobolev–Bochner spaces. Some

results from this theory are collected in the appendix. The space U will always be
a subset of the space W1,∞(0, T ;P∗) equipped with its weak* topology. Further, we
require (also cf. the remark after (J2))

(U)

Boundedness of U :
There exists a constant MU ≥ 0 such that for all u ∈ U

‖u‖W1,∞(0,T ;P∗) ≤MU .

In many applications (see the choice of the energy functional in the next section), the
last condition means that the power τ �→ ∂tE(τ, z;u) = 〈u̇(τ), z〉P∗×P (z ∈ Z, u ∈ U)
stays L∞-bounded on bounded subsets of the state space Z.

Example 4.2. The simplest choice for U is

U := BW1,∞(0,T ;P∗)(MU ),

the ball in W1,∞(0, T ;P∗) with radius MU > 0. This bounded set is weakly* sequen-
tially compact; also cf. the appendix.

4.2. Energy-storage functional and dissipation distance. We assume the
energy-storage functional to have the form of a sum of potential energy and external
loading, i.e.,

(4.2) E(t, z;u) = W(z) + 〈u(t), z〉P∗×P

with W : Z → R∞. We only treat time-independent W , but cf. Remark 4.5.
To fulfill all of the requirements on E in our special case, we require

Superlinear growth of W:
There exist μ > 0, κ ≥ 0, s > 1 such that W(z) ≥ μ ‖z‖sZ − κ

for all z ∈ Z.
(W1)

Lower semicontinuity of W:
W is in weakly sequentially lower semicontinuous in Z.

(W2)

Lemma 4.3. Let U ⊆ W1,∞(0, T ;P∗) fulfill (U), let E be defined through (4.2),
and assume (W1) and (W2). Then, (A1), (A2), (C1’), (C4), and (C5) hold.

Proof. Point (i) of assumption (A1) is clear. Let γ be the operator norm of the
continuous embedding Z ↪→ P , i.e., ‖z‖P ≤ γ ‖z‖Z for all z ∈ Z. Choose K be so
large that μγ−1Ks−1 −MU > 0. Using (W1), (4.2), we get for all t ∈ [0, T ], z ∈ Z
with ‖z‖Z ≥ K and u ∈ U

E(t, z;u) ≥ W(z)−MU ‖z‖P ≥ μ ‖z‖sZ −κ−MU ‖z‖P ≥ (μγ−1Ks−1−MU) ‖z‖P −κ.
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Then also

|∂tE(t, z;u)| = |〈u̇(t), z〉P∗×P | ≤MU ‖z‖P ≤ MU
μγ−1Ks−1 −MU

(E(t, z;u) + κ).

For ‖z‖Z ≤ K we have

|∂tE(t, z;u)| ≤ γKMU and E(t, z;u) ≥ −κ− γKMU .

Hence, the uniform control of the power, point (ii) of (A1), follows with cE1 :=
MU/(μγ−1Ks−1 −MU) > 0 and cE0 := κ+ γKMU + γK(μγ−1Ks−1 −MU ) > 0.

By (W1), for ‖z‖Z ≥ K we also have

E(t, z;u) ≥ W(z)−MU ‖z‖P ≥ μ ‖z‖sZ − κ− γMU ‖z‖Z ≥ (μKs−1 − γMU) ‖z‖Z − κ.

Thus, for all E ∈ R, the set
⋃
u∈U

{
z ∈ Z : E(t, z;u) ≤ E

}
is contained in the weakly

sequentially compact Z-ball with radius max{K, (E + κ)/(μKs−1 − γMU)} <∞ and
(A2) follows.

To show (C4), let uk ∗⇁ u in U and yk(t) ⇀ y(t) in Z for all t ∈ [0, T ], and assume
E(t, yk(t), uk) ≤ E∗ for all t ∈ [0, T ], k ∈ N, and some fixed E∗ ∈ R. Because y is the
pointwise weak limit of Bochner-measurable functions yk, it is itself weakly measurable
(for each fixed z∗ ∈ Z∗, the real functions τ �→ 〈z∗, yk(τ)〉 are measurable and converge
pointwise to the measurable function τ �→ 〈z∗, y(τ)〉). Hence, by the Pettis theorem
(see, e.g., [29, p. 131]), y is Bochner-measurable. Then, the measurability of τ �→
∂tE(τ, y(τ);u) follows from the fact that ∂tE( �, �;u) is a Carathéodory mapping.

As shown above, all sublevels of E(t, �;u) are uniformly (in t, u) norm-bounded in
P , and hence the processes yk and y are also uniformly (in t, k) bounded in P . Because
Z c
↪→ P , the pointwise weak convergence in Z of yk(t) to y(t) implies yk(t) → y(t)

(strongly) in P for all t ∈ [0, T ]. By Lebesgue’s dominated convergence theorem,
pointwise-a.e. (strong) convergence in P implies (strong) convergence of yk → y in
L1(0, T ;P) and τ �→ ∂tE(τ, y(τ);u) ∈ L1(0, T ). Because L1(0, T ;P)∗ ∼= L∞(0, T ;P∗)
(see the appendix), we have for all t ∈ [0, T ]∫ t

0

∂tE(τ, yk(τ);uk) dτ =
∫ t

0

〈u̇k(τ), yk(τ)〉P∗×P dτ

= 〈u̇k, yk〉L∞(0,t;P∗)×L1(0,t;P)

−→ 〈u̇, y〉L∞(0,t;P∗)×L1(0,t;P) =
∫ t

0

∂tE(τ, y(τ);u) dτ,

because of the (weak × strong)-continuity of the duality pairing. This shows (C4).
From Proposition A.2 and the (weak × strong)-continuity of the duality pairing,

for every fixed t ∈ [0, T ], the continuity of (u, z) �→ 〈u(t), z〉P∗×P with respect to
sequences converging in (W1,∞(0, T ;P∗),weak∗) × (Z,weak) follows. Hence, E is
the sum of the lower semicontinuous function W and the continuous perturbation
〈u(t), z〉P∗×P ; therefore (C1’) holds (take constant recovery sequences zk := z).

The convergence of suitable interpolants of the power (C5) can be seen by ob-
serving ∣∣∣∣∣∣

N∑
j=1

∫ τj

τj−1

∂tE(ξ, y(τj);u) dξ −
∫ s

0

∂tE(τ, y(τ);u) dτ

∣∣∣∣∣∣
≤MU

N∑
j=1

∫ τj

τj−1

‖y(τj) − y(τ)‖P dτ
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for any partition Π = (0 = τ0, . . . , τN = s) and selecting a suitable sequence of
partitions such that the last integrand vanishes by Lemma 4.12 from [4].

Remark 4.4. Of course, the same proof also works in the case s = 1 (linear
growth) if we additionally require μγ−1 −MU > 0.

Remark 4.5. Also time-dependent W = W(t, z) can be treated if (W1) is satis-
fied uniformly in t and if W fulfills assumptions (A1), (C4), and (C5).

For the dissipation distance D : Z × Z × U → [0,∞], we require (A3) to hold.
For reasons of simplicity, we also assume the property (C2’). Of course, more general
situations are imaginable, in which only the weaker property (C2) is satisfied, but
requiring (C2’), we immediately have (C3) as observed in Lemma 3.1.

Remark 4.6. If Z c
↪→ P ↪→ V, we can always choose the V-norm (not depending

on u ∈ U) as dissipation distance, i.e.,

D(z1, z2;u) := ‖z2 − z1‖V for z1, z2 ∈ Z.

Then, assumption (A3) holds by the properties of the norm. The validity of (C2’)
follows, because ‖.‖V is weaker than the weak topology in Z since Z c

↪→ V.
Example 4.7. Like in Example 4.1, consider the spaces Z = H1

0(Ω), P =
L2(Ω), and let D(z1, z2;u) := ‖z2 − z1‖L1(Ω). By the previous remark, this dissipation
distance is admissible.

4.3. Initial value. Concerning the compatibility condition (CC) on the initial
value, Remark 3.5 applies by Proposition A.2 and we only have to show point (i)
in (CC), i.e.,

y0 ∈
⋂
u∈U

S(0;u).

If D( �, �;u) = D( �, �) does not depend on the control u, then in our situation of a
stored-energy functional E(t, z;u) = W(z) + 〈u(t), z〉P∗×P , this condition translates
into

W(y0) + 〈u(0), y0〉P∗×P ≤ W(ẑ) + 〈u(0), ẑ〉P∗×P + D(y0, ẑ)

for all ẑ ∈ Z, u ∈ U . Adding the zero D(y0, y0) on the left-hand side and rearranging,
we see that this is equivalent to the variational inequality

W(y0) + D(y0, y0) − 〈u(0), ẑ − y0〉P∗×P ≤ W(ẑ) + D(y0, ẑ)

and (if z �→ W(z)+D(y0, z) is convex, or if we extend the definition of subdifferential
to nonconvex functions) to the differential inclusion

−u(0) ∈ ∂(W( �) + D(y0, �))[y0] (in P∗) for all u ∈ U .

If we have an additional condition on the initial value of u, e.g., u(0) = 0, then this last
condition can be statically checked before the optimization is started. In case of zero
initial values u(0) = 0 for the controls, the above condition translates to y0 ∈ SW(0),
where SW(0) denotes the stability set at time t = 0 for the functional W .

4.4. Cost functional. Which functionals are now lower semicontinuous in our
concrete setting?
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Example 4.8. One simple example of a cost functional J satisfying (J2) is given
through

J (y;u) := ‖y(T )− v‖Z (or ‖y(T )− v‖P ),

where v ∈ Z is some fixed element. This functional represents a prescribed terminal
datum and seeks to find a solution minimizing the distance, measured in the Z(P)-
norm, to this fixed element. Condition (J2) holds by the weak lower semicontinuity
of norms.

The following proposition is more general.
Proposition 4.9. Let g : [0, T ]× P × U → R∞ be such that
(i) g( �, z;u) : [0, T ] → R∞ is Lebesgue-measurable for fixed z ∈ P and u ∈ U .
(ii) |g(t, z1;u) − g(t, z2;u)| ≤ ω1(‖z1 − z2‖P) for all z1, z2 ∈ Z, t ∈ [0, T ], and

u ∈ U , where ω1 : [0,∞) → [0,∞) is a modulus of continuity, i.e., increasing
and ω1(0) = 0 (ω1 not depending on u).

(iii) g(t, z; �) : U → R∞ for fixed t ∈ [0, T ] and z ∈ Z, is continuous with respect
to sequences converging weakly* in U .

(iv) |g(t, z;u)| ≤ h(t)(1 + ω2(max{‖z‖P , ‖u‖U})) for all t ∈ [0, T ], where the
function ω2 : [0,∞) → [0,∞) is bounded on bounded sets and h ∈ L1(0, T ).

Then the functional

J (y;u) :=
∫ T

0

g(t, y(t);u) dt

fulfills (J2).
Proof. We commence with a pointwise lower semicontinuity property of the inte-

grand. For this, let zk → z strongly in P and uk
∗
⇁ u in U . Then, for all t ∈ [0, T ],

by (ii)

g(t, z;u) = g(t, z;u)− g(t, z;uk) + g(t, z;uk) − g(t, zk;uk) + g(t, zk;uk)

≤
(
g(t, z;u)− g(t, z;uk)

)
+ ω1(

∥∥z − zk
∥∥
P) + g(t, zk;uk).

By (iii), g(t, z;u) ≤ lim infk→∞ g(t, zk;uk), and g(t, �; �) : P × U → R∞ is (strong ×
weak∗)-sequentially lower semicontinuous.

Now the integrand is the composition of the Carathéodory function g with a
Bochner-measurable function y and hence it is measurable itself (this can be shown
in a standard way using approximations of y by simple functions and exploiting as-
sumptions (i), (ii)).

We now show the lower semicontinuity property (J2). For this, let uk ∗⇁ u in U ,
yk → y in BVD([0, T ]), in particular yk(t) → y(t) strongly in P for all t ∈ [0, T ], and
E∗ := supk∈N,t∈[0,T ] E(t, yk(t);uk) < ∞. By (A2), established in Lemma 4.3, the set⋃
u∈U

{
z ∈ Z : E(t, z;u) ≤ E∗

}
is relatively weakly compact. Thus,

∥∥yk(t)∥∥P stays
uniformly (in t and k) bounded. As uk ∗⇁ u, this also holds for

∥∥uk∥∥U , and (iv) yields
an integrable majorant to

∣∣g(t, yk(t);uk)∣∣. Thus, using Fatou’s lemma, we infer from
the pointwise lower semicontinuity of the integrand g,

J (y;u) ≤ lim inf
k→∞

J (yk;uk),

i.e., (J2).
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Note that the modulus of continuity ω1 from (ii) may depend on a bound on
‖z1‖P , ‖z2‖P as well, because the uniform energy bound required in (J2) implies as
before that for any sequence of yk occurring in (J2) we can find a uniform (in t, k)
bound on

∥∥yk(t)∥∥P .
An important example for such a cost functional J is the following.
Example 4.10. For g(t, z;u) := ‖z − w(t)‖2

P with w ∈ L∞(0, T ;P), the last
proposition and the small remark preceding this example show that

J (y;u) :=
∫ T

0

‖y(t) − w(t)‖2
P dt = ‖y − w‖2

L2(0,T ;P)

is an admissible cost functional. We can now optimize the control as to make the
system process follow this prescribed movement w as closely as possible in the L2-
sense.

5. Applications. This section presents two concrete applications of the abstract
theory developed so far.

5.1. Optimal control of a partial differential inclusion. One possible ap-
plication of the theory presented so far is the task to (optimally) control solutions of
the initial-boundary value problem for the partial differential inclusion [3, 13]

(5.1)

{
0 ∈ κ Sign(ẏ) − div[a∇y] + DyF ( �, y) − u in [0, T ]× Ω,
y = 0 on [0, T ]× ∂Ω, and y(0, �) = y0 in Ω.

Here, Ω is a bounded Lipschitz domain in R
d, a ∈ L∞(Ω) is a function bounded from

below by 2μ > 0, and κ ∈ L∞(Ω) is a function bounded from above and below by
positive constants. The function F : Ω×R → [0,∞] is assumed bounded, continuous,
and differentiable in the second argument. As usual, ẏ and ∇y denote the temporal
derivative and the spatial gradient, respectively. We want to control u : [0, T ]×Ω → R

under the constraints

(5.2) u(0, �) = 0, ϕ∗(t, x) ≤ u(t, x) ≤ ϕ∗(t, x), ψ∗(t, x) ≤ ∂tu(t, x) ≤ ψ∗(t, x)

for all t ∈ [0, T ] and a.e. x ∈ Ω, where ϕ∗, ϕ∗, ψ∗, ψ∗ ∈ L∞(0, T ; L2(Ω)) (note that we
do not identify functions which are equal a.e. in time), and the pointwise condition

(5.3) γ∗(x) ≤ y(t, x) ≤ γ∗(x) for all t ∈ [0, T ] and a.e. x ∈ Ω,

where γ∗, γ∗ : Ω → R ∪ {−∞,+∞}. Note that if γ∗ ≡ −∞, γ∗ ≡ +∞, then we have
not imposed any pointwise condition on y at all.

Concerning the spaces, we choose Z := H1
0(Ω), P := L2(Ω) (see Example 4.1) and

U :=
{
u ∈ W1,∞(0, T ; L2(Ω)) : u satisfies condition (5.2)

}
.

For any p ∈ (1,∞), consider U as a subset of W1,p(0, T ; L2(Ω)), and observe that in
this space, U is weakly closed (since it is strongly closed and convex). Hence, because
weak* convergence in the space W1,∞(0, T ; L2(Ω)) implies weak convergence in the
space W1,p(0, T ; L2(Ω)), the control space U is weakly* closed in W1,∞(0, T ; L2(Ω))
(the boundedness allows us to work with sequences). The pointwise restriction (5.3)
is weakly closed in H1

0(Ω), because it only affects the functions itself (and not their
gradients) and for these we can assume pointwise a.e. convergence.
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The energetic formulation of the partial differential inclusion (5.1) is based on the
following functionals:

E(t, z;u) := W(z) −
∫

Ω

u(t, x)z(x) dx,

W(z) :=
∫

Ω

a(x)
2

|∇z(x)|2 + F (x, z(x)) dx,

D(z1, z2) :=
∫

Ω

κ(x) |z2(x) − z1(x)| dx.

For the initial value, we require

y0 ∈ SW(0) = Argmin
{
W(ẑ) + D(y0, ẑ) : ẑ ∈ H1

0(Ω)
}
.

While this might still be difficult to verify (note that y0 also occurs under the inte-
gral), by section 4.3, this is exactly the compatibility condition (CC) in our concrete
setting. The system, however, self-corrects an inadmissible initial value if necessary,
cf. Remark 3.6.

As the cost functional, we choose

(5.4) J (y) :=
∫ T

0

∫
Ω

|y(t, x) − w(t, x)|2 dx dt,

i.e., we want to make the solution follow the function w ∈ L∞(0, T ; L2(Ω)) (cf. Ex-
ample 4.10).

By the positivity of a( �), it is it clear that (W1) holds with s = 2, μ > 0 (the
lower bound for a( �) was 2μ), and κ = 0. Condition (W2) follows from the fact
that sublevels of W must be closed by the weak lower semicontinuity of norms and
the term with F is weakly continuous by Lebesgue’s dominated convergence theorem.
Hence, Lemma 4.3 implies (A1), (A2), (C1’), (C4), and (C5). From the assumptions
on κ( �), D( �, 0) is an equivalent norm to the norm of L1(Ω) and Remark 4.6 (see
also Example 4.7) yields the validity of assumptions (A3) and (C2’). Lemma 3.1
gives (C3).

Finally, our choice for J is admissible by Example 4.10. Thus, Theorem 3.4 (also
cf. Remark 3.7) shows solvability of the optimal control problem, meaning that there
exists an optimal control u ∈ W1,∞(0, T ; L2(Ω)) and a corresponding solution process
y ∈ BVD([0, T ]; L1(Ω)) ∩ L∞(0, T ; H1

0(Ω)) fulfilling (5.1)–(5.3), and minimizing the
cost functional J as defined in (5.4) over all such constrained choices for the control
and solution.

5.2. Stackelberg games and the foreign exchange market. The optimal
control problem (OC) can be viewed as an asymmetric (evolutionary) Stackelberg
game, which we can employ to look at a simplistic proof-of-concept model of currency
trading.

Set Z :=
{
z ∈ R

n : z ≥ 0 and |z|1 = 1
}
, where | �|1 denotes the 1-norm. We

think of z ∈ Z as representing the fractions of a trader’s total amount of money,
which are invested in one of n different currencies

Define the real-value functional

Ẽ(t, z;u) := (r(t) − f(z) + u(t)) · z and D(z, z̃) :=
γ

2
|z̃ − z|1 for z, z̃ ∈ R

n
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with a (in reality estimated or predicted) rating function r ∈ W1,∞(0, T ; Rn) for the
currencies (r(t)j > 1, the jth component of r(t), means that the currency is under-
valued and r(t)j < 1 means that it is overvalued) and a Lipschitz-continuous feedback
function f ∈ C(Rn; Rn) simulating the effect of large buys on the currency’s real value
(with respect to purchasing power, “the law of one price”). As a simple choice, one
can take f(z) = cz with c > 0 (not too large). Then, buying more currency will make
the real value of the currency decrease linearly (adjustment of exchange rates). We as-
sume that f satisfies the coercivity inequality f(z) ·z ≥ μ |z|s1−κ for some fixed μ > 0,
κ ≥ 0, s > 1. The control u ∈ U :=

{
u ∈ W1,∞(0, T ; Rn) : ‖u‖W1,∞(0,T ;Rn) ≤MU

}
,

MU > 0, represents the external command we have over the market (for example, a
central bank can raise or lower interests). Finally, with γ > 0 expressing the frac-
tional trading costs (assumed uniform for all currencies), D models the total costs
when currencies are exchanged.

At each point in time, the jth component of the vector r(t) − f(y(t)) + u(t)
represents the total value factor of the jth currency. The currency traders will now
want to maximize the value of their money, but taking into account the trading costs.
If z0 ∈ Z is the current state and we are at time t ∈ (0, T ], then the traders will always
seek to maximize Ẽ(t, ẑ;u) − D(z0, ẑ) over all ẑ ∈ Z. Setting E(t, z;u) := −Ẽ(t, z;u)
and switching from a maximization to a minimization problem, we arrive at the
discrete-time incremental problem (IP). Hence, the energetic formulation (S) and (E)
with the functionals E and D is the continuous-time system that models the described
behavior.

We want to exercise our control over the market to reach some objective, for
example keeping the real currency values as close to 1 as possible (in the Euclidean
sense). The latter goal can be modeled by taking

J (y, u) :=
∫ T

0

∣∣r(t) − f(y(t)) + u(t) − (1, . . . , 1)T
∣∣2
2

dt.

It should be noted that if several solutions y exist for a fixed control u, then
here we “choose” the best one as to minimize our functional. This optimistic view
might not be realistic in certain applications. However, if unique solvability of the
rate-independent system is guaranteed or if we have another mechanism of forcing the
“right” solution, then this problem does not occur. Other cases might lead to saddle
point problems and are not considered here.

Just as before, the tools of section 4 are applicable (with Z = P = R
n and the

| �|1-norm) and Theorem 3.4 shows solvability of the optimal control problem.

Appendix. Sobolev–Bochner spaces. This appendix presents some facts
about Sobolev–Bochner spaces. In particular, for the convenience of the reader we
prove a rather well-known compactness result in a somewhat more direct fashion than
in [26]. For a general reference on these spaces, see, e.g., [25, Chapter 7] and [7, 26].

For a separable, reflexive Banach space X , denote by Lp(0, T ;X ), p ∈ [1,∞], the
space of p-Bochner-integrable functions with values in X . It is well known that for
p ∈ [1,∞), the space Lp(0, T ;X ) is separable and Lp(0, T ;X )∗ ∼= Lp

′
(0, T ;X ∗), where

1/p+ 1/p′ = 1; cf. [7, section IV.1].
For a separable, reflexive Banach space X , and a separable Banach space Y with

X ↪→ Y, the Sobolev–Bochner space W1,p(0, T ;X ;Y), p ∈ [1,∞] is defined as

W1,p(0, T ;X ;Y) :=
{
u ∈ Lp(0, T ;X ) : u̇ ∈ Lp(0, T ;Y)

}
,
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where u̇ is the generalized (or distributional) time-derivative, i.e.,∫ T

0

u(t)ϕ̇(t) dt = −
∫ T

0

u̇(t)ϕ(t) dt (in Y) for all ϕ ∈ C∞c (0, T ).

The space W1,p(0, T ;X ;Y) is a Banach space with the norm

‖u‖W1,p(0,T ;X ;Y) :=

{
‖u‖Lp(0,T ;X ) + ‖u̇‖Lp(0,T ;Y) if p ∈ [1,∞),
max

{
‖u‖L∞(0,T ;X ) , ‖u̇‖L∞(0,T ;Y)

}
if p = ∞.

If X = Y, we write W1,p(0, T ;X ) for W1,p(0, T ;X ;X ). If there is another Banach
space Y with X ↪→ Y, it is obvious that W1,p(0, T ;X ) ↪→ W1,p(0, T ;X ;Y).

For p ∈ (1,∞) and X ,Y reflexive, by identifying W1,p(0, T ;X ;Y) with a closed
subspace of the product Lp(0, T ;X ) × Lp(0, T ;Y) of reflexive Banach spaces [7, Be-
merkung IV.1.11], one easily sees that W1,p(0, T ;X ;Y) is reflexive. Weak convergence
un ⇀ u of a sequence (un)n ⊆ W1,p(0, T ;X ;Y), p ∈ (1,∞), means that un ⇀ u in
Lp(0, T ;X ) and u̇n ⇀ u̇ in Lp(0, T ;Y). For p = ∞, un

∗
⇁ u in W1,∞(0, T ;X ;Y)

means un
∗
⇁ u in L∞(0, T ;X ) and u̇n

∗
⇁ u̇ in L∞(0, T ;Y).

For p′ ∈ (1,∞], norm-bounded sets in W1,p′(0, T ;X ∗) are weakly (weakly* if
p′ = ∞) relatively compact. More precisely, let (un)n ⊆ W1,p′(0, T ;X ∗) be bounded.
Then, since Lp(0, T ;X ) is the separable predual to Lp

′
(0, T ;X ∗), where 1/p+1/p′ = 1,

there exists a subsequence (not relabelled) such that un ⇀ u (un
∗
⇁ u) and u̇ ⇀ v

(u̇ ∗⇁ v) in Lp
′
(0, T ;X ∗) and an integration by parts shows v = u̇.

The following lemma shows how we can deduce uniform (strong) convergence
from Lp-convergence if the involved functions are uniformly equicontinuous.

Lemma A.1. Let X be a Banach space, and let (un)n ⊆ C([0, T ];X ), n ∈ N∪{∞},
be a sequence of uniformly equicontinuous functions, i.e., for all ε > 0 we can find
δ > 0 such that

‖un(s) − un(r)‖X < ε for all n ∈ N∞ and r, s ∈ [0, T ] with |s− r| < δ.

Then, for all p ∈ [1,∞], un → u∞ in Lp(0, T ;X ) implies un → u∞ in C([0, T ];X ).
Proof. The case p = ∞ is trivial; therefore let p ∈ [1,∞). By contradiction, as-

sume that there exists a (sub)sequence (tn)n ⊆ [0, T ] such that ‖u∞(tn) − un(tn)‖X ≥
3ε > 0 for all n ∈ N. As [0, T ] is compact, we can assume without loss of generality
that tn → t ∈ [0, T ]. By equicontinuity, choose δ ∈ (0, T ) such that

‖un(s) − un(r)‖X ≤ ε

for all n ∈ N∞ and all r, s ∈ [0, T ] with |s− r| < δ. For n so large that |t− tn| < δ/2
and all s ∈ [0, T ] with |s− t| < δ/2, in particular |s− tn| < δ, it holds that

‖un(s) − u∞(s)‖X ≥
∣∣∣∥∥(un(s) − un(tn)) − (u∞(s) − u∞(tn))

∥∥
X

−
∥∥u∞(tn) − un(tn)

∥∥
X

∣∣∣ ≥ ε.

Hence,

‖un − u∞‖pLp(0,T ;X ) =
∫ T

0

‖un(τ) − u∞(τ)‖pX dτ

≥
∫ min{t+δ/2,T}

max{t−δ/2,0}
‖un(τ) − u∞(τ)‖pX dτ ≥ δεp

2
,
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contradicting ‖un − u∞‖Lp(0,T ;X ) → 0.

Applying this lemma, we can show the compact embedding W1,p(0, T ;X ;Y)
c
↪→

C([0, T ];X ) if X c
↪→ Y.

Proposition A.2. If X c
↪→ Y, then it holds that W1,p(0, T ;X ;Y)

c
↪→ C([0, T ];Y)

for all p ∈ (1,∞].
Proof. It is a well-known fact that W1,p(0, T ;X ;Y) ↪→ C([0, T ];Y); see, e.g., [25,

Lemma 7.1]. The continuous representative of v ∈ W1,p(0, T ;X ;Y) is given through

ṽ(t) = ṽ(0) +
∫ t

0

v′(τ) dτ (∈ Y)

(note that v′ ∈ L1(0, T ;Y) by the Hölder inequality, and that ṽ(0) has a sense with
respect to the continuous representative). We therefore have

(A.1) ‖ṽ(t) − ṽ(s)‖Y ≤
∫ t

s

‖v′(τ)‖Y dτ ≤ (t− s)(p−1)/p ‖v′‖Lp(0,T ;Y) ,

by the Hölder inequality.
Since the space C([0, T ];Y) is metric, it suffices to work with sequences to show the

compact embedding. Therefore let (vn)n be a bounded sequence in W1,p(0, T ;X ;Y).
The Aubin–Lions lemma [25, Lemma 7.7] applied to the inclusions X c

↪→ Y ↪→ Y shows
W1,p(0, T ;X ;Y)

c
↪→ Lp(0, T ;Y); hence, we can select a subsequence (not relabelled)

such that vn → v (strongly) in L1(0, T ;X ). The last estimate (A.1) shows that the
sequence (vn)n and its limit v are uniformly equicontinuous. Now, Lemma A.1 implies
vn → v (strongly) in C([0, T ];Y). Hence, the compact embedding W1,p(0, T ;X ,Y)

c
↪→

C([0, T ];Y) holds.
In the situation of the preceding proposition, it is clear that W1,p(0, T ;X ) ↪→

W1,p(0, T ;X ;Y)
c
↪→ C([0, T ];Y), and hence the result also holds for W1,p(0, T ;X ).
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THE MODIFIED OPTIMAL H∞ CONTROL PROBLEM FOR
DESCRIPTOR SYSTEMS∗
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Abstract. The H∞ control problem is studied for linear constant coefficient descriptor systems.
Necessary and sufficient optimality conditions are derived for systems of arbitrary index. These
conditions are formulated in terms of deflating subspaces of even matrix pencils containing only
the parameters of the original system. It is shown that this approach leads to a more numerically
robust and efficient method in computing the optimal value γ in contrast to other methods such
as the widely used Riccati- and linear matrix inequality (LMI)-based approaches. The results are
illustrated by a numerical example.

Key words. descriptor system, H∞ control, algebraic Riccati equation, even matrix pencil,
γ-iteration, deflating subspace
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1. Introduction. Solving the optimal infinite-horizon output (or measurement)
feedback H∞ control problem is one of the central tasks in robust control; see, e.g.,
[16, 19, 28, 39, 40]. For standard state space systems, where the dynamics of the sys-
tem is modeled by a linear constant coefficient ordinary differential equation (ODE),
the analysis of this problem is well studied [10] and numerical methods have been
developed and integrated in control software packages such as [5, 20, 1, 29]. These
methods work well for a wide range of problems in computing close to optimal (sub-
optimal) controllers, but the exact computation of the optimal value γ in H∞ control
is considered a challenge [8]. In order to avoid some of the numerical difficulties that
arise when approaching the optimum, in [3, 4] several improvements in the previ-
ously known methods were presented. These are based on the solution of structured
eigenvalue problems with structured methods.

In this paper we study the more general case that the dynamics is constrained, i.e.,
described by a differential-algebraic equation (DAE) or descriptor system. Descriptor
systems arise in the control of constrained mechanical systems (see, e.g., [12, 30,
35, 36, 37]), in electrical circuit simulation (see, e.g., [18, 17]), and in particular in
heterogeneous systems, where different models are coupled [27].

Robust control for descriptor systems has been studied in [31, 32, 33] using linear
matrix inequalities (LMIs) and in [38] via generalized Riccati equations and J-spectral
factorization. In contrast to these approaches, we extend the analysis and the robust
numerical methods that were derived via deflating subspaces in [3, 4]. We discuss
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descriptor systems of the form

(1.1) P :
Eẋ(t) = Ax(t) +B1w(t) +B2u(t), x(t0) = x0,

z(t) = C1x(t) +D11w(t) +D12u(t),
y(t) = C2x(t) +D21w(t) +D22u(t),

where E,A ∈ R
n,n, Bi ∈ R

n,mi , Ci ∈ R
pi,n, and Dij ∈ R

pi,mj for i, j = 1, 2. (Here,
by R

k,l we denote the set of real k × l matrices.)
In this system, x(t) ∈ R

n is the state vector, u(t) ∈ R
m2 is the control input

vector, and w(t) ∈ R
m1 is an exogenous input that may include noise, linearization

errors, and unmodeled dynamics. The vector y(t) ∈ R
p2 contains measured outputs,

while z(t) ∈ R
p1 is a regulated output or an estimation error. Our approach can also

be extended to rectangular systems, and systems in behavior formulation, using a
remodeling, as was suggested in [23, 22] (see also [24]), but here we study only the
formulation in (1.1).

The optimal H∞ control problem is typically formulated in a frequency domain.
For this we need the following notation. The space Hp,m

∞ consists of all C
p,m-valued

functions that are analytic and bounded in the complex half-plane

C
+ = {s ∈ C : Re(s) > 0}.

For F ∈ Hp,m
∞ the H∞-norm is given by

‖F‖∞ = sup
s∈C+

σmax(F (s)),

where σmax(F (s)) denotes the maximal singular value of the matrix F (s).
In robust control, ‖F‖∞ is used as a measure of the worst-case influence of the

disturbances w on the output z, where in this case F is the transfer function mapping
noise or disturbance inputs to error signals [40].

Solving the optimal H∞ control problem is the task of designing a dynamic con-
troller, as presented in Figure 1.1, that minimizes (or at least approximately mini-
mizes) this measure.

�

�

�

�

u(t) y(t)

w(t) z(t)

K

P

Fig. 1.1. Interconnection with controller.

Put more rigorously, the optimal H∞ control problem is the following.
Definition 1.1 (the optimal H∞ control problem). For the descriptor system

(1.1), determine a controller (dynamic compensator)

(1.2) K :
Ê ˙̂x(t) = Âx̂(t) + B̂y(t),

u(t) = Ĉx̂(t) + D̂y(t)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

H∞ CONTROL FOR DESCRIPTOR SYSTEMS 2797

with Ê, Â ∈ R
N,N , B̂ ∈ R

N,p2 , Ĉ ∈ R
m2,N , D̂ ∈ R

m2,p2 , and transfer function
K(s) = Ĉ(sÊ − Â)−1B̂ + D̂ such that the closed-loop system resulting from the com-
bination of (1.1) and (1.2), that is,

(1.3)

Eẋ(t) = (A+B2D̂Z1C2)x(t) + (B2Z2Ĉ)x̂(t) + (B1 +B2D̂Z1D21)w(t),

Ê ˙̂x(t) = B̂Z1C2x(t) + (Â+ B̂Z1D22Ĉ)x̂(t) + B̂Z1D21w(t),

z(t) = (C1 +D12Z2D̂C2)x(t) +D12Z2Ĉx̂(t) + (D11 +D12D̂Z1D21)w(t)

with Z1 = (Ip2 −D22D̂)−1 and Z2 = (Im2 − D̂D22)−1, has the following properties:

(1) System (1.3) is internally stable; that is, the solution
[ x(t)
x̂(t)

]
of the system with

w ≡ 0 is asymptotically stable, i.e., limt→∞
[ x(t)
x̂(t)

]
= 0.

(2) The closed-loop transfer function Tzw(s) from w to z satisfies Tzw ∈ Hp1,m1
∞

and is minimized in the H∞-norm.
In principle, there is no restriction on the dimension N of the auxiliary state x̂ in

(1.2), although smaller dimensions N are preferred for practical implementation and
computation.

As in the case of the optimal H∞ control problems for ordinary state space sys-
tems, it is also necessary to study two closely related optimization problems, the
modified optimal H∞ control problem and the suboptimal H∞ control problem.

Definition 1.2 (the modified optimal H∞ control problem). For the descriptor
system (1.1) let Γ be the set of positive real numbers γ for which there exists an
internally stabilizing dynamic controller of the form (1.2) so that the transfer function
Tzw(s) of the closed-loop system (1.3) satisfies Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ.
Determine γmo = inf Γ. If no internally stabilizing dynamic controller exists, we set
Γ = ∅ and γmo = ∞.

Note that it is possible that there is no internally stabilizing dynamic controller
with the property ‖Tzw‖∞ = γmo. In this case one solves the suboptimal H∞ control
problem.

Definition 1.3 (the suboptimal H∞ control problem). For the descriptor system
(1.1) and γ ∈ Γ with γ > γmo, determine an internally stabilizing dynamic controller
of the form (1.2) such that the closed-loop transfer function satisfies
Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ. We call such a controller a γ-suboptimal controller
or simply a suboptimal controller.

The outline of the paper is as follows. In the forthcoming section we present the
notation and some definitions that are used throughout the paper. Section 3 contains
the main result of the paper and states conditions for the existence of an appropriate
controller in terms of deflating subspaces of matrix pencils. The proof is given in three
parts. First, we briefly discuss the standard state space case. The results are then
generalized to descriptor systems of index 1 and, thereafter, to systems with arbitrary
index. In section 4 we illustrate the presented theory by means of a numerical example.

2. Preliminaries. In this section we introduce some notation and definitions.
For symmetric matrices A and B, by A ≥ B and A > B we denote that A − B
is positive semidefinite and positive definite, respectively. The spectral radius of a
matrix A ∈ R

n,n is denoted by ρ(A). The set of complex numbers with positive real
part is denoted by C

+ and the set of positive real numbers by R
+.

Let λE − A be a matrix pencil with E,A ∈ R
n,n. Then λE − A is called regular

if det(λE −A) �= 0 for some λ ∈ C.
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A pencil P (λ) = λE − A is called even if P (−λ)T = P (λ), i.e., if E = −ET and
A = AT .

For regular pencils, generalized eigenvalues are the pairs (α, β) ∈ C
2 \ {(0, 0)}

for which det(αE − βA) = 0. If β �= 0, then the pair represents the finite eigenvalue
λ = α/β. If β = 0, then (α, β) represent the eigenvalue infinity. In the following we
use the notation with λ.

The solution and many properties of the free descriptor system (with u,w = 0)
can be characterized in terms of the Weierstrass canonical form (WCF).

Theorem 2.1 (see [13]). For a regular matrix pencil λE −A, there exist matri-
ces Wf , Vf ∈ R

n,nf , W∞, V∞ ∈ R
n,n∞ with the property that W =

[
Wf W∞

]
,

V =
[
Vf V∞

]
are square and invertible, with

WTEV =

[
WT
f

WT
∞

]
E
[
Vf V∞

]
=

[
Inf

0

0 N

]
,(2.1a)

WTAV =

[
WT
f

WT
∞

]
A
[
Vf V∞

]
=
[
Af 0
0 In∞

]
,(2.1b)

Af ∈ R
nf ,nf is in real Jordan canonical form, and N ∈ R

n∞,n∞ is a nilpotent ma-
trix, also in Jordan canonical form. We call nf , n∞ the number of finite or infinite
eigenvalues, respectively.

The index of nilpotency of the nilpotent matrix N in (2.1a) is called the index of
the system, and if E is nonsingular, then the pencil is said to have index zero.

Definition 2.2. A subspace L ⊂ R
n is called a deflating subspace for the pencil

λE − A if for a matrix XL ∈ R
n,k with full column rank and imXL = L there exist

matrices YL ∈ R
n,k, RL ∈ R

k,k, and UL ∈ R
k,k such that

(2.2) EXL = YLRL, AXL = YLUL.

A deflating subspace L of λE − A is called stable (semistable) if all finite eigen-
values of λRL − UL are in the open (closed) left half-plane.

Let J =
[

0
−In

In
0

]
, where In is the n× n identity matrix. A subspace L ⊂ R

2n is
called isotropic if xTJ y = 0 for all x, y ∈ L. An isotropic subspace with dimL = n
is called Lagrangian.

In the notation of (2.1a)–(2.1b) with

(2.3) Bi,f = WT
f Bi, Bi,∞ = WT

∞Bi, Ci,f = CiVf , Ci,∞ = CiV∞, i = 1, 2,

classical solutions of (1.2) take the form x(t) = Vfxf (t)+V∞x∞(t), where xf and x∞
satisfy

ẋf (t) = Afxf (t) +B1,f w(t) +B2,fu(t),(2.4a)
Nẋ∞(t) = x∞(t) +B1,∞w(t) +B2,∞u(t).(2.4b)

If the pencil λE −A has index ν, then this system has the explicit solution

xf (t) = eAf (t−t0)xf (t0) +
∫ t

t0

eAf (t−τ) (B1,fw(τ) +B2,fu(τ)) dτ,(2.5a)

x∞(t) = −
ν−1∑
i=0

di

dti
N i (B1,∞w(t) +B2,∞u(t)) .(2.5b)
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In contrast to standard state space systems, this shows that the initial condition
x∞(t0) is restricted by (2.5b). Moreover, if ν > 1, then the solution will depend on
derivatives of the input u and the disturbance w.

Note further that for the closed-loop system (1.3) to be internally stable, the
controller has to be designed so that both xf and x∞ are asymptotically stable.
While for the finite part this can be guaranteed if the spectrum of the matrix Af lies
in the open left half-plane, for the infinite part this has to be explicitly achieved by
the construction of the controller.

As in the case of standard state space systems, certain conditions will be needed
to guarantee the existence of optimal H∞ controls. First, these are stabilizability and
detectability conditions, which for descriptor systems are the following; see [6, 9].

Definition 2.3. Let E,A ∈ R
n,n, B ∈ R

n,m, and C ∈ R
p,n. Further, let T∞, S∞

be matrices with imT∞ = kerET and imS∞ = kerE.
(i) The triple (E,A,B) is called finite dynamics stabilizable if rank[λE−A,B] =

n for all λ ∈ C
+;

(ii) (E,A,B) is impulse controllable if rank[E,AS∞, B] = n;
(iii) (E,A,B) is strongly stabilizable if it is both finite dynamics stabilizable and

impulse controllable;
(iv) the triple (E,A,C) is finite dynamics detectable if rank[λET −AT , CT ] = n

for all λ ∈ C
+;

(v) (E,A,C) is impulse observable if rank[ET , ATT∞, CT ] = n;
(vi) (λE −A,C) is strongly detectable if it is both finite dynamics detectable and

impulse observable.
After introducing our notation and giving some preliminary results, in the next

section we derive the theoretical basis for the optimal H∞ control problem for de-
scriptor systems.

3. The modified optimal H∞ control problem. In this section we approach
the problem of determining γmo for a given system (1.1). As in the case of standard
state space systems (see [16, 19, 28, 40]), we need several assumptions on the system
matrices. In the following we set r = rankE.

Assumptions.

(A1) The triple (E,A,B2) is strongly stabilizable and the triple (E,A,C2) is strongly
detectable; see Definition 2.3.

(A2) rank
[
A− iωE B2

C1 D12

]
= n+m2 for all ω ∈ R.

(A3) rank
[
A− iωE B1

C2 D21

]
= n+ p2 for all ω ∈ R.

(A4) For matrices T∞, S∞ ∈ R
n,n−r with imS∞ = kerE and imT∞ = kerET , the

following hold:

rank
[
T T∞AS∞ T T∞B2

C1S∞ D12

]
= n+m2 − r,

rank
[
T T∞AS∞ T T∞B1

C2S∞ D21

]
= n+ p1 − r.

It is well known for standard state space systems that assumption (A1) is essential
for the existence of a controller that internally stabilizes the system. We will see that
a similar result holds for the descriptor case. Assumptions (A2) and (A3) correspond
to the typical claim that the system does not have transmission zeros on the imagi-
nary axis. This is assumed in many works about H∞ control of standard state space
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systems, since eigenvalues on the imaginary axis of the Hamiltonian matrices that
are used in the computation of an optimal controller usually lead to problems in the
computation of a semistable subspace; see [26, 34].

Further typical assumptions in the H∞ control of standard state space systems
are thatD12, D

T
21 have full column rank; see [19, 28, 40]. The conditions in (A4) reduce

to these rank conditions if E is invertible.
For the construction of optimal or suboptimal controllers, we will make use of the

following two even matrix pencils, which generalize the pencils constructed in [3, 4].
Let

(3.1) λNH +MH(γ) =

⎡
⎢⎢⎢⎢⎣

0 −λET−AT 0 0 −CT1
λE −A 0 −B1 −B2 0

0 −BT1 −γ2Im1 0 −DT
11

0 −BT2 0 0 −DT
12

−C1 0 −D11 −D12 −Ip1

⎤
⎥⎥⎥⎥⎦

and

(3.2) λNJ +MJ(γ) =

⎡
⎢⎢⎢⎢⎣

0 −λE −A 0 0 −B1

λET −AT 0 −CT1 −CT2 0
0 −C1 −γ2Ip1 0 −D11

0 −C2 0 0 −D21

−BT1 0 −DT
11 −DT

21 −Im1

⎤
⎥⎥⎥⎥⎦ .

Our approach is based on considering deflating subspaces of the matrix pencils (3.1)
and (3.2), where the subspaces are spanned by the columns of the matrices XH and
XJ that are partitioned conformably with the pencils, i.e.,

(3.3) XH(γ) =

⎡
⎢⎢⎢⎢⎣
XH,1(γ)
XH,2(γ)
XH,3(γ)
XH,4(γ)
XH,5(γ)

⎤
⎥⎥⎥⎥⎦ , XJ(γ) =

⎡
⎢⎢⎢⎢⎣
XJ,1(γ)
XJ,2(γ)
XJ,3(γ)
XJ,4(γ)
XJ,5(γ)

⎤
⎥⎥⎥⎥⎦ ,

with

XH,1(γ), XH,2(γ), XJ,1(γ), XJ,2(γ) ∈ R
n,r, XH,4(γ) ∈ R

m2,r,

XJ,4(γ) ∈ R
p2,r, XH,3(γ), XJ,5(γ) ∈ R

m1,r, XH,5(γ), XJ,3(γ) ∈ R
p1,r.

We extend the results in [3, 4] to general descriptor systems and use deflating sub-
spaces of the even pencils (3.1) and (3.2) to characterize the elements of the set Γ
in Definition 1.1. For this we introduce the following conditions which will be nec-
essary for the existence of a controller with the desired properties associated with a
parameter γ ∈ Γ.

(C1) The index of both pencils (3.1) and (3.2) is at most one.
(C2) There exists a matrix XH(γ) as in (3.3) such that

(C2.a) the space imXH(γ) is a semistable deflating subspace of λNH + MH(γ)
and im[ EXH,1

XH,2
] is an r-dimensional isotropic subspace of R

2n;
(C2.b) rankEXH,1(γ) = r.
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(C3) There exists a matrix XJ(γ) as in (3.3) such that
(C3.a) the space imXJ(γ) is a semistable deflating subspace of λNJ + MJ(γ)

and im[ ET XJ,1
XJ,2

] is an r-dimensional isotropic subspace of R
2n;

(C3.b) rankETXJ,1(γ) = r.
Based on these conditions on the pencils, we introduce the following sets.

Definition 3.1. Consider system (1.1) and the associated even pencils
λNH +MH(γ) in (3.1) and λNJ +MJ(γ) in (3.2). Define the sets

ΓH = {γ ∈ R
+ | the index of λNH +MH(γ) is greater than one},

ΓJ = {γ ∈ R
+ | the index of λNJ +MJ(γ) is greater than one },

and set γ̂H = sup ΓH , γ̂J = sup ΓJ , and γ̂ = max{γ̂H , γ̂J}.
Note that, in general, the sets ΓH and ΓJ may be all of R

+, but as we will show
later it follows from assumptions (A1)–(A4) that γ̂H and γ̂J , and therefore also γ̂ are
finite. If γ > γ̂ then, since both λNH +MH(γ) and λNJ +MJ(γ) have index at most
one, it follows that these pencils have 2r finite eigenvalues, where r = rankE. Due to
the fact that the pencils are even, and thus the eigenvalues occur in pairs λ,−λ (see
[25]), it follows that there exist at least r eigenvalues in the closed left half-complex
plane and at most r eigenvalues in the open left half-plane.

The next group of sets is related to conditions (C2.a) and (C2.b).
Definition 3.2. Consider (1.1) and the associated even pencils λNH + MH(γ)

in (3.1) and λNJ +MJ(γ) in (3.2). Define the sets

ΓLH = {γ ≥ γ̂ | the pencil λNH +MH(γ) satisfies (C2.a)} ,
ΓLJ = {γ ≥ γ̂ | the pencil λNJ +MJ(γ) satisfies (C3.a)} , ΓL = ΓLJ ∩ ΓLH ,

ΓRH = {γ ≥ γ̂ | the pencil λNH +MH(γ) satisfies (C2)} ,
ΓRJ = {γ ≥ γ̂ | the pencil λNJ +MJ(γ) satisfies (C3)} , ΓR = ΓRJ ∩ ΓRH ,

and set

γ̂LH = inf ΓLH , γ̂LJ = inf ΓLJ , γ̂L = inf ΓL,

γ̂RH = inf ΓRH , γ̂RJ = inf ΓRJ , γ̂R = inf ΓR.

For the numerical method to compute the optimal or suboptimal H∞, it will turn
out to be essential to figure out these extremal values. Finally, we discuss the situation
of finite purely imaginary eigenvalues.

Definition 3.3. Consider (1.1) and the associated even pencils λNH + MH(γ)
in (3.1) and λNJ +MJ(γ) in (3.2). Define the sets

ΓIH =
{
γ ≥ γ̂

∣∣∣ the pencil λNH + MH(γ) has at least one
finite eigenvalue on the imaginary axis

}
,

ΓIJ =
{
γ ≥ γ̂

∣∣∣ the pencil λNJ + MJ(γ) has at least one
finite eigenvalue on the imaginary axis

}
, ΓI = ΓIJ ∩ ΓIH ,

and set

γ̂IH = inf ΓIH , γ̂IJ = inf ΓIJ , γ̂I = inf ΓI .

In the case where ΓIH , ΓIJ , or ΓI is empty, we set γ̂IH = ∞, γ̂IJ = ∞, or γ̂I = ∞,
respectively.
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As in the classical H∞ control problem for state space systems (see [4]), we also
need some further rank conditions, which are characterized in the following theorem
that is proved in full generality in subsection 3.3.

Theorem 3.4. Consider a system of the form (1.1) satisfying assumptions (A1)–
(A4). Let XH(γ) and XJ(γ) be deflating subspace matrices of the form (3.3) that
satisfy conditions (C2) and (C3), respectively. Then there exist parameters γ̂kH ≥ γ̂LH ,
γ̂kJ ≥ γ̂LJ , and k̂H , k̂J ∈ N with the property that for all γH,1, γH,2 > γ̂kH , γJ,1, γJ,2 > γ̂kJ ,
the rank conditions hold:

(3.4)
rankETXH,2(γH,1) = rankETXH,2(γH,2) = k̂H ,

rankEXJ,2(γJ,1) = rankEXJ,2(γJ,2) = k̂J .

This rank property will be the basis for the formulation of a further condition
on the pencils in (3.1) and (3.2) and on the blocks of the deflating subspace matrices
XH(γ) ∈ R

2n+m1+m2+p1,r, XJ(γ) ∈ R
2n+p1+p2+m1,r satisfying (C2) (resp., (C3)).

(C4) The matrix

(3.5) Y(γ) =
[

−γXT
H,2(γ)EXH,1(γ) XT

H,2(γ)EXJ,2(γ)
XT
J,2(γ)ETXH,2(γ) −γXT

J,2(γ)ETXJ,1(γ)

]

is symmetric and positive semidefinite and satisfies rankY(γ) = k̂H + k̂J .
Since XH(γ) and XJ(γ) are unique up to a multiplication from the right with in-
vertible matrices, Y(γ) is unique up to a block-diagonal congruence transformation.
Therefore, the value rankY(γ) is well defined.

Note that if we consider Y(γ) in the standard case E = In, then it slightly differs
from the matrix Y(γ) used in [4]. This is due to the fact that the pencils (3.1) and (3.2)
are expressed in a slightly different form in the generalization to descriptor systems.

Condition (C4) then leads to another set that has to be considered.
Definition 3.5. Consider a system of the form (1.1) that satisfies assumptions

(A1)–(A4). Then we define

Γρ =
{
γ ≥ γ̂

∣∣∣∣ the matrix Y(γ) is positive semidefinite
with rankY(γ) = k̂H + k̂J

}

and we set γ̂ρ := inf Γρ.
In this section we have introduced several assumptions and conditions as well as

sets of γ-parameters that will be used in the next section to derive conditions for the
optimal and suboptimal γ-parameters.

We proceed in three steps, first recalling the standard state space case in subsec-
tion 3.1, then considering the index one case in subsection 3.2, and finally considering
the general case in subsection 3.3.

3.1. The standard state space case. In the first step, we briefly review the
results from [10, 4] for the standard state space, that is, E = In. The relation between
the values introduced in Definitions 3.1–3.3 is given by the following proposition.

Proposition 3.6 (see [4]). Consider a system of the form (1.1) with E = In.
Then the following inequality holds:

(3.6) 0 ≤ γ̂ ≤ γ̂L ≤ γ̂R.

If γ̂I <∞, then γ̂I = γ̂L > γ̂. If γ̂ρ exists, then γ̂ρ ≥ γ̂R.
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Furthermore, it was shown in [4] that Theorem 3.4 holds if E = In. Therefore,
(C4) represents a well-defined condition, and we can present the main result for the
modified optimal H∞ control problem of standard systems.

Proposition 3.7 (see [4]). Consider system (1.1) with E = In and the even
pencils λNH +MH(γ) and λNJ +MJ(γ) as in (3.1) and (3.2), respectively. Suppose
that assumptions (A1)–(A4) hold.

Then there exists an internally stabilizing controller such that the transfer function
from w to z satisfies Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ if and only if γ is such that
conditions (C1)–(C4) hold.

Furthermore, the set of γ satisfying conditions (C1)–(C4) is nonempty.

3.2. The index one case. To extend Proposition 3.7 to the case where the index
of λE − A is ν = 1, we will make use of the WCF from Theorem 2.1. Transforming
system (1.1) and using the notation introduced in (2.3), the explicit solution (2.5b)
reduces to x∞(t) = −B1,∞w(t) − B2,∞u(t). Inserting this into the transformed out
equations, we obtain the standard state space system (often called the slow or finite
dynamics subsystem)

(3.7)
ẋf (t) = Afxf (t) +B1,fw(t) +B2,fu(t),
z(t) = C1,fxf (t) + (D11−C1,∞B1,∞)w(t) + (D12−C1,∞B2,∞)u(t),
y(t) = C2,fxf (t) + (D21−C2,∞B1,∞)w(t) + (D22−C2,∞B2,∞)u(t).

Lemma 3.8. Consider system (1.1) and suppose that the index of λE − A is at
most one. Then for i ∈ {1, 2, 3, 4}, system (1.1) satisfies (Ai) if and only if the slow
subsystem (3.7) satisfies (Ai).

Proof. Any system of index at most one is both impulse controllable and observ-
able (see [9, 26]) and, furthermore, finite dynamics stabilizability (detectability) is
equivalent to stabilizability (detectability) of the slow subsystem obtained from the
WCF. Then from Theorem 2.1 (see also [9, 26]), the equivalence of the corresponding
conditions (A1) is immediate.

The equivalence for the corresponding conditions (A2) is obtained by using the
transformation matrices to WCF, since

⎡
⎣ WT

f 0
−C1,∞W

T
∞ Ip1

WT
∞ 0

⎤
⎦[ A− iωE B2

C1 D12

] [
Vf −V∞B2,∞ V∞
0 Im2 0

]

=

⎡
⎣ Af − iωInf

B2,f 0
C1,f D12 − C2,∞B2,∞ 0

0 0 In∞

⎤
⎦ .

The proof for the equivalence of the corresponding conditions (A3) is analogous.

We now consider condition (A4). By definition, the columns of the matrices
T∞, S∞ span the left and right nullspace of E. Thus there exist invertible matri-
ces Ml,Mr ∈ R

n∞,n∞ such that W∞ = T∞Ml, V∞ = S∞Mr. The assertion then
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follows from[
MT
l 0

−C1,∞M
T
l Ip1

] [
T T∞AS∞ T T∞B2

C1S∞ D12

] [
Mr −MrB2,∞
0 Im2

]

=
[
In∞ 0
0 D12−C1,∞B2,∞

]
,

[
MT
l 0

−C2,∞M
T
l Ip2

] [
T T∞AS∞ T T∞B1

C2S∞ D21

] [
Mr −MrB1,∞
0 Im1

]

=
[
In∞ 0
0 D21−C2,∞B1,∞

]
.

After proving the equivalence of the conditions (Ai), we now show that the Γ
sets and γ parameters introduced in Definitions 3.1–3.3 and 3.5 are those of the slow
subsystem. We denote by λNH,st +MH,st(γ) and λNJ,st +MJ,st(γ) the even pencils
(3.1) and (3.2) constructed from the data of system (3.7).

Lemma 3.9. Consider the system (1.1) and assume that the index of λE−A is at
most one. Let λNH +MH(γ) and λNJ +MJ(γ) be the even pencils constructed from
the data of (1.1), and let λNH,st +MH,st(γ), λNJ,st +MJ,st(γ) be the corresponding
pencils constructed from the data of (3.7).

Let ΓH , ΓJ , ΓLH , ΓLJ , ΓRH , ΓRJ , ΓIH , and ΓIJ be the sets introduced in Definitions 3.1–
3.3 and 3.5, and let Y(γ) be the matrix introduced in (3.5).

Analogously, let ΓH,st, ΓJ,st, ΓLH,st, ΓLJ,st, ΓRH,st, ΓRJ,st, ΓIH,st, ΓIJ,st, and Yst(γ) be
correspondingly defined for the slow subsystem (3.7). Then,

ΓJ,st = ΓH , ΓLH,st = ΓLH , ΓRH,st = ΓRH , ΓIH,st = ΓIH ,

ΓJ,st = ΓJ , ΓLJ,st = ΓLJ , ΓLJ,st = ΓLJ , ΓIJ,st = ΓIH , rankY(γ) = rankYst(γ).

Proof. First, we consider the pencil λNH +MH(γ) and introduce the transforma-
tion matrix

(3.8) PH =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

V Tf 0 0 0 0
0 WT

f 0 0 0
BT1,∞V

T
∞ 0 Im1 0 0

BT2,∞V
T
∞ 0 0 Im2 0

0 −C1,∞W
T
∞ 0 0 Ip2

V T∞ 0 0 0 0
0 WT

∞ 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

.

We obtain that

(3.9) λPTHNHPH + PTHMH(γ)PH =

⎡
⎣λNH,st +MH,st(γ) 0 0

0 In∞ 0
0 0 In∞

⎤
⎦ .

This directly implies ΓH,st = ΓH and ΓIH,st = ΓIH . Analogously, we can show that
ΓJ,st = ΓJ and ΓIH,st = ΓIH . Furthermore, it can be concluded from (3.9) that the
columns of a matrix

XH,st =
[
XT
H,st,1 XT

H,st,2 XT
H,st,3 XT

H,st,4 XT
H,st,5

]T
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partitioned conformably to the block structure of λNH,st+MH,st(γ) span a semistable
deflating subspace if and only if the columns of

(3.10)

⎡
⎢⎢⎢⎢⎣
XH,1

XH,2

XH,3

XH,4

XH,5

⎤
⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎣
VfXH,st,1 + V∞B1,∞XH,st,3 + V∞B2,∞XH,st,4

WfXH,st,2 −W∞C
T
1,∞XH,st,5

XH,st,3

XH,st,4

XH,st,5

⎤
⎥⎥⎥⎥⎦

span the semistable deflating subspace of λNH +MH(γ).
An analogous relation can be derived for the relation between spanning matrices

of deflating subspaces of λNJ + MJ(γ) and λNJ,st + MJ,st(γ). Using the fact that
EV∞ = 0, WT

∞E = 0 and WT
f EVf = Inf

, it follows that

rankEXH,1(γ) = rankXH,st,1(γ),(3.11a)

rankETXJ,1(γ) = rankXJ,st,1(γ),(3.11b)

rankETXH,2(γ) = rankXH,st,2(γ),(3.11c)
rankEXJ,2(γ) = rankXJ,st,2(γ),(3.11d)

XH,2(γ)TEXH,1(γ) = XH,st,2(γ)TXH,st,1(γ),(3.11e)

XH,2(γ)TEXJ,2(γ) = XH,st,2(γ)TXJ,st,2(γ),(3.11f)

XJ,2(γ)TETXJ,1(γ) = XJ,st,2(γ)TXJ,st,1(γ).(3.11g)

Equations (3.11e) and (3.11g) and the relations between the stable deflating subspaces
of λNH+MH(γ), λNH,st+MH,st(γ) and λNJ+MJ(γ), λNJ,st+MJ,st(γ), respectively,
imply that ΓLH,st = ΓLH and ΓLJ,st = ΓLJ . Additionally, from (3.11a) and (3.11b), we
obtain ΓRH,st = ΓRH and ΓRJ,st = ΓRJ .

By using (3.11e)–(3.11g) we then obtain that the matrices Y(γ) and Yst(γ) coin-
cide; in particular, we have rankY(γ) = rankYst(γ).

An immediate consequence is that Proposition 3.6 holds for systems of index
at most one. Furthermore, from (3.11c) and (3.11b) and the corresponding fact for
standard systems, we can conclude that Theorem 3.4 holds for systems of index at
most one.

With these preparations we can formulate the following extension of Proposi-
tion 3.7 for systems of index at most one.

Proposition 3.10. Consider system (1.1) such that the index of the pencil λE−A
is at most one, and the even pencils λNH +MH(γ) and λNJ +MJ(γ) as in (3.1) and
(3.2), respectively. Suppose that assumptions (A1)–(A4) hold.

Then there exists an internally stabilizing controller such that the transfer function
from w to z satisfies Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ if and only if γ is such that
conditions (C1)–(C4) hold.

Furthermore, the set of γ satisfying conditions (C1)–(C4) is nonempty.
Proof. The closed-loop transfer function Tzw(s) of the system (3.7) with a con-

troller of the form (1.2) is equal to the closed-loop transfer function of the system
(1.1) with the same controller.

Since (1.1) is strongly stabilizable (strongly detectable), if and only if system (3.7)
is stabilizable (detectable), a controller that internally stabilizes (3.7) also stabilizes
the finite dynamics of (1.1).

Therefore, the existence of a controller with desired properties for (1.1) is equiv-
alent to the existence of such a controller for (3.7). Since by Lemma 3.8 the validity



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2806 P. LOSSE, V. MEHRMANN, L. POPPE, AND T. REIS

of assumptions (A1)–(A4) for (3.7) is equivalent to those of (1.1) and, furthermore,
also by Lemma 3.9 the corresponding conditions (C1)–(C4) of these two systems are
equivalent, the assertion follows.

We have seen so far that the standard state space case and the index one case
follow after some simple transformation. In the next subsection we now study the
general case.

3.3. The general case. In this section we formulate the results for the modified
optimal H∞ control problem for descriptor systems of arbitrary index. A key tool in
the proof will be an a priori static output feedback u(t) = Ky(t) + ū(t) resulting in a
system

(3.12)

Eẋ(t) = (A+B2KC2)x(t)+(B1+B2KD21)w(t)+B2ū(t), x(t0) = x0,

z(t) = (C1+D12KC2)x(t)+(D11+D12KD21)w(t)+D12ū(t),

y(t) =C2x(t)+D21w(t).

The feedback matrix K will be constructed in a way so that system (3.12) has index
one. Then we are able to apply the results of the previous section. If (1.2) is a controller
for (3.12), then a controller for system (1.1) is given by

(3.13)
Ê ˙̂x(t) = Âx̂(t) + B̂y(t),

u(t) = Ĉx̂(t) + (D̂ −K)y(t).

To proceed, we need the following results about the existence of a static output feed-
back K that leads to a system of index at most one.

Lemma 3.11 (see [7, 9]). Consider matrices C ∈ R
p,n and B ∈ R

n,m and a regular
matrix pencil λE−A. Then there exists K ∈ R

p,m such that the pencil λE−(A+BKC)
is regular and has index at most one if and only if the triple (E,A,B) is impulse
controllable and the triple (E,A,C) is impulse observable; see Definition 2.3.

To make use of this result, we show that a static output feedback does not change
assumptions (A1)–(A4).

Lemma 3.12. Consider system (1.1) and let K ∈ R
m2,p2 such that the pencil

λE − (A + B2KC2) is regular. Then for every i ∈ {1, 2, 3, 4}, system (1.1) satisfies
(Ai) if and only if the system (3.12) satisfies (Ai).

Proof. The invariance of strong stabilizability and strong detectability under out-
put feedback is trivial. The proof for the equivalence of the corresponding assumptions
(A2) follows from the identity[

A− iωE B2

C1 D12

] [
In 0
KC2 Im2

]
=
[
A+B2KC2 − iωE B2

C1 +D12KC2 D12

]
,

while the equivalence statement for (A3) can be shown analogously. The fact that
(3.12) satisfies (A4) if and only if (1.1) satisfies (A4) is a consequence of[
T T∞AS∞ T T∞B2

C1S∞ D12

] [
In−r 0

KC2S∞ Im2

]
=
[
T T∞(A+B2KC2)S∞ T T∞B2

(C1+D12KC2)S∞ D12

]
,

[
In−r T T∞B2K

0 Ip2

] [
T T∞AS∞ T T∞B1

C2S∞ D21

]
=
[
T T∞(A+B2KC2)S∞ T T∞(B1+B2KD21)

C2S∞ D21

]
.

In the following lemma we show that the sets introduced in Definitions 3.1–3.3
and 3.5 are invariant under output feedback as well.
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Lemma 3.13. Consider the system (1.1) and let K ∈ R
m2,p2 be such that the

pencil λE − (A+BKC) is regular. Let ΓH , ΓJ , ΓLH, ΓLJ , ΓRH , ΓRJ , ΓIH , and ΓIJ be the
sets introduced in Definitions 3.1–3.3 and 3.5, and let Y(γ) be the matrix introduced in
(3.5). Furthermore, let ΓH,K , ΓJ,K , ΓLH,K , ΓLJ,K , ΓRH,K , ΓRJ,K , ΓIH,K , ΓIJ,K , and YK(γ)
be the corresponding quantities for the system (3.12). Then,

ΓJ,K = ΓH , ΓLH,K = ΓLH , ΓRH,K = ΓRH , ΓIH,K = ΓIH ,

ΓJ,K = ΓJ , ΓLJ,K = ΓLJ , ΓLJ,K = ΓLJ , ΓIJ,K = ΓIH , rankY(γ) = rankYK(γ).

Proof. Let λNH,K+MH,K(γ) be the even pencil associated with the system (3.12).
Then, with the transformation matrices

TH,K=

⎡
⎢⎢⎢⎢⎣
In 0 0 0 0
0 In 0 0 0
0 0 Im1 0 0

KC2 0 KD21 Im2 0
0 0 0 0 Ip1

⎤
⎥⎥⎥⎥⎦, TJ,K=

⎡
⎢⎢⎢⎢⎣

In 0 0 0 0
0 In 0 0 0
0 0 Ip1 0 0

KTBT2 0 KTDT
12 Ip2 0

0 0 0 0 Im1

⎤
⎥⎥⎥⎥⎦,

we have the identities

λT TH,KNHTH,K + T TH,KMH(γ)TH,K = λNH,K +MH,K(γ),

λT TJ,KNJTJ,K + T TJ,KMJ(γ)TJ,K = λNJ,K +MJ,K(γ).

Thus, we have that the pencils λNH +MH(γ) and λNH,K +MH,K(γ) have the same
index and eigenvalues. Similarly, this holds for λNJ +MJ(γ) and λNJ,K +MJ,K(γ).
Therefore we have ΓH,K = ΓH , ΓJ,K = ΓJ , ΓIH,K = ΓIH , ΓIJ,K = ΓIJ . The relations
ΓRH,K , ΓRJ,K , ΓLH,K , ΓLJ,K follow from the facts that

im
[
XT
H,1 XT

H,2 XT
H,3 XT

H,4 XT
H,5

]T
,

im
[
XT
J,1 XT

J,2 XT
J,3 XT

J,4 XT
J,5

]T
are semistable deflating subspaces of λNH,K + MH,K(γ) and λNJ,K + MJ,K(γ), re-
spectively, if and only if

(3.14)
im
[
XT
H,1 XT

H,2 XT
H,3 (XH,4 +KC2XH,1 +KD21XH,3)T XT

H,5

]T
,

im
[
XT
J,1 XT

J,2 XT
J,3 (XJ,4 +KTBT2 XJ,1 +KTDT

12XH,3)T XT
H,5

]T
are semistable deflating subspace of λNH +MH(γ) and λNJ +MJ(γ). From (3.14),
we further obtain that Y(γ) = YK(γ), and thus their ranks coincide.

With these auxiliary results, we are now in a position to prove Theorem 3.4.
Proof of Theorem 3.4. First we apply an a priori feedback K ∈ R

m2,p2 to
(1.1) such that the resulting system (3.12) has index at most one. Then we know
from (3.14) that the corresponding matrices XH,1, XH,2, XJ,1, XJ,2 of (1.1) and
(3.12) are equal. Since Theorem 3.4 holds for systems of index one, the assertion
follows.

Lemma 3.13 also implies that the assertion of Proposition 3.6 still holds for the
general case; i.e., for (1.1), the inequality 0 ≤ γ̂ ≤ γ̂L ≤ γ̂R is valid. In the case where
γ̂I <∞, we have γ̂I = γ̂L > γ̂, and if γ̂ρ exists, then γ̂ρ ≥ γ̂R.

With the described framework, we can now formulate the main result for the
modified H∞ control problem for descriptor systems.
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Theorem 3.14. Consider system (1.1) and the even pencils λNH +MH(γ) and
λNJ +MJ(γ) as in (3.1) and (3.2), respectively. Suppose that assumptions (A1)–(A4)
hold.

Then there exists an internally stabilizing controller such that the transfer function
from w to z satisfies Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ if and only if γ is such that the
conditions (C1)–(C4) hold.

Furthermore, the set of γ satisfying conditions (C1)–(C4) is nonempty.
Proof. Due to Lemma 3.11, there exists a matrix K ∈ R

m2,p2 such that system
(3.12) has index at most one. Lemma 3.12 implies that (3.12) satisfies (A1)–(A4) as
well. Furthermore, by Lemma 3.13, the validity of conditions (C1)–(C4) for system
(1.1) is equivalent to the respective conditions for system (3.12).

Proposition 3.10 then implies that conditions (C1)–(C4) for (3.12) are fulfilled if
and only if there exists a desired controller for (3.12).

Since an application of the controller (1.2) to (3.12) yields the same closed-
loop system as that given by (3.13) with controller (1.1), the desired result follows
immediately.

Theorem 3.15. Consider system (1.1) and suppose that assumptions (A1)–(A4)
hold. Then the set Γρ is nonempty, and optimal γ for the modified optimal H∞ control
problem is given by

(3.15) γmo = γ̂ρ.

Proof. Let Γ be the set of γ > 0 for which an internally stabilizing controller exists
such that the transfer function from w to z satisfies ‖Tzw‖∞ < γ.

We know from Theorem 3.14 that Γ is nonempty, and for some γ > 0, we have
γ ∈ Γ if and only if conditions (C1)–(C4) are fulfilled. By the definition of ΓH , ΓJ , ΓR,
and Γρ, the existence of a controller with desired properties is therefore equivalent to

(3.16) γ ∈ ΓH ∩ ΓJ , γ ∈ ΓR, γ ∈ Γρ.

Especially, we have that Γρ is nonempty. By the definition of γ̂, γ̂R, and γ̂ρ, condition
(3.16) is the same as

(3.17) γ > γ̂, γ > γ̂R, γ ∈ γ̂ρ.

Hence, γ ∈ Γ is equivalent to

(3.18) γ > max{γ̂, γ̂R, γ̂ρ}.

However, since by Lemma 3.13 we have that Proposition 3.6 still holds for arbitrary
descriptor systems, the equation γ̂ρ = max{γ̂, γ̂R, γ̂ρ} holds. Thus we have that γ̂mo =
inf Γ = γ̂ρ.

4. Numerical example. To illustrate the functionality of our approach, con-
sider the following example from [38] which is also discussed in [31]. The descriptor
system is given by (1.1) with D21 = 1, D11 = D22 = 0, and

E =

⎡
⎣ 1 0 0

0 1 0
0 0 0

⎤
⎦ , A =

⎡
⎣ −1 0 1

0 0 1
0 −1 0

⎤
⎦ , B1 =

⎡
⎣ 0

1
1

⎤
⎦ , B2 =

⎡
⎣ 1

0
1

⎤
⎦ ,

C1 =
[

1 1 0
0 1 1

]
, C2 = [ 1 0 1 ], D12 =

[
0
1

]
.
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This system is of index two, and the associated pencils λNH+MH(γ) and λNJ+MJ(γ)
have index one for γ �= 0. The goal is to find the minimum value γ that satisfies
conditions (C1)–(C4). Using our experimental code for the computation of stable
deflating subspaces of structured matrix pencils as in [2] and a bisection to determine
the optimal value for γ, we computed γopt given by γρ = 0.7678, which is smaller than
the suboptimal value obtained in [38, 31].

5. Conclusion. In this paper we have developed conditions for optimal and
suboptimal H∞ control for descriptor systems of arbitrary index. We have expressed
criteria for the existence of an internally stabilizing controller in terms of even pencils
containing only parameters of the original system. With these criteria the γ-iteration
can be performed in a numerically stable way, especially if a structure-preserving
method is used for the computation of the deflating subspaces. The computation of
a controller for a given γ can be performed by first following the steps in the proofs
and then using controller formulas for standard systems [14, 15, 11]. However, this
approach does not lead to controller formulas stated in terms of the original system
variables. In [21] such formulas are given for systems with nonsingular system matrix
E; the general case is currently under investigation.
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THE EXISTENCE OF STRONGLY MDS CONVOLUTIONAL CODES∗
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Abstract. It is known that maximum distance separable and maximum distance profile con-
volutional codes exist over large enough finite fields of any characteristic for all parameters (n, k, δ).
It has been conjectured that the same is true for convolutional codes that are strongly maximum
distance separable. Using methods from linear systems theory, we resolve this conjecture by showing
that, over a large enough finite field of any characteristic, codes which are simultaneously maximum
distance profile and strongly maximum distance separable exist for all parameters (n, k, δ).

Key words. MDS codes, convolutional codes, column distances, linear systems, minimal partial
realization problem

AMS subject classification. 94B10

DOI. 10.1137/050638977

1. Introduction. In recent literature on convolutional codes, several new classes
of codes with optimal distance properties have been introduced. These classes of codes
are known as maximum distance separable (MDS) codes, maximum distance profile
(MDP) codes, and strongly MDS (sMDS) codes. MDS codes are characterized by
the property that they have the maximum possible free distance for a given choice
of code parameters. sMDS codes are a subclass of MDS codes having the property
that this maximum possible free distance is attained at the earliest possible encoding
step. MDP codes are characterized by the property that their column distances grow
at the maximum possible rate for a given choice of code parameters.

In [18], it is shown that MDS convolutional codes exist for all parameters (n, k, δ)
over sufficiently large finite fields; in [11], a similar result is obtained for codes having
the MDP property. In [8], sMDS convolutional codes are introduced and studied, and
they are shown to exist for parameters (n, k, δ) satisfying (n − k) | δ. In addition,
it is conjectured that convolutional codes possessing the MDP and sMDS properties
together exist for all (n, k, δ). In this work, we show that this conjecture is correct.
The approach used is systems-theoretic in nature; to obtain the proof, we make use of
the well-known interpretation of a convolutional code as an input-state-output linear
system as well as results from partial realization theory.

The structure of this paper is as follows. In section 2, we review relevant ideas
from the theory of convolutional codes. We recall as well a connection between con-
volutional codes and input-state-output linear systems that we will use to obtain our
results. In section 3, we use a linear systems representation of convolutional codes to
give a characterization of the sMDS property. In section 4, we use this characteriza-
tion to show the existence, for all parameters (n, k, δ), of codes possessing both the
MDP and sMDS properties.

2. Convolutional codes and linear systems. In this section, we recall some
facts about convolutional codes and their connection with linear systems. Throughout
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this paper, 0 will be understood to be the zero matrix or vector of the appropriate
size. Let k and n be positive integers with k < n, p a prime number, K the algebraic
closure of the prime field Fp, and F a finite subfield of K.

Definition 2.1. A convolutional code C of rate k/n is a rank-k direct summand
of F[s]n.

C is a free F[s]-module and may thus be viewed as the column space of a full-rank
matrix G(s) ∈ F[s]n×k, called a generator matrix for C. Two full-rank n× k matrices
G1(s) and G2(s) generate the same code if and only if there exists a unimodular
matrix U(s) ∈ F[s]k×k such that G1(s) = G2(s)U(s).

When convenient, we will (at times with a slight abuse of notation) make use
of the fact that F[s]n and F

n[s] are isomorphic F[s]-modules and think of codewords
as elements of F

n[s]. For example, the columns of a generator matrix G(s) may
be thought of as polynomials with coefficients in F

n; we refer to the degrees of these
polynomials as the column degrees of G(s) and denote the degree of the jth column by
δj . The high-order coefficient matrix of G(s), G∞, is the matrix whose jth column is
the column coefficient of sδj in the jth column of G(s). In general, G∞ need not have
full rank. It is always possible, though, to find a unimodular matrix U(s) ∈ F[s]k×k

such that G(s)U(s) has a full-rank high-order coefficient matrix (see [7]). If G∞ has
full rank, then G(s) is called a minimal generator matrix.

An important invariant of a convolutional code is its degree, defined as follows.
Definition 2.2. The degree δ of a convolutional code C is the maximal degree

of a (polynomial) determinant of a k × k submatrix of a generator matrix of C.
This definition makes sense, as multiplication by a unimodular matrix preserves

the degrees of such determinants. We note that, if G(s) is a minimal generator matrix
of C with column degrees δ1, . . . , δk, then δ =

∑k
j=1 δj . A code of rate k/n and degree

δ will be referred to as an (n, k, δ)-code.
We turn next to notions of distance. We first recall the definition of Hamming

weight.
Definition 2.3. Let v ∈ F

n and v(s) :=
∑d

t=0 vts
t ∈ F

n[s]. The Hamming
weight of v, wt(v), is the number of nonzero components of v. The Hamming weight
of v(s) is wt(v(s)) :=

∑d
t=0 wt(vt).

For the purpose of error control coding, it is important that the minimum weight
among the codewords of a code be as large as possible. This leads to the concept of
free distance.

Definition 2.4. The free distance of a convolutional code C is

dfree(C) := min{wt(v(s)) v(s) ∈ C\{0}}.

Column distances also play an important part in what follows. They measure the
minimum possible distance between truncated codewords.

Definition 2.5. Let C be a convolutional code. For j ∈ N0, the jth column
distance of C is

dcj(C) := min

{
j∑
t=0

wt(vt) v(s) ∈ C and v0 �= 0n

}
,

where vj = 0n if j > deg v(s).
The following result gives upper bounds for the column distances and the free

distance of a convolutional code.
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Proposition 2.6. Let C be an (n, k, δ)-code.
1. For every j ∈ N0,

dcj(C) ≤ (n− k)(j + 1) + 1.

If dcj(C) = (n − k)(j + 1) + 1 for some j, then dci (C) = (n − k)(i + 1) + 1 if
i ∈ {0, . . . , j}.

2.

dfree(C) ≤ (n− k)
(⌊ δ
k

⌋
+ 1

)
+ δ + 1.

Statement 1 is proved in [8], and statement 2 is proved in [18]. The bound in 2 is
called the generalized Singleton bound.

Set L := � δk � + � δ
n−k � and M := � δk � + � δ

n−k�. We are now ready to define the
code properties of interest in this work.

Definition 2.7. Let C be an (n, k, δ)-code. Then,
1. C is called a maximum distance profile (MDP) code if

dcL(C) = (n− k)(L+ 1) + 1.

2. C is called a maximum distance separable (MDS) code if

dfree(C) = (n− k)
(⌊ δ
k

⌋
+ 1

)
+ δ + 1.

3. C is called a strongly MDS (sMDS) code if

dcM (C) = (n− k)
(⌊ δ
k

⌋
+ 1

)
+ δ + 1.

Using the fact that no column distance of C can exceed the generalized Singleton
bound, one can show that L is the largest possible value of j for which dcj(C) can attain
the upper bound in statement 1 of Proposition 2.6. If C is an MDP code, then, by
Proposition 2.6, dci (C) attains this upper bound when i ∈ {0, . . . , L}. Thus, statement
1 says that the column distances of an MDP code are maximal until it is no longer
possible. Similarly, one can show that, if j < M , then dcj(C) < (n−k)(� δk �+1)+δ+1.
Thus, statement 3 says that, for an sMDS code, the sequence {dcj(C)}j≥0 attains the
generalized Singleton bound at the smallest possible value of j.

In the second part of this section, we introduce a connection between convolu-
tional codes and linear systems that we will use to obtain our results. Background
information for this discussion and applications of ideas from systems theory to the
construction of convolutional codes may be found, for example, in [2, 3, 17, 19, 20].

Let A ∈ K
δ×δ, B ∈ K

δ×k, C ∈ K
(n−k)×δ, and D ∈ K

(n−k)×k. Note that,
since the number of entries in the matrices (A,B,C,D) is finite, these matrices are
actually defined over a finite subfield F of K. The matrices (A,B,C,D) describe a
time-invariant linear system through the equations

xt+1 = Axt +But,

yt = Cxt +Dut,(2.1)
x0 = 0,

where xt ∈ F
δ, ut ∈ F

k, and yt ∈ F
n−k are called the state vector, input vector, and

output vector at time t, respectively. The matrix quadruple (A,B,C,D) is called a
realization for the system. We recall the following well-known definition.
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Definition 2.8. (A,B) is called a reachable pair if

rank
([

B AB · · · Aδ−2B Aδ−1B
])

= δ.

(A,C) is called an observable pair if

rank
([

CT (CA)T · · · (CAδ−2)T (CAδ−1)T
]T)

= δ.

If (A,B) is a reachable pair and (A,C) is an observable pair, then (A,B,C,D)
is called a minimal realization. In this case, δ is called the McMillan degree of the
system. We denote by Sδk,n the set of minimal realizations of systems over K having
input vectors of size k, output vectors of size n− k, and McMillan degree δ.

Let {xt}t≥0 be a sequence of vectors in F
δ and {

(
yt

ut

)
}t≥0, where yt ∈ F

n−k and
ut ∈ F

k, a sequence of vectors in F
n having the following properties:

1. Equations (2.1) are satisfied for all t ∈ N0.
2. There exists a d ∈ N0 such that xd+1 = 0 and ut = 0 for t ≥ d+ 1.

These properties guarantee that the sequence {
(
yt

ut

)
}t≥0 has finite weight. We refer

to the truncated sequence {
(
yt

ut

)
}dt=0 as a finite-weight sequence for (A,B,C,D). The

following remarks connect finite-weight sequences and codewords.
Let (A,B,C,D) ∈ Sδk,n. The corresponding transfer function is T (s) := C(sI −

A)−1B+D. Let Q−1(s)P (s) be a left coprime factorization of T (s), and set H(s) :=
[−Q(s) P (s)]. Set

y(s) := y0s
d + y1s

d−1 + · · · + yd ∈ F
n−k[s]

and

u(s) := u0s
d + u1s

d−1 + · · · + ud ∈ F
k[s],

and use their coefficients to form the vector sequence {
(
yt

ut

)
}dt=0. We then have the

following equivalent conditions; see [3, 19, 20] for more details.
1. The set {

(
yt

ut

)
}dt=0 of vectors is a finite-weight sequence for (A,B,C,D).

2.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · · · · · · · · · · 0 AdB Ad−1B · · · AB B
D 0 · · · · · · 0

CB D
. . .

...

−I(d+1)(n−k) CAB CB
. . . . . .

...
...

...
. . . . . . 0

CAd−1B CAd−2B · · · CB D

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0
y1
...
yd
u0

u1

...
ud

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0.

3. There exists a “state vector polynomial”

x(s) = x0s
d + x1s

d−1 + · · · + xd ∈ F
δ[s]

such that

[
sI −A 0 −B
−C In−k −D

]⎡⎣ x(s)
y(s)
u(s)

⎤
⎦ = 0.
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4.

H(s)
[
y(s)
u(s)

]
= [−Q(s)P (s)]

[
y(s)
u(s)

]
= 0.

5.

y(s) = T (s)u(s).

Further, the right F[s]-kernel of H(s) is an (n, k, δ)-code C.
The code C is not quite suitable for our purposes. This is due to the fact that the

finite-weight sequence (
y0
u0

)
,

(
y1
u1

)
, . . . ,

(
yd−1

ud−1

)
,

(
yd
ud

)

corresponds with the codeword(
yd
ud

)
+
(
yd−1

ud−1

)
s+ · · · +

(
y1
u1

)
sd−1 +

(
y0
u0

)
sd ∈ C.

Working in the systems setting, we will show that there is a realization (A,B,C,D) ∈
Sδk,n for which any finite-weight sequence(

y0
u0

)
,

(
y1
u1

)
, . . . ,

(
yd−1

ud−1

)
,

(
yd
ud

)

(with u0 �= 0) formed using (2.1) has the properties that

L∑
t=0

wt
((

yt
ut

))
= (L+ 1)(n− k) + 1

and

M∑
t=0

wt
((

yt
ut

))
≥ (n− k)

(⌊ δ
k

⌋
+ 1

)
+ δ + 1.

Due to the order reversal noted above, it will not necessarily be true that dcL(C) =
(L+ 1)(n− k) + 1. The next result shows how to overcome this problem.

Proposition 2.9. Let C be an (n, k, δ)-code with minimal generator matrix
G(s). Let G(s) be the matrix obtained by replacing each entry pij(s) of G(s) by
pij(s) := sδjpij(s−1), where δj is the jth column degree of G(s). Then, G(s) is a
minimal generator matrix of an (n, k, δ)-code C, and(

y0
u0

)
+
(
y1
u1

)
s+ · · · +

(
yd−1

ud−1

)
sd−1 +

(
yd
ud

)
sd ∈ C

if and only if (
yd
ud

)
+
(
yd−1

ud−1

)
s+ · · · +

(
y1
u1

)
sd−1 +

(
y0
u0

)
sd ∈ C.

Proof. First, G(s) has rank k, since a k × k minor of G(s) is zero if and only if
the corresponding minor of G(s) is.
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Next, let G0 denote the n× k matrix whose ijth entry is pij(0) and G0 the n× k

matrix whose ijth entry is pij(0). Because C is a summand of F[s]n, G0 has full rank,
so that each column of G0 has at least one nonzero entry. This means that G0 = G∞,
G∞ has full rank, corresponding columns of G(s) and G(s) have the same column
degrees, and G(s) = G(s). From the definition of G(s), we have that G∞ = G0; since
G(s) is minimal, it follows that G0 also has full rank.

Suppose p(s) ∈ F[s] has degree d and is a common divisor of the k × k minors of
G(s). Then, p(0) �= 0, since G0 has full rank, so that sdp(s−1) has degree d. Since
G(s) = G(s), sdp(s−1) is a common divisor of the k × k minors of G(s). As C is a
summand of F[s]n, it follows that d = 0, so that the only common divisors of the k×k
minors of G(s) are the nonzero elements of F. Thus, the column space of G(s) is a
summand of F[s]n, which means that it is a rate k/n convolutional code C. It follows
from the remarks in the preceding paragraph that G(s) is a minimal generator matrix
of C and that C has degree δ.

Consider the vector polynomials

v(s) := vd + vd−1s+ · · · + v1s
d−1 + v0s

d

and

v(s) := v0 + v1s+ · · · + vd−1s
d−1 + vds

d

in F
n[s], and note that v(s) = sdv(s−1). Thinking of v(s) and v(s) as column vectors

in F[s]n, we observe that a (k + 1) × (k + 1) minor of
[
G(s) v(s)

]
is zero if and

only if the corresponding minor of
[
G(s) v(s)

]
is. Since C and C are summands

of F[s]n, this means that v(s) ∈ C if and only if v(s) ∈ C.
This result, together with the remarks preceding it, shows that(

y0
u0

)
,

(
y1
u1

)
, . . . ,

(
yd−1

ud−1

)
,

(
yd
ud

)

is a finite-weight sequence for (A,B,C,D) if and only if(
y0
u0

)
+

(
y1
u1

)
s+ · · · +

(
yd−1

ud−1

)
sd−1 +

(
yd
ud

)
sd ∈ C.

C, then, will have the property that dcM (C) = (n − k)(� δk� + 1) + δ + 1. For the rest
of the paper, we will refer to the code C as the code represented by the matrices
(A,B,C,D).

3. Trivial rank deficiency and the sMDS property. In this section, we
give conditions on the entries of the matrices in a realization (A,B,C,D) ∈ Sδk,n
guaranteeing that the convolutional code these matrices represent has both the MDP
and sMDS properties. For (A,B,C,D) ∈ Sδk,n and j ∈ N0, we form the matrices

(3.1) Tj :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

D 0 · · · · · · 0

CB D
. . .

...

CAB CB
. . . . . .

...
...

...
. . . . . . 0

CAj−1B CAj−2B · · · CB D

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
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Notation 3.1. Let l1, l2 ∈ N satisfy 1 ≤ l1 ≤ (j+1)(n−k) and 1 ≤ l2 ≤ (j+1)k.
Let 1 ≤ i1 < · · · < il1 ≤ (j + 1)(n − k) and 1 ≤ j1 < · · · < jl2 ≤ (j + 1)k be two
sequences of integers. We denote by (Tj)

i1,...,il1
j1,...,jl2

the l1 × l2 submatrix obtained from
Tj by intersecting rows i1, . . . , il1 and columns j1, . . . , jl2 .

Notice that, if (Tj)i1j1 �= 0, then j1 ≤ � i1
n−k �k.

In what follows, the notion of trivial rank deficiency plays an important role. To
define trivial rank deficiency, we think of replacing the entries of the block matrices
in Tj with the indeterminates of the polynomial ring R := K[x1, x2, . . . , x(j+1)(n−k)k ].
Specifically, we replace the entry (s, t) of the matrixD with the indeterminate x(s−1)k+t

and the entry (s, t) of the matrix CAiB with the indeterminate x(i+1)(n−k)k+(s−1)k+t.
The zero entries above the block diagonal remain zero.

Definition 3.2. Let c be an integer with 0 ≤ c ≤ n − k − 1, and let l be an
integer satisfying 1 ≤ l ≤ min{(j + 1)(n − k) − c, (j + 1)k}. A square submatrix of
Tj is said to be trivially rank deficient if the determinant of this submatrix is zero
when it is viewed as a matrix over R in the manner described above. A submatrix
(Tj)i1,i2,...,il+c

j1,j2,...,jl
of Tj is called trivially rank deficient if all

(
l+c
l

)
l × l submatrices of

(Tj)i1,i2,...,il+c

j1,j2,...,jl
are trivially rank deficient.

To say that (Tj)i1,i2,...,il+c

j1,j2,...,jl
is trivially rank deficient is to say that (Tj)i1,i2,...,il+c

j1,j2,...,jl
has less than full rank regardless of how elements of K are substituted for the inde-
terminates of R. The next lemma shows how to determine if a given submatrix is
trivially rank deficient.

Lemma 3.3. Let l be an integer with 1 ≤ l ≤ min{(j+1)(n−k)−c, (j+1)k}, and
let (Tj)i1,i2,...,il+c

j1,j2,...,jl
be an (l+c)× l submatrix of Tj. Then, the following are equivalent:

1. (Tj)i1,i2,...,il+c

j1,j2,...,jl
is trivially rank deficient.

2. (Tj)i1+c,i2+c,...,il+c

j1,j2,...,jl
is trivially rank deficient.

3. The inequality

jt >
⌈ it+c
n− k

⌉
k

holds for some t ∈ {1, . . . , l}.
Proof. For notational convenience, we set (Tj)īj̄ := (Tj)i1+c,i2+c,...,il+c

j1,j2,...,jl
and (Tj)ĩj̄ :=

(Tj)i1,i2,...,il+c

j1,j2,...,jl
.

1 =⇒ 2: Suppose (Tj)ĩj̄ is trivially rank deficient. Then, by definition, all
(
l+c
l

)
l × l submatrices of (Tj)ĩj̄ are trivially rank deficient. In particular, (Tj)īj̄ is trivially
rank deficient.

2 =⇒ 3: Suppose that (Tj)īj̄ is trivially rank deficient. We first use induction
on l to prove that (Tj)īj̄ is lower block triangular and has a 0 on its diagonal. If

l = 1 and (Tj)īj̄ is trivially rank deficient, then the claim is trivially true. Suppose l
satisfies 2 ≤ l ≤ min{(j + 1)(n − k) − c, (j + 1)k}, that the induction hypothesis is
satisfied for 1, 2, . . . , l − 1, and that (Tj)īj̄ is trivially rank deficient. If (Tj)il+c

j1
= 0,

then every entry in (Tj)īj̄ is 0, and thus all diagonal entries are 0. If (Tj)il+c

j1
�= 0,

then let xι be the indeterminate corresponding with (Tj)il+c

j1
when Tj is viewed over

R in the manner described before Definition 3.2. Notice that, when (Tj)īj̄ is viewed
in this way, the indeterminate xι appears exactly once. Since xι is transcendental
over K(x1, . . . , xι−1), doing a cofactor expansion along the first column of (Tj)īj̄ (still
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viewing (Tj)īj̄ over R) shows that the (l − 1) × (l − 1) submatrix (Tj)i1+c,i2+c,...,il−1+c

j2,j3,...,jl

is trivially rank deficient. By the induction hypothesis, (Tj)i1+c,i2+c,...,il−1+c

j2,j3,...,jl
is lower

block triangular and has a 0 on its diagonal. It follows that there is an integer h
satisfying 1 ≤ h ≤ l − 1 such that (Tj)ih+c

jh+1
= 0. This, in turn, means that (Tj)īj̄ is

lower block triangular. Because we assumed that (Tj)īj̄ is trivially rank deficient, it

follows that at least one of (Tj)i1+c,i2+c,...,ih+c

j1,j2,...,jh
and (Tj)ih+1+c,ih+2+c,...,il+c

jh+1,jh+2,...,jl
is trivially

rank deficient. By the induction hypothesis, at least one of these submatrices is lower
block triangular and has a 0 on its diagonal. As the diagonals of these submatrices
lie on the diagonal of (Tj)īj̄ , the claim follows.

Next, we note that the diagonal entries of (Tj)īj̄ are the entries (Tj)i1+c

j1
, (Tj)i2+c

j2
,

. . . , (Tj)il+c

jl
. From the structure of Tj , it is clear that, when (Tj)īj̄ is viewed over R, a

diagonal entry (Tj)it+c

jt
is 0 if and only if

jt >
⌈ it+c
n− k

⌉
k.

It follows that

jt >
⌈ it+c
n− k

⌉
k

for some t ∈ {1, . . . , l}.
3 =⇒ 1: If

jt >
⌈ it+c
n− k

⌉
k

for some t ∈ {1, . . . , l}, then (Tj)īj̄ has a 0 on its diagonal and is lower block triangular.

(Tj)īj̄ is therefore trivially rank deficient. Let (Tj)w1,w2,...,wl

j1,j2,...,jl
be a submatrix of (Tj)ĩj̄ .

Since wt ≤ it+c,

jt >
⌈ wt
n− k

⌉
k

holds as well. As before, it follows that (Tj)w1,w2,...,wl

j1,j2,...,jl
is trivially rank deficient.

Consequently, all
(
l+c
l

)
l × l submatrices of (Tj)ĩj̄ are trivially rank deficient, so that

(Tj)ĩj̄ is trivially rank deficient.
We next characterize the MDP and sMDS properties in terms of trivial rank

deficiency. We denote by r the difference of the generalized Singleton bound and the
upper bound for the Lth column distance:

r := (n− k)
(⌊ δ
k

⌋
+ 1

)
+ δ + 1 −

(⌊ δ
k

⌋
+
⌊ δ

n− k

⌋
+ 1

)
(n− k) − 1

= δ −
⌊ δ

n− k

⌋
(n− k).

Note that r is the remainder of δ on division by n− k. If r = 0, then L = M , and a
code is MDP if and only if it is sMDS. This case was considered in [8] and [11], so we
will assume that r ∈ {1, . . . , n− k − 1}. In this situation, M = L+ 1.

Theorem 3.4. Let (A,B,C,D) ∈ Sδk,n and C be the (n, k, δ)-code represented by
(A,B,C,D). Then, C is an MDP code if and only if every square submatrix of TL
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that is not trivially rank deficient has full rank. C is an sMDS code if and only if, for
every integer l satisfying 1 ≤ l ≤ min{(M + 1)(n− k)− (n− k− r), (M +1)k}, every
submatrix (TM )i1,i2,...,il+n−k−r

j1,j2,...,jl
that is not trivially rank deficient has full rank.

Proof. The first statement is [11, Corollary 2.5]. Next we consider the second
statement.

⇐=: Suppose that

v :=
[
yT0 yT1 . . . yTM uT0 uT1 · · · uTM

]T
is formed from the first M+1 vectors of a finite-weight sequence for (A,B,C,D) with
u0 �= 0, so that the matrix equation⎡

⎢⎢⎢⎢⎢⎢⎢⎣

D 0 · · · · · · 0

CB D
. . .

...

−I(M+1)(n−k) CAB CB
. . . . . .

...
...

...
. . .

. . . 0
CAM−1B CAM−2B · · · CB D

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
v = 0

is satisfied, and denote the weight of

u :=
[
uT0 uT1 · · · uTM

]T
by w. For t ∈ {1, . . . , w}, let jt denote the position of the tth nonzero entry in u, and
let ū denote the vector obtained from u by deleting all of the zero entries. Suppose
that (TM )ĩ

j̄
:= (TM )i1,i2,...,iw+n−k−r

j1,j2,...,jw
is a submatrix of TM such that

(3.2) (TM )ĩj̄ ū = 0.

Since u0 �= 0, we have that

j1 ≤ k ≤
⌈ i1
n− k

⌉
k ≤

⌈ i1+n−k−r
n− k

⌉
k.

By Lemma 3.3, (TM )i1,i2,...,i1+n−k−r

j1
is not trivially rank deficient, so that it has full

rank. This means that at least one of its entries is nonzero, and, since (3.2) holds, it
follows that

j2 ≤
⌈ i1+n−k−r

n− k

⌉
k ≤

⌈ i2+n−k−r
n− k

⌉
k.

By Lemma 3.3, (TM )i1,i2,...,i2+n−k−r

j1,j2
is not trivially rank deficient, so that it has full

rank. Consequently, at least one 2×2 minor of (TM )i1,i2,...,i2+n−k−r

j1,j2
is nonzero. Again,

since (3.2) holds, it follows that

j3 ≤
⌈ i2+n−k−r

n− k

⌉
k ≤

⌈ i3+n−k−r
n− k

⌉
k.

Continuing, we see that, for t ∈ {1, . . . , w},

jt ≤
⌈ it+n−k−r

n− k

⌉
k.
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A final application of Lemma 3.3 gives that (TM )ĩ
j̄

is not trivially rank deficient. By

hypothesis, it must have full rank, which contradicts the hypothesis that (TM )ĩ
j̄
ū = 0.

Consequently, at most w+n−k−r−1 rows of (TM )ĩ
j̄
are in the left kernel of ū. It follows

that v has weight at least w+((M+1)(n−k)−(w+n−k−r−1)) = M(n−k)+1+r =
(L+ 1)(n− k) + 1 + r, which means that dcM (C) ≥ (L + 1)(n− k) + 1 + r. Recalling
Proposition 2.6 and the definition of r, we conclude that dcM (C) = (L+1)(n−k)+1+r,
so that C is sMDS.

=⇒: We prove the contrapositive. Suppose that the matrix (3.1) has a (w + n−
k− r)×w submatrix (TM )ĩ

j̄
:= (TM )i1,i2,...,iw+n−k−r

j1,j2,...,jw
that is not trivially rank deficient

and that has less than full rank. There then exists a vector (TM )ĩ
j̄
ū �= 0 of weight

w′ ≤ w such that ū = 0. Let

u :=
[
uT0 uT1 · · · uTM

]T ∈ F
Mk

be the vector in which the jtth entry is the tth entry of ū and all other entries are
zero; because of the block Toeplitz structure of TM , we may assume that u0 �= 0.
Using (2.1), we form the vector

v :=
[
yT0 yT1 · · · yTM uT0 uT1 · · · uTM

]T
.

Because [−I(M+1)(n−k) | TM ]v = 0, the weight of v is at most w′ + (M + 1)(n− k) −
(w−n−k−r) ≤ (M+1)(n−k)−(n−k−r) = (L+1)(n−k)+r < (L+1)(n−k)+r+1.
We may choose additional information vectors uM+1, . . . , ud so that xd = 0 (see, for
example, [2]); in other words, it is possible to extend v to a finite-weight sequence for
(A,B,C,D) with weight less than the generalized Singleton bound. Thus, dcM (C) <
(L+ 1)(n− k) + r + 1, so that C is not an sMDS code.

Theorem 3.4 gives polynomial conditions on the entries of a realization (A,B,C,D)
∈ Sδk,n that may be used to determine whether or not the convolutional code these
matrices represent has the MDP and sMDS properties. In the next section, we use this
information to show that we can find a realization (A,B,C,D) ∈ Sδk,n representing
an (n, k, δ)-code that has the MDP and sMDS properties.

4. Proof of the existence of sMDS convolutional codes. Recall that we
defined the block matrices making up TM in terms of matrices (A,B,C,D). In this
section, we will work in the opposite direction. Let {F0, F1, . . . , Fj} be a sequence of
matrices in K

(n−k)×k. Slightly abusing notation, we set

(4.1) Tj :=

⎡
⎢⎢⎢⎢⎣
F0 0 · · · 0

F1 F0
. . .

...
...

...
. . . 0

Fj Fj−1 · · · F0

⎤
⎥⎥⎥⎥⎦ .

The plan is to show the existence of a sequence {F0, F1, . . . , FM} of matrices in
K

(n−k)×k such that
1. TM has the property that, for all integers l with 1 ≤ l ≤ min{(M+1)(n−k)−

(n−k−r), (M+1)k}, every submatrix (TM )i1,i2,...,il+n−k−r

j1,j2,...,jl
that is not trivially

rank deficient has full rank;
2. there is a minimal partial realization (A,B,C,D) ∈ Sδk,n of this matrix se-

quence (this means that D = F0 and CAi−1B = Fi for 1 ≤ i ≤M).
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The matrices (A,B,C,D) will represent the desired code. We begin with the following
lemma.

Lemma 4.1. There exists a sequence {F0, F1, . . . , FL} of matrices in K
(n−k)×k

such that every square submatrix of TL that is not trivially rank deficient has full
rank.

Proof. Note that we may think of such a matrix sequence {F0, F1, . . . , FL} as a
point in K

(L+1)(n−k)k. To begin, think of the matrix (4.1) with j = L as being defined
over the polynomial ring K[x1, x2, . . . , x(L+1)(n−k)k], the entries corresponding with
the indeterminates of this ring in a manner analogous to that in the previous section.
When viewed in this way, the determinant of a square submatrix of TL that is not
trivially rank deficient is a nonzero polynomial in K[x1, x2, . . . , x(L+1)(n−k)k], and
there is a finite number of such polynomials. The solution sets of these polynomials
make up a proper algebraic subset of K

(L+1)(n−k)k, the complement of which is a
nonempty Zariski open set. Choose {F0, . . . , FL} to be a point in this open set.

To determine the degree of a minimal partial realization of a matrix sequence
{F0, F1, . . . , FM}, we consider the matrices

Fx,y :=

⎡
⎢⎢⎢⎣
F1 F2 · · · Fy
F2 F3 · · · Fy+1

...
...

...
Fx Fx+1 · · · Fx+y−1

⎤
⎥⎥⎥⎦ .

In [22, Lemma 3], it is shown that the degree of a minimal partial realization of
{F0, F1, . . . , FM} is given by the expression

(4.2)
M∑
x=1

rankFx,M+1−x −
M−1∑
x=1

rankFx,M−x.

The next results show that, starting with a matrix sequence {F0, F1, . . . , FL} as de-
scribed in Lemma 4.1, we can find a matrix FM so that the expression (4.2) evaluates
to δ.

Lemma 4.2. Let {F0, . . . , FM} be a sequence of matrices in K
(n−k)×k such that

every square submatrix of TL that is not trivially rank deficient has full rank. Then,
1. for x ∈ {1, . . . ,M − 1}, rankFx,M−x = min{x(n− k), (M − x)k}.
2. If rankFx,M+1−x < min{x(n − k), (M + 1 − x)k}, then x = �M k

n�. If
x ∈ {1, . . . ,M}\{�M k

n�}, then rankFx,M+1−x = min{x(n−k), (M+1−x)k}.
3. Set x̄ := �M k

n�. The expression (4.2) reduces to rankFx̄,M+1−x̄.
Proof. To verify the first claim, observe that Fx,M−x differs by a column permu-

tation from a submatrix of TL that has full rank.
For the second claim, suppose first that x(n−k) ≤ (M+1−x)k. The hypothesis is

then that rankFx,M+1−x < x(n−k). If x < M , it follows from 1 that rankFx,M−x =
min{x(n − k), (M − x)k}, which means that x(n − k) > (M − x)k. Together, this
gives

(M − x)k < x(n− k) ≤ (M + 1 − x)k

(note that the first inequality also holds if x = M). This can be rewritten as

M
k

n
< x ≤ (M + 1)

k

n
.
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If we suppose instead that (M + 1 − x)k ≤ x(n− k), similar reasoning leads to

(M + 1)
k

n
≤ x < M

k

n
+ 1.

In all, we have

M
k

n
< x < M

k

n
+ 1.

Since x is an integer, x = �M k
n�. The second statement follows immediately.

The third claim follows directly from the first two, since x < x̄ =⇒ x(n− k) <
(M − x)k and x > x̄ =⇒ x(n− k) > (M + 1 − x)k.

Theorem 4.3. Let {F0, . . . , FL} be a sequence of matrices in K
(n−k)×k such that

every square submatrix of TL that is not trivially rank deficient has full rank. Then,
one can find a matrix FM ∈ K

(n−k)×k such that
1. the matrix

Fx̄,M+1−x̄ =

⎡
⎢⎢⎢⎣
F1 F2 · · · FM+1−x̄
F2 F3 · · · FM+2−x̄
...

...
...

Fx̄ Fx̄+1 · · · FM

⎤
⎥⎥⎥⎦

has rank δ;
2. the matrix TM has the property that, for every integer l with 1 ≤ l ≤

min{(M+1)(n−k)−(n−k−r), (M+1)k}, every submatrix (TM )i1,i2,...,il+n−k−r

j1,j2,...,jl
that is not trivially rank deficient has full rank.

Proof. We may write

δ =
⌊ δ

n− k

⌋
(n− k) + r =

⌊ δ
k

⌋
k + r′,

where 1 ≤ r < n− k and 0 ≤ r′ < k. Since

M = L+ 1 =
⌊ δ

n− k

⌋
+
⌊ δ
k

⌋
+ 1,

we see that

Mk

n
=

⌊ δ

n− k

⌋k
n

+
⌊ δ
k

⌋k
n

+
k

n
=

⌊ δ

n− k

⌋
−
⌊ δ

n− k

⌋n− k

n
+
⌊ δ
k

⌋k
n

+
k

n

=
⌊ δ

n− k

⌋
− δ − r

n
+
δ − r′

n
+
k

n
=

⌊ δ

n− k

⌋
+
k − r′ + r

n
.

Since 1 < k − r′ + r < n, we have � δ
n−k � = x̄− 1, so that δ = (x̄− 1)(n− k) + r and

Mk

n
= x̄− 1 +

k − r′ + r

n
.

Multiplying both sides by n and subtracting x̄k from both sides, we get

(M − x̄)k = (x̄− 1)(n− k) + r − r′ = δ − r′,

from which it follows that (M − x̄)k ≤ δ. Since r′ < k, it also follows that δ <
(M + 1 − x̄)k.
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We next want to see that we may find a matrix FM as described in the statement
of the theorem. We first consider the top r rows of FM . Using the same reasoning
as in the proof of Lemma 4.1, we may find elements of K to form these top r rows so
that all square submatrices of the top M(n− k) + r rows of TM that are not trivially
rank deficient have full rank. In particular, all square submatrices of the top δ rows
of Fx̄,M+1−x̄ have full rank. Denote the r × k matrix consisting of these r rows by
F ′M . Since δ < (M + 1 − x̄)k, rankFx̄,M+1−x̄ ≥ δ will hold regardless of how the
entries of the bottom n− k− r rows of FM are chosen. To find entries for these rows
so that rankFx̄,M+1−x̄ = δ, consider the top δ rows of Fx̄,M−x̄. Since δ ≥ (M − x̄)k,
we may choose M − x̄ of these δ rows to form an (M − x̄)k × (M − x̄)k submatrix
that necessarily has full rank. This means that the last n − k − r rows of Fx̄,M−x̄
may each be expressed as a linear combination of the rows of our chosen submatrix.
Consequently, we may take the last n − k − r rows of FM to be the corresponding
linear combinations of the rows of ⎡

⎢⎢⎢⎣
FM+1−x̄
FM+2−x̄

...
F ′M

⎤
⎥⎥⎥⎦

extending the rows of our chosen submatrix. With this, we have found an FM so that
rankFx̄,M+1−x̄ = δ.

Suppose finally that (TM )ī
j̄

:= (TM )i1,i2,...,il+n−k−r

j1,j2,...,jl
is a submatrix of TM that is not

trivially rank deficient and does not have full rank. Then, in particular, (TM )i1,i2,...,ilj1,j2,...,jl

does not have full rank. Since (TM )i1,i2,...,ilj1,j2,...,jl
is contained in the top M(n − k) + r

rows of TM , it must be trivially rank deficient. By Lemma 3.3, there exists a smallest
integer t ∈ {1, . . . l} such that

jt >
⌈ it
n− k

⌉
k.

Since (TM )ī
j̄

is not trivially rank deficient, it also follows from Lemma 3.3 that

jτ ≤
⌈ iτ+n−k−r

n− k

⌉
k ∀ τ ∈ {1, . . . , l},

so that (TM )ĩ
j̄

:= (TM )it+n−k−r ,it+1+n−k−r,...,il+n−k−r

jt,jt+1,...,jl
is not trivially rank deficient.

Since jt > k, (TM )ĩ
j̄

must be a submatrix of TL, which means that (TM )ĩ
j̄

has full rank.

Recalling how t was chosen, we see that (TM )ī
j̄

has full rank. This is a contradiction.
We conclude that if a submatrix (TM )ī

j̄
is not trivially rank deficient, then it has full

rank.
Corollary 4.4. Let {F0, . . . , FM} be as in Theorem 4.3. Then, the expression

(4.2) evaluates to δ.
We are now ready to finish our existence proof.
Theorem 4.5. An MDP and sMDS (n, k, δ)-code exists over a sufficiently large

finite field of characteristic p.
Proof. By Lemma 4.1 and Theorem 4.3, we can find a sequence {F0, . . . , FM} of

matrices in K
(n−k)×k such that

1. every square submatrix of TL that is not trivially rank deficient has full rank;
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2. every (l + n− k − r) × l submatrix of TM that is not trivially rank deficient
has full rank;

3. the minimum possible degree of a partial realization of {F0, . . . , FM} is δ.
Since there are a finite number of entries in the matrices {F0, . . . , FM}, the entries
all belong to some finite subfield F of K. From [22, Theorem 1], there is a min-
imal realization (A,B,C,D) ∈ Sδk,n of the sequence {F0, . . . , FM} with entries in
F. By Theorem 3.4, the (n, k, δ)-code represented by (A,B,C,D) is both MDP and
sMDS.

With this, we have shown that the conjecture in [8] that codes having both the
MDP and sMDS properties exist for all parameters (n, k, δ) is correct. It is still an
open problem as to how one may construct matrices of the form (3.1) leading to codes
with these properties, and this must be left for future research.
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1999.
[6] M. Fliess, On the structure of linear recurrent error-control codes, ESAIM Control Optim.

Calc. Var., 8 (2002), pp. 703–713.
[7] G. D. Forney, Jr., Minimal bases of rational vector spaces, with applications to multivariable

linear systems, SIAM J. Control, 13 (1975), pp. 493–520.
[8] H. Gluesing-Luerssen, J. Rosenthal, and R. Smarandache, Strongly MDS convolutional

codes, IEEE Trans. Inform. Theory, 52 (2006), pp. 584–598.
[9] H. Gluesing-Luerssen and W. Schmale, On cyclic convolutional codes, Acta Appl. Math.,

82 (2004), pp. 183–237.
[10] C. N. Hadjicostis, Non-concurrent error detection and correction in fault-tolerant linear

finite-state machines, IEEE Trans. Automat. Control, 48 (2003), pp. 2133–2140.
[11] R. Hutchinson, J. Rosenthal, and R. Smarandache, Maximum distance profile convolu-

tional codes, Systems Control Lett., 54 (2004), pp. 53–63.
[12] R. Johannesson and K. Zigangirov, Distances and distance bounds for convolutional codes—

an overview, in Topics in Coding Theory. In Honour of L. H. Zetterberg, Lecture Notes in
Control and Inform. Sci. 128, Springer-Verlag, Berlin, 1989, pp. 109–136.

[13] R. Johannesson and K. Sh. Zigangirov, Fundamentals of Convolutional Coding, IEEE Press,
New York, 1999.

[14] B. Langfeld, Minimal Cyclic Convolutional Codes, Diploma thesis, University of Oldenburg,
Oldenburg, Germany, 2003.

[15] V. Lomadze, Finite-dimensional time-invariant linear dynamical systems: Algebraic theory,
Acta Appl. Math., 19 (1990), pp. 149–201.

[16] R. J. McEliece, The algebraic theory of convolutional codes, in Handbook of Coding Theory,
Vol. 1, Elsevier, Amsterdam, 1998, pp. 1065–1138.

[17] J. Rosenthal, J. M. Schumacher, and E. V. York, On behaviors and convolutional codes,
IEEE Trans. Inform. Theory, 42 (1996), pp. 1881–1891.

[18] J. Rosenthal and R. Smarandache, Maximum distance separable convolutional codes, Appl.
Algebra Engrg. Comm. Comput., 10 (1999), pp. 15–32.

[19] J. Rosenthal and E. V. York, BCH convolutional codes, IEEE Trans. Inform. Theory, 45
(1999), pp. 1833–1844.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2826 RYAN HUTCHINSON

[20] J. Rosenthal, Connections between linear systems and convolutional codes, in Codes, Systems
and Graphical Models, IMA Vol. Math. Appl. 123, B. Marcus and J. Rosenthal, eds.,
Springer-Verlag, New York, 2001, pp. 39–66.

[21] R. Smarandache, H. Gluesing-Luerssen, and J. Rosenthal, Constructions for MDS-
convolutional codes, IEEE Trans. Inform. Theory, 47 (2001), pp. 2045–2049.

[22] A. J. Tether, Construction of minimal linear state–variable models from finite input–output
data, IEEE Trans. Automat. Control, 15 (1970), pp. 427–436.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. CONTROL OPTIM. c© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 6, pp. 2827–2856

MINIMAL TIME SEQUENTIAL BATCH REACTORS WITH
BOUNDED AND IMPULSE CONTROLS FOR ONE OR MORE

SPECIES∗

P. GAJARDO† , H. RAMÍREZ C.‡ , AND A. RAPAPORT§

Abstract. We consider the optimal control problem of feeding in minimal time a tank where
several species compete for a single resource, with the objective being to reach a given level of the
resource. We allow controls to be bounded measurable functions of time plus possible impulses. For
the one-species case, we show that the immediate one-impulse strategy (filling the whole reactor
with one single impulse at the initial time) is optimal when the growth function is monotonic. For
nonmonotonic growth functions with one maximum, we show that a particular singular arc strategy
(precisely defined in section 3) is optimal. These results extend and improve former ones obtained for
the class of measurable controls only. For the two-species case with monotonic growth functions, we
give conditions under which the immediate one-impulse strategy is optimal. We also give optimality
conditions for the singular arc strategy (at a level that depends on the initial condition) to be optimal.
The possibility for the immediate one-impulse strategy to be nonoptimal while both growth functions
are monotonic is a surprising result and is illustrated with the help of numerical simulations.

Key words. minimal time problem, chemostat, Hamilton–Jacobi–Bellman equation, Pontrya-
gin’s minimum principle, impulse control
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DOI. 10.1137/070695204

1. Introduction. Sequential batch reactors (SBR) are often used in biotechno-
logical industries, notably in waste-water treatment. Typically, a tank is filled with
activated sludge or biological microorganisms capable of degrading some undesirable
substrate. The method then consists of a sequence of cycles composed of three phases:

- Phase 1: Filling the reactor with water to be treated,
- Phase 2: Waiting for the concentration of the undesirable substrate to de-

crease until a given (low) concentration,
- Phase 3: Emptying the clean water from the reactor, leaving the sludge inside.

The time necessary to achieve such cycles can be substantially long and can have
an economic impact on the overall process. Manipulating the input flow during the
filling phase clearly has an influence on the total duration of the cycle (more precisely,
the duration of Phases 1 and 2, the duration of Phase 3 being fixed). But the nonlinear
kinetics of the biological reactions do not always make easy the determination of the
input flow strategy that minimizes the total time obvious.

Very similar problems (optimizing the production of biomass at a fixed terminal
time) have already been tackled with the help of optimal control theory [1, 11, 10],
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which has led to computational methods [30, 12]. For models with one biological
species, a solution of the minimal time problem has been proposed by Moreno in
[20] for monotonic as well as nonmonotonic kinetics. It has been proved that, for
monotonic growth functions, such as the Monod law (see [29]), the optimal solution
consists of a most rapid approach strategy, namely, filling the tank up to its maximum
capacity as fast as possible and then waiting. For nonmonotonic growths with one
maximum, such as the Haldane law (see [29]), a singular arc strategy which consists
of maintaining the resource level that maximizes the growth function for most of the
time, have been proved to be optimal. The optimality proofs are based on a technique
due to Miele [13] using Green’s theorem. More precisely, proofs rely on a reformulation
of the problem in a planar one.

In the present work, we consider minimal time problems where more than one
species can compete for the same substrate. For these cases, the problem cannot
be reformulated into a planar one, and the technique mentioned above does not ap-
ply. Nevertheless, we are interested in characterizing biological systems for which the
most rapid approach strategy is again optimal. We are also interested in identifying
conditions for which a singular arc strategy could be optimal.

We shall allow adding unbounded or impulsive controls to the usual measurable
bounded controls. The practical motivation for such a consideration comes from
the fact that a bounded measurable control can be incorporated into a device that
tunes the speed of a pump over a certain range, while an unbounded control can be
assimilated to an instantaneous dilution of a positive volume, as in [9]. A similar
optimal control problem for fed-batch processes has been studied in [32] but for a
fixed terminal time and a final cost. A characterization of minimal time functions
with impulse controls and state constraints has been proposed in [7, 26]. In [7], some
restrictive conditions are considered on the jumps that do not apply to the present
problem. In [26], the minimal time function is characterized but as a function of a
bound on the total variation allowed on the unbounded control. For related results
concerning the regularity of the value function for minimal time problems, see [24]
and the references therein.

For our problem with a scalar control, we use a smooth time parameterization
in the spirit of [33] and [34], which differs from more general approaches that use
discontinuous time transformation (see, for instance, [3, 8, 14, 15, 16, 18, 19] or [35]).
The possibility of immediately reaching the target with a single jump has also led
us to extend the definition of the singular arc strategy to the framework of impulse
controls.

Even though the main contribution of this paper is the analysis of the two species
case, it is worth noting that the former results of Moreno [20] for the one-species case
without impulse controls did not consider the parametric configuration s� < sout (the
notation will be defined in section 3). This case leads to more complicated optimal
trajectories, as we shall show. Furthermore, we provide an explicit expression for the
value function for any parametric configuration.

The paper is organized as follows. In the next section, we state the minimal time
problem with impulse control and give an equivalent formulation with measurable
controls. In section 3, we define the one-impulse and singular arc strategies. Section 4
characterizes the cost of the one-impulse strategy, which plays an important role in the
following sections. Section 5 gives the Hamilton–Jacobi formulation of the problem
and states optimality results for the strategies presented in section 3. The use of the
minimum principle is presented in section 6. Finally, applications to the one- and
two-species cases are given in sections 7 and 8, respectively.
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2. Formulation of the problem. The dynamics of an SBR with several species
can be described by the following set of ordinary differential equations (see [29]):

(2.1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ẋi = μi(s)xi −

F

v
xi, xi(t0) = yi (i = 1 · · ·n),

ṡ = −
n∑
j=1

μj(s)xj +
F

v
(sin − s), s(t0) = z,

v̇ = F, v(t0) = w,

where xi, s, and v stand, respectively, for the concentration of the ith species, the
concentration of the substrate, and the current volume of water present in the tank.
The parameter sin > 0 is a constant which represents the substrate concentration in
the input flow. The growth functions μi(·) are nonnegative smooth functions such
that μi(0) = 0, and the input flow F is a nonnegative control variable.

Given a (desirable) substrate concentration sout ∈]0, sin[ and a volume (of the
reactor) vmax > 0, consider the domain D = (Rn+ \ {0})×]0, sin]×]0, vmax[ and the
target T = R

n
+×]0, sout] × {vmax}. From any initial condition ξ = (y, z, w) in D at

time t0, the objective is to reach T in minimal time. Let us write V (·) the value
function of the problem

(2.2) V (ξ) = inf
F (·)

{
t− t0 | st0,ξ,F (t) ≤ sout , v

t0,ξ,F (t) = vmax

}
,

where st0,ξ,F (·), vt0,ξ,F (·) denote solutions of (2.1), with initial condition ξ ∈ D at
time t0 and control F (·).

We allow here F (·) to be a nonnegative measurable function plus possible positive
impulses. The question of the proper treatment of optimal control problems with
unbounded or impulse controls has already been studied in the literature (see [5, 6,
8, 14, 15, 17, 18, 19, 21, 22, 23, 26, 27, 35]). Instead of an ordinary control F (·),
we consider a measure dF (·) that we decompose into a sum of a measure absolutely
continuous with respect to the Lebesgue measure u(t)dt and a singular or impulsive
part dσ (see [33, 34]):

(2.3) dF (t) = u(t)dt+ dσ.

Here, u(·) is a measurable nonnegative control that we impose to be bounded from
above by umax, because it corresponds to the use of a pump device. At time t, the
nonnegative impulse dσ corresponds to an (instantaneous) addition of volume from
v−(t) to v+(t). When dσ is nonnull, it implies that the concentrations xi and s jump
as follows: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
x+
i (t) = x−i (t)

v−(t)
v+(t)

,

s+(t) = s−(t)
v−(t)
v+(t)

+ sin

(
1 − v−(t)

v+(t)

)
.

Notice that such a jump is equivalent to integrate the dynamics

(2.4)
dxi
dτ

= −u
v
xi,

ds

dτ
=
u

v
(sin − s),

dv

dτ
= u,

from τ− to τ+, with any regular nonnegative control u(·) bounded from above by
umax, provided that the integral constraint is fulfilled:

(2.5)
∫ τ+

τ−
u(τ)dτ = v+(t) − v−(t).
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r=0

r=0

r=1

r=1

r=1

τ

t

jump jump

Fig. 2.1. Time parameterization.

Consider then a time parameterization τ ≥ t0 such that dt = r(τ)dτ (see Figure 2.1),
where

r(τ) =
{

1 when dF is absolutely continuous (a.c.) at t(τ),
0 otherwise.

Then, dynamics (2.1) with dF regular, and dynamics (2.4) with nonnull dσ can be
gathered into the system

(2.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dxi
dτ

= rμi(s)xi −
u

v
xi (i = 1 · · ·n),

ds

dτ
= −r

n∑
j=1

μj(s)xj +
u

v
(sin − s),

dv

dτ
= u,

where the controls u(·) and r(·) are sought among measurable functions w.r.t. τ , taking
values in [0, umax] and {0, 1}, respectively. Notice that, in this formulation, u(·) plays
both the role of an ordinary control when r = 1 and the control of the amplitude of
the jump (2.5) when r = 0, with the same single constraint u ∈ [0, umax].

Remark 1. We could have considered two distinct controls, as in [18], for instance,
if we write the system (2.1) as

Ẋ(t) = f(X(t)) + F (t)g(X(t)),

where X = (xi, s, v), i = 1, . . . , n and functions f and g are suitably chosen to be
compatible with the dynamics (2.1), we could consider

Ẋ(t) = f(X(t)) + (u1(t) + u2(t))g(X(t)),

with u1 a measurable nonnegative bounded (by umax) control and u2 is an unbounded
nonnegative control.
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In this framework, the time reparametrization dt = rdτ , with r ∈ [0, 1], leads to
the dynamics

(2.7)
dX

dτ
= r(τ)[f(X(τ)) + u1(τ)g(X(τ))] + (1 − r(τ))w2(τ)g(X(τ)),

with u1 and w2 nonnegative bounded controls. One can also require w2 to be bounded
by the same bounds umax as u1, where u1(τ)r(τ)dτ = u1(t)dt and (1−r(τ))w2(τ)dτ =
du2(t). The dynamics (2.7) is equivalent to

dX

dτ
= r(τ)f(X(τ)) + u(τ)g(X(τ)),

where u = ru1 + (1 − r)w2 belongs to [0, umax].
Remark 2. Since one can always take r = 0 and u = 0 on an arbitrarily large

τ -interval without modifying the total time
∫ τ
t0
r(θ)dθ, the minimal time problem has

no unique solution. Hence, without loss of generality, we will be only interested in
controls that never take null values simultaneously, that is, satisfying r(τ) �= 0 or
u(τ) �= 0 for all time τ .

Let us define the set of admissible controls by

(2.8) C = {(u, r) : [0,+∞) �→ [0, umax] × {0, 1} \ {(0, 0)} Lebesgue measurable} ,

and let us write now V (·) the value function of the reformulated problem (2.6)

(2.9) V (ξ) = inf
(u,r)(·)∈C

{∫ τ

t0

r(θ)dθ | st0,ξ,u,r(τ) ≤ sout , v
t0,ξ,u,r(τ) = vmax

}
,

where st0,ξ,u,r(·), vt0,ξ,u,r(·) denote solutions of (2.6), with initial condition ξ ∈ D at
time t0 and controls u(·) and r(·).

Remark 3. Any trajectory of the dynamics (2.6) with initial condition ξ =
(y, z, w) ∈ D lies in the region defined by

(2.10) ρ(ξ) = v

⎛
⎝ n∑
j=1

xj + s− sin

⎞
⎠ = w

⎛
⎝ n∑
j=1

yj + z − sin

⎞
⎠ .

By using the above fact, one can write the variable s in terms of the other variables
as follows:

(2.11) s =
ρ(ξ)
v

−
n∑
j=1

xj + sin.

This is a key step in the approach used in Moreno [20] that reformulates the problem
with one species in a planar one. However, since it does not simplify our results, we
shall work with all of the variables. In the proof of Proposition 7.4 only, equality
(2.11) will be used.

3. The one-impulse and singular arc strategies. From an initial state ξ =
(y, z, w) ∈ D at time t0, we define the immediate one impulse strategy (that we shall
denote IOI strategy in the following), which consists in making the following:

1. An impulse of volume vmax − w at t0. This can be achieved by r(τ) = 0,
u(τ) = umax, for τ ∈ [t0, t0 + (vmax − w)/umax].

2. A null control (no feeding) until the concentration s(τ) reaches sout.
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For convenience, we shall denote by ỹ(ξ) and z̃(ξ) the concentrations obtained
with an impulse of volume vmax − w from a state ξ = (y, z, w) ∈ D :

(3.1) ỹ(ξ) = y
w

vmax
, z̃(ξ) = z

w

vmax
+ sin

(
1 − w

vmax

)
.

Notice that, for the particular case z̃(ξ) ≤ sout, the first step only is used.
A second strategy considered in this paper is defined as follows. Consider a time

t0, a state ξ = (y, z, w) ∈ D, a level substrate s̄ in ]0, sin[, and define the quantity

(3.2) s†(s̄, w) = sin − (sin − max(s̄, sout))
vmax

w
.

The singular arc strategy on the level s̄, denoted by SA(s̄), consists of the following
steps.

1. First step:
a. If z > s†(s̄, w) and z < s̄, make an impulse of volume w(s̄− z)/(sin− s̄)

at t0. This can be achieved by r(τ) = 0 and u(τ) = umax, for τ ∈ [t0, t̄],
where t̄ = t0 + w(s̄ − z)/umax(sin − s̄) (then s and v jump to s̄ and
v̄ = w(sin − z)/(sin − s̄) ≤ vmax, respectively).

b. If z ≥ s̄ and z > s†(s̄, w), apply a null control (no feeding) until the con-
centration s(·) reaches the value max(s̄, s†(s̄, w)), i.e., r(τ) = 1, u(τ) = 0
for τ ∈ [t0, t̄], where t̄ is such that st0,y,z(t̄) = max(s̄, s†(s̄, w)) and
st0,y,z(·) is the solution of the free dynamics

(3.3)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dxi
dτ

= μi(s)xi, xi(t0) = yi (i = 1 · · ·n),

ds

dτ
= −

n∑
j=1

μj(s)xj , s(t0) = z.

c. If z ≤ s†(s̄, w), make an impulse of volume vmax−w and go the the third
step.

2. Second step:
a. If the current state s is equal to s̄, make a singular arc1 by taking
r(τ) = 1 and a suitable control u(·) ensuring s(τ) = s̄ for any τ ∈ (t̄, T̃ ],
where T̃ is such that v(T̃+) = v†(s̄) and the volume v†(s̄) is defined as
follows:

(3.4) v†(s̄) = vmax min
(

1,
sin − sout
sin − s̄

)
.

If v†(s̄) < vmax (or, equivalently, s̄ < sout), then make an impulse of
volume vmax − v†(s̄), and the process is finished. Otherwise, go to the
third step.

b. If the current state s is equal to s†(s̄, w), make an impulse of volume
vmax − w, and the process is finished.

3. Third step: Apply r = 1 and a null control u until the concentration s(·)
reaches sout.

1See [4, Part III Chapter 2] for a formal definition.
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curve s  (s,v)

out
s

v

maxv

target

ss

Fig. 3.1. The SA(s̄) synthesis when s̄ > sout.

Notice that z ≤ s†(s̄, w) implies that before reaching the substrate level s̄ with an
impulse of volume, one reaches the volume vmax. When z > s†(s̄, w) and s†(s̄, w) > s̄,
the variable s reaches the value s†(s̄, w) before s̄, and then an impulse drives directly
to the target.

Observe also that, in order to apply the singular arc strategy on s̄, imposing
ds/dτ = 0, the following constraint on the control u must be satisfied:

v

(sin − s̄)

n∑
j=1

μj(s̄)xj = u ≤ umax.

Since the maximum level of substrate on which one can apply a singular arc, starting
from ξ ∈ D, is given by z̃(ξ) defined in (3.1), a sufficient condition, on the initial
condition ξ, in order to guarantee the above inequality is to have

(3.5) M

(
ρ(ξ)

sin − z̃(ξ)
+ vmax

)
≤ umax,

where ρ(ξ) is defined by (2.10) and

M = max
s∈[0,sin]
j=1,...,n

μj(s).

Indeed, from the definition of ρ(ξ), one has

v

(sin − s̄)

n∑
j=1

μj(s̄)xj ≤M
v

(sin − s̄)

n∑
j=1

xj = M

(
ρ(ξ)
sin − s̄

+ v

)

≤M

(
ρ(ξ)

sin − z̃(ξ)
+ vmax

)
.

The synthesis of the SA(s̄) strategy is depicted on Figures 3.1 and 3.2, depending
on the position of s̄ relatively to sout.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2834 P. GAJARDO, H. RAMÍREZ C., AND A. RAPAPORT

curve s  (s,v)

s

v

v

s out

maxv

target

s

Fig. 3.2. The SA(s̄) synthesis when s̄ < sout.

Remark 4. An impulse of volume δw at time τ can be achieved by any control
law u(·) such that there exists δτ > 0 satisfying∫ τ+δτ

τ

u(θ)dθ = δw,

with r(θ) = 0 for θ ∈ [τ, τ + δτ ]. For the sake of simplicity, we shall systematically
take u(θ) = umax for θ ∈ [τ, τ + δw/umax].

4. The cost of the one-impulse strategies. We consider a family of functions
ϕc(·) defined on (Rn+ \ {0}) × R+ and parameterized by c > 0:

(4.1) ϕc(y, z) = inf
{
t− t0 | st0,y,z(t) ≤ c

}
,

where st0,y,z(·) is the solution of the free dynamics (3.3). A standard analysis of mini-
mal time problems shows that ϕc(·) are Lipschitz-continuous functions and solutions,
in the viscosity sense, of the partial differential equation (see, for instance, [2])

(4.2)
n∑
j=1

(∂yjϕc(y, z) − ∂zϕc(y, z))μj(z)yj + 1 = 0

on the domain (Rn+ \ {0}) × (c,+∞), with boundary conditions

(4.3) ϕc(. , z) = 0 ∀z ∈ (0, c].

The time cost of the IOI strategy can then be simply written in terms of the
above functions as follows:

TIOI(ξ) = ϕsout(ỹ(ξ), z̃(ξ)),(4.4)

where ỹ(ξ) and z̃(ξ) are given by (3.1).
Remark 5. Observe that the suboptimal IOI strategy has a finite time cost

TIOI(ξ) for a any initial condition ξ in the domain D. Consequently, the optimal
value V (ξ) is finite for any ξ in D.
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5. The Hamilton–Jacobi characterization. Let us define the Hamiltonian
as the mapping H : R

n
+ × [0, sin]× [0, vmax]× [0, umax]× [0, 1]×R

n×R×R → R given
by

(5.1)

H(x, s, v, u, r, p, k, q) = r+qu+k

⎛
⎝u
v
(sin − s) − r

n∑
j=1

xjμj(s)

⎞
⎠+

n∑
j=1

pjxj

(
rμj(s) −

u

v

)
.

The Hamilton–Jacobi–Bellman equation associated to minimal time problem with
dynamics (2.6) is

(5.2) min
u∈[0,umax]

min
r∈{0,1}

H(y, z, w, u, r, ∂yV (ξ), ∂zV (ξ), ∂wV (ξ)) = 0,

or equivalently

(5.3)

min

⎛
⎝0,

n∑
j=1

(∂yjV (ξ) − ∂zV (ξ))μj(z)yj + 1

⎞
⎠

+
umax

w
min

⎛
⎝0,−

n∑
j=1

∂yjV (ξ)yj + ∂zV (ξ)(sin − z) + ∂wV (ξ)w

⎞
⎠ = 0,

for any ξ ∈ D, with the boundary condition

(5.4) V (ξ) = 0 ∀ξ ∈ T .

Remark 6. Notice that the control variable r(·) does not take values in a convex
set. This does not a priori guarantee the existence of an admissible optimal trajectory
in C defined in (2.8). In the following, we prove the existence of optimal trajectories
by exhibiting particular strategies for which r(·) takes values 0 or 1.

It is straightforward to check that (5.3) is equivalent to a system of two partial
differential inequalities:

ΔrV (ξ) =
n∑
j=1

(∂yjV (ξ) − ∂zV (ξ))μj(z)yj + 1 ≥ 0,(5.5)

ΔuV (ξ) = −
n∑
j=1

∂yjV (ξ)yj + ∂zV (ξ)(sin − z) + ∂wV (ξ)w ≥ 0,(5.6)

independently of the upper bound umax.
Remark 7. Note that the situation when ΔrV and ΔuV are both strictly positive

corresponds to controls u = 0 and r = 0. Since we consider only controls in C (defined
in (2.8)), we obtain that inequalities (5.5)–(5.6) are equivalent to

min{ΔrV (ξ),ΔuV (ξ)} = 0.

As it is well known from the theory of first order Hamilton–Jacobi partial differen-
tial equation (p.d.e.) [2], the differentiability of the value function is not guaranteed.
Furthermore, in the present case, the uniqueness of the solution of system (5.4)–
(5.5)–(5.6) among smooth functions is not guaranteed either (one can easily check
that V ≡ 0 is always a solution). Nevertheless, one has the following result, providing
sufficient conditions for the existence of an optimal trajectory in C and the smoothness
of the value function.
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Proposition 5.1. If there exist
(a) a nonnegative continuous function V (·) that fulfills the boundary condition

(5.4) and such that at any ξ ∈ D, with V (ξ) > 0, V (·) is C1 and fulfills the
partial differential inequalities (5.5) and (5.6);

(b) two maps ξ �→ u�(ξ) ≥ 0, ξ �→ r�(ξ) ∈ {0, 1}, with

H(ξ, u�(ξ), r�(ξ),∇V (ξ)) = 0, ∀ξ ∈ D such that (s.t.) V (ξ) > 0,

r�(ξ) = 0, ∀ξ ∈ D s.t. V (ξ) = 0,

and such that the closed-loop dynamics

(5.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dxi
dτ

= r�(X(τ))μi(s)xi −
u�(X(τ))

v
xi (i = 1 · · ·n),

ds

dτ
= −r�(X(τ))

n∑
j=1

μj(s)xj +
u�(X(τ))

v
(sin − s),

dv

dτ
= u�(X(τ)),

admits an absolutely continuous solution X(·) = (x(·), s(·), v(·)) that reaches
the target in finite time, for any initial condition X(t0) = ξ ∈ D, then V (ξ)
is the value function (2.9) at any ξ ∈ D such that the solution of (5.7) fulfills
u�(X(τ)) ≤ umax for any τ ≥ t0 such that X(θ) /∈ T whatever is θ ∈ [t0, τ).

Proof. Fix an initial condition ξ ∈ D at time t0, and consider admissible controls
(r(·), u(·)) ∈ C such that the trajectoryX(·) = (x(·), s(·), v(·)) solution of system (2.6)
reaches the target in finite time, say, at time τc. Define then the function

V(τ) = V (X(τ)),

and consider the set N = {τ ∈ [t0, τc] | V(τ) > 0}. Clearly, V(·) is absolutely
continuous on N and one has

V(τc) − V(t0) =
∫
N
V ′(τ)dτ

=
∫
N
H(x(τ), s(τ), v(τ), u(τ), r(τ), ∂yV (X(τ)), ∂zV (X(τ)), ∂wV (X(τ)) − r(τ)dτ.

From (5.2), one deduces the inequality

V(τc) − V(t0) ≥ −
∫
N
r(τ)dτ,

and with the boundary condition (5.4),

V (ξ) = V(t0) ≤
∫
N
r(τ)dτ ≤

∫ τc

t0

r(τ)dτ.

This last inequality being valid for any admissible controls (u(·), r(·)), one deduces
that

inf
u(·), r(·)

{∫ τ

t0

r(θ)dθ | st0,ξ,u,r(τ) ≤ sout , v
t0,ξ,u,r(τ) = vmax

}
≥ V (ξ).
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Consider now the trajectory X�(·) solution of (5.7) that reaches the target at
time τ�c . The function V�(·) = V (X�(·)) and the set N � = {τ ∈ [t0, τ�c ] | V�(τ) > 0}
verify that

V�(τ�c ) = V�(t0) −
∫
N�

r�(τ)dτ = V�(t0) −
∫ τ�

c

t0

r�(τ)dτ.

We finally obtain

V (ξ) = V�(t0) =
∫ τ�

c

t0

r�(τ)dτ

≥ inf
u(·), r(·)

{∫ τ

t0

r(θ)dθ | st0,ξ,u,r(τ) ≤ sout , v
t0,ξ,u,r(τ) = vmax

}
,

which proves that V (·) is the value function.
Remark 8. For a function V (·) that fulfills condition (a) of Proposition 5.1

independently of umax, the existence of a pair of admissible feedbacks u�(·), r�(·) that
leads to the target is related to the value of umax.

On the other hand, the above result establish that there exists at most one func-
tion V (the value function of our problem) satisfying the conditions of Proposition 5.1.
Nevertheless, one cannot conclude the uniqueness of the optimal trajectory.

Remark 9. One can easily check that the function V ≡ 0 is a C1 solution of the
Hamilton–Jacobi–Bellman equation (5.3) that fulfills the boundary condition (5.4).
But (5.2) imposes to have r ≡ 0. Clearly, such controls do not allow one to reach the
target, and the conditions of Proposition 5.1 are not fulfilled.

For technicalities, we shall assume in the following that functions ϕc(·) defined in
(4.1) possess some regularity.

Assumption A0. For any c > 0, the function ϕc(·) is C1 on (Rn+ \ {0})× (c,+∞).
Lemma 5.2. Under Assumption A0, at any ξ ∈ D such that TIOI(ξ) > 0, one

has

(5.8)

ΔrTIOI(ξ) =
n∑
j=1

(
∂yjϕsout(ỹ(ξ), z̃(ξ)) − ∂zϕsout(ỹ(ξ), z̃(ξ))

)
ỹj(μj(z) − μj(z̃(ξ))).

Proof. At ξ = (y, z, w) ∈ D such that TIOI(ξ) > 0, Assumption A0 guarantees
that TIOI(·) is C1. Let us write its partial derivatives as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂yjTIOI(ξ) =
w

vmax
∂yjϕsout(ỹ(ξ), z̃(ξ)) (j = 1 · · ·n),

∂zTIOI(ξ) =
w

vmax
∂zϕsout(ỹ(ξ), z̃(ξ)),

∂wTIOI(ξ) =
∑
j

yj
vmax

∂yjϕsout(ỹ(ξ), z̃(ξ)) −
sin − z

vmax
∂zϕsout(ỹ(ξ), z̃(ξ)).
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Then, one has

(5.9) ΔrTIOI(ξ) =
∑
j

(
∂yjϕsout(ỹ(ξ), z̃(ξ)) − ∂zϕsout(ỹ(ξ), z̃(ξ))

)
μj(z)ỹj(ξ) + 1.

Equation (4.2) with c = sout at (ỹ(ξ), z̃(ξ)) provides the equality

(5.10)
∑
j

(
∂yjϕsout(ỹ(ξ), z̃(ξ)) − ∂zϕsout(ỹ(ξ), z̃(ξ))

)
μj(z̃(ξ))ỹj(ξ) = −1.

Combining (5.9) and (5.10) gives, finally,

ΔrTIOI(ξ) =
∑
j

(
∂yjϕsout(ỹ(ξ), z̃(ξ))

−∂zϕsout(ỹ(ξ), z̃(ξ))
)
ỹj(ξ)(μj(z) − μj(z̃(ξ))).

We then obtain the following result concerning the optimality of the IOI strategy
for any initial condition.

Proposition 5.3. Under Assumption A0, the IOI strategy is optimal for any
ξ ∈ D if and only if

(5.11) ΔrTIOI(ξ) ≥ 0 ∀ξ ∈ D s.t. TIOI(ξ) > 0.

Proof. We proceed to show that the function TIOI(·) fulfills conditions of Propo-
sition 5.1.

If ξ ∈ T , one has TIOI(ξ) = 0, thus boundary condition (5.4) is fulfilled. At ξ ∈ D
such that TIOI(ξ) > 0, TIOI(·) is C1 under assumption A0.

Notice that condition (5.11) is exactly the first partial differential inequality (5.5).
The verification of the second partial differential inequality (5.6) is easy:

ΔuTIOI(ξ) = −
∑
j

∂yjϕsout(ỹ(ξ), z̃(ξ))ỹj + ∂zϕsout(ỹ(ξ), z̃(ξ))
w

vmax
(sin − z)

+
∑
j

∂yjϕsout(ỹ(ξ), z̃(ξ))ỹj − ∂zϕsout(ỹ(ξ), z̃(ξ))
w

vmax
(sin − z) = 0.

So, condition (a) of Proposition 5.1 is fulfilled.
Finally, the IOI strategy, as defined in section 3, straightforwardly fulfills condition

(b) of Proposition 5.1.
Let us now consider the function

ψ(ξ, c) = ϕc(y, z) + TIOI(xc, c, w), ξ ∈ D, c ∈ (0, z),

where xc = xt0,y,z(tc) such that st0,y,z(tc) = c, with (xt0,y,z(·), st0,y,z(·)) solution of
the free dynamics (3.3). Concerning the optimality of the IOI strategy, the study of
the function ψ(·) allows us to show that condition (5.11) is also necessary for a given
initial condition ξ ∈ D such that TIOI(ξ) > 0. For this purpose, the next technical
lemma will be useful.

Lemma 5.4. Under Assumption A0, one has

∂cψ(ξ, z) = − ΔrTIOI(ξ)
n∑
j=1

μj(z)yj

, ξ ∈ D s.t. TIOI(ξ) > 0.
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Proof. From (3.3), one has

∂xi(tc)
∂c

= − μi(c)xi(tc)
n∑
j=1

μj(c)xj(tc)

, ∂cϕc(y, z) = − 1
n∑
j=1

μj(c)xj(tc)

.

Then, one can write

∂cψ(ξ, z) = [∂cϕc(y, z)]c=z

+

⎡
⎣ n∑
j=1

∂yjTIOI(x(tc), c, w)
∂xj(tc)
∂c

+ ∂zTIOI(x(tc), c, w)

⎤
⎦
c=z

= − 1
n∑
j=1

μj(z)yj

−

w

vmax

n∑
j=1

∂yjϕsout(ỹ(ξ), z̃(ξ))μj(z)yj

n∑
j=1

μj(z)yj

+
w

vmax
∂zϕsout(ỹ(ξ), z̃(ξ))

= −

1 +
n∑
j=1

(∂yjϕsout(ỹ(ξ), z̃(ξ)) − ∂zϕsout(ỹ(ξ), z̃(ξ)))μj(z)ỹj(ξ)

n∑
j=1

μj(z)yj

.

Using the property (4.2) for c = sout at (ỹ(ξ), z̃(ξ)), and the expression (5.8) given by
Lemma 5.2, finally gives

∂cψ(ξ, c) = − ΔrTIOI(ξ)
n∑
j=1

μj(z)yj

.

Proposition 5.3 states that if (5.11) is not satisfied, then there exists an initial
condition ξ ∈ D for which the IOI strategy is not optimal. The following proposition
characterizes some initial conditions for when this occurs.

Proposition 5.5. At states ξ ∈ D such that TIOI(ξ) > 0 and ΔrTIOI(ξ) < 0,
the IOI strategy cannot be optimal.

Proof. When TIOI(ξ) > 0 and ΔrTIOI(ξ) < 0 at ξ ∈ D, Lemma 5.4 gives the
existence of c� < z such that ψ(ξ, c�) < ψ(ξ, z) = TIOI(ξ). Consequently, there is a
strategy (consisting in applying a null control until the time tc� such that s(tc�) = c�

and then the IOI strategy) which has a better cost than the IOI strategy.

6. Derivation from the minimum principle. In this section we apply the
Pontryagin’s minimum principle (PMP) (see [4, 25]) to the minimal time problem
with dynamics (2.6).

The PMP states that when (x, s, v, u, r)(·) is a solution of the minimal time prob-
lem associated to the system (2.6), then there exists an n-dimensional multiplier p(·)
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and scalar multipliers q(·) and k(·) such that

(6.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dpi
dτ

= piu/v − r(pi − k)μi(s), pi(T ) = 0,

dk

dτ
= −r

n∑
j=1

(pj − k)xjμ′j(s) + ku/v, k(T ) = 1,

dq

dτ
=

u

v2

⎛
⎝k(sin − s) −

n∑
j=1

pjxj

⎞
⎠ ,

where T is the optimal terminal time. In addition, the Hamiltonian (defined in (5.1))

(u, r) −→ H(x(τ), s(τ), v(τ), u, r, p(τ), k(τ), q(τ))

is minimized in u(τ) and r(τ), at any τ ∈ [t0, T ].
Define the auxiliary variables p̃i = pi − k, who play an important role in what

follows.
First, we observe that the dynamics of p̃ = (p̃1, . . . , p̃n) can be written as follows:

(6.2)
dp̃

dτ
= A(τ)p̃, p̃i(T ) = −1,

where A(τ) is an n × n time dependent matrix. Consequently, one has p̃(τ) �= 0 for
any τ ∈ [t0, T ].

On another hand, one has

(6.3) argmin
u,r

H(x, s, v, u, r, p, k, q) = argmin
u,r

uφu(x, s, v, p, k, q) + rφr(x, s, p, k),

where

(6.4)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
φu(x, s, v, p, k, q) = q +

k

v
(sin − s) − 1

v

n∑
j=1

pjxj ,

φr(x, s, p, k) = 1 +
n∑
j=1

(pj − k)μj(s)xj = 1 +
n∑
j=1

p̃jμj(s)xj .

If we derive with respect to the fictitious time τ , we obtain

(6.5)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dφu
dτ

= −r (sin − s)
v

〈p̃,m〉,

dφr
dτ

= u
(sin − s)

v
〈p̃,m〉,

where m = m(τ) is given by

(6.6) m(τ) =

⎛
⎜⎝ μ′1(s(τ))x1(τ)

...
μ′n(s(τ))xn(τ)

⎞
⎟⎠

and 〈·, ·〉 is the Euclidean inner product in R
n. Finally, it is straightforward to check

that (see (6.2))

(6.7)
d

dτ
〈p̃,m〉 =

〈
p̃, A�m+

dm

dτ

〉
.
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The next result links the optimal value function V (·) to Pontryagin’s multipliers
(p, q, k)(·).

Proposition 6.1. Let V (·) be the optimal value function defined in (2.2). Con-
sider an initial vector ξ = (y, z, w) ∈ D and denote by (p, q, k)(·) the corresponding
Pontryagin’s multipliers. If the value function V is C1 at ξ, it holds that

(6.8) ΔrV (ξ) = φr(x, s, p, k) and ΔuV (ξ) = vφu(x, s, p, k, q),

where ΔrV (ξ) and ΔuV (ξ) are defined by (5.5) and (5.6), respectively.
Proof. See Theorem 12.5.1 in [31].
We end this section by introducing our second assumption and a lemma whose

proof is direct.
Assumption A1. The functions μi(·) are nondecreasing.
Lemma 6.2. Under Assumption A1, the following assertions hold:

i. The matrix A(τ) has nonnegative off-diagonal terms, i.e., the dynamical sys-
tem (6.2) is cooperative (see [28]);

ii. The vector m(·), defined in (6.6), lies in R
n
+.

7. The one-species case. For this case, it is straightforward to check that, for
any c > 0, the partial differential equation (4.2) with boundary condition (4.3) admits
the (unique) nonnegative continuous solution that is C1 on (R+\{0})×(c,+∞), given
by the expression

(7.1) ϕc(y, z) =

∣∣∣∣∣∣∣∣
∫ z

c

dζ

μ(ζ)(y + z − ζ)
for z > c,

0 for z ≤ c.

Hence, Assumption A0 is fulfilled. We give a technical lemma that will be useful in
the following.

Lemma 7.1. Let z > c > 0. If μ(·) is nonincreasing on [c, z], then the following
inequalities are satisfied:

(7.2) ∂zϕc(y, z) ≥
1

μ(z)(y + z − c)
,

(7.3) ∂zϕc(y, z) ≤
1

μ(c)(y + z − c)
+

1
μ(z)y

− 1
μ(c)y

.

Proof. Notice first that the partial derivative of function ϕc given in (7.1) verifies

∂zϕc(y, z) =
1

μ(z)y
−
∫ z

c

dζ

μ(ζ)(y + z − ζ)2
.

Since μ(·) is nonincreasing, one can write

∂zϕc(y, z) ≥
1

μ(z)y
−
∫ z

c

dζ

μ(z)(y + z − ζ)2
=

1
μ(z)(y + z − c)

,

and

∂zϕc(y, z) ≤
1

μ(z)y
−
∫ z

c

dζ

μ(c)(y + z − ζ)2

=
1

μ(z)y
+

1
μ(c)(y + z − c)

− 1
μ(c)y

.
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7.1. Increasing growth functions.
Proposition 7.2. Under Assumption A1, the IOI strategy is optimal for any

initial condition ξ in D, and the value function is

(7.4) V (ξ) = ϕsout(ỹ(ξ), z̃(ξ)),

where ϕsout(·) is given by (7.1) and (ỹ(ξ), z̃(ξ)) by (3.1).
Proof. For (ỹ(ξ), z̃(ξ)) such that z̃(ξ) > sout, the map ξ �→ ϕsout(ỹ(ξ), z̃(ξ)) is C1

at ξ, and from (4.2), one has

(∂yϕsout(ỹ(ξ), z̃(ξ)) − ∂zϕsout(ỹ(ξ), z̃(ξ)))μ(z̃(ξ))ỹ(ξ) = −1.

Then, condition (5.11) of Proposition 5.3 simply becomes μ(z̃(ξ)) − μ(z) ≥ 0, which
is fulfilled when μ(·) is nondecreasing and z̃ ≥ z.

Remark 10. This proposition extends to impulse controls a result obtained by
Moreno [20] for measurable control (with a different technique based on Green’s the-
orem). It states that, for a monotonic growth functions μ, the one bang control

F =
{
Fmax if v < vmax,
0 if v = vmax,

is optimal.
It is clear that there is no uniqueness of optimal control laws (see Remarks 2

and 4). Eventually, we could have another control (u(·), r(·)) that implies a strategy
different to the IOI one, with the same value function defined in (7.4). The following
proposition shows that the IOI strategy is, in fact, the unique admissible optimal one.
This result is obtained using PMP.

Proposition 7.3. Under Assumption A1, one has that, for any initial condition
ξ in D, the IOI strategy is the unique optimal control law.

Proof. From the PMP, there exist multipliers p and k solutions of system (6.1),
which, in this case (n = 1), satisfies 〈p̃,m〉 = p̃μ′(s)x < 0 for m defined by (6.6) and
p̃ = p−k. Then, from (6.5), one has that dφr

dτ ≤ 0 and dφu

dτ ≥ 0 along all of the optimal
trajectories. Also, relations (6.8), (5.5), and (5.6) imply that φu ≥ 0 and φr ≥ 0.

Since the admissible controls (u, r) are in C defined by (2.8) (see Remark 2) and
the states of the system (2.6) must reach the target T , the only possibilities for φu
and φr are as follows:

i. φu = 0 at the beginning and then φu > 0;
ii. φr > 0 at the beginning and then φr = 0.

Indeed, the admissible control set C allows us to consider only configurations such
that φu · φr = 0, and u �= 0 or r �= 0. This, together with (6.5), discards the choices
φu > 0 or φr = 0, at the beginning.

On the other hand, (6.5) implies also that u �= 0 until the time when φu switches
from φu = 0 to φu > 0. This time coincides with the time when v = vmax and,
consequently, also with the time when φr switches from φr > 0 to φr = 0 (because u
becomes null at such time). Therefore, one has the following:

i. u = umax until v reaches vmax and then u = 0;
ii. r = 0 until v = vmax and then u = 0 and r = 1 until the concentration s

reaches sout.
This proves the optimality of the IOI strategy, and, by construction, we have unique-
ness.
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7.2. Nonmonotonic growth functions with one maximum. In this section
we consider a continuously differentiable growth function μ(·), which is nonmonotonic
and attains a unique isolated maximum point s∗ ∈ (0, sin). More precisely, this growth
function satisfies μ′(s) > 0 for all s ∈ [0, s∗), μ′(s) < 0 for all s > s∗, and μ′(s∗) = 0.

One instance of such functions is typically the Haldane law, given by the expres-
sion

μ(s) =
μ̄s

K + s+ s2/R
,

where K is the affinity constant and R is the inhibition constant. This kind of growth
function occurs in bioprocesses where the substrate is a toxic substance and, for big
concentrations, inhibits the activity of the microorganisms [29].

The following proposition solves our minimal time problem for this type of growth
function. This solution has been previously obtained in [20] for the class of measurable
and bounded controls, and under the assumption s∗ > sout. Furthermore, we give the
expression of the value function V (·). For convenience, we define the number

s♦ = max(s∗, sout).

Proposition 7.4. For any initial condition ξ = (y, z, w) ∈ D that satisfies (3.5),
the SA(s∗) strategy (defined in section 3) is optimal. Furthermore, the value function
at ξ is given by the expression

(7.5)

V (ξ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕs∗(y, z) + γ(ξ) + ϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

)
,

for z > s∗ ≥ s†(s∗, w),

γ

(
y
sin − s∗

sin − z
, s∗, w

sin − z

sin − s∗

)
+ ϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

)
,

for z ≤ s∗ and z > s†(s∗, w),

ϕsout(ỹ(ξ), z̃(ξ)), for z ≤ s†(s∗, w),

ϕs†(s∗,w)(y, z) for z > s†(s∗, w) > s∗,

where ϕ·(·) is given by (7.1), ỹ(·) and z̃(·) by (3.1), s†(·) by (3.2), and

(7.6) γ(ξ) =
1

μ(s∗)
log

(
w(y + z − sin) + vmax

(
sin − s♦

)
w(y + z − s∗)

)
.

Proof. First, observe that if the initial condition ξ is in the target, i.e., z ≤ sout
and w = vmax, then s†(s∗, w) = s♦ ≥ sout ≥ z and z̃(ξ) = z and, therefore it
corresponds to the third case in the definition of V obtaining ϕsout(ỹ(ξ), z̃(ξ)) = 0,
and hence the boundary condition (5.4) is satisfied. We prove now that V (·) is C1 and
fulfills the Hamilton–Jacobi inequalities (5.5) and (5.6), concluding the result from
Proposition 5.1 because one can easily check that V (ξ) is the cost associated to the
SA(s∗) strategy from initial condition ξ.
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For z > s∗ and s∗ ≥ s†(s∗, w), V (·) is C1 and its partial derivatives are

(7.7)

∂yV (ξ) = ∂yϕs∗(y, z) +
1

μ(s∗)

(
w

w(y + z − sin) + (sin − s♦)vmax
− 1
y + z − s∗

)
+∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) w

vmax
,

∂zV (ξ) = ∂zϕs∗(y, z) +
1

μ(s∗)

(
w

w(y + z − sin) + (sin − s♦)vmax
− 1
y + z − s∗

)
+∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) w

vmax
,

∂wV (ξ) =
1

μ(s∗)

(
y + z − sin

w(y + z − sin) + (sin − s♦)vmax
− 1
w

)

+ ∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) y + z − sin
vmax

.

Then, one has straightforwardly

ΔrV (ξ) = (∂yϕs∗(y, z) − ∂zϕs∗(y, z))μ(z)y + 1,

ΔuV (ξ) = −∂yϕs∗(y, z)y + ∂zϕs∗(y, z)(sin − z) +
1

μ(s∗)

(
y + z − sin
y + z − s∗

− 1
)
.

Using the property (4.2) fulfilled by the function ϕs∗ , one obtains

ΔrV (ξ) = 0,

ΔuV (ξ) = (sin − s∗)
(
∂zϕs∗(y, z) −

1
μ(s∗)(y + z − s∗)

)

+ (y + z − s∗)
(

1
μ(z)(y + z − s∗)

− ∂zϕs∗(y, z)
)
.

Consequently, inequality (5.5) is fulfilled. For the second inequality (5.6), we distin-
guish two cases:

i. y + z − sin ≤ 0. Since μ(z) ≤ μ(s∗), one can write the inequality

ΔuV (ξ) ≥ (y + z − sin)
(

1
μ(s∗)(y + z − s∗)

− ∂zϕs∗(y, z)
)
,

and with inequality (7.2) given by Lemma 7.1 with c = s∗, one deduces that

ΔuV (ξ) ≥ y + z − sin
y + z − s∗

(
1

μ(s∗)
− 1
μ(z)

)
≥ 0.

ii. y + z − sin > 0. With inequality (7.3) given by Lemma 7.1 with c = s∗, one
can write

ΔuV (ξ) = (sin − y − z)∂zϕs∗(y, z) +
1

μ(z)
− sin − s∗

μ(s∗)(y + z − s∗)

≥ (sin − y − z)
(

1
μ(z)y

+
1

μ(s∗)(y + z − s∗)
− 1
μ(s∗)y

)
+

1
μ(z)

− 1
μ(s∗)

− sin − y − z

μ(s∗)(y + z − s∗)

=
sin − z

y

(
1

μ(z)
− 1
μ(s∗)

)
≥ 0.
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For z < s∗ and z > s†(s∗, w), V (·) is C1 and its partial derivatives are

(7.8)

∂yV (ξ) =
1

μ(s∗)

(
w

w(y + z − sin) + (sin − s♦)vmax
− 1
y

)
+ ∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) w

vmax
,

∂zV (ξ) =
1

μ(s∗)
w

w(y + z − sin) + (sin − s♦)vmax

+ ∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) w

vmax
,

∂wV (ξ) =
1

μ(s∗)

(
y + z − sin

w(y + z − sin) + (sin − s♦)vmax
− 1
w

)

+ ∂yϕsout

(
ỹ(ξ) + z̃(ξ) − s♦, s♦

) y + z − sin
vmax

.

One has clearly, from (7.1),

∂yϕs∗(y, s∗) = 0 and ∂zϕs∗(y, s∗) =
1

μ(s∗)y
,

which implies, from expressions (7.7) and (7.8),

lim
z→s∗+

∇V (ξ) = lim
z→s∗−

∇V (ξ).

Consequently, V (·) is C1 at points ξ such that z = s∗. From the expressions (7.8),
one can straightforward check the following equalities:

ΔrV (ξ) = 1 − μ(s∗)
μ(z)

≥ 0 and ΔuV (ξ) = 0.

Consider now points ξ such that z < s†(s∗, w) and V (ξ) > 0. At such points, V (·) is
C1 and its partial derivatives are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂yV (ξ) = ∂yϕsout(ỹ(ξ), z̃(ξ))
w

vmax
,

∂zV (ξ) = ∂zϕsout(ỹ(ξ), z̃(ξ))
w

vmax
,

∂wV (ξ) = ∂yϕsout(ỹ(ξ), z̃(ξ))
y

vmax
− ∂zϕsout(ỹ(ξ), z̃(ξ))

sin − z

vmax
.

Notice that when z = s†(s∗, w), with s†(s∗, w) > s∗, one has V (ξ) = 0. One can
easily check that V (·) is also C1 at points ξ such that z = s†(s∗, w) and V (ξ) > 0,
because, at such points, one has z̃(ξ) = s♦ = s∗, and furthermore, function ϕsout(·)
fulfills the property (from (4.2))

∂zϕsout(ỹ(ξ), s
∗) = ∂yϕsout(ỹ(ξ), s

∗) +
1

μ(s∗)ỹ(ξ)
.

Notice that one has also V (ξ) = TIOI(ξ). Since ΔuTIOI(ξ) = 0 (see the proof of
Proposition 5.3), the function V (·) is a solution of the Hamilton–Jacobi equation
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(5.3) at ξ when the single condition ΔrTIOI(ξ) ≥ 0 is fulfilled. Here, this condition
simply becomes μ(z̃(ξ))−μ(z) = μ(s∗)−μ(z) ≥ 0, which is fulfilled because s∗ is the
maximum of the function μ.

Finally, we consider situations for which z > s†(s∗, w) > s∗. This case occurs
only when s∗ < sout. At such points ξ = (y, z, w), the function V (·) is C1 and its
partial derivatives are⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂yV (ξ) = ∂yϕs†(s∗,w)(y, z),

∂zV (ξ) = ∂zϕs†(s∗,w)(y, z),

∂wV (ξ) = − (sin − sout)vmax

μ(s†(s∗, w))(y + z − s†(s∗, w))w2
.

One can easily check that the first inequality ΔrV (ξ) ≥ 0 is fulfilled. For the second
one, let us write

(7.9)
ΔuV (ξ) = −∂yϕs†(s∗,w)(y, z)y + ∂zϕs†(s∗,w)(y, z)(sin − z)

− (sin − sout)vmax

μ(s†(s∗, w))(y + z − s†(s∗, w))w2

=
1

μ(z)
+ ∂zϕs†(s∗,w)(y, z)(sin − z − y)

− (sin − sout)vmax

μ(s†(s∗, w))(y + z − s†(s∗, w))w2

from the expression (4.2). We distinguish now two cases.
i. sin − z − y ≥ 0. Expressions (7.9) and (7.2) given by Lemma 7.1 with
c = s†(s∗, w) give together

ΔuV (ξ) ≥ sin − s†(s∗, w)
y + z − s†(s∗, w)

(
1

μ(z)
− 1
μ(s†(s∗, w))

)
≥ 0.

ii. sin − z − y < 0. Gathering expressions (7.9) and (7.3) given by Lemma 7.1
with c = s†(s∗, w) leads to the following inequality:

ΔuV (ξ) ≥ sin − z

y

(
1

μ(z)
− 1
μ(s†(s∗, w))

)
≥ 0.

Remark 11. For initial conditions ξ = (y, z, w), with z ≥ s∗ > s†(s∗, w), the
value of γ(ξ), defined by (7.6), represents the time spent on the singular arc s = s∗

from volume w up to volume v†(s̄) defined in (3.4). Indeed, at time t1 = ϕs∗(y, z),
one has s(t1) = s∗, v(t1) = w, and x(t1) = y + z − s∗ (see the invariant ρ(ξ) defined
in (2.10)). Then, the suitable control in order to keep s = s∗ is obtained from the

equation
ds

dτ
= 0, that is,

u = us(v) =
μ(s∗)
sin − s∗

ρ(ξ) + vμ(s∗).

This implies that the v(·) is the solution of the ordinary differential equation

dv

dτ
= us(v) =

μ(s∗)
sin − s∗

w(y + z − sin) + μ(s∗)v
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up to time t2 such that v(t2) = v†, that can be solved analytically, leading to t2− t1 =
γ(ξ).

Remark 12. Proposition 7.4 extends to impulse controls the result obtained by
Moreno [20] for measurable controls, based on a Green’s theorem argumentation.

Moreover, notice that when s∗ < sout, the SA(s∗) strategy imposes a final impulse
before reaching the target. Such situations were not considered in [20].

Remark 13. Proposition 7.4 establishes that the time associated to the singular
arc strategy is the optimal value function, but we could have that there exists another
optimal control different to this strategy. Nevertheless, one can prove uniqueness
(analogously as in Proposition 7.3) using the PMP. We will not develop this approach
here because it is very similar to the one used in Proposition 7.3 and in the proof of
Theorem 8.2 below.

8. The two-species case. We first consider functions μi(·) that are C2 and such
that μ′1/μ

′
2 is a strictly monotonic function. Without loss of generality, we assume

that μ′1/μ′2 is strictly decreasing, which is equivalent to the following condition.
Assumption A2. μ′1(s)μ

′′
2 (s) > μ′′1(s)μ′2(s) for any s ∈ (0, sin].

Remark 14. Assumption A2 is fulfilled for nonproportional Monod growth func-
tions. That is, for growth functions

μi(s) =
μmax,is

Ki + s
,

Assumption A2 holds when K1 < K2.
Lemma 8.1. Under Assumption A2, a singular arc2 I is characterized by ds

dτ = 0
on I.

Proof. Consider p and k solutions of PMP-system (6.1) and m defined in (6.6).
Define the auxiliary variable p̃ = p − k. Recall that the property p̃(τ) �= 0, for any
time τ , follows from (6.2).

If I is a singular arc, it follows that the first derivatives of φu and φr are null on I.
Since controls u and r are not simultaneously null, it is equivalent to write 〈p̃,m〉 = 0
on I (via (6.5)). Differentiating this last equation w.r.t. τ and using expression (6.7),
it holds that

(8.1) 〈p̃,m〉 = 0 and
〈
p̃, A�m+

dm

dτ

〉
= 0 on I.

Since p̃ is always nonnull and has dimension 2, equalities (8.1) are satisfied if m
and A�m+ dm

dτ are linearly dependent on I. We easily verify that, under A2, this is
equivalent to ds

dτ = 0 on I. Indeed, a simple computation leads to∥∥∥∥m×
(
A�m+

dm

dτ

)∥∥∥∥ =
∣∣∣∣ dsdτ

∣∣∣∣ x1x2 (μ′1(s)μ
′′
2 (s) − μ′′1 (s)μ′2(s)).

Vectors A�m + dm
dτ are linearly dependent exactly when their cross product (in R

3)
is null, which holds if and only if ds

dτ = 0. We have thus proved that if I is a singular
arc, then ds

dτ = 0 on I.

2See [4, Part III Chapter 2] for an exact definition. In our case, a singular arc consists of an open
interval of time I, where φu = φr = 0, and then no information on controls u and r can be obtained
directly from (6.3).
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Reciprocally, suppose that ds
dτ = 0 on I. The above arguments imply that m and

A�m+ dm
dτ are linearly dependent on I, obtaining from (6.7) that d〈p̃,m〉

dτ = λ(τ)〈p̃,m〉
on I, for a real-valued continuous map λ : I → R.

This is equivalent to saying that 〈p̃,m〉 = Ce
∫

τ
0 λ(t)dt on I for a real constant C

and a real-valued continuous map λ : I → R. Moreover, by replacing ds
dτ = 0 in (2.6),

it necessarily requires strictly positive controls u and r.
Suppose first that C = 0. Then (6.5) implies that φu and φr are both constant

on I. Since u and r are strictly positive, this holds only if φu = φr = 0 on I, i.e., I is
a singular arc.

Now, suppose that C �= 0. One obtains from (6.5) that φu and φr are both
strictly monotonic on I. This, together with inequalities (5.5)–(5.6), implies that φu
and φr are both strictly positive on I. But, since u and r are also strictly positive, it
contradicts (6.3). We thus conclude that C = 0, and hence I is a singular arc.

Consider now the next assumption on growth functions μi(·).
Assumption A3. For any s1, s2 ∈ [sout, sin], one has

(8.2) s2 ≥ s1 ⇒ μ2(s2)μ1(s1) ≥ μ1(s2)μ2(s1).

Remark 15. Assumption A3 is fulfilled for growth functions constant or linear
on [sout, sin]. For Monod functions

μi(s) =
μmax,is

Ki + s
,

condition (8.2) is exactly fulfilled when K1 ≤ K2.
Theorem 8.2. Assume that Assumptions A0-A1–A2–A3 are fulfilled. Then, for

any initial condition in D that satisfies (3.5), the optimal solution of the minimal time
problem associated to dynamics (2.6) consists in either the IOI strategy or the SA(s∗)
strategy for some s∗ ∈]sout, sin[.

To prove this theorem, we need the three following technical lemmas.
Lemma 8.3. Under Assumptions A1 and A3, one has

(8.3) p̃1 ≥ 0 and φr = 0 ⇒ 〈p̃,m〉 ≤ 0.

Proof of Lemma 8.3. Observe that Assumption A3 implies that μ′1μ2 −μ1μ
′
2 ≤ 0.

If φr = 0, then

p̃2 =
−(1 + p̃1μ1x1)

μ2x2
,

and then

〈p̃,m〉 =
p̃1

μ2
(μ′1μ2 − μ1μ

′
2)x1 −

μ′2
μ2
,

which proves the desired result.
Lemma 8.4. Under Assumptions A1 and A2, for p̃(τ) ∈ E(τ) = {p̃ = (p̃1, p̃2) |

〈p̃,m(τ)〉 = 0}, one has

(8.4) sgn
(
d

dτ
〈p̃,m〉

)
= − sgn

(
ds

dτ
p̃1

)
.
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Proof of Lemma 8.4. Let p̃(τ) = (p̃1, p̃2) be in E(τ), that is, p̃2 = −p̃1μ
′
1(s)x1/

μ′2(s)x2. It is straightforward to check that the property

d

dτ
〈p̃,m〉 =

〈
A�m+

dm

dτ
, p̃

〉
=
ds

dτ
p̃1

[
μ′′1 − μ′1μ

′′
2

μ′2

]
x1

is fulfilled, from which (8.4) is deduced (recalling A2).
Lemma 8.5. If, for some interval of time [τ−, τ+], one has φr = φu = 0, then
(a) if p̃1 > 0, φr and φu remain equal to zero for all τ ≥ τ+;
(b) if p̃1 < 0, either 〈p̃,m〉 ≥ 0 for all τ ≥ τ+ or 〈p̃,m〉 ≤ 0 for all τ ≥ τ+.
Proof of Lemma 8.5. Notice that if we have φr = φu = 0 in some interval of time,

necessarily, by (6.5), 〈p̃,m〉 = 0 on this interval. Since (p̃1, p̃2) �= (0, 0) for all τ and
the vector m lies in ]0,+∞[×]0,+∞[ (under Assumption 1), we deduce that p̃1 �= 0,
and therefore it does not change its sign in this interval.

Suppose now that τ̄ = sup{τ | 〈p̃,m〉 = 0} < +∞. If

(8.5) ∃ δ̄ > 0 such that ∀ δ ∈]0, δ̄], one has 〈p̃(τ̄ + δ),m(τ̄ + δ)〉 > 0,

since φr and φu have to be nonnegative, necessarily, according to (6.5), the control r
must be zero, u = umax, and therefore ds

dτ > 0 until 〈p̃,m〉 changes its sign.
(a) If p̃1 > 0 on [τ−, τ+], let us prove that 〈p̃,m〉 does not become positive. If it

occurs, we have (8.5), and, in such a case, ds
dτ > 0. Nevertheless, by (8.4), we

obtain d
dτ 〈p̃,m〉 ≤ 0 at τ̄ , which contradicts (8.5).

With similar arguments, one can prove that 〈p̃,m〉 does not become negative,
and hence τ̄ = +∞.

(b) For the case p̃1 < 0, if we have (8.5), then ds
dτ > 0 until 〈p̃,m〉 changes its sign.

This change will never happen, because, from (8.4), one has d
dτ 〈p̃,m〉 ≥ 0 on

the set E(τ) = {p̃ = (p̃1, p̃2) | 〈p̃,m(τ)〉 = 0}, and therefore, 〈p̃,m〉 remains
nonnegative.
Analogous arguments allow us to prove that if there exists δ̄ > 0 such that
for all δ ∈]0, δ̄] one has 〈p̃(τ̄ + δ),m(τ̄ + δ)〉 < 0, then 〈p̃,m〉 remains non-
positive.

As a corollary of Lemma 8.5, one has that if the optimal strategy includes a
singular arc (φr = φu = 0 during an interval), then it must occur with p̃1 < 0. Indeed,
if p̃1 > 0 and φr = φu = 0 during an interval, the last equalities will remain for every
larger time. This situation is not allowed because p̃ must be equal to (−1,−1) at the
final time.

On the other hand, if the optimal strategy includes a singular arc (with p̃1 < 0),
after this process, necessarily, 〈p̃,m〉 must be negative. In fact, if 〈p̃,m〉 is positive, it
does not change its sign, and then p̃ will never be equal to (−1,−1).

Thus, if a singular arc occurs, the volume at the end of this process must be
equal to vmax because, as 〈p̃,m〉 will remain nonpositive and φr and φu have to be
nonnegative, the control u is equal to zero and r = 1 for the rest of time, and then
the process of filling the tank has necessarily finished.

As a last consequence of Lemma 8.5, we obtain that in the case of a singular arc,
which is equivalent to keep the level of substrate s constant (see Lemma 8.1), this
level has to be greater than sout. Indeed, if it is not the case, we have that all of the
processes finish at the end of the singular arc because v = vmax and sout is greater
than the current substrate level, and hence the target has been reached. This cannot
occur, because, at the end, the vector p̃ must be equal to (−1,−1).
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2850 P. GAJARDO, H. RAMÍREZ C., AND A. RAPAPORT

Proof of Theorem 8.2. As in the proof of Proposition 7.3, the positivity of φu and
φr plays a crucial role (cf. (6.8), (5.5), and (5.6)).

Moreover, the considered admissible control set C (see Remark 2) tell us that only
optimal controls such that u �= 0 or r �= 0 are considered. And, therefore, φu and φr
cannot be both strictly positive.

Recall that, under Assumption A1, the matrix A of system (6.2) is cooperative
and the vector m, defined by (6.6), is always in ]0,+∞[×]0,+∞[. Then, since p̃ =
(p1 − k, p2 − k) is equal to (−1,−1) at the final time T , we deduce that p̃ /∈ R

2
+ at

any time τ , and moreover, once p̃ reaches the negative octant R
2
−, it remains there

until time T . Thus, thanks to Lemma 8.4, the study of the sign of p̃1 will be a key
issue in the proof. Indeed, the arguments above imply that either p̃1 remains always
negative, or it is positive at initial time and then it becomes negative until the final
time T .

Hence, our proof splits into the following two cases.
Case 1: p̃1(t0) > 0. Let us first discard the following case:
(a) v < vmax, p̃1 > 0, 〈p̃,m〉 < 0, and φr = 0.
In this situation, one has necessarily u = 0 and r = 1 in order to keep φr

nonnegative. Thus, s decreases, φu increases, and there exists a time τ such that
〈p̃,m〉 = 0 at τ and 〈p̃,m〉 > 0 for larger time (because d

dτ 〈p̃,m〉 > 0, cf. (8.4)). Since
φr = 0, we obtain a contradiction with Lemma 8.3.

Thus, if v < vmax, p̃1 > 0, and 〈p̃,m〉 < 0, then φr > 0 and φu = 0. In such a
case, one has r = 0 and u = umax, which implies that s increases and φr decreases
until a time such that φr = 0 (in order to reach the target). Since a singular arc is
not possible with p̃1 > 0 (see Lemma 8.5), we discard the case 〈p̃,m〉 = d

dτ 〈p̃,m〉 = 0.
On the other hand, as the case (a) above is not possible and d

dτ 〈p̃,m〉 ≤ 0 (on the set
E(τ)), the equality v = vmax has to be fulfilled when φr = 0. For larger times, since
φr must be nonnegative, one has u = 0, r = 1, and then the obtained trajectory is
exactly synthesized by the IOI strategy.

If v < vmax, p̃1 > 0, and 〈p̃,m〉 > 0, from Lemma 8.3, the unique possibility is to
have φr > 0, and consequently φu = 0. In such a case, one has r = 0 and u = umax.
Hence, s and φr increase. Then, there exists necessarily a time such that 〈p̃,m〉 = 0,
in order to reach the target. Note that, for larger time, 〈p̃,m〉 < 0 holds due to
d
dτ 〈p̃,m〉 < 0. In this situation, φr decreases until φr = 0, and from Lemma 8.3, it
has to coincide with the time at which v = vmax. After, since φr must be nonnegative,
one has u = 0 and r = 1. The obtained trajectory is again synthesized by the IOI
strategy.

Hence, we have proved that when p̃1(t0) is positive, the IOI strategy is optimal.
Case 2: p̃1(t0) < 0. Recall, from the above discussion, that p̃1 remains always

negative. We now proceed to discard the following cases:
(b) v < vmax, p̃1 < 0, φu > 0, and 〈p̃,m〉 < 0.
This case implies that u = 0 and r = 1. Thus, s decreases, and, by (6.5), φu

increases. This together with (8.4) imply that the sign of d
dτ 〈p̃,m〉 is negative (on the

set E(τ) defined in Lemma 8.4). Consequently, 〈p̃,m〉 remains always negative, and
φu always increases. Then the target cannot be reached because the tank is never
fulfilled.

(c) v < vmax, p̃1 < 0, φu = 0, and 〈p̃,m〉 > 0.
In this case, one necessarily obtains r = 0 and u = umax (in order to keep φu

nonnegative). Hence, s and φr increase (see (6.5)). This together with (8.4) imply
that the sign of d

dτ 〈p̃,m〉 is positive (on E(τ)). Consequently, 〈p̃,m〉 remains always
positive, which is a contradiction with p̃ = (−1,−1) at the final time.
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Hence, if v < vmax, p̃1 < 0, and 〈p̃,m〉 > 0 necessarily φu > 0 and φr = 0, then
one has u = 0 and r = 1 implying that s and φu decrease until 〈p̃,m〉 = 0. Equation
(8.4) allows us to say that the sign of d

dτ 〈p̃,m〉 is nonpositive, and hence 〈p̃,m〉 ≤ 0
for larger times. If at time such that 〈p̃,m〉 = 0, we have φu > 0 immediately after
one has 〈p̃,m〉 < 0. Then u = 0 (in order to keep φr nonnegative), and consequently
φu remains always positive, and the tank will not be fulfilled, which discard this case.
Thus, necessarily ϕu becomes zero when 〈p̃,m〉 = 0. If 〈p̃,m〉 remains equal to zero
for an interval of time, this corresponds to a singular arc. If not, that is, 〈p̃,m〉 < 0
immediately after, this situation implies that u = 0 and r = 1 onwards, which is
impossible because the tank will never be filled.

Finally, we study the remaining case v < vmax, p̃1 < 0, φu = 0, and 〈p̃,m〉 < 0.
One has necessarily r = 0 and u = umax, in order to keep φu nonnegative. Therefore,
s increases and φr decreases (see (6.5)) until a time τ∗ when one of the following three
cases occur:

- case φr > 0 and 〈p̃,m〉 = 0. This implies that u = umax and r = 0, and
consequently s increases. This together with (8.4) implies that the sign of
d
dτ 〈p̃,m〉 is positive. Consequently, φr will always remain positive, which
cannot allow one to reach the target. This case is thus discarded.

- case φr = 0 and 〈p̃,m〉 < 0. This implies that u = 0 and r = 1, and therefore
(by (6.5)) φu becomes positive. Since (b) of Case 2 above has been discarded,
it necessarily follows that v reaches vmax at the same time τ∗. The optimal
trajectory is synthesized by the IOI strategy.

- case φr = 0 and 〈p̃,m〉 = 0. Due to equality φu = 0 holding at the same time
τ∗, this configuration corresponds to a singular arc.

Thus, we have proved that if (u, r)(·) ∈ C is optimal, then it corresponds to an
IOI strategy or to the singular arc strategy for a level s∗ ≥ sout. We finish concluding
that a singular arc cannot be applied on a substrate level greater that sin because the
domain D = (Rn+ \ {0})×]0, sin]×]0, vmax[ is invariant.

Remark 16. The value of s∗ depends on the initial condition and cannot be,
in general, explicitly determined as in the case with one nonmonotonic species (see
Proposition 7.4).

We give now an example that shows that an SA(·) strategy can be better than
an IOI strategy.

Example 1. We consider functions μ1(·), μ2(·) that fulfill Assumptions A1, A2,
and A3, but not A4:

μ1(s) = s2, μ2(s) = 5
√
s

for the values sout = 0.1 and sin = 5 (see Figure 8.1).
We compare the strategies IOI and SA(s∗), where s∗ minimizes the cost of the

SA(s̄) strategy for s̄ ∈ (sout, sin). For vmax = 10 and initial conditions with y1 = 1,
z = 3, and w = 1, we have computed numerically s∗ for different values of y2. Results
are reported in Table 8.1.

This example shows that, in the presence of a small population of a species more
efficient for small substrate concentrations, the singular arc strategy may be better
than the IOI one.

We focus now on sufficient conditions for which the IOI strategy is always optimal.
We first consider functions μi(·) such that their graphs do not cross away from 0
(without loss of generality, one can assume that μ2 is above μ1).

Assumption A4. μ2(s) ≥ μ1(s) ∀s ∈ (0, sin].
Then, the functions ϕc(·) possess the following properties.
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Fig. 8.1. Graphs of the two growth functions.

Table 8.1

y2 T (IOI) s∗ T (SA(s∗)) Gain
0 2.320765 not reached – –

10−4 2.126756 1.678 1.973976 7%
10−3 1.700494 1.97 1.515415 11%
10−2 1.186231 2.46 1.101530 7%
0.05 0.867009 3.05 0.842255 3%
0.1 0.746446 3.34 0.739046 1%
0.5 0.522361 not reached – –

Lemma 8.6. Under Assumptions A0, A1, and A4, for any c ∈ (0, sin), (y, z) ∈
(R2

+ \ {0})× (c, sin], one has

i. ∂zϕc(y, z) ≥ ∂y2ϕc(y, z),
ii. ∂y1ϕc(y, z) ≥ ∂y2ϕc(y, z),
iii. ∂y2ϕc(y, z) ≤ 0.

Proof. Notice that the dynamics (3.3) possesses the property that M = x1+x2+s
is constant. Then, fix a value M , and consider the reduced system

(8.6)

⎧⎪⎨
⎪⎩
dx1

dτ
= f1(x1, s) = μ1(s)x1,

ds

dτ
= f2(x1, s,M) = −μ1(s)x1 − μ2(s)(M − s− x1).

The Jacobian matrix JM of this two-dimensional vector field has the structure

JM (x1, s) =
(

� μ′1(s)x1

μ2(s) − μ1(s) �

)
,

which has nonnegative off-diagonal terms for any fixed M . So, the dynamical system
(8.6) is cooperative (see [28]).

i. Consider two sets of initial conditions for system (3.3):

(y−1 , y
−
2 , z

−) = (y1, y2 + δ, z) and (y+
1 , y

+
2 , z

+) = (y1, y2, z + δ),
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where δ is a positive (small) number. We check that these two initial conditions have
the same invariant x1 +x2 +s = M + δ, and, from the cooperative property of system
(8.6) with M + δ, one has s+(t) ≥ s−(t) for any t ≥ 0. Thus ϕc(y1, y2, z + δ) ≥
ϕc(y1, y2 + δ, z), or equivalently

ϕc(y1, y2, z + δ) − ϕc(y1, y2, z)
δ

≥ ϕc(y1, y2 + δ, z) − ϕc(y1, y2, z)
δ

,

and letting δ take arbitrary small values, we obtain

∂zϕc(y, z) ≥ ∂y2ϕc(y, z).

ii. Similarly, we consider the sets of initial conditions

(y−1 , y
−
2 , z

−) = (y1, y2 + δ, z) and
(
y+
1 , y

+
2 , z

+
)

= (y1 + δ, y2, z)

and obtain, when δ tends toward zero,

∂y1ϕc(y, z) ≥ ∂y2ϕc(y, z).

iii. We consider the sets of initial conditions

(y−1 , y
−
2 , z

−) = (y1, y2 + δ, z) and
(
y+
1 , y

+
2 , z

+
)

= (y1, y2, z),

with nonnegative δ. The first initial condition leads to the invariant x1+x2+s = M+δ,
while the second one has x1 + x2 + s = M as an invariant. Dynamics (8.6) is such
that f2(x1, s,M + δ) ≤ f2(x1, s,M), and, by the cooperative property, we conclude
that ϕc(y1, y2 + δ, z) ≤ ϕc(y1, y2, z) or equivalently

∂y2ϕc(y, z) ≤ 0.

Remark 17. From expression (3.1), one can notice that inequality

(8.7) z̃ ≥ z

is always fulfilled. Thus, under assumptions A0, A1, and A4, if the function ϕsout(·)
is such that

(8.8) ∂zϕsout(y, z) ≥ ∂y1ϕsout(y, z), ∀(y, z) ∈ (R2
+ \ {0})× (sout, sin],

then, along with point i. of Lemma 8.6, inequality (8.7), and Lemma 5.2, we deduce
immediately that condition (5.11) of Proposition 5.3 is fulfilled. Unfortunately, condi-
tion (8.8) is rarely met, even for simple growth rates. In Figure 8.2, we plot iso-values
of the function

ψc(y) = ϕc(y,M − y1 − y2)

(computed numerically) for μ1(s) = s, μ2(s) = 5s, M = 10, and c = 1. We see that
∂y2ψc(·) is everywhere nonpositive, but the sign of ∂y1ψc(·) can change. Notice that
the partial derivatives of ψc(·) are linked to the partial derivatives of ϕc(·) as follows:

∂yjψc(y) = ∂yjϕc(y, z) − ∂zϕc(y, z), (j = 1, 2),

with z = M − y1 − y2, and we conclude that condition (8.8) is not fulfilled.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2854 P. GAJARDO, H. RAMÍREZ C., AND A. RAPAPORT

here,            is positive
dψ
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1

Fig. 8.2. Iso-values of the function ψc(·).

The following proposition imposes conditions on growth functions μi(·) that guar-
antee the optimality of the IOI strategy.

Proposition 8.7. Under Assumptions A0, A3, and A4, the IOI strategy is
optimal for any initial condition in D.

Proof. Consider ξ ∈ D such that TIOI(ξ) > 0. Let us write ΔrTIOI(ξ) given in
(5.8) as follows:

ΔrTIOI(ξ) =
2∑
j=1

(
∂yjϕsout(ỹ, z̃) − ∂zϕsout(ỹ, z̃)

)
μj(z̃)ỹj

μj(z) − μj(z̃)
μj(z̃)

.

Recall that z̃ ≥ z (8.7) and μi(·) are nondecreasing (Assumption A1). Then, by
Assumption A3, one has

μ2(z) − μ2(z̃)
μ2(z̃)

≤ μ1(z) − μ1(z̃)
μ1(z̃)

≤ 0.

Lemma 8.6 gives the inequality

∂y2ϕsout(ỹ, z̃) − ∂zϕsout(ỹ, z̃) ≤ 0,

and consequently, from equation (4.2), we obtain

ΔrTIOI(ξ) ≥
2∑
j=1

(
∂yjϕsout(ỹ, z̃) − ∂zϕsout(ỹ, z̃)

)
μj(z̃)ỹj

μ1(z) − μ1(z̃)
μ1(z̃)

= −μ1(z) − μ1(z̃)
μ1(z̃)

≥ 0

and conclude by Proposition 5.3.

9. Conclusion. In this work, we have analyzed the minimal time problem for
fed-batch reactors with several species, for which impulse controls are allowed. We



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MINIMAL TIME IMPULSE CONTROL OF BATCH REACTORS 2855

have shown that even when all of the growth functions are monotonic, the most rapid
approach strategy is not necessarily optimal. In certain situations, it is better to follow
a singular arc instead of applying an impulse, a departure from the optimal strategy
in the one-species case. We believe that this result holds important implications for
biotechnological applications.
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[3] D. Berovic and R. Vinter, The application of dynamic programming to optimal inventory
control, IEEE Trans. Automat. Control, 49 (2004), pp. 676–685.

[4] F. Bonnans and P. Rouchon, Commande et optimisation de systèmes dynamiques, Éditions
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UNIFORM BOUNDARY CONTROLLABILITY OF A SEMIDISCRETE
1-D WAVE EQUATION WITH VANISHING VISCOSITY∗

SORIN MICU†

Abstract. This article deals with the approximation of the boundary control of the linear one-
dimensional wave equation. It is known that the high frequency spurious oscillations that the classical
methods of finite difference and finite element introduce lead to nonuniform controllability properties
(see [J. A. Infante and E. Zuazua, M2AN Math. Model. Numer. Anal., 33 (1999), pp. 407–438]. A
space-discrete scheme with an added numerical vanishing viscous term is introduced and analyzed.
The extra numerical damping filters out the high numerical frequencies and ensures the convergence
of the sequence of discrete controls to a control of the continuous conservative wave equation when
the mesh size tends to zero.

Key words. control, wave equation, semidiscrete approximation, numerical viscosity
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1. Introduction. The following boundary exact controllability property for the
one-dimensional (1-D) linear wave equation is known to hold: given T ≥ 2 and
(u0, u1) ∈ L2(0, 1) ×H−1(0, 1) there exists a control function v ∈ L2(0, T ) such that
the solution of the wave equation⎧⎨

⎩
u′′ − uxx = 0 for x ∈ (0, 1), t > 0,
u(t, 0) = 0, u(t, 1) = v(t) for t > 0,
u(0, x) = u0(x), u′(0, x) = u1(x) for x ∈ (0, 1)

(1.1)

satisfies

u(T, ·) = u′(T, ·) = 0.(1.2)

By ′ we denote the time derivative.
For the study of this controllability problem the moments theory has been suc-

cessfully used (see, for instance, [1, 25]). Also, the Hilbert uniqueness method (HUM)
(see [16]) has provided a different and general way to study this and similar multidi-
mensional problems.

In past years there was an increasing interest in the numerical approximations of
the controls. For instance, HUM was used in [8, 10, 11] to deduce numerical algorithms
with finite differences in the context of the two dimensional (2-D) wave equation. In
these references a bad behavior of the approximate controls was observed. Let us
briefly explain this phenomenon.

Generally speaking, the control’s approximation strategy consists in discretizing
the continuous problem (1.1), finding a control for each discrete problem, and finally
making the mesh size h tend to zero. What one normally expects is to get a control
of (1.1). However, as mentioned before, this is not necessarily true. Indeed, negative
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numerical results may be obtained as a consequence of the spurious high frequency
oscillations that do not exist at the continuous level but that are generated by any
semidiscrete dynamics. Precisely the controls of the highest modes may have large
norms which are not uniformly bounded in h. Moreover, a dispersion phenomenon
appears, and the velocity of propagation of these high frequency numerical waves may
converge to zero when the mesh size h tends to zero. Hence, neither is the control
time uniformly bounded. All of these phenomena occur in the semidiscrete models
obtained by finite differences or by the classical finite element method (see [13, 30]
for a detailed analysis of the 1-D case and [29] for the 2-D case, in the context of the
dual observability problem). In any of these models, the controllability property is
not uniform as the discretization parameter h goes to zero. As a consequence there
are initial data of the wave equation (even regular ones) for which the corresponding
sequence of discrete controls will diverge in the L2-norm.

Note that the spurious oscillations correspond to the high frequencies of the dis-
crete model, and therefore they weakly converge to zero. Consequently, their existence
is compatible with the convergence of the numerical scheme. However, when we are
dealing with the exact controllability problem, the role of the high frequencies becomes
much more important.

Since the main problem is the existence of the spurious high frequencies gener-
ated by the discretization process, the idea of eliminating or reducing them in one
way or another arises naturally. All of the numerical experiments using a Tychonoff
regularization technique [10, 11], a bigrid algorithm [8, 11] or a mixed finite element
approximation [9] are based on this idea. How to do that in an optimal and general
way and how to show mathematically the uniform controllability results are less clear.
Nevertheless, in past years many theoretical results were obtained. In [18] the high
frequency modes of the discrete initial data are filtered out in an appropriate manner
to ensure the existence of a uniformly bounded sequence of discrete controls. In [2] a
mixed finite element method is analyzed and an explicit sequence of discrete controls
which tends to the HUM control of the limit wave equation (1.1) is constructed. The
analysis of a bigrid method is presented in [21], where uniform results are also proved.

This paper considers a different method to achieve the uniform controllability.
The idea is to introduce in the discrete equation a numerical viscous term which van-
ishes when the mesh size h tends to zero. The dissipation has the role to damp out
the bad spurious high frequencies responsible for the large norm controls, eventually
ensuring the uniform controllability of the system. The method has the advantage
of being simple, general, and quite natural. Note that the amount of dissipation
introduced in the discrete system is very important. If the dissipation is uniformly
bounded in h (i.e., all of the eigenvalues belong to a vertical strip), it cannot compen-
sate for the effect of the controls’ growth, and the uniform result does not hold. On
the other hand, the damping term should vanish in the limit and therefore cannot be
enforced too much. We have treated a particular case in which we were able to prove
the uniform controllability result. However, to give the optimal amount of dissipation
capable of ensuring the best convergence rate and at the same time the uniformity
needs further investigation (see Remark 1).

The proof of the uniform controllability result is based on the moments theory.
More precisely, we construct a biorthogonal sequence in L2(−T

2 ,
T
2 ) to the family

of complex exponentials Λ = (e−λn(h)t)n, where λn(h) are the eigenvalues of the
corresponding discrete operator. This is done via the Fourier transform of some
entire functions of exponential type. A careful analysis of the behavior of these entire
functions on the real axis gives estimates for the norm of the biorthogonal sequence.
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These will allow us to show the uniform boundedness on h of the corresponding
sequence of discrete controls for a large class of initial data.

Estimates for biorthogonal sequences to families of exponential functions may be
found, for instance, in [6, 7] for the case of the heat equation, [5] for the case of a
multidimensional wave equation, or [12] for the case of a dissipative beam equation.
However, our family of exponentials has several different characteristics which make
the study more difficult, such as the dependence on the discretization step h and the
complexity of the exponents, which are contained neither in a sector of the real axis
nor on a vertical strip of the imaginary axis as in the previous works. The Fourier
transform of the biorthogonal elements has two qualitatively different behaviors on
the real axis, depending on if the value of |x| is smaller than 1

h or not. This gives
interesting and new type estimates reflecting the behavior of the real parts of our
exponents, which are of order h for the low frequencies but become of order 1

h for the
highest ones.

In [28] the controllability of a hyperbolic-parabolic coupled system is studied.
The corresponding spectrum is a union of two families {λll}l≥1 ∪ {λhk}k≥1. The first
one is purely real and behaves like −l2π2, and the second one is complex and looks
like − 1√

2kπ
+ kπi. Taken separately, each family has good controllability properties,

and the main problem is to join them. Although there are similarities with our case
(the spectrum is contained neither in a sector of the real axis nor on a vertical strip
of the imaginary axis), we cannot use the technique from [28] since the high part of
our spectrum is far away from any known controllable family of eigenfunctions.

The numerical viscosity technique was used in many different contexts (see, for
instance, [4, 17] in the case of hyperbolic conservation laws or [22, 23, 26, 27] in the case
of the semidiscrete dissipative plate or wave equation). In [22, 26, 27] an additional
vanishing viscosity term is introduced in the interior of the domain to make the
initially dissipative system uniformly stable. Consequently, the uniform controllability
property holds if a vanishing control is added in the interior of the domain. However,
our aim is more ambitious and consists of showing that no additional control is needed
to ensure the convergence of this scheme. From the numerical point of view this is
an advantage since the extra storage and computation for an additional control are
avoided.

In [3] a singular limit problem from a parabolic to a hyperbolic equation is studied
from the controllability point of view. Although the context and the approach are
different, there exists at least one similarity to our case: the parabolic character
vanishes in the limit when a controlled hyperbolic system is obtained.

It is known that a structural damping of the form −εutxx makes the continuous
wave equation not even spectrally controllable (see [24]). This is due to the accumu-
lation of the spectrum on −ε. In our semidiscrete case the viscosity parameter ε and
the mesh size h are related and tend to zero simultaneously. The resulting system
is consistent with the conservative wave equation, and therefore, unlike in [24], the
uniform controllability property does hold.

The article is organized in the following way. The discrete control problem is
presented in section 2, and an analysis of the energy decay rate is given in section 3.
The control problem is transformed into an equivalent problem of moments in sec-
tion 4. The main result is contained in section 5, where a biorthogonal sequence is
constructed and evaluated. The technical but fundamental proof of the estimate on
the real axis of the entire functions whose Fourier transforms give the biorthogonal
sequence is given in the appendix at the end of the paper. In section 6 the existence
of a bounded sequence of discrete controls is proved, and it is shown that any weak
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limit is a control of the continuous wave equation. Section 7 presents some numerical
experiments to support the theoretical results obtained in the paper.

2. The discrete problem. In this paper we study a finite-difference space dis-
cretization of (1.1). In order to do this, let us consider N ∈ N

∗, a step h = 1
N+1 , and

an equidistant mesh of the interval (0, 1), 0 = x0 < x1 < · · · < xN < xN+1 = 1, with
xj = jh, 0 ≤ j ≤ N + 1. The central finite-difference approximation of the space
derivatives leads to the following semidiscretization of (1.1):⎧⎪⎪⎨

⎪⎪⎩
u′′j (t) −

uj+1(t)+uj−1(t)−2uj(t)
h2 = 0 for 1 ≤ j ≤ N, t > 0,

u0(t) = 0, uN+1(t) = vh(t) for t > 0,

uj(0) = u0
j(x), u

′
j = u1

j(x) for 1 ≤ j ≤ N.

(2.1)

System (2.1) consists of N linear differential equations with N unknowns u1, u2,
. . . , uN . Roughly speaking, uj(t) approximates u(t, xj), the solution of (1.1), provided
that (u0

j , u
1
j)0≤j≤N+1 is an approximation for the initial datum in (1.1). In fact, we

shall choose

u0
j = u0(jh), u1

j = u1(jh), 0 ≤ j ≤ N + 1.(2.2)

Our aim is to study the following controllability property for (2.1): given T > 2
and (u0

j , u
1
j)1≤j≤N ∈ C

2N , there exists a control function vh ∈ H1(0, T ) such that the
corresponding solution (uj , u′j)1≤j≤N of (2.1) satisfies

uj(T ) = u′j(T ) = 0, 1 ≤ j ≤ N.(2.3)

If this holds for any (u0
j , u

1
j)1≤j≤N ∈ C

2N , we say that (2.1) is exactly controllable in
time T .

It is not difficult to see that the controllability problem we have just addressed
has a positive answer and a sequence of discrete controls (vh)h>0 may be easily found.
Considerably more difficult is to show that the sequence (vh)h>0 converges in some
sense to a control v of the continuous wave equation (1.1), corresponding to the initial
datum (u0, u1), which verifies (2.2). In fact, due to the spurious high frequencies
introduced by the discretization, the numerical scheme (2.1) gives an unbounded
sequence of controls (vh)h>0 even when very regular initial data (u0, u1) are considered
(see [13, 18]).

In order to deal with the spurious high frequencies, we add a dissipative term,
vanishing when the mesh size tends to zero. More precisely, we consider instead of
(2.1) the following scheme:⎧⎪⎪⎨

⎪⎪⎩
u′′j (t) −

uj+1(t)+uj−1(t)−2uj(t)
h2 − ε

u′
j+1(t)+u′

j−1(t)−2u′
j(t)

h2 = 0, t > 0,

u0(t) = 0, uN+1(t) = vh(t), t > 0,

uj(0) = u0
j(x), u

′
j = u1

j(x), 1 ≤ j ≤ N,

(2.4)

and we address the same controllability problem as before.
The parameter ε, which multiplies the viscous term

u′
j+1(t)+u′

j−1(t)−2u′
j(t)

h2 , depends
on the step size h and tends to zero as h→ 0:

lim
h→0

ε(h) = 0.(2.5)
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Hence, in (2.4), the term ε
u′

j+1(t)+u
′
j−1(t)−2u′

j(t)

h2 represents a vanishing numerical
viscosity that will eventually ensure the boundedness of the sequence (vh)h>0.

Remark 1. A similar damping term, with ε = h2, is used in [27] in order to
ensure an exponentially uniform decay rate of the discrete energy, when a dissipative
term is already present on the boundary. In this case, the extra damping constitutes
a bounded perturbation sufficient to restore the uniform decay rate. The spectrum
of the corresponding operator is shifted to the left, but it remains in a vertical strip.
However, this is not sufficient to ensure the uniform boundary controllability property.
Therefore, we shall reinforce the damping by considering ε = h. This selection verifies
(2.5) and, at the same time, ensures the amount of dissipation needed for the uniform
control of the high frequencies. Let us finally mention that we do not know the opti-
mal choice for ε(h), ensuring both the uniformity in h and the best convergence rate.
For instance, any ε(h) = hα, with α ∈ (1, 2), could still produce uniform controllabil-
ity results with a better convergence rate. The numerical experiments confirm this,
but the theoretical study is more difficult and needs further investigation. In [23]
such dissipative terms were used to achieve uniform stability of the approximating
models.

Let us first write (2.4) in a vectorial form, which is easier to deal with. We define
the following matrix from MN×N(R):

Ah =
1
h2

⎛
⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 . . . 0 0
−1 2 −1 0 . . . 0 0
0 −1 2 −1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 2 −1
0 0 0 0 . . . −1 2

⎞
⎟⎟⎟⎟⎟⎟⎠ .

If we denote the unknown of (2.4) by Uh(t) = (u1(t), u2(t), . . . , uN(t))T , system
(2.4) may be written in the following equivalent vectorial form:{

U ′′h (t) +AhUh(t) + εAhU
′
h(t) = Fh(t), for t > 0,

Uh(0) = U0
h , U

′
h(0) = U1

h ,
(2.6)

U0
h = (u0

j)1≤j≤N and U1
h = (u1

j)1≤j≤N being the initial data of (2.4). The vector Fh
is given by

Fh(t) =

⎛
⎜⎜⎜⎜⎜⎝

0
0
...
0

1
h2 (vh(t) + εv′h(t))

⎞
⎟⎟⎟⎟⎟⎠ .

In (2.6) we have taken into account that uN+1(t) = vh(t) and u0(t) = 0 for all
t > 0.

Before studying the decay properties of the solutions of (2.6), let us define in C
N

the canonical inner product

(f, g) = h

N∑
k=1

fkgk,(2.7)

where f = (fk)1≤k≤N and g = (gk)1≤k≤N belong to C
N .
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Also, we consider in C
2N the inner product defined by

(f, g)1 = h

[
N−1∑
k=1

fk+1 − fk
h

gk+1 − gk
h

+
1
h2

(f1g1 + fNgN )

]
+ h

2N∑
k=N+1

fkgk,(2.8)

where f = (fk)1≤k≤2N and g = (gk)1≤k≤2N are two vectors from C
2N . The corre-

sponding norm will be denoted by || · ||1.
Remark 2. The following equivalent form of the inner product (2.8) justifies its

definition and its usefulness for our problem:

(f, g)1 =
(
Ahf

1, g1
)

+
(
f2, g2

)
,(2.9)

where f1 = (fk)1≤k≤N , f2 = (fk)N+1≤k≤2N , g1 = (gk)1≤k≤N , g2 = (gk)N+1≤k≤2N

and f = (f1, f2), g = (g1, g2).
The following discrete duality product will be needed in the study of the control

problem: 〈(
f1, f2

)
,
(
g1, g2

)〉
D

= −
(
f1, g2

)
+
(
f2 + εAhf

1, g1
)
,(2.10)

where f = (f1, f2) and g = (g1, g2) are two vectors from C
2N as in Remark 2.

3. Energy estimates. In this section we briefly study system (2.4) in the un-
controlled case, i.e., when vh = 0, and show its dissipative character. Here (2.4) is a
homogeneous linear system of N differential equations of order two and has a unique
solution U ∈ Cω

(
[0,∞),RN

)
(the set of analytic functions defined in [0,∞) and with

values in R
N ). The energy of (2.4) is defined by

Eh(t) =
h

2

N∑
j=0

[
|u′j(t)|2 +

∣∣∣∣uj+1(t) − uj(t)
h

∣∣∣∣2
]

(3.1)

and represents a discretization of the continuous energy corresponding to (1.1)

E(t) =
1
2

∫ 1

0

[
|u′(t)|2 + |ux(t)|2

]
dx.(3.2)

Remark 3. The energy may be expressed in terms of the inner product (2.7):

Eh(t) =
1
2

[(U ′h(t), U
′
h(t)) + (Uh(t), AhUh(t))] .(3.3)

It is easy to show that system (2.4) is dissipative. More precisely, we have the
following proposition.

Proposition 3.1. If vh = 0 in (2.4) and Eh(t) is the energy function (3.1), then

dEh
dt

(t) = −ε(AhU ′h(t), U ′h(t)) = −εh
N∑
j=0

∣∣∣∣u′j+1(t) − u′j(t)
h

∣∣∣∣2 .(3.4)

Proof. Equality (3.4) follows easily, multiplying (2.6) by U ′h. Indeed,

0 = (U ′′h +AhUh + εAhU
′
h, U

′
h)

=
1
2

[(U ′h, U
′
h) + (AhUh, Uh)]

′ + ε(AhU ′h, U
′
h)

=
dEh
dt

(t) + ε(AhU ′h, U
′
h),

and the proof finishes.
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Proposition 3.1 indicates that the energy of (2.4) decreases with t. In the next
theorem we shall give an estimate for the decay rate of the energy. Let us first consider
the Fourier decomposition of the solutions of (2.4) by using the eigenvectors of the
self-adjoint operator Ah. It is well known (see, for instance, [15]) that the eigenvalues
of Ah are (ν2

j )1≤j≤N , where

νj =
2
h

sin
(
jπh

2

)
, 1 ≤ j ≤ N,(3.5)

and the corresponding eigenvectors are given by

ϕj =
√

2(sin(jπhk))1≤k≤N ∈ R
N , 1 ≤ j ≤ N.(3.6)

The following property holds.
Lemma 3.2. The set of vectors (ϕj)1≤j≤N forms an orthonormal basis in C

N

with respect to the inner product defined by (2.7).
Proof. We have

(
ϕl, ϕj

)
= 2h

N∑
k=1

sin(jπhk) sin(lπhk) = h

N∑
k=0

(cos((l − j)πhk) − cos((l + j)πhk)) .

But, for q ∈ Z,

N∑
k=0

cos(qπhk) =
{
N + 1 if q = 0,
1−(−1)q

2 if q ∈ Z
∗.

It follows that (ϕl, ϕj) = δlj , and the proof finishes.
Let us expand the initial datum (U0

h , U
1
h) of (2.6) as follows:

U0
h =

N∑
j=1

a0
jhϕ

j and U1
h =

N∑
j=1

a1
jhϕ

j .(3.7)

The corresponding solution Uh(t) is given by

Uh(t) =
N∑
j=1

ajh(t)ϕj ,(3.8)

where the coefficients ajh(t) can be computed explicitly. Indeed, we have the following
lemma.

Lemma 3.3. If the initial datum (U0
h , U

1
h) of system (2.6) are given by (3.7), then

the corresponding solution of (2.6), with vh = 0, is given by (3.8), where

ajh(t) =
a1
jh − λ−j a

0
jh

λ+
j − λ−j

eλ
+
j t −

a1
jh − λ+

j a
0
jh

λ+
j − λ−j

eλ
−
j t(3.9)

and

λ±j =
1
2

(
−εν2

j ±
√
ε2ν4

j − 4ν2
j

)
, j = 1, 2, . . . , N.(3.10)

Proof. The proof is elementary, and we omit it.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2864 SORIN MICU

Remark 4. The values (λ±j )1≤j≤N from (3.10) are the eigenvalues of the operator

A =
(

0 −I
Ah εAh

)
corresponding to (2.6). Note that they are complex numbers with a negative real
part. We shall write

λj =
1
2

(
−εν2

j + sgn(j)
√
ε2ν4

j − 4ν2
j

)
, 1 ≤ |j| ≤ N.

Let us remark that, in the case ε = h, λj has the simpler form

λj = i
2
h

sin
(
jπh

2

)(
cos

(
jπh

2

)
+ i sin

(
jπh

2

))
.(3.11)

We pass now to evaluate the decay rate of the energy corresponding to (2.6).
From now on we shall suppose that ε = h. This is the case we shall analyze from

the controllability point of view later on in the paper.
Theorem 3.4. Let ε = h and vh = 0 in (2.4). There exist two positive constants

C and ω, not depending on h, such that

Eh(t) ≤
C

h2
e−ωhtEh(0) ∀t > 0.(3.12)

Proof. From (3.3) and Lemmas 3.2 and 3.3 we have that

Eh(t) =
1
2

[(U ′(t), U ′(t)) + (AhU(t), U(t))] =
1
2

⎡
⎣ N∑
j=1

(
|a′jh(t)|2 + ν2

j |ajh(t)|2
)⎤⎦ .

From (3.9) we obtain that, for 1 ≤ j ≤ N ,

|a′jh(t)|2 + ν2
j |ajh(t)| ≤ 8e−εν

2
j t

|λ+
j |2 + ν2

j

|λ+
j − λ−j |2

[
|a1
jh|2 + |λ+

j |2|a0
jh|2

]
= 16e−εν

2
j t

ν2
j

|λ+
j − λ−j |2

[
|a1
jh|2 + ν2

j |a0
jh|2

]
.

Hence,

Eh(t) ≤ 8
N∑
j=1

[
e−εν

2
j t

ν2
j

|λ+
j − λ−j |2

(
|a1
jh|2 + ν2

j |a0
jh|2

)]
.(3.13)

It follows that

Eh(t) ≤ 8 max
1≤j≤N

{
ν2
j

|λ+
j − λ−j |2

}
e−ωht

N∑
j=1

[
|a1
jh|2 + ν2

j |a0
jh|2

]
≤ 1

4h2
e−ωhtEh(0),

with

0 < ω ≤ 4 ≤ 4
h2

sin2 πh

2
=

1
h

min
1≤j≤N

{εν2
j }.

The proof is finished.
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Remark 5. Note that the decay rate of the energy is not uniform when h tends
to zero. Nevertheless, from (3.13), it follows that

Eh(t) ≤
N∑
j=1

e−hν
2
j t

2

cos
(
jπh
2

) (|a1
jh|2 + ν2

j |a0
jh|2

)
.(3.14)

Since hν2
j increases with j, it follows that the high frequencies are sensibly more

dissipated that the lower ones. This is precisely the mechanism we shall take advan-
tage of in the control problem.

4. The problem of moments. We return now to the controllability prob-
lem for (2.6). Let us recall that (2.6) is exactly controllable in time T if, for any
(U0

h , U
1
h) ∈ C

2N , there exists a control function vh ∈ H1(0, T ) such that the corre-
sponding solution (Uh, U ′h) of (2.6) satisfies Uh(T ) = U ′h(T ) = 0.

First, we deduce a variational characterization of the controllability property. Let
(φh, φ′h) be the solution of the following backward homogeneous system:{

φ′′h(t) +Ahφh(t) − εAhφ
′
h(t) = 0 for t ∈ (0, T ),

φh(T ) = φ0
h, φ

′
h(T ) = φ1

h,
(4.1)

where (φ0, φ1) ∈ C
2N are given.

Multiplying (4.1) by the solution Uh of (2.6) and integrating in time, we obtain

0 =
∫ T

0

(Uh, φ′′h +Ahφh − εAhφ
′
h) dt

= [−(U ′h + εAhUh, φh) + (Uh, φ′h)]|
T
0 +

∫ T

0

(U ′′h +AhUh + εAhU
′
h, φh) dt

= [−(U ′h + εAhUh, φh) + (Uh, φ′h)]|
T
0 +

∫ T

0

(Fh, φh)dt.

Hence,

〈(Uh(t), U ′h(t)), (φh(t), φ′h(t))〉D
∣∣∣T
0

=
∫ T

0

1
h

(vh(t) + εv′h(t))φN (t)dt.(4.2)

For any fh ∈ L2(0, T ), let vh ∈ H1(0, T ) be a solution of

εv′h + vh = fh, t ∈ (0, T ).(4.3)

From (4.2) we obtain the following variational characterization of the controlla-
bility property.

Lemma 4.1. Given T > 0, system (2.4) is exactly controllable in time T if
and only if, for any (U0

h , U
1
h) ∈ C

2N , there exists fh ∈ L2(0, T ) such that, for any
(φ0
h, φ

1
h) ∈ C

2N , ∫ T

0

fh(t)
φN (t)
h

dt = −
〈(
U0
h , U

1
h

)
, (φh(0), φ′h(0))

〉
D
,(4.4)

(φh, φ′h) being the corresponding solution of (4.1). A control vh for (2.4) is any solution
of (4.3).
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In order to write (4.4) as an equivalent problem of moments, we use the Fourier
expansion of the solutions of (4.1) as we have done for (2.6). Let us decompose the
initial datum (φ0, φ1) of (4.1) as

φ0
h =

N∑
j=1

b0jhϕ
j and φ1

h =
N∑
j=1

b1jhϕ
j .(4.5)

The corresponding solution φh of (4.1) has the form

φh(t) =
N∑
j=1

bjh(t)ϕj ,(4.6)

where the coefficients bjh(t) are given by

bjh(t) =
b1jh − μ−j b

0
jh

μ+
j − μ−j

eμ
+
j (t−T ) +

−b1jh + μ+
j b

0
jh

μ+
j − μ−j

eμ
−
j (t−T ),(4.7)

and μ±j = 1
2

(
εν2
j ±

√
ε2ν4

j − 4ν2
j

)
are the roots of the characteristic equation

μ2 − εν2
jμ+ ν2

j = 0, 1 ≤ j ≤ N.(4.8)

In the sequel we shall write

μn =
1
2

(
εν2
n + sgn(n)

√
ε2ν4

n − 4ν2
n

)
=
{
μ+
n if n > 0,
μ−−n if n < 0,

and these are the eigenvalues of the adjoint problem (4.1). We have the following new
characterization of the controllability property in terms of a problem of moments.

Theorem 4.2. Let T > 0. System (2.6) is exactly controllable in time T if and
only if, for any (U0

h , U
1
h) ∈ C

2N of form (3.7), there exists fh ∈ L2(0, T ) such that∫ T

0

fh(t)eμntdt =
(−1)nh√

2 sin(|n|πh)

(
ν2
n

μn
a0
|n|h + a1

|n|h

)
, 1 ≤ |n| ≤ N.(4.9)

Proof. The proof is a direct consequence of Lemma 4.1. Indeed, it is sufficient
to verify (4.4) for (φ0

h, φ
1
h) = (ϕ|n|, μnϕ|n|), 1 ≤ |n| ≤ N . By taking into account

(4.6)–(4.7), we deduce that in this case φ = e(t−T )μnϕ|n| and

φN (t) = (−1)n+1
√

2 sin(|n|πh) e(t−T )μn .

On the other hand,〈(
U0
h , U

1
h

)
, (φh(0), φ′h(0))

〉
D

=
〈(
U0
h , U

1
h

)
, e−μnT

(
ϕ|n|, μnϕ

|n|
)〉

D

= e−μnT

(
− μn

∑
1≤m≤N

a0
mh

(
ϕm, ϕ|n|

)

+
∑

1≤m≤N

(
a1
mh + εν2

ma
0
mh

) (
ϕm, ϕ|n|

))

= e−μnT
(
a0
|n|h

(
−μn + εν2

n

)
+ a1
|n|h

)
= e−μnT

(
ν2
n

μn
a0
|n|h + a1

|n|h

)
.
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From Lemma 4.1 it follows immediately that (4.9) holds.
Remark 6. According to Theorem 4.2 a control vh for (2.6) is obtained by solving

the following problem of moments: find gh ∈ L2(−T
2 ,

T
2 ) such that∫ T

2

−T
2

gh(t)eμntdt = βnhe
−μn

T
2 , 1 ≤ |n| ≤ N,(4.10)

where gh(s− T
2 ) = fh(s) and βnh = (−1)n+1h√

2 sin(|n|πh)
( ν

2
n

μn
a0
|n|h + a1

|n|h).

5. Biorthogonal sequences. Let us consider the sequence (μn)|n|≤N
n �=0

of the
eigenvalues of the matrix operator

A∗ =
(

0 −I
Ah −εAh

)
corresponding to the adjoint problem (4.1). Recall that we have considered ε = h and
consequently

μn = i
2
h

sin
(
nπh

2

)(
cos

(
nπh

2

)
− i sin

(
nπh

2

))
.(5.1)

To solve the problem of moments (4.10), we construct an explicit biorthogonal
sequence (Θm)|m|≤N

m �=0
to the family of complex exponentials (eμnt)|n|≤N

n �=0
in L2(−T

2 ,
T
2 )

and we estimate the norm of the elements of this biorthogonal sequence.
We recall that (Θm)|m|≤N

m �=0
is a biorthogonal sequence to (eμnt)|n|≤N

n �=0
in L2(−T

2 ,
T
2 )

if (see [1] and [31])∫ T
2

−T
2

Θm(t)eμntdt = δmn ∀m,n = ±1,±2, . . . ,±N.(5.2)

Remark 7. If (Θm)1≤|m|≤N is a biorthogonal sequence in L2(−T
2 ,

T
2 ) to the family

(eμnt)1≤|n|≤N , then

gh(t) =
∑

|n|≤N
n �=0

βnhe
−μn

T
2 Θn(5.3)

is a solution of the problem of moments (4.10). Note that in (5.3) we have a finite
sum, but the number of terms tends to infinity as h goes to zero. We also have

||gh||L2 ≤
∑

|n|≤N
n �=0

|βnh|e−	(μn) T
2 ||Θn||L2 ,(5.4)

and an estimate for the norm of gh is obtained from the estimate of the norm of
the biorthogonal sequence. From (5.4) we see that the L2-norm of gh may be uni-
formly bounded in h even if ||Θn||L2 is large, provided that the negative exponentials
e−	(μn) T

2 (due to the dissipation term we have introduced) are small enough. Our
aim is to show that, for T sufficiently large, ||Θn||L2e−	(μn) T

2 is sufficiently small to
ensure the uniform boundedness of the sum.

Since (eμnt)|n|≤N
n �=0

is a finite family of exponential functions, it follows immediately
that it has infinitely many biorthogonal families in L2(−T

2 ,
T
2 ). However, we are

interested not only in the existence but also on the dependence of these biorthogonal
families on N . Our aim is to construct an explicit biorthogonal and to evaluate the
norm of its elements. We shall do that in several steps:
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1. We construct an entire function of exponential type, the product Υm, with
the property that Υm(−iμn) = δmn (Lemma 5.1).

2. We evaluate Υm on the real axis (Lemma 5.2).
3. We construct an entire function, the multiplier G, of exponential type such

that ΥmG is bounded on the real axis (Lemma 5.3).
4. The Fourier transform of the entire function Υm(z)G(z)( sin(z+iμm)

z+iμm
)2 gives

the element Θm of a biorthogonal sequence. Moreover, from the Plancherel
theorem, an estimate for the norm of Θm is obtained too (Theorem 5.4).

This method was used in several controllability problems for the heat [6] or the
wave equations [5]. However, here we deal with two parameters h and m and complex
exponents μn. The most difficult part consists in the estimate at step 2. This estimate
will have different forms, according to the relation existing between x and h.

5.1. The product. Let us first define, for each m such that 1 ≤| m |≤ N , the
following product function:

Υm(z) =
∏

1≤|n|≤N
n �=m

(
1 + z

iμn

1 − μm

μn

) ∏
1≤|n|≤N

exp
(
−z + iμm

iμn

)
.(5.5)

Lemma 5.1. The function Υm has the following properties:
(i) Υm(−iμn) = δnm, 1 ≤ |n| ≤ N ;
(ii) There exists a constant B1 independent of h and m such that Υm is an entire

function of exponential type at most B1; i.e., there exists a constant 0 <
Am < 1 such that

|Υm(z)| ≤ Am exp(B1|z|) ∀z ∈ C.(5.6)

Proof. The first property is evident. Let us pass directly to show (5.6). Since
μ−n = μn, we have that, for any z ∈ C,

∏
1≤|n|≤N

exp
(
z

μn

)
= exp

⎛
⎝z ∑

1≤|n|≤N

1
μn

⎞
⎠ = exp

⎛
⎝z ∑

1≤n≤N

2�(μn)
|μn|2

⎞
⎠ = exp (Nhz)

and therefore∣∣∣∣∣∣exp
(
− z

iμm

) ∏
1≤|n|≤N

exp
(
−μm
μn

)∣∣∣∣∣∣ ≤ exp (−Nh� (μm)) exp
(
|z|
2

)
.(5.7)

On the other hand, for any z 
= −iμn,∣∣∣∣∣∣∣
∏

1≤|n|≤N
n �=m

(
1 +

z

iμn

)
exp

(
− z

iμn

)∣∣∣∣∣∣∣ = exp

⎛
⎜⎝ ∑

1≤|n|≤N
n �=m

ln
∣∣∣∣
(

1 +
z

iμn

)
exp

(
− z

iμn

)∣∣∣∣
⎞
⎟⎠

= exp

⎛
⎜⎝ ∑

1≤|n|≤[|z|]
n �=m

ln
∣∣∣∣1 +

z

iμn

∣∣∣∣− ∑
1≤|n|≤[|z|]

n �=m

�
(

z

iμn

)
+

∑
[|z|]+1≤|n|≤N

n �=m

ln
∣∣∣∣
(

1 +
z

iμn

)
exp

(
− z

iμn

)∣∣∣∣
⎞
⎟⎠ .
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Since |μn| = 2
h sin( |n|πh2 ) ≥ 2|n| and | zμn

| < 1
2 if [|z|] + 1 ≤| n |, we deduce that

∑
1≤|n|≤[|z|]

n �=m

ln
∣∣∣∣1 +

z

iμn

∣∣∣∣ ≤ 2
∑

1≤n≤[|z|]

ln
(
1 +

|z|
2n

)
≤ 2

∫ |z|
0

ln
(
1 +

|z|
2s

)
ds

= |z| (3 ln 3 − 2 ln 2) < 2|z|,

∑
[|z|]+1≤|n|≤N

n �=m

ln
∣∣∣∣
(

1 +
z

iμn

)
exp

(
− z

iμn

)∣∣∣∣ ≤ ∑
[|z|]+1≤|n|≤N

n �=m

∣∣∣∣ ziμn
∣∣∣∣2 ≤

∑
[|z|]+1≤|n|≤N

|z|2
4n2

≤ |z|
2
, exp

⎛
⎜⎝−

∑
1≤|n|≤[|z|]

n �=m

�
(

z

iμn

)⎞⎟⎠

≤

∣∣∣∣∣∣exp

⎛
⎝iz ∑

1≤|n|≤[|z|]

2�(μn)
|μn|2

⎞
⎠
∣∣∣∣∣∣ exp

(
|z|
|μm|

)

≤ exp
(
Nh|z| + |z|

2

)
.

It follows that ∣∣∣∣∣∣∣
∏

1≤|n|≤N
n �=m

(
1 +

z

iμn

)
exp

(
− z

iμn

)∣∣∣∣∣∣∣ ≤ exp (4|z|) .(5.8)

Finally, we evaluate

∏
1≤|n|≤N

n �=m

∣∣∣∣ μn
μn − μm

∣∣∣∣2 =
∏

1≤|n|≤N
n �=m

sin2
(
nπh
2

)
sin2

(
(n−m)πh

2

)

=

∏N
k=N−|m|+1 sin2

(
kπh
2

)
∏N+|m|
k=N+1 sin2

(
kπh
2

) =
∏|m|
k=1 cos2

(
kπh
2

)
∏|m|−1
k=0 cos2

(
kπh
2

) = cos2
(
mπh

2

)
.

Hence,

∏
1≤|n|≤N

n �=m

∣∣∣∣ μn
μn − μm

∣∣∣∣ = cos
(
mπh

2

)
.(5.9)

From (5.7), (5.8), and (5.9) we obtain that

|Υm(z)| ≤ cos
(
mπh

2

)
exp (−Nh� (μm)) exp

(
9
2
|z|
)
,

and (5.6) follows if B1 >
9
2 and Am = cos

(
mπh

2

)
exp (−Nh� (μm)).
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5.2. Estimate of the product on the real axis. A key point in the construc-
tion and evaluation of the biorthogonal sequence is the following result concerning
the behavior of Υm on the real axis.

Lemma 5.2. The following estimate holds for the function Υm on the real axis:

|Υm(x)| ≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
C1 cos

(
mπh

2

) ∣∣∣∣x− iμm
iμm

∣∣∣∣ exp

(
ω1

√
|x|
h

)
, |x| ≥ 1

h ,

C1 cos
(
mπh

2

) ∣∣∣∣x− iμm
iμm

∣∣∣∣ exp
(
ω1h|x|2

)
, |x| ≤ 1

h ,

(5.10)

where ω1 and C1 are two positive constants independent of h.
Proof. The proof is technical, and it will be given in the appendix.
Remark 8. An estimate of the product function on the real axis is always im-

portant in these type of problems. For instance, in [6], where the heat equation is
considered and consequently only real exponents are used, the product has a behavior
like exp(ω

√
x). On the other hand, if purely imaginary exponents are considered, as

in the wave equation, it is easy to see that the corresponding product is bounded.
Estimate (5.10) combines these two behaviors. Our product is like the wave equation
if hx is small and like the heat equation if hx is sufficiently large.

5.3. The multiplier. The aim of this section is to construct an entire function
with a sufficient decay on the real axis to compensate for the growth of the product
Υm evaluated in Lemma 5.2. We adapt an idea of Ingham [14], used several times in
the study of completeness problems for exponential functions.

Lemma 5.3. Let ε > 0 and ϕ : R → R be the function defined by

ϕ(x) =

{
εx2, |x| ≤ 1

ε ,√
|x|
ε , |x| > 1

ε .
(5.11)

There exists an entire function Gε of exponential type such that

|Gε(x)| ≤ C2 exp (−ϕ(x)) ∀x ∈ R,(5.12)

|Gε(−iμm)| ≥ exp (−ω2�(μm)) , 1 ≤ |m| ≤ N,(5.13)

where C2 and ω2 are two positive constants, independent of N and ε.
Proof. Let (ρn)n≥1 be the nonincreasing sequence defined by

ρn =

{
eε, n ≤ 1

ε ,

e
√

1
εn3 , n > 1

ε .
(5.14)

Note that ρn = eϕ(n)
n2 and

∑
n≥1

ρn = e

[ 1
ε ]∑

n=1

ε+ e

∞∑
n=[ 1

ε ]+1

√
1
εn3

≤ e+
∫ ∞
[ 1

ε ]

√
1
εs3

ds = e+
2e√
ε

1√[
1
ε

]
≤ e+

2e√
1 − ε

:= l <∞.
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Now, we define the function

H(z) =
∏
n≥1

sin(ρnz)
ρnz

.

Since ∣∣∣∣sin(ρnz)
ρnz

∣∣∣∣ =

∣∣∣∣∣∣
∑
k≥0

(−1)k
(ρnz)2k

(2k + 1)!

∣∣∣∣∣∣ ≤
∑
k≥0

|ρnz|2k
(2k)!

≤ exp(ρn|z|),

we have that

|H(z)| =
∏
n≥1

∣∣∣∣sin(ρnz)
ρnz

∣∣∣∣ ≤ exp

⎛
⎝|z|

∑
n≥1

ρn

⎞
⎠

and H is an entire function of exponential type less than l.
We pass to evaluate H(x) by considering the following two cases:

• |x| > 1
ε . We consider ν = [

√
|x|
ε ] ≥ [1ε ], and we have that

|H(x)| ≤
ν∏

n=1

| sin(ρnx)|
|ρnx|

≤
ν∏

n=1

1
ρn|x|

≤
(

1
ρν |x|

)ν

=

(√
εν3

e|x|

)ν
≤ e−ν ≤ e exp

(
−
√

|x|
ε

)
.

• |x| ≤ 1
ε . We consider ν = [1ε ], and we have that

|H(x)| ≤
ν∏

n=1

| sin(ρnx)|
|ρnx|

=
(
| sin(eεx)|

|eεx|

)ν
.

Since eε|x| ≤ e and sin(t) ≤ t− sin(e)
6e t3 for all t ∈ [0, e], it follows that

H(x) ≤
(

1 − sin(e)
6e

(eε|x|)2
)ν

= exp
(
ν ln

(
1 − sin(e)

6e
(eε|x|)2

))

≤ exp
(
−ν sin(e)

6e
(eε|x|)2

)
≤ exp

(
e sin(e)

6

)
exp

(
−1
ε

sin(e)
6e

(eε|x|)2
)

≤ e exp
(
−e sin(e)

6
ε|x|2

)
≤ e exp

(
−1

6
ε|x|2

)
.

It follows that the function Gε(z) = (H(z))6 verifies (5.12), with C2 = e6.
We prove that (5.13) holds too. We have that

|H(−iμm)| =
∞∏
n=1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ =
∏

ρn|μm|≤1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ ∏
ρn|μm|>1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ .
If ρn|μm| ≤ 1,

| sin(i ρnμm)| ≥ sin(ρn|μm|) ≥ ρn|μm| − (ρn|μm|)3
6
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and consequently

∏
ρn|μm|≤1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ = exp

⎛
⎝ ∑
ρn|μm|≤1

ln
∣∣∣∣ sin(i ρnμm)

i ρnμm

∣∣∣∣
⎞
⎠

≥ exp

⎛
⎝ ∑
ρn|μm|≤1

ln
(

1 − (ρn|μm|)2
6

)⎞⎠

≥ exp

⎛
⎝−|μm|2

6

∑
n≥1

ρ2
n

⎞
⎠ .

Since ∑
n≥1

ρ2
n =

∑
n≤[ 1

ε ]
e2ε2 +

∑
n>[ 1

ε ]
e2

1
εn3

≤ e2ε+
e2

ε

∫ ∞
[ 1

ε ]

ds

s3
≤ 4e2ε,

it follows that ∏
ρn|μm|≤1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ ≥ exp
(
−2e2

3
�(μm)

)
.(5.15)

If ρn|μm| > 1, we have that |μm| > 1
ρn

≥ 1
eε and

�(ρnμm) = ρn�(μm) = ρnε|μm|2 ≥ ε|μm| ≥ 1
e
.

It follows that∏
ρn|μm|>1

∣∣∣∣sin(i ρnμm)
i ρnμm

∣∣∣∣ =
∏

ρn|μm|>1

∣∣∣∣eρnμm − e−ρnμm

2ρnμm

∣∣∣∣
≥

∏
ρn|μm|>1

eρn	(μm) − e−ρn	(μm)

2ρn|μm| ≥
∏

ρn|μm|>1

2ρn�(μm)
2ρn|μm|

=
∏

ρn|μm|>1

ε|μm| ≥
∏

ρn|μm|>1

1
e

= exp
(
−
∣∣∣∣
{
n ≥ 1 : ρn ≥ 1

|μm|

}∣∣∣∣
)
.

Since |μm| > 1
eε we have that∣∣∣∣

{
n ≥ 1 : ρn ≥ 1

|μm|

}∣∣∣∣ =

[
3

√
e2

ε
|μm|2

]
≤ e2ε|μm|2 = e2�(μm)

and therefore ∏
ρn|μm|>1

∣∣∣∣ sin(i ρnμm)
i ρnμm

∣∣∣∣ ≥ exp
(
−e2�(μm)

)
.(5.16)

From (5.15) and (5.16) it follows that inequality (5.13) holds with ω2 = 10e2, and
the proof ends.
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5.4. Biorthogonal function estimates. We are now ready to prove the desired
result on the biorthogonal sequence.

Theorem 5.4. For any T > 0 sufficiently large but independent of h, there exists
a sequence (Θm)|m|≤N

m �=0
, biorthogonal in L2(−T

2 ,
T
2 ) to the family (eμnt)|n|≤N

n �=0
, such that

||Θm||L2(−T
2 ,

T
2 ) ≤M cos

(
mπh

2

)
exp (ω�(μm)) , 1 ≤ |m| ≤ N,(5.17)

where M and ω are positive constants, independent of m and N .
Remark 9. Theorem 5.4 provides a biorthogonal set for any T > 0. However, for

estimate (5.17) we need a time T sufficiently large (but independent of the discretized
problem). The value T = 2(B1 + 74π4 e + 2), for any B1 >

9
2 , is obtained in the

proof. We may improve it by finer estimates, but we are still far from T = 2, which
is probably the optimal value.

Proof. We define

Ξm(z) = Υm(z)
[

Gh(z)
Gh(−iμm)

]ω1 ( sin(z + iμm)
z + iμm

)2

,(5.18)

where Υm is given by (5.5) and Gh is the function constructed in Lemma 5.3, with
ε = h. We have that

• Ξm(−iμn) = δnm, 1 ≤ |n|, |m| ≤ N ;
• Ξm is an entire function of exponential type B = B1 + 6lω1 + 2, independent

of N ;
• by using the properties of Gh from Lemma 5.3 and the estimates of Υm from

Lemma 5.2, we obtain that∫ ∞
−∞

|Ξm(x)|2dx ≤
C2

1C
2ω1
2 cos2

(
mπh

2

)
|G(−iμm)|2ω1

∫ ∞
−∞

∣∣∣∣x− iμm
iμm

∣∣∣∣2
∣∣∣∣sin(x+ iμm)

x+ iμm

∣∣∣∣4 dx
≤

2C2
1C

2ω1
2 cos2

(
mπh

2

)
|G(−iμm)|2ω1

(
e2	(μm)

|μm|2
∫ ∞
−∞

∣∣∣∣ sin(t+ i�(μm))
t+ i�(μm)

∣∣∣∣2 dt
+ 4

∫ ∞
−∞

∣∣∣∣sin(t+ i�(μm))
t+ i�(μm)

∣∣∣∣4 dt
)

≤
8C2

1C
2ω1
2 cos2

(
mπh

2

)
|G(−iμm)|2ω1

e2(1+π)	(μm)

∫ ∞
−∞

∣∣∣∣sin(t)
t

∣∣∣∣2 dt
≤ 8πC2

1C
2ω1
2 cos2

(
mπh

2

)
e(2+2π+2ω1ω2)	(μm).

We introduce now the Fourier transform of Ξm

Θm(z) =
1
2π

∫ ∞
−∞

Ξm(x)e−xzidx,(5.19)

and we note that {Θm}|m|≤N
m �=0

is the biorthogonal sequence we are looking for.
Indeed, from the properties of Ξm, by using the Paley–Wiener theorem, it follows

that Θm(t) has compact support in [−B,B], it belongs to L2(−B,B), and∫ B

−B
Θm(t)eμntdt = Ξm(−iμn) = δnm, 1 ≤ |n| ≤ N.
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It follows that (Θm)|m|≤N
m �=0

is a biorthogonal sequence to {eμnt}|n|≤N
n �=0

in L2(−B,B).

Moreover, from Plancherel’s theorem we have

√
2π ‖ Θm ‖L2(−B,B)=‖ Ξm ‖L2(−∞,∞)≤ C1C

ω1
2

√
8π cos

(
mπh

2

)
e(1+π+ω1ω2)	(μm),

and the proof is finished.

6. Convergence results. The aim of this section is to show that a control for
the continuous system (1.1) may be obtained as a limit of controls of the correspond-
ing semidiscrete problems (2.6). The control time T will be considered sufficiently
large (but independent of the discretized problem) such that estimate (5.17) from
Theorem 5.4 holds.

Let (u0, u1) ∈ L2(0, 1)×H−1(0, 1) be the initial datum of (1.1). We consider that
(u0, u1) has a Fourier decomposition(

u0, u1
)

=
∑
n≥1

(
a0
n, a

1
n

)√
2 sin(nπx).(6.1)

Since
√

2 sin(nπx) is orthonormal in L2(0, 1), it follows that (u0, u1) ∈ L2(0, 1)×
H−1(0, 1) if and only if

∑
n≥1

(
|a0
n|2 +

1
|n|2π2

|a1
n|2
)
<∞.(6.2)

Now, let (U0
h , U

1
h)h>0 be a sequence of discretizations of (u0, u1) given by (3.7).

Assume that (a0
nh, a

1
nh)n∈Z∗ , the Fourier coefficients of the discrete initial data, verify

(
a0
nh

)
n
⇀
(
a0
n

)
n
,

(
a1
nh

λn

)
n

⇀

(
a1
n

nπi

)
n

when h→ 0 in �1.(6.3)

Remark 10. The usual discretization by points(
U0
h , U

1
h

)
=
((
u0(jh)

)
1≤j≤N ,

(
u1(jh)

)
1≤j≤N

)
(6.4)

leads to a convergence property of the Fourier coefficients sequence that depends on
the regularity of (u0, u1). Indeed, it is not difficult to prove the following:

(i) If u0 and u1 are piecewise continuous functions in [0, 1], then

(
a0
nh

)
n
⇀
(
a0
n

)
n
,

(
a1
nh

λn

)
n

⇀

(
a1
n

nπi

)
n

when h→ 0 in �1.(6.5)

(ii) If u0 and u1 are one-time derivable with a continuous derivative in [0, 1], then

(
a0
nh

)
n
→
(
a0
n

)
n
,

(
a1
nh

λn

)
n

→
(
a1
n

nπi

)
n

when h→ 0 in �1.(6.6)

We prove now the existence of a bounded sequence of controls for the semidiscrete
problem.

Theorem 6.1. Let us suppose that the initial data of (1.1) are such that

∑
n≥1

(
|a0
n| +

1
nπ

|a1
n|
)
<∞.(6.7)
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There exists a control vh of the semidiscrete problem (2.4), with ε = h, such that the
sequence (vh)h>0 is bounded in L2(0, T ).

Proof. Let (Θm)|m|≤N
m �=0

be the biorthogonal sequence in L2(−T
2 ,

T
2 ) to {eiλnt}|n|≤N

n �=0
constructed in Theorem 5.4. From Remarks 6 and 7, we obtain that

fh(t) =
∑

1≤|n|≤N

(−1)n+1h√
2 sin(|n|πh)

(
ν2
n

μn
a0
|n|h + a1

|n|h

)
e−μn

T
2 Θn

(
t− T

2

)
(6.8)

is a solution of (4.10). Moreover,

‖fh‖L2(0,T ) ≤
∑

1≤|n|≤N

h exp
(
−�(μn)T2

)
√

2| sin(nπh)|

(
|νn||a0

|n|h| + |a1
|n|h|

)
‖Θn‖L2(−T

2 ,
T
2 ).(6.9)

From the estimates for the norm of Θn given by Theorem 5.4, it follows that for
any T > 2ω,

‖fh‖L2(0,T ) ≤M
∑

1≤|n|≤N

(
a0
|n|h +

1
|νn|

a1
|n|h

)
.

It follows that any sequence of controls (vh)h>0 given by (4.3) is uniformly
bounded in L2(0, T ), and the proof ends.

Remark 11. Theorem 6.1 shows that the initial data which verify (6.7) can be
uniformly controlled with the scheme (2.4). The method we have used does not allow
us to prove the optimal result for the initial data in L2 × H−1 which verifies (6.2).
This is a general limitation of the biorthogonal technique already mentioned in [6].

Since the sequence of controls (vh)h given by Theorem 6.1 is bounded in L2(0, T ),
there exists a subsequence, denoted in the same way, and v ∈ L2(0, T ) such that
vh ⇀ v in L2(0, T ) when h → 0. In the next theorem we show that v is a control for
the corresponding continuous problem.

Theorem 6.2. If v ∈ L2(0, T ) is a weak limit of the bounded sequence (vh)h
given by Theorem 6.1, then v is a control for the continuous problem (1.1).

Proof. Like in the case of the semidiscrete problem, it is easy to prove that
v ∈ L2(0, T ) is a control for (1.1) if and only if the equality∫ T

0

v(t)ϕx(t, 1)dt = 〈u1, ϕ(0)〉H−1,H1
0
−
∫ 1

0

u0ϕ′(0)(6.10)

holds for any (ϕ0, ϕ1) ∈ H1
0 (0, 1) × L2(0, 1) and for ϕ the solution of the adjoint

equation ⎧⎨
⎩
ϕ′′ − ϕxx = 0 for x ∈ (0, 1), t > 0,
ϕ(t, 0) = ϕ(t, 1) = 0 for t > 0,
ϕ(T, x) = ϕ0(x), ϕ′(T, x) = ϕ1(x) for x ∈ (0, 1).

(6.11)

Now, the Fourier decomposition allows us to show that v is a control for (1.1) if
and only if ∫ T

0

v(t)e−inπtdt =
(−1)n√

2

(
−a0
|n|i+

a1
|n|
nπ

)
∀n 
= 0.(6.12)

Note that this is the moment problem for the continuous system (1.1), similar to
(4.9) from Theorem 4.2. Let v be a weak limit in L2(0, T ) of the sequence (vh)h. It
follows that v is a weak limit of the sequence (fh)h too.
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Note that, for each n ∈ Z
∗,

eμnt → e−inπt in L2(0, T )

and

h

sin(|n|πh)

(
ν2
n

μn
a0
|n|h + a1

|n|h

)
→ a0

ni+
a1
n

nπ

when h tends to zero.
By passing to the limit in (4.9), it follows that v satisfies (6.12). Hence, the limit

v is a control for the problem (1.1), and the proof finishes.
Remark 12. The weak convergence of the controlled discrete solutions to the

controlled continuous solution of (1.1) may be proved too. Moreover, if the discrete
initial data converge stronger to the continuous ones, the sequence of discrete HUM
controls converges strongly to the continuous HUM control. Both proofs are rather
technical and very similar to Theorems 3.2 and 3.3 from [2], and we omit them.

7. Numerical results. In this section we present a numerical experiment based
on the scheme with an added viscosity term. More precisely, we approximate the HUM
control for (1.1) (the control of minimal L2-norm) denoted by v̂ by using (2.4) as the
discretization of (1.1).

The algorithm we have used to compute the approximate controls is inspired by
the one proposed by Glowinski, Li, and Lions [10] (see also [8, 11]), and it is based on
a conjugate gradient implementation of the HUM method. To this end, we use the
approximations (U0

h , U
1
h) of the initial data by taking the values of u0 and u1 at the

nodes. Then, we minimize the following functional

J
(
φ0
h, φ

1
h

)
=

1
2

∫ T

0

(
φN (t) − εφ′N (t)

h

)2

dt+
〈(
U0
h , U

1
h

)
, (φh(0), φ′h(0))

〉
D

(7.1)

over all (φ0, φ1) ∈ C
2N , φN being the last component of φ, the solution of the adjoint

system (4.1).
The minimizer (φ̂0

h, φ̂
1
h) of J provides the control v̂h of the discrete system (2.4)

with minimal L2-norm. Since in Theorem 6.1 we have proved the existence of a
bounded sequence of discrete controls, it follows that (v̂h)h>0 is bounded too. Its
(unique) weak limit is the HUM control of (1.1) denoted by v̂.

In the algorithm several wave equations have to be solved. To do that, we also
need a time discretization. Except for these numerical experiments, our article does
not deal with the fully discrete problem, and the convergence remains to be done.
However, the uniform results we have obtained for the semidiscrete case suggest that
this is a good scheme to be discretized in time. The full discrete problem is analyzed,
for instance, in [19, 20].

Let Δt be the time step and l = Δt
h be the Courant number. We recall that the

classical central difference scheme for the constant coefficients 1-D wave equation, with
Courant number l equal to one, provides the exact solution at the nodes. Therefore,
in this very particular situation, the 1-D version of the conjugate gradient algorithm
described in [8, 11] gives a very accurate approximation of the control for any h > 0.
We use this special situation to compute “exact” controls that allow us to compare
the results obtained with our method. However, this scheme fails to converge if
l 
= 1. Note that, in view of the possible generalizations to other types of equations
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Fig. 1. Initial data (u0, u1) to be controlled.
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Fig. 2. The controlled position and velocity with h = 1
50

.

or multidimensional domains, it is of utmost importance to find robust algorithms
which are not sensitive on the various discretization parameters. As the numerical
results illustrate, the convergence of our method does not depend on the election of
the Courant number l = Δt/h, which is related to the theoretical uniform result we
have obtained.

Numerical example. In this example we consider a singular situation with
discontinuous initial data (u0, u1). We take

u0(x) =
{

20x if x ∈ (0, 1/2),
0 if x ∈ (1/2, 1), u1(x) = 0.

In Figure 1 we present a picture of these data. Note that u0 ∈ L2(0, 1) \H1(0, 1).
Since we are not looking for the optimal control time, we take T = 4. This is an

arbitrary choice. The value of T for which we have proved the convergence is much
larger, and it is given in Remark 9. It may be improved by finer estimates, but, in
this case, our option was for simplicity.

The algorithm based on the finite difference scheme (2.1) gives, when l := Δt/h <
1, unsatisfactory approximations of the HUM control corresponding to (u0, u1). In the
following experiments we have taken l = 7/8 and we have used (2.4). Figure 2 shows
the controlled solution (position and velocity) when h = 1/50. Figure 3 illustrates
the convergence of the discrete controls (dashed line) as h is decreased. The results
are compared with those obtained by the finite difference scheme, with Δt = h (solid
line). We may conclude that, even in this singular situation, the viscosity method
(2.4) provides satisfactory approximations of the HUM control.

The first line of results in Table 7.1 shows that the error in the L2-norm decreases
with h but at a slow rate when ε = h. It seems that this may be improved by choosing



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2878 SORIN MICU

0 0.5 1 1.5 2 2.5 3 3.5 4

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

 t

 v
(t

)
 Exact and approximate values of the control with h=1/100

 Exact
 Approximate

0 0.5 1 1.5 2 2.5 3 3.5 4

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

 t

 v
(t

)

 Exact and approximate values of the control with h=1/500

 Exact
 Approximate

0 0.5 1 1.5 2 2.5 3 3.5 4

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

 t

 v
(t

)

 Exact and approximate values of the control with h=1/1000

 Exact
 Approximate

0 0.5 1 1.5 2 2.5 3 3.5 4

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

 t

 v
(t

)

 Exact and approximate values of the control with h=1/2000

 Exact
 Approximate

Fig. 3. Approximations of the control with h = 1
100

, 1
500

, 1
1000

, and 1
2000

.

Table 7.1

Numerical results for ‖vh‖L2 obtained with Δt = 7/8h and different values of the parameters
ε and h. The exact result is ||v||L2 = 2.0106.

h 1/100 1/500 1/1000
‖vh‖L2 with ε = h 1.4656 1.8013 1.8750

‖vh‖L2 with ε = h1.5 1.8495 1.9877 2.0101

‖vh‖L2 with ε = h1.7 1.9117 2.0100 2.0242

‖vh‖L2 with ε = h1.9 1.9540 2.0225 2.0316

ε = hα, with α ∈ (1, 2) in (2.4). Numerical simulations with different values of the
parameter ε are presented in Figure 4 and Table 7.1. We note better convergence
rates with larger values of α, with an optimum close to 1.7. However, the theoretical
analysis of this problem should be based on the error estimates for the control, which,
to our knowledge, have not been yet obtained, regardless of the convergent discrete
scheme.

8. Appendix. Proof of Lemma 5.2. We have that

Υm(x) =
(

1 +
x

iμ−m

) ∏
1≤|n|≤N

n �=m

μn
μm − μn

∏
1≤|n|≤N

n �=|m|

(
1 +

x

iμn

) ∏
1≤|n|≤N

exp
(
−x+ iμm

iμn

)
.
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Fig. 4. Approximations of the control with different values of the parameter ε when h = 1
100

.

The first product in Υm is evaluated in (5.9), and we have that∣∣∣∣∣∣∣
∏

1≤|n|≤N
n �=m

μn
μm − μn

∣∣∣∣∣∣∣ = cos
(
mπh

2

)
≤ 1.

For the third product in Υm we have that∣∣∣∣∣∣
∏

1≤|n|≤N

exp
(
−x+ iμm

iμn

)∣∣∣∣∣∣ =
∏

1≤|n|≤N

∣∣∣∣exp
(
ix

μn

)∣∣∣∣ ∏
1≤|n|≤N

∣∣∣∣exp
(
−μm
μn

)∣∣∣∣
= exp (−Nh�(μm)) < 1.

We pass to evaluate the second product in Υm. We denote

P (x) =
∏

1≤|n|≤N
n �=|m|

∣∣∣∣1 +
x

iμn

∣∣∣∣2 =
∏

1≤n≤N
n �=|m|

(
x2 − 4

h2 sin2
(
nπh
2

))2
+ 16x2

h2 sin4
(
nπh
2

)
16
h4 sin4

(
nπh
2

) ,

and we consider the cases |x| ≤ π, |x| > 1
2h , and π < |x| ≤ 1

2h .
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Case 1 (|x| ≤ π). In this case we have that

P (x) ≤
∏

1≤n≤N
n �=|m|

(
π2 + 4

h2 sin2
(
nπh
2

))2
+ 16π2

h2 sin4
(
nπh
2

)
16
h4 sin4

(
nπh
2

)

≤
∏

1≤n≤N
n �=|m|

⎛
⎝(1 +

π2

4
h2 sin2

(
nπh
2

)
)2

+ π2h2

⎞
⎠ ≤

∏
1≤n≤N
n �=|m|

((
1 +

π2

4n2

)2

+ π2h2

)

≤
∏

1≤n≤N
n �=|m|

(
1 + πh+

π2

4n2

)2

≤ exp

⎛
⎜⎝2

∑
1≤n≤N
n �=|m|

(
πh+

π2

4n2

)⎞⎟⎠ .

Hence,

P (x) ≤ exp
(
2π + π2

)
∀|x| ≤ π.(8.1)

Case 2 (|x| > 1
2h ). We have that

P (x) ≤
∏

1≤n≤N
n �=|m|

x4 + 16
h4 sin4

(
nπh
2

)
+ 16x2

h2 sin4
(
nπh
2

)
16
h4 sin4

(
nπh
2

) ≤
∏

1≤n≤N
n �=|m|

x4 + 16
h4 + 16x2

h2

16
h4 sin4

(
nπh
2

)

≤
∏

1≤n≤N
n �=|m|

x4 (1 + 256 + 64)
16
h4 sin4

(
nπh
2

) ≤
∏

1≤n≤N
n �=|m|

256x4

n4
= exp

⎛
⎜⎝4

∑
1≤n≤N
n �=|m|

ln
(

4|x|
n

)⎞⎟⎠
≤ exp

(
4
∫ N

0

ln
(

4|x|
s

)
ds

)
= exp

(
4N ln

(
4|x|
N

)
+ 4N

)
≤ exp

(
8N

√
4|x|
N

)
,

where we have used that 4|x|
N > 2 and ln(t) + 1 ≤ 2

√
t for any t > 1. It follows that

P (x) ≤ exp

(
16

√
|x|
h

)
, ∀|x| > 1

2h
.(8.2)

Case 3 (π ≤ |x| ≤ 1
2h ). The analysis of this case is much more difficult. First of

all let us note that, in view of the particular form of P (x), it is sufficient to consider
x > 0. Moreover, there exists a unique xh ∈ (1, N) such that

x =
2
h

sin
(
xhπh

2

)
,(8.3)

and let p∗ ∈ [1, N ] ∩ N be the nearest integer to xh. We have that

2xh ≤ x ≤ πxh,(8.4)

p∗ − 1
2
≤ xh ≤ p∗ +

1
2
,(8.5)

1
2
xh ≤ p∗ ≤ xh +

1
2
≤ x+ 1

2
≤ 1

4h
+

1
2
.(8.6)
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We write P (x) = P1(x)P2(x)P3(x), where

P1(x) =

(
x2 − 4

h2 sin2
(
p∗πh

2

))2

+ 16x2

h2 sin4
(
p∗πh

2

)
16
h4 sin4

(
p∗πh

2

) ,

P2(x) =
∏

1≤n≤N
n �=p∗,|m|

(
x2 − 4

h2 sin2
(
nπh
2

))2
+ 16x2

h2 sin4
(
nπh
2

)
(
x2 − 4

h2 sin2
(
nπh
2

))2 ,

P3(x) =
∏

1≤n≤N

n �=p∗,|m|

(
x2 − 4

h2 sin2
(
nπh
2

))2
16
h4 sin4

(
nπh
2

) .

We shall evaluate P1, P2, and P3 successively. First of all note that

(
x2 − 4

h2
sin2

(
nπh

2

))2

=
16
h4

sin2

(
(xh − n)πh

2

)
sin2

(
(xh + n)πh

2

)
,

and since (xh + n)h ≤ 3
2 and sin2

(
(xh+n)πh

2

)
≥ 2(xh+n)2h2

9 we obtain that

32(xh + n)2(xh − n)2

9
≤
(
x2 − 4

h2
sin2

(
nπh

2

)2
)2

≤ π4(xh + n)2(xh − n)2.(8.7)

We have that

P1(x) ≤
π4|xh − p∗|2|xh + p∗|2

16(p∗)4
+ x2h2 ≤ 9π4

16(p∗)2
|xh − p∗|2 + x2h2

from where we deduce that

P1(x) ≤
9π6

16x2
+ x2h2.(8.8)

Now, we evaluate P2:

P2(x) ≤
∏

1≤n≤N

n �=p∗,|m|

(
1 +

16x2

h2 sin4
(
nπh
2

)
32
9 (xh + n)2(xh − n)2

)
≤

∏
1≤n≤N

n �=p∗,|m|

(
1 +

9π4x2h2n4

32(xh + n)2(xh − n)2

)

≤
∏

1≤n≤N
n �=p∗,|m|

(
1 +

9π4x2h2n2

32(xh − n)2

)
=

∏
1≤n≤N

n �=p∗,|m|

(
1 +

r n2

(xh − n)2

)
,
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where r = 9π4x2h2

32 . We have that

∏
1≤n≤N

n �=p∗,|m|

(
1 +

r n2

(xh − n)2

)
≤

∏
1≤n≤N

n �=p∗

(
1 +

r n2

(xh − n)2

)

=
∏

1≤n≤N

n/∈{p∗,p∗−1,p∗+1}

(
1 +

r n2

(xh − n)2

) (
1 +

r (p∗ − 1)2

(xh − p∗ + 1)2

)
(

1 +
r (p∗ + 1)2

(xh − p∗ − 1)2

)
≤
(
1 + 4r(p∗ + 1)2

)2 ∏
1≤n≤N

n/∈{p∗,p∗−1,p∗+1}

(
1 +

r n2

(xh − n)2

)

≤ exp
(
3π2hx2

)
exp

(∫ N+1

0

ln
(

1 +
r s2

(xh − s)2

)
ds

)
.

Now,∫ N+1

0

ln
(

1 +
r s2

(xh − s)2

)
ds =

(∫ xh

0

+
∫ N+1

xh

)
ln
(

1 +
r s2

(xh − s)2

)
ds

= (N + 1 − xh) ln
(

1 +
r (N + 1)2

(N + 1 − xh)2

)

+

(∫ xh

0

+
∫ N+1

xh

)
2rsxh ds

rs2 + (xh − s)2
.

Moreover,

(N + 1 − xh) ln
(

1 +
r (N + 1)2

(N + 1 − xh)2

)
≤ r (N + 1)2

N + 1 − xh
≤ 4r

3
(N + 1)

=
3π4

8
hx2,

∫ xh
1−hxh

xh
1+hxh

2rsxh ds
rs2 + (s− xh)2

≤
∫ xh

1−hxh

xh
1+hxh

2rsxh ds
rs2

= 2xh ln
(

1 + hxh
1 − hxh

)

≤ 4h(xh)2,

(∫ xh
1+hxh

0

+
∫ N+1

xh
1−hxh

)
2rsxh ds

rs2 + (s− xh)2

≤
∫ xh

1+hxh

0

2r(xh)2 ds
(s− xh)2

+
∫ N+1

xh
1−hxh

(
2rxh ds
(s− xh)

+
2r(xh)2 ds
(s− xh)2

)

=
2r
h

+ 4rxh ln
(

1 − hxh
hxh

)

+2r
(1 − hxh)2 − h2(xh)2

h(1 − hxh)

≤ 2r
h

+ 4
r

h
+ 2

r

h
≤ 9π4

4
hx2.
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It follows that

P2(x) ≤ exp
(

3π4

8
hx2 +

4
3
hx2 +

9π4

4
hx2

)
≤ exp

(
3π4hx2

)
.(8.9)

Finally, we evaluate P3. First, note that if m 
= p∗,

(
4
h2 sin2

(
mπh

2

)
x2 − 4

h2 sin2
(
mπh

2

)
)2

≤ 9m4π4

32(xh +m)2(xh −m)2
≤ 9π4m2

32(xh −m)2
≤ 9π4x2

8
.

Therefore,

P3(x) ≤
9π4x2

8

∏
1≤n≤N

n �=p∗

sin2
(

(xh−n)πh
2

)
sin2

(
(xh+n)πh

2

)
sin4

(
nπh
2

) .

We have that xh = p∗ + α, with α ∈ [− 1
2 ,

1
2 ], and we evaluate

E(x) =
∏

1≤n≤N

n �=p∗

sin2
(

(p∗+α−n)πh
2

)
sin2

(
(p∗+α+n)πh

2

)
sin4

(
nπh
2

)

=

∏
1≤k≤2p∗−1

k �=p∗
sin2

(
(k+α)πh

2

)∏N−p∗
k=1 sin2

(
(k−α)πh

2

)∏N+p∗

k=2p∗+1 sin2
(

(k+α)πh
2

)
∏

1≤k≤N
k �=p∗

sin4
(
kπh
2

)

=
sin4

(
p∗πh

2

)
sin2

(
(2p∗+α)πh

2

)
sin2

(
(p∗+α)πh

2

)

×
N∏
k=1

sin2
(

(k+α)πh
2

)
sin2

(
(k−α)πh

2

)
sin4

(
kπh
2

) N∏
k=N−p∗+1

sin2
(

(k+p∗+α)πh
2

)
sin2

(
(k−α)πh

2

) .

By taking into account that sin(a) sin(b) ≤ sin2
(
a+b
2

)
and 2p∗ + 1 < 1

2h , we
deduce that

E(x) ≤
sin2

(
p∗πh

2

)
sin2

(
(p∗+α)πh

2

) N∏
k=N−p∗+1

sin2
(

(k+p∗+α)πh
2

)
sin2

(
(k−α)πh

2

) .

Since 0 ≤ p∗+n
2 πh ≤ π and the function h(x) = sin x

x is decreasing on [0, π], it
follows that

sin
(

(k+p∗+α)πh
2

)
sin

(
(k−α)πh

2

) ≤ k + p∗ + α

k − α
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and thus

E(x) ≤ 2
N∏

k=N−p∗+1

(
k + p∗ + α

k − α

)2

= 2 exp

⎛
⎝2

N∑
k=N−p∗+1

ln
(

1 +
p∗ + 2α
k − α

)⎞⎠
≤ 2 exp

(
2
∫ N

N−p∗
ln
(

1 +
p∗ + 2α
s− α

)
ds

)
≤ 2 exp

(
2(p∗ + 2α)

∫ N

N−p∗

ds

s− α

)

= 2 exp
(

2(p∗ + 2α) ln
(

N − α

N − p∗ − α

))
≤ 2 exp

(
2(p∗ + 2α)

p∗

N − p∗ − α

)

≤ 2 exp

(
4(p∗)2

1
N − N+1

4 − 1

)
≤ 2 exp

(
16(p∗)2

1
3N − 5

)
.

Hence,

P3(x) ≤
9π4x2

4
exp

(
16hx2

)
.(8.10)

Finally from (8.8), (8.9), and (8.10) we obtain that

P (x) ≤ 9π4x2

4

(
9π6

16x2
+ x2h2

)
exp

(
3π4hx2 + 16hx2

)
≤ 81π10

32
exp

(
4π4hx2

)
.

The proof is complete, with C1 = 81π10

32 and ω1 = 4π4.
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ON THE LINEAR-EXPONENTIAL FILTERING PROBLEM FOR
GENERAL GAUSSIAN PROCESSES∗

M. L. KLEPTSYNA† , A. LE BRETON‡ , AND M. VIOT‡

Abstract. The explicit solution of the filtering problem with exponential criteria for a general
Gaussian signal is obtained through an approach which is based on a conditional Cameron–Martin-
type formula. This key formula is derived for conditional expectations of exponentials of some
quadratic functionals of a general continuous Gaussian process. The formula involves conditional
expectations and conditional covariances in some auxiliary optimal risk-neutral filtering problem
which is used in the proof. Closed form equations of the Itô–Volterra- and Riccati–Volterra–types
for these ingredients are provided. Particular cases for which the results can be further elaborated
are investigated.
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1. Introduction. The linear exponential Gaussian (LEG) filtering problem, i.e.,
with an exponential of integral performance index (see definition (2) below), and the
so-called risk-sensitive (RS) filtering problem (see [3] and the statement (64) below)
have been given a great deal of interest over the last decades. Numerous results have
been already reported in specific models, specially around Markov models, but, as far
as we know, without exhibiting the relationship between these two problems. See,
e.g., Whittle [24], [25], [26], Speyer, Fan, and Banavar [23], Elliott et al. [2], [6], [7],
Dey and Moore [4], [5], and Bensoussan and van Schuppen [1] for contributions on
this subject and related LEG and RS control problems. Therein the notion of the
“information state” has been introduced without any clear probabilistic meaning for
auxiliary processes which are involved, even in the Gauss–Markov case. Moreover, the
method proposed in [2] does not work in a non-Markovian situation. On the other
hand, the general solution for the optimal risk-neutral linear filtering problem and a
Cameron–Martin-type formula for a general Gaussian process has been obtained in
[10], [11], and [17]. It seems natural to use the approach proposed in [10] and [11]
to derive the solution of the LEG and RS filtering problems for a general Gaussian
process, to refine their link and also to give a probabilistic interpretation for the ingre-
dients of the information state. For details, see sections 5 and 6, where in particular
we prove that the LEG and RS filtering problems have the same solution and we
propose an example to show that, in a bit more general setting, two similar problems
may have different solutions.

In the present paper we deal with a signal process X = (Xt, t ≥ 0), which is
an arbitrary n-dimensional continuous Gaussian process, and an observation process
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Y = (Yt, t ≥ 0) in R
d governed by the linear equation

(1) Yt =
∫ t

0

A(s)Xsds+ B̃t , t ≥ 0 .

Here the deterministic function A = (A(s), s ≥ 0) is continuous with values in the set
of d × n matrices, and B̃ = (B̃t, t ≥ 0) denotes a d-dimensional standard Brownian
motion independent of X . Clearly the pair (X,Y ) is Gaussian but, in the general
setting, neither Markovian nor a semimartingale.

Suppose that only Y is observed and one wishes to minimize with respect to
h ∈ H and g ∈ G the following quantity:

(2)

LT (h, g, μ) = E

[
μ exp

{
μ

2
(XT − g)′M(XT − g)

+
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}]
,

where h = (h(s), 0 ≤ s ≤ T ) ∈ H means that h is a (Ys)-adapted process and
g ∈ G means that g is a YT -measurable variable. Here nonnegative definite symmetric
deterministic matrices M and Qs, 0 ≤ s ≤ T , are given, and (Ys) is the natural
filtration of Y , i.e., Ys = σ({Yu , 0 ≤ u ≤ s}), 0 ≤ s ≤ T . Note that, according to
the sign of the real parameter μ, there are two different cases for this LEG filtering
problem (the terminology is taken from the LEG optimal control problem):

• μ < 0, called the risk-preferring filtering problem,
• μ > 0, called the risk-averse filtering problem.

It is well-known (see, e.g., [23] for the discrete time Markov case setting) that
the solution to this problem is not the conditional expectation of Xt given the σ-
field Yt. Our first aim is to show that the solution can be completely explicit: the
characteristics of the optimal solution are obtained as the solution of a closed form
system of Volterra-type equations which actually reduce to the equations known for
the RS setting when the signal process X is Gauss–Markov (see, e.g., [20]). Our
second aim is to give the probabilistic interpretation of this optimal solution in terms
of an auxiliary optimal risk-neutral filtering problem. Actually, we extend the filtering
approach initiated in [11] for one-dimensional (1D) processes to obtain a conditional
Cameron–Martin-type formula for the conditional Laplace transform of a quadratic
functional of the involved process. Namely, we give an explicit representation for the
random variable

(3)

LT = E

[
exp

{
μ

2
(XT − g)′M(XT − g)

+
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}/
YT

]
.

The paper is organized as follows. In section 2 we derive the solution of the LEG
filtering problem in the caseM = 0; explicit Itô–Volterra-type equations, involving the
covariance function of the filtered process, are obtained. In particular, in section 2.1,
an appropriate auxiliary risk-neutral filtering problem is matched to that of deriving
the key Cameron–Martin-type formula for the conditional Laplace transform of a
quadratic functional of the involved process. The solution of this auxiliary filtering
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problem is discussed in section 2.2. In section 3 we investigate some specific cases
where the results can be further elaborated. In particular, more general observation
models where the observation noise is not a Brownian motion or it is not independent
of the signal are considered. Section 4 is devoted to the case M nonnegative definite.
Of course, the results of section 2 are particular cases of those of section 4, but we
prefer to keep both sections because a really simple independent proof can be given
when M = 0. In section 5 we discuss the relation between LEG and RS filtering
problems. Finally, section 6 is devoted to the interpretation for the ingredients of the
information state.

2. Solution of the LEG filtering problem: The case M = 0. It what
follows all random variables and processes are defined on a given stochastic basis
(Ω,F, (Ft),P) satisfying the usual conditions, and processes are (Ft)-adapted. We
consider a R

n-valued continuous Gaussian processX = (Xt, t ≥ 0) with mean function
m = (mt, t ≥ 0) and covariance function Γ = (Γ(t, s), t ≥ 0, s ≥ 0), i.e.,

EXt = mt, E(Xt −mt)(Xs −ms)′ = Γ(t, s) , t ≥ 0 , s ≥ 0 .

Let us introduce the following condition (Cμ).
(Cμ) the Riccati–Volterra equation

(4) γ̄(t, s) = Γ(t, s) −
∫ s

0

γ̄(t, r)[A′rAr − μQr]γ̄′(s, r)dr

has a unique and bounded solution on {(t, s) : 0 ≤ s ≤ t ≤ T } such that for
0 ≤ t ≤ T the matrix γ̄(t, t) is nonnegative definite.

Notice that for all μ negative the condition (Cμ) is satisfied (cf. Theorem 2 below),
and if μ is positive, the condition (Cμ) is satisfied for μ sufficiently small, for example,
those such that for any t ≤ T,A′tAt − μQt is nonnegative definite.

The first result of the present paper is the following theorem.
Theorem 1. Suppose that the condition (Cμ) is satisfied. Let h̄ = (h̄(t), 0 ≤ t ≤

T ) be the unique solution of the Itô–Volterra equation

(5) h̄(t) = mt +
∫ t

0

γ̄(t, s)A′s[dYs −Ash̄(s)ds],

where γ̄ is the unique solution of (4).
Then h̄ = (h̄(t), 0 ≤ t ≤ T ) is the solution of the LEG filtering problem, i.e.,

(6) h̄ = arg min
h∈H

E

[
μ exp

{
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}]
.

Moreover, the corresponding optimal risk is given by

E

[
μ exp

{
μ

2

∫ T

0

(Xs − h̄(s))′Qs(Xs − h̄(s))ds

}]
= μ exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}
.

Theorem 1 is a direct consequence of the results of section 2.1. Its proof will be
given at the end of section 2.1.

Remark 1.

(i) When μ is negative, functions h̄ and γ̄ can be interpreted in terms of an
appropriate risk-neutral filtering problem (see the proofs of Proposition 1
and Theorem 1), but when μ is positive, there is no such connection anymore.
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(ii) Let us note that in the Markovian case, (4) and (5) reduce to those given in
Elliott, Aggoun, and Moore [7] for the solution of the risk-sensitive filtering
problem. See also sections 3 and 5 for more details.

(iii) It is worth emphasizing that, taking μ = 0 in (4), one gets through (5) the
solution h̄ of the risk-neutral filtering problem of the signal X , given the
observation Y , i.e., h̄(t) = E(Xt/Yt) (see, e.g., [10]).

2.1. Conditional version of a Cameron–Martin formula: The case M =
0. In [10] and [11] it was proved that for any R

n-valued continuous Gaussian process
X = (Xt, t ≥ 0), with mean function m = (mt, t ≥ 0) and covariance function
Γ = (Γ(t, s), t ≥ 0, s ≥ 0), the following equality holds for any T > 0 and μ negative :

(7) E exp

{
μ

2

∫ T

0

X
′

sQsXsds

}
= exp

{
μ

2

∫ T

0

[z′(s)Qsz(s) + tr(γ(s, s)Qs)]ds

}
,

where γ = (γ(t, s), 0 ≤ s ≤ t ≤ T ) is the unique solution of the Riccati–Volterra
equation

(8) γ(t, s) = Γ(t, s) +
∫ s

0

γ(t, u)μQuγ′(s, u)du , 0 ≤ s ≤ t ≤ T ,

such that γ(t, t) is nonnegative definite and z = (zs, 0 ≤ s ≤ T ) is the unique solution
of the integral equation

(9) zs = ms +
∫ s

0

γ(s, u)μQuzudu .

Moreover, in [10] and [11] the link between the computation of the Laplace transform
(7) and the resolution of an appropriate risk-neutral filtering problem was exhibited,
and hence the probabilistic interpretation of functions z and γ was established. More
precisely, new processes Ȳ = (Ȳt, t ≥ 0) and ξ = (ξt, t ≥ 0) were defined by

(10) dȲt = (−μQt)
1
2Xtdt+ dB̄t , t ≥ 0 ,

and

(11) dξt = X ′t(−μQt)
1
2 dȲt , t ≥ 0 ,

where B̄ = (B̄t ; t ∈ [0, T ]) is a Brownian motion, independent ofX . It was established
that

• γ(t, t) is nothing but the covariance of the filtering error of X , given Ȳ , i.e.,

(12) γ(t, t) = γXX (t) = E[Xt − π̄t(X)][Xt − π̄t(X)]′ ,

and
• zt = π̄t(X) − γ

Xξ
(t), with

(13) γ
Xξ

(t) = E[(Xt − π̄t(X))(ξt − π̄t(ξ))/Ȳt] ,

where for any process η = (ηt ; t ∈ [0, T ]) such that E|ηt| < +∞, the notation π̄t(η) is
used for the conditional expectation of ηt, given the auxiliary σ-field Ȳt = σ({Ȳs , 0 ≤
s ≤ t}),

π̄t(η) = E(ηt/Ȳt) .
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Remark 2. Let us mention that, since the pair (X, ξ) is only conditionally Gaus-
sian given Ȳt, the conditional covariance γ

Xξ
(t) is random as well as π̄t(X). But the

difference zt = π̄t(X)− γ
Xξ

(t), which is the solution of (9), is actually deterministic.
Remark 3. If μ is positive, but sufficiently small in order that (8) has a unique and

bounded solution on {(t, s) : 0 ≤ s ≤ t ≤ T }, due to analytical properties of involved
functions with respect to μ, equality (7) is still valid. But it is worth emphasizing
that there is no connection anymore between functions z and γ̄ and a risk-neutral
filtering problem.

In this section we are interested in a conditional version of (7). We assume that
the observation process Y satisfies (1). We fix some arbitrary (Yt)-adapted R

n-valued
continuous process h = (h(t), t ≥ 0) and some continuous deterministic function Qt
with values in the set of nonnegative definite symmetric n × n matrices. We denote
Gt by

(14) Gt = exp
{
μ

2

∫ t

0

(Xs − h(s))′Qs(Xs − h(s))ds
}

or, in the differential form, dGt = μ
2Gt(Xt − h(t))′Qt(Xt − h(t))dt. We denote by IT

the conditional expectation of GT , given the σ-field YT :

(15) IT = E

[
exp

{
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}/
YT

]
= πT (G),

where for any process η = (ηt , t ∈ [0, T ]) such that E|ηt| < +∞, the notation πt(η) is
used for the conditional expectation of ηt, given the σ-field Yt = σ({Ys , 0 ≤ s ≤ t}),

πt(η) = E(ηt/Yt) .

Then we can state the following proposition.
Proposition 1. Suppose that the condition (Cμ) is satisfied. Let zh = (zhs , 0 ≤

s ≤ T ) be the unique solution of the Itô–Volterra equation

(16) zht = mt +
∫ t

0

γ̄(t, s)μQs
[
zhs − h(s)

]
ds+

∫ t

0

γ̄(t, s)A′s
[
dYs −Asz

h
s ds

]
,

where γ̄ is the unique solution of (4).
Then the following equality holds:

(17)
IT = exp

{
μ

2

∫ T

0

(
zhs − h(s)

)′
Qs

(
zhs − h(s)

)
ds+

μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

+
∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

‖As
(
zhs − πs(X)

)
‖2ds

}
,

where (νt, t ≥ 0) is the innovation process associated to Y , i.e.,

(18) dνt = dYt −Atπt(X)dt, ν0 = 0.

Remark 4. For μ negative the probabilistic interpretation of functions zht and γ̄
will be clarified below in terms of the solution of an auxiliary risk-neutral filtering
problem.
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Remark 5. Let us note that if At ≡ 0 and ht ≡ 0, then the conditional expectation
is nothing else but the ordinary expectation, and the result of Proposition 1 reduces
to that of [10] and [11] (see (7)–(9) above).

Proof of Proposition 1. Actually, for our goals it is sufficient to work with μ < 0
since the result will be valid for sufficiently small μ > 0, because of the analytical
properties of the involved functions. To simplify the notations we work with μ = −1;
then for the general situation it is sufficient to replace Q by −μQ.

In this proof we follow directly the idea of [11] for the ordinary Cameron–Martin
formula for general Gaussian processes. Let us introduce the auxiliary pair of processes
Ȳt = (Y 1

t , Y
2
t ) such that

(19)

{
dY 1

t = dYt, Y
1
0 = 0,

dY 2
t = Q

1
2
t (Xt − h(t))dt+ dB̄t, Y

2
0 = 0,

where B̄t is a standard Brownian motion, independent of (X, B̃). We emphasize that
the first component Y 1 is exactly our observation process.

Below, for any process η = (ηt ; t ∈ [0, T ]) such that E|ηt| < +∞, again the
notation π̄t(η) is used for the conditional expectation of ηt, given the new auxiliary
σ-field Ȳt = σ({Ȳs , 0 ≤ s ≤ t}),

π̄t(η) = E
(
ηt/Ȳt

)
.

Let also ξt be defined by

(20) dξt = (Xt − h(t))′Q
1
2
t dY

2
t , ξ0 = 0.

We see that the conditional distribution of (Xt, ξt) with respect to Yt is Gaussian
with the conditional expectation (π̄t(X), π̄t(ξ)) and the conditional covariance(γ̄

XX
(t) γ̄Xξ(t)

γ̄Xξ(t)′ γ̄ξξ(t)

)
, where

(21)

γ̄
XX

(t) = E
[
(Xt − π̄t(X))(Xt − π̄t(X))′/Yt

]
,

γ̄
Xξ

(t) = E
[
(Xt − π̄t(X))(ξt − π̄t(ξ))/Yt

]
,

and

(22) γ̄
ξξ

(t) = E
[
(ξt − π̄t(ξ))(ξt − π̄t(ξ))/Yt

]
.

Of course, since the pair (X, Ȳ ) is Gaussian, the conditional covariance γ̄
XX

(t) is
deterministic and is nothing but the covariance of the filtering error, i.e.,

(23) γ̄
XX

(t) = E[(Xt − π̄t(X))′(Xt − π̄t(X))] .

Now, we turn to the proof of equality (17) with μ = −1. The general filtering
theorem in [18] gives the following representation (where G is defined by (14)):

(24) dπt(G) = −1
2
πt[G(X − h)′Q(X − h)]dt+ [π′t(GX) − πt(G)π′t(X)]A′tdνt,

with the innovation process νt. We emphasize that here π means again the condi-
tional expectation with respect to a σ-algebra generated by the observation process
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Y . Representation (24) can be rewritten in the following equivalent integral form:

πt(G) = exp
{
−1

2

∫ t

0

α2(s)ds+
∫ t

0

[α1(s) − πs(X)]′A′sdνs

− 1
2

∫ t

0

‖As(α1(s) − πs(X))‖2ds

}
,(25)

with

α1(t) =
πt(XG)
πt(G)

and

α2(t) =
πt(G(X − h)′Q(X − h))

πt(G)
.

Now, for a fixed t ≥ 0, we define the random variable ζt by

ζt =
∫ t

0

(Xs − h(s))′Q
1
2
s dB̄s +

1
2

∫ t

0

(Xs − h(s))′Qs(Xs − h(s))ds .

Since the pair (X,Y ) is independent of B̄ it is easy to check that Ee−ζt = 1, and so
we can define the new probability P̃t such that

(26) ρt =
dP̃t
dP

= e−ζt .

The Girsanov theorem tells us that under P̃t the distribution of the system ((Xs, Y s),
0 ≤ s ≤ t) (where Y is given by (19)) is the same as that of ((Xs, Y

1
s , B̄s), 0 ≤ s ≤ t)

under P. Therefore, denoting by Ẽt a conditional expectation computed with respect
to P̃t, we obtain

α1(t) =
Ẽt(XtGt/Yt)
Ẽt(Gt/Yt)

and

α2(t) =
Ẽt(Gt(Xt − h(t))′Qt(Xt − h(t))/Yt)

Ẽt(Gt/Yt)
.

Since in particular under P̃t, X and Y 1 are independent of B̄, the above condi-
tional expectations can be replaced by conditional expectations given Yt under P̃t so
that

α1(t) =
Ẽt

(
XtGt/Yt

)
Ẽt

(
Gt/Yt

)
and

α2(t) =
Ẽt

(
Gt(Xt − h(t))′Qt(Xt − h(t))/Yt

)
Ẽt

(
Gt/Yt

) .
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But from the well-known Bayes formula of the filtering theory, these equalities
can be rewritten as

α1(t) =
E
(
XtGtρt/Yt

)
E
(
ρt/Yt

) E
(
ρt/Yt

)
E
(
Gtρt/Yt

)
and

α2(t) =
E
(
Gtρt(Xt − h(t))′Qt(Xt − h(t))/Yt

)
E
(
ρt/Yt

) E
(
ρt/Yt

)
E
(
Gtρt/Yt

) .
Hence, since from definitions (19) and (20) we have e−ξt = Gtρt , it follows that

α1(t) =
E(Xte

−ξt/Yt)
E(e−ξt/Yt)

and

α2(t) =
E(e−ξt(Xt − h(t))′Qt(Xt − h(t))/Yt)

E(e−ξt/Yt)
.

Now, we observe that (under P) the conditional distribution of X , given the σ-
field Yt, is Gaussian, and moreover from (20) for any t ≥ 0, given Y t, the variable
ξt is a linear functional of X . Consequently, the conditional distribution of (Xt, ξt),
given the Yt, is also Gaussian. The classical properties of Gaussian vectors give the
following equalities:

α1(t) =
E
(
Xte

−ξt
/

Yt
)

E
(
e−ξt/Yt

) = π̄t(X) − γ̄
Xξ

(t)

and

α2(t) =
E ((Xt − h(t))′Qt(Xt − h(t))e−ξt

/
Yt)

E
(
e−ξt/Yt

)
= [π̄t(X) − γ̄Xξ(t) − h(t)]′Qt[π̄t(X) − γ̄

Xξ
(t) − h(t)] + tr(γ̄

XX
(t)Qt).

Inserting this into (25) gives immediately (17), with zht = π̄t(X)− γ̄Xξ(t) and γ̄(t, t) =
γ̄

XX
(t). To complete the proof of Proposition 1, the equations for zh and γ̄ will be

derived in section 2.2.
Remark 6.

(i) Actually, the probabilistic meaning of zht and γ̄(t, s) in terms of a risk-neutral
filtering problem is valid only when μ is negative. It is worth mentioning that
π̄t(X) and γ̄

Xξ
(t) are only Ȳt-measurable variables but that the difference

zht = π̄t(X) − γ̄
Xξ

(t) is actually a Yt-measurable variable.
(ii) Of course, the proof above is still valid if we suppose only that the conditional

distribution of the signal X , given the observation Y , is Gaussian. Hence, in
this case, (17) holds but with modified equations for the ingredients zht and
γ̄(t, s).

Proof of Theorem 1. The statement of Theorem 1 is the direct consequence of
Proposition 1. Indeed, we claim that the following chain of inequalities holds for any
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h ∈ H:

E

[
μ exp

{
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}]

= E

[
μE

[
exp

{
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}/
YT

]]

(a)

≥ exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}

×μE

[
exp

{∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

∥∥As (zhs − πs(X)
)∥∥2

ds

}]

(b)

≥ μ exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}
.

Of course, under condition (Cμ), since the term in the last line is finite, it is sufficient
to consider the case

(27) E

[
exp

{
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}]
<∞,

which gives the first equality. Inequality (a) follows directly from Proposition 1. For
inequality (b) we consider separately the cases μ < 0 and μ > 0.

For μ < 0, inequality (b) is due to the submartingale property:

E

[
exp

{∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

∥∥As (zhs − πs(X)
)∥∥2

ds

}]
≤ 1.

For μ > 0, (16) and conditions (Cμ) and (27) give that the property
sup0≤s≤T E

[
exp

{
ε‖zhs − πs(X)‖2

}]
< ∞ holds for some ε > 0, and hence, due to

Theorem 6.1 in [18],

E

[
exp

{∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

∥∥As (zhs − πs(X)
)∥∥2

ds

}]
= 1.

Now, to obtain the lower bound we must take h̄ = zh̄, where zh is the solution of
(16), which means that h̄ is the unique solution of (5). Finally, for h̄ the lower bound
is attained because the system (X,Y, h̄) is Gaussian, and hence inequalities (a) and
(b) are actually equalities (see Example 3a in section 6.2 of [18]).

2.2. Auxiliary filtering problem. Here we deal with the filtering problem of
the signal (X, ξ), ξ defined in (20) from the observation of Ȳ defined in (19) (see [9,
Chapter 10] and [10] for a similar setting).

The following statement provides equations for the conditional mean and the
variance of the filtering error. Let us observe that, contrary to the Markov case, to
update these quantities one needs to have access to the entire past observation record.

Theorem 2. The conditional mean π̄t(X) and the variance of the filtering error
γ̄

XX
(t) are given by the equations

(28) π̄t(X) = mt +
∫ t

0

γ̄(t, s)
[
A′sdν̄

1
s +Q

1
2
s dν̄

2
s

]
, t ≥ 0 ,
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(29) γ̄XX (t) = γ̄(t, t) , t ≥ 0 ,

where γ̄ is the unique solution of (4), with μ = −1, such that γ̄(t, t), t ≥ 0, is a
nonnegative definite symmetric matrix and ν̄t = (ν̄1

t , ν̄
2
t ) is the innovation process for

the pair (Y 1, Y 2):

(30) dν̄st 1 = dY 1
t −Atπ̄t(X)dt, dν̄2

t = dY 2
t −Q

1
2
t [π̄t(X) − h(t)]dt.

Proof. The difficulty is that in general X is not a semimartingale. To go over it
in order to be able to apply the well-known filtering theory for semimartingales (see,
e.g., [18, 19]), for a fixed t ≥ 0, we introduce the process Xt = (Xt

s, 0 ≤ s ≤ t) as
follows:

Xt
s = E[Xt/σ({Xr, 0 ≤ r ≤ s})] , 0 ≤ s ≤ t .

Clearly, by its definition, the process Xt is a continuous martingale (with mean mt)
and Xt

t = Xt. Moreover, the pair (X,Xt) is Gaussian and independent of (B, B̃),
and so the distribution of (X,Xt, Y ) is still Gaussian. In particular, the conditional
covariance γ̄(t, s) = E[(Xt

s−π̄s(Xt))(Xs−π̄s(X))′/Ys] is deterministic. Hence, setting

δX(s) = Xs − π̄s(X) , δtX(s) = Xt
s − π̄s(Xt) , 0 ≤ s ≤ t ,

we can write

(31) γ̄(t, s) = EδtX(s)δX(s)′ , 0 ≤ s ≤ t .

Of course, due to Xt
t = Xt, which also implies δtX(t) = δX(t), for s = t equality (31)

reduces to (29).
Applying the fundamental filtering theorem to the pair (Xt, Ȳ ) of semimartin-

gales, we obtain immediately that

(32) π̄s(Xt) = mt +
∫ s

0

γ̄(t, r)
[
A′rdν̄

1
r +Q

1
2
r dν̄

2
r

]
, 0 ≤ s ≤ t .

Hence, again because Xt
t = Xt and due to definition (30) of ν, for s = t (32) reduces

to (28).
Therefore, to complete the proof of the first part of the theorem, we need only to

show that the function γ̄ which has just been defined in (31) is nothing but the unique
solution of (4) such that γ̄(t, t), t ≥ 0, is a nonnegative symmetric matrix. From (32),
using (1) and (30), we can write

(33)
δtX(s) = (Xt

s −mt) −
∫ s

0

γ̄(t, r)A′r [dBr +ArδX(r)dr]

−
∫ s

0

γ̄(t, r)Q1/2
r

[
dB̄r +Q1/2

r δX(r)dr
]
.

Then, fixing 0 ≤ s ≤ t, we may apply the Itô formula to obtain the semimartingale
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decomposition of the process (δtX(u)δsX(u)′, 0 ≤ u ≤ s):

δtX(u)δsX(u)′ =
∫ u

0

δtX(r){dXs
r − γ̄(s, r)A′r [dBr +ArδX(r)dr]}′

+
∫ u

0

δtX(r)
{
dXs

r − γ̄(s, r)Q
1
2
r

[
dB̄r +Q

1
2
r δX(r)dr

]}′
+
∫ u

0

{dXt
r − γ̄(t, r)A′r [dBr +ArδX(r)dr](δsX (r))′}(34)

+
∫ u

0

{
dXt

r − γ̄(t, r)Q
1
2
r

[
dB̄r +Q

1
2
r δX(r)dr

]
(δsX(r))′

}
+ 〈Xt −mt, X

s −ms〉u +
∫ u

0

γ̄(t, r)[Qr +A′rAr]γ̄(s, r)′dr .

Let us point out here that, due to the Gaussian property of the pair (Xt, Xs) of
martingales, the bracket 〈Xt −mt, X

s −ms〉u is given by

〈Xt −mt, X
s −ms〉u = E(Xt

u −mt)(Xs
u −ms)′

(see, e.g., Theorem 4.9.5 in [19]), and in particular for u = s one gets

〈Xt −mt, X
s −ms〉s = Γ(t, s) .

Then let us put u = s in (34) and compute the expectations of both sides, taking
into account the martingale property of Xt, Xs, and (B, B̃) and definition (31). It
is easy to check that this shows that γ̄ defined in (31), which of course is such that
γ̄(t, t), t ≥ 0, satisfies (4), with μ = −1. The uniqueness of such a solution of (4) is
proved below in Lemma 2, which completes the proof of the theorem.

Now, we identify the function π̄s(X) − γ̄
Xξ

(s) appearing in the proof of Proposi-
tion 1.

Lemma 1. Let π̄t(X) and γ̄
Xξ

(s) be the conditional mean and the conditional
covariance given by (28) and (21), respectively. Then the quantity

(35) zhs = π̄s(X) − γ̄
Xξ

(s) , s ≥ 0 ,

satisfies (16), with μ = −1.
Proof. Using the complementary notation

δξ(s) = ξs − π̄s(ξ) , 0 ≤ s ≤ t ,

we define

γ̃(t, s) = E
(
δtX(s)δξ(s)/Ys

)
, 0 ≤ s ≤ t .

Of course, because Xt
t = Xt, the quantity that we want to identify is nothing but

γ̄
Xξ

(t) = γ̃(t, t). From (1) and (20) the process ξ is a semimartingale with the decom-
position

(36) ξt =
∫ t

0

(Xs − h(s))′Qs(Xs − h(s))ds+
∫ t

0

(Xs − h(s))′Q
1
2
s dB̄s.

Hence, the fundamental filtering theorem gives

(37)
π̄t(ξ) =

∫ t

0

π̄s((Xs − h(s))′Qs(Xs − h(s)))ds

+
∫ t

0

[π̄s((Xs − h(s)))′ + γ̄′
Xξ

(s)]Q
1
2
s dν̄

2
s +

∫ t

0

γ̄
Xξ

(s)A′sdν̄
1
s .
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From the two previous equations, using (30), it follows that for 0 ≤ s ≤ t

δξ(t) =
∫ t

0

((Xs − h(s))′Qs((Xs − h(s)) − π̄s((X − h)′Q(X − h)))ds

−
∫ t

0

(δ′X(s)Qsπ̄s(X − h) + γ̄′
Xξ

(s)[Qs +A′sAs]δX(s))ds(38)

+
∫ t

0

(δX(s) − γ̄
Xξ

(s))′Q
1
2
s dB̄s −

∫ t

0

γ̄′
Xξ

(s)A′sdBs .

Using (33) and (38), applying the Itô formula, it is easy to determine the semimartin-
gale decomposition of the process (δtX(s)δξ(s), 0 ≤ s ≤ t). Then, again applying
the fundamental filtering theorem and using the conditional Gaussian properties of
(Xs, X

t
s, ξs), given the σ-field Ȳs, the following equation is readily obtained:

(39)
γ̃(t, s) =

∫ s

0

γ̄(t, r)Q
1
2
r dν̄

2
r −

∫ s

0

γ̄(t, r)[Qr +A′rAr]γ̄Xξ
(r)dr

+
∫ s

0

[γ̄(t, r)Qr π̄r(Xr − h(r))]dr .

Putting s = t we can write the difference (28) and (39) which leads to

π̄t(X) − γ̄
Xξ

(t) = mt −
∫ t

0

γ̄(t, r)[Qr +A′rAr][π̄r(X) − γ̄
Xξ

(r)]dr

+
∫ t

0

γ̄(t, r)Qrh(r)dr +
∫ t

0

γ̄(t, r)A′rdYr.

This means exactly that zr = π̄r(X) − γ̄
Xξ

(r) satisfies (16). The uniqueness of
the solution of this equation is proved in Lemma 2, which achieves the proof of the
present lemma.

Actually, as a direct consequence of (38) we have the following corollary, which
will be useful in section 4.

Corollary 1. The auxiliary conditional expectation π̄t(ξ) and the auxiliary
filtering error γ̄

ξξ
(t) satisfy the following equations:

(40)
π̄t(ξ) =

∫ t

0

tr(γ̄
XX

(s)Q(s))ds +
∫ t

0

(π̄s(X) − h(s))′Qs(π̄s(X) − h(s))ds

+
∫ t

0

[(π̄s(X) − h(s))′ + γ̄′
Xξ

(s)]Q
1
2
s dν̄

2
s +

∫ t

0

γ̄′
Xξ

(s)A′sdν̄
1
s ,

(41)

γ̄
ξξ

(t) =
∫ t

0

tr(γ̄
XX

(s)Q(s))ds + 2
∫ t

0

γ̄
Xξ

(s)Q
1
2 dν̄2

s

−
∫ t

0

γ̄′
Xξ

(s)[Q(s) +A′(s)A(s)]γ̄
Xξ

(s)ds

+ 2
∫ t

0

(π̄s(X) − h(s))′Q(s)γ̄
Xξ

(s)ds .

Finally, to complete the proof of Theorem 2, we derive uniqueness concerning (4)
and (16).

Lemma 2. For arbitrary negative and sufficiently small positive μ, (4) and (16)
have unique continuous solutions γ̄ and zh such that γ̄(t, t), 0 ≤ t ≤ T , is a nonnega-
tive definite symmetric matrix.
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Proof. The proof for the 1-D case, when γ̄(t, t) ≥ 0, t ≥ 0 and μ < 0, has been
done in [11], and the general case n ≥ 1 can be treated by the same way, using the
simple fact that for a symmetric nonnegative definite matrix γ we have λ′γλ ≥ 0 for
any λ ∈ R

n. Also, the proof proposed in [11] is valid for sufficiently small positive μ,
for example, those such that for any t ≤ T , A′tAt − μQt is nonnegative.

3. Particular cases and applications. Here we deal with some specific cases
where the results can be further elaborated. Strictly speaking, only the models which
are investigated in subsections 3.1 and 3.3 are particular cases since they involve
an observation noise B̃, which is both a Brownian motion and independent of the
signal X . For these two examples, we can apply directly Theorem 1, and moreover
the special structure of the covariances allows us to simplify the answer. Another
method is also proposed. Actually, a direct consequence of Proposition 1 is that
only equations for the variance of the filtering error γ̄XX (t) and for the difference
zht = π̄t(X) − γ̄Xξ(t) must be written. Here the conditional terms correspond to
the auxiliary filtering problem of (X, ξ), given the observations Ȳ defined by (19).
Equations for these ingredients will be first obtained for μ = −1 by means of a direct
application of the general filtering theorem (see section 8.1 in [18]) or an approach to
filtering proposed in [17] for Itô–Volterra-type models. Then, for any μ such that the
condition (Cμ) is satisfied, it is sufficient to replace Q by −μQ in the equations. But it
is worth emphasizing again that the replacement Q by −μQ means that the equations
obtained from the auxiliary filtering problem cease to have a filtering interpretation.
Finally, to get the solution of the LEG filtering problem defined by (6), we just have
to take h̄(t) = zh̄t for t ∈ [0, T ].

In the models under study in the other subsections, either X is not independent
of B̃ (cf. subsection 3.2) or B̃ is not a Brownian motion (cf. subsections 3.4 and
3.5), and hence Theorem 1 is not directly applicable. Each of these cases is handled
by means of an appropriate transformation of the considered original model into a
standard scheme, where the Brownian and independence properties are satisfied, to
which Theorem 1 can be applied. To this end, either a simple extension of the state
space is used or the approach proposed in [14], [15], and [13] for a fractional Brownian
noise is applied. Actually, more general settings should be tractable through a similar
approach (see also Mandal and Mandrekar [21] for complementary relevant material),
but this is kept for possible further investigation.

In what follows of this section we will use the notation (B, B̃) = ((Bt, B̃t), t ≥ 0)
for a (n+ d)-dimensional standard Brownian motion.

3.1. Ornstein–Uhlenbeck-type signal observed through a linear channel
with an independent Brownian noise. At first we deal with the standard Gauss–
Markov case where the R

n-valued process X is governed by the stochastic differential
equation

(42) dXt = a(t)Xtdt+ σ1(t)dBt , t ≥ 0, X0 = 0 ,

where a = (a(t), t ≥ 0) and σ1 = (σ1(t), t ≥ 0) are n × n matrix-valued continuous
functions and B = (Bt, t ≥ 0) is a standard Brownian motion in R

n. Here, due to
(42), denoting by Πs the solution of the differential equation Π̇s = a(s)Πs , s ≥ 0 ,
with the initial condition Π0 = In (n× n identity matrix), we have

Γ(t, s) = ΠtΠ−1
s Γ(s, s) , 0 ≤ s ≤ t ,
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where Γ(s, s) solves the Lyapunov differential equation

d

ds
Γ(s, s) = a(s)Γ(s, s) + Γ(s, s)a′(s) + σ1(s)σ′1(s) , s ≥ 0 , Γ(0, 0) = 0 .

Denote by γ̄
XX

the unique nonnegative definite solution of the Riccati differential
equation

(43)
˙̄γ

XX
(s) = σ1(s)σ′1(s) + a(s)γ̄

XX
(s) + γ̄

XX
(s)a

′
(s)

− γ̄XX (s)[−μQs +A′(s)A(s)]γ̄XX (s) , 0 ≤ s ≤ T ,

with initial condition γ̄
XX

(0) = 0. From the classical filtering theory it is well-known
that (for μ < 0 ) γ̄

XX
(s) is nothing but the covariance of the filtering error of the

signal X given by the auxiliary observation Ȳ , defined by (19). Then, it is readily
seen that the function γ̄(t, s), where γ̄(t, s) = ΠtΠ−1

s γ̄
XX

(s), is the solution of (4) and
that moreover (5) for the solution h̄ of the LEG filtering problem (6) can be reduced
to the following one:

(44) dh̄t = a(t)h̄tdt+ γ̄XX (t)A′(t)
[
dYt −A(t)h̄tdt

]
.

Actually, (44) can also be obtained directly from the general filtering theory (for
μ = −1 and replacing Q by −μQ). For arbitrary h the general filtering theorem gives
the following equation for zh:

(45) dzht = a(t)zht dt+ γ̄
XX

(t)μQt
[
zht − ht

]
dt+ γ̄

XX
(t)A′(t)

[
dYt −A(t)zht dt

]
,

where γ̄
XX

is the solution of (43). Hence, again the solution h̄ = zh̄ of the LEG
filtering problem (6) is given by (44).

Let us emphasize that these equations are nothing but those given in Elliott,
Aggoun, and Moore [7] for the solution of the RS filtering problem. Below, in section 5,
it will be explained why the LEG and RS filtering problems have the same solution.

3.2. Correlated signal-observation noises. Actually, it is a slight general-
ization of the previous setting. We suppose that the R

n-valued signal process X is
governed by the stochastic differential equation

dXt = atXtdt+ σ1(t)dBt + σ2(t)dB̃t, X0 = 0,

and the observation process Y is governed by (1). Applying the general filtering
theorem (for arbitrary h) we obtain

(46)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dzht = atz

h
t dt+ γ̄

XX
(t)μQt[zht − h(t)]dt

+ [σ2(t) + γ̄
XX

(t)A′(t)][dYt −A(t)zht dt],
˙̄γ

XX
(t) = [a(t) − σ2(t)At]γ̄XX

(t) + γ̄
XX

(t)[a(t) − σ2(t)A(t)]′

− γ̄
XX

(t)[−μQt +A′(t)A(t)]γ̄
XX

(t) + σ1(t)σ′1(t).

The solution h̄ of the LEG filtering problem (6) is given by

(47) dh̄t = a(t)h̄tdt+ [σ2(t) + γ̄
XX

(t)A′(t)]
[
dYt −A(t)h̄tdt

]
.
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3.3. Itô–Volterra-type signal observed through a linear channel with
Brownian noise. Here we deal with the case where the R

n-valued process X is
governed by the stochastic integral equation

(48) Xt =
∫ t

0

a(t, s)Xsds+
∫ t

0

K(t, s)dBs , t ≥ 0,

where a is a continuous function and the kernel K is such that the stochastic integral
is well-defined and continuous with respect to t. Following the approach proposed in
[17] we can introduce the auxiliary process Xτ

t :

(49) Xτ
t =

∫ t

0

a(τ, s)Xsds+
∫ t

0

K(τ, s)dBs , 0 ≤ t ≤ τ,

which is a Gaussian semimartingale (for fixed τ). We see that since Xt
t = Xt the

covariance function of the signal X can be represented in the form

Γ(t, s) =
∫ t

s

a(t, r)Γ(r, s) dr +G(t, s) , 0 ≤ s ≤ t ,

where G(τ, s) = EXτ
sX
′
s is the unique solution of the equation

G(t, s) =
∫ s

0

[a(t, r)G(s, r) +G(t, r)a′(s, r)] +
∫ s

0

K(t, r)K ′(s, r)dr.

Let us denote by γ(t, s) the unique solution of the integral equation

(50)
γ(t, s) =

∫ s

0

[a(t, r)γ(s, r) + γ(t, r)a′(s, r)] dr

−
∫ s

0

γ(t, r)[−μQr +A′rAr]γ(s, r)dr +
∫ s

0

K(t, r)K ′(s, r)dr.

It follows from [17] that (for μ < 0) γ(τ, s) is nothing but the covariance of the
filtering error of the signal Xτ given the auxiliary observations Ȳ defined by (19):
γ(τ, s) = E(Xτ

s − π̄s(Xτ ))(Xs − π̄s(X))′. It can be shown that γ̄(t, s), where

(51) γ̄(t, s) =
∫ t

s

a(t, r)γ̄(r, s) dr + γ(t, s) , 0 ≤ s ≤ t ,

is the solution of (4). Now, using (51), we can reduce (5) for the solution h̄ of the
LEG filtering problem (6) to the following one:

(52) h̄t =
∫ t

0

a(t, s)h̄sds+
∫ t

0

γ(t, s)A′(s)
[
dYs −A(s)h̄sds

]
.

Actually, using an approach proposed in [17], (52) can also be obtained directly
from the general filtering theory (for μ = −1 and replacing Q by −μQ) which gives
for arbitrary h the following equation for zh:

(53)
zht =

∫ t

0

a(t, s)zhs ds+
∫ t

0

γ(t, s)μQs[zhs − hs]ds

+
∫ t

0

γ(t, s)A′(s)[dYs −A(s)zhs ds],

where γ is the solution of (50). Hence, again the solution h̄ = zh̄ of the LEG filtering
problem (6) is given by (52).
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3.4. Ornstein–Uhlenbeck-type signal observed through linear channel
with Ornstein–Uhlenbeck-type noises. Here we deal with the system{

dXt = a(t)Xtdt+ dGt ,

dYt = A(t)Xtdt+ dG̃t ,

where G̃t and Gt are two independent Ornstein–Uhlenbeck processes, which means
that {

dGt = βtGtdt+ dBt ,

dG̃t = β̃tG̃tdt+ dB̃t .

To write the solution of the LEG filtering problem (6) for this model, it is sufficient
to introduce the extension of the state space and to apply the result formulated in
section 3.2. Indeed, our observation model can be written in the form{

dX̃t = ãtX̃tdt+ σ̃1(t)dBt + σ̃2(t)dB̃t ,

dYt = ÃtX̃tdt+ dB̃t,

with X̃ ′t = (Xt G̃t Gt), σ̃′1 = (1 0 1), σ̃′2 = (0 1 0),

ãt =

⎛
⎝a(t) 0 βt

0 β̃t 0
0 0 βt

⎞
⎠ , and Ãt =

(
A(t) β̃t 0

)
.

Also, we can rewrite the quantity (2) as

(54) LT (h, μ) = E

[
μ exp

{
μ

2

∫ T

0

(
X̃s − h̃(s)

)′
Q̃s

(
X̃s − h̃(s)

)
ds

}]
,

with h̃′t = (ht h2
t h3

t ) and

Q̃t =

⎛
⎝Qt 0 0

0 0 0
0 0 0

⎞
⎠ .

Thus the solution of the LEG filtering problem h̄ is the first component of the
solution of a LEG filtering problem which can be obtained from the result of section 3.2
(see (46)–(47) with appropriate changes).

3.5. Fractional Ornstein–Uhlenbeck-type signal observed through lin-
ear channel with fractional Brownian noise. In this section we deal with the
observation model {

dXt = aXtdt+ dBHt , X0 = 0,

dYt = AXtdt+ dB̃Ht , Y0 = 0,

with constant coefficients a and A. The case of varying coefficients can be treated by
the same way, using the approach proposed in [13] and [15].

Here BHt and B̃Ht are two independent normalized fractional Brownian motions
on [0, T ] with the same Hurst parameter H ∈ [1/2, 1). By the definition, V H =
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(V Ht , t ∈ [0, T ]) is a normalized fractional Brownian motion on [0, T ] with Hurst
parameter H means that V H is a Gaussian process with continuous paths such that
V H0 = 0, EV Ht = 0, and

(55) EV Hs V Ht =
1
2

[
s2H + t2H − |s− t|2H

]
, 0 ≤ s , t ≤ T .

Of course, the fractional Brownian motion reduces to the standard Brownian motion
when H = 1/2, and for H 
= 1/2, the fractional Brownian motion is outside the world
of semimartingales. Nevertheless, it is proved in [12]–[13] that the initial observation
model (X,Y ) can be analyzed as a part of the Gaussian signal-observation model
((X, ζ′)′, Z0), where the filtration generated by Z0 coincides with (Yt):

(56)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Xt =
∫ t

0

aXsds+
∫ t

0

KH(t, s)dMH
s ,

ζt =
∫ t

0

a

2
AH(s)ζsds+

∫ t

0

bH(s)dMH
s ,

Z0
t =

∫ t

0

A

2

√
λHs

H− 1
2 b′1−H(s)ζsds+ B̃t ,

where the 2 × 2 matrix AH(s) and the 2-D vector bH(s) are given by

AH(s) =
(

1 s1−2H

s2H−1 1

)
, bH(s) = (1 s1−2H).

Here for H ∈ (1/2, 1)

(57) KH(t, s) = H(2H − 1)
∫ t

s

rH−
1
2 (r − s)H−

3
2 dr , 0 ≤ s ≤ t ,

and for H = 1/2 the convention K1/2 ≡ 1 is used. The process MH is a Gaussian
martingale, called in [22] the fundamental martingale, whose variance function 〈MH〉
is 〈MH〉t = λ−1

H t2−2H , with

λH =
2HΓ(3 − 2H)Γ(H + 1/2)

Γ(3/2 −H)
.

Now, we are in a particular situation of section 3.3. Indeed, it is sufficient to introduce
the new matrices

ã(t, s) =

(
a 0
0

a

2
AH(s)

)
,

Ãt =
(

0
A

2

√
λH t

H− 1
2 b′1−H(t)

)
,

K̃ ′(t, s) =
(√
λHs

1
2−HKH(t, s)

√
λHs

1
2−Hb′H(s)

)
.

As it was done in section 3.4 we can rewrite the quantity (2) as (54) with X̃ ′ =
(X ζ′), h̃′t = (ht (h2

t )
′), and

Q̃t =

⎛
⎝Qt 0 0

0 0 0
0 0 0

⎞
⎠ .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LINEAR-EXPONENTIAL FILTERING 2903

Thus the solution of the LEG filtering problem h̄ is the first component of the
solution of a LEG filtering problem which can be obtained from the result of section 3.3
(see (50)–(52) with appropriate changes).

Let us note that the case H < 1
2 can be treated in the same way, using Corollary

5.2 from [8].

4. Solution of the LEG filtering problem: The case M nonnegative
definite. In this section we work with a more general setting of the LEG filtering
problem than in section 2. Let us formulate the condition (C∗μ).

(C∗μ) the Riccati–Volterra equation (4) has a unique and bounded solution on
{(t, s) : 0 ≤ s ≤ t ≤ T } such that for 0 ≤ t ≤ T the matrix γ̄(t, t) is
nonnegative definite and moreover

det(Id− μMγ̄(T, T )) > 0.

Of course, if M = 0, then condition (C∗μ) reduces to condition (Cμ), and again for
all μ negative (C∗μ) is satisfied, and if μ is positive, (C∗μ) is satisfied for μ sufficiently
small.

We state the following extension of Theorem 1.
Theorem 3. Suppose that the condition (C∗μ) is satisfied. Let h̄ = (h̄(t), 0 ≤ t ≤

T ) be the unique solution of the Itô–Volterra equation (5). Then the pair (h̄, ḡ), where
ḡ = h̄(T ), is the solution of the LEG filtering problem, i.e.,

(58)

(
h̄, ḡ

)
= arg min

(h, g)∈H×G
E

[
μ exp

{μ
2

(XT − g)′M(XT − g)

+
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds
}]
.

Moreover, the corresponding optimal risk is given by

E

[
μ exp

{
μ

2
(XT − ḡ)′M(XT − ḡ) +

μ

2

∫ T

0

(
Xs − h̄(s)

)′
Qs

(
Xs − h̄(s)

)
ds

}]

= μ[det(Id− μMγ̄(T, T ))]−
1
2 exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}
.

Theorem 3 is a direct consequence of the results of section 4.1. Its proof will be
given in section 4.1.

4.1. Conditional version of Cameron–Martin formula: The case M
nonnegative definite. In this section we give the generalization of representation
(17) including the final conditions. Indeed, in this section we are interested in the
explicit representation

(59)
IT = E

[
exp

{μ
2

(XT − g)′M(XT − g)

+
μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds
}/

YT

]
,

with any (Ys)-adapted process h(s), Y
T
-measurable variable g, and symmetric deter-

ministic nonnegative definite matrices M and Q. Here the observation process Y is
defined by (1).
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Proposition 2. Suppose that the condition (C∗μ) is satisfied. Let zh = (zhs , 0 ≤
s ≤ T ) be the unique solution of the Itô–Volterra equation (16). Then the following
equality holds:

IT = [det(Id− μMγ̄(T, T ))]−
1
2 exp

{
1
2
(
zhT − g

)′
[Id− μMγ̄(T, T )]−1μM

(
zhT − g

)
+
μ

2

∫ T

0

(
zhs − h(s)

)′
Qs

(
zhs − h(s)

)
ds+

μ

2

∫ T

0

tr (γ̄(s, s)Qs) ds

}

× exp

{∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

∥∥A(s)
(
zhs − πs(X)

)∥∥2
ds

}
.

Proof. The proof is based on the idea developed in the proof of Proposition 1.
Again, we work with μ = −1, and then we can replace Q and M by −μQ and −μM ,
respectively. For the proof we shall note only that the classical Bayes formula gives
that

(60) IT =
E
[
exp(− 1

2 (XT − g)′M(XT − g) − ξT )/YT
]

E
[
ρT /YT

] =
ϕ1(T )
π̄T (ρ)

,

where ρt and ξt are defined by (26) and (20), respectively. But the conditional Gaus-
sian properties of the pair (X, ξ), given ȲT , gives the following:

(61)

lnϕ1(T ) = −1
2

ln[det(Id+Mγ̄XX (T ))]

− 1
2
(zhT − g)′[(Id+Mγ̄

XX
(T ))]−1M(zhT − g)

− π̄T (ξ) +
1
2
γ̄

ξξ
(T )

(see, for example, [18, Lemma 11.6]).
Since

dρt = −ρt(Xt − h(t))′Q
1
2
t dB̄t ,

thanks to the general filtering theorem we can write

(62) dπ̄t(ρ) = π̄t(ρ)
{
− π̄′t(X − h)Q

1
2
t dν̄

2
t +

[
π̄′t(ρX)
π̄t(ρ)

− π̄′t(X)
]
A′tdν̄

1
t

}
.

The same arguments that we have used for the proof of Proposition 1 give the equality

π̄t(ρX)
π̄t(ρ)

= πt(X).

Hence,

dπ̄t(ρ) = π̄t(ρ)
{
−π̄′t(X − h)Q

1
2
t dν̄

2
t + [π′t(X) − π̄′t(X)]A′tdν̄

1
t

}
or equivalently

(63)

π̄T (ρ) = exp

{
−
∫ T

0

π̄′s(X − h)Q
1
2
s dν̄

2
s +

∫ T

0

[π′s(X) − π̄′s(X)]A′sdν̄
1
s

− 1
2

∫ T

0

‖As [πs(X) − π̄s(X)] ‖2ds− 1
2

∫ T

0

∥∥∥Q 1
2
s [π̄s(X − h)]

∥∥∥2

ds

}
.
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Now, it follows from (61) that to prove the statement of the proposition it is
sufficient to write the expression for

Ψ
T

=
exp(−π̄T (ξ) + 1

2 γ̄ξξ
(T ))

π̄
T
(ρ)

.

The equalities (40), (41), and (63) imply

ln(Ψ
t
) = −1

2

∫ T

0

tr(γ̄(s, s)Qs)ds−
1
2

∫ T

0

π̄s((X − h))′Qsπ̄s((X − h))ds

+
∫ T

0

(π̄s(X) − h(s))′Qsγ̄Xξ
(s)ds− 1

2

∫ t

0

γ̄′
Xξ

(s)Qsγ̄Xξ
(s)ds

+
∫ T

0

[
πs(X) − π̄s(X) − γ̄

Xξ
(s)

]′
A′(s)dν̄1

s

− 1
2

∫ T

0

γ̄′
Xξ

(s)A′(s)A(s)γ̄
Xξ

(s)ds+
1
2

∫ T

0

‖As [πs(X) − π̄s(X)] ‖2ds.

Replacing dν̄1
t by dν̄1

t = dνt +A(t) [πt(X) − π̄t(X)] dt, we obtain that

ln(Ψ
t
) = −1

2

∫ T

0

tr(γ̄(s, s)Qs)ds−
1
2

∫ T

0

(π̄s(X−h)−γ̄
Xξ

(s))′Qs(π̄s(X−h)−γ̄
Xξ

(s))ds

+
∫ T

0

[
πs(X) − π̄s(X) − γ̄

Xξ
(s)

]′
A′(s)dνs−

1
2

∫ T

0

‖A(s)(πs(X)−π̄s(X)−γ̄
Xξ

(s))‖2ds,

and it gives the statement of the proposition.
Proof of Theorem 3. We follow the same lines as in the proof of Theorem 1, start-

ing here from Proposition 2. Again, we claim that the following chain of inequalities
holds for any (g, h) ∈ G × H:

E

[
μ exp

{
μ

2
(XT − g)′M(XT − g) +

μ

2

∫ T

0

(Xs − h(s))′Qs(Xs − h(s))ds

}]
(a)

≥ [det(Id− μMγ̄(T, T ))]−
1
2 exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}

×Eμ

[
exp

{∫ T

0

(
zhs − πs(X)

)′
A′sdνs −

1
2

∫ T

0

∥∥A(s)
(
zhs − πs(X)

)∥∥2
ds

}]
(b)

≥ μ[det(Id− μMγ̄(T, T ))]−
1
2 exp

{
μ

2

∫ T

0

tr(γ̄(s, s)Qs)ds

}
.

Inequality (a) follows directly from Proposition 2, and inequality (b) is valid due to
the same arguments as those we used in the proof of Theorem 1. Here to attain the
lower bound we must take h̄ = zh̄ and ḡ = zh̄T , where zh is the solution of (16),
which means that h̄ is the unique solution of (5). Again, for (ḡ, h̄) the lower bound is
attained because the system (X,Y, h̄) is Gaussian, and hence inequalities (a) and (b)
are actually equalities.

5. LEG and RS filtering problems. Let h̄ = (h̄(s), 0 ≤ s ≤ T ) be the solution
of the LEG filtering problem (6) on [0, T ] given by (5). For any fixed t ≤ T , let us
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denote ĝt by

ĝt = arg min
g∈Yt

E

[
μ exp

{
μ

2
(Xt − g)′Qt(Xt − g)

+
μ

2

∫ t

0

(Xs − h̄(s))′Qs(Xs − h̄(s))ds

}/
Yt

]
,

where g ∈ Yt means that g is a Yt-measurable variable. It follows directly from
Proposition 2 that, provided that det(Id− μQtγ̄(t, t)) > 0, the equality ĝt = zh̄t
holds. Since it was noted in the proof of Theorem 3 that h̄(t) = zh̄t , hence we have
also ĝt = h̄(t). It means that for t ∈ [0, T ] the solution h̄ of the LEG filtering problem
satisfies the following recursive equation:

(64)

h̄(t) = arg min
g∈Yt

E

[
μ exp

{
μ

2
(Xt − g)′Qt(Xt − g)

+
μ

2

∫ t

0

(
Xs − h̄(s)

)′
Qs

(
Xs − h̄(s)

)
ds

}/
Yt

]
.

Indeed, in the literature, the recursion (64) is the basic definition of the so-called RS
filtering problem which was introduced in [6]. Therefore, we have also proved the
following statement where (C∗∗μ ) denotes the condition.

(C∗∗μ ) the Riccati–Volterra equation (4) has a unique and bounded solution on
{(t, s) : 0 ≤ s ≤ t ≤ T } such that for 0 ≤ t ≤ T the matrix γ̄(t, t) is
nonnegative definite and moreover

det(Id− μQtγ̄(t, t)) > 0.

Theorem 4. Assume that the condition (C∗∗μ ) is satisfied. Let h̄ = (h̄(t), 0 ≤
t ≤ T ) be the unique solution of the Itô–Volterra equation (5), i.e., h̄ is the solution
of the LEG filtering problem (6). Then h̄ is the solution of the RS filtering problem
(64).

Actually, we did not find in the literature any trace of the discussion about the
relation between the LEG filtering problem (6) and the RS filtering problem (64),
even in a Gauss–Markov case. As a complement to our observation that these two
problems have the same solution, we propose an example to show that in a bit more
general setting, two similar problems may have different solutions.

For given positive symmetric deterministic matrices Λs, 0 ≤ s ≤ T , let us set
Φt(h) = (X ′t h(t)′)Λt

(
Xt

h(t)

)
. We can define h̄ ∈ H as a solution of a LEG-type filtering

problem:

(65) h̄ = arg min
h∈H

E

[
μ exp

{
μ

2

∫ T

0

Φs(h) ds

}]
,

where h = (h(s), 0 ≤ s ≤ T ) ∈ H means that h is a (Ys)-adapted process.
We can also define ĥ as the solution of the following recursive equation (RS-type

filtering problem):

(66) ĥ(t) = arg min
g∈Yt

E

[
μ exp

{
μ

2
Φt(g) +

μ

2

∫ t

0

Φs
(
ĥ
)
ds

}/
Yt

]
,

where g ∈ Yt means that g is a Yt-measurable variable.
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The question which we discuss now is the following: Does the equality h̄ = ĥ
hold?

As we have just proved, the answer is positive for singular matrices Λ, namely,
when Λ11 = Λ22 = −Λ12 = Q. But in the general situation the answer may be
negative. Without technical details, which can be found in [16], we propose the
following example: Λ = ( 2 −1

−1 1

)
, A = 1, μ = −1, and Xt = Bt. Even in this Markov

case, ĥ 
= h̄. More explicitly, one gets

h̄(t) =
∫ t

0

H̄(T, t, s) dYs,

where

H̄(T, t, s) =
sinh(

√
3s) cosh(T − t)
√
αtαs

,

αt =
√

3 + 1
2

cosh(T + (
√

3 − 1)t) +
√

3 − 1
2

cosh(T − (
√

3 + 1)t).

Clearly, H̄ depends on T , and by the definition of recursion (66), ĥ(t) does not depend
on T . More precisely, one obtains

ĥ(t) =
∫ t

0

Ĥ(t, s) dYs,

where

Ĥ(t, s) =
sinh(

√
3s) 3

√
cosh(

√
3t)

√
3(cosh(

√
3s))

2
3

,

and so ĥ and h̄ are different.

6. Information state, interpretation. In this section we discuss the proba-
bilistic interpretation of the ingredients of the “information state” which was intro-
duced in the context of RS filtering and LEG control problems. By the definition,
the information state contains all of the information needed to describe the solution
of the concerned optimization problem. In particular, it takes into account the cost
function but not only estimates of the signal, and it should give the total information
about the model states available in the measurement.

Risk-sensitive filtering. In the context of the RS filtering problem the definition
of the information state can be found, for example, in [7]. It is the density λt, with
respect to the Lebesgue measure, of the nonnormalized random measure ωt:

(67) ωt(dx) = E

[
I(Xt ∈ dx) exp

{
μ

2

∫ t

0

(Xs − h(s))′Qs(Xs − h(s))ds
}/

Yt

]
,

where h ∈ H and the observation Y is defined by (1).
In a classical Gauss–Markov setting, an explicit representation of λt can be ob-

tained as the solution of some stochastic partial differential equation (see, e.g., [3]).
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We claim that for a general Gaussian signalX the density λt satisfies the following
equality:
(68)

λt(x) = [(2π)n det(γ̄(t, t))]−
1
2 exp

{
−1

2
(
x− zht

)′
γ̄−1(t, t)

(
x− zht

)
+
μ

2

∫ t

0

(
zhs − h(s)

)′
Qs

(
zhs − h(s)

)
ds+

μ

2

∫ t

0

tr(γ̄(s, s)Qs)ds
}

× exp
{∫ t

0

(
zhs − πs(X)

)′
A′(s)dνs −

1
2

∫ t

0

∥∥A(s)
(
zhs − πs(X)

)∥∥2
ds

}
,

where γ̄ and zh are the solutions of (4) and (16), respectively.
Indeed, to prove (68) we can replace the equality (60) by the following:

ωt(dx) =
E
[
I(Xt ∈ dx) exp(−ξt)/Yt

]
E
[
ρt/Yt

] ,

where ρt and ξt are defined by (26) and (20), respectively. Again, conditionally
Gaussian properties of the pair (X, ξ) imply that

E
[
I(Xt ∈ dx) exp {−ξt} /Yt

]
= [(2π)n det(γ̄(t, t))]−

1
2

(69) × exp
{
−1

2
(
x− zht

)′
γ̄−1(t, t)

(
x− zht

)
− π̄t(ξ) +

1
2
γ̄

ξξ
(t)
}
dx.

Now, it is sufficient to replace (61) in the proof of Proposition 2 by (69).
It is worth emphasizing that (for negative μ) now we know the probabilistic

interpretation of the involved pair (zh, γ̄). Actually, we have proved that zh is the
difference π̄t(X)− γ̄Xξ(t) and γ̄ is nothing but the covariance of the filtering error of
X in view of auxiliary observations Ȳ .

Of course, after a simple integration of λt, (68) gives Propositions 1 and 2 and
therefore the solution of the LEG and RS filtering problems.

Linear exponential Gaussian control. In the context of the LEG control problem
for a partially observed process, the information state is also defined (see, e.g., [7]) as
the density λt, with respect to the Lebesgue measure, of the nonnormalized random
measure ωt:

(70) ωt(dx) = E

[
I(Xt ∈ dx) exp

{
μ

2

∫ t

0

X ′sQsXsds

}/
Yt

]
,

where X is the controlled state governed by the equation

(71) dXt = a(t)Xtdt+ b(t)utdt+ σ1(t)dBt , t ≥ 0, X0 = 0 ,
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driven by a standard Brownian motionB = (Bt, t ≥ 0) in R
n and u ∈ H corresponding

to the available observation Y defined by (1).
By the same way that we have just explained, for the conditionally Gaussian pair

(X,Y ), one can check that the density λt satisfies the following equality:

(72)

λt(x) = [(2π)n det(γ̄(t, t))]−
1
2 exp

{
−1

2
(x− zt)′γ̄−1(t, t)(x − zt)

+
μ

2

∫ t

0

z′sQszsds+
μ

2

∫ t

0

tr(γ̄(s, s)Qs)ds
}

× exp
{∫ t

0

(zs − πs(X))′A′(s)dνs −
1
2

∫ t

0

‖A(s)(zs − πs(X))‖2ds

}
,

where γ̄ is the solution of (43) and z is the solution of the equation

(73) dzt = a(t)ztdt+ b(t)utdt+ γ̄(t)μQtztdt+ γ̄(t)A′(t)[dYt −A(t)ztdt].

Actually, it is the equation for the difference z = π̄t(X)−γ̄Xξ(t), where the conditional
expectations are taken with respect to the auxiliary observation process Ȳ defined by
(19), with h = 0.

Equality (72) gives the possibility to rewrite the cost function in terms of the
completely observable process z, namely,

E

[
exp

{
μ

2

∫ T

0

X ′sQsXsds

}]

= E

{
E

[
exp

{
μ

2

∫ T

0

X ′sQsXsds

}/
YT

]}

= E

[
exp

{
μ

2

∫ T

0

z′sQszsds+
μ

2

∫ T

0

tr(γ̄(s)Qs)ds+
∫ T

0

(zs − πs(X))′A′(s)dνs

−1
2

∫ T

0

‖A(s)(zs − πs(X))‖2ds

}]

= exp

{
μ

2

∫ T

0

tr(γ̄(s)Qs)ds

}
Ẽ exp

{
μ

2

∫ T

0

z′sQszsds

}
,

where Ẽ stands for an expectation with respect to the new measure P̃ such that

dP̃

dP
= exp

{∫ T

0

(zs − πs(X))′A′(s)dνs −
1
2

∫ T

0

‖A(s)(zs − πs(X))‖2ds

}
.

With respect to this new measure the solution of (73) can be represented as

(74) dzt = a(t)ztdt+ b(t)utdt+ γ̄(t)μQsztdt+ γ̄(t)A′(t)dν̃t,

with the new Brownian motion ν̃:

(75) dν̃t = dνt −A(t)(zt − πt(X)) dt.

Thus, the new process z plays the role of the completely observed controlled state
(see [1]).
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Now, we emphasize that the probabilistic interpretation of the information state
z used in [1] is nothing but z = π̄t(X) − γ̄Xξ(t), where the conditional expectations
are taken with respect to the auxiliary observation process Ȳ defined by (19), with
h = 0. Also, γ̄ is the conditional covariance of X .
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POLICY ITERATION AND THE MAX-PLUS FINITE ELEMENT
METHOD∗
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Abstract. We set out a policy iteration algorithm for the solution of a nonconvex nonlinear-affine
finite horizon differential game. This involves the use of a max-plus finite element method (FEM) to
solve a convex optimal control problem in the value determination step of the algorithm, where this
convex problem is the result of fixing the policy of the second, or outer, player. A quadratic program
is then solved in the policy improvement step to improve the feedback policy employed by the outer
player. We show that the algorithm converges in a finite number of steps and that the approximation
error at convergence is of order

√
Δt + Δx(Δt)−1.

Key words. max-plus algebra, policy iteration, nonconvex differential game, finite element
method, Hamilton–Jacobi–Isaacs equation, H∞ control
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1. Introduction. We consider the finite horizon differential game

(1) v(x, T ) = inf
a(.)

sup
b(.)

∫ T

0

{
1
2
x(s)2 +

1
2
a(s)2 − γ2

2
b(s)2

}
ds+ φ(x(T ))

over trajectories (x(.), a(.), b(.)) satisfying

(2) ẋ(s) = f(x(s)) + g(x(s))a(s) + h(x(s))b(s), x(0) = x,

where

x(s) ∈ X ⊆ R
n, a(s) ∈ U ⊆ R

m, b(s) ∈ W ⊆ R
r.

This problem arises, for example, as the differential game formulation of a well-known
class of nonlinear affine H∞ control problems. The reader can consult [11] for an
exposition of the differential game approach to general nonlinear H∞ control, and
[12, 13, 8] for background on the specific nonlinear affine subclass of H∞ control
problems considered here. It is sufficient to note that the first (or inner) player, with
input b(.), is referred to as the disturbance, and the second (or outer) player, who
responds with policy a(.), is referred to as the control. In a strict formulation of
the problem, the second player actually responds with strategies, i.e., nonanticipating
functionals from the space of disturbance inputs to the space of control inputs, but for
our purposes here, where we apply very coarse discretization to the space of control
inputs, the above notation will be sufficient, provided the reader bears in mind the
simplifications we are making. Also note that the value γ appearing in the cost function
in (1) is given as an external parameter.
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The problem is usually considered over an infinite horizon, where the objective of
the second player is to maintain the L2 system output

∫
1
2x(s)

2 + 1
2a(s)

2ds less than
or equal to γ2 times the L2 system input

∫
1
2b(s)

2ds, i.e., to achieve an attenuation
level ≤ γ2. Under suitable regularity assumptions, usually expressed in terms of the
local controllability and observability at the origin of the system (2), it is known that
the infinite horizon problem is solvable, in the sense that the value function is finite,
on some nonlocal neighborhood of the origin for γ above some minimum level. So in
particular it is known (see, for instance, [11]) that the value function v(x, t) for the
finite horizon problem is a (possibly nonsmooth) solution to the Hamilton–Jacobi–
Isaacs equation

(3) H(x, ∂v/∂x) = ∂v/∂t

with initial condition v(x, 0) = φ(x) for (x, t) ∈ X × (0, T ], where the Hamiltonian is
defined as

H(x, p) = min
a

max
b

{
p (f(x) + g(x)a+ h(x)b) +

1
2
x2 +

1
2
a2 − γ2

2
b2
}
.

Note that this Hamiltonian is nonconvex in p.
Suppose we choose some feedback function â(x) and, on any solution trajectory

(x(.), a(.), b(.)), define the control input a(s) = â(x(s)) for all s. We can then define
fâ(x, b) = f(x) + g(x)â(x) + h(x)b and lâ(x, b) = 1

2x
2 + 1

2 â(x)
2 − γ2

2 b
2, and consider

the finite horizon optimal control problem

(4) vâ(x, T ) = sup
b(.)

∫ T

0

lâ(x(s), b(s))ds + φ(x(T ))

over trajectories (x(.), b(.)) satisfying

ẋ(s) = fâ(x(s), b(s)), x(0) = x.

In this case, the value function vâ(x, t) satisfies the Hamilton–Jacobi equation

(5) Hâ(x, ∂vâ/∂x) = ∂vâ/∂t

with initial condition vâ(x, 0) = φ(x) for (x, t) ∈ X × (0, T ], where the Hamiltonian
is defined as Hâ(x, p) = maxb {pfâ(x, b) + lâ(x, b)} . Note that this Hamiltonian is
convex in p for all x.

A max-plus analogue of the finite element method (FEM) is set out in [1] for
the numerical computation of the value function vâ solving convex optimal control
problem (4). This involves a max-plus variational formulation in which successive time
steps of the semigroup action are approximated by projection onto two idempotent
semimodules, the first spanned by a set of test functions and the second by a set
of finite element basis functions. The errors associated with these projections are
estimated in [1] to be of order

√
Δt+ Δx(Δt)−1, where Δt is the time discretization

step and Δx the space discretization step.
In this paper, we set out a policy iteration algorithm for the solution of the

nonconvex differential game (1). This involves the use of the max-plus FEM to solve (5)
for a given fixed control feedback a(x) in the value determination step of the algorithm,
and then the use of a quadratic program to improve the control feedback in the
policy improvement step. This quadratic program is given explicitly and very naturally
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in terms of the coefficients of the max-plus basis functions appearing in the value
determination step. We show that the algorithm converges in a finite number of steps
and that the approximation error arising from projection of the converged solution is
also of order

√
Δt + Δx(Δt)−1. We leave open the question of how to formulate the

policy iteration algorithm for the steady state solution to the corresponding infinite
horizon differential game, although we make some comments in this direction at the
end of the paper.

2. Policy iteration. In order to provide context and notation for what follows,
we briefly set out here, in abstract terms, a policy iteration algorithm for games. This
goes back to [6]. Here we have adapted it to a finite horizon context. In section 4,
we will develop a concrete implementation of this algorithm adapted to the max-plus
FEM.

Let St denote the evolution semigroup of the PDE (3). This associates to any
function φ the function vt = v(., t), where v is the value function of the differential
game (1). Similarly, let Stâ denote the evolution semigroup of the PDE (5) for some
fixed feedback function â(.). This associates to any function φ the function vtâ =
vâ(., t), where vâ is the value function of the optimal control problem (4). Maslov [7]
observed that the semigroup Stâ is max-plus linear.

Now let p denote the cycle index within the policy iteration algorithm, and let
q ∈ {0, . . . , N − 1} denote the time step index, so that the full time horizon T is
divided into N equal steps of length τ, i.e., T = Nτ, with the qth step running from
qτ to (q + 1)τ .

Suppose, on the pth cycle of policy iteration, we are given some fixed time depen-
dent control policy âp =

(
â0
p(x), . . . , âN−1

p (x)
)
. Note that, for each x ∈ X, this policy

is constant on time step qτ to (q+1)τ for each q. Then, for a given q, we can consider
the evolution semigroup Sτâq

p
of the PDE (5) with â = âqp. By application of the time

iteration

v(q+1)τ
p (.) = Sτâq

p
(vqτp (.))

for q ∈ {0, . . . , N − 1} , and defining v0
p(.) = φ(.), we can then compute a time-

discretization
{
vτp (.), . . . , v

Nτ
p (.)

}
of the value function vtâp

of the optimal control
problem (4) with time-dependent control policy âp. This is the value determination
step of the algorithm, and it is max-plus linear.

The policy improvement step then involves computing the value function, which
is obtained after “one step” of the differential game (1) if we start from function vtâp

.
This is achieved by computing

(6) u
(q+1)τ
p+1 (.) = Sτ (vqτp (.))

for q ∈ {0, . . . , N − 1} . The policy improvement is then obtained by choosing a new
policy âp+1 =

(
â0
p+1(x), . . . , â

N−1
p+1 (x)

)
which minimizes the right-hand side of (6)

for each q ∈ {0, . . . , N − 1}. This computation (6) is max-plus nonlinear. We will see
below that it can be expressed as a quadratic program in the coefficients of a max-plus
basis expansion of vqτp .

The algorithm is initiated by making some sensible choice of initial fixed time-
dependent control policy â0 =

(
â0
0(x), . . . , â

N−1
0 (x)

)
. On each new cycle p + 1 for

p ≥ 0, we start with v0
p+1(.) = v0

p(.) = φ(.). Assume, with a view to induction on q,
that vqτp+1(.) ≤ vqτp (.) for q ≥ 0. Then by the order preserving character of Stâ, we have

v
(q+1)τ
p+1 = Sτâq

p+1
(vqτp+1) ≤ Sτâq

p+1
(vqτp ).
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Then since âqp+1 is the argmin in (6), we have

(7) Sτâq
p+1

(vqτp ) = Sτ (vqτp ) ≤ Sτâq
p
(vqτp ) = v(q+1)τ

p .

It then follows by induction on q that vqτp+1(.) ≤ vqτp (.) for all q ∈ {0, . . . , N}; i.e., the
policy improvement step (6) does indeed lead to a lower value function of the optimal
control problem (4) on the next iteration of value determination.

In general, it is necessary to impose conditions to guarantee that this process
converges to a time discretization

{
vτ (.), . . . , vNτ (.)

}
of the value function vt of the

differential game (1). Typical conditions are that the sequence {vqτp (.)} is uniformly
bounded below and strictly monotone in p, which in turn usually follows by suitably
restricting the class of control policies over which the minimization in (6) is performed.

In our case, given the particular structure of the differential game (1) and the
specific discretizations which we apply within the context of the max-plus FEM, we
show that the sequence of policy improvements actually terminates after N steps; i.e.,
the first iteration of policy improvement produces the optimal policy for the outer
player on the first time step, the second iteration of policy improvement produces
the optimal outer player policy on the second time step, and so on. This means
that in practice the algorithm can be implemented without needing to cycle through
policy iterations. Rather, it can be implemented like a value iteration with one pass
through each of the N steps of the time discretization in turn, so that starting with
initial data v0

0(.) = φ(.) and an initial choice of control policy â0
0(.) at time zero, the

value determination and policy improvement steps are applied to the one step game
to compute the value function v1

1(.) and optimal outer player policy â1
1(.) after one

time step. These are then used as starting values for value determination and policy
improvement applied again to the one step game to compute the value function v2

2(.)
and optimal outer player policy â2

2(.) after two time steps, and so on. However, in
order to prove that this process is well defined, we consider below the full iteration of
policy over the whole time horizon and show that the diagonal path stabilizes within
this scheme. Also, the policy iteration framework allows for a potential generalization
of the algorithm to deal with the infinite horizon problem, which we outline in the
final section of the paper.

3. The max-plus FEM. We now briefly review the max-plus FEM set out in
[1] for the numerical computation of the value function vâ solving the optimal control
problem (4). The various results on idempotent semirings, semimodules, linear maps,
residuation, and projectors can be found in, for instance, [2, 3, 4].

Let Rmax denote the idempotent semiring obtained from R, with its usual order ≤,
by defining idempotent addition as a⊕b := max(a, b) and multiplication as ab := a+b.
Then let R̄max := Rmax ∪ {+∞}, with the convention that −∞ is absorbing for
the mutiplication. This has the property of being complete as an idempotent semi-
ring, which means that any subset has a least upper bound and the left and right
multiplications x 
−→ ax and x 
−→ xa are residuated. This in turn means that the
sets {x ∈ R̄max : ax ≤ b} and {x ∈ R̄max : xa ≤ b} both have maximal elements.

For a set X , we consider the set R̄
X
max of R̄max valued functions on X. This is

a semimodule over R̄max with respect to componentwise addition (u, v) 
−→ u ⊕ v,
defined by (u⊕v)(x) = u(x)⊕v(x), and componentwise scalar multiplication (λ, u) 
−→
uλ, defined by (uλ)(x) = u(x)λ, where u, v ∈ R̄

X
max, λ ∈ R̄max, and x ∈ X. Note that

the natural order on R̄
X
max arising from the idempotent addition, i.e., the order defined

by u ≤ v ⇐⇒ u ⊕ v = v, corresponds to the componentwise partial order u ≤ v ⇐⇒
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u(x) ≤ v(x) for all x ∈ X. Then R̄
X
max has the property of being complete as a semi-

module, which means again that any subset has a least upper bound (with respect to
the natural order) and the right and left multiplications Rλ : R̄

X
max → R̄

X
max : u 
−→ uλ

and Lu : R̄max → R̄
X
max : λ 
−→ uλ are residuated. This in turn means that the sets

{u ∈ R̄
X
max : uλ ≤ v} and {λ ∈ R̄max : uλ ≤ v} both have maximal elements.

Now consider a map f : S → T between partially ordered sets S and T. Suppose
that f is monotone, i.e., s ≤ s′ ⇒ f(s) ≤ f(s′). Then f is said to be residuated if and
only if for all t ∈ T , the set {s ∈ S : f(s) ≤ t} has a maximal element. The residual
map f# : T → S is then defined as

f#(t) = max{s ∈ S : f(s) ≤ t}.

It follows that the left multiplication map Lu : R̄max → R̄
X
max is residuated. The

action of the residual map L#
u on a given v ∈ R̄

X
max is then defined as

L#
u (v) = max{λ ∈ R̄max : uλ ≤ v}.

Now let X and Y be sets and consider an operator A : R̄
Y
max → R̄

X
max from R̄max

valued functions on Y to R̄max valued functions on X. Such an operator is called linear
if, for all u1, u2 ∈ R̄

Y
max, and λ1, λ2 ∈ R̄max, A(u1λ1 ⊕ u2λ2) = A(u1)λ1 ⊕ A(u2)λ2.

Given some R̄max valued function a ∈ R̄
X×Y
max on X × Y, we are then interested in the

linear operator A : R̄
Y
max → R̄

X
max with kernel a which maps any function u ∈ R̄

Y
max

to the function Au ∈ R̄
X
max defined, in terms of the normal arithmetic operations on

R, by

(8) Au(x) = sup
y∈Y

{a(x, y) + u(y)} .

Then, as shown in [3], this kernel operator A is residuated; i.e., for any v ∈ R̄
X
max, the

set {u ∈ R̄
Y
max : Au ≤ v} has a maximal element. The residual mapA# : R̄

X
max → R̄

Y
max

then takes any v ∈ R̄
X
max to this maximal element in R̄

Y
max defined, again in terms of

the normal arithmetic operations on R, as the function

(9) (A#v)(y) = inf
x∈X

{−a(x, y) + v(x)}.

The next notion to be introduced, for a kernel operator B : R̄
Y
max → R̄

X
max, is that

of projection on the image imB of B. The projector is denoted PimB and is a map
R̄
X
max → R̄

X
max defined for all v ∈ R̄

X
max by

PimB(v) = max{w ∈ imB : w ≤ v}.

As shown in [4], this projector on the subsemimodule imB can be expressed as a
composition

PimB = B ◦B#

of B and its residual B#. If b(x, y) denotes the kernel of B, then this formula can be
expressed, in the normal arithmetic of R, as

(10) B ◦B#(v)(x) = sup
y∈Y

(
b(x, y) + inf

ξ∈X
(−b(ξ, y) + v(ξ))

)
.
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Given a kernel operator C : R̄
X
max → R̄

Z
max with kernel c(z, x), we can consider

the transposed operator C∗ : R̄
Z
max → R̄

X
max with kernel c∗(x, z) = c(z, x). We can

then define a dual projector on the R̄min-subsemimodule −imC∗ in terms of

P−imC∗
(v) = min{w ∈ −imC∗ : w ≥ v}

for all v ∈ R̄
X
max. Then, as above, this projector can be expressed as a composition

P−imC∗
= C# ◦C,

which, in the normal arithmetic of R, has the form

(11) C# ◦ C(v)(x) = inf
z∈Z

(
−c(z, x) + sup

ξ∈X
(c(z, ξ) + v(ξ))

)
.

In greater generality than given here, it is proved in Theorem 1 of [1] that, with
ΠC
B := PimB ◦ P−imC∗

, then for all v ∈ R̄
X
max,

(12) ΠC
B(v) = max{w ∈ imB : Cw ≤ Cv}.

Now we can define the max-plus FEM for approximating the value function vtâ =
vâ(., t) for the optimal control problem (4). Let Y = {1, . . . , I}, X = R

n, and Z =
{1, . . . , J}. Consider a family {w1, . . . , wI} of finite element functions wi : X →
R̄max, and a family {z1, . . . , zJ} of test functions zj : X → R̄max. The vectors λ =
(λi)i=1,...,I ∈ R̄

I
max and μ = (μj)j=1,...,J ∈ R̄

J
max can be considered as R̄max valued

functions on Y and Z, respectively. So, as above in (8), we can define max-plus kernel
operators W : R̄

Y
max → R̄

X
max and Z∗ : R̄

Z
max → R̄

X
max with kernels W = col(wi)1≤i≤I

and Z∗ = col(zj)1≤j≤J . The action of W, which plays the role of operator B above, is

Wλ(x) = sup
i∈Y

{wi(x) + λi} ,

while Z∗ gives rise to the transposed operator Z : R̄
X
max → R̄

Z
max which plays the role

of operator C above, and acts as

(Zv)j = sup
x∈X

{zj(x) + v(x)} = 〈zj|v〉 ,

where 〈.|.〉 denotes the max-plus scalar product. Then from (10) and (11), we can give
the specific form of the corresponding two projectors,

PimW (v)(x) = sup
i∈Y

(
wi(x) + inf

ξ∈X
(−wi(ξ) + v(ξ))

)
,(13)

P−imZ∗
(v)(x) = inf

j∈Z

(
−zj(x) + sup

ξ∈X
(zj(ξ) + v(ξ))

)
.(14)

To start the algorithm, we approximate the initial data v0
â = φ with the max-

imal element ≤ v0
â in the space imW spanned by the finite element functions. The

approximation of v0
â is denoted with a subscript h and takes the form

v0
âh(x) = (Wλ0)(x) = sup

i∈Y

(
wi(x) + λ0

i

)
,
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where the coefficients λ0
i are determined from the residuation of W given in formula

(9) as

(15) λ0
i = inf

x∈X
(−wi(x) + φ(x)) .

As an induction assumption, suppose that at time step qτ we have a vector of coeffi-
cients λqτi giving an approximation

vqτâh(x) = sup
i∈Y

(wi(x) + λqτi )

of vqτâ by the maximal element ≤ vqτâ in the space imW . Then the approximation
v
(q+1)τ
âh of v(q+1)τ

â at the next time step can be calculated as

v
(q+1)τ
âh (.) = PimW ◦ P−imZ∗

◦ Sτâ ◦ vqτâh(.)

The coefficients of this approximation are given, from (13) and (14), by

λ
(q+1)τ
i = inf

ξ∈X

(
−wi(ξ) + inf

j∈Z

(
−zj(ξ) + sup

η∈X
(zj(η) + Sτâ ◦ vqτâh(η))

))
.

It follows from (12) that v(q+1)τ
âh is the maximal element in the space imW spanned

by the finite element functions which satisfies Zv(q+1)τ
âh ≤ ZSτâv

qτ
âh, i.e., the maximal

element satisfying 〈zj |v(q+1)τ
âh 〉 ≤ 〈zj|Sτâv

qτ
âh〉 for each test function zj. So v(q+1)τ

âh is the
maximal solution to a max-plus variational formulation of the semigroup equation.

If (see section 3.3 of [1]) we further approximate the semigroup action Sτâv
qτ
âh by

(16)
(
S̃τâv

qτ
âh

)
(x) = sup

i∈Y
(wi(x) + λqτi + τHâ(x, ∂wi/∂x)) ,

then λ(q+1)τ
i can be written explicitly as

λ
(q+1)τ
i = inf

ξ∈X

(
−wi(ξ) + inf

j∈Z

(
−zj(ξ) + sup

η∈X

(
zj(η)(17)

+ sup
k∈Y

(wk(η) + λqτk + τHâ (η, ∂wk/∂x|η))
)))

.

It is shown in [1] that the error
∥∥vTâh − vTâ

∥∥
∞ on this approximation of the value

function at time T is less than the sum of the approximation errors

‖PimW (vqτâ ) − vqτâ ‖∞ and
∥∥∥P−imZ∗

(vqτâ ) − vqτâ

∥∥∥
∞

for q = 0, . . . , N, arising from the projections on imW and −imZ∗, plus a term
supi∈Y

∥∥S̃τâwi − Sτâwi
∥∥
∞ arising from the approximation of the semigroup action on

the finite elements wi.
In particular, if we choose two sets (x̂i)i∈Y and (x̂j)j∈Z of discretization points,

and take the finite element functions to be wi(x) = − c
2 ‖x− x̂i‖2

2 for some fixed
constant c, and test functions to be zj(x) = −α ‖x− x̂j‖1 for some fixed constant α,
then by Theorem 22 of [1] the error

∥∥vTâh − vTâ
∥∥
∞ = O(τ + Δx(τ)−1), where Δx is

the maximal radius of the cells of the two Voronoi tessellations centered on the points
(x̂i)i∈Y and (x̂j)j∈Z , respectively. See [10] for details on Voronoi tessellations. Below
we will consider two cases for the test functions zj, the first being the notationally
simpler, limiting case where α → ∞, and the second being the more general case of
α <∞.
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4. Policy iteration with max-plus FEM in the value determination step.
Recall from section 2 that p denotes the cycle index within the policy iteration al-
gorithm, and q ∈ {0, . . . , N − 1} denotes the time step index. Recall also that we
restrict consideration of time-dependent feedback control policies a(x, t) to those in
the form of sequences of N constant-in-time policy components

(
a0(x), . . . , aN−1(x)

)
.

In this section, we further restrict our choice of the individual policy components to
functions aq(.) chosen from the set A = {a(.) : X → U} of functions which are locally
constant with respect to x on cells of the Voronoi tessellation VZ centered on the
origins (x̂j)j∈Z of the test functions zj .

So suppose, as an induction hypothesis, that on iteration p, we have a set of
constant vectors {aqjp } for q ∈ {0, . . . , N − 1} and j ∈ Z, where each aqjp ∈ U ⊆ R

m.

These give rise to a fixed policy ap which, for a given q, takes the form aqp(x) = a
qμ(x)
p ,

where μ(x) ∈ Z is the index of the cell of the Voronoi tessellation VZ containing x.
Note that the process can be initiated for p = 0 by choosing some set of fixed vectors
aj (say, for all j, set them equal to the zero vector) such that aq0(x) = aj for all
q ∈ {0, . . . , N − 1} and for all x ∈ cell j of VZ , where cell j is the one centered on the
origin x̂j of test function zj .

4.1. Value determination step. The max-plus FEM outlined above can be
applied to approximate the value function vtap

solving the optimal control problem
(4) with fixed strategy ap. The coefficients of the expansion of this approximation,
with respect to the finite elements wi, are obtained as follows. For q = 0 and i ∈ Y, the
coefficients λ0

pi = λ0
i are defined in (15) above. Then, using (17), for q ∈ {0, . . . , N − 1}

and i ∈ Y we get

λ
(q+1)τ
pi = inf

ξ∈X

(
−wi(ξ) + inf

j∈Z

(
−zj(ξ) + sup

η∈X

(
zj(η)

+ sup
k∈Y

(
wk(η) + λqτpk + τHaq

p
(η, ∂wk/∂x|η)

))))
.

Note that in the Hamiltonian Haq
p

we apply the policy aqp(η) = a
qμ(η)
p , where μ(η) ∈ Z

is the index of the cell of the Voronoi tessellation VZ containing η. The above can be
rearranged to give

λ
(q+1)τ
pi = inf

j∈Z

(
inf
ξ∈X

(−wi(ξ) − zj(ξ)) + sup
η∈X

(
zj(η)

+ sup
k∈Y

(
wk(η) + λqτpk + τHaq

p
(η, ∂wk/∂x|η)

)))

= inf
j∈Z

(
−〈wi|zj〉 + sup

k∈Y

(
λqτpk + sup

η∈X
(zj(η)

+wk(η) + τHaq
p
(η, ∂wk/∂x|η))

))
.

For a given policy a, let

(18) Tjka = sup
η∈X

(zj(η) + wk(η) + τHa (η, ∂wk/∂x|η)) .

In the normal max-plus FEM, the Tjka terms can be calculated offline. This would be
difficult in the application of max-plus FEM to policy iteration, since we don’t know
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the policies a in advance. The relevant a for each p iteration is known at the start of
that iteration and so, in principle, the next set of Tjka terms for a given a could be
calculated at the start of that iteration. However, this would be slow. An alternative
is to approximate the Tjka online by

(19) T̃jka = 〈zj |wk〉 + τHa

(
ηoptjk , ∂wk/∂x|ηopt

jk

)
,

where ηoptjk = arg sup 〈zj |wk〉 = arg sup (zj(η) + wk(η)) . Note that this approximation
T̃ is presented in [1], where it is shown in Theorem 22 that the resulting error estimate
on the max-plus FEM deteriorates to

∥∥vTah − vTa
∥∥
∞ = O(

√
τ + Δx(τ)−1). So, finally,

the coefficients of the expansion of the approximation to the value function vtap
for

fixed strategy ap are given by

(20) λ
(q+1)τ
pi = inf

j∈Z

(
−〈wi|zj〉 + sup

k∈Y

(
λqτpk + T̃jkaq

p

))
.

4.2. Policy improvement step. For each i and q, there exists j̄(iq) ∈ Z, which
achieves the inf in (20), so that

(21) λ
(q+1)τ
pi = −

〈
wi|zj̄

〉
+ sup
k∈Y

(
λqτpk + T̃j̄kaq

p

)
.

For each k, the Hamiltonian within T̃j̄kap
q

is evaluated at ηopt
j̄k
, and so the strategy aqp

applied in the Hamiltonian term takes the value aqμ(j̄k)
p , where μ(j̄k) ∈ Z is the index

of the cell of the Voronoi tessellation VZ containing ηopt
j̄k
.

Now suppose, as our first simpler case, that the constant term α→ ∞ in the test
functions zj(x) = −α ‖x− x̂j‖1 . The test functions are therefore defined as

(22) zj =
{

0 at x = x̂j ,
−∞ otherwise

for each j ∈ Z.
Then we have ηopt

j̄k
= x̂j̄ for all k ∈ Y, and the index μ(j̄k) ∈ Z of the cell of

the Voronoi tessellation VZ containing x̂j̄ can be denoted simply μ(j̄). We note that
μ(j̄) can of course be represented simply as j̄. However, it is useful for developing
the later discussion of general test functions if we denote the cell index in the current
discussion by μ(j̄).

It follows that aqp(x̂j̄) = a
qμ(j̄)
p is the policy value applied in the Hamiltonian term

in T̃j̄kaq
p

for all k. So every term T̃j̄kaq
p

uses the same policy value aqμ(j̄)
p for all k ∈ Y

within the supk∈Y operation in (21).
Now let k̄(iq) = arg supk∈Y in (21), so that

λ
(q+1)τ
pi = −

〈
wi|zj̄

〉
+ λqτ

pk̄
+ T̃j̄k̄aq

p
.

Then we can improve the policy aqp in cell μ(j̄) of VZ by taking

(23) min
a∈U

T̃j̄k̄a

subject to

(24) λqτ
pk̄

+ T̃j̄k̄a ≥ λqτpk + T̃j̄ka
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for all k ∈ Y, i.e., subject to

λqτ
pk̄

+ T̃j̄k̄a ≥ sup
k �=k̄∈Y

(
λqτpk + T̃j̄ka

)
.

This optimization is feasible since the current policy value aqμ(j̄)
p satisfies

λqτ
pk̄

+ T̃
j̄k̄a

qµ(j̄)
p

≥ λqτpk + T̃
j̄ka

qµ(j̄)
p

for all k ∈ Y. Furthermore, the function T̃j̄k̄a is convex in a. In fact, the Hamiltonian
within T̃j̄k̄a is evaluated at fixed x = x̂j̄ and p = ∂wk̄/∂x|x̂j̄

and so is a positive
definite quadratic form in a. Similarly, expanding the constraint (24) for each k, as is
done below in section 4.3, shows that this is just a set of linear constraints in a. So
the optimization (23) is a positive definite quadratic program and has a unique global
minimum.

Theorem 4.1. For each q ∈ {0, . . . , N − 1} and i ∈ Y, there is a j̄(iq) and a k̄(iq)
defined as above. For this j̄ and k̄, let ā = argmina∈U T̃j̄k̄a subject to the constraint
(24). For all x ∈ cell with index μ(j̄) of the Voronoi tessellation VZ , take new policy

aqp+1(x) = a
qμ(j̄)
p+1 := ā.

Note that for each q, there may be some remaining cells of VZ whose indices �= μ(j̄(iq))
for any i ∈ Y. In these cells we leave the policy at time step q unchanged; i.e., if μ∗

is the index of such a cell, then for all x ∈ cell with index μ∗,

aqp+1(x) = aqμ
∗

p .

Then the resulting new policy ap+1 = {aqjp+1} is an improvement on the old one
ap = {aqjp } in the sense that the corresponding functions vqτa(p+1)h

and vqτaph
, i.e., the

approximations to the value functions which solve the optimal control problem (4) with
fixed policies ap+1 and ap, respectively, satisfy

(25) vqτa(p+1)h
≤ vqτaph

for all q ∈ {0, . . . , N} . Furthermore, this sequence of policy improvements terminates
after at most N steps, so that the sequence

{
vτaNh

(.), . . . , vNτaNh
(.)
}

constitutes a time-
discretized finite element approximation to the value function vt of the differential
game (1).

Proof. First we deal with uniqueness. If, for a given q, there are two i giving rise
to the same j̄(iq), then these both result in the same policy improvement aqp+1(x) = ā

in cell μ(j̄) since the term T̃j̄kaq
p

in (21) does not depend on i. Similarly, if there are i1
and i2 giving rise to j̄1 = (i1q) �= j̄(i2q) = j̄2, then the corresponding cells μ(j̄1) and
μ(j̄2) of VZ are different, and so the optimizations (23) and (24), applied separately
to j̄1 and j̄2, give rise to policy improvements in different cells of VZ .
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Next, we show that the above quadratic program does lead to a policy improve-
ment. Suppose, with a view to induction on q, that λqτ(p+1)i ≤ λqτpi for all i. Then

λ
(q+1)τ
pi = −

〈
wi|zj̄

〉
+ λqτ

pk̄
+ T̃j̄k̄aq

p

= −
〈
wi|zj̄

〉
+ λqτ

pk̄
+ T̃

j̄k̄a
qµ(j̄)
p

≥ −
〈
wi|zj̄

〉
+ λqτ

pk̄
+ T̃j̄k̄ā

= −
〈
wi|zj̄

〉
+ sup
k∈Y

(
λqτpk + T̃j̄kā

)
≥ −

〈
wi|zj̄

〉
+ sup
k∈Y

(
λqτ(p+1)k + T̃j̄kā

)
= −

〈
wi|zj̄

〉
+ sup
k∈Y

(
λqτ(p+1)k + T̃j̄kaq

p+1

)
since every term T̃j̄kaq

p+1
uses the same policy value in the same cell μ(j̄). So

(26) λ
(q+1)τ
pi ≥ inf

j

(
−〈wi|zj〉 + sup

k∈Y

(
λqτ(p+1)k + T̃jkaq

p+1

))
= λ

(q+1)τ
(p+1)i .

Since this holds for all i, it then follows that for any x ∈ X ,

sup
i

(
λ

(q+1)τ
(p+1)i + wi(x)

)
≤ sup

i

(
λ

(q+1)τ
pi + wi(x)

)
,

i.e., v(q+1)τ
a(p+1)h

(x) ≤ v
(q+1)τ
aph

(x). The proof follows by induction, after noting that from
(15) the coefficients at the initial time step q = 0 satisfy λ0

(p+1)i = λ0
pi = λ0

i .
Lastly, we deal with termination in N steps. Again this is done by induction on q.

To start with, note that the coefficients λ0
i at the zeroth time step are independent of

all choices of control policy and so constitute a terminal point for the policy iteration
algorithm at step q = 0 of the time discretization, i.e., λ0

(p+1)i = λ0
pi = λ0

i for all
p ≥ 0.

Suppose as an induction hypothesis that the coefficients λqτpi for the qth time
discretization step stabilize after p = q iterations of the above policy improvement
process, i.e., λqτ(p+1)i = λqτpi for all p ≥ q. Then consider what happens to λ(q+1)τ

(p+1)i for
a given i ∈ Y during the (p + 1)th policy improvement iteration. First, we identify
the active j̄(iq) ∈ Z and k̄(iq) ∈ Y , which achieve the inf and sup in (20) and (21),
respectively. Then we perform the minimization (23) subject to constraints (24) with
these values of j̄ and k̄. Now, as noted above, this is a positive definite quadratic
program in a and so has a unique global minimum ā, which represents the policy to
be applied at time step q in cell μ(j̄) on iteration (p+1). Furthermore, the λqτpk terms
appearing in (24) are all assumed by induction to be constant for all p ≥ q, and all
the other terms appearing in (23) and (24) are fixed by our choice of j̄ and k̄. So the
improved policy ā, computed on iteration (p+ 1) and to be applied at time step q in
cell μ(j̄), is unique and will not change if recomputed for the same time step q and
index j̄ at any later iteration (p+ r) > (p+ 1) of the policy improvement cycle.

Now examination of (26) shows that, for each i, two things can happen on the
(p + 1)th policy improvement iteration during the improvement from λ

(q+1)τ
pi to

λ
(q+1)τ
(p+1)i . First, the active j̄(iq) which achieves the inf can remain the same. In this

case, the above described unique improvement ā to the policy applied at time step



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

POLICY ITERATION AND MAX-PLUS FEM 2923

q in cell μ(j̄) continues to be the policy value applied in the Hamiltonian term ap-
pearing within T̃j̄k̄aq

p+1
in the evaluation of λ(q+1)τ

(p+1)i . This then remains unchanged by
subsequent policy improvement iterations.

Alternatively, the active j̄(iq) which achieves the inf can change in (26) between
iteration p and (p+1). Let j̄p and j̄p+1 denote the active j̄ on iterations p and (p+1),
respectively. Then on iteration p we have

λ
(q+1)τ
pi = −

〈
wi|zj̄p

〉
+ sup
k∈Y

(
λqτpk + T̃j̄pkaq

p

)
,

while on iteration (p+ 1) we have

λ
(q+1)τ
(p+1)i = −

〈
wi|zj̄p+1

〉
+ sup
k∈Y

(
λqτ(p+1)k + T̃j̄p+1ka

q
p+1

)
= −

〈
wi|zj̄p+1

〉
+ sup
k∈Y

(
λqτpk + T̃j̄p+1ka

q
p+1

)
by our induction hypothesis. So for the active j̄ to change, the term

sup
k∈Y

(
λqτpk + T̃j̄p+1ka

q
p+1

)
must have decreased during the (p + 1)th policy improvement iteration. In other
words, j̄p+1 = j̄(i∗q) must be the value of j which achieves the inf in (20) on iteration
p for some other i∗ �= i. The optimization in (23) and (24) must therefore also be
evaluated for this j̄(i∗q), on the same iteration (p + 1) of policy improvement, to
produce a unique improvement (denote it as ā∗) applied at time step q in cell μ(j̄(i∗q)).
The improvement ā∗ in this particular cell is then applied in the Hamiltonian term
appearing within T̃j̄p+1k̄a

q
p+1

in the evaluation of λ(q+1)τ
(p+1)i . By the same argument as

above, this policy value ā∗, applied at time step q in cell μ(j̄(i∗q)), then remains
unchanged by subsequent policy improvement iterations.

It follows that in both cases λ(q+1)τ
(p+2)i = λ

(q+1)τ
(p+1)i for p ≥ q, i.e., for p+1 ≥ q+1, and

the induction step is proved. Since there is a total ofN steps in the time discretization,
the policy improvement algorithm converges after N steps.

It follows from the above proof that, as mentioned at the end of section 2, the
algorithm in practice can be implemented without needing to cycle through policy
iterations, but rather can be implemented like a value iteration, with the above defined
value determination and policy improvement steps applied to each step of the time
discretization in turn.

4.3. Quadratic program optimization. The Hamiltonian appearing in (5)
has the form

Ha(x, p) = max
b

{pfa(x, b) + la(x, b)}

= p(f + ga) +
1
2
x2 +

1
2
a2 +

1
2γ2

phhT p,

and for zj given by (22), T̃j̄k̄a has the specific form

T̃j̄k̄a = wk̄(x̂j̄) + τHa

(
x̂j̄ , ∂wk̄/∂x|x̂j̄

)
.

The policy improvement optimization set out in (23) and (24) can then be formulated
as

min
a∈U

τHa

(
x̂j̄ , ∂wk̄/∂x|x̂j̄

)
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subject to

τHa

(
x̂j̄ , ∂wk̄/∂x|x̂j̄

)
≥ λqτpk − λqτ

pk̄
+ wk(x̂j̄) − wk̄(x̂j̄) + τHa

(
x̂j̄ , ∂wk/∂x|x̂j̄

)
for all k ∈ Y. This can be simplified into the quadratic program

min
a∈U

(
∂wk̄
∂x

ga+
1
2
a2

)

subject to(
∂wk̄
∂x

− ∂wk
∂x

)
ga ≥ 1

τ
(wk − wk̄) +

1
τ

(
λqτpk − λqτ

pk̄

)

+
1

2γ2

(
∂wk
∂x

− ∂wk̄
∂x

)T
hhT

(
∂wk
∂x

+
∂wk̄
∂x

)

+
(
∂wk
∂x

− ∂wk̄
∂x

)
f

for all k ∈ Y, and evaluated at x̂j̄ . It can thus be seen that the constraints (24) are
just a set of linear constraints on a.

It is interesting to examine the two cases under which the unique minimum of
(23) and (24) is obtained. The first case is an unconstrained minimum and occurs at

a = −gT (x̂j̄)
∂wk̄
∂x

|x̂j̄
= cgT (x̂j̄)(x̂j̄ − x̂k̄).

Now the max-plus FEM, with test functions given by (22), only evaluates the control
feedback at the points x̂j̄ . So for x ∈ cell μ(j̄) of VZ , we can consider this unconstrained
minimum to be an approximation to the feedback

(27) â(x) = −gT (x)
∂wk̄
∂x

∣∣∣
x

= cgT (x)(x − x̂k̄).

Furthermore, as in the proof of the above theorem, if this unconstrained minimum
represents the feedback to be applied in cell μ(j̄) at time step q and is obtained
on iteration (p + 1) of the policy improvement cycle, then we can assume that the
value function vqτaph

at time step q has already converged on iteration p to the finite
element approximation to the value function for the differential game (1). In other
words, on iteration (p+1), the initial condition for the (q+1)th time step is the final
approximation, obtained on iteration p, to the optimal value of the differential game
at time step q. If we examine (16) and (17), we can see that this final approximation
term, evaluated at ηopt

j̄k̄
= x̂j̄ , is given by

(28) vqτaph
(x̂j̄) = wk̄(x̂j̄) + λqτ

pk̄
,

where λqτ
pk̄

is the final value of the k̄th coefficient of the value function at time step
q. Now, by the Pontryagin maximum principle, along an extremal of the Hamilton–
Jacobi–Isaacs equation (3), a(.) should satisfy (27). Within the cell μ(j̄), the initial
condition for the Cauchy problem (3) is given (approximately) by the smooth func-
tion (28), and so for sufficiently small time step τ, this extremal will be unique, and
therefore optimal. Hence, the unconstrained minimum represents an approximation
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to the classical optimal feedback solution to the problem (1) in the case where there
is a unique extremal over time step τ , as identified, for instance, in [12, 13].

The second case is a constrained minimum and occurs when

(29) λqτ
pk̄

+ T̃j̄k̄a = λqτpk + T̃j̄ka

for some k ∈ Y with k �= k̄. To understand what is happening here, we note that the
term T̃j̄ka defined in (19) is an approximation to the term Tj̄ka defined in (18), which
in turn, if we go back to (16) and (17), can be seen to be the j̄th coefficient of the
projection on the space of test functions of the approximation of the semigroup

S̃τawk

at time step q + 1, acting on the basis function wk at time step q. If we combine this
with (28), then we can see that the left-hand side of (29) is the approximate evaluation
at ηopt

j̄k̄
= x̂j̄ of the semigroup S̃τa acting on the initial condition wk̄ + λqτ

pk̄
, while the

right-hand side is evaluation at ηopt
j̄k

= x̂j̄ of the same semigroup acting on the ini-
tial condition wk + λqτpk. So the left-hand side of (29) corresponds to the action of the
semigroup on the particular component of the basis expansion of vqτaph

which turns out
to be active in cell μ(j̄) at time step q + 1, namely, the component corresponding to
the k̄ which achieves the sup in (21). As the policy a applied during the (q+1)th step
is reduced in the (p + 1)th cycle of policy iteration, the constraint in (29) becomes
active for some k �= k̄ when we can no longer uniquely identify the source of the active
component in cell μ(j̄) at time step q+ 1, i.e., when there are two extremals through
x̂j̄ , one corresponding to the semigroup action in time τ starting from initial data
wk̄ + λqτ

pk̄
and the other corresponding to the same semigroup action over the same

time period but starting from initial data wk + λqτpk.

4.4. General case zj test functions. Recall from above that we have

T̃jka = 〈zj |wk〉 + τHa

(
ηoptjk , ∂wk/∂x|ηopt

jk

)
and

ηoptjk = arg sup 〈zj|wk〉 ,

and assume now that for each j ∈ Z, zj(x) = −α ‖x− x̂j‖1 for some constant α <∞.

In order to obtain the above theorem in this more general case, we need only
one condition, namely, that for a given j, the set of points ηoptjk : k ∈ Y must lie in
the same cell of the Voronoi tessellation VZ as the origin x̂j of the test function zj .
We denoted the index of this cell above as μ(j̄). This can clearly be arranged by a
suitable choice of the two grids of origins x̂k and x̂j of the basis and test functions,
respectively, since this choice is made in advance of the execution of the algorithm.
We give here a simple sufficient condition which guarantees slightly more than this,
namely, that for a given j, ηoptjk = x̂j for all k ∈ Y.

Lemma 4.2. Suppose that the fixed constant α which appears in each test function
zj satisfies c

2diamX ≤ α, where c is the fixed constant which appears in each basis
function wk and X is the region of state space within which the problem is defined.
Then for a given k ∈ Y and j ∈ Z, the function wk(x) + zj(x) = − c

2 ‖x− x̂k‖2
2 −

α ‖x− x̂j‖1 has a global maximum at x̂j .
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Proof.

− c

2
‖x̂j − x̂k‖2

2 − α ‖x̂j − x̂j‖1 = − c

2
‖x̂j − x̂k‖2

2

≥ − c

2
‖x− x̂k‖2

2 −
c

2
‖x− x̂j‖2

2

≥ − c

2
‖x− x̂k‖2

2 −
c

2
diamX ‖x− x̂j‖1

≥ − c

2
‖x− x̂k‖2

2 − α ‖x− x̂j‖1 .

Now we can repeat the argument of section 4.2. For each i and q, there exists
j̄(iq) ∈ Z which achieves the inf in (20). Then for each k, the Hamiltonian within
the T̃j̄kaq

p
term is evaluated at ηopt

j̄k
, and by our assumption above, the grids of origins

have been chosen so as to ensure that ηopt
j̄k

∈ cell μ(j̄) of VZ for each k ∈ Y. It follows

that the strategy aqp applied in the Hamiltonian term within T̃j̄kaq
p

takes the value

a
qμ(j̄)
p . Then let k̄(iq) = arg supk∈Y in (21), so that

λ
(q+1)τ
pi = −

〈
wi|zj̄

〉
+ λqτ

pk̄
+ T̃j̄k̄aq

p
.

Then we can improve the policy aqp in cell μ̄(j̄) of VZ by taking

min
a∈U

T̃j̄k̄a

subject to

λqτ
pk̄

+ T̃j̄k̄a ≥ λqτpk + T̃j̄ka

for all k ∈ Y. As above, this optimization is a positive definite quadratic program
and so has a unique minimum. So Theorem 4.1 still holds for this more general set of
test functions; i.e., the above minimization gives a strict policy improvement on each
iteration and terminates after at most N steps.

5. Error estimation. Recall that we are denoting by vt the value function of
the differential game (1). The projected policy iteration algorithm outlined in the
previous section converges in a finite number of steps to a time-discretized finite
element approximation to vt, which we denote by vth. Suppose that the final optimal
policy for the projected policy iteration algorithm is a1, and that the true optimal
policy, in the same class of policies, for the exact problem is a2. Then we can consider
vth to be the value function of the optimal control problem obtained by fixing a1 as
the policy of the outer player in the projected version of the game, i.e., vth = vta1h

.
Similarly, we can consider vt to be the value function of the optimal control problem
obtained by fixing a2 as the policy of the outer player in the exact version of the game,
i.e., vt = vta2

. The semigroup Sa2 associated with this exact optimal control problem
is then max-plus linear. Then we need to estimate

‖Sa1h − Sa2‖∞ ≤ ‖Sa1h − Sa2h‖∞ + ‖Sa2h − Sa2‖∞ ,

where Sa,h = PimW ◦ P−imZ∗ ◦ Sa is the projection of the semigroup action Sa with
policy a. The second term on the right-hand side is the FEM error already estimated
in Theorem 22 of [1], namely, O(

√
τ+Δx(τ)−1), where the constant in the big-O term
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is expressed in terms of diamX, with the constants c and α appearing in the basis
and test functions, and Lipschitz constants and bounds for the two functions fa2 and
la2 appearing in (4). So to estimate the total error, it suffices to prove the following.

Proposition 5.1. ‖Sa1h − Sa2h‖∞ = 0.
Proof. If a1 is also the final optimal policy for the exact algorithm, then a1 = a2

and we are done.
Suppose a1 is not the optimal policy for the exact problem. Then since a2 has to

be an improvement on a1, we have Sa2 ≤ Sa1 with respect to the natural order on
R̄
X
max. It follows from the lemma below that Sa2h ≤ Sa1h. But since a1 is the final

optimal policy for the projected algorithm, we must also have Sa1h ≤ Sa2h. Hence
Sa1h = Sa2h, and the result is proved.

Lemma 5.2. For arbitrary residuated (kernel) operators B : R̄
Y
max → R̄

X
max and

C : R̄
X
max → R̄

Z
max between complete semimodules of R̄max valued functions on sets Y,

X, and Z, let vh = ΠC
B(v) = PimB ◦ P−imC∗ ◦ v. If functions v1 ≥ v2 in the natural

order on R̄
X
max, then v1,h ≥ v2,h.

Proof. Recall from above that

PimB(v) = max{w ∈ imB : w ≤ v},
P−imC∗

(v) = min{w ∈ −imC∗ : w ≥ v}.

So, for v1 ≥ v2, it follows that

(30) P−imC∗
(v1) ≥ P−imC∗

(v2).

Now

PimB ◦ P−imC∗
(v1) = max{w ∈ imB : w ≤ P−imC∗

(v1)},
PimB ◦ P−imC∗

(v2) = max{w ∈ imB : w ≤ P−imC∗
(v2)}.

By (30), any w in the second set must be ≤ P−imC∗
(v1). Hence, any such w must

be ≤ max{w ≤ P−imC∗
(v1)} = PimB ◦P−imC∗

(v1), and so max{any such w} must be
≤ PimB ◦P−imC∗

(v1), i.e., PimB ◦P−imC∗
(v2) ≤ PimB ◦P−imC∗

(v1) as required.

6. Conclusion. In this paper, we have set out a policy iteration algorithm for the
solution of a nonconvex nonlinear-affine finite horizon differential game. This involves
the use of a max-plus finite element method (FEM) to solve a convex optimal control
problem in the value determination step of the algorithm, where this convex problem
is the result of fixing the policy of the second, or outer, player. A quadratic program is
then solved in the policy improvement step in order to improve the control feedback.
We have shown that the algorithm converges in a finite number of steps and that the
approximation error at convergence is of order

√
τ + Δx(τ)−1.

We make some brief remarks here on the question of how to formulate the policy
iteration algorithm for the steady state solution to the corresponding infinite horizon
differential game. The results of [9] give conditions under which the infinite horizon
convex nonlinear-affine optimal control problem, arising from fixing the policy of the
outer player, has a unique steady state solution. Furthermore, this reference gives
an algorithm, which converges in a finite number of steps, for the computation of a
max-plus approximation to this steady state solution. As remarked in section 4 of [1],
this approximation can be considered as the limit of the above max-plus FEM in the
case where the operator Z is the identity, i.e., where the space of test functions is
the set of all functions. So if the infinite horizon differential game can be formulated
in such a way that the conditions of [9] are satisfied by the corresponding optimal



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2928 D. MCCAFFREY

control problem for all relevant choices of fixed outer player policy, then we have a
guaranteed unique fixed point for each such problem, i.e., a unique solution to the
max-plus linear problem

vp = Sτâp
(vp)

obtained by setting the outer player policy to âp. Furthermore we have an approxima-
tion to vp in the form of a max-plus expansion relative to the basis of finite element
functions {wi}. As in section 2 above, we then compute the one step iteration

up+1 = Sτ (vp)

of the nonconvex game and select a new (stationary) policy âp+1, which minimizes the
right-hand side of the iteration. If we approximate vp by its max-plus basis expansion,
and use the max-plus FEM to compute the evolution of the coefficients λi of the max-
plus basis expansion under the action of the semigroup with a given outer player
policy, then we can use the policy improvement method of section 4.2 to determine
the minimizing policy via a quadratic program. We can then compute the fixed point
of the new convex optimal control problem

vp+1 = Sτâp+1
(vp+1)

obtained by setting the outer player policy to âp+1, again using the algorithm of [9].
Since

vp = Sτâp
(vp) ≥ Sτ (vp) = up+1 = Sτâp+1

(vp)

it follows from Lemma 24 of [5] that vp is ≥ the fixed point of Sτâp+1
, i.e., vp ≥

vp+1. This descending sequence is bounded below by the fixed point of the nonconvex
game, the existence of which on a nonlocal neighborhood of the origin is given by the
results of [8] for the particular nonlinear affine form of game considered here, or more
generally, by the results of [11].

Finally, by an argument similar to that described in the second to last paragraph
of section 2, we could then hope to prove that the policy iteration on the infinite
horizon differential game converges, subject to the following two pieces of work being
successfully completed. The first, as mentioned above, is to formulate conditions on
the infinite horizon differential game to ensure that the results of [9] can be applied to
deduce unique fixed points for the sequence of infinite horizon convex optimal control
problems. The second is to work out the details of combining the max-plus approx-
imation of [9], for solving the eigenvector equation vp = Sτâp

(vp), with the max-plus
FEM approximation to the one step iteration up+1 = Sτ (vp) of the nonconvex game
and the policy improvement quadratic program for determining a new minimizing
policy. This is left to a future paper.

Acknowledgment. I would like to thank Stephane Gaubert for useful conver-
sations during the development of this paper.
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DISSIPATIVITY OF UNCONTROLLABLE SYSTEMS, STORAGE
FUNCTIONS, AND LYAPUNOV FUNCTIONS∗

DEBASATTAM PAL† AND MADHU N. BELUR†

Abstract. Dissipative systems have played an important role in the analysis and synthesis of
dynamical systems. The commonly used definition of dissipativity often requires an assumption on
the controllability of the system. In this paper we use a definition of dissipativity that is slightly dif-
ferent (and less often used in the literature) to study a linear, time-invariant, possibly uncontrollable
dynamical system. We provide a necessary and sufficient condition for an uncontrollable system to be
strictly dissipative with respect to a supply rate under the assumption that the uncontrollable poles
are not “mixed”; i.e., no pair of uncontrollable poles is symmetric about the imaginary axis. This
condition is known to be related to the solvability of a Lyapunov equation; we link Lyapunov func-
tions for autonomous systems to storage functions of an uncontrollable system. The set of storage
functions for a controllable system has been shown to be a convex bounded polytope in the litera-
ture. We show that for an uncontrollable system the set of storage functions is unbounded, and that
the unboundedness arises precisely due to the set of Lyapunov functions for an autonomous linear
system being unbounded. Further, we show that stabilizability of a system results in this unbounded
set becoming bounded from below. Positivity of storage functions is known to be very important
for stability considerations because the maximum stored energy that can be drawn out is bounded
when the storage function is positive. In this paper we establish the link between stabilizability of
an uncontrollable system and existence of positive definite storage functions. In most of the results
in this paper, we assume that no pair of the uncontrollable poles of the system is symmetric about
the imaginary axis; we explore the extent of necessity of this assumption and also prove some results
for the case of single output systems regarding this necessity.

Key words. dissipativity, uncontrollability, storage functions, behaviors, algebraic Riccati equa-
tion, Hamiltonian matrix, Lyapunov equation
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1. Introduction. Dissipativity of dynamical systems helps in the analysis and
design of control systems. Dissipativity theory allows problems like LQR, circle cri-
terion, Popov criterion, passivity synthesis, H∞ control, and Riccati inequalities to
be analyzed under a common framework. An important assumption in some of these
developments is that of controllability of the dynamical system. In this paper we
study dissipativity of general linear time-invariant systems, possibly uncontrollable.

Uncontrollable systems arise naturally in the process of modeling dynamical sys-
tems. The inability to shape one or more system variables in an arbitrary desired
fashion is frequently encountered in systems. For example, loss of controllability
could happen to otherwise controllable systems when certain system parameters sat-
isfy relevant equations arising in controllability check methods: see a simple electrical
circuit below in section 5.1. Uncontrollability could also arise generically due to struc-
tural inabilities to influence one or more system variables. (See [14, 12] and references
therein about structural controllability studies.)

In the context of synthesis of a dynamical system, one sometimes has to settle for
an uncontrollable realization of a given transfer function: the case of nonminimality of
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the transformerless synthesis of a positive real transfer function is well known. This
issue concerns the synthesis of a positive real transfer matrix using only resistors,
capacitors, and inductors. The currently known methods (the Bott–Duffin method
[3] and its variants) bring us naturally to systems that are dissipative, but are not
controllable. See [6] for a recent overview about this classical problem.

Dissipativity of a system is about the absence of any source of energy within the
system, and hence all interactions with the environment have to satisfy the condition
that the “net energy” is directed inwards. This is made precise below in Definition
3.1. Such a property is intrinsic to the system and therefore should be independent of
the question of controllability. For example, a passive electrical network made out of
passive circuit elements must continue to be dissipative even if it loses controllability.
In this paper we consider a general linear time-invariant system and work on a theory
of dissipativity free from any controllability assumption. Our work is based on the
signature characteristic of a dissipative system to store energy, i.e., existence of a
storage function. An important issue that immediately arises is whether to include
unobservable variables to describe this storage of energy (see [33, 5]). Our main result
sorts out this issue: for the case of strict dissipativity, we show that a storage function
depending only on the manifest variables suffices, and no unobservable variables are
necessary (see Remark 5.1).

The present theory of dissipative systems is well-developed primarily for control-
lable systems because it is possible there to define dissipativity without taking recourse
to the existence of a storage function. This is done using an integral inequality involv-
ing only the compactly supported trajectories allowed by the system. This definition
turns out to be inadequate for a general, possibly uncontrollable, linear behavior. In
order to overcome this inadequacy, there has been prior work of taking existence of
storage functions satisfying a dissipation inequality as a definition of dissipativity;
see [28, 5], for example. In this paper we further develop using this definition, prove
results regarding existence, and relate it to the situation of controllability. The prin-
cipal finding is that a certain condition on the uncontrollable poles, which we call as
the unmixing condition, plays a key role. If no pair of the uncontrollable poles of the
system is symmetric with respect to the imaginary axis, then the noncontrollability
poses no hindrance to strict dissipativity, i.e., the strict dissipativities of the behav-
ior and its controllable part are equivalent (Theorem 3.4). This result is utilized to
show useful identities about positive storage functions and unboundedness of the set
of storage functions for the case of uncontrollability.

The paper is structured as follows. The rest of this section has a few words about
the notation we follow. Section 2 contains some preliminaries we require regarding
behavioral theory. The next section (section 3) has some definitions that we need in
order to state the main result of this paper and for the proofs. In this section we also
present the main result: a necessary and sufficient condition for a general linear time-
invariant system to be strictly dissipative with respect to a supply rate that depends
on the manifest variables, under the assumption that the set of uncontrollable poles
satisfies the unmixing condition. Interestingly, this unmixing condition on the uncon-
trollable poles is reminiscent of the solvability condition of Lyapunov equations: this
is elaborated in sections 3 and 8. This paper utilizes the wealth of existing literature
on Hamiltonian matrices and Riccati equations; section 4 has results about relations
among Riccati equations, the Hamiltonian matrix, and dissipativity. A proof of the
main result follows in section 5, together with some auxiliary results. In section 6 we
present a necessary and sufficient condition for existence of positive storage functions:
here we relate stabilizability to positive storage functions. In section 7 we present
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some insight on the nature, namely, unboundedness and convexity, of the set of all
storage functions of an uncontrollable dissipative behavior. (The set of storage func-
tions is known to be bounded in the case of controllability.) Section 8 explores into
the extent of necessity of the unmixing property that we have assumed throughout
this paper. In this section we show an interesting result about rank one symmetric
matrices and the solvability of the Lyapunov equation. When one or more pairs of
the uncontrollable poles have symmetry about the imaginary axis, it turns out that
the solvabilities of a certain Riccati equation and the corresponding Riccati inequality
differ significantly from the situation in the controllable case. We conclude the paper
in section 9 following which is an appendix containing some proofs and peripheral
results needed for the proofs.

The notation we follow is standard. R and C stand for the fields of real and
complex numbers. The ring of polynomials in ξ with real coefficients is denoted by
R[ξ]. R

p×w[ξ] stands for the set of p×w matrices with entries from R[ξ]. In the context
of quadratic differential forms, we require polynomials in two indeterminates: ζ and
η. The set of such polynomials with real coefficients is denoted by R[ζ, η], and the set
of w× w matrices with entries from R[ζ, η] by R

w×w[ζ, η]. C∞(R,Rw) denotes the space
of all infinitely often differentiable functions from R to R

w, and D(R,Rw) denotes its
subspace of all compactly supported trajectories. We use • when it is unnecessary to
specify a dimension. For example, R ∈ R

•×w means R is a real matrix with w columns.
When dealing with many variables, in order to keep track of the dimensions, we use
the same letter as a generic variable w, but in typewriter font w, to denote the number
of components; for example, w ∈ C∞(R,Rw). In the context of stability, we require
certain regions of the complex plane C. The open left and right half complex planes
are denoted by C

− and C
+, respectively. To improve readability within text, we use

col(·, ·) to stack its arguments into a column, i.e., col(w1, w2) = [wT1 wT2 ]T .

2. Behaviors, QDFs, and state representations. A linear differential be-
havior B is defined to be the subspace of C∞(R,Rw) consisting of the solutions to a
set of ordinary linear differential equations with constant coefficients; i.e.,

B :=
{
w ∈ C∞(R,Rw) | R

(
d
dt

)
w = 0

}
,

where R(ξ) is a polynomial matrix having w number of columns: R ∈ R
•×w[ξ]. We

shall denote the set of linear differential behaviors with w number of variables by Lw.
The linear differential behavior B ∈ Lw can also be written as B = ker R( d

dt ). That is
why this representation is called a kernel representation of B. We call w the manifest
variable; these are the variables of interest. In this paper, w is the variable through
which the system exchanges energy with the environment. It turns out that we can
assume, without loss of generality, that R(ξ) is of full row rank (see [17]); in this
paper, a kernel representation matrix R(ξ) is assumed to be of full row rank. For a
behavior B = ker R( d

dt ), the row rank of R(ξ) gives the output cardinality (number of
outputs in the system). Though the variables w can often be partitioned into inputs
and outputs in more than one way, the output cardinality remains the same: rankR.
Further, the cardinality does not depend on the R used to define it, but depends
only on B. In this sense, the output cardinality is an integer invariant of B and
we denote it by p(B). The number of inputs to the system, the input cardinality, is
another integer invariant of B. This integer is denoted by m(B) and is calculated using
m(B) = w− p(B), where w is the number of components in the manifest variable w.
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A concept of central importance for this paper is that of controllability. A be-
havior B ∈ Lw is said to be controllable if for every w′, w′′ ∈ B, there exists a w ∈ B
and a τ > 0 such that

w(t) = w′(t) for all t � 0,
= w′′(t) for all t � τ.

We denote the set of all controllable behaviors with w variables as Lw
cont. A behavior

B = ker R( d
dt ) is controllable if and only if R(λ) does not lose rank for any λ ∈ C.

An important characterization of controllable behaviors is that they also admit image
representations. It was shown in [31] that B is controllable if and only if it can be
represented as

B :=
{
w ∈ C∞(R,Rw) | ∃ � ∈ C∞(R,Rm) such that w = M

(
d
dt

)
�

}
,

for some polynomial matrix M ∈ R
w×m[ξ]. This representation of B ∈ Lw

cont is called
an image representation. It turns out that for an image representation, without loss of
generality, one can assume M(ξ) to have the property that M(λ) has full column rank
for every λ ∈ C. We call such an M satisfying this property a right-prime polynomial
matrix. M being right-prime means that we are able to deduce the � trajectory
corresponding to a w trajectory satisfying the equation w = M( d

dt )�. Hence, such an
M is also said to induce an observable image representation.

In the context of uncontrollable systems, we use the key notion of uncontrollable
poles and uncontrollable characteristic polynomial. Suppose B = ker R( d

dt) and sup-
pose B is not controllable. Then there exist one or more complex numbers λ such that
R(λ) loses rank. These complex numbers, together with multiplicities,1 are defined
as uncontrollable poles in the definition below. Uncontrollable poles are the roots of
a monic polynomial called the uncontrollable characteristic polynomial. See [32] for
details.

Definition 2.1. Let R ∈ R
p×w[ξ] have full row rank and suppose R( d

dt )w = 0 is a
kernel representation for B. Consider a factorization of R into R(ξ) = F (ξ)Rcont(ξ)
such that Rcont ∈ R

p×w[ξ], Rcont(λ) has full row rank for every complex number λ,
and det F is a monic polynomial. The uncontrollable characteristic polynomial of B,
denoted by χ

un(B), is defined as det F . The set of uncontrollable poles is defined
as roots ( χun), and is denoted by Λun(B).

If the behavior B is clear from the context, we write just χ
un and Λun. Notice

that if B is controllable, then χ
un = 1. When a behavior is not controllable, we often

require the controllable part of B. This is the largest controllable behavior contained
in B; the controllable part of B is denoted by Bcont. Consider the above definition
in which R has been factorized as described to obtain Rcont. A kernel representation
for Bcont is induced by Rcont. For a detailed exposition on behaviors, controllability,
and uncontrollable characteristic polynomial, we refer the reader to [17, 32].

This paper deals with dissipativity and in this context we deal with quadratic
forms in the system variables and a finite number of their derivatives. It turns out to
be very natural to associate two variable polynomial matrices to such quadratic forms.
Consider a two variable polynomial matrix Φ(ζ, η) :=

∑
i,k Φikζiηk ∈ R

w×w[ζ, η],
where Φik ∈ R

w×w. A Quadratic Differential Form (QDF) QΦ induced by Φ(ζ, η) is a

1See Remark 4.2 below.
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map QΦ : C∞(R,Rw) → C∞(R,R) defined by

QΦ(w) :=
∑
i,k

(
diw
dti

)T
Φik

(
dkw
dtk

)
.

When dealing with quadratic forms in w and its derivatives, we can assume without
loss of generality that Φ(ζ, η) = ΦT (η, ζ). We call such Φ(ζ, η) a symmetric two-
variable polynomial matrix, and we denote the set of all such symmetric two-variable
polynomial matrices by R

w×w
s [ζ, η]. A quadratic form induced by a real symmetric

constant matrix S ∈ R
w×w
s is a special QDF and we shall often need this in this paper.

For a given Φ ∈ R
w×w
s [ζ, η], we often require the one variable polynomial matrix

Φ(−ξ, ξ): we shall denote this by ∂Φ(ξ). Due to the symmetry of Φ(ζ, η) the one
variable polynomial matrix ∂Φ(ξ) is para-Hermitian, i.e., ∂Φ(−ξ) = ∂ΦT (ξ). Notice
that this property makes ∂Φ(jω) Hermitian for all ω ∈ R. Throughout this paper,
ample use is made of the well-developed theory of QDFs; only the essential results of
which are reviewed here. See [28] for a thorough and complete treatment on QDFs.

The notion of state is central to this paper due to the claim that, for uncontrollable
systems, also the storage of energy is possible due to memory elements in the system.
The state variable x is an auxiliary variable that relates to the memory of the system.
Consider a behavior B ∈ Lw with manifest variables w. A variable x of the system
is called a state variable if it satisfies the system equations together with w, and has
the concatenation property. More precisely, if (w′, x′) and (w′′, x′′) are two smooth
trajectories allowed by the system, and x′(0) = x′′(0), then the new trajectory (w, x)
formed by concatenating (w′, x′) and (w′′, x′′) at t = 0, i.e.,

(w, x)(t) = (w′, x′)(t) for all t � 0
= (w′′, x′′)(t) for all t > 0,

also satisfies the system equations in a distributional sense. A formal treatment on
this is contained in [19], where it was proved that a variable x is a state variable for
B if and only if the behavior satisfies

B =
{
w ∈ C∞(R,Rw) | ∃ x ∈ C∞ such that E

d
dt
x+ Fx+Gw = 0

}
for suitable real constant matrices E, F and G. The above first order representation is
called a state representation. Such a representation is said to be minimal if it has the
least number of state variables among all state representations describing the behavior.
The dimension of the state space for a minimal state representation is defined to be
the McMillan degree of the behavior, and is denoted by n(B). It was shown in [19]
that a set of state variables can be obtained through the manifest variables by a state
map, X ∈ R

•×w[ξ], which gives the state variables by x = X( d
dt )w. Among all state

maps, if X has the minimum number of rows, then it is called a minimal state map;
in this case, the number of rows equals n(B). If B ∈ Lw has an input/output partition
w = col(w1, w2) where w1 is input and w2 is output such that the transfer function
from w1 to w2 is proper, then B admits a minimal state representation that is more
special and well known: an input/state/output (i/s/o) representation

d
dt
x = Ax+Bw1, w2 = Cx+Dw1,

with (C,A) observable. Controllability of the behavior B and that of the pair (A,B)
are related as shown in the following well-known result. We write Λ(A,B)

un for the set of
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uncontrollable eigenvalues of the (A,B) pair (counted with multiplicities). Proposition
2.2 shows when a behavior allows a state map that gives rise to an i/s/o representation
with observability properties (see [31, 19]). We state this as a proposition for easy
reference later in this paper.

Proposition 2.2. Let behavior B ∈ Lw be given by B = ker R( d
dt), where

R(ξ) has full row rank. Let (w1, w2) be an input/output partition of w such that the
resulting transfer function matrix is proper. Suppose n is the McMillan degree of B
and X ∈ R

n×w[ξ] gives a minimal state map. Then there exist A ∈ R
n×n, B ∈ R

n×m,
C ∈ R

p×n, and D ∈ R
p×m, such that d

dtx = Ax + Bw1, w2 = Cx + Dw1 with (C,A)
observable, and x = X( d

dt)w. Moreover, B is controllable if and only if the above
i/s/o representation is state-controllable. If B is uncontrollable, then Λun(B), the set
of uncontrollable poles of B, is equal to Λ(A,B)

un the set of uncontrollable eigenvalues
of A (counted with multiplicities).

3. Dissipative systems: Definition and main result. Dissipative systems
are those that have no source of energy within, and hence any energy stored within
the system has to have been supplied from its environment. This intuitive physical
concept was made concrete in [30, 28] using the dissipation inequality: the rate of
increase of stored energy is at most the power supplied to the system. In this paper,
the power supplied and the stored energy are both QDFs in the manifest variables w
of the system. (See Remark 5.1 below regarding storage function’s dependence on just
the manifest variables.) In this paper we use the following definition of dissipativity;
its relation to other definitions is discussed below.

Definition 3.1. A linear differential behavior B ∈ Lw is said to be dissipative
with respect to supply rate S ∈ R

w×w
s if there exists a quadratic differential form QΨ(w)

such that

(3.1)
d
dt
QΨ(w) � QS(w) for all w ∈ B.

The quadratic differential form QΨ is called a storage function for B with respect to
the supply rate S.

The inequality (3.1) above is called the dissipation inequality. In some control
problems like in LQR and the suboptimal H∞ control, a stricter notion of dissipativity
plays a key role. In this paper we shall deal primarily with strict dissipativity, although
many of our results are valid for just dissipativity also (see Remark 5.7 below). We
define strict dissipativity as follows.

Definition 3.2. A linear differential behavior B ∈ Lw is said to be strictly
dissipative with respect to S ∈ R

w×w
s if there exists an ε > 0 and a storage function

QΨ(w) such that

d
dt
QΨ(w) � QS(w) − ε|w|2 for all w ∈ B.

Because the above definitions require the existence of a hitherto unknown storage
function, it has been common to use an equivalent statement for the definition of
(strict) dissipativity when dealing with controllable systems. The following result
from [28] shows the equivalence.

Proposition 3.3. Let B ∈ Lw
cont and S ∈ R

w×w
s be nonsingular. Then the

following statements are equivalent.
1. There exists a storage function QΨ(w) such that d

dtQΨ(w) � QS(w) − ε|w|2
for all w ∈ B.
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2. For all w ∈ B∩D the integral inequality
∫

R
QS(w)dt � ε

∫
R
|w|2dt is satisfied.

The above proposition shows that the existence of a storage function satisfying
the dissipation inequality is equivalent to saying that the total energy transferred into
the system is strictly positive whenever we start the system from rest and bring the
system back to rest. Statement 2 was used as the definition of strict dissipativity in
[28]. With ε = 0, we get the definition of nonstrict dissipativity given in [28, 29]. It
is important to note here that the second statement above holds over only compactly
supported trajectories in B, while the first holds for all w ∈ B. Controllability of B is
crucial for the compactly supported trajectories in B to be representative enough of
the whole behavior for the above equivalence to hold (see [16]). Definitions using an
integral over a finite interval (which means energy supplied for a finite period of time)
ends up having initial and final storage function values in the defining inequality.
Use of compactly supported trajectories makes the integrals over the whole of R

well-defined and also makes the defining integral inequality free from the initial and
final storage function values. However, for an uncontrollable behavior, Statement 2
of Proposition 3.3 puts no restrictions on the trajectories in the behavior which are
outside the controllable part (see [16]), and hence this cannot be used as a definition
of dissipativity.

We define signature of a real symmetric nonsingular matrix S, denoted by σ(S) as
the pair of integers σ(S) = (σ−(S), σ+(S)), where σ−(S) and σ+(S) are the number
of negative and positive eigenvalues of S, respectively. In this paper we shall deal
only with the case when the positive signature σ+(S) equals the input cardinality
m(B) of the behavior B. Dissipativity with respect to this matrix is required for the
H∞ norm of a corresponding transfer matrix to be at most one. Further, as shown
in [29, Proposition 2, Part I], σ+(S) = m(B) means that the behavior has as high an
input cardinality as S-dissipativity allows; we call this condition the maximum input
cardinality condition.

We are now ready to state one of the main results of this paper. The following
theorem tells that if a certain unmixing condition is satisfied for the uncontrollable
poles, then the controllable part of a behavior being strictly dissipative is equivalent
to the existence of a storage function for the whole behavior’s strict dissipativity.
Recall from Definition 2.1 that the uncontrollable characteristic polynomial χun of B
is the monic polynomial whose roots (with suitable multiplicities) are those complex
numbers where R(ξ) loses rank. Theorem 3.4 below states that if the uncontrollable
poles are such that no pair of the uncontrollable poles is symmetric with respect to the
imaginary axis, then noncontrollability of B poses no hindrance to strict dissipativity
of B; i.e., strict dissipativities of B and Bcont are equivalent.

Theorem 3.4. Consider a linear differential behavior B ∈ Lw and a nonsingular
S ∈ R

w×w
s with the input cardinality of B equal to the positive signature of S: m(B) =

σ+(S). Assume that the uncontrollable characteristic polynomial of B, χ
un, is such

that χ
un(ξ) and χ

un(−ξ) are coprime. Then, B is strictly S-dissipative if and only
if its controllable part Bcont is strictly S-dissipative.

We call the condition of coprimeness of χ
un(ξ) and χ

un(−ξ) the unmixing
condition. In the context of autonomous systems, it is well known (see [34], for
example) that the unmixing condition is a necessary and sufficient condition for the
existence of a unique solution to the Lyapunov equation. In section 8 we explore
the extent of necessity of this condition. For some autonomous behaviors (and hence
some uncontrollable behaviors), we show that the unmixing condition is not necessary
(section 8).
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Throughout this paper, we shall assume S has the following form:

(3.2) Σ :=
[
Im 0
0 −Ip

]
.

Lemma 3.5 below shows that, for dissipativity considerations, taking Σ as in (3.2)
is without any loss of generality. Dissipativity with respect to a different constant
matrix S can be easily treated by modifying the behavior suitably, as shown in the
following lemma.

Lemma 3.5. Consider B ∈ Lw and a real symmetric nonsingular matrix S ∈
R
w×w
s . Let S = T TΣT, with T ∈ R

w×w nonsingular, be a symmetric factorization of S.
Define B̃ := TB. Then B is S-dissipative if and only if B̃ is Σ-dissipative.

Before we continue with other preliminaries, results, and proofs, we list the as-
sumptions we make in the rest of this paper that are without loss of any generality.
While we do write these standing assumptions explicitly in some results, they are
sometimes skipped for brevity. For a kernel representation, the polynomial matrix
R(ξ) is assumed to be full row rank, and the matrix M(ξ) in an image representation
is assumed to be right-prime. Further, when we start with an i/s/o representation of
a behavior, we assume this to be minimal. In the context of dissipativity, Σ is used
for the supply rate. We assume Σ to be symmetric and nonsingular.

4. Dissipativity, Riccati equation, and Hamiltonian matrix. In this sec-
tion we first briefly review existing literature about how the dissipation inequality
gives us a well-studied Linear Matrix Inequality (LMI). We bring out the connection
between a certain para-Hermitian polynomial matrix related to the behavior and an
associated Hamiltonian matrix. See [8, 13, 25] for related results.

For the case that the input cardinality of the behavior is equal to the positive
signature of Σ, a necessary condition for dissipativity of B ∈ Lw

cont is that a partition
of w = (w1, w2) corresponding to the matrix Σ (see (3.2)) results in an input/output
partition for B such that w1 is input and w2 is output (see [28, Remark 5.11]).
Note that the above partition means QΣ(w) = |w1|2 − |w2|2. Further, due to the
dissipativity, the transfer function from w1 to w2 turns out to be proper. This implies
that B allows an i/s/o representation as

d
dt
x = Ax+Bw1, w2 = Cx+Dw1,(4.1)

with (C,A) observable (see Proposition 2.2). The link among dissipativity of a con-
trollable behavior, storage functions, and LMIs is the subject of [30, 21, 4]; we state
this result below for easy reference.

Proposition 4.1. B ∈ Lw
cont is Σ-dissipative if and only if there exists a solution

K = KT ∈ R
n×n for the following LMI[(

CTC +ATK +KA
) (

KB + CTD
)(

BTK +DTC
)

−
(
Im −DTD

)] � 0,(4.2)

where d
dtx = Ax+Bw1 and w2 = Cx+Dw1 is a state-controllable and state-observable

i/s/o representation of B with the input/output partition induced by the block matrix
Σ.

In the above proposition, the memoryless state function xTKx acts as a stor-
age function for the controllable behavior B. See Corollary 5.6 below for our result
regarding uncontrollable behaviors. The above LMI is the well-known bounded-real
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LMI. Assume (Im −DTD) > 0 (some implications of this assumption will be clarified
in the next section). The Schur complement of (Im −DTD) in inequality (4.2) gives
the Algebraic Riccati Inequality (ARI)2(

A+B
(
Im −DTD

)−1
DTC

)T
K +K

(
A+B

(
Im −DTD

)−1
DTC

)
+CT

(
Ip −DDT

)−1
C +KB

(
Im −DTD

)−1
BTK � 0.(4.3)

Note that K satisfies the ARI if and only if K satisfies the above LMI.
The corresponding equation is the Algebraic Riccati Equation (ARE), and we

use properties of this equation for various results in this paper. Interestingly, the
solution to the ARE can be found from certain n-dimensional invariant subspaces
of a 2n × 2n matrix known as the Hamiltonian matrix. This paper uses properties
of the Hamiltonian matrix to relate to dissipativity. The procedure of constructing
a solution to the ARE from an n-dimensional eigenspace of the Hamiltonian matrix
comes in several texts, for example, [7, 10]. For easy reference we present this result as
Proposition 4.4 below. We first define Lambda-sets of the roots of an even polynomial
p(ξ) having no roots on the imaginary axis, for it will be of importance in the sequel.

Remark 4.2. As a convention in this paper, a set of roots of a polynomial (or
that of eigenvalues of a real constant matrix) has every element appearing as many
number of times as its multiplicity (algebraic multiplicity in case of eigenvalues), and
therefore equality of such sets means equality with the multiplicities counted. This
helps avoid writing certain polynomials are equal after ensuring monicity.

The definition of a Lambda-set plays an important role in the partition of a set
of complex numbers which are symmetric with respect to the imaginary axis. This
notion is similar to that of an S-set [20]. Λ̄ below denotes the set of complex conjugates
of the elements in Λ.

Definition 4.3. Let p(ξ) be a nonzero even polynomial in ξ with no roots on the
imaginary axis. A set of complex numbers Λ ⊂ roots (p(ξ)) is said to be a Lambda-set
of roots (p(ξ)) if it satisfies the following properties:

1. Λ = Λ̄,
2. Λ ∩ (−Λ) = φ, and
3. Λ ∪ (−Λ) = roots (p(ξ)) (counted with multiplicity).

The disjointness condition (condition 2) requires that p has no roots on the imag-
inary axis. We called this the unmixing condition in the remark following Theorem
3.4. Proposition 4.4 below is well known; it relates ARE solutions to the Hamiltonian
matrix H , defined below.

Proposition 4.4. Consider the ARE: ATK + KA + CTC + KBBTK = 0 in
the unknown real symmetric matrix K = KT ∈ R

n×n. Corresponding to this ARE,
construct the Hamiltonian matrix, H :=

[
A BBT

−CTC −AT

]
. Assume H does not have

eigenvalues on the imaginary axis and let Λ be a Lambda-set of spec(H). Suppose the
n-dimensional H-invariant subspace corresponding to Λ is given by

(4.4) XΛ(H) := im
[
X1

X2

]
,

where X1, X2 ∈ R
n×n. A real symmetric solution K to the ARE satisfying spec(A +

BBTK) = Λ exists if and only if X1 is nonsingular.

2We used the fact that positive definiteness of Im − DT D and Ip − DDT are equivalent.
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If X1 as defined above is nonsingular, then K := X2X
−1
1 is a solution to the ARE.

Thus the solvability of the ARE through suitable n-dimensional invariant subspaces
of the Hamiltonian matrix gives a condition for the existence of a storage function
(state function) that satisfies the dissipation inequality. Note that the above result is
independent of any controllability assumption. For controllable behaviors that have
an i/s/o representation given by (4.1) such that (A,B) is controllable and (C,A) is
observable, it turns out that the eigenvalues of the Hamiltonian matrix are exactly
equal to the roots of the determinant of the corresponding para-Hermitian matrix
∂Φ(ξ) coming from the image representation matrix of the behavior and Σ. We state
this result as a lemma below. The result is quite expected, and we prove it (in
Appendix A) for the sake of completeness, and since we shall extend it to the case of
uncontrollability in Theorem 5.4.

Lemma 4.5. Let B ∈ Lw
cont have an i/s/o representation, d

dtx = Ax + Bw1,
w2 = Cx + Dw1 with (A,B) controllable and (C,A) observable and Σ :=

[
Im 0
0 −Ip

]
.

Assume (Im −DTD) > 0. Define the real 2n× 2n Hamiltonian matrix

H :=

⎡
⎣A+B

(
Im −DTD

)−1
DTC B

(
Im −DTD

)−1
BT

−CT
(
Ip −DDT

)−1
C −

(
A+B

(
Im −DTD

)−1
DTC

)T
⎤
⎦ .

Suppose w = M( d
dt)�; � ∈ C∞(R,Rm) is an observable image representation of B

and consider ∂Φ(ξ) := MT (−ξ)ΣM(ξ). Then, the Hamiltonian matrix eigenval-
ues are same as the zeros of ∂Φ(ξ), counted with multiplicities, i.e., spec(H) =
roots (det ∂Φ(ξ)).

Proof. See Appendix A.
The para-Hermitian matrix ∂Φ(ξ) comes from the image representation of the be-

havior and Σ, whereas the Hamiltonian matrix is formed from the i/s/o representation
with the i/o partition induced by Σ. Lemma 4.5 above nicely brings out a relation
between these two matrices and helps in establishing a system theoretic meaning to
the Hamiltonian matrix (see [15]). We shall make use of this lemma in proving our
main result: Theorem 3.4.

For the special case that (A,B) is controllable, the result in Proposition 4.4 can
be further extended. It has been shown in [7, 10] that if (A,B) is controllable and if
H has no eigenvalues on the imaginary axis, then H gives a solution to the ARE. We
state this result as a proposition below. We shall make use of this result within some
proofs in the sequel to infer about the existence of a solution to an ARE coming from
a strict dissipation inequality

Proposition 4.6. Consider the Hamiltonian matrix given by H :=
[

A BBT

−CTC −AT

]
.

If (A,B) is controllable and H has no roots on the imaginary axis, then there exists
a real symmetric solution to the ARE: ATK +KA+ CTC +KBBTK = 0.

5. Dissipativity of uncontrollable behaviors. In this section we prove The-
orem 3.4 using the results presented in the last section and some more presented here.
We first consider an example of a simple electrical circuit as shown in Figure 5.1. Un-
der the condition R1C �= L/R2, the port variables (manifest variables) (v, i) satisfy
the following differential equation:[(

LC
d2

dt2
+ (R1 +R2)C

d
dt

+ 1
)
−
(
R1LC

d2

dt2
+ (R1R2C + L)

d
dt

+R2

)][
v
i

]
= 0.
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Fig. 5.1. An LCR circuit.

For the case that R1C = L/R2, and R1 = R2, the system becomes uncontrollable.
The corresponding kernel representation is[(

R2C
d
dt

+ 1
)
−
(
L

d
dt

+ R2

)][
v
i

]
= 0.

If the voltage across the capacitor vC and current through the inductor iL are consid-
ered as internal system variables, then we can write the following dissipation inequal-
ity:

d
dt
(
Cv2

C + Li2L
)

�
[
v i

] [0 1
1 0

] [
v
i

]
.

However, it turns out that the latent variables (vC, iL) are not observable from (v, i),
and so the storage function in the left-hand side of above inequality cannot be written
in terms of a QDF in just the manifest variables (see Remark 5.1 below). We ask the
question: is it possible to find a storage function in terms of the manifest variables, or
do we have to have, for some cases, storage functions in terms of “hidden” variables
only (variables that are unobservable from the manifest variables are also said to
be hidden)? Our main result Theorem 3.4 addresses this issue under the unmixing
assumption, and gives a necessary and sufficient condition for the existence of a storage
function in terms of manifest variables. Thus Theorem 3.4 rules out the necessity of
hidden variables to construct storage functions.

For the case of the above example, as derived in [33], q(v −R1i)2 with any q > 0
is a storage function, i.e.,

d
dt
q(v −R1i)2 � vi,

which is a dissipation inequality in just the manifest variables. The fact that this
storage function has no apparent interpretation as physical energy is discussed in
Remark 5.1 below. Further, q > 0 makes the set of storage functions unbounded for
this case: in section 7 we shall prove the unboundedness for general uncontrollable
behaviors.

Remark 5.1. The question of whether to allow unobservable variables into the
storage function has been an issue in [33, 5]. We call a storage function observable if it
can be expressed as a function of the manifest variables w and its derivatives. In this
paper a storage function is observable by definition. In certain physical systems, like
the electrical circuit above, one is able to construct a storage function from the con-
figuration of the individual elements within the system. However, as noted in above
references, the situation that the internal system variables may not be observable from



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

DISSIPATIVITY OF UNCONTROLLABLE SYSTEMS 2941

the manifest variables (for example, in the above circuit, (v, i), through which energy
is exchanged with the environment) raises the issue of whether to allow a storage func-
tion to depend on unobservable system variables also. An important contribution of
this paper is that we have resolved this issue at least for the case of strict dissipativity.
Under the unmixing and the maximum input cardinality conditions, we have obtained
an observable storage function for strictly dissipative behaviors. However, it may turn
out for some cases, like in the circuit above, that the observable storage function we
obtain has no physical energy interpretation. In general for a network consisting of an
interconnection of passive elements, which are either lossless elements with memory
and strictly dissipative elements without memory (see [30, p. 336]), the sum of ener-
gies stored in the individual passive elements gives a natural storage function. The
fact that this property is not presently captured in the definition is perhaps causing
the lack of physical energy interpretation of the observable storage function.

The following example shows that we have improved one of the main results
(Theorem 2) in [5] regarding observable storage functions. Consider the uncontrollable
behavior, B ∈ L2, given by the kernel representation R( d

dt)w = 0, where R(ξ) =
[2(ξ2 + 3ξ + 2) − (2ξ2 + 3ξ + 1)]. The QDF induced by XT (ζ)KX(η) with

X(ξ) :=
[
(2ξ + 6) −(2ξ + 3)

1 −1

]
and K :=

1
4

[
0.118 −0.014
−0.014 0.472

]

serves as an observable storage function with respect to the supply rate S =
[
0 1
1 0

]
.

Before the proof of Theorem 3.4 we state and prove the following theorem, which
is an important result in its own right and will also be of importance for proving
Theorem 3.4. We show that for a controllable behavior, though the definition of
strict dissipativity is existential in ε, it is equivalent to a pair of conditions that are
verifiable without ε. The second condition ensures that ∂Φ(ξ) has no zeros on the
imaginary axis while the first condition, loosely speaking, rules out the existence of
zeros of ∂Φ(ξ) at infinity.

Theorem 5.2. Consider B ∈ Lw
cont that has an observable image representation

B = im M( d
dt). Define ∂Φ(ξ) = MT (−ξ)ΣM(ξ). Let n be the McMillan degree of

B. Then B is strictly dissipative with respect to Σ if and only if the following are
satisfied:

1. deg (det ∂Φ(ξ)) = 2n,
2. ∂Φ(jω) > 0 for all ω ∈ R.

In order to prove the above theorem, we use the following lemma, whose proof
is in the appendix. Notice that in both, the theorem above and the lemma below,
condition 2 does not imply condition 1. Strictness of the dissipativity (i.e., existence
of an ε > 0) plays a role in this implication.

Lemma 5.3. Let a controllable behavior B = im M( d
dt ) have i/s/o representation

d
dtx = Ax + Bw1 and w2 = Cx + Dw1. Suppose n is the McMillan degree of B.
Define ∂Φ(ξ) = MT (−ξ)ΣM(ξ). Then (Im − DTD) > 0 if the following conditions
are satisfied:

1. deg (det ∂Φ(ξ)) = 2n,
2. ∂Φ(jω) > 0 for all ω ∈ R.

Proof. See Appendix A.
Proof of Theorem 5.2. (If) Assuming both conditions 1 and 2 are true, we shall

show that the behavior is strictly Σ-dissipative. It follows from [28, Proposition 5.2]
that the second condition, ∂Φ(jω) > 0 for all real ω, implies that B is guaranteed to
be dissipative with respect to Σ. Therefore, it follows from Proposition 4.1 that B
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allows an i/s/o representation (4.1) and there exists K = KT ∈ R
n×n such that the

following LMI is satisfied:[
(CTC +ATK +KA) (KB + CTD)

(BTK +DTC) −(Im −DTD)

]
� 0.

Using Lemma 5.3, it follows that conditions 1 and 2 of Theorem 5.2 imply (Im −
DTD) > 0. Therefore, the LMI has rank-minimizing solutions coming from the
following ARE:(

A+B
(
Im −DTD

)−1
DTC

)T
K +K

(
A+B

(
Im −DTD

)−1
DTC

)
+ CT

(
Ip −DDT

)−1
C +KB

(
Im −DTD

)−1
BTK = 0.

So from Proposition 4.4 there exists a Hamiltonian matrix H given below corre-
sponding to the above ARE such that its solutions come from the n-dimensional
(generalized) eigenspaces of

H :=

⎡
⎣A+B

(
Im −DTD

)−1
DTC B

(
Im −DTD

)−1
BT

−CT
(
Ip −DDT

)−1
C −

(
A+B

(
Im −DTD

)−1
DTC

)T
⎤
⎦ .

It follows from Lemma 4.5 that spec(H) = roots (det ∂Φ(ξ)). Since ∂Φ(jω) > 0 for
all ω ∈ R roots (det ∂Φ(ξ))∩ jR = φ. Therefore, due to Lemma 4.5, H does not have
any purely imaginary eigenvalues. So from the continuity of eigenvalues (see [11])
there exists ε ∈ R small enough such that the following matrix

Hε = H − ε

[
0 0

CTC 0

]
also has no eigenvalues on the imaginary axis. Note that from Proposition A.1 in
the appendix, (A,B) controllable implies so is [(A + B(Im − DTD)−1DTC), B(Im −
DTD)−

1
2 ].

Hence it follows from Proposition 4.6 that Hε gives a solution K to the corre-
sponding ARE(

A+B
(
Im −DTD

)−1
DTC

)T
K +K

(
A+B

(
Im −DTD

)−1
DTC

)
+ CT

(
Ip −DDT

)−1
C + εCTC +KB

(
Im −DTD

)−1
BTK = 0,

which implies, from Proposition 4.1, that B is dissipative with respect to
[
Im 0
0 −(1 + ε)Ip

]
for some ε > 0.

Utilizing the Lemma A.2 in the appendix, we conclude that B being dissipative
with respect to

[
Im 0
0 −(1 + ε)Ip

]
implies B is strictly Σ-dissipative, and this completes

the “if” part of Theorem 5.2.
(Only if) First we show that B being strictly Σ-dissipative implies condition 2

holds. Then we shall further show that assuming condition 2 holds, B being strictly
Σ-dissipative implies that condition 1 holds. Assume that B is strictly Σ-dissipative.
Definition 3.2 implies there exists ε > 0 such that B is dissipative with respect to
Σ − εIm. It then follows from Proposition 3.3 and [28, Proposition 5.2] that

∂Φ(jω) � εMT (−jω)M(jω).(5.1)
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Note that MT (−jω)M(jω) � 0 for all real ω. Since M(ξ) is right-prime, it follows
from Lemma A.5 that MT (−jω)M(jω) > 0 for all ω ∈ R. This implies, from inequal-
ity (5.1) that ∂Φ(jω) > 0 for all ω ∈ R. This shows that if B is strictly Σ-dissipative,
then condition 2 holds.

Now we show that B being strictly Σ-dissipative together with ∂Φ(jω) > 0 for
all ω ∈ R implies that deg (det ∂Φ(ξ)) = 2n. Consider a spectral factorization of
∂Φ(ξ) = NT (−ξ)N(ξ) (existence of N ∈ R

m×m[ξ] is guaranteed due to the inequality
∂Φ(jω) > 0; see [18]). Again, since M(ξ) is right-prime, MT (−jω)M(jω) > 0 for all
ω ∈ R (Lemma A.5). So MT (−ξ)M(ξ) also allows a spectral factorization

MT (−ξ)M(ξ) = DT (−ξ)D(ξ); D ∈ R
m×m(ξ).

By Lemma A.5 in the appendix, M(ξ) being a right-prime polynomial matrix implies
that deg (det (MT (−ξ)M(ξ))) = 2n. Therefore deg (det D(ξ)) = n. Since B is
strictly Σ-dissipative, inequality (5.1) holds, which we can now rewrite in terms of the
spectral factors of ∂Φ(ξ) and MT (−ξ)M(ξ) as

NT (−jω)N(jω) � εDT (−jω)D(jω) ∀ω ∈ R

⇒
[
N(−jω)D−1(−jω)

]T [
N(jω)D−1(jω)

]
� εIm ∀ω ∈ R.(5.2)

The above inequality (5.2) implies that there exists a real ε > 0 such that the minimum
singular value of the rational function matrix N(jω)D−1(jω) is at least ε for all real
ω. This further implies that det (N(ξ)D−1(ξ)) is a biproper rational function, which
means deg (det N(ξ)) = n and hence deg (det ∂Φ(ξ)) = 2n.

The following result will be important in order to prove the main result: Theorem
3.4. It is an extension of Lemma 4.5, where we saw that for a controllable behavior
B the set of eigenvalues of the Hamiltonian matrix is equal to the set of roots of the
determinant of the para-Hermitian matrix ∂Φ(ξ). For the case of uncontrollability we
show that every uncontrollable pole λ of B, together with −λ, is an eigenvalue of H ,
in addition to those coming from the controllable part of B like in Lemma 4.5.

Theorem 5.4. Let B ∈ Lw and let χ
un be its uncontrollable characteristic

polynomial. Assume B has an observable i/s/o representation d
dtx = Ax + Bw1,

w2 = Cx+Dw1, and suppose Im −DTD is invertible. Let Bcont = im M( d
dt). Define

∂Φ(ξ) = MT (−ξ)ΣM(ξ). Construct the Hamiltonian matrix

H :=

⎡
⎣A+B

(
Im −DTD

)−1
DTC B

(
Im −DTD

)−1
BT

−CT
(
Ip −DDT

)−1
C −

(
A+B

(
Im −DTD

)−1
DTC

)T
⎤
⎦ ,

Then, the Hamiltonian matrix eigenvalues, the zeros of ∂Φ(ξ), and the uncontrollable
poles of B are related by: spec(H) = roots [det ∂Φ(ξ) χun(ξ) χun(−ξ)], counted with
multiplicities.

Proof. See Appendix A.
The next result is one of the main results of this paper and it is pivotal for

proving Theorem 3.4. It brings out an important property about certain n-dimensional
invariant subspaces of the Hamiltonian matrix. We already know from Proposition
4.4 that statement 2 in the theorem below is equivalent to existence of a solution to
the ARE. In this sense, Theorem 5.5 below is an important extension to Proposition
4.6. The theorem shows that a given Lambda set results in a solution to the ARE if
and only if this Lambda set contains the uncontrollable poles of the system. The proof
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comes following a line of argument similar to the one used in proving [10, Theorem
7.2].

Theorem 5.5. Consider the Hamiltonian matrix, H =
[

A BBT

−CTC −AT

]
. Define

Λ(A,B)
un to be the set of uncontrollable eigenvalues of (A,B) pair and let Λ be a Lambda-

set of spec(H). Then the following are equivalent.
1. Λ ⊇ Λ(A,B)

un .
2. The n-dimensional invariant subspace of H corresponding to Λ is complemen-

tary to im
[
0n
In

]
.

Proof. (1 ⇒ 2) Denote by XΛ(H) the invariant subspace of H corresponding to
a Lambda-set Λ of spec(H). Since Λ is a Lambda-set of spec(H) Λ ∩ (−Λ) = φ and
Λ ∪ (−Λ) = spec(H), and therefore dim(XΛ(H)) = n. Let XΛ(H) be given by

XΛ(H) = im
[
X1

X2

]
,(5.3)

where X1, X2 ∈ R
n×n. Since XΛ(H) is an invariant subspace corresponding to Λ, we

have the following equality

H

[
X1

X2

]
=
[
X1

X2

]
HΛ,(5.4)

where HΛ ∈ R
n×n is such that spec(HΛ) = Λ.

In order to prove that XΛ(H) is complementary to im
[
0n
In

]
, we have to show that

ker X1 = {0}. Assume to the contrary that ker X1 is nontrivial; we shall show that
this will lead to a contradiction to Λ ⊇ Λ(A,B)

un .
We may assume without loss of generality thatXΛ(H) is a generalized (right)

eigenspace of H with respect to Λ. Using Lemma A.4 from the appendix we get,
im

[
X2
−X1

]
is a generalized left-eigenspace of H corresponding to −Λ. Since Λ is a

Lambda-set, Λ∩ (−Λ) = φ, so the two generalized eigenspaces are orthogonal to each
other, i.e., [

XT
2 −XT

1

] [X1

X2

]
= 0.

Because XΛ(H) is H-invariant, the last equation leads to

[
XT

2 −XT
1

] [ A BBT

−CTC −AT
] [
X1

X2

]
= 0

⇒ XT
2 AX1 +XT

1 A
TX2 +XT

1 C
TCX1 +XT

2 BB
TX2 = 0.(5.5)

Let x ∈ kerX1. Pre- and postmultiplying (5.5) by xT and x, respectively, we get
xTXT

2 BB
TX2x = 0, which implies that BTX2x = 0. Consider (5.4), which gives

AX1 +BBTX2 = X1HΛ. After postmultiplying by x we get

AX1x+BBTX2x = X1HΛx

⇒ X1HΛx = 0 ⇒ HΛx ∈ kerX1.

This implies kerX1 isHΛ-invariant. Therefore, there exists v �= 0 an eigenvector ofHΛ

such that X1v = 0. Let the eigenvalue corresponding to v be λ. Since spec(HΛ) = Λ,
λ ∈ Λ. Now, from (5.4) we can write

−CTCX1 −ATX2 = X2HΛ.(5.6)
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Postmultiplying (5.6) by v we get

−CTCX1v −ATX2v = X2HΛv

⇒ −ATX2v = λX2v.

But this means X2v is a left eigenvector of A with eigenvalue −λ. Moreover −λ /∈ Λ
(because Λ ∩ (−Λ) = φ) and BTX2v = 0. This together means that −λ is an
uncontrollable eigenvalue of A, which is a contradiction to Λ ⊇ Λ(A,B)

un . Thus ker X1

cannot be nontrivial, and therefore XΛ is complementary to im
[
0n
In

]
.

(2 ⇒ 1) We assume that XΛ(H), the generalized eigenspace of H corresponding
to Λ (a Lambda-set of spec(H)), is complementary to im

[
0n
In

]
, and we show that

Λ ⊇ Λ(A,B)
un . Suppose Λ �⊇ Λ(A,B)

un . Then there exists λ ∈ Λ(A,B)
un but λ /∈ Λ. Since Λ is

a Lambda-set of spec(H), Λ∪ (−Λ) = spec(H). Also Λ(A,B)
un ⊂ spec(H) (see Theorem

5.4). These two facts together imply that −λ ∈ Λ. Now λ ∈ Λ(A,B)
un implies that there

exists a nonzero vector v ∈ C
n such that vTA = λvT and vTB = 0. Therefore the

2n vector constructed as w = col(0n, v) satisfies Hw = −λw; i.e., w is an eigenvector
of H with eigenvalue −λ. Since −λ ∈ Λ, the last w being an eigenvector of H with
eigenvalue −λ means XΛ is not complementary to im

[
0n
In

]
because w has the upper n

entries zero. Thus Λ �⊇ Λ(A,B)
un leads to a contradiction to statement 2. This proves

“2 ⇒ 1.”
With the above results we are now in a position to prove our main result, Theorem

3.4. The “if” part requires construction of a storage function for the uncontrollable
behavior B to show strict dissipativity. We use the Hamiltonian matrix properties
proved above, combined with some perturbation arguments, to show the Riccati equal-
ity and inequality have solutions, and then construct a storage function for proving
the strict dissipativity. The unmixing property plays a key role in this construction.

Proof of Theorem 3.4. (Only if) We assume that B ∈ Lw is strictly Σ-dissipative,
and we show that this implies Bcont is strictly Σ-dissipative. Since B is strictly Σ-
dissipative, according to Definition 3.2 there exists Ψ(ζ, η) ∈ R

w×w
s [ζ, η] and a real

number ε > 0 such that

d
dt
QΨ(w) � QΣ(w) − ε|w|2 for all w ∈ B.

Integrating both sides of the above inequality, considering only those trajectories in
B ∩ D we get ∫ ∞

−∞
QΣ(w)dt � ε

∫ ∞
−∞

|w|2dt for all w ∈ B ∩ D.

Since B∩D = Bcont ∩D (see [16]), the above inequality implies that Bcont is strictly
Σ-dissipative.

(If) We assume that the controllable part Bcont is strictly Σ-dissipative and that
the unmixing condition on the uncontrollable poles holds. We show that B too is
strictly Σ-dissipative. A necessary condition for Bcont to be strictly Σ-dissipative is
that the transfer function for Bcont with the i/o partition induced by Σ is proper.
Therefore, from Proposition 2.2 above, B has a state map X(ξ) and an i/s/o repre-
sentation with x = X( d

dt)w such that d
dtx = Ãx+ B̃w1, w2 = C̃x+ D̃w1 with (C̃, Ã)

pair observable and (Ã, B̃) pair uncontrollable with Λ(Ã,B̃)
un = Λun(B), counting mul-
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tiplicities. Let Bcont have an image representation

Bcont = im

[
W1

(
d
dt

)
W2

(
d
dt

)
]

; W1 ∈ R
m×m[ξ],W2 ∈ R

p×m[ξ].

Since Bcont is strictly Σ-dissipative, from Theorem 5.2,

deg
(
det
[
WT

1 (−ξ)W1(ξ) −WT
2 (−ξ)W2(ξ)

])
= 2 × n(Bcont) and

WT
1 (−jω)W1(jω) −WT

2 (−jω)W2(jω) > 0 ∀ω ∈ R.

Again, from Lemma 5.3, these two facts together imply that Im − D̃T D̃ > 0. This
implies that there exists a Hamiltonian matrix given by

H =

⎡
⎢⎣Ã+ B̃

(
Im − D̃T D̃

)−1

D̃T C̃ B̃
(
Im − D̃T D̃

)−1

B̃T

−C̃T
(
Ip − D̃D̃T

)−1

C̃ −
(
Ã+ B̃

(
Im − D̃T D̃

)−1

D̃T C̃

)T
⎤
⎥⎦ .

Define A := Ã + B̃(Im − D̃T D̃)−1D̃T C̃, B := B̃(Im − D̃T D̃)−
1
2 , and C := (Ip −

D̃D̃T )−
1
2 C̃. Using Theorem 5.4 we get spec(H) = roots [det ∂Φ(ξ) χun(ξ) χun(−ξ)],

where ∂Φ(ξ) := WT
1 (−ξ)W1(ξ)−WT

2 (−ξ)W2(ξ). Since Bcont is strictly Σ-dissipative,
Theorem 5.2 implies that roots (det ∂Φ(ξ)) ∩ jR = φ. By assumption χ

un(ξ) and
χ

un(−ξ) are coprime, i.e., Λun ∩ (−Λun) = φ. Thus H has no eigenvalues on the
imaginary axis and so spec(H) allows a Lambda-set Λ. Moreover, we can construct
Λ in such a way that Λun ⊆ Λ. From Proposition 2.2 it follows that the set of uncon-
trollable eigenvalues of (A,B) pair is exactly equal to Λun. Hence from Theorem 5.5 a
generalized eigenspace of H corresponding to Λ, XΛ := im

[
X1
X2

]
, with X1, X2 ∈ R

n×n,
is complementary to im

[
0n
In

]
, which implies X1 is nonsingular allowing us to define

K = X2X
−1
1 ∈ R

n×n. Again since Λ ∩ (−Λ) = φ, applying Lemma A.4 we get

[
XT

2 −XT
1

] [X1

X2

]
= 0, which implies that

(
X2X

−1
1

)T
= X2X

−1
1 .

ThusK = KT is a symmetric solution to the ARE: ATK+KA+CTC+KBBTK = 0.
In order to complete the proof we have to show that there exists a storage function

for the strict dissipation inequality of Definition 3.2. For this we make use of Lemma
A.2 of Appendix A to infer that the strict dissipation inequality is equivalent to the
following LMI⎡

⎣−
(
C̃T C̃ + ÃTK +KÃ

)
−
(
KB̃ + C̃T D̃

)
−
(
B̃TK + D̃T C̃

)
sIm − D̃T D̃

⎤
⎦− ε

[
C̃T C̃ 0

0 0

]
� 0,(5.7)

for some ε > 0. The corresponding Hamiltonian matrix turns out to be

Hε :=

[
Ã+ B̃(Im − D̃T D̃)−1D̃T C̃ B̃(Im − D̃T D̃)−1B̃T

−C̃T (Ip − D̃D̃T )−1C̃ −(Ã+ B̃(Im − D̃T D̃)−1D̃T C̃)T

]
− ε

[
0 0

C̃T C̃ 0

]

= H − ε

[
0 0

C̃T C̃ 0

]
.
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Observe that the kind of perturbation that takesH to Hε is such that spec(Hε) ⊃ Λun.
Further, since the perturbation is analytic, according to [11], there exists an ε1 > 0
small enough such that the following property of H holds for Hε1 also:

spec(Hε1) ∩ jR = φ.

Therefore, spec(Hε1) also allows a Lambda-set Λε1 such that Λε1 ⊇ Λun. It follows
from Theorem 5.5 that there exists Kε1 = KT

ε1 ∈ R
n×n, which is a rank-minimizing

solution to the LMI (5.7) with ε = ε1.
The observable i/s/o representation is obtained from the manifest variables through

a state map as x = X( d
dt)w. Thus, X(ξ) and Kε1 give Ψ(ζ, η) := XT (ζ)Kε1X(η) that

satisfies

d
dt
QΨ(w) =

d
dt

[(
X

(
d
dt

)
w

)T
Kε1X

(
d
dt

)
w

]
� QΣ(w) − ε1|w|2 ∀w ∈ B,

which from Definition 3.2 means that B is strictly Σ-dissipative.
It is evident from the above proof that the storage function we construct to show

strict dissipativity is, in fact, a memoryless quadratic function of the state of the
system. More concretely, under the assumption that the uncontrollable poles are
unmixed, such a storage function, which is a memoryless state function, exists if the
behavior is strictly dissipative. We state this important consequence as a corollary
below.

Corollary 5.6. Suppose B ∈ Lw has uncontrollable poles satisfying Λun ∩
(−Λun) = φ, and let X ∈ R

n×w[ξ] give a minimal state map for B. Consider a
nonsingular Σ ∈ R

w×w
s with m(B) = σ+(Σ). Then, the following are equivalent.

1. B is strictly Σ-dissipative.
2. There exists a K ∈ R

n×n and ε > 0 such that d
dt [(X( d

dt )w)TKX( d
dt)w] �

wT (Σ − εI)w for all w ∈ B.
The above important and intuitive result that storage of energy requires memory

elements, namely states, was proved formally for the controllable case in [27]. Note
that for the special case that the behavior is controllable we have provided a new and
alternative proof of the main result of [27], by showing that for a strictly dissipative
behavior there exists a storage function which is a state function.

Remark 5.7. In this paper we have worked with strict dissipativity as defined
in Definition 3.2. One of the main reasons to invoke strictness is that it guarantees
nonsingularity of Im−DTD and hence the existence of the Hamiltonian matrix and the
Riccati equation. It also rules out the possibility of the Hamiltonian matrix having
purely imaginary eigenvalues, and thus enables us to use Lambda-set arguments.
It remains to explore which of the above results are true for the case of nonstrict
dissipativity.

Remark 5.8. The question of solvability of the positive-real LMI without im-
posing system theoretic assumptions like controllability or observability has been
dealt with in [9]. However, a very restrictive assumption made there is that the
whole set of eigenvalues of the system matrix A satisfies the unmixing property, i.e.,
spec(A)∩ (spec(−A)) = φ. According to our main result (Theorem 3.4) this assump-
tion is not necessary. It is sufficient that only the uncontrollable poles satisfy the
unmixing property. We shall see later in section 8 the extent of necessity of this un-
mixing property. The following example shows how the positive-real LMI is solvable
when some elements of spec(A) have symmetry with respect to the imaginary axis
and the system is uncontrollable.
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Example 5.9. Consider an i/s/o system with the following A,B,C,D matrices:

A =
[
0 1
1 0

]
, B =

[
−1
−1

]
, C =

[
0 1

]
, D = 1.

Observe that spec(A) = {1,−1}, which is symmetric with respect to the imaginary
axis. Here Λun = {−1}, and the other eigenvalue (= 1) is controllable. An equivalent
kernel representation of the manifest behavior is given by[(

d2

dt2
− d

dt
− 2
)

−
(

d2

dt2
− 1
)][

w1

w2

]
= 0.

We ask the question: is this i/s/o system S :=
[
0 1
1 0

]
dissipative or equivalently, is

there a real symmetric solution K = KT ∈ R
2×2 for the following LMI[

−ATK −KA CT −KB
C −BTK D +DT

]
� 0?

Obviously, Λun = {−1} satisfies the unmixing property, and one can check that the
controllable part Bcont = ker

[
d
dt − 2 d

dt + 1
]

is strictly S-dissipative, which from
Theorem 3.4 implies that B is strictly S-dissipative. This can be verified by checking
that the following real symmetric matrix induces a storage function that satisfies the
dissipation inequality

K =
[
−0.957 −1.457
−1.457 −1.957

]
,

and therefore solves the LMI.

6. Positive storage functions and stabilizability. In this section we estab-
lish an important link between stabilizability of systems and positive definiteness of
storage functions of strictly dissipative systems. The importance of this link lies in
the fact that the energy stored in physical systems is a nonnegative quantity and
dissipative physical systems satisfy an additional property that, if the system was ini-
tially discharged, then the net energy supplied into the system upto any time instant
is nonnegative; this is called half-line dissipativity. We review these concepts (from
[28]) below and prove similar results for uncontrollable systems in this section.

For this paper, we need half-line dissipativity for only the negative half of the
real line: R−. A controllable behavior B ∈ Lw

cont is said to be Σ-dissipative on R−
if
∫ 0

−∞QΣ(w)dt � 0 for all w ∈ B ∩ D. (Due to time invariance of B, it is enough
to integrate up to 0.) Half-line dissipativity is related to (semi-)definiteness of the
storage function. A storage function QΨ is called nonnegative if QΨ(w)(t) � 0 for
all t ∈ R and w ∈ B. For controllable behaviors, it was shown in [28] that existence
of a nonnegative storage function is equivalent to dissipativity of B on R−. The
importance of nonnegative storage functions is due to such functions being bounded
from below (namely, by zero), because of which we expect that when the supply
of energy is stopped, then the trajectories cannot become unbounded. This link to
stability was made precise and proved in [29, Proposition 1, Part I].

We saw in Corollary 5.6 that, for a dissipative behavior B with a minimal state
map X ∈ R

n×w[ξ], a storage function QΨ is associated to a symmetric matrix K ∈
R
n×n such that QΨ(w) = (X( d

dt )w)TKX( d
dt )w. Hence QΨ is nonnegative if and only
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if K � 0 (see [28]). In the context of strict dissipativity, we define a positive definite
storage function. A storage function QΨ is called positive definite if K > 0.

The following result is one of the main results of this paper. It relates existence
of positive definite storage functions to stability of the autonomous part of the uncon-
trollable dissipative behavior. A behavior with a stable autonomous part is nothing
but a stabilizable behavior. A behavior B ∈ Lw is called stabilizable if for every
w ∈ B, there exists a w′ ∈ B such that w(t) = w′(t) for t � 0 and w′(t) → 0 as
t→ ∞. A behavior is stabilizable if and only if Λun ⊂ C

− (see [32]).
Theorem 6.1. Let a linear differential behavior B ∈ Lw be strictly Σ-dissipative

with m(B) = σ+(Σ). Then there exists a positive definite storage function if and only
if the following are satisfied:

1. there exists ε > 0 such that
∫

R−
QΣ(w)dt �

∫
R−

ε|w|2dt for all w ∈ B ∩ D

and
2. Λun ⊂ C

−.
The first condition is clearly a necessary condition for existence of a positive

definite storage function; namely, the controllable part has to be strictly dissipative
on R−. The second condition is also necessary because of the notion that the storage
function behaves like a Lyapunov function for an autonomous system, and as is well
known, a positive Lyapunov function exists if and only if the autonomous system is
asymptotically stable. The fact that these two conditions are together sufficient for
the existence of a positive definite storage function for the whole behavior is one of
the main contributions of this paper. Also notice that Λun ⊂ C

− is a very special
case of the unmixing condition. Thus the uncontrollability of the stabilizable behavior
poses no hindrance to existence of a storage function for strict dissipativity as long
as the controllable/autonomous parts allow storage/Lyapunov functions individually.
As noted above, this is the principal finding of this paper.

Proof. (If) In this part of the proof we show that the existence of ε > 0 such that∫
R−

QΣ(w)dt �
∫

R−
ε|w|2dt for all w ∈ B ∩ D and Λun ⊂ C

− together imply that B

has a positive definite storage function. First, let the controllable part be given by an
observable image representation[

w1

w2

]
=
[
W1( d

dt )
W2( d

dt )

]
�; � ∈ C∞(R,Rm),

whereW1 ∈ R
m×m[ξ] andW2 ∈ R

p×m[ξ]. Since B∩D = Bcont∩D,
∫

R−
QΣ(w)dt � 0 for

all w ∈ B ∩ D implies that the QDF induced by the two-variable polynomial matrix
Φ(ζ, η) := [WT

1 (ζ) WT
2 (ζ)]Σ[WT

1 (η) WT
2 (η)]T is strictly half-line positive, that is∫

R−
QΦ(�)dt > 0 for all nonzero � ∈ D(R,Rm). This, according to Theorem 6.4 of [28],

implies that W1(ξ) is Hurwitz. Since B is strictly Σ-dissipative the transfer function
from w1 to w2 is proper, and so from Proposition A.3, B has a state observable i/s/o
representation in Kalman decomposed form as

A =
[
Ac Acp

0 Au

]
, B =

[
Bc
0

]
, C =

[
Cc Cu

]
,

where d
dtxc = Acxc + Bcw1, w2 = Ccx + Dw1 gives a state controllable and state

observable i/s/o representation of the controllable part Bcont. This implies that
roots (det W1(ξ)) = spec(Ac), and, therefore, W1(ξ) being Hurwitz implies that so is
Ac. Once again, from Proposition A.3, the set of uncontrollable poles Λun = spec(Au).
So Λun ⊂ C

− implies Au is also Hurwitz. Hence A is Hurwitz. Because B is strictly
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Σ-dissipative, the following ARI has a solution

ATK +KA+ CTC +
(
DTC +BTK

)T (
Im −DTD

)−1 (
DTC +BTK

)
� 0.(6.1)

Since (DTC + BTK)T (Im − DTD)−1(DTC + BTK) � 0, (C,A) being observable
implies that [CTC+(DTC+BTK)T (Im−DTD)−1(DTC+BTK), A] too is observable
(see [34]). Hence the above inequality (6.1), when treated as a Lyapunov equation
ATK+KA+Q � 0, where Q := [CTC+(DTC+BTK)T (Im−DTD)−1(DTC+BTK)],
has (Q,A) observable and A Hurwitz, which means that all the solutions K are
positive definite (see [34]). Thus a positive definite solution to (6.1) induces a positive
definite storage function and this completes the proof of the “if” part.

(Only if) First we shall show that B being strictly dissipative with respect to
Σ with a positive definite storage function implies that there exists ε > 0 such that∫

R−
QΣ(w)dt �

∫
R−

ε|w|2dt for all w ∈ B ∩ D. Let QΨ be a positive definite storage
function that satisfies the strict dissipation inequality

d
dt

(QΨ(w)) � QΣ(w) − ε|w|2, for all w ∈ B.(6.2)

Considering only those trajectories in B ∩ D and integrating over R− we get∫
R−

QΣ(w)dt −
∫

R−
ε|w|2dt � QΨ(w)(0) ⇒

∫
R−

QΣ(w)dt �
∫

R−
ε|w|2dt,

where the last implication uses QΨ(w) � 0.
Next we show that B being strictly dissipative with a positive storage function

implies that Λun ⊂ C
−. Observe that B being strictly Σ-dissipative implies that

the partition w = (w1, w2) induced by Σ results in Bcont having a proper transfer
function from w1 to w2. Hence it follows from Proposition 2.2 that B allows an i/s/o
representation d

dtx = Ax+Bw1, w2 = Cx+Dw1, where (A,B) is state uncontrollable
and (C,A) is state observable. In order to show that Λun ⊂ C

−, we shall show, in fact,
that A is Hurwitz. We show this implication by contradiction, i.e., if λ �∈ C

− is an
eigenvalue of A, then there does not exist any nonnegative definite storage functions.
Let λ ∈ spec(A) and x0 �= 0, the corresponding eigenvector of A. The following w is
an element of B [

w1

w2

]
=
[

0
Cx0e

λt

]
.(6.3)

The behavior B being strictly Σ-dissipative implies that there exists a storage function
QΨ(w) that satisfies the following strict dissipation inequality:

d
dt

(QΨ(w)) � |w1|2 − |w2|2 − ε|w|2 for all w ∈ B.(6.4)

Putting w as in (6.3) we get, by direct differentiation of the left hand-side,

2�(λ)QΨ(w) � −xT0 CTCx0e
2�(λ)t − ε|w|2.(6.5)

Consider the case when λ ∈ C
+. The right-hand side of the above inequality is

negative definite, which implies that QΨ(w)�0 for this w ∈ B. This proves the
contradiction for the case �(λ) > 0. Next we consider the case when λ ∈ jR. In that
case �(λ) = 0, which makes inequality (6.5) impossible. Thus we have shown that
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λ �∈ C
− eliminates nonnegativity of any storage function. Hence in order to have a

positive definite storage function it is necessary that Λun ⊂ C
−. This completes the

proof that existence of a nonnegative storage function implies Λun ⊂ C
−.

Within the above proof, we have, in fact, shown that every storage function for
the behavior is positive definite. This has been shown for the controllable case in [28,
Theorem 6.4]. Intuitively, storage functions being positive is closer to their interpre-
tation as energy-like functions. Also, the meaning of dissipativity that there is no
source of energy in the system appeals to both positive definite storage functions and
the stabilizability of the system. In the following section we explore other properties
of the set of storage functions, like (un)boundedness of this set.

7. Set of all storage functions for an uncontrollable system. Another
important topic of interest is the set of all storage functions of a dissipative behav-
ior. For LQR/LQG theory and H∞ control, certain extremum storage functions give
stabilizing controllers. In this section we show that the set of storage functions is
unbounded for uncontrollable dissipative systems and that for stabilizable systems,
this set is bounded from below.

We have seen before how the solutions to an ARI give storage functions as state
functions. Thus to further explore the set of all storage functions we shall look into
the set of solutions of a related ARI. It has been shown (in [27, 28], for example) that
with respect to a given state space representation i.e., with respect to a given state
map x = X( d

dt )w, there is a one to one correspondence between storage functions and
solutions to the ARI. Moreover, it is known that the set of storage functions for a
controllable dissipative behavior is a bounded convex polytope with its vertices given
by the storage functions coming from so-called spectral factorizations of ∂Φ(ξ). These
storage functions correspond to the algebraic Riccati equality solutions. However,
this set of solutions to the ARI turns out to lose the boundedness property when the
behavior loses controllability. This constitutes the theorem below, one of the main
results of this paper.

Theorem 7.1. Let B ∈ Lw be uncontrollable, and suppose the set of its uncon-
trollable poles Λun satisfies the unmixing property, i.e., Λun ∩ (−Λun) = φ. Further,
let B be strictly Σ-dissipative. Then the set of all storage functions is an unbounded
convex set.

Proof. By Proposition 2.2, B allows an i/s/o representation as d
dtx = Ãx+ B̃w1,

w2 = C̃x+ D̃w1. Since B is strictly Σ-dissipative, (Im− D̃T D̃) > 0 and all the storage
functions come from real symmetric solutions of the following ARI

ATK +KA+ CTC +KBBTK � 0,

where A := Ã + B̃(Im − D̃T D̃)−1D̃T C̃, B := B̃(Im − D̃T D̃)−
1
2 , and C := (Ip −

D̃D̃T )−
1
2 C̃. That the set of solutions to this ARI is convex is well known (see [4], for

example). In order to show the unboundedness of the solution set, we once again make
use of the Kalman decomposition result (Proposition A.3): there exists a similarity
transformation that results in A,B,C matrices in the following forms: A =

[
Ac Acp
0 Au

]
,

B =
[
Bc
0

]
, and C =

[
Cc Cu

]
. In order to show that the set of ARI solutions is

unbounded, we shall show that there exists a nonzero P ∈ R
n×n
s such that if K ∈ R

n×n
s

is a solution to the ARI, then for all λ > 0, the new real symmetric matrix defined
by K̃ := K + λP is also a solution of the ARI. Define P

P :=
[
0 0
0 P1

]
,
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where P1 ∈ R
nu×nu
s satisfies the following Lyapunov inequality

(7.1) ATuP1 + P1Au � 0.

Since the set of uncontrollable poles satisfy the unmixing property, that is, Λun ∩
(−Λun) = φ, the Lyapunov inequality is guaranteed to have a nonzero solution. Con-
sider the following expression in K̃:

AT K̃ + K̃A+ CTC + K̃BBT K̃

= ATK +KA+ CTC +KBBTK + λ
(
ATP + PA

)
+ λ2PBBTP

+λ
(
KBBTP + PBBTK

)
.

Using the Kalman decomposed form of A,B, and C above and the structure of P ,
the above expression simplifies to

(
ATK +KA+ CTC +KBBTK

)
+ λ

[
0 0
0 ATu P1 + P1Au

]
.

From the fact that K is a solution to the ARI, and that P1 satisfies the Lyapunov
inequality (7.1) the above expression is negative semidefinite for all λ > 0. Thus
AT K̃+ K̃A+CTC+ K̃BBT K̃ � 0, and K̃ is also a solution of the ARI for all λ > 0.
This proves that the set of solutions to the ARI is unbounded.

Notice that within the above proof we used that, if a solution K to the Riccati
inequality exists, then a solution P1 to the Lyapunov inequality (7.1) can be added
to K giving solutions K̃ of the ARI. Though we have demonstrated the existence
of solutions to the ARI primarily under the unmixing condition on the uncontrol-
lable poles, this method shows that whenever the Riccati inequality admits solutions,
uncontrollability forces the set of storage functions to be unbounded.

The following simple example shows a pictorial representation of the set of all
storage functions for a controllable behavior.

Example 7.2. Consider behavior B having an i/s/o representation with A =[
0 −2
1 −3

]
, B =

[
10
1

]
, C =

[
0 1

]
and supply rate S =

[
100 0
0 −1

]
. Let all the symmetric

solutions to the corresponding ARI be of the form K =
[
k1 k2
k2 k3

]
. The figure below

shows the set of all ARI solutions. Clearly, the set is a bounded convex polytope.
Remark 7.3. Figure 7.1 corresponds to a controllable behavior, and hence the set

is bounded. As the behavior becomes uncontrollable, all Lambda-sets no longer admit
Riccati equation solutions (see Theorem 5.5). However, the set of storage functions
is now unbounded along certain directions specified by the Lyapunov equation cor-
responding to the autonomous part of the behavior (as shown in Theorem 7.1). For
some specific examples, the transition to uncontrollability causes the Riccati equation
solutions corresponding to inadmissible Lambda-sets to move to infinity along the di-
rection of the Lyapunov equation solution. Further, loosely speaking, when restricted
to the controllable part, the storage functions corresponding to the Riccati equation
solutions are unaffected by translation along this direction. It remains to formulate
these observations concretely and prove them.

A very interesting fact about this unbounded set of all storage functions comes
up for the case when the behavior is uncontrollable but stabilizable; i.e., the set of
uncontrollable poles Λun is contained in the open left half of the complex plane (see
the previous section for the definition and related results about stabilizability). We
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Fig. 7.1. The set of all storage functions.

show below that for stabilizability, the set of storage functions, though an unbounded
set, is bounded from below. In other words, there exists a storage function QΨ− such
that every storage function QΨ satisfies QΨ(w) − QΨ−(w) � 0 for all w ∈ B. We
state this result as a theorem below.

Theorem 7.4. Let B ∈ Lw be an uncontrollable, strictly Σ-dissipative behavior.
Also assume that the set of uncontrollable poles Λun ⊂ C

−. Then the set of all storage
functions is bounded from below; i.e., there exists a storage function QΨ−(w) for B
such that for each storage function QΨ(w) for B, QΨ−(w) � QΨ(w) for all w ∈ B.

Note the analogy of this result with that for controllable behaviors, where the set
of storage functions is bounded and has a maximum and a minimum element (see [28,
Theorem 5.7]). While we have shown unboundedness for the case of uncontrollability,
stabilizability ensures the existence of the minimum element in this unbounded set.

Proof. To prove the above result, we use Corollary 5.6 and look into the solutions
to the corresponding ARI. Let the behavior B have an i/s/o representation: d

dtx =
Ãx + B̃w1, w2 = C̃x + D̃w1. Then the set of all storage functions comes from the
solution set of the following ARI

ATK +KA+ CTC +KBBTK � 0,

where A := Ã + B̃(Im − D̃T D̃)−1D̃T C̃, B := B̃(Im − D̃T D̃)−
1
2 , and C := (Ip −

D̃D̃T )−
1
2 C̃. Construct the corresponding Hamiltonian matrix

H :=
[

A BBT

−CTC −AT
]
.

By assumption, B is strictly Σ-dissipative, which implies spec(H)∩jR = φ. Also from
Theorem 5.4, spec(H) ⊃ Λun and by assumption Λun ⊂ C

−. These facts together
imply that there exists a Lambda-set (say Λ) of spec(H) such that Λ ⊃ Λun and
Λ ⊂ C

−. By Theorem 5.5, since Λ ⊇ Λun, there exists a real symmetric solution, K−
to the ARE such that spec(A + BBTK−) = Λ. We shall show that this particular
solution to the ARE serves as a “minimum” storage function. To show this consider
any real symmetric solution K to the ARI

(7.2) ATK +KA+ CTC +KBBTK � 0.
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Also rewrite the ARE in K− as follows

(7.3)
(
A+BBTK−

)T
K− +K−

(
A+ BBTK−

)
+ CTC −K−BB

TK− = 0.

Subtracting (7.3) from (7.2), and further adding and subtracting the termsK−BBTK
and KBBTK− we get

(7.4)(
A+BBTK−

)T
(K−K−)+(K−K−)

(
A+BBTK−

)
+(K−K−)BBT (K−K−) � 0.

Observe that the above inequality closely resembles the Lyapunov inequality. In
order to conclude that (K−K−) � 0, it is enough to notice that spec(A+BBTK−) =
Λ ⊂ C

−, and the constant-like term (K −K−)BBT (K − K−) is nonnegative. This
proves our claim that the set of all storage functions is bounded from below.

We saw in the previous section that, for a strictly dissipative and stabilizable
behavior B, dissipativity on R− of Bcont assures the existence of positive definite
storage functions. Combining this result with the one above, we infer that the lower
bound of the set of storage functions is, in fact, positive (see discussions following
Theorem 6.1). This formalizes the intuition that such a system is devoid of any
energy sources within it, and hence the maximum extractable energy3 from any given
state is bounded.

Using a very similar argument as in the above proof, one can show that if the
behavior is antistabilizable, meaning all the uncontrollable poles are unstable, i.e.,
Λun ⊂ C

+, then the set of storage functions is bounded from above.

8. Necessity of the unmixing of uncontrollable poles. As seen in Theo-
rem 3.4, the unmixing property of the uncontrollable poles makes strict dissipativity
of the controllable part equivalent to that of the whole behavior. In this section we
shall see to what extent the unmixing property is necessary. As mentioned in the in-
troduction, the unmixing property serves as a sufficient condition for solvability of a
Lyapunov equation and the corresponding Lyapunov operator becomes singular when
this condition is not satisfied. We show in this section that the Lyapunov operator is
onto if and only if there exists an observable rank one symmetric matrix in its image.
This interesting result is utilized for exploring the extent of the unmixing condition
for strict dissipativity. Theorem 8.3 below shows that for a system with single out-
put, unmixing is necessary for existence of nonzero lossless trajectories satisfying a
dissipation equality (see Remark 8.4 below).

When the Lyapunov operator is singular, then nonsymmetric solutions can exist
even when the constant term is symmetric. This general solvability condition can be
obtained from a certain eigenspace of a Hamiltonian matrix. The fact that a Lyapunov
equation is a special case of an ARE with the quadratic term being zero motivates
the following result. We state this as a lemma below since it will be needed later in
this section. Related results on Lyapunov equation solvability can be found in [24].

Lemma 8.1. K ∈ R
n×n is a solution (not necessarily symmetric) to the following

Lyapunov equation ATK+KA+CTC = 0 if and only if im
[
In
K

]
is an invariant space

of the Hamiltonian matrix defined as

H =
[

A 0
−CTC −AT

]
.

3This has been called available storage in [28].
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Proof. (If) We first assume that XA := im
[
In
K

]
is an n-dimensional invariant

subspace of H . We shall show that this implies K satisfies the Lyapunov equation
ATK +KA + CTC = 0. Clearly [

K −In
] [In
K

]
= 0. Since XA is H-invariant the last

equation can be written as
[
K −In

] [ A 0

−CTC −AT

] [
In
K

]
= 0. Hence ATK + KA +

CTC = 0.
(Only if) In this part we shall show that K being a solution to the Lyapunov

equation ATK + KA + CTC = 0 implies that im
[
In
K

]
is an n-dimensional invari-

ant subspace of H . Assuming K satisfies the Lyapunov equation, we can write the
following equality: [

A 0
−CTC −AT

] [
In
K

]
=
[
In
K

]
A.

This implies that im
[
In
K

]
is an eigenspace of H corresponding to spec(A).

It follows from the lemma above that there is only one set of eigenvalues of the
Hamiltonian matrix, which gives a solution to the Lyapunov equation: namely, the
eigenvalues of A. Unlike the ARE, for the Lyapunov equation there is no choice
for the set of eigenvalues of the Hamiltonian matrix. Another important fact that
follows is that the set of eigenvalues, i.e., spec(A) is no longer a Lambda-set when
there is mixing, i.e., spec(A) ∩ spec(−A) �= φ. Owing to this particular fact, the
eigenspace of the Hamiltonian matrix which gives a solution is no longer guaranteed
to be perpendicular to the left-eigenspace corresponding to the rest of the eigenvalues
of H . However, from Lemma A.4 if im

[
X1
X2

]
is a (generalized) right-eigenspace of

dimension n corresponding spec(A), then im
[
X2
−X1

]
is an n-dimensional (generalized)

left-eigenspace corresponding to spec(−A). Since the right and left eigenspaces are
no longer guaranteed to be perpendicular, we do not necessarily have X2X

−1
1 =

X−T1 XT
2 . This implies that when the unmixing condition is not satisfied there can

be nonsymmetric and nonunique solutions to the Lyapunov equation. However, the
existence of a nonsymmetric solution guarantees existence of a symmetric solution. If
K is a solution to the Lyapunov equation, then so are KT and (K+KT )/2. With this
simple observation we now give a necessary and sufficient condition for the existence
of solution to a Lyapunov equation for the special case that the constant term is of
rank one. Interestingly for this case when the constant term is rank 1 the unmixing
condition becomes necessary!

Theorem 8.2. Consider the Lyapunov equation ATK + KA + CTC = 0 with
(C,A) pair observable. Assume rank(CTC) = 1. Then there exists a solution K to
the Lyapunov equation if and only if spec(A) ∩ spec(−A) = φ.

Proof. (If) This implication is well known (see [26], for example). In fact,
uniqueness and symmetry are guaranteed.

(Only if) Suppose A has a mixed spectrum, that is, spec(A)∩spec(−A) �= φ. We
shall show that this implies that the Lyapunov equation ATK+KA+CTC = 0 has no
solution K. In Theorem 8.1 it has been shown that the eigenspace of the Hamiltonian
matrix corresponding to only spec(A) can give a solution to the Lyapunov equation.
Hence to prove that there does not exist any solution K, it is sufficient to show that
any eigenvector of the Hamiltonian matrix

H :=
[

A 0
−CTC −AT

]
,
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corresponding to an eigenvalue λ ∈ spec(A)∩spec(−A) shall have all upper n elements
zero. For that, let v := col(v1, v2) ∈ C

2n, v �= 0 be an eigenvector of H corresponding
to λ ∈ spec(A) ∩ spec(−AT ). It then follows that[

A 0
−CTC −AT

] [
v1
v2

]
= λ

[
v1
v2

]
,

which means Av1 = λv1 and [λIn − (−AT )]v2 = −CTCv1. Suppose v1 �= 0, then the
above implies v1 is an eigenvector of A. Since (C,A) is observable Cv1 �= 0. Further,
rank(CTC) = 1, Cv1 �= 0 together imply [λIn − (−AT )]v2 = −CTCv1 implies4

im CT ⊆ im
[
λIn −

(
−AT

)]
.(8.1)

This gives ker C ⊇ ker [λIn − (−A)]. Since λ ∈ spec(A) ∩ spec(−A), −λ ∈ spec(A).
But the inclusion ker C ⊇ ker [λIn− (−A)] implies

[
−λIn − A

C

]
loses rank, which means

−λ is unobservable. This contradicts the observability of (C,A). Hence v1 = 0, and
therefore, the eigenspace of H corresponding to spec(A) cannot have the form im

[
In
K

]
.

Thus, using Lemma 8.2, the Lyapunov equation is not solvable.
It is well known that the unmixing condition is equivalent to existence and unique-

ness of solution to the Lyapunov equation. In other words, the unmixing condition is
equivalent to the image of the Lyapunov operator containing all symmetric matrices.
The above theorem shows that unmixing is necessary and sufficient for the image to
contain a symmetric matrix of rank one (satisfying observability conditions). How-
ever, the corresponding Lyapunov inequality can have solutions when the equation is
not solvable; see Remark 8.4 below.

We have seen in the previous sections how dissipativity is related to the solvability
of certain ARE/ARI. For an uncontrollable system the corresponding ARE behaves
like a Lyapunov equation on certain subspaces of the state space. Following this
observation we shall now utilize Theorem 8.2 to show how the unmixing becomes
necessary for the solvability of the ARE. We shall make use of the fact that CTC
being rank one means that the system has only one output.

Theorem 8.3. Consider B ∈ Lw having a single output, i.e., p(B) = 1. Suppose
R ∈ R

1×w[ξ], with R �= 0, gives a kernel representation for B. Define Λun = {λ ∈
C | R(λ) = 0} and let (A,B,C,D) give a minimal i/s/o representation for B, with
(C,A) observable. Then, the following are equivalent.

1. Im −DTD > 0 and there exists K satisfying

ATK +KA+ CTC + (KB + CTD)(Im −DTD)−1(BTK +DTC) = 0,(8.2)

with spec(A+B(Im −DTD)−1(BTK +DTC)) ∩ jR = φ.
2. Λun ∩ (−Λun) = φ and Bcont is strictly Σ-dissipative.

Proof. (2 ⇒ 1) From Lemma 5.3 strict dissipativity of Bcont implies Im−DTD >
0, so the following Hamiltonian matrix exists

(8.3) H :=

⎡
⎣A+B

(
Im −DTD

)−1
DTC B

(
Im −DTD

)−1
BT

−CT
(
Ip −DDT

)−1
C −

(
A+B

(
Im −DTD

)−1
DTC

)T
⎤
⎦ .

4Existence of a solution v2 for just one v1 �= 0 implies the inclusion (8.1) because of the rank
condition.
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Let the observable image representation of Bcont induce the para-Hermitian matrix
∂Φ(ξ). Then by Theorem 5.4 we get spec(H) = roots [det ∂Φ(ξ) χun(ξ) χun(−ξ)].
Once again strict Σ-dissipativity of Bcont implies ∂Φ(jω) > 0 for all ω ∈ R (see
Theorem 5.2) meaning roots (det ∂Φ(ξ)) has no roots on the imaginary axis. This
together with the assumption Λun ∩ (−Λun) = φ implies that spec(H) ∩ jR = φ
and so it allows a Lambda-set Λ ⊇ Λun. It then follows from Theorem 5.5 that
there exists K ∈ R

n×n such that im
[
In
K

]
is the n-dimensional invariant subspace of H

corresponding to Λ. This shows that K solves the ARE. Also this solution K has the
property spec(A + B(Im −DTD)−1(BTK + DTC)) = Λ (see Proposition 4.4) which
means spec(A+B(Im −DTD)−1(BTK +DTC)) ∩ jR = φ because Λ ⊂ spec(H) and
spec(H) ∩ jR = φ.

(1 ⇒ 2) We shall first show that statement 1 implies that Bcont is strictly
Σ-dissipative. Im −DTD is assumed to be positive definite, and therefore the Hamil-
tonian matrix of equation (8.3) exists. Again, Theorem 5.4 implies spec(H) =
roots [det ∂Φ(ξ) χ

un(ξ) χ
un(−ξ)]. Counting multiplicities both sides we get

deg (det ∂Φ(ξ)) = 2n(Bcont). We claim that H has no eigenvalues on the imagi-
nary axis, because otherwise any solution to the ARE, if it exists, would result in
spec(A + B(Im − DTD)−1(BTK + DTC)) ∩ jR �= φ which contradicts statement 1.
Thus ∂Φ(ξ) also has no zeros on the imaginary axis, which implies ∂Φ(jω) > 0 for all
ω ∈ R. This positive definiteness together with deg (det ∂Φ(ξ)) = 2nc implies that
Bcont is strictly Σ-dissipative (see Theorem 5.2).

In order to complete the proof it remains to show that the ARE (8.2) having a
solution implies that Λun is unmixed. Since (C,A) is observable K is nonsingular (see
[7, Lemma 3]). We have assumed that B is uncontrollable; therefore, (A,B) pair is
also uncontrollable and the set of uncontrollable poles Λun is exactly equal to the set
of uncontrollable eigenvalues of A (this follows from Proposition 2.2). So if Λun has
cardinality nu (counting multiplicities), then there exists a full column rank matrix
Tu ∈ R

n×nu obtained from the generalized eigenvectors of AT such that ATTu = TuAu

and T Tu B = 0, where Au ∈ R
nu×nu is in Jordan form with spec(Au) = Λun. Also, since

K is nonsingular, there exists T ∈ R
n×nu full column rank, such that KT = Tu. Then

pre- and postmultiplying the ARE (8.2) by T T and T , respectively, and making use
of the fact that ATTu = TuAu and T Tu B = 0 we get

T TKTAu +ATu T
TKT + T TCT

(
Ip −DDT

)−1
CT = 0.

Define Ku := T TKT ∈ R
nu×nu
s and Cu := (Ip −DDT )−

1
2CT . The above Lyapunov

equation can be rewritten as ATuKu +KuAu + CTu Cu = 0.
Now we show that the new positive semidefinite matrix CTu Cu is also rank one.

In order to prove this we shall use a contradiction argument. Since T is full column
rank, rank CTu Cu � 1. Assume rank CTu Cu = 0. This implies CT = 0 because B
being strictly Σ-dissipative implies (Ip − DDT )−1 > 0 (see footnote 2 in section 4).
Postmultiplying the ARE (8.2) by T and utilizing the fact that BTKT = 0 we get
ATKT +KAT +CT (Ip −DDT )−1CT = 0. Since CT = 0 and ATTu = TuAu the last
equation gives

KTAu +KAT = 0.(8.4)

Equation (8.4) along with the fact that K is nonsingular implies that im T is A-
invariant. This means im T is a nontrivial A-invariant subspace contained in ker C,
which is not possible due to observability of (C,A). Hence CT �= 0 and so
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rank (CTu Cu) = 1. Therefore, from Theorem 8.2 it follows that spec(Au) = Λun

satisfies the unmixing property.
Remark 8.4. Statement 1 above would have been equivalent to strict dissipativity

of B if B were controllable, but this is not the case in general. More precisely, under
controllability assumptions on (A,B), the ARE not having a solution implies that
the ARI also does not have a solution (see [22, 23]). However, this turns out to
be untrue for an uncontrollable behavior. For example, consider the special case
of an autonomous system with A = diag([1 − 1]) and C = [1 1]. For this case
the Lyapunov equation is not solvable, though the corresponding inequality admits a
solution. More generally the ARE having a solution means that there exist nonzero
lossless trajectories in the behavior (see [1]). For a controllable dissipative behavior,
there are always nonzero lossless trajectories. The last theorem makes it clear that
for an uncontrollable system with a single output, unmixing of uncontrollable poles is
necessary for the existence of nontrivial lossless trajectories. We do not digress more
into the notion of losslessness because it is not central to the subject of this paper.
A thorough understanding of the necessity of the unmixing condition requires further
investigation.

That the unmixing is not necessary in general for more than one output is quite
expected. The following example gives one such simple instance.

Example 8.5. Consider the autonomous system with i/s/o representation d
dtx =

Ax, y = Cx, where

A =
[
−1 0
0 1

]
, C =

[
2 0
0 2

]
.

Observe that A has “mixed” eigenvalues, i.e., Λun ∩ (−Λun) �= φ. Σ-dissipativity of
such an autonomous system together with σ+(Σ) = m(B) is equivalent to existence of a
real symmetric solution to the following Lyapunov inequality: ATK+KA+CTC � 0.
Notice that K =

[
2 + b a
a −2− c

]
with a, b, c ∈ R and b, c � 0 gives a solution to

the above Lyapunov inequality. This example shows that the unmixing condition of
uncontrollable poles is not necessary for the system to be dissipative.

9. Concluding remarks. In this paper we studied dissipativity for a general,
possibly uncontrollable, LTI system. Our starting point was a more appropriate,
though less often used, definition of dissipativity in terms of a differential inequality
called the dissipation inequality. With this definition we brought out an equivalence
between the dissipativities of a behavior and its controllable part, under the impor-
tant unmixing condition (Theorem 3.4). For the case of strict dissipativity, Theorem
3.4 also settles the issue of whether to allow unobservable variables in the defining
dissipation inequality: the theorem rules out the requirement of unobservable vari-
ables. The important intuitive idea that storage of energy should take place through
the state variables comes as a natural consequence of Theorem 3.4. We stated this
result as a corollary.

Next we looked into the set of all storage functions for a strictly Σ-dissipative
system. It is well known that this set is a bounded convex polyhedron for a controllable
system. We showed that for an uncontrollable system the set loses its boundedness
property. Further, this set becomes bounded from below if the system is stabilizable.
If in addition the controllable part is strictly Σ-dissipative on R−, then we showed that
this lower bound on the set is positive. We used this result to formalize the physical
notion of stored energy being finite in a dissipative system that has no source of energy
within: it is not possible to extract an indefinite amount of energy from a stabilizable
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system whose controllable part is strictly dissipative on R−. In this paper, though we
utilized results about Hamiltonian matrices and Riccati equations, our main results
pertain to the system directly, without an apriori input/output partition of the system
variables. This is an important feature and advantage of the behavioral approach.

The unmixing condition plays a crucial role in most of the main results of this
paper. In order to address the necessity of the unmixing condition we made use of the
important observation that for an uncontrollable behavior a storage function acts like
a Lyapunov function over certain trajectories, and we showed that unmixing is not
necessary in general for existence of a Lyapunov function and therefore for dissipativ-
ity. However, an interesting situation arises when the system has only one output. In
Theorem 8.2 we showed that under suitable observability conditions a singular Lya-
punov operator cannot have a rank one symmetric matrix in its image. This helped
us to bring out the fact that the unmixing is necessary for an uncontrollable behavior
to have nonzero lossless trajectories in it. The extent of unmixing condition for a
more general situation remains to be investigated.

In this paper we have dealt only with the maximum input cardinality case, i.e.,
the case when the number of inputs is equal to the positive signature of the supply
rate function Σ. A study of the general case can also be utilized for dissipativity
synthesis problems for uncontrollable systems.

Appendix A. Auxiliary results and proofs.
The following standard result from state space theory [34] is needed in the proof

of Lemma 4.5; we state it for easy reference.
Proposition A.1. Consider the following state space representation of a dy-

namical system. d
dtx = Ax+Bw1, w2 = Cx+Dw1. Let Fc ∈ R

m×n, Fo ∈ R
n×p and

Gc ∈ R
m×m, Go ∈ R

p×p with Gc, Go nonsingular. Then,
• (A+BFc, BGc) is controllable if and only if (A,B) is controllable,
• (GoC,A+ FoC) is observable if and only if (C,A) is observable.

Proof of Lemma 4.5. As seen earlier, the supply function matrix Σ induces an
input/output partition w = (w1, w2) where w1 is input and w2 is output. To prove
this theorem we shall consider two cases, first the case when B has a strictly proper
transfer function from w1 to w2 and secondly the case when B has a proper transfer
function (not necessarily strictly proper) with the same input/output partition. For
the second case we shall show that there exists a simple transformation that changes
it to the first case and thus the proof is complete.

Case 1 (B has strictly proper transfer function from w1 to w2) : B
allows an i/s/o representation with D = 0 as follows

d
dt
x = Ax+Bw1, w2 = Cx.(A.1)

Σ is given as
[
Im 0
0 −Ip

]
, so the corresponding Hamiltonian matrix isH =

[
A BBT

−CTC −AT

]
.

Consider the observable image representation of B: w = M( d
dt)�, and partition M

corresponding to w = (w1, w2) to get

(A.2)
[
w1

w2

]
=
[
W1( d

dt )
W2( d

dt )

]
�.

Without loss of generality we can assume that det (W1(ξ)) is a monic polynomial.
Now, the transfer function for B is given by G(ξ) := W2(ξ)W−1

1 (ξ) = C(ξIn−A)−1B.
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The characteristic polynomial of H is given by χ(H) = det (ξI2n −H). Using Schur
complement this can be written as

χ(H) = det (ξIn −A)det
[(
ξIn +AT

)
+ CTC(ξIn −A)−1BBT

]
= det (ξIn −A)det

(
ξIn +AT

)
det

[
In +

(
ξIn +AT

)−1
CTC(ξIn −A)−1BBT

]
.

Now using the identity, det (I + PQ) = det (I +QP ) we get

χ(H) = det (ξIn −A)det
(
ξIn +AT

)
det

[
Im +BT

(
ξIn +AT

)−1
CTC(ξIn −A)−1B

]
= det (ξIn −A)det

(
ξIn +AT

)
det

[
Im −GT (−ξ)G(ξ)

]
= det (ξIn −A)det

(
ξIn +AT

)
det
[
W−T1 (−ξ)(WT

1 (−ξ)W1(ξ)

−WT
2 (−ξ)W2(ξ))W−1

1 (ξ)
]

=

(
det (ξIn −A)det

(
ξIn +AT

)
det WT

1 (−ξ)det W1(ξ)

)
det

[
WT

1 (−ξ)W1(ξ) −WT
2 (−ξ)W2(ξ)

]
.

Since (A,B) is controllable and (C,A) is observable, and due to observability of the
image representation (A.2), det W1(ξ) = det (ξIn −A); therefore, the above equation
simplifies to

χ(H) = −det
[
WT

1 (−ξ)W1(ξ) −WT
2 (−ξ)W2(ξ)

]
= −det ∂Φ(ξ)

This proves spec(H) = roots (det ∂Φ(ξ)) and hence the lemma for the strictly proper
transfer matrix case.

Case 2 (B has proper transfer function from w1 to w2): B allows the
following i/s/o representation, d

dtx = Ax+Bw1, w2 = Cx+Dw1 with (A,B) control-
lable and (C,A) observable. Since (Im − DTD) > 0, the corresponding Hamiltonian
matrix is given by

H :=

⎡
⎣A+B

(
Im −DTD

)−1
DTC B

(
Im −DTD

)−1
BT

−CT
(
Ip −DDT

)−1
C −

(
A+B

(
Im −DTD

)−1
DTC

)T
⎤
⎦ .

Because D is nonzero, the arguments in case 1 do not hold. As mentioned earlier, we
show that there exists a transformation on the manifest variables that changes this
situation to that in case 1. Consider the quadratic form QΣ(w)

QΣ(w) = |w1|2 − |w2|2 = wT1 w1 − xTCTCx− xTCTDw1 − wT1 D
TCx− wT1 D

TDw1

=
[
w1

x

]T
Σ1

[
w1

x

]
,

where Σ1 is defined as Σ1 :=
[
Im −DTD −DTC

−CTD −CTC

]
. Notice that Σ1 can be factorized as

(A.3)[(
Im −DTD

) 1
2 −

(
Im −DTD

)− 1
2 DTC

0 In

]T
Σ̃

[(
Im −DTD

) 1
2 −

(
Im −DTD

)− 1
2 DTC

0 In

]
,
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where Σ̃ :=
[
Im 0

0 −CT (Ip −DDT )−1C

]
. Define T :=

[
(Im −DTD)

1
2 −(Im −DTD)−

1
2DTC

0 In

]
.

Further define
[
w̃1
x̃

]
:= T

[
w1
x

]
. Then from (A.3) we have

QΣ(w) =
[
w̃1

x̃

]T
Σ̃
[
w̃1

x̃

]
.(A.4)

Now, since (w1, x) satisfies the state equation, (w̃1, x̃) must satisfy the following:

[
−B d

dtIn −A
]
T−1

[
w̃1

x̃

]
= 0

⇒
[
−B d

dtIn −A
] [(Im −DTD

)− 1
2
(
Im −DTD

)−1
DTC

0 In

][
w̃1

x̃

]
= 0

⇒
[
−B

(
Im −DTD

)− 1
2 d

dtIn −A−B
(
Im −DTD

)−1
DTC

] [w̃1

x̃

]
= 0.

Therefore, (w̃1, x̃) satisfies the state equation, d
dt x̃ = Ãx̃+B̃w̃1, where Ã := A+B(Im−

DTD)−1DTC, B̃ := B(Im − DTD)−
1
2 . By denoting C̃ := (Ip − DDT )−

1
2C, we can

define a new behavior B̃ that has an i/s/o representation given by d
dt x̃ = Ãx̃+ B̃w̃1,

w̃2 = C̃x̃. Now, from (A.4) we have w̃ := col(w̃1, w̃2) satisfies

QΣ(w̃) = QΣ(w).(A.5)

In order to infer about the controllability of the new behavior B̃, we make use
of Proposition A.1 above; since (A,B) is controllable, so is (Ã, B̃), and similarly,
since (C,A) is observable, so is (C̃, Ã). Therefore, B̃ allows an observable image
representation

B̃ = im

[
W̃1( d

dt )
W̃2( d

dt )

]
.

From (A.5) we have

∂Φ̃(ξ) := W̃1

T
(−ξ)W̃1(ξ) − W̃2

T
(−ξ)W̃2(ξ) = ∂Φ(ξ).

Also, B̃ gives the Hamiltonian matrix, H̃ =
[

Ã B̃B̃T

−C̃T C̃ −ÃT

]
= H . Thus for every

B ∈ Lw
cont with an input/output partition such that the transfer function is proper,

there exists B̃ ∈ Lw
cont with a corresponding i/o partition that gives a strictly proper

transfer function, such that ∂Φ(ξ) matrices coming from B and B̃ are the same and
so are the corresponding Hamiltonian matrices. Therefore, from case 1 it follows that

spec
(
H̃
)

= roots
(
det ∂Φ̃(ξ)

)
⇒ spec(H) = roots (det ∂Φ(ξ)) .

This completes the proof of Lemma 4.5.
Proof of Lemma 5.3. Let the image representation matrix have a partition as

M(ξ) =
[
W1(ξ)
W2(ξ)

]
; W1 ∈ R

m×m[ξ],W2 ∈ R
p×m[ξ].
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Since the image representation is observable, W1(ξ) and W2(ξ) are relatively right-
prime. So the transfer function from w1 to w2 is given by G(ξ) = W2(ξ)W−1

1 (ξ).
Also, since this i/o partition allows an i/s/o representation with state dimension n,
G(ξ) is proper and deg (det W1(ξ)) = n. From the i/s/o representation we have the
transfer function as G(ξ) = C(ξIn − A)−1B + D. Now the second condition can be
written as

∂Φ(jω) > 0 ∀ω ∈ R

⇒WT
1 (−jω)W1(jω) −WT

2 (−jω)W2(jω) > 0 ∀ω ∈ R.

Since deg (det ∂Φ(ξ)) = 2n and deg (det W1(ξ)) = n, we infer the biproperness of the
rational function det [W−T

1 (−jω)[W T
1 (−jω)W1(jω)−W T

2 (−jω)W2(jω)]W−1
1 (jω)]. Using

the biproperness, we can see that

lim
ω→∞

(
det

[
W−T1 (−jω)

[
WT

1 (−jω)W1(jω) −WT
2 (−jω)W2(jω)

]
W−1

1 (jω)
])

�= 0.

This fact together with WT
1 (−jω)W1(jω)−WT

2 (−jω)W2(jω) > 0 for all ω ∈ R implies
that

lim
ω→∞

W−T1 (−jω)
[
WT

1 (−jω)W1(jω) −WT
2 (−jω)W2(jω)

]
W−1

1 (jω) > 0.

The expression within the above limit is nothing but Im−GT (−jω)G(jω), the limit of
which is Im −DTD. This proves (Im −DTD) > 0, and completes the proof of Lemma
5.3.

The following lemma related to the strict dissipation inequality was used in the
proof of Theorem 5.2 above. The proof is straightforward and so omitted (see [2]).

Lemma A.2. Let B ∈ Lw
cont. Then B is strict Σ-dissipative if and only if B is

dissipative with respect to Σ1 :=
[
Im 0
0 −(1 + ε1)Ip

]
for some ε1 > 0.

The following proposition is regarding the standard Kalman decomposition (see
[34]); we require it in the proof of Theorem 5.4, which follows after this proposition.

Proposition A.3. Let B be uncontrollable with an i/s/o representation d
dtx =

Ax + Bw1, w2 = Cx + Dw1, where w = (w1, w2). Then there exists a nonsingular
matrix T ∈ R

n×n such that T−1AT =
[
Ac Acp
0 Au

]
, TB =

[
Bc
0

]
, and CT−1 = [

Cc Cu
].

Further,

d
dt
xc = Acxc +Bcw1, w2 = Ccxc +Dw1(A.6)

gives an i/s/o representation for Bcont.
Proof of Theorem 5.4. The last proposition enables us to consider the following

i/s/o representation without loss of generality:

d
dt

[
xc

xu

]
=

[
Ãc Ãcp

0 Ãu

][
xc

xu

]
+
[
B̃c

0

]
w1

w2 =
[
C̃c C̃u

] [
xc

xu

]
+ D̃w1.

Then the corresponding Hamiltonian matrix gets the following form

H =

⎡
⎢⎢⎣

Ac Acp BcB
T
c 0

0 Au 0 0
−CTc Cc −CTc Cu −ATc 0
−CTu Cc −CTu Cu −ATcp −ATu

⎤
⎥⎥⎦ ,
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where

Ac = Ãc + B̃c

(
Im − D̃T D̃T

)−1

D̃T C̃c, Bc = B̃c

(
Im − D̃T D̃

)− 1
2
,

Acp = Ãcp + B̃c

(
Im − D̃T D̃T

)−1

D̃T C̃u, Cc =
(
Ip − D̃D̃T

)− 1
2
C̃c,

Au = Ãu, Cu =
(
Ip − D̃D̃T

)− 1
2
C̃u.

Once again from Proposition A.3, d
dtxc = Ãcxc + B̃cw1, w2 = C̃cxc + D̃w1 is an

i/s/o representation of Bcont. So the corresponding Hamiltonian matrix for Bcont

is given by Hc :=
[

Ac BcB
T
c

−CT
c Cc −AT

c

]
. Now from Proposition 2.2 we can assume the

i/s/o representation for B to be state observable, which implies that the controllable
part is state observable; i.e., the (C̃c, Ãc) pair is observable. Again, since (C̃c, Ãc) is
observable and Bcont is controllable, the i/s/o representation of Bcont is also state
controllable; that is, the (Ãc, B̃c) pair is controllable. Therefore from Lemma 4.5,
we get spec(Hc) = roots (det ∂Φ(ξ)). Again, from the Kalman-decomposed i/s/o
representation of B, we get

Λun = spec
(
Ãu

)
= spec(Au).

Thus to prove Theorem 5.4, all we need to show is det (ξI2n − H) = det (ξI −
Hc) det (ξI −Au) det (ξI +Au).

To show the above equality we shall find the determinant of the polynomial matrix
(ξI2n−H) applying some elementary transformations on it as shown below. Let nc be
the number of controllable eigenvalues and nu be that of uncontrollable eigenvalues.

det (ξI2n −H) = det

⎛
⎜⎜⎝
⎡
⎢⎢⎣
Inc 0 0 0
0 0 Inc 0
0 Inu 0 0
0 0 0 Inu

⎤
⎥⎥⎦ (ξI2n −H)

⎡
⎢⎢⎣
Inc 0 0 0
0 0 Inu 0
0 Inc 0 0
0 0 0 Inu

⎤
⎥⎥⎦
⎞
⎟⎟⎠

= det

⎡
⎢⎢⎣
ξInc −Ac −BcB

T
c −Acp 0

CTc Cc ξInc + ATc CTc Cu 0
0 0 ξInu − Au 0

CTu Cc ATcp CTu Cu ξInu +ATu

⎤
⎥⎥⎦ .

Now, exploiting the block structure of the above matrix, we can find out its determi-
nant as

det

⎡
⎢⎢⎣
ξInc −Ac −BcB

T
c −Acp 0

CTc Cc ξInc +ATc CTc Cu 0
0 0 ξInu −Au 0

CTu Cc ATcp CTu Cu ξInu +ATu

⎤
⎥⎥⎦

= det
(
ξInu +ATu

)
det (ξInu −Au)det

[
ξInc −Ac −BcB

T
c

CTc Cc ξInc +ATc

]
= det

(
ξInu +ATu

)
det (ξInu −Au)det (ξInc −Hc)

⇒ spec(H) = roots [ χun(−ξ) χun(ξ)∂Φ(ξ)],(A.7)

where the last equality follows from Lemma 4.5.
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The following well-known result about left and right eigenspaces of the Hamil-
tonian matrix was used in the proof of Theorem 5.5. This lemma can be proved by
straightforward verification.

Lemma A.4. Let Λ be a set of eigenvalues of the Hamiltonian matrix H. If
im

[
X1
X2

]
is the generalized right eigenspace of H corresponding to Λ with X1, X2 ∈

R
n×•, then im

[
X2
−X1

]
is the generalized left eigenspace of H corresponding to −Λ.

The following lemma is used in the proof of 5.2. The result says that right-
primeness is equivalent to the absence of any zeros in the complex plane for the
corresponding Hermitian matrix. Statement 3 below makes a similar statement, but
at the point ∞.

Lemma A.5. Consider M ∈ R
w×m[ξ] with M having full column rank. Suppose

the behavior having the image representation w = M( d
dt)� has McMillan degree n.

Then, the following are equivalent.
1. M(ξ) is right-prime,
2. MT (λ̄)M(λ) > 0 for all λ ∈ C, and
3. deg [det (MT (−ξ)M(ξ))] = 2n.

Proof. We shall prove the following chain of implications: 1 ⇒ 2, 2 ⇒ 1, 1 ⇒ 3
and 3 ⇒ 1.
(1 ⇒ 2) We assume right-primeness of M and show that MT (λ̄)M(λ) is positive
definite for all λ ∈ C. That MT (λ̄)M(λ) � 0 for all λ ∈ C is obvious. Due to the
right-primeness,M(λ) has full column rank for all λ ∈ C, and this implies the required
positive definiteness for all λ.
(2 ⇒ 1) MT (λ̄)M(λ) > 0 for all λ ∈ C means that M(λ) is injective for all λ proving
its full column rank property for all λ, and hence right-primeness.
(1 ⇒ 3) M(ξ) can be partitioned (after a permutation of rows, if needed) into
col(W1(ξ),W2(ξ)) such that W2W

−1
1 is a proper rational matrix, and W1(ξ) has

determinant of degree n. Suppose G(ξ) := W2(ξ)W1(ξ)−1. (See [19] for McMil-
lan degree’s relation to an observable image representation, and observability of the
image representation is equivalent to right-primeness of the matrix M .) Consider
det (MT (−ξ)M(ξ)) which equals det (WT

1 (−ξ)W1(ξ) +WT
2 (−ξ)W2(ξ))

= det (W1(−ξ))det (W1(ξ))det
(
I +
(
W2(−ξ)W1(−ξ)−1

)T (
W2(ξ)W1(ξ)−1

))
= det (W1(−ξ))det (W1(ξ))det

(
I +GT (−ξ)G(ξ)

)
.

In order to determine the degree of det (MT (−ξ)M(ξ)), we let ξ → ∞ to get rid of
the strictly proper part within the last term above: limξ→∞det (I+G(−ξ)TG(ξ)) = a
(say). Notice that 0 < a < ∞; a < ∞ because of the properness of W2W

−1
1 = G,

while due to the positive definiteness of (I + limξ→∞G
T (−ξ)G(ξ)) we obtain that its

determinant a > 0. Thus the degree of det (M(−ξ)TM(ξ)) is twice the degree of
det W1, and is thus 2n.
(3 ⇒ 1) In order to prove this, we assume M(ξ) is not right-prime and arrive at
the required contradiction. Non-right-primeness of M means that M can be fac-
tored into M = M̃F such that M̃ is right-prime, and F has a nonzero and non-
constant polynomial as its determinant. This implies that w = M̃( d

dt )� is an ob-
servable kernel representation for B and hence M̃ can be partitioned (after possibly
a permutation of rows) into M̃ = col(W1,W2) such that degree of det W1 = n.
Notice that det (MT (−ξ)M(ξ)) = det F (−ξ) det F (ξ) det (M̃(−ξ)T M̃(ξ)). We
now use the proof of (1 ⇒ 3) above and that M̃ is right-prime to conclude that
the degree of det (M̃(−ξ)T M̃(ξ)) is 2n. Hence degree of det MT (−ξ)M(ξ) equals
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2n + 2(deg (det F )). Since F has determinant a nonzero, nonconstant polynomial,
we obtain det MT (−ξ)M(ξ) > 2n, thus obtaining the required contradiction. This
proves (3 ⇒ 1) and also the lemma.
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[5] M. K. Çamlıbel, J. C. Willems, and M. N. Belur, On the dissipativity of uncontrollable
systems, in Proceedings of the 42nd IEEE Conference on Decision and Control, Hawaii,
December 2003.

[6] M. Z. Chen and M. C. Smith, Electrical and mechanical passive network synthesis, in Re-
cent Advances in Learning and Control, V. D. Blondel, S. P. Boyd, and H. Kimura, eds.,
Springer-Verlag, New York, 2008, Ch. 3, pp. 35–50.

[7] J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis, State-space solutions
to standard H2 and H∞ control problems, IEEE Trans. Automat. Control, 34 (1989),
pp. 831–847.

[8] L. E. Faibusovich, Matrix Riccati inequality: Existence of solutions, Sys. Control Lett., 9
(1987), pp. 59–64.

[9] A. Ferrante and L. Pandolfi, On the solvability of the positive real lemma equations, Sys.
Control Lett., 47 (2002), pp. 211–219.

[10] B. A. Francis, A Course in H∞ Control Theory, Springer-Verlag, New York, 1987.
[11] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New York, 1984.
[12] C. Lin, Structural controllability, IEEE Trans. Automat. Control, 19 (1974), pp. 201–208.
[13] G. Meinsma, J-spectral factorization and equalizing vectors, Sys. Control Lett., 25 (1995),

pp. 243–249.
[14] K. Murota, Systems Analysis by Graphs and Matroids: Structural Solvability and Controlla-

bility, Springer-Verlag, Berlin, 1987.
[15] D. Pal, Optimal control: Problems at optimality, Master’s thesis, IIT Bombay, 2007.
[16] H. K. Pillai and S. Shankar, A behavioural approach to control of distributed systems, SIAM

J. Control Optim., 37 (1998), pp. 388–408.
[17] J. W. Polderman and J. C. Willems, Introduction to Mathematical Systems Theory: A

Behavioral Approach, Springer-Verlag, New York, 1998.
[18] A. C. M. Ran and L. Rodman, Factorization of matrix polynomials with symmetries, SIAM

J. Matrix Anal. Appl., 15 (1994), pp. 845–864.
[19] P. Rapisarda and J. C. Willems, State maps for linear systems, SIAM J. Control Optim.,

35 (1997), pp. 1053–1091.
[20] P. Rapisarda, Linear Differential Systems, Ph.D. thesis, University of Groningen, The Nether-

lands, 1998.
[21] C. W. Scherer, P. Gahinet, and M. Chilali, Multi-objective output-feedback control via lmi

optimization, IEEE Trans. Automat. Control, 42 (1997), pp. 896–911.
[22] C. W. Scherer, The Riccati inequality and state-space H∞-optimal control, Ph.D. thesis,

University of Würzburg, Germany, 1990.
[23] C. W. Scherer, The state-feedback H∞-problem at optimality, Automat., 30 (1994), pp. 293–

305.
[24] C. W. Scherer, A complete algebraic solvability test for the nonstrict lyapunov inequality,

Sys. Control Lett., 25 (1995), pp. 327–335.
[25] M. Sebek and H. Kwakernaak, J-spectral factorization, in Proceedings of the 30th IEEE

Conference on Decision and Control, Brighton, UK, December 1991, pp. 1278–1283.
[26] J. Sylvester, Sur l’équation en matrices px = xq, Comptes Rendus, 99 (1884), pp. 67–71.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2966 DEBASATTAM PAL AND MADHU N. BELUR

[27] H. L. Trentelman and J. C. Willems, Every storage function is a state function, Systems
Control Lett., 32 (1997), pp. 249–259.

[28] J. C. Willems and H. L. Trentelman, On quadratic differential forms, SIAM J. Control
Optim., 36 (1998), pp. 1703–1749.

[29] J. C. Willems and H. L. Trentelman, Synthesis of dissipative systems using quadratic dif-
ferential forms: Parts I and II, IEEE Trans. Automat. Control, 47 (2002), pp. 53–86.

[30] J. C. Willems, Dissipative dynamical systems - Part I: General theory, Part II: Linear sys-
tems with quadratic supply rates, Archive for Rational Mechanics and Analysis, 45 (1972),
pp. 321–351, 352–393.

[31] J. C. Willems, Paradigms and puzzles in the theory of dynamical systems, IEEE Trans. Au-
tomat. Control, 36 (1991), pp. 259–294.

[32] J. C. Willems, On interconnections, control and feedback, IEEE Trans. Automat. Control, 42
(1997), pp. 326–339.

[33] J. C. Willems, Dissipative dynamical systems, Eur. J. Control, 13 (2007), pp. 134–151.
[34] W. M. Wonham, Linear Multivariable Control: A Geometric Approach, Springer-Verlag, New

York, 1979.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. CONTROL OPTIM. c© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 6, pp. 2967–2990

A BEHAVIORAL APPROACH TO PLAY IN MECHANICAL
NETWORKS∗

FRANK SCHEIBE† AND MALCOLM C. SMITH†

Abstract. This paper shows that the treatment of play or backlash as an input-output operator
in mechanical networks leads to solutions which are unsatisfactory from a physical point of view.
This contrasts with a simple behavioral definition of ideal play. With this definition, play cannot be
treated in isolation as an input-output relation. As a result, methods of nonlinear feedback systems are
not readily applicable to establish well-posedness of solutions of mechanical networks incorporating
this play element. By means of simple network examples, this paper explores the issues involved
in establishing well-posedness of mechanical networks incorporating springs, dampers, masses, and
inerters together with the behavioral model of ideal play. Connections with the approach of Nordin,
Galic, and Gutman are analyzed and a model implementation given.

Key words. mechanical networks, backlash, behavior, well-posedness, inerter
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1. Introduction. This paper is concerned with the mathematical modeling of
mechanical networks made up of standard linear elements and a single nonlinear
element, play. There are two main themes in the paper. The first is the question of
how well the mathematical models match the behavior of actual physical devices. The
second is a purely mathematical question of the well-posedness of interconnections of
the linear dynamical elements with play. Our approach will exhibit a close connection
between these themes.

A number of different models for play have been proposed in the literature. Fig-
ure 1 shows two different definitions, the dead-zone model and the hysteresis model.
These have been justified by the expected behavior of a clearance in series with a
spring and damper, respectively; see [3, p. 122] and [7, p. 68]. The hysteresis model is
commonly used as a basis for a formal mathematical approach to play [11, 1]. Both
definitions aim to describe an apparently well-defined phenomena and give rise to
two different mathematical descriptions. This raises the question of which model, or
indeed if either, is more satisfactory? The hysteresis model will be considered in de-
tail in section 2 in its formal mathematical definition as the “play operator.” We will
argue that this definition leads to behavior in mechanical networks which appears
unrealistic from a physical point of view. A similar point can be made with respect
to the dead-zone model (cf. [13]).

In section 3 we propose a formal definition of play, in which only the sign of the
force at the extremes of relative displacement is specified, and the force is zero between
the extremes. This model can be thought of as a behavioral model of play in the sense
of Willems [20], since it does not admit an input-output definition in isolation. This
appears to be the simplest possible definition which avoids the objection raised in
section 2. We note that this definition does not seek to model the contact mechanics
which might be relevant at engagement and disengagement.

∗Received by the editors October 5, 2007; accepted for publication (in revised form) July 21, 2008;
published electronically December 5, 2008.

http://www.siam.org/journals/sicon/47-6/70460.html
†Department of Engineering, University of Cambridge, Cambridge, CB2 1PZ, UK (frank.scheibe@

cantab.net, mcs@eng.cam.ac.uk).

2967



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2968 FRANK SCHEIBE AND MALCOLM C. SMITH

−ε ε x

y

(a)

x

y

−εε

(b)

Fig. 1. (a) Graph of dead-zone play model. (b) Graph of hysteresis play model.
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Fig. 2. The play operator. (a) Physical representation. (b) Input-output modeling symbol.
(c) Terminal modeling symbol.

Section 3 goes on to examine the question of well-posedness of mechanical net-
works incorporating this play element. So far it has not been possible to develop a
general framework for well-posedness with this play element, such as the linear comple-
mentarity framework for a class of hybrid systems developed in [18, 12, 9, 2]. Instead,
we will examine a number of typical cases from first principles. We will encounter situ-
ations in which not only unique solutions are obtained, but also networks which admit
multiple solutions. In the latter case we are able to illuminate this nonuniqueness by
energy considerations at transitions. A further perspective is provided by the incor-
poration of compliance and buffer networks and the study of their limiting behavior.
These networks are strongly suggestive of models proposed for impact mechanics.

Section 4 considers a semi-ideal model for play which consists of a parallel spring-
damper buffer in series with our behavioral model of ideal play. We point out that
the definition coincides almost always with a model of Nordin, Galic, and Gutman
[13]. The latter model is expressed as a dynamical system in input-output form. A
numerical implementation of this semi-ideal play is described.

The paper is structured as follows. Section 2 is a critique of the play operator.
Section 3 describes the behavioral definition of play and analyzes the well-posedness of
a simple network. Sections 3.3–3.6 examine the well-posedness of a network with play
in series with an inerter. Section 4 analyzes a semi-ideal play model and its relation
to a model of Nordin, Galic, and Gutman and presents a numerical implementation.
Concluding remarks are given in section 5.

2. The play operator: A critique. A standard treatment of play between
mechanical elements makes use of the play operator (hysteron). The formal definition
of the operator is illustrated in Figure 2(a). The position of the piston (v) is considered
to be the input, and the position of the cylinder (w) is considered to be the output
(follower). The behavior of the play operator is then characterized by the graph of
Figure 1(b). Within the play region |v − w| < ε the follower Q remains stationary.
Otherwise, it follows P with an offset of ±ε. The input-output behavior of this model
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H
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v w

Fig. 3. Input-output representation of play in feedback arrangement.

f i

v w
H

Fig. 4. Terminal modeling symbol with input and follower reversed.

can be defined formally for piecewise monotonic (continuous) inputs (see [1, pp. 24–25]
and [11, pp. 6–8]). The model can then be extended to inputs which are continuous
functions by a limiting argument (see [1, p. 42] and [11, pp. 14–15]). This defines the
“play operator.” Two alternative modeling symbols are used to represent the play
operator, depending on the need for an input-output or a terminal representation (see
Figure 2(b),(c)).

When the play element is connected to a network with dynamical elements, the
well-posedness of the dynamical equations can be analyzed as shown in Figure 3.

Proposition 2.1. Let S be an linear time-invariant dynamical system with trans-
fer function G(s). If G(s) is proper and |G(∞)| < 1, then the dynamical system of
Figure 3 is well-posed.

Proof. This relies on the notion of instantaneous gain in a feedback loop and
makes use of the contraction mapping theorem in Banach spaces. General results of
this type can be found in [19, sec. 4.3.3] and [4, p. 48].

The behavior of the play operator as shown in Figure 1(b) can also be expressed
as a condition on three hybrid states as follows:

G1 (engagement–extension): w = v + ε, v̇ = ẇ ≤ 0.
G2 (engagement–compression): w = v − ε, v̇ = ẇ ≥ 0.
G3 (disengagement): |v − w| < ε, ẇ = 0.

If the terminals in Figure 2(a) are reversed so that Q is the input and P is the follower
as represented in Figure 4, then the three hybrid states become the following:

H1 (engagement–extension): v = w − ε, v̇ = ẇ ≥ 0.
H2 (engagement–compression): v = w + ε, v̇ = ẇ ≤ 0.
H3 (disengagement): |v − w| < ε, v̇ = 0.

2.1. A network example. This section analyzes the behavior of the mechanical
network illustrated in Figure 5. The dynamical equations are

m2ÿ = k (z − y) + c (ż − u̇) ,(2.1a)
m1z̈ = −k (z − y) − c (ż − u̇) .(2.1b)

Eliminating z, we can then calculate the transfer function

ŷ(s)
û(s)

= − m1cs

m1m2s2 +m2cs+ k(m1 +m2)
,

which is strictly proper. Hence, from Proposition 2.1 the network in Figure 5 is well-
posed. Next, the dynamical equations in each of the states H1–H3 are evaluated
explicitly, assuming the constants to bem1=m2=1 kg, c=2 Nsm−1, and k = 5/2 Nm−1.
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Fig. 5. Damped harmonic oscillator network.

H1 (engagement–extension). This corresponds to u = y − ε and u̇ = ẏ ≥ 0. The
dynamical equations can be written in the form ẋ(t) = AH1x(t) with x = [y, ẏ, z, ż]T .
Choosing the initial conditions

x(0) = [A,B − 2A,−A,−B + 2A]T + [C,D,C,D]T ,(2.2)

we can calculate x(t) = eAH1tx(0) to find

y(t) − z(t) = 2e−2t(A cos(t) +B sin(t)),(2.3a)
y(t) + z(t) = 2(C +Dt).(2.3b)

H2 (engagement–compression). This corresponds to u = y + ε and u̇ = ẏ ≤ 0. The
equations for x(t), y(t), and z(t) are identical to those in case H1.

H3 (disengagement). This corresponds to |y − u| < ε and u̇ = 0. The dynamical
equations can be written in the form ẋ(t) = AH3x(t) with x = [y, ẏ, z, ż]T . In the fol-
lowing, only the solution in the special case x(0) = [A, 0,−A, 0] is needed. By explicit
computation we can find x(t) = eAH3tx(0), which gives

(2.4) y(t) = −z(t) = 1/2e−tA(2 cos(2t) + sin(2t)).

2.1.1. The force through the play element. Here, a particular solution for
the network of section 2.1 is calculated, which involves a transition from state H1
to state H3. Consider an initial condition of the form (2.2) in which A = C = D = 0
and B > 0. From (2.3a) and (2.3b) we find that y(t) = e−2tB sin(t). It follows that a
transition from state H1 to state H3 must occur at the first time t1 = arctan(1/2)
for which ẏ(t1) = 0, since otherwise ẏ becomes negative in violation of the con-
ditions for state H1. The corresponding displacement at disengagement is y(t1) =
B exp(−2 arctan(1/2))/

√
5. For simplicity we chooseB so that y(t1) = 1, and from (2.4)

we find that for t > t1, y(t − t1) = e−(t−t1)(2 cos(2(t − t1)) + sin(2(t − t1)))/2. It is
straightforward to see that this solution is consistent with a transition to state H3,
namely, |y(t) − u(t)| < ε for t− t1 sufficiently small, since u(t) = 1 − ε for t > t1 in
state H3. The solution can be continued forward in time until the next transition
occurs to state H2 when y(t2) = 1 − 2ε. For t > t1 and in state H3, the force exerted
by the damper is equal to

(2.5) cż(t− t1) = 5e−(t−t1) sin(2(t− t1))/2.

This is also equal to the force through the play element.
Equation (2.5) highlights our first observation about the play operator in mechan-

ical networks that appears unsatisfactory; that is, during the disengagement state H3
the force transmitted by the play element is not necessarily zero.
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Fig. 6. Figure 5 with reversed terminals of H .

2.1.2. Dependence on inertial frame. Next, the particular solution of section
2.1.1 is considered, but with a steady “drift” term added. Setting A = C = 0 we find
that y(t) = e−2tB sin(t) + Dt. This, and the corresponding solution for z(t), differs
only from that in section 2.1.1 by the addition of a constant velocity D. As before,
a transition from state H1 to H3 occurs when ẏ(t) = 0. But it is easy to see that
ẏ(t) > 0 for all t ≥ 0 if D is sufficiently large. In such a case there will be no transition
to state H3. Even if a transition occurs, the transition time will be dependent on D.
Evidently, the behavior of the system fails to be invariant to a simple translation
of the inertial frame. This is the second property of the play operator that appears
unsatisfactory from a physical point of view. It is also curious that the output of the
play operator remains stationary during disengagement.

For this solution we now consider the force through the play element, which is
the same as the force through the damper, which equals

c(ż − ẏ) = −4e−2tB(cos(t) − 2 sin(t)).

Clearly the sign of this force oscillates. This again appears unsatisfactory from a
physical point of view, since we would expect the force acting on the play element to
be positive in the extension state.

2.1.3. Reversal of terminals of the play operator. The network in Figure 5
is considered next, but with the terminals of the play operator reversed (see Figure 6),
and with the same parameters as in section 2.1. The dynamical equations are again
given by (2.1), and on eliminating z we find that

û(s)
ŷ(s)

= −m1m2s
2 +m2cs+ k(m1 +m2)

m1cs
.

Since this transfer function is nonproper, it is not possible to use Proposition 2.1 and
give a general statement on well-posedness. However, we show below that solutions can
be computed in specific cases. The dynamical equations in each of the states G1–G3
are as follows:

G1 (engagement–extension). This corresponds to y = u+ ε, u̇ = ẏ ≤ 0. The equa-
tions of u(t), y(t), and z(t) are identical to those in case H1 in section 2.1.

G2 (engagement–compression). This corresponds to y = u− ε, u̇ = ẏ ≥ 0. The
equations for u(t), y(t), and z(t) are identical to those in case H2 in section 2.1.

G3 (disengagement). This corresponds to |y − u| < ε, ẏ = 0. In this state y(t) ≡ y∗

(say) and the dynamical equations become

0 = k(z − y∗) + c (ż − u̇) ,(2.6a)
m1z̈ = −k (z − y∗) − c (ż − u̇) .(2.6b)

Adding both equations gives 0 = m1z̈, which implies z(t) = E1 + E2t. From (2.6a) we
can find an expression of u̇(t), which leads to

(2.7) u(t) = E3 + (E2 + (k/c) (E1 − y∗)) t+ kt2E2/(2c),

where E1, E2, and E3 are constants.
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Now consider an initial condition of the form (2.2) in which A = C = D = 0
and B > 0 for the network of section 2.1.3, and a transition from G2 to G3. Again
from (2.3a) and (2.3b) we find that a transition to G3 occurs when t1 = arctan(1/2).
Once again B is chosen so that y(t1) = 1 (which is the same value as obtained in
section 2.1.1). In order that a solution for the dynamical equations in (2.1) exists
through t1, it is necessary that y(t), z(t), ẏ(t), and ż(t) are continuous at t = t1.
Therefore, a solution to the equations in the G3 state is sought with the following
initial conditions: y(t1) = −z(t1) = 1, ẏ(t1) = ż(t1) = 0. It follows that y(t) ≡ 1, while
the G3 state persists. Since ÿ(t) + z̈(t) = 0 we must also have z(t) ≡ −1, while the G3
state persists. From (2.7) we find that u(t) = 1 + ε− 5t/2. Since y − u = −ε+ 5t/2,
the solution is consistent with a transition to G3 at t = t1.

It is interesting to make a comparison between this solution and the one in section
2.1.1 without the terminals reversed. Dynamically, the two solutions are identical for
0 < t < t1, except for the fact that the play element is in compression rather than
extension. During disengagement the two solutions differ. With the choice of terminals
used in this section, the solution during disengagement appears curious in that the
play operator results in both masses being stationary, while the input terminal of the
play operator moves with constant velocity.

2.2. Summary of critique. For a simple mechanical network incorporating
the play operator in series with a damper, we have identified several properties of the
network behavior which appear unsatisfactory from a physical point of view. These
are summarized as follows:

1. During disengagement the force through the play element is not necessarily
zero.

2. The solutions of the network equations depend on the choice of inertial frame,
namely, the addition of a constant velocity to all states may change switching
times or eliminate them altogether.

3. During engagement the force through the play element is not restricted in
sign.

4. The behavior of the network is not invariant to a switch of terminals of the
play operator.

A similar critique can be given for the dead-zone model of play. (See [13], where some
similar points are made for the dead-zone model.)

3. The ideal play. This section proposes a definition of ideal play which does
not suffer from the criticism identified in section 2. Since the ideal play does not admit
an input-output graph, mathematical properties like well-posedness and the exclusion
of limit points of switching are arrived at by analyzing individual transition scenarios.

3.1. A behavioral definition of the ideal play. Consider a physical repre-
sentation of play as shown in Figure 7(a) where z1, z2 are the terminal positions and
F is the equal and opposite force applied at the terminals. The ideal play is defined
to be completely characterized by the following three states:

I1 (engagement–extension): z2 − z1 = ε, F ≤ 0.
I2 (engagement–compression): z2 − z1 = −ε, F ≥ 0.
I3 (disengagement): |z2 − z1| < ε, F = 0.

Note that the definition is invariant to terminal reversal (i.e., the transformation
z1 → −z2, z2 → −z1, F → F ). Also, objections 1 and 3 in section 2.2 no longer ap-
ply. Finally, we note that this definition allows the mechanical network to maintain
invariance to the choice of inertial frame, since the three states depend only on the
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Fig. 7. (a) Physical representation of ideal play. (b) Terminal modeling symbol for ideal play.
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Fig. 8. Damped harmonic oscillator network with ideal play.

difference between z1 and z2. We will use the network symbol shown in Figure 7(b)
to represent the ideal play.

It is important to remark that the ideal play cannot be represented as a function or
input-output operator since F does not determine z2 − z1 uniquely—nor does z2 − z1
determine F uniquely. Fundamentally, the ideal play will need to be connected to
other elements in order that the complete network has a unique solution for given
initial conditions.

The issue of well-posedness for networks incorporating the ideal play will be ex-
plored in the rest of this section. A number of typical cases will be examined from
first principles. So far it has not been possible to derive general conditions for well-
posedness by, for example, exploiting general approaches to hybrid or switched sys-
tems, e.g., the linear complementarity approach of [18, 12, 9, 2]. The use of such
methods to consider well-posedness with ideal play is a topic for future research.

3.2. A network incorporating ideal play. Consider the network in Figure 8,
which is the same as the networks considered in Figures 5 and 6 but with the new
ideal model of play. The dynamical equations are

m2ÿ = k (z − y) + F,(3.1a)
m1z̈ = −k (z − y) − F,(3.1b)
F = c (ż − u̇) .(3.1c)

We will now write down the form of the solutions in each state.
I1 (engagement–extension). This corresponds to y − u = ε and F ≤ 0. The dy-

namical equations for x = [y, ẏ, z, ż] are identical to those in state H1 in section 2.1.
I2 (engagement–compression). This corresponds to y − u = −ε and F ≥ 0. The

dynamical equations are identical to those in state H2 in section 2.1.
I3 (disengagement). This corresponds to |y − u| < ε and F = 0. It can be seen

directly from (3.1) that

y(t) − z(t) = A cos(ω3t) +B sin(ω3t),(3.2a)
m2y(t) +m1z(t) = C +Dt,(3.2b)

where ω3 =
√

k(m1+m2)
m1m2

.
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We immediately see that the solution of the network of Figure 8 differs from the
networks of both Figure 5 and Figure 6 as is seen from the purely oscillatory form of
the dynamical equations in the disengagement region.

3.2.1. A special well-posedness argument. We now establish a well-posedness
property of the network in Figure 8. The approach taken is to examine in detail all
possible transition scenarios and to show that there is a well-defined transition in all
cases. The proposition describes only the transitions between I1 and I3—the tran-
sitions between I2 and I3 are analogous. The terminology “just before t0” means
formally “for t < t0 and |t0 − t| sufficiently small,” and a similar meaning holds for
“just after t0”.

Proposition 3.1. Consider the network of Figure 8 in which the displacements
y(t), z(t), u(t) are assumed to be continuous.

(a) For any solutions of the network, ẏ(t) and ż(t) are always continuous, includ-
ing transitions between states; however, u̇(t) need not be continuous at transitions.

(b) Suppose the system is in state I1 just before t0 and that F (t) ↑ 0 as t ↑ t0.
Then there is a unique continuation of the system into either state I1 or I3 after t0.

(c) Suppose the system is in I3 just before t0 and y − u ↑ ε. If ẏ(t0)−u̇(t−0 )>0, then
there is a unique continuation of the system into state I1 after t0. If ẏ(t0) − u̇(t−0 ) = 0,
then there is a unique continuation of the system into either I1 or I3 after t0.

(d) Given any initial condition at time t = 0, the solutions of the network exist,
y(t) − z(t) is uniformly bounded on [0,∞), and there are no limit points of switching
between the states I1, I2, I3.

Proof. (a) Suppose that there is a discontinuity in either ẏ or ż. By direct obser-
vation of the differential equations (3.1a)–(3.1b) this implies a δ-function in ÿ or z̈,
which means that F must provide an impulsive force. From (3.1c) this can happen
only if the displacement u(t) is discontinuous, which is excluded. Therefore, ẏ(t), ż(t)
are always continuous, including transitions between states, whereas u̇(t) need not be
continuous at transitions.

(b) Suppose the network is in state I1 just before time t0 and that ż(t) − u̇(t) ↑ 0
as t ↑ t0. Since y(t) − u(t) = ε just before t0, we have the following conditions: y(t0)−
u(t0) = ε, ẏ(t0) = u̇(t−0 ) = ż(t0). If the system remains in state I1, then u̇(t+0 ) = ẏ(t0),
whereas if there is a transition to I3, then u̇(t+0 ) = ż(t0). Thus, in either case
u̇(t−0 ) = u̇(t+0 ). Let us therefore consider an “initial” condition x(t0) = [Y,D,Z,D]T .
If the network were to continue in the state I1, then we could calculate that

ż − u̇ = ż − ẏ = −4(Z − Y )
ω3

ω1
exp

(
−c(m1 +m2)

2m1m2
(t− t0)

)
sin(ω1(t− t0)),(3.3)

where ω1 =
√

(m1+m2)(4km1m2−c2(m1+m2))
4m2

1m
2
2

, which is consistent with F ≤ 0 if and only
if Z − Y ≥ 0. If the network were to continue in state I3, we could calculate that
ẏ − u̇ = ẏ − ż = ω3(Z − Y ) sin(ω3(t− t0)), which is consistent with y − u < ε after t0
if and only if Z − Y < 0. Thus, there is always an unambiguous continuation into I1
or I3.

(c) Suppose the network is in state I3 just before time t0 and that y(t) − u(t) ↑ ε as
t ↑ t0. It follows that ẏ(t0) − u̇(t−0 ) ≥ 0 since y − u tends to ε from below. Let us sup-
pose that ẏ(t0) − u̇(t−0 ) > 0. The network cannot remain in state I3 after time t0 since
the condition |y(t) − u(t)| < ε would be violated. (Note that if the network remains in
I3, ż(t−0 ) − u̇(t−0 ) = ż(t+0 ) − u̇(t+0 ) = 0, so that u̇(t+0 ) = u̇(t−0 ).) For a transition to I1
we need the condition u̇(t+0 ) = ẏ(t0), whereas u̇(t−0 ) = ż(t0), which suggests a discon-
tinuity in u̇ at t = t0. For a valid transition to I1 it is necessary that F ≤ 0 after t0,
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Fig. 9. (Ideal) inerter modeling symbol.

which must hold since ż(t0) − u̇(t+0 ) = u̇(t−0 ) − ẏ(t0) < 0. The only remaining case is
when ẏ(t0) − u̇(t−0 ) = 0. Since u̇(t−0 ) = ż(t0) we expect u̇(t) to be continuous at t = t0
irrespective of any transition to I1 or I3. This case therefore reduces to the precise
situation analyzed in (b).

(d) Within I1 or I2,

(3.4) (ÿ − z̈) + (c/m) (ẏ − ż) + (k/m) (y − z) = 0,

where m = m1m2/(m1 +m2), and within I3,

(3.5) (ÿ − z̈) + (k/m) (y − z) = 0.

We can check that V = (y − z)2 + (m/k)(ẏ − ż)2 is a common Lyapunov function for
(3.4) and (3.5). Hence,

(3.6) |y(t) − z(t)| ≤
√

(y(0) − z(0))2 + (m/k) (ẏ(0) − ż(0))2

for all t ≥ 0, independent of switching between states.
Suppose now that a switching occurs at t0 as in (b). We will show that the “dwell

time” in state I3 is bounded from below. If there is a unique continuation of the
system into state I1, then there is nothing to prove. So let us assume that there
is a unique continuation in I3. As in (b) we can find that Y − Z > 0 and y − u =
ε + (Y − Z) (cos(ω3(t− t0)) − 1). There are two possibilities. If Y − Z ≤ ε, then the
system returns to I1 after one oscillation cycle with t1 − t0 = 2π/ω3. If Y − Z > ε,
there is a transition to I2 with

(3.7) t1 − t0 = arccos
(

1 − 2ε
Y − Z

)/
ω3.

Since Y − Z is bounded above by the right-hand side of (3.6), the dwell time given
by (3.7) is bounded from below.

Consequently, it is concluded that there can be no limit point of switching times
since the sequence of states occupied by the system must alternate between I3 and
either I1 or I2. This in turn means that we can find solutions for y(t), z(t), u(t) for
all t ≥ 0.

3.3. The inerter. In [16] an ideal modeling element termed the inerter was
introduced with the following definition. The (ideal) inerter is defined to be a two-
terminal mechanical element with the property that the equal and opposite force
applied at the terminals is equal to the relative acceleration between them, i.e., F =
b(z̈1 − z̈2) in the notation of Figure 9, where b is the constant of proportionality in
kilograms. For the purpose of modeling mechanical networks we will assume that the
ideal inerter has zero mass (which is similar to the assumption that ideal springs and
dampers have zero mass). Mechanical realizations of inerters have been described in
[17, 15].
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Fig. 10. Harmonic oscillator network with an inerter and ideal play.

3.4. A network incorporating an inerter with play. Consider the network
in Figure 10, which differs from Figure 8 only in that an inerter replaces the damper.
The dynamical equations are

m2ÿ = k (z − y) + F,(3.8a)
m1z̈ = −k (z − y) − F,(3.8b)
F = b (z̈ − ü) .(3.8c)

We will now write down the form of the solutions in each state.
J1 (engagement–extension). This corresponds to y − u = ε and F ≤ 0. The dy-

namical equations have solutions given by

y(t) − z(t) = A1 cos(ω1t) +B1 sin(ω1t),
m2y(t) +m1z(t) = C1 +D1t.

where ω1 =
√

k(m1+m2)
m1m2+b(m1+m2)

.
J2 (engagement–compression). This corresponds to y − u = −ε and F ≥ 0. The

dynamical equations are identical to state J2.
J3 (disengagement). This corresponds to |y − u| < ε and F = 0. The dynamical

equations have solutions given by

y(t) − z(t) = A3 cos(ω3t) +B3 sin(ω3t),(3.9)
m2y(t) +m1z(t) = C3 +D3t.

where ω3 =
√

k(m1+m2)
m1m2

.

3.4.1. Well-posedness and the need for impulsive forces. We will now
study the well-posedness of the network in Figure 10. We will show that there is a
qualitative difference in the behavior compared to the network of Figure 8. In the
first place, the dynamical equations (3.8) do not imply directly that ẏ(t) and ż(t) are
continuous (as was the case in Proposition 3.1(a)). This leaves open the possibility
of impulsive forces being generated at transitions between states. Physical intuition
might suggest the absence of impulsive forces for transitions from engagement to
disengagement (Remark 1). With such an assumption we will show that there are
uniquely defined transitions in such cases (Proposition 3.2(a)). For transitions from
disengagement to engagement it is not obvious that impulsive forces can be dispensed
with. In Proposition 3.2(b) we will show that impulsive forces are needed for there
to be a well-defined transition. We will also see that the dynamical equations do not
define the strength of the impulse uniquely. Thus, multiple solutions of the dynamical
equations exist and well-posedness is lost. Once again, the proposition is stated only
for transitions between J1 and J3.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PLAY IN MECHANICAL NETWORKS 2977

Proposition 3.2. Consider the network of Figure 10 in which the displacements
y(t), z(t), and u(t) are assumed to be continuous.

(a) Suppose the system is in state J1 just before t0 and F = b(z̈ − ü) ↑ 0 (strictly)
as t ↑ t0. Then the system undergoes a well-defined transition to J3 at t0 under the
assumption that no impulsive forces are generated.

(b) Suppose the system is in state J3 just before t0 and y(t) − u(t) ↑ ε as t ↑
t0. Then ẏ(t−0 ) − u̇(t−0 ) =: α ≥ 0. A well-defined transition to J1 occurs under the
following two conditions:

(i) An impulsive force Pδ(t− t0) occurs with P = P0 := −(m1m2b)/(m1m2+
b(m1 +m2))α in the inerter;

(ii) ÿ(t−0 ) − ü(t−0 ) > 0.
A well-defined transition to J3 occurs under the following condition:

(iii) An impulsive force Pδ(t− t0) in the inerter occurs with P < P0.
In all cases of well-defined transitions P is negative, which is consistent with the
engagement condition being extensive. There is no solution of the system equations
assuming an impulsive force with P > P0.

Proof. (a) Suppose the network is in state J1 just before time t0 and that
z̈(t) − ü(t) ↑ 0 as t ↑ t0. Since y(t) − u(t) = ε just before t0, we have the following
conditions: y(t0) − u(t0) = ε, ẏ(t−0 ) − u̇(t−0 ) = 0, z̈(t−0 ) = ü(t−0 ) = ÿ(t−0 ). Within J1
we can check from (3.8a) and (3.8b) that

(3.10) z − y = −m1m2 + b(m1 +m2)
k(m1 +m2)

(z̈ − ÿ) .

This implies z(t0) = y(t0) (but there is no obvious relationship between ż(t−0 ) and
ẏ(t−0 )). This means y(t) − z(t) = B1 sin(ω1(t− t0)) just before t = t0, and we deduce
from (3.10) that B1 ≥ 0 in order to respect the sign constraint on F in J1.

By assumption, no impulsive forces are generated at t0, so ż(t+0 ) = ż(t−0 ), ẏ(t+0 ) =
ẏ(t−0 ), and u̇(t+0 ) = u̇(t−0 ). We conclude that ẏ(t0) − ż(t0) = B1 ≥ 0. Furthermore,
there cannot be a continuation of the network after t0 in state J1 unless B1 = 0.

Let us consider whether a continuation in state J3 is always possible. From (3.9)
we find that y(t) − z(t) = (B1/ω3) sin(ω3(t − t0)). Further, we have u(t) = z(t) −
ε + B1(t − t0) after t0 since ü = z̈ in J3, u(t0) − z(t0) = −ε, and u̇(t0) − ż(t0) =
ẏ(t0) − ż(t0) = B1. Therefore,

y(t) − u(t) = y(t) − z(t) + ε−B1(t− t0)

= ε+B1

(
ω−1

3 sin(ω3(t− t0)) − (t− t0)
)
,

which we can readily check to be decreasing after t0, which is consistent with a tran-
sition to J3.

(b) We now consider a possible transition from J3 to J1. Suppose the network is in
state J3 and y(t) − u(t) ↑ ε as t ↑ t0 and z̈ = ü just before time t0. Again we must have
ẏ(t−0 )− u̇(t−0 ) ≥ 0 since y(t)−u(t) ↑ ε. Let us consider the case ẏ(t−0 )− u̇(t−0 ) =: α > 0.
If there is a transition from J3 to J1, it must be true that ẏ(t+0 ) − u̇(t+0 ) = 0. Thus,
there must be discontinuities in velocities. This in turn implies that there must be an
impulsive force in the inerter. Let us consider an impulse of the form Pδ(t− t0) in F .
(On physical grounds we would expect P ≤ 0 since J1 is extensive.) From (3.8c) we
observe that

(3.11a)
(
ż(t+0 ) − u̇(t+0 )

)
−
(
ż(t−0 ) − u̇(t−0 )

)
= P/b,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2978 FRANK SCHEIBE AND MALCOLM C. SMITH

while (3.8a) and (3.8b) imply

ẏ(t+0 ) − ẏ(t−0 ) = P/m2,(3.11b)

ż(t+0 ) − ż(t−0 ) = −P/m1.(3.11c)

We therefore find that

0 = ẏ(t+0 ) − u̇(t+0 ) = P/m1 + P/m2 + P/b+ α,

which means that P = P0 and indeed we have P < 0. For a valid transition to J1 we
must have F ≤ 0 for t > t0. If the state remains in J1, we must have z̈(t) − ÿ(t) =
A1 cos(ω1(t − t0)) + B1 sin(ω1(t − t0)) and ü(t) = ÿ(t). Therefore, F ≤ 0 after t0 re-
quires A1 < 0. Note that A1 = y(t0) − z(t0) = −ω−2

3 (ÿ(t−0 ) − ü(t−0 )). This establishes
the required conditions (i) and (ii) for a well-defined transition to J1.

Let us now consider the possibility that an impulsive force at t0 allows a con-
tinuation for the system in state J3 after t0. We can check that if P < P0, then
ẏ(t+0 ) − u̇(t+0 ) < 0, and that we have a valid solution for the state J3 after t0. If
P > P0, there is no valid solution.

Remark 1. In Proposition 3.2(a) the analysis was restricted to the case where
no impulse occurs at disengagement. In the next paragraph we will show that if an
impulse does occur at disengagement, the system experiences an overall increase in
energy. Thus, it seems reasonable to exclude such behavior on the grounds that the
system is passive.

Assume (3.11) applies. Without loss of generality we can restrict our attention to
trajectories for which m2y +m1z ≡ 0 (cf. (3.8)), so we may take

(3.12) [y, ẏ, z, ż](t−0 ) = [A,B,−(m2/m1)A,−(m2/m1)B].

Suppose the system transfers from J1 to J3 at t0, as in Proposition 3.2(a). Then
ẏ(t+0 ) = −(m1/m2)ż(t+0 ) = P/m2 + B and u̇(t+0 ) = B − P (m−1

1 + b−1) from (3.11).
Let E = (m1ż

2 +m2ẏ
2 + b(ż − u̇)2)/2 denote the kinetic energy of the system. Then

we can verify that

E(t−0 ) =
1
2
m2B

2

(
1 + b

(
1
m2

+
1
m1

))(
1 +

m2

m1

)
,

E(t+0 ) = E(t−0 ) +
1
2
P 2

(
1
m1

+
1
m2

+
1
b

)
.

We observe that for any P 	= 0, E(t+0 ) > E(t−0 ).
Remark 2. It is interesting to calculate the change in kinetic energy of the system

when an impulse occurs at engagement as in Proposition 3.2(b). In the next paragraph
we will show that energy is dissipated, providing 2P0 < P ≤ P0 (recall that P0 < 0).
We will see that the maximum energy is dissipated when P = P0 and energy is con-
served when P = 2P0. If P < 2P0, then the impulse leads to an increase in kinetic
energy.

To see this, consider (3.11) with (3.12) and ẏ(t−0 )− u̇(t−0 ) := α ≥ 0. Then we can
verify that

ż(t+0 ) = −(m2/m1)ẏ(t+0 ) = −P/m1 − (m2/m1)B,

ż(t−0 ) − u̇(t−0 ) = α−B(m2/m1 + 1),

ż(t+0 ) − u̇(t+0 ) = α−B(m2/m1 + 1) + P/b.
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Fig. 11. Change in kinetic energy due to an impulse of strength P at t = t0. From Propo-
sition 3.2, solutions of the system equations exist only if P ≤ P0. Energy is dissipated when
2P0 < P ≤ P0 and energy increases when P < 2P0.
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Fig. 12. Network with an inerter, a compliance spring, and ideal play.

As in Remark 1 we can compute the kinetic energy at t−0 and t+0 to find that

E(t−0 ) =
1
2

(m2B)2
(
m−1

1 +m−1
2

)
+

1
2
b
(
α−m2B

(
m−1

1 +m−1
2

))2
,

E(t+0 ) =
1
2

(P +m2B)2
(
m−1

1 +m−1
2

)
+

1
2
b

(
α−m2B

(
m−1

1 +m−1
2

)
+
P

b

)2

.

The required conclusions follow from these expressions. In particular we can show
that E(t+0 ) has a minimum at P = P0. This is illustrated in Figure 11.

3.5. Compliance in series with an inerter and play. Consider the network
in Figure 12 which differs from Figure 10 by the insertion of a spring in series with
the inerter and play. The dynamical equations are

m2ÿ = k (z − y) + F(3.13a)
m1z̈ = −k (z − y) − F,(3.13b)
F = b (z̈ − r̈) ,(3.13c)
F = k1 (r − u) .(3.13d)

We now write down the form of the solutions in each state.
K1 (engagement–extension). This corresponds to u = y − ε, F ≤ 0. We can solve

for r̈ and reduce the dynamical equations to

ÿ = m−1
2 (k(z − y) + k1(r − u)) ,(3.14a)

z̈ = −m−1
1 (k(z − y) + k1(r − u)) ,(3.14b)

r̈ = −m−1
1 (k(z − y) + k1(r − u) (1 +m1/b)) .(3.14c)

These can be written in state-space form as follows: ẋ(t) = AK1x(t) + BK1ε with
x = [y, ẏ, z, ż, r, ṙ]T . In section 3.5.2 we will solve the equations symbolically by means
of the expression

(3.15) L−1{X(s)} = L−1 {Ψ(s)}x(0) + L −1
{
s−1Ψ(s)

}
BK1ε,

where the resolvant of AK1, Ψ(s) = (sI −AK1)
−1, is obtained using Maple.
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K2 (engagement–compression). This corresponds to u = y + ε, F ≥ 0. The dy-
namical equations are identical to state K1 but with a sign change in ε.

K3 (disengagement). This corresponds to |y − u| < ε and F = 0. The dynamical
equations for y and z are identical to case J3 and we have z̈(t) = r̈(t) and r(t) = u(t).

3.5.1. A special well-posedness argument. This section shows that there
is a qualitative difference between the behaviors of the networks of Figures 10 and
12. In the first place, the inclusion of the series spring prevents impulsive forces from
being generated. Second, the modeling equations specify a unique transition from
disengagement to engagement.

Proposition 3.3. Consider the network of Figure 12 in which the displacements
y(t), z(t), u(t), r(t) are assumed to be continuous.

(a) For any solutions of the network, ẏ(t), ż(t), ṙ(t), ÿ(t), z̈(t), and r̈(t) are
continuous including transitions between states. However, u̇(t) is not necessarily con-
tinuous at transitions.

(b) Suppose the system is in state K1 just before t0 and F ↑ 0 (strictly), i.e.,
ṙ(t−0 ) − u̇(t−0 ) > 0. Then there is a well-defined transition to state K3.

(c) Suppose the system is in state K3 just before t0 and y − u ↑ ε (strictly), i.e.,
ẏ(t−0 ) − u̇(t−0 ) > 0. Then there is a well-defined transition to state K1.

Proof. (a) Substitution of (3.13d) into (3.13a) and (3.13b) shows that ÿ, z̈ are
continuous, and equating (3.13c) and (3.13d) shows that r̈ is continuous. Hence, ẏ, ż,
and ṙ are continuous, but it is not necessarily true that u̇ is continuous.

(b) Since

(3.16) ṙ(t−0 ) − u̇(t−0 ) = ṙ(t−0 ) − ẏ(t−0 ) > 0,

a continuation in state K1 is not possible, as this would violate the condition that
F ≤ 0. A well-defined transition to K3 occurs if

(3.17) ẏ(t+0 ) − u̇(t+0 ) < 0.

By definition of state K3 we must have ṙ(t+0 ) = u̇(t+0 ). From (a), ẏ(t+0 ) = ẏ(t−0 ) and
ṙ(t+0 ) = ṙ(t−0 ). Therefore, ẏ(t+0 ) − u̇(t+0 ) = ẏ(t−0 ) − ṙ(t−0 ). Hence, (3.17) follows from
(3.16). Incidentally, we have also shown that u̇ is discontinuous at t0 since u̇(t+0 ) −
u̇(t−0 ) = ṙ(t−0 )−ẏ(t−0 ). This follows since y = u+ ε just before t0 so that u̇(t−0 ) = ẏ(t−0 ).

(c) Since

ẏ(t−0 ) − u̇(t−0 ) > 0,(3.18)

a continuation in state K3 is not possible, as this would violate the condition |y − u| < ε.
For a well-defined transition to K1 we need F ≤ 0 after t0. For this to happen it would
be sufficient to have

ṙ(t+0 ) − u̇(t+0 ) < 0.(3.19)

By definition of state K3 we must have ṙ(t−0 ) = u̇(t−0 ). Therefore, from (a) ẏ(t−0 ) −
u̇(t−0 ) = ẏ(t+0 ) − ṙ(t+0 ). Hence, (3.19) follows from (3.18). As in (b) we have shown
that u̇ is discontinuous at t0.

Remark 3. In the following we extend Proposition 3.3(b) to the case ṙ(t−0 ) −
u̇(t−0 ) = 0 when the system is in state K1 and F ↑ 0. For a transition to K3 we
require y − u < ε for t > t0. We now derive a condition for this to hold. For a
transition to K3, ṙ(t+0 ) − u̇(t+0 ) = 0. Since ṙ is continuous (see Proposition 3.3(a)), u̇
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is continuous at t0. This gives ẏ(t−0 )− u̇(t−0 ) = ẏ(t+0 )− u̇(t+0 ) = 0. Hence it is necessary
to consider ÿ(t+0 ) − ü(t+0 ). From Proposition 3.3(a) and F ≡ 0 for t > t0 it follows that
r̈(t−0 ) = r̈(t+0 ) = ü(t+0 ). Also, without loss of generality, we can restrict our attention
to trajectories for which m2y +m1z ≡ 0 so that y(t−0 ) = A, z(t−0 ) = −(m2/m1)A,
and r(t−0 ) = A− ε. We can calculate

(3.20) ÿ(t+0 ) − ü(t+0 ) = ÿ(t−0 ) − r̈(t−0 ) = −m2k
(
m−1

1 +m−1
2

)2
A,

where the right-hand side follows from (3.14a) and (3.14c). Thus, from (3.20) there is
a transition to K3 if A > 0. (Note that the sign of A is the opposite to the sign of the
force in the spring k since z(t−0 ) − y(t−0 ) = −(1 +m2/m1)A.)

Now let us consider the possibility that there is no transition to K3, but the
system remains in K1 (again with F ↑ 0 and ṙ(t−0 ) − u̇(t−0 ) = 0). For this to occur it
is necessary that F < 0 after t0, i.e., r̈ − ü < 0 after t0. Note that ü is continuous at
t0 since ÿ is continuous and ÿ = ü in K1. Therefore,

r̈(t+0 ) − ü(t+0 ) = r̈(t−0 ) − ü(t−0 ) = −
(
ÿ(t−0 ) − r̈(t−0 )

)
.(3.21)

Comparing (3.21) with (3.20) we see that the system remains in state K1 if A < 0.
To conclude, even in the pathological case that F ↑ 0 from state K1 and ṙ(t−0 ) −

u̇(t−0 ) = 0, we have a well-defined transition to K3 or K1, depending on the sign of the
force in the spring k. The case where A = 0 requires consideration of

...
y (t+0 ) − ...

u (t+0 )
and

...
r (t+0 ) − ...

u (t+0 ) to determine whether there is a transition to K3 or whether the
system remains in K1. The details are cheerfully left to the reader.1

Similarly, we can extend Proposition 3.3(c) to include the case ẏ(t−0 )− u̇(t−0 ) = 0
when the system is in state K3 and y − u ↑ ε. We will now show that the conditions
are identical to the ones laid out above. For a transition back to K3, r̈(t−0 ) = ü(t−0 )
and r̈(t+0 ) = ü(t+0 ) and the case is identical to the one analyzed in (3.20), namely,
the situation occurs if A > 0. For a transition to K1, F ≤ 0 for t > t0 and we require
again r − u < 0 for t > t0. Since ẏ(t+0 ) = u̇(t+0 ), u̇ is continuous at t0, and we also have
ẏ(t0) = ṙ(t0). Therefore, for a transition to K1, we need r̈(t+0 ) − ü(t+0 ) < 0. We can
check that

r̈(t+0 ) − ü(t+0 ) = r̈(t+0 ) − ÿ(t+0 ) = r̈(t−0 ) − ÿ(t−0 ) = −
(
ÿ(t−0 ) − z̈(t−0 )

)
= −k

(
m−1

1 +m−1
2

) (
z(t−0 ) − y(t−0 )

)
= m2k

(
m−1

1 +m−1
2

)2
A,(3.22)

where the right-hand side follows from (3.13a) and (3.13b) with F ≡ 0 in state K3.
Equation (3.22) is the same condition as in (3.21) and (3.20). Thus, there is a well-
defined transition to K1 if A < 0.

3.5.2. Convergence to a solution of section 3.4.1. The networks in Fig-
ures 10 and 12 are similar and differ only by the spring k1. In this section we investi-
gate the convergence behavior of the latter network when k1 → ∞. We will focus on
the transition from disengagement to engagement, where impulsive forces were needed
for the network in Figure 10. We will show that the “dwell time” in the engagement
state tends to zero as k1 → ∞. Furthermore, the force through the play element in the
engagement state approaches an impulse in the limit as k1 → ∞. Finally, the strength
of the impulse is uniquely determined and implies conservation of energy through the

1We are pleased to cite Professor Harry Dym as the originator of this useful sentence [5, p. 454].
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impulsive impact. For simplicity we carry out the analysis with numerical values for
the parameters m1, m2, b, and k.

First, consider the solution in case K1. The determinant of sI −AK1 is given by(
s4 +

m1m2k1 + b(k + k1)(m1 +m2)
m1m2b

s2 +
kk1(m1 +m2)

m1m2b

)
s2.

With m1 = m2 = 1 kg, b = 1/2 kg, and k = 1 Nm−1, two roots are at the origin, and
the roots of the quadratic in s2 are

−
(

2k1 + 1 ±
√

4k2
1 + 1

)
= −k1

(
2 +

1
k1

± 2
(

1 +
1

8k2
1

+O(k−4
1 )
))

.

Thus, the natural frequencies are given by s = ±jω1,±jω2, where

ω1 = 1 +O(k−1
1 ),

ω2 =
√

4k1 + 1 +O(k−3/2
1 ).

From (3.13a) and (3.13b) we see that m2ÿ +m1z̈ = 0. Without loss of generality we
can restrict our attention to trajectories for which m2y(t) +m1z(t) ≡ 0. We there-
fore consider a transition from K3 to K1, with the initial condition for the dynamic
equations in state K1 equal to

(3.23) x0 = [A, B, −(m2/m1)A, −(m2/m1)B, A− ε, B −K]T .

We then solve (3.15) to find that there is a single dominant term in the force through
the inerter given by −bKω2 sin(ω2t)/2. We observe that this dominant term is nega-
tive for 0 < t < t1 := π/ω2. This suggests that the system will remain in state K1
until time t1 (approximately) at which there is a transition to K3. Qualitatively, this
behavior is approaching one where there is an impulsive force at engagement with an
immediate transition back to state K3. This is similar to behavior that was identified
in section 3.4.1. Further note that

(3.24) −
∫ π/ω2

0

bKω2 sin(ω2t)/2 = −K/2,

which would be the expected strength of the impulse.
It is also interesting to find that the dominant term in ẏ(t) − ṙ(t) is equal to

K cos(ω2t) for large k1. This shows that ẏ(t1) − ṙ(t1) = −K. Note that u̇(t+1 ) = ṙ(t1)
since there is a transition back to K3 at t1. Therefore, we obtain

(3.25) ẏ(t+0 ) − u̇(t+0 ) = −K

in the limit as k1 → ∞. Using the method of section 3.4.1, (3.25) together with the
assumption that ẏ(t−0 ) − u̇(t−0 ) = K requires

(3.26) P = −2K
m1m2b

m1b+m2b+m1m2
,

which gives the same value as (3.24). It is also interesting to note that this limiting
solution is one in which energy is conserved through the impulsive impact, as discussed
in Remark 2.
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Fig. 13. Network with an inerter, a parallel spring-damper buffer, and ideal play.

3.6. Buffer in series with an inerter and play. Consider the network in
Figure 13, which differs from Figure 10 by the insertion of a buffer consisting of a
parallel spring-damper in series with the inerter and play. The dynamical equations
are

m2ÿ = k (z − y) + F(3.27a)
m1z̈ = −k (z − y) − F,(3.27b)
F = b (z̈ − r̈) ,(3.27c)
F = k1 (r − u) + c1 (ṙ − u̇) .(3.27d)

We now write down the form of the solutions in each state.
L1 (engagement–extension). This corresponds to u = y − ε, F ≤ 0. We can solve

for r̈ and reduce the dynamical equations to

ÿ = m−1
2 (k(z − y) + k1(r − u) + c1 (ṙ − u̇)) ,(3.28a)

z̈ = −m−1
1 (k(z − y) + k1(r − u) + c1 (ṙ − u̇)) ,(3.28b)

r̈ = −m−1
1 (k(z − y) + (k1(r − u) + c1 (ṙ − u̇)) (1 +m1/b)) .(3.28c)

These can be written in state-space form with x = [y, ẏ, z, ż, r, ṙ]T . In section 3.6.2 we
will solve these equations symbolically.

L2 (engagement–compression). This corresponds to u = y + ε, F ≥ 0. The dy-
namical equations are identical to state L1 but with a sign change in ε.

L3 (disengagement). This corresponds to |y − u| < ε and F = 0. The dynamical
equations for y and z are identical to case J3, and we have z̈(t) = r̈(t).

3.6.1. A special well-posedness argument. This section shows that there
is a qualitative difference between the behaviors of the networks of Figures 10 and
13. In the first place, the inclusion of the parallel spring-damper prevents impulsive
forces from being generated. Second, the modeling equations specify unique transitions
between system states.

Proposition 3.4. Consider the network of Figure 13 in which the displacements
y(t), z(t), u(t), r(t) are assumed to be continuous.

(a) For any solutions of the network, ẏ(t), ż(t), and ṙ(t) are continuous, includ-
ing transitions between states, and no impulsive forces may occur. Furthermore, u̇(t)
is continuous for a transition from engagement to disengagement as also are ÿ, z̈,
and r̈. On the other hand, u̇ may be discontinuous for a transition from state L3 to
engagement.

(b) Suppose the system is in state L1 just before t0 and F ↑ 0 (strictly), i.e.,
Ḟ (t−0 ) > 0. Then there is a well-defined transition to state L3.

(c) Suppose the system is in state L3 just before t0 and y − u ↑ ε (strictly), i.e.,
ẏ(t−0 ) − u̇(t−0 ) > 0. Then there is a well-defined transition to state L1.
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Proof. (a) Substitution of (3.27d) into (3.27a) and (3.27b) shows that ẏ, ż are
continuous; otherwise impulsive behavior occurs, which would violate the continuity
of r and u. Equating (3.27c) and (3.27d) shows that ṙ is continuous.

For a transition from state L1 to L3, we expect the force through the buffer to be
continuous, i.e., F (t−0 ) = F (t+0 ). Since r, u, ṙ are continuous, u̇ has to be continuous
through the transition from (3.27d). Consequently, (3.27a), (3.27b), and (3.27c) show
that also ÿ, z̈, r̈ are continuous.

For a transition from state L3 to L1, F (t−0 ) = 0 and F (t+0 ) ≤ 0. Since r, u, and ṙ
are continuous, u̇ will be discontinuous if F (t+0 ) < 0 from (3.27d).

(b) A continuation in state L1 would require that F (t) ≤ 0 for t > t0, which is
not possible since F (t0) = 0 and Ḟ (t−0 ) > 0 (solutions not leaving L1 will have Ḟ
continuous).

A well-defined transition to L3 requires that y(t) − u(t) < ε for t just after t0.
We will now verify that this holds. Let us assume that a transition to L3 occurs. We
first observe that F (t) = 0 for t just after t0 and F (t−0 ) = 0 so that F (t) is continuous
at t0. (There cannot be an impulse in F (t) at t0 since this would violate continuity
of displacements using (3.27d).) Since r, u, and ṙ are continuous at t0, then u̇ is
continuous at t0 from (3.27d). Therefore, ẏ(t+0 ) − u̇(t+0 ) = ẏ(t−0 ) − u̇(t−0 ) = 0. Hence,
we need to consider ÿ(t+0 ) − ü(t+0 ). By assumption, F ≡ 0 after t0, which means that

Ḟ (t+0 ) = k1

(
ṙ(t+0 ) − u̇(t+0 )

)
+ c1

(
r̈(t+0 ) − ü(t+0 )

)
= 0.

Now observe that

ÿ(t+0 ) − ü(t+0 ) = ÿ(t−0 ) −
(
k1/c1

(
ṙ(t−0 ) − u̇(t−0 )

)
+ r̈(t−0 )

)
= −

(
k1

(
ṙ(t−0 ) − u̇(t−0 )

)
+ c1

(
r̈(t−0 ) − ü(t−0 )

))
/c1

= −Ḟ (t−0 )/c1 < 0,(3.29)

using the facts that ṙ, u̇, r̈ are continuous and that ÿ(t−0 ) − ü(t−0 ) = 0. Equation (3.29)
shows that y(t) − u(t) < ε after t0.

(c) A continuation in L3 would require y − u < ε, which is not possible since
ẏ(t−0 ) − u̇(t−0 ) > 0 (solutions not leaving L3 will have ẏ − u̇ continuous). A well-
defined transition to L1 requires that F ≤ 0 after t0. We will now verify that this
holds. In L1, y(t) ≡ u(t) + ε so that ẏ(t+0 ) = u̇(t+0 ). Hence

F (t+0 ) = k1

(
r(t+0 ) − u(t+0 )

)
+ c1

(
ṙ(t+0 ) − u̇(t+0 )

)
= k1

(
r(t−0 ) − u(t−0 )

)
+ c1

(
ṙ(t−0 ) − u̇(t−0 )

)
+ c1

(
u̇(t−0 ) − u̇(t+0 )

)
= c1

(
u̇(t−0 ) − ẏ(t−0 )

)
< 0.

3.6.2. Convergence to solutions of section 3.4.1. The networks in Fig-
ures 10 and 13 are similar and differ only by the spring k1 and damper c1. In this
section we investigate the convergence behavior of the network of Figure 13 when
c1 = a

√
k1 and k1 → ∞. This choice of c1 renders imaginary all (four) nonzero roots

of the characteristic equation corresponding to state L1 in the interval a ∈ [0, 1). We
will focus on the transition from disengagement to engagement where impulsive forces
were needed for the network in Figure 10. We will show that the “dwell time” in the
engagement state tends to zero as k1 → ∞. Furthermore, the force through the play
element in the engagement state approaches an impulse in the limit as k1 → ∞. Fi-
nally, the strength of the impulse is uniquely determined and covers a range of impulse
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strengths P as a function of a as determined in Remark 2. For simplicity we carry
out the analysis with numerical values for the parameters m1, m2, b, and k.

Consider first the solution in case L1. The determinant of sI −AL1 is given by

s2
(
s4 + c1

m1m2 + b(m1 +m2)
m1m2b

s3 +
m1m2k1 + b(m1 +m2)(k + k1)

m1m2b
s2

+ k
m1 +m2

m1m2b
(c1s+ k1)

)
.

Two roots are at the origin, and with m1 = m2 = 1 kg, b = 1/2 kg, and k = 1 Nm−1

the roots of the quartic are

s1,2 = ±j +O
(
k
−1/2
1

)
,

s3,4 = −2a
√
k1 ± j2

√
k1

√
1 − a2 +O

(
k
−1/2
1

)
.

From (3.27a) and (3.27b) we see that m2ÿ +m1z̈ = 0. Without loss of generality
we can restrict our attention to trajectories for which m2y +m1z ≡ 0. We therefore
consider a transition from L3 to L1 with the initial condition for the dynamic equations
in state L1 as in (3.23). We then solve the state-space equations for L1 to find the
dominant term in the force through the inerter given by

b(z̈ − r̈)Dom = −b
(

1 − 2a2

√
1 − a2

sin(ω2t) + 2a cos(ω2t)
)√

k1K exp
(
−2a

√
k1t
)
,

where ω2 = 2
√
k1

√
1 − a2 (subscript Dom means dominant term). In order that

F ≤ 0 in state L1, it is necessary that K > 0. We calculate that this dominant
term is negative for 0 < t < t1. Time t1 marks the first zero crossing of (1 −
2a2)/

√
1 − a2 sin(ω2t1) + 2a cos(ω2t1) = 0. This suggests that the system remains

in state L1 until time t1 (approximately) at which there is a transition to L3. Quali-
tatively, this behavior is approaching one where there is an impulsive force at engage-
ment with an immediate transition back to state L3. This is similar to behavior that
was identified in section 3.4.1. We can further calculate the expected strength of the
impulse as follows:

P (a) : =
∫ t1

0

b(z̈ − r̈)Dom dt(3.30)

= −bK
2
e−2a

√
k1t

[
2a
(√

1 − a2 sin(ω2t) − a cos(ω2t)
)

− 1 − 2a2

√
1 − a2

(√
1 − a2 cos(ω2t) + a sin(ω2t)

)]t1
0

.

The function is strictly monotonic with P (0) = −K/2 and lima→1 P (a) = −(1 +
e−2)K/4.

In summary, we have determined a range of unique solutions for network Fig-
ure 13, depending on the amount of damping c1, which approximate an impulse in
the limit as k1 → ∞. The buffer network provides impulse strengths in the range
2P0 < P < (1 + e−2)P0 for the chosen numerical values. This captures some, but
not all, dissipative solutions illustrated in Figure 11. In particular, the coalescing case
where P = P0 is not captured.
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Fig. 14. Semi-ideal play model.
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Fig. 15. Surface compliance models. (a) Standard linear solid model. (b) Maxwell fluid.

4. Semi-ideal play. We define a semi-ideal play model as having an ideal play
element in series with a parallel spring-damper network (Figure 14). The parallel
spring-damper buffer was used in section 3.6 for the study of well-posedness, and
it is also related to the Kelvin–Voigt model of solids [6, p. 7] to account for the
elasticity and friction of bodies in contact. We mention that other buffer networks
have also been proposed, e.g., the standard linear and the Maxwell models [8, p. 24],
[10, p. 184] shown in Figure 15.

Consider the displacement across the semi-ideal play element to be zd = z1 − z3,
the displacement of the parallel spring-damper buffer network to be zn = z1 − z2, and
the displacement of the ideal play element to be zp = z2 − z3, with corresponding
velocities. Then we can write the following equation for the force:

(4.1) F (t) = k1 (zd(t) − zp(t)) + c1 (żd(t) − żp(t)) .

Three disjoint cases follow from the description of the ideal play element introduced
in section 3.1:

(engagement–extension): F ≤ 0, zp(t) = −ε,(4.2a)
(disengagement): |zp(t)| < ε, F = 0,(4.2b)
(engagement–compression): F ≥ 0, zp(t) = ε.(4.2c)

4.1. Connections to an approach of Nordin, Galic, and Gutman. In [13,
sec. 2.1], [14, sec. 2.2] a rotational backlash model is proposed consisting of a compliant
shaft in series with a clearance gap. In translational form this can be represented by
a network of the type shown in Figure 14, namely, a parallel spring-damper in series
with some play element. The corresponding mathematical model given in [13] is as
follows:

żp =

⎧⎪⎨
⎪⎩

(a) max(0, żd + (k1/c1)(zd − zp)) if zp = −ε,
(b) żd + (k1/c1)(zd − zp) if |zp| < ε,

(c) min(0, żd + (k1/c1)(zd − zp)) if zp = ε

(4.3)

with output

(4.4) F =

{
0 if |zp| < ε,

k1 (zd − zp) + c1żd if |zp| = ε.
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Fig. 16. Semi-ideal play model implementation using Simulink.

At first sight it is not clear what definition of play is being used; however, we will now
show that it is practically identical with our behavioral definition.

Proposition 4.1. Let (t1, t2) be an open interval in which (4.1) and (4.2a) hold;
then (4.3a) and (4.4) hold over the same interval. The converse statement also holds.
The corresponding equivalences for (b) and (c) also hold.

Proof. (4.1), (4.2a) ⇒ (4.3a), (4.4). Since zp(t) = −ε on (t1, t2), żp(t) = 0 on
(t1, t2). Hence, from (4.1), F = k1 (zd(t) − zp(t)) + c1żd(t), which gives (4.4), and we
can also write żp(t) = max (0, żd(t) + (k1/c1)(zd(t) − zp(t))) since F ≤ 0, which shows
(4.3a).

(4.3a), (4.4) ⇒ (4.1), (4.2a). Since zp(t) = −ε on (t1, t2), żp(t) = 0 on (t1, t2).
Hence, from (4.3a), żd(t) + (k1/c1) (zd(t) − zp(t)) ≤ 0 on (t1, t2), and hence (4.1) and
(4.2a) hold on (t1, t2).

(4.1), (4.2b) ⇔ (4.3b), (4.4). These are trivially identical.
(4.1), (4.2c) ⇔ (4.3c), (4.4). This is similar to (4.1), (4.2a) ⇔ (4.3a), (4.4).
Remark 4. For network interconnections where switching between engagement

and disengagement happens at isolated times, the solutions of (4.1)–(4.2) and (4.3)–
(4.4) coincide almost everywhere. For solutions in which displacements are continuous,
displacements must agree at all times, with the possibility that velocities disagree at
isolated times.

Remark 5. The definition of semi-ideal play as an input-output model suggests
the possibility of using results from feedback systems to establish well-posedness of
networks with play, as in Proposition 2.1. We point out that this may be more diffi-
cult than with the play operator since the model may give discontinuous outputs for
continuous inputs.

4.2. A network implementation of semi-ideal play. This section presents
a numerical implementation of the play model (4.3)–(4.4) which appears to work well
in both ordinary and pathological cases. To determine the state of operation it is nec-
essary to observe the relative displacement across the ideal play element zp(t), which
can be calculated by integration of the relative velocity żp = żd − żn. Integration fol-
lowed by saturation introduces integrator wind-up. To avoid such complications, we
consider a saturating integrator,

zp(t) =
∫ t

0

ζżp(t) dt with ζ =
{

0 if |zp(t)| = ε,
1 if |zp(t)| < ε,

which is readily available in MATLAB Simulink. The complete model is shown in
Figure 16 with input żd, output F , and u = (k1/c1)zd + żd.

The saturating integrator produces a saturation signal, which outputs one of the
three states (−1, 0, 1) corresponding to (zp(t) = −ε, −ε < zp(t) < ε, zp(t) = ε). This
signal would suffice to switch the force output correctly in a continuous time system.
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However, the sample time in a digital implementation delays the signal zp(t), the
output of the integrator, by a time step to the corresponding force signal F . Thus,
F can change sign during a transition. This single step instant violates the model
description in (4.3)–(4.4). It is recommended to reduce the integrator sample time to
much below the time frame of any principle dynamics to reduce this effect.

Figure 17 shows numerical simulations obtained with the implementation of Figure
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z d

Input signal zd(t) (—) and derivative (– –)

(a) Input signal (zd(t), żd(t)) invoking patholog-
ical states. (Output in Figure (c).)
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żd

ti ti+1 ti+2 ti+3 ti+4

z d

Input signal zd(t) (—) and derivative (– –)

(b) Input signal (zd(t), żd(t)) without patholog-
ical states. (Output in Figure (d).)
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(c) Force, displacement across ideal play to
input in (a), including pathological states.
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(d) Force, displacement across ideal play to
input shown in (b).
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(e) Detail of Figure (d) to illustrate a smooth transition from engagement to disengagement but
not at reengagement. Both F and żp are continuous at disengagement but not at reengagement.

Fig. 17. Input and output signals to network in Figure 16. Figures (a) and (c), and (b) and
(d), are signal pairs under the same conditions. The parameters used are ε = 0.1, k = 10 kNm−1,
c = 1kNsm−1.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PLAY IN MECHANICAL NETWORKS 2989

16. Figures 17(a), (c) consider a very special situation in which żd is chosen so that
engagement and disengagement “only just” occur with the force remaining at zero
throughout. Figures 17(b), (d), (e) show ordinary situations of engagement and dis-
engagement in which the force is continuous at disengagement, but not at engagement.

5. Conclusions. This paper has shown that the treatment of play as an input-
output operator in mechanical networks leads to unsatisfactory solutions from a phys-
ical point of view (see section 2.2 for a summary). In contrast, a behavioral definition
of play does not suffer from these objections and appears more reasonable from a phys-
ical point of view. Well-posedness has been analyzed for several simple networks by
considering in detail the transitions between engagement and disengagement states.
Networks incorporating inerters were also considered, and it was shown that impulsive
forces may sometimes be generated. In such cases multiple solutions may exist with
different amounts of instantaneous energy loss. It was shown that the incorporation of
a buffer network (either a spring or a parallel spring-damper) recovers well-posedness,
and in the limit as the stiffness of the buffer tends to infinity, a range of impulse
strengths is obtained. It was seen that the use of such buffer networks is related to
the modeling of impact in contact mechanics. Finally, connections with the work of
Nordin, Galic, and Gutman were studied. It was pointed out that their input-output
model was essentially identical with the ideal play (behavioral definition) in series
with a parallel spring-damper. A MATLAB Simulink implementation of the model
was presented.
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OPTIMAL CONSUMPTION IN A GROWTH MODEL WITH THE
COBB–DOUGLAS PRODUCTION FUNCTION∗
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Abstract. An optimal consumption problem is studied in a growth model for the Cobb–Douglas
production function in a finite horizon. The problem is transferred into a stochastic Ramsey problem
so as to reduce the dimension of the state space. The corresponding state equation is a stochastic dif-
ferential equation with inherently non-Lipschitz coefficients, whose unique solvability is established.
The unique existence of the classical solution of the Hamilton–Jacobi–Bellman equation associated
with the original problem is proved, and a synthesis of the optimal consumption policy is presented
in the feedback form.

Key words. economic growth, Cobb–Douglas production function, Ramsey problem, Hamilton–
Jacobi–Bellman equation, viscosity solutions
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1. Introduction. We deal with the economic growth model originated by
Merton [7] for the Cobb–Douglas production function in the finite horizon. We define
the following quantities:

T = finite horizon;
yt = labor supply at time t ∈ [0, T ];
zt = capital stock at time t ∈ [0, T ];
ν = the constant rate of depreciation, ν ≥ 0;
ctzt = consumption rate at time t ∈ [0, T ], 0 ≤ c(t) ≤ 1;
ctzt/yt = the totality of consumption rate per person;
F (z, y) = the Cobb–Douglas production function zαy1−α, 0 < α < 1, producing

the commodity for the capital stock z > 0 and the labor force y > 0;
n, σ = nonzero constant coefficients;
U(c) = the utility function for the consumption rate c ≥ 0.

We assume that the labor supply yt and the capital stock zt are governed by the
stochastic differential equation (SDE)

dyt = nytdt+ σytdBt, y0 = y > 0,(1.1)
żt = F (zt, yt) − νzt − ctzt, 0 < t ≤ T, z0 = z > 0,(1.2)
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on a complete probability space (Ω,F , P ) carrying a standard Brownian motion {Bt}.
Let c = {ct} be a consumption policy per capita such that

ct is progressively measurable with respect to the filtration Ft = σ(Bs, s ≤ t),
0 ≤ ct ≤ 1, 0 ≤ t ≤ T,(1.3)

and we denote by A the class of all consumption policies {ct} per capita.
The purpose of this paper is to present a synthesis of optimal consumption policy

c∗ so as to maximize the expected utilities

(1.4) J(c) = E

[∫ T

0

U(ctzt/yt) dt

]

per person with finite horizon T over the class A. The Hamilton–Jacobi–Bellman
(HJB) equation associated with this problem is given by

Vt +
1
2
σ2y2Vyy + nyVy + {F (z, y)− νz}Vz + max

0≤c≤1
{U(cz/y)− czVz} = 0, 0 ≤ t < T,

V (T, z, y) = 0, z > 0, y > 0,(1.5)

where the subscripts denote the partial derivatives, and the utility function U(c) is
assumed to have the following properties:

U ∈ C[0,∞) ∩ C2(0,∞), U ′′(c) < 0 for c > 0,
U ′(∞) = U(0+) = 0, U ′(0+) = U(∞) = ∞.(1.6)

The last two conditions constitute what is known as the Inada condition. Its economic
interpretation is that, while the utility is very small (respectively, very large) for a
very small (respectively, very large) consumption rate, the marginal utility diminishes
as the consumption rate becomes extremely large.

Under (1.6), by the uniform continuity of U near 0, we have that

(1.7) ∀ε > 0, ∃Cε > 0 : |U(c) − U(c̄)| ≤ Cε|c− c̄| + ε for c, c̄ > 0.

The technical difficulty in solving the problem lies in the fact that the HJB equa-
tion (1.5) is a parabolic PDE with two spatial variables y and z. The main approach
to be employed is to reduce the dimension by turning the problem into a so-called
Ramsey problem [7]. Through an analysis of the Ramsey problem, together with the
viscosity solution technique, we are able to show that (1.5) admits a smooth solution
V , and the optimal consumption policy c∗ can be represented in a feedback form. A
major technical hurdle to overcome is to prove the existence and uniqueness of solu-
tions to the state equation of the Ramsey problem, whose drift coefficient is inherently
non-Lipschitz. Moreover, we need to estimate the Hölder order of the solution in time.
It should be noted that the stochastic Ramsey problem is analytically studied in [5],
but in the infinite time horizon. The resulting HJB equation is an elliptic PDE, which
is very different from the parabolic PDE dealt with in the present paper. We also re-
fer to [6] for the growth model with the constant-returns-to-scale production function
replacing F (z, y) of (1.2).

This paper is organized as follows. In sections 2 and 3, we reduce (1.5) to the
two-dimensional HJB equation associated with the stochastic Ramsey problem, and
we show the existence of viscosity solutions of the HJB equation. Sections 4 and
5, respectively, are devoted to the C2-regularity and the concavity of the viscosity
solution. In section 6, we give a synthesis of the optimal consumption policy.
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2. The stochastic Ramsey problem. We consider the HJB equation (1.5)
and seek the solution V (t, z, y) of (1.5) of the form

(2.1) V (t, z, y) = v(t, x), x = z/y.

Clearly,

(2.2) yVy = −xvx, yVz = vx, y2Vyy = x2vxx + 2xvx.

Then, by (1.5), v(t, x) solves the HJB equation

(2.3)

vt(t, x) +
1
2
σ2x2vxx(t, x) + (xα − μx)vx(t, x) + Ũ(x, vx(t, x)) = 0, 0 ≤ t < T,

v(T, x) = 0, x > 0,

where μ = n+ ν − σ2 and

(2.4) Ũ(x, p) = max
0≤c≤1

{U(cx) − cxp}, p ∈ R.

We observe that (2.3) is the HJB equation associated with the stochastic Ramsey
problem so as to maximize

(2.5) J̄(c) = E

[∫ T

0

U(ctRt)dt

]

over the class A, subject to

dRt = (Rαt − μRt − ctRt)dt− σRtdBt, 0 < t ≤ T,(2.6)
R0 = x > 0.

The above SDE does not satisfy the Lipschitz condition, as normally required for
existence and uniqueness. Moreover, we need to estimate the dependence, if any, of
the solution on the time and the initial state. We solve these problems by an ad hoc
technique.

Proposition 2.1. For each c ∈ A, there exists a unique positive solution {Rt} =
{Rxt } of (2.6), which satisfies

E

[
sup

0≤t≤T
R2
t

]
≤ C(1 + x2),(2.7)

E[|Rr −Rs|] ≤ C(1 + x)|r − s|1/2, 0 ≤ s ≤ r ≤ T,(2.8)
E[|Rxs −Rys |] ≤ C|x− y|1−α(1 + xα + yα), x, y > 0, 0 ≤ s ≤ T,(2.9)

where the constant C > 0 depends only on α, T, μ, σ.
Proof. By Itô’s formula,

dR1−α
t = (1 − α)R−αt {(Rαt − μRt − ctRt)dt− σRtdBt}

+
1
2
σ2(1 − α)(−α)R−α−1

t R2
tdt.
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Hence, setting xt = R1−α
t , we have

(2.10)

dxt = (1 − α)
{

1 −
(
μ+ ct +

1
2
σ2α

)
xt

}
dt− (1 − α)σxtdBt

= (1 − α)
{

1 −
(
ct +

1
2
σ2α

)
xt

}
dt− xt(1 − α)(μdt+ σdBt), x0 = x1−α.

By linearity, (2.11) admits a unique solution {xt}. Also, we apply the comparison
theorem to (2.11) and

dx̄t = (1 − α)
{
−
(
μ+ ct +

1
2
σ2α

)
x̄t

}
dt− (1 − α)σx̄tdBt, x̄0 = x0.

Then

xt ≥ x̄t(2.11)

= x0 exp
{

(1 − α)
(
−μt−

∫ t

0

csds−
1
2
σ2αt

)

−(1 − α)σBt −
1
2
(1 − α)2σ2t

}
> 0.

Thus, we obtain a positive solution {Rt} of (2.6). Let {x̂t} be the solution of

dx̂t = −x̂t(1 − α)(μdt + σdBt), x̂0 = x0.

Setting Ht = xt/x̂t and ᾱ = σ2(1 − α)α/2, we have

dHt = (1 − α)
{

1
x̂t

−
(
ct +

1
2
σ2α

)
Ht

}
dt

≤
(

1 − α

x̂t
− ᾱHt

)
dt, H0 = 1.

Therefore

(2.12) xt ≤ x̂te
−ᾱt

{
1 + (1 − α)

∫ t

0

eᾱs

x̂s
ds

}
,

which yields (2.7).
Now, let β = 1/(1− α) > 1 and Mt = exp{−(1− α)σBt − (1/2)(1− α)2σ2t}. By

(2.12) and Doob’s maximal inequality, we have

E

[
sup

0≤t≤T
xβt

]
≤ C

(
1 + xβ0E

[
sup

0≤t≤T
Mβ
t

])

≤ C

(
1 + xβ0

(
β

β − 1

)β
E[Mβ

T ]

)
(2.13)

≤ C′(1 + x),



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

OPTIMAL CONSUMPTION IN A GROWTH MODEL 2995

where the constant C′ > 0 depends only on α, T, μ, σ. Hence, by (2.11), (2.13), and
the moment inequality for martingales, we get

E[|xr − xs|β ] ≤ 2β
(
E

[∣∣∣∣
∫ r

s

(1 − α)
{

1 −
(
μ+ ct +

1
2
σ2α

)
xt

}
dt

∣∣∣∣β
]

+ E

[∣∣∣∣
∫ r

s

(1 − α)σxtdBt

∣∣∣∣β
])

≤ C

(
E

[(∫ r

s

(1 + x2
t )dt

)β/2]
|r − s|β/2 + E

[(∫ r

s

x2
tdt

)β/2])

≤ C′(1 + x)|r − s|β/2, 0 ≤ s ≤ r ≤ T.

Since

|xβ − yβ | =
∣∣∣∣
∫ x

y

βtβ−1dt

∣∣∣∣ ≤ β|x − y|(|x|β−1 + |y|β−1), x, y ≥ 0,

we observe by Hölder’s inequality that

E[|Rr −Rs|] = E[|xβr − xβs |]
≤ β(E[|xr − xs|β ])1/β(E[(|xr |β−1 + |xs|β−1)β/(β−1)])1−1/β

≤ β(C′(1 + x)|r − s|β/2)1/β
(
E

[
2β/(β−1) sup

0≤t≤T
|xt|β

])1−1/β

≤ C(1 + x)|r − s|1/2,

which implies (2.8).
Next, we set rt = (Ryt )1−α. Then, by (2.11),

d(xt − rt) = (1 − α)
(
−μ− ct −

1
2
σ2α

)
(xt − rt)dt− (1 − α)σ(xt − rt)dBt,

or equivalently,

xs − rs = (x0 − r0) exp
{

(1 − α)
(
−μt−

∫ s

0

ctdt−
1
2
σ2αs

)

−(1 − α)σBs −
1
2
(1 − α)2σ2s

}
.

Hence

E[|xs − rs|β ] ≤ C|x0 − r0|β .

By Hölder’s inequality, we deduce

E[|Rxs −Rys |] = E[|xβs − rβs |]
≤ β(E[|xs − rs|β ])1/β(E[(|xs|β−1 + |rs|β−1)β/(β−1)])1−1/β

≤ C|x0 − r0|(1 + xα + yα),

which implies (2.9).
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3. Viscosity solutions. We study the viscosity solution v of the HJB equation
(2.3), i.e.,

vt +
1
2
σ2x2vxx + (xα − μx)vx + Ũ(x, vx) = 0 in Q := [0, T )× (0,∞),(3.1)

v(T, x) = 0, x > 0.(3.2)

Definition 3.1. Let v ∈ C([0, T ] × (0,∞)) satisfy (3.2). Then v is called a
viscosity solution of (3.1) if the following assertions are satisfied:

a+
1
2
σ2x2X+(xα−μx)λ+Ũ(x, λ) ≥ 0 ∀(a, λ,X) ∈ P2,+v(s, x), ∀(s, x) ∈ Q,

a+
1
2
σ2x2X+(xα−μx)λ+Ũ(x, λ) ≤ 0 ∀(a, λ,X) ∈ P2,−v(s, x), ∀(s, x) ∈ Q,

where P2,+ and P2,− are the second parabolic superdifferentials and subdifferentials
[1] defined by

P2,+v(s, x) =
{

(a, λ,X) ∈ R3 :

lim sup
(t,y)∈Q→(s,x)

v(t, y) − v(s, x) − a(t− s) − λ(y − x) − 1
2X(y − x)2

|t− s| + |y − x|2 ≤ 0
}
,

P2,−v(s, x) =
{

(a, λ,X) ∈ R3 :

lim inf
(t,y)∈Q→(s,x)

v(t, y) − v(s, x) − a(t− s) − λ(y − x) − 1
2X(y − x)2

|t− s| + |y − x|2 ≥ 0
}
.

Define

(3.3) v(s, x) = sup
c∈A

E

[∫ T

s

U(ctXt) dt

]
,

where {Xt} is the solution of (2.6) for t ∈ (s, T ] with Xs = x, that is,

(3.4) dXt = (Xα
t − μXt − ctXt)dt− σXtdBt, s < t ≤ T, Xs = x > 0,

and the supremum is taken over all systems (Ω,F , P, {Ft}; {Bt}, {ct}). We choose
b1 > 0 such that xα − μx ≤ b1. Taking sufficiently large b0 > b1, we observe that
ζ(t, x) := eT−t(x+ b0) fulfills

ζt +
1
2
σ2x2ζxx + (xα − μx)ζx + Ũ(x, ζx) ≤ eT−t{−b0 + (xα − μx)} + Ũ(x, eT−t)

≤ eT−t(−b0 + b1) + U ◦ (U ′)−1(eT−t)(3.5)
≤ −b0 + b1 + U ◦ (U ′)−1(1) < 0, (t, x) ∈ [0, T )× (0,∞).

Lemma 3.2. We assume (1.6). Then the following assertions are valid:

(3.6) 0 ≤ v(s, x) ≤ ζ(s, x).
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For any ε > 0, there exists Cε > 0 such that

|v(s, x) − v(r, y)| ≤ Cε{|s− r|1/2(1 + x+ y) + |x− y|} + ε(1 + x+ y),
x, y > 0, 0 ≤ r ≤ s ≤ T.(3.7)

Proof. By Itô’s formula and (3.5), we have

0 ≤ ζ(T,XT )

= ζ(s, x) +
∫ T

s

{
ζt(t,Xt) + [(Xt)α − μXt − ctXt]ζx(t,Xt)

+
1
2
σ2X2

t ζxx(t,Xt)
}
dt−

∫ T

s

σXtζx(t,Xt)dBt(3.8)

≤ ζ(s, x) −
∫ T

s

U(ctXt)dt−
∫ T

s

σXte
T−tdBt a.s.

By (2.7), we note that {
∫ t
s σXre

−rdBr} is a martingale. Therefore, we deduce (3.6).
Now, by (3.3), we have

|v(s, x) − v(r, y)| ≤ sup
c∈A

E

[∣∣∣∣∣
∫ T

s

U(ctXt)dt−
∫ T

r

U(ctYt)dt

∣∣∣∣∣
]

(3.9)

≤ sup
c∈A

E

[∫ T

s

|U(ctXt) − U(ctYt)|dt
]

+ sup
c∈A

E

[∫ s

r

U(ctYt)dt
]

≡ J1 + J2,

where {Yt} denotes the solution of (3.4) with Yr = y. By (2.9) and Young’s inequality,
choosing a suitable constant δ > 0 for any ε′ > 0, we note that

E[|Xt − Yt|] ≤ C

{
1 − α

δ
(|x− y|1−α)1/(1−α) + αδ(1 + xα + yα)1/α

}
= Cε′ |x− y| + ε′(1 + x+ y).

Also, by (2.7),

E[Xt] ≤ C(1 + x).

Hence, by (1.7),

J1 ≤ sup
c∈A

E

[∫ T

0

{Cε|Xt − Yt| + ε}dt
]

≤ CεT {Cε′ |x− y| + ε′(1 + x+ y)} + εT.

By the same calculation as (3.8), taking into account (2.7) and (2.8), we get

J2 ≤ E[ζ(r, Yr) − ζ(s, Ys)]
≤ E[|ζ(r, Yr) − ζ(r, Ys)|] + E[|ζ(r, Ys) − ζ(s, Ys)|]
≤ eT {E[|Ys − Yr|] + E[|s− r||Ys + b0|]}
≤ C|s− r|1/2(1 + y).
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Therefore, we deduce (3.7).
Theorem 3.3. We assume (1.6). Then the value function v of (3.3) is a viscosity

solution of (3.1).
Proof. By Lemma 3.2, we see that v ∈ C([0, T ]×(0,∞)), and by (3.3), v(T, x) = 0.

According to [2], the viscosity property of v follows from the dynamic programming
principle for v; that is,

(3.10) v(s, x) = sup
c∈A

E

[∫ τ

s

U(ctXt)dt+ v(τ,Xτ )
]

∀(s, x) ∈ [0, T )× (0,∞)

for any τ ∈ [s, T ), where the supremum is taken over all systems (Ω,F , P, {Ft};
{Bt}, {ct}).

Let v̄ be the right-hand side of (3.10) and set J(s,x)(c) = E[
∫ T
s U(ctXt)dt]. For

each c = {ct} ∈ A, let X̃t = Xt+τ and B̃t = Bt+τ −Bτ . Then we have

dX̃t = (X̃α
t − μX̃t − c̃tX̃t)dt− σX̃tdB̃t, t ∈ (0, T − τ ], X̃0 = Xτ ,

where c̃ = {c̃t} is the shifted process of c by τ , i.e., c̃t = ct+τ . By (3.4), we see that

E

[∫ T

τ

U(ctXt)dt|Fτ

]
= E

[∫ T−τ

0

U(c̃tX̃t)dt|Fτ

]
= J(τ,Xτ )(c) a.s.

with respect to the conditional probability measure P (·|Fτ ). Hence

J(s,x)(c) = E

[∫ τ

s

U(ctXt)dt+
∫ T

τ

U(ctXt)dt

]

≤ E

[∫ τ

s

U(ctXt)dt+ v(τ,Xτ )
]
.

Taking the supremum, we deduce v ≤ v̄.
Conversely, let {Sj : j = 1, . . . , n+ 1} be a sequence of disjoint subsets of (0,∞)

such that

diam(Sj) < δ,

n⋃
j=1

Sj = (0, R), and Sn+1 = [R,∞)

for δ,R > 0 chosen later. For any ε > 0, we take xj ∈ Sj and c(j) ∈ A such that

(3.11) v(τ, xj) − ε ≤ J(τ,xj)(c
(j)), j = 1, . . . , n+ 1.

By the same argument as (3.7), we note that

|J(τ,x)(c)− J(τ,y)(c)|+ |v(τ, x)− v(τ, y)| ≤ Cε|x− y|+ ε

4
(1 + x+ y), x, y > 0, c ∈ A,

for some constant Cε > 0. We choose 0 < δ < 1 such that Cεδ < ε/2. Then, we have

|J(τ,x)(c(j)) − J(τ,y)(c(j))| + |v(τ, x) − v(τ, y)| ≤ ε(1 + x), x, y ∈ Sj ,

from which

J(τ,Xτ )(c(j)) ≥ J(τ,xj)(c
(j)) − ε(1 +Xτ ) if Xτ ∈ Sj , j = 1, . . . , n.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

OPTIMAL CONSUMPTION IN A GROWTH MODEL 2999

Hence

J(τ,Xτ )(c(j)) = J(τ,Xτ )(c(j)) − J(τ,xj)(c
(j)) + J(τ,xj)(c

(j))
≥ −ε(1 +Xτ ) + v(τ, xj) − ε(3.12)
≥ −2ε(1 +Xτ ) + v(τ,Xτ ) − ε if Xτ ∈ Sj , j = 1, . . . , n.

By definition, we find c ∈ A such that

v̄(s, x) − ε ≤ E

[∫ τ

s

U(ctXt)dt+ v(τ,Xτ )
]
.

As in the proof of Theorem IV-1.1 of [3], we can take c, c(j) on the same probability
space. Define

cτt = ct1{t<τ} + c
(j)
t 1{τ≤t≤T} if Xτ ∈ Sj , j = 1, . . . , n+ 1.

It is easy to see that {cτt } belongs to A. Let {Xτ
t } be the solution of

dXτ
t = [(Xτ

t )α − μXτ
t − cτtX

τ
t ]dt− σXτ

t dBt, s < t ≤ T, Xτ
s = x > 0.

Clearly, Xτ
t = Xt a.s. if s ≤ t < τ . Further, for each j = 1, . . . , n + 1, we have on

{Xτ ∈ Sj},

Xτ
r = Xτ +

∫ r

τ

[(Xτ
t )α − μXτ

t − cτtX
τ
t ]dt−

∫ r

τ

σXτ
t dBt, τ < r ≤ T a.s.

Hence Xτ
t = X

(j)
t for all t ∈ [τ, T ] a.s. on {Xτ ∈ Sj}, where {X(j)

t } denotes the
solution of

dX
(j)
t = [(X(j)

t )α − μX
(j)
t − c

(j)
t X

(j)
t ]dt− σX

(j)
t dBt, τ < t ≤ T, X(j)

τ = Xτ .

Thus, we get

J(τ,Xτ )(cτ ) = E

[∫ T

τ

U(cτtX
τ
t )dt|Fτ

]

= E

[∫ T

τ

U(c(j)t X
(j)
t )dt|Fτ

]
(3.13)

= J(τ,Xτ )(c(j)) a.s. on {Xτ ∈ Sj}.

Next, taking into account (3.6) and (2.7), we choose R > 0 such that

sup
c∈A

E[v(τ,Xτ )1{Xτ≥R}] ≤ sup
c∈A

eTE[(Xτ + b0)1{Xτ≥R}]

≤ sup
c∈A

eT

R
E[X2

τ + b0Xτ ](3.14)

≤ eT

R
{(1 + b0)C(1 + x2) + b0} < ε.
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By (3.11)–(3.14) and (2.7), we have

E

[∫ T

τ

U(cτtX
τ
t )dt

]
= E

[
E

[∫ T

τ

U(cτtX
τ
t )dt|Fτ

]]

= E[J(τ,Xτ )(cτ )]

= E

⎡
⎣n+1∑
j=1

J(τ,Xτ )(c(j))1{Xτ∈Sj}

⎤
⎦

≥ E

⎡
⎣ n∑
j=1

{v(τ,Xτ ) − 3ε(1 +Xτ )}1{Xτ∈Sj}

⎤
⎦

≥ E[{v(τ,Xτ ) − v(τ,Xτ )1{Xτ≥R}}] − 3εE[1 +Xτ ]

≥ E[v(τ,Xτ )] − ε− 3ε{2 + C(1 + x2)}.

Thus

v(s, x) ≥ E

[∫ τ

s

U(cτtX
τ
t )dt+

∫ T

τ

U(cτtX
τ
t )dt

]

≥ E

[∫ τ

s

U(ctXt)dt+ v(τ,Xτ )

]
− 4ε{2 + C(1 + x2)}

≥ v̄(s, x) − ε− 4ε{2 + C(1 + x2)}.

Therefore, letting ε→ 0, we obtain v̄ ≤ v. The proof is complete.

4. Classical solutions. In this section, we study the classical solutions of the
HJB equation (3.1) with the terminal condition (3.2). First, for any interval [ξ1, ξ2]
with ξ1 > 0, we consider the parabolic equation

(4.1) ut +
1
2
σ2x2uxx + (xα − μx)ux + Ũ(x, ux) = 0, 0 ≤ t < T, ξ1 < x < ξ2,

with the (parabolic) boundary condition

u(T, x) = v(T, x) = 0, x ∈ [ξ1, ξ2],(4.2)
u(t, ξ1) = v(t, ξ1), u(t, ξ2) = v(t, ξ2), t ∈ [0, T ).(4.3)

Theorem 4.1. Let ui ∈ C([0, T ] × [ξ1, ξ2]), i = 1, 2, be two viscosity solutions of
(4.1)–(4.3). Then, under (1.6), we have u1 = u2.

Proof. It is sufficient to show that u1 ≤ u2. Suppose there exists (t0, x0) ∈ [0, T )×
(ξ1, ξ2) such that u1(t0, x0) − u2(t0, x0) > 0. Then we find η > 0 such that


 := sup
(t,x)∈(0,T )×(ξ1,ξ2)

{
u1(t, x) − u2(t, x) − 2η

1
t

}
> 0.

By boundedness, we have

(4.4) u1(t, x) − u2(t, x) − 2η
1
t

→ −∞ uniformly in x as t ↓ 0.
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Thus, by (4.2) and (4.3), there exists (t̄, x̄) ∈ (0, T )× (ξ1, ξ2) such that


 = u1(t̄, x̄) − u2(t̄, x̄) − 2η
1
t̄
.

Define

Ψk(t, x, y) = u1(t, x) − u2(t, y) −
k

2
|x− y|2 − 2η

1
t

for k > 0. By (4.2) and (4.4), there exists (tk, xk, yk) ∈ (0, T )× [ξ1, ξ2]2 such that

(4.5) Ψk(tk, xk, yk) = sup Ψk(t, x, y) ≥ Ψk(t̄, x̄, x̄) = 
,

from which

k

2
|xk − yk|2 < u1(tk, xk) − u2(tk, yk) − 2η

1
tk
.

Thus

(4.6) |xk − yk| → 0 as k → ∞.

By the definition of (tk, xk, yk), we have

Ψk(tk, xk, yk) ≥ Ψk(tk, xk, xk).

Hence, by uniform continuity,

(4.7)
k

2
|xk − yk|2 ≤ u2(tk, xk) − u2(tk, yk) → 0 as k → ∞.

By (4.6), (4.5), and (4.3), and by extracting a subsequence, we have

tk → t̃ ∈ (0, T ), (xk, yk) → (x̃, x̃) ∈ (ξ1, ξ2)2 as k → ∞.

Now, we may consider that (tk, xk, yk) ∈ (0, T )×(ξ1, ξ2)2. Applying Ishii’s lemma
[1, Thm. 8.3] to

Ψk(t, x, y) = w1(t, x) − w2(t, y) −
k

2
|x− y|2,

we obtain a, b ∈ R and X,Y ∈ R such that

(a, k(xk − yk), X) ∈ P̄2,+w1(tk, xk),
(b, k(xk − yk), Y ) ∈ P̄2,−w2(tk, yk),(4.8)

a− b = 0,
(
X 0
0 −Y

)
≤ 3k

(
1 −1
−1 1

)
,

where w1(t, x) = u1(t, x) − η/t and w2(t, y) = u2(t, y) + η/t. From the definition of
P2,+u1(tk, xk),P2,−u2(tk, yk), it follows that
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P2,+u1(t, x) =
{

(â, λ, X̂) + η

(
−1
t2
, 0, 0

)
: (â, λ, X̂) ∈ P2,+w1(t, x)

}
,

P2,−u2(t, x) =
{

(â, λ, X̂) − η

(
−1
t2
, 0, 0

)
: (â, λ, X̂) ∈ P2,−w2(t, x)

}
.

Hence

(ā, λ1, X̄) := (a, k(xk − yk), X) + η

(
−1
t2k
, 0, 0

)
∈ P̄2,+u1(tk, xk),

(b̄, λ2, Ȳ ) := (b, k(xk − yk), Y ) − η

(
−1
t2k
, 0, 0

)
∈ P̄2,−u2(tk, yk).

By Definition 3.1,

ā+
1
2
σ2x2

kX̄ + (xαk − μxk)λ1 + Ũ(xk, λ1) ≥ 0,

b̄ +
1
2
σ2y2

kȲ + (yαk − μyk)λ2 + Ũ(yk, λ2) ≤ 0.

Putting these inequalities together, we get

2η
1
t2k

≤ 1
2
σ2(x2

kX̄ − y2
kȲ ) + {(xαk − μxk)λ1 − (yαk − μyk)λ2}

+ |Ũ(xk, λ1) − Ũ(yk, λ2)|

≡ I1 + I2 + I3.

By (4.8) and (4.7), it is clear that

I1 =
σ2

2
(x2
kX − y2

kY ) ≤ σ2

2
3k|xk − yk|2 → 0 as k → ∞.

Since xα is Lipschitz on [ξ1, ξ2], we see by (4.7) that

I2 = k{(xαk − yαk ) − μ(xk − yk)}(xk − yk) → 0 as k → ∞.

By (1.7), (4.6), and (4.7), we have

I3 ≤ max
0≤c≤1

|U(cxk) − U(cyk)| + |xkλ1 − ykλ2|

≤ Cε|xk − yk| + ε+ k|xk − yk|2

→ 0 as k → ∞ and ε→ 0.

Consequently, we deduce

2η
1
T 2

≤ 2η
1
t̃2

≤ 0,

which is a contradiction.
Theorem 4.2. We assume (1.6). Then there exists a solution v ∈ C1,2([0, T ) ×

(0,∞)) ∩ C([0, T ]× (0,∞)) of (3.1), (3.2).
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Proof. By (1.6), we have

U(0) ≤ U ′(c)(−c) + U(c) ∀c > 0.

Then for any ξ1 > 0,

C0 := sup
0<c≤ξ1

cU ′(c) ≤ U(ξ1) <∞.

Hence, for x1, x2 ∈ [ξ1, ξ2] where ξ2 > ξ1,

|U(cx1) − U(cx2)| ≤ cU ′(cξ1)|x1 − x2| ≤
C0

ξ1
|x1 − x2|, 0 ≤ c ≤ 1.

Thus, for p1, p2 ∈ R,

|Ũ(x1, p1) − Ũ(x2, p2)| ≤ max
0≤c≤1

|U(cx1) − U(cx2)| + |x1p1 − x2p2|

≤
(
C0

ξ1
+ |p1|

)
|x1 − x2| + ξ2|p1 − p2|.

According to [4], by uniform ellipticity, there exists a unique solution u ∈ C([0, T ] ×
[ξ1, ξ2])∩C1,2([0, T )×(ξ1, ξ2)) of (4.1)–(4.3). Clearly, v is a viscosity solution of (4.1)–
(4.3). By Theorem 4.1, we have u = v and v is smooth. Since ξ1, ξ2 are arbitrary, we
obtain the assertion.

Corollary 4.3. We make the assumption of Theorem 4.2. Then there exists a
solution V ∈ C1,2([0, T )× (0,∞)2) of (1.5).

Proof. The proof follows from Theorem 4.2 and (2.1).

5. Concavity. In this section, we study the concavity of the solution v to (3.1),
(3.2).

Theorem 5.1. We assume (1.6). Then v(s, x) is concave in x ∈ (0,∞) for each
s ∈ [0, T ]. In addition, we have

(5.1) vx(s, x) > 0 for x > 0.

Proof. Let xi > 0, i = 1, 2, and 0 ≤ θ ≤ 1. For any ε > 0, there exists c(i) ∈ A
such that

v(s, xi) − ε < E

[∫ T

s

U(c(i)t X
(i)
t )dt

]
,

where {X(i)
t } denotes the solution of (3.4) corresponding to c(i) with X(i)

s = xi on the
same probability space. We set

c̄t =
θc

(1)
t X

(1)
t + (1 − θ)c(2)t X

(2)
t

θX
(1)
t + (1 − θ)X(2)

t

,

which belongs to A. Define {X̄t} and {X̃t} by

dX̄t = [(X̄t)α − μX̄t − c̄tX̄t]dt− σX̄tdBt, s < t ≤ T, X̄s = θx1 + (1 − θ)x2,

X̃t = θX
(1)
t + (1 − θ)X(2)

t .
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By concavity

X̃r ≤ θx1 + (1 − θ)x2 +
∫ r

s

[(X̃t)α − μX̃t − c̄tX̃t]dt−
∫ r

s

σX̃tdBt a.s.

By the comparison theorem, we have

X̃t ≤ X̄t, t ∈ (s, T ] a.s.

Thus,

v(s, θx1 + (1 − θ)x2) ≥ E

[∫ T

s

U(c̄tX̄t)dt

]
≥ E

[∫ T

s

U(c̄tX̃t)dt

]

= E

[∫ T

s

U(θc(1)t X
(1)
t + (1 − θ)c(2)t X

(2)
t )dt

]

≥ θE

[∫ T

s

U(c(1)t X
(1)
t )dt

]
+ (1 − θ)E

[∫ T

s

U(c(2)t X
(2)
t )dt

]
> θv(s, x1) + (1 − θ)v(s, x2) − ε.

Therefore, letting ε→ 0, we obtain the concavity of v.
To prove (5.1), by Theorem 4.2, we note that v is smooth. By nonnegativity and

concavity, we see that

vx(s, x) ≥ 0, x > 0,

for every s ∈ [0, T ). Suppose that vx(s, x0) = 0 for some x0 > 0. Then, vx(s, x) = 0
for all x ≥ x0. Hence v(s, x) can be written as v(s, x) = h(s) for x ≥ x0. By (3.1),
we have

U(x) = −vt(s, x) = −h′(s), x ≥ x0.

This is contrary to (1.6). Therefore we obtain (5.1).

6. Optimal policies. We give a synthesis of the optimal policy c∗ = {c∗t } for
the optimization problem (1.4) subject to (1.1)–(1.3). We consider the SDE

(6.1) dX∗t = [(X∗t )
α−μX∗t −γ(t,X∗t )X

∗
t ]dt−σX∗t dBt, 0 < t ≤ T, X∗0 = x > 0,

where γ(t, x) = I(x, vx(t, x)) and I(x, p) denotes the maximizer of (2.4) for x, p > 0,
i.e.,

(6.2) I(x, p) =
{

(U ′)−1(p)/x if U ′(x) ≤ p,
1 otherwise.

Lemma 6.1. Under (1.6), there exists a unique positive solution {X∗t } of (6.1).
Proof. By (5.1), we notice that γ(t, x) is well defined. Let {Nt} be the solution

of (2.6) corresponding to ct = 0. Define the probability measure P̂ on (Ω,FT , P ) by

dP̂ /dP = exp

{∫ T

0

γ(s,Ns)/σ dBs −
1
2

∫ T

0

(γ(s,Ns)/σ)2ds

}
.
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By the very definition (6.2) we have 0 ≤ γ(t, x) ≤ 1; so Girsanov’s theorem yields
that

B̂t := Bt −
∫ t

0

γ(s,Ns)/σ ds is a Brownian motion on (Ω,FT , P̂ ).

Hence,

dNt = [(Nt)α − μNt − γ(t,Nt)Nt]dt− σNtdB̂t under P̂ .

Thus, (6.1) admits a positive weak solution.
Now, by (6.2), we have

γ(t, x)x = min{(U ′)−1 ◦ vx(t, x), x}.

Also, by (1.6) and concavity,

∂

∂x
(U ′)−1 ◦ vx(t, x) =

vxx(t, x)
U ′′ ◦ (U ′)−1 ◦ vx(t, x)

≥ 0.

Thus, γ(t, x)x is nondecreasing on (0,∞) for each t. We rewrite (6.1) in the form of
(2.11). Then, we see that the pathwise uniqueness holds for (6.1). Therefore, by the
Yamada–Watanabe theorem [3], we deduce that (6.1) admits a unique strong solution
{X∗t }.

Theorem 6.2. We assume (1.6). Then the optimal consumption policy {c∗t } is
given by the feedback form

(6.3) c∗t = c�(t, z∗t , yt),

where c�(t, z, y) = I(z/y, yVz(t, z, y)) and {z∗t } is the unique solution of

(6.4) ż∗t = F (z∗t , yt) − νz∗t − c∗t z
∗
t , 0 < t ≤ T, z∗0 = z > 0.

Proof. We set X�
t = z∗t /yt. By Itô’s formula and (2.2), we see that X�

t solves
(6.1). Therefore, by Lemma 6.1, there exists a unique positive solution {z∗t } of (6.4).

By Theorems 4.2 and 5.1, we note that

0 < vx(t, x)x ≤ v(t, x) − v(t, 0+) ≤ v(t, x), x > 0.

Hence, by (3.6) and (2.7),

E

[∫ T

0

{vx(s,X�
s )X

�
s }2ds

]
≤ E

[∫ T

0

{v(s,X�
s )}2ds

]

≤ E

[∫ T

0

ζ(s,X�
s )

2ds

]
<∞.

By (2.2), this yields that {
∫ t
0
σysVy(s, z∗s , ys)dBs} is a martingale. By (1.5) and (6.2),

c� satisfies

Vt +
1
2
σ2y2Vyy + nyVy + {F (z, y) − νz}Vz + {U(c�z/y)− c�zVz} = 0.
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Applying Itô’s formula to (1.1) and (6.4), we get

E[V (T, z∗T , yT )] = V (0, z, y)− E

[∫ T

0

U(c∗t z
∗
t /yt)dt

]
,

which implies

E

[∫ T

0

U(c∗t z
∗
t /yt)dt

]
= V (0, z, y).

By the same calculation as above, we obtain

E

[∫ T

0

U(ctzt/yt)dt

]
≤ V (0, z, y)

for any c ∈ A. The proof is complete.
Remark 6.3. From the proof of Theorem 6.2, it follows that

sup
c∈A

E

[∫ T

s

U(ctzt/yt)dt

]
= V (s, z, y).

Thus, under (1.6), we see that the smooth solution V of the HJB equation (1.5) is
unique. Furthermore, let u be the solution of (4.1) on the entire domain [0, T )×(0,∞)
with u(T, x) = 0, x > 0. Setting x = z/y and V (t, z, y) = u(t, z/y) for z, y > 0, by
(2.2), we have that V satisfies (1.5). Therefore, we obtain the uniqueness of u.
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ANALYTICAL PARAMETERIZATION OF ROTORS AND PROOF OF
A GOLDBERG CONJECTURE BY OPTIMAL CONTROL THEORY∗

TÉRENCE BAYEN†

Abstract. Curves which can be rotated freely in an n-gon (that is, a regular polygon with n
sides) so that they always remain in contact with every side of the n-gon are called rotors. Using
optimal control theory, we prove that the rotor with minimal area consists of a finite union of arcs
of circles. Moreover, the radii of these arcs are exactly the distances of the diagonals of the n-gon
from the parallel sides. Finally, using the extension of Noether’s theorem to optimal control (as
performed in [D. F. M. Torres, WSEAS Trans. Math., 3 (2004), pp. 620–624]), we show that a
minimizer is necessarily a regular rotor, which proves a conjecture formulated in 1957 by Goldberg
(see [M. Goldberg, Amer. Math. Monthly, 64 (1957), pp. 71–78]).
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1. Introduction. In this paper, we investigate properties of rotors, that is, con-
vex curves that can be freely rotated inside a regular polygon Pn with n sides, n ≥ 3,
while remaining in contact with every side of Pn. When n = 4, P4 is a square of side
α, and a rotor of P4 is called a curve of constant width α or an orbiform. When n = 3,
P3 is an equilateral triangle, and a rotor of P3 is called a Δ-curve. There are infinitely
many such curves besides the circle (see section 2).

Orbiforms have been studied geometrically since the 19th century (see [5], [22],
[24], [27], [34]). In particular, Reuleaux’s name is attached to those orbiforms obtained
by intersecting a finite number of discs of equal radii α. The Reuleaux triangle is
the most famous of these orbiforms: it consists of the intersection of three circles of
radius one and whose centers are on the vertices of an equilateral triangle of side
one. Orbiforms have many interesting properties and applications in mechanics (see
[5], [6], [7], [23], [24], [25], [34]). For example, Reuleaux triangles are used in boring
square holes, and they are also part of the Wankel engine used by Japan’s Mazda cars.
Nowadays, the study of rotors is potentially interesting in mechanics for the design of
engines or propellers, for example, in the Navy.

An interesting shape optimization problem consists in determining the convex
body maximizing or minimizing the area in the class of rotors. It is easy to show
that the disc always has maximal area in this class. This is a consequence of the
isoperimetric inequality, as all rotors have the same perimeter (see Barbier’s theorem
in section 2.3). The question of finding a rotor of least area is more difficult. First,
notice that the problem of minimizing the area is well posed, as rotors are convex
bodies (see section 2.2). This question has been solved for n = 4 (that is, in the case
of orbiforms) by Blaschke using the mixed-volume (see [5]) and Lebesgue (see [22]).
They show that the Reuleaux triangle has the least area in the class of constant width
bodies of R

2. Fujiwara has given the first analytic proof of this result (see [11], [12]).
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More recently, Harrell gave a modern proof using minimization under constraints (see
[18]). The study of these problems in R

2 is useful for extensions in R
3 and in the

domain of spectral analysis. For example, the problem of finding a constant width
body of minimal volume in R

3 has recently been investigated (see [4], [20]). The
optimization of eigenvalues with respect to the domain Ω is also an intense field of
research (see [19] for an overview of many spectral problems involving convexity).
These questions require a careful study of dimension 2.

The Δ-curves have many similar geometrical properties to the orbiforms (see [7],
[34]). Fujiwara gave an analytic proof in [11] that, among all Δ-curves inscribed in
an equilateral triangle of side one, the one of minimal area is the Δ-biangle or lens.
It consists of two circular arcs of radius

√
3

2 and of length π
3 . This result was also

established by Blaschke and later by Weissbach (see [33]).
Whereas the cases n = 3 and n = 4 have been investigated, the question of

finding the rotor of least area for n ≥ 5 is open. Standard geometrical proofs cannot
be applied in this case (see [13]). In [15] and [16], Goldberg constructs a family of
“trammel” rotors in a regular polygon, (Oln±1

n )l∈N∗ , that have 2(ln± 1) symmetries,
and he conjectured in [15] that the minimizer is a rotor called On−1

n obtained for
l = 1. The boundary of a rotor Oln±1

n consists of a finite union of arcs of circles of
different radii ri and of equal sectors (see section 2.6). The values ri are exactly the
distances of the diagonals of the n-gon from the parallel sides. In this class, On−1

n has
the minimum number of arcs. An analytic description of these regular rotors is given
in [10] by Focke. In 1975, Klötzler made an analytic study of the minimization problem
using optimal control theory (see [2], [3], [21]). He showed in [21] that a minimizer
consists of a union of arcs of circles of radii ri, but he failed to prove that a minimizer
is in the class (Oln±1

n )l∈N∗ . His idea consists in reformulating the initial minimization
problem into an optimal control problem by choosing the radius of curvature as the
control variable. Unfortunately, he seems to prove that the regular rotors Oln±1

n are
local minimizers of the area in the subclass Rln±1

n of rotors having the same number
of arcs and the same radii of curvature. This result contradicts the one of Firey (see
[9]) in the case n = 4: the author shows that regular Reuleaux polygons with N sides,
N ≥ 5, maximize the area in the class of Reuleaux polygons with the same number
of sides. Moreover, in [2], the author performs only convex perturbations of a regular
rotor Oln±1

n . This kind of perturbation increases the area by the concavity of the
functional (the Brunn–Minkowski theorem; see [8]). The main difficulty is to consider
nonconvex perturbations of those rotors which are not obtained by a strictly convex
combination of two rotors.

The aim of the paper is to prove the following theorem conjectured by Goldberg
in 1957 (see [15]).

Theorem 1.1. Among all rotors of a regular polygon Pn (n ≥ 3), the one of
minimal area is the regular rotor On−1

n .
In section 2, we give an analytic parameterization of a rotor using the support

function of a convex body (see [6] or [28] for an overview of the properties of the sup-
port function). In section 3, we formulate the minimization problem into an optimal
control problem which is similar to the one obtained by Klötzler (see [21]). Indeed, the
convexity constraints enable us to choose the radius of curvature of the boundary of
a rotor as the control variable. Thanks to this new parameterization, the initial shape
optimization is well posed. By the Pontryagin maximum principle (PMP), we show
that the extremal trajectories are “bang-bang,” and we determine the corresponding
number of switching points. We thus restrict the class of extremal trajectories step by
step. Whereas the computation of the extremal trajectories performed by Klötzler is
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incomplete (he does not show that the switching points of an extremal trajectory are
equidistant), we prove, in section 4, Theorem 1.1 by using an extension of Noether’s
theorem to optimal control theory provided in [29]. We compute conserved quantities
along an extremal trajectory, and thus we can characterize the switching points of an
extremal (see section 4). This shows that the rotors corresponding to the extremal
trajectories belong to the class (Oln±1

n )l∈N∗ . We then conclude the proof of Gold-
berg’s conjecture by Proposition 2.11. Note that by this proposition, there is no need
to examine the optimality of extremal trajectories.

2. Construction of a rotor.

2.1. Support function of a convex body. A body or a domain in R
N , N ≥ 2,

is a nonempty compact connected subset of R
N . Let K be a convex body. The support

function of K is defined as the map hK : R
N\{0} → R with

hK(ν) := max
x∈K

x · ν, ν ∈ R
N\{0}.

The support function is clearly homogeneous of degree 1. A convex body is uniquely
determined by its support function (see [6, p. 29] or [20]). Let K be a convex body of
nonempty interior and assume that the origin is inside K. Recall that, for a convex
body, a hyperplane H is a hyperplane of support for K if there exists x ∈ K ∩H such
that K is included in one of the half-spaces defined by H . If ν belongs to SN−1, hK(ν)
can be interpreted as the distance from the origin to the support hyperplane of K
with normal vector ν (see Figure 1). The support function is nonnegative if and only
if the origin is inside K. The next proposition characterizes the degree of regularity
of the support function (see [6, p. 28] or [28]).

Proposition 2.1. Let K be a convex body of R
N and hK its support function.

Then hK is of class C1 if and only if K is strictly convex.
From now on, we consider convex bodies in dimension 2. The support function

of a convex body K of R
2 will be denoted by pK(θ) := hK(eiθ), θ ∈ R, or p(θ) to

simplify. The function pK is 2π-periodic. If K is a convex body, we denote by ∂K its
boundary. Given (z1, z2) ∈ C

2, their scalar product in R
2 will be written indifferently

�(z1z2) or z1 · z2.

Fig. 1. The support function of a convex body K is the distance p(θ) between the tangent to K
orthogonal to (cos(θ), sin(θ)) and the origin.

Proposition 2.2. Let K be a strictly convex body and p its support function. We
assume that the boundary of K, ∂K, is Lipschitz. Then ∂K can be described by the
equations

(2.1)

{
x(θ) = p(θ) cos(θ) − ṗ(θ) sin(θ),

y(θ) = p(θ) sin(θ) + ṗ(θ) cos(θ),
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where θ ∈ R.
Proof. Let θ be in [0, 2π] and uθ be the vector of coordinates (cos(θ), sin(θ)). The

support function p(θ) is defined by

p(θ) := max
x∈K

x · uθ,

and p is of class C1 by strict convexity. As K is compact, the maximum is reached at
some point of coordinates (x(θ), y(θ)), and we have

(2.2) x(θ) cos(θ) + y(θ) sin(θ) = p(θ).

As the boundary of K is Lipschitz, the functions (x, y) are differentiable a.e.
(Rademacher’s theorem). Moreover, the vector uθ is orthogonal to the support line
given by X cos(θ) + Y sin(θ) = 0; hence, we must have

(ẋ(θ), ẏ(θ)) · �uθ = 0.

By derivation of (2.2), we get

−x(θ) sin(θ) + y(θ) cos(θ) = ṗ(θ),

which gives (2.1).
Equation (2.1) can be rewritten as z(θ) := x(θ) + iy(θ) = (p(θ) + iṗ(θ))eiθ.
In the following, the space C1,1 denotes the set of maps p : R → R, of class C1,

and such that ṗ is locally Lipschitz.
Proposition 2.3. Let K be a convex body and p its support function. We assume

that p is of class C1,1. Then the radius of curvature p+ p̈ of the boundary ∂K exists
a.e., and, for a.e. θ ∈ R,

(2.3) p(θ) + p̈(θ) ≥ 0.

Proof. As p is of class C1,1, the functions (x(θ), y(θ)) are differentiable a.e., and by
standard formulas, the radius of curvature f of ∂K is given by f = p+ p̈. As the body
K is convex, f must be nonnegative, and consequently we have f(θ) = p(θ)+ p̈(θ) ≥ 0
for a.e. θ ∈ R.

If K is a convex body of support function p and if p is of class C1,1, the tangent
vector to ∂K is given by

ż(θ) = i(p(θ) + p̈(θ))eiθ .

When p + p̈ = 0 on a set A of positive measure, then we have ż = 0. Geometrically
speaking, this means that the boundary ∂K has a corner: for θ ∈ A, the point z(θ) is
stationary. For a given function f ∈ L∞(R,R) and 2π-periodic, we denote by

c1(f) =
1
2π

∫ 2π

0

f(θ)eiθdθ

the first Fourier coefficient of f .
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Proposition 2.4. Let f ∈ L∞(R,R) be a 2π-periodic function. Then any func-
tion p that satisfies f = p + p̈ is of class C1,1, and p is 2π-periodic if and only if
c1(f) = 0.

Proof. Let f ∈ L∞(R,R) be a 2π-periodic function. A function p satisfies f = p+p̈
if and only if there exists (a, b) ∈ R

2 such that, for all θ ∈ R,

(2.4) p(θ) =
∫ θ

0

f(t) sin(θ − t)dt+ a cos(θ) + b sin(θ).

By (2.4), any function p that satisfies p+ p̈ = f is of class C1,1. Moreover, any such
function p is of class C1,1 and is 2π-periodic if and only if its restriction on [0, 2π]
satisfies p(0) = p(2π), ṗ(0) = ṗ(2π). But we have∫ 2π

0

(p(θ) + p̈(θ))eiθdθ = ṗ(2π) − ṗ(0) − i(p(2π) − p(0)).

Hence, any function p satisfying (2.4) is 2π-periodic if and only if p(2π) = p(0) and
ṗ(2π) = ṗ(0), that is, if and only if c1(f) = 0.

If we deal with f = p+ p̈ instead of p, we get an additional condition c1(f) = 0
which says that the boundary ∂K given by (2.1) is closed. The next theorem is a
consequence of the two previous propositions.

Theorem 2.1. (i) Let K be a strictly convex body of R
2 and p its support function.

If p is of class C1,1, then p+ p̈ ≥ 0.
(ii) Conversely, let f ∈ L∞(R,R) be a 2π-periodic function such that f ≥ 0 and

c1(f) = 0. If p is a function satisfying f = p+ p̈, then p is of class C1,1, is 2π-periodic
(in the sense of C1,1 maps), and is the support function of a strictly convex body.

Let K be a strictly convex body. We denote by p its support function of class C1

and by A(p) its area. By Stokes’s formula and by (2.1), we have

(2.5) A(p) =
1
2

∫ 2π

0

(p2(θ) − ṗ2(θ))dθ.

By integrating by parts, the area becomes

(2.6) A(p) =
1
2

∫ 2π

0

p(θ)
(
p(θ) + p̈(θ)

)
dθ,

which has a sense because p+ p̈ is a positive Radon measure, and (2.6) can be inter-
preted as the product of a positive Radon measure and a continuous function. In the
next section, we show that the support function of a rotor is of class C1,1, and (2.6)
is clearly defined in that case.

2.2. Construction of a rotor by its support function. In this section, we
recall classical definitions and properties of rotors (see [6], [17], [34]). Let K be a
convex domain and P be a convex polygon. P will be called a tangential polygon of
K and K an osculating domain in P if K ⊂ P and every side of P has a nonempty
intersection with K (see [17]). We say that a polygon P is equiangular if all of its
interior angles at the vertices are equal. We say that a convex polygon P is an n-gon
if it is a regular polygon with n sides, n ≥ 3.

Definition 2.1. A convex domain K will be called a rotor in a polygon Q if, for
every rotation ρ, there exists a translation vector pρ such that ρK+pρ is an osculating
domain in K.
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In the following, we assume that Q is a regular polygon with n ≥ 3 sides; that is,
we consider only rotors of a regular polygon. Hence, K is a rotor in a regular n-gon Q
if and only if all tangential equiangular n-gons are regular and have equal perimeters.
A rotor of an n-gon Pn has the property to rotate inside Pn while remaining in contact
with all sides of Pn. The disc is the most simple example of a rotor. A rotor is a strictly
convex domain (see [17], [34]). Consequently, the support function of a rotor is of class
C1.

Let r be the radius of the inscribed circle of the n-gon Pn and let δ := 2π
n . We

give in the following theorem an analytic description of a rotor which will be used in
the rest of the paper.

Theorem 2.2. (i) Let K be a rotor and p its support function. Then p satisfies

(2.7) p(θ) − 2 cos(δ)p(θ + δ) + p(θ + 2δ) = 4r sin2

(
δ

2

)
∀θ ∈ [0, 2π].

Moreover, p is of class C1,1 and satisfies (2.3).
(ii) Conversely, let p be a 2π-periodic function of class C1,1. Assume that p sat-

isfies (2.3) and (2.7). Then p is the support function of a rotor K.
The characterization of a rotor by (2.7) is well known (see [7], [10], [21]), but we

show in particular that the support function of a rotor is actually of class C1,1. Before
doing the proof of the theorem, we set some notation:

(2.8) Sn(p) := p(θ) − 2 cos(δ)p(θ + δ) + p(θ + 2δ)

and

(2.9) Cn := 4r sin2

(
δ

2

)
.

Proof of (i). We refer the reader to Chapter 8 of [34] for the following geometric
property. By definition of a rotor, the tangents to ∂K at each contact point are the
sides of the n-gon. Hence, the perpendiculars to these paths at their contact points
meet in a point which is the instantaneous center of rotation of the body. A simple
computation yields (2.7). We now prove that p is of class C1,1. First, we have

(2.10)
∑

0≤k≤n−1

p(θ + kδ) = nr ∀θ ∈ R.

Indeed, by writing (2.7) at points θ, θ + δ, . . . ,θ + (n − 1)δ and adding all of these
equalities, we get (2.10). As K is strictly convex, its support function p is of class C1.
We now show that p satisfies the inequality

(2.11) (ṗ(θ′) − ṗ(θ)) sin(θ − θ′) ≤ (p(θ) + p(θ′)) (1 − cos(θ − θ′)) ∀(θ, θ′) ∈ [0, 2π].

By definition of the support function, we have, for all (θ, θ′) ∈ [0, 2π],

(x(θ′), y(θ′)) · (cos(θ), sin(θ)) ≤ p(θ).

Taking into account (2.1), we get

ṗ(θ′) sin(θ − θ′) ≤ p(θ) − p(θ′) cos(θ′ − θ).

If we permute θ and θ′, we obtain

ṗ(θ) sin(θ′ − θ) ≤ p(θ′) − p(θ) cos(θ′ − θ).
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Adding the last two inequalities yields (2.11). We now write (2.11) at the points θ+kδ
and θ′ + kδ, 0 ≤ k ≤ n− 1. We get, for all (θ, θ′) ∈ [0, 2π] and 0 ≤ k ≤ n− 1,

(2.12)

(ṗ(θ′ + kδ) − ṗ(θ + kδ)) sin(θ − θ′) ≤ (p(θ + kδ) + p(θ′ + kδ)) (1 − cos(θ − θ′)) .

By (2.10), we obtain, for all (θ, θ′) ∈ [0, 2π],

(2.13)
∑

1≤k≤n−1

p(θ + kδ) = nr − p(θ)

and

(2.14)
∑

1≤k≤n−1

ṗ(θ + kδ) = −ṗ(θ).

Combining (2.12), (2.13), and (2.14), we obtain

(−ṗ(θ′) + ṗ(θ)) sin(θ − θ′) ≤ (2nr − p(θ) − p(θ′))(1 − cos(θ − θ′)).

Therefore, by (2.11) and the previous inequality, we get, for all (θ, θ′) ∈ [0, 2π],

|(ṗ(θ′) − ṗ(θ)) sin(θ − θ′)| ≤ 2nr sin2

(
θ − θ′

2

)
.

Consequently, ṗ satisfies the inequality

|ṗ(θ′) − ṗ(θ)| ≤ 2nr
∣∣∣∣tan

(
θ − θ′

2

)∣∣∣∣
for all (θ, θ′) ∈ [0, 2π] such that |θ − θ′| 
∈ {0, π, 2π}. This inequality proves that ṗ is
Lipschitz, and thus p is of class C1,1. As K is convex and p is of class C1,1, it satisfies
(2.3). This concludes the proof of (i).

Proof of (ii). Let us assume that conditions (2.3) and (2.7) are satisfied. As p is
of class C1,1, is 2π-periodic, and satisfies (2.3), it is the support function of a strictly
convex body K. A straightforward computation using (2.7) shows that an osculating
polygon to K is equiangular; consequently, K is a rotor.

An example of a function p satisfying (2.7) is given by

(2.15) p(θ) = 1 +
1

1 − (ln− 1)2
cos((ln− 1)θ),

where l ∈ N
∗ (see Figure 2). A simple computation shows that we have Sn(p) = Cn

with r = 1. Moreover, we easily have p(θ)+ p̈(θ) = 1+cos((ln−1)θ) ≥ 0 for all θ ∈ R.
Hence, p is the support function of a rotor K in an n-gon. The boundary of K is of
class C∞ because p is of class C∞.

In the following, we denote by E the set of the functions p ∈ C1,1(R) that are
2π-periodic and that satisfy (2.3) and (2.7). The problem of finding a rotor of minimal
area is now equivalent to the optimization problem

(2.16) min
p∈E

A(p).

The existence of a minimizer for problem (2.16) easily follows from standard compacity
arguments (see [32], [34]).
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Fig. 2. Example of rotors whose support function is given by (2.15) for n = 3, l = 2 and n = 5,
l = 1, 2.

2.3. Basic properties of rotors. This section is devoted to well-known results
about rotors which can be found in the case n = 3 or n = 4 in [5], [7], and [34]. Let
us first recall Barbier’s theorem, which is a simple consequence of (2.7).

Theorem 2.3. Let r be the radius of the inscribed circle in Pn. Then the perimeter
of every rotor R of Pn is equal to 2πr.

Proof. Let R be a rotor and p be its support function. The perimeter L of R is
given by the integral of the radius of curvature:

L =
∫ 2π

0

(p(θ) + p̈(θ))dθ,

which is well defined, as p is of class C1,1. As ṗ is 2π-periodic, the perimeter be-
comes L =

∫ 2π

0 p(θ)dθ. Now integrating (2.7) on the interval [0, 2π] and using the
2π-periodicity of p, we get L = 2πr.

Proposition 2.5. Among all rotors of a regular polygon Pn, the one of maximal
area is the disc of radius r.

Proof. By the isoperimetric inequality, the body of maximal area among all closed
curves having the same perimeter is the disc, and the disc is a rotor of Pn.

When n = 4, a rotor is called a constant width body.
Definition 2.2. The width of a convex curve in a given direction is the distance

between a pair of supporting lines of the curve perpendicular to this direction. If the
width is constant in every direction, the curve is a curve of constant width.

Equivalently, a constant width body has the property to rotate inside a square
while remaining tangent to the four sides of the square. The relation (2.7) can be
simplified in the case n = 4, which corresponds to the constant width bodies. The
support function of K in this case satisfies

(2.17) p(θ) + p(θ + π) = 2r ∀θ ∈ R,

which is exactly saying that any pair of parallel support lines to K is separated by
the distance 2r (see [14]).

2.4. Formulation of the constraints on the interval [0, 2δ]. In this section,
we derive consequences of (2.7) which will be useful in formulating the optimal control
problem associated with the minimization problem. Let us define the reals sk and tk
for k = 0, . . . , n− 1 by

(2.18) sk :=
sin(kδ)
sin(δ)

, tk := 2
sin(kδ2 ) sin( (k−1)δ

2 )
cos( δ2 )

r.
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Lemma 2.1. Let p be a 2π-periodic map in C1,1(R) satisfying (2.7). Then we have

(2.19) p(θ + kδ) = skp(θ + δ) − sk−1p(θ) + tk ∀θ ∈ [0, 2π].

Proof. Let θ ∈ [0, 2π] and vk := p(θ + kδ). We have by (2.7)

(2.20) vk − 2 cos(δ)vk+1 + vk+2 = 4r sin2

(
δ

2

)
.

We solve this linear recurrent sequence and get

vk = aωk + aωk + r,

where ω := eiδ and v0 = p(θ), v1 = p(θ + δ). This gives (2.19).
Corollary 2.1. If n is even, a rotor K in an n-gon is a constant width body.
Proof. Let K be a rotor and p be its support function which satisfies (2.7). We

assume that n = 2m, m ∈ N
∗. Using (2.19) with k = m, we get sm = 0, sm−1 = 1,

and tm = 2r. Consequently, p satisfies

p(θ +mδ) = −p(θ) + 2r,

which is exactly saying that K is of constant width as mδ = π.
We now reformulate the area of a rotor on the interval [0, 2δ]. Let r be the radius

of the inscribed circle to the n-gon and P ∈ C1,1(R,R), F ∈ L∞(R,R) be the maps
defined by

(2.21)

{
P (θ) := p(θ) − r,

F (θ) := p(θ) + p̈(θ) − r = P (θ) + P̈ (θ).

Lemma 2.2. Let p be the support function of a rotor and f its radius of curvature.
The area of a rotor is given by

A(p) =
n

4 sin2( δ2 )
Ã(P ) + πr2,

where

Ã(P ) =
∫ δ

0

(
P (θ)F (θ) + P (θ + δ)F (θ + δ)(2.22)

− cos(δ)
(
F (θ)P (θ + δ) + F (θ + δ)P (θ)

))
dθ.

Proof. We have by (2.6)

A(f) =
1
2

∫ 2π

0

p(θ)f(θ)dθ =
1
2

∑
0≤k≤n−1

∫ (k+1)δ

kδ

p(θ)f(θ)dθ

=
1
2

∑
0≤k≤n−1

∫ δ

0

p(θ + kδ)f(θ + kδ)dθ.
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Replacing p(θ + kδ) and f(θ + kδ) using (2.19), we get the result by the equalities∑
0≤k≤n−1

s2k =
∑

0≤k≤n−1

s2k−1 =
2

2 sin2(δ)

and ∑
0≤k≤n−1

sktk = − n

4 cos2( δ2 )
,

∑
0≤k≤n−1

sksk−1 =
n cos(δ)
2 sin2(δ)

.

Note that in the special case of sets of constant width (n = 4), one finds the usual
functional (see [14]):

(2.23) A(p) = πr2 −
∫ π

0

p(θ)(1 − f(θ))dθ,

which can be easily obtained by (2.6) and (2.17).

2.5. Simplification of the functional. Before going into details for solving
the minimization problem (2.16), we diagonalize the functional (2.22) (see [21] for
the same parameterization). In particular, we establish the equivalence between the
parameterization of a rotor by its support function and the new parameterization.
The following parameterization will be useful in defining an optimal control problem
equivalent to (2.16). We set

γ := cos(δ), σ := sin(δ), ω
1
2 := e

iδ
2 , ω−

1
2 := e−

iδ
2 ;

that is, we denote by ω
1
2 and ω−

1
2 a square root of ω and ω.

Recall that given a rotor K of support function p, the functions P and F are
defined by (2.21), and by (2.8) and (2.9) we have Sn(f) = Cn if and only if Sn(F ) = 0.
We now define the functions W ∈ C1,1(R,C) and Z ∈ L∞(R,C) by

(2.24)

{
W (θ) := P (θ) − ωP (θ + δ),

Z(θ) := F (θ) − ωF (θ + δ),

where θ ∈ R, so that

(2.25) W + Ẅ = Z.

The functions W and Z can be interpreted as the complex support function and the
complex radius of curvature associated with a rotor. We denote by X1, X3, U , V the
real and imaginary parts of W and Z:{

W = X1 + iX3,

Z = U + iV,

so that we have

(2.26)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

X1(θ) = P (θ) − γP (θ + δ),

X3(θ) = σP (θ + δ),

U(θ) = F (θ) − γF (θ + δ),

V (θ) = σF (θ + δ).
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We have, equivalently,

(2.27)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

P (θ) = X1(θ) + γ
σX3(θ),

P (θ + δ) = 1
σX3(θ),

F (θ) = U(θ) + γ
σV (θ),

F (θ + δ) = 1
σV (θ + δ).

Proposition 2.6. The functions W and Z satisfy the relations

(2.28)

{
W (θ + δ) = ωW (θ) ∀θ ∈ R,

Z(θ + δ) = ωZ(θ) a.e. θ ∈ R.

Proof. Let p be the support function of a rotor. We have by (2.7) Sn(p) = Cn,
where Cn is given by (2.9). Thus, Sn(P ) = 0, that is,

(2.29) ∀θ ∈ R, P (θ) − 2γP (θ + δ) + P (θ + 2δ) = 0.

Eliminating P (θ + 2δ) in the equation above, we get

∀θ ∈ R, W (θ + δ) = P (θ + δ) − ω(2γP (θ + δ) − P (θ)),

which gives W (θ+ δ) = ωW (θ) for all θ ∈ R. By derivation of the previous equation,
we get Z(θ + δ) = ωZ(θ) for all θ ∈ R.

In the following, Pn denotes the regular polygon whose center is the origin and
whose vertices are the points of coordinates (r∗ωkeiα)0≤k≤n−1, where r∗ := 2r sin( δ2 )
and α := −π

2 − δ
2 .

Proposition 2.7. Let K be a rotor, p its support function, and f = p + p̈ its
radius of curvature. We denote by Z its complex radius of curvature. Then we have
f ≥ 0 if and only if Z(θ) ∈ Pn for a.e. θ ∈ [0, δ].

Proof. Let us consider for 0 ≤ k ≤ n− 1 the map defined by

uk(x, y) = sky − sk−1x+ tk.

By Lemma 2.1, we have, for θ ∈ [0, δ] and for 0 ≤ k ≤ n− 1,

f(θ + kδ) = uk (f(θ), f(θ + δ)) .

Therefore, we have, for θ ∈ [0, δ],

f ≥ 0 ⇐⇒ uk(f(θ), f(θ + δ)) ≥ 0, k = 0, . . . , n− 1

⇐⇒ sk
(
f(θ + δ) − r

)
− sk−1

(
f(θ) − r

)
+ tk + r(sk − sk−1) ≥ 0

⇐⇒ sin(kδ)F (θ + δ) − sin((k − 1)δ)F (θ) ≥ −σr

⇐⇒ 

(
sin(kδ)Z(θ) − sin((k − 1)δ)Z(θ − δ)

)
≥ −σ2r

⇐⇒ 

(
sin(kδ)Z(θ) − sin((k − 1)δ)ωZ(θ)

)
≥ −σ2r

⇐⇒ 
(ωk−1Z(θ)) ≥ −σr.
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Let z = x+iy be a complex number, Dk the hyperplane of equation 
(ωk−1z) = −σr,
and Hk the half-plane defined for z ∈ C by 
(ωk−1z) ≥ −σr. We easily have that z ∈
Dk+1 if and only if ωz ∈ Dk. Hence, for θ ∈ [0, δ], Z(θ) satisfies 
(ωk−1Z(θ)) ≥ −σr,
0 ≤ k ≤ n − 1, if and only if Z(θ) belongs to the intersection of the half-spaces Hk.
This intersection is nonempty, as 0 belongs to Hk for all 0 ≤ k ≤ n− 1 and is convex
as all Hk are convex; hence it is a nonempty convex polygon. Moreover, a simple
computation yields that the vertices of Pn are given by the intersection Dk ∩Dk+1

and are of coordinates −2ir sin( δ2 )ei(k−
1
2 )δ for 0 ≤ k ≤ n− 1.

It is convenient to work with Pn because we will see in the next section that the
optimal control takes its values at the vertices of Pn (the extremal points of Pn).

Proposition 2.8. Let p be the support function of a rotor K. Then the area of
K is given by

(2.30) A(p) = πr2 +
n

4σ2

∫ δ

0

UX1 + V X3 = πr2 +
n

4σ2

∫ δ

0

�(ZW ).

Proof. The area of the rotor K described by p ∈ E is given by (2.22). Replacing
P (θ), P (θ + δ), F (θ), and F (θ + δ) by W (θ), W (θ + δ), Z(θ), and Z(θ + δ), we get
(2.30) by using (2.28).

Notice the similarity between (2.6) and (2.30).
Definition 2.3. Let Γ be the set of the complex functions W in C1,1([0, δ]) that

satisfy

(2.31)

{
W (δ) = ωW (0),

Ẇ (δ) = ωẆ (0)

and such that the function Z = W + Ẅ takes its values in the polygon Pn.
Definition 2.4. We denote by Z the set of the complex valued functions Z ∈

L∞(R,C) satisfying

Z(θ + δ) = ωZ(θ) ∀θ ∈ R

and

Z(θ) ∈ Pn ∀θ ∈ R.

We can now prove the equivalence between the parameterization of a rotor K by
its support function p and its complex support function W .

Theorem 2.4. (i) Let W = X1+iX3 be a function in Γ. Let us define the function
p̃ on [0, 2δ] by p̃ = P + r, where P is given by (2.27). Then, if we extend p̃ on the
interval [0, 2π] by (2.19) and if we denote by p this extension, then p is the support
function of a rotor.

(ii) Conversely, if p is the support function of a rotor K and P := p− r, then the
function W|[0,δ] defined by (2.24) belongs to Γ.

Proof of (i). First, let us take W = X1 + iX3 ∈ Γ. We have by (2.31)

(2.32)

{
1
σX3(0) = X1(δ) + γ

σX3(δ),

σX1(0) − γX3(0) = −X3(δ)

and

(2.33)

{
1
σ Ẋ3(0) = Ẋ1(δ) + γ

σ Ẋ3(δ),

σẊ1(0) − γẊ3(0) = −Ẋ3(δ).
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We now define a function P on the interval [0, 2δ] by

P (θ) = X1(θ) +
γ

σ
X3(θ), P (θ + δ) =

1
σ
X3(θ)

for θ ∈ [0, δ]. By (2.32), we have

P
(
δ−
)

= P
(
δ+
)
,

and by (2.33) we have

Ṗ
(
δ−
)

= Ṗ
(
δ+
)
.

Consequently, the function P is of class C1 on [0, 2δ]. By (2.32) we also get

Sn(P )(0) = 0,

and by (2.33) we get

Sn(Ṗ )(0) = 0.

Hence, the functions P and Ṗ satisfy Sn(P ) = 0 and Sn(Ṗ ) = 0 for θ = 0. If we extend
p = P + r to the interval [0, 2π] by (2.19) and to R by 2π-periodicity, it satisfies, by
construction, Sn(p) = Cn. We also have p(0) = p(2π) and ṗ(0) = ṗ(2π) by (2.19) so
that the function p is of class C1. Finally, we have p + p̈ ≥ 0 because Z ∈ Pn. We
conclude that p is the support function of a rotor.

Proof of (ii). Let us now consider the support function p of a rotor. We define a
function W by (2.24). First, the condition (2.3) satisfied by p implies that Z = W+Ẅ
takes its value in Pn. Let us show that W satisfies (2.31). By (2.26), we have

1
σ
X3(0) = X1(δ) +

γ

σ
X3(δ),

and by using Sn(P )(0) = 0, we get

σX1(0) − γX3(0) = −X3(δ).

These two real conditions imply W (δ) = ωW (0). By using (2.27) and the equality
Sn(Ṗ )(0) = 0, we get Ẇ (δ) = ωẆ (0). Hence, W belongs to Γ.

Remark 2.1. Let us make two remarks. First, any function W ∈ Γ such that
Z = W + Ẅ satisfies, by (2.31), the condition

(2.34)
∫ δ

0

Z(θ)eiθdθ = 0.

Second, (2.30) remains unchanged if we replace W by Weiα and Z by Zeiα, where
α ∈ R.

From now on, we will mainly deal with the set Γ instead of the set E, as there is a
one-to-one correspondence between these two sets. ForW ∈ Γ such thatW = X1+iX3

and Z = W + Ẅ = U + iV , we denote by J(W ) the functional

(2.35) J(W ) =
∫ δ

0

UX1 + V X3 =
∫ δ

0

�(ZW )
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and by A(W ) the area of a rotor. An integration by parts shows that we have

J(W ) =
∫ δ

0

ZW =
∫ δ

0

|W |2 − |Ẇ |2,

and as J(W ) ∈ R, we have ∫ δ

0


(ZW ) = 0.

The area of a rotor becomes

A(W ) = πr2 +
n

4σ2
J(W ).

The initial problem, finding the rotor of least area (problem (2.16)), is now equivalent
to

(2.36) min
W∈Γ

J(W ).

In sections 3 and 4, we will solve problem (2.36) using the optimal control theory.

2.6. Fourier series of regular rotors. Before going further into the analysis of
(2.36), we describe by Fourier series the two families of regular rotorsOln±1

n introduced
in section 1. An analogous description is given by Focke (see [10]), but here we use
the new parameterization (W,Z), which simplifies the computations.

We consider the subset J ⊂ Z defined for n ≥ 3 by

J = (nZ + 1) ∪ (nZ − 1)\{±1}

and let p be the support function of a rotor. Then p is given by

(2.37) p(θ) = r + c1e
iθ + c−1e

−iθ +
∑
j∈J

cje
ijθ ,

where cj are the Fourier coefficients of p. In the case of constant width bodies, the
support function becomes

p(θ) = r + c1e
iθ + c−1e

−iθ +
∑
l∈Z∗

(
c4l−1e

i(4l−1)θ + c4l+1e
i(4l+1)θ

)
.

By the Parseval equality, the area of a rotor K becomes

(2.38) A(p) = π
(
r2 −

∑
j∈J

|cj |2
j2 − 1

)
.

Let m ∈ N
∗, ε = ±1, L = mn − ε, τ = δ

L , and s = L − 1. We can easily check that
the complex function defined by

(2.39) Z(θ) =
∑

0≤j≤s
ωεj1l[jτ,(j+1)τ [

is an element of Z. We will define the regular rotors by (2.39).
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Definition 2.5. We call regular rotor any element W of Γ such that W + Ẅ is
of the form (2.39). The first series consists of the rotors obtained for ε = 1, and the
second series is obtained for ε = −1.

The integer L = s + 1 denotes the number of intervals of the subdivision [0, δ].
We now consider the set

Jε =
{
k ∈ Z, k ≡ ε[n]

}
.

Proposition 2.9. The Fourier series of a regular rotor is given by

(2.40) Z(θ) =
n

π
e−

iεδ
2 sin

(
εδ

2

) ∑
k∈Jε

eikLθ

k
.

Proof. The function θ �−→ eiθZ(θ) is δ-periodic, as we have Z(θ + δ) = ωZ(θ).
Thus, one has, for a.e. θ ∈ R,

Z(θ)eiθ =
∑
k∈Z

cke
iknθ ,

where the Fourier coefficients are given by

ck =
n

2π

∫ δ

0

e−i(kn−1)θZ(θ)dθ.

Using (2.39), we get, for k ∈ Z,

ck =
i

kn− 1
(
e−i(kn−1)τ − 1

) ∑
0≤j≤s

ωεje−i(kn−1)jτ .

The previous sum can be easily computed, and we get c0 = 0 and

ck 
= 0 ⇐⇒ ωεe−i(kn−1)τ = 1,

because τ = δ
L . For ε = 1, one has

ωεe−i(kn−1)τ = 1 ⇐⇒ ∃j ∈ Z, kn− 1 = (jn+ 1)L.

For ε = +1, we finally obtain

ck =
n

π(jn+ 1)
e−i

δ
2 sin

(
δ

2

)
.

For ε = −1, a similar computation yields

ck = − n

π(jn− 1)
ei

δ
2 sin

(
δ

2

)
.

This gives (2.40).
The Fourier series of Z can also be written as

Z(θ) =
n

π
e−iε

δ
2 sin

(
ε
δ

2

)∑
j∈Z

ei((mnj−εj+εm)n−1)θ

jn+ ε
.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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The first series of rotors obtained for ε = +1 will be called Omn−1
n , and the second

series obtained for ε = −1 will be called Omn+1
n (see [10], [21]). For n = 4, the two

families O4m−1
4 and O4m+1

4 describe the odd Reuleaux polygons (see [9]). A Reuleaux
polygon consists of the intersection of N circles of radii 1 (N is odd) and whose centers
are the vertices of an N -gon of side 1. An analogous geometrical description of Oln±1

n

can be found in [16].
Proposition 2.10. Let K be a rotor and Z its complex radius of curvature. If Z

is given by (2.39), then the area of K becomes

(2.41) A(K) = πr2 − r2n2

2π
tan2

(
δ

2

)∑
j∈Z

1
(jn+ 1)2

(
(mn− ε)2(jn+ 1)2 − 1

) .
Proof. By (2.30), we have

A(K) = πr2 +
n

4σ2

∫ δ

0

Z(θ)W (θ)dθ,

where W is in Γ and satisfies W + Ẅ = Z. By (2.40), the function W is given by

W (θ) = −n
π
e−iε

δ
2

∑
k∈Jε

eikLθ

k(k2L2 − 1)
.

Applying the Parseval equality yields (2.41).
The following proposition has been proved in [10]. It will be useful for proving

Goldberg’s conjecture (see section 4). We give a short proof using the expression of
the area of a rotor given by (2.41).

Proposition 2.11. In the class of the regular rotors Omn±1
n , the one of minimal

area is On−1
n obtained for m = 1 and ε = +1. Its Fourier series is given by

(2.42) Z(θ) =
n

π
e−i

δ
2 sin

(
δ

2

)∑
j∈Z

ei(((n−1)j+1)n−1)θ

jn+ 1
.

Proof. The area of a rotor K described by Z ∈ Z is an increasing function of
m ∈ N

∗ by (2.41). Thus the minimum in the class of regular rotors is obtained for
m = 1. The minimum between On−1

n and On+1
n is clearly On−1

n .
It is easy to see that On−1

n is invariant with respect to the action of the dihedral
group of order 2(n − 1), Dn−1. For example, the Reuleaux triangle is invariant with
respect to the group D3 and the Δ-biangle is invariant with respect to the group
D2. Anyway, it seems difficult to prove that a minimizer of problem (2.36) has these
symmetries.

3. The minimization problem as an optimal control problem.

3.1. First consequences of the PMP. In the case of the sets of constant width
(n = 4), one can deal with one control on the interval [0, π] because the functional
to minimize is given by (2.23) (see [14]). The optimal control problem in the general
case (n ≥ 3) requires a sharper analysis here because we have to deal with a control
(U, V ) ∈ R

2 on [0, δ] as γ 
= 0.
Let us consider the polygon P ′n which corresponds to the initial polygon Pn by

a homotheticity of ratio λ = 1
2 sin( δ

2 )
and a rotation of angle α = π

2 + δ
2 . Hence, the

vertices of the polygon P ′n are the points of coordinates (ωj)0≤j≤n−1. We consider
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the differential system (harmonic oscillator) on the interval [0, δ] described by the
equations

(3.1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ẋ1 = X2,

Ẋ2 = −X1 + U,

Ẋ3 = X4,

Ẋ4 = −X3 + V,

where the control (U, V ) takes its values within the polygon P ′n. As the vector (X1, X3)
satisfies the boundary conditions given by (2.31), the PMP will lead to transversality
conditions. Notice that the initial and final states are not fixed, but they are linked
by (2.31).

By the linearity of (3.1), the problem (2.36) is clearly equivalent to minimizing
(2.30), where (X1, X2, X3, X4) satisfies (2.31) and (3.1) and the control (U, V ) takes
its values within the polygon P ′n. We have thus reformulated the initial shape opti-
mization problem into an optimal control problem:

(3.2)

min

{∫ δ

0

UX1 + V X3, (U, V ) ∈ P ′n, (X1, X2, X3, X4) satisfies (2.31) and (3.1)

}
.

Definition 3.1. We denote by X = (X1, X2, X3, X4) ∈ R
4 the state variable

and q = (q1, q2, q3, q4) ∈ R
4 the dual variable. The Hamiltonian of the system H :=

H(X, q, U, V, p0) is given by

(3.3) H = q1X2 + q2(−X1 + U) + q3X4 + q4(−X3 + V ) + p0(UX1 + V X3),

where p0 ∈ R.
We first prove the existence of an optimal control of (3.2).
Theorem 3.1. There exists an optimal control for problem (3.2).
Proof. There exists an admissible trajectory of (3.2) corresponding to Z = 0;

hence, the set of admissible trajectories is nonempty. The existence of an optimal
control will follow from an application of Filipov’s theorem (see [1] or [31, p. 98]). First,
we check that the trajectories are uniformly bounded. Indeed, the set of admissible
controls is compact, and by linearity of (3.1), we obtain a uniform bound by Gronwall’s
lemma. Second, given (X1, X2, X3, X4) ∈ R

4, the set defined by{
(X1U +X3V,X2,−X1 + U,X4,−X3 + V ), (U, V ) ∈ P ′n

}
is clearly convex. By Filipov’s theorem (see [31]), we get the result.

By the PMP, there exists a map X : [0, δ] → R
4 absolutely continuous, a map

q : [0, δ] → R
4 absolutely continuous, a constant p0 ≤ 0, and an optimal control

Z(θ) =
(
U(θ), V (θ)

)
satisfying the equations

Ẋ =
∂H

∂q
,(3.4a)

q̇ = −∂H
∂X

,(3.4b)
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and

(3.5) max
(Ũ,Ṽ )∈P′

n

H(X(θ), q(θ), Ũ , Ṽ , p0) = H(X(θ), q(θ), U(θ), V (θ), p0).

Moreover, the pair (p0, q) is nontrivial, and q satisfies transversality conditions that
we will make explicit in the paragraph below.

Definition 3.2. We will call an extremal trajectory a quadruplet (X, q, p0, Z)
satisfying (3.4a), (3.4b), (3.5) and such that the pair (X, q) is absolutely continuous
on [0, δ], p0 ≤ 0, and (p0, q) is nonzero. The control Z = (U, V ) corresponding to an
extremal trajectory will be called an extremal control.

As the system is autonomous, the Hamiltonian of the system is conserved along
the extremal trajectories of the system. By (3.4b), the variable q satisfies the dual
system:

(3.6)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

q̇1 = q2 − p0U,

q̇2 = −q1,
q̇3 = q4 − p0V,

q̇4 = −q3.

The system (3.1) can also be written as

(3.7) Ẅ +W = Z,

where

W = X1 + iX3, Z = U + iV,

and from now on, for convenience, we will mainly deal with complex variables. We
write the dual variable q = (q1, q2, q3, q4) in the following way:

(3.8) Π = q2 + iq4,

so that we have

(3.9) Π̇ = −q1 − iq3.

We get from (3.6)

(3.10) Π̈ + Π = p0Z.

It follows that W and Π are of class C1,1 on the interval [0, δ], as the control Z is
bounded. Let us now compute the transversality conditions by using the variables
(W,Π). The vector of C

4,

(W (0), Ẇ (0),W (δ), Ẇ (δ)),

takes its values in the subspace M of C
4 defined by

M :=
{
(A,B, ωA, ωB), (A,B) ∈ C

2
}
.

The orthogonal of M in C
4 (with respect to the canonical scalar product in C

4) is
simply

M⊥ =
{
(A′, B′,−ωA′,−ωB′), (A′, B′) ∈ C

2
}
.
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By the PMP, the vector (−q(0), q(δ)) = (−Π(0),−Π̇(0),Π(δ), Π̇(δ)) is in M⊥ (see
[26], [31] for transversality conditions in the periodic case). Hence, we have Π(δ) =
ωΠ(0) and Π̇(δ) = ωΠ̇(0); consequently, Π satisfies (2.31), that is, the same boundary
conditions as W . Note that the Hamiltonian can be expressed as follows:

(3.11) H = −�(WΠ) −�(Ẇ Π̇) + �((p0W + Π)Z).

By (3.8) and (3.9), the scalar product in C
2 between W and Π is given by

(3.12) 〈W,Π〉 :=
∑

1≤i≤4

qiXi = −�(W Π̇) + �(ẆΠ).

We now simplify the system (3.4a)–(3.4b) by expressing the dual variable Π as a
function of the state variable W . This corresponds to a reduction of the number of
degrees of freedom of the system (3.4a)–(3.4b).

Lemma 3.1. Let W be an extremal trajectory of the system and Π = q2 + iq4 its
dual variable. Then there exists A ∈ C such that the function Π− p0W is of the form

Π(θ) − p0W (θ) = Ae−iθ, θ ∈ [0, δ].

Proof. We have by (3.7) and (3.10)

Π̈ + Π = p0(U + iV ) = p0Z = p0(Ẅ +W ),

and, consequently, the function y = Π − p0W satisfies ÿ + y = 0. There exist two
constants (A,B) ∈ C

2 such that, for all θ ∈ [0, δ], we have

(3.13) Π(θ) − p0W (θ) = Ae−iθ +Beiθ.

Let us prove that B = 0. For θ = 0 and θ = δ, we get

Π(0) − p0W (0) = A+B, Π(δ) − p0W (δ) = Aω +Bω.

But, as (W,Π) belong to Γ, we have by the transversality conditions

Π(δ) − p0W (δ) = ωΠ(0) − p0ωW (0) = Aω +Bω.

Thus, we conclude that B = 0.
We now show that an extremal trajectory is not abnormal.
Lemma 3.2. Let (X, q, p0, Z) be an extremal trajectory. Then the constant p0 is

strictly negative.
Proof. Let us assume that p0 = 0. As the point (0, 0) belongs to P ′n, we get by

the PMP the following: for almost θ ∈ [0, δ],

q2(θ)U(θ) + q4(θ)V (θ) ≥ 0.

Consequently, ∫ δ

0

(
q2(θ)U(θ) + q4(θ)V (θ)

)
dθ ≥ 0.

But, we have ∫ δ

0

(
q2(θ)U(θ) + q4(θ)V (θ)

)
dt =

∫ δ

0

Re(Π(θ)Z(θ))dθ,
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and by the previous lemma and (2.34), we have∫ δ

0

ΠZ =
∫ δ

0

AeiθZ(θ)dθ = 0.

Hence, the function �(ΠZ) must be zero on the interval [0, δ]. If Π is not zero, then
the extremal control associated with this trajectory is orthogonal to Π. This con-
tradicts (3.5) by choosing a control Z̃ ∈ P ′n such that �(ΠZ̃) > 0. Hence, Π must
be 0 everywhere. This is not possible because by the PMP, the pair (Π, p0) is not
zero.

In the following, we take p0 = −1 for any extremal trajectory of the system.
Let (W,Π, Z) be an extremal trajectory defined by ∂H

∂U = ∂H
∂V = 0; that is, we have

Π = W . As p0 = −1, we get by Lemma 3.1

W (θ) =
A

2
e−iθ, θ ∈ [0, δ].

Such an extremal trajectory represents the disc which maximizes the area, and this
case can be excluded.

Lemma 3.3. Let W be an extremal trajectory of the system and Π its dual variable.
Then there exists an extremal trajectory of the system, W1, with dual variable Π1, such
that

Π1 = −W1

and such that the functional of both extremals is identical.
Proof. For λ ∈ C, we consider the functions (W1,Π1) defined on [0, δ] by{

W1(θ) = W (θ) + λe−iθ,

Π1(θ) = Π(θ) + λe−iθ.

We have

Ẅ1 +W1 = Z, Π̈1 + Π1 = −Z.

We can easily check that W1 and Π1 satisfy (2.31). By (2.34), the functional remains
unchanged: ∫ δ

0

�(ZW 1) =
∫ δ

0

�(ZW ).

Hence, (W1,Π1) is also an optimal trajectory. Recall that the Hamiltonian along this
trajectory is defined by

H1 = −�(W1Π1) −�(W ′1Π′1) + �((Π1 −W1)Z).

Using Lemma 3.1, we have Π = −W +Ae−iθ, and by a computation, we get

H1 = H + 2�(Aλ) + 2|λ|2,

where H is given by (3.11). This shows that the PMP (3.5) gives the same extremal
control for (W,Π) and for (W1,Π1), as both Hamiltonian are equal up to a constant.
Finally, we have

Π1 +W1 = (A+ 2λ)e−iθ,

and by taking λ such that A = −2λ, we get the lemma.
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From now on, we consider extremal solutions (W,Z) of the system such that the
dual variable Π satisfies Π = −W (by Lemma 3.3). To simplify, we will say that W
is an extremal trajectory of the system if Π = −W and if it satisfies the PMP. The
Hamiltonian of the system is constant along such an extremal and can be written
using (3.11):

(3.14) H = |W |2 + |Ẇ |2 − 2�(W · Z) = |W − Z|2 + |Ẇ |2 − |Z|2.

Remark 3.1. By (3.14), and by using (3.5), we get H ≥ 0 along an extremal
trajectory.

3.2. Computation of the extremal control. We now examine in more detail
the consequences of the PMP to describe the extremal trajectories. Let us recall the
definition of a switching point.

Definition 3.3. Let Z = (U, V ) be an extremal control of problem (3.2). A point
τ ∈]0, δ[ is called a switching point if, for every ε > 0 such that [τ − ε, τ + ε] ⊂]0, δ[,
the control Z is nonconstant on [τ − ε, τ + ε].

To restrict the class of extremal trajectories, we prove step by step the following:
• An extremal is bang-bang, and the associated control takes its values on the

vertices of P ′n (Lemma 3.4).
• An extremal control takes its values regularly on the vertices of P ′n (Theo-

rem 3.2).
• The number of switching points of an extremal control is finite (Theorem 3.3).
• The number of switching points of an extremal control is prescribed (Theo-

rem 3.4).
• The distance between two consecutive switching points is constant (Proposi-

tion 4.1).
We first prove two lemmas which will be useful in proving Theorems 3.2 and 3.3.

Lemma 3.4. Let W be an extremal trajectory of the system. Then the extremal
control takes its values on the vertices of P ′n.

Proof. First, we show that the extremal control takes its values on the vertices
of P ′n. By (3.5) and (3.14), the extremal control is a solution of the maximization
problem

(3.15) max
z∈P′

n

φ(z),

where φ is defined on P ′n by φ(z) := −2�(zW (θ)) and θ ∈ [0, δ] is fixed. Let z0 be a
point where the maximum in (3.15) is obtained.

If W (θ) = 0, then the maximum in (3.15) can be taken arbitrarily in P ′n and, in
particular, on a vertex of P ′n. Let us now assume that W (θ) 
= 0. The maximum of
φ is necessarily on the boundary of P ′n because ∇φ(z0) 
= 0. Hence, z0 is of the form
z0 = t0ω

j + (1 − t0)ωj+1, where t0 ∈ [0, 1] and 0 ≤ j ≤ n− 1. If W (θ) is orthogonal
to ωj+1 − ωj , then we can take z0 = ωj or z0 = ωj+1. If this is not the case, let us
define the function ψ on [0, 1] by

ψ(t) = −2�
(
(tωj + (1 − t)ωj+1)W (θ)

)
.

As we have ψ̇(t0) 
= 0, the maximum in (3.15) cannot be reached at t0. Hence, the
maximum in (3.15) is reached on a vertex of P ′n, and this proves the lemma.
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Lemma 3.5. Let W be an extremal trajectory of the system and τj, j ∈ N, a
switching point of the extremal control Z such that Z(τ−j ) = ωkj and Z(τ+

j ) = ωkj+1

with (kj , kj+1) ∈ N
2. Then there exists tj ∈ R such that

(3.16) W (τj) = tjω
kj+kj+1

2 .

Proof. The Hamiltonian is constant along an extremal trajectory, and the func-
tions θ �−→ |W (θ)|2 and θ �−→ |W ′(θ)|2 are continuous. Hence, the function θ �−→
�(W (θ)Z(θ)) is continuous, and at a switching point τj , we get

�
(
W (τj)ωkj

)
= �

(
W (τj)ωkj+1

)
.

Geometrically speaking, the vector W (τj) is orthogonal to the segment [ωkj , ωkj+1 ];
hence it takes the form given by (3.16).

By Lemma 3.4, an extremal trajectory is bang-bang: the extremal control as-
sociated with this trajectory takes the extremal values of the convex polygon P ′n.
We now show that the extremal control goes all over the vertices ωj clockwise or
counterclockwise.

Theorem 3.2. Let W be an extremal trajectory of the system. There exists ε ∈
{±1} such that if τj is a switching point with Z(τ−j ) = ωkj and Z(τ+

j ) = ωkj+1 , then

kj+1 − kj = ε.

Proof. By Lemma 3.5, we have at a switching point τj

W (τj) = tjω
kj+kj+1

2 ,

where tj ∈ R. Geometrically speaking, the vector W (τj) is parallel to the median of
the segment [ωkj , ωkj+1 ], which is a side or a diagonal of the polygon P ′n. The line Δ
directed by W (τj) contains 0, 1, or 2 vertices of P ′n.

First, assume that Δ does not contain any vertex of P ′n. If |kj − kj+1| 
= 1, there
exists another vertex ωs := (Us, Vs) of P ′n, which is different from ωj and ωj+1, and
such that

−2�(W (τj)ωs) > −2�(W (τj)ωj)

or

−2�(W (τj)ωs) > −2�(W (τj)ωj+1).

This means that the scalar product between W (τj) and ωs is less than the scalar prod-
uct between W (τj) and ωkj or ωkj+1 . Assume, for example, that the first inequality
is satisfied by ωs. We obtain by (3.14)

H(W (τj),Π(τj), Us, Vs, p0) > H(W (τj),Π(τj), U(τ−j ), V (τ−j ), p0).

This contradicts (3.5), that is, the maximality of the Hamiltonian along an extremal.
Now assume that Δ contains only one vertex of P ′n (in this case n is necessarily

even) and |kj − kj+1| 
= 1. The segment [ωkj , ωkj+1 ] is parallel to a side [ωr, ωr+1] of
P ′n. Let us call ωl the vertex of P ′n opposite to [ωr, ωr+1]. As in the previous case, we
get a contradiction in (3.5). Indeed, one has

H(W (τj),Π(τj), Us, Vs, p0) > H(W (τj),Π(τj), U(τ−j ), V (τ−j ), p0),

with s equal to r, r + 1, or l and with ωs := (Us, Vs).
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If Δ contains two vertices ωs and ωl of Pn and if |kj − kj+1| 
= 1, we get a similar
contradiction in (3.5) by considering the vertex ωs or ωl.

We have thus proved that |kj+1 − kj | = 1 for any switching point τj . To conclude
the proof of the theorem, we have to show that the extremal control does not contain
a subsequence of the form {ωp, ωp+1, ωp, . . . }, where p ∈ N. Let us assume that an
extremal control Z takes the form

Z(θ) = 1l[τ1,τ2[ + ω1l[τ2,τ3[ + 1l[τ3,τ4[ + Z̃(θ), θ ∈ [0, δ],

where τ1 < τ2 < τ3 < τ4 and (τ2, τ3) are two consecutive switching points, and Z̃ is
the restriction of Z on [0, δ]\[τ1, τ4]:

Z̃ = Z∣∣[0,δ]\[τ1,τ4].
It is always possible to consider this case by multiplying Z by ωp, since it does not
change the extremality of (W,Z). As Z is switching from 1 to ω for θ = τ2, we have by
Lemma 3.5 W (τ2) = t2ω

1
2 , t2 ∈ R. Notice that by (3.14), we necessarily have t1 < 0.

Indeed, by the maximality condition, the value of the Hamiltonian on the extremal
is greater than the value of the Hamiltonian obtained with (Ũ , Ṽ ) = (0, 0). At the
switching point τ3, we similarly have W (τ3) = t3ω

1
2 , where t3 < 0. Hence, the vectors

W (τ2) and W (τ3) are parallel. For θ ∈ [τ2, τ3], the function θ �−→ W (θ) describes an
arc of an ellipse whose center is the point ω. Indeed, by (3.7), we have

W (θ) = ω +A2e
iθ +B2e

−iθ, (A2, B2) ∈ C
2.

Hence, the vectors W (τ2) and W (τ3) are equal or opposite because the line directed
by W (τ2) crosses the ellipse in at most two points. But, as we have W (τ2) ·W (τ3) =
t2t3 > 0, we must have

W (τ2) = W (τ3).

This condition will bring a contradiction. Let E be the ellipse of center ω on which
the function W takes its values for θ ∈ [τ1, τ2].

First case. E is not degenerated. The function W satisfies W (τ2) = W (τ3). As W
is of class C1, it must go all over the ellipse, and this is possible only if τ2 = τ1 +2kπ,
k ∈ N

∗. As (τ2, τ3) belong to the interval [0, δ], we get a contradiction.
Second case. E is a segment which contains W (τ2) and ω. For θ ∈ [τ2, τ3], W (θ)

takes its values within this segment. For θ ∈ [τ1, τ2], the function θ �−→W (θ) takes its
values within an ellipse E ′ whose center is the point (1, 0). By Lemma 3.5, W satisfies,
for θ = τ2, W (τ2) = t2ω

1
2 . Hence, the function W cannot be of class C1 at the point

θ = τ2, since W (θ) is parallel to W (τ2) for θ ∈ [τ2, τ3]. We thus get a contradiction.
We have thus proved that for any switching point τj , kj+1−kj = ε, where ε = ±1

is fixed by the rotation of Z clockwise or counterclockwise. This concludes the proof
of the theorem.

We now show that an extremal control switches a finite number of times on the
interval [0, δ].

Theorem 3.3. Let W be an extremal trajectory of the system. Then there exists
a subdivision (τj)0≤j≤r of [0, δ] with r ∈ N

∗ such that τ0 = 0 and τr+1 = δ and such
that on each [τj , τj+1[ the extremal control (U, V ) satisfies Z = ωεj+h, where h ∈ N,
ε = ±1.
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Proof. Let us prove that the number of switching points is finite on the inter-
val [0, δ]. Assume that there exists a sequence (τj) of switching points in [0, δ] that
converges to a point τ ∈ [0, δ]. We will show that

(3.17) W (τ) = 0, Ẇ (τ) = 0.

Assume that Z rotates clockwise, that is, ε = ±1. We have by Lemma 3.5

W (τj) = tjω
j+ 1

2 .

As W is of class C1,1 on [0, π], the sequence (tj) is bounded. Consequently (up to a
subsequence), we can assume that the sequence (tj) converges to a real t ∈ R. Assume
that t 
= 0; then there exists j0 ∈ N such that, for j ≥ j0, we have tj 
= 0. Hence,
W (τj)
W (τj+1) converges to 1 and

W (τj)
W (τj+1)

=
tj
tj+1

ω,

which converges to ω. Thus t = 0 and W (τ) = 0. Again, we get a contradiction
if we assume that Ẇ (τ) 
= 0. This shows (3.17). The Hamiltonian H along this
extremal is 0. By (3.5) and by (3.14), the value of H is greater than the value of H
for (Ũ , Ṽ ) = (0, 0). It follows that W ≡ 0 and Z ≡ 0. This extremal represents the
disc, which is not a minimizer. An extremal trajectory then has a finite number of
switching points. Finally, if we consider ωh, h ∈ N, the initial value of the control,
and ε = ±1, the rotation clockwise or counterclockwise of the control, then we get
the theorem.

We now compute the exact number of switching points of an extremal. We prove
the following result.

Theorem 3.4. Let W be an extremal trajectory and Z the extremal control. Then
we have

(3.18) Z =
∑

0≤j≤s
ωεj+h1l[τj,τj+1[,

where ε ∈ {±1}, h ∈ N, and τ0 = 0 < τ1 < · · · < τs < τs+1 = δ. Moreover, the
number L of switching points of Z in the interval [0, δ] is given by

(3.19) L = s+ 1 = ln− ε, l ∈ N
∗.

Proof. By Theorem 3.3, an extremal control Z takes the values (ωεj+h)0≤j≤n−1

with h ∈ N and ε = ±1 on a finite subdivision of [0, δ] denoted by (τj)0≤j≤s+1 with
τ0 = 0 and τs+1 = δ. Without loss of generality, we can assume that ε = +1. If
Z = ωh for θ = 0+, by performing a rotation of the control, that is, by changing Z
into Zωh, we can always assume that Z(0+) = 1. By extending the function W to R

by the relation W (θ+ δ) = ωW (θ) (recall that W is in Γ), we can assume that 0 is a
switching point. The function Z is now given by

Z =
∑

0≤j≤s
ωj1l[τj ,τj+1[,

with τ0 = 0 < τ1 < · · · < τs < τs+1 = δ. As Z is in Z, we must have Z(δ+) =
ωZ(0+) = ω. On the interval [τs, δ[, we have Z = ωs. Consequently, the point δ is
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a switching point, and we must have ωs+1 = ω. Thus, s+1 is of the form s+1 = −1+ln,
l ∈ N

∗. The number of switching points in the interval [0, δ] is s + 1, as δ is not
considered as a switching point of this interval. We have proved the theorem in the
case where ε = +1. When the control Z satisfies Z = ωj , the proof is the same,
and we must have ωs+1 = ω. Consequently, s is given by s = ln, l ∈ N

∗. In this
case the number of switching points is s + 1 = ln + 1. This ends the proof of the
theorem.

In the case of regular rotors Oln±1
n , the switching points are of the form jτ ,

j = 1, . . . , s = ln± 1 − 1 with τ = δ
s+1 , and the associated control is given by (2.39).

In the next section, we show that the distance between two consecutive switching
points τj and τj+1 of an extremal is constant. This will prove that a minimizer is
necessarily a regular rotor.

An extremal (W,Z) given by (3.18) satisfies on each interval [τj , τj+1]

(3.20) W (θ) = Aje
iθ +Bje

−iθ + ωεj+h.

A simple computation using (3.14) shows that the Hamiltonian along this trajectory
is

(3.21) H = 2|Aj|2 + 2|Bj |2 − 1 ∀0 ≤ j ≤ s,

and, as H is constant, we have

|Aj |2 + |Bj |2 ≡ cst ∀0 ≤ j ≤ s.

4. Conserved quantities along the extremal trajectories. In this section
we prove by an extension of Noether’s theorem in optimal control theory that the
angular momentum is conserved along an extremal trajectory. Combining the two
conserved quantities (Hamiltonian and angular momentum) we will show that ex-
tremal trajectories describe regular rotors. We use the results of Torres (see [29], [30])
in order to prove the conservation of the angular momentum.

4.1. Conservation of the angular momentum. Let M be the function de-
fined on the interval [0, δ] by

M(θ) = 

(
(W (θ) − Z(θ))Ẇ (θ)

)
, θ ∈ [0, δ],

where (W (θ), Z(θ)) is an admissible trajectory of problem (3.2). This quantity is usu-
ally called the angular momentum in mechanics (cross product between the position
and the velocity). If (W (θ), Z(θ)) is an extremal trajectory of (3.2) given by (3.18),
we have, for 0 ≤ j ≤ s, and θ ∈ [τj , τj+1[,

M(θ) = 

(
(W (θ) − ωεj+h)Ẇ (θ)

)
.

By differentiating, we get

Ṁ(θ) = 0 ∀θ ∈ [τj , τj+1[.

This proves that the function M(θ) is piecewise constant on each [τj , τj+1]. We now
show a stronger result.

Theorem 4.1. Along an extremal trajectory of (3.2), the quantity M(θ) is con-
stant:

∀θ ∈ [0, δ], Ṁ(θ) = 0.
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Proof. Let us consider the C1 transformation hα : C × C → C, α ∈ R+, defined
by

(4.1) hα(W,Z) = eiα(W − Z) + Z.

Geometrically speaking, hα(W,Z) is the image of W − Z by the rotation of angle α
and whose center is Z. For any (W,Z) ∈ C

2, we have h0(W,Z) = W . Now, given an
extremal trajectory (W (θ), Z(θ)) of (3.2), we denote byWα the image of (W (θ), Z(θ))
by hα. We then have on [0, δ]

Ẅα +Wα = Z.

Consequently, Wα satisfies the same equation as W , and the extremal control associ-
ated with Wα is Z. Let L : C × C be the C1 map defined by

L(W,Z) = �(WZ).

If (W (θ), Z(θ)) is an extremal trajectory, we have

L(Wα, Z) = cos(α)L(W,Z) − sin(α)
(WZ) + 1 − cos(α).

Considering the C1 map F : C × C × R+ → R defined by

F (W, Ẇ , α) = − sin(α)
(WẆ ),

we then have along an extremal trajectory (W (θ), Z(θ))

L(Wα(θ), Z(θ))= cos(α)L(W (θ), Z(θ))+
d

dθ
F (W (θ), Ẇ (θ), α)+1−cos(α) ∀θ ∈ [0, δ].

By (3.12), the scalar product between the state variable W and the dual variable Π
is

〈W,Π〉 = −�(W Π̇) + �(ẆΠ).

Now we are in position to derive consequences of the invariance theorem (see [29]).
Let (W (θ), Z(θ)) be an extremal trajectory of (3.2), H the Hamiltonian along this
trajectory, and Π(θ) the dual variable. We then have

(4.2) p0
∂F (W (θ), Z(θ), α)

∂α

∣∣∣
α=0

+
〈
∂Wα(θ)
∂α

∣∣∣
α=0

,Π(θ)
〉
−H ≡ cst

for all θ ∈ [0, δ]. But, we have

p0
∂F (W (θ), Z(θ), α)

∂α

∣∣∣
α=0

= −
(W (θ)Ẇ (θ)) ∀θ ∈ [0, δ],

and by Lemma 3.3, we can take Π = −W so that〈
∂Wα(θ)
∂α

∣∣∣
α=0

,Π(θ)
〉

= 
(Ẇ (θ)Z(θ)) + 2
(Ẇ (θ)W (θ)) ∀θ ∈ [0, δ].

As the Hamiltonian is constant along an extremal trajectory, we get by (4.2)


((W − Z)Ẇ ) ≡ cst.

This ends the proof of the theorem.
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4.2. Conserved quantities and equidistance of the switching points.
Thanks to the two conserved quantities along a Pontryagin extremal, we are now in
position to prove the equidistance of the switching points. We first show the following
proposition.

Proposition 4.1. For an extremal trajectory given by (3.18), we have for 0 ≤
j ≤ s, τj+1 − τj = τ1 − τ0.

Proof. A simple computation shows that for an extremal given by (3.18) we have
on each [τj , τj+1[, 0 ≤ j ≤ s,

(4.3) M(θ) = |Aj |2 − |Bj |2, θ ∈ [τj , τj+1[.

Thus, by (3.21) and Theorem 4.1, we get, for 0 ≤ j ≤ s,

(4.4)

{
|Aj | = |A0|,
|Bj | = |B0|.

SinceW is of class C1 at each switching point τj , the coefficients Aj and Bj , 1 ≤ j ≤ s,
are given by

(4.5)

{
Aj = Aj−1 + 1

2 (ωj−1 − ωj)e−iτj ,

Bj = Bj−1 + 1
2 (ωj−1 − ωj)eiτj .

Combining (4.4) and (4.5), we get

(4.6) �(AjAj−1) ≡ cst, 1 ≤ j ≤ s.

Geometrically speaking, the complex (Aj)0≤j≤s lie on a circle whose center is the
origin and whose radius is |A0|, and Aj+1 is the image of Aj by a rotation of a fixed
angle by (4.6). In terms of the switching point (τj)1≤j≤s, the phase between Aj+1−Aj
and Aj−Aj−1 is δ− (τj+1−τj) by (4.5). But using (4.4) and (4.6), the phase between
these two complex numbers is the same as the phase between Aj and Aj−1. By (4.6),
the phase between Aj+1 −Aj and Aj −Aj−1 is constant, which ends the proof of the
proposition.

Corollary 4.1. Let W be an extremal trajectory of the system and Z the ex-
tremal control. Then the corresponding rotor is in the class (Oln±1

n )l∈N∗ , and the
extremal control Z is given by (2.39).

Proof. This is a a consequence of the previous proposition, as two consecutive
switching points of an extremal are equidistant. The corresponding rotor given by
(3.18) satisfies τj+1 − τj ≡ cst, and it is necessarily an element of (Oln±1

n )l∈N∗ .
By Proposition 2.11, the rotor of minimal area in the class Oln±1

n is On−1
n (with

the least number of arcs). As the rotor of minimal area necessarily belongs to this
class (by the PMP), it is On−1

n . By (2.39) the optimal control Zmin corresponding to
On−1
n is obtained for s+ 1 = n− 1 and is given by

(4.7) Zmin =
∑

0≤j≤n−2

ωj1l[j δ
n−1 ,(j+1) δ

n−1 [.

This proves Goldberg’s conjecture (Theorem 1.1). Note that there is no necessity of
verifying the optimality of the extremal trajectories corresponding to (Oln±1

n )l∈N∗\
{On−1

n }, as On−1
n is of minimal area in this class.
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Table 1

Values of the rj for n = 3, 4, 5, 6.

n r0 r1 r2 r3 r4 r5
3 0 3r 0
4 0 2r 2r 0
5 0 r1 r2 r1 0
6 0 r 2r 2r r 0

0

1

0,6

0,8

0,4

0

0,2

t

51 642 3

1

0,8

0,6

0,4

0,2

0

t

6543210 43210

2

1,5

1

0,5

0

t

65

Fig. 3. The minimizers in the cases n = 3 (Δ-biangle), n = 4 (Reuleaux triangle), and n = 5
(O4

5) and their respective radii of curvature on the interval [0, 2π].

Geometrically speaking, if we come back to the initial parameterization of a rotor
by its support function p, the rotor On−1

n is the union of arcs of circles of radii rj :

rj =
r

cos
(
δ
2

) (cos
(δ

2

)
− cos

((
j +

1
2

)
δ
))

=
r

cos
(
δ
2

)�(ω1/2 − ωj+1/2
)
, j = 0, . . . , n− 1.

These values of the radii of curvature are precisely equal to the distances of the
diagonals of the n-gon from the parallel sides (see [15], [16]), and the sectors are
all equal to 2π

n(n−1) , as the switching points are equidistant. In Table 1, we give the
different values of the radii rj for n = 3, 4, 5, 6. For n = 5, there are two different radii
r1 < r2, and r denotes the radius of the inscribed circle. If n is even, there are exactly
n−2

2 values of the rj , and if n is odd, there are exactly n−1
2 values of the rj . By (2.39),

the radius of curvature of the boundary of On−1
n is 2π

n−1 -periodic (see [10]). We have
represented in Figure 3 the minimizers of the area for n = 3, n = 4, and n = 5 and
their respective radii of curvature.
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[21] R. Klötzler, Beweis einer Vermutung über n-Orbiformen kleinsten Inhalts, Z. Angew. Math.

Mech., 55 (1975), pp. 557–570.
[22] H. Lebesgue, Sur quelques questions de minimum, relatives aux courbes orbiformes, et sur

leurs rapports avec le calcul des variations, J. Math. Pures Appl. (8), 4 (1921), pp. 67–96.
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COMPOSITE SYSTEMS WITH UNCERTAIN COUPLINGS OF
FIXED STRUCTURE: SCALED RICCATI EQUATIONS AND THE

PROBLEM OF QUADRATIC STABILITY∗

DIEDERICH HINRICHSEN† AND ANTHONY J. PRITCHARD‡

Tony Pritchard, my friend and close collaborator of many years, died suddenly from a heart

attack on the 12th of August 2007 while on holidays with his family. Some weeks before his

death, we had agreed that after a final revision he would submit this paper to SICON as the

corresponding author.—Diederich Hinrichsen.

Abstract. We consider large scale systems consisting of a finite number of separate uncertain
subsystems which interact via uncertain couplings of arbitrarily prescribed structure. The couplings
are viewed as structured perturbations of the block-diagonal system representing the collection of the
separate nominal subsystems (the “nominal system”). We define spectral value sets and stability radii
for these time-invariant structured perturbations and derive formulas for their computation. Scaled
Riccati equations are introduced to obtain explicit formulas for the stability radii with respect to time-
varying and possibly nonlinear perturbations of the given structure. From these we derive necessary
and sufficient conditions under which the stability radii with respect to time-invariant and time-
varying perturbations are equal. These results are obtained by constructing joint quadratic Liapunov
functions of optimal robustness. With their help we prove necessary and sufficient conditions for
quadratic stability and sufficient conditions for the validity of a generalized Aizerman conjecture.

Key words. interconnected system, Riccati equation, structured perturbation, spectral value
set, stability radius, time-varying perturbation, quadratic stability, Aizerman conjecture
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1. Introduction. Composite systems play a role in many different areas of ap-
plication. They arise naturally where large scale systems are composed of a finite
number of separate interacting subsystems. Examples of such systems are traffic,
biochemical [2], and power networks [6]; compartmental models in physiology and
ecology [15]; and systems of cooperative robotic vehicles [10]; see also [3], [20]. Often
in these composite systems the interconnection structure is fixed, but the magnitudes
of the couplings between the subsystems are uncertain and may even change in time
or be dependent on current states. The interconnection structure specifies for each
subsystem Σi the set of subsystems Σj which can directly influence it. A structure
of this type may be described by a graph, and tools from graph theory have been
used by several authors to analyze such systems; see, e.g., [8], [22]. Due to economic
costs, reliability, and availability of information flows, etc. there will also, in general,
be structural constraints imposed on the control of composite systems. For instance,
the subsystems may be separated geographically and for each one only local measure-
ments may be available for feedback control. This leads to problems of decentralized
control which have been studied extensively in the literature; see, e.g., [3], [21]. As a
result of such structural constraints closed loop interconnected systems will also, in
general, not be fully coupled but have a fixed interconnection structure.
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In this paper we do not deal with control aspects, but our results may provide
an aid to the design of decentralized feedback controls. We analyze stability prop-
erties of composite systems consisting of (possibly uncertain) subsystems interacting
via uncertain couplings of a fixed structure. The couplings are viewed as structured
perturbations of the block-diagonal system representing the collection of the discon-
nected nominal subsystems. This block-diagonal system will be regarded as the “nom-
inal system”. We assume that the individual nominal subsystems are stable or have
been stabilized (e.g., via decentralized control). Then a basic question is whether the
overall system remains stable provided the uncertainties (possibly time-varying) are
bounded in norm by some given realistic uncertainty level.

There is extensive literature on stability properties of composite systems. Vari-
ous tools such as input-output methods [24], [3], passivity methods, scalar and vector
Liapunov functions [17], [20], and (dynamic) graphs [22] have been used to obtain suf-
ficient stability criteria. Our aim is to develop nonconservative results on the stability
of uncertain composite systems with norm bounded couplings and an arbitrary fixed
interconnection structure. If the interconnection structure is a priori known, then the
application of robustness estimates for unstructured perturbations will, in general,
lead to conservative results. On the other hand, it is well known from μ-analysis that
tight robustness margins for structured perturbations are not easily obtained.

In a first step we determine the spectral value sets [12] associated with uncertain
composite systems of the above type, i.e., the set of eigenvalues of all the composite
systems which are obtained from the block-diagonal nominal one by adding pertur-
bations which preserve the prescribed interaction structure and are bounded in an
appropriate norm by a given uncertainty level δ > 0. We then derive computable for-
mula for the stability radius [12] of the nominal system with respect to these (complex
time-invariant) perturbations. Similar results, but with respect to different pertur-
bation norms, have been obtained in the recent paper [16], and it has been shown
there that for the special case of one-dimensional subsystems these results are closely
related to classical spectral inclusion theorems of linear algebra due to Gershgorin,
Brauer, and Brualdi. In fact, they can be used to show that the inclusion regions
of Brauer and Brualdi (see [14], [23]) are tight for the corresponding perturbation
structures.

In [16] constant variations of the coupling parameters were considered. However,
time-varying couplings may often occur in practice. The notion of connective stabil-
ity was introduced by Siljak [20] to determine conditions under which a composite
system remains stable despite time-varying perturbations whereby subsystems are
disconnected and again connected during the evolution of the system. It may also
occur that some of the interconnected subsystems are nonlinear or time-varying, but
for simplicity they have been modelled approximately by time-invariant ones. Then
the “real” subsystems can be viewed as nonlinear or time-varying perturbations of
the time-invariant nominal subsystems. In this paper we will focus on the establish-
ment of nonconservative stability results for uncertain composite systems with such
time-varying and/or state-dependent uncertainties, both in the couplings and in the
individual subsystems.

In general, the determination of the stability radius with respect to time-varying
structured perturbations is a difficult problem [7], [26]. But if no perturbation struc-
ture is prescribed and arbitrary complex matrix perturbations are allowed (“complex
full block case”), then the situation is quite simple. It is known that in the complex
full block case the stability radii with respect to time-invariant and time-varying per-
turbations coincide [12, section 5.6]. This result (which does not carry over to real



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

COMPOSITE SYSTEMS WITH UNCERTAIN COUPLINGS 3039

perturbations) has been obtained in [11] by characterizing the complex stability radius
via a parametrized Riccati equation. By means of the Riccati equation a quadratic Li-
apunov function of maximal robustness can be constructed. The construction of such
Liapunov functions for structured perturbations has been stated as an open problem
in [16, Remark 3.2].

In this paper we will show that for uncertain block-diagonal systems with irre-
ducible perturbation structures quadratic Liapunov functions of maximal robustness
can be constructed by applying a scaling technique known from μ-analysis. Via scal-
ing, new parametrized algebraic Riccati equations are obtained whose Hermitian solu-
tions provide us with quadratic Liapunov functions of approximately optimal robust-
ness (optimality is achieved if the perturbation structure is irreducible). By means
of these quadratic Liapunov functions one can derive computable formulas for the
stability radius of uncertain block-diagonal systems with respect to time-varying per-
turbations of the prescribed structure. In general, the stability radii with respect to
time-varying and time-invariant perturbations are different. We will derive necessary
and sufficient conditions for them to be equal.

The robust stability problem with respect to time-varying perturbations is closely
related to the more general stability problem for linear differential inclusions of the
form ẋ(t) ∈ Ax(t), where A is a compact set of n × n matrices. Molchanov and Py-
atnitskij [18] have shown that such a differential inclusion is asymptotically stable, if
and only if there exists a joint convex positive homogeneous strict Liapunov function
for all the time-invariant systems ẋ = Ax, A ∈ A. This result shows a fundamental
difference between robustness issues for time-varying and for time-invariant pertur-
bations. In general, the stability of a set of time-invariant systems ẋ = Ax, A ∈ A,
does not guarantee the existence of a joint Liapunov function for all these systems. In
contrast, if all the time-varying systems ẋ(t) = A(t)x(t), A(·) : R+ → A measurable,
are uniformly asymptotically stable then, by Molchanov and Pyatnitskij’s theorem,
such a joint Liapunov function always exists.

A more specific problem is to characterize those sets of time-invariant linear sys-
tems for which a joint quadratic Liapunov function can be found. This is the problem
of quadratic stability; see [5]. It is well known that for uncertain systems with full
block perturbations, quadratic stability is equivalent to asymptotic stability; see [11].
Moreover, it is known that this equivalence does not, in general, hold for structured
perturbations [19]. To the best of our knowledge, there are no general quadratic
stability criteria available for structured perturbations besides reformulations of the
problem in terms of linear matrix inequalities; see [1]. In this paper we consider
block-diagonal systems under bounded perturbations of arbitrarily prescribed struc-
ture and derive explicit necessary and sufficient criteria for the quadratic stability of
these systems. To check these criteria one only has to determine the spectral radius
of a certain matrix; see Theorem 7.7.

The organization of this paper is as follows. In the next section we introduce
the concepts of spectral value set and stability radius and for the special case of full
block perturbations recall some characterizations of them via transfer functions and
parametrized algebraic Riccati equations. The section concludes with the proof of a
stability theorem for nonlinear time-varying full block perturbations. After fixing, in
section 3, the terminology and notations for the analysis of composite systems, com-
putable formulae for the corresponding spectral value sets and stability radii are pre-
sented in section 4. To derive these formulae, we apply the Perron–Frobenius theory
of nonnegative matrices. We do not employ tools from μ-analysis, but briefly express
our results in terms of μ-values. In section 5, we introduce scaled parametrized alge-
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braic Riccati equations and show how they can be used to construct joint quadratic
Liapunov functions of approximately optimal robustness (optimal robustness if the
underlying perturbation structure is irreducible). The scaled Riccati equations intro-
duced in section 5 will be the key tool for proving the main results of this paper. In
section 6, we derive a computable formula for the stability radius of a block-diagonal
system with respect to time-varying parameter perturbations. As a consequence we
obtain necessary and sufficient conditions under which the stability radii with re-
spect to time-invariant and time-varying perturbations of the prescribed structure
coincide. In section 7, we show that this equality holds if the subsystems are either
one-dimensional or positive. We then conclude this paper by applying our results to
two classical robustness topics, the problems of quadratic and of absolute stability.

2. Preliminaries. In this section we introduce some basic concepts and fix the
notation. The symbols N,R,R+,C denote the sets of positive integers, real numbers,
nonnegative real numbers, and complex numbers, respectively. For any N ∈ N we set
N := {1, 2, . . . , N}. By K

n×m we denote the set of n by m matrices with entries in
K, where K = R or C. If A = (aij) ∈ C

n×m, then we define |A| := (|aij |), and for real
matrices A = (aij), B = (bij) ∈ R

n×m we write A ≤ B if aij ≤ bij for all i ∈ n, j ∈ m.
If A is square, then σ(A), ρ(A) = C \ σ(A), and α(A) = max{Reλ; λ ∈ σ(A)} denote
its spectrum, resolvent set, and spectral abscissa, respectively. By Ln,l,q we denote the
set of triples of matrices (A,B,C) with A ∈ C

n×n, B ∈ C
n×l, C ∈ C

q×n, n, l, q ∈ N.
The open left half-plane is denoted by C− = {s ∈ C; Re s < 0}, and A ∈ C

n×n is
called Hurwitz stable if σ(A) ⊂ C−. We use the conventions

(1) 0−1 = ∞, ∞−1 = 0, inf ∅ = ∞.

In the following definitions we suppose that (A,B,C) ∈ Ln,l,q and Δ ⊂ K
l×q is a

K-linear subspace provided with a norm ‖ · ‖Δ. For a more detailed account of the
definitions and some results presented in this section, see [12]. We consider perturba-
tions of the form

(2) A � AΔ = A+BΔC, Δ ∈ Δ.

Definition 2.1. The μ-value of a matrix M ∈ C
q×l (with respect to the normed

perturbation space (Δ, ‖ · ‖Δ)) is defined by

μΔ(M) := [ inf{‖Δ‖Δ ; Δ ∈ Δ, det(Il − ΔM) } ]−1 .(3)

Definition 2.2. Given a system (A,B,C) ∈ Ln,l,q and the perturbation space
(Δ, ‖ · ‖Δ), the spectral value set of A of level δ > 0, with respect to perturbations of
the form (2), is the following subset of the complex plane:

(4) σΔ(A,B,C; δ) :=
⋃

Δ∈Δ, ‖Δ‖Δ<δ
σ(A+BΔC).

Definition 2.3. Given a system (A,B,C) ∈ Ln,l,q and the perturbation space
(Δ, ‖ · ‖Δ), the stability radius of A with respect to perturbations of the form (2) is
defined by

(5) rΔ(A,B,C) = inf{‖Δ‖Δ ; Δ ∈ Δ, σ(A+BΔC) 	⊂ C−}.
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It is easily seen that the infimum in (5) is in fact a minimum if rΔ(A,B,C) is finite.
In this case the stability radius is the norm of a smallest perturbation in Δ which
destabilizes A. rΔ(A,B,C) = 0 if and only if σ(A) 	⊂ C−. rΔ(A,B,C) = ∞ if and
only if σ(A +BΔC) ⊂ C− for all Δ ∈ Δ.

Spectral value sets and stability radii can be characterized via μ-values as follows;
see [12].

Proposition 2.4. Let (A,B,C) ∈ Ln,l,q be a given system and G(s) = C(sIn −
A)−1B the associated transfer function. Then

σΔ(A,B,C; δ) = σ(A) ∪ {s ∈ ρ(A); μΔ(G(s)) > δ−1}, δ > 0;(6)

rΔ(A,B,C) =
(

sup
ω∈R

μΔ(G(ıω))
)−1

if σ(A) ⊂ C−.(7)

Specializing to block-diagonal and full block perturbations, further results are known
if the perturbation norm ‖ · ‖Δ is an operator norm. Let C

l, C
q be endowed with

arbitrary norms and C
l×q, C

q×l with the induced operator norms ‖ · ‖L(Cq,Cl) and
‖ · ‖L(Cl,Cq). In the case where C

l, C
q are provided with 2-norms, we write ‖ · ‖2 for

vector norms and the corresponding operator norms are denoted by ‖ · ‖2,2. Suppose
Δ ⊂ C

l×q is the vector space of block-diagonal perturbations of the following form
provided with the corresponding operator norm:

(8) Δ = {diag (Δ1, . . . ,ΔN ); Δi ∈ C
li×qi , i ∈ N}, ‖ · ‖Δ = ‖ · ‖L(Cq,Cl),

whereN ≥ 1, li ≥ 1, qi ≥ 1, i ∈ N are given such that
∑N
i=1 li = l,

∑N
i=1 qi = q. Then

estimates of the associated μ-values, spectral value sets, and stability radii can be ob-
tained by the following scaling method. For any scaling vector γ = (γ1, . . . , γN ), where
γi > 0, i ∈ N , we set Lγ = diag (γ1Il1 , . . . , γNIlN ) and Rγ =diag(γ1Iq1 , . . . , γNIqN ).
Then LγΔR−1

γ = Δ for all Δ ∈ Δ and this fact implies (see [12, section 4.4]) that

(9) μΔ(G) ≤ ‖RγGL−1
γ ‖L(Cl,Cq), G ∈ C

q×l.

As a consequence we have

σΔ(A,B,C; δ) ⊂ σ(A) ∪ {s ∈ ρ(A); ‖RγG(s)L−1
γ ‖L(Cl,Cq) > δ−1};(10)

rΔ(A,B,C) ≥
(

sup
ω∈R

‖RγG(ıω)L−1
γ ‖L(Cl,Cq)

)−1

if σ(A) ⊂ C−.(11)

In the full block case where Δ = K
l×q precise formulae are obtained without any

scaling. For this case the spectral value sets and stability radii are denoted by
σK(A,B,C; δ) and rK(A,B,C), respectively, and are called the complex and real spec-
tral value sets and stability radii according to whether K = C or K = R. For the
complex case (Δ = C

l×q, ‖·‖Δ = ‖·‖L(Cq,Cl) ), one has μCl×q(G(s)) = ‖G(s)‖L(Cl,Cq),
and therefore Proposition 2.4 implies

σC(A,B,C; δ) = σ(A) ∪ {s ∈ ρ(A); ‖G(s)‖L(Cl,Cq) > δ−1};(12)

rC(A,B,C) =
(

max
ω∈R

‖G(ıω)‖L(Cl,Cq)

)−1

if σ(A) ⊂ C−.(13)

The formula for the real stability radius rR(A,B,C) (where A,B,C are supposed to
be real) is more complicated; see [12, section 5.3.3].
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In the following we will assume that both C
l and C

q are provided with the 2-norm
‖ · ‖2 so that the norms ‖ · ‖L(Cq,Cl),‖ · ‖L(Cl,Cq) are both spectral norms.1 Then

(14) rC(A,B,C) =
(

max
ω∈R

‖G(ıω)‖2,2

)−1

= ‖G(·)‖−1
H∞ if σ(A) ⊂ C−.

Throughout the rest of this paper we will reserve the notation rC(A,B,C) for the
complex stability radius with respect to the spectral norm on C

l×q. This stability
radius can be characterized in terms of the following parametrized algebraic Riccati
equation:

(15) PA+A∗P + ρ2C∗C + PBB∗P = 0,

where ρ ≥ 0. We denote the real vector space of all the Hermitian matrices in C
n×n

by Hn(C) and the usual order relation on Hn(C) by � . The following results have
been proved in [11].2

Theorem 2.5. Suppose that (A,B,C) ∈ Ln,l,q is a given system with σ(A) ⊂ C−,
and G(s) = C(sIn − A)−1B is the associated transfer matrix. Then (15) has a
Hermitian solution if and only if ρ ≤ rC := rC(A,B,C). Moreover, the following
statements are equivalent:

(i) There exists a (unique) solution Pρ ∈ Hn(C) of (15) such that σ(A+BB∗Pρ) ⊂
C−.

(ii) ρ < rC.
If ρ = rC, then (15) has a unique solution PrC

∈ Hn(C) satisfying σ(A+BB∗PrC
) ⊂

C−. For each ρ ≤ rC, Pρ is the smallest Hermitian solution of (15). If P is any
Hermitian solution of (15), then P 
 0. P is positive definite if (A,C) is observable.
If P is positive definite, then Vρ(x) = 〈x, P x〉 is a joint quadratic Liapunov function
for all perturbed systems

(16) ẋ = AΔx = (A+BΔC)x, Δ ∈ C
l×q, ‖Δ‖2,2 ≤ ρ.

Since there is no joint Liapunov function for all perturbed systems ẋ = AΔx with
‖Δ‖2,2 < ρ if ρ > rC(A,B,C), we may call the quadratic Liapunov function VrC

(x)
(in case P � 0) one of maximal robustness for the perturbation space Δ = C

l×q

endowed with the spectral norm.
We conclude this section with a theorem which extends Proposition 5.2 in [11]

and will be useful for the treatment of time-varying nonlinear perturbations in section
6. Since the proof in [11] works only for time-invariant perturbations, we will give a
full proof.

Let (A,B,C) ∈ Ln,l,q be a given system with σ(A) ⊂ C−. We suppose that Ω is
an open neighborhood of 0 in C

n and consider nonlinear time-varying perturbations
of ẋ = Ax of “output feedback form”,

(17) ẋ = Ax+BΔ(x, t)y, y = Cx, where Δ(·, ·) ∈ Δnt(Ω).

Here Δnt(Ω) is the vector space of all bounded matrix functions Δ(·, ·) : Ω×R+ → C
l×q

with the Carathéodory properties; i.e., Δ(x, ·) : R+ → C
l×q is measurable for each

1For any Hermitian matrix H we denote by λmax(H) the maximal eigenvalue of H. For any
matrix M ∈ Ch×k, h, k ∈ N, we denote by ‖M‖2,2 = [λmax(M∗M)]1/2 = [λmax(MM∗)]1/2 the
spectral norm of M .

2Note that P is a solution of (15) if and only if −P satisfies (AREρ) in [11].
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x ∈ Ω, Δ(·, t) : Ω → C
l×q is continuous for each t ∈ R+, and for each compact

product set K × I ⊂ Ω × R+ there exists an integrable k(·) : I → R+ such that

‖Δ(x, t)Cx − Δ(x̂, t)Cx̂‖2 ≤ k(t)‖x− x̂‖2, (x, t), (x̂, t) ∈ K × I.

The norm on Δnt(Ω) is taken to be

(18) ‖Δ(·, ·)‖ = sup
x∈Ω,t≥0

‖Δ(x, t)‖2,2 , Δ(·, ·) ∈ Δnt(Ω).

By Carathéodory’s theorem for every (t0, x0) ∈ R+ × Ω, there exists a unique solu-
tion x(t) = x(t; t0, x0) of (17) with x(t0) = x0 on some maximal semiopen interval
[t0, t+(t0, x0)), where t+(t0, x0) > t0; see [12, Theorem 2.1.14]. In the following the-
orem we will see that t+(t0, x0) = ∞ if ‖Δ(·, ·)‖ ≤ rC(A,B,C) and x0 is sufficiently
close to the equilibrium state x = 0. Recall that a quadratic function V (x) = 〈x, Px〉
is said to be a Liapunov function (respectively, strict Liapunov function) for the non-
linear time-varying system ẋ = Ax+BΔ(x, t)Cx at the origin if P � 0 and V̇ (x, t) ≤ 0
(respectively, supt≥t0 V̇ (x, t) < 0 for x 	= 0) on some neighborhood of the origin. The
existence of a quadratic Liapunov function ensures that the origin is uniformly sta-
ble, whereas the existence of a strict quadratic Liapunov function implies uniform
asymptotic stability; see [12, Theorem 3.2.17]. Unfortunately, these criteria are not
applicable in the present situation where P is obtained as a solution of the algebraic
Riccati equation (15), since the corresponding V (·) is, in general, neither a strict Lia-
punov function for the system (17) nor need it be positive definite. Nevertheless, we
will see in the following proof that V (·) can be used to establish asymptotic stability.
For simplicity, we call the system (17) uniformly (asymptotically) stable if x = 0 is a
uniformly (asymptotically) stable equilibrium position of the system (17).

Theorem 2.6. Suppose (A,B,C) ∈ Ln,l,q is a given system σ(A) ⊂ C−, and Ω
is an open neighborhood of 0 in C

n. Then we have the following.
(i) The nonlinear system (17) is asymptotically stable for all Δ ∈ Δnt(Ω) sat-

isfying ‖Δ(·, ·)‖ < rC(A,B,C). Moreover, when this condition is satisfied
we have x(t; t0, x0) → 0 as t → ∞ for all (t0, x0) ∈ R+ × Ω for which
t+(t0, x0) = ∞.

(ii) Suppose ρ ≤ rC(A,B,C), and let P be a Hermitian solution of the alge-
braic Riccati equation (15). Then P 
 0. If δ > 0 satisfies Dδ = {x ;x ∈
C
n and 〈x, Px〉 < δ} ⊂ Ω, then Dδ is a joint domain of attraction of the equi-

librium point x = 0 for all the systems (17) with Δ ∈ Δnt(Ω), ‖Δ(·, ·)‖ < ρ.
(iii) Suppose ρ ≤ rC(A,B,C) and P is a Hermitian solution of (15). If r < ρ, then

there exists a constant k > 0 such that the derivative of the quadratic function
Vρ(x) = 〈x, Px〉 along trajectories of (17) satisfies V̇ρ(x) ≤ −k‖Cx‖2, x ∈ Ω,
for all Δ ∈ Δnt(Ω), ‖Δ(·, ·)‖ ≤ r. If (A,C) is observable, Vρ(x) is a joint
Liapunov function at x = 0 for all perturbed systems (87) with Δ ∈ Δnt(Ω)
satisfying ‖Δ(·, ·)‖ ≤ ρ. In particular, (17) is uniformly stable if Δ ∈ Δnt(Ω)
and ‖Δ(·, ·)‖ ≤ rC(A,B,C).

Proof. We first prove the third statement. Let ρ ≤ rC(A,B,C). Since A is Hur-
witz stable, every Hermitian solution P of (15) is positive semidefinite. Multiplying
(15) from the right by x ∈ kerP and from the left by x∗, we see that kerP ⊂ kerC. Let
x(t) = x(t; t0, x0), (t0, x0) ∈ R+ × Ω, be an arbitrary solution of (17). The derivative
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of the time-invariant quadratic function Vρ(x) = 〈x, Px〉 along this solution is

V̇ρ(x(t)) =
[〈

(Ax(t) +BΔ(x(t), t)Cx(t)), Px(t)
〉

+
〈
x(t), P (Ax(t) +BΔ(x(t), t)Cx(t))

〉]
=
〈
(PA+A∗P )x(t), x(t)

〉
+ 2 Re

〈
BΔ(x(t), t)Cx(t), Px(t)

〉
= −ρ2‖y(t)‖2

2 − ‖B∗Px(t)‖2
2 + 2 Re

〈
Δ(x(t), t)y(t), B∗Px(t)

〉
= −‖Δ(x(t), t)y(t) −B∗Px(t)‖2

2 −
[
ρ2‖y(t)‖2

2 − ‖Δ(x(t), t)y(t)‖2
2

]
≤ −

[
ρ2‖y(t)‖2

2 − ‖Δ(x(t), t)y(t)‖2
2

]
, t ∈ [t0, t+(t0, x0)),

(19)

where y(t) = Cx(t). Setting k = ρ2 − r2 we obtain V̇ρ(x) ≤ −k‖Cx‖2, x ∈ Ω,
for all Δ(·, ·) ∈ Δnt(Ω), ‖Δ(·, ·)‖ ≤ r. If (A,C) is observable, then P � 0 and so
Vρ is a time-invariant Liapunov function on Ω for all perturbed systems (17) with
Δ ∈ Δnt(Ω) satisfying ‖Δ(·, ·)‖ ≤ ρ. In particular, setting ρ = rC(A,B,C), the
system (17) is uniformly stable for all Δ ∈ Δnt(Ω), ‖Δ(·, ·)‖ ≤ rC(A,B,C) (see [12,
Theorem 3.2.17]). This proves (iii).

We now abandon the observability assumption and prove (i). Suppose that Δ ∈
Δnt(Ω) and ‖Δ(·, ·)‖ < ρ. Then

(20) V̇ρ(x(t)) ≤ 0, t ∈ [t0, t+(t0, x0)), and V̇ρ(x(t)) = 0 ⇒ y(t) = Cx(t) = 0.

Consider the decomposition

x(t) = x1(t) + x2(t), x1(t) ∈ (kerP )⊥, x2(t) ∈ kerP, t ∈ [t0, t+(t0, x0)).

Since there exists α > 0 such that
〈
x, Px

〉
=
〈
x1, P x1

〉
≥ α‖x1‖2

2 for all x ∈ C
n, we

have

(21) α‖x1(t)‖2
2 ≤

〈
x1(t), P x1(t)

〉
≤
〈
x1(t0), P x1(t0)

〉
≤ ‖P‖2,2‖x1(t0)‖2

2

for all (t0, x0) ∈ R+ × Ω and t ∈ [t0, t+(t0, x0)). But kerP ⊂ kerC, so it follows that
there exists a constant c > 0, independent of (t0, x0) ∈ R+ × Ω, such that

(22) ‖y(t)‖2 = ‖Cx(t)‖2 = ‖Cx1(t)‖2 ≤ c‖x1(t0)‖2, t ∈ [t0, t+(t0, x0)).

Since ‖eAt‖ ≤Me−ωt with suitable M > 0, ω > 0, we have for all (t0, x0) ∈ R+ × Ω
(23)
‖x(t)‖2 = ‖eA(t−t0)x0 +

∫ t
t0
eA(t−s)BΔ(x(s), s)y(s)ds‖2

≤ Me−ω(t−t0)‖x0‖2 + (M/ω)‖B‖2,2 ‖Δ(·, ·)‖ supt∈[t0,t+(t0,x0)) ‖y(t)‖2

≤ Me−ω(t−t0)‖x0‖2+(M/ω)‖B‖2,2 ‖Δ(·, ·)‖ c ‖x1(t0)‖2, t ∈ [t0, t+(t0, x0)).

Let ε > 0 and B(0, ε) = {x ∈ C
n; ‖x‖2 < ε} be such that the closed ball B(0, ε) is

contained in Ω. Then by (23) there exists δ′ > 0 so that

x0 ∈ B(0, δ′), t0 ∈ R+, t ∈ [t0, t+(t0, x0)) =⇒ x(t) = x(t; t0, x0) ∈ B(0, ε).

Hence t+(t0, x0) = ∞ for (t0, x0) ∈ R+ × B(0, δ′) and the system (17) is uniformly
stable.

Now assume that (t0, x0) ∈ R+ × Ω, t+(t0, x0) = ∞ and y(t) = Cx(t, t0, x0) does
not tend to zero as t → ∞. Then there exist ε1 > 0 and a sequence tk → ∞ such that
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‖y(tk)‖2 > 2ε1 for k ∈ N. Now ‖x(t)‖2, t ≥ t0 is bounded by (23), and so via (17) we
see that ‖ẋ(t)‖2, t ≥ t0, is also bounded. Hence there exists η > 0 such that

‖y(t)‖2 > ε1 for t ∈ [tk, tk + η], k ∈ N.

Let γ := ρ2 − ‖Δ(·, ·)‖2 > 0. Then (19) implies for all k ∈ N

Vρ(x(tk + η)) − Vρ(x(tk))
=
∫ tk+η

tk
V̇ρ(x(t)) dt ≤ −

∫ tk+η

tk
(ρ2 − ‖Δ(x(t), t)‖2)‖y(t)‖2

2 dt ≤ − γηε21 .

Since Vρ(x(t)) is not increasing in t, this contradicts the fact that Vρ(x(t)) ≥ 0, t ≥ t0.
Hence limt→∞ ‖y(t)‖2 = 0. Replacing t0 by a sufficiently large t′0, x0 by x(t′0), and
t+(t0, x0) by ∞, the first inequality in (23) becomes

‖x(t)‖2 ≤Me−ω(t−t′0)‖x(t′0)‖2 + (M/ω)‖B‖2,2 ‖Δ(·, ·)‖ sup
t∈[t′0,∞)

‖y(t)‖2, t ∈ [t′0,∞).

We conclude that x(t) → 0 as t → ∞. Since t+(t0, x0) = ∞ for all x0 ∈ B(0, δ′),
setting ρ = rC(A,B,C) completes the proof of (i).

Now suppose that Dδ = {x ∈ C
n; 〈x, Px〉 < δ} ⊂ Ω for some δ > 0 and Δ ∈

Δnt(Ω), ‖Δ(·, ·)‖ < ρ. Let x0 ∈ Dδ and choose δ1 > 0 such that 〈x0, Px0〉 < δ1 < δ;
then Dδ1 ⊂ Ω and Dδ1 is invariant for (17). Hence t+(t0, x0) = ∞, and so, by (i),
x(t) → 0 as t→ ∞. This proves (ii).

Remark 2.7. (i) If P � 0, then there will always exist a δ such that Dδ ⊂ Ω.
However, this need not be the case if kerP 	= {0} (e.g., for bounded Ω).

(ii) Suppose that Δ ∈ Δnt(Ω) and there exist k > 0 and a positive semidefinite
P ∈ Hn(C) with kerP ⊂ kerC such that the quadratic function V (x) = 〈x, Px〉
satisfies V̇ (x) ≤ −k‖Cx‖2 along the solutions of (17). Then by similar arguments as
in the previous proof one can show that x̄ = 0 is an asymptotically stable equilibrium
point of (17).

3. Composite systems. Let us introduce some additional notation. In the
following, q, l are finite N -tuples l= (l1, . . . , lN), q= (q1, . . . , qN ), lj , qj , N ∈ N, and
we set q = |q|=

∑m
i=1 qi, l = |l|=

∑m
j=1 lj . We denote by K

l×q the set of N ×N block
matrices

(24) [Δij ] = [Δij ]i,j∈N =

⎡
⎢⎣Δ11 · · · Δ1N

...
...

ΔN1 · · · ΔNN

⎤
⎥⎦ , Δij ∈ K

li×qj for (i, j) ∈ N ×N.

For any positive integer k we denote by K
k×q the set of all block rows [X1, . . . , XN ],

Xj ∈ K
k×qj , j ∈ N , and by K

l×k the set of block columns [Y �1 , . . . , Y �N ]�, Yi ∈ K
li×k,

i ∈ N . The partitioned vectors in K
q := K

q×1 are denoted by x = (xi), where
xi ∈ K

qi for i ∈ N . The block-diagonal matrix with blocks Δj ∈ K
lj×qj , j ∈ N , is

denoted by

Δ := ⊕Nj=1Δj = diag(Δ1, . . . ,ΔN )=

⎡
⎢⎢⎢⎢⎣
Δ1 0

Δ2

. . .

0 ΔN

⎤
⎥⎥⎥⎥⎦ ∈ K

l×q.

Suppose that E ∈ R
N×N is a given nonnegative matrix with entries eij ≥ 0, and let

I = {(i, j) ∈ N ×N ; eij > 0}. For each i ∈ N let Ii = {j ∈ N ; eij > 0} denote the
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set of positions of the positive entries of E in row i. We say that Δ = (Δij) ∈ C
l×q

is of structure E if eij = 0 implies Δij = 0. Let ΔE ⊂ C
l×q be the vector space of

all the block matrices Δ ∈ C
l×q of structure E.

To describe the perturbations A � AΔ in a concise way we will make use of the
Hadamard product of matrices. Given X = (xij), Y = (yij) ∈ C

h×k, where h, k are
positive integers, the Hadamard product of X and Y , denoted by X ◦ Y , is defined
by X ◦ Y = (xijyij) ∈ C

h×k. For k ∈ Z the kth Hadamard power of X is defined
by X◦k = (x◦kij ), where x◦kij = xkij if xij 	= 0 and x◦kij = 0 if xij = 0. Given a matrix
X = (xij) ∈ C

N×N and a block matrix Y = [Yjk]j,k∈N ∈ C
l×q, the Hadamard block

product of X and Y is by definition the block matrix X ◦ Y := [xijYij ]i,j∈N . Note
that for every Δ = (Δij) ∈ C

l×q we have E ◦ Δ = [eijΔij ]i,j∈N ∈ ΔE .
Given (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N , the object of this paper is to study the

variation of the spectrum of the block-diagonal matrix A = ⊕Ni=1Ai ∈ C
n×n under

perturbations of the form

(25) A � AΔ := A+B(E ◦ Δ)C, Δ ∈ ΔE ,

where n= (n1, . . . , nN ) is given, n := |n|, and B, C are the block-diagonal matrices
B = ⊕Ni=1Bi ∈ C

n×l, C = ⊕Ni=1Ci ∈ C
q×n. The nonnegative matrix E has a double

role. On the one hand, it defines the structure of the admissible perturbations, i.e., the
perturbation set ΔE . On the other hand, the positive entries eij of E provide weights
for the blocks Δij . Note that since these weights cannot, in general, be absorbed by
the matrices Bi and/or Cj , they provide an additional scaling flexibility. The scaled
blocks eijΔij represent uncertain couplings between the subsystems described by the
triplets (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N . In fact, consider the system

(26) Σ : ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t),

which is the direct sum of the N subsystems

(27) Σi : ẋi(t) = Aixi(t) +Biui(t), yi(t) = Cixi(t), i ∈ N.

The transfer matrix of Σ is the direct sum of the transfer matrices of the subsystems

(28) G(s) = C(sI −A)−1B = ⊕mi=1Gi(s), Gi(s) := Ci(sIni −Ai)−1Bi, i ∈ N.

Introducing the couplings

ui(t) =
∑
j∈Ii

eijΔij yj(t), i ∈ N,(29)

one obtains the coupled subsystem equations

(30) ẋi(t) = Aixi(t) +Bi
∑
j∈Ii

eijΔijCjxj(t), i ∈ N,

which together describe the composite system

ΣΔ :

⎡
⎢⎣ ẋ1

...
ẋN

⎤
⎥⎦ = (A+B(E ◦ Δ)C)

⎡
⎢⎣x1

...
xN

⎤
⎥⎦ = AΔ

⎡
⎢⎣x1

...
xN

⎤
⎥⎦ .(31)
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Thus the perturbed system ΣΔ with system matrix AΔ can be viewed as the composite
system obtained by interconnecting the subsystems Σi via the uncertain couplings (29)
determined by the unknown perturbation blocks Δij . The unperturbed (“nominal”)
system Σ0 : ẋ = Ax obtained by setting Δ = 0 is simply the direct sum of the
subsystems ẋi = Aixi.

The interconnection structure of the composite system, determined by the matrix
E, is best illustrated by drawing the associated graph G(E) [13]. The node set of
this directed graph is N or alternatively, in the present context of interconnected
systems, the set of subsystems {Σi; i ∈ N}. The set of directed arcs is given by
I = {(i, j); eij > 0}, where the pair (i, j) denotes the arc from the node Σj to the
node Σi.3

Example 3.1. Consider the following structure matrix E and the associated graph
G(E).

E =

⎡
⎢⎢⎣

0 20 0 0
20 0 1 10
10 0 0 5
0 0 0 0.1

⎤
⎥⎥⎦ ,

��Σ1 Σ2

�

�

�Σ3 Σ4

�

G(E)

�

The set of directed arcs of G(E) is I = {(1, 2), (2, 1), (2, 3), (2, 4), (3, 1), (3, 4), (4, 4)}.
The diagonal entries of E portray a perturbation structure where the first three sub-
systems are unperturbed whereas the fourth one is subjected to perturbations of small
weight. The off-diagonal entries model a situation where perturbation blocks of sim-
ilar size will cause a strong interaction between the first two subsystems, a medium
influence of the fourth on the second subsystem, a medium influence of the first on
the third subsystem, a lesser influence of the fourth on the third subsystem, and a
comparatively small influence of the third on the second subsystem.

4. Stability radii and spectral value sets. In this section we derive com-
putable formulas for the spectral value sets and stability radii of the block-diagonal
system ẋ = Ax with respect to structured perturbations of the form (25). We con-
tinue to use the set-up of the previous section and begin by extending the perturbation
space from ΔE to Δ = C

l×q ⊃ ΔE . Let E0 be the N ×N matrix obtained from E
by normalizing all of its nonzero entries to 1; i.e., E0 = (e0ij) with e0ij = 1 if eij > 0
and e0ij = 0 if eij = 0. Clearly, E = E ◦ E0 and we have for all Δ ∈ C

l×q

(32) Δ0 := E0 ◦ Δ ∈ ΔE and E ◦ Δ = E ◦ Δ0.

The block matrix Δ0 = [e0ijΔij ] is obtained from Δ by replacing all of the blocks Δij

in Δ for which eij = 0 by zero blocks of the same dimensions. Because of (32) the set
of perturbed matrices AΔ is not extended if we extend the perturbation space from
ΔE to Δ = C

l×q:

{AΔ; Δ ∈ ΔE} = {AΔ; Δ ∈ C
l×q}.

3Note that this is the reverse of the standard notation in graph theory. We have used our notation
in order to be in harmony with the system theoretic interpretation.
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Since this leads to a substantial simplification in the notation we will henceforth allow
Δ to vary in C

l×q and consider perturbations of the form

(33) A � AΔ := A+B(E ◦ Δ)C = A+B(E ◦ Δ0)C, Δ ∈ Δ = C
l×q.

Let us introduce a norm on the extended perturbation space Δ. If Δi = [Δi1, . . . ,ΔiN ]
is the ith block row of Δ = [Δjk] ∈ C

l×q, i ∈ N , then

(34) ‖Δi‖2
2,2 = λmax(ΔiΔ∗i ) = λmax

⎛
⎝∑
j∈N

ΔijΔ∗ij

⎞
⎠ .

On the space of perturbation matrices Δ = C
l×q we introduce the mixed norm ‖ · ‖Δ

defined by

(35) ‖Δ‖Δ = max
i∈N

‖Δi‖2,2 = max
i∈N

⎡
⎣λmax

⎛
⎝∑
j∈N

ΔijΔ∗ij

⎞
⎠
⎤
⎦1/2

, Δ = (Δij) ∈ Δ.

‖Δ‖Δ is the operator norm of Δ as a linear map from C
q provided with the 2-norm

to C
l provided with the (2|∞)-Hölder norm ‖ · ‖2|∞ defined by

‖u‖2|∞ = max
i∈N

‖ui‖2, u = (ui) ∈ C
l, ui ∈ C

li , i ∈ N.

The spectral value set (Definition 2.2) of the block-diagonal matrix A at uncertainty
level δ (with respect to the perturbations of the form (33)) is denoted by σΔ(A,B,C,E; δ)
and the corresponding stability radius (Definition 2.3) by rΔ(A,B,C,E). Since for
every Δ ∈ Δ we have Δ = E0 ◦ Δ ∈ ΔE and ‖Δ0‖Δ ≤ ‖Δ‖Δ, we get from (32) and
(33)

σΔ(A,B,C,E; δ) =
⋃

Δ∈Δ, ‖Δ‖Δ<δ
σ(AΔ) =

⋃
Δ∈ΔE , ‖Δ‖Δ<δ

σ(AΔ) = σΔE (A,B,C,E; δ),

rΔ(A,B,C,E) = inf{‖Δ‖Δ ; Δ ∈ Δ, σ(AΔ) 	⊂ C−} = rΔE
(A,B,C,E).

(36)

Let ΠN be the group of permutations of the set N and π ∈ ΠN . For every matrix
X = (xij) ∈ C

N×N and every block matrix Y = [Yij ]i,j∈N ∈ C
l×q we define the

matrix (respectively, block matrix) obtained by simultaneous permutation π of its
rows and columns (respectively, block rows and block columns) as follows:

(37) π(X) = (xπ(i) π(j))i,j∈N and π(Y ) = [Yπ(i) π(j)]i,j∈N ∈ C
π(l)×π(q),

where π(l) = (lπ(1), . . . , lπ(N)) and π(q) = (qπ(1), . . . , qπ(N)). Then

(38) π(X) ◦ π(Y ) = π(X ◦ Y ), X ∈ C
N×N , Y ∈ C

l×q, π ∈ ΠN .

In order to determine σΔ(A,B,C,E; δ) and rΔ(A,B,C,E) we will sometimes make
the assumption that the structure matrix E is irreducible. E is said to be irreducible
if it is not possible to find a perturbation π ∈ ΠN such that π(E) =

[
E11 0
E21 E22

]
, with

E11 ∈ R
N1×N1 , E22 ∈ R

(N−N1)×(N−N1) for some N1 ∈ [1, N). The irreducibility
of E has a nice graph theoretical interpretation. Let G(E) be the directed graph
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corresponding to the matrix E; see section 3. Then the matrix E is irreducible if
and only if G(E) is strongly connected; see [4, section 2.2]. If E is reducible, it is
known (see [4, section 2.3]) that E can be reduced by a simultaneous row and column
permutation π ∈ ΠN to a block-triangular form

(39) π(E) =

⎡
⎢⎢⎢⎣
E11 0 · · · 0
E21 E22 · · · 0
...

...
. . .

...
Es1 Es2 · · · Ess

⎤
⎥⎥⎥⎦ ,

where each diagonal block Ehh ∈ R
Nh×Nh , h ∈ s is square and is either irreducible or

a 1 × 1 null matrix. Applying the permutation π to A+B(E ◦ Δ)C we obtain

(40) π(A+B(E ◦ Δ)C) = π(A) + π(B)(π(E) ◦ π(Δ))π(C),

where

π(A) = ⊕sh=1A
h
π , π(B) = ⊕sh=1B

h
π , π(C) = ⊕sh=1C

h
π ,(41)

π(Δ) = (Δhk
π )h,k∈s ∈ C

π(l)×π(q).

The superblocks Ahπ , Bhπ , Chπ , h ∈ s, are block-diagonal matrices with Nh diagonal
blocks on the diagonal and, for any Δ ∈ ΔE , π(Δ) is a lower block-triangular matrix
with the superblocks Δhk

π consisting of Nh × Nk blocks Δij of Δ, h, k ∈ s. Clearly,
the blocks on the diagonals of π(A), π(B), π(C) are a permutation of the diagonal
blocks of A, B, C, respectively. Moreover, if Δ ∈ ΔE , the superblocks Δhk

π are of
the structure Ehk in the sense that if an entry Ehk(i, j) of Ehk is zero, then the block
Δhk
π (i, j) = 0.

Example 4.1. Suppose we are given four subsystems (Ai, Bi, Ci) ∈ Lni,li,qi , i =
1, . . . , 4, and the interconnection matrix E ∈ R

4×4 is as in Example 3.1. The graph
G(E) has two strongly connected components with node sets {Σ1,Σ2,Σ3} and {Σ4}.
Choose π ∈ Π4 to be the permutation which maps 1, 2, 3, 4 to 4, 1, 2, 3, respectively.
Then the permuted matrix π(E) is of the form (39) with s = 2:

π(E) =

⎡
⎢⎢⎣

0.1 0 0 0
0 0 20 0
10 20 0 1
5 10 0 0

⎤
⎥⎥⎦ =

[
E11 0
E21 E22

]
,

E11 = [0.1], E21 =

⎡
⎣ 0
10
5

⎤
⎦ , E22 =

⎡
⎣ 0 20 0
20 0 1
10 0 0

⎤
⎦ .

The block-diagonal matrices π(A), π(B), π(C) each consist of two superblocks. For
instance, π(A) = A1

π⊕A2
π, where A1

π = A4 and A2
π = A1⊕A2⊕A3. The perturbation

matrices Δ ∈ ΔE , respectively, π(Δ) ∈ Δπ
E = π(ΔE), are of the following form:

Δ =

⎡
⎢⎢⎣

0 Δ12 0 0
Δ21 0 Δ23 Δ24

Δ31 0 0 Δ34

0 0 0 Δ44

⎤
⎥⎥⎦ ,

π(Δ) =

⎡
⎢⎢⎣

Δ44 0 0 0
0 0 Δ12 0

Δ24 Δ21 0 Δ23

Δ34 Δ31 0 0

⎤
⎥⎥⎦ =

[
Δ11
π 0

Δ21
π Δ22

π

]
.
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The spectrum and the perturbation norm remain invariant under the simultaneous
permutation of block rows and block columns:

σ(A +B(E ◦ Δ)C) = σ(π(A) + π(B)(π(E) ◦ π(Δ))π(C)),

‖Δ‖Δ = max
i∈N

⎡
⎣λmax

⎛
⎝∑
j∈N

ΔijΔ∗ij

⎞
⎠
⎤
⎦1/2

= max
i∈N

⎡
⎣λmax

⎛
⎝∑
j∈N

Δπ(i)π(j)Δ∗π(i)π(j)

⎞
⎠
⎤
⎦1/2

= ‖π(Δ)‖π(Δ).

Hence

σΔ(A,B,C,E; δ) = σπ(Δ)(π(A), π(B), π(C), π(E); δ),
rΔ(A,B,C,E) = rπ(Δ)(π(A), π(B), π(C), π(E)),

(42)

and we may therefore assume, wherever convenient, that E has the same block-
triangular structure as π(E) in (39). Because of the block-triangular structure of
π(A) + π(B)(π(E) ◦ π(Δ))π(C) the proof of the following lemma is straightforward.

Lemma 4.2. Suppose that E is reduced to lower block-triangular form as in (39)
by a permutation π ∈ ΠN , and π(A),π(B),π(C) and π(Δ), Δ ∈ Δ are decomposed
as in (41). If, for any pair (h, k) ∈ s× s, we provide the space of superblocks Δhk

π =
{Δhk

π ; Δ ∈ Δ} with the norm

(43) ‖Δhk
π ‖Δhk

π
= max
i∈Nh

⎡
⎣λmax

⎛
⎝∑
j∈Nk

Δhk
ij (Δhk

ij )∗

⎞
⎠
⎤
⎦1/2

, Δhk
π = (Δhk

ij )i∈Nh, j∈Nk
,

then

(44) σΔ(A,B,C,E; δ) =
⋃
h∈s

σΔhh
π

(Ahπ, B
h
π , C

h
π , Ehh; δ), δ > 0,

and

(45) rΔ(A,B,C,E) = min
h∈s

rΔhh
π

(Ahπ , B
h
π , C

h
π , Ehh).

Remark 4.3. If Ehh is a 1 × 1 null matrix, then Ahπ = [Ai] for some i ∈ N .
It follows that the eigenvalues of Ai are fixed eigenvalues of all perturbed matrices
A+B(E◦Δ)C, Δ ∈ Δ, and rΔhh

π
(Ahπ , B

h
π , C

h
π , Ehh) = ∞ if A is asymptotically stable.

Hence Lemma 4.2 shows that the analysis of the spectral perturbation problem under
consideration can be reduced to the case where E is irreducible.

We illustrate Lemma 4.2 by applying it to the data of Example 4.1.
Example 4.4. Using the notation of Example 4.1 we obtain from (44) and (45)

that

σΔ(A,B,C,E; δ) = σΔ11
π

(A1
π, B

1
π, C

1
π , E11; δ) ∪ σΔ22

π
(A2

π , B
2
π, C

2
π, E22; δ),

rΔ(A,B,C,E) = min{rΔ11
π

(A1
π , B

1
π, C

1
π, E11), rΔ22

π
(A2

π , B
2
π, C

2
π, E22)},
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where

A1
π = A4, A2

π =

⎡
⎣A1 0 0

0 A2 0
0 0 A3

⎤
⎦ , E11 = [0.1], E22 =

⎡
⎣ 0 20 0
20 0 1
10 0 0

⎤
⎦

and the components Biπ, Ciπ , i = 1, 2, of the block-diagonal matrices B, C have a
structure analogous to those of A. The perturbations of A1

π are of the form

A1
π = A4 � A1

π + 0.1B1
πΔ

11
π C

1
π = A4 + 0.1B4Δ44C4,

whereas the perturbations of A2
π are of the form

A2
π =

⎡
⎣A1 0 0

0 A2 0
0 0 A3

⎤
⎦� A2

π +B2
π(E22 ◦ Δ22

π )C2
π =

⎡
⎣ A1 20Δ12 0
20Δ21 A2 Δ23

10Δ11 0 A3

⎤
⎦ .

Note that by the previous formulas the perturbation blocks Δ24,Δ34 have no influence
on σΔ(A,B,C,E; δ) and rΔ(A,B,C,E). The spectrum of AΔ remains invariant if
these blocks in the perturbation matrix Δ are changed. In order to determine the
stability radius rΔ(A,B,C,E) of A with respect to perturbations of the form (33) we
will make use of the Perron–Frobenius theory of nonnegative matrices M ∈ R

N×N
+ ;

see [4], [13, Chapter 8].
Lemma 4.5. Suppose M,M ′ ∈ R

N×N
+ , α, β ∈ R. Then we have the following.

(i) 
(M) ∈ σ(M), and there exists a nonnegative eigenvector z of M corre-
sponding to the eigenvalue 
(M) (Perron vector). If M is irreducible, then
the Perron vector is uniquely determined modulo multiplication by a positive
scalar and all of its coordinates are positive.

(ii) If there exists z ∈ R
n
+, z 	= 0 such that Mz ≥ αz, then 
(M) ≥ α.

(iii) If there exists z > 0 such that Mz ≤ βz, then 
(M) ≤ β.
(iv) If M ≤M ′, then 
(M) ≤ 
(M ′). If M is irreducible and M ≤M ′, M 	= M ′,

then 
(M) < 
(M ′).
(v) If (Mk) is a sequence in R

N×N
+ converging to M , then 
(Mk) → 
(M) as

k → ∞.
Proof. (i)–(iv) follow from the Perron–Frobenius theory of nonnegative matrices;

see [13, Theorem 8.3.1] and [13, Theorem 8.4.4] for (i), [13, Theorem 8.3.2] for (ii),
[13, Corollary 8.1.29] for (iii), [13, Corollary 8.1.19] and [4, Corollary 1.3.29] for (iv).

(v) follows from the continuous dependence of the spectrum σ(M) on the matrix
M .

Remark 4.6. Let E be a nonnegative N×N matrix, G(E) the associated directed
graph, and Z0(E) the set of cycles of this digraph. Then


(E) = 0 ⇔ EN = 0 ⇔ Z0(E) = ∅ .

The following theorem is the main result of this section and the key tool for
determining σΔ(A,B,C,E; δ) and rΔ(A,B,C,E).

Theorem 4.7. Suppose E ∈ R
N×N
+ and (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N , are

given. If A = ⊕Ni=1Ai is nonsingular, B = ⊕Ni=1Bi, C = ⊕Ni=1Ci, and Δ = C
l×q is

provided with the norm (35), then the “distance of A from singularity” with respect
to perturbations of the form (33) is given by
(46)
dΔ(A,B,C,E) := inf{‖Δ‖Δ; Δ ∈ Δ and det(A+B(E◦Δ)C) = 0} = 1/

√

(D2E◦2),
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where D = diag(‖C1A
−1
1 B1‖2,2, . . . , ‖CNA−1

N BN‖2,2). If additionally A,B,C are real,
then also

(47) inf{‖Δ‖Δ; Δ ∈ Δ ∩ R
l×q and det(A+B(E ◦ Δ)C) = 0} = 1/

√

(D2E◦2).

Proof. Suppose that A is nonsingular and (A + B(E ◦ Δ)C)x = 0 for some
Δ = (Δij) ∈ Δ, x = (xi) ∈ C

n,xi ∈ C
ni , x 	= 0. Then

(48) −Aixi = Bi
∑
j∈N

eijΔijCjxj , i ∈ N.

Setting yi = Cixi and zi = ‖yi‖2
2, i ∈ N , we obtain by (48) and (35)

yi = −CiA−1
i Bi

∑
j∈N

eijΔijyj and zi ≤ ‖CiA−1
i Bi‖2

2,2 ‖Δ‖2
Δ

∑
j∈N

e2ijzj , i ∈ N.

The yi cannot all be zero since otherwise Ax = 0 by (48) and x 	= 0 would imply that
A is singular. Hence z = (zi) ∈ R

N
+ satisfies z ≤ ‖Δ‖2

ΔD
2E◦2z, z 	= 0. By Lemma

4.5 this implies ‖Δ‖−2
Δ ≤ 
(D2E◦2) and so the inequality ≥ in (46). We also see that

there cannot exist a Δ ∈ Δ such that det(A +B(E ◦ Δ)C) = 0 if 
(D2E◦2) = 0. So
equality holds in (46) if 
(D2E◦2) = 0 (making use of the conventions (1)).

To prove the converse inequality ≤ in (46) we may therefore assume 
(D2E◦2) > 0.
We construct a perturbation matrix Δ ∈ ΔE satisfying ‖Δ‖2

Δ = 1/
(D2E◦2) and a
vector x ∈ C

n, x 	= 0, such that (A + B(E ◦ Δ)C)x = 0. By the Perron–Frobenius
theory there exists z = (z1, . . . , zN)� ≥ 0, z 	= 0, such that D2E◦2z = 
(D2E◦2)z;
that is

(49) ‖CiA−1
i Bi‖2

2,2

∑
j∈N

e2ijzj = 
(D2E◦2)zi, i ∈ N.

If ‖CiA−1
i Bi‖2,2 = 0, then necessarily zi = 0 by (49). Hence there exists, for every

i ∈ N , a vector ui ∈ C
qi such that yi := CiA

−1
i Biui satisfies

(50) ‖yi‖2
2 = ‖CiA−1

i Bi‖2
2,2‖ui‖2

2 and ‖yi‖2
2 = zi.

Here we can choose ui = 0 if zi = 0. Setting xi = A−1
i Biui for i ∈ N we obtain that

xi = 0 whenever zi = 0. Now define, for i ∈ N ,

(51) Δij =

⎧⎨
⎩− eijuiy

∗
j∑

k∈N e2ik‖yk‖22
if j ∈ Ii and

∑
k∈N e

2
ik‖yk‖2

2 	= 0,

0 if j 	∈ Ii or
∑
k∈N e

2
ik‖yk‖2

2 = 0.

If
∑

k∈N e
2
ik‖yk‖2

2 =
∑

k∈N e
2
ikzk = 0 for some i ∈ N , then Δij = 0 for all j ∈ N by

(51), and zi = 0 by (49) so that xi = 0 and

Aixi +Bi
∑
j∈N

eijΔijCjxj = Bi
∑
j∈N

eijΔijyj = 0.

On the other hand, if
∑

k∈N e
2
ik‖yk‖2

2 	= 0, then by (51)

Aixi +Bi
∑
j∈N

eijΔijCjxj = Aixi −Biui

⎛
⎝∑
j∈N

e2ij‖yj‖2
2

⎞
⎠ /

⎛
⎝∑
j∈N

e2ij‖yj‖2
2

⎞
⎠

= Aixi −Biui = 0.
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We conclude that (A+B(E ◦Δ)C)x = 0, where x := (xi) ∈ C
n, x 	= 0. It remains to

show that ‖Δ‖Δ = 1/
√

(D2E◦2). Now, for every i ∈ N such that

∑
j∈N e

2
ij‖yj‖2

2 	=
0, we have

N∑
j=1

ΔijΔ∗ij =
∑
j∈N

e2ijuiu
∗
i ‖yj‖2

2

(
∑

j∈N e
2
ij‖yj‖2

2)2
=

uiu
∗
i∑

j∈N e
2
ij‖yj‖2

2

,

and so by (50) and (49)

λmax

⎛
⎝∑
j∈N

ΔijΔ∗ij

⎞
⎠ =

λmax(uiu∗i )∑
j∈N e

2
ij‖yj‖2

2

=
‖ui‖2

2∑
j∈N e

2
ijzj

=

⎧⎨
⎩
zi/‖CiA

−1
i Bi‖22,2∑

j∈N e2ijzj
= 1/
(D2E◦2), zi 	= 0,

0, zi = 0.

Since z 	= 0 there exists i ∈ N such that zi 	= 0 and hence by (49)
∑

j∈N e
2
ij‖yj‖2

2 	=
0. It follows that ‖Δ‖2

Δ = maxi∈N λmax(
∑

j∈N ΔijΔ∗ij) = 1/
(D2E◦2), and this
concludes the proof of (46).

If A,B,C are real, the ui, i ∈ N , can be chosen to be real and then the pertur-
bation matrix Δ constructed above is real, and (47) follows from the previous
proof.

Remark 4.8. If 
(D2E◦2) = 0, then A+B(E◦Δ)C is nonsingular for all Δ ∈ ΔE .
If 
(D2E◦2) > 0, then the above proof shows how to construct a perturbation Δ ∈ ΔE

(respectively, Δ ∈ ΔE ∩ R
l×q) of minimum norm ‖Δ‖Δ such that A+B(E ◦ Δ)C is

singular. In this case the “inf” can be replaced by “min” in (46).
Corollary 4.9. Suppose E ∈ R

N×N
+ and (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N , are

given. If A = ⊕Ni=1Ai, B = ⊕Ni=1Bi, C = ⊕Ni=1Ci, and Δ = C
l×q is provided with the

norm (35), then we have the following.
(i) For every δ > 0 the spectral value set of A of level δ with respect to perturba-

tions of the form (33) is

σΔ(A,B,C,E; δ) =
⋃

Δ∈Δ, ‖Δ‖Δ<δ
σ(A +B(E ◦ Δ)C)(52)

= σ(A) ∪ {s ∈ ρ(A); 
(D(s)2E◦2) > δ−2},

where D(s) = diag (‖G1(s)‖2,2, . . . , ‖GN (s)‖2,2), Gi(s) = Ci(sIni −Ai)−1Bi,
i ∈ N .

(ii) If A is Hurwitz stable, then its stability radius with respect to perturbations
of the form (33) is

(53) rΔ(A,B,C,E) =
[
max
ω∈R



(
D(ıω)2E◦2

)]−1/2

.

Proof. (i) By definition we have σ(A) ⊂ σΔ(A,B,C,E; δ). Now suppose s ∈ ρ(A).
Since s ∈ σ(A+B(E ◦Δ)C) holds if and only if det((sIn −A)−B(E ◦Δ)C) = 0, we
obtain from (46) that s ∈ σΔ(A,B,C,E; δ) if and only if 1/

√

(D(s)2E◦2) < δ. This

proves (52).
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(ii) By the definition of rΔ(A,B,C,E), the continuity of the spectrum, and by
(52), we have for every δ ≥ 0

δ > rΔ(A,B,C,E) ⇔ σΔ(A,B,C,E; δ) ∩ ıR 	= ∅
⇔ ∃ω ∈ R : 
(D(ıω)2E◦2) > 1/δ2.

Observing that the function ω �→ 

(
D(ıω)2E◦2

)
admits a maximum on R since

lim|ω|→∞ 

(
D(ıω)2E◦2

)
= 0, this proves (53).

Remark 4.10. Suppose A,B,C are real and ω �→ 

(
D(ıω)2E◦2

)
admits its max-

imum on R+ at ω = 0. Then D(0) = D and it follows from Theorem 4.7 that the
stability radii of A with respect to complex and with respect to real perturbations of
structure E are equal:

rΔ(A,B,C,E) = rΔR
(A,B,C,E) =

[


(
D(0)2E◦2

)]−1/2
.

As an illustration of Corollary 4.9 we consider an example where E is of “cyclic”
structure.

Example 4.11. Suppose that (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N , Gi(s) = Ci(sIni −
Ai)−1Bi, and
(54)

E =

⎡
⎢⎢⎢⎢⎢⎣

0 e12 0 · · · 0
0 0 e23 · · · 0
...

...
...

. . .
...

0 0 · · · eN−1,N

eN,1 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦ , D(s) = diag (‖G1(s)‖2,2 , . . . , ‖GN(s)‖2,2) .

Then


(D(s)2E◦2) = 


⎛
⎜⎜⎜⎝
⎡
⎢⎢⎢⎣

0 e212‖G1(s)‖2
2,2 · · · 0

...
...

. . .
...

0 0 · · · e2N−1,N‖GN−1(s)‖2
2,2

e2N,1‖GN (s)‖2
2 0 · · · 0

⎤
⎥⎥⎥⎦
⎞
⎟⎟⎟⎠

= N

√
e212 · · · e2N−1,Ne

2
N,1‖G1(s)‖2

2,2 · · · ‖GN (s)‖2
2,2,

and we obtain from (53) that

rΔ(A,B,C,E) =
[
max
ω∈R


(D(ıω)2E◦2)
]−1/2

=
[
max
ω∈R

N

√
e12 · · · eN−1,NeN,1‖G1(ıω)‖2,2 · · · ‖GN (ıω)‖2,2

]−1

.

In particular, if we have, e.g.,

N = 2, A =
[
−1 + ı 0

0 −2 + ı

]
, B = C = I2, E =

[
0 1
1 0

]
,

then rΔ = rΔ(A, I2, I2, E) is given by

rΔ =
[
max
ω∈R

√
|1 + (ω − 1)ı|−1 · |2 + (ω − 1)ı|−1

]−1

=
[
min
ω∈R

[1 + (ω − 1)2][4 + (ω − 1)2]
]1/4

=
√

2.
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Although the perturbations (33) are structured, our approach does not make use
of μ-values. In order to explain how our results are related to μ-analysis, we describe
the perturbed system ẋ = AΔx equivalently by an equation of the form

ẋ = Ax+BΔ̃C̃x,

where C̃ is a suitable matrix and Δ̃ is a block-diagonal counterpart of Δ with spectral
norm ‖Δ̃‖2,2 = ‖Δ‖Δ. Given Δ = (Δij) ∈ Δ, we define Δ̃ by

(55) Δ̃ = diag
(
Δ1, . . . ,ΔN

)
∈ C

l×Nq, Δi = [Δi1,Δi2, . . . ,ΔiN ] ∈ C
li×q.

Note that the spectral norm of Δ̃ satisfies

(56) ‖Δ̃‖2
2,2 = max

i∈N
‖Δi‖2

2,2 = ‖Δ‖2
Δ, Δ = (Δij) ∈ Δ.

Now define C̃ ∈ C
Nq×n by

(57) C̃ =

⎡
⎢⎢⎢⎣
C̃1

C̃2

...
C̃N

⎤
⎥⎥⎥⎦ , C̃i = diag (ei1C1, . . . , eiNCN ) ∈ C

q×n.

Note that each block row of C̃ contains at most one nonzero block and hence the
nonzero blocks of any two different block columns of C̃ occur at different positions.
As a consequence C̃∗C̃ is block-diagonal,

(58) C̃∗C̃ =
∑
i∈N

C̃i∗C̃i = diag
((∑

i∈N
e2i1

)
C∗1C1, . . . ,

(∑
i∈N

e2iN

)
C∗NCN

)
∈ C

n×n.

Moreover, we have

(59) ΔiC̃i = [ei1Δi1C1, . . . , eiNΔiNCN ], Δ̃C̃ =

⎡
⎢⎣ Δ1C̃1

...
ΔN C̃N

⎤
⎥⎦ = (E ◦ Δ)C,

and hence

(60) AΔ = A+B(E ◦ Δ)C = A+BΔ̃C̃, Δ ∈ Δ.

Defining Δ̃ = {Δ̃; Δ ∈ Δ}, it follows from (60) and (56) that

inf{‖Δ‖Δ; Δ ∈ Δ and det(AΔ) = 0} = inf{‖Δ̃‖2,2; Δ̃ ∈ Δ̃ and det(A+BΔ̃C̃) = 0}.

On the other hand, since det(I + UV ) = det(I + V U) for U ∈ C
h×k, V ∈ C

k×h,
h, k ∈ N, we have the equivalence

det(A+BΔ̃C̃) = 0 ⇔ det(I + Δ̃C̃A−1B) = 0.

If we endow Δ̃ with the spectral norm, we therefore obtain

(61) dΔ(A,B,C,E) = inf{‖Δ‖Δ; Δ ∈ Δ and det(AΔ) = 0} = 1/μΔ̃(G̃),
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where G̃ := C̃A−1B.
Remark 4.12. Especially for sparse matrices E one can reduce the dimensions of

Δ̃ and C̃ a lot by eliminating in the rows of Δi (see (55)) all of the blocks Δij for which
eij = 0 and removing in C̃i (see (57)) all of the block rows for which eij = 0. However,
this would considerably complicate the notation and not provide any computational
advantage since the blown-up matrices Δ̃ and C̃ will not be used in calculations.

The characterization (61) expresses the distance dΔ(A,B,C,E) in terms of the
μ-value of the blown-up matrix G̃ := C̃A−1B with respect to the set Δ̃ of blown-up
block-diagonal perturbations Δ̃. The question arises if it is possible to characterize
dΔ(A,B,C,E) in terms of the μ-value of the more natural “transfer function at
s = 0,” G = CA−1B, and the given perturbation set ΔE . Since ΔE only reflects the
structure of E but not the magnitude of its nonzero entries, such a characterization
will only be possible, if the missing information is included in the set-up, e.g., via a
suitable norm on ΔE depending on E. The following corollary shows how this can
be done.

Corollary 4.13. Suppose the conditions of Theorem 4.7 and let ΔE be provided
with the norm

(62) ‖Δ‖ΔE
= ‖E◦−1 ◦ Δ‖Δ.

If G = CA−1B, then μΔE
(G) =

√

(D2E◦2) and

(63) inf{‖Δ‖Δ; Δ ∈ Δ and det(A+B(E ◦ Δ)C) = 0} = 1/μΔE
(G).

Proof. For every Δ ∈ ΔE define ΔE = E ◦Δ ∈ ΔE . Then ‖ΔE‖ΔE
= ‖Δ‖Δ for

all Δ ∈ ΔE and Δ �→ ΔE is a norm preserving isomorphism from the normed space
(ΔE , ‖ · ‖Δ) onto (ΔE , ‖ · ‖ΔE

). Moreover, we obtain from (58) that for every Δ ∈ Δ

det(A+B(E ◦ Δ)C) = 0 ⇔ det(I +A−1B(E ◦ Δ)C) = 0

⇔ det(I + ΔEG) = det(I + (E ◦ Δ)CA−1B) = 0.

(64)

Now by definition μΔE
(G)−1 equals

inf{‖ΔE‖ΔE
; ΔE ∈ ΔE , det(I+ΔEG) = 0} = inf{‖Δ‖Δ; Δ ∈ ΔE , det(I+ΔG) = 0}.

Hence (63) follows from (64), and μΔE (G) =
√

(D2E◦2) is a consequence of Theorem

4.7.
Remark 4.14. There are many different possibilities for representing the per-

turbed matrices AΔ = A + B(E ◦ Δ)C, Δ ∈ Δ, in the form AΔ = A + B̃Δ̃C̃,
Δ̃ ∈ Δ̃, where Δ̃ is a vector space of block-diagonal matrices. Equation (60) is just
one of these representations, with B̃ = B, C̃ defined by (57), and Δ̃ is the set of all
block-diagonal perturbations Δ̃ of the form (55). Another representation of AΔ with
block-diagonal perturbations Δ̃ is AΔ = A+ B̃Δ̃C̃, where
(65)

B̃ = ⊕i∈N [Bi1, . . . , BiN ], Bij = Bi; Δ̃ = ⊕i∈N ⊕j∈N Δij ; C̃ =

⎡
⎢⎣⊕j∈N e1jCj...
⊕j∈N eNjCj

⎤
⎥⎦ .

In order to relate this perturbation structure to the Riccati equation associated with
the system (Ã, B̃, C̃) via Theorem 2.5, we must provide Δ with a norm ‖ · ‖Δ such
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that ‖Δ‖Δ = ‖Δ̃‖2,2 for all Δ ∈ ΔE . If we choose B̃, C̃, Δ̃ as in (65), then a suitable
norm on Δ would be ‖Δ‖Δ := maxi,j∈N ‖Δij‖2,2. If instead the weighted norm

‖Δ‖ΔE
:= max

(i,j)∈I
e−1
ij ‖Δij‖2,2

is introduced on ΔE , then

‖E ◦ Δ‖ΔE
= ‖Δ‖Δ = ‖Δ̃‖2,2, Δ ∈ ΔE ,

and one can prove that, with respect to the norms ‖ · ‖Δ and ‖ · ‖ΔE just defined,

inf{‖Δ‖Δ; Δ ∈ Δ and det(A+B(E ◦ Δ)C) = 0} = 1/μΔE
(G).

In [16, Theorem 4.2] the following formula for the μ-value of any block-diagonal matrix
G = diag(G1, . . . , GN ) ∈ C

q×l (with respect to the norm ‖ · ‖ΔE
on ΔE) was derived:

(66) μΔE
(G) = 
(ED), where D = diag(‖G1‖2,2, . . . , ‖GN‖2,2).

An analysis of the corresponding Riccati equations and quadratic stability problem is
more complicated and for lack of space cannot be dealt with in this article.

5. Riccati equation. We continue to use the set-up of section 3. There are
various parametrized algebraic Riccati equations which can be used to construct joint
quadratic Liapunov functions for perturbed systems of the form ẋ = AΔx (31). If
we neglected the structure matrix E and considered the full block case where AΔ =
A+BΔC, Δ ∈ C

l×q, then the associated Riccati equation would be

(67) PA+A∗P + ρ2C∗C + PBB∗P = 0.

If σ(A) ⊂ C−, then by Theorem 2.5 this Riccati equation has a Hermitian solution if
and only if
(68)

ρ ≤
[
max
ω∈R

‖G(ıω)‖2,2

]−1

=
[
max
ω∈R

max
i∈N

‖Gi(ıω)‖2,2

]−1

= min
i∈N

g−1
i , gi := max

ω∈R

‖Gi(ıω)‖2,2,

where G(s) is the transfer function of the block-diagonal system (A,B,C); see (28).
If we take the perturbation structure into account, then different Riccati equations

can be considered, depending on the representation of the perturbed system matrix
AΔ = A + B(E ◦ Δ)C in the form AΔ = A + B̃Δ̃C̃. In this section we will focus on
the block-diagonal representation (60) where the matrices B̃ = B, C̃ and Δ̃ are given
by (57) and (55). The parametrized algebraic Riccati equation associated with the
system (A,B, C̃) is given by

PA+A∗P + ρ2C̃∗C̃ + PBB∗P = 0,(69)

C̃∗C̃ = diag

((∑
i∈N

e2i1

)
C∗1C1, . . . ,

(∑
i∈N

e2iN

)
C∗NCN

)
.

We cannot expect to be able to characterize rΔ(A,B,C,E) by the solvability of this
Riccati equation. In fact, by Theorem 2.5, (69) has a Hermitian solution if and only
if

ρ≤ rC(A,B, C̃) = inf{‖Δ̃‖2,2; Δ̃ ∈ C
l×Nq and(70)

σ(A+BΔ̃C̃) 	⊂ C−} =
[
max
ω∈R

‖G̃(ıω)‖2,2

]−1

,
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where G̃ = C̃(sI−A)−1B. Thus (69) is related to a much larger class of perturbations
than the block-diagonal perturbations of the form (55). We will therefore expect that,
in general, rC(A,B, C̃) < rΔ(A,B,C,E).

In order to get a better lower bound of rΔ(A,B,C,E) we use the scaling technique
described in section 2. For any scaling vector γ = (γ1, . . . , γN), where γi > 0, i ∈ N ,
we set Rγ = diag(γ1Iq, . . . , γNIq) and Lγ = diag (γ1Il1 , . . . , γNIlN ). Then since Δ̃
is block-diagonal of the form (55) we have Δ̃ = L−1

γ Δ̃Rγ , and hence setting Bγ =
BL−1

γ , C̃γ = RγC̃, we obtain from (60) that

(71) B(E ◦ Δ)C = BΔ̃C̃ = BγΔ̃C̃γ .

C̃γ has the same structure as C̃ but with eij replaced by γieij . More precisely,

Bγ = diag(γ−1
1 B1, . . . , γ

−1
N BN ),

C̃γ =

⎡
⎢⎣
C̃1
γ
...
C̃Nγ

⎤
⎥⎦ , C̃iγ = diag (γiei1C1, . . . , γieiNCN ) .

(72)

The Riccati equation associated with the triple (A,Bγ , C̃γ) is

(73) PA+A∗P + ρ2C̃∗γ C̃γ + PBγB
∗
γP = 0.

Theorem 5.1. Suppose that E ∈ R
N×N
+ , (Ai, Bi, Ci) ∈ Lni,li,qi , i ∈ N , and a

scaling vector γ = (γ1, . . . , γN ) > 0 are given; then A = ⊕Ni=1Ai, σ(A) ⊂ C−, Bγ and
C̃γ are defined by (72), and Δ is provided with the norm (35). Then we have the
following:

(i) The algebraic Riccati equation (73) has a Hermitian solution if and only if

(74) ρ2 ≤ ρ2
γ :=

[
max
j∈N

g2
j

N∑
i=1

γ2
i e

2
ij

γ2
j

]−1

= min
j∈N

γ2
j

g2
j

∑N
i=1 γ

2
i e

2
ij

,

where gi = maxω∈R ‖Gi(ıω)‖2,2 and Gi = Ci(sI −Ai)−1Bi, i ∈ N .
(ii) If ρ ≤ ργ, then the smallest solution P (ρ, γ) of (73) (satisfying σ(A +

BγB
∗
γP ) ⊂ C−) is of the form P (ρ, γ) = ⊕j∈NPj(ρ, γ), where Pj(ρ, γ),

j ∈ N , is the smallest solution of the algebraic Riccati equation

(75) PjAj +A∗jPj + ρ2

(
N∑
i=1

γ2
i e

2
ij

)
C∗jCj + γ−2

j PjBjB
∗
jPj = 0.

(iii) σ(A+B(E ◦ Δ)C) ⊂ C− for all Δ ∈ Δ with ‖Δ‖Δ < ργ.
(iv) Suppose E does not have a zero column, ρ ≤ ργ, and P is a Hermitian

solution of (73). If r < ρ, then there exists a constant k > 0 such that
the derivative of the quadratic function Vρ(x) = 〈x, Px〉 along trajectories of
ẋ = AΔx (31) satisfies V̇ρ(x) ≤ −k‖Cx‖2, x ∈ C

n, for all Δ ∈ Δ, ‖Δ‖Δ ≤ r.
If the pairs (Aj , Cj), j ∈ N , are observable, then the pair (A, C̃γ) is observable
and Vρ(x) = 〈x, Px〉 is a joint Liapunov function for all perturbed systems
ẋ = (A+B(E ◦ Δ)C)x with Δ ∈ Δ, ‖Δ‖Δ ≤ ρ.
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Proof. (i) It follows from (58) and (72) that C̃∗γ C̃γ is the block-diagonal matrix

(76) C̃∗γ C̃γ = diag
(( N∑

i=1

γ2
i e

2
i1

)
C∗1C1 , . . . ,

( N∑
i=1

γ2
i e

2
iN

)
C∗NCN

)
.

So ifGγ(s) is the transfer function of the system (A,Bγ , C̃γ) and Θ =
∫∞
0
eA

∗tC̃∗γ C̃γe
Atdt

is the observability Gramian of the pair (A, C̃γ), then

(77)
Gγ (s)∗Gγ(s)

=diag
(( N∑

i=1

γ2
i e

2
i1/γ

2
1

)
G1(s)∗G1(s), . . . ,

( N∑
i=1

γ2
i e

2
iN/γ

2
N

)
G∗N (s)GN (s)

)
,

Θ=diag
(( N∑

i=1

γ2
i e

2
i1

)
Θ1, . . . ,

( N∑
i=1

γ2
i e

2
iN

)
ΘN

)
, Θj=

∫ ∞
0

eA
∗
j tC∗jCje

Ajtdt .(78)

By (77) we have ‖Gγ(ıω)‖2
2,2 = maxj∈N

(∑N
i=1 γ

2
i e

2
ij/γ

2
j

)
‖Gj(ıω)‖2

2,2 and hence
(79)

max
ω∈R

‖Gγ(ıω)‖2
2,2 = max

j∈N

[( N∑
i=1

γ2
i e

2
ij/γ

2
j

)
max
ω∈R

‖Gj(ıω)‖2
2,2

]
= max

j∈N

(
g2
j

N∑
i=1

γ2
i e

2
ij/γ

2
j

)
.

Therefore (i) follows from Theorem 2.5.
(ii) If ρ ≤ ργ , then ρ2 ≤

[(∑N
i=1 γ

2
i e

2
ij/γ

2
j

)
maxω∈R ‖Gj(ıω)‖2

2,2

]−1 for j ∈ N and
it follows from Theorem 2.5 that every Riccati equation (75), j ∈ N has a smallest
Hermitian solution Pj = Pj(ρ, γ) satisfying σ(Aj + γ−2

j BjB
∗
jPj) ⊂ C−. Because of

the block-diagonal structure of A, C̃∗γ C̃γ , and BγB
∗
γ , the block-diagonal Hermitian

matrix P := ⊕j∈NPj(ρ, γ) is a solution of (73) satisfying σ(A+BγB
∗
γP ) ⊂ C−. Since

there exists only one such solution of (73) (which is the smallest one), (ii) follows.
(iii) Since ργ = [maxω∈R ‖Gγ(ıω)‖2,2]−1 = rC(A,Bγ , C̃γ) by (79), (14), ‖Δ‖Δ =

‖Δ̃‖2,2, by (56), and σ(A+B(E ◦ Δ)C) = σ(A+BγΔ̃C̃γ) by (71), (iii) follows from
the definition of rC(A,Bγ , C̃γ).

(iv) If the pairs (Aj , Cj), j ∈ N , are observable and E does not have a zero
column, then Θj � 0 and it follows from (78) that Θ � 0; i.e., (A, C̃γ) is observable.
This proves the observability assertion in (iv). As ργ = rC(A,Bγ , C̃γ), the remaining
statements in (iv) follow by applying Theorem 2.6(iii) to (A,Bγ , C̃γ) and observing
that by (76) there exist α > 0, β > 0 such that αC∗C � C̃∗γ C̃γ � βC∗C (since by
assumption ∀j ∈ N ∃ i ∈ N : eij 	= 0).

ργ is completely determined by the scaling vector γ > 0, the H∞-norms gi of the
transfer functions Gi(s) of the subsystems Σi, and by the structure matrix E. To
indicate these dependencies we write ργ = ργ(Dg, E), where Dg = diag(g1, . . . , gN ).
Equation (74) implies that ργ = ∞ if and only if g2

j

∑N
i=1 γ

2
i e

2
ij = 0 (i.e., gj = 0 or

the jth column of E is zero) for all j ∈ N .
It follows from the third statement in Theorem 5.1 and the definition of the

stability radius rΔ = rΔ(A,B,C,E) that ργ ≤ rΔ. But, in general, we will have
ργ < rΔ. It is an interesting question whether ρ̂ := supγ∈(0,∞)N ργ satisfies ρ̂ = rΔ
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and whether there exists a scaling vector γ̂ ∈ (0,∞)N such that ργ̂ = ρ̂. We will see
that under certain conditions there exists an optimizing γ, but even in this case one
has, in general, ρ̂ 	= rΔ.

First, we derive a formula for ρ̂. Since the ργ only depend upon the nonnegative
matrix E and the diagonal matrix Dg, we formulate the result for these data.

Theorem 5.2. Suppose E ∈ R
N×N
+ , g1, . . . , gN ≥ 0 are given and, for any

scaling vector γ = (γ1, . . . , γN ) > 0, the number ργ is defined by (74). Then ρ̂ =
supγ∈(0,∞)N ργ is determined by

(80) ρ̂2 = 
(E◦2D2
g)
−1 = 
(D2

gE
◦2)−1, where Dg = diag(g1, . . . , gN).

For the proof of this theorem we will make use of the following lemma.
Lemma 5.3. For every nonnegative matrix M = (mij) ∈ R

N×N
+ ,

(81) 
(M) = inf
y>0

max
j∈N

(y�M)j
yj

= inf
y>0

max
j∈N

1
yj

∑
i∈N

yimij .

Moreover, the following conditions are equivalent:
(i) 
(M) = miny>0 maxj∈N

(y�M)j

yj
.

(ii) There exists a positive row vector z > 0 such that maxj∈N 1
zj

∑
i∈N zimij =


(M).
(iii) There exists a positive row vector z > 0 such that zM ≤ 
(M)z.
(iv) Let π ∈ ΠN be a permutation such that π(M) = (Mhk)h,k∈s is of block-

triangular structure where each diagonal block Mhh ∈ R
νh×νh
+ , h ∈ s, is

square and is either irreducible or a 1× 1 null matrix. Then, for every k ∈ s,

(82) 
(Mkk) = 
(M) ⇒ Mik = 0 for all i = k + 1, . . . , s.

In particular, conditions (i)–(iii) hold if M is irreducible.
Proof. Let (Mk) be a decreasing sequence of positive matrices Mk > 0 converging

towards M . By [13, Corollary 8.1.31]


(Mk) = min
y>0

max
j∈N

(y�Mk)j
yj

, k ∈ N.

Hence it follows by continuity and monotonicity of the spectral radius on R
N×N
+ (see

Lemma 4.5) that


(M) = inf
k∈N


(Mk) = inf
k∈N

min
y>0

max
j∈N

(y�Mk)j
yj

= inf
y>0

inf
k∈N

max
j∈N

(y�Mk)j
yj

= inf
y>0

max
j∈N

(y�M)j
yj

.

This proves (81). Let us now show the equivalence of the conditions (i)–(iv). (i)
⇔ (ii) follows directly from (81). The equivalence of (ii) and (iii) follows because
zM ≤ 
(M)z and z > 0 imply maxj∈N (zM)j/zj = 
(M), again by (81).

Since conditions (i)–(iii) hold for M if and only if they hold for any permuta-
tion π(M), we may assume that M = (Mij) is already of the block-triangular form
described in (iv).
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(iii) ⇒ (iv). Suppose that z = (z1, . . . , zN) > 0 satisfies zM ≤ 
(M)z and

(Mkk) = 
(M) for some k ∈ s. If we partition z in a compatible way with M ,
z = (z1, . . . , zs), zi ∈ R

1×νi
+ , then zM ≤ 
(M)z implies

zkMkk ≤
s∑
i=k

ziMik ≤ 
(M)zk = 
(Mkk)zk.

On the other hand, it follows from (81) applied to Mkk that zkMkk ≥ 
(Mkk)zk.
Therefore zkMkk =

∑s
i=k z

iMik and so
∑s

i=k+1 z
iMik = 0 which implies Mik = 0 for

i = k + 1, . . . , s.
(iv) ⇒ (iii) is proved by induction on s. If s = 1, then M is irreducible or N = 1

and M = [0]. In the first case, (iii) holds by Lemma 4.5(i). In the second case,

(M) = 0 and (iii) holds for any z = (z1) > 0. Now suppose the implication (iv) ⇒
(iii) has been proved for s = 1, . . . , k − 1 for some k ≥ 2 and M is of the form (39)
with s = k. Assume that (iv) holds. M can be written as a triangular 2 × 2 block
matrix

M =
[
M11 0ν1×(N−ν1)
M21 M22

]
, M11 = M11,(83)

M21 =

⎡
⎢⎣M21

...
Mk1

⎤
⎥⎦ , M22 =

⎡
⎢⎢⎢⎣
M22 0 · · · 0
M32 M33 · · · 0

...
...

. . .
...

Mk2 Mk3 · · · Mkk

⎤
⎥⎥⎥⎦ .

Let 
 = 
(M), 
1 = 
(M11), 
2 = 
(M22), I1 = {1, . . . , ν1}, I2 = {ν1 + 1, . . . , N}.
Then 
 = max{
1, 
2}. First, suppose 
1 = 
. Then M11 is either irreducible
or M11 = [0], ν1 = 1, and 
1 = 0. In either case there exists a left Perron vector
z1 = (z1, . . . , zν1) > 0 such that z1M11 = 
1z

1. If 
2 = 
, then M22 satisfies condition
(iv) with M replaced by M22. Therefore there exists, by assumption of induction,
a row vector z2 = (zν1+1, . . . , zN) > 0 such that z2M22 ≤ 
2z

2. Since Mi1 = 0 for
i = 2, . . . , k it follows that z = (z1, z2) = (z1, . . . , zN) satisfies zM ≤ 
z. If 
2 < 
,
then we may apply (81) to conclude that there exists z2 = (zν1+1, . . . , zN ) > 0 such
that z2M22 < 
z2. Again we obtain zM ≤ 
z for z = (z1, z2).

Finally, suppose that 
1 < 
. As above there exists a row vector z1 = (z1, . . . , zν1) >
0 such that z1M11 = 
1z

1. On the other hand, we necessarily have 
2 = 
. HenceM22

satisfies condition (iv) with M replaced by M22. Therefore there exists, by assump-
tion of induction, a row vector z2 = (zν1+1, . . . , zN) > 0 such that z2M22 ≤ 
2z

2. For
any α > 0 define z(α) = (z1, αz2) = (z1, . . . , zν1 , αzν1+1, . . . , αzN ) > 0. Since 
1 < 

we obtain z(α)M ≤ 
z(α) if α > 0 is chosen sufficiently small. We conclude that in
both cases, 
1 = 
 and 
1 < 
, there exists a row vector z > 0 such that zM ≤ 
(M)z.
This proves (iv) ⇒ (iii).

Proof of Theorem 5.2. First, note that the second equality in (80) follows from
the general fact that 
(ED) = 
(DE) for any pair of square matrices D,E. If γ > 0
is any scaling vector, then we have by (74)

(84) ργ(Dg, E)−2 = max
j∈N

1
γ2
j

N∑
i=1

γ2
i e

2
ijg

2
j = max

j∈N

(γ2E◦2D2
g)j

γ2
j

.
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Hence, applying (81) to M = E◦2D2
g with y = γ2 we obtain

ρ̂−2 =

[
sup

γ∈(0,∞)N

ργ(Dg, E)

]−2

= inf
γ∈(0,∞)N

ργ(Dg, E)−2 = inf
γ∈(0,∞)N

max
j∈N

(γ2E◦2D2
g)j

γ2
j

= 
(E◦2D2
g),

and this proves (80).
The following remark indicates that generically ρ̂ < rΔ(A,B,C,E).

Remark 5.4. It follows from Corollary 4.9 and Theorem 5.2 that

(85) rΔ(A,B,C,E) = ρ̂ ⇔ max
ω∈R



(
E◦2D(ıω)2

)
= 
(E◦2D2

g).

Now suppose that E is irreducible and no Gi(s) vanishes identically. Then ρ̂2 =
rΔ(A,B,C,E) if and only if there exists a joint maximum ω0 ∈ R of the N functions
ω �→ ‖Gi(ıω)‖2,2, i.e., such that ‖Gi(ıω0)‖2,2 = maxω∈R ‖Gi(ıω)‖2,2 for all i ∈ N .
In fact, if this condition is not satisfied, then 0 ≤ D(ıω) ≤ Dg, D(ıω) 	= Dg and
so 


(
D(ıω)2E◦2

)
= 


(
E◦2D(ıω)2

)
< 


(
E◦2D2

g

)
for all ω ∈ R by [4, Corollary 2.1.5]

since E◦2D2
g is irreducible. Conversely, if the condition is satisfied, then the right-hand

equality in (85) follows directly from ‖Gi(ıω0)‖2,2 = gi, i ∈ N .
Now suppose that E is reducible. Then ρ̂ = rΔ(A,B,C,E) if and only if there

exist a strongly connected component of GE with node set J ⊂ N and a joint maximum
ω0 ∈ R such that ‖Gi(ıω0)‖2,2 = maxj∈N maxω∈R ‖Gj(ıω)‖2,2 for all i ∈ J .

We will now investigate under which conditions there exists an optimal scaling
vector, i.e., γ > 0 such that ργ = ρ̂.

Theorem 5.5. Suppose E ∈ R
N×N
+ , g1, . . . , gN ≥ 0 are given, Dg =

diag(g1, . . . , gN ), and, for any scaling vector γ > 0, the number ργ = ργ(Dg, E)
is defined by (74) and ρ̂(Dg, E) = supγ∈(0,∞)N ργ . Then the following conditions are
equivalent for every scaling vector γ̂ = (γ̂1, . . . , γ̂N ) > 0:

(i) γ̂ is optimal; i.e., ργ̂(Dg, E) = ρ̂(Dg, E).

(ii) γ̂2 = (γ̂2
1 , . . . , γ̂

2
N ) satisfies maxj∈N

(γ̂2E◦2D2
g)j

γ̂2
j

= 
(E◦2D2
g).

In particular, there exists an optimal scaling vector if and only if M = E◦2D2
g satisfies

one of the equivalent conditions (i)–(iii) of Lemma 5.3.
Proof. By (74) and (80) condition (i) holds if and only if γ̂2 satisfies

max
j∈N

1
γ̂2
j

N∑
i=1

γ̂2
i e

2
ijg

2
j = ργ̂(Dg, E)−2 = ρ̂(Dg, E)−2 = 
(E◦2D2

g) .

This proves (i)⇔(ii). Setting z = γ̂2, condition (ii) is identical with condition (ii) of
Lemma 5.3 for M = E◦2D2

g and this yields the last statement of the theorem.
As a consequence of Theorem 5.5 there always exists an optimal scaling vector if

E◦2D2
g is irreducible.

6. Nonlinear and/or time-varying perturbations. Throughout this section
we suppose the following:

(Ai, Bi, Ci) ∈ Lni,li,qi , σ(Ai) ⊂ C−, Gi(s) = Ci(sI −Ai)−1Bi, i ∈ N,

A = ⊕Ni=1Ai, B = ⊕Ni=1Bi, C = ⊕Ni=1Ci, D(s) = ⊕Ni=1‖Gi(s)‖2,2 ,

gi := max
ω∈R

‖Gi(ıω)‖2,2, i ∈ N, Dg = diag(g1, . . . , gN), E ∈ R
N×N
+ .

(86)
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Let Ω be an open neighborhood of 0 in C
n, and consider time-varying nonlinear

perturbations of ẋ = Ax of the form

(87) ẋ = Ax+B(E ◦ Δ(x, t))y, y = Cx,

where Δ(·, ·) ∈ Δnt(Ω). Here Δnt(Ω) is the vector space of all bounded block ma-
trix valued functions Δ(·, ·) = (Δij(·, ·)) : Ω × R+ → C

l×q with the Carathéodory
properties (see section 2) provided with the norm

(88) ‖Δ(·, ·)‖Δnt
= sup

x∈Ω,t≥0
‖Δ(x, t)‖Δ, Δ(·, ·) = (Δij(·, ·)) ∈ Δnt(Ω).

Note that for every Δ(·, ·) ∈ Δnt(Ω), ΔE(·, ·) = E ◦ Δ(·, ·) ∈ Δnt(Ω) is of structure
E; i.e.,

∀(x, t) ∈ Ω × R+ : eij = 0 ⇒ ΔE
ij(x, t) = 0.

By Carathéodory’s theorem, for every Δ(·, ·) ∈ Δnt(Ω), (t0, x0) ∈ R+×Ω, there exists
a unique solution xΔ(t) = xΔ(t; t0, x0) of (87) with xΔ(t0) = x0 on some maximal
semiopen interval [t0, tΔ+(t0, x0)), where tΔ+(t0, x0) > t0; see [12, Theorem 2.1.14]. In
the following theorem we will see that tΔ+(t0, x0) = ∞ if ‖Δ(·, ·)‖Δnt

< ρ̂(Dg, E)
and x0 is sufficiently close to the equilibrium state x = 0. For simplicity, we call
the nonlinear system (87) uniformly (asymptotically) stable if x = 0 is a uniformly
(asymptotically) stable equilibrium position of the system (87).

Theorem 6.1. Suppose (86). Then we have the following.
(i) The nonlinear system (87) is asymptotically stable for all Δ ∈ Δnt(Ω) satis-

fying

(89) ‖Δ(·, ·)‖Δnt
< ρ̂(Dg, E) = sup

γ>0
ργ(Dg, E).

Moreover, if (89) holds, then every trajectory xΔ(t) = xΔ(t; t0, x0), (t0, x0) ∈
R+ × Ω of (87) with an infinite life span [t0,∞) tends to 0 as t→ ∞.

(ii) Suppose ρ ≤ ργ(Dg, E) for some scaling vector γ > 0 and P is a Hermitian
solution of the associated algebraic Riccati equation (73). If δ > 0 is such that
Dδ = {x ∈ C

n ; 〈x, Px〉 < δ} ⊂ Ω, then Dδ is a joint domain of attraction
of the equilibrium point x = 0 for all the systems (87) with Δ ∈ Δnt(Ω),
‖Δ(·, ·)‖Δnt

< ρ.
(iii) Suppose E does not have a zero column, ρ ≤ ργ(Dg, E) for some scaling

vector γ > 0, and P is a Hermitian solution of (73). If r < ρ, then there
exists a constant k > 0 such that the derivative of the quadratic function
Vρ(x) = 〈x, Px〉 along trajectories of (87) satisfies V̇ρ(x) ≤ −k‖Cx‖2, x ∈ Ω,
for all Δ ∈ Δnt(Ω), ‖Δ(·, ·)‖Δnt

≤ r. If the pairs (Aj , Cj), j ∈ N , are
observable, then Vρ(x) is a joint Liapunov function at x = 0 for all perturbed
systems (87) with Δ ∈ Δnt(Ω), ‖Δ(·, ·)‖Δnt ≤ ρ.

Proof. For any Δ(·, ·) ∈ Δnt(Ω) define Δ̃(·, ·) : Ω × R+ → C
l×Nq by

Δ̃(x, t) = diag(Δ1(x, t), . . . ,ΔN (x, t)), (x, t) ∈ Ω × R+,

where Δi(x, t) ∈ C
li×q, i∈N , is the ith block row of Δ(x, t). We provide the vector

space Δ̃nt(Ω) of all these Δ̃(·, ·) with the norm (see (56))

‖Δ̃(·, ·)‖Δ̃nt
:= sup

x∈Ω,t≥0
‖Δ̃(x, t)‖2,2(90)

= sup
x∈Ω,t≥0

‖Δ(x, t)‖Δ = ‖Δ(·, ·)‖Δnt
, Δ(·, ·) ∈ Δnt(Ω).
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The map Δ(·, ·) �→ Δ̃(·, ·) is an (isometric) isomorphism from Δnt(Ω) onto Δ̃nt(Ω).
By (59) we have B(E ◦ Δ(x, t))C = BΔ̃(x, t)C̃ , where C̃ is as in (57). Since
Δ̃(x, t) is block-diagonal, we may apply scaling to obtain from (71) that, for all
γ = (γ1, . . . , γN ) > 0,
(91)
B(E ◦ Δ(x, t))C = BΔ̃(x, t)C̃ = BγΔ̃(x, t)C̃γ , (x, t) ∈ Ω × R+, Δ(·, ·) ∈ Δnt(Ω),

where Bγ , C̃γ are as in (72). Hence the uncertain time-varying nonlinear system (87)
with Δ(·, ·) ∈ Δnt(Ω) can equivalently be described by

(92) ẋ = Ax+BγΔ̃(x, t)C̃γx,

where Δ̃(·, ·) ∈ Δ̃nt(Ω) is the associated block-diagonal perturbation.
The parametrized Riccati equation (73) is of the form (15) with (A,B,C) replaced

by (A,Bγ , C̃γ). Hence, by Theorem 2.5, there exist Hermitian solutions P of (73) if

ρ ≤ ργ =
[
max
ω∈R

‖Gγ(ıω)‖2,2

]−1

= rC(A,Bγ , C̃γ), where Gγ(s) = C̃γ(sIn −A)−1Bγ .

By (91) the perturbed system (87) is of the form (17) with (A,B,C) replaced by
(A,Bγ , C̃γ) and Δ(·, ·) ∈ Δnt(Ω) replaced by Δ̃(·, ·) ∈ Δ̃nt(Ω). By Theorem 5.1
(A, C̃γ) is observable if the pairs (Aj , Cj), j ∈ N , are observable and E does not
have a zero column. Hence (ii) and (iii) follow by application of Theorem 2.6 to
(A,Bγ , C̃γ) making use of (91) and the fact that there exist α > 0, β > 0 such
that αC∗C � C̃∗γ C̃γ � βC∗C. Finally (i) follows from Theorem 2.6(i) since for
every Δ ∈ Δnt(Ω) satisfying ‖Δ(·, ·)‖Δnt

< ρ̂(Dg, E) there exists γ > 0 such that
‖Δ̃(·, ·)‖Δ̃nt

= ‖Δ(·, ·)‖Δnt < ργ(Dg, E) = rC(A,Bγ , C̃γ).
We now examine whether or not (89) is a tight robustness estimate. In order to do

this we introduce a stability radius with respect to time-varying linear and nonlinear
perturbations. Consider the following time-varying linear system:

(93) ẋ(t) = Ax(t) +B(E ◦ Δ(t))Cx(t),

where Δ(·) ∈ Δtv and Δtv is the vector space of all bounded measurable block matrix
valued functions Δ(·) :R+→C

l×q. We provide Δtv with the tv-norm

(94) ‖Δ(·)‖Δtv = sup
t≥0

‖Δ(t)‖Δ, Δ ∈ Δtv.

Similarly, we denote by Δn the vector space of all perturbations Δ ∈ Δnt := Δnt(Cn)
which are independent of time, i.e., Δ(x, t) = Δ(x), and provide it with the norm
induced from Δnt:

(95) ‖Δ(·)‖n = sup
x∈Cn

‖Δ(x)‖Δ, Δ ∈ Δn.

Note that, with the obvious embeddings Δ ⊂ Δtv ⊂ Δnt, the norm ‖ · ‖Δtv
is the

restriction of the norm ‖ · ‖Δnt
to Δtv and the norm ‖ · ‖Δ is the restriction of the

norm ‖ · ‖Δtv
to Δ.

Definition 6.2. Given A ∈ C
n×n the stability radius of A with respect to complex

time-varying linear perturbations Δ(·) ∈ Δtv is defined by

rΔtv
(A,B,C,E) = inf{‖Δ(·)‖Δtv

; Δ(·) ∈ Δtv and (93) is not asymptotically stable}.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

COMPOSITE SYSTEMS WITH UNCERTAIN COUPLINGS 3065

The stability radius of A with respect to complex nonlinear (respectively, nonlinear
time-varying) perturbations, rΔn(A,B,C,E) and rΔnt(A,B,C,E), is defined analo-
gously.

In the full block case we have (see [12, section 5.6])

rΔnt
(A,B,C) = rΔn

(A,B,C) = rΔtv
(A,B,C) = rΔ(A,B,C).

We will see that for structured perturbations the last equality does, in general, not
hold.

Theorem 6.3. Suppose the standing assumption of this section. Then

(96) rΔnt
(A,B,C,E) = rΔtv

(A,B,C,E) = 
(E◦2D2
g)
−1/2 = ρ̂(Dg, E).

Proof. It follows from the definitions and the isometric embeddings Δtv ⊂ Δnt

that rΔnt
(A,B,C,E) ≤ rΔtv

(A,B,C,E). On the other hand, Theorem 6.1 (with Ω =
C

n) and Theorem 5.2 imply that rΔnt(A,B,C,E) ≥ ρ̂(Dg, E) = supγ>0 ργ(Dg, E) =

(E◦2D2

g)
−1/2. To prove (96) it therefore suffices to show rΔtv

(A,B,C,E) ≤

(E◦2D2

g)
−1/2. Suppose

(97) ωi ∈ R is such that ‖Ci(ıωiIni −Ai)−1Bi‖2,2 = gi, i ∈ N.

Replacing Ai with Ai − ıωiIni , i ∈ N , in Theorem 4.7 we see that D is replaced
by Dg = diag(g1, . . . , gN ). So just as in the proof of Theorem 4.7 one can find
Δ = (Δij) ∈ ΔE with ‖Δ‖Δ = 
(E◦2D2

g)−1/2 such that

(98) det(Aω +B(E ◦ Δ)C) = 0, Aω = diag(A1 − ıω1In1 , . . . , AN − ıωNInN ).

So there exists a nonzero x = (xi)i∈N ∈ C
n

(99) x =

⎡
⎢⎣x1

...
xN

⎤
⎥⎦ such that

⎡
⎢⎣ ıω1x1

...
ıωNxN

⎤
⎥⎦ = (A+B(E ◦ Δ)C)

⎡
⎢⎣x1

...
xN

⎤
⎥⎦ .

Let

(100) Δ(t) = (Δij(t)), Δij(t) = Δije
ı(ωi−ωj)t, x(t) =

⎡
⎢⎣x1(t)

...
xN (t)

⎤
⎥⎦ =

⎡
⎢⎣ e

ıω1tx1

...
eıωN txN

⎤
⎥⎦ .

Then for each i ∈ N ,

ẋi(t) = ıωie
ıωitxi = eıωit

⎡
⎣Aixi +Bi

N∑
j=1

eijΔijCjxj

⎤
⎦

= Aixi(t) +Bi

N∑
j=1

eijΔije
ı(ωi−ωj)tCje

ıωjtxj = Aixi(t) + Bi

N∑
j=1

eijΔij(t)Cjxj(t).

Hence x(t) satisfies ẋ(t) = Ax(t) + B(E ◦ Δ(t))Cx(t) and ‖Δ(·)‖Δtv
= ‖Δ‖Δ =


(E◦2D2
g)
−1/2. Since x(t) does not tend to 0 as t→ 0, it follows that ẋ(t) = Ax(t) +

B(E ◦Δ(t))Cx(t) is not asymptotically stable and so rΔtv
(A) ≤ 
(E◦2D2

g)
−1/2. This

completes the proof.
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Remark 6.4. The previous theorem shows that the robustness bound (89) is tight.
Moreover, we have seen in the proof that there exists a minimum norm perturbation
in Δtv ⊂ Δnt which destroys asymptotic stability; that is, there is a Δ(·) ∈ Δtv

of tv-norm rΔtv
(A,B,C,E) = rΔnt

(A,B,C,E) for which the system (93) is not
asymptotically stable.

Now suppose that there is a scaling vector γ̂ > 0 satisfying ργ̂ = ρ̂ = ρ̂(Dg, E) and
P̂ � 0 is a Hermitian solution of the algebraic Riccati equation (73) with ρ = ρ̂. Then
Vρ̂(x) = 〈x, P̂x〉 is a joint Liapunov function of maximal robustness for the uncertain
system (87): Vρ̂(x) is a Liapunov function for every system (87) with Δ ∈ Δnt,
‖Δ(·, ·)‖Δnt

≤ ρ̂ = 
(E◦2D2
g)−1/2, and one can prove for every ρ > 
(E◦2D2

g)−1/2

that there does not exist a Liapunov function for all the systems (87) with Δ ∈
Δtv, ‖Δ(·, ·)‖Δtv

≤ ρ. The proof proceeds similarly to the proof of Theorem 6.3
showing that there exist a time-varying perturbation Δ ∈ Δtv with 
(E◦2D2

g)−1/2 <
‖Δ(·, ·)‖Δtv

< ρ and a solution x(t) of (93) such that limt→∞ ‖x(t)‖2 = ∞.
Corollary 6.5. Suppose (86) and consider the following statements:
(i) rΔtv (A,B,C,E) = rΔ(A,B,C,E).
(ii) rΔnt

(A,B,C,E) = rΔn
(A,B,C,E) = rΔtv

(A,B,C,E) = rΔ(A,B,C,E).
(iii) maxω∈R 


(
E◦2D(ıω)2

)
= 
(E◦2D2

g).
(iv) There exists a joint maximum ω0 ∈ R of the N functions ω �→ ‖Gi(ıω)‖2,2,

i ∈ N .
Then (i) ⇔ (ii) ⇔ (iii)⇐ (iv). If E is irreducible and gi > 0 for all i ∈ N , then the
four statements are all equivalent.

Proof. The equivalence (i) ⇔ (ii) follows from Theorem 6.3 because by definition
rΔnt(A,B,C,E) ≤ rΔn(A,B,C,E) ≤ rΔ(A,B,C,E). The equivalence (ii) ⇔ (iii)
follows from Theorem 6.3 and (53).

(iv) ⇒ (i). Suppose that ω0 ∈ R is a joint maximum of the N functions ω �→
‖Gi(ıω)‖2,2 ; i.e., ‖Gi(ıω0)‖2,2 = gi, i ∈ N . Then Theorem 6.3 and Lemma 4.5(iv)
imply

rΔtv
(A,B,C,E) = 
(E◦2D2

g)
−1/2 = 
(E◦2D(ıω0)2)−1/2 =

[
max
ω∈R


(E◦2D(ıω)2)
]−1/2

and hence (i) by (53).
(i) ⇒ (iv). Now suppose that E is irreducible, gi > 0 for all i ∈ N , and there

does not exist a joint maximum of the functions ω �→ ‖Gi(ıω)‖2,2, i ∈ N . Let ω0 ∈ R

be a maximum of ω �→ 

(
E◦2D(ıω)2

)
. Then D(ıω0) ≤ Dg and D(ıω0) 	= Dg. Since

E and hence E◦2D2
g are irreducible, it follows from [4, Corollary 2.1.5] that

rΔ(A,B,C,E)−2 = 
(E◦2D(ıω0)2) < 
(E◦2D2
g) = rΔtv

(A,B,C,E)−2.

This concludes the proof.
Remark 6.6. (i) It is noteworthy that by the last statement in the previous corol-

lary the equality rΔtv
(A,B,C,E) = rΔ(A,B,C,E) depends only on the N isolated

subsystems (Ai, Bi, Ci), i ∈ N , and not on their specific interconnection, provided
that E is irreducible.

(ii) Suppose A,B,C are real and each function ω �→ ‖Gi(ıω)‖2,2, i ∈ N , admits
its maximum on R+ at ω = 0. Then ω �→ 


(
D(ıω)2E◦2

)
admits its maximum on R+

at ω = 0, and we conclude from Corollary 6.5, Theorem 6.3, and Remark 4.10 that

rΔnt
(A,B,C,E) = rΔtv

(A,B,C,E)
= rΔ(A,B,C,E) = rΔR

(A,B,C,E) = 
(E◦2D2
g)
−1/2.
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In particular, the stability radii of A with respect to time-invariant and time-varying
real perturbations of structure E are equal.

In the following extended example we determine the stability radii of a sys-
tem composed of two interacting oscillators with respect to time-invariant and time-
varying complex perturbations. We also determine the stability radius with respect
to time-invariant real perturbations of the same structure.

Example 6.7. Consider a composite system consisting of two harmonic oscillators

Σi : ẋi(t) =
[

0 1
−ν2

i −2ξiνi

]
xi(t)+

[
0
bi

]
ui(t), yi(t) =

[
ci 0

]
xi(t), i = 1, 2,

interconnected via u1 = δ12y2, u2 = δ21y1. We assume νi, ξi > 0, bi, ci ∈ R \ {0},
δ12, δ21 ∈ C. The coupled system is of the form (31) with N = 2, l = q = (1, 1) and
matrices
(101)

A =

⎡
⎢⎢⎣

0 1 0 0
−ν2

1 −2ξ1ν1 0 0
0 0 0 1
0 0 −ν2

2 −2ξ2ν2

⎤
⎥⎥⎦ , B =

⎡
⎢⎢⎣

0 0
b1 0
0 0
0 b2

⎤
⎥⎥⎦ , C=

[
c1 0 0 0
0 0 c2 0

]
, E =

[
0 1
1 0

]
.

The associated perturbation space ΔE is given by ΔE = {
[

0 δ12
δ21 0

]
; δ12, δ21 ∈ C} and

provided with the norm ‖Δ‖ := ‖Δ‖Δ = max{|δ12|, |δ21|}, Δ ∈ ΔE . The transfer
functions of the two subsystems Σi are Gi(s) = cibi/(s2 + 2ξiνis+ ν2

i ) and so

Gi(ıω) = cibi/(ν2
i − ω2 + 2ξiνiωı),

gi = max
ω∈R

|Gi(ıω)| = |cibi|/min
ω∈R

[
(ν2
i − ω2)2 + 4ξ2i ν

2
i ω

2
]1/2

.

We conclude that rΔtv
= rΔtv

(A,B,C,E) and rΔ = rΔ(A,B,C,E) are determined
by

rΔtv = 
(E◦2D2
g)
−1/2 = 


([
0 g2

2

g2
1 0

])−1/2

=
1

√
g1g2

,

rΔ =
1

maxω∈R

√
|G1(ıω)| |G2(ıω)|

.

A simple calculation gives

|Gi(ıω)| =
|cibi|√

(ν2
i − ω2)2 + 4ξ2i ν

2
i ω

2
, gi =

⎧⎪⎨
⎪⎩
|cibi|/ν2

i if 1 ≤ 2ξ2i ,

|cibi|
2ν2
i ξi
√

1 − ξ2i
if 1 > 2ξ2i ,

i = 1, 2.

Since E is irreducible, the equality rΔ = rΔtv holds if and only if there exists a joint
minimum of the two even functions fi : ω �→ (ν2

i − ω2)2 + 4ξ2i ν
2
i ω

2, i = 1, 2, on R;
see Corollary 6.5. An easy calculation shows that fi has a unique (local and global)
minimum at ω0 = 0 if 1 ≤ 2ξ2i , and has exactly two minima at ω0i = ±νi

√
1 − 2ξ2i if

1 > 2ξ2i , i = 1, 2. Hence rΔ = rΔtv
holds if and only if either 1 ≤ 2ξ21 and 1 ≤ 2ξ22 or

ν2
1 (1 − 2ξ21) = ν2

2(1 − 2ξ22) > 0.
The frequencies ω0i maximize the amplitude (gain) responses of the two subsys-

tems, so it is not surprising that they play critical roles in the stability analysis: We
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have seen in the proof of Theorem 6.3 that periodic perturbations of these frequen-
cies can be constructed which lead to nondecaying oscillations. The critical values
ξi =

√
1/2, i = 1, 2, are those values of the damping for which engineers regard the

subsystems Σi as having only one significant overshoot.
We now consider real perturbations of the same structure; i.e., δ12, δ21 ∈ R. Then

A+B(E ◦ Δ)C = A+BΔC =

⎡
⎢⎢⎣

0 1 0 0
−ν2

1 −2ξ1ν1 b1δ12c2 0
0 0 0 1

b2δ21c1 0 −ν2
2 −2ξ2ν2

⎤
⎥⎥⎦ ,

Δ =
[

0 δ12
δ21 0

]
∈ ΔE ∩ R

2×2.

Δ is marginally destabilizing if there exists ω ∈ R such that det(ıωI−A−BΔC) = 0;
i.e.,

(102) [(ν2
1 − ω2) + 2ξ1ν1ıω][(ν2

2 − ω2) + 2ξ2ν2ıω] = b1b2c1c2δ12δ21.

But this can only be the case if

2ξ1ν1ω(ν2
2 − ω2) + 2ξ2ν2ω(ν2

1 − ω2) = 0,

i.e., if ω = 0 or ω2(ξ1ν1 + ξ2ν2) = ν1ν2(ξ1ν2 + ξ2ν1). We denote this latter value
of ω2 by ω2

c . In order to minimize ‖Δ‖ = max{|δ12|, |δ21|} in (102) we must choose
δ12 = ±δ21. Hence if ω = 0, then we have |b1b2c1c2| ‖Δ‖2 = ν2

1ν
2
2 and if ω2 = ω2

c , we
have

|b1b2c1c2|‖Δ‖2 = −(ν2
1 − ω2

c )(ν
2
2 − ω2

c ) + 4ξ1ξ2ν1ν2ω2
c .

It is easy to see that

(ξ1ν1 + ξ2ν2)(ν2
1 − ω2

c ) = ξ1ν1(ν2
1 − ν2

2 ), (ξ1ν1 + ξ2ν2)(ν2
2 − ω2

c ) = ξ2ν2(ν2
2 − ν2

1).

Hence

(ξ1ν1 + ξ2ν2)2|b1b2c1c2|‖Δ‖2 = ξ1ξ2ν1ν2[(ν2
2 − ν2

1)2 +4ν1ν2(ξ1ν1 + ξ2ν2)(ξ1ν2 + ξ2ν1)].

We conclude that

|b1b2c1c2|r2ΔR
= min

{
ν2
1ν

2
2 ,
ξ1ξ2ν1ν2[(ν2

2 − ν2
1 )2 + 4ν1ν2(ξ1ν1 + ξ2ν2)(ξ1ν2 + ξ2ν1)]

(ξ1ν1 + ξ2ν2)2

}
.

As an example we consider two identical oscillators so that ξ1 = ξ2 = ξ, ν1 = ν2 = ν
and for simplicity we choose b1 = b2 = c1 = c2 = 1. Then rΔR

= min{ν2, 2ξν2}.
So rΔR

= ν2 if ξ ≥ 1/2 and rΔR
= 2ξν2 if ξ < 1/2. This is to be compared with

the above results for complex perturbations that rΔ = rΔtv = ν2 if 2ξ2 ≥ 1 and
rΔ = rΔtv

= 2ξν2
√

1 − ξ2 if 2ξ2 < 1. So we see that rΔ < rΔR
if ξ < 1/

√
2.

7. Special cases and concluding remarks. In this final section we illustrate
our results by applying them to special classes of systems. In particular, we will
prove that if the subsystems Σj are all real and one-dimensional or if they are all
positive, then there is a joint maximum at ω = 0 of the N functions ω �→ ‖Gi(ıω)‖2,2,
i ∈ N , and consequently the stability radii with respect to time-varying and time-
invariant parameter perturbations are equal. In a second part of this section we
will discuss the relationship between our results and two classical problems of robust
stability connected with the existence of joint Liapunov functions for a given set of
time-invariant linear systems.
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One-dimensional subsystems. Suppose that each subsystem Σi is one-
dimensional; i.e., li = ni = qi = 1 and (Ai, Bi, Ci) = (ai, bi, ci) ∈ L1,1,1, i ∈ N .
Since B(E ◦ Δ)C = (bieijδijcj) = (bieijcjδij) for Δ = (δij) ∈ C

N×N , we can in-
corporate the diagonal entries of B = diag (b1, . . . , bN ), C = diag (c1, . . . , cN ) into
E ∈ R

N×N
+ and suppose B = C = IN without restriction of generality. Hence let

(103) A = diag (a1, . . . , aN) ∈ C
N×N , B = IN , C = IN , E ∈ R

N×N
+ .

We consider perturbations of the form

(104) A � AΔ = A+ E ◦ Δ, Δ ∈ Δ = C
N×N .

Note that E ◦ Δ ∈ ΔE = {(δij) ∈ C
N×N ; δij = 0 if eij = 0} for every Δ ∈ Δ. Δ is

provided with the norm

‖Δ‖ = max
i∈N

[∑
j∈N

|δij |2
]1/2

, Δ = (δij) ∈ Δ.

We write σΔ(A,E; δ) for σΔ(A, IN , IN , E; δ), rΔ(A,E) for rΔ(A, IN , IN , E) and sim-
ilarly for the other stability radii, rΔtv , rΔn , and rΔnt . If Re ai 	= 0, i ∈ N , then
the transfer functions Gi(s), the scalars gi defined in (68), and the diagonal matrix
Dg = diag(g1, . . . , gN ) are given by

(105) Gi(s) = (s−ai)−1, gi = max
ω∈R

|Gi(ıω)| = |Re ai|−1, i ∈ N, Dg = |ReA|−1.

Theorem 7.1. Suppose (103). Then we have the following.
(i) For every δ > 0 the spectral value set of A at level δ > 0 with respect to

perturbations of the form (104) is

σΔ(A,E; δ) =
⋃

Δ∈Δ, ‖Δ‖<δ
σ(A+ E ◦ Δ)(106)

= σ(A) ∪ {λ ∈ ρ(A); 

(
|λIN −A|−2E◦2

)
> δ−2}.

(ii) If A is Hurwitz stable, then its stability radius with respect to perturbations
of the form (104) is

(107) rΔ(A,E) =
[
max
ω∈R



(
|ıωIN −A|−2E◦2

)]−1/2

.

If, additionally, A is real, then

rΔnt
(A,E) = rΔn

(A,E) = rΔtv
(A,E)(108)

= rΔ(A,E) = rΔR
(A,E) = 
(|A|−2E◦2)−1/2.

(iii) If A is Hurwitz stable, then its stability radii with respect to time-varying
linear or nonlinear perturbations of structure E are given by

(109) rΔnt
(A,E) = rΔtv

(A,E) = 

(
|ReA|−2E◦2

)−1/2
= rΔ(ReA,E).
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Proof. Part (i) and (107) follow from Corollary 4.9 since

D(s)2 =
[
diag

(
|(s− a1)−1|, . . . , |(s− aN )−1|

)]2
= |(sIN −A)−2|, s ∈ ρ(A).

If, additionally, A is real, then the functions ω �→ |Gi(ıω)| = |ıω − ai|−1 have a joint
maximum at ω = 0 and Dg = |A|. Hence (108) follows directly from Remark 6.6(ii).

(iii) The first two equalities of (109) follow from Theorem 6.3 because of (105).
The last equality follows from (108).

Remark 7.2. Let A be any complex diagonal Hurwitz matrix and suppose that E
is irreducible. The functions fi : ω �→ |Gi(ıω)| = |ıω − ai|−1 have a unique maximum
at ωi = Im ai. Hence it follows from Corollary 6.5 that rΔtv

(A,E) = rΔ(A,E) if and
only if all the diagonal elements ai of A have the same imaginary part, i ∈ N . The
“if” holds without the assumption that E is irreducible.

Positive subsystems. Positive systems occur frequently in the modelling of real
processes where the state coordinates represent variables which cannot take negative
values. They are used to model phenomena in such diverse fields as economics, popu-
lation dynamics, and biology; see [9]. We will now show that positive block-diagonal
systems have properties similar to those of the real scalar diagonal ones. A system
(A,B,C) ∈ Ln,l,q is called positive if B ≥ 0, C ≥ 0 and A is a Metzler matrix; i.e.,
A+ rIn ≥ 0 for some r > 0. We use the same notation as in section 6.

Theorem 7.3. Suppose (86) and that the subsystems (Ai, Bi, Ci) ∈ Lni,li,qi are
positive. If n = (n1, . . . , nN ) and ΔR = Δ ∩ R

n×n, then

rΔnt
(A,B,C,E) = rΔtv

(A,B,C,E)
= rΔ(A,B,C,E) = rΔR

(A,B,C,E) = 
(E◦2D2
g)
−1/2,

where Dg = diag
(
‖C1A

−1
1 B1‖2,2 , . . . , ‖CNA−1

N BN‖2,2

)
.

Proof. Since (Ai, Bi, Ci) is positive, we have gi = maxω∈R ‖Gi(ıω)‖2,2 =
‖CiA−1

i Bi‖2,2 for i ∈ N ; see [12, Example 5.3.22]. Thus the N functions ω �→
‖Gi(ıω)‖2,2, i ∈ N , have a joint maximum at ω0 = 0. Hence the result follows from
Remark 6.6(ii).

Quadratic and absolute stability. We conclude this paper by applying our
results to two classical robustness issues, the problems of quadratic and of absolute sta-
bility. As in the previous section we consider systems with structured norm-bounded
undertainties of the following kind:

ẋ = Ax+B(E ◦ Δ)y, y = Cx, Δ ∈ Δ(r),(110)
ẋ = Ax+B(E ◦ Δ(t))y, y = Cx, Δ ∈ Δtv(r),(111)
ẋ = Ax+B(E ◦ Δ(x))y, y = Cx, Δ ∈ Δn(r),(112)
ẋ = Ax+B(E ◦ Δ(x, t))y, y = Cx, Δ ∈ Δnt(r),(113)

where the data (A,B,C,E) are given as in (86), Δ = C
l×q, Δtv, Δn, Δnt are defined

as in the previous section, and for any uncertainty level r > 0, Δ varies within the
following sets of norm bounded perturbations:

Δ(r) = {Δ ∈ Δ; ‖Δ‖ ≤ r}, Δn(r) = {Δ ∈ Δn; ‖Δ‖n ≤ r},
Δtv(r) = {Δ ∈ Δtv; ‖Δ‖tv ≤ r}, Δnt(r) = {Δ ∈ Δnt; ‖Δ‖nt ≤ r}.

The following definition specifies different concepts of robust stability.
Definition 7.4. Let r > 0. The uncertain system (A,B,C,E) is said to be
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(i) asymptotically stable at level r if all the systems (110) are asymptotically
stable,

(ii) tv-stable at level r if all the systems (111) are asymptotically stable,
(iii) absolutely stable at level r if all the systems (112) are asymptotically stable,
(iv) nt-stable at level r if all the systems (113) are asymptotically stable.

For any uncertainty level r > 0 the following implications are either trivial or easily
proved:

(114) nt-stable ⇒ tv-stable ⇒ absolutely stable ⇒ asymptotically stable.

In what follows we will discuss the relationship of these concepts with the notion of
quadratic stability. Here we use a modification of the usual definition; compare [5].

Definition 7.5. We say that the uncertain system (A,B,C,E) is quadratically
stable at level r if there is a quadratic function V (x) = 〈x, Px〉, with a positive definite
Hermitian matrix P , such that the derivative of V along the trajectories of (110)

(115) V̇ (x) =
〈
Px,Ax+B(E ◦ Δ)y

〉
+
〈
Ax +B(E ◦ Δ)y, Px

〉
, y = Cx

satisfies V̇ (x) ≤ −k‖y‖2 for some k > 0 and all Δ ∈ Δ(r).
The usual definition of quadratic stability requires that V (x) is a strict Liapunov

function; i.e., V̇ (x) is negative definite. Then it is well known that quadratic stability
implies all the four properties of robust stability defined in the preceding definition.
However, the quadratic Liapunov functions constructed from Riccati equations of the
form (15) are usually not strict but only satisfy V̇ (x) ≤ −k‖y‖2. So as a direct conse-
quence of Liapunov theory, we are only able to conclude stability but not asymptotic
stability. However, a similar argument, as in the proof of Theorem 2.6, can be used to
show that the condition V̇ (x) ≤ −k‖y‖2 in fact suffices to prove asymptotic stability
of the uncertain systems (110). This motivates our definition of a slightly weaker
concept of quadratic stability.

In the following we will apply our previous results to the following two problems.
Problem of quadratic stability. Under what conditions does any one of the

above properties of robust stability imply quadratic stability?
Aizerman problem. Under what conditions does the asymptotic stability of

the uncertain system (A,B,C,E) at level r > 0 imply that it is absolutely stable at
level r? (If this implication holds for every r > 0, we say that the structured complex
version of the generalized Aizerman conjecture holds true for (A,B,C,E).)

Remark 7.6. Note that the original Aizerman conjecture was stated for the
real single input single output case where (A,B,C) ∈ Ln,1,1 is real and Δ = R.
In this real case the Aizerman conjecture is not true: there are counterexamples of
(A,B,C) ∈ Ln,1,1 for which every matrix in the set {A + BΔC; Δ ∈ R, |Δ| ≤ 1} is
asymptotically stable but (A,B,C) is not absolutely stable at level 1; see [25, section
7.3].

Assuming observability it is well known that in the full block case all of the above
concepts of robust stability are equivalent. Note that the full block case is a very
special case of the situation considered in this paper, namely N = 1, n = (n), l =
(l), q = (q), (A,B,C) = (A1, B1, C1) ∈ Ln,l,q. In this special case we have that an
uncertain observable system (A,B,C) is asymptotically stable at level r > 0 if and
only if it is quadratically stable at level r > 0; see [12, section 5.6]. Moreover, the
complex version of the Aizerman conjecture is true in the full block case [12, Theorem
5.6.22].
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For structured perturbations these results, in general, no longer hold. Counterex-
amples have been given in [19]. Besides reformulations of the property in terms of
linear matrix inequalities or μ-analysis there are apparently no general necessary and
sufficient criteria available for quadratic stability of systems with structured uncertain-
ties; compare [1]. In our framework where the nominal system is block-diagonal and
the perturbations E ◦ Δ ∈ ΔE have an arbitrarily prescribed zero structure (defined
by E), we can solve the problem of quadratic stability and establish its precise rela-
tionship with the other notions of robust stability. Moreover, we obtain computable
tests for deciding whether a given uncertain system (A,B,C,E) is quadratically sta-
ble at level r or not. Finally, we obtain systematic procedures for the construction of
counterexamples of uncertain systems which are asymptotically stable at a level r > 0
but neither tv-stable nor quadratically stable at this level.

Theorem 7.7. Suppose (86). Then for any r > 0 we have the following.
(i) The uncertain system (A,B,C,E) at level r is tv-stable if and only if r <


(E◦2D2
g)
−1/2. Moreover, it is tv-stable if and only if it is nt-stable.

(ii) The asymptotic stability of the uncertain system (A,B,C,E) at level r implies
the tv-stability at level r if and only if maxω∈R 


(
D(ıω)2E◦2

)
= 
(E◦2D2

g).
In this case the structured complex version of the generalized Aizerman con-
jecture is valid for (A,B,C,E).

(iii) Suppose the pairs (Aj , Cj), j ∈ N , are observable and E does not have a zero
column. Then the uncertain system (A,B,C,E) is quadratically stable at level
r if and only if it is tv-stable at level r (or, equivalently, r < 
(E◦2D2

g)).
Proof. In the proof of the three statements we implicitly make use of the fact

that the uncertain system (A,B,C,E) at level r is tv-stable (respectively, nt-stable;
respectively, asymptotically stable) if and only if r < rΔtv (A,B,C,E) (respectively,
r < rΔnt

(A,B,C,E); respectively, r < rΔ(A,B,C,E)). This follows from the def-
initions of rΔnt

, rΔtv
, rΔ and the fact that there is a Δ(·) ∈ Δtv ⊂ Δnt with

‖Δ(·)‖Δtv
= rΔtv

= rΔnt
(respectively, Δ ∈ Δ with ‖Δ‖Δ = rΔ) such that

the corresponding perturbed system ẋ = Ax + B(E ◦ Δ(t))Cx (respectively, ẋ =
Ax+B(E ◦ Δ)Cx) is not asymptotically stable; see Remark 6.4.

(i) This follows directly from (96).
(ii) The aymptotic stability of the uncertain system (A,B,C,E) at level r implies

the tv-stability at level r if and only if rΔtv
(A,B,C,E) = rΔ(A,B,C,E). Hence the

first statement in (ii) follows from Corollary 6.5. Furthermore, if maxω∈R 

(
D(ıω)2E◦2

)
= 
(E◦2D2

g), then rΔnt
(A,B,C,E) = rΔ(A,B,C,E) by Corollary 6.5 and therefore

the structured complex version of the generalized Aizerman conjecture holds true for
(A,B,C,E).

(iii) Suppose that the uncertain system (A,B,C,E) at level r is tv-stable. Then
r < rΔtv

(A,B,C,E) = ρ̂(Dg, E) by Theorem 6.3 and (80) and there exists a scaling
vector γ > 0 such that r < ργ(Dg, E). Let P be any Hermitian solution of the
scaled algebraic Riccati equation (73) with ρ = ργ(Dg, E). By Theorem 6.1(iii)
V (x) = 〈x, Px〉 is a quadratic Liapunov function for (110) and there exists k > 0
such that along the trajectories of (110) we have V̇ (x) ≤ −k‖y‖2, y = Cx for all
Δ ∈ Δ(r). Hence the uncertain system (110) is quadratically stable. Conversely, if
the uncertain system (A,B,C,E) is quadratically stable at level r and V (x) = 〈x, Px〉
is the corresponding Liapunov function (see Definition 7.5), then for any solution
x(·) 	≡ 0 of (111) on [t0,∞) we have V (x(t)) > 0 and V̇ (x(t)) ≤ −k‖Cx(t)‖2, t ≥ t0
for some k > 0. So the origin is uniformly stable and just as in the last part of the
proof of Theorem 2.6 we have x(t) → 0 as t→ ∞. Hence r < rΔtv

, and this completes
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the proof of (iv).
Applying this theorem to the special cases described above, we see that the com-

plex version of the Aizerman conjecture is valid if the subsystems (Aj , Bj , Cj), j ∈ N ,
are either one-dimensional or positive. Moreover, the properties of asymptotic and
quadratic stability are equivalent in these cases provided that the subsystems are
observable and E does not have a zero column.

To illustrate Theorem 7.7 we return to Example 6.7 and construct a joint Liapunov
function for the system consisting of two harmonic oscillators with uncertain couplings
of norm < rΔtv (A,B,C,E).

Example 7.8. As in Example 6.7 let

Ai =
[

0 1
−ν2

i −2ξiνi

]
, Bi =

[
0
bi

]
, Ci =

[
ci 0

]
, i = 1, 2; E =

[
0 1
1 0

]
,

ΔE =
{[

0 δ12
δ21 0

]
; δ12, δ21 ∈ C

}
,

and consider the (four-dimensional) uncertain interconnected system described by

(116)
[
ẋ1

ẋ2

]
=
[
A+B(E ◦ Δ)C

] [x1

x2

]
=
[

A1 B1δ12C2

B2δ21C1 A2

] [
x1

x2

]
, Δ ∈ ΔE ;

see (101). For simplicity of presentation we assume that νi = 1, i = 1, 2. With
γ = (γ1, γ2) > 0 and ρ ≤ ργ the Riccati equations (75) take the form

P1A1 +A∗1P1 + ρ2γ2
2C
∗
1C1 + γ−2

1 P1B1B
∗
1P1 = 0,(117)

P2A2 +A∗2P2 + ρ2γ2
1C
∗
2C2 + γ−2

2 P2B2B
∗
2P2 = 0.(118)

In Example 6.7 we have shown that

rΔtv = 


([
0 g2

2

g2
1 0

])−1/2

=
1

√
g1g2

,

where gi =

⎧⎪⎨
⎪⎩
|cibi| if 1 ≤ 2ξ2i ,

|cibi|
2ξi
√

1 − ξ2i
if 1 > 2ξ2i ,

i = 1, 2.

By Theorem 5.2 we have ρ̂ = (g1g2)−1/2. To find an optimal scaling vector γ̂ > 0 we
determine a positive Perron vector γ̂2 of E◦2D2

g:

E◦2D2
g

[
γ̂2
1

γ̂2
2

]
=
[

0 g2
2

g2
1 0

] [
γ̂2
1

γ̂2
2

]
= g1g2

[
γ̂2
1

γ̂2
2

]
, i.e., γ̂2

1g2 = γ̂2
2g1.

Choosing γ̂1 =
√
g1, γ̂2 =

√
g2, we obtain ργ̂ = ρ̂ by Theorem 5.5. Then if P1 =

[ p1 p2p2 p3 ], the Riccati equation for the first subsystem with ρ = ρ̂ and γ = γ̂ takes the
form [

p1 p2

p2 p3

] [
0 1
−1 −2ξ1

]
+
[
0 −1
1 −2ξ1

] [
p1 p2

p2 p3

]
+ g−1

1

[
c21 0
0 0

]

+g−1
1

[
p1 p2

p2 p3

] [
0 0
0 b21

] [
p1 p2

p2 p3

]
= 0.
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A similar equation holds for P2 with ξ1 replaced by ξ2 and g1 replaced by g2. Note that
although the Riccati equations (117) and (118) are coupled through the parameters
ρ and γ, they are decoupled at the optimal parameter values. The Riccati equation
for P1 can be decomposed to

−2p2 + g−1
1 c21 + g−1

1 b21p
2
2 = 0,

p1 − 2ξ1p2 − p3 + g−1
1 b21p2p3 = 0,

2p2 − 4ξ1p3 + g−1
1 b21p

2
3 = 0.

By solving the first quadratic equation for p2, then the third quadratic equation for p3,
and finally the middle one for p1, one obtains the following positive definite solution
of (117) (with ρ = ρ̂ and γ = γ̂):

P1 =
|c1|
|b1|

[
2ξ1 1
1 2ξ1 +

√
4ξ21 − 2

]
if 1 ≤ 2ξ21 and

P1 =
|c1|

|b1|
√

1 − ξ21

[
1 ξ1
ξ1 1

]
if 1 > 2ξ21 .

Replacing ξ1 by ξ2 and g1 by g2 one obtains an analogous formula for a solution P2 � 0
of (117) (with ρ = ρ̂ and γ = γ̂). By Theorem 5.1, V (x) = 〈x1, P1x1〉 + 〈x2, P2x2〉 is
a joint Liapunov function for all the perturbed systems (116) with

Δ =
[

0 δ12
δ21 0

]
∈ ΔE , ‖Δ‖ = max{|δ12|, |δ21|} ≤ ργ̂ = (g1g2)−1/2 = rΔtv

.

By Remark 6.4, V (·) is a quadratic Liapunov function of maximal robustness for the
uncertain system (116).
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A CLASS OF SINGULAR CONTROL PROBLEMS AND THE
SMOOTH FIT PRINCIPLE∗
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Abstract. This paper analyzes a class of singular control problems for which value functions are
not necessarily smooth. Necessary and sufficient conditions for the well-known smooth fit principle,
along with the regularity of the value functions, are given. Explicit solutions for the optimal policy
and for the value functions are provided. In particular, when payoff functions satisfy the usual
Inada conditions, the boundaries between action and continuation regions are smooth and strictly
monotonic, as postulated and exploited in the existing literature (see [A. K. Dixit and R. S. Pindyck,
Investment under Uncertainty, Princeton University Press, Princeton, NJ, 1994]; [M. H. A. Davis
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(2007), pp. 839–876]; and [L. H. Alvarez, A General Theory of Optimal Capacity Accumulation under
Price Uncertainty and Costly Reversibility, Working Paper, Helsinki Center of Economic Research,
Helsinski, Finland, 2006]). Illustrative examples for both smooth and nonsmooth cases are discussed
to emphasize the pitfall of solving singular control problems with a priori smoothness assumptions.
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1. Introduction. Consider the following problem in reversible investment/capa-
city planning that arises naturally in resource extraction and power generation: Facing
the risk of market uncertainty, a company extracts a resource (such as oil or gas) and
chooses the capacity level in response to the random fluctuation of market price for the
resources, subject to some capacity constraints and the associated cost for capacity
expansion and contraction. The goal of the company is to maximize its long-term
profit, subject to these constraints and the rate of resource extraction.

This kind of capacity planning with price uncertainty and partial (or no) re-
versibility originated from the economics literature and has since attracted the interest
of the applied mathematics community. (See [16, 13, 11, 27, 1, 7, 32, 34, 35, 12, 20]
and the references therein.) Mathematical analysis of such control problems has
evolved considerably from the initial heuristics to the more sophisticated and stan-
dard stochastic control approach, and from the very special case to cases with general
payoff functions. (See [22, 24, 25, 18, 19, 29, 14, 15, 10, 3, 4, 8, 9].) Most recently,
Merhi and Zervos [31] analyzed this problem in great generality and provided ex-
plicit solutions for the special case where the payoff is of Cobb–Douglas type. Their
method is to directly solve the HJB equations for the value function, assuming certain
regularity conditions known as the smooth fit principle.
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Indeed, this smooth fit principle is critical in most of the works involving ex-
plicit solutions for optimal stopping, optimal switching, and singular control prob-
lems. However, for many control problems in real options, queuing, and wireless
communications (see [30, 5, 23, 6]), there is no regularity for either the value function
or the boundaries. In fact, one can have very simple examples where neither the value
function nor the boundary between the action and continuation regions is continuous.
(See Examples 5.3 and 5.4 in section 5.)

In spite of the alternative and powerful viscosity solution approach for the issue
of regularity for the value function, explicit characterization for structure of the op-
timal policy and the value function still relies heavily on the smooth fit principle or
continuity of the boundary. In fact, the smooth fit principle is sometimes exploited in
the applied literature even without the standard verification theorem argument. How-
ever, when there is no continuity in the boundary or no connectedness in the interior
of the continuation region, it may be hard and even incorrect to directly apply the
traditional “guess the boundary and verify” approach. (See again Examples 5.3, 5.4,
and 5.5 and the discussion afterwards.)

Therefore, two fundamental mathematical issues remain: (1) sufficient and neces-
sary conditions for regularity properties for both the value function and the boundaries,
and (2) characterization for the value function and for the action and continuation
regions when these regularity conditions fail. Understanding these issues is especially
important in cases where only numerical solutions are available, and for which the
assumption on the degree of the smoothness could be wrong. (See also the discussions
in section 5.2.)

This paper addresses the above two issues, in particular the second one, via the
study of a class of singular control problems. Our work combines the techniques of [21]
and [28]. The former established a fundamental connection between singular controls
and switching controls, and the latter used the viscosity solution approach to solve
optimal switching problems. We establish both necessary and sufficient conditions on
the differentiability of the value function and on the smooth fit principle. These condi-
tions lead to a derivative-based characterization of the investment, disinvestment, and
continuation regions even for nonsmooth value functions. In fact, for the case when
the payoff function is not smooth, this paper is the first to rigorously characterize the
action and continuation regions, and to explicitly construct both the optimal policy
and the value function. We emphasize that the payoff function in our paper H(·)
is any concave function of the capacity and may be neither monotonic nor differen-
tiable. This includes the special cases investigated by [20, 31, 21]. In particular, when
H satisfies the well-known Inada conditions (i.e., continuously differentiable, strictly
increasing, strictly concave, with H(0) = 0, H ′(0+) = ∞, H ′(∞) = 0), our results
show that the boundaries between regions are indeed continuous and strictly increas-
ing, as postulated and exploited in previous works (see [16, 13, 27, 1, 32, 34, 31, 2]).
Also note that our method can be applied to more general (diffusion) processes for the
price dynamics, other than the geometric Brownian motion assumed for explicitness
in this paper. Finally, the construction between the functional form of the boundaries
and the payoff function itself is also novel, as the value function and the boundaries
may be neither smooth nor strictly monotonic, as in the existing literature.

Another work relevant to this paper is [2], which provides a great deal of economic
insight into the singular control problem. However, [2] handles only payoff functions
satisfying the Inada conditions. Moreover, its derivation of the value function is
dependent on these assumptions and seems valid only when the boundaries are of the
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very particular form illustrated in [2, Figure 1]. (See Example 5.5 and the discussion
afterwards in section 5.2.)

Outline. The control problem is formally stated with preliminary analysis in sec-
tion 2. Details of the derivation and solution are in section 3. The analysis of the
regularity of the value function and the region characterization is in section 4. Ex-
amples are provided in section 5, including cases for which the value function is not
differentiable, the optimal controlled process not continuous, the boundaries of the
action regions not smooth, and the interior of the continuation region not simply
connected.

2. Mathematical problem and preliminary analysis.

2.1. Problem. Let (Ω,F ,F,P) be a filtered probability space, and assume a
given bounded interval [a, b] ⊂ (−∞,∞). Consider the following problem.

Fundamental problem.

V (x, y) := sup
(ξ+,ξ−)∈A′

y

J(x, y; ξ+, ξ−),(1)

with

J(x, y; ξ+, ξ−) := E

[∫ ∞
0

e−ρtH(Yt)Xx
t dt−

∫ ∞
0

e−ρtK1dξ
+
t −

∫ ∞
0

e−ρtK0dξ
−
t

]
subject to

Yt := y + ξ+t − ξ−t , y ∈ [a, b],

dXx
t := μXx

t dt+
√

2σXx
t dWt, X0 := x > 0,

H : [a, b] → R is concave with H(y) = H(a) +
∫ y

a

h(z)dz,

K1 +K0 > 0, μ < ρ, and (without loss of generality) K1 > 0.

The supremum is taken over all strategies (ξ+, ξ−) ∈ A′y, where

A′y :=
{

(ξ+, ξ−) : ξ± are left continuous, nondecreasing processes, ξ±0 = 0;

y + ξ+t − ξ−t ∈ [a, b];

E

[∫ ∞
0

e−ρtdξ+t +
∫ ∞

0

e−ρtdξ−t

]
<∞

}
.

This is a continuous time formulation of the aforementioned risk management
problem. The capacity level Y is a controlled process represented by (ξ+t )t≥0 and
(ξ−t )t≥0, which are F-adapted, nondecreasing càglàd processes and, respectively, stand
for the cumulative capacity expansion and reduction by time t; the market price X is
modeled by a geometric Brownian motion; the rate of resource extraction is modeled
by the function H(Y ); K0 is the cost of capacity reduction with K0 < 0 representing a
partial recovery of the initial investment; K1 is the cost of capacity increase. The goal
of the company is to maximize its long-term profit with a payoff function that depends
on both the resource extraction rate and the market price, with a form of H(Y )X .

Remark 2.1. We make a few remarks on the formulation here.
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• First, the assumption of K1 > 0 is without loss of generality. Indeed, if
K1 ≤ 0, then one considers the control problem on [0, b− a] for b−Yt instead
of Yt.

• Second, the constraint that K0 + K1 > 0 rules out the simple arbitrage
opportunity and the condition μ > ρ is necessary for the finiteness of the
value function.

• Third, since h is clearly nonincreasing from the concavity ofH , one can choose
its left or right continuous versions without changing H or the value function
of the control problem V .

• Finally, using a simple Ito’s analysis for semimartingales, one can easily see
that this formulation has several equivalent extensions. For example, one
can replace H(Yt)Xt by H(Yt)(Xt) −C0Yt −C1

∫ t
0 Ysds to take into account

possible running cost C0 and cumulating cost C1; one can also substitute
H(Yt)Xt with H(Yt)Xλ

t .
To be consistent with the literature in (ir)reversible investment, the running payoff

function in this paper is assumed to depend on the resource extraction rate and the
market price in the form of H(Y )X (equivalent to H(Y )Xλ), and we focus on this
simple and most standard version of singular control problem (1).

2.2. Preliminary. Throughout the paper, we define m < 0 < 1 < n to be the
roots of σ2x2 + (μ− σ2)x − ρ = 0, so that

m,n =
−(μ− σ2) ±

√
(μ− σ2)2 + 4σ2ρ

2σ2
.(2)

We also observe the identity ρ = −σ2mn and define the useful quantity η > 0:

η :=
1

ρ− μ
=

−mn
(n− 1)(1 −m)ρ

=
1

σ2(n− 1)(1 −m)
.(3)

Next, let R(x, y) := J(x, y; 0, 0) be the no-action expected payoff. Then,

R(x, y) := E

[∫ ∞
0

e−ρtH(y)Xx
t dt

]
= ηH(y)x,(4)

r(x, y) := Ry(x, y) = E

[∫ ∞
0

e−ρth(y)Xx
t dt

]
= ηh(y)x.(5)

Moreover, |J(x, y; ξ+, ξ−)| <∞ for all (ξ+, ξ−) ∈ A′y from the boundedness of H .
In fact, we have the following.

Proposition 2.2 (finiteness of value function). V (x, y) ≤ ηMx + K1(b − a),
where M = supy∈[a,b] |H(y)| <∞.

Proof. Let x > 0 and y ∈ [a, b] be given. Since ρ > μ, we have

E

[∫ ∞
0

e−ρt[H(Yt)Xx
t ]dt

]
≤ E

[∫ ∞
0

e−ρt[MXx
t ]dt

]
≤ ηMx.

Note that for any given (ξ+, ξ−) ∈ A′y, we have a − y ≤ ξ+t − ξ−t ≤ b − y. From
integration by parts, for any t > 0,

(6) −
∫

[0,T )

e−ρtdξ+t ≤ −
∫

[0,T )

e−ρtdξ−t + (y − a),
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which, together with K1 +K0 > 0 and K1 > 0, implies

E

[
−K1

∫ ∞
0

e−ρtdξ+t −K0

∫ ∞
0

e−ρtdξ−t

]
≤ K1(y − a) − (K1 +K0)E

[∫ ∞
0

e−ρtdξ−t

]
≤ K1(b− a).

Since these bounds are independent of the control, we have

V (x, y) ≤ ηMx+K1(b − a) <∞.

3. Deriving value function and optimal control. Our solution approach is
built on the general correspondence between singular controls and switching controls
developed in [21]. For the reader’s convenience, we recall here the most relevant
concepts.

3.1. Key concepts.
Definition 3.1. A switching control α = (τn, κn)n≥0 consists of an increasing

sequence of stopping times (τn)n≥0 and a sequence of new regime values (κn)n≥0 that
are assumed immediately after each stopping time.

Definition 3.2. A switching control α = (τn, κn)n≥0 is called admissible if the
following hold almost surely: τ0 = 0; τn+1 > τn for n ≥ 1, τn → ∞; and for all n ≥ 0,
κn ∈ {0, 1} is Fτn measurable, with κn = κ0 for even n and κn = 1 − κ0 for odd n.

Proposition 3.3. There is a one-to-one correspondence between admissible
switching controls and the regime indicator function It(ω), which is an F-adapted
càglàd process of finite variation, so that It(ω) : Ω × [0,∞) → {0, 1}, with

It :=
∞∑
n=0

κn1{τn<t≤τn+1}, I0 = κ0.(7)

Definition 3.4. Let y ∈ Ī be given, and for each z ∈ I, let α(z) = (τn(z), κn(z))n≥0

be a switching control. The collection (α(z))z∈I is consistent if

α(z) is admissible for Lebesgue-almost every z ∈ I,(8)
I0(z) := κ0(z) = 1{z≤y} for Lebesgue-almost every z ∈ I,(9)

and for all t <∞,∫
I
(I+
t (z) + I−t (z))dz <∞, almost surely, and(10)

It(z) is decreasing in z for P ⊗ dz-almost every (ω, z).(11)

Here I+
t (z) and I−t (z) are defined by

I+
t :=

∞∑
n>0,κn=1

1{τn<t}, I+
0 = 0, and I−t :=

∞∑
n>0,κn=0

1{τn<t}, I−0 = 0.

Lemma 3.5 (from switching controls to singular controls). Given y ∈ Ī and a
consistent collection of switching controls (α(z))z∈I , define two processes ξ+ and ξ−

by setting ξ+0 = 0, ξ−0 = 0, and for t > 0, ξ+t :=
∫
I I

+
t (z)dz, ξ−t :=

∫
I I
−
t (z)dz. Then

1. the pair (ξ+, ξ−) ∈ Ay is an admissible singular control;
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2. up to indistinguishability,

Yt = y +
∫ ∞
y

It(z)1{z∈I}dz +
∫ y

−∞
(It(z) − 1)1{z∈I}dz; and

3. for all t, we almost surely have

Yt = ess sup{z ∈ I : It(z) = 1} = ess inf{z ∈ I : It(z) = 0},

where ess sup ∅ := inf I and ess inf ∅ := sup I.
Definition 3.6. A singular control (ξ+, ξ−) is integrable if

E

[∫ ∞
0

e−ρt|H(Yt)Xx
t |dt+

∫
[0,∞)

e−ρt|K1|dξ+t +
∫

[0,∞)

e−ρt|K0|dξ−t

]
<∞.(12)

3.2. Solving singular control via the switching problem. Our derivation
of the solution relies on the following connection between the value function of the
singular control problem and that of a switching control problem [21, Theorem 3.7].

Lemma 3.7. The value function in problem (1) is given by

V (x, y) = ηH(a)x+
∫ y

a

v1(x, z)dz +
∫ b

y

v0(x, z)dz,(13)

where v0 and v1 are solutions to the following optimal switching problems:

(14) vk(x, z) := sup
α∈B
κ0=k

E

[∫ ∞
0

e−ρt [h(z)Xx
t ] Itdt−

∞∑
n=1

e−ρτnKκn

]
,

provided that the subsequent switching control is consistent and the resulting singular
control is integrable. Here, α = (τn, κn)n≥0 is an admissible switching control, B is the
subset of admissible switching controls α = (τn, κn)n≥0 such that E [

∑∞
n=1 e

−ρτn ] <
∞}, and It is the regime indicator function for any given α ∈ B.

In light of Lemma 3.7, our derivation goes as follows: First, we shall solve the
corresponding optimal switching problems; we shall then check that the correspond-
ing collection of switching controls is consistent, which implies that it corresponds
to an admissible singular control; and finally, we shall establish the existence of the
corresponding integrable optimal singular control (ξ̂+, ξ̂−) ∈ A′y and derive the cor-
responding value function.

3.2.1. Step 1: Solving the optimal switching problem. In this section, we
shall solve the switching problem (14),

vk(x, z) := sup
α∈B
κ0=k

E

[∫ ∞
0

e−ρt [h(z)Xx
t ] Itdt−

∞∑
n=1

e−ρτnKκn

]
.

First, according to [33, Theorem 1.4.1] and [28, Lemma 3.2], in addition to X
being a geometric Brownian motion, we easily see the following.

Proposition 3.8. For fixed z ∈ [a, b] and k ∈ {0, 1}, vk(x, z) is C1 in x.
Moreover, for every x > 0, | ∂∂xvk(x, z)| ≤ η|h(z)|.

Next, by modifying the argument in [28, Theorem 3.1] for h ≥ 0 to the case of
h < 0, we obtain the following.
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Proposition 3.9. v0 and v1 are the unique viscosity solutions with linear growth
condition to the following system of variational inequalities:

min {−Lv0(x, z), v0(x, z) − v1(x, z) +K1} = 0,(15)
min {−Lv1(x, z) − h(z)x, v1(x, z) − v0(x, z) +K0} = 0,(16)

with boundary conditions v0(0+, z) = 0 and v1(0+, z) = max{−K0, 0}. Here L is
the generator of the diffusion Xx, killed at rate ρ, given by Lu(x, z) = σ2uxx(x, z) +
μux(x, z) − ρu(x, z).

Solution to the optimal switching problem. Finally, we explicitly solve v0 and v1
based on [28, Theorem 4.2]. We see the following cases.

Case I: K0 ≥ 0. For each z ∈ (a, b), the switching regions are described in terms
of F (z) and G(z), which take values in (0,∞].

First, for each z ∈ (a, b) such that h(z) = 0, it is never optimal to switch,
since K0 ≥ 0 and K1 > 0, and so we take F (z) = ∞ = G(z). For this case,
v0(x, z) = 0 = v1(x, z).

Second, for z such that h(z) > 0, we have G(z) < ∞ and it is optimal to switch
from regime 0 to regime 1 (to invest in the project at level z) when Xx

t ∈ [G(z),∞).
Since K0 ≥ 0, it is never optimal to switch from regime 1 to regime 0 (i.e., F (z) = ∞).
Furthermore, we have

v0(x, z) =
{
A(z)xn, x < G(z),
ηh(z)x−K1, x ≥ G(z),

v1(x, z) = ηh(z)x.

Since v0 is C1 at G(z), we get{
A(z)G(z)n = ηh(z)G(z) −K1,
nA(z)G(z)n−1 = ηh(z).

That is, {
G(z) = νh(z)−1,
A(z) = K1

(n−1)G(z)−n = K1
(n−1)ν

−nh(z)n,

where ν = K1σ
2n(1 −m).

Finally, when h(z) < 0, it is optimal to switch from regime 1 to regime 0 (disinvest
at level z) when Xx

t ∈ [F (z),∞). Since K1 > 0, it is never optimal to switch from
regime 0 to regime 1 (i.e., G(z) = ∞). The derivation of the value function proceeds
analogously to the derivation for the case of h(z) > 0.

Case II: K0 < 0. First of all, for each z ∈ (a, b) such that h(z) ≤ 0, it is always
optimal to disinvest because K0 < 0. That is, F (z) = ∞ = G(z). In this case, clearly
v0(x, z) = 0 and v1(x, z) = −K0.

Next, for each z ∈ (a, b) such that h(z) > 0, it is optimal to switch from regime
0 to regime 1 (to invest in the project at level z) when Xx

t ∈ [G(z),∞), and to
switch from regime 1 to regime 0 (disinvest at level z) when Xx

t ∈ (0, F (z)], where
0 < F (z) < G(z) <∞.

Moreover, v0 and v1 are given by

v0(x, z) =
{
A(z)xn, x < G(z),
B(z)xm + ηxh(z) −K1, x ≥ G(z),

v1(x, z) =
{
A(z)xn −K0, x ≤ F (z),
B(z)xm + ηxh(z), x > F (z).
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Smoothness of v(x, z) at x = G(z) and x = F (z) from Proposition 3.8 leads to

(17)

⎧⎪⎪⎨
⎪⎪⎩

A(z)G(z)n = B(z)G(z)m + ηG(z)h(z) −K1,
nA(z)G(z)n−1 = mB(z)G(z)m−1 + ηh(z),
A(z)F (z)n = B(z)F (z)m + ηF (z)h(z) +K0,
nA(z)F (z)n−1 = mB(z)F (z)m−1 + ηh(z).

Eliminating A(z) and B(z) from (17) yields

(18)

{
K1G(z)−m +K0F (z)−m = −m

(1−m)ρh(z)(G(z)1−m − F (z)1−m),
K1G(z)−n +K0F (z)−n = n

(n−1)ρh(z)(G(z)1−n − F (z)1−n).

Since the viscosity solutions to the variational inequalities are unique and C1

according to Proposition 3.9, for every z there is a unique solution F (z) < G(z) to
(18). Let κ(z) = F (z)h(z), ν(z) = G(z)h(z); then the following system of equations
for κ(z) and ν(z) is guaranteed to have a unique solution for each z:{

K1ν(z)−m +K0κ(z)−m = −m
(1−m)ρ(ν(z)

1−m − κ(z)1−m),
K1ν(z)−n +K0κ(z)−n = n

(n−1)ρ(ν(z)
1−n − κ(z)1−n).

Moreover, these equations depend on z only through ν(z) and κ(z), implying that
there exist unique constants κ, ν such that κ(z) ≡ κ and ν(z) ≡ ν for all z. Hence
F (z) = κh(z)−1, G(z) = νh(z)−1, with κ < ν being the unique solutions to⎧⎨

⎩
1

1−m
[
ν1−m − κ1−m] = − ρ

m [K1ν
−m +K0κ

−m] ,

1
n−1

[
ν1−n − κ1−n] = ρ

n [K1ν
−n +K0κ

−n] .

Given F (z) and G(z), A(z) and B(z) are solved from (17),⎧⎪⎨
⎪⎩

B(z) = −G(z)−m

n−m

(
G(z)h(z)
σ2(1−m) − nK1

)
= −F (z)−m

n−m

(
F (z)h(z)
σ2(1−m) + nK0

)
,

A(z) = G(z)−n

n−m

(
G(z)h(z)
σ2(n−1) +mK1

)
= F (z)−n

n−m

(
F (z)h(z)
σ2(n−1) −mK0

)
.

3.2.2. Step 2: Corresponding switching controls. Given the solution to
the optimal switching problems, it is clear that the optimal switching control for any
level z ∈ (a, b) is given by the following.

Case I. For z ∈ (a, b) and x > 0, let F and G be as given in Case I of Theorem 3.14.
The switching control α̂k(x, z) = (τ̂n(x, z), κ̂n(z))n≥0, starting from τ̂0(x, z) = 0 and
κ̂0(z) = k is given as the following:

– for n ≥ 1 if k = 0, τ̂1(x, z) = inf{t > 0 : Xx
t ∈ [G(z),∞)}, and for n ≥ 2,

τ̂n(z) = ∞;
– for n ≥ 1 if k = 1, τ̂1(x, z) = inf{t > 0 : Xx

t ∈ [F (z),∞)}, and for n ≥ 2,
τ̂n(z) = ∞.

Case II. For z ∈ (a, b) and x > 0, F and G are as given in Case II of Theorem 3.14.
The switching control α̂k(x, z) = (τ̂n(x, z), κ̂n(z))n≥0, starting from τ̂0(x, z) = 0 and
κ̂0(z) = k is given as the following:

– for n ≥ 1 if κ̂n−1(z) = 0, τ̂n(x, z) = inf{t > τn−1 : Xx
t ∈ [G(z),∞)},

κ̂n(z) = 1;
– for n ≥ 1 if κ̂n−1(z) = 1, τ̂n(x, z) = inf{t > τn−1 : Xx

t ∈ (0, F (z)]}, κ̂n(z) = 0.
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3.2.3. Step 3: Consistency of the switching controls. Now, define the
collection of admissible switching controls (α̂(x, z))z∈(a,b) so that α̂(x, z) = α̂0(x, z)
for z > y and α̂(x, z) = α̂1(x, z) for z ≤ y. Then we have the following.

Proposition 3.10. The collection of switching controls (α̂(x, z))z∈(a,b) is con-
sistent.

To prove the consistency, the following monotonicity properties of F and G are
essential: F is nonincreasing and G is nondecreasing in Case I, and F is nondecreasing
and G is nonincreasing in Case II.

To start, for each z ∈ (a, b), denote Ît(x, z) to be the regime indicator function of the
optimal switching control α̂(x, z). That is, Ît(x, z) =

∑∞
n=0 κ̂n(z)1{τ̂n(x,z)<t≤τ̂n+1(x,z)}.

Then the consistency follows from the following lemmas.
Lemma 3.11. For every x > 0 and t > 0, Ît(x, ·) is nonincreasing.
Proof. For simplicity, we omit the dependence on x from the notation.
• Case I. Fix x > 0 and t > 0. Let w < z be given and suppose that Ît(z) = 1.

In the event that t ≤ τ̂1(z), we have w < z ≤ y and hence F (w) ≥ F (z) since
F is nonincreasing. So by definition, τ̂1(w) ≥ τ̂1(z) ≥ t. Thus, Ît(w) = 1 for
w ≤ y.
Now in the event that t > τ̂1(z), Ît(z) = 1 implies that for some s < t,
Xx
s ∈ [G(z),∞), i.e., sup{s ≤ t : Xx

s } ≥ G(z). However, since G is non-
decreasing, G(z) ≥ G(w). Hence sup{s ≤ t : Xx

s } ≥ G(w) and Ît(w) = 1.
Since Ît(z) = 1 implies that Ît(w) = 1 for any w < z, Ît(x, ·) is nonincreasing.

• Case II. Fix x > 0 and t > 0. Let w < z be given and suppose that Ît(z) = 1.
In the event that t ≤ τ̂1(z), we have w < z ≤ y and hence F (w) ≤ F (z). So
by definition, τ̂1(w) ≥ τ̂1(z) ≥ t. Thus, Ît(w) = 1 for w ≤ y.
Now in the event that t > τ̂1(z), Ît(z) = 1 implies that for some s < t,
Xx
s ∈ [G(z),∞) and also that Xx must have been in the set [G(z),∞) more

recently than in [0, F (z)], i.e.,

sup{s ≤ t : Xx
s ∈ [G(z),∞)} > sup{s ≤ t : Xx

s ∈ (0, F (z)]}.

However, since [G(z),∞) ⊂ [G(w),∞) and (0, F (w)] ⊂ (0, F (z)] for w < z,
this implies

sup{s ≤ t : Xx
s ∈ [G(w),∞)} ≥ sup{s ≤ t : Xx

s ∈ [G(z),∞)}
> sup{s ≤ t : Xx

s ∈ (0, F (z)]}
≥ sup{s ≤ t : Xx

s ∈ (0, F (w)]}.

Hence Xx was in [G(w),∞) more recently than in (0, F (w)], meaning that
Ît(w) = 1.
Since Ît(z) = 1 implies that Ît(w) = 1 for any w < z, Ît(x, ·) is nonincreas-
ing.

Lemma 3.12. For every x > 0, t > 0,
∫ b
a
(Î+
t (x, z) + Î−t (x, z))dz < ∞ almost

surely.
Proof.
• Case I. This is easy to prove by recalling that Î+

t (x, z)+Î−t (x, z) represents the
number of switches at level z up to time t. Since there is at most one switch
at each level z, Î+

t (x, z) + Î−t (x, z) ≤ 1. Hence
∫ b
a
(Î+
t (x, z) + Î−t (x, z))dz ≤

b− a <∞.
• Case II. Since [a, b] is bounded, it suffices to show that for all (x, t), Î+

t (x, z)+
Î−t (x, z) is almost surely bounded in z. Let x > 0 and t > 0 be given.
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Recall that Î+
t (x, z) + Î−t (x, z) represents the number of switches at level z

up to time t. When h(z) ≤ 0, there is exactly one switch. When h(z) > 0,
0 < F (z) < G(z) < ∞, G(z) = νh(z)−1, and F (z) = κh(z)−1. Note that
after the first switch, each subsequent switch requires that Xx move from
(0, F (z)] to [G(z),∞) or vice versa.
Alternatively, log(Xx) must move from (−∞, log(F (z))] to [log(G(z)),∞),
traveling a minimum distance of log(G(z))− log(F (z)) = log(ν)− log(κ) > 0
for each switch. In particular, this quantity is independent of z.
Since log(Xx) is a Brownian motion with drift, its sample paths are almost
surely uniformly continuous on [0, t]. Thus, for almost all ω ∈ Ω, there exists
some δ(ω) > 0 such that for any x > 0 and all s, r ∈ [0, t], with |s− r| < δ(ω),

| log(Xx
s (ω)) − log(Xx

r (ω))| < log(ν) − log(κ) = log(G(z)) − log(F (z)).

Hence, for any level z ∈ [a, b], there is at least δ(ω) amount of time in between
any two switches (after the first one). Hence there can be at most 1 + t

δ(ω)

switches at level z in [0, t]. Thus

Î+
t (x, z) + Î−t (x, z) ≤ 1 +

t

δ
<∞ almost surely.

3.2.4. Step 4: Corresponding optimal singular control. It remains to
check the integrability of the corresponding singular control, which is obvious from
the following proposition due to [31].

Proposition 3.13. For any y ∈ [a, b] and any pair (ξ+, ξ−) of left continuous,
nondecreasing processes, with ξ±0 = 0 and y + ξ+t − ξ−t ∈ [a, b] for all t, either

A. (ξ+, ξ−) ∈ A′y, or
B. there exists an F-adapted process Z such that U· ≤ Z· almost surely, E[|ZT |] <

∞ for all T ≥ 0, and lim supT→∞ E[ZT ] = −∞, where

UT (y, ξ+, ξ−) :=
∫ T

0

e−ρt[H(Yt)Xx
t ]dt−K1

∫
[0,T )

e−ρtdξ+t −K0

∫
[0,T )

e−ρtdξ−t .

Therefore, we conclude that there exists a corresponding integrable singular con-
trol (ξ̂+, ξ̂−) ∈ A′y , and define Ŷt = y + ξ̂+t − ξ̂−t .

3.2.5. Solution: Value function and optimal control. In short, we sum-
marize the solution for problem (1) as follows.

Theorem 3.14 (value function). The value function V (x, y) is given by

V (x, y) = ηH(a)x+
∫ y

a

v1(x, z)dz +
∫ b

y

v0(x, z)dz,(19)

where v0 and v1 are given explicitly based on K0 as follows.
Case I: (K0 ≥ 0).

1. For each z ∈ (a, b) such that h(z) = 0, v0(x, z) = v1(x, z) = 0.
2. For each z ∈ (a, b) such that h(z) > 0,⎧⎨

⎩ v0(x, z) =
{
A(z)xn, x < G(z),
ηh(z)x−K1, x ≥ G(z),

v1(x, z) = ηh(z)x,

where G(z) = νh(z)−1, and A(z) = K1
(n−1)(

h(z)
ν )n, with ν = K1σ

2n(1 −m).
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0

z

x

F(z)

G(z)

b

h(z) < 0

h(z) = 0

h(z) > 0

Fig. 1. Illustration of Case I of Theorem 3.14 when boundaries are smooth.

G(z)

a=0

b=2

1

x

z

F(z)

Fig. 2. Illustration of Case I of Theorem 3.14 when boundaries are NOT smooth: h(z) = c/z
for z < 1 and h(z) = −d/(2 − z) for z > 1 with K0/d < K1/c.

3. For each z ∈ (a, b) such that h(z) < 0,⎧⎨
⎩

v0(x, z) = 0,

v1(x, z) =
{
B(z)xn + ηh(z)x, x < F (z),
−K0, x ≥ F (z),

where F (z) = − κ
h(z) , and B(z) = K0

(n−1)κ
−n(−h(z)

κ )n, with κ = K0σ
2n(1−m).

See Figures 1 and 2.
Case II: (K0 < 0).
1. For each z ∈ (a, b) such that h(z) ≤ 0, v0(x, z) = 0, v1(x, z) = −K0.
2. For each z ∈ (a, b) such that h(z) > 0,

v0(x, z) =
{
A(z)xn, x < G(z),
B(z)xm + ηh(z)x−K1, x ≥ G(z),(20)

v1(x, z) =
{
A(z)xn −K0, x ≤ F (z),
B(z)xm + ηh(z)x, x > F (z).(21)
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G(z)

b

a

h(z) <=0

h(z) > 0

0 x

z

F(z)

Fig. 3. Illustration of Case II of Theorem 3.14 when boundaries are smooth.

0

F(z) G(z)

x

z
b

Fig. 4. Example of Case II of Theorem 3.14 when boundaries are smooth.

Here

(22)

A(z) =
h(z)n

(n−m)νn

(
ν

σ2(n− 1)
+mK1

)
=

h(z)n

(n−m)κn

(
κ

σ2(n− 1)
−mK0

)
,

(23)

B(z) =
−h(z)m

(n−m)νm

(
ν

σ2(1 −m)
− nK1

)
=

−h(z)m

(n−m)κm

(
κ

σ2(1 −m)
+ nK0

)
.

The functions F and G are nondecreasing with

F (z) =
κ

h(z)
and G(z) =

ν

h(z)
,(24)

where κ < ν are the unique solutions to

1
1 −m

[
ν1−m − κ1−m] = − ρ

m

[
K1ν

−m +K0κ
−m] ,(25)

1
n− 1

[
ν1−n − κ1−n] =

ρ

n

[
K1ν

−n +K0κ
−n] .(26)

See Figures 3 and 4.
Theorem 3.15 (optimal control). The optimal singular control (ξ̂+, ξ̂−) ∈ A′y

exists. For each z ∈ (a, b), the optimal control is described in terms of F (z) and G(z)
from Theorem 3.14 such that the following hold.
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• (Case I, K0 ≥ 0): For z such that h(z) > 0, it is optimal to invest in
the project past level z when Xx

t ∈ [G(z),∞), and never disinvest. When
h(z) < 0, it is optimal to disinvest below level z when Xx

t ∈ [F (z),∞), and
it is never optimal to invest. When h(z) = 0, it is optimal to neither invest
nor disinvest (i.e., F (z) = ∞ = G(z)).

• (Case II, K0 < 0): For z such that h(z) > 0, it is optimal to invest in the
project past level z when Xx

t ∈ [G(z),∞), and to disinvest below level z when
Xx
t ∈ (0, F (z)]. For z such that h(z) ≤ 0, it is always optimal to disinvest.

3.3. Optimally controlled process. Having obtained the value function and
the optimal control policy, now we can describe explicitly the optimally controlled
process.

First, from Lemma 3.5 we clearly have the following.
Lemma 3.16. Given (x, y) ∈ (0,∞)× [a, b], the optimally controlled process Ŷ is

indistinguishable from sup{z ∈ (a, b) : Ît(x, z) = 1} = inf{z ∈ (a, b) : Ît(x, z) = 0}.
Next we see the following.
Lemma 3.17. Let S ≤ T be nonnegative random variables. Then with probability

one,
• Ŷ is nondecreasing on (S, T ] for (Xx, Ŷ ) ∈ (S0)c on (S, T );
• Ŷ is nonincreasing on (S, T ] for (Xx, Ŷ ) ∈ (S1)c on (S, T );
• Ŷ is constant on (S, T ] for (Xx, Ŷ ) ∈ C on (S, T ).

Consequently, with probability one, (Xx
t , Ŷt) ∈ C for all t > 0 and dŶt is supported on

∂C.
Proof. We shall prove only the first claim. (The second one follows by a similar

argument, and the last one is immediate from the definition of C and the first two.)
Take any x > 0. If (Xx, Ŷ ) ∈ (S0)c on (S, T ), then in light of Lemma 3.16 and the fact
that h has at most countably many discontinuities, clearly it suffices to show that for
any z ∈ (a, b) such that h is continuous at z, Ît(x, z) is almost surely nondecreasing
on (S, T ].

Given z ∈ (a, b) where h is continuous, fix t > 0 and consider the event that
t ∈ (S, T ) and Ît(x, z) = 1. On this event Ŷt ≥ z almost surely. Furthermore, for any
s ∈ [t, T ), we have (Xx

s , Ŷs) ∈ C, and hence Xx
s > F (Ŷ −s ) ≥ F (z−) = F (z), since z is

a continuity point of h. This implies that there is no switching to regime 0 at level z,
and hence with probability one, Îs(x, z) = 1 for all s ∈ [t, T ). By the left continuity
of Î, this implies ÎT (x, z) = 1 as well. Since Ît(x, z) ∈ {0, 1}, this implies that Ît(x, z)
is indeed nondecreasing on (S, T ].

Now, we have the next theorem.
Theorem 3.18 (optimally controlled process). The resulting optimal control

process Ŷt is give by the following.
Case I (up to indistinguishability). For t > 0,
• if h(y+) > 0, then Ŷt = max{G→(Mt), y};
• if h(y+) = 0 or h(y−) = 0, then Ŷt = y;
• if h(y−) < 0, then Ŷt = min{F→(Mt), y}.

Here Mt = max{Xx
s : s ∈ [0, t]}, and F→ and G→ are, respectively, the left continuous

inverses of F (nonincreasing) and G (nondecreasing) such that

F→(x) = inf{z ∈ (a, b) : F (z) < x} = sup{z ∈ (a, b) : F (z) ≥ x},
G→(x) = inf{z ∈ (a, b) : G(z) ≥ x} = sup{z ∈ (a, b) : G(z) < x},

with inf ∅ = b and sup ∅ = a.
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Case II (up to indistinguishability). For t > 0,

Ŷt =

⎧⎨
⎩

G→(M0
t ) ∨ y on {t ≤ S1},

F←(mn
t ) ∧ ŶSn on {Sn < t ≤ Tn},

G→(Mn
t ) ∨ ŶTn on {Tn < t ≤ Sn+1},

(27)

and limn→∞ Sn = ∞ = limn→∞ Tn almost surely. Here F←(x) and G→(x) are,
respectively, the right continuous inverse of F and the left continuous inverse of G,
both of which are nondecreasing and are given by

F←(x) = inf{z ∈ (a, b) : F (z) > x} = sup{z ∈ (a, b) : F (z) ≤ x},
G→(x) = inf{z ∈ (a, b) : G(z) ≥ x} = sup{z ∈ (a, b) : G(z) < x},

with inf ∅ = b and sup ∅ = a. Moreover, the stopping times (Sn) and (Tn) are given
by

S1 = inf{t > 0 : (Xx
t , Ŷt) ∈ S0}, T1 = inf{t > S1 : (Xx

t , Ŷt) ∈ S1},
Sn = inf{t > Tn−1 : (Xx

t , Ŷt) ∈ S0}, Tn = inf{t > Sn : (Xx
t , Ŷt) ∈ S1}.

Lastly, the processes Mn
t , mn

t are defined by M0
t = max{Xx

t : 0 ≤ s ≤ t} and

mn
t = min{Xx

t : Sn ≤ s ≤ t}1{Sn≤t}, Mn
t = max{Xx

t : Tn ≤ s ≤ t}1{Tn≤t}.

Proof of Theorem 3.18.
Case I. Recall the optimal switching controls for Case I. Suppose 0 < h(y+); then

0 < h(y) since h is nonincreasing, and thus F (z) = ∞ and G(z) < ∞. Let t > 0 be
fixed and observe that Ît(z) ≡ 1 for all z ≤ y and for z > y, Ît(z) = 1{τ̂1(z)<t}. So
Ît(z) = 1 if and only if z ≤ y or t > τ̂1(z). Almost surely, t > τ̂1(z) is equivalent to
Mt > G(z). Hence

Ŷt = sup{z ∈ (a, b) : It(z) = 1} = y ∨ sup{z ∈ (a, b) : t > τ̂1(z)}
= y ∨ sup{z ∈ (a, b) : G(z) < Mt} = max{G→(Mt), y}.

Now, since M is increasing, max{G→(Mt), y} is also left continuous, and thus they
are indistinguishable.

A similar argument proves the result for h(y−) < 0.
Suppose h(y+) = 0 or h(y−) = 0. Then for all z > y, we have h(z) ≤ 0, and hence

it is never optimal to switch to regime 1. Since Ît(0) = 0, this is true for all t and
Ît(z) ≡ 0. Similarly, for all z ≤ y, h(z) ≤ 0 and so Ît(z) ≡ 1. Thus Ŷt = y for all t.

Case II. First, we show that limn→∞ Sn = ∞ = limn→∞ Tn almost surely. Let
S̃n = sup{t < Tn : (Xx

t , Ŷt) ∈ S0} be the last exit time of the process (Xx, Ŷ ) from
S0 before Tn. Then Sn ≤ S̃n ≤ Tn, and (Xx

t , Ŷt) ∈ C on (S̃n, Tn). By Lemma 3.17,
Ŷ is constant on (S̃n, Tn]. Thus, in between S̃n and Tn, the process (Xx

t , ŶTn) must
travel between S0 and S1. This means that between S̃n and Tn, log(Xx) must travel
between log(F (Ŷ −Tn

) and log(G(Ŷ +
Tn

).
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Meanwhile, we have

log(G(Ŷ +
Tn

)) − log(F (Ŷ −Tn
)) = log(ν) − log(h(Ŷ +

Tn
)) − log(κ) + log(h(Ŷ −Tn

))

≥ log(ν) − log(κ) > 0.

Since this quantity is positive, and independent of n, and log(Xx) is a Brownian
motion, there exists a positive random variable ε > 0 such that ε ≤ Tn − S̃n ≤
Tn−Sn ≤ Sn+1 −Sn. Hence limn→∞ Sn = ∞ almost surely. Since Tn ≥ Sn for all n,
limn→∞ Tn = ∞ almost surely as well.

Next, fix t > 0 and note that that almost surely t ∈ (Tn, Sn+1] or t ∈ (Sn, Tn],
for some n, where T0 = 0. We consider the case that t ∈ (Tn, Sn+1] for some n ≥ 0.
The proof for the case t ∈ (Sn, Tn] is similar.

Note that (Xx, Ŷ ) ∈ (S0)c on (S̃n, Sn+1), and hence by Lemma 3.17, Îs(x, z) is
nondecreasing on [Tn, Sn+1] ⊂ (S̃n, Sn+1] for all z ∈ (a, b) such that h is continuous
at z.

Thus, in the event that t ∈ (Tn, Sn+1], we know that ÎTn(z) = 1 for all z < ŶTn

and ÎTn(z) = 0 for all z > Ŷt. Since Î is nondecreasing on [Tn, Sn+1], this means that
Ît(x, z) = 1 if and only if z < ŶTn or if Xx

s ≥ G(z) for some s ∈ [Tn, t). The latter
condition is almost surely equivalent to G(z) < Mn

t . Thus, by Lemma 3.16, in the
event that t ∈ (Tn, Sn+1], we almost surely have

Ŷt = sup{z ∈ (a, b) : It(z) = 1} = ŶTn ∨ sup{z ∈ (a, b) : G(z) < Mn
t }

= G→(Mn
t ) ∨ ŶTn .

A similar argument shows that in the event that t ∈ (Sn, Tn], we almost surely
have Ŷt = F←(mn

t ) ∧ ŶSn . Hence, we have proved that for each t, the statement in
(27) holds almost surely. Moreover, since Mn is increasing and G→ is left continuous,
G→(Mn

t ) is left continuous in t. Similarly, since mn is decreasing and F← is right
continuous, F←(mn

t ) is left continuous in t. Thus, the right-hand side of (27) is left
continuous in t and hence indistinguishable from Ŷ .

4. Regularity, smooth fit, and region characterization. In this section,
we shall establish necessary and sufficient conditions for the smooth fit principle by
exploiting both the structure of the payoff function and the explicit solution of the
value function. This analysis leads to the characterization for both the continuation
and action regions.

4.1. Regularity and smooth fit.
Theorem 4.1 (sufficient conditions). V (x, y) is C1 in x for all (x, y) ∈ (0,∞)×

[a, b], and

∂

∂x
V (x, y) = ηH(a) +

∫ y

a

∂

∂x
v1(x, z)dz +

∫ b

y

∂

∂x
v0(x, z)dz.

Moreover, if H is C1 on an open interval J ⊂ [a, b], then V (x, y) is C1 in y on
(0,∞) × J ; that is, V (x, y) is C1,1 on (0,∞) × J .

Proof. First, by the representation of V (x, y) in (19), it suffices to check that for
a fixed y ∈ [a, b], u′(x) =

∫ y
a

∂
∂xv1(x, z)dz for all x > 0, where u(x) =

∫ y
a v1(x, z)dz.

Note that
∫ y
a
|v1(x, z)|dz < ∞, and | ∂∂xv1(x, z)| is locally bounded by a constant

factor of h(z) by Proposition 3.8. Moreover, for every δ > 0 such that x−δ > 0, there
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exists a constant C such that

∫ y

a

∫ δ

−δ

∣∣∣ ∂
∂x
v1(x+ θ, z)

∣∣∣dθdz ≤
∫ y

a

∫ δ

−δ
Ch(z)dθdz = 2δC[H(y) −H(a)] <∞.

Hence, by the dominated convergence theorem, v is continuous, and by [17, Theorem
A.9.1], u′(x) =

∫ y
a

∂
∂xv1(x, z)dz for all x > 0.

Furthermore, suppose that H(y) is C1 in an open interval J ⊂ [a, b]. Then for
x > 0 and y ∈ J ,

lim
z→y

E

[∫ ∞
0

|e−ρth(z)(Xx
t ) − e−ρth(y)Xx

t |dt
]

= lim
z→y

E

[∫ ∞
0

e−ρtXx
t dt

]
|h(z) − h(y)|

= ηx lim
z→y

|h(z) − h(y)| = 0.

So vk(x, ·) is continuous at y, and hence V (x, y) is C1 in y for all (x, y) ∈ (0,∞)×J .
(See also Theorem 3.13 in [21].)

To study the necessary conditions for the continuous differentiability of the value
function on y, we start by defining d(x, y) = Vy+(x, y) − Vy−(x, y).

First, note that v1(x, ·) − v0(x, ·) = E
[∫∞

0 e−ρth(z)Xx
t dt
]
. Since h(y) is nonin-

creasing and hence E
[∫ τ

0
e−ρth(z)Xx

t dt
]

is nonincreasing in z for any stopping time
τ , we have the following.

Lemma 4.2. For x > 0, v1(x, ·) − v0(x, ·) is decreasing. Therefore, d(x, ·) has
only countably many discontinuities.

This lemma, coupled with the variational inequalities in (15) and (16), leads to
the following.

Proposition 4.3. V (x, y) is both left and right differentiable in y, with Vy+ and
Vy− decreasing in y and −K0 ≤ Vy+(x, y) ≤ Vy−(x, y) ≤ K1. Thus, d(x, y) ≤ 0.

Note that the above results on regularity are based on the general properties
of the payoff function H and on the relation between the value function V (x, y) of
singular control problem (1) with the value functions vk(x, z) of the corresponding
optimal switching problems.

In the following, we exploit the explicit solutions of vk(x, y) to establish further
regularity properties of V (x, y) with respect to y.

Proposition 4.4. The left and right derivatives Vy−(x, y) and Vy+(x, y) are C1

in x. That is, d(x, y) is C1 in x.
Proof. We provide the proof for Vy+(x, y) in Case II with h(y+) > 0, and other

cases can be verified by similar arguments. Clearly, it suffices to verify that Vy+(x, y)
is continuous and differentiable (with zero derivative) at x = F (y+) and x = G(y+).

In Case II, F and G are nondecreasing, and so taking limits of the difference
between v0 and v1 in (21) and (20) gives

Vy+(x, y) =

⎧⎨
⎩

−K0, x ≤ F (y+),
B(y+)xm −A(y+)xn + ηh(y+)x, F (y+) < x ≤ G(y+),
K1, x > G(y+),

(28)

Vy−(x, y) =

⎧⎨
⎩

−K0, x < F (y−),
B(y−)xm −A(y−)xn + ηh(y−)x, F (y−) ≤ x < G(y−),
K1, x ≥ G(y−).

(29)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3092 XIN GUO AND PASCAL TOMECEK

By the continuity of v1 and v0 in (20), we have

lim
x↓G(y+)

Vy+(x, y) = K1

lim
x↑G(y+)

Vy+(x, y) = B(y+)G(y+)m −A(y+)G(y+)n + ηh(y+)G(y+)

= lim
z↓y

[B(z)G(z)m −A(z)G(z)n + ηh(z)G(z)]

= lim
z↓y

[v1(G(z), z) − v0(G(z), z)] = K1.

Hence Vy+(x, y) is continuous at G(y+).
Moreover, by the continuous differentiability of v1 and v0 in (20) and (21), we

have

lim
h↓0

Vy+(G(y+) + h, y) − Vy+(G(y+), y)
h

= lim
h↓0

K1 −K1

h
= 0

lim
h↑0

Vy+(G(y+) + h, y) − Vy+(G(y+), y)
h

= mB(y+)G(y+)m−1 − nA(y+)G(y+)n−1 + ηh(y+)

= lim
z↓y

[mB(z)G(z)m−1 − nA(z)G(z)n−1 + ηh(z)]

= lim
z↓y

∂

∂x
[v1(G(z), z) − v0(G(z), z)] = 0.

Hence Vy+(x, y) is C1 at G(y+) (and similarly at F (y+)).
Theorem 4.5 (necessary and sufficient conditions for smooth fit). V (x, y) is

continuously differentiable in x for all (x, y) ∈ (0,∞)× [a, b]. V (x, y) is differentiable
in y at the point (x, y) if and only if

(x, y) ∈{(x, y) ∈ (0,∞) × (a, b) : H is differentiable at y} ∪ S0 ∪ S1,

where S0 and S1 are given as in (30). Alternatively, it is not differentiable in y at the
point (x, y) if and only if

(x, y) ∈{(x, y) ∈ (0,∞) × (a, b) : H is not differentiable at y} ∩ C.

This theorem follows naturally from the following lemma and the proposition.
Lemma 4.6. If h is continuous at y, then for all x > 0, d(x, y) = 0.
Proposition 4.7. If h is not continuous at y, then in Case I, d(x, y) = 0 for

x ≥ min{F (y−), G(y+)} and d(x, y) < 0 for x < min{F (y−), G(y+)}. In Case II,
d(x, y) = 0 for x ≤ F (y−) and x ≥ G(y+) and d(x, y) < 0 for x ∈ (F (y−), G(y+)).

Proof of Proposition 4.7. Suppose that there exists y ∈ (a, b) where h is not
continuous. We shall prove the result in Case II when h(y+) > 0, and other cases can
be verified by similar arguments.

First, since h is nonincreasing, limz↓y h(z) < limz↑y h(z). This also implies that
the switching boundaries F (z) = κh(z)−1 and G(z) = νh(z)−1 are discontinuous at
y. Clearly, by (28) and (29), d(x, y) = 0 for x < F (y−) and for x > G(y+). By the
continuity of d, this is also true of x = F (y−) and x = G(y+).
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Next, without loss of generality, assume that h and hence G is right continuous.
Then, pick x such that G(z−) ≤ x < G(y) = G(y+). Since x < G(y), then v1(x, y) −
v0(x, y) < K1 from the HJB equations (15) and (16). Furthermore, by Lemma 4.2,
v1(x, z) − v0(x, z) ≤ v1(x, y) − v0(x, y) < K1 for all z > y. Hence

Vy+(x, y) = lim
z↓y

v1(x, z) − v0(x, z) ≤ v1(x, y) − v0(x, y) < K1, and

Vy−(x, y) = lim
z↑y

v1(x, z) − v0(x, z) = K1,

where the last equality follows from the fact that x ≥ G(z) for all z < y. Thus,
d(x, y) < 0 for all x ∈ [G(y−), G(y+)). A similar argument proves that in addition to
the above, d(x, y) < 0 for all x ∈ (F (y−), F (y+)].

Finally, let x0 ∈ (F (y+), G(y−)) be given. We know that d(F (y−), y) = 0 =
d(G(y+), y), d(x, y) ≤ 0 and that d is C1 in x. Suppose d(x0, y) = 0, implying that
x0 is a local maximum, and hence dx(x0, y) = 0. Furthermore, by the mean value
theorem, there must be two points x1 ∈ (F (y−), x0) and x2 ∈ (x0, G(y+)) such that
dx(x1, y) = 0 = dx(x2, y). In fact, since d(x, y) < 0 for all x ∈ (F (y−), F (y+)] and
x ∈ [G(y−), G(y+)), we must have x1 ∈ (F (y+), x0) and x2 ∈ (x0, G(y−)).

Let f(x) = x−(m−1)dx(x, y). Since x0, x1, x2 > 0 and 0 = dx(x0, y) = dx(x1, y) =
dx(x2, y), we must also have 0 = f(x0) = f(x1) = f(x2). However, by (28) and (29),
for x ∈ (F (y+), G(y−)), d(x, y) = ΔB(y)xm − ΔA(y)xn + ηΔh(y)x, with ΔB(y) =
B(y+) − B(y−), ΔA(y) = A(y+) − A(y−), and Δh(y) = h(y+) − h(y−). So by
differentiating, we have that for x ∈ (F (y+), G(y−)), f(x) = x−(m−1)dx(x, y) =
mΔB(y) − nΔA(y)xn−m + ηΔh(y)x1−m.

Now, f is C1 on (F (y+), G(y−)); hence by the mean value theorem again, there
must be two points, x̂1 ∈ (x1, x0) ⊂ (F (y+), G(y−)) and x̂2 ∈ (x0, x2) ⊂ (F (y+), G(y−))
such that fx(x̂1) = 0 = fx(x̂2). Thus fx must have at least two positive roots. Dif-
ferentiating again, we have, for x ∈ (F (y+), G(y−)),

fx(x) = −n(n−m)ΔA(y)xn−m−1 + (1 −m)ηΔh(y)x−m

= x−m
(
(1 −m)ηΔh(y) − n(n−m)ΔA(y)xn−1

)
.

Thus, fx(x) can have at most one positive root, a contradiction. Thus d(x0, y) < 0.
Since x0 ∈ (F (y+), G(y−)) was arbitrary, d(x, y) < 0 for all x ∈ (F (y+), G(y−)).

Finally, we can explicitly compute Vxy and Vyx from the derivatives of vk(x, y).
Theorem 4.8. If Vy(x, ŷ) exists in a neighborhood of x̂, then Vxy and Vyx exist

at (x̂, ŷ), with Vxy(x̂, ŷ) = Vyx(x̂, ŷ) = ∂
∂x [v1(x̂, ŷ) − v0(x̂, ŷ)].

Proof. The existence of Vyx at (x̂, ŷ) is clear with Vyx(x̂, ŷ) = ∂
∂x [v1(x̂, ŷ) −

v0(x̂, ŷ)]. Moreover, by Theorem 4.5, the existence of Vy(x̂, y) for all y in a neighbor-
hood of ŷ means that either ŷ is a continuity point of h, or (x̂, ŷ) is in the interior of
S0 ∪ S1.

If ŷ is a continuity point of h, by the representation of Vx in Theorem 4.1, it is
sufficient to show that u1(y) := ∂

∂xv1(x, y) and u0(y) := ∂
∂xv0(x, y) are continuous at

ŷ.
We prove that u0(y) is continuous at ŷ for Case II. (Similar arguments apply to

other cases.) In this case, v0 is C1 in x, and from (20),

u0(y) =
∂

∂x
v0(x, z) =

{
nA(z)xn−1, x < G(z),
mB(z)xm−1 + ηh(z), x ≥ G(z),
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where nA(z)G(z)n−1 = mB(z)G(z)m−1 + ηh(z). Since h is continuous at ŷ, the
continuity of A, B, and G follows by their representation in Theorem 3.14, and hence
the continuity of u0(y) at ŷ follows from its expression.

If (x̂, ŷ) is in the interior of S1, then the explicit forms in Theorem 3.14 imply that
for all (x, y) in a neighborhood of (x̂, ŷ), we have ∂

∂xv0(x, y) = ∂
∂xv1(x, y), and the

limits in y from both the left and the right exist. Thus, by the representation in
Theorem 4.1, the left and right derivatives of Vx(x̂, ŷ) exist and are given by

Vxy+(x̂, ŷ) = lim
y↓ŷ

∂

∂x
v1(x̂, y) − lim

y↓ŷ

∂

∂x
v0(x̂, y) = lim

y↓ŷ

(
∂

∂x
v1(x̂, y) −

∂

∂x
v0(x̂, y)

)
= 0,

Vxy−(x̂, ŷ) = lim
y↑ŷ

∂

∂x
v1(x̂, y) − lim

y↑ŷ

∂

∂x
v0(x̂, y) = lim

y↑ŷ

(
∂

∂x
v1(x̂, y) −

∂

∂x
v0(x̂, y)

)
= 0.

Thus, Vxy exists, since the left and right derivatives are equal. Furthermore, it is easy
to verify that for (x̂, ŷ) in the interior of S1, Vyx(x̂, ŷ) = ∂

∂x [v1(x̂, ŷ)− v0(x̂, ŷ)] = 0. A
similar argument applies to (x̂, ŷ) in the interior of S0, thereby proving the claim.

Corollary 4.9. If H is C1 on an open interval J ⊂ [a, b], then Vyx and
Vxy exist and are continuous with Vxy(x, y) = Vyx(x, y) = ∂

∂x [v1(x, y) − v0(x, y)] on
(0,∞) × J .

4.2. Region characterization.
Theorem 4.10 (region characterization). Under the optimal singular control

(ξ̂+, ξ̂−) ∈ A′y, define the corresponding investment (S1), disinvestment (S0), and
continuation (C) regions by
(30)⎧⎪⎪⎨
⎪⎪⎩

S0 :=
{

{(x, z) ∈ (0,∞) × [a, b] : x ≥ limw↑z F (w)} if K0 ≥ 0 (Case I),
{(x, z) ∈ (0,∞) × [a, b] : x ≤ limw↑z F (w)} if K0 < 0 (Case II),

S1 := {(x, z) ∈ (0,∞) × [a, b] : x ≥ limw↓zG(w)},
C := (0,∞) × [a, b] \ (S0 ∪ S1).

Then, the action and continuation regions can be characterized as

(31)

⎧⎨
⎩

S0 = {(x, y) ∈ (0,∞) × [a, b] : Vy(x, y) = −K0},
S1 = {(x, y) ∈ (0,∞) × [a, b] : Vy(x, y) = K1},
C = {(x, y) ∈ (0,∞) × [a, b] : Vy−(x, y) > −K0, Vy+(x, y) < K1}.

Proof of Theorem 4.10. Recall that Vy− and Vy+ exist by Proposition 4.3 and
that −K0 ≤ Vy+ ≤ Vy− ≤ K1.

Thus, Vy(x, y) = −K0 if and only if Vy−(x, y) = −K0, and from the expression
for Vy− in (29), we have that Vy−(x, y) = −K0 for x < F (y−) (in Case II). However,
by the continuity of Vy− in Proposition 4.4, we get Vy−(x, y) = −K0 if and only if
x ≤ F (y−), which is true if and only if (x, y) ∈ S0 by (30). Thus, Vy(x, y) = −K0 if
and only if (x, y) ∈ S0.

The same argument applied to Vy+(x, y) = K1 shows that Vy(x, y) = K1 if and
only if (x, y) ∈ S1. Lastly, the claim for C follows since it is the complement of S0∪S1.

A similar argument also applies in Case I.

5. Examples and discussions. By now, it is clear from our analysis that
without sufficient smoothness of the payoff function, the value function may be non-
differentiable and the boundaries may be nonsmooth or not strictly monotonic. More-
over, when the payoff function H is not continuously differentiable, the interior of C
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may not be simply connected. Note, however, that the regions S0, S1, and C are
mutually disjoint and simply connected by the monotonicity of F and G.

We elaborate on these points with some concrete examples.

5.1. Examples. Taking parameters κ, ν, h as defined in the main results in sec-
tion 3, we fix here [a, b] = [0, 2], K0 < 0, and 0 < β < 1. Recall that since K0 < 0,
F (z) = κh(z)−1 and G(z) = νh(z)−1.

Example 5.1 (the boundaries are C1 but NOT strictly increasing because H is
not strictly concave).

H(z) =
{
z, z ≤ 1,
arctan(z − 1) + 1, z > 1.

h(z) =
{

1, z ≤ 1,
1

1+(z−1)2 , z > 1.

See Figure 5.
Example 5.2 (F,G are only C0 because H is not C2

).

H(z) =

{
z, z ≤ 1,
zβ−1
β + 1, z > 1,

h(z) =
{

1, z ≤ 1,
zβ−1, z > 1.

See Figure 6.
Example 5.3 (the value function is NOT C1,1; F,G are NOT continuous because

H is not C1
).

H(z) =

{
z, z ≤ 1,

2κ
(κ+ν)

zβ−1
β + 1, z > 1,

h(z) =
{

1, z ≤ 1,
2κ
κ+ν z

β−1, z > 1.

See Figure 7.
Example 5.4 (interior of continuation region NOT connected).

H(z) =

{
z, z ≤ 1,
κ
2ν

zβ−1
β + 1, z > 1,

h(z) =
{

1, z ≤ 1,
κ
2ν z

β−1, z > 1.

See Figure 8.
Note that Examples 5.2–5.4 all have payoff functions of the form

H(z) =

{
z, z ≤ 1,
φz

β−1
β + 1, z > 1,

for some constant φ. To ensure the concavity of H , we must have φ ∈ [0, 1]. When
φ = 1, we recover Example 5.1 and Figure 6. For κ

ν < φ < 1, the regions are
described by Figure 7. Lastly, for 0 < φ ≤ κ

ν , the interior of the continuation region
is not connected, as in Figure 8.
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x+

2

1

νκ

C

S0

0

z

G(z)F(z)

S1

Fig. 5. F, G are C1 but NOT strictly increasing because H is NOT strictly concave.

x+

2

1

νκ

C

S0

0

z

G(z)F(z)

S1

Fig. 6. F, G are only C0 because H is not C2.

5.2. Discussion. The above examples demonstrate how the regularity assump-
tions typically assumed by the traditional HJB approach may fail.

First, according to that approach, the value function V (x, y) would satisfy some
(quasi-)variational inequalities so that

max{σ2x2Vxx(x, y) + bxVx(x, y) − rV (x, y) +H(y)x, Vy(x, y) −K1,

− Vy(x, y) −K0} = 0.

In general, while searching for a solution, one would assume a priori smoothness for
the value function and the boundary. For example, in [2] and [31], V is derived from
the class of C2,1. However, Example 5.3 shows that although the HJB variational
inequality may still hold, one should search for a solution in a larger class of functions,
such as in C1,0.

Furthermore, Example 5.3 shows that in general, one may not have the smooth-
ness of the boundary, as the boundaries F and G are not necessarily continuous or not
even strictly increasing. Indeed, in this example, F and G are inversely proportional
to h, which may be neither.

Finally, we compare our results and method with those in [2].
Example 5.5 (general case of [2] for geometric Brownian motion). Let x > 0 and

y ∈ [a, b], with K0 < 0 and h > 0 on [a, b]. Then F and G are nondecreasing and
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(κ+ν)/2

2

1

νκ

C

S

S

0

1

0

z

F(z) G(z)

x+

Fig. 7. Value function NOT C1,1; F, G NOT continuous because H is not C1.

G(z)
2

1

x+2ννκ 2ν  /κ2

C

CS

S

0

1

0

z

F(z)

Fig. 8. Interior of continuation region NOT connected.

given by (24). Define

y0(x) = G←(x) ∧ b = sup{z : G(z) ≤ x} = sup{z : h(z) ≤ (x/ν)−1} ∧ b,
y1(x) = F→(x) ∨ a = inf{z : F (z) ≥ x} = inf{z : h(z) ≥ (x/κ)−1} ∨ a.

Then y0(x) ≤ y1(x), and
• x ≤ F (z) for z > y1(x);
• F (z) < x < G(z) for y0(x) < z < y1(x);
• G(z) ≤ x for z < y0(x).

When, in addition, H satisfies the Inada conditions, this example generalizes
those in [2] when X is a geometric Brownian motion. Compared to the very special
form appearing in [2], our results show that, in order to compute the value function,
integration of vk(x, z) is necessary, which we reduce to three possible cases as follows,
depending on whether (x, y) is in S0, S1, or C.

1. (x, y) ∈ S0: Then y1 ≤ y and

V (x, y) = ηH(y1)x+ xm
∫ y1

a

B(z)dz + xn
∫ b

y1

A(z)dz −K0(y − y1).

2. (x, y) ∈ C: Then y0 < y < y1 and

V (x, y) = ηH(y)x+ xm
∫ y

a

B(z)dz + xn
∫ b

y

A(z)dz.

3. (x, y) ∈ S1: Then y ≤ y0 and

V (x, y) = ηH(y0)x+ xm
∫ y0

a

B(z)dz + xn
∫ b

y0

A(z)dz −K1(y0 − y),

where A and B are as given by (22)–(23).
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DERIVATIVE FEEDBACK CONTROLLERS∗
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Abstract. We study the stabilizability of a linear controllable system using state derivative
feedback control. As a special feature the stabilized system may be fragile, in the sense that arbitrarily
small modeling and implementation errors may destroy the asymptotic stability. First, we discuss the
pole placement problem and illustrate the fragility of stability with examples of a different nature.
We also define a notion of stability, called p-stability, which explicitly takes into account the effect of
small modeling and implementation errors. Next, we investigate the effect on the fragility of including
a low-pass filter in the control loop. Finally, we completely characterize the stabilizability and p-
stabilizability of linear controllable systems using state derivative feedback. In the stabilizability
characterization the odd number limitation, well known in the context of the stabilization of unstable
periodic orbits using Pyragas-type time-delayed feedback, plays a crucial role.
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1. Introduction. We analyze the stabilizability and stabilization of the linear
or linearized system

ẋ(t) = Ax(t) +Bu(t),(1)

where x(t) ∈ R
n is the system state vector and u(t) ∈ R

m is the system input at time
t, using state derivative feedback,

u(t) = Kdẋ(t), Kd ∈ R
n×m.(2)

In this stabilizability study we explicitly take into account the effects of arbitrarily
small modeling, approximation, and implementation errors, which may, for instance,
be caused by feedback latency, unmodeled sensor and actuator dynamics, and approx-
imations of the derivatives.

From a practical point of view, the motivation for using state derivative feedback
(2) instead of conventional state feedback, u(t) = Ksx(t), comes from applications
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where accelerometers are used for measuring the system’s motion. Typical applica-
tions are in vibration control of mechanical systems where the state variables are
positions and velocities, while the accelerations, which are the sensed variables, are
directly used for feedback; see [2, 3, 1]. In some applications, including vibration
suppression, the fact that control law (2) keeps the steady state solutions of the un-
controlled system invariant might be considered as a positive feature.

From a theoretical point of view the stabilizability study of system (1) with con-
trol law (2) is a challenging problem if robustness aspects are taken into account. As
will be addressed later in the text, the synthesis of the derivative feedback can be
accomplished using modified pole placement methods under a controllability assump-
tion. However, the achieved closed-loop dynamics may be fragile in the sense that
the stability of the controlled system may lack robustness against arbitrarily small
modeling and implementation errors. In other words, although the nominal system is
asymptotically stable, some stability margins may be equal to zero. The main goals
of the paper consist of studying this fragility problem and making a complete char-
acterization of the stabilizability of (1) with (2) in the presence of any type of small
modeling and implementation errors.

Other problems where a fragility of stability has been observed can be found in
the literature. More specifically, a lack of robustness of stability against small feed-
back delays or against small delay changes has been observed for boundary controlled
(hyperbolic) partial differential equations; see, e.g., [5, 6, 9, 12, 18, 22]; for feedback
controlled descriptor systems see [11], and for neutral functional differential equa-
tions see [13, 14]. In [23] a model for gradient play dynamics is discussed where the
discretization of a derivative may induce instability. In [15, 17] it was shown that
the discretization of distributed delays in control laws, arising in the context of finite
spectrum assignment of time-delay systems, may destabilize the system, even if the
discretization stepsize is arbitrarily small.

The structure of the paper is as follows: In section 2 the pole placement problem
for system (1) using control law (2) is first discussed. Next, a unified framework for
studying the effect of small modeling and implementation errors is presented and a
practical notion of stability is introduced. In section 3 two examples of a different
nature are presented which illustrate that closed-loop stability may not be robust
against small modeling and implementation errors. The observations on the instability
mechanisms lead us to section 4, where we investigate to what extent the inclusion
of a low-pass filter may solve the robustness problems. Finally, in sections 5 and 6 a
full characterization of the stabilizability of (1) using (2) is given, with and without
the effect of small modeling and implementation errors being taking into account.
It will be shown that in the former case an important role is played by a condition
that boils down to the so-called odd number limitation, well known in the context
of the stabilization of unstable periodic solutions using Pyragas-type time-delayed
controllers [21] and in the context of delay difference feedback [10]. Some concluding
remarks end the paper.

The following notation and definitions will be adopted: C (C+, C
−) is the set

of complex numbers (with strictly positive and strictly negative real parts), and j =√
−1. For λ ∈ C, λ̄, �(λ), and �(λ) define the complex conjugate, the real part, and

the imaginary part of λ. For Ω ⊂ C, ∂Ω denotes the boundary of Ω and clos(Ω) its
closure. R (R+,R−) denotes the set of real numbers (larger than or equal to zero,
smaller than or equal to zero). N is the set of natural numbers and is assumed to
include zero. Z is the set of integers. For an operator or matrix A, σ(A) and ρ(A)
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denote its spectrum and spectral radius, respectively. Throughout the paper we make
the following assumption.

Assumption 1.1. The pair (A,B) is controllable.

2. Prerequisites.

2.1. Pole placement using state derivative feedback. Note that the closed-
loop system (1)–(2) may be rewritten as

(I −BKd)ẋ(t) = Ax(t).(3)

Thus, the closed-loop system is well-posed if BKd has no eigenvalue equal to one.
The characteristic function of the closed-loop system is then given by

H0(λ) := det(λI −A−BKdλ).(4)

We first give some preliminary results considering the stability of the closed-loop
system.

Proposition 2.1. If det(A) = 0, then the closed-loop system (1)–(2) has a zero
characteristic root for all values of Kd.

Conditions for arbitrary pole placement by state derivative feedback (2) are given
in [1] as follows.

Proposition 2.2. If the pair (A,B) is controllable, then all characteristic roots
of the closed-loop system can be assigned at arbitrarily positions in C \ {0} using the
control law (2) if and only if det(A) �= 0.

The following result from [1] establishes relations with pole assignment using state
feedback.

Proposition 2.3. Assume that det(A) �= 0. With the control law (2), the closed-
loop system has the same characteristic roots as with the state feedback

u(t) = Ksx(t)(5)

if

Kd = Ks(A+BKs)−1.

Given the fact that algorithms for designing the controller (5) are widely available,
this is an important result. However, algorithms have also been developed for a
direct design of the state derivative feedback gain Kd. A general pole placement
technique for state derivative feedback was proposed in [1] for single-input delay-free
systems and in [2] for multiple-input systems. The same authors proposed a linear
quadratic regulator for computing state derivative feedback in [3]. The application of
acceleration feedback to vibration suppression problems has been discussed at length
in [20] and [7].

Remark 2.4. If det(−A) < 0, i.e., if the system (1) has an odd number of
characteristic roots in C

+, stabilization implies that an odd number of unstable roots
need to be shifted to the left half plane, while a root cannot cross the imaginary axis
at zero. This may sound counterintuitive but is always possible: if Kd is increased
from zero to the stabilizing value, then some characteristic roots move to the right
half plane via infinity, where for the critical value of Kd the system is not well-posed.
For an example of this, one can consider the system

ẋ(t) = x(t) + u(t), u(t) = kd ẋ(t), u, x ∈ R,
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for which clearly the open-loop system has an odd number of characteristic roots in
C

+. Further, the closed-loop characteristic root λ satisfies

λ =
1

1 − kd
, kd �= 1.

It is straightforwardly seen that the closed-loop system is stable for kd > 1 and that
λ→ ∞ if kd ↑ 1.

2.2. Framework for robustness analysis. As we shall illustrate in the next
section, the use of state derivative feedback may introduce some fragility in the sense
that arbitrarily small modeling and implementation errors, e.g., arbitrarily small de-
lays in the feedback loop, may change the system’s behavior significantly and may
even render an asymptotically stable nominal system unstable. To create a unifying
framework to study this fragility problem, we assume that the modeling and imple-
mentation errors are such that the characteristic function of the actual system is given
by

H(λ; p) := det(λI − Ã(p) − B̃(p) G1(λ; p) Kdλ G2(λ; p)),(6)

where p ∈ (R+)np denotes some parameters and the functions

Ã : (R+)np → R
n×n, p �→ Ã(p),

B̃ : (R+)np → R
n×m, p �→ B̃(p),

G1 : C × (R+)np → C
m×m, (λ, p) �→ G1(λ; p),

G2 : C × (R+)np → C
n×n, (λ, p) �→ G2(λ; p),

(7)

satisfy the following assumption.
Assumption 2.5.

1. The functions p �→ Ã(p) and p �→ B̃(p) are continuous;
2. limp→0 Ã(p) = A; limp→0 B̃(p) = B;
3. for every p ∈ (R+)np and i = 1, 2, the functions Gi(·; p) are meromorphic;

for every λ ∈ C, the functions Gi(λ; ·) are continuous;
4. Gi(λ; 0) = I for all λ ∈ C and i = 1, 2;
5. for every compact set Ω ⊂ C, we have

lim
p→0

max
λ∈Ω

‖Gi(λ; p) − I‖ = 0, i = 1, 2;(8)

6. there exist constants M,N,P > 0 such that for all λ ∈ C with �(λ) ≥ −N
and for all p ∈ (R+)np with ‖p‖ ≤ P ,

‖Gi(λ; p)‖ ≤M, i = 1, 2.

In Figure 1 a block diagram is drawn of the controlled system in the presence of
modeling and implementation errors. For p = 0, the function (6) reduces to H0 in
(4). It is clear that Ã(p) and B̃(p) model uncertainty on A and B. To motivate the
inclusion of G1 and G2 in the control loop we present some examples of a different
nature, which all satisfy Assumption 2.5.

• Feedback delays. The case where

np = n+m, p = (τu1 , . . . , τun , τx1 , . . . , τxn),
G1(λ; p) = diag(e−λτu1 , . . . , e−λτum ), G2(λ, p) = diag(e−λτx1 , . . . , e−λτxn )
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Fig. 1. Feedback interpretation of the controlled system.

corresponds to the case where one assumes a time delay τuk
in the kth com-

ponent of the input u and a time delay τxl
in the measurement of the lth

component of ẋ, where 1 ≤ k ≤ m, 1 ≤ l ≤ n.
• Numerical computation of derivatives. If, for example,

np = 1, G1(λ; p) = I, G2(λ, p) = g2(λ; p)I,(9)

with

g2(λ; p) =

{
1−e−λp

λp , λp �= 0,
1, λp = 0,

then we get

λKd G2(λ; p) = Kd
1 − e−λp

p
.

Thus, this corresponds to the situation where ẋ(t) in control law (2) is not
measured directly, but computed on-line from the measurements of x(t) using
the finite-difference formula

ẋ(t) ≈ x(t) − x(t − p)
p

.(10)

• Unmodeled dynamics. G1 and G2 may, for instance, model neglected actuator
and sensor dynamics.

From a fragility point of view we are interested in the relationship between the
stability properties for p = 0 and those for small p �= 0. For this, we first introduce
the following practical notion of closed-loop stability.

Definition 2.6. The closed-loop system formed by the feedback interconnection
of system (1) with output x and a controller with transfer function −C(λ) is p-stable
if its null solution is asymptotically stable, and for every set of functions (7) satisfying
Assumption 2.5, there is a constant p̂ > 0 such that the zeros of

det
(
λI − Ã(p) − B̃(p)G1(λ; p)C(λ)G2(λ; p)

)
are in C

− for all p ∈ (R+)np with ‖p‖ < p̂.
In this way, requiring that (1), stabilized with (2), be robust against small model-

ing and implementation errors can be rephrased as requiring the p-stability of (1)–(2).
Note that this concept of stability is closely related to the concept of w-stability de-
fined in [8].

To conclude this section, we note that, for an arbitrary set of functions (7) that
satisfy Assumption 2.5, the requirement that the roots of H0 in (4) be in C

−, along
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with Assumption 2.5, is in general not sufficient to guarantee that the zeros of H in
(6) are in C

− for sufficiently small p. However, an (approximate) matching of n zeros
always takes place, as shown by the following result.

Proposition 2.7. Assume that det(I − BKd) �= 0 and let μi ∈ C, 1 ≤ i ≤ n,
be the eigenvalues of (I − BKd)−1A. There exist a number p̂ > 0 and n continuous
functions

λ̂i : [0, p̂)np → C, p �→ λ̂i(p), 1 ≤ i ≤ n,

which satisfy H(λ̂i(p); p) ≡ 0 and

lim
p→0

λ̂i(p) = μi, 1 ≤ i ≤ n.(11)

Proof. Let B ⊂ C be an open disk which contains all zeros of H0. The function
H(λ; p) uniformly converges on compact subsets of C to H0(λ) as p→ 0. This implies
the existence of a number p̂ such that

max
λ∈∂B

|H0(λ) −H(λ; p)| < min
λ∈∂B

|H0(λ)| for all p ∈ [0, p̂)np .

By Rouché’s theorem one concludes that H(λ; p) and H0(λ) both have n zeros in
B if p ∈ [0, p̂)np . The existence of the functions λ̂i, 1 ≤ i ≤ n, follows from
the combination of this result with the continuity of the individual zeros of H with
respect to (w.r.t.) p. The assertion (11) can be shown in a similar way by letting B
be a disk with arbitrarily small radius centered at a zero of H0, and taking the same
steps.

In what follows, we focus on the behavior of the other zeros which may be intro-
duced by the implementation or approximation.

3. Sensitivity of stability to arbitrarily small modeling and implemen-
tation errors. With two case studies we first show that even if all zeros of (4) are
in C

−, then (6) may have zeros in C
+ for arbitrarily small values of p. The first case

study, inspired by [23], concerns a numerical approximation of the derivatives in the
control law, and the second concerns the effect of a neglected time delay. In both
cases the eigenvalue distribution of BKd determines the position of the characteristic
roots introduced by the approximation.

3.1. Approximation of derivatives. With the approximation (10) of the de-
rivatives in control law (2), or, equivalently, with the transfer functions (9), the char-
acteristic function of the closed-loop system becomes

I1(λ; p) := det
(
λI −A−BKd

1 − e−λp

p

)
.

We then have the following result.
Proposition 3.1. If BKd has at least one eigenvalue which does not belong to

clos(S), where

(12)

S :=

⎧⎪⎨
⎪⎩

λ ∈ C : �(λ) ∈ (−π, π) and

�(λ) <
{ �(λ) cotan(�(λ)), �(λ) ∈ (−π, 0) ∪ (0, π),

1, �(λ) = 0

⎫⎪⎬
⎪⎭ ,
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then there exist numbers p̂ > 0, c > 0 and a function λ̂ : (0, p̂) → C, p �→ λ̂(p), such
that

I1(λ̂(p); p) = 0 and �(λ̂(p)) >
c

p

for all p ∈ (0, p̂).
If all eigenvalues of BKd belong to the set S, then there exist numbers p̂ > 0 and

c > 0 such that for all 0 < p ≤ p̂, the function I1(λ; p) has exactly n zeros in the half
plane

{
λ ∈ C : �(λ) > − c

p

}
.

Proof. Let

G(λ; p) := pnI1

(
λ

p
; p
)

= det
(
λI −Ap−BKd(1 − e−λ)

)
,

and let

G̃(λ) = det(λI −BKd(1 − e−λ)).

It is clear that

G̃(λ) = 0 ⇐⇒ λ− λi(1 − e−λ) = 0, i = 1, . . . , n,(13)

where λi, i = 1, . . . ,m, are the eigenvalues of BKd. In what follows we distinguish
between two cases.

Case 1: ∃k ∈ {1, . . . , n} : λk �∈ clos(S). Following from expression (13) and
Lemma A.1 in the appendix, G̃ has a zero in C

+. By the uniform convergence of
G(·; p) to G̃ on compact sets as p → 0 and Rouché’s theorem, there exist constants
c1 > 0 and p̂1 > 0 such that for all p ∈ (0, p̂1), G(·; p) has a zero in the right
half plane {λ ∈ C : �(λ) > c1}. Hence by (15), I1(·; p) has a zero in the half plane
{λ ∈ C : λ > c1/p}.

Case 2: λi ∈ S, 1 ≤ i ≤ n. By expression (13) and Lemma A.1, G̃ has a zero at
the origin with multiplicity n, while all other zeros are confined to the open left half
plane. Since the zeros of G(·; p) belong to the set{

λ ∈ C : |λ| ≤ ‖Ap‖ + ‖BKd‖(1 + e−�(λ))
}

(14)

and G(·; p) uniformly converges to G̃ on compact sets as p → 0, an application of
Rouché’s theorem allows us to conclude the existence of constants c > 0 and p̂ > 0
such that for all p ∈ (0, p̂),

1. G(·; p) has exactly n zeros in the half plane {λ ∈ C : �(λ) > −c};
2. all other zeros of G(·; p) are in the half plane {λ ∈ C : �(λ) < −c}.

This is equivalent to the assertion of the proposition when taking into account the
equivalence

G(λ; p, 0) = 0 ⇐⇒ I1(λp; p) = 0.(15)

Remark 3.2. In [23] the special case is treated where A and BKd are multiples
of each other, which stems from a gradient play dynamics application.

Corollary 3.3. If BKd has an eigenvalue outside clos(S) and control law (2)
is stabilizing, then the closed-loop system is not p-stable. Furthermore, I1(λ; p) has
zeros in C

+ for arbitrarily small values of p.
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3.2. Feedback delay. We assume the presence of an unmodeled feedback delay
p in all input channels, that is,

G1(λ; p) = e−λpI, G2(λ; p) = I.

Then the characteristic function becomes

I2(λ; p) := det
(
λI −A−BKdλe

−λp) .
As shown in the following result, the eigenvalue distribution of BKd determines the
behavior of the zeros thus introduced.

Proposition 3.4. If ρ(BKd) > 1, there exist numbers p̂ > 0, c > 0 and a
function λ̂ : (0, p̂) → C, p �→ λ̂(p), such that

I2(λ̂(p); p) = 0 and �(λ̂(p)) >
c

p

for all p ∈ (0, p̂).
If ρ(BKd) < 1, there exist numbers p̂ > 0 and c > 0 such that for all 0 < p ≤ p̂,

the function I2(λ; p) has exactly n zeros in the half plane
{
λ ∈ C : �(λ) > − c

p

}
.

Proof. If ρ(BKd) > 1, it follows from the theory developed in [4, 16] that for all
p > 0, there exists a sequence of complex numbers {λν}ν≥0 such that

I2(λν ; p) = 0, ν ≥ 1,

limν→∞�(λν) = +∞, limν→∞ �(λν) = log(ρ(BKd))
p .

By letting c = (log(ρ(BKd)))/2 the statement of the proposition follows.
If ρ(BKd) < 1, there exists a c > 0 such that ρ(BKde

c) < 1. Next, we let λ0 be
a zero of I2(·; p) satisfying �(λ) > −c/p. As the matrix (I −BKde

−λp) is invertible
if �(λ) > −c/p, we get

det
(
λ0I − (I −BKde

−λ0p)−1A
)

= 0.

This implies

|λ0| ≤ max�(λ)≥−c/p
∥∥(I −BKde

−λp)−1A
∥∥ ≤M,(16)

where

M := max
�(λ)≥−c

∥∥(I −BKde
−λ)−1A

∥∥ .
Consequently, all zeros of I2(·; p) in the half plane {λ ∈ C : �(λ) ≥ −c/p} also lie in
the disk {λ ∈ C : ||λ|| ≤ M}. Combining this result with Proposition 2.7 yields the
assertion to be proven.

Corollary 3.5. If BKd has an eigenvalue outside the unit disk and control law
(2) is stabilizing, then the closed-loop system is not practically stable. Furthermore,
I2(λ; p) has zeros in C

+ for arbitrarily small values of p.

4. Filtered state derivative feedback. Using Assumption 2.5 and Rouché-
type arguments, all but n zeros of H(λ; p) move off to infinity as the parameter p
tends to zero. An obstruction to p-stability occurs if some of these zeros move off
to infinity without leaving the closed right half plane. Such situations are illustrated
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with Propositions 3.1 and 3.4. A natural way to prevent the presence of zeros with
a large modulus in the right half plane consists of including a low-pass filter in the
control scheme. Note that such an approach has already been successfully applied
to the discretization of distributed delay controllers in the context of finite spectrum
assignment, where similar robustness problems occur [15, 17].

When applying a first order filter to the control law (2), the controller becomes

T u̇(t) + u(t) = Kdẋ(t),(17)

where T = 1/ωf is the time constant of the filter, and ωf is its cutoff frequency.
The feedback system that consists of (1) and (17) is given by

ż(t) =
[
A B

0 − 1
T I

]
z(t) +

[
0 0

1
TKd 0

]
ż(t),(18)

where z(t) = [x(t)T u(t)T ]T . This system can be rewritten as

ż(t) =
[

A B
1
TKdA

1
T (KdB − I)

]
z(t).(19)

Let J0(λ; T ) be the characteristic function of (18)–(19), that is,

J0(λ; T ) := det
(
λI −

[
A B

1
TKdA

1
T (KdB − I)

])
.(20)

We perform the subsequent analysis in two steps. First, we discuss the effect of the
introduction of the filter on the stability of the nominal system. Next, we investigate
the effect of small approximation and implementation errors. We end the section with
a brief discussion of the results.

4.1. Filter design. Intuitively, one might expect that the introduction of a filter
with a sufficiently high cutoff frequency (i.e., T is sufficiently small) has little influence
on the dynamic behavior of the nominal system. However, this is not always the case,
as shown by the following result.

Proposition 4.1. Assume that det(I −BKd) �= 0 and let ξi ∈ C, 1 ≤ i ≤ n, be
the eigenvalues of (I−BKd)−1A. There exist a number T̂ and n continuous functions

η̂i : (0, T̂ ) → C, T �→ η̂i(T ), 1 ≤ i ≤ n,

which satisfy J(η̂i(T ); T ) ≡ 0 and

lim
T→0+

η̂i(T ) = ξi, 1 ≤ i ≤ n.(21)

If (KdB − I) is Hurwitz, then there exist numbers ĉ > 0, T̂ > 0 such that for all
T ∈ (0, T̂ ), the function J0(λ; T ) has exactly n zeros in the half plane{

λ ∈ C : �(λ) > − ĉ

T

}
.

If (KdB − I) has an eigenvalue in the open right half plane, then there exist numbers
ĉ > 0 and T̂ > 0 such that for all T ∈ (0, T̂ ), the function J0(λ; T ) has a zero in the
half plane {

λ ∈ C : �(λ) >
ĉ

T

}
.
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Fig. 2. Feedback interpretation of the controlled system with a low-pass filter included in the
feedback.

Proof. The proof follows the same steps as the proofs of Propositions 2.7 and 3.1,
and it is therefore not developed in detail. We restrict ourselves to some consideration
on the large eigenvalues introduced by the filter. From the normalized characteristic
function

T n+mJ0

(μ
T

; T
)

= det
(
μI −

[
AT BT

KdA (KdB − I)

])
,

where the argument of det(·) becomes triangular as T → 0+, it is apparent that for
small values of T , the eigenvalues of (KdB− I) determine the large eigenvalues of the
closed-loop system.

From Proposition 4.1 one concludes that the presence of the filter may induce an
additional stability constraint, namely, the Hurwitz stability of the matrix (KdB−I).

Remark 4.2. The above results can also be interpreted in terms of robustness of
the unfiltered feedback system (1)–(2). If the nominal system (1)–(2) is asymptotically
stable but (KdB − I) is not Hurwitz, then the stability of the nominal system is not
robust against arbitrarily small modeling error described by

np = 1; G1(λ; p) = I; G2(λ; p) =
1

1 + pλ
.(22)

Note that (22) satisfies Assumption 2.5. In this way the above analysis can be seen
as another illustration of the fragility, already illustrated in the previous section with
two examples of a different nature.

4.2. Effect of small modeling and implementation errors. We consider
the controller (17) and assume that T and Kd are such that the null solution of (18)
is asymptotically stable.

In the presence of small modeling and approximation errors as described in sec-
tion 2.1 the characteristic function (20) becomes

(23)
J(λ; T, p)

:= det

(
λI −

[
Ã(p) B̃(p)

1
TG1(λ; p)KdG2(λ; p)Ã(p) 1

T (G1(λ; p)KdG2(λ; p)B̃(p) − I)

])
,

where Ã, B̃, G1, G2 satisfy Assumption 2.5. The corresponding block diagram of the
closed-loop system is displayed in Figure 2.

Due to the low-pass filter in the control loop, the closed-loop system, described
by (1) and (17), is p-stable in the sense of Definition 2.6, as can be concluded from
the following proposition.
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Proposition 4.3. Assume that T > 0 is fixed. Let ξi ∈ C, 1 ≤ i ≤ n + m, be
the zeros of J0(λ; T ). There exist a number p̂ and n+m continuous functions

η̂i : [0, p̂)np → C, p �→ η̂i(p), 1 ≤ i ≤ n+m,

which satisfy J(η̂i(p); T, p) ≡ 0 and

lim
p→0

η̂i(p) = ξi, 1 ≤ i ≤ n+m.(24)

Furthermore, there exist numbers p̃ > 0 and c > 0 such that for all p ∈ (R+)np with
‖p‖ ≤ p̃, the functions J(λ; T, p) and J0(λ; T ) have the same number of zeros in the
half plane

{λ ∈ C : �(λ) ≥ −c} .(25)

Proof. The proof of the first assertion is similar to the proof of Proposition 2.7,
and is omitted. For the second assertion, choose numbers N and P according to
item 6 of Assumption 2.5. Choose c ∈ (0, N) such that J0 has no zero with real part
equal to c. Let λ0 be a zero of J(· ; T, p0), where ‖p0‖ < P . If �(λ0) ≥ −c, then we
get from (23) that

λ0 ∈ σ

([
Ã(p) B̃(p)

1
TG1(λ0; p)KdG2(λ0; p)Ã(p) 1

T (G1(λ0; p)KdG2(λ0; p)B̃(p) − I)

])
.

As ρ(·) ≤ ‖ · ‖, this implies that |λ0| ≤ R, where

(26)

R = sup

{∥∥∥∥∥
[

Ã(p) B̃(p)
1
TG1(λ; p)KdG2(λ; p)Ã(p) 1

T (G1(λ; p)KdG2(λ; p)B̃(p) − I)

]∥∥∥∥∥ :

λ ∈ C, p ∈ R
np , �(λ) ≥ −c, ‖p‖ ≤ P

}
.

Note that by Assumption 2.5 the right-hand side of (26) is finite. We conclude
that if ‖p‖ ≤ P , then all zeros of J(·; T, p) in the half plane (25) are confined to the
compact set

Ω := {λ ∈ C : �(λ) ≥ −c, |λ| ≤ R} .

Next, from Assumption 2.5 it follows that J(λ; T, p) converges to J0(λ; T ) uniformly
on compact sets as p → 0. Hence, we can choose p̃ ∈ (0, P ) such that for all p ∈ R

np

with ‖p‖ ≤ p̃ the following estimate holds:

max
λ∈∂Ω

|J0(λ; T )− J(λ; T, p)| ≤ min
λ∈∂Ω

|J0(λ; T )|.

The second assertion of the proposition then follows from an application of Rouché’s
theorem.

4.3. Discussion. In section 3 we have shown by construction that (unfiltered)
state derivative feedback may lead to a fragile closed-loop system in the sense that
the closed-loop system is stable but not p-stable. This was illustrated for a numerical
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approximation of derivatives by a finite difference formula and for a small delay in
the feedback loop. In both cases the eigenvalues of the matrix BKd determine the
robustness of stability. However, even if the resulting conditions on the gain Kd

are satisfied, stability may still lack robustness against other types of perturbations
satisfying Assumption 2.5.

In this section we have shown that if the filtered derivative feedback control law
(17) is stabilizing, then the closed-loop system is p-stable. However, the existence
of a stabilizing filtered derivative feedback for the nominal system may again impose
restrictions on the gain, as expressed in Proposition 4.1. Summarizing, we have the
following result.

Theorem 4.4. Assume that the control law (2) asymptotically stabilizes system
(1).

If the matrix (BKd− I) is Hurwitz, then the filtered control law (17) is stabilizing
for small values of T and results in a p-stable closed-loop system.

If (BKd − I) has an eigenvalue in C
+, then the closed-loop system with control

law (2) is not p-stable. Furthermore, the filtered control law (17) is not stabilizing for
small values of T .

Proof. The proof follows from Proposition 4.1, Remark 4.2, and Proposition
4.3.

Further refinements will be made in the next section, where relations between
stabilizing values of Kd and the eigenvalue distribution of (BKd − I) will be taken
into account.

5. Conditions for p-stabilizability. In this section we discuss the p-stabiliz-
ability problem and the design of stabilizing state derivative controllers of the form
(2) or (17). As we shall see, the condition det(−A) > 0, which is satisfied if A has no
zero eigenvalue and an even number of eigenvalues in the closed right half plane, will
play a crucial role.

Throughout this section we assume that (A,B) is controllable and that A is cyclic.
Remarks on the noncyclic case will be made in the next section.

We start by stating a technical lemma.
Lemma 5.1. Assume that det(−A) < 0. If the control law (2) is stabilizing, then

the matrix BKd has a real eigenvalue larger than one.
Proof. The proof is based on a continuation argument. If we consider the feedback

u = kKdẋ(t), where k ∈ [0, 1] is a real parameter, then the closed-loop system
becomes

(I − kBKd) ẋ(t) = Ax(t).(27)

Since det(−A) < 0, for k = 0 the system has an odd number of characteristic roots
in the open right half plane. On the other hand, for k = 1 it has an even number
of characteristic roots in the open right half plane (zero) as it is assumed that (2) is
stabilizing. Because the characteristic roots appear in complex conjugate pairs and
depend continuously on k, there must be a value of k = k̃ ∈ (0, 1) for which there is
a characteristic root either at zero or “at infinity.” The former is not possible because
a zero characteristic root is invariant w.r.t. changes of k and would contradict the
stability for k = 1. The latter implies that det(I − k̃BKd) = 0. Consequently, k̃BKd

has an eigenvalues equal to one, or, equivalently, BKd has a real eigenvalue equal to
1/k̃ > 1.

The two following theorems are direct corollaries.
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Theorem 5.2. If det(−A) < 0 and control law (2) is stabilizing, then the closed-
loop system is not p-stable.

Proof. This result can be shown in three different ways. As BKd has an eigenvalue
larger than one, an approximation of the derivative with a finite difference scheme
(Proposition 3.1), a small feedback delay (Proposition 3.4), as well as a neglected first
order lag (Proposition 4.1, Remark 4.2) destroy stability.

Theorem 5.3. If det(−A) < 0, then the system cannot be stabilized with a
control law of the form (17). Moreover, every dynamic control law of the form

ζ̇(t) = Afζ(t) +Bf ẋ(t), u(t) = Cfζ(t),(28)

with Af Hurwitz, results in an unstable closed-loop system.
Proof. The first assertion is a consequence of Theorem 4.4 and Lemma 5.1. The

proof of the second assertion is by contradiction and employs a continuation argument.
Assume that control law (28) is stabilizing. With the parameterized control law

ζ̇(t) = Afζ(t) + kBf ẋ(t), u(t) = Cfζ(t),

with parameter k ∈ [0, 1], the closed-loop system becomes

(
I −

[
0 0

kBf 0

])
ξ̇(t) =

[
A BCf

0 Af

]
ξ(t),(29)

where ξ(t) = [x(t)T ζT (t)]T . For k = 0 the system has an odd number of character-
istic roots in the open right half plane as det(−A) det(−Af ) < 0, while for k = 1 it
has an even number of characteristic roots in the open right half plane (zero) as it is
assumed that (28) is stabilizing. Because the characteristic roots appear in complex
conjugate pairs and depend continuously on k, there must be a value of k = k̃ ∈ (0, 1)
for which there is a characteristic root either at zero or “at infinity.” The former is not
possible because a characteristic root at zero is invariant w.r.t. changes of k, which
contradicts the stability for k = 1; the latter is not possible because the matrix

I −
[

0 0
kBf 0

]

is invertible for all values of k.
Remark 5.4. This result is expected from the stabilization mechanism outlined

in Remark 2.4 and the fact that a filter prevents characteristic roots with a large
modulus.

Next, we consider the case where det(−A) > 0. We first have the following lemma.
Lemma 5.5. If det(−A) > 0, then there always exists a stabilizing control law of

the form (2) for which all eigenvalues of BKd are zero.
Proof. The existence of such a control law is shown by construction in the proof

of Theorem 2 of [10]. To make this paper self contained, we outline the main steps.
There exist a transformation of the state, z = Txx, and of the input, w = Tuu,

that put system (1) in the controller canonical form

ż(t) = Acz(t) +Bcw(t),(30)
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with

Ac =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

. . . . . .
...

0 0 1
−an · · · · · · −a2 −a1

⎤
⎥⎥⎥⎥⎥⎥⎦ , Bc =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
...
...
0
1

B̃2 · · · B̃m

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

The control law

w(t) = K̃dż(t),(31)

where

K̃d =

⎡
⎢⎢⎢⎢⎣

−kn−1 · · · −k1 0
0 · · · · · · 0
...

...
0 · · · · · · 0

⎤
⎥⎥⎥⎥⎦ ,

then results in a closed-loop system with characteristic equation

λn +
n−1∑
l=1

(al + kl)λn−l + an = 0.

As an = det(−A) > 0, there always exist stabilizing values of k1, . . . , kn−1. Further-
more, all eigenvalues of BcK̃d are equal to zero. In the original coordinates the control
law (31) becomes

u(t) = T−1
u K̃dTx ẋ(t) := Kd ẋ(t).

By combining Lemma 5.5 with Theorem 4.4 we arrive at the following result.
Theorem 5.6. If det(−A) > 0, then there always exists a stabilizing controller

of the form (17) for which the closed-loop system is p-stable.
The obtained stabilizability conditions are summarized in Table 1.

Table 1

p-stabilizability of the controllable system (1) using state derivative feedback. A is assumed cyclic.

det(−A) < 0 det(−A) = 0 det(−A) > 0

stabilizable yes no yes
p-stabilizable no no yes

(neither with (2) nor with (17) and (28)) (with (17))

6. Remarks on the noncyclic case. If the cyclic index1 of A is k > 1, then
there always exist transformations of the state, z = Txx, and the input, w = Tuu,
which transform (1) into

ż(t) = Acz(t) +Bcw(t),(32)

1The maximum of the geometric multiplicities of its eigenvalues.
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3114 W. MICHIELS, T. VYHLÍDAL, H. HUIJBERTS, AND H. NIJMEIJER

where

Ac =

⎡
⎢⎢⎣
A11 0

. . .
0 Akk

⎤
⎥⎥⎦ , Bc =

⎡
⎢⎢⎣
B11 · · · B1k . . . B1m

. . .
...

...
0 Bkk . . . Bkm

⎤
⎥⎥⎦ ,

with Aii cyclic and the pair (Aii, Bii) controllable for each i = 1, . . . , k.
As their proofs do not depend on the cyclic index of A, Theorems 5.2 and 5.3

remain valid.
Theorem 6.1. If det(−A) < 0 and the control law (2) is stabilizing, then the

closed-loop system is not p-stable. Furthermore, every dynamic control law of the
form (28), with Af Hurwitz, results in an unstable closed-loop system.

Based on a decomposition into k subproblems induced by the canonical form (32),
and an application of Theorem 5.6 to each subproblem, we arrive at the following
result.

Theorem 6.2. If det(−Aii) > 0, 1 ≤ i ≤ k, then there always exists a stabilizing
controller of the form (17) for which the closed-loop system is p-stable.

When comparing Theorem 6.1 with Theorem 6.2, the stabilizability analysis is
complete if one can make an assertion for the case where

det(−A) > 0, ∃i ∈ {1, . . . , k} : det(−Aii) < 0.(33)

This is still an open problem. The following example indicates that in such case a
lack of practical stability may occur.

Example 6.3. The system{
ẋ1(t) = x1(t) + u1(t),
ẋ2(t) = x2(t) + u2(t)

is of the form (32) with Ac = I, Bc = I, and A11 = A22 = 1. Clearly, we have
det(−Ac) > 0, but det(−A11) = det(−A22) < 0.

The control law

u(t) = Kdẋ(t), Kd ∈ R
2×2,

is stabilizing if and only if the eigenvalues of the matrix Kd have real part larger than
one. By both Propositions 3.1 and 3.4, the closed-loop system is not p-stable.

If we apply the filtered control law

T u̇(t) + u(t) = Kdẋ(t), T > 0, Kd ∈ R
2×2,

then the characteristic equation of the closed-loop is given by

det
(
λ2I + λ

(
1
T

(I −Kd) − I

)
− 1
T
I

)
= 0.

As this equation has a zero in C
+ for all values of T and Kd, stabilization is not

possible.

7. Concluding remarks. The possible lack of stability robustness of the sta-
bilized system (1)–(2) against arbitrarily small modeling and implementation errors,
which was illustrated with several example case studies, led us to the practical notion
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of p-stability. The stabilizability and p-stabilizability of system (1) with the (filtered)
control law (2) was characterized.

For the generic case where A is cyclic, a complete characterization of stabilizability
is described in Table 1. Surprisingly, if det(−A) < 0, which is satisfied if A has an
odd number of eigenvalues in the open right half plane, the system is stabilizable, but
not p-stabilizable, using neither static feedback nor dynamic feedback. This shows
that the so-called odd number condition, det(−A) < 0, well known in the context of
Pyragas-type time-delayed feedback controllers, is also a fundamental obstruction to
stabilizability in this context, yet only appears at a second stage, where robustness
aspects are considered.

For the case where A is noncyclic a full characterization of stabilizability and p-
stabilizability was made, except when (33) holds, that is, in the canonical form there
are subsystems which satisfy the odd number condition, but the whole systems does
not. Example 6.3 illustrates that again a lack of robustness of stability may occur and
suggests that the necessary and sufficient p-stabilizability condition in the noncyclic
case is given by det(−Aii) > 0 for all i = 1, . . . , k. Whether or not this is true is an
open problem and a topic of further research.

Motivated by the large number of applications of sampled-data systems, which
appear, for instance, in network controlled systems, it is also worthwhile to investigate
to what extent the controller construction, observed phenomena, and robustness issues
discussed in the paper carry over to the hybrid case where the controller is discrete
and difference based. In the overview article [15], where one investigates the effect
on stability of approximating distributed delays in a class of control laws for time-
delay systems, it is shown that also with pure discrete approximations of control laws
fragility problems may occur, and may lead to phenomena which are different from
those observed for continuous approximations.

Appendix. A technical lemma.
Lemma A.1. Consider the equation

λ− μ(1 − e−λ) = 0,(34)

where μ ∈ S, with S given by (12). Then all roots of (34) are in C
−, except for a root

at the origin with multiplicity one.
Proof. We distinguish two cases as below.
Case 1: μ �∈ R. We first characterize the zeros of the auxiliary function

h(λ; ν) := λ− μ(1 − e−λν)

as a function of the parameter ν ≥ 0. For ν = 0, the function h has only one zero
at the origin, which is invariant w.r.t. changes of ν. If ν is increased from zero, then
the number of zeros in the closed right half plane can increase only if zeros cross the
imaginary axis. To see this, note that h(λ; ν) = 0 implies

|λ| = |μ|
∣∣1 − e−λν

∣∣
and

|λ| ≤ |μ|
(
1 + e−�(λ)ν

)
.

Consequently, whatever the value of ν ≥ 0, the zeros of h(·, ν) in the closed right
half plane (if any) have modulus smaller than or equal to 2|μ|. Thus by varying ν the
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number of zeros of h in the right half plane cannot be changed by zeros coming from
infinity, only by zeros crossing the imaginary axis.

A zero at the origin with multiplicity larger than one cannot occur since

h′(0; ν) = 1 − μν �= 0.

If h has a zero jω, ω ∈ R \ {0}, for some value of ν, then we have

jω = μ(1 − e−jων).

Solving this equation yields

ω = ω∗ := 2�(μ), ν = ν∗k := ∠(μ)+πk

(μ) , k ≥ 1.(35)

Next, we look at the crossing direction of a zero on the imaginary axis w.r.t. the
parameter ν. Taking the derivative of h(λ(ν); ν) = 0 w.r.t. ν at (λ, ν) = (jω∗, ν∗k)
yields

λ′(ν∗) =
jω∗μe−jω

∗ν∗

1 − νμe−jω∗ν
,

from which we get

�(λ′(ν∗)−1) = �
(

1
jω∗μe−jω∗ν∗

)
= �

(
1

jω∗(μ−jω∗)

)
= �

(
(2�(μ)(�(μ) + j�(μ)))−1

)
> 0

and

� (λ′(ν∗)) > 0.(36)

From (35) and (36) we can conclude that
1. if ν ∈ [0, ν∗1 ), then all zeros of h are in C

−, except for a zero at the origin
with multiplicity one;

2. if ν > ν∗1 , then h has zeros in C
+.

The assertion of the proposition is straightforward when taking into account that
μ ∈ S (μ �∈ clos(S)) is equivalent to ν∗1 > 1 (ν∗1 < 1).

Case 2: μ ∈ R. The equation h = 0 is the characteristic equation of the system
ẋ(t) = μx(t) − μx(t − τ). The stability of this system has been analyzed in, e.g.,
[19, 24], from which the statements of the proposition follow.
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[17] S. Mondié and W. Michiels, Finite spectrum assignment of unstable time-delay systems with
a safe implementation, IEEE Trans. Automat. Control, 48 (2003), pp. 2207–2212.
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MEASURE-VALUED SOLUTIONS FOR A DIFFERENTIAL GAME
RELATED TO FISH HARVESTING∗

ALBERTO BRESSAN† AND WEN SHEN†

Abstract. In this paper we consider a model for the harvesting of marine resources, described
by an elliptic equation. Since the cost functionals have sublinear growth with respect to the pointwise
intensity of fishing effort, optimal solutions are in general measure-valued. For the control problem in
one space dimension, we prove the existence of optimal strategies. Uniqueness is established within a
class of measures with small total mass. We also study the differential game, modeling the presence
of several competing fishing companies, and prove the existence of a Nash equilibrium solution. This
is obtained as a fixed point of a continuous transformation in a space of positive Radon measures.

Key words. differential games, optimal control, measured-valued solutions, fish harvest
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1. Introduction. This paper is concerned with a noncooperative differential
game modeling the harvesting of marine resources. The general setting of the problem
will be discussed for an N -dimensional domain. The main results, however, will be
proved in the one-dimensional case. Consider a bounded domain Ω ⊂ R

N with smooth
boundary. In practice, Ω ⊂ R

2 will describe the region occupied by a lake or a sea.
Denote by φ = φ(t, x) the density of fish at time t at the point x ∈ Ω. In absence
of fishing activity, assume that the fish population evolves according to the parabolic
equations with source term

φt = Δφ+ g(x, φ), x ∈ Ω,(1.1)

with Neumann boundary conditions

∇φ · n = 0, x ∈ ∂Ω.(1.2)

A natural choice for g is

g(x, φ) = α
(
h(x) − φ

)
φ.(1.3)

Here the constant α > 0 is a growth rate, while h(x) denotes the maximum fish
population that can be supported by the habitat at x. Let ui = ui(t, x) be the
intensity of harvesting conducted by the ith fishing company, at time t at the location
x ∈ Ω. In the presence of this fishing activity, the fish population evolves according
to

φt = Δφ+ g(x, φ) −
m∑
i=1

φui(t, x).(1.4)
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Throughout this paper, we consider steady state solutions. These satisfy the
elliptic equation

Δφ+ g(x, φ) =
m∑
i=1

φui(x),(1.5)

together with the Neumann boundary conditions (1.2). The strategies ui(x) are now
assumed to be independent of time. We are interested in optimal fishing strategies
for the various companies. At a steady fishing rate, the ith company will sustain a
cost ∫

Ω

ci(x)ui(x) dx.(1.6)

It is reasonable to assume that different companies will incur different costs ci for
fishing at a given location x. This is because their home bases may be located at
coastal cities with different distances from x. In addition, there may be restrictions
to the fishing activities of companies of various countries. For example, if there is an
international treaty that does not allow the kth company to harvest fish in a subregion
Ω′ ⊂ Ω, this will be modeled by setting ck(x) = ∞ for x ∈ Ω′. If a subregion Ω0 is set
aside as a marine park where no fishing is permitted, then ci(x) = ∞ for all x ∈ Ω0,
i = 1, . . . ,m. The profit for the ith company will be proportional to the total fish
caught:

pi =
∫

Ω

P · φ(x)ui(x) dx.(1.7)

Here P denotes the unit price of fish on the market. By a variable rescaling, it is not
restrictive to take P = 1. The total payoff for the ith company is therefore

Ji =
∫

Ω

(
φ(x) − ci(x)

)
ui(x) dx.(1.8)

The function ui = ui(x) describes the strategy of the ith company. It is reasonable
to assume that it satisfies the constraints

ui(x) ≥ 0,
∫

Ω

ui(x) dx ≤Mi.(1.9)

Here Mi denotes the maximum amount of fishing within the capabilities of the ith
company. In practice, this may depend on the number of fishermen and on the size
of fishing boats available.

Remark 1. The cost functionals given at (1.6) are linear with respect to (w.r.t.)
ui. More general, nonlinear cost functionals could take the form

Ψi

(∫
Ω

ci(x)ui(x) dx
)
,(1.10)

where Ψi is a convex function, with Ψi(0) = 0, Ψ′i(0) > 0. This accounts for the fact
that, as the total amount of harvesting increases, the cost increases superlinearly. On
the other hand, a nonlinear cost functional of the form

G(u) .=
∫

Ω

ψ(u(x)) dx,(1.11)
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with ψ′(s) → ∞ as s → ∞, is not realistic. For example, assume Ω ⊂ R
2 and choose

any point x̄ ∈ Ω. Consider the two strategies

u(x) ≡ 1
meas (Ω)

, u(r)(x) =
{

1/(πr2) if |x− x̄| < r,
0 otherwise.

Notice that ∫
Ω

u(x) dx =
∫

Ω

u(r)(x) dx = 1.

For the functional (1.10), fishing over the entire domain or on a small part of it yields
the same cost. However, for the cost functional G, as we reduce the fishing area more
and more, the cost tends to infinity. Indeed

lim
r→0

∫
Ω

ϕ(u(r)(x)) dx = ∞.

This feature is not supported by practical experience.
Remark 2. We also observe that integral constraints such as (1.9) are meaningful,

while pointwise constraints of the form∣∣ui(x)∣∣ ≤M(1.12)

are not. Indeed, (1.12) models the presence of a “parking meter,” so that a fishing
boat is allowed to stay in one place up to a maximum amount of time, then it must
move elsewhere.

The above remarks indicate that in a realistic model, the cost of harvesting grows
at most linearly w.r.t. the pointwise intensity u(x). This has important implications
for the corresponding optimization problem. Indeed, the existence of optimal strate-
gies can now be obtained not in L1(Ω) but in the space M+(Ω̄) of nonnegative Radon
measures supported on the closure of the domain Ω.

This fact is actually consistent with practical experience. If an open subset Ω′ ⊂ Ω
is set aside as a marine reserve, the most profitable place to catch fish is right along
the boundary of the reserve, i.e., on Ω∩∂Ω′. In an optimal strategy, a positive amount
of harvesting thus takes place on a set of measure zero. This strategy is described
by a measure μ, singular w.r.t. Lebesgue measure on Ω. We stress that the study of
optimal strategies within a space of Radon measures is a major difference between
the present paper and earlier literature on the subject [1, 7, 8, 9, 10, 11, 12, 13].

The remainder of the paper is organized as follows. In section 2 we review the def-
inition of Nash equilibrium solution of the differential game. All subsequent analysis
deals with the case of one space dimension. Results are expected to be qualitatively
similar in more space dimensions. However, there are two features of one-dimensional
problems which play a key role in our proofs:

(i) The Green kernels of second order operators are Lipschitz continuous.
(ii) Given a two-point boundary value problem on the interval [0, R] with a source

involving a positive measure μ, as in [6] one can introduce a new variable s
such that s(x) .= x + μ

(
[0, x]

)
. Rewriting the differential equation in terms

of s as independent variable, the singularities are removed and classical ODE
theory applies.

For given measures μi, in section 3 we study the existence and uniqueness of
strictly positive solutions to the boundary value problem (1.5), (1.2). The existence
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and the uniqueness of measure-valued solutions to the optimal control problems for
the various players are studied in sections 4 and 5, respectively. Our uniqueness result
is obtained by proving the strict concavity of the payoff functional (1.8), as long as
the measures μi remain small. Finally, in section 6 we prove the existence of a Nash
equilibrium solution to the differential game. This is obtained as a fixed point of a
continuous transformation, in a space of measures.

2. Nash equilibrium solutions. From now on, we consider fishing strategies
described by positive Radon measures μi ∈ M+(Ω̄). The fish population will reach an
equilibrium state φ = φ(x), determined by the elliptic problem with measure-valued
sources

Δφ+ g(x, φ) = φ ·
m∑
i=1

μi,(2.1)

and Neumann boundary conditions

∇φ · n = 0, x ∈ ∂Ω.(2.2)

For the analysis of elliptic equations with measure-valued source terms we refer to
[2, 3, 4, 5].

Each company seeks a strategy μi in order to maximize its payoff

Ji
.=
∫

Ω̄

φdμi(x) − Ψi

(∫
Ω

ci dμi

)
,(2.3)

subject to the constraints

μi ≥ 0, μi(Ω̄) ≤Mi.(2.4)

Definition 1. We say that the (1 + m)-tuple (φ, μ∗1, . . . , μ∗m) is a Nash equi-
librium solution of the noncooperative differential game (2.1)–(2.3) if the function
φ provides a solution to the elliptic boundary value problem (2.1)–(2.2) and, for each
i = 1, . . . ,m, the measure μ = μ∗i achieves the maximum payoff for the optimal control
problem

maximize: Ji(μ) .=
∫

Ω̄

φdμ(x) − Ψi

(∫
Ω

ci dμ

)
,(2.5)

subject to

Δφ(x) + g(x, φ) − φ ·
∑
j �=i

μ∗j (x) = φμ,(2.6)

with boundary conditions (2.2), and with the constraints

μ ≥ 0, μ(Ω̄) ≤Mi.(2.7)

3. Positive solutions of the boundary value problem. From now on we
focus on the case of one space dimension, so that our domain is a bounded interval:
Ω .= ]0, R[. In this section we study the uniqueness of nonnegative solutions to the
boundary value problem

φ′′ + g(x, φ) − φ · μ = 0, φ′(0) = φ′(R) = 0,(3.1)

where primes denote derivatives w.r.t. the space variable x, while μ ∈ M(Ω̄) is a
positive Radon measure supported on the closed interval Ω̄ = [0, R]. On the function
g we impose the following assumptions:
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(A1) One has g(x, φ) = f(x, φ)φ, where the function f = f(x, φ) is continuous
w.r.t. both variables and twice continuously differentiable w.r.t. φ. Moreover,
for some continuous function h = h(x) one has

f(x, 0) > 0, fφ(x, φ) < 0, f
(
x, h(x)

)
= 0 for all x ∈ [0, R], φ ≥ 0.

Here and in what follows, by fφ, fφφ we denote, respectively, the first and the second
partial derivative of f w.r.t. φ.

Since in (3.1) μ can be a measure, a precise concept of solution should first be
given.

Definition 2. By a solution of (3.1) we mean a Lipschitz continuous map x �→
φ(x) such that

(i) the map x �→ φ′(x) has bounded variation and satisfies

lim
x→0+

φ′(x) = φ(0)μ
(
{0}

)
, lim

x→R−
φ′(x) = −φ(R)μ

(
{R}

)
;(3.2)

(ii) for every test function η ∈ C1
c

(
]0, R[

)
one has

∫ R

0

{
− φ′η′ + g(x, φ) η

}
dx−

∫ R

0

φη dμ = 0.(3.3)

We notice that φ ≡ 0 is always a solution. The next two lemmas are concerned
with the existence and uniqueness of strictly positive solutions. In the case where μ
has a positive density w.r.t. Lebesgue measure, these results are entirely standard.
However, the case where μ contains point masses must be handled with some care.

Lemma 1. Let the assumptions (A1) hold.
(i) Let φ be a nonnegative solution to (3.1) with φ(y) > 0 for some y ∈ [0, R].

Then there exists δ > 0 such that

φ(x) ≥ δ for all x ∈ [0, R].(3.4)

(ii) The problem (3.1) can have at most one nontrivial positive solution.
Proof. 1. Consider the set

D .=
{
x ∈ ]0, R[; φ′(x) exists, μ

(
{x}

)
= 0

}
.(3.5)

Observe that

meas
(
[0, R] \ D

)
= 0.

Construct a standard mollifier ϕ : R �→ [0, 1], with

ϕ ∈ C∞c ,
∫ 1

−1

ϕ(x) dx = 1, ϕ(x) = 0 if |x| ≥ 1,

and set ϕε(x)
.= ε−1ϕ(ε−1x). Given a couple of points x1, x2 ∈ D, consider the test

functions ηε
.= χ[x1,x2] ∗ ϕε, so that

ηε(x)
.=
∫ x2

x1

ϕε(x− y) dy.
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Inserting these test functions in (3.3) and letting ε → 0, for every couple of points
x1, x2 such that μ

(
{x1}

)
= μ

(
{x2}

)
= 0 we obtain

φ′(x2) − φ′(x1) =
∫ x2

x1

φdμ−
∫ x2

x1

f(x, φ)φdx.(3.6)

In particular, for every point x ∈ ]0, R[, we have

φ′(x+) − φ′(x−) = μ
(
{x}

)
φ(x).(3.7)

2. Assume φ(x̄) = 0, for some x̄ ∈ [0, R]. Recalling that φ is nonnegative, we
claim that

φ′(x̄) = 0(3.8)

as well. Indeed, if x̄ = 0 or x̄ = R, the boundary conditions (3.2) yield φ′(0+) = 0 or
φ′(R−) = 0, respectively. On the other hand, if 0 < x < R, as x→ x̄ by (3.7) the left
and right limits of φ′(x) coincide. Therefore φ′(x̄) exists. If this derivative were 
= 0,
the function φ would take values with opposite signs in a neighborhood of x̄, against
the nonnegativity assumption. Hence (3.8) must hold.

3. For notational convenience, define ψ(x) .= φ′(x). Introduce the variable

s
.= x− x̄+ μ

(
]x̄, x]

)
.(3.9)

The map x �→ s(x) is strictly increasing. It admits a nondecreasing inverse s �→ x(s)
which is continuous with Lipschitz constant one. Namely,

θ(s) .=
d

ds
x(s) ∈ [0, 1](3.10)

for almost every s. Observe that (3.9)–(3.10) formally yield ds = dx + dμ = θ ds +
(1 − θ)ds. To take care of points where μ has a point mass, and φ′ thus has a jump,
we set

s+(s) .= max
{
σ; x(σ) = x(s)

}
, s−(s) .= min

{
σ; x(σ) = x(s)

}
and define

φ(s) .= φ
(
x(s)

)
, ψ(s) .=

s− s−

s+ − s−
· φ′

(
x(s) +

)
+

s+ − s

s+ − s−
· φ′

(
x(s) −

)
.

We observe that these maps provide a solution to the system of ODEs⎧⎪⎨
⎪⎩

d

ds
φ(s) = θ(s) · ψ(s),

d

ds
ψ(s) =

(
1 − θ(s)

)
· φ(s) − θ(s) · f

(
x(s), φ(s)

)
φ(s),

(3.11)

with initial data

φ(0) = ψ(0) = 0.(3.12)

The right-hand side of (3.11) is bounded, Lipschitz continuous w.r.t. φ, ψ, and
measurable w.r.t. s. Therefore the only solution with initial data (3.12) is φ(s) =
ψ(s) = 0 for every s.
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4. Reverting to the original variables, in the previous step we have shown that
if φ(x̄) = 0 for some x̄ ∈ [0, R], then φ(x) ≡ 0. Equivalently, if φ(y) > 0 for some
y, then φ(x) > 0 for all x ∈ [0, R]. Since the interval [0, R] is compact, this proves
part (i) of the lemma.

5. To prove claim (ii) concerning uniqueness, let φ1, φ2 be any two strictly positive
solutions. Assume that φ1(y) < φ2(y) for some y ∈ [0, R]. Define

λ
.= max
x∈[0,R]

φ2(x)
φ1(x)

> 1.(3.13)

We then have

λφ1(x) ≥ φ2(x) for all x ∈ [0, R],(3.14)

while

λφ1(x̄) = φ2(x̄)(3.15)

for at least one point x̄ ∈ [0, R]. Define ϕ .= λφ1 − φ2. This implies

ϕ(x̄) = 0, ϕ(x) ≥ 0 for all x ∈ [0, R].(3.16)

Moreover,

ϕ′′ + f
(
x, φ1(x)

)
ϕ− μϕ =

[
f
(
x, φ2(x)

)
− f

(
x, φ1(x)

)]
φ2(x).(3.17)

Notice that, in a neighborhood of x̄, the right-hand side of (3.17) is strictly negative,
because f is strictly decreasing w.r.t. φ. Using the auxiliary variable s as in (3.9), and
setting ψ .= ϕ′ = dϕ/dx, we can represent ϕ as the solution to the Cauchy problem⎧⎪⎨

⎪⎩
d

ds
ϕ(s) = θ(s) · ψ(s),

d

ds
ψ(s) =

(
1 − θ(s)

)
· ϕ(s) − θ(s) · f

(
x(s), φ1

)
ϕ+ θ(s)κ(s).

(3.18)

Here

κ(s) .=
[
f
(
x(s), φ2(x(s))

)
− f

(
x(s), φ1(x(s))

)]
φ2(x(s)) < 0

as x(s) ranges in a neighborhood of the point x̄.
6. Two cases should be considered. If 0 < x̄ < R, since ϕ ≥ 0 we have

λφ′1(x̄−) − φ′2(x̄−) ≤ 0 ≤ λφ′1(x̄+) − φ′2(x̄+).(3.19)

From the identities

φ′2(x̄+) − φ′2(x̄−) = μ
(
{x̄}

)
· φ2(x̄) = μ

(
{x̄}

)
· λφ1(x̄) = λφ′1(x̄+) − λφ′1(x̄−),

it follows that the left- and right-hand sides of (3.19) are equal, and hence they both
vanish. By the parametrization (3.9), at s = 0 we have

ϕ(0) = λφ1(x̄) − φ2(x̄) = 0, ψ(0) = λφ′1(x̄) − φ′2(x̄) ≥ 0.(3.20)
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Since κ(s) < 0 for s ∈ ]0, s0], with s0 > 0 small, from equations (3.18) and the initial
conditions (3.20) it follows that ϕ(s) < 0 for s > 0 sufficiently small. This yields a
contradiction with (3.16).

7. Finally, we consider the case where x̄ = 0. According to the boundary con-
ditions (3.2), the identity φ2(0) = λφ1(0) implies φ′2(0+) = λφ′1(0+). Therefore, for
s = 0 equations (3.18) should again be solved with the boundary conditions (3.20).
As before, we conclude that ϕ(s) < 0 for s > 0 small, reaching a contradiction. The
case where x̄ = R is entirely analogous.

In the following, by a subsolution of problem (3.1) we mean a Lipschitz continuous
function φ which satisfies the following two conditions.

(i) The map x �→ φ′(x) has bounded variation and satisfies

lim
x→0+

φ′(x) ≥ φ(0)μ
(
{0}

)
, lim

x→R−
φ′(x) ≤ −φ(R)μ

(
{R}

)
.(3.21)

(ii) For every nonnegative test function η ∈ C1
c

(
]0, R[

)
one has

∫ R

0

{
− φ′η′ + f(x, φ)φη

}
dx−

∫ R

0

φη dμ ≥ 0.(3.22)

Repeating the previous analysis at (3.5)–(3.7), we see that φ is a subsolution if and
only if the boundary condition (3.21) holds and, moreover, for every x1, x2 ∈ ]0, R[
such that μ

(
{x1}

)
= μ

(
{x2}

)
= 0, we have

φ′(x2) − φ′(x1) ≥
∫ x2

x1

φdμ−
∫ x2

x1

f(x, φ)φdx.(3.23)

Supersolutions can be defined in an entirely similar way, reversing the inequalities
in (3.21)–(3.22). The next result provides a necessary and sufficient condition for
the existence of a strictly positive solution. Since it is an obvious extension of the
corresponding result valid when μ is absolutely continuous, we only sketch the main
arguments of the proof.

Lemma 2. Let assumptions (A1) hold. Then the following are equivalent:
(i) The linear eigenvalue problem

φ′′ + f(x, 0)φ− φμ = λφ, φ′(0) = φ′(R) = 0(3.24)

has a strictly positive solution for some λ > 0.
(ii) The nonlinear problem (3.1) has a strictly positive solution.

Proof. 1. Assume that (i) holds. Observe that the constant function

φ+(x) ≡ hmax
.= max
x∈[0,R]

h(x)

is a supersolution of (3.1). Indeed f(x, hmax) ≤ 0 for all x ∈ [0, R]. On the other
hand, let φλ be a positive eigenfunction, corresponding to an eigenvalue λ > 0. Then,
for all ε > 0 sufficiently small, by the continuity of f we have

εφ′′λ + f
(
x, εφλ(x)

)
εφλ − εφλ μ ≥ εφ′′λ +

[
f
(
x, 0) − λ

]
εφλ − εφλ μ = 0.

Hence the function φ−(x) .= εφλ(x) is a strictly positive subsolution of (3.1). By
possibly reducing the size of ε we can assume that φ−(x) ≤ hmax = φ+(x). Having
constructed an upper and a lower solution, we conclude that there exists a solution φ
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of (3.1) such that φ−(x) ≤ φ(x) ≤ φ+(x) for all x ∈ [0, R]. Following a well-established
technique, this solution φ can be defined as the supremum of all subsolutions ≤ φ+.

2. Conversely, assume that (3.1) admits a strictly positive solution φ. In analogy
with (3.9), define the new space variable

s = x+ μ
(
[0, x]

)
(3.25)

and set θ(s) = dx(s)/ds ∈ [0, 1]. We need to show that there exists λ > 0 and a
solution to the system⎧⎪⎨

⎪⎩
d

ds
φλ(s) = θ(s) · ψλ(s),

d

ds
ψλ(s) =

(
1 − θ(s)

)
· φλ(s) − θ(s) ·

[
f
(
x(s), 0

)
− λ

]
φλ(s),

(3.26)

with φλ > 0 and with boundary conditions

φλ(0) = 1, ψλ(0) = ψλ(S) = 0.(3.27)

Here S .= R+ μ
(
[0, R]

)
. Introducing the quotient function

Φλ(s)
.=
ψλ(s)
φλ(s)

,(3.28)

from (3.26)–(3.27) we find that Φλ must satisfy

d

ds
Φλ(s) =

(
1 − θ(s)

)
− θ(s)

[
f(x(s), 0) − λ

]
− θ(s)Φ2

λ(s) for a.e. s ∈ [0, S],(3.29)

Φλ(0) = 0,(3.30)

together with the terminal condition Φλ(S) = 0. For each λ ≥ 0, consider the solution
Φλ of the Cauchy problem (3.29)–(3.30). As λ increases, we clearly have

lim
λ→+∞

Φλ(S) = +∞.

On the other hand, when λ = 0 we have Φ0(S) < 0. Indeed, by assumption there
exists a solution (φ, ψ) of (3.11) with

ψ(0) = ψ(S) = 0, φ(s) > 0 for all s ∈ [0, S].

Hence the function

Φ(s) .= ψ(s)/φ(s)

is well defined and satisfies

d

ds
Φ(s) =

(
1 − θ(s)

)
− θ(s) f

(
x(s), φ(s)

)
− θ(s)Φ2(s) for a.e. s ∈ [0, S],(3.31)

Φ(0) = Φ(S) = 0.(3.32)

Recalling that f
(
x(s), φ(s)

)
< f

(
x(s), 0

)
for every s ∈ [0, S], by a standard compar-

ison argument for first order ODEs we conclude that

Φ0(s) ≤ Φ(s) for all s ∈ [0, S].
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Moreover, at the terminal point we have the strict inequality Φ0(S) < Φ(S). Since
the value Φλ(S) depends continuously on λ, there exists a particular value λ∗ > 0 for
which Φλ∗(S) = 0. Returning to the original variables, this yields the desired solution
to the linear boundary value problem (3.24).

By the previous analysis, the nonlinear boundary value problem (3.1) has a strictly
positive solution if and only if for λ = 0 the solution Φ0 of the Cauchy problem (3.29)–
(3.30) satisfies Φ0(S) < 0. This yields the following.

Corollary 1. A sufficient condition for problem (3.1) to have a strictly positive
solution is that

μ
(
[0, R]

)
<

∫ R

0

f(x, 0) dx.(3.33)

Indeed, according to the proof of Lemma 2, a strictly positive solution exists if
and only if the solution Φ0 of the Cauchy problem

d

ds
Φ0(s) =

(
1 − θ(s)

)
− θ(s) f

(
x(s), 0

)
− θ(s)Φ2

0(s), Φ0(0) = 0,(3.34)

satisfies Φ0(S) < 0. Integrating (3.34) one obtains

Φ0(S) ≤
∫ S

0

(
1 − θ(s)

)
ds−

∫ S

0

θ(s) f
(
x(s), 0

)
ds = μ

(
[0, R]

)
−
∫ R

0

f
(
x, 0

)
dx.

This establishes (3.33).

4. The optimal control problem. In this section we analyze the optimal con-
trol problem for one fishing company. This is formulated as an optimization problem
within a space of nonnegative Radon measures for an elliptic PDE with Neumann
boundary data. In one space dimension it takes the form

maximize: J(μ) =
∫ R

0

φ(x) dμ(x) − Ψ

(∫ R

0

c(x) dμ(x)

)
(4.1)

subject to

φ′′(x) + f(x, φ)φ − φ · ν = φ · μ, x ∈ ]0, R[,(4.2)

φ′(0) = φ′(R) = 0 .(4.3)

Here the measure μ describes the fishing intensity for the particular company un-
der consideration. This will be an element of the space M

(
[0, R]

)
of Radon measures

supported on the compact interval [0, R]. The measure μ must be suitably chosen in
order to maximize the profit J(μ). On the other hand, ν is a given Radon measure,
accounting for the combined intensity of fishing of all other companies. This situation
is relevant in the study of differential games. Of course, if only one fishing company
is active, we would simply take ν ≡ 0.

On the cost functional J we make the following assumptions:
(A2) The cost function c : [0, R] �→ [c0,∞] is bounded from below by some constant

c0 > 0 and is lower semicontinuous. The function Ψ is nondecreasing, convex,
and lower semicontinuous and satisfies

Ψ(0) = 0, Ψ′(0) = 1.(4.4)

Finally, ν is a nonnegative Radon measure on [0, R].
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Notice that the case c(x) = +∞ for every x in an open subset Ω′ ⊂ Ω is allowed.
Similarly, there may exist a value s0 > 0 such that Ψ(s) = +∞ for all s > s0. Some
preliminary observations are listed below.

Remark 3. For every nonnegative measures μ, ν ≥ 0, the solution of (4.2)–(4.3)
satisfies

0 ≤ φ(x) ≤ max
x∈[0,R]

h(x),(4.5)

where h is the function introduced in assumption (A1).
Remark 4. Using the fact that the pointwise maximum of two solutions is a

subsolution, we obtain the uniqueness of the maximal solution. Throughout the fol-
lowing, for a given control measure μ, we shall always refer to this maximal solution.
According to Lemma 1, this maximal solution is either identically zero or uniformly
positive on the entire domain [0, R].

Remark 5. Given two measures μ, μ̃, we write μ̃ ≺ μ if

μ̃(A) ≤ μ(A)

for every open set A. In this case, the corresponding maximal solutions of (4.2)–(4.3)
satisfy

φ̃(x) ≥ φ(x), x ∈ [0, R].(4.6)

Indeed, the function φ̃ is then a supersolution of (4.2)–(4.3).
Remark 6. Let φ0 be the equilibrium population of the fish if our specific company

does no harvesting at all, so that

φ′′0 (x) + f(x, φ0)φ0 − φ0 · ν = 0, x ∈ Ω.(4.7)

Then the optimal control strategy is μ∗ ≡ 0 if and only if

φ0(x) ≤ c(x) for all x ∈ [0, R].(4.8)

Remark 7. In the spatially homogeneous case c(x) ≡ c̄, dν = v̄ dx, f(x, φ) =
(h̄ − φ), we expect to find a optimal solution μ having constant density ū w.r.t.
Lebesgue measure, so that dμ = ū dx. In this case, the solution of (4.2)–(4.3) is
explicitly computed:

φ ≡ h̄− v̄ − ū;(4.9)

otherwise φ ≡ 0 if the right-hand side of (4.9) is negative. The optimal value of ū is
found by maximizing the scalar function

J(ū) = R(h̄− v̄ − ū) − Ψ
(
Rc̄ū

)
.

The main result of this section is the existence of an optimal strategy μ∗, within
the space of Radon measures. As we show in a subsequent section, this more general
formulation cannot be avoided. Indeed, when the cost function c(·) is discontinuous,
the optimization problem may have no classical solution. The optimal strategy μ∗

is typically a measure which contains point masses and does not admit a density
u∗ ∈ L1

(
[0, R]

)
w.r.t. Lebesgue measure.
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Theorem 1. Let assumptions (A1)–(A2) hold. Then the maximization problem
(4.1)–(4.3) admits an optimal solution μ∗ ∈ M+

(
[0, R]

)
within the family of nonneg-

ative Radon measures on [0, R].
Proof. 1. Let (μn)n≥1 be a maximizing sequence, so that μn ∈ M+

(
[0, R]

)
for all

n ≥ 1 and

lim
n→∞

J(μn) = sup
μ
J(μ).(4.10)

Call φn the corresponding maximal solution of (4.2)–(4.3). Notice that it is not
restrictive to assume that the support of μn is contained in the set

Ωn
.=
{
x ∈ [0, R]; φn(x) ≥ c0

}
.

Indeed, in the opposite case we can define a new measure μ̃n ≺ μn by setting

μ̃n(A) .= μn(A ∩ Ωn).

As in Remark 5, the corresponding solutions satisfy φ̃n ≥ φn, and hence J(μ̃n) ≥
J(μn).

2. From (4.2)–(4.3) it now follows that

c0 μn
(
[0, R]

)
≤
∫ R

0

φn dμn ≤
∫ R

0

f(x, φn)φn dx ≤
∫ R

0

f(x, 0)hmax dx.(4.11)

This proves that the sequence μn is uniformly bounded.
3. By compactness, we can now select a subsequence, still called (μn), which

converges weakly to a measure μ∗ ∈ M+

(
[0, R]

)
. Since the functions φn are uniformly

Lipschitz continuous and bounded on [0, R], we have the uniform convergence φn →
φ∗, where φ∗ provides a solution to (4.2)–(4.3) with μ = μ∗. We now have

lim
n→∞

∫ R

0

φn dμn =
∫ R

0

φ∗ dμ∗.(4.12)

Moreover, the lower semicontinuity of the functions c and Ψ implies∫ R

0

c dμ∗ ≤ lim inf
n→∞

∫ R

0

c dμn,

Ψ

(∫ R

0

c dμ∗

)
≤ lim inf

n→∞
Ψ

(∫ R

0

c dμn

)
.(4.13)

Together, (4.12)–(4.13) yield

lim
n→∞

J(μn) ≤ J(μ∗).

Hence the strategy μ∗ is optimal.

5. Uniqueness of optimal solutions. This section is concerned with the unique-
ness of optimal solutions. We will show that, within a class of measures with small
total mass, the optimal strategy is unique. This will follow from the strict concavity
of the payoff functional J . Throughout the following, we denote by

‖μ‖ .= sup

{∫ R

0

ϕdμ; ‖ϕ‖C0 ≤ 1

}
(5.1)
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the total mass of a measure μ. Notice that if μ is nonnegative, one simply has
‖μ‖ = μ

(
[0, R]

)
. Given two distinct positive measures μ, μ̃ ∈ M+

(
[0, R]

)
, define

σ
.=

μ̃− μ

‖μ̃− μ‖ .

Of course, σ is a Radon measure, not necessarily positive, with unit norm.
For ε ≥ 0 small, let φε be the corresponding solution of boundary value problem

(4.2)–(4.3), with μ replaced by με
.= μ + εσ. We seek conditions which ensure that

the scalar map

ε �→ J(μ+ εσ)(5.2)

is strictly concave. It is clear that the map

ε �→
∫ R

0

c dμε =
∫ R

0

c dμ+ ε

∫ R

0

c dσ

is affine. Since we are assuming that the function s �→ Ψ(s) is convex, the same is
true of the map

ε �→ J−(με) .= Ψ

(∫ R

0

c dμε

)
.

It thus suffices to study the concavity of the map

ε �→ J+(με) .=
∫ R

0

φεdμε(5.3)

for ε ≥ 0 small. In the following analysis, we assume

‖ν‖, ‖μ‖ << 1,(5.4)

so that the corresponding solution of (4.2)–(4.3) will be close to the solution ψ0 of

ψ′′0 + f(x, ψ0)ψ0 = 0, ψ′0(0) = ψ′0(R) = 0,(5.5)

where no fishing occurs.
We begin with a formal analysis. Assume that at ε ≈ 0, the map ε �→ φε admits

an asymptotic expansion

φε = φ0 + εφ1 + ε2φ2 + o(ε2).(5.6)

Observe that each function φε satisfies

(φε)′′ + f(x, φε)φε = φε (ν + μ+ ε σ),(5.7)

with Neumann boundary conditions (4.3). Inserting (5.6) in (5.7) and expanding in
powers of ε we see that the functions φ0, φ1, φ2 : [0, R] �→ R should provide solutions
to the boundary value problems⎧⎪⎪⎨

⎪⎪⎩
φ′′0 + f(x, φ0)φ0 = φ0(ν + μ),

φ′′1 + fφ(x, φ0)φ0φ1 + f(x, φ0)φ1 = φ1(ν + μ) + φ0σ,

φ′′2 +
1
2
fφφ(x, φ0)φ0φ

2
1 + fφ(x, φ0)(φ0φ2 + φ2

1) + f(x, φ0)φ2 = φ2 (ν + μ) + φ1σ,

(5.8)
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with Neumann boundary conditions

φ′0(0) = φ′1(0) = φ′2(0) = 0, φ′0(R) = φ′1(R) = φ′2(R) = 0.(5.9)

Computing the second derivative at ε = 0, we find

1
2
d2

dε2
J+(με) =

1
2
d2

dε2

∫ R

0

φε dμε

=
1
2
d2

dε2

∫ R

0

(φ0 + εφ1 + ε2φ2) d(μ + εσ)

=
∫ R

0

φ1 dσ +
∫ R

0

φ2 dμ.

(5.10)

We need to study the sign of the right-hand side of (5.10) and check if it is strictly
negative. From the first two equations in (5.8) it follows that

ν + μ =
φ′′0
φ0

+ f(x, φ0),(5.11)

σ =
φ′′1
φ0

+ fφ(x, φ0)φ1 − φ1
φ′′0
φ2

0

.(5.12)

Integrating by parts and using the boundary conditions (5.9), we obtain∫ R

0

φ1 dσ =
∫ R

0

(
φ′′1
φ0
φ1 + fφ(x, φ0)φ2

1 − φ2
1

φ′′0
φ2

0

)
dx

=
∫ R

0

[
−φ′1

(
φ1

φ0

)′
+ fφ(x, φ0)φ2

1 +
(
φ2

1

φ2
0

)′
φ′0

]
dx

=
∫ R

0

[
− 1
φ0

(φ′1)
2 + 3

φ′0
φ2

0

φ′1φ1 +
(
fφ(x, φ0) − 2

(φ′0)2

φ3
0

)
φ2

1

]
dx.

(5.13)

Since we always assume (5.4), in (5.8)–(5.9) we expect φ0 ≈ ψ0, where ψ0 is the
solution of (5.5). On the other hand, the function φ1 can be essentially arbitrary. In
order to control the sign of the right-hand side of (5.13), on the Hilbert–Sobolev space
H1

(
[0, R]

)
, we consider the homogeneous quadratic functional

Q(v) =
∫ R

0

[
1
ψ0

(v′)2 − 3
ψ′0
ψ2

0

v′v +
(
2
(ψ′0)

2

ψ3
0

− fφ(x, ψ0)
)
v2

]
dx.(5.14)

By an elementary inequality we see that if there exists δ0 > 0 such that

fφ(x, ψ0) +
1
4

[
ψ′0(x)

]2
ψ3

0(x)
≤ −δ0 < 0 for all x ∈ [0, R],(5.15)

then the functional Q is strictly positive definite. Namely,

Q(v) ≥ 2δ1 ‖v‖2
H1(5.16)

for some constant δ1 > 0 and all v ∈ H1. For ν, μ ≈ 0 one has φ0 ≈ ψ0. Therefore the
right-hand side of (5.13) will still be strictly negative definite. Concerning the second
integral on the right-hand side of (5.10), we expect that it can be rendered arbitrarily
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small by choosing the measure μ small enough. These preliminary computations
motivate the following.

Theorem 2. Let assumptions (A1)–(A2) hold. Moreover, assume that (5.15)
holds, so that the quadratic functional Q in (5.14) is strictly positive definite. Then
there exists a constant δ� > 0 such that, for any given measure ν ∈ M+, the opti-
mization problem (4.1)–(4.3) can have at most one solution within the set of measures
μ ∈ M+

(
[0, R]

)
which satisfy the additional condition

‖μ‖ + ‖ν‖ ≤ δ�.(5.17)

In particular, if ν = 0 and

Ψ(c0δ�)
δ�

> hmax,(5.18)

then the optimization problem has exactly one solution μ ∈ M+.
Proof. Assume that there exist two distinct optimal solutions μ1, μ2. To obtain

a contradiction, we will show that the map

ε �→ J
(
εμ2 + (1 − ε)μ1

)
(5.19)

is strictly concave. This will be achieved in several steps.
1. Fix any ε̄ ∈ [0, 1] and define

μ
.= ε̄μ2 + (1 − ε̄)μ1, σ

.=
μ2 − μ1

‖μ2 − μ1‖
.

We consider the map s �→ J(μ+ sσ) and check that, at s = 0,

d2

ds2
J(μ+ sσ) < 0.

Indeed, let φ0, φ1, φ2 be the solutions of (5.8)–(5.9). Notice that, for ‖ν + μ‖ suffi-
ciently small, these functions are uniquely defined. Call φs the solution of (4.2)–(4.3)
corresponding to the measure μ+ sσ. We then have

lim
s→0

1
s2

∥∥φs − φ0 − sφ1 − s2φ2

∥∥
C0 = 0.

Hence

d2

ds2
J(μ+ sσ)

∣∣∣∣
s=0

=
∫ R

0

φ1 dσ +
∫ R

0

φ2 dμ.(5.20)

2. We now rewrite the third equation in (5.8) as

(5.21)

φ′′2 +
(
fφ(x, φ0)φ0 + f(x, φ0) − ν − μ

)
φ2 = φ1σ −

(
1
2
fφφ(x, φ0)φ0 + fφ(x, φ0)

)
φ2

1.

This is a linear, nonhomogeneous equation for φ2. Recalling (5.12), its solution can
be written in the form

φ2(x) =
∫ R

0

K(x, y) ·
[(φ′′1
φ0

+ fφ(y, φ0)φ1 − φ1
φ′′0
φ2

0

)
φ1

−
(

1
2
fφφ(y, φ0)φ0 + fφ(y, φ0)

)
φ2

1

]
dy.

(5.22)
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Here K(x, y) is a Green kernel and all terms inside the square brackets are evaluated
at the point y. Integrating by parts we obtain

φ2(x) =
∫ R

0

K(x, y) ·
[
φ′′1

φ1

φ0
− φ′′0

φ2
1

φ2
0

− 1
2
fφφ(y, φ0)φ0 φ

2
1

]
dy

= −
∫ R

0

(
Ky

φ1

φ0
+K

φ′1
φ0

−K
φ1φ

′
0

φ2
0

)
φ′1 dy

+
∫ R

0

(
Ky

φ2
1

φ2
0

+K
2φ1φ

′
1

φ2
0

− 2K
φ2

1φ
′
0

φ3
0

)
φ′0 dy

−
∫ R

0

1
2
K fφφ(y, φ0)φ0 φ

2
1 dy.

(5.23)

We now observe that φ0 is uniformly bounded and Lipschitz continuous, and bounded
away from zero. Similarly, the kernelK is uniformly bounded and Lipschitz continuous
w.r.t. both variables x, y. From (5.21) we thus derive an estimate of the form

‖φ2‖C0 ≤ C2

∫ R

0

[
(φ′1)

2 + φ2
1

]
dx(5.24)

for some constant C2.
3. Since the quadratic form Q in (5.14) by assumption is strictly positive definite,

by continuity we can assume that, for all ‖μ‖ ≤ 2δ�, the corresponding quadratic form
is also strictly positive definite, namely,

Qν+μ(v) .=
∫ R

0

(
1
φ0

(v′)2 − 3
φ′0
φ2

0

v′v +
(
2
(φ′0)

2

φ3
0

− fφ(x, φ0)
)
v2

)
dx

≥ ε0

∫ R

0

[
(v′)2 + v2

]
dx

(5.25)

for some constant ε0 > 0. Here φ0 is the solution of the first equation in (5.8). Of
course, as ν + μ→ 0, we have φ0 → ψ0.

Going back to the expression (5.10) for the second derivative, we obtain the
estimate

d2

ds2
J(μ+ sσ)

∣∣∣∣
s=0

=
∫ R

0

φ1 dσ +
∫ R

0

φ2 dμ

≤ −Qν+μ(φ1) +
∥∥φ2

∥∥
C0 ‖μ‖

≤
(
− ε0 + C2‖μ‖

) ∫ R

0

[
(φ′1)

2 + φ2
1

]
dx.

(5.26)

If ‖μ‖ < ε0/C2, then either φ1 ≡ 0 or the left-hand side in (5.26) is strictly negative.
We conclude that, at ε = ε̄, either the first derivative dJ(με)/dε vanishes or else the
second derivative is strictly negative. Since ε̄ ∈ [0, 1] was arbitrary, this shows that
there can be at most one optimal solution within the set of measures μ such that
‖ν + μ‖ ≤ δ�.

4. To prove the last statement, assume that ν = 0 and (5.16) holds. In this
case, we claim that any optimal solution μ satisfies ‖μ‖ ≤ δ�. Indeed, if ‖μ‖ > δ�,
observing that φ(x) ≤ hmax and c(x) ≥ c0 for all x ∈ [0, R], and using the convexity
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of the function Ψ, we compute

∫ R

0

φ(x)dμ − Ψ

(∫ R

0

c(x) dμ

)
≤ hmax‖μ‖ − Ψ

(
c0 ‖μ‖

)
≤ hmax‖μ‖ − Ψ

(
c0 δ

�
)
· ‖μ‖
δ�

< 0.

(5.27)

By (5.27) the measure μ achieves a negative payoff and is not optimal, being worse
than the zero measure, which achieves a null payoff.

6. Solutions to the differential game. The aim of this section is to establish
the existence of measure-valued, Nash equilibrium solutions to a differential game with
m players. Denoting by μi the intensity of fishing by the ith company, the density of
fish population will satisfy

φ′′ + f(x, φ)φ = φ ·
m∑
i=1

μi, φ′(0) = φ′(R) = 0.(6.1)

We always assume that the function f satisfies assumptions (A1). The goal of the ith
player is to maximize his payoff

Ji
.=
∫ R

0

φ(x) dμi dx− Ψ

(∫ R

0

ci(x) dμi(x)

)
(6.2)

among all nonnegative measures μi ∈ M+ on the closed interval [0, R], subject to the
constraint

‖μi‖ = μi
(
[0, R]

)
≤ δi.(6.3)

Notice that by (6.3) we impose an upper bound on the total amount of fishing activity
carried out by the ith company. In practice, this limitation is due to the finite number
of boats, fishermen, and working hours.

Definition 3. By a Nash equilibrium solution we mean an m-tuple of nonnega-
tive Radon measures μ = (μ1, . . . , μm) such that, for each i = 1, . . . ,m, the following
holds. Setting ν .=

∑
j �=i μj, the measure σ = μi provides a solution to the optimiza-

tion problem

maximize: Ji(σ) =
∫ R

0

φdσ − Ψi

(∫ R

0

ci(x) dσ

)
,(6.4)

subject to the bound (6.3) and with

φ′′(x) + f(x, φ)φ − φ · ν = φ · σ, φ′(0) = φ′(R) = 0.(6.5)

On the cost functionals Ji we make the following assumptions:
(A2)i The cost function ci : [0, R] �→ [c0, ∞] is lower semicontinuous and strictly

positive. Moreover, the function Ψi is convex and lower semicontinuous and
satisfies

Ψi(0) = 0, Ψ′i(0) = 1.(6.6)
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Theorem 3. Let assumptions (A1) hold, together with (A2)i, for every i =
1, . . . ,m. Moreover, assume that the solution ψ0 of (5.5) satisfies (5.15). Then there
exists δ > 0 such that if

m∑
i=1

δi ≤ δ,(6.7)

then the differential game (6.1)–(6.3) admits a Nash equilibrium solution.
Proof. 1. By the analysis in section 4, for a given measure ν, the optimization

problem (6.3)–(6.5) for the ith player has at least one solution. The presence of the
additional constraint (6.3) actually simplifies the proof, because the upper bound on
‖μi‖ is now explicitly assumed. If

‖μi‖ + ‖ν‖ = ‖μi‖ +
∑
j �=i

‖μj‖ ≤
m∑
j=1

δi

is sufficiently small, by Theorem 2 this optimal solution μi is unique. We can thus
write μi = Ti(ν), for a suitable transformation Ti in the space of positive Radon
measures.

2. Consider the compact set K consisting of m-tuples of nonnegative measures
μ = (μ1, . . . , μm) such that

‖μi‖ ≤ δi i = 1, . . . ,m.

Define the transformation T : K �→ K by setting

T (μ) =
(
T1(ν1), . . . , Tm(νm)

)
.

Here Ti(νi) is the measure providing the unique optimal solution to the problem
(6.3)–(6.5), with ν = νi

.=
∑

j �=i μj .
By the previous analysis, the map T is a well-defined transformation of K into

itself. We claim that T is continuous w.r.t. the weak convergence of measures. Indeed,
consider a sequence of m-tuples of Radon measures (μ1,n, . . . , μm,n)n≥1, and assume
the weak convergence μi,n ⇀ μi as n → ∞ for each i = 1, . . . ,m. Of course, this
implies the weak convergence

νi,n
.=
∑
j �=i

μj,n ⇀ νi
.=
∑
j �=i

μi.(6.8)

For each n ≥ 1, let σi,n = Ti(νi,n) be the unique measure that optimizes the cor-
responding problem (6.3)–(6.5), with ν = νi,n. Moreover, let σi be the measure
which provides the optimal solution of (6.3)–(6.5) when ν = νi. We claim that the
weak convergence σi,n ⇀ σi holds. By a compactness argument, by possibly taking
a subsequence we can assume that σi,n ⇀ σi,∞ for some Radon measure σi,∞ with
‖σi,∞‖ ≤ δi. To prove our claim, it suffices to show that σi,∞ provides an optimal
solution to the problem of (6.3)–(6.5) when ν = νi. Indeed, the uniqueness result
proved in section 5 will then imply σi = σi,∞.

By the Ascoli–Arzelà theorem, we can assume the convergence φn → φ∞ of the
corresponding solutions of (6.5), uniformly on [0, R]. Observe that φ∞ provides the
solution of (6.5), with ν = νi and σ = σi,∞. In particular,

lim
n→∞

∫ R

0

φn dσi,n =
∫ R

0

φ∞ dσi,∞.(6.9)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3136 ALBERTO BRESSAN AND WEN SHEN

Using the assumptions of lower semicontinuity, we obtain

Ψ

(∫ R

0

ci(x)dσi,∞

)
≤ lim inf

n→∞
Ψ

(∫ R

0

ci(x)dσi,n

)
.(6.10)

Now let φ̂n be the solution of (6.5) with ν = νi,n and σ = σi. Observe that
φ̂n → φ∞ uniformly on [0, R]. Moreover, when ν = νi,n the measure σi,n performs
better than σi. Therefore∫ R

0

φ∞ dσi,∞ − Ψ

(∫ R

0

ci(x)dσi,∞

)

≥ lim sup
n→∞

[∫ R

0

φn dσi,n − Ψ

(∫ R

0

ci(x)dσi,n

)]

≥ lim
n→∞

[∫ R

0

φ̂n dσi − Ψ

(∫ R

0

ci(x)dσi

)]

=
∫ R

0

φ∞ dσi − Ψ

(∫ R

0

ci(x)dσi

)
.

The above inequalities show that the strategy σi,∞ achieves a payoff at least as
good as σi. Hence it is optimal. By uniqueness, we conclude that σi,∞ = σi, as
claimed. This establishes the continuity of the transformation T , w.r.t. the topology
of weak convergence of measures.

3. We now observe that T is a continuous map from the compact, convex set
K into itself. By Schauder’s fixed point theorem, it admits at least one fixed point
μ∗ = (μ∗1, . . . , μ

∗
m). By definition, this provides the required Nash equilibrium solution

to the differential game.

7. Concluding remarks. In this paper, we observed that a natural formulation
of the optimal harvesting problem involves cost functionals with sublinear growth. As
a consequence, the optimal strategies can be measure-valued. We expect that this
optimal measure μ∗ will indeed be singular w.r.t. Lebesgue measure when the cost
function c = c(x) is discontinuous. Results in this direction should be obtained by
deriving necessary conditions for optimality.

Another issue that deserves further investigation is the range of validity of the
uniqueness result. Here we established uniqueness of optimal strategies within a
class of measures with small total mass. This result seems far from optimal. For
applications, it would be useful to also cover the case of large-size control measures μ∗.
From our analysis, uniqueness appears to be related to the smallness of the gradient
∇φ of the solution. This might yield other forms of the uniqueness result. It would
also be interesting to study the case of loss of uniqueness, looking for counterexamples
in the case where ∇φ has large oscillations.
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LINEAR QUADRATIC DIFFERENTIAL GAMES: CLOSED LOOP
SADDLE POINTS∗
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Abstract. The object of this paper is to revisit the results of Bernhard [J. Optim. Theory Appl.,
27 (1979), pp. 51–69] on two-person zero-sum linear quadratic differential games and generalize them
to utility functions without positivity assumptions on the matrices acting on the state variable and
to linear dynamics with bounded measurable data matrices. Our paper specializes to state feedback
via Lebesgue measurable affine closed loop strategies with possible non-L2-integrable singularities.
After sharpening the recent results of Delfour [SIAM J. Control Optim., 46 (2007), pp. 750–774]
on the characterization of the open loop lower and upper values of the game, it first deals with
L2-integrable closed loop strategies and then with the larger family of strategies that may have non-
L2-integrable singularities. A new conceptually meaningful and mathematically precise definition of
a closed loop saddle point is introduced to simultaneously handle state feedbacks of the L2 type and
smooth locally bounded ones, except at most in the neighborhood of finitely many instants of time.
A necessary and sufficient condition is that the free end problem be normalizable almost everywhere.
This relaxation of the classical notion allows singularities in the feedback law at an infinite number
of instants, including accumulation points that are not isolated. A complete classification of closed
loop saddle points is given in terms of the convexity/concavity properties of the utility function, and
connections are given with the open loop lower value, upper value, and value of the game.

Key words. linear quadratic differential game, two person, zero sum, saddle point, value of a
game, Riccati differential equation, open loop and closed loop strategies, integrable singularities
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1. Introduction. The object of this paper is to revisit the pioneering work
of Bernhard [2, 3] on two-person zero-sum linear quadratic differential games and
generalize it to utility functions without positivity assumptions on the matrices acting
on the state variable and to linear dynamics with bounded measurable data matrices.
Our paper specializes to state feedback via Lebesgue measurable affine closed loop
strategies with possible non-L2-integrable singularities. After sharpening the recent
results of Delfour [5] on the characterization of the open loop lower and upper values
of the game in section 2, it first deals with L2-integrable closed loop strategies and
then with the larger family of strategies that may have non-L2-integrable singularities.

In section 3 several equivalent necessary and sufficient conditions are given for the
existence of a closed loop saddle point with respect to L2-integrable affine closed loop
strategies, for instance, the normality of the problem; the existence of an H1(0, T )
solution to the associated matrix Riccati differential equation. It was shown in [5]
that the existence of a solution to the coupled state-adjoint state system is a necessary
condition for the existence of a finite open loop lower value, upper value, or value of
the game, and that the difference essentially depends on the convexity of the utility
function with respect to the control of the minimizing player and on its concavity
with respect to the control of the maximizing player. This condition is also necessary
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for the existence of a closed loop saddle point. It leads to a complete classification in
terms of the convexity/concavity properties of the utility function.

Section 4 deals with two delicate issues. The first is the very definition of a closed
loop saddle point in the presence of closed loop strategies with non-L2-integrable
singularities. As was pointed out in [2, p. 68 and Remark 5.1] such strategies may
lead to conflicting terms that simultaneously blow up in the utility function. Under the
positivity assumptions, one may possibly get around this problem by setting the utility
function equal to ±∞, but we do not have them here. So we had to introduce a new
conceptually meaningful and mathematically precise definition (cf. Definition 4.5). It
states that the original problem can be transformed via feedback in such a way that
the resulting problem has an open loop saddle point at (0, 0). The second related
issue is to specify the class of affine closed loop strategies (cf. Definition 4.3) in such a
way that we can simultaneously handle, in the same framework, L2-integrable closed
loop strategies and smooth locally bounded ones, except at most in the neighborhood
of finitely many instants of time as in [2].

It turns out that the classical definition of a closed loop saddle point (cf. Defi-
nition 3.2) can be an undeterminate or a degenerate one when either the open loop
lower or upper value of the game is not finite (cf. Theorems 4.4 and 4.5). For in-
stance, Berkovitz’s equivalence [1] (see our Lemma 3.2) may not apply, as shown in
Example 4.2. The proper point of view is that of Definition 4.1, which states that
the two closed loop strategies cannot be chosen independently. They must be linked
through the admissibility condition of Definition 4.3. This subtle difference funda-
mentally changes the nature of the problem and makes it different from the classical
theory of saddle points with respect to two independent sets. We show that the slight
relaxation of the definition of normalizability of the free end problem in the sense of [2,
Definition 3.2] from isolated instants to a set of instants of zero measure is a necessary
and sufficient condition for the existence of a closed loop saddle point. This relaxation
of the classical notion allows singularities in the feedback law at an infinite number of
instants, including accumulation points that are not isolated. This condition is also
used to make sense of solutions with singularities to the matrix Riccati differential
equation.

In section 4.7, we show that under the convexity-concavity condition, Defini-
tions 3.2 and 4.5 of closed loop saddle points coincide and that closed loop strategies
with non-L2-integrable singularities are useless. These singularities naturally occur
when either the open loop lower or upper value of the game is not finite. We com-
plete the classification of closed loop saddle points in section 4.8 along with conditions
expressed in terms of the convexity/concavity properties of the utility function. We
conclude in section 4.9 with an example of a nonnormalizable problem with finite
open loop lower value that can be achieved by state feedback via a solution of the
matrix Riccati differential equation.

2. Definitions, notation, and main results.

2.1. System, utility function, values of the game. Given a finite dimen-
sional Euclidean space Rd of dimension d ≥ 1, the norm and inner product will be
denoted by |x| and x ·y, respectively, and irrespective of the dimension d of the space.
Given T > 0, the norm and inner product in L2(0, T ;Rn) will be denoted ‖f‖ and
(f, g). The norm in the Sobolev space H1(0, T ;Rn) will be written ‖f‖H1 .

Consider the following two-player zero-sum game over the finite time interval
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[0, T ] characterized by the quadratic utility function

Cx0(u, v)
def= Fx(T ) · x(T ) +

∫ T

0

Q(t)x(t) · x(t) + |u(t)|2 − |v(t)|2 dt,(2.1)

where x is the solution of the linear differential system

x′(t) = A(t)x(t) +B1(t)u(t) +B2(t)v(t) a.e. in [0, T ], x(0) = x0,(2.2)

x0 ∈ Rn is the initial state at time t = 0, u ∈ L2(0, T ;Rm), m ≥ 1, is the strategy of
the first player, and v ∈ L2(0, T ;Rk), k ≥ 1, is the strategy of the second player. We
assume that F is an n × n-matrix and that A, B1, B2, and Q are matrix-functions
of appropriate orders that are measurable and bounded almost everywhere in [0, T ].
Moreover, Q(t) and F are symmetrical. It will be convenient to use the following
compact notation and drop the a.e. in [0, T ] wherever no confusion arises:

Cx0(u, v) = Fx(T ) · x(T ) +
∫ T

0

Qx · x+ |u|2 − |v|2 dt,(2.3)

x′ = Ax+B1u+B2v in [0, T ], x(0) = x0.(2.4)

The above assumptions on F , A, B1, B2, and Q will be used throughout this paper.
The transpose of a matrix M will be denoted M�, the inverse of its transpose M−�,
and R(t) will denote the matrix B1(t)B1(t)� −B2(t)B2(t)�.

Definition 2.1. Let x0 be an initial state in Rn at time t = 0.
(i) The game is said to achieve its open loop lower value (resp., upper value) if

v−(x0)
def= sup

v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v)(2.5)

(
resp., v+(x0)

def= inf
u∈L2(0,T ;Rm)

sup
v∈L2(0,T ;Rk)

Cx0(u, v)
)

(2.6)

is finite. By definition, v−(x0) ≤ v+(x0).
(ii) The game is said to achieve its open loop value if its open loop lower value

v−(x0) and upper value v+(x0) are achieved and v−(x0) = v+(x0). The open
loop value of the game will be denoted by v(x0).

(iii) A pair (ū, v̄) in L2(0, T ;Rm) × L2(0, T ;Rk) is an open loop saddle point of
Cx0(u, v) in L2(0, T ;Rm) × L2(0, T ;Rk) if for all u in L2(0, T ;Rm) and all
v in L2(0, T ;Rk),

Cx0(ū, v) ≤ Cx0(ū, v̄) ≤ Cx0(u, v̄).(2.7)

Definition 2.2. Associate with x0 ∈ Rn the sets

V (x0)
def=
{
v ∈ L2(0, T ;Rk) : inf

u∈L2(0,T ;Rm)
Cx0(u, v) > −∞

}
,(2.8)

U(x0)
def=

{
u ∈ L2(0, T ;Rm) : sup

v∈L2(0,T ;Rk)

Cx0(u, v) < +∞
}
.(2.9)
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2.2. Properties of the utility function. Recall from [5] that the utility func-
tion Cx0(u, v) is infinitely differentiable and that its Hessian of second order derivatives
is independent of (u, v). Indeed,1

1
2
dCx0(u, v; ū, v̄) = Fx(T ) · ȳ(T ) + (Qx, ȳ) + (u, ū) − (v, v̄),(2.10)

where x is the solution of (2.4) and ȳ is the solution of

ȳ′ = Aȳ +B1ū+B2v̄, ȳ(0) = 0.(2.11)

It is customary to introduce the adjoint system

p′ +A�p+Qx = 0, p(T ) = Fx(T )(2.12)

and rewrite expression (2.10) for the gradient in the form

1
2
dCx0(u, v; ū, v̄) = (B�1 p+ u, ū) + (B�2 p− v, v̄).(2.13)

Hence dCx0(û, v̂; ū, v̄) = 0 for all ū and v̄ if and only if the coupled system{
x̂′ = Ax̂−Rp̂, x̂(0) = x0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T )
(2.14)

has a solution (x̂, p̂) in H1(0, T ;Rn)2 with (û, v̂) = (−B�1 p̂, B�2 p̂).
As expected, the Hessian is independent of (u, v),

1
2
d2Cx0(u, v; ū, v̄; ũ, ṽ) = F ỹ(T ) · ȳ(T ) + (Qỹ, ȳ) + (ũ, ū) − (ṽ, v̄),(2.15)

where ȳ is the solution of (2.11) and ỹ is the solution of

ỹ′ = Aỹ +B1ũ+B2ṽ, ỹ(0) = 0.(2.16)

In particular, for all x0, u, v, ū, and v̄, d2Cx0(u, v; ū, v̄; ū, v̄) = 2C0(ū, v̄).

2.3. Games with finite open loop lower or upper values. We recall and
sharpen the results of [5, Thms. 2.2, 2.3, and 2.4] when the open loop lower or
upper value of the game is finite for a given initial state x0. In each case, the global
assumption of finiteness for all initial state x0 ∈ Rn yields the uniqueness of solution
(x, p) of the coupled system (2.14) (cf. [5, Thms. 2.6, 2.7, and 2.8]).

Theorem 2.1. The following conditions are equivalent.
(i) There exist û in L2(0, T ;Rm) and v̂ in L2(0, T ;Rk) such that

Cx0(û, v̂) = inf
u∈L2(0,T ;Rm)

Cx0(u, v̂) = sup
v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v).
(2.17)

(ii) The open loop lower value v−(x0) of the game is finite.

1Given a real function f defined on a Banach space B, the first directional semiderivative at
x in the direction v (when it exists) is defined as df(x; v) = limt↘0(f(x + tv) − f(x))/t. When
the map v �→ df(x; v) : B → R is linear and continuous, it defines the gradient ∇f(x) as an
element of the dual B∗ of B. The second order bidirectional derivative at x in the directions (v, w)
(when it exists) is defined as d2f(x; v, w) = limt↘0(df(x + tw; v) − df(x; v))/t. When the map
(v, w) �→ d2f(x; v, w) : B×B → R is bilinear and continuous, it defines the Hessian operator Hf(x)
as a continuous linear operator from B to B∗.
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(iii) There exists a solution in H1(0, T ;Rn)2 of the coupled system{
x′ = Ax−Rp, x(0) = x0,

p′ +A�p+Qx = 0, p(T ) = Fx(T ),
(2.18)

and the following identities are verified:

sup
v∈V (0)

inf
u∈L2(0,T ;Rm)

C0(u, v) = inf
u∈L2(0,T ;Rm)

C0(u, 0) = C0(0, 0).(2.19)

Under such conditions, the optimal controls and the open loop lower value are given
by the expressions

û = −B�1 p, v̂ = B�2 p, and Cx0(û, v̂) = p(0) · x0.(2.20)

Remark 2.1. The additional condition B�2 p ∈ V (x0) that appeared in [5, Thms.
2.2 and 2.6] is redundant. To see that, recall that the last identity (2.19) is equivalent
to the convexity of the mapping u �→ Cx0(u, v). By [5, Thm. 3.1] the convexity plus
a solution of the coupled system (2.18) yields that

inf
u∈L2(0,T ;Rm)

Cx0(u,B
�
2 p) = Cx0(−B�1 p,B�2 p) > −∞ ⇒ B�2 p ∈ V (x0).

Similarly, the additional condition −B�1 p ∈ U(x0) that appeared in [5, Thms. 2.3
and 2.7] is also redundant.

Theorem 2.2. The following conditions are equivalent.
(i) There exist û in L2(0, T ;Rm) and v̂ in L2(0, T ;Rk) such that

Cx0(û, v̂) = sup
v∈L2(0,T ;Rk)

Cx0(û, v) = inf
u∈L2(0,T ;Rm)

sup
v∈L2(0,T ;Rk)

Cx0(u, v).
(2.21)

(ii) The open loop upper value v+(x0) of the game is finite.
(iii) There exists a solution (x, p) ∈ H1(0, T ;Rn)2 of the coupled system (2.18),

and the following identities are verified:

inf
u∈U(0)

sup
v∈L2(0,T ;Rk)

C0(u, v) = sup
v∈L2(0,T ;Rk)

C0(0, v) = C0(0, 0).(2.22)

Under such conditions, the optimal controls and the open loop upper value are given
by expressions (2.20).

For the case when v−(x0) and v+(x0) are both finite, Zhang [9] proved that they
are equal. So by combining this with the previous theorems, we get the complete
picture.

Theorem 2.3. The following conditions are equivalent.
(i) There exist û in L2(0, T ;Rm) and v̂ in L2(0, T ;Rk) such that

Cx0(û, v̂) = inf
u∈L2(0,T ;Rm)

sup
v∈L2(0,T ;Rk)

Cx0(u, v)

= sup
v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v)
(2.23)

(that is, Cx0(u, v) has a saddle point).
(ii) The open loop value v(x0) of the game is finite.
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(iii) There exists a solution (x, p) ∈ H1(0, T ;Rn)2 of the coupled system (2.18),
and the following identities are verified:

inf
u∈L2(0,T ;Rm)

C0(u, 0) = C0(0, 0) = sup
v∈L2(0,T ;Rk)

C0(0, v).(2.24)

(iv) The lower and upper open loop values, v−(x0) and v+(x0), are finite.
Under such conditions, the optimal controls and the value are given by expressions (2.20)
and v(x0) = v−(x0) = v+(x0).

There are six possible cases according to the fact that v−(x0) and v+(x0) are
finite, −∞, or +∞. If either v−(x0) or v+(x0) is finite, there is a solution (x, p) ∈
H1(0, T ;Rn)2 of the coupled system (2.18), and we have the following three cases:

(a)

∣∣∣∣∣ v
−(x0) finite

v+(x0) finite

∣∣∣∣∣∣
inf
u
C0(u, 0) = C0(0, 0)

sup
v
C0(0, v) = C0(0, 0)

∣∣∣∣∣ u �→ C0(u, 0) convex
v �→ C0(0, v) concave

(b)

∣∣∣∣∣ v
−(x0) finite

v+(x0) = +∞

∣∣∣∣∣∣∣∣∣

inf
u
C0(u, 0) = C0(0, 0)

sup
v

inf
u
C0(u, v) = C0(0, 0)

sup
v
C0(0, v) > C0(0, 0)

∣∣∣∣∣∣∣
u �→ C0(u, 0) convex
v �→ inf

u
C0(u, v) concave

v �→ C0(0, v) not concave

(c)

∣∣∣∣∣ v
−(x0) = −∞
v+(x0) finite

∣∣∣∣∣∣∣∣∣

inf
u
C0(u, 0) < C0(0, 0)

inf
u

sup
v
C0(u, v) = C0(0, 0)

sup
v
C0(0, v) = C0(0, 0)

∣∣∣∣∣∣∣∣
u �→ C0(u, 0) not convex
u �→ sup

v
C0(u, v) convex

v �→ C0(0, v) concave

There are three more cases as follows that can occur even if the coupled system (2.18)
has a solution (x, p) ∈ H1(0, T ;Rn)2 and neither v−(x0) nor v+(x0) is finite:

(d)

∣∣∣∣∣ v
−(x0) = −∞
v+(x0) = +∞

∣∣∣∣∣∣
inf
u
C0(u, 0) < C0(0, 0)

sup
v
C0(0, v) > C0(0, 0)

∣∣∣∣∣u �→ C0(u, 0) not convex
v �→ C0(0, v) not concave

(e)

∣∣∣∣∣ v
−(x0) = +∞
v+(x0) = +∞

∣∣∣∣∣∣∣∣∣

inf
u
C0(u, 0) = C0(0, 0)

sup
v

inf
u
C0(u, v) > C0(0, 0)

sup
v
C0(0, v) > C0(0, 0)

∣∣∣∣∣∣∣
u �→ C0(u, 0) convex
v �→ inf

u
C0(u, v) not concave

v �→ C0(0, v) not concave

(f)

∣∣∣∣∣ v
−(x0) = −∞
v+(x0) = −∞

∣∣∣∣∣∣∣∣∣

inf
u

sup
v
C0(u, v) < C0(0, 0)

inf
u
C0(u, 0) < C0(0, 0)

sup
v
C0(0, v) = C0(0, 0)

∣∣∣∣∣∣∣∣
u �→ C0(u, 0) not convex
u �→ sup

v
C0(u, v) not convex

v �→ C0(0, v) concave

Case (d) can occur by combining a system of type (b) with a system of type (c) and
a utility function equal to the sum of the two utility functions. Case (e) occurs for
the following system and utility function:

x′(t) = tu(t) + t3v(t) in [0, 2], x(0) = x0,

Cx0(u, v) =
3
8
x(2) · x(2) +

∫ 2

0

|u(t)|2 − |v(t)|2 dt.
(2.25)

Finally, by duality, case (f) can also occur.
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3. L2-integrable closed loop strategies. We generalize classical results to
L2-integrable affine closed loop feedback strategies for general F and Q(t) under the
assumptions of section 2.1 on the matrix functions A, B1, B2, Q, and F . We also
give a classification of the possible cases in terms of the open loop properties of lower
value, upper value, and value of the game and the convexity/concavity of the utility
function.

3.1. Definitions and main results.
Definition 3.1 (L2-integrable affine closed loop strategies).

Φ def=

{
φ : [0, T ]× Rn → Rm

∣∣∣∣∣ such that x �→ φ(t, x) is affine and

t �→ φ(t, x) belongs to L2(0, T ;Rm)

}
.

Ψ def=

{
ψ : [0, T ]× Rn → Rk

∣∣∣∣∣ such that x �→ ψ(t, x) is affine and

t �→ ψ(t, x) belongs to L2(0, T ;Rk)

}
.

We say that φ or ψ is linear if φ(t, x) or ψ(t, x) is linear in x.
Remark 3.1. To each φ ∈ Φ (resp., ψ ∈ Ψ ) we can associate an L2(0, T ;Rm)-

vector function u and an m×n-matrix L2-function U such that φ(t, x) = u(t)+U(t)x
(resp., an L2(0, T ;Rk)-vector function v and a k× n-matrix L2-function V such that
ψ(t, x) = v(t) + V (t)x). The matrix functions U and V may have singularities,
but they are globally L2-integrable. As a result, the fundamental matrix associated
with the L2-matrix function A + B1U + B2V will be invertible everywhere in [0, T ].
Therefore for all φ ∈ Φ and ψ ∈ Ψ, the closed loop system

(3.1)
x′ = Ax+B1φ(x) +B2ψ(x), x(0) = x0,

x′ = (A+B1U +B2V )x+B1u+B2v, x(0) = x0

has a unique solution in H1(0, T ;Rn) for all x0 ∈ Rn. This means that all pairs
(φ, ψ) ∈ Φ×Ψ are admissible, and, a fortiori, all pairs of the form (φ, v) or (u, ψ) are
admissible for all u ∈ L2(0, T ;Rm) and v ∈ L2(0, T ;Rk).

Definition 3.2.

(i) Given x0 ∈ Rn, we say that (φ∗, ψ∗) ∈ Φ×Ψ is an L2-integrable closed loop
saddle point of Cx0(φ, ψ) in Φ × Ψ if for all φ ∈ Φ and ψ ∈ Ψ,

Cx0(φ
∗, ψ) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ, ψ
∗).(3.2)

(ii) We say that (φ∗, ψ∗) ∈ Φ × Ψ is an L2-integrable global closed loop saddle
point of Cx0(φ, ψ) in Φ × Ψ if for all x0 ∈ Rn and for all φ ∈ Φ and ψ ∈ Ψ
the inequalities (3.2) are verified.

By definition, Cx0(φ
∗, ψ∗) is finite. Thus the saddle point is “nondegenerate” in

the sense of [2]. The “global version” is better adapted to closed loop strategies. The
interest in a closed loop strategy associated with a single initial state is rather limited.

Given any two pairs (φ1, ψ1) and (φ2, ψ2) achieving an L2-integrable closed saddle
point, the mixed pairs (φ1, ψ2) and (φ2, ψ1) are admissible and also achieve an L2-
integrable closed loop saddle point. Hence the value of the closed loop saddle point
is unique (cf. [1]).

Lemma 3.1. Given x0 ∈ Rn, for all pairs (φ∗1, ψ
∗
1) ∈ Φ×Ψ and (φ∗2, ψ

∗
2) ∈ Φ×Ψ

verifying (3.2), Cx0(φ
∗
1, ψ

∗
1) = Cx0(φ

∗
2, ψ

∗
2).

We quote Berkovitz’s equivalence lemma [1].
Lemma 3.2. Given x0 ∈ Rn, the following statements are equivalent:
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(i) (φ∗, ψ∗) ∈ Φ × Ψ is an L2-integrable closed loop saddle point of Cx0(φ, ψ);
(ii) there exists a pair (φ∗, ψ∗) ∈ Φ × Ψ such that for all u ∈ L2(0, T ;Rm) and

all v ∈ L2(0, T ;Rk),

Cx0(φ
∗, v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(u, ψ
∗).(3.3)

Theorem 3.1. The following statements are equivalent.
(i) (φ∗, ψ∗) ∈ Φ × Ψ is an L2-integrable global closed loop saddle point of

Cx0(φ, ψ).
(ii) There exists (φ∗, ψ∗) ∈ Φ × Ψ such that for all x0 ∈ Rn, u ∈ L2(0, T ;Rm),

and v ∈ L2(0, T ;Rk),

Cx0(φ
∗, ψ∗ + v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ
∗ + u, ψ∗).(3.4)

(iii) For all x0 ∈ Rn there exist a unique solution (x̂, p̂) ∈ H1(0, T ;Rn)2 of{
x̂′ = Ax̂−Rp̂, x̂(0) = x0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T )
(3.5)

and L2-integrable matrices U∗ and V∗ of appropriate orders such that for all
x0 ∈ Rn,

û = −B�1 p̂ = U∗x̂, v̂ = B�2 p̂ = V∗x̂.(3.6)

(iv) (Invariant embedding). For all initial times s ∈ [0, T [ , there exists a unique
H1(s, T ) solution of the coupled matrix system{

X̂ ′s = AX̂s −RΛ̂s, X̂s(s) = I,

Λ̂′s +A�Λ̂s +QX̂s = 0, Λ̂s(T ) = FX̂s(T ).
(3.7)

By convention, set X̂T (T ) = I and Λ̂T (T ) = F .
(v) (Normality). detX(t) 
= 0 everywhere in [0, T ], where (X,Λ) is the H1(0, T )

solution of the matrix differential system{
X ′ = AX −RΛ, X(T ) = I,

Λ′ +A�Λ +QX = 0, Λ(T ) = F.
(3.8)

(vi) There exists a symmetrical solution P with elements in H1(0, T ) to the matrix
Riccati differential equation

P ′ + PA+A�P − PRP +Q = 0, P (T ) = F.(3.9)

In particular Cx0(φ∗, ψ∗) = P (0)x0 · x0, and the closed loop strategies are given by

φ∗(t, x) = −B�1 (t)P (t)x = U∗(t)x and ψ∗(t, x) = B�2 (t)P (t)x = V∗(t)x.(3.10)

Proof. (i) ⇒ (ii). Let x̂ be the trajectory corresponding to the pair (φ∗, ψ∗), and
denote by (û, v̂) = (φ∗(x), ψ∗(x)) the corresponding control pair. Let U∗(t) and V∗(t)
be the respective matrices and u∗(t) and v∗(t) be the respective vectors such that
φ∗(t, x) = U∗(t)x + u∗(t) and ψ∗(t, x) = V∗(t)x + v∗(t). Then

x̂′ = (A+B1U∗ +B2V∗)x̂ +B1u∗ +B2v∗, x̂(0) = x0.(3.11)
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For all u ∈ L2(0, T ;Rm) and v ∈ L2(0, T ;Rk), the pair (φ∗ + u, ψ∗ + v) ∈ Φ×Ψ and

Cx0(φ
∗, ψ∗ + v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ
∗ + u, ψ∗).(3.12)

(ii) ⇒ (iii). Introduce the notation cx0(u, v) for the utility function Cx0(φ∗ +
u, ψ∗ + v):

cx0(u, v)
def= Fx(T ) · x(T ) +

∫ T

0

Qx · x+ |U∗x+ u∗ + u|2 − |V∗x+ v∗ + v|2 dt,

and denote by x the solution of the corresponding state equation

x′ = (A+B1U∗ +B2V∗)x+B1(u∗ + u) +B2(v∗ + v), x(0) = x0.(3.13)

Then the closed loop saddle point inequalities (3.12) become open loop saddle point
inequalities for system (3.13) and the new quadratic utility function cx0(u, v) satisfies
the saddle point condition

∀u ∈ L2(0, T ;Rm) and v ∈ L2(0, T ;Rk), cx0(0, v) ≤ cx0(0, 0) ≤ cx0(u, 0),(3.14)

and the pair (0, 0) achieves that saddle point. By [5, Lemma 3.1] cx0(u, v) is convex-
concave and dcx0(0, 0;u, v) = 0 for all u and v. In particular, the coupled system

x̂′ = (A+B1U∗ +B2V∗)x̂ +B1u∗ +B2v∗, x̂(0) = x0,{
p̂′ + (A+B1U∗ +B2V∗)�p̂+Qx̂+ U�∗ (U∗x̂+ u∗) − V �∗ (V∗x̂+ v∗) = 0,
p̂(T ) = F x̂(T ),

0 = −B�1 p̂− (U∗x̂+ u∗) and 0 = B�2 p̂− (V∗x̂+ v∗)(3.15)

has a solution (x̂, p̂) in H1(0, T ;Rn)2. After substitution, it can be rewritten as

x̂′ = Ax̂−Rp̂, x̂(0) = x0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T ).
(3.16)

By assumption this is true for all x0 ∈ Rn. But, when system (3.16) has a solution
for all x0, its solution is unique (cf, [5, section 2.6, pp. 760–761]). As a result, for
x0 = 0, we have (x̂, p̂) = (0, 0), and from identities (3.15),

0 = −B�1 p̂− (U∗x̂+ u∗) and 0 = B�2 p̂− (V∗x̂+ v∗) ⇒ u∗ = 0 and v∗ = 0.

Hence the feedback controls are of the form û = U∗x̂ = −B�1 p̂ and v̂ = V∗x̂ = B�2 p̂.
(iii) ⇒ (iv). By assumption for all x0 ∈ Rn, the coupled system (3.16) has a

unique solution (x̂, p̂). By linearity of the solution of system (3.5) with respect to x0,
there exist H1(0, T )-matrices (X̂, Λ̂) solution of the matrix system

X̂ ′ = AX̂ −RΛ̂, X̂(0) = I,

Λ̂′ +A�Λ̂ +QX̂ = 0, Λ̂(T ) = FX̂(T ).
(3.17)

But the conditions U∗x̂ = −B�1 p̂ and V∗x̂ = B�2 p̂ for all x0 imply that U∗X̂ = −B�1 Λ̂
and V∗X̂ = B�2 Λ̂, and X̂ is also the unique solution of the equation

X̂ ′ = (A+B1U∗ +B2V∗)X̂, X̂(0) = I.(3.18)
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Since the elements of the matrix function A+B1U∗ +B2V∗ are L2-functions, the as-
sociated fundamental matrix solution Φ(t, s) is invertible, X̂(t)x0 = x̂(t) = Φ(t, 0)x0,
and, a fortiori, X̂(t) = Φ(t, 0) is invertible in [0, T ]. In particular, for all s ∈ [0, T [ ,
(X̂s(t), Λ̂s(t)) = (X̂(t)X̂(s)−1, Λ̂(t)X̂(s)−1) is a solution of system (3.7).

(iv) ⇒ (v). First, observe that X̂s(T ) is invertible for all s ∈ [0, T ]. For s < T ,
let h 
= 0 be such that X̂s(T )h = 0. The pair (xs(t), ps(t)) = (X̂s(t)h, Λ̂s(t)h) is a
solution of the system x′s = Axs−Rps, xs(s) = h, and p′s+A�ps+Qxs = 0, ps(T ) =
Fxs(T ), with (xs(T ), ps(T )) = (0, 0). Hence (xs, ps) = (0, 0) and h = xs(s) = 0,
a contradiction. For all 0 ≤ s ≤ t ≤ T , X̂s(T ) = X̂t(T )X̂s(t) and det X̂s(t) 
= 0.
Defining the matrix functions (X(t),Λ(t)) = (X̂0(t)X̂0(T )−1, Λ̂0(t)X̂0(T )−1), they
are a solution of the matrix differential system (3.7), and necessarily, detX(t) 
= 0
everywhere in [0, T ].

(v) ⇒ (vi). Since X(t) is invertible for all t ∈ [0, T ], then P (t) = Λ(t)X(t)−1

is a matrix of H1(0, T ) functions. Moreover, P is symmetrical since Λ�X is by
computing the derivative of Λ�X−X�Λ. Finally, P is a solution of the Riccati matrix
differential equation (3.9). By uniqueness of the solution (x, p) of (3.5), (x(t), p(t)) =
(X̂0(t)x0, Λ̂0(t)x0) = (X(t)X̂0(T )x0,Λ(t)X̂0(T )x0). Hence p(t) = P (t)x(t), û(t) =
−B�1 p(t) = −B�1 P (t)x(t), and v̂(t) = B�2 p(t) = B�2 P (t)x(t).

(vi) ⇒ (i). Let x ∈ H1(0, T ;Rn) be the solution of

x′ = Ax +B1u+B2v, x(0) = x0,(3.19)

and let P be an H1(0, T ) solution of the matrix Riccati differential equation (3.9).
By the classical argument of Bernhard [2], we get

Cx0(u, v) = P (0)x0 · x0 +
∫ T

0

∣∣u+B�1 Px
∣∣2 − ∣∣v −B�2 Px

∣∣2 dt.
Choose the closed loop linear strategies φ∗(t, x) = −B�1 (t)P (t)x and ψ∗(t, x) =
B�2 (t)P (t)x. Then for all v ∈ L2(0, T ;Rk) and all u ∈ L2(0, T ;Rm),

Cx0(φ
∗, ψ∗) = P (0)x0 · x0,

Cx0(u, ψ
∗) = P (0)x0 · x0 +

∫ T

0

∣∣u+B�1 Px
∣∣2 dt ≥ P (0)x0 · x0 = Cx0(φ

∗, ψ∗),

Cx0(φ
∗, v) = P (0)x0 · x0 −

∫ T

0

∣∣v −B�2 Px
∣∣2 dt ≤ P (0)x0 · x0 = Cx0(φ

∗, ψ∗).

By Lemma 3.2(ii), the linear pair (φ∗, ψ∗) is a global closed loop saddle point. Finally,
the pair of closed loop strategies φ∗(t, x) = −B�1 (t)P (t)x = U∗(t)x and ψ∗(t, x) =
B�2 (t)P (t)x = V∗(t)x yields the global closed loop saddle point P (0)x0 · x0.

3.2. Classification of L2-integrable closed loop saddle points. One of the
necessary conditions for the existence of a closed loop saddle point is the existence of a
solution to the coupled system in (x̂, p̂) that turns out to also be a necessary condition
for the finiteness of the open loop lower value, upper value, or value of the game. The
difference essentially depends on the convexity of the utility function with respect to
u and on its concavity with respect to v that yields to the following classification.

Theorem 3.2. Assume that (φ∗, ψ∗) ∈ Φ × Ψ is an L2-integrable closed loop
saddle point of Cx0(φ, ψ).

(a) v(x0) is finite if and only if Cx0(u, v) is convex in u and concave in v.
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(b) v−(x0) is finite and v+(x0) = +∞ if and only if Cx0(u, v) is convex in u and
not concave in v.

(c) v+(x0) is finite and v−(x0) = −∞ if and only if Cx0(u, v) is concave in v
and not convex in u.

(d) v−(x0) = −∞ and v+(x0) = +∞ if and only if Cx0(u, v) is not convex in u
and not concave in v.

(e) v−(x0) = v+(x0) = +∞ cannot occur.
(f) v−(x0) = v+(x0) = −∞ cannot occur.

In the first three cases, Cx0(φ∗, ψ∗) is equal to v(x0), v−(x0), and v+(x0), respec-
tively.

Remark 3.2. Case (d) can occur. An example can be constructed by using a
first system of type (b) and a second system of type (c) without interconnection, with
utility function equal to the sum of the two utility functions.

Remark 3.3. In Bernhard [2], the utility function was convex in u since F ≥ 0
and Q(t) ≥ 0. Only cases (a) and (b) can occur, and case (e) is a degenerate one.

We need the following lemma.
Lemma 3.3.

(i) For all v ∈ L2(0, T ;Rk),

inf
φ∈Φ

Cx0(φ, v) = inf
u∈L2(0,T ;Rm)

Cx0(u, v),(3.20)

sup
ψ∈Ψ

inf
φ∈Φ

Cx0(φ, ψ) ≥ sup
v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v).(3.21)

(ii) For all u ∈ L2(0, T ;Rm),

sup
ψ∈Ψ

Cx0(u, ψ) = sup
v∈L2(0,T ;Rk)

Cx0(u, v),(3.22)

inf
φ∈Φ

sup
ψ∈Ψ

Cx0(φ, ψ) ≤ inf
u∈L2(0,T ;Rm)

sup
v∈L2(0,T ;Rk)

Cx0(u, v).(3.23)

Proof of Lemma 3.3. We need only prove (i). Since L2(0, T ;Rm) ⊂ Φ,

inf
φ∈Φ

Cx0(φ, v) ≤ inf
u∈L2(0,T ;Rm)

Cx0(u, v).

Conversely, given the pair (φ, v), let x ∈ H1(0, T ;Rn) be the solution of the system

x′ = Ax +B1φ(x) +B2v, x(0) = x0,

and let u = φ(x) ∈ L2(0, T ;Rm). This implies that

Cx0(φ, v) = Cx0(u, v) ≥ inf
u∈L2(0,T ;Rm)

Cx0(u, v)

⇒ inf
φ∈Φ

Cx0(φ, v) ≥ inf
u∈L2(0,T ;Rm)

Cx0(u, v) ⇒ inf
φ∈Φ

Cx0(φ, v) = inf
u∈L2(0,T ;Rm)

Cx0(u, v).

The second inequality follows from the fact that L2(0, T ;Rk) ⊂ Ψ.
Proof of Theorem 3.2. From inequality (3.21), v−(x0) ≤ Cx0(φ∗, ψ∗) < +∞ and

case (e) cannot occur. Similarly, from inequality (3.23), v+(x0) ≥ Cx0(φ∗, ψ∗) > −∞
and case (f) cannot occur. Therefore we are left with the first four cases.
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(b) From the first part of the proof of Theorem 3.1, system (3.16) has a solution,
and identities (3.15) are verified:{

x̂′ = Ax̂−Rp̂, x̂(0) = x0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T ),
(3.24)

0 = −B�1 p̂− (U∗x̂+ u∗) and 0 = B�2 p̂− (V∗x̂+ v∗).(3.25)

Using the controls (û, v̂) = (U∗x̂ + u∗, V∗x̂ + v∗) = (−B�1 p̂, B�2 p̂), the above system
can be rewritten as{

x̂′ = Ax̂ −B1B
�
1 p̂+B2v̂, x̂(0) = x0, û = −B�1 p̂,

p̂′ + A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T ).

If Cx0(u, v) is convex in u, this implies that û is a minimizer of Cx0(u, v̂) over u (cf.,
for instance, [5, Thm 3.1]). Therefore

sup
v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v) ≥ inf
u∈L2(0,T ;Rm)

Cx0(u, v̂) = Cx0(û, v̂).

But, by construction of (û, v̂), Cx0(φ∗, ψ∗) = Cx0(û, v̂). Combining the above inequal-
ity with inequality (3.21) in Lemma 3.3, we get

v−(x0) = sup
v∈L2(0,T ;Rk)

inf
u∈L2(0,T ;Rm)

Cx0(u, v) = inf
u∈L2(0,T ;Rm)

Cx0(u, v̂) = Cx0(û, v̂)

and hence the finiteness of v−(x0). If, in addition, Cx0(u, v) was concave in v, then
by [5, Thms. 2.5 and 2.4] the value of the game, and hence v+(x0), would be finite,
and this contradicts our assumption. Conversely, if v−(x0) is finite, then the mapping
u �→ Cx0(u, v) is convex ([5, Thm. 2.2(iii), last part of identity (2.35) and Remark 2.2]).
If v+(x0) was also finite, then by [5, Thms. 2.5 and 2.4(iii)] Cx0(u, v) would be concave
in v in contradiction with our assumption.

The proof of (c) is dual to the proof of (b). The proof of (a) is similar to the
proof of (b) and (c). Case (d) is the complement of all the other cases, so it can only
occur when Cx0(u, v) is neither convex in u nor concave in v.

Remark 3.4. If the problem is normal and F ≥ 0 and Q(t) ≥ 0, then v−(x0) is
finite and v−(x0) ≥ 0 for all x0 ∈ Rn, and necessarily P (0)x0 ·x0 ≥ 0 for all x0 ∈ Rn.

4. Not necessarily L2-integrable affine closed loop strategies.

4.1. The curse of singularities. We now extend the definitions and results of
the previous section to Lebesgue measurable feedback matrices with singularities that
are not necessarily L2-integrable in any of its neighborhood. In order to accommodate
such strategies, we first enlarge the sets of strategies Φ and Ψ.

Definition 4.1. The class of affine closed loop strategies is defined as follows:

Φ̃ def=

⎧⎪⎨
⎪⎩φ : [0, T ]× Rn → Rm

∣∣∣∣∣∣∣
such that x �→ φ(t, x) is affine,
t �→ φ(t, x) is Lebesgue measurable, and

t �→ φ(t, 0) belongs to L2(0, T ;Rm)

⎫⎪⎬
⎪⎭ ,

Ψ̃ def=

⎧⎪⎨
⎪⎩ψ : [0, T ]× Rn → Rk

∣∣∣∣∣∣∣
such that x �→ ψ(t, x) is affine,
t �→ ψ(t, x) is Lebesgue measurable, and

t �→ ψ(t, 0) belongs to L2(0, T ;Rk)

⎫⎪⎬
⎪⎭ .
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We say that φ (resp., ψ) is a linear closed loop strategy if φ (resp., ψ) is linear in x.
To any (φ, ψ) ∈ Φ̃× Ψ̃ are associated measurable matrix functions U(t) and V (t)

and L2-vector functions u and v such that φ(t, x) = U(t)x+u(t) and ψ(t, x) = V (t)x+
v(t). At that level of generality, an admissibility condition on the pair (φ, ψ) ∈ Φ̃× Ψ̃
is required to make sense of a solution of the underlying differential equation. How
should the admissible affine closed loop strategies be chosen in order to preserve the
assumption of normalizability of [2] that makes sense of a non-H1(0, T )-solution P
to the matrix Riccati differential equation? It is clear that the choice of the space
of solutions of the matrix Riccati differential equation and the specification of the
families Φ and Ψ are closely related.

It has been known that the solution of the scalar Riccati differential equation can
exhibit singularities that are not movable branch points, at least when the coefficients
are smooth functions of t (cf. Ince [6, section 12.51, p. 293]). Another interesting
property is that “the general solution of the Riccati equation is expressible rationally
in terms of any three distinct particular solutions, and also that the anharmonic
ratio of any four solutions is constant. It also shows that the general solution is a
rational function of the constant of integration (cf. Ince [6, section 2.15, p. 23 and
section 12.51, p. 294]).”

This result was extended to the n × n (n ≥ 2) solution of the matrix Riccati
differential equation by Sorine and Winternitz [8], but with five particular solutions
in the general case and four in the symplectic case that corresponds to our assumptions
on the data matrices. They also give some thought to the space of solutions:2 “For
smooth coefficients A, B, C, and D in the MRE (6) the solution space consists of
meromorphic matrices: the matrix elements may have first-order poles, the positions
of which depends on the initial conditions. In other words, the MRE (6) has the
Painlevé property [6]: the solutions have no moving critical points, i.e., no branch
points or essential singularities, the positions of which depend on the initial conditions
(cf. [8, pp. 271–272]).”

4.2. Bernhard’s conditions [2] in the free end case. In the free end case
with F ≥ 0 and Q(t) ≥ 0, the necessary and sufficient condition of Bernhard [2,
Thm. 3.1] for the existence of a nondegenerate closed loop saddle point in the sense
of [2, Definition 2.3 and Remark 5.1] reduces to the following three properties:

(ii) X(t) is invertible except possibly at isolated points in [0, T ], where (X,Λ) is
the unique H1(0, T ) matrix solution of{

X ′ = AX −RΛ, X(T ) = I,

Λ′ +A�Λ +QX = 0, Λ(T ) = F ;
(4.1)

(iii) x0 ∈ ImX(0);
(iv) for all t ∈ [0, T ], P (t) ≥ 0,

where P is defined in terms of Λ and the pseudoinverse of X as follows:

P (t) = Λ(t)X(t)†, X(t)† def=

{[
X(t)�X(t)

]−1
X(t)� if X(t) 
= 0,

arbitrary if X(t) = 0,
(4.2)

and
[
X(t)�X(t)

]−1 is the inverse of X(t)�X(t) as a matrix from ImX(t)� onto itself.

2Sorine and Winternitz [8] consider solutions W of the general matrix Riccati differential equation
W ′ = A + WB + CW + WDW, W (T ) = W0.
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Condition (ii) defines the matrix function P (t) almost everywhere in [0, T ] and
gives meaning to a solution of the Riccati differential equation via the solution (Λ, X)
of system (4.1). The positivity of F and Q(t) makes the utility function Cx0(u, v)
convex in u and this leads to the positivity of P (t) (cf. Remark 3.4). Our objective
is to relax those positivity assumptions as in Theorem 3.1. Without them some of
the competitive terms in the utility function may simultaneously blow up, making
it difficult to set the utility function equal to ±∞ (cf. [2, p. 68 and Remark 5.1]).
Moreover, non-L2-integrable singularities in the closed loop strategies invalidate the
equivalence (ii) of Lemma 3.2 when either the open loop lower or upper value of the
game is not finite. So the very definition of a closed loop saddle point has to be
properly revisited, and the family of pairs of admissible strategies is no longer Φ×Ψ
but a subspace S of an enlarged product space Φ̃ × Ψ̃ containing Φ × Ψ.

4.3. Normalizability and its consequences. Given the matrices A, B1, B2,
Q, and F verifying the conditions of section 2.1, system (4.1) always has a unique
solution (X,Λ) with elements in H1(0, T ). Introduce the notation

Z
def= {s ∈ [0, T ] : detX(s) = 0} .(4.3)

By definition, T /∈ Z since X(T ) = I. We now extend the definition of [2] (property
(ii) in section 4.2) to a larger class of systems with bounded measurable coefficients.

Definition 4.2. The problem (2.1)–(2.2) is normalizable if detX(t) 
= 0 almost
everywhere in [0, T ], where (X,Λ) is the H1(0, T )-solution of the matrix differential
system (4.1).

Here Z is possibly infinite with accumulation points that are not isolated, as can
be seen from the following example.

Example 4.1. Consider an extension of the example from [2, Example 5.1, p. 67]:

x′(t) = B1(t)u(t) +B2(t) v(t) a.e. in [0, 2], x(0) = x0,(4.4)

Cx0(u, v) =
1
2
|x(2)|2 +

∫ 2

0

|u(t)|2 − |v(t)|2 dt,(4.5)

where

B1(t)
def=

⎧⎪⎨
⎪⎩

2 − t, 1 < t ≤ 2,

2
n
2 +1

(
1
2n

− t

)
,

1
2n+1

< t ≤ 1
2n
, n ≥ 0,

(4.6)

B2(t)
def=

⎧⎪⎨
⎪⎩
t, 1 < t ≤ 2,

2
n
2 +1

(
t− 1

2n+1

)
,

1
2n+1

< t ≤ 1
2n
, n ≥ 0.

(4.7)

It is readily seen that both B1 and B2 are measurable and bounded. Here A = 0,
F = 1/2, Q = 0, and R = B1B

∗
1 −B2B

∗
2 ,

R(t) =

⎧⎪⎨
⎪⎩

4(1 − t), 1 < t ≤ 2,(
3
2n

− 4t
)
,

1
2n+1

< t ≤ 1
2n
, n ≥ 0.

(4.8)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3152 MICHEL C. DELFOUR AND OLIVIER DELLO SBARBA

The solution of system (4.1) is given by the expressions

X(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 − t)2, 1 < t ≤ 2,(
t− 1

2n

)(
t− 1

2n+1

)
,

1
2n+1

< t ≤ 1
2n
, n ≥ 0,

0, t = 0,

Λ(t) =
1
2
.

(4.9)

Here Z = {1/2n : n ≥ 0} ∪ {0} has an infinite number of isolated points plus the
accumulation point 0 that is not isolated since 1/2n → 0.

Thus Definition 4.2 is a natural extension of the normalizability in the sense of
[2] to systems with bounded measurable coefficients.

Lemma 4.1. If problem (2.1)–(2.2) is normalizable in the sense of Bernhard [2],
then Z contains a finite number of instants in [0, T [ .

Proof. If the compact set Z has an infinite number of points, then there exists
a sequence of distinct points {tn} in Z and an accumulation point t0 ∈ Z, tn 
= t0,
such that tn → t0. But this is impossible since each point of Z is an isolated point in
[0, T ]: there is an open interval (a, b) such that t0 ∈ (a, b) and (a, b) ∩ [0, T ]\{t0} ⊂
[0, T ]\Z.

Remark 4.1. Since Z has zero measure we know that it does not contain non-
trivial intervals. One interesting issue that was raised by the referee is whether the
set Z is countable or not. It is countable in our example, but can it be uncountable
like the Cantor set? However, all the results of this paper are independent of that
open issue.

The normalizability property relies on the fact that the state equation can be
solved backward in finite dimension. In general, this would not be true for infinite
dimensional evolution systems. Yet, in finite dimension, normalizability turns out to
be equivalent to a weaker form of invariant embedding with respect to the initial time
that would be more natural in infinite dimension. Denote by Z ′ the set of all initial
times s ∈ [0, T [ such that the matrix differential system{

X̂ ′s = AX̂s −RΛ̂s, X̂s(s) = I,

Λ̂′s +A�Λ̂s +QX̂s = 0, Λ̂s(T ) = FX̂s(T )
(4.10)

has a solution (X̂s, Λ̂s) with elements in H1(s, T ).
Lemma 4.2.

(i) Z = Z ′.
(ii) For s ∈ [0, T [ \Z ′, the matrix differential system (4.10) has a unique solution

(X̂s, Λ̂s) with elements in H1(s, T ) for all t ∈ [s, T [ \Z ′, det X̂s(t) 
= 0, and
P (s) = Λ(s)X(s)−1 = Λ̂s(s).

By convention we set X̂T (T ) = I and Λ̂T (T ) = F .
Remark 4.2. From part (i) of Lemma 4.2, normalizabilty is equivalent to invari-

ant embedding with respect to almost all initial times. This equivalence should be
compared with (iv) in Theorem 3.1. It says that the decoupling operator P (s) can be
defined almost everywhere as Λ̂s(s) and that the invariant embedding with respect
to almost all initial times can still be done as in [5]. This property was observed for
the Riccati differential equation associated with Helmholtz equation3 of waveguides.

3The author would like to thank Jacques Henry (INRIA) for bringing this work to his attention.
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Due to a resonance phenomenon, the invariant embedding cannot be done at an at
most countable set of initial times. This material can be found in the Ph.D. thesis of
Champagne [4], where a sup-inf formulation is also introduced.

Proof. (i) For s ∈ [0, T [ \Z, it is easy to check that the pair of matrices (X̂s(t),
Λ̂s(t)) = (X(t)X(s)−1,Λ(t)X(s)−1) is an H1(s, T )-solution of system (4.10). Hence,
[0, T [ \Z ⊂ [0, T [ \Z ′ and Z ′ ⊂ Z. Conversely, for all s ∈ [0, T [ \Z ′, X̂s(T ) is invertible.
Indeed, if there exists h 
= 0 such that X̂s(T )h = 0, then the pair (x, p) = (X̂sh, Λ̂sh)
would be a solution of the system x′ = Ax − Rp, x(T ) = 0, p′ + A�p + Qx = 0,
p(T ) = Fx(T ) = 0. Hence (x, p) = (0, 0) and 0 = x(s) = X̂s(s)h = h 
= 0, a contradic-
tion. Define for s ∈ [0, T ]\Z ′ the new matrices (Xs(t),Λs(t)) = (X̂s(t)X̂s(T )−1, Λ̂s(t)
X̂s(T )−1). They are a solution of system (4.1) in [s, T ]. Hence Xs is the restriction
of X to [s, T ], X(t) = X̂s(t)X̂s(T )−1 on [s, T ], X(s) = X̂s(T )−1. Since X̂s(T ) is
invertible, X(s) is invertible, s ∈ [0, T [Z, [0, T [Z ′ ⊂ [0, T [Z, and Z ⊂ Z ′. Therefore
Z ′ = Z.

(ii) To prove that the solution of system (4.10) is unique for each s ∈ [0, T [ \Z ′,
consider an arbitrary solution (X̂s, Λ̂s). Define (Xs(t),Λs(t)) = (X̂s(t)X(s), Λ̂s(t)X(s)).
It is readily seen that they are a solution of the system{

X
′
s = AXs −RΛs, Xs(T ) = X̂s(T )X(s),

Λ
′
s +A�Λs +QXs = 0, Λs(T ) = FX̂s(T )X(s).

This matrix linear system with final conditions has the unique H1-solution Xs(t) =
X(t)X̂s(T )X(s) and Λs(t) = Λ(t)X̂s(T )X(s). But we have shown in part (i) that
X̂s(T ) is invertible and that X(s) = X̂s(T )−1. Therefore

(X̂s(t), Λ̂s(t)) = (X(t)X(s)−1,Λ(t)X(s)−1)

is unique, P (s) = Λ(s)X(s)−1 = Λ̂s(s), and X̂s(t) is invertible for all t ∈ [s, T ]\Z ′.
Starting with Definition 4.2 of normalizability, we now proceed in a constructive

way to identify the appropriate definition of a closed loop saddle point in the presence
of non-L2-integrable singularities in the closed loop strategies. The normalizability
property gives a precise meaning to the closed loop system and to a solution of the
matrix Riccati differential equation.

Lemma 4.3. Assume that the problem (2.1)–(2.2) is normalizable. Then
(i) P (s) = Λ(s)X(s)−1 is uniquely defined and symmetrical for all s ∈ [0, T ]\Z,

P verifies the matrix Riccati differential equation

P ′ + PA+A�P − PRP +Q = 0, P (T ) = F,

in [0, T ]\Z, and PX is the unique H1(0, T )-solution of the matrix equation

(PX)′ +A�(PX) +QX = 0, (PX)(T ) = F.

(ii) X is an H1(0, T ) solution of the closed loop matrix equation

X ′ = (A−RP )X, X(T ) = I,(4.11)

such that detX(t) 
= 0 in [0, T ]\Z, and −B�1 PX = −B�1 Λ and B�2 PX =
B�2 Λ belong to L2(0, T ).
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(iii) for all s ∈ [0, T ]\Z, X̂s is an H1(s, T )-solution of the closed loop matrix
differential equation

X̂ ′s = (A−RP )X̂s, X̂s(s) = I,(4.12)

such that det X̂s(t) 
= 0 in [s, T ]\Z, and PX̂s is the unique H1(s, T )-solution
of the matrix equation

(PX̂s)′ +A�(PX̂s) +QX̂s = 0, (PX̂s)(T ) = FX̂s(T ).

Proof. (i) It is easy to verify that the derivative of the matrix functionX�Λ−Λ�X
is null and that (X�Λ − Λ�X)(T ) = 0. Hence X�Λ = Λ�X and P = ΛX−1 =
(ΛX−1)� = X−�Λ� = P� almost everywhere in [0, T ]. The second part follows by
definition of P and the identity Λ = PX .

(ii) The second statement follows from the fact that, by definition of P , X ′ =
AX −RΛ = AX −RΛX−1X = (A−RP )X .

(iii) Equation (4.12) for X̂s follows from identity Λ̂s(t) = Λ̂t(t)X̂s(t) = P (t)
X̂s(t).

4.4. Admissible closed loop affine strategies. The closed loop strategies
(φ, ψ) ∈ Φ̃ × Ψ̃ of Definition 4.1 with possible non-L2-integrable singularities need to
be linked through an admissibility condition (φ, ψ) ∈ S to make sense of a solution
of the underlying differential equation. It fundamentally changes the nature of the
problem. This subtle difference prevents the use of the nice classical results of the
theory of saddle points with respect to two fixed independent sets Φ and Ψ. For
instance, two pairs (φ1, ψ1) ∈ S and (φ2, ψ2) ∈ S cannot be mixed: (φ1, ψ2) and
(φ2, ψ1) need not belong to S as shown in Example 4.2 for the pairs (φ∗, ψ∗) ∈ S and
(0, 0) ∈ S. In particular, property (ii) of Berkovitz’s equivalence, Lemma 3.2, is not
verified for u = 0 or v = 0.

Example 4.2. Consider the example from [2, Example 5.1, p. 67]:

x′(t) = (2 − t)u(t) + t v(t) a.e. in [0, 2], x(0) = x0,(4.13)

Cx0(u, v) =
1
2
|x(2)|2 +

∫ 2

0

|u(t)|2 − |v(t)|2 dt.(4.14)

Here A = 0, B1(t) = 2 − t, B2(t) = t, F = 1/2, Q = 0, and R = B1B
∗
1 − B2B

∗
2 =

4(1 − t). The Riccati equation reduces to

P ′ − 4(1 − t)P 2 = 0, P (2) =
1
2

⇒ P (t) =
1

2(t− 1)2
.

Its solution is positive and blows up at t = 1. The open loop lower value of the game
is v−(x0) = (x0)2/2 and the open loop upper value of the game is v+(x0) = +∞ for
all x0 ∈ R. The closed loop strategies have a singularity in t = 1:

φ∗(t, x) = − 2 − t

2(t− 1)2
x and ψ∗(t, x) =

t

2(t− 1)2
x.(4.15)

Yet the state x is an H1(0, 2)-function and the controls û and v̂ are L2-functions:

x(t) = x0(t− 1)2, û(t) = −(2 − t)
1
2
x0, and v̂(t) = t

1
2
x0.(4.16)
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Moreover, X(t) = (t− 1)2.
In general for the pair (φ∗, v), both the resulting L2-norms of the state x and the

control u = φ∗(x) will blow up even when v = 0:

x′(t) = − (2 − t)2

2(t− 1)2
x(t) + t v(t) in [0, 2], x(0) = x0,(4.17)

for v = 0, x(t) = e
1
2 [ 1

t−1−(t−1)]|t− 1|x0,(4.18)

where x(1−) = 0 and x(1+) = ∞. So the equivalent condition (ii) of Berkovitz’s
Lemma 3.2 is not verified.

Definition 4.3. We say that the pair (φ, ψ) ∈ Φ̃× Ψ̃ belongs to S or simply that
(φ, ψ) is an admissible pair if the associated matrix differential equation

X ′ = (A+B1U +B2V )X, X(T ) = I,(4.19)

has an H1(0, T )-solution such that detX(t) 
= 0 almost everywhere in [0, T ], UX and
V X are L2(0, T ) matrices, |X−1|u ∈ L2(0, T ;Rm), and |X−1|v ∈ L2(0, T ;Rk).

Remark 4.3. Since A, B1, and B2 are L∞-matrix functions, it implies that the
feedback matrix functions U and V will have properties similar to the ones of X ′X−1.
As a consequence, given an admissible pair (φ, ψ) ∈ S and y0 ∈ Rn, x(t) = X(t)y0 is
a solution in H1(0, T ;Rn) of the equation

(4.20) x′ = [A+B1U +B2V ]x, x(0) = X(0)y0,

(or x(T ) = y0) such that

u = Ux = UXy0 ∈ L2(0, T ;Rm) and v = V x = V Xy0 ∈ L2(0, T ;Rk).

However, this solution of system (4.20) is not unique. Indeed, if x is a solution of
system (4.20), ti ∈ Z, and xi in H1(0, T ;Rn) is given by

xi(t) =

{
0, 0 ≤ t < ti

X(t)zi, ti ≤ t ≤ T
∀zi ∈ kerX(ti),

then X(t)y0 + xi(t) is also a solution of system (4.20).
The admissibility condition amounts to a change in the state variable via the

associated transformation X(t).
Lemma 4.4. Assume that (φ, ψ) ∈ S, φ(t, x) = U(t)x + u0(t), and ψ(t, x) =

V (t)x + v0(t). Let X be a solution of system (4.19) such that detX(t) 
= 0 almost
everywhere in [0, T ].

(i) For all y0 ∈ Rn, u ∈ L2(0, T ;Rm) such that |X−1|u ∈ L2(0, T ;Rm), and
v ∈ L2(0, T ;Rk) such that |X−1|v ∈ L2(0, T ;Rk), the system

y′ = X−1(B1u+B2v), y(0) = y0,(4.21)

has a unique solution in H1(0, T ;Rn), x def= Xy is the unique solution in

H1
X(0, T ;Rn) def=

{
x ∈ H1(0, T ;Rn) :

∃y ∈ H1(0, T ;Rn)
such that x = Xy

}
(4.22)
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of the system

x′ = [A+B1U +B2V ]x+B1u+B2v, x(0) = X(0)y0,(4.23)

up to a function of the form X(t)z0 for some z0 ∈ kerX(0), and all the
solutions of (4.23) in H1

X(0, T ;Rn) are given by the expression

x(t) = X(t)
[
y0 + z0 +

∫ t

0

X−1(B1u+B2v) ds
]

∀z0 ∈ kerX(0).(4.24)

(ii) The subspaces U = {u ∈ L2(0, T ;Rm) : |X−1|u ∈ L2(0, T ;Rm)} and V =
{v ∈ L2(0, T ;Rk) : |X−1|v ∈ L2(0, T ;Rk)} are dense in L2(0, T ;Rm) and
L2(0, T ;Rk), respectively.

Proof. (i) By assumption on u and v, the right-hand side of (4.21) belongs to
L2(0, T ;Rn), and its unique solution y belongs to H1(0, T ;Rn). By direct computa-
tion of the derivative of x = Xy, it is easy to check that x is a solution of system (4.23).
Consider two solutions x1 and x2 of system (4.23). The difference z = x2 − x1 is a
solution in H1

X(0, T ;Rn) of

z′ = [A+B1U +B2V ]z, z(0) = 0.

Since z ∈ H1
X(0, T ;Rn), there exists y ∈ H1(0, T ;Rn) such that z = Xy. The

function y = X−1z is the solution in H1(0, T ) of

y′ = 0 in (0, T ), y(T ) = z(T ).

Therefore y(t) = z(T ) on [0, T ]. This implies that z(t) = X(t)z(T ) in [0, T ], 0 =
z(0) = X(0)z(T ), and z(T ) ∈ kerX(0). Therefore two solutions of system (4.23) can
differ only by X(t)z0 for some z0 ∈ kerX(0).

(ii) Define wn(t) = 1 if |X(t)| ≥ 1/n and 0 if |X(t)| < 1/n. For any u ∈
L2(0, T ;Rn), the sequence {un = uwn} ⊂ U converges to u in L2(0, T ;Rn) by the
Lebesgue dominated convergence theorem.

As for normalizability, Definition 4.3 is equivalent to the following definition.
Definition 4.4. We say that the pair (φ, ψ) ∈ Φ̃ × Ψ̃ belongs to S or simply

that (φ, ψ) is an admissible pair if, for almost all s ∈ [0, T [ , the matrix differential
equation

X ′s = (A+B1U +B2V )Xs, Xs(s) = I,(4.25)

has an H1(s, T )-solution, UXs and V Xs are L2(s, T ) matrices, |X−1
s |u ∈ L2(s, T ;Rm),

and |X−1
s |v ∈ L2(s, T ;Rk).

4.5. Necessary and sufficient conditions for normalizability.
Lemma 4.5. Assume that problem (2.1)–(2.2) is normalizable. Let (X,Λ) be the

solution of system (4.1), Z = {t ∈ [0, T ] : detX(t) = 0}, and let P be defined by
(4.2).

(i) X is a solution in H1(0, T ) of the matrix equation (4.11),

X ′ = (A−RP )X, X(T ) = I,

such that detX(t) 
= 0 in [0, T ]\Z,

U∗X = −B�1 PX = −B�1 Λ ∈ L2(0, T ;Rn)n,

V∗X = B�2 PX = B�2 Λ ∈ L2(0, T ;Rn)n
(4.26)
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for the matrices

U∗(t)
def= −B�1 (t)P (t) and V∗(t)

def= B�2 (t)P (t)(4.27)

and the pair (φ∗, ψ∗) ∈ S, where (φ∗(t, x), ψ∗(t, x)) = (U∗(t)x, V∗(t)x).
(ii) Given x0 ∈ ImX(0), u ∈ L2(0, T ;Rm) such that |X−1|u ∈ L2(0, T ;Rm), and

v ∈ L2(0, T ;Rk) such that |X−1|v ∈ L2(0, T ;Rk), the system

x′ = [A−RP ]x+B1u+B2v, x(0) = x0,(4.28)

has a solution x ∈ H1
X(0, T ;Rn) unique up to an element X(t)z0 for some

z0 ∈ kerX(0). Moreover, for any solution x ∈ H1
X(0, T ;Rn)n of (4.28),

Cx0(φ
∗(x) + u, ψ∗(x) + v) = Λ(0)y0 · x0 +

∫ T

0

|u|2 − |v|2 dt,(4.29)

Cx0(φ∗, ψ∗) = Λ(0)y0·x0 is independent of the choice of y0 such that X(0)y0 =
x0, and Cx0(φ∗(x)+u, ψ∗(x)+ v) is independent of the choice of the solution
x in H1

X(0, T ;Rn) to system (4.28).
(iii) For all x0 ∈ ImX(0), u ∈ L2(0, T ;Rm) such that |X−1|u ∈ L2(0, T ;Rm),

and v ∈ L2(0, T ;Rk) such that |X−1|v ∈ L2(0, T ;Rk),

Cx0(φ
∗, ψ∗ + v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ
∗ + u, ψ∗).(4.30)

Remark 4.4. In view of Lemma 4.4(ii), inequalities (4.30) are verified on dense
subsets of L2(0, T ;Rm) and L2(0, T ;Rk). They define an open loop saddle point in
(0, 0) ∈ U × V after a change of the state variable via the transformation X(t).

Proof. (i) This follows from Lemma 4.3(ii).
(ii) Let x be a solution of system (4.28) in H1

X(0, T ;Rn) and y0 be such that
X(0)y0 = x0. By Lemma 4.4(i), the solutions x of system (4.28) in H1

X(0, T ;Rn) are
given by (4.24),

x(t) = X(t)y(t), y(t) = y0 + z0 +
∫ t

0

X−1(B1u+B2v) ds ∀z0 ∈ kerX(0),

and, by definition of P (t), Px = Λy. Hence Px is an H1(0, T ;Rn)-function. Differ-
entiate the inner product Λy · x as follows:

d

dt
Λy · x = Λ′y · x+ Λy′ · x+ Λy · x′

= −[A�Λ +QX ]y · x+ ΛX−1(B1u+B2v) · x+ Λy · [(A−RP )x+B1u+B2v]

= −
[
Qx · x+ | −B�1 Px+ u|2 + |B�2 Px+ v|2

]
+ |u|2 − |v|2

and

Cx0(φ
∗ + u, ψ∗ + v) = Λ(0)(y0 + z0) · x0 +

∫ T

0

|u|2 − |v|2 dt

⇒ Cx0(φ
∗, ψ∗) = Λ(0)(y0 + z0) · x0.

But this last expression is dependent only on x0. Assume that there exist y1
0 and y2

0

such thatX(0)y1
0 = x0 = X(0)y2

0. Let z1
0 and z2

0 be the respective elements of kerX(0)
associated with y1

0 and y2
0. Then y2

0 + z2
0 − (y1

0 − z1
0) ∈ kerX(0). By the symmetry in
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Lemma 4.3, X�(0)Λ(0)(y2
0 + z2

0 − (y1
0 − z1

0)) = Λ(0)�X(0)(y2
0 + z2

0 − (y1
0 − z1

0)) = 0.
Hence

Λ(0)(y2
0 + z2

0) · x0 − Λ(0)(y1
0 + z1

0) · x0

= Λ(0)(y2
0 + z2

0 − (y1
0 − z1

0)) · x0 = X(0)�Λ(0)(y2
0 + z2

0 − (y1
0 − z1

0)) · y1
0 = 0.

The value of Cx0(φ∗, ψ∗) depends only on x0. Cx0(φ∗ + u, ψ∗ + v) depends only on
x0, u, and v and is independent of the choice of a solution x in H1

X(0, T ;Rn) to
system (4.28).

(iii) It is readily seen from part (ii) that

∀u ∈ U , ∀v ∈ V , Cx0(φ
∗, ψ∗ + v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ
∗ + u, ψ∗),

and (û, v̂) = (0, 0) is an open loop saddle point.
We are now ready to prove the following result that sheds light on the choice of

a definition of the closed loop saddle point in the presence of closed loop strategies
with non-L2-integrable singularities.

Theorem 4.1. The following statements are equivalent.
(i) Problem (2.1)–(2.2) is normalizable in the sense of Definition 4.2.
(ii) There exists a pair of closed loop strategies (φ∗, ψ∗) ∈ S that for all x0 ∈

ImX(0), all u ∈ L2(0, T ;Rm) such that |X−1|u ∈ L2(0, T ;Rm), and all
v ∈ L2(0, T ;Rk) such that |X−1|v ∈ L2(0, T ;Rk),

Cx0(φ
∗, ψ∗ + v) ≤ Cx0(φ

∗, ψ∗) ≤ Cx0(φ
∗ + u, ψ∗).(4.31)

(iii) There exists a pair of linear closed loop strategies (φ∗, ψ∗) ∈ S (that is,
ψ∗(t, x) = V∗(t)x and φ∗(t, x) = U∗(t)x) such that for all x0 ∈ ImX(0),
there exists a solution (x̂, p̂) ∈ H1

X(0, T ;Rn) ×H1(0, T ;Rn) of{
x̂′ = Ax̂−Rp̂, x̂(0) = x0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T ),
(4.32)

and

−B�1 p̂ = U∗x̂, B�2 p̂ = V∗x̂.(4.33)

For all x0 ∈ ImX(0) the feedback strategies associated with Cx0 are given by

φ∗(t, x) = −B�1 (t)P (t)x and ψ∗(t, x) = B�2 (t)P (t)x,(4.34)

where P is defined by (4.2), and the value of the closed loop saddle point by

Cx0(φ
∗, ψ∗) = Λ(0)y0 · x0(4.35)

for some y0 ∈ Rn such that x0 = X(0)y0, and this value is independent of the choice
of y0 such that x0 = X(0)y0.

Proof. (i) ⇒ (ii). This follows by Lemma 4.5.
(ii) ⇒ (iii). Denote by U∗ and V∗ and u∗ and v∗ the matrix and vector functions

associated with the pair (φ∗, ψ∗) ∈ S. By Definition 4.3 and Lemma 4.4, there exists
a solution X in H1

X(0, T ) to the matrix differential equation (4.19),

X ′ = (A+B1U∗ +B2V∗)X , X (T ) = I,(4.36)
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such that detX (t) 
= 0 almost everywhere in [0, T ], U∗X , and V∗X in L2(0, T );
u∗ ∈ L2(0, T ;Rm) such that |X −1|u∗ ∈ L2(0, T ;Rk), and v∗ ∈ L2(0, T ;Rm) such
that |X −1|v∗ ∈ L2(0, T ;Rk).

We know that for all x0 ∈ ImX (0), (û, v̂) = (0, 0) is an open loop saddle point of
Cx0(φ

∗(x)+u, ψ∗(x)+v), where x is a solution in H1
X

(0, T ;Rn) of the state equation

x′ = (A+B1U∗ +B2V∗)x+B1(u∗ + u) +B2(v∗ + v), x(0) = x0.

To get around the nonuniqueness of solution, we start from the other state equation,

y′ = X −1(B1(u∗ + u) +B2(v∗ + v)), y(0) = y0,

for all y0 ∈ Rn and u ∈ L2(0, T ;Rm) such that |X −1|u ∈ L2(0, T ;Rk), and v ∈
L2(0, T ;Rm) such that |X −1|v ∈ L2(0, T ;Rk). By construction, x(t) = X (t)y(t),
and we just substitute in the utility function to get it in terms of y rather than x:
cy0(u, v) = CX (0)y0

(φ∗(X y)+u, ψ∗(X y)+v). This will take care of all x0 ∈ ImX (0).
From the closed loop saddle point inequalities,

cy0(0, v) ≤ cy0(0, 0) ≤ cy0(u, 0)(4.37)

for all u ∈ L2(0, T ;Rm) such that |X −1|u ∈ L2(0, T ;Rm) and v ∈ L2(0, T ;Rk) such
that |X −1|v ∈ L2(0, T ;Rk), the pair (0, 0) achieves an open loop saddle point. By
[5, Lemma 3.1], cy0(u, v) is convex-concave and dcy0(0, 0;u, v) = 0 for all u and v. A
direct computation yields

1
2
dcy0(0, 0;u, v) =F ŷ(T ) · z(T ) +

∫ T

0

QX ŷ ·X z + (U∗X ŷ + u∗) · (U∗X z + u)

− (V∗X ŷ + v∗) · (V∗X z + v) dt,

ŷ′ = X −1(B1u∗ +B2v∗), ŷ(0) = y0, z′ = X −1(B1u+B2v), z(0) = 0.(4.38)

By introducing the solution π ∈ H1(0, T ;Rn) of the adjoint equation

π′ +X �QX ŷ +X �U�∗ (U∗X ŷ + u∗) −X �V �∗ (V∗X ŷ + v∗) = 0,
π(T ) = F ŷ(T ),

(4.39)

we get

0 =
1
2
dcy0(0, 0;u, v) =

∫ T

0

(B�1 X
−�π + U∗X ŷ + u∗) · u

+ (B�2 X
−�π − V∗X ŷ − v∗) · v dt.

By the density of U in L2(0, T ;Rm) and V in L2(0, T ;Rk) in Lemma 4.4(ii),

B�1 X
−�π + U∗X ŷ + u∗ = 0 and B�2 X

−�π − V∗X ŷ − v∗ = 0(4.40)

⇒ −B�1 X −�π ∈ L2(0, T ;Rm) and B�2 X
−�π ∈ L2(0, T ;Rk).

Using the above identities (4.40) to eliminate u∗ and v∗, we see that the pair
(ŷ, π) is a solution in H1(0, T ;Rn) ×H1(0, T ;Rn) of the linear system{

π′ +X �QX ŷ −X �(U�∗ B
�
1 + V �∗ B

�
2 )X −�π = 0, π(T ) = F ŷ(T ),

ŷ′ = X −1
[
−RX −�π − (B1U∗ +B2V∗)X ŷ

]
, ŷ(0) = y0.

(4.41)
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However, the solution of the equation for π is not unique as an element ofH1(0, T ;Rn).
Let p̂ ∈ H1(0, T ;Rn) be the solution of the equation

p̂′ +A�p̂+QX̄ŷ = 0, p̂(T ) = F ŷ(T ),(4.42)

and consider the H1(0, T ;Rn)-function X �p̂. A direct computation using equation
(4.36) for X shows that X �p̂ is also a solution of the first equation of (4.41). So we
can choose a solution π in the space

H1
X �(0, T ;Rn) def=

{
q ∈ H1(0, T ;Rn) :

∃r ∈ H1(0, T ;Rn)

such that q = X �r

}
.(4.43)

Moreover, by using π = X �p̂ and by introducing the variable x̂ def= X ŷ in H1
X

(0, T ;
Rn), we finally get that, for all y0 ∈ Rn, the pair (x̂, p̂) is a solution in H1

X
(0, T ;Rn)×

H1(0, T ;Rn) of the system{
x̂′ = Ax̂−Rp̂, x̂(0) = X(0)y0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = F x̂(T ),
(4.44)

and from identity (4.40),

B�1 p̂+ U∗x̂+ u∗ = 0, B�2 p̂− V∗x̂− v∗ = 0.(4.45)

By linearity of system (4.44), the pair (2x̂, 2p̂) is also a solution for the initial condition
2y0, and necessarily,

2(B�1 p̂+ U∗x̂) + u∗ = 0, 2(B�2 p̂− V∗x̂) − v∗ = 0.(4.46)

The last two sets of identities yield u∗ = 0, v∗ = 0, and

−B�1 p̂ = U∗x̂, B�2 p̂ = V∗x̂.(4.47)

From this we conclude that the strategies (φ∗, ψ∗) ∈ S are linear since ψ∗(t, x) =
V∗(t)x and φ∗(t, x) = U∗(t)x.

(iii) ⇒ (i). Let X be an H1(0, T )-solution of the matrix equation X ′ = (A +
B1U∗ + B2V∗)X , X (T ) = I. By substituting identities (4.33) into the first equa-
tion of (4.32), we get for all x0 ∈ ImX (0), x̂′ = (A + B1U∗ + B2V∗)x̂, x̂(0) = x0.
By Lemma 4.4(i), the solutions of this equation in H1

X
(0, T ;Rn) are X (t)y0 for all

y0 ∈ Rn such that x0 = X(0)y0 and, in particular, x̂(T ) = y0. As a consequence,
for all y0 ∈ Rn the coupled system

x̂′ = Ax̂−Rp̂, x̂(T ) = y0,

p̂′ +A�p̂+Qx̂ = 0, p̂(T ) = Fy0
(4.48)

has a solution (x̂, p̂) ∈ H1
X

(0, T ;Rn) ×H1(0, T ;Rn) such that x̂(t) = X (t)y0. But
the solution of system (4.48) with final conditions is unique. By linearity, there exists
a unique H1(0, T )-solution (X,Λ) to the matrix system

X ′ = AX −RΛ, X(T ) = I,

Λ′ + A�Λ +QX = 0, Λ(T ) = F,
(4.49)

such that x̂ = Xy0 and p̂ = Λy0. By uniqueness, for all y0 ∈ Rn, x̂(t) = X (t)y0.
Hence X(t) = X (t) and detX(t) 
= 0 for almost all t in [0, T ]. This shows that the
system is normalizable and completes the proof.
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4.6. Definition of a closed loop saddle point. In view of Theorem 4.1, we
adopt the following definition that says that the original problem can be changed via
feedback in such a way that the resulting problem has an open loop saddle point at
(0, 0). It will still be referred to as a closed loop saddle point, yet it is more a notion
of structural saddle point.

Definition 4.5.

(i) Given x0 ∈ Rn, (φ∗, ψ∗) ∈ S is a closed loop saddle point of Cx0 if there
exists a solution in H1

X(0, T ;Rn) to the state equation

x̂′ = (A+B1U∗ +B2V∗)x̂+B1u∗ +B2v∗, x̂(0) = x0,(4.50)

and for all solutions x̂ ∈ H1
X(0, T ;Rn) of (4.50), all u ∈ L2(0, T ;Rm)

such that |X−1|u ∈ L2(0, T ;Rm), all v ∈ L2(0, T ;Rk) such that |X−1|v ∈
L2(0, T ;Rk), and all solutions xu, xv ∈ H1

X(0, T ;Rn) of the state equations

x′u = (A+B1U∗ +B2V∗)xu +B1(u∗ + u) +B2v∗, xu(0) = x0,(4.51)
x′v = (A+B1U∗ +B2V∗)xv +B1u∗ +B2(v∗ + v), xv(0) = x0,(4.52)

the following inequalities are verified:

Cx0(φ
∗(xv), ψ∗(xv) + v) ≤ Cx0(φ

∗(x̂), ψ∗(x̂)) ≤ Cx0(φ
∗(xu) + u, ψ∗(xu)).

(4.53)

(ii) We say that (φ∗, ψ∗) ∈ S is an X(0)-global closed loop saddle point of Cx0

if for all x0 ∈ ImX(0) the inequalities (4.53) are verified.
Remark 4.5. By definition of H1

X(0, T ;Rn), there exists y ∈ H1(0, T ;Rn) such
that x̂ = Xy, x0 = x̂(0) = X(0)y(0), and the existence of a solution to the state
equation (4.50) implies that x0 ∈ ImX(0).

Remark 4.6. If (φ∗, ψ∗) ∈ Φ × Ψ is an L2-integrable global closed loop saddle
point in the sense of Definition 3.2(ii), it is an X(0)-global closed loop saddle point
by the equivalence of parts (i) and (ii) of Theorem 3.1.

4.7. Closed loop saddle points when v(x0) is finite. We first study closed
loop saddle points when v(x0) is finite.

Theorem 4.2. Given x0 ∈ Rn, the following statements are equivalent.
(i) Cx0 has a closed loop saddle point (φ∗, ψ∗) ∈ S, and Cx0(u, v) is convex in u

and concave in v.
(ii) Cx0 has a closed loop saddle point (φ∗, ψ∗) ∈ Φ × Ψ, and Cx0(u, v) is convex

in u and concave in v (case (a) of Theorem 3.2).
(iii) Cx0 has an open loop saddle point.
Proof. (i) ⇒ (iii). By Remark 4.5, x0 ∈ ImX(0): there exists y0 such that

x0 = X(0)y0. From part (ii) of the proof of Theorem 4.1, there exists a solution (x̂, p̂)
in H1(0, T ;Rn)2 to the coupled system (4.48) with x̂(0) = X(0)y0. Since Cx0(u, v) is
convex in u and concave in v, Cx0 has an open loop saddle point by [5, Thm. 2.4].

(iii) ⇒ (ii). Denote by (û, v̂) the pair achieving the open loop saddle point. By
[5, Thm. 2.4], Cx0(u, v) is convex in u and concave in v. By definition of Φ × Ψ,
(û, v̂) ∈ Φ × Ψ. By inequalities (3.20) and (3.21) in Lemma 3.3,

inf
φ∈Φ

Cx0(φ, v̂) = inf
u∈L2(0,T ;Rm)

Cx0(u, v̂) = Cx0(û, v̂),

sup
ψ∈Ψ

inf
φ∈Φ

Cx0(φ, ψ) ≥ v−(x0) ≥ inf
φ∈Φ

Cx0(φ, v̂) = Cx0(û, v̂).
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By inequalities (3.22) and (3.23) in Lemma 3.3,

sup
ψ∈Ψ

Cx0(û, ψ) = sup
v∈L2(0,T ;Rk)

Cx0(û, v) = Cx0(û, v̂),

inf
φ∈Φ

sup
ψ∈Ψ

Cx0(φ, ψ) ≤ v+(x0) ≤ sup
ψ∈Ψ

Cx0(û, ψ) = Cx0(û, v̂).

Hence, there exists (û, v̂) ∈ Φ × Ψ such that for all φ ∈ Φ and all ψ ∈ Ψ,

Cx0(û, ψ) ≤ Cx0(û, v̂) ≤ Cx0(φ, v̂).

By Lemma 3.2, (û, v̂) is a closed loop saddle point of Cx0 in Φ × Ψ.
(ii) ⇒ (i). By assumption, Cx0 is convex-concave. As in Remark 4.6, if (φ∗, ψ∗) ∈

Φ×Ψ is an L2-integrable closed loop saddle point in the sense of Definition 3.2(i), it
is a closed loop saddle point in the sense of Definition 4.5(i). Hence this proof follows
from the proof of (i) ⇒ (ii) of Theorem 3.1.

We also have a global version of the previous theorem (case (a)).
Theorem 4.3. The following statements are equivalent.
(i) Cx0 has an X(0)-global closed loop saddle point (φ∗, ψ∗) ∈ S, X(0) = Rn,

and Cx0(u, v) is convex in u and concave in v.
(ii) Cx0 has a global closed loop saddle point (φ∗, ψ∗) ∈ Φ × Ψ and Cx0(u, v) is

convex in u and concave in v.
(iii) For all x0 ∈ Rn, Cx0 has an open loop saddle point.
Proof. (i) ⇒ (iii). This follows from the equivalence of (i) and (iii) in Theorem 4.2.
(iii) ⇒ (ii). By [5, Thm. 2.4], Cx0(u, v) is convex in u and concave in v. By [5,

Thm. 2.9], there exists a unique symmetrical solution to the Riccati equation with
elements in H1(0, T ). By Theorem 3.1, Cx0 has a global closed loop saddle point
(φ∗, ψ∗) ∈ Φ × Ψ.

(ii) ⇒ (i). By Theorem 3.1(v), X(t) is invertible for all [0, T ], ImX(0) = Rn, and
the problem is normalizable. By Theorem 4.1, Cx0 has an X(0)-global closed loop
saddle point in S and X(0) = Rn.

4.8. Closed loop saddle points when either v−(x0) or v+(x0) is not
finite. From Theorem 4.2, when the value of the game v(x0) is finite, the closed
loop strategy in S can be trivially chosen as (φ∗(t, x), ψ∗(t, x)) = (û(t), v̂(t)); from
Theorem 4.3, when the value of the game v(x0) is finite for all x0 ∈ Rn, the global
closed loop strategy is equal to the L2-integrable closed loop strategy (φ∗, ψ∗) =
(−B�1 P x̂,B�2 P x̂) ∈ Φ × Ψ, where P is the H1(0, T ) solution of the Riccati differ-
ential equation. The conclusion is that closed loop strategies with non-L2-integrable
singularities will only occur when either v−(x0) or v+(x0) is not finite.

The new Definition 4.5 of a closed loop saddle point was introduced to accom-
modate closed loop strategies with non-L2-integrable singularities, but its relation to
the open loop values is not as straightforward as in the L2-integrable case of Theo-
rem 3.2. Yet, a complete classification is obtained for the six cases along the lines of
Theorem 3.2 in terms of the u-convexity and v-concavity of the utility function.

Theorem 4.4. Assume that Cx0 has a closed loop saddle point (φ∗, ψ∗) ∈ S.
Denote by (û, v̂) = (φ∗, ψ∗) the associated controls.

(i) (case (b)). v−(x0) finite and v+(x0) = +∞ if and only if Cx0(u, v) is convex
in u and not concave in v, and v �→ infv Cx0(u, v) is concave. In that case,

v−(x0) = inf
u∈L2(0,T ;Rn)

Cx0(u, v̂) = Cx0(û, v̂) = Cx0(φ
∗, ψ∗).(4.54)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LINEAR QUADRATIC GAMES: CLOSED LOOP SADDLE POINTS 3163

(ii) (case (e)). v−(x0) = v+(x0) = +∞ if and only if Cx0(u, v) is convex in u
and not concave in v, and v �→ infv Cx0(u, v) is not concave. In that case,

sup
ψ∈Ψ

inf
φ∈Φ

Cx0(φ, ψ) = inf
φ∈Φ

sup
ψ∈Ψ

Cx0(φ, ψ) = +∞.

Proof. From the proof of Theorem 4.1, there exists a solution (x̂, p̂) inH1(0, T ;Rn)2

to the coupled system (4.48) (x0 ∈ ImX(0)). Since Cx0(u, v) is convex in u, we have

v−(x0) ≥ inf
u∈L2(0,T ;Rm)

Cx0(u, v̂) = Cx0(û, v̂) > −∞

for the pair (û, v̂) = (−B�1 p̂, B�2 p̂). Moreover, since Cx0(u, v) is not concave in v, then
v+(x0) = +∞. As a result, only two cases can occur: v−(x0) finite and v+(x0) = +∞
or v−(x0) = v+(x0) = +∞. The property in (ii) follows from Lemma 3.3.

Remark 4.7. Contrarily to the L2-integrable closed loop saddle point, case (e)
can occur, as can be seen from the system and utility function (2.25).

Since the cases (c) and (f) are dual of cases (b) and (e), we have the dual result.
Theorem 4.5. Assume that Cx0 has a closed loop saddle point (φ∗, ψ∗) ∈ S.

Denote by (û, v̂) = (φ∗, ψ∗) the associated controls.
(i) (case (c)). v+(x0) finite and v−(x0) = −∞ if and only if Cx0(u, v) is concave

in v and not convex in u and u �→ supv Cx0(u, v) is convex. In that case

v+(x0) = sup
v∈L2(0,T ;Rk)

Cx0(û, v) = Cx0(û, v̂) = Cx0(φ
∗, ψ∗).(4.55)

(ii) (case (f)). v−(x0) = v+(x0) = −∞ if and only if Cx0(u, v) is concave in v
and not convex in u and u �→ supv Cx0(u, v) is not convex. In that case

sup
ψ∈Ψ

inf
φ∈Φ

Cx0(φ, ψ) = inf
φ∈Φ

sup
ψ∈Ψ

Cx0(φ, ψ) = −∞.

Remark 4.8. Part (ii) of Theorems 4.4 and 4.5 justifies the terminology “degener-
ate” for cases (e) and (f), since what would be the candidate for a closed loop saddle
point identity in Φ×Ψ is, respectively, equal to +∞ and −∞. This is to be compared
with [2, Definition 2.3 and Theorem 3.1]. If the problem is normalizable, then the
conclusions of Theorems 4.4 and 4.5 hold for all x0 ∈ ImX(0) (cf. Theorem 4.1).

Finally, by complementarity, we have the last case (d) of Theorem 3.2.
Theorem 4.6 (case (d)). Assume that Cx0 has a closed loop saddle point

(φ∗, ψ∗) ∈ S. Then v−(x0) = −∞ and v+(x0) = +∞ if and only if Cx0(u, v) is
not convex in u and not concave in v.

Remark 4.9. Case (d) can definitely occur, as all the other cases. Again, in the
work of Bernhard [2], the utility function was convex in u since F ≥ 0 and Q(t) ≥ 0.
Hence, only cases (a) and (b) could occur, and case (e) is still a degenerate one in the
sense of his definition.

4.9. An example of a problem that is not normalizable. We conclude
with an example where detX(t) = 0 on an interval of nonzero length. Yet there are
solutions to the matrix Riccati differential equation, and the open loop lower value of
the game is finite for all initial conditions. The associated strategies can be obtained
by feedback. So, the condition detX(t) 
= 0 almost everywhere in [0, T ] might not
be the most general one, and Definitions 4.3 and 4.5 might be further relaxed or
generalized.
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Example 4.3. Consider the dynamics and utility function in the time interval
[0, 3],

x′(t) = b1(t)u(t) + b2(t) v(t), a.e. in [0, 3], x(0) = x0,(4.56)

Cx0(u, v) =
1
2
|x(3)|2 +

∫ 3

0

|u(t)|2 − |v(t)|2 dt,(4.57)

where

b1(t) =

⎧⎪⎨
⎪⎩

2 − t, 0 ≤ t < 1,
0, 1 ≤ t < 2,
3 − t, 2 ≤ t ≤ 3,

b2(t) =

⎧⎪⎨
⎪⎩
t, 0 ≤ t < 1,
0, 1 ≤ t < 2,
t− 1, 2 ≤ t ≤ 3.

(4.58)

Here A = 0, B1(t) = b1(t), B2(t) = b2(t), F = 1/2, Q = 0, and

(4.59) R(t) = b1(t)2 − b2(t)2 =

⎧⎪⎨
⎪⎩

4(1 − t), 0 ≤ t < 1,
0, 1 ≤ t < 2,
4(2 − t), 2 ≤ t ≤ 3.

We show that v−(x0) = (x0)2/2 and v+(x0) = +∞. For the open loop lower value
of the game, the minimization with respect to u has a unique solution for all (x0, v)
since the utility function u �→ Cx0(u, v) is convex and bounded below by −‖v‖2

L2. The
minimizer is completely characterized by the coupled system⎧⎨

⎩
x′ = −b21 p+ b2 v a.e. in [0, 3], x(0) = x0, û = −b1 p,

p′ = 0 a.e. in [0, 3], p(3) =
1
2
x(3).

From this,

J−x0
(v) def= inf

u∈L2(0,2;R)
Cx0(u, v) = Cx0(û, v) =

1
4

[
x0 +

∫ 3

0

b2 v ds

]2
−
∫ 3

0

|v|2 dt.

It is readily seen that J−x0
is concave in v and that the supremum with respect to v of

J−x0
(v) exists. Indeed, from the first order condition, for all v,

1
2
dJ−x0

(v̂; v) =
1
4

[
x0 +

∫ 3

0

b2 v̂ ds

] ∫ 3

0

b2 v ds−
∫ 3

0

v̂ v(t) dt = 0,

there is a unique stationary point v̂(t) = b2(t)x0/2, the Hessian is negative,

1
2
d2J−x0

(v̂; v; v) =
1
4

[∫ 3

0

b2 v ds

]2
−
∫ 3

0

|v|2 dt ≤ −1
3

∫ 3

0

|v|2 dt,

and the open loop lower value of the game is v−(x0) = J−x0
(v̂) = (x0)2/2. Moreover,

û(t) =

⎧⎪⎨
⎪⎩
−(2 − t)1

2x0, 0 ≤ t < 1,
0, 1 ≤ t < 2,
−(3 − t)1

2x0, 2 ≤ t ≤ 3,
v̂(t) =

⎧⎪⎨
⎪⎩
t 12x0, 0 ≤ t < 1,
0, 1 ≤ t < 2,
(t− 1)1

2x0, 2 ≤ t ≤ 3.
(4.60)
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However, the open loop upper value of the game is v+(x0) = +∞ for all x0 ∈ R.
Indeed, pick the sequence of controls {vn}, n ≥ 1, vn(t) = 0 in [0, 2] and vn(t) = n in
[2, 3]. The corresponding sequence of states at time t = 3 is

xn(3) = x0 +
∫ 3

0

b1 u dt+ n

∫ 3

2

(t− 1) dt =
[
x0 +

∫ 3

0

b1 u dt

]
+

3
2
n.

Denote by X the square bracket that does not depend on n. Then

Cx0(u, vn) =
1
2

∣∣∣∣X +
3
2
n

∣∣∣∣2 +
∫ 3

0

|u|2 dt−
∫ 3

2

n2 dt

=
1
8
n2 +

3
2
nX +

X2

2
+
∫ 3

0

|u|2 dt → +∞ as n→ +∞.

Thus for all x0 ∈ R and u ∈ L2(0, T ;R),

sup
v∈L2(0,T ;R)

Cx0(u, v) = +∞ ⇒ v+(x0) = +∞.

Therefore, Cx0(u, v) has no open loop saddle point. For all x0, the coupled system

x̂′ = −Rp̂, x̂(0) = x0 and p̂ = 0, p̂ =
1
2
x̂(3), û = −b1p̂, and v̂ = b2p̂(4.61)

has a unique solution in H1(0, 3). The unique solution of system (4.1),{
X ′ = AX −RΛ, X(T ) = I,

Λ′ +A�Λ +QX = 0, Λ(T ) = F,
(4.62)

is given by

X(t) =

⎧⎪⎨
⎪⎩

(t− 1)2, 0 ≤ t < 1
0, 1 ≤ t < 2

(t− 2)2, 2 ≤ t ≤ 3

⎫⎪⎬
⎪⎭ ,

Λ(t) = 1/2,

Pc(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
2(t− 1)2

, 0 ≤ t < 1

c (arbitrary), 1 ≤ t < 2
1

2(t− 2)2
, 2 ≤ t ≤ 3

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.

(4.63)

The problem is not normalizable since X(t) = 0 in [1, 2]. Yet, the associated optimal
strategies are feedback strategies of the usual forms, û = −b1Pcx and v̂ = b2Pcx, and
the linear closed loop strategies are

φ∗(t, x) = Uc(t)x = −b1(t)Pc(t)x and ψ∗(t, x) = Vc(t)x = b2(t)Pc(t)x.

The function X is also a solution of (4.19) in Definition 4.3,

X ′ = (b1Uc + b2Vc)X, X(3) = I.

If we adopt the convention that a function u ∈ L2(0, 3) such that |X−1|u ∈
L2(0, 3) implies that u = 0 on Z = {t ∈ [0, 3] : X(t) = 0} = [1, 2] and adopt the same
for the function v, it can be shown that dcx0(0, 0, : u, v) = 0 for all u and v. However,
we have not been able to prove the convexity-concavity of cx0(u, v) to conclude that
the problem has a closed loop saddle point in the sense of Definitions 4.3 and 4.5.
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Another issue is the meaning of a solution to the Riccati equation P ′−RP 2 = 0,
with final value P (3) = 1/2 and a discontinuous function R. What is the effect of a
discontinuity in R(t)? For instance the following solutions are continuous in t = 1:

P (t) =

⎧⎪⎨
⎪⎩
c̄/(1 + 2c̄ (t− 1)2), 0 ≤ t < 1
c̄, 1 ≤ t < 2
1/(2(t− 2)2), 2 ≤ t ≤ 3

⎫⎪⎬
⎪⎭

for some arbitrary constant c̄ ∈ R. The singularity at t2 = 2 is independent of c̄. For
c̄ > −1/2 it is the only singularity. For c̄ ≤ −1/2, there is a second singularity at
t1 = 1−

√
1/(−2c̄) in the interval [0, 1). We also have the solutions Pc of (4.63) with

a singularity in t1 = 1. Therefore the solution of the Riccati equation is not unique.
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Abstract. We consider a class of Hamilton–Jacobi equations H(x, Du(x)) = 0 with no u-
dependence and with continuity properties consistent with recent applications in queueing theory.
Continuous viscosity solutions are considered in a compact polyhedral domain, with oblique derivative
(Neumann-type) boundary conditions. Comparison and uniqueness results are presented, which use
monotonicity of H(x, p) in the p variable for values of p in the appropriate sub- and superdifferential
sets of the solution u(x). Several examples illustrate the results.
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1. Introduction. The theory of viscosity solutions to first order partial dif-
ferential equations provides a satisfying approach to Hamilton–Jacobi equations for
many types of optimal control problems and differential games. Bardi and Capuzzo-
Dolcetta [4] give an extensive introduction to the basic theory and its application to
a variety of optimization problems. At the heart of the theory are the fundamental
comparison and uniqueness results, which identify the optimal value function as the
unique viscosity solution of the appropriate Hamilton–Jacobi equation. Those com-
parison and uniqueness results generally depend on some monotonicity property of the
Hamiltonian H . For instance, in the case of discounted infinite horizon problems, the
Hamilton–Jacobi equation includes a term λu (λ > 0 being the discount rate). This
provides monotonicity in u which is the key to the proof of the typical comparison
result, such as [4, Theorem II.3.1].

In this paper we consider problems of the form

H(x,Du(x)) = 0,

in which the Hamiltonian H(x, p) has no u-dependence. It is well known that without
some additional property, solutions may be nonunique. (See Example 6 in section 5,
for instance.) Ishii [18] provides an approach which assumes convexity of p �→ H(x, p)
and the existence of a special smooth subsolution ϕ. (See also [4, section II.5.3].) The
idea is to perturb a given subsolution by a (small) convex combination with ϕ to
obtain a “strict” subsolution. A basic comparison result (very like our Lemma 2) then
implies the desired inequality. An elementary example is the eikonal equation

H(x, p) = |p| − h(x),

where h is continuous and strictly positive on the spatial domain Ω. This category
of problems can also be treated using the transformation of Kruz̆kov. This can be
applied generally when there is a strictly positive lower bound for the running cost L
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of (19) below. See Bardi and Soravia [5] and the references in [18]. Our p-monotone
approach is also applicable to such problems; see Example 2 below.

Another approach is that of Camilli and Siconolfi [7]. They are interested in
equations of the form

H(x, p) − f(x) = 0

and seek to identify maximal subsolutions. (In some control problems this is the
standard characterization of the desired viscosity solution; see Soravia [21].) They
obtain a definitive characterization of maximal subsolutions in terms of a special
singular solution property. Their approach is rather technical, using convexity of the
sets {p : H(x, p)−f(x) ≤ 0} and a special topology in Ω associated with them. Among
their few simple hypotheses on the Hamiltonian is the assumption that t �→ H(x, tp) is
strictly increasing in t ∈ [0, 1] for all p. We note that this is essentially the p-monotone
property that we exploit below. We would comment that our results also provide a
simple sufficient condition for a viscosity solution to be the maximal subsolution,
namely that it be a p-monotone supersolution.

We are motivated by a growing body of work using control problems and dif-
ferential games for asymptotic analysis of queueing networks. These problems often
involve oblique-derivative boundary conditions on some part of ∂Ω. (Although only
Dirichlet conditions were considered in [18] and [7], presumably generalizations are
possible.) These examples typically do not have the convexity needed for either the
approach of [18] or [7]; see Examples 4 and 5 in section 5. However, the literature
does contain some uniqueness results for certain problems of this type. The germ of
our p-monotone argument can be found in the proof of Theorem 5 of Atar, Dupuis,
and Schwartz [2] (see their equation (37)). Although it is not a viscosity solution
result, the structured verification theorem of Day [12] uses a “positive storage condi-
tion” which is related to p-monotonicity (as we will see in Example 5). The essential
feature underlying these results is monotonicity of t �→ H(x, tp), not necessarily for
all p but just for those p = ζ ∈ D±u(x) that are not accounted for by the boundary
conditions. Our intent here is to develop comparison and uniqueness results based on
this property for problems with oblique-derivative boundary conditions, such as are
typical in queueing applications. This class of problems also motivates our regularity
hypotheses on H .

There are a few other comparison results in the literature which employ properties
of the p-dependence of H . For instance, the development in Crandall, Ishii, and Lions
[8] assumes that a special test function μ(x) exists for which λ �→ H(x, p+λDμ(x))−
H(x, p) satisfies a certain lower bound; see their (H2). We note that such a hypothesis
is entirely a property of the Hamiltonian and depends on the existence of μ(x). In
general our notion of a p-monotone solution depends on the specific solution u(x), not
solely on H .

In section 2 we pose the specific type of boundary value problem we will address,
using oblique-derivative conditions on the boundary of a compact polyhedral domain.
Section 3 presents a basic comparison result (Lemma 2) for sub- and supersolutions
to a pair of “strictly separated” equations. (That strict separation generally implies a
comparison result is well known; see Crandall, Ishii, and Lions [9].) The p-monotone
results are then developed in section 4. Our main result (Theorem 4) implies that
when a p-monotone solution exists it is the unique viscosity solution—the “complete
solution” in the terminology of [4]. We conclude by looking at several examples in
section 5.
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2. Preliminaries and hypotheses. We consider a domain Ω which is assumed
to be a compact convex polyhedron in R

n, defined by a finite collection of m linear
constraints,

(1) Ω = {x ∈ R
n : ni · x ≥ ci for each i = 1, . . . ,m}.

The ni are unit vectors (inward normals) and the ci are constants. For x ∈ ∂Ω (the
boundary of Ω) we define the set of active constraints as

I(x) = {i : ni · x = ci}

and take I(x) = ∅ for x ∈ Ω◦ (the interior of Ω). We consider a closed subset T ⊆ Ω on
which Dirichlet data will be prescribed. This could be part of the boundary, but that
it not necessary. Values for u are prescribed on T by a continuous function g : T → R,

(2) u(x) = g(x), x ∈ T .

It will be convenient to use the notation

Ωδ,T = {x ∈ Ω : dist(x, T ) > δ}

to refer to the part of Ω at least δ > 0 away from T . (We allow T = ∅, in which case
Ωδ,T = Ω.) On the rest of the boundary, ∂Ω\T , we want to require oblique-derivative
boundary conditions using a collection of vectors di, i = 1, . . . ,m,

(3) −di ·Du(x) = 0, i ∈ I(x).

In Ω \ T itself we consider a Hamilton–Jacobi equation,

(4) H(x,Du(x)) = 0.

If T = ∂Ω, we have a standard Dirichlet problem. If T = ∅ we have a typical Neumann-
type problem. In general the problem is a mixture of these two types.

2.1. Continuity hypothesis on the Hamiltonian. Appropriate continuity
hypotheses for the Hamiltonian H are important. The examples we have in mind use
a Hamiltonian of the form (19) below, with f = f(a, b) independent of state and
running cost L = h(x)+ �(a, b) with separate state and player components. This leads
to a Hamiltonian of separated form, H(x, p) = H0(p)−h(x). But all we really need are
continuity hypotheses consistent with that. We assume there existm : [0,∞) → [0,∞)
with m(0) = 0 and continuous at 0, and M : [0,∞)2 → [0,∞) with M(0, R) = 0 and
M(·, R) continuous at 0 for each R <∞, such that for all x, y ∈ Ω and p, q ∈ R

d with
|p|, |q| ≤ R, we have

(5) |H(x, p) −H(y, q)| ≤ m(|x− y|) +M(|p− q|, R).

2.2. Technical hypotheses on Ω and di. The oblique-derivative boundary
conditions (3) are closely associated with the Skorokhod problem for Ω; see Dupuis
and Ishii [14]. Control problems for systems including a Skorokhod problem in their
dynamics are common in queueing theory and lead to Hamilton–Jacobi equations with
boundary conditions (3); see Lions [19], Dupuis and Ishii [15], and Day [11]. Although
the Skorokhod problem does not appear in our results below, hypotheses from [14]
regarding Ω and the di of the boundary conditions are important ingredients for the
proof of Lemma 2. For that purpose we assume the following.
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• B-hypothesis [14, Assumption 2.1]. There exists a compact, convex B ⊆ R
n

with 0 ∈ B◦ and the following property: If z ∈ ∂B and |z · ni| < 1, then ν · di = 0 for
all unit outward normals to B at z. (ν is an outward normal to B at z if ν · (z−x) ≥ 0
for all x ∈ B.) For further discussion of this hypothesis and an illustrative figure, see
Dupuis and Ramanan [17].

• Coercivity hypothesis. For each x ∈ ∂Ω, and any ai ∈ R,

(6)

⎛
⎝∑
I(x)

aidi

⎞
⎠ ·

⎛
⎝∑
I(x)

aini

⎞
⎠ ≥ 0,

with equality only if ai = 0 for all i ∈ I(x). It is shown in Day [10] that this,
together with the B-hypothesis, implies [14, Assumption 3.1] concerning the existence
of a discrete projection map. Moreover, it implies that, for each x ∈ ∂Ω, the di,
i ∈ I(x), are linearly independent, which is needed for Lemma 1 below. We might
have assumed [14, Assumption 3.1] along with this linear independence property, but
(6) is a convenient sufficient condition for both and is easy to verify in examples, since
it reduces to checking positive definiteness of a small number of matrices.

These hypotheses provide the following technical result, which will be needed for
the proof of Lemma 2.

Lemma 1. Assume the B-hypothesis and the coercivity hypothesis.
(a) There exists a C1 function μ : Ω → [0, 1] with the property that di ·Dμ(x) < 0

whenever x ∈ ∂Ω and i ∈ I(x).
(b) There exists a C1 function ξ : R

n → [0,∞) with the properties that
(i) ξ1/2 is a norm on R

d, and
(ii) for any x ∈ R

n and i = 1, . . . ,m, x · ni ≥ 0 [≤ 0] implies di ·Dξ(x) ≥ 0
[≤ 0].

Proof. Part (a) is Lemma 3.2 of Dupuis and Ishii [15]. Their hypothesis (B.6)
follows from the independence of di, i ∈ I(x), pointed out above. The other hypotheses
are simple to check in our setting.

Part (b) follows from arguments given in Atar and Dupuis [1], which we outline.
(See their remark on page 1109.) First, it is shown that the property of B is equivalent
to an extended property, namely that if z ∈ ∂B and ν is an outward normal to B at
z, then

z · ni ≥ −1[≤ 1] implies di · ν ≥ 0[≤ 0].

(Although [1] only considers Ω = R
n
+, the extension argument based on Dupuis and

Ramanan [17] applies in general.) Next, given that the set B exists, it is argued that
B can be assumed symmetric with a smooth boundary, in the sense that the unit
outward normal ν(x) is uniquely determined and continuous as a function of x ∈ ∂B.
Such a B determines a (smooth) norm on R

n, defined by

‖x‖B = inf{r > 0 : x ∈ rB}.

B is the closed unit ball with respect to ‖ · ‖B. We define ξ(x) = ‖x‖2
B. It follows that

ξ is C1, and for a given x,

Dξ(x) = b‖x‖B ν,

where b = b(x) > 0 is a scalar function and ν the unit outward normal to B at
z = x/‖x‖B ∈ ∂B. Therefore if x · ni ≥ 0, then −1 < 0 ≤ z · ni, so that the extended
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property of B above implies di ·ν ≥ 0, which in turn implies di ·Dξ(x) ≥ 0. The other
case is proven analogously, or by appeal to symmetry.

As a consequence of (a), observe that there exists a constant μ0 > 0 such that

(7) μ0 < −di ·Dμ(x) for all x ∈ ∂Ω, i ∈ I(x).

2.3. Viscosity solutions. In the proof of Lemma 2 we will use the generaliza-
tion of (3) to

(8) C − di ·Du(x) = 0, i ∈ I(x),

where C is a constant. We want to state carefully what it means to be a viscosity
sub- or supersolution of (4) with boundary conditions (8) on Ω \ T . Note that the
definitions will not refer to (2) on T ; we prefer to express that separately by referring
to “subsolutions with u(x) ≤ g(x) on T ” as needed.

We will consider only continuous functions u : Ω → R as possible solutions.
For x ∈ Ω the superdifferential set D+u(x) consists of those ζ ∈ R

n which occur
as the value ζ = Dφ(x) for some C1 function φ : R

n → R with the property that
u(x)−φ(x) ≥ u(y)−φ(y) for all y ∈ Ω sufficiently close to x. For the correct viscosity-
sense understanding of (8) it is important to note that x is a local maximum of u−φ
only relative to Ω. For x ∈ ∂Ω this means that even if u is smooth, D+u(x) can
contain many ζ other that Du(x) itself. (See Lemma 7 in section 5.) Similarly, D−v(x)
consists of ζ arising as ζ = Dφ(x) for some C1 function φ(x) such that v − φ has a
local minimum at x relative to Ω. The function u(x) ∈ C(Ω) is called a subsolution of

(9) H(x,Du(x)) = 0 on Ω \ T with C − di ·Du(x) = 0 on ∂Ω \ T

provided the following hold for all ζ ∈ D+u(x):
(i) if x ∈ Ω◦ \ T , then H(x, ζ) ≤ 0;
(ii) if x ∈ ∂Ω \ T , then either H(x, ζ) ≤ 0 or C − di · ζ ≤ 0 for some i ∈ I(x).

In other words, at boundary points only one of the inequalitiesH(x, ζ) ≤ 0, C−di ·ζ ≤
0 (i ∈ I(x)) needs to hold. This is the, now standard, viscosity formulation of first
order equations with “Neumann-type” boundary conditions (see Barles and Lions
[6]), generalized to consider different boundary conditions C − di ·Du(x) = 0 on the
different planar faces of ∂Ω. We can express this subsolution definition succinctly by
writing

(10) H(x, ζ) ∧ min
i∈I(x)

(C − di · ζ) ≤ 0 for all x ∈ Ω \ T and ζ ∈ D+u(x)

and using the convention that mini∈I(x) = +∞ if I(x) = ∅. The definition of a
supersolution is obtained by reversing all the inequalities in (i) and (ii) and considering
ζ ∈ D−u(x) instead. We would replace (10) by H(x, ζ) ∨ maxi∈I(x)(C − di · ζ) ≥ 0.

3. A basic comparison result for strictly separated equations. The task
of this section is to establish a basic comparison result for oblique-derivative boundary
conditions (3) analogous to that of Ishii [18, Lemma 1] . The comparison argument of
Atar, Dupuis, and Schwartz [2] is close to ours and is the source of our approach to
handling the boundary conditions. The use of a norm such as ξ in the function Φε of
the proof below originated in Dupuis, Ishii, and Soner [16].

Lemma 2. Assume that g : T → R is continuous and that u, v ∈ C(Ω) with
u ≤ g ≤ v on T are such that
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(a) u is a subsolution of H(x,Du(x))+η+(x) = 0 on Ω\T , with −di ·Du(x) = 0
on ∂Ω \ T ; and

(b) v is a supersolution of H(x,Dv(x))−η−(x) = 0 on Ω\T , with −di·Du(x) = 0
on ∂Ω \ T ,
where η± : Ω → R have the property that for each δ > 0,

(11) inf
x∈Ωδ,T

η+(x) + inf
x∈Ωδ,T

η−(x) > 0.

Then u(x) ≤ v(x) for all x ∈ Ω.
We will say that the u and v of this lemma are viscosity sub- and supersolutions

to a strictly separated pair of equations. Note that because of (11) this notion of strict
separation depends on the choice of T . Also observe that we have made no regularity
assumption on the η±. The inequality (11) is all the proof needs. An alternate hy-
pothesis would be to assume that infΩδ,T [η+(x) + η−(x)] > 0 along with continuity
of (one of) the η±.

Proof. Let 0 < cε < 1 be a family of constants with cε → 0 as ε ↓ 0. Near the end
of the proof we will be more specific about how cε should be chosen, but that detail
is not needed yet. Given ε > 0, define

uε(x) = u(x) − cεμ(x), vε(x) = v(x) + cεμ(x),

where μ(x) is as in Lemma 1 above. It follows that ζε ∈ D+uε(x) iff ζ = ζε+cεDμ(x) ∈
D+u(x). Notice that

−di · ζ = −di · (ζε + cεDμ(x)) ≥ −di · ζε + cεμ0,

where μ0 is as in (7). Therefore, the subsolution hypothesis of (a) implies that for all
ζ ∈ D+u(x),

[H(x, ζε + cεDμ(x)) + η+(x)] ∧ min
i∈I(x)

(cεμ0 − di · ζε) ≤ 0.

In other words, uε is a subsolution of

(12)
H(x,Duε(x)+ cεDμ(x))+ η+(x) = 0 on Ω \ T with cεμ0 − di ·Duε(x) = 0 on ∂Ω \ T .

Similarly, vε is a supersolution of

(13)
H(x,Dvε(x)−cεDμ(x))−η−(x) = 0 on Ω\T with −cεμ0−di ·Duε(x) = 0 on ∂Ω\T .

Now suppose that supΩ(u(x) − v(x)) > 0. Then because μ(x) is bounded and
cε → 0, there is a positive constant ρ so that for all sufficiently small ε > 0,

(14) 0 < ρ < sup
Ω

[uε(x) − vε(x)].

We now give a version of the usual argument leading to a contradiction. Define

Φε(x, y) = uε(x) − vε(y) − ε−1ξ(x− y),

where ξ(·) is as in Lemma 1, and let (xε, yε) ∈ Ω×Ω be a maximizing pair for Φε. By
comparison to x = y, we have

(15) Φε(xε, yε) ≥ ρ.
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From Φε(xε, xε) ≤ Φε(xε, yε) it follows that

(16) ε−1ξ(xε − yε) ≤ vε(xε) − vε(yε).

Since v and μ are bounded, and 0 < cε < 1, it follows that vε is bounded (independent
of ε). We deduce that ξ(xε − yε) = O(ε). Since all norms on R

n are equivalent, we
have

(17) ‖xε − yε‖ = O(ε1/2).

Next, we claim that none of the limit points of xε (as ε ↓ 0) can be in T . Indeed,
if (along a sequence of ε ↓ 0) we had xε → z ∈ T , then by (17) yε → z as well. It
follows that

lim
ε

[uε(xε) − vε(yε)] ≤ g(z) − 0μ(z)− [g(z) + 0μ(z)] = 0.

Since v and μ are continuous, vε is equicontinuous with respect to ε. This, together
with (16), implies that ε−1ξ(xε − yε) → 0. Therefore Φε(xε, yε) → 0, contrary to
(15), and this proves our claim. The claim means that there exists δ > 0 so that
xε, yε ∈ Ωδ,T for all sufficiently small ε. By hypothesis (11), there exists η0 > 0 so that

η0 ≤ η+(xε) + η−(yε),

for all ε > 0 sufficiently small.
Now uε(x) −

[
vε(yε) + ε−1ξ(x− yε)

]
is maximized at x = xε. Therefore ζε

.=
ε−1Dξ(xε− yε) ∈ D+uε(xε). Since Dξ is continuous and Ω is compact, it follows that

ζε = O(ε−1).

If it were the case that xε ∈ ∂Ω, then by definition of Ω we would have ni ·(xε−yε) ≤ 0
for all i ∈ I(xε). By property (ii) of ξ in Lemma 1, it follows that di · ζε ≤ 0 for all
i ∈ I(xε). Therefore,

cεμ0 − di · ζε ≥ cεμ0 > 0.

Since we know xε /∈ T , (12) implies that

H(xε, ζε + cεDμ(xε)) + η+(xε) ≤ 0.

Arguing in the same way, from the fact that y = yε maximizes

vε(y) −
[
u(xε) − ε−1ξ(xε − y)

]
,

we are led to the conclusion that

H(yε, ζε − cεDμ(yε)) − η−(yε) ≥ 0.

Therefore,

0 < η0 ≤ η+(xε) + η−(yε) ≤ H(yε, ζε − cεDμ(yε)) −H(xε, ζε + cεDμ(xε)).

Now we know that for some constant K (independent of ε > 0), |ζε ± cεDμ| ≤ ε−1K.
Our continuity hypotheses on H(x, p) imply that the right-hand side of the above
expression is bounded above by

m(|xε − yε|) +M(2cε|μ|, ε−1K).

The first term converges to 0 because |xε − yε| → 0. We can choose cε ↓ 0 so that
the second term → 0 as well. For such choices we have a contradiction to the positive
lower bound η0. This contradiction implies that supΩ[u(x)−v(x)] ≤ 0, concluding the
proof.
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4. p-monotone uniqueness. We want to use monotonicity properties of H
in the p variable to produce the additional η±(x) terms needed for application of
Lemma 2. Intuitively, we want to use a property such as

H(x, sζ) < H(x, ζ) for 0 < s < 1 and H(x, ζ) < H(x, sζ) for 1 < s.

However, this is considerably stronger than needed for the proof. For the subsolution
case, 0 < s < 1, we don’t really need H(x, sζ) < H(x, ζ), only H(x, sζ) < 0, but
holding uniformly on compacts disjoint from T . We express this as

H(x, sζ) + ηs(x) ≤ 0

for some function ηs(x) which is uniformly positive on each Ωδ,T . Moreover, we only
need these properties for those ζ ∈ D+u(x) such that the inequality (10) is not
satisfied by virtue of the −di · ζ terms. This can be stated succinctly by saying that
u(x) is a subsolution of

H(x, sDu(x)) + ηs(x) = 0 on Ω \ T with − di ·Du(x) = 0 on ∂Ω \ T ,

which is what we need to invoke Lemma 2. The following definition is based on this
weakened monotonicity requirement.

Definition 3. A viscosity subsolution u(x) of

(18) H(x,Du(x)) = 0 on Ω \ T with − di ·Du(x) = 0 on ∂Ω \ T

is called p-monotone if, for some δ0 > 0 and each 1 − δ0 < s < 1, there exists
a function ηs : Ω → [0,∞) with infΩδ,T ηs > 0 for each δ > 0, so that u(x) is a
subsolution of

H(x, sDu(x)) + ηs(x) = 0 on Ω \ T with − di ·Du(x) = 0 on ∂Ω \ T .

A viscosity supersolution v(x) of (18) is called p-monotone if, for some δ0 > 0
and each 1 < s < 1 + δ0, there exists a function ηs : Ω → [0,∞) with infΩδ,T ηs > 0
for each δ > 0, so that v(x) is a supersolution of

H(x, sDv(x)) − ηs(x) = 0 on Ω \ T with − di ·Dv(x) = 0 on ∂Ω \ T .

A viscosity solution which is both a p-monotone subsolution and a p-monotone
supersolution is called a p-monotone solution.

We observe that p-monotonicity concerns sζ for s < 1 in the case of a subsolution,
but 1 < s for a supersolution. It is possible for a viscosity solution to have the p-
monotone property in the supersolution sense but not the subsolution sense. This
would be a viscosity solution and a p-monotone supersolution, but not a p-monotone
solution.

We are now ready for our main theorem. The basic idea is that if u(x) is a subso-
lution, then p-monotonicity will imply that su(x) + (s− 1)c is a “strict” subsolution.
(The constant term (s − 1)c is to insure that su(x) + (s − 1)c ≤ g in case g(x) < 0.
The fact that H has no u-dependence allows us to add such constants with impunity.)
We then appeal to Lemma 2 and let s ↑ 1.

Theorem 4. Suppose u is a p-monotone subsolution of (9) with u ≤ g on T , and
v is (any) supersolution with g ≤ v on T . Then u(x) ≤ v(x) for all x ∈ Ω. Likewise
if u is (any) subsolution and v is a p-monotone supersolution with u ≤ g ≤ v on T ,
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then u(x) ≤ v(x) for all x ∈ Ω. If (9) has a p-monotone solution v, then v is the
complete solution (i.e., it is the unique solution, the maximal subsolution, and the
minimal supersolution).

Corollary 5. A viscosity solution which is a p-monotone supersolution is the
maximal subsolution.

Proof. We focus on the p-monotone subsolution case. Let

−c = min
T

g(x).

On T we have u(x)+c ≤ g(x)+c. Since 0 ≤ g(x)+c, it follows that (for any 0 < s < 1)
s(u(x) + c) ≤ g(x) + c on T . This is equivalent to

us(x)
.= su(x) + (s− 1)c ≤ g(x), x ∈ T .

Now ζs ∈ D+us(x) iff ζs = sζ for some ζ ∈ D+u(x). If x ∈ ∂Ω \ T and −di · ζs > 0
for all i ∈ I(x), then −di · ζ > 0 for all i ∈ I(x), so by the p-monotone subsolution
property for u(x),

H(x, ζs) + ηs(x) = H(x, sζ) + ηs(x) ≤ 0.

The same inequality holds for x ∈ Ω◦. We conclude that us is a viscosity subsolution
of

H(x,Dus(x)) + ηs(x) = 0 on Ω \ T with − di ·Dus(x) = 0 on ∂Ω \ T .

We can now apply Lemma 2 to us and v, using η+(x) = ηs(x) for us and η−(x) ≡ 0
for v. The lemma implies that us(x) ≤ v(x) all x ∈ Ω as follows: for all 1−δ0 < s < 1,

su(x) + (s− 1)c ≤ v(x).

Letting s ↑ 1 implies u(x) ≤ v(x), as claimed. The supersolution case (using s ↓
1) is analogous. The rest of the assertions of the theorem and corollary are now
elementary.

In general the p-monotone property may depend on the specific solution, since
the definition only concerns ζ ∈ D±u(x). However, for some Hamiltonians all (sub-
or super-) solutions will be p-monotone. We consider in particular Hamiltonians
associated with a running cost L(x, a, b),

(19) H(x, p) = inf
b∈B

sup
a∈A

{−p · f(x, a, b) − L(x, a, b)} ,

still assuming the continuity hypotheses of section 2.1 above. The next lemma shows
that uniform positivity of the running cost provides a simple sufficient condition for all
solutions to have the p-monotone property. (The argument is embedded in the proof
of [2, Theorem 5].) When the lemma applies, Theorem 4 becomes a simple comparison
and uniqueness theorem for all viscosity solutions.

Lemma 6. Suppose that H(x, p) is given by (19), and that there exists a function
σ : Ω → [0,∞) with the property that 0 < infΩδ,T σ(x) for each δ > 0 and for which

σ(x) ≤ L(x, a, b)

for all a ∈ A, b ∈ B, x ∈ Ω. Then every subsolution and every supersolution of (9) is
p-monotone.
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Note that since σ(x) is allowed to vanish on T , the choice of T may affect the appli-
cability of the lemma.

Proof. Suppose that 0 < s < 1 and consider any ζ ∈ R
n. We have

−sζ · f(a, b) − L(x, a, b) = s [−ζ · f(a, b) − L(x, a, b)] − (1 − s)L(x, a, b)
≤ s [−ζ · f(a, b) − L(x, a, b)] − (1 − s)σ(x).

Taking infb∈B supa∈A yieldsH(x, sζ) ≤ sH(x, ζ)−(1−s)σ(x). Let ηs(x) = (1−s)σ(x).
We have

H(x, sζ) + ηs(x) ≤ sH(x, ζ),

holding for all ζ. It follows from this that any subsolution is a p-monotone subsolution.
The supersolution argument is analogous by using 1 < s, ηs(x) = (s − 1)σ(x),

with the appropriate inequalities reversed.

5. Examples. We now discuss several examples, most of which are taken from
existing literature, which illustrate the applicability and limitations of the above re-
sults. In all the examples, the Hamiltonian has the form H(x, p) = H0(p) − h(x),
for which the hypotheses (5) are easy to verify. We omit those details, as well as the
confirmations of the B-hypothesis and the coercivity hypothesis.

Numerous optimal control or differential game problems have been posed for
“fluid limits” of queueing networks. The most common domain for these examples is
the nonnegative orthant Ω = R

d
+. Being unbounded, this is outside the scope of our

results above. Our first example makes the point that our main result, Theorem 4,
can fail in unbounded domains.

Example 1. In Day [11] an example in two dimensions was considered for the
Hamiltonian

(20) H(x, p) =
1
2
‖p‖2 − 1

2
‖x‖2.

This arises as in (19) using

(21) L(x, a, b) =
1
2
‖x‖2 +

1
2
‖a‖2, f(x, a, b) = a,

with A = R
2. (B is irrelevant.) With T = {(0, 0)} and σ(x) = 1

2‖x‖2 we see that
Lemma 6 applies, and therefore all viscosity solutions are p-monotone. The equation,
however, was considered in the unbounded half-space Ω = {(x1, x2) ∈ R

2 : x1 ≤ 1},
using d = (−1, 0) (= −γ(x) in the notation of [11]) for the boundary condition on
∂Ω, and taking g(0, 0) = 0. If Theorem 4 were valid for unbounded domains, solutions
would be unique. However, in [11] it was shown that both v(x) = 1

2x
2
1 ± 1

2x
2
2 are

viscosity solutions.
The rest of our examples will use compact Ω as hypothesized. Examples 2–4

illustrate the applicability of Lemma 6.
Example 2. The “eikonal” equation

|Du(x)| − h(x) = 0, u(x) = g(x) on ∂Ω,

with h(x) > 0 on Ω was cited above in reference to the approach of Ishii [18]. We
simply observe that H(x, p) = |p| − h(x) is obtained from (19) using f(x, a, b) = a,
a ∈ A = {a : |a| ≤ 1}, and L(x, a, b) = h(x). (B is irrelevant.) Lemma 6 applies, so
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that all solutions are p-monotone, and Theorem 4 provides the usual comparison and
uniqueness results for this Hamiltonian on bounded domains, for any choice of T .

Example 3. The doctoral dissertation of Menendez [20] considers an example
using dynamics of the form

(22) f(x, a, b) = λ−Ga

in a bounded rectangle Ω in two dimensions. The running cost L(x, a, b) = 1
2 |x|2 +1.1

is strictly positive. The control set A is compact and there is no dependence on b. This
problem again falls within the scope of Lemma 6 (regardless of T ), so that Theorem 4
applies to all viscosity solutions. Although [20] does not employ viscosity solution
techniques, our results above show that they would be a viable alternative approach.

Example 4. A rather different problem is considered by Atar, Dupuis, and
Schwartz [2]. Here a differential game is studied which provides an asymptotic de-
scription of a risk-sensitive stochastic control problem. In the stochastic control prob-
lem, reaching the target set T (∂oG in their notation) is viewed as an event to be
avoided, so the control attempts to maximize the time until this occurs. This becomes
the maximizing player in the limiting game. The minimizing player emerges from the
asymptotic analysis as the limiting representation of the random fluctuations.

The problem fits our format in the case that all the arrival parameters λi are
positive. (If some λi = 0, then different boundary conditions are to be used on some
parts of ∂Ω\T .) We recast their problem in our notation. Ω (their G) is the rectangle
×d1[0, zi] in R

d. T consists of the portion of the boundary where xi = zi for one or more
coordinates. The di are the −ṽi (below) for the respective faces ∂iΩ = {x : xi = 0}.
The maximizing player chooses the control b = (u1, . . . , ud) in a compact polygon B.
The minimizing player chooses a vector of rate perturbation factors a = (αλi , α

μ
i : i =

1, . . . , d), with a ∈ A = [0,∞)2d. The state dynamics are

f(x, a, b) =
∑
i

λiα
λ
i ei +

∑
i

uiμiα
μ
i ṽi,

where ei are the standard unit vectors in R
d, and ṽi are the service event vectors,

ṽi = ei′ − ei, where i→ i′ indicates the routing sequence in the network. The running
cost is

L(x, a, b) = c+
∑
i

λi�(αλi ) +
∑
i

uiμi�(α
μ
i ),

where �(α) = α log(α) − α+ 1.

Here c > 0 is a positive constant, λi > 0, and μi ≥ 0, so L(x, a, b) ≥ c. Thus the
hypotheses of Lemma 6 are satisfied once again, so that Theorem 4 applies to all
viscosity solutions.

Our last two examples are beyond the scope of Lemma 6, and the details are more
involved. The following lemma will assist us in checking the boundary conditions for
(locally) smooth solutions.

Lemma 7. Assume the coercivity condition (6). Suppose x ∈ ∂Ω and u is contin-
uously differentiable in a neighborhood of x.

(a) ζ ∈ D+u(x) iff ζ = Du(x) +
∑

i∈I(x) βini for some choice of βi ≥ 0. Analo-
gously, ζ ∈ D−u(x) iff ζ = Du(x) −

∑
i∈I(x) βini for some βi ≥ 0.
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(b) If −di · Du(x) ≤ 0 for all i ∈ I(x), then the viscosity subsolution property
with boundary conditions holds as follows: for all ζ ∈ D+u(x),

H(x, ζ) ∧ min
i∈I(x)

(−di · ζ) ≤ 0.

Analogously, if −di ·Du(x) ≥ 0 for all i ∈ I(x), then for all ζ ∈ D−u(x),

H(x, ζ) ∨ max
i∈I(x)

(−di · ζ) ≥ 0.

Proof. The proof of (a) is the first paragraph of the proof of [12, Theorem 2.1].
For (b), suppose that −di ·Du(x) ≤ 0 for all i ∈ I(x) and consider any ζ ∈ D+u(x).
By (a) we know that ζ = Du(x)+

∑
I(x) βini with βi ≥ 0. We can assume some βi > 0

for some i ∈ I(x); else −di · ζ = −di ·Du(x) ≤ 0 follows directly. Observe that

∑
I(x)

βi di · ζ =

⎛
⎝∑
I(x)

βi di ·Du(x)

⎞
⎠ +

⎛
⎝∑
I(x)

βidi

⎞
⎠ ·

⎛
⎝∑
I(x)

βini

⎞
⎠ .

By hypothesis, the first term on the right side is nonnegative. The last term is positive
by the coercivity hypothesis and our assumption that βi > 0 for some i. Therefore
the left side is positive. This implies that di · ζ > 0 for some i ∈ I(x). Consequently,

H(x, ζ) ∧ min
i∈I(x)

(−di · ζ) ≤ 0,

regardless of the value of H(x, ζ). The supersolution case in (b) is argued
analogously.

Example 5. The recent papers [3], [13], and [12] of Day and others explore a
robust control approach to fluid queueing models, using state dynamics of the form

f(x, a, b) = b−Ga,

a compact control space A, and opposing quadratic costs for the state and “distur-
bance” b ∈ B = R

n as follows:

(23) L(x, a, b) =
1
2
‖x‖2 − 1

2
‖b‖2.

The resulting Hamiltonian is

H(x, p) = sup
a∈A

p ·Ga− 1
2
‖x‖2 − 1

2
‖p‖2

=
1
2

sup
a∈A

(
‖Ga‖2 − ‖p−Ga‖2 − ‖x‖2

)
.(24)

Since ‖Ga‖, a ∈ A is bounded, we see from the second form that H(x, p) ≥ 0 implies
a bound on ‖x‖. Thus these problems are reasonable to consider only in bounded
domains Ω. The examples in the literature consider a bounded polygon Ω consisting
of x ∈ R

d with xi ≥ 0 and η·x ≤ c for a particular vector η. In [3] and [13] the boundary
η · x = c is omitted from Ω and in its place an admissibility condition is imposed on
controls, which prohibits the state from approaching this missing boundary. (See the
“minimum performance criterion” and its discussion in section 2.4 of [13].) In [12]
all of ∂Ω is included, consistent with our formulation. Section 6 of [12] considers a
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specific example of the type considered here. We will need to take advantage of certain
explicit calculations, which would be cumbersome for that example. Instead, we will
consider a simple instance of the example(s) of [3, sections 1–3], modified to include
all of ∂Ω in accordance with our hypotheses here.

We let G be the 2×2 identity matrix. (In [3] this corresponds to si = γ = 1.) The
control set is A = {(a1, a2) : 0 ≤ ai, a1 + a2 = 1}. The Hamiltonian (24) simplifies
to

(25) H(x, p) = max(p1, p2) −
1
2
‖x‖2 − 1

2
‖p‖2.

We consider the planar domain

Ω = {x ∈ R
2
+ : x1 + x2 ≤ r}

for r < 1. If r = 1, then our Ω would be (the closure of) the domain considered in
[3]. With r < 1 the domain here is slightly smaller. This reduction of the domain is
important for the p-monotone property. We identify the faces and respective normal
vectors as follows:

∂1Ω = {x ∈ Ω : x1 = 0}, n1 = (1, 0),

∂2Ω = {x ∈ Ω : x1 = 0}, n2 = (0, 1),

∂3Ω = {x ∈ Ω : x1 + x2 = r}, n3 = (−1/
√

2,−1/
√

2).

We take di = ni for all the faces. The target set will be the origin, T = {(0, 0)}, with
g(0, 0) = 0.

The constructions of [3] produce a C1 solution to H(x,Du(x)) = 0. We will see
that this is a p-monotone solution, even though Lemma 6 does not apply. We will first
indicate briefly how the viscosity solution properties are verified, and then turn our
attention to p-monotonicity. The solution is symmetric about the diagonal x1 = x2.
We confine our discussion to the lower-right half of Ω: 0 ≤ x2 ≤ x1 ≤ r. The analysis
on the other half follows by symmetry.

In the subregion 0 ≤ x2 ≤ x1 ≤ r the solution is most conveniently described in
terms of the orthogonal basis,

μ = (1/2,−1/2), η = (1/2, 1/2).

(In the notation of [3, page 335], μ = μ1 = η{1} − η{1,2} and η = μ2 = η{1,2}.) The
gradient Du(x) is related to x in terms of parameters 0 ≤ t1 ≤ t2 ≤ π/2 by the
expressions

(26) x = sin(t1)μ+ sin(t2)η, Du(x) = [1 − cos(t1)]μ+ [1 − cos(t2)]η.

The parameters can be eliminated to obtain the explicit expressions for 0 ≤ x2 ≤
x1 ≤ r,

u(x) = x1 −
1
4

(√
1 − (x1 − x2)2(x1 − x2) + sin−1(x1 − x2)

+ (x1 + x2)
√

1 − (x1 + x2)2 + sin−1(x1 + x2)
)
,

∂u

∂x1
= 1 − 1

2

(√
1 − (x1 − x2)2 +

√
1 − (x1 + x2)2

)
,

∂u

∂x2
=

1
2

(√
1 − (x1 − x2)2 −

√
1 − (x1 + x2)2

)
.
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The parametric representation is more convenient for most purposes. For instance,
observe that for p = Du(x), max(p1, p2) = p1 is equivalent to p ·μ = 1

2 [1−cos(t1)] ≥ 0,
which does hold. Therefore,

(27) H(x, p) = p1 −
1
2
‖x‖2 − 1

2
‖p‖2 = p · (μ+ η) − 1

2
‖x‖2 − 1

2
‖p‖2.

It is now straightforward to evaluate this, using the orthogonality of μ and η to confirm
that H(x,Du(x)) = 0. The explicit formulae provide the easiest way to check that

(28) ∂u/∂xi ≥ 0 for both i,

because x2 ≤ x1, and

(29) ∂u/∂x2 = 0 when x2 = 0.

By Lemma 7(b), (29) implies that the viscosity boundary conditions are satisfied
on ∂2Ω. On ∂3Ω we have from (28) that −d3 ·Du(x) ≥ 0, so that the supersolution
boundary condition is satisfied there, as well as at the corner (r, 0).

The subsolution property on ∂3Ω and at the corner takes more careful examina-
tion. For these x we need to identify the ζ ∈ D+u(x), for which −di ·Du(x) > 0 for
all i ∈ I(x), and for these we need to check that H(x, ζ) ≤ 0 holds. Consider the
corner x = (r, 0) specifically. From the explicit formulas, Du(x) = (1 −

√
1 − r2, 0).

By Lemma 7, the ζ ∈ D+u(x) are

ζ = Du(x) + β2n2 + β3n3, βi ≥ 0.

One finds that the ζ with βi ≥ 0 and −di · ζ > 0 comprise the triangle in the ζ-plane
with vertices (0, 0), Du(x) = [1−

√
1 − r2](1, 0), and [1−

√
1 − r2](1

2 ,−
1
2 ). For future

reference, notice that all such ζ satisfy

(30) ‖ζ‖ ≤ ‖Du(x)‖.

What we need at the moment is that ζ1 ≤ 0 ≤ ζ2, so that just as in (27),

H(x, ζ) = ζ · (μ+ η) − 1
2
‖x‖2 − 1

2
‖ζ‖2.

For the particular ζ identified above, this works out to be

H(x, ζ) =
1
2

(
−β2

2 +
√

2β3β2 − β3

(
β3 +

√
2
√

1 − r2
))

,

from which one may verify that H(x, ζ) ≤ 0 for all βi ≥ 0. This confirms the viscosity
subsolution property at the corner.

For x ∈ ∂3Ω with x2 ≤ x1 < r the calculations are similar but simpler. The
ζ ∈ D+u(x) with −d3 · ζ > 0 are ζ = Du(x) + β3n3 with

(31) 0 ≤
√

2β3 < 1 − cos(t2).

Since n3 = −
√

2η, we have

ζ = [1 − cos(t1)]μ+
[
1 − cos(t2) −

√
2β3

]
η.(32)
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Notice that (32) implies that (30) again holds. Since μ · ζ = μ · Du(x) ≥ 0, we can
again work out that

H(x, ζ) = ζ · (μ+ η) − 1
2
‖x‖2 − 1

2
‖ζ‖2

=
−1
2
β3

[√
2 cos(t1) + β3

]
≤ 0 since β3 ≥ 0.

This completes the verification that u(x) is a viscosity solution to our problem.
We now consider p-monotonicity. Note that due to the −‖b‖2 term, there is no

finite lower bound for the L of (23). Thus Lemma 6 does not apply. Even so, we
will see that u(x) is a p-monotone solution. Observe that for any s > 0, we have
max(sζ1, sζ2) = smax(ζ1, ζ2). As a consequence we have the following identity:

(33) H(x, sζ) = sH(x, ζ) + (s− 1)
[
1
2
‖x‖2 − s

2
‖ζ‖2

]
.

Consider the supersolution p-monotonicity property first. As observed above, −di ·
Du(x) ≥ 0 on all boundary faces, so that only the interior points are involved in the
p-monotonicity supersolution property. Since H(x,Du(x)) = 0, we see from (33) that
p-monotonicity requires that

(34) 0 <
1
2
‖x‖2 − s

2
‖Du(x)‖2

for x �= 0 and s ≈ 1. For s = 1 this is the positive storage condition (see [3, (2.25)] and
[12, (33)]), which was important for the verification results obtained in those papers.
Here we are interested in 1 < s. The parametric representation of Du(x) allows us to
check (34) directly as follows:

1
2
‖x‖2 − s

2
‖Du(x)‖2 =

1
4
[sin(t1)2 − s(1 − cos(t1))2] +

1
4
[sin(t2)2 − s(1 − cos(t2))2].

Now 0 ≤ tt ≤ t2 and 1
2 sin(t2) = η · x ≤ r

2 . Thus ti ≤ sin−1(r) < π
2 , since r < 1. It is

elementary to check that there exists δ0 > 0, so that

sin(t)2 − s(1 − cos(t))2 > 0

for all 0 ≤ t ≤ sin−1(r) and all 0 < s < 1 + δ0. This implies that (34) holds, and so
u(x) is indeed a p-monotone supersolution, using

ηs(x) = (s− 1)
[
1
2
‖x‖2 − s

2
‖Du(x)‖2

]
.

Finally, consider the subsolution p-monotone property. Based on (33), for s−1 < 0,
we need to know that, for ζ ∈ D+u(x) with −di · ζ > 0 all i ∈ I(x),

0 <
1
2
‖x‖2 − s

2
‖ζ‖2.

But we observed in (30) above that for all such ζ, ‖ζ‖ ≤ ‖Du(x)‖, and so

1
2
‖x‖2 − s

2
‖ζ‖2 ≥ 1

2
‖x‖2 − s

2
‖Du(x)‖2.
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Thus we can again use

ηs(x) = (s− 1)
[
1
2
‖x‖2 − s

2
‖Du(x)‖2

]
,

which is strictly positive on Ω \ T , as shown above.
In summary, u(x) is a p-monotone viscosity solution and hence the complete

solution of our problem.
Finally, we offer a new example which exhibits nonuniqueness of solutions when

no p-monotone solution exists, but for which comparisons based on p-monotonicity
properties are still possible.

Example 6. We return to the Hamiltonian (20) but consider the cube

Ω = {(x1, , x2) : 0 ≤ xi ≤ 1}.

We number the boundary faces as

∂1Ω = {x ∈ Ω : x1 = 0}, ∂2Ω = {x ∈ Ω : x2 = 0},
∂3Ω = {x ∈ Ω : x1 = 1}, ∂4Ω = {x ∈ Ω : x2 = 1}.

The normals are n1 = (1, 0), n2 = (0, 1), n3 = (−1, 0), and n4 = (0,−1), and we take
di = ni for all faces. Consider the target set consisting of the two off-diagonal corners,
T = {(1, 0), (0, 1)}, taking g = 1

2 at both corners.
It is elementary to check that v(x) = 1

2 (x2
1 + x2

2) is a classical solution of 0 =
H(x,Dv(x)) in the interior of Ω. A second solution w is illustrated in Figure 1. It is
symmetric about the diagonal line Γ = {x ∈ Ω : x1 = x2}, but is nondifferentiable
on Γ (and at the corners in T ). In the upper left triangle, 0 ≤ x1 ≤ x2 ≤ 1, it is
constructed from the family of characteristics (illustrated in the left pane of Figure 1),

ẋ = Hp(x, p) = p; x(0) = (0, 1),
ṗ = −Hx(x, p) = x; p(0) = (cos(θ),− sin(θ)), 0 ≤ θ ≤ π/2,
ẇ = p · ẋ; w(0) = 1/2 = g(x(0)),
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and extended by symmetry across Γ. It turns out that both v and w are viscosity
solutions of H(x,Du(x)) = 0 in Ω \ T with −di ·Du(x) = 0 on ∂Ω \ T and u = g on
T . Moreover, v satisfies the oblique derivative boundary conditions at the points of T
as well. The verification of these assertions is similar to that of the previous example;
we omit it for brevity.

In light of Theorem 4, neither v nor w can be a p-monotone solution. Lemma 6
does not apply here since x = (0, 0) does not belong to T and L of (21) has no positive
lower bound at this point. In fact, neither v nor w is a p-monotone solution in either
the sub- or supersolution sense. In order for v to be a p-monotone subsolution we
would need, for 0 < s < 1, a function ηs(x) > 0 (off T ) with

H(x, sDv(x)) ≤ −ηs(x), x ∈ Ω◦.

Now

H(x, sp) = s2
1
2
‖p‖2 − 1

2
‖x‖2 = s2H(x, p) +

s2 − 1
2

‖x‖2.

Since H(x,Dv(x)) = 0,

H(x, sDv(x)) =
s2 − 1

2
‖x‖2.

Thus we would need s2−1
2 ‖x‖2 ≤ −ηs(x) to be uniformly negative in a neighborhood

of (0, 0). This is clearly not possible. The same argument applies to w if we keep x

off the diagonal. For the supersolution case, we would need s2−1
2 ‖x‖2 ≥ ηs(x) to be

uniformly positive in a neighborhood of (0, 0), which is likewise impossible.
In Figure 2 we have plotted both solutions v and w. It is apparent that v ≤ w. This

can be deduced from Theorem 4 by considering the enlarged target set
T ′ = {(0, 0), (0, 1), (1, 0)}. Now Lemma 6 does apply; both v and w are p-monotone
for this T ′. If we take g(0, 0) = 0 = v(0, 0), then v is the complete solution of the

0 1

x1

0

1

x2 0

0.5

1

1.5

Fig. 2. v(x) ≤ w(x).
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problem, but since w(0, 0) = 1 > g(0, 0), w is only a supersolution. Thus v ≤ w
follows from the comparison theorem. If instead we take g(0, 0) = 1, then w is the
complete solution. We obtain a supersolution by adding a constant to v as follows:
ṽ(x) = 1 + v(x). In that case, ṽ ≥ g on T , so that the comparison theorem implies
v + 1 ≥ w.

Also consider the target set T ′′ = {(0, 0)} consisting of the origin alone, with
g(0, 0) = 0. As above, Lemma 6 applies, so that v is the complete solution. According
to Theorem 4, there can be no other viscosity solutions. Adding a constant, w − 1
conforms to g at the origin. But investigation of the corners (0, 1) and (1, 0) shows that
the supersolution condition fails there (details omitted). It is, however, a subsolution,
which implies w − 1 ≤ v, as we already deduced above.
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Abstract. The paper considers the problem of absolute stability of systems with time-periodic
nonlinear blocks. The approach presented in this paper is based on the so-called quadratic criterion
and relies on integral-quadratic inequalities (constraints), which also involve time delays. The results
are given in the frequency domain. The paper also includes geometric interpretation and numerical
treatment of the new stability criteria.
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1. Introduction. Consider a system consisting of a linear block represented by
an integral equation

σ(t) = α(t) +K0ξ(t) +
∫ t

0

K(t− s)ξ(s)ds(1.1)

and a nonlinear block represented by the equation

ξ(t) = ϕ(σ(t), t).(1.2)

Here σ(t) ∈ Rm; ξ(t) ∈ Rp; and K0 and K(t) are matrices of appropriate dimen-
sions. It will always be assumed that ϕ(σ, t + T ) = ϕ(σ, t). Additional assumptions
concerning this function, hereafter called the nonlinearity, will be stated in the hy-
potheses of the theorems.

Clearly, this system of equations can be combined into a single nonlinear Volterra
integral equation. Existence theory for the equations of this type is well established
under very broad assumptions about the functions involved (see, for example, [11]).
Therefore, we are not going to concern ourselves with this aspect of the problem.

In this paper we are going to address the problem of absolute stability of the sys-
tem (1.1)–(1.2). Roughly speaking, this problem is concerned with finding conditions
involving only the linear block such that the system is stable for all nonlinearities
belonging to a certain class.

Most of the research of the stability problem for the systems of this type has been
confined to the case when the nonlinearity is a scalar function not depending explicitly
on time. When the nonlinearity is monotone with respect to the state variable σ and
its slope does not exceed a constant μ, the most general results have the so-called
multiplier form: The system is absolutely stable if for some constant ε > 0 and for all
ω ∈ (−∞,+∞)

Re{[μ−1 +W (iω)]Z(iω)} > ε > 0.(1.3)
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Here W (iω) is the frequency response of the linear block defined using the Fourier
transform of its kernel:

W (iω) = −K0 − K̃(iω) = −K0 −
∫ ∞

0

K(t)e−iωtdt.(1.4)

The function Z(iω) is called the Zames–Falb multiplier after the classic paper by
Zames and Falb [24], in which the most general form for Z(iω) has been given. The
stability criteria written in this form have a convenient geometric interpretation [9].

For nonstationary systems, the problem of absolute stability was studied by Pyat-
nitsky and Molchanov [12, 13, 14, 16]. In [16] Pyatnitsky reduces the problem to
the investigation of certain piecewise-linear systems and to variational problems. In
[12, 13, 14] he and Molchanov focus on Lyapunov functions. Unfortunately, their
criteria, unlike condition (1.3), are not easy to verify.

The objective of this paper is to obtain frequency-domain absolute stability cri-
teria for systems with time-periodic nonlinearities. The early results for such systems
go back to the book by Narendra and Taylor [15] and, for linear systems, to the
two-volume classic by Yakubovich and Starzhinskii [23].

The method used in this paper is based on the so-called quadratic constraints.
This method was used by Yakubovich [19] to prove some absolute stability criteria
for systems similar in form to (1.1)–(1.2) but with stationary nonlinearities. The
central concept of the method is to establish that the input and output signals of
the nonlinear part of the system satisfy a certain set of integral-quadratic inequalities
(constraints). These constraints may involve the values of these signals explicitly in
time domain or, alternatively, their Fourier transforms. In the latter case, thoroughly
investigated in the renown paper by Megretski and Rantzer [10] and further developed
by Yakubovich [20, 21, 22], these constraints are said to be in the frequency domain.

The constraints used in this paper are in the time domain, but they also involve
the values of the input and output signals at some earlier points in time (delays).
Since they also involve integration over time, they are called delay-integral-quadratic
constraints. They are, in fact, a special case of the constraints in frequency domain,
but tend to arise more naturally from the properties of the input and output signals.
For systems with stationary nonlinearities this method can be used [5] to prove the
classical results of Zames and Falb [24].

In this paper the method will be extended to the case when the nonlinearities are
periodic in time, and this periodicity, along with some other conditions, will play a
crucial part in formulating the constraints.

The outline of the paper is as follows. First, for the sake of making the paper
self-contained, we review the concept of the quadratic criterion of absolute stability
(subsection 2.1). Then, in subsection 2.2, we shall prove two integral inequalities.
The constraints will then follow naturally from these inequalities. The results will
first be stated and proved for slope-restricted nonlinearities, thus extending the cri-
teria of Zames and Falb to the case of time-periodic nonlinearities (subsection 3.1).
We shall also give a geometric interpretation and numerical implementation of these
new results (subsection 3.2). Next, in section 4, we consider the so-called quasimono-
tone nonlinearities (for the stationary case the corresponding result was proved by
Barabanov [6]). In section 5 we shall prove a criterion for a class of MIMO linear
time-periodic systems, which includes as a special case a SISO result by Yakubovich
[22]. Finally, in section 6, we are going to obtain a criterion for a certain parametric
class of nonlinearities, once again extending to the time-periodic case the result of
Barabanov [6].
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2. Preliminaries. In this section we present some background information on
the so-called quadratic criterion of absolute stability. We also prove the integral
inequalities needed for application of this criterion to the systems under consideration.

2.1. Quadratic criterion for absolute stability. For the sake of making this
paper self-contained, we are going to restate the notation, definitions, and some lem-
mas (without proof) from the earlier paper [5].

Throughout the paper it will always be assumed that the linear block (1.1) satisfies
the regularity conditions which we now define.

Definition 2.1. The linear block (1.1) satisfies the regularity conditions if

|α(·)| ∈ L2(0,+∞) ∩ L∞(0,+∞)(2.1)

and there exist positive constants C and β, such that

|K(t)| ≤ Ce−βt.(2.2)

In this paper we are going to consider only locally square-integrable signals. In
other words, it will be assumed that |σ(·)|, |ξ(·)| ∈ L2

loc[0,+∞], where L2
loc[0,+∞]

denotes the set of functions that are in L2[0, t0] for any t0 > 0. Clearly, if the linear
block satisfies the regularity conditions, then local square-integrability of the input
signal implies local square-integrability of the output. Existence of such signals follows
from the existence theorems for nonlinear integral equations.

For the purposes of this subsection, we let the nonlinear block of the system be
represented instead of (1.2) by a more general form

[σ(·), ξ(·)] ∈ N .(2.3)

The set N will be defined as follows: For any σ(·) ∈ L2
loc, ξ(·) ∈ L2

loc there exists
a sequence tk → +∞, possibly dependent on the functions σ(·) and ξ(·), such that∫ tk

0

Fj(σ(t), ξ(t), σ(t − τ), ξ(t − τ))dt ≥ 0 ∀τ ∈ T , j = 1, 2, . . . , N.(2.4)

Here T is a countable subset of nonnegative real numbers and Fj(σ1, ξ1, σ2, ξ2)
are given quadratic forms. If they depend on neither σ2 nor ξ2, then condition (2.4)
reduces to a set of ordinary integral-quadratic constraints in the time domain [19].

Let us define the following sets:

Z = {z(·) = [σ(·), ξ(·)] : σ(t) ∈ Rp, ξ(t) ∈ Rm, |z(·)| ∈ L2
loc[0,+∞]},

Zs = {z(·) ∈ Z : |z(·)| ∈ L2[0,+∞]},

L = {z(·) ∈ Z : equation (1.1) holds},

Ls = L ∩ Zs,

M = {z(·) ∈ Z : equation (2.4) holds for some tk → +∞}.

The elements of the set Z are called processes, and the elements of the set Zs are
called stable processes. We also need the set M∞ ⊂ Zs of stable processes satisfying∫ ∞

0

Fj(σ(t), ξ(t), σ(t − τ), ξ(t − τ))dt ≥ 0 ∀τ ∈ T , j = 1, 2, . . . , N.(2.5)
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The convergence of the integrals in (2.5) follows from the fact that the processes
in the integrands are stable, i.e., globally square-integrable, and the integrands are
quadratic forms.

The absolute stability, which is the main subject of this paper, is defined as
follows.

Definition 2.2. The system defined by (1.1)–(2.3) is called absolutely stable if all
processes z(·) ∈ L∩N are stable and there exists a constant λ, same for all processes,
such that for all processes ‖z(·)‖2 ≤ λ‖α(·)‖2.

Here ‖ · ‖ denotes the usual Euclidean norm in L2[0,+∞]. Note that existence of
solutions of system (1.1)–(2.3) implies that L ∩N �= ∅.

Each of the quadratic forms Fj is extended to a Hermitian form Fj(σ̃1, σ̃2, ξ̃1, ξ̃2),
where σ̃1, σ̃2 ∈ Cp and ξ̃1, ξ̃2 ∈ Cm. The Hermitian matrix Πj(iω, τ) is defined for
τ ∈ T by the equation

ξ̃∗Πj(iω, τ)ξ̃ = Fj(−W (iω)ξ̃, ξ̃,−W (iω)ξ̃e−iωτ , ξ̃e−iωτ ).(2.6)

Here W (iω) is the frequency response of the linear block defined by (1.4).
The frequency condition (FC) is stated as follows: There exists a collection of N

sequences {θn} such that for some ε > 0 we have
N∑
j=1

∞∑
n=1

Πj(iω, τn)θnj ≤ −εIm, τn ∈ T .(2.7)

Here θnj is the nth term of the j th sequence.
The FC in the paper [5] is stated differently: The Stieltjes integral is used instead

of the infinite series. The reason is that in [5] the delay τ can take any value. In this
paper we need only the discrete set of values τn = nT . The FC is adapted accordingly
for our purposes.

We also need the notion of minimal stability. In order to define it we first need
to introduce the stable continuations of processes.

Definition 2.3. A stable continuation of a process z(·) in M∞ is a sequence of
processes zk(·) ∈ Ls ∩M∞ such that zk(·) = z(·) for 0 ≤ t ≤ tk with tk → ∞.

Definition 2.4. The system defined by (1.1), (2.3) is called minimally stable if
every process z(·) ∈ L ∩ N has a stable continuation in M∞.

We are now in position to state the quadratic criterion for absolute stability,
on which all the results of the paper will ultimately be based. It is an immediate
consequence of Theorem 1 in [5].

Lemma 2.5. Suppose that the FC (2.7) is satisfied and system (1.1)–(2.3) is
minimally stable. Then this system is absolutely stable.

This lemma asserts that the minimal stability of a system is an essential ingredient
of the absolute stability. Usually it is easy to verify by explicitly constructing the
stable continuation required by Definition 2.4. To this end, it is often sufficient to
construct a bounded continuation of a process, a concept which we now define.

Definition 2.6. A bounded continuation of a process z(·) in M is a sequence of
processes zk(·) ∈ L ∩M such that |zk(·)| ∈ L∞[0,∞] and zk(·) = z(·) for 0 ≤ t ≤ tk
with tk → ∞.

The following lemma will be used throughout the paper to prove absolute stability
of various systems under consideration. It is an immediate consequence of Lemma 2.5
and [5, Lemma 2].

Lemma 2.7. Suppose that the linear block (1.1) satisfies the regularity conditions
(Definition 2.1) and the FC (2.7) holds. Then any bounded continuation of any process
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z(·) ∈ L in M is a stable continuation of z(·) in M∞. Furthermore, if every process
z(·) ∈ L∩N has a bounded continuation in M, then the system is absolutely stable.

The reader is referred to [5] for proofs and further details.
Lemma 2.7 asserts that the absolute stability of a system can be proved by showing

that every process has a bounded continuation and that the appropriate FC is satisfied.
The FC, in turn, will be derived from the constraints, which will naturally follow from
the integral inequalities proved in the next subsection.

2.2. Integral inequalities. In this subsection we are going to prove two integral
inequalities used later to derive the constraints needed for application of the quadratic
criterion.

First, for a given function g(x, t), continuous in each argument, we define

G(x, t) =
∫ x

0

g(x, t)dx.(2.8)

The following lemma will be used in later sections. It extends the result of [18]
to functions of two variables.

Lemma 2.8. Suppose that a function g(x, t), continuous in each argument, is
periodic in t with a period T and there exists a function H(u, v), such that the following
inequality holds for all x, y, and t:

G(y, t) −G(x, t) + (x− y)g(x, t) ≥ −H(x, g(x, t)) −H(y, g(y, t)).(2.9)

Suppose further that G(x, t) ≥ 0 for all x and t.
Then for any real number a and any measurable function x(t), such that x(t) ≡ 0

for t < 0, the following inequality holds:∫ a

0

{g(x(t), t)[x(t) − x(t− T )] +H(x(t), g(x(t), t))}dt

+
∫ a

0

H(x(t− T ), g(x− T ), t)dt ≥ 0.(2.10)

If, in addition, the function g(x, t) is odd in x, the following inequality holds for
any real number a and any measurable function x(t), such that x(t) ≡ 0 for t < 0:∫ a

0

{g(x(t), t)[x(t) + x(t− T )] +H(x(t), g(x(t), t))}dt

+
∫ a

0

H(x(t− T ), g(x− T ), t)dt ≥ 0(2.11)

Proof. Since the function g(x, t) is periodic in t with the period T , we have
G(y, t− T ) = G(y, t). Using this we can replace inequality (2.9) with

G(y, t− T ) −G(x, t) + (x− y)g(x, t) +H(x, g(x, t)) +H(y, g(y, t)) ≥ 0.(2.12)

Now we prove that inequality (2.12) implies inequality (2.10). In order to do that,
we add to and subtract from the left-hand side of (2.10) the expression∫ a

0

[G(x(t − T ), t− T ) −G(x(t), t)]dt.
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This yields∫ a

0

{g(x(t), t)[x(t) − x(t− T )] +H(x(t), g(x(t), t)) +H(x(t − T ), g(x(t− T ), t))}dt

=
∫ a

0

{g(x(t), t)[x(t) − x(t− T )] +H(x(t), g(x(t), t)) +H(x(t − T ), g(x(t− T ), t))}dt

+
∫ a

0

[G(x(t− T ), t− T ) −G(x(t), t)]dt

+
∫ a

0

[G(x(t), t) −G(x(t − T ), t− T )]dt

=
∫ a

0

{G(x(t − T ), t− T ) −G(x(t), t) + g(x(t), t)[x(t) − x(t− T )]}dt

+
∫ a

0

[H(x(t), g(x(t), t)) +H(x(t − T ), g(x(t− T ), t))]dt

+
∫ a

a−T
G(x(t), t)dt.

The last integral is nonnegative because of the assumption that G(x, t) ≥ 0 for
all x and t. By setting x = x(t), y = x(t − T ), and applying inequality (2.12) we
conclude that the sum of the first two integrals is also nonnegative. Hence, the entire
expression is nonnegative. This completes the proof of inequality (2.10).

Suppose now that the function g(x, t) is odd in x. Then the function G(x, t) is
even in x, and we can replace G(y, t) with G(−y, t) in inequality (2.9). Inequality
(2.11) can now be proved by repeating the above arguments, which completes the
proof of the lemma.

It is worth mentioning that this lemma can be proved if the assumption of the
periodicity of the function g(x, t) in t is replaced with a weaker condition G(y, t−T ) ≥
G(y, t) for some number T . This fact can be used to derive stability conditions for
some other classes of time-dependent nonlinearities [3].

3. SISO systems with slope restricted nonlinearities. In this section we
are going to consider SISO systems (i.e., p = m = 1) with the nonlinearity satisfying
the slope restriction inequality:

0 ≤ ϕ(σ2, t) − ϕ(σ1, t)
σ2 − σ1

≤ μ <∞, ϕ(0, t) ≡ 0.(3.1)

Systems in which the nonlinearity does not depend explicitly on time have been
well studied. The most general result is due to Zames and Falb [24]. However, for
systems in which the nonlinearity is not stationary, the best known result is the
celebrated circle criterion.

The method of delay-integral-quadratic constraints makes it possible to prove a
stability criterion, similar in form to the result established by Zames and Falb for
stationary systems.

3.1. Stability multipliers. In this subsection we are going to state and prove
two results for this type of system.

The first result concerns the systems that satisfy the sector condition and the
assumptions stated in the introduction.
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Theorem 3.1. Assume the following:
I. The linear block (1.1) satisfies the regularity condition (Definition 2.1).
II. The function ϕ(σ, t), continuous in each variable, satisfies condition (3.1) and

ϕ(σ, t + T ) = ϕ(σ, t).
III. There exists a series

∑n=+∞
n=−∞ ϑn < 1 with nonnegative terms such that for all

real values of ω

Re

{[
μ−1 +W (iω)

] [
1 −

∞∑
n=−∞

ϑne
−iωnT

]}
≥ ε > 0.(3.2)

Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. First, define the following quadratic form of the variables ξ1 and σ1:

F1(σ1, ξ1) = ξ1(σ1 − μ−1ξ1).(3.3)

Condition (3.1) implies that

F1(σ1(t), ξ1(t)) ≥ 0.(3.4)

Define the quadratic forms

F2(σ1, ξ1, σ2, ξ2) = (ξ1 − ξ2)(σ1 − μ−1ξ1),

F3(σ1, ξ1, σ2, ξ2) = (σ1 − μ−1ξ1 − σ2 + μ−1ξ2)ξ1.

Condition (3.1) and Lemma 2.8 withH(u, v) ≡ 0 together imply that the following
inequality holds for any τ = nT and any tk > 0:∫ tk

0

Fj(σ(t), ξ(t), σ(t − τ), ξ(t − τ)) dt ≥ 0, j = 2, 3.(3.5)

Therefore, the FC (2.7) takes the following form: There exist sequences θ1n, θ2n,
and θ3n, all with nonnegative terms, such that for all real values of ω

Re

{[
μ−1 +W (iω)

] [
Θ −

∞∑
n=0

θ2ne
iωnT −

∞∑
n=0

θ3ne
−iωnT

]}
≥ ε > 0.(3.6)

Here Θ =
∑∞
n=1(θ1n + θ2n + θ3n).

It is easy to see that this condition is equivalent to condition III if we set ϑn =
θ2n/Θ for n > 0 and ϑn = θ3n/Θ for n < 0.

In order to complete the proof and use Lemma 2.7 we must show that every
process has a bounded continuation. Let z(·) = [σ(·), ξ(·)] be an arbitrary process,
such that ξ(t) = ϕ(σ(t), t). Let mk be a number such that |σ(t)| ≤ mk for almost all
0 ≤ t ≤ tk. Define the following functions:

ϕk(σ, t) =

⎧⎪⎨
⎪⎩

ϕ(−mk, t) if σ < −mk,

ϕ(σ, t) if |σ| ≤ mk,

ϕ(mk, t) if σ > mk.

(3.7)

Consider a process zk[σk(·), ξk(·)], for which ξk(t) = ϕk(σk(t), t). This process
satisfies the constraints (3.4) and (3.5) and is, therefore, a bounded continuation of
the process z(·) = [σ(·), ξ(·)]. The proof is complete.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3192 D. A. ALTSHULLER

If, in addition, the nonlinearity is odd, it is possible to weaken the condition that
all terms of the series

∑+∞
n=−∞ ϑn must be nonnegative.

Theorem 3.2. Suppose that conditions I and II of Theorem 3.1 are met and,
in addition, the function ϕ(σ, t) is odd in σ. Suppose further that there exists an
absolutely convergent series

∑+∞
n=−∞ ϑn < 1 such that for all real values of ω condition

(3.6) holds.
Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. The proof proceeds along the same steps as that of Theorem 3.1. We can

define the same quadratic forms F1, F2, and F3. Inequalities (3.4) and (3.5) hold.
Furthermore, we define the following two quadratic forms:

F4(σ1, ξ1, σ2, ξ2) = (ξ1 + ξ2)(σ1 − μ−1ξ1),

F5(σ1, ξ1, σ2, ξ2) = (σ1 − μ−1ξ1 + σ2 − μ−1ξ2)ξ1.

Since the function ϕ(σ, t) is odd in σ, Lemma 2.8 with H(u, v) ≡ 0, together with
the condition (3.1), implies that inequality (3.5) holds for j = 4 and j = 5 for any
τ = nT .

Therefore, the FC takes the following form: There exist sequences θ1n, θ2n, . . . , θ5n,
all with nonnegative terms, such that for all real values of ω

Re
{[
μ−1 +W (iω)

]
Z(iω)

}
≥ ε > 0.(3.8)

Here

Z(iω) = Θ −
∞∑
n=0

θ2ne
iωnT −

∞∑
n=0

θ3ne
−iωnT +

∞∑
n=0

θ4ne
iωnT +

∞∑
n=0

θ5ne
−iωnT ,

Θ =
∞∑
n=1

(θ1n + θ2n + θ3n + θ4n + θ5n).

To show that this is equivalent to the FC of Theorem 3.2, define ϑn = θ2n−θ4n/Θ
for n > 0 and ϑn = θ3n − θ5n/Θ for n < 0.

Existence of the bounded continuations for every process is verified in exactly the
same way as in the proof of Theorem 3.1. The functions, defined by (3.7), are odd
in σ if the nonlinearity is odd in σ. Therefore, the system is absolutely stable by
Lemma 2.7.

3.2. Geometric interpretation and numerical examples. With a slight
abuse of notation, the FC (3.2) in Theorems 3.1 and 3.2 can be rewritten in the form

[μ−1 + ReW (iω)]ReZ(iω) − ImW (iω)ImZ(iω) > 0,(3.9)

where

Z(iω) = 1 −
∞∑

n=−∞
ϑne

−iωnT(3.10)

and the sequence ϑn satisfies the conditions of either Theorem 3.1 or Theorem 3.2,
depending on the context.
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Let us define the following two functions:

Φ(ω) =
μ−1 + ReW (iω)

ImW (iω)
, Ψ(ω) =

ImZ(iω)
ReZ(iω)

.

For the sake of simplicity let us assume that W (iω) is a proper rational function.
Then it is easy to show [9] that the graph of the function Φ(ω) consists of branches
with asymptotes. The ends of the branches point either to +∞ (called stalactites) or
to −∞ (called stalagmites). The FC (3.2) holds if a function Ψ(ω) can be found such
that its graph separates the stalactites from the stalagmites. For the circle criterion,
Ψ(ω) ≡ 0, i.e., the stalactites must be separated from the stalagmites by the abscissa
axis.

For the FC (3.2) we have

Ψ(ω) =

∑∞
n=−∞ ϑn sinωnT∑∞

n=−∞ ϑn cosωnT − 1
.(3.11)

Furthermore,
∑∞
n=−∞ ϑn < 1 and there is an additional requirement that ϑn ≥ 0

unless the nonlinearity is odd in σ.
It is often easier to use this approach if the infinite series in (3.11) are replaced

with trigonometric polynomials as illustrated in the following numerical examples.
Consider a system with the linear block defined by the transfer function:

W (s) = 0.04 +
s2

[(s+ 0.5)2 + 0.81][(s+ 0.5)2 + 1.21]
.(3.12)

Let μ = 20. For the function Ψ(ω) we choose ϑ1 = 0.1, ϑ2 = 0.5, and ϑ3 = 0.2.
Figure 3.1 shows the plot for T = 0.25π, allowing us to conclude that the system is
absolutely stable. The same is true for the case with T = 0.3π (Figure 3.2) and all
the intermediate values of T .

1 2 3 4 5

�2

�1

1

2

Fig. 3.1. Functions Φ(ω) (solid line) and Ψ(ω) (broken line) for T = 0.25π.

Now consider the case with an odd nonlinearity. This means we may use negative
values for the coefficients in (3.11). Set ϑ1 = −0.25, ϑ2 = 0.5, and ϑ3 = 0.2. Figure 3.3
shows the plot for the case of T = 0.21π. Hence, the system is absolutely stable for
this value of the period. The same is, once again, true for the case with T = 0.3π
(Figure 3.4) and all the intermediate values of T . Notice how including the additional
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1 2 3 4 5

�2

�1

1

2

Fig. 3.2. Functions Φ(ω) (solid line) and Ψ(ω) (broken line) for T = 0.3π.
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Fig. 3.3. Functions Φ(ω) (solid line) and Ψ(ω) (broken line) for T = 0.21π with odd nonlinearity.
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Fig. 3.4. Functions Φ(ω) (solid line) and Ψ(ω) (broken line) for T = 0.3π with odd nonlinearity.

requirement that the nonlinearity be odd (and thus relaxing the requirement that the
coefficients in (3.11) must be nonnegative) allowed us to widen the range of periods,
for which absolute stability of the system can be proved using this criterion.

It is worth noting that since the branches of the curve Φ(ω) intersect the abscissa
axis, the circle criterion is not applicable.
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4. SISO systems with quasimonotone sector nonlinearities. In this sec-
tion we are going to replace the slope restriction inequality (3.1) with a weaker sector
condition:

0 ≤ ϕ(σ, t)
σ

≤ μ <∞, ϕ(0, t) ≡ 0.(4.1)

The requirement that the nonlinearity be nondecreasing in σ is relaxed to a weaker
condition that it be quasimonotone. This concept is introduced by the following def-
inition, paraphrased from [6].

Definition 4.1. A function g(x) is called quasimonotone if there exists a positive-
semidefinite quadratic form B(r, w) such that for all x and y

G(y) −G(x) + (x− y)g(x) ≥ −B(x, g(x)) −B(y, g(y)),(4.2)

where

G(x) =
∫ x

0

g(x)dx.

The form B(r, w) is called a defining form of the quasimonotone function g(x).
Clearly, if B(r, w) ≡ 0, condition (4.2) reduces to the concavity condition for the

function G(x), i.e., to the condition that the function g(x) is nondecreasing.
For this type of nonlinearity we have the following stability criterion.
Theorem 4.2. Assume the following:
I. The linear block (1.1) satisfies the regularity conditions (Definition 2.1).
II. The function ϕ(σ, t) is continuous in each argument, satisfies the sector con-

dition (4.1), is quasimonotone in σ with a defining form B(r, w), and ϕ(σ, t + T ) =
ϕ(σ, t).

III. There exists a series
∑∞

n=−∞ ϑn < 1 with nonnegative terms such that for all
real values of ω

Re

{[
μ−1 +W (iω)

] [
1 −

n=+∞∑
n=−∞

ϑne
−iωnT

]
− 2B(W (iω), 1)

}
≥ ε > 0.(4.3)

Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. The proof of this theorem proceeds along the same steps as the results

in the previous section. First, define the following quadratic form of the variables ξ
and σ:

F1(σ1, ξ1) = ξ1(σ1 − μ−1ξ1).(4.4)

Condition (4.1) implies that

F1(σ1(t), ξ1(t)) ≥ 0.(4.5)

Next, define the following two quadratic forms:

F2(σ1, ξ1, σ2, ξ2) = (ξ1 − ξ2)(σ1 − μ−1ξ1) +B(σ1, ξ1) +B(σ2, ξ2),

F3(σ1, ξ1, σ2, ξ2) = (σ1 − μ−1ξ1 − σ2 + μ−1ξ2)ξ1 +B(σ1, ξ1) +B(σ2, ξ2).
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In order to apply Lemma 2.8 we set x(t) = μσ(t) + ϕ(σ(t), t) and H(u, v) =
B(σ0(u, t), v), where σ0(u, t) is a root of the equation u = μσ0 + ϕ(σ0, t). We obtain
for any τ = nT and any tk > 0∫ tk

0

Fj(σ(t), ξ(t), σ(t − τ), ξ(t − τ)) dt ≥ 0, j = 2, 3.(4.6)

Therefore, the FC (2.7) takes the following form: There exist sequences θ1n, θ2n,
and θ3n, all with nonnegative terms, such that for all real values of ω

Re
{[
μ−1 +W (iω)

]
Z(iω) − 2B(W (iω), 1)

}
≥ ε > 0.(4.7)

Here

Z(iω) = Θ −
∞∑
n=0

θ2ne
iωnT −

∞∑
n=0

θ3ne
−iωnT ,

Θ =
∞∑
n=1

(θ1n + θ2n + θ3n).

It is easy to see that this condition is equivalent to condition III if we set ϑn =
θ2n/Θ for n > 0 and ϑn = θ3n/Θ for n < 0.

In order to show that every process has a bounded continuation so that we can
use Lemma 2.7, we use the same method as in the proof of Theorem 3.1. Suppose
that tk → ∞ is an arbitrary sequence. Let mk = maxt∈[0,tk]|σ(t)| and let sk be a real
number, such that for all t and all σ ∈ [0,mk] the following inequality holds:

|ϕ(sk, t)| ≥ |ϕ(σ, t)|.(4.8)

Define the functions ϕk(σ, t) as follows:

ϕk(σ, t) =

⎧⎪⎨
⎪⎩

ϕ(−sk, t) if σ < −mk,

ϕ(σ, t) if |σ| ≤ mk,

ϕ(sk, t) if σ > mk.

(4.9)

Note that these functions may have discontinuities of the first kind in the argu-
ment σ, while the nonlinearity ϕ(σ, t) is assumed to be continuous in each argument.
However, this is not a concern since the functions ϕk(σ, t) can be approximated by
continuous functions with a level of precision sufficient for the relevant inequalities to
hold.

Now we need to prove that the functions ϕk(σ, t) are quasimonotone in σ with
the same defining form B(r, w) as ϕ(σ, t). This means proving that for all u and v
the following inequality holds:∫ v

u

ϕk(σ, t)dσ + (u− v)ϕk(u, t) ≥ −B(u, ϕk(u, t)) −B(v, ϕk(v, t)).(4.10)

For the sake of certainty suppose that 0 < u < v. The arguments in other cases
are similar. If u < v ≤ mk, then ϕk(σ, t) = (σ, t) on the entire interval of integration,
and inequality (4.10) clearly holds. If mk < u < v, the left-hand side of inequality
(4.10) vanishes, while the right-hand side is nonpositive, and, therefore, it holds.
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Consider the case when u < mk < v. We have∫ v

u

ϕk(σ, t)dσ + (u − v)ϕk(u, t)

=
∫ mk

u

ϕk(σ, t)dσ +
∫ v

mk

ϕk(σ, t)dσ + (u−mk)ϕk(u, t) + (mk − v)ϕk(u, t)

=
∫ mk

u

ϕk(σ, t)dσ + (u −mk)ϕk(u, t) +
∫ v

mk

ϕk(σ, t)dσ + (mk − v)ϕk(u, t)

≥ −B(u, ϕk(u, t)) −B(mk, ϕk(mk, t)) + (v −mk)[ϕ(sk, t) − ϕ(u, t)]

> −B(u, ϕk(u, t)) −B(mk, ϕk(mk, t))

> −B(u, ϕk(u, t)) −B(v, ϕk(v, t)).

Having proved that the functions ϕk(σ, t) are quasimonotone in σ with the same
defining form as ϕ(σ, t), we can now conclude that every process has a bounded
continuation, which completes the proof of this theorem.

Just as in the case of slope-restricted nonlinearities, the result can be strengthened
if an additional requirement that the nonlinearity be odd in σ is imposed.

Theorem 4.3. Suppose that conditions I and II of Theorem 4.2 are met and,
in addition, the function ϕ(σ, t) is odd in σ. Suppose further that there exists an
absolutely convergent series

∑∞
n=−∞ θn < 1 such that for all real values of ω condition

(4.3) holds.
Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. The proof proceeds along the same steps as the other stability criteria. We

can define the same quadratic forms F1, F2, and F3 as in the proof of Theorem 4.2.
Inequalities (4.5) and (4.6) hold.

Further, we define the following two quadratic forms:

F4(σ1, ξ1, σ2, ξ2) = (ξ1 + ξ2)(σ1 − μ−1ξ1) +B(σ1, ξ1) +B(σ2, ξ2),

F5(σ1, ξ1, σ2, ξ2) = (σ1 − μ−1ξ1 + σ2 − μ−1ξ2)ξ1 +B(σ1, ξ1) +B(σ2, ξ2).

Since the function ϕ(σ, t) is odd in σ, Lemma 2.8 implies that inequality (4.6)
holds for j = 4 and j = 5 for any τ = nT .

Therefore, the FC takes the following form: There exist sequences θ1n, θ2n, . . . ,
θ5n, all with nonnegative terms, such that for all real values of ω inequality (4.7)
holds with

Z(iω) = Θ −
∞∑
n=0

θ2ne
iωnT −

∞∑
n=0

θ3ne
−iωnT +

∞∑
n=0

θ4ne
iωnT +

∞∑
n=0

θ5ne
−iωnT ,

Θ =
∞∑
n=1

(θ1n + θ2n + θ3n + θ4n + θ5n).

To show that this is equivalent to the frequency condition of the theorem, define,
just as before, ϑn = θ2n − θ4n/Θ for n > 0 and ϑn = θ3n − θ5n/Θ for n < 0.

In order to exhibit bounded continuation for every process, we use the same
functions ϕk(σ, t) defined by (4.9). They are odd in σ, and the proof can be completed
by the same argument as that of Theorem 3.2.
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It is important to note here that the frequency conditions in these two theorems
do not have the multiplier form. Therefore, the geometric interpretation from subsec-
tion 3.2 cannot be used directly. Numerical implementation of this result should be
considered an open problem.

5. Linear periodic MIMO systems. In this section we turn our attention to
linear MIMO systems. The function ϕ(σ, t) is assumed to have the form

ϕ(σ, t) = P (t)σ(t).(5.1)

Here P (t) is a nonsingular m×m matrix, P (t+ T ) = P (t). Furthermore, it will
be assumed that this matrix satisfies the MIMO analogue of the sector condition; i.e.,
for all t the following inequality holds:

SymP−1(t) − μ−1Im ≥ 0.(5.2)

Here, for a real matrix X , SymX = (X +X∗)/2.
We also impose the following requirement: There exist constant matrices Q and

S, such that for all values of t

P ∗(t)Q− SP (t) ≡ 0.(5.3)

Clearly, (5.3) is fulfilled by setting P = Q = 0, which, as we shall see, yields
the MIMO analogue of the circle criterion. Aside from this trivial possibility, this
condition may at first glance appear rather restrictive. However, it is satisfied if
P (t) is symmetric. It also holds if P (t) = GH(t), where G is a constant nonsingular
matrix and H(t) is either symmetric (set Q = S = G−1) or orthogonal (set Q = G
and S = G−1).

The determination of existence of the required matrices G and H(t) can be made
as follows. Recall that any matrix can be represented as a product of an orthogonal
and a symmetric matrix. Thus we can always write P (t) = U(t)H(t), where H2(t) =
P ∗(t)P (t) and U(t) = P (t)H−1(t). If the matrix U(t) turns out to be constant, we
set G = U(t).

Let us illustrate this concept with a simple example. Let

P (t) =
[

1 sin t
cos t 1

]
.

Performing the above computation, we find

U(t) =
[

0 1
1 0

]
.

Therefore, in this case there exists the desired representation for the matrix P (t).
Another characterization of matrices satisfying (5.3) is given by the following

statement.
Proposition 5.1. Suppose that there exists a constant matrix Q, such that

[P ′(t)P−1(t)]∗Q ≡ QP−1(t)P ′(t).(5.4)

Then the matrix S = P ∗(t)QP−1(t) is constant.
This proposition is proved by differentiating the matrix S. Condition (5.4) implies

that its derivative is identically equal to zero.
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Therefore, a determination of whether a given matrix P (t) satisfies the condition
(5.3) can be made by attempting to solve (5.4). If a constant solution can be found,
the question is answered affirmatively. The equation of this type is discussed in the
book by Gantmacher [8].

Solving (5.4) for the matrix P (t) in the above example, we obtain the following
two relationships for the components of the matrix Q: q11 = q22 tan t and q12 =
q21 − q22 sec t. Set q11 = q22 = 0 and q12 = q21 = 1 to obtain the desired constant
matrix Q.

The stability criterion for systems of this type is stated as follows.
Theorem 5.2. Assume the following:
I. The linear block (1.1) satisfies the regularity conditions (Definition 2.1).
II. The function ϕ(σ, t) is defined by ϕ(σ, t) = P (t)σ(t) with the nonsingular m×m

matrix P (t) satisfying the following conditions for all values of t: P (t + T ) = P (t),
SymP−1(t) − μ−1Im ≥ 0, and there exist constant matrices Q and S, such that for
all values of t condition (5.4) is satisfied.

III. There exists an odd periodic function q(ω) with the period 2π/T such that for
all real values of ω the following inequality holds:

Re{μ−1Im +W (iω) + iq(ω)[QW (iω) −W ∗(iω)S]} ≥ εIm > 0.(5.5)

Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. As before, define the quadratic form

F1(σ1, ξ1) = ξ∗1(σ1 − μ−1ξ1).(5.6)

Condition (5.2) implies that

F1(σ1, ξ1) ≥ 0.(5.7)

Next, define the quadratic forms

F2(σ1, ξ1, σ2, ξ2) = ξ∗1Qσ2 − σ∗2Sξ2,

F3(σ1, ξ1, σ2, ξ2) = σ∗2Sξ1 − ξ∗2Qσ1.

Now we show that condition (5.3) implies

Fj(σ(t), ξ(t), σ(t − nT ), ξ(t− nT )) ≡ 0, j = 2, 3.(5.8)

Indeed, for j = 2 we have

ξ∗(t)Qσ(t− nT ) − σ∗(t)Sξ(t− nT )

= σ∗(t)P ∗(t)Qσ(t− nT ) − σ∗(t)SP (t− nT )σ(t− nT )

= σ∗(t)[P ∗(t)Q− SP (t− nT )]σ(t− nT )

≡ 0.

The proof for j = 3 is similar.
After some algebraic manipulations the FC takes the following form: There exists

a sequence θn such that for all real values of ω

Re

{
μ−1Im +W (iω) + [QW (iω) −W ∗(iω)S]

∞∑
n=0

θn sinωnT

}
≥ εIm > 0.(5.9)
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The series in this inequality is a Fourier series of an odd periodic function with
period 2π/T . Denoting this function by q(ω), we conclude that this FC is the same
as condition III of the theorem.

Minimal stability can be verified by the same procedure as that in the paper [22].
By Lemma 2.5 the system is absolutely stable.

It can be easily seen that if we set Q = S = 0, we obtain a MIMO analogue of
the circle criterion.

If the matrix P (t) is symmetric (which also includes the case of m = 1), we set
Q = S = Im. If, in addition, the matrix W (s) is Hermitian, then inequality (5.5)
simplifies to

Re{[μ−1Im +W (iω)][1 + iq(ω)]} ≥ εIm > 0.(5.10)

This is a MIMO analogue of the result of Yakubovich [22].

6. SISO systems with parametric class of nonlinearities. In this section
we are, again, going to consider the SISO systems satisfying the sector condition (4.1).
In addition, it will be assumed that for all values of t

|σ1(t)ϕ(σ2(t), t) − σ2(t)ϕ(σ1(t), t)| ≤ F (σ1(t), ϕ(σ1(t), t))

+F (σ2(t), ϕ(σ2(t), t)).(6.1)

Here F (u, v) is a real quadratic form. Of particular interest is the case when
F (u, v) = γv(u− μ−1v). Then if γ = 0, inequality (6.1) holds if and only if ϕ(σ, t) is
a linear function in σ. For infinite value of γ, this inequality holds for all functions
satisfying the sector condition (4.1). The stability criterion, however, can be proved
for the general case.

Theorem 6.1. Assume the following:
I. The linear block (1.1) satisfies the regularity conditions (Definition 2.1).
II. The function ϕ(σ, t) is periodic in t with a period T , continuous in each argu-

ment, satisfies the sector condition (4.1) and inequality (6.1) for some real quadratic
form F (u, v).

III. There exists an odd periodic function q(ω) with a period 2π/T such that for
all real values of ω the following inequality holds:

Re[μ−1 +W (iω) − F (−W (iω), 1) + iq(ω)W (iω)] ≥ ε > 0.(6.2)

Then system (1.1)–(1.2) is absolutely stable (Definition 2.2).
Proof. Define the quadratic form

F1(σ1, ξ1) = ξ1(σ1 − μ−1ξ1).(6.3)

Condition (4.1) implies that

F1(σ1(t), ξ1(t)) ≥ 0.(6.4)

Next, define the following two quadratic forms:

F2(σ1, ξ1, σ2, ξ2) = F (σ1, ξ1) + F (σ2, ξ2) + σ1ξ2 − σ2ξ1,

F3(σ1, ξ1, σ2, ξ2) = F (σ1, ξ1) + F (σ2, ξ2) + σ2ξ1 − σ1ξ2.

Condition (6.1) implies

Fj(σ(t), ξ(t), σ(t − nT ), ξ(t− nT )) ≡ 0, j = 2, 3.(6.5)
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The FC now takes the following form: There exists a sequence θn such that for
all real values of ω

Re

{
[μ−1 +W (iω) − F (−W (iω), 1)]

∞∑
n=0

θn + iW (iω)
∞∑
n=0

θn sinωnT

}
≥ ε > 0.

Just as in the previous section, this inequality includes a Fourier series of an odd
periodic function with period 2π/T . Denoting this function by q(ω) we conclude that
this FC is the same as condition III of the theorem.

Existence of a bounded continuation for every process is verified by introducing
the same functions ϕm(σ, t) as in the proof of Theorem 3.1. It is easy to check that
they satisfy both the sector condition and inequality (6.1). By Lemma 2.7 the system
is absolutely stable.

In the special case of F (u, v) = γv(u−μ−1v) the FC (6.2) can, after some algebraic
manipulations, be rewritten in the form

Re
{
[μ−1 +W (iω)][1 + γ + iq(ω)]

}
≥ ε > 0.(6.6)

Several points are worth noting about this condition. First, it has a multiplier
form, similar to the conditions in subsection 3.1, and is, therefore, amenable to the
geometric interpretation and numerical procedure described in subsection 3.2.

If γ = 0, then the system reduces to the linear case described in section 5 with
m = 1. The FC (6.6) then reduces to the form in Yakubovich’s paper [22]. It is easy
to see that if a multiplier exists for γ = 0, one can also be found for any γ > 0. On the
other hand, as γ → ∞, this inequality tends pointwise to the circle criterion, as the
class of nonlinearities satisfying condition (6.1) expands to include all the functions
satisfying the sector condition (3.1).

7. Conclusions. We have considered several types of systems with time-periodic
feedback and, using the method of delay-integral-quadratic constraints, proved abso-
lute stability criteria for each of them. Analogous results have previously been known
for stationary systems.

It is of interest to note that some of the results have a multiplier form, similar to
the corresponding results for stationary systems. The difference lies in the fact that for
stationary systems the multipliers can be represented in the form of Fourier–Stieltjes
integrals. For time-periodic systems these integrals are replaced with Fourier series.

This poses a significant difficulty in numerical implementation of the results.
For stationary systems there usually exists a matrix realization of the multipliers.
This makes it possible to express the frequency-domain conditions as linear matrix
inequalities [7], which can be solved numerically. For time-periodic systems and the
resulting multipliers such matrix realization may not exist. Therefore, numerical
interpretation of these results is presently an open problem.

One possible approach is based on the fact that, just as in case of stationary sys-
tems, the multipliers can be interpreted geometrically. However, the interpretation
differs in that the curve, separating stalactites from stalagmites, must be periodic
in ω with a period of 2π/T . This is a significant restriction, compared to station-
ary systems. Nevertheless, numerical interpretation of the results is still possible as
illustrated in subsection 3.2.

Future research may be directed at finding an algorithm for constructing multipli-
ers, analogous to the one described for stationary systems by Safonov and Wyetzner
[17], that would improve the applicability of the absolute stability criteria.
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Abstract. This paper studies a nonlinear, discrete-time matrix system arising in the stability
analysis of Kalman filters. These systems present an internal coupling between the state components
that gives rise to complex dynamic behavior. The problem of partial stability, which requires that
a specific component of the state of the system converge exponentially, is studied and solved. The
convergent state component is strongly linked with the behavior of Kalman filters, since it can be used
to provide bounds for the error covariance matrix under uncertainties in the noise measurements. We
exploit the special features of the system—mainly the connections with linear systems—to obtain an
algebraic test for partial stability. Finally, motivated by applications in which polynomial divergence
of the estimates is acceptable, we study and solve a partial semistability problem.
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1. Introduction. Partial stability (PS) refers to the class of problems that
deal with stability of some state components with respect to (w.r.t.) those same
components or w.r.t. all state components, or even w.r.t. some (nonfixed) compo-
nents. It has been studied for linear and nonlinear systems from different perspec-
tives [2, 6, 9, 10, 14], and vector Lyapunov functions constitute one of the first and
most common tools in the literature, which can be traced back to the fifties [12]. PS
arises naturally in many applications, e.g., in situations where some of the variables
are not important as far as the operation and performance are concerned, or are not
essential at all (in a sense related to model order reduction problems); see [14] for a
quite complete assessment of specific problems in PS literature.

In this paper we deal with a discrete-time matrix system arising in the analysis of
the error covariance matrix Vk of Kalman filters under noise measurement uncertain-
ties; see [3]. Therein it is shown that, assuming the filter gains are calculated taking
into account an initial error covariance Σ that differs from the actual one V0, if the
“incorrect” calculated error covariances are bounded, then for each 0 ≤ ζ < 1 there
exist τ > 0 and M = M ′ ≥ 0, providing the bounds

(1 − τ)Zk − ζ−kM ≤ Vk ≤ (1 + τ)Zk + ζ−kM, k ≥ 0,

for the actual error Vk, where Zk is a component of the state (Zk, Xk) of the system
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described by the equations

(1) Θ :

⎧⎪⎪⎨
⎪⎪⎩
Zk+1 = HkAZkA

′H ′k,

Xk+1 = AXkA
′, k ≥ 0,

(Z0, X0) = (H0V0H
′
0,Σ),

where Zk, Xk, V0, and Σ are symmetric positive semidefinite matrices and the square
matrix A is assumed to be known. Hk, k ≥ 0, stands for the orthogonal projection
onto the null space of Xk. For instance, when ker{Σ} ⊂ ker{V0} (e.g., when Σ = V0 or
Σ > 0), we have H0V0H

′
0 = 0, yielding Zk = 0, k ≥ 0. We refer to Hk as the coupling

projections, since it couples the dynamics of the Z-component with the trajectory of
the X-component.

From the standpoint of the Kalman filter application, it is important to charac-
terize, in terms of A and Σ, the existence, for each V0, of 0 ≤ β < 1 and Z̄ such that
Zk ≤ βkZ̄, k ≥ 0, or, for each V0 and 0 ≤ ζ < 1, of Z̄ such that ζkZk ≤ Z̄, meaning
that the Z-component cannot diverge exponentially. Moreover, since X0 = Σ is fixed,
we are interested only in the behavior of the Z-component w.r.t. V0. We refer to
these problems as PS and partial semistability1 (PSS), respectively. PSS is relevant
in situations where polynomial divergence of the Kalman estimates is acceptable.

Approaches for PS and PSS of general nonlinear systems can be employed, in
principle. However, they are too general to yield an easy-to-test algebraic condition.
The available results for PS of linear systems do not apply directly to Θ, and it is
worth mentioning that it is inappropriate to deal with the problem assuming that Hk

are general projections, not connected with X , in order to retrieve linearity; in fact, in
such a modified setting, Zk can diverge exponentially, whereas A is stable2 (A stable
implies PS; see Remark 2). There is no available result specialized to system Θ.

This paper exploits the special features of Θ, for instance, the X-component obeys
a linear difference equation and the coupling is via orthogonal projections; see other
interesting properties in Proposition 1. We make use of a sequence of transformations
Wk, k ≥ 0, playing the role of time-variant bases that allow one to characterize the
convergence of the null space of Xk, as in Lemmas 6 and 7, and allow for adequate
evaluations for the coupling projections in Lemma 9. Based on these evaluations, we
show that Θ is PSS if and only if the structural relation

(2) ker{JΣJ−1} ∩ J = {0}

holds, where J is a similarity transformation such that JAJ−1 is in Jordan form
and J stands for the unstable subspace3 of JAJ−1. Recalling from linear systems
theory that (A,Σ) semistabilizable can be interpreted as requiring that Σ excites the
unstable space of A, the interpretation of (2) is that Σ has to “completely excite” the
unstable space of A. Regarding PS, a similar condition holds, where J is replaced
with J ⊥S and JS is the stable space of A. These conditions are compared with classical
notions of stabilizability and semistabilizability of (A,Σ); see Remark 2. Moreover,
the conditions can be employed for “stabilization,” for instance, to obtain a Σ that
provides PS or PSS; see Remark 3.

Apart from inherent theoretical significance, the derived conditions pave the way
for obtaining sharp conditions for stability and semistability of Kalman filters [3, 4],

1Following the terminology of [1].
2For example, set A = 3

4

[
1 1
0 1

]
and Hk = V0 = 1

2

[
1 1
1 1

]
, k ≥ 0. A is stable and Zk diverge.

3Please see section 2 for definitions.
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which is a highly important issue, since existing conditions are conservative as they are
either necessary or sufficient, or rely on additional assumptions, such as the existence
of limiting stationary filters; see [7, 11, 13, 15].

The paper is organized as follows. Section 2 presents definitions and preliminary
results. Section 3 introduces the sequence of transformations that allow us to derive
a simple structure for A and to simplify the evaluation of the projections Hk. These
results allow us to obtain testable conditions for PS and PSS is section 4. Finally,
section 5 provides some conclusions.

2. Definitions and preliminary results. Let R
n denote the nth dimensional

Euclidean space. Let D (respectively, D̄) be the open (closed) unit disk. Let ei,
i = 1, . . . , n, be the canonical basis of R

n. [v1, . . . , vm] stands for the vector space
spanned by v1, . . . , vm ∈ R

n. For vector subspaces E and F , E ⊥ F means that E
and F are orthogonal, E⊥ is such that E⊥ ⊥ E , E ⊕ F is the direct sum of E and
F , and E 	 F = E ∩ F⊥. Let Rr,s (respectively, Rr) represent the normed linear
space formed by all r × s real matrices (respectively, r × r) and Rr∗ (Rr0) the cone
{U ∈ Rr : U = U ′} (the closed convex cone {U ∈ Rr : U = U ′ ≥ 0}), where U ′

denotes the transpose of U . For U ∈ Rn, λi(U), i = 1, . . . , n, stands for an eigenvalue
of U . λi(U) is referred to as a semistable (respectively, stable) eigenvalue when it
lies in D̄ (D). The associated eigenvector v ∈ R

n is semistable (stable); otherwise it
is unstable. The space spanned by all stable eigenvectors is referred to as the stable
subspace of U , and similarly for semistable and unstable semispaces.

Regarding the system Θ and its state trajectory (Zk, Xk), k ≥ 0, we employ
the notation Zk(V0) and Xk(Σ) to emphasize the dependence on V0 and Σ; when the
dependence of Zk on Σ (indirectly via the coupling projections) is relevant, we employ
the notation Zk(V0,Σ). The coupling projections Hk give rise to the nonlinearities of
Θ; for example, with A = I and V0 
= 0 we have Zk(V0, I) + Zk(V0, 0) = V0 
= 0 =
Zk(2V0, I), k ≥ 0. Some useful features of system Θ are presented in what follows.

Proposition 1. Consider system Θ and, for U ∈ Rn0, let U∗ stand for the
pseudoinverse of U . The following statements hold:

(i) Hk = I −X∗kXk = I − (ζXk)∗(ζXk), k ≥ 0, ζ 
= 0.
(ii) (Zk(ζU), Xk(ζΣ)) = (ζZk(U), ζXk(Σ)), k ≥ 0, ζ ≥ 0.
(iii) If U1 ≥ U0, then Zk(U1) ≥ Zk(U0), k ≥ 0.
(iv) If Σ1 ≥ Σ0, then Xk(Σ1) ≥ Xk(Σ0) and Zk(V0,Σ1) ≤ Zk(V0,Σ0), k ≥ 0.
The stability notions considered in this paper are as follows.
Definition 1. Consider system Θ. We say that (A,Σ) is partially semistable

(PSS) if, for each 0 ≤ ζ < 1 and V ∈ Rn0, there exists Z̄ ∈ Rn0 such that ζkZk(V ) ≤
Z̄, k ≥ 0. We say that (A,Σ) is partially stable (PS) if, for each V ∈ Rn0, there
exists 0 ≤ β < 1 and Z̄ ∈ Rn0 such that Zk ≤ βkZ̄, k ≥ 0.

Example 1. Consider the system Θ with

(3) A =
[
d 1
0 d

]
, Σ = σσ′.

Set d = −1 and σ =
[
0 0

]′
. From (1) we have that Xk = 0, k ≥ 0. Direct inspection

of PSS and PS via Definition 1 is virtually impossible, as it involves exhaustive searches
for Z̄, for each V and ζ. Moreover, there is no evidence on how to modify the
parameters (e.g., σ) in order to achieve PSS or PS. In Example 5 we shall see that
(A,Σ) is PSS (and not PS), despite the fact that Zk can diverge with polynomial rate;
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for instance, with V = vv′ and v = e2, (1) yields

Zk(V ) = AkV A′k =
[
k2 −k
−k 1

]
.

Lemma 1. Consider system Θ. The following statements hold:
(i) (A,Σ) is PSS if and only if, for each ρ > 1, there exists Z̄ ∈ Rn0 such that

Zk(I) ≤ ρkZ̄, k ≥ 0.
(ii) (A,Σ) is PS if and only if there exist Z̄ ∈ Rn0 and 0 ≤ γ < 1 such that

Zk(I) ≤ γkZ̄, k ≥ 0.
Proof of (i). (Necessity.) It follows by setting V = I in Definition 1.
(Sufficiency.) For each V ∈ Rn0 we can pick κ > 0 such that κV ≤ I and

Proposition 1 (iii) yields Zk(κV ) ≤ Zk(I) ≤ ρkZ̄, which leads to ρ−kZk(V ) ≤ κ−1Z̄.
Proof of (ii). It is similar to the proof of (i) and is not presented.
Consider now the linear time-varying system related to the dynamics of the Z-

component of Θ, defined by

(4) ΘZ :

{
zk+1 = HkAzk, k ≥ 0,

z0 = H0z,

where zk ∈ R
n is the state and z ∈ R

n. Not surprisingly, PSS and PS of (A,Σ)
are strongly connected to semistability and stability of ΘZ , as stated in the following
lemma.

Lemma 2. Consider systems Θ and ΘZ . The following statements hold:
(i) (A,Σ) is PSS if and only if, for each z ∈ R

n and 0 ≤ ζ < 1, there exist α ≥ 0
and 0 ≤ β < 1 such that ‖ζkzk‖ ≤ αβk.

(ii) (A,Σ) is PS if and only if for each z ∈ R
n there exist α ≥ 0 and 0 ≤ β < 1

such that ‖zk‖ ≤ αβk.
Proof of (i). We employ the notation zk(z), αz, and βz to emphasize the depen-

dence on z.
(Necessity.) Let ι > 1 and, for each 0 ≤ ζ < 1, let ρ = ζ−2ι. From Lemma 1,

there exists Z̄ such that Zk(I) ≤ (ζ−2ι)kZ̄. Equivalently,

(5) ζ2kZk(I) ≤ ιkZ̄.

Consider z such that ‖z‖ ≤ 1. Note that Z0(I) = H0H
′
0 ≥ H0zz

′H ′0 = z0z
′
0 and

that employing (1) and (4) recursively yields Zk ≥ zkz
′
k, k ≥ 0. Then (5) leads to

ζ2kzkz
′
k ≤ ζ2kZk ≤ ιkZ̄, and taking the trace we obtain

(6) ‖ζkzk‖2 ≤ ιktr(Z̄), ‖z‖ ≤ 1.

Now consider ‖z‖ > 1. Note from (4) that zk(‖z‖−1z) = ‖z‖−1zk(z), which allows us
to employ (6) to evaluate

(7) ‖ζkzk‖2 = ‖ζkzk(‖z‖−1z)‖2‖z‖2 ≤ ιktr(Z̄)‖z‖2.

From (6) and (7) we have that, for each z ∈ R
n, ‖ζkzk‖2 ≤ ιktr(Z̄)max(1, ‖z‖2).

(Sufficiency.) For each γ > 1, let ζ =
√
γ−1 and note that for each z, by hypoth-

esis, zk(z)zk(z)′ ≤ ζ−2kβ2k
z α

2
zI = γkβ2k

z α
2
zI. Then, for each z = ei, i = 1, . . . , n, we

can write

(8) zk(ei)z′k(ei) ≤ γkβ2k
ei
α2
ei
I.
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Since Hk is an orthogonal projection, employing (1) we obtain Z0(I) = H0H
′
0 ≤ I =

z0(e1)z′0(e1) + · · · + z0(en)z′0(en), and it is simple to check by induction that

(9) Zk(I) ≤ zk(e1)z′k(e1) + · · · + zk(en)z′k(en).

Equations (8) and (9) lead to

(10) Zk(I) ≤ γkβ2k
ei
α2
e1I + · · · + γkβ2k

ei
α2
en
I ≤ γkβ̄2knᾱ2I,

where ᾱ = max(αe1 , . . . , αen) and β̄ = max(βe1 , . . . , βen). Since βei < 1 and β̄ < 1,
(10) leads to Zk(I) ≤ γk(nᾱ2I) and Lemma 1 completes the proof.

Proof of (ii). It is similar to the proof of (i), replacing ι > 1, 0 ≤ ζ < 1, and
γ > 1 with 0 ≤ ι < 1, ζ = 1, and γ = 1, respectively.

Similarly to the sequence zk connected with the Z-component of Θ, we introduce
a vector sequence related to X , as follows. Consider the solution Xk = AkΣAk′ for
the X-component. Introduce the rank-one decomposition

(11) Σ = σ1σ
′
1 + · · · + σrΣσrΣ ,

where rΣ stands for the rank of Σ, and the linear system defined by

ΘX : xk(σ) = Akσ.

It is simple to check that

Xk = xk(σ1)xk(σ1)′ + · · · + xk(σrΣ)xk(σrΣ)′

and Hk is the orthogonal projection onto [xk(σ1), . . . , xk(σrΣ)]⊥.

3. Evaluations for the coupling projections. The spaces spanned by the
trajectory xk = Akσ play an important role in this paper, because they drive the
projection Hk. We now present certain characterizations for convergence of these
spaces. Note that, taking into account the original basis, there may be no convergence
for [xk]; see Examples 2 and 4. In this paper we employ the bases introduced as
follows, related to Jordan forms [8], in view of the fact that they lead to a simpler
characterization for [xk], and despite the drawback of an inherent time dependence.

Proposition 2. For each A ∈ Rn there is a sequence of transformations Wk,
k ≥ 0, such that A = W−1

k+1ĀWk and Ak = W−1
k ĀkW0, k ≥ 0, with

Ā = diag(A(η1), . . . ,A(ηj)),

where A(ηi), 0 ≤ i ≤ j ≤ n, is an upper triangular Jordan block with eigenvalue
ηi, and ηi is a real nonnegative number, corresponding to certain eigenvalues λ�(A),
0 ≤ 
 ≤ n, with |λ�(A)| = ηi, ordered in such a manner that ηi ≥ ηj whenever i ≥ j.
Moreover, there exists κ, 0 ≤ κ < 1, such that (1 − κ) ≤ ‖Wk‖ ≤ (1 + κ), k ≥ 0.

The bases of Proposition 2 are employed throughout the paper, hence we introduce
the following notation. Unless otherwise stated, for any V ∈ Rn,r and v ∈ R

n, we
define V̄ ∈ Rn,r and v̄ ∈ R

n as V̄ = W0V and v̄ = W0v. For instance, we denote W0σ
simply by σ̄. The matrix A associated with the transformation W0 is usually clear
from the context; otherwise we employ the explicit notation W0(A). For σ, z ∈ R

n,
define z̄k, x̄k ∈ R

n, k ≥ 0, by

(12) z̄k+1 = (H̄kĀ)z̄k, k ≥ 1, z̄0 = H̄0z̄, x̄k(σ) = Ākσ̄, k ≥ 0,
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where

(13) H̄k = WkHkW
−1
k .

Example 2. Consider

(14) A =
[
1 0
0 −1

]
, Ā = I, W2� =

[
1 0
0 −1

]
, W2�+1 = I, 
 ≥ 0.

It is simple to check that the statements of Proposition 2 are satisfied. For σ =
[
1 1

]′,
xk = Akσ is in the form x2� =

[
1 1

]′ and x2�+1 =
[
1 −1

]′, 
 ≥ 0; hence the
spaces spanned by [xk] do not converge in any sense as k → ∞. On the other hand,
x̄k = Ākσ̄ = W0σ =

[
1 −1

]′, k ≥ 0. The matrix A is in Jordan form, making clear
that the Jordan form is not convenient for the characterization of convergence of [xk]
that we seek. Note that Ā is also in Jordan form, but is not similar to A.

Convergence of state trajectories is preserved, as stated in the next result.
Lemma 3. The following statements hold:
(i) zk = W−1

k−1z̄k, xk(σ) = Wkx̄k(σ), k ≥ 0.
(ii) There exists κ, 0 ≤ κ < 1, such that (1 + κ)−1‖z̄k‖ ≤ ‖zk‖ ≤ (1 − κ)−1‖z̄k‖

and (1 − κ)‖x̄k(σ)‖ ≤ ‖xk(σ)‖ ≤ (1 + κ)‖x̄k(σ)‖, k ≥ 0.
Proof of (i). We have from Proposition 2 that A = W−1

k ĀWk−1, k ≥ 1; substi-
tuting this equality and (13) in (4) yields

zk = (Hk−1A) · · · (H1A)(H0v) = (W−1
k−1H̄k−1Wk−1W

−1
k−1ĀWk−2) · · · (W−1

0 H̄0W0v)

= W−1
k−1(H̄k−1Ā) · · · (H̄1Ā)H̄0(W0v) = W−1

k−1 z̄k.

The proof for the second statement of (i) is analogous.
Proof of (ii). Accordingly to Proposition 2, there is a 0 ≤ κ < 1 such that

‖Wk‖ ≤ (1 + κ), k ≥ 0, and assertion (i) allows us to write ‖zk‖ ≤ ‖W−1
k−1‖‖z̄k‖ ≤

(1 − κ)−1‖z̄k‖. A similar evaluation yields ‖zk‖ ≥ (1 + κ)−1‖z̄k‖. The proof for the
second statement of (ii) is analogous.

Proposition 3. Consider system ΘZ and the system ΘζZ that arises by replacing
the matrix A with (ζA), ζ ≥ 0, and let zζ,k be the corresponding trajectory. Then
ζkzk = zζ,k and, similarly, ζkz̄k = z̄ζ,k.

Proof. The first statement follows from Proposition 1 (i)–(ii). Moreover, the first
statement and Lemma 3 (i) yield ζkW−1

k−1(A)z̄k = W−1
k−1(ζA)z̄ζ,k; hence the second

statement follows from the fact that one can always set Wk(ζA) = Wk(A) (even for
ζ = 0).

Consider now Ā and let e1, . . . , equ and equ+1, . . . , eqs be the associated unstable
eigenvectors and semistable eigenvectors, respectively. Introduce the subspaces

(15) U = [e1, . . . , equ ], S = [e1, . . . , eqs ].

Of course, U⊥ = [equ+1, . . . , en] and S⊥ = [eqs+1, . . . , en]. The block structure of Ā
in Proposition 2 allows for the next invariance results.

Lemma 4. U ,U⊥,S, and S⊥ are Ā-invariant.
Note that Ā is in Jordan form [8], leading to several links with available results

for Jordan forms. For example, there are invariance results similar to the ones of
Lemma 4; see, e.g., [1]. Another useful connection is as follows. Let J be the similarity
matrix for which JAJ−1 is the Jordan form of A and let J stand for the vector
subspace spanned by the unstable eigenvectors of JAJ−1. Then, for each σ ∈ R

n, the
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projection of Jσ onto J is zero if and only if the projection of σ̄ = W0σ onto U is zero,
yielding the following result, given without proof, which is useful for representing the
main results in terms of Jordan forms.

Lemma 5. ker{W0ΣW ′0} ∩ U = {0} if and only if ker{JΣJ ′} ∩ J = {0}.
The spaces spanned by xk may not converge in any sense (see Example 2), which

implies that there may be no convergence for the projections Hk. However, the con-
venient structure of Ā provides that [x̄k] always converge in a certain sense, allowing
us to derive approximation results for H̄ . In order to make the convergence notion
precise, we define, for the (nontrivial) vector subspaces U and V , the quantity

(16) θV(U) = max
v∈V,v �=0

min
u∈U ,u�=0

1 − (‖u‖‖v‖)−1u′v.

Note from the structure of Ā that if σ ∈ R
n is such that η is the largest eigenvalue for

which σ′ν 
= 0, where ν is an eigenvector associated with η, and assuming η unique
(i.e., no other eigenvalue of Ā equals η), then there are π≥ 0 and 0≤ ρ < 1 such that
θSη([xk(σ)]) ≤ πρk, where Sη is the space spanned by the eigenvectors associated
with η. This signifies that xk(σ) and Sη “align” with exponential rate. Moreover, there
is a ϕ > 0 such that θRn�Sη([xk(σ)]) ≥ ϕ for a sufficiently large k. One can explore
the convenient block structure of Ā to obtain the more general characterization given
in Lemmas 6 and 7 without proof; recall that σ̄ = W0σ and x̄k(σ) = Ākσ̄ = WkA

kσ.
Lemma 6. Consider σj ∈ R

n, j = 1, . . . ,m, and assume S is nontrivial. If
ker{σ̄1σ̄

′
1 + · · · + σ̄mσ̄

′
m} ∩ S = {0}, then there exist π ≥ 0 and 0 ≤ ρ < 1 such that

θS([x̄k(σ1), . . . , x̄k(σm)]) ≤ πρk.

Conversely to Lemma 6, if σj does not “completely excite” the subspace S, then
the space spanned by x̄k(σ1) does not “align” with S. It is convenient for later
reference to formalize this in terms of U rather than S.

Lemma 7. Consider σj ∈ R
n, σj 
= 0, j = 1, . . . ,m. If ker{σ̄1σ̄

′
1 + · · ·+ σ̄mσ̄

′
m}∩

U 
= {0}, then there exist ϕ > 0 and a subspace F spanned by eigenvectors of Ā such
that U 	 F is nontrivial and

θF ([x̄k(σ1), . . . , x̄k(σm)]) ≤ o(k), k ≥ 0,

θU�F([x̄k(σ1), . . . , x̄k(σm)]) ≥ ϕ, k ≥ 1,

where o(·) is a nonnegative-valued, strictly decreasing function.
Example 3. Consider the system Θ of Example 1 with σ = e2. The statements

of Proposition 2 hold with Ā = A and Wk = I, k ≥ 0, whenever d ≥ 0, or

Ā = −A, W2� =
[−1 0

0 1

]
, W2�+1 = −W2�, 
 ≥ 0, d < 0.

Consider d such that |d| > 1. Clearly, σ̄ = σ and U = R
n satisfy the hypothesis of

Lemma 7. As k → ∞, x̄k(σ) “aligns” with F = [e1]. Figure 1 illustrates the behavior
of θ; note from the detail presented in Figure 1 (ii), for d = 10, that the convergence
is slower in the interval 100 ≤ t ≤ 200 than in the interval 0 ≤ t ≤ 100, suggesting it
is not exponential. The case when |d| ≤ 1 is not addressed by Lemmas 6 or 7 (note
that U is trivial; for |d| < 1, S is trivial and, for |d| = 1, σ does not completely excite
S = R

n).
The coupling projections H̄ differ from H as they are are not orthogonal, because

of the “distortion” introduced by the new bases (see Example 4), but they are similar
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Fig. 1. Behavior of θ for system Θ of Example 3.

to H in the sense that H̄v̄ = 0 whenever Hv = 0. We shall need the following related
result.

Lemma 8. Consider the rank-one decomposition (11) for Σ. The projections H̄k,
k ≥ 0, are such that H̄kv = 0 for v ∈ [x̄k(σ1), . . . , x̄k(σrΣ)].

Proof. Note that H̄kv = H̄k(π1x̄k(σ1) + · · · + πrΣ x̄k(σrΣ)) for certain scalars
πj , j = 0, . . . , rΣ, and, for each term of this sum, one can employ Lemma 3 (i) to
evaluate H̄kx̄k(σj) = WkHkW

−1
k Wkxk(σj) = WkHkxk(σj) = 0, j = 0, . . . , rΣ, since

Hkxk(σj) = 0 by definition of Hk.
As x̄k(σj), 0 ≤ j ≤ rΣ, aligns with S (F , respectively) as stated in Lemma 6

(Lemma 7, respectively), we have that the projections H̄k onto [x̄(σ1), . . . , x̄(σrΣ)]
“tend to align” with the orthogonal projection onto S⊥ (F⊥, respectively), which
allows us to obtain the approximation results that will be useful for section 4. We
present these results in the next lemma, in which S, T , and U denote the orthogonal
projections onto S⊥, F⊥, and U 	 F , respectively.

Lemma 9. If ker{W0ΣW ′0} ∩ S = {0} and ker{W0ΣW ′0} ∩ S⊥ = S⊥, then there
exist π ≥ 0, 0 ≤ ρ < 1, such that, for k ≥ 0,

(i) ‖S(I − H̄k)v‖ ≤ πρk‖v‖ and ‖H̄k(I − S)v‖ ≤ πρk‖v‖.
If ker{W0ΣW ′0}∩U 
= {0}, then there exist δ, λ > 0 and a nonnegative-valued, strictly
decreasing function o(·) such that, for k ≥ 0,

(ii) ‖T (I − H̄k)v‖ ≤ o(k)‖v‖ and ‖H̄k(I − T )v‖ ≤ o(k)‖v‖;
(iii) ‖(UĀ)k+1Uv‖ ≥ (1 + δ)‖Uv‖;
(iv) T ĀUv = UĀUv;
(v) ‖H̄kUv‖ ≤ λ‖Uv‖.
Proof. (i). Lemma 6 leads to the result, provided S is nontrivial; for trivial S it

is simple to check that S = Hk = I and the result holds with π = 0. (ii) Lemma 8
can be employed when Σ 
= 0. The case with trivial Σ leads to T = Hk = I and
o(k) = 0, k ≥ 0. (iii) It follows from the fact that U is the projection onto U 	 F ,
which is spanned by unstable eigenvectors of Ā; moreover, (1+ δ) equals the minimal
of these eigenvalues. (iv) U 	F is not necessarily Ā-invariant in general, but one can
easily check from the structure of Ā that, for w ∈ U 	 F , Āw ∈ U , in such a manner
that the component of Āw in U⊥ is zero and T Āw = UĀw. (v) It follows from the
facts that H̄k = WkHkW

−1
k and (1 − κ) ≤ ‖Wk‖ ≤ (1 + κ) for some 0 ≤ κ < 1, as in

Lemma 2.
Remark 1 (condition ker{W0Σ1W

′
0} ∩ S⊥ = S⊥ in Lemma 9). In order to show

that ker{W0ΣW ′0}∩S = {0} is a sufficient condition for PSS, we may initially consider
a “modified” Σ1 such that ker{W0Σ1W

′
0}∩ S⊥ = S⊥ and then employ the inequality
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Zk(V0,Σ) ≤ Zk(V0,Σ1) of Proposition 1 (iv) to extend the result to the original Σ;
see the proof of Theorem 1. Since Σ1 does not excite S⊥ and excites all S, there is no
need to consider excited and nonexcited subspaces of S⊥ and S (as opposed, e.g., to
U ∩F and U ∩F⊥). However, the above inequality is not suitable for dealing with the
necessary condition for PS. That is why we study the projection S in (i) of Lemma 9,
and T and U in (ii) of the same lemma.

Example 4. Consider the systems Θ and ΘX with

(17) A =

⎡
⎢⎣ 1 −0.1 0

0.2 1 0
0 0 0.99

⎤
⎥⎦ , Σ = σσ′, σ =

⎡
⎢⎣1

0
1

⎤
⎥⎦ .

Set Wk = Ã−k, with

Ã ≈

⎡
⎢⎣0.9901 −0.099 0

0.1980 0.9901 0
0 0 1

⎤
⎥⎦ and Ā =

⎡
⎢⎣
√

1.02 0 0
0

√
1.02 0

0 0 0.99

⎤
⎥⎦ .

Figure 2 (i) illustrates how simple the behavior of x̄k is when compared to xk. The
oscillatory behavior of xk prevents convergence of θV (xk) for any fixed V . The hy-
pothesis of Lemma 7 holds with ker{W0ΣW ′0} ∩ U = [e2] and, in fact, for F = [e1],
θF⊥∩U(x̄k(σ)) ≥ 1, and θF (x̄k(σ)) ≤ 0.3×0.96k. We have checked that H̄kx̄k(σ) = 0,
k ≥ 0, confirming Lemma 8. The statements of Lemma 9 (ii)–(iv) hold with δ = 0.001,
λ = 1.031, and o(k) = 0.985k; Figure 2 (ii) and (iii) illustrate the behavior of the
quantities ‖T (I − H̄k)v‖ and ‖H̄kUv‖ for v = (

√
3/3)

[
1 1 1

]′. Note that ‖H̄kUv‖
presents an oscillation due to the fact that H̄k are nonorthogonal projections.

(i)

xkx̄k

x0

F = [e1] F⊥ ∩ U = [e2]

U⊥ = [e3]

(ii) (iii)
kk 00

1

1 1.04

400400

o(k)

‖T
(I
−
H̄

k
)v
‖

‖H̄
k
U
v
‖

Fig. 2. Simulation results for system ΘX of Example 4. (i) State trajectory x̄k(σ). (ii) and
(iii) The quantities of Lemma 9 (ii) and (iv).

An important feature of the case with ker{W0ΣW ′0}∩U 
= {0} is that Im(H̄)∩U 
=
{0}, which follows from the fact that H̄ cannot “cover” U 	F as stated in Lemma 7.
This fact, together with the structure of invariant spaces presented in Lemma 4, allows
us to pick an initial condition z̄ for which the associated z̄k has a nontrivial projection
onto U 	 F , as stated in the next proposition, the proof of which is omitted.

Proposition 4. If ker{W0ΣW ′0} ∩ U 
= {0}, then there exists z̄ ∈ S such that
Uz̄k 
= 0, k ≥ 0.
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4. Testable condition for PS and PSS. This section presents, initially, a
sufficient condition for PS, with an extension to PSS. Then a necessary condition for
PSS is presented and extended to PS. Finally, the results are gathered together in
Theorem 1.

4.1. Sufficient conditions.
Lemma 10. Consider W0 as in Proposition 2, the subspace S as in (15), and z̄k

as in (12). If ker{W0ΣW ′0} ∩ S = {0} and ker{W0ΣW ′0} ∩ S⊥ = S⊥, then for each z̄
there exist χ ≥ 0 and 0 ≤ β < 1 such that ‖z̄k‖ ≤ χβk.

Proof. For ease of notation, in this proof we write z̄, Ā, and H̄ as z, A, and H ,
respectively; for 
 ≥ 0, w1,�, w2,�, w3,� stand for vectors with ‖wj,�‖ ≤ 1. Recall the
orthogonal projection S used in Lemma 9. From Lemma 4 we have that both S⊥
and S are A-invariant, in such a manner that ASzk+� ∈ S⊥ and A(I − S)zk+� ∈ S,
k, 
 ≥ 0. Moreover, ker{W0ΣW ′0}∩S = {0}, and hence the conditions of Lemma 9 (i)
hold, allowing us to evaluate, for k, 
 ≥ 0,

(18)

SHk+�+1(ASzk+�) = S(ASzk+�) + πρk+�+1‖ASzk+�‖w1,�

= ASzk+� + πρk+�+1‖ASzk+�‖w1,�,

Hk+�+1A(I − S)zk+� = Hk+�+1(I − S)(A(I − S)zk+�)

= πρk+�+1‖A(I − S)zk+�‖w2,�,

where π, ρ are as in Lemma 9. Now we shall show inductively that

(19)
zk+�+1 = A�+1Szk + (I − S)Hk+�+1A

�+1Szk

+ 2π‖A‖�+1‖zk‖(ρk+1 + · · · + ρk+�+1)w3,�, 
 ≥ 0.

For 
 = 0, from (4) and (18) we have that

zk+1 = Hk+1Azk = Hk+1ASzk +Hk+1A(I − S)zk
= SHk+1ASzk + (I − S)Hk+1ASzk +Hk+1A(I − S)zk

= ASzk + (I − S)Hk+1ASzk

+ πρk+�+1(‖ASzk‖w1,0 + ‖A(I − S)zk‖w2,0)

= ASzk + (I − S)Hk+1ASzk + πρk+�+1(2‖A‖‖zk‖w3,0),

and assuming (19) holds for 
− 1, similarly to the above we evaluate from (4)

zk+�+1 = Hk+�+1Azk+�

= Hk+�+1A
�+1Szk

+Hk+�+1A(I − S)Hk+�A
�Szk

+Hk+�+1A(2π‖A‖�‖zk‖(ρk+1 + · · · + ρk+�)w3,�−1)

= SHk+�+1A
�+1Szk + (I − S)Hk+�+1A

�+1Szk

+Hk+�+1A(I − S)Hk+�A
�Szk

+Hk+�+1A(2π‖A‖�‖zk‖(ρk+1 + · · · + ρk+�)w3,�−1)
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and, from (18),

zk+�+1 = A�+1Szk + πρk+�+1‖A�+1Szk‖w1,k+�+1

+ (I − S)Hk+�+1A
�+1Szk

+ πρk+�+1‖A(I − S)Hk+�A
�Szk‖w2,k+�+1

+Hk+�+1A(2π‖A‖�‖zk‖(ρk+1 + · · · + ρk+�)w3,�−1)

= A�+1Szk + (I − S)Hk+�+1A
�+1Szk

+ 2π‖A‖�+1‖zk‖(ρk+1 + · · · + ρk+� + πρk+�+1)w3,�,

completing the inductive proof of (19). Then we can write, for k, 
 ≥ 0,

(20)

‖zk+�+1‖ ≤ ‖A�+1Szk‖ + ‖(I − S)Hk+�+1A
�+1Szk‖

+ 2π‖A‖�+1‖zk‖(ρk+1 + · · · + ρk+�+1)

≤ 2‖A�+1Szk‖ + 2π‖A‖�+1‖zk‖(ρk+1 + · · · + ρk+�+1).

Now consider the term A�Szk, 
 ≥ 1. Since S⊥ is A-invariant and corresponds to
the subspace spanned by eigenvectors associated to eigenvalues (strictly) inside the
unit disk, one has that ‖A�Szk‖ ≤ ηγ�‖Szk‖ ≤ ηγ�‖zk‖ for some scalars η ≥ 0 and
0 ≤ γ < 1. Then we set


0 : ηγ�0 ≤ 1/4,

and from (20) with 
 = 
0 − 1 we obtain

(21)
‖zk+�0‖ ≤ (2ηγ�0 + 2π‖A‖�0(ρk+1 + · · · + ρk+�0))‖zk‖

≤ (1/2 + 2π‖A‖�0(ρk+1 + · · · + ρk+�0))‖zk‖, k ≥ 0.

Now we set k0 such that 2π‖A‖�0(ρk0+1 + · · ·+ρk0+�0) < 1/2. From (21) with k = k0,
we obtain ‖zk0+�0‖ ≤ β̄‖zk0‖, where β̄ = (1/2 + 2π‖A‖�0(ρk0+1 + · · · + ρk0+�0)) < 1;
similarly, from (21) with k = k0 +m
0, m ≥ 0, we obtain

‖zk0+m�0+�0‖ ≤ β̄‖zk0+m�0‖ ≤ β̄2‖zk0+(m−1)�0‖ ≤ · · · ≤ β̄m+1‖zk0‖.

Finally, we have that each k ≥ k0 can be written in the form k = k0 + m
0 + r for
some 0 ≤ r < 
0 and m with (k − k0)/
0 ≤ m ≤ (k − k0)/
0 + 1, leading to

‖zk‖ ≤ ‖A‖r‖zk0+m�0‖

≤ ‖A‖�0β̄m‖zk0‖ ≤ ‖A‖�0‖zk0‖β̄−1(π1/�0)k, k ≥ k0,

and since ‖zk‖ ≤ ‖A‖k‖z0‖, k < k0, it is a simple matter to check that we can set
β = β̄1/t0 < 1 and find χ ≥ 0 for which ‖zk‖ ≤ χβk, k ≥ 0.

Lemma 10 can be easily extended to the context of semistability of the system ΘZ

by employing ξ < 1 as a scaling factor that “converts” U associated with the matrix
Ā into Sξ associated with ξĀ.

Corollary 1. Consider the system ΘZ , W0 as in Proposition 2 and U as in
(15). If ker{W0ΣW ′0} ∩ U = {0} and ker{W0ΣW ′0} ∩ U⊥ = U⊥, then for each z and
0 ≤ ζ < 1 there exist α ≥ 0 and 0 ≤ β < 1 such that ‖ζkzk‖ ≤ αβk.
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Proof. Let ΘZ , S, and U correspond to the matrix A and, for 0 ≤ ξ < 1, let
ΘξZ , Sξ, and Uξ correspond to the matrix ξA. Note that the eigenvalues of Ā lying
in the unit disk are shifted to eigenvalues of ξĀ inside the disk, yielding U ⊃ Sξ for a
general 0 ≤ ξ < 1. Let ξ be sufficiently close to one, in such a manner that ξ ≥ ζ and
U = Sξ. This leads to (ker{W0ΣW ′0} ∩Sξ) = (ker{W0ΣW ′0} ∩U) = {0}; furthermore,
S⊥ξ = U⊥ yields (ker{W0ΣW ′0}∩S⊥ξ ) = (ker{W0ΣW ′0}∩U⊥) = U⊥ = S⊥ξ . Employing
the result of Lemma 10 for system ΘξZ yields that there exist χ ≥ 0 and 0 ≤ β < 1
for which

(22) ‖z̄ξ,k‖ ≤ χβk.

From Proposition 3 we get that z̄ξ,k = ξkz̄k, allowing us to obtain from (22)

(23) ‖ξkz̄k‖ = ‖z̄ξ,k‖ ≤ χβk,

and Lemma 3 (ii) provides ‖ξkzk‖ ≤ (1− κ)−1‖ξkz̄k‖ ≤ (1− κ)−1χβk. Recalling that
ζ ≤ ξ, we have ‖ζkzk‖ ≤ ‖ξkzk‖ ≤ (1 − κ)−1χβk.

4.2. Necessary conditions. Conversely to Corollary 1, if Σ does not completely
excite U , then exponential divergence takes place. It is convenient, for later reference,
to formalize the result as follows.

Lemma 11. Consider the system ΘZ , W0 as in Proposition 2 and U as in (15).
If ker{W0ΣW ′0} ∩ U 
= {0}, then there exist z ∈ R

n and 0 ≤ ζ < 1 such that for all
χ ≥ 0 and 0 ≤ ψ < 1, ‖ζkz̄k‖ > χψk for some k ≥ 0.

Proof. We start setting ζ < 1 sufficiently close to one, in such a manner that
ζ(1+ δ) > 1, where δ is as in Lemma 9, and, simultaneously, λi(ζA) /∈ D̄ if and only if
λi(A) /∈ D̄, 0 ≤ i ≤ n (the unstable space of ζA equals the unstable space of A). For
ease of notation, in what follows we write z̄, Ā, and H̄ as z, A, and H , respectively; for

 ≥ 0, w1,�, w2,�, w3,� stand for vectors with ‖wj,�‖ ≤ 1. We shall need an evaluation
that is analogous to (19) of Lemma 10. In fact, (19) involves projections onto S⊥ and
S via S and I − S, respectively, and now we consider projections onto U 	F , F , and
U⊥	F via U , (I−T ), and (I−U)T , respectively. Using Lemma 9 (ii) and (iii) yields

zk+�+1 = (TA)�+1Uzk +A�+1(I − U)Tzk

+ (I − T )Hk+�+1(TA)�+1Uzk

+ (I − T )Hk+�+1A
�+1(I − U)Tzk

+ 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))w3,�, 
 ≥ 0,

and, since Lemma 9 (v) provides (TA)�+1U = (UA)�+1U , this can be written as

(24)

zk+�+1 = (UA)�+1Uzk +A�+1(I − U)Tzk

+ (I − T )Hk+�+1(UA)�+1Uzk

+ (I − T )Hk+�+1A
�+1(I − U)Tzk

+ 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))w3,�, 
 ≥ 0.

Similarly to (18), we have from Lemma 9 (ii)

THk+�+1(UA)�+1Uzk = T (UA)�+1Uzk + o(k + 
+ 1)‖(UA)�+1Uzk‖w1,�

= (UA)�+1Uzk + o(k + 
+ 1)‖(UA)�+1Uzk‖w1,�,
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which can be substituted in the third term on the right-hand side of (24), leading to

(25)

zk+�+1 = Hk+�+1(UA)�+1Uzk − o(k + 
+ 1)‖(UA)�+1Uzk‖w1,�

+A�+1(I − U)Tzk + (I − T )Hk+�+1A
�+1(I − U)Tzk

+ 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))w3,�

= Hk+�+1(UA)�+1Uzk

+A�+1(I − U)Tzk + (I − T )Hk+�+1A
�+1(I − U)Tzk

+ 5‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))w4,�, 
 ≥ 0.

Regarding the second and third terms on the right-hand side of (25), recall that
(I − U)Tzz ∈ (U⊥ 	 F) ⊂ U⊥, yielding that Ak(I − U)Tzz may present polynomial
divergence, as k → ∞; hence we can write for each γ > 1, and in particular for γ such
that γζ < 1,

(26)

‖A�+1(I − U)Tzk + (I − T )Hk+�+1A
�+1(I − U)Tzk‖

≤ ‖A�+1(I − U)Tzk‖ + ‖(I − T )‖‖Hk+�+1‖‖A�+1(I − U)Tzk‖

= 2‖A�+1(I − U)Tzk‖ ≤ 2ηγ�+1‖zk‖

for some η ≥ 0. Note that (25), (26), and Lemma 9 (v) lead to

(27)

‖zk+�+1‖ ≤ ‖Hk+�+1(UA)�+1Uzk‖ + 2ηγ�+1‖zk‖

+ 5‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))

≤ λ‖(UA)�+1Uzk‖ + 2ηγ�+1‖zk‖

+ 5‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1)).

On the other hand, premultiplying both sides of (24) by U and employing the fact
that, for v ∈ R

n, (I−T )v ∈ F , yielding (I−T )v ⊥ (F⊥∩U) and hence U(I−T ) = 0,
evaluations similar to the above ones provide

(28)

‖Uzk+�+1‖ =
∥∥(UA)�+1Uzk + UA�+1(I − U)Tzk

+ 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))Uw3,�

∥∥
≥ ‖(UA)�+1Uzk‖ − ηγ�+1‖zk‖

− 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1)).

By substituting (28) in (27) we get that

‖zk+�+1‖ ≤ λ
(
‖Uzk+�+1‖ + ηγ�+1‖zk‖

+ 4‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))
)

+ 2ηγ�+1‖zk‖ + 5‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1))

= λ‖Uzk+�+1‖ + (2 + λ)ηγ�+1‖zk‖

+ (5 + 4λ)‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1)), 
 ≥ 0,

or equivalently, for 
 ≥ 0,
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(29)
‖Uzk+�+1‖ ≥ λ−1‖zk+�+1‖ − λ−1(2 + λ)ηγ�+1‖zk‖

− λ−1(5 + 4λ)‖A‖�+1‖zk‖(o(k + 1) + · · · + o(k + 
+ 1)).

Now we employ the fact that U 	 F⊥ is associated with unstable eigenvalues of A.
We proceed similarly to the above, employing (24) with k replaced by k + 
+ 1 and

 replaced by m− 1, and Lemma 9 (ii)–(v), to evaluate

‖zk+�+m+1‖ ≥ ‖(UA)mUzk+�+1 + (I − T )Hk+�+m+1(UA)mUzk+�+1

+ (I − T )Hk+�+m+1A
m(I − U)Tzk+�+1‖ − ‖Am(I − U)Tzk+�+1‖

− 4‖A‖m‖zk‖(o(k + 
+ 2) + · · · + o(k + 
+m+ 1)).

Recalling that (I−T ) and U are orthogonal projections and employing Lemma 9 (iii)
and an evaluation similar to (26) (with the same γ as in (26), such that γζ < 1), the
above inequality leads to

‖zk+�+m+1‖ ≥ ‖(UA)mUzk+�+1‖ − ‖Am(I − U)Tzk+�+1‖

− 4α‖A‖m‖zk+�+1‖(βk+�+2 + · · · + βk+�+m+1)

≥ (1 + δ)m‖Uzk+�+1‖ − ηγm‖zk+�+1‖

− 4‖A‖m‖zk+�+1‖(o(k + 
+ 2) + · · · + o(k + 
+m+ 1))

and, from (29),

‖zk+�+m+1‖ ≥ (1 + δ)mλ−1
(
‖zk+�+1‖ − (2 + λ)ηγ�+1‖zk‖

− (5 + 4λ)‖A‖�+1(o(k + 1) + · · · + o(k + 
+ 1))‖zk‖
)

− ηγm‖zk+�+1‖

− 4‖A‖m(o(k + 
+ 2) + · · · + o(k + 
+m+ 1))‖zk+�+1‖.

Multiplying both sides of the above equation by ζk+�+m+1 and setting ξ = γζ and
zζ,k = ζkzk, 
 ≥ 0, lead to

(30)

‖zζ,k+�+m+1‖ ≥ ζm(1 + δ)mλ−1
(
‖zζ,k+�+1‖ − (2 + λ)ηξ�+1‖zζ,k‖

− (5 + 4λ)ζ�+1‖A‖�+1(o(k + 1) + · · · + o(k + 
+ 1))‖zζ,k‖
)

− ηξm‖zζ,k+�+1‖

− 4ζm‖A‖m(o(k + 
+ 2) + · · · + o(k + 
+m+ 1))‖zζ,k+�+1‖.

Recall that ζ(1 + δ) > 1, ξ = γζ < 1, and o(·) is a decreasing function, allowing for
the following settings. For an arbitrary m̄ > 0, let m be such that

(31) ζm(1 + δ)mλ−1 − ηξm > 6m̄.

Set 
 = max(
1, 
2), where 
1 is such that

(32) ζm(1 + δ)mλ−1(2 + λ)ηξ�1+1 < (1/2)m̄
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and 
2 is such that 4ζm‖A‖m(o(
2 + 2) + · · · + o(
2 +m+ 1)) < 3m̄, yielding

(33) 4ζm‖A‖m(o(k + 
+ 2) + · · · + o(k + 
+m+ 1)) < 3m̄, k ≥ 0.

Finally, let k be such that

(34) ζm(1 + δ)mλ−1(5 + 4λ)ζ�+1‖A‖�+1(o(k + 1) + · · · + o(k + 
+ 1)) < (1/2)m̄.

Substituting (31)–(34) in (30) provides

‖zζ,k+�+m+1‖ ≥ 6m̄‖zζ,k+�+1‖ − (1/2)m̄‖zζ,k‖ − (1/2)m̄‖zζ,k‖ − 3m̄‖zζ,k+�+1‖

= m̄‖zζ,k+�+1‖ + 2m̄‖zζ,k+�+1‖ − m̄‖zζ,k‖.

Using this inequality in a recursive fashion, substituting k with k + qm, q ≥ 0, we
obtain

(35)

‖zζ,k+�+1+(q+1)m‖ ≥ m̄q‖zζ,k+�+1+m‖ +
q∑
j=0

(2m̄)j‖zζ,k+�+1+jm‖ −
q∑
j=0

m̄j‖zζ,k+jm‖.

The second term on the right-hand side of (35) dominates the third one, leading
to exponential divergence; in particular, we can write for q ≥ q0 for some q0 that
‖zζ,k+�+1+(q+1)m‖ ≥ ‖zζ,k+�+1+m‖, leading to

ζk+�+1+(q+1)m‖zk+�+1+(q+1)m‖ ≥ ζk+�+1+m‖zk+�+1+m‖

or, equivalently, ‖zk+�+1+(q+1)m‖ ≥ ζ−q‖zk+�+1+m‖, q ≥ q0. It is important to men-
tion that we can pick an initial condition z for which zk+�+1+m 
= 0; see Proposi-
tion 4.

Similarly to the proof of Corollary 1, we employ a “scaling factor” ξ < 1 that
converts S associated with Ā into Uξ−1 associated with ξ−1Ā, and extend the result
of Lemma 11 to the context of PS. It is worth mentioning that Lemma 11 applied
to matrix ξ−1Ā provides ‖ζkξ−kz̄k‖ > χψk (in analogy with (23)), or, equivalently,
‖z̄k‖ > χ(ψζ−1ξ)k, and we can set both ζ and ξ arbitrarily close to one, to obtain the
next result, the proof of which is not presented.

Corollary 2. Consider the system ΘZ , W0 as in Proposition 2 and S as in
(15). If ker{W0ΣW ′0} ∩ S 
= {0}, then there exist z ∈ R

n such that for all χ ≥ 0 and
0 ≤ ψ < 1, ‖zk‖ > χψk for some k ≥ 0.

4.3. Main result.
Theorem 1. Consider the system Θ. Let J represent the similarity transfor-

mation for which JAJ−1 is in Jordan form and let J and JS stand for the unstable
space and the stable space of JAJ−1, respectively. (A,Σ) is PSS if and only if

(36) ker{JΣJ ′} ∩ J = {0}.

(A,Σ) is PS if and only if

(37) ker{JΣJ ′} ∩ J ⊥S = {0}.

Proof. Regarding the first statement, consider W0 as in Proposition 2 and U as
in (15). Condition (36) holds if and only if

(38) ker{W0ΣW ′0} ∩ U = {0};
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see Lemma 5. Assume that ker{W0ΣW ′0} ∩ S⊥ = S⊥. It follows from Corollary 1
and Lemma 11 that (38) is a necessary and sufficient condition for the existence,
for each z ∈ R

n and 0 ≤ ζ < 1, of α ≥ 0 and 0 ≤ β < 1 such that ‖ζkzk‖ ≤
αβk. Lemma 2 extends the result to PSS of (A,Σ). Now we consider the case when
ker{W0ΣW ′0} ∩ S⊥ 
= S⊥, that is, Σ also excites S⊥. In this situation, we can write
Σ = Σ1 + Σ2 with Σ1,Σ2 ∈ Rn0 and ker{W0Σ1W

′
0} ∩ S⊥ = S⊥, to conclude that

(A,Σ1) is PSS, that is, for each 0 ≤ ζ < 1 and V ∈ Rn0, there exists Z̄ ∈ Rn0 for
which

(39) Zk(V,Σ1) ≤ ζ−kZ̄.

Finally, since Σ − Σ1 = Σ2 ≥ 0, Proposition 1 (iv) yields Zk(V,Σ) ≤ Zk(V,Σ1) and
(39) provides Zk(V,Σ) ≤ ζ−kZ̄, i.e., (A,Σ) is PSS. The proof for the second statement
follows from Corollary 2 and Lemma 10 in a similar manner as above.

Remark 2. Either Σ > 0 or semistable A imply (A,Σ) is PSS, which implies that
(A,Σ) is semistabilizable. Indeed, Σ > 0 provides ker{JΣJ ′} = {0} and semistable
A yields J = {0}, and in both cases (36) holds. Regarding the second implication,
(A,Σ) not semistabilizable means that Σ does not excite an “entire” unstable mode
of A, and (36) does not hold. PSS is not comparable to stabilizability of (A,Σ);
indeed, Example 6 illustrates the situation when (A,Σ) is stabilizable but Θ is not
PSS, whereas system Θ with A = 1 and Σ = 0 illustrates the opposite situation.
Similarly, stable A imply that (A,Σ) is PS, which implies that (A,Σ) is stabilizable.

Example 5. Consider the system Θ of Example 3 with |d| > 1. One has that
J = I, ker{JΣJ ′} = [e1], and J = J⊥S = R

n. Neither (36) nor (37) holds, and from
Theorem 1 we have that (A,Σ) is not PS or PSS. For |d| < 1, J = J⊥S = {0}, and the
system is PS and PSS. For |d| = 1, J = {0} and J ⊥S = R

n, and hence only (36) holds
and the system is “strictly” PSS; the same holds if σ = e2 is replaced with σ2 = 0, as
in Example 1.

Example 6. Consider the system Θ of Example 4. It is simple to check that (36)
is not satisfied and, according to Theorem 1, (A,Σ) is not PSS. See Figure 3 (i) for the
behavior of the Z-component of the state trajectory. Note that (A,Σ) is stabilizable
but the system is not PSS. Now, replace A with 1.02−1/2A, which leads to λi(A) ∈ D̄

and J = {0}. In this situation, only (36) holds. Note via Figure 3 (ii) that the
Z-component presents an oscillatory behavior, which is compatible with PSS.

(i)

‖Z
(k

)‖

‖Z
(k

)‖

(ii)
kk

100100 5050 0
0
0

6

0.4

1.3

Fig. 3. Behavior of the Z-component for the setups of Example 6.

Remark 3. The conditions of Theorem 1 can be employed in the problem of
“stabilization” of the system Θ via a suitable choice of Σ. For instance, Σ = σ1σ

′
1 +

· · · + σrσ
′
r with r = dim(J ) is such that (A,Σ) is PSS if and only if σj , 0 ≤ j ≤ r,
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are linearly independent vectors with nontrivial projections onto J , and a similar
condition holds for PS. As illustration, for the system Θ of Example 5, if we set
σ1 = e1 and σ2 = e2, we obtain both PS and PSS; the same is valid for the system of
Example 6 (of course, now e1, e2 ∈ R

3 and Σ is rank deficient).

5. Concluding remarks. In this paper we have explored the structure of the
system Θ in (1), with special attention to the relations among the initial condition
Σ of the X-component, its dynamics (governed by A), and the coupling with the
Z-component via the orthogonal projection H . We obtain the structural, testable
condition (36) for PSS, with the interpretation that Σ has to completely excite the
unstable modes of A. Similarly, the condition (37) for PS requires that Σ excite all
modes of A except the stable ones. These interpretations are particularly meaningful
in the scenario of Kalman filtering for linear time-invariant systems, meaning that
the noise in the initial condition excites the unstable or the “semiunstable” dynamics
of the plant; indeed, the derived conditions are essential to obtain, as discussed in
[4], necessary and sufficient conditions for avoiding actual exponential divergence of
estimates and bounded error estimates, under incorrect noise measurements, which
is a significant result, taking into account the conservativeness of existing conditions.
The results can also be employed in the problem of stabilization of the filter via a
suitable choice of noise model; see Remark 3.
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Abstract. In this work a new approach to generalized Naghdi shell and curved rod models is
discussed. The method is based on optimal control theory and has a wide range of applications.
Some abstract variants are also indicated.
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1. Introduction. The control variational method is a new variational approach
for the solution of differential equations. It is based on the minimization of the usual
energy via optimal control arguments. The method was introduced in a sequence of
papers by Arnăutu et al. [1] and Sprekels and Tiba [8], [10] and has many variants.
Due to its relationship to the energy functional, we consider that this approach is a
generalization of the classical variational argument. We mention that already Glowin-
ski and Pironneau [4], [3] noticed that for the biharmonic equation optimal control
theory may be advantageously applied in the numerical approximation. The recent
monograph of Neittaanmäki, Sprekels, and Tiba [7] includes a detailed discussion of
the control variational approach in the case of Kirchhoff–Love arches and for simpli-
fied plate models. The method is very flexible and allows one to obtain new results,
on a theoretical as well as a numerical level. We briefly recall here the example of
the linear elasticity system, following Sprekels and Tiba [12]. If Ω ⊂ R

3 is a bounded
domain representing the elastic body, fixed on Γ ⊂ ∂Ω, and if

V (Ω) = {v̄ ∈ H1(Ω)3; v̄|Γ = 0},

then the weak formulation of the isotropic linear elasticity system is

∫
Ω

[λ epp(ū) eqq(v̄) + 2μ eij(ū) eij(v̄)] dx =
∫

Ω

fi vi dx ∀ v̄ ∈ V (Ω).(1.1)

Here, ū = (u1, u2, u3) ∈ V (Ω) is the displacement vector, f̄ = (f1, f2, f3) ∈ L2(Ω)3 is
the load vector, λ ≥ 0, μ > 0 are the Lamé coefficients of the elastic material, eij(·),
i, j = 1, 3, denote the symmetrized gradients, and the summation convention is used.
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The optimal control problem

(P) Min

{∫
Ω

{
μ |w|2

R9 + λ |div u|2 + μ

[(
∂u1

∂x1

)2

+
(
∂u2

∂x2

)2

+
(
∂u3

∂x3

)2
]

+2μ
(
∂u1

∂x2

∂u2

∂x1
+
∂u1

∂x3

∂u3

∂x1
+
∂u2

∂x3

∂u3

∂x2

)}
dx

}

for all w ∈ L2(Ω)9 is associated to (1.1), subject to the state equation∫
Ω

∇ū : ∇v̄ dx =
∫

Ω

w : ∇v̄ dx+
1
μ

∫
Ω

f̄ · v̄ dx ∀ v̄ ∈ V (Ω).(1.2)

Here, ∇ū, ∇v̄ denote the Jacobian matrices, and

∇ū : ∇v̄ =
3∑

i,j=1

∂ui
∂xj

∂vi
∂xj

, f · v =
3∑
i=1

fi vi.

Problem (P) is an unconstrained optimal control problem whose state system (1.2)
consists of three uncoupled Poisson equations for {ui}i=1,3. Therefore, problem (P) is
particularly easy to solve and, according to Sprekels and Tiba [12], its optimal state
u∗ is the unique solution to (1.1).

In this paper, we demonstrate similar properties in the application of the control
variational method to shell and curved rod models of generalized Naghdi type (see
sections 2 and 3, respectively). The last section discusses some abstract variants of
the method. Further examples and applications may be found in the preprints of
Sprekels and Tiba [13] and Tiba [14], on which this paper is based.

2. Naghdi shell models. We first introduce the generalized Naghdi model for
thin elastic shells, following Sprekels and Tiba [11]. Let ω ∈ R

2 be a bounded Lip-
schitzian domain, ε > 0 “small,” and Ω = ω × ]−ε, ε[. We assume that ∂ω = γ̄0 ∪ γ̄1,
γ0 ∩ γ1 = ∅, and we denote

Γ0 = γ0 × ]−ε, ε[, Γ1 = ∂Ω \ Γ0, V (ω) = {v̄ = (v1, v2, v3) ∈ H1(ω)3; v̄|γ0 = 0}.

Let p : ω → R be piecewise in C2(ω̄), and let n̄ : ω → R
3, n̄ = (n1, n2, n3), be

the unit normal vector to the graph of p in R
3. We denote by π̄ = (π1, π2, π3) =

(x1, x2, p(x1, x2)) this graph, which represents the midsurface of the shell. That is, n̄
is given by

n̄ =
∂π̄
∂x1

∧ ∂π̄
∂x2∣∣∣ ∂π̄∂x1

∧ ∂π̄
∂x2

∣∣∣
R3

=

(
− p1√

1 + p2
1 + p2

2

,− p2√
1 + p2

1 + p2
2

,
1√

1 + p2
1 + p2

2

)
,(2.1)

where p1 = ∂p
∂x1

, p2 = ∂p
∂x2

.
We define the transformation F : Ω → F (Ω) = Ω̂ ⊂ R

3 by

F (x̄) = F (x1, x2, x3) = π̄(x1, x2) + x3 n̄(x1, x2).(2.2)

If ε > 0 is small enough, it is one-to-one (see Ciarlet [2, Thm. 3.1-1]). Denote by
J = ∇F the Jacobian of F , and let (hij(x̄))ij=1,3 = J(x̄)−1. Starting from the linear
elasticity system (1.1), and using the assumption that the displacement has the form

ŷ(x̂) = ū(x1, x2) + x3 r̄(x1, x2) ∀ x̂ ∈ Ω̂, x̄ = F−1(x̂) ∈ Ω,(2.3)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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one can deduce the generalized Naghdi model

B([ū, r̄], [μ̄, ρ̄])(2.4)

= λ

∫
Ω

{
3∑
i=1

[(
∂ui
∂x1

+ x3
∂ri
∂x1

)
h1i +

(
∂ui
∂x2

+ x3
∂ri
∂x2

)
h2i + ri h3i

]}

·
{

3∑
j=1

[(
∂μj
∂x1

+ x3
∂ρj
∂x1

)
h1j +

(
∂μj
∂x2

+ x3
∂ρj
∂x2

)
h2j + ρj h3j

]}

·| detJ(x̄)| dx̄

+2μ
∫

Ω

3∑
i=1

[(
∂ui
∂x1

+ x3
∂ri
∂x1

)
h1i +

(
∂ui
∂x2

+ x3
∂ri
∂x2

)
h2i + ri h3i

]

·
[(

∂μi
∂x1

+ x3
∂ρi
∂x1

)
h1i +

(
∂μi
∂x2

+ x3
∂ρi
∂x2

)
h2i + ρ1 h3i

]
| detJ(x̄)| dx̄

+μ
∫

Ω

∑
i<j

{[(
∂ui
∂x1

+ x3
∂ri
∂x1

)
h1j +

(
∂ui
∂x2

+ x3
∂ri
∂x2

)
h2j + ri h3j

+
(
∂uj
∂xi

+ x3
∂rj
∂x1

)
h1i +

(
∂uj
∂x2

+ x3
∂rj
∂x2

)
h2i + rj h3i

]

·
[(

∂μi
∂x1

+ x3
∂ρi
∂x1

)
h1j +

(
∂μi
∂x2

+ x3
∂ρi
∂x2

)
h2j + ρi h3j

+
(
∂μj
∂x1

+ x3
∂ρj
∂x1

)
h1i +

(
∂μj
∂x2

+ x3
∂ρj
∂x2

)
h2i + ρj h3i

]}

·| detJ(x̄)| dx̄

=
3∑
i=1

{∫
Ω

fi(μi + x3 ρi) dx̄+
∫

Γ1

hi(μi + x3 ρi) dσ
}
,

∀ μ̄ = (μ1, μ2, μ3), ∀ ρ̄ = (ρ1, ρ2, ρ3) ∈ V (ω).

Above, f̄ = (f1, f2, f3) represents the body forces and h̄ = (h1, h2, h3) the surface
tractions. The shell is partially clamped along Γ0. The existence of a unique solution
ū, r̄ ∈ V (ω) follows from the Lax–Milgram lemma and Korn’s inequality; see Sprekels
and Tiba [11].

As in the case of (1.1), (1.2), we show that it is possible to solve directly the
generalized Naghdi shell model (2.4) via a control problem governed by a finite number
of independent Poisson equations. Usual gradient methods may be applied for its
solution. Our choice is motivated by its simplicity; other choices are also possible, as
the following sections will make clear.
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We associate with (2.4) the following unconstrained control problem:

min
w∈L2(ω)12

{
L(w) =

1
2
B([ū, r̄], [ū, r̄]) +

1
2

3∑
i=1

∫
ω

[
|wi1|2R2 + |wi2|2R2

]
dx1 dx2(2.5)

−1
2

3∑
i=1

∫
ω

[
|∇ui|2R2 + |∇ri|2R2

]
dx1 dx2

}
,

subject to
3∑
i=1

∫
ω

[∇ui · ∇φi + ∇ri · ∇ψi] dx1 dx2(2.6)

=
3∑
i=1

∫
ω

[
wi1 · ∇φi + wi2 · ∇ψi

]
dx1 dx2

+
3∑
i=1

{∫
Ω

fi(φi + x3 ψi) dx̄+
∫

Γ1

hi(φi + x3 ψi) dτ
}

∀ φ, ψ ∈ V (ω).

Theorem 2.1. The gradient of the cost (2.5) in the point w = [w1, w2] ∈ L2(ω)12

has the form

〈∇L(w1, w2), [v1, v2]〉 =
3∑
i=1

∫
ω

[
〈wi1+∇pi,∇μi〉R2 +〈wi2+∇qi,∇ρi〉R2

]
dx1 dx2(2.7)

for vi1 = ∇μi, vi2 = ∇ρi, i = 1, 3, and any [μ̄, ρ̄] ∈ V (ω)2.
Here, 〈·, ·〉 is the scalar product in L2(ω)12, and [p, q] ∈ V (ω)2 satisfy the adjoint

equation
3∑
i=1

∫
ω

[〈∇pi,∇φi〉R2 + 〈∇qi,∇ψi〉R2 ] dx1 dx2(2.8)

= B([ū, r̄], [φ, ψ]) −
3∑
i=1

∫
ω

[〈∇ui,∇φi〉R2 + 〈∇ri,∇ψi〉R2 ] dx1 dx2 ∀φ, ψ ∈ V (ω).

If [u∗, r∗] ∈ V (ω)2 denotes the optimal state corresponding to the optimal control
[w∗1 , w

∗
2 ] ∈ L2(ω)12 for the problem (2.6), (2.5), then [u∗, r∗] is the unique solution to

(2.4).
Proof. We take variations around the optimal pair, given by any [μ̄, ρ̄] ∈ V (ω)2

and vi1 = ∇μi, vi2 = ∇ρi, i = 1, 3, for the state, respectively, the control. Clearly,
[u∗, r∗] + λ[μ̄, ρ̄] and w∗ + λ[v1, v2], λ ∈ R, satisfy (2.6) and give an admissible pair
for the control problem (2.5). Then the optimality of w∗ yields that

0 = lim
λ→0

L(w∗ + λ[v1, v2]) − L(w∗)
λ

(2.9)

= B([u∗, r∗], [μ̄, ρ̄]) +
3∑
i=1

∫
ω

[
〈(w∗1)i, vi1〉R2 + 〈(w∗2)i, vi2〉R2

]

−
3∑
i=1

∫
ω

[〈∇u∗i ,∇μi〉R2 + 〈∇r∗i ,∇ρi〉R2 ]

= B([u∗, r∗], [μ̄, ρ̄]) −
3∑
i=1

{∫
ω

fi(μi + x3 ρi) dx̄+
∫

Γ1

hi(μi + x3 ρi) dσ
}
,
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by the state equation (2.5) with μ̄, ρ̄ as test functions, and by fixing vi1 = ∇μi,
vi2 = ∇ρi, i = 1, 3. The first and last terms in (2.9) prove the last statement of the
theorem.

The first equality in (2.9) and the adjoint system (2.8) give

〈∇L(w), [v1, v2]〉 =
3∑
i=1

∫
ω

[
〈wi1, vi1〉R2 + 〈wi2, vi2〉R2

]
dx1 dx2

+
3∑
i=1

∫
ω

[〈∇pi,∇μi〉R2 + 〈∇qi,∇ρi〉R2 ] dx1 dx2,

which shows (2.7).
Remark. The optimality system characterizing the solution of (2.6), (2.5) is given

by (2.6), (2.8), and by the Pontryagin maximum principle
3∑
i=1

∫
ω

[
〈(w∗1)i + ∇p∗i ,∇μi〉R2 + 〈(w∗2)i + ∇q∗i ,∇ρi〉R2

]
dx1 dx2 = 0,

where [p∗i , q
∗
i ]i=1,3 are computed by (2.7), with ū∗, r̄∗ on the right-hand side. Both

(2.6) and (2.8) are equivalent to a system of six Poisson equations.
Remark. If state constraints are added to the control problem (2.6), (2.5), then

the optimal state will satisfy a variational inequality associated with (2.4). In Arnăutu
et al. [1], a similar situation was discussed in the case of a simplified plate model.

Proposition 2.2. The optimal control problem (2.6), (2.5) has a unique optimal
pair [u∗, r∗] ∈ V (ω)2, [w∗1 , w

∗
2 ] ∈ L2(ω)12.

Proof. We introduce the auxiliary mappings

τi = ∇ui − wi1 ∈ L2(ω)2, i = 1, 3,(2.10)

θi = ∇ri − wi2 ∈ L2(ω)2, i = 1, 3.(2.11)

Then

|wi1|2R2 = |∇ui|2R2 + |τi|2R2 − 2 〈∇ui, τi〉R2 , i = 1, 3,(2.12)

and similarly for wi2. Relations (2.10)–(2.12) show that the cost functional (2.5) may
be rewritten in the form

L(w) =
1
2
B([ū, r̄], [ū, r̄]) +

1
2

3∑
i=1

∫
ω

[
|wi1|2R2 + |wi2|2R2

]
dx1 dx2(2.13)

−1
2

3∑
i=1

∫
ω

[
|∇ui|2R2 + |∇ri|2R2

]
dx1 dx2

=
1
2
B([ū, r̄], [ū, r̄]) +

1
2

3∑
i=1

∫
ω

[
|τi|2R2 + |θi|2R2

]
dx1 dx2

−
3∑
i=1

∫
ω

[〈∇ui, τi〉R2 + 〈∇ri, θi〉R2 ] dx1 dx2

=
1
2
B([ū, r̄], [ū, r̄]) +

1
2

3∑
i=1

∫
ω

[
|τi|2R2 + |θi|2R2

]
dx1 dx2

−
3∑
i=1

{∫
Ω

fi(ui + x3 ri) dx̄+
∫

Γ1

hi(ui + x3 ri) dσ
}
,
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where we also use (2.6) with the test functions φi = ui, ψi = ri, i = 1, 3.
If {wn1 , wn2 } ∈ L2(ω)12 is a minimizing sequence for the problem (2.6), (2.5), and

{ūn, r̄n} ∈ V (ω)2 are the corresponding states, then the values of the associated cost
are bounded from above by a constant, and (2.13) shows that {τ̄n}, {θ̄n} are bounded
in L2(ω)6 and {ūn}, {r̄n} are bounded in V (ω). Here, we also used that B(·, ·) is
coercive in V (ω)2 (cf. Sprekels and Tiba [11]) and that the linear terms in (2.13) are
dominated by B(·, ·).

Denoting by τ̃ , θ̃, ũ, r̃, w̃1, w̃2 the weak limits of the above quantities, on a suitable
subsequence, we can pass to the limit in (2.6), (2.11), (2.10) to obtain similar relations
between the limit points. In particular, {w̃1, w̃2} ∈ L2(ω)12 and {ũ, r̃} ∈ V (ω)2 define
an admissible pair for the control problem (2.6), (2.5). By (2.13), and owing to the
weak lower semicontinuity of convex functionals, we can infer that

lim inf
n→∞

L([ūn, r̄n], [wn1 , w
n
2 ])(2.14)

≥ 1
2
B([ũ, r̃], [ũ, r̃]) +

1
2

3∑
i=1

∫
ω

[
|τ̃i|2R2 + |θ̃i|2R2

]
dx1 dx2

−
3∑
i=1

{∫
Ω

fi(ũi + x3 r̃i) dx̄+
∫

Γ1

hi(ũi + x3 r̃i) dσ
}
.

By virtue of (2.14) and (2.13) (used in the converse sense), we deduce the optimality
of [w̃1, w̃2], which we redenote by [w∗1 , w

∗
2 ]. Uniqueness is a consequence of the strict

convexity of B(·, ·) and of (2.13).
Remark. The form (2.13) of the cost functional also shows the connections with

the energy minimization corresponding to the Naghdi shell model, as mentioned in
the introduction.

3. Curved rods. The application to curved rod models exploits essentially the
structure of the coefficients of the differential equations. We first indicate some details
in this respect. To this end, denote by θ̄ ∈ W 2,∞(0, L)3, L > 0, the parametrization
of a three-dimensional Jordan curve, which will represent the line of centroids of the
curved rod. Let ω ⊂ R

2 be some bounded Lipschitzian domain, not necessarily simply
connected.

If t̄, n̄, b̄ denote the local orthonormal frame associated at each point x3 ∈ [0, L]
with the curve θ̄, we consider the geometric transformation

F : Ω = ω × ]0, L[ → F (Ω) = Ω̂ ⊂ R
3,(3.1)

F (x̄) = F (x1, x2, x3) = θ̄(x3) + x1 n̄(x3) + x2 b̄(x3)

∀ (x1, x2) ∈ Ω, ∀ x3 ∈ ]0, L[.

In the following, the Jacobian of F , J = ∇F , and its inverse, J(x̄)−1 = (hij(x̄))i,j=1,3,
are needed. Elementary computations give

J(x̄)−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

n1 −
c t1 x2

detJ(x̄)
n2 −

c t2 x2

detJ(x̄)
n3 −

c t3 x2

det J(x̄)

b1 +
c t1 x1

detJ(x̄)
b2 +

c t2 x1

detJ(x̄)
b3 +

c t3 x1

detJ(x̄)
t1

detJ(x̄)
t2

det J(x̄)
t3

detJ(x̄)

⎞
⎟⎟⎟⎟⎟⎟⎠ ,(3.2)

detJ(x̄) = 1 − β x1 − a x2.(3.3)
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The coefficients a, β, c ∈ L∞(0, L) appearing in (3.2), (3.3) are similar to torsion and
curvature known from classical differential geometry and may be obtained from the
“equations of motion”

t̄′(x3) = a(x3) b̄(x3) + β(x3) n̄(x3),(3.4)

b̄′(x3) = −a(x3) t̄(x3) + c(x3) n̄(x3),

n̄′(x3) = −β(x3) t̄(x3) − c(x3) b̄(x3).

We note that t̄, n̄, b̄ are not necessarily obtained as the Frenet or the Darboux local
frames associated with θ̄. In Neittaanmäki, Sprekels, and Tiba [7, Chap. 6] such a
local frame was constructed under the mere assumption that θ̄ ∈ C1[0, L]3.

We also assume that the selection of axes in ω ⊂ R
2 is such that

0 =
∫
ω

x1 dx1 dx2 =
∫
ω

x2 dx1 dx2 =
∫
ω

x1 x2 dx1 dx2,(3.5)

which is usual in the literature on curved rods; cf. Murat and Sili [6]. If the diameter
of ω is sufficiently small, then |x1|, |x2| are small for (x1, x2) ∈ ω, and since β, a ∈
L∞(0, L), relation (3.3) shows that we may assume

det J(x̄) ≥ c0 > 0 ∀ x̄ ∈ Ω.(3.6)

Then it is known that F : Ω → Ω̂ is a one-to-one transformation (see Ciarlet [2,
Thm. 3.1.–1]), which justifies the definition (3.1) of the curved rod.

Starting from the linear elasticity system (1.1), and using the condition that the
displacement of x̂ ∈ Ω̂ has the form

ȳ(x̂) = τ̄ (x3) + x1 N̄(x3) + x2 B̄(x3),(3.7)

with x̄ = (x1, x2, x3) = F−1(x̂) ∈ Ω, we obtain the following model for the curved
rod:

B(ȳ, v̄) = λ̃

∫
Ω

3∑
i,j=1

[
Ni(x3)h1i(x̄) +Bi(x3)h2i(x̄) + (τ ′i (x3) + x1N

′
i(x3)

+ x2B
′
i(x3))h3i(x̄)

]
·
[
Mj(x3)h1j(x̄) +Dj(x3)h2j(x̄)(3.8)

+ (μ′j(x3) + x1M
′
j(x3) + x2D

′
j(x3))h3j(x̄)

]
| detJ(x̄)| dx̄

+ μ̃

∫
Ω

∑
i<j

[
Ni(x3)h1j(x̄) +Bi(x3)h2j(x̄) + (τ ′i(x3) + x1N

′
i(x3)

+ x2B
′
i(x3))h3j(x̄) +Nj(x3)h1i(x̄) +Bj(x3)h2i(x̄)

+ (τ ′j(x3) + x1N
′
j(x3) + x2 B

′
j(x3))h3i(x̄)

]
·
[
Mi(x3)h1j(x̄) +Di(x3)h2j(x̄) + (μ′i(x3) + x1M

′
i(x3)

+ x2D
′
i(x3))h3j(x̄) +Mj(x3)h1i(x̄) +Dj(x3)h2i(x̄)

+ (μ′j(x3) + x1M
′
j(x3) + x2D

′
j(x3))h3i(x̄)

]
| detJ(x̄)| dx̄
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+ 2 μ̃
∫

Ω

3∑
i=1

[
Ni(x3)h1i(x̄) +Bi(x3)h2i(x̄) + (τ ′i (x3) + x1N

′
i(x3)

+ x2B
′
i(x3))h3i(x̄)

]
·
[
Mi(x3)h1i(x̄) +Di(x3)h2i(x̄)

+ (μ′i(x3) + x1M
′
i(x3) + x2D

′
i(x3))h3i(x̄)

]
| detJ(x̄)| dx̄

=
3∑
�=1

∫
Ω

f�(x̄)(μ�(x3) + x1M�(x3) + x2D�(x3))| det J(x̄)| dx̄

for any test functions μ̄ = (μ1, μ2, μ3), M̄ = (M1,M2,M3), D̄ = (D1, D2, D3) ∈
H1

0 (0, L)3. We denote by v̄ = (μ̄, M̄ , D̄) ∈ H1
0 (0, L)9 and ȳ = (τ1, τ2, τ3, N1, N2, N3,

B1, B2, B3) ∈ H1
0 (0, L)9 the vector of the unknowns. The bilateral null conditions,

given by the choice of the space H1
0 (0, L), correspond to the clamped curved rod.

The condition (3.7) and the choice of the test functions in a similar form are
of the same type as (2.3), and that is why the model (3.8) was called a generalized
Naghdi model for curved rods in [5] where it was studied. It consists of a system of
nine ordinary differential equations for nine unknown functions.

It should be clear that τ̄ describes the translation of the points on the line of
centroids, and the vectors N̄+n̄, B̄+ b̄ reflect the deformation of the orthogonal frame
in the cross section (which remains plane but not necessarily orthogonal to the tangent
of the deformed line of centroids, i.e., to θ̄′+ τ̄ ′). This allows for shear and for length
or volume changes after the deformation. The vector f̄ = (f1, f2, f3) ∈ L2(0, L)3

represents the body forces acting on the curved rod, and λ̃ ≥ 0, μ̃ > 0 are the Lamé
coefficients that characterize the elastic material. Note that the model is valid only
for small deformations and for thin rods. As a special type of argument concerning
the validity of such models and their stability with respect to iterative approaches,
we quote [7, Chap. 6.1.2] (for Kirchhoff–Love arches) and [7, Chap. 6.2.3] (for three-
dimensional curved rods). Especially relevant in this respect are [7, Ex. 6.1.11 and
6.2.13], where some experiments perfectly matching the physical interpretation are
discussed for these models.

We associate with (3.8) the following optimal control problem with the basic
properties (to be argued in what follows) that it solves (3.8) and has a very simple
structure:

min

{
λ̃

∫
Ω

3∑
i,j=1

Uii(x̄)Ujj(x̄) | detJ(x̄)| dx̄(3.9)

+ μ̃

∫
Ω

∑
i<j

[Uij(x̄) + Uji(x̄)]2 | detJ(x̄)| dx̄

+ 2 μ̃
∫

Ω

3∑
i=1

U2
ii(x̄)| det J(x̄)| dx̄− 2

3∑
i=1

∫
Ω

fi(x̄) [τi(x3) + x1Ni(x3)

+ x2Bi(x3)] | detJ(x̄)| dx̄
}
,

subject to the state system

Ni(x3)h1j(x̄) +Bi(x2)h2j(x̄) + [τ ′i(x3) + x1N
′
i(x3)

+ x2B
′
i(x3)]h3j(x̄) = Uij(x̄) in Ω,

(3.10)
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Ni(0) = Bi(0) = τi(0) = 0, i = 1, 3,(3.11)

and to the control constraints

U = {Uij}i,j=1,3 ∈ V ⊂ L2(Ω)9.(3.12)

Here, V �= ∅ is the closed linear subspace in L2(Ω)9 generated from all functions in
L2(0, L) having zero mean value, used on the “position” of τ ′i , N

′
i , B

′
i, i = 1, 3, in

(3.10). Clearly, Ni, Bi can be immediately computed using (3.11) and simple integra-
tion, which gives Uij on the right-hand side of (3.10) and spans V .

Note that in (3.10), (x1, x2) ∈ ω appears as a parameter. The constraint (3.12)
ensures that (3.10) has a unique solution and that

τi(L) = Ni(L) = Bi(L) = 0, i = 1, 3.(3.13)

One could impose (3.13) instead of (3.12), but our choice is motivated by its explicit
character with respect to the control unknown.

Theorem 3.1. The optimal control problem (3.9)–(3.12) has a unique optimal
“pair” U∗ = {U∗ij} ∈ V, [τ∗i , B

∗
i , N

∗
i ]i=1,3 ∈ H1

0 (0, L)9.
Proof. Let L(U) denote the cost functional (3.9). Then there are α > 0, c̄ > 0

such that

(3.14)

αL(U) ≥
∫

Ω

∑
i<j

[Uij(x̄) + Uji(x̄)]2 dx̄+
∫

Ω

3∑
i=1

U2
ii(x̄) − c̄

3∑
i=1

∫ L

Ω

[τ2
i +N2

i +B2
i ]

1
2 dx3,

where (3.3) and simple binomial inequalities have been used. Using (3.10) and (3.14),
and again some binomial inequalities, we obtain (where we denote zi = τ ′i + x1N

′
i +

x2 B
′
i)

αL(U) ≥
∫

Ω

∑
i<j

[Ni h1j +Bi h2j + zi h3j +Nj h1i +Bj h2i + zj h3i]
2
dx̄

+
∫

Ω

3∑
i=1

[Ni h1i +Bi h2i + zi h3i]
2 dx̄ − c̄

3∑
i=1

∫ L

0

[
τ2
i +N2

i +B2
i

] 1
2 dx3(3.15)

≥
∫

Ω

∑
i<j

(zi h3j + zj h3i)2 dx̄+
∫

Ω

3∑
i=1

z2
i h

2
3i dx̄− ĉ

3∑
i=1

∫ L

0

[N2
i +B2

i ] dx3

− c̄
3∑
i=1

∫ L

0

[τ2
i +N2

i +B2
i ]

1
2 dx3.

Above, in the structure of the constant ĉ > 0, we also used that hij ∈ L∞(Ω),
i, j = 1, 3. In (3.15), we applied the following identities:

(3.16)

1
2

∑
i<j

(zi h3j + zj h3i)2 +
3
2

3∑
i=1

z2
i h

2
3i =

1
2

3∑
i=1

z2
i

3∑
j=1

h2
3j +

1
2

∑
i<j

(zi h3i + zj h3j)2,
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(3.17)∫
Ω

z2
i dx̄ =

∫
Ω

[τ ′i + x1N
′
i + x2B

′
i]

2 dx̄

=
∫ L

0

∫
ω

(τ ′i)
2 dx̄+ 2

∫ L

0

τ ′i N
′
i dx3

∫
ω

x1 dx1 dx2 + 2
∫ L

0

τ ′i B
′
i dx3

∫
ω

x2 dx1 dx2

+
∫ L

0

(N ′i)
2 dx3

∫
ω

x2
1 dx1 dx2 +

∫ L

0

(B′i)
2dx3

∫
ω

x2
2 dx1 dx2

+ 2
∫ L

0

N ′i B
′
i dx3

∫
ω

x1 x2 dx1 dx2 ≥ c̃

∫ L

0

[
(τ ′i)

2 + (N ′i)
2 + (B′i)

2
]
dx3,

with c̃ := min{meas(ω),
∫
ω
x2

1 dx1 dx2,
∫
ω
x2

2 dx1 dx2} > 0,

3∑
j=1

h2
3j =

1
detJ(x̄)

3∑
j=1

t2j =
1

det J(x̄)
≥ č > 0.(3.18)

Relations (3.17), (3.18) are consequences of (3.5), respectively, of (3.2), (3.3), and of
the assumption θ̄ ∈ W 2,∞(0, L)3. From (3.15)–(3.18), we can infer that

αL(U) + c̄

3∑
i=1

∫ L

0

[τ2
i +N2

i +B2
i ]

1
2 dx3(3.19)

≥ ĉ

3∑
i=1

[
|τi|2H1

0 (0,L) + |Ni|2H1
0 (0,L) + |Bi|2H1

0 (0,L)

]

− Ĉ

3∑
i=1

[
|Ni|2L2(0,L) + |Bi|2L2(0,L)

]2
,

where ĉ, Ĉ, c̄ are positive constants that do not depend on τi, Ni, Bi, Uij , i, j =
1, 3.

Lemma 3.2. There is some δ > 0 such that

αL(U) + c̄
3∑
i=1

∫ L

0

[
τ2
i +N2

i +B2
i

] 1
2 dx3(3.20)

≥ δ
3∑
i=1

[
|τi|2H1

0 (0,L) + |Ni|2H1
0 (0,L) + |Bi|2H1

0 (0,L)

]

for all τi, Ni, Bi ∈ H1
0 (0, L), i = 1, 3, obtained by (3.10) from some {Uij}i,j=1,3 ∈ V.

Proof. Owing to (3.14), we have

αL(U) + c̄

3∑
i=1

∫ L

0

[
τ2
i +N2

i +B2
i

] 1
2 dx3 ≥ 0.

Assume that (3.20) is false. Then for any ε > 0 there are Uε = {Uεij}i,j=1,3 ∈ V and
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{τεi , Nε
i , B

ε
i }i=1,3 �= 0, associated with Uε by (3.10), such that

ε
3∑
i=1

[
|τεi |2H1

0 (0,L) + |Nε
i |2H1

0 (0,L) + |Bεi |2H1
0 (0,L)

]
(3.21)

≥ αL(Uε) + c̄
3∑
i=1

∫ L

0

[
(τεi )

2 + (Nε
i )

2 + (Bεi )
2
] 1

2 dx3

≥
∫

Ω

∑
i<j

[
Uεij(x̄) + Uεji(x̄)

]2
dx̄ +

∫
Ω

3∑
i=1

(Uεii)
2 dx̄ ≥ 0.

Notice that we may assume that

3∑
i=1

[
|τεi |2H1

0 (0,L) + |Nε
i |2H1

0 (0,L) + |Bεi |2H1
0 (0,L)

]
= 1

by scaling with the square root of this factor (if it differs from unity) in (3.10), and
in the first and last terms of (3.21). Then we may assume without loss of generality
that

τεi → τi, Nε
i → Ni, Bεi → Bi, i = 1, 3,

weakly inH1
0 (0, L) and strongly in L2(0, L). By virtue of (3.10), we also see that Uεij →

Uij weakly in L2(Ω). All the above convergences are valid for some subsequence. Also,
{τi, Ni, Bi}i=1,3, together with {Uij}i,j=1,3, satisfy (3.10), while {Uij} ∈ V .

Passing to the limit in (3.21), we find that∫
Ω

∑
i<j

[Uij(x̄) + Uji(x̄)]2 dx+
∫

Ω

3∑
i=1

(Uii)2 dx̄ = 0.(3.22)

From (3.22) it follows that

Ni h1i +Bi h2i + zi h3i = 0, i = 1, 3,(3.23)

Ni h1j +Bi h2j + zi h3j +Nj h1i +Bj h2i + zj h3i = 0, i �= j.(3.24)

Now fix j = j0 in (3.24), and let i1, i2 be the two possible choices of indices i
satisfying the condition in (3.24). We multiply (3.23), written for i = i1 or i = i2,
by h3j0 , and subtract the result from (3.24) multiplied by h3i1 or h3i2 , respectively.
Adding the results to (3.23) written for i = j, and multiplied by h3j0 , we find that

zj0

3∑
i=1

h2
3i = Γ̃j0(N̄ , B̄),(3.25)

where Γ̃j0 is some linear expression of N̄, B̄. By (3.2), we obtain from (3.25) that

τ ′i + x1N
′
i + x2 B

′
i = Γi(N̄ , B̄), i = 1, 3,(3.26)

where, again, Γi is linear in N̄ , B̄.
Giving (x1, x2) ∈ ω several independent values and taking into account (3.11), we

conclude that all limit points {τi, Ni, Bi}i=1,3 are identically zero in their domains of
definition. A similar conclusion follows for {Uij}i,j=1,3 by (3.10).
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We combine the first inequality in (3.21) with (3.19):

ε

3∑
i=1

[
|τεi |2H1

0 (0,L) + |Nε
i |2H1

0 (0,L) + |Bεi |2H1
0 (0,L)

]
(3.27)

≥ ĉ

3∑
i=1

[
|τεi |2H1

0 (0,L) + |Nε
i |2H1

0 (0,L) + |Bεi |2H1
0 (0,L)

]

− Ĉ

3∑
i=1

[
|Nε

i |2L2(0,l) + |Bεi |2L2(0,L)

]
.

Using the above scaling argument and its conclusion in (3.27), we arrive at the con-
tradiction

0 ≥ ĉ > 0,

since |Nε
i |2L2(0,L) + |Bεi |2L2(0,L) → 0. This completes the proof of (3.20).

Proof of Theorem 3.1 (continued). Let {Unij}i,j=1,3, {τni , Nn
i , B

n
i }i,j=1,3 be a min-

imizing sequence in V ×H1
0 (0, L)9 for the problem (3.9)–(3.12). Clearly, L(Un) is ma-

jorized from above by a constant, and inequality (3.20) shows that {τni , Nn
i , B

n
i }i=1,3 is

bounded in H1
0 (0, L)9. Consequently, by (3.10), {Unij}i,j=1,3 are bounded in L2(Ω)9.

Let {τ∗i , N∗i , B∗i }i=1,3 and {U∗ij}i,j=1,3 denote, respectively, their weak limits, on a
subsequence. Then {U∗ij}i,j=1,3 ∈ V , which is a closed linear space.

One can pass to the limit in (3.10) to see that {τ∗i , N∗i , B∗i }i=1,3 and {U∗ij}i,j=1,3

form an admissible couple, and then, using the weak lower semicontinuity of cost
functional (3.9), to conclude their optimality for the problem (3.9)–(3.12).

The uniqueness is an automatic consequence of the next result and of (3.10).
Theorem 3.3. The optimal state {τ∗i , N∗i , B∗i }i=1,3 is the unique solution to the

system (3.8) that governs the generalized Naghdi model for curved rods.
Proof. For any {Vij}i,j=1,3 ∈ V , we define the system in variations by

Mi(x3)h1j(x̄) +Di(x3)h2j(x̄) + [μ′i(x3) + x1M
′
i(x3)(3.28)

+ x2D
′
i(x3)]h3j(x̄) = Vij(x̄), i, j = 1, 3,

Mi(0) = Di(0) = μi(0) = 0, i = 1, 3.(3.29)

Next, we perform admissible variations around the optimal pair of the following form:

{τ∗i , N∗i , B∗i }i=1,3 + λ{μi,Mi, Di}i=1,3; {U∗ij}i,j=1,3 + λ{Vij}i,j=1,3.

By (3.28), (3.29), and (3.10)–(3.12), this couple is admissible for any λ ∈ R. Sub-
tracting the corresponding cost and the optimal cost, dividing by λ > 0 or λ < 0,
respectively, and taking the limits as λ → 0, the minimum property of {U∗ij}i,j=1,3
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yields the associated Euler equation,

(3.30)

0 = λ̃

∫
Ω

3∑
i,j=1

[
U∗ii Vjj + U∗jj Vii

]
detJ(x̄) dx̄

+ 2 μ̃
∫

Ω

∑
i<j

[
U∗ij + U∗ji

]
[Vij + Vji] detJ(x̄) dx̄+ 4 μ̃

∫
Ω

3∑
i=1

U∗ii Vii detJ(x̄) dx̄

− 2
∫

Ω

3∑
i=1

fi [μi + x1Mi + x2Di] detJ(x̄) dx̄.

If the Vij are replaced as in (3.28), and if the U∗ij are replaced as in (3.10), then a
simple computation shows that (3.30) becomes (3.8), which is known to have a unique
solution. This ends the proof.

Proposition 3.4. If {U∗ij} is known, then {τ∗i , N∗i , B∗i }i=1,3 can be computed
explicitly.

Proof. Starting from (3.2), one can check the following orthogonality-type rela-
tions:

3∑
j=1

h1j bj = 0,
3∑
j=1

h3j bj = 0,
3∑
j=1

h2j bj = 1,(3.31)

3∑
j=1

h1j nj = 1,
3∑
j=1

h2j nj = 0,
3∑
j=1

h3j nj = 0,(3.32)

3∑
j=1

h1j tj = − c x2

detJ(x̄)
,

3∑
j=1

h2j tj =
c x1

detJ(x̄)
,

3∑
j=1

h3j tj =
1

det J(x̄)
.(3.33)

Consequently, multiplying (3.10) by nj (respectively, by bj , tj) and adding for j = 1, 3,
the relations (3.31)–(3.33) yield that

B∗i =
3∑
j=1

U∗ij bj , i = 1, 3,(3.34)

N∗i =
3∑
j=1

U∗ij nj, i = 1, 3,(3.35)

(τ∗i )′ + x1 (N∗i )′ + x2 (B∗i )
′ =

3∑
j=1

U∗ij tj detJ(x̄) +
3∑
j=1

U∗ij nj c x2(3.36)

−
3∑
j=1

U∗ij bj c x1, i = 1, 3.

Thus, integrating over [0, x3] in (3.36) and subtracting (3.34), (3.35), we also obtain
an explicit formula for {τ∗i }i=1,3, which completes the proof.
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Remark. Relations (3.34)–(3.36) may be extended to any admissible couple
{τi, Ni, Bi}i=1,3, {Uij}i=1,3.

Remark. Let us denote by Λi(Uij) the right-hand side of (3.36). Then we can
perform the following substitution in (3.9):

3∑
i=1

∫
Ω

fi [τi + x1Ni + x2 Bi] detJ dx̄(3.37)

= −
3∑
i=1

∫
Ω

[τ ′i + x1N
′
i + x2 B

′
i]
∫ x3

0

fi(x1, x2, ρ) detJ(x1, x2, ρ) dρ dx̄

= −
3∑
i=1

∫
Ω

Λi(Uij)
∫ x3

0

fi(x1, x2, ρ) detJ(x1, x2, ρ) dρ dx̄.

In this way, the optimal control problem (3.9)–(3.12) can be transformed into a mathe-
matical programming problem defined on V ⊂ L2(Ω)9, since the state does not appear
anymore in the cost functional. However, in order to recover the solution to (3.8),
one has to solve (3.10) or use Proposition 3.4.

Proposition 3.5. The directional derivative at the point {Uij}i,j=1,3 ∈ V and
in the direction {Vij}i,j=1,3 is given by

〈∇L(Uij), {Vij}〉 = λ̃

∫
Ω

3∑
i,j=1

[Uii Vjj + Ujj Vii] detJ(x̄) dx̄(3.38)

+ 2 μ̃
∫

Ω

∑
i<j

[Uij + Uji] [Vij + Vji] detJ(x̄) dx̄+ 4 μ̃
∫

Ω

3∑
i=1

Uii Vii detJ(x̄) dx̄

− 2
∫

Ω

3∑
i=1

Λi(Vij)
∫ x3

0

fi(x1, x2, ρ) detJ(x1, x2, ρ) dρ dx̄.

Here, 〈·, ·〉 is the scalar product in L2(Ω)9.
Proof. It is similar to the deduction of the Euler equation (3.30). The last integral

may be rewritten as in (3.37).
Remark. By (3.38), one can solve (3.9)–(3.12) by standard gradient with projec-

tion methods.

4. Abstract variants. In this section, we briefly discuss two abstract variants
of the control variational method. To this end, let V ⊂ H be two separable Hilbert
spaces with dense and continuous embedding, endowed with scalar products (·, ·)V
and (·, ·)H , respectively. Let V ∗ be the dual of V (H is identified with its own dual
space), and let A1, A2 : V → V ∗ be linear, continuous, symmetric operators, with A1

positively definite.
We consider the equation

(A1 +A2)y = f ∈ H,(4.1)

and we assume the existence of a unique solution y ∈ V to (4.1).
The first optimal control problem associated with (4.1) that we take into account

is

min
{1

2
|w|2H +

1
2
(A2 y, y)V ∗×V

}
,(4.2)
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subject to w ∈ H (no constraints) and

A
1/2
1 y = g + w,(4.3)

where g ∈ V is the unique solution of A1/2
1 g = f , and where A1/2

1 : V → H is the
square root of A1, defined by the relation

(A1/2
1 y,A

1/2
1 v)H = (A1 y, v)V ∗×V ∀ y, v ∈ V.

Clearly, A1/2
1 is symmetric and positive definite, and (4.3) has a unique solution y ∈ V

for any w ∈ H .
We denote by [w∗, y∗] ∈ H × V an optimal pair for the unconstrained control

problem (4.2), (4.3), which is assumed to exist. Now, take arbitrary variations of the
form

y∗ + λ z, λ ∈ R, z ∈ V, and w∗ + λ v, v = A
1/2
1 z ∈ H.

Then, as in (3.30), one may establish the Euler equation associated with (4.2), (4.3):

(w∗, v)H + (A2 y
∗, z)V ∗×V = 0(4.4)

for any v ∈ H , z ∈ V as above.
In (4.4), we replace v and w∗, and we infer that

0 =
(
A

1/2
1 y∗ − g,A

1/2
1 z

)
H

+ (A2 y
∗, z)V ∗×V(4.5)

= (A1 y
∗, z)V ∗×V + (A2 y

∗, z)V ∗×V −
(
A
−1/2
1 f,A

1/2
1 z

)
H

= ((A1 +A2)y∗, z)V ∗×V − (f, z)H ∀ z ∈ V.

Clearly, (4.5) shows that y∗ is a solution to (4.1).
Remark. If also A2 is positive definite, then the control problem (4.2), (4.3) is

coercive and strictly convex, and the existence of the optimal pair [w∗, y∗] is standard.
We consider now a second optimal control problem that may be associated with

(4.1):

min
{
(u, y)V ∗×V − 3(u, g̃)V ∗×V + (A2 y, y)V ∗×V

}
,(4.6)

subject to u ∈ V ∗ (again no constraints) and

A1 y = u− f.(4.7)

Here, g̃ ∈ V is the unique solution to A1 g̃ = f , which exists under the assumptions
imposed on A1. The equation in variations associated with (4.7) is

A1 ξ = ω(4.8)

for any ω ∈ V ∗ (equivalently, for any ξ ∈ V , since A1 : V → V ∗ is an isomorphism).
The Euler equation for the control problem (4.6), (4.7) is

0 = (u∗, ξ)V ∗×V + (ω, y∗)V ∗×V − 3(ω, ḡ)V ∗×V + 2(A2 y
∗, ξ)V ∗×V(4.9)
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for any [ω, ξ] satisfying (4.8). In (4.9), [u∗, y∗] ∈ V ∗ × V denotes an optimal pair
of (4.6), (4.7), which is assumed to exist. The argument for establishing (4.9) is the
same as for (3.30). Combining (4.7)–(4.9), we obtain that

0 = (u∗, ξ)V ∗×V + (A1 ξ, y
∗)V ∗×V − 3(A1 ξ, ḡ)V ∗×V + 2(A2 y

∗, ξ)V ∗×V(4.10)

= (u∗, ξ)V ∗×V + (A1 y
∗, ξ)V ∗×V − 3(f, ξ)V ∗×V + 2(A2 y

∗, ξ)V ∗×V

= 2(A1 y
∗, ξ) − 2(f, ξ)V ∗×V + 2(A2 y

∗, ξ)V ∗×V

for any ξ ∈ V . Clearly, (4.10) shows that y∗ satisfies (4.1). We thus have proved the
following proposition.

Proposition 4.1. Any optimal state of either (4.2), (4.3) or (4.6), (4.7) is a
solution to (4.1).

Remark. The control variational method replaces (4.1) by (4.3) (alternatively
by (4.7)). Both (4.3) and (4.7) involve just the inversion of A1, and no invertibility
properties are required for A2. That is, one may choose A1 as the “nice and simple”
part of (4.1) and solve (4.1) by inverting A1 (or A1/2

1 ) several times.
Remark. One could apply one of the above abstract approaches directly in sec-

tion 2 or 3. However, we preferred simple and “adapted” direct approaches in the
previous sections, in order to underline the flexibility of the control variational method.
Further examples and applications concerning multiscale problems, hyperbolic equa-
tions, and singular and degenerate systems are briefly indicated in Tiba [14].

Acknowledgment. The authors thank the anonymous reviewers for suggestions
that led to an improvement of the presentation.
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Birkhäuser, Basel, 2002, pp. 245–257.

[11] J. Sprekels and D. Tiba, An analytic approach to a generalized Naghdi shell model, Adv.
Math. Sci. Appl., 12 (2002), pp. 175–190.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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POSITIVE FORMS AND STABILITY OF LINEAR
TIME-DELAY SYSTEMS∗

MATTHEW M. PEET† , ANTONIS PAPACHRISTODOULOU‡ , AND SANJAY LALL§

Abstract. We consider the problem of constructing Lyapunov functions for linear differential
equations with delays. For such systems it is known that exponential stability implies the existence
of a positive Lyapunov function which is quadratic on the space of continuous functions. We give an
explicit parameterization of a sequence of finite-dimensional subsets of the cone of positive Lyapunov
functions using positive semidefinite matrices. This allows stability analysis of linear time-delay
systems to be formulated as a semidefinite program.
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1. Summary of the paper. In this paper we present an approach to the pa-
rameterization of Lyapunov functions for infinite-dimensional systems. In particular,
we consider linear time-delay systems. These are systems which can be represented
in the form

ẋ(t) =
k∑
i=0

Aix(t− hi),

where x(t) ∈ R
n. In the simplest case we are given the delays h0, . . . , hk and the

matrices A0, . . . , Ak and we would like to determine whether the system is stable. For
such systems it is known that if the system is stable, then there exists a Lyapunov
function of the form

V (φ) =
∫ 0

−h

[
φ(0)
φ(s)

]T
M(s)

[
φ(0)
φ(s)

]
ds+

∫ 0

−h

∫ 0

−h
φ(s)TN(s, t)φ(t) ds dt,

where h = max{h0, . . . , hk} and M and N are piecewise continuous matrix-valued
functions. Here φ : [−h, 0] → R

n is an element of the state space, which in this case
is the space of continuous functions mapping [−h, 0] to R

n. The function V is thus a
quadratic form on the state space. The derivative is also such a quadratic form, and
the matrix-valued functions which define it depend linearly on M and N .

In this paper we develop an approach which uses semidefinite programming to
construct piecewise continuous functionsM andN such that the function V is positive
and its derivative is negative. Roughly speaking, our contributions are as follows.
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Spacing functions. In Theorem 5, we show that for any piecewise continuous
function M

V1(φ) =
∫ 0

−h

[
φ(0)
φ(s)

]T
M(s)

[
φ(0)
φ(s)

]
ds

is positive for all φ if and only if there exists a piecewise continuous matrix-valued
function T such that

M(t) +

[
T (t) 0

0 0

]
≥ 0 for all t,

∫ 0

−h
T (t) dt = 0.

That is, we convert positivity of the integral to pointwise positivity ofM . If we assume
thatM is polynomial, then pointwise positivity may be easily enforced, and in the case
of positivity on the real line this is equivalent to a sum-of-squares constraint. The
assumption that M is polynomial has recently been shown to be nonconservative. The
constraint that T integrates to zero is a simple linear constraint on the coefficients
of T . Notice that the sufficient condition that M(s) be pointwise nonnegative is
conservative, and as the equivalence above shows it is easy to generate examples
where V1 is nonnegative even though M(s) is not pointwise nonnegative.

Positive polynomial kernels. We give a sum-of-squares characterization of positive
polynomial kernels. We consider the quadratic form∫ 0

−h

∫ 0

−h
φ(s)T N(s, t) φ(t) ds dt.

In Theorem 7, we show that the quadratic form is positive if and only if there exists
a positive semidefinite matrix Q � 0 such that N(s, t) = Z(s)TQZ(t), where Z is a
vector of monomials. This condition allows us to test positivity of a polynomial kernel
using semidefinite programming and implies the existence of a sum–of–squares-type
representation. Note that pointwise positivity of N is not sufficient for positivity of
the functional. The condition that the derivative of the Lyapunov function be negative
is similarly enforced.

This paper is organized as follows. We begin with a discussion of the relevant
history and prior work. We then give a definition of the system for which we will
prove stability and a presentation of the class of Lyapunov functions we will con-
struct. Following this section, we present our first result giving pointwise condition
for positivity of the functional. Next, we give a parameterization of piecewise polyno-
mial matrices. We use sum-of-squares techniques to parameterize matrices which are
pointwise nonnegative, and we present a new result on the parameterization of kernel
matrices which define positive quadratic forms. We then return to the problem of
linear time-delay systems to document the derivative of the Lyapunov function along
trajectories of the system. Finally, we use this derivative to define a semidefinite
program for proving stability of linear time-delay systems.

2. Background and prior work. The use of Lyapunov functions on an infinite-
dimensional space to analyze differential equations with delay originates with the work
of [10]. For linear systems, quadratic Lyapunov functions were first considered by [19].
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The book of [4] presents many useful results in this area, and further references may
be found there as well as in [5, 9] and [13].

The idea of using semidefinite programming and sum of squares to solve polyno-
mial optimization problems has many sources. Well-known examples include [11, 12]
and [16]. Work on this problem continues actively, with recent results to be found in,
e.g., [6] and [1].

An early example of using sum-of-squares polynomials together with semidefinite
programming to construct polynomial Lyapunov functions for nonlinear ordinary dif-
ferential equations can be found in [15]. Substantial work has been done in this area,
with contributions from, e.g., [23] and [2].

The idea of constructing Lyapunov functions for linear time-delay systems using
semidefinite programming is not original or new. A typical approach has been to
examine subclasses of functions M and N , e.g., constant matrices, piecewise linear
functions, etc. In practice, some of these approaches have been shown to be highly
accurate.

The motivation for this paper is not exclusively the stability of linear time-delay
systems. It is our hope, by investigating properties of a positive form known to be
necessary and sufficient for stability of infinite-dimensional systems, and by using
polynomial methods, that our results will also be useful in analysis of nonlinear and
partial differential systems.

Building on the results of this paper, a treatment of nonquadratic Lyapunov
functions for nonlinear time-delay systems appears in [14].

2.1. Notation. Let N denote the set of nonnegative integers. Let S
n be the set

of n × n real symmetric matrices, and for X ∈ S
n we write X � 0 to mean that X

is positive semidefinite. For two matrices A,B, we denote the Kronecker product by
A⊗B. For X any Banach space and I ⊂ R any interval, let Ω(I,X) be the space of
all functions

Ω(I,X) = { f : I → X }

and let C(I,X) be the Banach space of bounded continuous functions

C(I,X) = { f : I → X | f is continuous and bounded }

equipped with the norm

‖f‖ = sup
t∈I

‖f(t)‖X .

We will omit the range space when it is clear from the context; for example we write
C[a, b] to mean C([a, b], X). A function is called Cn(I,X) if the ith derivative exists
and is a continuous function for i = 0, . . . , n. A function f ∈ C[a, b] is called piecewise
continuous if there exists a finite number of points a < h1 < · · · < hk < b such that f
is continuous at all x ∈ [a, b]\{h1, . . . , hk} and its right- and left-hand limits exist at
{h1, . . . , hk}.

Define also the projection Ft : Ω[−h,∞) → Ω[−h, 0] for t ≥ 0 and h > 0 by

(Ftx)(s) = x(t+ s) for all s ∈ [−h, 0].

We follow the usual convention and denote Ftx by xt.
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3. Linear time-delay systems. Suppose 0 = h0 < h1 < · · · < hk = h and
A0, . . . , Ak ∈ R

n×n. We consider linear differential equations with delay, of the form

(1) ẋ(t) =
k∑
i=0

Aix(t− hi) for all t ≥ 0,

where the trajectory x : [−h,∞) → R
n. The boundary conditions are specified by a

given function φ : [−h, 0] → R
n and the constraint

(2) x(t) = φ(t) for all t ∈ [−h, 0].

If φ ∈ C[−h, 0], then there exists a unique function x satisfying (1) and (2). The
system is called exponentially stable if there exist σ > 0 and a ∈ R such that for every
initial condition φ ∈ C[−h, 0] the corresponding solution x satisfies

‖x(t)‖ ≤ ae−σt‖φ‖ for all t ≥ 0.

We write the solution as an explicit function of the initial conditions using the map
G : C[−h, 0] → Ω[−h,∞), defined by

(Gφ)(t) = x(t) for all t ≥ −h,

where x is the unique solution of (1) and (2) corresponding to initial condition φ.
Also for s ≥ 0 define the flow map Γs : C[−h, 0] → C[−h, 0] by

Γsφ = FsGφ,

which maps the state of the system xt to the state at a later time xt+s = Γsxt.

3.1. Lyapunov functions. Lyapunov theory for infinite-dimensional systems
closely parallels that for finite-dimensional systems. The difference is that the state
space is now a function space, and therefore Lyapunov functions are actually functions
of functions. For linear time-delay systems, the Lyapunov functions we define here
are functions of segments of the trajectory and, in particular, of the state xt. For a
given V : C[−h, 0] → R, we use the standard notion of the Lie derivative or derivative
of a function on a vector field. The Lie derivative of V is defined by the flow map,
Γ, as

V̇ (φ) = lim sup
r→0+

1
r

(
V (Γrφ) − V (φ)

)
.

In keeping with tradition, we will use the notation V̇ to denote the Lie derivative. We
will consider the set X of quadratic functions, where V ∈ X if there exist piecewise
continuous functions M : [−h, 0) → S

2n and N : [−h, 0) × [−h, 0) → R
n×n such that

V (φ) =
∫ 0

−h

[
φ(0)
φ(s)

]T
M(s)

[
φ(0)
φ(s)

]
ds+

∫ 0

−h

∫ 0

−h
φ(s)TN(s, t)φ(t) ds dt.(3)

The following result shows that for linear systems with delay the system is exponen-
tially stable if and only if there exists a quadratic Lyapunov function. Define the sets
H = {−h0, . . . ,−hk} and Hc = [−h, 0]\H .
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Theorem 1. The linear system defined by (1) and (2) is exponentially stable if
and only if there exists a Lie-differentiable function V ∈ X and ε > 0 such that for
all φ ∈ C[−h, 0]

(4)
V (φ) ≥ ε‖φ(0)‖2,

V̇ (φ) ≤ −ε‖φ(0)‖2.

Further V ∈ X may be chosen such that the corresponding functions M and N of (3)
have the following smoothness property: M(s) and N(s, t) are continuous on s, t ∈
[−h, 0]\{−h0, . . . ,−hk}.

Proof. See [4] or [7] for a recent proof.
The consequence of this theorem is that stability of a linear time-delay system is

equivalent to the existence of a Lyapunov function which decreases along segments
of the trajectory. In the next few sections, we will give results which will allow us to
better understand the positivity of the function.

4. Positivity of integral forms. The goal of this section is to present results
which enable us to characterize functions V ∈ X which satisfy the positivity conditions
in (4) and have the form

V (y) =
∫ 0

−h

[
y(0)
y(t)

]T
M(t)

[
y(0)
y(t)

]
dt.

Before stating the main result in Theorem 5, we give a few necessary lemmas.
Lemma 2. Suppose f : [−h, 0] → R is piecewise continuous. Then the following

are equivalent:
(i)
∫ 0

−h f(t) dt ≥ 0.
(ii) There exists a function g : [−h, 0] → R which is piecewise continuous and

satisfies

f(t) + g(t) ≥ 0 for all t,∫ 0

−h
g(t) dt = 0.

Proof. The direction (ii) =⇒ (i) is immediate. To show the other direction,
suppose (i) holds, and let g be

g(t) = −f(t) +
1
h

∫ 0

−h
f(s) ds for all t.

Then g satisfies (ii).
The next lemma shows that minimizing over continuous functions is as good as

minimizing over piecewise continuous functions.
Lemma 3. Suppose H = {−h0, . . . ,−hk}, and let Hc = [−h, 0]\H. Let f : [−h, 0]×

R
n → R be continuous on Hc × R

n, and suppose there exists a bounded function
z : [−h, 0] → R, continuous on Hc, such that for all t ∈ [−h, 0]

f
(
t, z(t)

)
= inf

x
f(t, x).

Further suppose for each bounded set X ⊂ R
n the set

{ f(t, x) | x ∈ X, t ∈ [−h, 0] }
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is bounded. Then

(5) inf
y∈C[−h,0]

∫ 0

−h
f
(
t, y(t)

)
dt =

∫ 0

−h
inf
x
f(t, x) dt.

Proof. Let

K =
∫ 0

−h
inf
x
f(t, x) dt.

It is easy to see that

inf
y∈C[−h,0]

∫ 0

−h
f
(
t, y(t)

)
dt ≥ K

since, if not, then there would exist some continuous function y and some interval on
which

f
(
t, y(t)

)
< inf

x
f(t, x),

which is clearly impossible.
We now show that the left-hand side of (5) is also less than or equal to K and

hence equals K. We need to show that for any ε > 0 there exists y ∈ C[−h, 0] such
that ∫ 0

−h
f
(
t, y(t)

)
dt < K + ε.

To do this, for each n ∈ N define the set Hn ⊂ R by

Hn =
k−1⋃
i=1

(hi − α/n, hi + α/n)

and choose α > 0 sufficiently small so thatH1 ⊂ (−h, 0). Let z be as in the hypothesis
of the lemma, and pick M and R so that

M > sup
t∈[−h,0]

‖z(t)‖,

R = sup
{
|f(t, x)|

∣∣ t ∈ [−h, 0], ‖x‖ ≤M
}
.

For each n choose a continuous function xn : [−h, 0] → R
n such that xn(t) = z(t) for

all t �∈ Hn and

sup
t∈[−h,0]

‖xn(t)‖ < M.

This is possible, for example, by linear interpolation. Now we have for the continuous
function xn ∫ 0

−h
f
(
t, xn(t)

)
dt = K +

∫ 0

−h

(
f
(
t, xn(t)

)
− f

(
t, z(t)

))
dt

= K +
∫
Hn

(
f
(
t, xn(t)

)
− f

(
t, z(t)

))
dt

≤ K + 4Rα(k − 1)/n.

This proves the desired result.
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The following lemma states that when the arg minz f(t, z) is piecewise continuous
in t we have the desired result.

Lemma 4. Suppose f : [−h, 0] × R
n → R and the hypotheses of Lemma 3 hold.

Then the following are equivalent:
(i) For all y ∈ C[−h, 0] ∫ 0

−h
f
(
t, y(t)

)
dt ≥ 0.

(ii) There exists g : [−h, 0] → R which is piecewise continuous and satisfies

f(t, z) + g(t) ≥ 0 for all t, z,

∫ 0

−h
g(t) dt = 0.

Proof. Again we need only show that (i) implies (ii). Suppose (i) holds; then

inf
y∈C[−h,0]

∫ 0

−h
f
(
t, y(t)

)
dt ≥ 0,

and hence by Lemma 3 we have ∫ 0

−h
r(t) dt ≥ 0,

where r : [−h, 0] → R
n is given by

r(t) = inf
x
f(t, x) for all t.

The function r is continuous on Hc since f is continuous on Hc × R
n. Hence, by

Lemma 2, there exists g such that condition (ii) holds, as desired.
We now specialize the result of Lemma 4 to the case of quadratic functions. It

is shown that in this case, under certain conditions, the argminz f(t, z) is piecewise
continuous.

Theorem 5. Suppose M : [−h, 0] → S
m+n is piecewise continuous, and there

exists ε > 0 such that for all t ∈ [−h, 0] we have

M22(t) ≥ εI,

where M is partitioned as

M =

[
M11 M12

M21 M22

]

with M22 : [−h, 0] → S
n. Then the following are equivalent:

(i) For all x ∈ R
m and continuous y : [−h, 0] → R

n

(6)
∫ 0

−h

[
x

y(t)

]T
M(t)

[
x

y(t)

]
dt ≥ 0.
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(ii) There exists a function T : [−h, 0] → S
m which is piecewise continuous and

satisfies

M(t) +

[
T (t) 0

0 0

]
≥ 0 for all t ∈ [−h, 0],

∫ 0

−h
T (t) dt = 0.

Proof. Again we need only show that (i) implies (ii). Suppose x ∈ R
n, and define

f(t, z) =

[
x

z

]T
M(t)

[
x

z

]
for all t, z.

Since by the hypothesis M22 has a lower bound, it is invertible for all t and its inverse
is piecewise continuous. Therefore z(t) = −M22(t)−1M21(t)x is the unique minimizer
of f(t, z) with respect to z. By the hypothesis (i), we have that for all y ∈ C[−h, 0]∫ 0

−h
f
(
t, y(t)

)
dt ≥ 0.

Hence by Lemma 4 there exists a function g such that

(7)

g(t) + f(t, z) ≥ 0 for all t, z,∫ 0

−h
g(t) dt = 0.

The proof of Lemma 2 gives one such function as

g(t) = −f
(
t, z(t)

)
+

1
h

∫ 0

−h
f(s, z(s)) dt.

We have

f
(
t, z(t)

)
= xT

(
M11(t) −M12(t)M−1

22 (t)M21(t)
)
x,

and therefore g(t) is a quadratic function of x, say g(t) = xTT (t)x, and T : [−h, 0] →
S
m is continuous on Hc. Then (7) implies

xTT (t)x+

[
x

z

]T
M(t)

[
x

z

]
≥ 0 for all t, z, x,

as required.
Notice that the strict positivity assumption on M22 in Theorem 5 is implied by

the existence of an ε > 0 such that

V (x) ≥ ε‖x‖2
2,

where ‖·‖2 denotes the L2-norm.
We have now shown that the convex cone of functions M such that the first term

of (3) is nonnegative is exactly equal to the sum of the cone of pointwise nonnegative
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functions and the linear space of functions whose integral is zero. The key benefit of
this is that it is easy to parameterize the latter class of functions, and in particular
when M is a polynomial these constraints are semidefinite representable constraints
on the coefficients of M . Note that in (6) the vectors x and y are allowed to vary
independently, whereas (3) requires that x = y(0). It is, however, straightforward to
show using the technique in the proof of Lemma 3 that this additional constraint does
not change the result.

5. Polynomial matrices and kernels. In this paper we use piecewise poly-
nomial matrices as a conveniently parameterized class of functions to represent the
functions M and N defining the Lyapunov function (3) and its derivative. Theorem 5
has reduced nonnegativity of the first term of (3) to pointwise nonnegativity of a
piecewise polynomial matrix in one variable.

We first make some definitions which we will use in this paper; some details on
polynomial matrices may be found in [21] and [8]. We consider polynomials in n
variables. As is standard, for α ∈ N

n define the monomial in n variables xα by
xα = xα1

1 · · ·xαn
n . We say M is a real polynomial matrix in n variables if for some

finite set W ⊂ N
n we have

M(x) =
∑
α∈W

Aαx
α,

where Aα is a real matrix for each α ∈ W . A convenient representation of polynomial
matrices is as a quadratic function of monomials. Suppose z is a vector of monomials
in the variables x, such as

z(x) =

⎡
⎢⎢⎢⎣

1
x1

x1x
2
2

x4
3

⎤
⎥⎥⎥⎦ .

For convenience, assume the length of z is d + 1. Let Q ∈ S
n(d+1) be a symmetric

matrix. Then the function M defined by

(8) M(x) = (In ⊗ z(x))TQ(In ⊗ z(x))

is an n×n symmetric polynomial matrix, and every real symmetric polynomial matrix
may be represented in this way for some monomial vector z. If we partition Q as

Q =

⎡
⎢⎢⎣
Q11 . . . Q1n

...
...

Qn1 . . . Qnn

⎤
⎥⎥⎦ ,

where each Qij ∈ R
(d+1)×(d+1), then the i, j entry of M is

Mij(x) = z(x)TQijz(x).

Given a polynomial matrix M , it is called a sum of squares if there exist a vector of
monomials z and a positive semidefinite matrix Q such that (8) holds. In this case,

M(x) � 0 for all x,
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and therefore the existence of such a Q is a sufficient condition for the polynomial M
to be globally pointwise positive semidefinite. A matrix polynomial in one variable is
pointwise nonnegative semidefinite on the real line if and only if it is a sum of squares;
see [3]. Given a matrix polynomial M(x), we can test whether it is a sum of squares
by testing whether there is a matrix Q such that

M(x) = (In ⊗ z(x))TQ(In ⊗ z(x)),(9)

Q � 0,

where z is the vector of all monomials with degree half the degree of M . Equation (9)
is interpreted as equality of polynomials, and equating their coefficients gives a finite
set of linear constraints on the matrix Q. Therefore to find such a Q we need to find a
positive semidefinite matrix subject to linear constraints, and this is therefore testable
via semidefinite programming. See [25] for background on semidefinite programming.

5.1. Piecewise polynomial matrices. Define the intervals

Hi =

{
[−h1, 0] if i = 1,

[−hi,−hi−1) if i = 2, . . . , k.

A matrix-valued function M : [−h, 0] → S
n is called a piecewise polynomial matrix

if for each i = 1, . . . , k the function M restricted to the interval Hi is a polynomial
matrix. We represent such piecewise polynomial matrices as follows. Define the vector
of indicator functions g : [−h, 0] → R

k by

gi(t) =

{
1 if t ∈ Hi,

0 otherwise

for all i = 1, . . . , k and all t ∈ [−h, 0]. Let z(t) be the vector of monomials

z(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1
t

t2

...
td

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

and for convenience also define the function Zn,d : [−h, 0] → R
nk(d+1)×n by

Zn,d(t) = g(t) ⊗ In ⊗ z(t).

Then it is straightforward to show that M is a piecewise matrix polynomial if and
only if there exist matrices Qi ∈ S

n(d+1) for i = 1, . . . , k such that

(10) M(t) = Zn,d(t)T diag(Q1, . . . , Qk)Zn,d(t).

The function M is pointwise positive semidefinite, i.e.,

M(t) � 0 for all t ∈ [−h, 0],
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if there exist positive semidefinite matrices Qi satisfying (10). We refer to such func-
tions as piecewise sum-of-squares matrices, and we define the set of such functions

Σn,d =
{
ZTn,d(t)QZn,d(t) |

Q = diag(Q1, . . . , Qk), Qi ∈ S
n(d+1), Qi � 0

}
.

If we are given a function M : [−h, 0] → S
n which is piecewise polynomial and want

to know whether it is piecewise sum of squares, then this is computationally checkable
using semidefinite programming. Naturally, the number of variables involved in this
task scales as kn2(d+ 1)2 when the degree of M is 2d.

5.2. Piecewise polynomial kernels. We consider functions N of two variables
s, t which we will use as a kernel in the quadratic form

(11)
∫ 0

−h

∫ 0

−h
φ(s)TN(s, t)φ(t) ds dt

which appears in the Lyapunov function (3). A polynomial in two variables is referred
to as a binary polynomial. A function N : [−h, 0] × [−h, 0] → S

n is called a binary
piecewise polynomial matrix if for each i, j ∈ {1, . . . , k} the function N restricted to
the set Hi ×Hj is a binary polynomial matrix. It is straightforward to show that N
is a symmetric binary piecewise polynomial matrix if and only if there exists a matrix
Q ∈ S

nk(d+1) such that

N(s, t) = ZTn,d(s)QZn,d(t).

Here d is the degree of N , and recall that

Zn,d(t) = g(t) ⊗ In ⊗ z(t).

We now proceed to characterize the binary piecewise polynomial matrices N for which
the quadratic form (11) is nonnegative for all φ ∈ C([−h, 0],Rn). We first state the
following lemma.

Lemma 6. Suppose z is the vector of monomials

z(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1
t

t2

...
td

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

and the linear map A : C[0, 1] → R
d+1 is given by

Aφ =
∫ 1

0

z(t)φ(t) dt.

Then rankA = d+ 1.
Proof. Suppose for the sake of a contradiction that rankA < d+1. Then rangeA

is a strict subset of R
d+1, and hence there exists a nonzero vector q ∈ R

d+1 such that
q ⊥ rangeA. This means ∫ 1

0

qT z(t)φ(t) dt = 0
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for all φ ∈ C[0, 1]. Since qT z and φ are continuous functions, define the function
v : [0, 1] → R by

v(t) =
∫ t

0

qT z(s) ds for all t ∈ [0, 1].

Since v is absolutely continuous, we have for every φ ∈ C[0, 1] that∫ 1

0

φ(t) dv(t) =
∫ 1

0

qT z(t)φ(t) dt

= 0,

where the integral on the left-hand side of the above equation is the Stieltjes integral.
The function v is also of bounded variation, since its derivative is bounded. The Riesz
representation theorem [20] implies that if v is of bounded variation and∫ 1

0

φ(t) dv(t) = 0

for all φ ∈ C[0, 1], then v is constant on an everywhere dense subset of (0, 1). Since
v is continuous, we have that v is constant, and therefore qT z(t) = 0 for all t. Since
qT z is a polynomial, this contradicts the statement that q �= 0.

We now state the positivity result.
Theorem 7. Suppose N is a symmetric binary piecewise polynomial matrix of

degree d. Then

(12)
∫ 0

−h

∫ 0

−h
φ(s)TN(s, t)φ(t) ds dt ≥ 0

for all φ ∈ C([−h, 0],Rn) if and only if there exists Q ∈ S
nk(d+1) such that

N(s, t) = ZTn,d(s)QZn,d(t),

Q � 0.

Proof. We need only show the only if direction. Suppose N is a symmetric binary
piecewise polynomial matrix. Let d be the degree of N . Then there exists a symmetric
matrix Q such that

N(s, t) = ZTn,d(s)QZn,d(t).

Now suppose that the inequality (12) is satisfied for all continuous functions φ. We
will show that every such Q is positive semidefinite. To see this, define the linear map
J : C([−h, 0],Rn) → R

nk(d+1) by

Jφ =
∫ 0

−h
(g(t) ⊗ In ⊗ z(t))φ(t) dt.

Then ∫ 0

−h

∫ 0

−h
φ(s)TN(s, t)φ(t) ds dt = (Jφ)TQ(Jφ).
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The result we desire holds if rankJ = nk(d+1), since in this case rangeJ = R
nk(d+1).

If Q has a negative eigenvalue with corresponding eigenvector q, then there exists φ
such that q = Jφ so that the quadratic form will be negative, contradicting the
hypothesis.

To see that rankJ = nk(d + 1), define for each i = 1, . . . , k the linear map
Li : C[Hi] → R

n by

Liφ =
∫
Hi

z(t)φ(t) dt.

If we choose coordinates for φ such that

φ =

⎡
⎢⎢⎢⎢⎣
φ|H1

φ|H2

...
φ|Hk

⎤
⎥⎥⎥⎥⎦ ,

where φ|Hj is the restriction of φ to the interval Hj , then we have in these coordinates
that J is

J = diag(L1, . . . , Lk) ⊗ In.

Further, by Lemma 6 the maps Li each satisfy rankLi = d + 1. Therefore rankJ =
nk(d+ 1), as desired.

The following corollary gives a tighter degree bound on the representation of N .
Corollary 8. Let N be a binary piecewise polynomial matrix of degree 2d which

is positive in the sense of (12); then there exists Q ∈ S
nk(d+1) such that

N(s, t) = ZTn,d(s)QZn,d(t),

Q � 0.

Proof. The binary representation used in Theorem 7 had the form

N(s, t) = ZTn,2d(s)PZn,2d(t),

P � 0,

where P ∈ S
nk(2d+1). However, in any such representation, it is clear that Pij,ij = 0

for i = d + 2, . . . , 2d + 1 and j = 1, . . . , kn. Therefore, since P � 0, these rows and
columns are 0 and can be removed. Define Q to be the reduction of P . Zn,d is the
corresponding reduction of Zn,2d. Then Q ∈ S

nk(d+1), Q � 0, and

N(s, t) = ZTn,2d(s)PZn,2d(t) = ZTn,d(s)QZn,d(t).

For convenience, we define the set of symmetric binary piecewise polynomial ma-
trices which define positive quadratic forms by

Γn,d =
{
ZTn,d(s)QZn,d(t) | Q ∈ S

nk(d+1), Q � 0
}
.

As for Σn,d, if we are given a binary piecewise polynomial matrix N : [−h, 0] ×
[−h, 0] → S

n of degree 2d and want to know whether it defines a positive quadratic
form, then this is computationally checkable using semidefinite programming. The
number of variables involved in this task scales as (nk)2(d+ 1)2.
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6. Derivatives of the Lyapunov function. In this section we will take the
opportunity to define the relationship between the functions M and N , which define
the Lyapunov function V , and the functions D and E, which define the derivative
of the Lyapunov function along trajectories of the system. As the results are well
known, we will not give detailed derivations for these derivatives. More expository
explanations can be found in, e.g., [4] or [13].

6.1. Single delay case. We first present the single delay case, as it will illustrate
the formulation in the more complicated case of several delays. Suppose that V ∈ X
is given by (3), where M : [−h, 0] → S

2n and N : [−h, 0] × [−h, 0] → R
n×n. Since

there is only one delay, if the system is exponentially stable, then there always exists
a Lyapunov function of this form with continuous functions M and N . Then the Lie
derivative of V is

V̇ (φ) =
∫ 0

−h

⎡
⎢⎣ φ(0)
φ(−h)
φ(s)

⎤
⎥⎦
T

D(s)

⎡
⎢⎣ φ(0)
φ(−h)
φ(s)

⎤
⎥⎦ ds+

∫ 0

−h

∫ 0

−h
φ(s)TE(s, t)φ(t) ds dt.

Partition D and M as

M(t) =

[
M11 M12(t)
M21(t) M22(t)

]
, D(t) =

[
D11 D12(t)
D21(t) D22(t)

]

so that M11 ∈ S
n and D11 ∈ S

2n. Without loss of generality we have assumed that
M11 and D11 are constant. The functions D and E are linearly related to M and N
by

D11 =

[
AT0 M11 +M11A0 M11A1

AT1 M11 0

]

+
1
h

[
M12(0) +M21(0) −M12(−h)

−M21(−h) 0

]

+
1
h

[
M22(0) 0

0 −M22(−h)

]
,

D12(t) =

[
AT0 M12(t) − Ṁ12(t) +N(0, t)

AT1 M12(t) −N(−h, t)

]
,

D22(t) = −Ṁ22(t),

E(s, t) =
∂N(s, t)
∂s

+
∂N(s, t)
∂t

.

6.2. Multiple-delay case. Recall that we define the intervals

Hi =

{
[−h1, 0] if i = 1,

[−hi,−hi−1) if i = 2, . . . , k.
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We first give the complete class of functions which define the Lyapunov function, V ,
and its derivative:

Y1 =
{
M : [−h, 0] → S

2n |

M11(t) is constant for all t ∈ [−h, 0],

M is C1 on Hi for all i = 1, . . . , k
}
,

Y2 =
{
N : [−h, 0]× [−h, 0] → S

n |

N(s, t) = N(t, s)T for all s, t ∈ [−h, 0],

N is C1 on Hi ×Hj for all i, j = 1, . . . , k
}
,

and, for its derivative, define

Z1 =
{
D : [−h, 0] → S

(k+2)n |

Dij(t) is constant for all t ∈ [−h, 0]

for i, j = 1, . . . , 3,

D is C0 on Hi for all i = 1, . . . , k
}
,

Z2 =
{
E : [−h, 0] × [−h, 0] → S

n |

E(s, t) = E(t, s)T for all s, t ∈ [−h, 0],

E is C0 on Hi ×Hj for all i, j = 1, . . . , k
}
.

Here M ∈ Y1 is partitioned according to

(13) M(t) =

[
M11 M12(t)
M21(t) M22(t)

]
,

where M11 ∈ S
n and D ∈ Z1 are partitioned according to

(14) D(t) =

⎡
⎢⎢⎢⎣
D11 D12 D13 D14(t)
D21 D22 D23 D24(t)
D31 D32 D33 D34(t)
D41(t) D42(t) D43(t) D44(t)

⎤
⎥⎥⎥⎦ ,

where D11, D33, D44 ∈ S
n and D22 ∈ S

(k−1)n. Let Y = Y1 × Y2 and Z = Z1 × Z2.
Notice that if M ∈ Y1, then M need not be continuous at hi for 1 ≤ i ≤ k − 1;
however, we require it to be right continuous at these points. We also define the
derivative Ṁ(t) at these points to be the right-hand derivative of M . We define the
continuity and derivatives of functions in Y2, Z1, and Z2 similarly.

We define the jump values of M and N at the discontinuities as follows:

ΔM(hi) = lim
t→(−hi)+

M(t) − lim
t→(−hi)−

M(t)
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for each i = 1, . . . , k − 1, and similarly we define

ΔN(hi, t) = lim
s→(−hi)+

N(s, t) − lim
s→(−hi)−

N(s, t).

The derivative of a Lyapunov function can be defined as a linear map Y �→ Z.
This is made explicit in the following definition.

Definition 9. Define the map L : Y → Z by (D,E) = L(M,N) if for all
t, s ∈ [−h, 0] we have

D11 = AT0M11 +M11A0

+
1
h

(
M12(0) +M21(0) +M22(0)

)
,

D12 =
[
M11A1 · · · M11Ak−1

]
−
[
ΔM12(h1) · · · ΔM12(hk−1)

]
,

D13 =
1
h

(
M11Ak −M12(−h)

)
,

D22 =
1
h

diag
(
−ΔM22(h1), . . . ,−ΔM22(hk−1)

)
,

D23 = 0,

D33 = − 1
h
M22(−h),

D14(t) = N(0, t) +AT0 M12(t) − Ṁ12(t),

D24(t) =

⎡
⎢⎢⎣

ΔN(−h1, t) +AT1M12(t)
...

ΔN(−hk−1, t) +ATk−1M12(t)

⎤
⎥⎥⎦ ,

D34(t) = ATkM12(t) −N(−h, t),

D44(t) = −Ṁ22(t)

and

E(s, t) =
∂N(s, t)
∂s

+
∂N(s, t)
∂t

.

Here M is partitioned as in (13), D is partitioned as in (14), and the remaining
entries are defined by symmetry.

The map L is the Lie derivative operator applied to the set of functions specified
by (3); this is stated precisely below. Notice that this implies that L is a linear map.
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Lemma 10. Suppose M ∈ Y1 and N ∈ Y2 and V is given by (3). Let (D,E) =
L(M,N). Then the Lie derivative of V on the vector field of (1) is given by

V̇ (φ) =
∫ 0

−h

⎡
⎢⎢⎢⎢⎣
φ(−h0)

...
φ(−hk)
φ(s)

⎤
⎥⎥⎥⎥⎦

T

D(s)

⎡
⎢⎢⎢⎢⎣
φ(−h0)

...
φ(−hk)
φ(s)

⎤
⎥⎥⎥⎥⎦ ds+

∫ 0

−h

∫ 0

−h
φ(s)TE(s, t)φ(t) ds dt.(15)

7. Stability conditions. We can now use the results of the paper and the linear
map from Definition 9 to give stability conditions.

Theorem 11. Suppose there exist d ∈ N and piecewise matrix polynomials
M,T,N,D,U,E such that

M +

[
T 0
0 0

]
∈ Σ2n,d,

−D +

[
U 0
0 0

]
∈ Σ(k+2)n,d,

N ∈ Γn,d,

−E ∈ Γn,d,

(D,E) = L(M,N),∫ 0

−h
T (s) ds = 0,

∫ 0

−h
U(s) ds = 0,

M11 � 0,

D11 ≺ 0.

Then the system defined by (1) and (2) is exponentially stable.
Proof. Assume M,T,N,D,U,E satisfy the above conditions, and define the func-

tion V by (3). Then Lemma 10 implies that V̇ is given by (15). The function V
is the sum of two terms, each of which is nonnegative. The first is nonnegative by
Theorem 5, and the second is nonnegative since N ∈ Γn,d. The same is true for V̇ .
The strict positivity conditions of equations (4) hold since M11 � 0 and −D11 � 0,
and Theorem 1 then implies stability.

The feasibility conditions specified in Theorem 11 are semidefinite representable.
In particular the condition that a piecewise polynomial matrix lie in Σ is a set of linear
and positive semidefinite constraints on its coefficients. Similarly, the condition that
T and U integrate to zero is simply a linear equality constraint on its coefficients.
Standard semidefinite programming codes may therefore be used to efficiently find
such piecewise polynomial matrices. Most such codes will also return a dual certificate
of infeasibility if no such polynomials exist.
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As in the Lyapunov analysis of nonlinear systems using sum-of-squares polynomi-
als, the set of candidate Lyapunov functions is parameterized by the degree d. This
allows one to search first over polynomials of low degree and increase the degree if
that search fails.

There are various natural extensions of this result. The first is to the case of
uncertain systems, where we would like to prove stability for all matrices Ai in some
given semialgebraic set. This is possible by extending Theorem 11 to allow Lyapunov
functions which depend polynomially on unknown parameters. A similar approach
may be used to check stability for systems with uncertain delays. Additionally, stabil-
ity of systems with distributed delays defined by polynomial kernels can be verified. It
is also straightforward to extend the class of Lyapunov functions, since it is not neces-
sary that each piece of the piecewise sums-of-squares functions be nonnegative on the
whole real line. To do this, one can use techniques for parameterizing polynomials non-
negative on an interval; for example, every polynomial p(x) = f(x)−(x−1)(x−2)g(x)
where f and g are sums of squares is nonnegative on the interval [1, 2].

8. Numerical examples. In this section we present the results of some example
computations using the approach described above. The computations were performed
using MATLAB software, together with the SOSTOOLS [18] toolbox and SeDuMi [22]
code for solving semidefinite programming problems.

8.1. Illustration. Consider the process of proving stability using the results of
this paper. The following system has well-known stability properties:

(16) ẋ(t) = −x(t− 1).

A MATLAB implementation of the algorithm in this paper has been developed and
is available online, along with several tools for polynomial matrix manipulation [17].
This implementation returns the following Lyapunov function for system (16). For
symmetric matrices, subdiagonal elements are suppressed:

V (x) =
∫ 0

−1

[
x(0)
x(s)

]T
M(s)

[
x(0)
x(s)

]
ds+

∫ 0

−1

∫ 0

−1

x(s)TR(s, t)x(t) ds dt,

where

M(s) =

[
27.3 −16.8 + 2.74s

24.3 + 8.53s

]

and

R(s, t) = 9.08.

Positivity is proven using the function

t(s) = −.915 + 1.83s

and the sum-of-squares functions

Q(s) =

[
13 −3.3

12.2

]
≥ 0



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

POSITIVITY AND STABILITY FOR DELAYED SYSTEMS 3255

and

V (s) = Z(s)T LZ(s),

where

Z(s) =

[
1 s 0 0
0 0 1 s

]T

and

L =

⎡
⎢⎢⎢⎣

28.215 5.585 −16.8 −1.973
13 1.413 −3.3

24.3 10.365
12.2

⎤
⎥⎥⎥⎦ ≥ 0.

This is because −s(s+ 1) ≥ 0 for s ∈ [−1, 0] and

M(s) +

[
t(s) 0
0 0

]
= −s(s+ 1)Q(s) + V (s).

Furthermore,

R(s) = 9.08 ≥ 0.

Therefore, by Theorems 11 and 5, the Lyapunov function is positive.
The derivative of the function is given by

V̇ (x) =
∫ 0

−1

⎡
⎢⎣ x(0)
x(−1)
x(s)

⎤
⎥⎦
T

D(s)

⎡
⎢⎣ x(0)
x(−1)
x(s)

⎤
⎥⎦ ds,

where

−D(s) =

⎡
⎢⎣9.3 7.76 −6.34

15.77 −7.72 + 2.74s
8.53

⎤
⎥⎦ .

Negativity of the function is proven using the function

U(s) =

[
.0055 + .011s −.272− .544s

−.458− .916s

]
,

where ∫ 0

−1

U(s) ds = 0,

and the sum-of-squares functions

X(s) =

⎡
⎢⎣8.86 1.90 −3.23

11.54 −3.71
7.74

⎤
⎥⎦
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and

Y (s) = Z(s)T LZ(s),

where

Z(s) =

⎡
⎢⎣1 s 0 0 0 0

0 0 1 s 0 0
0 0 0 0 1 s

⎤
⎥⎦
T

and

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

9.3 4.43 7.76 .61896 −6.34 −1.0371
8.86 1.281 1.9 −2.1929 −3.23

15.77 5.77 −7.72 .01171
11.54 −.98171 −3.71

8.53 3.87
7.74

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0.

Negativity follows since

−D(s) +

[
U(s) 0

0 0

]
= −s(s+ 1)X(s) + Y (s).

Therefore, by Theorem 11, the derivative of the Lyapunov function is negative. Sta-
bility follows by Theorem 1.

8.2. A single delay. We consider the following instance of a system with a
single delay:

ẋ(t) =

[
0 1
−2 0.1

]
x(t) +

[
0 0
1 0

]
x(t− h).

For a given h, we use semidefinite programming to search for a Lyapunov function
of degree d that proves stability. Using a bisection search over h, we determine the
maximum and minimum h for which the system may be shown to be stable. These
are shown below.

d hmin hmax

1 .10017 1.6249
2 .10017 1.7172
3 .10017 1.71785

When the degree d = 3, the bounds hmin and hmax are tight [4]. For comparison, we
include here the bounds obtained by Gu, Kharitonov, and Chen [4] using a piecewise
linear Lyapunov function with n segments.

n hmin hmax

1 .1006 1.4272
2 .1003 1.6921
3 .1003 1.7161
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8.3. Multiple delays. Consider the system with two delays below:

ẋ(t) =

[
0 1
−1 1

10

]
x(t) +

[
0 0
−1 0

]
x(t− h

2 ) +

[
0 0
1 0

]
x(t− h).

As above, using a bisection search over h, we prove stability for the range of h below.

d hmin hmax

1 .20247 1.354
2 .20247 1.3722

Here for degree d = 2, the bounds obtained are tight. Again we include here bounds
obtained by Gu, Kharitonov, and Chen [4] using a piecewise linear Lyapunov function
with n segments.

n hmin hmax

1 .204 1.35
2 .203 1.372

9. Summary. In this paper we developed an approach for computing Lyapunov
functions for linear systems with delay. In general this is a difficult computational
problem, and certain specific classes of this problem are known to be NP-hard [24].
However, the set of Lyapunov functions is convex, and this enables us to effectively
test feasibility of a subset of this set. Specifically, we parameterize a convex set of
positive quadratic functions using the set of polynomials as a basis, and the main
results here are Theorems 5 and 7. Combining these results with the well-known
approach using sum-of-squares polynomials allows one to use standard semidefinite
programming software to compute Lyapunov functions. This gives a nested sequence
of computable sufficient conditions for stability of linear delay systems, indexed by the
degree of the polynomial. In principle this enables searching over increasing degrees
to find a Lyapunov function, although further work is needed to enhance existing
semidefinite programming codes to make this more efficient in practice.

It is possible that Theorems 5 and 7 are applicable more widely, specifically to
stability analysis of nonlinear and partial differential systems, as well as to controller
synthesis. One specific extension that is possible is analysis of delay systems with
uncertain parameters, for which sufficient conditions for existence of a Lyapunov
function may be given using convex relaxations. It is also possible to analyze stability
of nonlinear delay systems, in the case that the dynamics are defined by polynomial
delay differential equations. Preliminary work has also been done on stability analysis
of certain types of partial differential equations. Further extensions to allow synthesis
of stabilizing controllers are of interest and may be possible.
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STABILITY AND ASYMPTOTIC OPTIMALITY OF GENERALIZED
MAXWEIGHT POLICIES∗
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Abstract. It is shown that stability of the celebrated MaxWeight or back pressure policies is a
consequence of the following interpretation: either policy is myopic with respect to a surrogate value
function of a very special form, in which the “marginal disutility” at a buffer vanishes for a vanishingly
small buffer population. This observation motivates the h-MaxWeight policy, defined for a wide class
of functions h. These policies share many of the attractive properties of the MaxWeight policy as
follows: (i) Arrival rate data is not required in the policy. (ii) Under a variety of general conditions,
the policy is stabilizing when h is a perturbation of a monotone linear function, a monotone quadratic,
or a monotone Lyapunov function for the fluid model. (iii) A perturbation of the relative value
function for a workload relaxation gives rise to a myopic policy that is approximately average-
cost optimal in heavy traffic, with logarithmic regret. The first results are obtained for a general
Markovian network model. Asymptotic optimality is established for a general Markovian scheduling
model with a single bottleneck, and with homogeneous servers.
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1. Introduction. While it is popular to cite the curse of dimensionality when
discussing optimization of stochastic networks, there are many classes of effective
policies that are easily implemented, require limited information, and have other
attractive properties. A well-known example is the MaxWeight policy of Tassiulas
and Ephremides [53]. This policy can be interpreted as a myopic policy for the
associated fluid model with respect to a quadratic function,

(1) h(x) =
1
2
xTDx, x ∈ R

�,

with D > 0 a diagonal matrix. Stability theory for this and similar classes of policies
has been extended in multiple directions over the past 15 years [20, 52, 48, 17, 13], and
in particular these policies are known to be approximately optimal in heavy traffic
under certain conditions on the network; see [55, 49, 33] and the recent comprehensive
results by Dai and Lin [14].

These results are fragile: Diagonal quadratics are one of a very few function
classes for which the myopic policy is known to be stabilizing for general classes of
network models. In contrast, stability of the fluid model under a myopic policy is
virtually universal [10, 7, 35].

It is important to find broader classes of stabilizing policies for complex networks.
It is known that the MaxWeight policy can perform poorly since it makes use of so
little information [50].
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To explain the gap between the stochastic and deterministic models, we consider
some simple, well-known examples. The stochastic model favored in this paper is the
controlled random walk (CRW) model in which the queue length process Q evolves
on Z

�
+ in discrete time according to the recursion,

(2) Q(t+ 1) = Q(t) +B(t+ 1)U(t) +A(t+ 1), t ≥ 0, Q(0) = x .

The allocation sequence U evolves on Z
�u
+ for some integer �u; the arrival sequence A

is �-dimensional, and B is an �× �u matrix sequence; and each sequence has integer-
valued entries.

The allocation sequence U is subject to both integral and linear constraints of
the form U(t) ∈ U�, t ≥ 0, where

(3) U� := {u ∈ {0, 1}�u : Cu ≤ 1}.

The �m × �u matrix C is called the constituency matrix: Each of the rows of C
corresponds to a “resource” in the network. Its entries are assumed to be binary.

The CRW model is a generalization of the network model of Lippman obtained via
uniformization [31]. Versions of this model appear throughout the communications
and operations research literature, and in particular appear in the paper [53] that
introduced the MaxWeight policy.

The fluid model q = {q(t) : t ≥ 0} satisfies the linear equations

(4) q(t) = x+Bz(t) + αt, t ≥ 0,

where x ∈ R
�
+ is the initial condition, B and α are the mean values of B(t) and

A(t), respectively, and z is the cumulative allocation process evolving on R
�u
+ . The

constraints on z are analogous to those on U . We let U denote the convex hull
U := conv (U�) and assume that for each 0 ≤ t0 < t1,

z(t1) − z(t0)
t1 − t0

∈ U.

The fluid model (4) is also expressed as the ODE model,

(5)
d+

dt
q(t) = Bζ(t) + α , t ≥ 0,

where ζ(t) ∈ U denotes the allocation rate vector at time t, and the “+” denotes right
derivative.

Suppose that h : R
�
+ → R+ is any C1 function that vanishes only at the origin.

The h-myopic policy is defined for the fluid and stochastic models by the respective
feedback laws,

φF(x) = arg min
ζ∈U(x)

〈∇h (x), Bζ + α〉,(6)

φD(x) = arg min
u∈U�(x)

E[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x, U(t) = u],(7)

where the “(x)” is used to capture boundary constraints,

(8)
U�(x) = {u ∈ U : (B(t)u)i ≥ 0 a.s. when xi = 0} ,

U(x) = {u ∈ U : vi := (Bu+ α)i ≥ 0 when xi = 0} .
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The MaxWeight policy coincides with the h-myopic policy for the fluid model
when h is equal to the quadratic (1). This motivates an alternative policy for the
stochastic model, the h-MaxWeight policy,

(9) φMW(x) = argmin
u∈U�(x)

〈∇h (x), Bu + α〉, x ∈ Z
�
+.

Note that φMW = φD when h is a linear function of x.
The policy (6) is stabilizing for the fluid model under mild assumptions on the

function h (see [10] and [7, Thm. 12.5] for linear functions and [35, Proposition 11] for
a smooth norm on R

�). The proof is based on establishing that the “drift” defined by

(10)
d+

dt
h(q(t)) =

〈
∇h (q(t)),

d+

dt
q(t)

〉
, t ≥ 0,

is strictly negative when q(t) 	= 0.
The h-myopic policy (7) for the stochastic model may or may not be stabilizing,

depending upon the particular network and the structure of the function h. One
difficulty is that the corresponding drift for the stochastic model,

(11) E[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x, U(t) = u],

can be positive for certain values of x on the boundary of the state space. This impor-
tant distinction between the two models is illustrated in the following two examples.

Instability in the model of Rybko and Stolyar. Consider the model of Kumar,
Seidman, Rybko, and Stolyar shown in Figure 1 [27, 47]. A typical choice for h is a
cost function c, and a typical cost function in network applications is the �1 norm,
c(x) = |x| =

∑
xi. With h = c, the myopic policy for the fluid model gives priority to

the exit buffers if no machine is starved of work. Suppose that the parameters satisfy

(12) μ1 > μ2 and μ3 > μ4.

If, for example, x1 > 0 and x4 > 0, yet x2 = x3 = 0, we then have

φF
1(x) = μ2μ

−1
1 , φF

4(x) = 1 − φF
1(x).

The h-myopic policy for the stochastic model is very different: The optimization (7)
defines φF

4(x) = 1 if x4 ≥ 1, and φF
2(x) = 1 if x2 ≥ 1. This is precisely the policy

found to be destabilizing in [47].
Work stoppage under a myopic policy. The h-myopic policy may be entirely ir-

rational. Consider the pair of queues in tandem illustrated in Figure 2. Suppose that
a linear cost function is given c(x) = c1x1 + c2x2, with c2 > c1. The h-myopic policy
for the fluid model with h = c is nonidling at Station 2, while at Station 1,

(13) φF
1(x) =

{
0 if x2 > 0,
min(1, μ2μ

−1
1 ) if x2 = 0, x1 > 0.

The h-myopic policy is pathwise optimal when μ1 ≥ μ2.

Station  1

μ1

μ4

Station  2

μ2

μ3

α1

α3

Fig. 1. The Kumar–Seidman–Rybko–Stolyar model.
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Station  1

α1 μ1

Station  2

μ2

Fig. 2. Tandem queues.

For a CRW model defined consistently with the fluid model, we have for x ∈ Z
2
+,

φMW(x) = φD(x) = argmin
u∈U�(x)

E[c(Q(t+ 1)) | Q(t) = x, U(t) = u]

= argmin
u∈U�(x)

(
c1(α1 − μ1u1) + c2(μ1u1 − μ2u2)

)
.

At Station 2 this policy is nonidling, while at Station 1,

φMW
1 (x) = argmin

u∈U�(x)

(
(c2 − c1)μ1u1

)
.

That is, Station 1 is always idle under our assumption that c2 > c1!
Instability is a consequence of additional constraints in the stochastic model. The

choices are limited in the CRW model, so from certain states on the boundary it is
not possible to find an allocation u such that the drift in (11) is negative. Why then
is this possible when h is a diagonal quadratic?

We show in this paper that the key property that is required is the derivative
condition,

(14)
∂

∂xj
h (x) = 0 when xj = 0.

For a quadratic we have ∇h (x) = Dx, and hence (14) does hold when D is diagonal.
With h interpreted as an approximate value function, the derivative ∂

∂xj
h (x) repre-

sents the “marginal disutility” of an additional increment of inventory at buffer j.
If this marginal disutility is zero, then it is reasonable to shift inventory to this buffer
when possible. Thus starvation of resources is avoided, which is the cause of instability
in these two examples.

In this paper we make these informal observations precise. Moreover, to obtain
a wide class of policies we describe a perturbation technique used to modify a given
function so that (14) holds. Suppose that c is a norm on R

�, such as c(x) =
∑

|xi|,
and that h0 : R

� → R+ is any C1 function that satisfies the dynamic programming
inequality for the fluid model,

(15) min
u∈U(x)

〈∇h0 (x), Bu + α〉 ≤ −c(x), x ∈ R
�
+.

With φF defined in (6) using h0, and v := BφF(x) + α, the bound (15) is equivalent
to the functional inequality 〈∇h0, v〉 ≤ −c.

For example, if ‖ · ‖h is any norm on R
� that is monotone and C1 on R

�
+, then

(15) holds with h0(x) = 1
2‖x‖2

h and c( · ) = ε0‖ · ‖h for some ε0 > 0. Another
solution to the dynamic programming inequality is the quadratic (1), in which D is
not necessarily diagonal but satisfies Dij ≥ 0 and Dii > 0 for each i, j. In some cases
a fluid value function is piecewise quadratic, C1, and satisfies (15) with equality. An
example is contained in section 2.2.2.
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A perturbation of h0 is obtained through a change of variables: For fixed θ ≥ 1,
we denote

(16) x̃i := xi + θ(e−xi/θ − 1) for any i and x

and let x̃ denote the corresponding vector x̃ := (x̃1, . . . , x̃�)T ∈ R
�
+. The function h is

then defined by

(17) h(x) = h0(x̃), x ∈ R
�
+.

An application of the chain rule shows that (14) holds. The first main result of this
paper is based on this observation.

Theorem 1.1. Consider the model (2) satisfying the following conditions:
(i) The independent and identically distributed (i.i.d.) process (A,B) has inte-

ger entries, and a finite second moment.
(ii) Bij(t) ≥ −1 for each i, j, and t, and for each j ∈ {1, . . . , �u} there exists a

unique value ij ∈ {1, . . . , �} satisfying

(18) Bij(t) ≥ 0 a.s. i 	= ij .

(iii) The function h0 : R
� → R+ satisfies the following:

(a) Smoothness: The gradient ∇h0 is Lipschitz continuous.
(b) Monotonicity: ∇h0 (x) ∈ R

�
+ for x ∈ R

�
+.

(c) The dynamic programming inequality (15) holds, with c a norm on R
�.

Then, there exists θ0 <∞ and ηh <∞ such that for any θ ≥ θ0, the following bound
holds under the h-MaxWeight policy:

(19) E[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x] ≤ −1
2
c(x) +

1
2
ηh.

Consequently,

(20) n−1E

[
n−1∑
t=0

c(Q(t)) | Q(t) = x

]
≤ 2n−1h(x) + ηh, n ≥ 1, x ∈ Z

�
+.

Proof. This is based on results obtained in section 2.2.2: Combining the bounds
obtained in Lemmas 2.10 and 2.11 gives, under the h-MaxWeight policy, for each
x ∈ Z

�
+,

E[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x] ≤ −c(x) + k2.10 log(1 + ‖x‖) + k2.11(1 + θ−1‖x‖),

where the constants are independent of θ. Choosing θ > 2k2.11, we obtain the bound
(19).

Equation (20) then follows from the comparison theorem, Theorem 2.2.
Assumption (ii) implies that the matrix −B(t) is Leontief with probability one

for each t, and that its expectation −B = −E[B(t)] is also Leontief. Bramson and
Williams [6] call a network unitary if assumption (ii) holds and, in addition, the rows
of C are orthogonal (interpreted as the absence of “simultaneous resource posses-
sion”). Relaxations of assumption (ii) that imply stability of the MaxWeight policy
are contained in [13, 14] (called maximum pressure policies in these papers).

For networks that are unitary, the h-MaxWeight policy has a simple representa-
tion in terms of the generalized Klimov indices,

(21) Θj(x) := −
∑
i

Bij
∂

∂xi
h (x), x ∈ Z

�
+, j ∈ {1, . . . , �u}.
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For a unitary model, for any j we denote by s(j) ∈ {1, . . . , �m} the unique value of s
satisfying Cs,j = 1.

Proposition 1.2. Suppose that the CRW model is unitary. Suppose, moreover,
that h is C1, monotone, and satisfies the boundary conditions (14). Then, the h-
MaxWeight policy can be described as follows: For each s ∈ {1, . . . , �m} and x ∈ Z

�
+,

denote Θ∗s(x) :=max{Θj(x) : s(j) = s}. If Θ∗s < 0, then Uj(t) = 0 whenever s(j) = s.
Otherwise, priority is giving to buffers that achieve the maximum,∑{

Uj(t) : s(j) = s, Θj(x) = Θ∗s
}

= 1.

Proof. For a unitary model, the optimization (9) decouples into �m separate opti-
mization problems, each with a single linear constraint obtained from the respective
row of C. The proof is completed on noting that −Θj is the coefficient of uj in the
objective function of (9).

A drawback to Theorem 1.1 is that stability holds only for θ > 0 sufficiently
large. Section 2.3 considers the alternative change of variables x̃i := xi log(1 + xi/θ),
i = 1, . . . , �. Theorem 2.14 shows that the resulting h-MaxWeight policy is stabilizing,
for any fixed θ > 0, in the sense that a version of (19) holds.

The inequality (19) is a Lyapunov drift condition of the form developed in [41, 18]
and is also similar to the bounds used in [11, 4, 28, 26, 44] to obtain performance
bounds for networks. Under natural assumptions on the model, the bound (19) implies
that the controlled network is geometrically ergodic, so that the mean E[c(Q(t))]
converges to its steady-state value geometrically fast from each initial condition [41,
43, 40, 26, 35, 19]. Proposition 2.9 below contains sufficient conditions for geometric
ergodicity for a particular version of the h-MaxWeight policy.

In section 3 we move to an asymptotic, heavy-traffic setting to obtain finer per-
formance bounds. Dai and Lin’s recent paper [14] contains a comprehensive survey
on the theory of networks in heavy traffic. While the results in section 3 use language
and some results from the heavy- traffic literature, the goals and conclusions are very
different from those of [14] or any other papers from this literature.

A heavy-traffic analysis is based on the construction of a one-dimensional param-
eterized family of networks with increasing load. Let κ > 0 denote the parameter,
and assume that the load increases to one as κ → ∞. Letting Qκ(t;x) denote the
queue-length process for the κth network at time t with initial condition x, a “central
limit” scaling is applied,

(22) Qκ,κ(t;x) =
1
κ
Qκ(κ2t;κx).

This is defined for all t ∈ R+ via linear interpolation.
In virtually all of the asymptotic results contained in the literature it is assumed

that there is a single bottleneck in heavy traffic or, more generally, complete resource
pooling [2, 49, 33, 1, 14]. Let ξ ∈ R

� denote the corresponding workload vector, and
assume its entries are nonnegative. Then the workload process Wκ(t;x) = ξTQκ(t;x)
evolves on R+ and can be compared to a minimal workload process Ŵκ(t;x). Section 3
restricts to a simplified setting in which a realization of the minimal process evolves
as a simple queue,

(23) Ŵκ(t+ 1) = Ŵκ(t) − S1(t+ 1)1l{Ŵκ(t) ≥ 1} + L1(t+ 1), t ≥ 0,

where (S1,L1) is i.i.d. on Z
2
+, and S1 is Bernoulli (see (83)). The load is given by

ρ• = E[L1(t)]/E[S1(t)].
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For a convex cost function c : R
�
+ → R+, the effective cost c : R+ → R+ is the

value of the convex program,

(24)
c(w) = min c(x)

s.t. ξTx = w, x ∈ R
�
+.

A sequence of policies is declared to have heavy-traffic asymptotical optimality (HTAO)
if the following properties are verified.

State space collapse. For each t, the scaled queue-length process has asymp-
totically minimal cost, subject to its workload, in the sense that

lim
κ→∞

(
c(Qκ,κ(t;x)) − c(Wκ,κ(t;x))

)
= 0,

where the convergence is in probability. This is called state space collapse because
typically it implies that the queue-length processes converge to a one-dimensional
subspace,

(25) lim
κ→∞

∥∥Qκ,κ(t;x) −X ∗
(
Qκ,κ(t;x)

)∥∥ = 0,

where X ∗ denotes the projection. The vector X ∗(Q) is known as the effective state
corresponding to Q (see (84)).

Asymptotic minimality. The scaled workload process Wκ,κ(t;x) and the
scaled minimal workload process Ŵκ,κ(t;x), defined as in (22), each converges in dis-
tribution to a reflected Brownian motion (RBM) with common drift and covariance.

A uniform version of HTAO is formulated in [36]. The paper considers multiclass
networks with multiple bottlenecks and renewal inputs. Under the assumption that
the effective cost is a monotone function of w, among other assumptions, the following
uniform asymptotic bounds are obtained for a proposed policy: For any other policy,
letting Qκ′ denote the resulting state process,

1
T

∫ T

0

c(Qκ(t;x)) dt ≤ 1
T

∫ T

0

c(Qκ′(t;x)) dt+O
(
log
((

1 − ρ•)−1
))
,

0 ≤ T ≤ 1
(1 − ρ•)3

.

(26)

The policies considered in [36] are based on those of [32], which are generalizations of
the policy introduced in [2] for a particular example.

HTAO for MaxWeight and certain generalizations is established in the aforemen-
tioned papers [55, 49, 33, 14]. However, state space collapse for the MaxWeight policy
is obtained with respect to an implicitly defined cost function [49]. In [14] an approx-
imation is obtained: For a given linear cost function, the projection X ∗ is of the
form

X ∗(x) = (ξTx)
ci∗

ξi∗
1i

∗
,

where i∗ ∈ argmin{ci/ξi}, and 1i denotes the ith basis element in R
�. For each ε > 0,

the authors construct a version of the MaxWeight policy satisfying

(27) lim
κ→∞

P
{∥∥Qκ,κ(t;x) −X ∗

(
Qκ,κ(t;x)

)∥∥ > ε
∥∥Qκ,κ(t;x)∥∥} = 0.
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The present paper is concerned with steady-state performance. The average cost
is denoted

(28) η = lim
T→∞

1
T

T−1∑
t=0

E[c(Q(t;x))],

where the limit is independent of x under the assumptions imposed in the main results.
Note that HTAO as formulated above does not imply that the performance measured
by average cost is approximately optimal, or even that η is finite. HTAO suggests a
bound of the form

(29) η ≤ η̂∗ + o(η̂∗),

where η̂∗ = E[c(Ŵκ(t))], c denotes the effective cost, and the expectation is in steady
state. This heuristic has been established rigorously only in special cases, based on
the assumption of weak convergence of the scaled workload processes.

Suppose that the scaled workload processes converge in distribution to an RBM,

Ŵκ,κ(t;x) w−→ Ŵ∞(t;x), κ→ ∞.

If, moreover, the scaled steady-state means are convergent, E[c(Ŵκ,κ(t;x))] → η̂∞ =
E[c(Ŵ∞(t))], κ→ ∞, then we can then reinterpret (29) as the limit

(30) lim
κ→∞

E[c(Qκ,κ(t;x))] = η̂∞ ,

where the expectations are all in steady state. The approximation (30) has been
established for the single queue in the pioneering work of Kingman [24, 25], and for
generalized Jackson networks by Gamarnik and Zeevi [19, Corollary 2, p. 73]. Stolyar
conjectures in [49] that the invariant distributions for Qκ,κ will converge weakly under
the MaxWeight policy, provided there is complete resource pooling. This, together
with uniform integrability, would imply the limit (30).

The limit (27) also suggests an asymptotic bound of the form

η ≤ η̂∗ +O(εη̂∗),

but no such result is established in [14] or elsewhere.
Section 3 treats HTAO in an average-cost sense. The main result establishes

logarithmic regret : For some fixed constant k0 <∞, independent of load,

(31) η̂∗ ≤ η ≤ η̂∗ + k0 log(η̂∗).

This is a significant refinement of (29) since η̂∗ → ∞ as the network load approaches
unity. HTAO of the form (31) was obtained for the first time in [37] in several examples
based on Lyapunov techniques similar to those used in this paper. The main idea is to
take the optimal value function for the fluid model and introduce a penalty function
to account for possible starvation when the state reaches the boundary of R

�
+. In

each example considered, a single policy is proposed that is independent of network
load and is based on a switching curve with logarithmic growth. For example, for the
tandem queues, the policy has the form

(32) serve buffer 1 if x2 ≤ β log(1 + x1/β),

where β > 0 is a sufficiently large constant.
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The approach used in section 3 is similar: The function h0 is chosen as an ap-
proximation to a fluid value function. Rather than a penalty function, the change
of variables (17) is used to construct a stabilizing h-MaxWeight policy and, under
stronger conditions, HTAO with logarithmic regret.

The development is greatly simplified by imposing further structure on the model.
The following assumptions are imposed in Theorem 3.1, the main result of section 3
that establishes logarithmic regret.
(HTAO 1). The network is described by a scheduling model with deterministic rout-

ing: For each i ∈ {1, . . . , �}, after processing at buffer i a customer either enters some
buffer i+ ∈ {1, . . . , �} or exits the system. The routing matrix R is the � × � matrix
defined for i, j ∈ {1, . . . , �} as Rij = 1lj=i+ . The routing matrix satisfies R� = 0�×�;
this ensures that each customer receives at most � services during its lifetime in the
network. The CRW scheduling model is described by the recursion

(33) Q(t+ 1) = Q(t) +
�∑
i=1

Mi(t+ 1)[−1i + 1i+ ]Ui(t) +A(t+ 1), Q(0) = x ,

where M i is a Bernoulli sequence for each i. The vector 1i+ is taken to be zero if
customers exit the system following service at buffer i.
(HTAO 2). The network is of a generalized “Kelly type” in which service statistics

are determined by the station, not the buffer. For each s ∈ {1, . . . , �m}, Station s is
said to be homogeneous if the random variables {Mj(t) : s(j) = s} are all identical.
It is assumed that the network is homogeneous, meaning that each station satisfies
this condition.
(HTAO 3). The cost function is linear.
(HTAO 4). There is a single bottleneck in heavy traffic, and the convex program

(24) that defines the effective cost is assumed to possess a unique maximizer for each
w ∈ R+.

We believe that many of these assumptions are nonessential. Potential extensions
are surveyed in section 4.

The CRW scheduling model (33) is of the form (2) with

B(t) = −[I −RT]M(t), t ≥ 1.

The Leontief condition (18) follows from the assumptions on M and R, where ij = j

for each j ∈ {1, . . . , �}. The vector load ρ ∈ R
�m
+ is given by

(34) ρ = CM−1[I −RT]−1α,

where M is a diagonal matrix, equal to the common mean of M(t). The network load
is the maximum, ρ• = max1≤i≤� ρi.

Homogeneity is used to construct a one-dimensional workload relaxation satisfying
the recursion (23). A one-dimensional workload process W corresponding to the most
heavily loaded station is compared to its (minimal) relaxation Ŵ

∗
. For each t ≥ 0,

the lower bound holds with probability one,

(35) W (t) ≥ Ŵ ∗(t), t ≥ 0,

under any policy for Q. This simplifies a proof of logarithmic regret since a lower
bound on performance is explicit, η̂∗ = E[c(Ŵ ∗(t))].
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A relaxation of the form (23) was introduced in the thesis of Laws [30] to obtain
performance bounds (see also [29, 45]). Relaxations of this form and multidimensional
extensions for the purposes of control synthesis and performance approximation are
the subject of [9, 37, 23, 39].

Two significant contributions in the present paper are worth highlighting as fol-
lows:

(i) In each example considered in [37] the policy was explicitly constructed
based on switching curves of the form (32). This requires considerable intuition for
more complex models. In our two main results, Theorem 1.1 and Theorem 3.1, the
policy is derived from the given value function via the minimization (9).

(ii) This is the first paper to give a completely general approach to HTAO for
average cost, and in particular bounds of the form (31) for a general class of models.

The remainder of the paper is organized as follows. Section 2 concerns stability
of h-MaxWeight policies. Asymptotic optimality is treated in section 3; Theorem 3.1
establishes a bound of the form (31) for a family of models with increasing load.
Section 4 contains conclusions and possible extensions.

2. MaxWeight policies. In this section we consider the general CRW model (2)
under the assumptions of Theorem 1.1: The sequence {A(t), B(t)} is i.i.d. with a finite
second moment, and (18) holds for B(t). This is a very general model, detailed as
follows:

(i) Controlled routing from buffer i is modeled by allowing ij = i for more than
one j ∈ {1, . . . , �u}. Then, Uj(t) = 1 indicates that a customer at buffer i is routed
to buffer i+j .

(ii) It is straightforward to model a flexible server, as found in the processor
sharing models of [21, 22]; optimal policies for the fluid and CRW models are described
in [35, p. 760] for a simple example.

(iii) Assembly-disassembly systems can be modeled. For example, following ser-
vice completion at buffer ij , a customer can spawn several new jobs. This is modeled
by defining positive values of Bij(t) for several values of i 	= ij.

(iv) On interpreting an arrival as an increment of demand, the CRW model (2)
can be used to model inventory systems. In this setting, an entry of U(t) can model
an order for new raw material [8].

All of the policies considered in this paper are stationary and deterministic: For
the CRW model it is assumed that there is a function φ : Z

�
+ → U� such that

(36) U(t) = φ(Q(t)), t ≥ 0.

Hence Q is a time-homogeneous Markov chain on Z
�
+, with transition matrix denoted

P . That is, for each x, y ∈ Z
�
+ and t ≥ 0,

P (x, y) = P{Q(t+ 1) = y | Q(t) = x} = P{x+B(1)φ(x) +A(1) = y}.

For any function g : R
� → R, the generator D is defined as the difference operator,

Dg (x) := E[g(Q(t+ 1)) − g(Q(t)) | Q(t) = x] =
∑
y∈Z�

+

P (x, y)[g(y) − g(x)].

The analysis of the h-MaxWeight policy is based on bounds on the drift Dh for the
stochastic model. The construction of these bounds is based on an analysis of the
corresponding drift 〈BφMW(x) + α,∇h (x)〉 for the fluid model. The first step is an
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application of the mean value theorem, which implies the following representation for
any Q(t) ∈ Z

�
+ and any t ≥ 0:

(37)
h(Q(t+ 1)) − h(Q(t)) = 〈∇h (Q̄),Δ(t+ 1)〉

= 〈∇h (Q(t)),Δ(t + 1)〉
+ 〈∇h (Q̄) −∇h (Q(t)),Δ(t+ 1)〉,

where Δ(t + 1) := Q(t + 1) −Q(t), and Q̄ ∈ R
�
+ lies on the line connecting Q(t + 1)

and Q(t). Consequently,

(38) Dh (x) = 〈∇h (x), v〉 + bh,

where

(39)
v(x) = E[Δ(t+1) | Q(t) = x], bh(x) = E[〈∇h (Q̄)−∇h (Q(t)),Δ(t+1)〉 | Q(t) = x].

To deduce stability based on (38) we obtain a bound on 〈∇h (x), v〉 under the given
policy. We then show that the second term bh(x) is relatively small in magnitude.

We begin with a review of some Lyapunov theory for Markov and fluid models.

2.1. Stochastic stability. When does a stabilizing policy exist for a network
model? How do we test for stability? To answer these questions we consider first the
fluid model.

Denote the velocity set for the fluid model by

(40) V := {v = Bζ + α : ζ ∈ U}.

In the general setting of this section, the “load condition” ρ• < 1 translates into the
following:

(41) The origin is an interior point of V.

If (41) holds, then there exists ε > 0 such that the vector vx = −εx/|x| lies in
V for each x ∈ R

�
+. Setting ζ = vx from the initial condition q(0) = x, we have

q(t) = q(0) − (ε/|x|)t for 0 ≤ t ≤ |x|/ε. For a given policy for the fluid model, such
as (7), we consider the value function,

(42) J(x) =
∫ ∞

0

c(q(t;x)) dt.

We let J∗ denote the minimum of (42) over all policies. Setting h = J in (6), we
obtain the drift inequality,

min
u∈U(x)

〈∇J (x), Bu + α〉 ≤ −c(x), x ∈ R
�
+,

and this inequality is an equality when J = J∗. We thereby obtain another class
of functions that satisfy the dynamic programming inequality (15). The fluid value
function is typically C1 in workload models [38].

We now turn to the CRW model. The general form of the Lyapunov condition
considered here is condition (V3), or the special case known as Foster’s criterion [41].
All forms involve bounds on the generator applied to a function V : Z

�
+ → R+.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3270 SEAN MEYN

(i) The controlled network satisfies Foster’s criterion if there is a constant b <
∞ and a finite set S ⊂ Z

�
+ such that

(V2) DV (x) ≤ −1 + b1lS(x), x ∈ Z
�
+.

(ii) The network satisfies condition (V3) if for a function f : Z
�
+ → [1,∞),

(V3) DV (x) ≤ −f(x) + b1lS(x), x ∈ Z
�
+ ,

where again b <∞ and S ⊂ Z
�
+ is a finite set.

We have the following simple but useful result relating the policies φMW and φD.
Proposition 2.1. Suppose that (V3) holds under the h-MaxWeight policy with

V a constant multiple of h. Then the same bound holds for the h-myopic policy.
Proof. If V = kh for some k <∞, then we have under the h-myopic policy,

PφDV (x) = k arg min
u∈U�(x)

E[h(Q(t+ 1)) | Q(t) = x, U(t) = u]

≤ kE[h(Q(t+ 1)) | Q(t) = x, U(t) = φMW(x)]

= PφMWV (x) ≤ V (x) − f(x) + b1lS(x).

The most common approach to establishing (V3) is to construct a function h : Z
�
+ →

(0,∞) and a constant η <∞ that solve the Poisson inequality,

(43) Dh ≤ −c+ η.

If c has bounded sublevel sets (e.g., c defines a norm on R
�), then this implies (V3)

with V = h, f = 1+c/2, b = η+1, and S is the sublevel set S = {x : c(x) ≤ 2(η+1)}.
The comparison theorem implies that the steady-state mean of c is bounded by η when
(43) holds. Theorem 2.2 is also the most common approach to obtaining bounds on
expectations involving stopping times. For a proof see [41].

Theorem 2.2 (comparison theorem). Suppose that the nonnegative functions
V, f, g satisfy the bound,

(44) DV ≤ −f + g.

Then for each x ∈ Z
�
+ and any stopping time τ , we have

Ex

[
τ−1∑
t=0

f(Q(t))

]
≤ V (x) + Ex

[
τ−1∑
t=0

g(Q(t))

]
.

The average cost is finite under (V3), provided f dominates the cost function.
The following result follows from Theorems 14.0.1 and 17.0.1 of [41]. A sufficient
condition for 0-irreducibility is given in Proposition 3.2.

Theorem 2.3. Consider the CRW model (2) controlled using a stationary policy.
Suppose that there exists a solution to (V3) satisfying k−1

0 ‖x‖ ≤ c(x) ≤ k0f(x) for
some k0 < ∞ and all x ∈ Z

�
+. Suppose, moreover, that the controlled network is

0-irreducible: For each x ∈ Z
�
+,

(45)
∞∑
t=0

P{Q(t) = 0 | Q(0) = x} > 0,

and P (0,0) = P{A(t) = 0} > 0. Then the following hold:
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(i) Q is an aperiodic Markov chain with unique invariant measure π. The
average cost defined in (28) is finite, is independent of initial condition, and coincides
with the mean with respect to π:

η = π(c) :=
∑

π(x)c(x).

(ii) The law of large numbers holds: For each initial condition,

η(n) := n−1
n−1∑
t=0

c(Q(t)) → η, n→ ∞ a.s.

(iii) The mean ergodic theorem holds: For each initial condition,

E[c(Q(t))] → η, t→ ∞.

The simplest example is the CRW model for the single server queue defined by
the recursion

(46) Q(t+ 1) = Q(t) − S(t+ 1)U(t) +A(t+ 1), t ∈ Z+,

with given initial condition Q(0) = x ∈ Z+. A solution to Poisson’s inequality (43) is
obtained with c(x) ≡ x and V = J∗, where the fluid value function is quadratic,

(47) J∗(x) =
1
2

x2

μ− α
.

Theorem 2.4 establishes formulae for the steady-state mean as well as the as-
sociated solution to Poisson’s equation with c the identity function (c(x) = x for
x ∈ R+),

(48) Dh (x) = −x+ η, x ∈ Z+.

The formula (50) for the steady-state mean may be viewed as an analogue of the
celebrated Pollaczek–Khintchine formula for the M/G/1 queue. The proof is based
on refinements of the comparison theorem applied to the function V = J∗ [37, 39].

Theorem 2.4. Consider the CRW queueing model (46) satisfying ρ = α/μ < 1,
and define

(49) m2 = E[(S(1) −A(1))2], m2
A = E[A(1)2], σ2 = ρm2 + (1 − ρ)m2

A.

Then
(i) there is a unique invariant probability measure π on Z+, with steady-state

mean

(50) η := Eπ[Q(0)] =
1
2

σ2

μ− α
;

(ii) a solution to Poisson’s equation (48) is the quadratic

(51) h(x) = J∗(x) +
1
2
μ−1

(m2 −m2
A

μ− α

)
x , x ∈ Z+.
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The MaxWeight policy is defined by (9) with h a quadratic,

(52) φMW(x) = arg min
u∈U�(x)

〈Dx,Bu + α〉, x ∈ Z
�
+,

where D > 0 is a diagonal matrix. Proposition 2.5 implies that φMW coincides with
the h-myopic policy for the fluid model. This result is a special case of Proposition 2.8
that follows.

Proposition 2.5. Suppose that assumptions (i) and (ii) of Theorem 1.1 hold.
Then, for each x ∈ Z

�
+, the allocation φMW(x) defined by the MaxWeight policy can

be expressed as a solution to the linear program,

(53)
φMW(x) = arg max xTD(I −RT)Mu

s .t . u ∈ U .

Proposition 2.5 easily leads to a proof of stability of the MaxWeight policy. The-
orem 2.6 is essentially contained in earlier work [53, 13]. We present the short proof
since the same ideas are used to prove Theorem 1.1 and generalizations that follow.

Theorem 2.6. Suppose that ρ• < 1, and that assumptions (i) and (ii) of Theo-
rem 1.1 hold. Then, for any diagonal matrix D > 0, the network controlled under the
MaxWeight policy has a solution to Poisson’s inequality (43) with V = h the quadratic
defined in (1), and c(x) ≡ ε0|x| for some ε0 > 0.

Proof. Since (41) holds when ρ• < 1, there exists ε > 0 such that the vector v
with coefficients vi = −ε, i ≥ 1, lies in V. By definition there exists u ∈ U such that
Bu+ α = v, so that by Proposition 2.5,

〈BφMW(x) + α,∇h (x)〉 = 〈BφMW(x) + α,Dx〉 ≤ vTDx = −ε
∑

Diixi ≤ −ε0|x|,

with ε0 = ε(miniDii). We thus arrive at a version of the Poisson inequality,

DMWh (x) := EMW[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x] ≤ −ε0|x| + ηD,

with

ηD:=
1
2

max
x′∈Z�

+,u∈U�(x)
E[(Q(t+1)−Q(t))TD(Q(t+1)−Q(t)) | Q(t) = x′, U(t) = u].

2.2. Perturbed functions. We now analyze the drift Dh represented in (38) to
establish stability of the h-MaxWeight policy. We return to the general CRW model
(2).

An application of the chain rule of differentiation shows the following.
Proposition 2.7. For any C1 function h0, the function h defined in (17) satisfies

the derivative conditions (14). We have the explicit representations as follows:
(i) The first derivative is given by

(54) ∇h (x) = [I −Mθ]∇h0 (x̃),

where

(55) Mθ = Mθ(x) = diag (e−xi/θ), x ∈ R
�
+.

(ii) If h0 is C2, then the Hessian of h is

(56) ∇2h (x) = [I −Mθ]∇2h0 (x̃)[I −Mθ] + θ−1diag (Mθ∇h0 (x̃)).

Hence h is convex provided h0 is both convex and monotone.
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A key step in the proof of Theorem 1.1 is to generalize Proposition 2.5.
Proposition 2.8. Suppose that assumptions (i) and (ii) of Theorem 1.1 hold,

and that h is any C1 monotone function satisfying the derivative conditions (14).
Then, for each x ∈ Z

�
+, the allocation φMW(x) defined by the h-MaxWeight policy can

be expressed as a solution to the linear program,

(57)
φMW(x) = argmin 〈Bu,∇h (x)〉

s .t . u ∈ U .

Proof. The proof requires that we demonstrate that the minimum in (9) can be
relaxed to a minimum over all of U.

Recall the definition of the generalized Klimov indices in (21), and the interpreta-
tion that −Θj is the coefficient of uj in the objective function of (9). Monotonicity of
h implies that each partial derivative of h is nonnegative. This assumption, combined
with (18), implies that

(58) Θj(x) ≤ 0 whenever xij = 0.

It then follows that the optimizer u∗ of the linear program (57) satisfies, without loss
of generality, u∗j = 0 whenever xij = 0. This shows that u∗ ∈ U(x) for x ∈ Z

�
+, which

proves (57).
To show that u∗ can be chosen in U� we argue that optimizers of linear programs

can be chosen from among the extreme points in the constraint region. The extreme
points for this linear program are contained in U� because of the definition U :=
conv (U�).

Consider the special case in which h0 is linear.

2.2.1. Perturbed linear function. Suppose that h0(x) = cTx, where the vec-
tor c ∈ R

�
+ has nonzero coefficients, so that the function h can be expressed as

(59) h(x) =
�∑
i=1

cix̃i, x ∈ R
�
+.

An application of Proposition 2.7 shows that the derivative condition (14) holds, and
that the first and second derivatives are given by

(60) ∇h (x) = [I −Mθ]c, ∇2h (x) = θ−1diag (Mθc).

Hence the function h is monotone and strictly convex.
We show in Proposition 2.9 that the h-MaxWeight policy is stabilizing provided

θ ≥ 1 is suitably large. Although the dynamic programming inequality (15) fails for
the linear function h0, it does hold for the function k0h

2
0, where k0 is a sufficiently

large constant, and c(x) = cTx. Hence Proposition 2.9(ii) could be deduced from
Theorem 1.1.

Proposition 2.9. Suppose that assumptions (i) and (ii) of Theorem 1.1 hold,
along with the stabilizability condition (41). Then, there exists θ0 > 0 such that the
following hold under the h-MaxWeight policy with h0 linear, provided θ ≥ θ0:

(i) The controlled network satisfies Foster’s criterion. The function V in (V2)
can be taken as a constant multiple of h.
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(ii) Condition (V3) holds: There exists ε2 > 0, b2 < ∞, and a finite set S
satisfying

DV ≤ −f + b21lS

with V = 1 + 1
2h

2, f = 1 + ε2h.
(iii) Suppose that for some ε > 0 the arrival process satisfies E[exp(ε‖A(t)‖)] <

∞. Then condition (V4) holds: For some εe > 0, δe > 0, be <∞, and a finite set S,

DV ≤ −δeV + be1lS

with V = exp(εeh). Hence Q is geometrically ergodic provided (45) holds [41].
Proof. We apply the second-order mean value theorem to obtain

(61)
h(Q(t+ 1)) − h(Q(t)) = 〈∇h (Q(t)),Δ(t + 1)〉

+
1
2
Δ(t+ 1)T

[
∇2h (Q̄)

](
Δ(t+ 1)

)
,

where again Q̄ ∈ R
�
+ lies on the line connecting Q(t+ 1) and Q(t). This implies the

identity (38) with bh redefined as

bh(x) =
1
2
E
[
Δ(t+ 1)T∇2h (Q̄)Δ(t+ 1) | Q(t) = x

]
.

The expression for the second derivative in (60) then gives

Dh (x) = 〈∇h (x), v〉 + θ−1bΔ,

where

bΔ =
1
2
‖c‖ sup

x′∈Z�
+,u∈U�(x′)

E[‖Δ(t+ 1)‖2 | Q(t) = x′, U(t) = u] <∞.

We now obtain an upper bound on 〈∇h (x), v〉 under the h-MaxWeight policy.
The expression for the first derivative in (60) implies the bound

∂

∂xi
h (x) = ci(1 − e−xi/θ) ≥ c(1 − e−xi/θ), 1 ≤ i ≤ �,

with c := minj cj . Exactly as in the proof of Theorem 2.6, we can consider arbitrary
v ∈ V to obtain bounds on the value of (57). This is justified by Proposition 2.8. The
stabilizability condition (41) implies that there exists ε > 0 such that the vector with
components vi = −ε, 1 ≤ i ≤ �, lies in V for each x ∈ R

�
+. By definition, there exists

u ∈ U satisfying Bu+ α = v. Consequently, under the h-MaxWeight policy,

Dh (x) ≤ −εcmax
i

(1 − e−xi/θ) + θ−1bΔ.

Suppose that |x| ≥ �θ. Then xi ≥ θ for at least one i, and we obtain the bound

(62) Dh (x) ≤ −1
2
εc+ θ−1bΔ if |x| ≥ �θ.

The right-hand side is negative provided θ > 2bΔ/(εc). Fixing θ satisfying this bound,
we obtain the desired solution to (V2) with V = 2(εc)−1h, and S = {x : |x| < �θ}.
This establishes (i).
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To establish (ii) we begin with the identity

1
2
[h(Q(t+1))]2−1

2
[h(Q(t))]2 = h(Q(t))(h(Q(t+1)−h(Q(t)))+

1
2
[h(Q(t+1))−h(Q(t))]2.

On taking conditional expectations of both sides, we obtain DV (x) = h(x)[Dh (x)] +
bΔ2(x), where

bΔ2 =
1
2

sup
x′∈Z�

+,u∈U�(x′)

E[[h(Q(t+ 1)) − h(Q(t))]2 | Q(t) = x′, U(t) = u] <∞.

Applying (i), we obtain a version of the Poisson inequality (43) with this V , which
implies that (V3) also holds.

Part (iii) follows from (i) combined with [41, Theorem 16.3.1] (see also [35, The-
orem 4]).

In the next example we find that the h-MaxWeight policy considered in Proposi-
tion 2.9(i) mirrors the discounted-cost optimal policy.

Tandem queues: Emergence of a threshold policy. Suppose that we replace the
linear cost function used in (13) with the convex cost function h : R

2
+ → R+ defined

in (59). Figure 3 shows a plot of the sublevel sets of this function.
The h-MaxWeight policy defined in (9) minimizes the inner product,

〈Bu+α,∇h (x)〉 = −μ1u1c1(1−e−x1/θ)+(μ1u1c1−μ2u2c2)(1−e−x2/θ)+〈α,∇h (x)〉.

The h-MaxWeight policy is thus nonidling at Station 2, and at Station 1 the policy
can be expressed as a switching curve,

φMW
1 (x) = 1l{−c1(1 − e−x1/θ) + c2(1 − e−x2/θ) ≤ 0}, x1 ≥ 1.

For small values of x1, a first-order Taylor series gives the approximation φMW
1 (x) ≈

1l{x2 ≤ (c1/c2)x1}. For large x1 there are three cases to consider, depending on
the relative sizes of c1 and c2. If c1 = c2, then the approximation is equality,
φMW

1 (x) = 1l{x2 ≤ x1} for all x. If c1 > c2, then Station 1 does not idle for large
x1, exactly as in the c-myopic policy. The h-MaxWeight policy is most interesting
when c2 > c1. In this case, for x1 � θ the policy can be approximated by a threshold
policy, φMW

1 (x) ≈ 1l{x2 ≤ q2}, where the threshold q2 is the solution to the equation
c2(1 − e−q2/θ) = c1. That is,

(63) q2 = θ
∣∣∣log

(
1 − c1

c2

)∣∣∣.

h-MaxWeight policy: serve buffer 1

Level sets of h

q2 = θ log 1 −− c1

c2
( )

Δ(x) = −μ1+α1

μ1

Δ(x) = −μ1+α1

−μ2+μ1

Δ(x) = α1

−μ2

x1

x2

q2

Fig. 3. The perturbed cost function defined in (17) with h0 linear on R
2 satisfies

minu〈∇h (x), Bu + α〉 < 0 for each nonzero x ∈ R
2
+. This geometry is illustrated in this figure

using the tandem queues. The contour plots shown are the level sets {x : h(x) = r} for r = 1, 2, . . . .
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Figure 3 illustrates φMW when c1 = 1, c2 = 3, and θ = 10. The asymptote (63) is
q2 = 10 log(3/2) ≈ 4 in this special case.

For comparison consider the discounted-cost optimal policy, minimizing

∞∑
t=0

(1 + γ)−t−1E
[
c(Q(t)) | Q(t) = x

]
,

for a given γ > 0. Letting h∗γ(x) denote the minimizing value, the optimal policy
is expressed as the h∗γ-myopic policy, and the discounted-cost dynamic programming
equation holds:

γh∗γ(x) = c(x) + min
u∈U�(x)

E[h∗γ(Q(t+ 1)) − h∗γ(Q(t)) | Q(t) = x, U(t) = u].

Consider the CRW model described by the recursion

Q(t+ 1) = Q(t) + (−11 + 12)U1(t)M1(t) − 12
U2(t)M2(t) + 11

A1(t+ 1), t ≥ 0,

in which the statistics of Φ(t) := (M1(t),M2(t), A1(t))T, t ≥ 1, are consistent with
a model obtained through uniformization: Φ is i.i.d., with marginal distribution de-
fined by

(64) P{Φ(t) = 11} = μ1, P{Φ(t) = 12} = μ2, P{Φ(t) = 13} = α1,

with μ1 + μ2 + α1 = 1. We take c1 = 1, c2 = 3, ρ1 = 9/11, and ρ2 = 9/10.
For any finite γ, the following approximation holds:

lim
r→∞

r−1h∗γ([rx]) = γ−1c(x), x ∈ R
2
+,

where [ · ] denotes the componentwise integer part of a vector. Hence for large x far
from the boundary, the optimal policy coincides with the c-myopic policy. In fact, it
can be shown that the optimal policy is approximated by a static threshold, as seen
in the two examples shown in Figure 4 (see [39, Example 10.6.1]). Hence the optimal
policy is similar in form to the h-myopic policy illustrated in Figure 3.

2.2.2. Perturbed value function. We now consider a function h0 that serves
as a Lyapunov function for the fluid model. Our goal is to complete the proof of
Theorem 1.1, which amounts to establishing (V3) in the form of the Poisson inequality
(19) with V = 2h.

Before proving the theorem, we present an example to illustrate the structure of
the h-MaxWeight policy with h0 = J∗, the optimal fluid value function defined below
(42). In simple examples it is approximated by a switching curve with logarithmic
growth.

20

20

0

10

40 60 80 100

x1

x2

200 0

20

0

10

40 60 80 100

x1

x2 Optimal policy: serve buffer 1γ = 0.001γ = 0.01

Fig. 4. Discounted-cost optimal policy for the tandem queues with cost parameters (c1, c2) =
(1, 3). The load parameters are ρ1 = 9/10 and ρ2 = 9/11, and the linear cost is defined by c1 = 1,
c2 = 3. On the left γ = 0.01 and on the right γ = 0.001.
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Tandem queues: Translation of the optimal policy. If ρ1 < ρ2 and c1 < c2, then
the fluid value function is purely quadratic:

(65) J∗(x) =
1
2

c1
μ2 − α1

(x1 + x2)2 +
1
2
c2 − c1
μ2

x2
2, x ∈ R

2
+.

Letting h0 = J∗, the dynamic programming inequality (15) is satisfied with equality:

min
u∈U(x)

〈∇h0 (x), Bu + α〉 = −c(x) x ∈ R
�
+.

The derivative conditions (14) fail, so we do not know if the h0-MaxWeight policy is
stabilizing for the CRW model.

To compute the h-MaxWeight policy, we write (65) as

h0(x) = J∗(x) =
1
2
d1(x1 + x2)2 +

1
2
d2x

2
2, x ∈ R

2
+,

so that the gradient of h(x) = h0(x̃) can be expressed as

∇h(x) = [I −Mθ]∇h0 (x̃) =
(

d1(x̃1 + x̃2)(1 − e−x1/θ)
(d1(x̃1 + x̃2) + d2x̃2)(1 − e−x2/θ)

)
.

Writing Bu+ α = (−μ1u1 + α1, μ1u1 + μ2u2)T, we obtain for any x ∈ Z
�
+, u ∈ U(x),

〈∇h (x), Bu + α〉 = μ1u1

[
d1(e−x1/θ − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2

]
− μ2u2

[
d1(1 − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2

]
+ α1d1(1 − e−x1/θ)(x̃1 + x̃2).

Minimizing over u we see that the policy is nonidling at Station 2. At Station 1 we
have u1 = 1 if and only if x1 ≥ 1 and the coefficient of u1 is nonpositive. That is, the
policy at Station 1 is defined by the switching curve described by the equation

(66) d1(e−x1/θ − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2 = 0.

When x1 is large, we obtain the approximation

(67) x2 ≈ s(x1) := θ log
(

1 +
d1

d2
x1

)
,

where, by (65),

d1

d2
=
(
c2
c1

− 1
)−1 1

1 − ρ2
.

This is an approximation to (66) in the sense that for all sufficiently large x1 there
is a unique x2 such that (x1, x2) solve (66), and the ratio x2/s(x1) tends to unity as
x1 → ∞.

A policy defined by a switching curve s(x1) of the form given in (67) is simi-
lar to the policy introduced in [37] to obtain HTAO (see (32) and the surrounding
discussion).

Consider now the average-cost optimal policy for the CRW model, with statistics
defined in (64) and linear cost with (c1, c2) = (1, 3). It is known that the average-
cost optimal policy exists, and that it is h∗-myopic with respect to the relative value
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Optimal to serve buffer 1

10 20 30 40 50 60 70 80 90 100

10

20

30

x1

x2

Fig. 5. Average-cost optimal policy for the tandem queues with c1 = 1, c2 = 3, ρ1 = 9/11, and
ρ2 = 9/10.

function (see [5] and [39, Chapter 9]). Moreover, Theorem 7.2 of [34] implies that the
following approximation holds:

lim
r→∞

r−2h∗([rx]) = J∗(x), x ∈ R
2
+.

The average-cost optimal policy for the CRW model is shown in Figure 5 with ρ1 =
9/11 < ρ2. This policy can be represented by a switching curve s that is concave and
unbounded in x1, similar to (67).

The proof of Theorem 1.1 is organized in the following two lemmas.
Lemma 2.10. Under the assumptions of Theorem 1.1 we have, under the h-

MaxWeight policy, for some constant k2.10,

〈∇h (x), vMW〉 ≤ −c(x) + k2.10 log(1 + ‖x‖), x ∈ Z
�
+,

where vMW = BφMW(x) + α.
Proof. Fix a constant β− ≥ θ, and define

s−(r) = β− log(1 + r/β−), r ≥ 0.

To prove the lemma we compare vMW with another velocity vector v ∈ V, subject to
the following constraints:

(68) vi ≥ 0 whenever xi < s−(‖x‖), i = 1, . . . , �.

The minimum of 〈∇h (x), v〉 over v satisfying these constraints provides a bound under
the h-MaxWeight policy. Proposition 2.8 is critical here so that we can ignore lattice
constraints as we search for bounds on this inner product.

The purpose of (68) is to obtain the following bound:

(69) −e−xi/θvi ≤ |vi|
(
1 + ‖x‖/β−

)−β−/θ
, i = 1, . . . , �.

Since h0 is assumed monotone we have ∇h0 : R
�
+ → R

�
+, and applying (54) we obtain

〈∇h (x), v〉 ≤ 〈∇h0 (x̃), v〉 + ‖v‖‖∇h0 (x̃)‖
(
1 + ‖x‖/β−

)−β−/θ
.

Since ∇h0 is also Lipschitz and β− ≥ θ, this gives, for some constant k0,

(70) 〈∇h (x), v〉 ≤ 〈∇h0 (x̃), v〉 + k0.

To bound (70) we shift x̃ as follows: Let x̃− ∈ Z
�
+ denote the vector with compo-

nents

x̃−i = �(x̃i − s−(‖x‖))+�, i = 1, . . . , �,
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where � · � denotes the integer part. In view of (15), there exists u ∈ U(x) such that
with v = Bu+ α,

〈∇h0 (x̃−), v〉 ≤ −c(x̃−).

Moreover, we have x̃−i = 0 whenever the constraint on xi in (68) is active. Since
u ∈ U(x), this implies that the vector v = Bu+ α satisfies vi ≥ 0. That is, v satisfies
the constraint (68).

Using this v in (70) gives

〈∇h (x), v〉 ≤ 〈∇h0 (x̃−), v〉 + 〈∇h0 (x̃) −∇h0 (x̃−), v〉 + k0

≤ −c(x̃−) + ‖v‖‖∇h0 (x̃) −∇h0 (x̃−)‖ + k0

≤ −c(x) + |c(x) − c(x̃−)| + ‖v‖‖∇h0 (x̃) −∇h0 (x̃−)‖ + k0.

This completes the proof since c and ∇h0 are Lipschitz.
Lemma 2.11. Under the assumptions of Theorem 1.1 we have, under the h-

MaxWeight policy, for some constant k2.11,

Dh (x) ≤ 〈∇h (x), vMW〉 + k2.11(1 + θ−1‖x‖), x ∈ Z
�
+,

where vMW = BφMW(x) + α.
Proof. The first-order mean value theorem (37) results in the representation (38)

for Dh with bh defined in (39). The Cauchy–Schwarz inequality gives,

(71) bh(x) ≤ E
[
‖∇h (Q̄) −∇h (Q(t))‖2 | Q(t) = x

] 1
2 E
[
‖Δ(t+ 1)‖2 | Q(t) = x

] 1
2 .

It remains to bound the right-hand side.
Given Q(t) = x, an application of Proposition 2.7 gives

∇h (Q̄) −∇h (x) = [I −Mθ(Q̄)](∇h0 ( ˜̄Q) −∇h0 (x̃)) + [Mθ(x) −Mθ(Q̄)]∇h0 (x̃),

where ˜̄Q is obtained from Q̄ via the pointwise transformation (16). The first expecta-
tion on the right-hand side of (71) is bounded through an application of the triangle
inequality,

E
[
‖∇h (Q̄) −∇h (Q(t))‖2 | Q(t) = x

] 1
2

≤ E
[
‖[I −Mθ(Q̄)](∇h0 ( ˜̄Q) −∇h0 (x̃))‖2 | Q(t) = x

] 1
2

+ E
[
‖[Mθ(x) −Mθ(Q̄)]∇h0 (x̃)‖2 | Q(t) = x

] 1
2 .(72)

To bound the first term on the right-hand side of (72) we apply the Lipschitz condition
on h0: For some constant k0,

‖∇h0 ( ˜̄Q) −∇h0 (x̃)‖ ≤ k0‖ ˜̄Q− x̃‖ ≤ ‖Δ(t+ 1)‖.

Hence the first term is bounded over x.
The second term is bounded using the mean value theorem. The ith diagonal

element of [Mθ(x) −Mθ(Q̄)] admits the bound

|e−xi/θ − e−Q̄i/θ| = e−xi/θ|1 − e−(Q̄i−xi)/θ|

≤ e−xi/θ(1 − e−Δi/θ)1l{Q̄i > xi}
+ e−xi/θ(e�u/θ − 1)1l{Q̄i < xi},
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where Δi = Ai(1) +
∑

j |Bij(1)|, and we have used the fact that
∑

j Bij(1) ≥ −�u
under (18). The right-hand side can be bounded through a second application of the
mean value theorem, giving

|e−xi/θ − e−Q̄i/θ| ≤ e−xi/θ(e�u/θ − e−Δi/θ) ≤ θ−1e�u/θ(�u + Δi).

The Lipschitz condition on ∇h0 and second moment conditions on (A,B) then imply
that for some k3 <∞,

E
[
‖[Mθ(x) −Mθ(Q̄)]∇h0 (x̃)‖2 | Q(t) = x

] 1
2 ≤ θ−1e�u/θ(

√
��u + E[‖Δ‖2] 1

2 )‖∇h0 (x̃)‖
≤ k3θ

−1(1 + ‖x‖).

This combined with (19), (71), and (72) completes the proof.

2.3. Universally stabilizing policies. The policies described in the previous
sections are stabilizing, provided the parameter θ > 0 is chosen sufficiently large.
With a different change of variables we can construct a family of policies that are
stabilizing regardless of the parameter.

In this subsection only we redefine x̃ as

(73) x̃i := xi log(1 + xi/θ),

where θ > 0 is fixed but arbitrary. Theorem 1.1 and Proposition 2.9 can be generalized
using this new definition of x̃. First we require derivative formulae.

Proposition 2.12. For any C1 function h0, the function h defined in (17) with
x̃ defined componentwise in (73) satisfies the derivative conditions (14) as follows:

(i) The first derivative is given by

(74) ∇h (x) = Lθ∇h0 (x̃),

where

(75) Lθ(x) = diag (xi/(θ + xi) + log(1 + xi/θ)), x ∈ R
�
+.

(ii) If h0 is C2, then the Hessian of h is

(76) ∇2h (x) = Lθ∇2h0 (x̃)Lθ + θ−1diag (Nθ∇h0 (x̃)) ,

where Nθ(x) = diag (θ/(θ+xi)+ θ2/(θ+xi)2). In particular, h is convex provided h0

is both convex and monotone.
Proposition 2.13 establishes stability of the h-MaxWeight policy when h0 is linear.

We omit the proof since it is similar to the proof of Proposition 2.9(i), applying
Proposition 2.12 instead of Proposition 2.7.

Proposition 2.13. Suppose that assumptions (i) and (ii) of Theorem 1.1 hold,
along with the stabilizability condition (41). Then, under the h-MaxWeight policy
with h0 linear, and x̃ defined in (73) with θ > 0, there exists ε = ε(θ) > 0 such that
condition (V3) holds with f(x) = 1 + ε log(1 + ‖x‖).

We now consider a version of Theorem 1.1. It is necessary to strengthen the L2

condition on the arrival process to a second moment bound on Ã,

(77) E[‖Ã(t)‖2] :=
�∑
i=1

E[(Ai(t) log(1 +Ai(t)/θ))2] <∞.
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Moreover, it appears that the monotonicity assumption must be strengthened to

(78)
∂

∂xi
h0(x) ≥ ε78xi, x ∈ R

�
+, i = 1, . . . , �,

where ε78 > 0 is constant. For example, (78) holds for a quadratic (1) in which
Dij ≥ 0 and Dii > 0 for each i, j.

Theorem 2.14. Consider the h-MaxWeight policy in which the function h is
based on the change of variables x̃ defined in (73). The constant θ > 0 is fixed
but arbitrary. The network model (2) and function h0 satisfy all of the assumptions
of Theorem 1.1. In addition, the arrival process satisfies (77), and h0 satisfies the
uniform bound (78) with ε78 > 0. Then, there exists δh > 0 and ηh < ∞ such that
the following version of the Poisson inequality (43) holds under the h-MaxWeight
policy:

(79) Dh (x) = E[h(Q(t+ 1)) − h(Q(t)) | Q(t) = x] ≤ −δh‖x‖
(
log(1 + ‖x‖)

)2 + ηh.

Proof. We first obtain an extension of Lemma 2.10: There exists δ0h > 0 such that

(80) 〈∇h (x), vMW〉 ≤ −δ0h‖x‖
(
log(1 + ‖x‖)

)2
, x ∈ Z

�
+.

As in the proof of Proposition 2.6, we have the bound 〈∇h (x), vMW〉 ≤ 〈∇h (x), v〉
with vi = −ε, i ≥ 1, and ε > 0 chosen so that v ∈ V. Hence,

〈∇h (x), vMW〉 ≤ −ε
�∑
i=1

∂

∂xi
h (x) = −ε

�∑
i=1

(xi/(θ + xi) + log(1 + xi/θ))
∂

∂xi
h0 (x̃).

This combined with the bound (78) gives

〈∇h (x), vMW〉 ≤ −εε78

�∑
i=1

log(1 + xi/θ)x̃i.

From the definition of x̃ we obtain (80) for some δ0h > 0.
Based on (80) we complete the proof using an extension of Lemma 2.11. Com-

bining (71) and (80) gives

(81)
Dh (x) ≤ −δ0h‖x‖

(
log(1 + ‖x‖)

)2
+ E

[
‖∇h (Q̄) −∇h (Q(t))‖2 | Q(t) = x

] 1
2 E
[
‖Δ(t+ 1)‖2 | Q(t) = x

] 1
2 .

Following the arguments used in the proof of Lemma 2.11, and using Proposition 2.12
in place of Proposition 2.7, we obtain the bound, for some constant k0,

E
[
‖∇h (Q̄) −∇h (Q(t))‖2 | Q(t) = x

] 1
2 ≤ k0‖x‖

(
log(1 + ‖x‖)

)
.

This together with (81) completes the proof of (79), where the constant δh can be
chosen arbitrarily in the open interval (0, δ0h).

3. Relaxations and heavy traffic. We now establish HTAO under the h-
MaxWeight policy for a specifically chosen function h, and under further restrictions
on the network model.
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Throughout this section we consider the homogeneous scheduling model (33) sub-
ject to the following conventions. The load parameters defined in (34) are expressed as

ρi = λi/μi, 1 ≤ i ≤ �m,

where μi is the common mean of {Mj(t) : s(j) = i}, and λi is the ith component of
C[I − RT]−1α. It is assumed throughout this section that ρ1 = max1≤i≤� ρi, so that
ρ• = ρ1. This can be achieved by choice of indices. We let ξ ∈ Z

�
+ denote the first

column of the �× �m matrix [I −R]−1CT, so that ξTα = λ1.
Homogeneity implies that the random variables {Mj(t) : s(j) = 1} are all iden-

tical; we let S1(t) denote their common value, and we let L1(t) = ξTA(t). The
one-dimensional workload process W (t) = 〈ξ,Q(t)〉 evolves as

(82) W (t+ 1) = W (t) − S1(t+ 1) + S1(t+ 1)ι(t) + L1(t+ 1), t ≥ 0,

where ι(t) := 1 − [CU(t)]1.
The one-dimensional relaxation is defined on the same probability space with Q

and evolves as a controlled random walk analogous to (82):

(83) Ŵ (t+ 1) = Ŵ (t) − S1(t+ 1) + S1(t+ 1)ι̂(t) + L1(t+ 1), t ≥ 0.

The idleness process {ι̂(t)} is assumed nonnegative and adapted to {Ŵ (t), S1(t), L1(t)}.
The relaxation is denoted Ŵ

∗
when controlled using the nonidling policy, ι̂∗(t) =

1l{Ŵ ∗(t) ≥ 1}. In this case we have (35), provided each process has the common
initialization Ŵ ∗(0) = W (0) = 〈ξ,Q(0)〉, which we assume henceforth.

For a convex cost function c : R
�
+ → R+ the effective cost c : R+ → R+ is defined

in (24). For each w ∈ R+ an effective state X ∗(w) is defined to be any vector x∗ ∈ R
�
+

that achieves the minimum in (24):

(84) X ∗(w) = argmin
x∈R�

+

(
c(x) : ξTx = w

)
.

It follows from the definitions that the following bound holds for all t:

(85) c(Q(t)) ≥ c(W (t)) ≥ c(Ŵ ∗(t)).

3.1. Starvation and relaxations. It is helpful to consider a workload relax-
ation to see how starvation arises under a myopic policy.

3.1.1. Linear cost function. If c(x) = cTx, x ∈ R
�
+, then the effective state in

a one-dimensional relaxation is given by

X ∗(w) =
(

1
ξi∗

1i
∗
)
w, w ∈ R+,

where the index i∗ is any solution to ci∗/ξi∗ = min1≤i≤�
(
ci/ξi

)
. The effective cost is

given by the linear function c(w) = c(X ∗(w)) = (ci∗/ξi∗)w, w ∈ R+.
This underlines the conflict that arises frequently in network optimization: Op-

timization of an idealized model dictates zero inventory at various stations, while in
a more realistic model, adopting a “zero-inventory policy” results in starvation of
resources.
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3.1.2. Quadratic cost function. If c : R
�
+ → R+ is quadratic, of the form

c(x) = 1
2x

TDx, x ∈ R
�
+ for a symmetric matrix D, then the effective state is again

linear in the workload value in any one-dimensional relaxation.
For the scheduling model considered in this section the workload vector ξ has

nonnegative entries. Suppose that D−1 also has nonnegative entries. In this case we
have the explicit expression

X ∗(w) =
((
ξTD−1ξ

)−1
D−1ξ

)
w, w ∈ R+,

and the effective cost is the one-dimensional quadratic

c(w) = 1
2

(
ξTD−1ξ

)−1
w2, w ∈ R+.

For example, if D > 0 is diagonal, and ξ has strictly positive entries, then the effective
state X ∗(w) has strictly positive entries for any w > 0. In conclusion, the conflict
observed for linear cost functions does not arise when using a quadratic function
satisfying these conditions.

3.2. Logarithmic regret. We now construct a policy satisfying (31) with c a
linear cost function. The policy is defined as the h-MaxWeight policy for a specific
function h.

We saw in section 3.1.1 that the effective state x∗ = X ∗(w) can be constructed so
that x∗i = 0 for all but one i ∈ {1, . . . , �}. By choice of indices we assume that x∗i = 0
for i ≥ 2 and any w ∈ R+. Consequently, the effective cost is given by

(86) c(w) = c(X ∗(w)) =
c1
ξ1
w, w ∈ R+.

We assume, moreover, that the solution to (24) is unique, which amounts to the
following strict bound:

(87)
ci
ξi
>
c1
ξ1
, i = 2, . . . , �.

Theorem 2.4 implies the following formula for the steady-state cost for the relax-
ation:

(88) η̂∗ =
1
2

σ2
κ

μ1 − λ1

c1
ξ1
,

where σ2
κ := ρ•E[(S1(1)−L1(1))2] + (1− ρ•)E[(L1(1))2]. From (85) we evidently have

η̂∗ ≤ η∗. To establish (31) we require a bound in the reverse direction.
We now introduce a family of network models, parameterized by a scalar κ ∈

[1,∞) that represents load. It is assumed that, for some fixed κ0 ≥ 1, ρ̄ < 1, we have

(89)
ρ• := ρ1 = 1 − 1/κ for each κ ∈ [κ0,∞)

and ρi ≤ ρ̄ for each κ and i ≥ 2.

The one-dimensional workload process W is given in (82), where we suppress the
dependency of {Q,W ,S,L} on the parameter κ to simplify notation.

The fluid model for the one-dimensional workload process is expressed as d+

dtw(t) =
−(μ1−λ1)+ ι(t) with ι(t) ≥ 0. Given the cost function c given in (86), the fluid value
function is given by

(90) Ĵ∗(w) =
1
2
c1
ξ1

w2

μ1
κ, w ≥ 0.
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The solution to Poisson’s equation (51) is the sum of Ĵ∗ and a linear function
of w. We take the function h0 used to define the h-MaxWeight policy as a different
perturbation of Ĵ∗: Fix a positive constant b > 0, and define

(91) h0(x) = Ĵ∗(ξTx) +
1
2
b
(
c(x) − c(ξTx)

)2
.

This function is monotone since c(x) ≥ c(ξTx) for each x. We then take h(x) =
h0(x̃), or

(92) h(x) := Ĵ∗(w̃) +
1
2
b
(
c(x̃) − c(w̃)

)2
, x ∈ R

�
+,

where x̃ is the �-dimensional vector with components given in (16), and w̃ :=
∑
ξix̃i.

For each κ we denote by η = η(κ) the steady-state cost under the policy for
the CRW model, and η̂∗ the optimal average cost for the one-dimensional relaxation.
Applying (89), the representation (88) becomes

(93) η̂∗ =
1
2
σ2
κ

μ1

c1
ξ1
κ.

Note that η and η̂∗ are unbounded as the network load ρ• approaches unity, and η̂∗

is of order κ. Hence (31) implies the bounds

(94) η∗ ≤ η ≤ η∗ + k94 log(κ), κ ≥ κ0.

Theorem 3.1. Suppose that the following hold for the parameterized family of
networks:

(HTAO 1). For each κ, the network is a CRW scheduling model with deterministic
routing.

(HTAO 2). The network is homogeneous for each κ. Moreover,
(a) the random variables {Aκ(t), Sκs (t) : t ≥ 1, κ ∈ [1,∞], s ≥ 1} are defined on a

common probability space and are monotone in κ: For each s ∈ {1, . . . , �m},

Sκs (t) ↓ S∞s (t), Aκ(t) ↑ A∞(t), κ→ ∞ a.s. t ≥ 1.

(b) the distribution of Sκs (t) is Bernoulli for each s, and E[‖A∞(t)‖2] <∞.
(c) for some ε > 0 independent of κ and s,

(95) P{Sκs (t) = 1 and Aκ(t) = 0} ≥ ε.

(HTAO 3). Linear cost.
(HTAO 4). The load parameters satisfy (89). Hence ρκ → ρ∞ as κ → ∞, where

ρ∞1 = 1 and ρ∞i < 1 for i ≥ 2.
Moreover, the effective state is unique: Equation (87) holds.
Then, there exists θ0 > 0 and b0 > 0 such that the following conclusions hold for

the h-MaxWeight policy with h defined in (92), with θ ≥ θ0 and b ≥ b0: There exists
κ0 > 0 such that the controlled network is ergodic, in the sense that it is 0-irreducible
and (V3) holds, for each κ ≥ κ0. Moreover, the family of controlled networks satisfies
the bound (94) for some fixed k94 <∞. That is, the policy has HTAO with logarithmic
regret.

The proof is based on the construction of a Lyapunov function V : Z
�
+ → R+

satisfying a refinement of (V3),

(96) Ex[V (Q(1))] ≤ V (x) − c(x) + η̂∗ + E(x), x ∈ Z
�
+,

where the error E has at most logarithmic growth,
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(97) E(x) = k97

(
log(κ+ c(x)) + κ/(1 + (ξTx)2)

)
, x ∈ R

�
+, κ ≥ 1.

This is achieved using the same steps used in section 2.2 to establish stability of the
h-MaxWeight policy: First, we obtain a bound on the term 〈∇h (x), v〉 appearing in
(38). We then decompose the term bh(x) into a bounded term, and a term whose
mean is equal to η̂∗.

3.3. Proof of Theorem 3.1. Throughout this section we assume that the as-
sumptions of Theorem 3.1 hold. We let E denote the function of x and κ given in
(97). The constant k97 may differ in each appearance.

We first establish irreducibility.
Proposition 3.2. Under the assumptions of Theorem 3.1 the policy φMW is

0-irreducible for each κ <∞.
Proof. Monotonicity of h implies that the h-MaxWeight policy is “weakly non-

idling”: For any t,

�∑
i=1

U(t) ≥ 1 whenever Q(t) 	= 0.

Combining this with (95) we can conclude that for some δ > 0, and any nonzero
x ∈ X�,

P
{
A service is completed at time t and A(t) = 0 | Q(t− 1) = x

}
≥ δ, t ≥ 1.

Since each customer in the network requires service at most � times, it follows that
PT (x,0) ≥ δT for T = �|x|. This establishes 0-irreducibility.

Aperiodicity also follows from (95) since P (0,0) = P{A(t) = 0} > 0.
Recall that the proof of Theorem 1.1 was based on Lemmas 2.10 and 2.11. The

following two propositions are refinements of these results.
Proposition 3.3. Under the h-MaxWeight policy, we have for some ε3.3 > 0,

independent of b and x,

(98) 〈∇h (x), vMW〉 ≤ −c(w) − ε
(
b|c(x) − c(w)| + ‖Mθ(x)ξ‖κw

)
+ E(x),

where w = ξTx and vMW = BφMW(x) + α.
Proposition 3.4. Under the h-MaxWeight policy, we have for some k3.4 < ∞,

independent of b, κ, and x,

(99) Dh (x) ≤ 〈∇h (x), vMW〉+ η̂∗(x)+k3.4θ
−1
(
b|c(x)−c(w)|+‖Mθ(x)ξ‖κw

)
+E(x),

where vMW = BφMW(x) + α and

(100) η̂∗(x) :=
1
2
κ

μ1

c1
ξ1
σ2
κ(x), with σ2

κ(x) := E[(ξTΔ(t+ 1))2 | Q(t) = x].

We begin with the proof of Proposition 3.3. Note that

(101) c(x) − c(w) =
�∑
i=2

(
ci − (c1/ξ1)ξi

)
xi,
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which is nonnegative by (87). That is, we have |c(x) − c(w)| = c(x) − c(w). To
prove the proposition we first apply Proposition 2.7 to obtain a representation for the
gradient of h,

(102) ∇h (x) = ∇Ĵ∗(w̃)[I −Mθ]ξ + b(c(x̃) − c(w̃))[I −Mθ]
(
c− c1

ξ1
ξ

)
,

with

∇Ĵ∗(w) =
c1
ξ1

w

μ1 − λ1
=
c1
ξ1

κ

μ1
w, w ≥ 0.

A representation for the drift easily follows.
Lemma 3.5. For any v ∈ V, x ∈ R

�
+, we have

(103)

〈∇h (x), v〉 = ∇Ĵ∗(w̃)〈ξ, v〉 − ∇Ĵ∗(w̃)
�∑
i=1

e−xi/θξivi

+ [c(x̃) − c(w̃)]
�∑
i=2

(1 − e−xi/θ)bivi

with bi = b(ci − (c1/ξ1)ξi), i ≥ 2.
Fix constants β+ > β− > 0, and define for r ≥ 0,

(104) s−(r) = β− log(1 + r/β−), s+(r) = β+ log(1 + r/β+).

It is assumed throughout that β− ≥ 3θ−1.
Similar to the proof of Lemma 2.10, to bound (103) we impose the following

constraints on the velocity vector v:

(105) vi ≥ 0 if xi ≤ s−(ξTx) − β− log(|ξ|) and ξi > 0,

where |ξ| :=
∑
ξi. The minimum of 〈∇h (x), v〉 over v satisfying (105) provides a

bound under the h-MaxWeight policy. The following two results imply that (105) is
feasible for a policy that is nonidling at Station 1.

Lemma 3.6. For each x ∈ R
�
+ we have max{xi : ξi > 0} ≥ s−(ξTx)− β− log(|ξ|).

Proof. Letting x∞ = max{xi : ξi > 0}, we have ξTx ≤ x∞|ξ|, and hence by
concavity of the logarithm, with w = ξTx,

s−(w) = β− log(1 + w/β−) ≤ β− log(1 + x∞|ξ|/β−)

≤ β−
(
log(|ξ|) + (1 + x∞|ξ|/β− − |ξ|)/|ξ|

)
.

The right-hand side is bounded above by β− log(|ξ|) + x∞ since |ξ| ≥ 1. This gives
the desired bound.

We now establish a set of feasible values for v.
Lemma 3.7. There exists κv ≥ 1 and εv > 0 such that for each κ ≥ κv we have{

v : ‖v‖ ≤ εv and 〈ξ, v〉 ≥ −(μ1 − λ1)
}
⊂ V.

Proof. The velocity space Vκ is a polyhedron for each κ, and as κ→ ∞ these sets
converge to a polyhedron whose interior is nonempty, with a single face meeting the
origin given by {ξTv = 0}.
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Proof of Proposition 3.2. To avoid trivialities we assume that � ≥ 3 (no less than
three buffers), and that ξi > 0 for at least three values of i.

The drift obtained with any v ∈ V provides an upper bound on the drift obtained
using the h-MaxWeight policy. We take v ∈ V of the specific form v = v∗ + v0 with
v∗ = −(μ1 − λ1)ξ−1

1 11, and v0 orthogonal to ξ so that ξTv = ξTv∗ = −(μ1 − λ1). As
in the proof of Lemma 2.10, we apply Proposition 2.8 to relax lattice constraints and
boundary constraints in our construction of v.

Lemma 3.7 implies that we can find ε3.7 > 0 such that the following inclusion
holds for each κ ≥ κv:{

v = v∗ + v0 ∈ R
� : ξTv0 = 0 and |v0

i | ≤ ε3.7 for each i ≥ 1
}
⊂ Vκ.

With this value of ε3.7 fixed, we set v0
i = −ε3.7 for each i satisfying ξi = 0, and v0

i = 0
for all but (at most) three indices satisfying ξi > 0. In Cases (ii) and (iii) below there
are just two nonnull indices, denoted i
 and i⊕, with v0

i� < 0 and v0
i⊕ > 0.

To complete the specification of v0 we introduce the index sets

I⊕ = {i ≥ 1 : ξi > 0, xi ≤ s−(ξTx) − β− log(|ξ|)},
I
 = {i ≥ 2 : ξi > 0, xi > s+(ξTx)}.

The choice of v0 depends upon these sets as follows:
(i) If I⊕ = ∅ and I
 = ∅, then v0

i = 0 for each i satisfying ξi > 0.
(ii) If I⊕ = ∅ and I
 	= ∅, then we take i
 ∈ I
 arbitrary with v0

i�ξi� = −ε3.7,
and set v0

1ξ1 = ε3.7.
(iii) If I⊕ 	= ∅ and I
 = ∅, then we take

i⊕ ∈ argmin{xi : i ≥ 2, ξi > 0} , i
 = 1,

and define v0
i⊕
ξi⊕ = ε23.7, v

0
i�
ξi� = −ε23.7, and v0

i = 0 for all other i satisfying ξi > 0.
(iv) If I⊕ 	= ∅ and I
 	= ∅, then i
 ∈ argmax{xi : i ≥ 2, ξi > 0}. To determine

i⊕ there are two subcases to consider.
(a) If I⊕ = {1}, then v0

i�
ξi� = −ε3.7, and i⊕ = 1 with v0

1ξ1 = ε3.7.
(b) Otherwise, i⊕ ∈ argmin{xi : i ≥ 2, ξi > 0}, and we take

v0
i⊕ξi⊕ = ε23.7, v0

i�ξi� = −ε3.7, and v0
1ξ1 = ε3.7 − ε23.7,

where again vi = 0 for all other i satisfying ξi > 0.
The added complexity in cases (iii) and (iv) is due to the positive drift induced

by vi⊕ . By imposing the constraint that this is of order ε23.7 rather than ε3.7, we can
maintain a negative overall drift.

This choice of v satisfies (105). Moreover, under the assumption that β− ≥ 3θ−1

and β+ > β−, we have for some constants k106, ε106, and all x,

(106)

∣∣∇Ĵ∗(w̃)e−xi/θξivi
∣∣ ≤ k106κ(1 + w2)−1 ≤ E(x), i 	∈ I⊕,

−∇Ĵ∗(w̃)e−xi⊕/θξi⊕vi⊕ ≤ −ε106‖Mθ(x)ξ‖κw if I⊕ 	= ∅,
‖Mθ(x)ξ‖κw ≤ E(x) if I⊕ = ∅.

Combining the bounds in (106) with Lemma 3.5 we obtain

〈∇h (x), v〉 ≤ −(μ1 − λ1)∇Ĵ∗(w̃) − ε106‖Mθ(x)ξ‖κw + E(x)

+ [c(x̃) − c(w̃)]
�∑
i=2

(1 − e−xi/θ)bivi.
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To complete the proof we argue that the following bound holds: For some ε107 > 0,

(107) [c(x̃) − c(w̃)]
�∑
i=2

(1 − e−xi/θ)bivi ≤ −ε107b[c(x̃) − c(w̃)] + E(x).

It is here that we require the fact that at most one value of vi is positive for i ≥ 2,
and that for all such i we have the bound viξi ≤ ε23.7.

If xi > s+(ξTx) for some i ≥ 2 (not necessarily satisfying ξi > 0), then vi = −ε3.7

for some i ≥ 2. In fact, with i− ∈ arg max{xi : i ≥ 2} we have vi− = −ε3.7, and from
(101) we obtain c(x) − c(w) ≤ |c|xi− . Consequently,

�∑
i=2

(1 − e−xi/θ)bivi ≤ −(bi−ε3.7 − bi⊕ε
2
3.7) + ε3.7bi−e

−[c(x)−c(w)]/(|c|θ).

The bound (107) follows for ε3.7 > 0 sufficiently small: Fix ε3.7 < mini,j≥2 bi/bj and
set ε107 = mini,j≥2(biε3.7 − bjε

2
3.7)/b. Note that the positive term bi⊕ε

2
3.7 is absent in

cases (i) and (ii), so that we are considering the worst case in which I⊕ 	= ∅.
If xi ≤ s+(ξTx) for each i ≥ 2, then it may be impossible to guarantee the negative

drift vi = −ε3.7 for any i ≥ 2. But this is irrelevant since in this case,

[c(x̃) − c(w̃)] ≤ E(x),

so that (107) follows trivially.
Proof of Proposition 3.3. We begin with a representation of the form (38) based

on a second-order mean value theorem of the form (61). We write h0(x) = 1
2x

TH0x,
with

H0 =
κ

μ1

c1
ξ1
ξξT + b

(
c−

(
c1
ξ1

)
ξ

)(
c−

(
c1
ξ1

)
ξ

)T

.

Based on this expression combined with the mean value theorem, we obtain

(108)
Dh (x) = 〈∇h (x), v〉 +

1
2
E
[
Δ(t+ 1)TH0Δ(t+ 1) | Q(t) = x

]
+

1
2
E
[
Δ(t+ 1)T

(
∇2h (Q̄) −H0

)
Δ(t+ 1) | Q(t) = x

]
.

We also have, by definition of η̂∗(x) in (100),

E
[
Δ(t+ 1)TH0Δ(t+ 1) | Q(t) = x

]
= η̂∗(x) + bE

[(
(c− (c1/ξ1)ξ)TΔ(t+ 1)

)2 | Q(t) = x
]
.

(109)

We apply Proposition 2.7 to bound the final term in (108):

(110) ∇2h (x) −H0 = −[MθH0 +MθH0] +MθH0Mθ + θ−1diag (Mθ∇h0(x̃)).

We have for any Δ ∈ R
�,

ΔT
[
−[MθH0 +MθH0] +MθH0Mθ

]
Δ

= κc1/(μ1ξ1)
[
−2(ΔTξ)(ΔTMθξ) + (ΔTMθξ)2

]
+O(1)

= κc1/(μ1ξ1)
[
−(ΔTMθξ) + 2(ΔTMθξ)

(
(ΔTMθξ) − (ΔTξ)

)]
+O(1)

≤ κc1/(μ1ξ1)
[
−(ΔTMθξ) + 2‖Δ‖2‖Mθξ‖‖(I −Mθ)ξ‖

]
+O(1),
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where terms that are independent of κ are suppressed using the “big O” notation.
Applying the mean value theorem as in the proof of Lemma 2.11, we obtain the crude
bound, ‖(I −Mθ)ξ‖ ≤ θ−1w, and hence for some k0 <∞,

−[MθH0 +MθH0] +MθH0Mθ ≤ k0(θ−1‖Mθξ‖κw + 1)I.

Also, for a possibly larger constant k0,

‖Mθ∇h0(x̃)‖ = ‖Mθ

(
κμ−1

1 c(w̃)ξ + b(c(x̃) − c(w̃))(c− (c1/ξ1)ξ)
)
‖

≤ k0

(
‖Mθξ‖κw + b|c(x̃) − c(w̃)|

)
.

Consequently, for some k0 <∞,

∇2h (x) −H0 ≤ k0θ
−1
(
κ‖Mθξ‖w + b|c(x̃) − c(w̃)|

)
I + k0I.

This combined with (108) and (109) completes the proof.
Proof of Theorem 3.1. Following Propositions 3.3 and 3.4, the proof of the theorem

amounts to establishing the drift (96) for a function V derived from h. We define

V (x) = h(x) +
1
2
c1
ξ1
μ−1

(m2 −m2
L

μ− α

)
ξTx , x ∈ Z

�
+,

where m2 :=E[(S1(1)−L1(1))2] and m2
LE[(L1(1))2]. That is, we are re-introducing the

linear term appearing in the solution to Poisson’s equation for the relaxation. Based
on the definitions of η̂∗ and η̂∗(x) in (88) and (100), we obtain the following identity
for any policy:

E

[
1
2
c1
ξ1
μ−1

(
m2 −m2

L

μ− α

)(
W (t+ 1) −W (t)

) ∣∣∣∣ Q(t) = x

]
= η̂∗ − η̂∗(x).

Hence the function V does satisfy (96).
This bound implies that (V3) holds, so that π(c) is finite for any finite κ. An

application of the comparison theorem gives

π(c) ≤ η̂∗ + π(E).

From the form of E given in (97), it follows that π(c) is bounded by a constant times
κ. In fact, by the bound above, (97), and Jensen’s inequality, we obtain

π(c) ≤ η̂∗ + k97 log(κ+ π(c)) + k97κEπ[(1 + (ξTQ(t))2)−1]

so that for a possibly larger constant,

π(c) ≤ η̂∗ + k97 log(κ) + k97κEπ[(1 + (ξTQ(t))2)−1].

Moreover, applying (35) we obtain,

π(c) ≤ η̂∗ + k97 log(κ) + k97κE[(1 + (Ŵ ∗(t))2)−1],

where the expectation is taken for the steady-state relaxation. Lemma A.2 of [37]
implies that κE[(1 + (Ŵ ∗(t))2)−1] is uniformly bounded in κ, so this final bound
completes the proof.
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4. Extensions, conjectures, and conclusions. The generalized MaxWeight
policies proposed in this paper can be designed to capture all of the desirable features
observed in Tassiulus’ original policy. Depending upon the structure of h, the policy
can be designed to depend only on local information, as in the standard algorithm,
or it can utilize more information, if available.

There remain many questions.
Statistics. Generalizations of Theorems 1.1 and 2.14 to network models with

renewal arrivals and service are straightforward by applying fluid limit techniques
[12, 15, 13]. It would be of interest to develop alternative methods to cope with
these more complex models to obtain sharp performance estimates in heavy traffic.
In particular, to date logarithmic regret has been established only for homogeneous
Markovian models. To relax the homogeneity (Kelly-type) assumption, the workload
process should be constructed in units of time rather than inventory as done here. It
would be much more interesting to find a counterexample within the class of renewal
models with finite second moment, though this is not likely to exist.

Of greater practical importance is the issue of memory: Long-range dependent
models remain a frontier. It may be possible to extend fluid limit techniques to
establish stability. New techniques are required to obtain performance bounds.

Information. Design of the function h0 requires stability considerations; e.g.,
monotonicity has been imposed as a blanket assumption in each of the main results.
A second consideration is the amount of information required for implementation.

Consider the special case of the quadratic function (1). Monotonicity holds pro-
vided Dij ≥ 0 for each i, j, and the dynamic programming inequality holds if in
addition Dii > 0 for each i. In typical scheduling and routing models the MaxWeight
policy in which D is diagonal requires only local information [53]. The main result of
this paper shows that this can be relaxed through the introduction of a state trans-
formation. If the matrix D that defines h0 is sparse, then the amount of information
required for implementation of the h-MaxWeight policy will be limited.

Suppose that D is a band matrix with width n0 ≥ 1 (Dij = 0 for each i, j
satisfying |i − j| > n0). For the same scheduling and routing models considered
in earlier work, the resulting h-MaxWeight policy will require “(n0 + 1)-hop” local
information. For example, for a network consisting of a sequence of N queues in
tandem, for each integer i ∈ [n0, N −n0 − 1] the policy at Station i will require queue
length information at buffers {i± k, |k| ≤ n0} and buffer i+ n0 + 1.

Another important class of quadratics is those with low rank. Suppose that for
linearly independent vectors {di : i = 1, . . . , n1} ⊂ R

�
+ we have

h0(x) =
1
2

n1∑
i=1

didi
T
.

For example, the function (91) is of this form with n1 = 2. This matrix is not banded
in general, but the h-MaxWeight policy will again require limited information. For
scheduling and routing models the required information is the same “one-hop” data
required in the usual MaxWeight algorithm, along with values of the inner products
{diTQ(t) : i = 1, . . . , n1}. For small values of n1 this information might be distributed
through message passing.

Performance bounds for universally stabilizing policies. The h-MaxWeight policy
considered in Theorem 2.14 using the change of variables (73) is universally stabi-
lizing, but its performance is not understood. It will be interesting to evaluate its
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performance in the setting of section 3. It will not yield logarithmic regret in general
under the assumptions of Theorem 3.1.

Conjecture 1. Under the assumptions of Theorem 3.1, with x̃ redefined via
(73) and the L2 bound (77) satisfied for A∞(t), the h-MaxWeight policy will result in
asymptotic minimality of workload, with logarithmic regret, in the sense that

E[W (t;x)] ≤ E[Ŵ ∗(t;x)] + k1 log(κ)

for some k1, each κ sufficiently large, and each t an initial condition.
It is likely that minimality is not difficult to establish. It is also likely that state

space collapse (25) will hold in some form, perhaps with X ∗ defined with respect to
the perturbed cost function,

X ∗(w) = arg min
x∈R�

+

(
c(x̃) : ξTx = w

)
.

Linearity and logarithmic regret. If c is an arbitrary norm on R
�, then the average

cost for the relaxation becomes

η̂∗ =
1
2
c(1)

σ2
κ

μ1
κ,

where the definition of the effective cost is given in (24). This generalizes (93) since
c(1) = c1/ξ1 under the assumptions of Theorem 3.1. A stability proof is simplified if
the function h0 in (91) used to define the h-MaxWeight policy is redefined via

h0(x) = Ĵ∗(ξTx) +
1
2
b‖x− x∗‖2.

Conjecture 2. The conclusions of Theorem 3.1 remain valid when c is a general
norm, h0 redefined as above, and with the remaining assumptions of the theorem
maintained.

Multiple bottlenecks. The generalization of Theorem 3.1 to multiple bottlenecks
is a significant open problem. This is difficult because we do not have an explicit
representation for the relative value function for the relaxation, and we do not know
the optimal policy when the effective cost is not monotone.

To formulate a conjecture we again restrict to the homogeneous scheduling
model with linear cost. If there are n bottlenecks in heavy traffic, we consider an
n-dimensional relaxation, as formulated in [9]. Analysis of the usual MaxWeight pol-
icy based on a workload relaxation of dimension n ≥ 2 is contained in [39, Chapter 6].

The workload relaxation evolves in a positive cone W ⊂ R
n according to a multi-

dimensional recursion of the form (83). Let η̂∗ denote the optimal average cost,
and suppose that ĥ∗ : W → R solves the average-cost optimality equations for the
relaxation, perhaps approximately: For some finite constant k3 and all κ,

min E[ĥ∗(Ŵ (t+ 1)) | Ŵ (t) = w, ι(t) = ι] ≤ ĥ∗(w) − c(w) + η̂∗ + k3 log(κ),

where ι(t) denotes the idleness at time t, and the minimum is over all ι ≥ 0 such
that Ŵ (t + 1) ∈ W with probability one. The integer constraints are relaxed so that
ĥ∗ is defined on all of W. Based on the relative value function for the relaxation, the
function h0 in (91) is redefined via

(111) h0(x) := ĥ∗(ξTx) +
1
2
b[c(x) − c(ξTx)]2, x ∈ R

�
+.
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The function ĥ∗ will depend upon κ in a parameterized model, but the constant b will
be fixed as in Theorem 3.1.

Conjecture 3. Theorem 3.1 can be extended to the case where there are precisely
n bottlenecks as κ→ ∞, based on the h-MaxWeight policy with h0 as given in (111).

If true, this provides a valuable tool for constructing an effective policy in a
complex network setting.

A final topic of current research is to create a bridge between the concepts devel-
oped in this paper, and recent methodology that has emerged in the machine learning
literature. Given a parameterized family of functions {hα : α ∈ R

d}, we seek the value
of α such that the hα-MaxWeight policy has the best performance in this class. There
are a variety of methods for finding an optimizer based on simulation [3, 51, 54, 16, 46].
It is hoped that specialized algorithms can be constructed for networks based on the
techniques introduced here.
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